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as a 

a 

IS a 

error prone 

will denote 

Vi-'C.l.U.l.O;.l. cost t) exist and 

we now let h ---+ 00, 

state 

x. 

as one 

1. 

BV 
at 

law. In case 

~U,b'~'kk [87], or with a quadratic 

N,>,t.,.,,,1 function will U.'-'IJ'-'~'LU. '0./'-f,JL.l.'-'~ on time. 

tend to 

P(xo, it, we consider 

,Ttc • .,.,c",t- initial vV.!.,Lu.J. ".LV.!..!." , t E [to, h). 

t). 

t) . 

shown [3] that control function il(x, t) and 

-lex, (1.17) 

may converge to a limiting function-

on current state 

can seen 

the 

'"',f'n,PlrTl is not explicitly taken into account. 

In the time IS to 

solve ",,,'m,,,,,, aelPeIlas on the choice of the time t1, which is 

seldom known. 

is to cost 

directly. With an 

[87]. 

(1.18) 

,X(t),1t(t)) (1.19) 

with the U.l.C,LAH,U 

H(1/J(t), u(t)) = H(1/J(t), x(t), u). (1.20) 

function IS by 

x u)-1 - u) 1/Jol(x, u), 
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a 

is 

x + 

A is an isannxm 

pert()rD~aJlce measure is vU'JOv.i..L as 

n 

where Q is a IlOIl-Ile!l,a 

in 

Q+ + 

u 

For 

t), is OUI.A.~~J.~ 

may 

the """~"'rYl 

m m m,LU1LX 

we to 

necessary are 

to a U.vIJvkkU.O on time. 



Univ
ers

ity
 of

 C
ap

e T
ow

n

1. 

A state is u is a 

to 

+ 0 

a state. 

it will 

necessary to V'-'V ..... LULI..., our to VUvGHll 

a no 

n3uu'eIl.ea to 

V'",,~~LU were 

when lIlllW8ll(:es were vVj'HLIH~'C;U. a 

been written 

norm can be n1t.p.,.·n .... ';,prf as an average 

thE~oren:ls state 

space is ,,,,",,meIT'Y" to space norm is norm 
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as 

norm 

was 

to two 

1 

it 

minimax 

I' 

as 

can 

It acts as a 

ctclrI2:atJlOn ll.LvOU'-'U to paJranletler 

"""'''''''I't-<,rl to a standard 

as a 

matrix may 

to construct 

as 

VV.L'-'.w,~, it was not very U,.UJl'-'J..J..<kV.C,", 

terms. 

to 

it 

was 

this 

method 

rl,j-f,:"f',a ..... t- perfclrnlallce measures. 

periclrnlaIlCe measure may eX]JressE:c1 as an ,TIT""""" over 

the pertclrnlaIICe measure to IDlnlIIllI':ec1 is eS!;e:CltHl,l supremum 
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the supremum is 

aim of the 

of a specified 

an 

In 

1. 

transfer function is a function of a -~~~~t-'".~". 

iw 

in this thesis is to construct a state 

approximate 

to the feedback 

the 

state. 

control law in 

descent 

a 

use 

residual 

reasons, the erl:or:mctIlc:e measure chosen 

expressed as an 

Under certain 

TY",O"",,"" in 

over a region in the state space. 

C(u) = 

the necessary conditions for 

pertC)rnlaJlce measure chosen is 

minimization can be ex­

to find a 

our nnrp"Tl 
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1.7. 

on the 

In 

do 

or 

In 

most 

lemon 

=U. 

does not uvfJv.u.u on and so we are to 

moment urn 

5 we construct a ). 

are 

The construction is "'.J.JL.LU'"" 

1. 

can also 

COITeEipondl~nce, it 

will 

we 

to express 

k-l 

i=l 

to 

as the COln'[}Oll(:;nt 

u,J.J.F,UJ.<.bJ. momentum 

as 

to the unit 

(1 

call 
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order to 

response 

rlitt;",...f>n+ state space 

a state space 

areas where may 

been 

we use 

necessary to 

elE,m(;)nt;s are 

QJ.,~-,-'vll~Uj:U" process to construct an 

an open 

norms and 

curvature '-'Vl.J.I;J.IJJ. 

curvature "'A,~Tr.,,1 

'-'ii'GU.,"""·"" process contJrol 

we ask some the 

a 

to 

as as 

that 
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1 

We 

commutator 

as a on 

is a constant 

is 

vector space 

vector may be 

some curve 

as 

A vector an a 

to 

at x. It 

V= 

theorem. 

v may 

are 

to the 

vector to 

may 

a 

is a C01Qll,3ctea open set. 

v, to at x, may 

at x. 

at x. It is 

f 
vector 

the curve. 

xE a 
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may written as 

a vector if 

v 

is u.v.U.Uc;u manner 

It is easy to if 

it is easy to see 

v 1, ... ,m, 

2. 

