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Abstract

We present a systematic development and application of Geometric Algebra, an ex-
tended vector calculus.

The entire algebraic structure, which is a graded Clifford algebra, is developed.

To illustrate the derived results, examples are given for two and three dimensions.
Here it becomes clear, how rotations and Lorentz boosts can be fomulated in the Geo-
metric Algebra. Further we realize that the Geometric Algebra contains elements, which
can be used as representations of the complex unit j.

Having derived the necessary tools, we turn our attention to physics. We give ap-
plications to classical mechanics, quantum mechanics, field theory, curved manifolds,
electromagnetism, and gravity as a gauge theory.
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CONTENTS 1

Introduction and Motivation

Motivation

Geometric Algebra is an extended vector calculus with the structure of a graded Clifford algebra.
A few axioms for an associative product lead to an algebra, which includes the conventional vector
calculus as a substructure, but goes far beyond this point. The major property, and adventage, of
this algebra is the existence of an associative product — i.e., suddenly the power and the inverse! of
a vector are well-defined. This alone makes this algebra interesting enough from the mathematical
point of view, however, it falls to physics to fully reveal the power of Geometric Algebra.

The incorporation of the Dirac and Pauli algebras in a natural way has to be mentioned here
as one of the most impressive features. This leads to a geometric interpretation of the Dirac and
Pauli matrices — they are nothing else than orthonormal unit vectors in four and three dimensions,
respectively. This does not change the mathematical structure of quantum mechanics, but gives
a much clearer geometrical interpretation — to my mind, exactly what is missing in conventional
approaches,

In conventional treatments the complez unit is taken as a pure mathematical object, with no ge-
ometrical or physical interpretation. Clearly this is an unsatisfactory situation. Geometric Algebra,
however, implies geometrically meaningful quantities with exactly the same behaviour?. Indeed, the
complex unit appearing in the Dirac Theory can now be identified as a bivector, representing the
plane of the spin — so the complex structure of Dirac Theory is directly related to the spin of the
treated particles.

A Geometric Algebra representation of the Dirac spinor employes only real coefficients and yields
a physically meaningful decomposition — in each space-time point the spinor defines a Lorentz-
rotation and dilation. It is this new interpretation, which leads to a different understanding of
quantum mechanics. Operators and state vectors change their role, e.g., this explains the single
sided transformation law for spinors. The ease with which one derives this results is striking,

These are just a few examples of the ability of the Geometric Algebra to clarify geometrical
relations. Through the algebra the mathematical or physical content becomes clearer and this
makes it more accessible for interpretation.

Outline of the Thesis

In Section 1 we show how the Geometric Algebra arises from simple axioms for an associative
Geometric Product for vectors. Vector identities are derived and objects of a higher grade are
associated with a geometrical interpretation. A number of useful mathematical applications are
considered, e.g., linear functions, determinants, rotations, etc. A similar treatment can be found in
{1]. In Section 2 examples are given for vector spaces of two and three dimensions. In Section 3 we
construct the Geometric Algebra of our four-dimensional space-time, i.e., the Minkowski space.

In the following Sections {4 to 9} we examine possible applications to physics. Starting with
classical mechanics we find a representation of Hamilton’s equations, which unifies the p and g-
equations.

In Section 5 we take a short look at electromagnetism. We show how Maxwell’s equations are
reduced to one equation and how this can be extended to magnetic monopoles. Further, the con-
straint of invariance under local phase transformations of the Dirac equation leads us to a curvature
closely related to the Faraday tensor.

Turning our attention to quantum mechanics, we find representations and interpretations of
spinors and operators. We translate the Dirac equation into a Geometric Algebra form and show
how the Schrédinger equation arises as the non-relativistic limit,

Going a step further to quantum field theory, we show how the variational principle and Noether’s
theorem can be applied to derive the energy-momentum and angular-momentum tensor for quantum
fields. For the Dirac case, conjugate currents are calculated and the Dirac current is shown to be
conserved. Most of the results presented here were derived before in [2].

iwith the exception of null vectors, which do not have an inverse.
2An excellent, simple presentation of the relation between the complex unit and Geometric Algebra is given in
[26]. But you might alsc be referred to Section 2.1.1 in the work.
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For the Dirac theory we discuss in detall the decomposition of the spinor into spin-energy states,
find a Fourier representation of the wave-function and subsequently give the momentum in terms of
the Fourier amplitudes.

An application to curved manifolds shows how General Relativity can be formulated in a coordi-
nate free manner. Here the quantities which occur depend on vectors, not on their representations,
and are thus automatically covariant. We derive a number of useful translations; e.g., the Bianchi
identities are given in a compact form, demonstrating the power of Geometric Algebra.

In Section 9 we give a review of gravity as a gauge theory. This theory was developed by the
group around A. Lasenby, S. Gull, and C. Doran in Cambridge [3], [4] and [5]. We construct new
derivative operators, which are invariant under arbitrary local position and rotation transformations.
An associated curvature tensor is defined. We assume a certain Lagrangian and derive the resulting
field equations, one of which becomes the analogue of the Einstein field equation. Further more, the
Weyl tensor is identified.

Large parts of this thesis review known results, with appropriate citations given in the text. To
the best of my knowledge new results are the definition of determinants of non-commuting quantities
given in Section 1.3.1 with the associated results, Hamilton’s equations in the form (483), the (anti-)
particle spin up and down sections of the Dirac spinor, expressed with the projection operator
(599), the explicit formula for the mixing angle of the whole wave (837), and the generalized duality
relations of inner and outer product with the vector derivative (883).
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1 Mathematical Foundation

1.1 Geometric Algebra
1.1.1 The Geometric Product

The Idea The common vector caleulus is not always very satisfactory. As the most important
example we might look at the three-dimensional case, where we have two vector products.

e The scalar, inner (or dot) product & - b, which defines orthogonality via

a-b=0&dlb . (1)

o The outer or cross product & x b.
Both are not totally satisfactory, for the following reasons:

e Neither product is associative. {d-b) - € does not make sense at all, since d- b is a scalar, and
for the cross product we have in general

-

(Exb)xE#ax(bxe) . (2)
# The cross product can only be defined in three dimensions. Otherwise two linearly independent
vectors do not define a unique direction orthogonal to them.

In more than three dimensions we have problems to define an analogue to the cross product. Hence it

appears to be a natural step to look for a more fundamental product, a product which is associative.
To do this, we employ a graded algebra. Scalars and vectors are elements of certain grade in this

algebra, but a general element, which is called a multivector, can be a mixture of different grades.

The Geometric Product Our vector calculus should at least be able to handie scalars and
vectors. To avoid confusion we will denote scalars by small Greek letters (e.g. o, B,7v) and vectors
by small Latin letters® (e.g. a,b,c).

After demanding, that scalars and vectors should commute, i.e.,

Aa = ak (3)
we define the geometric product of vectors by postulating
& associativity i.e. {abjc = albe) for arbitrary vectors a,b, ¢,
e distributivity a(b+ ¢} = ab + ag,
o that the square of a vector is a scalar?, that is

aa = a? = scalar s (4)

¢ given n linearly independent vectors, we should not be able to construct more linearly inde-
pendent vectors by multiplication®.

The Geometric Algebra Thus the linear space of all geometric products of vectors is a ring.
We call the associated algebra over the real numbers (scalars), obeying for any geometric products
of vectors X, Y

(@+BX = oX+BX ; alX+Y) = oX+a¥
()X = offX) ; 1X = X ) (5)
alX¥} = {faX)Y = XY} )

the Geometric Algebra.

3We will later use an arrow to indicate a vector of a three-dimensional space (e.g. &,D,&).

4Note that this does not fix the signature. Vectors are still allowed to have positive, negative or zero square.

5The usual cross product would not satisfy this axiom, gince a X b would be linearly independent to a and b. Even
when we are in three dimensions, a X b should be part of the algebra of two vectors and should thus not contain any
information about a third linearly independent vector. Demanding this will lead to a graded structure of the algebra,
in which directed plane segments have their own representation.
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1.1.2 Inner and Outer Product of Vectors

The Inner Product of Vectors The most important thing we need is a Inner Product, which
maps two vectors to a scalar. Only with this product are we able to define orthogonality and a
metric. According to (4) we know for two vectors a and b

scalar = (@ +b)? = a? + b +ab+ba (6)
scalar =ecalar

and define thus the inner product of vectors as

aet Gb < ba

a-b= 7 = scalar . {7

Commutation and Anticommutation Relations The inner product of vectors (7) defines now

orthogonality via
a orthogonaltob & a-b=0 ‘é’ ab = ~ba . (8)

If a and b are parallel, i.e., b = Aa with a scalar A, we get on the other side
ab = ara ¥ Aaa = ba & scalar (9)

and define thus ,
aparallelb & ab="ba (@) a-b=ab

For parallel vectors we have

(10)

(1) (10}
= 4 | =

(a-b)? bab ‘= abba = a?b® | (11)

The Quter Product The scalar product of vectors (7) is the symmetric part of the geometric
product. Thus we define the outer product of vectors as the remaining antisymmetric part

a;\b‘f-é‘“b"z'ba (12)
and write
ab=a-b+aAb . (13)
Thus
aAbE abzbe o W qyp . (14)

The outer product is totally defined by the orthogonal parts of the vectors, as can be seen by
substituting b =by + by, by || a,by L ain (12) to get
aAb=aA(by+bs) 2 anb, B ab, . (15)

Thus a A b is always equivalent to the product of two orthegonal vectors. On the other side (8) and
(13} tell us that the product of two orthogonal vectors a, b is always

ab ‘B anv . (16)

1.1.3 The graded Structure

More than Vectors and Scalars aAb cannot be a scalar, since there are vectors with which it
does not commute: ‘

- — o 8bg—aab
(aAbla = i[aba b@} 3 alaAbJ { (17

sealar

~b{aAb)

il

{aAblb
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If a Ab would be a vector, (17) would tell us that this vector is (according to (8)) orthogonal to a
and b. But according to our last axiom, a A'b cannot be a vector linearly independent® of a and b.
We thus have to conclude, that a Ab is a new object, which we will call bivector. We say it has
grade 2 in compare to grade 0 for scalars and grade 1 for vectors.

But even without assuming the last axiom, we can show, that the assumption of a A'b being
a vector leads to a contradiction, if we assume, that a Geometric Algebra exists for each choice of
signature. Let’s for the minute assume a space with

a’>0 Vvectorsa . (18)
Let a and b be orthogonal vectors’. We assume now, that
¢ = ab (19)
is & vector. {19) yields then

2 =cc ' qbab = —abba = —b%a? . (20)

But we assumed with {18) that ¢ > 0. Thus ab can not be a vector.
The product of two erthogonal vectors @ and b is then always a bivector, since here a -b =0

and so ab (12 a A'b. Bivectors can be seen as representing the plane spanned by two vectors. A

bivector anticommutes with vectors in this plane, since (17) yields

arbitrary veetor in plane
{aAb) [(axa+pb) =-—{xa+pb)laADb) . (21)
On the other side it commutes with vectors orthogonal to the plane. If ¢ is orthogonal to a and b

__abc —bac (8) —acb + bca (8) cab—cba
(aAD) = 3 = 3 % 3

Similarly we can conclude that the geometric product of three orthogonel vectors is no scalar,
vector or bivector. Let a,b,c be orthogonal to each other. If abc = A would be a scalar, then Ac
must be a vector, but

=c{aAb} . (22)

Ac = (abc)e = abe? = bivector => abe no scalar. (23)
Further we can conclude from
{abela @ a{abc} ; {abclb @ blabe) ; {abelke © c{abe) (24)

that abe is no vector, since a vector can not be parallel to two orthogoenal vectors, and no bivector,
since bivectors anticommute with vectors in their plane®.

This process can be continued to any number n of orthogonal vectors. Fach time we have to
identify the product as a new object and we say it is of grade n.

Simple n-Vectors We call the geometric product of n orthegonal vectors a simple n-vector A,
and say it is of grade n. Objects of different grade are always linearly independent. Obviously Ay is
a scalar and Ay a vector. Further we identify according to above discussion A; as a bivector, Az as
a trivector, etc.

The Pseudoscalar In a n-dimensional linear vector space we cannot find more than n orthogonal
vectors. Thus we cannot construct a simple m-vector of grade m higher than n. A simple n-vector
is of highest possible grade. Given an orthonormal basis a;, we call

In=ay...an (25)

the pseudoscalar of the n-dimensional vector space. Since every vector is a linear combination of
the basis vectors, each object of grade n must be a multiple of the pseudoscalar In.

8H oAb would be a vector, then there would not be a algebra of 2 two-dimensional space. a A b would always
give a third linearly independent vector.

"Remember that a A b is always the product of two orthogonal vectors.

8We assumed three orthogonal vectors. The product abc commutes with all of them. For a bivector there would
have to be at least two anticommuting vectors, which span the plane of the bivector.
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Interpretation of higher grade Objects Every simple r-vector A. = @1...a, can be seen as
the pseudoscalar of a r-dimensional subspace spanned by {ay,...,a-}. Later we will see, how the
pseudoscalar can be used to define the (sub-)space in an easy way.

Dimensions Given a n-dimensional linear vector space, we can find n orthonormal vectors. Qut
of them we can construct (3) = 227U bivectors, (1) trivectors, etc. Thus the objects of grade
span a linear vector space with (7) dimensions. Altogether we have then

" /n
> (7)== (26
r=0} T
linearly independent objects. This can be seen as a 2™-dimensional linear space.

Multivectors Going back to the decomposition (13) we recognize that the product ab contains
a scalar and a bivector, objects of different grade. We want to introduce a generalized quantity of

this kind.
A multivector is an arbitrary sum of simple vectors of possibly different grade. So

A = gealar + vector + bivector + frivector +... (27

is the most general form of a multivector. We will denote multivectors by capital Latin letters (e.g.
M), except where a physical interpretation suggests another name.

We say a multivector is of grade v, if it is the sum of simple r-vectors (for just one ). So it can
not contain any other grade than v.

The Grade Operator According to its definition, a general multivector appears as a linear
combination of simple vectors of different grade. Often it is useful to project out the part of a
multivector, which is of a certain grade. This motivates us to define the grade operator

(Myn 5 (M)= (M) (28)

which gives just the part of a multivector M with grade n. We can then write any multivector M as
[¢.o]

M= (M) + (M) +(Mha+...= > (M)p . (29)
=0

With this definition a multivector of grade r is defined by

M= (M) & (M =0 Vigr . (30)

1.1.4 Basis

The different Spaces We will denote by A, a n-dimensional linear vector space. The linear
space of all multivectors constructed out of all vectors in A,, by multiplication and addition is then
called G{An). The linear vector space of grade v multivectors is further denoted by GT(An).

Basis of the Vector Space We call a set {e,,} of n linearly independent vectors in 4,, a basis of
Aj. If this is further an orthonormal set of vectors?, i.e.,

{ep cey) = é;w N (31)

we call it an orthonormal basis or, in four dimensions, a tetrad.

9Note that this does not exclude the case e, e, = —~1, as it employs the norm,
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The Reciprocal Basis Let {e, :1 < v <njbeasetofn linearly independent vectors, t.e., a
basis of A,,. We call then the set of n vectors defined by

{e*:1<v<n,et e, =588} (32)

the reciprocal basis. It obeys by construction the orthogonality relation

)i ey= ) Si=n . (33)
v, =1 v, pu=1

For an orthonormal system e, - ey = +8% and consequently we can construct the reciprocal vectors
by

et =ele, =te, . (34)
‘We define thus the guantity
7Y Eqfet,e¥) =e" e (35)

and allow the raising and lowering of indices, i.e., the transition from the basis to the reciprocal
basis,

eV =30 em* § ey=3 1 ey . (36)

Each vector a can then be written as a linear combination of the basis or the reciprocal basis, i.e.,
Y ™

a=) @e =) ae @)
=] v

where we defined the scalar vector components with respect to the basis or reciprocal basis, respec-
tively, by'®

def def
av=a-e¥ ; ay=a-e, . (38)

Basis for higher Grade Multivectors and Multi Indices Fach combination of v orthogonal
vectors gives a linearly independent simple r-vector. Thus the basis of grade r-multivectors has (")
elements. For example the (’2‘) bivectors {ey Aey 1 <v < < n}give a basis of the linear space
of grade two multivectors.

To abbreviate, we define the multi index notation

=1 5 epwTe A Ay {39)
and define the multi index J,, which labels the basis of grade v elements. Thus

Jo={0} 5 hi={l,...,n} ; Iz={pv:l<p<vn} ; ... (40)

and J, runs over (7) elements. A grade r-multivector (M), becomes now

M)y = Z ORI (41)
e
with scalar components M/*. A general multivector M is then given by

T
M=) > M=) eM | (42)

re=0 fr j

where we defined the multi index |, which runs over the set {Jo,..., Jn}

0¥ ere we do not follow the rule to indicate scalars by Greek letters. This is just to indicate, that the a¥ are the
components of the vector a. ‘
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1.1.5 Generalization of Inner and Outer Product

The Product with a Vector Taking the geometric product of a simple r-vector A, = a1 ... 4,
where the a; are orthogonal to each other, with an arbitrary vector b, which can be decomposed

b=by+3 _1ba ; bn E (—b;;%&lan =  bnan = scalar (43)
so that b, is parallel to a,, yields
ar-rasb = arearbrdcdarcarbe+aee-acby
{43)
- == gealar
8 - -
(z) Z(_”r Say---85-ar (asbg) +ar---a;by (44)
s=1 grade v — 1 grade 7 4 1

where the d; has to be skipped. So the product of a simple r-vector with a vector contains the grades
r—1 and v+4 1. This extends via linearity immediately to every multivector of grade r. Remember,
that the inner product of two vectors (7} is a scalar, which is grade 0, and the outer product (12) is
a bivector, this is grade 2. It is thus natural to extend the definition of the outer and inner product
to

a-A, = (@As)r—1 5 aAA, = (@Ar)rsr (45)
so that for every multivector M and vector a
aM=a-M+aAM . (46)

The interpretation of the outer product as raising the grade and of the inner product as lowering
the grade allows us to generalize this further for arbitrary simple multivectors to
Ar-Bs = {AvBs)ir—si 3 ArABg = (ArBs)res - (47)

Via linearity these products are now also defined for arbitrary multivectors.

Associativity of the Outer Product It is important to note, that the associativity of the
geometric product yields for simple n, m, l-vectors Aq, B, Gy

47 47
(AnBmCiinimst 2 (AnBmdnsm ACLE (An ABR)AC

D A ABRCYmit L AABRACH) . (48)

This extends via linearity to outer products of multivectors. So the outer product is associative, that
means for any multivectors M, N, K

(MANJAK=MA(NAK) . (49)
Together with the anticommutation relation a Ab = —~b A a this yields
ai AL Aa=0851,) with aiAag=0 . (50)

Thus the outer product of n vectors is zero, if one of them is not linearly independent of the others.

Decomposition of the Geometric Product We will show now, that the geometric product can
be decomposed as

ATBS = (ATB$>ff—s! +ooot (ArBs>r+s—2 + (ArBs}r-H . (51)
The proof can be done by induction. According to (46) the decomposition (51} is trueforr =1,s > .
For the case v+ 1, s > v+ 1 it follows then with Aryy i Qrp1Ay

51
0r+1ABs (=} Oyit {(AT‘BS)S-—Y + (ArBs>s—r+2 4ot (ATBS)%‘+S}

(48}
= ?r+l ) <ArBS)S~§ ‘{“‘\arﬂ A <ArBs)s—r + Oryy (ArBs)swr«!—Z)‘*“ e

(47} {47
= (QT+IAYB$}S—?~‘ :)<Qa+lArBs>s—r+\

{45
=) (a‘f—l-'IAst)s-r—J + {aT+1ATBS)S—T+1 SRR <0r+1ArBs>s+r+1 . (52)
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But this is {51) for r+ 1. Thus (51) is proved.
Let us assume T < 5. The geometric product between two arbitrary simple T, s-vectors can then

be written as
zmgrade O 4 grade 2
e,

ABs=ay...a.by...be=ay...q01 a,by ba...bs . (53
Hence the part of lowest grade, i.e., the inner product between A, and B, becomes

(47
Ae- Bs :} <ArBs)s—r = {Qr . b'l}- .. {(11 . brms)br-s+1 s bs (54)

while the part of highest grade of the product is simply

ArABs L UABser = a1 A Aar AT AL Abs . (55)

Thus for an algebra of a n-dimensional vector space
A ABy =0 ifr+s>n (56)

since in this case at least v+ 5 — n vectors must be linearly dependent on the others.

Reversion We saw that geometric relations expressed themself in commutation and anticom-
mutation relations, e.g., parallel vectors commute, while perpendicular vectors anticommute. The
reversion of the order of a geometric product seems thus a useful operation. Hence we define the
operation of reversion by

A = A a & a
For the geometric product of n arbitrary vectors this leads to
((1102&3...(1n] (x} Oy ... Q202071 (58)

Since a simple r-vector can be represented as the product of v erthogonal vectors oy, we have

~ 58 8
Ay 28 Qp...0204 e ) (-1 'aiar...qz
8 > - 8 T
t=) {_])(r +{r 2}a1a2ar...a3 {x) {_1]}1 my{t—n} ai...ar
| —
=AT‘

" (__”rr—i-r(r%‘l);\r - {_U%T(TPU,&W . (59)

Since any multivector M can be expressed as a sum of simple r-vectors (M), it follows

M) = (=DEt-Nm)
~7 29 et gy [ (60)
M= ) o= M),

If we can write a multivector as the product of vectors'?, i.e., M = ay...an, we have

= (58)
MM =" a1 anan---ay =TT a2 =scalar . (61)

and define thus for products of vectors, and especially so for simple r-vectors

- g 60
A2 E AR 'Y scalar | (62)

or more generally,

IMP = (MM) = 3 (MM} = scalar (63)

for an arbitrary multivector M = 3~ _M,. Note, that (62) does not exclude the case |A,|*> = 0. But
in this case we can conclude that A, is zero or contains at least one null-vector as a factor.

"Which can be nonorthogonal to each other.
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The Inverse of Simple Multivectors Now (62) allows us to define the inverse of a simple
r-vector by

;\ 1) A ~
ATTE L (1) L AA £ (64)
CEAK T R AN

Since ArA; is by (62) a scalar, the division is well defined if |A+12 # 0 and the condition

A AR D (65)

is satisfied. We can extend this definition for all multivectors with
MM =scalar #0 . (66)

Thus the inverse of a vector a in a positive definite vector space!? is a vector in the same direction,
but with magnitude 1%3

Symmetries of Outer and Inner Product From (59) it follows for v > s

it

Ar - Bs = <ArBs)Ir—sl = <§5Rf>§r-sl
{5:__9} (___]}%(r—s)(r——s—'l}(_]}w%r(r~1}{ﬂ1]-a}s(s—l}85 Ay
(-NDeB, - A, (67)

and

D el

Ar ABg = (ArBs>r+s = (§s§r>r+s
{S__?) (.,.]]%(H‘s]f“‘*”s“”[_‘[]—*%"E"“”{_]}“%S(S“UBS /\AT
= (1 Bs AA;: . {68)

For a general product of a vector a and a simple r-vector B, one gets from (67) and (68) for v > 1

1

a-B, & 5(aBr — (=1)"Bra) = (~1)"*'B, - a (69)
1 |

aAB, ‘= 3(aB, +(~1)"B,a) = (~1)'B; A, (70)

since the symmetry is different and the split in symmetric and antisymmetric part is unique. So
that we get by adding both equations

! (@B, = (=1)"B,a) + ~(aBs + (~1)"Ba) = aB, (71)

a‘Br+a/\B,=§ 3

as demanded.

Products with Scalars Please note, that for a scalar A we get with s =0 in (67) and (68)
AAr=Ar-A 3 AAA =A AN . (72)
To extend the relations (69} and (70) to the scalar case, we define
AAED 5 ANAEA, . (73)

Thus the inner product with a scalar is by definition always zero.

-1

12This means a? > Wa. For a? < 0 we get as the inverse a™ ' = F o= _.!_zﬁ,
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Precedence of Quter and Inmer Product We will use the convention that inner and ouier
products have precedence over the geometrical product. So

AB-CEA(B.C) : ABACDEABACD . (74)

1.1.6 Generalized Orthogonality

With (8) we defined orthogonality between vectors. It is possible, and useful, to extend this definition
to arbitrary multivectors. We will call two multivectors A and B orthogonal, if they obey

AB=-BA . (75)

P . s . . def
This is an obvious generalization, since now for M = A + B

MM = (aA + BB)(a'A + B'B) = aax’ AA + BB’ BB + (af’ — a'BIAB (76)
which can be seen as a generalized Pythagoras Rule. For vectors this definition yields
alb B av=-paBav=0 (77)

and is thus equivalent to the condition (8).

