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Abstract

A Provably Stable and High-Order Accurate Finite Difference Approximation for

the Incompressible Boundary Layer Equations

Mojalefa Prince Nchupang

In recent years, there has been considerable interest in numerical simulations of incompress-

ible flows due to their numerous industrial applications. These include weather forecasting,

modeling blood circulation, and analysing airflow around vehicles. Traditional second order nu-

merical schemes have been widely used to analyse and predict flow parameters such as velocities

and pressure. However, these second order accurate approaches numerically damp flow vortexes

while requiring excessive element numbers in the boundary layers. Further, mainstream incom-

pressible flow solution schemes augment the incompressible mass conservation equation to avoid

the resulting singular coefficient matrix.

The two main augmentation approaches are the so-called pressure-based (projection scheme)

and density-based (artificial compressibility) methods. These approaches introduce the need for

more boundary conditions which place additional constraints on pressure gradients at bound-

aries. Finally, the ubiquitous practice of upwinding convective terms when solving incompress-

ible flows adds both complexity and non-physical dissipation to the flow solution. The key

contributions of this study address these concerns. For this purpose we employ the celebrated

incompressible boundary layer equations as a model problem and endeavour to prove the exis-

tence of a stable and high order accurate solution without any need for additional augmented

pressure/density based equations and without the use of upwinding.

We develop a high order accurate method to solve the incompressible boundary layer equa-

tions in a provably stable manner. We will derive continuous energy estimates, and then we

will proceed to the discrete setting. We formulate the discrete approximation using high-order

finite difference methods on summation-by-parts form and implement the boundary conditions

weakly using the simultaneous approximation term method. By applying the discrete energy

method and imitating the continuous analysis, the discrete estimate that resembles the con-

tinuous counterpart is obtained thus proving stability. We also show that these newly derived

boundary conditions remove the singularities associated with the nullspace of the nonlinear dis-

crete spatial operator. Numerical experiments that verify the high-order accuracy of the scheme

and coincide with the theoretical results are presented. The numerical results are compared

with the well-known Blasius similarity solution, as well as that resulting from the solution of

the incompressible Navier-Stokes equations.
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Chapter 1

Introduction

1.1 Background

In recent years, there has been considerable interest in the numerical simulations of incom-

pressible flows due to their numerous industrial applications. These include weather forecasting

[1], modeling blood circulations [2], and analysing airflow around vehicles [3]. Fluid flows are

classified as incompressible if the material density in the fluid parcel is invariant with respect

to pressure i.e. dρ/dp = 0 [4]. The amount of compression of fluid flows can also be determined

using Mach number (M = u/c), where u is the local flow velocity field and c is the speed of

sound. Although all fluids in general are compressible to some extent, it is widely accepted

that external flows (such as aerodynamics) at Mach number less than 0.3 can be treated as

incompressible [5] (since dρ/dp = c−2 and c ≪ 1, using Bernoulli’s principle) [6]. This implies

that for low-speed external flows, density variation is negligibly small irrespective of the pres-

sure change. In fluid dynamics, the incompressible Navier-Stokes (INS) equations are regularly

used to model a wide range of industrial problems. The INS model is a system of nonlinear

partial differential equations (PDEs) consisting of the conservation of mass and momentum

equations. Despite being used regularly, this model has no closed-form solution and is one of

the unsolved Millennium prize problems [7]. As a result, numerical methods are used to approx-

imate the evolution of flow variables.

The main challenge of approximating the solution of the INS equations with finite digit

arithmetic computing is the decoupling between the flow density and pressure, which leads to a

divergence-free velocity field in the continuity equation. Naive discretization (today the norm)

of ∇ · u = 0 leads to a singular coefficient matrix in the differential operator, causing non-

physical oscillations in the solution field. This phenomenon is known as the saddle-point problem

[8]. Mainstream incompressible flow solution schemes such as nek5000 [9] and gridap [10] cir-

cumvent this by augmenting the incompressible mass conservation equation as ∇·u = ǫincomp, to

remove the nullspace of the incompressible differential operator. The two main augmentation

approaches are the so-called pressure-based (projection scheme) [11] and density-based (artifi-

cial compressibility) methods [12]. In addition, the convective term is computed using upwind

schemes [13] to avoid spurious solutions arising from the central approximation methods.

In this study, we employ the celebrated incompressible boundary layer (IBL) equations as a

model problem and prove the existence of a stable and high order accurate solution without any

need for additional augmented pressure/density based equations and without the use of upwind-

1



Chapter 1- Introduction 2

ing. The discretization method is finite difference on summation-by-parts (SBP) form [14–16]

which is used in combination with simultaneous approximation term (SAT) [17] boundary con-

dition imposition. The augmentation of the SBP operators with the SAT technique allows the

proofs of stability to be straightforwardly attainable. This is especially the case when two appar-

ently conflicting boundary conditions are to be applied at a specific location e.g. where in- and

outflow conditions meet. Note that as per [18], the methodology employed in this work proves

stability first for the continuous equations followed by its mimicking in discrete form. The energy

method [19] is used for this purpose and allows derivation of the desired boundary conditions

that yields an estimate. Furthermore, the stable imposition of these boundary conditions using

SAT eliminates the saddle point problem typically associated with the spatial operator of the

incompressible flow equations leading to unique solutions [8, 20, 21]. Importantly, this is without

the use of so-called upwinding for discretization. Note that though this work employs high-order

finite difference approximations, the analysis also holds for any numerical approximations that

can be written on SBP form. Examples include discontinuous Galerkin method [22, 23], spectral

element method [24], finite element method [25], and finite volume method [26, 27].

1.2 Problem statement

Mainstream INS solvers employ augmentation methods to remove the nullspace of the conti-

nuity equation’s differential operator while enforcing divergence-free velocity. To motivate the

rationale for our investigation, we point out the following shortcomings of these augmentation

methods:

i. Additional boundary conditions which place additional constraints on pressure gradients at

boundaries are required [28, 29]. The physical correctness of these boundary conditions is

unclear.

ii. They introduce an artificial error-term, which may degenerate high order accuracy.

iii. They introduce additional equations which make proofs of stability less straightforward. For

example, see [30].

iv. The ubiquitous practice of upwinding convective terms when solving incompressible flows

adds both complexity and nonphysical dissipation to the flow solution [13].

1.3 The aim and objectives

The objective of this study sought to address the aforementioned drawbacks by developing

a provably stable and high order accurate approximation that bypasses the need to augment

∇ · u = 0 or upwind the convective terms. To achieve this, we follow the guideline for con-

structing a well-posed continuous problem provided in [18] and further exemplified on the fully

incompressible Navier-Stokes equations in [31, 32], Euler’s equations [33, 34] and the shallow

water equations [35, 36]. The aims and objectives of this work are summarized as follows:

i. To derive a new set of energy stable boundary conditions for the IBL equations using the

energy method and to obtain a continuous energy estimate.



Chapter 1- Introduction 3

ii. To formulate a provably stable approximation for the IBL equations using high-order finite

difference methods on SBP form and implement the boundary conditions weakly using the

SAT method. This is done by mimicking the continuous analysis in i.

iii. To show that the newly derived boundary conditions remove the singularities associated

with the nullspace of the nonlinear discrete spatial operator.

iv. To verify the developed approximation scheme for high-order accuracy using numerical

experiments.

v. Finally, to compare the numerical results with the well-known Blasius similarity solution, as

well as that resulting from the solution of the incompressible Navier Stokes equations.

1.4 Hypothesis

Stable implementation of the energy stable boundary conditions using the SAT technique can

remove the nullspace of the IBL equations’ differential operator. The resulting scheme is provably

stable and high-order accurate.

1.5 Published work

M. P. Nchupang, A. G. Malan, F Laurén, J. Nordström, A provably stable and high-order

accurate finite difference approximation for the incompressible boundary layer equations. Journal

of Computers and Fluids 2023. Available Online

1.6 Thesis outline

This document consists of eight chapters including introduction and conclusion. The following

is the summary of each.

Chapter 1: Introduction. This chapter provides a background and motivation for the

present study. It also highlights the aims and objectives of this thesis. The chapter closes

with the organization and summary of chapters.

Chapter 2: Preliminaries: Concepts and Definitions. In this chapter, mathematical con-

cepts and definitions used in the present study are presented. In particular, well-posedness

of the continuous problems and the stability of the corresponding discrete problems. The

energy method which is used as a tool to construct well-posed problems is introduced and

further exemplified using a one-dimensional linear advection equation. This is followed by

the finite difference operators on SBP form. The chapter is concluded with the procedure

to extend the SBP framework to curved domains.

Chapter 3: Incompressible flow. This chapter is devoted to setting the stage for the contin-

uous analysis. Starting with the INS equations as an original model to the problem, IBL

equations specific to laminar flows are derived.

https://doi.org/10.1016/j.compfluid.2023.106073
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Chapter 4: Stable boundary conditions for the IBL equations. In this chapter, the condi-

tions for energy stability of the IBL equations are derived following the roadmap [18]. By

inspecting the boundary terms emanating from the energy method, a new set of energy

stable boundary conditions for the IBL equations specific to the flat-plate laminar flow

problem are derived. It is further shown that both the strong and weak imposition of these

boundary conditions lead to boundedness.

Chapter 5: SBP-SAT approximation for the IBL equations. The continuous analysis pre-

sented in the previous chapter is mimicked in this chapter to develop a provably stable

SBP-SAT numerical scheme for the IBL equations. The newly derived boundary condi-

tions are implemented weakly using the SAT method and the discrete energy estimates

that resemble the continuous counterparts are obtained. A key contribution of this work is

presented in this chapter. That is, it is proved that the newly derived boundary conditions

eliminate the saddle-point problem associated with the differential operator of the IBL

equations. The chapter concludes with the temporal discretization using Backward Euler

method, and Newton’s iteration method for solving nonlinear systems.

Chapter 6: Numerical experiments and convergence rates. In this chapter, the approxi-

mation developed in the previous chapter is verified for high-order accuracy using the

method of manufactured solution. This is followed by computing the numerical solution

of the Blasius boundary layer problem. Furthermore, the results are compared with the

well-known similarity solution. A similar problem is considered on a truncated domain

where the analytical solution is injected as inflow data.

Chapter 7: The fully incompressible Navier-Stokes equations. A brief summary of the

continuous and discrete formulations of the INS equations is presented in this chapter. The

SBP-SAT approximation for the INS equations is then validated using the benchmark lid-

driven cavity problem. Lastly, the INS equations’ solution is compared with the Blasius

similarity solution to numerically corroborate the assumptions made in Chapter 3 when

deriving the IBL equations.

Chapter 8: Conclusions and Future Work. In this chapter, the summary and conclusions

of the thesis are presented. This is followed by a list of research work earmarked for the

future.



Chapter 2

Preliminaries: Concepts and Definitions

Most PDEs describing physical phenomena do not have closed-form solutions, which prompts

the use of numerical methods. The credibility of a numerical approximation depends on the

ability to guarantee stability and convergence. The former is analogous to well-posedness of

the underlying initial-boundary value problem (IBVP), which is characterized by the existence

of a unique and bounded solution [37]. Moreover, such a solution relies almost entirely on

the choice of boundary conditions [38–40]. In particular, the correct number and form of the

boundary conditions guarantee boundedness and existence. For linear problems, uniqueness

follows directly from boundedness [37] and the two are sufficient for stability. However, proving

existence and uniqueness for nonlinear PDEs is non-trivial, and in general only boundedness

is achievable. The energy method [19, 38] which involves multiplying IBVP with the solution

and integrating the resulting product, is powerful in constructing such boundary conditions

(see [38–40]). It relies on the principle of integration-by-parts (IBP), inner products and the

corresponding norms in order to derive continuous estimates in terms of external data. Once

equipped with a continuous estimate, stability follows by discretely imitating the continuous

analysis. The finite difference method on SBP form [41] augmented with weakly implemented

boundary conditions using SAT [17, 42] technique, provides a suitable framework for producing

discrete estimates. The link between well-posedness and stability will be demonstrated in this

chapter using a one-dimension (1D) advection problem. More details can be found in [43, 44].

2.1 Integration rules, inner products and norms

In this section, we introduce the mathematical tools that will be used later. Let R be a field of

real numbers equipped with standard operations and Ω ⊂ R denote a 1D finite domain with

boundary Γ. We consider Ω = [0, 1] for ease of presentation. For two square-integrable functions

u, v on Ω, the inner product and the corresponding norm are respectively

(u, v) =

1∫

0

uvdx, ||u||2 = (u, u). (2.1a)

To present the discrete version of (2.1a), we first discretize Ω with N + 1 evenly spaced

points, where each grid point is given by xi = x0 + ih and h = 1/N is the distance between

any two consecutive points. A scalar function u(x) evaluated at grid point xi is denoted by

5
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ui = u(xi). Further, we package these as the (N + 1) × 1 vector u = (u0, u1, u2, . . . uN )T. The

discrete analogue of (2.1a) is

(u,v)H =
N∑

i=0

uivih = uTHv, ||u||2
H
= (u,u)H, (2.1b)

where H is symmetric and positive definite.

Next, we state the IBP rule [45] for two functions u, v

1∫

0

uvxdx = uv
∣∣
x=1

− uv
∣∣
x=0

−
1∫

0

uxvdx, (2.2a)

where subscript x denotes a derivative operator in the x direction. Alternatively, (2.2a) can be

written in inner product notation (2.1) as

(u, vx) = uv
∣∣
x=1

− uv
∣∣
x=0

− (ux, v).

The discrete analogue of (2.2a) is called the summation-by-parts (SBP) rule [41]

(u, Dv)H = uNvN − u0v0 − (Du,v)H, (2.2b)

where D is the discrete differential operator.

2.2 Well-posed problems

Consider the following IBVP defined on a 1D domain Ω with boundary Γ

wt +D(x, ∂x)w = F (t, x), x ∈ Ω, t > 0,

Bw = g(t, x), x ∈ Γ, t ≥ 0, (2.3)

w = f(0, x), x ∈ Ω, t = 0,

where w is the unknown solution, D denotes the linear differential operator while B is the

boundary operator. The continuous functions F , g and F respectively denotes the forcing func-

tion, boundary and initial data. Further, they are assumed to be compatible such that w is

sufficiently smooth.

Definition 2.1. The IBVP (2.3) with nonzero data and forcing function is strongly well-posed

if a unique solution w exists and satisfies

||w(t, x)||2Ω ≤ κ(t)


||f(0, x)||2Ω +

t∫

0

(
||F (τ, x)||2Ω + ||g(τ, x)||2Γ

)
dτ


 , (2.4)

where κ is a bounded function that is independent of the solution and data. It is said to be

well-posed if a unique solution w of (2.3) exists which satisfies (2.4) with F = g = 0 [37]. In

(2.4), || · ||Ω, || · ||Γ are the norms defined on Ω and Γ, respectively.
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Equation (2.4) is called the energy estimate and describes the boundedness of w. Further, for

linear problems such as (2.3), boundedness implies uniqueness [37]. Suppose that another solu-

tion v of (2.3) satisfying (2.4) exists. Then by linearity of (2.3), the difference δw = w − v is

also a solution and satisfies

||δw||2Ω = ||w − v||2Ω ≤ κ(t)


||δf ||2Ω +

t∫

0

(
||δF ||2Ω + ||δg||2Γ

)
dτ


 , (2.5)

where δF , δf , δg are perturbed data. However, as δF , δf , δg → 0, δw → 0 it infers that w = v

i.e. the solution of (2.3) is unique. Therefore, we characterize well-posedness of an IBVP by the

existence of a unique and bounded solution.

Remark 2.1. For nonlinear IBVP problems, the relation (2.5) does not hold, which makes the

proof of uniqueness more challenging. In addition, the existence is in general not known. In

such cases, we will not refer to the IBVP as well-posed.

2.3 Stability

Consider the semi-discrete formulation of (2.3)

wt +Dw = F, t > 0,

Bw = g, t > 0, (2.6)

w = f, t = 0,

where w = (w0, w1, . . . , wN )T with wi = w(t, xi) is a vector containing the pointwise values

of w in (2.3) evaluated at grid xi. Here, as before, xi denote equispaced grid points given by

xi = x0+ih, i = 0, 1, 2, . . . , N where h is the distance between any two neighbouring points. The

discrete operators D, B respectively mimic the differential and boundary operators D, B in

(2.3). Further, the vectors F, g and f contains the pointwise values of data F , g, f projected on

the computational grid xi, respectively. Similar to Definition 2.1, we define stability.

Definition 2.2. The approximation (2.6) with nonzero vectors F, g, f is strongly stable if

||w||2Ωh
≤ κ(t)

(
||f||2Ωh

+ ||F||2Ωh
+ ||g||2Γh

)
, (2.7)

where κ(t) is bounded, and independent of the solution and data. The approximation (2.6) is

stable if w satisfies (2.7) with g = F = 0 [37].

Equation (2.7) infers that a small disturbance on the data of the problem will result in a small

change of the numerical solution. Stability is the discrete correspondence of well-posedness for

linear problems, provided that the approximation is sufficiently accurate. Therefore, one needs

to first obtain the continuous estimates before considering the discrete formulation.

Remark 2.2. For the nonlinear case, stability is a necessary but not sufficient condition for

continuous dependence of the numerical solution on the data.
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2.4 The energy method

To obtain the estimates (2.4) and (2.7), the correct number and form of the boundary conditions

must be imposed at the correct position on the boundary [46]. In this section, we demonstrate

how the energy method can be used to provide this information using a 1D advection problem

[43].

2.4.1 Strongly imposed boundary conditions

Consider the 1D linear advection equation with constant coefficient

wt + awx = 0, x ∈ [0, 1], t > 0,

Bw = g(t), x = [0, 1], t ≥ 0, (2.8)

w(0, x) = f(x), x ∈ [0, 1], t = 0,

where a > 0 is the advection speed and B denotes the boundary operator. The continuous

functions g, f are the boundary and initial data, respectively. The energy method and IBP

(2.2a) applied to (2.8) yields

d

dt
||w||2 = aw(t, 0)2 − aw(t, 1)2. (2.9)

Equation (2.9) describes the rate of change of the energy estimate. Further, it requires the

boundary terms on the right-hand side (RHS) to be bounded such that the temporal integration

leads to a bounded energy. In (2.9), the right boundary term has an appropriate sign since a > 0

while the left boundary term is positive and adds growth to the energy rate. Therefore, to cap

this growth, one boundary condition must be prescribed at x = 0. Moreover, it must be of

the Dirichlet type i.e. w(t, 0) = g(t) since the boundary terms in (2.9) involve the solution

only, and hence yields B = 1 in (2.8). Therefore, by strongly imposing this boundary condition

in (2.9), the energy rate becomes

d

dt
||w||2

I
= ag(t)2 − aw(t, 1)2 ≤ ag(t)2. (2.10)

Lastly, integrating (2.10) in time over a finite time-domain t ∈ [0, T ] leads to the estimate

T∫

0

d

dt
||w||2dt ≤ a

T∫

0

g(t)2dt ⇒ ||w(T, x)||2 ≤ ||f ||2 + a

T∫

0

g(t)2dt. (2.11)

Therefore, (2.8) is well-posed using Definition 2.1. Next, we summarize the key steps for con-

structing a well-posed problem using the energy method:

i Multiply the IBVP with the solution and integrate it over the domain to derive the energy

rate equation.

ii Identify the boundary growth terms.

iii Prescribe the minimal number of boundary conditions (equal to the number of the growth

terms) with the appropriate form to derive a bounded energy estimate.
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iv Integrate in time to find the estimate.

Remark 2.3. The energy method is by no means the only method available to construct well-

posed problems. Other techniques include the Fourier method and Laplace transform analysis

[15, 16]. However, unlike the energy method, these have specific limitations. For example, the

Fourier technique is limited to a certain class of PDEs such as Cauchy or periodic problems. The

Laplace transform method is more technically complicated and essentially limited to 1D problems.

