

































































26 CHAPTER 1. DIFFERENT APPROACHES TO CONTROL THEORY

as a function only of the state, that is, as a feedback control law. In particular, this is the case
for a linear system with minimal time Lagrangian [87], or with a quadratic Lagrangian when
t; — oo [61]. In general, however, the optimal control function will depend explicitly on time.
This is a disadvantage, for such control systems are more difficult to implement and tend to be
error prone [61].

We will denote the standard optimal control problem by P(zg,%0). To solve it, we consider
the family of all related problems, P(z,t), with different initial conditions z; € R, ¢ € [tg,11).
Let the optimal control at time ¢, for the problem P(z, ) be denoted by (=, ). Further, let the
optimal cost for the problem P(z,t) be V(z,1).

Given sufficient regularity, it can be shown [3] that the optimal control function 4(z,t) and
optimal cost V'(x,t) exist and satisfy the Hamilton-Jacobi equation

av N
5= ~l(z,8) — f (m,u)am?

If we now let £; — co, the optimal control may converge to a limiting function — the steady

(1.17)

state control. In this case we obtain an optimal control which depends only on the current state
z. That is, we obtain a state feedback optimal control law @(z). This situation can be seen
ag one of ‘minimal control’, where stability is important and the speed of the response of the
system is not explicitly taken into account.

In general; the Hamilton-Jacobi equation, especially the time dependent form, is difficult to
solve numerically. Furthermore, the solution depends on the choice of the final time #;, which is
seldom known.

A different approach to optimal control, pioneered by Pontryagin, is to study the cost function
directly. With this approach it is possible to prove the existence of an optimal control under
much less restrictive regularity conditions [87].

Pontryagin’s maximum principle leads to the following Hamiltonian system

i'(t) = S—Z(w(tj,m(t),u(t)) (1.18)
. OH
Bilt) = = 5= (¥(), 2(8), u(?)) (1.19)

together with the maximum condition
I{(w(t% xz(t), u(t)) = qulea*(}(ﬂ(w(t): z(t), u) ' (1.20)
Here the Hamiltonian function H is given by

H(, z,u) = by fx, 0) — ol u), (1.21)
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for some number vy (employing the summation convention for the index ).

This systemn (combining maximization with a differential equation) must be solved subject
to the boundary conditions z(tg) = zg and z(t1) = zp (here zp is the desired final state). This
is a non-linear, two-point boundary value problem, which needs to be solved for each initial
position. In general, a smooth solution to this system canvot be found and so a ’generalized
solution’ (for which these differential equations hold almost everywhere in ¢), is sought. Finding
a solution to the two-point boundary value problem, generally requires extensive calculation.
Such a solution, often termed an ‘optimal synthesis’ u(z) — is again a state feedback optimal
control law. This law is normally discontinuous and may often be extremely irregular and thus

difficult to implement.

1.6.1 The Linear-Quadratic (LQP) Problem

This problem is discussed extensively in many standard texts, including Friedland [32], Anderson
and Moore [3] and Kwakernaak and Sivan [61]. Here the system dynamics is given by the linear

equation
& = Az + Bu,

where A is an n X 7 matrix and B is an n X m matrix.

The performance measure is chosen as the quadratic function
(z,u) = 27 Qx + u” Ru,

where (} is a non-negative definite n X n matrix and R is a positive definite m X m matrix.

In this case, i‘he Hamilton-Jacobi equation can be greatly simplified by assuming the optimal
performance is of the form V(¢,t1) = z(t)* P(¢t)z(t), where P(t) is a symmetric 7 X n matzix.
Substituting this in the Hamilton-Jacobi equation, we find that P is the solution to the matrix

Ricatti equation
~P=Q+PA+ ATP-PBR'BTP
and the optimal control function is given by
u=-—G(t)z  where G(t)=R1BTP().

For the transient solution to the Ricatti equation, the necessary calculations are extensive

and give rise to a control law which depends on time.



28 CHAPTER 1. DIFFERENT APPROACHES TO CONTROL THEORY

A steady state optimal control exists, and is given by v = —R™1 BT Pz, iff there is a solution

P 1o the algebraic Ricatti equation
Q+PA+ATP-PBRBTP =0

Without a control cost, the optimal control is no longer a linear function of the state. Instead
it will be given by extreme values of the control variable and the switching surfaces will in general
be non-linear functions of the state [61]. The control cost is thus incorporated to obtain a linear
feedback control law. Doing this amounts to including more undetermined parameters into the
problem. It is then necessary to optimize our choice using different criteria in order to obtain

the ‘best’ control.

1.6.2 H, Control

With the solution of the LQP problem for a known system with no external disturbances,
attention turned to the robustness of the solution. That is, it was asked what happened to
the system response when the system pararneters were varied and the measured signals were
subject to disturbances. It was shown by Doyle [20] that the optimal solution was not robust
when these two influences were combined. The theory of Hyo control, which is developed from a
different optimality criterion, has provided a solution to the (linear) robust control problem. The
solution of the H,, problem required a concerted research effort and for completeness some of
the main papers are mentioned in this brief subsection. A tutorial review, from the perspective
of a control engineer, has been written by Kwakernaak [60].

Approaches to optimal control which use a quadratic cost function, may also be called Lo
control theories, because they aim to minimize the standard Lo norm of the systern trajectory.
This norm can be interpreted as an average of the squared deviation of the state over the entire
trajectory (in effect, the RMS value). For the robustness problem, the control system is viewed
mathematically as én operator from the space of input functions to the space of output functions.
The effect that the operator has on the norms of these functions is then investigated. This
approach was initiated by Zames in the late 1970s ([120], [121]), who examined the sensitivity
function of the system.

This approach depends on a combination of the Plancherel and Paley-Weiner theorems in
complex analysis. These theorems state that the Fourier transform is an isometry between the
system trajectories and certain spaces of functions (the Hardy spaces) in the complex domain.

The Ly space is isometric to the Hardy space Ha, whose norm is the Ly norm in the frequency



1.6. OPTIMAL CONTROL THEORIES 29

domain. The transfer function of a linear system can be expressed as a matrix of transfer
functions from each input to each output component. It acts as a linear operator from input to
output functions in the frequency domain. The Hy, norm of the transfer matrix may be defined
as the essential supremum of the largest singular value of this matrix. It can be shown that the
Hy, norm of the closed loop transfer function is the same as its operator norm. That is, the H
norm of the transfer function is the supremum of the ratio of output to input Hs norms. The
H, design problem is to find a controller which stabilizes the system and gives rise to a closed
loop transfer function having minimal Hoe norm for a certain class of input functions.

Constructing the optimal controller (where it exists) is an iterative procedure with iteration
parameter v. For any = greater than the minimax value, it is possible to construct a suboptimal
controller, whose Heo norm is less than «. The optimal controller is found as the limit (if it
exists) of these suboptimal controllers, as « tends to the minimax value, Using ideas from
complex analysis and differential game theory, it has been possible to solve the problem of
constructing suboptimal controllers.

The initial solution used a factorization method to parameterize the stabilizing controllers.
The closed loop system was then converted to a standard form and a suboptimal solution was
constructed using operator theoretic methods. Important work for the development of this
solution was published in the papers of Youla et. al [116] and Glover [34]. The complete method
is detailed in the paper by Boyle and Francis [28] and the monograph by Francis [29].

Although this provided a solution to the problem, it was not very amenable to calceulation
and so was difficult to implement in control system design. A second approach to the solution
was published by Doyle et. al. in 1989 [21]. They used a separation principle, combined with
techniques from the theory of linear quadratic differential games to obtain a suboptimal solution
which could be calculated much more effectively. This solution was constructed from the solution
to two matrix Ricatti equations. These equations differ from those of LOQP control, because they

involve indefinite quadratic terms.

1.6.3 The Optimality Approach of this Thesis

The optimal control theories outlined above, optimize two different performance measures. For
the earlier approaches, the performance rneasure may be expressed as an integral over each
system trajectory. In H,, control, such an Lg norm may be seen as the starting point, in that
the theory investigates how the closed loop system relates the Ly norms of the input and output

functions. However, the performance measure to be minimized is the essential supremum of the
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singular values of the transfer function. The transfer function is a function of a complex variable
and the supremum is taken over all imaginary values 4w (or frequencies w).

The aim of the work in this thesis is to construct a state feedback confrol law in such a
fashion that the resulting closed loop trajectories approximate the gradient descent trajectories
of a specified goal function. Thus the control law will be locally specified to fit the goal function,
and the global behaviour of the final trajectories will be determined by the choice of goal function.

The initial approximation to the control law will be directly specified, and we will then use
an optimality condition to determine a residual correction to the feedback control. The residual
correction needs to take into account both the system dynamics and the goal gradient directions
in the neighbourhood of each state.

For these reasons, the performance measure chosen for this optimization problem will be
expressed as an integral over a region in the state space. The performance measure chosen is

2
Clu) = /9 2 o(e) do. (1.22)

Under certain restrictions, the necessary conditions for this minimization problem can be ex-
pressed in differential, or localized, form. As we are using this optimization procedure to find a’

local correction, these condition will be sufficient for our investigation.

1.7 Structure of the Thesis

In the next chapter, we formulate the general stationary curvature control algorithm. We also
show that the stationary curvature condition is equivalent to a system of first order quasi-linear
partial differential equations for the control functions v*(z).

Following this, we investigate these equations for a linear control system with quadratic goal
function (and standard Ls norm for w). If the goal function is sufficiently well behaved, it is
possible to perform a coordinate transformation which reduces the system of m PDE’s to the

form
Lyyu# =¥ + h{z), (1.23)

where L, is the standard angular momentum operator

o a

14 ;J,
—— .
Oz Ox?

Ly = (1.24)

Letting £ be the matrix of angular momentum operators in m dimensions, it is easily shown

that £ is a self-adjoint operator. Furthermore, the homogenous system is equivalent to the unit
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eigenvector problem
Lu = u. (1.25)

This equation does not depend on the radial coordinate and so we are led to analyze this problem
on the (m — 1)-sphere,

The next three chapters develop the technical results needed to perform this analysis.

In chapter 4 we investigate the angular momentum operators on the (m — 1)-sphere. To
do this, we introduce a variant of the standard spherical coordinate system, with the opposite
orientation. The operators and the eigenvector equation are then expressed in this coordinate
system. Finally we look at the Ly norm of u and recast the minimization stage of the algorithm
in terms of the Ly norm over the sphere.

In chapter 5 we construct a basis for Lo(8™1). This is done using the ultraspherical
polynomials {or‘ Gegenbauer polynomials) which are given in references such as Szegd [103]
or Abramowitz and Segun [1]. The construction is similar to that of the spherical harmonic
functions on S%. To do this, we will need to calculate a series of technical results involving
ultraspherical polynomials and associated functions. The basis functions are then defined and
it is proved that they form an orthogonal basis of Lz(S™~!). Rach basis function, f,, will be
indexed by an m-dimensional multi-index, «, of increasing non-negative integers. We will call
these, basic multi-indices.

In chapter 6, we examine the effect of the operators I,, on the basis functions. Again,
most of the work will be involved in calculating technical results. Using these it will be shown
that L., fo can be expressed as a linear combination of basis functions with multi-indices whose
components differ from those of & by 1.

After this background work, we return to the unit eigenvector problem in chapter 7. The
differential equation satisfied by the ultraspherical functions can be expressed slmply using
second order differential operators, which we shall denote by Li‘ On investigation, it will be

found that these operators can also be used to express the repeated angular momentum operators

k-1
D =Y Li;. (1.26)
i=1

Using this correspondence, it will be possible to generate solutions to the unit eigenvector prob-
lern on the (rn—1)-sphere, which have f, as the component in dimension k. The results of chapter
6 are then used to express the other components of these solutions as finite linear combinations of

spherical basis functions. These will be called type (I} solutions to the unit eigenvector problem.
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. These functions do not completely span the space of eigenvectors, but they will be sufficient
for the purposes of this work. Finding the full space of unit eigenvectors remains an open
problem (as is the full spectral analysis of £).

To minimize the control cost (over type (I) solutions), we will use Fourier series methods
using this eigenvector basis. In order to do this, it will be necessary to calculate the norms and
inner products of these basis elements. Unfortunately, not all the elements are orthogonal. In
the final section of chapter 7, we will use the Gram-Schimidt process to construct an orthonormal
basis of type (I) eigenvectors.

In chapters 8 and 9, we will investigate the feasibility of the stationary curvature control
approach. This will be done by investigating the possibility of specifying a goal function, which
would result in an effective stationary curvature control law for two different simulsted control
systems. The simulations will show that stationary curvature control may be used to obtain a
response that is comparable to that of LQP optimal control.

In chapter 8, we investigate a single input system — the inverted pendulum. Using heuristic
arguments, a goal function will be constructed, with the final parameters chosen by hand to
provide reasonable performance. The resulting control system will be compared to those obtained
using two different state space methods — LQP optimal control and pole placement control.

Chapter 9 will be concerned with a chemical process control problem. A dynamical model
for a double effect evaporator has been developed by Newell and Fisher [77]. This is a linear
model with a state space of five dimensions, three disturbance variables and three control in-
puts. A continuous time controller will be designed for this model and some simulations will be
performed. In this case, we will not use heuristics to simplify the form of the goal function. The
goal parameters will be chosen by hand to provide reasonable response. The resulting controller
will be compared to one constructed using LQP optimal control.

In the conclusion we briefly discuss advantages and shortcomings of this approach, as well as
areas where such an approach may be fruitful. Finally, we ask some of tkhe questions that have

been suggested by this work.



Chapter 2

General Formulation

2.1 Notation

2.1.1 Some Results from Differential Geometry

We shall use some standard terms from differential geometry, which may be found in Spivak
[100], or Isidori [43]. In this thesis, we shall restrict our attention to R", rather than working
over a general manifold. However, our initial analysis will be concerned with constructing a
particular coordinate system and the desired result follows quite simply from s standard result
in differential geometry — the Frobenius integrability theorem.

To start, we shall introduce a formalization of tangent vectors which will make it particularly
simple to define the commutator [v,w|. Recall that a domain in R™ is a connected open set.
Let € be a bounded domain in R”,

Let F be the set of all C* functions from M to R. Any tangent vector, v, to R™ at z, may

be defined loosely as a differentiation on F at x. It follows v may be written in the form
v=ga'—— : (2.1)

where each a’ is a constant and the partial derivatives are evaluated at z. (Recall that the
summation convention is being used for repeated indices.) The set of all tangent vectors to R™
at z is an n-dimensional vector space called the tangent space to R™ at z. It is denoted by
T.R" A tangerit vector may be shown to correspond to the differentiation of each f € F along
some curve through z. It follows from the chain rule that this definition of a tangent vector
corresponds to the classical definition as the derivative of the coordinates of the curve,

A vector field is an assignment of a tangent vector in T, R™ to each point z € . Thus a
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tangent vector field may be written as (2.1), where the coordinates a® are functions of position.
We say that this is a C vector field if each of the coordinate functions af are C*,
Let v and w be two tangent vector fields on Q. The commutator of v and u, denoted by

[v,w] is defined in the standard manner for commutators of operators. That is, for any f € F,
v, wlf = v(w(f)) —w(v(f)). (2:2)

It is easy to show that if v = ai-a%; and w = bia—ig, then for each f € F,

ol = (a5 V)

(2.3)
From this, it is also easy to see that the commutator of two vector fields on € is again a vector
field on 2.

For each v = 1,...,m, let B,(z) be a vector field over (). For each = € €, the vector space
spanned by {B,(z) | v = 1,...,m} will be denoted by A;. Note that this is a subspace of the
tangent space to R™ at . The collection of all such subspaces as z varies over () is called &
distribution over  and will be denoted by A. If the vectors {B,(z) | v = 1,...,m} are linearly
independent for each x, then each subspace is m-dimensional and we say that the distribution
A is m-dimensional.

A distribution over € is called integrable (or involutive) if
[Bu(z), Bu(z)] € A (2.4)

for each z € Q and 1 < v, g < m. The Frobenius integrability theorem states that if A is an m-
dimensional integrable distribution on ), then for each z € {2 there is an open set U containing

z and a coordinate function, y over U, so that the surfaces
{ge U |y™(g) = const,...,y"(q) = const}

are tangent to the distribution at each point. The pair of an open set, U, and a coordinate

function, ¥, defined on this set will be called a coordinate system and denoted by (y,U).
Lastly, let & : R® — R® be a C* function. Then the derivative of A is a linear map from

T:R™ to Ty R*. This again follows easily from the coordinate expansion of tangent vectors

using the chain rule. We shall call this map the differential of i and denote it by h..

2.1.2 Function Spaces

Before defining the necessary function spaces, we introduce some standard analytical notation,

similar to that used in [2]. Again we shall assume that € is a bounded domain in R™,
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An n-dimensional multi-index, o, is an n-tuple of non-negative integers
a=(at,...,an). (2.5)
The order of thé multi-index, |« is defined by
lo] = a1 + -+ + an. (2.6)

For each multi-index, «, we define the partial derivative symbol, D%, by

el

R —}
Gzt . Bxyn

D%y (2.7

for any sufficiently differentiable function w of z = (z1,...,zn).

The space of all functions w on £ which are continnons and have continuous partial derivatives
D®w up to and including order k on €2, is denoted by C* (Q2). Note that this definition also applies
to vector valued functions, where the conditions must hold for each component function. The
space of all such functions with compact support in £2, is denoted by C’éf(Q).

The space C*(Q), is the subspace of CF(2) consisting of those functions satisfying the con-
ditions that w and D%w are bounded and uniformly continuous on {2, for |a| < k. This implies
that w and D%w can be extended to continuous functions on €1 (and that the usual derivative
conditions hold wherever they make sense on the boundary).

We shall also define C*(Q x R) as the subspace of C*(Q x RY) consisting of those functions,
w, such that w and D%w are bounded and uniformly continuous on § for each y € RY. Local
compactness of RY implies that w and D%w can be extended to continuous functions on O xRV,
Furthermore, for each bounded set V' ¢ RY, the functions w and D%w are bounded on @ x V.

To define the Sobolev spaces, we need the notion of the weak derivative of a function w :
 — R. The function w has a weak derivative of order « iff there is a function v such that, for

every O function ¢ : 2 — R with compact support contained in )

/ vede = (1)l / wD da. (2.8)
Q2 Ly ‘

It is easy to show that if ws has a partial derivative of order «, then this equals its weak derivative.
Thus we may also use the D” notation for weak derivatives.

In deriving the control algorithm, we shall make use of the following Sobolev spaces. Elements
of the spaces are functions, w : @ — RN (for some N), which have weak partial derivatives

D%w € Loo(§2) of all orders up to and including k. The infinity norm on these functions is
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defined by:

lliheo = max max [ID%w(z)]oo, (2.9)

where || D%H(2) ||oo = ess sUp,eq | D*ui (). (2.10)

Note that we use the same notation for different spaces, depending on the dimension of the
range space. The context will however, always make it clear precisely which space is intended.
This norm does not exist for all such functions (the function and the relevant partial derivatives
must be essentially bounded). The space of all such functions for which this norm exists, is the
Sobolev space W ™(£).

The closure of C*¥(Q) in W5(Q) is denoted by H®*°(Q), and the closure of CF(Q) in
WHkeo()) is denoted by W*(Q). It follows immediately from the definition of the norm and
the boundedness of €, that a function w € C*(Q) is in W5(Q) iff w € C*(1Q). This will allow

us to view H®°°(Q) as the closure of C*(Q) in WFe(Q).

2.2 Control Dynamics and the Direct Control Surface

In this thesis, we shall be concerned with control systems with differential dynamics which is

linear and involutive in control. That is, systems which satisfy the following assumption.

Assumption 1 The dynamics of the conirol system has the form:
i' = A'(z) + B (z)u?, (2,11)

~where A%, € C?(Q) for eachi=1,...,n and B! € C*(Q) foreachi=1,...,nandv=1,...,m.
Furthermore, the distribution spanned by {B, | v = 1,...,m} is an m-dimensional, integrable

distribution over (1.

It is a standard result in differential geometry and nonlinear control theory, that these condi-
tions on B make it possible to find a local coordinate system in which the system dynamics take
on a rather simple form. In order to make the coordinate transformation explicit, this result
will be proved in the following proposition. The proof given is an adaptation of the first proof
of the Frobenius integrability theorem from Spivak. |

The key to this result is proved as theorem 5.14 in Spivak [100]: If X3,..., X, are linearly

independent vector fields and [X,, X,| = 0 in a neighbourhood of p, then there is a coordinate



2.2. CONTROL DYNAMICS AND THE DIRECT CONTROL SURFACE 37
system (z, U} about p such that
Xy — 5&; o1l U. (2.12)

This coordinate system may be constructed from the solutions to the following differential equa-

tions
&= X,. (2.13)

Denote the flow of each of these DE’s by ¢(g), for ¢ € & C R"™ and assume, for ease of notation,
that p = 0. Then the coordinate system is the inverse (in a neighbourhood of 0) of the map

x (B ) = Gl (0, (L (P (0, 0,5 L EY) L)), (2.14)

Proposition 1 For each point p € §1, it is possible to find o coordinate system (z,U) about p,

and an invertible transformation v¥ = bﬁ(m)u‘“, so that the system dynamics has the form:
it = Al(z) + 5" (2.15)
in this coordinate system.

Proof

Choose a coordinate system, (¢, V) in a neighbourhood of p so that

a)  #p)=0 , i=1,...,n
8
b) 55;0-81,(;)) , v=1,...,m.

Let 7 : V — R™ be defined by n(q) = (t'(q),...,t™(q)). The differential of 7 is then a map
between tangent spaces. Let . : A, — T R™ be the restriction of the differential to the

distribution spanned by the vectors B,. Property (b) can then be written as

7
7B, = e 2.18
As the tangent space to R™ at 0 is spanned by {5‘2—; | v=1,...,m}, the map =, is injective at
p. It follows from the continuity of 7, that it is injective over some neighbourhood of p.
Define the vector fields ¥, € A over this neighbourhood, by

Y, = w;l(%). (2.17)
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It follows that

Ty {Y;,Yp} = [’}T*Y;,,’K*};] = [

o 9 } =0 (2.18)

ot brl
But A is involutive and so [¥,, Y,] € A. The injectivity of m, then implies that [Y;,Y,] = 0. By

the result quoted above, there is a coordinate system (z, U) about p such that

Ymé’

y=gy on U. (2.19)

It remains to express the systern dynamics in this coordinate system. Note that for each ¢ € U,

the vectors B, (g) span Ag. So there are functions aj,(g) such that
Y, = ay,(9)Bu(q) yforp=1,...,m. (2.20)

Writing this equation in the coordinate system (z,U) gives

7
prvie ay, () By, {x) Jfor p=1,...,m. (2.21)

From the linear independence of the tangent vectors -5%;, it follows that b;(a:) = BJ(z) is the

inverse of af,(z). Then
' (z)B <$) ()b () ju (2.22)

Defining v = bj,(w)u", the system dynamic equation may be written in vector form as

PR 5
-é—-{mA( )-—”H) v’

(2.23)

This gives the desired coordinate form. |

Note that the coordinate system may be determined from the solutions to the differential

equations
& =Y, (z) (2.24)

in the manner given by (2.14) above. Furthermore, if the functions v#(z) are given, then we

may determine u”(z) from
u¥(z) = aj,(z)v¥(z), (2.25)
where the coefficients a;(m) may be found by solving the system
al(z) B (z) = 6. (2.26)

The linear independence of the vectors B, (z) guarantee that this can be done.
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Assumption 2 It is possible fo find a single coordinate system, as well as a transformation

v o= b;(m)u*‘, over the whole domain Q, so that the system dynamics has the form
it = Alx) + 6L” (2.27)
in this coordinate system over £1.

Notice that this is a strong restriction on the control system. However, it is satisfied when

the matrix B is independent of « and has rank m. In particular, a standard linear control system
&t = Alad + Biu¥ (2.28)
does satisfy this condition. Also, when working with a local model of the control system, the

domain © may be chosen sufficiently small so that this condition does hold.

This coordinate system defines a splitting of  as follows.

Definition 2 Through each point p € Q, we may define an m-dimensional surface Qq(p) and

an (n — m)-dimensional surface Qa(p), by

Np)={qe Q| ¥Ma) =y (),....v" () =y"(p)} (2.29)
M) ={geQ | y"g) =y (p),...,s"(q) = ¥"(p)}. (2.30)

The surface Q1(p) is called the directly controlled surface through p.

