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‘Summary

The theory of inelastic solids involving thermodynamic. potential

functions with internal variables is reviewed.

Use is made of the condition for stable thermodynamic equilibrium
in order to obtain dual minimumvprinéiples for the equilibrium state
of a solid inelastic body. This leads to dual forms of the incremental
(or rate) theorems and their respective extended forms. The extended
static incremental theorem is applied to a pin~jointed truss and an
algorithm suggested for solution of the ensuing programming problem.

Numerical examples are given.

A class of bounding theorems 1is also studied from the point of view
of the potential functions, Bounds on the work and complementary work
are obtained and properties of the bounding functions examined. Finally,
the bound on a functional, which has been used to obtain general work

and displacement bounds for dynamically loaded structures, is discussed.
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Chapter 1. Thermodynamics and its application to strained solid continua

1.1 Tntroduction

In recent years various authors have shown that the framework of
irreversible thermodynamics involving internal variables provides a unified
approach to the study of strained inelastic solids. Suitable equations
of state and kinetic or rate equations have been used by Kestin (1968, 19731,
Rice (1970, 1971), Kestin and Rice (1970) and Martin (1975e) to obtain the
well-known constitutive equations. for metals exhibiting linear and non-
linear creep and time-independent plasticity, the last involving either

hardening or perfect plasticity.

These successes with the constitutive equations suggest that this
formalism may be exploited as a basis for the demonstration of structural
theorems. The reasons for such an attempt are slightly different for the
two classes of structural theorems which we will consider. The rate theorems
of time~independent plasticity have a form which is reminiscent of certain
minimum principles for the equilibrium state of a statically loaded body.

We expect that this similarity and the physical basis for the rate theorems
would be made explicit by the application of thermodynamic principles.

The bounding theorems of time-independent and time-dependent plasticity

have hitherto been proved for particular materials or classes of materials.
That this can be done suggests that the different materials have some property
or properties in common on which the theorems depend. Thermodynamics

provides a general framework involving potential functions for the description
of matter. We expect that the microscopic and macroscopic properties of
individual materials would be expressed in general and succinct properties

of the potential functions involved. The intention therefore is to illuminate
and generalise certain structural theorems by proving them from the properties

of the thermodynamic potential functions.

Section 1.2 is a brief review of the basic concepts of thermodynamics
and is taken from Callen (19601 and the review of Martin (1975d). In
section 1.3, using the ideas from section 1.2, we define state variables and
discuss equations of state and kinetic equations for certain classes of inelastic
materials. Sufficient conditions for stability are given. This section is
taken largely from Kestin and Rice (1970) and Martin (1975e). In section 1.k

we apply the conditions for thermodynamic equilibrium to loaded isothermal



bodies. The connection between the equilibrium state and dual minimum

principles is discussed.

Chapter 2 is concerned with the kinematic and static rate theorems.
These theorems give the response of a time-~independent inelastic structure
to imposed load and displacement rates. The starting point for both
theorems is the condition of thermodynamic equilibrium and extended forms
'of each are obtained. Chapter 3 deals with the application of the extended
static rate theorem to a pin-jointed space truss, and numerical examples are

given.

Chapters 4 and 5 discuss bounding properties of the constitutive equations
which are used in connection with deformation and bounding theories of
plasticity. Chapter L4 is concerned with minimum work and maximum complementary-
work functions.and paths, while Chapter 5 discusses the bound on a- functional

introduced by Ponter (1970).

‘We will limit discussion to small, isothermal deformations in all cases.

1.2 Review of classical thermodynamics

-1.2.1 The first law

The internal energy of a system can be altered only by adding heat to it
or by performing work on it or by altering the amount of matter present. For
our purposes the last possibility may be ignored. Thus if heat 4Q is added
to and work dW is performed on the system, the change in the internal energy

U is, by the conservation of energy,
aU & 4Q + dW. o (1)
Equation 1 expresses the first law of thermodynamics.

l.2.2 State variables and quasi-static processes

" The state of a thermodynamic system in equilibrium may be completely
specified by its internal energy U and a finite number (n) of other independent

extensive quantities Xi’ i=1,2,....,n, For systems of interest to us



the {xi} will be displacement variables. In passing from one equilibrium
state to a neighbouring equilibrium state, it is assumed that the states
traversed by the system are describable in terms of '{U,xi}, Physically,
this means that the system traverses a series of equilibrium states or

undergoes a quasi-static process.

1.2.3 The entropy maximum principle

The basic problem in classical thérmodynamics is to determine the
equilibrium state of a system which has certain known conditions (constraints)
Vimposed on it. 0f all the states satisfying the constraints’, the constrained
equilibrium state is characterised by a maximum principle.  The quantity
which is thus maximised is the entropy S, a potential function of the state

variables '{U,Xi}.

1.2.4 Equations of state, reversible heat and work, the second law

Entropy is an extensive quantity, is continuously differentiable and
is a monotonically increasing.function of the internal energy. This implies
that the so-called fundamental equation S = S(U,Xi)' can be solved to give
U = U(S,xi), ‘an alternative form of the fundamental equation. U is
continuously differentiable and is a monotonic increasing function of S.

The differential of U is

S _ 93U dU -
QU = == as + £= dx,. (2)
: i
By definition, the thermodynamic temperature T is
_ doU _ ' : .
T= g = T(S,xi), , . (3)

. and the (intensive) forces X; conjugate to the extensive variables x. are

x = 3

i 9X.

. = Xi(S,xj). , (L)

Equations 3 and 4 are the equations of state of the systen. If they are
¥known, the fundamental equation can be inferred to within an arbitrary

constant.



Equation 2 may be written

dU = 145 + X.dx, | - (5)
= dQ" + aw’, , (6)
where
aQ’ = Tds, | - . (7)
aw’ = X, ax,, . ' o (8)
are termed the reversible heat and reversible work respectively.‘ Eéuation

T is referred to as the first part of the second law.

Considering equations 5 and 6 as giving the same small change in U

as equation 1 we obtain

T 0 ‘
as = S;E+ oW - dW_ - | (9)

T

It is seen that the change in the entropy of the system may be split into

two parts. One part is due to a quantity dQ of heat entering the system,
the other is due to a difference between the work performed on the system

and the reversible work. The latter is referred to as the entropy production

within the'system dag.

The second part of the second law states that

0
3t = gﬂﬁ%iﬂﬂ_ > 0, ‘ (10)

1.2.5 The internal energy minimum principle

An isolgted system is one for which the internal energy U 1is fixed.
The equilibrium state of such a system maximises S(U,xi) subject to U
fixed and whatever constraints are imposed on the xi’s. The properties
of the entropy function are sufficient to ensure that this equilibrium
state also minimises U(S,xi) subject to S fixed and the.same set of

constraints on the xi's.



Now the minimum of U(S,xi) vith S fixed but with no other constraints

satisfies
U _ _
Sxi =% =0 _ (11)

Thus the forces Xi conjugaté to unconstrained extensive parameters X, are

zero in the equilibrium state.

1.2.6 The Legendre transformations

When we desire to express the fundamental equation and equations of state
in terms of some or all of the intensive variables as independent variables
we make use of the appropriate Legendre transformation. If we require

T

1l

9U/3S and {xi} as independent variables we form
F = U(S,xi) - TS. _ _ - (12)
The differential of F, is

dF

TdS + ¥ dx. - (Ta8s + SaT) : (13)

_ 84T + X.dx.. | (1h)
. 1 1

We see that TF = F(T,xi) and

oF. _ .
5T~ " 5 o (15)
5F _ | |
ax, i | (16)
i :
are equations of state. F(T,xi) is the Helmholtz potential or free energy

of the system.

Similarly we might require T = 3U/3S and {Xi ='8U/3Xi} as independent

variables. We form

H=Xx, - F(T,x), Q)



of which the differential is
di = 84T + x.dX. . ' (18)
i7i _ . ~

We see that H ='H(T,Xi) and

oH : '

=5 = S, | (19)
o _

5§£ T N (20)

are equations of state, H(T,Xi) is the Gibbs energy of the system.

1.2.7 The free energy minimum principle

Consider an isolated composite system consisting of a subsystem whose
fundamental equation is U = U(S,xi), in diathermal contact with a heat
source whose fundamental equation is Uh = TOSh. The internal energy Uc

of the composite system is

= 0
U, U(Séxi) + T8, . (21)

A necessary condition for UC to be a minimum at constant total entropy is

GUC =0, ' . : : (22)
subject to
s, = 85 + 85, = 0. - | (23)

Thus the unconstrained equilibrium state satisfies

0
8U,, Su(s,x;) - T°88 | | (2k)

§(u - T°s) = 0. | o | - (25)



Recalling the definition of the free ehergy (equation 12) we see that

GUC =0 <=3 '&F(T,xi) = 0 (26)
subject to T = TO, where F 1is the free energy of the subsystem. It is
readily shown that &F = 0 at constant T isla minimum, We conclude that
if the temperature of a system is known, then the unconstrained equilibrium
state minimises the free energy at constant temperature. This result is

" the free energy mintmum principle.

1.3 Constitutive equations for inelastic materials

1.3.1 State variables and equatibns of state

Consider a small element in a body of an inelastic material which is
subjected to small deformations. Following Kestin and Rice (1970), the
thermodynamic state of.the element is assumed to be described by the temperature
T, the macroscopic strain tensor €,,s and the internal variables Xa,

13

o =1,2,....,n.

We identify points within the body by Cartesian coordinates ( X5 ).

X
1’ 3
It ui(x,) are the small displacements of a point in the element from some

initial configuration, the strain tensor Eij is defined by

S (9 9
_ Py Bu) -
€15 .2[35;; ¥ Bxi} | | (27)

The internal variables Xq characterise the microstructural re-arrangements
within the ‘element -and are in general necessary to complete the description

of its state. They are assumed to be measurable but not directly controllable.

.The fundamental equation of the element 1s assumed to be known and of the

fofm
£ = £(T,e. ,x.), | | | (28)

vhere f 1is the free energy per unit volume.



The equations of. state are

X, = =5y | B (31)

"where s 1is the entropy per unit volume, Gij is the Cartesian stress
tensor and -X  are the "internal forces" conjugate to the internal variables.

Hence the differential of f is

_ P a4 0 -
- XXy ,f.g:d'r+ Xég;\—d-k'd +gi:0bQ (32)

df = -sdT + 0, .de,
ij 1iJd

The Gibbs energy per unit volume is

h = 054€iy - f(T,eij,Xa). . (33)

It follows that h = h(T,0,.,X.) and

Si37%0
dh
_ oh
€l,j - 30.. s (35)
1J
x =2 (36)
Xd.
are'equations of state, Hence the differential of h is
_ . . . .
dh = sdT + €, ,d0; . + X dX, (37)

For the special case where

o€
e}

ij _ _9%h
ke 995399

3

is independent of Xy and

o€, 4 _ 9
axa Boijaxa s




10.

is constant, the strains, entropy per unit volume and free energy per unit

volume may be split into elastic and plastic parts. To see this we consider

0' -X'
' . _ K dE. & o€

€..(0' ,x') = ij do + ij dy (38)

1 kLMo o k% 5 C
0 k9 o Xy |

o e (g P oy |

eij(ckﬁ) + eij(xa) , (39)

where we define

1
. - %k o |
' = . 11 .
(o) = | °%; a0y | (x0)
0 k2
X'
o D ,
efj(x&) = J agij dx, = aeij X, : (L1)
0 axa aXa

Equations 40 and 41 give the elastic and plastic strains respectively.

Now if €.., X, are independent state variables we can make use of the

division €.. = e.. + ep.(x ) and use 8?., X . as independent state
i ij ij % 1)’ Mo

variables. In this case equation 32 becomes
e 85?.
df = -sdT + o..de.. + |o.. =—=L - x lay . (42)
v 1] 1] 1) Bxa aj o

We will let state functions denoted by the superscript e be those associated

with thermoelastic behaviour With'Xa = 0, Thus
e e _ _.e , e .
ar (T,eij) = -s5.dT + Gijdgij , _ , (43)
with
e
of :
s = -2, (4ha)
e ‘
.. = of . . : (Lhv)
ij 8¢S



11.

Subtracting equation 43 from equation L2 we obtain

3eb.

_ e _ D _ _ <& _1J _
af - ar ar” | (s ~ s )AaT + Oij %, Xa]dxa , (45)

and conclude that ff = £ - £° is independent of eij. Thus we may put

e D _ e e D
f(T,eij + Eij(xa)’xa) = f (T,eij) + f (T,xa)- _ (h6)
With equations Lk,

afp i
sP = s --.se = T 37 0 ' _ '(h7a)
3P, D ‘
o, —d - x = 2 (47b)
1] Bxa o. Bxa

are the equations of state.

Using equation 33, the Gibbs energy per unit volume in this case is

- € 1Y Y ' '
h(T’Oij’Xa) = h (T,Oij).+ Oijgij(xa) (75X, ) > (48)
where
e _ e _ .e e :
h (T,Oij) = 0.5~ f (T,eij). (49)

The equations of state are

9h® P . :
“ij T dog, 0G0 (50)
' 3er . P .
X = 0, =4~ Eﬁ. - ' (500)
e} i 3Xu Bxa : ‘ '

The splitting of eij’ s and f into elastic and inelastic parts was

demonstrated by Kestin and Rice (1970) for the case (aeij/aokz) = constant.

The mechanical work per unit volume done on the element during a. small

quasi-static change in strain deij is

AW = oijdeij . | | (51)



12.

The reversible work per unit volume is, on comparing equations 8 and 32,
. .
= ..de. . - .
aw 0; de; . X ax, | (52)

Referring to equation 10, the entropy production per unit volume is

XX,
of which the rate form is
. X % -

Qo
& = <4 : (53b)

which 1s required to be non-negative by the second part of the second law.

1.3.2 The kinetic equations

In order to complete the description of the material we require

phenomenological rate or kinetic equations giving the rates of change of

the internal variables. We will assume them to be of the form

= P
X LX) | | (Sha)
or

- p-l(s : ; ~

which must always be satisfied along with the equations of state (equation 31).

The entropy production rate

TN ’ :
e e (55)
is required to be non-negative.

We will now examine three examples of classes of kinetic equations. used

for time-independent and time-dependent plasticity in metals.



(i) Linear and non-linear creep

x, = o, | (56)
- |

where ¢(Xu) is homogenous and of degree one in‘.Xa and n 1is an odd

" positive integer. The linear case occurs for n = 1. From equation 55
D = XOLXOL
n+l | :
= o). | (57)

Since ka is homogehous and of degree n in Xa it follows from equation

57 that D 1is homogenous and of degree“ (n+ 1)/n in Xa' Also, by

applying Euler's theorem

' 3X »
oD o) : .
= = X + =X (58a)
3%, a 9%, 78 v
. n+l X, » o (58b)
n [0
or
1 D
e N o ‘ (58¢)
CX,' )
wvhere p = %. Equation 58c is the inverse of equation 56.
(ii) Viscoplasticity
. _ a n _BL .
ARRERRE o i o(x) > ¢ |
(59)
= 0 ' . Cif ¢(XOL) < 4

where ¢(Xa) is homogenous and of degree one in J(a, n is an odd positive

integer and ¢O is a constant.

For this material we have a range of values of Xa. for which 'Xa = 0.

This set is bounded by {Xa : ¢(Xa) = ¢O} which we term the yield surface.

13.
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From the equation
oD - 0 “

. - - ) 3
axa o d B

it is seen that 8D/8ka is discontinuous (multivalued) at % = O.

(1i1) Time-independent plasticity

A\ - X 8¢ . .
Xa = A'é-'x-; » , (60&)

where ¢(Xa) is a continuously differentiable single-valued Limit function
for which ¢(Xa = 0) < 0. Internal forces such that ¢(Xa) > 0 are not

obtainable and

(60b)

©- <
-

The set {X0:¢(Xa) = 0} 1is termed the limit surface. Equations 60 are

obtained in the limit as n tends to infinity in equation 56 (Martin, 1975e)..

More generally, limit surfaces with corners are described by the kinetic

equations
. - I; )\(1) aqz(l)
Xa 1=1 X ?
(04
where ¢(l)(X ) 1is a continuously differentiable, single valued limit
function sucﬁ that ‘¢(l)(Xq =0) < 0. ¢(l)(Xa) > 0. is not obtainable and
A R S A LAY RSP ACD R
}\(1) = O if q)(l) . (l) - O and &)(1) < O

< 0, or ¢ =

We will restrict ourselves to single limit functions when discussing time-
independent plasticity. In all cases, however, the extension to more than

one limit function is readily achieved.

From the definition of D (equation 55) or by letting n + o we see

that D is homogenous and of degree one in ia‘ and so



. _ . , _
X T O , : - (61)
\ o
As in viscoplastic behaviour, SD/Ska_ is discontinuous at ia = 0.

A1l values of Xa obtained from equation 61 with i # 0 lie on the

limit surface ¢(X_ ) = O. //é;:
) o Ka

Since the equation of state (equation °l implies

. 8% . 2%f . )ﬁ
X = =l €.. + 7= Xo!| > (62)
o aeijaxa 1] axaaxs B;

equation 60a and its conditions (equation 60b) provide sufficient information

to determine A uniquely for particular values of ¢(Xa) and éij'

Let us assume that ¢(X ) in vhich case A = 0 if _(8¢/3Xu)ﬁd < 0
and A >0 if (3¢/8Xa)ﬁa O As we will see in section 1.3.3, f(T,eij,xa)
is convex at constant T, so 9%£/dx BXB is positive definite. Thus

equation 62 may be used to show that

9°f 3¢ . 39 | '
9e. .0y oX_ °ij O <= 5y %, < 0 . . (63a)
1) "o o o
928 29 . ‘ 3 |
€.. < 0 <= X = 0. (63b)
Beijaxa Sxa 1) BXa o

Using equations 60a and 62 we may solve

3y =
90X XOL 0
to glve
9%t 3 .
. de 3x BX ij :
A= - — K (6lha)

azf [T T
BxuéxB BX _BXg

which is the value it takes 1if ¢(Xu) =0 and

2 v. -
92F 39 o

€. . < [y - (6Up)
Seijaxa ox, iJ . (VA ‘3\&&\*’*/6




16,

For all dther cases

\ =0, - - | O (6he)

We note that A = A(¢,éij) may be obtained by minimising
‘ 3%f 3 . 1,2. 9%f 3¢ 30 |
P(A) = X i €.. + = ; (65)
aeijaxa BXa 1) 2 BXaBXB BXa BXB
with respec£ to variations in A subject to A > 0O if ¢(Xa) = 0,
A = 0 if ¢(xa) < o.