2.4.2 Weakly imposed boundary conditions

In (2.10), the boundary condition at the left boundary was strongly implemented. However, im-

posing boundary conditions this way can lead to stability issues in the discrete setting [47, 48]. To

remedy this, the boundary condition in (2.8) can be implemented weakly by combining it with

the PDE as a penalty term. To exemplify this, we return to consider a 1D advection problem

wt + awx = L (σ(w − g)) , x ∈ [0, 1], t ≥ 0, (2.12)

w(0, x) = f(x), x ∈ [0, 1], t = 0,

where σ is the penalty coefficient and will be determined such that we have an estimate. The

function L(·) is called the lifiting operator [49, 50] and is defined for functions u, v as

1∫

0

uL (v) dx = uv
∣∣
x=0

. (2.13)

In (2.12), the solution is pulled towards data by penalizing the deviation between them, weighted

with σ. Moreover, σ is determined to guarantee stability by applying the energy method to (2.12)

d

dt
||w||2 = (a+ 2σ)w(t, 0)2 − aw(t, 1)2 − 2σw(t, 0)g(t). (2.14)

Similar to (2.19), the boundary term at x = 1 in (2.14) has the correct sign and σ must be

chosen such that the boundary terms at x = 0 are negative. The choice σ = −a [43] simplifies

(2.14) to

d

dt
||w||2 = −aw(t, 1)2 − a (w(t, 0)− g(t))2 + ag(t)2 ≤ ag(t)2, (2.15)

which is identical to (2.10) with an additional dissipation term. Therefore, temporal integration

leads to the estimate (2.11).

2.5 Summation-By-Parts operators

The discrete energy method imitates the continuous energy method discretely in a sense that it

relies on the SBP rule (2.2b) to produce discrete estimates that resemble those of the continuous

IBVPs. This method involves multiplying a numerical scheme on the left with a quadrature ma-

trix followed by the transpose of an approximation vector. In addition, a discretization method

must have a specific form such that an SBP rule can be used. The intent of this section is to

introduce the finite difference methods on SBP form which were first derived in [51] and later

developed in [52].
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Definition 2.3. A matrix D = P−1Q is a first derivative SBP operator of order s if it is an

accurate approximation of d
dx

with

i. Dxj = jxj−1, j ∈ 1, . . . , s x = (x0, x1, . . . , xN )T,

ii. D1 = 0, 1 = (1, . . . , 1)T, 0 = (0, . . . , 0)T,

iii. P is symmetric and positive definite,

iv. Q is almost skew-symmetric and satisfies Q+QT = E = diag(−1, 0, . . . , 0, 1).

The exponentiation in xj should be interpreted pointwise. Further, D satisfies the SBP rule

(2.2b) since for any two nonzero vectors w, u, we have

(w, Du)P = wTPP−1Qu

= wT(Q+QT −QT)u

= wT(Q+QT)u−wTQTP−1Pu (2.16)

= wTEu− (Dw)TPu

= wNuN − w0u0 − (Dw,u)P ,

which discretely mimics IBP (2.2a). Since P = PT > 0, it defines the norm ||w||2P = wTPw

(see (2.1b)) which is discretely equivalent to the L2-norm (2.1b). Further, P is a quadrature

rule approximating the continuous integral 1TPw ≈
∫
Ωwdx [53]. Henceforth, we will refer to

the matrix P as the P -norm.

Remark 2.4. Definition 2.3 is independent of a discretization method. This enables the SBP

framework to be extended to a wide range of discretization methods including Galerkin methods

[22, 23, 54], spectral element methods [24] and finite volume methods [26, 27].

2.5.1 The structure of finite difference operators on SBP form

Initially, SBP operators were introduced as a framework to derive high order-accurate finite

difference approximations which are based on central difference stencils [51, 52]. The chal-

lenge, however with using central difference arises near boundary regions where the stencil pro-

trudes the boundary. This drawback is circumvented by modifying the stencil near the bound-

aries to so-called non-centered difference stencils [55–57]. However, the trade-off with the latter

approach is that in order to keep the SBP property, a drop in accuracy near the boundaries

must be accepted. To illustrate this, and subsequently present the general structure of finite

difference operators on SBP form, we revisit the model problem (2.8) with a unit advection

speed.

Consider a unit domain x ∈ [0, 1], discretized with N + 1 evenly spaced grid points. Each

grid point is defined by xi = x0 + ih, i = 0, 1, . . . , N , where h = 1/N is the distance between

any two consecutive grid points and x0 = 0, xN = 1 are the boundary points. As before, the

notation w(xi) = wi denotes the solution projected on the grid points xi. The central difference

approximation of wx in (2.8) is

wi+1 − wi−1

2h
= wx +O(h2), (2.17a)
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where O(h2) is the order of the truncation error. Equation (2.17a) is evaluated at all internal

grid points xi, however, at the boundary points x0, xn, (2.17a) make use of w−1 and wN+1 which

lies outside the computational domain. The modified one-sided stencil via Euler’s methods gives

w1 − w0

h
= wx +O(h), i = 0, (2.17b)

wN − wN−1

h
= wx +O(h), i = N,

which both have the truncation error of order one, a drop from order two in (2.17a). Approxi-

mation (2.17) can be written in matrix-vector form as

Dw =
1

2h




−2 2

−1 0 1
. . .

. . .
. . .

−1 0 1

−2 2







w0

w1

...

wN−1

wN



= wx + t, (2.18)

where wx is the vector containing point-wise values of wx while vector

t =
(
O(h),O(h2), . . . ,O(h2),O(h)

)T
contains the truncation errors. Following Definition 2.3, the

operator D can be written on SBP form D = P−1Q, where

P = h




1

2
1

. . .

1
1

2




, Q =
1

2




−1 1

−1 0 1
. . .

. . .
. . .

−1 0 1

−1 1



. (2.19)

Further, matrices P , Q satisfy the SBP properties P = PT > 0 and Q + QT = E. A close

inspection of these matrices reveals that P is a diagonal matrix with special elements near

the boundary regions which emanate from the one-sided stencils enclosing the operator (see

(2.17b)). Furthermore, the diagonal elements of P are the weights of the composite Trapezoidal

rule [58], and hence as mentioned before, is a quadrature rule. In (2.19), Q is a banded matrix

with block-like structures near the boundaries. The interior band consists of the coefficients of

the repeated central difference stencil (2.17a) and has a bandwidth of 3. Meanwhile, the block

structure near the boundaries consists of the coefficients of the one-sided stencil (2.17b). Next, we

present the general form of P and Q for arbitrary order of accuracy in 1D [41]

P = h




P0

1

. . .

1

P̃0




, Q =




Q0 M 0

−MT A M̃T

0 − M̃ −Q̃0




, (2.20)
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where P0 = diag(p0, p1, . . . , pr), Q0, M, and A are

Q0 =




−1

2
q0,1 . . . q0,r

−q0,1 0
...

...
. . .

...

−q0,r . . . . . . 0



, M =



as
...

. . .

a1 . . . as



,

A =




0 a1 . . . as

−a1 0 a1 . . . as
...

. . .
. . .

. . .
. . .

−as . . . −a1 0 a1 . . . as
. . .

. . .
. . .

. . .
. . .

−as . . . −a1 0 a1 . . . as
. . .

. . .
. . .

. . .
...

−as . . . −a1 0 a1

−as . . . −a1 0




.

In (2.20), the tilde sign denotes the matrix transposed along the anti-diagonal. The index 0, . . . , r

indicate the nodes near the boundaries where a one-sided stencil is used, yielding the block-

matrix Q0. For an arbitrary order of accuracy 2s at the interior points, the coefficients of the

repeated central difference stencil −MTAM̃T are given by

1

h

s∑

k

ak (wi+k − wi−k) = wx +O
(
h2s
)
, ak =

(−1)k+1(s!)2

(s+ k)!(s− k)!
, (2.21)

and the bandwidth of the interior stencil is 2s + 1 where 2s (s > 0) is the order of accuracy

of the interior points [59]. For the 2nd-order (s = 1) case (2.19), the bandwidth of the central

difference stencil is 2(1) + 1 = 3. Similarly, for the 4th-order operators

P = h




17

48
59

48
43

48
49

48
1

. . .




,
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Q =




−1

2

59

96
− 1

12
− 1

32

−59

96
0

59

96
0

1

12
−59

96
0

59

96
− 1

12
1

32
0 −59

96
0

2

3
− 1

12
1

12
−2

3
0

2

3
− 1

12
. . .

. . .
. . .

. . .
. . .




,

the bandwidth of the interior stencil is 5.

Remark 2.5. The finite difference SBP operators of the form (2.19) have been derived up to

8th-order and can be found in [16].

2.5.1.1 Second derivatives SBP operators

Finite difference methods approximating higher derivatives can also be written on SBP form

[60]. These operators can either be constructed directly from the stencil or by applying the first

derivative operator repeatedly up to the order of the continuous derivative. The former results

in a compact difference stencil while the latter results in a wide stencil. The PDEs considered in

the present study contain the first and second derivatives where we will use a wide stencil. The

general form of the SBP operators approximating the second derivatives is

D2 = P−1R, P = PT > 0, R = −C + S, (2.22)

where C is often, but not necessarily symmetric and it consists of the coefficients of the repeated

central difference stencil. In (2.22), S is a sparse matrix with the coefficients of a one-sided stencil

on the first and last row [61–63]. The first derivative SBP operator applied twice in the form

(2.22) yields

D2 = DD = P−1QP−1Q = P−1
(
B −QT

)
P−1Q = P−1 (−C + S) , (2.23)

where C = DTPD and S = BD. In (2.23), we used the SBP property Q + QT = E. We

remark that if a PDE contains the first and second derivatives then the SBP operators D and

D2 approximating these terms must have the same P -norm.

2.5.2 The discrete energy estimate

Next, we formulate the semi-discrete approximation of (2.12) by keeping the temporal derivative

continuous and discretizing the spatial term with finite difference SBP operators.

wt + aDw = σP−1E0 (w− g) , t ≥ 0, (2.24)

w = f, t = 0.

Here, w = (w0, w1, . . . , wN )T and D = P−1Q is a first derivative SBP operator. The term on the

RHS of (2.24) is called the simultaneous approximation term (SAT) [17] and discretely mimics

the boundary penalty term in (2.12). Further, P−1E0 plays the role of the lifting operator L(·) in
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(2.13) discretely where E0 = diag(1, 0, . . . , 0). The penalty coefficient σ is yet to be determined

for stability and the vectors g, f contain the boundary and initial data, respectively.

Next, we apply the discrete energy method. Since P is a quadrature matrix, we analogously

to the continuous case, multiply (2.24) on the left with 2wTP to obtain

2wTPwt + 2awTQw = 2σw0 (w0 − g0) . (2.25)

Note that wTPwt in (2.25) can be rewritten as 1
2

d
dt
(wTPw) = 1

2
d
dt
||w||2P . Similarly, we replace

u with w in (2.16) and reuse the results to simplify 2wTQw as 2wTQw = w2
N − w2

0. There-

fore, (2.25) becomes

d

dt
||w||2P = (a+ 2σ)w2

0 − aw2
N − 2σw0g0, (2.26)

which corresponds to (2.14) discretely. Therefore, by making the similar choice σ = −a, we
simplify it to

d

dt
||w||2P = −aw2

N − a(w0 − g0)
2 + ag20 ≤ ag20, (2.27)

which imitates (2.15). Lastly, we integrate the temporal term over a finite domain [0, T ] and

apply the initial data in (2.24) to obtain the estimate

||w||2P ≤ ||f||2P + a

T∫

0

g20dt,

which proves stability.

Remark 2.6. In (2.27), we reused the choice of σ deduced in the continuous setting (2.14). That

is, imposing the boundary condition in (2.12) weakly, prepared us for the discrete formulation. In

the upcoming analysis, we will split the procedure for constructing a provably stable approxima-

tion scheme into three steps. Firstly, we derive the energy stable boundary conditions using the

energy method and subsequently impose them strongly to derive an estimate. Secondly, we im-

pose the derived boundary conditions weakly and deduce the appropriate penalty coefficients. Fi-

nally, by imitating the second step discretely, we derive a stable approximation [38].

2.6 Convergence rates

By design, the central finite difference SBP operator D is more accurate in the interior stencil

than near the boundaries, see for example (2.18). This is generalized as a theorem in [14] which

states that, for diagonal P in (2.20), D exists with order of accuracy 2s in the interior and order

of accuracy s near the boundaries. Further, a discretization of first order hyperbolic PDEs with

these operators have a s+1 convergence rate, and s+2 for parabolic or second order hyperbolic

PDEs, provided that they are linear and well-posed with a smooth solution. Moreover, the

scheme must be consistent, nullspace consistent, nullspace invariant and energy stable. For

explanations of these concepts and all details, see [64]. To demonstrate this, we consider the

hyperbolic case (2.8) which has an analytical solution of the form w(t, x) = k(x − at). For

simplicity, we consider a cosine wave passing the domain x ∈ [0, 1] from left to right at speed a

w(t, x) = cos(3π(x− at)). (2.28)
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The boundary and initial data in (2.8) are sourced from (2.28) i.e. g(t) = w(t, 0) while f(x) =

w(0, x). We further denote a vector containing the pointwise values of (2.28) with we. To

approximate the temporal derivative in (2.24) and finally compute w, we extend the SBP-SAT

framework to the time domain [65, 66] (see the fully discrete formulation in Appendix A). The

rate at which the computed solution converges to the analytical solution (2.28) is

q = log10

( ||we −wh1 ||P
||we −wh2 ||P

)/
log10

(
h1
h2

)
, (2.29)

where ||we −w||P is the discrete equivalence of the L2 of the solution error, and h1, h2 denote

the coarse and fine mesh sizes respectively. The convergence rates are presented in (2.1) and

they agree with the theoretical predictions.

N SBP(2,1) SBP(4,2) SBP(6,3) SBP(8,4)

L2 q L2 q L2 q L2 q

41 0.0378 - 0.0020 - 0.0018 - 3.1597e-04 -

81 0.0095 2.0273 2.5740e-04 3.0372 1.1769e-04 4.0150 9.8666e-06 5.0912

121 0.0042 2.0087 7.6908e-05 3.0100 2.3209e-05 4.0452 1.3184e-06 5.0149

161 0.0024 2.0040 3.2608e-05 3.0043 7.3230e-06 4.0387 3.1614e-07 4.9999

201 0.0015 2.0027 1.6749e-05 3.0022 2.9939e-06 4.0309 1.0447e-07 4.9900

Theoretical

order

2 3 4 5

Table 2.1: The L2 norm of errors and the global order of accuracy of the approximation (2.24)

using SBP operators with different orders of accuracy.

2.7 SBP operators in two dimensions

The 1D SBP operators can be extended to multi-dimensional space using Kronecker products

[43]. Let A, B be invertible matrices of sizes M ×M and N ×N , respectively. The Kronecker

product of A and B, denoted by ⊗, is a block matrix of size MN ×MN

A⊗B =




a11B . . . a1MB
...

. . .
...

aM1B . . . aMMB


 , (2.30)

where aij are the matrix elements of A. Furthermore, (2.30) satisfies the following properties

(A⊗B)T = AT ⊗BT, (A⊗B)−1 = A−1 ⊗B−1, (A⊗B)(C ⊗D) = AC ⊗BD. Here, C, D are

matrices with appropriate dimensions such that the matrix multiplications AC, BD are defined.

To present SBP operators in 2D, we consider the domain Ω = [0, 1]2 with boundary Γ. Fur-

ther, we split the boundary as Γn,s,e,w where the subscripts n, s, e, w denote the north, south, east

and west boundaries respectively. We discretize Ω usingN+1 andM+1 equidistant points. Each

grid point is given by a pair (xi, yi) as illustrated in Figure 2.1 where xi = i/N , i = 0, 1, 2, . . . , N

and yj = j/M , j = 0, 1, 2, . . . ,M . We package the pointwise values of a scalar function



Chapter 2- Preliminaries: Concepts and Definitions 16

wij = w(xi, yj) as a (N +1)(M +1)× 1 vector, following columnwise orientation as depicted in

Figure 2.1:

w =




...[
w

]
i

...


 ,

[
w

]
i
=




...

wij

...


 .

Let IN , IM be unit matrices of size (N + 1)2 and (M + 1)2, respectively. The SBP operators in

2D are defined as

Dx = P−1
x Qx ⊗ IM , Dy = IN ⊗ P−1

y Qy, P = Px ⊗ Py, (2.31a)

Γw Γe

Γn

Γs

(x0, y0)

(x0, y1)

(x0, y2)

(x0, yj)

(x0, yM )

(x1, y0)

(x1, y1)

(x1, y2)

(x1, yj)

(x1, yM )

(x2, y0)

(x2, y1)

(x2, y2)

(x2, yj)

(x2, yM )

(xi, y0)

(xi, y1)

(xi, y2)

(xi, yj)

(xi, yM )

(xN , y0)

(xN , y1)

(xN , y2)

(xN , yj)

(xN , yM )

Figure 2.1: A schematic representation of the discretized domain using equidistant Cartesian

grid. The grid points are denoted by black dots while the dotted lines show the columnwise

orientation.

where subscripts x, y, respectively denote the operators acting in the x- and y-directions. Similar

to the 1D case, P = PT > 0 in (2.31a) defines the 2D discrete norm ||w||2
P

= wTPw ≈
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∫∫
Ωw

2dxdy. The 2D versions of Qx, Qy may be obtained respectively by multiplying Dx, Dy in

(2.31a) with P

PDx = (Qx ⊗ Py) = Qx, PDy = (Px ⊗Qy) = Qy. (2.31b)

Further, they satisfy the SBP property

Qx +Q
T

x = (Qx +QT

x )⊗ Py = (E0 − EN )⊗ Py, (2.31c)

Qy +Q
T

y = Px ⊗ (Qy +QT

y ) = Px ⊗ (EM − E0) ,

where the matrices E0 = diag(1, 0, . . . , 0), EN = diag(0, . . . , 0, 1), EM = diag(0, . . . , 0, 1) with

appropriate sizes restrict the solution to the boundary points. Further, the matrices (2.31c) are

the boundary quadrature rules approximating the continuous boundary line integral i.e. P ≈∮
Γ(·)ds in 2D where

Pk =





Px ⊗ EM north boundary,

Px ⊗ E0 south boundary,

EN ⊗ Py east boundary,

E0 ⊗ Py west boundary.

(2.31d)

2.8 SBP operators on curvilinear domains

The finite difference operators on SBP form (2.20) are designed for equispaced rectangular

meshes. They can however be extended to curvilinear meshes using a coordinate transformation

[67–71]. Thus, an IBVP is mapped onto an isometric configuration which leads to tedious and

convoluted discrete formulations. To overcome this, a framework that encapsulates the trans-

formation metrics into the SBP operators was introduced in [70, 71]. To demonstrate this, we

follow [70] closely. Consider a curvilinear domain Ω with coordinates (x, y) = (x(ξ, η), y(ξ, η))

and boundary Γ. Moreover, (ξ, η) = [0, 1]2 are the coordinates of the isometric domain Ω̂, with

boundary Γ̂ as depicted in Figure 2.2. The mapping between Ω and Ω̂ is facilitated by the

coordinate transformation (x, y) 7→ (ξ, η) with the invertible Jacobian matrix

∂(x, y)

∂(ξ, η)
=

[
xξ xη

yξ yη

]
, J = det

(
∂(x, y)

∂(ξ, η)

)
= xξyη − xηyξ > 0, (2.32)

where subscripts ξ, η denote the partial derivatives. Similarly, the reverse map is given by

(ξ, η) 7→ (x, y) with the Jacobian matrix

∂(ξ, η)

∂(x, y)
=

[
ξx ξy

ηx ηy

]
. (2.33)

The Jacobian matrices (2.32) and (2.33) are related by the inverse function theorem which

states that for some invertible function f , the Jacobain matrix of f−1 is equal to the inverse of

the Jacobian matrix of f . That is

∂(ξ, η)

∂(x, y)
=

(
∂(x, y)

∂(ξ, η)

)−1

⇒
[
ξx ξy

ηx ηy

]
=

1

J

[
yη −xη
−yξ xξ

]
, (2.34)
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where the determinant J is given in (2.32). Further, equating the matrix entries in (2.34) leads

to the so-called metric relations

ξx = J−1yη, ξy = −J−1xη, ηx = −J−1yξ, ηy = J−1xξ. (2.35)

Lastly, for any integrable function g, the following relation holds
∫

Ω

g(x, y)dxdy =

∫

Ω̂

Jg(x(ξ, η), y(ξ, η))dξdη. (2.36)

y

(x, y) 7→ (ξ, η)

x ξ

η

(ξ, η) 7→ (x, y)

Ω
Ω̂

Γe

Γs

Γn

Γw

Γ̂w

Γ̂s

Γ̂e

Γ̂n

Figure 2.2: The illustration of the coordinate transformation between the curvilinear and iso-

metric domains.

