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Variable Modeling of Spatially Distributed Random Interval Observations

Abstract
by
Njeri Wabiri

Often, data is not observed exactly, but rather an interval range or fuzzy measure
of data is observed. In the spatial domain, observed intervals in the same neighborhood
influence each other. The assimilation of imprecise data in spatial models is not only
appealing but is also becoming an important research topic. However, the development
of models, for spatial imprecise (fuzzy) data is still an emerging field in environmental
applications. As a part of this emerging field, this thesis addresses the dual of randomness
(imprecise observing of data as an interval) and the spatial dependence by (i} extending
kriging to handle intervals, (ii) a non-parametric approach using kernels, (iii} Bi-variable
copula kriging approach that encompass the modeling of uncertainty (dependence) be-
tween the observed lower and upper interval values and (iv) a fuzsy -credibility kriging
approach that utilizes a fuzzy variable, the equivalent of observed interval data.

First, we use the suppert function concept for embedding interval-valued data into
Hilbert space. This mirrers the pair wise dissimilarities among the intervals, and generates
a univariate configuration of random intervals, interpreted as 2D location in the domain
of a suitable Hilbert space. The approach opens an interface between interval-valued data
analysis and support function-based data analysis. Each random interval corresponds
to a random support function, and the interval space assumes a coordinate system with
intervals as bivariable random vectors of lower-upper random variables. A generalized
weighted interval metric and corresponding interval kernel is defined. v

A kriging approach to model spatial random intervals is proposed. The approach
focuses on stationary isotropic random interval models and utilizes the center-radius vari-
able representation of random intervals. Two techniques:- a) composite kriging and b)
component-wise kriging are defined based on proposed composite and component-wise
(co)variance models.

The proposéd non-parametric approach relaxes the stationarity assumptions in kriging,
focusing on non-stationary random interval models. The approach allows the observed
random spatial-interval data to define the optimal functional form of the spatial random
interval process. The problem of providing spatial interval-valued estimates of the spatial
interval regression function based on some kernel function defined in a Hilbert space is
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addressed via a Kernel interval regression technique in a joint spatial interval domain.
Our approach combines a spatial adaptive kernel and a robust interval uncertainty kernel.

The spatial kernel ensures that only samples sharing similar intensity and gradient
information are gathered for local approximation. The robust uncertainty kernel adapts to
the interval structure and minimizes the influence of outliers. This kernel-based technique
is found to be efficient when data is mapped to a high dimensional feature space where
algorithms as simple as their linear counterparts in input space are used.

As an alternative to indicator kriging for spatial random interval/vector data, we pro-
pose two scalar variable modeling techniques. In additional to spatial interval prediction,
a unique contribution to the literature of the spatial data analysis and GIS modeling is
made. The two techniques a) bivariable copula grade kriging, and b) credibility distribu-
tion grade kriging of spatially distributed random intervals exploit the joint distribution of
the spatial random intervals. The copula approach combines a.nalytical distribution (mar-
ginal) models and an empirical copula. The credibility approach is based a scalar fuzzy
variable, the equivalent of the random interval set, with maximum entropy. - This leads
to a tractable analytical model for the uncertain phenomena allowing for easy prediction
and mapping.
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CHAPTER 1

INTRODUCTION

Scope

The chapter introduces the problem addressed in this dissertation. A review of
the developments of spatial prediction in particular application of geostatistics is
given. Limits of the geostatistical approach to modeling spatially distribute random
vectors are highlighted. This leads to the proposed research problem addressing

specific objectives.
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1.1 Introduction

In the early 1950s, mining engineers were faced with the problem of estimating
disseminated ore reserves. Available classical methods were found to be insufficient.
Krige (1951), a South African mining engineer and Sichel, a statistician designed
alternative optimal interpolation methods for estimating the sparsely distributed
ore reserves (Journel and Huijbregts, 1978). A French mathematician, Matheron
(1963, 1975, 1989) developed Krige'’s concepts and formalized them within a single
framework. Matheron introduced a tool to analyze the spatial continuity of sample
values called variogram.

The concept of a variogram was referred to as a structural function in meteorol-
ogy (Gandin, 1965) and in probability (Yaglom, 1987), a mean-squared difference in
time series (Jowett, 1952) or an autocovariance function in the study of Brownian
motion on R™ (Lévy, 1948). For other references see Cressie (1988). Kolmogorov
(1941) introduced it to study the local structure of turbulence in fluid. Neverthe-
less, it has been Matheron’s mining terminology that has persisted. Based on the
variogram, Matheron introduced an estimation method and called it kriging. The
phrase kriging was coined in recognition of Krige. Though originally developed for
use in the mining industry, the methods eventually lead to the birth of a scientific
field known as Geostatistics.

Within five decades, the field of geostatistics has expanded its horizon, both on
theoretical aspects and practical applications. Beginning with the concepts of spatial
correlation, variograms and the simple kriging formalism, it rapidly extended to take
into account, e.g., constant unknown mean (ordinary kriging), non-stationary mean
(kriging with a trend and/or a varying local mean (universal kriging and intrinsic
random function of order k (IRF-k))), auxiliary variables (cokriging) and categorical
variables (indicator kriging). Chiles and Delfiner (1999); Cressie (1993); Goovaerts
(1997) provides details of the methods. The ability of kriging to quantify and model
the spatial structure means that predictions are tailored to the intrinsic structure
of the variable of interest and not only the sample numbers and sampling patterns.

Geostatistics has also been applied in wide range of applications among them:
remote sensing (Atkinson and Curran, 1998; Curran et al., 1989; Woodcook et al.,
1988a,b); soils science (Ver Hoef and Cressie, 1993; Webster, 1985; Webster and
Oliver, 2001); hydro-geology (Kitanidis, 1997), public health (Carrat and Valleron,
1992); agriculture (especially, in precision farming) (Cahn et al., 1994); hydrology
(Ver Hoef and Cressie, 1993) and petroleum geology (Hohn, 2000). In spite of its
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adaptability to wide range of applications, kriging methodology still faces several
shortcomings:

¢ Kriging is only a best linear unbiased estimator in sense of minimum squared
error (Cressie, 1993; Stein, 1999); it is a common least squares solution to the
common regression problem.

o Kriging is based on the wide spread assumption of stationarity, often modeled
with a global spatial covariance model across the spatial region of interest.
Intuitively, kriging is a parametric approach to spatial prediction.

e Kriging produces a map of estimates which is ”best” (and hence unique map)
in a statistical sense. It also produces an associated map of spatial uncertainty
(Goovaerts, 1997). This implies that we cannot generate plausible realizations
or maps to aid in better assessment of spatial uncertainty. The latter can be
achieved by using simulation (Chiles and Delfiner, 1999; Goovaerts, 1997)

o Kriging, originally designed to handle scalar(real)-valued spatial measures can-
not automatically handle fuzzy (”imprecise ") spatial data. For example for
spatial random vectors (intervals) incorporating ’dual uncertain’ information
influenced by randomness and lack of knowledge (fuzziness), the approach
breaks down. Often a simple naive approach is to use rough approximations
of spatial random vectors/intervals i.e. the mean, median and indicator values.
This implicitly leads to loss of information.

Among the widely used alternatives to geostatistical techniques are: regres-
sion (generalized linear models, generalized additive models (Hastie and Tibshirani,
1990), radial basis function interpolation (Webster and Oliver, 2001), global poly-
nomial regression and inverse distance weighting methods (Myers, 1990)). Webster
and Oliver (2001) notes that the methods do not take into account (local) spatial
autocorrelation. In addition, the methods are optimal with even distribution of
sample points in the study area. » '

Proposed solutions relate to combining kriging and other methods (e.g. Fuzzy
sets (Bandemer and Gebhardt, 2000; Bardossy et al., 1988, 1990b; Burrough, 1989;
Kacewiez, 1994; Piotrowski et al., 1994); Regression kriging (Fuentes, 2001; Hengl
et al., 2003; Kleinschmidt et al., 2000; Stacey et al., 2006; Thomson et al., 1998)).
These approa.ches are often customized for specific applications. Other methods
worthy mentioning include autoregressive spatial smoothing (Ying and Dean, 2001);
Splines (Hutchinson, 1995; Wahba, 1992); Geographically weighted regression (GWR)
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(Brunsdon et al., 1998a,b; Fotheringham et al., 2002) and Geostatistical simulation
(Chiles and Delfiner, 1999; Christian, 2002; Goovaerts, 1997).

1.2 Research Problem

Often spatial data is not observed exactly but rather an interval (range) of the
data is observed. The observed sample of regionalized interval variables incorpo-
rates dual uncertain information influenced by randomness and lack of knowledge
(imprecision/fuzziness).

Major breakthroughs in information technology, means that large amounts of
varied data are easily collected from almost everywhere on earth and at different
scales. This varied nature of the data poses additional challenges to geostatistics.
There is need to adapt or design spatial prediction methods that are able to combine
varied data rigorously using sound theoretical concepts. Designed approaches should
easily adapt to fuzziness/imprecision inherent in spatial data.

Except for Fuzzy set based methods and Geostatistical Simulation, the spa-
tial prediction methods in §1.1 lack the capability to handle the dual uncertainty
(randomness and imprecision (fuzziness)) in spatial data. The method treats the
fuzziness as a random error.

Geostatistical simulation, alternatively called spatial stochastic simulation (Rip-
ley, 1987b) has been used to deal with sample spatial uncertainty and is beyond the
scope of the study. Briefly, geostatistical simulation deals with spatial uncertainty
by generating several realizations of an assumed ”spatial model” of phenomena un-
der study. Estimate is then extracted from the realization. If realization honors the
sample values (conditional simulation) the estimate is more accurate.

Developed Fuzzy-based methods (Bandemer and Gebhardt, 2000; Birdossy et al.,
1988, 1990a; Kacewiez, 1994) utilize Kaufmann (1975) fuzzy variable concept. Fuzzy
geostatistical modeling in Kaufmanns sense, is still a set modeling based on fuzzy
set variograms and leads to fuzzy sets predictions. New modeling techniques should
ultimately adopt a ”variable modeling approach” for fuzzy (imprecise) spatial data
to ensure real-valued estimates rather than set-valued estimates.

In this study, the research problem is to handle spatial imprecise (interval-valued)
data. We aim to address this by developing new innovative techniques for spatial
estimation with interval data namely:-

— Classical Random Interval Geostatistics (CRIG) methodology
- Composite and Component-wise kriging
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- Spatial Non-parametric Kernel Interval Regression
— Bi-variable Copula-based Geostatistics (BCG) methodology
— Fuzzy Credibility-based Geostatistics (FCG) methodology

The Classical Random Interval Geostatistics exploits probability theory for mod-
eling randomness and random interval theory for modeling fuzziness/imprecision.
Kriging and spatial non-parametric kernel interval approaches are proposed. The
two approaches, applies linear algorithms to modeling spatial random intervals based
on the lower/upper or center/radius coordinate variables. The approaches lead to
interval outputs represented using the lower and the upper prediction map plus a
prediction error map. _

A new approach that introduces variable modeling idea’ to modeling spatial ran-
dom intervals fields is proposed. The approach constitutes the Bi-variable Copula
Geostatistics (BCG) (Chapter 5) and Fuzzy Credibility-based Geostatistics (FCG)
(Chapter 6) methodologies. The two variable-based approaches are based on the
joint distribution function of the random interval data. They are information-
intensive and benefits considerably from the advantages of probability density (pdf)-
based inference. The BCG approach combines analytical (marginal} models and an
empirical copula in defining the marginal and copula grade marks associated with
random interval /vectors at given spatial locations. The FCG approach is based on a
flexible and tractable analytical model, the credibility distribution model of a fuzzy
variable induced by a random interval with maximum entropy. Compared to BCG,
the FCG approach is a more direct approach that simplifies numerical calculations
and can be easily applied to a general case.

The BCG and FCG approaches offer flexible output in form of joint probability
prediction, from which further elaborate statistics can be derived. OQutput is easily
integrated in available commercial GIS software (e.g. ArcGIS).

By associating the observed spatial random intervals with unique descriptive
measures: the copula, marginal and credibility grade marks, the BCG and FCG
methods leads to a random vector marked point process. The ”points” are the ran-
dom vector locations and the "marks” are copula, marginal and credibility grades.
Integrating statistical copula based methods with the approach to analysis of a
marked point process can provide valuable information on the spatial interaction
of spatially distributed random interval observations. The same principle applies if
we integrate fuzzy variable modeling approaches to marked point process. In both
cases, estimation can be easily done via maximum likelihood estimation
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Ultimately, the question addressed in this study is whether a scalar-variable mod-
eling idea is applicable to analysis of spatially distributed random interval or fuzzy
observations. The answer is ”yes”, and it is the objective of this study to demon-
strate this using the proposed BCG (Chapter 5) and FCG (Chapter 6) methodolo-
gies. The study also aims at demonstrating the robustness and the flexibility of
the approaches and presenting them in a way acceptable to most users. Section 1.3
provides a summary of the specific research objectives.

1.3 Research Objectives

(i) To extend real-valued parametric stationary models to modeling spatially dis-
tributed interval-valued data,;

(i) To extend nonparametric methods based on kernels to facilitate analysis on
non-stationary spatial random interval process;

(i) To introduce the bi-variable copula approach as a first attempt to scalar vari-
able modeling of spatially distributed random vectors;

(iv) To introduce credibility distribution theory, utilizing a maximum entropy ap-
proach, for seeking variable modeling approach to random interval events;

(v) To illustrate and test the flexibility of the credibility distribution and copula
based method using real-life application.

1.4 Thesis Outline

This dissertation consists of three theoretical sections and an application part.
The theoretical part covers the fundamental concepts underlying the proposed tech-
niques (Figure 1.1).

Part A, Figure 1.1, constitute Chapters 2, 3 and 4 of the thesis and is an ex-
tension of classical kriging and the non-parametric kernel methods to handle spatial
imprecise (interval) data. '

Chapter 2 reviews classical geostatistics and random closed interval theory, cover-
ing the basic concepts underlying the two theories and defining the classical random
interval geostatistics process. .

Chapter 3 extends the classical kriging approach to regionalized random inter:
vals. It address objective (i) (Wabiri et al., 2005, attached as Appendix P.2).
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Chapter 4 discusses the flaws with parametric interval kriging and highlights
how the non-parametric kernel interval regression may provide a much more flexible
way that overcomes the stationarity assumptions in interval kriging. It addresses
objectives (ii), (Wabiri et al., 2005 attached as Appendix P.3).

In Chapter 5 (Figure 1.1, Part B) we introduce the Bi-variable copula-based
geostatistics. The technique exploits a model of the joint distribution of random in-
tervals through its copula and its marginals. The copula captures the interrelations
between the random interval features, and intuitively reveals the spatial distribu-
tion of the random interval data. The marginals provide information on spatial
distribution of the lower and upper variables.

In Chapter 6 (Figure 1.1, Part C) we introduce the fuzzy credibility distribution-
based geostatistics. The approach exploits the maximum entropy formalism in defin-
ing a fuzzy variable set induced by random interval set. Similar to exact spatial
modeling with a unique (additive) probability measure, the approach provides a
unique (additive) credibility measure for modeling uncertain/fuzzy events. This
leads to a flexible and tractable analytical model of the joint distribution of the
spatial random interval (fuzzy) phenomena.

In Chapter 7 we apply the techniques to real-life data. Conclusions and recom-
mendation for future research are given in Chapter 8.

Appendix A provides a review of the complete metrie and linear normed spaces
including the Hilbert space. Appendix B is a review of the basics of interval arith-
metic as used in this study.

In Appendix C.1 and C.2 we give the algorithms for non-parametric kernel inter-
val regression. Algorithms for generating kernel joint density, kernel copula, kernel
marginals and kernel membership functions are given' in Appendix C.3. Bi-variable
copula-based kriging algorithm is outlined in Appendix C.4 with fuzzy credibility-
based kriging algorithm in Appendix C.5.

Three published papers accruing from this study are provided in Appendix P.
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CHAPTER 2

THE SPATIAL CLOSED RANDOM INTERVAL APPROACH

Scope .

We devote this chapter to development of the theoretical framework of spatial closed
random interval approach as applied to spatial random interval process. A preview
and introduction of spatial random process and geostatistical analysis is given. Def-
initions and detailed concepts of random closed intervals as used in the dissertation

are given.



2.1 Spatial Random Process

In geostatistics, observed data represents natural phenomena distributed in space
or in time and space e.g., gold deposits or SO, pollutants concentrations within a
given region in space. Often, the observed phenomena exhibit immense complexity
of detail that cannot be fully described using deterministic models (Webster and
Oliver, 2001). The deterministic model would involve large number of parameters
that consequently require data to be available for most of the locations. This is a
major limitation when dealing with scarcely sampled data. An alternative approach
is to apply a random process, (called a spatial random process in geostatistics (Chiles
and Delfiner, 1999; Goovaerts, 1997)) where series of measurements of an attribute
are assumed known.

Briefly, a random process is a sequence of random quantities identified or located
(indexed) according to some metric. For example, we can think of the price of a stock
denoted as Z; at time ¢t = 1,2, ..., and the sequence of stock prices {Z;:t > 0} is a
time indexed random process. Similarly, a spatial process is a collection of random
variables that are indexed by some set D C R? containing spatial coordinates
T =1T1,%2,...,%4.

Application of random process to geostatistics is possible since the observed
random variables (called regionalized random variables by Matheron (1963)) are
seen as a plausible realization of an unobserved random process. For example, an
observed gold deposit is viewed as only one possible realization of the underlying
spatial random process that could have generated a whole set of gold deposits with
the same characteristics. Also, a case of disease incidence at a given location is
viewed as a realization of a smooth underlying disease risk surface. The underlymg
smooth risk surface forms a spatial ra.ndom process.

2.1.1 Basics of Spatial Random Process

Spatial data refers to a data value with the associated location in space (i.e.
d-dimensional Euclidean space R? with d > 1). Locations may refer to a point,
an area, or volume in space usually called the sample support. For example, we
could have the area average disease prevalence in a given region (district or county).
The notation Z(x) indicates the association of measurement Z with location .
In 3D, such that d = 3, = is a vector of coordinates (z,y,z) with z—latitude,
y—longitude and z—altitude. The random variable Z assumes a basic structure
Z(x) : * € D C R over a given spatial region D in R?. In principle, Z could be
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determined from any location a;, i = 1,...,n within D, and the collection of realized
values; Z(a;),...,Z(z,) or z(x,),...,2(x,) at locations {x,,...,2,} relate to an
unobserved spatial random field:

{Z(z): ® € D CR%. (2.1)

Important distinctions of spatial data types relate to whether D, is continuous,
fixed, or random (Cressie, 1993). For D, a fixed, continuous region, with & varying
continuously over D, the spatial random process 2.1 is a geostatistical process. If
D, is a fixed, regular lattice, the random process is a lattice process; whereas for
D, a random set, the process is a spatial points process. A distinction between the
three types of spatial data is not clear-cut. Geostatistics data can be transformed
to lattice data by merging data over large finite regions. By conceptually changing
the index set D, from discrete to continuous, one can move from lattice data to
geostatistical data. Aggregating point pattern over large regions results into lattice
data.

In this research, we will deal with the geostatistical process. For spatial point
process, interested readers should refer to the following texts: Ripley (1987a); Stoyan
et al. (1987); Venables and Ripley (1994); Ver Hoef and Cressie (1993) for theoretical
contributions, and Cressie (1993); Diggle et al. (1998); Moller (2003); Moller and
Waagepetersen (2003) for introduction to applications of spatial point processes.

2.1.2 Properties of a Spatial Random Process

The spatial random field is characterized by the joint spatial distribution of the
vector Z(x,),. .., Z(x,) of realized values at locations {x,...,x,}. However, due
to limited number of realizations, the joint spatial distribution can not be uniquely
defined, except on the assumption of stationarity.

2.1.2.1 Second-order Stationarity

A spatial random process is said to be strictly stationary if the joint spatial
distribution of (Z(z1),. .., Z(x,)) is the same as that of (Z(x; +h),. .., Z(x,+h))
for any n spatial locations {x;,...,&, € D} and any distance vector h, provided
all @,...,x,, 1+ h,...,2,+ h are within the spatial domain D. Then, the mean



is constant across the region D,

E(Z(zx)) = m(z)=m
E(Z(x+h)) = m(x+h)=m (2.2)

and the covariance between spatial random variables Z(x) and Z(x + h) separated
by a distance vector h is

C(z,x+h) = E[Z(z)- m(z)][Z(x+ h) — m(z + h)]

= E[Z(x)Z(x + h)] — m(x)m(x + h) using 2.2
= E[Z(x)Z(x + h)] — m?
= C(h). (2.3)

The covariance is only a function of the separation vector h. Further, if the
mean 2.2 and the covariance 2.3 of a spatial process exists, and fully characterizes
the spatial process, then the process is said to be second-order stationary or
weakly stationary. It is therefore not uncommon that the terms second-order
stationarity and covariance are used interchangeably in some of the geostatistics
literature.

Often, h represents both the distance and direction between locations x and
« + h. Directional aspect means for example that the process may be different in
the north-south direction compared to east-west direction. If C(h) depends on both
the distance and direction, the spafial process is said to be anisotropic, otherwise
it is isotropic. We will use h to denote h except where it is otherwise or explicitly
stated.

The covariance function is symmetrical i.e., C(h) = C(—h), and generally de-
creases as h increases, eventually approaching the limit zero for large h i.e.

lim C(h) =0. (2.4)

h-—00

The distance h with limit zero covariance is called the ”range”, which we denote by
R. Normally, R represents the transition from the state in which a spatial correlation
exists (h < R) to the state in which there is absence of spatial correlation (h > R).
Let Z(zx;) represent the regionalized variable at location @;, i = 1,...,n, and
Cov (Z(=;), Z(x;)) = C(z;,x;) the covariance between the regionalized variables
at locations @;,«;,%,7 = 1,...,n. Since variance is always positive, the spatial
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covariance satisfies the positive semi-definiteness condition (Cressie, 1993; Stein,
1999) i.e.,
n n
ZZG@GjC(iB.‘,Gj) > 0 (25)
i=1 j=1
for any finite set of locations ;,...,®, and arbitrary real coefficients a;,a;,%,j =
1,...,n with at least one being different from zero. This follows noting that the left
n .
hand side of Eq. 2.5 is the variance of ) a;Z(=;) (Chiles and Delfiner, 1999; Stein,
i=1
1999).
The classical estimator for covariance is given as

n(h)

(k) = ,;},m 3 (o) — )(2(5) — ) (26)

ij=1

where 77 is the mean estimate, n(h) = {(x;, ;) : ®;—x; = h+Ah,i,j,...,n}, |n(h)]
is the cardinality, and Ah is the distance lag tolerance within which to combine the
pairs x;, x; to create lag classes for unequally spaced data. As a rule of thumb,
there should be at least 30 distinct pairs at each lag distance to stabilize C(h),
and it should not be calculated for distances larger than half the maximal distance
between the points (Journel and Huijbregts, 1978).

2.1.2.2 Intrinsic Stationarity

Often, the mean of a spatial random process varies across the region, and the
variance tends to increase without bound as the area of interest increases. Con-
sequently, second order stationarity no longer holds, and the covariance is not de-
fined. Therefore, an alternative measure of spatial correlation is necessary for such
processes. This also means having a wider class of spatial process. In this regard,
Goovaerts (1997) highlights a class of spatial processes called the ”incremental sta-
tionary process”. They consist of processes whose increments Z(x) — Z(x + h) are
stationary and the mean is assumed constant for small h. For this class of processes,

~(R) = %Var (Z@) - Z@@+h) 2.7)

forms a measure of degree of dissimilarity between any two values, and is the al-
ternative to covariance function. The measure (k) is referred to as the (semi)-
variogram. Assuming second-order stationarity of increments, the variogram 2.7



reduces to L
Y(k) = 5 EBlZ(x) - Z(= + h)]* (28)

The incremental stationary process satisfying Eq. 2.8 are referred to as intrinsi-
cally stationary processes, and hence the term intrinsic stationarity (Chiles and
Delfiner, 1999; Goovaerts, 1997). It is not uncommon that the terms intrinsic sta-
tionarity and variogram are used interchangeably.

Parallel to covariance, the variogram is symmetric, y(h) = y(—h), and generally
increases with corresponding increase in h. Let C; denote the a priori variance of
the spatial random process. In practice, the variogram stops increasing beyond the
range and becomes more or less stable around a value Cj, also called the sill value,

lim (k) = Var (Z()) = Ci(= 0?) (2.9)

h—oo

A nugget effect is said to occur if

’lli_rg'y(h) =Co>0 (2.10)
By definition (0) = 0. However, Eq.2.10 implies that y(h) approaches a constant,
Co, as h tends to zero. The constant Cj is the nugget effect (Cressie, 1993; Stein,
1999). This implies that microscale variation (small nuggets) is causing discontinuity
at the origin, hence, the spatial process is fundamentally discontinuous. If continuity
is expected at the origin, Cressie (1993) notes that the only possible reason for
Co > 0 is measurement error: that is, if measurements were made several times, the
results would fluctuate around the true value with a measurement error variance
denoted as Cyg. However, for a spatial process with only a single set of values,
the only cause for discontih\ﬁty at origin is the existence of a microscale process
whose variance, say, Cys is the nugget effect. With only one observation at each
location effects of measurement error and nugget effect are confounded. Nonetheless
measurement error and nugget effect are different concepts. Most often, kriging
equations implicitly assume that Cyg = 0 and deal only with the microscale variance
as the nugget effect. A high nugget effect is an indication of a highly irregular spatial
process, whereas small or zero nugget indicates a very regular and smooth spatial
process (Stein, 1999). By this, if the origin is efficiently modeled, then we can
effectively identify the nature of the spatial random process.

Figure 2.1 (Thiart, 2005, Figure 6.2) shows an example of a variogram.



lagth] ——»

Figure 2.1. An Example of a variogram with range, nugget and sill and range, (Thiart,
2003, Figure 6.2).

The classical variogram estimator, also called the methods of moment estimator
{MOM) iz defined az

k]
) = g S = 2())f 211)

where n(h) = {{@,.2;} : @ — x; = h} Le, pairs at lag b apart and |n(h)| is the
cardinality. The estimate does not requite uowledge of the mean. I there is an
unknown trend, the variopram filters the trend {Schabenberger and Gotway, 2003,
pp 137}. This is an advantage of use of the variogram over the covariance function.

Theoretically, the class of intrinsic random Belds includes the class of second-
order stationary random processes, Under second-order stationarity, if the nmgget
effect is zero: +(0) = O or Cy = 0 for b = 0, then C{0) = Var (Z(z)). In addition

27



using 2.3 and 2.8, we have the relationship
~{(h} = C{0) — C{h) {2.12)

The variogram of second-order stationary process needs to be conditionally negative
semi-tlefunte (Chiles and Delfiner, 19499):

Z Zﬂt‘ﬂj’}’{xf - Ej) <0 {213}
i=1 3=l
for any finite set of points &;. .. .. &, and any constants ;.. ... Gn with 3 a; = 1L

1=1

This is a necessary condition for (%) to be a valid semu-variogram in the general
intrinsically stationary case (Cressie, 1993).

The variogram, like the covariance is wsotropic only if it is a funetion of distance,
otherwise it is anisotropic. Isotropic processes are convenient to deal with since
there are a number of widely accepted parametric forms for covariance C'(ft) and
variogram () {Chiles and Delfiner, 1999}, Examples of isotropic semi-variogram
functions:

Linear:

m— { Co+bh if R>0 iy

{h otherwise

Cp = 0 is the nugget effect; b = /R, is the slope, ; is the sill, and f? Lhe

range
Spherical:
Cu + ) if h>R
Wy =3 Co+C (3 -4(5)") if 0<hs<H (2.15)
(} otherwise

The madel is valid for d = 1.2, 3, but fails the conditionally negative semi-
definite condition for higher ditnensions. The lincar and sphetical models reach
a finite sill value and are described as transitive,

Exponential;

(2.16)

iy Co+Cif{l —e %) if A0
¢ il otherwise

Though simpler im functional form to spherical models, it does not have a finite
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range. It is valid for all h, but for 2-dimensional case, the Matérn function
(2.20) is a better choice.

Gaussian: ( )2
h
—e \R i
= { Gora(1- W) ifh>0 2.17)
0 otherwise
Exponential power model:
o+ (1-e B i
~(h) = { o+ Ci(1-elED) it >0 (2.18)
otherwise
For p = 1, the model is Exponential, and for p = 2 it is Gaussian.
Power:
R fh>0and0< A <2
’Y(h) _ Co+C, ) > : an S AL (2.19)
0 otherwise

It is the only non-monotonic function. The model forms a general case of
linear model and does not represent any random process.

Matérn: Defined in terms of correlation

g (5F) Ko (ZF) ith>0
p(h) = (2:20)
Co+ G ifh=0

where v is the smoothness parameter; I'(-) a gamma function; and K,(-) a
modified Bessel function of order v (Abramowitz and Stegun, 1972). The
Matérn class includes the exponential case when v = 1/2, and the Gaussian
as a limiting case when v — co. Being able to strike a balance between these
two extremes, the Matérn class is well suited for modeling isotropic random
processes. For v = 3/2, Handcock and Stein (1993); Jennifer et al. (2004);
Stein (1999) gives the convenient closed form for (k) and C(h) defined by:

’Y(h)={ Co+Ch [1—(1+%)e‘(ﬁ)] if h>0 2.

0 otherwise

The isotropic models form the core of classical geostatistics and are used in trans-
lating anisotropic covariance or variogram models to isotropic models (Goovaerts,
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1997; Webster and Oliver, 2001). Let ,...,7, denote isotropic variogram func-
tions and Ay, ..., A, denote transformation matrices for transforming the spatial
coordinates of the observations to restore isotropy by removing the directional ef-
fect. Then, we can transform simple non-homogeneous models e.g., the geometric

anisotropy model, (same sill and different ranges) to isotropic model given as
Y(h) = (|| Aohi|

and the zonal anisotropy model, (different sill and different ranges) to

y(h) =Y %(llA:kll)

i=0

2.2 Variogram Estimation

For large sample (n > 30), the classical variogram estimator 2.11 is approxi-
mately normal, and it is not robust in the presence of outliers. Suggested robust
va.riogram estimators include: Genton (1998a,b) highly robust variogram estimator
and Cressie and Hawkins (1984) variogram estimator also called madogram by
Goovaerts (1997).

Both the MOM estimator 2.11, and the robust estimator fail the conditional
non-positive-definiteness condition, leading to spatial predictions with negative vari-
ances. The most common solution is to replace the empirical variogram ~(h) by the
isotropic parametric models known to be conditionally positive definite.

Among the proposed methods for fitting the isotropic models, least squares meth-
ods is the most commonly applied method but not without limitations. Suppose we
wish to fit a parametric model 7(h; b), parameterized with finite parameter vector b,
to the estimated variogram 'y(h). We let Ymom denote the vector of MOM estimates
at given set of lag values h, and -y}, the vector of model predicted values at same lag
values of h. Cressie (1993) has outlined three versions of non-linear least-squares
estimators:

Ordinary least squares(OLS): Choose b to minimize
{Vmom — '7b}T{"/mom - ’Yb}

assuming observations are uncorrelated. With correlated data the method is
biased.
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Generalized Least Squares (GLS): Choose b to minimize

{'Ymom - 7b}TV(b)‘l{7mom - 'Yb}
where V (b) denotes the variance-covariance matrix of -,

Weighted least squares (WLS): Choose b to minimize

{h/mom - "/b}TW(b)—l{A/mom - 7b}

where W (b) is a diagonal matrix whose diagonal elements are the variances of
the entries of . '

The weighted least square is a compromise between efficiency (generalized least
squares) and simplicity (ordinary least squares). The procedure gives more weight
to observations that have small variance, and down weights observations that have
large variances. Proposed methods for fitting least squares include Genton (1998b)
generalized least squared with a known covariance structure and Cressie (1985)
weighted least squared criterion. Once variogram is optimally fitted, estimates of
the spatial random field are obtained via kriging. Prior to addressing the problem
of spatial prediction (or kriging), we revise the link between random functions space
and a Hilbert spaces, building on Kolmogorov (1933) theory of probability.

2.3 Kriging Methodology

2.3.1 Spatial Random Fields and Hilbert Spaces

A "Hilbert space” is an infinite dimensional vector spaces, the next best thing to
a Euclidean space—a finite dimensional inner product space. The single most useful
property of these spaces is that they permit the introduction of complete (and by
assumption orthonormal) sets of deterministic functions which constitute a basis.
If continuous spatial random fields can be defined as continuous areas in a Hilbert
space, then we can easily apply the projection theorem given in Luenberger (1987);
Stein (1999), to predict an unknown spatial random field.

Let Q be an open set in R™ (€2 can be the whole R") and V be a finite-dimensional
vector space. For the space L%(V, ), aset of vector valued functions f = (f,..., fn)
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on Q2 such that 3, [ |fi()|* < oo, L%(V, ) is a Hilbert space with inner product
i=1

(9= [ K@ate)is 222

Alternatively, a space consisting of random variables Z and W with finite quadratic
mean, E [Z?] < oo, is (almost) a Hilbert space with inner product E[ZW)] (Stein,
1999). The induced norm, ||Z|| = v/EZ2, and convergence in norm ||-|| is equivalent
to convergence in quadratic mean of the random variables. Distance between the
two random variables Z and W is

d(Z,W) = E(Z - W)?, (2.23)

and equality of the random variables Z = W implies Pr[Z = W] = 1, hence
|1Z-W|?=E(Z-W)?=0.

The mathematical properties of the inner product E[ZW] are similar to covari-
ance properties between random variables whose mean and covariance exists and
are finite. Stein (1999) gives a special case of random variables with zero mean,
finite variance, where the inner product

Cov (ZW)

3 (2.24)
Var (Z) if Z=W

E[ZW] = {

Let D = Q C R? be a spatial region of interest, and Z(x) : © € D be a spatial
random field such that E[Z%(x)] < co. Then, for each x, Z(z) is an element of the
Hilbert space just defined. Parametrically, since the spatial random field Z(x) is a
family of random variables in a two dimensional parameter space &, it can viewed
as an "area” in the Hilbért space. The area is continuous if

Jm E [Z(x) - Z(z)))] =0, «'€D

Spatial random fields satisfying this condition are said to be continuous in quadratic
~ mean. Consequently, continuity in quadratic mean corresponds to continuity in
Hilbert space. Then, spatial random fields are elements of Hilbert space and pro-
jection in Hilbert space parallels spatial prediction.

Replacing Q with D, the spatial region of interest, L%(V, D) parallels the vector
space of greatest importance. A collection of vector valued random fields Z(x) in
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L%V, D) for which
/ E[Z%(x)]dz < o0 (2.25)
D

constitute a linear vector space, with the inner product

E{Z(z),W(z)) = E [ /D Z(a:)W(:c)dz] (2.26)

By letting (Z(x), W(x)) denote the 2D space-domain inner product; the determinis-
tic portion of the inner product (2.26) and the expected value portion are explicitly
indicated. This representation allows certain theoretical manipulations to be per-
formed easily.

One of the most interesting results of the theory of random fields is that the
normed vector space for the random fields previously defined is separable. Conse-
quently, there exist a complete (and, by assumption, orthonormal) set {h;(z)},i =
{1, ...} of deterministic functions which constitute a basis. Then, a random field in
the space of random fields can be represented as

Z(z) = i Z:hi(x)Ve € D (2.27)

where {Z;}, the representation of Z(z), is a sequence of random variables given by

Z; = (Z(z), hi(x))
= / Z(zx)hi(x)dz
D
A special class of random fields, the second-order stationary random fields, with
finite mean and covariance, form elements of the Hilbert space. This allows us to

use projection theorem (Luenberger, 1987; Stein, 1999) to approximate any second-
order stationary random field.

2.3.2 Kriging Methodology

Kriging methodology is a spatial prediction approach. Assuming a stationary
random field Z(-) with finite first and second order moments on compact set D in
R4, we define the random field model

Z(xz)=m(z)+e(x) =ze€D (2.28)
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where m(-) is the mean of Z(-) and e(-) a random field with mean zero. The goal is
to predict linear functional of Z(-) on D based on observed Z(z;) € D,i=1,...,n.
Assuming EZ(x) < co and E[Z(z)]? < 0o, the mean and covariance of the random
field Z(-), are respectively defined as

B(Z@) = m(z)
Cov (Z(x:), Z(x;)) = E|[Z(x:) — m(=:)] [Z(=z;) — m(z;)]
EZ(z,')Z(zj) if E[Z(z,)] =0
E|Z(z)}] = Var(Z(z)) fz;=z;=2x

¥

For example, for d = 2, the spatial random field Z(-) represents a family of random
variables in a two dimensional parameter space € R?, and it corresponds to an
area in Hilbert space, and hence the use of projection theorem to approximate the

“spatial random field.
Statistically, if Z(z,) (for o € R?) is a random variable and Z (&), ..., Z(x,) is
a finite set of observed random variables, then, for ¢; € R,i = 1,...,n, its projection,

Z (®0) = a1Z(®1) + - - + cnZ(y,), is a unique linear combination closest to Z(xo)
in the || - [|-norm such that

13" 2(=5) - 2(=0)| |2 =E(Yc2(;) - Z(:.:(,))2 (2.20)

is minimal. The projection is characterized by the requirement that the residual

Y- ¢;iZ(®;)—Z(xp) is uncorrelated with all the Z (x;) i.e., (Z(x0)-)_ ¢; Z(;), Z(x;)) =

0. This is the least squares solution to the common known regression problem (or
kriging predictor in geostatistics).

Formally, let,
Z*(xo) estimator of Z(xo)
m; ' Mean of Z(=;)
my Mean of Z(zo)
i Weights associated with Z(x;)

Cij = Cov (x;,z;) Covariance between Z(&;), Z(z;)
Cip = Cov (&;,®9) Covariance between Z(x;), Z(xo)
Coo = Var (Z(x)) (Co)variance of Z(ap)
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All kriging estimators are variants of the basic linear regression estimator:

Z*(mo) = »_ MZ(x:) (2.30)
i=1
subject to condition thaf 3" X =1, except for simple kriging where weights do not
i=1

have to sum to one. To estimate (2.30), we seek to minimize the expected mean
prediction error (mpe), (2.29), given as

E(Z*(20) — Z(0))* = Var (Z*(w0) — Z(20)) + [E(Z"(z0) — Z(xo))]*  (231)

where the first term is the error variance, 02, and the last term the squared bias.

Among the class of linear estimators, the kriging estimator is the Best Linear
Unbiased Predictor (BLUP) (Cressie, 1993; Stein, 1999). ”Best” means that the
estimator is unbiased and optimal in the sense of minimum mean squared error.
The unbiased condition requires that

B(Z"(®o) - Z(@0)) =0, (2.32)

which eliminates the second term in (2.31). Then optimal condition requires that
weights ); are chosen to minimize error variance, 02 defined as '

o = Var(Z*(zo) — Z(x0)) |
= Var(Z*(xo)) — 2Cov (Z *(x0), Z(0)) + Var (Z(xo)) (2.33)

Substituting (2.30), the error variance (2.33) becomes

o2 = Var (g)\.-Z(:c.r)) — 2Cov (i AWAE DR Z(ito)) + Var(Z(=o))

i=1

= i i MXiCij — 2i XiCio + Coo (2.34)

i=1 j=1 i=1

under unbiasedness condition 2.32
Three main forms of kriging are defined based on the form of the mean struc-
ture (Goovaerts, 1997):

Simple Kriging(SK) : the mean of the process is known and constant over the
whole study area.
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Ordinary Kriging(OK) : the mean of the process is unknown but constant
within a local neighborhood.