on commutator 

commutators 

IE 

commutator two vector 

a vector 

be 

on n is 

IS a 

any I E 

(2.2) 

a vector 

vector space 

I v = 1, ... , 

at x. x varies over n is a 

I V= ... , are 

each x, rIV-WrIl€mEIlO][lal and we say 

over n is if 

map h delrlot;e it 

necessary LUJ..lv~JlVH spaces, we some standard 

"HJliH.:;U to in we assume that n a UUUHUGU domain 
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space 

w, 

every 

It is easy to that ifw 

Thus we may use 

E 

IS UC;LLU';:;U 

= 01 + ... + an. 

with COInp:act 

sense on the 

are bounded 

spaces, we 

w: 

up to 

x 

continuous on n 

is a 

con-

its 

spaces. Lw::aLl.C;ll'"'" 

norm on 
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we 

must 

boundedness 

us to view 

2 

1 

It is a 

on a 

will be in 

a 

closure 

fJ.11',n(J,1'fI:U:.'i of 

to as 

C;U'''''GIJ.v vector ,XJ.tl =0 

Iv 

a 

1, ... I 

2. 

I· 

Oelpe]101ng on 

wE 

i 1, ... ,n 

is an 'I7l.··n.?m,F''I'l 

J.LVU.L.lU,"'CU control 

p, 

is 

v 1, ... ,m. 
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U) p 

on 

may to mtter-ential equa-

assume, ease 

p=o. map 

x: , ... , -+ ( ... . .. ,0, , ... , 

1 pE it is to a coordinate p, 

an -

- + 

in 

'VU:VVC)v a a p so that 

o i 1, ... ,no 

v 1, ... ,m. 

IT: ... , IT is map 

LCU~h'OUli spaces. Let IT * : to 

vectors 

at 0 is I V= 1, ... , at 

p. It over some .li"',!6i!U''''uu,-,'vu p. 

the vector E over 
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2. 

It 

o. 

IS o. 
is a p 

It to express qE 

vectors span 

1, ... m. 

In 

J1 l, ... ,m. 

linear vectors ) it - is 

the "'''C'T "',m vector as 

+ 

in manner by if the are we 

may 

vectors can be 
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as well a,s a 

over 

in over 

on it is when 

is lll(lep,ellld.eIlt x a 

there are many ditferl:')nt ways to , ... , are COlnp,atl 

the roAcn'''''''' spaces 

I q 

are the same each pEn and the spaces 

, ... , I q E 
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2. 

are pE structure 

trans-

so 

+ 

2 

3 a rn?1.t.r/'l -"',"_"1.''''111. 

+ 

A is a g(x) E which is 

the current 

x(t), to 

the 

to decrease between the current state if 

is at x. 
""1',,.o-r 0'" as 

as 

it measures c>uc,t,,,,,,,, dynamics. 

we are vvv.n~.uz:. a CO()r0l1111Ue Qv<.T,P1Yl 

3 is 

• The are in are 1,n'1.f'.'lll"-n,(J,1"-1?,T, 
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• matrix 

is an x matrix. 

3. 

COIlventl,on, to 

m+ 1 to n. 

construct a to our 

we a is in state 

+ 

we ppJ['OXlm:atl()ns to 

+ 
canst 

the ev(~lolPIIllent, we construct 

these over 
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is 

to 

n-m 

a>m. 

vector 

IS 

onto 

vector 

mance 

to 

={ 

a 

our 

2. 

vector of at x. 

i $m, 

j>m. 

non-zero 

a 

state. 

+ 

to counteract the 

+ 

+ 
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2. A 

IS 

there is a 

is 

g, 

J'TU'J.U},H 9 : n -+ 

. It 

be 

+ 

more 

over n is a 

X= 

is Ub'{JI'J,b'6Ubf; with 

u:n 

on f 

on 

will be U.v.LLL.vU. 

U 

use to construct 

a more 

we 

is an elt;am~IlL 

any u any Xi E 

IS .. .,..",,.,,,,<:>,, derivative 

x 
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5 curvature the 

is 

curvature over 

is an 

ever, 

as 

we a 

use a O.!.Ul.jJl.'v, .!..!.,U.!.JUU.lCl..lU 

energy, 

over 

7 

is 

to u w. 

6 

1'H'fI.",>':IJI'fl..~ f 

on X 

2. 

control S'II,~nfC'ffl._ 'T'Plnl.">"II" to 

u, 

to is 

u, 

curvature over 

as 

so 

a curvature over 

to 

this 

curvature over 

is 1J.t': It;[ 1.<':11. 

a value to the curvature 

be necessary to sorne 

curvature is 

+ 

(0.), the curvature 

continuous 
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2.4, 

correSPOIlds to we 

u, - + + 

8 is a continuous Tp.lativp. to the norm II ' 111,00 so 

PTt'Pr1l1J'I to a continuous n-n,r','".I'lU'U on 
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2. 

every elem~mt IS some is vV.UUAUU..v IS 

dense in so C can be eX1GeIlLUeU to a '-'V.L . .LU>l . .Lu.~Ju.o LU.L'C,U.L'J.L.L(Ch.L on 

o 

It is now to variational principle for the indirect control function. 

for a goaled control ."'11.'" p',m as 

1. a 'f'P.I,(U,'I>'IIP. to """'111/.''''''1.1.'' in curvature 

over 

2. lIliTl.irrl.iz,,,-,, the energy when rn'11fIT~'rI with all 

satisf.1.Jing condition 1. 