Q:1(p) is called the directly controlled surface through p, because the influence of any control
input on the state derivative will always be tangent to £(p) at p. The control thus has a direct
effect on the component of the system trajectory which is tangent to £2;(p), while its effect on
the component transversal to Oy (p) is indirect, by means of the uncontrolled dynamics.

Note that the surface O(p) is defined naturally by the system dynamics, as it is the integral
manifold of the distribution A on Q. However, the surface Qy(p) is not naturally defined, as
there are many different ways to define coordinate functions 4™*1, ..., y™ which are compatible
with ..., 9™

If the coordinate spaces

{Ma), -, v™@) | g€ b))} (2.31)

are the same for each p € {2 and the coordinate spaces

{1 (q), -, ¥ () | g€ Qu(p)} (2.32)
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are also the same for each p € 2, then this splitting gives rise to a product structure for Q. In

general, we have only a local product structure for {2.

In the remainder of this chapter, we will assume that such a coordinate system and trans-

formation has been found and so will investigate a system having the form

it = AYx) + 8u”. (2.33)

2.3 Goal Functions and Direct Control for Gradient Descent
Definition 3 Let o control system be defined over the domain 0 by
it = f(z,u) = AY(2) + 6Lu”.

A goal function compatible with this control system, is a function g(z) € C*Q) which is

bounded below over each of the surfaces Q1(p).

The goal function will provide a measure of generalized distance from the current state,
x(t), to the desired state or trajectory. This function will be the means by which the controller
specifies the desired behaviour of the system. The control at each point will be chosen, if possible,
to decrease the distance between the current state and the desired state. For example, if the
desired state is denoted by Z, then g will be chosen so that its minimum over 2;(%) is at Z.
Setting this minimum to 0, the value of the goal function on Q1(Z) can be interpreted as the
distance of each point from Z. Over the entire domain , the goal function may be interpreted
as the distance to the desired state, within the context of the system dynamics. In other words,
it measures the subjective distance to the goal state, relative to the system dynamics.

The control algorithm developed in this thesis will be applicable to a restricted class of goal
functions. To state the necessary assumptions, recall that we are working in a coordinate system

under which the system dynamics takes the form (2.33).

Assumption 3 Under the coordinate system given above, the goal function is of the form
o(0) = (& = F(@) Gy ()(e? ~ (o)), (2.34)

and satisfies the following conditions.

o The functions Gy and & are in C*(Q) and are independent of z',..., 2™.
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e G(x) is a symmetric matriz of the form:

awy= 7 0, (2.35)

0 Q)

where P(x) is a positive definite rn X m matriz and Q) is an (n —m) x (n — m) matriz.

Note that g is a generalized quadratic form in the directly controlled coordinates, whose
coeflicients depend on the remaining coordinates. Furthermore, it is positive definite in the
directly controlled coordinates. Thus it satisfies the conditions of definition 3.

Such a goal function distinguishes between the dimensions which are directly controlled and
those which are not. To deal with the dimensions which are not directly controlled, we will
introduce another index convention, to be used only in this chapter. Let initial Greek indices,

such as «, 8 and §, take on values from m + 1 to n.

In this section, we will construct a first approximation to our final control function. This will
be a function of a particularly simple form, designed so that the resulting system trajectories
approximate the gradient descent trajectories of the goal function.

The control strategy will take into account the direct effect of the control inputs on the state,
combined with the effect of the uncontrolled dynamics towards achieving the gradient descent
trajectories. We do this by projecting the system dynamics onto the desired gradient descent
dynamics. The resulting control will be called the direct control function.

As a first approximation, we will seek for a function which is affine in the state variables.

That is,
u’ = a” +ulz’. (2.36)

To make this possible, we will work with the following approximations to the system dynamics

and goal function:

AV(z) = O” + LYz (2.37)
Gyj(z}) = const (2.38)
#(z) = 252", (2.39)

In keeping with the approach taken for the remainder of the development, we shall construct

these functions by averaging over (.
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We begin by calculating the gradient vector of the approximated goal function, g, at z. This

18

i 2G5 (wf — 5 (z)) for i <m,
2Gy(2? — & (z)) — 228 Gyi(2? — 2 (z)) for j > m.

Note that, due to the form of the system dynamics, no control input can generate non-zero values
in the last n — m components of the system derivative. Thus we will disregard the components
Vag, for o > m. We seek a control input which will generate a system derivative approximating

the vector G, where
G” =2G,;(z" — & (2)). (2.41)

Notice that, because of our approximations, each component G is a linear function of the state.

The approximate effect of the uncontrolled dynamics in each of the directly controlled direc-

tions is
AV(z) = O + L', (2.42)

The contribution of the linear part towards the desired gradient descent dynémics is then its

linear projection (using the standard Euclidean inner product)

Lv? gv}

= Ghe (243)

onto G¥.
We will choose the direct control function, uj, to counteract the offset in the uncontrolled

dynamics, as well as provide the difference between the projection £V and the gradient descent

vector —GY. That is,

wh = —0% — (G + L) (2.4)

The final control will have the form
u(e) = u4(a) +ur(z), (2.45)

where uy(z) will be called the indirect control function.
The indirect control will be chosen to improve (or degrade as little as possible) the perfor-
mance of the system due to the direct control. This performance will again be measured relative

to the compatible goal function g(z). To determine the indirect control function, we shall work
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with the residual system which does not contribute towards the direct control. That is, we shall

investigate the system with dynamics

i = A() — 6L(0” + L2 —u¥) = flz,uy). (2.46)

2.4 Stationary Curvature Control of Goaled Control Systems

In this section we formulate a variational principle which we will use to construct the indirect

confrol function. The initial formulation will be more straightforward in a more general setting.

Definition 4 A goaled control system over ) is a pair consisting of:
1. A control system with differential dynamics of the form

&= f(z,u). (2.47)
2. A goal function g : Q@ — R, which is compatible with the control system.

We will assume the following regularity requirements. The function f is an element of C%((2 x
R™) and g is an element of C?(0)).
We seek a control function,

w: 0 — R™, (2.48)

which is in CY(Q). It follows from the assumption on f that for any such » and any z; € €,
there is a unique trajectory z(t) satisfying
£(t) = f(=(t), u(z(t)) (2.49)
:’L‘(?'Zz) = Ij. (250)
Furthermore, the trajectory depends differentiably on the initial conditions (z;,¢;). This fol-

lows immediately from the standard existence and unigueness results for systems of differential

equations (see Hirsch and Smale [39] chapter 15).

For each control function, the first derivative of the goal function along the system trajecto-
ries, is given by
d g i -
7;9(@) = gi(@)* = gi(z) (2, u). (2.51)
The functional which we will seek to minimize, will be defined using the second derivative of

g. Let Du be the matrix of partial derivatives of v (note that this is the Frechet derivative of

u).
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Definition 5 The curvature of the goaled conirol system, relative to the control function u(z),
is
d?
e(z,u, Du) = @g(m) (2.52)
The curvature over the region (), due to the control function u(z) is

C(u)zl}c(:z:,u,[)u) d. (2.53)

Our goal is to find an indirect control function which minimizes the curvature over 2. How-
ever, for most goaled systems, this functional is unbounded below. Using control functions which
perform high frequency and high amplitude oscillations, this functional may be made as negative
as desired. Highly oscillatory behaviour is undesirable in most control systems and so instead,
we shall seek for a family of functions which yield a stationary value for the curvature over (1.
Then different control criteria can be used to choose the final control function from within this
family.

The main emphasis of the work in this thesis, will be on finding the family of functions
which provide a stationary value for the curvature over ), and investigating whether there are
members of this family which will result in acceptable closed loop control systems. So we will
use a simple, minirum energy criterion to select the final feedback confrol function. This will

result in minimizing the averaged amplitude of the control function.

Definition 6 The control energy, due to the control function u(z) is defined by

E(u) = /Q > (W) dz (2.54)

The indirect control function will then be that function, u(xz), which minimizes the control
energy, when compared to all functions which yield a stationary value to the original curvature
over 1. To make this more explicit, it will be necessary to investigate some regularity properties
of the curvature functions.

Performing the differentiation, the curvature is given by
ez, u, Du) = gijfifj +gz-(f; + f;&?)ﬂ (2.55)

Lemma 7 For functions f € C*(Q x R™), g € C*(Q) and u € CY(Q), the curvature function,
ez, u,w), is continuous on QO x R™™ gnd has continuous first partial derivatives with respect

to v and w.
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Proof
As w € R™ corresponds to Du, we shall denote its components by wy. The result follows

immediately from the expansion of c(z, u, w).

c(e, u,w) = gis 117 + gi(f} + Fiwl) . (2.56)
O
Proposition 8 C(u) is a continuous functional on C*(Q) relative to the norm || - ||; 00 and so

extends to a continuous functional on HH°(Q).

Proof

In this proof, we will always assume that » and v are functions in C'(Q2). We shall show

that C is continuous on the ball Bps{0) defined by
B (0) = {u € CY ) | {|ufl1,00 < M} (2.57)

For every M > 0, let Ips be the interval [—M, M|. If v € By (0), then for every z € Q, the
image u(z) is in the compact set I§; and Du(z) is in the compact set I3
By the previous lemma, ¢(z, u, w) is continuous on the compact set K =  x I}, and so

is uniformly continuous. Let | - | denote the ‘maximum’ norm on K:
[yl = max 4. (2.58)

It follows from the uniform continuity of ¢, that for any ¢; > 0, there is a § > ( so that
(z,u,w) € K, (z,8,%w) € K and |(z,u, w)—(Z, @, w)| < § implies that |c(z, u, w)—c(F, 4, W)| < €1.
Now let u € By(0) and choose ¢ > 0. Choose § > 0 so that

e the above condition holds with €1 = ¢/vol(£2) and
o llu —v|| < d implies that v € By (0).

Then for any v such that ||u —v|| < §, we have v(z) € I}} and Dv(z) € I}/*. Furthermore, for
each z € {2,
[(z,u(z), Du(z)) — (z,v{z), Dv(z))| < §  andso

€

vol((2)”

le(z, w(z), Du(z)) — c(z, v(z), Dv(z))| <

Integrating this over Q, we conclude that |C{u) — C(v)] < € and so C is continuous on By (0).
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As every element of C*(Q) is in some such By(0), C is continuous on C1(Q). But C1(9) is

dense in HY*°(Q)) and so C can be extended uniquely to a continuous functional on HH*°(Q).

N

It is now possible to formulate the variational principle for the indirect control function.

Definition 9 The stationary curvature control function, for a gooled control system as

specified above, is a control function u(z) € HY(Q) which:

1. Provides a stationary value, relative to variations in Wol (Q), for C(u), the curvature

over 2.

2. Minimizes the control energy functional, when compared with the values obtained from all

other functions satisfying condition 1.

2.5 The Complete Control Strategy

In this chapter, we have developed a control strategy which is applicable to goaled control

systems satisfying assumptions 1, 2 and 3. The strategy may be summarized as follows.

1. Construct a éoordinate systermn under which the system dynarmics has the form
@' = Al(z) + 8. (2.59)
2. If necessary, average the goal and dynarmics functions. Then construct the direct control
function
uf = —0" — (GV + LV)2*. (2.60)

Remove the component of the system dynamics which contributes directly to the gradient

descent response, to obtain the residual, or indirect, control equation

it = AYz) — 0" — LY + 6Ly, (2.61)

3. Find the functions u(z) € H%*°(Q) which yield a stationary value, relative to variations
in Wy™(Q), for C(u), the curvature over Q) of the indirect control equation. Let the

collection of all these functions be denoted by U.

4. The indirect control function is then the element of If which minimizes the control energy

functional.
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We have written out the variational principle for the stationary curvature control function

as steps 3 and 4. Most of the work that follows will be concerned with finding the solution set

in step 3.
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Chapter 3

Simplifying the Stationary

Curvature problem

In this chapter, we shall examine the stationary curvature problem in more detail. First, we
shall show that given sufficient regularity, the problem may be reformulated as a system of
first order quasi-linear partial differential equations. Under the assumptions imposed in the
previous chapter, this becomes a linear system which may be greatly simplified by performing a
certain coordinate transformation. The corresponding homogenous system then takes the form
of an eigenvector problem (with a unit eigenvalue) involving the standard angular momentum
differential operators.

In the single dimensional case, the partial derivative terms will cancel and so the solution
to the stationary curvature problem will be immediate. When m > 1 and the uncontrolled

dynamics are linear, we will be able to find a particular integral for the system using elementary

means.

3.1 Critical Functions for ('

In this section, we shall derive a system of partial differential equations for functions satisfying

part 1 of the variational principle. We start by finding the Frechet derivative of C on H 1*“(@).

Proposition 10 For each u € HY®(Q), the functional C(u) has a Frechet derivative at u,
which will be denoted by D,C. The function D,C is continuous as a map from HY®(Q) to ils

normed dual space.

Proof
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We prove that for each u and v in C*(Q) n H1*°(Q)

9 0
D, Cv=Lv= /g Wc{m,u, Duy” + —SZEC@’U’ Du)vy da, (3.1)

where subscripts on v and v denote partial derivatives with respect to the given x coordinate.

For each v and v in C1(Q2) N HY*°(Q), we use the mean value theorem to obtain

Liw=Clu+v)— Clu) ~ (3.2)

=f( 0 c(x u+¢7, Du) — c(zs u}Du))v dr +
(3.3)
—{—‘/(;}vc(:c u, Du+7f) — givc(x,u, Du))v§’ dz.

i
Here £”(z) is a vector which equals u(z), except for the v* component, which is a number
between v”(z) and v”(z) + v¥(z). Similarly, n}(z) equals Du except for the (1,1) component
which is a number between u?(z) and v} (z) + v} (z).

Choose M = ||ul| and let I = [~2M,2M]. Then for ||v|| < M, the partial derivatives of c
in the above integrals are evaluated in the compact set K =  x "™, From lemma 7, the
partial derivatives of ¢ are continuous on this compact set. It follows that they are uniformly
continuous on K. As before, let | - | denote the maximum norm on K.

For any € > 0, choose § > 0 so that whenever (z,u,w),(Z,%,%) € K satisfy |(z,u,w) —

(%,4,w)| < §, then

0 a €

]&a” ez, u,w) — wc(m}u,w)f < (e ol ) and (3.4)
/ o ,_ _ _ €

Swy o, w) = owy oz, u)' < {(m + mnjvol(Q)’ (3:5)

for each v and <.

For any v € CHQ2) N HY*°(0)) satisfying |lv|| < 4, we find that

(Z} ”§+ZZ )<£]fu (3.6)

p=1 §=1

| <~

If the increment function is not in C*{Q), it can be approximated by functions which are.
Furthermore, if |[vf| < d, the approximating functions can also be chosen to satisfy this condition.
Each approximating function, w, will then satisfy |I,w| < e||w||. Now, I, w is a continuous linear
functional of w, because each partial derivative of ¢ is bounded on K. Taking limits as w — v,

it follows that

[Twv| < €y (3.7)
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This proves that the Frechet derivative exists and is given by

5 t 4
B ez, u, Du)vy dz, (3.8)

d
D,Cv=1Lv= /g 5;;0(32, u, Duyv” +

for each u € C1(Q2) N HL*°(0).

The continuity of the partial derivatives over K implies that they are bounded over K. Thus
Dy C is a bounded linear functional on C*({2). As in proposition 8, the continuity of the partial
derivatives implies that the functional depends continuously on «. From this it follows that D,C
can be extended to a continuous map from H*(Q) to its normed dual. ’

Finally, we §r0ve that this extension is indeed the derivative. Let u € HL°(Q), u ¢ C1(Q)).
Also, let M — 1 = ||ul| and let I = [-2M, 2M]. Then for any 4,v € C1(Q) N H*°(Q) satisfying
[lu—u|| <1 and |v]] < M, the partial derivatives of ¢ in Izv again are evaluated in the compact
set K = () x [™nm,

Given an ¢ > 0, we may find a § > 0 as we did previously. For each v € C(Q2) N H*°(Q)
satisfying [|v|| < 4, select a 4 € C1(Q) N HY*°(Q) such that

o Ju-al<1,
e [Cu) — C()] <ellol],
¢ |Clu+v)— O +v)| <efv|| and

L “D'u. - D{;H < €.

Then
o] = |Clu + v) — Clu) — D, Cv (3.9)
< |C(u+v) — Ca +v)| + |Cu) — C(@)| + | Iyv| + | Dyv — Dyv| (3.10)
< 3ef|ull + | D = Dall |jv] (3.11)
< 4efv|. (3.12)

Extending this result to non-continuous v as we did before, we conclude that Dy C is indeed the

Frechet derivative of  at u. EI

Corollary 11 The set of functions in (1) that salisfy part 1 of the variational principle
is a closed subset of HM*°(Q)



52 CHAPTER 3. SIMPLIFYING THE STATIONARY CURVATURE PROBLEM

Proof
Each D, C is a continuous linear functional on W (£2). That is, each D, C is an element of

the normed dual of Wi (€).

By definition, « is a critical function for C relative to variations in W3 (Q) iff D,Cv = 0 for
every v € WZ(€2). But this is the case iff D, C is the zero functional on W3 (Q).

Thus, the set of all functions in H°°(£2) that satisfy part 1 of the variational principle is-

the kernel of the continuous map u + D, C. It follows that it is closed in HY(Q). O

For u € CY(0)), we may write D, C explicitly as an integral. This may be further simplified

if we restrict its domain to W ().
Proposition 12 For each u € CY(Q) and v € WE() the functional DyC may be written as
DQCU = /Q(gz‘jf?:pfj “%‘gt(fzgfjp - fipfjj) + gi(f’izxfjp y fépfjl/)uvj)?}p dz. (313)

Proof
For u € C*(%}), we may perform the differentiations in (3.1), to obtain

D, Cv = L ((Qgﬁjfﬁpfj +Gif b+ gl et s+ g 1 P +gz'fipfj'vpj> dz.
(3.14)
For v € C}(2), the term involving v*; may be integrated by parts to yield
ngfipfjv‘}:‘ dz = “/Q(gi.‘ffipfj oif o+ gif o+ a(F T+ PP )P da,
(3.15)

Combining and simplifying these terms gives the desired expression.

Again, this expression is continuous in v and so it is valid for all v € Wi (Q). a

The differential equations for u are obtained from the integrand in DuC

Proposition 13 A function u € C(Q) satisfies part 1 of the variational principle iff for each

x € Q, u satisfies the differential equations
g’ijfipfj + gi(fijfjp - fzpf'?j) + g'f'(fézjfj,a — fipfjv)uyj =0 (316)
foreachp=1,...,m.

Proof
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Sufficiency follows immediately from the above expression for D, C (v).
To prove necessity, let u € C1(Q) satisfy part 1 of the variational principle.

We will use the following standard result: For any choice of 0 < r < R, it is possible to
construct a smooth function @, py(z) which is 1 on B,(0) and 0 outside Bg(0).

Define h(z} : & - R™ by
ho(@) = gis 1o + G550, — F1of5) + gl F = FLofT 05 (3.17)

From our conditions on f, g and u, it follows that h is continuous on O and M = | Rllo,c0 exists.
Let y be any point in Q and choose B > 0 so that Br(y) € Q. For any € > 0, choose r so
that 0 < 7 < R and the volume of A = {a | r < |z — y|z < R} is less than e/(2mM?). Let the
volume of {2 be N.
The function p(z) = ¢, r)y(z —y)h(x) is then in Co(Q) and equals & on B, (y). This function
may be uniformly approximated to any degree of accuracy by functions in C§°(Q2). Choose such
a function, v, satisfying ||p — v| < ¢/(2mMN).

It follows that

; [, weral= }i JRECTAOE f} [ # @ @) ds] (318)
- | [ S [ SR e )

_ / f&v(x)p%x) af:r]
<o+/2rh” 107() — x!ldx+f2h”(sc | @lda (3.20)

<o | ;wcm)zm / ;ww}rzm (3.21)

(3.22)

(3.19)

< €/2 +mM?

€
2mM?2’
As ¢ is arbitrary, it follows that each AP(z) = 0 on B,(y). But y is arbitrary, and so h* = 0 on

Qforeach p=1,...,m. [l

Note that this proposition states that critical functions » € C1(€}) must be solutions to a
system of first order quasi-linear partial differential equations. We shall call these equations the

stationary curvature conditions.
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These equations may be written in a more compact form as follows. Let square brackets
denote the skew-symmetrization operator, that is
1

Win =3

(Wij — Wii) (3.23)

Then the tensor valued differential 1-forms F¥, 74 and 2-form dfﬁﬁ over R™, may be defined

in coordinate form, by

Fy=fuf, (3.24)
FP=ff (3.25)
dFg, = ' f - (3.26)

Note that these definitions are consistent, because
AF) = d(Fidu?) = -2 fohdu A dut
14 81&“ 14
= (ool + 1 ) Adu?
1

= §(fﬂ,, e’ A dut = dFE du? A du?

The stationary curvature conditions may then be expressed as
2gic£}7‘§§u”j + gng{fj + ng;f’g’ = (), (3.27)

foreach p=1,...,m.

3.2 Simplifications due to Assumptions 1, 2 and 3

The final assumption (3), will make it possible to construct a system of coordinates from g. This -
will form a natural coordinate system for the stationary curvature problem. This agsumption
will not be necessary for single input control systems (m = 1}, because for such systems there
is a unique control function satisfying the first part of the variational principle (see corollary 18
below).

Recall that, by assumption 3, the component of the goal function involving the directly

controlled coordinates, has the form
(" — ") Pyu(zt — ). (3.28)

The matrix P is positive definite and so it possesses a positive square root, which we shall denote

by P. Furthermore P, and so P, depends only on the coordinates a® for k=m+1,...,n.
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Definition 14 The canonical coordinale system for the goaled control system satisfying the given

assumptions, is defined relative to the coordinates (z,U) and u € R™ given in assumption 2, by

yu = Pu;z(fﬂ’u - 5#); (3.29)
y* = a”, (3.30)
¥ = Pu,uulu- (331)

The following lemma is an immediate consequence of the chain rule.

Lemma 15 Under the canonical coordinate transformation 14,

S’Im

1. 5 = Pugs-

-1_8

8 B
gg*y—a;- i BgE

In the new coordinate system, the goal function has a particularly simple form. Let g(y) =

g(y(x)) then, because P is a square root of P, we find the following

Lemma 16 Under the canonical coordinate transformation 14
m n o - . 3
)= WV + > W -7 -7 ) (3.32)
v=1 i, j=m+1

Proposition 17 In the coordinate system (z,U), the stationary curvature conditions for a

goaled control system satisfying assumptions 1, 2 and 3 are:

1 ‘ ) )
(z# — 2*) Puuyy — (2" — 8*) Pupuy, + Pou” — ”2“(994’4; = giAp — g A') =0, (3.33)
forp=1,...,m,
Proof

Calculating the differential forms:

A DUV
By = 5(436] — 5, 47) = 5 (4} — 5, 41), (3.34)
Fii =88 = §5( A7 + i), (3.35)
dF, = 5(8,6] - 0,68). (3.36)

The stationary curvature equations are then

Guthy — Gply, + Gpots” + GiAL — gpAi + g A’ = 0. (3.37)
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The derivatives of g are
gi = 2(a" — 2*)Ghi + (2F — ") Chya(a’ - &), (3.38)
gij = 2Gi; + 2(aF — T%)(Griy + Grygy) + (25 — ) Grgs (2" — &) (3.39)

because G is a symmetric matrix. Noting the block diagonal form for G and that the derivative

of (G with respect to each z¥ are 0, these result in

gy = 2(at — fﬁu)Pyv (3.40)
gpv - 2Ppy (8.41)

Substitute these expressions in the terms involving u in the stationary curvature conditions to

get the result. M

Corollary 18 If m = 1, there is a unigue funclion u sotisfying the stationary curvature condi-

tion. In the coordinate system (z,U), this function is given by

Pyu = —(z* - )G AL + (2t — )P AL — 5(:1:"‘ - O_Sk}G;Cj,a(a:'j — &) AY — Py AL (3.42)

This follows from the observation that when m = 1, there is only a single equation (and
p = 1 for this equation). The terms in this equation involving the derivatives of u cancel.
Finally, substituting for g in the non-homogenous terms yields this expression.

In the general case, transforming to the canonical coordinate system will reduce these equa-
tions to a particularly simple form. They will be expressed in terms of the following partial

differential operators.

