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SYNOPS 1S

The design of side channel spillways has been discussed
in detail by a number of investigators. In this thesis the most
important works have been summarised, discussed and in some cases
expanded in an attempt to give a concise account of the existing

theories.

"Model tests were carried out on a side chahnelAspillway of
general type as well as on the proposed Mtata dam spiilway and -the

results are presented and discussed.

Charts were drawn up and a procedure was recommended for the
design of side channel spillways in an.attempt to provide a
designer with a simple method of design which he can use with

confidence.
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1. INTRODUCTION

The side channel spillway is a type of hydraulic structure'which has
many applications, especially with earth wall dams. The most obvious
difference from other spillways is that the spillway.crest is usually per-
pendicular to the dam wall. Water flowing over the spillway crest is
collécted in a channei running along its length which carries the water

away.

The depth. of flow in this receiving channel cannot be calculated in’
the usual way as the flow is not constant along its length. Indeed, water
is added continuously along its -length. This is an example of what is

known as spatially varied flow.

Spatially varied flow occurs in a large variety of hydraulic structures
and.the'discharge may. increase or decrease in the direction of flow.
‘Decreasing discharge is found mainly with side-weirs where water flowing
along a pipe or channel is lost along its.length due to spilling over a
weir in ité side. ' Increasing discharge is found in wash-water troughs
in filters, effluent channels round sewage tanks, roof gutters, and side
channel spillways. This thesis will deal mainly with the flow of water

in the receiving channel of a side channel spillway.

This t&pe of structure is particularly useful with earth wall dams
where a conventional spillway cannot be used because of settlement of
the wall. To be able to.use a conventional free overfall.spillway, the
wall below the entire crest must be constructed in concrete. In most
dams, the spillway is of considerable length and the use of the earth wall
'is thus negated. Another solution is the use of a bellmouth spillway
but ﬁhese:are of limited capacity and for large dams, the only.alternative

is the side channel spillway.

Side channel spillways.must be classified into two types, single sided
and double sided spillﬁays. Typical examples of each of these are shown

in figures 1 and 2.

Traditionally, these structures were of the single sided type as
shown in figure 1. The spillway is built at one end of the dam wall,

running approximately along a contour of the hillside where the water is
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‘shallow. The receiving channei_is excavated into the hillside.and a
" relatively small amount of concrete is required. Usually a.diécharging

channel or chute is required to carry the water back to the riverbed.

More recently, the double sided spillways have become popular.
The main advantage of ﬁhisvtype is that for the same length of spillway
crest, the receiving channel is only half the length. The disadvantage
of this type is that in order to allow the water to flow over both sides,
the structure must be moved into deeper water resulting in a higher
concrete struéture, or eise.the_approaches must be excavated out on the
upper side. Either of thesé configurations results in increased cost
which must be compared with the cost of the single sided type before

: dec1d1ng which to construct.

. A list.follows of some of the better known side channel spillways

fogether with their dates of construction and capacities where these are

available.
‘Solingen, Germany . : 1902
Quielle, France ' - 1904
New Croton, New York City, 1906
Wachusett, Boston, Mass. - 1906
Rochebut, France o 1909
~Cold Springs, Oregon - 1910
Conconully, Washington . - . 1910
" Croton Falls, New York City - . 1910
~ Sweetwater, San Diego, .Calif. 1911
Ashokan, New York City 1912
Mauer, Germany. : 1912
Oakley, Idaho 1913
Moehne, Germany . ‘ 1913
‘Klingenberg, Bohemia ‘ 1914
Cedar Lake, Seattle, Wash, 1914
. Morena, San Diego, Calif. 1915 I :
- Arrowrock, Idaho ' 1915 . 1133 cumecs -
- Don Pedro, California. : ' S
~ Burrinjuck, N.S..Wales. _ 1916 .

Teiton, Washington

‘McKay, Oregon ) : 1 . C '
Nooitgedacht, Carollna, E. Tvl 1962 1586 cumecs.
Nuane, Lobatsi, Botswana ' - 1965 850 cumecs
Mtata, Transkei,’ under construction 2430 cumecs



2. SYMBOLS

All symbols used are defined in the text where they first appear but
are listed below for easy reference. It should be noted that where material
has been quoted from other published works symbols sometimes have different

meanings but these are clearly defined in the text.

A cross-sectional area of flow |

b base width of a trapezoidal or rectangular channel
B width of water surface .

d water depth

d. cfitical‘depthv

do normal depth

f Darcy-Weisbach friction factor

F frictional drag per unit area of channel wall

Froude Number
acceleration due to gravity
water depth at upstream end of channel
hydraulically mild slope with lateral inflow along its length
hydraulically steep slope with lateral inflow along its length
'horizontal length of receiving channel
‘momenﬁum o
M#nning's friction factor
wetted perimeter
statie pressure
lateral inflow per unit length of . channel
‘total dlscharge at any point x, = 'qx
hydraulic radius = A/p
uniform invert slope of channel
head lost by friction per unit 1ength
horizontal velocity of water
specific weight of water
horizontal distance from upstream end
horizontal distance to the control point
vertical distance of water surface from a horizontal datum
energy coefficient _ .
véccélerating force on water prism mn

- momentum correction factoer

o ™ ~JRV R VIR! IR a ‘
EQ . Q o g <« W o w JQ.II n:_v =] : = :; E om o™ :3

angle of side wall of chanmel to vertical



3.  HYDRAULIC THEORY

3.1 The Basic Equation

Although a»numbervof semi-empirical equations had been used pre-
~viously, the first correct theoretical analysis of this'problém was done

in 1926 by Hinds1 who made use of the principle of conservation of linear
momentum to find a differential equation.which described the water surface
profile in a side channel spillway. 1In this analysis, the effect of
frlctlon was neglected, but this was later remedied by Faure® and Camp®

who derived equations including this effect.

