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Abstract

In this dissertation, two efficient approaches for pricing European options on amor-
tising swaps are explored. The first approach is to decompose the pricing of a Euro-
pean amortising swaption into a series of discount bond options, with an assump-
tion that the interest rate follows a one-factor affine model. The second approach is
using a one-dimensional numerical integral technique to approximate the price of
European amortising swaption, with an assumption that the interest rate follows
an additive two-factor affine model. The efficacy of the two methods was tested by
making a comparison with the prices generated using Monte Carlo methods. Two
methods were used to accelerate the convergence rate of the Monte Carlo model,
a variance reduction method, namely the control variates technique and a method
of using deterministic low-discrepancy sequences (also called quasi-Monte Carlo
methods).
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Chapter 1

Introduction

Many large corporate institutions such as insurance companies and banks have
been using interest rate swaps to manage the interest rate exposure that arises from
their asset and liability mismatches. These institutions use a management process
called asset and liability management (ALM), which is a process of matching assets
and cash flows to meet the obligations of the company (Van Deventer et al., 2013).

Suppose an insurance company is exposed to rising interest rates on the floating
rate debt liability side of the balance sheet, one of the approaches to mitigate this
risk is by trading an interest rate swap (IRS). An interest rate swap is an agreement
between two parties where each takes a position on the direction of the interest
rate. For example, a counterparty paying a fixed interest rate for a loan anticipates
a decrease in the future floating rate and to protect against the case where the float-
ing rate drops they enter into a swap contract to pay a floating rate and receive a
fixed rate over the same given period of the loan. There is no need to exchange the
principal amount in a swap contract. To determine a fair value of the swap con-
tract, the interest cash flows from both counterparties must be computed using the
same principal amount. The cash flows are paid out on specified payment dates
called settlement dates.

As swaps became more useful in hedging interest rate exposures, there has been a
rapid growth in the creation of swap related derivatives, in particular, swaptions.
A swaption is a financial contract between two counterparties, where one counter-
party (the buyer) pays a certain amount (the premium) to the other counterparty
(the seller) for an option to enter into an interest rate swap (IRS) at some future
date. There are two types of swaptions, namely a payer swaption and a receiver
swaption. A payer swaption gives the buyer the right to be a fixed rate payer and
a floating rate receiver and a receiver swaption gives the buyer the right to be a
floating rate payer and a fixed rate receiver of the cash payments.



Swaptions are over-the-counter (OTC) derivatives. These derivatives are widely
used by financial companies to mitigate interest rate exposures. Caps1 and Swap-
tions represent the most significant class of fixed-income options in the financial
market (Longstaff et al., 2001).

In this dissertation, the objective is to explore practical approaches for modeling the
fair market value of an option written on an amortising swap (also called an amor-
tising swaption) using risk neutral pricing. An amortising swap is a swap contract
embedded with a decreasing notional profile for the interest rate payments. One
of the uses of such instruments is to hedge liabilities whose notional profiles are
decreasing. Even though it is hard to hedge this risk correctly, one could still hedge
most of the risk. Figure 1.1 below shows three amortising notional profiles for a
swap contract with a term of 15 years and a 3-month tenor structure. Example 1
represents a simple linear amortising schedule. Example 2 represents a schedule
with three distinct phases, in the first period there is no amortisation, after which
small accruals occur and finally a linear amortisation. Example 3 represents an en-
tirely bespoke amortisation schedule.

Fig. 1.1: Three different notional profiles.

This dissertation uses two approaches for pricing amortising swaptions, the ap-

1 Another type of interest rate derivative in which at the end of each period the buyer will receive
a payment only if the interest rate is above the strike rate (McInerney and Zastawniak, 2015).
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proach of Jamshidian (1989) using single factor models and the approach of Brigo
and Mercurio (2013) using double factor models.
This dissertation is organized as follows. Chapter 2 provides a brief introduction to
Jamshidian’s work on pricing coupon-bearing bond options. Chapter 3 applies the
work of Jamshidian (1989) and (Brigo and Mercurio, 2013, p.158) to pricing swap-
tions. Chapter 4 illustrates the efficacy of these formulae against Monte Carlo based
pricing which is taken as the true solution for pricing swaptions. The final chapter
provides a summary of the results and points out directions for further research.
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Chapter 2

Jamshidian Decomposition

Jamshidian (1989) observed that the price of any derivative with positive cash flows
ci at n time points in the future is a monotonically decreasing function of the short
rate. Therefore, one can directly apply the formulas for European options on zero-
coupon bonds to European options on coupon-bearing bonds, see Van Deventer
et al. (2013) and Jamshidian (1989). When pricing a derivative security that depends
directly or indirectly on bonds, the specification of the interest rate process becomes
very crucial for the pricing of bonds. This implies that the assumption of a constant
or deterministic interest rate process will be too restrictive and therefore a term
structure model is required. The difficulty in these models arises with addition
to the choice of the number of state variables, the capability of fitting the current
term structure and volatility structure. The term structure model is assumed to
be determined by the instantaneous short rate and there have been many models
proposed describing the dynamics of the short rate. In Jamshidian‘s (1989) paper,
the short rate is a stochastic process prtqtPI , a family of random variables indexed by
a time interval I , under a risk-neutral measure. The stochastic differential equation
(SDE) for the short rate rt under the risk-neutral measure Q at t P R` is given as

drt “ µdt` σdWQ
t , (2.1)

where µ P R is the drift , σ ą 0 is the volatility and Wt is the Brownian motion. In
Jamshidian’s framework, equation (2.1) is a one-factor affine term structure model.
The yield γpτq of a τ -period bond under an affine model is written as

γpτq “ Apτq `Bpτqr, (2.2)

with the coefficients Apτq and Bpτq dependent on maturity τ . The main advan-
tage of affine models is that they are tractable with closed-form solutions for bond
yields.
Jamshidian (1989) derived an explicit formula for pricing European options on
coupon-bearing bonds. The formula derived resembled the Black-Scholes formula.



According to Jamshidian (1989) an option on a portfolio of coupon-bearing bonds
can be decomposed into a portfolio of options on discount bonds with appropriate
strike prices. The decomposition is known as the Jamshidian trick, see Henrard
(2009); Jamshidian (1989) and Peterson et al. (2003).

In a paper by Hübner (1997), the closed-form solution for the standard swaption
pricing formula was derived using Jamshidian‘s (1989) approach. Since the Va-
sicek model holds the volatility parameter constant, Hübner (1997) showed that
the observed term structure and volatility structure can be added into the model
by making a slight modification on the variance of the log of the bond price de-
rived by Jamshidian (1989).