2 

is to In this 

systems strategy may be summarized as follows. 

1. system under which 

2. If necessary, average dynamics functions. construct the 

+ 

cornpcme:nt of to 

de:SCEmt response, to 

+ 

3. the LU.L"".LVJ • .LO u(x) E to 

the curvature over n the U ... ,.uA'~"U roA'nO'r'" 

collection all these 

4. indirect control function is which minimizes energy 



Univ
ers

ity
 of

 C
ap

e T
ow

n

as 3 

3. 

4. be 

47 

curvature control lLUl'-'C.LU.u 

("'"r'n"n with the set 
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In this we shall examine the SLIlLc!()ll"try curvature more we 

shall show that may be reionrIlula1;ed 

to 

uaJ.J.,"HA> are we to 

means. 

1 

[Ue'fl,/' JU-:tJ, by The 

q"}f)'Y'YY1P1l dual space. 

a 

is continuous 

a 

momentum 

cancel and so the solution 

m > 1 and the LU1.'VV~,LO~ 'H'''U 

a flP\r1.?JflT.?!?JP at U
J 

a map to its 
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3. 

prove that n 

u, 

For we use mean 

+ 

is a vector 

IS a nUlnb!:!r 

in the above 'YlT.C>D'1'l'l the cmnp:act set 

C011tlllUC)uS on 

COlltll[lU()US on I· denote 

any E > 0, Cm)OEle <5 ° so whenever u, 

1< 8, then 

u,w) 

u, 

v i. 

any v E n 

it 

<0, we 

m 

+ 

it can 

functions can 

< 

u, 

X 'vV"'''' "" .... .t'" 

to obtain 

i) cornpCmel[ll; 

c 

E u, 

II· 

are. 

is a COIltlIlUClU 

asw~ 
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IS 

+ u, 

u 

over 

can to its normed 

Ilu 
set X 

an 0, we may n 

Ilvll 8, auE n 

• 

• 1 1< II, 

• + + 1< Ellvll 

• II E. 

Then 

+ 

1+ + 
< + IIlIvll 

in 1 

is a 
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3. 

is 

the 

every v E 

IUI1CtlOIlS in 

v= 

vE 

x E u 

we may 

UUU.L('A.L1 to 

12 

v= 

may 

term 

+ 

p=l, ... ,m. 

vE 

+ 

VPj may 

+ 

terms 

p 

each 

=0 

as an may 

may as 

to 

+ + 

to 

+ + + 

vE 

1 

p =0 
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the 

prove ne(~es~>lty u 

it is to 

is 1 on 0 VU.'0C.l\.LC; 

+ )+ 

our 

y 

may 

a "l.LLl,",".LVU, 

It 

tIS it 

p=l, ... ,m. 

9 

n 

0+ 

vii < 

<---

states 

curvature ,",,'-"LA""'.L" 

accuracy 

+ 

+ 

+ 

o on y 

HUIC~lorlS u E 

II 
any E > 0, 1.A.l'JV~'C; r so 

so 

must 

o on 

o 

to a 
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3. 

a more co:mr>ac;t as square 

IS 

tensor over , may 

v] 

A 

A 

A 

curvature 

+ 0, 

p=l, ... ,m. 

s 1, 2 3 

IJV'JOHJ.Lv to construct a OU<Yr"""" g. 

curvature IJH.JUJX;U.J.. 

is a 

square we 

so on k 1, ... ,no 
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1,2 3 

aSI~urn'JJi\zo'ns. is 'pwr.c!.'I"" to uE 

... "nJ.uvv J..I.."" J.CiJ.J.J.I,J.J.a is an ImmE:d1:3.te consequence 

LeInrrla 15 

1. 

2. 

because is a square root 

m n 

+ 
11=1 i,j=m+l 

17 

+ 

p=l, ... m. 

curvature 

+ + 

a 

3 are: 

+ 

in (},.'i.'!'IJ:n,,'n 

curvature a 

0, 

o. 
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3. 

9 are 

9i = 

+ 

is a 

",,,,,'n""~T to are 0, 

these eXl)reSSl()ns 

m= 1, is a 

p 

1. 

j = 1, ... , 

2. 

WfI,rnLI\(J.'r momentum 

not cnt>l"lt,r 

assume it is 

THE 

+ 

911 

terms ,,,"{rrol',,, u 

'U'(,~CL,wn U 

Udb(.,HVlb is 

curvature 

m = 1, there is 

terms 

are 

n-:I.IU,{,{if': to is 

coordinate ",.,,,no,rn 

to 

o 

equa-

k k 'Ynn;CT?T 

we will 
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1,2 3 

a 3 may as 

T'lmn F17"11 curvature 

momentum n'fl/'rnrnr on the COlTtV'tel,e lhl'bUCbHbI 

=v. 

terms square root 

+ =0. 

