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Abstract

A popular approach to formulating the initial-boundary value problem for fibre sus-
pension flows is that in which fibre orientation 1s accounted for in an averaged sense,
through the introduction of a second-order orientation tensor A. This variable, to-
gether with the velocity and pressure, then constitutes the set of unknown variables
for the problem. The governing equations are balance of linear momentum, the in-
compressibility condition, an evolution equation for A, and a constitutive equation
for the stress.

The evolution equation contains a fourth-order orientation temsor A, and it is
necessary to approximate A4 as a function of A, through a closure relation.

The purpose of this these is to examine the well-posedness of the equations
governing fibre fibre suspension flows, for various closure relations. It has previously
been shown by GP Galdi and BD Reddy that, for the linear (glosure, the problem
is wellposed provided that the particle number, a material constant, is less than
a critical value. The work by Galdi and Reddy made of a model in which rotary
diffusivity is a function of the flow.

This thesis re-examines these issues in two different ways. First, the second law of
therm'odynamics is used to establish the constraints that the constitutive equations

have to satisfy in order to be compatible with this law. This investigation is carried
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out for a variety of closure rules. The second contribution of the thesis concerns
the existence and uniqueness of solutions to the governing equations, for the linear
and quadratic closures; for a model in which the rotary diffusivity is treated as
a constant, local and global existence of solutions are established, for sufficiently
small data, and in the case of the linear closure, for admissible values of the particle

number. The existence theory uses a Schauder fixed point approach.



SUMMARY

It is well-known that the linear closure relation leads to anomalous behavior, in that
the rest state of the fluid is unstable [15]. On the other hand, no global solution
has been found yet for any suspension flow process. The purpose of this work is
to show that, in conformity with results presented elsewhere, the linear closure ap-
proximation leads to flows that are stable only for certain ranges of particle number,
and furthermore there exists a local and global solution for a specific flow, for both

linear and quadratic closure.

The stability is based on the consistency of the constitutive equations with re-
spect to the second law of thermodynamics, and the conditions of monotonic sta-
bility in the energetic sense. Four closure are investigated here: linear, quadratic,

Hinch&Leal and Smooth orthoropic.

The existence theorem uses the fixed point argument which is decomposed into
two linear omes: a Stokes type problem for the velocity and a linear type for the
orientation tensor; and one transport problem. The existence of a unique classical
solution, local in time, is proven by using a Schauder fixed point theorefn, for both
linear and quadratic approximation relations.

The global a priori estimates are derived to obtain a unique global classical solution
for sufficiently small data and for a constant value of D,. The solution is found to

be stable in absence of the body force.
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Chapter 1

INTRODUCTION

1.1 Fibre Suspension Process

The flow of fluids with suspensions of fibres (as shown in Figure 1) is an important
problem in the processing of fibre composite materials, and has received much atten-
tion due to the technological importance of the subject (37]. Indeed, fibre composites
are used in a wide variety of applications, ranging from compression-moulded auto-
mobile body panels to injection-moulded parts for business machines and consumer
goods [2]. Fibre composites are also used to reinforce thermoplastics for injection
mouldihg and extrusion, sheet moulding compounds, and short-fibre Gi’ITS (Glass-
mat-reinforced thermoplastics). They are also used to reinforce metallic and ceramic
matrices, and polymer-matrix composites [40], and in many other applications.

A new field to be explored is orthopaedic implants, where fibre composites may
be used as prostheses. Traditionally, metal prostheses are used in the human body.
However, due to their very high stiffness, metals do not transfer stresses to the bone

very effectively. Fibre composites are ideal canditates to replace them as they have

1
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Figure 1: Computer image of fibres digitized from a radiograph of a plaque of

sheet moulding compound [31].
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moderate stiffness, which can be fine tuned to maximize load transfer to the bone

(40].

The use of fibre composite compounds has grown in commercial importance in
recent years due to desirable cost and perfomance charateristics, especially in rela-
tion to mechanical and thermal properties [24], so the practical interest arises from
the economic incentives to use fibre-reinforced composites as replacement for metals.
The mechanical properties of fibre composites are not as good as a composite with
continuous reinforcing fibre [40]. However, fibre composites can be processed by
fast, highly-automated methods such as injection or compression moulding. This
gives them an economic advantage over continuous- fibre composites, which are still
fabricated by slow, labour-intensive processes such as lay-up followed by autoclave

cure [40].

Fibre composites are generally formed by automated methods such as injection

moulding, compression moulding or extrusion.

The properties of fibre suspension composite parts depend highly on the way the
part is manufactured. If such a material is formed, the flow changes the orientation
of the fibres. As the resin or moulding compound deforms to achieve the desired
shape, the orientation of fibres is changing. Fibre orientation changes stop when the
matrix solidifies, and the orientation pattern becomes part of the microstructure of
the finished article {2, 40].

This fibre orientation pattern is the dominant structural feature of a fibre com-
posite. The composite is stiffer and stronger in the direction of greatest orientation,

and weaker and more compliant in the direction of least orientation [2].
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Therefore, it is very important to know what happens in the fluid state of a fibre
composite material. An aspect is that of fibre-fluid and fibre-fibre interactions: it is
of considerable fundamental interest to understand how to mode! such interactions
in suspensions, and to be able to describe quantitatively and qualitatively how these
interactions affect the rheological properties [10].

The ultimate goal is to learn how to design fibre composite parts effectively, and how
to predict the orientation of the fibres, and to control manufacturing processes so as
to generate favourable orientation states, and obtain the best possible performance

from the fibre composite.

It would be interesting to answer the following questions, no matter which process

or material is being considered:

- What parameters describe the orientation of fibres, and how can one measure

them?
- How does flow change the orientation of fibres?

Theories exist which can predict the mechanial properties of the composite once
the fibre orientation state is known [2]. )

The choice of the variables used to represent fibre orientation state affects the
accuracy and efficiency of the calculation. The use of various parameters to describe
the orientation states has a long history. The starting point for most of work on
the problem has been JEFFERY’s (1922) [22] solution for the motion of a small ri-
gid spheroid in a uniform shear flow of a Newtonian fluid. Jeffery showed that, in
the absence of particle body forces or couples, a spheroid will translate with the

velocity of the undisturbed fluid at the position of its centre, while its axis of revolu-
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tion rotates in one of an infinite one-parameter family of possible periodic orbits [21].

Many workers have developed and used orientation parameters to describe mater-
ial structure and to predict material properties [2]. While these parameters provide
a concise way to describe orientation states, their formulation relies on assumptions
about the direction of the principal axes of orientation and/or some symmetries in

the probability distribution function [2].

One plausible representation is a probability distribution function for fibre ori-
entation. This has been used for some simple problems involving nontrivial flow
fields, but only for planar orientation. Unfortunately, the probability distribution
function is too unwieldy for numerical calculations of three-dimensional fibre orient-

ation in complex geometries [2].

There have been investigations in the 1980s, especially by ADVANI AND TUCKER
(2, 3, 40], and DINH AND ARMSTRONG [10], aimed at deriving quatitative relation-

ships between processing conditions and fibre orientation.

BATCHELOR [4] considered the properties of the bulk stress in a suspension of
non-spherical particles, immersed in a Newtonian fluid, and on which z;couple (but
no force) may be imposed by external means. He defined the bulk stress and bulk ve-
locity gradient in the suspension as averages over an ensemble of realizations, these
averages being equal to integrals over a suitably chosen volume of ambient fluid
and fibres together, when the suspension is statistically homogeneous. Without re-
striction on the type or the concentration or the Reynolds number of the motion,
Batchelor expressed the contribution to the bulk stress due to the presence of the

fibres in terms of integrals involving the stress and velocity over the surface of fibres,

e
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together with volume integrals not involving the stress.

DINH AND ARMSTRONG [10] established that in start-up of steady shear or elong-
ational flow the orientation of the fibres and the measurable rheological properties
both depend only on the total applied strain. They also obtained the expression of
the stress in terms of an integral over a function of the Cauchy strain tensor and
the orientation vector for a fibre. Also, they [10] obtained a constitutive equation
for a semi-concentrated suspension of rigid fibres in Newtonian fluid. The fibre ori-

entation distribution was calculated using JEFFERY’s analysis [24].

ADVANI AND TUCKER [2] have been interested in predictions of flow-induced
fibre orientation. In these calculations the orientation state of the fibres plays the

role of a structural state variable.

The need of a description of fibre orientation which is both general (like the distri-
bution function) and concise (like the orientation paraméters), is therefore evident.
One possibility is to use a more compact description of orientation. This require-
ment is fulfilled by a set of tensors that have been called tensorial order parameters,
orientation-moment tensors, conformation tensors, [2], or, as we will refer to them

o

here, "orientation tensors”.

Tensors offer considerable advantages for numerical computation because they
are a compact description of the fibre orientation state. Such models also have
the great advantage that the average behaviour of fibres may be treated in a de-
terministic manner, and without the need to solve rather complex equations for the

probability density function which characterises fibre orientation.
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“A theory of anisotropic fluids which is rather general in interpretation was for-
mulated by HAND [17]. He introduced the symmetric tensor that described the
microscopic structure of a fluid and found the most general expression for the stress

tensor as a function of the symmetric tensor and rate of deformation tensor.

It is necessary, in models based on orientation tensors, to make use of a closure
approximation in order to express the fourth-order orientation tensor in terms of
that of order two. Solutions of the resulting problem depend critically on the choice
of closure rule, and it is found that while some rules are particularly well suited to
specific flow situations, no single rule can be said to lead to accurate simulations of

all low situations.

ADVANI AND TUCKER [2, 40] have derived the equations of change for the
second- and fourth-order tensors, and the fourth-order tensor was estimated by the
mean of second tensors through linear, quadratic and hybrid closures. Two different
approximations have been introduced by CINTRA AND TUCKER [6], and they were
tested against distribution function solutions in a variety of flow fields, both steady
and unsteady, by integrating the orientation evolution equations. Further details

may be found in Chapter 3.

HiNcH AND LEAL [18] derive a number of different closure approximations in
their study of suspensions of fibres with Brownian motion. They derive a.ppfoxim—
ations for three closures: for weak (W1) and strong (Sl) flows, and a composite
rule, commonly referred to as H&L1. Hinch and Leal also developed a second set
of approximations, known as second approximations in weak (W2) and strong (S2)

flow, and a second (H&L2) composite rule. The H&L rule is studied in Chapter 3.
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‘In a recent study of the well-posedness of the set of equations describing fibre

suspensions flows [15], GALDI AND REDDY have shown that there is a close con-
" nection between stability, in the Liapounov sense [35], and the particle number, a
parameter closely related to fibre concentration, for the case in which a linear closure
approximation is used. In particular, the rest state is shown to to be unstable for
particle numbers exceeding 35/2. A second result in that work is one on local exist-

ence and uniqueness of solutions, for closure rules corresponding to stable rest states.

The inherent instability asserts itself also in the behaviour of the evolution equa-
tion, in which concentration is not present as a parameter. It is shown, in a nu-
merical study by REDDY AND MITCHELL [34], that whereas quadratic and hybrid
closures converge rapidly to the steady state, the use of the linear closure gives rise
to a transient region which is oscillatory for a relatively extended period of time.
In this work, Reddy and Mitchell treated the computational problem as on that is
coupled, and which was decoupled by adopting a two-stage approach: finite element
approximations in space and finite differences in time were used to solve, first, the
momentum equations for the velocity and pressure fields, and this was followed by
the solution of the evolution equations for the orientation tensors. The evolution
equations were solved on an element-by-element basis. The process proceeds iter-
atively until the differences between solutions in successive iterations is ,‘accepta.bly

small.

1.2 The aim of this thesis

This thesis has two main aims:

- first, the thesis works towards a more complete picture of the stability of fibre

suspension flows, by investigating thermodynamic consistency and energetic
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" stability for these flows. In particular, it investigates the circumstances under
which the constitutive equations are consistent with the second law of thermo-
dynamics, and conditions under which flows are monotonically or exponentially
stable, in an energetic sense, for a range of popular closure approximations.
Four approximations are studied here: linear, quadratic, the Hinch and Leal

first composite, and the smooth orthotropic closure of Cintra and Trucker.

- next, this work establishes conditions for the existence of a unique classical
solution, locally and globally in time, for the case in which the linear and
quadratic closure are used, and for a constant value of the rotary diffusivity
D,, which is an excellent model for very small fibres, that experience rotary
Brownian motion [40]. In the case of both closures, the proof of existence of
a local solution uses a fixed point argument. Global a priori estimates are
derived to obtain a unique global classical solution for sufficiently small data,

and it is proven that that solution is stable in the absence of body forces.

1.3 Notation | =

We make use of coordinate-free notation wherever convenient, and denote vectors

and tensors by bold-face letters.

The scalar product of two vectors w and v is denoted by w - v, while the corres-
ponding product of two second-order tensors A and B is denoted by A:B. In index
form these expressions read u;v; and A;; B;;, the summation convention on repeated
indices being applied at all times. The magnitude of a vector w and a tensor A are
then naturally defined by |u| = (u - u)/? and |A| = (A4 : A)/2

We summarise here some notation that will occur throughout the thesis:
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x: location of fluid particle

: velocity field of the flow

o

b: body force

p: pressure

w: dynamic viscosity

p: fluid mass density

A: second-order orientation tensor.
D=4(Vv + (Vv)T) deformation tensor

W=1(Vv — (Vv)T) spin tensor

2
T: symmetric Cauchy stress tensor
A: fourth-order orientation tensor

We will also need the following function spaces: .

Here 2 denotes a bounded domain of R™ (n = 2 or 3), with boundary I'. We
will assume that ) is on one side of I', and that I is at least Lipschitzian or

C!. For details on the regularity of I see also Appendix A.2.5.
Qr =0 x(0,T) forT >0

L?(2),1 < p < o, the Lebesgue spaces with norms defined in the usual way

and their norms denoted by || - ||ze.
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- H¥(Q), k = 0,1, ... the Sobolev spaces endowed with the inner product (-, )gx
defined by

(w,v)ge = 3 /S;D“uD“vdr. a={(ay, .., a)

o<k
HE Q) ={f € HSQ): fr=0and D*f =0 on [ for |a| < k}
H-*(£)) the topological dual space of H¥(0).

We denote the space of vector- or tensor valued functions with components in one
of the spaces introduced above as follows:

L7(£2) will denote the space of vector-or tensor valued functions with components in
(D). |

The same will apply to HE(Q),...

We will also require the following spaces:
H={v:v; € L?(Q),diveo=0 in O, v-n=0 on T}
V={v:v; € Hj(Q),divo =0 in Q}

X={A: A; € [}(0),A;=Aji, As = 0 ae in O}

These spaces are equipped resPeétively with the norms

I = e =10
| lv=ll- e and
I te= e e

P denotes the orthogonal projection of LZ(2) onto H.

L(v) = —PAw
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“D(L) = VOHA(Y)

|v]|p(cy = ||Lv||L2 is equivalent to the natural H2-norm.
|lv]} = |Vv| is the Dirichlet norm.
We set

1

T - ;
Iolkrazsn = ([ Io(@igad)
L2(0,T5 ) = {v:0,T) — H(): [l zam < o)

For more details on these spaces see Appendix A.2.

1.4 Presentation of the thesis

The rest of this thesis is organised as follow:

Chapter 2 reviews the relevant topics from continuum mechanics. In particular,
we review the mechanics of fibre suspension flows, constitutive equations, and closure
approximation rules. These lead to a formulation of the initial boundary value
problem for fibre suspension flows.

In Chapter 3, we study the thermodynamics and the monotonic stagility (in the
energetic sense) of fibre suspension flows. The study focusses on four closure rules:

the linear, quadratic, HinchécLeall, and smooth orthotropic closures.

The problem of local existence of solutions is investigated in Chapter 4, for both
linear and quadratic closure rules, while the global existence of solutions and the

stability of those solutions are the subjects of Chapter 5.
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-We summarise and review our results in Chapter 6. Finally, some relevant math-

ematical results are summarised in the Appendix.
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Chapter 2

MECHANICS OF FIBRE
SUSPENSION FLOWS

2.1 Description of fibre suspensions

2.1.1 Single fibres

Suppose that a fibre is immersed in a viscous incompressible Newtonian fluid. The
fibre is assumed to be axisymmetric, like a rigid cylinder or a homogenous ellipsoid,
uniform in length and diameter, as shown in Figure 2.

The orientation of a fibre can be described by a unit vector p directed along the

fibre axis (Figure 2). With respect to spherical coordinates (4, ¢),
p1 =sinfcos¢g, p; =sinfsing, p3 = cosf, (2.1)

where (p1, p2, ps) are the cartesian components of p. The choice of direction for p
is arbitrary, since the "head” of the fibre is identical to its "tail”. Therefore, any

description of the orientation of the fibre must be unchanged if one substitutes
—p for p (2.2)

15
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or

7—8 for 8 and $+m for ¢. (2.3)

Z3

/p=‘(PhP2aP3)

Iz

r is the fibre aspect ratio

Figure 2: Single fibre orientation

2.1.2 Fibre suspensions: the distribution function -

=
£

A suspension of uniform cylindrical or ellipsoidal (Figure 2) fibres is characterized

by the particle volume fraction A and the fibre aspect ratio r.

A suspension is said to be [40]

dilute hr? < 1
semi-dilute if< 1 < hr? <r (2.4)

concentated r < hr?
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We will be concerned with dilute and semi-dilute suspensions, for which fibres have
a low probability of making contact, though the motion of the fibres and the fluid
are coupled. We assume also that the fibre concentration is spatially uniform. That
is, the number of fibres. per unit volume is uniform, though the orientation of the

fibres may not be.

