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QCD Boltzmann Equation: Beyond the soft-scattering approximation

by Nicole MOODLEY

In this thesis we use the case study of a spatially homogeneous many-gluon system, distributed
isotropically in momentum space, to study the evolution of a hot (quark-) gluon plasma from
an initial state towards equilibrium. To that end, we investigate the QCD Boltzmann equation
making use of a calculation scheme that reproduces the known result for scalar interactions

and generalizes to a QCD interaction, under an approximation of soft scattering.
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Chapter1

Introduction

1.1 Heavy-Ion Collisions and the QGP

Heavy-ion collision experiments, as performed at the Relativistic Heavy Ion Collider (RHIC)
and the Large Hadron Collider (LHC), have been able to produce a previously only theorized
state of matter known as the quark-gluon plasma (QGP) [1, 2]. These collisions generate en-
ergy density conditions so extreme that colour neutral hadrons dissociate into a highly dense
mixture of their constituent quarks and gluons, whose interactions are governed by the theory
of quantum chromodynamics (QCD). Studying QGP therefore gives us an opportunity to use
both theoretical and experimental probes to better understand one of the fundamental forces

of nature.

There is compelling experimental evidence that the QGP we are able to produce exhibits
bulk properties, displaying behaviour associated with a “strongly coupled” near-perfect fluid.
Consequently, naive applications of perturbative QCD are not well suited to describing many
observables, as an assumption that the coupling constant be vanishingly small is questionable.

Thus, is we wish to more broadly study QGP, we must go beyond standard perturbation theory.

One such method of studying QGP is through relativistic viscous hydrodynamics which, de-
spite being able to successfully describe many bulk observables [3], is unable to ask (and there-
fore answer) questions about the nature of the interactions that drive the dynamcis of the QGP.

In this thesis we shall be using its more fundamental alternative — relativistic kinetic theory.

1.2 Notation and conventions

We will use “natural units” with ¢ = h = kg = 1, and Planck’s constant h = 2.



Chapter1. Introduction

Euclidean vectors will be written in boldface, the components of which will be labeled by
Latin indices as

X = (xbes x3) =X .

Minkowski 4-vectors will be capitalized, with components labeled by Greek indices as
XO{ = (XO, x) .

Our choice of the Minkowski metric is

1 0 0 O
o -1 0 o
=l 0 -1 o
o 0 0 -1

We write the 4-momentum with components K = (E, k), where E = Ko = Vk% + m? and
the normalization is set to m* = K,K*. Fixed values will be denoted by an underbar, K.

Functionals shall be denoted with rectangular brackets for arguments, i.e. 4.

In this thesis we will regularly label momenta by a number, i.e. kj, k4. Following this, we

introduce the following shorthand for integration over the Lorentz invariant measure,



Chapter 2

Relativistic Kinetic Theory

2.1 The distribution function

Following the basic guiding principle of statistical physics, our goal is to study the behaviour of
a macroscopic system (a model for the QGP) by a course grained description of the behaviour
of its microscopic constituents (gluons). In this thesis our method of transforming the study
of the latter into predictions for the former will be kinetic theory.

To this end, we categorize the system with the one-particle distribution function f (¢, x, k),

which counts the number of particles per phase space volume element d*xd*k at a time ¢,

dN(t)

SEx0 = Gk

Since both the total number of particles (N) and the phase space measure, for on-shell particles,
(@®xd?k) are Lorentz invariant, f is too.
We can express macroscopic quantities in a manifestly covariant form by taking moments
of the distribution function. Taking the first moment we define the particle four-current
Pk 1

o7 TRk, 2.1)

JH(x) =

The time component, since k° = Ey, gives the particle number density

d’k
n(x) = / (2n)3f(x’k)’ (2.2)
while the spatial component gives the particle number current
0= [ X riy = [ Lo 2.3
j(x) = ) Ekf x, k) = (271)3Uf x k). .

From this, we introduce the Eckart definition of the fluid flow velocity

UEck (x) = & 2.4)

n(x)’
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and the covariant fluid flow four-velocity

b = Y. 1 = J" (2.5)
Eck ek OUEck W . .

Note that the local rest frame of the fluid is the one in which v = (1,0, 0, 0).

Taking the second moment of the distribution function we define the energy-momentum ten-

sor
&k kFkY
W (x) = T (x) = [ ——

™" (x) = T"(x) 2 B f(xk), (2.6)

which for y = v = 0 gives the energy density

d’k

. 700 _

e(x) =T = (27[)3Ekf(x’ k), 2.7)

while T% gives the momentum density and T the (Euclidean) stress tensor.

2.2 The Boltzmann equation

We shall study the behaviour of the distribution function under the Boltzmann Equation, which
can be rigorously derived by truncating the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY)
hierarchy. For illustration purposes, we will choose rather to follow simple principles arrive at
the correct form of the classical Boltzmann Equation [4].

Consider the “motion” of a phase space element d°xd’k in the time interval [¢,t + t]. The
number of particles in this phase space cell at time ¢ is SN. At the later time ¢t = ¢ + §t, this
phase space element will develop into another element d°’x’d*k’ in which the number of con-
tained particles is SN’ = f(t + 6t,x’,k’). Assuming no particle interactions the phase space
coordinates change as

x' = x + 0,0t k' =k + Fét,

where F is an external force. If this force is conservative, by Louiville’s Theorem [5] we have
d*xd’k = d>x’d’k’. Therefore the consequent rate at which f is changed is

SN’ — 6N 9
St dxdk at”"'VJrF'a_k]f

= [3t +or - Vr]f = Dif,

(2.8)

where we've introduced the shorthand Vr = (V,, Vi), or = (vy, vx) and noted vy = 9,H = F.
We recognize the term in brackets as the convective derivative D;, describing the rate at

which phase space elements gain or lose particles through their free motion or in collisions.
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K Ks

K, K4

FIGURE 2.1: Convention for the labeling of external momenta {K1, K, } — {K;, K4}
for a generic 2 — 2 scattering process.