Camp's equation was derived as follows: For a rectangular flume
of width b (figure 3), consider two vertical cross-sections at sections
m and n, a distance Ax apart. The momentum at section m, for the mass

‘per second, is
M o= ™ : o : veiee (D)

‘in which Q, the discharge at section m, equals qx; .q is the constant
“increment of inflow per unit length; ..w is the unit weight -of water; g
"is the acceleration due to gravity; and V is the horizontal component
of the mean velocity at section m. The momentum at section n for the

mass per second is

M = (Q+qAx)W_(V+AV)_ | - e (@
n g

Tﬁe change in momentum in the distance Ax is

M= _.[QAv + qhx(V + AV)] | | O &)
- or, neglectlng the product AxAV and express1ng equat1on 3 in terms of
d;fferent;als ' ”
M = g(de'+ qVdx) T e ()
- since
M M dx M
dt. -~ dx dt dx °’
daM W dv 2 - S

in which dM is the change in momentum in the time dt.



v Figure 3

Equation (5) gives the time rate of change of linear momentum at any
section, m, for the mass of water flowing per second. This is equal to
the net force in the direction of x producing the change. The net force
in the direction of x acting upon the volume of water between sections m
and n-ie the difference between .the static pressures less the friction

force. - The static pressures at sections m and n are

© . bwd? - : o ‘ ' o
Pm - ‘ 2 V v | ) . e.o LI ) (6)
’ = bw 2 bw .2 " : ,
P = (d - Ay + 8 Ax) 7—-(d - 2dAy # 2dSoAx) ceeee (7)

"‘{n which So = the slope of the bottom. .The horizontal component of the

static pressure on the bottom is

p, = bw GLTAY T Solx

N ) Sbx = wbdSAx ... (8)

" The net static pressﬁre on the water prism mn is the summation of
equetioﬁs (6), (7) and (8), or

By~ P, * P, = whdly - e (9.)

It will be noted that the slope of the bottom has no effect upon the
~value of the net pressure. It may be shown also that a changlng width b

‘has no influence on the value of this force




The friction drag is

FbdAx

P_. = F(b + 2d)Ax R

F

in which F = frictional drag per unit area of channel wall, and R = the

hydraulic radius at section m. The equivalent water head on the area

bd corresponding to the friction drag,PF is

Head = -E. - [FbdAx _ Fix ' ‘
wbd " wbdR wR et

and from the Darcy-Weisbach formula, this lost head is also given by

fAxv?
2Rg

Lost head =

Hence, from equation (11),

wfv?

F T eem— L ]

2g -
in which f = the Darcy-Weisbach friction factor.

From equations (10) and (12)

_ wiv? bd
PF - -2—8'_' R_" Ax eas s

fhe net accelerating force .on the water prism mn, from equation (9) and

a», - |

SR, - wiv? bd
T T S

and since the volume of water between sections m and n 'is .

b = Mg o IR

The accelerating force on the %a;er flowing per second (that is, Q) is

v wiv?  bd - by _ wQfv? R
= (wbddy - e r Ax) WQH 28R cisna

Expressing equation (16) in terms of differentials and equating to

. equation (5):

dy _ £v2 _ 1 . dv vz, |
x " " gV& Y oo

This equation is general -for any shape of channel, and it is

identical with Hinds' original equation except for the friction term.

(10)

(11a)

(11b)

(12)

a3

- (15)

(16)

(17)



It should be noted that the friction factor used in the original
publication is the American friction factor which is four times that

used here. The friction term in Camp's paper therefore read:

£v2
§gR

This equation can be written in a more familiar and convenient form

if a number of substitutions are made.

- 8
v e eaeas  (18)
v _  a _ dA
.a-; = A % dx *ae . (19)
- 4 - dA dd | "
A %2' aE . ai."‘ »;-v-oo . (20)
= g _ @ 4 | - '
A AZ dx SR e (21)
where A is the cross-sectional area and B the width of the water Qurface.
at a distance x from the upstream end.. The water depth measured from
'.bthe bottom of the channel is' d and the depth at the upstream end is Hé;
therefore _ ' '
'y = Ho + Sox‘f'd ' , B ...‘.‘.' (22)
dx . ?0 dx ] . DT . . LRI (23)
" If equations (18), (21) and (23) ére substituted into equation (17)
. _ dd _ 1.Q.9_GQB dd ,q0 , £ |
S, - @ "z G DD L. TeRa? L ()
" 'This can be rearranged to give
Tadl . B S —Lr - -jg ' .
dd _ o 2gA°R _ gA° ~ S ¢1-))

~dx ' .ZB
S W

It can be recognised that sz/ZgAZR %ij, the f;iction slqpé’or the head
lost per unit length, and QzB/gA3 = Fr? where Fr is the well known Froude



The équation can-therefore be written as

dd _ So 8¢ - A" R ¢13)
1 = Fr?

This equation is based on the assumptions that the incoming water
has no momentum component in the direction parallel to the channel, and
that the effect of unegual velocity distribution in the chanmnel is
negligible.

In Hinds' example, these were reasonable assumptions, but Farney and
Markus!! studied a side channel spillway with an L-shaped crest where the
water entered over the upstream section as well as along the length of the
channel. In this case the incoming waterlhad appreciable momentum in’
vthe direction of flow and the velocity variations near the upstream end
~were pronounced. Hinds' assumptions could therefore not be made. This
was remedied by the inclusion of a momentum correction factor, 8. This
factor varied from near unity at the downstream end to a maximum at the
upstream end, and was found empirically. Although it may be necessary to
include this.factor with spillways of .this type, it is usually ignored
where there is no inflow over the upstream end, as B is then, for practical

- purposes, equal to unity aiong the whole channel.

The general equation,.including the momentum correction factor, is

I el _ 29°xB _ V% a8
PR St Cantiall-all o
gA

~ If B is assumed to be unity, then this equation obviously reduces to.
the one above. The derivation of this equation has appeared in a

,‘numbef of'réfefences, for example Chow,2° and will not'be given here.