Orthogonality with non-scalar coefficients To be able to construct an analogue to complex
coefficients, we say two multivectors A and B are orthogonal with coefficients & and 8, which are

not scalars, if . o —
AaBB = AxBB = —BpAx . (78)

This can be written as N >
AcB = —BCA . (79}
1.1.7 Scalar-, Cross- and other Products

The Scalar Product Since the inner product A, - By = (A, Bg)|r—s has not necessarily to be a
scalar'®, we define in addition the scalar product of multivectors A, B

A+B Y (AB) . (80)
Wesee that forv# s = {r—s| >0

80} {51 :
A By ' E ABY B (AB g + o+ (AByhras) =0 (81)

So for general multivectors A,B we have

81}

AxB 2 Y (A B2 T (A) x(B),
= (AYBY + (A -(Bhr+... . (82)

Since it only involves inner products of multivectors of the same grade, it has to be symmetric and
linear, according to (67)

AxB ‘@ BxA } o (83)
Ax{aB+pBC) = aA*B+pAx*C
(83) gives us the very important cyclic identity
{AB) =A*B=B+A=(BA) . (84)
Since A and B can be any multivector this yields
(AB...YZ) ={ZA...Y) = (B...YZA) . (85)

13This is the case for 1 # s.
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The Commutator Product We define the commutator product for arbitrary multivectors as
AxB’é“%{AB»—BA}:—BxA : (86)

Obviously it obeys the identity

Ax(BC) & %(ABC —BCA) = %(ABC — BAC +BAC — BCA)
- % [(AB — BA)C + B(AC — CA)]
—~ (AxXB)C+BAXC) , (87)

which is well known for the three-dimensional cross-product!* . Further its antisymmetric structure
leads to the Jacobi Identity 1°

Ax(BxC)+Bx(CxA)+Cx(AxB) =0 . (88)

Symmetric and antisymmetric Product We will further introduce the symmetric and anti-
symmetric product. We define

def AB4BA | def AB_BA
AGBE ABBL . AR I ABZRA (89)
Both are obviously linear. But it is important to note here
AGB=AGB : AQB=-AQB , (90)
but in general o e N
AGB#B@A ; AQB#BQA ! (91)

Since A ® B reverses to give itself, we can conclude from (60) that it only contains grades v for which
%r(r — 1} = 2n, te.,

roB= Y (AoB), =y BABEBAN_ 5, (92)
SETEEN : :
and analogously
AcB= Y (AeB, =y VBB v (93)
AALSSLSES NEN | T N

For instance for the algebra of a three-dimensional linear vector spacel®, i.e., n = 1 in (92) and (93),

A®B = (AB), + (AB)
AoB = (AB)) + (Aﬁ);}' (94)

For the square of a sum M = J_, M; so we get

Mﬁxzmimi=ZW=ZM®M1=ZM%+ZZM@M5 . (95)
i3 i, i i st

1.3

Orthogonality of two multivectors A, B can now be expressed by

AOB=0 & AB=-BA & A orthogonal to B . (96)
Thus if the M; are orthogonal multivectors, (95) simplifies to
MM =3 MM; . (97)
£ B

14pleage note, that the commutator product is related, but not identical, to the three-dimensional crossproduct.
The relation will become clear with (402).

159 prove the identity, we just use the definition (88} to eliminate all commutator products and see that the terms
cancel each other.

1830 the pseudoscalar is a trivector. No higher grades than trivectors exist.
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Ay - Bs Ar A B, Ay % B, AmB
PN / iR B I e %3 3 FaY:,

Definition éArBs} Py Ay Bglrys %f%g«BQ (w gifr :}5 $)

Description Lowest pgrade con- | Highest grade con- Sealar part of geomet- Commutatpr, ca
tained in goometric | tained in  geometric ric product,  Always quivalent o an other
product, product. zern, f A and B do praduct. This depends

It is the only product not contain the same on the involved grades.
besides ihe geomelric | grades. Bapecially A x A,
product that is always Aoy =0, oxb =
associntive. and o x B =gq-

SYmImevies

for =(=NHSBL A | e (—1)5B, A A, = By % As =-BxA

r> 8530

gi £3% N - .
Croduct AM=0 AAM =AM Ak M = A(M) AXxM=0

Table 1: Table of the different, frequently occurring products for simaple 1, s-vectors Ay, Bs. All
products extend via linearity to arbitrary multivectors,

1.1.8 Subalgebras

Definition A subalgebra S of an algebra G{Ay) is a set of multivectors obeying
Tesd § X\ ¥YeS=Xves . (98}

We call the linear space of scalars (spanned by {1}} and G(Ay) itself trivial subalgebras.

Subalgebra of a Subspace Let A,, be a subspace of A, with m < n. Each multivector M ¢

GlAwm ) constructed out of vectors in Ay, is thus also a multivector in G( Ay ). Accordingly Gl Am) is
a subalgebra. We conclude, that for each subspace of A, there is an associated subalgebra G{AL ).

Eiven Subalgebra For a n-dimensional linear vector space A, we have according to (26) a 1™
dimensional linear vector space of multivectors, giving a closed algebra with the geometric product
GlAn). We call a multivector M € G{ A4, ) even, if

M=Y (M . | (99)

Since the product of even elements is according to (51) even and 1 ¢ G°(An) is even we havé a
. 2 daf def i ; - ~ . .
subalgebra, which we will denote by £ = £5 = £{¢(A,)). The linear space of multivectors in |£g

hasi?

(108}

dimensions. The number of dimensions shows already, that this space is spanned by n — 1 basis
vectors. )

We can construct a basis of g in the following way. Given an orthonormal basis e, of A, we
choose one of the n basis vectors, lets say e,. Multiplying e, with all others gives all n—1 possiltie

Y¥ere assume {7} =0 for v > n. Further, note that

0-—(Tmf%“*:i{_n¥né: = ny som {
] — Wy s % (?rj %27. + '3) {100)
and thus %

0 &, a

;o () = iy ) (101)

This vields

O X - o0 .
2 (o) %;{@) “Gora 1)} = ; 5 WE '";j" =2t (102)
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bivectors in G( Ay ) containing e,
def

By =epen juef{l,...,m-1} . (104)

Since for 1 < v <n—1

BBy (o) epeneven = —eule1)ley = tepey (105)

all other bivectors, which do not contain ey, can be constructed out of the others.
Thus we choose the n — 1 bivectors B, as our basis of vectors in £g. The other bivectors in

G( Ay ) appear then also as bivectors in &g.

1.1.9 Vector Identities

After having derived the various products, we take now a closer look on some possible products of
more than two vectors. This vector identities will be very useful for calculations in the following

Sections.
From the scalar product of vectors a-b = %(ab -+ ba) we can deduce that

ab=2a-b—ba . (106)

This allows us to reverse the order of the geometric product of two vectors by adding an extra term.
Applying this procedure v times we derive

abibsbs ... by (1&6)

2a -by{babs...by} — brababs ... b,
2a-by{bsbs...by)~2by{a-balbs...bs +

+bibsabz ... b,

(106)

.
= (=Uby...ba+2) (D" {a-be)br.. by b , (107)
fes=1

where by is skipped. Since, according to (51), the geometric product of r vectors contains either
odd or even grades, but never both, we can substitute (107) in the expression for the inner product
of simple r-vectors with a vector to derive

9y 1
a-(bibs...b,) & -i-{{ﬂh...br‘"{-]}fbi-nbra]
v
f?g?'} Z("—1)k+1 {G'bk)bl Q.;‘E’k---br . (108}
k=1

By looking at the highest grade contained in {108} we establish the fundamental relation

(45) (45)

a-{biAbzA...Ab) =" g (by...beir = (G- (b1...bellro1
Ls
{108) -
= () (=1 (a-bilbr.. Be.. D)oo
k=1
T
= > (-1)*a-bbi AL ABKALLAD, . (109)
ko= 1
For v = 2 we derive 50 the result
a-(bAc) " (a-ble—(a-c)b . (110)

‘We are now looking at the inner product of a vector with the geometric product of two v, s-vectors
A, B;. Since the geometric product of A, and B, contains either odd or even grades, but not both,
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we can use (69) to derive identities

(69)

a-(ABs) = [aA.Bs — (—1)"**A,B;a]

1 r+s
[aABs — ("UrArQBs] + 3 [(_1 JTA:aBg — (=1) * f\rBsa]

D (a- ADB. + (=173 [AraBe — (-1)*ABedl

@ (a-A)Bs + (=1)"Arla-By) (111)

a-(A:B) € (aA.B,—(~1)*°A,Bq)

oy

2
= %— (aA:Bs + (—1)"AraBs — (—=1)"AcaBs ~ (=1)"**A,B;q)
D (aAABs — (~1)"A(aAB,) (112)

In the same way one derives for the outer product the two relations

1
aA(A,B,) B 5 [aAB +(=1)**ABsd]

-1 [aA/B, + (—1)7A,aBg — (—1)7AaBs + (~1)7+*A,Ba]

2
) G AAB, — (~1)"3 [AcaB, ~ (~1)*AByal

79 G AAB — (=1)"Aca- Bq (113)
aA(AB) ) l(aA,B, +(=1)"*5A,Bsa)

P et ] ot

[aA;B; ~ (=1)7AcaB; + (~1)"AraBg + (—1)""°ABsa]
‘@ (a-AdBs+ (-1 AaAB, . (114)
With the help of the grade operator one derives then for the highest grade contained in (111)

a- {ArABs) = a {ABs)rrs = (@ (ArBs))ras—

“;” {a-A.Bs + (-1 AL (a- Bs)>r+s-1
= {(a-AJABs +(~1)"A: Ala-Bs) (115)

and for (114) with s > r> 1

aA(A; - Bg) = aA (ArBs>s-r = <Cl. A{A; - Bs ))s-’r+‘l

(9 (4 ABg + (=1)"Ara A Bg)emrsn
= {a-As) Bs+(~1)A,-(aABg) . (116)

If B, = b is a vector we derive instead
aAN{Ar bl ={0Ab)—a-[A:AB) =(a A JAD+ (e AA)-b—a- (A ADb) . (117
Further, if A, = c is also a vector this identity becomes identical to {110}, i.e,,

a{b~c)={a-c)b+\(a!\c)-b+{cz’\b]‘a‘=(a-c)b—{bx‘\a)-c . (118)

w—~—~(l::;\a)-c

Further, for n > s we have

a-{An-Bg) = a- (AnBs>n——s = (aAnBs}n—s-J
<aAn}n—1 «Bs ={a-A,) B (119}
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a-(br...by) 02 5t (1% bi)by...bx... b
a-m AL Ab) 2T (1) a bidby AL AR AL Ab,

a-(AB) 0 AB+ (-
B G AAB — (~1A(a AB) )
773 : . {126)

a A (A, B) ‘= aAAB-(-1)"A.a B
(1 AB+(—1)"A,aAB

a-(Ar AB) OB (G A)AB+(-17A, Ala-B)

aA(A,-B) U1 (4 A.) B+ (=1)A, - (a ABJwith 1 > 1

Table 2: Gverview of the most important identities.

and thus the inner product is in this case assoviative! Further, the following identity will be essential
for the treatment of bivectors, which are especially important:

{13} {47)

{abAy)re2 =  {aADA;+a-bAdr2 = [aAb) A, (120)
(abAr—z 2 (a(bAs) +abAA 2 2 a(b-Ay) (121)
€ (—1y*ta. (A, -b) (122)
O e A)-b . (123)
So we derived the equivalence relation
(@AB)-Ar=a-(b-A) = (-1 g - [Ar-b) = (=) (a-A,)-b . (124)
This vields the useful expression
(@1 Aaz) (b1 Ab2) "2 ap-faz- (by Aby)l
= ay-f{az-bylby —{az - balby]
= [az 1y - b2} — (az - b2)lay - by)
= e ab| (129

The results are listed in Table 2.

vectors is associative and thus ¥ changes
hus expect the outer product of n vectors
geometric product, but this is not obvious
case of the outer product of three vectors.

Outer Product of Vectors The outer product
sign under exchange of two neighbouring ones. We
ic bé a totally skew combination of the vectors =
when looking at {78}, We will Iimit the discussion

Here we derive by successive application of {70)

faAb)Ac - 3 flaAble+claAb) (0) i {abc —bac + cab — cba}
= %{ﬁ%}£+bca+sab%{:bambac-w ach}
1 s
%1—2 {abc +cab — cba ~— bac — 2bca + Zach} . (127)

But now we find for the second term under use of (7)
abc +cab —cba —bac—2bca+2ach = —~bla-¢)+alb-¢) 4 cab + acb—cba ~beca =0 . (128)

={a-cib =-{¢.bla

Substituting this in {127) yields
1 A
oMb A= 3 {abe + bea + cab —cba — buc — ach} . (129

Thus the outer product of three vectors is indeed their totally skew combination.
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Duality Relations Setting in (112) and (113) A, = I, with a AL = 0Wa € Ay we find the
important duality relations for inner and outer product*®

a-(18) " 1)1 L(aAB) ; aA(LB)'E (1) La-B - (130)
We can extend this relation to simple multivectors As = a1 A---Aa; (s < v) by repeated application
of (130), i.e.,
As-(IB) = (a1A--Aas)-las- (LB
U2 (@) Aee Adea) - [(=1)7F Te(ag AB)]

= (=1L (A AB) (131)

and similarly
As A{LB) = (—=1)V (A, -B) . (132)
1.1.10 The Commutator Product with Bivectors

The commutator product mostly appears in connection with bivectors. Thus it is worth taking a
closer look at the special results in this case.

Since for a bivector Az = ajaz, with ajaz = azai, and a simple r-vector B, with v # 1
{46}
AsB, = aimB; = ailaz - B + a3z AB;)

46
49 4y .(az-By+0a2ABy)+a1AlazBr+ a2z AB)
= ai-(az2-B)+ar- (a2 AB;)+a3Afaz-By)+

—(A2Br)r 2 (A2B1)
+a1 ANay ABy {(133)
_HI—J X
(AZBr}r+2
we gain the identification
AZ y BT < (AZBr}r-Z =y - (az ) Br] (134)
Az ABr = {ABylesz=a1 Aoz AB [

Since forr> 2

67
B, Az &2 (—1)20t1A, B, (135)
A2AB, & (C1)#B,AAL =B, AA; (136)
X7 (59) 2(2-3}
. <A2Br>r = (BrAz)r = (_]} z (BrAl}r = ”(BrAZ} (13?)
we have
1
Az %X By = “z“(AZBr - BrAZ}
D353 8,.8, 28, AB,
(133) 1 P,
= 2‘ Az . Br + <AZBr>r + AZ A By — Br-Az — (BrA2>r - By A Az
N s
U278, As),

= <A28r>r . (138)

Further, for r = 1 we have Ay % a = Az - a = (A0} and finally for a scalar Az X A = 0. Thus we
see that the commutator product with a bivector conserves the grade and we can write

Az X Br = (A2By)r . (139)

18Remember, that o has to be a vector, but B can be any multivector, even with I AB 3£ 0!
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This gives in {51)
AsBy 2 (AB)r—2 + (A2By)r + (A2B)raz (= Az-B+AzxB+A2AB . (140)
The grade preserving property yields further for a bivector A
Ax(Be-Co) 2 Ax(BColisuri = (A X (BsCr)iomri
D (A x B)Cr + B(A X Cr s

B2 (A xB.)-Cy+Bs-(AxCy) (141)

and

13¢
Ax(BAC) E A X(BChasr 2 (A X (BsCr))sir

{8':?) ((A g BS)CT + Bs(A k4 CY})S+T

@D (AxBAC, +BAAXC,) . (142)

Iteration of (142) gives immediately

&g g,

o,
Bx{aiA...Aa) = (BxajJAhazA...ar++aiA{Bxaz)AazA. . ar+...
T
S B a) A AL AG AL Ag,

k=1
(143)

1.1.11 The Projection Operator

Subspaces and Pseudoscalar Let {e, : 1 < v < n} be an orthonormal basis of a subspace A,
of Am {m > n) , which can be extended to a basis {e, : | < p < m} of Ay,. Since the pseudoscalar
is unique, it can be represented as the product of any n orthonormal vectors in 4,,. Thus

In‘ge1ez...en(;§)e]/\.,.f\en (144)

is the unique pseudoscalar of G{A, ). If a € A, we can express it as a linear combination of basis
vectors, i.e.,

113
a=) ave, . (145)
2
In this case the outer product with the pseudoscalar of A, becomes
T
aAL T Y ave, Aer A Aen R0 (146)
v=1

If on the other side a € A,, we can conclude that a has a component a; orthogonal to all vectors
in Ay, i.e.,

k13 M
amZa"ev—% Z ate, =qp+ar , {147)
il =141
R ——
def def
=ay =y
and now aan }
147 {146
aAl, = (an%—al_)/\ln = a3y Al, #0 . {148)
grade n 4+ 1

Thus we can summarize

a/\I“{%O Vad An
i.e., the pseudoscalar defines uniquely An.

(149)
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The Product with the Pseudoscalar Let A, = a....a1 € G{An) be a simple r-vector. Since
the pseudoscalar is unique, we can expand it as

In = A3 ... QrGr41--.0n (150}
where A is chosen, so that 1?2 = +1. Thus the geometric product
Arly = Qr.. 0101 ... 8Qplrg1 .. Gn = [T_q03] arpr.. 00 (151)
is a simple (n — r)-vector and hence (according to (47))

Ay, 2V AL L. VA €64 . (152)

If A: € G{An), it must contain 1 > 1 factors by & An. Then with r = 1+k
Ar Iy ={AL)m-r = (a1 .. .ae bt D) jnr = o . (153)

grode n 4 1
Under use of I,I;" = 1 we derive the identity
a=alali' =(a - ln+ e ALY = a - LI+ e AL . (154)

The first term on the right can be seen as the projection into the space represented by I, while the
second term (according to (149)) projects out the part of a orthogonal to this space. This suggests
to define as a generalization to arbitrary multivectors

Ay = P (A) YA I projectionontoAn(I}} (155)
Ay = P{(A) = OAALYL! rejection '

Example It is instructive to consider here the simplest possible case. Let a,b be vectors in Aj,.
We can treat b as the pseudoscalar of a one-dimensional subspace. Now

Pola) "2 (a-b)b~! (156)
is a vector parallel to b, while |
Pi(a) " aAbL ' =aApAD~ +{aAb) b (157)
R ]
is perpendicular to b, since
Pe(a)-b=[(aAb):b7']-b=(aAb)- (b TAb)=0 . (158)
w={)

Properties The with (155) defined projection operator is linear and grade preserving

P LYB) = WP Pl (159)
) = {(P(A))r
as can be seen from the definition. Further it has the property of a projection
P(P(A)) =P[A) . (160)
Another obvious consequence of the definition is
Pr.(B)=0 ifr>n , (161)

since the simple r-vector B, must contain vectors linearly independent of any choice of the n basis
vectors giving In = ey A L. Aen.
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The projection operator is an outermorphism, since for n 2 s +1t we have
=P{B, ] 1n
PAABY) 2 (A ABY InlD' =Ag- (Be-Lo) I3 = As - (P(Be) - In)I7!
= AAPB- LI 'E () PBIAAL LI
=P{Ag)In
= (=)PP(BY) (As - In) I3 = (=1)*P(B:) - (P(AS) - T
(P{AS) AP(By)) - Inl7" = P(A) AP(B:) (162)

and for n < s + t it follows immediately from (161).
For Pla) = a we have

PlaAB,) ¥ Pla)AP(B,) = aAP(B,)
““"Pfsr)ln
s S,
Pla-B,) = (a-By) LI =aA(B: L)1 =aAPB)ILI; =a-P(B,)
= P(aB,) = Pla-B,)+P(aAB,)=a-P(B;)+aAP(B,)=aP(B;) . (163)

This allows us to conclude under use of the linearity of P and by successive application for multi-

vectors A, B
P(AB)=AP(B] HPAI=A . (164)

1.2 Differentiation
1.2.1 Definitions

Directional and Vector Derivative The usual derivative extends in a natural way to the geo-
metric algebra, if one defines, in analogy to the vector calculus, the directional derivative by

Flx + ea) — Flx)

- (165)

a- 0 F(x) & lin%)
P

Let {ev} be an orthonormel basis of A,. The directional derivative of the p-component in the
direction of eV becomes

[ Vo gh oy M
e dxx-er) ' X “‘eee =eVeet (166)

while in direction of e,

{165) x* 4 ge, - P —xH
€

ey - Ox{x - e") =8k (167)

Thus we relate the directional derivative and the component derivative by

ey Ox =525 H O D ¥ 0 =0, . (168)
(166) and {167) read now ‘
Duvxt =8 1 B xF =e¥ . e¥ (169)
and we see that for an orthonormal basis
T T .
e, e 0 Y e, 0, MY ke, (170)
[TE) u=1

We define 8, as an operator, which has the properties of a vector, so that the operator a - 9, in
(165) can be treated as a scalar. Thus we can represent 9, with the help of an orthonormal basis
ey (of the linear vector space'® 4, ) and the directional derivative (165) as

EY e lev-d)=) eydy, . (17)

18That is a flat space.
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We define the derivative operators to be acting on the function to the right. If is acting on something
slse we will use a dot, e.g., O fx x)d(x), to indicate the scope of the operator. In such cases it is

useful to substitute the representation (171)

BAB) ' eer BIANIBN) = I AL llev - 20B0 . (17)
The Differential We will call the linear function
F(x,a) & a - 0,F(x) = % (aéx + éxa) F (173)
the differential of F(x)?%. Obviously one has
F(x,a) = a-8,F(x) = F{a) & F{x) is a linear function. (174)

Product and Chain Rule for Directional Derivative and Differential The differential obeys

the product rule
FG=FG+GE {(175)

as can be seen from the definition of the directional derivative (165) in the usual way

(165) Fix +€a)Gx + ea) — F{x}G{x)

a- 8, ({FG) ixm{% .
- Im Fx + €a)G{x + ea) — F(x)G{x + ea) + F(x)G(x + ea) — F{x}G{x)
e—0 [

F{x + ea) — F{x)
€

Glx + ea) + F{x)

e—0

—  lim [ G(x—}-eo.}—G{x}]
€

& re+6r . (176)

We derive further the chain rule

a3, G(f(x)) (165) lix% G{f{x + eaz:) - G{f{x}))
et
= lim G{f(x) + ea - 8,f(x)} — G{f(x])
Y €
= {a-0xf(x)) - 0¢G(f(x)) (177)
173
"D s, 1) (178)
First we consider the derivative of the inner product to find the most important identity
d.a-% T ey e¥ -0y a-x“g} ¢, lim a-(x+ee’)—a-x =eya-e'=a . (179)

If ais in the vector space Ay, spanned by {e,}, we can now use {179) to express the vector derivative

operator as

079 5 (173)

O F Bat- 8xF = 8.F{x,a) =0,Fa) . {180)
One can extend these results to the vector derivative, i.e., for the product rule
3.(FG) = 0,FG + 0,FG | (181)
and the chain rule for a vector-valued function g(x)
180
3¢F(g(x)) "= daa-0cF(g(x)) 'Z 2aF(gla)) = da {gla) -3y} F(g)
= §(84)F(g) (182)
with the adjoint?!
gix,a) = 3, lg(x)-a] = g(x,a)-b=a- glx,b} . (183)

2OWe can even have a € G, but then the dot product projects out the part in §, so that
a- 8y :Pfﬁ)*ax N

where P{a]} is the projection operator,
2i'We will have a closer look at differential and adjoint in a Section 1.3.2.
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Second Differential and Integrability Condition The directional derivative, defined by (165),
behaves like a scalar and thus commutes with every multivector??, i.e.,

(a-8,)AF(x)B = Aa- 8, )F(x)B = AF(x){a-8x)B . (184)
Since directional derivatives commute with themselves, we derive for the second differential
Fab =Fpa (185)
where we defined F, as an abbreviation for the differential, i.e.,
Fo = E(x,a) . (186)

Using (180) we find for the outer product of two vector derivative operators

antisymm. symm,
3 A 3o A Fup = —0a AdpFra = —0p AdaFap =0 (187)
e, g

independent of 0,b

where we renamed a,b in the second last step and compared with the second step from the left.
Thus
B3y AdaFab =) 3, ABF=0 (188)

and we derived the so-called integrability condition
0, A8 =0 . (189)
This allows us finally to conclude that the Laplacian
(189,
e
OOy = Ox » O -+ Ox A8y = Oy - Ox (190)

is a scalar operator.

