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Abstract

With interior penalty discontinuous Galerkin methods well established as locking-free for low-

order triangular elements, and thus an effective alternative to the Standard Galerkin method for

nearly incompressible materials, substantial numerical evidence in this work shows that this is

not the case for quadrilateral elements. Direct comparisons to triangles illustrate the material

dependence of three common interior penalty methods for bilinear quadrilaterals, with locking

and other manifestations of poor approximations in the near-incompressible regime.

To understand this discrepancy with a view to providing a remedy for the problem, an existing

convergence analysis for triangles is looked at for possible extension to the case of quadrilaterals.

This highlights the need for a suitable interpolant for the error-splitting approach of the proof.

To rectify the problem manifesting in the numerical results, a modification to the formulation

or elements themselves is necessary, and a preliminary analysis with bilinear elements, assuming

the existence of a suitable interpolant with some basic properties, indicates two modifications as

potential remedies: edge-term under-integration, and the use of linear rather than multilinear

elements.

A portion of the thesis is devoted to establishing what the required properties of an interpolant

would be for proving uniform convergence in the case of rectangular elements (with the pro-

posed modifications taken into consideration), and designing a new interpolant which fits these

specifications.

Each proposed modification is then considered in turn, looking at its impact on every stage of

the error analysis, specifically coercivity of the bilinear form and consistency of the formulation.

In the case of the use of under-integration, a further small modification is incorporated as this

is necessary to maintain stability. Both under-integration and the use of linear approximations

are ultimately proven to lead to uniform convergence for rectangular elements.

The analysis, also extended to three-dimensional domains, is supported by numerical results on

a range of benchmark problems, illustrating the effectiveness of the two remedies proposed.
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Chapter 1

Introduction

The finite element method is well established as a method for solving boundary value

problems approximately. Numerical implementations are generally supported by rigor-

ous analyses of the method, certainly for linear problems, and for an increasingly wide

range of nonlinear problems.

In the context of fluid and solid mechanics, and in particular problems for elastic ma-

terials, the Standard Galerkin (SG) finite element method, while performing very well

for compressible materials, may exhibit the phenomenon known as “locking” for mate-

rials that are nearly incompressible, if low-order (linear or bilinear, or trilinear in three

dimensions) elements are used. This pathological behaviour results from the too-severe

constraint placed on the solution by the incompressibility condition. The problem man-

ifests itself particularly in the case of bending-dominated problems.

The problem may be circumvented by the use of high-order elements. Low-order elements

remain an attractive option, though, and for this reason various alternatives to the SG

method have been studied, and shown to be effective in remedying the locking problem

when the lowest-order approximations for the displacement are used. One class is mixed

methods, where more than one variable is directly solved for (see, for example, [11]).

Some successful combinations, given the correct choice of element type in each variable,

are pressure-displacement, stress-displacement (the Hellinger-Reissner formulation), and

stress-strain-displacement (known commonly as the Hu-Washizu formulation). Related

to the pressure-displacement mixed method is the method of selective reduced integra-

1
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2 Chapter 1. Introduction

tion (SRI), also effective in producing locking-free results, and which can be shown to be

equivalent to a mixed method. Finally, discontinuous Galerkin (DG) methods, specif-

ically the range of interior penalty (IP) DG methods, have been used effectively with

low-order elements, within a certain scope. It is the broadening of this scope that is the

main concern of this thesis.

Within the general class of DG methods for linear elasticity are mixed and primal formu-

lations. In the arena of mixed DG methods, Hansbo and Larson [24] present a pressure-

displacement formulation and show that it produces optimal convergence rates, for both

nearly and exactly incompressible materials. Another mixed DG method that is suc-

cessful in circumventing locking is the Local Discontinuous Galerkin (LDG) method of

Cockburn et al. [17], a strain-displacement-pressure formulation that can also accommo-

date both compressible and exactly incompressible elastic materials. The authors have

shown optimal uniform convergence for simplices in three dimensions for both cases, and

using a post-processing procedure obtain point-wise incompressible approximations for

fully incompressible materials. For hp-adaptive mixed pressure-displacement DG meth-

ods, Wihler and Wirz [43] present an error analysis in three-dimensional domains, taking

singularities into account. They use hexahedral elements of various polynomial orders,

including trilinear approximations, and show the methods to be robust. Locking-free a

posteriori estimates have been developed by Houston et al. [27], for both triangles and

affine quadrilaterals, including for low-order polynomials.

Most DG mixed methods that have been proven to be robust for near-incompressible

elasticity allow for meshes of quadrilateral or hexahedral elements, as well as simplicial.

In contrast, DG primal formulations have been established as having optimal perfor-

mance independent of material parameters for meshes of triangular elements, though

not for meshes of quadrilateral elements. The distinction between one-field and mixed

methods here is significant, primarily because even with continuous displacements there

is a distinction in performance between one-field and mixed methods: that is, mixed

methods may alleviate locking when it occurs in primal methods.

The study of one-field DG methods for linear elasticity problems can be divided into

two categories: those investigations analysing the specific formulations broadly, without

attention given to limiting values of material or other parameters; and those which do

consider the effect of material properties, and are thereby able, for example, to predict
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the presence or absence of the locking phenomenon for nearly incompressible materials.

Rivière and Wheeler [36] extended an IP method, NIPG (Nonsymmetric Interior Penalty

Galerkin) method, which had recently been introduced for scalar elliptic problems by

Rivière et al. [37], to the problem of elasticity. The authors have derived optimal es-

timates with respect to both mesh size and degree of approximation, in two and three

dimensions. Lew et al. [28] used an extension of the formulation of Brezzi et al. [12],

for the Poisson equation - in turn based on the method of Bassi and Rebay [6] for the

compressible Navier-Stokes equations - and obtained optimal estimates with respect to

mesh size. Both of these analyses consider the convergence of the error without specific

reference to material parameters.

In an analysis taking material parameters into account, Wihler [41] proved the NIPG

method locking-free for nearly incompressible materials when a mesh of simplicial el-

ements is used, with low-order (linear) approximations, for polygonal domains in two

dimensions. He showed that the method converges independently of the compressibility

parameter, and that with the use of graded meshes is robust even on non-convex domains.

Similarly, Hansbo and Larson [24] presented an extended and adapted SIPG (Symmetric

Interior Penalty Galerkin) method - originally defined by Wheeler [40] for scalar elliptic

equations - and showed that it is locking-free for nearly incompressible materials, on a

two-dimensional domain using a mesh of simplices, with linear and higher-order approx-

imations. They showed also that the adaptation they had made, viz. the addition of a

second stabilization term, is a necessary requirement for stability of the method. Shortly

thereafter, the same authors presented a similar method using a different stabilization,

showing its relationship to a nonconforming method with a stabilized Crouzeix-Raviart

element, and in particular proving that it is uniformly convergent in the incompressible

limit for linear and higher-order simplices in two and three dimensions [25]. A posteriori

analyses for DG methods on meshes of triangles have also been performed in [42] and

[13], providing bounds that are robust with respect to the compressibility parameter.

Also considering the variation of material parameters in the context of low-order approx-

imations was numerical work by Liu et al. [29], in three dimensions, showing the under-

performance of the SG method and the superiority of the three IP methods (NIPG, SIPG

and the Incomplete Interior Penalty Galerkin method, or IIPG, originally described by

Dawson et al. [18] for flow problems), as well as of the OBB method, a penalty-free
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version of NIPG, on a specific benchmark problem.

While all of the analyses for one-field DG show that their methods are locking-free, the

analyses are restricted to the case of triangular elements, not merely in specified scope,

but inherently in the chosen tools of proof: for example, based on the error-splitting

technique, using an interpolant defined on a triangle.

In contrast, Liu et al. use hexahedral elements, though without an accompanying anal-

ysis. Moreover, while the benchmark problem does show an under-displacement due

to the SG method, for near-incompressible materials, which the DG methods do not

exhibit, the conditions are not those leading to the severest form of locking. With the

focus of their investigation being on other aspects of the methods, such as variation in

penalty parameters, convergence data for successive mesh refinements is also not given.

Therefore, while the results are positive, questions are left open about the scope of the

superior performance of the IP methods.

Since the use of quadrilateral elements is desirable both for the advantages that that type

of mesh offers and for the increased variation allowed for by bilinear elements, an investi-

gation of this option was deemed valuable, with a specific focus on the three IP methods.

Contrary to initial expectations, numerical experiments showed that bilinear quadrilat-

eral elements, whilst performing much like triangular elements for highly compressible

materials, perform quite differently from them for the nearly incompressible case. For all

three IP methods, bilinear elements yield poor approximations for nearly incompressible

materials, with recognisable locking-type behaviour, and they produce correlating poor

convergence rates and errors, largely comparable to those of the SG method.

Using as a starting point the approach of Wihler [41] in his analysis for NIPG with

triangular elements - although considerable deviation was required - an analysis for

bilinear elements has been performed, incorporating all three of the IP methods. This

analysis reveals where material properties contribute in a potentially problematic way

to the error bound, showing that poor performance for nearly incompressible materials

can, in fact, reasonably be expected when bilinear elements are used.

Two remedies are proposed and analysed for under-performing bilinear elements. The

first is under-integration - on a minimal number of specifically selected terms. A care-
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ful consideration of the analysis for bilinear elements indicates that the undesirable

parameter-dependence enters at certain terms defined on element edges. These terms

contain constant factors afforded by the linear approximations of triangular elements

which play a role in avoiding this dependence, and using bilinear elements but with

under-integration of those terms mimics this property of triangles. The complete analy-

sis is presented, demonstrating independence of the potentially problematic parameter.

Numerical results illustrate the effectiveness of this remedy.

An alternative remedy proposed here is to use linear approximations on the quadrilateral

elements. This was done by Rivière and Wheeler [36] with the NIPG method, but not

analysed for parameter-independence. The other IP methods have not been studied for

this scenario. Immediately, the use of linear approximations on quadrilaterals might

be expected to reproduce certain potentially beneficial properties of linear triangular

elements. A complete analysis is again presented, with supporting numerical results,

showing that the NIPG method with linear elements is locking-free, while the other two

IP methods are locking-free if linear elements are used in conjunction with a minimal

application of under-integration.

Finally, an essential component in the analyses, as is common in proving error estimates,

is the choice of a suitable interpolation operator to facilitate the necessary mathematical

manipulations. Often an interpolant from a nonconforming method is used (as in [41],

for example) as it carries useful properties of the nonconforming elements. (This is also

natural, since DG is related in quality to nonconforming methods.) In the current case,

an interpolant with suitable properties was not found amongst nonconforming elements,

and therefore a new interpolant has been constructed for the task. It is most closely

related to the elements of Douglas et al. [22].

Chapter 2 contains details of the boundary value problem of linear elasticity in its

continuous setting, a description of the DG framework, and the definition of the IP

methods. In Chapter 3 the analysis is introduced, covering the fundamentals for the

bilinear elements, and motivating the need for remedies to the methods. Chapter 4

deals with the new interpolant. In Chapter 5, the incorporation of under-integration

and the use of linear elements are both analysed. An extension of the analyses to three-

dimensional domains is provided in Chapter 6. Chapter 7 contains the numerical results,

and conclusions are given in Chapter 8.
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Chapter 2

Preliminaries

In this chapter, the boundary value problem of linear elasticity is defined and explained.

The framework used for DG methods is then introduced, with various general and nota-

tional definitions, and a definition of the DG norm that will be used. Finally a statement

of the IP formulation to be used in this work is given. Also included are historical notes

on the DG method in general, and on the development of each of the IP methods specif-

ically .

2.1 The boundary value problem of linear elasticity

2.1.1 Geometry and governing equations

Let a homogeneous, isotropic, linear elastic body occupy the bounded domain Ω ⊂ Rd

(d = 2, 3), with the Lipschitz boundary ∂Ω consisting of a Dirichlet portion, ΓD, of

positive measure, and a Neumann portion, ΓN , such that

ΓD ∩ ΓN = ∅ and ΓD ∪ ΓN = ∂Ω,

and with outward unit normal n.

A body force f ∈
[
L2 (Ω)

]d
is applied, with prescribed displacement g ∈

[
H1 (ΓD)

]d
on

ΓD and prescribed traction h ∈
[
L2 (ΓN )

]d
on ΓN . The resultant displacement is u, and

7
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8 Chapter 2. Preliminaries

the strain ε is expressed as a tensor defined in index notation as

ε (u)ij := 1
2 (ui,j + uj,i) , 1 ≤ i, j ≤ d.

The stress σ (u) is related to the strain via the constitutive law

σ (u) := 2µε (u) + λtr ε (u) 1 = 2µε (u) + λ∇ · u1,

where λ and the shear modulus µ are known as the Lamé parameters, and 1 is the d×d
identity tensor.

The governing equation of the system is

−div σ (u) = f in Ω, (2.1.1a)

which, with the boundary conditions

u = g on ΓD, (2.1.1b)

σ (u) n = h on ΓN , (2.1.1c)

has a unique solution u ∈
[
H2 (Ω)

]d
.

2.1.2 Material parameters

The Lamé parameters λ and µ are assumed to be positive, and can be expressed in terms

of the Young’s modulus, E, and Poisson’s ratio, ν, by

λ =
Eν

(1 + ν) (1− 2ν)
,

µ =
E

2 (1 + ν)
.

As ν → 1
2 , which corresponds to the incompressible limit, so λ→∞.

2.2 The DG framework

2.2.1 Background

The DG methods are a family of methods originating in 1971 in Nitsche’s work [30], in

which Dirichlet boundary conditions were weakly imposed through a penalty term. Weak
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enforcement of some level of continuity between the discontinuous elements has been the

defining characteristic of the methods from the start, whether through penalty terms such

as in the early work by Douglas and Dupont [21] for elliptic and parabolic equations, or

through other terms defined on inter-element edges, such as by Reed and Hill [34] for the

neutron transport equation. There has been much development of DG methods since

the 1970s, for elliptic, parabolic and hyperbolic equations, both linear and nonlinear (cf.

[16]). The range of applications, using both primal and mixed formulations, includes

fluid flow, elasticity, and plasticity, to name a few (see, for example, [6], [18], [39] and

[20]). DG schemes for time-discretization have also been developed, such as in [1].

2.2.2 Discretization

The domain Ω is partitioned into a mesh of elements generically referred to as Ωe, where

Th = {Ωe}. It is assumed for the purpose of this work that the mesh is geometrically

conforming (that is, it contains no hanging nodes), and that the elements are regular.

Define he : = diam (Ωe), and h : = maxΩe∈Th (he). The outward unit normal of Ωe is

denoted by ne. Indices are changed if distinction between elements is necessary.

Here and in what follows, all of the definitions and notation are given for d = 2, but are

equally applicable to d = 3 if “edge” is replaced with “face” in each instance.

Each element has a boundary ∂Ωe, consisting of edges E. Define hE := diam (E).

The union of all edges lying in the interior of the domain, rather than on the boundary,

will be denoted by Γint. Define ΓiD := Γint ∪ ΓD, and finally, Γ:= Γint ∪ ΓD ∪ ΓN is the

union of all edges.

On an element boundary, define ∂Ωint
e := ∂Ωe ∩ Γint, ∂ΩD

e := ∂Ωe ∩ ΓD, and ∂ΩiD
e :=

∂Ωe ∩ ΓiD.

By abuse of notation, any symbol denoting a union of edges will also denote the corre-

sponding set of edges.
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2.2.3 Function spaces

The Sobolev space Hm (Ω), m a non-negative integer, has a norm defined by

‖v‖2Hm(Ω) =

∫
Ω

∑
|α|≤m

Dαv (x)Dαv (x) dx

and seminorm defined by

|v|2Hm(Ω) =

∫
Ω

∑
|α|=m

Dαv (x)Dαv (x) dx,

with the conventional multi-index notation.

Use will also be made of the discrete Sobolev space

H1 (Th) :=
{
v ∈ L2 (Ω) : v|Ωe ∈ H1 (Ωe) ∀ Ωe ∈ Th

}
.

2.2.4 Traces

The trace of a function v ∈ H1 (Th) on any (boundary) edge E ∈ ∂Ω is single-valued,

and will simply be denoted by v. On an (interior) edge E ∈ Γint, the trace of any

v ∈ H1 (Th) may be multivalued, as continuity between elements is not a constraint of

that space. That is, evaluated on any edge E shared by elements Ωe and Ωf (denoted

by Γef ), the trace of v|Ωe is ve and of v|Ωf
is vf , where in general ve|Γef

6= vf |Γef
.

2.2.5 Jumps and averages

Single-valued functions on Γint that connect neighbouring elements and are used in DG

formulations to enforce weak continuity of some kind between the elements, are the

jumps and averages of functions across edges. For a vector v and a tensor τ , on Γef ,

the jumps are defined as

bbvcc := ve ⊗ ne + vf ⊗ nf (a tensor),

bbτ cc := τ ene + τ fnf (a vector),

and [[v]] := ve · ne + vf · nf (a scalar);



Univ
ers

ity
 of

 C
ap

e T
ow

n
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and the averages are defined as

{{v}} := 1
2(ve + vf )

and {{τ}} := 1
2(τ e + τ f ).

The same notation used in reference to boundary edges is defined by

bbvcc = v ⊗ n, bbτ cc = τn,

[[v]] = v · n,

{{v}} = v, {{τ}} = τ .

2.2.6 DG solution space

The DG solution space Vh ⊂ H1 (Th) will be composed of functions that are element-wise

polynomial, specifically linear or bilinear/trilinear.

With P1 (Ω) the space of polynomials on Ω of maximum total degree one, and Q1 (Ω) the

space of polynomials on Ω with maximum degree one in each variable, let V = P1 (Ωe)

or Q1 (Ωe), to be specified in context, and define

Vh =
[
v ∈

[
L2 (Ω)

]d
: v|Ωe ∈ Vd ∀ Ωe ∈ Th

]
. (2.2.2)

2.2.7 DG norm

The norm which will be used is that used by Wihler [41] (here with the assumption

λ > 0):

‖u‖2DG :=
∑

Ωe∈Th

‖ε (u)‖2L2(Ωe) + 1
2

∑
E∈ΓiD

1

hE
‖bbucc‖2L2(E) (2.2.3)

This is equivalent to an element-wise H1-norm, that is, ∑
Ωe∈Th

‖u‖2H1(Ωe)

1/2

≤ C ‖u‖DG (2.2.4)

(cf. [41], [9]).
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2.3 IP formulations

2.3.1 Development of the IP formulations

Douglas and Dupont [21] used interior penalties to enforce C1 continuity weakly between

conforming elements, for scalar elliptic and parabolic problems. This idea was used

by Wheeler [40] in a collocation method, and later by Arnold [3] in a time-dependent

formulation with discontinuous elements. These methods used bilinear forms that were

symmetric in the part relating to the Laplace operator of the original equations, and used

interior penalties, and so received the name “Symmetric Interior Penalty Galerkin”, or

SIPG. Hansbo and Larson [24], in studying SIPG for elasticity problems, showed that the

method remained unstable even with the interior penalty term, and included a second

stabilization term that penalised the jumps in the normal components only. This second

penalisation was scaled by the Lamé parameter λ which is so significant in incompressible

elasticity.

Oden et al. [31] removed the penalty and changed a sign in the bilinear form to make

it non-symmetric, using it for the Poisson equation. This became known as the OBB

formulation, and was later extended by two of the authors, Baumann and Oden, for the

convection-diffusion equation [7]. Rivière et al. [37] combined the ideas of antisymmetry

and interior penalty, to obtain the Nonsymmetric Interior Penalty Galerkin method

(NIPG), essentially the OBB method with the reincorporation of a term penalising

jumps. This was extended by two of the same authors in [36] for use in elasticity

problems.

Dawson et al. [18] presented a third IP formulation, used in flow equations, omitting

altogether the term that distinguished between the symmetric and nonsymmetric forms.

This new method was called the Incomplete Interior Penalty Galerkin method (IIPG).

2.3.2 The formulation used in this work

All three IP methods will be studied in this work. Both stabilization terms will be

included in the general formulation (either can be removed by setting the applicable
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parameter to zero), and it will be established whether or not each is necessary in each

of the methods.

With non-negative parameters kµ and kλ, and a switch θ to distinguish between methods,

where θ = 1 gives the NIPG method, θ = −1 gives SIPG, and θ = 0 gives IIPG, the

complete general IP formulation is defined by the forms

ah (u,v) :=
∑

Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx+ θ
∑

E∈ΓiD

∫
E
bbucc : {{σ (v)}} ds

−
∑

E∈ΓiD

∫
E
{{σ (u)}} : bbvcc ds+ kµµ

∑
E∈ΓiD

1

hE

∫
E
bbucc : bbvcc ds

+ kλλ
∑

E∈ΓiD

1

hE

∫
E

[[u]] [[v]] ds (2.3.1)

and

lh (v) :=
∑

Ωe∈Th

∫
Ωe

f · v dx+ θ
∑
E∈ΓD

∫
E

(g ⊗ n) : σ (v) ds+
∑
E∈ΓN

∫
E

h · v ds

+ kµµ
∑
E∈ΓD

1

hE

∫
E

g · v ds+ kλ λ
∑
E∈ΓD

1

hE

∫
E

(g · n) (v · n) ds. (2.3.2)

A solution uh ∈ Vh is required such that, for all v ∈ Vh,

ah (uh,v) = lh (v) . (2.3.3)

Both Dirichlet and Neumann boundary conditions, (2.1.1b) and (2.1.1c), are imposed

weakly through this formulation.
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Chapter 3

Fundamentals of the analysis

This chapter explores and presents details of the distinction between using triangular

elements with the IP methods, and using quadrilateral elements. Basic properties of the

IP formulations, namely coercivity and consistency, are established first, and these are

verified as being independent of the shape of the elements - aspects of these have been

established previously by other authors, most significantly in the context of meshes of

triangles. The initial stages of establishing an error bound for quadrilateral elements in

particular are then dealt with, as previous work ([41], [24]) has been in the context of

triangles, and the extension to meshes of quadrilaterals is not trivial. First, the approach

to be used for bounding the error is described. A preliminary bound for bilinear elements

is then reached, and the implications of this preliminary analysis are discussed with a

view to establishing an improved bound through modifications.

3.1 Basic properties

3.1.1 Coercivity

The bilinear form associated with each IP method is considered separately, as the ap-

proach to establishing coercivity varies amongst the methods.

15
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NIPG

Coercivity of the NIPG method with kµ = 1, kλ = 0 has been shown by Wihler [41],

and a specific coercivity constant obtained. This was done in the context of triangular

elements but applies independently of element shape.

For the case of general stabilization parameters and also independent of the shape of the

element, but without an explicit coercivity constant, ∀ v ∈
[
H1 (Th)

]2 ⊃ Vh,

ah (v,v) = 2µ
∑

Ωe∈Th

‖ε (v)‖2L2(Ωe) + λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe)

+ kµµ
∑

E∈ΓiD

1

hE
‖bbvcc‖2L2(E) + kλλ

∑
E∈ΓiD

1

hE
‖[[v]]‖2L2(E)

≥ C

 ∑
Ωe∈Th

‖ε (v)‖2L2(Ωe) + 1
2

∑
E∈ΓiD

1

hE
‖bbvcc‖2L2(E)


= C ‖v‖2DG . (3.1.1)

Here and elsewhere, C is a positive constant independent of h and λ.

The requirements on the stabilization parameters are kµ > 0, and kλ ≥ 0. That is, kµ is

essential for coercivity, and the second stabilization term is not required for the stability

of NIPG.

SIPG

Hansbo and Larson [24] prove coercivity for the SIPG method for use on a mesh with

triangular elements, showing that a λ-dependent stabilization term is necessary for sta-

bility of the method, which had in its original form ([40]) been used without this term.

They show that, specifically, the parameters kµ and kλ must each be greater than a

minimum value which can be calculated.

While their proof is also independent of the shape of the elements, the norm they use is

different from the DG norm (2.2.3). The method of the proof detailed here with respect

to the norm (2.2.3) is, nevertheless, similar to theirs.
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The bilinear form is rewritten as a sum over all the elements in the partition, and interior

edge terms are dealt with in this format by their contributions being split equally between

the elements which share them.