+ o. 

to the vaJ..LVJil\.,':,1;.l we have 

r on vii- UC;,LlVluC;O same .la,~'J.llIJli, 

o + 

+ 

It is easy to unit ""r"Orl""',(,T Con 

""""P7Y1 may written as 

It 

+ 
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3. 

ture 

convert 

as 

that 

term is 

2 

+ 

this we 

+ 

turn to 

H:Ul'l'1.f1f.'M1 curva~ 

were 

non-
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PrlV>-lL1UP terms 

dent 

the eta,tIOnar 

a llHJ U ,-'-'-'" 

to 

not appear 

+ 

terms in~",h:rin gmay 

OHJLlfJJlC; manner, we 

we 

y is a vector 

as 

no'n-.no:mc)genous terms are 

to 

varia-

be necessary to 

a """ro'IY\Q whose UU\.,UJUH 

state space 

m 

n m CO()rdlllll"tes. 

to 

control vector 
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3. 

y. 

curvature 

p=I, ... ,m is a J.u.J..L'-'CJ'VU x 

(y). 

t"r()J)C'SltlOn 22 A 

p 1, ... ,m, is 

p=I, ... ,m. 

is ImmE~(wa,te the that 

p= 1, ... ,m, is 

p,V 1, ... , 

y. 

+ 

we 

may be 

terms 

is mClepelliCleIlt 

over 

as 

so can 

x. 
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the is 

are to 

+ 

to zero ensure u is a 

are 

is a in two case, 

is due to of 

the 

so case will not 
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we oLJ.JeJ.!>J'u'y the curvature anf3IO]['rrumg to a 

au.L!.V"" standard' 

on and express momentum 

momentum 

1 

that commutator two oner.!:tt<)rs and 

LeJnmta 24 are fi/\;WI/JI-S\Wm,:lURI,1'"l1 

o. 

commutation 

are nn'""·I'I.fH 
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4. 

the COOiral:na-ces if 

we turn to 

is a 

< f,g 

is measure on 

f'"""nfil!n,-,nQ as a 

u: 

It 

=0. 

psinO then 

r', 

we may 

n 

+ 
2 

momentum 

our OV'n.N";";",nn 

we will mterest 

o 

IS a 

curvature 

space 

o m~ 

.,111"1" .. ""\1'1", IS annulus 

we may write 

momentum on 



Univ
ers

ity
 of

 C
ap

e T
ow

n

is a 

in 

momentum 'YlP'T'nUI'T' £, is an opera-

tor in 

as it 1S a 

all m-

£, is ael:mE!a on a 

Oc 

an it that 

u v . Let it 

It is easy to see on D. y as 

I [1/2, 

o 
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vector 

It 

4. 

to UQ,Ii.lV.lJ. are 

solutllJnS to 

"rp,,:np,~r, to r is non-zero so, any 

our 

+ cp= + 

we may as 

l(l + 

u.u',~v-,,,,, can be vector 

the i the 

it is necessary to 

~I"'''~/W 18 a more '-'VJJ.~IJLvA 

it a to to 
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this o,",'Ju ... ,JU, we set up an almost standard '-'P", ... "' ...... """' ... 

r 

=0. 

take 

-rsin 

is measured 

momentum 

m-l 

rcos 
i=k 

> 0; k 2, ... ,m l' ! 

to 1. 

to 

cos 
i=k 

rcos cos 

o 

o 
o 

sin¢m-l 

-r 

o 

the 

reos 

a 
o 

may 

rcos 

k 1, ... ,m 

is 

coordinates are 

. > k J-

j k-1 

j<k-1 

as 

sin <Pm-2 

rCOS¢rn-2 COS¢rn-l 

-rsin¢m-l 

cOITe~!Pondilng to 

to 

we 

will set 

upper, we 

s.in <Pl ... sin <Pm-1 

sin <Pn>-l 

cos 
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A sequence row 

1'$ k <m. 

rowk+lis 

row 

4. 

=L 

reduce 

row k is 

cos 

cos 

+ cos 

cos 

two rows same 

to upper 

j k 

k'$j <m 

j m 

j 

j 

j<m 

k 

k 

j=m 

rowk 

j<k+l 

k+l '$j <m 

j m 

row 

case, pelrtolrmjing; the row 

J. v.I. •• """"""" the same. 

1 to 

o 
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to 

cos 

the 

g) 

on 

o 
o 

o 
a 

o 

r cOS<pj 

</>",,-1 r sin <PI cos 1/;2 sin 

rCOS<P2 sin <P3 ••• sin <Pm-l 

o 

o 
o 

2 

term is 

j<k 

k<' -J m 

k<j m 

j 

can 

r sinl/;l ... sin <;1>",,-2 COS <P",,-l sin <Pl ... sin 

r cos sin4>m-l 

o 1 

the nprn}"",.T.1 we 

sin 
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4. 

const to a 

will not 

space. 

two nonns are 

• to 

are constant 

• a a versa. 

norm use second 

two reasons. 