1.2.2 Derivatives of some simple Functions

We will derive the derivatives for some functions, which allow us to construct more complicated
derivatives with the help of the chain and product rule. We start with the differential of the identity,
which is easily calculated by

a-x=x(a) & i XXEATX _ o (191)
e—0 €
Thus
([iUev
g,
Oyx=¢e" e, 8% azn e¥e, =1 (192)

where {e+} is a basis of the n-dimensional space. By using the product rule this yields

?1)

Bx? = Baa - By (xx) = Dg (3% + xx) A Ja (qx +xa} (& 20q.0-% 0z . {193)
This result allows us to see that
1

3 Ax 53 A3y 82 Wy (194)

The chain rule with a scalar function helps to find

i {193) %

WMl = VxZ= ot = = 195
x ke 2\/%?2— x lxl ( )

22Note that the scope of the operator stays the same.
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We can apply this result, to find with the help of the chain rule

e N R (196)
A further application of the product rule yields
{192)
X 181,k —x (196) K k-2, M=k 197
(M P I x40yl x| 4 (—k)xlx] KA = el (197)

This allows us finally to calculate

3y log x| = ] 3. x 2 1 H% =x" . (198)
Given a simple 1-vector A, we have?®
Ax-A) = RA[ D alag A AdcA--Aag)] = TA; } . (199)
B IXAAL) = a,‘xﬂkr B A Ar) = (n~—71)A,s
Writing 8 and X in components yields
TooevA(eY AL (12 TAr 3 Y. ev-{e¥-Ap) 2% . (200)

1.2.3 Derivative with respect to Simple Multivectors

Given a simple multivector A, = a; A... A a, we derive by using (109) and (180)

da, A..ADa, (1A.LAG)*(Br A A = Tbe AL AbL (201)

w
r! combinations

We identify thus the derivative with respect to A, as
def ]
Dp, = ﬁaa, Mo Bg, {202)

This definition leads to the generalization of {179} to simple r-vectors, i.e.,

dA,Ar B = (B), . (203)

1.2.4 The Multivector Derivative

We can extend the definition of the directional derivative to arbitrary multivectors by defining

Axax(x) = FXE e’:) LA R (204)

where F(X) is dependent on a multivector X containing all grades. That means, F({X),) must be
defined for all r. By definition A % 8x is a scalar-valued operator and commutes with everything.
If F{X] does not depend on grade v of its argument, it follows from (204)

(A)r 2 O0xF(X) =0 . (205)
Thus if F(X) = F({X):}, i.e., F{X] depends only on grade r,
Ax OxF((X)r) = (A)r x OxF((X)+) . (206)
The derivative of the identity becomes

{2043 X+eA—X
e—»O €
23 or the case v == 0 remember the definition x - A == 0.

A % dxX =A . (207)
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Expressing A in a basis {e} of the algebra 24 G{ A, we have

Axdx = [ejel x Al x0x = A« [efey xax] . (208)
Thus we derive the identification
ox Lelepxox Eeloy (209)
with
o Yexxdx (210)

which is the analogue to (171).
From the definition (204) we derive easily the fundamental relation

(X + eejl A) — (XA)

€y * ax(XA} = e = (e;/\) = gy ¥ A V] (211)
and thus for the multivector derivative of the scalar product (as a further generalization of (203))
DxXsA= ax(x}\) =A (212)
This vields immediately
212
Ax(X)y + A = xX % (A)y 2 (A)y (213)
and as an obvious generalization for X € G{A, ),
IxX = A =P(A) . (214)

As an application we will consider the derivative of the commutator product. Let A, C be arbitrary
multivectors. Then

28((A x (B)IC) 'E Lag((A®). - (BI:AIC) = (A(B).C~ (B)/AC)

(85) 213 1

%aB(A(B)rC ~AC(@),) & 7(CA—AC).

® cxa), . (215)

Let C be a simple multivector of grade v < n in an algebra G{ Ay ), spanned by n basis vectors.
For the grade  we need then (7) basis vectors er. Then with

CKrEC.efr ; C=Clrey, (216)
the derivative of the identity becomes
s
9cC ) K, Clrey, =eXrex, = (:) . (217)
This is an obvious generalization of (192) and we can conclude
OAA = (BAA) = 0a *A . (218)
If X contains all grades and we label the basis of the whole algebra G{A,) as el*, we derive?®
n 5 n
X = A X e = 3 ol :n(n):n.
3 X r.Szzee Dxrr X5 e, ;::oe e, é L] =2 (221)

24Note that J is 3 multi-index! It labels basis vectors for scalar, vectors, bivectors etc. at once.
%5Here we use the binomial coefficients, defined by
i

() * wmr (219)

and the relation

z"=[1+1}“zi(':) . (220)
v
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1.2.5 Operator Identities
Let us define the Lie bracket

[a(x), b(x)lu £ a(x) - 9b(x) — b(x) - 8xa(x) = bla) - a(b) . (222)
With this definition we gain the identity
(i) Aala}- {8 ABJ Fix) = [al0) 800 0. = bl - Beal) - 8] i)
= Q[X} Oy [b(x} . axf{x]} - b(X} -0y [G[X) . axf(x}]
- [a{x} . B.b(x) — b(x) - éxa(fc]} B, fx)
= [a{x)- By, b(x) - 3,1 (x) — [a(x), b{x)lue - 8xf(x) . (223)

Please note, that this expression vanishes according to (189), if we work in a flat vector space. But
we will see later, that the extension to a curved manifold changes the integrability condition and
(223) can be nonzero.

1.3 Linear Functions

Definitions We call any function F(X] obeying
F(AX + kY ) = AF(X) + F(Y) (224)

a linear function.

QOutermorphism If f(x) is a linear function of a vector valued argument x, we can always extend
f{x} to the whole algebra by defining

flay A~ Aan) = fla) A Aflan) . (225)

We call f{A,) the outermorphism of f(a).

1.3.1 Determinants

For a linear vector valued transformation h{a) in a n-dimensional vector space with the matrix
elements

h € hle) 5 hy ¥ ohieg (226)

we define

= detth) & (ha AL AR -(e1A...Aey)
hn-(..(hi-{es A...Aen})...)
hila)- 15" . (227)

This is consistent, since
1. it is linear in rows {ey) and columns (h;)
2. it changes sign under exchange of rows or columns
3. if rows or columns are linearly dependent it is zero, since the outer product is then zeré.
4. it does not change under ezchange of rows with columns.
As explicit examples we give the case of n=1,2:

s Example n = 1: :
deth [25’} hy-ey = hy (228)
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e Example n = 2:

(227}

deth = [(haAh)-(e1Aez)
U2 (hy-en)(ha-e2) — (h1 - e2)(hz-e1)
2 h h
@9 hirhgy — haghy = h;: h;: (229)
General Proof The inner product of a vector with a simple n-vector is given by (109), i.e.,
iy .
hi-{e1 AL Aen) Z W hielern A A AL Aen) . (230)
j==1
Together with the skew symmetry of the outer product
hn AL AR = (T ALLATMALL A AR (231)
this yields
T
(ha A...AN)-(e1 AL Aen) Z NiHh g (hn AL ATUA L AR
{ AL AGALL Ney) (232)

By interpreting the last term as a determinant of grade n— 1, which is constructed out of the grade
n determinant by taking out row i and column j according to (227), this proves recursively the
equivalence of the definition {227) to the ordinary one, since we can reduce higher-order determinants
with the help of (232) to the case n = 2, which is shown with (229) to be the usual determinant.

Determinant of non-commauting Quantities We define here the determinant of non-commuting
quantities Oy by demanding that the determinant can be developed in the usual way, if we start
with the top row, and that for any o1y

lonl=011 . (233)
The determinant of four vectors is as an example

a7y 4z
by b2

= (hbz - azb1 . (234)

Note that the determinant changes now under ezchange of rows and columns. Also the exchange of
two rows or columns has a more complicated effect than just a sign change.

A determinant of commuting quantities, like scalars, is zero, if two rows or columns are linearly
dependent. But for a determinant of non-commuting quantities, like vectors, this is not the case.
Instead we have for instance for two vectors

b1 b
b: b‘z" =biby —baby =2by Aby . (235)
This generalizes to
by -+ bg
: Cl=nlbr A Ab, (236)
by -+ b

A proof via induction is given in Appendix A. We use the opportunity here to show how this
formalisra can be usefully applied to express the inner product A, - B, for two simple 1, s-vectors

26 yuantities with a check are skipped.
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Ar = ar A+~ Aaq and By by A--- Abg. Under use of the derivative with respect to a simple
r-vector {202) we derive for s > 7

Ae-Bs = aCs..,cs~r'(Ar'Bs)=acs_7[cs—rAAr)*Bs

= Bc,_(cs Ar-Acrpi Aar A Aar) (b Axr - Abg)
a‘.bI e a].bs a‘.b1 “ee GI'bs
_ aT:b‘ [ ar'bs {%?} 1 af'bj re ar'bs 257
= 0Cirlcpr by o bl (s=TI| b1 o by Rt
Cs‘b] . cs+ bg b fen b,

1.8.2 Differential and Adjoint
Definitions As defined with (173) we call

F(A) E A *3xF(X) (238)

the differential. It is still dependent on X, even if we only indicate the argument in which it is
linear. We define now the adjoint as

FA) & ax(FIX) £ A) (239)

s0 that the relation

238)

E(A)*B (A %0x)(F(X) *B) = A + F(B) (240)

holds.

Fundamental Relation between Differential and Adjoint For s > r adjoint and differential
ohey

Ar-f(B) = -(—7]‘—)- B¢ - (Comr AAL)] -f(Bs) = ﬁ(acCAAr?{Bs))sﬂ,
= T OHCARIBd s = = (OcH(C) AAIB)r
= T 0cl(C) - AN - Bal = = 0cCF(H(A,) - Ba)
= T(f(A:)-B;) (241)
and analogously for s < r
ﬂAr) N Bs == ﬂ;\r ‘ 1?[Bs)) . (242)

Transformed Derivative Often we will encounter equations involving a linear function of the
derivative operator. Let F{A) and h{A)} be linear functions. Since

R(3a) =0cC *h(da) =3ch(C) %A (243)

we can conclude

{243

R(0A)E(A)

In a relation of this kind we can thus exchange

ch(C) * DAE(A) = dcE(R{C) x 3aA) = 3cE(R(C)) . (244)

h{A),0a ¢ A, h{3a) . (245)

This relation is of high value for further calculations, especially gravity gauge theory.
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Determinants The fundamental property (240) yields immediately
detf 22 175(1) = F(I7 ) = IF(D) = det T . (246)
Thus differential and adjoint have the same determinant.

1.3.3 Symmetric and antisymmetric Linear Functions
Definition We will call a linear function f symmetric, if

=f (247)

ety

and antisymmetric or skew symmetric if

f=—f . (248)

Unique Decomposition We can decompose every linear function in a symmetric and antisym-
metric part by defining

s ’f 1? "k f—g
fLEL g ¥ (249)
so that )
f=f,+f ; fe==f, . (250)

Under use of the definition of the adjoint (239)

f(a) = 1 {fla)+ (@)} = {oub-fla)+ dub: Fla)} = 5 {@ob-f(a) + dua- £(b])
- Joala-f(a)] (251)
£(0) = 3 [f(a)~fla)] = 1 [a-Buf(b) b - ()] = 3 [a-Buf(b) ~ Bya-£(b)]
= ja By ALBI | (252)
Thus
i) B aAfd) =06 (x)=06b-fla)=a-f(b) . (253)

For a symmetric function and a bivector By we derive the useful identity

Ba-f4(a-By) =(a-By) f4(8a) = —B2-[aAfe(da)] . (254)
R
{2”‘13)0

Further the divergence of a linear function, that is it’s trace,

{0x - £00) + F(x) - B4
= 3-1.(x) (255)

D] e

b tx) = 3 {0x-10) +7(8)x} =

is completely determined by the symmetric part of . This is just the statement, that the trace of a

matrix is determined by its symmetric part, since the antisymmetric part cannot have any diagonal

elements. Thus an antisymmetric function will always have 8, -f = 0. But a symmetric function can

also be irace-freel This relation translates trivially to linear functions of a multivector argument.
Let now Fla; A--- A ay) be a linear function of grade n with

da, AFlar A Aap)=0 . (256)

Then obviously
Ba, A A IAFlar A ANap) =0 . {(257)
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The antisymmetry in the the a, ensures®’

8a.F(An) = (Ba FlAn))o,2n (259)
so that Flai A -+ A ay) is a symmetric function. It follows
An *F(By) =By xF(A,) . (260)
Note that in general there is no function f* with
aAf(b) =f{aJAb Vabe A, . (261)

To see this, let a and b be orthogonal unit vectors. Taking then the outer product of (261) with b

yields
aAf)Ab=f{a)AbADb=0 Yae A, . (262)

Since in n < 2 dimensions there can not be more than two linearly independent vectors, (262) is
fulfilled for all functions f. For 1 > 2 we choose a orthogonal to f(b},b and conclude that

flblAb=0& flb)=2Ab , (263)

with an arbitrary scalar A,

Example Projection Tensor With the tools developed we are now in the position to calculate
the adjoint of the projection tensor. Since P{X] € G{A,) it follows

PIA) = axPX) * A Y p(A) . (264)

Thus the projection tensor P{A) is a symmetric linear function.

1.3.4 The Inverse of a Linear Function - Cramer’s Rule

Often it arises the need to invert a linear function { with non-zero determinant. Geometric Algebra
supplies us with the necessary tools to give ™' in a neat algebraic form. We start with substituting
in (242) A, = I,,,B & By to derive

f{In)-B=1(1.-f(B)) . (265)
Using the definition of the determinant and substituting B = 1) yields
(det f)F (), =f(1,C) . (266)

Thus the desired formula for the inverse of the adjoint becomes

- fI, Ot
1 C) o =2l .
Q) det f (267)
In the same manner we derive for the inverse of the differential
_ fli.onzt
§ 1 — n T
o) = Tt (268)

This is the analgue of Cramer’s Rule, well known from linear algebra. But it is Geometric Algebra,
which allows us to formulate it without any need to introduce a matrix representation.

2TFor all grades except 0 and 2n we have a term like

da; Alda, -Flar Av--Aan)l = —2a, - (Bay AF(+))+8a, - Ba,F(-) =0 . (258)

(2;636 =3
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1.3.5 Tensors

Lets assume a linear vector space An. We will call a multivector valued function
T{ay,...,a;] ; an= (an)1 s (269)

a tensor of degree v, if it is linear in the vector arguments an 8. Since T and a,, are not necessarily
in G(An), we define in addition a tensor field Ty, for which

P (T¢(P(a1),....Plas))) = Telar,...,ar) . (270)
So for a; € A,Vj we have T¢ € G(An).
IfT(ay,...,a.) is of grade s we say T has rank s + 7. If T is scalar valued, one gets the relation
to usual tensor index notation
Tij=Tlaiy...,q5) ; THI=T(ad},...,a)) . (271)
We can define a contraction via
aak 4 aaiT[Cu, Ven ,ar) = T(Oq, e ,ai_a,aak,. ey ar)
= Z_T{ah“')ﬂi-—%euaat’“'raf)
u

= ) Tlan,...,qi0,e%,. .., a0k, Or)
u

= Y Tlan...,q1,e% 600,00 (272)
“

Contraction reduces the degree (and so the rank) by two. A contraction of two tensors over a; and
by is thus given by

SEG},._.,G&,],abk,...,On)T(bf,...,bm] . (2?3)

Let us in addition define the traction by

Do, Tlay,...,Qx, ..., 0n) = Ze”T(a;,...,au:ak,... Ny
" )
= ) e'T{a,...,eu...,an) , (274)
M
which is equivalent to the contraction of
S = anmiTlan...,an) (275)

over an41 and ayx as can be seen with {272).

Split in symmetric and antisymmetric Parts The skew symmetric part of a tensor is given
by
o 1
T_(ay,...,an) & a-‘(a, AcAan) - (Bp, A AB, ) T(by,..0, b)) (276)

while the symmetric part is

1
T_{,_;-nj[a]‘aa]...(an’aq]T[agas"')a} M (2??)

#0ne can extend the definition and allow multivector valued arguments instead of vectors. We then call
T{A1,...,Ar} an extensor.
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The effect of both operations becomes quite clear, if one calculates it explicitly. Under use of the
definition of the determinant, we can rewrite®®

ay - ab, aq - 3b2 PR ¢ § B ab“
1 ag-ab, az'ab2
T«- = — . . T€b1)“';bn}
1! . :
anab‘ A NP an.ab“

7!
= %Zsign(ﬂj}(aﬂ; 'ab,)(ﬂnf ‘abzl'u{a'n;‘ 0p, )T(by,....ba)
v

3

1 n!
= o Z sign(7)T (A, €, - yamn) (278)
R

what shows nicely how the antisymmetric part is derived. The symmetrization operator works very
similar

1
T+ =

n!
1
nl

1 Tl
= EZT(%;,%?,.,.,Q,,;\) : | (279)
I 5

{ay-8a)...{an-34)T(qa,...,a)

(Cl] 'aa)...(ﬂn_‘] ‘aa)ﬁ[an,ﬂ,...,a)+T{a,ﬂn,ﬂ....,a}+...“i"T(ﬂ,...,a,ﬂn}]

As an example, the usual results are easily obtained for n = 2. With

Vs Z{],Z} s 7[2::{2‘1}
sign(my) =1 , sign{my)=~1 " (280)

it follows immediately

1 2 :
T. = Z;Sign(ﬁj}T(ﬂﬂ;,an?):z[’r{ahaz)..'((az’a‘)]
Je=
i
T+ == “é}' E‘T(ab GZ) +T[a‘2p a1 }] . (281)

1.3.6 Decomposition of second order Tensors

Given an arbitrary linear function T{qa, b), depending on two vectors, we can split it into symmetriec
and antisymmetric parts by defining

Ty = % [T{a,b)£T(b,a)l = T(a,b) =Ty {a,b}+T.{a,b} . {282)
The skew symmetric part depends only on a Ab, thus V
T_(aAb) = T_(a,b) . (283)
Since T.. is trace free we derive for the trace
TET(0g,0) =T4(0a,a) . (284)
This allows us to define the trace free symmetric part by
o(a,b) =T{a,b)—T(a-b) ; T(a-b) = £BT | (285)
so that
T{a,b}=T {laAb)+ala,b)+T{a-b) . (286)

When looking at (286) we realize now, that T_{a Ab) and T{a - b] depend only on parts of the
geometric products between a and b, We thus define the extensor

T(ab)E T(aAb+a-b)=T_(aAb)+T(a-b) . (287)

9 Here 75 denotes a set of natural numbers, which is derived from {1,. .., n} by j exchanges of neighbouring elements.
There are just n! possible combinations, so that j runs from 1 to ml. sign{r;) is then defined as {—1). mt; denotes
then the i-th element of the set 7v.
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With the help of the chain rule we are able to express 84 by

o = (Bax') #0x: Fn-ay . (624)
substituting this in (621) yields
617 )
aaﬁ’j €17 B0 - (dathi(x)da_, 41 L)1
o =0 =0
24 s
€28 o, (- 3 )0ida, v L)1 (625)

But looking at £’ = L(x') as a function of x', rather than ', gives

aaz:'] €29 o) =nooL =8y (£n) . (626)

Thus we obtain by subtracting (626} from (625)

— -0y L =Dy - (- O )i, £ — NLY (627)

e

0=20.L'

and we define the adjoint of the energy-momentum tensor
Tin) = (n- 0,0i8a, 4, L~ 1LY . (628)
This is a conserved current, since (627) becomes now
5, -Tm) %0 . (629)

We define the energy-momentum tensor T as the adjoint of T. We use (vT(n)) = (T(r)n} to
derive the general expression, which becomes

= {628} . .
= (T = Anm 3 (Dida,p L) — Onlr-m) L
T(v) n{rT(n)) na (bi0a,p:. L7) (r-m)
= g =
= 0, (Widp . L7) — Lr. (630)

The conservation equation for the adjoint of the energy-momentum tensor (629) becomes now the

important relation o
TOx)=0 . (631)

Here it should be noted that the energy-momentum tensor is with (630) a vector-valued linear
function of a vector argument, which is not necessarily symmeiric.

Momentum and Energy Having defined the energy-momentum tensor, we can now proceed by
defining the four-momentum and energy density as

Pr = T(vo) 7 Ex=vo-Tlve) =vo Px (632)

The four-momentum of the field in the yo-frame is given by the spatial integral over the momentum
density (632), i.e.,

p= jld%crrm] , (633)

and thus the energy as the yo-component

E=vo-p J 1%l vo - Tlve) - (634)

7.1.4 The Symmetry of the Energy-Momentum Tensor

The energy-momentum tensor, defined by (630}, can contain an antisymmetric part. Indeed, as will
be seen later, the antisymmetric part of the energy-momentum tensor for the Dirac field contributes
directly to the angular-momentum and can thus be seen as a spin contribution..
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General Condition for Symmetry If T(n)is a symmetric linear function, i.e.,, T(n} = T(n),
(628) and {630) yield the condition

1 3y (100, L)1 = dx(hida,p: L)1 ¥ 10, (635)
and after multiplying with 2, from the left
O bida,wi L)1 = (Hido,w L)10x (636)
Using (12) we bring the condition in the neat form ‘
8 A (8o, L1 =0 (637)

Taking the inner product with n leads back to (635), which is in turn equivalent to the symmetry
of T(n). Therefore, T(n) is symmetric if, and only if, (637) is satisfied.
7.1.5 A possible Relation to the Einstein-Field Equation

The following considerations reflect some ideas that I had. They might turn out to be physically
wrong, but nevertheless it is interesting to see how the definition of the quantum-field energy-
momentum tensor can be used to construct a general-relativity-like structure.

Split of T We define the vector u by

u = (i (9o, L)1 (638)
and rewrite (628) and (630) as
Tir} (620) Sxth v — Ly — éx(wi(aax Wi L)) = Tol(r) ~Tglr) } (639)
Tr) B riaaw—Lr—t 0 WiBop L)% = Ter)—=Tom )’

where we defined

Ter) £ daur=Lr 3 Tgn) = rvdu—Lr } (640)
Tolr) & 8, (0i(30,0,£)°1) = Tor) = 78 (30,9 L) )"

The same argument that led to (637) yields the following equivalent statements
Te=Tg % Au=080%u=0 u& (n du=0(u-n) . (641)

If Ty s symmetric, any skew contribution can only come from Tq4. Since symmetric functions have
vanishing protraction, it follows®?

Ta(@x) A% = =Tq(0) A% = 3% - 3 (Wi(Da, 4, L)) Ax* = =0 A{Wi(80,4, L)1 . (642)

As we will see later, this quantity will contribute to the angular-momentum tensor.

Examples We will check the symmetry of T, for the two most important Lagrangians:

e For the Klein-Gordon field with £ = { {(8x$)% — m?$?} it follows

1 1
u=0(0xb) =500 F B Au= 38 Ad%t? =0 , (643)

and thus, according to (641), Ty is symmetric. The protraction of T becomes with 95, 4L =

Byh
Ta@ ) A% E 8, A(D(3:0)" )1 = ~bOx A B )P =0 . (644)

Therefore also Tq is symmetric.

%?Here we also use a * to indicate the scope of the differental operator.
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e For the Dirac field with £ = (3,{)iysdh — mdp — eAdyol we get

1 iyl =0 0, Au=0 (645)

and thus T4 is symmetric. Here T, has an antisymmetric part, since with 93,4 £L = i’mﬁ] the
protraction

Ta(3x) A% = =0, A{biyad)r = 0x A (Piyadh (646)
is non-zero.
Ricci Tensor and Scalar Comparing the definition of T in (640) with the Einstein-Field equation

1

T{a)=R{a}— EQR \ (647)
suggests to identify the Ricci scalar by
R =20 (1, Bxipi) (648)
and the Ricci tensor by
R(a) = By (Wida,p La) B Bu-a . (649)

We have to note here the important fact that the occuring vectors in (648) and (649) are vectors
defined in a flat background space. Ricel tensor and scalar are still position dependent with x, but
% is a vector in a linear vector space without intrinsic curvature. This is a fundamental difference
to general relativity, where the tensors are functions on a curved manifold. It should be mentioned
that in gravity as a gauge theory (see Section 9}, a flat background space is also used.

If T is symmetric, it follows from (641)

R(@) = a- 8 ‘Y a0, (Gido, g, £)1 - (650)

Now we have to check, if the Ricci scalar is really the contraction of the so defined Ricel tensor.
From (648) and (649) follows the condition

20 R =9, Rla) = 8q- (Oyu-a) =0, -u . (651)

In full length this condition becomes

26 L 0, (Wida. g, £))

(0xbi(@0, . L)) + (Wi {Ba,w, £1° 3x)
= {(9xPida, L) + iy L) . (652)
Therefore, in order that the Ricci-scalar (648) is the contraction of the Ricci-tensor (649), the

Lagrangian has to satisfy the condition (652). It is interesting enough, that the Klein-Gordon and
the Dirac Lagrangian satisfy this condition!

Example Scalar Field We will first look at the Klein-Gordon-Lagrangian

o 1 1
LE 5 (B ) — im:’-q>2 =Lp—Lm . (653)
défﬁp défl:m

(652) is for each term itself satisfied, since

{653]

(0xdBo, o Lp) + (PdeLp) = (3x0) = 2L,
.. = . 654
(3080, 0Lm) Hddolm) 2 m2? = 20m (654)

=0
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Example Dirac Field For the terms of the full Dirac Lagrangian, i.e., including electromagnetic
interaction,

£ = {(3d)iysd) — (M) — (eAbyold) = L — L — Lo (655)
e e
d_gfﬁs d_g_fcm d-‘gfﬁg

we get for each term

(8h00,Ls) + (W(00L)  EY (@)ivsD) — (Wiyabdy)
= A0xpiysp) =2Ls
\__(axli’aa*‘i’z"')f*'(‘i)(a‘l’ﬁe» = W (’Yo{i;eﬁ + eAllWo)} =2Le | (656)
=0
(Buh00,4Lom) HOOpLm)) B 2mp =2Lm
== )

Accordingly the Dirac Lagrangian satisfies the condition (652).