2.8.1 Coordinate transformation

To demonstrate the coordinate transformation for a PDE, let’s consider a 2D linear advection

problem with constant coefficients defined on some curved domain Ω

wt + awx + bwy = 0, (x, y) ∈ Ω, t ≥ 0, (2.37)

where a, b > 0. The energy method applied to (2.37) yields

d

dt
||w||2 = −

∮
(anx + bny)w

2ds, (2.38)

where nx, ny denote the components of the unit outward pointing normal vectors on Ω. We will

define them for curved domains later. An energy estimate exists for (2.37) if anx + bny ≥ 0 in

(2.38). At boundaries where this is not the case, then appropriate boundary conditions must be

imposed. The PDE (2.37) can be transformed to a square domain Ω̂ using the chain rule for

differentiation. Starting with the partial derivatives

∂

∂x
w(ξ(x, y), η(x, y)) = wξξx + wηηx,

∂

∂y
w(ξ(x, y), η(x, y)) = wξξy + wηηy, (2.39)

and using the metric relations (2.35), wx and wy can be rewritten in terms of the isometric

derivatives as

wx = J−1(yηwξ − yξwη), wy = J−1(xξwη − xηwξ). (2.40)



Chapter 2- Preliminaries: Concepts and Definitions 19

Therefore, (2.37) with (2.40) becomes

wt + J−1
(
âwξ + b̂wη

)
= 0, (ξ, η) ∈ Ω̂, t ≥ 0, (2.41)

where â = ayη − bxη and b̂ = bxξ − ayξ are the new variable coefficients. For the purpose of the

upcoming stability analysis, these coefficients must be written as an average of the conservative

and non-conservative forms [72]. The flux splitting technique [32, 72, 73] leads to

âwξ =
1

2
((âw)ξ + âwξ − âξw) , b̂wη =

1

2

(
(̂bw)η + b̂wη − b̂ηw

)
. (2.42)

By further noting that âξ + b̂η = a(yηξ − yξη) + b(xξη − xηξ) = 0 (since ∂ξη(·) = ∂ηξ(·)), (2.41)
becomes

wt +
1

2
J−1

(
(âw)ξ + âwξ + (̂bw)η + b̂wη

)
. (2.43)

Lastly, the unit outward pointing vectors on the curved and isometric domains are

n̂n =
1√

x2ξ + y2ξ

(
−yξ
xξ

)
, nn =

(
0

1

)
,

n̂s =
1√

x2ξ + y2ξ

(
yξ

−xξ

)
, ns =

(
0

−1

)
,

n̂e =
1√

x2η + y2η

(
yη

−xη

)
, ne =

(
1

0

)
,

n̂w =
1√

x2η + y2η

(
−yη
xη

)
, nw =

(
−1

0

)
.

Ω

ne

ns

nn

nw

Ω̂n̂w

n̂s

n̂e

n̂n

Figure 2.3: The illustration of the 2D curved and isometric domains including the outward

pointing unit normal vectors.

2.8.2 Encapsulated SBP operators on curvilinear meshes

To present the semi-discrete approximation of (2.43), we consider an isometric domain Ω̂ = [0, 1]2

and discretize it with (N + 1) × (M + 1) equidistant Cartesian grid coordinates (ξi, ηi). Let
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x, y be the vectors containing the coordinates (xij , yij) of the discretized physical domain Ω̂

where xij = x(ξi, ηj) and yij = y(ξi, ηj). We denote the approximation vector of (2.43) with

an (N + 1)(M + 1) × 1 vector w, arranged in a columnwise orientation (see Figure 2.1). To

approximate the continuous derivatives, we employ the 2D SBP operators (2.31a)

Dξ = P−1
ξ Qξ ⊗ Iη, Dη = Iξ ⊗ P−1

η Qη, (2.44)

where the subscripts ξ, η are used to distinguish the operators acting on the ξ and η direc-

tions. Further, Iξ, Iη are the unit matrices with appropriate sizes. Next, we compute the partial

derivatives in (2.39) as

Xξ = diag(Dξx), Yξ = diag(Dξy), Xη = diag(Dηx), Yη = diag(Dηy), (2.45)

and subsequently the discrete version of J in (2.32) as

J = XξYη − XηYξ, (2.46)

Therefore, diagonal norm approximating the continuous integral (2.36) is

Pξη = J(Pξ ⊗ Pη). (2.47)

The semi-discrete formulation of (2.41) becomes

wt +
1

2
J
−1 (DξAw+ ADξw+DηBw+ BDηw) = SAT, (2.48)

where A = aYη − bXη, B = bXξ − aYξ are the discrete analogues of â, b̂ in (2.41), and SAT

denotes the weakly imposed boundary conditions. Further, we can rearrange (2.48) and rewrite

it in compact form as

wt + aDxw+ bDyw = SAT, (2.49)

where

Dx =
1

2
J
−1(DξYη + YηDξ −DηYξ − YξDη),

Dy =
1

2
J
−1(DηXξ + XξDη −DξXη − XηDξ).

In (2.49), Dx, Dy are called the encapsulated SBP operators [70], which redcomes from the fact

that they incorporate the coordinate transformations. Furthermore, it can be shown they satisfy

the SBP property (2.31c). These operators can be applied to curved domains directly. Next, we

apply the energy method to (2.49) to obtain the energy rate

d

dt
||w||2PJ = wT

PwAw−wT
PeAw+wT

PsBw−wT
PnBw+ 2wT

PSAT, (2.50)

where the discrete boundary quadrature Pn,s,e,w imitate
∮
Ω̂
(·)dŝ

Pk =





(Pξ ⊗ E1η)
√
X2

ξ + Y 2
ξ north boundary,

(Pξ ⊗ E0η)
√
X2

ξ + Y 2
ξ south boundary

(E1ξ ⊗ Pη)
√
X2

η + Y 2
η east boundary,

(E0ξ ⊗ Pη)
√
X2

η + Y 2
η west boundary.

(2.51)

The penalty terms in (2.50) must be defined such that they cancel growth terms and the energy

rate is non-positive.



Chapter 3

Incompressible flow

This chapter presents the flow governing equations used in this study. The flow under consider-

ation is incompressible and laminar. The incompressisble Navier-Stokes equations are used as

an original model to the problem, from which the laminar boundary layer equations are derived

using the dimensional analysis technique.

3.1 Incompressible Navier-Stokes equations

Fluids are characterized by a tendency to deform continuously when subjected to a shear

force, and due to molecular interactions. The fluid dynamical macroscopic properties such as

density, velocity, and pressure can be associated to an infinitesimal volume of fluid, enabling

fluid flows to be considered continuous media. This phenomenon is also known as the continuum

hypothesis. The rheology of fluids is better explained using the conservation laws, and math-

ematically, these are space-time coupled partial differential equations. In this study, the INS

model for viscous Newtonian fluids [4] under isothermal conditions is considered. In 2D, this

model consists of the conservation of mass and momentum equations

∂ρ

∂t
+∇ · (ρu) = 0, (3.1a)

ρ
∂u

∂t
+ ρu · ∇u = ∇ · τ + ρf, (3.1b)

where ρ is the fluid density and is assumed constant, ∇ = ( ∂
∂x
, ∂
∂y
)T is the spatial gradient

operator, u = (u, v)T is the velocity vector field, and ρf is the body force. The second-order

tensor τ denotes the total stress in the fluid and it is defined as

τ = −pI+D, (3.2)

where p is the pressure, I is an identity matrix, and D is the deformation rate tensor. For

Newtonian fluids, stress varies linearly with strain rate [4]. Therefore, the deformation rate

tensor consisting of the fluid’s strain rate S reads

D = 2µS, where S =
1

2
(∇u+ (∇u)T), (3.3)

and µ is a coefficient of dynamic viscosity.

21
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Equation (3.1) consists of three equations and three unknowns namely, p, u, and v. Due to

∇ · u = 0, (3.1) can be rewritten in the absence of a body force as

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

(
∂2u

∂x2
+
∂2u

∂y2

)
, (3.4a)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν

(
∂2v

∂x2
+
∂2v

∂y2

)
, (3.4b)

∂u

∂x
+
∂v

∂y
= 0, (3.4c)

where ν = µ
ρ
is the kinematic viscosity. The system of equations (3.4) is known as the INS

equations under isothermal condition with no body force.

3.2 Incompressible boundary layer equations

y

U∞

0

δ(x)

l

xx

Figure 3.1: Viscous fluid flowing over a thin plate of length l at uniform speed U∞ leads to the

formation of a boundary layer.

Laminar, viscous flow past a solid surface can be divided into two flow regimes. The first resides

in the immediate vicinity of the solid surface where viscous effects are so prevalent that they

rapidly reduce the flow velocity to zero (so-called no-slip boundary condition). This region

is known as the boundary layer. The second regime occurs in the outer flow where viscous

effects are insignificant. The boundary layer forms on the plate’s surface and its thickness

is denoted by δ(x). This is a normal distance from the plate to a point in the fluid where

the flow velocity is 99% of the freestream speed. Further, it grows as a function of distance

from the plate’s leading edge as shown in Figure 3.1. In the case where the Reynolds number

Re = U∞l
ν

≫ 1, δ(x) ≪ l, resulting in the transverse scales being significantly less than the

streamwise scales. This leads to

u

U∞
,
x

l
∼ O(1),

v

U∞
,
y

l
∼ O(

√
Re)−1, (3.5)
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which can be used to define the following dimensionless quantities

x∗ =
x

l
, y∗ =

y

l

√
Re, t∗ =

tU∞

l
, u∗ =

u

U∞
, v∗ =

v

U∞

√
Re, p∗ =

p

ρU2
∞

. (3.6)

Substituting (3.6) into (3.4) yields

∂u∗

∂t∗
+ u∗

∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
= −∂p

∗

∂x∗
+

(
1

Re

∂2u∗

∂x∗2
+
∂2u∗

∂y∗2

)
, (3.7)

1

Re

(
∂v∗

∂t∗
+ u∗

∂v∗

∂x∗
+ v∗

∂v∗

∂y∗

)
= −∂p

∗

∂y∗
+

1

Re2

(
∂2v∗

∂x∗2
+
∂2v∗

∂y∗2

)
,

∂u∗

∂x∗
+
∂v∗

∂y∗
= 0,

where the superscripts ∗ denotes the dimensionless quantities. For Re ≫ 1, most of the terms

in (3.7) become insignificant and the system of equations reduces (dropping ∗) to

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+
∂2u

∂y2
, (3.8a)

0 = −∂p
∂y
, (3.8b)

∂u

∂x
+
∂v

∂y
= 0. (3.8c)

Equations (3.8) are called the incompressible boundary layer equations (IBL) [74] and they

only hold for significantly large Re that still maintains laminar flow. Furthermore, all the terms

in (3.8) are O(1). Note that the mass conservation equation (3.8c) remains invariant to non-

dimensionalisation. From (3.8b), the pressure variation in the y-direction is insignificant and

negligible. Thus, the pressure is a function of x only and it is related to the flow’s freestream

velocity through Bernoulli’s equation [75]

p+
1

2
ρU2

∞ = c, ⇒ ∂p

∂x
= −ρU∞

∂U∞

∂x
, (3.9)

where c is a constant.

The flow above was aligned to the solid surface, it can however be generalised to any angle

by setting U∞ = xm, where m = β
2π−β

uniquely defines the flow configuration and β is the

angle between the wall and the inflow. For example, β = 0, m = 0 corresponds to the Blasius

boundary layer while β = π, m = 1 corresponds to Hiemenz stagnation flow as illustrated

in Figure 3.2 [74]. Note that for the Blasius boundary layer, ∂p
∂x

= 0 in (3.8a) as a result of

U∞ = 1. We however keep U∞ general. The steady version of (3.8) is

u
∂u

∂x
+ v

∂u

∂y
= ρU∞

∂U∞

∂x
+
∂2u

∂y2
, (3.10)

∂u

∂x
+
∂v

∂y
= 0.

The missing terms in (3.8) indicate that the new simplified system of governing equations

requires less boundary conditions compared to the original model (3.4). We will explore this in

Chapter 4 where we will be deriving a new set of provably stable boundary conditions specific

to (3.8).



Chapter 3- Incompressible flow 24

(a) β = 0, m = 0 (b) β = π, m = 1

Figure 3.2: Schematic representation of different freestream velocity, (a) Blasius boundary layer

and (b) Hiemenz stagnation flow.

The similarity solution of (3.10) exits (see Appendix B) and will be used to validate the

upcoming discrete approximation.

3.3 Concluding remarks

To summarize the above, we started with the INS equations and derived the boundary layer

equations using dimensional analysis. Specifically, we considered viscous fluid flowing past an

infinitely thin plate. For Re ≫ 1, several terms in the momentum equations may be assumed

insignificant while the continuity equation remains the same. Of note, the new set of equations is

likely to require less boundary conditions. The similarity solution for these equations is presented

in Appendix B. In Chapter 4, we will construct a continuous initial-boundary value problem for

(3.10) which is fundamentally important for the development of the approximation solution of

the IBL equations.



Chapter 4

Stable boundary conditions for the IBL

equations

In this chapter, we consider the continuous analysis of the incompressible laminar boundary layer

equations. Our aim is to construct an energy stable continuous problem which fundamentally

depends on the choice of boundary conditions. Therefore, we begin the analysis by deriving

the conditions that lead to a bounded energy estimate using the energy method. This is done

for both strong and weak boundary condition imposition. We then derive the precise weak and

strong boundary conditions which lead to an energy estimate for the boundary layer equations.

4.1 Derivation of conditions for energy stability

To set up an initial-boundary value problem for the analysis, we consider a rectangular domain

Ω with boundary Γ. The plate is positioned along the x-axis such that it aligns with the south

boundary and the leading edge is at the origin as depicted in Figure 3.1. The north boundary is

positioned at the far-field where the flow is almost inviscid. Since we are considering the right-

going flow as illustrated in Figure 3.1, the west boundary is the inflow while the east boundary

is the outflow.

We augment (3.8) with initial and boundary conditions, and write the resulting IBVP in

matrix-vector notation as

ĪUt +AUx +BUy − νĪUyy = 0, (x, y) ∈ Ω, t > 0, (4.1a)

HU = g, (x, y) ∈ Γ, t ≥ 0, (4.1b)

ĪU = f, (x, y) ∈ Ω, t = 0, (4.1c)

where

A =



u 0 1

0 0 0

1 0 0


 , B =



v 0 0

0 0 1

0 1 0


 , and Ī =



1 0 0

0 0 0

0 0 0


 .

The vector U = [u, v, p]T is a solution vector containing the horizontal and vertical components

of the velocity, the pressure, ν which is the viscous coefficient. The boundary operatorH in (4.1b)

and its exact form is not specified yet while g, f are continuous functions specifying boundary

and initial data, respectively. Moreover, we assume that all data is available and compatible

25
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such that a sufficiently smooth solution of (4.1) exists. In (4.1c), the initial condition is only

imposed on u because it is the only flow variable with a temporal term. Therefore, f has the form

f = [f, 0, 0]T where f = f(x, y) is a continuous function. We devote the first part of this analysis

to determining H such that (4.1b) leads to an energy bounded estimate. For this purpose, we

follow the guideline for constructing a well-posed continuous problem provided in [18] and further

exemplified on the fully incompressible Navier-Stokes equations in [31, 32], Euler’s equations

[76] and the shallow water equations [35]. We summarize the key steps in Figure 4.1 which will

be mimicked in the upcoming discrete analysis to develop a provably stable approximation of

(4.1).

Write the non-linear convective terms in (4.1a) in skew-symmetric form.

Employ the energy method to derive the rate of change of the energy estimate:
d

dt
||U||2

Ī
+

2ν||Uy||2Ī = −
∮
Γ(·)ds.

Rewrite the indefinite cubic boundary terms in a matrix-vector form: −
∮
Γ q

TMqds.

Rotate M into a diagonal form using the decomposition: M = XTΛX. Further partition

the diagonal matrix Λ into the positive and negative components: Λ = Λ+ + Λ−, X =

[X+, X−].

Rewrite the boundary term as: −
∮
Γ

[
(XT

+q)
TΛ+(X

T
+q) + (XT

−q)
TΛ−(X

T
−q)

]
ds.

Express ingoing characteristic variables in terms of outgoing ones and external

data: XT
−q = R(XT

+q) + S−1g. This defines the form of energy-stable boundary con-

ditions.

The boundary term with homogeneous form of the boundary conditions (4.1b) i.e. HU = 0

becomes: −
∮
Γ(X

T
+q)

T
[
Λ+ +RTΛ−R

]
(XT

+q)ds. Choose R such that Λ+ +RTΛ−R ≥ 0.

Figure 4.1: Schematic flow diagram for constructing energy bounded continuous problem. Once

the energy-stable boundary conditions are obtained, leading to a bounded energy rate, a similar

process is mimicked in the discrete setting to construct a stable approximation.

The analysis begins by transforming the primitive form of (4.1a) into skew-symmetric form

using the flux splitting technique [32, 72, 73]. This step is necessary in the upcoming discrete
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analysis when using the SBP properties in Definition 2.3. We first consider the x-convective

terms and write them as a linear combination of the conservative and non-conservative parts

AUx = α(AU)x + (1− α)AUx − αAxU, (4.2)

where α is a real constant. By applying a similar splitting technique to the y-convective terms

in (4.1a) and making the choice α = 1/2 [32], the nonlinear convective terms in (4.1a) transform

to

AUx =
1

2
(AU)x +

1

2
AUx −

1

2
AxU, BUy =

1

2
(BU)y +

1

2
BUy −

1

2
ByU. (4.3)

Therefore, substituting (4.3) into (4.1a) yields the skew-symmetric form of the IBL equations

which reads

ĪUt +D(U)U = 0, (4.4)

where

D(U)U =
1

2
[(AU)x +AUx + (BU)y +BUy]− νĪUyy,

is the spatial operator. Moreover, this is the form we will be working with in the subsequent

analysis. Further, note that Ax +By = (ux + vy)Ī = 0 using the divergence relation (3.8c).

Ω

y

Γw

Γs

x

Γe

Γn

nw = (−1, 0)

ns = (0,−1)

ne = (1, 0)

nn = (0, 1)

Figure 4.2: The illustration of a regular 2D domain with outward pointing boundary normal

vectors.

We reiterate that herein, we do not modify the divergence relations with the density/pressure

augmentation techniques mentioned before in Chapter 1. Instead, we determine energy stable
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boundary conditions (4.1b) such that their correct implementation in the discrete setting remove

the singularities associated with the incompressibility constraint [77] while leading to a discrete

bounded energy estimate.

The energy method applied to (4.4) yields

∫

Ω

UTĪUdΩ+

∫

Ω

[
UT(AU)x +UTAUx +UT(BU)T +UTBUy − 2νUTĪUyy

]
dΩ = 0, (4.5)

where dΩ = dxdy is the volume element. Let ||U||2
Ī
=
∫
ΩUTĪUdΩ be the L2 semi-norm. By

using Green’s theorem to simplify the integrals in (4.5), we obtain the rate of change of the

energy estimate

d

dt
||U||2

Ī
+ 2ν||Uy||2Ī = BT, (4.6)

where BT denotes the indefinite boundary term

BT = −
∮

Γ

[
UT(Anx +Bny)U− 2νUTĪUy

]
ds = −

∮

Γ

(
unu

2 + 2unp− 2νuuyny
)
ds.

In (4.6),
∮
Γ(·)ds is the boundary line integral with the infinitesimal line element ds =

√
dx2 + dy2.

Further, un = unx + vny denotes the boundary normal velocity where n = (nx, ny) is the out-

ward pointing unit vector as shown in Figure 4.2. Equation (4.6) measures the rate of change

of the solution which depends on the sign of BT. The trivial choice of setting u = v = 0 on the

boundary such that the BT = 0 yields the desired results, however, it is restrictive (i.e. it is

only applicable for no-slip boundary conditions).

Remark 4.1. Equation (4.6) is an altered version of the energy rate of the fully incompress-

ible Navier-Stokes equations [32]. We therefore follow closely the analysis therein to construct

different bounds for BT in (4.6).

We start by formulating the following Lemma.

Lemma 1. The semi-norms ||U||2
Ī
and ||Uy||2Ī are bounded if BT ≤ 0 in (4.6).

Proof. Let’s assume that BT ≤ 0. The temporal integration of (4.6) over a finite time domain

[0, T ] yields the energy estimate

||U||2
Ī

∣∣∣
t=T

+ 2ν

T∫

0

||Uy||2Īdt ≤ ||f||2
Ī
,

which is bounded by initial data.

Remark 4.2. The bound is imposed only on the horizontal component of the velocity since it

is the only flow variable in (4.1) with the temporal derivative. This is different compared to the

incompressible Navier-Stokes equations where the vertical velocity is also bounded [32].
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4.1.1 Boundedness

The boundary term (BT) in (4.6) can potentially add growth to the energy rate. However, this

growth can be limited with appropriate boundary conditions. To achieve this, we first write BT

(4.6) in a matrix-vector notation as

BT = −
∮

Γ

qTMqds = −
∮

Γ




u

v

p

νuy




T 


un 0 nx −ny
0 0 ny 0

nx ny 0 0

−ny 0 0 0







u

v

p

νuy



ds. (4.7)

This form is convenient because we can now clearly see that BT ≤ 0 if and if only the matrix

M is positive definite. In that case, the energy estimate follows from Lemma 1. To determine

the signs of the eigenvalues of M, we first state the following results.