//wﬂgfq.@4§

To see this we set dP/dA = O and solve for A. If

3%f 3¢ -
3e. .oy ox_ tij = ©
ij "o o

H

the least value of P 1is given by equation 6la. If, however,
. /

3%f. 3¢ -
5e. .ox. ox_ ti5 = O
i3%% "o

]

the least value of P subject to A > O is given by A = O.

Alternatively, we may use equation 36 to obtain

' 32h . 9%h .
= o 0.. * T X, s (66)
o aoijaxa 1] axaaxs B v

and, using equations 60a and 60b, obtain A uniquely for particular
values of ¢(Xa) and éi.. Let us assume that ¢(Xa) = 0 in which

= 3 h ’< > - 4 ¢ = ..
case A 0 if (a¢/axa)xa 0O and XA > 0O 1if (a¢/aya)xa 0
As we will see in section 1.3.3 h(T’Oij’Xa) is concave with T,Oij
constant so azh/BXOLBXB is negative definite. Thus equation 66 may be

used to show that

32h a() . . _ a_dz .

36, . ax_ Y15 < 0 T % R (67a)
1j%% "o o .

_9%h 3¢ . N

55, oy ax_ Y15 = 0 <& x X < 0 (6Tb)
1 ‘A o o



17.

Using.equations 60a and 66 we may solve

9 ! _
. oX Xa 0
o
to glve
3%h 3 -
3o, ox, % ij |
A o= - J , (68a)
3%h 36 990
X
Bxaaxg BXa 9 g
which is the value it takes if ¢(Xu) = 0 and
2 . :
3°h 3¢ o.. > 0. (68v)

Boijaxu BXa By

For all other cases

A= 0. l (68¢c)
We note that A = A(¢,6ij) may be obtained by maximising
3%h 99 - 1 » 3%h  3b. 3 .
QA = AT 5 O.. v ZA . . ' (69)
aoijaxu axa iy 2 axuaXB BXQ SXB
with respect to variations in X subject to A > 0 if ¢(Xa) = 0,
A = 0 1if ¢(Xa) < 0.
To see this we set aQ/dx = 0 and solve for A. It
2 - '
2°h ad . > 0

g..
aoijaxa BXa 1]

the maximum value of Q 1is given by equation 68a satisfyiné the constraint

A > 0, If, however,
3%n 3
- 5., < 0
aoijaxa BXQ i]
the maximum value of .Q subject to A > O is givenby XA = O.

Equations 68 are the familiar equations of kinematic hardening plasticity

giving the rates of change (or increments) of internal variables in terms



of rates of change (or increments) of stress. The limit surface 1is

o
yield surface 1n stress space.

o(X (Oij’xa)) = 0, which may be interpreted as giving the current

1.3.3 Sufficient conditions for stabiliﬁy

In order to ensure global and material stability in the thermodynamic
sense and in the sense of Drucker (1951) wvwe assume for a particular

temperature T° that 'f(TO,Eij,XO) and D(Xa) are convex functions of

ﬁheir respective auguments. The convexity of D 1is expressed by
D) - DX > 2| G- . : (10)
0. o’ = 3xa i” a o _
o .

Materials which are completely or partially time-independent (e.g. visco-
plasticity) have a discontinuity in Xa(ks) and 8D/3ka at ia = 0,

We see from equation 58a that .

e _ . _ D . _
-{Xa'Xa“O}‘ 3).(.XOL-O} . | (71)
o
Thus we may evaluate eguation TO at i& = 0 to obtain
X} - ¥ N
D(X!) XEX, 2 0, (12)
where Xz is any point inside or on the Limit surface ¢(Xa) = 0 (time-
independent plasticity) or the yield surface ¢(Xa) = ¢O (viscoplasticity).

Equation 72 may be written

- ¥¥)v >
(x, - X¥)x, > 0, | (73)
where Xa and ia are related through the kinetic eguations. For time-

independent plasticity, inequality 73 expresses the maximum plastic work
principle. Martin (1975b) has shown that the Drucker stability condition

is implied by the convexity of f(T%e¢ and inequality T73.

i5°%)
We now show that the convexity of f(TO,Eij,Xa) implies the convexity
at constant Xa and the concavity at constant Oij of h(TO’Oij’Xa)’ and

the convexity of fe(To,Eij) and fp(TO,Xa).
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Ignoring temperature, the convexity of f is expressed by

1 ' ~
f(eij,xu)

where
o' = of
1j aeij
X" = - g——ﬂ
o Bxa

" 1] ' - n “;éf_
flefioxg) 2 (&5~ efy) T I
1%
' of
+ (X' —- Xll)
o o 3X " ’
v ela Xy (T4)
= (ef. - el = (X, - X)X, (75)

1) 17713 a’ o

" X"
1317 %

noooon
€152 %a

are the equations of state, (equations 30 and 31). Thus inequality T4 may

" be written as

o.g". - f(e"

171 ij°

where o!. =
1)

may be written

1 "wy _
n(o}.x;) - nl

X") - {of el - £lel.,x))

13713 ij’"a
> (0¥, - al.)el. - (x - XX, (76)

1) 13°713 oo

Oij(eij,x&). Noting equations 33, 35 and 36, inequality 76

W g dh
Uij’X&) 2 (Oij 13) 90. . al. "
_ ] ) 1] ij’Xa
oh
- x5, . (77)
0. o] Bxav ol o)

Puttiﬁg X& = X;, it is seen that inequality 77 expresses the convexity
at constant Xq of h(T°,0ij,Xa). Putting - Oij =-'o;j inequality 77.
becomes
Blopxy) - omlelal) < (- X B , B )
17 %o 17 %" — o axa ol x"
. . 9



which expresses the 1 . . 0 o.. .
D concav1ty at constant 93 5 of h(T ’Olg’xa)

We now consider materials for which eij = eij + gfj(xa),
£ o= f(T,eij) + fp(T,Xa). Inequalities T4 and 75 may be written
e, e,y - e, e - P P, v e .
£ (e ! - () + T ! - f Yo> - elMot.
( lJ> .( lJ) (Xa) (Xa> > (€lJ elJ)olJ
. 38?3
+ '- ") (ol - X
SO o) (19)
a .
since Beig/axd is an array of constants. Putting X& = x" in this
inequality yields an'inequality expressing the convexity of 'fe(ei.),
while putting eij = eig yields an inequality expressihg the convexity

'Y
of f (Xa).

1.3.4 Continuous thermodynamic systems

All of the previous section refers to a single element of the material.
" A body of finite volume V may be considered as consisting of a discrete
set of such elements. In the limit as the volume of each element tends

to zero we assume the principie of local state as in Kestin and Rice (1970).
‘The thérmodynamic state of a point X in the body is described by the
temperature T(xi), strains .eij(xi) and the internal variables Xa(xi>

at that point. These state variables are field quantities over V. ~1If
X, are Cartésian coordinates and ui(xj) -is the small, continuousiy
differentiable displacement field from some initial relaxed configuration,
the strain tensor field Eij(xi) is defined by equation 27. Unlike other
field quantities the internal variable field Xu(xi> does not satisfy any

continuity conditions. The fundamental equation is the free energy per

. unit volume f(T(Xi)’Eij(Xi)’Xd(xi))’ vhich we assume is known. The equations

" - of state are field equations and are as expressed in equations 29, 30 and

31. They give the entropy per unit volume s, stresses Oij and internal
forces Xa as functions of the state variables at each point in the body.

The free energy F of the body is

- * 1
F = J-de. - o | (80) -
V .
We define the Gibbs energy per unit volume h at each point by
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equation 33. The Gibbs energy H of the body is

H ='Ith. , ' (81)
v ' ‘
Equations 80 and 81 are the forms'of the fundamental equation we will

require since we deal with isothermal deformations.

The second part of the second law is assumed to be satisfied locally,
i.e. that &> 0 everywhere. Since temperature gradients are assumed
to vanish throughout the body, the entropy production rate per unit volume

at each point 1is

. D(X, (x.)) ' :

Ex) = —p—— . | | (82)
A1l the equations in section 1.3.2 go over to the continuous case

unchanged, and the sufficient conditions for stability are assumed to be

satisfied at each point.

1.4 Equilibrium of a loaded body

Consider a body of volume V and surface S consisting of a inelastic
material covered by the assumptions in section 1.3, subject to small,
- isothermal deformations. The displacement of a point in the body is
characterised by’ ui(xj) where (xl,xz,x3) are the Cartesian coordinates
" of the point. Following the assumption of small displacements the strain-
displacement relations take the form
1 [Bui au.)' _
B el I s B B
i3 2 19x. ,Bxi_ : (83)
~
The body is subjected to constant conservative body forces Fi on V,

constant conservative tractions Pi on part of the surface SP and constant

displacements Gi on the remainder of the surface Su.'



1.4.1 The free énergy minimum principle

We now examlne the consequences of the free energy mlnlmum prlnc1ple

when applled to such a loaded body.

The free energy‘of the composite system consisting of the body at

‘temperature T and the applied forces is

) ,‘ ™~ ) ~ »
F = J .f(T,eij,Xa)dV J F.u.dv J P.u.ds . (84)
v v S

b

At any instant, the equilibrium state is that which minimises F with
respect to variations in unconstrained variables. The constraints on

the system are

l. du. du. . .
€.. = = {——5 + ——JJ over V, , . (85a) .
ij 2 ij -Bxi
u, = u; over 8, » , v . : (85b).
t .
X, = f Xa(T)dT uver v, _ . "(85c)
0]

_where the history %, (1), O < ¢ < t, is determined by the history
Xa(T), 0 < 1 < t, through the kinetic equation

«

Xy = Pa(XB)

It follows that the only unconstrained variations. are Geij ~and \Gui

satisfying the incremental form of -equation 85a and éui = 0 over Su'

The variation in F due to such variations is, to first order,

F = J o..8..dv - J'F.csu.dv - J'P.(Su.dS R : (86)
1j i i1 i1 : ,
' ' v S
_ _ Y
where we use equation 30. Substituting for xéeij from the incremental
form of equation 85a and using Oij = Oji’
o = | (o cSu ) - 2 (o )cSu - ;‘.éu.dv ~ . Su, ds.
» Bx 1 39X . 19717 11
v J v S

(87)

22.
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On using Gauss' theorem and the constraint §u, = O over S,

S (80.. a1 o - |
& = J - [5;iﬂ-+ F.]ﬁu.dv + J (0..v. - P.)Su.as , = (88)
(x4 if iv ij7y it
D

where vj is the unit outward normal over S.

Thus &F = O for arbitrary Gui if and only if

a0. . ~
1J =
. + F1 O over V , . _ (89a)
J | . .
g..V. = ﬁ:f ove S B 89b
13V £ r. 8, : (89b)

The convexity of f(To,eij,Xa) implieé that this sﬁationary point is the

minimum of F. Equations 89 are the equilibrium equations for the body.

It is seen that the minimum free energy principle is a generalisation

of the kinematic minimum principle of Colonetti (1918, 1950).

1.4.2 The Gibbs energy minimum principle

It is sometimes useful to use the stresses Oij and internal variables
X, @S the independent state variables. We will therefore obtain a dual
minimum principle in terms of these gquantities for the equilibrium state of

the same loaded body. Equation 86 is

§F = J §fav - I G(Eiui)dv - J G(Piui)dS, - (90)
v v S
_ S

which on using Gauss' theorem may be written as

1 _ s : S - '
§F = _J {sr G(oijeij)}dv + f G(Oijvjui)ds, . (91)
v S '
: . u
where
acr? . ~ - '
5;~1 + Fi = 0 over V E : _ _ (922)



24,

S

0..v. = P. over S . ' ' ' 2b
157 1 P - (92b)

A field oij" satisfying equations 92 is'termed-3¢atica11yvadmi33ible

It is seen that variations éoij mist satisfy

3(60?.) : D o o
——SE—Q- = 0 over V , ’ (93a)
j «

s ' . v '
So..v. = 0 over S ' - 3b

1) J . P ? . . (9 )
We have seen that the condition  6F = O implies that the stress field

af

0., = .
1) _3€ij .

is statically admissible (equations 89). Thus if OF = O we may certainly
replace c?j by Z)f/ae:i'j in equation 91, which may then be written

1J

o[ [t - (-9f- s .o _ s«
6F = J [ae.. 8e. . (52— éeij + eijécij)]dv J Goijvjuids (9ka)
v 1J lva v

j 80 .v.0.48
i1

i}
<—

]

m

[N

o

Q

o

<}

+

U, ds o (9kw)

on noting equation 35. We remark that in equation 9kb, Oij = Bf/aeij
is the-statically admissible stress field which is the solution to the
pfoblem.,. Defining the Gibbs energy of the system by

¢ _ o _ ’ ~ .. .
H = I h(T,Oij,Xa)dV . J Oijvjuids R | | (95)
v S
: u
we see that, at constant xd
§F = 0 ) S = 0
subject to €.. and u. subject to O..
. 1d L <=> : . y *(96)
satisfying equations 85a satisfying equations 92
and 85b _J 5 B




Due to the convexity at constant Xy of h(To;Oij,xa) as discussed in
section 1.3.3, the stationary point of .H 1is the minimum of _H. This

‘result is the Gibbs energy minimum principle.

We will now show that if H is stationary subject to the conditions
stated above then the strain field _€ij = Sh/SOij and the displacement
field us satisfy the strain-displacement relations (equations 85a and
85b). Consider variations in H - due tq variations Goij satisfying

equations 93.

s S A .
SH = Jeijﬁoijdv Jdoij\)juids , (97)
M S '
u
where we use equation 35. Let u. DPe & displacement field over V.
. 1 .

Equation 97 may be written

SH = e..80°.av - J §0° .v.G.ds
J i3 i ij g i
Vv S
[ . s s
- 8o-.v.0.d8 + J 8o, .v.u.ds , (98)
: J 137371 137371 : . _
S S
u u
where we use equation 93b. Using Gauss' theorem, equation 93a and
Sa° . = 60?., equation 98 becomes
13 Ji .
- 1 {aui aui) s s
= - e 8o, .dv + .- 1. ..v.dS .
§H .J eij 5 3xj f BXi i3 J(ul ul)GclJvJ S »(99)
v J

Thus &H = 0 for arbitrary Goij if and only if

_ i [Bui Bu.} _
€ij = S5 * 5;?— over ] o (100a)
u. = U. over S ' (100b)
i i u

It is seen that the Gibbs energy minimum principle is a generalisation

of the static minimum principle of Colonetti (1918, 1950).

The relation between the strain-displacement equations, the equilibrium



equations and the minimum principles may be exéressed by

SF = 0 sugﬁeqt to
€.. = l ._a.l.l_]':. + il.-.l:]_
1] 2 "3x, 9x,
. j i
u. = U over S
1
.
Xg = J xadr
0
- A
= Xa over V
|

€.,
1]

E

subject to

The last set of equations comprise the full set of field equations for

the body; if u’i,eij

26.

and xd -are the unknown independent fields over V,

this set and the knowledge of the history of %a. enable us to .calculate

the state of the body.
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Chapter 2. 'The incremental theorems for time-independent plasticity

2.1 'Introduction

The minimum principles for the rate or incremental problem in
time independent plasticity have been the subject of study over a number
of years. The principles were first established in a weak form by
Prager (1942, 1946), and extended to smooth yield surfaces by Hodge and
Prager (1948). The conventional form for smooth yield surfaces was
finally given by Greenberg (1949a, 1949b) . Koiter (1953) further
generalised the principles to cover'singular yield surfaces. Further
discussions of the conventional form of the minimum principles have

been given by Hill (1956), Drucker (1958), Koiter (1960) and Hodge (1968).

In this conventional form the rate (or incremental) problem is
considered as a boundary value problem in which traction or displacement
rates are specified on the surface S of a body of volume V. The stress

rates Uij are required to satisfy the rate form of the equilibri?m
equations, and the strain rates eij and the displacement rates u., are
‘required to satisfy the strain rate, displacement rate relations. The )]
‘constitutive-equations are given in terms of stress rates 6ij and total
strain rates €50 These equations depend on the previous stress or

strain history, and take a different form depending upon whether an

element of material is elastic or plastic and unloading or plastic and

loading.

An alternative approach has been presented more recently by the Italian
school. This approach is based on the work of Colonetti (1918, 1950) who -
considered elastic bodies subjected to loading and imposed inelastic
strains. The solution is given as the éuperposition of two elastic
problems, one involving loading and no inelastic strains, aid the other no
loading and imposed inelastic strains; A rate (or incremental) form of

approach can .also be given. .

Ceradini (1966) and Maier (1969) in the static and kinematic cases
respectively considered what additional requirements must be imposed if the
inelastic strain rates, the elastic strain rates and the stress rates must

satisfy the plastic constitutive relations. ' This resulted in two new
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minimum principles of a quadratic programming form: quadratic functions

of the plastic strain rates must be minimised subject to 1ingar inequality
constraints. Ceradini's theorem was derived directly from the conventional
form, while Maier used quadratic programming arguments to establish the
kinematic form. It was shown by Martin (1975c¢c) that Maier's theorem
follows from the conventional form of the kinematic theorem if use 1is

made of a further property of the constitutive relation in the forﬁ of an
inequality concerning an arbitrary division of strain rate into elastic and
plastic parts. This result waé further generalised by Martin (1975a) who -
gave directly a quadratic programming. form of the kinematic minimum
principle in which total strain rates and plastic strain rates are variables:

and the principle of superposition is not used.

Recently, attention has also been given to internal variable theories
of plasticity which have a sound thermodynamic basis. This work suggests.
thé'problem of basing the minimum principles of the rate problem on the
appropriate thermodynamic minimum principle for statically loaded bodies
undergoing isothermal deformation. This does not appear to have been
~ considered in previous work where, for example, the formal relation between
the classical potential and complementary energy theorems of elasticity

and the rate theorems of plasticity have not been formally explored.