That is,

ah (v,v) = 2µ
∑

Ωe∈Th

‖ε (v)‖2L2(Ωe) + λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe) − 2
∑

E∈ΓiD

∫
E
{{σ (v)}} : bbvcc ds

+ kµµ
∑

E∈ΓiD

1

hE
‖bbvcc‖2L2(E) + kλλ

∑
E∈ΓiD

1

hE
‖[[v]]‖2L2(E)

= 2µ
∑

Ωe∈Th

‖ε (v)‖2L2(Ωe) + λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe)

− 2

 ∑
E∈Γint

∫
E
{{σ (v)}} : bbvcc ds+

∑
E∈ΓD

∫
E
σ (v) : (v ⊗ n) ds


+ kµµ

 ∑
E∈Γint

1

hE
‖bbvcc‖2L2(E) +

∑
E∈ΓD

1

hE
‖v ⊗ n‖2L2(E)


+ kλλ

 ∑
E∈Γint

1

hE
‖[[v]]‖2L2(E) +

∑
E∈ΓD

1

hE
‖v · n‖2L2(E)


=
∑

Ωe∈Th

2µ ‖ε (v)‖2L2(Ωe) + λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe)

−
∑

E∈∂Ωint
e

∫
E
{{2µε (v) + λ∇ · v1}} : bbvcc ds

− 2
∑

E∈∂ΩD
e

∫
E

(2µε (v) + λ∇ · v1) : (v ⊗ n) ds

+
kµ
2
µ

∑
E∈∂Ωint

e

1

hE
‖bbvcc‖2L2(E) + kµµ

∑
E∈∂ΩD

e

1

hE
‖v ⊗ n‖2L2(E)

+
kλ
2
λ

∑
E∈∂Ωint

e

1

hE
‖[[v]]‖2L2(E) + kλλ

∑
E∈∂ΩD

e

1

hE
‖v · n‖2L2(E)

 .

(3.1.2)

Splitting this into terms involving µ and terms involving λ, write

ah (v,v) = Tµ + Tλ, (3.1.3)
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where

Tµ := 2µ
∑

Ωe∈Th

‖ε (v)‖2L2(Ωe) −
∑

E∈∂Ωint
e

∫
E
{{ε (v)}} : bbvcc ds

− 2
∑

E∈∂ΩD
e

∫
E
ε (v) : (v ⊗ n) ds+

kµ
4

∑
E∈∂Ωint

e

1

hE
‖bbvcc‖2L2(E)

+
kµ
2

∑
E∈∂ΩD

e

1

hE
‖(v ⊗ n)‖2L2(E)

 ,

Tλ := λ
∑

Ωe∈Th

 ∑
Ωe∈Th

‖∇ · v‖2L2(Ωe) −
∑

E∈∂Ωint
e

∫
E
{{∇ · v}}[[v]] ds

− 2
∑

E∈∂ΩD
e

∫
E

(∇ · v) (v · n) ds+
kλ
2

∑
E∈∂Ωint

e

1

hE
‖[[v]]‖2L2(E)

+kλ
∑

E∈∂ΩD
e

1

hE
‖v · n‖2L2(E)

 .

From Tµ, on the interior edges,

∑
Ωe∈Th

∑
E∈∂Ωint

e

∫
E
{{ε (v)}} : bbvcc ds ≤

∑
Ωe∈Th

∑
E∈∂Ωint

e

∣∣∣∣∫
E
{{ε (v)}} : bbvcc

∣∣∣∣ ds
≤ C

∑
E∈Γint

∣∣∣∣∫
E
{{ε (v)}} : bbvcc

∣∣∣∣ ds
≤ C

∑
E∈Γint

∥∥∥h1/2
E {{ε (v)}}

∥∥∥
L2(E)

∥∥∥h−1/2
E bbvcc

∥∥∥
L2(E)

≤ C
∑

Ωe∈Th

∑
E∈∂Ωint

e

∥∥∥h1/2
E ε (v)

∥∥∥
L2(E)

∥∥∥h−1/2
E bbvcc

∥∥∥
L2(E)

≤ C
∑

Ωe∈Th

∥∥∥h1/2
E ε (v)

∥∥∥
L2(∂Ωint

e )

∥∥∥h−1/2
E bbvcc

∥∥∥
L2(∂Ωint

e )
,

and on the Dirichlet boundary,

∑
Ωe∈Th

∑
E∈∂ΩD

e

∫
E
ε (v) : (v ⊗ n) ds =

∑
Ωe∈Th

∫
∂ΩD

e

ε (v) : (v ⊗ n) ds

≤
∑

Ωe∈Th

∥∥∥h1/2
E ε (v)

∥∥∥
L2(∂ΩD

e )

∥∥∥h−1/2
E v ⊗ n

∥∥∥
L2(∂ΩD

e )
.
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Together,

−
∑

Ωe∈Th

 ∑
E∈∂Ωint

e

∫
E
{{ε (v)}} : bbvcc ds+ 2

∑
E∈∂ΩD

e

∫
E
ε (v) : (v ⊗ n) ds


≥− C

∑
Ωe∈Th

∥∥∥h1/2
E ε (v)

∥∥∥
L2(∂ΩiD

e )

∥∥∥h−1/2
E bbvcc

∥∥∥
L2(∂ΩiD

e )

≥− C
∑

Ωe∈Th

‖ε (v)‖L2(Ωe)

∥∥∥h−1/2
E bbvcc

∥∥∥
L2(∂ΩiD

e )

≥− C
∑

Ωe∈Th

(
εµ ‖ε (v)‖2L2(Ωe) +

1

εµ

∥∥∥h−1/2
E bbvcc

∥∥∥2

L2(∂ΩiD
e )

)
(3.1.4)

where εµ > 0. Therefore

Tµ ≥ 2µ
∑

Ωe∈Th

[
(1− Cεµ) ‖ε (v)‖2L2(Ωe) +

(
kµ
4
− C

εµ

)∥∥∥h−1/2
E bbvcc

∥∥∥2

L2(∂ΩiD
e )

]
. (3.1.5)

To set the coefficient of the first norm to a constant m > 0, let εµ = 1
C (1−m), and

restrict m to 0 < m < 1 to ensure εµ > 0.

Then

kµ
4
− C

εµ
≥ m

⇐⇒ kµ
4
− C2

1−m
≥ m

⇐⇒ kµ ≥ 4

(
m+

C2

1−m

)
By this choice of kµ,

Tµ ≥ 2µ m
∑

Ωe∈Th

(
‖ε (v)‖2L2(Ωe) +

∥∥∥hE−1/2bbvcc
∥∥∥2

L2(∂ΩiD
e )

)

≥ C

 ∑
Ωe∈Th

‖ε (v)‖2L2(Ωe) + 1/2
∑

E∈ΓiD

1

hE
‖bbvcc‖2L2(E)


= C ‖v‖2DG (3.1.6)

All that is then required for coercivity is Tλ ≥ 0. An identical procedure is followed to

obtain

Tλ ≥ λ
∑

Ωe∈Th

[(
1− C̄ελ

)
‖∇ · v‖2L2(Ωe) +

(
kλ
2
− C̄

ελ

)∥∥∥h−1/2
E [[v]]

∥∥∥2

L2(∂ΩiD
e )

]
(3.1.7)
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for some ελ > 0, where C̄ is a positive constant independent of h and λ.

Set ελ = 1
C̄

, so that the first term vanishes. For a non-negative coefficient of the second

norm in (3.1.7),

kλ
2
− C̄

ελ
=
kλ
2
− C̄2 ≥ 0

⇐⇒ kλ ≥ 2 C̄2,

and consequently, with this choice of kλ, Tλ ≥ 0 and

ah (v,v) ≥ C ‖v‖2DG (3.1.8)

for all v ∈
[
H1 (Th)

]2 ⊃ Vh.

From (3.1.5) and (3.1.7) it can be seen that in order to ensure a non-negative coefficient of

the second norm in each case, as required to show coercivity of the form and thus stability

of the method, both kµ and kλ need to have minimum positive values. Specifically, both

stabilization terms are necessary to ensure the stability of the method.

IIPG

Coercivity with a λ-independent constant has not thus far been proven for the IIPG

method, for any element shape, although a more general proof (with kλ = 0) has been

given in [35].

However, it can be shown exactly as for SIPG, once again independent of the shape of

the elements.

The bilinear form is

ah (v,v) = 2µ
∑

Ωe∈Th

‖ε (v)‖2L2(Ωe) + λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe) −
∑

E∈ΓiD

∫
E
{{σ (v)}} : bbvcc ds

+ kµµ
∑

E∈ΓiD

1

hE
‖bbvcc‖2L2(E) + kλλ

∑
E∈ΓiD

1

hE
‖[[v]]‖2L2(E) , (3.1.9)

where the coefficient in the third term is the only difference from the corresponding

expression for SIPG, so that the proof is identical up to constants.
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Again, in order to ensure a non-negative coefficient of the second norm in each case,

as required to show coercivity of the form and thus stability of the method, both kµ

and kλ need to have minimum positive values. Specifically, both stabilization terms are

necessary to ensure the stability of the method.

3.1.2 Consistency

Demonstrating consistency of the IP methods is done for the three variants simultane-

ously, and is included here primarily for later reference. It is identical to the case for

triangular elements, and has been shown by multiple other authors (see, for example,

[29] and [35]).

Since the exact solution u lies in
[
H2 (Ω)

]2
, it is continuous over the domain Ω.

Thus

bbucc = 0, [[u]] = 0 on Γint,

bbucc = g ⊗ n, [[u]] = g · n on ΓD. (3.1.10)

It follows that

ah (u,v)− lh (v) =
∑

Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx+ θ
∑

E∈ΓiD

∫
E
bbucc : {{σ (v)}} ds

−
∑

E∈ΓiD

∫
E
{{σ (u)}} : bbvcc ds+ kµµ

∑
E∈ΓiD

1

hE

∫
E
bbucc : bbvcc ds

+ kλλ
∑

E∈ΓiD

1

hE

∫
E

[[u]][[v]] ds−
∑

Ωe∈Th

∫
Ωe

f · v dx

− θ
∑
E∈ΓD

∫
E

(g ⊗ n) : σ (v) ds−
∑
E∈ΓN

∫
E

h · v ds

− kµµ
∑
E∈ΓD

1

hE

∫
E

g · v ds− kλλ
∑
E∈ΓD

1

hE

∫
E

(g · n) (v · n) ds
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=
∑

Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx+ θ
∑
E∈ΓD

∫
E

(g ⊗ n) : σ (v) ds

−
∑

E∈ΓiD

∫
E
{{σ (u)}} : bbvcc ds+ kµµ

∑
E∈ΓD

1

hE

∫
E

(g ⊗ n) : (v ⊗ n) ds

+ kλλ
∑
E∈ΓD

1

hE

∫
E

(g · n) (v · n) ds−
∑

Ωe∈Th

∫
Ωe

f · v dx

− θ
∑
E∈ΓD

∫
E

(g ⊗ n) : σ (v) ds−
∑
E∈ΓN

∫
E

h · v ds

− kµµ
∑
E∈ΓD

1

hE

∫
E

g · v ds− kλλ
∑
E∈ΓD

1

hE

∫
E

(g · n) (v · n) ds

=
∑

Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx−
∑

E∈ΓiD

∫
E
{{σ (u)}} : bbvcc ds

−
∑

Ωe∈Th

∫
Ωe

f · v dx−
∑
E∈ΓN

∫
E

h · v ds. (3.1.11)

By integrating formally, and since the exact solution u satisfies the weak form of the

governing equation (2.1.1a),∑
Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx = −
∑

Ωe∈Th

∫
Ωe

divσ (u) · v dx+
∑

Ωe∈Th

∫
∂Ωe

σ (u) n · v ds

=
∑

Ωe∈Th

∫
Ωe

f · v dx+
∑

Ωe∈Th

∫
∂Ωe

σ (u) n · v ds.

Thus

ah (u,v)−lh (v) =
∑

Ωe∈Th

∫
∂Ωe

σ (u) n·v ds−
∑

E∈ΓiD

∫
E
{{σ (u)}} : bbvcc ds−

∑
E∈ΓN

∫
E

h·v ds.

By the identity (A.1.1),∑
Ωe∈Th

∫
∂Ωe

σ (u) n · v ds

=
∑
E∈Γ

∫
E
{{σ (u)}} : bbvcc ds+

∑
E∈Γint

∫
E
bbσ (u)cc · {{v}} ds

=
∑

E∈ΓiD

∫
E
{{σ (u)}} : bbvcc ds+

∑
E∈ΓN

∫
E

h · v ds+
∑

E∈Γint

∫
E
bbσ (u)cc · {{v}} ds,
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and since

bbσ (u)cc|E = 0 ∀ E ∈ Γint,

it follows that

ah (u,v)− lh (v) = 0. (3.1.12)

Thus the formulation is consistent for all three IP methods under consideration.

3.2 Error bound: approach and outline

Numerical results, which will be detailed in Chapter 7, indicate that the quality of

approximations using bilinear elements is negatively λ-dependent.

This section gives a preliminary form of the error analysis for bilinear elements. It

starts with an outline of the proof of the error bound obtained by Wihler in [41] for

NIPG for triangular elements, and then highlights key components of the analysis that

do not, as will be seen, automatically hold for bilinear elements. Some of these com-

ponents are directly related to the fact that linear approximations are being used, but

others revolve around the interpolant used for error-splitting. Next, an interpolant for

the error-splitting in the proof for bilinear elements, with a minimum number of spec-

ified properties, is assumed to exist. The preliminary analysis is performed using this

hypothetical interpolant, and a bound reflecting the expected λ-dependence is obtained.

Following this is a discussion of how modifications to the methods provide the potential

for obtaining a λ-independent bound, on the condition that the interpolant possesses

particular properties suggested by the preliminary analysis.

The details of the interpolant, and the details of the modifications and the corresponding

analyses, are left for later chapters.

3.2.1 Introduction to analysis approach

The approach used by Wihler [41] in bounding the approximation error of NIPG for

triangular meshes is used as a starting point. Wihler’s analysis allows for singularities
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in the exact solution, and graded meshes, both of which are outside the scope of this

thesis; however the key steps in his analysis, and tools he uses especially in obtaining

an optimal error bound, are relevant. The special case (and simple case) of an exact

solution in H2 (Ω) and a uniform mesh is therefore considered in what follows.

3.2.2 Sketch of Wihler’s error analysis

The error analysis makes use of the Crouzeix-Raviart interpolant.

On each element, for u ∈
[
H2 (Ωe)

]2
, the interpolant πeu ∈ [P1 (Ωe)]

2 is uniquely defined

relating the midpoint mE of edge E to the mean value of u on E:

πeu (mE) :=
1

hE

∫
E

u ds ∀ E ⊂ ∂Ωe. (3.2.1)

From this definition follow the properties

(a)

∫
E

(u− πeu) ds = 0, (3.2.2a)

(b)

∫
E

(u− πeu) · ne ds = 0 ∀ E ⊂ ∂Ωe, (3.2.2b)

(c)

∫
Ωe

∇ · (u− πeu) dx = 0 (3.2.2c)

The following interpolation error estimates hold:

‖u− πeu‖L2(Ωe) + he |u− πeu|H1(Ωe) ≤ Ch
2
e |u|H2(Ωe) (3.2.3a)

|u− πeu|H2(Ωe) ≤ |u|H2(Ωe) (3.2.3b)

‖∇ · (u− πeu)‖L2(Ωe) ≤ Che |∇ · u|H1(Ωe) (3.2.3c)

|∇ · (u− πeu)|H1(Ωe) ≤ |∇ · u|H1(Ωe) (3.2.3d)

where C > 0 is a constant independent of he and u.

The global interpolant π :
[
H2 (Ω)

]2 −→ Vh is defined by

πu|Ωe = πeu ∀ Ωe ∈ Th.

The approximation error for the DG method is written

e = η + ξ, (3.2.4)
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where

η := u− πu (3.2.5a)

ξ := πu− uh. (3.2.5b)

Thus the norm of the error is

‖e‖DG ≤ ‖η‖DG + ‖ξ‖DG . (3.2.6)

Firstly, the bound

‖η‖DG ≤ Ch
(
‖u‖H2(Ω) + λ ‖∇ · u‖H1(Ω)

)
(3.2.7)

is derived.

Next, obtaining the bound on ‖ξ‖DG has a number of key aspects.

By the coercivity of the bilinear form,

C ‖ξ‖2DG ≤ ah (ξ, ξ) .

By the consistency of the formulation,

ah (e, ξ) = 0,

so that

ah (ξ, ξ) = ah (e− η, ξ) = −ah (η, ξ) .

Thus,

C ‖ξ‖2DG ≤ |ah (η, ξ)| . (3.2.8)

The right-hand side can be bounded by the absolute values of each of the integrals in

the bilinear form, using the triangle inequality, and each term bounded individually.

The strategy is to extract a factor of ‖ξ‖DG from each term (if the term does not vanish),

to obtain an expression of the form ‖ξ‖DG φ (η), for some function φ. Then

‖ξ‖2DG ≤ C ‖ξ‖DG φ (η) (3.2.9a)

=⇒ ‖ξ‖DG ≤ Cφ (η) (3.2.9b)

=⇒ ‖ξ‖2DG ≤ C (φ (η))2 . (3.2.9c)
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Following that, φ (η) is bounded by norms of the exact solution u and the overall error

bound obtained:

‖e‖DG ≤ Ch
(
‖u‖H2(Ω) + λ ‖∇ · u‖H1(Ω)

)
. (3.2.10)

For domains satisfying the regularity condition (A.6.1), the right-hand side of this can

be bounded by a finite constant, so that the optimal bound

‖e‖DG ≤ Ch (3.2.11)

holds.

3.2.3 Some key points in the bounding process

Several points that are very significant in the bounding process warrant highlighting.

1. πeu ∈ [P1]2 =⇒ πu ∈ Vh means that ξ ∈ Vh. Since the formulation is consistent,

by Galerkin orthogonality ah (e, ξ) = 0, which is crucial in obtaining the bound

(3.2.8) for ‖ξ‖DG.

2. ξ|Ωe ∈ [P1]2, implies that ∇ · ξ and all the components of σ (ξ) are element-wise

constant, a property that is useful in simplifying integrals.

3. The properties of the Crouzeix-Raviart interpolant include the vanishing of par-

ticular integrals involving η, as seen in (3.2.2).

The second and third properties are responsible for the elimination of otherwise po-

tentially problematic terms. For example, a term appearing in the bilinear form that

vanishes due to the properties mentioned is∑
E∈ΓiD

∫
E
bbηcc : {{σ (ξ)}} ds

=
∑

E∈ΓiD

{{σ (ξ)}} :

∫
E
bbηcc ds (σ (ξ) constant)

= 0 (by property (a) of the interpolant), (3.2.12)
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since ∫
E
η ds = 0 =⇒

∫
E
bbηcc ds = 0. (3.2.13)

The terms that remain either are not λ-dependent, or contain λ in correspondence with

∇ · η, which can be bounded by a norm of ∇ · u using (3.2.3c) or (3.2.3d). Thus the

regularity result can be used and λ-dependence does not enter the final error bound.

3.2.4 Approach to bounding the error for quadrilateral elements

To follow a similar approach in obtaining an error bound for quadrilateral elements,

a suitable function for splitting the error is needed. This function would ideally lie

in Vh, have the necessary associated error estimates, and possess any other properties

(for example, orthogonality properties) necessary or helpful in eliminating potentially

problematic terms.

Moreover, since bilinear elements are being considered, ξ ∈ [Q1]2 element-wise, and

therefore does not have element-wise constant derivatives as in the case of the triangu-

lar elements. Alternative approaches to bounding the affected terms will therefore be

necessary.

3.2.5 A preliminary bound for bilinear elements

In order to clarify more detail about the hypothetical “suitable” error-splitting function

described necessarily vaguely in §3.2.4, as well as the type of error bound that may

reasonably be expected, a preliminary bound is derived. This is done by assuming the

existence of an error-splitting function that satisfies certain difference estimates, and

using it to obtain an error bound. The procedure and result can then be investigated to

obtain insight into various components of the analysis. This proof overlaps in portions

with that of [41]; the common details will nevertheless be described in what follows.
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Splitting the error

Suppose there existed a uP ∈ Vh satisfying the estimates

‖u− uP ‖L2(Ωe) ≤ Ch
2
e |u|H2(Ωe) , (3.2.14a)

|u− uP |H1(Ωe) ≤ Che |u|H2(Ωe) , (3.2.14b)

|u− uP |H2(Ωe) ≤ C |u|H2(Ωe) , (3.2.14c)

and

‖∇ · (u− uP )‖L2(Ωe) ≤ Che |∇ · u|H1(Ωe) , (3.2.15a)

|∇ · (u− uP )|H1(Ωe) ≤ C |∇ · u|H1(Ωe) . (3.2.15b)

To split the error, define

γ := u− uP (3.2.16a)

w := uP − uh, (3.2.16b)

so that

e = γ +w. (3.2.17)

Then

C ‖e‖2DG ≤ ‖γ‖
2
DG + ‖w‖2DG . (3.2.18)

The first term

By definition of the DG norm,

‖γ‖2DG =
∑

Ωe∈Th

‖ε (γ)‖2L2(Ωe) + 1
2

∑
E∈ΓiD

1

hE
‖bbγcc‖2L2(E) . (3.2.19)

Firstly, ∑
Ωe∈Th

‖ε (γ)‖2L2(Ωe) ≤
∑

Ωe∈Th

|γ|2H1(Ωe)

≤ C
∑

Ωe∈Th

h2
e |u|

2
H2(Ωe) , (3.2.20)
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and secondly,

∑
E∈ΓiD

1

hE
‖bbγcc‖2L2(E) ≤ C

∑
Ωe∈Th

∑
E∈∂ΩiD

e

1

hE
‖γ‖2L2(E)

≤ C
∑

Ωe∈Th

(
h−2
e ‖γ‖

2
L2(Ωe) + |γ|2H1(Ωe)

)
≤ C

∑
Ωe∈Th

h2
e |u|

2
H2(Ωe) , (3.2.21)

so that

‖γ‖2DG ≤ C
∑

Ωe∈Th

h2
e ‖u‖

2
H2(Ωe) . (3.2.22)

The second term: using the bilinear form

Since the bilinear form is coercive with respect to the DG norm,

‖w‖2DG ≤ ah (w,w)

= |ah (e− γ,w)| . (3.2.23)

By assumption, uP ∈ Vh, and consequently w = uP − uh ∈ Vh.

By consistency of the formulation,

ah (u,w) = lh (w) , (3.2.24)

and since w ∈ Vh,

ah (uh,w) = lh (w) . (3.2.25)

Thus

ah(e,w) = 0, (3.2.26)
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and

‖w‖2DG ≤ |−ah (γ,w)|

≤ 2µ

∣∣∣∣∣∣
∑

Ωe∈Th

∫
Ωe

ε (γ) : ε (w) dx

∣∣∣∣∣∣+ λ

∣∣∣∣∣∣
∑

Ωe∈Th

∫
Ωe

(∇ · γ) (∇ ·w) dx

∣∣∣∣∣∣
+ 2µ

∣∣∣∣∣∣θ
∑

E∈ΓiD

∫
E
bbγcc : {{ε (w)}} ds

∣∣∣∣∣∣+ λ

∣∣∣∣∣∣θ
∑

E∈ΓiD

∫
E
bbγcc : {{∇ ·w1}} ds

∣∣∣∣∣∣
+ 2µ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E
{{ε (γ)}} : bbwcc ds

∣∣∣∣∣∣+ λ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E
{{∇ · γ1}} : bbwcc ds

∣∣∣∣∣∣
+ kµµ

∣∣∣∣∣∣
∑

E∈ΓiD

1

hE

∫
E
bbγcc : bbwcc ds

∣∣∣∣∣∣+ kλλ

∣∣∣∣∣∣
∑

E∈ΓiD

1

hE

∫
E

[[γ]] [[w]] ds

∣∣∣∣∣∣
= I + II + III + IV + V + V I + V II + V III (3.2.27)

by labelling the integrals I − V III.