Henrard (2003) provided a formula identical to Jamshidian‘s (1989) for zero-coupon
bonds and coupon bearing bonds under the HJM (Heath-Jarrow-Merton) one-factor
model. His results were obtained by imposing a condition on the volatility struc-
ture of the model. The formula obtained gives satisfactory results for products like
bond options and swaptions with settlement dates after the expiry date of the op-
tion. The only difficulty with the formula is that one needs to numerically solve
a one-dimensional equation involving exponential functions. Henrard (2003) also
derived a hedge ratio for hedging the option with the underlying.
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Chapter 3

Pricing Methodology

3.1 Jamshidian Trick

This section illustrates how to value an amortising swaption using the Jamshidian
trick. To obtain an explicit formula for European swaptions identical to Jamshid-
ian’s formula of zero-coupon bonds, one must express the payoff function as an op-
tion on a portfolio of coupon-bearing bonds. For simplification, this section starts
off by showing how the method is applied to a standard1 swaption and ends by
showing an application to an amortising swaption.

The Jamshidian trick works in a one-factor interest rate model as in Vasicek (1977).
Under the Vasicek framework, the interest rate rt follows an Ornstein-Uhlenbeck
process. The model has two drawbacks: First, it allows for negative values of the
interest rate. Second, it does not fit the current term structure of interest rates
nor the current volatilities exactly. The Ornstein-Uhlenbeck process models mean-
reverting behaviour. Let prtqtPT , a family of random variables rt : Ω Ñ R indexed
by set T , be a stochastic process on a probability space pΩ,F ,Qq. The SDE of the
short rate as proposed by Vasicek (1977) is given by

drt “ α pb´ rtq dt` σdW
Q
t , σ, b, α ą 0, (3.1)

whereWt is the Brownian motion under Q, b is the historical average instantaneous
rate, α is the speed of mean reversion and σ is the volatility. The process reverts
towards the constant arbitrary equilibrium level b and hence α ą 0. The solution to
(3.1) is given, for each s ď t, as

rt “ rs expp´α pt´ sqq ` b p1´ expp´αpt´ sqqq ` σ

t
ż

s

expp´αpt´ uqqdWQ
u . (3.2)

1 standard means constant notional profile.



Proof. See Appendix A.
It is now clear that rt conditional on Fs is normally distributed with mean

E
“

rt
ˇ

ˇFs
‰

“ rs expp´αpt´ sqq ` b p1´ expp´αpt´ sqqq , (3.3)

and variance

Var
“

rt
ˇ

ˇFs
‰

“ σ2

t
ż

s

expp´2αpt´ uqqdu “
σ2

2α
p1´ expp´2αpt´ sqqq . (3.4)

3.1.1 Pricing a Standard European Swaption

Discount bond
The price P pt, T q of a discount bond paying 1 at maturity T is given by

P pt, T q “ EQ

»

–exp

¨

˝´

T
ż

t

rsds

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

Ft

fi

fl, 0 ď t ď T. (3.5)

The price of a discount bond under the Vasiceck model is

P pt, rt, T q “ Apt, T q expp´Bpt, T qrtq, (3.6)

where Apt, T q and Bpt, T q are defined implicitly as

Apt, T q “ exp

ˆˆ

b´
σ2

2α2

˙

rBpt, T q ´ pT ` tqs ´
σ2

4α
Bpt, T q2

˙

and

Bpt, T q “
1

α
r1´ expp´αpT ´ tqqs .

Definition 3.1. A Coupon-bearing bond is a contract that ensures the payment at
future times T1, ..., TM of the deterministic amounts of currency (coupon payments)
cj :“ c1, ..., cM . Typically, the cash flows are defined as cj “ NδR for j ă M and
cj “ NpδR ` 1q for j “ M , where R is a fixed interest rate and N is bond notional
value. The last cash flow includes the reimbursement of the notional value of the
bond,

CBpt, TM q “
M´1
ÿ

j“1

NRδP pt, Tjq `N p1`RδqP pt, TM q. (3.7)
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Interest rate swap
Consider a receiver (forward-start) swap with the first reset date T0 and payment
dates T1 ă T2 ă ... ă TM (tenor structure) at fixed rate R. The discounted payoff at
time t ď T0 is given by

VRptq “
M
ÿ

j“1

P pt, TjqδN pR´ Lpt;Tj´1, Tjqq, (3.8)

where Lpt, Tj´1, Tjq represents the forward Libor rate, which is the floating rate.

Using a no arbitrage argument, the forward Libor rate is given as

Lpt;Tj´1, Tjq “
1

δ

ˆ

P pt, Tj´1q

P pt, Tjq
´ 1

˙

. (3.9)

For the above IRS to be fair, one solves for a unique R, namely the forward swap
rate, such that (3.8) equates to zero. The forward swap rate for (3.8) is given by

Sptq “
N pP pt, T0q ´ P pt, TM qq

M
ř

j“1
NδP pt, Tjq

. (3.10)

Standard Swaption
Let Hx

T0
P L1pQ,FT0q be the payoff function of the swaption, where x “ rec, pay, for

receiver and payer swaptions respectively. The price of a receiver swaption at time
t with tenor structure t ď T0 ă T1 ă ... ă TM , a strike rate R and expiry date T0 is
given as the discounted expectation of the payoff as

RSptq “ EQ

»

–exp

¨

˝´

T0
ż

t

rsds

˛

‚H rec
T0

ˇ

ˇ

ˇ
Ft

fi

fl

“ EQ

»

–exp

¨

˝´

T0
ż

t

rsds

˛

‚N
M
ÿ

j“1

δP pT0, Tjq pR´ SpT0qq
`
ˇ

ˇ

ˇ
Ft

fi

fl, 0 ď t ď T0,

(3.11)

and for the payer swaption as

PSptq “ EQ

»

–exp

¨

˝´

T0
ż

t

rsds

˛

‚Hpay
T0

ˇ

ˇ

ˇ
Ft

fi

fl

“ EQ

»

–exp

¨

˝´

T0
ż

t

rsds

˛

‚N
M
ÿ

j“1

δP pT0, Tjq pSpT0q ´Rq
`
ˇ

ˇ

ˇ
Ft

fi

fl, 0 ď t ď T0,

(3.12)
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where δ “ Tj´Tj´1, N is the notional, TM is the maturity date of the swap, P pT0, Tjq

is the discount bond price and SpT0q is the forward swap rate at time T0. It is
important to note that (3.11) and (3.12), which are Ft-measurable should not be
confused with H rec

T0
and Hpay

T0
, which are FT0-measurable.