Fibres are generally not aligned in the same direction, not even within a very
small region; their orientation will differ from point to point, as well as in time, and
it is unrealistic to attefnpt a proper description of this variation in orientation for a
single fibre in a suspension. Instead, one approach is to regard the fibres as a sample
drawn from an infinite population. This useful approach uses a probability density
function ¢ (p) or ¥ (4, ¢), whose value for a given orientation gives the probability
that a fibre has that particular orientation [15, 40].

This function is defined such that the probability of any given fibre lying in the
range between 8, and 6, + df, and between ¢; and ¢, + d¢, is given by [40]

P(0, <8 <0, +d0, &1 << +dd) = (01, ¢1)sin01d0de. (2.5)
Since every fibre must lie at some angle, the integral of this function over all angles

must satisfy

2 2 ""
[ [ wegsnodody = [w@dp=1 " (20)

The integral is taken over the unit sphere S!, that is, over all possible orientations.
The property (2.2) or (2.3) implies that the distribution function must be even, in

the sense that
v(p) = w(-p) (2.7)

or

P(0,9) = ¢(r—0,¢+m). (2.8)
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Various approaches to solutions of the problem have been proposed:

Orientation as a function of deformation [10] Here we assume that

1
= o . B ~3/2
¥(p) 3-(p- Bp)
where B = FF7 is the right Cauchy-Green deformation tensor, F=V¢ being the
deformation gradient, where @ = ¢(X,¢) is the motion.
This approximation is valid for infinitely slender fibres with no interaction and ran-
dom initial orientation, and is therefore limited in applicability, in that it cannot be

used for models that contain diffusion or interaction terms.

Direct calculation of orientation tensors [2,39] This approach, which we will

use here, allows the probability function to be eliminated in favor of a new field

variable.

Consider the motion of fibres in a fluid. JEFFERY’s classical analysis [22] treats
a single rigid fibre in an infinite body of Newtonian fluid. The unperturbed fluid
velocity is assumed to be a linear function of position, and inertia and body forces
are assumed to be negligible. »
We shall use the Jeffery’s solution for the rotational motion of an ellipsoidal particle,

which is expressed as the time derivative of the orientation vector p by

pi = Wi;p; + X [Dijp; — (Duprpipi)] - (2.9)
Here
! T
D:E(Vv-i—(v'u) )
is the deformation rate tensor,
1 T
W=z (Vo— (Vo))

T ) S
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is the spin tensor,
r?—1

r2 41

is a parameter depending on particle aspect ratio, for the sphere A —s 0, and for
the slender rod A — 1. Jeffery’s equation (2.9) predicts that a single particle in a
single shear flow will undergo a periodic rotation ‘[22, 40]. If the flow field is given
by

vy = Ky, vy = vz = {, (2.10)

where K is the shear rate, then the fibre motion will be given by [40]
Cr

tanf = ‘ 2.1
an Veos?d + risinig’ (2.11)
27t
cot¢ = rtan (T P k) , (2.12)
where T is the period of rotation, that is,
2T 1
= T(rsz 2,
= (r-!—r), | (2.13)

and r = 5 is the equivalent ellipsoidal axis ratio (see Figure 2).

The orbit constant C and the phase & are determined by the initial position of the
fibre. The degree of alignment of fibres is predicted by Jeffery’s equation(2.9). If all
particles have the same aspect ratio, hence the same period, then the engire distribu-
tion of fibre orientation returns to its original state periodically, with period T' [40].
However semi-dilute and concentrated suspensions do not display this periodicity.

‘These malalignments are presumably caused by interactions between the fibres.

Current models that includes an interaction effect between fibres are closely
related to the theory of rotary Brownian motion [40]. The effects of rotary Brownian

motion on fibre orientation are modeled by writing an equation for the time evolution
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of the probability distribution function 4, in the form [18, 40]

dip 9%y

o e (2.14)

a ., ..
= _BE(W‘) +D
The equation (2.9) for the motion of a fibre is likewise modified, and becomes

D, 8%
Y Op

Here D, is the rotary diffusivity due to Browian motion. Equation (2.15) can be

p =Wp +ADp—(p-Dp)p| - (2.15) |

- written in component form as

. D, o
pi = Wiip; + A [Dijp; — (Dupepipi)] — - 6;5-'

Folgar and Trucker adapted equation (2.15) by using A = 1 in Jeffery’s equation and

(2.16)

setting
D, = Cy\D| (2.17)

where Cy is a constant known as the interaction coefficient, and

\D| = (D:D)'% (2.18)
the inner product A : B of two second-order tensors is defined by

A:B = A,B . (2.19)

All particles in a suspension experience small randomly-oriented forces as they col-
lide with the solvent molecules. In practical composites, the fibres are too large to
experience significant Brownian motion. However, when D, is small equation (2.15)
exhibits many of the same qualitative features as non-dilute suspensions. This has
led several workers to adopt equation (2.15) as a phenomenological model for fibre
orientation in non-dilute suspensions [2, 40].

The case D, = ( corresponds to that in which rotary diffusion is assumed absent,
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and the equation (2.15) reduces to that obtained by JEFFERY [22, 40] for an ellips-

oid of revolution in a dilute suspension.

The case D, = constant is an excellent model for very small particles, which exper-
ience rotary Brownian motion. Many studies have treated this case over the years

[40]. This model will be the subject of Chapters 4 and 5.

The distribution function ¥ (p) or (8, #) provides a general description of the
orientation state, and it is possible to make direct calculations of ¥ for a single
point in a suspension. One can discretize the spatial field using any of the usual
tools of numerical analysis (finite elements, finite differénce, etc.). However there
are practical difficulties in using i in realistic similations and it is not practical to
calculate 1 for hundreds or thousands of points [15, 40]. The orientation tensors

provide a way around this difficulty.

2.1.3 Orientation tensors

We first define the averaging operator < - >

<f>= [F0,8)606,¢)sinbdods = [ FpWip)dp,  (2:20)

where f is an arbritary function. -
We observe from (2.6) and (2.20) that

<1>=1,

so equation (2.6) is frequently referred to as the normalization condition.
The orientation tensor A* of order % is obtained by averaging k tensor products
of the vector p; that is, o
AA=<pep® --®p>, (2.21)

k tgrms
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or in component form,

, Aijigeiy, =< PiyPiy = Piy, > - ’ (2.22)
The case of a first-order tensor,
Al =< p >,
is trivial, since from (2.7), and (2.20) we have
<-p>= [ (-PW(-P)p = - [ po(p)p = —<p>  (2%)
The condition (2.2) implies that
<—p>=<p>,

and it follows that —<p>=<p>.
Therefore
Al=<p>= 0. (2.24)

The same applies to any tensor of odd order constructed in the same way. We are

thus left with even-ordered tensors. The second-order orientation tensor is given by
A=A =<p@p> or Ay =<pip; > (2.25)
and the fourth-order tensor by ~
A=A =<p@pRpPpOP> or Aju =< pipipkp > (2.26)
The tensor A satifies the symmetry and norrﬁalization conditions
Ai; = Aj and  Ai = L | (2.27)

Indeed,
Aji = <pipi >= /S  pipib(p)dp = /5 Pipib(p)dp = Ay, (2.28)
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and, since p is an unit vector,
A =< pp>=<1>= 1.

There are thus only five independent components in three dimensions and two for

plane situations.

The fourth-order tensor .4 has the symmetries
At = Aji = Agiji = Awij ete. (2.29)

Futhermore, the higher-order tensors give complete information about their lower

order counterparts [15]; for example, from (2.26) and (2.27),
Aijke = < pip;prpr > = < pip; > = Ayj. (2.30)

Figure 3 shows some examples of A in R?, ‘

A complete representation of ¢ requires all the terms in the infinite series, involving

orientation tensors of all orders. It is too complicated to use ¥ in all its generality,

in particular if the motion is unsteady and nonhomogeneous, so that ¢ =. ¥(p, z,1).
The use of only the second-order tensor amounts an approximation of ¥(p) by

truncating the series. Thus, a tensor representation is always an approximate de-

scription.

However, in many theories the second-and fourth order tensors give exactly the
information needed to determine many physical properties of composites [40]. Most

models use the second-order tensor A to describe and predict orientation.
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2.2 Constitutive equations for fibre suspensions

2.2.1 Evolution equation for the orientation tensors [2, 3,

15, 40]
Substituting (2.8) into (2.25) and using (2.16) for'ﬁ; we obtain
DA{J*
T (Wi Aje — AeWij)—  A(Dik Ak; + A Dij — 2 A1 D)
—D,-(&;j —nA,-j) = 0, (231)
(n=2or3) |
or
DA
==+ (AW = WA) = X(DA+ AD —24D) — D(I —nA) = 0,
(2.32)
where
DA O0A v
S = tleva (2.33)

is the material derivative.

Equation (2.31) or (2.32) is known as the "evolution equation” for the orientation

tensor A.

2.2.2 Constitutive equation for stress (2, 3, 15, 40]

We will assume that the fluid is incompressible. The total stress T is then a modific-
ation of the constitutive equation for incompressible Newtonian fluids, and is given
by ,

T=-pl+2uD+ E, (2.34)



26 CHAPTER 2. MECHANICS OF FIBRE SUSPENSION FLOWS

where p is the pressure, u is the solvent viscosity, and D is the deformation tensor.

The extra stress F is found by solving for the stress field around a single massless

fibre (3, 15].

A variety of theories exist to predict the viscosity of suspensions of fibers in a

Newtonian fluid. All lead to expressions of the form
E =2uh[KAD + B(DA + AD) + HD + 2F D, A| (2.35)
or, in component form,
Ei; = 2uh [KAju D + B(DicAxj + A Dij) + HDy; + 2F D, Ajj), (2.36)

where h is the particle volume fraction and K, B, H, and F are positive constants.
The contribution of D, to the stress is not significant, and this term is usually neg-

leted [15, 40]. This will be the case henceforth.

Therefore we will express the stress in the form

T=-pl+2u;D+ S . (2.37)
where
S =2ur [N, AD + N.(DA + AD)] (2.38)
and
hK hB

pr=p(l+hH), Ny= 1T hE N, = Y& (2.39)

N, and N, are positive constants known as the particle and shear number, respect-

ively.
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2.3 Closure Approximations

We wish to develop a model in which the unknowns are p, v and A. Unfortunately
equations.(2.31),(2.32) and (2.38) contain the tensor A. It is a feature of such evol-
ution equations that the equation for an orientation tensor of a particular rank

contains the tensor of the next even rank up (3, 15, 40].

In order to eliminate the tensor A, a closure approximation is used, in which A
is approximated by a function of the second-order tensor A. There has been a great
deal of work on closures (3, 6, 40]. We focus on four examples which are the subject

of the work by ADVANI AND TUCKER [2], HINCH AND LEAL [18], and CINTRA AND
TUCKER [6]. ‘ ‘

In the next section, we will review these closures rules.

2.3.1 Linear closure

The simplest closures are linear and guadralic approximations. The linear approx-

imation AZ, is defined for problems in R® by

1
Aby = ?(Aijékl + Aidjr + Aadjk + Abiz + Ajdix + Ajiba)

T

1
+ "53(5ij5k! + dikbji + dudiji) (2.40)
or, in tensor form,
AED =~ [(trD)I +2D] + Z|(trD)A + 24D + 2D A+ (A: D)I]. (241

For incompressible fluids (¢r D=0),

ALD = —%D + % [2AD +2DA+ (A : D)I]. (2.42)
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For planar problems AL takes the form [3, 40]
1
ALy = E(Afj5k1 + Al + Aubje + Aridi; + Ajibie + Ajxda)

1
+ —E(Jﬁékl e Jikdjz -+ Jiléjk). (2.43)

One notes that the linear approximation A% satisfies the symmetry properties of
(2.29). The linear approximation is exact for random distribution of fibres, for

which [15]

L0 0

0o L 0.
A=

0 0 L

for a problem in R™.

2.3.2 Quadratic closure

The quadratic approximation A9 is defined by

A% = AQ A, o (244)

or .
Ay = AijAu. | (2.45)

This approximation is exact for fully aligﬁed fibres; for example, in the case of

fibres aligned parallel to the z;-axis,

i
o O
o o o
o B e T o
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Orie notes that A% does not possess all the symmetries of A (2.29).

Each of these approximations is suitable for only a range of physical situations, and
there are, of course, situations in which neither is a good. approximations [3, 15].
We will later examine these two closure rules further, in the context of stability and
existence considerations. It is important, though, to expand the set of closure rules
being examined, in order to arrive at a broader picture of the range of approximations
in use, and their relative merits. For this purpose we add to the linear and quadratic
closure two more rules which have received some attention. These two rules, the
first Hinch-Leal composite rule and the Cintra-Tucker orthotropic smooth closui‘e,
are good candidates for investigation since they are simple in structure, and lead to

very good results in certain fow situations.

2.3.3 Hinch-Leal Closure

HiNcH AND LEAL [18] have proposed a number of different closure approximations
in their study of fibre suspensions exhibiting Brownian motion. One of these, now
often referred to as the first Hinch-Leal composite rule, or H&L1, is incorporated
into the present study. It has the advantage of being relatively simple, in that it is
a quadratic polynomial in the components of A. The H&LI rule is defined by

1 ,

AD = - [6ADA+(A: D)2l - A)-2A*: D)I|. . (246)

This closure rule gives accurate results for simple shear flows, and for smaller
values of the interaction coeflicient. It has the drawback, however, that it gives a

nonphysical result in some flows (see Chapter 3).

2.3.4 Orthotropic closure

The final example comes from an extensive study of orthotropic closure rules due

to CINTRA AND TUCKER [6]. They take as a point of departure the observation
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that the tensor .4 must be orthotropic, that its principal axes coincide with those
of A, and that it is a function of only two of the eigenvalues of A, the last attribute
- following from (2.27). These authors develop two rules, referred to as a smooth clos-
ure, and a fitted closure. The former has a simple form based on linear interpolation
of the eigenvalues of A, while the fitted closure rule is based on numerical solutions
for the probability density function. We confine attention to the orthotropic smooth
closure. In order to describe this rule, it is most convenient to write the nonzero

components of A as a symmetric 6 x 6 matrix .4; this matrix has the form

jll j12 j13 0 0 D \

Ay Az 0 0 -0
A= A 000 (247)
Ay 0 0
SYM Az 0
\ A

and has six independent components, which are related to 4;;x according to

B Ay = Agiyi fori =1,2,3 (no sum on i), (2.48)
A = Ayy; fori,7=1,2,3, i # J, (no sumon z,j).

Other nonzero components of A are obtained by invoking the symmetry properties of

this tensor. The elementary identity (2.30) A;jxx = Aij leads to a further reduction

of the number of independent components to three, through the set of w:aquations

An+ A+ 43 = A,
A+ Az + Az = Ay, (2.49)
A+ Ay + Az = As,
where (A, Az, A3) are the eigenvalues of A.
The closure rule is then defined by expressing A;; (7 = 1,2, 3) as a function of two
" of the eigenvalues A; (using the fact that 3°; A; = 1). For the orthotropic smooth

closure this expression takes the form
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Al —0.15+ 1.154, — 0.10A4,
Ay | =] —0.15+0.154, + 0.904, |, (2.50)
Ass 0.60 — 0.60A4, — 0.60 A, '

and a simple computation, based on (2.49) and (2.50), leads to the expression

Aia 1 —0.14+0.14A; +0.64,
A | = 5| 04-04A, - 0404, (2.51)
Ays \ 0.4—0.4A4, — 0.40A4,

for the remaining independent components of A in terms of the eigenvalues of A.

2.4 The initial boundary value problem

Now we are in position to state the problem. We assume that the fluid occupies
a bounded domain @ C R™ (n = 20r3) with boundary I', and is subjected to the
action of a body force b per unit mass. The fluid has mass density p. It is required
to find the velocity field v(z,t), the pressure p(x,t), and the orientation tensor field
A(wz,t) which satisfy the following set of equations:

1. conservation of momentum B

p-—a—? + (v Vo — divT = pb; (2.52)

2. conservation of mass (continuity equation)

divv = 0; ‘ (2.53)

3. constitutive equation for stress

T = —pl +2u;[D + N,AD + Ns(AD + DA)); (2.54)

g
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and

4. the evolution equation for the orientation tensor

DA
=7 =(WA—AW) + \(DA + AD - 24D) + D.(I - nA).  (2.55)

These equétions are supplemented by the boundary condition
v=0on T (2.56)
and the inital conditions
v(z,0) =vo, A(z,0)=Agon I. (2.57)

In (2.54) and (2.55) it is assumed that one of the closure approximations will be

used to express A in terms of A.



Chapter 3

ASPECTS OF STABILITY

This Chapter examines the circumstances under which the constitutive equations
for fibre suspension Hows are consistent with the second law of thermodynamics,
and the conditions under which fibre suspension flows are stable, in the energetic
sense. The study is based on the formalism of COLEMAN AND GURTIN (8], in which
the second law, in the form of the Clausuis- Duheim inequality, is used to determine
restrictions on the constitutive equations. These issues dre examined in the context
of the closure approximations reviewed in Chapter 2, viz: the linear and quadratic
closures, the HINCH-LEAL rule, and the smooth orthetropic closure rule of CINTRA
AND TUCKER. It is shown that, with the use of the linear closure apl;roxirnation,
- the constitutive equations are consistent with the second law, and the flows are
monotonically stable, if the particle number does not exceed 35/2. The quadratic
closure is consistent, and stable. It is not possible to determine the stability or oth-
erwise of the HIN CH-LEAL closure for arbitrary flows, though for biaxial elongation,
a case which is known to lead to non-physical results, the closure rule is consistent
with the second law of thermodynamics. The smooth orthotropic rule of CINTRA

AND TUCKER is shown not to be consistent with the second law for arbitrary flows.

33
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In the present context, the second law will provide a mean of determining re-
strictions only on the constitutive equation for the stress, and not on the evolution

equation.

