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Abstract 

Recent evidence from the WMAP satellite has lead to a tentative detection of 

non-Gaussianity. Using the bispectrum statistic applied to the MegaZ catalogue 

of over 600,000 luminous red galaxies we find new bounds on the large-scale non­

Gaussianity. We constrain the fNL parameter using a particular type of triangular 

configuration as well as the combination of all the possible triangles in harmonic 

space. The constraint on fNL from the combination of all possible triangular 

configurations is ffV'ial = 57 ± 52 with 68% confidence limit, which is consistent 

with vanishing primordial non-Gaussianity, although some triangular configura­

tions on their own suggest a non-zero bispectrum which, if confirmed, would have 

a profound effect on modern cosmology. 
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Chapter 1 

Introduction 

In this first introductory chapter we present a literature review of some of the 

basic cosmological topics that are related directly or indirectly to the main topic 

of this thesis. 

1.1 General Relativity 

Spacetime is defined as a manifold of events with three dimensions of space and 

one dimension of time. Co-ordinate distances in a manifold are converted to 

proper distances by the use of a metric which is a fundamental quantity in General 

Relativity. For instance a spatially flat Lorentzian space time is described by a 

Minkowski metric : 
-1 0 0 0 

0 1 0 0 
(1.1 ) TJo:{3 = 

0 0 1 0 

0 0 0 1 

The infinitesimal distance between two events in this metric is given by 

3 

ds 2 L TJo:{3dx O: dx{3 
o:,{3=O 

-de + dx2 + dy2 + dz2 , (1.2) 

where dxO: is the co-ordinate of an event in spacetime: xO the time component, 

and Xl, x 2
, x 3 are the three spatial coordinates. Conventionally we do not write 
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Introduction 2 

the summation sign and repeated indices - one up and one down - are summed 

over. Greek indices are implicitly known to run from 0 to 3. 

In general the spacetime metric is a function of the coordinates. The usual symbol 

for the general metric is 90:(3. The distance between two infinitesimally separated 

events A and B in this metric is given by 

(1.3) 

The key idea of General Relativity is that the metric incorporates gravity. The 

motion of bodies in spacetime is governed by the geometry of spacetime. A freely 

falling test body in spacetime follows a special curve called the geodesic curve 

which gives the shortest distance between two events. 

Geodesics are found by extremizing the distance, 8, by solving the equation 58 = 0 

[I] 

(1.4) 

Here T is the proper time along the geodesics and f3, is the Christoffel symbol, 

which is just the covariant derivative of the basis vectors of the co-ordinate system, 

and is given by [I] 

(1.5) 

where 8(3 is the usual partial derivative. 

Using the Christoffel symbols we can define the Riemann curvature tensor, which 

encodes all the information about the geometry of the spacetime. It is given by 

[I]: 

(1.6) 

The Ricci tensor and Ricci scalar can be found by performing a single and double 

contraction of R3,o. The trace free part of the Riemann tensor is known as the 

Weyl tensor. 

1.1.1 Bianchi Identities 

The Bianchi identities are given by [I] 

(1. 7) 
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OJutrucliou of 1 hill «j,ml iuu twicr yidds (I, :.>1. 

t I 9) 

1.1.2 Eills tciu Field Equations 

lu Ceuerll1 RrlF\!'I',ly cr,Nl\Y , .. ".I mOlllculll1ll IIIC rolllhincd in ,.hc cnCl gY-lIIomrnllllll 

t~n'>Or. 'J ~." "" showr, in Fig. (I_I), r or a fluk! '100 re\>R,,*nl.:; Iht' ~Il~rg.\· d~JI.ity 

whil~ T" Il' proprn'lloMI 10 the pn~nr~ of the ftllid_ The Eill<lein field "'l"al;(.n. 

rdll!"7.,,. tv the Eiu.teil! l<'1L:l(.r 

(1,10) 

Too TUl T02 T03 
TIO Til TI2 TI3 

T20 T21 T22 T23 

T30 T31 n2 T33 essu 

F":tRf: I I Compon""t. of the cTK'T~y-momcntum tc~""", Im n~t' made by 
A " gr i. lake" ['-0Il! ''''''''''',,,okip<Jia,U!lIi 
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Introduction 4 

The meaning of this equation is well illustrated by a saying of J.Wheeler: "space­

time tells matter how to move, matter tells spacetime how to bend". Energy 

momentum conservation requires V aTa{3 = 0, which follows as the consequence of 

the Bianchi identity, Eq. (1.7) 

1.2 The FLRW Cosmos 

A standard assumption in modern Cosmology is that the Universe is homogeneous 

and isotropic. This assumption is called the Cosmological principle. The Universe 

is said to be homogeneous if the metric is invariant under spatial translations and 

isotropic if it is invariant under rotations. A space that is isotropic around every 

point is also homogeneous Pl. However, the reverse is not true, since the Bianchi 

models for example are homogeneous but anisotropic. Isotropy around one point 

is also not enough to prove homogeneity. Any spherically symmetric Universe 

will appear isotropic around the center. Fig. (I.:.?) illustrates an example of a 

homogeneous but anisotropic and an isotropic but inhomogeneous patterns. 

Evidence for isotropy comes from both large scale structure and the Cosmic Mi­

crowave Background (CMB). Fig. (I.:)) demonestrates the isotropy of the CMB 

The assumption of spatial homogeneity combined with the observed isotropy leads 

uniquely to a FLRW (Friedmann-Lemaltre-Robertson-Walker) metric. This metric 

is the exact solution of the Einstein equations for an expanding homogeneous & 

isotropic Universe. The FLRW metric has a zero Weyl tensor, and is, therefore, 

conformally flat. The metric can, therefore, be written as Minkowski times some 

function which gives the expansion of the Universe: 

_a(ry)2 0 0 0 

0 a(ry)2 0 0 
(1.11 ) ga{3 = 

0 0 a(ry)2 0 

0 0 0 a( ry)2 

1 Although the CMB is isotropic to a good approximation, there are interesting differences and 
other apparent non-Gaussianities between the northern and southern hemispheres in the Wilkin­
son Microwave Anisotropy Probe (WMAP) [1, .-,j. This makes the study of non-Gaussianity 
particularly interesting at this time. 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Intmdllrtion 

!"lGeHb 1.2, A hOlllogelJOOII.' hul alJi><xropic pattellJ 011 \he ler, allU aJI j,o\tol'ic 
but inhomogeneous pattern on the right. If a space is iwtropic about 3 or more 
point' in 3 dirn('n,i()m the')) i( '''11>, "1",, l~' hornog"n'~,".,_ !\c •. " ,h,,!. t.h""" 
/igur€'S u" l'lay uisc.-e'" tJ·aJJ.'llaliOli allU l'Otation 'ynwJetJie, ",hile ill cosmology 
we arc interested in continuOll. oynnnetncs. but the main ide", arc t he srune, 

Irn"!',e t.aken from http:;/,mml!.,,.,lm. ur:la_ ,d,,/~ """ght/m,,mo_V I .h'm 

where wp have introduced the conformal rimp dl) = dt/a(t), Using thi s metric in 

);inst ei n' " eqU~tiOIl" );q_ (1. )(1), Olle ~"n "how lh~t the );insteill equ ~tions reduce 

to just two equation~: the Friedmann equation (H) and the ae(;plpration equation 

(a) I ~I 

H' (;)' S"C Kc' ,\ -,---
3 ,,'(I) 3 

(1.11) 

" 4"C --'(r I :lp) , 

" 3 
(Ul) 

Where r i~ the deIl"ity r()Iltrihutioll' froIll dilIerem l'OIlljJoIlellt" o[ Illaller; a i~ the 

",-,ale fador, the expansion rate of the uni,eI'8P: p is presslUP; K is thp curvaturp 

constant of the Universe ,mel A i~ the cosmolop;icai COIl"t~Ilt, We Me UsiIlg a Ullit 

systeIIl where c - 1. K t"kes three value; elepe"'liIl1\ OIl the ~urvature: (j for flat 

~urvature (eg. plane), 1 for negative e.urvaturp (eg, saddle) and + 1 for positiw 

curvature (e". spnerp)_ '!'hp different compolwnt~ of the universe are usual!) 

assumpd to have a barot ropi<:' equation of ~t~te, I' _ I'(r}- It is C~)]]jJ["'Il to Illake 
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Inlroil1J.d.on 

= 2.728 K 

F[(;URI', 1 :J: The c~m ",'en hy cone ><dellite It h,e, a ,miform tern_ 
j", .. &tu .. e of T 2.72AK (which L, illu"tmled hy the "lJifo .. m Ted e%m of 
the image) and is isotropic to ooe part in 10". I'hi' image is taken ['()Ill 

hltp://lamMa. gsfc_ nasa. got' 

G 

all t'Wll strollger a&ulllptioll of a lillear rdatioIl , p = 'WI', where w can be time 

dependent in gener.l In this deS<'ription normal ",atter h,,-, '" = II. radiation h"-' 

w = ~ and the ~=nlOlogicnl L'VIlstallt hw< w = -1. 

The critical densit,' of the Universe at an,' rc~lffiift. z, ii; definc'<l such th'" the 

d~ll:;ity NIllrioutiollS from tht' lll,,\t~r rompolleIlt, of th~ Ulliwn;e at that , I~ 

enoIlgh to make Rpace fint. This mean~ we evaluate Eq. (!.IL) with K = II and 

W~ get: 

(J.J4) 

The density parameter of any wmponent, x, in the Universe is then defined AA 

Il., = .£.:. .. 
I'c<;t 

(LJ5j 

The conservation [)f ~n~I'gy i'''pli"" an addili[)nal ffjn8.t.ion which is known 1\.$ tll« 

<Xtnli",.il.y "'1<',,(;Oll: 

p+3II(J(1+3w)=O. [1.1(i) 

This can ix' int.egn\lt'<.ll.O gin' the t'vol<.lioll "j' the ~llergy densily -

( " I' 1 "I.") ") 
p (:( exp -3 JI) 1 I z' d" , :1.17) 
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Introduction 7 

where the redshift is related to the scale factor via.£.. = 1+1 ,where ao is the scale ao z 

factor today. 