A payer swaption is a call option on a forward swap rate and a receiver swaption
is a put option on a forward swap rate.

Now consider a receiver swaption defined above. Since P pT0, T0q “ 1, the time T0

value of the receiver swaption expiring at time T0 is given by

RSpT0q “

˜

M
ÿ

j“1

NRδP pT0, Tjq `NP pT0, TM q ´N

¸`

. (3.13)

Let P pt, rt, T q be the explicit price function of a discount bond at time t maturing at
time T given by (3.6). Equation (3.13) with respect to P pt, rt, T q is given as

RSpT0q “

˜

M
ÿ

j“1

NRδP pT0, rT0 , Tjq `NP pT0, rT0 , TM q ´N

¸`

“

˜

M´1
ÿ

j“1

NRδP pT0, rT0 , Tjq `Np1`RδqP pT0, rT0 , TM q ´N

¸`

. (3.14)

Equation (3.14) is equivalent to a payoff function of a call option written on a
coupon-bearing bond with expiry date T0 and a strike price K “ N,

RSpT0q “ pCBpT0, TM q ´Nq` “

˜

M
ÿ

j“1

cjP pT0, rT0 , Tjq ´K

¸`

, (3.15)

where cj are the cash flows defined in Definition 3.1. The trick is to convert the
positive part of the sum in (3.15) to the sum of positive parts. This trick relies on
finding a unique r˚ such that

M
ÿ

j“1

cjKj “ N, (3.16)

where
Kj “ P pT0, r

˚, Tjq.

To achieve the desired decomposition the short rate model must satisfy the follow-
ing condition:

BP pt, rt, T q

Brt
ă 0, for all 0 ă t ă T.

9



Under the condition above, consider the case where rT0 ă r˚, we get

M
ÿ

j“1

cjP pT0, rT0 , Tjq ą
M
ÿ

j“1

cjKj ,

and so
P pT0, rT0 , Tjq ą Kj ,

which implies the call option expires in the money

0 ă

˜

M
ÿ

j“1

cjP pT0, rT0 , Tjq ´N

¸`

“

M
ÿ

j“1

cjP pT0, rT0 , Tjq ´N

“

M
ÿ

j“1

cjP pT0, rT0 , Tjq ´
M
ÿ

j“1

cjKj

“

M
ÿ

j“1

cj pP pT0, rT0 , Tjq ´Kjq
` . (3.17)

Now, consider the case where rT0 ą r˚, we get

M
ÿ

j“1

cjP pT0, rT0 , Tjq ă
M
ÿ

j“1

cjKj ,

and so
P pT0, rT0 , Tjq ă Kj ,

which implies the call option expires out the money

0 “

˜

M
ÿ

j“1

cjP pT0, rT0 , Tjq ´N

¸`

“

M
ÿ

j“1

cjP pT0, rT0 , Tjq ´N

“

M
ÿ

j“1

cjP pT0, rT0 , Tjq ´
M
ÿ

j“1

cjKj

“

M
ÿ

j“1

cj pP pT0, rT0 , Tjq ´Kjq
` . (3.18)

Equations (3.17) and (3.18) show that in either case the receiver swaption value at
time T0 with strike rate N and an expiry date T0 is given by

RSpT0, R, rT0 , T0q “

M
ÿ

j“1

cj pP pT0, rT0 , Tjq ´Kjq
` . (3.19)

10



The strikes of each individual discount bond options are adjusted such that all op-
tions can be exercised simultaneously.

Taking the time t discounted expectation of equation (3.19) and using the change
of numeraire technique in Appendix B yields the following

RSpt, R, rt, T0q “

M
ÿ

j“1

cjZBOpt, T0, Tj ,Kj , rt, 1q, 0 ď t ď T0, (3.20)

Similarly the value of a payer swaption at time t is given as

PSpt, R, rt, T0q “

M
ÿ

j“1

cjZBOpt, T0, Tj ,Kj , rt,´1q, 0 ď t ď T0, (3.21)

where ZBO is the closed form solution of a European bond option given as

ZBOpt, T0, Tj ,K, rt, ζq “ ζ pP pt, rt, TjqΦpd1q ´KP pt, rt, T0qΦpd2qq , (3.22)

where

d1 “

log
´

P pt,rt,Tjq
KP pt,rt,T0q

¯

` σ̄2

2

σ̄
and d2 “ d1 ´ σ̄

with

σ̄ “ σ

c

1´ expp´2αpT0 ´ tqq

2α
BpT0, Tjq,

where ζ “ 1 (for a call) and ´1 (for a put), and Φ is the cumulative normal distri-
bution function. From (3.20) and (3.21), a receiver swaption is decomposed into a
sum of call options and a payer swaption is decomposed into a sum of put options.

3.1.2 Pricing an Amortising European Swaption

Amortising Swaption
Consider the case where the notional profile of equation (3.11) and (3.12) is no
longer a constant, but an amortising profile. The price of a receiver swaption at
time t written on an amortising swap with tenor T0 ă T1 ă ... ă TM , a strike rate R
and expiry date T0 is given as follows

RSAptq “ EQ

»

–exp

¨

˝´

T0
ż

t

rsds

˛

‚

M
ÿ

j“1

NTjδP pT0, Tjq pR´ SApT0qq
`
ˇ

ˇ

ˇ
Ft

fi

fl, 0 ď t ď T0

(3.23)
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and for the payer swaption as

PSAptq “ EQ

»

–exp

¨

˝´

T0
ż

t

rsds

˛

‚

M
ÿ

j“1

NTjδP pT0, Tjq pSApT0q ´Rq
`
ˇ

ˇ

ˇ
Ft

fi

fl, 0 ď t ď T0,

(3.24)
where SAptq is the amortising forward swap rate. The notional profile in equation
(3.23) and (3.24) is defined by NTj showing that the notional changes at every pay-
ment date in the swap. By substituting NTj into (3.8), the amortising forward swap
rate is given by

SAptq “

M
ř

j“1
NTj pP pt, Tj´1q ´ P pt, Tjqq

M
ř

j“1
NTjδP pt, Tjq

. (3.25)

To perform the same pricing mechanism as above consider the payoff of an amor-
tizing receiver swaption at the expiry date T0,

RSApT0q “

M
ÿ

j“1

NTjδP pT0, Tjq pR´ SApT0qq
`. (3.26)

By substituting equation (3.25) into equation (3.26), we obtain

RSApT0q “

˜

M
ÿ

j“1

NTjRδP pT0, Tjq ´
M
ÿ

j“1

NTj pP pt, Tj´1q ´ P pt, Tjqq

¸`

. (3.27)

To apply the Jamshidian method (3.27) should be expressed in the following form

˜

M
ÿ

j“1

cjP pT0, Tjq ´K

¸`

. (3.28)

By using elementary algebra we obtain

RSApT0q “

˜

M´1
ÿ

j“1

`

NTj pRδ ` 1q ´NTj`1

˘

P pT0, Tjq ´NTM pRδ ` 1qP pT0, TM q ´NT1

¸`

“

˜

M
ÿ

j“1

cjP pT0, Tjq ´NT1

¸`

, (3.29)

where

cj “

$

&

%

NTj pδR` 1q ´NTj`1 , 1 ď j ďM ´ 1,

NTj pδR` 1q, j “M.