3.1 Thermodynamic restrictions on the constitutive

equations

3.1.1 Preliminary Notions

We assume that the fibre suspension occupies a bounded domain §2 C R", (n=2 or
3), with boundary I'. We assume also that the suspension is mechanically isolated;
that is [11],

/Fv-Tnda+/va-bdv=0. (3.1)

We suppose, as in [8], that there is no diffusion of mass in the suspension, but that it
may deform. We also assume isothermal conditions, so that the purely mechanical

theory is relevant.
A mechanical process is described by five functions, defined at (X ,¢) € {1 x R, where

X is the reference position (8, 11]: .

1. the motion = = (X, 1).
2. the symmetric Cauchy stress tensor T=T(X ,t)

3. the specific body force b=b(X ,t) per unit mass (ekerted on the fluid at X by

the external world)

4. the specific internal energy ¢ = ¢(X,t) per unit mass
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5. the internal state variable (orientation tensor) A = A(X,¢).

This set of five functions will be called a mechanical process if and only if [8, 11], it
1s compatible with the law of balance of linear momemtum,'(3.2), the law of balance
of energy (3.3), and the constitutive equations are consistent with (3.4).

Under sufficient smoothness assumptions and sincé T is symmetric, these laws are

equivalent to the equations [8, 11, 25]

px — divll = pb
or (3.2)
pv —divIl = pb,

and
pé—T:L=0, (3.3)

where p is the mass density and

is the velocity gradient.

3.1.2 The dissipation inequality

A mechanical process is said to be admissible if it is compatible with the above
constitutive assumptions. Since we are dealing with a purely mechanical theory, the
second law of thermodynamics in this context is the requirement that the energy
increase at a rate not exceeding the power expended [9]. If the free energy is denoted

by W, then the local form of the second law is the dissipation inequality

pd<T:D. (3.4)
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We will use the methods of COLEMAN, GURTIN AND NOLL (8, 9] to investigate
which restrictions, if any, are placed on the constitutive equations by the dissipation
inequality. This approach has been used with great effectiveness by DUNN AND
Fospick [11] in determining the restrictions that apply to the constants appearing

in the constitutive equations for fluids of second grade.

The motion of the fluid is described by the function £ = (X, t), in which « and
X denote reference and current position, respectively in the fluid. We assume that

w(X,t) is smoothly invertible in its arguments, and define the deformation gradient
F by
If the inverse F~! of F exists, then
L=FF* (3.6)
For any sufficiently smooth functions F' and A,
U(F,A)=Up: F+¥,:A. (3.7)

Here Ux and W4 are the derivatives of ¥ with respect to F and A.
We now substitute (2.37), (2.38), (3.4) and (3.7) in the dissipation inequality

(3.4), and make use also of the incompressibility condition tr D = 0, to.obtain

pUpFT L+ 9V, : [AW — WA+ ANAD+ DA -2A4D)
+C7|D|(I = nA)] = 2us[D + N,AD + N,(AD + DA)] : D <0.
(3.8)

Since (3.8) must hold for all incompressible flows, we may replace L by oL, where

o is any real number: this gives the inequality

alK — (sgna)B] - o*C <0, (3.9)
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in which

p 'K = UpFT L+ U,4:[AW — WA + A(AD + DA —2AD)], (3.10)
B = npCi|D|¥y,: (I —nA), | (3.11)

C = T:D=2u/[D+ N,AD + N,(AD + DA)| : D.
‘ (3.12)

Lemma 3.1 Satisfaction of the reduced dissipation inequality for all incompressible
flows consistent with equations (2.87)-(2.38) and (2.32), together with the appropri-

ate closure Tules, implies that

c > 0,
B > 0, (3.13)
K < |B|
PROOF. A
Suppose first that a > 0; then (3.9) can be written in the form
(K —B)—aC 0. (3.14)
Since o can be chosen arbitrarily small, we must have
K-B<0. - . (3.15)
This in turn implies that
C >0, (3.16)

for otherwise it would be possible to choose a sufficiently large to violate the in-
equality (3.14).
Suppose next that a < 0. Then (3.9) becomes

K+ B+ |a|C 20, - (3.17)

o s
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From this inequality we deduce that
K+B>0, and C>0. (3.18)

The inequality (3.13); now follows automatically from (3.16) and (3.18), while
(3.13); may be deduced from (3.15) and (3.18),. 'These two inequalities also yield
(3.13)5.0

We see from (3.13) and (3.10)~(3.12) that while (3.13); and (3.13); require a
knowledge of the free energy function in order that they Vma,y be used to determine
restrictions on the constitutive equations, (3.13); provides a direct means of de-
termining such restrictions, if any exist. We see also that it is only the constitutive
equation for the stress that plays a role in the definition of C, so that the second
law in the present context will provide a means of defermining restrictions only on
the stress, and not on the evolution equation (2.32) for- A. We now examine the

restriction C' > 0 for the closures introduced in Chapter 2.

3.1.3 Linear closure

Substitution of (2.42) in (3.12) yields

7 (1 - %Np) D:D+NAD+DA):D>0, *  (3.19)

where
N = 2N, + 7N,

Theorem 3.1 The constitutive equation (2.32) with the linear closure approzima-

tion (2.42) is compatible with the second law of thermodynamics if

Mg%. | (3.20)
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PROOF.

First we note that
(AD+DA): D=24:D*>0.

The last inequality follows from the fact that, if we express A and D in component
form relative to the principal basis of A, then A : D?* = 7% A;D%. From the
definition of A all the terms in this sum are nonnegative.
Thus the inequality (3.19) can be written in the form
2N, 2N(A : D%
1-=2£ ) > 0. 21
(1-F D 2 (3:21)

For N, < 35/2 this inequality holds for all flows. O

It is worth observing here that the restriction (3.20) is one that was obtained
also by GALDI AND REDDY [15], who showed that the rest state is unstable, in the

sense of Liapounov, for particles numbers exceeding the value of 35/2.

3.1.4 Quadratic closure

A repetition of the computations just carried out, this time using the closure rule
(2.45), yields
D2+ N,(A: D) +2N,A: D?>0. S (3.22)

4

This inequality is valid for any flow field and orientation tensor ﬁeld,k and so the

second law imposes no restrictions on the equation for the stress.

3.1.5 The Hinch-Leal (H&L1) closure

We return to (3.12) and consider in particular the term .4D : D. Upon substituting
(2.46) in this expression, we find that

5AD : D =6tr[(AD)Y] - (A: D)% (3.23)
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The first term is of indeterminate sign, while the second term is negative, and thus
it is not possible to determine restrictions for all possible flows.

It is useful, though, to consider the consequences of one particular flow, that of
biaxial elongation, for which the evolution equation together with the H&L1 closure

is known te give unphysical results [3]. This flow has the form
Uy = €T), Vg = €T3, V3 = —2€I3 (3.24)

relative to a set of cartesian coordinates, and the deformation rate is

10 0
D=e¢|01 0 |. (3.25)
00 -2

A straightforward, if somewhat tedious calculation reveals that, for this flow,
tr (AD)? = €*[(A}) + 241, + A3)) — 4(AL; + Ajs — Az)). (3.26)

Now for biaxial elongation flow, we have Ay, = Ay} = A, say, and so Ass =1 — 2A
[3]. In addition, all off-diagonal components are zero. It follows from (3.23) and
(3.26) that

54D : D = 4€*[18A% — 18A + 5], (3.27)

which is easily shown to be nonnegative for A < 1. The remaining two terms in
the expression for C are also nonnegative, and so we see that, while the evolution
equation with the HINCH-LEAL law leads to non-physical results for the case of
biaxial elongation, as reported in (3], the constitutive equation for the stress is

consistent with the second law.

3.1.6 The Smooth Orthotropic Closure Rule

We turn now to the rule defined by (2.50) and (2.51), and substitute these values in

(3.12). We focus attention first on the coefficient of N,, and note that if we arrange
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the components of D in vector form according to
d = [Dy Dy Das 2Dy3 2Dy3 2D15)",
then we may writev
AD: D =d"Ad,
where A is defined by (2.47)-(2.51). Now, in order that C be nonnegative for all

flows and for all positive values of N, and Nj, it is necessary that the matrix A be

positive semidefinite. We may express A in the form

A=Ty+ 1A + T4, (3.28)
in which, from (2.50) and (2.51),
—-0.15 0.05 0.20 .15 0.05 -0.20
o= 0.0 —0.15 0.20 |,I'h = 0.05 0.15 -0.20 |,
0.20 0.20 0.60 -0.20 —-0.20 0.60

and
—0.190 0.30 -0.20

[y = 0.30  0.90 —0.20
0.30 —-0.20 -0.60
Thus, in order that C' be nonnegative for all values of A; and A; in their ranges of
physical validity, each of the matrices I'; (i = 0, 1,2) must be positive semidefinite.
In other words, the second law implies, under these general conditions,;that all of
the eigenvalues of the matrices I'; are nonnegative.
A routine calculation reveals, however, that the sets A; of eigenvalues of I'; are
given by ’ '
Ao =[-02 02 0.7, Ay =[0.19 1.18 —0.67), A;=[-0.14 —0.68 1.02],
which contradicts the necessary condition. Thus, while there may well exist admiss-

ible flows for which the smooth orthotropic closure is consistent with the second

law, it cannot be said to be consistent for all such flows.
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3.2 Energetic stability

We begin by establishing an identity involving the kinetic energy of the fluid. We
take the scalar product of equation (2.52) with v, integrate over  and integrate by
parts, to obtain

1d
2dt

where n 1s the unit outward normal vector to T.

Lﬂ|v|2dz+LT:Lda:=/rv-'.Tnda+/ﬂpv.bd$ (3.29)

We assume that the body is mechanically isolated [9], so that
/P'U-Tnda-f-/ﬂpv-bd:vzﬁ. (3.30)

The kinetic energy E of the fluid is defined by

1 2
E(t) = 5 [ plvlda,
and so we have, using (3.12),
E'(t)y = — | T:Ldz
= - [ Cda (3.31)

We will be interested first in determining the conditions under which fibre sus-
pension flows are monotonically stable, for various closure approximations, in the

sense that
E'(t) <0 for all ¢. (3.32)

The energetic stability of the suspension, which is a global condition, is seen from
(3.31) to be intimately connected to the local consistency condition C > 0.
Substitution of (2.37)-(2.38) in (3.31) and use of the incompressibility condition

leads to the expression

E'(t) = =2u|| D||? ~ 2ur /ﬂ (N.A: D'+ N,AD : D) dz;  (3.33)




3.2. ENERGETIC STABILITY 43

here and henceforth we use the notation
1/2
|\ D = UI;D:Dd:c]

to denote the L? norm.

3.2.1 The linear closure approXimdtion

Substitution of (2.42) in (3.33) leads to the expression

durN 2

ald j{ZA;D2 da:—?,u;( = )HDH? (3.34)

for the rate of change of kinetic energy. For all ¢ > 0, and for all admissible fields
v and A, we see from (3.34) and from the positivity of A : D? that (3.32) holds
in the event that N, < 35/2. Thus approximations with the linear closure are
monotonically stable if N,; < 35/2.

We can go one step further, by recalling that, from Korn’s inequality (see Ap-

E'(t)= -

pendix A.3.3 and the Poincaré Friedrichs inequality (see, for example, [33], and also

Appendix A.3.2) there exists a constant ¢; > 0 such that
ID|* 2 e E(t); (3.35)
thus, from (3.34) we have
B +AEQ) < B0 +u(1-5N) 1D

35
- —éﬂN [ 4:Dde
< 0, | (3.36)
where A = 26;:” (1 2;\; ) It follows, by integration of (3.36), that

E(t) < E(0)e™™ (3.37)

for all t. In other words, flows approximated by the linear closure are ezponentially

stable if N, < 35/2.



44 CHAPTER 3. ASPECTS OF STABILITY

3.2.2 The quadratic closure

For this closure, (3.33) takes the form
E'(t) + 2u1|D|? = —2u1 (N,,/Q(A : D) dz +2N, [ A: D? da:) <0. (3.38)

We immediately deduce the monotonic stability from (3.38), and by application of
the inequalities of Korn and Poincaré-Friedrichs as before, find that flows are in

addition exponentially stable.

For the Hinch-Leal and smooth orthotropic closure rules, the sign-indeterminacy
of AD : D in (3.33) does not permit any conclusions to be drawn about the stability,
or otherwise, of flows approximated by these closures. We summarise the results for

linear and quadratic closures in the following theorem.

Theorem 3.2 (e) If N, < 35/2, then fibre suspension flows corresponding to the

linear closure approzimation are monotonically stable, in the sense that
E'(t) <0. (3.39)

Furthermore, such flows are ezponentially stable, in the sense that there ezists a

positive constant A such that )
E(t) < E(0)e™ (3.40)

for all t.
(b) Fibre suspensions flows corresponding to the quadratic closure approzimation are

monotonically and exponentially stable.

g m— e syemTY— gE



Chapter 4

Local existence of solutions

As stated in Chapter 2, the case D, = constant is an excellent model for very small
fibres, which experience rotary Brownian motion. Many studies have treated this
case over the years [40]. In this chapter we show, for the cases of the linear and
quadratic closures, that the problem (2.52)-(2.57) admits a unique solution locally
in time, for the case of constant D.. GALDI AND REDDY [15] have established the
existence of a unique solution locally in time for the case in which D, is given by
(2.18), and for the quadratic closure.

The methods used in this Chapter and in the next are based on the work of

GUILLOPE AND SAUT [16], and also draw on the work of GALDI AND REDDY [13].

4.1 Linear closure approximation

4.1.1 Dimensionless and traceless problem

We set

A

8|
I

e

Il
<|e
b~

Tl -]

45
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(4.1)

_ bI? VI AWV - AL
b—pW, Re——'u—, WE—m, A—v

where He, We are the Reynolds and the Weissenberg nurﬁbers respectively, and V

~ and L represent a typical velocity and a typical length of the flow.

It is useful to carry out the following additive decompostion of A: we set
A=A+A | (4.2)

where A* is a diagonal tensor with trace 1, which implies that A is traceless. For
convenience, and without any loss in generality, we choose
1

A =1 )

for a problem in R".
We next make use of (4.1)- (4.3) in equation (2.52) and (2.55), and use (2.42) for
A, to obtain

Re(v' + (v - V)v) + Vp— (1 — £N,)Av =b + divSy

(4.4)
Sy =3v[N(AD + DA) + N,(A : D)I|
and )
A+We{A' +(v-V)A+ AW - WA - 2(AD + DA)}
(4.5)
=2wD + 2We(A: D)I
For convenience we have denoted A by A. Here
y= 2 N = 2N, + 7N,
L
and
13X (4.6)

Y= 35nD.
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Remark.
Equation (4.5) has the same lefthand side as (1.13) in [16], while the second term
on the righthand side of (4.5) is an additionnal one.

We will need the following special spaces:

H={v:v;€ L%(Q), dive=0 inQ, v-n=0 on T}, |

Y={v:v, € H(Q), divv=0 in 0}, (4.7)

A= {A : A,’j € LZ(Q), A,‘_.,‘ = Aj,', A; = 0 ae in Q} ]

~ The orthogonal projection of L.2(£2) onto H is denoted by P, and we define the Stokes

operator L by
Lv=—PAv. (4.8)

L has the domain D(L)=YNH*(Q), and is equipped with the norm ||v]|py =
|Lv||i2, which is equivalent to the natural H*-norm. We introduce the bilinear
mapping

b(v,w) = P(v-V)w. (4.9)

In the next section, we implement a fixed point argumnent, using Schayaer’s Fixed
Point Theorem, to show the existence of a regular solution on a small time interval
(0, 7). This solution satisfies an energy inequality, which implies its uniqueness in

that class.

4.1.2 Linearised problems

We study two linearised problems, one for the velocity v, and the other for 4. We

first recall, without proof, some well known results for the time-dependent Stokes
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problem

Rev' +6Lv=F ]

dive =10 r ‘ (4.10)

v(0) = vq

where F is a given body force.

Lemma 4.1 Let § = (1 — ZN,). Assume that 00 = T € C? wvo € V and
Fe L*(Qr). If § > 0, then the Stokes problem ({.10) admits an unique solution
ve L%0,T; D(L))n C([0,T),V) such that v' € L*(Qr) and p € L*(0,T; HY).
Futhermore, there ezists a constant Cy(Re,~y, Np, Q) such that

“v“;’(O,T;D(C))nﬂ_m(O,T;V) + ||UIHi2(nT) + P2 0,780
< Culllvollgziag) + 1 Flli2(am)- (4.11)

Lemma 4.2 Assume that ' € C3, F' € L*(0,T,H™"), vo € D(L).
If § > 0, then the unique solution of problem (4.10) satisfies

v e L0, T;H) nC([0,T]; D(L)),
v e L0, T; V)N C([0, T;; H),
pe L0, T; HY), ’

and there ezists a constant Co(Re, 7y, Np, N, Q) such that

|1UHH2.7‘(D,T;D-|3)niL°°(D,T;D(l:)) + ”v’”[i’(O.T;V)nﬂ_m(o,T;ﬂ-l) +{IPlitz0,70)

2}‘

(4.12)
< Co{ILvol* + | FII2 o 2y + I F 12 o pipimry + [ F(O)
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Now, we turn to the study of a linearised problem associated with the equation (4.5)

for A. For a given velocity field 7,

we first show the existence and the uniqueness of a regular solution A to the problem

We{A +(T-V)A+ AW - WA - 2(AD+ DA)} + A |

=2wD — 2We(A: D) ¢ (4.13)

A(0) = Ay ae 1 f)

where

D=z (Vo+(Vo)") and W= % (Ve - (vo)T)

[N X ]

Lemma 4.3 Assume that T' € C', © € L1(0,T; H®) N D(L),
Ay € H}(Q). Then the problem (4.13) admits a unique solution Ae C([0,T],H).