- Kriging with a trend (or drift) : the unknown mean is not constant even within
a local neighborhood. Examples include Universal kriging(UK) and a more
general approach, the Intrinsic Random Function of Order k (IRF-k) (Chiles
and Delfiner, 1999). Briefly, under UK, mean is modeled as a linear combi-
nation oi;( functions, fx(x) of the spatial coordinates & = (z;,z;) in a 2D:

w(x) = 3 Bifi(x), with B, the unknown coefficients. Usually the first func-
k=0

tion, fo(x) = 1 to guarantee the inclusion of the constant-mean case in the
spatial model. The other functions are monomials of low degree in the coor-
dinates of .

The Intrinsic Random Function of Order k (IRF-k) accommodates varying
nature of the trend. The term k represents the order of polynomial trends-
k = 0 means constant drift, and the IRF-k is equivalent to ordinary kriging;
if k = 1, we have linear drift; k = 2 yields quadratic drift. The IRF-k models
are defined by having increments of a sufficiently high order for stationarity
to be reached, thus overcomes the problem of non-stationarity affecting the
variogram estimation.

Cokriging is a multivariate extension of kriging (Goovaerts, 1997, p.203-248).
Different forms of cokriging depend on whether the secondary regionalized variable
is known everywhere and if it varies smoothly across the study area. If both cases are
satisfied, then there is no loss of information if we retain in the cokriging system only
the secondary datum collocated with the location & being estimated (Goovaerts,
1998). In deed, the collocated value tends to screen the influence of further away
secondary variables introducing negative wéights for secondary variables.

Cokriging and IRF-k approaches are not addressed is this thesis. We extending
ordinary kriging to modeling spatial random intervals based on the corresponding
random bivariate variable. Extension of kriging with trend is given only for illus-
tration purposes.

Ordinary Kriging (OK)

In ‘ordinary‘ kriging, stationarity is assumed within a local neighborhood n(h).
Here n(h) refers to the number of points within a given distance (k) or area of the
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location g being estimated. For local constant mean m(x) = m, and conditional
to the unbiasedness condition (2.32), the OK estimator is given as

n(h) |
Zy(mo) = Y NiZ(a:) (2.35)

i=1

The unbiasedness condition 2.32 reduces to

n(h) n(h)
E(Z*(zo) - Z(xo)) = E[Z ,\.-Z(z,-)] - Z(ZQ) =m (Z /\.‘ - 1) = 0, (236)

i=1 i=1

Implying that weights sum to one. The optimization problem is then solved using
a method of Lagrange multipliers by defining

i=1

n(h)
L\, i=1,...,n(h);¢) = 02 +2¢ (Z A — 1) (2.37)

where 1) is a Lagrange multiplier. A positive Lagrange multiplier means that the
samples are not efficiently spread around the estimated point. For example, it
might be the case of clustering, then we are using points behind other points which
" introduce a screening effect. A negative Lagrange multiplier leads to smaller variance
and implicitly means that the samples are well spread out relative to how close they
are to the estimator. Thus, a large negative Lagrange multiplier implies that the
samples are spread out evenly and close to the prediction location.
Substituting 2.34 for o2 in 2.37 we get

n(h) n(h) n(h)

L(/\,-, i= 1,. .. ,n(h),zp) = ZZ /\,-/\jC,-j - 22/\.’050 + Coo

i=1 j=1 i=1

n(h)
+2¢ (z Ai — 1) (2.38)

i=1

and the error variance is minimized by setting to zero each of the n + 1 partial first
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derivatives:

5L W

& = Z)\jCij—Cio+'/)=0 i=1,...,n(h)
i j=1
n(h)

i=1

resulting to the ordinary kriging system of linear equations

n(h)

Y MCi+d = Co  i=1,...,n(h)

i=1
n(h)
You =1 (2.39)
§=1

and an ordinary kriging variance
n(h)
0%(2* (%)) = Coo — Y_ MCio — ¥
i=1
Let
vij = Coo — Cj; variogram between Z; and Z;
7Yio = Cop — Cio variogram between Z; and Zp
Yo variogram of Zg

In terms of variogram the ordinary kriging system (Cressie, 1993), 2.39 reduces to

n(h)

Y Ami—¥ = me  i=1,-,n(h)

=1
n(h)
Su =1, (2.40)
j=1

which in matrix notation is written as
TA =4, (2.41)
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where

M o Yy 1 A1 Mo
I'= ) y A= ) y Y= '
Ya(h)l ** Inh)n(h) 1 An(h) ' Yn(h)o
1 T 1 0 pPXp _¢ px1l 1 pxl

where p = n(h) + 1. The OK variance is

1Ty -1

0%(Z(w0)) =y T 71y - T (2.42)

Since only 4 changes in (2.41) for different xq, I' only has to be calculated once for
each observation in the neighborhood window, it is easy to predict the process for
several locations once the variogram has been estimated.

Important points :

o the kriging system and kriging variance depend only on the covariance function
and on spatial lay-out of the sampled support and not the actual data values.

e the semi-variogram, -y, performs statistical distance weighting of the data
points in the support, while I'"! rescales the weights in -+ to add to one
and also, the semi-variogram, I'"! allows for possible redundancies in the sup-
port, i.e., it attempts to compenéate for any possible clustering of the support
points. This combination is the key power of kriging.

More details about kriging techniques are found in a series of geostatistics books:
Isaaks and Srivastava (1989) for basic introduction; Chiles and Delfiner (1999),
Goovaerts (1997), Stein (1999), and Cressie (1993) for detailed developments and
discussions.

We also note that kriging is by construction designed to handle single or real-
valued measurements, hence if the data is plagued with imprecision (fuzziness), the
method breaks down. To address this problem, we introduce the spatial random
closed interval approach, and extend the ordinary kriging to handle spatial random
intervals.
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2.4 The Spatial Closed Random Interval Approach

2.4.1 Closed Random Intervals

Assume that we are representing uncertainty about & system in the world through
reference to a universe of discourse, denoted by ©, with 2° = {A: A C 6} the
set of all objects on which uncertainty can be valued. © may be finite, count-
able/uncountable, and can take different forms either real values, sets or intervals.

We recall the definition of a random variable.

Definition 2.4.1 Given a probability space (€2, Bg, Pr), a real-valued function

X : 2 — 6 is arandom variable if X is Pr-measurable, ie., V8 € 6, X~ }(0) =
{w € 2: X(w) € 6} € Bg. In this case, © consist of real values. The random
variable X induces probabilities, P(= Pr * X~)() to each 6 € ©. Similarly,

Definition 2.4.2 Given the probability space (2, Bq, Pr), the set-valued function
X : Q2 — 29\ 0 is a random set if X is Pr-measurable, such that VA C 29\
@, X~1(A) € Bq. In this case, © consist of set values. The random set X associates
& probability | . |

P(= Prx X~1)(A) toeach A C2%\0.

Let the universe of discourse © be the real space, i.e. © = R. Instead of working
with arbitrary sets of R, we limit ourselves to set of closed intervals a = [a!,a"] €
IR, a!,a* € R, and define

Bg:=[d',a*] € IR : d',a" €R,d' < a*

as the Borel field of closed intervals defined on R. Then,

Definition 2.4.3 Given the probability space (2, Bq, Pr), a closed random in-
terval, denoted as ¢, is an interval-valued function ¢ : 2 — Bg, with the property
that if @ € Bg, then, (T'(a) = {w € Q : {(w) € Br} € By. It follows that,
P(= Prx ¢~ ")(a) is the probability associated with each closed random interval.

In general, given random variables X,Y : 2 — R such that X < Y, let { =
[X(w),Y(w)] and ¢; = (X(w),Y (w)) respectively defines closed and open random
intervals, the following statements are equivalent:

(a) ¢ is strongly measurable
(b) X,Y are measurable
(c) ¢, is strongly measurable
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and (c) = (a) (Miranda et al., 2005).

Respectively, derived random variables Z = (X + Y)/2 and W = (Y — X)/2
represents the interval center (denoted as "mid”) and interval radius (denoted as
"rad” or "spr”). The "mid” is a real-valued random variable, while the "rad” is
always a positive random variable (Korner, 1995). Since any number a € R can be
represented as the degenerate interval |a, a], closed random intervals form extension
of real numbers.

Under closed random interval theory, available information of the outcome is
represented by the probability measure space (2, Ba, Pr) and a random interval, ¢,
such that for all B € B, what is observed is random interval ¢(B) within which the
true value lies (Stainslaw, 1990). The observed random interval is a general form
of knowledge that describes two essential features of the knowledge about the value
of a parameter. First, an interval expresses the imprecision of the knowledge about
parameter value, and second, the randomness captures the uncertainty about this
value.

From definition 2.4.3, it is clear that each closed random interval induces a prob-
ability measure P on the space (R, Bg, P), which leads to a class P of all the possible
probability measures for each random interval. Congar (2000) indicates that this
class of probability measures completely summarizes the situation of uncertainty,
and contains all the possible probability measure governing the situation of uncer-
tainty represented by the closed random interval. Dempster (1968) represent this
class of probability measures by a system of upper and lower probability measures
or respectively the belief (Bel) and plausibility (Pl) functions (Stainslaw, 1990).

2.4.2 Closed Intervals as Elements of Two Dimensional Space

Applying the x-y coordinates system concept, a closed random interval can be
viewed as a two-dimensional random vector with lower-upper(l-u) or center-radius
(c-r) coordinates random variables defined on a common probability space. Hence,
for closed intervals assume ! — u or ¢ — r coordinates systems.

Let ®#* = R* U oo = [0, 00|, denote the set of extended real positive numbers
with RY the set of real positive numbers. The set of closed random intervals defined
on R* given as T = {[a,b] : a,b € R*,a > b} can be represented as points

T ={(a,b) : a,b € R*,a > b}, with[a,b]=0 fora>b. (2.43)
in an extended two dimensional space,T, (Figure 2.2).
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(rad, spr)

to

Figure 2.2. Unique display of a closed interval [a,b] C R* as a point k = (a, b) also given
in terms of center(c)-radius(r) (c,r)) (Smets, 2005).

The radius r = (b—a)/2 (Figure 2.2) is the distance from the point k& = (a, b) to
its perpendicular projection, the center ¢ = (b+ a)/2, on the diagonal domain R*.
Thus, the center forms the best approximation of the closed interval k = [a, b], with
the radius as a measure of imprecision/uncertainty. The closed interval k = [a, ] is
then represented as a pair (c,r) in the set

V={(cr):c,re R, r> 0} (2.44)
The relationship between the pair (I,u) ip the set 7 and the pair ¢, r in the set V is

()-( o) (2) o

Non-empty elements of Z are in one-to-one correspondence with those of T and V.

given as

In particular, using V representation, it is possible to explore the distribution of

uncertainty around the interval central value (center) and weight the influence of

extreme interval factors according to their relative importance to center.
Characterization of the interval using center-radius (c-r) coordinate variables is
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valid. It has been underlined in the literature (for instance, Kulpa (2001)) that the
center-radius representation has advantages in various applications and theoretical
considerations.

o first, the (c,r) representation allows developed interval-based models to take
into account a central aspect of the random intervals (the center), as well as
their imprecision (radius). In principle, the true value is close to the center
and the radius is the imprecision of the true value.

e second, applying the concept of distribution of order statistics on random in-
tervals, the center has the closest distribution to the interval data distribution
(Nader et al., 2004). Therefore, the center contains more information relative
to other interval features. Besides, the degree of dependence between consec-
utive interval feature values is maximum and symmetrical about the median.
Therefore large interval radius (measure of imprecision) means decreased de-
pendence among interval feature values.

e third, correlation conclusions for interval-based models, using (c,r) interval
representation, leads to same correlational conclusions to those based on sep-
arate "r” —regression and ”c” —regression, (Git et al., 2001, 2002). On the
contrary, conclusions of interval-based model applying ([, u) representation are

” l”

not coherent with those based on separate ”I” —regression and ”u” —regression.

2.4.3 The Spatial Closed Random Interval Approach

Naturally, spatial data can constitute interval-valued observations, where ob-
served regionalized variable consist of sample of values indicating a given level of
uncertainty. Moore (1979) emphasizes that "uncertainty” in initial data would be
a more accurate description for many applications than ”error” in initial data. The
uncertainty is also a indication of lack of full knowledge of phenomena under study.
Uncertainty in spatial data can be coded in form of inequalities constraints, with
actual data Z(z) at location « lying between lower (Z(x)!) and upper (Z(z)*) limit
values such that Z(x)! < Z(x) < Z(x)“. Journel (1986) refers to such data as ”soft
data” with given prior probabilities and implements a soft kriging approach based
on indicator simulation. In contrast single valued data is referred to as "hard data”.
Chiles and Delfiner (1999) notes that, the information carried by inequality depends
on the tightness of the bounds, the wider the bounds the higher the uncertainty.
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The data plus the uncertainty can then be associated with the concept of closed
random intervals, (Congar, 2000; Dempster, 1968). The spatial random interval,
Z(z), is treated as spatial random vector: (Z(x)!, Z(x)*) or (Z(x)°, Z(x)") . This
implies that Z(z) is a spatial bivariate random variable taking values in the two di-
mensional plane (Figure 2.2). For the purpose of this study, spatial data is classified
as:

Precise data: if the spatial measurements are real-valued (called hard data in geo-
statistical literature). This implies that Z(z)' = Z(x)* = Z(x). Then, avail-
able information can be modeled by a unique (additive) probability measure
as defined in probability and statistics theory. It is also important to note
that any uncertainty in this case usually refers to future data; those that have
been observed have a exact or precise value.

Imprecise or uncertain : if the spatial measurement are not precise, meaning
they cannot be represented by a single value, but by a set or an interval of
values. Besides random error, data is plagued with additional uncertainty due
to vague information or lack of knowledge, introducing a qualitative aspect to
spatial data. We will refer to the such data as imprecise (or fuzzy) spatial data
or imprecise(fuzzy) regionalized variables characterized by uncertainty which
comprises of both randomness and lack of knowledge (vagueness).

An example of interval data is the concentration of SO pollutant reported as
possible range of values, mineral reserves given as ranging within a given set
of values. Such data can be presented by spatial random intervals/vectors, de-
fined as (Z(x), Z(x)*) or (Z (x)°, Z(x)") . The width of the intervals of values
defines the degree of uncertainty (accuracy) and may change from one sample
to another. Xavier (2003), Dubrule and Kostov (1986), Kostov and Dubrule
(1986) and Journel (1986) refers to interval data as inequality constraints (soft
data).

Sometimes, the target variable may not be observable, but some connected
variables are directly measurable. Using physical laws, observed measurements
could be converted into a set of possible values, coded as intervals, for the

variable of interest.

For the sake of clarity, for this study, the terms ”fuzziness”, ”uncertainty” and
”imprecision” will be used interchangeably and the meaning should be derived
from the context.
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Similar to precise data modeling with a unique (additive) probability
measure, the challenge is to define a unique additive measure, within
distributional framework, to model the imprecise (or fuzzy) spatial data
represented as spatial random intervals/vectors.

We also emphasize that the study considers error fuzziness in mea-
surements. Errors in observed locations (coordinates) is beyond the scope
of this study

2.5 Discussion

In this chapter we have reviewed the basics of spatial random process. Fur-
ther, utilizing the sound theoretical framework of closed random intervals, we repre-
sent random intervals as bivariate random vectors characterized by either lower(1)-
upper(u) or center(c)-radius(r) coordinate variables. Specifically, based on ¢-r co-
ordinates, a closed interval is transformed to its optimal approximation (center(c))
plus a variable measure of interval uncertainty the radius(r). Treating intervals as

‘bivariate vectors we are able to apply linear algorithms in modeling random interval

related data. In particular, we propose para.metri;: (kriging) and non-parametric
(kernel interval regression) approaches to model spatial random intervals.

In addition, the closed random interval theory is linked to the theory of inter-
val analysis (see Moore (1979) for details). This provides us with the necessary
operations and properties with respect to intervals, called interval arithmetic (Ap-
pendix B). ‘
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CHAPTER 3

PARAMETRIC MODELING OF SPATIAL RANDOM INTERVALS

Scope

We devote this chapter to theoretical aspects of parametric modeling of spatial ran-
dom interval process of second order. Beginning with concepts of a complete interval
space, characteristics of random intervals and hence the properties of spatial random
interval process together with the corresponding kriging methodology are outlined.
Based on a well outlined constraints, we arrive at two approaches of random inter-
val kriging: Composite kriging and component-wise kriging. The chapters also gives
credit to work done by Diamond (1988); Dubrule and Kostov (1986); Kostov and
Dubrule (1986). Application and comparative results are given in chapter 7.
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3.1 Characteristics of Random Intervals

Let K(R) denoted the collection of all non-empty closed intervals on R, K (R)
denoted the collection of all non-empty compact intervals on R, and K, (R) the
collection of all non-empty convex compact intervals on R. Associated with the
space K (R) is a natural non-negative symmetrieal function, d : K(R) x K (R) —
R(]0, 00)). The function d represents a distance metric and is complete if and only
if (iff), given any non-empty compact intervals @, b, ¢ € K (R), the following condi-
tions

i) d(a,b) <d(a,c)+ d(c,b) (the triangle inequality)
it) d(a,a)=0 (3.1)
i) d(a,b)=d(b,a)=0 iffa=>b

hold (Ash, 1972; Robert, 2000). The most natural distance d refers to the Hausdorff
metric defined in Eq. 3.12. The space K (R) of non-empty compact convex intervals
on R has a semi-linear structure induced by vector (or Minikowiski) addition and
scalar multiplication

a+b={a+b:a60,vb65}, da={la:aca A€ER} (3.2)

However, K (R) is not a vector space. To define the properties of its elements we
need to translate it into a vector structure with well defined algebraic and metric
structure. This is possible using support function embedding discussed in §3.1.1

3.1.1 Support Function and Steiner Point of Convex Intervals

Let d denote the dimension of a Euclidean space, R?. The set K (R%) denotes the
collection of all non-empty compact convex sets on R%. Any closed convex random
set A € K(R?) can be uniquely defined by a support function mapping (Kérner,
1995; Vitale, 1988),

Sa(v) =sup(a,v); ae€S*? (3.3)
a€EA

where S%-! is the (d — 1) dimensional unit sphere, v is a unit vector in R, and (a, v)
is the scalar inner product in R?. The support function of convex set measures the
extent of the convex set in the direction of the unit vector v (Figure 3.1).
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v Se(v)

v Sa(v)

NI

Figure 3.1. The support functions §4(v), Sp(v) of two convex bodies A; B

The support function preserves the semi-linear structure in Eq. 3.2
: SaA+ﬁB = aSA + ﬂSB fOl' a,ﬁ Z 0. (34)

and metric structure: d(A,B) = d(S4, Sp). Thus, linear operations with convex
random sets corresponds to point-wise operations on the support functions which
are easier to compute. Further, a random convex set (or a random interval) by
a single element (value), usually the Steiner point (Korner, 1995; Meyer, 1970).
Justified as follows: '

Let r denote the radius of a ball, B%(o, 1), centered at the origin, in a d—dimensional
space R?. For a constant

/2

“T TR+

(3.5)

~ we denote by
Vol (B(0, 7)) = car®, and Area (B%(0,1)) = degr®™?,

the volume and the surface area of the d—dimensional ball, B%(o,r), respectively.
For unit ball, i.e. r =1, Vol (B%(o, 1)) = ¢z and Area (B%(0,7)) = dca.

The constant ¢z increases up to d = 5 and then decreasw toward zero (Table
' 31) ‘Hence, no matter how large the radius; r, increasing the dimension, d, will
ultimately produce a sphere of arbitrarily small measure. Therefore, representation
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Table 3.1. Constant cgq representing the unit volume of a d—dimensional sphere.

Dimension (d) Constant ¢; Value

0 1

1 2 = 2.00000

2 n = 3.14159

3 in = 4.11879......
4 z = 4.93480.....
5 ég—’ = 5.26379....
6 = = 5.16771....
7 %’- = 4.72477....
8 il = 4.05871....
9 g = 3.29850....
2k = — 0 with k = d/2

of any convex body will depend more on the surface (boundary values, vertices) of
the convex body rather than the interior values. Hence a function of the boundary
values gives the single optimal value representation of the convex body. An example
of such a value is the Steiner point: ‘

Definition 3.1.1 The "Steiner point”, St (A), of a conver set A is
1
St(4) = 7o /S  uSa(w)uldv) (3.6)

with w the normalized measure on elements of S%'. The Steiner point corresponds
to a Lipschitz-continuous mapping, St : (KK(R?),dg) — (R, || - ||) such that

[ISt (A) — St (B)|| < ¢ du(A, B), (3.7)

where dy is the Hausdorff metric, (Eq. 8.12), and c is the Lipschitz constant, (Hel-
mut et al., 1994, 1997). The constant c is a modification of 3.5 given as '
2I'(d/2 + 1)

¢ T TErER2+1/2) 38

The metric dy can be replaced by normed metrics such as é;, (Eq. 3.16) or the
weighted metric dg, (Eq. 3.17). Since dg(a,b) < d;(a,b) < du(a,d), the normed
metrics give better representation of similarity between intervals, by transferring the
properties of an L, space to the interval space.
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Steiner point preserves the convex arithmetic (Butnariu et al., 2004). Darinka
(1998) and Maxwell (2003) confirms the Steiner point as the special generalized
selector (or reference point) as given by Congar (2000) and Vitale (1988) for a convex
body. Vetterlein and Navara (2006) refers to the Steiner point as a defuzzification
method.

Remark 3.1.1 In general, let r be a positive real valued random variable with
E[r?] < oo and m be a random vector in R? (not necessarily independent from r)
with E||m||2 < oco. Let b(m,r) denote a ball centered at point m, with radius r.
Then A with ’ .
A=b(m,r) =m+ (r x b(o,1)) (3.9)

is a random convex set with m the Steiner point.
Example 3.1.1 Letd =1, then Kex(R), is the set of convez random intervals. Let
b = [¥},b¥], be an element of K (R) with support function

¥ oifv=-1
Sb(v)={ - :; :21 (3.10)

Let w be a normalized uniform measures on S%1, (w (S%') = 1/2) . Using 3.6 and
8.10, we have St(b) = (¥ + b*) /2, such that St (b) € b (Helmut et al., 1994).

Respectively, let b° = St(b) and b = (b* — b')/2 denote the center and radius.

Applying 3.9,
b="b"+(b" x b(o,1)) = bc +[=b", 0] = [b° = b7, b6° + b7 (3.11)

This partitions the interval into a part that represents the single value and a part
that represents the ambiguity around the single value. A parallel representation of
convez intervals is given by Smets (2005) and Kulpa (2001).

It follows that, using the support function concept, we can embed the interval
space K (R) into the function space Ly(S8%1), for d = 1, and results in the function
(Hilbert) space L2(S%-!) are transferred into the space of non-empty compact convex
intervals, K<(R). Then, each convex compact interval is identified with a special
Hilbert space-valued random variable (the random support function). Since the
independence of random support functions, (Nather, 2000), is well defined, it is
not necessary to develop a special concept of independence for non-empty compact
convex intervals.
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Concepts for expectation and variance of compact convex intervals are then
derived from the corresponding well defined notions for Hilbert space-valued random
variables. The completeness and separability properties of the Hilbert space ensures
that it is either isomorphic to d—dimensional Euclidean space, R?, for some finite d
or to the L, space.

In §3.1.2 we provide a review interval metrics and propose a weighted interval
metric that will be used in this dissertation.

3.1.2 Metrics Between Closed Random Intervals

The Hausdorff metric

Let a, b be non-empty compact intervals in Xc(R) for d =1

dy(a,b) = max {sup inf |a — b, sup inf |a — bl} (3.12)
a€a beb secb 3€C

The closed and bounded property in K(R), insures that dy(a, b) = 0 implies @ = b.
The space (K (R),dy) is a complete separable metric space. Separable means that
K.(R) contains a countable dense interval V, such that, the closure of V is KC(R),
while complete means that K (R) contains dy-convergent intervals: there exist a
real interval ag € K.(R) such that every sequence of intervals {a,} converges to ao
ie.,

li(% dy(an,a9) =0 for sequences of intervals (an)oe; € K(R).

For point intervals, dg(a, b) reduces to usual distance d([e, a], [b, b]} = /|a — b}? for
real numbers.

The J,-metric

Let a,b be non-empty compact convex intervals in K (R) for d = 1. Using
support function, the non-empty compact intervals are mapped into the Hilbert
space with corresponding norm given as

lall> = \/ /..., 1sa(w)Pu(ar) (313)

where w is the normalized (d — 1)—dimensional Lebesgue measure on elements of
unit sphere 41, (w(S41) = 1).
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The interval metric in K (R) is equivalent to the Hilbert distance between sup-
port functions, and is given as

d2(a, b) = 85(Sa, Sp) = ||1Sa — Spll2 = \//SH |Sa(v) — Sp(v)Pw(dv)
(3.14)

Since d =1, S%! = {~1,1}, and the integral becomes summation over $*~*, and
the distance 3.14 becomes

€{-1,1}

5(ab) = \/ Y 15a(v) — Sp(v)Pu(v)

= /(Sa(-v) - Sp(~v))*w(~v) + (Sa(v) - Sp(r)) w(v)

With a uniform weight measure, w(v) = w(—v) = 0.5, and applying 3.10,

= /5[ - ¥ + (@ - b)) (3.15)

Let a® = (a* + @')/2 and o” = (a* — a')/2 denote the center and radius coordinates,
accordingly, ¢* = a° + a” and a' = a° — @” and 3.15 reduces to

hab) = J@—FRt@ by (3.16)

which is similar to Korner (1995) metric.

The d2 metric is less sensitive to any transformations of the non-empty compact
intervals compared to the Hausdorff metric, and the space (K (R), §;) is complete
and separable (Diamond and Kloeden, 1990, 1994).

The dw-metric

This is a generalization of the Hausdorff metric. Let @, b be non-empty compact
convex intervals in K (R),the dw-metric defined as

dw(a,b) = \/[OII[A(a“—b“)+1—)\(a‘—b‘)]de()\)

where W(\), VA € [0, 1], is a normalized symmetrical weight measure or a probabil-
ity measure on the measurable space, ([0, 1], Bp,y)), with Bjg,;) the Borel o-field on
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[0,1]. The weights W () indicate the contribution of interval features to the interval
distance.

By fixing W(0) = W(1) = 0.5 for A = {0,1}, and W(A) = 0 for all A €
(0,1), the dw-metric reduces to J» metric (Diamond, 1988; D’Urso and Gastaldi,
2000). Lubiano (1999) refers to the W —metric as the S—mean squared dispefsion.
Bertoluzza and Cariolaro (1997) gave a special case of dw-metric for A = W(0) =
W(0.5) = W(1).

Proposed Metric- The General Weighted dg- interval metric

Reviewed metrics, are similar and assigns equal weight to squared Euclidean
distances between the interval features. In reality, we would expect the Steiner center
to contain more information while the spread is an indication of interval imprecision
or ambiguity. There is a need to define some measure of relative importance to
each value within an interval. This allows us to weight each interval feature by its
mutual information within the interval, which will have an influence on the defined
distance measure. This new metric reflects the near and overlap degree between two
intervals; it is a simplified inclusion of all the (co)variances.

Theorem 3.1.1 The general interval metric is defined as

& (a,b) = (a° — b9)? + (a” — b7)? (3.17)

a+f
where a, b are non-empty compact convez intervals in K (R) with @ = (a°,a") and
b= (b%b") using 2.44; a and 3 are the parameters of a Beta probability density,

I'a+p)

g\ = WA"“(I — A1 (3.18)

Proof. Let 62(a,b) denote the metric (3.16), and A € (0,1). Further, let

([0,1], B([0,1]), G) denote a probability space, with G a normalized weight on the
measurable space, ([0, 1], Bjo,1)), where B,y is the Borel o-field on [0, 1]. We define
a weighted interval metric as

d(a,b) = \/ /0 N3(a,b) + (1 = N)(a - BPIGN).

Thus dg(a,b) is a weighted distance metric. The weights A € (0,1), reflects the
contribution of the d;-metric and of the squared Euclidean difference between in-
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terval midpoint to the distance. Instead of fixing the weights, we let A be distrib-
uted continuously within (0,1) based on a continuous probability density function.
Because of its flexibility, the Beta probability density function; a continuous and
bounded probability density function within (0, 1) and parameterized by parame-
ters (a, 8 > 1) is ideally suited for the choice of A.

Applying 3.18, dG()) = g(\)d), and substituting 3.16 for 62,

d%(a,b) = /ol [)‘((ac — b2+ (a" — br)2)

+(1 = M) (a° - b°)2] %‘3‘%%,\“*‘(1 — A)P1da
_ / [ =7+ 3@ - ) | R - W
= (= b2+ (a" = bT)? / ,\F(a)‘;’?),\“-l(l—,\)ﬂ-ld,\
- e e
= (@) (@ b

Theorem 3.1.2 The generalized metric. dZ between any intervals is a complete
metric in the interval space K (R).

Proof. For metric d%(a,b) to be a complete metric, it has to satisfy the metric
properties defined in 3.1. It is easy to verify property (ii) and (jii). For the triangle
inequality property (i) let a, b, e € K(R),

d%(a,b) < di(a,e) + d%(e, b) : (3.19)

For the triangular property of Euclidean distance for interval center and for interval
radius, we can assert that:

(ac_bc)z < (ac_ec)2+(ec_bc)2 and (a ) <(a )2+(er_br)2
Then, it follows that:

v (ac _ bc)2 +




implying that
d%(a,b) < di(a,e) + d(e, b). (3.20)

When applied to point intervals, dZ(a, b) reduces to usual distance d({a, al, {b, b}) =
la — b} for real numbers.

Since, the space (Kx(R),dg(-)) is a complete and separable metric space, it
makes sense to talk of independently distributed random intervals/vectors, (Klement
et al., 1986). m

Comparing the metrics

Let
C 3 r 1 U (+ 3 T 3

ay = [allaaﬂ = [112]1 a = 5’, a = 5 b= [bfl!bll = [O) 3]) bl = 51 b = 5

a = [a;a;] = [0=2]) a; =1, a3=1 b = [bg’b;] = [1)3]‘) b; =2, =1
then

(+ C o r T
di(ay, b) = (af —b5)?+ a+ ﬂ(al - )’
o
= 0+ +3 x 1
_ o
a+p
while
(a1, b)) = (af —b5)* + (a] — b7)?
=1
and
di(a;,b;) = max ¢ sup inf |a — b, inf sup |a — b]
e€@; beb, €, vebh,
= max {(a} - b)), (a1 - 8))}
= max {(2,-2)} =2
Clearly, for any a and 3, =75 approaches one, thus
d4(a1,by) < 83(a1.b1) < du(ay, by) (3.21)
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This is also true distance between a; and b,. The weighted metric the dg metric
is a better option as it allows us to penalize extreme interval features, giving more
weight to interval features close to the center. Using the weighted metric defined
in Eq. 3.17, the properties (expectation and (co)variance) of closed convex interval
are explored next.

3.1.3 Expectation and Variance of Random Intervals

Let d denote a metric in a any given metric space denoted as (M,d). Under
Frechets principle, expectation EX of a random variable X taking values in (M, d)
is the solution to the following problem

Ed*(X,EX) = genfl Ed*(X,p) (3.22)

where Ed?(X,p) is the usual expectation of the real-valued variable d?(X,p). The
Frechets variance of X defined as

Var X = Ed*(X,EX) | (3.23)

is a generalization of the known fact that for a real-valued variable X the expectation
EX minimizes E|X — p|?, and Var X = E|X — EX[?. Frechets variance, parallels
Stein (1999) variance of random elements in a Hilbert space. A parallel emphasis
can be found in Lyashenko (1983).

Since the Frechet expectation is a nonlinear operator, it makes it difficult to
calculate and an obstacle in obtaining the variances. An expectation with better
linear properties is the Aumann (1965) expectation (3.24). Based on a general
Ly metric, the Aumann-expectation parallels Frechets-expectation (Korner, 1995;
Korner and Nather, 2001; Nather, 2000), which leads to: '

Definition 3.1.2 Let (2, X, Pr) be a probability space, an interval-valued function
a : Q1 — K (R) is a interval-valued random variable. The Aumann (1965) expecta-
tion of a is given as

Ela] = {Fa':a'(v)€ a(w) a.s.(Pr), and a' is integrable} (3.24)

where Fa’ is the usual expectation of random vectors @’ € R such that @’ C a
almost surely (a.s) in probability. @’ is called a selection of a. For example, Congar
(2000) defines @’ = (a', a*) which is the largest selection of a. If a is K, (R)—valued
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and if Ela] < oo, then E[a] € K(R).
Alternatively, taking expectation of Eq. 3.11 for interval variable a,

Ela} = [E(a®-4d"),E(a®+4a")] = [Ed, Ea"]

In vector notation, either @ = (a’,a") or @ = (a°,a"). Then, the Aumann expecta-
tion can be written as

Ela] = (Ed',Ea*) or (Ea, Ea') (3.25)

Further, Vitale (1988) has given Aumann’ expectation as Boucher expectation of
the corresponding support function i.e. Sga(v) = Egq(v).

Contrary to Frechet’s expectation, Aumman’s expectation is linear with respect
to minikowiski addition @ i.e., for b an interval-valued random variable

E()qa 3] Azb) = AIEG %) AzEb

Remark 3.1.2 The Aumman ezpectation and associated variance can both be es-
timated in a similar way as in classical sense. Korner (1995); Korner and Naéther
(2001); Ndither (2000) justified Aumann-ezxpectation as a Frechets-ezpectation with
respect to the general Lo—distance metric, 6;. Besides, for quantifying error and
variance associated with random interval a, the expected value of a is the Frechets
ezpectation of @ with respect to 8, but not 6y (Lubiano, 1999). Therefore, (co)-
variance of random intervals can be defined using the do-metric or a generalized 4o
metric, for example the dg metric.

Let E denote Aumman’s expectation. Assume a general Lo—metric d, and an
interval-valued random variable a, if E{a] < 0o, and E||a||Z < 0o, then the Frechet’s
variance of a, is ‘

Vara = Ed*(a, Ea) (3.26)

In principle, the variance of random intervals can be deduced from a more general
point of view using the notion of variance for random support functions in a Hilbert
space. Let, p = 1 denote the dimension, the variance of random interval a if it exists

is given as

Var(a) = Ed*(a,Ea)= Ed®(Sa(v), Sg@a)(v))
/S  E(Sa(v) - Sz@)(v)” wds (3.27)
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where v is the unit vector taking values in unit sphere S?~! = {-1,1}, and w is
Lebesgue measure on unit sphere space (5771, Bgs-1,w). Since SP~! = {—1,1} the
integration reduces to summation and variance 3.27 becomes

Var(@) = Y E(Sa(v) - Sga)(v))” wdv (3.28)
ve{-1,1}

Using standard arguments from random sets theory by Stoyan and Molchanov
(1997), Sea(v) = ESq(v), and 3.28 reduces to

Var(a) = z E (Sa(v) — ESa(v))’ wdv (3.29)
ve{-1,1}

= ) VarSa(v)wdy (3.30)
ve{-11}

which presents the connection between the Var (a) and the classical defined Var Sq (v).
We use for both the same notation since a random number is a special random in-
terval. Given two random intervals a,b, the corresponding scalar product in the
Hilbert (L,(5771)) space is given as

(@,b)= D Sa(v)Sp(v)wdv (3.31)
ve{-1,1}
Expanding 3.29, and using 3.31, we can rewrite the variance as

Var(a) = Y E[Sa(v)Sa(v) - 25a(v)ESa(v) + ESa(v)ESa(v)]wdv
ve{-1,1}

= Y ESa@)Sa(wdv— Y ESa(v)ESa(v)wdv

ve{v-l“,l} ve{-11}

= F Z Sa(v)Sa(v)wdv — Z ESq(v)ESa(v)wdv
ve{-1,1} ve{-1,1}
= F(a,a) - (Fa,Ea) (3.32)

Note that
Var (a) = Cov(a,a) = E (a — Ea)(a — Ea)) = E(a — Ea)? = Ed*(a, Ea)(3.33)

is basically the expectation of the squared distance between a and its mean Fa.
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Extending 3.29 to the case of two random intervals @ and b,the covariance becomes

Cov(a,b) = Y E[(Sa(v) - ESa(v)) (Splv) — ESp(v))] wdv  (3.34)

ve{-1,1}

= Z (ESG(U)Sb(U) - ESa(U)ESb(U)) wdv

ve{-1,1}

= E( Z Sa('u)Sb(v)wdv) - z ESa(v) ESp(v)wdv

ve{-1,1} ve{-1,1}
= FE(a,b) - (Ea, Eb) using 3.32 (3.35)

The correlation coefficient denoted by p(a, b), is defined as

Cov (a,b)

rla,b) = m

Example 3.1.2 Explicitly, given random intervals a;(w) = [a}(w), a?(w)] such that
al,a? are integrable random variables with a}(w) < a¥(w) forall w € Q, i = 1,2.
Aumann expectation, Fa;(w) = [Eal, Ea?]. Assuming the &, interval metric, and
given that S?~! = {~1,1} where —1 and 1 respectively denote the interval lower

and upper values,

(3.36)

Var(a:) = E [(a(w) - B(6)” + (@f(w) — B(a}))?] = Var (a}) + Var (a})
using 3.29
Cov(ar,a)) = E[(ahw) - E(a})) (ah(w) - E(a}))
+ (a3(w) - E(a})) (a3(w) — B(e3) using 3.34
Cov (@}, ab) + Cov (a?, a?)

Cov (a}, a;) + Cov (a¥, a3)
(v/Var (@) + Var (a}) - /Var (a]) + Var (a3))

p(ala 0,2) =

In general, for any two random intervals a,b, and using Eq. 3.25, Ea =
(Fa®,Ea™) or Eb = (Ebt°, Eb"). Using the general weighted interval metric dg,
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if Ed%(a,{0}) = El|al|3, < oo, then, the variance of a

Var(a) = Ed%(a,Ea)

— c _ c]2 r__ r12 .
= F [[a Ea)* + > +ﬂ[a Ed| ] (using theorem 3.1.1)
c c @ r r
= Ela® - Ea°P + a+ﬁE[a — Ead'}
= Var(a) + ;—_?—_—B-Var (a") ~ (3.37)

This is an extension of the Kérner (1995) definition. Similarly, using the dg metric
and Eq. 3.37, the covariance between a = (a° ") and b = (b°,b") is

Cov(a,b) = B |(a*= B(@) ( — B) + 755 (¢ — B@) (¥ - B))
= Bl(a° - B@) (¢ - E6)) + 55 [ = E(@) ¢ - B®))
= Cov (a%b°) + > i ﬂCov (a",b") (3.38)

As a generalized L,—metric, the dg metric induces additive variance, Var % (a, ®
a;) = Var%(a,) ® Var%(a,), for independent random intervals, contrary to the
non-normed generalized Hausdorff metric dw. Therefore, variance of sum of inde-
pendent random intervals is similar to variance of real-valued random variable. We
note that, while the variance is real-valued the expectation is interval-valued.

Remark 3.1.3 Having defined random interval variables of second order, i.e. ran-
dom intervals with existing expectation and variance, we proceed to define the
spatial interval ra_,ndOm function characterized by regionalized random intervals of
second order, taking values in (K (R), dg). The space Kx(R) is isomorphic to two-
dimensional half plane (R*), with either the interval endpoint coordinate system
or the midpoint-radius coordinate system. Though, the most straightforward coor-
dinate system is the interval endpoints, it has certain drawbacks (Gil et al., 2001,
2002; Kulpa, 2001) as discussed in §2.4.2. This makes it awkward for practical uses.
For our case we will use intervals represented via center-radius coordinate system.