K. Smith!® used the energy principle (see figure 4) to‘derive a very

similar equation, namely

v 2q%x0 :
-dd_s°_sf-J7—'g§_ :

el (28

dax 1 _'gzx?Ba
gA3

where o is the ehergy coefficient.
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Sfo
2 TOTAL ENERGY SLOPE Jebx
e aH
2gA dx
€ = —i—aQ + 6
2gA<
H
\ = gA
3
So
Ax Al
-
: horizontal
datum
Figure 4

Although this is very similar to the equation above, it does not
have a term accounting for the variation of o with x. 1In a discussion

on Smith's paper, Babb and Ross!® gave a more rigorous analysis to gét

1 - gvx Bo . . ' R ¢4°)
where 0 represents thé'diésipated energy. To determine 6 it is |

'necessary to compare this equation with, the momentum equation above.

If o and B are unity, then 8 = q%x/2gA? |

" Babb and Ross also presented some experimental values for o and B
which they obtained from velocity patterns measured at three cross-sections

: of‘théir model channel. These results are shown in figure 5.

12 .

L0
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- They used these values of 0. and B to calculate the water surface profile
and compared this to that obtained by assuming both coefficients equal

to unity. From the relatively small differences between.the two profiles,
they concluded that this is.a satisfactory approximation in most
applications. These coefficients will therefore be ignored in the

following-discussion.

Equation (26), in whatever form it is written, can not be solved
directly but must be integrated numerically for a particular case,

starting from some known point.

3.2 The Control Point

If, for a certain flow condition, the channel slope is mild

- (to be defined later), then the known point will be at the end of the
channel énd will depend on downstream conditions. If there is a free
outfall or if the invert slope becomes steep at ﬁhe end of the spillwéy,
and the channel is not drowned, then the depth .at the downstream énd, will

be critical. This isrghe usual case.

However, if the channel is "steep", then supercritical flow will
occur in the lower section of .the receiving.channel and the control
point will move to where the water surface crosses the critical depth
line. This point can be found and can be used as the starting point for

the numerical integration of the equation.

At this point, the depth is equal to the critical depth so the
Froude number is equal to unity. ~ However, this makes. the denominator .of
equation (26) equal to zero. As dd/dx qahnot be infinite, the

numerator must also be zero at this point.

Keulégan,9

studied the possibility of this slope being infinite but
showed that it would have to occur in the form of a negative hydraulic
jump. However, just as in a normal hydraulic jump energy is lost, so in
a negative hydraulic jump, energy is gained. - This is impossible in a
real channel so one can conclude that the slope must be finite and to

solve for thecritical point, oné must solve the simultaneous equations
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1 -Fe2 = 0 (30)
, .
- ~ 297x _ : ceee. (3D
S, ~ S¢ A7 0

i.e. one must find the point where the lines described by these two

equations cross.

The first is the well known critical depth line and is calculated in
the gaﬁe way as with conventional channel flow exceﬁt that the flow varies
along the channel. The critical depth therefore also varies from zero
at the upstreém end (if there is no flow over the upstream end) to a

maximum at the end of the spillway.

. Fox and Goodwilll® called the line described by equation (31) the
"energy balance line", but Professor Kilmer prefers. to talk of the.
"pseudo normal depth line" because of the similarity in behaviour to the

normal depth line in non-spatially varied flow.

Fox and Goodwill claim that the concept of normal depth is meaningléss
in spatially varied flow, but this is only true if one limits the definition
of normal depth. to being the depth to which. the water will tend in a long
uniform channel. However, as described below, the interaction of this
line with the water surface and with the critical depth line, is very
similar to that found in non-spatially varied flow. As the latter is
simpiy'é special case of spatially varied flow with zero inflow (q = 0)
it seems reasonable to extend the idea of the normal depth line to the
general case. -For the -purposes of this thesis,.thereforé, the line
defiﬁed by equation (31) will be called the normal depth line. The inter-
action of these lines as shown in figure 6, can be easily seen. From

equation (30), for rectangular channels,

q2x? .
1 - EFTE:? =0 _ JEREEY (32)
where dc igs the critical depth. It can therefore be seen that
4 = kit | . (33)

c

Similarly, frbm equation (31), neglecting friction,

. ‘ 22x.v )
So Eg%‘a—oT = 0 : . e s a0 (34)
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where-d0 is the normal depth

a = kzxi | | " _ cieie (35)
} o
thus do _ kox « 1 ceee. (36)
i T
c k;x X6
As x tends to zero, dO/dc becomes very large. It can thus be

concluded that the normal depth is always greater than the critical depth
near the upstream end. Further downstream, however, the difference in
powers has a progressively increasing effect until the two lines eventually

cross and the normal depth is thereafter below the critical depth line.

The crossing point of these two.lines .is found for rectangular
channels, ignoring friction, by equating equations' (33) and (35).

Ignoring the solution at x = 0, only one solution can be found, namely

NG \/q,b" | : '
< @ [0 o

It can therefore be concluded that suggestions which have been made, that
these two lines could cross again, are unfounded in the case of prismatic
channels. Only with. severe changes of cross section and invert slope, is

‘more than one control point possible. .

In shortvchannels,‘these curves are. often terminated before they
cross. Beyond the spillway, -in the discharging channel, these curves
can be represented by two straight lines,. being the critical depth line and

the normal depth line as defined in conventional channel flow.

Even if there is a change .in slope .at the end of the receiving
channel, fhe critical depth line is continpus, having only an abrupt change
ih the gradient at the end of the spillway. “ The normal depth line,
however, is dependent on both the invert slope and on the lateral inflow
so it consists of two discrete lines with a definite vertical shift
at the end of the spillway. If these two sections are joined by a -
vertical line at this point, then in the case of a steep discharging
channel, the water surface, the critical depth line, and the normal depth

line once again all intersect at this, the control point.
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Figure 6b :

An Artificial Control Point.
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We can thus define two types of control point.

(i)

(ii)

A Natural Control Point is one at which the normal depth
line and the critical depth line intersect, and are con-

tinuous. ‘ (Figure 6a).

An Artificial Control Point is one at which.the normal depth
line and the critical depth line intersect due to a vertical

shift in the normal depth line. This shift may be due to a
sudden .cessation of lateral inflow or due to.a discontinuity

in the channel.. (Figure 6b).