The Equation of State Contracting T4(a) we derive the Equation of State, which becomes®®

%2 R R acihr,abi) (657)

2

8- Tola) 2 R-

The contracted Bianchi Identity Ricci tensor and scalar obey in General-Relativity the Bianchi
identity 0 = R{86,) — %5xR. Bui substituting (648) and (649) we derive

(628 %ax . (658)

R(8x) — %%k = 00y - u) — -axz,c =

Therefore, the analogue of the contracted Bianchi identity is only satisfied if the Lagrangian {or
Ricei scalar) is a constant in space-time. Clearly a very strong condition, which will in general
not be satisfied. However, if one considers a solution of the quantum field for a localized matter
distribution, one would have to check if 8L — 0 for increasing distance from the matter. If this is
true, the Bianchi identity would appear as a natural limit of (658).

Note that the Dirac Lagrangian fulfills (658), since it vanishes under the equations of motion.

7.1.6 The Angular-Momentum Tensor

The Angular Momentum of Fields, which transform double sided The transformation®
x! = e~ Fxe
dof B af ; (659)

where B is an arbitrary bivector, yields

(659) x'B — Bx’

! P T e .
Dax lcx::O 3 L=o-— Bxx B-x (660)
and so
; 65 .
0| B x| 0w #0b0) EBxp-(B-x) 1000 . (o6)
B (xAdx)

From Noether’s theorem we derive

{611} (661)

a(x;c:
=

dx - (0ath B3, 4 L)y Ox - ({(Bx ¥ —[B- (x Adx)]P}0a, L)1 (662)

83Here we consider a four dimensional! space. Thus aq a4,
S4Note that here 1 transforms double sided and is thus no spinor.
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But £ can also be seen as a function of x, i.e.,
L{p(x),0xh(x])) = L{x) (663)

and the derivative with respect to the scala.r symmetry parameter o becomes

Bl = x| x0,L'F (B %) 0,L(x) =8 {x-BLX)} = 0y - x - BL(x)} (664)
=0 =0
Equating (662) and {664) yields
O:ax*{([BX1§)~[B~fXAéx}}¢J aaxq,}:h—'?(*Bﬁ} (665)
and thus we define the conserved current as
J8) = ({B x ¥ — [B- (x Adx)| b} o.ulh —x-BL . (666)
As for the energy-momentum tensor follows the conservation equation
0=0,-J(B) VB & 0=](3x)-B VB & J(3)=0 . (667)

. : N def
To derive an expression for ] = ] we use

3{(B x V) Do pLr) 2 @ x (30,9 LT))2
3([B - (x A8 Wdo,pLr) = Ba(B-(x Ady)) (s, pL£1) = (x A3y o,y Lr) ¢ (668)
dp(x - B)-vL = —8gB (XATIL =T AL = x A (L]
to obtain

] o= 3B ‘e {(Bx b — (B (x AW 3o, L) — (x-B)-TL}

L) x (00, L1))2 ~(x AB)(hBo,y L1) + X A (1L)
828 AT

63t x o, Lr))2 + TMAX . | (669)

The second term is the expected momentum contribution but the first term seems to be related to
the spin. Thus we define

S(r) E J(r) = T(r) Ax = (i X (3o, LT))2 . (670)
Angular-Momentum of Spinor Fields If { = ¢ is a spinor, i.e., it transforms single sided,
the transfromation {659) has to be replaced by
e~ Fxet ; ¢ FePox) . (671)

def
xa’

A very similar calculation as given above gives now the angular momentum for the spinor field
] = 2000, L2 + TMAX 5 S() L Lido g L1)2 (672)

The skew Part of T as total Divergence (667) yields under use of (631)

0 (667)

JB:) =S50 +T@IAX . (673)
The protraction is completely determined by the skew part, so that
0 [T@IAX] =a - T-(B.)% = T_(d)a- % = ~2T_(a) . (674)

Thus {673) gives
0=a-$(dx)+a- [T(éx;mz] | (675)

and we see that the skew part of T is always a total divergence.
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7.2 The Scalar Field

The simplest case is given by a scalar®® field obeying the Klein-Gordon equation

(@2+m2p=0 . (676)
The corresponding Lagrangian is
1
L= [OxoP —m?¢?] . (677)
Differentiating with respect o the scalar field and its derivative gives
el = —-m?d ; el = b , (678)
so that in this particular case the Euler-Lagrange equation (611) becomes with
0 ‘D 34L - (20,6£)8x ‘L —m2e — (3:h)3x = —m?¢ - 326 (679)

the Klein-Gordon equation (676).

7.2.1 The Momentum Representation

Complex Numbers in the Klein-Gordon Theory Before we can apply a Fourier transfor-
mation, we have to find a representation of the complex unit j. In principle, this can be any
multivector, which squares to ~1 and commutes with the wavefunction. But since a scalar field
represents particles without spin, j should not prefer any direction! The only multivector, which
fulfills this conditions is the pseudoscalar of our four-dimensional space-time, i.e.,

i=7YoY1Y2Y3s = 010203 . (680)
We identify thus
jerio (681)
Since i = —i, the operation of complex conjugation can then be represented as the hermitian
adjungation, 1.e., reversion in P. Thus we define
[ +1ip) & [ +iplt . (682)

The Fourier Transformation and the 5-Function Since i = voy1v2y3 commutes with s-
calars and pseudoscalars, we have no problem in defining the Fourier transformation of a scalar and
pseudoscalar valued function f as

4 1 :
flk) = ——-—Jd“xf x)ettx 683
The orthonormality relation is expressed by
1 ; )
—k) = ifk~k'}x
5%k —Kk'} O Jd"x e . (684)

and gives us a representation of the Dirac &-function, which will be frequently used. As usual one
has

J %’ (k') 5Kk’ — k) = J d% (k') 5"k — k') = (k) . (685)
Substituting x’ = —x we find
m = -’w 2 F N z ¥
j\ a e«tk-x :J (-dx']e‘k"‘ =J dx'e‘k"" (686)
-3 oG Rt ¢

and therefore we can extend (684) to%

jd“x eFHk=kD% — (mm gk — k') . (687)

65Plea.se note that this excludes pseudoscalar valued functions and corresponds so to a real field.
%80One can see that the 6-function is real, since complex conjugation does not change anything.
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The Fourier Representation of the Field We can write the field as a Fourier Integral

1
o(x) = ——r
* V2n

Now ¢'(k) has scalar and pseudoscalar parts®” and, since i anticommutes with vectors, we have for
an arbitrary vector x

J [d*%let* >’ (k) . (688)

$'(k)x =xdp" (k) . (689)
Since ${x) is a pure scalar, f.e.,
d(x)=9"(x) . (690)
Taking the complex conjugation®® of (688) we derive
1 . 1 .
“(x) = —— [ld%le™ > [o' (k)] = [d%le™ ™ [p'(—K)]" . 691
00 = o [l 00 = | o

Equating (688) and (691) according to (690) yields the reality condition

¢ (k) =o'(—k) . (692)
Substituting (688) in the Klein-Gordon equation (676) yields the condition
Kem?=kZ-kK2-m?=0 . (693)
¢'(k) must thus be of the form®?
') = VIR I —mp(k) 5 otk F oK) (694)

- where the 8-function can be seen as fixing the value of ko. In (688) we get

o(x) Y \/;3 j 4% §Kk2 = m2)ek*plk) (695)
7T

Split into positive and negative Frequency Parts 70 The integration over ko in (695) can be

carried out by the replacement
ko=2\k2+mZ . (696)

So the integration is over two disjoint three-dimensional hypersurfaces, one in the future light cone
and one in the past light cone in the k-space. We define

4 okolotai = { O or XSS (697)
dpEx) = \/;E3Jd"1c eFRXEK? — m2)pF(k) . (698)

Adding the positive and negative frequency parts gives

(698) 1
e \@# |
L [a% 81 — m2) [e%70(1co (k) + = *0(1coJb(—K)]

O (x) + & (x) [ d% (k2 — m2) [t (k) + e~ %o (k)]

(697)

= —5 [ s0E - m?) [e70(ko ) ) + e+ B(—ko) (K]

Fd’*k &k —m?)et** (k)

N
2% dix} (699)

57 According to (681) it is thus a “complex number”.

881n the sense of (682).

88 The factor of /27 appears only for compatibility reasons.
70A similar treatment can be found in [6).
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where we substituted

KE ky = dky=-dk, = d%=d% (700)
and then renamed k/ — k. Now (697) yields
(6% (1] L B(ko) [o(210* “E 8(ko)o(k) ) o (k) (701)

Since the value of kg is fixed by (696) we define™

oF = *(0) 2 VIot* (ko + K] vo)| | _ e = VEGOHK) e (702)
for which again .
[cb*{fc'}] 267k (703)

Replacing ¢ (k) in (698) and carrying out the integration over ko yields

E (6,9_83 1 dk -_i:xkx i 1 dsk +ikpxp q:xkx + 704
¢{x)-m3j——2k ¢{)JZ_J--—Zke o*(®)  (704)

ko =+{ k2 +m? . (705)

7.2.2 The Energy-Momentum Tensor of the Klein-Gordon Field

with™@

The Lagrangian for the Klein-Gordon field (677) does only depend on the field and its derivative
and is therefore Poincare-invariant. Hence the energy-momentum tensor is given by (630) and we
derive by substituting the Lagrangian (677)

Tn) 2 8. va.0L 1) —nL L 8b{(Bed)n) —nL
S e’
(63’_833 &
ez 8xh (D) ¥l — 3 [ —m?¢?] . (706)

Obviously h-T{n) = n-T{h) and hence T is symmetric, e,
I=T . (707)
The Energy-Momentum Tensor for a plane Wave A plane wave solution of the Klein-Gordon

equation is given by
¢ =dgocos(k-x+a) ; kK=m? . (708)

For this case the energy-momentum tensor becomes

(706)

Ti{n) —oksin{k - x + o} [~ dgsin{k - x + &}k - n]

w% [93KZ sin? (k- x + &) — m2d3 cos?(k - x + )]
=  ¢iksin®(k-x+a)k-n— —4)0 [m?sin®(k - x + o) — m? (1 — sin(k - x + )} ]
= tb%ksin"‘(km%—cx}k-n-—é—m P2 [-1 + 2sin? (k-x+a)] . (709)

This leads to

s Koo o 2 2. _egmt
T(k) = ¢k 2<bo[m+2m sin*(k-x + a)] = 5 [1—2sin’(k-x+a)] , {710)

TiNote that the difference to {697) is that it depends only on the three-dimensional K, not on k. Here is ko =
kolkl >0
T2Note that the signature of the energy is already encoded in the definition of $={x).
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thus for the time-like unit vector kK & k/m

QT(Q}:Q%Zﬁ[l_-zsinsz.Ha]] : (711)

Since k% = +1, we can express K in terms of the time-like basis vector yo by k= Ryﬁ, where R is
a Lorentz boost.

Split in T, and T, Given the Lagrangian (677) for the Klein-Gordon field we find

w2 (005,000 L p.t = 10,07 . (112)

The symmetry of T, follows then immidiately from

o Au 7Y %ax A2 o (713)

The analogue of Ricci tensor and scalar become according to (650) and (651)

(650) 712)

: SIS P 2
R(a) Bl a-du 70 0x0x } (714)
R = 0da-Rla) = 323147

Since R = 2L for solutions of the Euler-Lagrange equations the Lagrangian has the value
¥
L=070 . (715)

We derive so for Ty

T,(a) = R(a) — g’-k = %

The four-momentum density Py represented by Ty becomes then under use of 92 = 82 — 82

[a D02 — %ag’;qﬁ] : (716)

716y 1

Py ¥ Tyve) "2 2 [000,07 — LoZe?]

2
i 1 +
&3 [aeaﬂ’o(bz - 505 - a;'i]qaz} Yo
I ] g l ¥
= [Ea;’;& ~ B00xp? + Ea,%q;z} Yo . (717)

Taking the inner product with o gives us finally the Energy density &y represented by Ty

o 717y 1 s
Eg yo - Tylyo) "2 7 (330 + a,%@z) . (718)

7.2.83 The Momentum of the Klein-Gordon Field

Given the energy-momentum tensor of the scalar field (706), we find for the four-momentum density”®

Po. £ Tv0) "2 (0:02)(00bs) — 3v0 [(0x00) ~m202] . - (M9)

The vo-part is the energy density, which becomes

o = Yo-Pe, =70 Tlv0)

" o~ [0 - (Bt~ et
- sleer e Gt imiel] 7o

BHere 8 & 8,v.
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The total four-momentum is given by the spatial integral in the rest-frame over the momentum
density {719), i.e.,

= [l 7. . (721)
As shown in Appendix B, the momentum of $* and ¢~ vanishes™,i.e.,
P =0 . (722)

Thus, when substituting d{x) = &1 (x}+ ¢ (x) into (721), only mixed terms survive, and we obtain,
as is shown in Appendix B,

bo. = [la% 5 [o2e7 +o707] (123)
which is in accordance with standard results, like in [6].

7.3 The electromagnetic Field

Here we consider the four-vector potential A, obeying Maxwells equations, as discussed in Section
5. In the Lorentz gauge,i.e.,

Oy A=0 | (724)
the Faraday multivector F = E + 1B can be written in terms of the four-vector potential as
Fea AAZY o A=F+if . (725)

7.3.1 The Lagrangian

Maxwells equations, i.e., 0xF = I, can now be derived from the Lagrangian

(725}

LE(A T+ F2>_< AT+ FZ) (A J+ = (a AR (726)

where tixg four-vector potential A is the independent field. The vanatzonal principle yields under
use of 3, A =T directly
0=03L-0x05L==] =08y F =—]+0F = 8&F=] . (727)
w=—F

This is the form of Maxwells equations derived in Section 5. It is impressive, how Maxwells
equations reduce to this one simple relation. The geometric product contains the whole algebraic
structure of the equations — surely a stong support for the Geometric Algebra approach.

7.3.2 The Energy-Momentum Tensor

The Lagrangian (726) is clearly Poincare-invariant. Hence we can employ the definition (630) and
derive for the energy-momentum tensor

.. P 1
T{n) = 0,{A0s . ALn) — L = B, (AFn) — n{~A ] + EFZ) . (728)
But here the first term contains still a total divergence. To see this we rewrite

{725)F

B A(F-M)) = (0xA(F-n))1—bc- (A[F- n)z VB (Fon)—d,- (AA(F-n))
= F(Fn—@x AAF-n-AA{D(F-n)
R—
{7éf)0
(724) F.[F.n)—[(éx~ﬁ).n]A+[(éx-#)-n}A
VE R Fny - [0 B n] AT A (729)
[ —

total divergsnoe!

74This means substituting &% into (719) for ¢ and integrating over the rest-space yields zero.
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The second term is a total divergence. Thus we can drop this term under the assumption that its
spatial integral vanishes, i.e., has a vanashing boundary term. So the energy-momentum tensor
(728) becomes

T(n)=F-(F-n) + (- mA+n(A-]) — 3n(F) . (730)
We can still simplify this expression by noting that F is a pure bivector, i.e., F= —F, and thus
F-(F-n)— %{Iﬁ) &2 %F- {Fn — nF); — %(FZ} & %(an — FnF — FnF + nF2)y — %(FZ)
= m-%FnF = %anf . (731)

Substituting in (730) yields the final form of the energy-momentum tensor
1 -
Tin)={J-nJA+n{A -]+ :?_-FnF . (732)

For the vacuum case, i.e., | = {, this takes the neat form T(n] = %an.

7.4 Dirac Theory
7.4.1 The Dirac Lagrangian and the Dirac Equation

The Lagrangian

£ = Bxbivs® — eAdyod — mii) (733)
yields with™
o5e "F abiys—2eAdvo—2mb ; 35 E yab =bysi (734)
for the Euler-Lagrange equation (611)
0 T 05L-0u(05,0) 2 dabiys — 2eAdyo — 2mp — (b s )
x \_‘-’,/
=—iy3
= 20xWiys — 2eAdryo — 2myd {735)
and thus the Dirac equation
0 = 8, dios — eAPp — myvy . (736)

Here it should be noted that in difference to standard approaches, ¥ and IT) are not taken as indepen-
dent when applying the variational principle. Why should two different representations of the same
spinor \ be independent from each other? Geometric Algebra removes the need for this assumption
~— $0 my mind, this reveals a much more satisfying picture.

7.4.2 Application of Noether’s Theorem and conjugate Currents

‘We can extract further interesting information with the help of Noether’s theorem. The most of the
results here were derived in [2].

A general position independent transformation is given by
P! = pe™M (737)
for any multivector M. Noether’s theorem in the form (621) yields

3aL()] _“Eox- (MivaB)r (738)

"5Here 1 and ¥ are not independent of each other:
35 (Abyol) 35 (AbYo) + 35 (Advol) = Adyo + 35 (WyobA)
i
=13

Abyo + 3 (Abyed) = 2A%vo

i
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The scalar Case If M = ) is a scalar, we have
YAysh = Apysih = —bAivsd (739)
80 that 1{)}\%{3{[) cannot contain a scalar and vector part. {738) yields thus

0=0aLl(P') = BaLl(e* ) (740)

=0

Since £ is quadratic’™ in V¥ and 9, and e** commutes with everything we have L(e®*Mp) =
e2** £() and so
0= aan“Azm)] =2L0P) . (741)

=0
We conclude that the Lograngian (783) vanishes for solutions of the Dirac equation, i.e.,
Lip)=0 . (742)

The pseudoscalar Case Since (ﬁJMivg.{{))] = 0 if M is odd, we consider as the next case M = i,
so that (738) gives

~0x- (yabh 2 daltbet®, 0ape )|
U2 9a(0x et *)iyset ™D — eAe Hyoet*h — mipe*et*F) L:o
independentof «
= Buldcbivsbete i — cAdyobel®e ™t —mipie) ]“= ,
= (~2metud)|
329 ~(2impe'P) = 2mpsin . (743)
Thus we define the spin current
ps = PysP = (Pysd)s (744)
and write the result (743) as
8y - (ps) = —2mpsinB . (745)

The P-Vector Case If M is a bivector B, we have with B=-B

do L) U2 aaLpe™®)

o= ==

U2 9 (0.be™Biyse~ "B — eApe*Byoe™ B — mpi) o

= (3. [Biys — iy3B] Y — eA [Byo — voBl )
= 2{0x0i(B- 3} — eAW(B - vo)b) . (746)

From the Dirac equation (736) it follows

i 2 myoos + eAos = eAbas — mibys (747)
which gives in (746)
; 746 o - ~
3L 29 2eAbos(B - ysib—mp y3(B-vs) B—cAGB.yo)b) . (748)

=1/2[y3Bys+B]

"SNote that this condition is crucial for the result,
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Using
2[03(B-v3)—B-vo]l = o03(Bys—v3B)—Byo+v0oB=03Bo3yo—03v3B—Byo +voB
=Yg
= (o3Bos ~Blyo , (749)
we thus get™’
8 - g
0uLw)| _ "E (eAdlosBos — Blyol —mplyaBys + BI)
= \_—-—.—v-_—}
no scalar-part
= (eAd(o3Bos — B)yol) (751)
Thus (738) gives
L~ 38 ~
8. - (WBivsd)1 = (eAwb(03Bas — Blyol) (752)
We will first consider the case B = 0,,. Here we have
~ C e (752 ~
Bx - (onivad)r = 0y - (Pono102v0Y) vz (eAd (030103 — on)yol) (753)
and so for B = 04,2
48, - (Py21 )1 = (€AB(=01 2 — 61/2)Y0W) = —2e(Aby1,29) (754)
For B = g3 follows with
.~ 53 ~
0 - (Wivol) =0 "2V (eA(o3 — 03)yol) =0 (755)
=0
only a trivial identity.
The P-Bivector Case We come now to a discussion of the case B = 10,,. Here
(eADByo) = (eAdionyol) = e(Abiyad) =0 (756)
so that (752) becomes
L (752 ~
B - (UBiyah)r = e(AbosBozyod) (757)
For B = ig;,; we have further”®
{Wicy niyadd = —{bo /2}'3@1 = 0} (758)
(eAVosioy p03v0)) = —(Adiyy0) = 0}’
and so the identity (757) becomes trivial. For B = i03 we get instead the important result
de - (Wioslyah)r = —0y- (Wozyab)s = —dy - (Wyo)s
= (eAdosiczozyold) = (eAdiysy) =0 (759)
=0
This is the missing conservation equation for the Dirac current
JE @pyol)r 3 9y ] =0x (Wyoh) =0 (760)
The following table collects all our results
os = Physb ; J = Pyl
O - (pj) = ~—2mpsin o Ox]=0 R {761)
O - (yad) = —2eA - (Yy1d) 5 O (Py1) = +2eA - (byad)
"THere we use e
Wys BY*“B = _%_}37311’ } =»> No scalar part. {750)
PBY = By

78Both expressions reverse to give minus itself. So they cannot contain a scalar part.
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7.4.3 The Momentum Representation of the Dirac Spinor
The Fourier Decomposition A plane-wave solution of the Dirac equation is given by
Yp(x) =1 et P> (762)

As recognized before, we have to identify the complex unit § with a multiplication with 103 from the
right. So (762) is just a term of a Fourier expansion, which now becomes

bix) = f -\%Ewp{x) _ j %w’tp) emiospx (763)
iy 19

Let us assume a constant vector field A. {763) gives after substituting in the Dirac equation (736)
the momentum Dirac equation

o (738 Jd“p
2r

S
J L, {"vw’(p)iasics —eA)'(p) "mﬂ)’(vm} e ioapx

Vor'

pP'(p) — eAp'(p) —mp'(plye . (764)

[BxPp(x)ios — eAy (x) — my(x)yol

=20

i

Positive and negative Energy Solutions Let us now concentrate on the free Dirac field, without
electromagnetic interaction, f.e., A = 0. As discussed in Section 6.2.3, each component of the spinor
has to satisfy the Klein-Gordon equation. Thus we have, as for the scalar field, the condition

p? =pd -2 =m? = po = £/? + m? » (765)

and define in analogy to (694)™

P'(p) ¥ 2p6v2r §%p? —m2) ¥ip) {766)
so that {763} becomes
(763) [ d% —iospx
pix) & j-—\/z—._KgZpo 54p? — m?) P(pleioPx (767)

Decomposition into positive and negative Frequency Parts In analogy to (697) and (698)
we write the Lpo-parts of the integral (767) as

VEp) = Blpolp) (768)
WE) B Ly [jd%izp 612 - m2) pE(p)eTor [
In the same way as {699) we get
Vix) =5 +9; . (769)
Carrying out the integration over pp in (768) yields with the substitution
EEp) = d&=2podpo = dpo =5 (770)
the result
768 T 7 - ;
vEx) = 5 | 4BI2po8p] — 77 - m?) ypeTien
7‘[ o
{770} 1 ) .
Sl & [la%iugerior e - 57 - m2)
?T o
i 7 :
= ke, Flozpx
Y h i W (77

79 The factor of 2po occurs here, to cancel terms, resulting from the nonlinear argument of the §-function.
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Thus we define

F) E s Ty 772
and write 1
V) = — [ dppEeTiers (773)
\/27(3
7.4.4 Decomposition into Spin-Energy States
Decomposition of the Spinor Substituting {773) in the Dirac equation (736) gives
0 = o —eAdpT —mipfve 74
U L il {FpudioseTionrios — eApFeFiornr — myFeioarry, | (7r4)
and we get so the momentum Dirac equation for ﬂ% EPE(P)
0 T £ — At — mipEvo . (775)
Multiplying this with &%f on the right yields
£(p — eANEPE —mJF =0 , (776)
with 3
wi HPEE) 5 0 edvebd (777)
The derived condition lZ " 0 would give us the same equation as can be seen by substituting

(773) in (733). Since ]y, is a pure vector®?, we can conclude from (776), that 11)*11; cannot contain
a pseudoscalar part®!. This enables us to write tbfj

£k 4 + _ [ E '
11’5‘4“5 & :i:pi). = V5 =1/03 Lz®sN (778)
with - -
a rotation @y : ol = Dz ; Oz = 1
a proper Lorentz-boost L5 : L13 =L Lﬁtg = (779)
a dilation: ps >0 '

and any other multivector N : NN = +1

Positive Energy Solutions Since P} must be even in P and Lo = 1 is even, we can conclude,
that N must be even in P. Thus we choose N =1, i.e., 13); =, /p%‘ Ls®5. This definition implies

L (778)

VivE = psls®s®sls = p5 >0 (780)

For ]g we cbtain now

I =vivobs T vE [0F] vo L pfLsopNNOL o = 3Ly . (781)
This yields in {776)
(781) p+E
poy = mptlyo 1z =P _PTE (782)
m m
where we used
PYo=F+E ; E>0 ; E2=@24+m? . (783)

888ince ), is even in D, Jp = ¢§y0\$§ must be odd. But it reverses to give itself and is thus a pure vector.