Next applying the above concepts to spatial imprecise data we define a spatial
random interval process and proceed to define corresponding kriging approaches.
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3.2 Spatial Interval Random Function

3.2.1 Properties

The spatial random interval function is characterized by second order regional-
ized random intervals Z(x;) = (Z(=;)!, Z(x:)*), (i =1,...,n) observed at locations
x; over the spatial region D C R®. Based on the center-radius coordinates Z (zi).=
(Z‘(a:;), Z’(z,-)), and using 2.45, we can revert to Z(x;) = (Z'(a:,-), Z“(zi)).

The second order spatial random interval function is given as

Z(x) = m(z) + e(x) (3.39)

with Z(z) = (Z‘(a:), Z’(z)) the regionalized random interval,

m(z) = (mc(z), m,(z)) the mean, and e(x) = (e‘(z), e'(a:)) the zero mean
random function that captures the erratic fluctuations of the process. A particular
concern is the dependence or independence between Z¢ and Z”, or Z' and Z*. Note,
due to the concept of support function embedding of intervals to a positive cone
and hence the independence of support function Nather (2000), we proceed by not
making assumption about the pairwise dependence or independence between Z¢ and
Zr, or Z' and Z~. .

Let h or h denote the spatial distance between two locations. Both h or h will be
used interchangeably. Parallel to real-valued spatial process, the isotropic interval
covariance is a function of spatial distance h and is given as

C(h) = E[Z(z)Z(z+ h)] - E|Z(z)]E|Z(z + h)]
= E[Z(z)Z(x + h)] — m(x)m(x + h) (3.40)
If the mean function is a constant, i.e. m(x) = m(x + h) = m, as is the case with
simple and ordinary kriging (with local neighborhood), interval covariance reduces

to
C(h) = E|Z(x)Z(x + h)] — m® with m? = (m?, m?) (3.41)

Separately, the center and radius covariances are

Ce(h) = E[Z°(z + h), Z°(x)] — m? |
C*(h) = E[Z" (z + k), Z"(x)] — m?, (3.42)
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respectively. For h = 0, interval covariance 3.41 becomes
C(0) = E[Z(x)Z(x)] — m? (3.43)
and

C*(0) = E[Z°(z), Z°(x)] — m¢
CT(0) = E[Z"(x), Z"(x)] — m? (3.44)

Application of dg norm, helps in obtaining a tractable form of interval covariance.
Let ko3 = a/(a + B); using the general dg metric, the variance of regionalized
random interval Z(x) with expectation E[Z(x)] = m is defined as

Var(Z(z))(= C(0)) = Ed[Z(z),m]
= B{[Z5) — m? + kaslZ"(@) - m.?}
applying 3.17
= BlZ%(x) - m? + kapBlZ (@) — m,?
= E(2°@)’] - mi + ko (E[27(x)"] - m})
= C°(0) + kasC™(0) using 3.44 (3.45)

The variance is real-valued, the sum of the center and radius covariances. It is
positive definite since it is a sum of covariances of center and radius. Similarly,
extending to the case where h # 0,

C(h) = C(h) + ka sC () (3.46)

Hence, the interval covariance 3.41 reduces to the sum of center and radius covari-
ances at distance lag h. | |
Assuming stationarity, the expected value of the dg weighted distance between
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regionalized random intervals Z(x + h) and Z(x) is

Ed[Z(x + h), Z(z)] = E'[(Zc(a: +h)— zc(x))’]
+ka,5E'[(Z'(z +h)— z'(m))"’]
= EZ%z+ h)? — 2EZ%z + h)Z°(z) + EZ%(z)?
+kop (EZ"(x + h)? — 2EZ"(x + h)Z"(z) + EZ"(x)?)
= [C*(0)+m?] —2[C°(h) + m2] + [C°(0) +m?]
+has( [C70) +m2] - 2 [C(R) + m?] + [CT(0) + m?] )
applying 3.42 and 3.44

= 2[C°(0) — C%(h) + ko (CT(0) — c'(h))] (3.47)
Then,
SER(Z(@+ ), 2@)] = [090)+ kasCT(O) ~ [C°(h) + kasC(H)]
= C(0)- C(h) using 3.45 and 3.46  (3.48)

The original definition of classical variogram in chapter 2 Eq. 2.8 can be easily
extended to randem interval process. Thus, the interval variogram can be written
as

r(h) = %E’(Z(z +h) - B(=)), (3.49)

and equals half the expectation of squared distance between regionalized random
intervals Z(z) and Z(x + h). Assuming the given distance to be dg, interval
variogram 3.49 reduces to

r(h) = —;—Edﬁ;(Z(m), Z(z + k) = C(0) - C(h) (3.50)

which parallels the well defined relation 2.12 (Goovaerts, 1997).
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3.2.2 Variance of Linear Combination of Spatial Random Intervals

Let ); denote weights associated with each spatial random interval Z(z;). For
a given set of neighborhood points n(k),

n(h)
Z=Y NZ(x) (3.51)
=1
denotes the linear combination of observed spatial random intervals in the neigh-
borhood n(k). For simplicity of notation let, Z; denote the spatial random interval
at location z; i.e. Z; = Z(x;).
Prior to defining the variance of Z, we make the following assumptions about
the (co)variance of the radius data; the measure of random interval imprecision
(” ambiguity” or ”uncertainty”):

(¢) The radius data has zero correlation structure. (3.52)
(#8) The radius data has full correlation structure. (3.53)

Based on the two assumptions, we arrive at two different variances of random inter-
val.

3.2.2.1 The Composite Variance

Let Z; = (Z¢,Z]). Since ZI > 0, the radius data weights must be positive.
Cressie (1993) notes that although non-negative weights imply that Z] > 0, it is a
constraint that is too heavy-handed unless there are good reasons to use it. Note that

n(h) n(h) n(h) n(h)
Z=| 1=Zl AiZ§, 1_21 )\,-Z,T) can still be valid, | i.e. E AiZf > 0 and ;—21 AZT > O)
but still have negative weights. Szidarovszky et al. (1987) suggested a version of
kriging with only positive weights; While kriging with positive weights ensures that
predicted values lie within the minimum and maximum values of observed values,
the associated cost is highly inflated kriging standard errors (Schabenberger and
Gotway, 2005, pp 232). According to Diamond (1988), if the process exhibits a
high nugget effect, negative weights are automatically eliminated. If of utmost

importance to eliminate weights, we propose the use of Deutsch (1996) approach.
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The expectation,

n(h) n(h) n(h)
EZ=Y) )(EZ{,EZ]))=)_ XM(m;m,) =) Am.
i=1 =1 =1
Then,
Var(Z) = E|[d4[Z,EZ]]
n(h) n(h) n(h) n{h)
= B[a&(> nz, Y am)| = Bl (D22, M(me,my) )|
=1 i=1 i=1 =1
n(h) n(h)
- E (Z 3 AN (25 = me)(Z - mc))
i=1 j=1
n(h) n(h)
thas( DD AN (25 - m)(Z5 - my)) (using 3.17)
i=1 j=1
n(h) n(h) n(h) n(h)
= 33 (B2 - md) + kap{ 33 M (EIZT 231 - md) }
i=1 j=1 =1 j=1
(after expanding and taking expectation)
n(h) n(h) n(h) n(h)
= Y D NNCE+Kap DY MNC (3.54)
i=1 j=1} =1 j=1
Let
C.'j = C:; + ka’pC;_;-. (355)

Based on the first assumption 3.52, C7; reduces to a diagonal covariance matrix,
and the variance, 3.54 becomes

n(h) n(h)

Z Z /\i;\j [CfJ + ka,pcz,'-]

i=1 j=1

Var(Z)

I

n(h) n(h) )
=Y Y ANCy using 3.55. (3.56)

i=1 j=1

with weights associated to center variable only. This assumption leads to ” Com-
posite kriging” approach discussed in §3.3.1. It is the classical BLUP- problem for

linear regression with the random interval observations related by C;; conditional
n(h)
on weights summing to one i.e., )  A; = 1 based on the center values only. An

=1
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additional constraint A; > 1 may be introduced when dealing with a special case
that requires weights to be non-negative, but not without cost of high prediction
errors (Schabenberger and Gotway, 2005).

3.2.2.2 The Component-wise Variance

Respectively, we let A{ and A] denotes the center and radius weights.
For Z; = (Z¢,27), Eq. 3.51 reduces to;

[ Rt 1

n(h) n(h)
Z =) (X2 N 2]) with a mean EZ = _(Xme, im,), X >0.  (3.57)

i=1 i=1
. Then, applying the second assumption, 3.53,

n(h) - n(h)

Var(Z) = E[d;(2,E2Z]] = B [dza[z (28, X27), Y (Xm,, ,\;m,)]]
"(h) . = n(h)
= [(ZAC ZC mc)) +k ,6(ZAT(Z" mr)) ]
i=1 i=1
(using 3.17)
n(h)
= X ax(Blziz) - m2)
ij=1
7 n(h)
thap Y XX (E[225] - m2)
1,j=1
n(h) " n(h)
= D NXC5 +kas ) NNC (3.58)
i,j=1 ij=1

The approach leads to ” Cbmponent—wise kriging” in §3.3.2. The center weights are
, n(h)
estimated using the center data conditional on ) A{ = 1 while the radius weights
i=1
l n(h)
are estimates using the radius data only conditional on ) AT =1 and A} > 0.
i=1

3.3 Interval Ordinary Kriging (OIK)

Let = (z,, xz)T denote the 2-dimensional spatial location and Z; the observed
regionalized random intervals at locations x;, (¢ = 1,...,n) over a spatial region
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D C R?. Extending 3.39, the spatial random interval process is
Z(z) = m(x) + e(x)

|
where Z(x) = (Zc(qlc), Z"(x)) is the regionalized random field,
m(x) = (m(x), m.(x)) is the mean, and e(z) = (e°(x),e"(x)) is spatial error
such that Fe(z) = 0 and Cov(e(z;), e(z;)) = o2¢(||x; — x;||;0). The parameter 8
controls the range of spatial association. »

Ordinary kriging assumes a non-stationary random process model where station-
arity is limited within each search neighborhood. Prediction involves minimizing the
error variance of the estimator of spatial random interval process with respect to
the dg-metric.

Normally, spatial measurements are made on finite volumes, rather than points
(z,y) in space. The finite volumes, called ”sample support” can be a line in 1D,
an area in 2D, or volume in 3D. Let z(x) be the regionalized random interval, a
realization of spatial random interval field Z. Consider

1 '
n:IBI/dz(z')dz, eD

as the average of z(x), over a given finite support D. Then, 8¢ is a realization of
interval random field S, approximated by

n(h)
Sy=Y_ M\Z;

i=1

using the interval random field {Z; : ¢ = 1,...,n}. Then, based on minimum
variance prediction, Sy ~ Sj. If Q denotes a set of functions or estimators, then
S5 € Q such that

d%(S, So) = inf {d%(S', So)}
S'eq

is the regr@sion function of the data with respect to the interval norm dg. The
~estimator Sy is the best approximating function (in terms of minimum variance
prediction) in @ of the data set Z;. For example, in genéral least square regression
with dg norm,

&%(S3, o) = (S — 55)° + Karp (S5" — S5) using 3.17
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The same principle applies to ordinary kriging predictor, and it is in-fact a best
linear unbiased predictor, BLUP (Cressie, 1993). BLUP means that the estimator
is a linear, unbiased and optimal in the sense of minimum squared error (mse). The
goal is to obtain weights ); such that

n(h) n(h) |
() E(S3) = (Z,\ z) =Y NEZ;=m

i=1 i=1

unbiasedness

() Var Sy = Ed%(S},So) is minimized under a set of constraints
n(k)
In ordinary interval kriging, condition (£), equivalent to the constraint > \; = 1,

i=1
secures the unbiased estimator and we need to minimize (ii), the variance of the

estimator. Hence, the goal is to minimize

Ed}(S5,50) = E[(S5 = S5)° + kas(S5" — Sp)’]
= ES&? - 2ESS*SS + ESE
+ko5 [ ESG? — 2ES5* Sy + ESy] (3.59)

3.3.1 Composite OIK System

Let «, &’ € D, we define
D = |D|2//CC z— ') de de’ and
0 = DR //C’ (; — =')dz;dx (3.60)

and similarly for C%,p, and
Then, using 3.42, terms in 3.59 can be expressed as follows,

n(h) n(h)
E(Sg,S) =) MCip+m? and E(Sy,S;) =) ACp+m? (3.62)
i=1 i=1
Also,
n(h) n(h) n(h) n(h)
ESg? =Y " ANCE +m? 2=%"3 " ANCG+m? (3.63)
i=1 j=1 i=1 j=1
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For expressions 3.61 and 3.63 to be valid, )\; € R for ES§*?, and \; > 0 for ES5*?,
i.e. weights can take on values on the extended real space: [—oo UR]) U (R U +00].
The positive definiteness condition of covariances implies that the weights can be
uniquely obtained.

Applying 3.55

Cij= C§+kapCy covariance of Z;, Z;
Cip= C{p+kepClp, covariance of Z,,Zp (3.64)
Cpp= CHp+kapsCpp covariance of Zp, Zp

Substituting 3.61, 3.62 and 3.63 in 3.59, and using 3.64,the means cancel out and

n(h) n(h)

Ed%(S5,80) = > ANC5—2Y ACip+Chp
ij=1 i=1
n(h) n(h)
a3 ANNC =23 NCip + Cp]
ij=1 i=1
n(h) n(h)
= Y A\Cii—2) A\Cip+Chpp (3.65)

ii=1 i=1

Note that, the first term of 3.65 equals composite variance given in 3.56. Sim-
ilarly, the second can be defined as the composite covariance between Z; and Zp
for locations =’ e D, while the third term is the composite variance of Zp for all
locations @' € D. Then, the variance of the interval random field S} (3.65), is
minimized conditional on (i) i.e. weights sum to one.

Introducing the Lagrange multiplier ¢ for condltlon (%), such that Z A =1, we

have
n(h) n(h)
L(Ag,i =1,... ,n;’l,[)) = Z A,'AjC,'j — 22 XCi;p +Cpp
i,j=1 =1
n(h)
+2(¢ ) M-1) (3.66)

=1
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Minimizing 3.66 with respect to weights and 1 results to Composite OIK system:

n(h)
= ) NCy-Cip+9¢=0 i=1,...,n(h)

J=1

aL
dX;

dL

bt 27 i—1= 3.67

v M—-1=0 ( )
rewritten as

=1 h (3.68)
PP = 1 |

The system 3.68 has (n(h) + 1) linear equations with (n(h) + 1) unknowns (A’s, and
¥)

Let Ci denote an n(h) x n(h) matrix consisting of sum of center and scaled
radius covariances between sample data locations;‘ and Cp denote an n(h) x 1
vector of sum of midpoint and scaled radius covariances between sample locations
and prediction data location. Let A denote vectors of weights; 1’ = (1,..:,1) 1xn(h)
vector and p = n(h) + 1. In matrix notation, 3.68 becomes

k=|C=1 A . k= Cro (3.69)
1 0 P 1
. pXp px1 px1

We note that the covariance matrices K and k are positive definite since they
are sum of positive definite covariances, therefore the optimization problem can be
solved to obtain the weights. As is the common practice in geostatistics, the interval
variogram is modeled first. Then, using the relation C(h) = C(0) — I'(h) (Isaaks
and Srivastava, 1989, p.289), the covariances are generated and substituted back in
3.69.
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3.3.2 Component-wise OIK System

The component-wise kriging is based on separate kriging with center data and
separate kriging with radius data. Thus, the weights in equation 3.62 change to

n(h) n(h)
B(Sg,89) = B(D_XZ,D)) = XE(Z;D
by =1 i=1
= Z XCip +m?
o)
E(S;*S;) = )_XCip+m} (3.70)

i=1
Similarly, the terms in 3.63 change to

n(h) n(h) n(h) n(h)

ESS? = E( 3 Af,\;z:z;) =3 S xxE(Z, Z)

i=1 j=1 =1 j=1
nth) n(h)

- 3 wscyem
i=1 j=1
n(h) n(h)

ESy? = ) ) NXNCh+ml (3.71)

i=1 j=1

with the constraint A], )\; >0.
Substituting 3.61, 3.70 and 3.71 in RHS of 3.59, the means cancel out and we

have
n(h) n(h) n(h)
Ed(S5, 80 = )Y XMXC5-2) XNChp+Chp
i=1 j=1 i=1

n(h) n(h) n(h)
+kas[ Y D NNCE—2) NCip+Chp|  (3.72)

i=1 j=1 i=1
Consider the first part of Eq. 3.72: the first term equals the first term in the
component-wise variance, 3.58, but for the center of mass Z¢ values. Similarly the
second term is the covariance of Z{ and Z§, for all locations &' € D, while the third
term is the (co)variance of Z¢(x’) for all locations &’ € D. The same applies to the

second part of 3.72 but using the radius data.
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Introducing the Lagrange multiplier ¢ = (y°,¢"),

n(h) n(h) n(h)
LOS AL i=1,...,my5¢7) = Y ) MXC5—2) XCh+Chp
i=1 j=1 i=1
n(h) n(h) n(h)
ka8 [ Z Z AACH — 2 Z AiCip + CTDD]
i=1 j=1 i=1
‘ n(h) n(h)
+20° ()X —1) + 297 (DN - 1)
i=1 i=1
(3.73)
Minimizing 3.73, with respect to weights, 1° and ¢" > 0 results to
i = w
o = Y XCE-Cop+yt=0 i=1,..,n(h)
i j=1
(h)
dL ~
— = Y X-1=0
dye ;
dL ) ~
o ka,ﬂZ/\;C{j —kogCip+9y"=0 i=1,...,n(h)
1] j=1
dL n(h) ‘
—_ = A —1=0 (3.74)
dyr ;
rewritten as
n(h)
;A} Ty = Ch i=1,...,n(h)
7= n(h) (3.75)
X = 1
=1
n(h) .
ka,ﬂ ; A;C:_.; + ¢r = ka,ﬁ trD i= 1’ s ,n(h)
S (3.76)
AT = 1
i=1

Now, 3.75 has (n(h) + 1) linear equations with (n(k) 4 1) unknowns ( A°s, and
1°) estimated using the center of mass data only, and 3.76 has (n(h) + 1) linear
equations with (n(h) + 1) unknowns ( A"’s, and 9", with A" > 0) using the radius
data only. ,

Respectively, let C5, and Cy, denote the n(h) x n(h) matrices of center of mass
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and radius covariances between sample data locations; and Cj, and C}p, denote the
n(h) x 1 vectors of center of mass and radius covariances between sample locations
and prediction data loeation. Then, with p = n(h) + 1, components of Eq. 3.75
becomes

ve [ Cn 1 =2 I (3.77)
1 o Y 1
PXP pxl px1l

while 3.76 is

V= C';" 1 ;. L= A ;o= kD (3.78)
1 0 Y 1
pXp px1 px1

giving two kriging systems
VL = v°, V'L =v" - (3.79)

Alternatively, combining 3.77 and 3.78 results to an ordinary kriging system denoted
as

VL=v (3.80)
OPXP V;xp ;Xl v;XI
Explicitly, we have
Cu 1 A kD
1I ) c 1
V = 0 - ) L= w,. y b= »
| A Cip
1’ 0 2px2p ’l)br 2px1 1 2px1
(3.82)

The system of equations, 3.80 is derived by combining two systems of equations
each with ((n(h) + 1)) sets of equations. Thus we can denote Eq. 3.80 as systems of
(2((n(h) + 1))) equations. Shary (1997) refers to such, as a system of equations in
the Euclidean space of double dimension R2(™). This double dimension OIK system
3.80 consists of (2n(h) + 2) linear equations with (2n(h) + 2) unknowns ( A°'s, A\"’s
y" and ). -

Solving separate systems in 3.79 leads to similar results as those based on the
double dimension OIK system 3.80.

3-28



3.3.3 Interval Arithmetic OIK System

To define an interval kriging system with interval-valued equations, we set C
and Cip into degenerate interval matrices, Weights are then obtained by solving
the interval system of equations. The derived interval kriging system parallel the
kriging system defined by Diamond (1988). While Diamond solved his system using
constrained programming, we apply Kaucher extended interval arithmetic described
in §3.3.4. In principle, Kaucher arithmetic, translates linear interval systems into
non-interval or point equations in Euclidean space of double dimension R?® (Shary,
1997), and interval solutions are obtained using normal numerical algorithms (Shary,
1997). '

3.3.4 Linear Algebraic Equations in Kaucher Arithmetic

Kaucher arithmetic expands the classical interval arithmetic, (Appendix B), to a
wider algebraic system with better algebraic properties, providing richer manipula-
tion techniques, making'it easier to seek solution in the new wider algebraic system
(Shary, 1997, 2002). |

Brieﬂy, the elements of Kaucher arithmetic are pairs of real numbers, not neces-
sarily related by condition ! < ¥, (the proper intervals). It includes the set TR, of
improper intervals given as, [z*,z'], as well as real numbers identified as degenerate
intervals. The proper, IR, and improper IR, intervals; the two halves of Kaucher
‘interval épa.ce change places as a result of dualization mapping: dual : IR — IR
such that dual () = [z*,z']. Kaucher interval space is isomorphic to R? and the
properties of R2. ‘ | ‘ '
| Using Kaucher arithmetic, the solution to a linear interval system,

Az =b (3.83)

where
A= (aij)nxbn, ai; = [aﬁj,a;‘j] ,hi=1,2,---,n
b= (b1, by, -+ ,bn), b = [Bh,0}], k=1,2,---,n
and ’
&= (T1,T2,-* ,Tn), Tk = [Th,2}], k=1,2,---,m

is reduced to a problem of solving one ‘non-interval (point) system of equations
in the Euclidean space of double dimension R?", (Shary, 1997). Respectively, let
A* = (a¥;)nxn and Al = (aij),,x,l denote the upper matrix and the lower matrix of
the interval matrix A. To solve the system 3.83, let A* and A’ respectively denote
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the upper and lower n x n matrices. Then, we define 2n x 2n real non-singular

matrices _ -
el z(4a*+4) 0
i 0 %(A“+A‘)_W2n’
D2 [ % (Au - A‘) 0 -
L 0 % (A“ - A‘) 4 2nx2n

and 2n x 1 real vectors

T | amx1 —b 2nx1

The algebraic solution to the system 3.83 is obtained by applying classical rules of
interval arithmetic to dual system (Lakeyev, 1995; Shary, 1997)

Cz-D|z|=b (3.84)

Extending the approach to interval kriging system, we transform the composite
OIK system 3.69 into an interval system by rewriting K as an interval matrix, and
similarly the vector k as an interval vector. We then define an interval kriging
system

Kg=k (3.85)

where the interval vector g is the algebraic solution to the system 3.85, if substituting
this vector into the system and executing all interval operations according to rules
of interval arithmetic results in the system 3.85, (Shary, 2002). Respectively, let
K3; and K ﬁj denote upper and lower (n + 1) x (n + 1) kriging matrices, by defining

C=}(K;+Ky), D=;(Ky-Ky),

the optimal solution to interval kriging system 3.85 reduces to problem of obtaining
the solution to the dual system

g* k*

—g' = _K!

ool 5] -7 5]

(2n+2)x (2n+2) (2n+2)x1 (2n+2)x (2n+2) (2n+2)x1 (2n+2)x1

For details of Kaucher extended interval arithmetic, see (Lakeyev, 1995; Shary, 1997,
2002) and Appendix B.

3-30



3.3.5 Spatial Interval Kriging Without Trend
3.3.5.1 Composite Kriging

The spatial random interval estimate Z, at unknown location @, is obtained
first by solving, the composite kriging system, 3.69, to generate weights A. Once the
weights are obtained the estimate is given as

n(h) n(h)

z, = (ZLZ&Z&Z{)

i=1 i=1

= (zo 25) | | ~ (3.86)

&
v
o

The estimate, 3.86, can be transformed back to Z, = (26,25‘) using 2.45. Let
C§ and Cj respectively denote the center and radius nugget values, while CT and
C{ respectively denote center and radius sill values. Also let Cy = C§ + kCj,
C, = Cf + kC7 and C;p = Cp + kCp. The OIK variance

n(h)
G'i-k =Co+C, '-Z/\,'C,'D-I-Q/) (3.87)

i=1

3.3.5.2 Interval Arithmetic Kriging

Solving the interval kriging system 3.85, generates a vector of interval weights.
The approach gives similar results to composite System. This is explained by the fact
that the interval kriging system is obtained by transforming the composite kriging
system to an interval system, which is impleinehting using Kaucher extended interval
arithmetic. ' '

3.3.5.3 Component-wise Kriging

We solve the component-wise kriging systems 3.77 and 3.78 to obtain the kriging
weights. Estimate is similarly given by 3.86, but with a slight variation. Note that
in this case we solve two separate kriging systems, the center and the radius kriging
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systems. The estimate is

n(h) n(h)
Z, (Z 3z, ,\;z,.') such that AT > 0

i=1 =1 ‘
- (zo z;) (3.88)

Let C° = C5+ CS, C° = C5 + CF

n(h) n(h)
0%, = (C° =Y XCop+ ,f) +k (c' -3 :\:c,r,,) +u (3.89)
i=1 i=1
If there is strong spatial correlation structure on the radius variable, we would
expect the component-wise kriging system to optimally model the spatial structure
in the interval radius and therefore improving the overall kriging, leading to better
estimates. However, the radius model is almost a nugget effects model, implying
minimal correlation structure of radius measures. Thus, both the component-wise
and the composite give parallel results with slight variatioms.

3.3.6 Spatial Interval Kriging with Trend

In this study, we demonstrate spatial interval kriging with trend where the trend
t(x), is a function coordinates defined as

2
i) =) Behu(z);  ho(x) =1 (3.90)

k=0

with hi(z) the basis functions of the coordinates, and B the corresponding coeffi-
cients. We also obtain the trend prediction error, denoted by ”t?(m)'
We, then fit a variogram to the residuals

e = Z7 — i(x) (3.91)

Since residuals can take on positive and negative values, we relax the positivity
constraint for the weights. For each of the defined kriging systems, estimate at
unknown location xg is obtained additively as follows:
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Composite Kriging with Trend

n(h) n(h)

i=1 i=1

and can be translated back to Z, = (Z{,,Z{,‘) using 2.45. Let Co = C§ + kCF,
C, = C{ + kCi* and C;p = C5, + kCIgd. Similarly, by additivity property, the
kriging variance is

n(h)
0% =Co+Cy— Z AiCyo +p+ Ut?(a:) (3.93)

i=1

3.3.6.1 Interval Arithmetic Kriging with Trend

Similarly, we transform the composite system with trend into an interval system
and implement it using Kaucher extended interval arithmetic.

Component-wise Kriging with Trend

By the additivity property,

n(h) : n(h)
Z, = (Z AsZg, ) Niesdere=d 4 f(a:)) (3.94)
i=1 i=1

Similarly, the kriging variance

Conh)
o2 = Ci+Ci=) XCh+p
i=1
o
+k (C{,““ + Creed — Z Aresd Cresd u"’“‘) + 07y (3.95)

i=2_l

3.4 Discussion

In this chapter we developed the framework for parametric modeling of spatial
random intervals. Two new approaches: composite kriging and component-wise
kriging are defined according to the spatial correlation structure of the data vague-
ness or imprecision measured by the radius variable.
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First, we represented the spatial imprecise(fuzzy) data as spatial random in-
tervals and hence defined a spatial random interval process. Applying concepts
of closed random interval theory, the defined spatial random interval were repre-
sented as spatial bivariate variables consisting of either lower-upper or center-radius
regionalized variables. _

Utilizing the center-radius regionalized variables we defined the two ordinary
kriging approaches:

Composite kriging, based on assumption of zero spatial correlation structure of

the radius regionalized variables. Hence, the main contribution of the corre-
lation structure for modeling the spatial random interval process is the center
variables. The approach coincides with the classical best linear unbiased es-
timate (BLUE) in linear regression, with observations correlated by the com-
posite (co)variance (= Center (co)variance plus radius variance).
Based on the composite covariance, kriging is performed using center data
conditional on sum of center weights equals 1. The fact that no condition
is imposed on the radius weights is a disadvantage of the composite kriging;
the uncontrolled radius weight values leads to large radius values for the esti-
mated values, hence wider intervals. Because of this weakness, we refer to the
estimate as a WEAK COMPOSITE "BLUE” .

Component-wise kriging, based on assumption of a full spatial correlation struc-

ture of the radius regionalized variables. The approach involve splitting up the
problem into separate kriging for the center and the radius data. Where, nec-
essary, additional constraint of non-negative kriging weights for radius variable
is imposed.
Kriging on radius data leads to a linear unbiased estimates for radius spatial
field. Similarly Kriging on center data leads to a linear unbiased estimates
for ”center spatial field”. Combination of these two linear unbiased estimates
implies a linear unbiased combined estimate of the spatial random interval
process. We refer to this estimate as the COMPONENT-WISE BLUE. The
estimate is optimal and reduces to composite BLUE when radius data have no
significant correlation structure. The ”composite BLUE” parallels Diamond
(1988) approach to kriging of intervals.

In ordinary kriging, a common solution to deal with non-stationarity is to apply
regression technique’s so as to obtain stationary random field of residuals before pre-
diction (kriging with trend). For illustration purposes, the approach was extended
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to interval-valued data, leading to composite interval regression and component-wise
interval regression. Extension to the general approach, intrinsic random functions
of order k (IRF-k), was not addressed, rather a kernel based non-parametric spa-
tial interval regression approach (Chapter4), that does not impose the stationarity
assumption.
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CHAPTER 4

NON-PARAMETRIC MODELING OF SPATIAL RANDOM INTERVALS
APPLICATION OF A SPATIALLY-WEIGHTED INTERVAL KERNEL

Scope

In this chapter we propose a non-parametric kernel based regression method that
relaxes the first and second order stationarity assumptions. The approach utilizes
and allows the spatial random interval data to define the optimal functional form
of the estimate of the random field.

A detailed review of non-parametric kernel-based algonthms is given with par-
ticular emphasis on concepts that apply to modeling of spatial random interval data.
Taking advantage of support function embedding of intervals into Hilbert’s space,
we propose a "spatial-interval” working domain space. A spatial adaptive kernel
and a robust interval uncertainty kernel are defined for the new domain. The spa-
tial kernel creates the local spatial structure that ensures that only samples sharing
similar intensity and gradient information are gathered for local approximation. The
robust uncertainty kernel minimizes the influence of outliers caused by occasional
miss-registration. On a scale of zero to one, the robust kernel measures the reliability
of measurements at neighborhood locations. A zero measure indicates completely
untrustworthy data and a one measure represent trustworthy data. Local estimates
at selected locations are obtained as a data convolution of the two kernels.
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4.1 Nonparametric Estimation: Applications to Interval-valued Spatial
Process

Normally, problems in pattern recognition involve obtaining the probability den-
sity function describing an observed random quantity. In general, the forms of the
underlying density functions are not known. While classical parametric densities are
mostly unimodal, practical pattern recognition problems involve multi-modal densi-
ties. Further, high-dimensional densities cannot often be simply represented as the
product of one-dimensional density functions. While mixture methods (McLachlan
and Peel, 2000), partially alleviate this problem, they are still restricted to para-
metric modeling. For example, mixture methods, require that the designer have
extensive knowledge of the problem. Implicitly, one needs to know the form of the
models and the model parameters.

An alternative method to parametric approach is the nonparametric approach
to density estimation. An attractive feature of nonparametric procedures is that
they can be used with arbitrary distributions, without the assumption that the
forms of the underlying densities are known. Nonparametric density estimation
has experienced a wide explosion of interest over the last 20 years. Texts include
Bowman and Azzalini (1997); Loader (1999); Schimek (2000); Wand and Jones
(1995).

Among the nonparametric methods is the histogram (Bowman and Azzalini,
1997). Data is grouped into intervals (bins), and each interval is represented with
its midpoint. Density function is defined by counting the frequency of data that falls
into each bin. The major drawback with histograms is the lack of convergence to
the right density function if the data set is small (Comaniciu et al., 2000; Elgammal
. et al.;/2000). Another drawback with histograms, in general, is that they are not
suitable for higher dimensional features.

A particular nonparametric technique that estimates the underlying density and
is quite general is the kernel density estimation (KDE) technique (Scott, 1992; Sil-
verman, 1986). Briefly, consider an independent identically distributed random
sample z;,i = 1,...,n, from one-dimensional space, i.e. (z; € R), with an unknown
continuous ,ﬁrobability density function f, the kernel density estimator,

; N
flz)= - ;Kb(x - z;) (4.1)
where b is the scale or smoothing parameter, K;(-) is a symmetric kernel function,
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defined in §4.2.2. As a scaled kernel i.e. Ky(z — x;) = (1/b)K ((x — x;)/b) and the

density reduces to
2 1 <& T —x;
f($)=ﬁ§i:K( 7 ) (4.2)

A good discussion of kernel estimation techniques can be found in Scott (1992) and
Wand and Jones (1995).

Unlike histograms, even with a small number of samples, KDE leads to a smooth,
continuous and differentiable density estimate. Kernel density estimators asymptot-

ically converge to any density function with enough samples (Bowman and Azzalini,
1997; Scott, 1992). This property makes the technique quite general for estimating
the density of any distribution. In reality, other nonparametric density estimation
methods, e.g., histograms and mixture methods (McLachlan and Peel, 2000), can
be shown to be asymptotically kernel methods (Duda et al., 2001). For higher
dimensions, (R%,d > 1), products of one-dimensional kernel functions (see §4.4)
are used. All these benefits make KDE very appealing to modeling interval-valued
distributions.

Though, KDE has been applied to the field of pattern recognition, little has been
done in kernel density estimation and regression for sei-valued data and even much
less for set-valued spatial data. To our knowledge, a short talk by Friel (1999),
on set-valued regression based on set metrics is the only reference. We extend
Friel’s approach, applying KDE techniques to the problem of modeling the set-
valued spatial distribution and utilizes a weighted metric between spatial random
intervals. A special case of an interval-valued spatial process is.given as an example.

4.2 Definition of Kernel and its Profile Function
Modifying Mark and Tomasi (2005) definition:-

Definition 4.2.1 A profile k, is a piecewise continuous, monotonically non-increasing
Junction from a non-negative real to a non-negative real; k : [0,00) — [0,00), such

0
that the definite integral [ k(q)dq < oo.
0

Definition 4.2.2 Let X denote a d-dimensional real Euclidean space; a subset of
Re. A kernel K is a function from a vector € € X to a non-negative real, i.e.
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K : X — R with the following properties:-

K(z) = K(-—z), such that K(—z),K(x) >0 (4.3)
/K(a:)da: =1 (4.4)
X

/ zK(z)de = 0 (4.5)
X

/sz(m)da: = o6i>0 (4.6)
X

The even symmetry (4.3), allows us to define the kernel profile k(z), from
K(@) = aak(lel?)z 20 (47)

such that c; 4 is the normalization constant determined from 4.4, and || - ||? is the
Ly norm of a point & from the origin. - ‘

The importance of the profile is revealed in the case of multivariate kernel den-
sity estimation (§4.4), spatial interval density estimation (§4.6) and spatial interval
regression in §4.8. | :

Also we note that, kernels cannot be differentiated, rather profiles are differ-
entiated leading to new kernels referred to as shadow kernels (Cheng, 1995). For
example if the derivative of k(-) exists, then, g(-) = —k/(-) can be used as a profile to
define a new kernel G(x) such that G() = ¢ a9(|||[*) with normalization constant
¢, g G(-) is the shadow kernel of kernel K(-). This property becomes very useful
when deriving the kernel interval estimates ‘us_i’ng gradient decent minimization in
§4.8.

4.3 Kernel Density Estimation

Kernel density estimation is a smoothing method that generalizes individual
pbint locations or events, x;,i = 1,...,n, to an entire area and. provides density
estimates (probability density), f(x), at any location within the study region R.
From a visual point of view (Figuré 4.1) it can be thought of a three-dimensional
sliding kernel function k; that 'visits’ every location x

Distances to each observed events x; that lies within a specified distance b;,
referred to as the bandwidth or smoothing parameter, are measured and contribute
to the density estimate at according to how close they are to x, (Gatrell et al.,
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Figure 4.1, Kernel density estimation of a spatial point process, Adapted from Dailey
and Gatrell [1995) .

19963, The kernel density estimate produces a more smooth cstimate of f{z). the
sum of kernels centered at each observation.

Since, the kernel contributes to the density cstimation of points within that sane
lveal neighborhood, we are able to take into account the local correlations, where
puints close in a kernel are given smaller bandwidths, henee high correlation. The
problem of data sparsity ean be offeetively handled by adapting the kernel bandwidth
{#) according to the cxtent of local neighborhood as seen in Figure 4.1,

For simplicity of notation, let & also denote the adaptive bandwidih ;. The
comamonly used kernel functions, {Benedetti, 1977; Sikverman, 193868} arce listed in
Table 4.1 and displayed in Figure 4.2,

Table 4.1. Examples of commonly used univariale kermel [ineiions,

Gaussian Bty = \%E exp (—%) —o<t<oo
Epanechnikov K(t)y=3{(1~1) et
Bisquare {(Quartic} K {2} = % 31— t2j2 [t] <1
Tricube Kit)=2(1- 12y* W] =il

b= (& — ;) /b

The Gaussian kernel extends to infinity in all dircetions, and therefore is eval-
uated for esch point in the region (Leitner and Staufer-Steinnocher, 2001), 1t is
simple and a popular choice for kernels with infinite support, (Seott, 1892). Ou the
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contrary, the svmmetric Beta kernels {Epanechniliov, Bisquare, Tricube), defined by
a circumseribed radius b. which is also the bandwidih, applies to a limited or finite

area around each tvent.,

{: 4 _,__..;r"*ﬁf\
| A TN
A 5
0.8 - 0.8 £ 5 ¥
Jr"r b ) 1\"..-\. LS
P A \\
06 - 0.6 F ol \x
8 x §
0.4 - 14 - f I 1 k
| r" ;' — — — Epanechnikov', 3
02 - 02+ 4 _; ----- Bisquare o ‘1,
. ; i 5
— CGELssicr ; |; i — + - Trcuhe \-. Iﬂl
0 r o : 1 P.(-:"' . - . Bt \
! 3 1 1 3. -1 AL5 0 0.3 1

Figure 4.2. A mraph of commonly used univarisie kernel lunctions, Lell graph is the
Caoussian kernel and right graph is the symmetric Beta funily kernels on finite support
{_1:1]'

This ensires that only data, local to the point at which f () is estimated, is used
in the fit. The Epancchiikov kernel is optimal as it minimizes the mean squared
error {mse) {Scott, 1992), A truncated Gaussian kernel could also be used. Often,
the Ganssian kernel 1s uged for it continmity, differentiability, and locality propertics,
In addition, choosing the Gaussian as a kernel function is diflerent from fitting the
distribution to a Gaussian model (normal diztribution) or to a mixture of Gaussian
models {McLachlan and Pecl, 2000). Here, the Ganssian iz only used as a function to
welght the data points, Unlike parametric fitting of a mixture of Gaussians, kernel
density estimation iz a more general approach thai does not assume any specific
shape for the density function.

4.4 Multivariate Kernel Density Estimation

Let @ denote a vector in a d—dimensional resion B¢, Multivatiate extensions of
univariate kernel K {x) to B? is obvious. A multivariate kernel is defined in two
WHFS

Product. kernel: K¥{x) = K1 {5} Ki{wg)

(1.8
Radially symmetric kevnel: K@) = ap G (||2]]). « = 0, e
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where || - || is an appropriate norm in R? and axq = 1/ foq Ki(||||)d=x is a nor-
malization constant, ensuring that K®(x) integrates to one (Comaniciu and Meer,
2002). Zheng et al. (2004) refers to a; 4 as the density edge correction term where
Jge K1(Jl2|)dz is the unit volume of a d—dimensional sphere. Hence, using Zheng
et al. (2004) definition and Table 3.1 in chapter 3, ax; = c;’ = 1/2 for 1D space,
a2 = ¢;' = 1/m for 2D space and a;3 = c;* = 3/4r for 3D space.