The strategy is again to extract a factor of ‖w‖DG from each term (if the term does not

vanish), to obtain an expression of the form ‖w‖DG φ (γ), for some function φ. Then

‖w‖2DG ≤ C ‖w‖DG φ (γ) (3.2.28a)

=⇒ ‖w‖DG ≤ Cφ (γ) (3.2.28b)

=⇒ ‖w‖2DG ≤ C (φ (γ))2 . (3.2.28c)

Following that, φ (γ) will be bounded by norms of the exact solution u.

The second term: Extracting the factor ‖w‖DG

The terms of (3.2.27) are considered one by one.
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I:

I = 2µ

∣∣∣∣∣∣
∑

Ωe∈Th

∫
Ωe

ε (γ) : ε (w) dx

∣∣∣∣∣∣
≤ C

 ∑
Ωe∈Th

‖ε (w)‖2L2(Ωe)


1
2
 ∑

Ωe∈Th

‖ε (γ)‖2L2(Ωe)


1
2

≤ C ‖w‖DG

 ∑
Ωe∈Th

‖ε (γ)‖2L2(Ωe)


1
2

. (3.2.29)

II:

II = λ

∣∣∣∣∣∣
∑

Ωe∈Th

∫
Ωe

(∇ · γ) (∇ ·w) dx

∣∣∣∣∣∣
≤ λ

 ∑
Ωe∈Th

‖∇ ·w‖2L2(Ωe)


1
2
 ∑

Ωe∈Th

‖∇ · γ‖2L2(Ωe)


1
2

. (3.2.30)

Since

∑
Ωe∈Th

‖∇ ·w‖2L2(Ωe) ≤ C
∑

Ωe∈Th

‖ε (w)‖2L2(Ωe)

≤ C ‖w‖2DG , (3.2.31)

it follows that

II ≤ Cλ ‖w‖DG

 ∑
Ωe∈Th

‖∇ · γ‖2L2(Ωe)


1
2

. (3.2.32)

III:

For θ = 0, this term vanishes. For θ = ±1,
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III = 2µ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E
bbγcc : {{ε (w)}} ds

∣∣∣∣∣∣
≤ C

∑
E∈ΓiD

‖{{ε (w)}}‖L2(E) ‖bbγcc‖L2(E)

= C
∑

E∈ΓiD

h
1/2
E ‖{{ε (w)}}‖L2(E) h

−1/2
E ‖bbγcc‖L2(E)

≤ C

 ∑
E∈ΓiD

hE ‖{{ε (w)}}‖2L2(E)


1
2
 ∑
E∈ΓiD

h−1
E ‖bbγcc‖

2
L2(E)


1
2

. (3.2.33)

Now, ∑
E∈ΓiD

hE ‖{{ε (w)}}‖2L2(E) ≤ C
∑

Ωe∈Th

he ‖ε (w)‖2L2(∂Ωe)

≤ C
∑

Ωe∈Th

‖ε (w)‖2L2(Ωe)

≤ C ‖w‖2DG , (3.2.34)

giving

III ≤ C ‖w‖DG

 ∑
E∈ΓiD

h−1
E ‖bbγcc‖

2
L2(E)


1
2

. (3.2.35)

IV :

Again, for θ = 0, this term vanishes. For θ = ±1,

IV = λ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E
bbγcc : {{∇ ·w1}} ds

∣∣∣∣∣∣
≤ Cλ

 ∑
E∈ΓiD

hE ‖{{∇ ·w}}‖2L2(E)


1
2
 ∑
E∈ΓiD

h−1
E ‖bbγcc‖

2
L2(E)


1
2

(3.2.36)

as in bounding III.

Since

‖{{∇ ·w}}‖2L2(E) ≤ C ‖{{ε (w)}}‖2L2(E) , (3.2.37)
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the bound follows as for III:

∑
E∈ΓiD

hE ‖{{∇ ·w}}‖2L2(E) ≤ C
∑

E∈ΓiD

hE ‖{{ε (w)}}‖2L2(E)

≤ C ‖w‖2DG , (3.2.38)

therefore

IV ≤ Cλ ‖w‖DG

(∑
E

h−1
E ‖bbγcc‖

2
L2(E)

)1
2

. (3.2.39)

V :

V = 2µ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E
{{ε (γ)}} : bbwcc ds

∣∣∣∣∣∣
≤ C

∑
E∈ΓiD

h
1/2
E ‖{{ε (γ)}}‖2L2(E) h

−1/2
E ‖bbwcc‖2L2(E)

≤ C

 ∑
E∈ΓiD

hE ‖{{ε (γ)}}‖2L2(E)


1
2
 ∑
E∈ΓiD

1

hE
‖bbwcc‖2L2(E)


1
2

≤ C ‖w‖DG

 ∑
E∈ΓiD

hE ‖{{ε (γ)}}‖2L2(E)


1
2

. (3.2.40)

V I:

Similarly,

V I = λ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E
{{∇ · γ1}} : bbwcc ds

∣∣∣∣∣∣
≤ Cλ ‖w‖DG

 ∑
E∈ΓiD

hE ‖{{∇ · γ1}}‖2L2(E)


1
2

. (3.2.41)
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V II:

V II = kµµ

∣∣∣∣∣∣
∑

E∈ΓiD

1

hE

∫
E
bbγcc : bbwcc ds

∣∣∣∣∣∣
≤ C

 ∑
E∈ΓiD

1

hE
‖bbγcc‖2L2(E)


1
2
 ∑
E∈ΓiD

1

hE
‖bbwcc‖2L2(E)


1
2

≤ C ‖w‖DG

 ∑
E∈ΓiD

1

hE
‖bbγcc‖2L2(E)


1
2

. (3.2.42)

V III:

V III = kλλ

∣∣∣∣∣∣
∑

E∈ΓiD

1

hE

∫
E

[[γ]][[w]] ds

∣∣∣∣∣∣
≤ kλ λ

 ∑
E∈ΓiD

1

hE
‖[[γ]]‖2L2(E)


1
2
 ∑
E∈ΓiD

1

hE
‖[[w]]‖2L2(E)


1
2

. (3.2.43)

Then ∑
E∈ΓiD

1

hE
‖[[w]]‖2L2(E) =

∑
E∈ΓiD

1

hE
‖1 : bbwcc‖2L2(E)

≤ C
∑

E∈ΓiD

1

hE
‖bbwcc‖2L2(E)

≤ C ‖w‖2DG , (3.2.44)

giving

V III ≤ λC ‖w‖DG

 ∑
E∈ΓiD

1

hE
‖[[γ]]‖2L2(E)


1
2

. (3.2.45)

Combining these results gives the form aimed for in (3.2.28).

The second term: Bounding the expressions containing γ

The terms containing γ will again be dealt with one by one, each integral’s contribution

to the final result then being evident. Each term is manipulated to the form of an

expression in γ that can be bounded using (3.2.14) and (3.2.15).
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I:

‖ε (γ)‖L2(Ωe) ≤ ‖∇γ‖L2(Ωe) = |γ|H1(Ωe) ≤ Che |u|H2(Ωe) (3.2.46)

II:

‖∇ · γ‖L2(Ωe) ≤ Che |∇ · u|H1(Ωe) (3.2.47)

with an associated coefficient of λ.

III: ∑
E∈ΓiD

1

hE
‖bbγcc‖2L2(E) ≤ C

∑
Ωe∈Th

(
h−2
e ‖γ‖

2
L2(Ωe) + |γ|2H1(Ωe)

)
≤ C

∑
Ωe∈Th

h2
e |u|

2
H2(Ωe) (3.2.48)

IV :

Exactly as in bounding III,∑
E∈ΓiD

1

hE
‖bbγcc‖2L2(E) ≤ C

∑
Ωe∈Th

h2
e |u|

2
H2(Ωe) . (3.2.49)

Here, there is also an associated coefficient of λ.

V : ∑
E∈ΓiD

hE ‖{{ε (γ)}}‖2L2(E) ≤
∑

Ωe∈Th

∑
E∈∂ΩiD

e

hE ‖ε (γ)‖2L2(E)

≤
∑

Ωe∈Th

∑
E∈∂ΩiD

e

hE ‖∇γ‖2L2(E)

≤ C
∑

Ωe∈Th

(
‖∇γ‖2L2(Ωe) + h2

e |∇γ|
2
H1(Ωe)

)
= C

∑
Ωe∈Th

(
|γ|2H1(Ωe) + h2

e |γ|
2
H2(Ωe)

)
≤ C

∑
Ωe∈Th

h2
e |u|

2
H2(Ωe) . (3.2.50)

V I:

Similarly to V , but using a bound on the divergence,
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∑
E∈ΓiD

hE ‖{{∇ · γ1}}‖2L2(E) ≤ C
∑

Ωe∈Th

∑
E∈∂ΩiD

e

hE ‖∇ · γ‖2L2(E)

≤ C
∑

Ωe∈Th

(
‖∇ · γ‖2L2(Ωe) + h2

e |∇ · γ|
2
H1(Ωe)

)
≤ C

∑
Ωe∈Th

h2
e |∇ · u|

2
H1(Ωe) . (3.2.51)

with an associated coefficient of λ.

V II:

Exactly as in bounding III,

∑
E∈ΓiD

1

hE
‖bbγcc‖2L2(E) ≤ C

∑
Ωe∈Th

h2
e |u|

2
H2(Ωe) . (3.2.52)

V III:

∑
E∈ΓiD

1

hE
‖[[γ]]‖2L2(E) ≤ C

∑
E∈ΓiD

1

hE
‖bbγcc‖2L2(E)

≤ C
∑

Ωe∈Th

h2
e ‖u‖

2
H2(Ωe) , (3.2.53)

again with an associated coefficient of λ.

The overall bound for the second term

Combining the results of extracting the factor ‖w‖DG, using the manipulation of (3.2.28),

and bounding the expressions involving γ, one obtains

‖w‖2DG ≤ C
∑

Ωe∈Th

h2
e

(
‖u‖2H2(Ωe) + λ2 ‖u‖2H2(Ωe) + λ2 ‖∇ · u‖2H1(Ωe)

)
. (3.2.54)

The second term in the brackets has contributions from IV and V III.
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The final error bound

With ‖γ‖2DG and ‖w‖2DG bounded, it follows that

‖e‖2DG ≤ C
∑

Ωe∈Th

h2
e

(
‖u‖2H2(Ωe) + λ2 ‖u‖2H2(Ωe) + λ2 ‖∇ · u‖2H1(Ωe)

)
≤ Ch2

(
‖u‖2H2(Ω) + λ2 ‖u‖2H2(Ω) + λ2 ‖∇ · u‖2H1(Ω)

)
. (3.2.55)

Finally, for domains satisfying the regularity result

‖u‖H2(Ω) + |λ| ‖∇ · u‖H1(Ω) ≤ CF (f ,gΩ,hΩ) (3.2.56)

(cf. A.6), where F (f ,gΩ,hΩ) is bounded,

‖e‖DG ≤ Cλh. (3.2.57)

Here, λ enters the estimate as a result of the second term in the brackets in (3.2.55).

3.2.6 Discussion of the preliminary analysis

This bound has made use of the fact that the hypothetical uP lies in Vh, and that it

satisfies certain difference estimates, but uses no other properties, as none have yet been

specified.

The estimate that has been obtained is optimal with regard to mesh-size, but indicates

that, unlike for linear triangular elements, the approximation error depends on λ, and

therefore that the approximation is prone to being very poor for nearly incompressible

materials, where λ is very large.

Specifically, the terms contributing to the poorness of the result are IV and V III.

(Since for the coercivity of the bilinear form kλ > 0 when θ = 0 or −1, the situation

of both kλ and θ being zero - and thus both IV and V III vanishing - does not arise.

Therefore the undesirable λ-dependence will always be present.)

The potentially problematic terms having been identified, investigating them suggests a

way of circumventing the problem they cause.
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In both terms, if the factor involving w in the integrand were edge-wise constant rather

than linear, it could be factorised out of the integral, isolating [[γ]] within the edge

integral. If, then, a uP could be found that had the property that the integral of that

jump term vanished on edges (as in the case of the Crouzeix-Raviart interpolant, on

triangles), the terms would vanish completely, thus eliminating the λ-dependence from

the error bound.

3.2.7 Preliminary proposed solutions

With bilinear elements in the IP formulation as it stands, w ∈ Vh cannot in general lead

to edge-wise constant values as would be convenient, and the λ-dependence cannot thus

be eliminated.

However, there are two ways to obtain constant factors involving w. The first is to

modify the formulation by replacing each of those factors with its projection onto the

space of constants. The second is to consider linear approximations rather than bilinear

approximations, so that ∇ ·w would be element-wise constant - this approach would be

helpful in term IV , although not in V III.

In each case, a uP would need to found, with adequate properties. A further necessary

step would then be to ascertain whether the modification, whether of the formulation or

of the approximation type, affected any other aspects of the analysis. Should difficulties

arise, these would need to be addressed.

Each of the suggested modifications will be considered in detail. First, however, an

appropriate uP will be found. This will be the subject of Chapter 4.
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Chapter 4

Constructing uP

The preliminary analysis for bilinear elements, detailed in the previous chapter, assumes

the existence of a suitable error-splitting function, uP , assuming certain properties and

indicating that others are desirable. This chapter is devoted to constructing a function

with all of these properties.

It begins with an outline of the requirements on the function. The space in which it

must lie is carefully considered, and following this is a motivation for using, as the

splitting function, the projection of an interpolant onto the space of linear polynomials

(element-wise), rather than the interpolant itself.

With this strategy in place, the required properties of the underlying interpolant are

established, several potential interpolants are discussed and eliminated as options, and

a new interpolant is finally constructed, designed specifically to fulfil the requirements.

4.1 Requirements on uP

The properties of uP assumed in the preliminary analysis of the previous chapter are

1. that it lies in Vh,

2. that it satisfies the basic interpolation error bounds (3.2.14), and

39
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40 Chapter 4. Constructing uP

3. that it satisfies the bounds on the divergence of the interpolation error (3.2.15).

The analysis indicates that a further useful property, needed specifically for obtaining

λ-independent convergence if the proposed modifications are effective, would be

4. that it satisfies ∫
E

[[u− uP ]] ds = 0 (4.1.1)

for all E ∈ ΓiD.

4.2 The interpolation space

4.2.1 Possible candidates for uP

In the search for an interpolant that could be used as the splitting function uP , a number

have been considered, but none found that satisfies the requirements given in §4.1.

Beginning with the requirement that uP lies in Vh, various interpolants that are locally

either in Q1 or in a subspace of Q1 have been considered for use as uP . The possibil-

ity of using linear rather than bilinear approximations, as suggested in the preceding

chapter, also motivates trying to identify a suitable interpolant that is element-wise

specifically in P1. Such an interpolant would be appropriate for both linear and bilinear

approximations. Examples are the linear interpolant of Girault, and the lowest-order

Raviart-Thomas and BDM interpolants for quadrilateral elements.

Girault [23] presents a linear interpolant on quadrilaterals, the L2-orthogonal projection

onto P1 on each element. While this interpolant satisfies the desired bounds, sufficient

element boundary information for evaluating the jumps in normal components on each

edge is not available.

The lowest-order Raviart-Thomas and BDM interpolants for quadrilateral elements (see

[11]), designed as non-conforming elements, are examples of interpolants that lie within

even smaller subspaces of Vh. These, however, satisfy only the bounds (4.5.1a) and

(4.5.1b). In general, any interpolant that lies in a space smaller than P1 element-wise
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will not preserve linear polynomials, and therefore will not satisfy all the necessary error

bounds (cf. A.5).

On the other hand, higher-order Raviart-Thomas and BDM interpolants (see [11]), while

providing all the desired error bounds, are not fully contained within Vh as required.

Other interpolants also with higher-order terms are those based on the rotated bilinear

elements of Rannacher and Turek [32], and the elements of Douglas et al. [22], where

nodal values are defined at edge midpoints. A bilinear element with nodal values at

midpoints cannot be defined, as a singular system is obtained.

Thus an interpolant satisfying all the requirements on uP is not readily available.

4.2.2 Evaluating the requirement uP ∈ Vh

While it was assumed in the preceding chapter that uP would lie in Vh, this assumption

was given without motivation. Vh is the relevant space in the analysis for triangular

elements, and it appears to be a natural assumption to make. Nevertheless, the question

arises as to whether or not this assumption is necessary.

Suppose that one has a function πu ∈ X, where Vh ⊂ X, and write the approximation

error e as

e = η + ξ where
η = u− πu

ξ = πu− uh
, (4.2.1)

as was done in the context of triangular elements.

Since the bilinear form of the IP method is coercive for all functions in H1 (Th),

C ‖ξ‖2DG ≤ ah (ξ, ξ)

= ah (e, ξ)− ah (η, ξ) . (4.2.2)

However, Galerkin orthogonality holds only with respect to the space Vh, which means

that in general ah (e, ξ) 6= 0. Writing ξ = ξV + ξX , where ξV is the part of ξ lying in Vh

and ξX is the remainder, and using Galerkin orthogonality on the applicable portion,
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one obtains

ah (e, ξ) = ah (e, ξV ) + ah (e, ξX)

= ah (e, ξX) , (4.2.3)

giving

C ‖ξ‖2DG ≤ |ah (e, ξX)|+ |ah (η, ξ)| . (4.2.4)

Following the usual bounding strategy (as contained in §3.2.5) for the second term on

the right-hand side, one would obtain

C ‖ξ‖2DG ≤ |ah (e, ξX)|+ ‖ξ‖DG φ (η) . (4.2.5)

However, the first term on the right-hand side becomes problematic, and hinders the

bounding process. This arises directly as a result of splitting the error with a function

that does not lie completely in the DG solution space Vh. That is, uP = πu /∈ Vh is

problematic, and therefore the assumption uP ∈ Vh will be retained.

4.2.3 A projection onto P1

Returning to the coercivity of the bilinear form, consider instead a bound on the norm

of ξV :

C ‖ξV ‖
2
DG ≤ ah (ξV , ξV )

= ah (e− (η + ξX) , ξV )

≤ |ah (e, ξV )|+ |ah (η + ξX , ξV )|

= |ah (η + ξX , ξV )| , (4.2.6)

where Galerkin orthogonality has been used.

The usual bounding strategy then leads to

C ‖ξV ‖
2
DG ≤ ‖ξV ‖DG φ (η + ξX) . (4.2.7)

If, then, appropriate bounds could be found on η + ξX , rather than on η on its own,

bounding would proceed smoothly.
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This process is equivalent to splitting the approximation error with a function in Vh, in

this case the direct projection of the interpolant onto Vh, and avoids the problem arising

in (4.2.5).

Therefore, needing a splitting-function uP ∈ Vh, and not having a suitable available

interpolant, consider instead using a projection of an interpolant onto Vh or a subspace

of Vh as uP .

Specifically, consider an interpolant πu ∈ X, where X contains P1 locally, and with Π

the direct projection onto the space of element-wise linear polynomials, define uP by

uP := Π ◦ πu. (4.2.8)

Then

πu = uP + uX ,

where, element-wise,

uP ∈ P1,

uX ∈ X \ P1.

The choice of P1 rather than Q1 as the local space for uP is both for simplicity, as it

excludes cross-terms of the components, and to allow for the use of a solution space of

linear approximations as well as one of bilinear approximations.

Now, the first requirement, uP ∈ Vh, holds, and the rest need to be satisfied by an

appropriate choice of the underlying interpolant πu.

4.3 Desired properties of πu

The first step in finding a suitable underlying interpolant πu is to identify sufficient

conditions on πu for the requirements on uP to be satisfied.
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4.3.1 To obtain the basic error bounds

For uP to satisfy the basic error bounds (3.2.14), that is,

|u−Π ◦ πu|Hm(Ωe) ≤ Ch
2−m
e |u|H2(Ωe) (4.3.1)

for m = 0, 1, 2, it is required by a theorem in Ciarlet [15] (see A.5 for details) that Π ◦ π
preserve first-order polynomials locally. This holds for the composition if it holds for

both Π and π. By definition, Π satisfies the requirement. For π to satisfy it, a necessary

condition is that πu should lie in a space fully containing P1, element-wise.

4.3.2 To obtain the error bounds on the divergence

The bounds on the divergence, (3.2.15), can be expressed as

|∇ · u−∇ · uP |Hm(Ωe) ≤ Ch
1−m
e |∇ · u|H1(Ωe) (4.3.2)

for m = 0, 1.

Define ΠC to be the L2-orthogonal projection operator onto constants on the element.

If the identity

∇ · uP = ΠC ∇ · u (4.3.3)

holds, then because ΠC is a constant-preserving projection operator, these bounds will

hold ([15], see A.5).

Since ∇ · uP ∈ P0 (Ωe), (4.3.3) is equivalent to

ΠC ∇ · uP = ΠC ∇ · u, (4.3.4)

which will hold if ∫
Ωe

∇ · (u− uP ) dx = 0. (4.3.5)

If uP is continuous within the closure of each element Ωe, then by the divergence theorem

(4.3.5) is equivalent to ∫
∂Ωe

(u− uP ) · n ds = 0. (4.3.6)
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This would follow from an interpolant πu being defined such that both∫
∂Ωe

(u− πu) · n ds = 0 (4.3.7)

and ∫
∂Ωe

(πu−Π ◦ πu) · n ds = 0 (4.3.8)

are satisfied. This final equation states that the normal components of the higher order

terms of the interpolant vanish when integrated around an element boundary.

In summary, if an interpolant πu is defined such that (4.3.7) and (4.3.8) hold and Π◦πu

is continuous within the closure of each element Ωe, then the desired bounds (3.2.15)

will be satisfied.

4.3.3 To satisfy equation (4.1.1)

The final requirement on uP will be fulfilled if, on every edge E of every element,∫
E

(u− πu) · n ds = 0 (4.3.9)

and ∫
E

(πu−Π ◦ πu) · n ds = 0. (4.3.10)

Moreover, if these hold, then (4.3.7) and (4.3.8) of §4.3.2 follow automatically by sum-

ming over the edges of each element.

4.3.4 Summary of requirements on the interpolant

In summary, sufficient conditions on the interpolant are that:

1. π preserves P1 in each component;

2. Π ◦ πu is continuous on the closure of each element;

3. πu satisfies ∫
E

(u− πu) · n = 0 (4.3.11)

and ∫
E

(πu−Π ◦ πu) · n = 0. (4.3.12)
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4.4 Finding a satisfactory interpolant

Having ascertained what properties are desirable in an interpolant, that is, sufficient

conditions so that the requirements on the linear portion, uP , will be satisfied, an inter-

polant with these properties needs to be identified, either found or constructed.

4.4.1 Existing interpolants

One interpolant that has properties closely matching those described in §4.3 is the

BDM[1] interpolant ([11]). The local basis is a direct sum of the space of linear poly-

nomials in each component, and two curl functions (introducing coupling between the

components). The linear projection of the interpolant satisfies the basic bounds (3.2.14).

The equation (4.3.7) holds on each element boundary. By the property of the curl, the

higher-order terms are locally divergence-free, so that (4.3.8) is satisfied by application

of the divergence theorem. However, while these two integrals vanish over entire bound-

aries of elements, they do not vanish edge-wise as in (4.3.9) and (4.3.10). Therefore,

while the divergence bounds (3.2.15) hold, the final property, which would hopefully

allow for an a λ-independent convergence result after the proposed modifications have

been made, is absent.

The elements defined by Douglas et al. [22] have the Crouzeix-Raviart-like property that

the mean edge values are equal to the corresponding edge midpoint values, which leads to

a useful orthogonality property. These elements are considered in detail in the upcoming

section, and will be drawn on for constructing the interpolant that will ultimately be

used in the convergence analysis.

4.4.2 The elements of Douglas, Santos, Sheen and Ye (DSSY)

The elements described by Douglas et al. in [22] (one of which is also used in [14])

assume no coupling between the components, each of which lies in

Q̂ = span ({1, x, y,Θ (x, y)}) (4.4.1)
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on the reference element [−1, 1]2, and can be written in the form

πu =

(
a+ bx+ cy + dΘ (x, y)

e+ fx+ gy + hΘ (x, y)

)
(4.4.2)

The elements are formed from two possibilities for Θ (x, y), which are motivated as

variations of the rotated multilinear nonconforming element of Rannacher and Turek

[32], for which Θ (x, y) := x2 − y2.