In 1998 two groups [(i, 7] independently have shown that the Universe is not only 

expanding but also accelerating. From Eq. (1.1 :l) we see that acceleration of the 

Universe requires (p + 3p) < 0, and hence w < -1/3. Current data prefers an 

equation of state w '::::: -1 for a new component comprising approximately 70% of 

the Universe and is known as Dark energy. 

1.2.1 The almost FLRW Metric 

In a true FLRW Universe there are no galaxies or stars or any form of structure. 

The Universe we see, however, has all sorts of non-uniform structures, from solar 

systems to clusters of galaxies. Therefore to explain the observed Universe we 

require a metric that is not truly homogeneous. Fortunately, introducing small 

perturbations to the FLRW metric yields a good description of our Universe on 

large scales [k]. 

There are three types of perturbations that one can can make to the FLRW metric 

scalar which correspond to perturbations in the density, op 

vector perturbations corresponding to the TOi terms which describe fluid vorticity 

tensor corresponding to gravitational waves. 

We only consider scalar perturbations since we are interested in large scale struc­

ture and hence will talk about 1> for the metric and op for the matter. In the 

longitudinal gauge the equation for the scalar perturbations in FLRW Universe is 

given by [~J] 

(1.18) 

where i = 1,2,3 and 1> is the gravitational potential. 

1.2.2 Distances In Cosmology 

As we discussed in the first section of this chapter, the metric permits us to 

compute physical distances. Conversely if we measure distances we can learn 
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Cosmic Microwave Background 8 

about the metric of spacetime. The two most important distances that we can 

measure in cosmology are the luminosity distance (dL ) and the angular diameter 

distance (dA ). We define the co-moving distance, X(z), between the source and 

the observer via r dz' 
X(z) = Jo H(z')' (1.19) 

The angular diameter distance is inferred by measuring the angle that is subtended 

by an object whose physical length, l, is known. The angular diameter distance is 

very sensitive to the geometry of the metric and, hence, is a strong function of the 

curvature. The expression of this distance in a metric with curvature Ok today is 

given by [:':] 

_ l _ { sinh [VIT,;HoX(z)JI [(1 + z)HoJITIJ] 
dA(z) - - - X 

f) 

sin [J-OkHOX(Z)JI [(1 + z)HoJITIJ] 

(1.20) 

The luminosity distance is inferred by measuring the flux from an object of known 

luminosity. It is related to the angular diameter distance via 

(1.21) 

Observationally the luminosity distance can be measured through standard candles 

such as Type Ia Supernovae [til whereas the angular diameter distance can be 

measured through Baryon Acoustic Oscillations (BAO) [lO] . 

1.3 The Cosmic Microwave Background (CMB) 

The detection of the CMB in 1965 by Penzias and Wilson [11] is one of the most 

important discoveries in the history of Cosmology. The CMB is the radiation that 

holds the footprints of the baby Universe. It has been stretched to the microwave 

region by the expansion of the Universe. It has an almost perfect black body 

spectrum with a precisely measured temperature of [:)] 

To = 2.725 ± O.OOlK. (1.22) 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Cosmic Microwave Background 

A blackbody spectrum has an energy distribution function of the form 

( ) 
87[" hv3 dv 

P, V dv = -h'-,,-­
e kBT - 1 

9 

(1.23) 

where p" kB' h and v are the energy density, Boltzmann constant, the Planck 

constant, and the photon frequency respectively. 

The radiation density parameter 0, is given by 

0, = p, = 2.47 X 1O-5h-2 

Perit 
(1.24) 

where Perit is the critical density defined in Eq. (t. i I). The temperature of the 

radiation in an expanding universe evolves as the inverse of the scale factor, T ex .1. a 

Hence given the temperature of the CMB photons at some redshift, say today, we 

can calculate the temperature at another redshift, for example at Z = 103 is 

ao ) 3 T = - To = (1 + Z To ~ 3 x 10 K 
a 

(1.25) 

1.3.1 Matter-Radiation Equality 

In addition to the dilution of the photon number density, the expansion of the 

Universe stretches the wavelength of the photons, and hence further reduces the 

energy. As a result p, ex a-4 . The matter energy density on the other hand, 

decays only as Pm ex a-3 . This faster decay of radiation relative to the matter 

yields an equivalence of the two energy densities at some early time, known as 

matter-radiation equality. The redshift of equality, Zeq, can be calculated by the 

following equation [i:2] 

(1.26) 

where Ok is the curvature of the Universe. 
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Cosmic Microwave Background 10 

1.3.2 CMB Recombination 

The ionization energy of Hydrogen is given by 

(1.27) 

Where me, m p , mH are the electron, proton and Hydrogen masses respectively. 

When the temperature of the Universe was larger than this energy, the photons 

ionized essentially all hydrogen atoms via the reaction : 

(1.28) 

Photons scatter efficiently off the free electrons through Thomson scattering which 

forced the photons to perform a random walk with a short mean free path of ~ 

l/ne(}T, where ne is the number density of free electrons and (}T = 0.665 x 1O-2cm2 

is the Thomson scattering cross section. 

As the Universe expanded and cooled the reaction, Eq. (LZ~), became inefficient 

and the protons combined with free electrons to form neutral hydrogen in a process 

known as recombination. Without free electrons to scatter from, the photons 

decoupled: the mean free path of the photons became very large. This occurred 

at z ~ 1089 over a period of 6.z ~ 80. In the approximation where we consider 

decoupling to be instantaneous (6.z ---+ 0), we talk about decoupling occurring on 

the the surface of last scattering. 

1.3.3 Temperature Anisotropies of the CMB 

After the discovery of the cosmic microwave background, Sachs & Wolfe (1967) 

[! ;j] predicted that the CMB temperature has temperature anisotropies of order 

D.! rv 10-2 , which is larger than the observed anisotropy by a factor of rv 103 . 

Silk (1967) [II] calculated the density perturbations needed at the surface of last 

scattering, to produce galaxies. By converting this perturbation to the gravita­

tional potential via Poisson's equation, he predicted D.! rv 3 X 10-4 on arcminute 

scales. He also showed that the imperfect coupling between photons and baryons 

on small scales leads to a damping of anisotropies on small angular scales. This 

phenomenon is called Silk damping. His prediction was still an order of magnitude 

larger than the true value. 
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Cosmic Microwave Background 12 

where e and ¢ are the spherical co-ordinates, which represent a point on a sphere. 

The coefficients of this expansion, aim, are a measure of the irregularities at differ­

ent angular scales with the multi pole l roughly corresponding to an angle of 18t 
in the sky. By using the inversion formula, we can write the coefficients as 

j7fl7f6.T 
aim = -(e, ¢)}{~(e ¢) sin(e)ded¢. 

-7f a T 
(1.30) 

The angular power spectrum of the CMB is defined to be the second moment of 

the aim. 

(1.31) 

Fig. (l."i) shows plots of the CMB from the WMAP 3-year data. 

1.3.4 Primordial Non-Gaussianity in the CMB 

Non-linear perturbations in the initial density perturbations or non-linear struc­

ture growth after decoupling can lead to a non-Gaussian CMB anisotropy today. 

Therefore the study of non-Gaussianity in the CMB can put some constraints 

on these two effects. The problem then is if we detect non-Gaussianity, can 

we break the degeneracy between the two effects? The answer is yes. This is 

because the non-Gaussianity from primordial non-linear perturbations and the 

non-Gaussianity from secondary effects have their own unique signatures that can 

easily be disentangled. In this section we will briefly discusses primordial non­

Gaussianity in the context of the CMB. 

The standard cosmological model for the generation of primordial density pertur­

bations is inflation. In this model the mechanism that generates density fluctu­

ations is a period of exponential expansion following the Big Bang. The seeds 

of the perturbations are produced by the quantum fluctuations when the universe 

was 10-34 seconds old. The standard main assumption is that the fluctuations are 

scale independent and has a Gaussian distribution. This assumption is very well 

justified by the current CMB and large scale structure data despite the fact that 

small levels of non-Gaussianity are not ruled out. The search for primordial non­

Gaussianity is extremely difficult as it requires very high resolution experiments 

with techniques to correctly estimate the amount. 
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Inflation 14 

coupling constant JNL quantifies the amount of primordial non-Gaussianity. The 

Gaussian case is recovered when JNL = O. The aim of the study of primordial 

non-Gaussianity is therefore to put a stringent constraint on this parameter. The 

current best constraint on JNL comes from the WMAP data. The 5-year result 

yields -9 < JNL < 111 with 95% Confidence Limit (CL) [1 "'] while Yadav & 

Wandelt (2008) [I!)] find a positive detection of JNL with 95% CL from the 3-year 

WMAP data, 27 < JNL < 147. Also recently Smith et al. [20] find -4 < JNL < 80 

with 95% CL using the optimal estimator for J};jLal to the 5-year WMAP data. 

Constraints on non-Gaussianity from large scale structure are not as strong as 

the CMB. However, searches for scale-dependent bias induced by non-Gaussianity 

yield constraints of -29 < JNL < 70 (95% CL) [21] with weaker constraints still 

reported in other studies [22]. 