We will deal with a special class of multivariate radially kernels in Table 4.2,
based on the Ly norm || - ||?, and previously defined in Eq. 4.7 as

K(z) = crak(l|2|?),z > 0

The strictly positive normalization constant cxq ensures that K(x) integrates to
one. We let K denote both the product and radial kernels, and without confusion,
respective meaning should arise from the context.

Table 4.2. Examples of multivariate radial symmetrical kernel functions (derived using
Bowman and Azzalini, 1997).

Gaussian K()=We"p( lLIJ_)

Epanechnikov K(t) = 5-(d+2) (1 - ||t]|?)

Bisquare (Quartic) K(t) = é‘j(d +2)(d+4) (1 - ||1t}?)?
Tricube K(t) = gz (d+ 2)(d + 4)(d+6) (1 — [|8]%)°
t=(z—=z)/b

¢4 is unit volume of a d— dimensional sphere

Let @,,...,®, denote a vector of data points where 2; lie in a d—dimensional
study region: R C R%. The multivariate density f(z), at a point  is estimated as
follows (Burt and Barber, 1996):

1S ()

where K(-) is a multivariate kernel function (see examples in Table 4.2) with b the
common bandwidth in all dimensions d. Rather than have a constant bandwidth b
for all dimensions, we could have different bandwidth b,,.. ., by for each d dimen-
sions. For simplicity, we will assume a constant bandwidth in all dimensions i.e.
b=b =---=by.

Using the multivariate kernel in Eq. 4.7, the corresponding multivariate density
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estimator (4.9) can be rewritten as

n 2
fl=) = B%ch,dk (‘ -7 ) (4.10)

normalized by the constant c;4 For the Gaussian multivariate kernel, cxq =
1/(2m)%2, (see Table 4.2), and the density estimate 4.10 reduces to

1|z — x|
f(z) = Z(%bz)d/z (-“3’7—”) (4.11)

Example 4.4.1 Consider a 2-dimensional spatz’al random process characterized by

the pairs {x;, Z;}},, with Z; a real-valued measurement at each &; € R C R2. The
Gaussian bivariate spatial density estimate, f (x), at a location x, is given as

, 1 1 1|z — ||
3)=;2i:'27b—5€>xp(—-2-“ 5 ”) (4.12)

dnd with Epanechnikov bivariate radial kernel,

fla) = lz 13»2 (1 _ l Zi— “ ) (4.13)
while for Bisquare bivariate radial kernel,
1en 3 o — =7\
fl@)=- Z = 1|75 l (4.14)

4.4.1 Selection of Kernel Bandwidth b

The choice of kernel function is of secondary importance to selection of band-
width parameter (Silverman, 1986). Zheng et al. (2004) and Scott (1992) indicates
that the shape of the kernel does not significantly affect the estimate mean square
error (mse). By varying the bandwidth, different kernels can be made equivalent in
terms of mean square error. E

The effect of increasing the bandwidth b is to stretch the region around & within
which observed events influence the density estimate at . For large b, f(x) will
appear flat and local features will bev' obscured. If b is small, then f(x) tends to a
collection of spikes centered on  (Bowman and Azzalini, 1997).
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Much has been written on choice of the bandwidth parameters. For example, in
d—dimension,

by = (4/(d + 2))/E x n~V@H g, or b; = n~ V5, (4.15)

respectively denotes Silverman (1986) and Scott (1992) bandwidths with o; the
variance of the j** dimension. In ArcGIS software approach to kernel estimation,
the bandwidth is given by min (z,y)/30- the minimum dimension of the extent of
spatial point pattern divided by 30.

Nonetheless, these methods do not take into account the spatial distribution of
the points. In addition the arbitrary nature of coefficients (e.g. the value 30 in
ArcGIS) has no statistical interpretation.

Alternative automatic bandwidth selection methods include cross-validation,
generalized cross-validation, minimum AIC, and direct plug-in methods. Excel-
lent overviews of these various methods are given by Bowman and Azzalini (1997);
Gatrell et al. (1996); Loader (1999); Wand and Jones (1995). The cross-validation
method, exploits the adequacy of fit of the model under consideration. An exam-
ple is the Least Square Cross Validation (CV) (Loader, 1999). At each observation
point ¢, we estimate the phenomena, Z; , using all the available observations except
the observation at point i. A cross validated sum of squares of errors is then formed
between the estimate Z; and the true value Z; as shown in Eq. 4.16.

n 2
n | X Ki(x—=5)xZ;

cv=Y |Z= - Z (4.16)
=t [ 3 Ky(z-=z))
i#j=1

where Ky(x — ;) is the kernel function, either the Bisquare or the Epanechnikov
kernels.

A global optimal bandwidth is the one that corresponds to the lowest CV score.
A global bandwidth will cover a variable number of observations depending on the
location of the estimate. A variable (local) bandwidth may be chosen to cover a
certain number of observations. Given k nearby observations, the local bandwidth
at point i extend to the kth Nearest Neighbor (KNN) of point i, (Silverman, 1986).
The optimal KNN is then the one that minimizes the CV score in Eq. 4.16.

The resulting estimator is called the adaptive kernel estimate where the band-
width is dependent on: a) the process spatial variation; and b) the observations
density around the point of estimate. The method also adds flexibility to ker-
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nel estimation by allowing the user to vary k depending on the desired degree of
smoothing. And unlike Kriging, the underlying stochastic process is not assumed to
be stationary. The approach has been used by among others Zhuang et al. (2002)
and Choi and Hall (1998).

Recently developed method utilizing the concept of KNN approach and not cov-
ered in this work is the work on Geographically Weighted Regression (Fotheringham
et al., 2002).

4.5 Limits of Kernel Based Methods

Kernel methods exploits the linear structure of vector spaces, however, the in-
terval space, K (R) is not a vector space and is also bounded. This limits the
application of KDE. A solution is to transform or isometrically embed the interval
space to an unbounded vector space, the Hilbert space. Embedding K (R) into a
Hilbert space implies that results and properties in the L, space can be transferred
to Kex(R) space. Indirectly, using the kernel trick (see definition 4.5.1 in §4.5.1) we
are able to define an appropriate kernel for interval space, making it possible to per-
form kernel density estimation and regression for interval-valued data. Since interval
space is low in dimensionality, efficient computation of kernel density estimation for
interval-valued spatial probability density functions can be achieved.

4.5.1 Kernel Methods for Nonlinear Input Spaces

Most algorithms for data analysis (e.g. least squares regression, multivariate
regression) are based on the assumption that the data can be represented as vectors
in a finite dimensional vector space. These methods make extensive use of the linear
structure. ‘

However, in real life, data is often collected from varied input spaces e.g. interval
space for interval-valued data, and color space or image space for image data. These
input spaces are not vector spaces and could also be bounded, which limits the
application of nonparametric KDE method. We are faced with the following question
"How do we exploit the linear algorithms for analysis in nonlinear spaces?” Using
kernels, we can derive nonlinear versions of the linear algorithms.

The approach can be described as follows: Let F denote a nonlinear input space,
and H a vector space (the Hilbert space). Given a linear algorithm (an algorithm
that works in ), one first maps the data in nonlinear input space to a Hilbert space
. using a nonlinear mapping ¢(-) : F — H, and then run the algorithm on the vector
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representation ¢(x) of the data. In other words, we perform nonlinear analysis of
the data using a linear method.

The purpose of the map ¢(-) is to translate nonlinear structures of the data into
linear ones in H, preserving the natural basic structure in input space. But then,
"Which is the right map ¢(-) to achieve this?” and ”Can we use it to define a kernel
in the input space?” We will look at maps or embeddings that correspond to kernels
in input spaces.

Note that, if while executing algorithms in Hilbert space H, only inner products
between data vectors are considered, i.e. data appears only in expressions like
(d(z), p(x')) = ¢(x)To(x'), we can make use of the fact that for certain specific
maps, ¢(-), this inner product can be computed directly from x and ' without
explicitly computing ¢(x) and ¢(«’). This is referred to as the kernel trick (see
definition 4.5.1).

Definition 4.5.1 Kernel trick”(Shawe-Taylor and Cristianini, 2004, p. 60) Let
k, denote any symmetrical kernel function on input space F, such that the kernel
matriz with elements ky(x;, ;) is positive definite for all ®; € F,i =1,...,n; then,
there ezists a Hilbert space H and a nonlinear mapping ¢ : F — H such that for
¢(x:), d(x;) € H,

ky(@:, ®5) = (@), $(5))

Since kernels correspond to inner products in some spaces, they can be considered as
measures of similarities between data points for any input space. We demonstrate
this for a general case in §4.5.2 with an example of an interval input space.

4.5.2 General Input Space Kernels

Let F denote an input space, and k; denote a kernel in F corresponding to
map ¢(-) into a Hilbert space, H. Then, for x,z € F, ¢(x), #(2) € H, such that
ki(z, z) = (¢(x), ¢(2)). The Hilbert norm defined as

llg@)I? = (¢(=), (=) = ka(=, =), - (4.17)
“coincides with Scholkopf et al. (2004) definition. The associated Hilbert distance is

@) — @I = (9(@), 8()) - 2d(=), 4(2)) + ($(2), 6(2))
= k(x,x) — 2k (x, 2) + k1(2, z) using 4.17 (4.18)
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Both Hilbert norm and distance are functions of kernels and hence are also kernels.
By making k,(z, 2), the subject, we can rewrite 4.18 as

ki(z,z) = (ki x)+ ka2, 2) — |[o(z) — (2)|1) /2
= (llg@)I? + llp(2)II> ~ lig(=z) — B(2)II%) /2 (4.19)

From 4.19, the kernel as a measure of similarity between objects is gi'ven by the
opposite of the squared distance ||#(z) — #(2)||2 between their images in the Hilbert
space, plus the norms. Often, norms in Hilbert space equals one (Shawe-Taylor and
Cristianini, 2004), which reduces 4.19 to

ki(z, z) = 1- ||g(=) - ¢(2)I1*/2 (4.20)

Example 4.5.1 Let K (R) denote an interval input space, and k; a kernel in the
Kx(R) corresponding to support function mapping S(-) (see chapter 3, Eq. 8.10)
into the Hilbert space H. Respectively, for intervals @ and b in Ko (R), we have
support functions Sq and Sp, in H. Extending the kernel trick to interval space, the
interval kernel becomes |

ki(a,b) = (Sa, Sp), (4.21)

with interval norm

|ISall? = (Sa, Sa) = k1(a, a). (4.22)

Applying 4.18, the interval distance is
1Sa — SplI* = ki(a,a) - 2ki(a,b) + k1(b, b) (4.23)
and‘ thus
b(ab) = (ISalP +1ISIP ~ 1S~ Spl) /2 (424)

Kernels can also be derived from existing kernels. The easiest way to derive a
kernel is to normalize an existing kernel (Shawe-Taylor and Cristianini, 2004, p.60).
~Let x, z be elements of space X, and k;(z, 2) a kernel in X corresponding to a map
¢(x) into M, such that ki(x,2) = (¢(x), #(2)). Similarly, the normalized kernel
k(x, z), corresponds to the map

¢(z)
el
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such that

— d(z) ¢(2) _ ky(z, 2)
o) = (5T Too) N (4.25)

Let c denote a constant in R*, other valid kernels include:
k(z, z) = cky(z,z) and k(=, z) = exp(ki{z, 2)) (4.26)

The simplest kernel is a linear kernel which we denote as kz(z, 2) = (=, 2), implying
that = ¢(x). Given a constant c = 1/02, we define an exponential kernel

k(z, z) = exp(cks(z, 2)) = exp((x, z)/0?).

We also know that,
7 - e (3) > Sy = ()
Thus, normalizing the exponential kernel, we have
exp({(, 2)/0%) ‘ - ep ((z, :) _ (z,:) _{= ;’))
vexp(||l|?/0?) exp(||z|[*/o?) o 20 29
- ap (-M) (4.27)

202

which is the Gaussian kernel given by Shawe-Taylor and Cristianini (2004, p.77) and
Vapnik (2000). The Gaussian bandwidth parameter (02) specifies how quickly the
kernel vanishes as points move further away from each other. For simplicity, we use
kc(x, z) to denote the Gaussian kernel, i.e.

ko(z,z) = exp (-”—”2;—3'3) | (4.28)

with o2 the Gaussian bandwidth.

4.5.3 Interval-valued Kernel

For interval input space, applying the concept of support function mapping, the
distance between intervals is equivalent to the Hilbert (L) distance. This distance
has already been calculated in chapter 3, Eq. 3.16, and we recall it here. Given
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intervals @, b € K (R), the interval distance is
62(a,b) = (a°— b)Y+ (a" - ¥)? (4.29)
In chapter 3, Eq. 3.17, we defined a general weighted interval metric, given as

di(a,b) = (a°—b°)°+ (a” — b")? (4.30)

a+f

Extending 4.28 to interval space, the Gaussian kernel for interval-valued data is

_ 2
kg(a,b) = exp ( - ﬂg-z—;zin—) (4.31)
where Ha — b||? is either 4.30 or 4.29; and o2 is the Gaussian kernel bandwidth
determining the extent of interval dependence or correlation. Parameter 02 controls
the flexibility of the kernel. While small o2 risks over ﬁtting or existence of bounds
/ irregular estimate, large values gradually reduces the kernel to a constant or flat
function (oversmoothing). This is because large values of the bandwidth reduce the
locality of the kernel and consequently overfitting.
Other non-Gaussian profiles for interval-valued data include

2\ 2 2
Bisquare: (1 - (ﬁig_(_b‘}_’_b_)) ) ,  Epanechnikov: 1 — (é_c%i)) (4.32)

where dg(a, b) < b is the interval distance between intervals and b is the bandwidth
determined using KNN approach.

4.6 = Spatial Interval Kernel Density Estimation

The spatial-interval domain space is generated by concatenating two indepen-
dent domains: the 'spatial domain” due to the spatial coordinates, and the ”interval
domain” due to interval coordinates. Hence, the spatial-interval domain space as-
sumes a coordinate system of dimension d = s + g, with g representing the interval
dimension and s representing the spatial dimension. For the interval domain, g = 2
representing the lower-upper or the center-radius coordinate variables. For 1D spa-
tial domain s = 1, for 2D s = 2 and for 3D s = 3. While we work in a 2D space
extensions to 3D is straight forward. Given a 2D spatial domain £ = (z,y) and
an interval domain Z(z) = (Z'(x), Z*(x)), we define the joint space denoted as
p = {x, Z(x)} with dimension d =2+2 =4.
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Due to the different nature of the two domains, proper normalization is needed
prior to analysis or estimation (Comaniciu and Meer, 2002). We will achieve this
through the use of normalized kernels in the respective domains.

Let b and b? respectively denote the spatial and interval domain bandwidth
parameters. For kernel density estimation in the joint spatial-interval space, we
use product kernel that consists of a spatial radially bivariate kernel k% b* which
corresponds to a regular 2-dimensional non-negative kernel function bounded by
bandwidth b°, and an interval radially kernel k%; b? which corresponds non-negative
kernel function bounded by bandwidth b?. The multivariate kernel for the joint
spatial-interval space is a product of the two given as

2
) (4.33)

2 >
(e
where & and Z(x) are respectively the spatial and interval parts; and C is the
normalization constant. Then, the interval kernel density estimate is defined as

)y

z
bs

Kpw(p={z,Z(x)}) = @g(-b;-);k’ (

-

fo={= 2@} = (b,)z(bq), Zk‘ (

(4.34
If using, adaptive bandwidth selection, the density estimator reduces to
. z —z|? 2
— _’ q
: f(p {za Z(z)}) ; (bg)z(bQ)z ( b‘: ) k ( I b? | )
(4.35)

where b and b7 are the spatial and interval adaptive bandwidths respectively. For
kernel fegr%sion, the normalization constant introduced to both numerator and
denominator will cancel out.

Before defining the spatial interval kernel regressions, we review the basics of
spatial kernel regression for real-valued data.

4.7 Spatial Real-valued Kernel Regression

Spatial real-valued kernel regression assumes existence of a smooth bivariate
mean function m(x;) relating response vector Z; to location predictor &; € D,i =
1,...,n, such that

Z(x;) = m(:) + e(x:) (4.36)
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with Ele(x;)] = 0 and Cov(e(x;), e(x;)) = 6*¢(||x; — x;]|; 6) a non-negative covari-
ance function. The parameter § controls the range of spatial association. Kern II
(2001) has detailed the relationship between kernel functions and the covariance (or
the correlogram) functions, identifying a one-to-one relationship between kernel and
covariance functions for isotropic spatial processes.

- Therefore, for stationary isotropic spatial processes, application of kernel ap-
proach is analogous to modeling ¢(-) with a global isotropic covariance model pa-
rameterized with a global parameter 8, while the smooth mean function m(zx;) is
modeled with an unknown global constant (i.e., m(x;) = m) in case of simple krig-
ing, or unknown local constant in case of ordinary kriging.

For non-stationary process, we apply the kernel approach. Under the kernel ap-
proach, the local mean structure models both the trend and spatial structure; while
any micro-scale covariance (called nugget effect in kriging) is part of the independent
distributed errors. The mean function m(z;) varies with location, with Ele(zx;)] = 0
and |
oI i=j
0 i#j

In principle, we can say that, local kernel smoothing is equivalent to non-stationary

Cov(e(x;), e(x;)) = { (4.37)

covariance function modeling.

To obtain the underlying function m(x), we proceed as follows: let D C ]R2
denote a two dimensional spatial region of interest; and H 3y the two dimensional
diagonal bandwidth matrix defining the extent of spatial dependence in the = and
y direction. Assume that (x; H,p) is the spatial regression estimate at location
x, with p the degree of the local polynomlal For p > 1, Rupper and Wand (1994)
gives a good example.

Let p = 0, and for simplicity of notation we let r(x; H,p = 0) = 7(x). The

. estimate

m(x) = = ZK(w, — a; H)Z (=) - (4.38)
z—l
is the weighted average of Z(x;) such that x; lies in a region around location &
defined by the kernel function K. With unevenly spaced data the estimate leads to
poor results. We solve the problem using an alternative estimate, 77i(x), a solution
to weighted least squares problem

argmmz K (x; — x; H) (Z(x;) — 6,)° (4.39)

i=1
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where 6, is an assumed local regression fit of a constant of the unknown function,
m(zx), and K is a smoother kernel function, e.g. the Gaussian kernel. The optimal
local regression fit /() that minimizes 4.39, is given as

> K(x: — x; H)Z(x:)
() = S , (4.40)
Y K(x; —=; H)

i=1

which is the famous Nadaraya-Watson (NW) kernel estimator (Silverman, 1986).
The estimate modifies 4.38 so that it is a true weighted average where the weights
for each Z(z;) will sum to one.

The bounded symmetric Beta family kernels (Epanechnikov, Bisquare, Tricube)
are preferred since they ensure that only data, local to the point at which m(x)
is estimated, is used in the fit. This means that Gaussian kernel is less desirable,
because although it is light in the tails, it is not zero, meaning in principle that the
contribution of every point to the fit must be computed.

The approach used in 4.39 suggest similar estimators for multi-valued data, with
expression (Z(x;) — 0.)> replaced with an appropriate metric in the input data
space. Example is the kernel regression estimator for interval-valued data in (§4.8).

4.8 Spatial Interval Kernel Regression

Let the pairs {x;, Z;}2.,, denote the interval-valued measurement Z; at each
location &; € D C RZ?. The spatial kernel regression function 4.36 reduces to a
spatial interval kernel regression function:

Z(a:i) = m(z,-) + e.-(a:,-), . (441)

with m(x;) the nonparametric interval regression function at location ;, and e;(x;)
the independent distributed (iid) random interval errors. The nonparametric inter-
val regression function m(x;) models both the trend and the spatial correlation;
while any micro-scale variation is part of the iid errors such that Fe;(x;) = [0,0]
with

[0*I,0%1) i=j
[0,0] i#J
The goal is to estimate the nonparametric interval regression function m(zx;) con-
ditional on the available interval data Z(zx;). The basic approach is to assume that

Cov(e(z;), e(x;)) = { (4.42)
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the variance and mean of the interval random field Z exists and are constant. Then,

a good estimate of the process at any given location «; is the average of all samples
n

given by th = n~'Y_ Z;. A common characteristics of the estimator, 7h, is that it

minimizes the mean prediction error (mpe)

n

E() =) (rh - Z;)?
i=1

The mpe, however, is not localized for similarity in the interval structure, all data
values have equal importance relative to estimate. It leads to very smooth estimates
which are not robust to outliers. We need to define a more robust error norm to
take into account outliers, errors and any form of discontinues in the process. Let,
™m; = Z; denote the estimate at location x;. Rather than minimize the mpe, we
minimize a robust uncertainty function, ¢(:), given as

E(r) =Y #(llnu - Z;|1%) (4.43)

i=1 j=1

Alternatively, we can minimize

n n
E(i) =) >l — Z;1 (|l — Z5]?) (4.44)
i=1 j=1
with residual error ||rh; — Z;]||? weighted by the robust uncertainty function, ¢(-).
Each Z; is assigned a certainty measure ¢(-) for its reliability in the prediction.
Estimate, 7, at a given location x; is obtained by solving the objective functions

argmin Z > (Il — 2517 (4.45)
mi =1 j=1
or
argmin Y 3 ||7h: — Z;1 1% (| ks — Z511%) (4.46)

m; =1 j=1

using gradient descent method. The method requires initial estimate of 7n; and it
can be solved by an iterative weighted least squares minimization. Choice of initial
estimate is critical; although the weighted median is generally a robust choice as an
initial estimate, the mean is also often used.
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Let 7* denote the initial estimate at location x;; the gradient decent minimiza-
tion of Eq. 4.45 is

~ k+1 .y O0E
i

= mf-v) ¢ (lmf - Z;|)20m}! - 2,) (4.47)
j=1

= (1-2 ) ¢t -zt + 20> & Ik - 2,172,
Jj=1 =1

with v the step size chosen so that we do not take too big or too small of a step.
Too big of a step will overshoot the function minimum, and too small of a step
will result in a long convergence time. v defines the convergence criteria for solving
(4.47). Based on, the first term of 4.47, an optimal value of v is set to,
PP . (4.48)
2)_; ¢ (|l — Z;11?)

If the derivative of ¢(|[#i; — Z;||?) exists for 7s; € [0,00), then, g(-) = —¢'(:) is
a symmetrical posiﬁve definite function belonging to a class of radial symmetrical
kernels (Cheng, 1995). g(-) forms the profile of the shadow kernel to the kernel with
the profile ¢(-). Applying (4.48), (4.47) becomes

Zlg(llﬁ%? - Z;|")Z;
mit! = I © (4.49)
3 g(lIrif — Z5112)

=1

The estimate ri¥*! is the interval valued Nadaraya-Watson estimator at location
T;, with g an interval kernel function. Possible choices of interval kernel functions
are defined in §4.9, Table 4.3. |

The weight function g(-) minimizes the influence of outliers caused by occasional
miss-registration. The kernel function adapts to local interval structures. This leads
to more samples of the same modality being gathered for the analysis. Essentially,
the function assigns low weights to potential outliers effectively excluding them
from the analysis. For example, for a Gaussian kernel, the bandwidth parameter o2
defines acceptable range of the residual error ||risf — Z;||. Samples with residual
error less that o2 get a certainty close to one, whereas those with residual error
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larger that 202 gets extremely low certainty.
Similarly, solution to 4.46, is modified Nadaraya-Watson estimate given as

3 gl — Z;|2) [L + Ik — Z,|P%] 25

mk+1 = Jj=1 ‘
j{:ly(llﬁ'f - Z;|?) [1 + ||k - 2Z;)1?]

(4.50)

Estimates 4.49 and 4.50 are relatively the same, but the last one gives slightly narrow
bounds. The estimate, rhf“, can be regarded as the unconditional estimate of Z;,
and easily obtained using the idea of mean shift procedure, which has been studied
for the unconditional mode estimation (Comaniciu and Meer, 2002; Comaniciu et al.,
2000, 2001). To solve 4.50 we use the algorithm in Appendix C.1 implemented in
C++.

However, the method ignores the fact that natural spatial data is often comprised
of directional structures, and that the derived random fields can be integrated along
these structures to improve their estimation. It is also a fact that observations
within a local spatial neighborhobd are approximately similar, (Tobler’s First Law
of geography (Tobler (1970)). Hence, rather than having both i and its neighborhood
~ points j running from 1 to n, we define the local neighborhood j of i to run from 1 to
n(z). This will allows us to exploit the local spatial structure leading to an optimal
conditional estimate.

The conditional estimate is obtained by localizing the robust uncertainty function
to the local spatial structure using an additional weight function w(:) such that

n  n(i)

E(n) =Y _ > w(|la: — z;|*)¢(|Irh — Z5]%) (4.51)

i=1 j

with n(z) is the local spatial neighborhood of x;, and w(-) is some weight function,
usually a kernel function, not depending on Z;. The weight function w(-) forms the
spatial kernel that models the local spatial structure between sample observations
(Anselin et al., 2004; Brunsdon et al., 1998b; Cressie, 1993). If w(-) = 1 we obtain
~ the unconditional estimate in Eq. 4.49.

An alternative spatial localized robust uncertainty function is defined as

n n(i)

E(m) =Y [l — Z;|Pw(||z: — ;1% (I — Z5]1?) (4.52)

i=1 j '
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The residual error |jsh; — Z,|}? is weighted by a product of two kernels, the un-
certainty kernel, ¢(-), and spatial kernel, w(-). Both systems 4.51 and 4.52 defines
a local spatial weighted robust loss function. The first kernel w is the traditional
spatial weighted regression kernel with KNN (n(:)) bandwidth, defining the local
spatial structure. Within the defined spatial window, a second kernel, ¢, the robust
uncertainty kernel based on the interval distance between the neighbors and pre-
diction point values is defined. Neighbors with greater geographical distance from
prediction point are assigned smaller weight; and at a given geographical distance
neighbors with similar sizes to the initial estimate at prediction point are assigned
large weights.
The estimate is obtained by solving the objective functions

n  n(3)

argmin > wlllm: = x| P)e (|l — 2511 (4.53)

§ i=1 J
or

n n(3)

sgmin 3 [lri - Z|Pw(lle — @)l - Z,i) (459
i i=1 J

using gradient descent method. An initial estimate of *h; is required. Besides
using the weighted median and the mean, close sample (in geographical distance)
are sometimes used instead. The latter is applicable when minute details are of
interest. Let ﬁtf, denote the initial estimate, then

it = - p;’fk
n n(f) )
= mf—v) Y w(lle - x| (llrif - Z;|1?) x 20} - Z;)
i=1 j=1
n(i) ) _
= (1-20 wlle: - z,iP)¢ (lrink - Z,]|%) ) rnk
j=1
n(i) )
+2v Y w(lle; — x5l (|l — 251 Z; (4.55)
i=1

with v, the step size chosen optimally to avoid too big or too small of a step to
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convergence. The optimal v based on data is given as

Vo= 1 (4.56)
Z w(||z: — z;||2)¢ (|l - Z;112)

J

Let g(-) = —¢'(-) is a kernel belonging to a class of radial symmetric kernels (Cheng,
1995). Using the g and Eq. 4.56, reduces 4.55 to a spatially weighted interval
estimator, parallel to the Nadaraya-Watson kernel estimator given as

0]
Z w (|le: — =;l1*) g (Ilrhi-‘ - Zj|*) z;
mit! = (4.57)

Z llwz ~ ;%) g (Il — Z;1?)

J

with w a radial symmetrical spatial kernel, and g a radial symmetrical interval
kernel.

Similarly, applying gradient descent minimization to 4.54, the corresponding
estimate is given as

k 32wl — sl Pgllid — Z,1) [1+ [l — 2,1 2,
Skl _ _d .
T e e = 2 [+ e 23T (458)

The estimates 4.57 and 4.58 are relatively the same, but the second gives slightly
narrow bounds. Solution to 4.57 is obtained iteratively using the algorithm in Ap-
pendix C.2, and implemented in C++.

The estimate 4.57 parallels Mrazek et al. (2004) ”sigma-filter” in digital image
smoothing, and is one step approximation to conditional mode estimator given by
Einbeck and Tutz (2004). Atkinson (2004) has also explored similar approach for
image classification in remote sensing. Application of 4.57 for spatial interval mod-
eling allows us to identify regibns of high infensity or hot spots while effectively
smoothing out the process.

4.9 Model Selection: Kernels

Let df; = +/|[¢; — «;[* denote the geographical distance between prediction
point (i) and neighborhood locations (), and h; the spatial bandwidth correspond-
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ing to the j** nearest neighbor in the spatial domain. Similarly, let

dg = m denote the distance between intervals at prediction point (i)
and intervals neighborhood points (j), and b; the interval bandwidth correspond-
ing to the jt* nearest neighbor in the interval domain. For the Gaussian kernel,
let o5 and og denotes the spatial domain and interval domain bandwidth parame-
ters. Then, applicable radial symmetric kernels for the spatial and interval weights
include Gaussian, Epanechnikov and Bisquare radial kernels (Table 4.3).

Table 4.3. Spatial and interval kernels profiles applicable for non-parametric spatial-
interval kernel regression.

Kernel Spatial kernel, w(-) Interval kernel, g(-)
. AN ao)3
Gaussian exp (—%13?—) exp (“(ng)‘)
2 2\ 2
Bisquare (1 — (%SL) ) (1 — (i‘) ) for df; < hi,dS < b;
2 2
Epanechnikov 1- (%) 1-(R) fora§<h,af<n

&= la=zlF 5= Il =2,
o%—spatial bandwidth o%—the interval bandwidth

Except for the Gaussian kernel that extends to infinity in all directions, the rest
have a circumscribed radius, which is also the bandwidth, and is determined using k
nearest neighbors. Intuitively, this leads to adaptive kernels, with large bandwidths
in sub regions with scarce data and small bandwidth in regions of high intensity.

The Gaussian spatial smoothing scale, og, is the geographical distance beyond
which there is no spatial association relative to the prediction point. The scale
os plays a decisive role in the quality of smoothing. It is directly related to the
local variability of the data: the more variable the data is the smaller it should be.
Therefore, the scale must be large enough to cover sufficient samples for a stable
local analysis. Unless the sample density is high everywhere in the region, a normal
choice of spatial weight function is a Gaussian kernel function with a scale equivalent
of variance. The Gaussian function introduces minimal smoothing while its support
is still large to cover enough samples.

The Gaussian interval smoothing scale, og is the interval bandwidth defined
within the spatial neighborhood. The scale o¢ determines the degree of certainty
of values within the spatial neighborhood. Values separated by o¢ are given zero
certainty and are regarded as untrustworthy data. Both os and og may be defined
using the variance of the samples in the respective domains.
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4.10 Discussion

In this chapter we have developed a framework for non-parametric modeling
of spatial random intervals. Unlike random interval kriging (Chapter 3), the un-
derlying stochastic process is not assumed to be stationary. The approach utilizes
a spatial-interval kernel, a product of spatial adaptive radial kernel and a robust
interval radial kernel. The spatial kernel ensures that only samples sharing simi-
lar intensity and gradient information are gathered for local approximation. The
robust interval kernel minimizes the influence of outliers or extreme values that sig-
pificantly differ from the local neighborhood values. The choice of initial estimate
at the prediction location adds flexibility to the approach. Use of close sample (in
geographical distance) applies when minute details are of interest. Otherwise, the
average or weighted median of neighborhood values is used. c This approach adapts
well depending on the nature of the application . '

With obtained interval predicted values at unknown location, the approach of-
fers a decision maker a possible bounded range of values from which to base their
decision.
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CHAPTER 5

BI-VARIABLE COPULA-BASED GEOSTATISTICS
APPLICATION TO SPATIAL RANDOM INTERVAL DATA

Scope .

In this chapter, we propose an approach that utilizes joint distribution function to.
model interval uncertainty (imprecision) in spatial random interval data. Specifi-
cally, we extend the bivariate copula approach to model the joint distribution using
its copula and its marginals. The copula models the dependence between random
variables without influencing information on the marginals, and hence is invariant
under any monotonic transformation of the associated marginals. Therefore, fre-
quently used data transformations (e.g. natural logarithms) do not influence the
copulas. This makes copula(s) attractive models for the dependence structure in
random functions characterized by multi-point properties. We investigate the theo-
retical and practical application of bivariate copula and extend it to the modeling
of spatial random intervals. Integrating copula logic, geostatistics and-(1S;-we de-
rive corresponding marginal and copula prediction maps which are-estisivatesa-of the-
equivalent spatial distribution functions. In this new direction, the copula method-
ology forms a significant new technique to handle the co-movement of the random
interval features in a given spatial regions. With copula map we can identify the
vfrequency and persistence of high or lows values of the observed fuzzy phenomena
across space. Risk areas are easily identified.
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5.1 Introduction

Random intervals form the most basic representation of fuzzy (imprecise) data.
In chapter 2, we showed random intervals to be random bivariate variables. The
fact that vector presentation of intervals is in nature a bivariate random variable
analysis, suggests for application of bivariate joint probability distribution of a pair
of random variables as a model of the random interval data. Within spatial context,
random interval data is also dependent across space. Therefore, the challenge is how
to effectively handle the joint distribution plus the spatial arrangements.

The bivariate probability distribution of a pair of random variables contains the
full information on the structure of bivariate random variable. For example, the full
information on the random interval Z = (L, U) can be modeled by the joint distrib-
ution Fy(l, u) of the lower (L) and upper (U) variables. Observe that each of the
lower and upper variables is fully described by its cumulative distribution function
FL(l) = P(L £1) and Fy(u) = P(U < u) (the so-called marginals). However, and
this is important to note, the marginals give us no information about the joint be-
havior. If the variables L and U are independent, the joint distribution function
is simply the product of the marginals, P(L <1;U < u) = FL(1) x Fy(u). Hence,
to obtain a full description of random variables L and U together, we use the two
ingredients: the marginals and the type of interrelation, in this case independence.

The question is: Can this kind of separation between marginals and dependence
also be realized in a more general framework? The ‘right concept for this is the bi-
variate oomilas, which are joint distribution functions with uniform marginals of the
bivariate random variable. Copulas describe the dependence structure between ran-
dom variables without the information on the marginal distributions. Hence, they
can be seen as the essential representation of dependence between random variables
over the range of quartiles. Intuitively then, copulas allows to express whether the
corresponding dependence is different for different quartilés of the variable. For ex-
ample, high values may exhibit strong dependence and low values weak dependence.
Unlike correlation-based inference, the copula extracts the way in which variables
co-move, regardless of the scale with which the variables are measured.

Copulas have been widely applied in the financial sector (Embrechts et al., 2002;
Hu, 2004; Mikosch, 2003). Schmitz (2003a,b) have explored the relationship be-
tween copulas and stochastic processes. A relationship between copulas and markov
process is given by Darsow et al. (1992). Application of copulas in the spatial context
is a recent concept (Béardossy, 2006; De Michele and Salvadori, 2003), and is only
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applied in the case of scalar‘ml%;egionaﬁzed variables where correlation structure
is estimated using a copula function rather "Yhs#‘¢he variogram. This emphasizes
need for new models of spatial dependence structure.

In this chapter, we integrate copula logic, geostatistics and GIS for spatial predic-
tion on regionalized random intervals. The copula logic splits the joint distribution
inte its copula and its marginal distribution functions. Based oa thresholds that
correspond to values observed in the sample, each spatial random interval is as-
signed a copula value (or grade) based on derived empirical copula and marginal
values (grades), derived from corresponding marginal values. Generated marginal
and copula vectors are then treated as random functions. Thus variographic analy-
sis and ordinary kriging is applicable resulting in prediction maps of the equivalent
spatial distribution functions.

The copula map indicates the frequency and persistence of large or small values of
phenomena across the spatial domain. The marginal maps independently show the
spatial pattern of the lower and upper vector values. Unique estimates at unknown
location are obtained by combining the eopula and the marginal maps.

This chapter is structured as follows:- The bivariate copula is introduced in §5.2.
Section 5.3 address the methods of fitting copulas to observed data. Section 5.4
details the integration of copula logic and geostatistics for spatial prediction on
regionalized random intervals. Spatially distributed copula and marginal measures
(referred to as sample spatial copula and marginal grades) are defined in §5.4.1.
In §5.4.2 we define the copula and marginal variogram models and the copula and

marginal kriging.

5.2 Bivariate Copula Basic Concepts

Let (X,Y) denote a bivariate random variable with random variables X and
Y defined on a common probability space (€2,.A, P) where (2 is a non-empty set,
A a o-field consisting of some subsets of (2, and P a probability measure on A.
The cumulative distribution functions (the marginals) of X and Y are defined as
Fx(z) = Pr(X <z), z € R, and Fy(y) = Pr(Y < y), ¥ € R respectively> Their-
joint distribution function is defined as Fxy(z,y) = Pr[X < z,Y < y|. Hénce,
to each possible pair of real numbers (z,y) we can associate three distributional
measures: - Fx(z), Fy(y) and Fxy(z,y), which all lie in the unit interval I =0, 1}.
Therefore we can observe that each pair of real numbers (z,y) will lead to a point
(Fx(z), Fy(y)) in the unit plane I2.
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Now, a function C : I? — I given as

C(Fx (), Fy () = Fxy(,9) (5.1)

is called a two-dimensional copula. In other words, a two-dimensional copula implies
a couple of two univariate distributions. General concept of copulas and develop-
ments can be found in Cherubini et al. (2005); Joe (1997) and Nelsen (1999). For
the properties of the two-dimensional copula, we first review some definitions given
by Nelsen (1999).

Definition 5.2.1 [H-VOLUME] Let S; and S; be nonempty subsets of R, and let
H be a function such that the domain of H = S; x S;. We denote by Dom(H)
the domain of H, while Ran(H) denotes its range. Thus Dom(H) = S; x S,. Let
B = [z1,%5] X [y1,¥2] be a rectangle all of whose vertices are in Dom(H). The
H-Volume of B is given by: |

Vu(B) = H(z2,y2) - H(z2, 1) ~ H(z1,y2) + H(z1,11)

Definition 5.2.2 [TWO-INCREASING] A two-variate real-valued function H is two-
increasing if Vi (B) > 0 for all rectangles B whose vertices lie in Dom(H).

Definition 5.2.3 (GROUNDED) Suppose a; = min {51} and a; = min {S;}. We
say that a function H:S; x S; — R is grounded if H(z,a2) = H(a;,y) = 0 for all
(3.'«', y) in Sl X Ss.
Properties of a two-dimensional copula
Summary properties of the two-dimensional copula defined in Eq. 5.1 are:
1. Dom(C) = I3
2. (Cis grounded and two-increasing;

3. For every w in S; and every v.in S3; C(w,1) = w and C(1,v) = v The values
w and v form the marginal values for specifying the cumulative distribution
functions respectively.

Remark 5.2.1 Note that 0 < C(w,v) <1 for every (w,v) in Dom(C). Therefore,
Ran(C) C L.
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Theorem 5.2.1 (FRECHET HOEFFDING BOUNDS) Let C be a bivariate copula.
Then for Yw,v €1,

Q(w,v) = maz{w + v — 1,0) < C(w,v) < min(w, 2} = M(w,v)
The bivariate functions Q and M are called lower and upper Fréchet Hoeffding

bounds.
Proof. Let (w,v) be an arbitrary point in Dom(C). Recall that

C(wa U) < C(w, 1) =w
and
C(w,’v) S C(l,’u) = 9.

Hence
C(w,v) < min (w, v).