12



In the case of an amortising notional profile set NTM “ 0 such that the cash flow
profile becomes

cj “

$

&

%

`

NTj pδR` 1q ´NTj`1

˘

, 1 ď j ďM ´ 1

0, j “M.

Following the same steps showed in Section 3.1.2 the time t price of an amortising
receiver swaption is given by

RSApt, R, rt, T0q “

M
ÿ

j“1

cjZBOpt, T0, Tj ,Kj , rt, 1q, 0 ď t ď T0 (3.30)

and similarly the time t price of an amortising payer swaption is given by

PSApt, R, rt, T0q “

M
ÿ

j“1

cjZBOpt, T0, Tj ,Kj , rt,´1q, 0 ď t ď T0, (3.31)

where ZBO is given by (3.22). The interpretation of (3.30) and (3.31) is the same as
(3.20) and (3.21). Equations (3.30) and (3.31) represent a closed-form solution of an
amortising swaption using the Jamshidian trick.

3.2 Numerically Computing a One-Dimensional Integral

This section shows how an amortising swaption can be priced under a two-factor
short rate framework by computing a one-dimensional integral numerically. It is
pointed out in Brigo and Mercurio (2013) that one-factor short rate models have
perfect correlations between interest rates of different maturities which results in
a poor model for describing the evolution of the observed yield curve and poor
prices for path dependent options. Past literature has explored the curvature of the
observed yield curve showing evidence that interest rates of different maturities
have some decorrelation between them.

The two-factor affine short rate model, in particular, the additive Gaussian two-
factor G2``model, is one of many models that attempts to capture a more realistic
correlation of interest rates of different maturities, see Brigo and Mercurio (2013).
The short rate equation rt under the G2``model is specified as

rt “ xt ` yt ` ϕt, ϕ0 “ r0, (3.32)

where pxtqtPT and pytqtPT are driven by the SDEs

dxt “ ´artdt` σdW
1,Q
t , x0 “ 0,

dyt “ ´brtdt` ηdW
2,Q
t , y0 “ 0.
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Here a, b, σ and η are positive constants, with instantaneously-correlated Brownian
motions W 1,W 2 with dW 1,Q

t dW 2,Q
t “ ρdt , ´1 ď ρ ď 1. The factors xt and yt are

correlated Gaussian factors and ϕptq is a deterministic function chosen to fit the
current observed term structure of discount factors. By solving the SDEs for xt and
yt above, equation (3.32) for each s ď t can be rewritten as

rt “ xs expp´apt´ sqq ` ys expp´bpt´ sqq

` σ

t
ż

s

expp´apt´ uqqdW 1,Q
u ` η

t
ż

s

expp´bpt´ uqqdW 2,Q
u ` ϕt.

(3.33)

Equation (3.33) is normally distributed with a mean of

Errt|Fss “ xs expp´apt´ sqq ` ypsq expp´bpt´ sqq ` ϕt

and a variance of

Varrrt|Fss “
σ2

2a
r1´ expp´2apt´ sqqs

` 2ρ
ση

a` b
r1´ expp´pa` bqpt´ sqqs `

η2

2b
r1´ expp´2bpt´ sqqs .

A derivation (3.33) is given in Brigo and Mercurio (2013).

Consider the payoff of a receiver amortising swaption with an expiry date T0, strike
rate R and a swap maturity date TM . Since the G2`` is an affine model the t price
of a receiver amortising swaption in discounted-expected-value form is given as

RSAptq “ EQ

»

–exp

¨

˝´

T0
ż

t

rsds

˛

‚

˜

M
ÿ

j“1

cjP pT0, rT0 , Tjq ´NT1

¸`
ˇ

ˇ

ˇ

ˇ

Ft

fi

fl , 0 ď t ď T0,

(3.34)
where cj is defined in (3.29). Since the discount factor is random, by applying the
change of numeraire toolkit in Appendix B, the discount swaption price process in
(3.34) can be written under the forward measure QT

0 as

RSAptq “ P pt, rt, T0qEQT0

»

–

˜

M
ÿ

j“1

cjP pT0, rT0 , Tjq ´NT1

¸`
fi

fl , (3.35)

where P pt, rt, T0q is the forward numeraire. The price of a discount bond at t ď T ,
is given by

P pt, rt, T q “ Apt, T q expp´Bpa, t, T qxt ´Bpb, t, T qytq, (3.36)
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where

Bpz, t, T q “
1´ expp´zpT ´ tqq

z
(3.37)

and

Apt, T q “ exp

¨

˝´

T
ż

t

ϕudu´
1

2
V pt, T q

˛

‚, (3.38)

with

V pt, T q “
σ2

a2

ˆ

T ´ t`
2

a
expp´apT ´ tqq ´

1

2a
expp´2apT ´ tqq ´

3

2a

˙

`
η2

b2

ˆ

T ´ t`
2

b
expp´bpT ´ tqq ´

1

2b
expp´2bpT ´ tqq ´

3

2b

˙

` 2ρ
ση

ab

ˆ

T ´ t`
expp´apT ´ tqq ´ 1

a
`

expp´bpT ´ tqq ´ 1

b

´
expp´pa` bqpT ´ tqq ´ 1

a` b

˙

, (3.39)

where the function ϕt is derived by linking the discount factors produced by the
model (3.36) with the ones observed in the market. To make things simple, assume
that the function ϕt is a constant. Since (3.35) is under the T0-forward measure, the
SDEs under the T0-forward measure are

dxt “

„

´axt ´
σ2

a
p1´ expp´apT0 ´ tqqq ´ ρ

ση

b
p1´ expp´bpT0 ´ tqqq



dt

` σdW 1,QT0

t (3.40)

and

dyt “

„

´byt ´
η2

b
p1´ expp´bpT0 ´ tqqq ´ ρ

ση

a
p1´ expp´apT0 ´ tqqq



dt

` ηdW 2,QT0

t . (3.41)