3.3 Surface Profiles

' Before any calculations of water surface profiles are dome, it is

possible, as in the case of conventional channel flow, to comment on

their general form and to identify various shapes.

. Looking at equation (25) it can be seen that:

(i)

(iv)

If d tends to infinity, dd/dx tends to S, and the water surface

is horizontal.

If d tends to d,» the critical depth, dd/dx tends to infinity,
thus profiles tend to cross the critical depth line at a very
large angie. (This is not true at a natural control point
where d | = dc).‘

If d tends to do, the normal depth, dd/dx tends to zero (except
where d = dc)' It should be noted that this will not result
in a profile asymptotic to the normal depth line as in con-

ventional channel flow.

If x tends to zero, dd/dx tends to S,+ The water surface is

‘thus horizontal at the upstream end.

" Because of the importance of the critical and normal depths in the

dd/dx equation, channel slopes are classified, as in conventional channel

flow, in the following manner.

If the normal depth is less than the critical depth, the channel

is STEEP. If the normal depth is greater than the critical depth, the

PR AP |

2 MTI D
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To differentiate from conventional flow, these slopes are referred to by
the symbols IM and IS respectively.- It .should be remembered that the criterion
for slope classification is a hydraulic one and all slopes, whatever their
gradient, are mild near their upstream end. Because side channel spillways sare
relatively short, only this upstream section usually exists, and steep
slopes are rare. It should also be noted, that because of the extra term
in the numerator of equation (25), the normal depth is raised in spatially
varied flow, and thus many slopes which would be steep in conventional flow,

become mild.

For both mild and steep slopes, there are three zones as in conventional

‘channel flow.

.Zone 1 : The water surface is above both the critical and the

- normal depth lines.

‘Zone 2 : The water surface is between the critical and the

normal depth lines.

'Zone'3 :+ The water surface is below both the critical and the

normal depth lines.

As in conventional channel flow, only one particular type of water surface
profile is possible in each zone for each type of slope. Each profile has
a code consisting of a letter denoting the type of slope and a number
~ denoting fhg zone in which the water surface occurs. The sign of dd/dx
in each zone can be calculated andfcombined with the limiting conditions

given earlier, gives the general shape of each of the six possible r
-profiles which are shown in figure 7. . Practical examples of how they

can occur are shown in figure 8.

Horlzontal and adverse slopes are-a "particular case of the mild
slope and have the same. profiles but because the normal depth is infinite

in these cases, there can be no Ml profile.



Zone 3

_ Mild slope _

NOTE: The water surface always crosses the do line at dd/dx = So'
i.e. parallel to the bottom.

151
dd .
a‘; +ve
Zone 1
————————————————— dC
- ad
Zone 2 152 dix Ve
— —d
183 dd e °
dx
Zone 3

Steep slope

Figure 7 : Types of water surface profile
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max. depth

mild slope

steep slope

\

horizontal
steep

. FIGURE 8a : Examples of how different profiles can occur.
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FIGURE 8b : Examples of how different profiles éanvoccur.
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3.4 Solution of the Differential Equation

Once the control point has been found, it is possible to find
numerically, the solution of the differential equation (25). However,
a problem arises in the fact that the control point is a singular point

where the water surface slope dd/dx, cannot be eésily evaluated.

At an artificial control point, the denominator of equation (25) is
zero, while at a natural control point, both the denominator and numerator
are zero. It is therefore often necessary. to make some sort of

approximation at this point. This will be discussed in more detail later.

Finding the control point and solving the equation, if done without
the use of a computer, is a long and tedious process, and numerous
attempts have been made at finding a quick solution. Some of the methods

~ proposed will be discussed below.

Hinds! rewrote equatlon (17) to make. it applicable, approxlmately,

'to finite values of Ax in the form.

- Q (Vy#+V,) qV24x veeee (37)
Ay __me) [av + N =] )
‘ Cae o @ (Watvp) qV1Ax | | S
or Ay T (@70, [Av + Q2 ] . _‘ (38)

whlerer Ql and Q2 are the flows at"e.ither‘end of Ax and AV.= V2= V1. He
‘suggested also a method of lqcating.the'control point. He illustrated his

method by means of the following example.

'L = 400ft, b = 10ft, side slopes = 2:1, q = 40 cub. ft./sec,
8o = 0,15. The critical velocities and dischargés corresponding to a

number of depths are calculated as shown. in table I. Hydraulic radii are

' fcomputed at the same time for use in. est1mat1ng frlctlon losses. Frdm

table I, values of the critical. depths and velocities may be taken and used
in table II, which gives incolumn (13) the drop in water surface necessary
to maintain flow at the critical.depth throughout the full length of the
channel. Starting from an arbitrary water surface elevation at some
station, a profile of the channel, for critical flow at all points, can

be plotted, as shown in figure 9. A tangent parallel to the bottom of

the actual channel may then be dfawn_to the resulting bottom line of the



TABLE 1.—CoxruraTions ror Cuiricat Derris,
For Cuasyet ¥ Fic. 9.

(Bottom width, 10 ft.; side slopes, :1)‘

De th, in Area, fu Top wldl,h Velocity head,|Critical veloc- Hydraulic
f square feet, | infest, | 4 ity, in feet | Diccharge, radius, .
A, 7. : z7° | persecond. . in feet.
2 22 12 6.92 7.68 169 1.52
4 48 i 1.7 10.49 i) 2.53
[} 16 2.44 12.62 o7 3.43
8 1L 18 8.1 14.15 1 583 4.01
10 B0 20 3.7% 16.58 2 33) 4.63
12 192 22 4,48 18,75 8 216 5.22,
14 238 24 4.9 17,86 4 202 .70
16 288 2 5.04 18.88 5 440 6.49
18 42 28 6.11 19.82 8 T80 6.5%
2 400 80 6.67 20,71 8 R84 7.81
] S 482 & 7.22 21.55 9 960 7.81
24 528 84. 7.76 22.34 11 500 K.29
28 598 -38 8.81 23,12 15 820 8,77
-] 673 83 8.84 23.84 16 020 9.26
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critical depth channel, and the control point will be located at this
point of tangency. The back water curve may then be calculated both
ways as illustrated in table III and plotted as shown in figure 9.
Equation (37) is used in the upper part of table .III, and equation (38)
in the lower part, in order to take advantage of as mahy'cénstant terms

as possible,
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Hinds' method is long and tedious, and a quicker solution was

- neéeSsary. Camp® did some useful work towards this end.’

