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ABSTRACT

A finite difference based finite strip method of analysis is presented
for the solution of curved plate structures subject to normal loading.

By applying variational methods to the principle of minimum potential
energy the governing differential equation for a curved finite strip
élement is formed. The set of simultaneous differential equations
resulting from a system of such strips are then solved using finite
difference and Gauss reduction techniques. Various boundary condi-
tions including continuity over interior supports may be considered.
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NOTATION

L.ower case characters

a Local coordinate system across strip

b Width of finite strip

91 Unit base vectors in cartesian coordinate systemi

d Vector of generalised disp]acements for plate

dei Angular nodal spacing along system of finite strips
e, Unit base vectors in curvilinear coordinate system
9; Base vectors in curvilinear coordinate system

h Thickness of plate or Strip

hi ' ‘ Scale factors in curvi]inear coordinate system

) Central length a]ong‘plate or strip ‘
p(a,yz) Loading function at the point (a,yz)

q Load intensity

r Position vector relative to cartesian coordinate system
ri,rj _Noda] coordinates for strip in radial direction

' Mean radial coordinate for strip

r,8 Plane polar coordinate directions

S; Length along 1oca1'curvilinear yiaxis

u Vector of generalised displacements at nodal lines i and j
v In-plane displacement vector

w(a,yzj Displacement function at the point (a,yz)

w3,w§ Vertical displacement in x3, y3 direction

el,ez,ef,eg Rotational displacements about yl and y2 axes respectively

8,0* Vector of rotational displacements

x',x2,x° Cartesian coordinate directions

yl_,yz,y3 Local curvilinear coordinates

y;, y3 Nodal coordinates for stkip in y' direction

2z Vertical distance from middle plane of plate
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Upper case characters

A v Surface area of plate or strip
D ,D_,D |
11 22 1 .
Dr’De Flexural rigidities for an orthotropic plate
D12’Dr@ Torsional rigidities for an orthotropic plate
TE_I,iE2 Modulus of elasticity ﬁm‘yi and y2 directions
| ’EG Modulus of elasticity in r and 6 directions
G 7 Modulus of elasticity in shear
I . . Moment of inertia for beam element
L ~ Length along boundary of plate
M, M, Vector of bending moment components [egns (3.1), (3.2)]
MM, Bending moments acting on boundary of plate [egns (3.7)]
MMy, Bendﬁng moments per unit length about the y? and y'
axes respectively [egns (3.7)]
M M Twisting moments per unit length about the y2 candyl
127 21 Y s ‘ o
axes respectively [eqgns (3.7)]
Mrr;Mee Bending moments per unit length about the 6 and r
b axes respectively .
VMre Twisting moment per unit length about the 8 axis
P Point load
Q _ Vector of shearing force components
Q Shearing force acting on boundary of plate [egns (3.7)]
QI,Q2 Shearing forces per unit length along the y' andy2
axes respectively
Ub -Total potential energy of a finite strip in bend1ng
' subject to normal forces
X! Cartesian coordinate system
Y‘1 Orthogonal curvilinear coordinate system



vii

Vectors and Matrices

[A],[B],[C],
[ol,[F1,0J]

{A}
{M}
{x}
{u}
Lc,]
e,
[E]
[K] .

Strip stiffness matrices

Vector of unknown constants

Vector of bending and twisting moments
Curvature matrix

Nodal displacement vector

Nodal coordinate matrix
Displacement transformation matrix
Vector of nodal loads and moments

Finite difference stiffness matrix '

Greek characters

TlZ’TZI

Ur:Ue

Fourth derivative central operator pattern values

Second derivative central operator pattern values

Shearing strains in y' and y® coordinate directions [egn (4.7)]
Twisting shear strains [eqns (4.21)]

Kronecker delta

First variation of the total potential energy Ub

Direct strains in the yl and y2 coordinate directions [egns (4.21)
Components of twisting shear strain [eqns (4.21)]

Bending curvatures in the y1 and y2 coordinate directions
[egns (4.8)]

Components of twisting curvature [egns (4.8)]

Bending stresseé in y' and y? coordinate directions [eqns (4.22)]
Shear stresses in y1 and y2 coordinate directions [eqns (4.22)]
Poissons ratio in yl and y2 coordinate directioné

Poisson's ratio in the r and 6 coordinate directions

Unit normal outward vector acting on boundary of plate

Components of unit normal outward vector in y1 and y2
directions respectively

Aspect ratio for rectangular or curved plate defined as
¢/plate width
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CHAPTER 1

INTRODUCTION

1.1 General

During the past few decades a number of numerical and analytical techniques
have been developed for the solution of structural and continuum mechanics
problems. Many of these techniques have been based on the two well

known and extremely powerful methods of analysis, namely the finite
difference and finite element methods.

In the finite difference method the governing differential eguation and
the set,of'prescribed boundary differential equations for the structure
are replaced by their corresponding finite difference approximations.

The method involves placing a mesh of equally or variably spaced grid
lines on the structure and applying the governing differential equation
at each node. The boundary differential equations are applied at points
along the boundary in a similar manner. In this way the set of simul-
taneous differential equations obtained may be replaced by the correspond-
ing set of simultaneous linear equations. The solution to this set of
equations yields the unknown displacements, from which the bending moment
and shear force quantities may be subsequently derived. Although the
method of finite differences has been used to solve a variety of
structural prob]éms, the application has been found to be Timited when
the boundary conditions and the geometry become more involved.

In the finite element method, the continuum is replaced by an equivalent
idealised structure composed of a number of discrete elements connected
together along their side and at their common node points. By assuming
specific piecewise displacement fields within each element which are con-
tinuous across the boundaries, the use of energy theorems make it possible
to derive the equilibrium equations for a set of finite elements. . In '
this way the set of simultaneous equations can be formed for the complete
structure.  Boundary conditions are applied by initialising the appropriate



interior and boundary displacement values. From the solution to this
-set of equations, the nodal displacements are found, which in turn are
used to derive the internal stresses and stress resultants. The method
has been extended to include a number of different types and shapes of
element and a large variety of structural problems may now be solved.

~ For this reason the finite element method has become a very powerful

and widely used method of structural analysis.

The finite element method does however, involve the solution to a relatively
large set of simultaneous equations, with the corresponding demand on
storage capacity and computation involved. In addition, the considerable
amount of data preparation required and the excessive volume of results
_obtained may also be considered a disadvantage to the method. Therefore
for certain types of problems it has been found worthwhile to develop |
methodswhich result in a reduced amount 6f computation, storage and

input data requirements. This has lead to the development of the finite
strip method of analysis, which may be regarded as an.extension of the
finite element method. '

In the finite strip method, the structure is idealised into a number of
long strip elements connected along their sides or nodal lines. The
displacement in the longitudinal direction is assumed to vary in accordance
with harmonic series functions which satisfy the prescribed boundary
conditions at the ends of each strip. By using a finite element sub-
division in the transverse direction only, it is therefore possible to
reduce the dimension of the problem, with the corresponding saving in
computation and storage requirements.

The present work represents a further development of the finite strip
method, which is extended to the analysis of curved plate structures and
where the advantages of both the finite element and finite difference
methods are utilized.

1.2 Review

The harmonic finite strip method was first developed by Cheung [1,2,3]
and used in the analysis of simply supported and clamped rectangular



plate structures. The method has since been extended to the analysis

of skew [6,7,8] and curved [10,11,12,13] plates and box girder bridges
with simi]ar boundary conditions. Restrictions on the method are mainly
the requirement that the structure be prismatic in the longitudinal
direction-and the limited types of boundary conditions that may be
handled at the ends of the strips. In addition, the type and number

of interior supports that may reasonably be considered, 1imits the
analysis of continuous structures.

Du Preez [15] developed a general finite strip method which may be applied
to straight, skewed and curved slabs of variable cross-section and
arbitrary boundary conditions. By applying variational methods to the
principle of virtual work and the associated principle of minimum potential
enerdy, the force-displacement re]ationships for a finite strip element
are found in the form of a set of second order differential equations.
Different techniques are used to solve the sets of equations obtained

by considering a system of finite strips. One of the methods of

solution described was that of using the above equations to formulate

the stiffness matrix for each strip element and solving the system of
finite strips by the direct stiffness method.

Louw [35] adopted a similar approach for the analysis of flat plates, where
the set of governing differential equations for the system of finite

strips was formed. The method of solution chosen was that of replacing
the partial derivatives of the displacement variables by their finite
difference approximations and solving the resulting set of simultaneous
lTinear equations. Barker [36] subsequently extended the method to include
the analysis of folded plate and translational shell structures.

In the present work, the finite strip method is formulated in terms of
orthogonal curvilinear coordinates, enabling plate structures of an
arbitrary curved nature to be analysed. The set of governing differential
equations is solved using finite difference techniques, where a variable

spacing of nodes has been incorporated



1.3

Scope

The scope of the present work on the finite strip method includes the

following set of objectives:

i)

i)

iii)

iv)

v)

To deve]dp the equilibrium equations and the strain-displacement
re]ationships for a curved plate in orthogonal curvilinear coordinates.
To derive the expression for the total potential energy of a curved
finite strip in orthogonal curvilinear coordinates.

To formulate the governing differential equation for a curved

finite strip in plane polar coordinates.

To investigate the use of variable spacing finite difference \
approximations and their application in the finite strip analysis

" of curved plates.

To analyse a series of typical curved plate structures and to
compare the results with those obtained using the finite element
and other methods of analysis.



CHAPTER 2

THE CURVILINEAR COORDINATE SYSTEM

Introduction

In the following work it will be necessary to derive the equilibrium
equations and the strain-displacement relations for an arbitrary
curved plate structure and to develop the governing differential
equations for a curved finite strip element. To describe a con-
tinuum of this shape it will therefore be necessary to formulate
these equations in curvilinear coordinates. Due to the generalised
form of the equations obtained it will be possible to specialise

at a later stage to any prescribed coordinate system. ‘

The choice of the coordfnate system will depend on the geometry of
the structure to be analysed, although the present formulation will
be restricted to orthogonal systems.

This chapter serves to briefly deséribe the correspondence between
the curvilinear and cartesian coordinate systems and to develop the
relationships between the various scalar, vectors and tensor'quanti-
ties and their derivatives. In the text the curvilinear coordinate
system will be referred to as the Yi system and the cartesian co-
ordinate system as the Xi system.

Useful references in this field include those of Borg [20], Leipholz [24],
Fliigge [25] and Miller [26]. '

2.1 Relationship between the X' and Y' Systems

Let the cartesian coordinates at any point P be represented by

(x', x%, x®) and the corresponding set of curvilinear coordinates by
(y', y*, ¥®). Since there is to be a unique relationship between
the two systems we may write the transformations as:



FIGURE 2.1 Curvilinear coordinate system Y! relative to the cartesian
- axes X' showing the position vector r(x1) referred to the
X! system '



x'y', yi, ¥®)

K =
x> = Xy, ¥y yY)
x> = Xy v,y

or X\ o= xi(yl, yi, y?) (i =1,2,3)

and yi = yi(xl, x>, x°) (i =1,2,3) (2.1)

. and the

Let the unit base vectors in the X' system be denoted by ;
(x', x2, x%),

b
position vector assumed relative to the X' system by r =

as shown in Figure 2.1. Then

1 2 |
x'b, + x’b, + x’b,

= x'p, | (2.2)

3
n

1

The usual summation convention for repeated indices is made use of here.
Due to the correspondence in Egn. (2.1) it can be seen that the

position vector r may therefore be described relative to the X! system
in terms of the curvilinear coordinates-y1.

2.2  Base Vectors in Y System

In changing from the X! system to the Y system, it is necessary to
introduce the base vectors g Using the chain rule for differentia-

~

tion, we can write
or ar , or
dr = —gdy' + —dy* + —dy
oy oy oy

3

or dr = g.dy1 v (2.4)



where

are the base vectors in the curvilinear coordinate system and are as
shown in Figure 2.1 and Figure 2.2. . (2.4) indicates that by
using the 9 vectors as base vectors, the vector dr has been expressed
in terms of its contravariant components dy , that is, the components

with respect to the basis g

2.3 The Differential of Arc Length
The differential of arc length in the X! system may be obtained from
ds? = dr.dy = dx'p,.dx'b, + dx®b,.dx*p, + dx’b .dx’b,

dxldx! + dx?dx? + dx3dx?