Definition 19 Let (y,V) be a coordinate system on R*.

1. The angulai' momentum operators, L;; relative to (y, V) are defined by
. 0 .0 '
P e 1’— — R
Lig =y By Yy’ By (3.43)
fori,i=1,... k.

2. The complete angular momentum operator, L, relative to (y, V) is the k x k malriz

of engular momentum operators. That is, L;; = Lyj.

These operators only take on this form in the specific coordinate system (y, V). The notation
used does not specify the relevant coordinate system because, unless otherwise stated, we will

always assume it is relative to the canonical coordinate system.
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Theorem 20 Under the canonical coordinate system of definition 14, the system dynamics of

a goaled control system satisfying assumptions 1, 2 and § may be expressed as
= Aly) + 8507, (3.44)

where A{y) = gﬁ, A (z(y)). The homogenous stationary curvature conditions take the form of

the unit eigenvector problem for the complete angular momentum operator on R™:
Ly =, (3.45)

Proof

Writing the homogenous equations from proposition 17 in terms of the square root of P gives
(=" — iT)?mea;f ~ (2" — )Py Pupul + P Pu” = 0. (3.46)
Multiplying by IBU“{} and summing over p, this becomes
(:ET - é—:Y)PT[lP}ﬁyPO'p up - (SCT - -.‘%T)Pq“o“uz + }—)Q‘“}juy - Oo (3.4‘7)

Relative to the canonical coordinates given in 14, we have

: a
(Puu”) = Z=v* = Pk, (3.48)

_ &
v T
By = Az SxzP

where the subscript 7 on v* denotes differentiation with respect to y”. In the same fashion,
up, = vy. , (3.49)
Thus the system (3.47) in the new coordinates becomes
0 = y* Pyl Bprolt —y o] +07 (3.50)
=yl —yul + 07 (3.51)

It is easy to see that this equation can be written as the unit eigenvector problem for £ on R™.

Finally, recall that the system dynamics in the old coordinate systemn may be written as
it = Al(z) + Su”. (3.52)

It follows that

gyj 3” % pifa (3.53)
8 . a . ‘
89‘ (2 )+Hyu” = S5 Al (@) + 6l (3.54)

as desired. 1
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Theorem 21 Under the transformations of theorem 20, the non-homogenous stationary curva-

ture conditions become

k &2 ¢ . . _
2(£v — v)o =280 - %%@-ﬁg@)y — oy, Al 4 g A, (3.55)

Proof
Note that to convert the homogenous equations to the unit eigenvalue form, they were
multiplied by ng , summed over p and then negated. We do this in turn to each of the non-

homogenous terms in proposition 17.

The following intermediate results will be used in our calculations:

&yt - ak _
o = fw ol o5 =Pl (3.56)
As well as
D g B0 (9 O O g ooy s
Oxk Szt Gyt \ by Sk Byl oyr Ok &y? :
Recall that §(y) = g(z(y)). Then g; will denote the derivative of § with respect to 7/*.
The first term is then
40 0 - 5y a
1 — 1 g % -
PC,;, (%pg@w%fi Pc,p o &z:*A (3.58)
o _ 0
=P ngpg;cg zA = ggaxéfi (3.59)
(O &% 5 . OY ozt i
= fGo <%WA + % 5y A,,.) (360)
= @yr 6’2562 ““j — '-'j
= Gy B 8y§8y?"A + QgAj. (3.61)
Expanding the second term gives
10 8 Oyt oy 0%t L By dd
Pl — At = p~1 Al 4 A .
9P Hzt” P P B ¥ (@:cf’ Byl Oy" + Oaxr Oyl ’") (3.62)
_ Ayt 8%t oy* ozt
— p-1 Y Y
Pa‘p P Gt W A3 + P Pf'9§ § 3 A?‘ (363}
_ 8yk 5\2 i _ x I
= Sy @yjé'yagkA + g A, : (3.64)
The third term involves second derivatives of g and for this we have
8% o s0y" 83
dxedxt  OuP (ﬁxi 3y"> (3.65)
%y oy" & dg
= PDurdat P@ﬁ oz Oz By" (3.66)
5" Oy’ By _
= GzPort I+ Bt et Hzr T (3:67)
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Thus
_ L5 &y N
-1 % ... Pp=1 -
Fop gpid = Fop (8#8&3’*' It Bt 5% T> yk o (3.68)
5«2 T At _
— p} @ G0 G A* 4 G AT (3.69)

7 Hrpdat HyF
The second derivative terms in (3.64) and (3.69) can be simplified as follows:

oyF ot 1 82y oz _ - —0yF 0 . 0 Ozt

9y g* = _ 9 B Tk 5
Ot Oyl By Ry dxrBzt Byt G A = A Hz* By 3Pw 5 AP O R oy* (8.70)

;00 8 akp-1 0 5
=g A B By B+ 5. APy, 5 == Frp (3.71)

= AP OBy APt 2
= gk Ly o T 3A Py, Gy e (3.72)

8
(ka lm) = g;cAT (333)
Combining (3.61), (3.64) and (3.69) as specified, the non-homogenous terms are then
_ ayf Bt N oxi . ak

(Qjo Jo 77 Eye; 3@““5@;3) - gcrAj + GrAg. (3.74)
Using lemma 16, the terms inveolving § may be simplified to yield the desired resulf. ]

3.3 Particular Solutions to the Stationary Curvature Problem

In theorem 20, we have seen that the homogenous stationary curvature conditions are indepen-
dent of the uncontrolled system dynamics. This effects the stationary curvature conditions only
through the driving (non-homogenous) terms. To find functions which satisfy the first varia-
tional principle for a given goaled control system, it will be necessary to find a particular integral
of the stationary curvature equations. We shall do this for a class of systems whose uncontrolled
dynamics have a given form.

To specify this form in a simple manner, we shall write the coordinates of the state space in
a product form. That is, we shall write them as (z,y) where 2 is vector consisting of the first m
coordinates and y is a vector consisting of the last n — m coordinates. We will use this notation
throughout this section. (Note that here x and y refer to partial coordinate vectors relative to
the same coordinate system — precisely which coordinate system is being referred to will need
to be specified.)

Notice that after the initial (and also the final) coordinate transformation, the control vector

does not appear in the system dynamical equations involving . Furthermore, after the final
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coordinate transformation, the homogenous stationary curvature conditions are independent of

Y.
In the multi-dimensional application analyzed in this thesis, we will find that, in the canonical

coordinate system, the stationary curvature equations may be written as the following linear

partial differential system:
Low’ —uf = CP(y) + Di(y)a”, ‘ (3.75)

where p=1,...,m and v” is a function of z and y. Furthermore, the matrix D will satisfy the
symmetry conditions D (y) = D} (y).
Note that this is a system of linear partial differential equations and so the solution can be

constructed as the sum of solutions for the ¢ and D terms respectively.
Proposition 22 A pariicular solution for
Lopyu? — uf = CP(y), (3.76)
p=1...,m, is giben by
u? = ~C?(y), (3.77)
p=1...,m.
This is immediate from the fact that C?(y) is independent of z.
Proposition 23 A particular solution for
Loyu? — uf = Df(y)a”, (3.78)
p=1,...,m, is given by
uf = —af(y)z”, (8.79)
where the coefficients al(y) satisfy the linear equations:

af +ay =D forp#v, (3.80)

2af — o, = D} (summing over ), ‘ (3.81)

forpv=1,...,m.
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Proof
Assume that the control function is of the form u? = —af(y)z", where the functions af(y)

are still to be determined. Then
Lpu” —wf — Dba” = (af — 6fal; + af) — Df)z”. (3.82)

Setting each coefficient equal to zero will ensure that v is a solution — the coeflicient equations

are the linear equations given above. 0

It is interesting to note that this proposition provides a solution in the two dimensional case,
only when the matrix D satisfies the restriction D = -D;f’. This is due to the degeneracy of
the equations (3.81) for the diagonal elements of a. The multi-input simulation performed in
this work will have three inputs and so a detailed investigation of this case will not be pursued

in this thesis.



62 CHAPTER 3. SIMPLIFYING THE STATIONARY CURVATURE PROBLEM



Chapter 4

Angular Momentum Operators on

the Sphere

In this chapter, we shall simplify the stationary curvature equations by transforming to a scaled
Cartesian coordinate system. We will define an ‘almost standard’ spherical coordinate system
on the (m — 1)-sphere and express the angular momentum operators in this coordinate system.

To start, we recall some standard properties of the angular momentum operators.
4.1 Properties of Angular Momentum Operators
Recall that the commutator of two operators L and Ly is given by:
[L1, Lo} = L1 Ly — LoL4. (4.1)
The proofs of the following lemma’s are all simple calculations,

Lemma 24 The operators Ly are skew-symmetric:

ng == »-ng' (4.2)
Lii = 0. (4.3)

Lemma 25 The operators Ly; obey the following commutation relations:

[Lij, Lyg] = 0 when all indices are unequal, (4.4)
[fj@'k, ﬂj;@] = Lji. (45)
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Lemma 26 The operators Ly; satisfy the Jacobi identity:
[Lisy Lke| + [Ljky Lir) + [Lis, Lyy] = 0. (4.6)

Lemma 27 The operator L;; depends only on the angular coordinate in the plane spanned by
the coordinates x* and x¥. In fact, if z* = pcos® and 27 = psiné then

o

};@3 == -a—g.

(47)
Corollary 28 The operator Ly; is independent of the radial coordinate, r, in R™.

Proof

Choosing radial coordinates in the plane spanned by z* and 27, we may write

k3

rt=pt e Y (aF)? (4.8)

k=1

itk
and the result follows from the lemma. O
Next, we turn to the complete angular momentum operator, £. For each N, there is a
corresponding operator £. The above corollary implies that £ may be viewed as an operator in
LY (8N=1): the space of all square integrable functions of dimension N, which are defined on

the (N — 1)-sphere. This is a Hilbert space, with inner product given by

N
< fig >gna= Z /SN_I fiﬁi do, (4.9)
f=1

where do is the standard measure on the sphere. From our expression of the stationary curvature
condiﬁons as a unit eigenvector problem in theorem 20, we will interested in L?(Sm_i), the space
of functions » : S~ — R™.

It will prove useful to develop a radial extension for any function f € LF{S™1). The
extension of f, denoted by f will be a function of compact support on RY. To do this, let
¢ : [0,00) — [0,1] be a C* function satisfying the conditions that ¢(r) = 1 for r € [3/4,5/4]
and ¢(r) = 0 for » < 1/2 or r > 3/2. Then f(x) may be defined by f(z) = ¢(||z|) f(z/||z|]).
This function is defined on R™ and its support is contained within IJ — the annulus consisting
of all z € RV satisfying 1/2 < ||=|| < 3/2.

Define the coordinates y, by y” = z¥/||z||. (Notice that {|y|| = 1.) Then we may write the
angular momenturn operators on the sphere as

- 9 o
Lyy = yyé‘ifg - y“a—y;- (4.10)
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It is also a simple calculation that
Lyuf(z) = ¢(r)Lupf (v)- (4.11)
This will be used in the following theorem.

Theorem 29 The complete angular momenitum operator L is an unbounded, symmetric opera-

tor in LF(S™1).

Proof

The unboundedness of £ follows as usual from the fact that it is a differentiation. On
the other hand, L,,u is square integrable, for every v € C}(§™1). As the space of all m-
dimensional C* functions on S™! is dense in LJ(S™~1), the operator £ is defined on a dense
subset of LT(S™~1). Thus it makes sense to talk about the adjoint operator.

To prove that £ is symmetric, we start by considering {Lu, v)q for C* functions with compact

support in @ ¢ R™. Note that

u“v";@z” = u’v" = uFv¥ ﬁi“ zH. (4.12)
From this, an application of integration by parts and the skew-symmetry of L,,,, it follows that
(L, v)o = f (L) da (4.13)
Q
out Gut

- i@ D 7 1 v

/g}(a: 5 ¢ 83:*”)?} dz (4.14)
ov” v
= ¥ H 1 -
/Q( v +x 5$f’>u dz (4.15)
= -/ wtly,, 0 de (4.16)
Q

Next, let  and v be C! functions on §™~1. Let % and © be their radial extensions defined
above. . It is easy to see that these extensions are C! on D. Thus, with y as given above and

I=1[1/2,3/2],

°= /;(EVL”W ~ W Luyt) da (4.18)
= [ 6P T (0) = ) T ) i (4.19)
- /Ixsm—l ¢(r)? (V" () Do (y) = u” () Lo (y)) r™Hdr do (4.20)

= [etrmiar [ @ )T )~ w @) T ) de (1.21)

= [ o)™ ar () mes = L)), (4.22)
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by Fubini’s theorem. The integral with respect to r is non-zero and so, for any C? functions v

and v on 8™, {Lu,v)gm-1 = (u, LO)gm-1. ‘ O

From this theorem it follows that the unit eigenvector problem yielded by our variational
- principle is part of the more general spectral analysis problem for £. A general spectral analysis
would allow solution of the non-homogenous system for more complex uncontrolled dynamics
A(z).

A similar result to the above is used in the study of electromagnetic fields which are spheri-
cally symmetric in R3 (see Jackson [45], chapters 3 and 16). It is well known that when seeking
a solution to Laplace’s equation of the form R(r)®(6,¢), the function ® satisfies the differential

equation

1 8 d 1 &
| sinf-— s | ® = —1(1 +1)D. .
(smm (sm 85) it @z) (t+1) (4.23)
Defining L, = —ilgg, Ly = —iLg1, L, = —iL1g and L = (Lg, Ly, L,), we may write this as
129 = &, (4.24)

Solutions to this equation are given by the spherical harmonic functions ¥,,(#, ¢). These func-

tions satisfy the following normalization conditions
<Ylmg YE’m"} o= “/ ?im}?’m“ do = l(l + 1)52535mm'- {4-25)

Multipole solutions to Maxwell’s equations can be conveniently obtained from the vector spher-
ical harmonics

1

mLYEm(f?, ¢)- (4.26)

Xém(gs Qﬁ) =

By the first part of the proof of theorem 29 (using the factor of ¢ in the definition of L), the
vector spherical harmonics are orthonormal.

An important difference is that L operates on a scalar function Y, to produce a complex
vector function, while in our definition, £ is defined as an operator on m~dimensional functions.
It follows that our operator £ is naturally symmetrical, while it is necessary to include the factor
of  into the definition of L to make it so. Furthermore, £2 = Ly Ly, is a more complex operator -
than L2, although we shall see in chapter 7 that it still has a link to Laplace’s equation and to

the solution of the unit eigenvector problem.
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4.2  Spherical coordinates on the (m — 1)-sphere

In this section, we set up an almost standard spherical coordinate system on the {m — 1)-sphere.
The only difference from the standard system is that the angular coordinate ¢ (corresponding to
the azimuth) is measured clockwise from the second coordinate axis, rather than anticlockwise
from the first (relative to the standard orientation of the coordinate axes). This results in a
consistent pattern for the trigonometric factors in all the Cartesian coordinates,

We will then calculate the derivative matrix of this system and its inverse, and use them to
determine expressions for the angular momentum operators in spherical coordinates. Lastly, we
will caleulate the volume form in this coordinate system.

Define the spherical coordinates (¢1, ¢2,. .., $m-1,7) implicitly by

1
2F = r cos p_1 H sin ¢, fork=1,...,m (4.27)
i=k

where 7 > 0; ¢ € [0,7), for k = 2,...,m —1; ¢ € [0,27]. To simplify notation, we will set
o = 0. Also, if the lower index on the multiplication symbol is greater than the upper, we will
take the product to be equal to 1.

The partial derivatives of z¥ with respect to the spherical coordinates are

&@k m—1
5 = oo Pr—1 H sin ¢; (4.28)
i=k
7 CO8 Pp_1 Hﬁ;}i sin ¢; cos @y Hf:;l (sing; j>k
H®
o = |~ IEitising j=k-1 2
0 j<k—1

Combining these, the derivative matrix 53%%5 may be written explicitly as

reosdy sin ¢o... 80 Pmo1  TEINPicosdpsinds.. s Pmo1 ... 781 $1... 810 Py 2 €OS Pym—1 S0 1 ... SI0 Prrr —1
—~F S0 @1 ... 8i0 P —1 reos¢y cos dysingdg..singdm-1 ... Tcos¢disingr..sindm-9cosdm_1 cosdisinds...sindm-1
g —7 81 Pg... SI0 Pop 1 vae T COS (P2 8In B3... 51N Popp 2 €CO8 Pyt £OS P2 SN P2 SR Py
g 0 ‘e T COS Gy -9 COS Py 1 €08 Py .9 810 ¢y 1
g ] ce —T S0 Gen—1 COB 1
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Reducing the Derivative Matrix

A single sequence of row reduction operations will reduce this matrix to upper triangular form.

Lemma 30 Let 1 <k <m. Assume that row k is of the form

0 j<k
(Ri)i =<7 H"";é sin ¢; cos ¢; Hff_“,;il singy k<ji<m (4.30)
™ Lsin gy ‘ j=m

and that row k -+ 1 is of the form

0 i<k
—r [P singy i=k
(Rii1)s = - ) (4.31)
' T COS g Hg;k“ sin ¢ cos ¢ H:”:;il sindk < j<m
=1 sin g j=m

Then the row reduction operation Ryyy = sin ¢r Ry + cos ¢ Rigyq will reduce row k + 1 to

0 j<k+1
(Rit1)s = S r 1155 singicos gy [T5  singy k+1<j<m (4.32)
Lk sin gy j=m

Proof

Notice that the 7*® entries of these two rows have the same factors in the all the variables
except ¢x.

Looking at the factors involving ¢ in the k*® columm, the first row has a factor of cos ¢z,
while the second has a factor of —sin ¢y It follows that performing the given row reduction
operation will cancel these two entries.

For the ¢ factors in all the other columns, the first row has a factor of sin ¢z, while the
second row has a factor of cos ¢r. In this case, performing the row reduction operation will result
in a ¢ factor of cos? ¢y, + sin? ¢y, = 1.

All the other factors will remain the same. 7
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Using this lemma consecutively with & = 1,...,m — 1, the derivative matrix can be reduced

to the upper triangular matrix Dz, whose general term is given by

4

0 i<k
jel s T 1 s N
. rITi, singicos; [[7, sings kE<j<m
(Da)gy =4 e (4.33)
T sin g k<j=m
1 k=j=m
\
Written out explicitly, this matrix has the form
reosgrsings..sindm-1 rsingicosdosings..sindm.1 ... rsindi..sindm-gcosdm-1  singr...sin dm-1
0 7 o8 @2 SIN G3... 811 Gery —1 e. TSIN@GD..8INGm g CO8Pm—1 SIRd2...500 Pt
0 0 vi. TSinds..sindm-2 08 ¢m_1  Sindg...sin dpe_y
0 0 - 708 Prn 1 SN Py 1
¢ 0 0 1

Norms on the Sphere

Examining the row reduction steps involved in reducing the derivative matrix to Dz, we find
the following equivalence:

fz 1 - |
(b, 1) ~ cos $1 08 Py . . . COS 1 Dz (4.34)

The Jacobian of the coordinate transformation is easy to calculate using this equivalence.

™1 cos ¢y sin ¢y cos g . . . sin™?2 Gr—1 COS b1

Sz | — 4.35
1 () CcOS 1 cosha . .. CO8 P ( )
=™ Lsingysin® ¢z . ..s0™ 2 1. , (4.36)

The standard Ly norm for functions on the (m — 1)-sphere of radius r, can thus be expressed

in spherical coordinates as

2 T T
1% = /0 de /0 dgo ... fo dun—1 | F ()2 r™ L sinposin? gy ... sin™ 2 1, (4.37)

with the corresponding inner product

21 T s
{(f9) = /O depy /0 dg ... fo dbm-1 F(,m)g(d,7) ™ Lsindosin® d3...sin™ 2 ¢,y (4.38)
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Note that the inner product is defined in this fashion in the scaled coordinate system, where
the surface r = const corresponds to a sphere. In the original, unscaled, coordinate system of
the control problem, this inner product involves integrating over ellipsoids and so it will not be

the same as the standard Lg inuner product in the original space.

However, the two norms are equivalent. This follows from the observations that

s Over a rectangular region, the integrals with respect to the original and scaled Cartesian

coordinates are constant multiples of each other.
e Any ellipsoid contains a rectangular region, which contains a sphere and vice versa.

The different norms will give different functions which provide the minimum in the second
part of the variational principle. We shall choose the above norm for use in the second part of

the variational principle for two reasons.

o This inner product is more natural for the problem because it is derived from the goal

function.

o The elements of the space of solutions to the first part, are naturally adapted to this norm.

Inverting the Derivative Matrix

To transform the angular momentum operators, we will need the derivative 59—%%, which can
most easily be obtained by inverting 5%%3. To do this, we use row reduction operations to

reduce Dz to a diagonal matrix.

Lemma 31 Performing the row reduction operation Ry = Ry — sin¢gRyryq consecutively for

k=1,...,m—1, on the matriz Dz, transforms the k* row to
: 0 itk «
(Bx); = ) ; (4.39)
7 eos qﬁk H:’:;;_H sin @i i= k
for k <m.
Proof

This follows immediately from the observations that:

o For j > k, the 7% entry of row k is sin ¢, times the 7*® entry of row & + 1.

e For j < k, the j** entry of row k + 1 is 0.
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O

That is, the derivative Ea(%far_) can be reduced to the identity by the following sequence of row

reduction operations:
1. For k= 2,...,m perform Ry = sin ¢y Rg—1 + cos dx—1 Hg.
2. Fork=1,...,m—1 perform Ry = By — sin¢dpFpy1.
3. For k=1,...,m — 1, perform the operation Ry = Ry /(r cos ¢y, Hf;;il sin ¢;).

Applying these operations to the identity I, will yield the inverse. Again we will state the -

results in two short lemma’s,

Lemma 82 Let 1 < k <m and assume that row k has the form:

k1. -
cosgjifli;sing; j<k

(i) = (4.40)

0 ik

and that row k -+ 1 is the corresponding row of the identity. Then the row operation Ry, =

sin ¢y Fp + cos ¢y, Ry yields

k . .
cosgj_1 [[;_;sing; j<k+1
(Rit1)j = - (4.41)
0 i>k+1

Proof
This follows from the observation that each entry in row k-1 is 0, except the (k+ 1)“‘ which

is 1, while the (k 4 1)*® column of row k is zero. O

Lemma 33 Let 1 < k <m and assume that row k has the form:

k-1 .
cosi1 | ljm; sing; j<k
(Br)j = ” (4.42)
0 j>k
Then the row operation Ky = Ry — sin ¢y Rry1 yields

COS ¢j-1 Hf;} sing;cos” ¢ § <k
(fr); = § — cos . sin j=k+1 (4.43)

0 i>k+1



72 CHAPTER 4. ANGULAR MOMENTUM OPERATORS ON THE SPHERE

Proof
First, we examine the entries (Ry); with j < k. Note that the entries in row k& have no

factors involving ¢y, while the entries in row k -+ 1 have a factor of sin ¢,. Also, corresponding

entries in rows k& and k + 1 have equal factors in all the other variables. Performing the row

reduction will yield a ¢, factor of cos? ¢y.
O

The result for j = k + 1 follows easily from the fact that this entry in row k is 0.