• is more 

• space to are to nonn. 

momentum nn,pr»,rnlr·.., we can 

most we use row 

31 row 

k= ... ,m 1] on matrix 1'OW to 

{: j=lk 

sin j=k 

k<m. 

the 

• j> row k is row k + 1. 

• row k + 1 is O . 
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sm 

can 

1. k 2, , .. m pertonrn 

2, k 1, ... ,m - i 'nP,,,rnrrn 

3. k = 1, ... ,m 1, 

to 

lemma's. 

1:::; k <m assume 

that roUJ k + 1 is 

+ cos 

to the 

+ cos 

row k 

the 

cos 

j>k 

.< 
J- +1 

j>k+l 

row k + 1 is 0, AYj"PT\T 

row k is zero. 

33 l::;k<m assume rowk 

sin '<k J-

j>k 

'< k J-

j k+ 1 

j > k 1 

sequence row 

we will state the 

+ 
o 
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4. 

we eX!l,mine the entries 

entries 

1 ::; j ::; k < m. 

the 

j = k + I, we 

row does not 

are in 

'< J _ 

rowk+l 

row. 

so 

cos 

1<' -1 

m-l 

i=j 

entri~~s in row k no 

row 

row k is O. 

3 ;:;C,UO::::.UlI::. we 

k m,we the eXl)rel3Sicm 

it out in matrix 

o o 
o 

1 ' --13m r 
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we use these 

in note our l1ellnltI,on o o. 

=0. 

+ 

m-l 

reos 
i=k 

us now l1eterlll1ne the LV'GLlJlL.L':;~.L',Q 

k are we state 

in is O. 

is 

m-l m-l m-l m-l 

reos sm eos reos cos O. 
i=j i=j i=k 

o 

k ~ s ~ m 1, is O. 

cos 
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as 

8-1 m-1 

eos cos cos cos 
i=k i=j 

"C;~A.lJ.lU term. o 

is 

k-2 

cos 
i=j 

nonzero term 

cos -----"-:;------ + cos 

k-2 k-l 

cos SIn + cos 
i=j 

our o 

j S; s S; k - 2, in is 

8-1 k-2 

COS cos esc cot 
i=j i=s+l 

one terms is nonzero. It is 

COS 

s-1 k-2 

------~~~---------- = cos cos esc cot 
i=j i=s+1 
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..... "' .... u ..... a. 38 in is 

k-2 

cot 
i=j 

the case j = 1 term 

o. 

a term is nonzero. It is 

-cos 

as a pn)p()SlljlOll. 

39 l:$j < k:$ m 

k-2 

esc cot 
i=j 

k = j I the """,,,,nr/''Y' is zero 

k-2 

we our 

csc cot 

cos 
i=8+1 

k-2 

+eos 

k < j we may use 

o 

j< 

esc cot 
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IS 

"'''<'TAl'' of 

has been found, 

In this U_H"Jl"G~ 

a closed set 

1 

we use, will be 

our 

( 

curvature can 

pC'IYlClOlml,alS to construct a 

the 

Q,ll,tJU"E, the construction 

component 

as 

as 

state some 

will be to 

n 0,1"" > are 

, For 

an 
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5. A 

+ + o. 

0, 

n m. norm is 

can be gtlr.l~r1:J,i,c:u recurrence 

l' 1 

+x + n= 3, .... 

is an can 

terms 

-

we is 

+(n+ 

we set x t/JE our 

norm we see the measure the to the 

k = + 1 or 

use .Llil.lI.JvlV.L.Li:> to up 

it will 

necessary to 
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1> n, is 

x cos 

easy 'lAl>J.'0UJ.,"'"J.I..lll 

It can 

+ + + O. 

if l 0 l > O. 

l 

+ + + 

(1 + + + + + + =0. 
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5. A 

+ 

+ 

+ 

so 

+ 

It llJUl1W'" 

(1- + + 

+ + 

1, term may as 

+ 

o + + + 

o 

pOJ.yUiJllll<:tltl can to 
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assume that 1 < n. 

may be used 

+ 

1 n, then the "'''>::''..1'-'1''' 

43 Fm' 0 < 1 ::; n 

l < n, the 

l+ 

+1 

o. 

l+ 

+l 2),-

n+1 1>1. It recurrence 

(n+l 

QU.LJ.PLI.J.J to 

+ 

+l+ 

the OCAAJJ..LU "''''('1111'''' 

-l+ 

I 
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5. 

n, to 

-

+l-

- 1. 

+l 

"",,<;:;l.UUj,a. 44 n > 1 

+ 

+ + + + 

or 

+ + + + + 

use to term: 

+ + + 

+ + + + 

o 

+ + 
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1 

+ 

as 

cases 

o. 

l= 

o. 

we prove. 

recursion 

A-

'VAOullll.lCO the 1 

are 

+A 

(n+ 

+ l) (p~~tl+l)(X) 

(x) - (X)) 

1 

+l+ 

any A n>l. 

+l+ 

o 
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as 

prove 

recurrence 

+ +..\ 

we may use to 

+l) 

we 

v.ll.'J<."~'.u. our surnrrlatllOn nO'l;atlon to U~VLL''-''V 

a 

1. 