This rate is given by the collision term Cj, a functional of the distribution function,
D, f = C[f] . 2.9

For binary collisions (see Figure 2.1 for momenta labeling convention), under the assump-

tion of molecular chaos [6] (also known as Boltzmann’s StofSzahlansatz), the collision term reads

C[f] = /d3k2d3k3d3k4 W(kl, kz; k3, k4) [f(t, X1, kl)f(t, X7, kz)

— f(t, x5, ke) (8, %3, k)|,

(2.10)

where W (ky, k;; ks, k4) refers to the transition probability {ki, k;} — {ks, k4}, i.e. the proba-
bility that a collision between particles of momenta k; and k, will result in momenta k; and k;.
This non-linear integro-differential equation is known as the (classical) Boltzmann Equation.
As we shall be considering physical collisions, therefore ones obeying simple symmetry
properties, it is worthwhile to point out the consequent restrictions this places on the tran-

sition probability. From conservation of momentum and energy, it follows that

W (ky, ks ks, ks) o< 5 (K + Ky — K3 — Ka). 2.11)
For exchanges that are invariant under time reversal, we must have

W (ki ka; ks, ka) = W(—ks, —ks;—k1, k) , (2.123)
and for those that are parity invariant we must have

W (ky, ka; ks, kq) = W(=ky, —kz;—ks, —ky) . (2.12b)
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In combination, this yields the important relation of invariance under particle exchange
W (ki, ky; k3, ks) = W(ks, ks ki, ky) . (2.13)

More relevant to our study is the generalization of the collision term in Eq. (2.10) to include
quantum statistics, allowing the study of gasses of quantum particles [7, 8]. Identifying the

transition probability with the square of the matrix element of the interaction, we write
1 2
Cip = 2E dTl' (M| Fir1 > (2.14)

where | M|* is averaged over the incoming particles’ spin states and summed over the outgoing

particles’ spin states. Here two-body phase space is abbreviated as

(2m)*
dr = = 5K +K, - K; - K 2.15
/ /34 SE,E5E, (K1 + K, — Kz — Ky), (2.15)

having used /1 = f d’k;/(2r)* as shorthand for the momentum integrals. The gain and loss

terms are represented in the distribution functional

Fi) = fiffifs - fifhififer 2.16)

where the subscript has been used as shorthand for the momentum argument, f; = f(k;) and
the bar notation f = 1 + f codes the Bose-enhancement of Bosons (upper sign) and the Pauli-

blocking of Fermions (lower sign).

2.2.1 Collisional invariants

Akey strength of kinetic theory is the ability to connect the microscopic details of a system’s col-
lisions (as represented in the collision term (2.14)) with its macroscopic properties. Of particu-
lar interest to us are the properties that are left unchanged through the collisions — conserved
quantities.

Consider a function ¢(x, k) defined over the single particle phase space, and the quantity

derived from averaging it over momentum space, ®(¢, x) := /k P(x, k) f (¢, x, k). To study the
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evolution of this quantity, we take the time derivative

o= [

:/k¢{C[f] — (or - V) f}

_ ax op ok 2.17)
—/k{QSC[f]—f(E‘anE‘%)}

_ _ 4o
—/k{¢0[f] fdt}-

Asd¢/dt = 0, the evolution is fully determined by the collision term

0;d(t, x) = ‘/];¢(x, k) Ciritxio) - (2.18)

Conserved quantities are those that satisfy 9,®(¢,x) = 0. The functions ¢(x, k) that when
multiplied by the collision term and integrated over momentum return a vanishing result are

called collisional invariants. For the integral to vanish, we must have

[0 Cinin = [ [ dr s iowekska k) firean =0, @19

Making use of the symmetry properties of the transition probability, as given in Equations

(2.12) and (2.13), we can arrive at the simple property
P(x, k1) + P (x,k2) = P, ks) + p(x, ks) . (2.20)

The Boltzmann equation permits exactly five collisional invariants [9]; ¢ = 1 (particle number

conservation) and ¢ = K* (energy-momentum conservation).

2.2.2 Equilibriation

We will now show that the Boltzmann equation drives the distribution function towards equi-
librium, a function f®4(¢, x, k) for which Cj s} = 0, by introducing Boltzmann's H-Theorem. For
simplicity’s sake, we assume spatial homogoneity of the distribution function.

For the collision term to vanish, we must have a balance between the gain and loss terms of
the distribution functional #{ (2.16),

fiffifi = fiifshe. (2.21)
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or, equivalently,

log(%) + log(%) = Iog(%) + log(%) : (2.22)

Noting the similarity between Equations (2.22) and (2.20), read the former as a statement that
sum of the log(f/f) must be conserved in the collision. Thus the logarithm must be a function

of the five collisional invariants,

ACIA T S S
ST P -

giving us the familiar Bose-Einstein distribution function

1

T ey

(2.24)

where the parameters p and T represent the chemical potential and inverse temperature re-
spectively.

The assumption of molecular chaos (colliding particles’ momenta are uncorrelated before
the collision) is enough to introduce a clear flow of time in the behaviour of a system under the
Boltzmann equation. Subject to dynamics as given by the collision term (2.14), an initial distri-
bution function will evolve towards its equilibrium. To see this we will show that the solutions
to the Boltzmann equation obey the second law of thermodynamics (entropy never decreases),
thereby giving a clear arrow of time to their evolution.

In a system of bosons, each quantum state can contain an arbitrary number of particles,
but each of these particles are indistinguishable. Thus if we have N; particles contained within
a phase space element d>xd>k to distribute these over the G; single particle states in the same

phase space element, the number of ways to do this is [6]

_(Gi=N;-1)!
~ (Gi-DIN{! (2.25)

Gi+Ni_1
Qi:
N;

Then using Stirling’s approximation we calculate the total entropy of a system with a given dis-

tribution of N; particles as

5= |(Gi+ N log(Gi + Ni) - Nilog(Ny) - Gilog(Gy |, (2.26)

or, introducing the mean occupation number f; = N;/G; of the i-th phase space cell,

5= 37| flog(f) - 1+ ) log1+ )

(2.27)

_ _(2;)3 /d3x/d3k [flog(f) —flog(f)]-
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From this, we define the relativistic entropy density four-current as

$(x) = - / (£ e o) Tog (£ K)) = F(x, k) log(fx, ) 2.29)

k
allowing us to state the second law of thermodynamics, as generalized to a relativistic system,
sf > 0. (2.29)

We can show that the equilibrium distribution (2.24) does indeed maximize the entropy through
the method of Lagrange multipliers.
That the solutions of the Boltzmann equation do indeed obey Equation (2.29) was shown by
Boltzmann through his H-theorem
H=-§<0. (2.30)