Carrying out the reductions in step 1 and 2 on I, we obtain a matrix whose first to second

last rows have the form given in this lemma and whose last row has the form given in the previous

lemma. The final step is to scale each row.
Let 1 < § <k < m. Using 4.43 and scaling as given in step 3 of the reduction scheme, we

obtain the desired entry in the inverse:

k=1 2
cos @1 [ [1—; sin¢; cos® dy,
(Rk)j = 3m—-1 : <444)
rcos¢p [ g 1 sing;
_ 100861 [TiT) singi cos (4.45)
7 H;’;};ii sin ¢; ' .
Forl1<k<mand j=k+1, we find
cos ¢, sin ¢
By = — 4.46
(Ri); rcos ¢ [ 11 s Sin s (4.40)
1 singg (4.47)

=
[T sin s

The last row does not need scaling and so for 1 < j < k = m, we have the expression already

in4.41:
m-1
(Rﬂdj = CO8 (ﬁj-1 H sin ;. (4;48)
=g
. . . & s . . . .
These are the entries in the derivative f%‘%j. Writing it out in matrix form gives
cos ¢ . sin ¢y
( [ R b gin ¢y ... 9if gy oy 0 e 0
cos qb] COS gég . sin é ' O
reingg... #in g . M

raingg... singy, 1

sinélcos«;:z
780 93 .. S0 iy
Lginghy...sin m—2 05 Pm—1  +cosP15in Gy 50 g €08 Pru1 & COS P2 SID Py 80 Gy 2 COS P -1 & 50 Gy 1
€08 g 8in Pdg... SIB Pppy g €08 Py 1

cos &y sin dg... 510 dgy 1

\ sin 1. o 80 Gy —1
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4.3 Angular Momentum Operators in Spherical Coordinates

To express the angular momentum operators in spherical coordinates, we use these derivatives
in the chain rule. First, note that our definition of ¢g = 0 implies that sin¢g = 0. Because of

this, we will define

sm oo o
= . V 4.49
™ sing; 0o (4.49)
With this in mind,

a 1 sin q&km €08 Pp—1 H _ sing;cosd; O e : 4
e T e - -+ COS P 8in @ —
Ok r Hf_ﬁ_ sin ¢; 5@’3& 1 Z H@_j 41 8in @ Oo; V-1 H @3

(4.50)
Recall that
m~—1
2® = rcos dp_q H sin ¢;. (4.51)
sk
Tet us now determine the coefficients of the derivatives 3%5 in
%} . O
pem b Y
Lyj==2 57 % B (4.52)

when k > 7. These are all simple calculations and we shall state then in a sequence of lemma’s.

Lemma 34 The coefficient of % in Ly; is 0.

Proof

The coeflicient is

-1

T COS g1 H sin ¢; cos dj_1 H Sin ¢ — r cos ¢j-1 H sin ¢; cos Pp_1 H sing; = 0. (4.53)

i=k d==g d==F

[

Lemma 35 Fork < s <m—1, the coefficient of 3%: in Ly; is 0.

Proof

Calculating from the derivatives, the desired coefficient is

-1 a—1 . me—1
-, cosdy1 [[i—y sin i cos és ., COoS sin ¢; cos
o8 Pr—1 l l sin ¢; - — — Ccos ;1 l l sin ¢; bu-1[1is sinds ¢S

m—1 _: =1
Gk Hz’:s+1 sin ¢; i Hz s+1 sin ¢

(4.54)
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Noting that j < k < s, the numerator of the first term may be rewritten as

g1 -1 ~1

€08 Pp1 H sing; H sin ¢; cos ¢;_1 H SIN b COS g = COS Dp_1 H sin ¢; cos g1 H sin ¢; cos ¢,
=k =g =f i=k i=f
(4.55)
which equals that of the second term. |
Lemma 36 The coeﬁ?céem: of %ij in Ly; is
k-2
COos ¢j-l H sinqﬁ;—. (4.56)
i=j
Proof
This uses the first nonzero term from the expansion of é%_k' We get
-1 k-2 -1 .
., cos¢j_1 ][I sin g cosdr_s : sin
COS Pp_1 H sin ¢ : :ﬁfz - + cos di_1 H 81T} () wmmm e et (4.57)
bl i sin gy by Hz—k sin qbz
Cancelling the sine factors gives
k2 k-1
oS ¢i-1 H sin é; cos® g _1 -+ cos Bj-1 H sin ¢; sin @p_1. (4.58)
= i=j
Simplifying the ¢r_; factors gives our result. M
Lemma 37 For j < s <k — 2, the coefficient of 5‘35—3 in Ly; is
g1 k2
o8 ¢j—1 H sin ¢ cos ¢g H csc ¢ cob Pp1. (4.59)
i=j d=s+1
Proof
In this case, only one of the terms involving —5‘?& is nonzero. Tt is the term
M-l cosgj_1 ] singicosgs
COS Pp_1 H sin ¢ i . (4.60)
ik i=s 1 S0 &
Cancelling the repeated sine factors, this becomes
-] 3—1 k—2.
cos ;.1 | |i_; sin ¢ cos ¢ )
CO8 p 1 i1 1i- = : ® = cos Pi-1 H 8in ¢ cos ¢ H csc ¢y cot dr—1 (4.61)
Hz~5+l sin ¢ im=g fmatl

as stated. 0
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Lemma 38 The coefficient of -{%%_—1 in Ly; is

k2
—singj_1 H csc @i cot Pp_1. (4.62)

gmf
Note that the case of j = 1 (where the term doesn’t exist) is covered by our extended notation,

where it equals 0.
Proof

Again only a single term is nonzero. It is

m—1 k2

— COS .1 H sin ¢ sin @“1 —sing;.1 H csC ¢; cot Py 1. (4.63)
i<k o lsing: i

&

Collecting the results of these lemma’s, we obtain our final expression for Ly; when j < k.

We write this as a proposition.

Proposition 39 For1 <j<k<m

k=2 8—-1 k2
Ly; = —sing;_ 1Hcscd>zcot¢k 18@ -+Cos ¢ 1ZH8111¢@COS¢3 H cscqﬁécmtqﬁk_1ais
f=j g==f i=j§ Fa=g1
k—2 8
+ cos sin i5 . (4.64
‘?53 1 E 1y o (;5 1 ( )

When k = j, the operator is zero and when k < j we may use the identity Ly; = —Ljg.
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Chapter 5

A Basis for Ly(S™ 1)

We have shown that the stationary curvature equations for the affine quadratic problem can be
viewed as a system of PDE’s for functions defined on the (m — 1)-sphere. Once a basis for such
functions has been found, Fourier series methods may be used to find solutions to the system.
In this chapter, we will use ultraspherical polynomials to construct a Fourier basis on the
m—sphere. A useful property of these basis functions, which will simplify the Fourier analysis,

is that they form a closed set under the operators L.

5.1 Ultraspherical Functions

We will construct Fourier basis functions for the (1~ 1)-sphere by generalizing the construction
of the spherical harmonic functions from trigonometric and Legendre functions. The component
functions that we use, will be the ultraspherical polynomials (or Gegenbauer polynomials) as
given in references such as Szegd [103] as well as Abramowitz and Segun [1]. We shall use the
definitions and notation found in [103].

In this section, we will briefly state some of the properties of these functions which have been
derived in {103]. These properties will be used to derive expressions which will be important for

our work,

5.1.1 Definitions and Differential Equations

The ultraspherical polynomials, ) (z) for n = 0,1,..., and X > 1/2, are orthogonal polyno-
mials over the interval [-1, 1], with respect to the weight function w)(z) = (1 — 2#)*~1/2), For

each fixed value for A, they form an orthogonal basis of the space of all Ls integrable functions
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with respect to the given weight function.

These polynomials are solutions of the differential equation
(1 —2?) PV (z) — @) + 1)zPN (@) + n(n + 23) PV (z) = 0. (5.1)
They satisfy the orthogonality condition
/11 PM(a)PN(2) (1 — 2})P1D gg =0, (5.2)

for n % m. Their norm is given by

! 2122 T(n+2)
PO N (1 — 221D gy . .
They can be generated easily from the recurrence relations:
PO(z) = 1: (5.4)
P (@) = 22 (5.5)
nPM(z) =2(n+x - D)aPY(2) ~ (n+ 22 = 2)PMy(z)  forn=2,3,.... (5.6)

An important property is that the derivative of an untraspherical polynomial can be given simply

in terms of another such polynomial:

d

dz

PV (z) = 22P0 V(). (5.7)
Another recursion relation that we will find useful is also derived in [103]. Tt is

(1 - 22 PO (2) = —na PP (@) + (n+ 21 - )PV, (2). (5.8)
If we set & = cos¢ for ¢ € [0,7], then v/1 — 2?2 = sin¢. Examining our expression 4.37
for the norm of a function, we see that the measure for the angle ¢ corresponds to the weight

function wy{cos ¢) when
1
k=2Xx+1 or A= 5{.7;: - 1). (5.9)

We will use products of these polynomials with different weight functions to build up Fourier
basis functions for the (m — 1)-sphere. In order to achieve orthogonality of the products, it will
be necessary to link the weights and indices of the different functions. To do this, the following

definition will be used.
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Definition 40 The associoted ultraspherical function, (’\)Pé(m), is defined for 0 <1< n, by

NPi(z) = (-1)}(1 - )2 2 P{’\)(@ (5.10)
For 1 > n, the function is defined to be identically 0.

Note that in general, these functions are not polynomials in . However, setting z = cos ¢,
the fanctions may be expressed as polynomials in cos¢ and sin¢.
An easy calculation with the derivative formula 5.7 yields the simpler expression

T+

oy - E). (5.11)

MPL(z) = (-2

The ultraspherical functions are also solutions of a second order linear differential equation.

It can be derived from the differential equation (5.1) for the ultraspherical polynomials.

Proposition 41 The uliraspherical function M PL(z) satisfies the differential equation

I+ 2x—
11—z

(1- m2>(*>Pg"(m) — (@A + 1)sW B (z) + (n(ﬂ +2)) - . D )f*}ai(:c) =0. (5.12)

Proof

The equation reduces to (5.1) if [ = 0 and we will derive it from this equation when [ > 0.

Differentiate I times, using Liebnitz’ rule for differentiating a product:

i Ik
L fa)g 2( )10 Era(o) (5.19)

k=0
Then
dit? dtt

dt d
- ((1 - xg)pé)x)n(m)) =(l-z )d g PQ)(@ gg,ﬂd - P(A)( ) — 11~ QEEP"(‘A)(:C)

(5.14)
d Ay "t a A
- l((2)\+1)x}3( e )) = (22 + 1)z PV (@) +1(2x + 1)——P< W), (5.15)
After differentiation, the equation (5.1) becomes
| a2 i dt i &
(1—z )é 5 PM(@) - @A+ 20+ 1)z - P (&) + (<1 +2)) + n(n + 2A))-d—mfp,§ )(z) = 0.
(5.16)

Let

g(z) = MPi(x) = (-1)'(1 - 2)5”(2 1PN (z). (5.17)
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Then
' ad
9(0) = ~(-1)1a(1 - ) T D) 4 (1) - L P0G, (say)
from which we find that
ditt 2
(2 + o PO (@) = (~1) 22+ 1)(1 — 22)—1/22¢'(z) + w a & PO@). (519)

dzl i 1= 22

The second derivative becomes

g"(z) = (~1)1((1 - 1)a® ~ 1) (1 - 2*)Y z‘giﬁﬁ}‘)(@ -

~ (-1)'2la(1 - )”2-1;%113@)( 7) + (-1} - 2>1f2dx;+2P<f*><x) (5.20)

— (1 ~2®)7 (- 1)a? - 1)%})@3(@). (5.21)

It follows that

d!

(1— )d MPW(@ (2h+ 21+ 1)md mpw(x)
(=11 = 2%)=1/2((1 - 2%)g"(2) — (A + Vag'(2) ) ~ (1 = %) (127 + D? ~ 1) %pmw).
(5.22)
Using the expression #?/(1 — 2%) = 1/(1 — :1:2) — 1, the last term may be written as
(z(zx ) -2+ - 5)) — PN (z). (5.23)

Adding (n{n + m) — 2L W( ) and using (5.16) gives

0= (—1}(L ~ 22 (L~ 2)g/ (&) - (22 + Lyag/(@)) + (n(rn +23) - CAXLZI) %Pﬁ)(m).

The desired result follows from this and the definition of g(z). O

5.1.2 Recursion Relations

The stated properties and definitions of the ultraspherical polynomials can be used to derive

four different recursion relations for the asscciated ultraspherical functions.



5.1. ULTRASPHERICAL FUNCTIONS 81

Proposition 42 For0 <1l <n

2n+ NaeVPz) = (n+1-D)VP (@) + (n+1+20 - 1)VPE_ (2). (5.25)

Proof
First assume that [ < n. This implies that n+ 1 ~1 > 1. It follows that the recurrence
relation (5.6) may be used to expand (n +1 — )M P! (). Doing this, gives:

(n+1-D)PV P, (a) = <—2>*T§_f}$” (1=a®)(n+1-)PU1Y () (5.26)
= (M;zyW(z — z?)2 (m +m)ePO (@) — (142 - 1)P§*_}f§1(x)> (5.27)
=2+ )N P (z) - (n+ 1+ 22 - 1)VPL_ (2). (5.28)

If I = n, then the associated ultraspherical functions simplify to

'y + S)
)] () = l 23142
NG
WL, (@) = (~2) ix()\) ><z 220+ s, (5.30)
WP () =0. (5.31)
The desired equation follows immediately from these. O
Proposition 43 For 0 <l<n
V1—22MPz) = (n =1+ 1)sP P a) — (n+ 1+ 20 — 2N P (), (5.32)

Proof

When I < n, the proposition will follow from the second recursion relation (5.8). For

V1-22 VPl (z) = V1 -2 (—2)*?(;\(—:—)0(1 — g?/2pO D g (5.33)
= m<m2)i—1§i~}~%—}“)(1- A5 200+ 1- 1)1 - 22 PXP () (5.34)
~ (—2)3W(1_ 5% (0 41+ 22 - 2B V(@) ~ (0~ 14+ 12BN 0 (@)

(5.35)

=(n—1+1)zWPrYe) — (n+1+2) - 2)N P, (5.36)
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When [ = n, the associated ultraspherical functions simplify to

”*Pé(m)r(—?fr?(:\k)l) (1-a%)72y, (5:37)
O pi-i(y) = (—oy-1 L (’\]f(j) a5 o0s - 1)e (5.38)
WPty = (~2)- 11‘()\;-(}5‘) 1 (11— 1. (5.39)

Substituting the last two expressions in the right hand side and using the multiplication property
of the gamma function (A +1 — DI'(A +1 ~ 1) = (A + 1) reduces it to the left hand side. [

Lemma 44 Forn>1

(n+ NPV () = APSD () — APV (), (5.40)
Proof
Differentiating the relation (5.6) and then using the derivative formula (5.7) gives the fol-
lowing.
d d
(n + 1}&3&1}1@:) = 2(n+ N PP(@) + 2n + Mo PP (2) - (n+ 22 - 1)PY (z)  (5.41)
or

9\ + 1) M (z) = 2(n + )PP (@) + 4A(n + N)zPX D (2) — 23(n + 22 — 1) PO (2)

(5.42)
Now, use the recursion relation to replace the R,E}”;l} (=) term:
20+ NePM D (z) = nPO D (2) + (n+ 2PV (@), (5.43)

Substituting for this term gives

A+ )P (@) = (n+ N PP (@) + PO (@) + Mn + 22) P25 (@) - AMn + 24 — )PV (@),
| (5.44)

Simplifying this gives the result. O

Proposition 45 For0<i<n

2(n+ N1 - 22 VPY(z) = -V P () + WP (a). (5.45)



5.1. ULTRASPHERICAL FUNCTIONS 83

Proof

Let I < n— 1 and use lemma 44 to expand

—2n+ WITFORE) = (9L - P PG a9
= (20— B (U6 - 2OP) 6
- (o TOE )y (B0 - PP a9
— WP (2) — WP (o), (5.49)
ag desired.

The initial cases again follow by inspection. For [ = n,

()&)Pl( ) — ( z)ér(')‘iil) (l 2)2/’2 1 (5.50}
WP () = (-t TAE LD oyt (5.51)
I'(A)
N piiz) =0. (5.52)
When [ = n — 1, the ultraspherical functions are
| T'(\ + 1)
A Pl — 1 1/2

Pofe) = (-2 =y 0= a2+ s (5.53)
M PH () = (—2)5+1W(1 TS (5.54)
MNPl () = 0. (5.55)
O

Finally, we prove.

Proposition 46 The following recursion relation holds for any A a,ncf forn > 1L
(n—DMP z) =2(n+Ar—1)aMP_ () — (n+1+2x-2)PP_,(z). (5.56)

Proof
First, examine the case that n = [ + 1. Expanding the associated functions using (5.11)

simplifies the desired relation to:

POy = 2(n + A — D)2 P (). (5.57)
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However, the initial equations in the recurrence system give:
PO () =207 + Do = 2(n + A — 1)aPM (@) (5.58)

as desired.

When n > [ + 1, then we may use (5.6) to get

(n=)P(@) = 2n+ A - 2P (@) - (n+ 1+ 20— 2) PO (a). (5.59)

Multiplying through by (=2)'T'(A)(1 — %)/ /T'(A+1) and using (5.11) gives the desired relation.
O

5.1.82 Reduction Formulae

From the first three of the recursion relations, we will derive some reduction formulae which
will be important for our later work. Some of these formulae will involve a summation where
the natural index of summation is incremented in multiples of 2. To denote these summations
simply, we expand our summation notation to include increments greater than 1. It will also

prove useful to define a ‘parity’ function.

Definition 47 1. The doubly subscripted summation symbol is defined by

. l(s=r)/n]
DR = > flr+m), (5.60)
k= i==0

1

where the square brackets in [(s — r)/n| denote the greatest integer less than or equal to

(s —r)/n.

2. Letjand k bé any two integers. The parity of j and k, denoted by par(j, k), is defined by

0 if7—k is divisible by 2
par(j, k) = (5.61)
1 if§ —k is not divisible by 2.

Yemma 48 If 1 < then

(A)Pé(x) - (A)Pé_g(a;) = '"(?'& — ] 2)(??; —1+ 1){A)P£-2(a’})

(5.62)
F 1422 =) (n+1+22 - )P P2 ()
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Proof
-First, reduce the initial expression by (5.45) and then expand it using (5.32). This gives
WPLUz) — VP o (z) = -2(n+ A - 1)1 — 22 WP~ (a) (5.63)
= 2n+A—1) ((n —14+1)aWP2(z) — (n 1+ 25— 4)WP;:§($)).
(5.64)

Now, use (5.25) to expand the term involving z.
Wpiz) —~ NP _y(z) =—(n~1+1) ((n +2 - DWVPR(z) + (n+ 1+ 23— 4)@\)33;:3(3:))

+2n 4+ A = 1) (n+14+ 22 — 4N pi-2

(5.65)

=—(n—1+1)(n+2- NP 2(a) (5.66)
— (1420 =) (—n—1+3-2)P P21y,

0

Repeatedly applying this lemma until n — 25 < [ allows us to express M) Pl(z) in terms of
ultraspherical functions with upper index { — 2. The following lemma, deals with simplifying the
combined terms.

Lemma 49 If1 <1 then
(k+ 142\~ 1)(k+1+2) — 2)VP%(z) 4 D Pl(z) =
20k + 2@ +22 = VP2 (@) b (b + 142X = 3)(k+ 1+ 22 — )N P2 (2) + VB _y(2)
(5.67)
Proof
Expand M P} (2) using lemma 48, to get
(k+14+2)0 = 1) (k+14+ 22 = 2)N P2 () + O Pl(z) =
((k I 2= 1) (Bl +20—2) — (k— 1+ 2)(k— 1+ 1))(”?;"2(33)
F (k41422 =3k 4+ 1+ 22 -4 VP2 a) + VP o (a).
Simplifying the coefficient of () pl=2(z):
(+1+22 - (k+14+22-2) = (k—1+2) (k-1 +1)
= (k02— (k=02 +4ME+1) —3(k+1) —3(k — 1) + 407 — 61
= 4N AR+ N R —6(k+A)
= 3(k + A\)(2l +2X - 3).
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O

A reduction formula for M Pi(z) in terms of Q) P=2(2) is given by the following.

Proposition 50 If 1 <1 then

n—2
M P () =~(n—1+2)(n~1+ DR @) 1220 +20-3) S (k+ NNE(e)
kx@%ff;(l,n)

+ (2 + par(l,n) + 22 = 3)(2 + par(l,n) + 20 —4)VF2 L (@) (5.68)
Proof
This follows immediately from the previous lemma. All that is needed is to determine the

final term. It occurs when k = n—2j = I+par(l,n). When this is expanded the final, uncombined

term will be

(n+1+22=3)(n+1+22 - )NP2 () =
(20 +par(l,m) +2X — 3)(2 +par(l,m) + 22 —4)VPLE (). (5.69)

a

Equation (5.45) also gives rise to a reduction formula.

Proposition 81 If 0 <1 then

ki3

1 ‘
—WPz)==2 Y (E+r-1)WPi() (5.70)
PR & n k1 .
1—a? kx£+f;§(!’n)

Proof «
Rearranging equation (5.45) gives

- _(MPl(2) = —(n + A = VOB (2) + -\/%

i = NP o (z). (5.71)

The same equation may then be used to reduce the final term, resulting in a further unreduced
term involving M P! _,(z). Continuing in this fashion gives the desired expansion.
The last nonzerc unreduced term has lower index k = n — 2r = [ + par(l,n), for the next

term will have lower index less than [. O

Finally, we seek a reduction formula for (z/v/1 — 22 YN PL(z). In this case, it will be conve-

nient to work with an upper index of [ + 1.



5.1. ULTRASPHERICAL FUNCTIONS 87

Proposition 52
-2
NP (@) = —(n —)VPYz) 2 Y (k+ NP 5
L (2) = —(n — )M Pl(z) — + AP B(z). (5.72)
v1—z F=tpartn,)
+

Proof

Start by rearranging equation (5.32) to get

(n+1+22) 1
=1~ 1 /1 x§

From the reduction formulae in propositions 50 and 51, we obtain

—Er WP () = —— = WP (a) +

(3) pl+1
Wiy T P, (5.73)

n—2
WNPF (@) = ~(n-D(n—1- )V Pi) +2Q+22+1) > (k+ 3NN Pi(z)
k=£+2~%-pzar(l,n)
...H..

+ (25 + pa,r(l,n) + 22+ 1)<25 + pa,r(l, ??,) + 2"\‘)0)3{%;)31*{!,%}(@5)

and
L _optim=c2 S (k+NOHGE),
_wpt
-z k=ttpar(n)
_}_{4

The first term in the result follows immediately.

The coefficient of the general term is

k4 A

gy = = 1

(20204 20+1) 200 +1423) = T2

The final term takes a little more work. Its coefficient is

2l —n+1) = —2(k+ A).

(214 par(i,m) + 20 + 1)(2 + par(l,n) +23) ~ 2(n+ 1+ 20)( + parlym) + 2).

Collecting the terms in the numerator involving the parity and using thé fact that
par?(l,n) = par(l, n),

we get

par?(l,n) + par(l, n) (4l + 42 + 1 — 2n — 21 — 4X) = 2par(l, n)(i + 1 — n).
The terms not involving the parity are

U+220+ 1)1+ 20) = 2(n+1+22)(1+X) =21+ A)(I + 1 —n).
The final term is thus
=2(1 4 par(l,n) + NVF, (@)

as desired. d
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5.2 Basis functions for the (m — 1)—sphere

A set of basis functions for the (m — 1)-sphere may be constructed from trigonometric functions

and nltraspherical polynomials with x = cos ¢.

Definition 53 Let d andn be integers salisfyingd > 1 andn > 0. Forl > n, define hquﬁ)

Otherwise, let

0.(¢) = cosng (5.74)
hin(8) = sinng (5.75)
(@) = 7 Py (cos ). (5.76)
Definition 54 A basic multi-index is an m~dimensional multi—indez, o = (ay,...,0n,), satis-

fying
e o) << < ap and
e =0 ora =1
Definition 55 Define fo(d1,...,0m-1) by
fo($1, .-, dm-1) = hi5, (B1)h35, (P2) - . - BT, ($m-1). (5.77)

It shall be shown that these functions form an orthogonal L basis on the (m — 1)-sphere.
First, we will examine the orthogonality properties of the functions hgn on the circle, with the

inner product due to the relevant weight function.

5.2.1 Orthogonality Properties
Proposition 56 Forl=0,1=1, r =0 or r = 1 and using the standard inner product on the
circle,
2 ifl=n=r=s8=0,
(Binshis) = S = ifl =r andn=s and they are not all 0, (5.78)
0  otherwise.

For any d > 1, using the inner product with weight function wyy_1y2(cos@) = (1 — cos? ¢)(d-1)/2
on the circle

F(n+i+d-1 ;
24= 1p2((d,.1}/g) (2n+£!n-1)1‘<n gﬂ) in=s (5.79)

<h‘fi‘n ’ hfis) =
0 otherwise.
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Proof
The first result is the standard orthogonality property of the trigonometric functions on the

circle.