The solution to the state variable is

rt “ xs expp´apt´ sqq ´MT0
x ps, tq ` ys expp´bpt´ sqq

´MT0
y ps, tq ` σ

t
ż

s

expp´apt´ uqqdW 1,QT0

u

` η

t
ż

s

expp´bpt´ uqqdW 2,QT0

u ` ϕt,

(3.42)
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where

MT0
x ps, tq “

ˆ

σ2

a2
` ρ

ση

ab

˙

r1´ expp´apt´ sqqs

´
σ2

2a2

„

expp´apT0 ´ tqq ´ expp´apT0 ` t´ 2sqq



´
ρση

bpa` bq
rexpp´bpT0 ´ tqq ´ expp´bT0 ´ at` pa` bqsqs , s ď t, (3.43)

and

MT0
y ps, tq “

ˆ

η2

b2
` ρ

ση

ab

˙

r1´ expp´bpt´ sqqs

´
η2

2b2

„

expp´bpT0 ´ tqq ´ expp´bpT0 ` t´ 2sqq



´
ρση

apa` bq
rexpp´apT0 ´ tqq ´ expp´aT0 ´ bt` pa` bqsqs , s ď t. (3.44)

Substituting equation (3.36) into equation (3.35) and writing the expression in inte-
gral form outputs the following

RSAptq “ P pt, T0q

ˆ

`8
ż

´8

`8
ż

´8

ˆ M
ÿ

j“1

cjApT0, Tjq expp´Bpa, T0, Tjqx´Bpb, T0, Tjqyq ´NT1

˙

ˆ fpx, yqdxdy, (3.45)

where the function fpx, yq is the joint density function,

fpx, yq “

exp

ˆ

´ 1
2p1´ρ2xyq

„

´

x´µx
σx

¯2
´ 2ρxρy

px´µxqpy´µyq
σxσy

`

´

y´µy
σy

¯2
˙

2πσxσy
b

1´ ρ2
xy

. (3.46)

Equation (3.45) can be simplified to a single integral by freezing x and evaluating
the integral over y, see Brigo et al. (2002), as follows

RSApt, R, rt, T0q “ P pt, T0q

`8
ż

´8

exp

ˆ

´1
2

´

x´µx
σx

¯2
˙

σx
?

2π

„ M
ÿ

j“1

λjpxq exppκjpxqqΦph2pxqq´

NT1Φph1pxqq



dx (3.47)
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and similarly the price at time t ď T0 for the amortising payer swaption is given by,

PSApt, R, rt, T0q “ P pt, T0q

`8
ż

´8

exp

ˆ

´1
2

´

x´µx
σx

¯2
˙

σx
?

2π

„

NT1Φp´h1pxqq´

M
ÿ

j“1

λjpxq exppκjpxqqΦp´h2pxqq



dx, (3.48)

where

h1pxq “
ȳpxq ´ µy

σy
b

1´ ρ2
xy

´
ρxypx´ µxq

σx
b

1´ ρ2
xy

,

h2pxq “ h1pxq `Bpb, T0, Tjqσy

b

1´ ρ2
xy,

λjpxq “ cjApT0, Tjq expp´Bpa, T0, Tjqxq,

κjpxq “ ´Bpb, T0, Tjq

„

µy ´
1

2

`

1´ ρ2
xy

˘

σyBpb, T0, Tjq ` ρxyσy
x´ µx
σx



,

µx “ ´M
T0
x pt, T0q,

µy “ ´M
T0
y pt, T0q,

σx “ σ

c

1´ expp´2apT0 ´ tqq

2a
,

σy “ η

c

1´ expp´2bpT0 ´ tqq

2b

and

ρxy “
ρση

pa` bqσxσy
.

The constant ȳpxq is the unique solution to the equation
M
ÿ

j“1

cjApT0, Tjq expp´Bpa, T0, Tjqx´Bpb, T0, Tjqȳpxqq “ NT1 . (3.49)

To compute the semi-closed form swaption prices given by equation (3.47) and
(3.48) one needs to use numerical root finding and integration methods. The inte-
grand in equation (3.47) and (3.48) is a bounded function against a normal distri-
bution.

To compute the integral in (3.47) and (3.48) we adopt the Gauss-Legendre integra-
tion technique described by Acar and Natcheva-Acar (2009). The technique com-
putes abscissas tx0, x2, .., x99u and weights tw0, w1, .., w99u so that the formula is

u
ż

l

fpxqdx «
99
ÿ

i“0

wifpxiq. (3.50)
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The random variable X in (3.47) and (3.48) is normally distributed with mean µx

and standard deviation σx, we write

X „ Npµx, σxq,

where µx and σx are parameters of the distribution. The boundaries rl, us of the
integral are given as a function of µx and σx

rµx ´Nσx, µx `Nσxs ,

see Ferranti (2015). The value N P N is chosen using the algorithm given by Acar
and Natcheva-Acar (2009) as follows

1. Set N “ 1.

2. Let l “ ´Nσx , u “ Nσx.

3. Compute the integrand at l and u.

(a) If Integrandplq ă 10´8 , set lower bound as l . Else increase N and go to
step 2.

(b) If Integrandpuq ă 10´8 , set upper bound as u . Else increase N and go
to step 2.

To solve for the roots ȳpxq in equation (3.49) for individual values of x in the domain
above, we use the fsolve function in Python.
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Chapter 4

Results

In this chapter, we test the efficacy of the closed form solution under the one-factor
affine short rate model and semi-closed form solution under the two-factor affine
short rate model. We compare the price derived from the formulas with Monte
Carlo based prices which are taken as the true solution of the amortising swaption.
Monte Carlo methods are simply described as numerical methods based on ran-
dom sampling (Niederreiter, 1988). Suppose H is the discounted payoff function
of an amortising swaption maturing at time T0. Let Sp be the price of the amortising
swaption. From Section 3.1, the price of the amortising swaption at t ď T0 is given
by

Sp “ EQ rHs , (4.1)

The basis of Monte Carlo is that we can estimate the price Sp by simulating an
independent and identically distributed (i.i.d) sequence

!

Ĥi, i “ 1, 2, ..., n
)

where

the Ĥi has a mean Sp and variance VarpSpq. So the price estimate based on n repli-
cations is given by the sample mean

Ŝp “
1

n

n
ÿ

i“1

Ĥi, (4.2)

By the law of large numbers as n Ñ 8 this sample mean is a normally distributed
approximation with mean Sp and variance VarpSpq{n (Boyle et al., 1997).
Due to the fact that Monte Carlo simulation has an error proportional to VarpSpq{n
and a slow convergence rate of Op1{

?
nq, the following part will discuss two tech-

niques to increase the speed and the accuracy of the estimates.