2.3 Bose-Einstein condensation

Under the Boltzmann equation, an initial distribution function evolves asymptotically to equi-
librium. This equilibrium distribution function (2.24) (and consequently its energy and num-

ber density) is fully categorized by the two equilibrium parameters {y, T}, or equivalently {v :=
_)U/Ta T}

teq(T,v) = 3T*L4(v) (2.31a)
Neq(T,v) = T’Ls(v), (2.31b)

where we've introduced the shorthand L,(x) := Li,(exp(x))/n%, and Li,(x) is the polylog-
arithm of order n. Through conservation laws these equilibrium parameters are fully deter-

mined by the initial distribution’s number and energy density, which we take as fixed

eeq(T, V) L €in (2.32a)

Reg(T, V) = nin . (2.32b)

Although we are guaranteed a solution to the above system of equations, some solutions may
not be physically realizable by having a non-negative chemical potential value corresponding
to a distribution function that is not strictly non-negative.

We will now look closer at the solutions of Equations (2.32a, 2.32b). This system of equations

define two lines in the v-T plane, with gradients

or [eeq(T, v)] = dreeq(T, v) + dyeeq(T, v)orv =0
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_ 4L
= e =170 (2.33a)
and
or [neq(T, v)] = drneq(T,v) + dyneq(T, v)drv =0
_ 3L
= Jrvy, = Lo (2.33b)

It is easy to numerically verify that

L) ,LO)

Ls(v) La(v)”

for all values of v, thus ensuring orv, > drv, and allowing us identify a unique “critical” sit-
uation in which the two lines described by Equations (2.32a, 2.32b) intersect at v = 0. With
this, we classify our system as either underpopulated (intersection at v > 0), critically populated

(intersection at v = O) or overpopulated (intersection at v < 0).

’ -------- number conservation —— energy conservation

overpopulated critically populated underpopulated

FIGURE 2.2: Stylized depiction of the v-T parameter space for overpopulated,
critically populated and underpopulated systems.

Overpopulated systems are those in which the total particle density is greater than that of
the excited states of the Bose-Einstein distribution, thereby forcing the “excess” constituents
into all occupying the lowest energy state, with k = 0. This macroscopic occupation of the sin-
gle one-particle state is known as Bose-Einstein condensation. Practically, for our book-keeping

purposes, this is achieved by modifying the equilibrium distribution (2.24) to

1

exp([E—u-k]/T) -1 +(27)°*n. 8% (k) (2.34)

[k =

still described fully by two equilibrium parameters, n. (the number of particles in the conden-

sate) now replacing p in the parametrization.



2.3. Bose-Einstein condensation 11

Bose-Einstein condensation has been successfully observed in many systems [10-14], but
has not yet been observed in a system of gluons. However, as the Color Glass Condensate (CGC)
model predicts the saturation of gluon densities in high energy collisions [15], researchers have
proposed the possibility of the suppression of number-changing collisions and a formation of
a transient gluon condensate in the evolution of the quark-gluon plasma [16-18].
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Chapter3

Solving the Boltzmann Equation

3.1 Illustrating the two-body phase space

In this thesis we use a system of spatially homogeneous gluons, isotropically distributed in
momentum space, to model the far more complicated quark-gluon plasma (QGP). In doing so
we hope to capture some salient properties of the evolution of the QGP while allowing sufficient
simplicity in some aspects of the evolution to compensate for more thorough investigation of
others. In this vein we choose to include in our analysis the eftect of the coupling between our
gluons and their thermal fluctuations.

At finite temperature otherwise massless fields acquire a thermal mass [19]
my, ~ AT, (3.1)

where A is the coupling constant. This thermal mass appears as a modification to the disper-
sion relation of the propagating field. In more complex theories (QCD certainly being one of
them) the thermal mass is typically a function of the frequency and momentum of the propa-
gation, but the temperature scaling (3.1) remains the same. This effective mass will be treated
as constant for the remainder of this work, referred to simply as m. Beyond the acquisition
of a thermal mass, fields also encounter screening effects due to the presence of the thermal
medium. We will revisit this in Chapter 5.

Before we're able to tackle the collision term, we need to have a good understanding of the
two body phase space as given by Equation (2.15). To do so, we introduce the Mandelstam invari-
ants

s= (Ki+Ky)* = (Ks + Kb)?,

= (KI - K3)2 = (KZ - K4)2 5 (32)
u= (K- Ky’ = (K- K3)*.
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From energy-momentum conservation and the on-shell conditions (K = m?) we may conclude

that these invariants are not independent of each other,

s+t+u=6m2+2(K1-K2—K1-K3—K1-K4)

5 5 (3.3)
=6m +2K1'(K2—K3—K4) =4m”.

Thus, we have only two independent Mandelstam invariants with which to categorize a collision
(in this thesis, we will typically use s and t). Imbuing these invariants with physical meaning,
we associate s with the total energy of the collision (it is indeed the square of the energies of
the incoming particles in the center of mass frame) and t with the momentum transfer of the
collision (closely related to the scattering angle in the center of mass frame).

We now simplify the integration over the collision phase space (2.15) as an integral over the
Mandelstam invariants s, t and and an integral over the outgoing energies Es, E4. The details of

the calculation can be found in Appendix A, we quote here a sketch of the result:

/dr{...} ://dEngL;I[{W}], (3.4)
R

st tt 1
f[{_"}] = / ds/t dt\/—g{ e } , (3.5)

with Q a quadratic function of ¢, the coefficients of which, along with the bounds s., t.., being

where

functions of the remaining integration variables. The “Mandelstam integral” (3.5) will be dis-
cussed in more detail in Appendix D when we look at specific forms of the collision term. For
now we focus our attention on the E3E, phase space in Equation (3.4).

In aid of the later discritization of the phase space we introduce an ultraviolet (UV) cutoff
Auv, such that E; < Ayy. A quick dimensional analysis of the collision term (2.14) confirms
that, noting that the distribution functional ¥ consists only of terms cubic and quadratic in
the distribution f, for distributions f (k) that drop faster than 1/k at large k the collision term
is UV finite. Thus, assuming a sufficiently large value of Ayy is chosen we expect no pathological
behaviour of the Boltzmann equation (unlike, as discussed in [20, 21], in the case of its classical
approximation). With this our EsE, phase space is fully determined by the restrictions m <

E; < Ayy, and is depicted in Figure 3.1.