It is the intention of this chapter to study this relation. We begin
by considering the kinematic theorems in section 2.2. The free énergy
minimum principle is applied to two adjacent states of loading to give an
equilibrium condition which is a form of Colonetti's kinematic principle in
incremental form. Inclusion of the properties of the limit function yields
the conventional kinematic minimum principle in terms of the incremental
strains alone and finally the extended minimum principle in terms of
incremental strains and internal variables. In section 2.3, using stresses
and internal variables as independent parameters of state, we apply the Gibbs
energy minimum principle to two adjacent states of loading to obtain an
incremental form of Colonetti's static primciple. Inclusion of the
properties of the limit function yields the conventional static minimum
principle in terms of ‘incremental stresses and internal variables. Finally,.
in section 2.4 we note that the incremental theorems may be reduced to rate

theorems.
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2.2 The kinemati¢ incremental theorems

v,

Consider a body of volume V and surface S, consisting of a time-
independent plastic matefial and subject to small isothermal defofmations.
The bodyiis;subjected to time-dependent body faces ;i(t) over V,
tractions Pi(t) on part of the surface .Sp_ and displacements Gi(t)
on the remainder of the surface Sy Omitting reference to temperature,
the state of the body at time t 1is described by the strain and internal
variable fields eij(t) and Xa(t) over V., The displacement field
over V is ui(t) and satisfies

ui(t) = Gi(t) over Su . o ' (1a)

The strain-displacement relations are

Ju. ou. '
€.. = 11 + —3[ over V . . (1b)
ij 2 {ax. 9X. : . _
j i
Evidently we may apply the free energy minimum principle at an instant
t o= t. As we have seen in section 1.4, this enables us to calculate the

state of the body provided the constrained internal variable field is known.

We will assume that this is the case and that Xa(to) = X; over V.

The strain field '¢,.(t ) = ¢#, and the displacement field u.(t ) = u?
ij o ij i*o i

satisfy equations 1 and, from equations 101 of chapter 1, the stress field

of

a*.. = 5

H *ij let, x*

’ 13,%a

satisfies
ao;j. .
T + Fi(to) = 0 over V , (2a)

J : .

X . = : ’ 7
O3V, Pi(to) over Sp s (2b)
where vi is the unit outward normal over S. The internal forces
ks = -2 ,

Xo e, x*

"o

_13 ?
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must satisfy the limit condition ¢(X*)j < 0.
’ _ o

-

We now consider the (new) system ét'time- t = t; + At where At
is small. The imposed loads and displacements have been increased by
n ;s ~ H .
AF. = F. At, AP, = ﬁ.At, AG. = {(,At. Let the increase in the
i i i i i i .
displacement field be Aui. We .represent the state of the new system
by e?j + Aeij and X; + Axd. The dependent variables become O;j +.Aoij
and X% + AX .
a a
Clearly we may apply the free energy ninimum principle to this new
system and assert that '
f =" f(e*. + Ac *+ Ay )dv - [ (E + AE 5(u* + Au.)dv
13 13°%y T By J Vi i’ i
A A
rA '~ *
- + . . + .
. (Pi' APl)(u1 Aul)dS s (3)
S
P
.must be a minimum subject to the constraints
1 (e ) | o
e, + Ae.. = = |— (u* + Au.) + —— (u# + Au.) over V , (4a)
ij 1] 2 axj i i axi j j
u* # Au, = @d. + AG. over S , ‘ (4b)
i i i i u
X3+ bx, is fixed over V . ' (4c)

Since equations 1 are satisfied by Eij' and ui and since vx; is fixed,

equations 4 imply

1 aAui B4u, .
Aeij = 37 [Bx. + T8 } over V , . (5a)
j i
hu, = MG, over vV s _ (5b)
Axa is fixed over .V . ' (5¢)

Incremental fields Aui and Asij satisfying equations 5a and 5b will

be termed kinematically admissible.
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We note that to second order we may put

* - ‘Bf

. % x i af
.. .. . = . A
f(€1J + Qﬁlj;xq + Axa) f(eij,xal + aeij Aeij + 3&; Xy
P a2
‘g a‘%?’“i"”fm *ﬁ-ﬂei-ﬂxa
1% %% M
192 ,
+ 5 —— Ay Ay . (6)
2 ; ,
Bxaa)(& a8
All derivatives are evaluated at Eij‘X*'
- o
- Since variations in d&j A PP u? + fu, may be treated as

variations in Atij’ Aug and denoted by Gei Gui we see that the

J”
corresponding variation in F 1is

= : * - a - A.
&F J qijéeijdV [ F,6u.dv , j P;qu.ds

\J v S_
- P

_ 32f ‘ C32%f
———— e .. F e av
¥ f {ae..ae fey; 3¢ Axa) Sks,

X
K 13 k& k&t o
- f AFiéuidV - J APiGUidS »(7)
v S
P
We require that &F = 0 for arbitrary variations Geij’ Gui such that

Agij + 5gi., Aui + aui are kinematically admissible. But we know that
the first set of terms within square brackets vanishes for such variations
since it gives the first variation of the free energy of the system at

fimev>t = t. (See equations 86 - 89 of chapter 1). - That the sum of

the remaining terms vanishes implies that

po_ { (L2 | ks S
Ut = [ {—-—————e—— Ae;:bey , * T Be..Nx |dV
4 2 aEijBEkz 1] kg« 3€ija)(a 1] q. .
- IAFiAuidV - f AP, bu.dS ", : (8)
v : S

P



is stationary with respect to variations in the kinematically admissible

1]

le, ., Aui with qu held constant. Due to the convexity of f(eij,x'),
> | h a
UP takes its least value when it is stationary. Since '

RV S
94f + 9<f

ho,, = 2T Be = bx (9

1] d9e. .d¢g ke - d€e.. 0% X

1] ke | ef. x# i * * «
j R 3 et %
it is readily established that UP is stationary if and only if
‘éAci{ -
1l s AF. = 0 over V |,
dx. 1 _
J : | | (10)

Ao..v. = AP, over S .

1] 1]

These equations are the incremental equilibrium equations. Equation 8
is the incremental form of the kinematic minimum principle obtained by

‘Colonetti.

 In order to complete the solution of the incremental problem we need
to ascertain Axa. Returning to equations 60a and 64 of chapter 1 we see
thgt in their incremental form they give Axa as a function of ¢(Xé) ~and
Ae... Substituting for Axa from the incremental form of these equations

~into the second set of terms within square brackets in equation 7 we see

that
| [ 92f 39_} [ 22f 39, }

a2f Beijaxa BXQ : BekQBXB BXB kg
Se e Mg T Se ;9

v 1%k [ 32 34 36 }, -

3y, 9X_ 09X
- axa XB a B _
- J AF.8u.dvV - J AP.6u.dS = 0 , - (11)
1 1 1 1

v S

P

where the term in square brackets is included if and only if

Y : .
o 32f 3¢
?(Xa)» 0 and aeijaxa 5X Aeij < 0. o | (12)
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We may readily establish that equatioﬁs 11 and 12 imply that the

incremental solution is given by the least value of

s

R | A — | A . : »
W (Aeij)dV AFiAuidV APiAuidS | (13)

\Y v " S
p

with respect the kinematically admissible Aeij’ Au, where

, . ‘[. 32¢ .13¢ Ae
a2 o 5. t3e..9x. . 3X. TTij)
i3%€kg 4 '[‘azf 3 'a¢;]
' X X
axaaxs 3 a 3 8
.wﬁen d(X*) = 0 and 3% 3¢ Ae.. < O
o d€..9x 90X 1] ’
ij *a a
and
2
WP = %-éi—-i—-—Aei.Aem , (14b) -
€ij%Fkg Y '
otherwise..
‘Alternatively, using equations 64 of chapter 1 and equation 9
wb = l-AU..AE.. : (15)
2 iy i ’ _

where Aoij is the stress increment associated with Aeij through  the

constitutive relations.

This result is the classical incremental theorem given in the form

of Greenberg (19493, 1949b).

We now make use of the minimum principle given in equation 65 of chapter
1 in order to obtain Axa(¢,Aeij). It is seen that

W= L 3Tf ac ae, 4 min.{p@)} (16)

2 aeijaekz ij kR

subject to A > 0 if ¢(X}) = 0, A = 0 if ¢(X}) < 0.
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. ﬁ?

Alternatively
P, =p _ 1 " 32f .
W' < W = ot A, e, + P(A)
: 2 aaijaekl 137 ke v
1 g2f ""82£ ‘.é¢
= 5 0 Qe .Ac + Ae. .2
2 .. k . -
BglJBERR 1] 2 BeiJBxa BXa 1j
©13%fF '-a¢” 2 ' -
+ _ A (17)
V] ,
axaaxs 3Xa BX8
subject to A > 0 if $(X*) = 0 and A = 0 if ¢(x;) < 0.
wo= @ when A takes its correct value for givén ¢(X;) and Aeij.
We define
P = f ﬁp(Ae..,A)dV - f AF . Au.dV  ~ J AP.Au.dS . A ' (18)
ij it . i1 v
v v S
S
For any given field Aeij(xi) we see from equation 16 that
> (19)
subject to A > 0 if ¢(X) = 0 and A = 0 if ¢(X) < O,
W = W if we minimise W° with respect to A  subject to these constraints

~in a pointwise fashion throughout the body. We may then further assert
that the incremental solution is given by the least vaiUe of TP with
respect to kinematically admissible fields Aui,' Aeij and with respect to
A subject to A > 0 if ¢(X;) = 0 and A = 0 Iif ¢(X;) < 0.

This is the extended minimum principle given by Martin (1975a).

2.3 The static incremental theorems

Again, consider the problem of a body of time-independent plastic

) subject to small isothermal deformations

with time-dependent body forces Fi(t) over V, tractions Pi(t) over Sp,

material of volume V and surface §

and displacements Gi(t) over Su.v Let the displacement field over V be

ui(t). We use the stress and internal variable fields cij(t) and Xa(t)
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over . V to describe the state of the body at time t.

Evideﬁgly.we may apply the Gibbs energy minimum principle at t = t

As we have seen in section 1.4, this allows us to calculate the state

of the body provided the constrained internal variable field is known.

We will assume that this is the case and that xa(to) = x; over V.
From equations 101 of chapter 1, the stress field Uij(to) = Q;j satisfies
' .'_ao’i*j - v
st Fi(to) = 0 over V , (20a)
J
* = > ' -
Gijvj Pi(to) over Sp . _ (200b)
The strain field
e¥, = oh
1] 00 i ox. 2
. oij’xa
and the displacement field ui(to) = u; satisfy
1 Bu; ,_aug
% = = |e—— —
i3 2 [8x. * ax.] over V.,
j i
ut o= g, . | | 21
ul ul(to) over Su v (21)
- The internal forces
x* = Sh_
@ 2% o¥. x*
ij,*a
must satisfy the limit condition ¢(X;)‘ < 0.
We now consider the (new) system at time t = to + At where At

is small, The imposed loads and displacements have been increased by
small amounts Afi = éiAt, Aﬁi = éiﬁt, Aﬁi = éiAt. Let the increase
in the displacementvfield over V be Aui. We represent the state of
the new system by G;j + Aoij and x; + Axa. The dependent variables

become €. + Ae.., X* + AX .
ij ij o o



36.

Clearly we may apply the Gibbs energy minimum principle to this mew

system and assert that

-

. . . B _ . . . .
H I h(cij + Acij,xa + Axa)dV f (Gij + Aoij)vj(qi + Aui)dS‘, (22)
\' , S

u

must be a minimum subject to the constraints

axj (Cij + Aoij) + Fi(to) + AFi = 0 over V, . (23a)
* - _ ~ ”~

(Uij + Aoij)vj Pi(to) + APi ovgr~ Sp , (23b)

X; * b, is fixed over V . (23c)

Noting equations 20a and 20b and that X; is fixed, equations 23 imply

SR ¥iVo P -~ :
1] =
Yoy + AFi = 0 over V , (24a)
; .
Ag..v. = AP. over S_, : (241b)
1] ] 1 P : .
ax, 1is fixed over V . ' . . . (24¢c)

An incremental stress field satisfying equations 24a and 24b will be termed

statteally admisstble.

We note that to second order we may put

X+ .. * 4 : = R .. —_—
h(cr1J AclJ,_xa Ax,) h(olJ,xa) 07 bogs * . AXy,

o g

* i’aoa 0. 801380y, aoa 2 ho; 58X

ii%%g M ii%% e

132 | ' '

+ e —— . : .

7 3%, 0%, Ax g (25)

*

All derivatives are evaluated at Uéj’ X+



Since variations in -Qij.+ Aqij may .be treated as variations in

Agij and denoted by 'dqij’ the corresponding variation in -H is

- % 850..dV - | 4. 6o .v.
SH f elJ 601J vV I uLGO“lJdeS
| V Sy
32h 3% }, -
+ [ ( - A + - - Ay |60, AV
! 30..aok2 1] Bckzaxq af k&

We require that &H = 0 for arbitrary variations

.;‘ such that
1]

(26)

Acij + Goij is statically admissible. But we know that the first set of

terms within square brackets vanishes for such variations since they give

the first variation in the Gibbs energy of the system at time

(See equations 97 - 100 of chapter 1), That the sum of the remaining

‘terms vanishes implies that

2 a2
v o= I (%5'&’3’7}31'6'_ fo Aoy, + -a-d—a_;-‘-— Aoi.Ax'Jdv
i3%% 13 ij%%a 1

v

(27)

is stationary for variations in the statically admissible Aoij with Axa

held constant. Due to the convexity at constant Xq of h(cij, Xa)’

. c . v ..
(see section 1.3.3), V takes its least value under these conditions.

Since

32h * 32h ,
be,. = ———i Ao, |+ Ay
ij 30, .90 x % kL 30, .0% Xo

1 kl g%, y -1 ’f. *

J 1J,XG - 1 clJ,Xa

it may also be established that v s stationary if and only if

1,.8Aui ..BAuj )
Aeij = 5 5"}'(—-— + au} over V ,
] 1

(28)

(29a)

37.



Aui = Aﬁi over su . N _ : "~ (29b)

These equations are the incremental strain-displacement relations. Equation
.27 is the incremental form of the static minimum principle obtained by

Colonetti.

In order to complete the solution of the incremental problem we need
to ascertain X, Returning to equations 60a and 68 of chapter 1, we
see that in their incremental form, they give Ay, as a function of ¢(X;)
and Acij. Substituting for By from the incremental form of these
equations into the second set of terms within square brackets in equation

26 we see that

[ 3%h 3¢ }' [_ 3%h 3%, J
_ ( 32p ackgaxa axa acijaxe BXB 1]
50, 30, 91y 69, 44V
v i ke [ 32h B¢ 3¢ I
ax. 39X aX.|.
| 3Xa XB o B
- J 83,80, v.dS = 0, : : S (30)
A A

where the term in square brackets is included if and only if

32h 3¢
5o % 3% L% > 9 | (D
ij" %o o

* =

v¢(Xa) 0 and
We may readily establish that equations 30 and 31 imply that the incremental
solution is given by the least value of

e c ~

V' = J Q (Aoij)dV - J AuiAcijvde R (32)

\' S
u

with respect variations in the statically admissible field Adij,-where

. 2
[ 9%h 3¢
: 30 .9X X AUi_i
= Fw a0 ik T 3T (332)
i3k M ‘[132h 30 3¢ ]
) axaaxs BXG BXB

when -¢(X;)~ = (0 and
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en

3’h 24 Ao

ag.. > 0
.. X S ?
aclJaxa 9 o 1]
and
c 1 32h" : B :
Q B e m——————— Ag. .Ag ’ (33b)
2 aO’ijaO'kQ 1] kQa )

otherwise.

Alternatively, using equations 68 of chapter 1 and equation 28

c 1 -
@ = g bojjheqg s o (34)
where Ae; is the strain increment associated with Aoij through the

constitutive relations.

This result is the classical static incremental theorem given in the

form of Greenberg (1949a, 1949b).

Returning to equation 69 of chapter 1, it is seen that for a particular

, Adij, the value of A which satisfies the limit condition maximises

— 1 . 32h 32h 3¢
Q (AG.:4A) = 5 —— A0, .AC + AG . . A
. 2 .. ..
1] , aolJaokQ 137 kR 301J3xa axa 1j
FETIRE
+ = A ’ (35)
2 X X ’
axaaXB 0 o g B
subject to A" > 0 if ¢(X;) = 0, » = 0 if ¢(X§) < 0. It

follows that for any particular field Ao{j(xi), the field X(xi) which

satisfies the limit condition at each point maximises

< 1 = ey ' - -~ K] : o
v (Acij,k) J Q (Aoij,A)dV [ AuiAcijvde s (36)
v S
u
in a pointwise fashion throughout the body subject to A > 0 if ¢(X;) =
XA < 0 if ¢(X§) < 0, Alternatively, let x(xi) be associated with a

particular field Ac{j(xi) through equations 68 of chapter 1. Then

—c ' , e . i
Vv (Aoij,A) < V-(Acijzl) s . (37)
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for all ) subject to A > 0 if ¢(X;1, = 0, 2 = 0 if ¢(x*1;< 0.
T - o : ) o
Returning to equation 27, it 1is seen that for a particular field -
Ay'(x.) = Mx. . . '1. ) S . o
| Xa(xl) ,K(xl){3¢/3Xa}, the field Aolj(xi) which satisfies the
incremental strain-displacement relations (equidtions 29) minimises
VC(Aoij,k) with respect to statically admissible fields Aoij.

Alternatively
—c =C =
v (Aoij,X) < v (Aoij,X) , | (38).
for all statically admissible Agij
. . 1 ' 1 = t, -
Thus if the fields Acij(xi), Axa(xi) A(xi){3¢/8Xa} where

8¢/3Xa is evaluated at X;, are the solution to the static incremental

problem, then from inequalities 37 and 38 we see that
=c,, _ =c -
v ('Aoij‘,/\) < ¥V (Aoj!.j.,,\!) < ¥ (Ac“ij.,}\') s (39)

for all statically admissible fields Adij and for all fields A
satisfying A > 0 if ¢(X;) = 0, A = 0 Iif ¢(X;) < 0,

The solution to the statically formulated incremental problem thus
. e _ . o =C . P .
satisfies a minimum-maximum principle; V 1s minimlised with respect to
the statically admissible stress field Aoij ~and maximised in a pointwise

fashion with respect to the partially constrained internal variable field Axa.