Theorem 2 (Eigenvalue decomposition). Let K be an n × n matrix. If K = KT then there

exists an n × n orthogonal matrix J (i.e. J−1 = JT) such that J−1KJ = D where D is a

diagonal matrix. Further, the elements of D are the eigenvalues of K [78].

Therefore, since M in (4.7) is symmetric, we use the results above to decompose it as

X−1MX = ΛM ⇒ M = XΛMXT, (4.8)

where ΛM is a diagonal matrix containing the actual eigenvalues of M. Further, matrix X

is the associated orthogonal eigenvector matrix (X−1 = XT) whose columns are the linearly

independent eigenvectors of M.

Remark 4.3. The matrix eigenvalue decomposition (4.8) is not the only choice to diagonalize

M and subsequently determine the correct minimal number of boundary conditions required for

energy boundedness. Matrix M can also be diagonalized using so-called matrix rotations. Accord-

ing to Sylvester’s law of Inertia [79], the signs of the entries of the rotated matrix coincide with

those of ΛM in (4.8). This technique was applied to the incompressible Navier-Stokes equations

in [32].

Next, we determine the eigenvalues of M explicitly. This is achieved by formulating the eigen-

value problem Mx = λx and solving the characteristic polynomial

det (M− λI4) = λ4 − unλ
3 − (n2x + 2n2y)λ

2 + unn
2
yλ+ n4y = 0, (4.9a)

where I4 is a unit matrix of size 4. For the vertical boundaries with nx = ±1 and ny = 0 as

depicted in Figure 4.2, (4.9a) simplifies to

det(M− λI4) = λ2(λ2 − unλ− 1) = 0. (4.9b)

Similarly, for horizontal boundaries with nx = 0 and ny = ±1, (4.9a) simplifies to

det(M− λI4) = (λ2 − 1)(λ2 − unλ− 1) = 0. (4.9c)

Here, the λi that solve (4.9) are called the eigenvalues of M and xi are the associated eigen-

vectors. Since the characteristic polynomial for the horizontal boundaries (4.9b) differs from
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the one for the vertical boundaries (4.9c), we will consider them separately. Starting with the

horizontal boundaries, the λi that solve (4.9b) and the associated eigenvectors xi are

λ1 =
un
2

−
√(un

2

)2
+ 1, λ2 = −1, λ3 = +1, λ4 =

un
2

+

√(un
2

)2
+ 1, (4.10a)

x1 =




λ1

0

0

−ny



, x2 =




0

1

−ny
0



, x3 =




0

1

ny

0



, x4 =




λ4

0

0

−ny



.

Similarly for the east and west boundaries, the λi that solve (4.9c) and the associated eigenvec-

tors are

λ1 =
un
2

−
√(un

2

)2
+ 1, λ2 = 0, λ3 = 0, λ4 =

un
2

+

√(un
2

)2
+ 1, (4.10b)

x1 =




λ1

0

nx

0



, x2 =




0

nx

0

0



, x3 =




0

0

0

nx



, x4 =




λ4

0

nx

0



.

From (4.10), we can now explicitly write the eigenvalue and the normalized eigenvector matrices

introduced in (4.8) for the north and south boundaries as

ΛM = diag(λ1, λ2λ3, λ4), (4.11a)

X = N




λ1 0 0 λ4

0 1 1 0

0 −ny ny 0

−ny 0 0 −ny



, N = diag

(√
λ21 + 1,

√
2,
√
2,
√
λ24 + 1

)−1

,

Similarly, for the east and west boundaries, they are

ΛM = diag(λ1, λ2λ3, λ4), (4.11b)

X = N




λ1 0 0 λ4

0 nx 0 0

nx 0 0 nx

0 0 nx 0



, N = diag

(√
λ21 + 1, 1, 1,

√
λ24 + 1

)−1

,

where λi, xi are given in (4.10). Here, N is the normalizing matrix. Moreover, with a slight

abuse of notation, we rearrange M in (4.8) as M = XΛXT where Λ = NΛMN is the scaled

eigenvalue matrix. For the north and south boundaries

Λ = diag

(
λ1

λ21 + 1
,
λ2
2
,
λ3
2
,

λ4
λ24 + 1

)
, (4.12a)

while for the east and west boundaries

Λ = diag

(
λ1

λ21 + 1
, λ2, λ3,

λ4
λ24 + 1

)
. (4.12b)

Remark 4.4. The diagonal entries of the scaled eigenvalue matrices (4.12) are bounded for all

un.
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Next, we partition (4.12) into the positive and negative components and denote them re-

spectively with superscripts/subscripts ±

M =

[
X+

X−

]T [
Λ+ 0

0 Λ−

][
X+

X−

]
, (4.13)

and therefore, by substituting (4.13) into (4.7), BT becomes

BT = −
∮

Γ

[
W+

W−

]T [
Λ+ 0

0 Λ−

][
W+

W−

]
ds. (4.14)

In (4.14), we introduced the new variables W+ = XT
+q, W− = XT

−q. Moreover, they are called

in- and out-going characteristic variables, respectively. For the north and south boundaries, they

are

W+ =

[
v + pny

λ4u− νuyny

]
, W− =

[
λ1u− νuyny

v − pny

]
,

Λ+ =



λ3
2

0

0
λ4

λ24 + 1


 , Λ− =




λ1
λ21 + 1

0

0
λ2
2


 ,

while for the east and west boundaries, they are

W+ =
[
λ4u+ pnx

]
, W− =

[
λ1u+ pnx

]
, Λ+ =

[
λ4

λ24 + 1

]
, Λ− =

[
λ1

λ21 + 1

]
.

The terms associated with negative eigenvalues Λ− add growth to the energy rate (4.6) due to the

negative sign preceding them. We therefore limit this growth as in the following Proposition, and

the proof is in [46].

Proposition 3. The number of boundary conditions required to bound (4.6) coincide with the

number of negative eigenvalues of M.

In (4.10), λ1 < 0 and λ4 > 0 regardless of the sign of un. Therefore, there are two nega-

tive eigenvalues λ1, λ2 and two positive eigenvalues λ3, λ4 in (4.10a) at the north and south

boundaries. According to Proposition 3, precisely two boundary conditions must be prescribed

at both boundaries (this is due to the presence of νuyy in the equations (4.4)). At the east

and west boundaries, there is only one negative eigenvalue λ1 in (4.10b) inferring that only one

boundary condition must be imposed at each boundary.

We have now established the minimal number of boundary conditions required for bounded-

ness and the boundaries where they should be imposed, however, the question about their form

remains. In (4.14), the problematic growth terms are the ingoing characteristic variables since

they are positive. We circumvent this by specifying the general boundary conditions [39, 79, 80]

S(W− −RW+) = g, (4.15)

whereR is a nonzero matrix with the number of columns coinciding with the number of diagonal

elements of Λ+ and the number of rows coinciding with the number of negative eigenvalues of

M. Here, S is an invertible matrix that combines the variables in W− while SR combines the

variables in W+ to implement the desired boundary conditions.
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Remark 4.5. In the subsequent analysis, unless stated otherwise, we will set S in (4.15) to be

an identity matrix.

Proposition 4. Strong imposition of the homogeneous form of the boundary conditions (4.15)

yields an energy estimate if Λ+ +RTΛ−R ≥ 0 [18, 32].

Proof. By substituting (4.15) into (4.14), BT transforms to

BT = −
∮

Γ

[
W+

g

]T [
Λ+ +RTΛ−R Λ−R

RTΛ− Λ−

][
W+

g

]
ds, (4.16)

which by setting g = 0, it further simplifies to

BT = −
∮

Γ

WT

+(Λ
+ +RTΛ−R)W+ds. (4.17)

Hence, BT is non-positive if

Λ+ +RTΛ−R ≥ 0, (4.18)

and Lemma 1 completes the proof.

To tackle the non-homogeneous boundary conditions case, we first modify Lemma 1 to

account for non-zero external data.

Lemma 5. The semi-norms ||U||2
Ī
and ||Uy||2Ī are bounded if BT (4.6) is bounded by external

data.

Proof. Suppose that BT is bounded by data, then the temporal integration of (4.6) over a finite

time domain leads to a bounded growth

||U||2
Ī

∣∣∣
t=T

+ 2ν

T∫

0

||Uy||2Īdt ≤ ||f||2
Ī
+

T∫

0

∮

Γ

gTΦgdsdt, (4.19)

where Φ is a finite matrix.

Proposition 6. Strong imposition of the non-homogeneous form of the boundary conditions

(4.15) yield an estimate if there exists a non-negative matrix Ξ and R such that

(Λ−R)(Λ+ +RTΛ−R)−1(RTΛ−)− Λ− ≤ Ξ <∞ and Λ+ +RTΛ−R > 0, (4.20)

[18, 32].

Proof. Let’s assume that Ξ < ∞, and R satisfies the stringent form of (4.18) such that Λ+ +

RTΛ−R > 0. Implementing boundary conditions (4.15) strongly yields (4.16). Therefore, we

consider the boundary matrix in (4.16) and multiply it on the right with a triangular matrix

and on the left with the corresponding transpose

Υ =

[
I 0

ΠT I

][
Λ+ +RTΛ−R Λ−R

RTΛ− Λ−

][
I Π

0 I

]
,
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where I is a unit matrix of an appropriate size. The choice Π = −(Λ+ + RTΛ−R)−1(RTΛ−)

transforms Υ into the diagonal matrix

Υ =

[
Λ+ +RTΛ−R 0

0 Λ− − (Λ−R)(Λ+ +RTΛ−R)−1(RTΛ−)

]
. (4.21)

Finally, we add and subtract Ξ to the Schur complement of Υ i.e. matrix entry Υ22. There-

fore, substituting the above into (4.16) simplifies BT to

BT =−
∮

Γ

[
W+ +Πg

g

]T
Υ̂

[
W+ +Πg

g

]
ds (4.22)

+

∮

Γ

gTΞgds,

where Υ̂ is the modified Υ in (4.21)

Υ̂ =

[
Λ+ +RTΛ−R 0

0 Λ− − (Λ−R)(Λ+ +RTΛ−R)−1(RTΛ−) + Ξ

]
.

In (4.22), the first boundary integral is negative if R satisfies Λ+ + RTΛ−R > 0 and Ξ < ∞
exists such that Ξ ≥ (Λ−R)(Λ++RTΛ−R)−1(RTΛ−)−Λ−. Therefore, BT is bounded by data

and the energy rate (4.6) becomes

d

dt
||U||2

Ī
+ 2ν||Uy||2Ī ≤

∮

Γ

gTΞgds, (4.23)

which leads to an estimate by application of Lemma 5.

Remark 4.6. In (4.22), Ξ = Ξ(Λ±) and Λ± depend on the solution due to the nonlinear nature

of our problem. However, the elements of Λ± are bounded (see Remark 4.4).

Remark 4.7. Boundary conditions (4.1b) can be related to the general form (4.15) i.e. HU =

W− −RW+ = g, by computing an appropriate R satisfying (4.18).

4.1.2 Stability conditions for weakly implemented boundary conditions

To prepare for the upcoming discrete analysis, we implement boundary conditions (4.15) weakly

and derive the energy estimates. We follow the analysis from the previous section. Equation (4.4)

augmented with weak boundary conditions (4.15) becomes

ĪUt +D(U)U = SAT, (4.24)

where SAT = L (Σ(HU− g)) is the bounary penalty term. Here, where L(·) is the lifting

operator defined in (2.13) and Σ is the penalty coefficient matrix. Our ambition is to determine

Σ such that we obtain an energy estimate similar to (4.19). The energy method applied to (4.24)

leads to

d

dt
||U||2

Ī
+ 2ν||Uy||2Ī = B̃T = BT+ PT, (4.25)
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where BT denotes the indefinite boundary terms that are similar to BT in (4.6). Meanwhile, PT

denotes the penalty boundary terms

PT =

∫

Ω

[
UT

SAT+ (UT
SAT)T

]
ds,

which by the definition of L simplifies to

PT =

∮

Γ

[
UTΣ(HU− g) + (UTΣ(HU− g))T

]
ds.

The energy rate (4.25) is decreasing if B̃T is non positive or bounded by data. By first writing

BT in the form (4.14) and also replacing the boundary conditions in PT with (4.15), B̃T can

be written as

B̃T =−
∮

Γ

[
W+

W−

]T [
Λ+ 0

0 Λ−

][
W+

W−

]
ds (4.26)

+

∮

Γ

[
UTΣ(W− −RW+ − g) + (UTΣ(W− −RW+ − g))T

]
.

Since Σ in (4.24) is general, we modify it as Σ = TTX−Σ̃, where X− is the negative component

of the eigenvector matrices (4.11) and Σ̃ is a new penalty coefficient. We also introduced matrix

T which transforms the solution U to variable q = TU in (4.7) and is given by

T =




1 0 0

0 1 0

0 0 1

ν∂y 0 0



, (4.27)

such that

UTΣ = (TU)TX−Σ̃ = (XT

−q)
TΣ̃ =WT

− Σ̃. (4.28)

By substituting (4.28) into (4.26), we combine the two line integrals as

B̃T = −
∮

Γ



W+

W−

g




T 

Λ+ (Σ̃R)T 0

Σ̃R Λ− − (Σ̃ + Σ̃T) Σ̃

0 Σ̃T 0






W+

W−

g


 ds. (4.29)

Proposition 7. B̃T in (4.29) with Σ̃ = Λ− [18] and zero boundary data is non-positive if R
exists such that (4.18) holds.

Proof. Substituting Σ̃ = Λ− into (4.29) with g = 0 yields

B̃T = −
∮

Γ

[
W+

W−

]T [
Λ+ RTΛ−

Λ−R −Λ−

][
W+

W−

]
ds.
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By adding and subtracting
∮
Γ(RW+)

TΛ−(RW+)ds above, B̃T becomes

B̃T = −
∮

Γ

WT

+(Λ
+ +RTΛ−R)W+ds+

∮

Γ

[
W+

W−

]T [RTΛ−R −RTΛ−

−Λ−R −Λ−

]
ds (4.30)

= −
∮

Γ

WT

+(Λ
+ +RTΛ−R)W+ds+

∮

Γ

(W− −RW+)
TΛ−(W− −RW+)ds.

The first term in (4.30) is negative if (4.18) holds and the second term is negative since Λ− is

negative.

The energy estimate follows trivially using Lemma (1). Further, the penalty coefficient matrix

in (4.28) becomes Σ = TTX−Λ
−.

Remark 4.8. B̃T in (4.30) is similar to BT in (4.17) with an additional dissipative term∮
Γ(W− −RW+)

TΛ−(W− −RW+)ds which is proportional to the boundary conditions (4.15).

Next, we show that the choice of Σ in (4.28) also yields an energy estimate for the non-

homogeneous case.

Proposition 8. B̃T in (4.29) with non-homogeneous boundary condition and Σ̃ = Λ− is bounded

by data if R and a positive definite matrix Ξ exists satisfying (4.20) [18, 32].

Proof. By substituting Σ̃ = Λ− in (4.29), then adding and subtracting
∮
Γ g

TΞgds, B̃T becomes

B̃T = −
∮

Γ



W+

W−

g




T 


Λ+ RTΛ− 0

Λ−R −Λ− Λ−

0 Λ− Ξ






W+

W−

g


 ds+

∮

Γ

gTΞgds. (4.31)

The matrix split [18]



Λ+ RTΛ− 0

Λ−R −Λ− Λ−

0 Λ− Ξ


 =



Λ+ +RTΛ−R 0 RTΛ−

0 0 0

Λ−R 0 Λ− + Ξ


 (4.32)

+



−RTΛ−R RTΛ− −RTΛ−

Λ−R −Λ− Λ−

−Λ−R Λ− −Λ−


 ,

transforms B̃T to

B̃T =−
∮

Γ

[
W+

g

]T [
Λ+ +RTΛ−R RTΛ−

Λ−R Λ− + Ξ

][
W+

g

]
ds (4.33)

+

∮

Γ

(W− −RW+ − g)TΛ−(W− −RW+ − g)ds+

∮

Γ

gTΞgds.

The first line integral in (4.33) is identical to (4.16) and it is non-positive using Proposition 4 if

Ξ satisfies (4.20). We also note that the second integral in (4.33) is negative while the last term

is data and it is bounded since Ξ <∞. Therefore, B̃T becomes

B̃T ≤
∮

Γ

gTΞgds, (4.34)

which is identical to the external data term in (4.22).
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Lastly, temporal integration of (4.25) with (4.34) lead to the results (4.19), and hence proving

that the semi-norms are bounded by data.

Remark 4.9. Proposition 8 is the extension of Proposition 7 for the non-homogenenous bound-

ary conditions case. By setting g = 0 in (4.33), we obtain (4.30) and this further alleviates the

stringent requirement of (4.18) in (4.20) since Ξ will not be required.

4.2 Energy stable boundary conditions

4.2.1 Strongly imposed boundary conditions

Next, we derive a new set of boundary conditions specific to the flat plate boundary layer

problem. These boundary conditions must have the general form (4.15) and subsequently satisfy

condition (4.18). To achieve this, we return to the energy rate (4.6) and use the indefinite BT

terms as a guide to identify the terms that add growth terms to the energy rate. We will

then impose conditions to prevent energy growth while satisfying the physics of the problem as

illustrated in Figure 3.1.

Starting at the south boundary which is aligned with the solid surface, we eliminate the

contribution of the south boundary in BT by prescribing a no-slip velocity condition i.e. u = v =

0. The north boundary is considered next, at which we should impose two boundary conditions

which are given below. It is important to note that at this boundary, un > 0. Next, we turn

to the vertical boundaries where only one boundary condition is required. Since we assumed

inflow (un < 0) at the west boundary and outflow (un > 0) at the east boundary, we prescribe

velocity at the west boundary and pressure at the east boundary. In summary, the proposed

boundary conditions are

ϑ

2
vu− νuy = g, p = P∞, north boundary, ,

u = 0, v = 0, south boundary, (4.35)

p = P∞, east boundary,

u = U∞, west boundary,

where ϑ ∈ [0, 1] is a constant that gives us the flexibility to impose either the Robin boundary

condition (ϑ = 1) or the Neumann boundary condition (ϑ = 0), depending on the available

data. The above can be written in the form (4.1b) as

HeU =
[
0 0 1

]


u

v

p


 =

[
P∞

]
, HnU =



ϑ

2
v − ν∂y 0 0

0 0 1






u

v

p


 =

[
g

P∞

]
, (4.36)

HwU =
[
1 0 0

]


u

v

p


 =

[
U∞

]
, HsU =

[
1 0 0

0 1 0

]

u

v

p


 =

[
0

0

]
,

where P∞ is the freestream pressure.

By strongly imposing the homogeneous form of the boundary conditions (4.36) in (4.6), most

of the boundary terms vanish and only the contribution from the north and east boundaries
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remain which carry appropriate signs since un > 0 at the outflow boundaries. The energy rate

(4.6) becomes

d

dt
||U||2

Ī
+ 2ν||Uy||2Ī = −

∫

Γn

(1− ϑ)unu
2dx−

∫

Γe

unu
2ds ≤ 0. (4.37)

Notice that ϑ = 0, which prescribes the Neumann boundary condition in (4.35), leads to a

more dissipative energy rate. Also note that the last term in (4.37) is dissipative since un >

0. Finally, temporal integration over a finite time domain [0, T ] and imposing the initial condition

leads to the energy estimate

||U||2
Ī
+ 2ν

T∫

0

||Uy||2Īdt ≤ ||f||2
Ī
. (4.38)

The estimate (4.38) shows that boundary conditions (4.36) are energy stable. Further, we show

that they can be written in the general form (4.15) by computing R satisfying (4.18) for each

boundary. We set S for all the boundaries to be an identity matrix. Therefore, starting with

the north and south boundaries, we propose R in (4.15) with the form

R =

[
0 r1

r2 0

]
, (4.39)

which together with the variables W+, W− in (4.14), lead to

W− −RW+ =

[
λ1u− νuyny

v − pny

]
−
[
0 r1

r2 0

][
v + pny

λ4u− νuyny

]
(4.40)

=

[
(λ1 − r1λ4)u+ (r1 − 1)νuyny

(1− r2)v − (1 + r2)pny

]
=

[
g1

g2

]
.