3.2 Capturing condensate dynamics

In this section we will modify the Boltzmann equation under the presence of a Bose-Einstein

condensate with the goal of explicitly detailing the evolution of the condensate. To do this we
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E,

A,,

E { \
m,,

m E, A

Ej

FIGURE 3.1: Integration phase space for (3.4) over the variables E; and E,. The
bottom and top diagonal boundaries correspond to E, = mand E, = Ayy respec-
tively.

include in the distribution a condensate term
f = fk) +n.(27)*5% (k) 3.6)

where f (k) is understood as the regular part of the distribution, finite near the origin [22]. With

this modification, the distribution functional becomes

Fir = Fin + nc<2n)3{5<” (k) F7* + 69 (k) TS

AT P
where
Fit = hbfi— hhh (3.82)
Fi = fffi— fifk. (3.8b)
Fint = fikhi - fikk (3.8¢)
Fif' = fiff = fkf- 3.8d)

Note here that we've excluded the terms quadratic and higher in n, as these terms all vanish

when substituting Equation (3.6) into the collision term.
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We now integrate the Boltzmann equation over an infinitesimal sphere in k;. Doing so al-
lows us to get the following two coupled equations

a:f =Ciy +nc{C[O]9]t+ZC[i?]}, (3.92)

and
atnc = I’lcRc[f] (3.9b)

Here we've introduced the shorthand

1 (27)*

CO% (ky) = lcss (6(4)(K + Ky +K +1<)|M|2) , (3.102)

(13 16mE; J5, EsE4 U] A2 AT R koo
Cin (ky) = — @m)" izes (5<4>(K1 + K+ K +K4)|M|2) (3.10b)

[f] 16mE; J,, E,E, U] ky=0

and
1
Relp) = 5~ / dr (2m)*F 7 (5<4>(1r<1+1r<2+1<3 +K4)|M|2) (3.10¢)
k1=O

Note the relative factor of two between the two terms in the bracket of (3.92) representing the
two available options of scattering into the condensate (k; = 0 or k4 = 0).

With Equations (3.9) the conservation laws read

number conservation: Rere + / (Cin + 2C’°ut) =0, (3.11a)
c[f] k [f] [f]
energy conservation: ch[f] + / E; (CE}] + ZCFfu]t) =0, (3.11b)
k
momentum conservation: / k (C[i]?] + ZC["fu]t) =0. (3.11¢c)
k

3.3 Numerically solving the Boltzmann equation

3.3.1 Discretization

In order to have access to the time evolution of the distribution function, we will numerically
solve the Boltzmann equation. To do so we will need to recast the Boltzmann equation into a
discrete form in both time and momentum (recall that we've made the simplifying assumption
of spatial homogeneity). The bulk of our numerical effort will be taken in evaluating the col-
lision term which, through our simplification of the momentum phase space as discussed in
Section 3.1, we've managed to reduce from a ninefold integral to a fourfold integral (3.4). In

chapters that follow we will look at the Mandelstam integral (3.5) in more detail and show that
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for interesting classes of matrix element M we can derive closed form expressions for Zy.
Thus, in this section we will focus on the necessary discretization of momentum space.

As we've seen in Subsection 2.3, conservation of number and energy density determine the
equilibrium of a given initial distribution by setting the equilibrium parameters. Thus, special
care must be taken through the evolution to satisfy these conservation laws with high accu-
racy. This is of particular importance near the vicinity of Bose-Einstein condensation, where
the system very suddenly picks up a macroscopic number of particles in the condensate. We
will be using a discretization scheme that allows for the conservation laws to be satisfied exactly
(following [20]), the details of which can be found in Appendix B.

As it requires an equidistant grid, in using this scheme we make the trade-off between ex-
act conservation and grid efficiency. This is important to note because in its discretized form,
the momentum space that makes up the domain of the distribution function necessarily has a
smallest nonzero momentum ks — an artificial soft scale introduced into the problem. This
smallest nonzero momentum plays the role of an inverse size of the system, thereby subtly
breaking our assumption of spatial homogeneity. We shall see that this has the consequence of
making the onset of condensation no longer a true discontinuous phase transition, but rather
a sudden (but not immediate) transition. We can lessen this effect by sending ks — 0. For an
equidistant grid this corresponds to sending N — oo, avery tall order given that an integration
of E3, E, phase space asin (3.4) scales like N therefore making an overall evolution step scale as
N?. Were we to have the freedom of an irregular grid, we could devise one that clusters points
in numerically relevant areas allowing us to have small values of ks for relatively smaller N.

To capture the extreme dynamics around the onset of condensation we use an adaptive
timestep method to iterate through the evolution of the distribution function and its conden-
sate. In particular, we use a Runge-Kutta-Fehlberg method of mixed order two and three,
RKF2(3) [23].

3.3.2 Initial condition

As a rough model for the initial conditions for a quark-gluon-like evolution, we take inspira-
tion from the Colour Glass Condensate (CGC) model and study distributions that are large for

energy below some characteristic scale Q and negligible above Q,

f(E)=xO(Q-E). (3.12)

Note that Q is not a true scale of the system as we can simply express all dimensionful quantities
in units of Q; we will set Q = 1 for the remainder of this work. For numerical purposes we wish
to “smooth out” the discontinuous @-function, leading us to rather consider the family of initial

conditions
X

falB) = =D /ol +1°

(3.13)
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Algorithm 1: RKF2(3)
input :initial condition (t;, x;); tolerance TOL, initial time step A;
output: successive iteration (11, Xi+1)
set FLAG = false

while FLAG = false do
set y; = f(x;)
set yp = f(xi + Avyp)
set y3 = f(x;+ Ai(y1 +1y2) /4)
set € = Ap(y1 +y2 — 2y3)/3
if € <TOL then
| set FLAG =true

else
| set A; = 0.9A,(TOL/¢)'/>

set Ay = Ai(y1 +y2 +4y3)/6
return (t + A, x + Ay)

FIGURE 3.2: Simplified pseudocode of a Runge-Kutta-Fehlberg algorithm for the
differential equation x = f(x(¢)).

Here o plays the role of smoothing the discontinuity, smaller values of ¢ result in “sharper”
corners (see Figure 3.3).