= dx'dx’
- LI .
Gijdx dx ,(2.5)
where Gij’ referred to as the Kronecker delta, is defined suéh that
%j = 1 for 1i-=13], %j = 0 for i3

N\

Using Egn. (2.3), the length of the Tine element in the Y' system
may be expressed as follows:



Yy
surface
y' = constant
g -
9,1 L
: e.fl < r”/ | yz
i 1 2 3 <3
Py"y"sy7) S
X’ -
~2
Ty’ =\constant
J g\ N\ Y
surfafe‘¥3 = constant
r{y1(xk)}
1
b ‘ y
~3 ~2 2
b, -~ X
1
FIGURE 2.2 Local curvilinear axes showing base vectors g; and unit

base vectors e;



ds?

'dsz
where gij
2.4

or 9r or
dr.dy = —.——dy'dy’ + —
3y1 3y1 dy
ar  9r or
+ — . = dy%dy! + —.
3y? oy! oy?
ar  3r 5., Or
+ ——;.'—ldy dy +"_3-
ay 3y oy
aﬁ ar T ar or j
—5 T dy 'dy + ——?-.——Eedy
3y = oy 3y oy
ar  or : .
S 2o dy! dyd
1 J
ay oy -
i
9;-95 dy?
g; 5y dy’
% - 9

ar

Metric Coefficients and the Metric Tensor

2

ar

3y

ar

3y

ar

;_._.:_dyldyz + _~_1..

oy

2 ~ ~ i, 3
dy” + ——?-.——3—dy1dy

The elements gij in Eqn (2.8) above are referred to as the metric

coefficients and form the components of the metric tensor, which

may be expressed in matrix form as follows:

10

(2.6)

(2.7)

(2.8)
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ar dr ar  3dr ar  dr
ar dr or 3r ar dr
or  or ar  or ar  or

In the case of othogonal curvilinear coordinates, the base vectors
g; are by definition mutually orthogonal and consequently gij = g; .gj =0
for 1 # j. The resulting metric tensor is now a diagonal matrix

and the components become

r C 1
9., 0 0
gij = 0 9,2 0
L 0 0 9q4
r- -
or or
-_— 0 0
2)yl ayl .
sr dr
= 0 P 0
sy’ ay?
dar ar
0 0 - =
ay® oy’
L -
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or

= 9% _,°X_ (no sum on i) (2.9)

2.5 Unit Base Vectors in Yi System

The base vectors 9 referred to the curvilinear coordinate axes may

~

be related to the corresponding unit base vectors e; as follows:

or
— q
e, = g{ = a2 B ﬁL-gi (no sum on i) (2.10)
AT .
ay1
or
where h, = | g. | = l -—<—| (no sum on 1)
i 27 3y .

are the scale factors, relating the dimensions of the relative lengths
of the line element between the X' and y! systems.

It can be seen from Eqn (2.10) that the unit vectors e; are obtained
by dividing the base vectors 9; by the scale factors hi' The scale
factors are related to the metric coefficients through Eqns (2.8)
and (2.10) as follows:

From Eqn (2.10)

or
9; = ehy = —% (no sum on 1) (2.17)
J oy
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From Eqn (2.8)

9is = 99 * e;h. 'thj = hihj (no sum on 1)

and in the case where i = j, we obtain

95 = h: (no sum on i) (2.12)
The length of the line element in curvilinear coordinates may now

be expressed in terms of the scale factors. Restating Eqn (2.7)

and using Egn (2.12) we have

2

ds

L
gi 34y dy

dy gy
hthdy dy
and in the case of orthogonal coordinates

hihj = g;:s =0 for i#]

-ds” iy?2 : (2.13)

i
N o~1 W

>

—~

o
~<

-

~—

Referring to Figure 2.2 at point P(y', yz, v®) where y? and y® are
held constant the element of arc length along. the y1 axis may be
written as:

dsf = hfdyldy1
ds. = hdy'
Sl— ly
2
Similarly ds2 = hzdy
and ds3 = hady
or dsi = hidyi (no sum on 1) (2.14)
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2.6 Derivatives of Base Vectors

For subsequent work in orthogonal curvilinear coordinates it is
necessary to obtain the relationships between the derivatives of the
unit base vectors e, with respect to the curvilinear axes.

Since the set of base vectors and unit base vectors are mutually
orthogonal, we may write

e; _gj = ] for i =]
4.8 0 for i#3
or e; 'éj = 613
Similarly 9;-9; ° 0 for i # ] (2.15)

Differentiating Eqns (2.15) in furn with respect to yk (k#1i#3)
we obtain the following set of equations

.+ gi-—é% = 0 (i,J,k cyclic permutation) ; (2.16)

3g.  9g. a9g ag : :
gk [_:_'%...-—-:;7} + gjo ~|'i( -_~£.g_i = 0 . (2-]7)
R lay' oy o9y oy
and since
3q. 3 ar 9g.
% a["]_a__[_‘”_] ] (2.18)
oy’ ayd Loy’ ay! U ayJ 3y’ |



Egn (2.17) may now be rewritten as

a9. 99,
——-N‘l - =J =
k95 - ¢ 0

3y 23 .ayk

By referring to Eqn (2.16) we may conclude that

99,
9; .-:%- = 0 (i,j,k cyclic permutation)
3y

Differentiating Eqn (2.12) with respect to yk

: 9g. oh,

9'9':‘;“: h"‘Jk"
=y T oy

g, oh.

or gy = hy
oy oy

15

(2.19)

(2.20)

(2.21)

(2.22)

Differentiating Eqns (2.16) in turn with respect to Yi (i,j = al1 pairs

of 1,2,3 for each k) the following set of equations is obtained.

v B L0 (1= anl pai £1,2,3)
K ’gj Pl (i,j = all pairs of 1,2,
oy oy
39+ 39 ;
Zi 2j
or s o™y = - . —F
23 Byk i ayk

g;+ 5 = - h; - (i,j = all pairs of 1,2,3)

(2.23)

(2.24)
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Having established the above sets of relations in Egns (2.20), (2.21),
(2.22) and (2.24), the derivatives of the base vector /g; may now be
obtained. The three components of the vector ag /By with respect
to the local curvilinear axes will be

2 : NP =y (i =1,2,3)

Using Eqn (2.10) these components may be written in terms of the
base vectors as follows

(i,j,k cyclic permutation)

(2.25)

Simi]ar]y'the vector agj/ayk may be resolved into its three components
along the local curvilinear axes as follows:

3g. ' ]
"';g"‘ll('.E- 4 _g'l]('-e s _Jk‘ k
oy ! ay -y
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Referring to Egns (2.20), (2.21) and (2.22) these components become

ah. 3h
0, ——% 5 ”—5
3y 9y’
Thus we obtain:
9. dh. g. 3h, g
R - ._'s_ﬁ.‘s (j,k = all pairs of 1,2,3) - (2.26)
oy ay® N3 ayd Mk

Eqns (2.25) and (2.26) give the required relationships between the
derivatives of the base vectors in orthogonal curvilinear coordinates.

2.7 Derivatives of Unit Base Vectors
The relation between the derivatives of the unit base vectors with
respect to the curvilinear axes may be obtained by substituting

Eqn (2.10) into Egns (2.25) and (2.26) as follows:

From Eqn (2.25)

dh, h, 3h. h. dh,

3 i i~ i %
2o leihy) = e - 4 =5 (g5hy) - 3 —¢ (ghy)
Wi ay! 1 h§ ayd hZ ok Sk
de. 3h; o, h, ah, h, oh,
MNPSOS TR 3% R Lk
oy ay dy joayd Y Mkoay®.
o€ dh, e. 3h; e
——%— = - — EJ-- ; EE' (i,j,k cyclic permutation) (2.27)
oy ayJ j oy 'k

Similarly from Eqn (2.26)



18

3 J k
— (e.h.) —e. +t—=e¢
gy =373 kT ay? k
Egi ahJ i dh 3h,
kh\]+g k e, t .gk
3y J 3y ay" "V gy
%5 g Gk = a1l pai
Kk © T3h, jsk = all pairs of 1,2,3) (2.28)
oy ay” )

Eqns (2.27) and (2.28) are the relationships between the derivatives
of the unit base vectors in orthogonal curvilinear coordinates

2.8 Gauss' Divergence Theorem

The Divergence Theorem of Gauss in two dimensions, sometimes referred

to as Green's Theorem in the plane, equates the line integral around

a boundary to the area integral taken over the enclosed domain. In the
subsequent work it will be necessary to make use of Gauss' Theorem as
applied to vector quantities and formulated in terms of orthogonal
curvilinear coordinétes.

Let M be a vector function defined on the surface A and around the
boundary L and let M be continuously differentiable on A.  Then the
area integral of the divergencé of M taken over the surface A is equal
to the line integral of M taken over the closed boundary L surrounding
the area A, or

¢ aMl BMZ 3M3
v, + M, + iy )de = [ [ e e =2 an

L “a X X X
fr 3M1.

J Mivi dL = ] — dA

L A )

[ [ ( .

or Myd = [ V.4 dA (2.29)

L . A
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where
voT Ve and v; are the components of the unit normal outward
vector v
M~ = Me, and M, are the components of the vector M
V.M = Divergence of M = Div M

The Divergence of the vector M expressed in orthogonal curvilinear
coordinates will be as follows:

. 1 3 3 3
DivM = (hhhM)+—="-(hhM)+—=(hhM
h1h2h3 { ayl 273 1) 3y2 31 2) 3y3 ( 12 3)}

where hi are the scale factors as previously defined. In two
dimensions, h3 =1, M, =0 and thus

_ 1 P 3 1, 2
I (M1V2 + szz)dL = II R {—_T'(th1) + ——;-(thz?}dy dy
L ALY oy

(2.30)
Consider specifically the case of a vector function of the form:
J (MIZ\)I + M22v2)gl dL
L
Let the unit base vector ¢ be decomposed into its components with
respect to the invariant cartesian unit base vectors Pi such that

g1 = tlgl + tzgz + t393 = tigi

f (M. v + M v )(tllg1 + t2b +t b )dL

1271 2272 ~2 393
L

91 J (Mlztlvl * Mzztlvz)dL * t~)2 I (M12t2v1+ Mzztzvz)dL
L L

+ b, f Mty +M tv)d

12°3"1 22°3%2
L
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Applying Gauss' theorem as in Eqn (2.30) above

J M v +M v )(tb +tb +tb)d
12 1 22 2 1~1 2~2 3~3

L _
= b a2 L(M th)+——-(M th)Sda
. =1 h h 1271 2 221 1
! Afl.z ay )
b[r 1 I(M h) A
+ b . t d
2 ) hlh2 aylﬁ 1? 22 22 2 1
+bjr ]{ (M th)+ 8(M dA
~3 h h 12 3 2 22t3h 1
: ‘A.”ay

_ 1 | 8

] 2 (rnn e
A2 By _

+ ——-—{M h(tb +tb +tb)”
ay

I (Mlzelvl Mzzelvz) dL

‘ 1 '
S e s Fene) fa e

A The form of Gauss' divergence theorem as expressed in Eqns (2.30) and
(2.31) may be applied directly in the subsequent work in curvilinear

coordinates.




FIGURE 3.1 Element of orthtrophic plate showing positive stresses,
stress resultants and displacements
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M, = M,e +M,e (3.1)
M2 - Mzzgl * szgz (3.2)

and the resultant of the components acting along the boundary of
the element will be:

(3.3)
An element on the boundary of the plate with componentsof the unit
normal outward vector vy is shown in Figure 3.3. The unit normal may
be expressed in terms of these components as follows.

V= v'g +ve = v.e, - (3.4)

where v, = sin 6, v, =.cos 6

Note that the relative lengths of the sides and boundary of the element
may be defined in terms of the components of the unit normal vector v.