Futhermore, there exists a constant C(Q,w,We) such that
2w

JAlksirsn < (I olle + 7= ) exp(ClIT o ras)- (£14)

In addition, if © € C([0,T}, D(L)), then A’ € C([0,T],H") and satisfies
| Al o7y <
(4.15)

1 : 2w =
¢ (IBuoreny + g5 (1olluiosn + s ) exp(ClTl sy

Proof

The existence of a unique solution follows by the method of characteristics [23], (see

also GUILLOPE AND SAUT [16]).
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Estimate (4.14),
~Taking the inner product of (4.13) with A , integrating over {) and using the property

((U ’ V)A1 A)[L"’ =0

we arrive at the identity

1d
5 lAlz:) + 114l =

3A — 2A

/Q[We{WA AW + (AD + DA) + (A D)I}+2wﬁ} . A da.

Next we apply the operator 8/3z; to 4.13, take the L2-inner product of this equation
with A ; and simplify, using the property

Nl dde= [ vde:de i [ old: b e
LoVl ode= [wppio=7 [ uls:6)i=
to obtain
2dt 1A, + 1AL, :—/ﬂm,Ak:A,l dz
3 W) W _
+/ We{ WA~ AW + =(AD + DA) + ~(A: D)l + D] u: Au | da,

in which a subscript following a comma denotes partial differentiation _ﬁith respect
to that component. Finally, we apply the operator 8%/0z;dz., to (4.13), take the
L%-inner product of this equation with A ., and simplify in the same way as above,

to obtain

|A|H2+|A|H2 = _/ UklmAk Alm+2UklAkm -Alm] dx

2 dt
3A 2\

+/ﬂ HWe{VV—A—AW-I— - —(AD+DA) + — 7 (A:E)I}+2w"5} ,,m:A,,m) dr,
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- We add all these equations, to obtain

1d — _ .
Ed—t(We“AH;_p) + | AlIZ: = 2w(D, A)e + We(WA — AW, A

—We/ﬂ{ﬁk,l [A‘k A+ 2A,km : A’(m] + _ﬁk,lmA,k : A_;m}d:c

AWe

-2
7

( ((4: D)1, A)Mz + ?We(fm +DA, A)ﬂ..z) . (4.16)

We now estimate the right-hand side of (4.16). To this end, we recall the Sobolev
inequality (see Appendix A.3.1)

sup |u(z)| + ||ullze < clluflg> for all u € H*(Q) (4.17)
zell

which implies that

AN

[T Ay da| < gl Allda,

[ /ﬂ Tt A jom © A dz| < c|[T]| o] Al 22, (4.18)

]/ '“Jk_lmA‘k : AJm dz
)

IN

IN

o|[Bl g || Al

Likewise, from (4.17) we find that
|(A4: D)L, s < @]z A,

(WA - AW, A)g:| < c|[Tlln=]| A3z, . (419)

(DA + AD +2D), A)ms| < ¢|[@]us | Alla(1 + || Alla).

The constant ¢ entering the estimates (4.18)- (4.19) depends only on 2, and on
the material constants. By making use of (4.18)- (4.19) in (4.16) we thus conclude
that

1d )
S (Well Ale) + | Al < 2ColTlen|Allya + 2W eCol[T]les A2, (4.20)
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Inequality (4.20) implies that
2LUCQ

%(HAHw) lITllse + 2Co[[T|pe [ Allye — _HA”[I-P (4.21)

now, for a given a € Ry, we deduce from (4.21) that

1d 4 '
57 (1Al +27) = (] +0) (HAthz)
— 2w
< QCHvas(I\A(t)HW +0) (1Al + m)
(4.22)
for some positive constant C.
We now set o = #%. It follows from inequality (4.22) that
1d 2 % \? '
== (AW + 52)) < 20180 e (1A@ e +52) (423)

Integration of (4.23) over (0,t) C (0,7 gives (4.14)'. Therefore A belongs to
L0, T, H?).

Estimate (4.15)

Let us first consider the ordinary differential equation "
iA(t z)=G(t,A) in §
dt ! T (4.24)
A(0,z)= Ay in- 0 '
where
1 —_—
G(A,t) = We <2wD + 2M/VE(A D)I - A) -(T-V)A
—(AW —WA) + §i(Aﬁ+DA) (4.25)
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We note that the solution of (4.24) is given by

([ 1 [ W
Alt) = Ao+f0 [m(zwp-y c

(A:D)I—A)

~(T-V)A - (AW - WA) + %(AE-{— EA)] ds.  (4.26)
If G € C([0,T],H) then solution (4.26) belongs to C([0,T],H?) (at least locally)
[13, 30].
If 7 €C([0, T], H*), we have

At = % (m‘ﬁ— 2’\;’1'/6(14 . D)I - A) — (T V)A
(AW - WA) + 2D + Da) (@am

7
belongs to C'([0,T],H'). Taking the H'-norm of both sides of (2.10) we obtain

[l = Comel[Blle + 5~ Coll A e + CollTlholl Ao

< Co (Iohe + ) (IA@I) + 52, (4.29)

Equation (4.28) may be written in the form

2w A e

1A@ e + 77— 2 o ([Tee + ) . (429
We integrate (4.23) over (0,7"), and deduce that |
14l + 7 < (140l + e ) exp{ClB I oren}. (430
€ We
Next, we use (4.30) to deduce from (4.29) that
'
= (“L';[l‘ﬁiﬂ*; =y < (I4ele + 2 ) exp{Clllsoren), (43
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which implies that
| A" () Lo,z 00) <
¢ (i@hsoren + ) (14oOlhsorse) + e ) exp(Clols o)
| (' 1 ) We (' ' ) We (0, H )
Thus (4.15) is proved.O

4.1.3 Local existence of a regular solution

Let us first recall without proof Schauder’s theorem [36] for the existence of a fixed

point, and the Arzela-Ascoli theorem [5] for the compactness.

Lemma 4.4 SCHAUDER’'S FIXED POINT THEOREM
Let M be a non-empty convezr subset of a normed space B. Let f be a continuous

mapping of M into a compact set KCM. Then f has a fized point. O

Lemma 4.5 ARZELA-ASCOLI THEOREM
Let (K,d) be a compact metric space and H a bounded subset of C(K, X), with X

a Banach space. Assume that ‘H is uniformly equicontinuous, that is,
YVe>036>0 [/ d(zi,z2) <é— | flz1) = fzy)| <€ VfEH.

Then H is relatively compact in C(K, X). O |

Let us now consider the following problem:

Rev' +8Lv =b — Re(v-V)v ‘
+div{iy [N(AD + DA) + N,(A : D)I|}

We{A'+ (v - V)A+ AW - WA - 2(AD+DA)}+ A (4.32)
=2wD — 2We(A: D)I .

v(,t) eV, A(,t)e H(R)NX a.at,
v(0) =vo, A(0) = Ao |

o R g ey
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"Theorem 4.1 LOCAL EXISTENCE OF SOLUTION: LINEAR CLOSURE
Assume that T' € C3,b € L2 (Ry;HY), & € L) (Ry;HY),

foc
vo € D(L), Ag € H}(D). A
If § > 0, then there exist T* >0, v € L*(0, T H) N C([0,T*], D(L)), with v’ €
L2(0,T* V)N C([0,T*],H); p € L2(0,T"; H?)
(p is the associated pressure), and A€ C([0,T*],H*) N X, such that (v, A,p) is a
solution to the problem (4.32) in Qr..

Proof.

1. For T > 0, By >0 and B, > 0, we define the set

Rr = {(v,A),7 € C([0,T], D(L)) N L}0, T; H),
¥ € C([0,T), H) N L2(0,T; V); A € L=(0, T; HY);
A € L0, T; H'Y); 5(0) = o, A(0) = A € Q,

—112 2

”v||[l_°°(0.T;D(C))n[L2(G,T;IHa) + \WH[Lw(o,T;M)neLz(o,T;w) < By, .

- —t

[Alfworeey < B, [ Allg=@rpy < B2} (4.33)

e First we show that, if B, is large enough, then YT > 0, Ry # 0.

Let v* be the solution of the following problem

Rev” +6Lv* =0 a.etn Ry
v(t) eV in Ry
v™(0) = vg
If § > 0, then from Lemma 4.2, there exists a constant D;(/N,, Re, Q)

such that

“U*”L’(D,T;D—ia)nﬂ_w(o,T;D(C)) + [lv” ||[12_°°(0,T;ﬂ4)nﬂ_7(0,T;V) < D1|‘C"’0|2- (4.34)
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If we set

Bl > Dl|£'00|2 + ”Ag“[Hz, (435)
then (v*, Ag) € Rr,forall T > 0.

Rr is a convex set.

In fact,let k € R 0 < k < 1, (Ty, A1), (T2, Az) € Ry,

By definition of Rr: (T, U2) belongs to C([0,T], D(L)) N L%0, T, H%),
and (9}, ¥5) belongs to C([0,T],HN L*(0, T, V), then obviously

(1 — k)&, + kv, belongs to C([0,T], D(£)) N L*(0, T, H*), and

(1 — k)&, + k@), belongs to C([0,T],HN L*(0,7T,V)

Using the Cauchy-Schwarz inequality we deduce that

(1= )5 + kTl + /1 — )T} + ko

< (L= BPI7 + 201 = )kl Bl |72l + K27
(1= RPTIP + 21 = o)kl [T + K55l

< (=87 (19 +1707) + & (17l + 1257)
+1 =k (193] + [l + 93] + [55°)

<= &) (1l + 15 )7) + & ([mal 4 3)1?)
<(1-k)B: + kB, = By, ’

o
Bt

which implies that
11 = BYB1 + all? + |1 — K% + ko < By

where || - || denotes one of the following norms || - [|ye(0,7;0(c)re2(0,7:5#):

or || - ”IL”"(G,T;B—I))nl’(O,T;V)‘
Likewise, we may easily show that
(1 = k)A, + kA, € L=(0,T; H?),
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(1= k)&, + k4, € 120, T, HY,
and |
I(1 = k)41 + kAs|[fw o rany < By

and ’
(1 - k)4, + kz’z”i’*(o,l‘:ﬂ-f‘) < B

e Next, we consider the mapping
¢ :Rr — Xr=C([0,T);V)xC(0,T];H")

(T,4) +— (v, 4), (4.36)
where A and v are the unique solutions of (4.10) and (4.13) respectively,
with

F=—Re(v-V)o+b

1 e -

+div {?7 [NAD+D A)+ N,(A: D)I]}. (4.37)

Clearly a fixed point of ¢ is a solution of the problem (4.32).

2. For this purpose, we show that ¢ satisfies the conditions of Schauder’s Fixed

Point Theorem (Lemma 4.4)

o First we show that there exists 7™ such that ¢(Ry.) C RT-...,«,..

If (T,A) € Rr, then from (4.37) using (4.18), (4.19) and the Poincaré-

Friedrichs inequality to obtain:
2 T ..
IFllE2070m = /0 (F, Fndt
T —
< [ [Dalllts + AN D1E) + 18] ] d.

Then
IF|[E20 740y < D2BiT + [bllf20,700) (4.38)
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where D, depends on {2, N,, N, and v. Also,

[FO)F = (F(0),F(0)),

< Dy (|Lvol* + [Aol® +1) [Lvol® + [BO)]?,  (4.39)

= / F', F')ymidt

< |

T
L (DN 7120) + Bl ] s

1F 12 0,711y

'~]

Do 151125 [7)1% + 1A |2 15113 | it +

==}

so that
“FI”E?(O,T;[H”) < D2(Bl2 + BlBg)T + ”bI”E?(o,T;u-i—l)' (4*40)
From Lemma 4.2 and 4.3, we use (4.38)—(4.40), to get
”v”E2(0,T;D-i3)n[]_2(0,T;D(£)) + ”UI”i2(0,T;D-+“1)n[L°°(O,T;D-{)
< G [|Lvol* + | Fllk oz + | F'l 30,1 + I F(0)
< Gz [ByDa(2B1 + BYT + |63 0 7.1 + (B(0)
Dy(|Lvol* + | Aol + 1) Lwol’], (4.41)

’

. 2w -
[Allu=o a2 < <||Ao|[L2(o,T;[H2) + m) exp (CITHUHU(O,T;HB))
2w
< (Iollaorem + 7z ) xp(GTBY),  (442)
and
1 2w
|4 =ity < Co (IBlorsny + ) (HMollzorsn) + s

exp (ClTHT’-Hﬂ_l(O,T;W))

1 2w
Co ( By* + W) (||A0H[L2(O,T;H2) t m) exp(C1TBy"%).
(4.43)

IA



4.1. LINEAR CLOSURE APPROXIMATION 59

Therefore (v,A)€ Rr-, if we choose T such that the right-hand sides of
of (4.41)-(4.43) are bounded respectively by B, B, and B;. We make

use of (4.35), and we then choose

2w ‘ ‘
B, > maz {DI‘EUOP, (”AUH + m) e,2C, [Hblllﬂz_l(D,T;Hl)+

16(0)[* +Da(|Lol® + | Aof® + 1)|Lval’] } (4.44)
1 2w
By 2 eCo (B + o) (Aol + o) (449
and ,
1 1
T < T < mi , . .
=T mm{ﬁlchz(‘zBl + B})’ CIB}/’} (4.46)

Therefore, we have defined constants By and Bj, depending on We, (2,
w and on the data, and we have defined a time, say T, satisfying (4.46),
depending on By, B; and on the data, such that ¢(Rr-) C Rrs.

e Obviocusly ¢ is continuous

e By the Arzela-Ascoli Theorem (Lemma 4.5), we deduce that Er. is com-
pact in
Xr =C([0,T];V) x C([0,T]; H").

‘e Therefore, since Ry« is a non-empty convex subset of Xr, we deduce from
the Schauder Fixed Point Theorem (Lemma 4.4) that ¢ has a fixed point,
(v,A) say, which is the solution to the problem(4.32)‘. ;

3. For the regularity of (v, A) on I' see Appendix A.2.5
4. It remains to show that A€ X; that is that AT = A and trA=0.

e AT=A,
We take the transpose of (4.13), to obtain

) — == A —_ =
We {AT + @ V)AT+ ATW - W AT - —37—(ATD + DAT)}
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+AT =2bD — 21/1/6(.4 : D)I. (4.47)

Next, we set @ = AT — A, and substract (4.13) from (4.47) to get
Wel@ +(v-V)Q + QW - WQ — %(QE+ DQ)} +Q = 0. (4.48)

We now take the L *-inner product of (4.48) with @, this gives

ld

3A
2dt 7

1QIP+@W-WQ,Q)-2(QD+DQ, @)+ QIF = 0. (4.49)

Some terms in (4.49) are now simplified. Using the identity AB:C=B:ATC

and the skew-symmetry tensor of W, to get
QW -WQ,Q) = [(Q"Q: W -QQ": W)dz =0
and

(@D +DQ,Q) < K|Q![f2][ljpe-

Using the above results, we deduce from (4.49) the inequality

d 1
Z1Q: < (2Kl + 7— ) QU

Since ¥ € L*(0,T*; H’) we may apply Gronwall’s Lemma (see Appendix
A.3.6) to conclude that Q=0; that is AT=A. =

trA=0
First, we recall that trA=trA;=0 and we set Z=trA, and take the trace
of both sides of (4.13), to obtain

2A — 2A —
We{Z'+(T-V)Z — —7—(A DY+ Z = ——TW'B(A : D).
This implies that

Z'+(T-V)Z+ KZ =0. (4.50)
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Clearly, Z,(t) = 0 solves (4.50). Now assume that Z; is also a solution of
(4.50); then we have

7,4 (5 V)2 + K2 = 0. (4.51)

Weset Z = Z,—Z, substract (4.51); from (4.51),, and take the L2-inner
product with Z to obtain '

d 2 2 .
=|2["+ K|z = 0.

We now apply Gronwall’'s Lemma and conclude that Z = 0; that is
Zy = Z,. This completes the proof of the theorem.O

4.1.4 Uniqueness of the solution

Now, we show that the solution obtained in Theorem 4.1 is the only one in the class

of regular solutions.

Theorem 4.2 Let T* > 0. The problem (4.32) admits at most one solution (v,A)
in L0, T3 1) 0. C([0, T; DE)) x C(0,T]; HR).

The pressure p is unique up to an additive constant in L*(0,T; H?)

Proof .
As usual, we take the difference of two solutions (v!, A',p!) and (v?, A%, p?), cor-
responding to the same data.

Set v=v! — v? and A=A! — A% The vector function v and the tensor function A

satisfy the equations

Re{v'+ (v' - V)v + (v V)v?} ++ (1 - %Np) Lv = div(8S; — 8,),
We{A'+ (v-V)A' + (v* - V)A} + A = 2wD (4.52)
—?We(Al Dy — Ay DI - We (R(Al_,v) + R(A,v2)) ,
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where
1
S = 77 [(A;D; + D;A;) + Ny(A; Di)I]:
) ,
R(A,v) = AW -WA- 37(AD + DA). (4.53)

Now, we take the L2-inner product of (4.52) with v-and A respectively, and integrate

over {), to obtain
e {3 1v(6)s + (o 9)0%9) b+ ) = — (81— 52, D),
Wel S 2IAGN: + (v 91A% A) }+ AW = 2D, A0) (459
~We (R(A',v) + R(A,v%), A(1)).