Control Variate Method

The underlying principle in this technique is ”Use what you know” (Boyle et al.,
1997). This technique can only be applied under the standard Monte Carlo ap-



proach1.

Suppose now we calculate an i.i.d pair pĤi, ĤAiq, i “ 1, ..., n. Where the closed
form solution

IA “ ErHAs, (4.3)

of the ĤAi is known. For any fixed β, the control variate estimator is given by

Ŝβp “ Ŝp ` β
´

IA ´ ÎA

¯

. (4.4)

The purpose of this method is to reduce the variance

Var
”

Ŝβp

ı

“Var
”

Ŝp

ı

` β2Var
”

Ŝp

ı

´ 2βCov
”

Ŝp, ÎA

ı

, (4.5)

such that

Var
”

Ŝβp

ı

ď Var
”

Ŝp

ı

.

To find the variance-minimum value of β, βmin, equate the first order derivative of
equation (4.5) with respect to β to zero and solve for β which is given as

βmin “

Cov
”

Ŝp, ÎA

ı

Var
”

ÎA

ı , (4.6)

Note that by using equation (4.6), the inequality above holds. From equation (4.6),
a good control variate is one that strongly correlates with the corresponding target
integrated. We compute an unbiased estimate βmin by reserving n1 ă n replications
as follows

β̂min “

n1
ř

i“1
pĤi ´ ŜpqpĤAi ´ ÎAq

n1
ř

i“1
pĤAi ´ ÎAq2

, (4.7)

where HA is the payoff function of the known quantity. The control variate estima-
tor for an amortising swaption is given by

Ŝβ̂p “
1

n

n
ÿ

i“1

Ĥi ` β̂

˜

IA ´
1

n

n
ÿ

i“1

ĤAi

¸

. (4.8)

Quasi-Random Sequences

1 In standard Monte Carlo application, the n points generated are described as pseudo-random
numbers.
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An alternative method used to improve the accuracy of Monte Carlo estimates is
the quasi-Monte Carlo (QMC) method. QMCs use low-discrepancy sequences in-
stead of pseudo-random sequences. Low-discrepancy sequences or quasi-random
sequences are sequences that are highly equidistributed compared to
pseudo-random numbers (Sak and Başoğlu, 2015; Niederreiter, 1978). An advan-
tage of quasi-Monte Carlo methods that is pointed out by Schoenmakers and Heemink
(1997) is that QMC sequences can be used as a variance reduction technique due to
their speed of convergence. Let the price given by (4.1) be defined on an s dimen-
sional unit cube r0, 1qs,

Sp “

ż

r0,1qs

Hpxqdx. (4.9)

The quasi-Monte Carlo estimator, based on n replications, is

Ŝp “
1

n

n
ÿ

i“1

Ĥpxiq, (4.10)

where x1, x2, ..., xn are uniform random distributed random numbers. Unlike the
crude Monte Carlo estimator the variables x1, x2, ..., xn are not i.i.d samples. Obvi-
ously, we want n to be as small as possible since

lim
nÑ8

1

n

n
ÿ

i“1

Ĥpxiq “

ż

r0,1qs

gpxqdx. (4.11)

The main result on the integration error of quasi-Monte Carlo methods is given by

ˇ

ˇ

ż

r0,1qs

Hpxqdx´
1

n

n
ÿ

i“1

Ĥpxiq
ˇ

ˇ ď V pgqDspn, sq, (4.12)

where V pgq is the bounded variation function in the sense of Hardy and Krause,
D˚pn, sq is the star-discrepancy of the set tx1, x2, ..., xnu, which measures the unifor-
mity of the distribution of tx1, x2, ..., xnu, see Glasserman (2013) and Wang (2001).
Equation (4.12) shows that the disadvantage of QMC is that the error depends on
the dimension s. In this dissertation, we use Sobol quasi-random sequences, see
Sobol (1998) and Glasserman (2013). Sobol numbers have a theoretical error of the
order OpN´1 logs nq. The sequence generated by QMC algorithms is uniformly
distributed and since we are interested in generating normally distributed random
samples, we use the inverse transform method to perform the conversion from uni-
form to normal variates.
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Consider two short rate models: the Vasicek model and the G2++ model. To test the
accuracy in both cases, we compute the difference between the closed form prices
and the Monte Carlo prices for different strike prices. We illustrate the numerical
results in the next two sections.

4.1 Numerical Results for the Vasicek Model

The prices derived in Section 3.1 are computed under the QT0 forward measure, so
the short rate SDE under the forward measure is given by

drptq “
“

αb´ αrptq ´Bpt, T0qσ
2
‰

dt` σdWQT0
ptq, (4.13)

and the solution for equation (4.13) is given by

rt “ rs expp´αpt´ sqq `MT0
r ps, tq ` σ

t
ż

s

expp´αpt´ uqqdWQT0

t , s ď t, (4.14)

where

MT0
r ps, tq “

ˆ

b´
σ2

α2

˙

p1´ expp´αpt´ sqqq

`
σ2

2α2
rexpp´αpT0 ´ sqq ´ expp´αpT0 ` t´ 2sqqs , s ď t. (4.15)

The solution rt is normally distributed with a mean of

E
“

rt
ˇ

ˇFs
‰

“ expp´αpt´ sqq `MT0
r ps, tq

and a variance of

Var
“

rt
ˇ

ˇFs
‰

“
σ2

2α2
r1´ expp´2αpt´ sqqs .

We have shown that given rt for t ď T0, one can compute T0-forward rate

rT0 „ N
`

µrpt, T0q, σ
2
r pt, T0q

˘

,

where
µrpt, T0q “ rt expp´αpT0 ´ tqq `M

T0
r pt, T0q

and

σ2
r pt, T0q “

σ2

2α2
r1´ expp´2αpT0 ´ tqqs .

To simulate short rates at time T0 from t ď T0 we set

rT0 “ µrpt, T0q ` σrpt, T0qZT0 , (4.16)
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where ZT0 is a sequence of n independent random variables drawn from Np0, 1q.

Consider an at-the-money 1 year receiver swaption with a linear amortising no-
tional profile written on a 5 years swap. Both fixed and floating legs occur semian-
nually or δ “ 0.5.

Exhibit 1. Parameters for Vasicek Model

r0 α b σ

0.07 0.1 0.04438 0.00474

Figure 4.1 below shows the evolution of the amortising receiver swaption prices for
different Monte Carlo methods over different sample sizes. We compare the closed
form solution, equation (3.30), to Monte Carlo estimates. From the 3-standard de-
viation bounds2, one can observe that as the sample size increases, Monte Carlo
prices converge to the closed form solution. The Sobol estimates converge much
faster than the control variate estimates.