Here, g1, g2 are boundary data. To write the no-slip condition at the south boundary in the

form (4.15), we set r1 = 1 and r2 = −1 in (4.39) which simplify (4.40) to

W− −RW+ =

[
λ1 − λ4 0

0 2

][
u

v

]
=

[
0

0

]
. (4.41)

By further multiplying (4.41) on both sides with the diagonal matrix diag(λ1 − λ4, 2)
−1, we

obtain u = v = 0. This choice of R satisfies (4.18) since

Λ+ +RTΛ−R =



λ3
2

0

0
λ4

λ24 + 1


+

[
0 1

−1 0

]T



λ1
λ21 + 1

0

0
λ2
2



[
0 1

−1 0

]
(4.42)

=

[
0 0

0 0

]
.

where Λ+, Λ− for horizontal boundaries are given in (4.14).

To show that the Robin velocity (ϑ = 1) and the Dirichlet pressure conditions at the north

boundary with (nx, ny) = (0, 1) in (4.36) can be written in the form (4.15), we set r1 = 0 and

r2 = 1 in (4.40) which leads to

W− −RW+ =

[
λ1u− νuyny

−2pny

]
=

[
1 0

0 −2

][
λ1u− νuy

p

]
=

[
g1

g2

]
.
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Moreover, (4.18) is satisfied by this choice since

Λ+ +RTΛ−R =



λ3
2

0

0
λ4

λ24 + 1


+

[
0 0

1 0

]T



λ1
λ21 + 1

0

0
λ2
2



[
0 0

1 0

]
(4.43)

=



0 0

0
λ4

λ24 + 1


 ≥ 0.

Next, we turn to the east and west boundaries. Similar to the horizontal boundaries, we want to

show that the west and east boundary conditions can be written in the form (4.15). We begin

by substituting W+, W− in (4.14) into (4.15) to obtain

W− −RW+ =
[
λ1u+ pnx

]
−R

[
λ4u+ pnx

]
= (λ1 −Rλ4)u+ (1−R)pnx = g, (4.44)

where g denotes data as before. Starting with the west boundary, we want to determine R such

that it removes the pressure term from (4.44) and only the velocity remains. The obvious choice

R = 1 leads to

W− −RW+ = (λ1 − λ4)u = g.

Consequently, this choice satisfies (4.18) since

Λ+ +RTΛ−R =
λ4

λ24 + 1
+

λ1
λ21 + 1

= 0, (4.45)

where Λ+, Λ− are given in (4.14).

Similarly, to write the pressure condition at the east boundary in the form (4.15), we need

an appropriate R satisfying (4.18) that remove the velocity contribution in (4.44). Setting

R = λ1/λ4 yields

W− −RW+ =

(
1− λ1

λ4

)
p = g,

and satisfies (4.18) since

Λ+ +RTΛ−R =
λ4

λ24 + 1
+

(
λ1
λ4

)2 λ1
λ21 + 1

=
un(u

2
n + 1)

(λ24 + 1)(λ21 + 1)λ4
≥ 0, (4.46)

4.2.2 Weakly imposed boundary conditions

Similar to Section 4.1.2, we implement the boundary conditions (4.35) weakly and show that

they lead to an energy estimate. Let’s recall the weak formulation (4.24)

ĪUt +D(U)U = L (Σ(HU− g)) , (x, y) ∈ Ω, t > 0, (4.47)

where HU is now given by (4.36). As before, we want to determine the penalty matrix Σ such

that the weakly imposed boundary conditions (4.36) yield an energy estimate. Applying the

energy method to (4.47) leads to the energy rate

d

dt
||U||2

Ī
+ 2ν||Uy||2Ī = BT+ PT, (4.48)
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where BT, PT are given in (4.6) and (4.25), respectively. We further express them as a sum of

all four boundary contributions BT = BTn + BTe + BTs + BTw, where

BTn = −
∫

Γn

(unu
2 + 2unp− 2νuuyny)dx, BTe = −

∫

Γe

(unu
2 + 2unp)dy, (4.49)

BTs = −
∫

Γs

(unu
2 + 2unp− 2νuuyny)dx, BTw = −

∫

Γw

(unu
2 + 2unp)dy.

Similarly, we partition the penalty terms as

PT =
∑

i∈{n,e,s,w}

∫

Γi

(
UTΣiHiU+ (UTΣiHiU)T

)
ds. (4.50)

Our ambition is to determine Σ such that the boundary terms in (4.48) are dissipative. We

propose the following penalty coefficients for each boundary

Σs =




un
2

− ν∂∗yny 0

0 0

0 ny


 , Σn =



ny 0

0 ny

0 0


 , (4.51)

Σw =




un
2
0

nx


 , Σe =



nx

0

0


 ,

where ∂∗y is the y−partial derivative operator acting on the left such that UT∂∗y = UT

y . By

substituting (4.51) into (4.50), the penalty terms becomes

PTn =

∫

Γn

(ϑunu
2 + 2unp− 2νuuyny)dx, PTe =

∫

Γe

2unpdy, (4.52)

PTs =

∫

Γs

(unu
2 + 2unp− 2νuuyny)dx, PTw =

∫

Γw

(unu
2 + 2unp)dy.

Lastly, combining (4.49) and (4.52) leads to the cancellation of several terms and the energy

rate (4.48) becomes

d

dt
||U||2

Ī
+ 2ν||Uy||2Ī = −

∫

Γn

(1− ϑ)unu
2dx−

∫

Γe

unu
2dy ≤ 0, (4.53)

which is similar to (4.37). Note also that the dissipative boundary terms in (4.53) came from

the two outflow boundaries.

In essence, the strong imposition of boundary conditions overrides the solution values at

the boundaries. However, conflicts may arise when different conditions coincide at a particular

boundary point. For example, in (4.35), both the inflow and wall boundary conditions coincide

at the plate’s leading edge. Meanwhile, the weak imposition of boundary solutions handles this

paradox by penalizing the solution with the exact amount it deviates from data. Therefore, we

will mimic the weak formulation (4.24) in the upcoming semi-discrete formulation.
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4.3 Closing remarks

We applied the energy method and Green’s theorem to the continuous problem (4.5) which

led to the energy rate (4.6) consisting of the volume and boundary terms. The volume term

is dissipative while the boundary terms are indefinite and could potentially lead to unbounded

growth. We circumvented this by first rewriting them in a matrix-vector notation (4.7), then

rotating the resulting boundary matrix M into a diagonal form using the matrix eigenvalue

decomposition (4.8).

We further partitioned them into the positive and negative parts (4.14), and immediately

noted that the negative component was problematic. This required us to express it in terms

of the positive component and data, leading to the general energy stable boundary conditions

(4.15). We proved that the strong imposition of these boundary conditions (both homogeneous

and non-homogeneous) leads to energy estimates. We subsequently imposed them weakly (4.24)

and obtained an even more dissipative energy rate.

A new set of energy stable boundary conditions specific to the flat plate laminar boundary

layer problem were also proposed in (4.35). We also showed that they can be written in the

general form (4.15), and that both their strong and weak imposition leads to identical energy

rates (4.37), (4.53). In the next section, we will discretely mimic the analysis above, also sum-

merized in Figure (4.1), and derive discrete estimates that have similar asymptotic temporal

convergence as the continuous counterparts.



Chapter 5

SBP-SAT approximation for the IBL

equations

We derive a stable approximation of the IBL equations (4.24) with the newly derived continu-

ous form boundary conditions (4.35) in this chapter. As stated in the previous chapter, we only

consider weak imposition of the boundary conditions. The spatial derivatives are approximated

using finite difference operators on SBP form while keeping the temporal derivative continu-

ous leading to a semi-discrete formulation. The boundary conditions are imposed weakly using

the SAT technique which discretely imitates the boundary imposition (4.24). By following the

guideline in Figure 4.1 in the discrete sense, we derive a discrete energy estimate that mim-

ics the continuous counterpart, proving that the newly formulated SBP-SAT approximation is

stable. Subsequently, we prove by plotting eigenvalues that the stable imposition of boundary

conditions using the SAT method alleviates the incompressibility-related singularities associ-

ated with the nullspace of the differential operator. We conclude the chapter by discretizing the

temporal derivative using the Backward Euler method, which leads to a fully discrete approxi-

mation.

5.1 The semi-discrete formulation

Let’s consider domain Ω ∈ [0, 1] × [0, 1] and discretize it using N̄ + 1 and M̄ + 1 equidistant

grid points. Each grid point is given by pair a (xi, yj) where xi = i/N̄ , i = 0, 1, 2, . . . , N̄

and yj = j/M̄ , j = 0, 1, 2, . . . , M̄ . We further arrange them as row of column vectors fol-

lowing the columnwise orientation as depicted in Figure 2.1. This arrangement allows us to

represent a continuous function h(x, y) evaluated on the grid points (xi, yj) as a vector k =

(k00, . . . , k0M̄ , . . . , kN̄0, . . . , kN̄M̄ )T , where kij = k(xi, yj).

Remark 5.1. To keep the subsequent derivations neater, we introduce the short-hand notations

N = N̄ + 1 and M = M̄ + 1.

Let U = [u,v,p]T be an approximation solution of (4.24) where u,v,p respectively contain

the discrete versions of u, v and p. Here, vectors u,v,p respectively have dimensionsNM×1, and

they are packaged in columnwise orientation. Further, we note that U is a 3NM×1 vector. The

boundary and initial data are arranged in a similar manner and denoted by vectors G and

F, respectively.

41
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The 2D SBP operators (2.31a) haveNM×NM dimensions, respectively. Moreover, to ensure

that these SBP matrices operate on the entire vector U, we introduce the following notations

P = I3 ⊗ Px ⊗ Py, Dx = I3 ⊗ P−1
x Qx ⊗ IM , Dy = I3 ⊗ IN ⊗ P−1

y Qx (5.1)

Qx = I3 ⊗Qx ⊗ Py, Qy = I3 ⊗ Px ⊗Qy,

where I3, IN , IM are unit matrices of size 3× 3, N ×N and M ×M , respectively. Similarly, the

SBP properties (2.31c) become

Qx +QT

x = I3 ⊗ (EN − E0)⊗ Py and Qy +QT

y = I3 ⊗ (EM − E0)⊗ Px, (5.2)

where E0 = diag(1, 0, . . . , 0), EN = diag(0, . . . , 0, 1) and EM = diag(0, . . . , 0, 1), with the ap-

propriate sizes. With the notations in (5.1), we can compactly write the SBP approximations

of the continuous derivatives in (4.1) as, for example, Ux ≈ DxU = [Dxu, Dxv, Dxp]
T where

Dx = P−1
x Qx ⊗ IM .

The semi-discrete approximation of (4.24) on SBP-SAT form is

ĪUt +D(U)U = SATSATSAT, (5.3a)

ĪU(0) = F, (5.3b)

where D(U) is the discrete version of the spatial operator in (4.4) and is given by

D(U) =
1

2
[ADx +DxA+BDy +DyB]− νĪD2

y,

and A, B, Ī are discrete versions of A, B and Ī in (4.1). By denoting unit and zero matrices of

size NM ×NM respectively with INM and 0, these matrices are

A =



diag(u) 0 INM

0 0 0

INM 0 0


 , B =



diag(v) 0 0

0 0 INM

0 INM 0


 , Ī =



INM 0 0

0 0 0

0 0 0


 .

In (5.3a), the SATSATSAT terms are the weakly implemented boundary conditions defined as

SATSATSAT = P−1Σn(I2 ⊗ Pn)(HnU−Gn) +P−1ΣePe(HeU−Ge)

+P−1Σn(I2 ⊗ Ps)(HsU−Gs) +P−1ΣwPw(HwU−Gw),

which discretely mimic SAT in (4.24). Here, Σ, H and G denote the discrete penalty ma-

trix, boundary operator and data, respectively, and their dimensions vary depending on the

boundary. In Section 4.1.1, we inferred that two boundary conditions must be imposed at the

horizontal boundaries and one boundary condition at the vertical boundaries. Therefore, the

dimensions of Hn,s, He,w are 2NM×3NM and NM×3NM , respectively. Similarly, the dimen-

sions of Gn,s and Ge,w respectively are 2NM × 1 and NM × 1. Lastly, to balance dimensions

such that matrix multiplication is defined, Σn,s, Σe,w must be matrices of size 3NM × 2NM

and 3NM ×NM , respectively. We therefore rewrite SATSATSAT in compact form as

SATSATSAT =
∑

k∈{n,s,e,w}

P−1Σk(Ij ⊗ Pk)(HkU−Gk), j =




1 for k ∈ {e, w}
2 for k ∈ {n, s}

,
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where Ij denotes an identity matrix of size j×j and j is defined such that matrix multiplication

is possible. It is equal to the number of boundary conditions prescribed per boundary. Lastly, the

diagonal matrices Pk in (5.3a) are the quadrature rules approximating the boundary line in-

tegrals and they are defined in (2.31d). Further, we can write the SBP properties (5.2) as

Qx +QT

x = I3 ⊗ (Pe − Pw) and Qy +QT

y = I3 ⊗ (Pn − Ps).

5.1.1 The discrete energy estimate

Next, we derive a discrete energy estimate that resembles the continuous counterpart. In Section

4.1.2, we imposed the boundary conditions (4.15) weakly in (4.24). We subsequently derived the

penalty matrices in (4.28) which led to the continuous estimate. In this section, we endeavor

to mimic the energy method discretely and show that the discrete version of these penalty

coefficients lead to a stable approximation. The discrete energy method applied to (5.3a) which

involves multiplying (5.3a) with UTP and adding to its transpose yields

d

dt
||U||2

ĪP
+UT

(
PADx +QxA

)
U+UT

(
PBDy +QyB

)
U− 2νUTĪQyDyU = PT.

(5.4)

Here,

PT = UT
SATSATSAT+

(
UT

SATSATSAT

)T

=
∑

k∈{n,s,e,w}

(
UTΣk(Ij ⊗ Pk)(HkU−Gk) + (UTΣk(Ij ⊗ Pk)(HkU−Gk))

T

)
,

are the penalty terms mimicking the continuous counterparts in (4.25). In (5.4), ||U||2
ĪP

=

UTĪPU is the discrete equivalence of the L2-semi-norm. Next, we simplify the terms on the

LHS of (5.4) separately. By starting with the nonlinear advection terms in the x-direction and

applying the SBP property (5.2) on its conservative term, we rewrite it as

UTPA(DxU) +UTQxAU = UTPA(DxU)−UTQT

xP
−1PAU

+UT(I3 ⊗ (Pe − Pw))AU

= UTPA(DxU)− (DxU)TPAU (5.5)

+UT(I3 ⊗ (Pe − Pw))AU

= UT(I3 ⊗ (Pe − Pw))AU.

Notice that the non-conservative indefinite terms above vanish owing to the skew-symmetric

flux splitting (4.3), and only the boundary terms remain. By applying a similar approach to the

y advection terms in (5.4), we obtain

UTPB(DyU) +UTQyBU = UT(I3 ⊗ (Pn − Ps))BU. (5.6)

We consider the viscous term next, and use (5.2) to simplify them to

2νUTĪQy(DyU) = 2νUT(I3 ⊗ (Pn − Ps))Ī(DyU)− 2νUTQT

yP
−1PĪ(DyU) (5.7)

= 2νUT(I3 ⊗ (Pn − Ps))Ī(DyU)− 2ν(DyU)TPĪ(DyU).
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Here, we obtain both the boundary and the dissipative volume terms. Therefore, substituting

(5.5), (5.6) and (5.7) into (5.4), transforms the energy rate to

d

dt
||U||2

ĪP
+ 2ν||DyU||2

ĪP
= B̃T = BT+PT (5.8)

where

BT =−UT [(I3 ⊗ (Pe + Pw))A− (I3 ⊗ (Pn − Ps))B]U

+ 2νUT(I3 ⊗ (Pn − Ps))Ī(DyU),

are the indefinite boundary terms resembling (4.6) discretely, and PT is given in (5.4). For later

reference, we simplify BT further as

BT =−
[
uT(Pe − Pw)diag(u)u+ uT(Pn − Ps)diag(v)u+ 2uT(Pe − Pw)p

+ 2vT(Pn − Ps)p− 2νuT(Pn − Ps)Dyu
]
.

The energy rate (5.8) is the discrete analogue of (4.25). Similar to the continuous case, the

energy norm is bounded if B̃T is non-positive or bounded by external data. We formalize this

with the following Lemmas.

Lemma 9. Approximation (5.3) with homogeneous boundary conditions is stable if B̃T in (5.8)

is non-negative.

Proof. If B̃T ≤ 0, then time integration in (5.8) leads to bounded discrete energy estimate

||U||2
ĪP

+ 2ν

T∫

0

||DyU||2
ĪP
dt ≤ ||F ||2

ĪP
, (5.9)

which is bounded by data and thus proving stability.

Lemma 10. Approximation (5.3) with non-homogeneous boundary conditions is strongly stable

if B̃T in (5.8) is bounded from above by data.

Proof. Time integration in (5.8) over finite time domain [0, T ] leads to the discrete energy

estimate

||U||2
ĪP

∣∣
t=0

+ 2ν

T∫

0

||DyU||2
ĪP
dt ≤ ||F ||2

ĪP
+

T∫

0


 ∑

k∈{n,s,e,w}

GT

kχGk


 dt, (5.10)

where χ is a bounded matrix.

To proceed, we first rewrite BT in (5.8) in a form that resembles (4.7). Let the pair (Nk
x , N

k
y )

be the discrete boundary normal matrices as defined below.

Definition 5.1. The discrete outward pointing boundary normals are given by the pair Nk =

(Nk
x , N

k
y )

(Nn
x , N

n
y ) = (0, IN ⊗ EM ),

(N s
x, N

s
y ) = (0, IN ⊗−E0), (5.11)

(N e
x, N

e
y ) = (EN ⊗ IM ,0),

(Nw
x , N

w
y ) = (−E0 ⊗ IM ,0),

where the matrices E1, EN,M and IN,M , 0 are given in (5.2) and (5.3), respectively.
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Using the notation above, we rewrite BT in (5.8) in a matrix-vector form as

BT =−
∑

k∈{n,s,e,w}

q̃T(I4 ⊗ Pk)Mq̃, (5.12)

where

q̃ =




u

v

p

νDyu



, Mk =




diag(uk
n) 0 Nk

x −Nk
y

0 0 Nk
y 0

Nk
x Nk

y 0 0

−Nk
y 0 0 0



,

are the discrete version of q and M in (4.7), respectively. Moreover, uk
n = Nk

xu + Nk
y v is the

discrete boundary normal velocity. Since all the matrices in (5.12) are diagonal, then there are

NM decoupled nonlinear equations. However, the number of nonzero entries is equal to the

number of boundary grid points due to the normal matrices (5.11). By noting the similarity

in the structures of M in (4.7) and M in (5.12), we adopt the similar matrix eigenvalue

decomposition (4.8) in the discrete sense

Mk = XkΛkX
T

k , (5.13)

for the k-th boundary. Here, Λk = diag
(
λ
k
1,λ

k
2,λ

k
3,λ

k
4

)
is a 4NM × 4NM diagonal matrix

containing the eigenvalues of Mk and Xk is the associated eigenvector block-matrix on the k-

th boundary. Vectors λk
i contain pointwise eigenvalues of Mk which are obtained by projecting

(4.10) on the boundary grid points. For the north and south boundaries, λk
i and X

k are

λ
k
1 =

uk
n

2
−

√(
uk
n

2

)2

+ 1, λ
k
2 = −~1, λ

k
3 = ~1, λ

k
4 =

uk
n

2
+

√(
uk
n

2

)2

+ 1, (5.14a)

Xk =




diag(λk
1) 0 0 diag(λk

4)

0 I I 0

0 Nk
y Nk

y 0

−Nk
y 0 0 −Nk

y



.

Similarly, at the east and west boundaries, they are

λ
k
1 =

uk
n

2
−

√(
uk
n

2

)2

+ 1, λ
k
2 = ~0, λ

k
3 = ~0, λ

k
4 =

uk
n

2
+

√(
uk
n

2

)2

+ 1, (5.14b)

Xk =




diag(λk
1) 0 0 diag(λk

4)

0 Nk
x 0 0

Nk
x 0 0 Nk

x

0 0 Nk
x 0



,

where ~1, ~0 respectively denote vector of ones and zeros.