Using (4.53), and the Sobolev inequality (see Appendix A.3.1) we obtain the estim-

ates
(v V)v?| < Collv?|pslvl,
|R(A,v")] < Collv?[lys|Al (4.55)
(v-V)A' + R(A',v)| < Col| Alllpelvlee,
also,

(81— S§2,D) = %N (A'D+DA'+ AD* + D*A,D). . (456)

We make use of (4.55) and (4.56), we add (4.54), and (4.54);, and u;iing Young's
Inequality (see Appendix A.3.5) to deduce the energy inequality

1d \ \ o2 )
s (Rellolis + Well ) + (1= =, ) [0l
€ 1 € 1
< Coll Al (5H00a + 5210l ) + Colle?lios (51012 + 5-IAF)
‘ € 1
+Rello? ol + AN + 2o (SlvlEa + 32141 )

€ 1
+CoWe|| A2 (gnvn;z + EZIAP) + CoWellv|lpel| Allf2,
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which implies that
1d €
5z (Bellellfa + Well AI%02) + [6 = Cof s 0]
€ .
~Cog (vlts +2 + WellA'lsa] |02
1
S i (C(]”'vganS + 2e + 2wco + CUW&”A-IHHQ + QEWBH'U”[?_‘Q,) ”14”23_2

1
+5- (Coll A + 26Rel|v? s ) [[v]%?

< (Reflv|* + WelA]*) (Collv? s + k), - (457)
where | '
k= % (26Re||v2|||Ha + Col| Az + 2€ + 2wCo + CoWe + 26We||v2||52_{3) . (4.58)
Equation (4.58) is true for any € > 0; we choose € small enough, for example,

é
 Co([[A e + w2 pe + 20 + Wel| A [lga)
such that the coefficient of ||v]|?. on the left hand side of (4.57) is positive (this
requires also that N, < 35/2).
Then (4.57) reads as follows:

1d
24t

T €

(RellvliZs + We|| Allts) < K (Rellvia + We| Alj2:) (4.59)
with

| K = Col[o?|ss + k.
We deduce from (4.59) and Gronwall’s Lemma that Rellv||?, + Wel||Al|{, = 0, and

also the pressure p is constant.O

4.2 The quadratic closure approximation

Now we turn to the the quadratic closure approximation for the problem studied in

Section 4.1. We prove the local existence of the solution, as well its uniqueness.
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4.2.1 Dimensionless and traceless problem

We use the decomposition (4.2), and again set

A" =1,
n

for a problem in R". Then, writting A for A and using trD = 0 we obtain

AD = (A+A"®(A+ A")D

1
= (A:D)(A+ ;I) (4.60)
We also set
1V
T] = nDr -f/-. (4.61)

We substitute the decomposition (4.2) in (2.44) and (2.52), and make use of (4.1),
(4.60) and (4.61), to obtain the dimensionless system

N, .
Re(v' 4+ (v -V)v)+ Vp—~ (1 + —n—> Av =b+divSg,
n[A + (- V)a+ (AW — WA) - \(AD + DA)|+ A (4.62)
=2AnD - 2\n(A : D)(A + %I),

where

So(A,v) =7 |N,(A: D)4 + %I) +N,(AD +Da4)]. (4.63)
Remarks

1. Lemmas 4.1 and 4.2 are still valid with § = (1 + 2%,

2. We state below a variant of Lemma 4.3.
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4.2:2 The linearised problem

For a given admissible velocity field © and orientation tensor field A, let us consider

the problem

n[A'+ (@ V)A+ (AW - WA) ~ NAD + DA)| + A
= 2D — 22n(A : D)(A + %I), (4.64)
A(D)= Ay a.e in Q.

Lemma 4.6 Assume thatT' € C', T € L0, T; H)Y n D(£L),

A € XnC0,T),HY), Ao € H*(Q)). Then the problem ({.64) admits a unique
solution A€ C([0,T),H*). Futhermore, there ezists a constant C(Q,w, We) such
that

||AHU_°°(0,T;D-{2)
< (| Aollye + 1) exp [C (IBl1220 7y | + 1A 0.7y + Tl 00| -
(4.65)

In addition, if v € C([0,T],D(L)), then A’ € C([0,T],H") and satisfies

A || Lo,y <
C [IIBllee 2nAI Ao +1(24 + 1)) + 1] (|| Aollpe + 1) (4.66)
exp {C (||5”12L2(0,T;a-|3)|| + ||X”E2_2(0,T;|]—+2) + “F“l‘._l(O,T;ﬂ-P))}*

Proof

Estimate (4.65) )

We take the scalar product of (4.64) with A in L*({2), next we apply the operator
V to (4.64), and multiply the resulting equation by VA, and finally we apply the
operator D? to (4.64) and multiply the resulting equation by D*A in L*(Q2). We
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add the resulting equations, use (4.18) - (4.19) and the Cauchy-Schwarz inequality,
to obtain

1d —_ — —

L2 (0| Al%) + AL = 20(D, Alyo +7(WA = AW, A)yc

-1 [ﬂ{'ﬁk,z (Ar: A1+ 24 km : A + Tkim A g 0 A M
~2n (((A: D)7, A)H, +n\AD + DA, A)p)

< 2nCol[Tlps | Allse + nCol|Tlee | Allfe + 20ACo |8 |52 | Allpsa | AlIRe-
(4.67)

Inequality (4.67) implies that

d < _
7 UAllee) < 2Co|[Tllee + 2C0||Tlles (| Allpe + 22C0]|Tllpe | Alfaiz || Allpa

1
-~ 4l (4.68)
For a given a € Ry, (a > 1), we deduce from (4.68) that
1d 2 d,
77 (IAlke +2)) = (1] + ) gz 14 )
< 200[Tlep (Al Allee + 1) ([ Al + ) (| Allee + 2)-

(4.69)

We set o = 1; it follows from inequality (4.69) that
1 d ¢ 2 — e Y 2 .
577 (1Al + 1)) < ClImlle (MAllea +1) (1Al +1)°. . (4.70)
Integration of (4.69) over (0,¢) C (0,T) gives (4.65). Therefore A belongs to
L>(0, T, H?).

Estimate (4.66)
If 5 € C([0,T],H), and since A € C([0,T],H"), we have

A = 22D -2)\(A:D)(A+ %I) - %A - (T-V)A

~(AW - WA) + (AD + DA), (4.71)
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so that A’ belongs to C([0,T],H"). Taking the H'-norm of both sides of (4.71),

using subadditivity and Poincaré inequalities, we obtain

A < 2Acauvuw+%conAnw+convumauA||W

< % (15l (200 Allee + 12X + 1) + 1] ([ Afe) + 1),

and this inequality may be written in the form

[y
Al +1 2 o . (4.72)
[Allee +12 g Tl (200 Al + 722 + 1)) + 1
7 H |
We deduce from (4.70) that
Az +1 < (lAofle + 1) exp {C (1T1320rpe) + [ AllT20:78%)
+||5||[L1(0,T;u-|3)) } : ' (4.73)

We make use of (4.73) and we deduce from (4.72) that

A
% [|[olys (nA| Allse + (23 + 1) + 1] q
< (/| Aollpz + 1) exp {C (HEHI?F(O,T;D-P‘) + ([ Al 207 a0) + H'—”"th‘(o,T;ﬂF))} v

which implies that

A Lo reny < C [||5Hu-|3(277)\1|zﬂu-|2 +n(2A+1)) + 1] (Il Aollpe +1)
exp {C (”ﬁ”liﬂ(oa";m + [AllR2 074y + ”;E”H.‘(D,T;I}-la))} ,

so that (4.66) is proved. =
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4.2.3 Local existence of regular solution

Let us consider the following problem:

Rev' + 6Lv =divy[N,(A :DYA + LI) + N,(AD + DA)| ]

+b — Re(v - Vv
n{A"+ (v - V)A+ (AW-WA)-A\AD+DA)}+ A
=2\D - 2)n(A : D(A + L1) f (4.74)

v(,t) eV, A(,t)eH(Q) and A(,t)€X a.at

‘U(O) = Vg, A(O) = A[).

#

Theorem 4.3 LOCAL EXISTENCE OF SOLUTION: QQUADRATIC CLOSURE

Assume that T € C%, b € L} (Ry,HY), b € i (Ry,H™), wvo € D(L), Ag €

H3 () N X.

Then there ezists T* > 0, ve L2(0, T H)NC([0,T*]; D(L)), with v’ € L2(0,T*; V)N

C([0,T%H); p e L*0,T*;H?) (pis the associated pressure), and A€ C([0, T*], H)N

X such that (v,A,p)} is a solution to the problem ({.7{) in Qr-.
Proof

il

1. For T >0, B; >0 and B, >0, we define Rr, ¢ as in (4.33) and (4.36) and

we sef

F = —Re(v- V)'ﬁ+b+ divy [NP(Z: (A + %I) +N,(AD+D K)} .
(

2. Let us find T* > 0 such that ¢(Rz-) C Rre..

Let (U, A) € Ry, as in Section 4.1, using Poincaré- Friedrichs Inequality we
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- deduce from (4.75) that
T
Fllagreny = [ IF@) Rt
T =4 i 2 | 3
< [ [Da0Tls + 1A I9120) + | A 511s)
+[bfi2a] dt.

Then
“FH[?LQ(O’T‘;[HI) S DQBE(BI + 2)T + ”b”[?_Z(O,T;lHI)’ (4.76)

where D, depends on §2, and on the data, and
IF(0)]? < Da(|Lvol*+|Aal* + [|40]1?) |Cval* + [B(O)]P.  (4.77)
Likewise, |
ey )
< [ D [l e + I A ] it +
[ D 1AW R + I B3 + 1Y) +
[ (DA a2 + VA ol .
Therefore
| F 200701y < D2(By + BiB; + BB} +3B])T + ”bI”[zL?(O,T;[H"‘)‘ (4.78)

From Lemmas 4.2 and 4.6, and using (4.76)~(4.78), we get

“1,’}’i?(o,T;u-P)nM(o,T-,D(.c)) + H”'||52L2(0,T;n-|-1)nw(o,T;n-l)
< G [|Lvol’ + 1|3 zmmy + |1 F o) + IF(O)I1]
< Cy [BiDy(2B} + 4By + B1B} + BT + ||l 01i-1)

+[B(0)[? + Da(|Lvo|* + | Aof* + || Ao||?) | Lwol?] , (4.79)
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[Alliooreey < (”AOHV(O,T;W)'*'l)
exp [C (1722 a8 + 1Al 0,1a0) + [@los 0,18
< (Iollroen + 1) exp (C(2By + BYAT),  (4.80)

[A oo gy < C {(||—’7”n_1(o,r;u+3) (277/\(”2”042 + (2 + 1))) + 1}

(Il Aol + 1) exp {C(Hﬁ”az}(o,l";nh@) + 1Al oz + ”EHH.I(O,T;LH"))}

< OB (:MBY +n(2A +1))) +1]
(1 4ally + 1) exp {C(2B, + BT} .
Therefore (v,A)€ Rr., if we choose T* such that the right-hand sides of
(4.79)—(4.81) are bounded respectively by B, By and B;. We make use of
(4.35), so we choose
By 2 rna.x{ Di|Lvol*, (|| Aol +1) e, 2C, {”blHi'(o,T;w)'i'

BO) +Da(1Lvof* + [ Aol + 1 Aol )ILual] |, (4.82)

By 2 eCB* enABI +n(241))) 4] (| Aollsoraey +1), (4:83)

and

1 1
, . (4.84
2C, Dy (2B} + 48+ B, B3 +B3) C(QBH-Bll/z)} )

™ <TK min{

 Thus with T satisfying (4.84), ¢(Rp+) C Rr-.

. As in the proof of Theorem 4.1, ¢ is continuous. Thus from parts 1) and 2) of

this proof, and Schauder’s Fixed Foint Theorem, we deduce that ¢ has a fixed
point, (v,A) say, which is the solution to the problem (4.74).

4. It remains to show that A € X. That is AT = A4 and trA=0.

(4.81)
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o AT=A.
We take the transpose of (4.64), recalling that A= A, to get

{AT+(@ VYAT+ATW-WAT N ATD+DAT)}+AT

=2AnD —2\n(A: D)(A + %I) (4.85)

We set @ = AT — A, and we substract (4.64) from (4.85): this gives
HQ' +(@T-V)Q+ QW - WQ-NQD+DQ)}+Q =0. (4.86)

Now, we take the [?-inner product of (4.86) with Q:
1d
2dt

As before, we deduce from (4.87) that

1Q|QW-WQ,Q)-XQD+DQ, Q)+%I|QH§_2 —0. (487)

d _ 1

Z1QIE < (2K ol + 5= ) | QU
Since T € L.%(0, T*; H*) we may apply Gronwall’s Lemma to conclude that
Q=0. So that AT=A. ’

e trA=0
First, we recall that trA = trAg = 0 and we set Z = tr A, and take now
the trace of both sides of (4.64), to obtain

{2 +(T-V)Z =2MA : D)} + Z = —2\p(A : D),
which implies that
Z'+(®-VZ+KZ=0. - (4.88)

Clearly, Z;(t) = 0 solves (4.88). Now assume that Z is also a solution
of (4.88), then we have

Z+(T- V)2 + KZ, =0

| (4.89)
Zé + (E' V)Zg +KZQ =0

L0 (g T
IT iy
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We set Z = Z, — Z,, we substract (4.89), from (4.89),, and take the

L2-inner product with Z to obtain
Lizpt iz =0.
dt ’

We apply Gronwall’s Lemma and conclude that Z = 0. Therefore Z; =
Z,. This ends the proof of the theorem.O

4.2.4 TUniqueness of the solution

Now, we show that the solution obtained in the theorem 4.3 is the only one in the

class of regular solution.

Theorem 4.4 Let T>0. The problem (4.32) admits at most one solution (v,A) in
L2(0,T; H°) n C([0, T]; D(L)) x C([0, T]; H).

The pressure p is unique up to an additive constant in L*(0, T; H?)

See the proof of Theorem 4.2.E|'



Chapter 5

GLOBAL EXISTENCE OF
SOLUTIONS

In this Chapter, we show that the unique solutions obtained in Theorems 4.1 and
4.2 for the linear closure and in Theorem 4.3 and 4.4 for the quadratic closure, are
defined for all ¢ > 0, for small enough data. These global solutions are proved to be

stable in the absence of body forces..

ot

We reiterate here the observation that it is possible, as will be shown in this
Chapter, to obtain results on global existence for the model (2.41) in which the
rotary diffusivity is assumed constant. GALDI AND REDDY [15] have studied local
existence for the case in which D, is approximated by (2.17 [14], but have indicated

that it is not clear how their analysis may be extended to include global existence.

The approach is this Chapter draws substantially on the analysis by GUILLOPE

AND SAUT in [16].

73
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5.1 Linear closure approximation

In this section, we show that the unique solution obtained in Theorems 4.1 and 4.2
are defined on Ry, if the data are small enough. To this end we first derive some a

priori bounds uniform in time, satisfied by that solution.

5.1.1 Some a priori estimates

We recall first that (v,A) is the unique solution to the problem (4.32). We rewrite
(4.20), with T = v, using Young’s Inequality (see Appendix, (A.3.5)), to obtain

1d ,
57 (WelAllkz) + Al < 2wColjv]|ms|Allmz + 2WeCollv]|ws | Al 22

€

2
2,2% 4 1 2
AW OS2 Alln + 5 .

1
< 4Gl b + 5l AllL:

We choose ¢ = £ and « = 3/(2w?C§); then the previous inequality reads

d 6We?

1
L (Well Alln) + S| Al < 6 Colols + o (Al (5.1)
We write (4.32)1 in the form
2 .
(v(1 - gN,,))f,v =—Rev'+b— Re(v-Viv+ =

div {%’y [N(AD + DA) + N,(A D)I)} ,

we take the H'-norm of both sides by them self, using Poincaré- Friedrichs and

Young’s Inequalities to obtain

o
Lol < 1= ZN, (RBZH'U'HEP + || Al + 10l + C2RezHUH§JI||V”||§n)
7 35

= E (Re?||v'|% + || AL}z + bl + C2Re?ILol*),

S = v
’72(1 - EENP
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using Korn'’s Inequality (see Appendix A.3.3), we deduce from the previous inequal-

ity an estimate for ||v||gs, in the form

-
f

ol < Co [REW 1% + 1Al + b3 + GRELOF]. (52)
From (5.1) and (5.2), therefore,

d 1

ZWell All) + (5 - 652Co) Al

) 3W e
< 607 Co (Re?|[v' [z + [B3n + CaRe’|Lol") + —F

w?

lAlE2.  (5.3)

Remark.
Inequality (5.3) will be used only for values of D, such that the coefficient of || A||%.
in the left-hand side is positive. In particular, we will choose D, such that the

coefficient of [|A||% is larger than Cow?. That is,

% — Tw?Cy > 0. (5.4)

We write (4.32); in the form
Lo = 3 [~ Re' 4 b+ div {% [N(AD + DA) + N,(A : D)I]H
1

—Rea—(v -V, ’ (5.5)

where
2
5:'7 (1—51\[1,).
We now take the scalar product of (5.5) with Lv in H, using the Cauchy-Schwarz

inequality, to obtain

é

1 , \
£ol = 3 [REW| Lol + liCol + LN I(AD + DAY o]l + 1,1 4]1D] o]
+Rel|(v-V)v||Lv],. :

o ey
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Using the Poincaré-Friedrichs (see Appendix, (A.3.2)) and Young inequalities, we
deduce from the previous inequality that there exist constants Cp > 0 and C:1 >0
such that

ot < &2

5 [B0'F + 1B + [ Allf + CaRe? o] (5.6)

where

2= Vul|id
lvl? = [ IVvlde
is the Dirichlet norm. | ’
Now, we take the scalar product in H of (4.32); with Lv, and get

2 (Bello|[")+ 8|Le]? < [bl|Co] + Rel(o- Vool + 2L N|AD o] + 1N, AlLD|jo].

Again using the Young and Poincaré-Friedrichs inequalities, we deduce from the
previous inequality that there exists a constant C3 such that

i(ReHvHQ) +olLol? < S

Re?.
p” < 55 ([1';|2 + Co|| A} + C3—£—,’|vl|ﬁ) ) (5.7)

Next, we differentiate (4.32); with respect to ¢, and take the scalar product in H of

the resulting equation with v’, as above, to obtain

5 Z (R 48107 < [l1Col + e[| 9)ul + (0 V)] 1£0

2
+=YN|ADl||lv]| + Np| Al D[[v].