Therefore it cannot be of grade 3.
8174 cannot contain a bivector part, since it does reverse to give itself.
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This can be solved for L as follows®?

. (78) HE +mIE+P)
Ls Im{E +m)

2E2 4+ 2Ep +2mE+2mp  [(E+m +§)?
2m(E +m) Y 2m(E+m)

(3i4) { im [(E+m) +[plp] (785)
im 15! + (E + m)f]

where we get a four valued sguare-root. The second solution obeys Lﬁfﬁ = —1 and is thus (according
to (779)) excluded. To unite this result in inverse hyperbolic form first note

=vVE2—mZ=+/[E+m)E—-m) . (786)

Therefore, after substituting this in (785),

\/E+m+\/E mp E+m+p
Ly = =+4e*P | 787
Vam 2m(E + m) (787)

where
def - E -~ M
This results are the same as given in [8].

Negative Energy Solutions For negative energies ~E < 0 we demand {; to be odd and set
thus N = g3. Now we have

V305 =—05 i $rvel; =e5l%v0 (789)
so that (776) becomes
0 =—P(—pz) —msvod; . (790)
We obtain thus the same solution as for positive energies
Pyo E+P
= =" (791)

Thus

vE+m4+E—mp

Lr=1F= . 792
P v ,’Zm ( )
The Energy States as Lorentz Boosts Every Lorentz boost L obeys
=1 ; U@ =LE ; LE=U-p . (793)
Further we can represent every Lorentz boost in exponential form and find in our case
E Erm+vE-mp .
L13 = iy =P (794)
with
def -1 E—-m
= tanh A .
o= ( P m) (795)
82Here we use A = 0 and write
PEE ; pro=po+P=E+P ; E2=p'+4m? | (784)

For the case A s 0 we just have to replace p by p — eA.
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Decomposition into Spin States Thus our spinor is determined up to a scalar factor pg >0
and a rotation ®5. But since @5 € P, we can decompose it with scalars ¢y and ¢ as

pED5 = Te1e' 3% + (—ioy)coe' P . (796)
We call c1e'93% ¢2e*938 a5 compler coefficients and define the spin eigenstates
Po g..zef] = {_idz}o M 15 ?éf —-‘i,O'Z = (Hi(}'g)‘ B (?97)

They have the obvious properties

poioz =  i030p 5 @1io3 = -,r-icwm
o = @y=@ ; ©1 = @ =—@1 . (798)
PoPr = @©1@o=¢1 ; QoPo = —P1P1=Po
o and @ can be seen to be orthonormal with complex coefficients
- .  (798) (798) .~
PoPo=@1%1 =1 ; @ocP1 = —@oc@r = —@iC*Po (799)
We call them spin eigenstates, since for the spin vector v3
Poy3Po=7v3 ; @1y3P1 =—ioyysioa =-y3 . (800)

We now define the orthonormal spin energy states by
o) = Bloos ;5 vi =vios=/FLyes03 . (801)

They are normalized in P to give

(782) m E _

g g o d 1' m
VAV E) = VEE) [VEEY]) = (1) e (802)
The momentum representation of the wave-function can be written as
=Y vE(laE(p) (803)
14

where the af are complez coefficients, which have to be on the right®®! This is in agreement with our
translation of j as a right-sided multiplication with io3 and shows us that the complex coefficients
represent a rotation around the spin-axis o3 in the rest-frame.

S0 we derive finally for the wave function

PE( W Z J lapl v E(pleFiosvx (804)
The explicit representation shows
gy (807 " 801 n
v L viwes i viE) L Vi e (805)
and as relation between the spin-states
vi(@) = —‘Vg(ﬁliﬁz} N ey
y; (ﬁ) = Va [ﬁ)lﬁz & Vi ('9] - :F’VQ (Pﬁ(’z " (806)
The explicit representation (801) shows further
o t P
MET = VE[Le] = VERe. = VD) o
e ¥ ,:-\,z-’ s
et = vVE [ngscs} = -\/%‘Lﬁmws = —vg (~P)

so that
NEE = 2VE(—p) . (808)

53Remember that io3 does in general not commute with a Lorentz boost.




86 7 FIELD THEORY

Products of Coefficients To simplify the calculations involving the expansion into spin-states,
we will introduce some definitions for the products of the coefficients. We define

c'*'*'tﬁ,ﬁ’] = aF(Pleioa PP )% [aF ()]
JEra—, e e R § —pr? o #
S(3,7) E ar(pletioslr-rix [as(v’)} :
c"‘*(ﬁﬁl & gE(pleFiosp+r )X [oF (5)]°

(809)

Integrating over x gives under use of (687)

{809)

i
b
A
e
s
O
[

[ld*| cEE (3, 5") -l
]ﬂrs (p} d:fn :F(ﬁ | (810)

[ 75,5 ) @S+ 7 R )er oo [aT ()]
)

"o
*

#
Here we defined

nEE ¥ o (B [aE(P)]" 5 nEF = af(peFHorex [aF (-F)]T . (811)
We can write the result in the neat form

J{d%cl chB(F.') = 208 (F - ABF A (F) - (812)

If we assume, that the operation of complex conjugation is equivalent to the operation of reversion®
in P, i.e., hermitian adjungation, we have further the relations

€2 (5,5 = cEE(5,)
TGP = EEEP) (814)
@ = at(-P)
With the help of this definitions the square of the wave function can be written as
VEET = g [ dbay el e g e
= i [ [ &pd¥! vEF)CER(F,F) vEE
And an integration over x gives for A, B € {+,—}
[l w eyt 2 o ”aﬁpasp' (Jra 2 e
(8?23 JJ dspdapf nrs )63{'5"“ ABﬁI) [VE (ﬁf}}f
= [V Ema ) pEas)
2B [lablvAEMAR (PR -ABR) (816)

7.4.5 Products of Spin-8tates

Relation between Spin-States Relations between spin-states of positive energy follow from the
explicit representation (801) and the spin relations (798). They are given by

{801)
VIEIVE) 2 VB V) } 17
" {801] '
viIBNIF) = Vi BT (F)
84 That means independent of the interpretation of a,. we understand
[af(H)a ()] = [aFB)]" [aFB)]" . (813)

This is always true, when-the aF commute with each other, i.e. when they are just complex numbers of the form
o+ 103 B, but if the aﬁ: are non commuting objects this is an additional assumption.
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(AcB)T ) o V4 (B) Vi (F) Vg (P) vy (F)
TRl A0 0 0
~v§ (5) BAI3 7y [e] B | —Cyalon)Rl | —Cpplcon)
o o ~1 8T ] 0
0 T[] 0 0
w15 ~Bgag) BT F R ~Cg ploic) Cg aloy )R]
" 3 2 0 T
0 0 —THe S
P9y o 2L
v (8) Cy slo3)R[e] Cy.pleon) ~ A B i{,g.m .........
im3l 0 5 0
0 0 0 —FRe]
vy (B) Cpalore) | Cpploa)Rid Hajeasl AT
0 [ inT 0

Table 4: Table of the products (v (F)evE( })% 3 , where ¢ is any complex number ¢ = Rlc] +
’ ¢ | 1 e o -1 oot oy
Ilc} io3 and Cp 5:(8) = s {[(E +m){E'+m)Tad~[(E+m){E'+m)]" 2 (gap’)%’}.

2 EES
(AcB)T v (—P) v{ (=P) vy (-] vy (—P)
Hicl o 0 0
+ (5 LM (] o —Cy - glos )R] —Cj,~aleoy}
Vo 7) 35 lﬁiggal Py ic] P
Rlcl 0 0
v} (P) FRld ~Cg.up(07€) Cp,—p(03)7[c]
~i 5227 ] 0 ~iJ[e]
0 —Rlc 0
Vg () Cp.—5lo3)% ) Cp.—plear) ~£mig K
0 i3 [C} 4] _i§;63—3£c§ 1.?.%“,{_:22.}.
0 0 0 =R
5 () Cpplore) | —CpplosRcl o | - R
° ’ % ] id el i ﬁ{%ﬂ}; iﬁ;ia Jic)

Table 5: Table of the products (v (F)evE(—F))}, 5 , where ¢ is any complex number ¢ = R[c] +
't e ; ek e
Jle] io3 and Cp 4/ (@) = 57%? {{{E +mi{E +mifa—[{E+m)E +m) 7 {pap’}%’},

For states of mixed energy we get in the same manner

by e pse 801) e pmy et f

Vi @)evi ) 2 mvﬁipcvg{p*}} 618)
o gy (8OT)

Vi@V () =T v (PlervT (B)

Relations between Energy States Pure negative energy products are related to pure positive
energy products by

e pey e e age (B0 r
v BV (7)) e (819)
while mixed products obey
- o ®y Sh i § {831) e f Y ey o f B
’Vr {p)cys ‘ip ) - _Vr (p)cﬂvs (V } . (820)

These products are explicitly calculated in Appendix C and collected in Tables 4 and 5.

7.4.6 The Energy-Momentum Tensor for the Dirac Lagrangian

The Dirac-Lagrangian £ 739 (3 Piysd — mp) is Poincare-invariant and vields with

o0l ' tysh , L) =0 (821)
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in (630) the energy-momentum tensor
T 2 8, (has,yLn) —
821) 5 i, o~ o
20 4 hivsbn) = dulbiosblvon) . (822)

This will be the most useful form, but we can also write it as®
Tin) =8, A (n- @hivab)) = 1da- (A Ghyabhs) (823)
In Terms of the Fourier Coeflicients Substituting our Fourier expansion in positive and neg-

ative frequency terms yields

T = &b +db)iosy + ¥ von)
= TI T AT 4T = ) }_—_TAB , (824)
At B

where with A, B € {+,—}

AR € 5, (blies(wE) yon)
d L . : ¥
(?;3} JJ -max{tbg(e—Aw3p'x}.i63eBw"’p 'x(q)g, }T’YOTQ

(2m)3
B J J %%—?p@? e MO (_A) igsios eB1OP X (PB, Iyon)
=1
e ZA_H &352? p( Crs( ﬁ)[ { ’)}T'YGTQ . (825)

The total Momentum Under use of the calculated spin eigenstate products in table 4 and 5 we
find

PR = 0% T )

(825) ” dpd¥’ pvAEMAN )83 — 5 VAEI] N

S A e A

= AL [iabion 3] (826)
Pt = —Zfld%!v("v (B Ve (7)) =0
Pt = 0 . (827)

Thus the total momentum is given by

P+++P——-Ild3pl p% n;‘ﬁ( ) ey (]
3 Jid%lp {af () [af (BN — a7 (F) [ar (917} 2

P

7.4.7 The Square of the Wave Function

As discussed before, the guantum mechanical inner product has to be translated as

(bh) — (d'x) — (dlxios)ios . (829)

85Note that {{iy3d); can be non-zero, since it does not reverse to give minus itself.
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So the square of the wave-function becomes

(‘q)xm’x) ae (ﬂ)lll)x) - (‘wiwxif}?) i03 = (belbi) (830)
N g

=0

We get so for the total inner product

[l cwewt) 2 [iasa {tw bot]h + oz bl + 0F 51 + g (0210} - (a3

From (816} we find under use of Table 4 and 5 for A # B
A

flax @2 WAl = A flddpl (VAEMAMEA(-F) = 5, [1d%] % (137 5]
¥ [1d%] a2 (p) [af‘(ﬁ}] =5 fld%| jaAP . (832)
B (] (vAFIMABBIVE(E) =0 .

Wou

T (i [WB]h
The final result is thus

jsdf‘xwx[wx}*)—z [ia%1 {lar P +1ar 3P} (833)

i

The mixing Angle of the whole Wave We know, that P,y = p(x)e!B() thus
jldsx! wxq’x = pteiﬁt s (834)

where the index indicates the time dependence. With the help of the Tables 4 and 5 we derive the
integrals of the products of ¥ and ¥y

jnd%d (W HHE,

)3 [la¥t (v ez @08
= J!d%E —R g +n1]
[la @B = ) jzdﬂp vz ()
= —Jtdapl g;ﬂ%[nao‘wﬁ‘]
[la% w238, = ;Jldapl (v B (B (—F)Ds
=~ [la%l w3 gy + )
J1d3xf WrbHfs = Jld%i i g +n77t] (835)
and conclude thus
Jia%0 (0B "2 [l { ot vty ) -ne 5] + 0B - ) (s9)

We derive so the explicit representation of the mixing angle

(834) 17" [1d%] (bxPx)? (836) ¥, [1d%] I I (B) — nty” (B)] (837)
ﬂdS.’d (‘bx\px) ﬂdsp] E HP) —nss {p]] ‘

This shows us two important points:

tan Bt

® As long as all a™(P) or a*(p) vanish , we have ;" =0, n;;t = 0 and thus f; =0 or .

o B¢ will in general be time dependent, since the 1~ contain the factor e¥?i3Po%s  Since
Po = /B2 + m? the oscillation of $. depends on three-momentum and rest-mass.
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7.4.8 The Angular-Momentum Tensor of the Dirac Field

Since 1 is a spinor, the angular-momentum tensor is given by (672). Substituting 3 ¢L 723)
o, (BxWivadh) = iys yields
1 -
{612 _(waa,‘ﬁr)z +T /\x: E(‘d)i’}’ybf)z +T(T)/\x=ip(s AT)'{‘T(Y}/\X . (838)

We interpret the first term as a spin contribution, while the second term is the angular momentum
of the field itself. Remember that the total angular momentum is derived by integrating (838) over
the rest-space. The first term is only depending on the fields, but not on x itself. Thus the spin
contribution to the total angular momentum is independent of the choice of origin in the rest-space.
The second term is a function of x and thus dependent on the choice of the origin.

7.5 Quantization of the Fields
7.5.1 The Klein-Gordon Field

Given the momentum in terms of the Fourier amplitudes
3) k _ -
2 [la 5 [orop +o701] (839)

the quantization procedure can be applied in the standard way. We will not discuss this topic here
in depth, since the Geometric Algebra has no further influence. It should just be mentioned, that
d)li{f gets replaced by a particle creation operator, while q;g becomes an annihilation operator. They

create or annihilate a particle of momentum k. Central point of the quantization is the introduction
of the equal time commutation relations

[of,05] =0 5 [oF.0%] =8F-F) . (840)

7.5.2 The Dirac Field

We showed in the previous section that®¢

Pix) = \/,2;3 [lawt ¥~ {vrarme o i ar ) etoser) (841)

= [la%i v {[a#])"at ~ a7 [ar]'} (842)

Thus we can apply the second quantization procedure and interpret [a,*]? as creation and a¥ as
anhiliation operators of fermions. They obey the anticommutation relations

(@), o =0 ; {a¥()laFFEN'} =8F-75r . (843)

Using the anticommutation relation and neglecting an infinite constant gives the familiar result

= J]dap} P {[a;’]f af +[a7]! a;} . (844)

86Note that we redefine in (828) a7 — [a7)!
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8 Space-Time Algebra on a curved Manifold

I will give here a similar approach as given by Hestenes and Sobezyk in [1]. Most of the derived
equations are straight forward translations of the standard tensor relations, but often with a much
clearer geometric interpretation,

8.1 (Calculus on Manifolds
8.1.1 Points on a Manifold

We treat the points of a manifold as vectors in a higher-dimensional embedding space, which can
even have infinite dimensions. The geometry of this embedding space, e.g., its dimensionality, is of
no further importance for the following definitions and considerations. We just need this embedding
space to define the subtraction of points on the manifold, which are infinitesimal close to each other
with respect to chosen coordinates. This is in turn necessary to enable us to define the tangent

space.

8.1.2 The covariant Derivative
def

The Tangent Space Let M be a differentiable manifold. The tangent space in a point x¢ =
%{7o) € M is given by all vectors

= dy(r) (Vult) € M with ylte) =x%x0 . {845)

a
d’[’ To

Projection Tensor and Fields In this n-dimensional tangent space we can choose a basis and
construct a pseudoscalar I,,{x). As discussed before, I,{x) defines the whole tangent space Tn{x)
via

aAl.(x}=0 :YaeTalx) . (848)
We call A{x) a field if it is tangent to M in each point, that is
Afx) is a field & Alx) =Py, (x(AlX)) YxeM . {847)

All fields on M give an algebra, since for two fields A{x) and B(x)

AG) = P10 (AR, Bx) = Pryge (Bix)) = { A0 E R0 =B (R 4 80D (g

We will call this the tangent algebra G{M].
The projection of a multivector A into the tangent algebra G(7,) is given by

P (A) = 171 (x) [In(x) - Al (849)

and becomes so dependent on x.
Keeping in mind that the pseudoscalar is position dependent and defines a n-dimensional linear
space, we abbreviate
IhL(x) ; PMIEPI(M) . (850)

The covariant Derivative We have to extend the definition of the directional derivative, since
we do not have a linear space. This is easily done for a tangent vector a = d’;{:) by

Fx{1)) — F(x(0))

def 4.
a-0.F < lim - (851)
We can use this to define the differential operator 9, by
2 =) efey-dx (852)
§

where e, = e, (x) gives a basis in T}, (x) with reciprocal frame e*. Since 9 is constructed as a linear
combination of the basis vectors of 7, {x)} we have

ax = P(ax} . (853)
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Integrability Condition The integrability condition becomes thus®’
P{ax)-’\P[ax} =P{@3xAdx) =0 , (854)
which is with a,b € Th{x) & P{a} = a,P{b) = b equivalent to

(bAQ)-P(B,Adx) = PbAa) (8xAd)=(bAa) (3, Adx)
= a-3Db-B—b-8,a-8y +a-0b-8y—b-0xa- 0y
= [a 8, b3 ~la,bly. -0 . (855)

Differential of the Projection Operator The identity function on a manifold
x = {x) (856)
has as its first differential the projection operator

()a =a-8,% ) 4. P@)k=Pla) 8:x = Pla) = (a- DI . (857)

The projection operator can be seen as a tensor field. Therefore it has as the first differential®®

Po(a) = b-3,P(a) 2 b 0,P(a)- P(b-8,4) , (858)

This becomes clearer by the following consideration
a-3PlA(x)) = a-d[(Alx)-DI7]

= a-0(AX)-DI7 + a8 Ax) - DIT + a- d(Ax)-DITT
= Pla-8:AX))+a-0,P(A(x)) . (859)

Taking the first term to the left leads to (858). Thus the vector derivative of the projection tensor
becomes

PIA(X)) = 3pb - 3 P(A(X)) 27 3,y (A(x)) + 3uP(b- DA (X)) . (860)
The linearity and grade preserving property, i.e.,
Py(oxA + BB) = aPL{A) + BPy(B) ; Pp{{M):) = (Pp,((M):])r (861)

follows directly from the properties of P{a}, since the differential preserves this. That scalars cannot
have a part orthogonal to Ty, (x) is expressed by P({B}) = (B) and leads for B = (B) constant on M
as expected to

Po((B)) 2 b 3,P((B)) — P(b-8,(B)) = b-0x(B) ~b-0,(B) =0 . (862)
| S——

=0

From (264) we know that P(A) is a symmetric function. Hence by differentiating AxP(B) = P(A}*B
for constant multivectors A, B we derive

A +Py(B) =Py (A) + B (863)
and (162) yields together with the product rule
P (A AB) = [P(AJAP(B)]l, =P,(A)AP(B)+ P(A}AP,(B) . {864)
Further gives P{P{A)) = P{A) the relation®®
Po(P{A)) +P(B,(A)) =Rp(A) . (865)
87WWe abbreviate here P(M) & Py, (M).
88Here the index does not indicate the pseudoscalar of the subspace, onto which P{A) projects. It only indicates
here the differential of the projection operator. This slightly misleading notation was introduced in [1].

85 Remember that P{A) is constructed out of multiplications with the pseudoscalar. Thus the product rule applies
to P{P{A)}).
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Since 8y behaves like a vector in Tn, i.e., , P(8x) = By, we find

Po(A) = b-3,P(A) 2 b P(3,)P(A) = P(b)- 3<P(A) = Pp()(A) . (866)
Defining for an arbitrary multivector A
ApEPA) ; ALEPHAI=A-A 3 P(A) =A),P(AL) =0 (867)
shows
=Ay
PolAp) B PUPALD) + PRy (A = Py(A)) + P(RL(AY) (868)
so that after subtracting P,{A) on both sides '
P(By(Ay)) =0 . (869)
On the other side we obtain
Po(AL) B Py (P(AL)) + P(Py(AL)) =P(Py(AL)) - (870)
f——

=0

In words: Py, (Ay) is always orthogonal and Py, (A ) parallel to the manifold M. Using the property
(865) this yields

PolApABy) = PyolAy) APBy) +PAPY AR, (By)
Po(A)AB) + A APy (By)
B Y

P T
PoALABL) = PulALJAPBLI+PALIAP,(BL) =0

Pu(AL ABy) PLlALYAP(BY) +PAL) AP (By)
Eb{AJ.)/\Bn

i

(871)

[

8.1.3 The Shape Operator
We define now the shape operator by
S(A) = 8, P(A) = 0P, (A) . (872)

For any multivector A of the tangent algebra G(7n) Py (A) is orthogonal to the tangent space 7y,
as was seen by (868). Therefore we obtain

(869

3 - BylA) = P(3b) - Py(A) = 3 - PP, (A)) 20 . (873)
We conclude that for any multivector field M, of grade v the shape operator is of grade v+ 1, Le.,
SM:) = (S(Me)hrer (874)
For any field A(x) = P[(A(x)} we have
axAl) 2 0, PAN)) = 0. P(AX)) +8xPIAL) Z S(AX) + P(BLA)  (875)
and thus
S(A(X)) = 0xA(x) = P(0xA(x)) = PH(3xA(x)) . (876)
This means S(A{x)) is always orthogonal to the tangent space Ty, i.e.,
P(S(A(x))) =0, (877)

and hence contains information about the geometry of the embedding space. The shape operator
gives so all information of the derivative which are orthogonal to the manifold and which can thus
not be handled in other approaches. For example, in tensor calculus the derivative of the totally
antisymmetric tensor 11°P°%, which generates duality transformations, is zero. In the space-time
algebra approach the pseudoscalar 1 overtakes the role of %%, but a - 351 # 0! This is no
contradiction, since the projection onto the tangent space still vanishes, i.e.,

Pla-d,1)=0 . (878)
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The Derivative of the Pseudoscalar Taking the directional derivative of 1 =11 =1I#1= %1
gives the identity

0=(a-0)#1+1%(a-3])=2{a-0x)-1 . (879)
Therefore, after multiplying with I’
0="Pla-d]) =a-8,P(]) (880)
and consequently
ax] = 0,P(1) = 0, B(1) + 8, P(1) "2V s(1) . (881)
=0

Hence the vector derivative of the pseudoscalar is just the shape operator.

8.1.4 Generalized Duality of Inner and QOuter Derivative

Let us now consider a multivector field By of grade®® s > 1. The vector derivative of the inner
product with the pseudoscalar becomes for a n-dimensional tangent space

ax(In ' Bs} = ax{InBs) = éxinBs + 6xlngs
B S(1)Bs 4 (1) 1ndBs . (882)

This is equivalent to the two equations

i8;4)0
Ox (In'Bs) = (axInBs>n—s—1 == zS{In)'BQn—sﬂI\_{ ” In [a /\B) . (883)
Ox {In‘Bs} = (ax{InBsDn—s%% == (S{In)Bs>n-s+1 ~(=1)"1n - {a B}

=5{I1,)B

For a scalar field @ we find further

Oxllng) = S(ln}o — (=11 a(0x0) . (884)
The projections of (883) and (88;1) onto the algebra of the tangent space G(7,,) removes all terms

containing the shape operator.

8.2 Tetrad Basis, Fiducial Tensor and Metric
8.2.1 Coordinate and Tetrad Basis

Coordinate Basis We call the complete set of vectors e, a coordinate basis of 7y, if for an
associated set of coordinates x* the basis vectors can be written as

ey = a—i:% (885)
That means™
ep-ﬁx»—a—ix—“-éa;“g% (887)
and leads in (852) to
Ox (522 ete, - Ox (220 e*d, ; 0, = a_g»' . (888)

%07The derivation holds for s = 1, i.e., for a vector field By, since In ABy =0,
9iGince vectors have an inverse in our algebra we can understand (B87) as follows. 3 is an infinitesimal vector.