Remark 5.2. The square-roots and multiplications in (5.14) should be interpreted element-

wise. For subsequent analysis, all operations involving λi should also be interpreted element-

wise.
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By substituting (5.13) into (5.12) and defining the discrete characteristic variables Wk =

Xkq̃
T, (5.12) becomes

BT =−
∑

k∈{n,s,e,w}

Wk,T(I4 ⊗ Pk)ΛkW
k. (5.15)

We further imitate the continuous relation (4.14) and divide it in terms of the positive and

negative components as

BT =−
∑

k∈{n,s,e,w}

[
Wk

+

Wk
−

]T
(I2j ⊗ Pk)

[
Λ+

k 0

0 Λ−
k

][
Wk

+

Wk
−

]
. (5.16)

The variables in (5.16) are the discrete analogues of (4.14). For the north and south bound-

aries, they are defined as

Λ+
k =

[
diag

(
λ
k
3/2
)

0

0 diag
(
λ
k
4/((λ

k
4)

2 + 1)
)
]
, Wk

+ =

[
v+Nk

y p

λ
k
4u− νNk

yDyu

]
, (5.17a)

Λ−
k =

[
diag

(
λ
k
1/((λ

k
1)

2 + 1)
)

0

0 diag
(
λ
k
2/2
)
]
, Wk

− =

[
λ
k
1u− νNk

yDyu

v−Nk
y p

]
.

For the east and west boundaries, we have

Λk
+ =

[
diag

(
λ
k
4/((λ

k
4)

2 + 1)
)]
, Wk

+ =
[
λ
k
4u+Nk

xp

]
, (5.17b)

Λk
− =

[
diag

(
λ
k
1/((λ

k
1)

2 + 1)
)]
. Wk

− =
[
λ
k
1u+Nk

xp

]

Note that in (5.16), we adjusted the dimensions of the unit matrix to 2j since W = [W+,W−]
T

has two vectors and index j is defined as before. Next, we define the discrete version of the

boundary condition (4.15)

HkU = Wk
− −RkW

k
+, (5.18)

where R is the discrete version of R. We rewrite PT in (5.4) in terms of the variables (5.17) as

PT =
∑

k∈{n,s,e,w}

(
UTΣk(Ij ⊗ Pk)(W

k
− −RkW

k
+ −Gk) (5.19)

+ (UTΣk(Ij ⊗ Pk)(W
k
− −RkW

k
+ −Gk))

T
)
.

Further, by using (5.16) and (5.19), we rewrite B̃T in (5.4) as

B̃T =−
∑

k∈{n,s,e,w}

([Wk
+

Wk
−

]T
(I2j ⊗ Pk)

[
Λ+

k 0

0 Λ−
k

][
Wk

+

Wk
−

]
(5.20)

+UTΣk(Ij ⊗ Pk)(W
k
− −RkW

k
+ −Gk)

+ (UTΣk(Ij ⊗ Pk)(W
k
− −RkW

k
+ −Gk))

T

)
,

which is a discrete equivalence of (4.26). Next, we combine the sums in (5.20) by making the

ansatz UTΣ = W−Σ̃ which resembles (4.28). Therefore, B̃T becomes

B̃T = −
∑

k∈{n,s,e,w}



Wk

+

Wk
−

Gk




T

(I3j ⊗ Pk)




Λ+
k (Σ̃kRk)

T 0

Σ̃kRk Λ−
k − (Σ̃k + Σ̃T

k ) Σ̃k

0 Σ̃T

k 0






Wk

+

Wk
−

Gk


 , (5.21)
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which is a discrete analogue of (4.29). Similarly here, our ambition is to determine R and

Σ̃ such that B̃T is non-positive or bounded by data. Starting with homogeneous boundary

conditions, we formulate the discrete equivalence of Proposition 4.

Proposition 11. The discrete boundary term (5.21) with Gk = 0 is non-negative if Rk satisfies

Λ+
k +R

T

kΛ
−
k Rk ≥ 0 and Σ̃k = Λ−

k .

Proof. Substituting Σ̃k = Λ−
k and Gk = 0 into (5.21) leads to

B̃T = −
∑

k∈{n,s,e,w}

[
Wk

+

Wk
−

]T
(I2j ⊗ Pk)

[
Λ+

k (Λ−
k Rk)

T

Λ−
k Rk −Λ−

k

][
Wk

+

Wk
−

]
.

By further adding and subtracting (RkW
k
+)

T(Ij ⊗ Pk)Λ
−
k (RkW

k
+), the above can be written

as

B̃T =−W
k,T
+ (Ij ⊗ Pk)

[
Λ+

k +R
T

kΛ
−
k Rk

]
Wk

+

+ (Wk
− −RkW

k
+)

T(I2j ⊗ Pk)Λ
−
k (W

k
− −RkW

k
+),

which is a discrete version of (4.30). Therefore, B̃T ≤ 0 if Rk exists such that it satisfies

Λ+
k +R

T

kΛ
−
k Rk ≥ 0. (5.22)

This inequality is also the discrete analogue of (4.18).

The energy rate (5.8) is bounded and hence the approximation (5.3) is stable using Lemma

9. The next case we are considering is (5.20) with nonzero boundary data.

Proposition 12. The discrete boundary term (5.20) with Gk 6= 0 and Σ̃k = Λ−
k is bounded by

data if we can find Rk and Ξ satisfying (RkΛ
−
k )(Λ

+
k +R

T

kΛ
−
k Rk)

−1(RkΛ
−
k )

T ≤ Ξ < ∞ and

Λ+
k +R

T

kΛ
−
k Rk > 0.

Proof. Let Σ̃k = Λ−
k and Ξ <∞ exist, then adding and subtracting GT

k (Ij ⊗Pk)ΞGk

∣∣
k∈{n,s,e,w}

to (5.20) yields

B̃T =−
∑

k∈{n,s,e,w}

(


Wk

+

Wk
−

Gk




T

(I3j ⊗ Pk)




Λ+
k (Λ−

k Rk)
T 0

Λ−
k Rk −Λ−

k Λ−
k

0 Λ−
k Ξ






Wk

+

Wk
−

Gk


 (5.23)

+GT

k (Ij ⊗ Pk)ΞGk

)
,

which is discretely identical to (4.32). By employing the discrete analogue of the matrix splitting

technique (4.33)




Λ+
k (Λ−

k Rk)
T 0

Λ−
k Rk −Λ−

k Λ−
k

0 Λ−
k Ξ


 =



Λ+

k +R
T

kΛ
−
k Rk 0 (Λ−

k Rk)
T

0 0 0

Λ−
k Rk 0 Λ−

k +Ξ


 (5.24)

+



−R

T

kΛ
−
k Rk (Λ−

k Rk)
T −(Λ−

k Rk)
T

Λ−
k Rk −Λ−

k Λ−
k

−Λ−
k Rk Λ−

k −Λ−
k


 ,
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which transform (5.23) into

B̃T =
∑

k∈{n,s,e,w}

(
B̃T1 + B̃T2 + B̃T3

)
k
, (5.25)

where

B̃T1 = (Wk
− −RkW

k
+ −Gk)

T(I2j ⊗ Pk)Λ
−
k (W

k
− −RkW

k
+ −Gk),

B̃T2 = −
[
Wk

+

Gk

]T
(I2j ⊗ Pk)

[
Λ+

k +R
T

kΛ
−
k Rk (Λ−

k Rk)
T

Λ−
k Rk Λ−

k +Ξ

]

︸ ︷︷ ︸
Θ

[
Wk

+

Gk

]
,

B̃T3 = GT

k (Ij ⊗ Pk)ΞGk.

Here, B̃T imitates (4.33) discretely and it is bounded by data if B̃T1, B̃T2 are non-negative

and Ξ is finite. In (5.25), B̃T1 is clearly negative since Λ−
k is negative. It remains to show that

B̃T2 is non-negative as well i.e. we show that Θ is positive semi-definite since it multiplied with

a negative sign in (5.25).

Lemma 13. Matrix Θ in (5.25) is positive semi-definite if (RkΛ
−
k )(Λ

+
k +R

T

kΛ
−
k Rk)

−1(RkΛ
−
k )

T−
Λ−

k ≤ Ξ <∞ and Λ+
k +R

T

kΛ
−
k Rk > 0.

Proof. We adopt a similar matrix rotation technique as in (4.20) and transform Θ to a block-

diagonal matrix. By first considering the rotation matrix

N =

[
I −(Λ+

k +R
T

kΛ
−
k Rk)

−1(RkΛ
−
k )

T

0 I

]
,

the rotated form of Θ is computed as

Υ = NTΘN (5.26)

=

[
Λ+

k +R
T

kΛ
−
k Rk 0

0 Λ−
k +Ξ− (RkΛ

−
k )(Λ

+
k +R

T

kΛ
−
k Rk)

−1(RkΛ
−
k )

T

]
,

which is discretely identical to (4.21). Further, it is positive semi-definite if the inequalities in

Proposition 12 holds.

The results above prove that B̃T in (5.25) is bounded by data which completes the proof.

5.1.2 Stable approximation of the Blasius boundary layer equations

Next, we show that the discrete counterparts of the boundary conditions (4.35) and the penalty

coefficients (4.49) lead to an energy estimate that mimics the continuous counterpart (4.38). The

discrete boundary conditions and penalty matrices are

HeU =
[
0 0 I

]


u

v

p


 =

[
p∞

]
, HsU =

[
I 0 0

0 I 0

]

u

v

p


 =

[
0

0

]
, (5.27a)

HwU =
[
I 0 0

]


u

v

p


 =

[
u∞

]
, HnU =



ϑ

2
diag(un

n)− νDy 0 0

0 0 I






u

v

p


 =

[
0

p∞

]
,
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and

Σs =




1

2
diag(us

n)− νDT
yN

s
y 0

0 0

0 N s
y


 , Σn =



Nn

y 0

0 Nn
y

0 0


 , (5.27b)

Σw =




1

2
diag(uw

n )

0

Nw
x


 , Σe =



N e

x

0

0


 ,

respectively. Using the above, the penalty terms in (5.3a) simplify to

P−1ΣsPsHsU =




(Px ⊗ Py)
−1

(
1

2
diag(us

n)Psu− νDT
yN

s
yPsu

)

0

(Px ⊗ Py)
−1N s

yPsv


 , (5.28a)

P−1ΣnPnHnU =




(Px ⊗ Py)
−1

(
ϑ

2
Pndiag(u

n
n)u− νNn

y PnDyu

)

(Px ⊗ Py)
−1Nn

y Pnp

0


 , (5.28b)

P−1ΣePeHeU =



(Px ⊗ Py)

−1N e
xPep

0

0


 , (5.28c)

P−1ΣwPwHwU =




1

2
(Px ⊗ Py)

−1diag(uw
n )Pwu

0

(Px ⊗ Py)
−1Nw

x Pwu


 . (5.28d)

Furthermore, substituting (5.28) with zero data into (5.4) simplifies PT to

PT =
[
ϑuTdiag(un

n)Pnu+ 2un,T
n Pnp− 2νuTNn

y Pn(Dyu)
]
+
[
2ue,T

n Pep
]

(5.29)

+
[
uTdiag(us

n)Psu+ 2pT
Psu

s
n − 2ν(Dyu)

TN s
yPsu

]

+
[
uTdiag(uw

n )Pwu+ 2pT
Pwu

w
n

]
,

which mimics (4.50) discretely. Lastly, substituting (5.29) into (5.8) lead to the cancellation of

several terms and the energy rate becomes

d

dt
||U||2

ĪP
+ 2ν||DyU||2

ĪP
= B̃T = −(1− ϑ)uTdiag(un

n)Pnu− uTdiag(ue
n)Peu ≤ 0, (5.30)

which mimics (4.51) discretely. We recall that diag(un
n) > 0 and diag(us

n) > 0, and therefore

time integration leads to the estimate (5.9) which proves that the approximation (5.3) using

(5.27)− (5.28) is stable.
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5.2 The nullspace of discrete spatial operator

A key contribution of this work is to develop a stable approximation for the IBL equations in

their original form i.e. without manipulating the continuity equation. As alluded earlier, the

spatial operator D(U) in (5.3a) is singular and could potentially lead to nonphysical growth in

the solution. In the previous section, we obtained stability by amalgamating D with the energy

stable boundary conditions using the SBP-SAT framework. In this section, we intend to inves-

tigate the effect of imposing boundary conditions such that the nullspace of D is removed. We

return to (5.3a) and write out the spatial operator as

D(U) =




1

2

[
diag(u)Dx +Dxdiag(u) + diag(v)Dy

+Dydiag(v)
]
− νD2

y

0 Dx

0 0 Dy

Dx Dy 0




. (5.31)

The difference operators Dx, Dy in (5.31) are singular by construction (since they are con-

structed on the central difference stencil). Therefore, without the inclusion of the boundary

conditions, the coefficients of the system D(U)U = 0 are singular. As mentioned before, the

singularity emanating from (5.31) is typically circumvented by creating a relationship between

the velocity divergence relation and the pressure. Essentially, these approaches populate the

nonzero pressure values on the main diagonal. We however have already established that they

are inefficient since they introduce numerical errors and require additional boundary condi-

tions. The SAT technique on the other hand elegantly removes the singularity. To see this, let

D̃ denote the spatial operator with SAT homogeneous boundary conditions (5.28) included

D̃(U) = D(U)− νID2
y −

∑

k∈{n,s,e,w}

P−1Σk(Ij ⊗ Pk)Hk (5.32)

=



D̃11 0 D̃13

0 0 D̃23

D̃31 D̃32 0


 (5.33)

where

D̃11 = diag(u)Dx +Dxdiag(u) + diag(v)Dy +Dydiag(v)
]
− νD2

y

− (Px ⊗ Py)
−1
[1
2
diag(uw

n )Pw +
1

2
diag(us

n)Ps +
ϑ

2
Pndiag(u

n
n)

− νN s
yD

T

y Ps − νNn
y PnDy,

D̃13 = Dx − (Px ⊗ Py)
−1N e

xPe, D̃23 = Dy − (Px ⊗ Py)
−1Nn

y Pn,

D̃31 = Dx − (Px ⊗ Py)
−1Nw

x Pw, D̃32 = Dy − (Px ⊗ Py)
−1N s

yPs.

The nonzero sub-matrices in D̃ are now non-singular due to the addition of the boundary terms

(5.28). Furthermore, the spectrum of D̃ with only have positive real components is stable. By

adding the temporal terms ĪUt to (5.32), and then applying the energy methods, we obtain

d

dt
||U||2

ĪP = −UT
[
PD̃ + (PD̃)T]U. (5.34)
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The above will yield an estimate and hence prove stability if PD̃ + (PD̃)T is positive semi-

definite. To determine the spectrum D̃, we consider the generalized nonlinear eigenvalue problem

D̃(U)U = λU, (5.35)

where λ denotes the complex eigenvalues of D̃ which are independent of the solution. By mul-

tiplying (5.35) with U∗P from the left and adding it to its complex transpose, we obtain

U∗
[
PD̃ + (PD̃)T]U = (λ+ λ̄)U∗PU = 2Re(λ)||U||2P, (5.36)

where U∗ is the complex conjugate transpose of U. To show that Re(λ) is non-positive, it

suffices to show that the LHS of (5.36) is non-negative. By reusing the previous results (see

(5.8)), these terms simplify to

U∗
[
PD̃ + (PD̃)T ]U = 2ν||DyU||2

ĪP
− B̃T, (5.37)

where B̃T is given in (5.8). For the boundary conditions (5.27a), B̃T simplifies to

B̃T = −(1− ϑ)uTdiag(un
n)Pnu− uTdiag(ue

n)Peu < 0. (5.38)

Substituting (5.38) into (5.37) yields U∗
[
PD̃ + (PD̃)T]U > 0 which implies that Re(λ) > 0

i.e. all the eigenvalues of D̃ are on the right side of the complex plane for all U 6= 0. Further-

more, their signs are independent of the order of accuracy of the SBP operators and the number

of computational grid points.

Next, we inject the solution U = [1, . . . , 1]T into (5.35) and use 4th-order SBP operators

to compute the eigenvalues of D̃ numerically. Further, we choose ϑ = 1, this choice suffices to

guarantee a positive spectrum of D̃. Setting ϑ = 0 will result in B̃T (5.38) becoming large and

negative, leading to even more positive spectrum. We consider two cases where: the developed

boundary conditions are (a) not included (5.31) and (b) included (5.32). The eigenvalues re-

sulting from the first case are depicted in Figure 5.1a. As shown, these contain both negative

and zero values, which will result in an unstable solution scheme. As shown in Figure 5.1b

however, the addition of the developed boundary conditions remedies the latter in full. This is

a key insight and contribution of this work.
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Figure 5.1: Eigenvalues of the spatial operator D with (a) boundary conditions not included

and (b) boundary conditions with ϑ = 1 are included.

5.3 The fully discrete approximation

In the previous section, we considered the spatial discretization of (4.24) while keeping the

temporal derivative continuous. We subsequently obtained the discrete energy estimates that

hold for all time t. In this section, we discretize the temporal derivative in (5.3a), leading to a

fully discrete formulation. Let ∆t be time-step size and k denote time-level. The solution at two

consecutive time-levels are denoted by Uk+1 and Uk. By discretizing (5.3a) with the first-order
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Backward Euler method [81], the fully discrete approximation of (4.24) becomes

F(Uk+1) = Ī
Uk+1 −Uk

∆t
+ D̃(Uk+1)Uk+1 = 0, (5.39)

where the spatial operator D̃ includes the boundary conditions, see (5.31). Here, we choose

the implicit time discretization since the vertical component of velocity and pressure have no

temporal derivatives. Equation (5.39) is a system of nonlinear equations which we linearize using

Newton’s method [81]

Uk+1 = Uk − J−1F(Uk), (5.40)

where J−1 is the inverse Jacobian matrix of F . Equation (5.40) is solved iteratively till

||Uk+1 −Uk||2P < tol,

where tol is a specified tolerance. Below, is a summary of Newton’s method. We start with the

initial solution U0 then iterate (5.40) until it converges such that F(U) = 0.

Algorithm 1 Newton’s method

Require: U0, tol, Initial solution error l2-norm

while l2 < tol do

Uj+1 = U0 − J−1F(U0)

if ||Uj+1 −U0||2P < tol then

Return Uj+1 ⊲ Converged

else

j = j + 1

U0 = Uj

end if

end while

In (5.40), J ∈ R
3ÑM̃ × R

3ÑM̃ and it is defined as

J =
∂F
∂U

=




∂F1

∂u
∂F1

∂v
∂F1

∂p
∂F2

∂u
∂F2

∂v
∂F2

∂p
∂F3

∂u
∂F3

∂v
∂F3

∂p


 ,

where F1, F2, F3 are the vector elements of F in (5.39). Further, J comprises of the tempo-

ral, volume and boundary components

J = JĪUt
+ JD(U)U − JP−1Σk(Ij⊗Pk)HkU

(5.41)

=
∂

∂U

(
Ī

∆t
U+D(U)U−P−1Σk(Ij ⊗ Pk)HkU

)
.

The SBP matrices in (5.32) are independent of the solution U and therefore should be inter-

preted as constant coefficients with respect to the partial derivative operator ∂
∂U

(·). We proceed

by computing the Jacobian matrices in (5.41) separately. Starting with the temporal term, we

have that

JĪUt
=

1

∆t
diag(I,0,0) =

Ī

∆t
, (5.42)
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where I is the unit matrix. We turn to the volume terms, next. Due to the nonlinear terms

in D(U), we employ the product and chain rules of differentiation [45]. Moreover, such opera-

tions should be interpreted element-wise even though we use vector notation. For example, the

nonlinear terms in (5.31) are computed as

∂

∂u
[diag(u)Dxu] = diag(u)Dx + diag(Dxu),

∂

∂u
[Dxdiag(u)u] = 2diag(Dxu).

The Jabocian matrix of the volume spatial operator is

JD(U)U =




1

2

[
diag(u)Dx + diag(Dxu) + 2diag(Dxu)

+Dydiag(v) + diag(v)Dy − νD2
y

] 2diag(Dyu) Dx

0 0 Dy

Dx Dy 0



. (5.43)

Next, we treat the penalty terms and similar to the volume terms, some of these terms are

nonlinear in u. Using (5.28), J for each boundary reads

JP−1Σs(Ij⊗Ps)HsU
= P−1




1

2
diag(us

n)− νN s
yD

T
y

1

2
N s

ydiag(u) 0

0 0 0

0 N s
y 0


 (I3 ⊗ Ps), (5.44a)

JP−1Σn(Ij⊗Pn)HnU
= P−1(I3 ⊗ Pn)




ϑ

2
diag(un

n)− εNn
yDy

ϑ

2
Nn

y diag(u) 0

0 0 Nn
y

0 0 0


 , (5.44b)

JP−1Σe(Ij⊗Pe)HeU
= P−1(I3 ⊗ Pe)



0 0 N e

x

0 0 0

0 0 0


 , (5.44c)

JP−1Σw(Ij⊗Pw)HwU = P−1(I3 ⊗ Pw)



diag(uw

n ) 0 0

0 0 0

Nw
x 0 0


 . (5.44d)

5.4 Closing remarks

We derived the stable approximation (5.3) of the boundary layer equations (4.1) using the SBP-

SAT framework. By discretely imitating the continuous analysis in Chapter 4, we derived the

discrete estimates that mimic the continuous counterparts. Subsequently, we considered the flat-

plate problem with the discrete version of the newly derived energy-stable boundary conditions

(4.35) and proved stability. Further, we demonstrated that the augmentation of the spatial op-

erator with these boundary conditions alleviates the saddle-node problem typically associated

with the incompressible flow equations. By discretizing the temporal term implicitly using the

first-order Backward Euler, we formulated the fully discrete problem and subsequently presented

the Newton’s iterative method for solving the resulting system of nonlinear equations. In Chap-

ter 6, we will verify (5.3) for high-order accuracy using numerical experiments and finally, we

consider the solution for the flat-plate boundary layer problem.