Fig. 4.1: Monte Carlo prices compared to the closed form solution of an amortising
receiver swaption.

The price of the option under the different pricing methods shown in Figure 4.1

2 This error bound can only be shown for points generated by pseudo-random number generator.
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versus term to maturity is shown in Figure 4.2 respectively. The closed form solu-
tion and Monte Carlo estimates converge as the term to maturity decreases. This
illustrates that the longer term to maturity the option has the higher the probability
of it finishing in the money.

Fig. 4.2: Effects of the term to maturity on convergence of pricing methods.

Figure 4.3 shows individual percentage difference between different Monte Carlo
methods and the closed form solution. One can easily observe that the quasi-Monte
Carlo estimates have a higher accuracy than the control variate estimates.
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Fig. 4.3: The percentage difference between the closed form solution and Monte
Carlo prices for different sample sizes.
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Figure 4.4 shows the deviation between the closed form solution and the control
variate estimates for different strike prices. The sample size of pseudo-random
numbers is 50000. The error obtained relative to the true solution is less than a few
parts within 0.0001% and it grows to parts within 0.8% for far in-the-money strike
prices.

Fig. 4.4: The percentage difference between the closed form solution and control
variate estimates for different strike prices.

Figure 4.5 shows the deviation between the closed form solution and Sobol esti-
mates for different strike prices. The sample size of the Sobol random numbers is
50000. The error obtained relative to the closed-form solution was less than a few
parts within 0.0001% and it grows to parts within 1.8ˆ 10´3% for far in-the-money
strike prices.
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Fig. 4.5: The percentage difference between the closed form solution and Sobol es-
timates for different strike prices.

4.2 Numerical Results for the G2++ Model

Consider the compact form of equation (3.32) given as follows

rt “ δ `
2
ÿ

i“1

xit, (4.17)

with the state variable dynamics given as follows

dxit “ ´a
ixit ` σidW

i,Q
t , i “ 1, 2, (4.18)

where dW i
t dW

j
t “ ρij with ρii “ 1 and ϕt “ δ. The bond prices at time t ď T takes

the form

P pτ, xtq “ exp

˜

Mpτq ´
2
ÿ

i“1

Bpai, τqxit

¸

, τ “ T ´ t (4.19)

where

Bpai, τq “
1´ exp

`

´aiτ
˘

ai
, (4.20)

and

Mpτq “ ´δτ `
2
ÿ

i,j

ρijσ
iσj

aiaj
`

τ ´Bpai, τq ´Bpaj , τq `Bpai ` aj , τq
˘

. (4.21)
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The second term in equation (4.21) is the same as the variance expression given in
equation (3.39). The solution to the state variables under the forward measure QT0

is given by equation (3.42).
To simulate n replications of the short rate at time T0 under the measure QT0 we set

rT0 “ δ `
2
ÿ

i“1

xiT0 , (4.22)

where
xiT0 “ xit expp´aipT0 ´ tqq ´M

T0
xi
pt, T0q ` σxipt, T0qZT0 , (4.23)

and

σxipt, T0q “ σi
c

1´ expp´2aipT0 ´ tqq

2ai
(4.24)

where MT0
xi

is given by equations (3.43) and (3.44).

Consider the example given in Section 4.1. The parameters for the G2++ are given
in Exhibit 2 below.

Exhibit 2. Parameters for the G2++ Model

x1
0 x2

0 δ a1 a2 σ1 σ2 ρ

0.0 0.0 0.03 0.04050 0.04438 0.00474 0.00301 0.85

Figure 4.6 below shows the evolution of the amortising receiver swaption prices
for different Monte Carlo estimates over different sample sizes. The Monte Carlo
estimates are compared to the semi-closed form solution, equation (3.47). One can
observe from the 3-standard deviation bounds that as the sample size increases,
Monte Carlo estimates converge to the semi-closed form solution.
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Fig. 4.6: Monte Carlo based prices compared to the semi-closed form solution for
an amortising receiver swaption price.

The price of the option under the different pricing methods shown in Figure 4.6
versus term to maturity is shown in Figure 4.7 respectively. The semi-closed form
solution and Monte Carlo estimates converge as the term to maturity decreases.
This illustrates that the longer term to maturity the option has the higher the prob-
ability of it finishing in the money.
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Fig. 4.7: Effects of the term to maturity on convergence of pricing methods.
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Figure 4.8 shows individual percentage difference between different Monte Carlo
methods and the semi-closed form solution. One can easily observe that the quasi-
Monte Carlo estimates are more accurate than control variates estimates.

Fig. 4.8: The percentage difference between the semi-closed form solution and dif-
ferent Monte Carlo methods for different sample size.

Figure 4.9 shows the deviation between the semi-closed form prices and the control
variate estimates for different strike prices. The sample size of pseudo-random
numbers is 50000. The error obtained relative to the true solution is less than a few
parts within 0.0001% and it grows to parts within 0.13% for far in-the-money strike
prices.
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Fig. 4.9: The percentage difference between the semi-closed form solution and con-
trol variate estimates for different strike prices.

Figure 4.10 shows the deviation between semi-closed form prices and Sobol es-
timates for different strike prices. The sample size of quasi-random numbers is
50000. The error obtained relative to the true solution was less than a few parts
within 0.0001% and it grows to parts within 1.7ˆ10´3% for far in-the-money strike
prices.
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Fig. 4.10: The percentage difference between the semi-closed form solution and
Sobol estimates for different strike prices.
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Chapter 5

Conclusion

This dissertation explores two methods for computing closed-form prices for amor-
tising swaptions. The first method uses the Jamshidian trick (which converts the
price of the swaption into a sum of zero-coupon bond options struck at specific
strike prices). The second method computes the price by numerically solving a
one-dimensional integral. The short rate model used in both methods is an affine
model. The disadvantage of both the Vasicek model and the G2++ models is that
they do not capture the dependency of implied volatility on the strike price of the
option. In the real-world, swaption prices show the existence of an implied volatil-
ity skew. It is necessary to use a better short rate model that can incorporate mar-
ket volatility structure. This dissertation illustrates that the same methods used for
pricing standard swaptions can be applied to price amortising swaption by making
a simple modification on the payoff function. In both methods, the price difference
between the standard solution and the amortising solution embedded with a flat
notional profile is zero. The efficacy of both pricing methods can only be measured
for at-the-money strike prices of the swaptions. Monte Carlo simulations perform
better when the strike is within the expected volatility. Figures 4.4, 4.5, 4.9 and
4.10 show that for far in-the-money strike prices, the swaption prices from Monte
Carlo simulations do not converge since it is highly unlikely for the swap rate to
rise so high given the expected return and volatility. It is also shown that quasi-
Monte Carlo methods have a significantly better performance than crude Monte
Carlo methods. For the examples given in Chapter 4, the Jamshidian decomposi-
tion method is „ 700 times faster than the one-dimensional numerical integration
method. A further extension of this dissertation will be to investigate the perfor-
mance of each method calibrated to market swaption prices and to analyse the
price sensitivity for different parameters of interest rate models. The last recom-
mendation for future research on the topic is to improve the speed and precision of
pricing under multi-factor term structure models, perhaps applying the method by
Collin-Dufresne and Goldstein (2002).
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Appendix A