Expressing Eqn. (3,3) in terms of the components of Eqn. (3.4)
M = Mv +Mv =M, (3.5)
Substituting Eqns. (3.1), (3.2),(3.3) into Eqn. (3.5) gives

Me, +Me, = (M, e +HM elv +(M,e +M el

1~1 2~2 12~1 11~2
= (Mlz\)l + Mzzvz)gl * (Mll\)l + M21\)2)§2 (3‘6)
and therefore
Ml = Mlz\)l + MZZ\)Z
M2 = Mll\)l + le\’z
also Q = Qv *+Q,v, | (3.7)

By referring to Figure 3.2 and considering the equilibrium of the element,
these equations may be obtained directly by summing the components
of the stress resultants over the sides of the element.
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surface y® = constant / Q,

- = Q

FIGURE 3.2 Element on boundary of plate showing positive stress resultants

2
y curve

y curve

FIGURE 3.3 Element on boundary of plate showing components of unit
normal vector v



3.3 Derivation of Equilibrium Equations in Orthogonal Curvilinear

Coordinates

Consider an element on the boundary of the plate as shown in Figure 3.4.
For equ111br1um of the complete surface the sum of all the external
forces must be zero, and therefore:

J MdL + J (rxQ)dL + J[ (rxo)dA = 0 (3.8a,b,c)
L L A : :
and for vertical equilibrium

J odL + ” pdA = 0 (3.8d)

Expand each part of Eqn. (3.8) in turn. For Eqn. (3.8a) substitute
Egn. (3.6) as follows. ' :

J MdL = J (Mlg1 + Mzgz)dL
L ,

) j {(Ml’z\)l +M22\)2 )gl + (Ml \) + MZI\)Z)e}
L - ,
J {MIZ\)lel M22\)2e1 + Mll\)lez + M21\)2e2} dL
L

Using Gauss' Divergence theorem to convert the above boundary integral
to a surface integral, apply Egn. (2.31)

+ 2 (M he)+—9~(M2he)HdA
y



26

FIGURE 3.4

Element on boundary of p]ate showing éxterna] forces




Using Eqns. (2.27) and (2.28) the

may be replaced as follows

BQI

oe oh
12 <1 2
e1h2 + MIZ_—T h + M, € 1
ay oy
o Bh1
+ M -—h + M g —t
22 Byz 1 22 <) Byz
oe 3h
+M11-~_fh2 +M11 ~2_—%
oy ay
de, oh,
+ M21 -—;—hl + M21 e, — dA
oy ay
de oh
1 = 1 2
+ — M + M e
1 ’hl 12 Byl hlh2 1zay1 1
+.l_ " Bgl . 1 ah1
h2 228y2 hlh 223y2 ~1
ae oh
1 <2 1 2
+ — M + e
h1 113y1 hlh2 %1 ayl <2
oe oh
1 <2 1 1
+ — M + M e ydA
h2 213y2 h h 213y2 ~2}

&7

derivatives of the unit base vector:

(3.9)



Using the re]étionships in Eqns. (3.9) above, Eqn. (3.8a) becomes

) 1 3M12 1 " Bhl . 1 3h2
[ MdL - 1 & - h h 12- 72 &, h h M12 1 g1
A 1 12 oy

28

) 1 8M12 X 1 " 8h2 . 1 8M22 . 1 M Z}h1
[ MdL = h o "hh w1 T h Tz T hp 22 2
L A 1 9y 12 oy 2 3y 12 oy
oh oh oh oh
1 1 2 1 ] 2
+ - M e + (- M + M
hlhz 1 ay hlhz 218y1}~1 { h1h2 128y2 h1h2 228_y
oM 3h aM ah.
] 11 1 2 1 21 1 1
+ + M + — + M e dA
hl ’ay1 hlhz Hayl hz 3y2 .hlhz 218y2} 2 :l

~ For Egn. (3.8b) substitute Eqn (3.7) as follows

f (rxQ)dL = j (rxQe, )dL
L L ,

H

[ 1@, + a0l 0
L

J {(fXnga)\)1 + (erzga)vz}dL
L
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and applying Gauss' Divergence theorem to the above cross products,
Eqn. (3.8b) becomes

[
JJ h ]h —_a—l— (rxozgahz) +Z)—_3—2- (fxozgghl) dA

al1tz | ay
[ or 3Q, de, ) . oh,
= —TxQeh +rx—eh+rxQ— trxQe—
A _h1h2 Byl 1<3 2~ Byl <3 2 layl 2 ~ 1~38y1

ar aQ, -9e, Bh1 A
+—xQeh +rx—eh + rxQ —h +rxQ e, 7
8y2 2<3 ~ 8y2 31 2 Byz 273,

Using Egn. (2.11) and since 8g3/8y1= 0, the above expression becomes




the like terms of Eqns. (3.8) may be regrouped as follows:

1 ay 1 ay 2 ay 172
1 Bhl 1 ah
+ M - M + Qe dA
hlh2 113y2 hlh2 213y1 2
+[J - . 3h1+ 1 " 3h2+]_3M“+ 1
UL U N N

For Egn. (3.8d), rewrite as

[aas [ en = [ aea+|[ pean = o

L A L . A

and substituting Eqn (3.7) as follows we obtain

[ (Qv, + Qv Jedl + JI pe dA = 0
L A

~and applying Gauss' Divergence theorem, using Eqn. (2.31)

30

(3.10a)
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- >

] 3 3 |
h h { 1 (ngahz) = (ngahl)} * pga] dA

= 0
al 1tz Loy oy
dl 1 3, %, 3h,
¢ —teh +Q—h +Qe—
JJA i hlhz { Eyl 32 ‘ay‘ 2 1~33y1

9, %, o,
+—5eh +0Q hy +Q,¢ tee | dA = 0
ay 3 1 23)’2 1 2 33)’2 3

aQ ah aQ dh

] 1 ] 2 1 2 1 1

— + Q + — 4 — Q + pye dA = 0
JJA{ h: Byl hlh2 layl h2 2 hh, “2_2 }~3

The above Egn.of (3.10) are the expanded form of Eqns. (3.8), which
may be more simply represented as:

ff EedA+ JJ Ezgsz + JJ Ea(gxga)dA = 0 (3.11a)
and - JJ EedAh = 0 (3.11b)

where in each case Ei represents the expression contained in parenthesis.
Since Eqn. (3.12) applies to an arbitrary area of the plate

Ee =0 | | (3.12a)

Since e, is non-zero, it follows that E3 = 0. ‘Eqn. (3.11) thereforé

becomes

[| e reem = o
A
and for an arbitrary area

Ee +Ee = 0 (3.12b)



Therefore E1 = E, = 0 since the two orthogonal components of a zero

2
vector are each zero. The Eqns. of (3.8) therefore reduce to-Ei =0 or

1 aM11 . M11 ah2 L] aM12 2M,, dh, . M,, ah2 )
_ —_ - -Q = 0
1 h h 1 " h 2 h h 2 h.h 1 1
1 9y 12 3y 2 3y 172 3y 172 3y
y M, M, dh oM, 2M, 3h, M 3h
R N A B N R N VR
2 3y 12 3y 1 3y 172 3y 12 3y
aQ Q. dh_ - aQ Q. ah .
i e b R IR (3.13)
1.9y 172 9y 2 9y 172 3y

where in the case of orthogonal curvilinear coordinates G,, = 0,,

and therefore M12 = —-MZI.

The above Eqns. (3.13) are the three equilibrium equations for the plate

expressed in orthogonal curvilinear coordinates.

The expressions for the shearing forces Q, and Q, may be substituted
into the third equation of (3.13) to obtain the governing differential
equation of equilibrium.

3.4 Equilibrium Equations in Plane Polar Coordinates

The relationship between the cartesian and the polar coordinate systems

may be expressed as follows

1 1 1 2
X = r CoS 8 or X = Yy cosy
2 . 2 1 . 2
X = rsinég X = y siny
3 3 3
X = 2 X =y

=
>
o
=
(o]
Kl--l
"
~<
N
n
@
<
n
N

r,
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'The diagonal components of the metric tensor may be found using
Eqn. (2.9) as follows

2
r 142 2 3 .
9, ° gﬁ?‘ + 25?‘} + [ al? = (cos y*)* + (sin y*)* =1
‘3)/) 3)’ \ 3y
1 42 2 2 342
( ( [ )
g,, = | &5 | ¢ 25?‘] w21 = (yleos y¥)? + (-y'sin y?)?
\ay J kay \ay J
= () = r
a] 2 82 2 83 2 2
s () () () o
oy oy ay
In matrix form
[ 1 T ]
gll 0 0 1 0
- - 2
gij = 0 9,, 0 0 r
-0 0 933_4 _0 0 ].]

The scale factors may be obtained using Egn. (2.12)

ie. h. = /g =1, h = Vg3, = r (3.14)

1 11 2

The derivatives of the scale factors with respect to the respective

axes will be

oh ah

—L = 2() =0, __%. = 2. (1) = 0

oy or oy 06

oh | oh . ~
S L I 2 - 3r - g - (3.15)
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Substituting Eqns. (3.14) and (3.15) into the fgns. of (3.18) gives

rre rr 17ro 00 _
or r Ty se ty T Q. = 0
1_3Mee aMre . ZM".e bo = 0
r 96 ar r 3]
_gf Ty l.__ﬁ. = 0 : | (3.16)
or ~r r 39 P _ )

The Eqns. of (3.16) are the equilibrium equations for the plate
expressed in plane polar coordinates.

The equilibrium equations in cartesian coordinates may be obtained

in a similar manner. By setting dx' = dr, dx®> = rde and r large, the
above equations of (3.16) will also simplify to those expressed in
cartesian coordinates [ 35].
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CHAPTER 4

DERIVATION OF STRAIN-DISPLACEMENT RELATIONS

4.1 Relationship Between Strains and Generalised Displacements

in Orthogonal Curvilinear Coordinates

4.1.1 Using_the Principle_of Virtual Work

The generalised displacements di for the plate as shown in Figures 3.1
and 3.4 may be written in vector form as follows

d = d;e; (4.1)
or - d = e191 * e2(32 * w.e,
where d1 = 6, » d2 = 62 ., and d3 = W,

The equilibrium equations of (3.12a) and (3.12b) may be expressed
and restated as

E.e. = 0 ' (4.2)
or | Ee +Ee +Ee = 0
! 1~1 2~2 3~3

For the purpose of obtaining the shear strains and the curvatures for
the plate, the dot product of Eqns (4.1) and (4.2) is found as follows

Eigi .djgj = 0



36

Hence r
Eidi dA = 0
A

1
or [ (e, v, v EM A = 0 (4.3)
A

Eqn (4.3) can be interpreted as an expression of the principle of
virtual work where each component represents the work done by the
external forces in the respective curvilinear coordinate directions.