Using the Cauchy-Schwarz and Young ineqﬁalities, we deduce that there exists a
constant C' = C(vy, N, N,§) such that

1d "a - 3Cc? ,, Re
il < 2 kel
2dt(Re[vl Y+ 8)Y)° < 55 |&']° + 5 |
C? , ,

+ (||A I3 + lo]l* + [|Al* + || A H4j . (5.8)

€
vt + 5”””%&
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We also differentiate (4.32), with respect to ¢, and take the scalar product in H of
the resulting equation with (36/4w?CZ)A’, to obtain

1d 36We S o Wet/1l, . €

3ot (SoalAr )+ ol AT < D1+ T (Lot + £141)
3We*s
Rew? iA’|4 g;’{'@g’””“%&
o (Glal + 1) (59
8 H* T 9 ' '

Adding (5.8) and (5.9), we obtain

na , 38We -
& (Relo + a2 810 + Sl

2 2
S E!b’f + E (W +Re2) lvl|4 +6

) 8w?
5 s 36Wer ., 36We ,
e (1 o) ol + a4 S (S 1)

+202 (

fn

LA s+ ol + 1A + 10]1%) - (5.10)

We multiply inequality (5.3) by §/(12Re*w?Cp) and add the resulting inequality to
(5.10), to obtain

2 (Reto P4 SECAP + Al ) + S+ g AT

* ey (5~ 840s) Il

(14 ona ) ol + 55107 4 bl + SoILwl* + REe Al
bems (Al + S+ T (Bl 4 1) 4§ (o + R

20 = (1Al + Al + IIv’H“) -



78 | CHAPTER 5. GLOBAL EXISTENCE OF SOLUTIONS

Making use of (5.2) to estimate ||vl[H3, and using also (5.4), the previous inequality

reads
2 (RelP o ST+ 2 )+ v + 3202|A'|2 2;; Al
< <Oo (1+ 1oagz) {RIVIP + Al + bl + Carelcol} + 25
+§-;~§—--2-||bu'~;p+Cizv4+ﬁimnm+ew Al + 32‘;5 |
b (Sl + 1) + 25 (1A + e+ 11+ )
: (o + 8 o (5.11)

In order that the coefficient of || A|? and ||v’||? be positive we choose
e = (0w?Cy/(Re*(4w?CE + §)).
Inequality (5.11) now reads

2 (RevP+ 2t 35?2:2 (Al ) + 017+ s AT+ el A
< bl + 2+ i + 20 o+ —R%%;HAHm
8Reiiif:/6f§ gl Al + BWGZRLS%:C(% AT (f:fzcg Al
+R62(Zig‘z +9) v’ eﬂ(zzgo: +9) (Z‘f + Re2) Jv'|*
2+ ol + AT+ )
Settmg ‘
Cs = max{4w:f;gc:: S, 4@22;2 —.Co, 4“’2%: d (fo: + Rez) } ,

the previous inequality becomes

36We 38We ) )
2 I2 2 2 ' 22
& (Reto'? 4 250 e ST A ) 4 S0P + AT+ Al
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. 302 303 W625 055We

& 2l - I2 4 4 1
3CsWe?Re* ,, CsRe? . Csé C'5 Re? ..

$2OTE T A S zuAnm + 2 )
2C? , ,

+= (AN + [l + AL+ ]12) - - (5.12)

We multiply (5.7) by nciﬁ’ add the resulting inequality to (5.12), and make use
of (5.6) to estimate |[Lv[* in (5.12), it follows that, there exists Cg > 0 such that

d(_ & 2 2, 3We 36We, 5
E (12C2R82“v“ +R6}U l 4“)202| | %ZCZHA”HQ + 8R62HA”H2
34 83 :
ZNasf |12 R B v P
J 306 3C? § (CsWe? 3CsRe?
— 2 2 4 712 A 41
smznbllm so gl + gl b+ g ( Al
Re? 7 6 We* C 303(:’5
t3 (202 ) loll* + 5 (SC'GRe + C’s) lv’[* + (4(3’ + f = 1Al
Re* (Cs6 - 2C?*\ | ,.. 3CsWe*Re* .. 2ct
hd Ml AN
M (w* Rez) "+ =4 42 (\All + Al
3C, C'zR
+ 2 o (5.13)
We set
R C5W62 305382 9 Ca 5 Wez Gﬁ 30306
Cr = ma.x{ g + 5 ,20% + 802 ,3ccRe* + C Freme T+ = =
Csé  2C*?
4t T RACC }
to obtain
d 52 IEWe  , IWed
al (12023 3 lv||2+Relv|2++ 202“4'2 2Cz||A|jip>
6 g S6We &3

2 bt 12 2
+8R€2HA”H2+4||U ” + gczlAl IQdRGZHUII
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34
Re? Re*
+c7{7||Au;’p + g“”l|4 NELaw —2||A||¢p + 2|

207 3 Ret
2 A XA 4 o+ 02

306 3CsWe?Re?

b4
i e

A’

o+ X

=lvll® (5.14)

We now prove an important result which will help us to show the global existence

of regular solution.

Lemma 5.1 [16] Let f be a non negative, absolutely continuous function satisfying

the inequality

frif<a(fP+P+f 4+ ) +8 (5.15)
where m> 2, k>0, a>0 and 5> 0 are some constants. Let My > 0, be the
unique solution of M*™ ' + M3+ MP + M2+ M — = =0, and 0 < M < My. If

fO)SM, and 3 < %, then f(t) is bounded by M for all t>0.

Proof
The result is proven by contradiction. Assume that there exists { > 0 such that
f(t) > M and let

= inf {t € Ry, f(t) > M}. - (5.16)
Since f is continuous, we have f(t*) = M, and from (5.15) we see that“f is differ-
entiable. Therefore for t > t*, V

£ = £ = fim == = im =

fi@7) = fu(t) = 0. (5.17)

Since Mg™ ' + M+ M3+ M+ Mo— 55 =0, 0<M< M, f0 <M,
f(t*) =M, and 8 < 2 from (5.15) we obtain

f7) < =kfIE) +a () + 1) + £ + ) + ) + 8

FO=FE) _ 0 -M

—_— ?
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= “kM+C‘(M2+M3+M“+M6+M2’“)+%
= —kM+aM(M+M2+M3+M5+M'~”".-1)+%
< kM4 EM kM

7 73

| Thus, f/(t*) < 0 which contradicts (5.17). Therefore f'(#*) <0 V¢t > 0.0

Corollary 5.1 Under the hypotheses of Lemma 5.1, f(t)<M V¢t > 0, and in-
equality (5.15) implies that '
| f'+kf<nft+8, (5.18)

where

n=a(l+M+M +M +M™1) >0

5.1.2 Global existence of regular solution: linear closure

Let
_ §* g s 3We o 3EWe .
£ = TP O + Rel()] + Zrcel AP + s s AW
(5.19)
Then inequality (5.14) takes the form: |
FIO+EF() < a (£0)+.£°2) + £4(1) + 8, (5.20)

where k > 0, a >0 and 3 > 0 are constants depending on the data.

Theorem 5.1 GLOBAL EXISTENCE FOR THE LINEAR CLOSURE
Let 00 € C* Ifd =y (1 —ZN, > 0), then there exists wy satisfying (5.4) and
depending on the data, such that, if wg < w and vy € D(L), ‘AD e H, be
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L®(Ry,H?), and b’ € L°(Ry, H') are small enough in their spaces, then the problem
(4.52) admits a unique solution (v,A) defined for all times t, and

vE CbL[R'H D(’C)) N [Lfoc([R'f" |H3)
v’ € Cy(Ry, H) NLL(R,,Y)
A€ C(Ry,H)NK; A’ € Cy(Ry, HY).

Proof.
1. For the regularity of the solution on I, see Appendix A.2.5

2. From (5.14), we see that the local solution obtained in Theorem 4.1 satisfies

the inequality (5.20) with

)

3C.3
4Re gllb“.&“lj (0,T;HY) + SC Re 2|b’2

o2

= b/ 2 b 4

: e+ Loy
By Lemma 5.1, there exists a constant My, depending on the data, such that
if f0) <M< My and 8 < %, then f(¢) is bounded for all £ € Ry. Observe
that f(0) < M if vg, Ao and b are small in their respective spaces. Therefore
from the hypotheses, if b € L®(Ry; H?), b € L*(R4,H"), which are satisfied

when vy € D(L), b(0) € L? and Ay € H®. We deduce that

Pad

v € L®(Ry4, V) N L. (Ry, D(L)),
v' € L®(Ry,H)NL: (R4, V), (5.21)
A€ L®(Ry,HY), A €L™(R,;, LY.

3. From inequality (5.6) we deduce that v € L™(R4+; D(£)) and from (5.5), that
v e ﬂ-lac([R-HEHB)'
In the same way (5.21) implies that v € Cy(Ry; D(L)), and (4.32), implies
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“ that v’ € Cy(R; H).
- We write (4.32), in the form

We{A'+ (v -V)A+ A} = —We {AW -WA- %(AD + DA)}
2
+2wD = = We(A: D)I. (5.22)

- The right hand side of (5.22) has its first and third term belonging to L? (R, H?),
so that A€ Cy(Ry,H%). This together with (5.21) implies that the right-hand
side of (5.22) belongs to Cy(R4,H') and that A’ € Cy(R,H"), because also
A’(0) € H' (from the hypotheses of the theorem).O

5.1.3 Stability of the global solution around zero

In this section we show that global solution obtained in Theorem 5.1 is stable in the

absence of body force.

Theorem 5.2 STABILITY OF SOLUTION IN THE ABSENCE OF BODY FORCE
Under the hypotheses of Theorem 5.1, we assume also that b=0. Then the solution
(v,A) obtained in Theorem 5.1 is exponentially stable.

Proof. .
We choose wy such that it satisfies (5.4). Therefore the solution (v,A) satisfies
(5.14), (5.20), (5.15) and consequently (5.18), with = 0. Therefore, from (5.18)

we deduce that
f/

fi-n = 7F
which implies that .
f(0)e™™

with
n
_——F >0,
1 kf_O
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In particular, we use (5.19), which with (5.23) implies that
lvllyz + [ All{> < Ke™, (5-24)

where K is a positive constant depending on the data.S

5.2 Quadratic closure approximation

In this Section, we show, as in the previous Section, that the unique solution obtained
in Theorems 4.3 and 4.4 are defined on Ry, if the data are small enough. To this

end we derive first some a priori bounds uniform in time, satisfied by that solution.

5.2.1 Some a priori estimates

We recall first that the local solution (v,A) satisfies the conditions of Theorems 4.3
and 4.4. In what follows, (v,A) is the unique local solution of problem (4.74). Now
we take the scalar product of (4.74); with A in L*(Q), apply the operator V to
(4.74),, and multiply the resulting equation equation by V A, and finally we apply
the operator D? to (4.74), and we multiply the resulting equation by D? A in L3(9).

We add these resulting equations, and as in the previous Section, we obtain

1d “
55(?}“1‘4“;2) +| Al = 22n(D, A + (WA — AW, A).

—2)\1]/&:2{'01:,1 [Ae: A +2A4 4, A+ vkimAx s Ajp Yo

- |((4: D)4+ %I), 4) L +(AD+ DA, A)sal . (5.25)

Using (4.16)—(4.19) and Young’s inequality, we deduce from (5.25) that

1d |
53 (MlAlE) + 1Ak < 22lvlls | Alze + Conllvle | Al

+Conl|vlue [l All3
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1, €
S aNn'lolis + 5]l + Con* Sl Al
RN o2 263 6 1 2
+2£2 ”vHﬂ-Ia + T’ 2 ”"4“[}42 + E“v“[Hs'
We choose ¢, = 2/3, € = ¢ = 6/(A*n?), and we set C; = 6C2; the previous

inequality now reads
L (nIAR) + 31 AlRs < 3roliet h A+ SHIAL. (526)
From (4.74),, we deduce an estimate for |v||ys, in the form
ol < Co{ R+ | Al + Al + Bl + CaRENL['} . (5.27)
From (5.26) and (5.27) it follows that
< (Alze) + (5 - 3Cown?) 14l < (3307700 + 53 141,
+%||AH[?_|2 + 3CoAn? (Re“v“2 + |Ibllz: + C2Re?| Lo ) . (5.28)

‘Remark. Inequality (5.28) will be used only for values of 17 such that the coefficient
of ||A||Z in the left-hand side is positive. Specifically, we will choose 7 such that
the coefficient of || A||Z, is larger than CoA’n?, so that

5 — 40N 2 0. o (529)
We write (4.74), in the form
v = 3 {~Reo! + b+ divy [Ny(a: D)4+ “1)+ N(AD + D)l
—Re(v- Vv } , | (5.30)

and deduce from (5.30) the inequality

% /
|Lv|* < 5 {Re”v 1+ | A2 + || Allfn + 8% + czRez||vH4} . (5.31)
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Now* we take the scalar product of (4.74), in H with Lv, and find that there exists
a constant C3 such that
d B 2\ 4 §1Lw? 2 2 4 2
77 (Bellol?) +81coi® < = (1B + Al + G2 AR,
Re?
+C o). (532)

Next, we differentiate (4.74); with respect to t, and take the scalar pfoduct in H of

the resulting equation with v’, to obtain
2

d e o 2C% .. &, .4 € ,. . Re )
il < 22 - - bl
o (Belo'?) +810* < =B+ o'l + Sl + vl
02 8 8 1 18
7 (1Al + 0]+ 5147
3 ' ,
oA + AT+ flofe + 0) . (5:39)

‘We also differentiate (4.74); with respect to t, and take the scalar product in H of
the resulting equation with (§/80C*A\?n*)A’ to have a positive coefficient of ||vl|?s
in (5.35). We thus obtain
1d 4 72 § /"2 12 3ed 2
el (A 1A' < & e
2t (800%\%' | ) * oo AT < WM+ Togma, vl
4 ’4
16C A?ne (‘Al + 147 )
i
T600C AT 72

[+ A1) (534)

+

(149 + 1Al

Adding (5.33) and (5.34), we have

d 2 6 2 6 2 6 H2
el i / - ! e A
7 (Re‘”l * gocme A ) ol el A T

4C* . 3ed 2 ) ( 4 ) 4)
Z WPt —— [ |A]* +|A
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20"
#75 (1A03 + 100+ SIAT + AT + 41+ 1+ Al )

5 7 r /
+ e 1A+ AL + 101+ o)+ 4T
5 7 1 /
+;1-Hv II* + ;]v |* + Ree||v|[s- (5.35)
We multiply (5.28) by 6/(12CsA*n? Re?), to obtain a positive coefficient of ||v’[? and
add the resulting inequality to (5.35). We also recall from (5.29) that 3 —3CgA*n? >

CaA*n?, hence we obtain

d 2 6 12 6 2
dt (Re‘” soche, A1+ 1200A2nRez’A”W)

) ) 5 g ) "o
402 , 365 ‘
<wp s i Hv||[Ha+4R bl + Z2coft + Reteolt

1[/1 5 » ¢ 1 »
+Ca { ” [(4 * 8000/\2172) ol 46 (8000A2n2 + scxznZ) |4 }

5ed 2C% 4 ) 2 2 Cs
+(4mu+ )”A“w}*m@ Co+ 53 ) 1413

202 r / !
2 (AR + 1P + AT + A+ )+ o)
Cyo 6 114 :
—'_12cv0/\4,’72}2€2”‘4“['42 + ZHU ” : :q' (536)

We make use of (5.27) to estimate |[v]|2. in (5.36), which now reads
d N2 12 4 2
dt (Reh:] + 806’2/\277IA' + IQCgAaneZHAHW
4 2 4 112 ¢ 12 '
ra Al + 51V + Foames A

4c* Cyd
< b + gpllblie + =1Ll

4 Re?

36500 200,412 2 4 " 2 4
8002/\77 (Re Hv ” + ||A”ﬂ-|2 + ”A”W + ”b”u-ﬂ + CZRB |£U| )
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1[(1. 3§ ) »
+C“{E‘Ki+ 8000/\2772) W+ (et DAY }

5ed 2C% ) -Gy
T (46‘/\2 ) A ”;"} T 192 Re? (3 + Cord 2) [ Alge

+£(||A||.H:+nvn + 1A+ A+ o) o)

+CRE{RA | + [ Al + | Al + bl + Re'lo )
Cyé 6 8. 44
e - . 3.37
1200/\4772}282 H"4”[H2 + 4HU “ ( )
We choose € = 10C%A?/(9Re*Co), to obtain a positive coefficient of ||Al|Z.; in-

+

equality (5.37) now reads

& (RH gwi—MlA'lz mlmnéz)
+1’2%;? (7 + cofinz + mcf(;;}%e ) 4l + Trparmrar Al

C4 ] 9R6200 1 ) 4 ) 1002/\21'] ; 4}
ERPINL . 1) 4
t5cin, { 5 (4 + 8000/\2772) V"t seves oreg, 1) 1A

200 (A + 0l + SIATE + 1A + o)

-

mcc,,a 203\ § (. 40C,C?\*qRe*  8C?\ . .,
T SReC, (‘ ¥z )”AHEH‘ 2 (” o5 T ) 1@
232
L 10CCTN (||A||8 + Re4|£v]8> .
9Co
We set
100204 Cl 1200402/\277R€2
Cs = { 9C, ’”cmnﬁ 9C,3 ’

Cy 1+ § +L 1002/\2n+1>]
202X |\4 ' 800CAp2 ) ' 2C \ 9ReC, ’

e o a et e ¢ mmmt v+ o ommmm e o mpaggn o 36 e
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40C,C?NnRet 8C2 10C,C° . (5  20%\q\ CC
1 5 2C°n\ CCy
t 9C,6 t g 9C, ’10(4+ 52 ) Co}’

the previous inequality now reads

d 8 é
el R na Al 2 22
a ( elvl" + socu2 AT+ g vnrer 14l )
) é
5aRa | Al o1 ” I1* + WIA’P
4C*? 7C25 )
—Vb'lz SRegllb”ﬂz—ll |£v|4+Cf:/\277||b||fH1 +Csops 511 Al
C,é

9ReCo i 8 § .
+c5{ = o+ wzw + Cogl Al + gyl Al

207 , w,
405 S0+ 2 (AR + ol + S+ 1A+ o))
+CsMn ( ||A|y8 4 Re* |Ev|8> .