‘Equation (25) was solved approximately, for rectangular channels,

to give
2 2 23 3 | L
x° _ gb 2. _ 42 - S,xgh“d _ fx veeee (39
- Bt - - - om |

where Ho is the value of d at x = O 'and R and d are, respectively, the
average hydraulic radius and the average depth throughout the distance x.

This equation can be rewritten in the form



. 2 — 2
H = Ja2s 3%73 - 28 xd + = __ ceeas

12gb“Rd

This equation can be used to solve for the depth at the upstream end if

depth at any other point is known. Equation (39) can be réarranged to

read
'3 d _ ' .
(H&:)_'FA(.E—K;)"FB—O : cctaee
. \ A
where B = 2g7—-; reeee
gb Ho
o o BB - 28,xd _ 4 | - e
24Rd H 2

[o}

23

(40)

the

(41)

(42)

(43)

The solution of equation:(41) may be obtained graphically from figure 10.

‘Equation (40) may be written in terms of the critical depth as follows:

r— ~—
_ = 2 _ 1 fxg"dﬁ ’

'For this case, the coefficients of equation (41) are:
- \3 - o
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This chart provides a relatively simple method of finding the water
surface profile in a rectangular channel and it is unfortunate that a

similar analysis cannot be done for trapezoidal channels.

A fufther 1iﬁitation of this chart, as drawn by Camp, is that
it is applicable only to channels of mild invert slope. . The chart is
not extended below the critical dépth line to include supercritical flow,
and the limiting values of A and B limit dc/Ho to values smaller than
unity. However, with sloping channels, this value is often exceeded,

and thus a severe and unnecessary limitation is imposed.

Looking at equations (23) and (24) it can be seen that the upstream
end (x = 0) of "all channels is represented by the point A = -1,
B = O. If friction is ignored, all horizontal channels are represented
by the line A = -1. As the invert slope is increased, the control point
moves from the A = -1 line, uﬁ the critical depth line and gven'for mild
slopes, moves off the chart as drawn by Camp. All water surface profiles
are thus represented by a éurved line extending from the point A = -1,
B =0 to the critical depth line and, jn the caserof steep slopes, crossing
it. Camp's chart has thus been redrawn in figure 11 with extended limits.
T§ avoid compressing that section represented byWCamp's chart into an
_insignjficant and useleés corner of the larger cﬁart, it has been

‘necessary to use log scales.

Although this method appears to.give a simple solution to the
problem, its accuracy is greatly dependent on the accuracy of the
assumed value of d in the second term of equation (44). This value is
not easily estimated with accuracy when the depth is known at only one
point, especially with relatively steep invert slopes, where the water
surface is deepest in the centre and becomes shallower towards each end.
It is therefore necessary to use an it efatiye‘prpcedure. An initial c
estimate of d must be made 'so that a value of Hovcén be calculated.

This is.then used together with the chart to obtain the depths at a
number of points. These depths are then used to obtain a Better
estimate‘of d and the process is repeated till a sufficiently accurate
-result‘has been obtained. A quicker method, however, might be first to
find H using Li's method (to be discussed), and then proceding to

Camp's charts.
: Q-
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Wen-Hsiung Li,'° presented an interesting paper which was devoted
mainly to the development of methods of finding the depth at the upstream
end of the channel. This is usually the most important depth for
design purposes as here the water surface level is highest, even though

the water is deeper downstream.

Two shortcomings of this work are that the effects of friction have
been ignored throughout, and that his graphs are applicable only to
channels of a particular shape. He has presented charts for rectangular
and triangular channels only, but he has for other shaped channels,
presented an empirical equation which combines the results from these

two charts.

An advantage of this work is that it is not limited to channels with
free outfall at the downstream end but allows for submergence and the
formation of hydraulic jumps. Li has isolated four different flow con-
ditions which are shown in figure 12, Each type is represented by a
particular section of his chart on which he plots Fs the Froude number at
the downstream end, against G, which is equal to SOL/Y0 for rectangular
channels and equal to 25,L/Y  for triangular channels. Y, is the water
depth at the downstream end. Detailed versions of this chart are shown
in figures 13 and 14, where a set of curves has been drawn with Yu/Y0
as parameter. Yu is the @epth at the upstream end. However, before
looking at these charts, the general sketch in figure 12 will be
discussed in more detail. Section A and figure 12a represent channels
of mild slope where the Froude number increases along the channel.
Horizontal channels are represented by the line G = 0 and channels with
free outfall by the line F = 1. (If G < 2). Their intersection

therefore represents all horizontal channels with free outfall.

‘Section B represents channels which are submerged to a greater
depth so that the Froude number, according to Li, first increases and
then decreases. The boundary between these two sections is given as
G=%( + 2F02) for rectangular channels and G = Qa4+ % FOZ) for

triangular channels.

Section C represents steep channels (i.e. with supercritical flow)

which are submerged to such an extent that a hydraulic jump occurs within
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0

Figure 12 : Types of flow according to Li.?

the channel so that F0 is less than unity. The boundary between
sections B and C is given as G = 1 + FJ for rectangular channels and

the vertical line, G = 2, for triangular channels.