Chapter 6

Numerical experiments and convergence

rates

In this chapter, we verify the high-order accuracy of the approximation (5.3). For this pur-

pose, we employ the method of manufactured solution (MMS) [82]. Once we have verified the

accuracy, we proceed to computing the SBP-SAT approximation for the flat-plate boundary

layer problem described in Section 3.2. We further compare the computational results with the

Blasius similarity solution described in Appendix B.

6.1 Order of accuracy

We compute the rate at which the approximation (5.3) convergences to an analytical solution

using MMS. In this code-verification procedure, a differentiable analytical solution is proposed

and substituted into the PDE to derive a forcing function, which is then projected on the grid

points and added to the RHS of a numerical scheme. We discretize the spatial derivatives

using (2s, s)-accurate SBP finite difference operators on SBP form as described in Section

2.5. Furthermore, we approximate the viscous term in (5.3) by applying first derivative SBP

operator twice (see (2.23)) which leads to s+1 global order of accuracy since the approximation

is stable.

We advance the computations in time implicitly using the Backward Euler method (5.39). Fur-

ther, we set time-step △t = 1e− 04 such that the temporal errors are small and the scheme is

terminated at t = 1. The resulting nonlinear system is solved using Newton’s method (5.40), and

we set the error tolerance between the successive Newton’s iterations to tol = 1e−08. Lastly, we

choose the manufactured solution

u(x, y, t) = cosh(x) sinh(y)eνt, v(x, y, t) = − sinh(x) cosh(y)eνt, (6.1)

p(x, y, t) =
1

2
sinh2(x)e2νt,

on domain Ω = [0, 1]2. Here, ν = 0.01, and (6.1) satisfies (4.1a) exactly, leading to a forcing

function that is zero (see Appendix C). The initial and boundary data are obtained by substi-

tuting (6.1) into (4.35). At the north boundary, we impose the Robin boundary condition i.e. we

set ϑ = 1 such that the energy rate (5.30) is bounded only by the east boundary term. Fur-

ther, it possesses the correct sign since u(1, y, t) ≥ 0 in (6.1). The convergence rates which are

55
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computed using (2.29) for different orders of accuracy are presented in Tables 6.1 − 6.4, and

they are compared with the theoretical order of convergence [64].

u-velocity

N =M SBP(2,1) SBP(4,2) SBP(6,3)

L2 q L2 q L2 q

21 0.0318 - 0.0030 - 5.9106e-04 -

41 0.0079 2.0829 3.1441e-04 3.3769 3.3657e-05 4.2834

61 0.0032 2.2951 7.3585e-05 3.6553 4.5945e-06 5.0120

81 0.0016 2.4443 2.4828e-05 3.8313 1.0355e-06 5.2543

Theoretical

order

2 3 4

Table 6.1: The L2 norm of errors and the global order of accuracy of the approximation (5.3)

for the u-velocity using different SBP operators.

v-velocity

N =M SBP(2,1) SBP(4,2) SBP(6,3)

L2 q L2 q L2 q

21 0.0907 - 0.0098 - 0.0028 -

41 0.0210 2.1870 0.0015 2.7727 2.0366e-04 3.9257

61 0.0092 2.0861 4.3612e-04 3.1544 3.0721e-05 4.7609

81 0.0050 2.1503 1.6813e-04 3.3613 7.6274e-06 4.9130

Theoretical

order

2 3 4

Table 6.2: The L2 norm of errors and the global order of accuracy of the approximation (5.3)

for the v-velocity using different SBP operators.
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Pressure

N =M SBP(2,1) SBP(4,2) SBP(6,3)

L2 q L2 q L2 q

21 0.0159 - 0.0021 - 5.2357e-04 -

41 0.0038 2.1549 1.9608e-04 3.5691 1.6050e-04 5.2088

61 0.0016 2.1989 4.7083e-05 3.6000 2.1108e-06 5.1061

81 8.4464e-04 2.2528 1.6355e-05 3.7287 6.9588e-07 3.9131

Theoretical

order

2 3 4

Table 6.3: The L2 norm of errors and the global order of accuracy of the approximation (5.3)

for the pressure using different SBP operators.

Solution vector U

N =M SBP(2,1) SBP(4,2) SBP(6,3)

L2 q L2 q L2 q

21 0.0029 - 0.0104 - 0.0029 -

41 0.0227 2.1743 0.0016 2.8300 2.0705e-04 3.9576

61 0.0098 2.1125 4.4478e-04 3.1770 3.1134e-05 4.7688

81 0.0053 2.1676 1.7074e-04 3.3763 7.7287e-06 4.9135

Theoretical

order

2 3 4

Table 6.4: The L2 norm of errors and the global order of accuracy of the approximation (5.3)

for all variables U = [u, v, p]T using different SBP operators.

The computed convergence rates above are slightly larger than the theoretical ones. This is

possibly due to the time step-size ∆t = 1e−04, which we chose to limit the simulation times. A

smaller time-step size could possibly lead to a sharper match with the theoretical convergence

rates.

6.2 Blasius boundary layer

Next, we model viscous flow over a flat-plate as illustrated in Figure 3.1. When encountering the

plate’s leading edge, the fluid near the solid wall slows down due to the no slip condition. Outside

the boundary region, the fluid’s speed increases rapidly in the vertical direction until it reach the

stream velocity leading to the formation of the boundary layer. As a result, the velocity gradients

are the steepest near the leading edge and the plate’s surface. The thickness of this boundary

layer δ(x) grows as a function of distance from the leading edge. To resolve it effectively, we

employ nonuniform stretched meshes in the vicinity of the solid surface. As alluded to in Section
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2.8, the use of the SBP finite difference operators on nonuniform computational grids requires a

consistent coordinate transformation that preserves the overall accuracy of the approximation

scheme. We therefore consider the encapsulated SBP operators in (2.49).

0 0.5 1
0

0.5

1

x
(

)

Figure 6.1: Trigonometric hyperbolic function sinh(·) used to generate a stretched computa-

tional mesh such that the grids are saturated near the origin and the plate’s surface.

For coordinate stretching, we choose the continuous trigonometric hyperbolic function sinh(·).
This choice is inspired by a slow growth near the origin as shown in Figure 6.1, which allows the

mesh to be saturated in the region where the velocity gradients are the steepest. The curvilinear

mesh is generated by

x(ξ, η) = x0 + x1
sinh(βξ)

sinh(β)
, y(ξ, η) = y0 + y1

sinh(βη)

sinh(β)
, (6.2)

where (ξ, η) ∈ [0, 1]2 are the coordinates of the transformed regular domain, β is the stretching

factor and we set it to β = 4. Further, x0, y0 and x1, y1 denote the minimum and maximum of

the values of the physical rectangular domain such that the pairs (x0, y0) and (x0, y1) are the

coordinates of the left lower and upper corners. Meanwhile, the coordinates of the right lower

and upper corners are given by (x1, y0) and (x1, y1), respectively. Figures 6.2a and 6.2b show

the 2D isometric and stretched nonuniform computational meshes.

We consider the steady version of (4.1) on the domain Ω ∈ [0, 10] × [0, 4] and the stable

approximation (5.3). We discretize Ω using N = M = 80 points and set boundary data U∞ =

1, p∞ = 0. At the north boundary, we consider Neumann boundary condition (i.e. set ϑ = 0 in

(4.35)) since we only know the velocity gradient of u in the freestream i.e. νuy = 0. This choice

however does not affect the positive definiteness of the resulting coefficient matrix as shown in

(5.32).
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Figure 6.2: Two-dimensional computational mesh for the flat-plate boundary layer problem

generated with the trigonometric hyperbolic functions.

The continuous derivatives are approximated using 3rd-order accurate SBP operators. Start-

ing with the initial guess U1 = [u1,v1,p1]T = [1, . . . , 1, 0, . . . , 0, 0 . . . , 0]T , we iterate (5.39)

progressively until we reach the steady state solution which is measured by

||Resk||2P ≤ 10−8||Res1||2P

where Resk is the residual (comprising of the spatial terms) at the kth time-level. There are no

restrictions on the time-step size and we set it to ∆t = 0.01. Moreover, we set ν = 0.01 such

that δ ≪ l. Figure 6.3 shows the velocity distribution on the entire computational domain, with

a fully developed boundary layer.
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Figure 6.3: Horizontal velocity distribution of the Blasius boundary layer on the entire plate

with ν = 0.01.

Equation (3.8) with (i) px = 0, (ii) boundary conditions (4.35) with ϑ = 0, and (iii)

U∞ = constant has a well-known time-independent solution called the Blasius solution. The

similarity solution approach reduces (3.8) to a system of nonlinear ordinary differential equations

which is then solved numerically (for details, see Appendix B). Therefore, we will use this case

to validate the SBP-SAT approximation (5.3). We iterate (5.39) till we reach the steady solution

and then compare the results with the Blasius solution along particular vertical cross-sections

on the domain. In Figure 6.4a and 6.4b, the velocity profiles along x ≈ 5 are shown and they

compare very well with the Blasius solution.
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Figure 6.4: The SBP-SAT approximation for the IBL equations compared with Blasius solution

along the line x ≈ 5 with computations starting at the plate’s leading edge. (a) u-velocity profile

and (b) v-velocity profile.



Chapter 6- Numerical experiments and convergence rates 61

0 0.5 1 1.5 2 2.5 3 3.5 4

y

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
u
-d

e
v
ia

ti
o
n
 e

rr
o
r 

(%
)

x = 0.40947

x = 1.2945

x = 4.9169

x = 6.0235

(a)

0 0.5 1 1.5 2 2.5 3 3.5 4

y

0

0.2

0.4

0.6

0.8

1

1.2

v
-d

e
v
ia

ti
o
n
 e

rr
o
r 

(%
) 

x = 0.40947

x = 1.2945

x = 4.9169

x = 6.0235

(b)

Figure 6.5: The deviation errors of the (a) u-velocity and (b) v-velocity at various x position

along the plate with computations starting at the leading edge.

Next, we include more vertical cross-sections across the domain and compare the deviation

errors between the two solution as shown in Figure 6.5a and 6.5a. The point-wise errors are

computed as

error|u =
|u− uB|

|max(uB)|
× 100%, (6.3)

where u and uB denote the SBP-SAT approximation and the Blasius solution. Similarly, we

use (6.3) to compute the deviations for the v-velocity. As shown in both profiles, the errors are

more dominant towards the plate’s leading edge and they dissipate downstream. This is however

thought to be due to the singularity at the leading edge of the plate i.e. gradients in u tend to

infinity here [83].

6.2.1 Truncated domain

To address the drawback pointed out in the previous section, we truncate domain Ω in Figure

3.1 such that it excludes the tip of the plate and start the computations at a point x0 on the

domain as illustrated in Figure 6.6a. Instead of using U∞ as inflow data, we use the Blasius

solution evaluated at x0 such that the gradients with respect to x are not large. In this regard, we

choose x0 = 2 as shown in Figure 6.6b.
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Figure 6.6: The illustration of the (a) truncated domain that excludes the leading edge and (b)

the u-velocity distribution.
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Figure 6.7: The deviation errors of the (a) u-velocity and (b) v-velocity at various x position

along the plate on the truncated domain.

Similar to the full domain case, we compare the deviation errors between the two solutions

at various x−positions on the truncated domain. A notable observation in Figure 6.7 is the

decrease in the magnitude of the errors. Further, though small, the errors in v do not drop to

zero with increasing y but asymptote to a value. This was also the case for the full domain in

Figure 6.5b. The reason for this will be investigated as part of future work.

Next, we compute the wall shear τw along the plate and compare to that computed from

the Blasius similarity solution in Appendix B. Note that at the tip of the plate, the velocity

gradients are infinite and moreover, the Blasius solution does not exist at x = 0. Therefore, we

will next consider the truncated domain. The wall shear is computed as

τw = νDyu|y=0
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and an accurate solution is achieved as shown in Figure 6.8.
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Figure 6.8: The wall shear along the plate computed from the SBP-SAT approximation is

compared with the Blasius wall shear.

6.3 Closing remarks

In this chapter, we verified the high-order accuracy of the newly developed provably stable

SBP-SAT approximation for the IBL equations (5.3). We proceeded to compute the solution of

the Blasius boundary layer problem (3.10) and it corroborates with the analytical solution. By

further computing the deviation errors at various x-positions on the plate, we observed the in-

consistency between the computed and the analytical solutions near the plate’s leading edge. We

speculated that the discontinuity at the leading edge could be the cause of this. This prompted

us to consider the truncated domain where we injected the analytical solution at the inflow

boundary. The solution deviation errors on the new domain were significantly less. Lastly, we

computed the wall shear on the plate and compared it with the Blasius shear. In the next chap-

ter, we will consider the SBP-SAT approximation for the fully INS equations (3.4) and compare

it with the Blasius solution.



Chapter 7

The fully incompressible Navier-Stokes

equations

In Chapter 3, we derived the IBL equations from the INS equations at Re ≫ 1 using dimensional

analysis. We further formulated the continuous problem and the corresponding discrete prob-

lem in Chapter 4 and 5, respectively. Subsequently in Chapter 6, we considered the flat-plate

boundary layer problem and compared the computed solution with the analytical one. In this

chapter, we endeavor to corroborate the assumptions we made in Chapter 3 by comparing the

SBP-SAT approximation of the INS equations with the Blasius similarity solution for different

Reynolds numbers. We commence this investigation by presenting the continuous and discrete

formulations of the INS equations. The detailed energy and stability analysis were considered in

[32], and we will therefore omit the details herein. The developed numerical scheme was further

verified for high-order accuracy in [84]. In this chapter, we adopt this scheme and compute the

solution of the flat-plate boundary layer problem (depicted in Figure 7.1) modeled with the INS

equations.

y

0

δ(x)

l

xx

u = U∞

v = 0

u = 0

v = 0

−νvx = g3
p− νux = g4

p− νvy = g1
−νuy = g2

Figure 7.1: The depiction of the viscous flow over a thin plate of length l modeled with the fully

INS equations.
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7.1 Boundedness

Consider domain Ω ∈ [0, 1]2 with boundary Γ. Similar to the continuous analysis of IBL equa-

tions in Chapter 4, the skew-symmetric form of (3.4) in matrix-vector form, augmented with

initial and boundary conditions is

ĨVt +
1

2

[
(ÃV )x + ÃVx + (B̃V )y + B̃Vy

]
= νĨ∆V, (x, y) ∈ Ω, t > 0, (7.1)

LV = ĝ, (x, y) ∈ Γ, t > 0,

ĨV = f̂, (x, y) ∈ Ω, t = 0.

Here, V = [u, v, p]T is the solution vector and the variables u, v, p, and ν are defined as before in

Section 4.1. Further, △ = ∂2x + ∂2y is the Laplace operator while the coefficient matrices Ĩ, Ã, B̃

are

Ã =



u 0 1

0 u 0

1 0 0


 , B̃ =



v 0 0

0 v 1

0 1 0


 , Ĩ =



1 0 0

0 1 0

0 0 0


 .

In (7.1), L is the boundary operator, the continuous and compatible functions ĝ, f̂ denote the

boundary and initial data, respectively. Contrary to the IBL equations where we only imposed

initial condition on the u-velocity, we also impose an initial condition on v-velocity. Therefore, f̂

has the form f̂ = (f̂1, f̂2, 0)
T.

The energy method applied to (7.1) yields

d

dt
||V ||2

Ĩ
+ 2ν||∇V ||2

Ĩ
= B̂T, (7.2)

where B̂T denotes the indefinite boundary terms

B̂T =−
∮

Γ

[
un(u

2 + v2) + 2unp− 2ν(uuxnx + uuyny + vvxnx + vvyny)
]
ds.

Similar to the energy rate of the IBL equations in (4.6), (7.2) is decreasing and hence leads to an

energy estimate if B̂T ≤ 0. We demonstrated earlier by following the roadmap in Figure 4.1 how

this can be achieved by imposing appropriate boundary conditions. To obtain boundedness in

(7.2), exactly two boundary conditions must be imposed at each boundary [32]. This is due to the

presence of the second derivatives in both the x- and y-directions. We recall that the IBL problem

(4.1) has only uyy, and hence, exactly one boundary condition at the vertical boundaries was

required (see (4.35)). To model the flat-plate boundary layer problem with the INS equation, we

impose no-slip velocity conditions on the plate’s surface and the inflow boundary conditions at

the west boundary. At the north and east boundaries, we impose outflow boundary conditions

as depicted in Figure 7.1. Further, these boundary conditions can be written in matrix-vector
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notation LV = ĝ as

Lw =



1 0 0

0 1 0

0 0 0






u

v

p


 =



U∞

V∞

0


 , Le =




0 −ν∂x 0

−ν∂x 0 1

0 0 0






u

v

p


 =




0

P∞

0


 , (7.3)

Ls =



1 0 0

0 1 0

0 0 0






u

v

p


 =



0

0

0


 , Ln =



−ν∂y 0 1

0 −ν∂y 0

0 0 0






u

v

p


 =



P∞

0

0


 ,

where U∞, V∞ are the freestream velocities, while P∞ is the freestream pressure. Further-

more, since freestream is parallel to the plate, we have that V∞ = 0.

Next, we obtain the energy bound in (7.2) by substituting the homogeneous form of (7.3)

into (7.2). The energy rate simplifies to

d

dt
||V ||2

Ĩ
+ 2ν||∇V ||2

Ĩ
= −

∫

Γn

un(u
2 + v2)dx−

∫

Γe

un(u
2 + v2)dy, (7.4)

which is non-positive since the north and east boundaries are the outflow boundaries (i.e. un > 0

). Further, we note the similarity between (4.53) and (7.4) but with an additional −
∮
Γ unv

2ds

term. Finally, the temporal integration over a finite time domain leads to an estimate.

7.2 Stability

Next, we present the semi-discrete SBP-SAT approximation of (7.1). We begin by discretizing

Ω with N ×M equispaced Cartesian grid as shown in Figure 2.1. The semi-discrete formulation

of (7.1) with the weakly imposed boundary conditions is

ĨVt + D̂(V)V =
∑

k∈{n,s,e,w}

P−1Σk(I2 ⊗ Pk)
(
LkV− Ĝk

)
, (7.5)

ĨV = F̂k,

where

D̂ =
1

2

[
ÃDx +DxÃ+ B̃Dy +DyB̃

]
− νĨ

(
D2

x +D2
y

)
,

is the differential operator. Here, Ĩ, Ã, B̃ are the discrete versions of Ĩ, Ã, B̃ in (7.1) while V

is the approximate solution. The terms on the RHS of (7.5) are the weakly imposed boundary

conditions. As before, Σk denotes the penalty coefficients for the kth boundary which must be

determined such that (7.5) is stable. The discrete boundary operator and data are respectively

denoted by Lk and Ĝk while F̂k contains initial data evaluated at the grid points. Lastly, it

is shown in [21, 77] that a stable imposition of the boundary conditions (7.3) remove the

singularities of the nullspace of the operator D̂ in (7.5).

The discrete energy method applied to (7.5) yields

d

dt
||V||2

Ĩ
+ 2ν

(
||DxV||2

Ĩ
+ ||DyV||2

Ĩ

)
= B̂T, (7.6)
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where B̂T discretely imitates B̂T in (7.2) with additional penalty terms. Further, it reads

B̂T =−
∑

k∈{n,s,e,w}

[
uT

Pkdiag(un)u+ vT
Pkdiag(un)v+ 2uT

nPkp

− 2ν(uT
Pk(N

k
xDx +Nk

yDy)u+ vT
Pk(N

k
xDx +Nk

yDy)v)

+VTΣk(I2 ⊗ Pk)(LkV− Ĝk) + (VTΣk(I2 ⊗ Pk)(LkV− Ĝk))
T

]
.