This will become more apparent once the terms are expanded and Gauss'
divergence theorem has been applied. Using Eqn (3.10a), the first
term of Eqn (4.3) may be expressed as follows:

aM oh oM
” £19,9A ” {T\L 12 0t h]h M, 18, i 22 %
A Al ay 12 ay 2 3y
ah dh oh
1 1 1 1 2 : ‘
+ M —o8 + M 8. - M —e6_ + Q.6 >dA
hlh2 22 3y2 1 hlh2 11 3y 1 hlh2 213y1 1 2 1}
The above equation may be expanded as follows:
36 ah
= 1 3 . Ly 1 2 (M o
JI EleldA - If {'H 5 1 (Mlzel) h1 M12 ayl hlh2 Byl ( 12 1)
A A
26 ah ah
1 9 1 1 1 1 1 "
* R, 52 (M,,8,) - = My, - " RE, o (M,,8,) + h, oy (M,,86,)
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' EodA = —L—IL(M 6 )h +J_?_hz(m 8.)
* 171 h1h2 1 12°1’"2 " h.h 1 12°1
A

A qy 172 3y
+—l-—-—a—(M 6. )h +——]—a—h—1—(M 6.) ) dA (4.4a)
_.hlh2 3y2 2271/ hlh2 ayz 2271

38 30 oh

1 1 1 1 1 1
- — M —+ — M - (M ) )
I[A{hl H 3)’1 h2 22 3)’2 h1h2 3)’2 s

oh
] 2
+ —=(M_.6,) - Q.6,}dA (4.4b)
| h1h2 ayl 2171 2 1}

The terms of (4.4a) may be simplified as follows

1 ) 1 )
JI {hlh2 5{' (Muelhz) + -—-——-—hlhz ay—z (Mzzelhl)}dA
A

Using Gauss' divergence theorem to convert an area integral to a
boundary integral, the above expression becomes

J {(Mlzelvl) + (Mzzelvz)}dl-
L

= f M. v, +M v )e1 dL

1271 2272
L

Applying Eqn (3.7) to the above result, Eqn (4.4) reduces to

a0 o9 ah,
1 1 1 1 ] 2
- —M_ —g+—M + M_8)
IIA{hl 12 Byl h2 22 3_y2 h.h, Byl 2171
1 oh

1
- hl—hz—;y—f (Mllel) - Qzel}dA (4.5a)
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Using Eqn (3.10b) the second term of Eqn (4.3) may be expanded in
a similar manner. The result is stated in Eqn (4.5b) as follows

96 96 oh

1 2 1 2 ] 1
- Loy 2+ Ly : (M, ,8,)
”A{hz 213y2 h1 11 Byl hlh2 8y2 122

- :‘ (M e)+Qe} , (4.5b)
123y

="

Using Egn (3.10c), the third term of Eqn (4.3) may be expressed as follows

oQ oh
1 1 1 2
EwdA = IJ — w_+ Q w
” 33 A{hl a.yl 3 hlh2 1 Byl 3

A
oQ ah
] 2 1 1
+ o —5 W+ ——Q —5w, + pw, ydA
h2 8y2 3 hlh2 2 8y2 3 3}

Expanding the above expression, we find that

”EwdA=”{1 ey g M 1M
373 A h1 By 173 h 1.3y1 h1hz ayl 173

1 8w3 1 ahl
W)‘E‘Q 2+hh 2(02w3)+pw3 dA
2 3y 2 ay 1 2 3y

+
I_.
=

L

=

ah
1 2
— (Qw )h + (Qw) + ——(QW)h
h1h2 a_y 1h2 By

i
g__“
\—,——.

P
——
b=
N
Q
‘<

+
—
Qo
>
...
o~
O
E
v
t
Q
=
—{w
'
Sl
L
N
Q
=
N
+
=
w
———
o
>
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i.e. ” E,w, dA | = ”A{hllhz g;— (Qw.h )+ hllhz o (Qw.h )

1 Q aw3 1 0 aw3 4
- +—Q — - = —+ pW A
h1 i ayl h2 2 8y2 3

Applying Gauss' divergence theorem the above equation becomes

” E3w3dA = J {Qlw3\)1 + szs\)z}dL
L

A

oW

| aw
“ hQ — th —3 - ow_} dA
T 3y’ 3y ~

Using Eqn (3.7), the above result reduces to the following:

' ow
” Ew,dA = f Q w,dl + ” ow_dA - “ {B‘L 0, —+
A L A Al r
1 aw
*h g, ;—— dA (4.5¢)
y

By combining the terms of Eqn (4.5), Eqn (4.3) may now be expressed
as follows

II Ew,dA = J {Me, +Mo, + Quw}dL + IJ {ow }dA
A L - A
a0

1 1 1 1 1 2
- — M _ +——M + —— M 0
”A{hl ayl 12 h2 8yz 22 h1hz ay1 2171
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oh a0 a6
B Flh__— M“GI-Q261+hl-—.g-M +-ﬁL_—'M
12 3y 2 3y

1 oh

1 2 .
=M 8 - a——=M 6 + Q6
hlh2 3y2 1272 ﬁlh2 ayl 2272 172

oW ow
+ —l-——%-ql + ﬁL-——g-Qz dA = 0
1 3y 2 3y

Regrouping common terms the above expression may now be identified
as a statement of the principle of virtual work:

J {Mo +Mo +Quw}dl+ ” {‘pw3 }dA
L A

_“{M 1—362-1%‘9 o _1_361+13h19
) 1 | h 3y’ hh, ay? ! 12 | h Byl h1h2 ay? 2

ab ah 20 ah
1 2 1 2 1 1 1 2
+M21[ﬁ—2— z * Foh el} +M22[ﬁ—' 2~ h.h 62}

oy 12 ayl 2 3y 12 ayl
1 awa 1 W,
+ Ql F;;l_". 62 + Q2 an—Z- 61 dA = 0 (4.6)

From Eqns (4.6) the strain quantities may be identified as follows

(i) Shear Strains

, .
Y = —-—+06 (4.7a)
1 hl ay1 2 )
ow
Y, = -6, (4.7b)
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(i1) Bending and Twisting Curvatures
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] 2 ]

X, = - ¢ (4.8a)
1 h1 Byl hlh2 3y2 1

30 © 4 9h

] 1 ] 2

x2 - h 2 - h h 1 e (4.8b)
2 93y 12 3y

30 ah
- 1 1 1
X = h + h h 2 92 (4.8C)

12 . ayl N, gy

N 51_39: Pl ahf o) (4.8d)
2 3y 13 3y

=
"

If the shear strains as expressed in Eqn (4.7) are assumed to be
negligible, then

LI | (45)
6, = - — .9a
2 h1 Byl
] 8w3 ,
and 6, = — — (4.9b)
1 h 2
2 oy

By substituting the above Eqns of (4.9) into those of (4.8), the bending
curvatures simplify to the following

The twisting curvatures are obtained in a similar manner as follows
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2
v = 1 )} W, i 1 th 2)w3 i 1 ahl 8w3
12 1 2 2 1 2 2 2 1
hlh2 3y 3y hlh2 3y oy hlh2 3y 3y

2
N . . 1 AW, . 1 ah1 aw3 . 1 ah2 aw3

21 2 1 2 2 1 2 1 2
hlh2 3y 3y hlh2 oy oy hlh2 3y oy

and since Xy, = -

4
>
-

2
) 9 2 W, 2 ah2 awsv 9 ah1 aw3
Xlz " Xy T 1. 2 2 .1 .2 2 2 1 (4.10)
hlh2 3y ay hlh2 3y ay hlh 9y 3y

2

The above Eqns of (4.10) are the curvatures for the plate where shear
strains have been neglected, expressed in orthogonal curvilinear
coordinates. '

An alternative method of deriving the strain-displacement relations
for the plate will be given in 4.1.2.

Let the surface of the plate undergo a rigid body movement effected

by translating and rotating the plane at point Pl(yi, yf). Let these
rigid body displacements at point Pl take place in a positive sense

as shown in Figure 4.1 i.e.

d*

~

- g*e_  + f*e + w*e
1~1 2~2 3~3

g% + o* + w*
~1 ~2 ~3

The resulting surface displacements and rotations may be described

as follows
W, = wh+erxr o= owko- rxe(y") (4.11a)
and  o(y') = g*+er = g* | (4.11b)
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ca] y, axis

FIGURE 4.1 Plate surface at point P1 showing applied displacements d*
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For these rigid body movements the strain quantities will be zero.
. Differentiating Eqns (4.11) with respect to the local curvilinear
axes y; and yf, we obtain,

ow or

—+—xely) =0
3‘yl a‘yl
aﬂa 3E i
- + - X e(y ) = 0 (4']2)
3y, dy, ~
a8(y") 29(y")
and — = 0 — = 0 (4.13)
3y, ay .

Using Eqns (2.11) and (2.14), the Eqns of (4.12) and (4.13) may be
rewritten as :

(4.14)

=2
+
114
x
D
i
o

ao(y') |
] - . _l_. i =
and . - = 0 3 h, 0 (4.15)

2

ay

From Eqns (4.14) the shear strain quantities may be identified as follows

1 a‘l’s
Y, = | g —1te x8]|-.¢e
1 hl ayl 1 3
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h1 3y 1 h1 3.yl <1 1<1 <1 <3
ow
= g2t (4.16a)
1 3y 2
- ] aw
Y, = —>te x8 e
2 _ h2 3y 2 7= 3

h, 3y ~2 ~ ~2 ~3
[ ow de
S 0 R =3 4 De + )
= h 3y2 €, 'ﬁ:w a_y2 2 XU.8, T & XU,8, €,
ow
= 3-8 (4.16b)
2 9y

From Eqns (4.15) the bending strains may be identified as follows
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1 ?il_e .o ) dh, e, 3h, e, . 36, .
h 1 =) 1 2 h 3 h 1 <2
1 oy oy 2 Y 3 oy
6 — — ‘e
2 .2 <2
ay hz
98 ah
1 - hlh Lo, (4.17a)
1 dy 12 3y
r 1
12
T
1 9 -
}g';;z_{exgl + 08,8, } } - &
[ ) o 36 Je
1 —le +9g ZLi_ 2o 49 —Z } . e
L 2 Ly oy oy oy
i ‘ ' h, e
SLEY SRS S e e,
Rt ay' Myt 2 Lyt e gyt I
06 oh
ﬁl_ L. hlh 2o, (4.17b)
2 3y 172 3y

r
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i 1 EEL . dh, e, sh, e, 28, oh, e
h 15 7 ST TR U TR B 7P 3 <1
1 3y dy y " ay dy 2
a6 oh :
_ 1 1 1
= R + b h 5 62 (4.]7C)

21

[ 1 [28 de 38, de
= | g {—ze to—5+—5e +to —% e
~1 ~2 2
| 2 L9y oy oy oy
i [ 1[92, ah, e, 936, oh, e, oh, e,
R I~ B N N il S - M e
| 2 ay ay 1 ay ay 3 ay 1
1 98, L
= tpp % 6, (4.17d)

h2 ay 1 2 3y

The Eqns of (4.16) are the shear strains and those of (4.17) the
bendlqg and twisting curvatures, as prev1ous1y derived in 4.1. 1
Eqns (4.7) and (4.8) respectively.

4.2 Strain-Displacement Relationships in polar coordinates

Using the Eqns of (3.14) and (3.15) and defining the rotations such
that 6. 7 6,, e =0, W=w, the strains as given in Eqns (4.16)
and (4. 17) SImp11fy to those in plane polar coordinates as follows

i) Shear strains

:] = Lw |
v = 3t 0% \A r 36 ee (4.18)
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ji) Bending and twisting curvatures

_ _1%% %

Xy oar ’ s r 9o r

96 96 6

= 8 - 1_r 6
Xre or ° Xor ra ¥ r (4.19)

Q

- v = 1w
‘e - - ° ee r

(o34

., = -4 (4.20a)

- L 3w, 12w
X = 5 2ty (4.20b)

. 10w 1w
Xor r 36or © 2 39
and since Xpg = " Xop
2
_2%w 2w
Xpe ~ Xgr = ¥ Jroo 2 36 (4.20c)

The Eqns of (4.20) are the curvatures for the plate in plane polar
coordinates where the shear strains have been neglected.
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4.3 Relationship Between Moment and Curvature in Orthogonal
Curvilinear Coordinates -

Consider an element of an orthotrophic plate as shown in Figure 3.1

From Hooke's law and considering the effect_of Poisson's ratio in the
lateral direction, the total bending and shearing strains may be -
expressed as follows:

o} o
= 1 _2
& = E, Hy E2
_ % %9
E2 E2 Hy E1
T Tar .
Yo {612 * 821} I (4.21)

where E1’ E2, H,s H,are the orthotrophic material constants [34] and
the shear modulus G for an orthotrophic plate is given as [30]

VEE,

1

2(1 + uu,)

Rewriting the egns of (4.21) in terms of stresses we obtain the following

E
1
o T (T - u1u25 {81 u2€2}
E .
2
922 T - W, {82 ulel}
Tha T GY12= G {812 * 821} T Ty (4.22)
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Let the in-plane displacement vector v be defined as

(4.23)

where v, and v, are the components of v in the y1 and y2 directions

respectively.