7 Section D represents steep channels which are submerged to a lesser
extent, so that the hydraulic jump. forms at the end of-the channel.
The flow is thus supercritical at the downstream end so one would not
expect this case to be represented by this section where FO < 1.
However, if the depth downstream of the jump is used to calculate FO
and G, thén the resulting point will fall into this region, and the correct
value for Yu will be obtained. However, it is possible to obtain a
value of FO greater than unity so it is obvious that Li's chart in
figure 6 is incomplete and should be extended upwards. This has been

done and is shown in figure 13.
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Section E is similar to section D but represents the case where
the downstream end of the channel is drowned to a level less than ﬁhe
critical depth at that point. The upper boundary of this section is
the line representing the case where the outlet is not drowned at all and
can be shown empirically to be represented approximately by the lines
G = % F0 + 1,65 for rectangular channels and G = 4Fo - 2 for triangular
channels. '

‘Figure 13

Section I represents the case where, at the end of the channel,
the depth suddenly decreases in a sort of negative jump where FO,
already greater than one, suddenly increases. As this phenomenon can-
not occur in practice, section I does not represent a real solution to

the problem.

The boundary lines all intersect at the point Fo =1, G = 2.
It is interesting to note that this point represents the case in which

the natural and artificial control ﬁointsvcoincide.

MoQing around this point through the different sections, a number
of interesting observations can be made. The boundary between
sections I and E represents free outflow from a steep channel.
MoQing downwards represents an increasing level of submergence of
lthe downstream end of the channel. At.the FO =1 line,‘the submerggnce

is to the critical depth, while at the boundary between sections C and D,



the level of submergénce is such that the downstream reaches of the
~channel start being flooded. Moving -across section C represents
increasing the level of submergence still further,causing the hydraulic
jump to move upstream until at the boundary between B an& C, the super-
critical flow has been completely flooded. Moving into section B
represents submerging to .an even higher level so that the whole channel
is flooded. The level of submergence*nOW;éffects the entire water
surface profile, even at the extreme upstream end. Looking at figure
12b it is not immediately obvious ‘that this is in fact a steep slope.
However, if the downstream flooding was removed, supercritical flow

would indeed develop in any channel falling into section B.

It is impossible to move into section. A by increasing the level of
submergence. '~ Indeed, the boundary between sections A-and B represents
infinite submergence. Moving from this line into section B represents
décreasing submergence for steep slopes, and moving from this line into
section A represents decreasing submergence for mild slopes. This
continues as one moves up through section A to the line F =1 which

represents free outfall.

The two boundaries of section I (i.e. with sections A and E) thus

both represent zero flooding and free outflow from the channel. Moving
into section F from either of these boundaries, represents an increasing

degree of negative submergence, for mild slopes on the one side and steep

slopes on the other, It therefore seems reasonable to postulate
that section I is divided by some line which, similar to the boundary
between. sections A and B, represents infinite negative submergence and

the boundary between mild and steep slopes. This large negative sub-

mergence would involve negative water depths, and the Froude number would

involve the square root of a negative number. The line is therefore

imaginery and of no practical interest to engineers. Finding its exact

equation will therefore be left to any mathematician who might find

interest in such an exercise.

In order that this chart be of any use, it must be drawn in detail

for a particular case. Li presented charts drawn for rectangular and

29

triangular channels and these are reproduced in figures 14 and 15. It is

unfortunate that these charts are drawn only for sections A and B as'a

clearer understanding is often obtained when a picture can be seen as
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a whole. However, the charts presented are perfectly satisfactory in
practice as the curves in sections C, D and E can be approximated closely
by straight lines. These lines were given by Li only for sectién C

.but can easily be shown to be equally valid for sections D and E.

They are

for rectangular channels

2

Y Fq - ,
Moo= 1,24 E'(Z)' : ‘ ceees (47
Y

o

and for triangular channels

Yo _ '59_% eee. (48)
Yo G§

For trapezoidal channel, results from figures 14 and 15 (or equations

47 and 48) can be combined by the empirical equation:

FEAEE e

a
where E = 22
3

[}

a, is the area removed from .the bottom of a triangular channel

to make the required tfapezoidal channel.

Figure 16

Y Y :
u ul .
v-] and o are those values obtained from the charts for rectangular
Yo r Yo/t

and triangular charts réspectively, using the values of Fo_as calculated

For a franeznoidal channel
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The methods discussed above give the water depth at the upstream end

of the channel. The downstream depth is also known in many cases, but not
in the case of a freely discharging steepchannel. To find that depth Li
produced a chart which is reproduced in figure 17. This chart is self -

explanatory and gives not only the downstream depth, but the complete
surface profile in the supercritical region. The curve is not completely
accurate as it does not show the variation with E (see equation 49).

However, this difference is small and has not been included here.

S
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BurFAcE PROFILE IN SUPERCRITICAL SECTIONS

Figure 17

‘This curve is represented in figure 13 by the boundary line between
sections E and I, but is not easily used in that form. With super-
~eritical flow, the downstream depth is not known so a trial and error
process must be used till a depth is found which gives a point exactly

on the curve. - This is very tedious and for practical purposes,

figure 17 is far more useful.
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3.5 Solution by Computer

The hand methods of analysis discussed in this thesis are useful
if a small amount of work is.to-bé done on this problem, but would be
extremely slow and tedious if a large number of water surface profiles
were to be calculated. In this case, it would be far more sensible to

solve the pfoblem by computer,

The necessary program is relatively simple and can again be
divided into two distinct problems, namely finding the control point and

numerically integrating the differential equation from this point.

Finding’the control point has been discussed in a number of papers,
including one by K. Smith!® but the whole problem is discussed and made
very clear by Humpidge and Moss.!®

To find the control point one simply equates the numerator and
denominator of equation (25) to zero as before. This is ﬁsually done by
the Newton-Raphson method. Care must be taken with the choice of the

initial eétimate as too small an estimate could lead td the alternative
‘solution at the upstream end where X = 0 and d = O and the equations also
“hold. 'However, if a reasonable initial estimate is made, no problems

should be encountered.

- Humpidge an& Moss also considered the possibility of a number of
control points existing and showed how to find which is dominant.
However, this is not a likely problem in practical side channel spillways
and the only combliéation which-normally needs to be accounted for, is
that the natural control point found abeve is usually beyond the end of
the receiving channel. The starting point forvthé caleculation is then
at the downstream end of the channel where the depth depends on downstream
conditions. = When the control point has been found, the full profile - .
"is calculated by numerical ‘integration, usually using a Runge—Kutfa

- method.