For the second result, notice that the weight function for a given d would be obtained from
that of the ultraspherical polynomials with A = (d — 1)/2 after the change of variable z = cos ¢."
Using the definition of k., as well as the expansion (5.11) for the associated untraspherical

functions, it follows that

2m N
(Hins ) = [ 5 Ph(cos ) ) Pi(oos 8) (1 — cos? ) 4112 g (5.80)
0

= (=2)¥ L*((d~1)/2+1)
I?((d-1)/2)

2% (581)
| R cosg) P cos ) (1 = cos? ) (/2D
I2((d—-1)/2+1) (d=1)/2-11 _
= (=2)% + (d-1)/2+1 L dj2+-1
(=2) [2((d—1)/2) L P (=) P, (z) (1 —z*) dz (5.82)
r((d 1)/2‘1'5) d-1)/241 p(d-2)/2+y
= (— 22 P{ W2+ P( e+ 5.83
The orthogonality property 5.3, of the ultraspherical polynomials then implies that
(Ronrhgs) =0 forn s, (5.84)
while
I'?((d — /2 +1) 92-d-2 Mn+d-1+1)
L 2,
2y I'n+d—1+1) (5.86)
(4 (d-1)/2)T(n— 1+ 1)I2((d-1)/2) -
O

Proposition 57 The functions {fo} form an orthogonal set with respect to the standard Ly

inner product on S™1,

© Proof

Recall that the inner product on the sphere may be expressed in polar coordinates by

(f9)= / dey / deo . / dpm—1 F(¢)g(¢) singasin? ¢s...sin™ 2 gy 1. (5.87)

We examine the orthogonality of f, and fg. Because each of these functions is a product of

functions of only a single variable, the final inner product may be expressed as the product of
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integrals over a single variable. We examine each of these integrals in turn using proposition 56.
Start with the variable ¢

2 K 0 if = d —
/é W (ol (pr) gy = | V7O Hea=Prendar=f (5.58)

{0 if oy £ B or ag # Pa.

From this it follows that if ap % 3, then the complete inner product will be zero. So we
need only evaluate the integral over ¢g when cy = f. In this case, we may use proposition 56

to get

T K 75 g if = [
/ RS2, ($2)h3 ($2) da = ) s (5.89)
0 0 if a3 5 .

Again it follows that we would need only evaluate the third integral when g = f3 and propositionn
56 can be used. Continuing in this fashion, we find that
K1(&)K2<C¥) con Km__l(&) fa= ﬁ,
(for I8} = (5.90)

0 otherwise.

5.2.2 Spanning Properties

To show that these functions span the space of Ly integrable functions on the (m ~ 1)-sphere,
we start by‘e}{amining the associated ultraspherical functions.
We will show that for fixed values of A and [, these functions span the space of all Lo

integrable functions, with respect to the relevant weight function, over the interval [—1,1].

Proposition 58 For any fized value of A and I, the functions WPL(x) form a basis for the
space of all Ly integrable functions, with respect to the weight function w(z) = (1 — z2)A+1=1/2),

over the interval -1, 1].

Proof

Noting that the functions are orthogonal, the result will follow if we can show that a function
in the space which is orthogonal to each ()‘DP,‘,:,(:B), must be zero a.e.

Let f(z) satisfy

1
/ F(2) VP () (1 - &)Y g = , (5.91)
~1
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for each n > 1.

We can rewrite the equation from lemma 46 as
2n+x—1)eMP_(2) = (n - )VE(e) + (n+ 1422 = 2V P_(2). (5.92)
From this we see that
/ 11 o f(z) VP () (1 — 2O gg = ¢, (5.93)
for each n > 1. By induction, it follows that for any polynomial p(z),

[ #a) 50 OB@) (0 - a0 g (5.94)
-1

for each n > 1.

As the polynomials are dense in Lp[—1,1], this implies that f(z) M Pi(z) (1 — 22)A+H=1/2)
is zero ae. on [—1,1]. However, M Pi(z) (1 — 2%)+1-1/2) is merely a polynomial multiplied by
(1 — 22)G+=1/2) and so has a finite mumber of zero’s on this interval.

This implies that f{z) must be zero a.e. as desired. O

The functions f,, where « varies over all the possible basic multi-indices, form an orthogonal
basis of the space of Ls integrable functions over S™~ 1. To prove this, it will be simpler to work

with normalized functions. Accordingly, we define

l hiin
Yan = AL T and (5.95)
Jo = Ilﬁ_:ll (5.96)

where the norm of the single variable functions hfm are taken using the corresponding weight

function. We see from (5.90) that these functions are related by

g@(‘bl» ooy Bt ) 91a2 {‘3{)1)92&3 (@2) 9:1?}1% (@m-l)‘ (597)

Now, let f be any function in L3(S™!). For any basic multi~index «, define the functions
2

F(al,az)(“’;)?; @3; s }‘}ém—i) = /{} d¢1 91a2 (@l) ( ) (598)
2m T
Flan,an,00) (@304, -y Pm—1) = /0 doy g%, (é1) /Q dgy sin ¢2g5,.,(¢2) /() (5.99)

and so on, until

2m
F{al? - 1)(¢m~ ) / den §1ag(¢’l)/d¢2 Sln¢2§2a3(¢52} /d@f’m 9 sin™ S‘f?m 2g -2 o - 1(¢’2) ( )
(5.100)
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Now, let L2[0, 7], be the space of all square integrable functions over [0, 7], relative to the

weight function w,(0) = sin” §. We may view the function

Floy o) (02503, Pm1) (5.101)
as a possible element of Lp[0, 7}y, with respect to the variable ¢q, for each choice of ¢, ..., Pm_1.
In the same fashion,

JF(aq,aag,o:g) (¢’3; @547 o ;émwl) (5102)

will be viewed as a possible element of Ls[0), 7]e, with respect to the variable ¢3, for each choice

of da,...,Pm-1. Continuing in this way,
F(a;,...,am_l)(¢m—l) (5.103)
is a possible element of Lg[0, 7]m—2-

Lemma 59 For any basic multi-indez «, the function F(m?“_’amd)(ém,_l) satisfies

1) F(al,...,am_;{}(ﬁém_l) € L?{O; ?r]m-2 (5.104)
2) HF{m,m,am—ﬂHgn--Q = Z i(F(ozl,‘..,amwl):Q;T’:.-]?k>m«-212 (5.105)
k> otim -1

Proof

First, note that $™~1 is bounded and so the Cauchy-Schwartz inequality (with one function
identically 1) implies that f € Li($™!). Fubini’s theorem then implies that for almost every
$m-1, the function Fio, .. 1)(#m-1) exists and is finite.

We have proved in proposition 57 that {g,} is an orthonormal subset of Ly{S™ ). It follows

from Bessel’s inequality that

1)l < IIFIP (5.106)
a
Furthermore,
(Flot,tm 1)1 I T Y2 = A Ay sin™? G 1Gm L m Br-1) Flas i) (Brma1)
| | (5.107)
= (f,90), (5.108)
and so, for any r,
};I<F<a1;...,am_1>,gi“i;fgmwzﬁ < 1 ga)? < iFI (5.109)
=
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This implies that the infinite sum converges.
But, for each oy, the functions g;“_‘_“ifk form an orthonormal basis for Lg[0, 7]p—2. The
convergence of the infinite sum then implies that Fi,, . o, _,) is in the desired Ly space. Fur-

thermore, result (2) is merely Bessel’s equality in this space. O

Lemma 60 For any basic multi-index o, the functions Fio, o (¢m-1) and

F(m,-u,am-z)(ﬁﬁm-m Dm—1) salisfy

D) Flag,am-2)(Om-2;¢m-1) € L2[0, 7lm_3  for almost all ¢,y (5.110)
2) | Flagmama)(@m-D)lz = D {Flas,omn)(Bm-1), gom 55 m—3|* (5.111)
kéam-2

T
3) “F(Oq,.,.,am_l}lrgn-ﬂ = A HF{al,...,am-g);ganif@m_l >'m—312 Sinm_2 @mml dibpn 1. (5112)

Proof
In the proof of the previous lemma, we saw that the function Fi,, .. .}(#m-1) exists and
is finite for almost every ¢m—1. Applying Fubini’s theorem to the integral defining this function,

it follows that Fia, .. am-s)(#m—2; Pm-1) exists and is finite a.e. Also,
<F(a1,..-,am_g}(¢m-1);Qgﬁﬁf&m_l Ym—g = F(ah..‘,am_;}(ﬁém-«l) a.e, (5.113)

1t follows that

/0 !(F{al,...,o:m._g}(ﬁi’m—ﬁ; f;’i'é?am_x >m-—3{2 Siﬂm-2 ¢m—l d@m—l (5.114)
== L IF(al,...,am_l)(¢m—1)!2 3inm_2 Orm—1 dPm—1 (5.115)
= [ Fay, om0 o2 (5.116)

and statement (3) is proved.

Summing over the ay,..1 index gives

00 > Z HF{M,«--,am—z,&)”gn—L’ (6.117)
k
gy
= Zl; I<F(Q1,...,am_2}(¢m—l>)ggzﬁz’fam_1>m—3r2 sinm-«? ¢’m-»1 Cz‘f@m_j (5118)
k
= /D > M Flasmm ) (Bm-1)s G Jmmal?Sin™ % Gy deb (5.119)
k <

as all the terms in the sum are nonnegative.
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The convergence of the integral then implies that for a.e. ¢y,1, the sum

> U Flor,mom-o) (Pm1), G, mes $in™ 2 b1 debr_s (5.120)
k

converges.

But, the functions g;“igfk form an orthonormal basis for L3|0, 7r|m-3. The convergence of the

infinite sum then implies statements (1) and (2) of the lemma. 0

Proceeding recursively in this fashion, we prove
Lemma 61 For any basic multi-indez o and for any 1 <r <m —1, the functions

Foy,ori){Ori1irs2, oo Omo1)  and  Froy o (@i Grity oo, Fme1)

satisfy:
1) F(ozl,.,.,ocr)(‘?ﬁr; P P ‘?ém—l) = LZ[Q 'ﬂr-—l Jor almost all ¢pi1,. .., pm1 (5.121)
2) HF(OQ,.‘.,W)@’?-%M seey Gﬁm—l)}f?..z = Z I(F(m,,._,%)(%ﬂg _p ;¢m~1),9§f§g>r~1!2 (5,122)
ko
kia
3) ”F(ag ,.(.,ar+1)<¢:‘+1; ¢T+2> CE ‘?ﬁm“l)“g = R I(}g‘(al,...,a?)(ﬁbr-ﬂ? ey ¢’m——1)3 9§&T+1 )1‘»~1[2 sin” ¢r+1 d¢r+1'
(5.123)
-Finally, the function F(al,az)(gég; @3, ... Gm—1) is related to f in a similar fashion.

Lemma 62

1) [ € Ls[0,2n] for almost all ¢, ..., pm-1 (5.124)

2) f (@2 bm- )= D HF(d2 s bmr)s i) (5.125)

=0,1;k>¢
T .
3) IlF(Ql,az)(¢2;¢3§' "{r{}mw}}“% = /0 *{f(d)%' ;@m-—l);gf&}lz Sin‘?f)Z d@z- (5'126)

where the norm in statement (2}, is the norm of Lz[0, 27].

Combining these lemma's allows us to prove the basis theorem.

Theorem 63 The functions g,, where o varies over all basic multi~indices, form an orthonor- -

mal basis of the space La(S™1).

Proof
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By Fubini’s theorem, the squared Lz(S™ 1) norm of f is:

T s 2T
11 = /0 1™ $r_s s /D sin 2 o /0 a1 ()P (5.127)
= /0 Sin™ 2 1 A1 ... /D singo dpa || f(d2, .., Prm1)|? (5.128)

where || - || is the norm in Ly[0, 27].

= [0 sin™ " Gy A1 - / singadgy > [(F(d2-0r bmo1) gii)? (5.129)

g, %0
by (5.125).
= [ s dps S [ointadta (S m) BN (3130
Y 01,00
" 2
:/Siﬂm_ b1 ddm—1 . /Sm $adds Y | Flagen)(b2id3, ... dm1)|F  (5.131)
0 ai,00
by (5.126).
T v
= / sin™ 2 g1 dm—1 / sin® gadps D | Flaren) (B85, dma) I3
0 0 ey, 2,03
(5.132)
(5.133)
by (5.122) and (5.123) with 7 = 2. Continuing in this fashion results in the equation
1l = D [ Faam-nli— (5.134)
O yeeesCm—1
2 Zl F(O{l, <y Qo — 1)7g'm 1Qm>m-2|2 (5'135)

by lemma 59. Expanding the definitions of F,, | . 4,,_,) and the inner product,

1 FllEm-s =

&4

7 2 T
/0 ooy 502 by O / dp1 % (1) /0 iy sin dag2 (da) ...

2

/0 Qs S G205 ($2) ()
(5.136)

=>"|(f,90)sm1|> (5.137)

using Fubini’s theorem and the definition of the inner product on the sphere.
We have already proved that {gs} is an orthonormal set in L2(S™~1). As f was a general ele-

ment of Ly(S™ 1), it follows from the above and Bessel’s inequality that {g,} is an orthonormal

basis of Ly(S™1). O
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Chapter 6

The action of L,, on the basis

functions

In this chapter, we examine the effect of the differential operator Ly; on the basis functions f,.
Note that we will work with the unnormalized functions, because our results on uliraspherical
functions do not take account of the normalization constants.

For ease of reference, recall the expansion 4.64 of Ly; when k > j:

k-2 k-2 s—1 k-2

e,

Ly; = —sing;_ I;I._Icscqf)@cotm 18(;‘) -+cos ¢ 12:];[5111@608553 H cscégcotgbk_lég
=] g=f gm=f f==g-+1
k2

+ cos i1 Hsm@ (6.1}

0
Op-1

We will start by carrying out the easy calculation of Lo; f,,. To describe this in a simple way,
we shall introduce the notation fx.

Next, we will reduce the expression for Ly, f, to a form which does not involve derivatives.
When expanding the derivatives, we shall unbalance the indices of the different factor functions of
fo. Using propositions 42, 45 and 48 on ultraspherical functions, we will convert this expression
to a convenient intermediate form. We will also introduce some notation which will make it
easier to work with the partial products constituting f,.

In the third section, we will define the operators Rg; fo and R fo. These operators will
be used together with properties 50, 51 and 52 of the ultraspherical functions, to balance the
indices in the intermediate form.

Finally, in section 4, we will apply these results to obtain the final form for Lg. f,, for different

values of k, r and a.
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6.1 Expression for Ly f,
Note that any basic multi-index « has either a3 = 0 or o; = 1. Denote the boolean complement
of @y by @y. That is

1 fay=0

ay = (6.2)

0 if ] = 1.

This notation may be extended by defining the multi-index & as

(@1=a7 and (@)= fori>1. - (6.3)

If ¢ > 0 then @ is a basic multi-index and so fz is a basic function on the sphere. On the other
hand, when oy = 0 then oy = 0 and so @ is not a basic multi-index. In this case, we shall define

f= to be the zero function.

Lemma 64 For d =1, the derivatives of the factor functions are given by:

S5H8e#) = —nhly(9) (6.4)
S () = k(). (65

Proof

These two equations are merely the standard expressions for the derivatives of the trigono-
metric functions. In particular, note that if n = 0, then Al (¢) is not defined and there is only

a single equation

d g _d
‘5;“5"1“@) = d:;&l = {}. (6.6)
i
The desired expression for Ly follows immediately from this lemma.
Theorem 65 Let o be a basic mulli-index. Then
Lot fo = (1) fs. (6.7)
Preof
Combining the expression for Loy from 4.64 with the result of the previous lemma gives
(9 [+3 T af
Lorh$,, (1) = '@;‘hﬁg(@l) = (~1)Maghi,, (¢1)- (6.8)

“The other factors of f, do not depend on ¢; and so are unaffected by the derivative. Thus the

basic multi-index of the derivative is @. 1
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6.2 Expanding the Derivatives

First, let’s write out proposition 42, 45 and 48 in terms of the angular coordinates ¢.

Proposition 66 The following equations are valid for each integer d > 1.

(20411 +d —1)cosgahgs,  ($a) = (@ar1 —oa+ 1)hs,  1(¢a) + (cars +oa+d - 2)hg &éﬂml(%)

(6.9)
(20441 +d —1)singahyy  (44) = —hget 1(8a) —RGEE 1 (8a) (6.10)
?Zﬁilﬂ(%) 3‘2&“1(%) = (g1 — 0g +1)(egn —aghyh, | 1(¢d) (6.11)
+ (a1 +ag+d—1)(egp +aa+d~2)hgs 5 (¢a)
The corresponding results for d = 1 are:
Proposition 67
4
L &1) +hTL foraz #0
@Sélh?ég(ﬁél) _ 2( 1,052}1( } 1,00 1( )) (6.12)
| b (1) Jor ag =10
4
| (FD)P (AT (6) — BT, (¢1)) for cz #0
Sinél}bfég(tﬁﬂ iy (~1) ( afgﬂ( 1,00 1(#1)) (6.13)
\hh@sl) Jorag =0
Proof
The cases when s = ( follow immediately from the definition of hin
The other cases are standard results for trigonometric functions. For a; = 0,
cos p1hS,, (1) = cos ¢y cos aagy (6.14)
1
=3 (cos(ay + 1)¢p1 + cos(az — 1)¢b1) (6.15)
1
= 5 (W,az+1(#1) + Al 0,-1(41)) (6.16)
sin g1 il (¢1) = sin ¢y cos gy (6.17)
1, .
=3 (sin{on + 1)¢1 — sin(ag — 1)¢1) (6.18)

1
5 (Pas1(f1) = Bl oy -1(61)), (6.19)
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while for oy = 1,

c0s ¢ihia, ($1) = cos g1 sinand (6.20)
= %(sin(aeg +1)¢ + sinap — 1)1 (6.21)

= 5 (o (62) + o)) (622)

sin g1hi,, (¢1) = sin ¢y sin ongy (6.23)
:%(~aﬂay+ﬁ¢y+aMay—D¢Q (6.24)

= 5 (W s (61) — By 2 (61), (625

]

We begin the investigation of the angular momentum operators by expanding the derivatives.

Lemma 68 Ford > 1, the derivatives of the factor functions are given by:

d

g i (@) = L cot hiz () + HE) (6.26)

Proof
The equation follows from the chain rule and the expression (5.7) for the derivative of the

ultraspherical polynomials. First, examine

d-1
(A4 (d— 12{3)};(7 0 (1 — o)t E=0/2) 4y (627)
I

[ . |

TP (g) = (-2)

g 2???{;_;2”(1 AYHD/2 30 4 (0 - 1) PG (628)
(Gt +1 d
_—m_(ug)f___;f%i) >( 2)(z+z)/2d P(H«{d 1}:’2)( ). : (6.29)
Also,
d—1
e G e (“z)iwu - 22D ) (6.30)
ooy FET D v -1/ pl 172
A (0 e
D2 +1)

—(eopiz Y ims (1- )1/2}315{:%&(&«1)/2)(@)%(1 _a2 (6.32)
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Let & = cos ¢, with ¢ € [0,7/2] then sin¢ = V1 —2? and it follows from the above that

35 = 5 5 R (6.59)
= (12" (-—2)3?—(1%—;”%@ —) PR @) (6.34)

= TP (z) + iqﬂ%i%>P;(x) (6.35)

= hgy () + 1 cot $hign (9). (6.36)

ol

The following lemma’s provide the intermediate results needed to simplify the action of the

general angular momentum operators.
Lemma 69 Ford>1,
1 1
(ad - CxﬂzmH) sin Qﬁghd g1 (‘i’d) — CO8 ¢dh3‘2+1 (c;?ﬁd) 3%:;“ 1(@55) (6.3?)

Proof

Expanding the sine and cosine terms,

Qg — Qg +1 1
(Gfd — aé.ﬂ) sin ¢éhé a1 {@d) e m ( gid+1_1(¢ ) Cicéi‘+1+l(¢d))
1

cos ¢dh&d+1 (pa) = W ((GﬁdJrl + g+ d - l)hggi} (a) — (g1 — ad)hifﬁiirﬂ(@d)).'

dytrgiy

. . . F1 .
Subtracting, the terms involving A d‘;dﬂ +1(¢a) cancel and the others yield hj‘gil {eq). O

Lemma 70 Ford > 1,

(00 = ags1) cos dahy, () +singahgsll (da) = —(oa+oap +d—2)hGs,  _(da) (6.38)

d,ad+1
Proof

Expanding the sine term and then reducing the upper index gives

. o: 2
(Qagpy +d - 1)singghgdl” (a) = —(hGer? 1 1(da) —hGE2 (8a))

= (0ar1 — o+ Dlears —oa)hiyh,  1(ba) — (0 +oa+d—1)(oa +oa+d=2)h5, 4(da)
Fxpand the cosine term to get

(20441 + d ~ 1)(a — cgs1) cos gahygt,,  (¢a) =
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Combining these and simplifying gives the desired result. : O

The expansions of Ly fo, Lgafa, and Lg;fo for § > 2 will differ slightly. This difference
is due to the first term and first factor of the other terms. Because of the similarities in the
remaining factors, a single analysis will suflice for the rest of the expansion.

Before proceeding with the analysis, note that Ly; (k > j) depends only on the variables
Pi-1, ..., Pr—1. Thus the expansion of Ly, f, will depend only on the factors of f, which involve
these variables, that is, on hj Lo (i1} ... hLE oo, (Bk—1) . To make it simpler to refer to such

partial products, we make the following definition.

Definition 71 For 1 <1 < j < m and for eny basic multi-indez o, let
(w) 5
- h?a ih1 (457') jcx3+1 (@3) (6‘39)

When the multi-index subscript is explicitly written out, only the relevant indices will be given.
- That is, the first index written will be oy and the last will be aj44.

To work with the common terms in the expansions, we will make the following definitions.

Definition 72 For each 1 < j <k < m and for each basic multi-index o, let

Ijk(a 1—_[ sin ¢'L zat.e.l (@‘i)hgii,lc:: (¢k~1) (64{3)
i=j
k-2 g=1 k32
Jk(a Z H Sln@gh?@i i1 (éé)hzzis%i“l(%) H cse qﬁ% i i1 (@’51) cot gy lh;; 1 Ok \d)k 1)
8= f==F i=g+1
(6.41)
k-2 .
K(a) = [ ] escgihis,,  (¢4) cot dr-1hyp™3t,, (dr-1). (6.42)
i=j

The following two lemma’s deal with the analysis of the common terms.

Lemma 73 Forj > 2,

k-2 8-1 k2

k—~2
S [ sineinis, (#:) 08 g Foc kers (90) IT cscoingi, (80) +anoy [ [ singihis,  (d:) =
s=7j d=j frmged-1 i==j
k—28-1 k—2

ko2
= oy [[esconi,,, () + 3 [T sindihis,  (@RSED, 1(80) ] csctuniy,, (@) (6.43)
i=j

g=q §==4 fr=g-1

Proof
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Expanding the derivative with respect to ¢ in the sum, we may use lemma 68 with j > 2,

to get

€os ‘?33 Ery h?ésH ((?58) = COS @ (Ois cot shgs ai1 (‘753) + h?&iﬁ (%)) (644)

= (g C8C %h?éwl (¢S) Qg 8in Ph; s&8+; ((bs) + cos ‘468&?&:;11 (‘?S) (6'4‘5)

Substituting this, we find three summation terms. To ensure that the cosec factors have the
same form in each summation, we change the index of summation in the first term. It then

becomes

k-2 k-3 a—1 k2

OC’;:HCSC@ e H(d’e ’I“ZHSHW{’: o H(ffﬁz)as“ﬂ sin ¢ sa,H(@a) H CSC‘?f’ah@O; l(gbz)

= s=] i=j i=s+1
(6.46)

The original expression then becomes

k-2
a;j H csc gzt " () +
i=j
k—2 s-~1 k2

+ Z H sin ééh?éiﬁ () ((O‘SH —0ig) sin ‘}ésh?oisﬂ (¢s) +cos @shgéjjl <¢8)) ]:[ csc gihiy, i1 (¢)-

P — =g

(6.47)

The result follows from lemma 69 k O

Lemma 74 Forj > 2,

k—2s-1

S [ sinsiris, (1) cows 55011 (0) H csc ihg,  (4i) cob gr_ahg™ T, (dr—1) +

g=4 i=] +1

- { 0 Bk
+Hsiﬁff}é&?§m(¢«e) B T (Bh-1) = a5 Ip(@) + Jjn(@) + Kjp(o).  (6.48)

Proof
- Expanding the final derivative,

8 Oékl

Ty P, (Fe) = 0o 00t G BT (Gm) BT (B0 (640)

The terms which have & common factor of cot ¢y _ 1hk 1 %(qﬁk_l) have been examined in the

previous lemma and the result follows immediately from this. 1

In the next 3 propositions, we will examine Ly fo, Lgofo, and Ly; fo in turn, for § > 2.
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Proposition 75 Fork > 2,
(L1} — : &1 B, BOL
Li(fe ) = Ik(a) +sindi ATy, (¢1) Jie(a) + (=1)" aohi’,, 1(¢1) Kaor(e). (6.50)

Proof
In the expansion of Ly, the expression in lemma 74 with § = 2, is multiplied by sin ¢, AT o, (1)

In this way, the last two terms in lemma 74 give the first two terms of the desired result.
The final term of Ly, to be added to this, is

Cosqél laz(él)ﬁcsc@hm (80 cot g1 PZL (Bpm) (6.51)

. =
COS¢1 h§é2(¢1) cos ¢1(—1)*aghiy, (é1) (6.52)
= (-1)™ 5 S, (1) + R, 1($1))- (6.53)

This is true even when ay = 0, as both sides are then identically zero.