At any point P within the plate the in-plane displacements

may be expressed in terms of the distance z from the middle plane and

the rotations 61 and 62, as follows:

<
i

+
v, *2le, x 0)

where 6

D
"
<D
2D
+
D
LD

(4.24)

and v_ is the vector of in-plane disp]aceménts ét the middle plane

~0

of the plate (assumed equal to zero in the case of loading normal

to the surface of the plate),

From eqn (4.23) the bending strain and the twisting shear strain quantities

may be identified as follows

m

-

1
—

] @

m!e<
-
e —

1]

S

8s1 <1 1 as1 851

av ae av
1 ~1 2
{_._e +v ....._._+._._e

+ v 2 e
2 BS1 RS

(4.25a)

By definition avl/as1 is the bending strain in the y1 direction where,
1
from eqn (2.14), os, = hlay1 is the physical length along a y axis.

Similarly

(4.25b)
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and

- | o¥ oV av,  av,
Ve T 1m0 & s, (6 7 3, T, (4.25¢)

1 2

The relationship between the bending straijn of eqn (4.25) and the
corresponding curvature may be obtained by differentiating eqn (4.24)

as follows

1]
N

1 3y ay'  ay ay
36 ~ oh, e 3h e. 90
) Zhi—gsx{_%gl—el—%ﬁz——el_g—_*-—%%
1 3y 3y 2 3y” "3 3y
eh, ¢
06 dh_ e a6 oh_ e
: z%{—ifzz*el—%ﬁ-‘--—?s et ol O
1 Loy oy 'z 3y oy 2

-T2 {_L_aez T
N NN

By referring to eqn (4.8) or (4.17a), the curvature in the y direction.
is identified and the above expression can be rewritten as

e = -2X (4.26a)
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Similarly the bending strain of eqn (4.25b) may be related to the
curvature as follows

i
N
3]
wlw
N
I_A——\
2D
w
x
<D
N —
2D
N

. {Bga 39
= Z—{—Xx606t+te X— e
h2 3y2 3 8y2 2
. 20, de, 98 de,
T Ip g X\Tze e 7t 58 0, 518
2 3y oy dy 3y
06 sh_ e a6, eh, e
_ 1 1 2 =2 2 2 <3
- Zﬁ—gsx{_—z_~1+6 —h tTz% 7% oy
2 ay ay vy ay 3

By referring to eqn (4.8b) or (4.17b), the above expression becomes
(4.26b)

" The relationship between the twisting shear strain of eqn (4.25c) and
the corresponding curvatures is obtained by differentiating eqn (4.24)
as follows
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1 L3y oy ay oy 2

1 361 3h2 e, 99 8h2 e,
S~ D i L s 1 N - i Pt <1

2 |dy y 1 3y ay 1

381 1 3h1 . i ;L_BGZ N 1 th . '
1 2 Yo h2 8y2 h1h2 Byl 1

Be referrihg to eqns (4.8c) and (4.8d) or eqns (4.17c) and (4.17d),
the above expression becomes ' '

1
N
—
e
DW_,

-
[o%)
<
+
o
-
o
N
[o%)
<

yoo= z{x - x} (4.26c)

The relationship between the stresses and curvatures may therefore be
obtained by substituting egqns (4.26) into those of (4.22) i.e.

E z
= 1 _
°, " T - uluzi {Xl UZUZ} (4.27a)
-Ez
= 2 _ )
%22 1 - AT {Xz “1“1} (4.27b)
T12 - GZ{Xlz —' X21} = T21 (4.27C)

The stress resultants are in turn related to the stresses as follows



L
N>

N >

= J T ds zds
12 2 3

N

N >

= - J T ds zds
21 1 3
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(4.28)

Substituting the eqns of (4.27) into those of (4.28) and integrating
over the Timits yield the relationships between the moments per unit

Tength and the curvatures

11

22

12

21

E,h?

7200 - u plﬁ'z) {X1 - H,X, 1

Eh’
2

12(7 - pluzi{xz - U1X1}

(4.29)
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or more simply

Myo= DL I el
Mzz a Dzz {X2 ) U1X1}
M, =D, I, -,
M21 = -D12 {x12 - x21} (4.30)

The first three egns of (4.30) may be represented in matrix form as follows

, [N — — r N
M]1 . D11 -D1 0 _ "X,

< M22 y = -_D1 D22 0 . 4 X2 >
M12 0 0 012 (X12 - le)

\ J . - \ J

(4,31)
or
{M} = [D){x} (4.32)

X,» X,» X, X,,are the curvatures as given in eqn (4.8) and'Dll, D,,
are the bending rigidities in the mutually orthogonal coordinate
directians and sz is the torsional rigidity

where
E h’ .
D = 1 - [ D =§.h_
11 1200 - UIUZ) 12 12
Eh’
D = 2
22 12(1 - pu )
1 2

h = plate thickness
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and from Betti's reciprocal ‘theorem

(4.33)

1 1722

D. = “2011 = u,D

Eqn (4.32) is the relationship between the moments and the curvatures
for the plate in orthogonal curvilinear coordinates.

4.4 Moment Curvature Relationship in Polar Coordinates

Using the expression for the curvatures as given in eqn (4.20), the
Moment Curvature relationship in Polar Coordinates may be obtained by
substituting these values into eqn (4.31) as follows

(o 1 )
M rDr D, 0 -—‘;’-;%
1%, 1w
f M b=]0 Dg 0 |d GG )
2 3°w 2 9w
& M’reJ 00 | | v (4.34)

The above eqn (4.34) is the relationship between the moments and the
curvature in plane polar coordinates

where
., 3
D - Erh . N D = .Gﬂi
r 1200 - urue) 12 12
Egh’ D. = wD. =D
Dy = 207 < T ’ 1 He%r T U

h = plate thickness
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"CHAPTER. 5

-GOVERNING DIFFERENTIAL 'EQUATION FOR A CURVED FINITE STRIP

5.1 Derivation of Displacement Function

Let the set of curvilinear axes in the middle plane of the plate be
chosen such that the y1 axes describe the coordinate 1imits across

the width of the strip and the y2 axes define those coordinate limits
along the length of the strip. Figure 5.1 shows a curved finite
strip bounded by two coordinate axes y% and y}, referred to as the
nodal lines i and j for each strip. For the present formulation
based'on orthogonal curvilinear coordinates it will be sufficient to
define the vertical deflection w between the sides of the strip in
terms of the displacement and rotation at each nodal 1ine as shown

in Figure 5.2. The generalised displacements u along the nodal lines

-of the strip will be defined as follows

uo= Dng(r") 850" wily®) ej(yz)]T (5.1)

The position of a point within the strip width may be conveniently
defined in terms of a local axis a, such that

(y

o
H]
<
'
<
-

2y 2 y3) (5.2)
From egn 5.2 it therefore follows that

(i) Aty' =y

]
<

(i1) At y!

where b is the width of the strip

For the nodal displacements y chosen a third order polynomial, defined
in terms of 4 unknown constants will therefore be used

i.e.



nodal line i X

FIGURE 5.1 Single finite strip bounded by nodal lines i and j

y
' b
1. |
U 1
%
3
W 11 W,
a = Yy-Y | J
1.+6 | | .
D ' ! - : -—y
04 1 - 1 1
Y; . Y yj

FIGURE 5.2 " Transverse f1ekure of strip showing positive displacements
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wa,y®) = A +Aa+ha’ +Aa’ (5.3)

[1aa®a’l[A A, A, AT

[1aa” a’l{A} ‘ (5.4)

Substitute eqn (5.2) into (5.3) above and differentiate partially with
respect to the y1 axis

wa,y’) = A+ Ay -y H ALY - yD) AL - )

M (a,y?)
oy

A, + 2R (y" - yi) + ALY - g)

A +2ha+3Aha
2 3 4

[0 1 2a 3a*]{A} (5.5)

Referring to Figure 5.2 the boundary conditions at the two ends i and j

of the strip are clearly

i) At Node i (y' = Yi o as 0)
wia,y®) = w(y’)
Ma,y®) = - 6;(y") (5.62)
oy
ii) At Node j (y1 = x; , a=b)
2 2
w(a,y") = wj(y )
My = - e,(y") (5.6b)
Ay J

Using the above eqns of (5.6) and applying eqns (5.4) and (5.5) to the
nodes i and j, we obtain a set of equations relating the nodal displacements
{u} to the unknown constant {A} through their nodal coordinates as follows



1 0 0 0
0 -1 0 0
{u} = {A}
1 b b b?
0 -1 -2b -3b°
L -
or  {u} = [C,{A} | (5.7)

where [Ca] is the nodal coordinate matrix.

The undetermined constants {A} may be expressed directly in-terms of
the nodal displacements {u} by inverting the [Ca] matrix. i.e.

1 0 0 0
\
0 -1 0 0
{A} = {u}
=3 2 3 1
b2 b b2 b
2 -1 =2 =1
b3 b2 b3 b2
or (A} = [C]7(u} s (5.8)

where [Ca]'] is the displacement transformation matrix.
Eqn (5.4) may now be expressed in terms of eqn (5.8) above as follows

[1 a a’ aa][Ca]-]{u}

2 3 2 34 ¢ 2 3 2 3
= [1 N - 2g.}[_a v 22 23}{3%_._ 2g.}[9_._ 93_] ful
b b b b /' b b b -

w(a,y’)

or w(a,yz)

1}
—
(]
o
—
—~—
<
et
———
(8]
(Ve
S
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Eqn (5.9) is the required displacement function for the strip, defined
in terms of the nodal coordinates and the generalised displacements.

The above displacement function will clearly lead to’compatibility

of displacement and rotation between adjacent strip elements, since

the vertical deflection w(a) and the first derivative with respect to

y? are continuous. However by differentiating eqn (5.5) with respect
to y1 it can be seen that the second derivative varies linearly with

a and will therefore be discontinuous at the boundaries between adjacent
strips. By referring to egns (4.8) it is evident that the curvatures
are derived from combinations of the second derivative and therefore
these will also be discontinuous. When applying egn (4.32) to
determine the stress resultants, it will therefore be necessary to

mean the values obtained at common nodal boundaries. To ensure con-
tinuity of strain across the strip boundaries it would be necessary to
include a second derivative term when defining the generalised displace-
ment u.  This would in turn require the choice of a 5th order dis-
placement function which has been used for non-orthogonal systems such
as skew plate structures [6,7,8], but does not appear justified in general.

. 5.2 Potential Energy of a Finite Strip

Considering strains due to bending, the total potential energy Ub of
a finite strip as shown in Figure 5.1 is given by

2 1
Yi Y5 |
1 2
Ub - %[ ) J ) {Mllxl + M22X2 + M12)(12 * M21X21}h1d‘y hzd'y
Yi Y
2 1
i 7 |
- [ ] taetay nayn,e? (5.10)
2 1 '
Y: Vs

1 1

b
[

Substituting eqn (5.9) and noting that M,=-M,
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Yi Y |
U, = %f ) [ 1 {M“X1 +M,X, ML (X, - X)) hldylhzdy2

Yi Yi

2 1

Yi Y5

o B S T R e

2 1

Yi Y
2 1 2 1
Yi Y3 Yi Y5

= %f f {X}T{M}hldylhzdyz - f f {u}T[Cb]Tp(a,yz)hldylhzdyz
2 1
Yi Y5 y? y;
(5.11)

Substituting eqn (4.32) into the first term of eqn (5.11) we obtain

2 1
Yi i \ |
U, - %[ f 37 [030x3h dy'h_ dy’
2 1
Yi Yy
2 1
i 7
- J J {u}'rc, 1 o(a,y")h dy'h_dy’ (5.12)
2 1
Yi Yy

Ean (5.12) represents total potential energy for a curved finite

strip element expressed in orthogonal curvilinear coordinates. The
first term is the strain energy due to bending stress resultants and
the second terms represent the potential energy of the surface forces.