1+ -l+ 

+ +l 

5. A 

+1+ 

the 

some 

L It 

+ 

or to 

is 

2 

2. 
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use 

+l+ 

+ 

+l+ 

+l+ 

+A) 

+A­

+A l+ 

term x. 

l+ (Cn+2 

+ A-

to 

+ 

+l+ 

+ 

+l+ 

+ +l+ 

+ 

-1+ l+1) 

+ - l)+ 
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50 1 < 1 

-l+ 

+ + 

term. It occurs k 

+l+ +1+ 

+ 

0< I then 

same ""!CAU>U.LV,u 

term 

term 

to 

lower index less 

a 

an 

l+ 

terms 

+ 

+ + 

+ 

to a 

n 

=-2 

+,X-

l. 

1 + 1. 

5. 

is 

'11-2 

+ 

is 

+ 

+,X 

+ --;::==:;;;:: 

+ 

next 

o 

conve-
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52 

n-2 

(x) -l) 2 

to 

1 
---~.\' 

n l 1 

n-2 

l) l + + 1) (k+ 

+ + n) + + 1) + + 

n-2 

term in the 

term is 

k 
+l+ - + n 

term a more is 

1 
n)+ 

l-1 + + + + n +l+ + + 

terms the numerator T"",,,JUIY! the 

we 

+1 +l 

terms not are 

+ +l (l + = + 1 

term is 

+ + 

as 



Univ
ers

ity
 of

 C
ap

e T
ow

n

set I-son'ere may 

d n d>1 

= cos 

54 A 

III 01 02 .•• :::; Om 

III 01 0 or 01 1. 

It 

1 0, 1 = I, r = a or r = 1 

27r if = n = r s 

if 1 r n=s 

any d > I, inner 

on 

5. 

n O. 1> n, 

0= 

on 

on 

... Ul:1J.1l.fnn inner 

are not 0, 

ifn = s, 

o. 

satis-

on 
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(1-

= 0 n =I s, 

o 

an set ',op,,'nPI",. to 

inner on 

on may 

a 

a may be eX1Jresse:d. as 
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over a 

with 

to 

it 

can 

we start 

space 

over interval 

over 

space 

1]. 

are 

is v,uv';;VJeJ.uJ. to 

5. A 

turn 

o if 01 02 = 

if 01 i= or 02 i= 

zero. we 

case, we may use nr,.n,,,,,T 

i= 0 if 03 = 

if 03 i= 

if 0 

!UllCtlOILS span 

over 

can 

zero a.e. 

a 

a 
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norm 

see 

f anY.Lu.LLVU"VU 

.. , 

on, 

zero a.e. as 

over 

we 

fa 
go: = -II -II' 

prove 

,.,.,r·T1("\T\O are .Lv.L,c;,uvu. 

o 

an 

it OUJ.~jJJ.':;J. to 

0:, 
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as a III .e", Ill.I'" e.lenleIlt 

II 

so, any T, 

r 

is 

space 

O. 

way, 

, ... , 

one 
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each am-I, 

convergence 

LeJnn:la 60 any 

IS 

it 

1) 

statement is nw ... -.rc.rI 

lLUJl!J.l.J"1.l5 over the am-l 

00> 
k 

sum converges. 

an On,llOrIOl:rm:11 

is 

space. 

a, 

E 

we saw that 

IS 

as terms in sum are HV.l.LL.I.<o>;al>l 

space. 

) and 

a.e. 
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convergence 

k 

an 

UJ.J,I,J.I..'''''' statements 

, .. " 

Leznmla 62 

IE 

norm statement 

v,-,.uuU.uU'5 these .L ... .u.:.I..L.LJ,<k 

and 

E 

i=O,ljk2::i 

norm 

us to prove 

5. 

any 1 < r < m I, 

" .. , 

is .L ""'CHI;C,U to I 

a varies over' 

space 

sum 

convergence 

'" , 

an n'Y'lrnrlm 
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Fubini's theorem, the 

II . II is 

cPm-l 

by 

= l1r 

(M 

norm of f 

r21r 

sincP2 dcP2}o dcPl 

Ilf(cP2, ... , 

sincP2 dcP2 IU(cP2, ... , 
0;1,(\;2 

.. ~I,0!2 1" cP2 , ... , 

), ) 12 

) , ) 12 (5.130) 

= 1" dcPm-l .. ·lo1r cP3 dcP3 IIF((\;1,(\;2) (cP2; cP3, ... 
0;1,0;2 

(5. 

cPm-l sin3 cP4 dcP4 11F(0<1,0<2) 
0!1,0<2,(\;3 

122) and (5.123) with r = 2. ,-,'''.LUULLLHLF, 

Ilfll~m-1 = 

= 

and the inner 

Ilf 2 -1 = 

IU, 

Fubini's theorem and the the inner on 

We have that {go<} is an orthonormal set in 

ment of (sm-I), it follows above Bessel's inequality that 

of L2 (sm-l ) . 

the equation 

) Iii 

134) 

(5.136) 