Furthermore, V,([w, 1] x [v, 1]) > 0 implies C(w,v) > w+ v — 1 since

Ve([w, 1) % v, 1)) C(1,1)-C(Q1,v) - C(w,1) + C(w,v)
= l-v—w+Cw,v)=Clw,v)2v+w—-120

by definition of copula

Therefore C(w,v) > max(w + v — 1,0). Hence we observe that copula functions
have both upper and lower bounds. =
The importance of copulas to mathematical statistics is described in

Sklar’s Theorem (Sklar, 1959): Given random variables X and Y with joint dis-
tribution function Fxy and marginals Fx and Fy, respectively, there exists a copula
C such that, for all z,y € R,

Fxy(z,y) = C(Fx(z), Fr(y))

If the marginal distributions are continuous, then the copula C is untquer-otherunse,
C is uniquely determined on Ran(Fx) x Ran(Fy). Conversely if C is a copula and
Fx and Fy are marginal distribution functions, then the function Fxy is a joint
distribution function with marginals Fx and Fy.

A detailed proof of Sklar’ Theorem is found in Nelsen (1999). While the copula
can be regarded as the pure expression of the dependence without the influence of
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the marginal distributions, it is itself a bivariate distribution with uniform marginals
on I. The bivariate distribution of random variables is completely determined by its
copula and its marginal distributions. For independent random variables, we have
the product copula given as C(u), v) = wv, while for dependent random variables
the copula becomes C(w,v) = min (w,v).

Remark 5.2.2 Several applications involve the shape of the graph of the copula
i.e., of the surface z = C(w,v). The surface can be viewed as the joint distribution
function i.e. z = Fxy(z,y) in which the z and y axes have been relabeled in units
of w = Fx(z) and v = Fy(y)

Copulas, similarly to distributions functions, admit the notion of density (Bardossy,
2006; Cherubini et al., 2005; Kaérik, 2006). By derivation, the copula density c(w, v)
for the copula C'(w, v) is given as

&2C(w,v)

c(w,v) = Db (5.2)

In terms of probability density functions (Cherubini et al.,‘ 2005, p. 66),

fev(@y) = 8C(Fx(z), Fy(y)) _ 8*C(w,v) dFx(z) OFy(y)
XYWV = T azay . owbv | Oz By
= W@ G | - (63)

with ¢ the copula density and f the univariate probability density functions. This is
an important result, because it states that under appropriate conditions, the joint
density can be written as a product of the_merginal densities and the copula density.
If for example the random variables X and Y are independent, then c(w,v)=1and

fxr(o) = Fx(@fr®)

which is a familiar formula for independent variables.

The generalized inverse concept given by Nelsen, 1999, p.19 provides a method
of reconstructing a copule from the margin’s and the joint distribution. Let Fy' and
Fy! be quasi-inverses of Fx and Fy respectively. Then for any (w,v) in Dom(C),

C(w,v) = Fxy(Fx'(w), Fy'(v))- : (5-4)

56



Example 5.2.1 Assume a Gumbel’s logistic bivariate distribution

1
Bor ) = rep ) e (w)
with marginals
1 1
Fx(z) = TFem(=a) and Fy(y) = Trem(—) (5.5)

Applying 5.4, the bivariate copula is
C (w,v) = Fxy(Fx'(w), Fy* (v)

where

- w _ v
Fxl(’UJ) = ln-l_—w and Fyl(v)=ln1_
Hence

Cwv) = F(F;*(w),F;lwl))

1+exp(—Iny%) + exp (~In %)
1

= =i

w v
wv

w+v-—wy

Example 5.2.2 Gaussian copula (Nelsen, 1999): Let N, denote a standard bivari-
ate normal distribution with Pearson’s correlation coefficient p. Also let & denote
the standard (univariate) normal distribution function with mean zero and unit vari-
ance. Then the Gaussian copula is given by

C (w,v;p) = N, (87" (w), &7 (v))
where w, v € [0, 1].
In terms of Sklar’s theorem, for any two marginal distribution functions Fx and

Fy, the distribution defined as

Fxy(z,y) = C(Fx(z), Fx(4); p) = N, (7! (w), @7 (v))
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is a bivariate distribution function whose marginals are Fx and Fy respectively, and
the copula that connects Fxy to Fx and Fy is the Gaussian copula. Hence, Sklar’s
theorem allows one to construct bivariate distributions with non-normal marginal
distributions and the Gaussian copula.

5.3 Fitting bivariate copulas to data

In this section we illustrate some of the methods in which parameters of copulas
can be estimated. We are focusing on single-parameteriied copulas (Joe, 1997,
p.60). Firstly we illustrate the method of Maximum Likelihood estimation using
Canonical Maximum Likelihood. Secondly a semi-parametric approach in which
the marginal distributions functions are determined empirically and a parametric
family of a copula is chosen.

5.3.1 Maximum Likelihood Estimation

Application of Canonical Maximum Likelihood is favorable since we do not need
to assume any parametric families of marginal distributions and hence are free from
any misspecification error.

Let X be a random variable and {z;,z,, -+ ,z,} be a random sample of size
n drawn from X. The estimate to the true marginal distribution of the random
variable X is

Fx(“‘) = —#{Z‘tnﬁ x}’

where #{z; < z} refers to the number of observations satisfying the condition
zy <zfort=1,2,---,n. Similarly, let Y be a random variable and {y1,y2,- - , yn}
be random sample of size n drawn from Y. The estimate of the true marginal
distribution of the random variable Y is

Bely) = #{ytn <y}

The likelihood function is defined as

L(9) = ﬁ &(we, ve; 0),

t=1

where w, = Fx(z), v = Fy(y), &(w,, v; 0) is the density of the copula model, with
6 the copula parameter (Joe, 1997).
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Note here that:

c(wy, vy; 0) = [ Ewee

The alternative to maximum likelihood estimation, is to employ the Kernel Density
Estimation method (Silverman, 1986), reviewed in chapter 4. In §5.3.2 we provide
the kernel distribution estimator and an estimator of the kernel-based copula as
applied in this work.

PC(w,v; 6)}
(we,ve)

5.3.2 Kernel Distribution Estimator

Let X be a random variable in one-dimensional space and {z),z3,--- ,z,} be &
random sample of size n drawn from X. The kernel density estimate takes the form

f(x;b)=%ZK<x—bx‘)

i=}

where b represents the bandwidth parameter, and K represent a univariate kernel
function (see examples in table 4.1). For bandwidth selection methods, see §4.4.1.
The empirical kernel distribution estimator of the true marginal distribution of the
random variable X is

@y = [ b

Similarly, we can define the empirical distribution estimator of the true marginal
distribution of the random variable Y.

Let Z = (X,Y) be a bivariate random variable and {(z3,11), (2, ¥2), - * , (Zn, Yn)}
be a random sample of size n drawn from Z. The kernel density estimate of Z takes
the form n

~ 1 » )

f(l', Y b) - nb? ;K(x_miay— Yis b) (56)
where b is the bandwidth parameter, and K is a multivariate kernel function (see
examples in table 4.2). We define the empirical bivariate kernel joint distribution

estimator as

Fxy @it = [ ) [ fayy s (5.7)

Empirical kernel marginal distribution estimators can also be obtained from the
joint density. For example, for random variable X, the kernel marginal distribution
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estimator is defined as
Fx (z;b) = / / f (z,y;b) dydz (5.8)

and similarly for Y.

Example 5.3.1 Let Z = (Z',Z*) denote the random interval (or the bivariate
random variable) with {(z}, 2%), (£, 2%), - , (2%, 2%)} the random sample of size n
drawn from Z = (Z',2"). The kernel joint density estimate is

- 1 n
Ioupy — L_  u_ u .
f (&, 2*%b) nbz-gK(z %,z z,,lb) (5.9)
The kernel joint distribution estimator becomes
2t Z%
Fpizgu (2,2%b) = / / f (2% b) dz*dZ! (5.10)

and the kernel marginal distribution estimatof Jor Z! is

2t poo }
Fp (25b) =/ / f (2% b) dz*d2! (5.11)
~00 J =00

while for Z* is given as
Fzu (2% b) = / / f (2, 2%;b) dz'dz" (5.12)

The empirical kernel copula is obtained by estimating values based on the cdf at n
distinct points in R2, and is given by

C (w,v) = Fpize (F3!, F7d) (5.13)
where Fz'“,1 and F7l are quasi-inverses of Fz and Fzu.

The advantage of kernel estimation of the copula implies that we do not have to
choose a copula from a large family of copulas.

. The semi-parametric method utilizes a parametric family of a copula. Although,
we must be careful in choosing a copula by considering the characteristics of the data
such as tail dependence, asymmetry of the data, and non-normality, we can find the
best choice of the copula by using well-known Akaike’s Information Criterion (AIC)
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or Bayesian information criteria (BIC) (Akaike, 1974; Schwarz, 1978). Since we are
dealing with single-parameter copulas only, we have that:

AIC = —21(6) + 2

and
BIC = -2I(0) + In(n)

where [(0) is the log of the likelihood function. The best choice of the copula is one
with lowest AIC or BIC value. Cherubini et al. (2005) and Joe (1997) have provided
different range of copulas that can be applied.

5.4 Copula modeling of Spatial Random Intervals

For any given spatial locations z; = (z;,¥;),i=1,...,n,in D CR?,
Z = (2,2%) = ((Z(@),22(=1) , (Z(@2), Z3(m2)) .-, (Zh(2n), Z2(2n)) ) is
a random vector of regionalized bivariate random variables. Separately, Z! =
{Z! (x;)}7 represents the random vector of lower regionalized random variables while
Z% = {Z" (;)}? is the random vector of upper regionalized random variables. The

bivariate random variable (2, Z*) assumes vector values {(z!, z*)}7 = (& (=), 2* (z3));],

ie.
(2',2¥) = (4, %) (5.14)

We denote by Fz: () = P(Z' < 2') and Fzu (2*) = P(Z" < z*) the theoretical uni-
variate cumulative distribution functions of the lower and upper values respectively.
Fang. (#,2') = P(2' < 2}, Z* < 2*) denotes the joint cumulative distribution func-
tion. _

Copula approach splits the joint distribution, Fziz. (2!, 2) into its copula,

C (Fz (#) , Fz+ (2¥)) and its marginals Fz (2') and Fz« (2*). The copula and the

marginals are smooth differentiable distribution functions monotonically increasing
from 0 to 1, and can be estimated from the data.

5.4.1 Spatially Distributed Copula and Marginal Grades~

In classical geostatistics, indicator kriging is based on a preliminary coding of
each observation z(z;) into a vector of indicators (Eq. 5.15), defined for a set of K
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thresholds z discretisizing the range of variation of the attribute:

1 2(x) < z,k=1,...,K

. (5.15)
0 otherwise

I(wi; zc) = {
As a generalization to indicator function, the copula approach utilizes the joint
distribution(copula) and the marginals for coding each observation z(x;) = (z}, z%)
into three measures (5.16),

Fn(2) c (0,1)
Fz.(2}) C (0,1) (5.16)
C(wi,v;) C (0,1), with w; = th(z:) and v; = Fzu(2})

for all thresholds corresponding to values observed in the sample. Hence, the copula
kriging approach can be regarded as indicator kriging of the marginal and joint
(copula) probabilities when all data are retained in the kriging system.

Definition 5.4.1 For a given bivariate random variable (Z', Z*) with copula func-
tion C (w,v) and the marginal distributions Fz and Fzu for Z' and Z* respectively,
if (2',2*) = (2, 2%) at location &; = (x;, ), then C (w;, ;) is called the copula
grade for bivariate random variable (Z', Z*) at location x;, and similarly Fp (2})
and Fzu (z}) the marginal distribution grades at location x; respectively.

The collection of spatially‘dz'stributéd copula grades, denoted as

{Cwiw), z:€ DCR?,i=1,2-- ,n} (5.17)

is called sampled copula grades over region D and corresponds to a copula random
field. Accordingly, the collections

{Fzu(2), zie DCR?,i=1,2,--- ,n} (5.18)

and | ‘
{Fz (2}), 2 € DCR?,i=1,2,--- ,n} (5.19)
are called the sampled lower and upper marginal distribution grades over region D.
Respectively, they correspond to the lower and upper marginal random fields.

The spatial copula and marginal random fields may also be respectively referred
to as COPULA GRADE MARKED POINT PROCESS and MARGINAL GRADE MARKED
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POINT PROCESS. The "points” are the random vector spatial locations and the
"marks” are copula and the marginal grades.

Since the copula distribution of a bivariate random variable contains the full
information on the dependence structure of the bivariate random variable, it is
reasonable to say that the copula grades reveal the information of bivariate random
variable’s spatial distribution, i.e., {(Z!,2"),=; € D}.

Just similar to the general treatment in spatial data analysis, the available in-
formation on (Z‘, Z") is the sampled copula grades over region D, so that we can
perform the kriging on the sampled copula grades over region D and therefore obtain
the copula grade predictor 5.20 at any unsampled location, &y € D.

n(h) n(h)

Clwo,v0) = Y_NC (wi,vs), » N=1 (5.20)

i=1 =1

n(h) is the neighborhood sample and )\; are the weights accounting for data con-
figuration, the proximity of data to unsampled location xg, as well as the spatial
pattern modeled by a semivariogram model.

For the unique determination of the estimate for (2, 2%) at location ®¢ € D,
the copula grade map alone is not adequate although it is supposed to reveal the
full distributional information on bivariate random variate (Z‘, Z"). The reason
underlying is that, the copula kriging map ignores the marginal information (w;, v;)
but keeps the coordinate information (zo,yo). Therefore, we need the additional
information modeled by the lower and upper marginal grade predictors respectively
defined as

n(h) n(h)

Fa(z) = Y _NFza(d), Y N=1 (5.21)
_ i=1 i=1

) nw n(h)

Fpu(@) = Y NFzu(2t), Y =1 (5.22)

i=1 i=1

Then estimate at location x¢ is interpreted using the triplet (wo,vo, , CA'(wo,»vo))
where wg = ﬁ’zu(z{,‘) and vp = Fiu (28). Despite, the copula kriging grade map
still reveals the spatial distribution of the bivariate distribution of bivariate random
variable (2!, Z*).
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5.4.2 Copula and Marginal Grade Kriging

The basic stationarity assumptions for the copula and marginal grade kriging
are similar to those of ordinary kriging (Chiles and Delfiner, 1999; Goovaerts, 1997).
Parallel to the experimental Semivariogram for ordinary and/or indicator kriging,
we define the experimental copula grade semivariogram, 4c(w,v) (h) as follows:

n(h) ’
eten) () = iy O[Ol vlas + 1) = Clula, we)'] (529
where h is the distance separation vector between spatial locations x; and x; + h;
C(w(z;), v(x;)) and C(w(z;+h), v(z; +h)) the sample copula grades at locations ;
and x;+h derived using the empirical copula; and n(h) = {(®;, ®;+h),i = 1,...,n},
the set of data pairs separated by distance vector h, with |n(h)| the cardinality.
Similarly, based on marginal grade values associated with the lower and upper
marginal random functions, Eq.s 5.24 and 5.25 respectively denotes the lower and
upper experimental marginal grade semivariograms. -
Sy
e () = 3oy Zl [(Fzi(: + k) — Fpi(=:))’] (5.24)

n(h) v
YFzu(zp) (h) = ‘2'1%’;5 Z [ (Fzu(zs + h) — Fzu (w.))z] (5.25)
=1

~ As an ordinary kriging system on copula grades, the copula grade kriging system
is defined as o

n(h) ) : ' S

'Zi Ajrc o) (B = Z5) =¥ = Yowy) (@o—a:) i=1,...,n(h)

= (h) | (5.26)
2A=1
J

where ¢ is the Lagrange ﬁultipher. Solution to the system 5.26 leads to the weights
for the copula predictor in 5.20.
Similarly, solution to lower marginal kriging system (5.27)

n(h)

g’\j')'Fz, (wi—wj)—"p:' VFu (wO’wi) 1= la'n(h) :
i= ® (5.27)
/\j = 1

3
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results to weights for the lower marginal grade predictor (5.21), while solution to
upper marginal kriging system (5.28)

n(h)
2 A (#: = %)~ = App (@0 - @) i=1,...,n(h)
” n(h) (5.28)
Z Aj = 1
J

provides weights for upper marginal grade predictors in Eq. 5.22.

5.5 Discussion

In this chapter we have combined bivariate kernel copula and geostatistics for
variable modeling of spatially distributed random intervals. Copulas possess desir-
able features which make them very useful for dependence analysis. We show how
to use copulas to model random vector dependence structure prior to performing
spatial prediction. :

In the copula approach, the joint distribution of random intervals is replaced by
its copula and its marginal distributions. Each spatial random interval is character-
ized using three distributional measures: the copula, lower and upper distributional
measures (referred to as grades). Copula grades model the interval dependence
structure without any disturbing effect coming form the marginal distributiens. This
provides better insight into the laws governing the random interval and consequently
the spatial behavior of the spatial random interval process.

With defined copula and marginal grades at each spatial location, it is easier
to perform kriging and generate the appropriate maps, which are estimates of the
equivalent spatial distribution functions. The copula map indicates the frequency
and persistence of the minimum and maximum values across space. The marginal
maps independently show the predicted marginal grades of minimum and maximum.

As a summary, the bi-variable copula-based geostatistics is seen as an alternative
of indicator kriging (IK). It is equivalent to indicator kriging of the marginal and

joint probability when all data are retained in the kriging system.:In-additionsto.-

the advantage of jointly handling of data, the copula approach requires léss:-parame-
terization as compared to IK. IK requires as many variograms as there are chosen
threshold levels and often leads to order relation problems. The copula approach
requires only the copula and marginal variograms, on average well behaved, brings
no order relation problems, and transforms prediction with spatial random interval
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into an easy task.

Because it is based on the distribution of the random interval data, the copula
approach has additional advantages over alternative approaches i.e. interval kriging
and interval kernel regression based on observed random interval data. The derived
copula and analytical marginal models are forward;looking. They are capable of
incorporating a wide range of future eventualities that simply are not captured
using observed data. They do not require a la.fge amount of data in order to be
estimated accurately, and furthermore are instantly capable of reflecting a change
in the observed phenomens. A sudden shift in observed phenomena and/or other
‘related factors could be immediately captured in observed data and the implied
bivariate distribution (copula + marginal distributions).

While there are dangers to over-inference from derived distribution, they can be
applied to virtually é.ny spatial phenomena and still provide several advantages over
the methods based solely on spatial data e.g. interval kriging.

" Defined copula-based kriging takes care of the interval uncertainty through the
copula and facilitates a scalar variable kriging spatially distributed random interval
data. The predicted copula grade map alone is not able to provide the realized value
at locations because the copula is only a model of the interval dependence structure.
We need the additional information modeled by the marginal distributions. This
means that a'dditional‘ kriging on margma.l distributional gfadw is necessary. In
the next chapter, we develop a framework that utilizes a scalar fuzzy variable with
a distribution function that models both randomness and imprecision in random
interval data via conversion modeling. '
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CHAPTER 6

FUZZY CREDIBILITY-BASED GEOSTATISTICS:
APPLICATION TO SPATIAL RANDOM INTERVAL DATA

Scope

This chapter defines an alternative fuzzy modeling approach for spatial random
interval that is variable-based rather than set-based. Beginning with a-highlight.
of Kaufmann 1975 approach, we generate a scalar fuzzy variable equivaleat-of the-
random interval data, with a maximum entropy data-assimilated membership func-
tion. Lius Credibility distribution theory (Liu, 2004) for modeling random fuzzy
phenomena is then applied to membership function to define the distribution of the
random fuzzy variable with an associated credibility measure. Ordinary kriging is
then performed on fuzzy variable credibility grades.
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6.1 Introduction to Fuzzy Variable Modeling of Random Intervals

Random fuzzy uncertainty is a common problem in spatial models where spatial
data fuzzy (vague or imprecise) and often exist in form of intervals of values (ran-
dom intervals). Accordingly, the optimal approach to model spatial random interval
processes should be developed in terms of the basic concept of fuzzy mathematics
(Kaufmann, 1975; Zadeh, 1965, 1978). However, mathematical treatments for un-
certain phenomena at subset or event level, except for that in probability theory
introduces complexity of having to deal with set-based operations and outputs,

Naturally, dealing with real-valued numbers is much easier than dealing with
subsets or events. In standard probability theory, random variable and the associ-
ated distribution function play important roles of converting set-based arguments
into variable-based arguments. Converting set-based arguments into variable-based
arguments results in great conveniences in appli{:a.tions. As a mathematical opera-
tion, we would prefer to deal with real-valued numbers. We refer to such a modeling
idea as "variable modeling”. Thus, if we can have a variable oriented approach for
every uncertainty case, then the modeling efforts will be greatly simplified.

Unfortunately, except for random uncertainty theory or probability theory, the
mathematical treatments on other type of uncertain phenomena, say, fuzzy events,
random interval-events, or random fuzzy eVents, lacked such consciousness of un-
certainty variable modeling until the general uncertainty theoretical framework pro-
posed by Liu (2004). |

For example, the fuzzy mathematics initiated by Zadeh (1965, 1978) facilitated
a foundation for dealing with vague phenomena, which was based on a member-
ship function and possibility measure of fuzzy events. The possibility measure was
designed to play the role of probability measure in probability theory. However,
it failed to because, possibility measure does not possess self-duality property as
that in probability theory. Kaufmann (1975) also proposed the concept of fuzzy
variable with the intention to create a counterpart in probability theory. However,
Kaufmanns fuzzy variable is just another na.me for a fuzzy subset and the mathe-
matical operations are set based, difficult to handle. Existing fuzzy geostatistical
approaches (Bandemer and Gebhardt, 2000; Bardossy et al., 1988, 1990b; Burrough
and McDonnell, 1998; Kacewiez, 1994), are based on fuzzy set operations and utilize
fuzzy variograms generating fuzzy kriged values and fuzzy kriging variances, rather
than rea‘l-va.lued predictions and error.

The axiomatic foundation proposed by Liu (2004), named as (standard) cred-
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ibility theory (i.e.(V, A)—credibility measure theory), provides a sound framework
for scalar fuzzy variable modeling of fuzzy set, random fuzzy set, or fuzzy random
set phenomena. The credibility measure possesses self-duality property and is able
to play a similar role to that of a probability measure in probability theory. Thus,
parallel to probability theory, where a random variable is modeled with a probability
distribution function plus a probability measure, Lius Credibility theory models a
random fuzzy set, or fuzzy random phenomena with a credibility distribution func-
tion plus a credibility measure. A review of credibility measure theory is given in
sections §6.3. For a detailed review of classical and non-classical credibility theories
readers should consult Guo and Li (2006).

We build on Liu (2004) credibility measure theory and adapt it to kriging with
spatial random interval data. First, we note that random interval data constitute
both random and fuzzy uncertainty. Applying an empirical kernel-based approach,
the random interval is first converted to a fuzzy set with maximum entropy. Then,
derived fuzzy set is represented as a scalar fuzzy variable under credibility mea-
sure theory. Associated with the scalar fuzzy variable is a maximum entropy data-
assimilated membership function and its counterpart the data-assimilated credibil-
ity function, non-decreasing function from 0 to 1. This conversion simultaneously
models both random and fuzzy uncertainty inherent in random intervals. The cred-
ibility distribution generalizes the principle of membership function, widely used in
describing fuzzy phenomena.

In summary, the chapter is structured as follows: Section 6.2 established the
relationship between the theory of random interval sets and fuzzy set variables.
Section 6.3 looks at the credibility measure theory for its role in defining scalar
fuzzy variable for modeling on fuzzy set systems. In §6.4 we integrate concepts de-
veloped in §6.2 and §6.3 and define a maximum entropy data-assimilated credibility
distribution model of the derived scalar fuzzy variable, based on its counterpart the
maximum entropy data-assimilated membership function. Based on the credibility
distribution, we generate credibility grades for the fuzzy variable. Hence, we reduce
the two dimensional random interval data process to a one-dimensional fuzzy data
process. The derived vector of credibility grades defines spatial credibilityrandomn::.
function on which ordinary kriging is performed. In §6.5 ordinary kriging on spa-
~ tial credibility grades is proposed. An algorithm outlining the steps in credibility
ordinary kriging is given in Appendix C.5. '
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6.2 Theory of Random Interval set and Fuzzy Variable set

In this section, we seek to give a clear relationship between the random interval
set and fuzzy variable set. First, with notational changes to suite our application,
we review a random interval set theory as proposed by Heilpern (1990).

Let R be the set of all real numbers. A random interval of the universal space of
closed intervals, IR is a measurable mapping from the probability space (£2,2%, P)
to the power set 2® of IR. Let Z be a random interval taking value in IR, i.e.,

Zw) = [Zw),Z2%w)],we N, 2 (w) < Z¥Ww) (6.1)

A typical treatment is to convert the closed interval Z into a point in the two-
dimensional space (Chapter 2, Equation 2.43) recalled here as

T = {(2.2Y), 2/ 2* e R*, 7' < 2%} CR2.

Each of the random intervals is treated as a (bivariate) random variable taking
values on 7. ,

Let X and Y denote continuous random variables such that X < Y. Then,
f(z,y) denotes the bivariate density function such that:

/_: /:o f(z,y)dydz =1 (6.2)

For a random interval Z = (Z',Z*), where Z' and Z* are continuous random
variables such that Z* < Z*, the bivariate density f(#, z*) satisfies

/ S st =1 (6.3)

Second, let us define a fuzzy variable set.

Definition 6.2.1 Let W denote set of all possible elements (or the universe of
dz'scourse)‘and w be a generic element of W. A fuzzy variable set A in W is defined
as a set of ordered pairs

| {w; pa(w)jw e W},

where pz(w) : W — [0,1] is called the membership function for fuzzy variable set.
The membership function maps each element of W to a membership grade between
0 and 1. The membership grades indicates the extent to which each w belongs to A.
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Definition 6.2.2 A fuzzy number is a kind of fuzzy variable set of the real number
i.e. ACR. In general a fuzzy number A with membership function given as

l(w) #falw<bd

1 fb<w<ec

i(w) = - - 6.4

Haw) rfw) fe<w<d (6.4)
0 otherwise

where [(-) is monotone-increasing from zero to one and r(-} is monotone-decreasing
function is called a "normal fuzzy number”, and has a marimum value 1 on interval
[b, ¢].

Now, let ¢(Z) denote the fuzzy variable generated by the random interval Z,
then its membership function is expressed by:

ww@ = [ [ 16t s € 5(2) (6.5)

The fuzzy variable can assume different fuzzy numbers, and the degree of difficulty
of predicting the specified value that the fuzzy variable will take is referred to as
the fuzzy entropy (a measure of uncertainty) (Liu, 2004).

A normal fuzzy variable can be associated with a random interval based on the
condition defined in Eq.6.2; the density function, f(z,y) of the random interval Z
associated with a normal fuzzy variable will takes positive values for points in the
rectangle D = [a, b] X [c, d] only. The associated joint distribution function with the
largest entropy is given by Heilpern (1990, pg. 216):

(z) fory=1»>
) 1-r(y) forz=c

Pxxr@¥) =9 1)1 - r@w) for (z,4) € D (6.6)
0 otherwise

where IntD denotes the interior of rectangular region D.

Therefore, the link between random interval set and fuzzy variable-set<issmath-
ematically unavoidable and intrinsic. To utilize fuzzy variable modeling for random
interval field, for its role in variable modeling on fuzzy set systems, we review Liu
(2006) credibility measure theory in §6.3.
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6.3 A Review of (V, )-Credibility Measure Theory

The (V, -)-Credibility measure theory is built on the axiomatic credibility mea-
sure theory as well as probability theory (Guo and Li, 2006; Liu, 2006). We briefly
review the Credibility measure theory here because of its role in variable modeling
on fuzzy systems.

Definition 6.3.1 Let © denote a nonempty set, with corresponding power set
B(6) = 2°. We refer to the elements B C 6, such that B € B(8) as events. In
addition, let Cr(B) denote a number assigned to event B such that 0 < Cr(B) < 1.
The number Cr(B) indicates the credibility that the event B occurs. Cr(B) satisfies
the following axioms Liu (2006):

Axiom 1. Cr(8)=1

Axiom 2. Cr(-) is non-decreasing, i.e. Cr(B) < Cr(C) for BC C.
Axiom 3. Cr(-) is self-dual, i.e. Cr(B) + Cr(B°) =1 for B € B(8).
Axiom 4. Cr{U;B;} A0.5 = sup [Cr{B.-}] for any {B;} with Cr(B;) < 0.5

Axiom 5. Assume that a given set of functions Cri(-) : 28% — [0, 1] satisfy
Axioms 1-4, and 6 = 6; x O, x - - x O, then, for each (6,6,...,6,) € 6,

I (Cr(B) A1) if minckeq {Cr(Bi)} < 0.5
minygk<q {Cr(6x)}  if minicr<q {Cr(6x)} > 0.5
6.7)

Cr(01,02,...,0q) ={

Any set function Cr : B(6) — [0, 1] satisfying Axioms 1-5 is called a (V, -)-Credibility
measure. Parallel to probability space in probability theory, the triplet, (8, B(8), Cr)
is called the (V, -)-credibility measure space.

Definition 6.3.2 A fuzzy variable, £ is a mapping from the credibility space (6, 2°, Cr)
to a set of real numbers. The membership function associated with fuzzy variable £
in the credibility space is given as ' '

u(z) = (2Cr {¢ = z})Al, forzeR. (6.8)

Therefore, given a membership function we can derive the corresponding credibility
measure and vise-versa. Similar to membership grades, credibility grades indicates
the likelihood or favorability of a value belonging to a fuzzy variable set or a fuzzy
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variable assuming a given value. Thus, members of a fuzzy set can be assigned
either the membership grades or the credibility grades.

Definition 6.3.3 Let £ be a fuzzy variable with membership function u. Then for
any set B of real numbers (Liu, 2004) :-

Cr{¢ e B} = % (sup,u(z) +1— sup ,u(z)) . (6.9)
z€B z€B*
It follows that

ie=2) = 3 (@ +1-spuw), ViverR  (610)
Cr{¢<z} = % (supu(y) +1- supu(y)) , Vz,y€R (6.11)

y<z y>z
Cr{¢>z} = % (Sﬂp p(y) + 1 - sup u(y)) , Vz,y €R (6.12)

y>z y<z

If u is a continuous function,

Cr {€ = 2} = u(2)/2 (6.13)
Formally, credibility distribution is defined as :

Definition 6.3.4 The credibility distribution & : R — [0, 1] that a fuzzy varisble ¢
takes value less than or equal to a real-number z € R is given as

Be(z) = Cr{0:£(6) < 2}
1
= = (sup u(y) + 1 —sup u(y)) Vz,y €R (6.14)
2 y<z y>z
®(z) is the credibility that the fuzzy variable £ takes a value less than or equal to
z.

Example 6.3.1 Let ¢ follow normal distribution of mean @ and variance o2 with
w being a fuzzy variable with a membership function:

— Bz
ﬂw(z)={ l1-e z220,6€eR (6.15)

0 otherwise

parameterized by 8. Then £ is a fuzzy variable. This example hints an important
fact about the relation between random fuzzy variable (event) and fuzzy variable,
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stated as a theorem 6.3.1, (Liu, 2004):

Theorem 6.3.1 Let £ be a random fuzzy variable. If the expectation Ep[£(6))]
exists for any given 6 € 6, then Ep[{(-)] is a fuzzy variable. It is obvious that in
Example 6.3.1, Ep[{] = w is the fuzzy variable with membership function defined
by Equation 6.15. This theorem pave a way toward a data-assimilated fuzzy mem-
bership obtained using a set of observations from a random fuzzy variable, denoted

as {:1:1,:1:2,‘. .. ,xn}.

Definition 6.3.5 The expected value of a fuzzy random variable is (Liu and Liu,
2003):

400

E[¢] =/ Cr{8 € ©|E[¢(0)] > r}dr — /_ ’ Cr{6 € B|E[¢(6)] < r}dr(6.16)
(6.17)

provided at least one of the two integrals are finite. The variance of a fuzzy variable £
is defined as Var [¢] = E[¢ — E[¢]]?. We should emphasize again that the expectation
and variance of a fuzzy variable are real numbers. On the contrary, the expectation
of random interval variables is also a random interval. Therefore, application of
Credibility distribution theory reduces random interval sets to scalar fuzzy variable,
and hence the scalar variable modeling of random interval events.

Finally, since the probability of a random interval is a set mapping from a power
set to unit interval: Py : 2U — [0,1], defined on space (U,2Y, Py) , while the
credibility measure for fuzzy subsets is set mapping from a power set to unit interval:
Cr: 2V — [0, 1], defined on credibility space (U, 2V, Cr), the link between probability
measure and credibility measure exists and a ineasure called probability-credibility
consistence measure is defined for the degree of link.

In the next section, §6.4, we theoretically derive the membership funetion and
the credibility distribution for the induced fuzzy variable.

6.4 Credibility Distribution for Induced Fuzzy Variable via Kernel Es-
timation ‘

Based on the arguments in §6.2 and §6.3, as long as a set of spatial inequality con-

straints or spatial random interval observations of spatial process, { (2}, z¢) ,i =1,2,...

can be collected, we can estimate the joint dénsity of spatial interval variable
(Z*, Z¥) . This joint density can be denoted by px(z!, z*). A typical nonparametric
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approach is kernel density estimation under maximum entropy principle. The econ-
- cept of fuzzy entropy is well-defined in the fuzzy mathematical literature (De Luca
and Termini, 1972; Rudas and Kaynak, 1998).

Definition 6.4.1 Let ¢ be a continuous fuzzy variable defined on credibility space
(8,29, Cr) then the fuzzy entropy, H[{] is defined as:

Hig = [ S(Cr({o:€0) = up)du (6.18)

where: S(t) = —tint — (1 — t)In(1 — t), (De Luca and Termini, 1972).
Let 21, ...,z, denote a sample of possible values assumed by a fuzzy variable. The
sample fuzzy entropy, J[£] is given by:

T =235 (0r ({8 ¢(6) = :}) (6.19)
i=1

The kernel related parameters are thus chosen by maximizing the sample entropy
J[€], and then the data-assimilated membership function of the generated fuzzy set
@ (2!, Z*) is established:

poaran)@ = [ [ puleh yasvas (6:20)

The counterpart membership function, the data-assimilated credibility distribution
for the induced fuzzy variable is given as

2(2) = 3 (Ha(anem)@ +1 =530 [ pe) @) (6.21)

Remark 6.4.1 The data-assimilated credibility distribution may be viewed as the
marginal increase of a person’s strength of belief that 'z is ¢ ([Z', Z2¥])’ and is as-
sumed to be proportional to the strength of his/her belief that ’z is ¢ (|2, Z2%))’ and
to the strength of his/her belief that ’z is not in ¢ ([Z*, Z*])". This relationship be-
tween the membership function and the credibility distribution justifies the use of
either.

As to the probability measure of event P [¢(0) € B], we have:
Pl£(d) € B] = / / a2, M) dzrdZ (6.22)
& .

6-9



6.5 Ordinary Credibility Grade kriging
6.5.1 Credibility Distributional Grades

Note that for any given location @; = (z;, ;) € D, the fuzzy variable £ will take
a value z; = z (x;) at this location, and thus a value of credibility distribution (Eq.
6.21), ¥, () is assigned to location ;.

Definition 6.5.1 For a given fuzzy variable £ with credibility distribution ®¢, if

€ = z; at location ®; = (x;,y:), then ®¢ (z;) i3 called the credibility grade for fuzzy
- variable £ at location (z;,y;). The collection of spatially distributed credibility grades,

denoted as

{®¢(2:), ¢ € DCR?,i=1,2,---,n}, is called sampled credibility grades over re-

gion D. The credibility grades range from 0 to 1 and forms an alternative general-

ization to 0/1 indicator codes as used in indicator kriging.

Since the credibility distribution of a fuzzy variable { contains the full informa-
tion on the fuzzy variable, it is logical to say that the credibility grades reveal the
information of fuzzy variable £ spatial distribution, i.e., {{ (),®; € D}. Similar to
the general treatment in spatial data andlySis, the available information on £ () is
the sampled credibility grades over région D, so that we can perform the kriging
on the sampled credibility grades over ‘regi(‘)n D and therefore obtain the credibility
grade at any unsampled location, say, (xo) € D, denoted as @ (2o).

6.5.2 Credibility Grade Kriging

The basic stationarity assumptions for the credibility grade kriging are similar
to those of ordinary kriging cases discussed in chapter 2. Therefore, we extend the
definition of ordinary semivariogram to credibility grades and define the credibility
grade semivariogram 73 (h) as |

78 () = SE[ (@ (2(a + ) ~ & (:()))?] (6.23)

where h is the distance separation vector between spatial locations and x +h with
® (2(x)) and ® (z(z + h)) the corresponding credibility grades.
The sample credibility grade semivariogram (6.24) used for credibility grade
kriging is given as
1 ‘n(h)

B (M) = gy 2 [(@ el + 1) - @ (a(=4)] (6.24)
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where n(h) is the total samples within a distance h.
Applying the experimental semivariogram (6.24), we derive the credibility grade
kriging system 6.25 as an ordinary kriging on credibility grades defined as

n(h} :
Zl)\j“/cb(ze ~z;))+¢ = Ye(®o—=) i=1,...,n(h)
A - 1
J

where 1 is the Lagrange multiplier. Solution to the system 6.25 results to weights
A; for the credibility grade predictor defined as

n(h) n(h)

& (2(mo)) = Y @ (2(zs)), Y M=1 (6.26)

i=1 i

with n(h) the a2, neighborhood sample.

6.6 Discussion

This chapter has theoretically looked at scalar fuzzy variable approach of mod-
eling spatial random intervals. A scalar fuzzy variable equivalent of random interval

data is defined with an associated distribution function, the credibility distribution.

function and a self-duality measure, the credibility measure. Contrary to fuzzy sets
variable methods with fuzzy set estimates/ predictions the proposed approach, leads
to scalar valued estimates. :

Applying a bivariate kernel-based empirical approach, the random interval is first
converted to a fuzzy set with maximum entropy. Then the fuzzy set is represented as
a scalar fuzzy variable under credibility measure theory. This conversion simultane-
ously models both random and fuzzy uncertainty inherent is random interval data.
Associated with the scalar fuzzy variable is a maximum entropy data-assimilated
membership function and its counterpart the data-assimilated credibility function,
non-decreasing function from 0 to 1. Based on the credibility distribution we gener-
ate fuzgy variable credibility grades. The derived vector of credibility grades defines
credibility random function on which ordinary kriging is performed.

The methodology offers several advantages. First, by defining nen-pavemetric-

kernel based membership function (Eq. 6.20) based on the data, we avoid the prob-
lem of having to assume or define a prior functional form of the membership fune-
tion. This is a move from the often subjective expert opinion approach of defining
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membership functions.

Second the approach is robust in the presence of small and ill-conditioned sam-
ples; and does not require high dimensional integration of marginal probabilities.
Therefore, it can be easily implemented in both small as well as very large samples.

Third, for modeling spatial random fields with imprecise data, we are able to
move from the basic random interval analysis approach to variable-based modeling
approach. This is of great convenience and easily integrates with most GIS mapping
software.