Since the power spectrum of a given field doesn't contain any phase information, 

the second moment of aim cannot tell us about non-Gaussian information. To 

study non-Gaussianity, therefore, we need to consider the higher order moments. 

The lowest order moment that encapsulates the non-Gaussian information is the 

third moment of aim, called the bispectrum. Moreover, this function satisfies a 

null hypothesis: it is zero for Gaussian fields. Therefore the bispectrum [~n, 2/1, 

:2,";, 2!i] is an excellent choice for studying non-Gaussianity. Other statistics that 

people use to study primordial non-Gaussianity include the trispectrum [27, :2>" 2()] , 

Minkowski Functionals [:\(J, :11], Wavelets. [:12] 

1.4 Inflation 

What seeds the initial perturbations of the Universe? Why is the Universe isotropic 

on large scales? Why is the curvature of the Universe very close to flat? These are 

known as the structure, horizon and flatness problems respectively. The theory of 

inflation was invented in 1981 to try to solve these problems [:n, :11, :lrJ]. 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Inflation 15 

1.4.1 Conditions for inflation 

Inflation requires that the Universe underwent a sustained period of acceleration 

before Big Bang N ucleosynthesis. From Eq. (I. I :j) we have 

i:i 47rG 
- = --(p+ 3p) 
a 3 

(1.33) 

Therefore for i:i > 0, the pressure has to be negative with the equation of state 

satisfying, w < -1/3. A scalar field can naturally satisfy these conditions. 

The dynamics of a scalar field (with a canonical kinetic term) is described by the 

Klein-Gordon equation, which in a FLRW metric is given by: 

(1.34) 

where H is the Hubble parameter and V(¢) is the potential for the field which 

primarily controls the dynamics of the field. The energy density and pressure are 

given by 

p = ~¢2 + V(¢) 

p = ~¢2 _ V(¢) 

The equation of state of the scalar field can then be written as 

(1.35) 

(1.36) 

When we impose the condition ~¢2 « V(p), known as the slow-roll approxima­

tion, we get a negative equation of state for the scalar field and hence acceleration. 

Physically this approximation means the potential of the field is sufficiently flat 

that the scalar field varies only slowly. For successful inflation we must also de­

mand that the scalar field continues rolling very slowly. To ensure that we exit 

inflation, the first derivative of the potential must not vanish. Moreover, the sec­

ond derivative of the potential should be negligible when compared to the first 

derivative. As a result the kinetic energy term will have a finite but small value 

and w > -1. 
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Inflation 16 

The Friedmann equation and its derivative for the scalar field from Eq. (LV») and 

Eq. (1.1~) in flat FLRW space read as 

8~G (~¢2 + V(¢)) 

H -47rG¢2 (1.37) 

The concept of slow-roll can be well described mathematically by defining the 

so-called slow-roll parameters [~)] 

E 

77 

e 
where V¢ == dV/d¢, etc .. 

1 (V¢ ) 2 
167rG V 

V¢¢ 
87rGV 

V¢V¢¢¢ 
647r2G2V2 

(1.38) 

(1.39) 

(1.40 ) 

For the slow-roll approximation to hold these parameters must be much smaller 

than one. 

The scale factor for inflation takes a quasi-exponential form of 

a(t) = aoe! Hdt (1.41) 

ao in this equation is the scale factor at the beginning of inflation and H is the 

Hubble parameter. In the limit H ~ canst., a(t) ~ aoeHt . The duration of 

inflation is commonly measured by the number of e-folds, N, given by 

N= J Hdt. (1.42) 

The larger the number of the e-folds, the longer the inflationary phase. Beside 

the condition that a > 0, we need inflation to last for at least 60 e-folds to 

solve the horizon and flatness problems [I)] . Fig. (1'(,) illustrates how inflation 

solves the horizon problem. In the inflationary scenarios quantum fluctuations 

during inflation provide the seed for large scale structure. The amplitude of these 

fluctuations is approximately [:lfi, Ti] 

(1.43) 
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Inflation 18 

1.4.2 Primordial non-Gaussianity from inflation 

Models of inflation are broadly classified into two groups based on the physical 

mechanisms they use to generate primordial non-Gaussianity. Models that gener­

ate non-Gaussianity at horizon crossing by non-linear perturbations in the inflaton 

field are called non-local. Models that generate non-Gaussianity by mode-mode 

couplings of an extra field with the inflaton field, outside the horizon, are called 

local [:.?(;, :):-i, :l~), 4(J, tl]. We discuss specific examples of each case below. The 

usual form assumed for the curvature perturbation with small deviations from 

Gaussianity is a quadratic function of the dominant linear Gaussian fluctuation, 

<I> L: 

(1.44) 

where the weak coupling parameter, iNL, quantifies the amount of non-Gaussianity 

from inflation, (fNL = a corresponds to the Gaussian case.) 

For a field with small departures from Gaussianity, the bispectrum, which is the 

3-point correlation function in Fourier space, is the most sensitive of the higher 

order statistics [11]. The local and non-local types of non-Gaussianities introduced 

above have the peak of their corresponding bispectra for different triangular con­

figurations. For the local type the peak is for the so-called squeezed configurations, 

where the triangle, in Fourier space, consists of two long sides and one short side 

(k1 « k2' k3). Non-local non-Gaussianity in contrast, peaks for equilateral trian­

gular configurations (k1 f"V k2 f"V k3) [:2(), :1<'-', ;;9, j{J, ell]. We now briefly discuss 

non-Gaussian predictions for various models of inflation. 

1.4.2.1 Single field models 

The simplest models of inflation rely on a single scalar field with action [12] : 

(1.45) 

where, as before, V(¢) is the potential, X == \1J-L¢\1J-L¢ and F(X) is an arbitrary 

kinetic function. Standard chaotic and new inflation models use a canonical kinetic 

term (F(X) = X). During slow-roll, the non-Gaussianity induced in these models 
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Statistical Clustering 19 

is very small, estimated to be [27), ;)1)]: 

fNL = 3E - 2TJ (1.46) 

As a result the simplest models of inflation predict tiny levels of non-Gaussianity 

(fNL rv 10-2
) that are amplified to 0(1) by the post-inflationary evolution [n]. 

Nevertheless, such small values will remain undetectable for the next decade or so. 

If, however, one considers models with non-canonical kinetic terms F(X) # X, 

then the nonlinearity of the kinetic term induces a much larger level of non­

Gaussianity which will be measureable in the next decade [;:<),11]. 

1.4.2.2 Multiple field models of inflation 

Another class of models which leads to interesting levels of non-Gaussianity is 

that with many light fields (here light refers to the mass of the field relative to 

the Hubble scale) [11, rl In that case the key difference compared with the 

single field case is the possibility of large scale entropy or isocurvature fluctuations 

whose statistics need not be of Gaussian form even if the adiabatic perturbation 

is Gaussian [;)1),1'-)]. 

An example is the curvaton model where a second field is light during inflation and 

acquires a scale-invariant spectrum of entropy perturbations. After inflation this 

field becomes dynamically important and the entropy perturbations are converted 

to adiabatic fluctuations but with significant non-Gaussianity. In these models the 

non-Gaussianity is of local type. Univ
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Chapter 2 

Statistics and Evolution of 

Gravitational Clustering 

In this second introductory chapter we present a literature review of the first and 

the second order cosmological perturbations together with the statistical methods 

used to quantify it from observation. 

2.1 Introduction 

The evolution of an exact FLRW universe is the same as the Newtonian equation 

of an isolated sphere with mean density, p, equal to that of the FLRW universe 

[Hi]. 

In the absence of any perturbations in the density, the evolution equations of the 

Universe reduce to only three linear equations that describe the density, expansion 

and velocity: 

P 
Po 
a3 

(2.1 ) 

r ax (2.2) 
a 

(2.3) u -r = Hr, 
a 

where X is the co-moving distance, u is the velocity and H is the Hubble parameter. 

Eq.('.!:i) is known as the Hubble law. Unfortunately, there are no such simple 

solutions for a perturbed cosmos. 

20 
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Statistical Clustering 21 

The general evolution equations of the perturbations for an ideal fluid are governed 

by three partial differential equations known as the continuity, Euler, and Poisson 

equations. In a co-moving coordinate system these equations are given by [W] 

08 1 
~ + -\7. [(1 + 8)v] = 0 
ut a 
oval 1 - + -v + -(v· \7)v = --\74> at a a a 

(2.4) 

\721> = 47rGpa28 

where 8 = E.=1. is the fractional density, v is the Hubble flow velocity, and 4> is the 
p 

gravitational potential. Fourier transforming these equations gives 

(2.5) 

The summations in these equations are the result of couplings between the different 

Fourier modes, which reflect the non-linearity of the gravitational instability. 

2.2 Linear Perturbation Theory (LPT) 

The Taylor expansion of 8 is given by 

(2.6) 

where 8(n) = O((8(1))n). In linear perturbation theory the density contrast 8 is 

assumed to be very small, 8 « 1, hence we consider only the first order term in 

the expansion. 

Since we know that fluctuations at small scales today are large, the linear pertur­

bation theory is valid only at large scales or at early times where the perturbation 

was not amplified by gravitational collapse. The coupling terms in Eq. (:2.'-)) 

on large scales are very small and can be neglected. The Euler and continuity 
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Statistical Clustering 22 

equations Eq. (2.;») in the case of dust can be combined to yield 

(2.7) 

The solution of this equation during matter domination can be found by assuming 

a polynomial expansion for 15 and writing 47rGp = -2
3 H20. m , where 0.m = L. The 

Pert 

time evolution of the linear density can then be written as 

(2.8) 

This implies that the density field has both a growing and a decaying mode. 