A problem arises in calculating dd/dx at the control point. At a
natural control point, dd/dx = 0/0 and can not be eaéily calculated,
while at an artificial control point, dd/dx is infinite and the integration
is not possible. This was.overcome by Humpidge and Moss by using a

starting value of d of 1,05 times dc when working upstream.and 0,95 times
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dc when working downstream and it was claimed that this strategem had
little effect on the profile since the specific energy, E, varies little

with.d for values near dc.

»

The effect was indeed found to be small and it can‘be seen in figure
19 that a smooth curve can be .drawn through the discontinuity at the control
point. It was found, however, that the figure of 1,05 used by Humpidge
was not universally applicable and that in some cases, the curve diverged

from the correct solution as seen in the lowest curve of figure 18.

These curves were calculated in dimensionless form using equation (68)
~rather than equation (25) and are therefore applicable to all channels of

the same geometric shape. The different curves represent different values
of the dimensionless lateral inflow QS = q2/gb’. Fof low flows (i.e.

for small values of dc) it was found that the value of 1,05 was not suitable.
Figure 19 was therefore drawn starting with a value of d_* + 0,1 when d.*
was smaller.than 2 and dc* + 0,15 when it was larger than 2. This worked
satisfactorily'in this case- but other cases were found where it did not
“work, : Although no universally applicable value has been fdund it is a
simple matter to adjust the factor if a particular value does not

work in a particular case.

It should be noted that this problem arises only in the case of a
-natural control point. With an artificial control, the value of d = 1,05

dé was found to be satisfactory in all cases.

Although the above method Appears to have beeh used by all previous
investigators, some doubt existed as to the accuracy of the results
~obtained by making such a large approximation at the control point.
It was therefore necessary to solve accurately for dd/dx at a natural

control point.

Equation (25) can be written as

I

-dd qzsz] 9 zx q2}{2[12 3 .
=11 - = § - 29X - ........rL Y (50)
dx gA o = gAY Ay |

which can be differentiated with respect to x to give
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: , 2. . .2,2dB 2,25 GA7
a’d [, _a’%?B] _ dd 2q°xB + ¢'x"qr 34xB 2q°
el R T X TN
: : dp | dp
, dp
SR g apd | wipdEx  lopiax (1)
gh® dx AR N n¥ 8 |

At the control point the Froude number is equal to unity so the term
including the second derivative of the depth disappears, and the above

equation can be solved if the dimensions of the channel are known.

For trapezoidal channels,

A = bd + d%tan® |
dA _ dd

i (b + 2d tanG)E;

B = b + 2d tanb

dB  _ dd

= - 2 tand T

P = b + 2d secb
;%E = 2 secf dd

dx

These can be substituted into the equation at the control point to

—

give: -
dd]? fj(b'+ 2d tanf)? _ ' )
[d“*c]_c | b4+ dZtand 2 tand
. B : | : - 4
_[g_] | 6(b + 2d tanf) _ n’g sech [B(b + 2d secﬁ)% _20(b +.2d sece)a]
o ldx) e X ~ (bd + dztanﬁ)é ' 3 _ 3(bd + d?tanG)

2 3
. 2n°(b + 2d secH) - 0 Ceeees (52)

x(bd + dztane)§

2(bd + d2tand)
x2

+

This equation is a quadratic in dd/dx and could be solved but the resulting
. equation would be very complicated and it is simpler to first substitute

in the values for a particular channel and then to solve.
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Equation (52) can be considerably simplified by neglecting the

effect of friction to give

[ad]? [3(b + 2d tanf)?

dd L - _ |ad 6(b + 2d tand)
“|dx]. Lbd + dZtand 2 ta“ﬂ] [dx]c [ ]

X

2(bd + d%tand
+ X —r ) - o I (53)

For rectangular channels, again neglecting friction, this can be

greatly simplified to give

dal? _ [ad] 24 242 |
[E;:lc [a;]c.;_ * 3z = 0 v S eeees (54)

which can be solved to give
iq;. ) = —d_ + -—d.'_.. . » . s sess (55)
dx c X - x/3 v : ’ ,

It can be seen that both solutions are positive but it would appear
from studies of practical examples, that it is always the smaller which

is applicable.

Therefore, for rectangular channels, neglecting friction

[ad] _  o,42d o o -
[ﬁ]c' - g - | ceie (56)

If fof'Hind”s\ egamplé giveh on page 18,&%5 is calculated from

: - o c :
equation (52), a value of 0,0300 is obtained. Equation (53) gives a
value of 0,0296. The effect of friction is thus only 1,33% in this

case.

Any of equations (52) to (56) can thus be used to calculate dd/dx
at the control point, after which the equation can be solved numerically

in the usual way.



INPUT:

cross sectional shape, length of channel,

lateral inflow, slope.

Using Newton-Raphson, solve

. 29%x. _
So Sf -gx-;- =0

ves is xc‘< L? xio
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natural

Cc

"control
at x , d .
c

is discharging

channel steep and
discharging freely

X, =L
For d., solve

92_B=1
gA3

find dat x=1L
from downstream
conditions

)

Using Runge-Kutta, integrate
over the whole channel

- - g - 292x
dd _ So Sf gA2
Jdx 1 - Fr¢

tabulate fesultsv
x,d

.Figufe 20 : Simplified flow diagram for the calculation of the water
: surface profile in a prismatic side channel spillway of

uniform slope.
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3.6 The Effect of Friction

Although there has not been much work done on this subject, it has
been noticed that the law of resistance for spat1a11y var1ed flow is at
variance with laws ord1nar11y ascribed to constant flow in open channels.
This has been discussed in papers by Keulegan,®’ and Fox and Goodwill.!®
Their results, however, are not very conclusive; and constants used in the .
~ formulae have been evaluated only for special cases. Their work is there—’
fore of little practical use. The total effect of friction iﬁ side ,
channel spillways is not large, so small differences in its method of calcu-
lation are not important. For the purposes of this thesis, the effect of

friction has therefore been calculated according to the laws for constant

flow in open channels, e.g. Manning's equation.