The approach also offers flexible output in form of real-valued estimates based on
joint distributions. This makes it a potential tool for spatial analysis of non-scalar
spatial data given as intervals. '

Further, we note that credibility grades are unique descriptive marks of the
spatial random interval/vector objects in the study region. Such model can be
refereéd to as a CREDIBILITY GRADE MARKED POINT PROCESS and can be studied
within the framework of marked point"process. Here, the "points” are the random
vector spatial locations and the "marks” are credibility grade. L
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CHAPTER 7

APPLICATION OF PROPOSED METHODS TO POLLUTION DATA

Scope

We devote this chapter to the application of proposed methodologies as outlined in
this thesis (Chapter 3 - 6) to the Spatial interpolation competition SIC2004 dataset
(Dubois, 2005) on Gamma dose pollution across Germany.
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7.1 Introduction

In this chapter, we apply all the proposed methods developed in chapters 2 -6
to real-life data, the Spatial interpolation competition SIC2004 dataset (Dubois,
2005) on Ambient gamma dose pollution across Germany. The goal of the project
is to assess the magnitude and geographical extent of a radioactive contamination
in the air and on the ground. Thls implies converting reported local observations
of a gamma dose rates into information With spatial continuity, i.e. prediction
maps which are crucial for decision-maldngvand/or further modeling. The prediction
maps provide early warnings about any increase of gamma dose levels above certain
thresholds, to necessitate any national emergency plan where necessary.

Generating optimal prediction maps involves application of well trained algo-
rithms. The task of training the algorithms is not trivia (Dubois and Shibli, 2003).
First of all, no uniformly best prediction mapping technique exists because each
associated model has its advantages and downsides. Second, nearly all prediction
techniques require number of parameters to be set or estimated, as shown in the im-
plementation of techniques below. In summary, the chapter is structured as follows:

: Related Objective
Section ‘ - Chapter addressed Results
7.2 Data description ‘

7.2.1 Training set
7.3 Criteria for comparing methods :
7.4 Classical Random Interval Geostatistics =~ 2
7.4.1 Kriging of Spatial Random Intervals = 3 (i) Fig. 7.9
7.4.2 Spatial Kernel Interval Regression 4 (ii) Fig. 7.13
7.5 Bi-variable Copula-based Geostatistics 5 (i, iv) Fig. 7.17
7.5.1 Preliminary Analysis
7.5.2 Structural Analysis
7.5.3 Prediction
7.6 Fuzzy Credibility-based Geostatistics 6 (iii, v) Fig. 7.21
7.6.1 Preliminary Analysis
7.6.2 Structural Analysis
7.6.3 Prediction

7.7 Comparison of Bi-variable Copula-based 5, 6 (iv, v) Fig. 7.23

' and Fuzzy Credibility-based Geostatistics
7.8 Overall assessments of all techniques




7.2 Data description

The STC2004 dataset measurcments of amnbient gamima dose rates were extracted
from the European Radiclogical Data Exchange Platform database (EURDEP, see
http:/ feurdeppub.jre.it/, De Cort and de Vries (1997) developed by the Radioactiv-
ity Environmental Monitoring {REM) group to make Enropean radiological moni-
toring data available to decision-makers. From this databage, 10 sets of mean daily
values were sclected from year 2003, by drawing roughly one day at random from
each month for 1{) months, Then. using the 10 sets ar each of location a randoin
imterval is derived as described in §7.2.1.1, A [urther filering of these data was
applied to select only measurements reported by the German national automatic
monitoring network (IMIS) of the Federal Office for Radiation Protection (BfS,
http:/ fwww.bfs.de/). This selection ensured that the data were homogeneous in
terms of measurement techuique and included the densest monitoring network in
Europe, ie. the Germau one, More details regarding the datasets can he found
in Dubois and Galmarin {2005). From around 2000 monitoring stations in Ger-
many, 1008 stations {relative locations Figure 7.1, right) were selected by drawing
a rectangular window, These stations were common to each of the 10 sets and all
reported values for each day selected.
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Figure 7.1. A map of relative locations for the 200 sampling locations for the SIC2004
traming dataset [left). Right panel is relative locations of the 808 prediciion locations
ferosses) and the 200 datasets loeations {circles). Hoozontal axis is x(the easting in
melers). Verljeal axis Is ¢ (the northing in meters)



7.2.1 Training sets

From the sclected 1008 monitoring stations, a single sampling scheme of 200
monitoring locations (Figure 7.1, left) was selected randomly and extracted. Each
of the 10 sets at the n = 200 sampling locations consists of:

ID} -an integer value that wniquely identifics each monitoring station
T -the easting of the monitoring station in meters
iy -the northing of the monitoring station in meters

Z -the ambient gamma dose rate measured in nanoSievert per hour (nSv/h).
Each of the ¥ —w = 808 prediclion locations consist of:

ID -an integer value that uniquely identifies each monitoring station
# -lhe casting of the monitoring station in meters

3 -the northing of the monitoring station in meters

At the end of the Spalial interpolation competition SIC2004 eompstition, the ob-
served values at the 808 locations were given, These observed values will be used to
caleulate the prediction error for each of the proposed technigques.

Table 7.1. Summary statistics for the 10 training datasels foc the 200 sampling locations
il Germany.

Datasct No. Min Mean Median Max  Std  Skewness Kkurlosis

1 550 976 QR0 100 191 (.03 -1.52
2 K50 074 979 1530 193 (.08 -(1.45
3 5949 OB8 100 137.0 185 0,12 -0.27
4 561 038 948 1320 16.8 0.20 0.00
5 BG4 924 920 143.0 1686 .21 -0.16
6 544 809 an.4 1330 159 .11 -0.47
7 561 917 91.7 1400 16.2 .12 -0.37
& 549 424 925 1480 166 0.15 -0.05
9 565 96.6 97.0 1450 18.2 .05 -1.38
10 549 954 95.7 1520 17.2 (h12 -01.18

Comparing the 10 datasets {Table 7.1, Figure 7.2] at the sample 200 stations.
the variahle (gammsa dose rates] does not vary much in time. Based on routine
monitoring, the variable does not show strong spatio-temporal fluctuations for time
imtervals messured, as is usually the case, for example, with ozone levels, natural
background radioactivity and rainfall ficlds. In addition, normal gamma dose rates
vary with local geology and typically range from 50 (o 120 nSv/h {CTIF et al., 2006;

-4



= = =
i g & a
= = o =]
g g 5 5
E- E = £ < %‘ & i
E o= E g B s A a7
g = Z ]
g g g ]
= = = =
F R [ B B
[RHLHEE
= = L
E 2 5 &
= = = =
£ ] ) ]
£ S - -
g g - il g =
= = = =
= = E = ] ]
]
g g Julllllill, g
= = =
A e 60 MG 140 LT TR BT
Lictaazl Tharasct & Thativwst 3 HE R
E :=:
= :
2 § & =
E o T
- ||“ ‘ i
Ll ]
lalllfll: s
= T T T T b
LTV [TV R ¥ I3 &0 I dn
Latlsnin o Duaraset 10

Figure 7.2. Higtograms for the 10 datasets from the 200 sample locations. All the
datasets are moatly symmettic. No obwvious outliers are present.

Somerville and Meblahon, 2006}, Increases in the dose rate occasionally oeeur due
to washout of radon decay products trom the atmosphere or duce to 4 dangerous
source that is leaking or potentially invalved in a terrorist act or explosion. Mare
details regarding the datasets can be found in Dubois and Galmarini (2005).

T.2.1.1  Detining regionalized random intervals

Since the data do not vary significantly. one may choose to use only one of the 10
datasets to train the algorithms. Howoever, to ensure that all impreeision /fuzziness
in the datla is incorporated m the analysis, it would be betler Lo train and test Lhe
algorithms using the whole interval dala range {10 dataset values) at each location.
This way, ane incorporates all the possible values at a given location including any
sudden shift in the observed phenomena. Generated random intervals at the 200
sample spatial locations are called reglonalized random intervals (Figure 7.3b).

7-5



In Figure 7.3, we simmmarizes the analysis steps beginning with the definition
of the regionalized random intervals, training and testing the algorithmos followed
by prodiction and finally the caleulation of prediction error using observed and

predicted vaines at the 208 locations

10 Training datasets at 200 stations, each consisting of ; {a)
L I, i, 5,07, for i = 1--- 200} ;
l —_— -
! Define regionalized random intervals fox tegionalized bivatiate random vamables) {b)
L {lD.w{x‘-:}L-LI{Z_E,Z,":IFW = 1--~zm} or [0, 5127 2 ) fue i = 1---200}
= 4 —
Train and test slgogthms using cross-validation based on the 200 samples | {ed
4 { 1
Classical randomi interval [ Bi-vanable copula-bascd Tuzzy credibility-based
seostatistics | grostatistics geostatistics
Estimate:- ' | Evtimanre:- Fstmate:
v 0, P, & vatiogram medel - | * Feopaical joint density & Emparical jomnt densiiy
patnoters »  Marpinal models * Alembership funchon
s KNM bandwidihy paramercIs ¢ Credibility distdbution
s Spatia] & Intaval Kernel | | * Frpidcal copula funr ting
A 1 1 o
| Apply trained algodthms to predict at 208 uaknown locations | ()
1
| Use observed values at 808 locations to :ajculate_p[c:ﬁ;ﬁun EELEO | ()

Figure 7.3. A chart showing the general steps from the (a) 10 original training datasets
to (b) defining the regionalized random intervals, {e) training and testing algorithms using
erass-validation based on the 200 samples {d) applying the trained slporithins to predict
at 808 locations, and (¢) caleulating predietion error using the obeerved values at 808
prediction locations,

To define the regionalized random intervals (Figure 7.3b) we proceed as follows.
For cach of the 200 sample locations, we define a random interval,
Zo= 25, 2] { = 1i. o, 200 such that

Z! = min ([datavalucl - datavaluc 10] at spatial location{i}}

Z; = max (|dalavalucl - datavalue 10] at spatial location(i]]

The lower bound variable, Z} is the lowest recorded value at location {i) acress the
selected 10 data values while the upper bound variable, Z¥ is the largest recorded
value at location (i) across the selected 10 data values, Sinee we are dealing with
spatial data, we then have spatial random intervals or regionalized random intervals
(Figure 7.3b). The regionalized random intervals represent the fuzzy measures of

the observed phenomena. This scenario mimics naturally ccomring real world data
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which is often not exact, bnt exists in form of interval values bounded by minimum
and maxirnum values.

Respectively, Z° = (2% + 21} /2 und 2" = (£%— 2'}/2 denotes the interval center
of mass and interval uncertainty (radins). As shown in chapter 2, the center is the
optimal single-valne approximation of the random imterval. o addition, applyving
the theory of closed random interval (§2.4.2}, the random interval Z = [Z' Z¥]
ig viewed as a bivanate random vector, (Smets, 2005), of two coordinates random

variables 1.e.,

] (2t zey with 2P < 2 tower(1) and upper {u) variables
| (2422 7€ Zand 27 > 0 center (¢} and radius (r) variables

m l-u and c-r coordinate systems, Thus spatial rapdom intervals are basically spa-
tial bivariate random vectors or regionalized bivariate randomm vectors. Applying
equation Fq. 2.45. we can move from l-u to o coordinates system and viee-versa.

In Table 7.2 we provide the summary statistics for the spatial bivariate random
vector variables:- the lower, upper, center and radins.

Table 7.2, Summary statistics for the spatial bivariate random yeetor variables: lower
aned upper values as well as Lhe center(midpoint) and radius valnes. The spatial random
inkervals will be used 1o irain and test the algorithmms,

Variable Min Meap Mediasn Max  Sed  Skewness  kurtosis

Tower{t] 54.4 0.2 904 1430 154 011 049
wpper{u) 599 999 1010 1570 188 0.08  -0.40
center(c) 57.2 951 952 1500 17.3 009 -045
radins(r] 1.3 4.9 47 183 2.2 D55 948

As expected the upper values consist of larger dose values relative to lower sample
values. Analysis based on the two datasets (lower and Upper) may be slightly
different in terms of magmtude, but overall, we expect insignilicant difference in the
predicted spatial patterns,

Fizure 7.4, show the size distribution of lower (minimum) and upper {maximuom
valies of gamina dose rates at the 200 sample monitoring stations,

The center regionalized random variables are the optimal single-value approxi-
mations of the regionalized random intervals. Figure 7.5, left, shows the size distri-
bution of center values of the data set at 200 sample locations, and the right shows
the ohserved values at 808 prediction locations.
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Figure 7.4, A map of the size disiribulion of gamma dose rate samples at the 200
menitoring stations in Germany; a) is the lower dose sample values and b} the upper dose
sanple values. In both, small values dominate in the north comparerd to a mixture of
medium Lo large values in the south east. Note Lhe unsampled area around the middle
and slightly left of the center of the map.
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Figure 7.5. A map of the size distribution of gamma dose rales for a) center values at the
200 monitoring stalions and b} observed values at the 808 prediction locations in Germans.
In both cases, small values oceur in the north, Similar to Figure 7.4, panel (a) shows a
large central region plus pockets of regions in north and south with no data. Mixture of
large to medium values oecur in the south-east direction. Panel b is the expected pallerns
from predictions based on the 200 samples.

7.3 Criteria to compare the approaches

To compare Lhe different approaches we use sets of criteria grouped according to
SCOpe:



{xlobal Criteria

Global criteria are used in order to evaluate the methods ability for yielding
predictions as close as possible to the observations. The criteria are based on the
error distribution, which allows disetiminating the methods on the basis of their
capacity to predict Gamma dose rates. Let 2; and 2, respectively denote the
observed and the predicted interval at location {7}, we use the mean error (ME}: the
mean absolute error (MAE); the roof mean square error {RMSE} and the Pearsons

correlation coefficient (r) smumary statistic respectively computed as

Tl 2
ME = 5 1(zf—zi) (7.1)
Tlha ; .
MAE = E%{‘zf—zé (7.2)
RMSE = %i(z,_zi)zz % n_dg {zz} sy
i=1 i=1
o Cov (Z,ﬁ) i

M,.-"Ivm {(Z) Var (z)

The mcan absolute crror {MAE} s cornputerd as the mean of the absolute magnitude
difference between individual interval coordinates, while the RMSE i3 the average
squared distance {e.g. weighted intetval metric, ds) between the ohserved and
predicted intervals,

The ME is an indicator of hias, and should be ¢lose to zero, The RMSE and
MAE are measures of accuracy of the prediction, should be approximately the same
and are expected to approach zero. The closest they are to zero, the closer the
predicted values are to the actual valucs., If errors are normally distributed, the
RMSE is thought to be the best measure. MAE, similar to RMSE, incorporates the
hias as well az the variance of the ervor distribmtion, and is more robust with respeect
to extreme values than RMSE (Jouruel, 1994),

The correlation coefficient measures the relationship between the observed and
the predicted values. High correlation indicates better prediction. llowever, care
should be taken when interpreting the corcelation cocfiicient sinee it ofien produces
an inflated index. To complement for this problem. RMSE or the MAE 1s used.
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Local Criteria

Local Criteria is based on the patterns shown on the prediction maps, togcther
with associated prediction error map. It helps to visualize how the methods perform
at a local scale. Predicted maps pive au indication of the methods ability to repro-
duce the expected pattern including the local features, The prediction crror maps
indicate the associated prediction errors. Usually, bigh prediction errors dominate

in regions with no sample values.

7.4 Classical Random Interval Geostatistics {CRIG) methodologies
7.4.1 Kriging of Spatial Random Intervals

7.4.1.1 Explanatory Spatial Interval Data Analysis

For explanatory analysis of spatial interval data we investigate for directional
trends (Figure 7.6) for the lower, upper, center and radius regionalized variables,

Figure 7.6, Spatial trend aualysis for random vector vanables: T-Lower, T-Upper, T-
Center and T-Radius, representing the minimam, maximam, center and radius directional
trends, There i3 a no significant seneral divectional trend.

There is no significant trend in the data. The insignificant north-south global
trend in the radius merely indicates the incresge in uncertainty associated with
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large: values relative to the rest of the data. Although not always the case, there is
likelihond that large observed values hove also high lovet of nncertainty/imprecision
relative to the rest of the data.

7.4.1.2 Structural Analysis (Variography)

Structural analysis is often an iteralive process aimed sl ideniifving the optimal
model of spatial structure. For structural analysis we will use the center-rudius
representation of the reglonalized random vectors. This way we are able to “par-
tially” reduce interval modeling to varable modeling using the center data and a
measure of uncertainty given by the radius data. The center and radius data diree-
tional variogramns indicated little evidence of amsotropy, so analysis was based on
onwi-directional vanoeraens, In Figure 7.7 we shows the ceonter and radius isotropic
spherical models based on lag size of 20,000 meters, Although an arbitrary mumn-
her, 20,000 produced vanogram Lhat clearky shows incressing semi-variance with
increasing separstion distance.

v 10"
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Figure 7.7. Fitted isotropic spherical model for Center valuss {left panel) with
nugget="63.724; sill=195.2; range=237070 meters. Right panel shows the radius spher-
ical model with nugget=1.3618; sill=1.166; range=237070 meters, The models slowly
increases from the origin, an indicate of a smooth process.

Rudius data has a relatively higher nugget effect of 1.3618, compared to its sill
value {1.166). This is an indication of quite low correlation structure of the radius
data, the measure of inlerval unecertainty. So mmch of variance contributed by radius
datais either die to measurement. error variance or a micro-scale structure variance.
Still. the radius docs contribute to spatial structure as indicated by the small sill
value, Simply, the radius model can be regarded as nugget effect model.

Kriging on mtervals utilizes the interval variogram (Eq. 3.50) which equuls half
the expectation of squared distance between regionalized rundom intervals. The
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applied distance corresponds to the weighted interval metric (Eq. 3.17):

di(a,b) = (a° - b°)% + (a” = b7)?

a+p
However, to apply the interval metric, we need to estimate the a and 8 parameters
which are associated with a beta probability density function as given in Eq. 3.18.
In §7.4.1.3 we show how the parameters were estimated.

7.4.1.3 Estimation of @ and # based on Training Random Interval Data

Since spatial random intervals can be approximated with a single value (the cen-
ter), the distance between random intervals is proportional to the distance between
their center values (see Eq. 3.7). Thus utilizing the absolute distance between the
center values, we can optimize on the a and § parameters. We use the absolute
distance measure to avoid the influence of possible extreme values. The optimal o
and (@ parameters, were given by the average of 10 sample parameters estimates of -
beta and alpha in Table 7.3, Figure 7.8.

Table 7.3. The estimated beta and alpha distribution parameters. together with the
distribution goodness of fit statistics (Kolmogorov-smirnov statistic) at critical values
0.0272 (5%) and 0.0362(1%) significant levels, for each of the 10 samples of distances
between center values. Note (*) and (**) denote 5% and 1% significance levels. Min and
max are the minimum and maximum values fitted distributions for each sample.

Kolmogorov-smirnov

Sample Alpha Beta Min Max  statistic
1 1.1908 4.4646 -0.0136 93.534 0.0300 *
2 1.1909 4.5152 -0.0009 93.524 0.0289 *
3 1.1560 4.0304 -0.0200 88.635 0.0171 **
4 1.1677 4.1939 -0.0020 90.575 0.0142 **
5 12156 4.3599 -0.0169 90.956 0.0208 **
6 1.1871 4.9207 -0.0068 100.200 0.0285 *
7 1.1874 4.0606 -0.0007 90.309 0.0181 **
8 1.1194 43823 -0.0017 96.118 0.0291 *
9 1.1488 3.7258 -0.0019 83.373 0.0328
10 1.2083 3.9652 -0.0156 85.574 0.0232 *

The 10 sample beta and alpha parameters estimates (Table 7.3) estimated as

follows:-

i) calculate the absolute distance for all the pairs of regionalized center variables.
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Figurc 7.8, The fitted beta probability density estimetes based on the samples of ab-
solute distances between the interval center values. The distribulicns are not significantly
different. 'T'his is also indicated by the parameters (Table 7.8}, which are very similar.

it} from the collection of absclute distances, we select a random sample, with
replacement, of size n = 2500, In total we obiain & = 10 random samples

i) for cach of the & = 10 sampiles, we fit the Beta probabiality density

1 (A—a){p— Ayt
e, (1) (h — gyoti-1

H },' —
with a{min) and H{max) respectively the minimym and the maximum distance

values in each of the & samploes

iv) a and 7 estimates parameters are given in Table 7.3 together with summary
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statistics for each of the 10 samples. The min and max (Table 7.3) values
represent the minimum and maximum values of fitted distributions for each -
of the 10 samples. Figure 7.8 shows the fitted Beta probability densities.

v) to obtain optimal beta and alpha parameter estimates, we average the 10
sample parameters estimates of beta and alpha which leads to a = 1.1772 and
B = 4.2619, and the interval distance becomes

d%(a,b) = (a° — b%)% + 0.2164(a" — b")? (7.5)

The distance (7.5) is used in deriving the composite variance (Eq. 3.56) and the
component-wise variance (Eq. 3.58) which are used in defining the corresponding
kriging systems referenced in §7.4.1.4 below.

7.4.1.4 Kriging: Composite and Component-wise
Kriging weights are obtained by solving:-
i) composite kriging system, (Eq. 3.69)
ii) component-wise kriging systems ( Eq’s 3.77 and 3.78)
Estimates at unknown locations are obtained using,
i) compdsite kriging by applying Eq. 3.86, and for the variance applying Eq. 3.87

ii) component-wise kriging by applying Eq. 3.88, and for the variance applying
Eq. 3.89

The results for the global criteria (cross-validation) are given in Table 7.4. We
also compare our results with the SIC2004 most accurate results ’'best SIC2004
results’ provided in Dubois, 2005, p.13. Note that the algorithms listed in SIC2004
competition were based on scalar-valued measures (Dubois, 2005).

It is clear that between the two new interval kriging methods, we do not see much
difference in the bias (ME) or the correlation coefficient, r. For the MAE and RMSE
however, composite method outperforms the component-wise method. This can be
explained by the high nugget effect (greater than the sill value) for the radius data.
High radius nugget effect optimally captures the fuzzy uncertainty and implies that
the two approaches shares approximately the same covariance structure, which is
better modeled with the composite variance used in composite kriging. This makes
the composite kriging a better model (for this particular dataset).
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Table 7.4. Cross-validation prediction errors for Composite kriging and Component-
wise Kriging compared to Best SIC2004 results (Dubois, 2005}. Bold values indicate the
optimal results.

Statistics Composite Component-wise Best SIC2004 results
‘ Z = (25, Z3) Z = (Z§,Z;) (Duboeis, 2005, p.13)
Mean Observed  (95.00,4.83)  (95.00,4.83)

Mean Predicted  (94.87,4.83) (94.87,4.85)

ME 0.13 -0.11 -0.04
MAE 9.92 9.99 9.05
RMSE 11.97 11.98 12.43

r 0.73 0.73 0.79

If we compare our results with that of "best” results obtained in SIC2004 compe-
tition, our new technique in general does not outperform ” conventional” prediction
methods. In 3 out of the 4 global criteria, it is only composite kriging that have the
lowest RMSE. In our view, the RMSE simultaneously captured the bias plus the
variance making both the new kriging systems better for this particular dataset.

To assess the local uncertainty, Figure 7.9, provides predicted lower and upper
maps for both composite and component-wise kriging, compared with a map of the
observed values.

Overall, both methods lead to similar prediction patterns (Figure 7.9a, b for
Composite kriging and Figure 7.9, f for Component-wise kriging). Composite krig-
ing tend to have notably positive errors (red areas) while component-wise method
tend to have errors spread over a wide spectrum (ranging from large negative(blue)
to large positive(red). This could be due to the use of uncontrolled radius weight
values in composite kriging §3.4, which leads to large weights being applied to ra-
dius values and hence higher variance. Comparing with Figure 7.4, the prédiction
errors are high (red) in the middle and slightly left of the center map (agreeing with
the area of no sampled values). The interpolated maps show that there are other
areas of high uncertainty and variability that may be in need of additional sampling
as shown by the error maps. These regions are characterized by high predicted
values, situation that could be explained by the sparse large to medinm:samapied-:
values(Figure 7.4). Therefore, closest neighbor may be dissimilar although with a
large weight. There is also the screening effect combined with effect of neighbor-
hood size. A small neighborhood leads to an unbiased estimate which suffers from
large variability. Increasing the neighborhood, the estimate becomes smoother, less
variable and more biased.
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On a global criteria (RMSE) the two techniques are slightly different with com-
posite method having a RMSE of 11.97 and component-wise a RMSE of 11.98.
Composite kriging assume zero correlation structure of the radius data, so globally
the error associated with the approach is smaller. In summary, while one methods
performs better on global criteria the other performs better in local criteria (§7.3
page 7-10). For this particular data set the methods should be used to complement
each other.

Prediction errors, based on center values (Y) of the predicted intervals and the
observed scalar values (Y) at 808 estimation locations are given in Table 7.5 and
Figure 7.9d and g. Again the composite kriging outperforms the component-wise
method on all 4 eriteria.

Table 7.5. Prediction errors for Composite kriging and Component-wise kriging based
on 808 observed and predicted (center) values. The composite approach performs better
relative to component-wise approach.

Statistics Composite Component-wise

Z=(252;)  Z=(Z5,2)
Mean Observed ~  (98.01) (98.01)
Mean Predicted (95.37,4.87) (95.45,4.87)
ME -2.641 -2.55
MAE 9.44 9.59
RMSE 12.87 - 13.09
r : 0.78 0.76

7.4.2 Spatial Kernel Interval Regression
7.4.2.1 Preliminary Analysis

Prior to performing non-parametric spatial interval prediction, we investigate
the probability distribution (pdf) of the random interval/vector data. The pdf
reveals important features characterizing the distribution of gamma dose levels e.g.
multiple modes. The pdf is estimated using bivariate kernel density estimation,with

bandwidth parameter, h obtained by the cross-validation (CV) method diseussed:in

§4.4.1. Except for the radius data, the CV method results to two bandwidths (hi,
h2) for lower, upper and center data (Figure 7.10).

Bandwidth parameters (Table 7.6) were also estimated by using the mean inte-
grated squared error approach (Schimek, 2000, MISE bandwidths) and the Silver-
man (1986), Scott (1992) approach (normal bandwidths) based on the assumption

7-17



oW

oy

3| h1e2.0005 | bi=7 a8
E‘ - w— 3250581 i ~ — h2=10126
a & i
=N o o I
= Y
| IR
i3 4 y
T | t_ =, || II".
| % | |
| = |
A Il
= || 1 .
E : N
T T T T T 1 H T 1
a n P S TR R Pt 1 u & L 0
I. 1
4 i = ]
| a . K J— =
o 2| f T e
= - ' R
T | 7 !
| : = | 1
: " |
o — S |
2N €|
T o
n N n=1.1577 o I
£ | —— b2=63a57 = = B4
$ - T T T T T T T T T N T T T
2 & G & 1 12 4.2 i.a {5 G L0 1.2 14
h 4}

Figure 7.10. A graph of cross-validation {CV] scores vs. the global bandwidth parameter
(1) [or upper variable {top left) with bandwidtlis: hl= 2.0308; L2= 6.8681; lower variable
(top right} with bandwidths: hl= 1.0126; h2= 7.0468; center variable (bottom lcft) with
bandwidtls: hl= 1.3577; h2= 6.3457 and radius variable (hottom right) with bandwidth:
hi= {3.5674.

that data is nortal. For all cases, the larger of the CV bandwidths {(hl or h2)
are approximately equal 10 normal bandwidths which are approximately equal to
the MISE bandwidths (Table 7.6). However. in practice the kih nearest neigh-
bor (KNN) bandwidths (§7.4.2.2) arc used. This leads to an adaptive bandwidth
and hence adaptive kerne] density estimation and vegression. The effects of using
diferent bandwidths in cstimating a density surface are showm and disenssed in

Figure 7.11.

7.4.2.2 BSpatial weighted-interval Prediction

Sinee the random intervals are distributed in a spatial region, cstimation should
be defined within the spatial context. Spatial joint interval kernel prediction com-
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Table 7.6, MISE-based and normal-based bandwidths for lower, upper, center and radius
variables,

Bandwidth Lower Upper Center Radius
Normal 858393 6.8717V 63359 (07177
MISE 38884 72403 6.7896  0.9312

Figure 7.11. The joint probability density surlace [{lower, upper) of random interval
data.  Irregular surface (top left) with half MISE bandwidths: lower =2.9441, upper
= 3.6202, Optimal surface {top right] with MISE bandwidths: lower =0.8883, upper
= 7.2403, and Over smoothed surface {(bottom} with double MISE bandwidths: lower
=11.7766, upper = 14.4806. The top right map identifies two density medes for the
distribution of gamma doee rates.

bines spatial distance weighting metric (spatial kernel) with {eature-space distance

wetghting metric (interval kernel} to estimate values at unknown location. As is the
common practice, we use the kth pearest neighbor (KNN) bandwidths instead of
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the global bandwidths.

Choice of kth nearest neighbor (KNN) Bandwidth Parameters

For the weight functions, Bisquare and Epanechnikov kernels were used. The
two are defined on compact support, thus we only work with data in the local
neighborhood, relative to Gaussian kernel where all data values are involved in the
local estimation. The corresponding spatial bandwidths were estimated by applying
K-th nearest neighbor (KNN) cross-validation (CV) approach (§4.4.1, Eq. 4.16).
A graph of CV scores vs. K-th nearest neighbors (KNN) for the spatial kernel is
given in Figure 7.12. Within the defined K-th nearest neighbors (KNN) spatial
neighborhood, the interval bandwidths is given as the largest distance between the
neighborhood interval values relative to the estimation point.

160

150

. - « = - Bisquare kernel

110 T Y T v T T y T

0 10 20 30 40 50 60 70 80 9
KNN neighbours

Figure 7.12. A graph of spatial KNN bandwidths for Epanechnikov kernel (14 neighbors
with spatial KNN bandwidth = 53775.3 meters) and Bisquare kernel (20 neighbors with
spatial KNN bandwidth = 64738.1 meters).

Spatial random interval estimates at unknown spatial locations were obtained
using the mean update algorithm defined in Appendix C.1. Table 7.7 provides
the cross-validation prediction errors associated with Bisquare and Epanechnikov
kernel-based predictions.

The non-parametric methods gives lower RMSE and MAE relative to paramet-
ric kriging methods (Table 7.4), particularly for the Epanechnikov kernel based on
14 neighbors. The Epanechnikov kernel approach with the lowest RMSE provides
better predictions. The bias of ME= 0.06 based on the Epanechnikov kernel ap-
proximately equal to the lowest ME for techniques in Dubois (2005).
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Table 7.7. Cross-validation prediction errors for the spatial interval kernel predictions
using Bisquare and Epanechnikov kernels.

Statistics Nonparametric interval regression
Bisquare Kernel Epanechnikov Kernel

ME 0.05 0.06
MAE 9.12 9.20
RMSE 11.02 10.95
r 0.76 0.77

The difference in Bisquare and Epanechnikov kernel approaches may be ex-
plained by the difference in the numbers of neighbors used. The accuracy of the
non-parametric methods is further demonstrated by the slightly higher correlation
coefficient (0.76 for Bisquare and 0.77 for Epanechnikov kernels) between the ob-
served intervals and the predicted intervals as compared to correlation coefficient
of 0.73 for the parametric kriging methods. But they are low compared to Dubois
(2005) correlation of 0.79.

The choice of the initial estimate at the prediction location also affects the out-
put. We demonstrate this using two initial estimates: 1) the close sample (in ge-
ographical distance) and 2) the average of the selected neighborhood values. The
latter leads to slightly higher MAE = 9.19 for Bisquare kernel. Both gives a RMSE
=11.10 which is smaller than the best SIC2004 RMSE of 12.43.

The slightly better performance for the non-parametric approach can be at-
tributed to the fact that, the method optimally exploits the local spatial structure
using a spatial kernel, rather than an assumed stationary covariance model (as is
done in kriging). In addition the use of uncertainty feature-based kernel helps to pe-
nalize values that are very dissimilar to the local neighborhood values. This reduces
the effect of any abrupt changes in the data values. Thus obtained estimates are
akin to the neighborhood values. Also, there is no screening effect as encountered
in kriging.

Figure 7.13 shows the predicted maps plus the prediction error maps. Both
methods display prediction errors spreading over a blue to red spectrunw:Bisquare--
has large negative errors. In both cases, high errors dominate in central regionwith-
no observed data (Figure 7.4). The smoothing nature of kernel based methods, leads
to very smoothed maps that misses out the central region with large values.

Table 7.8 summarizes the prediction errors for the non-parametric methods. Cal-
culations are based on the predicted center values at the 808 estimation locations
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and the observed values at 808 estimation locations.

Table 7.8. Prediction errors for Bisquare Kernel and Epanechnikov Kernels based on 808
observed and 808 (center) predicted values using the close sample (in geographical dis-
tance (Sample)) or the average of neighborhood (Neigbr) as the initial estimate. Overall,
the methods have near similar prediction errors. However, the Bisquare kernel performs
slightly better than the Epanechnikov kernel for all the global criteria except the RMSE

Bisquare Kernel Epanechnikov Kernel
Statistics Sample Neigbr Sample Neighbr

ME -2.56  -2.59 -2.67 -2.65
MAE 9.81 9.84 9.83 9.87
RMSE 1339 13.39 13.38 13.41
r 0.75 0.8 0.76 0.76

Comparing Kriging and Spatial Interval Regresssion

Based on results in Table 7.9, the method displays different levels of accuracy.
Some have low bias (low ME) but less accurate as revealed by the high RMSE.

Table 7.9. Prediction errors for Kriging (Composite & Component-wise); Bisquare &
Epanechnikov based on observed and predicted center values at the 808 prediction lo-
cations. The non-parametric method uses the either the close sample (in geographical
distance (Sample)) or the average of neighborhood (Neigbr) as the initial estimate. Over-
all the kriging methods seem to perform better in predicting values (RMSE of 12.87 and
MAE of 9.44), then the Bisquare approach. The insignificant difference may be due to
oversmoothing nature of kernel based methods. '

Kriging Bisquare Epanechnikov
Statistics Composite Component-wise Sample Neigbr Sample Neigbr
Mean Observed 98.01 98.01 98.01 98.01 98.01 98.01
Mean Predicted 95.37 9545 9545 9542 9534 95.36
ME -2.64 -2.55 -2.56  -2.59 -2.67 -2.65
MAE 9.44 9.60  9.81 9.84 9.83 9.87
RMSE 12.87 13.09 13.39 13.39 13.38 1341
r ‘ 0.78 0.77 0.75 0.8 0.76 0.76
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7.5  Bi-variable Copula-based (Geostatistics

7.0.1  Preliminary Analysis: Bi-variable Copula-based Geostatistics

Prior to spatial prediction we need to model the dependence structure between
the lower and upper intetval values using a copula. Fivst, we estimate the kernel joint
density f zizv of the random intervals by applving Eg. 5.9, Numerical integration of
{2124 with respect to Z* and Z* lead to the estimates of joint distribution Faz. (Eq.
5.10) and the marginals Fl (Eq. 5115 Fi. {Eqg. 5.12). The numerical integration
was done using computer code implemented in C——.

From remark 5.2.2. pg. 5-6, the graph of copula, » = ("{w . ] can be viewed as
the graph of the joint distribution function ie. 2 = Foizu(f 2% in which the ' and
2" axes have heen relabeled in units of w = Fp () and ¢ = Fau(: *]. Figure 7.14
shows the empirical kernel copula based on observed random intervals.

Figure 7.14. A graph of empirieal copula, C{Fz(2'}, Fze (21} for regionslized random
intervals. The copula surface C{Fz{z'), Fz{z")) is the joint distribution function surlace
with x andd ¥ axes as the | and o values. Copula mensures the dependence between the
lower and the upper values

Applying nonlinear regression analysis. we fitted analytical model in Eq. 7.6 to the
lower and upper empirical distributions.

1 .
Fyla) = ~  forx={z' 2"}, X —{zlz (7.6)
3 (1 + exp (b — cx)iV? { ) 1 )

r

The model parameters a.b.c.d plus their standard errors are piven in Table 7.10. Also
given is the model standard error. The model standard error indicates the goodness
of fit of the iitted regression lime. The further away the einpirvical estitnates are from

che fitted regression line the greater the vahie of the model standard error. The
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low model standard ervors (Table 7.10) indicate good Gt Figure 7.15 represents the
ftted marginal models.

Tahle 7.10. The lower and upper marginad distribution model parameter estimates with
slandland evrors in brackets, for the training random intervals.

Parameters Lower Upper
i L0218 (0.0059) LOOL8  (0.0057)
b 110019 (05579) 103271 (0.6125)
c (1.1335 (0.0050) 0.1161  [0.0050)
d 0.7899  (0.0850) 0.7801 (0.1304)

Mode] stdery 10159 (0.0191
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Figure 7.15. Empirical and filled marginal fonclions. Left graph is the lower estimated
snd fitted marginals and right graph is the upper estimated and fitted marginals, The
fitled marginal madels accurately explain the lower and upper empirical distributions, also
confinmed Ly the Tow model standard ervor in Tabie 7 10.

Using the fitted marginal medels and observed random intervals at each location,
we generate corresponding samiple spatial narginal grades. Sample ¢patial copula
grades are obtained frow the empirical copula,

At a given spatial locagion, the lower marginal prade defincs the marginal prob-
ability of the observed phenomena heing less or cqual the observed lower value and
similarly for the upper marginal grades. Cumulatively, they provide the cstimate
of the lower and upper spatial distribution grades at given locations, The sample
copula grades define the joing probability of the lower and wpper values, Coputa 4
marginal grades provide the full information sssociated with each spatial bivariatge
random vector. The collection of sample spatial copula grades results to a copula
random function which is then subjected to spatial prediction. The same applies to
the spatial samples of marginal grades,
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7.5.2 Structural Analysis: Bi-variable Copula-based Geostatistics

Structural analvsis on sample spatial copula grades and sample spatial marginal
grades, based on lag size of 20,000 meters kead to variogram models (Figure 7.16).
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Figure 7.16. A graph of fitted spherical variogram models with mode]l paramctors inset
for :-a) upper marginal grades, b} lower marginal grades and o} copula grades. The models
arg Used for kriging of associated mavginal and copula grade random fislds. Though the
variogram maodels display very similar basic strietures, the copiila-vaniogram indicates a
slightly higher correlation stricture, which might lead to hetter prediction. The upper
model has lower nigget effect compared to lower and copmla models. This has the effcet of
rediicing nneertainty associated with upper rads predictions. The modals als incraases
slearly from the origin indicatine a smooth process.

7.6.3 Prediction: Bi-variable Copula-based Geostatistics

Kripging on copula and marginal grades, based on a neighborhood of 20 ohserva-
tions leads o predicted maps (Figure 7.17).

The probability prediction of gamma dose rate (Figure 7.17) is displaved on a
scale from low probahility (blue) to high probahility {Red). Three prediction maps

arce generated, one showing the prediction probahilitics for the lower values, one
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Figure 7.17. Maps of predicted probahilities nf gamma dose rates at the 200 monitoring
stations in Germany based on a) Lower marginal grades (h) Upper marginal grades {c}
Copula grades with corresponding prediction ervors d)- lower, €]- upper and ] copula.
Lower map (a) is the spatial distribution of the lower interval values: upper map {b), the
spatial distribution of the upper values; and copula map {c) the spatial joint predicted
probabilities of the lower! upper values, The maps indicate a high likslihaod of lower
pamma dose values i the north, Pockels of large probahilities in the south-east repion
indicate regions likely Lo be exposed to large gamma doss values, Copula has the higher
uncertainty (f) and hence is more nustable compared to the lower and upper map. Large
prediction errors ocour in regions with no observed data, (see Figure 7.4). Similar to above
methods, pockets of high values oceurring together with high errors (see central region).

showing the predicted probabilities of the upper values and one map showing the
predicted joint probabilities {copula). The interpretation of the three maps should

(e



be done in triplet (lower, upper and copula) plus the associated uncertainty maps.