2.4 The rate theorems

All the incremental theorems discussed in this chapter may be reduced
to rate theorems. The functionals which we have obtained are all homogenous
and of degree two, and so may be divided by (At)Z?. In the limit as At - 0

L] - L ]
we recover rate theorems in terms of (Eij’ Xa) or (o..

i3 xa)-

o A A
Let the body be subjected to load rates Fi over V, ﬁi over Sp and
displacement rates .éi over Su' It is assumed that the state of the body

is known. !
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The extended kinematic rate theorem states that the response of

. : . . N i » 3 M
the body, i.e. the strain rate and internal variable rate fields eij(xi)’

4_@7)

Xa(xi) = A(xi){3¢/BXa}, are those that minimise 193, i})
2
N N SR X R R I T N L R T I Tf
U = ! [— ——— £, .E + €..0 + = dv
0 ..a .. 4 . 7 i
li A 2 oelJ €y 11 k& aelJaxa BXQ i 2 3xaaxs BXa axa
. i o
Fiu.dv - P.u.ds , _ | (40)
\ S ‘
p

with respect to the kinematically admissible fields Gi’ éij .and with

respect to A subject to A > 0 if ¢(Xa) = 0, A = 0 if ¢(Xa) < 0.

Alternatively the extended static rate theorem states that the response

of the body, i.e. the stress rate and internal variable rate fields 6ij(xi)’

CINES A_(xi){awaxa} are those for which
v 9% S N Y 132 i
"o J [% 30"3 }Z;c 9i3%s T aca : 23 o A -;- aa ;‘ gi gi Az]dv
- J uicijvjds . @)
S ,

u

is minimised with respect to the statically admissible field .&ij and

maximised with respect to A subject to X > 0 Iif ¢(X&) = 0,
A= 0 if ¢(x) < 0. |
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Chapter 3., An algorithm for the application of the extended static

"“incremental theorem to 4 pin-jointed truss

o

‘3.1 ‘Introduction

When applied to a structure whose state can be represented by a
finite number of vériabies, the rate (or incremental) theorems of
chapter 2 become programming problems. Martin and Reddy (1976) have
applied the kinematic incremental theéorem to a general pin—jointed truss
and have suggested an algorithm for the solution of the ensuing programming

problem.

In section 3.2 we formulate the extended static incremental theorem

- for a general pin-jointed truss, and in section 3.3 apply an algorithm similar
to that of Martin and Reddy (1976) for the solution of the minimum—maximum’
problem. In section 3.4, in order to illustrate the algorithm, two

numerical examples are discussed,

Examples of the use of the conventional static rate theorems for such
discretised structures may be found in the work of Sayegh and Rubinstein (1972)

and Hodge (1973).

3.2 Application to a pin-jointed truss

To illustrate the use of the extended static incremental theorem,
éansidef an assembly of pin-jointed, inelastic, time-independent bars,
External loads are applied only at the nodes, and since we are considering
small deformations, the deformations (extensions) of the bars are related
linearly to the nodal displacements which are defined in a Cartesian co-
ordinate system. It will be assumed that certain of the nodal displacements
are constrained to be zero over the entire loading program. The remaining
(unknown) displacements are ordered and are represented by a column vector .
{u} of say. n elements. The specified external loads can be represented

by a similarly ordered column vector {P}.

Let there be m bars, the i-th bar having uniform crossectional.

area Ai and length Ly Let its total and plastic extensions be éi and



QE respectively. We will assume that the state of .the i-th bar can be
represented by di and GE and that the free energy of the i-th. bar is
> 1 ALES . L AES b2 |

f (6i’ 6i) = 'f'—zz—«(ﬁi = di) 5 i '(di) ’ (1)

‘where Ei and Eg are constants having the dimensions of energy per
unit volume and summation over repeated indices is not implied.
A

Thus the equations of state are

- i1 (5. -s0) , ' (2)

ahd

AiE% ‘ KED |
= (6, - ) - —— D). (3)

Zi 1 1 zi

Note that if Ei ‘is the elastic modulus then the forces conjugate to the

extensions are the axial forces. N? is the internal force in the bar.

We see that the Gibbs energy of the i-th bar is

R ) | o, ALED ) :
i p _ 1711 ..p
=— () + N& 7% (6) . (4)

| p 1
hy (Ng, 82) TEE
1 1

1

The equations of state obtainable from this fundamental equation are

9h;
61 = oN.
. 1
: .
= o N + &, (5)

43,
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and
NP o= 2R
L 6P
1
AiEE. . .
= N o 61 . | (6)

In their incremental form, the general kinetic equations for time-—

independent plasticity (equations 60 of chapter 1) are

- 3 9% '
Ax, = A =X (7a)
o .
where
A >0 if ¢ = 0 and A4 = O
(7b)
A = 0 if ¢ < 0 or ¢ = 0 . and Ay < O,

and ¢ > O is not attainable,

In this example the limit surface for the i-th bar consists of two
points in the one-dimensional N? - space. We will assume them to be

+ng and -ng respectively. The limit function for the i-th bar ¢(1)(NE)

is
(i) _ P _ OP
¢ - [Nil Ni ?
and so the gradient of ¢(1)' is
. ' A >
'8¢(l) ..+1 if Ni > 0

5 { .
oy -1ie W < 0.

In obtaining an expression for AGE corresponding to equationé 7 we dispense
with 8¢(1)/8NE and replace the non-negativity comnstraint on A by a

constraint on the sign of Ac?. Thus ‘
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26 > 0 if NP = +n°P and AP = 0
-_ . 1 1 1 .
A if N? = +Nc.)P and AN?. < 0
1 1 1 1
a8 = 0 4if NP < NP < +NSP » (8)
i - i i
if N° = -N%P and AN > O
- 1 1 . 1
28 < 0 if N = NP and m° = o,
1 -— 1 1 1

and INEl > NP is not attainéble.. The incremental form of equation 6

may be used to show that

+NP and AN. > O
1 L

AP =
1 op .

= -Ni and ANi < 0, _ , 9)
Aé? = 0 otherwise.

Equations 2, 3 and 9 are the familiar equations of a bar whose elastic
response is linear and whose inelastic response exhibits linear kinematic

hardening.
The free energy of the truss and conservative loads is
_LtEE EHetE

A.E. A, ,
1 ' 2 1 2
T TRE DI R G B ORI (10)

L. 1
1 1

i
1
n~MpB

i

We may express equation 10 in matrix form by introducing the diagonal m x m

elastic and plastic stiffness matrices [S] and [sP]. The diagonal elements
p Py, :

of [S] and (S 1 are AiEi/zi and AiEi/}Li respectively. We also

introduce the column vectors {§} and {&F} comprised of the ordered

extensions \ and plastic extensions GE, the ordering being the same as

in forming B]» and [Spl. Equation 10 becomes
F o= ({6} - {"1) [S]Us} = {6"}) + {6} [s*]{6} - {u} {P}. (11)
By the free energy minimum principle, F must, at any instant be a

minimum subject to {§F} fixed and {8} and {u} satisfying the strain-

displacement relations

6 =[BT, - | (12)
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¢

where [B] is the deformation matrix. Equation 12 gives the bar

extensions in terms of nodal displacements as we assumed above.

It is readily shown that F 1is a minimum under these circumstances

if and only if
_ T ) . v
{r} = [B]"{N} , | (13)

which are the equilibrium equations for the system. In its incremental.
form equation 13 defines the relation between statically admissible load

increments and stress increments.

Now, if at any instant the state ({N},'{Gp})a of the truss is
known we may calculate its response ({4N}, {4&P})s to a given load
increment {{aP}, by using the extended static incremental theorem of

chapter 2.

Using equation 4 it is seen that V® (defined in equations 35 and

36 of chapter 2) is

=C ; : P . 1 2i 2 P ) lAiEi P\2
V- ({aN}, {As7)}) = iil 5 K;ﬁ‘: (ANi) + AN A8 - 7—-2-1—- (86)%1. (14)

The constraints on qu in the extended static incremental theorem of

chapter 2 are weaker than in equations 7 and are as follows

AX(! = A ﬁ— > . ) » (153.)
a .
where
A2 0 if ¢ =0 : (15b)
= 0 if ¢ < 0.

These become, in this example

b > 0 i W o= P, | o (16a)
'Aaz = 0 if —Nci)p < NE‘ < +N2p' . _ : (16b)"
pef < 0 if W o= NP (16¢)
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We seek 4{AN}*,?{AGP}* such. that

=C,, . S  —e o 4 ‘g - o

VO(LaN} A, {a6P) < TOUANYE, {asP10 < TE(aNY, {asP1h - (7}
for all {AN} subject to
. T. - '

{aP} = [B] {aN} |,

and for all {asP} satisfying equations 16,

We include the constraint that {AP} and {AN} are statically

admissible by introducing a Lagrange multipliers uy represented by the

column vector {u}. For fixed {AGP}*, the requirement that

Vc({AN},'{ASP}*) should be a minimum subject to
S T '
{aP} = [B] {aN} |,

is expressed by requiring that for fixed {AsP}*,

it

WS (AN}, {AsPI*, {u}) T°({an}, {a6P1%)

+

Taey - [B]Ttawh a8y

should be stationary.

Since {yu}({AP)

[B]T{AN}) is independent of '{Aép}, from
equation 17 we may write

WEANI*, (aePY, W) < SR, (88T, (A, (19)

—

where ({AN}#, {A6P}*, {u}*) 1is the solution to the problem and Aﬁ?

satisfies the constraints in equations 16.
Combining equations 18 and 19, the solution we .seek is that for which
we = VOaN}, {a8P)) o+ {u} 2P} - [B]{aN}) , (20)

is stationary with respect to variations in {AN}, {u} ' and a maximum with
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respect to variations in {4&P} satisfying equations 16.

We may ;ut the expression for VC(IAN},'iAﬁp}), (equation 14), in
matrix form by defining the m”x'm diagonal matrix [C] ‘with terms on
the diagonal given by zi/AiEi, the ordering being the same as in “{4§}.
We note that [C] = [S]'l. Remembering that [Sp] is the mxm

diagonal matrix whose diagonal elements are AiEE/Zi,
Sl Te T P 1 py '
Vo= SN [Ny ¢ {aNyT{as®} - 2 1asPY[PTrasP) . (21)

Equation 20 may be simplified if we introduce the combined column
vector {AN : ﬁ : 46P) made up of the m elements each of '{AN}V and
{06} and the n elements of A{ﬁ}, and the combined column vector

{0 : AP : 0} made of 2m zero elements and the n elements of [AP}.

Equations 20 and 21 may therefore be written

W= Lfaw sy s a6PYT[AlON s s a6P) 4 (N iy adP¥TO i aR s 0}
. (22a)
where [AJ is the symmetric (2m + n) x (2m + n) symmetric matrix
given by '
[c] | -[e] | [1] :
[al = |-[e]") [o] | [d] : (22b)
T s e . . »
[x] « [o] -[s"]

in which [I] is the identity matrix.

We may interpret the Lagrange multipliers {u} by noting if the

first order variation in W- is zero we have

[altan : w & 48P} = {0 : 2P : 0} , | ' (23)
* of which . one set of equations is

tc]{AN} = [Bl{u} + {asPy = o ;

‘or

{asy = [Bl{u} . | (24)
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Comparing equation 24 with equation 12 it is evident that when W = 1is
stationary

u} o= fau), . - (25)

giving the nodal displacement increments.

3.3 'An algorithm for the extended stati¢ incremental theorem

In applying this theorem we make use of an algorithm similar to that
used by Martin and Reddy (1976) for the extended kinematic incremental

theoren.

Let us consider a generic incremental problem in which {N}, {6P}

and {AP} are known. We consider

W o= % {AN : y @ ASP}T[A]{AN sz A6P) + AN : u oz ASPYT{O : AP : O},
. ) (26)

and seek '{AN}*,'{ﬂ}*,'{Adp}* such that W° is stationary with respect

to variations in {aN}, {p} and a maximum with respect to variations in

AG? such'that

e > 0 if NP o= NP | (27a)

a6 = 0 if -NPP < nD < an(P (27b)

aéP < 0 if N = -N°P | - (27¢)
1 -_— 1 1

in‘which ’

o AiEli’ .

L s v IR S

: |

' . . . —c . s
As we have seen, the unconstrained stationary point of W  satisfies

[A]{oN : 3 : 48P} = -{0 : AP .0} . ' (29)

49.
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A priori knowledge of which of the ng's' were constrained at
zero would enable us to delete rows and columns of equation 29 and solve
the remaining equations to obtain the solﬁtion. The foilowing algorithm
enables one to make a guess as to which _Aﬁg's _are constrained at zero

in terms of the solution for the previous guess.
Referring to equation 29:-—

(i) We identify those bars satisfying lNgl < sz to which
we assign AG? = 0.

(ii) We assign’ AGE # 0 1in all remaining bars, i.e. for which
NPl = nOP,
i i

(iii) We eliminate rows and columns of equation 29 corresponding to

the elements of {A&P)} which have been set equal to zero.

(iv) Solve the remaining equations for ‘{AN}, {u} " and the supposed

non-zero elements of {Adp}. ~This 1s a trial solution.

(v) To check the trial solution we consider each bar for which

|N?l = sz.' From equation 9, the trial solution is correct if
Y
AN. < 0 if NP = +Nc.)p
i i i . P
. 1f Aéi was assumed to be zero
AN, > 0 4if NP = -N°P |
i i i)
as? > o0 if nP = +Nci’p ]
. b ! Cif Ad? was assumed to be non-zero
as? < o0 if N? = NP |
i = i i)

(vi) 1If these checks are satisfied the solution has been found. If
not, for bars satisfying |NE| = ng, we modify the choice of which bars
have AG? # 0 and return to step (iii). If AGE was assumed to be
zero and ANi has an incorrect sign it is now assumed to be non-zero..

If AGE was assumed to be nom—zero and has an incorrect sign, it is now

assumed to be zero.
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pas

3.4 Numerical examples

3.4.1 Three bar truss

To illustrate the use of the algorithm we consider the three bar

pin-jointed plane truss in figure 1ysubject to load components (P, Q).

0,5

(3,4)

'Figure 1. 'Three bar plane truss

Cartesian coordinates are given for each node. All bars have

zi é 5 metres

Ay

TF < 0,25 x 10°™% m/kN
11

AiEg -

Z = 1 x 10% kN/m
i

N‘i’p ‘= 200 kN.

The numbers in circles next to the bars give their ordering. The node (0,0)
is the only unconstrained node and its displacements are (u,v). The

relations between bar extensions and nodal displacements are
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& = -(3/5u - 45y
s = | (30)
55 = (3/S)u - (4/5)v .
Hence )
-0,6 -0,8 _
[B] = |-1,0 o |. o (31)
0,6 -0,8 '

The matrices [C] and ‘[Sp] . are

0,25 x 1074[1]

[c] =
(32)
[sP]= 10%[1]
where [I] is the identity matrix.
From the expression for [AJ (equation 22b),
e
0,25 x 10~ 0 0 { 0,6 0,81 1 0 0
)
0 0,25 x 1074 o : 1,0 0, 0 1 0
0 . ___0___ 02x107"%1-0,6_ 08} 0 _ 0 __0_
_ _ | t »
[A] _ 0,6 1,0 0,6 | 0 0 ‘ 0 0 » 0
%8 _____6_____068__1_6_06 o __ 0 __0_
1 0 0 o0 :—10‘+ 0 0
0 1 0 I o ot 0 ~-10% 0
|
0 0 1 i 0 0 : 0 0 -10"
- -




Consider the proportional loading program shown in figure 2, Units
(m, ox kN.) are omitted.
QA

25440

384,69
318,12

O

a \/

Figure 2. Loading program

From point (1) to point (2), p = Q. At point (2) we consider the

w]p—l:

beginning of a load path for which

I - R

We begin the process at (P,Q) = (0,0) and consider an increment
AP - 1 . _ | | (35)
A 3 v

Initially NE = 0 for all bars so we set '{AGP} = 0, and delete

'the last three rows and columns of [A] in the set of equations

A . xsP : T

[A]f{aN : p: 48°} = {000-1-300 0} . (36)
We note that from equation 25

C Au
b = [AV}

‘The solution of this set of equations is



[;Nl; ' ' ‘ ~1,8860 ]

AN, -1,3158

AN, = -0,21929 . (37)
Au 0,34722 x 10~"

Av 0.32895 x 107"

This solution is valid for any increment magnitude provided all the bars
‘remain elastic, The longest possible such increment is obtained by
multiplying equations 35 to 37 by (200/1,886) = 106,04. This load

increment causes bar (1) to yield, and at this point

-
- 106,04 N -200,00
318,12 N, = -139,53
|
Ny 't} - 23,256
: (38)
u -3 13,6822 §P 0
‘ = 10 : 1
v © 13,4884 >
- 62 = 0 .
p
63 L0
Now we continue to load proportionally. We guess that for the next
increment AGE < 0, AN1 < 0 with all other bars continuing to behave
elastically. Thus we solve equation 36 with the last two rows and columns

of [AJ deleted.,

The solution is

EN B i
AN2 -2,7259
’ a
AN, } 0,66199 . (39)
Au | | 1,1844 x 107"
Av 0,68746 x 107"
| Aag -1,0047 x 107"
The sign of Aﬂg agrees with our guess so no iteration is necessary. The

solution is valid for any increment magnitude provided no further bars

become plastic. Considering equations 38 and 39, the next bar to do so will

be bar (2). This occurs for an increment giVen by multiplying equations

54,



35, 36 and 39 by (200 - 139,53)/2,7259 = 22,183,

After such an increment, adding the results to equatidn 38 we have

P 128,23
K 384,69

~222,29
~200,00
~8,5714

i - [ p ] ; T ]
wl o g |6,3095 0 | 2,2286
v - | 5,0000 p

(40)

1073 0 .

85 0

- -

Continuing the load path we guess that bars (1) and (2) deform
plastically, while (3) remains elastic. Thus we delete the last row and

column of [A] and solve equation 36.