Initial conditions of the form (3.13) have closed form number and energy density expres-

sions,
xol o
nin(y, o) = —?Lg(—e /9y, (3.14a)
3yc*t .
&n(Y,0) = - frz Lig(—e"/?). (3.14b)

This allows us to, in principle, exactly determine the equilibrium parameters {v, T} as a func-
tion of the initial condition parameters { y, o}. In practice however, both our initial condition
and equilibrium distribution will be discretized on our energy grid meaning these analytical
relationships can be held only as approximations that improve with increasing density of the
grid. That we can, as in Section 2.3, define a unique critical equilibrium solution and conse-
quently uniquely define the under- and overpopulated regimes is proved in Appendix C.

From (3.9b), we see that our initial number of condensate particles must be non-zero in
order for us to attempt capturing the macroscopic dynamics further in the evolution. We shall
see that the exact value of n.(¢ = 0) chosen does not greatly effect the evolution of the system,

aslong as n.(t = 0) is negligible compared to the regular particle density (c.f. Figure 4.4).
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FIGURE 3.3: Initial condition (3.13) showing effect the value of ¢ has “shoulder”
steepness.
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FIGURE 3.4: Initial condition parameter space, showing the (o, y) regions for
which the system is underpopulated (hashed area), critically populated (solid line)
and overpopulated (gray area).
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Chapter 4

Toy Model: Scalar Theory

4.1 Simplifying the collision term

In this section we study the Boltzmann equation under scalar interactions. We show that our
phase space decomposition and simplification (as discussed in Section 3.1) results in the known
form of this collision term. Furthermore, we show that our numerical method (as discussed
in Section 3.3) reproduces known results for the evolution of the distribution function and its
condensate.

Under scalar interactions | M|? = A2, using (3.4), the regular collision term is

1
= EsdE 4.1
with . N .
¢ :2/12/ ds/ dt\/—g, 4.2)
S i

where Q and the Mandelstam integration limits s., ¢, are defined and discussed in Appendix A.
Recalling that Q can be expressed as a quadratic function in t with coefficients functions

of the remaining integration variables (defined in Equation (A.11)), we evaluate the innermost

integral
Bl & 1 n n
dt— = / dt = = , (4.3)
/t: \/Q t_ Vatt2+btt+ct V—a: W,(E3 +E4)2—s
where we've used that ¢, are the roots of Q(¢). Now, the integral over s is elementary
Sy - Sy
/ ds =|—-2r V (E3 + E4)2 —S
s_ A/ (E3 + E4)2 —S s—
4.4)

5 min(k, EZ) if EIEZ < E3E4
=2 .
mil’l(k3, k4) if EIEZ > E3E4

Thus, we have
7{). = 4-77,'/“.2 min(kl, EZ’ k3, k4) , (45)
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a Cip = — 2 //dE dE, min(ky, k., ks, k)T 4.6)
[f] - 1287[3E]_k]_ R 3 4 1’—2’ 3, R4 [f] ° °

This reproduces the result derived in [20] (Appendix B) and in the relativistic limit it reproduces
the result derived in [24] (Appendix A).

E,

A,,

: : : E;
m E; A

FIGURE 4.1: Integration phase space for (4.6) over the variables E; and E4. The
labels within the regions correspond to the value of K; ~ min(ki, k,, ks, k4) in
that subdomain.

4.2 Soft momentum behaviour

Adefining characteristic of the expected Bose-Einstein equilibrium distribution is the behaviour
at soft momenta: fI|,_,o ~ 1/E. In this section, we'll look at the small-k behaviour of the col-
lision term (4.6) under different forms of the distribution function. For simplicity’s sake we
will neglect the existence of a mass in this discussion, but through a more cumbersome set of
calculations one can confirm that the results of this section generalize to the case E # k.

We begin by studying a fully regular, well-behaved, initial condition. For small k; the phase
space becomes dominated by region (4) (see Fig. 4.2). In the limit k — O the integration of an
IR-regular distribution functional over the regions (1), (2) and (3) produce a vanishingly small

contribution to the collision term. In region (4), K ~ k;, and we get

1 k 1

where we've noted that for the regular integrand, the integration produces a finite result. Cu-

riously, we see that in the evolution of a distribution function it immediately picks up an IR
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2k; .

ki

ks

FIGURE 4.2: Integration region for (4.6) in the limit of small-k. Four regions are
differentiated: (1) in which ky, k,, k3 and k4 are small, 2) in which k;, k, and k,
are small, (3) in which k; and k4 are small and (4) in which only k; is small.

divergent component. Numerically this component is tempered by the timestep of the evolu-
tion, becoming a “suppressed” At/k; contribution.

Now we consider the evolution at some time other than t = 0, in which the distribution
contains the IR divergent contribution f — f(k;) + a/k; (a € R). We wish to confirm that
the leading behaviour remains 1/k;. Note that the dominant contributions to the integrand
come from regions (1), 2) and (3 in which one or more of the momenta k,, k3 and k4 become
small. Note that we're free to consider only these regions and not their corresponding mirrored
regions due to the ks;-k, symmetry of the integral. Looking at the forms of these integrals we
can observe the imperfect balancing between factors of k; from the area of a region with factors
of 1/k; from the distribution functional #|s) leading to a resultant 1/k; behaviour. To illustrate
this we'll study the dominant divergent contribution to the integrand in each of these regions
and show that the resulting integral produces at most a 1/k; divergence.

Proceeding in reverse order, region 3 has ks < k; making the dominant contribution to

~

the functional 7| f] come from f,

1
k4—>0 k4

i [A+fi+A)f - fifa] (4.8)

In this region K ~ k4 which compensates for the factor 1/k, produced by 7|¢;. The remaining

(finite) integrand is integrated over an area proportional to ki,

1 1
— dksdks|...| ~ =k, 4.9
2 ”//® 3 4[ ] o 2 1 4.9)
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producing a leading 1/k; behaviour. In region (2), we have k,, k4 < ki. The dominant contribu-

tion to the functional #{s) comes from the “doubly divergent” term

kk4(f3 f). (4.10)

However, the area of integration is now proportional to k? and we find

1 1 1
— dksdks—|...| ~ — 4.11
@2 //@ 3 4&2[ ] ook (4.11)

as expected. Additional care must be taken with region (1), due to the apparent “triple diver-

gence” of F ). With all momenta soft, the dominant contribution to the integrand is

7 & N 1 (k- k3)(kl_k4):_i+lk3+k4_i
Uk k50 k2 ksks K2k kske  ksky

(4.12)

where to simplify the expression in the first step we've used the property k, = ks + ks — ki.
The first and last terms of the expression in (4.12) can be shown to produce the anticipated

1/k; through similar methods as those described above. Working explicitly through the middle

k k
1 k3 + k4 1 1 k1
dk dk = — dks| 1 1
kz/ 3/kl Y ksky k3k4 klz 0 3[ Og(kl k3)+

k1

term,

(4.13)

we find that it does indeed produce the desired 1/k; behaviour.