Properties of the DSSY element

The element(s) by Rannacher and Turek can be defined either by nodal values being the

mean values of the function along each of the edges, or by nodal values at midpoints of

the edges. Either definition gives unisolvence, but the spaces they lead to are different.

The element lacks certain orthogonality properties which Douglas et al. show are critical

to show an extension of the optimal-order convergence result to general quadrilaterals.

This led them to develop two alternative elements by redefining Θ (x, y) := θ (x)− θ (y)

with

θ1 (x) = x2 − 5

3
x4 and (4.4.3)

θ2 (x) = x2 − 25

6
x4 +

7

2
x6. (4.4.4)

For either of these, nodal values can be defined at the edge midpoints mi (i = 1, ..., 4)

with unisolvence, resulting in the basis functions φi (x, y). (All calculations are shown

for the reference element, and edges are numbered anticlockwise, starting with the edge

with midpoint (0,−1).)

Calculations show that for either choice of θ,∫ 1

−1
θ (x) dx = 0 (4.4.5)

(which does not hold for Rannacher and Turek’s element, where θ (x) := x2), and∫ 1

−1
x θ (x) dx = 0; (4.4.6)
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that is, θ (x) is orthogonal to linear polynomials.

From (4.4.5), ∫ 1

−1
(θ (x)− θ (y)) |y=±1dx = −2 θ (±1) ,

=⇒ 1
2

∫ 1

−1
Θ (x,±1) dx = −θ (±1) , (4.4.7)

the mean values of the edges with midpoints (0,±1).

Since θ (0) = 0, the values at midpoints (0,±1) are

Θ (0,±1) = θ (0)− θ (±1) = − θ (±1) . (4.4.8)

Thus, the midpoint value of the higher-order function is equal to its mean value along

each edge, a property not satisfied by the rotated elements of Rannacher and Turek.

The same will hold for the edges with midpoints (±1, 0).

Since the remaining terms in the space are linear, the midpoint value of the interpolant

will equal the mean value along each edge, so that for each basis function φi (x, y),

φi (mj) =
1

hEj

∫
Ej

φi (x, y) ds = δij . (4.4.9)

Let Q (Ωe) be the mapping of the space Q̂ onto element Ωe in the real domain.

If an operator πe : H1 (Ωe)→ Q (Ωe) is defined by∫
Ej

πev ds =

∫
Ej

v ds (4.4.10)

for j = 1, ..., 4, then, by the preservation of (4.4.9) under affine mapping,

πev (mj) =
1

hEj

∫
Ej

πev (x, y) ds =
1

hEj

∫
Ej

v (x, y) ds (4.4.11)

for each edge Ej , j = 1.., 4.

Let NCh be the nonconforming space resulting from the mapping of the given basis to

each element in the domain, and requiring continuity at midpoints of interior edges and

vanishing at midpoints of boundary edges.
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Extending the operator to a global operator π : H1
0 (Ω)→ NCh such that

πv|Ωe = πev, (4.4.12)

one has ∫
E
πv ds =

∫
E
v ds ∀ E ∈ Γ. (4.4.13)

Additional properties

Referring to the requirements in §4.3: the interpolants described are from a space greater

than P1, and give continuous functions πv on element closures. The next point to

consider is what properties a projection of πv onto P1 has.

Define Π̄ as the L2-orthogonal projection onto the reference element, that is, for any

linear polynomial p1, ∫ 1

−1

∫ 1

−1
Π̄w p1 dx dy =

∫ 1

−1

∫ 1

−1
w p1 dx dy, (4.4.14)

so that, specifically, ∫ 1

−1

∫ 1

−1
Π̄ ◦ πv p1 dx dy =

∫ 1

−1

∫ 1

−1
πv p1 dx dy. (4.4.15)

Since θ (x) is orthogonal to linear polynomials,∫ 1

−1

∫ 1

−1
(θ (x)− θ (y)) p1 dx dy = 0, (4.4.16)

and consequently Π̄ ◦ πv is simply the linear part of πv. This implies that Π̄ = Π, and

πv −Π ◦ πv = kΘ (x, y) for some constant k.

Evaluation of
∫
E (πv −Π ◦ πv) ds =

∫
E kΘ (x, y) ds on each edge E of the reference ele-

ment gives nonzero results on each edge, these results totalling zero around the boundary

of the element.

That is, ∫
E

(πv −Π ◦ πv) ds 6= 0 (4.4.17)

but ∫
∂Ωe

(πv −Π ◦ πv) ds = 0, (4.4.18)
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so that (4.3.8) is satisfied, but (4.3.10) is not.

Therefore, once again, as in the case of the projection of the interpolant BDM[1], all the

necessary bounds are valid, but the final property to be used in obtaining λ-independence

is absent.

4.4.3 Designing a new basis

While the DSSY elements do not have satisfactory properties for the purpose of the

convergence analysis, their construction provides useful insights. Specifically, it is useful

to have an interpolant with mean edge values equal to edge midpoint values. On the other

hand, what is necessary (and missing) is that the normal components of the higher-order

terms have vanishing mean values on each edge.

Taking all of this into consideration, a new interpolant is designed specifically to satisfy

the required properties. The reference element [−1, 1]2 is used for all calculations unless

otherwise noted. The process of design begins with identifying the necessary properties

of the basis:

1. Begin with the requirement that the interpolant lies locally in

span

({
1, x, y,Θ (x, y)

1, x, y,Ψ (x, y)

})
, (4.4.19)

with the distinction between components to allow for differing bases if necessary.

2. To ensure unisolvence for midpoint nodal values, Θ (mi) 6= 0 for at least one of

i = 1, .., 4, that is, it must not vanish at all midpoints; similarly Ψ must not vanish

at all midpoints.

This requires that Θ (x, y) and Ψ (x, y) must each not be a product of x and y.

The forms

Θ (x, y) = θ (x) + κ (y) ,

Ψ (x, y) = ρ (x) + χ (y) (4.4.20)

are therefore suitable.
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3. For equivalence of the midpoint value and mean value on each edge (independently

satisfied by the linear terms in each component):

Θ (mi) = 1
2

∫
Ei

Θ (x, y) ds

Ψ (mi) = 1
2

∫
Ei

Ψ (x, y) ds (4.4.21)

for i = 1, .., 4.

4. For the integral of the normal component of the nonlinear terms in the function

to vanish on each edge:

∫ 1

−1
Ψ (x,±1) dx = 0

and

∫ 1

−1
Θ (±1, y) dx = 0, (4.4.22)

which is equivalent to requiring

Θ (m2) = 0 = Θ (m4) ,

Ψ (m1) = 0 = Ψ (m3) . (4.4.23)

After calculating the specifics, the requirements simplify to

χ (1) = χ (−1) = −1
2

∫ 1

−1
ρ (x) dx = −ρ (0) , (4.4.24a)

θ (1) = θ (−1) = −1
2

∫ 1

−1
κ (y) dy = −κ (0) , (4.4.24b)

midpoint-mean equality, and that Θ and Ψ do not vanish at all midpoints.

The similarities between (4.4.24a) and (4.4.24b) suggest choosing χ = θ and ρ = κ, so

that

Θ = θ (x) + κ (y) ,

Ψ = κ (x) + θ (y) . (4.4.25)
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The requirements now become

θ (1) = θ (−1) = −κ (0) = −1
2

∫ 1

−1
κ (x) dx (4.4.26a)

θ (0) = 1
2

∫ 1

−1
θ (x) dx (4.4.26b)

κ (1) 6= −θ (0) , κ (−1) 6= −θ (0) . (4.4.26c)

These conditions are all satisfied by

θ (x) := 3x2 − 10x4 + 7x6 (4.4.27a)

κ (x) := −3x2 + 5x4. (4.4.27b)

(Without the third term in θ (x), the requirements cannot be satisfied. Certainly neither

θ = κ nor θ = −κ, as used in the DSSY elements, is an option. The distinction between

Θ and Ψ is necessary, because if they were identical, requiring the specified edge integrals

to vanish would be equivalent to requiring Θ = Ψ to vanish at all midpoints – because

of the equivalence between the mean values and the midpoint values – and unisolvence

would be lost.)

4.4.4 The new interpolant

The new interpolant is now constructed by the same procedure as in [22].

Review of basic properties on the reference element

Begin with a space on the reference element [−1, 1]2,

Q̂ = span

({
1, x, y,Θ (x, y)

1, x, y,Ψ (x, y)

})
, (4.4.28)

where

Θ (x, y) := θ (x) + κ (y) , (4.4.29)

Ψ (x, y) := κ (x) + θ (y) , (4.4.30)

θ (x) := 3x2 − 10x4 + 7x6, (4.4.31)

κ (x) := −3x2 + 5x4. (4.4.32)
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Calculation shows that

θ (0) = 0 = κ (0) ,

θ (±1) = 0, κ (±1) = 2, (4.4.33)

so that

Θ (m1) = Θ (m3) = 2, Θ (m2) = Θ (m4) = 0,

Ψ (m1) = Ψ (m3) = 0, Ψ (m2) = Ψ (m4) = 2. (4.4.34)

Define the nodal values at the edge midpoints mi (i = 1, ..., 4). There are unique sets of

resulting basis functions φxi (x, y) and φyi (x, y) for the x and y components respectively

(see B.1.1).

Further calculation gives ∫ 1

−1
θ (x) dx = 0,∫ 1

−1
κ (x) dx = 0, (4.4.35)

and

1
2

∫
Ei

Θ (x, y) ds = Θ (mi) ,

1
2

∫
Ei

Ψ (x, y) ds = Ψ (mi) , (4.4.36)

for i = 1, .., 4.

Therefore, on each edge Ej ,

φxi (mj) =
1

hEj

∫
Ej

φxi (x, y) ds (4.4.37)

for i = 1, .., 4, and similarly for all φyi .

The interpolant at the global level

Let Q (Ωe) be the mapped space Q̂ onto Ωe, and its components be denoted by Qx (Ωe)

and Qy (Ωe).
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Let NCh be the nonconforming space resulting from the mapping of Q̂ to each element

in the domain, with the requirement of continuity at midpoints of interior edges and

equality to the edge mean of the Dirichlet value g at the midpoints of Dirichlet bound-

ary edges. Let NCxh and NCyh denote the spaces of the x and y components of NCh

respectively.

Define the operator πxe : H1 (Ωe)→ Qx (Ωe) by∫
Ej

πxe v ds =

∫
Ej

v ds (4.4.38)

for j = 1, ..., 4.

Extending the operator πxe to a global operator πx : H1
Γx
D

(Ω)→ NCxh such that

πxv|Ωe = πxe v, (4.4.39)

one has ∫
E
πxv ds =

∫
E
v ds ∀ E ∈ Γ. (4.4.40)

Similarly, defining the analogous operators πye and πy, one has∫
E
πyv ds =

∫
E
v ds ∀ E ∈ Γ. (4.4.41)

Since the equivalence between midpoint and mean values on edges is preserved under

affine mapping,

πxv (mi) =
1

hEi

∫
Ei

v ds,

πyv (mi) =
1

hEi

∫
Ei

v ds (4.4.42)

hold for each edge Ei of Ωe.

Define π : H1
Γx
D

(Ω)×H1
Γy
D

(Ω)→ NCh as the concatenation of πx and πy, so that

πu =

[
πxux

πyuy

]
. (4.4.43)
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4.5 The error-splitting function uP : the projection of the

constructed interpolant

The interpolant in the preceding section (§4.4.4) was designed specifically to satisfy

sufficient conditions (summarised in §4.3.4) for its projection to be used as an error-

splitting function uP that would have the properties described in §4.1. The outline below

of the deduction of these properties, beginning with the interpolant and its projection,

confirms that this end has been achieved.

The interpolant πu and its projection Π ◦ πu onto the space of element-wise linear

polynomials are defined as in the preceding sections.

1. By definition of Π, uP = Π ◦ πu lies in Vh.

2. The operator π preserves Q on each element, and therefore, because [P1]2 ⊂ Q,

preserves linear polynomials on each element. By definition, Π preserves linear

polynomials on each element, therefore the composition does so. The bounds

‖u− uP ‖L2(Ωe) ≤ Ch
2
e |u|H2(Ωe) , (4.5.1a)

|u− uP |H1(Ωe) ≤ Che |u|H2(Ωe) , (4.5.1b)

|u− uP |H2(Ωe) ≤ C |u|H2(Ωe) , (4.5.1c)

follow (as detailed in §4.3.1).

3. Writing, on the reference element,

πu =

(
a+ bx+ cy + dΘ (x, y)

e+ fx+ gy + hΨ (x, y)

)
, (4.5.2)

it follows that

Π ◦ πu =

(
a+ bx+ cy

e+ fx+ gy

)
. (4.5.3)

Denote the difference between these two vectors by

q = πu−Π ◦ πu =

(
dΘ (x, y)

hΨ (x, y)

)
. (4.5.4)
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Of specific interest are the integrals of q · n on individual edges of the element.

These are ∫
E1

q · n ds = −h
∫ 1

−1
Ψ (x,−1) dx,∫

E2

q · n ds = d

∫ 1

−1
Θ (1, y) dy,∫

E3

q · n ds = h

∫ 1

−1
Ψ (x, 1) dx,∫

E4

q · n ds = −d
∫ 1

−1
Θ (−1, y) dy, (4.5.5)

which all vanish (see the calculations in §4.4.4). That is, on each E, (4.3.10) holds.

By the definition of π, ∫
E

(u− πu) · n ds = 0, (4.5.6)

that is, (4.3.9), holds. Therefore∫
E

(u− uP ) · n ds = 0, (4.5.7)

so that (4.1.1) is satisfied, which is desirable for λ-independent convergence.

4. Moreover, by summing the integrals over edges of the element,∫
∂Ωe

(u− uP ) · n ds = 0. (4.5.8)

Because uP is continuous on the closure of the element, by the divergence theorem

the bounds on ∇ · (u− uP ) are obtained (as detailed in §4.3.2), viz.

‖∇ · (u− uP )‖L2(Ωe) ≤ Che |∇ · u|H1(Ωe) , (4.5.9a)

|∇ · (u− uP )|H1(Ωe) ≤ C |∇ · u|H1(Ωe) . (4.5.9b)

Thus uP satisfies all the properties assumed and suggested by the preliminary analysis

in the preceding chapter.
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Chapter 5

Remedies

This chapter is concerned with remedies for the problematic λ-dependent error bound

obtained in Chapter 3 for the IP methods used with bilinear elements. The first remedy

proposed and investigated is under-integration of specific edge terms in the formulation;

its effects on coercivity and consistency are accounted for in order to obtain, finally, a

proof of uniform convergence with respect to λ when the necessary modifications are

imposed. The use of linear approximations, instead of bilinear, is then investigated

as an alternative possible remedy, as is a combination of linear approximations and

under-integration, and the cases leading to uniform convergence for each of the three IP

methods are identified.

5.1 The error bound for bilinear elements

With the error-splitting function uP having been defined and satisfying the assumptions

of the preliminary analysis in Chapter 3, the λ-dependent error bound of that analysis is

confirmed. That is, with bilinear elements, the approximation error of each of the three

IP methods is bounded as

‖e‖DG ≤ Cλh, (5.1.1)

indicating that, in the incompressible limit, poor approximations and perhaps locking-

type behaviour should be expected.

57
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The terms IV and V III defined in (3.2.27) contribute specifically to the λ-dependence,

as detailed in §3.2.5.

5.2 Under-integration (UI)

From the preliminary analysis of the IP formulation in the context of bilinear elements,

it was seen that a projection of the factors of certain integrands onto the space of

constants might lead to the desired, λ-independent error bound. Arnold [2] shows that

this type of modification to a formulation is equivalent to the use of under-integration in

the numerical implementation. Therefore, the first proposed remedy for the IP methods

used with bilinear elements is under-integration of specific edge terms in the formulation,

beginning with those identified as contributing to λ-dependence in the unmodified case.

While historically this technique has most commonly been used in conjunction with

conforming methods, with selected integrals over the element domains being under-

integrated, here it will be integrals on edges only, not on element domains, that are

selected.

A similar application of under-integration was, effectively (although not under that de-

scription), employed by Hansbo and Larson [25], in an SIPG-like method for linear

simplicial elements, where a λ-dependent stabilization term was used with projections

onto constants. In their previous method, in [24], the λ-dependent stabilization term

involved only the normal components of jumps. In [25], however, the authors use the

L2-orthogonal projections onto constants of the full jumps as part of their stabiliza-

tion, effectively applying under-integration to a term that would otherwise be highly

constraining for nearly incompressible materials.

5.2.1 Incorporating under-integration into the DG formulation

Under-integration (or reduced integration) refers to the technique of using, in the numer-

ical evaluation of an integral, a lower order of quadrature than would be necessary for an

exact result. Arnold [2] shows for one dimension that lowering the order of integrands

using projection operators is equivalent to applying under-integration. The details of
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the proof in [2] (cf. [33]) are described here for the case of integrating a product of linear

polynomials using only a single quadrature point.

Given f ∈ P1, define f̃ as the constant interpolant based on the integration point xIP

of a one-point integration rule. Define I1 {φ} as numerical integration of φ over the

appropriate domain using a one-point rule, and Π0 as the L2-orthogonal projection

operator onto constants on the interval. Let g ∈ P0 be arbitrary.

∫
f̃g dx = I1

{
f̃g
}

since the integrand is constant,

= f̃ (xIP) g (xIP)w where w is the weight,

= f (xIP) g (xIP)w by definition of f̃ ,

= I1 {fg}

=

∫
fg dx since this integrand is linear,

=

∫
(Π0f) g dx since g is constant. (5.2.1)

Thus ∫
f̃g dx =

∫
(Π0f) g dx

=⇒
∫ (

f̃ −Π0f
)
g dx = 0

=⇒ Π0

(
f̃ −Π0f

)
= 0

=⇒ f̃ = Π0f. (5.2.2)

Then, given f, h ∈ P1, with constant interpolants f̃ and h̃ respectively,∫
(Π0f) (Π0h) dx =

∫
f̃ h̃ dx

= I1

{
f̃ h̃
}

= f̃ (xIP) h̃ (xIP)w

= f (xIP)h (xIP)w

= I1 {fh} (5.2.3)
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by definition of one-point integration.

Therefore, using L2-projections onto the space of constants is equivalent to using one-

point integration, for products of functions in P1.

5.2.2 Choice of terms for under-integration: a first guess

The terms to be considered for under-integration are firstly those that lead to undesirable

λ-dependence in the error bound, that is IV and V III of (3.2.27).

Referring to the preliminary analysis, with uP as defined in Chapter 4, the term IV is

replaced with

IV UI = λ

∣∣∣∣∣∣θ
∑

E∈ΓiD

∫
E

Π0[[γ]] Π0{{∇ ·w}} ds

∣∣∣∣∣∣
= λ

∣∣∣∣∣∣θ
∑

E∈ΓiD

∫
E

[[γ]] Π0{{∇ ·w}} ds

∣∣∣∣∣∣
= λ

∣∣∣∣∣∣θ
∑

E∈ΓiD

Π0{{∇ ·w}}|E
∫
E

[[γ]] ds

∣∣∣∣∣∣ . (5.2.4)

By (4.1.1), ∫
E

[[γ]] ds = 0 (5.2.5)

whether E is an interior or a boundary edge, so that IV UI = 0, and can have no

contribution to unwanted λ-dependence.

Similarly, the term V III is replaced with

V IIIUI = kλ λ

∣∣∣∣∣∣
∑

E∈ΓiD

1

hE

∫
E

Π0 [[γ]] Π0 [[w]] ds

∣∣∣∣∣∣
= kλ λ

∣∣∣∣∣∣
∑

E∈ΓiD

1

hE

∫
E

[[γ]] Π0 [[w]] ds

∣∣∣∣∣∣
= kλ λ

∣∣∣∣∣∣
∑

E∈ΓiD

1

hE
Π0 [[w]]|E

∫
E

[[γ]] ds

∣∣∣∣∣∣ , (5.2.6)
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which again vanishes. Thus V IIIUI also can contribute nothing to undesirable λ-

dependence.

Thus under-integration could eliminate the contributions of the two problematic terms

from the error bound. However, since this procedure involves modification of the IP

formulation itself, the coercivity of the modified bilinear form and consistency of the

modified formulation need to be considered as well.

5.2.3 Coercivity and a further modification

Coercivity of the modified bilinear form is dealt with for each IP method individually. As

necessary, variations are considered for each method, to ascertain the effect of selecting

different terms for under-integration.

NIPG

The original bilinear form used for the coercivity proof for NIPG is

ah (v,v) = 2µ
∑

Ωe∈Th

‖ε (v)‖2L2(Ωe) + λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe)

+ kµµ
∑

E∈ΓiD

1

hE
‖bbvcc‖2L2(E) + kλλ

∑
E∈ΓiD

1

hE
‖[[v]]‖2L2(E) . (5.2.7)

Under-integrating the two terms corresponding to IV and V III respectively gives the

less simple

aUI
h (v,v) = 2µ

∑
Ωe∈Th

‖ε (v)‖2L2(Ωe) + λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe)

+ λ
∑

E∈ΓiD

∫
E

(Π0[[v]] Π0{{∇ · v}} − [[v]]{{∇ · v}}) ds

+ kµµ
∑

E∈ΓiD

1

hE
‖bbvcc‖2L2(E) + kλλ

∑
E∈ΓiD

1

hE
‖Π0[[v]]‖2L2(E) . (5.2.8)

Here and elsewhere, define Tµ as the sum of terms involving µ, and Tλ as the sum of

terms involving λ.
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The µ-dependent terms are unaffected by the under-integration, and

Tµ ≥ C

 ∑
Ωe∈Th

‖ε (v)‖2L2(Ωe) + 1
2

∑
E∈ΓiD

1

hE
‖bbvcc‖2L2(E)


= C ‖v‖2DG . (5.2.9)

Dealing with Tλ as in the coercivity proofs for the IIPG and SIPG methods, in §3.1.1,

write it as the sum of element contributions:

Tλ =
∑

Ωe∈Th

λ ‖∇ · v‖2L2(Ωe) −
λ

2

∑
E∈∂Ωint

e

∫
E

([[v]]{{∇ · v}} −Π0[[v]] Π0{{∇ · v}}) ds

− λ
∑

E∈∂ΩD
e

∫
E

[(v · n) (∇ · v)−Π0 (v · n) Π0 (∇ · v)] ds

+
kλ
2
λ

∑
E∈∂Ωint

e

1

hE
‖Π0[[v]]‖2L2(E) + kλλ

∑
E∈∂ΩD

e

1

hE
‖Π0v · n‖2L2(E)

 . (5.2.10)

By the definition of Π0,∫
E

Π0[[v]] Π0{{∇ · v}} ds =

∫
E

Π0[[v]] {{∇ · v}} ds

=⇒
∫
E

([[v]]{{∇ · v}} −Π0[[v]] Π0{{∇ · v}}) ds =

∫
E

([[v]]−Π0[[v]]) {{∇ · v}} ds. (5.2.11)

Following the same method as in §3.1.1 gives∑
Ωe∈Th

∑
E∈∂Ωint

e

∫
E

([[v]]−Π0[[v]]) {{∇ · v}} ds

=
∑

Ωe∈Th

∫
∂Ωint

e

([[v]]−Π0[[v]]) {{∇ · v}} ds

≤ C
∑

Ωe∈Th

∥∥∥∥h−1
2

E ([[v]]−Π0[[v]])

∥∥∥∥
L2(∂Ωint

e )

‖∇ · v‖L2(Ωe) ,

and similarly for the Dirichlet boundary terms,∑
Ωe∈Th

∑
E∈∂ΩD

e

∫
E

[(v · n) (∇ · v)−Π0 (v · n) Π0 (∇ · v)] ds

≤ C
∑

Ωe∈Th

∥∥∥∥h−1
2

E ([[v]]−Π0[[v]])

∥∥∥∥
L2(∂ΩD

e )

‖∇ · v‖L2(Ωe) .
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Since ∥∥∥∥h−1
2

E ([[v]]−Π0[[v]])

∥∥∥∥
L2(∂Ωint

e )

≤
∥∥∥∥h−1

2
E [[v]]

∥∥∥∥
L2(∂Ωint

e )

+

∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥
L2(∂Ωint

e )

≤ C
∥∥∥∥h−1

2
E [[v]]

∥∥∥∥
L2(∂Ωint

e )

, (5.2.12)

and similarly for ∂ΩD
e , it follows that

−
∑

Ωe∈Th

1
2

∑
E∈∂Ωint

e

∫
E

([[v]]{{∇ · v}} −Π0[[v]] Π0{{∇ · v}}) ds

+
∑

E∈∂ΩD
e

∫
E

((v · n) (∇ · v)−Π0 (v · n) Π0 (∇ · v)) ds


≥− C

∑
Ωe∈Th

∥∥∥∥h−1
2

E [[v]]

∥∥∥∥
L2(∂ΩiD

e )

‖∇ · v‖L2(Ωe)

≥− C
∑

Ωe∈Th

(
ελ ‖∇ · v‖2L2(Ωe) +

1

ελ

∥∥∥∥h−1
2

E [[v]]

∥∥∥∥2

L2(∂ΩiD
e )

)
. (5.2.13)

Then

Tλ ≥ λ
∑

Ωe∈Th

[
(1− Cελ) ‖∇ · v‖2L2(Ωe) +

kλ
2

∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥2

L2(∂ΩiD
e )

− C

ελ

∥∥∥∥h−1
2

E [[v]]

∥∥∥∥2

L2(∂ΩiD
e )

]
.