137) 

is an orthonormal 

D 
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results on tkLC,H:l""pJCl"'.l 

normlaD.za{'lOn constants. 

k> . 

k-2 k-2s-1 k-2 

esc cot csc cot 
i=j 

+ cos 
i=j 

out easy a ~.'."I""~ way, 

we 

to a (' .. ,.up'n some it 

to 

r Q. 
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6. 

ell o or ell 1. 

ell IS 

C 
if ell 0 

if ell 1. 

may a as 

i> 1. 

el2 > 0 a is a so on 

0 so a is not a case, we 

64 I, the 1'Ii'II1'I.'UI'II .. " are 

are 

note if n 0, is not U'VJeLUC'U is 

a 

d 1 O. 

el a 

so are Ulll1Jl€;CtE:Q 
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let's out TVI"(Vnn"" terms ~ <pk· 

66 are 1:r1.tf:flP.T d 1. 

(20:d+l + d - cos + +d-

+d sin (6.10) 

+1 

+ -1 

d = 1 are: 

67 

{ + 0:2 0 
cos 

0:2 0 

{ 0:2 i= 0 

0:2 0 

The cases 0:2 0 the 

other cases are 0, 

cos (6.14) 

1 
(6.15) - + 2 

1 
)) (6.16) - + 2 

(6. 
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it 

+l (rp) . 

D 

action 

-cos 

and 

cos 

terms D 

d I, 

+ = + +d-

term upper 

+d-

+ 
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6. 

o 

j > 2 

is to terms. 

rest 

to 

any 'fU:/J.J.I:/,-1.7UI,t-::I: (1., 

common terms 

15:j<k<m (1., 

k-2 

) 

k-2s-1 k-2 

- esc cot 
s=j i=j i=s+l 

k-2 

- esc cot 
i=j 

two common terms. 

'> J-

k-2s-1 k-2 k-2 

cos esc (1.k-l 
s=j i=j i=s+l i=j 

k-2 k-2s-1 k-2 

- esc esc 
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to 

cos 

same 

becomes 

+ 

k-2 

ese 
i=j 

k-2 

csc 
i=j 

k-2s-1 

s=j i=j 

k-2s-1 

s=j i=j 

terms which 

cos cot + 

we OUJC.UJ..LLQO.LU'U terms. 

k-3s-1 

+ 

+ 

j ? 2, 

k-2 

cos esc 
i=s!·l 

k-2 

sin 

next 3 pr,)p,)SltlOns, we exannne 

Slllll, we may use ~v~.'ULJ,a j 2, 

+ cos 

term. It 

k-2 

esc 

k-2 

esc 

D 

cot + 

)+ 

In j > 2. 
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term 

cos 

cos 

is true even 

term 

02 

note that 

= cos 

6. 

+ 

terms in lemma 

to 

02 0, as 

+ 

term in 

to 

k-2 

esc 

= cos 

k-2 

i=2 

0, 

+ 

+ cos 

to 

esc 

+ 

is 

j 2, is 

two terms 

cot 

zero. 

is 

cot 

is 

is 

+ 

is 

cot 

o 

cos 
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In 

sin 

77 k > j > 2, 

cos 

terms 

two terms of 

case, 

term is to 

sin 

two terms agree all 

IS 

two terms in 

cos 

cos 

agrees 

is 

+ (1)1) ) 

+ cos 

+ + +j 

cos 

esc cot 

cot + 

cos + 

+ +j 

D 
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6. 

+ +d 

d>l >0 

csc 

cot 

US to 

t'r()OCIsltlOn 80 d > 1 

+d csc 

+ 

+d 

two 

our 

+d +d 

+d 

+d-

two term eXllarLSlClUS csc 

+ 
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+d + + 

esc "'U.'U-lll.;<' it to 

+ d- +d- + 

zero. value o 

+d d +d +d- o. 

+d +d- +d +d o. 

C;AIJCU.'''l,"'''' can to L 

81 d> 1 

+d- esc -1 -1 

seen 

as 

d +d + +d d 

the we may -1 

+ 

+ + +d-
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6. 

two -1 

-1 0 

two term cot 

d 1 ad> 0 

+d cot + ad+ +ad+d 

+1, 

are aellllEla 

>1. 

83 1. For k > let 
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2. k r I, 

+ 

-1 

k r r 2 

k-l 

act on 

term = aT + 1 and each term in 

note k=r, is vacuous and so 1. 

aT> 0 

k 1, 

cot 

+ +k 

+ 

of and 
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k-2 

esc cot 
i=r 

+ 

+ 

+ 

2::;r<k 1 

case 

------

+ 

6. 

r+1::;k 1. 

r k 2. 

true r 

+ 

(0:) esc 

+ 

+ 

t + 1, 

sum and 

k-2 
esc 

i=t+l 

+ 

o 

+ is 

cot 

)+ 

k-

t k-2 

the ovr,,,.,,,,,,,i 

cot 

+ 
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.DX~parlQlrlg the 

+ 

+ 

+ 

D 

momentum on 

j>2 

+ +j 

-1 

cos + 
+ + +j- + 

+ )+ 

+ 

that ~~"""'" 

+ 



Univ
ers

ity
 of

 C
ap

e T
ow

n

case, 

Oli.LJ.IJ.LlJ. Y to 

1 

2 

IS 

k>2 

are 

a a 

6. 