From this we conclude that a ghost of the IR divergent equilibrium solution is present from
the very beginning of the evolution. This informs us that any numerical solution of this Boltz-
mann equation must take heed of the soft behaviour of its computed distribution function at
all times of its evolution. This becomes increasingly apparent when one considers the possible

presence of a Bose-Einstein condensate, as discussed in the following section.
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4.3 Including the condensate

In order to capture the behaviour (or existence) of Bose-Einstein condensate we must modify
the Boltzmann equation as described in Section 3.2. Doing this leads to the following expres-

sions for outgoing and incoming condensate scattering

A2 (2m)*
16mE1 34 E3E4

AZ 1 F 1c34
= dEs Fiqi
6472 mE1k1 «/m } ﬁf]

CPfj (k) = 7—‘[1;]345<4> (K1 +K, + K3 + Ky)

(4.14)

A2 (2m)*
16mE1 24 E2E4
Y|

— dE 12c4 )
647[2 mE1k1 -/E 4 T[f]

To update the number of condensate particles (according to (3.9b)) we take advantage of particle

C[i?] (k) = 9’[}2]645(4) (Ki+ K, + K, +Ky)

(4.15)

number conservation (see (3.11)) to write

Reis =—/k( f] +ZCE?T) , (4.16)

allowing us to significantly reduce the computational effort required of each update step.

4.4 Evolution of the system

We now present the results of numerically simulating the evolution of this system of “gluons”
under a scalar interaction, following the approach laid out in Chapter 3. Unless otherwise spec-
ified, for the results that follow the energy lattice is specified by the parameters Ayy/Q = 3,
m/Q = 0.1and N = 500.

We begin by looking at the evolution of the regular distribution function. As discussed in
Chapter 2, under the Boltzmann equation with Bose statistics an initial condition will evolve to
an equilibrium Bose-Einstein distribution with predicted equilibrium parameters {y, T} (along

with a possible condensate). Introducing the transformation

1+f(k)), (4.17)

f(k)

under which a Bose-Einstein distribution is represented as a straight line, we present an ex-

g(k) = log (

ample of such an evolution in Figure 4.3.
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FIGURE 4.3: Distribution function at various times alongside its predicted equi-

librium Bose-Einstein distribution ({z = m,T/Q = 0.56}), plotted under the
transformation (4.17). The initial condition is fully specified by the parameters
x=2,0=0.125and n.(0) =107°.

A non-zero initial value of n.(0) is required for the evolution of the number of condensate
particles, as is made clear in Equation 3.9b. In Figure 4.4 we show the evolution of an initial
condition with n.(0) varied from 107> to 107, and see the asymptotic results of the evolution

are unaffected.

1071 =
1073 | J N
(H]
i
[
T 1070 mememeememees A : i
3
i — 1n.(0) = 1073
10*7 L e ! C( ) e
! =-==n.(0) =10
’I' ........ nc(o) — 10—7
1077 mmmeeeeees d ~=--n.(0) =107° |
l l l

0 100 200 300 400 500 600
A2t

FIGURE 4.4: Evolution of the number of condensate particles, n.(t), for varied
initial value n.(0). The initial condition is otherwise specified by the parameters
x =5and o = 0.125.

The behaviour of the evolution is, however, greatly affected by the value of the initial con-
dition parameter y. This is expected as, given our fixed value of o, y controls the population
parameter of the initial condition (c.f. Figure 3.4). In Figure 4.5 we show the proportional evo-
lution of the number of condensate particles n.(t)/n, and note the clear difference in be-
haviour of the underpopulated initial condition given by y = 0.3 showing the lack of formation
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of a “macroscopic” condensate.
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FIGURE 4.5: Evolution of particles in the condensate as a proportion of the total

number of particles, n.(t)/ny: for varied initial particle density as measured by

the parameter y. The initial condition is otherwise specified by the parameters
o = 0.125and n.(0) = 10™°.
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Chapter s

QCD Scattering

5.1 The QCD matrix element

For the remainder of this work, we will study a system of gluons interacting through via the
strong force. We will consider only elastic gluon-gluon scattering, whose squared-matrix ele-

ment reads

tu su st

IM|* = 72(47a)* |3 - 7 (5.1)

at Born level [25] (see Fig. 5.1). The dominant scatterings are those involving small momentum
transfer between colliding gluons, as can be seen in the terms with denominators t* and u?.
This allows one to potentially simplify the form of the matrix element, as we shall see in the
following section. Note that due to the crossing symmetry of (5.1), we may identify the ¢- and
u-channel. Thus, when studying the behaviour of the matrix element under soft interactions
we will look at t < s, and infer the behaviour of u < s accordingly. For t <« s, we have
u ~ —s and the matrix element is dominated by a term proportional to s*/t2. Studying the ¢

dependence of the differential cross section (do/dt), we see a1/t> divergence

do  IMJ? a?

dt  16ms? =0 g2

This, however, results in a divergent transport cross section and will yield nonphysical predic-
tions for physical observables. Therefore we must take into account higher order processes and
do so via loop corrections. These corrections enter as a self-energy of the exchange gluon (i.e.
the screening of the interaction through the acquisition of a Debye mass u [26]). We calculate

the Debye mass of a system with distribution function f(k) as [27]

- Pk f(k)

=) @ & 2

We will look at two methods of screening the IR divergence, a “weak” and a “strong” screening.
Both approaches have been used in the literature [17, 28-30]. The weak screening approach

is derived from a Hard Thermal Loop (HTL)approximation of the gluon self-energy [31] and
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Ko L X

FIGURE 5.1: From left to right: the gluon four vertex, the s-, t- and u-channel dia-
grams.

modifies
s% 2

2 -
U

This screening mechanism partially preserves the divergence of the matrix element while re-

(5.3)

ducing its strength such as to ensure a finite transport cross section. In contrast, the strong

screening approach fully removes the divergence of the matrix element,

s% s%

2 t-)p o0

This screening is equivalent to the restriction of the range of ¢ through the introduction of an

upper cutoff t* = — /2.