However, since the second term decays rapidly as the universe expands, it can be 

safely neglected at late times. Eq. (2.1") can then be written as 

15(1) = D(t)r5(O) (x) + decaying mode (2.9) 

Where 15(0) (x) is the initial density contrast and D(t) is the growth function. The 

growth function in flat FLRW Universe satisfies [17]: 

D( ) = 50.m E(z) 100 

(1 + z') d ' 
z 2 z E(z')3 z. (2.10) 

Where 

(2.11) 

and 0.m , 0.DE , 0.k are the present values of the fractional matter, dark energy 

and curvature density, respectively. The dark energy density evolution parameter, 

f(z), is given by: 

(2.12) 

In pressure-free linear perturbation theory, the growth of different modes is inde­

pendent of scale in that all modes grow by the same amount through time. 

2.3 Second Order Perturbation Equations (20PT) 

In second order perturbation theory we consider the Taylor expansion of the den­

sity field up to the second order, 15 = 15(1) + 15(2). In this theory, the mode-mode 
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couplings in Eq.(L-J) will not vanish, which significantly complicates the evolution 

of the perturbations. In general the density perturbations with the second-order 

corrections are given by [1Il,11S] 

(2.13) 

where 6f is the linear order and the kernel F(kl' k 2 ) is given in an Einstein-deSitter 

by: 

(2.14) 

Here x is the cosine of the angle between kl and k2 vectors. 

2.4 Fourier Space Correlation Functions 

To describe the statistical properties of an arbitrary density field, we can use the 

hierarchy of Fourier space correlation functions given by 

P(kl' k2) 

B(kl' k2' k3) 

T(kl' k2' k3" k4 ) 

(6k)6k2) 

(15k) 6k2 6k3) 

(15k) 6k26k36k4) 

(2.15) 

(2.16) 

which are known as the power spectrum, bispectrum, trispectrum etc. The angles 

( ... ) represent a statistical ensemble average. Unfortunately we can not compute 

ensemble averages in Cosmology as there is only one Universe, and we must assume 

ergodicity to replace ensemble averages with spatial volume averages [til]. 

For a Gaussian density field all the odd order correlation functions vanish and all 

the even order correlation functions can be written in terms of the power spectrum. 

The density (6) and the potential (1)) fields are related by Poisson's equation 

(2.17) 
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Where T(k) is the transfer function and D+(z) = (1 + z)D(z). The linear density 

power spectrum at redshift z is then related to the primordial power spectrum via: 

(2.18) 

(2.19) 

Here prim(k) = A16iO)1 2 and prim(k) = A'I<I>~rimI2 are the primordial density and 

potential power spectra, respectively. 

Because observationally we typically trace the dark matter through luminous 

galaxies, the galaxy power spectrum we measure is a biased tracer of the dark 

matter power spectrum. This means the galaxy and the underlying matter power 

spectrum are not the same but are related by some type of bias function. In the 

local bias model [:-,(1, :) I, c)~] we assume that the galaxy denisty field is a Taylor 

expansion of the underlying dark matter density field. 

(2.20) 

The term that survives in the linear theory is the the first order bias term, b1 , 

which commonly is just written as simply b. In this approximation, this relation 

between the galaxy and matter power spectra can be written as : 

(2.21 ) 

2.4.1 Phase Correlations and the Bispectrum 

Mode-mode coupling in 20PT generates information that can not be characterised 

by the power spectrum alone. The resulting non-Gaussianities induce non-zero 

odd-order correlation functions. The bispectrum (the three point correlation func­

tion in Fourier space) in 20PT is given by [If), lK]: 

(2.22) 

Where Pdk) is the linear power spectrum given by Eq.(1.1 '-). 

If we write 6k = akei8k, the power spectrum is just P(k) ex lakl 2
, which clearly 

carries no information about the phases (h. In the Gaussian case, the (h are drawn 
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Fl(;l'H;: 2.1: Etf~~,t of the pha,se informat ion. 'T'he first ~olum n in th is fif(\ITC 
"how, l WO origil1lu l~ctLlre; of ImuI1U1 f",-,""" III the ""'-'Oml t'OlLlmll the (~,-e; I<tP 
m:oustl'ucte<! by thr"willg away thp phase illiormatioll lrom the "rigillal jJictme, 
"",mung all t he informat ion i8 chaTUcteriOlxi by the powe, "lX-"tnlm, ln the 
third ""Iumn the fa,,,,,, arf r"""",,' lructe<i from I he IUnplitllM Oilhe ociginal face 

and the phase of the othpr lace, These l~ctures are takell I",ul 1-1;;1 , 

from a uniform random di"U'uhtion a.nd ind red carry nn inf,mnatinn. Hnwew]' t his 

is 110 l"llger true in the non-GmL",iilll case, Ph"",,~ of a n"n-Gallssian fidd ~nrry all 

of t. he nan-Gaussian information. Fi~, (!. I) shows the rpl ative informati on ron tent 

~torl>d ill thc jJh""" alld illHjJlitudc ,,[ a hUIllan bce, FroIll thi~ fi gllre we call "'-'e that 

m()';t of thp informat-ion that, pnahles u" to identify a pa rticula r fa"" comes from the 

phase infmn",ti"n ra thcr than the aIllplit"df, Th~ first colnIlln in this figur~ ~h",,'" 

pictures of two human b.c~,", In the >econd co/limn thp ffl.OL'<; are reconmructed 

I,y u8ing th~ jJc ..... -er ~vectra fWIIl the origina l jJiet"r"", hlI! with jJhllSL'S gencrated 

fwm a uniform random distruhtion lip, the GauS1'i~n approximation) In the t hird 

column thc fac~," are rp<con,tructoo, this timp swapin,.; the phaSf'S of t.hp ori,.;inlLl 

faces while keepin~ th eir ori,.;i n",l (lmplitude un<:hangoo. elelLrly jJh>!.,*, infnnllati"n 

dom in"t€'8, "howing how drasti~ the GalissilLn ILPp]'o.~iIllatinn can I>c, 

SiIllilarly Fig, (1.2) shows an K-hody simulation of lar~e "cll.le m,ructllre wi th and 
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wil.hout " rcshufflinl\ of (Ii,· "hu.:sc illform~tion of the "irnulmioll. \\'~ r~l1 ol'll florn 

t h~'SC plots that "ll\rlf~ amount of the ~ ILj.,t(·riJjg ;Jj!ormll!.;"Jj of t. h~ ~irnulmiQll i< 

._I"rro jJj the pha.;f o{ th p m,~I "",. O"~e w" ramioml\' ,,,,,I,,,me th" ph!II'fY. of th~ 

mWe. in lh" ,j""sily held. 1 he ;nf"nnntion of dll:Jlcfillg IS '''KnifiCllll lly d~'gI udl ... l. 

2.5 Stat is t ics o n t he Sphere 

I he ""gular power "pe<'tT1Lln i~ (hc Lq.:cnd .... !.r~n,form of (hc IWO pOUlt ~ n"'lbJ 

("rrelation fUll~tion_ AllY ",.ullre illt .Kr" h l ~ fL!"c1.io" Oll the umt 'ph(:l"e em! be 

~:<pr!'Ssed by thc lincar ""mblllAt iull 'if th~ sph"ri c~ l h ~l·mu"ia., I'm' J\ [uneT-L ull i, 

!«l id 1" be 'quare ime",h ul ~ ,r 1 h~ intq',ml of t h~ s<ju~re of ils nh1ol"l ~ value c;<;sts 

!tnrl ;, finite, T lw J~fillitlOn "I ,1 E'dillutioll (DI'<' j, 9, and ri ght 'lIi<:fn~i('l\ (HA). 1l. 

we lJ.>(" in Ihi~ the";'" me 0 .:: II .: 1" noo ll -< ,,< h . \\'~ c~n E'xl",,,,1 a.n ~rhltrAry 

6 .. 1,j in terUl~ of sph .... ;" .. l IIllml"ni("ll:li; 

o(O. oJ = I>'oN \-I .. (9,4» (2.23) 
,-
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where the Yim's are the spherical harmonics, which are the eigenfunctions of the 

Laplace equation on the sphere. Mathematically they are given by: 

Yim = NlmPtm(cos(e)) exp (im¢) . (2.24) 

where Nlm = ((2~!~1~1~1)) is the normalization factor and Ptm are the associated 

Legendre polynomials. Using the orthonormal nature of Yim, we can write the aim 

coefficients as: 

aim = r de, ¢)Yim(e, ¢)dD JLlfl 
(2.25) 

where dD = sin( e)ded¢ is the solid angle and the integrations is over the observed 

sky, ~D. To compute this parameter we use the same estimator as that of [,),1] 

Aim = L Yi~(e, ¢). (2.26) 
e,¢ 

where e and ¢ in this case are coordinate points of the observed sky. 

The angular power spectrum, elm, and bispectrum, B'(;I~G2m3, of a density field 

on a sphere are given by ensemble average of the second and third moment of the 

spherical harmonic coefficients aim, respectively: 

(2.27) 

where • is a complex conjugate 

For statistically homogeneous and isotropic field the spherical harmonic coeffi­

cients, aim'S, are drawn from a Gaussian distribution [:):), ;>G]. This means the 

non-diagonal terms of (alI ml a12m2 ) are zero. Also (aim) = 0 for 1 oj: O. The angular 

power spectrum averaged over m can then be written as. 