In the case of plane polar coordinates the expression in eqn (5.12)
above reduced to the following

GJ- Y‘J.
T %I J X} [D]tx}drrds
G.i Y‘_I
% T |
- e e(ae)drrde (5.13)
6; 1y

where the curvature matrix {X} and the elasticity matrix [D] are as
previously defined in 4.2 and 4.3 respectively for polar coordinates.
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Derivation of Governing Differential Equation for Curved Finite Strip

To evaluate -the strain energy contributions in eqn (5.12) it will

first be necessary to express the curvatures in terms of the derivatives

of the displacement function w(a,y?) as defined in eqn (5.9).

By referring to the eqns of (4.10) for the curvatures in orthogonal
curvilinear coordinates, it can be seen that the following derivatives

will be required.

2
R [.—ga_+_fs_e,]wi [-1
3y b* b’
2
aw_ _ |[-6, 12a) (4
1. 1 [_5'+ _~3Jwi [b
oy dy b b
2 3
2 [y
ay b b
2 2 3
_QEEL;. = [] - §EE'+ gﬂ;}w
ay ay v b b
2 2
= (FE e [
oy 3y b b
awi .
where w% = —, 0
ay
W,
1 = _J l.
" 2+ 9

b b> b b
2 3 2 3
[+ B- 2oy [ - 2w
b b p*> JJ
3 3
2a__a’),» {33 _2a ] w
e By [ 2
4_a_§_a___]e. [6_8_63] ) [Za
b2 2 g3 b
.
3y’
20,
- =
ay
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0 wi 3 ei
and Wi = . Y =
i 8y23y2 i ay28y2
52w, 3%,
w' = J g = J
2 4 5 .
Iy’ b aytay?

Using the above eqns of (5.14), the curvatures as given in eqn (4.10)
may now be expressed in terms of the derivatives of the displacement
function and are listed in Appendix A for the case of orthogonal
curvilinear and plane polar coordinates. These expressions for

the curvatures will be used to evaluate the strain energy term of

eqn (5.12) which will require multiplying out and subsequent expanding.
The many elements generated by this procedure can now be integrated
with respect to y and evaluated. To perform these integrations
however, it will be necessary at this stege to specialise to a particular
coordinate system.  For the purpose of illustration the polar
coordinate system will be chosen, where the integrations of eqn (5.13)
will be of the following form

r.
J .
2 .
I Lok +ka+ka® + .. )rdr (5.15)
r r :
i
and n =0,1,2,3,4 a=r-r, k = constant

-I’

The above integrations will in general include terms involving gnr and
when evaluated will therefore result in terms of the form 2n r /r
Since it will be convenient to evaluate the integrals in terms of the
nodal coordinate 1imits associated with each strip, the 2n term will
be replaced by its series sum equivalent as follows:

r.
SLnF‘]—=5Ln[1+Fb—]
i J
2 3 4
b 1 [ b ) 1 (b ) 1 (b }
= 02 _1jDb + - | = - ==+ .. 5.16a
N o B N o B o (5.16a)
2 3 4
b][b’ 1’b”.1fb]
=2y lfe ) 1) s fb ), . (5.16b)
r‘j 2 er 3‘er 4Lrj
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Using eqns (5.16) above it will now be possible to evaluate the integrals
of eqn (5.15) directly in terms of the bounding coordinate radii rs

and rj and the strip width b. The formulas for these integrations
together with the derivation of typical cases are given in Appendix B.
The use of numerical integration may however become necessary for more
complex curvi]inear coordinate systems and would depend on the values

of the scale factor and their derivatives obtained.

The integration of the second term of eqn (5.13) representing the
potential energy of the surface forces may be expressed as follows

i

[E] = I [c,170(r,0)rdr (5.17)
"
By referring to the [Cb] matrix in egn (5.9) it can be seen that these
integrations do not involve &n terms and may therefore be readily
evaluated. It will be shown later that egqn (5.17) represents the
vector of nodal loads per unit length of strip.

The governing differential equation for a finite strip may be found by
applying variational methods to the Principle of Minimum Potential
Energy which states that "A system is in a configuration of stable
equilibrium if, and only if, the value of the potential energy is

‘a minimum". The terms in the total potential energy expression of
eqn (5.13) may now be combined and written as follows

%

U, = I I(u,u',u") de (5.18)
0,

1

where the quantity I is defined in terms of the unknown displacement
variables u, u', and u", the'genera1ised displacements and their
partial derivatives with respect to 6. From the Principle of Minimum
Potential energy, Ub will be a minimum when the strip is in a state of
stable equilibrium. The variational approach is to seek a stationary
value for Ub defined by the appropriate integration of the unknowns
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over the domain. The integral Ub will be stationary when its first
variation with respect to u, u' and u" vanishes. This will occur when

s, = 0 (5.19)

The first variation of Ub with respect to each component of u, u' and y"
is found to be '

6.

8, = JGJ{GE"T[[AJQ" + [B]g] + §9'T[[c]g']

i

N agT[[B]Tgu + [D]g- - [E]]} de (5.20)

where the matrices [A], [B], [C], [D] and [E] are given in Appendix C
for the polar coordinate system chosen.

Integrating egn (5.20) with respect to 6 by parts we obtain
su, = 6u'T[[A]g“ + [B]g] l . égT[[A]g"' R [B]g'] |

O_i ei

. : 0.
eJ J

+ f SQT[[A]QW' + [B]g"]de +69T[[C]g'] ,

; J GuT[[C]g"] do + I agT[[a]Tg" + [Dlu - [E]] de
ei ' i (5.21)

Eqn (5.21) may be regrouped with common displacement variations as
follows
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8. .
J eJ

- GE'T[[A]E" + [B]B] l ; 5ET[[A]g"' + [[B] - [c]]!'} l

6. .

. f J{égT[[A]gw- ; [[B] - [ + (8] Ju" + [0y - [E]]:} de
8.

| (5.22)

From egn (5.19), for GUb to be zero, each component of egn (5.22)
must be zero and therefore

0.
J

- Gu'T[[A]g" + [B]g]‘l -0 . (5.233)

8,

| GUT[[A]E“' + [[B] - [C]]g'] |

%

(5.23b)

L]
o

8,

[AJu™ + [[B] - [c] + [B]T]g" + [DJu - [E] = O (5.24)

Eqn (5.24) is the governing differential equation for a curved finite
strip and those of (5.23) are the differential equations applicable
at the strip boundaries.

5.4 Solution of a System of Finite Strips

To obtain a solution of the curved plate structure the continuum is
subdivided transversely into a series of finite strip elements connected
along their sides or nodallines, as shown in Figure 5.3. By applying
eqn (5.24) to each strip the set of governing differential equations

for the system of finite strips may be found.
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Since the generalised displacements y and their partial derivatives
will be common along the nodal 1ine boundaries, the equations for
adjacent strips may be combined to form the governing differential
equation along the nodal lines. In this way the set of simultaneous
differential equations for the plate, subdivided into a system of
finite strip elements are formulated. By applying the appropriate
boundary condition differential equations to the ends of each strip,
the above set of simultaneous differential equations may now be uniquely
solved to yield the generalised displacements throughout the plate.
From the resulting set of displacements and rotations along the strip
boundaries the curvatures and corresponding stress resultants may be
subsequently determined. |

In the present analysis the system of finite strips is subdivided
longitudinally into a series of nodal cross-sections, thereby enabling
the partial derivative of u to be replaced by their finite difference
equivalent. The finite difference form of the governing differential
equation combined for a set of adjacent strips at one common interior
nodal cross-section for unequal spacing of nodes is given in Appendix D1.
In this way the set of simultaneous differential equations may be
conveniently replaced by the corresponding set of simultaneous 1linear
equation formulated directly in terms of the unknown generalised
displacements u throughout the plate. The finite difference form of
this set of simultaneous equations compiled for a system of adjoining
finite strips and nodal cross-sections is shown in Appendix D2 and

may be written as

[K}{d} = [E] : (5.25)

where [K] is the finite difference stiffness matrix for the structure
{d} is the vector of nodal displacements and rotations
[E] 1s the vector of corresponding nodal loads and moments

Egn (5.25) is subsequently solved using normal Gauss reduction techniques
to yield the set of unknown displacements {d}. Using the relationships

as given in Appendix A and the corresponding equations of (4.31) or (4.34),

the curvatures and stress resultant may be subsequently derived to
obtain the complete solution to the curved plate structure.
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5.5 Application of Boundary Condition Equations

For a unique solution to a system of curved finite strips it is clear
that the governing differential equation must be satisfied at any
interior point along the length of each strip and the boundary
differential equations must be satisfied at the two ends of each strip.

Since the governing differential equation is of fourth order and given
in terms of two basic variables w and 6, a total of eight possible
boundary conditions may be identified from eqns (5.23a) and (5.23b)

as follows

- -~ -

In the case of the simply supported edge the vertical dispiacement
and the curvature in the longitudinal direction are zero. The

first variation of u will therefore be zero and éu' will be non-zero.
From the boundary differential eqns of (5.23a) and (5.23b), it follows
that:

(i) =0

(1) [Aly" + [Bly = 0 . (5.26)

=

For the clamped edge boundary condition, the vertical displacement an

the slope in the Tongitudinal direction are zero. For these boundary

. conditions to be satisfied the first variation of u and u' must be
~zero. Eqns (5.23a) and (5.23b) therefore simplify to the following

(i) wu=0

(1) u' =0 - | (5.27)
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In the case where, due to symmetry of geometry and loading, the edge
may be assumed to be guided, the slope in the longitudinal direction
and the vertical shear strain will be zero. The first variation of
u' will therefore be zero and éu will be non-zero. From the boundary.
differential eqn of (5.23a) and (5.23b) it follows that

(i) w'=0
(11) [+ 18] - [elfu = o0 (5.28)

For tﬁe free edge boundary condition, the curvature in the longitudinal
direction and the combined vertical shear strain and twistin@ curvature
will be zero. For these boundary conditions to be satisfied the first
variation of u and u' will be non-zero and eqn (5.23a) and (5.23b)

become

(1) [Aw"+[Bly = O .
(i1) [A]g"‘+[[B] - [(:]]g" =0 ©(5.29)

In the finite difference application the strips are subdivided into

a series of element and the governing differential equation is applied
at each node point. At the boundary and the penultimate node however
this process generates a set of ficticious displacement and rotations.
In each of the above cases, applying the two appropriate boundary
condition equations on the boundaky enables these ficticious displace-
ments to be uniquely eliminated.

The formulation of the finite difference stiffness matrix for simply
supported and clamped boundary conditions is given in Appendix El

for unequal spacing of nodes. In the case of the free edge boundary
condition the elimination process involved in the application of

eqns (5.28) becomes more complex and in the present formulation,as
given in Appendix E2, a constant nodal spacing has been used.
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5.6 Load Vector for Types of Loading Considered

The 1oad vector [E] as defined in eqn (5.17) will be evaluated for the
different types of loading to be considered and is restated as follows

r,
J

6] = | reo(ro)rdr (5.17)
By referring to the potential energy term of eqn (5.10) it is to be
noted that the basic load intensity is expressed as a force/unit

area. By integrating across the strip the nature of loading will
therefore transform to that of an intensity,/unit length.