We multiply (5.32) by §2/(96C; Re?), and add the resulting inequality to (5.38); we
also make use of (5.31) to estimate [Lv|* in (5.38). It follows that there exists Cq

(5.38)

such that

d 52 2 72 5 7 5 2
) 5 3

$
2 Y lag’l12 r2 2
|4l + 5511+ taemans AT + geg R 1Y)

+

4R Re? ..'
<P TSl + s of + Conlblie + o (e + Z)
+3 (fggs + 202) e ll* + CsAZn|| Al® + RJ (7035.9 + 905500‘5) o[
+R§ (7C;fe2 N 9055005) W + % (702546364 N 202) ol
+12§%e2 (726:56 + Cs) I Alla + 24<5'b|4

Ciyd 7C,
b Al + 3 (4207 Al

12Co X2 Re? 24
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2C?

; )
+%ﬂIW+——(HAW+%AH)+@

2X2n?
+Re"-;5: {REW° + | Al%e + | Al + B + C2Re?| A"} (5.39)

Al

Next, we set

Co 05 C[]C3 7CGR6 90500 7020 R64
Cr = = +2C?, 8

T ome {4802+ 9 RC, T 2w s T
7Cq 7Cs csvna‘*}

25 +Cs o 24 Re?

+2C?,

+2C%, Cs,

Since ||v|* < d|Lwv|?, for positive d the inequality (5.39) now reads

d 8 2 12 é
- AI2 e || A 2
dt (92CzRe”v” AT gioanag AT g 14

+~inP+ﬁwwui S jap+
48Re Ml Y 1606'2)\2 2 96C, Re?d

12,
T 8R 2 TC.Fe Tl + Ca¥nlelts + 22 245

o , §
+EOMPHMW+RﬁM)+QMR2Uﬂ%+RM%J
é , C
#Cug (101 + 5l T) + 5 (1Al + 1410+ [olF)
C\é . '
12CQA47]2R62HAI|IH2 .
+Re* L (||AH + CyRe?|| A|") . (5.40)

lv])?

CsRe

1B + oaglolt + [bf®

Cr
+Ré4wwvﬁHmmHWMm

5.2.2 Global existence of regulai‘ solution: quadratic closure

Theorem 5.3 GLOBAL EXISTENCE FOR THE QUADRATIC CLOSURE

Let 80 € C*. There exists ny satisfying (5.29) and depending on v,Q, N, and on
the data, such that, if ng < n and vo € D(L), Ag € H?, b € L¥(R;,H?), and
b' € L®(Ry,H') are small enough in their spaces, then the problem (4.7{) admits a
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unique solution (v,A) defined for all iimes t, and
vE Cb(IR'H D(ﬁ)) N u—lzoc([R‘H [Hs)
U, € Cb(R-}-, H) N H'lzoc([R-f-'rv)
A€ CyRy,H)NYX A €Cy(Ry, HY)

Proof.
Let
(t) = Csfz‘t"’R’t NPUAT 5 A()|)?
) = W”U( )"+ Re|v'( )H‘ml (t)] +ml| ()lge-
: (5.41)
Then inequality (5.40) takes the form
FW ki <o A+ PO+ PO+ L) 48, (542)

where k > 0, a > 0 and J > 0 are some constants depending on the data, and f
satisfies the hypotheses of Lemma 5.1, with n = 4 and

AC2 . T8 Cob
- N b 21 s 2 5 2 4l
705 4 OGR84 8
+2—43-|b| + 50 |b]®.

By Lemma 5.1, there exists a constant My, depending on Q, Ny, 7,y @ﬁd Re such
that if f(0) < M < M, and 8 < %L then £(t) is bounded for all ¢ € R;. Observe
that f(0) < M if vg, Ag and b are small in their respective spaces. Therefore
from the hypotheses, if b € L®(R;;H?), &' € L?, which are satisfied when vy €
D(L), b(0) € L and Ag € H?. We deduce that

vE [LDO(LR+)V) n H-lzac([R-HD(ﬁ))
v € L®(Ry, H)NLE (R, Y) (5.43)
A€ L®(Ry,H?); A’ € L™(R4,L?).
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From inequality (5.31) we deduce that ve L*®(Ry; D(£)) and from (5.30) that
ve L7 (R4, H?). And inequality (5.43) implies that ve Cy(Ry; D(L)), and (4.74),

implies that v’ € Cy(Ry; H).
We write (4.74), in the form

n(A’+(v-V)A>+A = —n{AW;'WA—A(AD+DA)}
+2:nD ~ 22n(A : D) (A + %I) L (5.44)

The right hand side of (5.44) has its first and third term belonging to L7 (R, H?),
then A€ Cy(Ry,H*). This together with (5.43) implies that the right-hand side of
(5.44) belongs to Cy(Ry, H') and that A’ € Cy(R, H'), because also A’(0) € H! (from
the hypotheses of the theorem).OI

5.2.3 Stability of the global solution around zero: quadratic
closure

In this section we show that the we show that global solution obtained in Theorem

5.3 1s stable with zero body force.

Theorem 5.4 STABILITY OF SOLUTION AROUND ZERO FOR THE QUADRATIC

CLOSURE .
Under the hypotheses of Theorem 5.3, we assume also that b=0. Then the solution

(v,A) obtained in Theorem 5.8 is exponentially stable.

Proof
We choose 1o such that it satisfies (5.29). Therefore the solution (v, A) satisfies

(5.40), (5.41), (5.42) and consequently (5.18), with § = 0. Therefore, from (5.18)
we deduce that

1
_

FA=%H)~

rre e s e Sp it as A T, S e Sy (e
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and hence, for f(0) < £, we deduce
fit) € ——F—
In particular inequality (5.45) implies
lollf= + 114l < Kexﬁ{—kt}

where K is some positive constant depending on the data.O

93

(5.45)

(5.46)
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Chapter 6
Discussion and Conclusions

In this Chapter we discuss the main results of the thesis. First we comment on the
influence of the choice of closure on thermodynamic consistency and on energetic
stability. Next, we return to the the problem of existence and uniqueness of solutions

local and global in time.

6.1 Results on Thermodynamic Consistency

Chapter 3 has focussed on the influence of the choice of closure rule on thermody-
namic consistency, and on energetic stability. In the form of a dissipatio:ﬁ inequality,
the second law has been used as a means of determining the restrictions, if any, which
must be met by the constitutive equations. In the present context it is restrictions
on the constitutive equation for the stress that are relevant. The study has not
been exhaustive, in the sense that only a selection of closure rules has been chosen
for investigation, and restrictions have been imposed on the constitutive equation
for the stress only. Nevertheless, each of the closures studied performs well in se-

lected flow situations. The spectrum of flows which are modelled accurately by at

95
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least one of the closures in the study is fairly comprehensive. The techniques and
results presented here provide an additional means of understanding the degree of |
acceptibility of closure rules, over and above existing rheological or numerical as-
sessments. Indeed, the second law of thermodynamics places a simple restriction
on the choice of particle number as a requirement for consistency — in the case of
the linear closure. On the other hand, the results in respect of the HINCH-LEAL
closure are inconclusive, while the smooth orthotropic closure is shown, despite its
good performance in selected flow simulations, not to be consistent for all possible
flows.

QOther closure rules may also be investigated using the methods presented here;
the extent to which it is possible to obtain simple restrictions on such closures, for
example in the form of bounds on material constants, will depend on the degree of

complexity of the closures.

6.2 Results on well-posedness of solutions

In Chapter 4 and 5, we have shown that there exist solutions, local and global in
time, for both the linear clsoure when N, < 35/2 and for the quadratic closure, and
for the case D, =constant. The constraint on the particle number in the case of
the linear closure is one that arises in an investigation of Liapounov sdt‘ability [35],
and also in Chapter 3, in the context of thermodynamic admissibility. To obtain
the local solution (and for each closure), we studied two linearised problems, one
for the velocity v, and the other for A. We then implemented a fixed point argu-
ment, using Schauder’s Fixed Point Theorem, to show that a regular solution exists
on a small time interval (0,7*). This solution satisfies an energy inequality, which
implies its uniqueness in its class. For uniqueness, as usual, we took the difference

of two solutions which satisfied an energetic inquality; by Gronwall’s Lemma, this




6.2. RESULTS ON WELL-POSEDNESS OF SOLUTIONS 97

implied its nullity. For the global solution, we first derived some a priori bounds
uniform in time, satisfied by the local solutions obtained in Chapter 4. Then, by
the means of Lemma 5.1 and for small enough data, we deduced that there exists
a unique solution (v,A) defined for all time ¢. In the absence of body force that

solutions satisfied Corollary 5.1, which implies that it is exponentially stable.

Our study has investigated two closure approximations with a constant value of
D,; one can investigate the problem of existence using other closure approximations
or different tools, with different values of D.. Ideally this study should be comple-
mented by numerical simulations so as to corroborate the implications of the two

closure approximations investigated here. This will be the subject of further study.
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CHAPTER 6. DISCUSSION AND CONCLUSIONS
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Appendix A

RESULTS FROM FUNCTIONAL
ANALYSIS AND FUNCTION
SPACES

In this appendix we gather in one place a number of results from functional analysis

and function spaces that are required in the main body of the thesis.

A.1 Results from Functional Analysis

A.1.1 Normed spaces and Banach spaces

All vector spaces are assumed to be defined over the field of real numbers.

Let V be a vector space. A semi-normon V is a map |-|: V — RT which satisfies

lu+ vl < lul+ o], |eu =lallu] Yy;v eV, YaeR. - (A
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Amnorm |- || on V is a semi-norm that has the additional property of positive
definiteness:
vl =0 iff v=0. : (A.2)

If || | is a norm on V, then the pair (V,|| - ||) is called a normed space. Usually, the
norm || - || defined over the space V' is conventional or is clear from the context, and
~ we simply denote the normed space by V. The notion of norm is a generalization
of the absolute value for real numbers. The quantity ||v|| is used to measure the
length of a vector v € V, while [|u ~ v|| is used to measure the distance between two
vectors v and v in V.

Two norms || - || and || - || on a normed space V are said to be eguivalent if there

are positive constants ¢, and ¢; such that
allol < Ioll < cllel] Yoe V. (A3)

A Cauchy sequence {v,}22, in V is a sequence that has the property that for any
e > 0 there exists a number N(¢) such that {ju, — vn,| < € for all n,m > N(e).
Certainly, all convergent sequences are Cauchy sequences, though the converse is
not true. A subset A of a normed space V is complete if and only if every Cauchy
sequence in A has a strong limit in A.

A complete normed space is called a Banach space.

A.1.2 Inner product and Hilbert spaces

Let V be a vector space. An inner product on V is a symmetric bilinear form

() : VxV — R that is also positive definite; that is, (-,:) has the following
properties:
(u,v)=(v,u) Yu,veV,
(aul +,8'LL2, ’U)=CI(U1,U) +,[3(u2,'u) VUI,UQ,’U € Vs a’ﬁ € [Ri ’
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(v,v)20 VveV, and (v,v)=0<=v=0.

A space V endowed with an inner product (+,-) is called an inner product space.
When the definition of (-,-) is clear, we will simply denote the inner product space
by V.

Every inner product generates a norm a.ccordiﬁg to
o] = (v,9)"/%,

so that every inner product space is a normed space.
A complete inner product space is called a Hilbert space. Hence a Hilbert space

is a Banach space whose norm is induced by an inner product.

Linear operators and linear functionals. Let V and W be vector spaces. A
map L : V — W is also called an operator. The operator L is linear from V to W

if it is additive and homogeneous, that is, if

L(u +v) = L(u) + L(v),
L{av)=al(v),
for all u,v € V and o € R. For a linear operator L, we often write L{v) as Lv. A

linear operator is called a linear functional if W = R.
The range R(L) and kernel, or null, space N'(L) of L are subspaces of W and
V, defined respectively by ’

R(L)={we W : w = L(v) for some v € V},
N(L)={veV: L(v)=0}.

The range R(L) is the set of the images under the mapping L, while the null space
N(L) consists of the solutions of the equation L(v) = 0. Obviously, 0 € M(L).
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"A special operator worth mentioning explicitly is the projection operator P :

V — V, from a vector space V' into itself, which is defined to have the property
P?=P or Plw=Pu VYve V.

If V and W are normed spaces and L is a map from V into W, then L is said to be
continuous if v, — v in V implies that L(v,) = L(v) in W. Furthermore, the map
L is said to be bounded if for any r > 0, there is a constant K > 0 such that

LW <R YveV, o] <r

When L is a linear operator, the boundedness of L is characterized by the existence

of a constant M > 0 such that
1L < Mo YveV. ()

The properties of continuity and boundedness are equivalent in the case of linear
operators: a linear operator is continuous if and only if it is bounded.
An operator L from V to W is said to be Lipschitz continuous if there exists a

constant ¢ > ( such that

1L(o1) = Lwo)ll < cllvs — va] ¥on,va € V.

Lipschitz continuous operators are continuous, but the converse is not true in general.
On the other hand, a linear operator is Lipschitz continuous if and only if it is
continuous.
The space L(V,W); dual space.
Let V and W be normed spaces. We dencte by L£(V, W) the space of all bounded
linear operators from V to W. For L € L(V, W), the quantity

izi= sp W s oy (a)

agvev (vl T
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is well-defined; furthermore, it can be shown that ||L| thus defined is a norm on
L(V,W). The space L(V, W) endowed with the norm (A.5) is a Banach space if W
1s a Banach space. '

The space £{V,R) of bounded linear functionals on V is known as the dual space
of V and is denoted by V. Clearly, theﬁ, since R is complete, V' is a Banach space

with the norm

IZ] = sup Lol (A.6)

IIvil<
Often, we will use £ for a bounded linear functional on a normed space V and
denote the action of £ on a member v € V by (£, v) rather than £(v). Here, (-,-) is
the duality pairing between V’ and V. In Section 5.2 we will see examples of duality
in the context of the function space L*(§2).
Weak convergence. Let V be a normed space and V' its dual. A sequence {v,}

in V is said to converge weakly in V to v if
JLI{.IO(E, vn) = (L,v) VEe V. (A.7)
The notation
Up =V

is used to indicate weak convergence. Strong (norm) convergence implies weak
convergence, but the converse does not hold, with the exception of finite-dimensional

spaces, for which the two forms of convergence coincide.

A.1.3 Embeddings

Embedding results are especially important when we compare Sobolev spaces with
different indices; details of Sobolev spaces are given in the next section. Let V' and

W be normed spaces with V C W. If there is a constant ¢ > 0 such that

lvlw < cllvllv YveV, (A.8)
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we say V is continuously embedded in W, and write
Ve W

This property can be interpreted in various ways; for example, (A.8) states that the
identity operator [ : V' — W is bounded, or equivalently, continuous. Thus the
continuous embedding of V in W implies also that if v, = v in V, then v, = v in
w.

The subspace V is said to be compactly embedded in W if

v, = v in V implies that v, — v in W.
This property is expressed in the form
Ve W,

and is equivalent to the statement that the identity operator from V into W is

compact.

A.1.4 Dual operators

The generalization to normed spaces of the notion of the transpose of a matrix has
many applications in functional analysis. To carry out such a gener%liza.tion we
begin with normed spaces V and W and their duals V' and W’. Let A be a linear
operator with domain D(A) C V and range in W. Given w' € W’ we pose the

question, under what conditions does there exist v’ € V' such that
(w', Av) = (v',v) Vv e DAY (A.9)

It can be shown that a necessary and sufficient condition for (A.9) to hold is that

D(A) be dense in V; when this is the case, v’ is determined uniquely by w’. When
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D(A) is the whole space V, then this procedure defines a linear operator A’ from
W' to V' such that A’w’ = v'. The operator A’ is called the dual operator of A, and
we may write ‘
(w', Avy = (A'w',v) YveV, v eW.
If D(A) =V and A is bounded, then A’ is also bounded, and

14 = IA].

A.2 Function Spaces

The function spaces to be discussed include the spaces C™ (1) and C™ () of m-times
continuously differentiable functions on (2 and £, the Lebesgue spaces L?(£1), the So-
bolev spaces W™P(Q)), and their Hilbert space specializations H™(Q) = W™2(Q).
The spaces will be defined on an open bounded domain © ¢ R? that will be as-
sumed to possess certain prescribed condition of smoothness. In order to give a
proper treatment of time-dependent problems, we will later introduce vector-valued
function spaces, which permit functions of space and time to be interpreted as maps

from a time interval into a Banach or Hilbert space of functions.

A.2.1 The Spaces C™({), C™(Q), and L7(Q)

Let  be a bounded domain in R? (d < 3 for most applications). Before going on to

discuss function spaces, we introduce the useful multi-index notation.