‘ In much of the work previously discussed, the effect of friction has
'been,completely neglected, and Lil? attempted to quantify the effect of
this éimplification{ In s10p1ng canals, the effect of friction is usually
considered to be cancelled by the momentum of the . 1ncom1ng water, which,
enterlng downwards, has a small component along the channel. In horlzontal
channels however, this is not,so,‘and for this case, Li drew a graph‘which
is reproduced here as figure 21. For the purpose of this graph, hf'is the
- -friction head lost as calculated by the Chezy or Manning formulae, using
the total discharge and the depth as at the downstream end. If this is
done with practical examples of side channel spillways this graph shows
that the increase in the depth.at the‘upstream end is very small, usually
less than 13Z. However, for effluent channels around sewage-treatment

tanks, this value can become as high as 10%.

It should not be thought that these figures are applicable along
the whole channel. Friction has a cumulative effect and the error
intrbdueed_bj ignoring it decreases from this maximum at the upstream

end, to a minimum at the control point.
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Figure 21

3.7 fnflow over the Upstream End

When the spillway crest is L or U shaped so that water enters over

the upstream'end, two complications are introduced.

The first is that equations (25) and (26) are no longer directly .
~applicable as these are derived from equation (17) using the assumption
that Q, the flow at any point, is equal to gqx. Hoﬁéver, the flow‘in

this case is equal to Q, + qx where Q° is the flow over the upstream end.

. This can be substituted into the relevant equation if this is to be solved
directly. However, if any of the design charts are to be used, this"
cannot be_doné and a different stratg¢gem must be‘uéed. ; If the réceiving

‘channel is extended in the upstream direction by a fictitious length of

41
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x' = Q/q and the lateral inflew, q, is considered to entef along the
whole of this new extended length, then the conditions in the lower
section of this channel will be equivalent to conditions in thé original
channel with flow over the upstream end. Equations (25) and (26) are
therefore applicable if x is measured from a point x' above the upstream

end.

This method was used to calculate the water surface profile for the
'side channel spillway studied by Farney and Markus!! and the results are
compared in figure 22. It can be seen that Hind%!method gives a very
bad result, The authbrs did not show exactly how they obtained this curve
~but it is presumed that equation (37) was used and that the inaccuracy was
caused by the theoretically(infzzé slope at the control point. This
shows that this equation shouldﬂgé used only with great caution.

ok

The computer solution was obtained from equation (25) by the methods
described in the previous chapter. As the curves in figure 31 are obtained
from the same computer program, they would have resulted in exactly the
‘same curve. It can be seen that this result.compares well with observed
~ depths near the downstream end but at the upstream end, the_observed depths

are much lower.

This is due to the second complication, which is the fact that the
wéter.entering ovef the upstream end has considérable momentum in the
direction of flow. Farney and Markus. calculated values of B, the momentum
correction coefficient, which could be used to bring the calculated values
down to the obserﬁed depths. However, as these apply only to that
particular channel they are not presented here. There is at present,
no known method of calculating this factor and model tests must be used

-if it is to be found.

Designers can use the method described above with confidence, knowing
that it is comservative at the upstream end. However;'ifvin large.
channels, this depth reduction could result in appreciable economic

savings, then model tests must be used to be able to achieve optimum

design.



{
_______ Hind%s method by Farney and Markus!!

—— =— — Computer solution by author

————— Observed by Farney and Markus
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k. THE DEVELOPMENT OF NEW DESIGN CHARTS

4.1 The Control Point

The water surface profile in a side channel spillway cannot be found
by any method unless the control point is known. As discussed earlier,
this is calculated by equating the numerator and the denominator of

equation (25) to zero.

If friction is neglected, it is possible to draw a simple chart from
which the control point can be easily found. Equations (30) and (31)

are put in terms of the dimensions of a trapezoidal chanmel to give
5,8(bd + d?tanf)® - 2¢%x(bd +d%tanf) = 0 ceien (57)

g(bd +d’tan8)?® - q?x®(b'+ 2d tan®) = o ... (58)
From equation (58)

<2 = 8bd +d*tan6)® _ ceee. (59)
q4(b +2d tan)

This can be substituted in equation (57) to give

P ) , ,
gszgi = (bd + d?tan@) (b +2d tam®) ... (60)
S
if d* = d/b
¥ . ‘
then 4 (d* +'d*?tanf) (1 + 2d*tan®)  ..... (61)
SOZgb3 .

From this equation, d* can be plotted, for particular values of 8, against
4q?®

Song3

Similarly, from equation (59)

x2q2 - (d* + d*2tanb) 62)
g5~ ~ 1 + 2d%tand - seeer

: ' ' - x2q? .
and from this equation, d* can -be plotted against EF%— for particular

values of 8. .
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Equations (57) and (58) represent conditions at the control point
where d = dc and X = X, - With these substitutions, these equations can

be plotted as follows:

4q?
%ng
X zqz
gb®
Figure 23
[ . ﬂ e

For any trapi201da1 channel, one can calculate 4q? /S gb3 all of whese -
terms will be known. d /b and thus d can thus be’ read off. From
the lower ¢hart one can then read off the value of x zqz/gbs, from which

X, can be calculated as the other factors are known.

In the case of a chanmel.with.mild slope and known critical depth at
the end (due to free outfall or a steep dlscharglng channel), one can
put X, = L and thus calculate x 2qz/gb5 from which one can read off the
value of d . In this case theanswer is exact as thls relationship is not

affected by the neglected friction.

Alternatively, 4q° /S 2gb® can be plotted against x 2qz/gb5 with
d /b as parameter. - As thlS gives a much neater chart, this method
has been preferred in the drawing of figure 32 at the end of this

chapter.

For rectangular channels, a much simpler analysis can beldone.

Once again neglecting friction, equation (25) reduces to
































































































































































































































