S = (3,17 is the associated inverse, which is parallel to 8x. & and Ix* behave like scalars. Then

Gy
ax 8 - 8

== §
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Tetrad Basis A tetrad {y,} is a complete set of orthonormal vectors, defined in the tangent space
Tw of each point of the manifold M. We demand that the tetrad is differentiable on M, i.e., the
directional derivative of each tetrad vector is well defined in each point. In general there are no
coordinates, so that the vy, could be expressed by {885) and thus the tetrad is not a coordinate

basis.
The orthonormality condition is expressed by

Yu ¥Yv =Tuv = is;w N (889)

where the 1, define the signature of the coordinates by v7 =1y, = +1. That

def

Y Eny, e Sy ey (890)
defines the reciprocal tetrad is seen by
VK (890) v K v S v
Y M ve) = Y e v =Y Y (v vl =Y o ve (891)

Relation between Tetrad and Coordinate Basis A tetrad {y.} can be written as a linear
combination of the {e,} or the other way around, i.e.,

ep=h vy ; yv=h"e, ; h,"ht,=n . (892)
Not referring to coordinates this becomes
ew =h{yu) 5 vu=h"(ey) (893)

with a linear function h, which we call the Fiducial Tensor. Here the h,", and so h, are still
dependent on x € M, so it is a tensor field over M. In each point it defines on the manifold M a
linear mapping of the tetrad to the coordinate basis. The adjoint function is then given by®?

Y =hiet) =hte¥ ; e =h"TyY)=h"vy* . (895)
Multiplying (893) with y* and (895) with e, gives the matrix elements
Ry - ¥ =h  =e, v  =e, -h{e}) =", . (896)
Thus h is symmetric in the sense®®
ht=hty 3 Y =h"y (898)

but in general we have still ~
ha) # h{a) , (899)

since the components of h are with respect to the tetrad {y,}, while the components of h are with
respect to the coordinate basis {e,}. We can find a relation between the h and h™!, since

v¥ =h(e¥) = higley)} = h{g*er} = g h(en) (900)
and thus after multiplying by 1y
Yu = legﬂhfea) . (901)
Therefore, we thus identify B .
h—}(eg} =ﬂw9w‘h(€?«} . (902)
P Multiplying (893) with e vields
8) =ey - (823) hyp) - e* =y, -R{ed) & Aler) =v* . {894)

93The second relation is derived in the same manner with

RV =e" ya=e¥ R Hex) =¥ - e h¥y =hYy . (897)
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8.2.2 The Determinant of the Fiducial Tensor
Given two tetrads by the mappings

Yu=h"Te) ; vi=h"le,) , (903)
we know that the mapping f between them

¥ = flyy) (904)

B

must preserve orthonormality. Thus det f = £1. If both tetrads are of the same handedness finally®*

detf =+1 . (806)
Decomposing h' as
R en) = v = flyy) = f(h™" (e)) (907)
shows with
deth! =detf'deth=deth |, (908)

3

that the determinant does not depend in any way on the chosen tetrad, but only on the chosen
coordinate basis!

8.2.3 The Metric of the Coordinate Basis

We can now write the metric in terms of h as follows
Opv = €yt Cy = hh’u) <hiyy) = Yu- ﬂ{hh’v]) . (909)

By writing

e.g'Va, (%29) eulet-e¥)ay =ey(et-a) =epat =a (910)

we see that the metric lowers and raises indices of vector components. Applied to the coordinate
basis vectors we find
evg H e e ceb) =t | (911}

Thus the metric transforms the basis vectors to their reciprocal ones. We can thus see the metric
as a linear function defined by
gle ) =e* . (912)

The Determinant of the metric is given by
lol=len Ao Aer) - (e AvoAen) =R -h(1) = W] - IRD =P . (913)
A product of coordinate basis vectors becomes |
epe’ =58 +e, Ae¥ (814}
where the second term is always non-zero for p #v. The magnitude of the bivector part is

lep Ae¥l = leulle”] = h{y, IR (v . (915)

84T his relations are easy to prove with the help of our algebraic tools. Since the pseudoscalar I is unique, it can be
expressed in both tetrads in the same way. If the tetrads would differ in handedness we would just get an additional
minus sign. If both tetrads have the same handedness

detf=I"TF(I)= (V| A AYL) o flyi A Avn) = (Wi A AR T s (v A AYLY =T . (905)
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8.2.4 The covariant Derivative in Tetrad Components

We are now in the position to express the covariant vector derivative in tetrad components. Using
(895) gives

oy B eva, BB -1 y)a, By [R,40,] = YRR 0, = vVYy Oy =Y By, ,  (916)
where 3
Ay, Tyv -0y =h*0, = R (917)

It is now important to note that the 3, do not necessarily commute with each other, since the h¥,

depend on the coordinates.

We can also see this result as follows. Working in an orthonormal basis we have to modify the
derivative in order to take care of the curvature and thus non-integrability of our coordinates. This
is done by replacing the ordinary derivative 8, by a new one

1@, . (918)

The so introduced linear function h determines the curvature of our space-time. This should be
compared to what happens in the Gravity Gauge Theory, which is discussed in Section ¢.

8.3 The Curvature Tensor
8.3.1 Tetrad Frames in Flat Space

Our tetrad frame should be orthonormal everywhere. Thus with the directional derivative operator®
BaM(x) = Pla- 3.M(x)) (919)

we have for any vector a € Ty,
Vv Yu=28vy =D 0= (Ba¥v) Ve +vv-Bavy) - (920)

We can express the vector 8.~ as a linear combination of our tetrad vectors by

Bavy = fuu¥* . : (921)
" :
Substituting this in (920} yields
fon = —fy (922)
Thus®
(92
Ba¥v = ) fup¥* =) fuu¥" ¥ vy =3 vy  AYY) vy Z SEv¥* AV vy (923)
® " N A
=1 P
and we write ~
SoYv = Wq Yy = Wa X Y (924)

with a bivector wgo = w(a). Hence we describe the movement of our tetrad by going in direction a
by
Sa¥v =Pla- BuYv) =Wa Vv = Wa X ¥y . (925)

The projection of the covariant vector derivative into the tangent space is thus

. Vel
by E s Bany, = Vuby (026)

970 distinguish the directional derivative from the later introduced covariant vector derivative bx, we employ the
convention that directional derivatives have a bar like 8, or da.
9 No summation convention in the following calculation. The last step holds, since (v* Av*] v+ =0 for 4, A #v.
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This vields for the basis of bivectors

Balrv Avel "2 Pla- 8y lyy Aval) = PUa- deyy) Avu+yy Ala - 3v,))
= {wq XYV]AYQ + v+ N wg XYV)
= wa X (Yv AYy) (927)

and extends in the same way to the basis of any grade. Therefore we can conclude that for any

multivector B _
5B=dB+wyxB | (928)

where d is the differential of our tetrad components, for which we define
dav+ =0 . (929)
The associated vector derivative is |
dy Eyvdyr 3 Ay EO . (930)
Since scalars commute with all elements of the algebra, we obtain for a scalar field ¢ directly
wy % @ =0 and so

7 928} -
5o (:}da

(931)

8.3.2 Extension to Curved Space-Time

Now we just drop the condition of a flat space-time and allow a curved manifold to be the physical
arena. The tetrad frame is now an orthonormal frame defined in the tangent space 7{x) of each
point of the manifold. Above considerations are then still valid and the covariant derivative of a
multivector, given in terms of the tetrad, is

8aA(x) = daAlX) + wa X Alx) .- (932)

Functions of the covariant derivative Up to this point an expression like f(5,) is undefined,
since it is not clear how the wx-term acts on {. But with

F(be) & a-8,F(80) = 5oF(da) =P(a- 0:F(P(34))) (933)

we can employ a useful definition, which will allow us to keep results in a ecompact form.
It should be pointed out here that covariant derivatives do in general not commute, i.e.,

By, by, = [Wy, ~Yv] - x = wy, - (yv ABx) £5y. 5y, (934)

The commutator of two covariant directional derivatives becomes

. = . s = (P
(s8] = B,y = 838y, 2 [y, ¥y — Wy, V] B (935)

If the {v,} give a coordinate basis, e.g., in a flat space,

and hence wy, - vy = Wy, - Y.

Contractions Since the covariant derivative includes curvature effects, we cannot use it to formu-
late contractions. Instead we have to use the tetrad derivative operator as defined with (929). As
an example the contraction of M{a A b) can now be written as

dp -M{aAb) . (937)
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Relation to the Ricci Rotation Coeflicients In standard general relativity the Ricci-Rotation-
Coeflicient "%y, are defined as the a-component of the derivative of the basis vector v, in direction
of vy for an orthonormal frame {y+}. Thus

Faps = Yo [Sy3Y5] S [wya ‘Yé:l = Wyg {Ys \Ya) {938)
and we define the compact notation
M¥wyv) = Svu"k’v = Wy, Yy - (939)

Here the antisymmetry in the first and last index becomes explicit. Developing w, in the basis of
bivectors gives

i . 938) 1
Wa = 5Wary, * (v A AYY) 2 Ea‘”‘rwv(‘y*’ Ay (940)
R
{walvn
(Given a coordinate basis {ev} we find with
239 - 926 893
dal(a,ev) 27 dg (Baev) 2 brey P2 5n(va) (941)

a relation to the fiducial tensor.

The Commutation Coefficients The Commutation Coefficients for any basis {e,} are defined
by®7

YHea en. ley,ealue =t (Se.., €x — Se; ev) =T -THy . (942}

‘We write this in the form
v(ev,en) =vles A ex) ?{"Y“v?\ep = Se\,e?\ - Se;‘ €y (943)

where we used the antisymmetry in the arguments. Note that v{e, A e,) is not a linear function of
ev Aey! If the {e,} are a coordinate basis, i.e., e, = 3,x, we find

Yiep Aey) =0udvx — 30, x =0 . (944)

8.3.3 Killing Vectors
We call k a Killing Vector, if?®
Yv - By K] = —vu [5y. kK] & (a )b k) = ~(b-b.)(a k) . (946)
Setting b = dg yields®® ) ]
0=(da-b){a-k)=05"k . (947)
By multiplying (946) with v¥ we obtain

By = vy [5.K] = -bavu k. (948)
Multiplying with y* from the right gives!%

kb =8,k & b, k=0 & B&.k(x) =5 Akix). (950)

97Por compatibility we will call the commutation coefficients v and show the distinction to the tetrad basis vectors
¥~ by the bivector argument.
98Thig is equivalent to the conventional

k[..\;v == —krv;g . (945)

%9Remember that we can exchange dg, and a.
180T his result can also be derived in the following way:

bx k= [yubyu] k= — [y Byu] kD by k=0 . (949)
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From (948) we derive further

By k= ~8yyp k=7, Bx AKl =38,k (951)
and thus oty | osor 1
Bk 2 Sy Ak B Sy (952)

With (850) we found that the vector derivative of a Killing vector is always a bivector.

8.3.4 Curvature
Curvature The Jacobi identity
{wy x wa) x B+ (B xwylx wg+{wg x Bl x wy =0 {953)
gives
wp X {wg X B) —wg X {w X B) ={wp Xwe) xB . (954)
We use this resq_lt to derive the commutator of two directional derivatives and find for two vectors
a,b obeying!? §,b = §ya the resultt0?
{5(1,8},}8 = 53 sB — fibEaB = Sa (Ele + Wy X B) — Sb {EL,B + g X B)
= dedpB +da{wp x B) 4+ wq X {(wp x B) + wgq x (dpB)
—dpdaB — dp{we X B) — wy x {dgB) —wp % {we x B)
= do(wp X B) —dp{wge x B)+ wg x (wp X B) —wyp x (we x B)
+wg X (dpB) —wp x (doB)
= [dowp — dbwa] X B+ wp % (dgB) — wq x {dbB)
—(wp X Wa) X B+ wg x (dpB) — wp % (deB)
= [dawp —dpwa +wa x wp] X B=R(aAb) x B (956)

with B \

R(aAb) ¥ dywp — dpwg + Wa X wp (957)
This is the curvature temsor in our space-time algebra representation. To give it in components
and to allow a,b to be functions of x, one has to remember

dato(b(x)) = daw(b) - w(dab) (958)
since wy is a tensor. Thus by expressing w, in the basis of bivectors
s . 1 N N . -
datp — dptlg = 3 [a ~dywy —b- dxwa’] vi ANy —wl(deb) + w[dba)l
== Wia by,
= Maiawy 3
= 3 [a- xwy —b- axwaJ Yi NV~ Wiablue > {859)
where
[a,bl. ©a-3,b—b-da . (960)
So we derive the final expression for the curvature tensor
RlaAb) = dowy~dpwa + wa X we
1 s -
= 3 [a cdyewy — b dxw;’] YiAYj— Wigp) +Wa X Wp . {961)

We conclude immediately that for a scalar function ¢

[3a.éb] $=RaAb)xp=0 . (962)

1617 his saves us the overdot notation.
1021y operator notation

{Smg’b] &= {au+wax.ab+wbx}
= [wax,wpx]+ [da,wpx] = [do, wax] = (wa x wp) X +(@awp) X —(dpwa) x . (955)
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Matrix Elements As is seen with {961), the Curvature tensor is a bivector valued linear function
of a bivector argument. Thus we define the matrix elements as

Rapys = R(Ve, V8, Yyr ¥s) = Rlya Ava) * (¥s Avy) . (963)

We see immediately that Ropgys must be anisymmetric in the first and last both indices

With the help of this matrix elements we can develop Ragys in the basis of bivectorsl®

R(Ya AYS) = 3R ATs) * (s Av )Y AYY) "2 TRagrsly* AYY) . (969)
This can be written as
RlaAb) = 3(de Adg)RE@AD) s (dAC) (966)
8.3.5 Assumption of vanishing Torsion
The assumption of vanishing torsion is expressed by
S ABypx) =0 (967)

for any scalar valued function @(x}. Using the definition of the covariant derivative we get for any
multivector M

BxASxM = (YPBy, ) A (Y 8, M = y* Av¥8y, By M+ Y A (8y,77)8,, M
1 s
= E’V“f\v" R{yp Ava) x MI+vHA (b, vY) 8y, M
L —

wy“ Y

1 -
+§-},}l AY by yvieM (968)

Using Wy, -8 =y Wy, *8x)-va and Y* AY 81y, yolue = 2YFAYY (W, -V~ ) - 8¢ We see that the
last both terms cancel each other and derive

1
S A B M = Ey” AYY Ry Avy) x M] . (969)

Taking the inner product with a constant bivector a Ab verifies (956). For a general multivector
field M we have

b Nox AM =8, AP(3x AM) =P[S(3, AM)) + P8, A M) =0 . (970)
For M a vector we derive so
b Moy AB(X) =0 Ybix) € Gy (M) (971)
and hence ;
da Adp A{R(AAD) e} =y* AV ARV AYY) ¢} =0 . (972)
8.3.8 Symmeiries of the Curvature Tensor
The antisymmetry of Rypys in the first and last both indices

Rapys = —Rgays = —Rapsy & R(a,b) =R(aAb) =cAd {973)

183 This is consistent with {963), since

L P
Ay (F AV = TV TV T = syl -8 " (964)
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became already obvious when we identified R(a Ab) with (961) as a bivector valued linear function
of a bivector argument. To find further symmetries we look at the assumption of no torsion. From
(971) it follows

(971)

0 O s As Ay D]

2'}*“ AYYARY L AYY) Yl

= Y*AYYA Ruvap¥* AYF) v (974)

-
=2Ruva3’§"x(’\'5“}'x}

and thus
0 =v*AyY f\ymevux . (’975)

Taking the scalar product with v AvyY Ay® gives
0 =Rpysx — Rypsx + Ryspx — Roypx + Ropyx — Rpsyx - (976)
Using the antisymmetry in the first index (973} gives finally the cyclic identity

0 = Raysc+Ryspc+Rspye = RIYpAYy ) x (Y AYs )T RIYy AYs ) (Y AYp) +RIYs AYp )% (Y AYy)

(877}
which can be written as
0=RlaAbls{cAd)+R(bBACIx{aANd}+R{cAa)x(bAd} . (978}
But now
977 973 977
Rapys o ~Rpyas — Ryaps e Rpysa + Ryasp 4 —{Ryspa + Rspya) = (Rasyp + Royap)
973
( = ) ZRysaﬁ + Rﬁﬁa}' + RaSBy e ZRvﬁaﬁ - Raﬁ‘xﬂs (9?9)
| S ————
(9;7)"R6qx67€9;3)-Ra5v$
and thus
Roapys = Rysap - (980)
The curvature tensor is thus a symmetric bivector valued linear function, i.e.,
RlaAb)jx{cAd)=R{eAd)«(aADb) . (981)

(975) shows directly the relation to the well known tensor relations (976). Nevertheless, given the
symmetry (980), we can rewrite (975) as

275
0 "2y AYY AV Ryveex = (Rauv ¥ AYY) AT = R(Ya A Vi) AYE (982)

8.3.7 Identities of the Curvature Tensor

Starting up with (971) we can derive a number of useful identities. First we find

971) 969) 1
A 5,‘/\8,‘;‘\?‘(:}iy“AyvA{R(yu/\Yv)-‘y’(}

(9657 1 v
= SYAY A {Ruvas (V¥ AYP) - vi} =Rlva Avp) Av*6E

= Rlya Ay AY* (983)
which agrees with (982). Further, taking the inner product with yg yields the identity

{983 .
0 "2 RIYa AYIAYT}H-vg = Rlyg Avu) = [RIYa Avi) - YpI AY™ (984)

and thus
Riva Ave) - veIAY* =Rlys Avi) . (985)
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8.3.8 Contractions of the Curvature Tensor

Given the bivector valued curvature tensor we can define the so-called Ricci Tensor as its first

contraction'®, i.e.,
R(b) ¥ dg-R(aAb) =v* Ry, Aa) . (986)

This is a vector valued linear function of a vector argument. R is symmetric, as can be seen by

cR(b) B c.lda - R(aAD)] = (cAdg)*R(aAb) = (aAb)+R(cAdq) "2 (bAda)*R(aAc) = b-R(c) .
To see the relation to the standard index notation we calculate the matrix elements (%87
R = v« Riv) 22 (2 Ay s Ry Av) =R, (988)
Since R{a) is symmetric, i.e., R(a) = R(a), we find
v#a-Riy,) 2 yhy, Rla) =R(a) (989)
but on the other hand
YHa-Rlyu) = —a-{y* AR(yp)b+ (- ¥y*) Rlyy) = —a - {Y* AR(yu)} + R{a) . (990)
=R(a)}
Since o can be chosen arbitrarily, equating (989) and (980) yields
do AR{a)=v*AR[y,) =0 . (981)

Note that this is true for any symmetric function! Thus a symmetric function has zero protraction.
Contracting the Ricci tensor yields the Ricel Scalar, e,

R¥ dp #R(b) = (dp Ada) *R(aAD) = (¥ AYF)* RV Aya) = RWY ey L (992)

We see how the tetrad component derivative allows a neat index free notation. However, we can
always express results in the standard index notation, i.e., giving components with respect to the
tetrad.

Identities for the Ricci Tensor Since R{a) is symmetric its protraction vanishes and thus

q9
o 2N

da AR(a) = dg Aldp - R(bA )]
= (daAdp) XxR(bAa)~d, [dy AR(bAa)]
‘ =)
= (dgAdpy)xR(bAQ) . (993)

!

Therefore, we derive the identity

(da Adp)R(bAa) =£da Adb)AR{bAaz+£daAdb) x R{bA al%—\(da Adp)-R(bAa)=R

aa re
={ ={ =R

(994)

Dimensionality of the Curvature Tensor All constraints are contained in 84 AR{aAb), which
gives
n?(n? -1)

7 (995)

degrees of freedom.

104 use the tetrad component derivative to formulate contractions, The distinction from the vector derivative is
necessary, since no {wx )-terms should be included.
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Spaces of constant Curvature Here the curvature tensor takes the form
RlaAb)=KaAb . (996)

The usually given matrix components are derived by writting

R{e;&/\e\;)'(e}\f\e,‘} (9é6) €y "€x By €

€y eg € ° €3 K(g};x g“")‘ gHAgVK} * (gg?)

Kle,Aey)-{ex/eg) =K

The Ricci tensor associated with (996) becomes so

Rb) 2 4, - R{Ab)”QK%~MAbL=K%m—bwu4:ﬂn“1Mb. (998)
=h
For the Ricci scalar follows with (192)
R % 4, Ro) 2 k-1 . (999)

8.3.9 Parallel Transfer and Geodesics

Parallel Transfer We say a vector a is parallel transfered in direction b, if

dpa(x) =P(b-dcalx)) =0 . (1000)
That means for an “observer” going in direction b, the vector a does not change its direction relative
to him.

Parallel Transfer around a closed Loop If we transfer a vector v along the infinitesimal vector
da it changes to

vix) =v[x+da) =[da- &]v(x) +v(x) . (1001)
Transferring now v/ along db’ = [da - 8,] db gives

(1001)

V= [db - 8]V (x) +v'(x) [db - 8y} [da - Bxv] + [db’ - 8] v +[da- 8, ]v+v . (1002)

Reversing the order, i.e., first going along db and then along da’ = [db - 8,] da, yields in the same
way

"=lda' by [db-8,v] +da’ B v+ db-B vty . (1003)
If v is now parallel transfered along da and db this equations become under use of {1000)
v' o= [db - dv+v = (dadedb)-b v+ 1004
v = [da’ - &Jv+v = (db-8cda)-bv+v ( )
The difference of v and v is thus
V' — v = [da - 5ydb — db - 8ydal - v 2 R(AAdb)-v . (1005)
Geodesics We cal} a(x} a geodesic vector field, if
daalx) =Plalx) - d,a(x)) =A(x)alx) . (1006)

That means by going in direction a, the vector a(x) itself does not change its direction, but might
change its magnitude. We call a(x) a normalized geodesic vector field, if it obeys (1006) with
A={, e,

Sa{x] (X) =0 . (1007)

Each geodesic vector field obeying {(1006) can be normahzed to obey (1007). Suppose a{x} is a
geodesic vector field obeying (1006). Then

(1008)
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obeys

(1oos) 1 af
- a

o) 541 000) "B i falx) -84 (z; (1006) ]a(’xn{?‘“(") “("V“““‘”}:o (1009)

el Ta(xJ?

and thus (1007}, so that b{x) is a normalized geodesic vector field.

For each point in M a geodesic vector field defines with (920) a unique one-dimensional curve,
which has in x the tangent vector proportional to a{x). This curve we call geodesic. Thus we can
write each geodesic as :

x(}, (1010)
so that the geodesic vector field is given by
alx{t)) = 0 x[7) (1011)
ot ’

A field obeying (1006) defines a geodesic going through each point of the manifold M. Given an
one-dimensional curve § = {xg{e}} on the manifold, non-parallel to the geodesics passing through
the curve'®®, we can parameterize a family of geodesics by

x{t, o) . (1012)
Geodesic Deviation Let us consider a family of geodesics {7, &), where & is a parameter labelling

the geodesics of the family in a smooth manner and 7 is an affine parameter along them. The tangent
vector

o
w D
V= aTx(T, &) (1013)
is parallel transfered along the geodesic 1%¢, i.e.,
Fv=0 . | (1014)

We define further the connecting vector between nearby geodesics by

o O
W = égx(’r, o) . (1015)

Two geodesics labeled by « and « + dox can be seen as separated by wdx. The chain rule yields

P(FM) = P(FE-3M) = PH-a.M} = &M (1016)
P(EM) = P(&.3M) = Pw-M) = §.MJ"
Since the scalar derivatives commute
= g 0 o 3 "
5VW—P(5;E6'EX)—~P(5&5:EX]—§WV . (1017)
Applying this to -f—_:gw yields
& ) {1016} = = (1017} 2 = {1014} = = s o=
P(5=Plz-w)) =" 88w =" 8,8,v "2V 8.8.v - B, 3w 29 jvAw) v . (1018)
{1g14)
AR

This reveals the relation of the curvature to the second derivative with respect to the curve parameter.

1051f the curve would be parallel to the geodesics, the labelling of the geodesics could be not a one-to-one mapping.
6T his is equivalent to

1. v is tangent to the geodesic and

2. Wl is constant.
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Example of a Sphere Consider the geodesics on a sphere. According to the symmetry of the
sphere we have constant curvature, i.e.,

RlaAb)=KaAb . (1019)
We choose the geodesic connection vector in such a way, that with the definitions (1013) and (1015)
w-v=0 . (1020)

We parameterize the great circles by the path length, ie.,
l=9r ; |El=M=1 = V=1, A=rdp , (1021)

where 71 is the radius of the sphere and ¢ the angle relative to an arbitrary chosen starting point.
Thus the geodesic deviation equation (1018) yields

a2 1 92
This is easily integrated by imposing the boundary condition w(0) = wy, 8,w 0= 0 to obtain
=
w = cos(VKrolwy . (1023)
In order to have a dimensionless argument of the cosine we need
1

At @ = 0 the both geodesics are at their greatest distance, since the maximum of the cosine is

reached. They are also parallel since 6¢.w‘ .= 0. Both geodesics meet when
Q)‘._“
T

0 = cos(VKro) = VKro = 5

If we are really on a sphere, then both crossing points must differ by an angle of . We have thus
for a sphere

(1025)

1
K=m . (1026)

Here we can read of one further result. If we choose K < 0 the solutions to (1022) are etVKire,
Looking at initially (for ¢ = 0) parallel geodesics, the solution becomes w = cosh{+/—Kr@)wg. Thus
this geodesics never meet.