In the polar coordinate system the integkations of egn (5.17) will
transform the loading to that of an intensity/unit rotation, since the
scale factor h2 = r in the y2 =0 direction is included in the inte-
gration.  For each type of loading the elements of the resulting load
vector will therefore represent the nodal load and fixed end moment
quantities/unit rotation along the sides i and j of the strip.
Providing the loading across the strip is of a continuous nature, it
will be necessary to express the load initially as a force/unit surface
area prior to evaluating the load vector. The three basic types of
loading to be considered are as follows

The patch loading can be considered to kepresent the general case of
a uniformily distributed load and will be defined as constant across
the strip but may vary linearly along the length of the strip. The
loading expression p(r,8) in eqn (5.17) will be of the form

p(r.8) = q +ke | | (5.30)

q, - 4,
where k = T

and is as shown in Figure 5.5(i)
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q =q * kAB
Q,-9,
k = A6

i) Patchlloading
(q +ko)

ii) Knife edge loading

(de +de,)/2 (P, + ka)

nodal line j

nodal line i

iii) Point loading

FIGURE 5.4 Different types of 1oadihg considered
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The knife edge 1oad along a radial line at 8 = 6, may vary linearly
across the strip and will be discontinuous along the length of the
strip. In the subsequent finite difference representation however
the load may be assumed to be distributed in the 6 direction over a
nodal spacing of physical length ds = rdé.- The loading expression
o(r,6) in eqn (5.17) will therefore be as follows

P, *+ ka

o(r,0) = —de (5.31)
P, - P,
where k = —5

and is as shown in Figure 5.5(i1)

------------

The point load acts at a distance x across the strip and at a position
8 = e! along the length of the strip. The load will be assumed to be
distributed over a nodal spacing ds = rde as in the case of the line
load. However, since the point load is discontinuous in the radial
direction as well, the loading expression p(r,8) in egqn (5.17) will
be written as ‘

- P ‘
O(Y‘,e) = rdé - (5.32)
where r = r; + X X = constant in this case
and is as shown in Figure 5.5(ii1)

The Toad vector is obtained by substituting the appropriate expression
for the loading function into egn (5.17) and evaluating the integral.
The load vector [E] is given in Appendix C5 for the above loading types
considered. It is to be noted that in each case multiplying by dé
transforms the elements from an intensity/unit rotation to those of
nodal loads. In the case of variable spacing finite difference
approximations the spacing d6 at nodal cross-section i is replaced by
(de,_, + de,)/2.
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CHAPTER 6

DERIVATION OF VARIABLE SPACING FINITE DIFFERENCE APPROXIMATIONS

Introduction

Since the present work on the finite strip method is based on that of
replacing the partial derivatives of u by the corresponding finite
difference approximations, the possibility of formulating the various:
operator patterns in terms of a variable spacing was considered. |
A separate investigation [39] was therefore carried out to determine
whether the use of variable spacing finite difference approximations
was justified in the case of simple and continuous beam problems.

The investigation was also initiated to resolve the contradiction noted
between a description of the method used to derive the formulas for
variable spacing finite difference approximations and the various
operator patterns listed [35]. It became apparent that there were

in fact two possible formulations for the operator patterns, one set
based on a combination of 2nd order polynomial expressions and the
other set based on a similar 4th order expression. It was therefore
found necessary to examine each set of operator patterns and determine
on which to base the present work on the finite strip method. Further-
more the apparent non-symmetry of the resulting finite difference
stiffness matrix formulated in terms of a variable spacing also
required further investigation. The following sections cover briefly
the derivations of the various central and boundary operator patterns
and include a discussion and evaluation of the results.

6.1 Central Operator Patterns Based on 2nd Order Expressions

The variable spacing finite difference approximations based on 2nd

order polynomial expressions are obtained in the following manner.

Consider a smooth function y = f(x) with ordinate values given at a
series of 3 unequally spaced points as shown in Figure 6.1 Taking
a local axis x' = x, y = 0, the values of the derivatives of y are

found for the point x = x' as follows.



FIGURE 6.1 Function y = f(x) for three unequally spaced nodes

;
ly
y=f(x)
//
WB wA wo W, wz
a b é d
o X
B A 0 1 2
X=X

FIGURE 6.2 Function y = f(x) for five unéqua11y spaced nodes
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The basic polynomial expression of 2nd order will have the form
y = A, +tAx+ A2x2 _ (6.1)

Differentiating successiveTy with respect to x:

dy _

E¥' = Al + 2A,x
d’ |
L= o, (6.2)
dx

The constants A in the above equations are solved by using the following
initial conditions."

i) At x

= 0, Yy =W,
ii) At x = -b, y = Wy
iii) At x = ¢, y=w

Substituting these initial conditions into eqn (6.1) in turn, the
following set of equastions is obtained.

r - r h r h
1 0 0 A, W,
2
] "b b ‘ Al f = 4 WA ?
1 c c2 A W
L . \ ZJ . 1 J

By solving for the values of {A}, the required expressions for the
derivatives at x = 0 are obtained as follows

-CW (c-b)w bw
' = gl = = A 0 1
Y dx Al b(b+cT+ b+ c(b+c)
2 2w 2w 2w
w oo dy _ _ A _ "o 1
y *xdxz 2R2 = B(B*eT “Be * CTHR) (6.3)

The eqns of (6.3) give the basic operator patterns for the 1st and 2nd
derivatives of y, based on a 2nd order polynomial expression.
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To obtain higher derivatives of y it is necessary to consider the

same basic function with ordinate values given at additional unequally
spaced points as shown in Figure 6.2 Applying eqns (6.3) to the
interior nodes gives:

dy ) fZi _ -CWy . (c-b)w0 . bw,
dx|x=0 dx b(b+c) bc c(b+c)

, _
o/ T
dx) x=-b ax?  alatb) ab b(a+b)

2.1 d’y, 2w 2w 2w

dy - - A o !
.[dxzfx=0 dx . b{b+c) bc * c(b+c)
2 d%y 2w 2w 2w
QAX - 1 0 _ 1 2
[dxz]x=c dx’ c(c+d) cd ¥ d{c+d) (6.4)

The 3rd and 4th derivatives of y in terms of the basic second order
polynomial expression may be obtained from the eqns of (6.4) as follows

2

3 Y
e |4 [“ .yo]
dx3 dx dx?
2 ‘ 2 2
s (U, (eb) ($Y0), b (4 (6.5)
b(b+c) dx? bc dsz c(b+c) dx2J :
d"yo _ dz [dzyo] 4
dx* dx? dx2
2 2 . 2
© [d yA]' b {d yo] " T [d ] (6.6)
b(b+c) x> bc dx? c(b+c) dxzj ‘ :

By substituting the appropriate egns of (6.4) into eqns (6.5) and (6.6),
the basic operator patterns for the 3rd and 4th derivatives of y are
obtained. A summary of the above variable spacing finite difference
approximations based on 2nd order polynomials is given in Appendix F1.
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6.2  Boundary Operator Patterns Using 2nd Order Expressions

The variable spacing finite difference operator patterns for the
derivatives on the edge and at the pen-ultimate node will be derived
for the different boundary conditions to be considered.

The procedure will involve initially setting up the appropriate basic
operator pattern at the node under consideration. By applying the
operator pattern for the known zero derivatives on the boundary, a
relationship between the real and fictitious displacements is found.
In this way the fictitious displacements are eliminated and the
required boundary operator pattern is obtained.

6.2.1.1 Free edge: end node
The two boundary conditions on the free edge will be as follows
(i) At x=0, y' =0 | (6.7a)
(ii) At x=0, y"=0 (6.7b)
Applying the basic operator pattern for the 4th derivative at the end

node with a = d and b = ¢ as shown in Figure 6.3, the following
simplified form is obtained

ymu '= 2WB ) 2(C+d)WA N i+ 4 W - 2(C"‘d)W1
— .
c?(c+d) c'd ¢ cPerd) | ° cd
2w,
+ —2—-—_ (6.8)
c“d(c+d) :

To eliminate the fictitious displacements Wa and Wgs the basic operator
pattern for the 2nd and 3rd derivatives are applied at the end node,
and from egns (6.7) are equated to zero as follows:
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FIGURE 6.3  Free Edge: Operating at end node
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FIGURE 6.4 Free'Edge: Operating at pen-ultimate node
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: - X
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FIGURE 6.5 Simply Supported Edge: Operating at pen-ultimate node

FIGURE 6.6 C]ambed Edge: Operating at pen-ultimate node



81

Wy = 2w, - W, (6.93)
-w W W W
"o B _+ A 1 2
y cdlerd) * 25 " 75 * cd(cH) 0
ctd
W = i—EJ-{WA -w )+,
from eqn (6.9a), the above equation becomes
2(c+d ' :
g = e py o), (6.9b)
and substituting the eqns of (6.9) into eqn (6.8)
4w 4w1 ' 4w2
ynu = 0 + ' (6.]0)

c3(¢+d) c’d  c®dicHd)

Eqn (6.10) gives the required operator pattern for the 4th derivative
on the free edge. In the case of the simply supported and clamped
edge boundary conditions, the operator patterns are not required since
"the displacement at the ends will be zero.

6.2.1.2 Free edge: pen-ultimate node
The boundary conditions at the free edge are now expressed as follows

(i) At «x (6.11a)

]
]
o
k—
[}
Q

(ii) At x = -b, y"=0 ' (6.11b)

To eliminate the fictitious displacement wp resulting from the application |
of the basic equation, the operator pattern for the 2nd deriviative
is applied at the end node with a = b and from eqn (6.11a) is equated
to zero giving the relationship
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Wg = 2wy - W | (6.12)

Applying the basic operator pattern for the 4th derivétive at the
pen-ultimate node with a = b, as shown in Figure 6.4, and substituting
eqn (6.12) above, the following result is obtained

~4w
y" = 2 2 + lz‘ ;T3 : Y
b“c(b+c) bc c“(b+c)(c+d)

4(b+d)M 4w

2

be2d(b+c) i cd(b+c) (c+d)

Eqn (6.13) gives the required operator pattern for the 4th deriviative
at the pen-ultimate node for the free edge boundary condition. '

6.2.1.3 Simply supported edge: pen-ultimate node

In the case of the simply supported edge as shown in Figure 6.5, the
following boundary conditions will apply

(i) At x

1
)
o
-

y =0 (6.14a)

o (6.14b)

"
]
o
k—
"

(ii) At x

The operator pattern at the pen-ultimate node will therefore be the
same as that of the free edge, as given in eqn (6.13), but with Wy
equal to zero.

6.2.1.4 Clamped edge: pen-ultimate node

The boundary conditions at a clamped edge, as shown in Figure 6.6,
will be as follows

(i) At x = -b, y

i
o

(6.15a)

(ii) At x -

]
'
o
<
"
o

(6.15b)
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To eliminate the fictitious displacement Wg resulting from the appli-

cation of the basic equation, the operator pattern for the 1st

-~

derivative is applied at the end node with a = b and from eqn (6.14)

is equated to zero giving

-wa bw0
+
b(2b) ~ b(2b)

y' =0

Wg =W

0

and from eqn (6.15b)

wa

(6.16a)

(6.16b)

Using ‘eqns (6.16) the basic operator pattern for the 4th derivative

therefore simplifies to the following

e g 2t Ly 2 Y Yo
bc b (b+c) ¢ (b+c)(c+d)

4(b+d)w, 4w,
- + __ .
cd(b+c)(c+d)

be?d(b+c)

(6.17)

Eqn (6.17) gives the required operator pattern for the 4th derivative

at the pen-ultimate node for the clamped edge boundary condition.

The above set of boundary operator patterns together with the basic
operator pattern may now be set up to form the 4th derivative finite

difference matrix for the different boundary conditions.

For these

operator patterns based on second order polynomials, symmetry may be
obtained by multiplying each row by the average nodal spacing (b+c)/2.
The 4th derivative matrices for the different boundary conditions are

given in Appendix F2.
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Since the basic operator patterns for the 2nd derivative is given in
terms of 3 nodal points only, the boundary operator patterns are
obtained directly. The 2nd derivative matrices for the different
boundary conditions are as given in Appendix F3.

6.3 Central Operator Patterns Based on a 4th Order Expression

The variable spacing finite difference approximations based on 4th
order polynomial expressions are obtained in the following manner.
Referring to Figure 6.2, the general expression for a smooth function
y = f(x) of 4th order will have the form

y o= A +Ax+AX +AX +AX (6.18)
Differentiating successively with respect to x:

dy
dx

A+ 2R x + 3A X" + 4A X’ (6.19a)
dy
dx®
3

dy
dx3

\ |
Y - o (6.19d)
dx* :

2A, + 6A x + 12A X" (6.19b)

6A, + 24A x (6.19c)

The constants {A} in eqns (6.18) are solved using the following
initial displacement condition

(i) At x = -(at+b), y = wg
(ii) At x = -b, y = wy
(iii) At x = 0, y =W
(iv) At x =c, y=w
(v) At x = (c+d), y=w
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Substituting these nodal coordinates into eqn (6.18), the following
set of simultaneous equations is obtained:

= - r A 8 A

1 -(atb) (atb)®  -(a+b)’ (atp)" A, Wy
2 3 4

1 -b b -b b A1 wa

1 0 0 0 0 SR d = vy
2

1 c c c? c* A, W,

1 (ctd)  (c+d)®  (c+d)’  (c+d)" A W,

- - J . o

By so]Ving for the values of {A} the required expressions for the
derivatives at x = 0 are found from the eqns of (6.19). A summary
of the above variable spacing finite difference approximations based
on a 4th order polynomial is given in Appendix F4.