The solution is

-— -

an, | | ~1,9326
ANZ -1,2411
N4 , -2,6596
v | " |
Au - : 1,9577 x 10’ , (41)
v | 1,5514 x 107"
a8) -1,9326 x 107*
Lﬁﬁg | -1,2411 x 107
and we éee that the signs of ANl, ANZ, Aﬁﬁ, Aﬁg agree with our guess
so no iteration is necessary. The largest possible increment with bar
(3) remaining elastic is (200 - 8,5714)/1,2411 = 719,77.

After such an increment, adding the results to equation 40 we have

p| 848,00 Ny -1613,3
Q 2544 ,0 ) - ~1093, 3
N ~200,00
3]
(42)
p T v
u] o= 147,22] K ~141,33
v 116,67 sl = 103 | 89,333
? |
a3f 0
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We now change the dirxection of the load increment as in figure 2

and put
AP - +2
AQ -3
It is now not clear which of the bars have AS? f 0. As an initial

_'guess, we assume that AGE # 0 for all bars, i.e, ANi < 0, AGE < 0.

The equations we have to solve are
) ' . T ,
[A]{aN : u7as®} = {000-2+3000)} . | (43)

The solution 1is

AN] - -0,30702

AN2 0,65789

AN3 11,3597

Au , 1,7361 x 107%

. e - |

Av - 0,8224 x 10 - (46
A6§ | -0,30702 x 107%

ash 10,65789 x 107"

Aag 1,3597 x 107"

L. - -
We see that the signs of AN2 and AN3 disagree with our assumption and
so we put Adg = Aﬁg = 0. Solving equation 43 with the last two rows

~and columns of [A] deleted gives

Tan,] ‘ [-0,16351
AN, 0,42835
|aNy _ - °1,5031 | sy
Au '0,48352 x 1074 .
Av 0,10709 x 10~
fai_ | -0,16351 x 10‘“_;

The signs of AN, and AG? agree with our second assumption and so

1
equation 45 is the solution.
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3.4,2  Six bar truss

A computer program has been written which uses the extended static
extremum principle to analyse an arbitrary space truss subject to
arbitrary load histories consisting of straight line segments in load

space.

The descriptive flow chart for the program is shown in figure 4.

The program was used to analyse the six bar pin—jointed truss shown in

figure 3.
z
X
-3 -3/3
(3 =50
3 -3/3
20 7

Figure 3.  Six bar space truss

Cartesian coordinates are given for each node. All bars have
£. = 5 metres

i :
_”zi X '
TE 10,25 x 10 m/kN

i1
AR

7 = 1x10% kN/m

i

sz = 500 kN.



PATH

READ NODAL COORDINATES, STRUCTURAL AND BAR CHARACTERISTICS,. LOAD

Y

A4

CALCULATE DEFORMATION MATRIX [B] . AND CONSTRUCT [A]

Z
<

CALCULATE {AP}

FOR NEXT LOAD SEGMENT

X

Figufe 4,

—{

< NP pur asP = o
o] 1

A%

v

L
<

SOLVE EQUATIONS REMAINING IN THE SET
[A]l{aN : p : 88P} = {0 : &P : O}

SATISFY ASSUMPTIONS
AS IN SECTION 3.3?

ALTER CONSTRAINTS ON
Ag? ACCORDING TO STEP
(vi) OF SECTION 3.3

CALCULATE MAX. {AP} 'SUCﬁ_THAT NO FURTHER BARS BECOME PLASTIC
AND END OF CURRENT LOAD SEGMENT IS NOT EXCEEDED

Y

EXTENSIONS

CALCULATE CURRENT BAR FORCES, NODAL DISPLACEMENTS AND PLASTIC

HAS
END OF
CURRENT LOAD
SEGMENT BEEN
REACHED?

Y

PRINT RESULTS

HAS
. END OF

NO
LOADING PROGRAM

BEEN REACHED?

Flow chart for the application of extended static incremental

theorem
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The numbers in circles next to the bars give their ordering. The node
(0, 0, 0) 1is the only unconstrained node and has displacements (u, v, W).
It is subjected to a load vector {P}, the components of which are in

terms of the same Cartesian coordinate system used to define the nodes.

We will consider the loading program shown in figure 5, which begins

at {P} = (0, 0, 0) kN, and is restricted.to the Px - Pz planeﬂ
PA
123456 (2000,0,4000)
PPPPPP
—t 44+t
123456
PEPPPE |
v-+++++ 123456 .
123456 _EEE??
EEPPPE
~+++++
123456
EEEPEE
—ttttt
1234561 123456
EEEEEE o PPEPEP o
—4+++44 S ]
N
~
123456
PPPPPP
4 et
123456
Co PEPPPE
C23asg AT 123456
PEPEPE PPPEPP
et N\ e
123456 v
EEPEPE
ot .
(4000,0,-4000)

Figure 5. Loading program
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Figure 5vaiso shows the behayioux of the truss at each stage of
the loadiﬁg p:ogrém. | Each;segment of the load history is divided into
regions within which each element of the truss remains either elastic

or plastic. For each such region, figure 5 shows the bar number;

- whether it is deforming elastically or plastically, and the sign of AN, .

- Note in the loading segment from (2000, 0, 4000} to (4000, O, -4000),

that unloading occurs in the fourth member. Units (m. or kN.) are omitted.
Initially the state of the truss is {N} = 0, ’{SP} = 0, At
P B 2000
x .
P, = 0 , | (46a)
P 4000
z

the state of the truss is

ol [ I o p'1 . u 1
N, -677,78 & -0,17778
) (544,44 68 0,044444
N, - 1388,9 ; |

- ’ s 0,88889
N, 1811,1 _ 3 ) 10
N, 1388,9 A | 11,3111
N6 | 544,44 | 6 0,88889

| P
§6- | 0,044444 |
. (46b)
The nodal displacements are '

u 1,7593

= 10 0 . (46¢)
w 0,88542

At
4000
X , _ :
= 0 , : (47a)
-4000



_the state.

v, |

Z2 = =2 =2 =
L~ W N

of the txuss is

s

o

—2964,£T
~1944 ,4
95,062
1663,0
95,062

~1944 ,4

e

The nodal displacements are

g

Finally at

4 ,2490

10

~0,81983

o

the state of the truss is

Z = oz = ==z
(S S U N

[-133,33]
133,33

~133,33
133,33

~133,33

133,33

The nodal displacements are

1,1111

1072

b p—

10

10

F;2,4642

+1;4444
0,59506
1,4777
0,59506

~1,4444

. -

—

—0,633351

-0,36667
0,36667
0,63333

0,36667

-0,36667

61.

« (47v)

(47¢)

(48a)

(48b)

(48c)



Conclusion-

We have demonstrated how the extended static incremental theorem
when applied to a truss becomes a programming problem. An algorithm
similar to that of Martin and Reddy (1976) has been shown to be applicable
for its solution. Convergence was found to be rapid but remains
unproven. The size and conditioning of the matrix [fJ makes the

method less efficient than the displacement method used by Martin and

Reddy (1976).
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Chapter 4. Exfremal‘paths‘and functions derived from thermodynamic

4.1 Introduétion

The development of bounding theorems in plasticity~(see; for
example, Martin (1966a, 19666), Hodge (1966), Maier (1969a, 19695))
introduced the problem of determining bounds on work and complementary
work for deformation along strain and stress paths where only the initial
and terminal values are known. The bounding problem can Be‘precisely
defined as fbllows, for both time?independent and time~dependent |

plasticity.

{ : .
Consider a homogeneously strained element of material of unit volume.

Small, isothermal deformations are considered, and the strain and conjugate

stress tensors are denoted by eij and dij respectively. The element
is subjected to some (unspecified) strain history gij(t), 0 < t <& T,
subject to an unstrained (and unstressed) initial state eij(O) = 0 and
a given terminal strain eij(T) = Eij' The associated stress history 1is
oij(t), with oij(O) = 0. The work done in deformipg the material
element in the period 0 < t < T is
T .

W) = J 055 (0) éij(t)dt . | o | (1)

0

We seek a work bounding function W(Eij) such that

LICERR (O | - (2)
for any choice of eij = gij(T) and any choice of eij(t);

Similarly, we may impose a stress path oij(t), with gij(O) = 0,
oij(T) = Egj, with an associated strain path eij(t). The complementary
work done in the period 0 < t < T is

' T .
Q(oij) = j eij(t) oij(t)dt T _ _ , (3)

0
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We seek a com_plementarg‘uz_ork bounding function B(Eij) such that

Y@ 2 aG@ | - @)

for any choice of E}j = qij(Tz and any choice of Qij(tl.

Work bounding functions for several models of materials obeying
specific constitutive equations have been derived (for example, Martin
(1966a, 1966b), Hodge (1966), Martin and Ponter (1966), Maier (1969a),
Soechting and Lance (1969). The problem has also been discussed in
a general context by Ponter (1968, 1969) and Ponter and Martin (1972).
In this latter appréach the concepts of a minimum work path and a
- maximum complementary work path for given terminal strain and stress
respectively were introduced. We then define the minimum work function
Wé;ij) as the work done along the minimum work path, so that v

, T _
WE.) = mip-.'iw: = i 0358554t fe(0) = 0, e (D = € } (5)

ij ij ij €1

Similarly the maximum complementary work function ‘EG;ij). is the work

done along the maximum complementary work path, so that

T
=~ g . . | - )
Q(qij) = mag.{n = f Cijoijdt : O'ij(o) = O’ Q\ij (T) = oij)’ (6)
Evidently
WE;p < Wy, o) 2 el | (7

"and the minimum work and maximum éomplementary work functions are work and
complementary work bounding functions respectively; indeed, they are the

optimal choices for the bounding functions.

On the assumption that the material. is stable in the sense of
Drucker (1951) (see Ponter (1968, 1969) and Ponter and Martin (1972)),
several interesting properties of W and @ were found. The functions
are both convex, and are potential functions in the sense that the derivative
of W with respect to strain gives the terminal stress for the minimum work -
path, and the derivative of § with respect to stress gives the terminal

strain for the maximum complementary work path. Further, the minimum work
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path maps a path in stress space,which,is the maximum complementary work
path for that terminal stress. These results indicate that W and .
can be consiaefed as the strain energy and complementary energy of a

hypothetical, stable elastic material which bears a special relation to

the plastic material.

In thié chapter we present an alternative and more general approach
to the determination of bounding functions, based on the internal variable
model of plasticity. In section 4.2 a lower bound ¥ on the work W
to a particular strain Eij is obtained and its potential nature
demonstrated. In section 4.3 an upper bound 5 on the complementary
work Q to a particular stress E&. is obtained and its potential nature
demonstrated., The duality of % and 5 is also discussed. In section
4.4 the convexity of W is proved and in section 4.5 the conditions that
¥ oand 8§ are physically attainable are given., Finally in section 4.6
a generalised Maxwell model for non-linear creep in metals is considered

as an example,.

In all cases the essential property we will require is the convexity

of f and D.

4.2 The work bounding function

We assume that at time t = O the material element is undeformed
such that eij(O) = 0, -Xq(O) = 0. Consider isothermal quasi-static
deformation denoted by the strain path gij(t) over the time period
0 s t < T. The work done by external agencies as the element is

deformed along this path is

T _

W = Jcij(t)aij(t)dt . | ) (8)
0

We introduce a terminal strain constraint gij(T) = E&j’ and seek

.a lower bound on W. From equations 32 and 55 of chapter 1 we see that

. o

f(Eij, xq(T)) + I Xg(t)ja(t)dt (9a)
0

C - T

£, x (1)) + f D(Xdt . | ~ (9b)

]

W

]

1]
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It is clear that the functional W .depends on .Ei. and the history
R i) _ B

xq(tl, fo.we.put
W= W(Eij, xq(t)) . ' : _ (10)

We choose to bound W 1in two steps. First we adopt an arbitrary

”~

terminal value xd(T) = X, and seek the internal variable history
Xa(t) which gives the least value of W subject to X&(T) = Xy

We define
% ., %) "= mi . "—..> ' : . . 1)
W(elj, X2 min {_W(elj, X (E)) : X, (T) xq}‘. (11)
Secondly we seek ‘ia such that W(Eij, Xa) is a minimum and define
w(elj) =  mln. w(eij’ Xa) . . (12)
We are then assured that
1]

HED < WELL 1 (o) - I (13)

Consider two internal variable paths x&(t) and xg(t) satisfying

] —_ "' —
%o (0) = xy(0) = 0
(14)
' = 1 =
xq(T) Xg (T) Xq
f(gij’ Xa) is not affected by such variations and so
= - 1 - = 4] . : ’
W= WG, X)) - WGEL X)) (15)
T
= J [D(i&(t)) - D(i;(t)) dt . : (16)
0 - | |
Now the convexity of D(i&) is expressed by
D) = DGM < -|. & - XM . | (17)
o o’ = X |y Ta a _
. al x o
' a
If i& = 0 and aD/aia is discontinuous (multivalued) at ia = 0,

equation 17 is valid when aD/aia takes any value associated with ia = 0.



Thus

. T ...
) aD . . (] . |
s [B] Gee - e (18)

Integrating by parts and>using equations 14,

T . .-
d_[ap
W - — | =———
o= J dt [axa
0

Now let X&(t) be the path for which W 1is a minimum subject to

. (x'(t) - x'"(t))de . (19)
x&(t)} * a |

equations 14. We require for all other paths (x'"(t)) that AW < O,
1er pat o =

From equation 19 a sufficient condition that this is so is

.}"'0, ' o Qo)
X, (€

which is satisfied for all materials if

a [aD
dt {3%

.' - —9-
Xq (£) T , (21)
a constant.
If BD/Bia is discontinuous at ia. = (0 and we are considering
X, = 0, the positive-definiteness of D(ia) ensures that the least path
is one for which ia = 0..
Thus
T -~
~ ~ ~ ! Xa
W(ElJ, Xa) = f(elJ, Xa) + J D-T— dt
0
— -~ | ,Xa
= f(eij, Xa) + TD[TrJ K 22)
We now seek i; such that
N - ~ - —
W(eij) = W(eij, xa)
< W(e.ij, XOL) . . (23)

67.
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~ -~

Consider two end points X& cand  y'".
. - / I ¢

~ ~

= - 7 At - T hu‘
AW W(fij’ Xg) W(fij’ xa)
. oA N o - ;Y . . f\n )
= = 1y~ = "y Zof - plie
f(eij”Xaj f(eij, Xa) + »T{D(T J D[ﬁ }} . (24)

First we assume

is well defined. From the convexity of f(ei.; x ) and D(ia),

i’ Mo
t "
- of " “u . 3D Xa - Xy
— - + i — e .
AW < |z o Xq Xo) T 8%, |2 T T (25)
iy, Xa Xa
T
D ~ A
= (i‘fl_ - o J x; = X (26)
2 x! Xo f x! ¢ ¢
ij’ *a “a
T
Now if x! = };, the end point for which W ‘is. a minimum, we require

for ali other pointé (X;) that AW < 0. A sufficient condition that

this 1s so is

le - v arle o | | (27)
ol egse Xy a 331
T
Second, if x& = 0 and aD/aia is discontinuous at id = 0 we
consider equation 24 with X& = 0. We have
. | " |
MW o= f&..,0) - £(E.., x") - TD|=> . ' (28)
ij? ij? *a T
From the convexity of f(eij, Xa)’
Rl
o< - 25 x" - ID[=2
- axa T 0 o T
ij?
;u

A e B
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o

where we use the definition of Xa. Returning to inequality 72 of

chapter 1, we see that

~

b

Xll . " B B .
al - Xy _

~

for all x; if Xd(E}j, 0) lies inside or on the limit surface

(time-independent plasticity) or the yield surface (viscoplasticity).

Thus if (BD/aia) is discontinuous at ‘i"v= 0 we choose 3;‘ = 0
. - Lo - a4 ., @
1f Xﬁ(eij’ 0) lies inside or on the limit or yield surface. In all

other cases equation 27 applies.

We may now define

G - £G, T+ mf o (31)
iy = flgy x) T| |

and we are assured that provided i; is chosen according to equation 27
(or, where applicable, equation 30)

T

€ < C o= : |
WE) < W foijmeij(t)dt , (32)
_ 0
with €., =¢€,.(T) fixed.
ij ij
On considering variations in Eij and using equétions 31 and 27, we
note that
- §D(X /T)y 6X
8 — _
i 6T, + o . 2 © e, (33)
i e, %, “alT.., % sxym ) se,, i
ij’ “a ij’ "a a 7 ij
= X 8e, .
e, . | — - ij
1] Eij’ Xy
=05 Geij . . (34)

The stress .Eij is the stress associated with the state (Eij’.ia)'

This result is valid when ia = 0 and GD/SiV is discontinuous at

x. = 0, since in this case
2o



= 0. - - 35

Equation 34 is sufficient to establish that ﬁ(;&j) is a potential

function relating E}j and E}j where

q,. = : _ - (36)

4.3 The complementary work bounding function °

Consider an element of material subject to a stress path oij(t)

with Qij(O) = eij(O) = xa(O) = 0 and a terminal stress constraint
Gij<T) = Eij' The complementary work done along this path is

T
0 = J eijcijdt . . (37)

‘ Y
We seek an upper bound £ on @,

In order to compute § 1in the internal variable framework we

recall equations 37 and 55 of chapter 1. We see that for the imposed

terminal constraint o¢..(T) = o..,
1] 1]
rT
R = h(gij, X(I(T))' - " Xa(t)xu(t)dt (38a)
' 0
rT
= h(oij, Xa(T)) - | D(xa)dt . . (38b)
Thus the functional & depends on.the terminal stress Eij and the
internal variable history xd(t). We put
@ = 2@ (0 . | (39)

As in the previous section for W, we bound § 1in two steps.
First, for an arbitrary terminal value Xa(T) = xd, we seek.the
history x&(t) which gives the maximum value of £ subject to

A .
XG(T) = Xg We define

70.



71.

Q(Gij, xq) = max. {quij,_xq(tll :_Xq(Tl, = ‘X@} ? . (40)
Secondly we seek. }; such that Q(E}j, X ) is a maximum and define

¥G..) = max. {96, b | (41)
, - ij’ %o .