8.3.10 Integrability Conditions
The Bianchi Identity From (971) it follows

0 = S A ASPM
969
P2 8 ARYH AY (v Avy) x M (1027)
and thus, since M can be chosen arbitrary,
bx AR(AADB}=0 . (1028)

This is the so-called Bianchi identity in its remarkable simple space-time algebra form.

The contracted Bianchi Identity Contracting the Bianchi Identity (1028) gives

1028
0"EY 4y (5 AR(@AD)} = dq-8,R(aAD) — 5y Alda - Rla Ab)] = R(5; Ab) — 5, AR(b) (1029)
e st

=R{b}

Contracting again yields with

0 "Z” dy - (R(8 A b) = 5 AR(D)) = —R(6y) — dp - 54 R(b) + 5y - R(b) = —2R(5x) + 5xR (1030)

the contracted Bianchi Identity

.. 1. .
0=R(b:) 55k . (1031)
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8.4 Physics in Curved Space-Time

Above derived results are valid for any number of dimensions and any signature. When looking at
the real world, we can limit ourself to a four-dimensional manifold with signature (+ - - - ), where
the time is distinguished by a positive square.

Units For simplicity we use natural units, i.e., we define

c=h=1 , (1032)
e.g., space and time have the same units.

8.4.1 Proper Time and Four-Velocity

Let x{t) be a curve so that

2 Atulx) ; A>0 ; [u))F=+1 (1033)

t

i.e., the tangent to the curve is time-like in each point. Then we call

TE¥ M A& = dr=Alt) ot (1034)

= to
the proper time, for which (1033) becomes now!%?

g_:_ =u o ud =4l (1035)

and we call u the four velocity of the particle.

8.4.2 The Energy Momentum Tensor

The energy-momentum tensor T is a symmetric'®®, vector valued linear function of a vector argu-
ment, i.e.,

T{a)=T(a) . (1036)
The energy-momentum conservation is given by
T(6y)=0 . (1037)
Given a Killing vector k we have
(10373
e . . . {952y 1
Sy T{k)=k-T(6:) +6x -T(k) =deo-T{a 8xk) = Eda-T{a A6 AR} =0 . (1038)

Thus the quantity T(k) is a conserved current

TE T = 6,12 0 (1039)
The Perfect Fluid Case With
g :Z: rela,tivist; :;&:iy density} (1040)
the energy-momentum tensor is in standard index notation given'®® by
TH = (u+plutu? —pghv | (1041)

107please note that vectors are frame independent. The following relation is thus true for every coordinate system.

108 emember the definition (631), where T{a) could have a antisymmetric part. But as we have seen with (675) this
is always a total divergence.

109 This is the form for the signature convention {- - - ),
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where u™* is the matter four-velocity with u*u, = 1. Applying the space-time algebra we can rewrite

{(1041) as
T(a)=(u+phu{u-a)—pa ; u?=+1 . (1042)

Since u? = 1 we conclude u™' = u and write (1042) as

Ta) "¥Y (n+p)u'(u-a)—pa=pPyla)—pla—Pula)]
| — L L
=Pu(a) =Pi{a}

= pPu(a)-pPi(a) . (1043)

This is a remarkable simplification if one compares this with (1041). Furthermore, the physical
interpretation of u and p becomes more explicit — the energy density p is related to four velocity
of the frame, while the pressure is associated with the space orthogonal to u, i.e., the rest-space
defined by u.

8.4.3 The Einstein Field Equation
The Einstein Tensor We define the Einstein tensor by

Gla) = R(a) ~ %aR . (1044)

According to the contracted Ricci identity (1030) it obeys
Giée) 2% (1045)

while the symmetry, i.e.,
Gla) - b=a-G{b} , {1046)

follows from the symmetry of the Ricei tensor R{a}. The contraction of the Einstein tensor follows

directly from (1044)

d,-Gla) =R~ %4;{ ~-R . (1047)

The Field Equation Having defined the Einstein tensor (1044) and the energy-momentum tensor
we can formulate the Einstein Field equation!!?

Gla) =«T(a) . (1048)

Contracting and using (1047) gives —R = kd, - T(a). This yields when substituting (1044) into the
Einstein Field equation the equivalent relation

éR{a} =T(a)~ 5 dy T(H) (1049)

8.5 Conluding Remarks

In this section we showed, how a Geometric Algebra approach can be adapted in the treatment of
smooth, curved manifolds. We were able to express the connection with (832) in a surprisingy neat
form — as a commutator product with a position dependent bivector. The covariant directional
derivative lead to the curvature tensor, for which symmetries and identities were discussed.

Having developed this tools, it is not much more than a formality, to apply it to physics. With
(1043) we derived the perfect fluid energy-momentum tensor and note the clear structure in this
representation. The Einstein tensor and the Einstein field equation translate in a direct way.

The main advantage of the given approach is its independence of coordinates. Occuring tensors,
like the curvature, depend on wectors and not their components.

110%e do not add a cosmological constant here. But this can of course be done.
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9 Gravity as a Gauge Theory

This section is a review of an approach to gravity as a gauge theory as given in [3], but a slightly
different notation is employed. Contractions are expressed with the same differential operator 8, as
is used for the vector derivative and not as in [3] with V.

We show that the demand of gauge invariance of physical relations under arbitrary position and
rotation transformations leads to modified derivatives, which are covariant. Assuming a certain
Lagrangian and the gauge fields to be independent variables, the variational principle leads to two
field equations. One of them can be identified as an analogue of the Einstein field equation. Thus
the few assumptions about gauge invariance and a Lagrangian lead to a GR-like structure. But one
should note that there is still a remarkable difference. The theory is developed in a flat background

space.
It should be mentioned that only the geometric algebra makes it possible to keep the following

calculations so easy and clear.

9.1 The Gauge Fields
9.1.1 The Position Gauge

If all physical relations have the form
Alx)=B{x] ; ¥x (1050)
for fields A and B, they should also hold for
x' = f(x) (1051)

if f covers the whole space and is nonsingular. Accordingly we say that A and B are covariant
under position transformations, if

Alx) = B{x) & Alx") = Bx") . (1052)

If the fields do not involve derivatives, the relation (1052) is automatically fulfilled. But the chain
rule for the directional derivative tells us

a-3b(x) =la- 0,xT- 30 d(x') "EY fa) - 3 b(x') = a- F(0x)D(x") . (1053)

Since this is valid for all a, we get after multiplying with 8,

By = (/) (1054)
and so
1054) »
3.00x") "EY flo.)0x') (1055)
Thus we can define a covariant!*! vector derivative of a function ¢(x) by
P = h(d.)p{x) (1056)

with a position dependent linear function h{a) = h{a,x), which transforms under (1051) as

x+f{x)

hia,x) =" h'(a,x) = h(f(a), f(x)) = hes (1)) . (1057)

Fields, which contain the vector derivative only in the form h(d,), will now transform covariant
under position transformations (1051), i.e.,

M(x) = M'{x) = M{x"} , (1058)

and we define thus the new derivative

he(0x) . (1059)

Hlere we mean only “covariant under arbitrary position transformation”.
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9.1.2 The Rotation Gauge

We call a multivector covariant under rotations, if it transforms under a local rotation transfor-

mation x = BxR like B
A~ RAR . {(1060)

Since also gradients are physical meaningful orientated quantities, we demand the covariance of
(1059), i.e., _
h{a) = Rh{a)R . (1061)

We write _ _ B
h{0,) = h{Baa - 8y) = h{da)a - O« {1062)

and consider the action of the directional derivative a - 8, on a position dependent rotation
a-3:(RAR) = R(a)AR + RAR(a) + RA(a)R . (1063)
But since R is a unitary transformation'*?

RR=1= a-9,(RR)=RR+RR =0 (1064)

and thus after multiplying with R from the left

= —-RRR . (1065)

70t

This yields in (1063) N 5 s )
a-3RAR = RAR-RARRR+RAR
= RAR+ R RR AR - RARRR (1066)
- =1 -
= RAR +2(RR] x (RAR)

Therefore, to make the derivative covariant under rotations, we have to add an extra term. We do

this by the replacement
-0y = a- 0y +0{a)x (1067)

were (} is a pure bivector valued!*? function, which transforms as
Qo) — Q'(a) =ROR—-2RR . (1068)

Putting everything together we derive our directional derivative for covariant multivectors, which is
covariant under rotations,
DY = (a-3x +Qfa)x) . (1069)

Rotation Gauge for Spinors In contrast to covariant multivectors, which transform under ro-
tations according to (1060), spinors transform single sided as

P R {1070)
So the directional derivative becomes
a- 3«(Rb) = R(a)p + Ryp(a) = R(a)R(RY) + Ry (1071)

and hence we define the directional derivative for spinors, which is covariant under rotations, as

DS a9, + -;-Q{a) . (1072)

Now the transformation law (1067) ensures the covariance under arbitrary local rotation transfor-
mations.

132We abbreviate R = R(a).
113(1064) tells us that RR reverses to minus itself and is thus a bivector (R is even).
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9.1.3 Totally covariant Derivabives
The Operators Since
R(a) = a- dxR(x)  a - f(2,)R(x") = f(a) - 0 R(x") (1073)

) must transform under an arbitrary position transformation (1051) according to

Qfa,) = Q'fa,x) "EY Qlf(a),x) (1074)
which is clearly not covariant. The observable derivative (1069) transforms now under position
transformations (1051)

DO+ a-f(3y) + Q'(a)x =f(a) - dxr + Qf(a))x =D, (1075)

and in the same way does the spinor derivative (1072). Thus (1069) and (1072) transform covariant
under rotations, but not under position transformations! But given the transformation property
{(1075) we can easily construct totally covariant directional derivatives by

a0 =D "L a.RE)+0ma)x = a-Rd)+wla)x o)
a-ps oS "IV a R +10Ma) = a R+ jwla)
with the covariant rotation gauge field w, defined by
w = Qhla),x) . (1077}
We are now in the position to define associated totally covariant vector derivatives by
PO % 3.a-D° "ER(0,) + dawla)x = M(da)fa-d+0(a)x] = h(3a)DO }
DS % 9,0 D5 "€V R(3,) + 10awla) = F(d4)[a 0.+ 10Q(a)] = R(3a)DS
(1078)
With this definitions ) :
D2 =h'(a)-D° ; Di=h"(a)-D% . (1079)

Applications Since scalars commute with all multivectors, we have for a scalar valued function ¢
a-2% "9 [a-Re,)] ¢ 5 DO "V [a b0 (1080)

and thus for the covariant vector derivative ‘
D =h(d)e . (1081)

For later use, we will derive here one more relation. For a vector valued function f(x) we have

DOR(x)) "EY e [RF0)]" + dawa x R{F(x))
= h(8a)a- 3y [R{f(x))]° +Bdawa x R(f(x))
= hda) [a A h(f(x) +a- éxﬂ(f{x})] 4 Bawa X R(F(x))
(U8 poR(f(x)) + R(BIRIF()) (1082)
The bivector part yields as a special case
DO ARF()) "BD PO ARF(X)) + R(d, Af(x)) . (1083)

9.2 A Gauge invariant Dirac Action

After having derived covariant derivatives, we turn our attention to physical applications. It is easily
seen that the most important action integral, the Dirac action, is not gauge invariant -— it changes
its value under position and rotation transformations. Thus we modify each part of the Dirac action
in order to find a totally covariant action integral.
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9.2.1 The Construction

In order to derive a gauge invariant analogue to the Dirac equation we start with the Dirac action
in space-time algebra form

5= J 1% ((Bb)ivsh — mpi) (1084)

and consider the modifications on each part to make it gauge invariant.

The Derivative As discussed before, the derivative 8, is not gauge invariant. Since it is acting
on a spinor we replace it by the covariant spinor derivative D° defined by (1078).

The Volume Element If we define a coordinate frame by

ey = dux (1085)
it transforms under displacements by
e, = Oxuf(x] = e, - 0xf(x) = fle,) . (1086)
The volume element
ldx* = —ieg Aer Aes Aesdx®dx'dx?dx® (1087)
transforms to
[dx'¥ = ~if(eg Aey Aez A e3)fc3.>c’0dx"1 dx'?dx'® = det f dx%dx dx ' dx"® (1088)

and is thus not invariant under arbitrary position transformations. To make it invariant, we replace
each e, by h™'(e,), so that

hi'(el) =hg (£ fley)) =hy'(en) . (1089)

Thus our invariant volume element is given by

i

|d%] det (}_f‘) = foih

(1090)

The new Action After replacing volume element and derivative by their covariant equivalents
we derive the fully covariant action integral

4, ~ .
s= ] LDy - m)
a5 - . .. o~ 1 ~ =~
(1078) j jl—eﬁ_imaxmmwiaaw(a)wmw_mw : (1091)

9.2.2 The Phase Gauge Field

The Dirac action is invariant under a global phase rotation

B’ =Pelnd | (1092)
We assume now invariance of the action under local transformations of the kind
Y P! = petoset (1093)
Since
RO = hBJPel* @™ L h(d,p(x)petos ™,
= [RGB + (Ao eivzot) (1094)
where

eA = 3, 0(x) (1095)
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we introduce a correction term ~ _
—eh(AJpyod (1096)

to our action and demand of A to transform under phase transformations {1093) as
eA ) eA' =eA — 0 p(x) . (1097)

Under this condition the action becomes also covariant under phase transformations (1093) and gets
the final form

S = J fﬁ‘t(mﬁw}ww-eftmw mpb)
(o7s) Lﬁ:"h(h [ww—»—-mmww} eyl —mbF) ,  (1098)
where
AER(A) (1099)

is the covariant vector potential and represents the electromagnetic interaction with an external
field.

8.2.2 Lagrangian and Euler-Lagrange Eqguations
From the Lagrangian (1098) we find the Lagrangian

£ "2V ZR(Riea) [a- 8 + $0(0)| bivst — edbyod — mud)

; M . o (1160)
= @E(Ra) [bivsb + 0(a)bivs] — edbyod — mbd)
Hence we obtain for the derivatives with respect to the field 1 and its differential
_ A..«: I_ - I_ St X
det(h)oyL = h(dalpiys+ §1Y3¢h(au)n(a] + ihfaa)ﬁ{a}wt¥3
~eh(AJbyo — evobh(A) — 2m
L . ~h{3q)0Q Ofa)h(d ~ ~
= —ivsR(a) +tysPrl A RO ooy Gy o
= —iy3Bh(da) + vl [R(da) A Q(a)] — 2eyohA — 2mip (1101)
and
0L = —— {ivsTh(d.)} (1102)
b2 deth “ !
respectively. The Euler-Lagrange equation is''*
0L =00 %@p)f) & Opl=a 00yl (1103)

and becomes with (1101) and (1102) after reversing

=iy g
——
a9 ﬁ%g-gi_ = 5 {%ﬁ(a} R(Ba)Pysi+ R(Ba)Wivs + 1h(2a)Q(a)bivs — Zedyo — Zrmb}. (1104)

S—et
Taking the first term on the right side to the left and adding %ﬁ{ 04)0{aliys on both sides gives

h{da)
deth

—dem\{[a-éxjﬂx]} [

=D2

] Diys - ilda)a - O, (Wivs) =

= h(dq)[a- o + Q(a)] Piys — 2eAPpyo —2mb . (1105)

114This form can be derived by applying the variational principle in one direction. Then the directional derivative
replaces the full derivative,
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Taking the last term on the left side to the right yields

— det hDY [%gih)} Piys =2R{3,) [a B+ —;—Q{a}j Piys ~ ZeApyo — 2myp (1106)
“‘E_E"g?ps
so that we derive as the final result
deth Oﬁ(aﬁ) . e TS aliing .
5 ('Da deth Yiys = D diys ~ eApyo —mp . (1107)

As pointed out in {3], this result is different to what we would have got by making the Dirac equation
gauge invariant! Instead this would give us (1107) but with the left side equal to zero! As argued
in [3] the left side should be zero in order to derive the minimal coupled Dirac equation from the
minimal coupled action. We demand thus

H 3
detg{z}@h{aa'}me . (1108)

® deth

We will see later that the same condition arises in order to obiain a trace free spin!

8.2.4 Observables
Observables are of the form B

O =19pAY (110%)
where A s a constent multivector. Demanding invariance under phase rotations is equivalent to the

condition
Alogy = io3A . {1110)

Thus A can only be constructed out of {yg,va,i} or with other words A cannot contain y1 or va
alone, but yyys = yoysl. This shows that vy and v are indistinguishable in the particle rest-frame.

Since the spinor transforms single sided, all observables are automatically covariant under rota-
tions and translations, i.¢.,

¢ RipAPR .

) AD(x) :
Wlx}Ad(x) - PxOAD(x') } (”‘11)

9.3 Curvature and Field Equations

8.3.3 The Curvature Tensor

The commutator of directional derivatves gives the curvature. But by defining

RlaAb) = 2[D5, D]

H 1
== 2 {CE <Oy + Ef}{&:;b s Oy b i‘ﬂ{b)}
= - 0,0(b)—b. 3, 0[a) + 0{a) x [1(b) (1112)
we derive & non-covariant quantity. This follows directly from the transformation property (1075),

which gives''®

, 1075
R'(aAb) "E 2D, D] = Rif(anD) , (1113)

But this transformation property already shows, how we have to define a covariant curvature!!s:
R{a Ab) = R(h{a Ab)) . (1114)
Substituting the explicit representation (1112) yields

R{aAb) = a-h(d,)w(b)+b -hd)wla)+wla) x w(b)
—w(h™" [h(a)- dch(b) ~ h(b) - dxh(a)]) . (1115)
15Here we cannot use (1112) directly, since f{a) is not a constant vector. Indeed we would need an extra term just

like in {961}. Nevertheless, the result still holds, since a - 8,{{b} ~ b - 2,ffal =0.
H83ere we extend h{a) via outermorphism to the space of bivectors.
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Ricci Tensor and Scalar The bivector valued field strength R is the analogue of the Riemann
tensor. We thus define the Ricci tensor

R(b) = 8, - R(aAb) (1116)
and the Ricei scalar
R = 3R(b)=(0pAds) R(aAD) =h(d, ABy)-R(aADb)

TU2 ey AdG) [a - 3,0(b) — b -3,0(a) + Qfa) x a(b)} . (1117)
With this definitions we can construct the Einstein tensor in the usual way
Gla) =R{a) — %a’f{ . (1118)
Of this tensors only the Ricci scalar is invariant under rotations. Therefore, we assume a Lagrangian
of the form 1Rl
= R (1119)

Here h(a) and Q{a) are the independent dynamical variables. £, describes the matter and here
we will assume that it contains no second order derivatives with respect to x, so that it contains no
derivatives of h and (.

9.3.2 The h-Field Equation

Assuming h and Q to be independent dynamical variables, we can apply the variational principle
to the Lagrangian (1119) to derive associated field equations.
In order to calculate the Euler-Lagrange equation for the h-field, we derive

1 1 _ 1 I @304) h7'(a)
O o T - - = I e e ! 2 e e
Ra) Gorhi =~ [det ) Oite) deth) = —rmey det()h ™ (a) deth (1120)
1117 -
dnaR "B 0p ) (R(de ADbIR(D Ac))
= h{a-[0cABp)} -RBAC) = R(db)-R(bAa) - R{3.) -R(a Ac)
= 2h(3y)-R(bAa) =20, R (h(b) AR (27 (@)
09 R (a)) (1121)
and use the assumption
to obtain for the Euler-Lagrange equation
(21 Rh~a) RG(a) L
0 = gl = — . = — KD =
nla) 2det(h) det(R) Kah{‘”deﬁ(h)

Gh'a) . Lm
det(h) O Gamy (1123)

If we define the matter energy-momentum tensor by

- - L
T(h™'(a) = det(R)ds gy e
(h™ (a}) = det( ]ah(u}det{h) (1124)
the h-field equation becomes the analogue of the Einstein Field Equation
Gla) =«kT(a) . (1125)

While in ordinary GR the Einstein field equation has to be postulated, we derive it here as a
direct result of the variational principle applied to a gauge invariant Lagrangian of the form (1119).
Further this result is independent of the choice of the matter Lagrangian £.,. But it is just this
matter Lagrangian, which defines with (1124) the energy-momentum tensor.
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We first calculate the functional derivatives of the Ricci scalar with respect to (3{a) and b- 0,({a}:

(1117)

6Q(a}?€ = aQ{Q)O’_L{ac /\ab) [b) X ﬂ } = Zaﬂ a)(h{a /\abJQ( ) x Q{C})
= do(a)([2)0() - OO(D)] R2e Adb)
= 2a-b(ﬂ{ x 18 Adp )Yz = 2{wlc) x {8 AR{a)))2
W 2w AR(a) + e A [w(c) x A(a)]}
(1078) O Az o e
= 2{ ¢) x h(3c)] AR{a) + D ARfa) - h{3x) A [h(a}] } (1126)
(1117) -
9p.0.0aR = Opo.0(a)(hdcAda)ld-0.0(c)~c- ax%(@]?
= [(b-d){a-c){h(dc Adal))z— (b-c){a-d){h(Bc Ada))2
= 2h(aADb) (1127)
The Euler-Lagrange equation is for constant vectors a and b
0=8n(a)L— b 0x0v.3, n(a) L (1128)
Now we define the matter-spin bivector
S{a)=$(h"(a)) ; S(a) ¥ g(a)lm (1129)

and calculate the derivatives of the Lagrangian (1119} with respect to {}{a) and b - 8,£2(a}, respec-

tively,
@l = zEy 28T k3ol
= S —
(129600 r . {1130)
ok
= @mn{ " -l
1
Op.a.0(@f = @%Ea“‘a*z ()R (1227) hécel:\:] )
So the Euler-Lagrange equation (1128), i.e., the Q-field equation, becomes
d R
kS(a) 'B¥ 20 — (det h)d - 9xBp-0, (0L
UED 1Q(b) x h(dy)] ARla) + DO Afi(a) = R(de) A [h(a)]”
—(deth)b - 3hla [ ]J — 3y Ox [Rla)]" AR(b)
h(dy) =
= D9 Ah{a)+ (deth)
et { [ deth ]—kﬁ(b)x éeth}Ah(a}
o o
= DYA[r(a)]" + (deth) [DS d( t‘ﬂ Affa) (1131)

Trace of the Spin In order to contract {(1131) with h™'(3,) we start with

h7'(3a)- [P0 ARta)] =

(1079)

(1078)

n'(a)- [PO AR

D)~ DO h7'(a)-R(da)
T R(ay DD
DOR(2a) — R(0y) {17 (2a) - [DET(a)]}
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(1069)

DOR(da) — (ds) k™' (3a) - (b - 8)ii(a) —
CL9 (det DO 2w

~R(2u) 7' (3a) - [Q(b) x R{a)]

where we used

h™'(34) - [Q(b) x R{a)] = 3a - [Q(b) x a] = =Ba-[a-Q(b)] =~ (Ba Aa)-Qb) =0 . (1133)
LN —

Further
- ] (306) b- 3x
(h Jb-8 h( o= dth((a“(a ydethjb - ? h( N = dth(det h)®
1
= —(deth)b —axae%g“"ﬁ‘” (@D e (1134)
Thus

~1{da) - { [Dg z:‘;g] Aﬁ(a}} =dq- { [Dt?zg’ﬂ /\a} =—(n-—1) {’DS };Z‘;L)J (1135)

and the contraction of the Q-field equation (1131) becomes then in a n-dimensional space (8,0 = n)

a0 s T2 170 [0 AR] + e 00 - { [P 5| AR}

2o [

TEY _(n—2)(det DY [gﬁﬂ : (1136)

Thus if we are not in two dimensions (1 = 2) we need

h(3v)
o

= 1137
¢ [ )l o, (1137)
in order to have a spin tensor with zero contraction. But (1137) is exactly the condition (1108},
which leads to the minimal coupled Dirac equation! Substituting with

m 2 (0a) { iyl + 300D} + RANYOD — (1138)

the covariant Dirac Lagrangian as the matter Lagrangian yields for the spin bivector

5@) "2 oqaLm = L2 bivsTROL):
= S0ivsd)-Rla) (1139)
and hence
Sta) "E” s(h1(a n--(xbwm : (1140)

It is remarkable that this spin tensor has indeed zero contraction

(1140)

3. -S(a) "2 (3, A a]%lbiyg{ﬁ ~0 . (1141)
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The (O-Field Equation for a tracefree Spin With a spin of this type, the (-field equation

(1131) becomes for a constant vector a

(1139 50 Afifa |

xS(h{a})}
If we have with a, a not constant vector as the argument in (1142}, we can use {1083)
DO Affay) = DO A [Rlay)]” — Rldx A dy)
Substituting this in (1142) yields
kS(Rlay)) "2V DO A [ifa,)]” — Rid, A dy)
Therefore, if we have vanishing spin, i.e., S{a) =0, it follows
DO Ahfax) = h{dx A dy)

and so

{1145) (nﬁs;