The first term from lemma 74 (multiplied by the extra factor) is

k-2

azsin gihil, (1) [ ] escdihis,  (#:) cot grrhg3l,, (fr—1). (6.54)
4=2

Again, note that this is zero when oy = 0, whichever substitution is used for the ¢y factors.

Adding these two terms together, the factor of ¢ in the result is
a0 o o
(_ ) »—2—(&(12&2+1<¢'1) + h’l g 1(¢1)) +( 1) (kl gl (?Sl) hi%}g—l({’éi)) =
= (—1)Taghll, a-1(¢1). (6.55)

This proﬁdes the last term in the desired expansion. t

Proposition 76 For k > 2,
L (f(l k= 1)) = cos g1 hfh, (¢1)Ta (@) + cos g1 hSh, (91) Jar(@) + azh$h, (¢1)Kar(e).  (6.56)

Proof
In the expansion of Ly, the expression in lemma 74 is multiplied by cos ¢y hl s (¢1). Again

this gives the first two terms of the desired expansion.

To get the third, the remainder is added to

~sing; o - hm(@sgﬂcsc@ oo (1) cot ey hp¥ Tt (Br-1) (6.57)
[
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As before, the remaining term from lemma 74 agrees with this in all but the ¢; factor. Expanding

the derivative,

sinq51 B0, hid (1) = sin ¢ (—1)  azhT) (41) (6.58)
( 1 ag+1(¢1) - hilaz—l(@)) (6‘59)
The ¢ factor in the remaining term from lemma 74 is
Qg CO8 '?51&(;@2 (¢’1) (hi ,az+1 (¢1) + h’ilag—l (‘?51 )) (6-60)
Adding these gives
azhih,—1(#1)- (6.61)
O

Proposition 77 Fork > j > 2,

Lis (F& ™ 7V) = cos i-ahg 1, (8- L) + 008 d5-1h53' (65-1)Jiu(@) +
+ (g + o1 +5 ~8)hi7 1 _1(p5-1) Kin(a). (6.62)
Proof
In the expansion of Ly;, the terms in lemma 74 are multiplied by cos¢;j..1 h?f ifaj (¢j-1) and
the first two terms of the desired expansion follow directly from this.

The final term is added to

B 5? Ot -1 [+ Qg
—singjg 7 561 Bty (P5-1) ].__[ csc pihy,, () cot dr—i Py, (de-1) (6.63)
i=f

In this case, the two terms agree in all but the factors of ¢;..1. The factor in the remaining term

from lemma 74 is

j COS ¢J-1hy Loy (¢5-1) (6.64)
The derivative expands to
, o
smqﬁj_l@@j- ;x’ 11% (¢j—1) = sin ;1 (aj_1 cot qﬁh;‘g lla (@) + h?j 11;71(@) (6.65)
=aj 1008 ¢hgIT, (#) +sing; 1T (4). (6.66)

Combining these two terms results in
1 .
(a — @j-1) cos &5 ihg 1oy (#j-1) —sing;— 1}‘&3 11;:, (@) =(j1+05+7—3) ?3 11a~—1(¢’:r 1)
(6.67)
by lemma 70. 0
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6.3 Balancing the Intermediate Expansions

To simplify the different expansions found in this section, we define the following coefficients.

Definition 78 For any real numbers a and b, as well as any natural nurnber d >'1, let

pla,b) =(b—a+1)(b—a-+2) (6.68)
v(d;a,b) =(b—a){b—a—1)+ (2a+d~2)(2b+d ~3). (6.69)

The three expressions for the angular momentum of f, can be further reduced using proper-
ties 50, 51 and 52 of ultraspherical functions. Let us write them in terms of angular coordinates

and trigonometric functions.

Proposition 79 Ifd > 1 and ag > 1 then

Gt -2

3 (fa) = —plog, cay)RGeT” ($a) + Qaa+d—4) Y (2k+d— DG (a) +
kﬁ“d*"?ﬂ%d;%ﬂ)

o} (26’393 -} paT‘(Cﬁcg, adH) - 4)(20:03 e pm’(()ﬁg} ad+1) +d— 5)&?&;11,&?{&&}&&%1)_2(@63)

(6.70)
Ifd>1 and og > 0 then
gy —1
cse gahgs, (¢a) = — Yo @ktd-DEE ) - (6.71)
k=og—1+par{og,cae)
+H2
, LEIREY V
cot %}"’ggw (pg) = —(cg41 — g + 1)?%?3;:1 (¢a) — Z (2k+d— 1)h3§—1(¢>d).
k=0~ 1+par{og, 1,0y—1)
++2

(6.72)

These properties allow us to develop two different two term expansions for csc gédhg‘gdH (¢a).
These expansions will form the basis for our further simplification of the angular momentum of

fo- First, using functions with lower indices equal to agyy + 1.

Proposition 80 Ifd > 1 and ay > 0 then

—(204+d—2)cscgh  (¢g) = hg‘j,;iim(%) + plaa, aaﬂ)hﬁgil;l (pa)- (6.73)

derg iy

Proof
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To simplify notation, let P = par(cay, ogr1). Expanding h;ﬁgi ,+1{¢a) and simplifying,
-1
Pt +1(80) + plaa, cari)hGeL o (da) =
CECH.]—l
= (20g+d—2) Y (2k+d—1)A5 T (da) +(20a+P+d—2)(20u+P-+d—3)R547 L L (¢a).
k:&ﬁzl-?‘}}

(6.74)
Expanding (2cz +d — 2) csc (ﬁdhggé (¢q) and adding it to this expression, results in
204+ P+d—2)209+P+d-—- 3)h§‘;;+p_1(¢d) — (ag+d—2)204+ 2P +d— 3)hgg:il+p(gbd).
(6.75)
It remains to show that this equals zero. We check this for each value of P. When P = 0
the coefficient equals
(20 +d ~2)(205+d—3) — (204 +d—2) 204 +d ~3) = 0. (6.76)
Alternatively, when P = 1, it is
(204 +d—1)204+d—2) — (2as+d—-2)(204 +d — 1) = 0. (6.77)
4

A different expansion can be obtained using functions with lower indices equal to cz.q ~ 1.
Proposition 81 Ifd> 1 and g > 0 then

~(204+d —2) escpghs  (pa) = hgetl _ (¢a) +7(d; ag, carn)hGt _((¢a).  (6.78)

dyxgq1
Proof
As in the previous proposition, let P = par(ag, a4+1). We have also seen that the expansion

of —(204 + d ~ 2) cscdghgs,  (d4) can be written as

Gid+1~1

Qag+d-2) > (k+d—1)R5 (¢a) + 2ea+ P+ d—2)(20a+ P +d - 3154 o (¢a).
k:ai{:¥21+il‘ .
(6.79)
On the other hand, we may expand hdgjll (¢4) in & similar fashion to get
?i:lml(@d) —(oat1 — aa)(aay —aa — DRGET _ (¢a) +
Ctggopy 3 .

+(205+d—-2) Z (2k+d—1)h527 (¢a) + (204+ P +d—2) 204+ P+d— 3)h§i;+}:, 1(¢q).

k:aiingp

(6.80)
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Comparing these two expressions, they are the same, except for the coefﬁcient of hi‘gil_l(%)-

In fact, adding +(d; o, cxd+1)h§:‘"1 _1(¢g) to poatl _1(¢a), will result in equality. - O

Gty degiy

We will also use the following two term expansion for cot %hi;dH ().
Proposition 82 Ifd > 1 and oy > 0 then

—(2a4+d —2) ot ggh3d  (¢a) = R (Pa) + (@ay1 — g + 1){agys + g+ d — 2)R%7E (4,).

dorgay dorgsn doegyy
(6.81)
Proof
In this calculation, let P = par{ay + 1, ag41). Expanding
Oﬁd.}.l-—‘z
hgat! (da) = —(aari—aa+1)(@ari—e)hGe,) () +(20a+d-2) Y (2k+d-1)A3 ($a)+
k:txﬁzl-}'}}

+ (204 + P+d—2) 204+ P+d—3)h54 " o1 (4a). (6.82)

Add the cot term to this, using the expansion in proposition 79, to get

(204+d—2) cot gghe  (da)+hGEr" (da) = —(@ap1 —aa+1){oas1 +oa+d— 2R3 (¢a) +

dorgiy deegp1

+{(20g+P+d—2)203+P+d—3)— (204 +d —2)(204 + 2P + d — 3))h§‘§,gip_i(¢d).

To complete the proof, we show that the last term is zero. Again we calculate the coefficient for

the two different values of P. The value is

0y +d—2)(204+d—3) — (2ag+d — 2)(204 +d — 3) =0 ifP=0  (6.83)
(0 +d—1)(204+d—2) — (2aq +d —2) (204 +d —1) =0 if P=1.  (6.84)
[T

The simplification will be performed using the operators Rjk and K. These are defined for

integers k > r > 1. We will also introduce the real-valued functions A.z{a).

Definition 83 1. Fork > 2, let

Ry ifo =Rt (1) (6.85)
Ry oy o= (o — oo + 1)k + 01 + & — 3R 1 () (6.86)
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2. Fork—1>r>1, let

Rgf& har?1+l(¢T)Rk rprfet }5?&,11 1(¢r)R;;T rife (6.87)

ey

Ry, fo = plor, a’*‘”rl)h’?a:é +1 (é?’)RIc}r%lf“ +(r; o, 1) hps Slml(ér)Rg,rﬂfcx- (6.88)

3 Fork>r>2and forv =2 when o > 0, let

k-1
-1
Apr(a) = H m (6.89)

Note that the operators R;; and Ky act on f, and produce linear combinations of terms of -

the form

kil ﬁr
LA C TSI CANE) BN i (- SEY B

Furthermore, each term in R;;, fo has §r = ap + 1 and each term in R f, has f§, = a, — 1.

Lastly, note that when k = r, the product is vacuous and so Ap(a) = 1.

Proposition 84 If2 <r <k and o, > 0 then

Koip(o) = Agr (@) (Byf fo + R fo). (6.90)

Proof

When r = k — 1, the product reduces to

cot m-lh?f}f%(@c-z}

-1
T oy 14 k-3 (h:inlf;}(%—l) + (e — apq + 1)(ap + o1 + & — 3)hp* 11%1(@;9 1))
(6.91)
= Ak,k—l(a)(R;knlfa + Rg,k~1f&)7 (692)

by proposition 82 and the definitions of Ag 1, R;:k_l and R, .
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Assume that the result holds for r + 1 < k — 1. Then K(a) equals

k-2
[T cscaings,, , (#i) cot drrby Ly, (d6-1) = Apria(@) csedehly . (S )(BY, 1 fo + By fe)

fmg .

(6.93)
= Apre1 (a)ﬁ&:ﬁ__g)'(hg&j:wl (¢r) + plom, a?‘+1)&3§;11+1((ﬁ"‘)}R;:r—{—If& + (6.94)
+ (et (80) + (e, anp )i 1 (60) Ry fa)

= Agr(a) (hfgzjj;+1(¢1’)}z]ir+lfa + hféﬁri(@)}%grﬂf& + (6.95)

+ oo, on )RS L L (80 BE Ly Fo (s, 00 )RETE  (f0) Ry f)
= Aup(0) (R fo+ B ). ~ (6.96)
O

Proposition 85 If2 <r <k —1 and o > 0 then

App1 (@) R fo = Li(a) + Ji(). (6.97)

Proof

First we examine the case when r =k — 2. Then I g 5(0) + Jr_oz(c) is

SR fr-2hy 5%, (Be-2)PEt Ty (Sh=1) 4 gty | _1(dh-2) cot dporhig™ily, ($6-1)  (6.98)

= s (R e ) + -
+ f;;fi'égl_l_l(ék—z)(@k — o1 +1){og +op—1+k— 3)@5};}(%4)) '

= Appoa (@) Ge2) B fa H A (ko) B, i fa)  (6.100)

= Apg-1(0)Bf ;oo (6.101)

Next, assume that the result is true for v = ¢ + 1, where 1 +1 < k — 2 and examine

Ip(e) + Jex(). Separating the s = ¢ term of the sum and using proposition 84, the expression

becomes
k-2
sin gehgt,,, (60) Anrs2(0) By fo + RESEL _1(de) [T oscduhs,,, (81) cot drorhp®yy (1)
fetd-1

(6.102)

= sin gehit, , (#0) Ak er2 (@R, 1 fo + el _1(60) A1 (@) (R gy fo + Riyynfa).
(6.103)
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Expanding the sine term, this equals

-1
ey | hat+1 RF
Qﬁ’tﬂ Ti-1 k,t+2( )( t at+1+1<¢t) tat+1—1(¢’i)) k,t«{_lfa + | (5_104)
+ h?&f_il_l (¢6) Ar,pv1(c) (R}it.}.lf(x + Ry i1 fe)
= A&:&H (a> (h?g:i1+l(¢t> g+1fa -+ h?g:_il_j{(@t)R];t_{,lfa) (6105)
= Apes1(e) B s (6.106)

6.4 Final Expansions for Ly, f,

We are now in a position to simplify the action of the angular momentum operators on basic

functions with positive indices.

Theorem 86 For k > j > 2 and for fo with a; > 0,

—={j~1,k-1) Q1

Akj(a) ((aj +aj-1+j - S)hj-g,aj-d(qﬁj*l)R;jfa -
— (o — oy + D7, (b1 R fe). (6.107)

Lk_;:f

Proof
We may apply propositions 77, 84 and 85 as follows

Lkﬁg_l’k—l) = cos ¢j_1h; "7} o; (Pi- 1)Ak,y+1(a‘)Rk3fa
+ (Odj +oj-1+ J- 3)}5?5?%“1(%—1)/1@ )(R fo + R;:;,fa) (6'108)

Expanding the cosine term,

Ap s 8- oa |
Apgr1(a)cosgi_1h;? 1%(@3 1)_”2";"—’%’%_1—;(_)5((ij&§_1+1) 3311a y1(fj-1) +

+ {CC} + oy +j- 3) ?3 11055-'1(@3‘1)) (61{]9)

Noting that WAMH = —Ap;(a), a simple cancellation yields the result. O

Theorem 87 For k > 2 and for f, with ay > 0,

—+(1,k=1)

Lrafq = apApa(a) (_h?,1<352+1(¢1)Rg2f0¢ + hiicxg—i(@)Rk-zfa)- (6.110)
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Proof
As for the previous theorem, propositions 76, 84 and 85 yield

LiaTa ™ = cos ¢1h55, (61) Ara(@) Ry fo + cohifh,_1(61) Aa(0) (Rlyfo + Rpfa)  (6.111)

( i a2+1(¢’3} + hl J0t — 1<¢1))A3€3(@)R+2f0c -+ Ce?hl g~ 1<¢’1)Ak2<a)(R foc + szfoc)-
(6.112)

In this case, the condition that ag > 0 allows us to write %Akg(a) = —apAr{a) and then

sirnplify to obtain the desired result. O

Theorem 88 For k > 2 and for f, with ay > 0,
oo T &7 -
Ly f(1 e ( 1) 1&2/1&2(&) (h1,§22+1(¢’1> fa + hz . 1(¢1)Rk2fa)~ (6'113)

Proof

Again, this is a siraple simplification from propositions 75, 84 and 85.

L;gl-f“él’k_ == Slﬂ@’slhlw (951)44&3(@)3 gfa + ( 1)051@2;31 Jr 1(‘?1)/‘1&2(@){}{ fce -+ H}g2f0£)
(6.114)

= ( ) (hl gl (éi) hl aagwl(‘i’l))Aka(a)Rngﬁt + (”‘ )&I Cezhl N 1(¢1)Ak2(Q)<Rgg+2fa + R;nga)-
(6.115)

O

These results are valid when a; = 0 (or ag = 0 for Ly fo). If the initial indices are zero,
a different analysis is needed. In this case, the differences between the angular momentum
operators are greatly reduced. First we determine how this simplifies the constants 4z;. For

later use we will include the case when the initial indices are all 1.

Lemma 89 Let o be a basic multi-inder satisfying 2 < r(a) <m—2. Choose k, j andl so that
r+l1<k<m,83<i<r+1and2 <1l < j. Also, let 8 be a multi-index of length r + 1 such
that By =1 for i < 4. Then
—ir1(d = 3)!
Agj(a) = (-1) (r=2)! T A (@) (6.116)

An(6) = (—py =1 f 3) (6.117)
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Proof
These are all straightforward calculations from the definition of Az, (a) as

- -1
4@ =] 57— (6.118)
gmg T

0

Theorem 90 Letl < j <71 <k and let o be a basic multi-indezr such that o, = 0 and apyq > 0.

Then
LiaFe ™™ = M) T0 ) B fo (6.119)
LiaFoF Y = () T85O B f (6.120)
LisFO YD = _ A ()T TV B (6.121)
Proof

Because o is a basic multi-index, «; = 0 for ¢ < r. It follows that

e ig-1($i-1) =0 fori<r. (6.122)

z»—l S

This leads to a simplification of the angular momentum operators, in that the terms in the sum

with 8 < r are non-zero. Thus

g FOTYY 2 cosgo1hO_y o5 Hsm %(e:) (Hsméa & (Bhes  (fren) +

= f=p
(6.123)
k251 k2
=3 [t @05, 220 [T oot () ot aahi s, (9r-))
ST Gamp i=g-+1
(6.124)
Pl .
= cos $j_1h]_10(8j-1) | | sin ¢ihlo(d:) Ak r11() RY, fa (6.125)
i=j .
by 85 and
—{1E—1) r—1 k—2 X
Liafe = [ [ singinp(¢s) (H singihgs, (¢a)hy” 1101 (dr-1) -+ (6.126)
i=1 g
k2 g1 k-2
+ > [ sindin,, ()hgall _a(@s) T1 escdirif | (@) cot dprhi® L, (qsk*l))
S==T du==p i=s+1
' (6.127)
r—1
= [ sin ¢ihf(6:) Ak (@) By, S (6.128)

=1
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Furthermore, using the condition on a to simplify the initial factors:

cos g1k o(¢1) = 1Y 1 (61) (6.129)
sin gy (1) = hi, 1(451) (6.130)
sin ¢; 10@5@) = ‘-”"_h 1(@i)- (6.131)

From these expressions, we find that

r—1

HSID‘?SZ}?‘ 0(¢’z)—‘(( i ) fﬁ:r‘,ll}) (6'132)
g==1
p—1
cos ¢l o(x) [ sindihdy(ei) = E Dl ol U g (6.133)
P
i (5 =3 s-1,r-1
cos g1 h)_1 (1) [] sinihiy(de) = (- )“J( 5 Fan . (6.154)
desf

Substituting these into the previous expressions and using the lemma refsph:Asimp, gives the

desired basis function expansion. N

For completeness, we mention the case when k < r. For each 1 < j < k, the factor function

satisHes

hid o (65) = 130(#;) = constant. (6.135)

It follows immediately that

Ly FO-1ED g, (6.136)



Chapter 7

Unit Eigenvectors of L

In this chapter, we will be concerned with finding solutions to the unit eigenvector problem.
Recall from chapter 3, that the functions we determine will then be solutions to the stationary
curvature equations for the linear quadratic problem.

Many of the unit eigenvectors can be generated by the basis functions f, on the sphere. We
shall call these solutions type (I) eigenvectors of £. The type (I) eigenvectors do not span the
space of unit eigenvectors of L. However, the space of type (I} eigenvectors is certainly broad
enough to provide an effective implementation of stationary curvature control for the two control
sitmalations examined in this thesis,

We will only be concerned with these solutions in this thesis.

7.1 Solutions using the Angular Momentum Operators

These functions will be generated by means of repeated angular momentum operators. We
shall use the differential equations satisfied by the ultraspherical functions, as well as different
commutation relations satisfied by the angular momentum operators to prove that they are

indeed solutions to the unit eigenvalue problem.

7.1.1 Differential Equations for Ultraspherical Functions

Recall that the differential equation satisfied by M P(z), for X > 0, was derived in proposition
41. It is

142X~ 1)
2

(1 — YV PY () — @21+ 1)a™ Pl (z) + <n(n +23) - T

)0‘}}3‘51(:5) =0. (7.1)
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Furthermore, the factors, hfm(qé), are defined using the ultraspherical functions as follows:

hn(8) = cosng (7.2)
hin(¢) = sinng (7.3)
By (9) = T PL(cos ¢). (7.4)

Proposition 91 The functions hfm(qﬁ) satisfy the following differential equation

2
T (@) + (@~ Voot b (8) = (0 +d =2 esc? 6 —nlm+d= (). (79)

Proof
When d = 1, the only valid values for [ are 0 and 1. In both cases, the cosec squared term

will be zero. The desired differential equation then simplifies to the standard equation satisfied
by the sine and cosine functions:

6‘52

dg? 1 n(¢’) b} hin(4). (7.6)

For d > 1, we perform the change of variable © = cos¢. Then

% = wsingﬁgg. (7.7)
Bach of the angtﬂar coordinates takes values in the interval ¢ € [0, 7] and so sing > 0. Thus
L1 (9) = —sing =PI PY(s) = /1= % CFIP(a). (7.8)
de de dw
Expanding the second derivative results in
§;h W(8) =~ oos¢%<%—l>z>é<x) + sin? ¢5;ij§(%i)}3é(g;) (7.9)
- ~x§-f—>ﬁ( )+ (1 — x2)§;<%‘l>f>§<x), (7.10)
It follows that
o o7 Pi(z) = -—————,—x_ ha(®) (r.12)
= — cot ¢’ hdn (#) (7.12)

and

(1_9;2)——Jd ‘>Pl<m)—é¢2%(¢) ot 5 han (@) (7.13)
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Using the fact that 2) + 1 = d, the terms involving derivatives become

(1 — 22 YNPI (&) — d xPM(z) = —hb, (¢) + (d — 1) cot ¢ };, L(#) (7.14)

dqﬁz
and the final differential equation follows immediately. O

Define a simpler notation for the differential operators in these equations.

Definition 92 For each integer d > 1, define L§ by

L3°—é~2-—-—+(d~—l)cot¢5-8— (7.15)
1 0g4” “Opa’ ‘

Using these operators, the differential equation 7.5 can be written as

2hin($a) = (1 +d — 2) esc® ¢g — nln + d — 1))k, (¢a). (7.16)

7.1.2 Squared Angular Momentum Operators

In this subsection, we will write the following second order operator
k-1
D} =) "1 (7.17)
j=1

in spherical coordinates. We will be able to express it in terms of the operators L? for r =
1,...,k—1.

The following technical result will be used extensively.

Lemma 93 For any natural number n > 0,

Zcos B Hsm ¢; = 1. (7.18)

=]

Proof

This is a simple induction argument. For n=1
cos® gp =1 (7.19)

due to the convention that ¢g = 0. Furthermore, if the result is true for a given n then

n+1

Zcos bj-1 Hsm ¢ = sin gianos di-1 Hsm $i + cos® br, (7.20)

j=1 =j =i

= sin® ¢,, + cos® ¢y, = 1. (7.21)
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O

To expand the operator D;%, we will look at the different terms in each Lg ;- For easy reference,

recall equation 4.64 for Iy; in spherical coordinates (when & > j):

g1 kE—2

3|
Ly; = —singj_1 gcscgéz cot 1+ —-——{—;cosgéj - Emnqﬁ% COS ¢y J}rl C8C ¢y cot %”18(;53
k~2 P
+ Cos 1 Esmgbz&? — (7.22)

The coefficients of the second order partial derivatives in L} ; are merely the products of the

coeflicients of the corresponding derivatives in Ly;.