The boundary term above is indefinite since it comprises of the cubic velocity term and the

gradients. Therefore, to obtain stability, we must deduce Σk such that the penalty terms cancel

the indefinite boundary terms in (7.6). Let’s consider the following penalty coefficients matrices

[31, 84]

Σw =




1

2
diag(uw

n )− νDT
xN

w
x 0 0

0
1

2
diag(uw

n )− νDT
xN

w
x 0

0 0 Nw
x


 , Σe = I3 ⊗N e

x, (7.7)

Σs =




1

2
diag(us

n)− νDT
yN

s
y 0 0

0
1

2
diag(us

n)− νDT
yN

s
y 0

0 0 N s
y


 , Σn = I3 ⊗Nn

y .

Therefore, by substituting the discrete version of the boundary conditions (7.3) with zero data

and (7.7) into (7.6), the energy rate simplifies to

d

dt
||V||2

Ĩ
+ 2ν

(
||DxV||2

Ĩ
+ ||DyV||2

Ĩ

)
=−

(
uT

Pndiag(u
n
n)u+ vT

Pndiag(u
n
n)v
)
, (7.8)

−
(
uT

Pediag(u
e
n)u+ vT

Pediag(u
e
n)v
)
,

which is discretely identical to (7.4). Moreover, stability is obtained by integrating (7.8) in time

over a finite domain.

7.3 Validation

Next, we consider the lid-driven cavity problem [85] as a validation test case for the approxi-

mation (7.5) before tackling the boundary layer problem. Similar to the approximation of the

IBL equations (5.39), we discretize the temporal term in (7.5) implicitly using Backward Euler

method and solve the resulting system using Newton’s method. The lid-driven cavity problem

modeled with the INS equations has a steady state (experiments-based) solution [85]. The flow

geometry for this benchmark problem is illustrated in Figure 7.2. We impose no-slip velocity

conditions at the east, west, and south boundaries. At the north boundary, we allow the upper

surface (lid) to move horizontally to the right by setting u = 1 and v = 0. This problem is

another classic example of the conflicting boundary conditions. There is discontinuity in u at

the top corners where the inflow and wall conditions coincide. It can be shown however that the

strong imposition of the homogeneous form of these boundary conditions eliminate the indefi-

nite boundary terms in (7.2) [84], leading to an energy estimate. As mentioned in Chapter 4, we
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avoid this conflict when implementing the numerical scheme by imposing boundary conditions

weakly using the SAT method.

u = v = 0

u = v = 0

u = 1, v = 0

u = v = 0

y

x

Figure 7.2: The illustration of the lid-driven cavity problem flow geometry. We impose no slip

boundary conditions at the east, south, and west boundaries while we allow the lid situated at

the north boundary to move horizontally to the right. Rotating vortices form in the internal

flow due to wall boundary conditions and the fluid’s viscous effects.

Similar to the flat-plate problem in Chapter 6, we resolve the steep velocity gradients near

the walls and the top boundary by using stretched mesh grids depicted in Figure 7.3. For this

purpose, we specifically use the hyperbolic tangent function since it is asymptotic on both sides

of a symmetric interval as shown in Figure 7.3a. Moreover, the coordinates of the stretched

domain are given by

x(ξ, η) =
1

2

(
1 +

tanh(αξ)

tanh(α)

)
, y(ξ, η) =

1

2

(
1 +

tanh(αη)

tanh(α)

)
, (7.9)

where α is the stretching factor, and we set it to α = 4. Further, (ξ, η) ∈ [−1, 1]2 is the

isometric domain. The boundary terms in (7.6) have a similar structure for all boundaries. To

cancel these indefinite terms using the boundary conditions for the lid-driven cavity problem, we

use the form of penalty term matrix for the west or south boundary (Dirichlet-type) in (7.7). It

can be shown by setting u = 0 at the north boundary that B̂T in (7.6) vanishes, resulting in a

stable approximation.
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(b) Computational mesh for the lid -driven cavity

problem

Figure 7.3: The computational grid for the lid-driven cavity problem is generated by hyperbolic

tangent function. The mesh is saturated near the walls where the velocity gradients are the

steepest.

To compute the numerical approximation of (7.1), we discretize ξ, η, and hence x, y in

(7.9) with N = M = 121 points. As before, the spatial derivatives are computed directly on

the stretched domain (Figure 7.3b) using the encapsulated SBP operators (2.49). Moreover, we

employ 3rd-order SBP operators. The horizontal velocity distribution at steady state for different

Reynolds numbers are shown in Figure 7.4 - 7.5. The viscous fluid was initially at rest before

the uniform translation of the upper boundary. As a result of this sudden tangential motion, the

fluid at the top of the cavity is moving faster compared to the internal flow. This leads to a

formation of a layer that resembles the boundary layer i.e. a region that is characterized by steep

velocity gradients. Moreover, its thickness decreases as Reynolds numbers increase as shown in

Figure 7.4 - 7.5. We further observe the formation of rotating vorticies inside the cavity due

to the wall boundary conditions and the fluid’s viscous effects. Moreover, the diameter of these

vortices increases with the Reynolds numbers.
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(a) Re = 400 (b) Re = 1000

Figure 7.4: Horizontal velocity distribution of the lid-driven cavity problem with Reynolds

number (a) Re = 400 and (b) Re = 1000.

(a) Re = 3200 (b) Re = 5000

Figure 7.5: Horizontal velocity distribution of the lid-driven cavity problem with Reynolds

number (a) Re = 3200 and (b) Re = 5000.
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Figure 7.6: The horizontal and vertical velocity profiles of the lid-driven cavity problem along x-

and y-midline compared with the benchmark solution for a) Re = 400 and b) Re = 1000. Bench-

mark solutions are indicated by symbols.
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Figure 7.7: The horizontal and vertical velocity profiles of the lid-driven cavity problem along

x- and y-midline compared with benchmark solution for a) Re = 3200 and b) Re = 5000. Bench-

mark solutions are indicated by symbols.

Next, we extract the horizontal and vertical velocity distributions along the lines x = 0.5 and

y = 0.5, respectively. We compare these profiles with the benchmark solution [85] along these
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lines as shown in Figure 7.6. Both solutions compare well except the slight offset for the case

Re = 5000 in Figure 7.7b. This is a mesh size artefact which can be eliminated by refining the

mesh for Re ≫ 1. The approximation (7.2) is then validated. As mentioned, the scheme has

been verified for high-order accuracy in [84]. We then proceed to computing the solution of the

flat-plate problem in the next section.

7.4 Flat-plate boundary layer problem

In this section, we revisit the flat-plate boundary layer problem defined on the truncated domain

(see Figure 6.6a). We set the length of the domain to l = 10, and start the computations at x0 =

2. The flow is modeled using the approximation (7.5) with boundary conditions (7.3). Similar to

what we did in Section 6.2.1, we inject the Blasius similarity solution as inflow data U∞, V∞ at

x0. At the outflow boundaries, we set P∞ = 0. In the freestream, the flow behaviour is almost

inviscid and has a uniform speed. Therefore, we set the velocity gradients in (7.3) at the outflow

boundaries to zero as well.
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Figure 7.8: The SBP-SAT approximation for the INS equations compared with Blasius solution

along the line x = 5.63 on the truncated domain at Re = 1 000 (ν = 1e− 02, ρ = 1, l = 10). (a)

u-velocity profile and (b) v-velocity profile.

In Figure 7.8, we compare the the computed solution with the Blaisus solution along the line

x = 5.63 for the case Re = 1000. The horizontal velocity profile shown in Figure 7.8a compares

well while there is a noticeable difference on the vertical velocity profile in Figure 7.8b. The

deviation errors (computed according to (6.3)) are depicted in Figure 7.9. For both velocity

profiles, the errors are prominent. Next, we consider Re = 10 000 and compare the solutions

along the line x = 5.63. As shown in Figure 7.10, both solutions coincide. We further compare

the deviation errors for this case in Figure 7.11 and they are significantly less compared to the

previous case. We therefore, conclude that the INS numerical solution converges to the Blasius

solution for Re ≫ 1. This infers that the IBL equation is a good approximation of the INS

equations for Re ≫ 1 which corrobarate the assumptions we made in Chapter 3.
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Figure 7.9: The deviation errors between the SBP-SAT approximation for the INS equations

and the Blasius solution at Re = 1 000 (ν = 1e − 02, ρ = 1, l = 10). We compare the (a)

u-velocity and (b) v-velocity at various x on the truncated domain.
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Figure 7.10: The SBP-SAT approximation for the INS equations compared with Blasius solution

along the line x = 5.63 on the truncated domain at Re = 10 000 (ν = 1e−03, ρ = 1, l = 10). (a)

u-velocity profile and (b) v-velocity profile.
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Figure 7.11: The deviation errors between the SBP-SAT approximation for the INS equations

and the Blasius solution at Re = 10 000 (ν = 1e − 03, ρ = 1, l = 10). We compare the (a)

u-velocity and (b) v-velocity at various x on the truncated domain.

7.5 Closing remarks

In this chapter, the SBP-SAT approximation for the INS equations was considered. The scheme

was validated using the benchmark lid-driven cavity problem. We revisited the Blasius bound-

ary layer problem defined on the truncated domain and computed the solution using the INS

numerical scheme. We then proceeded to computing the deviation errors between the computed

and the Blasius solution. We observed that both solution coincide for Re ≫ 1, thus validating

the assumptions made in Chapter 3.
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Conclusions and Future Work

8.1 Conclusion

A stable and high-order accurate finite difference approximation for the IBL equations was

developed using the SBP-SAT framework. Notably, the newly developed scheme does not use

the augmented density/pressure equations for the continuity equation or upwind the convective

terms. Instead, the singularities associated with the differential operator of the incompressible

flow equations are eliminated using SAT boundary conditions.

The analysis in this thesis commenced with deriving the IBL equations from the INS equation

at Re ≫ 1 using dimensional analysis. This was followed by formulating the continuous IBVP. By

employing the energy method, the minimal number and form of boundary conditions required

for boundedness and hence stability were established. This was done by analysing the indefinite

boundary terms emanating from the energy method.

The flat-plate boundary layer problem (also known as the Blasius boundary layer) was

considered as a model problem. Subsequently, a new set of energy stable boundary conditions

specific for the laminar IBL equations were derived. Further, it was shown that both the weak

and strong imposition of these boundary conditions leads to boundedness. A similar procedure

was mimicked in the discrete setting to construct a stable approximation. The continuous spatial

derivatives were discretized using the finite difference method on SBP form and the boundary

conditions were implemented weakly using the SAT method. The discrete energy estimates

that resemble the continuous counterparts were obtained, thus proving stability. Further, it was

shown that the SAT boundary conditions remove the nullspace of the differential operator. This

was achieved by plotting the eigenvalues of the differential operator with and without SAT

boundary conditions. It was demonstrated that without including the SAT boundary conditions

in the differential operator, the eigenvalues occurred on both sides of the real axis of the complex

plane, which could potentially lead to non-physical oscillations (instabilities) in the solution

domain. On the other hand, the inclusion of boundary conditions yielded eigenvalues with

strictly positive real parts.

The scheme was verified for high-order accuracy using the method of manufactured solu-

tion, which was followed by approximating the solution of the Blasius boundary layer problem. It

was further validated against the analytical solution (similarity solution). However, by comput-

ing the deviation errors between the two solutions, it was observed that the largest errors are

prevalent near the plate’s leading edge due to what is speculated to be the boundary data

75
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discontinuity artefact. This was circumvented by considering the truncated domain, where the

analytical solution was injected at the inflow. The reduction in the magnitude of the errors was

notable.

Lastly, the SBP-SAT approximation scheme for the INS equations was considered and it

was validated against the lid-driven cavity problem. By revisiting the flat-plate boundary layer

problem on a truncated domain and computing the deviation errors between the computed and

the similarity solution for different Reynolds numbers, it is concluded that the IBL equations

are a good approximation of the INS equations.

8.2 Recommendation for Future Work

The following are suggestions for future research work which could improve some aspects of this

work:

The analysis herein assumed the homogeneous form of boundary conditions when deriv-

ing the energy estimates for the IBL equations. Recently, a general procedure for im-

plementing nonlinear boundary conditions with nonzero data for IBVP was developed

[86]. Therefore, future work must investigate the energy stability of the IBL equations

with nonhomogeneous boundary conditions.

The conflicting boundary conditions encountered in both the Blasius boundary layer (at

the tip of the plate) and lid-driven cavity (at the top corners) problems must be investi-

gated further, with a specific focus on how SAT boundary condition imposition addresses

this.

Different flow configurations that do not have conflicting boundary conditions such as the

Hiemenz flow should be considered.

A comparative study that assess the computational efficiency of the divergence augmen-

tation methods discussed in Chapter 1 and SAT boundary condition imposition can be

conducted.

The energy stable wall modeling introduced in [87] for the INS equations can be extended

to IBL equations.



Appendix A

Fully discrete formulation of the advection

equation

For space-time coupled PDEs, it is possible to extend the SBP-SAT framework to the time

domain [65, 66]. This is analogous to extending SBP operators to multi-dimensional space (see

Section 2.7). The initial boundary condition is implemented in the same way as boundary

conditions.

A fully discrete approximation of (2.24) is given by

Dtw+ aDxw = σt(P
−1
t E0 ⊗ Ix)(w− f) + σx(It ⊗ P−1

x E0)(w− g), (A.1)

where Dt ≈ ∂t, Dx ≈ ∂x are the 2D SBP operators (2.31a) with t = y leading to implicit

time integration. The terms on the RHS of (A.1) are the weakly imposed initial and boundary

conditions using the SAT method. Further, they are weighted with the coefficients σt and

σx. In (2.14), we determined σx = −a which led to the energy estimate for some finite time

domain. Therefore, we reuse this result here and only focus on determining σt such that (A.1)

is bounded.

Next, the discrete energy method applied to (A.1) yields

wT(Qt ⊗ Px)w+ awT(Pt ⊗Qx)w = σt(E0 ⊗ Px)(w− f)− a(Pt ⊗ E0)(w− g). (A.2)

By taking the transpose of (A.2), adding to itself and using the SBP property (2.31c), we obtain

wT [(EM − E0)⊗ Px]w+ awT [Pt ⊗ (EN − E0)]w = 2σtw
T(E0 ⊗ Px)(w− f) (A.3)

− 2awT(Pt ⊗ E0)(w− g).

Let ||w||2EM⊗Px
= wT(EM ⊗ Px)w be the discrete norm at the final time, (A.3) can then be

rewritten as

||w||2EM⊗Px
= (1 + 2σt)w

T(E0 ⊗ Px)w− 2σtw
T(E0 ⊗ Px)f (A.4)

− awT(Pt ⊗ EN )w− awT(Pt ⊗ E0)w+ 2awT(Pt ⊗ E0)g.

Proposition 14. The estimate (A.4) is bounded by data if σt = −1.

Proof. Let σt = −1. By adding and subtracting fT(E0⊗Px)f+gT(Pt⊗E0)g to (A.4), we obtain

||w||2EM⊗Px
=− (w− f)T(E0 ⊗ Px)(w− f)− (w− g)T(Pt ⊗ E0)(w− g)

− awT(Pt ⊗ EN )w+ fT(E0 ⊗ Px)f+ gT(Pt ⊗ E0)g (A.5)

≤fT(E0 ⊗ Px)f+ gT(Pt ⊗ E0)g
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Therefore, the numerical approximation (A.1) is stable. Lastly, (A.1) can be rewritten as a

matrix problem with constant coefficient

Mw = r, (A.6)

where

M = Dt + aDx + P−1
t E0 ⊗ Ix + a(It ⊗ P−1

x E0), r = (P−1
t E0 ⊗ Ix)f+ a(It ⊗ P−1

x E0)g.

The approximation w at all time-levels is obtained by multiplying (A.6) on the left with M−1.



Appendix B

Similarity solution

The streamwise velocity in (3.10) takes form of semi-parabolic profile as shown in Figure

3.1. These profiles are purely advected along the plate in the x-direction due to the absence of

the second of derivatives in the x-directions, resulting in self-similar solution [88] (up to scalar

multiplication). In this section, we present the Blasius solution method which begins by reducing

(3.10) to nonlinear ordinary differential equation.

Consider the similarity variable [88]

η = y

√
U∞

νx
, (B.1)

which combines variables x and y. Further, consider the stream functions and the associated

velocity components

ψ =
√
νxU∞f(η), u =

∂ψ

∂y
, v = −∂ψ

∂x
, (B.2)

where f(η) is unknown. In (B.2), the stream functions satisfy the mass conservation equation

(3.8c) since

∂u

∂x
+
∂v

∂y
=

∂2ψ

∂x∂y
− ∂2ψ

∂y∂x
= 0. (B.3)

By substituting (B.1) and (B.2) with U∞ = xm into (3.10), we obtain

f ′′′(η) +
1

2
(m+ 1)f(η)f ′′(η) +m(1− (f ′(η))2) = 0. (B.4)

Next, we rewrite (B.4) as a system of nonlinear equations. Let r1 = f , r2 = f ′, and r3 = f ′′, then

(B.4) becomes

dr1
dη

= f ′ = r2,

dr2
dη

= f ′′ = r3, (B.5)

dr3
dη

= f ′′′ = −1

2
(m+ 1)r1r3 −m

(
1− r22

)
,

or in compact form as

dr

dη
= g(η, r1, r2, r3),
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where r = (r1, r2, r3) and g = (r2, r3,−1
2(m+ 1)r1r3 −m(1− r22). Equation (B.5) is a 3rd-order

ODE which require at least one boundary condition for f , f ′, and f ′′. We return to (B.2) and

simplify u, v as

u = U∞f
′(η), v =

1

2

√
νU∞

x

(
1− x

U∞

dU∞

dx

)(
ηf ′(η)− f(η)

)
. (B.6)

By imposing no-slip velocity condition on the plate (y = η = 0), the first set of boundary

conditions satisfying (B.7) are

u(x, 0) = U∞f
′(0) = 0, ⇒ f ′(0) = 0, (B.7)

v(x, 0) =
1

2

√
νU∞

x

(
1− x

U∞

dU∞

dx

)(
0f ′(0)− f(0)

)
= 0, ⇒ f(0) = 0.

There is no formulation to determine f ′′(0). We therefore overcome this by employing the

nonlinear shooting method [89] which requires information about f ′ as η → ∞. As alluded

before, the outer flow is influenced by the freestream conditions and consequently, the flow

velocity approaches the freestream velocity as y → ∞. Therefore, from (B.7) we have

u(x, y → ∞) = U∞f
′(η → ∞) = U∞ ⇒ f ′(η → ∞) = 1. (B.8)

Further, using nonlinear shooting method with Secant method, we compute f ′′(0) = 0.46966. Tab-

ulated solution of (B.4) can be found in several fluid mechanics books, for example, see [88].
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Figure B.1: Blasius similarity solution



Appendix C

Manufactured solution for the IBL

equations

We show that the manufactured solution (6.1) satisfies the boundary layer equations (3.10)

exactly, yielding a zero forcing function. By starting with restating the solution,

u = cosh(x) sinh(y)eνt, v = − sinh(x) cosh(y)eνt, p =
1

2
sinh2(x)e2νt, (C.1)

we compute the following derivatives which will be used later

ut = ν cosh(x) sinh(y)eνt, ux = sinh(x) sinh(y)eνt,

uy = cosh(x) cosh(y)eνt, uyy = cosh(x) sinh(y)eνt, (C.2)

vy = − sinh(x) sinh(y)eνt, px = sinh(x) cosh(x)e2νt,

py = 0.

We start with the x-momentum in (3.10) and substitute the derivative above to obtain

ut + uux + vuy + px − νuyy =ν cosh(x) sinh(y)eνt

+ sinh(x) cosh(x)
(
sinh2(y)− cosh2(y)

)
e2νt (C.3)

+ sinh(x) cosh(x)e2νt − ν cosh(x) sinh(y)eνt.

The hyperbolic trigonometry identity

cosh2(x)− sinh(x)2(x) = 1, (C.4)

simplifies sinh2(y) − cosh2(y) = −1 in (C.3), and therefore leading to total cancellation of the

terms on the RHS of (C.3). Next, we turn to the y-momentum equation in (3.10). It is trivial

to show that py = 0 using (C.2). Lastly, the continuity equation in (3.10) is also satisfied since

ux + vy = sinh(x) sinh(y)eνt − sinh(x) sinh(y)eνt = 0. (C.5)

Since the velocity no-slip condition is not satisfied at the south boundary because v 6= 0, we

cannot infer that (C.1) is the exact solution of the IBVP (4.1). However, we can still source the

appropriate boundary and initial data from (C.1).
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