5.2 The soft-scattering approximation

As discussed in the previous section, the form of the matrix element (5.1) leads to an overrep-
resentationof soft scattering events (¢ < s). In this regime, one can simplify the Boltzmann
equation into a Fokker-Planck equation [5] — thereby trading an integro-differential equation
for a more tractable partial differential equation. This is achieved by expressing the outgoing

particles’ momenta in terms of the momentum transfer Q = (E4, q),
k: =k +q, ki=k;,—-q,

and expand the collision term (2.14) in small Q.
Expressing the momenta in terms of q we arrive at an approximation for the distribution

function evaluated at these momenta,

f=fi+taff +0(d).  fi=fi—qfi +0(g"),

which leads to

Fin = a(iff - hF).
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Following [29], we're able to rewrite the collision term as a divergence of a current 1

Dif =V - Jif, 5.5)

which in the case of a homogeneous momentum distribution reads

1

Tink) = 5= [ Blku ko) (A - 555 5.

where the directional vector k is implied and

Iq ¢ 2
B(kp k;) = O(E;+E, — E; —E.), 5.7
(k) = [ S MPO(E 4 B2~ B2 - ) 57
noting E; = E; (kl, q), Es =E,4 (kz, q) .

Considering massless particles and an unscreened matrix element, following [18] we get

I k) = 36w L [IAf{ +IBf1ﬁ] , (5.8

Note here the emergence of the Coulomb logarithm £ a divergent integral of the form

k+%

L= ,
. k

(5.9)
where the cutoffs k. are determined by the equilibrium temperature and screening effects re-
spectively: ky ~ T, k- ~ mp. A discussion of the Coloumb logarithm in this context can be
found in [32].

Authors [29, 33, 34] have used this approach to study the behaviour of this elastic gluon
system, looking particularly at the question of an emergence of a transient Bose-Einsten con-
densation. This previous work provides valuable points of comparison for the results produced

by the differing approach taken in this paper.

5.3 Simplifying the collision term

In the case of a non-trivial matrix element (5.1), the details of the described interactions are

encoded in the kernel

Km (ki ks, ky) = IM[*(s, 1), (5.10)

/s+ ty 1
ds dt ——
s_ - \/Q(S, t,.. )

where, as discussed in Appendix A, Q is a function quadratic in any of its variables s, ¢, ki, k3

and k4 and the kinematics of the interaction are described in the bounds of the integrals over
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the Mandelstam invariants s and t.
Focusing on the “weakly screened” t-channel, we note that we can express the matrix ele-

2 1 2 2
|Mt|2 = S—Z = _2(3_ - S—Z) 5 (511)
tt—p?) p\t t-p

ment as

allowing us to write the kernel

1
%, = —Z(I(...;y) ~7( ..;o)) (5.12)
i
in terms of a master integral
t+ §2
I(kl,kg,k4,,u) —/ ds (513)
\/Q(l‘ 5.t H

which is calculated in Appendix D.
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Chapter 6

Summary and Outlook

In this thesis we have developed numerical scheme capable of solving the relativistic Boltzmann
equation for gluons under the assumption of spatial homogeneity and spherically symmetric
initial conditions. In particular, we have used the Mandelstam kernel (5.10) to reproduce the
known results from the case of scalar interactions (as seen in Chapter 4) and we have general-
ized this formulation to the case of QCD interactions under an approximation of soft scatter-

ings (as seen in Chapter 5).

In doing so we have numerically tracked the formation of a Bose-Einstein condensate in
the case of the scalar interactions. Further numerical work is required to track the expected

formation in the QCD case, with the “weakly screened” matrix element (5.11).
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Appendix A

Two-body phase space

Considering a function of the participating collision momenta g(kj, k;, ks, k4), we evaluate the

functional

Glgl = / dl'g. A1)

We reduce this sixfold integral following [35]. We re-write the integral over k, into its mani-

festly covariant form

Pky 1 [ d'K, ,
n)}2E, ) o) (27)8(Ky —m*)O(E,), (A.2)
and calculate
/ 5D (K + Ky — K3 — Ky) g = 278 (K2 — m¥)O(E,)g . (A.3)
4 Z

Note that a dependence on the fixed four-momentum K, = K; + K, — Kj is represented by the
underline, for example E, = E; + E, — E;. We specify the coordinate system by aligning the

z-axis with k; and orienting the zy-plane to contain ks,

k1 = kl(O, O, 1) ,
k, = k,(sin ¢ sin 6,, cos ¢ sin 6,, cos 6,), (A.4)
ks = k3(0, sin 63, cos 65) .

We perform the azimuthal integration over ¢ through the on-shell condition in (A.3). We ex-
press the argument of this delta function in terms of the Mandelstam invariants s = (K; + K3)*
andt = (K; — K3)2 as

Ki-ml=s+t—2m*—2K, - K;. (A.5)

Evaluating the four-product using (A.4), we find KZ — m* = A + B cos ¢ where

A=s+1-— 2m2 - Z(E2E3 - kzkg cos 92 Ccos 93) s A.6)
.6
B = Zk2k3 sin 02 sin 93 .
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With this, we evaluate the azimuthal integral

[ apstarseosirg@ =522 5 g, @)
: Vo 29

where ¢. = 7 + arccos(A/B) and Q = E}(B* — A?). For the remaining angular integrals we

change variables from {cos 6,, cos 6} — {s, t} defined by

s = Zmz + Z(ElEz - k1k2 COoS 92) s

(A.8)
t = 2m* — 2(F1E, — kiks cos 65) ,

with Jacobian 4k?k,k;. Thus, defining

/ ds / dtQ(Q) Zg(¢+ (A.9)

and changing variables E, — E, = E; + E, — E3, we have

1

— [ dE,dE : A.10
16(27r)4k1/ s 4B K (4.10)

Glg) =

The kinematic restrictions of the collision, as represented by ©(Q), define the phase space
of (A.9). Q, a function quadratic in each of the integration variables, is expressed as Q(t) =

a;t* + bst + ¢;, with coefficients

ar=s— (Es+E;)*,
by = s* — 2s(E;Ey + E,Es + 2m*) + 4m®(Es + E4)*, (A.11)
¢ = —s(s —4m*)(E; — E3)*.