Multi-index notation. Let Zi denote the set of all ordered d-tuples of nonnegative

integers. A member of Zi will usually be denoted by « or 3, where, for example,
a= (o), az,...,04),

each component «; being a nonnegative integer.
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" We denote by |a| the sum |a] = o + a3 + ... + oy, called the length of ¢, and

by D% the partial derivative |
dlaly
Oz fr3? ... 0z5
Thus if |@| = m, then D*v will denote one of the-mth partial derivatives of v. For
example, @ = (1,0, 3) belongs to Z3, with |a| =1 + 2 + @3 =1 +0 43 =4, and
in this case the partial derivative D%v is the fourth derivative defined by
' v v

T 9z3 025 Az Ozt Hz38z3 Oz, 023

D%y =

Dy

A.2.2 Spaces of continuous and continuously differentiable

functions

We denocte by C(£2) the space of all real-valued functions that are continuous on
§). Since Q is open, a function from the space C'(Q) is not necessarily bounded;
consider, for example, the continuous function v(z) = Inz on (0,1). We denote
further by C(£2) the space of functions that are bounded and uniformly continuvous
on ). The notation C(f1) is consistent with the fact that a bounded and uniformly
continuous function on Q has a unique continuous extension to 2. The space C(£)

is a Banach space with the norm

“

[vllc@ = sup{lv(e)|: = € 0} = max{lv(z)|: = € Q}.

For any nonnegative integer m, C™(2) is defined to be the space of functions
that together with their derivatives of order less than or equal to m are continuous;
that is,

C" ) ={vel(): D*ve C(N) for |a| < m}.

We likewise set

C™"Q)={ve CH): D e C(N) for |a| < m}.
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It is ‘common practice to write C(Q) and C(Q) instead of C°(Q) and Co().

The space C™({1) can be endowed with the seminorm

Vlom@ = 2 100 o @),

al=m

and it becomes a Banach space when endowed with the norm

|U”cm(n) Zjv|01(ﬂ) Z ”DQU”C(ﬁ)'

laj<m

And we define
C*N={vel(): velC™Q) Yme Z4}

and

CPM)={veC@): velC™Q) VmeZ.}.
These are spaces of infinitely differentiable functions. Finally, we set»
CHQ) = {v e CHQ): IM > 0,|D°u(z)| < M,Yz € Qand o] < k}.
This space is equiped with the norm | -

lu| = sup sup [Dau(z)|
la| <k zES

A.2.3 The spaces L*(Q)

We denote by LP(Q) the space of (equivalence classes of) measurable functions v for
which
/ﬂ]v(z)[p dr < oo,
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where integration is understood to be in the sense of Lebesgue. The space LP() is

a Banach space when endowed with the norm || - || zr(q) defined by

ol = ([ lot@)P éz) "

When there is no danger of confusion, reference to the domain 2 will be omitted in
the symbol for norms. It will also be convenient to write |- || for the norm on L%(f2)
when this is unlikely to be ambiguous. The quantity || - ||z» is a norm only when
it is understood that u represents an equivalence class of functions, twe functions
being equivalent if they are equal almost everywhere (a.e.), that is, equal everywhere
except on a subset of 2 of Lebesgue measure zero.

The definition of the spaces LP({}) can be extended to include the case p = oo
in the following manner. We define the essential supremum (denoted by esssup) of

any measurable function v by
esssupg v = inf{M € (—o00,00]: v(x) < M a.e. in N}.

Then v is said to be essentially bounded above if esssupqu < oo. A similar defini-
tion of essential infimum may be given, leading to the notion of a function that is
essentially bounded below. We say that v is essentially bounded if both esssupqv
and essinfqv are finite.

Then we may define
L)) = {v: v is essentially bounded on {2}.
This space is a Banach space when endowed with the norm
|vl| Lo () = ess supg|v].
Since all continuoug functions on a bounded closed set are bounded, we have

C(E1) = L™(Q).
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The case p = 2 is special, in that L?(Q) is an inner product space (indeed, a

Hilbert space) when endowed with the inner product

(u,v)12(0) =‘/r;u(z:)v(a:)d:v.

This inner product, in turn, generates the norm || - || ,q)-

Let v be a function defined on . We say that v € LI () if for any proper
subset ' CC Q, v € LP(§Y'). For any number p € [1, o0),

Dual spaces and reflexivity. We define the dual exponent g of p € [1,00)
by 1/p 4+ 1/g = 1 (with the usual convention that ¢ = co when p = 1). Then
the topological dual [LP(2)]" of L7(£) may be identified with L7(Q). In particular,
L*(§)) may be identified with its dual space. For 1 < p <.co the roles of p and ¢ are

symmetric, and so it is clear that
L (Q) = (L7(9)) = (L7(Q))".

Thus the spaces LP(f2) are reflexive for 1 < p < co.
The spaces L'(?) and L*°(f)) are not reflexive, though it is possible to identify
L () with the dual of L'({?); this identification is expressed in the form

On the other hand, L'(£) can be identified only with a proper subspace of (L*(£2))".

A.2.4 Sobolev Spaces

Assumptions about domains. We introduce a definition that will suffice for
most purposes when smoothness assumptions about the boundary of a domain need
to be made.

For any point & = (z,, T2,..., Z4) € R?, set

. d-1
y=1x4 and &= (11, Tq,..., Tg=) € R*7".
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An open set Q in R? is said to have a Lipschitz-continuous boundary T if there exist
constants @ > 0 and 4 > 0, a finite number of local coordinate systems (@™, y™),
and local maps f™, m = 1,..., M, that are Lipschitz-continuous on their respective

domains of definition {&™ : |2™| < a} such that

[=Uno {(8™ ™) y™ = (&™),
and form=1,..., M,

{@™,y7): fM@") <y < fM(@T)+ 8, 27 <a} C

{(@™y™): fH@™) =B <y™ < fMET), @] < a} CRAL

More generally, we say that the boundary is of class X if the functions f™ are of
class X, and that it is smooth if X = O,

With a slight abuse of terminology, a domain with a Lipschitz boundary is also
referred to as a Lipschitz domain, with obvious modifications in nomenclature for
boundaries of other classes. In the following, we always assume that §) is a Lipschitz
domain, unless stated otherwise. We note, though, that such an assumption is, in

fact, not needed for some of the results stated here.

The Sobolev spaces W™?({}) . For any nonnegative integer m and ..réal number

p>1orp= o0, we define
W™o(Q) = {v € LF(Q): D*v € LP(Q) for any a € Z3 with |a| < m},

where derivatives are taken in the distributional sense. Norms in the spaces W™?(§)

are defined by

) o 1/p
Iollwme@) = [vllmpa = ( 3 1D°0|Eng) » 1<p< o, (A.10)

a|<m
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and

||v”m.oo,ﬂ = E}g}_’(l ”Da’l)HLw(g). (A].].)

With the norm defined above, the space W™?(Q) becomes a Banach space. We also

introduce here the seminorms on the spaces W™?(1):

o 1/
lmpa=( 3 1D"0|%pqy) » 1< p< oo,

Ja|=m

[vlnc00 = max [| D%]|=(ay.

The space W™?(§1) is reflezive if and only if 1 < p < co. We note here that
Wor(Q) = LP(R).

The case p = 2 is special, in that W™?(Q2) may be assigned an inner product.
We set Wm2(Q1) = H™(£2) and define the inner product on this space by

(U,U)Hm(g) = z (D"u, Da’v)LZ(g),

laf<m

where as before, (-, )12(q) denotes the L?() inner product. With this inner product,
H™() is a Hilbert space. The corresponding norm will be denoted by || - || zrm 2y or

simply by || - ||gm, depending on the particular context.

Embeddings of W™?({1). Some properties regarding embeddings and inclusions

are summarized in the following theorem.
Theorem A.1 The fal{owing statements are valid:
(a) WmP(Q)) == WhP(Q) if m > k.
(b) D(Q) — W""F’(Q)v.

(c) C™(R) = Wme(9).
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(d) Co()NW™?(Q) is dense in W™P(R); in other words, a function in W™?(Q)

~can be approzimated by a sequence of functions smooth up to the boundary.

(e) (Sobolev compact embedding) If Kk < m — dfp with 1 < p < oo, then
Wme(Q) <ses CEQ); in particular, W™P(Q) < C*(D).

Trace theorems. A uniformly continuous func;fion v on a bounded domain
with boundary ' has a well-defined boundary value, usually denoted by v|p. This
property ﬁlay be expressed in an alternative manner by the introduction of a map
v called the trace operator, which associates with each v € C(Q0) its boundary value
yv = v|r, a function belonging to C(I).

For a function v € W™?({1) the issue of its boundary value is less straightfor-
ward: the restriction of v to I' need not make sense, since I' is a set of measure zero,
and two functions in W™?({}) are identified if they are equal a.e. Fortunately, it is
possible to extend the notion of the trace operator for continuous functions in C'(f2)
to functions in W™?(§2) for certain ranges of the indices m and p. This result is

summarized in the following.

Theorem A.2 Assume that 1 < p < oo and m > 1/p. Then there ezxists a unique
bounded linear surjective mapping v : W""p(Q) — Wm=1/P2(T) such that yv = v]r
when v € W™P(Q) N C(N). '

In future, when the trace vyv of a Sobolev function v on the boundary is defined, we
will simply write v for the trace yv.

The trace theorem can be extended to higher-order derivatives on the boundary.
In order to avoid complications arising from compatibility conditions we confine
attention to higher-order normal derivatives, since, for example, the tangential de-
rivative of a function is completely defined if the function itself is known along a

boundary.
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‘Let m = (ny,...,n4)T denote the outward unit normal to the boundary T of Q,
assumned here to be smooth. The kth normal derivative of a function v € C*(Q) is

then defined by
v o d*v
— i PR n{ T ——
Ank ! *0z;, - Oz,
The following theorem states the fact that this definition can be extended to func- -

tions in certain Sobolev spaces.

Theorem A.3 (Second Trace Theorem). Assume that ! is a bounded open set
with a C*' boundary T. Assume that 1 < p < oo and m > k + 1/p. Then there
ezist unique bounded linear and surjective mappings v; : W™P(1) — Wm=i-1/p2(T)
(7 =0,1,...,k) such that y;v = (8v/0n?)|r when v € W™P(Q)N CH(Q).

It is important to note that the ranges of the trace operators are proper subsets of
LP(T). On the other hand, it can be shown that W™7=1/??(T) is dense in LP(T),
for j =0,1,...,k.

The space Wy F(1). With the definition of traces at our disposal, it is now possible
to consider those subspaces of Sobolev spaces characterized by the fact that the

functions vanish on the boundary. To this end we define : ~
W P(Q)={ve W""”(Q) : vjv=0for j <m—1/p}.
This space may be equivalently defined by
Wy () = the closure of C$°(£1) in W™P(Q).

Immediately we see that any function in Wy 7 () can be approximated by a sequence

of C$°(§1) functions with respect to the norm of W™?(§).
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From the definition and the second trace theorem, WJ""(Q) is a closed subspace
of WmP(Q). When p = 2, we write H*(Q) to replace Wy»*(Q). In particular, we

will frequently use the space
HyQ)={ve HY(N): v=0, Dv=0a.. on I}

Equivalent norms. The following result can be used to generate various equivalent
norms (cf. the definition (A.3)) on Sobolev spaces. Recall that over the Sobolev space
WkEP(Q), |v|kpa is the seminorm defined by

olpa = ([ X 1070 dz)™”.

|ex| =k

Theorem A.4 ( Equivalent Norm Theorem) Let Q be an open, bounded, con-
nected set in R® with a Lipschitz boundary, k > 1, 1 < p < co. Assume that
fi WEP(Q) 5 R, 1 < j < J, are seminorms on W*P(§)) satisfying two conditions:

(H1) 0 < filv) < clvllepn YveWr?(Q),1<7<J.

(Hz) If v is a polynomial of degree less than or equal to k — 1 and f;(v) = 0,
1<5<J, thenv=40.

Then, the quantity
J
vl = [olkpa + 2 filv)
i=1

or

J 1/p
loll = ([olpa + X £5(0)7)
j=1
defines a norm on W*P(Q), which is equivalent to the norm ||v||xp0-

Proof, We will prove that the quantity

J
Iv]l = [vlepa + D fi(v)
e
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is a norm on W*?(Q) equivalent to the norm ||v||xpq. That

ol = (olEsn + 3 (o)) "

1s also an equivalent norm can be proved similarly.

By the condition (H), we see that for some constant ¢ > 0,
lofl S cllvllkpa Yo € WH(Q).
So we need only to show that there is another constant ¢ > (0 such that
[ollepn < cllv]l Yve WEP(Q).
We argue by contradiction. Suppose that this inequality is false; then we can find a
sequence {v;} C W*?(Q) with the properties
(a) [lvllepn =1,
(B) flull < 1/1

forl=1,2,....
From Property (b), we see that as [ — oo,

|'Ui|k.p.9 -0 -

and
filw) =0, 1<ji<J

Since {v;} is a bounded sequence in W*?(2), and since
WHP(Q) —ves WELP(Q),

there is a subsequence of the sequence {v}, still denoted by {v}, and a function

v € W 1?(Q) such that

v —v in WEYP(Q), as | — co.
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This property and |vi|sp0 — 0 as | — oo, together with the uniqueness of a limit

1
imply that
v —=v in W(Q), as | 5 o0

and
[olep,0 = lim |vilepa'=0.

We then conclude that v is a polynomial of degree less than or equal to k — 1. On
the other hand, from the continuity of the functionals f;, 1 < 7 < J, we find that

filv) = jm fi(w) =0, 1<7<J

Using the assumption (H;), we see that v = 0, which contradicts the fact that

lollepo = lim |lwxp0 = 1.

The proof of the result is now completed. - O

A.2.5 Regularity of solution on the boundary [27, 29]

We recall here a fundamental result on regularity of the solution in the neighbour-

hood of the boundary .

Theorem A.5 Assume that L is an elliptic differential operator of order 2m, reg-
ular enough in a domain Q. Ifu € H(Q) is a solution to the equation«Lu =f in
Q, with f € H=™(Q).

Then u € HE™(Q) if Q € Ckm

A.3 Some Inequalities

We summarize in this section some useful inequalities, that are often required in

this thesis.
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A.3.1 Sobolev Inequalities [1, 28]

If 2 is a bounded domain of R* with boundary I' € C.
From the Imbedding Theorem (Theorem A.1), and for u € W™?()), m > 1, 1 £
p < oo we deduce the following

Lif 2 = 2=2>0, [tz < Clm,n,pllullwns(R) 1<g< 0
Thecase p=2, m=1
n =2, @) < Cllulmyey Yo,1<g< o
n =3, llullzs@ < Cllullmya
n =3, |lullze) < Cllullmya
n > 3, [Jull pamiin-n(q) < Cllullmya)

2. if = — 1;—1' = 07 HUHLQ(Q) S C(map7n7Q7‘Q)Hu”W""P(Q) 1 S g < 0o

1
P

3. if L — 2 <0, then W™?() — L(R) and for p < g < oo we have

Slég I‘U(:E)| < Cl(mapanv Q1Q)||U|IW"‘"’(Q)’ (A.IZ)
and ”’uHLq(g) < Cg(m,n,p,ﬂ)Hunm,p(g). (A.13)

The case p=12, m=2 and ¢ =4, adding (A.12) and (A.13) to obtain

sup lv(z)| + |v|lLi@) £ C(D|lv|| a2

4. |lullgr € Cllullgs for p<gq
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A.3.2 Poincaré-Friedrichs Inequality

This inequality may be deduced as a consequence of the Equivalent Norm Theorem
(Theorem A .4)
= ds.
A= [ lvlds.
We take in Theorem Ad k =1, p = 2, J = 1, We can then conclude that there

exists a constant ¢ > 0, depending only on (2, such that the inequality

lvlhie <clvha Vo€ Hy(Q) (A.14)

holds. It follows from (A.14) that the seminorm |- |, is a norm on H} (), equivalent

to the usual H(2)-norm.

More generally, if I'y is an open, nonempty subset of the boundary I, then there

is a constant ¢ > 0, depending only on Q, such that
lolie < clvha Yve HE (). (A.15)

Here,

HE () ={ve H'(Q) :v=0ae. on I'g}.

This inequality can be derived by applying Theorem Ad with k=1,p=2,J =1,

and
Alv) = [F 1| ds. i

We will often use Poincaré-Friedrichs Inequality in the form

/ﬂHszdax < c/ﬂ Vul'de Yu € H(Q)

A.3.3 Korn’s first inequality [32]
For u € [H}(Q)]°, we define the tensor function

D(v) = % (Vo + (Vo)T).
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Korn's first inequality states that there exists a constant ¢ > 0 depending only on -
Q such that

oy < /Q \D(v)2dz Yo e [H\Q)]. (A.16)

We deduce from Korn’s inequality and the Equivalent Norm Theorem (Theorem A.4

that the norms [[v|[fy: (g and [ [Vvldz = ||v]| are equivalent.

A.3.4 Cauchy-Schwarz Inequality

Let V be an inner product space. Then

[(w, o) < Jlufl lol] Yu,veV

A.3.5 Young Inequality
We state here the special case: If a,b are positive numbers. Then
ab< a4 B Ve,
-2 2¢
Proof For a,b € R, for ¢ > 0, we have
0 < (ea = b)? = a® — 2eab + €26°.

So
2eab < €?a? + b,

which 1mplies that
b< —a?+ o
=38 To
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A.3.6 Gronwall’s Lemma

Theorem A.6 Let u: [0,T] — R be continuous and nonnegative. Suppose C >
0,K >0 are such that ‘

t
u(t) <C +/D Ku(s)ds Ytel0,T].

Then
u(t) < Ceft wielo,T].

Proof First, suppose C > 0, let

1

Ut)=C + / Ku(s)ds > 0;

0

then
u(t) < U(1).
By differentiation of U/ we find
U'(t) = Ku(t);

hence U K
{u .
o T U ST
So
d ,
Z(nU(®)) < K,
therefore

%(m Ut)) <InU(0) + Kt
by integration. Since U(0) = C, we have by exponentiation
Ut) < Ce,
and so
u(t) < CekKt.
If C =0, then apply the above argument for a sequence of positive ¢; that tend to

0 asi— oo.
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