(5.2.14)

The first term in brackets can shown to be positive by an appropriate choice of ελ.

However, since ∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥2

L2(∂ΩiD
e )

≤
∥∥∥∥h−1

2
E [[v]]

∥∥∥∥2

L2(∂ΩiD
e )

, (5.2.15)

the expression

kλ
2

∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥2

L2(∂ΩiD
e )

− C

ελ

∥∥∥∥h−1
2

E [[v]]

∥∥∥∥2

L2(∂ΩiD
e )

(5.2.16)

can in general not be enforced as non-negative by a subsequent appropriate choice of kλ.

Consequently, Tλ cannot be enforced to be non-negative, and coercivity of the bilinear

form is therefore not established.
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It is worth noting that choosing kλ = 0 (that is, not including the second stabilization

term) or kλ > 0 is irrelevant to this result.

On the other hand, if all three λ-dependent edge terms in (3.2.27) (that is, those corre-

sponding to IV and V I, and V III if kλ > 0) were under-integrated, then the first two

would cancel each other out, so that

Tλ = λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe) + kλλ
∑

E∈ΓiD

1

hE
‖Π0[[v]]‖2L2(E) ≥ 0 (5.2.17)

and the form would be coercive. This holds for kλ ≥ 0.

IIPG

As the µ-dependent terms in the formulation are unaffected by under-integration, it

follows as in §3.1.1 that Tµ ≥ C ‖v‖2DG, and what remains to establish coercivity is to

show that Tλ ≥ 0.

Since the term corresponding to IV does not appear in IIPG, under-integration of that

term is not considered. Under-integration, then, of only the stabilization term gives

Tλ =
∑

Ωe∈Th

λ ‖∇ · v‖2L2(Ωe) −
λ

2

∑
E∈∂Ωint

e

∫
E

[[v]]{{∇ · v}} ds− λ
∑

E∈∂ΩD
e

∫
E

(v · n) (∇ · v) ds

+
kλ
2
λ

∑
E∈∂Ωint

e

1

hE
‖Π0[[v]]‖2L2(E) + kλλ

∑
E∈∂ΩD

e

1

hE
‖Π0v · n‖2L2(E)

 .
(5.2.18)

This again leads to

Tλ ≥ λ
∑

Ωe∈Th

[
(1− Cελ) ‖∇ · v‖2L2(Ωe) +

kλ
2

∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥2

L2(∂ΩiD
e )

− C

ελ

∥∥∥∥h−1
2

E [[v]]

∥∥∥∥2

L2(∂ΩiD
e )

]
(5.2.19)

(cf. (5.2.14)), which cannot be shown to be positive in general, and coercivity is not

established. As in the case of NIPG, neither choosing kλ to be positive nor choosing it

to be zero will have any benefit for this result.



Univ
ers

ity
 of

 C
ap

e T
ow

n

5.2. Under-integration 65

If, however, the term corresponding to V I is also under-integrated, then

Tλ =
∑

Ωe∈Th

λ ‖∇ · v‖2L2(Ωe) −
λ

2

∑
E∈∂Ωint

e

∫
E

Π0[[v]]Π0{{∇ · v}} ds

− λ
∑

E∈∂ΩD
e

∫
E

Π0 (v · n) Π0 (∇ · v) ds

+
kλ
2
λ

∑
E∈∂Ωint

e

1

hE
‖Π0[[v]]‖2L2(E) + kλλ

∑
E∈∂ΩD

e

1

hE
‖Π0v · n‖2L2(E)


≥
∑

Ωe∈Th

λ

[
(1− Cελ) ‖∇ · v‖2L2(Ωe) +

(
kλ
2
− C

ελ

)∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥2

L2(∂ΩiD
e )

]
. (5.2.20)

The key difference between this case and the previous is that, here, every jump term

is projected, so that there is one norm involving the jump terms, with one combined

coefficient that can be enforced to be positive by a suitable choice of kλ; while in the

previous case, where only the jumps in the stabilization term are projected, there are

two separate norms involving jump terms. In this case, then, as in §3.1.1, appropriate

choices of ελ and kλ will give Tλ ≥ 0, and thus for this combination of under-integration,

the bilinear form is coercive.

SIPG

Again, as the µ-dependent terms in the formulation are unaffected by under-integration,

it follows as in §3.1.1 that Tµ ≥ C ‖v‖2DG, and what remains to establish coercivity is to

show that Tλ ≥ 0.

Under-integration of the terms corresponding to IV and V III gives

Tλ =
∑

Ωe∈Th

λ ‖∇ · v‖2L2(Ωe) −
λ

2

∑
E∈∂Ωint

e

∫
E

(Π0[[v]] Π0{{∇ · v}}+ [[v]]{{∇ · v}}) ds

−λ
∑

E∈∂ΩD
e

∫
E

[Π0 (v · n) Π0 (∇ · v) + (v · n) (∇ · v)] ds

+
kλ
2
λ

∑
E∈∂Ωint

e

1

hE
‖Π0[[v]]‖2L2(E) + kλλ

∑
E∈∂ΩD

e

1

hE
‖Π0v · n‖2L2(E)

 . (5.2.21)
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The second term gives∑
E∈∂Ωint

e

∫
E

(Π0[[v]] + [[v]]) {{∇ · v}} ds

≤ C

∥∥∥∥h−1
2

E (Π0[[v]] + [[v]])

∥∥∥∥
L2(∂Ωint

e )

‖∇ · v‖L2(Ωe)

≤ C

(∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥
L2(∂Ωint

e )

+

∥∥∥∥h−1
2

E [[v]]

∥∥∥∥
L2(∂Ωint

e )

)
‖∇ · v‖L2(Ωe)

≤ C

∥∥∥∥h−1
2

E [[v]]

∥∥∥∥
L2(∂Ωint

e )

‖∇ · v‖L2(Ωe) , (5.2.22)

and the third term can be bounded similarly, so that again

Tλ ≥
∑

Ωe∈Th

λ

[
(1− Cελ) ‖∇ · v‖2L2(Ωe) +

kλ
2

∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥2

L2(∂ΩiD
e )

− C

ελ

∥∥∥∥h−1
2

E [[v]]

∥∥∥∥2

L2(∂ΩiD
e )

]
,

(5.2.23)

which cannot be shown to be positive in general.

The case of under-integrating all three λ-dependent terms is similar to the final case

of IIPG: a lower bound is obtained in which every jump term is projected, so that the

stabilization parameter can be used to give a positive coefficient, and coercivity is thus

shown.

Summary of coercivity results

Lemma 1 With the bilinear form defined by

aUI
h (u,v) =

∑
Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx

+ θ 2µ
∑

E∈ΓiD

∫
E
bbucc : {{ε (v)}} ds+ θ λ

∑
E∈ΓiD

∫
E

Π0bbucc : Π0{{∇ · v1}} ds

− 2µ
∑

E∈ΓiD

∫
E
{{ε (u)}} : bbvcc ds− λ

∑
E∈ΓiD

∫
E

Π0{{∇ · u1}} : Π0bbvcc ds

+ kµ µ
∑

E∈ΓiD

1

hE

∫
E
bbucc : bbvcc ds+ kλ λ

∑
E∈ΓiD

1

hE

∫
E

Π0[[u]]Π0[[v]] ds,

(5.2.24)
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for θ = ±1 or 0 (that is, for the NIPG, SIPG and IIPG methods), and V = Q1 (Ωe),

aUI
h (v,v) ≥ C ‖v‖2DG ∀ v ∈ Vh, (5.2.25)

provided that, when θ = 1, kµ > 0 and kλ ≥ 0, and when θ = 0 or −1, kµ ≥ Cµ and

kλ ≥ Cλ, where Cµ and Cλ are positive constants to be calculated.

If all the conditions remain the same, but the bilinear form is instead defined by

aUI
h (u,v) =

∑
Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx

+ θ 2µ
∑

E∈ΓiD

∫
E
bbucc : {{ε (v)}} ds+ θ λ

∑
E∈ΓiD

∫
E

Π0bbucc : Π0{{∇ · v1}} ds

− 2µ
∑

E∈ΓiD

∫
E
{{ε (u)}} : bbvcc ds− λ

∑
E∈ΓiD

∫
E
{{∇ · u1}} : bbvcc ds

+ kµ µ
∑

E∈ΓiD

1

hE

∫
E
bbucc : bbvcc ds+ kλ λ

∑
E∈ΓiD

1

hE

∫
E

Π0[[u]]Π0[[v]] ds,

(5.2.26)

then coercivity is not guaranteed.

5.2.4 Consistency

The level of consistency of the modified formulation needs to be ascertained.

For the case in which all three terms suggested so far (in §5.2.2 and §5.2.3) are under-

integrated, the bilinear form is defined by (5.2.24). After applying the continuity of the
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exact solution u and the Dirichlet boundary conditions which it satisfies,

aUI
h (u,v)− lh (v) =

∑
Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx

+ θ 2µ
∑
E∈ΓD

∫
E

(g ⊗ n) : ε (v) ds+ θ λ
∑
E∈ΓD

∫
E

Π0 (g ⊗ n) : Π0 (∇ · v1) ds

− 2µ
∑

E∈ΓiD

∫
E
{{ε (u)}} : bbvcc ds− λ

∑
E∈ΓiD

∫
E

Π0{{∇ · u1}} : Π0bbvcc ds

+ kµ µ
∑
E∈ΓD

1

hE

∫
E

(g ⊗ n) : (v ⊗ n) ds+ kλ λ
∑
E∈ΓD

1

hE

∫
E

Π0 (g · n) Π0 (v · n) ds

−
∑

Ωe∈Th

∫
Ωe

f · v dx−
∑
E∈ΓN

∫
E

h · v ds

− θ 2µ
∑
E∈ΓD

∫
E

(g ⊗ n) : ε (v) ds− θ λ
∑
E∈ΓD

∫
E

(g ⊗ n) : (∇ · v 1) ds

− kµ µ
∑
E∈ΓD

1

hE

∫
E

(g ⊗ n) : (v ⊗ n) ds− kλ λ
∑
E∈ΓD

1

hE

∫
E

(g · n) (v · n) ds. (5.2.27)

For consistency, this expression must vanish. Instead of using lh (v), use a modified

linear form lUI
h (v) with under-integration corresponding to that of aUI

h (u,v), that is,

lUI
h (v) =

∑
Ωe∈Th

∫
Ωe

f · v dx+
∑
E∈ΓN

∫
E

h · v ds+ θ 2µ
∑
E∈ΓD

∫
E

(g ⊗ n) : ε (v) ds

+ θ λ
∑
E∈ΓD

∫
E

Π0 (g ⊗ n) : Π0 (∇ · v 1) ds+ kµ µ
∑
E∈ΓD

1

hE

∫
E

(g ⊗ n) : (v ⊗ n) ds

+ kλ λ
∑
E∈ΓD

1

hE

∫
E

Π0 (g · n) Π0 (v · n) ds. (5.2.28)

This gives

aUI
h (u,v)− lUI

h (v) =
∑

Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx

− 2µ
∑

E∈ΓiD

∫
E
{{ε (u)}} : bbvcc − λ

∑
E∈ΓiD

∫
E

Π0{{∇ · u1}} : Π0bbvcc ds

−
∑

Ωe∈Th

∫
Ωe

f · v dx−
∑
E∈ΓN

∫
E

h · v ds. (5.2.29)
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As in the original case, in §3.1.2,

∑
Ωe∈Th

∫
Ωe

f · v dx =
∑

Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx− 2µ
∑

E∈ΓiD

∫
E
{{ε (u)}} : bbvcc ds

−λ
∑

E∈ΓiD

∫
E
{{∇ · u 1}} : bbvcc ds−

∑
E∈ΓN

∫
E

h · v ds.

Substitution of this into (5.2.29) gives

aUI
h (u,v)− lUI

h (v) = −λ
∑

E∈ΓiD

∫
E

(Π0{{∇ · u 1}} : Π0bbvcc − {{∇ · u 1}} : bbvcc) ds

=: EUI
h (u,v) , (5.2.30)

a consistency error.

Throughout this simplification procedure, the effect of under-integration of any one term

in the bilinear form is independent of the under-integration of any other term (provided

that a corresponding term in the linear form, should it exist, is also under-integrated).

The consistency error that is produced by the modified formulation is specifically related

to the under-integration of the term corresponding to V I; under-integrating only the

terms corresponding to IV and V III leads to a consistent formulation. However, the

under-integration of V I is necessary for coercivity, as was shown in §5.2.3 (Lemma 1).

This applies to all three IP methods, insofar as the terms mentioned appear.

5.2.5 An error bound

The attempted direct elimination of unwanted λ-dependence, the clarification of con-

ditions for coercivity, and the matter of a potentially inconsistent formulation are all

included in obtaining an overall error bound for the modified formulation.

The procedure of bounding the error is similar to that of the preliminary analysis of

Chapter 3.
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Initial steps

With uP as defined in Chapter 4, the approximation error is again written as e = γ+w,

so that

C ‖e‖2DG ≤ ‖γ‖
2
DG + ‖w‖2DG .

The first term is bounded exactly as before, giving

‖γ‖2DG ≤ C
∑

Ωe∈Th

h2
e ‖u‖

2
H2(Ωe) .

Requiring coercivity

For Q1 elements, for all three IP methods, while only two terms (if they appeared in

the formulation) were initially identified as contributing to λ-dependence, coercivity of

the modified formulation required that all three λ-dependent edge terms were under-

integrated (Lemma 1). That case is therefore the one that is considered.

By coercivity,

‖w‖2DG ≤ a
UI
h (w,w)

=
∣∣aUI
h (e− γ,w)

∣∣ . (5.2.31)

The effect of inconsistency

Because the term corresponding to V I is under-integrated, the formulation is inconsis-

tent, giving

aUI
h (u,w) = lUI

h (w) + EUI
h (u,w)

= aUI
h (uh,w) + EUI

h (u,w) , (5.2.32)

so that

aUI
h (e,w) = EUI

h (u,w) (5.2.33)

and

‖w‖2DG ≤
∣∣EUI

h (u,w)
∣∣+
∣∣−aUI

h (γ,w)
∣∣ . (5.2.34)
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For the second term on the right-hand side, the strategy, as before, is to extract a factor

of ‖w‖DG from each term in aUI
h (γ,w), and then to bound the remaining expressions,

containing γ, by norms of the exact solution.

The same procedure of factorising and bounding will be applied to the term contributed

by the consistency error as well, in order to obtain a bound for the approximation error.

The terms of the bilinear form

The terms not affected by under-integration are bounded as for the unmodified formu-

lation.

As shown in §5.2.2, under-integrating the two terms seen initially to be problematic

eliminates their contribution to the error, and thereby specifically to λ-dependence.

Under-integrating the third edge term (to maintain coercivity) means that V I is replaced

with

V IUI = λ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E

Π0{{∇ · γ1}} : Π0bbwcc ds

∣∣∣∣∣∣
≤ λ

∑
E∈ΓiD

‖Π0bbwcc‖L2(E) ‖Π0{{∇ · γ1}}‖L2(E)

≤ λ
∑

E∈ΓiD

‖bbwcc‖L2(E) ‖{{∇ · γ1}}‖L2(E) , (5.2.35)

which is what was obtained in the analysis of the unmodified formulation (see the working

leading up to (3.2.41)). This therefore leads to the same bounds as before, where the

λ-dependence is not problematic.

Thus the bilinear form is bounded:

|ah (γ,w)| ≤ C ‖w‖DG

 ∑
Ωe∈Th

h2
e

(
‖u‖2H2(Ωe) + λ2 ‖∇ · u‖2H1(Ωe)

)
1
2

. (5.2.36)

The consistency error

The consistency error should ultimately be bounded by an expression of the same form.
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∣∣EUI
h (u,w)

∣∣ = λ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E

(Π0{{∇ · u1}} : Π0bbwcc − {{∇ · u1}} : bbwcc) ds

∣∣∣∣∣∣
= λ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E

(Π0{{∇ · u1}} : bbwcc − {{∇ · u1}} : bbwcc) ds

∣∣∣∣∣∣
= λ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E

(Π0{{∇ · u1}} − {{∇ · u1}}) : bbwcc ds

∣∣∣∣∣∣
≤ λ

∑
E∈ΓiD

h
1/2
E ‖Π0{{∇ · u1}} − {{∇ · u1}}‖L2(E) h

−1/2
E ‖bbwcc‖L2(E)

≤ C λ

 ∑
Ωe∈Th

∑
E∈∂ΩiD

e

hE ‖Π0∇ · u−∇ · u‖2L2(E)

1/2

·

 ∑
E∈ΓiD

1

hE
‖bbwcc‖2L2(E)

1/2

≤ C λ ‖w‖DG

 ∑
Ωe∈Th

∑
E∈∂ΩiD

e

hE ‖Π0∇ · u−∇ · u‖2L2(E)

1/2

. (5.2.37)

The splitting function uP , element-wise linear, has constant derivatives, and specifically

divergence, on each element, so that on each edge

Π0∇ · uP −∇ · uP = 0. (5.2.38)

Therefore

‖Π0∇ · u−∇ · u‖2L2(E) = ‖(Π0∇ · u−∇ · u)− (Π0∇ · uP −∇ · uP )‖2L2(E)

= ‖Π0 (∇ · u−∇ · uP )− (∇ · u−∇ · uP )‖2L2(E)

≤ C ‖∇ · u−∇ · uP ‖2L2(E)

≤ C
(
h−1
e ‖∇ · u−∇ · uP ‖

2
L2(Ωe) + he |∇ · u−∇ · uP |2H1(Ωe)

)
≤ Che |∇ · u|2H1(Ωe) , (5.2.39)

using (4.5.9), so that∑
Ωe∈Th

∑
E∈∂ΩiD

e

hE ‖Π0∇ · u−∇ · u‖2L2(E) ≤ C
∑

Ωe∈Th

h2
e |∇ · u|

2
H1(Ωe) (5.2.40)
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and the bound follows:

∣∣EUI (u,w)
∣∣ ≤ C λ ‖w‖DG

 ∑
Ωe∈Th

h2
e |∇ · u|

2
H1(Ωe)


1
2

. (5.2.41)

The final error bound

Combining the bounds in the previous two sections gives

‖w‖2DG ≤ C ‖w‖DG

 ∑
Ωe∈Th

h2
e

(
‖u‖2H2(Ωe) + λ2 ‖∇ · u‖2H1(Ωe)

)
1
2

=⇒ ‖w‖2DG ≤ C
∑

Ωe∈Th

h2
e

(
‖u‖2H2(Ωe) + λ2 ‖∇ · u‖2H1(Ωe)

)
. (5.2.42)

Thus the approximation error is bounded

‖e‖DG ≤ Ch
(
‖u‖H2(Ω) + λ ‖∇ · u‖H1(Ω)

)
≤ ChF (f ,gΩ,hΩ)

≤ Ch, (5.2.43)

showing optimal convergence with respect to mesh size, uniformly with respect to λ.

5.2.6 Summary

In summary, under-integration of all of the λ-dependent edge integrals in the IP formu-

lation leads to an optimal error bound, and consequently a locking-free method, when

bilinear elements are used. However, application of under-integration on fewer integrals

leads to the same poor performance as before, and potentially to instability.

The key result is restated in the following theorem:

Theorem 1 Let the bilinear form be defined as in (5.2.24) and the linear form as in

(5.2.28), for θ = ±1 or θ = 0, with kµ and kλ satisfying the requirements of Lemma 1,

and let V = Q1 (Ωe). Then the approximation error e of the DG method defined by

aUI
h (uh,v) = lUI

h (v) ∀ v ∈ Vh (5.2.44)
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for solving (2.1.1) is bounded as

‖e‖DG ≤ Ch, (5.2.45)

where C is a constant independent of h and λ, provided that the domain is such that it

satisfies the regularity condition (A.6.1), and that the mesh is geometrically conforming

with regular rectangular elements.

Thus under-integration of these specific edge terms is a successful remedy for the poor

approximations caused by the use of bilinear elements with the unmodified IP formula-

tion.

5.3 Linear approximations

The second, alternative modification suggested by the preliminary analysis of Chapter

3 is to use linear (P1) approximations on quadrilateral elements.

5.3.1 Overall comparison to bilinear elements

Using linear approximations, much of the convergence analysis of Chapter 3 stays the

same.

The coercivity of the form holds on the DG norm, as before, and the formulation is

similarly consistent.

The error is split in exactly the same way, where once again w ∈ Vh, this time with

V = P1 (Ωe).

Since uP as defined in Chapter 4 is unaffected by the change in the approximation space,

the bounds on γ hold as before; and the manipulation of terms performed in §3.2.5 can

be performed in the same way. Thus the entire convergence analysis holds as before.

However, having a linear approximation means that, element-wise, w ∈ [P1]2, rather

than w ∈ [Q1]2, and consequently ∇ · w ∈ P0 rather than ∇ · w ∈ P1. Following the

reasoning of §3.2.7, this is expected potentially to allow for a better bound.
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5.3.2 The effect on specific terms

The two terms that were shown to be problematic in the analysis for bilinear elements,

that is, that contributed unwanted λ-dependence, were

IV = λ |θ|

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E

[[γ]]{{∇ ·w}} ds

∣∣∣∣∣∣ (5.3.1)

and

V III = kλλ

∣∣∣∣∣∣
∑

E∈ΓiD

∫
E

[[γ]][[w]] ds

∣∣∣∣∣∣ . (5.3.2)

In IV , the use of linear approximations means that∑
E∈ΓiD

∫
E

[[γ]]{{∇ ·w}} ds =
∑

E∈ΓiD

{{∇ ·w}}|E
∫
E

[[γ]] ds. (5.3.3)

As before, by (4.1.1), this vanishes, so that the contribution of this term to undesirable

dependence on λ is removed.

However, considering V III in the same light shows that no improvement is made by using

linear elements, as [[w]] ∈ P1 (E) on each edge whether bilinear or linear approximations

are used, and the expression can thus not be manipulated in the same way.

5.3.3 Error bound depending on IP method

In the case of the SIPG and IIPG methods, where kλ > 0 is necessary for the coercivity

of the bilinear form, term V III is an unavoidable part of the formulation. Consequently,

even if linear elements are used,

‖e‖DG ≤ Ch
(
‖u‖H2(Ω) + λ ‖u‖H2(Ω) + λ ‖∇ · u‖H1(Ω)

)
≤ CλhF (f ,gΩ,hΩ)

≤ Cλh (5.3.4)

as before, and once again the approximation is prone to being very poor for nearly

incompressible materials.
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In fact, for the IIPG method, the use of linear elements has no effect on any part of the

error bound, as θ = 0 means that IV , the one term that is affected, does not appear in

the formulation at all.