For lower variable values, low predicated probabilities in the north (Figure 7.17a)
indicate low gamma dose values. High gamma concentration occurs towards the
south as revealed by corresponding high predicted probabilities in red. This is in
line with the observed lower variable values in Figure 7.4, left. A similar pattern
is shown for the upper marginal grade map (Figure 7.17b). In addition, the upper
marginal map identifies more regions of high gamma concentrations compared to
the lower marginal grade map (Figure 7.17a). Though the lower and upper maps
were modeled independently, they are complementary maps.

The copula map (Figure 7.17c) indicates the predicted joint probabilities of lower
and upper variable values. It reveals the spatial joint distribution of the lower
and the upper variable values and show better prediction compared to marginal
grade maps. High predicted joint probabilities in south-east direction, reveals strong
persistence in occurrence of high values. Low predicted joint probabilities in the
north shows strong persistence of low gamma dose values in the north. Therefore
the probability of observing a large value towards the south is high. As a joint
distribution, the copula map clearly identifies the spatial behavior of the random
interval, but with high uncertainty. This confirms the separate patterns by lower
and upper grade maps. Relatively, the copula map provides more distinct patterns
of the spatial distribution of the gamma dose.

Based on prediction error maps, Figure 7.17d,e,f for lower, upper and copula
predicted probabilities, High error (red) indicates a high prediction errors, and oc-
cur in the central region with no sampled data (see Figure 7.4). However, overall
upper marginal predictions has lower prediction errors (Figure 7.17¢). Copula (Fig-
ure 7.17f) has the highest prediction error. We also note pockets of high errors
associated with high predicted probabilities. This is mostly in the with mixed data
and/or no data.

We also generé,ted the associated cross-validation prediction errors. Cross-validation
was performed by removing one observation from the set of sample locations, per-
forming the kriging, comparing the kriging to the left out observation, and then
cycling through all the observations in all events. Summary statistics of the cross-
validation prediction errors for lower, copula and upper predictions are given in
Table 7.11. The copula has large RMSE compared to the rest. The upper grade
provides slightly accurate prediétions, as indicated by the more narrow error distri-
bution and a lower RMSE (this is confirming our observations and conclusions from
Figure 7.17).
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Table 7.11. Cross-validation prediction errors for lower, copula and upper marginal grade
predictions based on observed random intervals.

Statistics Lower Copula Upper
ME -0.0006 -0.0004 -0.0005
RMSE 0.2180 0.2081 0.1925

7.6 Fuzzy Credibility-based Geostatistics

7.6.1 Preliminary Analysis: Fuzzy Credibility-based Geostatistics

The fuzzy credibility approach defines a single flexible joint distribution model
of distribution of the random interval. The approach is based on fuzzy variable set £
corresponding to the random intervals. The fuzzy variable set consist of all values of
observed gamma dose rates with membership grades assigned using an empirically
defined data-assimilated membership function.

Applying Eq. 6.20, the membership function, y; (-) for the induced fuzzy vari-
able set £ is first estimated through numerical integration (using a C++ computer
code) of the joint density function under the constraint: sup{u; (-)} = 1. Obtained
membership function is then modeled with a lower function, [(z) increasing from
zero to one, the core with p (-} = 1 and the upper function, r(z) decreasing from
one to zero. In Table 7.12 we give the model parameters with standard errors in
brackets of the fitted lower [(z) and upper !(u) membership functions. The functions
were estimated using linear and non-linear regression methods (using r-code)

Table 7.12. Empirical lower I(z) and upper I{u) data-assimilated membership function
parameter estimates with standard errors in bracket.

Lower Upper
Parameters  I(z) = a+ bz + bz® + b2  u(z) = aexp(—(b — 2)*/(2¢%))
a “1.9517 (0.3535) 1.0003(0.0034)
b -0.1097(0.0139) 103.7329 (0.1483)
c 0.0018 (0.0002) 14.2083 (0:090T)
d © -0.000008 (0.0000007)
Model Stderr (0.0124) (0.0068)

Applying Eq. 6.4, together with [(z) and u(z) membership function (Table 7.12),



the data-assimilated membership model is given as

1.95) 7 — (L1097: + 0.0018z% — 0.0000082* if 532.795 < = < 102.186

(2) ] if 102,186 <7 = < J03.780
I I i e *
7 10003 exp — B if 103.780 < = < 157
1) otherwise
{7.7)

Figure 7.18 shows the modeled membership function.
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Figure 7.18 Membership function for the induced Ruzey variable £. Red curve is
monetone increasing to 1, green is the core and blue curve the monotone decreasing from 1
tos were. Low amd high values are assigned low membership grades, with the moest frequent
and probably acceptable values having high membership grades,

The membership function assigns metobership grades to ohserved fuzzy variable
events = € £. Fxtremely large (unlikely) and/or no events are assigued low and for
zern metbership grades. The most likely events assume large membership prades.
Since unlikely and/or no events are assigned almost similar membership prades, we
have a problem in distinguishing between low and high gatoma dose values.

Therefore, we need Lo define another function which i3 non-decreasing from zero
to one and is based on the derived membership funetion. The non-decreasing fune-
tion will enable us to assign zero grade to small and for no fuzey events and maximum
grade of 1 to extreme large values. This will allow us to separate the low from the
high pamtua dose levels.

Eq. 6.14 establishes the general relationship between the membership function
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and an increasing function ’the eredibility distribution’ of the fuzzy variable set.
Eq. 6.21 provides the derived data-assimilated credibility distribution derived from
data-assimilated membership function of the induced fuzzy variable set. We ecan use
the credibility function just as we can use the membership function (Remark 6.4.1,
p.6-9)

Applying Eq. 6.14, together with membership function, Eq. 7.7, the data-
assimilated credibility distribution becomes:

a) For z € [52.795,102.186), 4s(z) = 1.9517 — 0.1097 + 0.001822 — 0.0000082°
(Figure 7.18, red curve) is monotone-increasing from 0 to 1. Therefore,

sup (1.9517 — 0.1097y + 0.0018y* — 0.000008y°)

y<z
= 1.9517 — 0.1097z + 0.001822 — 0.00000823, Vz € [52.795, 102.186)
(7.8)
and
sup (1.9517 — 0.1097y + 0.0018y? — 0.000008%) = 1,
y>z
Vz € [52,795, 102.186) (7.9)

Applying 7.8 and 7.9,

[T Y

& (2) (sup u(y) + 1= sup u(y)')
y<z y>z

(1.9517 — 0.1097z + 0.00182% — 0.000008z%)  (7.10)
b) For z € (102.186,103.780}, 11 (z) = 1. Applying 6.10

(7.11)

L K

P (2) =Cr({0:£(0) =2}) =

c) For Vz € [103.780, 157),

N { (z—103.7329)
u(z) = 1.0903 X exp ( ~—108.80
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is monotone-decreasing, then

(z — 103.7329)°
_ e - 7.
ilég (1 0003 x exp ( 208.50 1 (7.12)

and

408.89
(z - 103.73288)")

o) 2
sup (1.0003126 X exp (_ (2 — 103.73288) ))

y>z

= 1.0003126 x exp (-— 108.89

thus, applying 7.12 and 7.13

& () = Cr({6:¢(6)<2))

= 1-0.50016exp (—

(7.13)

(z — 103.73288)*
40889

To summarize, combining 7.10, 7.11 and 7.13, the data-assimilated credibility
distribution for the induced fuzzy variable is

(

0 if z < 52.795
1(1.9517 — 0.1097z + 0.00182% — 0.0000082%) if z € [52.795, 102.186)
B¢ () = ¢ 1 if z € [102.186,103.780]
1-0.500 16 exp (=15 1o2e8" ) if 2 € (103.780, 157.000]
\ 1 if z > 157.000

Figure 7.19 is a graphed representation of the data-assimilated credibility distrib-
ution for the fuzzy variable set £ induced by the random interval (2, 2*). High
dose values are assigned high credibility grades. The credibility grade of 0.5 cor-
responds to a membership grade of 1 and denotes level beyond which gamma dose
rates starts posing a risk (according to the normal acceptable threshold levels of 50
to 120 nSv/h CTIF et al., 2006; Somerville and McMahon, 2006).

The data-assimilated credibility distribution indicates the marginal increase of
ones strength of belief that observed gamma dose rates belongs the defined fuzzy
variable set i.e. it is acceptable and to what degree. Simply put, it indicates the
likelihood or favorability of a value belonging to a fuzzy variable set or a fuzzy
variable assuming a given value.
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Figure 7.19. The data-assimilated credibility distribution @[z} for the induced fusey
variahle set £

High credibility prades indicate the extent of the fuzzy phenomena being less
or cqual to the extreme large fuzzy measures of gamma dose rates. Thus, high
credibility grades indicaie bazardous conditions while low credibifity grades indicate

safe conditions.

7.6.2 Hirnciural Analysis;i Fuzzy Credibility-based Geostatistics

The centet values optimally apptoximate the random intervals, and therefore
provide scalar-valued fuzzy measures of the random intervals, Using AreGIS, struce
tural analysis on sample spatial credibility grades (Eq. 6.24) associated with center
values based on a lag sizge of 20,000 meters lead to varingram maodels { Figure 7.20).

7.6.3 Prcdiction: Fuzzy Credibility-based Geostatistics

Kriging on sample spatinl credibility grades based on a neighborhood of 20 ob-
servations leads Lo predicled maps (Figare 7.21).  The credibility of gamma dose
rate in Figure V.21 is displayed on a seale from low eredibility (blue) to high credibil-
ity(Red), High predicted credibility indicate regions with high marginal increase in
concenttrations of gamnia dose while low predicted credibility indicaie safe regions
with low ganuna concentrations. Pockets of large credibility grades {red} in the
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Figure 7.20. A graph of credibilily grade sphetical variogram models defined on sample
spatial credibility grades generated using data-assimilated credibility function on the cen-
ter values, The model parameters mggel = QLO0GT34, aill = ML02118 and range=237070.
The models increase alowly from the origing an indieation of the smoothoess of the random
Process.
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Figure 7.21. A map of predicted credildlity grades of gamme dose rates basad on eredi-
Lilitv grades defined on fuzzy messures using the data-assimilated credibility distribution
maodel, &) is the credibility grade map with b} the uncertainty map. The credibility grades
indicate the marginal increase in the extent of pollution. High grades indirete regions of
prone to high poflution. Pockets of large credillity grades (red) in the south easl region
indicate large concentration of dose levels, Low rredibility grades in the north ave at-
tributed to low gamma dose levels. Predicted mep s more variable {elear pattern) in ihe
more densely sampled areas than the sparsely sanmpled arsas. Prediction errors are guite
low with highest predietion error (as expected) in the no sample area (yellow pocket ).

southern region indicate large concentration of dose levels. Low credibility grades
in the north are etiributed to low gammea dose levels,

Credibility prediction has much lower uncertainty (Figure 7.210) compared to
Bi-variable copula-errors (Figure 7.17 d, e,f). Hence credibility-based method pro-
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vides more accurate predictions. The improvement over the copula approach is
further demonstrated by the low RMSE using the cross-validation prediction errors
(Table 7.13).

Table 7.13. Cress-validation prediction errors for credibility prediction on center fuzzy
measures. The method predicted well with low bias (low mean error) and high accuracy
as revealed by low RMSE

“Statistics Center
ME -0.0003
RMSE 0.1145

Generality of credibility grade kriging

The generality of credibility approach means that, if we have another set of fuzzy
measures of gamma dose at the 200 sampling locations, we can use the defined cred-
ibility distribution model for the process, generate credibility grades and perform
prediction. To demonstrate this, we apply the credibility approach on a provided
extra routine dataset for the 200 sampling locations, in addition to the 10 training
datasets. Predicted credibility grade map based on credibility grades derived from
the routine dataset is given in Figure 7.22.

7.7 Bi-variable Copula-based vs. Fuzzy Credibility-based Geostatistics

To compare the bi-variable copula-based and fuzzy credibility-based predictions
Figure 7.23 looks at gamma dose prediction in Germany applying bi-variable copula
kriging and credibility grade kriging standardized to a common classification.

Figure 7.23d based on credibility approach give more separation of the gamma
dose polluted regions compared with the copula and marginal maps (Figure 7.23a,b
and c). The copula and marginal maps seem to be overestimating in some regions
(dark red areas). This may be due to over-inference (a characteristic of probability
distribution-based inference). -

Predictions based on the routine dataset (Figure 7.23e) providemere=distinot>-
demarcation of polluted regions. This demonstrates the flexibility of use of the
credibility based approach. Using inverse credibility function predicted credibility
grades can be converted back to original scale and results interpreted using original
values.
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Figure 7.22. A map ol predicted credibility grades of yamma dose rates based on cred-
ibility grades defined on roufine dataset by applying the data-assimilated credibility dis-
tribution model, &) is the credibility grade with b) uncertainty map. This map provide
clear pattern of the distriburion of pamine dose rates, confirming the generality of fuzey
credibility approach. Predictions are accurate with low uncertainty (prediction error).
High predicted grades (red) indicate regions of prone to high pollution. Pockets of large
credibility grades (red) in the south-east region indicate large concentration of dose lev-
els, while low credibility grades dominate in the north indicate low gamma dose levels,
Owverall, prediction errors are quite low, except for the regions with no sampled data,

The credilnlity approach simplifies the calculations with hetter predictions com-
pared to the copula hased approach and applies well for this particular dataset.

Cross-validation prediction errors for the bi-variable copula-hased and fuzzy
credibility-hased approaches ate suminarized in Table 7,14,

Table 7.14. Cross-validation prediction errors for copula, lower, upper and credibility
grade kriging techniques. The methods performed well as revealed by the low error dis-
tributions. The copula has the largest EMSE. The credibility based method provides the
most accurate predictions, with the lowest RMSE

Statistics  copula  lower  upper  credibility
ME -0.0006  -0.0004 -0.0005 =0.0003
BMSE 0.2180 0.2081 (L1925 .1145
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Figure 7.23. Comparison of the gamma doge predicted probabilities:- o) Lower, (b}
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alicnatmg regions prone to high gamma dose rates and have the lowest uneeriainty (1))
In all cases pockets of high error occur in areas with no sample vales (see Figme 7.4).



7.8 Overall assessment of methods

These comments are purely based on the application of methods on one single-

dataset.

e Proposed composite and component-wise kriging methods intuitively reduced
uncertain interval data to scalar data values, the center and radius the interval
uncertainty measure. This allows exploring the distribution of uncertainty
around the center values, weighting the influence of extreme features according
to their relative importance to center.

Intuitively, the composite and component-wise methods reduces interval-based
methods to combined and separate variable based methods using the center
and radius data. The approaches are easier and leads to same correlation
conclusions to interval-based methods. This was demonstrated noting that
composite kriging is the same as interval-based kriging (parallel to Diamond
(1988) approach), while component-wise is a generalization of the two. With
little or no vague information (low uncertainty) hence narrow interval bounds,
the methods lead to very similar results.

The spatially-weighted interval kernel approach adapts well to the nature of
the application with no stationarity assumptions.

Empirical copula map (Figures 7.17c) indicates asymmetrical random inter-
val dependence structure across space, with strong high dependence of large
gamma dose rates in varying regions and strong low dependence structure for
small gamma dose rates in the north. Hence, large values often persists to-
gether and similarly for low gamma dose rates. Regions with a mixture of
large and small dose rates have weak dependence structure. These are the
regions with sudden shift in gamma dose levels.

. The marginal grade maps independently show the predicted cumulative prob-
abilities of lower and upper gamma dose rates. A decision maker can then
decide on the acceptable cumulative probabilities.

In terms of prediction errors, the copula uncertainty (Figures 7.23h) is higher
compared to that of lower and upper marginal maps (Figures 7.23f,g) which
are higher than for the credibility approach with the lowest uncertainty (Fig-
ures 7.23i). The credibility approach is thus more stable.

The difficult associated with copula approach is the interpretation of 3 com-
plementary predicted maps (lower, upper and copula).
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e The fuzzy credibility-based approach utilizes a single full and flexible joint
distribution model of distribution of the random fuzzy variable, the equivalent
of random interval. It is therefore simple and flexible to use as opposed to
bi-variable copula approach that separate the joint distribution function into
copula and marginal components.

e Since the copula, marginal and credibility maps are base on joint distribu-
tion of the random interval/vector data, they have much to recommend over
the alternatives e.g. interval kriging and interval kernel regression which are
limited to the observed data. The derived distribution-based models

— are information-intensive and forward-looking. Hence, they are capable
of incorporating a wide range of future eventualities that simply are not

captured using observed data.
do not require a large amount of data in order to be estimated accurately
are capable of reflecting a change in the observed phenomena. A sud-

den shift in observed phenomena and/or other related factors could be
immediately captured in observed data and the implied distributions.

—
—

e The copula, marginal and credibility methods do compensate each other and
easily integrates with most spatial and GIS mapping software which is often
based on scalar variables. This is of great convenience and provides effective
communication of spatial patterns for fuzzy data given as intervala of. values.
The approaches also generalize the indicator kriging approach that transforms
data into indicator codes. ‘

o It is obvious there are some differences between the maps according to the
technique applied. This difference may be attributed to the way the marginal,
copula and membership functions are estimated from the respective data val-
ues. For the purpose of this work we have shown that each can be effectively
applied to effective spatial mapping of the fuzzy observations given as inter-
vals. In future, the choice, effectiveness and appropriateness of each approach
will depend on the

— application (type of data)
— complexity of the implementation
— problem that the decision maker wants to address.
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CHAPTER 8

CONCLUSIONS AND FUTURE DIRECTIONS

Scope .
This chapter summarizes our achiévemem;s, in view of the stated objectives. It also
highlights the limitations and provides perspectives for future research.
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8.1 Introduction

The main motivation for this study was to find innovative approaches to jointly
model data and uncertainty (in the form of randomness and fuzziness). The model
aids decision making in the presence of uncertainty characterized by random interval
and fuzziness ( or imprecision). Specifically, we addressed the following objectives:

(i) extended kriging to modeling spatial random intervals/ vectors;

(ii) introduced a non-parametric kernel method for analysis of non;stationary spa-
tial random interval process;

(iii) introduced bi-variable copula-based geostatistics for variable modeling of spa-
tial random intervals;

(iv) introduced fuzzy credibility-based geostatistics for variable modelix;g of spatial
random interval events;

(v) illustrated and tested the flexibility of the proposed techniques to real-life
applications.

We summarize the major contributions toward achieving the stated objectives un-
der the headings:- Classical random interval geostatistics; Bi-variable copula-based
geostatistics and Fuzzy credibility-based geostatistics.

Our main contribution was to apply the proposed techniques to modeling am-
bient gamma dose pollution based on uncertain/fuzzy spatial data. The goal is
to

— to estimate values at unknown locations and assess the uncertainty attached
to the prediction

— compute indicators e.g. probability of exceeding any critical threshold levels
that help in accurate delineation of polluted regions for risk assessment and
remediation.

Often the probability of pollutants concentrations lower than a thresholdidevel is in
some cases more important that the best estimate of the pollutant concentrations
for the unsampled locations in delineating polluted areas.
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8.2 Summary and Conclusions

8.2.1 Classical Random Interval Geostatistics

We examined (i) kriging of spatial random intervals and (ii) non-parametric
spatial-weighted interval kernel regression methods, for spatial prediction of gamma
dose pollution, with a goal of assessing the magnitude and geographical extent of a
radioactive contamination in the air and on the ground.

Kriging of Spatial Random Intervals

We proposed and developed composite and component-wise kriging. Compos-
ite kriging models spatial random intervals when the measure of uncertainty has
zero spatial correlation structure while Component-wise kriging applies when data
uncertainty displays well defined spatial correlations structure. Therefore, compos-
ite approach, which parralels Diamond (1988) interval kriging method is special
case of component—wise kriging. For this study, the data uncertainty was almost a
nugget effects model, favoring composite kngmg Results based on the composite
- and component-wise were accurate as revealed by the low mean error close to zero,

low mean absolute error and low root mean square error.

For decision making, predicted maps identified regions prone to high gamma
dose concentrations. Regions with no sa,mple data were also clearly highlighted by
high prediction error.

If we compare our results with that of "best” results (Dubois, 2005), the new
technique in general does not outperform ” conventional” prediction methods, for this
particular dataset. However, we note that, the separation of imprecise fuzzy data
into center data and radius (uncertainty) measure, forms a first attempt in search of
variable-based modeling spatial random intervals. The techniques reduced interval-
based methods to combined and/or separé,té center and radius-based methods, easier

“to handle and leads to similar conelation.:conclusions to those based on interval-
based methods. o

Spatial-weighted Interval Kernel Regression

Developed spatial-weighted interval kerhel‘regression focused on non-stationary
random interval fields, addressing the stationarity problems associated with kriging.
The approach gave better predictions as revealed by slightly lower root mean square
error (ihéreased accuracy) and low mean error (low bias). Further, the method
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reported a higher correlation coefficient between the observed and the predicted
spatial random intervals. Typical of smoothing methods, the methods produced
smoothed prediction maps.

A key advantage associated with the spatial-weighted interval kernel approach is
the combined spatially-weighted interval kernel, a product of a spatial kernel and an
interval feature kernel. The spatié.l kernel defines the local spatial structure. This
ensured that only samples sharing similar intensity and gradient information are
gathered for local approximation. The interval kernel is a robust uncertainty kernel
that penalizes outliers, minimizing their influence to local prediction. The result is

“optimized estimates akin to neighborhood values.

Choice of the initial estimate at the prediction location provided an added flex-
ibility to the approach. Using nearest neighbor sample value, only applicable when
minute details are of interest, as initial estimate lead to bias (low ME) compared to
use of average of the selected neighborhood values. This identifies regions of high
dose concentrations while effectively smoothing out the process.

In summary, these two approaches applies a very subtle form of scalar-variable
modeling of spatial random intervals via the lower and upper or the center and
radius coordinate variables. However, both lead to interval outputs, given in form
of lower and upper prediction maps plus an prediction error map.

8.2.2 Variable Modeling of Spatial Random

The variable-based approaches, constituting the bi-variable copula-based and
fuzzy credibility-based geostatistics utilized the joint distribution function of the
random interval data for optimal prediction.

Bi-variable Copula-based Geostatistics

The copula logic exploited the joint distribution of random interval data through
its copula and its marginal distribution functions. For threshold values correspond-
ing to sample values, each random interval had an associated copula and marginal
(lower and upper) value (grade) in the range 0 to 1. Generated margimmls(lower -
and upper) and copula grade vectors were treated as random functions, thus var-
iographic analysis and ordinary kriging was applicable. This yielded. copula and
marginal prediction maps of the equivalent spatial distribution functions.

Predicted maps identified regions of high dose concentrations. The methods were
also unstable as shown by the high uncertainty maps. One may claim that estimated
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spatial marginal distributions could have sufficiently described the observed spatial
patterns. However, the high correlation coefficient between the observed lower and
upper gamma dose, modeled by the copula, revealed a significant relationship be-
tween them. High dose values persist together, and similar to low values. Intuitively
then, the copula map reveals the spatral distribution of the joint dlStl'lbuthIl of ran-
dom interval data.

Bl-varlable copula approach can be regarded as alternative to indicator kriging
(IK) for random intervals; It is‘equivalent to indicator kriging of the marginal and
joint probablhty when all data are retained in the kngmg system, and offers several
benefits:- ‘

> it reqmres less parametenzatlon The copula approach requires only the copula
~ and marginal variograms, on average well behaved, brings no order relation
problems and transforms predlctlon with spatlal random interval into an easy
task. _ ‘ |
- » the direct coding of the conditioning data using analytical marginal models
‘allows for dyna.rmc relocation of predlcted grades to the condltlomng data
~ values using inverse functions.

> ’by sphttmg condltlons up into a. marginal and dependence part, the approach
gives better msrght into the laws govermng the spatial behavror of the random
- interval/vector process.

3 ‘ F\Jzzy Credlblhty-based Geostatlstlcs

We demonstrated the ease of apphcatlon of fuzzy credlblhty kngmg method
for modelmg samples of i 1mprec13e measures (mtervals) of gamma dose rates. The
conversion of a random interval data to a scale random fuzzy variable with maximum

. entropy and fully charactenzed by a credlbrhty dlstnbutlon functlon, at same footage
of probablhty space, is a key achlevement

The approach lead to real (scalar)—value spatial predictions. Existing fuzzy
geostatrstrcal methods are based on fuzzy set and lead to fuzzy set(subset) esti-
matos/predwtxons

Results were accurate as revea.led by the low standard predlctlon error map and

low RMSE. The approach lead to predlctlons (based on a single map) that are more
realxstrc and s1mphﬁed the numencal calculatrons ‘The predlcted credibility grades
indicate the relative importance of each value on ‘the prediction map. Zero credibil-
ity grades 1nd1cated reglons of low gamma dose pollutlon in the north, while pockets
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of large credibility grade in the southern region identify high gamma dose concentra-
tions. For a decision maker, generated single map is easier to interpret, compared to
multiple maps generated via the alternative fuzzy methods. For example once can
decide on an acceptable credibility threshold level to delineate gamma dose polluted
region. |

The fuzzy credibility approach defined offers additional advantages:

» it generalize indicator kriging; indicator kriging results (probability map) rep-
resent a membership function or eredibility distribution of the probability of
being less than a specific credibility threshold level.

» it generalizes the membership function, which is a merely an induced function
and a conventional mathematical language for describing fuzzy phenomena,
by its counterpart the credibility distribution function for continuous random
fuzzy data.

» it includes the conventional kriging approach with crisp values supplemented
by imprecise degenerate intervals.

» it reflects the real-world conditions more closely than traditional geostatistics,
since it dose not impose exactness artificially on phenomena which are diffuse
by their nature. It can be extended to mapping other pollutants.

8.2.3 Power of Variable Modeling of Spatial Random Intervals

We summarize the potential of the variable-based approaches:- bi-variable copuls-
based geostatistics and fuzzy credibility-based geostatistics in modeling of regional-
ized random intervals.

» Both approaches allows for two step prediction process: a modeling step
and a prediction step. For credibility approach, we first estimated the data-
assimilated credibility function leading to fuzzy credibility distribution predic-
tion map. For copula method, marginal and copula are first estimated followed
with prediction maps. This allows for goal-based predictions and thus better
fit the requirements of the stakeholders.

» Since they are based on the joint distribution of random interval data, they
have much to recommend over the alternatives like interval kriging and interval
kernel regression which are limited to observed data. First, they are forward-
looking, thus are capable of incorporating a wide range of future eventualities
that simply are not captured using observed data.
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Second, they do not réquire a large amount of data in order to be estimated
accurately, and furthermore they are capable of reflecting a change in the ob-
served phenomena. Sudden shift in observed phenomena and/or other related
factors could be immediately captured in observed data and the implied dis-
tribution models. Despite the danger of over-inference associated with joint
distributions, they can be applied to general case and still provide these ad-
vantages.

The non-parametric kernel estimation of joint distribution is parameter-free
which offers great generality allowing the methods to capture various expec-
tations like multi-modality and asymmetries existing in the imprecise data.

By splitting conditions up into a marginal part and a dependence part, the
copula-based approach leads to better insight into the laws governing the spa-
tial behavior of the random vector process. The approach also opens the possi-
bility to build a variety of dependence structures based on existing parametric
or non-parametric models of the marginal distributions and the copula.

Contra.ry to conventional indicator geostatistics, the methods are not the result

- of discretization as is the case of indicator kriging. They can be described as

probability or indicator kriging on regionalized interval data.

Credibility fuzzy geostatistics provides a sound framework for modeling a spa-
tial fuzzy variable, the equivalent of the spatial random interval sets. The ap-

i proach avoid the general fuzzy set approach proposed by Zadeh, whlch leads

to fuzzy sets or interval outputs based on alpha cut level.

Credlblhty distributional can be used to model various properties of the ran-
dom interval process such as the smoothness and impulsiveness which can be
described using fuzzy sets. Because of its attractive properties, scalar-valued
outputs based on fuzzy inputs, the fuzzy logic implemented via credibility
measure theory has a tremendous potential in the geostatistics field.

Recommendations for Exturé Work

This work brings forth new perspective for modeling Spatial random uncertain
data. There are aspects of this work that could be further developed. Some relate
to limitations of the methods themselves while others relate to how the methods
were tested and evaluated. We highlight the limitations and some recommendations
for future research.
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The techniques discussed in this thesis were applied to one dataset. Before we
can generalize these results it should be applied to a wider scope of data (e.g.
geology and secial data).

Composite and component-wise methods reduced interval-based methods to
separate center-based and radius-based methods, easier to handle, and with
same correlation conclusions to those based on interval-based methods. Fur-
ther approaches to visualization of vector output should be explored.

Application/ Concepts of IRF-k should be exploited as a future contribution
to modeling of spatial random intervals.

The spatially-weighted interval kernel could be extended to multivalued data
with a general weighted feature kernel. Care should be taken in the choice of
bandwidth for the different dimensions.

The application of copula faces two limitations a) the existing analytical forms
of copula are not appropriate for estimation and b) alternative approximation
procedures are often not easy to implement. However, the empirical copula
does capture key aspects of random vector dependence structure and hence
the random interval/vector spatial structure. |

Still, it would be easier to deal with an analytical model of the copula. Ap-
plication of two separate maximization of the univariate likelihoed, followed
by maximization of the bivariate likelihood is a possible approach. Several
families of copula could also be used. This would increase the generality of
copula toward modeling dependence structure of the bivariate correlated ran-
dom variables that are often met in environmental research.

We also note that interpreting information given by three maps (copula and
marginals) might pose some difficulty.

We have used copula as a model of random interval dependence structure.
Future exploits should focus on theoretical developments of a combined spatial-
feature copula that simultaneously model both the joint distributies-and the-
spatial dependence structure.

The copula approach constitute very promising avenues for future research in
developing variable-based methods for modeling random fields with distinct
non-Gaussian characteristics (asymmetry). Defined copula method in this
study should be extended to other application for proof of consistency.
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» Since the variable-based approaches (copula and credibility) reduces a random
interval process into a marked point process, integrating statistical methods
for copula logic, fuzzy credibility logic and the marked point process is an
area of further research for modeling spatial interaction of spatially distributed
uncertain (fuzzy).

» A future extension worthy of considering is the combination of fuzzy credi-
bility logic, bi-variable copula and geostatistics. Such a combination would
lead to CREDIBILITY COPULA-BASED GEOSTATISTICS. The credibility fuzzy
logic models random fuzziness while the copula models the spatial dependence
structure. ‘

» The membership function is one among the functions associated with random
interval set. Other related functions, namely the belief (bel) and the plausi-
bility (pl) functions (Dempster, 1968; Joslyn and Booker, 2003; Smets, 2005)
can also be obtained through numerical integration of the joint density of the
random interval set. The belief function quantifies the minimal belief that the
spatial random interval contains the true value while the plausibility function
quantifies the maximal belief that the spatial random interval contains the true
value. The two functions define a belief interval, Pier,pyj that summaries all
uncertainty associated with spatial random interval and can be subjected to
geostatistical analysis, hence the BELIEF FUNCTIONS-BASED GEOSTATISTICS
APPROACH.

In conclusion, a good case has been made that uncertainty (imprecision) in geo-
graphical data should be presented in some way. Given that one chooses to do so,
modeling and spatially repr$enting the data is an obvious choice. The development
of models for spatial imprecise (fuzzy) data is a fast emerging field in environmen-
tal applications. Examples include the probabilistic soft (indicator) kriging and
Bayesian kriging methods.

As a part of this emerging field, this work has provided unique contribution in
the sense of composite kriging; component-wise kriging; spatially-weighted interval
kernel regression; and ultimately, the ”variable-based” methods: the bi-variable
copula-based and the fuzzy credibility-based geostatistics. Ultimately, parallel to
exact data modeling with a unique additive probability measure, we have been able
to define and apply a unique additive measure, the credibility measure, to model
random interval as scalar-valued ftizzy variable. The predictions are real-valued as
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posed to fuzzy sets in existing fuzzy set kriging approaches.

Therefore, variable-based techniques are key to future developments in modeling
of environmental applications characterized by fuzzy spatial data, and proposed
approaches in this work provide a sound foundation for achieving this. The concept
of a Fuzzy VARIABLE SIMULATION, may also be exploitated within the context of
credibility distribution theory.
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APPENDIX A: COMPLETE METRIC AND LINEAR NORMED SPACE

A.1 Metric and Normed Spaces

Definition A.1.1 A normed linear space is a vector space X equipped with a
mapping ||.|| : X — R,. || - || defines the norm of elements in the vector space. The
minikowiski norms or the [, is defined as:

n
lp=”$”p=(Z|xi|p)l/’ foril<p<oo,i=1,...,n
i

Given two points z,y € R" the [, distance between them is naturally given by
d(z,y) = ||z — yllp . If p = 1 the l; space is defined with "Manhattan metric or
city-block metric”

d(z,y) = |lz-yll
fora,beR
d(a,b) = (lo' - ¥|+[a* - b))

This is the distance viewed as the horizontal and vertical movements between two
points.
If p = 2, the l; is the ”Euclidean distance” defined as

d(z,y) = |lz -yl
In general for a, b € R?
1/2
d(a,b) = ((a'= )2+ (" - b")’)

Definition A.1.2 Cauchy Sequence: A sequence of elements (X,,) of a space X
is said to be a d-Cauchy sequence if Ve > 0 Im € n,such that
d(Xn, Xm) < €, for m > n where d is the distance metric in the space X.
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The metric d is said to be complete if every d-Cauchy sequence converges i.e.
there exists Xo € X such that lim d(X;, X,) = 0
n

Definition A.1.3 A complete metric space (X, d) is a metric space X equipped
with a complete metric d. In most cases the notation X is assumed for (X, d) without
specifying the metric d. For a complete metric space X, every Cauchy sequence has
a limit in X.

Definition A.1.4 A Banach space is a complete normed linear space, i.e. the
Cauchy completion of a normed linear space. This forms a space of continuous
functions.

Definition A.1.5 A Hilbert space H is a Banach space whose norm is of the form
[1X]] = ({X,X))/? where (:,-) is the scalar product equivalent in real Euclidean
space, i.e. {-,-) : X x X — R such that

(z,y) = (y,2)forallz,ye X
(z,¥) is a linear functional on X for every fixed y € X
(z,z) is positive forvery 0 #z € X

Remark A.1.1 Every inner product space is a normed linear space with associated
“norm ||z|| = (z,2)"/? induced by the inner product. The norm then induces a
distance measure function d(z;y) = ||z— yl|. Hence, the metric topology of complete
linear normed space d(z,y) = ||x -yl|, is similar to metric topology of a complete
inner product space d(z,y) = (z,y) = |z — yl, whlch draws the analogy between
Hilbert spaces and Banach spaces. -

The Hilbert space prov1des a system of coordmates that defines a state of the
any system, it is a state space providing a set of all possible values that a system
can take on. B

Definition A.1.6 A Topological space (X,X) is a space X together with its
a—a.lgebra, X, the set of all subsets of X inclusive of the @ and the set X. In
most cases, it is understood that X is a topological space. Further, a metric space
is automatically a topological space with the topology induced by the associated
metric that defines the open and closed sets.

Definition A.1.7 Let U be a Euclidean space and a set A C U. A is convex on U
if and only if Vu),u; € AVK € [0,1], kuy + (1 — k) up € A. Set A is closed on U if
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Vu, € A,n=1,2,...,
lim u, = u € A.

R—+00

If any set A on U is both closed and convex, A is a closed convex set on U

Theorem A.1.1 A bounded set A is a closed convex set on R if and only if A is
a closed interval number on CI (R).



APPENDIX B: REVIEW OF INTERVAL ARITHMETIC

Interval arithmetic defines algebraic properties for a set of closed real intervals
numbers. The basic operations in interval arithmetic as defined by Moore (1979).
Let’s assume that = and y are closed real intervals which include any real numbers
z and y in between, and also include the real endpoints a and b for # and ¢ and d
for y, respectively,

z=la,b] = {x:a<2z<b} (B.1)
yv=led = {z:c<zx<d} (B.2)

Let K(R) denotes the set of all closed real intervals. The case a & b results to
x = [a, a], a degenerate or point interval. The operations for addition, subtraction,
multiplication and division are

zt+y=la+ceb+d, z-y=[e-db-d.

[ [ac, bd] if a>0andc>0,
[be, bd] fa>0ande<0<d,
[be,ad] ifa>0andd <0,
[ad, bd) ; ifa<0<bandec>0,

zxy=1< [bd,ad] , ifa<0<bandd<0,

[ad, bc] ifb<0andc>0,
[ad, ac] ifb<0and c<0<d,
[bd, ac] ifb<0andd <0,

| [min {bc, ad}, max {ac,bd}] fa<O0<bande<0<d

1y = [1/d,1/d, for 0¢y,
z/y = xx(l/y), for 0¢y,
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The n-th power of x is defined as

[ 1,1] ifn=0,
fa", b7 ifa>0,
" = or if a < 0 < b and n is odd, (B.3)
[o",a"] ifb>0,
| [0,max {a",b"}] if a <0 <band n is even,

For /y when 0 € y, we apply Kaucher extended interval arithmetic which is
isomorphic to properties of the R? space (§3.3.4).

Commutative and associative algebraic laws, valid for real numbers remain valid
for intervals. The distributivity law hold only in a weaker form, and is referred to
as sub-distributivity law defined as '

2(y +2) C 2y + z=. (B4)
For example, for = = [~2,2]; y = [1,2}; and z = [~2, 1],
z(y + z) = [-2,2]([1, 2] + [-2,1]) = [-2,2][-1, 3] = [-6, 6]
while -
oy + 2z = [-2,2)[1,2] + [-2,2[~2,1]) = [~4, 4] + [~4,4] = [-8, 8]

Clearly the interval number x(y + z) = [—6,6] is contained in interval number
Yy + 2z = [— ‘8 8]. For any intervals z, subtraction contains zero, but is not equal
to zero, 0 € z—=, while division z/z contains 1, but is not equal to one. If z = [, 3],
then0ez—z=[1,3]-[1,3] =[-2,2], and 1 € /= = [1,3]/[1,3] = [1/3,3] .

B.1 Interval functions

An interval functmn is an interval-valued function, F, of one or. more interval
- arguments &;,...,%,. The interval function F is said to be an interonireatension
of real-valued functlon fif F(zy,...,z5) = f(z1,...,25) forall z; (i=1,...,n).
This implies that if the interval arguments ,,...,z, are degenerate intervals (i.e.
x; = x;), then F(z,,...,2,) is a degenerate interval equal to f(z;,...,z,). An
interval function is said to be inclusion monotonic if z; C y;(¢t =1,...,n), implies
F(zy,...,2,) CF(yy,.--,¥n) :
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All basic interval arithmetic operations are inclusion monotonic. Let ”¢” denote
the set of operators {+, —, X, /} , then &; C y;(i = 1,2) implies (x;0x2) C (y,°¥,).
This leads to the fundamental theorem in interval analysis

Theorem B.1.1 Let F(x,,...,x,) be an inclusion monotonic interval extension
of real function f(z1,...,2,). Then F(xy,...,%,) contains the range of values of
J(z1,....zp) forallz; € zi(i=1,...,n).

As an illustration of the theorem, consider a real function

flz) = z#1l

1‘ — z,’
For a = 2,b = 3, interval = [2,3], the range, R(f; ), of f over x is

R(fi2) = g rogl = [-2,-3/2)

while the inclusion monotonic interval extension function

238 _ 5y

F@) = t1-1239

Clearly [~2, —3/2] C [-8,—1] implying that R(f : &) C F(z). The fundamental
concept of the inclusion function provides a useful strategy to test intervals for
inclusion in interval optimization algorithms.