We are then assured that

L) .. )) . . _ 2
GG 2 9@, x, (e (42)
The first part of the bounding problem is identical to the problem posed

and solved in equations 14 to 21. Hence we define

~

Q T x [ L (43)
@ = nGx) - TD{T—J . | |

We now seek }; such that

Q(O—IJ’ Xa)

4@

Q(Eij, X,) - ‘ (44)

{v

~

Consider two end points X& and x"..
a

~

_ A' _ ~ _ " 4
Q(Uijs Xa) Q(Cij; X(I) ( 5)

AQ

— T — T Xy ' Xy |
h(cij’ Xa) - h(oij, Xa) - 'T{D[T—] - D(T~}} K (46)

First we assume

is well defined. As discussed in section 1.3.3, the convexity of
f(eij, Xa) implies the concavity at constant Gij of h(oij’ xa).

Using this property and the convexity of ‘D,



- ) A.v An i
O N A D e | ;)
- X, 0T 1 e "o 3 |5y 4T - T :
.oy X : . al o
1}’ ~a "0,
T
[on 3D e -, , |
= {§§~ _ o g(} Gy = X)) (48)
“alo,., X' X 1y
ij "o
. | T
Now, if- X& = }g, the end point for which @ 1is a maximum, we require

n
for all other points (X;) that A2 > 0. A sufficient condition that

this is so 1s

oh 9D |
Gl S T LS “
o] O550 Xy o Eﬁ
T
Second, if x& = 0 and (an/aia) is discontinuous at ia = 0,
we consider equation 47 with x& = 0.' The argument is similar to that

given in equations 35 to 37 and will not be repeated. We again choose

Y 0 if

bad
]

"

X .
D[—O—‘) ;'Xa(gi" 0= > 0, : (50)

»ﬂ > )<

J

for all X;, i.e. if Xacgij’ 0) 1lies inside as on the yield or limit

surface.

Thus we may now define

o S X '
E(oij) = hG@G X - TD[TE} , (51

and provided &; is chosen according to equation 49 (or where applicable,

equation 50)

ﬁ(Eij_) > 9 = [eij(t)éij(t)dt s v | o - (52)
0
o

]

with Oij(T)

Considering variations in Eij and using equations 51 and 49,



= _ S o aD(y [Ty By
86 = *a*@-ti— ~ 8q.. t+ (wa_t_‘_ . - ° (XOL/ 2}.-8)(& 5o
9q. . = - 1 R =) — — — . -_— i1
N 'qij’ Xo ] “'Xa Qij’_x' B(XQ/Tl j 30ij e
- _oh . —
801 - - 6013
J ij? )(a
= eljéoi_']

is the strain associated with the state Eﬁj’ ;;.

The strain e..
1] . -
0 and 3D/3Xd is discontinuous at

‘Equation 54 is valid when ia =

‘X, = 0 since in this case

Equation 54 is sufficient to establish that B(Eij) is a potential

function relating o,. and ¢.. where
1] 1]
n
- _ a3
] 33, .
1]

. . ' v .
It 1s readily seen that  and W are dual functions: for any

choice of Zij we may calculate 'ié from equation 27 and Eij from

equation 36; 1if we then use this value of gij in equation 49 we

determine precisely the same ;&, and equation 56 gives the original
Further, from equations 31 and 51 and equation 33 of chapter 1,
N . = —

w(Eij) ¢ 4G50 = TyE;

4.4 Convexity of W and &

Convexity of f and D 1is sufficient to show that W(Eij) and

Q(Oij) are convex functions of their respective arguments.

Consider two states E{. and E?j

internal variables }; and }g. From the convexity of f(eij, xd)

and the corresponding terminal

73.
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(54)

(55)

(56)

..
1]

(57)



£, XL~ £GEL, X » (1 - v
}J’._ OL - %_Jf XOLL - '(EJ:-J' E;J)' aeij _E_“ —
o | o i
C N - (58)
+ (St - Tuy of -
(Xa 0.) 3Xa n o 1] '
ij? *a
Similarly, if D(ia) is convex and
oD
OX | =
| e
T -
is well defined,
ot | (i} ot | om : » .
plrel - pfle). , [fa X} ap | | (59)
T T | < (T T | 9% | = ° .
: : S0 X
o
T
Multiplying inequality 59 by T and adding the result to inequality 58
we see that a
: ' . }'! o : - . ’)Zn . ]
S L + _a - n wn __9_“
e+ o) - ey o o) -
— of — of aD
€! v, + o= XD s R v
1] 1J) aﬁi. T X ‘(Xa Xa) axa en X" BX(1 on
J 1_']’ o lj’ a . Xa
T
(60)
However, the last term vanishes as a result of equation 27, Using equations
31 and 36, inequality 60 becomes
o A oW
€)= W(ev.) > (el, - eV —/)— ’ 61
Gy;) CHEENCY = (61)
v . ij €'.'.
. - ij
which establishes that ﬁ(zij) is convex.
If 'ig = 0 -and BD/Biu. is discontinuous at ia = 0, we add the

positiye—definite quantity T{D(}&/T)} to both sides of inequality 58 to
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obtain

) - (X ) -
= =y o - .
f(ﬁij s X‘OL). + TD(TT - f(glj s O)° >

Q «

of
Bei. .,
1]

+
=
Pﬂ > |

@y - ) x| ; D[_g} , (62)
X(! il .
ij,

In this case the term in square brackets is non-negative for arbitrary

x& due to the convexity of D as expressed in inequality 72 of chapter 1.

We may thus delete it to obtain equation 61.

It may be noted in passing that, from equation 32
WEY) s WEL) | (63)
1ij¢ — 1j ’

where W(Eij) is the work done along an arbitrary strain path eij(t)

) - . = —.“ . : v 3 » » 3 1 63
with eij(O) 0, elJ(T) elJ Combining inequalities 6 ‘and
iy 2
W) - WeEr) > (e, - €V, : (64a)
Gip - W 2 Gy - wp I |
ij | €Y.
1]

or, using equation 57

e i) | . ’
W(eij) + Q(Oij) > al.e . | | (64b)

ij ij

This result was established by Martin (1966) for time-independent materials

and by Ponter (1969) for time-dependent materials.

4.5 Realisability of paths

The internal variable history associated with the work bounding function,
() = (65)
Xy T ‘ _

does not in general correspond to a history which can actually be achieved

by the imposition of a strain path cij(t). It follows %(E;j) is less



than the least work required to deform the material element through. a

th .. i =
strain Lstory~£lJ(t) with sij(Oz 0,

¥ eij(T)' = E}j' Aiternatively
w(gij) "is less than the work along the minimum work path. ~ This does

not affect the utilisation of %(E}j) in the static and dynamic bounding
theorems, although it may lead to loss in accuracy.

This result follows on noting that

e g
% = -523~§—- et -53—§- Xg - - (66)
(o} | lj _Xq J Xq XS‘ 3

Now, a minimum path satisfies

Xo(t) =

3

hq < |
e

which implies, from the kinetic equation

Xe = Xo(Xg) (67)
that
X, = 0. . (68)

Thus equation 66 becomes

Y7 92 Xg _
€..{t) = - s /— . (69)
5eijaxa i3t axaaxe T :

In the general case, equation 69 cannot be solved to give éij(t)'

In the exceptional case where these equations can be inverted, however,
a strain path can be found which provides the required internal variable
history. In this case the work bounding function and the work along the
minimum work path coincide. A majority of the specific models for which
minimum work paths have been computed fall into this exceptional case;
in these specific models the plastic strains and the internal variables
coincide.  For any model in which equation 69 can be solved for éij(t)’
the present approach will provide the minimum work path and the work bounding

function will provide the minimum realisable work.
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For the class of materials discussed in sections 1.3.2 inyolving
linear and non-linear creep and time-independent plasticity, the kinetic

equations can be expressed in the form

X = . ‘ woum : (70)

where p is the reciprocal of an odd positive integer, and D is

homogenous and of degree p + 1 in Xq*

In the cases where a realisable path is implied by ia(t) constant,

the internal force history Xa(t) can also be calculated. The internal
forces are constant over the interval 0 < t < T, Since Xa(t < 0) = 0,
and the terminal value Xa(T) = Y& is given independently by
- dh
X, = 3}; - . (71)
i3’ Xy

it follows that the function Xa(t)’ 0 < t < T exhibits discontinuities
at t = 0 and t = T, From equation 70
D = (p + )X (t) . , (72)
Bxa —. o .

Xo

T

Substituting equations 71 and 72 into equation 49,

1 _x , 0 < t < T. (73)

Xa(t) = p+1l ¢

This result was given by Ponter (1969) for Maxwell models of creep.

4.6 'Example

It is instructive to rederive the result given by Ponter (1969) for
the generalised Maxwell model for non-linear creep of metals. Consider
isothermal, incompressible deformation of an element of unit volume. Let
e be the strain deviator and Sij‘ the stress deviator, replacing Eij
and o, respectively. The constitutive equations under consideration

are conventionally given in the form



e = e°, + &P :
ij ij ®13 . (74a)
. —

e = 8;3/2C (74b)
ra . - ‘

i)y _ o-on o

@ 7 sy - | L (T4e)
o ij’ 7o

where e?., eP. are respectively the elastic and inelastic components

ij ij -

of strain, G 1is the shear modulus, éo’ s, are constants with the
dimensions of strain rate and stress respectively, and ¢ is homo-
- geneous and of degree one in the components of (sij/so)’ Noting that

N P - « n+l .
D = 555813 s e o ‘ | (75)

we see that D is‘homogeneous and of degree (n + 1)/n in the components

of éij' This implies that n = 1/p, (see equation 70).

P

Omitting reference to temperature, we may identify eij as the

internal variable, and put

p - - 1% - p :
f(eij’ elj) = %(eij el_])(elj el_]) . (76)

It is seen that

9f . _ P _ e _

E‘j— = 2G(eij eij) = 2G(eij) = Sij > (778.)
f  _  _ _ P o . ' '

P = 2G(eij eij) = sij . | (77b)
ij '

P

Consequently, the forces conjugate to eij (equivalent to Xa) are the

S... Similarly, we see that

1]
h(s.., e?.) - L s..s.. + s,.eb. . ' (78)
ij? 1] 4G "1j71) 11}
Then
LN & RS SR s (79)
asij 2G ij ij? 5P ij °
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. Using equation 73, it may be seen immediately that. gij = si.(t),
‘ - 3 ’ . - - - ) J
0 5 t s 'T, is giyven in.terms of a terminal .stress Sij by means

of the relation
1 S,

i3 T FFI1%; T wel i - (80)

g - _ o
=P = & oD 1]y 99 ’
eij . eoT¢ ("—"‘SO ) SlJ .. (81)
? ﬁ;-“) _ '
- 0 S,
1]
S
o

Thus, from equation 78, using the requirement that ¢ is homogeneous
and of degree one,

~

) .
S 1 - a1 815 o
his;ioei5) = 2581355 * &3 % (‘s"o') ®i3
1 - - n+1 . (n+l1) " gij
= Z—G- Sijsij + ( a ) SOeOT¢ » ) (-S“o—)o (82)
Further,
p _ 1 P : . (n+l) 7ij '
TD(ef./T) . = ~— . = g =), 83)
im = 5@ = sgTe G o6

Finally, referring to equation 51, equations 82 and 83 give

\ : N s.. L - '
B(E;.) = l—-g .s.. + % s e T¢(n+1){ 1 1] }.' ) (84)

oo (n + 1) S,

It follows then that

' e S..
- _ }__— n+ 1, n{ . n 1] oo
eij = 55 sij + = ) eOT¢ {(n + 1) s } oy -
| G| __n i]
’ "o (n + 1) S,

(85)

This equation cannot be inverted without a precise definition of the

. . . . . \
function ¢, With this further information, W may be computed from the

relation

79.
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Chapter 5. Further extremal properties of the constitutiye equations

"5;1"Introductioﬁ

Ponter (1970, 1972, 1974) has derived displacement and work bounds
on elastic—-plastic bodies subject to quasi-static dynamic loading.
Subsequently, Ponter (1975a) included inertial effects and obtained
general bounding theorems, which include as special cases the previous
results, and the results of Martin (1965, 1966a) for the maximum

displacement at a point on an elastic-plastic body subjected to an impulse.

In the theory a functional Ww® was defined as follows. Let

ij(t), 0 < t < T, be any prescribed stress history and let Oij(t)’

0 < t < T, be an independent stress history with its associated

plastic strain rate history égj(t) such that egj(O) = 0. Then
T
s 4 = - g P 1
W (Gij’ oij) J (cij(t) oij(t))sij(t)dt" (1)
0

Central to the theory is the assumption that for any prescribed stress

history o;j(t), there exists W(G;j) such that

o (¥ s % , :
w(oij) < W (oij’ oij) s (2)
for all stress histories Gij(t).

Ponter (1975b) has obtained expressions for w(GEj) for the following’

classes of materials and histories O;j(t).

(i) For materials satisfying the Drucker stability condition for
" instantaneous changes and for which maximum complementary work paths
(m-paths) exist, with Gij(t) constant,
| [ e p oF
c¥.) = - ] er.do.. i eb.(0,, = =
w( lJ) max. {j' ledolJ elJ(olJ 0) 0}-: . 3)

(ii) For perfectly plastic materials with oij(t) remaining in or on

the limit surface,

w@l) = 0. , o | (4)



- (Li1) For materials exhlbltlng LSOtroplC hardenlng whose current

yleld surface is ¢(q; l

_@*(tl

Ay = - A
w(oijl max. {j 13 i' : Eij(qij

I

0) = o} . (5).

where t = is the instant during 0" < t° < T when ¢(ij(t)l achieves

its maximum value.

(iv) For materials exhibiting linear kinematic hardening whose

. . . p . - P
yield surface at a state of plastic strain eij 1s ¢(01j Cijkzekz)’

1 PxPx -
W(GlJ) 2773 Clel ii%ke (6a)

rovided that some ebL#* .exists such that
P ij

\ i . - -
¢(cij(t) Cle2 kz) < 0 for 0 < t < T, ‘Gb)

(v) For materials exhibiting étationary state creep where the

plastic strain rates e?j are given by

P - k ) n+l _ : .
lJ : n + 1 anj ¢ (Uij) ’ (7a)

where ¢(0ij) is homogeneous and of degree one in Gij’

T
A
wop = = [
' , 0

(vi) For materials exhibiting v1scop1ast1c behaviour for which the

. n+l :
ij(t))} | dt . | (7b)

plastic strain rates .E. are given by
' n+l ‘
eP - k 9 I S
lJ n+1 aoij {¢(Gij) Go} : I 9% _
_ (8)
= 0 : if ¢ < a, s

where ¢(Uij) is homogeneous and of degree one in Gij,
T . .

w(Gf.) = I P(ozj(t))dt , . (9a)
0

82.
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where
' k . a n+]_. : . n+l _ .
o F{E’“‘T} folofsd = ol 1E ¢lefsd > o
- \* . '
0 | if ¢(Oij2 < gy

However, sufficient conditions for the existence of a lower bound
are not established and the observation is made that despite the superficial
similarity between Ww® and the Drucker stability condition, the two

-concepts appear distinct.,

in_this chapter we examine the functional W° in the light of the
thermodynamic potential functions involving internal variables, We are
thus enabled in section 5.2 to derive a set of sufficient conditions for the
existence of a lower bound on W° and in section 5.3 discuss two examples
in which they are satisfied. The first is mainly to illustrate the

application of the sufficient conditions and the second deals with the case

o;j(t) = ozj- a constant. In section 5.4 a theorem is proved in which
s . .
the. lower bound on W for the case U;j(t) = Gij is compared with the

upper bound over all stress histories of the functional

T
o = | eP6..dt , | - (10)
P 1) 1] '
0 .
subject to EP.(O) = 0..(0) = 0 and o..(T) = of.. In section 5.5
’ 1] , 1] 1] 1]
sufficient conditions for the lower bound on W° are found for the case
fp(xa) = 0. Apart from being a special case, the assumptions made are
weaker than in section 5.2. This enables the lower bound on W° to be
found for the class of materials exhibiting non-linear creep. Finally, in

section 5.6, for the case of time-independent plasticity with B;j # 0,

which does not satisfy the sufficient conditions of section 5.2, a lower
: s . . . . .

bound on W~ 1is obtained using a simpler and more general technique than

Ponter in cases (ii) and (iv) above.

In all cases, the crucial property we make use of is the convexity of

. fp(xd) and VD(id).
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5.2 Sufficient conditions for the minimum of W

We begin by obtaining an expression for w® in terms of the thermo-
dynamic potential functions. We consider materials whose strains and
free energy may be split into elastic and inelastic parts as in equations
38 to 50 of chapter 1. We will assume that deformations are imposed

isothermally and so reference to temperature is omitted.

Multiplying equation 47b. of chapter 1 with dT = O By-,ja, and
integrating with respect to time between t = 0 and t = T gives
T : T
P TN :
[ o..€:.dt = £F(y ) + I D(x )dt . ' - (11)
ij713 o a
X, €0 0. -

Let us assume that the stress G;j(t)’ 0 < t < T, is given and that

xa(O) = 0. Using equations 1 and 11,

T
W= J (0.. - o¥.)eb.dt

1] 1) 1]
0
P o T
f (xa(T)) + J [D(xa) Gij X, xg}d; . (12)
0

Note that this functional depends on the stress history G;j(t) and the

internal variable history Xa(t)' Thus

W= W(ah (D), X, (1) . (13)

We will attempt to find a history x&(t) such that

S, % ' S, x o ' '
W@ (0, x(©) < W), x(0) | (14)
for arbitrary continuous xd(t) subject to xa(O) = 0. Thén
* oS LR '
wEie) = W), ki (®) (1)

is the lower bound on ‘W5, We term w(c;j) the Zower bound on W° in order
to distinguish between the minimum of WS(Gij(t), Xa(t)) over all eontznuous

histories Xa(t) “subject to xa(O) = 0 and the minimum of Ws(ozj(t), xa(t))



over all physically attainahle histories ‘x&(t) subject to y (0) = O.

The lattex would be .referred to as the minimum of -ws.