(2.28) 

If the function de, ¢) is statistically isotropic, the information from -I ::; m < 0 

are redundant. Averaging over 0 < m < 1 or -I < m < 1 doesn't make any 

difference as each value of m should give an independent estimate of aim. Averaging 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Statistical Clustering 28 

over -I < m < I just reduces the overall error. In fact, the result for -m should 

be identical to the result for +m, because the original density field is real. So 

o < m < l is in fact the full set of independent measurements we can get from Ct. 

The bispectrum given in Eq.(2.2T) is defined by triangles on a sphere with sides 

11 ,12 ,13 , The number of possible triangles on a sphere is infinite. Fortunately, be­

cause of the various symmetries and correlations due to isotropy, the total number 

of independent triangles reduces to some finite number. The subsets of triangles 

that are independent can be imposed by writing the angular average bispectrum 

as follows [n, 21]: 

(2.29) 

Where the matrix between big brackets is the Wigner-3j symbol which ensures 

that the following conditions are satisfied: 

We now discuss shot nOlse and error estimates on measurements of the power 

spectrum and bispectrum. 

2.5.1 Shot Noise 

The shot noise, which corresponds to the I = 0 in Eq.(2.2'i), is the surface density 

of objects per steradian and is a special case. The only harmonic in it is m = 0, 

and Yoo = ~. It can be written as (70 = (aoo) = ::rl' where N is the total number 

of points from which the density field is constructed and ~n is the area of the 

sky observed. The contribution of the shot noise to the angular power spectrum 

is therefore given by 

shot noise( C/) = (70 . (2.30) 
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Similarly we calculated the contribution of the shot noise to the bispectrum and 

it is given by 

(2.31) 

Hence, the final C1 and Bhl213 can be found by subtracting these shot noise contri­

butions from Eq.(2.2S) and Eq.(:.2.2Q), respectively. Note that since we are working 

using the overdensity field parameter, a = ~, we divide the final equations for p 

the power spectrum and bispectrum by l/a6 and l/ag, respectively. 

2.5.2 Error Bars 

The errors on the angular power spectrum and bispectrum can be approximated 

as [~)7]. 

a(C) _ 1 1 
I - J(l + 0.5) (C1 + ;0) 

(2.32) 

(2.33) 

where 6.l l h,l3 = (1 + 0'1 112)(1 + O'111J(1 + O'I2lJ and it is 6, 2, 1 when three, two and 

none of the sides are equal, respectively. O'ij is the Kronecker-delta function. In 

the presence of a sky cut, Eq. CLL~) &, (:.2:n) will be modified by 1/ fsky factor 

to account the incompletness [:21]. Where 

f 
- area of the observed sky 

sky -
47l' 

is the ratio of the area of the observed sky to the full sky. 
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Chapter 3 

The MegaZ-LRG Catalogue 

In this chapter we present both a literature review and a power spectrum analysis 

of the MegaZ-LRG Catalogue [~)/l,)\]. Our power spectrum code reproduces some 

of the results found in [;-)1]. 

3.1 Introduction 

Luminous Red Galaxies (LRGs) are one of the old and very luminous populations 

of galaxies in the Universe. The gas of these galaxies having being turned into 

stars a long time ago, there is typically very little star formation occurring today. 

The remainder of the stellar population is primarily old red stars, which give these 

galaxies their name. The spectra of LRGs are characterized by the presence of 

the 4000A break, shown in fig.C).l). For this reason the redshift of LRGs can be 

estimated with good accuracy (2 - 5%) from their colors only, without taking a 

spectrum. 

Most LRGs live in massive dark matter halos and often they are found at the 

center of these halos [GO]. As a result they are good tracers of the underlying dark 

matter with a large bias (b) relative to the underlying density distribution. Any 

features of the dark matter power spectrum will be observed in the LRGs power 

spectrum amplified by the b2 factor appropriate for LRGs. For galaxies where b 

is small, we need a high number density to resolve these features. However, for 

galaxies where b is large, as in the case of LRGs, we need a relatively small number 

30 
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The fir,! three spcs:tra illustrale a pl"OI':re,sion of rod,hift, the fourth spectrum 
.,how, a mild ernio>i()Jlline, iUl<1 Ihe 1&,1. .'j",,:l rum .,h,m', e.xUa DahHer al,,(~'j" 

lion, The latier lwo phenomena occur only rarely in the s[lmple of the SDSS 
LrtG'I,)9i_ We eiUl dearly see t he <li,tin!'!, feature, of t.he 4((1()A break in a ll 
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donsity. This is on!' import,,-nt fl.dwmt.age th"t, LRG suryeV8 ha \'e over other gal",,}, 

typ" survey". 

3.1.1 The Sloan Digital Sky SUITE'Y (SDSS) 

Th" SDSS i" an imaging and sp(xtroscopic sun",y ,,~th " dedic"ted opticfll 2.5 

met.€r t el~'UI~' The emnem COIl"i~t" of 30 2D48 x 2048 mosaic CCDs positioned 

in "ix rolmllns fUld fi\'e COW8 [(jl[_ The (,elescope is located in the Apfl.Che I'oint­

Ohservatory in :-lew !-. Iexieo, I, Iw" a !idd of view of 3 X 3deg' with a spm-ia l 

:;cal" of 0.4"pix- 1 in fiv" p'IR<bands (u, g, r, i, z) wit.h central wavelengt.hs :)500; 

~080, 0180, Tc.oo and N:;TO A r,-,,;p{'Ctiveh' [ii![. The prim"-rv goals of the "UlWY 

arc to obtain imagi ng of 10, IJOfJdeq2 of the :-Iorth C "Ifl.Ct ic C"-P in a ll of five bamJ"c, 

spectr()F(lOpic redshifts of 10" gal<J.X ies and 10' quasani_ The spcctra of object" 
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are obtained by a multi-object spectrograph, which has a capability of taking 640 

spectra at once. The wavelength range of each spectrum is 3800-9200 A [(i:~l. 

The latest public data release of the SDSS at the time of writing is the Data Release 

7 (DR7) [Ii I]. This release consists of a total area of 11663 deg2 and contains images 

and parameters of 357 million objects over this area. The DR7 spectroscopic data 

covers 7500 deg2 with a total number of 1.6 million spectra. The contributions 

of galaxies, Quasars, and other types (eg. stars, sky-spectra, unknowns) to this 

number are 930,000,120,000,460,000, respectively [bl],[www.sdss.org]. 

3.2 The MegaZ-LRG Catalogue 

The ~legaZ-LRG catalogue [:,x] is a photometric catalogue of LRGs extracted 

from SDSS imaging samples. The redshifts of the galaxies in the catalogue span 

0.4 - 0.7 with a number distribution of galaxies on the sky shown in Fig. (:l:2). 

3.2.0.1 Selection Criteria 

The selection of the LRGs in the redshift range of 0.4 < z < 0.7 is done by using 

a series of color and magnitude cuts. The cuts are designed in such a way that 

they match the spectroscopic LRG data from the 2SLAQ survey which provide 

the training data for the Artificial Neural Networks (ANNs). [:):-;] 

When the galaxies are plotted in a color-color (g-r, r-i) diagram, galaxies in the 

main sample and the LRGs lie in separate regions of the diagram. This provides 

a first list of potential LRG candidates. However, since M-type stars have also 

very similar gri colors to the LRGs, color and magnitude cuts cannot remove them 

completely. In the 2SLAQ survey these stars are discriminated from their spectra. 

Since we don't have the spectra for the photometric data, the MegaZ data will 

have a contamination from these stars. The contamination, however, is minimized 

by using the ANNs which uses all of the photometry data to produce a star-galaxy 

probability that reduces the contamination to 2% [.")?)j. 
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:1.2.0.2 The 1\1egaZ \Villdow Function 

.J3 

The SDSS angular region that the DR I (Data R"l"ase 4) "!egaZ cat.alogue cowred 

IS IllY' < a < 271Y' in "igilt- 3.'I('en,ion "'Ild _5° < ri < 70' ill dedillatiOll. Th,' 

oonlh gillactic plan" (etripes 76, 8L, aml 86) ar" exdnd"d as they comrib"!,, small 

nnmbers of galaxies and are widdy ,pac<.'(i f,-om th~ ''ffit of l_h~ slIrwy regioll 

[ !j~, ,MI· 

The window flllwtion for the \fegaZ ~atalogue i, ~onSlnld<.'(i [,y M'iglliIl1!, " ''1'' 

for eat'n o[,"'-"'\'"d pix~l of the "ky mal a "0" oth,'rw;"". Th,' resultin!,; "",,,eyed 

"-I'M is 5, 914d~a' w;lh a l<>tal YOI"IIle of 2.5h-"Gpc' ~C[(..," the redshift range of 

0.4<z<O.7. 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Mr-ljaZ-LRC 

2 

1 

0.5 
0.5 

. 

1 
g - )' 

Fl(;UHt: ~.:l Colour di"1.dJ..lIion, "j 2SLAq LltG., (.'«juarfO<l and MegaZ-LllG 
targets (,mallpointsj, Theselo<tionon c"", =O,7(g r) 1.2(1' i 0.18»LG 
","panl.te. later-type g"laxies frOIIl the LRG sample while {'llt, "hove linc"" of 
('on,tan! d,,.,,, == (r - ij - (g - , ·j/R.t! > 0", "'led earlY-IYpe galaxies wilh 
increosingly hi~h redshifl, 9 '-" and r i in d,.."p and cpa.- are oolors defined 
by the photometric baud, of tl>e SUSS. Thi s figure is takell from Collister et aL 

'."'] 