As a < 0, Q(t) is positive in the interval [t_, t,],

~by + \b} —4a;c; b, = VA
ey = =: . (A.12)
Zat Zat

Positivity of the discriminant further restricts the phase space, requiring s € [s_, s, | where

EiE, + m? + kik, if E;E, < EsE
se=24 72 S T A.13)
EE + m? + k3k4 if E1E2 > EsE,
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With the kinematic bounds fully specified, the factor ®(Q) can be dropped in (A.9) to give

st tt 1
Kig) = / ds /t dt@zi:g(gbi). (A.14)
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Appendix B

Number/energy conserving discretization

To calculate integrals in the form of (3.4) we discretize E;, E, into N + 1linearly spaced points
between mand Ayy, Then, if E; is on this grid we are guaranteed that E, is too, thereby eliminat-
ing any need for an interpolation of the integrand. We denote these grid points E; (i € [0, N]),
where

Ayy —m

E; =m+iA , A= ——. (B.1)
N

This, additionally, allows us to refer to E;, E4 not only by their values but also by their associated
indices i, j.

With this we use an equidistant quadrature formula to estimate integrals over energy by

Ayv N
[ deg® < n Y wgE) 8.2
m i=0

where the weights W; depend on the details of the quadrature formula chosen. For the conser-
vation laws to hold exactly for our approximated collision term we must ensure that we preserve
the symmetries of the collision term - invariance under the exchange of the two particles in the
initial state or the two in the final state and antisymmetry under the exchange of final and ini-

tial states. We do this by explicitly reintroducing the energy conserving §-function,
/ dE_?,dE4 /dE_?,dE4dE2 5(E1 +E, — E; — E4) { }

~ N Z V\GW]‘Wﬁku—i—j{ . } =A? Z I’ViM/jM/Hj—k{;},

=1 i,j=1

(B.3)

where k is the index corresponding to E;. Note here we've dropped the zeroth term of the mo-
mentum sums. In the calculation of the collision term this point would correspond to the eval-
uation of the distribution function at the condensate, a potentially singular point. We've taken
care of this by explicitly separating the evolution of the regular distribution function from the
evolution of the number of particles in the condensate. Thus, we will be evaluating the inte-
grand of Cj) for E > m.

From (B.3), for a chosen quadrature scheme, we can read off the weights that should be used
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in the double sum in order to exactly (or, more precisely, within floating point accuracy) con-

serve particle and energy density. In this thesis we will use the trapezoidal rule, with weights

1

VVI:WNZE > WZ:M>~~~>WN—IZ]~~ (B4)

0—0—0-0-0-0-0-0-0-0-0-0-0-0

FIGURE B.1: Number/energy conserving trapezoidal quadrature weights evalu-
ated on the energy index phase space i-j, with the edge cases of k = 1 (top right)

and k = N (bottom right) pictured on the right.
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Appendix C

Critical population on an equidistant grid

On a finite grid the lattice values of the particle and energy density must be conserved

I !
eeq(T,v) = o2 Z i*fi = i, (C.1a)
i=1
A Y !
Neq(T,v) = P Z P foi = Nin, (C.1b)
i=1

where we've taken, without loss of generality, m = 0 such that E; = iA and defined f3; =

fo(Ei/T +v).
As in Section 2.3, these conditions define two lines in the v-T plane with gradients

or [geq(T, v)] = 0r€eq(T, V) + 0yeeq(T, v)Orv =0

A 'i4 /.
= orve = — Li _3fB,l , (C.2a)
T2 % Pl
and
Or [neq(T,v)| = 0rneq(T, v) + dyneq(T, v)orv = 0
A Y i3féi
= V= e, (C.2b)
T 2 ] fgi

where f(x) = fg(x) f_ig (x). To show that the critical is unique, we show that orv, > drv, always;

implying that the intersection of the two lines at v = 0 is unique. We recognise this as the

N . N
Z jtk*cicr > Z P’Kejek,

Jk=1 jk=1

following problem

or, equivalently

?
cicki’k*(j—k) > 0. (C.3)
1

7 =

N
Jk=

We begin by noting that the coefficients c;, ci are strictly positive since the Bose distribution



42 Appendix C. Critical population on an equidistant grid

function is strictly positive. Then we note that all terms with j = k are zero. Thus, we can split
the sum into one over terms with j > k and terms with j < k as

N N
7 = Z cicki kA (j — k) + Z cickj k> (j — k).
j>k >k

Relabeling j < k in the second sum and grouping terms we find

N

Z =Y |G-k k(G- K)|
. (C4)

= icjckakz[(j—k)z] >0. O
j>k
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Master integral: gluon-gluon collisions

As discussed in Chapter 5 it is possible to relate relevant collision kernels to the master integral

S+ t+ 1 SZ
I(kl, k3, k4;y) = / dS/ dt (DD
S [

JO(ts, .. t—

where Q (a function quadratic in any of its variables) and the integration bounds of the integrals

over the Mandelstam invariants s and ¢ are discussed in Appendix A. Note that in the calcula-
tions that follow, for notational convenience we shall suppress the additional arguments of the
integrand functions, i.e. Q(t,s,...) = Q(t,s).

We begin by performing the definite integral over ¢, recalling Q(t,,s) = Q(t_,s) = 0, tofind

(D.2)

t+ 1 2 2
s s
/ dt g T
[ \/Q(t, S) [1 Q(S)
where O(s) = —Q(t = 42, s) = ass? + bys + c; with coefficients

as = (EI - E3)2 - :uz’
bs = —4m*(E; — E3)* — yi* + 2p*(EE4 + E,E3 + 2m?), (D.3)
cs = IJZ(/,IZ - 4m2) (E3 + E4)2 .

We then compute the integral over s to get the final result

+

N
s — 4asc, — 3b? . [ b+ 2as
I(kl’ k3’ k4;/1) = 473 |:(3bs - Zass) Q(s) + Tas‘s arcsin (m)] s (D.4)

where s are defined in Eq. (A.13).
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