Stochastic Differential Equation
(SDE)

A general SDE is given as

dXtpωq “ ftpXtpωqqdt` gtpXtpωqqdWtpωq, (A.1)

where ω denotes that Xt “ Xtpωq is a random variable and the initial condition
X0pωq “ X0 with probability one.

In addition, ftpXtpωqq P R, gtpXtpωqq P R, and Wtpωq P R. We can write (A.1)
as an integral equation using Ito’s Lemma as follows

Xtpωq “ X0 `

t
ż

0

fvpXvpωqqdv `

t
ż

0

gvpXvpωqqdWvpωq. (A.2)



Appendix B

The Change of Numeraire Toolkit

This is a brief summary of the change of numeraire toolkit described in chapter 2
of Brigo and Mercurio (2013).
When valuing a contingent claim it is necessary to calculate expectations of future
payoffs under the risk-neutral measure discounted to the time of valuing or pricing.
Usually the discount factor is given as a function of the interest rate(the short rate).
In the one-factor setting, we will require the following definitions:

‚ The stochastic interest rate process rt, 0 ď t ď T,

‚ The price per asset of a risk-free money market account (MMA) at time t is

Mt “ exp

¨

˝

t
ż

0

rsds

˛

‚, (B.1)

by definition it is given by the dynamics dMt “ rtMtdt with M0 “ 1,. The
term M has been used to denote the cash bond instead of B, this is to avoid
confusion between the deterministic term in the discount bond price and the
cash bond.

‚ Q is the risk-neutral measure associated with the MMA,

‚ Discount factor

Dpt, T q “
Mt

MT
“ exp

¨

˝´

T
ż

t

rudu

˛

‚. (B.2)

Definition B.1. An arbitrage-free market. A market is said to be arbitrage-free if it is
not possible to produce a portfolio with zero investment that has a positive future
value with positive probability.

Definition B.2. A complete market. A market is said to be complete if every attainable
claim can be replicated by a self-financing trading strategy.

Definition B.3. A probability measure Q on Ω is called a risk-neutral measure if under
Q, the expected return of each risky asset Spiq equals the return r of the riskless
asset, that is

EQ
”

S
piq
t`1|Ft

ı

“ p1` rqS
piq
t , t “ 0, 1, 2, ..., T, (B.3)

i “ 0, 1, 2, ..., d.



The idea of a unique (equivalent) risk-neutral measure Q comes from the assump-
tion that the market is arbitrage-free and complete. Let HT be the value of an at-
tainable claim at time T . The time t value of any attainable claim is given by

πt “ EQ “

Dpt, T q ¨HT

ˇ

ˇFt
‰

“ EQ
„

Mt

MT
¨HT

ˇ

ˇ

ˇ

ˇ

Ft


“MtEQ
„

HT

MT

ˇ

ˇ

ˇ

ˇ

Ft


, (B.4)

for any 0 ď t ď T and πt is martingale. The time t price πt with the cash flow
normalized by a positive price process of an an non-dividend paying asset called a
numeraire is a martingale.
Let us assume that Ut is another numeraire process given by the dynamics

dUt “ rtUtdt` σ
U
t UtdW

Q
t , (B.5)

where σUt is the volatility and WQ is a Q-Brownian motion, such that the cash flow
normalised by Ut is martingale. Let Q be the associated equivalent martingale mea-
sure of Ut. Applying Radon-Nikodym derivative into equation (B.4) to change be-
tween Q and Q given by

Lptq “
dQ
dQ

“
MT

Mt
¨
Ut
UT

, (B.6)

we get

πt “MtEQ
„

HT

MT
¨
dQ
dQ

ˇ

ˇ

ˇ

ˇ

Ft


“ UtEQ
„

HT

UT

ˇ

ˇ

ˇ

ˇ

Ft


. (B.7)

We know that d
´

Mt
Ut

¯

is a martingale under the Q measure and therefore

d

ˆ

Mt

Ut

˙

“ ´
σUt Mt

Ut
dW

Q
t . (B.8)

We use Itô’s Lemma to evaluate the dynamics of the ratio of B to U . This gives

d

ˆ

Mt

Ut

˙

“ d

ˆ

1

Ut

˙

Mt `

ˆ

1

Ut

˙

dMt. (B.9)

Let Xt “
1
Nt

and apply Itô’s Lemma to obtain

dXt “
dXt

dUt
dUt `

1

2

d2Xt

dU2
t

dUt
2

“ ´
1

U2
t

´

rtUtdt` σ
U
t dW

Q
t

¯

`
1

2

ˆ

2

U3
t

˙

`

σUt
˘2
Ut

2dt

“ ´
rt
Ut
dt´

σUt
Ut
dWQ

t `

`

σUt
˘2

Ut
dt

“

ˆ

pσUt q
2 ´ rt
Ut

˙

dt´

ˆ

σUt
Ut

˙

dWQ
t , (B.10)
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substituting (B.10) into (B.9) we obtain

d

ˆ

Mt

Ut

˙

“ MtdXt `

ˆ

rtMt

Ut

˙

dt

“ Mt

«˜

`

σUt
˘2
´ rt

Ut

¸

dt´

ˆ

σUt
Ut

˙

dWQ
t

ff

`

ˆ

rtMt

Ut

˙

dt

“

`

σUt
˘2
Mt

Ut
dt´

rtMt

Ut
dt´

σUt Mt

Ut
dWQ

t `
rtMt

Ut
dt

“

`

σUt
˘2
Mt

Ut
dt´

σUt Mt

Ut
dWQ

t . (B.11)

By comparing equation (B.11) and equation (B.8) we obtain

´
σUt Mt

Ut
dW

Q
t “

`

σUt
˘2
Mt

Ut
dt´

σUt Mt

Ut
dWQ

t

dW
Q
t “ dWQ

t ´ σ
U
t dt. (B.12)
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