In the case of NIPG, if kλ 6= 0 is chosen, a poor approximation will be expected as

before, for the same reason.

However, since the second stabilization term is unnecessary in the NIPG method, kλ can

be chosen to be zero. In that case, using linear elements eliminates the only remaining

problematic term, so that the error bound becomes

‖e‖DG ≤ Ch
(
‖u‖H2(Ω) + λ ‖∇ · u‖H1(Ω)

)
≤ ChF (f ,gΩ,hΩ)

≤ Ch, (5.3.5)

which shows optimal convergence independent of λ, as desired.

In summary, using linear elements will alleviate the locking problem and other manifes-

tations of poor approximations if the NIPG method is used with kλ = 0 specifically, but

has no remedial effect on the other methods.

Theorem 2 Let the bilinear form be defined by

ah (u,v) =
∑

Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx+
∑

E∈ΓiD

∫
E
bbucc : {{σ (v)}} ds

−
∑

E∈ΓiD

∫
E
{{σ (u)}} : bbvcc ds+ kµµ

∑
E∈ΓiD

1

hE

∫
E
bbucc : bbvcc ds (5.3.6)

and the linear form by

lh (v) =
∑

Ωe∈Th

∫
Ωe

f · v dx+
∑
E∈ΓD

∫
E

(g ⊗ n) : σ (v) ds+
∑
E∈ΓN

∫
E

h · v ds

+ kµµ
∑
E∈ΓD

1

hE

∫
E

g · v ds (5.3.7)

(that is, (2.3.1) and (2.3.2) with θ = 1 and kλ = 0), with kµ > 0, and let V = P1 (Ωe).

Then the approximation error e of the DG method defined by

ah (uh,v) = lh (v) ∀ v ∈ Vh (5.3.8)
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for solving (2.1.1) is bounded as

‖e‖DG ≤ Ch, (5.3.9)

where C is a constant independent of h and λ, provided that the domain is such that it

satisfies the regularity condition (A.6.1), and that the mesh is geometrically conforming

with regular rectangular elements.

5.4 Linear approximations with under-integration

As the use of linear approximations produces uniform convergence for the NIPG method

but not for the other two IP methods, under-integration, particularly of the second

stabilization term, is introduced. As in the case of bilinear elements, under-integration

of this stabilization term eliminates the contribution of this term to the λ-dependence

of the error bound. However, as before, this involves a modification of the formulation

itself, and therefore the error analysis as a whole needs to be examined for possible

effects. Specifically, coercivity and consistency will be considered, as was done in the

case of the bilinear elements.

5.4.1 Choice of terms for under-integration: a first guess

Only one term contributes to the λ-dependence of the error bound, with linear approx-

imations, so this term, V III, is given primary consideration.

5.4.2 Coercivity

Coercivity of the modified bilinear form is again dealt with for each IP method individ-

ually.

As before, the µ-dependent terms are unaffected, and what is required for coercivity in

each case is Tλ ≥ 0.
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NIPG

While the term corresponding to V III is in general superfluous to the NIPG formulation,

under-integration of this term is considered for the sake of gaining a complete picture.

Under-integration gives

Tλ = λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe) + kλλ
∑

E∈ΓiD

1

hE
‖Π0[[v]]‖2L2(E) ≥ 0. (5.4.1)

Coercivity holds, then, for kλ ≥ 0.

IIPG

For the IIPG formulation, under-integration of only the stabilization term gives

Tλ =
∑

Ωe∈Th

λ ‖∇ · v‖2L2(Ωe) −
λ

2

∑
E∈∂Ωint

e

∫
E

[[v]]{{∇ · v}} ds− λ
∑

E∈∂ΩD
e

∫
E

(v · n) (∇ · v) ds

+
kλ
2
λ

∑
E∈∂Ωint

e

1

hE
‖Π0[[v]]‖2L2(E) + kλλ

∑
E∈∂ΩD

e

1

hE
‖Π0v · n‖2L2(E)

 .
(5.4.2)

In the case of bilinear elements, this would lead to

Tλ ≥ λ
∑

Ωe∈Th

[
(1− Cελ) ‖∇ · v‖2L2(Ωe) +

kλ
2

∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥2

L2(∂ΩiD
e )

− C

ελ

∥∥∥∥h−1
2

E [[v]]

∥∥∥∥2

L2(∂ΩiD
e )

]
,

(5.4.3)

and coercivity would not be shown.

In contrast, however, if linear elements are used, the identity∫
E

[[v]]{{∇ · v}} ds =

∫
E

Π0[[v]]{{∇ · v}} ds (5.4.4)
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gives

Tλ =
∑

Ωe∈Th

λ ‖∇ · v‖2L2(Ωe) −
λ

2

∑
E∈∂Ωint

e

∫
E

Π0[[v]]{{∇ · v}} ds− λ
∑

E∈∂ΩD
e

∫
E

Π0 (v · n) (∇ · v) ds

+
kλ
2
λ

∑
E∈∂Ωint

e

1

hE
‖Π0[[v]]‖2L2(E) + kλλ

∑
E∈∂ΩD

e

1

hE
‖Π0v · n‖2L2(E)


≥
∑

Ωe∈Th

λ

[
(1− Cελ) ‖∇ · v‖2L2(Ωe) +

(
kλ
2
− C

ελ

)∥∥∥∥h−1
2

E Π0[[v]]

∥∥∥∥2

L2(∂ΩiD
e )

]
. (5.4.5)

Here, appropriate choices of ελ and kλ will give Tλ ≥ 0, and thus the modified form is

coercive if the approximations are linear.

SIPG

Under-integration of only the stabilization term is similar to the corresponding case for

IIPG, with the difference being nothing more than the value of the constants in particular

coefficients:

Tλ =
∑

Ωe∈Th

λ ‖∇ · v‖2L2(Ωe) − λ
∑

E∈∂Ωint
e

∫
E

[[v]]{{∇ · v}} ds− 2λ
∑

E∈∂ΩD
e

∫
E

(v · n) (∇ · v) ds

+
kλ
2
λ

∑
E∈∂Ωint

e

1

hE
‖Π0[[v]]‖2L2(E) + kλλ

∑
E∈∂ΩD

e

1

hE
‖Π0v · n‖2L2(E)

 .
(5.4.6)

Using (5.4.4) leads to being able to obtain Tλ ≥ 0 in exactly the same way as for IIPG,

with appropriate choices of the parameters, so that for linear approximations the form

is coercive.
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Summary of coercivity results

Lemma 2 With the bilinear form defined by

aUI
h (u,v) =

∑
Ωe∈Th

∫
Ωe

σ (u) : ε (v) dx+ θ
∑

E∈ΓiD

∫
E
bbucc : {{σ (v)}} ds

−
∑

E∈ΓiD

∫
E
{{σ (u)}} : bbvcc ds+ kµ µ

∑
E∈ΓiD

1

hE

∫
E
bbucc : bbvcc ds

+ kλ λ
∑

E∈ΓiD

1

hE

∫
E

Π0[[u]]Π0[[v]] ds, (5.4.7)

for θ = ±1 or 0 (that is, for the NIPG, SIPG and IIPG methods), and V = P1 (Ωe),

aUI
h (v,v) ≥ C ‖v‖2DG ∀ v ∈ Vh, (5.4.8)

provided that, when θ = 1, kµ > 0 and kλ ≥ 0, and when θ = 0 or −1, kµ ≥ Cµ and

kλ ≥ Cλ, where Cµ and Cλ are positive constants to be calculated.

5.4.3 Consistency

Evaluation of the consistency of the modified formulation follows exactly as in §5.2.4:

under-integration of the term corresponding to V III does not produce a consistency

error with the linear form under-integrated in the term associated with λ-stabilization,

that is,

lUI
h (v) =

∑
Ωe∈Th

∫
Ωe

f · v dx+ θ
∑
E∈ΓD

∫
E

(g ⊗ n) : σ (v) ds+
∑
E∈ΓN

∫
E

h · v ds

+ kµµ
∑
E∈ΓD

1

hE

∫
E

g · v ds+ kλ λ
∑
E∈ΓD

1

hE

∫
E

Π0 (g · n) Π0 (v · n) ds. (5.4.9)

5.4.4 Bounding the error

Since, with linear elements, neither coercivity nor consistency is compromised by under-

integrating the second stabilization term, the error is bounded exactly as in §5.3 until the

contribution of V III is considered. With under-integration, the term V III is replaced
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with V IIIUI, which vanishes, and therefore the final error bound is

‖e‖DG ≤ Ch
(
‖u‖H2(Ω) + λ ‖∇ · u‖H1(Ω)

)
≤ Ch. (5.4.10)

This shows that this application of under-integration gives optimal convergence with

respect to mesh size, uniformly with respect to λ, when linear approximations are used:

Theorem 3 Let the bilinear form be defined as in (5.4.7) and the linear form as in

(5.4.9), for θ = ±1 or θ = 0, with kµ and kλ satisfying the requirements of Lemma 2,

and let V = P1 (Ωe). Then the approximation error e of the DG method defined by

aUI
h (uh,v) = lUI

h (v) ∀ v ∈ Vh (5.4.11)

for solving (2.1.1) is bounded as

‖e‖DG ≤ Ch, (5.4.12)

where C is a constant independent of h and λ, provided that the domain is such that it

satisfies the regularity condition (A.6.1), and that the mesh is geometrically conforming

with regular rectangular elements.

5.5 Other cases of under-integration

In the earlier sections, §5.2 and §5.4, the terms ultimately chosen for under-integration

were those that were necessary and sufficient to guarantee uniformly convergent formu-

lations. In the process of ascertaining which those were, other combinations of terms

were considered in §5.2.

This section outlines the results of under-integrating various combinations of terms,

including several not covered in the preceding sections. A range of cases are described

briefly, highlighting what is necessary for coercivity of a form, or what undermines

coercivity. The results pertaining to which terms need to be under-integrated because

of their direct contribution to λ-dependence in the error estimate, and the result that

under-integration of term V I is the cause of lack of consistency in the modification of
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the formulation, will not be referred to in the descriptions, as they have been covered

sufficiently in preceding sections.

The accompanying tables summarise the results, displaying the various factors that

contribute to the final error bounds.

5.5.1 Under-integrating the stabilization term

The NIPG formulation stands alone in that for bilinear elements, under-integration of

the second stabilization term does not compromise coercivity - the proof is the same as

for linear elements.

For IIPG and SIPG, for bilinear elements, under-integration of only that term produces

the situation shown in (5.4.2) and (5.4.3): the stabilization term involves a projection

of the jump, while the other integral involving a jump does not include a projection.

Therefore the two norms remain separate, and the constants cannot in general be chosen

to ensure a positive expression overall. For linear elements, as was demonstrated, the

use of (5.4.4) eliminates this discrepancy, which is why the two norms can be written as

one term and a positive coefficient can be found. This is, in most cases, the situation

distinguishing the forms that can be proven coercive from those that cannot.

5.5.2 Under-integrating terms IV and V III

Under-integrating a second term in the case of NIPG for bilinear elements was dealt

with in §5.2.3: when V III was present, the situation described above occurred; when it

was not present, there was no term available to compensate for the negative coefficient

of the norm of the jump term.

In contrast, for linear elements,∫
E

[[v]]{{∇ · v}} ds =

∫
E

Π0[[v]] Π0{{∇ · v}} ds, (5.5.1)
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so that IV UI = −V I, and the edge terms cancel each other out, leaving

Tλ = λ
∑

Ωe∈Th

‖∇ · v‖2L2(Ωe) + kλλ
∑

E∈ΓiD

1

hE
‖Π0[[v]]‖2L2(E)

≥ 0. (5.5.2)

That is, under-integration that undermines coercivity for bilinear elements does not,

in this case, do so for linear elements. Therefore, while this extra under-integration

is unnecessary for eliminating locking, it is not detrimental to the performance of the

method.

For the IIPG method, term IV does not appear.

For the SIPG method, under-integration of the two terms leads to the situation de-

scribed above, where for bilinear elements, the two jump-related norms are necessarily

separate, and an overall positive bound cannot be established, while for linear elements,

the norms are combined and a positive coefficient can be found by a suitable choice of

the parameters, particularly kλ. Once again, it is unnecessary to under-integrate both

terms for linear elements, but doing so does not compromise coercivity, and therefore

does not have a negative effect on the performance of the method.

5.5.3 Under-integrating terms IV , V I and V III

Under-integration of all three terms was dealt with in detail for bilinear elements in

§5.2.3, with coercivity being obtained in every case.

For linear elements, the proofs are exactly the same, demonstrating again in this final

case that excess under-integration, while restricted to the edge integrals containing λ, is

not detrimental to the performance of the methods.

5.6 Summary

The tables summarise the results of each of the IP methods for increments of under-

integration: none at all (“full” integration), or under-integration of one, two or three
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terms insofar as they appear in the formulation in question (later referred to as UI1,

UI2 or UI3), for bilinear and linear approximations. Results for the NIPG method are

presented for the case kλ = 0, omitting the superfluous second stabilization term, while

those for the IIPG and SIPG methods assume kλ > 0. “NIPG+” refers to the NIPG

method with the second stabilization term included, that is, with kλ > 0.

A property that is absent is marked “x”. In the case of consistency, the symbol “⊗” de-

notes that the formulation is not consistent, but that this is not problematic in obtaining

the desired error bound, as the consistency error can itself be bounded, as was shown

in §5.2.5. λ-independence refers to whether the individual terms of a formulation can

be bounded in a way that would allow for a λ-independent result, not to the ultimate

result itself (as the final result is dependent on coercivity, consistency - or the bounding

of the consistency error - and boundability of each term). The final column gives the

overall results, indicating whether or not uniform convergence is proven.

Q1 Coercivity Consistency λ-indep. Optimal conv.

NIPG Full x x

UI of IV x x

UI of IV ,V I ⊗
√

NIPG+ Full x x

UI of V III x x x

UI of V III, IV x x

UI of V III, IV , V I ⊗
√

IIPG Full x x

UI of V III x x

UI of V III, V I ⊗
√

SIPG Full x x

UI of V III x x x

UI of V III, IV x x

UI of V III, IV , V I ⊗
√

Table 5.1: Properties of the IP methods leading to uniform convergence with quadrilat-

eral elements and bilinear approximations
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P1 Coercivity Consistency λ-indep. Optimal conv.

NIPG Full
√

UI of IV
√

UI of IV , V I ⊗
√

NIPG+ Full x x

UI of V III
√

UI of V III, IV
√

UI of V III, IV , V I ⊗
√

IIPG Full x x

UI of V III
√

UI of V III, V I ⊗
√

SIPG Full x x

UI of V III
√

UI of V III, IV
√

UI of V III, IV , V I ⊗
√

Table 5.2: Properties of the IP methods leading to uniform convergence with quadrilat-

eral elements and linear approximations
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Chapter 6

Extension to three-dimensional

domains

In this chapter, the theory presented in Chapters 3, 4 and 5 for a two-dimensional do-

main is extended to three-dimensional domains, many of the details remaining the same.

Particularly, a three-dimensional interpolant is described, along with the properties of

its projection onto linear polynomials, to provide a error-splitting function uP with anal-

ogous properties to the two-dimensional function uP of Chapter 4; and the equivalence

between under-integration and projections onto constants is extended from the context

of one-dimensional edges to that of two-dimensional faces.

In a three-dimensional domain Ω, let E represent a face of the 3-rectangle Ωe. Let he

be the element measure and hE be the measure of face E.

6.1 An error-splitting function in three dimensions

To extend the analysis presented for the two-dimensional setting to provide for three-

dimensional domains, a function uP satisfying the three-dimensional analogue of the

requirements of §4.1 is desired. As before, a new interpolant πu in a local space greater

than [P1]3 is constructed, and its direct projection onto the space of element-wise linear

polynomials is used as uP , that is, uP = Π ◦ πu.

87
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The requirements on the interpolant πu are derived from those on uP in exactly the same

way as in Chapter 4, so that what is required is an interpolant that has the properties

described in §4.3.4.

By construction, then, uP will satisfy the requirements given in §4.1.

The new interpolant, designed to fulfil the requirements of §4.3.4, is defined below, but

the process of design and construction, similar to that of the two-dimensional case, is

omitted. Some additional details are included in Appendix B.

6.1.1 The interpolant

Define the space Q̂ on the reference element [−1, 1]3 by

Q̂ = span




1, x, y, z, θ (x) + κ (y) , θ (x) + κ (z)

1, x, y, z, θ (y) + κ (z) , κ (x) + θ (y)

1, x, y, z, κ (x) + θ (z) , κ (y) + θ (z)


 (6.1.1)

or

Q̂ = span




1, x, y, z, L1 (x, y) , L2 (x, z)

1, x, y, z,M1 (y, z) ,M2 (x, y)

1, x, y, z,N1 (x, z) , N2 (y, z)


 , (6.1.2)

where L1, L2, M1, M2, N1 and N2 are defined as the correspondence indicates, and θ

and κ are defined as before.

Number the six faces beginning with the face with normal (1, 0, 0), then its opposite,

with normal (−1, 0, 0), then with the normals in the y-direction and finally in the z,

positive before negative in each case. (These are listed by number in B.2.1.)

Evaluating each of the higher-order functions at the midpoint of each face of [−1, 1]3,

and calculating the mean value of each on each face give corresponding results: that is,

the mean values are equal to the midpoint values in each case. (Details are provided in

B.2.2 and B.2.3.)

Since the same holds for the linear and constant basis functions, any function in Q̂ will

have its mean value on a face equal to its value at the midpoint of that face.
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Using the midpoints as nodal values gives a unique set of basis functions for each com-

ponent: φxi (x, y, z), φyi (x, y, z) and φzi (x, y, z), i = 1, ..., 6. (These are detailed in B.2.4.)

By definition,

φxi (mj) = δij (6.1.3)

for i, j = 1, ..., 6, and by the relationship between mean and midpoint values,

1
2

∫
Ej

φxi (x, y, z) ds = δij (6.1.4)

for each face Ej of the reference element. Similar results hold for all φyi and φzi .

As before, an affine map to the real domain gives the space Q (Ωe) on each element,

which leads to a nonconforming space NCh, continuous at the midpoints of the el-

ement faces, and on each Dirichlet boundary face having a midpoint value equal to

the mean of the Dirichlet function on that face. For the x-component, the operator

πxe : H1 (Ωe)→ Qx (Ωe) is defined by∫
Ej

πxe v ds =

∫
Ej

v ds (6.1.5)

for each face Ej of Ωe, and πx : H1
Γx
D

(Ω)→ NCxh is defined such that

πxv|Ωe = πxe v, (6.1.6)

and similarly for the other components. Again, by concatenation one obtains

πe :
[
H1 (Ωe)

]3 → Q (Ωe) and π : H1
Γx
D

(Ω)×H1
Γy
D

(Ω)×H1
Γz
D

(Ω)→ NCh.

Because of the affine map, the identity

πev (mj) =
1

hEj

∫
Ej

πev (x, y, z) ds =
1

hEj

∫
Ej

v (x, y, z) ds (6.1.7)

again holds for every face Ej of Ωe, and with midpoint continuity,

πv (mE) =
1

hE

∫
E
πv (x, y, z) ds =

1

hE

∫
E

v (x, y, z) ds (6.1.8)

for every E ∈ Γ.
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6.1.2 The linear projection of the interpolant: uP

As in the case of the two-dimensional domain, the function uP for error-splitting is the

projection of the interpolant onto the space of linear polynomials on the element. The

function q is defined as before to be the higher-order portion of πu.

Evaluation of the integrals of the higher order basis functions on each face shows that

on the faces with normals in the x-direction, the functions in the x-component (L1 and

L2) integrate to zero; similarly, on those with the normals in the y- and z-directions

respectively, the y- and z-component functions respectively integrate to zero. Thus∫
E

q · n ds = 0 (6.1.9)

on each face of [−1, 1]3, showing that the desired property (4.3.10) holds. This, together

with (6.1.8), gives ∫
E

(u− uP ) · n ds = 0 (6.1.10)

for every E ∈ Γ so that (4.1.1) is satisfied and∫
∂Ωe

(u− uP ) · n ds = 0 (6.1.11)

for every element Ωe.

Smoothness of the projection leads to∫
Ωe

∇ · (u− uP ) dx = 0, (6.1.12)

from which follow the bounds on ∇· (u− uP ) as in §4.3.2; the bounds (4.5.1) on uP are

also obtained as before.

Thus uP satisfies the requirements listed in §4.1.

6.2 Equivalence of under-integration to projections

For three-dimensional elements, under-integration will take place on specified face terms

in the IP formulation, so an equivalence result in two dimensions similar to that of §5.2.1

(which is in one dimension) is required.



Univ
ers

ity
 of

 C
ap

e T
ow

n

6.2. Equivalence of under-integration to projections 91

In two dimensions, define Ix1 and Iy1 as numerical integration operators in the x and y

directions respectively, and wx and wy as the corresponding weights. Here, f ∈ Q1,

which means it is linear in each component; f̃ is its constant interpolant and g ∈ P0. Π0

is the projection onto constants on the two-dimensional surface.

Using similar arguments to those used in the one-dimensional case in §5.2.1,

∫ ∫
f̃g dx dy =

∫ (∫
f̃g dx

)
dy

=

∫ (
Ix1

{
f̃g
})

dy

= Iy1

{
Ix1

{
f̃g
}}

= Iy1

{
f̃ (xIP, y) g (xIP, y)wx

}
= f̃ (xIP, yIP) g (xIP, yIP)wxwy

= f (xIP, yIP) g (xIP, yIP)wxwy

= Iy1 {f (xIP, y) g (xIP, y)wx}

= Iy1 {I
x
1 {f (x, y) g (x, y)}}

= Iy1

{∫
fg dx

}
=

∫ ∫
fg dx dy

=

∫ ∫
(Π0f) g dx dy. (6.2.1)

Therefore, as before,

f̃ = Π0f. (6.2.2)
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Then, for f, h ∈ Q1, and f̃ and h̃ their constant interpolants,∫ ∫
Π0f Π0h dx dy =

∫ ∫
f̃ h̃ dx dy

= Iy1

{
Ix1

{
f̃ h̃
}}

= Iy1

{
f̃ (xIP, y) h̃ (xIP, y)wx

}
= f̃ (xIP, yIP) h̃ (xIP, yIP)wxwy

= f (xIP, yIP)h (xIP, yIP)wxwy

= Iy1 {f (xIP, y)h (xIP, y)wx}

= Iy1 {I
x
1 {f (x, y)h (x, y)}} . (6.2.3)

Therefore, as in the one-dimensional case, using L2-projections onto the space of con-

stants is equivalent to using one-point integration, for products of functions in Q1.

6.3 The convergence analysis

Considering the convergence analysis itself, much of the detail remains unchanged be-

tween two and three dimensions.

Firstly, coercivity and consistency of the methods are independent of the dimension of

the problem.

With the interpolant and its projection defined, and their properties established, the ap-

proximation error is split as before. All the details of the manipulations used in obtaining

the error bounds hold for the three-dimensional domain as for the two-dimensional do-

main, with the substitution of faces for edges (with occasional variation in the values

of the constants only). Again, the domain is required to satisfy the regularity result

(A.6.1), although no explicit specification of conditions under which this is achieved is

available (see A.6).

Thus the approximation errors of the IP methods are bounded exactly as before, for

trilinear approximations, for linear approximations, and for either of these used in con-

junction with under-integration. That is, the results of Chapter 5, and specifically of

Theorems 1, 2 and 3, hold exactly for the analagous cases in three-dimensional domains.



Univ
ers

ity
 of

 C
ap

e T
ow

n

Chapter 7

Numerical results

This chapter presents the results of a range of numerical examples based on the IP

methods described in previous chapters. After the benchmark problems are defined,

and important aspects of the implementation are described, a spectrum of results are

presented and discussed. The first set contains comparisons between the use of triangular

and bilinear quadrilateral elements with the original, unmodified methods. The next set

relates to the core of the analyses performed: the results of applying the remedies that

have been proposed and analysed.