The procedure in obtaining the extremal history x&(t) will be as

follows:~

. (i) Put xa(T) = _ﬁd and seek a history xa(t) which. gives the

least value of W for this particular value of x&(T).' Define

T ofi (), &) - min.'{ws(afj(t) () x, @ = X} - (16)

(ii) Choose the value of &d which minimises Ws(qu(t), ﬁa). Let

it be"ia. We see that

85.

* _— . : —"S * . I\..A
-W(oij(t)) min. {W (Oij(t)’ Xa)}
= X T) . - (17
W (of(2), %) | | (17)
_ Consider two paths X&(t) and x;(t) satisfying X&(O) = XZ(O) = 0,
x&(T) = ¥"(T) = % . Note that fp(gd) is unaffected by such variations
' a a

and so, using equation 12,

W= W@ (), X (6)) - W(oF(E), g (e)
T . . 3e?. . )
='~J [D(x&) - D(x;) - O;j‘ax J (xa - x;)]dt . (18)
0 o .

Using the convexity of D(ia)

T P
S . 3D K] AL * aeij o1 v | d (19
. 5% e (Xa - Xa) 91j 3y (Xa Xa) t )
0 Rl .
T
o€ .
d [BD * lJ]} ot 1
= - —-— | - 0. (x - x)dt , (20)
5 {dt axa X&(t) 1? axa v} o .

on integration by parts. (6;j- is assumed to exist). Now let x&(t)

be a minimum path. We require for all other paths (X;(t)) that AW s

A sufficient condition that this is so is

0.
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; ‘[BD } - s e (1)
'&"E’.a' . A S Ay ’ ) .
X x1(t)? - = a)(oc ‘ '
q -
or that
- . =P
R S deL. -
oD aD : o
. . = (o} (e) = o} (0)) = . (22)
ol x'(e) 7 ol x'(0) . I o
a . a
We will now assume for any choice of Xd(T) = Qd that there exists a
history Xd(t) satisfying equation 22 and the end conditions Xa(Ol = 0,
Xa(T) = Qa. A consequence of this assumption is that we may associate

a value of -

- PD

O

3 «
Xy X, (0)

with every value of % , 1i.e. there exists a function
o

‘9D A
ol B = h (X ) . (23)
o | %, (0 ©

Thus we may put

S * .A = . S * . = A
W0, §) = min. (G20, x (0) £ x (D = £}
p A T L] 3611.)_3 ]
= fF(3 + - o, —= dt ' 24
G+ [ PG - oty ad iy Jar (26)
0 a
where ia satisfies equation 22.
We now proceed to the second part of the bounding problem. Consider
"two different end conditions && and ;:. Put
AR = W (), X)) - Wt (), X . o (25)
. ij s Xg 1j » Xy .

Let the extreme paths to i& ‘and ;g (i.e. which satisfy equation 22) -
be x&(t) " and x;(t) respectively. Thus
T , _ T o
y 'dt = ¥' and’ "ndt = " ’
f X4 Xg f Xy X, , (26)
0 0



Using equation 24,

~ o N “<.. ~ T : T ‘ :
@ = PR - PR+ | D) - DR+ gf*”asgi ' - ™M ldt
'. 9 * (27)
But using the convexity of fp(xa) and D(i'),
' a
h o T ... . D
AP . . OE. .
il 9f" — - : oD ijtl, .
L =" AN B {..__ ~ ¥, (t) }(x' - x"Mdt  (28)
o, o ¢ J 9%, i&(t) H Xy ¢ ¢
R - . . .O0€% .
_oft — —n + (5D * ij}. “y "1y g
= 2 - TR -~ o, : - t
3§g ‘Xa Xa) (3%, 1 (0) 013(0) 3y, (Xq ' Xal ’
| Xq 0 (29)
since i&(t) "satisfies equation 22. Thus
: 2
_ . p aE..V _ .
i (—Tgf D - o ”] CHEERE I (30)
Xd Xa X&(O) J Xa

where we use equations 26.

Now let i& be the end point for which W° is a minimum. We require

for all other points (§:) that AW° < O. A sufficient condition that

this 1is so is

P

P ' 9e . . . o
ARl R T OB | (31)
Xa Xa X&(O) J Xa
where

aD

35( iy

a xa(o)

~is a function of i; (equation 23).

In order to calculate w(ij(t)) we note that

D(x,) = XX,
and so
. X
. 9D R T
X = S - & . -
@ X g Xg | (32)



Thus for a Path‘lxq(tl satisfying equation 22 and terminating at a

point _}; satisfying equation 31,

s _ P
W . W(Glj(t)i
T D
o | AN
= f (xqi + j{Xa - ij'ax ]andt
(¢4
T T
o I . Begj R X,
= £ (Xa) + f (ggf - Oij ™ }Xadt' - J 3§~ anBdt . (33)
o ¢ o o B '

Making use of equations 22 and 31, equation 33 becomes

T ;
P~ "afp BXa
5 = - 2 7 - | =2y ydt. : 4
W(OlJ(t)) f (xa) TR Xy [3).( Xy Xg (34)
. o 0 B
We are then assured that
% : S, #
wof () < W (e, x, (1)) 6
for all continuous paths Xa(t) such that Xd(O) = 0.

5.3 Examples satisfying the sufficient conditions

The above derivation of W(G;j(t)) relies on the assumption that for
any choice of ﬁd there exists a history Xa(t) satisfying equation 22
and the end conditions xa(O) = 0, xd(T) = Qa' We will examine two

examples where this assumption is valid.

5.3.1 Example 'l. Time-dependent Maxwell material

In order to illustrate the method, consider the material whose

(isothermal) fundamental equation is

‘ Py - 1
fle.., Eij) 5 C

P _ P 1 .pp _p
i eij)(ek2 ekl) * 5 K% .e:. (36)

i5kp (€4 15513
in which the plastic strains - (Egj) are the internal variables. Thus the

equations of state are



Lo
1] Baij
_ - - " P N . . . . R
CiinglBiep ~ g o | | (372
Si. = Bf
] ae?j
- . . gPP .
= 9 Kaij > o (38)

where sij are the internal forces.

o

‘Let the kinetic equations be linear;

*p ' ST o Ty o)

£ . Sv. - .. 0g.. = Kg..

ij _ Cij _ %3 fij (39)
€ s S .

o o o

where € and s, are constants having the dimensions of strain rate and

stress respectively.  Thus

s ' : ‘ :

‘P O *p *p : .
D . . = - e s 40

(elJ) E €1i61j ° v (40)
and

e

o= ob_ | | 1)

J o] Bezj

We will assume a specific form for the prescribed stress history

* .
cij(t). Let it be

4 = 1:_ . ’ ‘
oij(t) Gij T o 0 < t < T. (42)

The first requirement for a minimum path is that the history of

3D/Bégj is given by equation 2z viz.. ~
3D . o .t 9D
TN = 95T 7 | : . (43)

Substituting into equation 41 and integrating gives



—

. T _
p = Y
e, . (T = . .dt
J._](_l .j ELJ
.
ST g - |
R K "
S, 1] T aép op R
0 _ ij eij(O)
Te oy, o Ty '
- o] 1] . 3D . : (44)
2s 2 5P . )
€. . .
1] Eij(o)
Thus if we require that e?j(T) = g?j’ we choose é?j(O) such that
. )
. . .2s e PP
oD o ) (45)
> . . =
SEP. p Teo 1] 2
.T1] eij(O)
which is the function we defined in equation 23,
The second requirement for a minimum path is that E?j(T) = E?j’
satisfies equation 31. Thus
PP 2% Egj cgj
K Eij ¥ € T 2 0, (46)
O .
or
—p ozj EOT . ' ‘
Eio = 2 p‘ . . . ’ (47)
J K'e T + 2s
) )

Therefore, using equations 41, 43, 45 and 47, an extreme path Egj(t) is

given by
5 éoogj . tkPe T | - |
€55 = “Is {:f - ————-—-———-—) . : _ - (48)

KPe T + 2s
o] -0

In evaluating w(c;j(t)) from equation 34 we note that the expression

equivalent to BXdlaiB in this example is, from equation 39,

asij 8, : . '
T I | | (49)
Ekﬂ, :

Substitution from,eduations 48 and 49 into equation 34 yields

90.
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(50).
5.3.2 Example 2{.fdf5(t)” 5”.6§j;7_éfcdﬁs£én£;‘“O,ti t <. T
If &ij = 0 for all t such that 0" < t < T, then equation 22
becomes
E’?"‘ = constant , ) . (51)
3xa

which is satisfied for all materials included in chapter 1 if ia(t) is

constant. Our assumption is therefore valid and it follows that equation 23

becomes
0
o xa() ol Xy
T
The criterion for the choice of i; (equation 31) is
p
P d€ .
8 . D = o, —d (53)
9 ox | — 1] 9%
a alx a
<
T
1f 3D/3ia is discontinuous at ia = 0. that is if there exists a limit
surface ¢(Xa) = 0 (time~independent plasticity) or a yield surface
¢(Xa) = ¢o (viscoplasticity) (see. 1.3.2), we solve equation 53 by noting
that

BRI AU
(i) 1f ¢[cr..A J'< {},
1) X, ) — W)

then equation 53 is satisfied by &; = 0,




C (i) If 4)[ iy leJI {_¢

then equation 53 is satisfied (if at all) by some non-zero i;, and thus

_aD,
| —
1 Xa
T

is well defined.

]

Thus if G;j(t) Gij’ then from equation 34,

. *
W< w(olJ)
o - : Taxuv - -
SR - Y [ R
Xo X ‘o 9% |3 T T
) O
T
weD 3X :
= Py - A5 L 2 1y
£7(x,) 3= X T 35| — XoXg (54)
a Bl x
8
T
Alternatively, evaluating equation 12 for a path X, = i; %3
* ) P * P . §a
'w(oij) = () - 93¢ 1J(x) ¥ TD.[T__I h v (55):
We note that for time-independent plasticity
X, o= 32D i
3%, T O¥% 9%,
Xg B Xq2Xg "B
= 0, _ (56)
since D 1is homogeneous and of degree one in ia' - Thus in this case
wet) = 2 —‘-fi-'i' (57)
» 1j” o Bx
Further, for perfect plasticity fp(x&) = 0 and so equation 57 becomes

Wiy = 0. | | - | T (58)

92.



We note that for perfect plasticity, eqpation 53 can only be satisfied if

I
.¢[¢f._al]- 0
g

. J 'Xa

i.e. if qij. lies in or on the limit surface in stress space.

.5;4,,A.thebfemffbf_thefiowér”ﬁoﬁﬁdfdnfwsfffbf,fheféaéé.fdgj(tif.%f4éénétant

In this section we relate the lower bound on Ww® for the case

q;j(t) = g;j a constant, to the upper bound on the complementary work to
qij. We introduce the functional
T
=" p I :
% l eij(t)oij(t)dt R v (59)

where Egj and Oij are related through the constitutive equations.

n
An upper bound Qp(o;j) is then sought such that

N _ S
.. Q
HCHEERCRE (60)
" for all stress histories O,.(t) subject to E?.(O) = 0,,.(0) = 0,
1] o 1] 1]
0..(T) = Oij. It will be seen that Qp(oij) is closely related to

13
a(O;j), the upper bound on the complementary work to O;j which was

obtained in chapter 4, We then prove the following theorem.

* - % . _
1f Gij(t) 'Gij a constant, 0 < t < T, then

=% (0%.) = w(ot.) < W (or.(t), X.(t)) (61)
TP i) ijo = ijro e ’ ‘
for arbitrary continuous Xa(t) subject to X ,(0) = O.

In order to examine equation 59 we recall equations 39 and 50a of
chapter 1. We see that
A
@5 T |
- Pd‘ = A - e .\ -
[ &3340 j (eij Eij)qijdt R _ . (62)
0 A 0

and note that
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.
. e ° -~ =} % 7 : .
! €394t h‘(qijl," : 3 - (63)
0 -
. P ) = % N :
where Oij(o) 0, oij(T) dij, is path independent.

Given the convexity of ‘f(ei" x ) and D(&“f, then it may be
a a

J
shown (equations 43 to 52 of chapter 4) that sufficient conditions for
the functional

T

Q = J €..0,.dt
1] 1]
0 , T _ v
= % - :
hat, x,) [ D(x)ar, (64)
O ..
where cij(O) = Xa(O) = 0, oij(T) = Gij’ to be a maximum are

that the history Xa(ti satisfies

X, .
X(}. = —T—- constant, . . ( 5)
P ‘ .

dh s €ij _ af® _ an_ : ©(66)
a__ e . — . — K3 . 4

Xy 1] 3y 3 o axa 3

» s
T

if aD/aia is continuous.

If aD/aia is discontinuous at ia = 0, then we choose y = 0
o
if '
Begj
*. = 0) = g¥..
Xa(glj’ Xa ) 933 Bxa

lies inside or on the limit surface (time-independent plasticity) or the
yield surface (viscoplasticity). If oij(aegj/axa) does not lie in or
"on such a surface then equations 65 and 66 are sufficient conditions for

the maximum.
Thus, from equation 64

Ny
: *
R < Q(oij)

—
——

- 3 A ,
= h(o;j, x,) - TD{TE} f (67)
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Using equation 48 of chapter 1 we see that
*.) = h(cf.) + al.el. - £ - TD|=—| = . :
Q(oiJE (GlJl QnglJ(Xaz 3 (xq) . (ﬁ ] (68)

So in view of equations 62 and 63

. | : . CZ
y P (= P o
Q (c*.) = gt.et.( - £5C ~ TD|=— _ . (69
p(olJ)” afie55 ) (x,) [ _] , (69)
where ;& satisfies equation 66 with its proviso where a yield or limit
surface exists.

Now comparing equations 53 and 66 with their respective proVisos where

a yield or limit surface exists we see that they provide the same criterion

for Xy in terms of Ufj. Comparing equations 55 and 69 we conclude that

. * - * - -

if cij(t) O&j‘ a constant for 0 < t < T, then

-8 (g%*.) ‘= w(a®,) < W(sk, x (t) ' . - (70)
p o 1j” ij7 = ij* *a i

for arbitrary continuous Xa(t) subject to Xa(o) = 0.

This result has been obtained by Ponter (1975b), (see equation 3),
using the Drucker stability condition for instantaneous changes and the

existence of maximum complementary work paths.-

5.5 A lower bound on WS for the case’ fp"=1'0

We will now derive conditions for the extreme path and lower bound on
w®  for the special case fp(xd) = 0. Although this case 1is included in
the treatment of the general case it is useful to treat it separately since
it will not prove necessary to assume the existence of a history Xd(t)

satisfying equation 22 for arbitrary xa(T).

Referring to equatidn 12
T . ..
S * . ' . *' aeij 0 .
W (oij(t), X, (t)) = J (D(xa) s xa]at . (71)
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Considerin‘ two independent histories  y'(t). and '“(t),
<108 P % Xy X

S B - WS (o? X))
AW W (aij(tl, xq(til W ( ij(tl, X5 (t))
T | el
= |G - b - of L Gl - R e | (72)
o tat of ij 8xd a a” 0" -
5 . ,

Using the convexity of D(ial
T

AWS‘ s (———gD
X(I

Now let X}(t) be the extremal path. We require for all other paths

S AL .y - . '
-~ gk =2t - g , 73
(¢ 93 9x I(Xu Xazdt ' (73)
xa,) o -

(x"(t)) that o< 0, A sufficient condition that this is so is
a _

. aD . .at?‘ N N te : :
Y . = Oi*'(t) X J’ 0 __<_ t _< T . ‘ - (74)
Xa | x!(£) . a

It is seen from equation 34 that in this case
- Tax . .
* — - .
w(oij) = J.sig X Xedt : (75)
0

where X, satisfies equation 74.

5.5.1 'Example. 'Non-linear creep for metals

The usual example for non-linear creep for metals has fp(xa) = 0 and

" the kinetic equations in the form

P
éo a(Oijloo) ' '

where €, and a, are constants having the dimensions of strain rate and
stress respectively, n 1is taken to be an odd positive integer and ¢(0ij/00)

is homogeneous and of degree one in (gij/ob)°

We have examined such a form of the kinetic equations in section 1.3.2.
From equation 51 of chapter 1 we see that
oD a1

peP no
ij

, ' (77)
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since qij are the forces conjugate.to EE"

Thus if -qu(ti"is the prescribed stress history, equation 74 fox

the extreme path for we o is

a4 1
n

7y (e = &;j(‘t)_ . - (78)

To evaluate w(a;j(t)) from equation 75 we note that since (Gij/obi> is

1 . -p L.
homogeneous and of degree = 1n (eij/eoz,

aoij e Lo 0;-3(“ij/“b)'-€ij<'€kz
p 1j k& 00 ,,°P 4* . .
3€kz a(Eksl/eo) Eo o
: e )
€, D34
S ) — (79)
n 1] chij7oo§ v

which is the counterpart in this example of the term

93X
a . .
axs XoXg -

If a minimum path (equation 78) is followed the right hand side of equation

79 becomes

. €

° * no 3¢
U..(t)d) R Gty
n+ 1 ij .a(cij/oo). ‘n "Oij(t)
n+ 1 o‘~0
Integration gives
éoob n n+l ' n+l U;j(t)

% - _ =

W(Gij(t)) - n {n-+ 1} f ¢ [ o\o }dt ’ (80)
0 .

which is the result obtained by Ponter (1975b), (see equation 7b).

5.6 'A lower bound On"WS"for'time‘independent'plasticity

We now consider those materials for which D 1is homogeneous and of
degree one in iq. Let the limit surface be described by. ¢(Xa)‘ = 0.

For a general stress history 'oéj(t), the assumptions made in section 5.2



do not apply due to the restriction on the range of values for an/aia.
In this section we will show that W is bounded if cfj(t) satisfies

certain conditions.:

We define"x;(t) by

B T - |
X = 030 3, S - (81)

where xg is a constant, and we assume that for the particular history.

Uij(t) there exists some X; such that

¢ (X% () 5_ 0, 0 < t é_ T | - (82)

This assumption is satisfied if ij(t) remains in or on the limit surface

for perfect plasticity or remains in or on some current yield surface for

kinematic hardening plasticity.