Proposition 94 The second order terms in D2 equal

 k—2 k-2 2 52
Z H csc? ¢; cot? Dk 15 (7.23)
Pl dmmp el §¢3ﬁ 1

Proof
The coefficients of each second order mixed partial derivative all cancel to zero. To see this,

first let 7 < s <k — 1. For each j <, L%_?- has a term of the form

k-2 5
2 cos® ;1 g sin? ¢ cos by sin By COS Pg CSC P zgl esc? i cot? gy 132 5. (7.24)

In this expression, only the factors cos® ¢;.1 1‘[1?;3.1 sin? ¢; depend on ¢;. Using lemma 93, the

sum of these terms from j =1 to r is

k-2
@2
2 o8 ¢y 8N ¢y €08 Py CSC g cse? ¢ cot? . 7.25
b1 5in G c05 s ¢MIL #icot” g1 5o (7.25)

~ Furthermore, the derivative ?3%2;—&@: does not occur in L%j for any j > r+ 1 and its coefficient in
L}ir 41 1s the negative of the above. Thus, for any r < s <k — 1, the coefficient of 5%@ in Dg
is 0.

Next let r < s =k — 1. Then for 7 < r -+ 1 the coellicient of '5%?»8_& is

S |
2cos’ i1 H sin? ¢; cos ¢y sin ¢y cot dy,_1, (7.26)

d=F

while for j = r + 1 the coeficient is

—2 o8 ¢y 5in ¢y cOt Pp_1. (7.27)
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Because of lemma 93, these cancel when summed from j=1to j =7+ L.

Calculating the coefficients of the repeated partial derivatives is a similar matter. For each

- . s 52 . 2
i=1,...,k—1, the term involving 53,7 in ij is
k-1 9
2 1.2
cos” ¢y | | sin® ¢y . 7.28
J g ‘8¢k_12 ( )
Summing this over 7 =1,...,k — 1 results in
82
. 7.29
6¢k——12 ( )

Lastly, we examine the terms in Lﬁj involving 8%2“7’ for 1 <r <k—1. When j = r+1 the term

is

k2 82
sin® ¢, ] esc® ¢ cot? qﬁk_lg—-,j, (7.30)
f=rt1 e
while for 7 < v the terms are
1 k-2 82
cos? ¢hj—1 H sin? ¢; cos® ¢y H csc? ¢ cot? gy 557 (7.31)
f=] f==r-1 r
Summing over j, these become
k-2 32
H csc? ¢ cot® sy 5 (7.32)
f=rt1 I¢r ‘
O

The calculations for the first derivative terms in D? also follow from lemma 93, although
they are a bit messier. When repeating the operator Ly;, terms involving first derivatives result
when the derivatives in the second operator act on the coeflicients of the first. It follows that
terms involving g‘%; in Lﬁj originate from derivatives of the term in the first operator which
involve 35._05;'

Performing these differentiations, we find the following coeflicients of %; in L;%j for different

values of r and j.

® Whenr =k — 1:

k-2

s—1
sin? ¢j_; cot ¢y + Z cos? i1 H sin? ¢; cos® ¢, cot @y (7.33)

gz Fexg
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e When 7 <r <k-2

71 k2 '
sin? ¢j-1c0t @p H csc? & cot;g 1+ Z cos? Pj1 H sin? ¢, cos? Pg cOb Gy H csc? & cot? Pr—1—
f=r4-1 =f =] f==r-h1 i
] k2
— cos? hj-1 H sin? s CO8 P i Oy H csc? @i cot? Pt
qe=g dmr 41
k-2 r—1 k—2 E
— Z cos? $i-1 H sin? ¢hi €S ¢r 8in ¢y cos Py csc g + cot @) H csc? & cot? dp_q1 —
g1 gz=g femgb1
-1
— cos® $i-1 H sin? ¢; cos ¢>r sin ¢, csc? gp—1. (7. 34)
fuf
o When j=r +1:
k-2 k-2
$in ¢dr €OS ¢y H csc? i cot? P 1+Z $in ¢y cos ¢y cos Ps{cse Pgtcots) H csc? ol cot? Gp1t
i==g s==f fmeg-F1

+ sin ¢y cos gy csc? ¢ 1. (7.35)

Note that when j > 7+ 1, there is no term involving g%—;in L%j

"To get the term involving —g‘zb—r in D2, we need to sum the relevant terms from j = 1,. .., min{r+
1,k — 1} It follows easily from lemma 93 that the sum of the last three terms in (7.34) cancels
with the three terms in (7.35). To simplify the other terms, changing the order of the double

summation will again allow us to use lemma 93.

Lemma 95 Foronyl <r<k-1,
T -1 g1
Z(sin2 ¢j—1 cot ¢ + Z cos ;1 H sin® ¢; cos? g5 cot <33s~) = (r — 1) cot ¢y (7.36)
=1 $=] =i
Proof
When r = 1, the sum over s is zero because j is never less than r — 1. The first term is also
zero because singg = 0

When r > 1, changing the order of the summation and simplifying gives

r r—1
Zsm $j—1c0t Pp + Z Z cos? ¢hi_1 H sin? ¢ cos® ¢ cot ¢y (7.37)
j=1 g=j =
r—1 8
= Zsm ¢j—1 cot Pr + ZZCOS Pi1 H sin ¢@ cO8 gés cot¢r  (7.38)
=1 g=1 f= fu=f
r—l -1
= Z sin? @ cot Pr—1 -+ Z cos® ¢ cot ¢p (7.39)
j==1 g==l

= (r — 1) cot ¢, (7.40)
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O
Combining these results we find our final expression for D2,
Proposition 96 In spherical coordinates, the operator Dg can be expressed as follows:
k-2 k-2
= Z H csc? ¢; cot? qf)g;_lL? -+ L;%_l (7.41)
r=14=r+1
In particular, note the following
1. D = L2
2. When u(¢) satisfies L2u(¢) = L3u(¢) = --- = L2_,u(¢) = 0, then
Diu(¢) = D3u(¢)=---=Diu(¢)=0 and DI, =I2 (7.42)

7.1.83 Construction of Type (I) Unit Eigenvectors of £

Using the operators Ly, D2 and L2, as well as the differential equations (7.5), we may generate
solutions for the unit eigenvalue problem on S™~!. The simplest of these eigenvectors are 2—

dimensional and are given in the following proposition.

Proposition 97 Let m > 2 and let f(¢2,...,¢m—1) be any C* function (constant for m = 2).
Then

P(¢) = (—cosd1 f(d2,.. ., bm-1),sin1 f(d2,...,Pm-1),0,...,0) (7.43)

is a unit eigenvector of L.

Proof
Let u! = —cos¢f and u? = singyf. With all the other components zero, the first two

equations of the unit eigenvector problem simplify to

8 8 |
ul = ——u? and u? =l 7.44
O 51 (7.44)
For m > 3, we may define the operator P to be
k=2 5—1 k—2 P k—2 5
P = sin ¢; cos ¢ ese ¢y cot =+ [ | sin . 7.45
SZ:;E ‘?ﬁ sigl ¢z q5k 1 8‘1}6 g @i 3(?3&_1 ( )

Then the & equation of Lypu? +vf = 0 simplifies to

k-2

H C8C ¢y cob g (coq @

sini o 5 u?) +singPul +cosiPut =0, (7.46)
§=32

D61
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All these equations are indeed satisfied by the given choices of ! and u?. 1

Generating unit eigenvectors from a function u satisfying L3u(¢) # 0 is quite straightforward.

These functions are essentially three dimensional and are given in the following proposition.

Proposition 98 Let m > 3 and let 3 < k < m. Furthermore, let u(d1,...,¢m-1) = u(¢)

satisfy the condition thal
L2u(¢) = —wu(e) , w# 0. (7.47)
Then a unit eigenvector of £, whose k™ component function equals u, is given by

1 1
ij)<¢) = (;(le + L?].L?k)’a; ;(Lfik + ]112};'133)%: 0? ey Oy, O} By O) : <?48) ‘

Note that each spherical basis function, k%, (¢1), which has a non-constant factor, satisfies
condition (7.47). These functions can then be used as in the proposition to generate eigenvectors.

Proof

To simplify the proof, note that the unit eigenvector system is symmetric under any per-
mutbation of indices, Furthermore, 1/ is symmetric under the transposition 1 ¢ 2 and under
any permutation of indices for which the components are identically zero. So it is sufficient to
investigate equations 1, k and v, where 2 < r < m, r # k.

Eqn 1: Expanding Ly1u” 4+ u! and multiplying by w we find

w(u + Loyu® + Lgau®) = (Dux + DoaLag + Lot Loy — L2 Lag 4+ wlp Ju (7.49)
= ((1 = w)Lap + 2L  Log + LyoLog — LiplagLig)u (7.50)
= ((1 —w)Lak + Lo Lok + LowInz — LueLip)u (7.51)
= ((1 —w) Ly — Ly + Lypw)u = 0. (7.52)

Eqn k: Expanding L,u? + v and multiplying by w results in

w(Lypu® + Logu® + uF) = (L3, + LngLoa Lok + L3 + LogLiaLig + w)u (7.53)
= ((LngLog — LoxLng) Loy + whu (7.54)
= (L5 +w)u=0. (7.55)
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Fqn r: Let r be chosen as above. Then

w(Lyru? + Lopu? + Lgpu®) = (L1, Lug + LirDo1 Log + Lor Lok + LopLialng +whge)u  (7.56)
= (Lyp Log Loy + LopL1gL1g + whp, Ju (7.57)

= (—Lr1Lox o1 — Lra Lgy Loy + wlp, Ju - (7.58)

= (Lpp Ly Loy + why u (7.59)

= (Lir LYy +wpe)u = 0. (7.60)

O

To generate unit eigenvectors from the basis functions which satisfy L2u(¢) = 0, more
complicated constructions are necessary. The following simple lemma’s will be used in proving

the result.

Lemma 99 Let Ki; be operators satisfying Ky = 0 for each i. Then

T i1
ZZ Kij = ZZ(Kzs‘ + Kji). (7.61)
im=g j=g t=8 =g
Proof
r i-1
ZZK@ =2 D Ki+ Z Z Kij (7.62)
=5 j=8 f=g j=8 i=g j=i+1
i1
=>">"Kii+ Z Z Kij (7.63)
=8 fu=¢ j=8i=j-~1
r o i—1 )
=5 > (K + K5). | (7.64)
i==g j=s
O
Lemma 100 Let R; be operators. Then
T g1
SR+ Ry = (s ZR« (7.65)
i=8 j=4&

Proof



124 CHAPTER 7. UNIT EIGENVECTORS OF L

Foi—1 P i=1

ZZ(R,—%RJ)*ZZR&Z Z R,

i=g j=a §=8 j=8 Fe=a d=j+1

L S |

IS 3D 3

de=g =3 femg Je=itl
oo

Lemma 101 Forj#p#k
LipLjiLijk + LipLijLig = —LipLit, — Ly L — Lpj Ly

Proof

Using the commutation relations and the Jacobi identity, we find
LipLji L, = —Lijp Ligg + Lip Ly, Ly
= —LipLig, — Lipi Lijp Lji

= — Ly Ly + Lipg Lis Lji + Lpg Ly Lyi;

= ~LipLix — Lpk L%, — LpjLyj + Lpj Lys L.

Lemma 1062
Likf_}j«ngk -+ ijLijLi& = "Lazk + ij - L.%f“'

Proof

Here it is only necessary to calculate using the commutation relations.

LigLiiLijx = =L 4+ Lag L Ly
~ L% — Lij Lji + Lyp L Lji
= —L% + L — LjgLgi Lys

= —Lf + L3 + LjnLis — LjpLjiLs.

(7.66)

(7.67)

(7.68)

(7.69)

(7.70)

(.71
(7.72
(7.73

L N

(7.74

(7.75)

(7.76)
(7.77)
(7.78)
(7.79)
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Lemma 103
LiyLyiLng = Ly — 2Liy Ly — Lg%, (7.80)

Proof

Again, the commutation relations give

LiLyilng = —Lsg Lig + Ly Lig Lo (7.81)
= =Ly Lig + Lig Ly + Lng Ly Dng (7.82)

= —Lj L + Lgy + L Ly — Ly L3, (7.83)

1

Finally we are in a position to calculate the solutions when L2u(¢) = 0. They are constructed

as follows.

Proposition 104 Letm > 2 and let v+1 < k < m. Furthermore, let u(¢) satisfy the conditions
that

Liu(¢) = Liu(g) = -+ = L?_u(¢) =0 (7.84)
L2u(p) = —wu(d) , w0 (7.85)

For1<i<r+1, defineu® by

. 1 1 41
u'(@) = ” (’r’Li;cu + Z Lﬂiju) . (7.86)
J=1

Letu* =w and forr +2 <i <m, i # k let ' = 0. Then a unit eigenvector of £, whose k™

component function equals u, is given by

P($) = (ul, %, u™). : (7.87)
Proof
Note first, from 7.42 that
D2u(¢) = Diu(¢) =+ = D2u(¢) =0  and D2 ju(¢) = L2u(¢) = —wu(¢). (7.88)

Furthermore, by symmetry considerations, it is sufficient to check equations 1, u* and u® (r+1<
s # k) of the unit eigenvalue system. Due to the form of the functions «*, it will also prove more

convenient to multiply the equations by w.
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Eqgn 1: Expanding the non-zero terms, we find that

r41 r+1 r+1 1
wul +w Z Lywt +wlpu® = (’?‘ffik + Z Lj1Ljr + Z Lia(rLax + Z LjiLx) + wLm)u
d=2 j=2 =2 j=1
(7.89)
P41 r+174+1
= ((7" - W)le “+- (7‘ + 1) Zleij + Z Z L{ILjéij)u. (?.9{})
i=2 =2 j=1
The double sum may be rewritten using the lemma’s just proved.
r+1 41 r+1 r+1 7
SN LalLjLip =Y LaLulu+ Y Y LaLuL (7.91)
=2 j=1 =2 =2 j=2
r+1 41 i—1
= (Li1 = 2LaLae — L L) + > > (LaLjiLie + L L) (7.92)
=2 =2 j=2
; 1 r+1 41 i1
=7l —~2) LaLla— L Y Lfi+ Y Y (~LaLi — LijLi; — Lk L)
=2 =2 i=2 j=2
(7.93)
1 41 r+1 11
z= gy — 2 ZL{lL{k - (?“ —1) Z LinLgy — Lag Z Z ng (7.94)
=2 i=2 i=2 j=1
741 ril
= v Ly — (?" + 1) Z DLy — Lng Z D.iz. (?.235)
Substituting this in the full expression,
r ‘ 41
wut + wz Lput + whyu® == — (wLm + Ing Z Df) u (7.96)
§=2 =2

= —(wly + Lix D2 1 Ju = 0. (7.97)
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Eqn k: The non-zero terms in this equation are

r1 r+1 r41 r41 :
w Z Lt + wu® = (r Z X + Z Z L L L + w) © (7.98)
j=1 =1 =1 j=1
* :-;-1 :+1 i 1
( k + Z Z(L’&kz"szJk + ijLz;) sz) -+ WJ (7.99)
j==1 j=1
fr+1 i+1 Z-
( Li+) > (-Lh-1 HL%)—}-w)u (7.100)
i=1 j=1
r+1 i~1 "
( ng + w)u (7.101)
i=1 j=1
r+1
= (3Dl +w)u (7.102)
i=1
= (D2 +wu=0. (7.108)

Eqn s: Finally, the non-zero terms in equation s (with s given above) are

r+1 ) 41 r41 41
WZ:Lz's"JE2 + WLksuk = ( Z Lis L, + Z Z};ZSLJZLJ}Q + WL&5> (?-10‘4)
i=1 de=1 je=l
41 r4+1 41
== (kas + 7 Z Lo Ly + Z Z(L’isLjiij + Ljs Ly L.;k))u (7.105)
i=1 =1 §=1
741 41 d—1
(""’Lks + TZ Les ik + Z Z( Listk L,s; L’)cj }JgkLU>)’U: (7106)
=1 j=1
v+l 4]
(kag + 0,3 S L;‘i,.)ju = 0. (7.107)
2—1 F=1

O

7.2 Expanding Type (I) Unit Eigenvectors of £ in Spherical Ba-

sis Functions

A basis for the space of type (I) unit eigenvectors of £ may be constructed using the functions
fa, together with propositions 97, 98 and 104. Using the results of section 6, the component
functions of these eigenvectors may be expressed as linear combinations of the ultraspherical

basis functions on the §™~1,

To generate each of these eigenvectors, let & be any valid multi-index with o1 > 0. Define

the integer function r(a) as follows:
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If oy # 0 let r(a) = 1, otherwise let 7(a) be such that
Gy == «22 == O&T(&) = { and Dy la)+1 % 0. (7.108)

Note that the condition on 4,3 implies that r(a) < m —1 and so r(a) +2 < m.
For each s satisfying 1 < s < 7(s), the function A% (¢s) = h%{¢s) is a constant. Thus

B0g 41
LZhgs, (6s) = 0. (7.109)

Furthermore, writing r for (o), the differential equation, (7.16), satisfied by h%; _ (¢,) becomes

T
LR (#r) = —ar iy +7 — DAY, . (¢0). (7.110)

It follows that if (o) =1 then f, satisfies the conditions on u in proposition 98, otherwise
fo satisfies the conditions on v in proposition 104. So these propositions allow us to build up
unit eigenvectors of £ for each basis function f,.

Specifically, for any allowable multi-index @ with a,,_s > 0 and for any k satisfying r{a)+2 <
k < m, a unit eigenvector of £ may be obtained from propositions 97, 98 or 104, by setting
u = f,. Denote this solution by ().

The subspace spanned by these functions shall be called the space of type (I) unit eigen-

vectors of L.

- In the following calculations, we shall allow an abuse of our notation for Rg"j fo and By, fo,
which were introduced in the previous chapter. Note that each term of these expansions is a
product of functions of the variables ¢;_3 to ¢p_j. Furthermore, the value of the k™ index of
each term is always op. When the following factors in the product are not explicitly given, we
shall assume that the k™ to m™ indices are unchanged.

Eigenvectors which have only »! and u? non-zero, are easily obtained from proposition 97.
Theorem 105 Let m > 2 and let ¢ be a basic multi-index such that oy = 1 and oy = 1. Then
Y20(9) = (—fas fr 0, ..., 0) (7.111)
i8 a unit eigenvector of L.

Notice that for m = 2, there is only a single solution, which is found when a = (1,1). This

solution is

Yoa,1)(¢) = (—cos ¢y, siny) = (—az2, 231). (7.112)
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Next, we will develop the expansion for solutions obtained using proposition 98. These

solutions are generated by functions f,, where ag # 0 (and possibly o # 0).

Theorem 106 Let m > 3 and let 3 < k < m. For any multi-indez o satisfying o # 0 (that is,
rlo)=1), let

b = (~ 1) Apa(0) (W5 1 (1) Ry fo — By 1 (1) R ), (7.113)
u? = —Ag() (hilagﬂ(@l)}%;zfa + higaga(‘?f’l)Rg?fa)* (7.114)

A unit eigenvector of L having u* = f,, is then
Qf/)k'&((}é): (ui,u2,{),..‘,O,f&,(),,,,,o), (?115)

Proof
It follows from ap # 0 that A7)}, (1) is a sinusoidal function which satisfies the differential

equation

2
L2022, (¢1) = géfgg—h%;z)(cm = ~(0n)2KL (41)- (7.116)

We may thus apply proposition 898, with w = (ag)g to obtain a unit eigenvector of £ having
uF = f,.
The explicit form for the component functions is a straightforward calculation using propo-

sitions 65, 87 and &8. il

The solutions obtained when () > 1 require some preliminary work. Recall the following
results from theorems 90 and 86. For any basic multi-index o with 2 < r(a) < m — 2 and any

r{e) + 2 < k < m (again, for simplicity, denote r{a) by 7):

Likfo= --Am(a)?ﬁji:fff%;fa (7.117)
~{lr~1

- Lopfo = —Ars() Eo,z,_.,,}l)R;jrfa (7.118)

Lok fo = Akp(a)féé:? :jé}) Tg:iitt;)l) Rl fo forany3<p<r (7.119)

—(1r-1
Leyipfa= A&,m(a)fgof.,ef ((omy1 + 1)hg,cey+1+l(¢f‘)RI::r+1f{k -

- (C’i:,r-+1 “+r - 2):‘&,(3,%“_1{@7-)33;;%1:71!)-

(7.120)

Because of the condition satisfied by ¢, is possible fo write the coefficients in a different form.
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Lemma 107 For any basic multi-index o with2 < r{a) =r <m-2 and any r(@)+2 < k < m:

_1yr—1
lef@:%':)")_‘&ik?‘“ﬂ(a) UT Uerf&: (7.121)
Logfo = ((T 1)T; Aprya(a)f §$’{ b R};fa (7.122)

r— 1,p~2) <(p—1,r—

Lk fo = (1) pﬂgp 2; A r—{—](af}fgg’p ,0)) f%g 1. il)l}erfa forany3<p<r (7.123)
1r-1

Loyipfa= Apryi(a )fgor 0}) (a1 + 1)hg,a,+1+1{¢’r)3{7-+1fa -

(7.124)
= (a1 A7 = 2R, 1(80) By fa)-

The functions that we seek will be determined using proposition 104. The repeated operations
used in this proposition have the form Lj; L, where 1 < 4,7 < r+ 1. Notice that the effect of
the second operation will be only on the first r factor functions. These effects are given in the

following lemma’'s.

Lemma 108 Let o be a basic multi-indez with 2 < r(a) =r<m-—-2 andlet3 < j < r+1.

Then

) Lufary  =-Tonh (7.125)
ir 1 1, =1y

2) ngfﬂ) ), = (—1)7H G (RS 5(61) R, Elf),laﬁh?o(gél)}%ﬂf( "")m) (7.126)

) Lufoily  =—Taia (7.127)

17 : 1 {1, {1,
4) Lnygo 1? ey =Y e (1} o(d1)R ng{GI? Ly~ Plo(én)R 2f(0 1,} 1))
(G -1
(7.128)

Proof
(1) and (3): These results, which involve Ly = —Lg;, follow immediately from proposition 65.

(2): From proposition 88, we have
1, ir . {1,
DT e = = AL L a) (b BETGT 1 oy + M o(e0) B 1) (7129)

We substitute for Ajo using lemma 89 to get the result.

(4): In this case, we may use proposition 87 to get
F(Lr) (L ) (1
DT ey = —AR(0,1, .., 1,8) (=hd o (¢1) BT 0 1.ay + B 081 R T 0 1)) (7.130)

Again the result is obtained using lemma 89, , O
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Lemma 109 Lei2<r<m -2 and3 < j<r. Then

s AR (7.131)
2) Lol om = (( 1):27%3?? e (7.132)
9 Lo Fg o = (TG (7.133)
Proof
(1): By theorem 90 and lemma 89,
LH..L;.?E&?,@,@)=AP+1 3(0 - 0,a8)1 7 T“1)R;r+1,rf{(1, 0,a) (7.134)
)i f““"” SR 50,00, (7.135)

T (-2

taking into account the fact that A,y1,41(e) = 1. Also, by definition,
R 180,00 = Tarn)- (7.136)

Q‘l Again, theorem 90 and lemma 89 can be used to obtain

1, 1r—1
Los12Tio 0y = Ari13(0, .., 0,0)For ) B Flo, 00 (7.137)

172 1r-1)
((,r, ) 2] fo,. ,I}Rﬁ%—l,rf(ﬂ,...)(),a)' (7.138)

The result follows from the definition of ;" +1,0(0,...,0,0)-

(3): The general case of theorem 90, together with lemma 89 yields

={1,j == (i —-1,r—1}

(1)
Letrifio, 00 = —Arr1(0,-0 5 0,0) fi) 0y Fo, 1) Brvipf0,..0) (7.139)
g AT 1,42 1r—1)
=(-1) 4 f go,j ,03)?%5 11 B0 f0,.0 (7.140)

(r— )
O

Lemma 110 Let 3 <p <r<m—2. Ifp> 8, lel3 <j<pandifp<rilep<qg<r+l.
Then A

D Lnfo” o = %%781?:&5 ‘ (7.141)
2) LTl o ((p 2 )3f§§’3ffl,)1; (7.142)
3) Lufiorom = (~1)r~? g} if o ooy (7.143)
) LT o) iy = (-7 (@;_3 (2T o BT o) = (0 = 2Tt} BT o))

(7.144)
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Proof
(1), (2) and (3): These results follow immediately from 107 and the definition of R} _, as

{p—2,p—1
R;;p—-lf(ﬂ,.,.,ogl) f(l 1) & }' {7.146)

,(_@i In this case, ¢ > p and so we expand the angular momentum operator using theorem 86

LoaT o) To1n,m | (7.146)
= Agp(0,-,0, Ly, 1, ) Fio? ) (21 5 (o) R T ey = (0 = 2 10(60-1) R T 1 )

(7.147)

— ()P T ) O (o) R T = (= DA sl R Tl )

(7.148)

i

To construct the component functions, we will need to sum terms of the form L Lz fo. Our

final technical lemmea examines such sums.