Results of under-integrating other non-central combinations of terms are then presented

to illustrate the analytical conclusions regarding these cases.

The final two sections deal with the preliminary investigation of problems that could

potentially form the basis of future, related work. The first is the case of meshes of

non-rectangular elements, which is not covered in the theory developed here: a set of

numerical results is used to begin to evaluate the potential effectiveness of the proposed

remedies for this extension. The second regards the use of higher-order quadrilateral

elements (Qk, with k ≥ 2) with the IP methods as a proposed solution to the locking

problem.

93
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7.1 Model problems

Five model problems are used throughout this chapter, providing variation in boundary

conditions, loading types, and number of dimensions. The problems in two-dimensional

domains (the first four) use plane strain conditions, and standard units are used.

7.1.1 Cantilever beam (CB)

A square beam in two dimensions, with E = 15000, is subjected to a linearly varying

force on the free end, with the maximum value f = 3000, as illustrated in Figure 7.1.

The height of the beam is denoted by h.

The analytical solution (see [19]) is

u1 = 2f
1− ν2

Eh
x

(
h

2
− y
)

u2 = f
1− ν2

Eh

[
x2 +

ν

1− ν
y (y − h)

]
.

2

f = 3000

Figure 7.1: Cantilever beam with boundary conditions

While the Dirichlet boundary condition of constrained displacement in the x-direction

is imposed weakly, according to the IP method as usual, the constraint of the pinned

corner is included by setting the displacement degrees of freedom associated with that

vertex to zero.
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7.1.2 Square plate (SP)

The linear elastic unit square plate [0, 1]2 described in [8], with µ = 1, is fixed on all its

edges and subjected to an internal body force f :

f1 = 0.04π2

[
4 sin 2πy (−1 + 2 cos 2πx)− cosπ (x+ y) +

2

1 + λ
sinπx sinπy

]
,

f2 = 0.04π2

[
4 sin 2πx (1− 2 cos 2πy)− cosπ (x+ y) +

2

1 + λ
sinπx sinπy

]
.

The exact solution is

u1 = 0.04

[
sin 2πy (−1 + cos 2πx) +

1

1 + λ
sinπx sinπy

]
,

u2 = 0.04

[
sin 2πx (1− cos 2πy) +

1

1 + λ
sinπx sinπy

]
.

7.1.3 Cook’s membrane (CM)

A tapered panel, fixed on one edge, is subjected to a uniformly distributed shear force

of 100 on the opposite edge (see Figure 7.2). Here E = 250. The mesh is non-affine.

7.1.4 T-shaped bracket (TB)

The bracket shown in Figure 7.3, constrained in one direction only on each relevant edge,

is subjected to a uniform pressure of p = 6000 on the top edge. Here E = 55× 106. The

mesh, as used in the three-dimensional version of the problem in [29], is non-uniform,

and the elements rectangular in all but the curved regions.
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44

16

48

f = 100

Figure 7.2: Cook’s membrane with boundary conditions

7.1.5 Cube with trigonometric body force

The linear elastic unit cube [0, 1]3, with E = 15 x 106, is fixed on all its faces and

subjected to an internal body force f :

f1 = µπ2

[
(9 cos 2πx− 5) (sin 2πy sinπz − sinπy sin 2πz) +

3

1 + λ
sinπx sinπy sinπz

]
+ (µ+ λ)π2 (sinπx sinπy sinπz − cosπx cosπy sinπz − cosπx sinπy cosπz) ,

f2 = µπ2

[
(9 cos 2πy − 5) (sin 2πz sinπx− sinπz sin 2πx) +

3

1 + λ
sinπx sinπy sinπz

]
+ (µ+ λ)π2 (sinπx sinπy sinπz − cosπx cosπy sinπz − sinπx cosπy cosπz) ,

f3 = µπ2

[
(9 cos 2πz − 5) (sin 2πx sinπy − sinπx sin 2πy) +

3

1 + λ
sinπx sinπy sinπz

]
+ (µ+ λ)π2 (sinπx sinπy sinπz − cosπx sinπy cosπz − sinπx cosπy cosπz) .
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Figure 7.3: T-shaped bracket with boundary conditions

The exact solution is

u1 = (cos 2πx− 1)(sin 2πy sinπz − sinπy sin 2πz) +
1

1 + λ
sinπx sinπy sinπz,

u2 = (cos 2πy − 1)(sin 2πz sinπx− sinπz sin 2πx) +
1

1 + λ
sinπx sinπy sinπz,

u3 = (cos 2πz − 1)(sin 2πx sinπy − sinπx sin 2πy) +
1

1 + λ
sinπx sinπy sinπz.

7.2 Technical aspects

7.2.1 Parameters

Poisson’s ratio is set to ν = 0.49995 where near-incompressibility is investigated. For

compressible materials, ν = 0.3 is used.

The choice of values for the stabilization parameters kµ and kλ is based firstly on the

theoretical considerations of stability discussed in earlier chapters. The NIPG method,

stable with kλ ≥ 0, is by default used without the second stabilization term present,

that is, with kλ = 0. The IIPG and SIPG methods are by default used with the

second stabilization term included. While all the methods require kµ > 0, there is no

minimum positive value required for NIPG to be stable, while IIPG and SIPG require
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both parameters to be greater than a positive constant which can be calculated (see, for

example, [24]).

Within the constraints of these coercivity requirements, a single value for the parameters

for all the methods was desirable for consistency of results, for the sake of useful compar-

ison. A series of preliminary tests on two benchmark problems indicated that choosing

kµ = kλ = 10 gives a consistent reflection of the behaviour of the various methods, and

therefore these values have been adopted.

7.2.2 Meshes

Each of the model problems above except that of the bracket (TB) has been solved on

a sequence of meshes at increased refinement levels.

The bracket mesh is non-uniform, but consists almost entirely of rectangular elements.

The other four domains have each been refined isotropically from a single quadrilateral

or cube element. Where triangular elements have been used, these have been obtained

by cutting each quadrilateral element diagonally, at each refinement level.

7.2.3 Presentation of results

Deformed shapes are shown for only one refinement level in each case (32×32 elements for

the two-dimensional problems, and 16×16×16 for the three-dimensional problem, except

where otherwise noted). For visualisation of the cube, the elements beyond a threshold,

slanted plane have been extracted so that the deformation inside the cube can be viewed.

(By this procedure, an element is removed in its entirety based on the relationship

of its central point to the threshold plane, resulting sometimes in slight differences in

deformation appearing greater than they are. This should be taken into account when

the results are compared.) Plots of the H1 error (that is, the approximation error in

the broken H1-norm) display the rates of convergence with refinement. This is the

appropriate norm with which to measure the error, due to its equivalence to the DG

norm that has been used in the analyses (see (2.2.4)).
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The first (extreme right-hand) data point on the error plot for a two-dimensional problem

represents the error of a 2 × 2-element mesh, and thus the deformed shapes shown

correspond to the fifth point from the right, except where otherwise noted. The first

data point for the cube represents a single element, so that the deformed shapes shown

again correspond to the fifth point.

Where an analytical solution is available, it is displayed for comparison. Otherwise, a

solution obtained using biquadratic elements with the Standard Galerkin (SG) method

is shown.

Scaling of the deformation has been applied in the case of the bracket for clearer visu-

alisation, with the vertical displacement being magnified five-fold. The deformation of

the cube has been scaled down to 10%.

7.2.4 Software for implementation

The DG methods were implemented primarily in C++, using the deal.II finite element

analysis library ([4], [5]); Matlab was used for implementing the IP methods on meshes

of triangular elements. ParaView and Matlab were used for post-processing and visual-

isation.

7.3 Comparing triangular to quadrilateral elements

This section contains the results that were the motivation for the investigation dis-

cussed in this thesis: the disparity between the use of triangular elements and the use

of quadrilateral elements in solving near-incompressible elasticity problems with the IP

methods. Three model problems (CB, SP, and CM) are solved with the NIPG, IIPG

and SIPG methods in turn, and the results from using triangular linear elements are

contrasted to those from using quadrilateral bilinear elements. In each case, deformed

shapes are shown, with both an accurate solution and the result obtained using the

Standard Galerkin method with Q1 elements included for comparison. Error conver-

gence plots are shown for the CB and SP problems for both compressible and nearly

incompressible materials.
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Figure 7.4: Convergence of H1 error using triangular or rectangular elements, ν = 0.3
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(a) Exact solution (b) SG with Q1 elements

Figure 7.5: Cantilever beam, ν = 0.49995

For compressible materials, with ν = 0.3, triangular and quadrilateral elements produce

optimal convergence rates of the H1 error (Figure 7.4), with all three IP methods. Thus,

at a low value of λ, there is no significant disparity between the results.

For nearly incompressible materials, in all three boundary value problems shown here,

the deformed shapes resulting from using the IP methods with triangles (Figures 7.6,

7.9 and 7.12) are, to the eye, identical to those of the exact or higher-order solutions

(Figures 7.5a, 7.8a and 7.11a), while the quadrilateral elements produce quite different

results. The convergence plots (Figures 7.7 and 7.10) give corroborating information,

showing optimal convergence rates when triangles are used, and poor convergence on

rectangles.

For the cantilever beam (Figure 7.6), NIPG with rectangles produces a poor approx-

imation for the near-incompressible case, with very little displacement in the vertical

direction and deformation in the horizontal, qualitatively similar to the results of the

IIPG and SIPG methods, but more exaggerated in the horizontal displacement. The

IIPG and SIPG results are very much like those of the SG method with Q1 elements

(Figure 7.5b). The error plots (Figure 7.7) show that, with rectangular elements, the

IP methods produce results comparable to the SG method, that is, with very poor

convergence rates.
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The second example, the square plate (Figure 7.9), again shows strong similarity between

the IIPG and SIPG methods with rectangular elements with ν = 0.49995, manifesting

typical locking behaviour much like that produced by the SG method (Figure 7.8b), while

the corresponding results with triangles are locking-free. The NIPG method produces

different behaviour, exhibiting not locking but error in the jumps between elements,

which can be seen from the lack of clarity at element edges in portions of the mesh.

The errors of the IIPG and SIPG methods shown in Figure 7.10 are again comparable

to that of the SG method, with only fractional decrease in error resulting from mesh

refinement. The NIPG method with rectangles has a nearly optimal rate of convergence

for the coarser meshes, but with further refinement the convergence rate decreases.

The final test problem shown here, Cook’s membrane (Figure 7.12), shows typical locking

behaviour for ν = 0.49995 for all three IP methods with quadrilaterals, similar to the

result using the SG method (Figure 7.11b), in contrast to the locking-free behaviour of

the methods with triangular elements.

While the IP methods perform optimally for ν = 0.3 with both triangular and quadri-

lateral elements, this quality of approximation is lost for quadrilateral elements in the

near-incompressible regime, with, specifically, the well-known problem of locking mani-

festing in most of these poor approximations. This indicates a problematic dependence

on the material parameters for quadrilaterals that is absent for triangles.
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(a) NIPG with triangles (b) NIPG with rectangles

(c) IIPG with triangles (d) IIPG with rectangles

(e) SIPG with triangles (f) SIPG with rectangles

Figure 7.6: Cantilever beam: comparison of triangles and rectangles for the IP methods,

ν = 0.49995
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Figure 7.7: Convergence of H1 error for the cantilever beam using triangular or rectan-

gular elements, ν = 0.49995

(a) Exact solution (b) SG with Q1 elements

Figure 7.8: Square plate, ν = 0.49995
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(a) NIPG with triangles (b) NIPG with rectangles

(c) IIPG with triangles (d) IIPG with rectangles

(e) SIPG with triangles (f) SIPG with rectangles

Figure 7.9: Square plate: comparison of triangles and rectangles for the IP methods,

ν = 0.49995
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Figure 7.10: Convergence of H1 error for the square plate using triangular or rectangular

elements, ν = 0.49995

(a) SG with Q2 elements (b) SG with Q1 elements

Figure 7.11: Cook’s membrane, ν = 0.49995
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(a) NIPG with triangles (b) NIPG with quadrilaterals

(c) IIPG with triangles (d) IIPG with quadrilaterals

(e) SIPG with triangles (f) SIPG with quadrilaterals

Figure 7.12: Cook’s membrane: comparison of triangles and rectangles for the IP meth-

ods, ν = 0.49995
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7.4 Remedies for poor approximations

From the analyses of Chapter 5, the first proposed solution for the pathological behaviour

observed is under-integration applied on the λ-dependent edge terms of the formulation,

as prescribed by Theorem 1 in §5.2. The alternative proposal is the use of linear elements.

As described in Theorem 2 in §5.3 and Theorem 3 in §5.4, linear elements with the NIPG

method are expected to give optimal convergence and locking-free results, while with the

IIPG and SIPG methods, the stabilization term requires under-integration when linear

elements are used, for the same quality of approximations.

The results of under-integration on bilinear elements are shown for the cantilever beam

problem, and the results of both of remedies are shown for three further boundary-value

problems, SP, TB and the cube, all with ν = 0.49995. (For the deformed shapes of

CB and SP, the wireframe mesh depicts the IP approximation, while the solid colour

represent the accurate – exact or higher-order – solution.) Error plots for each IP method

compare the two remedies with the SG method (Q1 elements), with the IP method with

bilinear elements with full-order integration, and with the IP method in conjunction

with triangular elements.

(The reason for the omission of results for the beam with linear elements is related to

the application of boundary conditions for this problem: the accurate conditions involve

“pinning” a vertex, but using general linear elements on quadrilaterals, there are not

naturally any degrees of freedom associated with the vertex where the zero-displacement

constraint applies.)

In the first example, the beam, edge-term under-integration with Q1 elements gives very

accurate solutions with all three IP methods (Figures 7.13, 7.15 and 7.17). The error

plots indicate optimal convergence rates (Figures 7.14, 7.16 and 7.18).

The square plate problems of locking with the IIPG and SIPG methods, and poor ap-

proximation with the NIPG method (Figures 7.19, 7.21 and 7.23) are seen to resolve with

the application of under-integration to bilinear elements, and equally with the use of lin-

ear elements (with under-integration as necessary). The convergence plots (Figures 7.20,

7.22 and 7.24) demonstrate the effectiveness of both remedies, showing optimal rates of

convergence for all three methods. The plots also show the poor convergence for the
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SIPG and IIPG methods where linear elements are used with full-order integration in

all terms, illustrating the need for under-integration of the stabilization term.

The bracket results are similar across the three IP methods, both remedies effective in

relieving locking in all cases (Figures 7.25, 7.26 and 7.27).

The portions of the deformed cube (Figures 7.29, 7.31 and 7.33) show that for all three

methods, under-integration and linear elements both produce results much like the exact

solution (Figure 7.28), especially when compared to the locking behaviour with trilinear

elements for the SIPG and IIPG methods. The deformed shape for the NIPG method

does not show clearly that the approximation is poor, and indeed the error plot (Fig-

ure 7.30) indicates that it is relatively accurate for coarse meshes, but that the method

is not robust, as the convergence rate is not consistently optimal. The rates for the

under-integrated or linear elements are, in contrast, optimal. In Figures 7.32 and 7.34,

the error plots for the IIPG and SIPG methods for full-order integration with either

linear or trilinear elements show the negligible reduction in error with refinement that

is typical of locking-type behaviour, while the convergence rates are optimal when the

appropriate under-integration is applied in each case.

Across the scope of the boundary-value problems, it can be seen that the application of

under-integration produces highly accurate results, as does the use of linear elements,

with under-integration as appropriate. The error convergence plots display optimal

rates of convergence when either remedy is used with any of the IP methods, unlike

when bilinear elements are used with full-order integration, or linear elements with full-

order integration for the IIPG or SIPG methods. This indicates that edge-term under-

integration as prescribed in Theorem 1 is an effective remedy for the poor approximations

produced by bilinear elements, as is the use of linear elements with under-integration

as prescribed in Theorem 3, and illustrates the optimal, λ-independent convergence

predicted in the three theorems.
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(a) Q1 elements (b) With under-integration

Figure 7.13: Cantilever beam with NIPG, ν = 0.49995
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Figure 7.14: Comparison of H1 errors for NIPG for the cantilever beam, ν = 0.49995



Univ
ers

ity
 of

 C
ap

e T
ow

n

7.4. Remedies for poor approximations 111

(a) Q1 elements (b) With under-integration

Figure 7.15: Cantilever beam with IIPG, ν = 0.49995
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Figure 7.16: Comparison of H1 errors for IIPG for the cantilever beam, ν = 0.49995
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(a) Q1 elements (b) With under-integration

Figure 7.17: Cantilever beam with SIPG, ν = 0.49995
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Figure 7.18: Comparison of H1 errors for SIPG for the cantilever beam, ν = 0.49995
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(a) Q1 elements (b) With under-integration (c) Linear elements

Figure 7.19: Square plate with NIPG, ν = 0.49995
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Figure 7.20: Comparison of H1 errors for NIPG for the square plate, ν = 0.49995
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(a) Q1 elements (b) With under-integration (c) Linear elements with

under-integration

Figure 7.21: Square plate with IIPG, ν = 0.49995
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Figure 7.22: Comparison of H1 errors for IIPG for the square plate, ν = 0.49995



Univ
ers

ity
 of

 C
ap

e T
ow

n

7.4. Remedies for poor approximations 115

(a) Q1 elements (b) With under-integration (c) Linear elements with

under-integration

Figure 7.23: Square plate with SIPG, ν = 0.49995

10
−2

10
−1

10
0

10
1

10
−3

10
−2

10
−1

10
0

log(h)

lo
g
(H

1
e
rr

o
r)

Q1 full

Q1 UI

P1 full

P1 UI

Tris

SG

1

Figure 7.24: Comparison of H1 errors for SIPG for the square plate, ν = 0.49995
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(a) Q1 elements (b) With under-integration (c) Linear elements

Figure 7.25: T-shaped bracket with NIPG, ν = 0.49995

(a) Q1 elements (b) With under-integration (c) Linear elements with UI

Figure 7.26: T-shaped bracket with IIPG, ν = 0.49995

(a) Q1 elements (b) With under-integration (c) Linear elements with UI

Figure 7.27: T-shaped bracket with SIPG, ν = 0.49995
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Figure 7.28: Cube: exact solution with ν = 0.49995

(a) Q1 elements (b) With under-integration (c) Linear elements

Figure 7.29: Cube with NIPG, ν = 0.49995
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Figure 7.30: Comparison of H1 errors for NIPG for the cube, ν = 0.49995

(a) Q1 elements (b) With under-integration
(c) Linear elements with

under-integration

Figure 7.31: Cube with IIPG, ν = 0.49995
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Figure 7.32: Comparison of H1 errors for IIPG for the cube, ν = 0.49995

(a) Q1 elements (b) With under-integration
(c) Linear elements with

under-integration

Figure 7.33: Cube with SIPG, ν = 0.49995
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Figure 7.34: Comparison of H1 errors for SIPG for the cube, ν = 0.49995
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7.5 Other cases of under-integration

To illustrate the conclusions of §5.5, in which various combinations of under-integrated

terms are considered with a focus on the effects on stability, results for four boundary

value problems (CB, SP, TB and the cube) with nearly incompressible materials are

presented here. These include results for the NIPG method with kλ > 0, that is, with

superfluous additional stabilization, referred to as before as NIPG+. (Results with

sufficient under-integration are included in the error plots for benchmark comparison.)

The summary in Tables 5.1 and 5.2 is useful for comparing the analysis aspects to the

phenomena arising in these results.

The error plots in Figure 7.35 show the behaviour produced by the three IP methods

with bilinear elements for the beam problem. Both the NIPG and the NIPG+ methods

show poor convergence unless all λ-dependent terms are under-integrated (UI3), as ex-

pected from the analysis, although no obvious instability appears for the cases in which

coercivity of the bilinear form is not proven (UI1, UI2). The IIPG and SIPG methods

with under-integration of the stabilization term only (UI1) show large error and poor

convergence while SIPG shows specific instability for the coarse meshes when two terms

are under-integrated (UI2).

The example of the square plate shows similar convergence behaviour to that of the beam

when bilinear elements are used, for most of the methods (Figure 7.36). Again, in the

NIPG+ method, there is poor convergence for all combinations except where all three λ-

dependent terms are under-integrated (UI3), where there are optimal results. However,

the NIPG method without theoretically sufficient under-integration (UI2) performs as

well as that with sufficient under-integration (UI3). The theory indicates possible lack

of coercivity for UI2, although does not prove that it is always absent, which could

explain the unexpectedly good performance of this case. The results for IIPG and

SIPG are poor where the theory indicates likely insufficient under-integration, with overt

divergence for SIPG UI2. Figure 7.39b shows a corresponding deformed shape for SIPG

UI2, with an instability different from the usual locking that very low convergence rates

commonly represent. An example of this locking is produced by SIPG UI1, and is shown

in Figure 7.39a.
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(a) NIPG and NIPG+
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(b) IIPG and SIPG

Figure 7.35: Comparison of H1 errors for various under-integration combinations with

bilinear elements for the cantilever beam, ν = 0.49995
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(b) IIPG and SIPG

Figure 7.36: Comparison of H1 errors for various under-integration combinations with

bilinear elements for the square plate, ν = 0.49995
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(b) IIPG and SIPG

Figure 7.37: Comparison of H1 errors for various under-integration combinations with

linear elements for the square plate, ν = 0.49995
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Figure 7.38: Comparison of H1 errors for various under-integration combinations for the

cube, ν = 0.49995
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(a) UI1 (b) UI2

Figure 7.39: Examples of poor approximations: SIPG with bilinear elements without

sufficient under-integration, for the square plate, ν = 0.49995

When linear elements are used (Figure 7.37), however, the convergence rates are optimal

for all of the methods that have at least the stabilization term under-integrated, as

predicted by the theory.

For the cube subjected to a trigonometric body force, the results for trilinear elements

with under-integration (Figure 7.38a) again show an approximation better than expected

for the NIPG method where the theory indicates that there may be a lack of coercivity

(UI2). The IIPG and SIPG methods produce poor convergence or overt divergence

where coercivity is not proven. With linear elements (Figure 7.38b), all the convergence

rates considered are optimal, as predicted.

Deformed shapes for the T-shaped bracket (Figures 7.40 and 7.41) show poor results,

specifically locking, where the theory does not predict uniform convergence, generally

for bilinear elements, and accurate deformations where they are expected according to

the analysis, generally for linear elements. The exceptions are, as expected, NIPG+

with UI3 for bilinear elements (Figure 7.40e), and NIPG+ with full-order integration for

linear elements (Figure 7.41c).

In general, the numerical results for these variations of under-integration follow the

predictions of the analysis. Where there is apparent discrepancy, it can be explained by

the fact that the theory provides sufficient conditions for stability rather than absolutely

specifying necessary ones. In most cases, the poor approximations predicted manifest
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(a) NIPG, UI2 (b) NIPG+, full (c) NIPG+, UI1

(d) NIPG+, UI2 (e) NIPG+, UI3 (f) IIPG, UI1

(g) SIPG, UI1 (h) SIPG, UI2

Figure 7.40: T-shaped bracket, bilinear elements with various under-integration combi-

nations, ν = 0.49995
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(a) NIPG, UI2 (b) NIPG, UI3 (c) NIPG+, full

(d) NIPG+, UI1 (e) NIPG+, UI2 (f) NIPG+, UI3

(g) IIPG, UI3 (h) SIPG, UI2 (i) SIPG, UI3

Figure 7.41: T-shaped bracket, linear elements with various under-integration combina-

tions, ν = 0.49995
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in the form of locking, with extremely low rates of convergence. However, instability is

sometimes visible in the form of divergent error plots and unusual deformation. In every

case in which the theory predicts optimal convergence, this is supported by the results

of the numerical experiments.