+ 

+ 

=0 

case 

multi-index 

r + 1 S k S m, 3 S j S r + 1 2 S 1 < j. 

1 i j. 

+ 
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us to 

+ 

L 

sm 2. 

+ 

o 

U.L'-U",;C are zero, 

momentum 

constants 

j and 1 so 

r+l 
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are 

l<jsr<k 

a is a 

to 

s < r are non-zero. 

= cos 

+ 

k-28-1 

s=ri=r 

cos 

1'-1 

sin 
i=l 

sin 

1'-1 

i=j 

as 

a that a r = 0 > O. 

is r. that 

o is r. 

momentum the terms sum 

+ 

k-2 

esc cot 

+ 

cot 



Univ
ers

ity
 of

 C
ap

e T
ow

n

6. 

cos 

-

-

we that 

'1'-1 

-
i=l 

'1'-1 

COS -

i=2 
r-1 

COS ) 

o 

case k r. 1 j < 

= constant. 

It 

=0. 
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curvature 

~'~"'~ ••• 1 curvature control two 

1 

momentum '(Yno>,£.TAr" 

L\'.U,LvVJ,v~~,a, as 

momentum to prove are 

1 

A > 0, was III nrC)DO,sitl 

41. It is 

(1- + + + =0. 
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+ cot 

d= 1, 

d > 1, we n",'tnrrn 

It 

are u<':"J.LJ.<;;;u 

= cos 

= sin 

+d 

d 

dcp 

l are 0 

+ 

7. 

as 

+d-

1. cases, cosec term 

O.lU.ljJJ.J.ll'VO to 

so cp O. 

+ 

-cot 
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+ cot 

D 

92 each ?'nT.pn?''r by 

cot 

as 

+d +d 

the 

k-l 

j=1 

to express it terms 

1, ... ,k L 

Lelnrrla 93 any number n > 

=1. 
j=l i=j 

a n=l 

1 

to is true a n 

+ 
j=l i=j j=1 i=j 

+ 1. 
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7. 

o 

we at terms easy 

in k> 

k-2 k-2 £I-I k-2 

csc cot cos sin cos esc cot 
i=j i=j i=s+l 

k-2 

+ COS 

In are 

the corres'poIldlllg 

rO}:)QSILtlO.n 94 terms in 

to zero. see 

r<s<k 1. 

1'-1 

2 cos sin cos csc 
i=j 

on 

sum terms 1 to r is 

2 cos cos esc 

not occur anyj>r+l 

any r < s k 1, 

is O. 

r<s=k L is 

1'-1 

2 cos sin cot 
i=j 

j=r+l 

cos cot 
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toj=r+L 

For 

j = 1, ... , k -1, term is 

(7.28) 

over j 1, . .. k - 1 

we C;A,:l.J.LJ.HL<:C terms l::;r<k 1. j r+ 1 term 

k-2 

--2' 
i=r+l 

j ::; r the terms are 

r-l k-2 

(7.31) 
i=j 

WJ.llULLl16 over j, 

k-2 

terms 

se(xmu opel'at()r act on 

we in 

j. 

• r k 1: 

cot + 
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7. 

j r k 2: 

k-2 '1'-1 8-1 k-2 

cot + cot 
icc=r+l 8=j i=j i=r+l 

'1'-1 k-2 

cos 
i=j i=1'+l 

k-2 1'-1 k-2 

cos cos + cot 
8=1'+1 i=j i=8+1 

'1'-1 

cos 
i=j 

j=r 1: 

k-2 k-2 k-2 

cos cos cos 

+ cos 

j > r+ 1, is no term 

we j 1, ... , 

1,k cancels 

us to use "\CiJ.JI..U.LJ.U 

LemJna 95 any 1 ::; r ::; k - 1) 
l' 1'-1 8-1 

cot + cot cot 
j=l 8=j i=j 

= 1, sum over s is zero Uv,~a,l,lO" j is never r- term is 

zero =0. 

l' 'I' '1'-1 8-1 

cot + cot 
j=1 

r '1'-1 s 8-1 

- cot cot 
j=1 

.,.-1 '1'-1 

- cot + cot 
j=1 8=1 

cot 
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96 In as 

k-2 k-2 

+ (7.41) 
r=li=r+l 

note 

1. 

2. - 0, 

we may 

el~~eIJlVect()rs are 

are 

97 Let m ::::: 2 and let , ... , any m 2). 

cos , ... ,0, ... , 

is a 

cos pOnellJ;S zero, two 

to 

m::::: 3, we may to 

k-2 a k-2 a 
cos esc cot + sin 

k-28-1 

8=2i=2 i=8+1 i=2 

+ to 

k-2 

esc cot + + cos o. 
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98 m ~ 3 

a 

+ 

any 

+ + 

+ + 

can 

3 < k ::; m. 
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