DO ADC Aa(x) DO AR, AR ay)) h(dx Adx AR Hax)) =0

9.3.4 ‘The Curvature in Terms of w

Assuming no spin the field equation (1142) becomes for a constant vector a
o "EY DO AR(a) "E¥ Rib) ARla) + b A [w(b) x Rla]]

and we conclude

(dx) Af(a) "B —8, Aw(b) x R(a)]
Now . . . :
(b Aa) {R(6x) AR(A)}) = a-Rfd)b- R(d) — b Rfdx)a-R(d)
but also
(A {REIAR@Y "EY (b AL A fwb) x R()])

= —(a-3b- [w(b) -R(d)]) + (b-dpa- [w(b) R(d
= —[b-wla)] R(d)+[a- wb)] hid)
= [a-w(b)-b-wla)] hid)

Thus for two vector felds ay, by
[ax - h(By), by - R(Bx)] f = @y - R(Dx)by - R(By) f— by - By )ay - R(By) F

"‘_.;*‘”((b,x\a,‘1{ﬁ(észﬁ(a,)}>f

= e R@x)by - RUBx) F — by - R(Bx)ax - R(Dx) T+

+ Gy ﬁ(ax}bx “hidy) f~ by - ﬂ(éx)dx : ﬁ(ax) f
(1129 muAag{m&gAﬁmgbf+[%vm@mx—mo(M)] R(d) f

(1150) mwabﬁ—bx«Magkﬁwgf+{myﬁM]b ENE

= {ax cwiby) — by - wlay) + Qy - a(ax}bx = by - E(éx}dx] : h(ax]
= Cx * R{ax) f,

where

(10?8}

Cx = Ay - R(ax}bx — by R(éx]dx + 0y - wibyg) — by - wlay) Dobx by - ﬁoax

(1142)
to find

(1143)

(1144)

(1145)

(1146)

(1147)

(1148)

(1149)

)

(1150)

R(d,) f

(1151)

. {1152)
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This enables us to express the curvature fully in terms of w as

R(ax"\bx} = R(h{ax)Ah(bx))
U2 h(a,) Bec(by) — hiby) - Byis(ay) + w(ay) x w(by)
~w(n" ax - R@x)(bx) — by - Rdx)(ax)]

= hiay) - 8xw(by) —hiby) - axwf x) +wlax) x wiby)
—w (17 (blax) - Oxh(bx) — h(by) - 3xh(ax))

UBY pa,) - 8xw(by) — hiby) - dxwlay) + w(ay) x wlby) — wley) .(1153)

From (1146) it follows now

1146)

0 POADOAA TEY

R(3a) AR(3p) A [DIDPA] (1154)
and we derive by exchanging a and b and subtracting '

0=h(3, A% A{R(aAD) x Al =0, A3, A[R(aADb) x A] . (1155)
Setting A = ¢ a vector and protracting over ¢ yields

0 = B ABATARaADB) -]
= =g NBp A@BN[c-R{aADb)]}
= —20, ANBp AR{aAD) . {1156)
Taking the inner product with a vector ¢ and using (1155) gives finally

0 = ¢-[8,A0, AR[{aAD]]
= (c-aa)abZ\R(a/\b)—»aaf\[(c-ab)?%(a/\b}]+§a2\ab/\[c»7%(a/\b}l

I

o AR[{cAD)~0, AR{aAc)
= 28, AR[cAb)] . (1157)

This condition also expresses the symmetry of R{a A'b). This is seen by

1

R{aAb) = iadf\ac(a/\b)*‘}z[cf\d}
1 “'{”e X =2R{aAb)
= i{a;‘\b}-TadAacAR{cAdﬁ—%'(af\b}-(adzf\ac}?{{c{\d)‘
1
= —R{aAb)-— 3 Ab-R{cAa) +3: Ala-R{cADb)]
=-b-[a¢/\R(c/\;}]+b~ac‘?2(ci\a) i
= —R{aAb)-R{(bAa)+RaAb)=R(aADb) (1158)
and thus
R{aAb)=R{aAb) . (1159)

9.3.5 The Weyl Tensor
Lets consider a n-dimensional space, i.e., 85 - a =n. Since
=T
o,
nR(b} ~R(b) —R(b) + bA 4 - R{a)]
(n—21R(b)+ bR {1160)

Jg-[aAR(b)~bAR(a)]

i

It
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and ‘
90 (aADR=nbR-bBR=(n-1}bR | (1161)
we have
1 1 3
da {n——Z [a AR(b) —bAR(a)] - m{a!\bm} =R(b) . (1162)

Thus we define the two bivector fields

UlaAb) E =L la ARD) -bAR(A)] - o= (@ ABIR (1163)
W(aAb) ¥ R{aAb)—UlaADb)
and write
RiaAb)=W{aAbl+U(aAb) (1164)
with the Weyl Tensor W{a A b). This definition ensures with
R(b) =84 - RiaADb) "EY 3 W(aAb) +0a-UlaAb) "E B, W(aAb) +R(b)  (1165)
that the Weyl tensor has vanishing contraction, i.e.,
3o - WaAB) =0 . (1166)

Since 3, AR{aAb) =, AU(aADb) = 0, it follows further that 3, AW{a Ab) = 0. Combined

with (1166) this gives the result
B WlaAb) =0 . (1167)

Thus, the Weyl! tensor is tractionless. The vanashing contraction implies that, in the Einstein field
equation, the Weyl tensor does thus not coniribute to the frace of the energy-momentum tensor.

9.4 Concluding Remarks

This section gave a short and compact overview of Gravity-Gauge theory. By demanding position
and rotation gauge invariance of the physical fields we constructed a General-Relativity-like theory,
but in a flat background space.

It incorporates the matter Lagrangian, which defines the energy-momentum and spin tensor —
this goes clearly beyond the scope of General-Relativity.

Centre of the theory are the field equations for the gauge fields. The position gauge field h can
be seen as the analogue of the fiducial tensor, while the rotation gauge field w appears like the
connection.
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10 Conclusion

The aim of this thesis is a systematic explorat/ion of space-time algebra. In Section 1 we developed
the algebraic structure and established the mathematical tools to be used. Most of the results here
have been derived before in [1]. In Section 2 we applied the developed tools to the easiest possible
cases. It was shown, how the complex unit can be replaced by bivectors and how rotations and
Lorentz transformations occur in two and three dimensions.

In Section 3 we discussed the application to the four-dimensional Minkowski space. Here we saw,
how the Dirac and Pauli algebras arise naturally as the orthonormality condition.

Section 4 gives a short discussion of the Principle of Virtual Work. When we replace the inner
product with the geometrical product we obtain an extra term corresponding to the change in torque.
With (483) we found an unified notation for Hamilton’s equations. It is only the graded structure
of the Geometric Algebra, that allows this surprisingly compact form. Maybe the given ideas can
be extended to a more general application to symplectic forms.

In Section 5 we showed, how Maxwell equations become one single equation in this formulation.
The vector potential was introduced. These were standard results, Further we extended Maxwells
equations to incorporate magnetic monopoles. This discussion could be continued by finding a
transformation between magnetic and electric charges and current.

In the following Sections 6 and 7 it was shown how Geometric Algebra enters quantum mechanics.
The discussion of the Dirac spinor revealed the bivector nature of the employed complex unit, which
now becomes the unit bivector of the spin plane. Further we saw, how particle and antiparticle
solutions are projection and rejection onto o, respectively. In the same way, the spin up and down
solutions are related to the spin direction in the rest-frame. All of this did not lead to new results,
but to a much clearer geometric understanding.

In the discussion of field theory it was shown, how the Euler-Lagrange equations and Noether’s
theorem generalize to multivector valued fields and parameters. This allowed us to derive general
expressions for the energy-momentum and angular-momenturm tensor in a remarkably easy way.
These results were given before in [2].

By looking at the derived expression for the energy-momentum tensor we realized the similarity
to the algebraic structure of the Einstein field equation. We were able to construct the analogue of
Ricci tensor and scalar for the Dirac and scalar field. But as was seen with (658) the analogue of the
contracted Bianchi identity was not satisfied. It would be interesting to examine possible relations
to the Einstein-Cartan-Kibble theory.

We discussed the scalar and Dirac field explicitly and derived the momentum in terms of the
Fourier coefficients. This lays the basis for second quantization. It remains open to examine a
possible relation of Geometric Algebra to particle creation and annihilation operators. This could
indeed lead to a much deeper geometrical insight.

In Section 8 we looked at curved manifolds. We were able to find a generalization of the duality
relations for the inner and outer derivative. By introducing a tetrad basis we translated the con-
ventional tensor treatment into geometric algebra form. Here we used some ideas developed in [1],
especially the derivation of the curvature tensor. We derived a number of identities for the curvature
tensor, i.e., the Bianchi and the contracted Bianchi identity. This are merely translations of well
known relations. Some of the results were derived in [3] in a gauge-gravity approach. We gave a
derivation of the Geodesic Deviation equation in Geometric Algebra form.

In Section 9 we finally gave a review of gravity as a gauge theory, as was developed in [3]. We
introduced position and rotation gauge fields and constructed covariant derivatives. This leads to
a curvature on a flat background space and to a general-relativity-like theory. In [3] this theory has
already been applied to cosmology.

In all the discussed topics it could be seen, how Geometric Algebra not only simplifies calculations,
but also reveals clearly the underlying geometric interpretations. In my opinion Geometric Algebra
is one of the most exciting mathematical tools for physics, with an unlimited range of possible
applications.
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A  More Vector Identities

A.1 Helpful Vector Identity

In order to be able to develop a determinant of vectors, we need the identity
ki3
0= (-1)**"bi- (b1 A---AbkA---Abn) (1168)
k=1

which we will prove by induction. For n = 1 (1168) is true, since by -1 = 0. But if (1168} is true for
1, it follows for nn + 1

.}.
Z (=1 by - (b3 A Abg A+ Abpyr)

.
= (=)™ 2bppr (b1 A Abn)+ ) (=1 by (b1 A AB A Abgya)
k=1
::\=68}o

e

o~ %

113
(=1)*bnat - (b1 Av- Abn) + 3 (D% [br - (b1 A== A A - Abu]] Abrs
k=1

i

+ 3 (=1 =1 b buga (b A AB A Abnys)
1

s =11 By (bv\ TAY-PURY | .
= 0. (1169)

n

i

Hence (1168) is also true for n + 1. Thus (1168) is proved by induction for all integers n.

A.2 Determinant of Vectors

Here I want to give the prove for (236), i.e., that for a set of vectors {a,}

a3 - Oy
- =nlaiA---Aay . (1170)

0y cc+ Qpn

Now (1170) is true for n = 1, since by definition |ay| (233 ay. But if (1170) is true for any n it
follows for n + 1

a1 s s e a d] ak én+]
" s Gk Qnt1
- Z k+1
a3 SRR+ k=1 w'
ay e G Qe

n+1
= nfz (=1 Tag(ar A Adr A« Aanss)

n+1
= M+hntar A Adngr +nl ) (=1 ak (@ A Ad A A )
fe=1

#

{H=63)0

= [n+ilarANAaner . (1171)

Therefore, (1170} is then also true for n+ 1. Hence we proved (1170) by induction for all integers n.
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B The Momentum of the Scalar Field

I want to give here the explicit calculation of the four-momentum of the scalar field in terms of the
Fourier coefficients. We can simplify further discussions of the (9, ¢F)2-term by noting!'*”

(B2 }{3xPx) = (BuxPxOxx) = (OxYoYodxBxx) = {(OxYodxYodx dx)
(3 0x) (3L b)) (1173)

il

with
a]’( det Bxyo = '}f"av'}fe =05 — 0" 0n = 5; =8p 4+ o0, . (1174)

The fields total four-momentum is obtained by integrating the momentum density over the three-
dimensional rest-space. Using (1173) we find so for the v, frame (¢ & $*(x))

633) |
p¢, (=) Jlds’dp

70 (143 { (32 Px) (o) — ‘;-Yo [(@46x) @) — m?2] }

r

€2 [1d% 8 [0F + b7] 00 [0F + 67]
Yo Pt o oml Al o g Al 24+ 4 412
%2 [lat {1oues +0L0ciBL0% + Bldi]  m?lof + 631
= Doz +Pgs + [0 0070005 + 0xd72061]
-2 [0 11010813107 ) + (04051317
~m*(¢f b + o707} (1175)
Now let us first consider the integrals over the pure ¢pF-terms. Here we have
Po = [lax {(8.0%1000%) - 2 [0102)BL0%) - m2(027]} . (ur)
We have for any operator D, obeying
Dpe™™ = d, (ik)el*® (1177)

the relation

¥ + s 7o 1 [[dkd¥’
ﬁ | [D1d (x)] D20 (x)] (2m)3 ” 2,/kok]

14 [Dresitxg et xg )]

a%k %’
- | F5, 0, k) (1178)

2/kok}

where F%I D, is defined by

. i . . . iy
5,0, (k) = FEE J{d-’-"xl dy(£ik)e™ KX 9T da (+ik )= *¢F,
i . e
— dikexy gk Hik % &
117This only works, since ¢ is a pure scalar. Note that ¢ can have a pseudoscalar part. But from (699) we know

{(d3)a = —(d7)4. (1172)




125

For Dy = D3 = 1 we obtain
1

Fhy = gy |14 €500 R4 (R)
—_ eii(k0+ko)xoé3(£+ if}ibig )d):{:(]zf}
= e2ikoxos3(F 4 KN (K)pT(—K) . (1180)

Further, for Dy = 84; D3 = 98¢ we find!1®

1 : -
F:é:x.aa = (ZT)sﬁd%d {:Fik)e:}:xk;xcpi(k}(;tlko)eitk x(bﬁ{ )
= —kpketikorkolo g3 (k4 k) p* (k) o (k)
—kokeE2tkoxo 83 (K 4+ K )bE(K)pE(—K) . (1182)

We have now the advantage that 9] commutes with i and thus

Foost = Q—;gjid%r (90 — 0™Bn )X K HE(K)(B0 — 07 8n )t K X HE(K)
N ﬁ(ﬁ:&kﬂ + 1K) (ik) F ik et ko +kolxo o (K)o (K') J || eFHEEDR
= —(ko+ K)(ip — K")e* Forki oo (K)g* (K')8% (K 4 k')
= —(ko +K)(k§ + K)et?ikoxe o (k)™ (—k)83 (K + k')
= ~(k%+Zk%~—2koE) et 2tkoxo gy (| Qe(—R83 (K +Kk) . (1183)
n=1

Thus we derive the total momentum of the ¢F-field (x = 2koxo)

(1176) d¥k a3’ Yo [t 2cd
pd’? - JJZ\/ET[ 9,00 2 (Fa;,a: —m F?,‘l)}

nxmnsym

K H
= ”M ~kok — 2 (— kz—k2+2kok) Yo 2

2,/kok} 2 2

=% ()8 ([ + F)

eymmctnc

i | 3 ;
= ~ld3klz—k0- —kok + %Etk%_f 2 } erio g (kK)o (—k)
= 1d3k [ —kok + Yok3] et pE (K)pE (~k)

eFiept (k) (—k)
2ks

= 0 . (1184)

= |la% {i’“ké-{‘ kok %}
R N

sntisym.

We come now to a discussion of the remaining terms for the momentum, which now contain ¢
and ¢7. In each case we substitute the Fourier representation and obtain a §-function.

1 43k A%’ : s
3, ¢:*:¢¢ — 3] pEikex @4_- Fik x¢
ﬁd | & ¢ (2m)3 Hz\/kokg f‘d e B b

axeik~x - Y‘vaveik-x P ,y‘vikveikm - kieﬂox - ~—ikeik'x. (1181}

118Note that
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” 23kd3k ko kixo o o T, J{d?’xi (FUE-E) 5

(27‘:]3 Y kokﬂ Py &
={2n)38§3(K—K")
4% o3 1185
o “‘d3kd3k’" ik
Jld'g?(i 3x¢’fao‘bf = [27!}3 2m~ld3x] axe:t kx‘b%’aoextk "d)}:,
1 [1d%d%' [ oy dikex gk sy Tk x4 F
= TP || gy || (FETET O (FkatleTE 0,
1 frakax | D (B d
= |d3] koketi(ko—kolxo  oFil opEeT
2r1% ] 2. /kok! | N Kk
( } 0% (6;4)(2?{)383(2_‘2'}
kok
= [le% 32 0z0F = [0 J0te7 (1186)
~ 1 wﬁkd%' e AT, ik
it oiiBien) = g [[ 5y 14t o8 0]
1 ([ d%kak’ oo
- ol sy [l 1tk + B x o (R kg — E)e™ 0,
' 3! = : 1 SrE Ty
= (2;)3 f;kd:, (ko + K)(kg — K')pF OF, e*i(kokolxe jidﬁxl eFik-kN %
of wl 0 o I &
‘““’{}n}sssm £n
1 .
= [ia 5 (-2 ofef (1187)

28830 2

So we finally obtain for the total momentum under use of (1184)

1134 - - T T4
P, 2 J!d3xl {0x2 2007 + .07 200F — L2 (2,013,067 + 21058407 )

2
1 (6105 + 070) |

- 1};@%; {k [otog +o70t] - 4 ”’"‘k = [ot 07 + &7 07 ]

Yom

= [ogo; +oz0f]}

= Jldalcl-z-[cbg¢g+¢g¢§] ,

which is in accordance with standard results, like in [6].

(1188)



C Explicit Calculation of Spin State Products

C.1 Products of Lorentz Boosts
We first look at general products lzML_g., involing Lorentz boosts of the type

VE+m+/E~ mﬁ E4+m+p
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Lo o= 1189
v Vim 2m{E +m) ( )
1. If M is a scalar, we have
e scalar part
3339} (E+m)(E'+m]~F P ue VEE' _ , .,
=15 = BB, 1190
In the special case of §' = 7 this becomes
2B for +
3 4F8) = d E
B&uiv]—{ T for — (1191)
e P-vector part
(Lsl_g)7 (1189) ((E+m+ﬁ)(E’+m-ﬁ'})'§’ (Ef +m)p — (E +m)p’ \/EE'E_
e 2m/E+mIE +m)  2m/(E+m)(E +m) m
(1192)
with
S ger e 1 E'+m E4+m
5.5 (.9 e \WWErmP Verm? (1193)
It is antisymmetric in § and P’ and obeys
- 0 for +
K5, 45 {i%_‘ for — (1194)
e P-bivector part
m_ 1 3P = UEtmAPHE P Ny
VEE’(L"L" )2 zvfzz'(zﬂn)(eurmqa (1195)
= L HAF )

vaEE’ [E+m}{E+m]}

¢ pseudoscalar part Since lg contains only grade 0 and 1, we can immediately conclude

(lgl“ﬁ,}f == )
2. i M is a P-vector

& scalar part

T Efem E+4+m /EE =
‘L "'l_ = § ‘4:: -:— .....
(lpalp) = {\/E+m \/E’—!-mp} @ —_— N

e P-vector part

.4....;

S8l L \P {E+m+P)@E +m~p' NPT (E+m}(E +m}d-{Pap’)
{lsal5); 2ma/(E+m)(E/+m} 2ma/(E+m)(E/+m)

il

Zm

{(E+mME +m)}8—y(E—m)E —mipdp 7T g 7 s o
ok YEmEm®arT = VEE (5,5, &)

(1196)

(1197)

(1198)
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’ e i mo41_3 Y m 4131 AP
%(%iuﬁ’ )K &E—g{lﬁ mLﬁi}R TR {lﬁléﬂ,__p, )n 7},‘%(%@ I,L...pf)ﬁ
n=0 B kgpr @ ~Vp,p(4) 0
1 o= k;;,ﬁ" Cﬁ*ﬁt{a‘% ikg_-ﬁ‘ ANd ‘ﬁa‘s*
T we ,2 Aﬁ;ﬁl {C‘g‘ _____ L N 6.' i{iﬁ’ﬁ' (6) ik%‘;ﬁ’
s 3 0 in;,ﬁt(-ﬁ) i'kg’ﬁf -d ia'ﬁ,ﬁ‘"

Table 6: Table of the different grades in P of 1zM1_..

with

oy e /EFME + m)d — /[E = m)[E' — m)(pap)] 1199
i:{’;}.‘g} )G‘} - 2@ * (. }

For §' = 4§ it takes the form

s o 1199} S =
cpxp,a |2 75 {(E+m)d F (E — m)pdp)
B Stmds g N{ %d’ﬁ%*%ﬁ for -~ (1200)
- Gt m® gor 4+ | AL+ 0 for +
s P-bivector part
B ()P (1189) i  ((E+mAB)E(E'+m~P )P (E'+m)PAE—(E+m)aAD]
VEE L EE'  2my/(E+m)(E +m) 2 /EE/(E+m)(E/+m)
M g AG
(1201)
s pseudoscalar part
" —FAANP « VEE ., L
(palg)f = —EoCb = Vo iviggia) . (120
I E+m)E+m) m
Here we have now
VIE, 8,8 =0 . {1203)

C.2 Products of Spin-States

We can now turn our attention to the calculation of the products of spin energy states. It is sufficient
to caleulate vic¥i, vT eV, vy eV} and v5 V7, since all other products can be derived with above
relations.

L vg (B)evE (B)

# scalar part

eIV ) = e llaclp) = B (lslop) R + B (pioslp)I b
::::::: B{ﬁ,ﬁ’}m [Cl + V{ﬁp ﬁ’, g3 ]j {C}
(1204)

& P-vector part

CFESENT ) e (o) PRI + QstoslpFTE ) gy

= ke s
== 55 el + k55 Ao3J[c]

& pseudoscalar part

i 801y n
VE@evIENY = v,,‘jﬁ?(l,gclwﬁ,};? = = (lsioslp) YT [c] (1206)
= ikgg - 037][c]
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2. vi (Blevy (')
s scalar part

bivector

oy b 801 m
(’V+ (p}c g-( I)) { il 1 _ = <1ﬁ ioac L—p’} E= Vﬁ‘ﬁ;[ﬂz{:}
e P-vector part
o e o (801} :
GiEIEENT = — e lioaclp)]

—i B (l5oacl )] = —ikf 5 A (020)

wy e fihy m ., 5P
(’\fl (?}Wg (‘p’;}? == M%Ef@ﬁﬁzﬁimﬁf} =2 _lkﬁ,ff’ . (U'ZC}

m

e scalar part
(vg (FITTF N =K - o3Rc]

& P-vector part

{vo (BN BNT = C(F, ', 03)R ] +iAFF7 [c]

e pasudoscalar part

(v (BEVE (BNF = Vi (03)R[el + 1By 5 L]

vegior

e scalar part

g

{(vo (BIVT(F")) = k™ - (o)
s P-vector part

e oy - i
(v BT ENT = x@;éiﬁﬁﬁti-ﬁ'}? = Cg,5-(cor)

¢ pseudoscalar part

(vo B)VT (BNF = Vg peleon)

The resulis are collected in table 7.
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(1207)

(1208)

(1209)

(1210)

(1211)

(1212)

(1213)

(1214)

(1215)
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(AcB)T | 4 vg (') vi (B vo (B vi(B')
| BRI + V)Tl _Vicoy) —k~ a3 iel —k™ - {eoy )
vI{F) K] +ik* AoaTlel k¥ A (o) ~Cles el —~ AT [ ~Cleoy)
1K~ o33 el ik~ - {coy) ~iV{a3 )% fe] — {8 (c] —~iV{gay)
=V{5C) LG GG % -(o10) PR
Vi (B) —ik" Afoac) k™9 [e] ~ ik Ao3T[el ~Cloy¢) +C{o3)R (e} —iAT[c)
=ik - {xrse) ik oyt o] —iV{oc) +iV oy R (] — BT}
k- o3iiie] k- {eoy ) —BRIc —Vi{os)Jle] —V{co;)
v (B) Clo )R k] +iAT el Clooy) —k~Rie] ikt ATl ~ik* Adfeoy)
V(g3)R[c] +iBIc] iV {coy) —ik= o3l ] - ik (ew)
B k- {oye) -k - 3R ] Viee) 0 - BRe] + V{ostTicl
vg () Cloyve) | - Cloa 19l +1ATY k] Kt Afoze) - KR e} + ik Aoy ¥el
Wiew, | - WV{o R lel +iBT el ik - {oz¢) +ik™ - g7
Table 7: Table of the products (vE(F)evE(H’ 0613 where ¢ is any complex number
¢ = Rl + Ile) ios, Rt i W(ELmHUEM) { B B! } det BB
E} e wm] k 2VEE' Brm T T A S 2, /EET(E+m)(E/ +m}’
aer [{E+m}E +m)~B.-§’ N (ErmiE +mid—/E—m}E mm) {(pap’s7 »
B = 24/EE (E4m)(E +m)’ (@ = ¥ z‘?./f"é'é”f" BFL and vig =
PAB AL

ZAJEE(E+mME +m)
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