1 
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from the bin~ry rowntge ml", [(~;] !'he"" include dM! exti nct ion , "eeing vitril<­

tions, in~oml'lctcn~,," in the \'i~iJlity or \U.I' bright "tn," or gala."{il';, mId sys\l'ffintic 

efff'Cts induced by ot~r-gruaxy separation [.''/1. It is shown in P ·I] th~t a part.i~l 

sky oL""rvation leoo. t.o the correlntioll or adjfl{;enl mode. in tbe power "1-"-drum 

01' ,,,,v other rlu"tering sl.~ti,tirs l",d henre one nred" 10 bin adjlICent Iwx!e., oVel' 

a suflicielltly ],rrge window to remove t he L'Drrebtions, \\·'e Lin over ::" i = 10 AA WP 

will discuss later in deli<il 
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3.2.0.3 Photometric Redshifts 

The redshifts of the MegaZ LRGs are obtained by using the Artificial Neural 

Network package known as ANNz [:-,~, (iT]. Artificial neural networks are mathe­

matical models that simulate the human neural networks in the brain and learn 

the relations between input and output parameters by optimizing the weight of 

each neuron. The ANNz package used to produce the MegaZ catalogue was first 

developed by [iii]. It was trained by spectroscopic data from 2SLAQ and SDSS 

to predict the redshift of a galaxy from its photometric data. The basic inputs in 

the training are therefore the five band colors and the spectroscopic redshift. 

The ANNz root mean square error for predicting the redshift of the photometric 

LRGs was found to be [;)x]: 

6zphot ~ 0.041 (3.1 ) 

This accuracy is independent of any systematic error in the spectroscopic training 

redshifts. The accuracy of the photometric redshift prediction reaches the 2% level 

for the brightest LRGs. Fig. (TJ) shows the dispersion of the photometric redshifts 

predicted by the ANN z for the spectroscopic data. 

We follow Blake et al. [;)1] by binning the MegaZ catalogue in four photometric 

redshift slices of width .6.z = 0.05 from z = 0.45 to z = 0.65. Because of the 

uncertainty in the photometric redshift, there is a finite chance that galaxies whose 

redshift are close to the bin edge end up in the wrong bin. This will cause a non 

diagonal covariance matrix between different redshift bins and therefore one needs 

to compute the full covariance matrix before combining statistical results from the 

different bins. 

The redshift distribution of LRGs across each bin in the MegaZ catalogue is well 

fit by a Gaussian curve fig.(:Uj). 

3.3 Angular Power Spectrum and Bispectrum of 

the MegaZ Catalogue 

In the previous chapter we introduced the equations for the angular power spec­

trum and bispectrum. Before applying them to the MegaZ catalogue, we carried 

out a number of tests that check the validity of these equations and our codes. 
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b,spcc!rum vanish I'm a uniform distribution, \w demunded thut our corl~ r<'C<lV­
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tbc error with thc error culcubted from mUl>:>' reulizations. 

])etails of thew k"t" are given in Appendix A_I which shove that thc A,,,, and ~rror 

e>;tim"-tors given m Eqs_ (2_:1'2 , 2_:1:L 2_2{;) "-fe very good l1l'proximati<ms. l!e,IC'C. for 

the re,t of this ,bmi, we will uoc these equatioIl" to compute t he p'l\wr s!"'Ctrum 

and bhp,..:; trum of the MegaZ-LRG catalog'uB. 
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3.3.1 The Augll!ar Power Spectrum of th~ l\'lc!;a Z Cnta-

iugue 

,\ <k>t,,;kd lln"lsi~ of Ih~ ''''gulat' VOW' .. 1" ~p'-"Clrnm for thl' DH4 rel~"",: vi ~kgnZ· 

UIG catalogue h"" 1Jo.11 <Ion.- hy [r,11. In lh •• '*'<;livn we R'yi ...... · .>OIllC nf ll .... ,. kf'y 

""ults aud Il:'j>IU<l ll"" lh .. u fIIllIUW Jl'<"''l'r MI"'<-1rurn "lots iii' lln fld<iu",,~I,""l "f 

our <"Ode. 
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red shift 

Fj(;(J~ " 3 6' R(~bhift , ,,I<,<"Ii011 funct iOl1 of 11", ~le::ra[;-LHC s lor each of tbe 
lour r"lshif' ,;li"e, in the "".[j~e 2 O.i~ t o 2 - 0.7. W" ,'"n cblriy "" that 
t he sciection function in each bin i" well lit by !< C; ,m-lOiil.ll "m"e, The 1"",1 
fitting G'lus;;ian paTam<'k," /1, " and Ihe number of ::ralaxic, at each re<l'hilt 
.,lke "r" ilJ(li"IlI"l ,It Ih~ lop right ('wnpT 01 the plot. Thc fittill)[ "'Iuation i" 

p(,)=,' [ex~( -I'-~l')[. ['01] 
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• T k correlation bcl""",n adj aeent multip ol~" of th~ anl':"la" P()w~l' "peclnLln 

can",'{) hy the window func(.ion of Ilw .\lel':"Z region dWI-'" to 10% [Will its 

I"--,ak lot' i.'J.i '" 10. Therefore one can ""fely I\&,nm~, ,,( th~ 10% level, I.]'(i/, 

th ,> enOl'~Spnnriill~' hallcb of the aIlg ul(,t' power "p'-,-'lrum arc indq)Cn dent lor 

1l.! = 10 

• The statistical cnOr OJ! the' itJlgular pow~r spectrum in th~ qn,,",i- lin~al' regim ~ 

eaJ! Le' apPI'OXiIIlate'{) by the followin~ formnb 

! 2 ( 
",(e,) = V' ,r, •• (21 + 1) ql (3.2) 

where .1\'1 is th~ "r~~ of (h~ "ky 0 i)SCn'ed, iJ! t his en,,," 5, !lll,ky', /."'-' = ~~' i" 

th~ f"'CtiOll (<-i (lfea of Hoc ~k)' oLscn,-~l and N is t.h~ nn ml",r of gA laxies , Thc 
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FIGURE 3.;; Th~ mixing matrix fl.u foc multipoic t = 200 <IS a funct ion of 
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~rr""h, Th~ r"n~~ 0[ mullipol". oorr~laled by the window function d"O!>' v~r) 
rapidly. For ",J = 10, tl'" COfrciatiOll is Ie.".,. than 10''1:" This figure is takLl1 frOOl 

m"ke el ,,\. [:-"11. 

:J\l 

two ternl.> on the right h"ud ~ide of the above equation ar~ ~ontributions from 

('{);5mic ",u-ian~ (Cd and 8hot noi&' iVI"(.'l.l1j-'1 r('5p<'('ti"~iy. The l/(~I + 1) 

factor is due to thl' average over "pheriml hannoni~ index fII. The dloci of 

lhe sur.~y winnow fllnNion is cncapsuiat,ffi hy t,he 1/ \If,.., factor, Eq , (2,:J:!) 

is furthM divided by vTi to account for th~ binning of tlw multipules whidl 

is u""essary to minimize th~ corr~lations hctWL'<.'ll adjacent modes 

• The h,."t lit coemological paramel,~r wInes for the anglllar pmler 8pe<:trum of 

the )'legltZ catalCl!;ue O\'~r thl' 8l'lies of r~'{].,;hift sli~,-'S are giwu hy Il", "" 0,27, 

fe "" 0 17, 110 75km; _ J Mpt,-J and 11 , - 1, Wh~n oombining the diJ[erent 

w<.bhift slices with the appropriau> L'O,'arimw<.> matrix th~ cmlStrwllt8 on the 

c'-"mic pamrnetl'l8 for fixpd v&lu~8 of Ho, Il.lln ", while marginali'ing o.~r ~o 

and bia, arl' I)"," = (j,1% ± 0.023, R! '" 0 ,]6 ± 0,0,1, Th~~ ronstraint~ are 

similar in precision to t,hv;e of t,h~ ronst.raint~ hum 8pectrOOXlpic daia [G~I. 

Blak<> ~t, at in t,heir paper <:onclllded ,hat photoIIlNri~ roo~hjfi survcy" lU'l' 
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FIGCRE 3.8. The angular PO"'"Cf spcdrum of tl1<O l\lcga;'·LRGs togctl1<Or 
with tl>.: thror~timl ~1lT'" for the h",t fitting pl\r~rn~l~T '·alll'''. 0", = 
0.27, fI!: _ IU7, II" - ",kTl/,-lJlpc- l, II, ~ 1 a.uJ"., = I. ThediIlerent 

Jigures are, the 1" red"hift Lin, O.·1~ < z S O.~, (top left), the 2"d l'ooshifl 
bin, 0.5 < z S 0.55, (top right), 3'" redshift bin, 0.55 < z ~ 0.6, (bottom 
Ht) and the 4" rcJ,hift hin. 0.5 < z S 0.5.'i . (hottom right). The win,", 
of th~ linear bi"" p",amet,'r.' u.",d are II _ L'il. I, _ l.r,~, II _ 1.7~ arlJ 
b = 1.9~ [01' the 1", 2''''', 3'· and ·1/1, M,hifl I,ins l'eopKtiwlv. To avoid 
oorrdation Io<otW""'" adja~cnt multipolco. th~ q's anc biTlned oy~r 4/ = 10 

competitivc with sPl'Ctw",.'opic suryey~ for the lllca.;;urcIllcIlt of =nolop;i­

~III parllmer.~r 8 In t.he simpl~ '·vllniJl>J." modd. This is b~c>J.use of ,he la1'ge 

nUJIlber of ~aluxies in the plwioJIle,ric "urveys. 

• Thp DR4 \legaZ photo-7. cllt.alogue has 8ho"'"Tl II "isual hint. of th~ b(<.1':von 

acoustic o&cillaiion~ d"'picc it, ,ignificancc 1e\"C1 being Ic",; than 3(J". 