B.2 Interval Vectors and Matrices

An interval vector is a vector whose components are interval numbers. For ex-
~ ample, an n-dimensional interval vector, & = (@1, T2, . ., T,), where &; are interval
values in I(R). The mid-point, norm, and width values are defined component wise

>

mid (z)

norm ||z||

(mld (a:l),mld (wz) yooey mid (a:,,)) y

£ max k=1, |k}

wid (;_p_) £ ma,xk=1,...,,,(wid (a:k))

An interval matrix A is a matrix whose elements are interval numbers i.e.




A = (ay),,,, with intervals a;; € I(R) and
mid (A) = {mid (a'ij))nxn’
norm |All £ max.,,.., (Z '“ij’)

=1

li>

wid (A) MAaX ; j=1,.. nWid (@i;)

For example, 2 X 2 interval matrix

(2123
sl i b B R G H

For detailed algebraic properties of interval matrices see Neumann,(1990).

A

B.3 Derivatives of interval-valued fuﬁction
Definition B.3.1 Assume that f(t): T — R and f*(t): T — R and
@)= [£'®), 1@

is an interval function on T C R . If these real-valued functions f'(t) and f*(t)
are differentiable at to € T, i.c., & f'(to) and & f*(to) exist, interval function f(t) is
differentiable at ty € T. The derivative of the interval function f(t) at ty is defined
as

1) = |G A F 1) TV 7]
If £ f'(to) < £ (o) then f(t) is said to be differentiable at to same-orderly, and
H1t0) = |50, 57w weT

If 2 f'(to) > & fu(to) then f(t) is said to be differentiable at ty reverse-orderly, and

4 f(t0) = [%f"(to), %f‘(to)] €T
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Definition B.3.2 For a general interval function f(t) = [f(t), f*(¢)] on T, if the
derivative of f(t),

d _ d 1 d “' i d ] d %

F0= OGO FOVE )

ezists for Vt € T, then f(t) is diﬁer‘ehtidble on T. Similarly, f(t) is differentiable
same-orderly on T if

d d g, d ..
dt (t) - {H—tf (®, dtf (t)] ,VteT
and f(t) is differentiable reverse-orderly on T ,'f

2 f= [%ff‘(i), 210, wer

Further quwtlon gwen a class of mterva.l functions F(z), where £ [z!,zY),
va: < z*, o}, z* €Rie,a real-valued mterval what is the definition of the denvatlve
- of F(z), F'(x)? For example, what is. the denvatwe of say F(z) = [1,2] - =
Kearfott (2004) states that, if the mterva.l [1,2] is “interpreted as a single pomt
value that is known only to lie in the interval [1, 2], then the logical derivative would
‘be 2-[1,2] . This is because f(a:) = aa:2 for a € [1,2], so f'(z) = 2ax for the same
a in [1,2], this implies the deﬁmtmn of an mterval derivative’ or 'interval Jacobin
matrix'. Vladlk et al. (2003) has glven the following new differential formalism for
' mter—valued ftmctlons

Deﬁmtxon B.3. 3 An mterval functzon F s a ﬁmte sequence of pairs (;, y,), i=
1,2,. n,whereforeachz,a:,zsamalnumber ie,t; €ER, 7 <29 < - - < T,
and y, = [y,,y,] is a non—deyenemte mterval (y’ <y, ¥,y € R) enclosing the
' range of x. : :

Deﬁmtlon B 34 A functzon f:R—=R is sazd to belong to an mterval Junction
F = {(z1,3), (x2,¥;) (z,.,y,,)} i e f € F if f is continuously differentiable
‘ and for each i, f(z;) € y, '

Deﬁmtion B.3.5 Let F be an mterval functwn and [a, b] be an interval. A deriv-
atwe of F’

F’([a b]), ﬂ f’ (la, 8])

" feF
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where f'(z) is the first order derivative of f(z), and

f o) £ {f'(z)lz €[a,b]},
where f’([a,b]) is the range of the derivative fI(z) over the interval [a, b].

Remark B.3.1 The notation F' ([a, b]) looks like the notation of a range for a real-
valued functions and shares some properties of range, say, the range is inclusion-
monotonic by which [a,b] C [c,d] = f'([a,b]) C f'([c,d]). Therefore, derivative
F' ([a,b)) is inclusion-monotonic, i.e., [a,b] C [c,d] = F'([a,b]) C F' ([c,d]). Fur-
thermore, if [a, b N[c,d] # 2, [a,bU[c,d] = |a,d], an interval, then F' ([a, b] U [c, d])
D F'(la,b]) U F'([c,d]). But it is not a range, if an interval is narrow enough,
F'([a,b]) = 2.

Definition B.3.6 Let F = {(z1,¥:):(Z2,¥2), - ,(Zn,¥.)} be an interval func-
tion, and let s be a real-valued number. Define an interval function

F— sz = {(xlayl - sxl))($21y2 - 33:2) ' U )(xnayn - szn)}

where

y—c2y—cy” -

for the given interval y = [/, y*], c€ R.

Lemma B.3.1 For VF and any interval [a,b], s € F' ([a,b]) if and only if (Viadik
et al., 2008) |
0 € (F - sz)' ([a,3))

Theorem B.3.1 For VF and any interval [a,b], let iy and j, be the first and last
indez of the values inside [a,b] (Viadik et al., 2003). Then

F (fa,8]) = [(F')', (F)"]
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where
(FY4 min A

£ <i<j<ju

(F)*4& max Al

ij

$<i<j<ju
Al & Ut
t3 Tj—T4
Au & ¥y
i — Tj—Ts

and .
g2 {zlp<z Bz <q}

such that if p > ¢, [p,q] = @

B.4 Interval Matrix operations

By convention an interval matrix. A = (A;;) is interpreted as a set of real m x n
matrices (Neumann 1990) B

A={AeR™™A ;eA; fori=1,... mj=1,.. n}

In short an interval matrix is the one that contains all real matrices, whose elements
are obtained from all possible values between the lower and upper ‘bound of its
interval elements. A symmetrical interval matrix is one that contains only those real
symmetrical matrices whose elements are obtained form all possible values between
the lower and upper bound of its intervél element i.e.,

3ym = {A € RﬂXnIA"J € A;J WlthAT = A}

Simply, an interval vector is an n x 1 interval matrix. Hansen (1992) refers to interval
vector as a box.

Let m and n denote given positive integers and let I* (R") and I* (R™*") denote
the sets of all n-dimensional vectors and all m xn matrices respectively with elements
from I* (R). Let interval matrix A [A!, A¥] € I* (R™*") and interval vector
b2 [b,b*] eI*(R"). ‘

Deﬁnition B.4.1 For VA, B € I* (R™"), then
(i) A2 (ay),e, = ([a}, ,J])mxn, a;; € I* (R);
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(ii) A = B if and only if a;; = b;;, for Vi, j;
(iii) A C B if and only if @;; C by;, for Vi, j;
(iv) A+ B £ (a;; - b;;) (see theorem B.4.1 (i));

(v) forVAel* (k’”’“’) andVAeI*(R™"), A-B 2 (zv: a;y, b‘,j);

k=1
(vi) for VA € I* (R™") and Vb € I* (R™), A-b 2 ( 3" ay, - b,,) ;
k=1

(vii) forVAeI* R™ ") andVce e I'(R), A-c=c-A 2 (c-ay);

(viii) T2 (1), and0£ (0)  , where1=[1,1] and 0 = [0,0] respectively;
(ix) fOf‘VA, Bel* (Rmxn)’ A+ A ((Egj)+), A S ((ﬁ,‘j)—), and AVB e (a.~_,~ \% b.'j)
(x) for Vb €I’ (R"), n X n matriz diag (B)

by 0 -~ 0

| 0 by -- 0
asga| 0%
0 0 -.- &,

For common real-valued matrices denoted as

4 - [4, —9] B=[ 0, 2] C=[ 5, —23]
0, 6 -1, -1 -5 1

it is well known that {A+ B: A€ A,B € B} C {C € AB}.
Theorem B.4.1 Let

- (] )

e ()

be interval matrices. Then
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() A+tB=B+A

Proof.
From the left side we have

N (e ) ( o 2 [2])
) (0[416+] —[10 112 [ 10 +[ -1, 13])
(1

[ 4, 18 _7
1, 2 5, 13

From the right side we have

[0 12] —9, 0
:—1 1 _—1 3 0 1 6 10
[o 12]‘+[ J+[ -9 o
((—1, 1_+'0 1] [ ~1, 13] [6 10
( 4, 18] -7, 3 )
- - (B.6)
-1 2] [5 1]

‘F‘mm B.6 and B.5 we conclude thatA+B = B+ A. The rest can be similarly
shoun. m ’

B+A =

ey
T

(i) (A+B)+C=A+(B+C) if A, B,C €I* (R”™);
(iii) A+0=0+A=Aif A,0eI"R™);
(iv) AI=IA=Aif A I e I*(R™");

(v) subdistributivity
(A+B)C ¢ AC+BC
C(A+B)CCA+CB
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To illustrate, consider the left hand sidé

(A+B)C

(1 el (g ) |
SRR A WM N B R R St SN S
- ( [ Le :7]] [[.Z:,w e;] )

Stmilarly the right hand side is

(el (ki i)
(125 &:31]) (Pl
(G 9911 TR I P ¥ it 4 P
L G B S S el

(e )

Tltustrating that (A+ B)C C AC + BC. SimilarlyC(A+ B) C CA+CB
can be shown

+

(vi) Egquality is satisfied with multiplication by a real-valued matriz C i.e.

(A+B)C = AC+BC
C(A+B)= CA+CB

vil
o A(BC)C (AB)C
(AB)C C A(BC) ifC=-C
A(BC)=(AB)C
A(BC)= (AB)C for A,B,C e I(R™"),
and B=-B,C = —C
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B.5 Basic operations of Kaucher arithmetic

Assume operator symbol * denotes any operation from the operator set {+, —,-}.
With intervals & = [2/,2%] e I'(R), y = [¢',9*] e '(R), t = [t!,t*] e I"(R), and a
bounded set of extended intervals {;},;, «; € I*(R) for J an index set, the

dual(x) £ [z%,2'], where z! > z*

olx) 2 T if « is proper
pr dual(z) if @ is not proper
sup {z;li € J} = [nel; {«l}, sup {x}‘}] , largest possible interval
i ieJ
inf {z;}i € J} = [sup{:cﬁ} , inf {x}‘}] smallest possible interval
icJ i

Q% (1) & t 1f & is proper,
dual(t) if x is not proper

z+y =0T (W ({z + y|z € pro(x), y € pro(y)}))
Let z € R, then
zt £ max {z,0}
z~ £ max {~z,0}
zVy £ max {z,y}
and for intervals x,y € I'(R), |

‘z* £ [max {z',0} Amax {z¥, 0}, max {x 0} Vmax {z*,0}]
z” [max {-2',0} Amax {-z*,0}, max {—:c 0} vV max {-z*,0}]
zVy2 [z‘ Vot VyY

Further detailed account of Kaucher interval arithmetic can be found in Lakeyev
(1995).
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APPENDIX C: ALGORITHMS

C.1 Algorithm: Interval smoothing

Let

Z,=(2820),i=,...,n,

mi= 3 Zi/n= (z Z¢/n, 3 Z:/n) — (mg, mf) = m;
i=1 i=1 =1

Foreachi=1,...,n

1. Initialize mf = m;, and k = 1
2. Find n(3) closest interval values to the value at i i.e. according to the distance

o (m* — ZT)?

k 2 _ k, 2
lm; — Z,{|* = (m;* — Z5) +m( : i

3. Using appropriate kernel function for g(-) (Table 4.3) compute,

n(1)
Elg (Ilm¥ - 2;|1?) x Z;
j= :

ml'c+l =
4 n(s)
-ng (llm¥ - Z,]]?)
=
_ 1
e = n(i)
2+ 3 g (Im} - 27
J=
k = k+1
until |mf —mf <e

Let m{®", denote the convergent point value; the local estimate at given
location ¢

3. Assign Z; = m{™

End For



C.2 Algorithm: Spatial Kernel Interval smoothing

Let
Y;= {a:'., Z'} input data (zi, Yi, (cha Z:))’
{If}iz12...k=1,... evolving sequences in range domain; initial value I} = m,

{v¥}ici2,.m0 K =1,... evolving sequences in Spatial domain; initial value i ==

Define

1. interval distance, d = ||I¥ — Z;|[? = (If** — Z5)* + 225 (IF" — Zj)*

2. the spatial distance, s = ||vf — ;|2

‘ 2\ 2
g(d) = (1 - (f;) ) the interval kernel function, bandwidth b; (Table 4.3)

2\ 2
w(s) = (1 - (f—) ) the spatial kernel weight, bandwidth h; (Table 4.3)

£

T Zxwe)xgd
F€n(i) _ I
) s T xW(s)xg(@d
k+1 ' jen® 1)
Y" = = .
vf'“ ] je%(i)wj xW(s)xg(d)
x'w 8)xg II

FEn(i)

Foreachi=1,...,n

3. Find n(4) nearest neighbors of _a.ccdrding to spatial distance s

. , ' n(3)
4. Compute the neighborhood average m; =n=1'3_ Z;
‘ =

5. Initialize I* = m;,vf =, and k=1, ...

- 6. Compute
i Eq. C.1,1
iie=1/ (2 x 3 w(s) x g(d))
jen(i)
iii k=k+1
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until either the interval shift [I¥*! — I¥| < e or the spatial displacement
lof*! — okl <e

Let v¥*! = v be the location convergence and
Let I**! = F™ be the range convergence, then

Y™ = (vf™, I;™), forms the convergence of the iterative procedure initial-
ized with Y; = (v%, I*). Run procedure for all i = 1,.

7. Assign , Y; = (a;, I;™). the smoothed value at location z;

End For.

C.3 Algorithms: Kernel Joint distribution (Copula), Kernel Marginal
and Kernel Membership functions estimators

Step 1. Applying Eq. 5.6, generate the bivariate kernel density estimate f(l,u)
with lower(l) and upper(u) the coordinate random variables of the sample
observed random intervals/vectors.

Step 2. Find the kernel marginal estimators F(l) and Fy(u) by applying Eq.
5.8 such that sup F(!) = 1 and sup Fy(u) = 1

Step 3. Find the kernel joint distribution estimator F'Lu(l, u) from Eq. 5.7 such
that sup Fry(l,u) = 1. Applying the copula definition Eq. ??, we have
Fry(l,u) = C(Fi(l), Fy(u)), thus the empirical copula is given by the joint
kernel distribution estimator.

Step 4. Find the kernel membership function ujz)(z) by applymg Eq.?? such
that sup pgz)(z) = 1
C.4 Algorithms for Copula and Marginal Grade kriging

Step 1 For the "sampled” bivariate random variate observations, obtaimethe bi--
variate kernel density estimate fziz.(2%,2%)

Step 2 Integrate numerically the bivariate density estimate w.r.t. Z' and Z* ac-
cordingly to obtain the

a) lower marginal, Fz (z') then fit a lower marginal model -
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b) upper marginal, qu (z*) then fit an upper marginal model
c) joint distribution (copula) Fziz.(#,2¥) .

Step 3 For each of the "sampled bivariate random variate” observations
{(#,22)} = {(2(zi, %), (21, %)) , (z:, %) € D}, calculate the sample

a) copula grades {C (w;,v;)}, where -
C (zi, %) £ C (wi, v3) £ Fgiz4 (2, 2}) (C.2)
b) lower and upper marginal distribution grades
{Fzi ()} ond {Fzu (5} | (C3)
using the data and the fitted margins
Step 4 Use ArcGIS Geostatlstlca.l analyst, to generate appmpnate seml-va.nogram
ftmctlons for the sampled copula grad&s, lower gra.des and upper grades
Step 5 Use ArcGIS to generate

a) copula grades prediction map as well as prediction error map;
'b) lower marginal grade map as well as prediction error map;
c) upper margma.l gra.de map a8 well as predlctlon error map;
Step 6 For any 1 unknown location, (xo,yo) € D, based on the predicted copula
grade map C (x:, %) and one of the predlcted marginal distribution grade, say,
Fz: (2 (x4, %)), the predicted value (26, 28) can be obtained in terms of the

mverse transformatlon
Z= Fz_ll (ﬂ?o) | , (C.4)
where
g = Fzt (2 (20, %0))
and , N |
% = Fz (wf {v: 0 (@0,0) 2 C e w)}) (©5)
C.5 Algofithms for Credibility grade kriging

| Step 1 Use the "sampled bivariate random variate observations”, to obtain the
joint bivariate kernel density. Integrate numerically the joint density to gen-

C4




erate a kernel data-assimilated membership function for the induced fuzzy
variable observations. finally, we define the corresponding data-assimilated
credibility distribution function of induced fuzzy variable.

Step 2 For the "sampled fuzzy” observations{z;, (z;,¥:) € D}, apply credibility
distribution to calculate the sampled credibility grades {®¢ (), (zi, %) € D};

Step 3 Use ArcGIS software to generate an appropriate semivariogram model
based on the sampled credibility grades{® (z;), (z;, %) € D};

Step 4 Use ArcGIS software to generate credibility grade prediction map as well
as prediction error map; :

Step 5 For any location interested, say, (zo,%) € D, the predicted credibility
grade is 65 (20) . Then, the predicted value Zy can be obtained in terms of the
inverse transformation ’

Zo = ;! (a’f (2 (2o, yo)))

since the credibility distribution ®; is increasing function on z, the inverse
function is
&' (y) =inf (2: B¢ (2) 2 v).
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1. Introduction

Kriging is a well known technique of spatial interpolation; known sample values {Z(x,) , and
x;,, the location of point i , i = I, ..,N) are used to predict unknown sample values (Z(x,) , and
Xo,, the location of the unknown point). In ordinary kriging, variables are represented by a
single value, for example, at location x;, we might observe concentration of zinc (measured in
ppm) in soil samples. However, in several applications we might not observe a single value
at location x;, but a sample of values. Examples are measurements of pollutant
concentrations; SO2, NO, CO;; daily currency exchange rates in foreign exchange; and in
petroleum industries, we may have data in form of inequalities due to conventional drilling
practices. In all these cases the exact values is not observable, what is know is that the values
lies within a given range of sample values.

Usually the sample values will be summarized by a suitable “single” measure, either the
mean or the median. When a “single’” measure is used, sample range is ignored and valuable
information is thrown away. However, it would be more interesting to take into account the
minimumn and the maximum values measured at the locations rather than the average or the
median because they offer more detailed and complete information about the phenomena
under study. Besides, in most cases data may be limited, which makes it even more necessary
to utilize all the available information.

In this paper we extended the semivariogram of ordinary kriging to incorporate interval-
valued regionalized variables. Atlocation x; we are now observing the intetval, Z(x)) =
[Z'(x), Z°(x)], where z‘(x.) represent the lower bound and Z"(x;) the upper bound of the
interval, withi=1,.

2. Semivariogram - Ordinary Kriging
Given a regionalized variable {Z(x) xeDcS“} with known values at N sample
points{x, :i =1,.., N}, it is considered that values at close range take on similar values,

(Tobler, 1970), first law of Geography. Therefore to estimate unknown values we can use
the strength of the relationship between the known values and the unknown value. This
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relationship is quantified by the semivariogram, the average square difference between pairs
of sample values separated by distance 4:

I N
Fh)m=— ) KZ(x; +h)~Z(x;) o
Mhlék i i )2]

with N, the pair of samples at lag 4 apart, and | N, | number of such pairs.The semivariogram
is then used in kriging to calculate estimates at unknown locations. Different types of kriging
assumes that local means are not necessarily closely related to the population mean, hence
uses only the samples in the local neighborhood for the estimate. In particular, in ordinary
kriging, the regionalized variable is assumed to be locally stationary thus allowing for an
estimate of unknown value, Z at locationx,. Z(x,) is calculated using the weighted
average of the known values in the local neighborhood, i.e. Z'(xo)=ZA, *Z(x)). This is
possible assuming second-order stationarity with prediction model:

Z(x) = p+8(x), ' @
where 4 is the local stationary mean and s(x) the standard error. Optimal weights are
obtained by solving the linear kriging system of equations obtained by minimizing the mean
prediction eror E(Z(x,)-Z"(x,))* conditional on) A, =1. (Goovaerts, 1997; Cressie,
1993).

The linear kriging system:
Tarkls)- =l Yoy =rGle)-2x)). i=1..n @
A=l

With p{z(x, )~ z(x, )}, the variogram for known data values, »(z(x,)- z{x,)) the variogram
for know an unknown prediction location and y is the Lagrange parameter. In matrix
notation Equation 3 reduces toI'" 2=y, with T,,,,,,, real-valued matrix; 7,,, real-valued
vector both adjusted for the weights constraints. Weights are obtained by solving the kriging
system. This has been implemented using C++ template for geostatistical analysis and R
sgeostat.

3. Fitting the semivariogram for Interval —valued data

Kriging of interval is often done naively by analyzing either the median or the average value
of the interval range. This reduces to ordinary kriging with substantial loss of information.
An altemative method is to estimate variograms for the minimum and the maximum values
separately. However, this does not only reduce to ordinary kriging, but it is based on the
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assumption that the measurements (i.c. minimum and the maximum values) are independent,
which is not the case as they both represent the same phenomena.

A better method would be to looks at the possible ways utilizing all the sample range data
(minimum and maximum), with a goal to obtain sharp interval bounds for the estimates. This
will result to inner interval estimate which includes all the possible evaluations of the
phenomena under study. This paper introduces interval- valued variogram by addressing
folowing issues:

1) estimating the interval-variogram while maintaining the dependence between upper
and lower values;
2) Exploring extended interval computation arithmetic methods to extend spatial
methods for analysis of interval spatial data.
3) Setting up appropriate interval weight constraints;
To address these issues, we have extended Diamond, 1988 approach, using a more
generalized metric on the space of nonempty compact intervals, and finding all the possible
optimal solutions for the general case of non-degenerate regionalized interval-values. This
has been implemented using Kaucher extended interval arithmetic which allows for the
kriging weights to take on any value on the extended real (-0, +) and the problem of
obtaining an inner interval estimate of the interval linear kriging system is NP-complete.
Much of the work is implemented in C++.

Interval-valued variogram is a function of the distance between interval-valued sets, the
difference between the minimum and maximum values at the corresponding spatial locations.
The interval random function model is:

Z(x)=m(x)+F(x) @
with Z(x) =[Z'(x),Z2*(x)] , @ =[m’ (x),m" (x)] ,and and & =[s’(x),&" (x)]
The interval sample variogram is given as:

0] =ﬁg[(f(x, +h-56)))] )

Applying interval arithmetic operations to the quadratic part of (5) results to
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f(h)=2|—;,12[/.. @), foua o))
A

i=l

N, N, 6
] a| =l

=]

=[7' #),7*®)] , lower and upper variograms
where £, (i,h) = min(c,’,c,cp0,¢,°) and £, (i,h) = max(c,”,c4,¢,0,¢,7), with

cy =& (x, +h)-&"(x)

Cp =57 (% +h)~5' (%)) ™
Assuming second order stationarity, (4) reduces to prediction model:
Z(x)=F+F(x),xe DcR? ®)
With 7 the local interval mean. The interval estimate Z”(x,) = 7, ¢ Z(x,) is obtained by
EZ () -7 )] = Bz ) - 2]z ) -2 ) ©)
This leads to linear interval kriging system
Y% 7e(x)- 2, )+ 7 = 7E(x)-2(x, ), i=1..m

T-1

In matrix nouuon, we haveT” 2 =7, with T (n +1) x (n+1) interval matrix; 7 (n+1)
interval vector both adjusted for the weights constraints.

(10)

Using classical interval arithmetic, sample interval-variogram is estimated. The weights will
be obtained using Kaucher interval arithmetic, where the interval kriging system Equation 8

reduces to solving:
[1’1’&.” - ["ol,rmu] an

A(l»l)x(m-l) [Al’ ’ '1':. ], - B(Ml)x(n-d)
l '] ! 1 " ! . .
where A=-i(] ij +7l.j), and B= 50 1,1—71.1) are real-valued matrix, respectively, the
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midpoints and radius of the elements of the interval kriging matrix. Solution to the kriging
system will be done using adjusted verified solution method for interval computation and
interval-Cholesky decomposition implemented in c++.

4. Nlustrative Example

Data from SIC (2004) is very form a particular suitable case for interval analysis. Data

consist of natural ambient radioactivity measured in Germany, given in form of gamma dose

rates, reported by means of the national automatic monitoring network (IMIS).

From a rectangular with 1008 monitoring stations, 11 days of measurements have been

randomly selected within the a period of 12 months and the average daily dose rates

calculated for each day. From the 11 dataset we picked the minimum and the maximum

values generating a spatial random interval. The dataset consist of

® _ID: this integer value is the number (unique value) of the monitoring station chosen by
us. :

* X X coordinate of the monitoring station indicated in meters

* Y:Y coordinate of the monitoring station indicated in meters

* Z: mean gamma dose rate measured during 24 hours. Units are nanoSieverts/hour

Using a sample of 200 measurements, the goal is to estimatc measurement on the remaining
808 monitoring sites. Figure | indicates data locations.
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Figure 1. Data locations: @--sample values
A -- Estimate locations

Using this data, we applied interval variogram analysis

5. Results and Discussion
Below are results of variogram analysis, Figure 2 (a), (b), (c) indicate the variograms fitted
for median, min, and maximum vatues. !
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&. Conclusions

Tt i ¢lear that cligsical interval arithmetic will inoimnst cascs Tegd to lange intervg] Bounds;
hence we have ulemutively defmed the vatiogram tntetmes of weell defined metrics w (he
space of poitpasct closed intervals, This will be an extosion of Dimnotd, 19568 and the well

koown L2-metr in the Hidbert spuc of functione,

This. represenla un ongoing reacurch on extonsion of interval-oneerainty methods fur

hatdling wtheertamey in attervald spalial data
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Ab‘tract—Krlgmg[l]na 1i-k: and blished technique of spatial interpolation and
hasb p or p t in the ial soft in spatial statistical
lysi orGlS (G hic Inf jon S ), for le ESRI ArcGIS. Naturally, spatial

ohsuvatnomureoﬁaxnotrepraentedmtheﬁrmofanumbsbutmmtﬂvalvaluednumba
e.g., pollutant concentrations SOz, CO; cannot be measured in an exact way because of the
fluctuation. Therefore, an exact value is not observable. but what is observed is an interval
within which the values lies. A simplified approach is to perform lmgingon mxdpanﬁol
interval-valued sample observations. By taking the midpoint, we loss imp
contained in each interval-valued observation. lnthhpupetweptoposeagansahudmemc
ﬁurlmevaLvdnedobmvutnmuddevdopnwhodohgfwmternLnluedhlgmg The
a more realisti k and includes (2] fi lation as a special case. An
urpolluhon example, SIC2004 [3] is given as an illustration.

Keywords— Generalised metric, Interval Data kriging, Spatial Process, Geostatistics

1. INTRODUCTION

In the real world, spatial data sometimes cannot be recorded or collected precisely. For instance,
pollutant concentrations; SO;, NO, CO; cannot be measured in an exact way because of the
fluctuation, and the temperature is also not able to be weasured precisely because of similar
reason. An appropriate way to describe the SOa concentrations in the air is to say that the SOy
concentration is "below or above certain level ” or "bounded” by two values. The phrase "below
or above given levels ” or "bounded” can be regarded as a interval-valued number. This paper
addresses this problem. We explore the random closed interval method as a natural appropriate
tool in modeling the statistical models when imprecise data has been observed. We extend metric-
based interval methods to analysis of i ise spatial data.

Among the methods of spatial modellmg kriging (1], is a well-known and established technique
for spatial interpolation. However, in its original formulations, kriging was designed to deal with
exact measurements, therefore intervals of values or any imprecise data are represented by rough
approximations e.g. mean, median and indicator values. It is obvious that this convenience costs
the loss of imprecision information contained in each interval-valued observation. [2] investigated
interval-valued kriging under Hausdorff metric, and the Lg metric similar to [4] metric. However,
these metrics assign equal weights to squared Euclid b the interval endpoints,
midpoints and radii. The methods ignore the variability within the interval bounds. We address
this shortcoming by proposing a lized metric for interval-valued observations.

2. INTERVAL-VALUED NUMBER AND ITS METRIC

Let R be a real number set, and let K (R) denote a class of nonempty closed compact intervals
with semi linear structure

a+b={at+b:a€abed}, a={ra:aca} (1)

ﬁora,beICc(R).mdAeR Since support functi iquely defines each pact interval,

preserving the semi linear structure, the space X.(R) is embedded into s linear space with well
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defined linear structure, and well known Ly-metric. Therefore, mean and variance of compact
mtervals are obtained with respect to the metric.
licitly, a pty closed compact interval = [, z%] for #! < =%, #!,2* € R, where
« and x* are the lower and upper interval bounds. For midpoint and range notation: = =
[:c‘ z7, 2%+ 2" = {2, 2"}, with

midpoint: z° = -;—(z' +2') andrange: " = -;—(z" -z,

Most metrics between intervals, often take account of only some representative points. For
example, [2] metric used interval vertices while [4] metric used midpomt and range. The metrics

are similar and assigns equal weight to squared Euclid b the corresponding
interval points. In reality we would expect the midpoint to contain more information wlnle the
range is an indication of interval uncertainty. Hence, a distance e that optimally weigh

the influence of the interval range would give a better reflection.
2.1. The Generalised dc-metric on Interval Space
Theorem 1 Let a,b be elements of a class K.(R) of nonempty closed compact intervals, then

Tl - @

of. Assume that ([0, 1], 8([0,1]), G) is a probability space, the generalized metric

dgla,b) =a° ~ b* +

do(a,b) = ‘/ / (M3 (a, ) + (1 - Nia* - bPIG()

with Lo-metric
Bob) = 3xla"— 5P+ lo' ~ 7]
= Ja®-bP + o = b using midpoint range notation 3)
Thus, d%(a,b) is a weighted distance metric. The normalised weight e G()) for X € (0,1),

reflects the contribution of the Ly~ metric and of the sqnuared Euclidean difference between interval
midpoints. Instead of assigning weights to selected interval points, we let A he distributed contin-
uously within (0,1) with a continuous symmetric probability density function (pdf). Because of
its extreme flexibility, the Beta probability density function (pdf); a continuous and bounded pdf
within (0, 1), is ideally suited for the choice of A. The shape of the Beta pdf depends on the choice
of its two parameters (a, 4 > 1).

Therefore, let dG(A) = prstA"=1(1 — A)P-1d), and using (3)

- ! 3 ¢| r c I‘(a+a) o -
&(ab) = /o [M(la® - 47 410" ~¥F) +1 - Na® - 52 Tt -

= | —bP+]a" b /o AII:((Q);(Z))A‘“(I—A)"M,\

= lnc_bc'2+ oﬂh'_brlz

When applied to point intervals, dg(a, b) reduces to usual distance d([a, a], [b,4]) = |a — b for real
numbers. @

To show that d%(a, b) is & complete metric, we need to show that it satisfies the triangular
inequality: d}(a,b) < d%(a,d) + d%(d,b), for @,b,d € K(R). For the triangular property of
Euclidean distance for centers and ranges, we can assert that:

o= BP <o — P+ [ = 5P and Ja" ~¥P < |a" —dP+|d — b

1SBN: 4-939148-03-0 201
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Then it follows that:
o

< _ pef2 r_pr2 _ P2 _ R &5 — b°J? o _pR
lof ¥+ 2l -0 < (- P+ Sl - ) + (10 - 6+ Sl o)
- and the space (K.(R),dc(-)) is complete and separable. Hence, using the do(-) metric, we can
define the variance and the covariances of interval ohjecta.

3. INTERVAL-VALUED RANDOM FUNCTION

Let Z(x;) = [Z(z:)', Z(x:)*] (1= 1,...,n) represent the interval-valued regionalized variables
observed at n spatial locations z; in upatu.l region D C R%. We modelled the set of interval region-
alized variables with a class of nonempty closed compact intervals, (K. (R), da(-)). For simplicity of
notation, let Z(xz), Z"(z) denote the midpoint and range of interval valued regionalized variable,
and m,, m, the mean of the midpoint and range of interval valued reglonallzed variables.
Under second order spatial stationarity, the interval-valued random function is d d as

Z(z) = m(z) + e(z) (4)
with e(z) = {e%(z),¢"(x)} and

Mean: m(z) = (EZ°(z), EZ" (2)} = {m,m,},
Isotropic covariance:  C(h) = E[Z(z)Z(z + h)] - m? (5)

The isotropic covariance is a function of separation vector h , and m? = {m2,m?}. Further,
’ C) = B[z + ). 2@)] - m?  C"(h) = FIZ @+ R).Z @] - (6)
are the midpoint and spread covariances covariances respectively. For h = 0
C(0) = El2°(@), Z@)] -m2  C7(0) = E|Z’ (@), Z" ()] - m?
The variance of interval valued regionalized variable Z(z) with respect to dg metric

Var (Z(z))

E[d}[Z(x), m}] = E[2°(z) — m/]? +

[+ 3
c0) + arc @ M
is real-valued. Similarly, for a linear combination of observed interval regionalized variables
Z=3" MNZ(z),
=1

the variance with respect to dg-metric

Var(z) = E[B[Y M), }:m]]
i=1
= E{):A‘[zcm) - m.,]} n+ﬂE{2&[Z'(za) '“r]}
= }: MY E(Z(20)Z(25)] ~ mi + —— }: XN E(Z ()2 (25)] — mi
tq—l
= 2 MO (@i g) + — — 2 MM CT (24, 3;5). (8)
i,j=1 t,]—l
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3.1. Ordinary Interval Kriging (OIK)

Ordinary kriging implicitl, a non-stati dom function model where stationarity
is limited within each search neighbourhood. Predxctlon involves minimizing the error variance of
the estimator of interval-valued random function with respect to the dg-metric. Normally, spatial
measurements arc made on finite vol (i.e., ! port), rather than points z = (,y,2)
in space. Therefore, given z(z), a realisation of lnteml-valued regionalized variable Z(x), let

l‘/ 7 ! ’
a0 == [ z(2')dz’, forz’€ D
i1 J,

be the average of z(z), over the support D). The corresponding random field denoted as So, is
estimated by
n
Ss = ZMZ(:B«)
i=1
using the dataset {Z(z;):i=1,...,n}.
Kriging results to the best linear unbiased predictor ,BLUP [1]. "Best” possible means that
the esti is unbiased and optimal in the sense of minimum squared error (mse). The goal is
to obtain weights )\; such that

() B(S5)=E(So)=E(2)=m
(if) Edc(Sp, So)* is minimized under a set of constraints

In OIK, condition (i) equivalent to the constraint Z M=1, the unbiased esti and
we need to minimise (ii) with respect to dg-metric. Usms (2) we minimise

Edo(S;, 50 = E[(S5 - 5+ -

ES§? - 2ESS ST + E.S)"ﬂ R [ES' *? _2ES;" S5+ ESyY}  (9)

- Sr)ﬁ]

C*(D, D)

ID‘,//C’(z,z)dzdz’ forz' € D and

I'BF /., /., C(z:, z)dzdz;

C*(z;, D)

n
ES3=CD,D)+m? and E(S§,55) =3 MC(zi, D) +m
=1
and similar for E(S;?) and E(S}"S]). Weights can take any value on the extended real i.e.,
[-co UR]) U (RU +00], and,

ES§? = 3 MNC(mi,mj)+m]
$g=1
ES;? = 2 MACT (s, x5) +m2
$,j=1
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Abstract: In g lized linear ion fi rk, Kriging is a linear interp h d to precise spatial
chta.wnmdnaddnhomlasstmpuonsofmmuy Themm«nlofobmmgusmglevalucaamm
stationarity are not always realistic. We propose a nonparametric kernel regression technique that can handie interval data
and relax the assumption of stationarity. The approach proceeds first by mapping spatial random intervals into a spatial-
interval feature space. Second, a spatial weighted radial interval kernel is defined, with corresponding spatial and interval
MM&MMMNK&N&NWMMMuMMmmM
validation. Within the given spatial neighbourh interval basedmmmnlmmﬁne-umﬂnw
we:g!m.redmmgdneffeaofdmnmlumbbwvﬂm Emnmeatmy i ly by gradi
descent minimization of a spetially weighted interval kemel. 'lhemetbod:sapphedmlamllm

1. INTRODUCTION

Spatial observations are often not oblav as a single value, but rather as an interval observation e.g.. the pollutant

concentrations of SO; and CO;. In d!eh'admondmedtodsofmupohum,egxnmlﬁlﬂnrmmuthe
assumption of stationarity. D d (1988) d ordinary kriging to interval kriging. Wabiri, .et.al.(2005) further
improved on Diamond work, using a general weighted interval metric, under the assumption of second order stationarity.
The method assumes a known distributional form of spatial random intervals.

We propose a nonparametric kernel based regression method that relaxes the first and second order stationarity
assumptions. The approach utilizes the local structure of the data to discover the appropriste (nonparametric) regression
functional form of the interval spatial process.

2, SPATIAL INTERVAL KERNEL MODEL

Let the pairs {x,Z(x)}, with Z(x)=[Z'(x,),Z"(x,)] the observed spatisl random interval st location
x,, i=1..n ina2D Ewlidean space R* rep a spatial interval random process:

Z(x)=m(x)+e(x) )

where m(x,), is the nonparametric regression function at location X, and (x,) the error term assumed to be independent
and homogeneous, (Péez 2004). For case of notation, let Z(x,)=Z, and m(x,)=m,.Theﬁnctim m, is localized by
observations in the neighborhood of the location x, defined by a kemel function with an adaptive bandwidth. Possible

choncesofkemelﬁmwmdnmmuymmemed&mmdeuyﬁnmmmobmvmrdmwwm
geograp di from the regression point. Nearby observations are given more weight than those farther away.
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2.1 Model Formulation
Under global stationarity, a smooth estimate of M, is the global mean, ﬁ=ZZ,/n which minimizes the mean

=t

prediction error (MPE), E(m)=Y (i~ Z,)* . However, due to spatisl heterogencity; the regression function can not

be modeled with a constant value. To allow for high density diffe in the pr more rob must be built in the
model to take account of outliers, errors and any form of discontinues in the process. Rather than minimize the MPE, we
minimize the error loss-function (2) to obtain the so called M-smoothers.

Em =3 o -z,[) ®
)=t

To localize the global loss function (2), we introduce additional weights to define a local neighbourhood. This yields a
local spatial weighted loss function defined over spatial and the interval domain. This joint spatial-interval domain is a
product of two kernel functions. The first kemel is the traditional geographical weighted regression kemel, # , with KNN
bmdwdhuﬂﬁemoﬂummﬂkcmlﬁdeﬁmdmﬁmdnwmwmmmmﬂkumluhsdm

interval d the and prediction point values.
wmummwmwmmwmwwmm
prediction point as assigned smaller weights; and at a given geographical distance; neighbors with similar sizes to the initial

estimate at prediction point are assigned large weights.
Let m, = M, denote the initial estimate at location (/) with 7(7) the neighborhood set. Instead of minimizing (2),
‘we minimize (3) using gradient descent minimization yielding (4)

E(m)=gj§nW(lr, —x,r)o(l"'" /r) 3)

m =(1_zvj§nw(|,x,-x,|’)o'(|,.f_ jr)Jm'.
+ZVI§I)W(|x,-er)<D' (Imf— ,r)Zj

where v is the step size chosen so that we do not take t0o big or too small of a step to convergence. Too big of a step will
overshoot the function minimum, and too small step will result in a long convergence. From (4) an optimal value of v is
given as

-2 Z 7oK} -2F)

Let ®(-) be a kernel whose derivative exists for m, €[0,0), then 77(£*)=—® (£*) is akemel belonging to a
class of radial symmetrical kemels. Kemel 7 is called the shadow of kemel @ (Cheng 1995). Using the shadow kemel
7] and equation (5), (4) yields a spatially weighted interval estimator (6), parallel to the Nadaraya-Watson kemnel estimator.

@
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