Lemma 111 For any basic mulli-index o with2 < r(a) =r <m-2 and anyr{a)+2 <k <m

and any 3 <p < e

p-—
— 3! 1,p—1 '
S Lipljefo = (~1)*?(p z>-——--§f - 2%, Anrr(@) T o T a3 By fo (7.149)
§=1 )
Whenp=r+1,

] ,
(1,

Z Ljpri1Ljp fo = —Aprp1(a) ((&rﬂ + ey +7r)f Eo,ﬁit},af+1+1)3§r+1f o+t

=1

ir -
+ (orin = D@rss +7 = DT 0,00 sy Ripsafo ) (7:150)

Proof
We first prove the result for p < 7.
Expanding the first term using lemma’s 107 and 108, as well as the definition of R;;,, gives

Lipligfo = ("“1)?; AS: ] H( )Llp?{l - Rk@fa (?.151)

1 (1 ?-1) {17 —1)

1o(é1) R fi 1y ) Rinfa
(7.152)

( ) Ak r+1(a)( 1)p+1 (p

( ) ) <h1 2(¢1)R
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and
1y 1 —
szﬁ%fas (( )2)1 Ak’f+1(a)L2pfgé’1’ 131)1%2;]"& (7.]_53)
1yt 1 11 -
- ___((rj 7 A () (1P Ty (a0 BTG = Moo B o) R
(7.154)

Noting that R 5 and R fp do not depend on the first index in f, the above two terms may
be summed to yield
1

2

L1 "
§:L@§ﬂﬂf:%—mﬂﬂg} s )Am%ﬁayhﬁégaﬂﬁL,gRgﬁ. (7.155)
P

Proceeding inductively, assume that for 3 <s—1<p <7,

- - 1)! . »8 g1,
ZL”L“‘”J“:("l)wg—ﬁzgi_zi Arsi(@) TR, FE R 1, (7.186)
=1

To calculate the next term in the sum, use lemma 107 with a multi-index (0,...,0,1,...,1,a)

of length r + 1 and the first 1 at position s. Then

—8 8 1,82} ={s~1,r—1 X
LspLskfo = (-1)" HET ;Akwl(aﬂspfgo, ,ogfgm, ,1))R§,.fa (7.187)
ri1ap (s —3) (s — 1! 1,5-1 Sbrd
R o -
(1 ~1) —{ 171 '
~ (s =200y Brs (01, T,l})>Rgrf‘?¥‘
Fxpand K s~ 1 f(S ” Yy in the sum to get
s—1

ZL}pLgkfa_( )Mpg} % § : % Akwl(a)f{ls 7 (ﬁ(l,l)hg 12(@34)1?7,3}?8, 1,’:) g
=1

s-1r 1
s =11, DAy (1) BTy ) Bl o

(7.159)

e T (8 st BT+

(s = 1)(s = Dh1 0(bo-0) B Sty ) R fa

, (7.160)
Adding Ljs L fo to this, it follows that

- ! 3B B 1P
> Linbinfe = (-1 BT A s TR (o - DR ) R S (7260
j=1
! & 8?‘-—
= (=1)"*P (p— - 1! Ei 2% Ap i1 os)f%é éf Ry F. i,f)}Rg?fa (7.162)
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By induction, this is true for 3 < s < p < 7. In particular, choosing s = p — 1 we find

Pl
r 3 1,p-2 ,r~
ZLJ?Lﬂcfcx (— )+p%p 2§ Azsr+1(a)fgop o}} pp_vlf(lv 1 1)R+ Ja (7.163)
T r 3 1,p~1 X -
= (-1)""(p - )H“Akrﬂ( )fg(};p,ai)fg, ,11}) S (7.164)
as desired.

Finally, we examine the case when p = r + 1. In order to perform the repeated operations,

it will be necessary to work with expansions such as

(l, 1) (1 ) ir —
f - R;:;,.fa - f{lsT vy Qr—%-l‘f*})Rg?‘-i—lf& + 7%1, ),1 &g‘+1~1)R}g’7~+1 fa:' (7165)

In the calculation of the sum to s < r, none of the operations on ?gﬁw depend on, or effect

the index a. It follows that the result will follow as before. Choosing s = p — 1 = 7, the sum is

"
——(1?" 1}

ZLj,H-lekfa = "““Ak,?’ﬂ( ) (0....,.0) (RHJ r ?‘,a, +1(¢T}Ek r+1f& + RH Lr'r a\p—I("fjr)Rk r+1fa)

d=1

(7.166)
Expand the operators R, . to get the final expression. O

Theorem 112 Let a be a basic multi-index such that 2 <rla)=r<m-—2 andlet k be an

integer satisfying the condition that v(c) + 2 < k < m. Let w be given by

W= tpy1(Qrgs +r—1). (7.167)
Fori=1,...,m, éeﬁne the functions u* by

u' = ”i‘AM(a) (%H?gi).)l,awﬁz)Rg‘,rﬂfcﬁ — (g1 +r - )fg,r), ,ar+1—1}R€;?+1fC€) (7.168)

u? = ;1;44&'3(@) (aﬂ*l}—g(l):qlﬂ:,}...,l?aﬁ1+1)R)‘ir+1f05 —{opp1 47— 1)?%(1) ? 41 ,a,+1—1)R;;r+1fa)
(7.169)
u = “‘Am(Q) Tl 3))1}(“a%’%l—f-g’j.).,1,a?+1+1)R§ir+1fc:: + (7.170)

+(r—1+ Ofr+1)?g’j}?1 mﬂml)R};le&) Jor3<i<r .

wt = “M(GTH(GT +1+ i)fgé‘r 0&r+1+1}RkW+1f°° + (7.171)

1, -
(@1 + 7 = e +7 = 2)F 0 oars sty Rersrfa)
e (7.172)

ut =0, otherwise. (7.173)
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A unit eigenvector of £ having u* = £, is then
Yra(9) = (e}, ..., u™). (7.174)

Proof
First note that, by the discussion at the start of the section, u(¢) = f, satisfies the conditions

of proposition 104 with w = ay41{aps; + 7 — 1). Hence the component functions are given by

b = f, and w =0 forrd+l<j<m, j#k (7.175)
1 r+1

z(é) == (rl‘zku + ZLJziju> for1<i<r+1. (?176)
j=1

We need only calculate the final form of these functions.

u}. From lemma 107,

Ligfo = (;1_—);; k1o )f(1 g f)) A (7.177)
Also, by lemma’s 107 and 108

Lo Lo fo = ((T 1);)1 Agry1(c) Lot fEé’Z’“ VR S (7.178)
— e @A DR fo (7.179)

The general term in the sum, obtained from lemma’s 107 and 110 is
Lj1Ljpfo = (-1)77H Ej § Ap r+1(05)531f§§)’] {)q)) fﬁé e ?)1;1)R;grfa (7.180)
— (T A o) 2 Dl o (7.181)
N\ (7(‘——1)3*41« 1@ TG YR S (7.182)

Finally, using lemma’s 107 and 109,

(Lr~1)
Lo13Lesr i fo = Agpir(e) ey, 1f(o o) ((ar+1 + Ok 41 (B0 RE gy o —

- (Cﬁ’r%& +r- 2)}3’?,&?+1-1(¢?’)R§;r+1f3)

(=2 7
= MAk,wl( a)f. - RS (ORI ST - AP A (7188

—(apy1+1— 2)h71',a.,~+1—-](¢7‘)Rg,r+lfa)‘

(7.183)

Summing these expressions, we get

1yt 17r-1}
W’b’»l = ((?“ ) ) A fr—H(@)fgL »1) (R;;t«foe - (C‘ﬂr+1 + l)hg,gr+1+1(¢r)R;ir+1fa -+

-+ (af+1 47— ) rar.f.;—l(@?‘ ‘& T+lf0‘> <? 185
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Note that (—1)" " Az, 1{a)/(r—2)! = Axs(@) and expand Rt fo. Simplify this to get the stated
result.

u?, The calculation is almost the same as for .

-1 r—
Lok fo = -((;;-_:)—'23'{ kr+1(@)f§é1 ¥ 1) Bty o (7.186)
The first term is obtained from lemma’s 107 and 108
I8 r—
LioLigfo = % )2) Aprr1(@) LT B RE (7.187)
T 1r-1
= (;:, }2) Ay r+1(a)f§e 1,. ,)l}R;ﬂfcx' (7.188)
The general term, using lemma’s 107 and 110 is
LiaLikfo = (—1)’""“"“%F 2%,14& r1(@) LT 0) Fomwy B S (7.189)
- 1 1,r~1
= (=1t E iA;;le( )(( )3)‘ gg’; ,}I)R)::rfa (7.190)
r -
(’5‘ )) Ak,r+1(a)fgé§ Y Rg; € (7.191)

The last term uses lemma’s 107 and 109,

+(1r—1
Lryiplryipfo = Agpaa(e) Lepraf §0 ) 0)) ((err + 100, 1 (D) Ry fo —

; (7.192)
- (a?‘"f‘l +r - Q)hgar+1—1(¢?‘)Ri;r+1fa)
(=17 %21,-1)
Ak,’r%l( ) ( ) f((? 1) ((a’r+1 + 1)h’3',ar+1+1 (QST)RZr—{—l.fa - (?.193)

—(arsi T = 2hn o 1D Ry g1 fa)-

The sum is then

—1)r-1 11
Wg = '((?‘,.—:)-5" :?’"f”l( )7§0 ;, ,)1} (Rgrf@ - (a"”‘l“l + 1)hi,&r+1+l(¢f)R}:r+lf@ +

+ (ar41 +7 - Q)h?%;cxr.;_;-l((/s?“)Rarv}wlfa)‘ (7.194)

The desired result now follows as in the previous case.

u! for 3 < i < r. In this case, the initial sum in the expansion has been determined in lemma

111 It is

o1
i - 3)! L1 1,1
ZLJ*ILJ%:fa = (~1) + (i — )(< 2)) Ap r+1<a)fg()’ ,0)1)?{(1: ?1§ rfa. (7.195)

j=
While

— 2 1,42 i—-1,7-
Tszfcz"‘( 1) o ((’I‘ %Akr%«l(a)fge}, }()g?(:g 1. ,S}Rg;.fm (7196)
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and fori < j <,

r— J— 3 1,52 1r—1
L.?% 3?{!f0£ =( 1) 3+1§ § Ak,’f‘*l(a)‘{’ﬂf%},} ’0}) f% 1,. ’1})Rg;fa (7'197)
P i1 AP 1,i-2 =1 1
= A R A ) P T T T R
(7.198)
g 43 1w 2y=z(i~1,r—1
~(-1) émgg Apa (@ FE ATl Dty (7.199)

The final term in the sum is

1,r—1}
Lr+1,@£’?’+1 }cfa - A?s r+1(@)Lr+l zfgg,r 0 ((ar+l -+ l)h,. a,+1+1(¢r)Rk A+l foz

- (as"+1 + - E)hg,ar+1—l(¢r)8gr+1f&)

L {i—3 14 -1
= Ag,r41(@) (1) 3(( 2})x7§0f onf gr ,1§((%+1“)hﬁawﬁl(@“mkﬂlf"‘

(7.200)

—(opyy +7 — 2)AL ronis—1(Pr) By r+1f&>
(7.201)

These terms may be summed to yield

. p—iay (8= 3) 1,31 1
wnit = (=1 é?“ - 2%!‘;11 (@) T 0 T (Bl o —
— (org1 + 1}}?’%,&w+1+1(¢r:}R}ir+1 fa+(arp1+r— 2>hi,ar+1—1(¢r)RI;r+1f&)° (7.202)

The final form is obtained as before.
u" !, This is the simplest calculation. The sum of the first © terms is given by lemma 111. It is

1,
ZL;} ri1 Lt fo = —Agri1(@) (01 + D{oria +7)f )Héef),a ar+1+1}Rg,?‘+1f@ +
g=1

1,7 —
+ (a1 = D@1 +7 = 2T g1y Bipya fo)- (7:203)
Furthermore,

1,r—1
TLrHcha = V'Ak,rﬂ( )f(o )((arﬂ + 1)h'r a,.+1+1(¢'? }Rk r-}—lfOf (@r+1 +r— z)h?arﬂ 1(@%) &r+1fa)>~
(7.204)

Summing and simplifying, the result follows. 3

7.3 The Space of Type (I) Unit Eigenvectors of £

Definition 113 The space of type (I) unit eigenvectors of L, is the closed subspace
spanned by the functions, Yy, given in theorems 105, 106 and 112,
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Higenvector Ty 19 w3
Y3(0,1,1) 0 ~x3 —3
Pa(1,1,1) o3 ~T1 0
Ya1,1,1) z3 0 -1
13(0,1,2) 3z129 Sad—a? -8z +3 | —mom
P2(1,1,2) 3wz —3xq23 0
¥3(1,1,2) $(a? -2} +af) - % 3z129 —32123
13(0,2,2) 3173 3zaxs 3(x — z2)
¥3(1,2,.2) —37273 3x1a3 Bz129

Table 7.1: Type (I) basis eigenvectors up to degree 2, for m = 3

The basic typev(I) unit eigenvectors may be indexed in the following way. For m > 2 define

the set 1., by

T = {(k, ) | & is a basic multi-index and 3 < r(a)+2<k<m)or (o =ap=1and k=2).}
(7.205)

The set of all these eigenvectors may then be written as

{tra| (B,0) € T}, (7.206)

Note that the function f, is the ¥ component of the unit eigenvector . It follows from
this, that each pair in T}, indexes a distinct eigenvector. Also, these eigenvectors are linearly
independent, because the functions f, form an orthogonal basis of real-valued functions on 8§™~*
(see theorem 63). .

Unfortunately, the basis functions ¥, are not orthogonal, because there may be overlap in
the other components. However, they may be divided into different families, where the members
of each family are orthogonal to members of all the other families. It is easy to see that each
term of all the component functions in ¥y, has a final index equal to ay,. This index is also the
degree of the polynomial corresponding to the term. From the orthogonality of the spherical
basis functions, it follows that (¢gq, 1) = 0 whenever quy, # G-

In the tables 7.1 and 7.2, the first few families of these functions on the unit sphere are
enumerated for control dimensions 3 and 4. (Recall that the only basic solution for m = 2 is
given by (~z9,21).)

An orthonormal basis may be constructed from these functions, by using the Gram-Schmids

procedure on each family. To do this, it is necessary to order the indices in 7}, and we shall
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do this using the lexicographic order on « (with the highest precedence given to auy), followed
(again in a lexicographic fashion) by the standard integer order for k. Note that this order will
enumerate each family consecutively. The resulting orthonormal functions will be denoted by

Yo For later reference, we shall write this down in the form of a proposition.

Proposition 114 The sel of eigenvectors
{Tka | (k, ) € T} (7.207)

is an orthonormal basis for the subspace of all type (T} unil eigenvectors of L.
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Eigenvector Uy U u3 g
Pa(0,0,1,1) 0 0 224 ~2x3
¥3(0,1,1,1) 0 P 2z 0
Ya(0,1,1,1) 0 214 0 2z
P(1,1,1,1) -2 2xy 0 0
Ya(1,1,1,1) ~2z3 0 221 0

1| Paqi1,1) —234 0 0 21y
%4(0,0,1,2) dz123 4oy 4(z? + 322 - 1) —Brazy4
13(0,1,1,2) 0 By 8wyzy 0
?4(0,1,1,2) —8x179 4(@~ci+ad+33-1) 0 8oy
Pa(1,1,1,2) ~8z9z4 Bx1zg 0 0
V3(1,1,1,2) —8x374 0 8z1xg 0
Ya(1,1,1,2) 4(2f~a?—ad-3z5+1) ~8zy 79 0 82324
VY4(0,0,2,2) dz124 dzozy 4(323 + 27 —1) |  —8zamy
¥3(0,1,2,2) 24129 12(23 ~22-823~23+1) —24mxy 0
Y4(0,1,2,2) 0 —24x37, 0 —24m9a3
P¥9(1,1,2,2) 24z923 —24x123 0 0
?,/:73(1,1’2,2) 12(z}—xd+3ad+ad-1) 242120 —24x1 23 0
Y4(1,1,2,2) 24324 0 0 —24x1 23
¥3(0,2,2,2) 24z 73 24woxs 24(2% ~ 22) 0
Y4(0,2,2,2) 24z174 24324 0 24(e? — 27)
¥3(1,2,2,2) —24x923 24z 33 48129 0
%401,2,2,2) —24z914 24z174 0 48z

Table 7.2: Type (I) basis eigenvectors up to degree 2, for m =4




Chapter 8

Controlling the Inverted Pendulum

on a Cart

In this chapter, we will use our control algorithm to derive a feedback control law for the inverted
pendulum on a cart. We will then perform some simulations of this system under the chosen
control law. These simulations will not assume real conditions (measurement noise will not be
included and we will assume that the actuator model is valid, and does not saturate, even under
extreme control inputs). Our main aim will be to perform an initial test of the feasibility of
using the stationary curvature algorithm to control this system. The results obtained using this
approach will be compared to those obtained from 2 other standard algorithms — full state
feedback pole placement and optimal control. We shall see that this algorithm provides an
ideal performance which is comparable to the ideal performance obtained using the standard
algorithms. Furthermore, the goal function can be interpreted heuristically in a way which

provides a simple and useful guide to the construction of the control law.

The inverted pendulum system is an unstable, zero phase, single input {(m = 1), nonlinear
control problem which presents some difficulties to the control designer. These difficulties are
not too extreme and so it serves as a useful test case for control algorithms. It was initially used
by Schaefer and Cannon [94] and Mori et. al. [73] to show the effectiveness of linear control
theory. More recently, Yamakawa [114] developed a fuzzy controller to stabilize the pendulum.
The inverted pendulum has also been used by authors such as Yamakita and Furuta [115], Krstié
et. al. [58] and Eker and Astrém [23] as a simple test system for different nonlinear control
ideas. Work has also been done on swinging up the inverted pendulum to equilibrium (for some

examples, see Furuta et. al. [33] and Astrém and Furuta [7]), as well as the double (Maletinsky
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® .

Figure 8.1: The inverted pendulum on a cart

e
¢ o

Yy

et. al. [67]) and the triple (Meier et. al. [71]) inverted pendulums.

In section 1, we specify the problem and the corresponding system dynamics. It will be
possible to perform a global coordinate transformation to transform the coordinates to the
desired canonical form. Thereafter, the system will be linearized about the desired goal state
(the state space origin}.

In section 2, we specify a goal function and construct the stationary curvature control for this
goal function. A diréct heuristic interpretation may be developed for the goal function chosen
for this system. The system response will then be investigated for different initial conditions.

In section 3, we will derive a control law using two different control techniques: optimal
control and pole placement. The results obtained using stationary curvature control are then

compared to those obtained using these techniques.

8.1 Dynamics of the Inverted Pendulum on a Cart

The derivation of the system dynamics for the inverted pendulum on a cart can be found in
chapter 2 of Friedland [32]. The state space of this system is 4-dimensional, with state vector
(21, z2, 23, 24) = (v, 1,0, 6), where y is the linear displacement of the cart from the origin and 8
is the angle of the rod, measured clockwise from the vertical.

The cart is driven by an ideal electric motor, where the motor torque is proportional to the
input current, the back emf is proportional to the speed of rotation and the energy conversion is

100% efficient (that is, the proportionality factors are the same). We also assume that there is no
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slipping of the driving wheels. The input voltage té the motor will be used as the control input,
2. For the purpose of our comparative sirmulations, we shall assume that these idealizations hold
irrespective of the control input u.
The system parameters are given by
g : the acceleration due to gravity,
M : the mass of the cart,
m : the mass of the bob,
! : the length of the pendulum,

7 : the radius of the driving wheel,

=

: the resistance of the armature,

K : the proportionality factor between torque and current, or back emf and rotation.

To simplify notation, define
K2

& = E’}’E) (81)
K
,6 - _R_?“’ (82)
1
S :
1) M +msin® 6 (83)
The system dynamics then takes the following form.
3:31 =Tz, (84)
&y = —ary(za)zy + miy(zs) el sin zs — mgy(xs) sin zs cos z3 + By(z3)u, (8.5)
dg = 24, (8.6)
. 2 . 84 m . /6
- &4 = —mry(z3 )z sinas cosxg + 7*")’(&33)&2 coszg -+ gy(zs)sinzy — T (z3) cos zau.

(8.7)
It is easy to see that this system does satisly assumption 1, of the stationary curvature
problem. It is also a simple matter to transform this system into canonical form. We will use

the following coordinate transformation (expressed in terms of the physical coordinates)

1

= 8.
SOk 88)
£y = 10 + cos by, (8.9)

£ =0. (8.11)
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The inverse of this transformation is easily found to be

zy =y = €3, (8.12)
zy = = fy(€4)é1, (8.13)
a3 =0 =&, (3.14)
zy=0= %(52 — B7(€4) cos £481). (8.15)

Note also that this transformation is valid over the entire state space and that both the forward
and inverse transformations are smooth. -

The system dynamics in the transformed coordinate system become

' 2
£ = —ayéy — m/’:;'}‘ £2 cos® E4sin &y + %5% sinfy — % sinéy coséy + u, (8.16)
‘ 2.2

b= -Pleiersinge + T e cosusingy + geing, (817)
5'3 = 0v&1, (818)
o= %&2 - %?:(54) cosésés. (8.19)

Notice that we have not explicitly written out the dependence of 4 on &4 in these equations.

For cur simulations, we have chosen the following values for our system parameters

g=9.8m/s’, M = 1kg,
m = (l.1kg, I = 1m,

r = (1.02m, R = 1009,
K =1Vs.

These values correspond to those chosen in Friedland [32]. From this it follows that o, 8 and
take on the following values |

a=25 8= .;_
¥(8s) = Ib‘"_:lé—"?ﬁqa-
Substituting for all but =, the dynamical equations become
€1 = —25vE — %gf cos? &y sin &4 + ég% sin €4 — 1.96 sin &4 coséq +u, (3.20)
b =- %5152 sin &y + Z:—é% cos &y sinéy + 9.8sinéy, (8.21)
b =36, . (8.22)
€4 =& — Loostaty. (8.23)

2



8.2. CONSTRUCTING THE STATIONARY CURVATURE CONTROL FUNCTION 145

Note that this system may be written as
& = At +8u, (8.24)

where A? is the vector of functions in the previous expansion.

To implement the sirnulations, a feedback control law u = u(£) will be specified which will
be substituted into the first of the above equations, This will result in an autonomous system
of first order differential equations. The state trajectory of this system will then be calculated
using a standard DE solver, for different initial conditions. )

In order to determine the direct control, as well as the optimal and pole placement control
law, we will also need a linear approximation to the system. We shall use a Taylor expansion to

linearize the system about the desired equilibrium point (0,0, 0,0). The result is

€1 = —25¢; — 19664 + 1, (8.25)
& = 9.84, (8.26)
&= %&, (8.27)
=& - %&- (8.28)

8.2 Constructing the Stationary Curvature Control Function

Analysis of the Goal Function

By assumption 3, the goal function for our simulation must have the form

4
9() =p(&) (& — &)+ D (4 — &)Qu(8)(& — &) (8.29)

4, =2
for a chosen positive function p(€) and symmetric matrix Q(¢), which do not depend on &;.
We shall assume that both p and @ are constant, that the offsets for the indirectly controlled

variables are 0 and that £; is linear. This simplifies the goal function to the form
B 4
g(&) =& - &)’ + ) &Qug;. (8.30)
i,g=2
For the final simplification of g, we examine the form of the indirect control function obtained

by solving the starionary curvature problem. It is given by

1 . . ‘
U = 2—1{}'(91443 — giA] — gud’), (8.31)














































































































































































