• Th~ phOWJIlClric ,y"ttJIlatics in thc .\.lcgaZ catalo~uc have no significa.tll 

cffcct on thc anp;ular powcr spectrum. 
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In fig.(:\.S) we show our results for the angular power spectrum which agrees very 

well with those of Blake et al. [~)ll. 
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Chapter 4 

N on-Gaussianity of the 

MegaZ-LRG Catalogue 

In this chapter we present the main results of this thesis by dividing in two parts: 

first we discuss the angular bispectrum followed by the implications of the bispec­

trum for the primordial non-Gaussianity parameter !NL. 

4.1 MegaZ Catalogue Angular Bispectrum 

To calculate the bispectrum for the MegaZ catalogue, we first computed the partial 

sky estimator of the spherical harmonic coefficients, aim given by U') 1]: 

Aim = L Yim(e, ¢) - aOJim , 
e,</; 

where ao is the surface density and the geometry term ftm is given by 

(4.1 ) 

( 4.2) 

6.r2 is the area of the sky that is observed. We used Monte Carlo integration to 

compute this integral. Since it depends only on the angular coverage, we use the 

same Jim for all the redshift bins. 

Once we compute the Aim'S for the MegaZ data points, we multiply triplets of 

them according to Eq.(:2.-.zD) for the different choice of triangles, specified by sides 

42 
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el , e2 and e3 , to get the angle-averaged bispectrum. The choice of independent 

triangles is controlled by the Wigner-3j symbols, which will ensure that the three 

conditions listed just after Eq.(:2'2<J) are satisfied. Therefore we loop over el , e2 , 

e3 , up to emax "'-' 200, which is roughly the limit of the quasi-linear regime for the 

mean MegaZ galaxy redshift. Later we will show the sensitivity of our result as 

we vary emax . The error on the bispectrum estimate is calculated by using the 

theoretical approximation given by Eq.(2.;~:l). 

Since adjacent multipoles are correlated due to the window function, we binned 

the multipoles with b.e = 10 for each of el , e2 , e3 . As discussed in the previous 

chapter this allows us to treat each multipole bin as independent. We use an 

inverse variance weight scheme (IVWS) to do the averaging in all the bins. The 

equation that describes this averaging scheme is then given by: 

(4.3) 

(4.4) 

where i = 1,2,3 and the weight Uiid2 13 = (J(1311121J-2 and (J(131112 13) is the error on 

the unbinned bispectrum which is given by Eq. (2.:tl) 

Fig.( 1. 1) shows the angle-averaged bispectrum of the DR4 MegaZ catalog with 

the multipoles binned over bands of b.e = 10 for the different redshift bins and a 

variety of triangular configurations. 

4.2 Extracting the Primordial Non-Gaussianity, 

fNL 

The main sources of non-Gaussianity in the large scale structure are Primordial 

non-Gaussianity, non-linear gravitational collapse during structure formation, and 

galaxy bias relative to the underlying dark matter. The contribution of these 

non-Gaussianities in the bispectrum are distinct and hence we can treat them 

independently and disentangle their effects. 
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As we have disc used in the earlier chapters, we will characterize primordial non­

Gaussianity by writing the gravitational potential as 

( 4.5) 

The non-Gaussianity that we are dealing with by using this form for <I> is of a 

local type. In these models the signal for the bispectrum comes mainly from the 

squeezed triangular configurations, kl « k2 , k3 . It is shown in [HI] that the local 

and non-local types will have the same form when one considers the equilateral 

triangular configuration (1\ = £2 = £3). 

The 3D bispectrum in Fourier space resulting from the above expansion of the 

gravitational potential is given by [!tI] 

(4.6) 

where P.., (k) is the primordial power spectrum and" cyc" denotes cyclic permuta­

tions of k1 , k2 , k3 . 

The matter density field is related to the primordial gravitational potential through 

Poisson's equation [l~], J(k, z) = M(k, z)¢(k), where 

M(k ) = ~ k2T(k)(1 + z)D(z) 
,z 3 D H2 

m 0 
(4.7) 

Here T(k) is the matter transfer function, D(z) is the growth function, and Ho and 

Dm are the Hubble parameter and fractional matter density today, respectively. I 

The bispectrum from this matter density field is then given by 

(J(kl)J(k2)J(k3)) 
M(k1,z)Nl(k2,z)M(k3 ,z)B¢(k) 

IThe definition of M (k, z) we use in this thesis is the same as that in [liJ] 

(4.8) 

(4.9) 
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which can be rewritten as 

(4.10) 

Since we are working in harmonic space for the MegaZ catalogue, we need to 

project Eq.(l.lll) into the spherical harmonic space. Projecting the bispectrum 

looses information and decreases the number of triplets we can consider. However, 

in our case the signal to noise ratio of the bispectrum will still be strong due to the 

narrow width of the redshift slices and the large number density of galaxies in the 

MegaZ catalogue. We do the projection of the full 3D Fourier space bispectrum 

into 2D spherical harmonics by using the Limber approximation [Ij'), 71!], which is 

good for small angular scales. The final equation that we will be using to constrain 

the non-Gaussianity parameter fNL from the MegaZ-LRG catalogue is therefore 

written as [e) 7] 

(4.11) 

where 

B(11,12,13) = fNL (Xi dx (P(Z)ddZ)
3 

~B (~, 12, 0.'Z) JXi X X X X X 
(4.12) 

where p(z) is the redshift selection function and X is the co-moving radial distance. 

To obtain a constraint on primordial non-Gaussianity we consider five types of 

triangular configurations: 

equilateral configuration 

degenerate configuration 

squeezed configuration 

squeezed configuration 

squeezed configuration 
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These choices are somewhat arbitrary and are meant only to be representative 

of the interesting triangles for the local (squeezed) and non-local (equilateral) 

models. We also summed over all the possible triangular configurations in the 

range £min < £1 < £2 < £3 < £max. We use £min = 20 due to the limitation of 

the small angle approximation and £max = 200 due to the limit of the quasi-linear 

region. This provides a total X2 which is simply the sum of the individual X2 ,s for 

each triangular configuration [~ll. 

4.2.1 Main Results 

In this section we present the final constraints on fNL from the DR4 version 

of the MegaZ catalogue. Because of the different redshift bins and triangular 

configurations there are a large number of constraints which are summarized in 

Tables (1.1 - II) . 

The best-fitting theoretical bispectra are shown against the data in Figures (I. j -

I. I). To derive our constraints we use the X2 statistic to find the best fitting value 

for f N L in Eq. (1.1 I). The X2 statistic is defined as: 

(4.13) 

where we typically choose £min = 20 and £max = 200 to be conservative. This 

expression is minimized to find the best-fit value of fNL. Fig.(l..:-')) shows the X2 

as a function of fNL for the sum over all triangular configurations of the first 

redshift bin in the MegaZ catalogue. To derive confidence limits we assume that 

the X2 statistic is quadratic in f N L and hence the 1,2, and 3 (J confidence limits 

correspond to the distance from the best fitting fNL to those values of fNL for 

which the X2 is 1,4 and 9 larger than the minimum value of X2 respectively. Since 

the theoretical predictions are linear in f N L the Fisher matrix errors are exact and 

the X2 is quadratic in fNL, as can be seen in Fig.(Ll). 

Many are consistent with fNL = 0 in Tables (1 I -I. I). However there are several 

notable exceptions. The £1 = £2, £3 = 2£1 configuration in the lowest redshift bin 

gives (1 - (J error bars) 

fNL = 90 ± 23 (4.14) 
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Results 

Triangle type fNL with 10" error Min X2 Number of 0" away 
from fNL = 0 

fl = f2 = f3 -272 ± 778 10.5 0.3 0" 
fl = f 2; f3 = 2fl 90± 23 7.3 3.9 0" 

f 1; f2 = 2f1; f3 = 3f2 -449 ± 705 0.4 0.6 0" 
f 1; f2 = 4f1; f3 = 5f1 -1011 ± 592 0.3 1. 7 0" 
f 1; f2 = 5f1; f3 = 6f1 3 ± 30 0.0 0.1 0" 

TABLE 4.1: Result for the pt redshift slice, 0.45 < z ::::: 0.5. The number of 
LRGs in this bin is N = 211263. The minimum and maximum £'s considered 

here are £min = 20 and £max = 200. 

51 

The other non-trivial triangular configuration in the first redshift bin is the fl' f2 = 

4£1, £3 = 5£1 which yields fN L = -1011 ± 592 with 68% CL. In contrast to the 

constraint in Eq. (l.ll), this gives fNL < 0 at nearly 2 - 0" confidence. 

Al though the number of galaxies in the high-z bin (the fourth redshift bin) IS 

small, we found two 2.5 - 0" positive and negative deviations from fNL = O. The 

£1 = f2' £3 = 2fl triangular configuration, which gives a nearly 4 - 0" positive fNL 

in the first redshift bin, yields fNL = 5990 ± 2385 with 68% CL in this redshift 

bin; and the fl' f2 = 5f1, £3 = 6f1 triangular configuration gives a 2.5 - 0" negative 

non-Gaussianity, fNL = -7250 ± 2863 with 68% CL. 

If instead we sum over all triangular configurations, the same low-z bin gives a 

constraint of (1 - 0" error bar) 

fNL = 57±52 (4.15) 

which is consistent with vanishing primordial non-Gaussianity. Given the specific 

triangle constraints of Table 1. I, this result can be be explained from the fact that 

we have a conflicting result of a 4 - 0" positive value of f N L and that of the 2-0" 

negative values. However, this is an ad-hoc explanation and hence we need to 

carry out a detailed analysis to confirm whether this is the case or not. We leave 

the confirmation and investigation of the origin of these results for future work. 