7.6 Meshes of non-rectangular elements

Central to the analyses of Chapter 5 is the interpolant defined in Chapter 4, which has

properties dependent on the rectangular nature of the elements in the mesh. The impli-

cation of this is that the analyses hold for rectangular elements, but not necessarily for

more general quadrilaterals (and similarly for the analogous situation in three dimen-

sions, as described in Chapter 6). The results shown in the previous sections (§7.4 and

§7.5) are for meshes consistently almost entirely of rectangular elements (or 3-rectangles,

in three dimensions), and accurately illustrate the conclusions of the analyses.

In order to ascertain the potential effectiveness of the remedies over a broader range of

meshes, including those not within the scope of the analyses performed, numerical exper-

iments have been performed using Cook’s membrane as a test case, with ν = 0.49995.

Results from all three IP methods using the two proposed remedies (as described in

Theorems 1, 2 and 3) are presented, with the wire mesh depicting the approximation

produced by the IP method, and the solid colour depicting the accurate solution, in each

case. Results for various other combinations of under-integration with linear elements

are also presented.

Figure 7.42, depicting the results of edge-term under-integration with bilinear elements,

indicates by the accuracy of the deformation approximations that this remedy is effective

in overcoming the locking problem. While one test case is not sufficient for drawing bold

conclusions in the absence of accompanying analysis, these results suggest that edge-term

under-integration will be a broadly useful remedy applying to general quadrilaterals.

However, the results for linear elements do not show similar success in overcoming the

locking problem, in this general case. While for rectangular elements IIPG and SIPG

are still expected to lock when no under-integration is applied, NIPG has been seen to

produce optimal results. In contrast, all three IP methods manifest locking with linear
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(a) NIPG (b) IIPG (c) SIPG

Figure 7.42: Cook’s membrane, Q1 elements with under-integration, ν = 0.49995

(a) NIPG (b) IIPG (c) SIPG

Figure 7.43: Cook’s membrane, P1 elements, ν = 0.49995

elements (Figure 7.43), and under-integration of the stabilization term, a remedy for

IIPG and SIPG with rectangular elements, has no apparent effect on the IIPG method,

while it produces instability for SIPG (Figure 7.44).

Simple preliminary experiments with other combinations of edge-term under-integration

have not yielded results suggesting a potential direction for modification. For example,

under-integration of all the λ-dependent edge terms (Figure 7.45) produces standard

locking behaviour again.

These numerical investigations indicate that extension of the use of linear elements

to general quadrilaterals is not straight-forward. An accompanying analysis would be

necessary to isolate the cause of the λ-dependence and suggest a modification to remove
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(a) IIPG (b) SIPG

Figure 7.44: Cook’s membrane, P1 elements with under-integration (UI1), ν = 0.49995

(a) NIPG (b) IIPG (c) SIPG

Figure 7.45: Cook’s membrane, P1 elements with under-integration (UI3), ν = 0.49995

it, if possible. Specifically, the identification or construction of an interpolant that has

properties applicable to the general case would be necessary. Similarly, while the test case

shown suggests that under-integration with bilinear elements will be broadly effective, a

general analysis (and specifically a generally-applicable interpolant) would be necessary

to establish the robustness of this remedy in the extended case.

7.7 Higher-order elements

Higher-order elements are known to circumvent locking when used with the Standard

Galerkin method, both on triangular and quadrilateral elements (Pk and Qk respectively,
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(a) NIPG (b) IIPG (c) SIPG

Figure 7.46: Cantilever beam with biquadratic elements, ν = 0.49995

(a) NIPG (b) IIPG (c) SIPG

Figure 7.47: Square plate with biquadratic elements, ν = 0.49995

with k ≥ 2). In the realm of DG methods, particularly the IP methods, Hansbo and

Larson [24] have shown that the analysis establishing the SIPG method as locking-free

for low-order (P1) elements on triangles holds for higher-order elements: that is, Pk
elements produce optimal convergence on triangles.

Here, results are presented from numerical experiments which are a preliminary investi-

gation into the effectiveness of higher-order elements with the IP methods on meshes of

quadrilaterals, with no modification to the methods.

Figures 7.46, 7.47 and 7.48 show that for all three IP methods, the use of Q2 elements

produces accurate approximations with no signs of locking.
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(a) NIPG (b) IIPG (c) SIPG

Figure 7.48: Cook’s membrane with biquadratic elements, ν = 0.49995
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Figure 7.49: Convergence of H1 error for the square plate, using Q2 elements,

ν = 0.49995
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The meshes of the results displayed are each of 16 x 16 elements, one refinement level

below that of the results displayed in previous sections for the low-order elements. For

comparison, for every eighteen degrees of freedom at any particular refinement level for

Q2 elements, there would be thirty-two degrees of freedom if Q1 elements were to be

used at one refinement level more, or twenty-four if P1 elements were to be used at one

refinement level more. The results are therefore comparable, and the accuracy of the

results can be ascribed to the element type rather than the refinement level.

Convergence rates for the square plate problem are shown in Figure 7.49, and are seen

to be optimal for all three IP methods. (The deformed shapes shown correspond to the

fourth data point.)

These results indicate, in the absence of a full convergence analysis, that it is probable

that higher-order quadrilateral elements with the IP methods can be used to circumvent

locking, and that no modification to the methods, as in the case of lower-order elements,

is necessary.
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Conclusions

Following the observation that the IP discontinuous Galerkin methods, widely acknowl-

edged in the literature as locking-free, have until now been analysed only for meshes of

triangles, substantial numerical evidence has been provided in this thesis to show that

these results do not carry over to the use of bilinear quadrilateral elements. Locking

and other forms of poor approximations have been shown to manifest when multilinear

elements are used for nearly incompressible materials. This evidence is accompanied by

an analytical investigation that considers an extension of a convergence analysis used

for triangles to one for quadrilaterals, and shows that the discrepancy between triangle

and quadrilateral results is reasonable.

A formulation incorporating specific edge-term under-integration, as outlined in Theo-

rem 1, has been developed in this work as an effective remedy for the poor approximations

produced with multilinear elements, for all three IP methods, in two and three dimen-

sions. A convergence analysis has been performed, proving that the resulting methods

are locking-free on rectangular multilinear elements, and numerical results have been

presented, illustrating the outcomes of this analysis and the effectiveness of the remedy.

Furthermore, the results of preliminary numerical tests suggest that the locking-free

nature of the modified formulation extends to the non-affine case.

A second remedy, the use of linear (P1) approximations on quadrilateral elements, has

been proposed for the NIPG method; and a similar solution for IIPG and SIPG, viz.

linear elements in conjunction with minimal under-integration, has been developed. The

135
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analysis presented, accompanied by supporting numerical results, proves that these give

locking-free methods on meshes of rectangular elements, in two and three dimensions

(Theorems 2 and 3).

The development of both remedies has involved investigating how to deal with terms

contributing to undesirable λ-dependence in the error bound, establishing what is needed

for the coercivity of the bilinear form, for each IP method, and considering the consis-

tency of the modified formulations. Analytical observations and supporting numerical

results are given for a range of cases of under-integration, providing insight into the

aspects of the theory that are key in obtaining methods with uniform convergence.

For the more abstract mathematics of the convergence analysis, an alternative to the

usual method for error-splitting has been used. Here, the approximation error is split

with the linear portion of an interpolant, that is, a projection of an interpolant onto

the space of linear polynomials, rather than with the interpolant itself. The advantage

of this approach is that the resulting error-splitting function inherits critical properties

from the underlying interpolant, but itself lies in a function space small enough to be

useful in the convergence analysis.

A new interpolant with specialised orthogonality properties on rectangular elements has

been constructed for use in this proof, with the specifically useful property that the mean

edge value of the normal component of the nonlinear terms vanishes. This is related to

the more general property, also possessed by the nonconforming DSSY elements ([22]),

that the basis functions have mean values equal to the midpoint values on each edge of

an element. A new interpolant in three dimensions has been designed with analogous

properties.

Future work should include, firstly, an extension of the analyses of Chapters 5 and 6 to

general quadrilateral elements. While the first remedy, under-integration on multilinear

elements, is expected to be effective in the general case, only a convergence analysis will

guarantee its robustness. Numerical results indicate that the second remedy does not

apply to problems with non-affine meshes, positioning it as a remedy with limited scope.

An extension of the analysis could provide insight into a useful modification that might

allow this method to be used for general problems.

Secondly, the results of the use of Q2 elements suggest that higher-order quadrilateral
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elements circumvent locking, and an analysis would be useful in establishing this.

Finally, there is scope for the extension of the formulations designed and described here

into the arenas of finite-strain elasticity, nonhomogenous media, and other applications

that have as a special case the fundamental linear elasticity which is the context of this

work.
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Appendix A

Useful identities, bounds and

other theorems

A.1 The “magic formula”

For a vector ϕ and a second-order tensor τ ,

∑
Ωe∈Th

∫
∂Ωe

(τn) ·ϕ ds =
∑
E∈Γ

∫
E
{{τ}} : bbϕcc ds +

∑
E∈Γint

∫
E
bbτ cc · {{ϕ}} ds. (A.1.1)

A.2 Young’s inequality

ab ≤ 1
2

(
εa2 +

1

ε
b2
)
, (A.2.1)

where ε > 0.
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A.3 Hölder’s inequality

For scalar-valued functions f and g, with constants p and q such that 0 ≤ p, q,≤ ∞ and
1
p + 1

q = 1, ∫
|fg| ≤ ‖f‖Lp ‖g‖Lq (A.3.1)

and ∣∣∣∣∣
n∑
k=1

∫
Ωk

fg

∣∣∣∣∣ ≤
(

n∑
k=1

‖f‖2Lp(Ωk)

)1
2
(

n∑
k=1

‖g‖2Lq(Ωk)

)1
2

, (A.3.2)

of particular use when p = q = 2.

Similar results hold for the scalar products of vectors or second-order tensors f , g.

A.4 Edge term manipulation

A.4.1 Relating jumps of functions

1 : bbvcc = [[v]]. (A.4.1)

A.4.2 Trace inequalities

From the inverse inequalities given in [38]: for an edge Ê of a reference element Ω̂, for a

polynomial v,

‖v‖L2(Ê) ≤ C ‖v‖L2(Ω̂) . (A.4.2)

By a scaling argument,

‖v‖L2(E) ≤ Ch
−1/2
e ‖v‖L2(Ωe) . (A.4.3)

For v ∈ H1 (Ωe),

‖v‖L2(∂Ωe) ≤ C
(
h−1/2
e ‖v‖L2(Ωe) + h1/2

e |v|H1(Ωe)

)
(A.4.4)

(cf. [26]).
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A.4.3 Bounds involving jumps and averages

∑
E∈ΓiD

hE ‖{{φ}}‖2L2(E) ≤ C
∑

Ωe∈Th

he ‖φ‖2L2(∂ΩiD
e ) (A.4.5)

∑
E∈ΓiD

1

hE
‖{{φ}}‖2L2(E) ≤

∑
Ωe∈Th

∑
E∈∂ΩiD

e

1

hE
‖φ‖2L2(E) , (A.4.6)

∑
E∈ΓiD

1

hE
‖bbvcc‖2L2(E) ≤

∑
Ωe∈Th

∑
E∈∂ΩiD

e

2

hE
‖v‖2L2(E) . (A.4.7)

A.5 Polynomial-preserving projections

By Theorem 3.1.4 of Ciarlet [15], for a bounded linear operator P : Hk+1 (Ωe)→ Hm (Ωe)

that preserves polynomials of order k, for integers 0 ≤ m ≤ k + 1,

|v −Pv|Hm(Ωe) ≤ Ch
k+1−m
e |v|Hk+1(Ωe) , (A.5.1)

where shape-regularity is assumed and the Ωe are affine-equivalent domains.

(The original result is more general but nevertheless restricted to affine-equivalent do-

mains.)

A.6 Regularity

1. The regularity estimate for planar elasticity is summarised in Brenner and Scott

[10] as follows:

Assume u ∈
[
H2 (Ω)

]2
. When

• ∂Ω is smooth and Γ̄D ∩ Γ̄N = ∅,

or when



Univ
ers

ity
 of

 C
ap

e T
ow

n

142 Appendix A. Useful identities, bounds and other theorems

• Ω is a convex polygon and either ΓD or ΓN is empty,

then there exists a C > 0 independent of λ such that

‖u‖H2(Ω) + λ ‖∇ · u‖H1(Ω) ≤ C
(
‖f‖L2(Ω) + ‖gΩ‖H2(Ω) + ‖hΩ‖H1(Ω)

)
, (A.6.1)

where g = gΩ|ΓD
and h = hΩ|ΓN

, provided the data have sufficient regularity.

2. For polygonal domains in general (including non-convex domains), an analogous

estimate is given in terms of weighted Sobolev spaces in [41].

3. No similar result (showing explicitly the role of λ in the estimate) is known to be

available for three-dimensional domains.
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Appendix B

Details relating to the new

interpolants

B.1 The new interpolant in two dimensions (Chapter 4)

B.1.1 Basis functions

For the x-component of the interpolant:

φx1 (x, y) = −1
2y +

1

4
Θ

φx2 (x, y) = 1
2 + 1

2x−
1

4
Θ

φx3 (x, y) = 1
2y +

1

4
Θ

φx4 (x, y) = 1
2 −

1
2x−

1

4
Θ

For the y-component of the interpolant:

φy1 (x, y) = 1
2 −

1
2y −

1

4
Ψ

φy2 (x, y) = 1
2x+

1

4
Ψ

φy3 (x, y) = 1
2 + 1

2y −
1

4
Ψ

φy4 (x, y) = −1
2x+

1

4
Ψ

143
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B.2 The new interpolant in three dimensions (Chapter 6)

B.2.1 Numbering of faces of reference element

The midpoint of each face is equal to the outward unit normal on the face, that is,

Face Midpoint or normal

1 (1, 0, 0)

2 (−1, 0, 0)

3 (0, 1, 0)

4 (0,−1, 0)

5 (0, 0, 1)

6 (0, 0,−1)

B.2.2 Values at midpoints of element faces

In evaluating the functions L1, L2, M1, M2, N1 and N2 at the midpoints of each of the

faces of the reference element, since the midpoints are combinations of 0, 1 and −1, and

θ (0) = κ (0) = θ (±1) = 0, the only nonzero results will be from κ (±1) = 2. Thus at

the midpoints of faces 1 and 2, M2 and N1 will equal 2; for faces 3 and 4, L1 and N2;

and for faces 5 and 6, L2 and M1. The rest vanish.

B.2.3 Mean values on element faces

In integrating the higher-order basis functions of Q̂ over the faces of the reference element,

as θ (0) = κ (0) = θ (±1) = 0, and
∫ 1
−1 θ (x) dx =

∫ 1
−1 κ (x) dx = 0, nonzero values will

arise only when κ (±1) appears explicitly. Thus the same functions will be nonzero when

integrated on a given face as evaluate as nonzero at the midpoint of that face. In each

case, the value of the integrated function will be

κ (±1)

∫ 1

−1

∫ 1

−1
dE = 4.κ (±1) .

Thus the mean value on the face is κ (±1) = 2.
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B.2.4 Basis functions

For the x-component of the interpolant:

φx1 (x, y, z) =
1

4
(2 + 2x− L1 (x, y, z)− L2 (x, y, z))

φx2 (x, y, z) =
1

4
(2− 2x− L1 (x, y, z)− L2 (x, y, z))

φx3 (x, y, z) =
1

4
(2y + L1 (x, y, z))

φx4 (x, y, z) =
1

4
(−2y + L1 (x, y, z))

φx5 (x, y, z) =
1

4
(2z + L2 (x, y, z))

φx6 (x, y, z) =
1

4
(−2z + L2 (x, y, z))

For the y-component of the interpolant:

φy1 (x, y, z) =
1

4
(2x+M2 (x, y, z))

φy2 (x, y, z) =
1

4
(−2x+M2 (x, y, z))

φy3 (x, y, z) =
1

4
(2 + 2y −M1 (x, y, z)−M2 (x, y, z))

φy4 (x, y, z) =
1

4
(2− 2y −M1 (x, y, z)−M2 (x, y, z))

φy5 (x, y, z) =
1

4
(2z +M1 (x, y, z))

φy6 (x, y, z) =
1

4
(−2z +M1 (x, y, z))

For the z-component of the interpolant:

φz1 (x, y, z) =
1

4
(2x+N1 (x, y, z))

φz2 (x, y, z) =
1

4
(−2x+N1 (x, y, z))

φz3 (x, y, z) =
1

4
(2y +N2 (x, y, z))

φz4 (x, y, z) =
1

4
(−2y +N2 (x, y, z))

φz5 (x, y, z) =
1

4
(2 + 2z −N1 (x, y, z)−N2 (x, y, z))

φz6 (x, y, z) =
1

4
(2− 2z −N1 (x, y, z)−N2 (x, y, z))
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Notation

1 identity tensor

⊗ tensor product

: scalar product of second-order tensors

∇ gradient operator

∇· divergence operator

E Young’s modulus

ν Poisson’s ratio

µ, λ Lamé parameters

u displacement

ε (u) symmetric gradient of u, also strain

σ (u) 2µε (u) + λ∇ · u1, also stress

f body force

g prescribed displacement (Dirichlet boundary function)

h prescribed traction (Neumann boundary function)

gΩ function on Ω such that gΩ|ΓD
= g

hΩ function on Ω such that hΩ|ΓN
= h

uh DG approximation of u

uP error-splitting function

d dimension

Ω domain

∂Ω domain boundary, or set of edges/faces on domain boundary

ΓD Dirichlet boundary, or set of edges/faces on Dirichlet boundary

ΓN Neumann boundary, or set of edges/faces on Neumann boundary

Γint interior boundary, or set of edges/faces on interior boundary
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ΓiD Γint ∪ ΓD

Γ Γint ∪ ∂Ω

Th partition

Ωe element e domain

Ω̂ reference element

E edge in 2D, face in 3D

∂Ωe boundary of Ωe or set of edges/faces on boundary of Ωe

∂Ωint
e ∂Ωe ∩ Γint

∂ΩD
e ∂Ωe ∩ ΓD

∂ΩiD
e ∂Ωe ∩ ΓiD

Γef ∂Ωe ∩ ∂Ωf , that is, edge/face shared by elements Ωe and Ωf

n outward unit normal

ne outward unit normal to element Ωe

mE midpoint of edge/face E

mi midpoint of specific edge/face Ei

he diam(Ωe)

hE diam(E)

h maximum he in partition

{{v}} 1
2 (ve + vf ) on interior edges/faces E = Γef ,

or v on edges/faces E ∈ ∂Ω, for a vector v

{{τ}} 1
2 (τ e + τ f ) on interior edges/faces E = Γef ,

or τ on edges/faces E ∈ ∂Ω, for a second-order tensor τ

bbvcc ve ⊗ ne + vf ⊗ nf on interior edges/faces E = Γef ,

or v ⊗ n on edges/faces E ∈ ∂Ω, for a vector v

[[v]] ve · ne + vf · nf on interior edges/faces E = Γef ,

or v · n on edges/faces E ∈ ∂Ω, for a vector v

bbτ cc τ ene + τ fnf on interior edges/faces E = Γef ,

or τn on edges/faces E ∈ ∂Ω, for a second-order tensor τ

Pk (Ω) space of polynomials on Ω with maximum total degree k

Qk (Ω) space of polynomials on Ω with maximum degree k in each variable

V P1 (Ωe) or Q1 (Ωe)

Vh DG approximation space

Hm (Ω) standard Sobolev space on Ω

H1 (Th) broken H1 space on the partition

H1
0 (Ω) space of functions in H1 (Ω) vanishing on ∂Ω

H1
Γx
D

(Ω) space of functions in H1 (Ω) equal to gx on ΓxD (also H1
Γy
D

(Ω), also H1
Γz
D

(Ω))

Q̂ interpolation space on the reference element

Q interpolation space on the real element (also Qx, Qy, Qz)

NCh global interpolation space (also NCxh , NCyh, NCzh)
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‖·‖Hm(Ω) Sobolev norm

|·|Hm(Ω) Sobolev seminorm

‖·‖DG DG norm

φi basis function (also φxi , φyi , φ
z
i )

Θ, Ψ higher-order functions in the 2D interpolation space

Li, Mi, Ni higher-order functions in the 3D interpolation space

θ (·), κ (·) functions contributing towards interpolant basis functions

π global projection (also πx, πy)

πe projection on Ωe (also πxe , πye )

Π direct projection onto P1 (Ωe)

Π0 L2-orthogonal projection onto P0 (E)

ΠC L2-orthogonal projection onto P0 (Ωe)

Π̄ L2-orthogonal projection onto P1

(
Ω̂
)

a (·, ·) bilinear form

ah (·, ·) bilinear form for the discrete problem

aUI
h (·, ·) bilinear form for the discrete problem with under-integration

l (·) linear form

lh (·) linear form for the discrete problem

lUI
h (·) linear form for the discrete problem with under-integration

θ switch parameter for distinguishing between IP methods

kµ, kλ stabilization parameters

Tµ, Tλ portions of the bilinear form dependent on µ and λ respectively

e approximation error

η interpolation error u− πu

ξ πu− uh

γ u− uP

w uP − uh

q πu−Π ◦ πu
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Common abbreviations

SG Standard Galerkin (Method)

DG Discontinuous Galerkin (Method)

IP interior penalty

NIPG Nonsymmetric Interior Penalty Galerkin (Method)

IIPG Incomplete Interior Penalty Galerkin (Method)

SIPG Symmetric Interior Penalty Galerkin (Method)

UI under-integration

UI1 under-integration of term V III of (3.2.27), if it appears

UI2 under-integration of terms V III and IV of (3.2.27), if they appear

UI3 under-integration of terms V III, IV and V I of (3.2.27), if they appear

CB Cantilever beam (model problem)

SP Square plate (model problem)

CM Cook’s membrane (model problem)

TB T-shaped bracket (model problem)
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Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind. Abh.

Math. Univ. Hamburg, 36:9–15, 1971.

[31] J. T. Oden, I. Babus̆ka, and C. E. Baumann. A discontinuous hp finite element

method for diffusion problems. Journal of Computational Physics, 146:491–519,

1998.

[32] R. Rannacher and S. Turek. Simple nonconforming quadrilateral Stokes element.

Numerical Methods for Partial Differential Equations, 8:97–111, 1992.

[33] B. D. Reddy. Mixed finite element methods for one-dimensional problems: a survey.

Quaestiones Mathematicae, 15:233–259, 1992.

[34] W. H. Reed and T. R. Hill. Triangular mesh methods for the neutron transport

equation. Technical report, Los Alamos Scientific Laboratory, 1973.

[35] B. Rivière. Discontinuous Galerkin Methods for Solving Elliptic and Parabolic Equa-

tions: Theory and Implementation. SIAM, 2008.

[36] B. Rivière and M. F. Wheeler. Optimal error estimates for discontinuous Galerkin

methods applied to linear elasticity problems. Technical report, Texas Institute for

Computational and Applied Mathematics, 2000.

[37] B. Rivière, M. F. Wheeler, and V. Girault. Improved energy estimates for interior

penalty, constrained and discontinuous Galerkin methods for elliptic problems. Part

I. Computational Geosciences, 3:337–360, 1999.

[38] C. Schwab. p- and hp- Finite Element Methods: Theory and Applications in Solid

and Fluid Mechanics. Clarendon Press, 1998.

[39] A. Ten Eyck and A. Lew. Discontinuous Galerkin methods for non-linear elasticity.

International Journal for Numerical Methods in Engineering, 67:1204–1243, 2006.

[40] M. F. Wheeler. An elliptic collocation-finite element method with interior penalties.

SIAM Journal on Numerical Analysis, 15:152–161, 1978.

[41] T. P. Wihler. Locking-free DGFEM for elasticity problems in polygons. IMA

Journal of Numerical Analysis, 24:45–75, 2004.



Univ
ers

ity
 of

 C
ap

e T
ow

n

Bibliography 155

[42] T. P. Wihler. Locking-free adaptive discontinuous Galerkin FEM for linear elasticity

problems. Mathematics of Computation, 75:1087–1102, 2006.

[43] T. P. Wihler and M. Wirz. Mixed hp-discontinuous Galerkin FEM for linear elas-

ticity and Stokes flow in three dimensions. Mathematical Models and Methods in

Applied Sciences, 22(8), 2012.