From equation 12 we have that

T . aeb,
S, % _ P : : - ) i
Wi(o5, (8], X, (1)) = £ 0 (1)) + f (XQ Ufj 3%, ]qut
0 .
T T
= fP(x (1)) + (X, - XHxdt - Efz X_dt
- a a a’ "o Bxa a
0 0
(83)
where we make use of equation 81. Equation 83 becomes
T
WO (o, (8), x (1)) = fP(x (D) - ——Iafp (T o+ | (X, - XHx dt (84)
ij s Xy X axa Xo, o o’ Xa
0
T

- Pom - Pan - XEam - x o+ [ & - xona

T Xq Xa 8xa Xa Xa o Xa

o 0

afP

v P - 5 K o (85)

Due to the convexity of fp(xd) and D(id) (as expressed in inequality
73 of chapter 1) the first line of equation 85 is non-negative. Thus we

may write

98.
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S 4 . P,y 4 -,.éfp .* :
@, x @) 2 o - g - (86)

* .is defined in equations .81 and 82.

where Xa

For the special case of linear kinematic hardening

p 1 22¢P
£ - X X ’ . (87)_
2 axaaxs, o B
so equation 86 becomes
| | sy _ |
S, % , R L S
W (Gij(tl, X (8 2 -5 Yo XaXg . (88)
a "B
For perfect plasticity fP(Xd) = 0 and equation 82 is satisfied
only if ‘ '
! aé‘i’j . .
¥ 3 . .
,¢[Gij(t) Bxa} < 0, 0 < t < T.
In this case
s, ' , .
W (Oij(t)’ Xa(t))' > 0. : ; _ (89)

The results. for linear kinematic hardening and perfect plasticity were

obtained by Ponter (1975b), (see equations 4 and 6).
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plasticity from the free energy minimum principle.



A NOTE ON THE DERIVATION OF THE KINEMATIC
RATE THEOREM OF PLASTICITY FROM THE FREE
ENERGY MINIMUM PRINCIPLE

P, Carter and J,B. Martin
Department of Civil Engineering,
University of Cape Town.

Abstract:

Various forms of the rate or incremental minimum principles of
classical plasticity have been given, being generally derived in an ad hoc
manner from the equations governing the problem. In this note thevkinematic
theorems are considered from the point of view of the free energy minimum
principle for statically loaded bodies: it is shown that various minimum

principles may be derived from a single variational form.

*The support of the Atomic Energy Board, South Africa, is acknowledged.



1. Introduction

The minimum principles for the rate or incremental problem in time
independent plasticity have been the subject of study over a number of
years. The principles were first established in a weak form by Prager [1], [2],
and extended to smooth yield surfaces by Hodge and Prager‘[3]. The conven-
tional form for smooth yield surfaces was finally given by Greenberg [4], [5].
Koiter [6] further generalised the principles to cover singular yield
surfaces., Further discussions of the conventional form of the minimum

principles have been given by Hill [7], Drucker [8], Koiter [9] and Hodge [10].

In this conventional form the rate (or incremental) problem is considered
as a boundary value problem in which—traction or displacement rates are
specified on the surface S of a body of volume V. The stress rates bij
are required to satisfy the rate form of the equilibrium equations, and the
strain rates éij and the displacement rates ﬁi are required to satisfy
the strain rate, displacement rate relations. The constitution equations
are given in terms of stress rates bij and total strain rates éij' These
equations depend on the previous stress or strain history, and take a

different form depending upon whether an element of material is elastic or

plastic and unloading or plastic and loading.

An alternative approach has been presented more recently by the Italian
school. This approach is based on the work of Colonetti [11], [12] who
considered elastic bodies subjected to loading and imposed inelastic strains.
The solution i§ given as the superposition of two elastic problems, one
involving loading and no inelastic strains, and the other no loading and
imposed inelastic strains. A rate (or incremental) form of approach can

also be given.

Ceradini [13] and Maier [14] in the static and kinematic cases res-
pectively considered what additional requirements must be imposed if the
inelastic strain rates, the elastic strain rates and the stress rates must
satisfy the plastic constitutive relations. This resulted in two new
minimum principles of a quadratic programming form: quadratic functions of
the plastic strain rates must be minimised subject to linear inequality
constraints. Ceradini's theorem was derived directly from the conventional
form, while Maier used quadratic programming arguments to establish the

kinematic form. It was shown by Martin [15] that Maier's theorem follows



from the conventional form of the kinematic theorem if use is made of a
further property of the constitutive relation in the form of an inequality
concerning an arbitrary division of strain rate into elastic and plastic
parts. This result was further generalised by Martin [16] who gave
directly a quadratic programming form of the kinematic minimum principle
in which total strain rates and plastic strain rates are variables and the

principle of superposition is not used.

Recently, attention has also been given to internal variable theories
of plasticity which have a sound thermodynamic basis. This work suggests
the problem of basing the minimum principles of the rate problem on the
appropriate thermodynamic minimum principle for statically loaded bodies
undergoing isothermal deformation. This does not appear to have been
considered in previous work where, for example, the formal relation
between the classical potential and complementary energy theorems of
elasticity and the rate theorems of plasticity have not been formally

explored.

It is our intention in this paper to study this relation. We shall
limit ourselves to the kinematic theorems, and the starting point will be
the internal variable description of a time independent plastic material
under isothermal conditions and the Helmholtz free energy minimum principle
for a body subjected to conservative locads. We shall demonstrate how the
application of the free energy minimum principle to two adjacent states of
loading gives an equilibrium condition which may in turn be interpreted as
a form of Colonetti's principle in incremental form, as the conventional
kinematic minimum principle in terms of total strains, and. the extended

minimum principle in terms of total strains and internal variables.
This formulation was attempted by Martin [17] for a truss problemn.
However, the formulation was not completely correct. The presént paper

rectifies the argument and generalises it to the continuum case.

2. Constitutive Relations

We consider a time-independent plastic material subject to isothermal
small deformations. The internal variable model of Kestin and Rice [18]
and Rice [19] is adopted. Since the temperature T remains constant it
will not be referred to in the following discussion. The remaining thermo-

dynamic state variables are the macroscopic strain eij and the internal



variables Xa (¢ =1, ...., n). The fundamental equation is taken in the

form
fo= fle, X) (1)
where f 1is the Helmholtz free energy per unit volume.

Small changes in f as a result of changes in eij and Xa are
given by
= g,.de.. -Xd
af o; 5 de; s = X dx , (2)
where ¢.. 1is the stress tensor and Xa are the internal forces conjugate

to the internal variables. Comparison of equations (1) and (2) gives the

equations of state

e _ af
%; T Fe.. *o T T (3)
i ol

To complete the description of the mechanical behaviour of the material a

kinetic relation between the internal variables and the internal forces

must be introduced.'

For time-independent plasticity we introduce a relation of the form

X = A L=/ (4)

o X
o

where @(X ) 1is a continuously differentiable yield function. Internal
a

forces such that ﬁ(Xx) >0 are not admitted, and

A o= 0 if g < 0
or § = 0 and -%% X < o,
(04 x _
o ‘P’”\ &)j (5)
AN > 0 if ¢ = 0 and =4 X, = 0. W

More general yield functions may be characterised by a number of yield

functions, ¢4, ¢2, ey ¢m, with

© L _1 2 o
X, = A + A T A - (6)



Each hk, ﬁk is subjected to equation (5). However, we shall carry out
our argument in terms of a single yield function, since a generalisation

to the kinetic equation to equation (6) is readily effected.

Conventiénal time-independent plastic materials zre subjected to
stability restrictions, usually in the sense of Drucker [20]. Tt is
sufficient for our purposes (see, for example, Martin [21]) that we assume
that f(eij, Xa) is a homogeneous quadratic convex function, and that
d(xu) is convex and such that ¢(Xa: 0) < 0. These assumptions ensure
Drucker stability, and provide a model in which the elastic behaviour is

linear.

We shall carry out our argument in incremental rather than rate terms.
It is convenient, therefore, to rephrase equations (4) and (5) in terms of

an infinitesimal increment in the internal variables, Axa;.

o
Axa = /\\Td% , (7)
o
where A= 0 if ¢ < 0
o
or § = 0 and BXI AXa < 0,
A >0 if § = 0 and BXa AXa = 0,

The multiplier A may be determined explicitly in terms of the change

in strain Aeij' Prom equations (3) and (7)

2 2

o f ) g f h
AX = _4’-__-::—9————-—136‘,+——_—AX,
o LoAa aeij ij Bxa BXB

- ——iﬁi;——— Ae + A ___éii__ QQ !
X, Beij 1] X X, oX S °

1!

(8)

Thus the condition AXa(aﬁ/aXa) = 0 becomes

2 2

R 5°f r Y _

X {ax YT I S } =0 (9)
04 o 1] (04 ﬁ B

Solving for A, bearing in mind that A >0, we find



°r o A
de. . X aX elJ 2 M
A = - 112 o7 if aeaf s be.. < o0, (10a)
Xf M ij Poq Pq M |
I X, X X
a B a B
5 .
- . 3f
A =0 if 5 ~ Aeij > 0. (10b)

This follows from our assumption that f is convex, in which case

2

Xf M ¥

X X, oX OX > 0. (11)
a B Ta B .

We may also observe that equations (10) can be obtained from the con-

dition that

2 2.
°f o) 2 _d3°f WY
HA) = A Ae. . + +A (12a)
aeij axa axa ij axa BXB axa BxB
ahould be a minimum with respect to A, subject to
A = 0. _ (12Db)

This follows directly by setting dH/dA = 0, and solving for A. If

2
-

e . . x_ 6y =0 (13)
ij o o

the least value of H 1is given by equation (10a), satisfying the constant

A >0. 1If, however,

P _
d°f o'

e . > x D&y = O (14)
ij o o

the least value of H, subject to A > 0, is given by A = 0.

3. Equilibrium of a Loaded Body

Consider a body of volume V and surface S, consisting of a material
described by the constitutive equations given in the previous section, and
subject to small isothermal deformations. The displacement of a point in

the body is characterised by ui(x1, X,y X where xi(i =1, 2, 3) are

Bp

the coordinates of the point in a Cartesian coordinate system. Following



6.

the assumption of small displacements, the strain-displacement relations

take the form

ou; ouy
&5 = Tl t5) (15)
J 1

Let us assume that at time t +the body is subjected to conservative
body forces ﬁi on V, conservative traction ﬁ. on part of the
surface Sp and displacements ﬁi on the remalnder of the surface Su'
Since the history of loading has not been specified, we do not have
sufficient 1nformat12n to determlne the strains eij(xi) =,€ij(xi’ t),
the displacements ui(xi) = ul(x , t), the internal variables
x*(x ) =X (xl, t), the stresses 'o (x ) = o..(xi, t) and the internal
forces X*(x ) =X (x , t) throughout the body. The body is in a state

of constralned equllerlum, with. ﬁ(X ) <0 at each .point.

However, we can recover certain information about this constrained
equilibrium state. Suppose that we regard the xz as fixed, and consider
variations Aeij’ Aui in the strain and displacement fields WhiLe ignoring
the constraints of the kinetic equation (7). The body must be in uncon~-

strained equilibrium with respectvto such variations.

To formalise this result we consider the Helmholtz free energy of the

body and the conservative loads; this is
# 3 Ao A
Jf(eijf xJav - [ B, uf av - [ 2, uf as. (16)
v v o S
p

g . . . . - . . L) #\L
Consider variations in U - with respect to variations Aeij in e,., Au,

ij i
3
in U, subject to equation (15), with Xa held fixed. Then

o= [0, de,.av- [F sudv - [P, s, ds, . (17)
¢ ij i J 11 i i
v S
p
Lo ® of
where Oij = 3c % » (18)
ij te.., X
ij?

Using Gauss' Theorem, we show that AU =0 if and only if



o0

il , =

= + Fi 0 onV, (19a)
J

¥ = P S »

olJ \)j = i on o’ (19b)

where V3 is the unit outward normal vector on S,

These equations are the equilibrium relations for small deformations,
and must indeed be satisfied for any loading. Hence U is stationary,
and may readily be shown to take its least value with respect to uncon-
strained variations in the strains and displacements with the internal

variables held constant. The result was obtained by Colomnetti [11], [12].

4, The Kinematic IncrementaL Theorems

Let us now suppose that the loads on the body are changed infinitesimally,
fo that at time t + At we have boéy forces ﬁi + AFi on V, tractions
Pi + APi on S? and disp}acements *ui + Aui on Su' Let us fzrther suppose that
the solution is given by strains eij + Aeij’ displacements u, + Aui, internal

3 : 3 . 3
variables X +. O , stresses o,. + 00,. and internal forces X + AX .
a o ij i a a

Evidently, we may apply the result given in the previous section to this

new loading state and assert that
N 3 #* - #*
= A -
U f £leg s + Beyyy x + Axa> av - f (F. + 0F ) (u + bu, )av

- (%, + AP, )(ur + bu,)dS (20)
i 1 1 1

éP
must be stationary with respect to unconstrained variations in the strain
and displacement fields, subject to equation (15) in incremental form, with
the internal variables held constant. We further note that, to second order,

we may put

* # #* % of of
= . . —— le. . + T—— A
f(eij + Aeij, X, * Axa) f(elJ, xa) + 3o - €3 + axa X,
2 2

1 o3 T o f

+ 5 Ae. . De, . + Ae, . Ox

aeij aekL ij k1l aeiJ Bxa ij
2

+ =L . 2

2 Bxa BXB xa XB (21)
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' #*
All derivatives are evaluated at eij’ xa'

* #* :
Since variations in ei. + Aeij, ui + Aui may be treated as variations in
Aeij, Aui, and denoted by aeij’ 5ui, we see that

. . X . .
8y = { J‘oij sey 5 4V - f F. bu, - J P, bu; |
v

v S
P
2 2
rr 3°f r__o°f
+ 4 —— Ac. . §¢€ dv + | ——=—— Ax §e.. dV
L) de, %6,y 13 kL LTI R >
v v
i A as |
-] F. 8w, 4V - j' Pi 8u, j = 0 (22)
v S
p

The first set of terms within parentheses vanishes as a result of the
equilibrium requirements at time t 1i.e. as a result of the stationarity
of the functional given in equation (17). That variations of the second

set of terms vanish implies that

2 2
= [1—2f J'__é_i___ _ T
vV o= j b me e Beyy bey AV ¢ [ oS Be L A AV - [ AF, bu, 4V
ij k1l i] a
v v v
- j 0P, bu, ds (23)
S
P

is stationary with respect to variations in Aeij’ Aui with Axa held
constant. We may readily establish that V takes its least value when

it is stationary. Since

2 2
= —of > f
Boiy = 3, S bey + 3651 X e & bx,,  (24)
+ ij’ T J 17 "a

it may further be established that V is stationary if and only if

Ao
—=l 4 AF, = 0 on V,
ox. i
J (25)
Ao, . v. = AP, on S
ij J 1 P

These equations are the incremental equilibrium relations.

The changes in the internal variables Axa, of course, are not known

a priori, and hence equations (25) do not provide sufficient information to



solve the incremental problem. However, we may observe from equations (7)
and (10) that the changes in the internal variables Axoz may be regarded
as functions of the changes in the strains Aeij. From the second term in

parentheses in equation (22), and equation (10), we see that

F( ¢ ¥ \( 3f Xope D
s ax_ o/ \Be, ax. . "k
{ Ae . - ij o o’ kl g i) } fc.  av
3¢, ae KL 2 i
ij _¥r 4y
aXa BXB Bxa BXB
. -
- JAFi su, 4V - IAPi su; 4V = 0, (26)

where the term in square brackets is included only if

g = 0 and aei‘ ax ax Be;, < 0. (27)
We may readily establish that equations (26) and (27) imply that the

incremental solution is given by the least value of

[wo(oe, Jav - [or, ou av - [op, su as (28)
19 v 1 1 v 1 i

v
p

with respect to changes in Aeij’ Aui where

( a2f ¥ Ae \2
0 1 82f R X 1 aX BX ij/ ( )
= yT——=——b¢  le -7 20a
aeij aekL ij kl _Q__Q>
ax ax
B
2
Xt
when § = 0 and he,. < O
aeij Bxa axa ij
and
2
(@) 1 o f
W = = Ae__ Ae
aeij aekL ij kl
2
when § = 0 and 3 f ) re.. > 0, (29b)

or ¢<O.

Alternatively, using equations (24) and (10),
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W = 4 Ao, . Ae. ., (30)

where Aoij is the stress increment associated with the strain increment

A%j through the constitutive relations.

This result is the classical kinematic incremental theorem, given in

the form of Greenberg [4], [5].

If we now make use of equations (12), we may note that

2
0 - 4 o f .
W= 3o me b€y ey +min {H(A)) (31)
ij kl

subject to A > 0. Alternatively

0 bzf
=0 1
W o< W ='2“—"'—"'—"'A€__A€ +H(/\)
aeij aekL ij kUl
2 : 2
= %—-—————ae o ge De, . AekL+A—_—__aea fax %% De, .
ij "kl J ij @ o J
2 2
VL o - R (32)
2 X o BXB axa BXB
subject to A > O, #° =W° when A takes its correct value for given
Ae, ..
1J
It follows then that for any given field Aeij(xi)
- y
T >V, (33)
where
= =0
= - A - L ap, A
7 Q[w (865, Aav Jr AF, Bu, 4V r P, bu, 45 (34)
v v Sp

and v is given by equation (28). 7= r\\f if we minimise 7° with respect
to A in a pointwise fashion throughout the body. We may then further
assert that the incremental solution is given by the least value of V
with respect to the fields Aeij, Aui subject to equation (45) and with
respect to A subject to A <0, This is the extended minimum principle

given by Martin [16].



1.

5, Conclusions

The incremental theorems discussed above may be reduced to rate theorems.
All terms in the functionals which are minimised are homogeneous and of
degree two in the increments of strain and internal variables, and hence
may be divided by (At)z. In the limit as At -0, we recover the rate

minimum principles in terms of éij’ X
It has been demonstrated, therefore, that the minimum principles for
the rate or incremental problem in the classical and extended form may be
derived directly from the minimum principle given by Colonetti [12], which
in turn is derived from an application of the Helmholtz free energy minimum
principle to the constrained equilibrium state achieved by time-independent

plastic materials undergoing isothermal deformation.
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Appendix B

Work bounding functions for plastic materials.




