How do these results compare with other constraints in the literature? As we 

discussed in section 1.:l1, the current best constraints on fNL come from the 

WMAP data which are (95% CL): 14 < fNL < 147 from Yadav and Wandelt 

[I!J], from 3-year WMAP data; -9 < fNL < 111 from Komatsu et al. [1:-;], 5-year 

WMAP data; and -4 < fNL < 80 from Smith et al. [~IJ], 5-year WMAP data. 
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Results 

Triangle type fNL with 10" error Min X2 Number of 0" away 
from fNL = 0 

f1 = f2 = f3 -340 ± 1635 6.1 0.2 0" 

£1 = £2; £3 = 2£1 21 ±46 7.4 0.5 0" 
£1; £2 = 2£1; £3 = 3£2 211 ± 1448 2.8 0.1 0" 
f 1; £2 = 4f1; £3 = 5£1 -1697 ± 1187 0.1 1.4 0" 

£1; £2 = 5£1; £3 = 6£1 75 ± 56 0.0 1.3 0" 

TABLE 4.2: Result for the 2nd redshift slice, 0.5 < z ::; 0.55. The number of 
LRGs in this bin is N = 172413. The minimum and maximum f's considered 

here are Cmin = 20 and Cmax = 200. 

Triangle type fNL with 10" error Min X2 Number of 0" away 
from fNL = 0 

£1 = £2 = £3 -4430 ± 5625 2.8 0.8 0" 

£1 = £2; £3 = 2£1 170 ± 153 4.5 1.10" 

£1; £2 = 2£1; £3 = 3£2 4410 ± 5028 2.6 0.9 0" 
£1; £2 = 4£1; £3 = 5£1 1580 ± 4088 0.0 0.4 0" 
£1; £2 = 5£1; £3 = 6£1 -150 ± 200 0.0 0.80" 

TABLE 4.3: Result for the 3rd redshift slice, 0.55 < z ::; 0.6. The number of 
LRGs in this bin is N = 111100. The minimum and maximum C's considered 

here are Cmin = 20 and Cmax = 200. 

Triangle type fNL with 10" error Min X2 Number of 0" away 
from fNL = 0 

£1 = £2 = £3 -25150 ± 68264 3.7 0.4 0" 
£1 = £2; £3 = 2£1 5990 ± 2385 43.4 2.5 0" 

£1; f2 = 2£1; f3 = 3£2 -129940 ± 91673 3.1 1.40" 

£1; £2 = 4£1; £3 = 5£1 -62150 ± 65257 0.0 0.9 0" 
£1; £2 = 5£1; £3 = 6£1 -7250 ± 2863 0.0 2.5 0" 

TABLE 4.4: Result for the 4th redshift slice, 0.6 < z ::; 0.65. The number of 
LRGs in this bin is N = 51222. The minimum and maximum C's considered 

here are Cmin = 20 and Cmax = 200. 
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4.3 Implications and Future Work 

Taken at face value, the result (1.1 1) suggests a detection of primordial non­

Gaussianity and !NL > 0 at more than 4 - a, which would be the strongest 

detection so far and would put severe constraints on models of inflation. We 

have ruled out the obvious possible sources of error in obtaining these results by 

rigorously comparing our code against a range of tests, many of them discussed 

in the appendices. We are condent, therefore, that our data analysis results are 

robust, within the limitations of our analysis. 

Probably the three biggest limitations of our analysis are the fact that we do 

not marginalise over the bias parameters, we use the theoretical estimates for the 

error on the bispectrum and we have not removed the non-Gaussianity that will 

inevitably be produced by nonlinear gravitational collapse. Let us discuss these 

in turn. 

If we marginalised over the bias parameters it would somewhat reduce the statisti­

cal significance of our results by increasing the error bars associated with !NL. In 

the case of local non-Gaussianity that we focus on here, this is expected to have a 

small impact (unlike the non-local case where the degeneracy is strong) as shown 

in Fig. (1. i) [JIl]. Marginalisation over bias parameters is an important issue left 

for future work. 

Next consider the theoretical estimate, Eq. (2.:n), for the error on the bispectrum. 

This may be a poor approximation for two reasons. Firstly we are dealing with a 

partial sky and one might worry that the theoretical prediction is bad. And sec­

ondly if the non-Gaussian signal in the data is significant, the theoretical estimate 

of the bispectrum co-variance will have an additional more complicated term and 

hence our estimate will be wrong. However, since we are expecting the departure 

from Gaussianity to be small, the theoretical estimate of the error we are using 

here is a good approximation [l,'J, 71]. 

Next let us consider the non-Gaussianity induced by nonlinear collapse. This will 

mimic a non-zero !NL, particularly for the equilateral configuration. We filtered 

for this contaminant however by limiting our analysis to relatively large angular 

scales, I!max = 200, where the non-Gaussianities from nonlinear collapse should be 

negligible. We have seen from the above section that our our choice of the I!max 
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4.4 Conclusions 

Using thoroughly-tested code we have computed the angular bispectrum of the full 

photometric MegaZ LRG catalog and undertaken parameter estimation to com­

pute the best-fitting values of fNL which parametrises primordial non-Gaussianity 

in the expression (Li). We have found strong evidence in one triangular con­

figuration for fNL > 0 at nearly 4 - (J and other configurations that favour and 

disfavour fNL > 0 by 2.5 - (J. However, summing over all configurations produces 

a result consistent with Gaussianity and hence further work will be required to 

denitely settle the issue. 

If confirmed, our results would have important implications for models of the 

early universe since the simplest models of inflation predict small non-Gaussianity, 

IfNLI ;S 1, and hence would be ruled out, implying that more complex models of 

inflation, or new physics completely, are at work. 
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Appendix A 

A.1 Test of the power spectrum and hispectrum 

equations 

The aim of this appendix is to show that the angular power spectrum and bis­

pectrum equations we used in the analysis of the MegaZ-LRG catalogue are valid 

in the weak non-linear regime. We illustrate this by recovering the fact that the 

bispectrum is zero for a Gaussian distribution and also since the power spectrum 

for a uniform random distribution is just the shot noise, we demonestrate that it 

is equal to zero when the shot noise is subtracted. 

A.I.1 Uniform distribution - with sky cut 

For the partial sky, we have chosen the region 105 < RA < 270, -10 < Dec < +70, 

since this is approximately the Sloan region we will be analyzing with the real 

survey. Since the window function mixes the different multi poles, we need to 

incorporate this effect in the angular power spectrum and bispectrum. Hence the 

final equation that we need to evaluate are: 

2: Yim(e, 1» - (JoI1m · 
B,¢ 

_1_ [2:m I
Alml

2 
_ (JO] 

(J5fsky Jim 

~fl [2: A1lml Al2m2Al3m3 - KI1.lz,{J(JO] 
(JO sky m 
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(A.l) 

(A.2) 

(A.3) 
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(211 + 1)(212 + 1)(213 + 1) 
41l' 

59 

(A.4) 

(A.5) 

(A.6) 

The second terms in the right hand side of Eq. (:\.2) and Eq. (.\.:)) are the 

contribution of the shot noise to the power spectrum and bispectrum. The factors 

1/0'6 and 1/0'6 in these equations are because we are working using the over density 

field 
fJ=P-p. 

P 
The 1/ !sky factor controls the partial sky bias in estimating the power spectrum 

and the bispectrum. We evaluate the integrals in Eq. (:\.1) and Eq. (. \. r)) using 

Monte Carlo integration. 

When evaluating the power spectrum and bispectrum error bars one has to take 

into account the correlations between adjacent multi poles caused by the presence 

of the sky cut. Correlation between adjacent multipoles can also be caused by a 

non-smooth window function. In order to use the X2 statistics therefore, one needs 

to compute the full co-variance matrix that includes all sources of correlations. 

However since this is time-consuming we prefer to bin up the measurements in 

bands, average over 6.£, so as we can treat each bins as independent. The size of 

6.£ which result in independent bands can be estimated by calculating the mixing 

matrix Rl,ll, which given in Eq.(ll) of Blake et al. [:)1]. As shown in [rilJ binning 

in bands of 6.£ = 10 results in less than 10% correlation between adjacent bands 

(see Fig. :)7). Hence for our analysis we took 6.£ = 10. The modified equations 

of the power spectrum and bispectrum errors in the case of the partial sky is then 

given by [-,7J 

1 1 

J 6.dsky(1 + 0.5) 0'0 

111 
!sky(Ch + -)(Ct2 + -)(Cl3 + -)6.1),/2,13 

0'0 0'0 0'0 

(A.7) 

(A.8) 

The !sky factor comes to our equations due to the presence of the sky cut [:21]. 
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Appendix A 

Triangle type JNL with 10" error Min X2 Number oj 0" away 
Jrom JNL = a 

£1 = £2 = £3 -385 ± 248 4.4 1.6 0" 

£1 = £2; £3 = 2£1 0±9 2.8 0.1 0" 
£1; £2 = 2£1; £3 = 3£2 250 ± 326 2.3 0.8 0" 
£1; £2 = 4£1; £3 = 5£1 -311 ± 399 0.1 0.8 0" 
£1; £2 = 5£1; £3 = 6£1 2 ± 23 0.0 0.1 0" 

TABLE A.l: The constraint on fNL from 105 points distributed uniformly over 
105 < RA < 270, -10 < Dec < +70. The minimum and maximum e's consid­

ered here are emin = 20 and emax = 200. 
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