6.4 Boundary Operator Patterns Using a 4th Qrder Expression

The variable spacing finite difference operator patterns required

for the 2nd and 4th derivatives on the edge and at the pen-ultimate

node will be derived for the different boundary conditions to be
considered. In this case the process involves setting up the basic

4th order polynomial expression and its derivatives at the node point
under consideration and initially applying the appropriate boundary
differential equation. The remaining nodal displacements are then
successively equated to the basic function now satisfying the prescribed
boundary condition equations. The solution to this system of equations
yields the required boundary operator patterns for the various derivatives.

Py~ R e e L k)

Using the relevant boundary condition as given in eqns (6.7), the
values of A and A, are found from eqns (6.19b) and (6.19¢c) as follows
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and eqn (6.17) therefore reduces to
4
y = A +AXx+AX (6.20)

Eqn (6.20) is the basic displacement function now satisfying the
specified boundary conditions on the free edge. To solve for the
remaining constants, the known displacements as shown in Figure 6.3
are used. i.e.

(i) At x=0,
(ii) At x =c, y=w
(iii) At x = c+d, y=w

<

]

=
o

These nodal displacements are applied to eqn (6.20) as follows

— - 4 3 ¢ b
1 0 0 A W,
0
0 C c’ J A1 y = ¢ W, 3
N
10 c+d c+d A W
i (c+d) ( )_L.ZJ L |

Solving the above set of equations yields the values of the unknown
constants {A}.  Substituting the value of A obtained, eqgn (6.18d)
becomes :

24wo 24w 24w

1 2 :
y" o= - + (6.21)
cf (f2+fcrc?) cd(f2+fe+c?) fd(f +fe+c”)

where f = c+d

Eqn (6.21) gives the required boundary operator pattern for the 4th
derivative on the free edge.
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~ Applying the relevant boundary condition egqn of (6.11a) the constant
A, in egn (6.19b) may be expressed as

. _ 2
(i) A, = 3Ab-6AbD

and eqn (6.18) therefore becomes

2

y = A0 + Alx + A3(3bx2 + x3).+ Au(—6b2x + x“) (6.22)
Eqn (6.22) is the basic expression now sétisfying the prescribed boundary
condition on the free edge. The remaining constants are solved using
the known displacements as shown in Figure 6.4. i.e.

(i) At x=0, y=w,
(ii) At x = -b, Yy = Wy
(iii) At x = c, y = W,
(iv) At x=f, y =

where f = c+d

Applying these nodal coordinates to eqn (6.22), the following set
of equations is obtained.

— —— ~ N , 3
1 0 0 0 A, W,
0 -b 2b’ -5b" A, Wy
: - < y = J )
0 ¢ (3bc%+c®) (~6b2c?+c") A, W,
0o f 3bf2+f3 -6b2f24f" 'A
B ( ) | )_J LA ¥

From the solution to the above set of equations the values of the unknown
constants {A} are found. By substituting the values of {A} into the

egns of (6.19), the required free edge boundary operator patterns for

the derivatives at the pen-ultimate node may be identified and are given
in Appendices F5 and F6 for the 2nd and 4th derivatives respectively.
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From the appropriate boundary condition eqns of (6.14), the constants
A0 in eqn (6.18) and A2 in eqns (6.19) may be expressed as follows.

. 3
(i) A, = Ab-2Ab°+5Ap"

i

(ii) A 3A b - 6A b2

2 3 L)
The operator patterns at the penultimate node will therefore be the
same as those of the Free edge, as given-in Appendices F5 and F6, but

with Wa equal to zero.

Applying the relevant boundary condition eqns of (6.15), the constants
A0 and A1 in eqns (6.19) may be expressed as follows:

. _ 2 3 y
(i) A = Azb - 2A3b + 3Aub

0
(ii) A 2A b - 3A b% + 4A b®
1 2 3 u

Substituting the above values into eqn (6.18) the following basic
function is obtained. '

y = A (b 42bx + x2) + A (-2b% - 3b2x - X*) + AH(3b“ + 4b3x + x*)
(6.22)

The remaining constants are solved using the known displacements as
shown in Figure 6.6. i.e.

(i) At x =0, _ y=w
(ii) At x = c, y W
(ii1) At x = f, y =W

where f = c+d

The above nodal coordinates are applied to eqn (6.22) to yield the
following set of equations.
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R
S -2b° 3p* A (W)

(b*+2bc+c?) (-2b-3b%c+c?) (3b*+4b3c+c") | - J At = {w f

(b*+2bf+f%)  (-2b°-3b°F+F°)  (3b"+4b3f+f") A W
— ' - U 7 . J

From the values of {A} obtained, the required clamped edge boundary
operator patterns for the derivatives at the pen-ultimate node are
found as previously described, and are given in Appendices F5 and F6
for the 2nd and 4th derivatives respectively.

6.5 Discussion and Evaluation of Operator Patterns

For the purpose of evaluating the two sets of operator patterns, the
program STRIPB [39] was developed and used to analyse a series of simple
and continuous beam problems. The method of analysis was based on

the well known governing differential equation for a beam element

d' |
el & =y (6.23)
dx

The structure was subdivided into a number of elements and corresponding
node points incorporating an arbitrary variable spacing. Eqn (6.23)

was replaced by its finite difference equivalent and applied at each
node point. This process generated a system of simultaneous linear
equations, the solution to which yielded the unknown nodal displacements.
By a similar approach the differential equation '

d 2 .
ErSL=m (6.24)
dx _ :

was expressed in terms of finite differences and applied to each node
in turn, obtaining the complete solution to the problem. From a ’
comparison of the two sets of results of the series of examples analysed
[39], the following relevant points were noted.
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In each case where the loading and support conditions were such

that all the derivatives were continuous, the 4th order analyses
gave exact results for displacements and bending moments, for both
variable and constant spacing of nodes. For these conditions, the
finite difference representation of the set of governing differential
equations was of sufficient accuracy as to yield the exact values

of the unknown displacements. Subsequent back-substitution by
applying the five point 2nd derivative central operator pattern
within the span and the appropriate boundary operator pattern at

the ends gave the exact bending moments.

For a given set of displacements, the operator patterns based on
4th order po]ynomia1'expressions gave more accurate results when

compared with the more crude patterns based on 2nd order or a

(ii1)

combination of 2nd order expressions. However, from the examples
analysed it was found that, although in all cases of uniform
loading the 4th order analysis gave improved displacements, this
was not the case when comparing bending moments, particularly in
areas of high curvature, where the 4th order analyses tended to
over estimate the correct values. In nearly all cases, and
noticably the continuous beam problems, the 2nd order analyses were
found to be more consistent and well behaved, particularly when
comparing results of the point load cases. It is suspected that
this is partially due to the fact that the 2nd degree polynomial
can deal more effectively with discontinuities in the bending

moment .

{

The point load was handled extremely well in the 2nd order analysis
and very poorly in the 4th order analysis. In the case of the

2nd order analysis, exact results were obtained for simply supported
and cantilever beam problems. In the general continuous case |
it was found that by concentrating the spacing at the boundaries

and at interior supports, the results converged fairly rapidly.

In the case of the 4th order analysis, any form of point loading

lead to significant errors in the resulting bending moments.



(iv)

(v)
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(1)

(i)

(ii1)
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From the convergence studies it was clear that no advantage was to be
gained in concentrating the spacing at a load point or in any

region of high but continuous curvature within a span. However,

by concentrating the spacing at the boundaries and areas over
interior supports, considerable advantage was to be gained.

In the case of a continuous beam loaded uniformly, it was

found that in the 2nd order analysis, it was possible to use five
elements per span of variable spacing compared to eight constantly
spaced elements for the same acceptable three per cent error in

the support moments.

The finite difference matrices resulting from the operator patterns
based on 2nd order expressions were readily made symmetrical.

"This was achieved by suécessive]y multiplying each row of the matrix

by the average nodal spacing at the corresponding nodé. In
addition, multiplying the right-hand side of the equations by the
above values conveniently transformed the load intensity vector
to a vector of nodal loads. However, these facts did not appeér

“to be possible in the case of the matrices based on a 4th order

expression.

Concluding Remarks

The use of variable spacing finite difference approximations would
appear to be justified and should prove particularly useful in
the analysis of continuous structures.

In most cases the operator patterns based on a combination of 2nd
order polynomial expressions were found to be more suitable and

reliable than the corresponding 4th order expressions.

The above operator patterns were adopted for the present work on
the finite strip method, where the partial derivatives of u in the
governing differential equation are replaced by their corresponding
finite difference approximations. '
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(iv) The choice of the 2nd order expressions was based on the superior

(v)

results obtained in most of the problems analysed, in particular
the point load cases and the more general continuous beam
problems.

The fact that the resulting derivative matrices became symmetric
was a necessary pre-condition for the use of variable spacing
finite difference approximations.
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CHAPTER 7

RESULTS OF NUMERICAL EXAMPLES

7.1 Structures Analysed

In order to demonstrate the accuracy of the finite strip method, a number
of typical curved plate structures have been analysed. ~ For this purpose
- the general formulation of the method in curvilinear coordinates was
specialised to the polar coordinate system. In each case the results
Obtainéd are compared with either classical or finite element analyses.

“Examples 1 and 2 illustrate the limiting case of a square and rectangular
plate respectively, defined in terms of a large radius and a small angle.
-The rate of convergence of the method is shown using different numbers of
finite strip elements and a varying number of angular finite difference
subdivisions. Results are compared with those of Cheung [1,2] and
Timoshenko [33].

vExamp1e 3 gives the results for a simply supported isotropic curved plate
with an aspect ratio A = 2. The rate of convergence of the method is
shown and the distributions of longitudinal and transverse bending moments
and displacements are compared with those using an 8 noded iso-parametric
finite element analysis.

Example 4 gives the results for a simply supported isotropic curved plate
with an aspect ratio A = 4. The results are compared with those of
Scordelis [12] and with the closed form solution of the plate equation [13],
and using the finite element analysis.

In example 5 a three span isotropic curved plate structure is ana]ysed;'
illustrating the advantage of the finite difference based solution where
confinuity over any number of interior supports may be included. Dis-
tributions of longitudinal bending moments and displacements are compared
with those using a variable nodal spacing and with the iso-parametric
finite element analysis.
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In the case of problems 3 and 5 a comparison of CPU times and total cost
between the finite strip and finite element analyses is given. In both
cases a three dimensional plot of the displaced shape of the structure
has also been included.

An isotropic square plate subject to a unit uniform loading throughout -
was analysed for the ends of the strips simply supported.

‘The material properties and dimensions were as follows

Elastic Modulus E. = Eg =10,92
Poissqns ratio Mp = U = 0,30
Plate thickness  h=1,0

H

Torsional rigidity D. =Dy =1,0
1,0

Span length

The results showing the rate of convergence of the method are given in
Table 7.1, and are compared with the harmonic finite strip solution of
Cheung [1]'and the classical series solution of the isotropic plate
equation of Timoshenko [33].

An isotropic rectangular plate subject to a unit uniform loading throughout
was analysed for the ends of the strips simply supported. For comparison
purposes, an aspect ratio of A = 2 was used.

The material properties and dimensions were as follaqws

Elastic Modulus Er = Ee'= 10,92
Poissons' ratio My = Mg = 0,30
Plate thickness h=1,0
Torsional rigidity Dr = D6 = 1,0
Span length =1,0



Midspan at centre Midspan on edge
No of No of
strips® | X-sects W, M, M, W, M,
1 7 0,01342 0,0326 0,1244 0,01534 0,1333
9 0,01329 0,0327 0,1244 0,01520 0,1333
1 0,01322 0,0328 0,1244 0,01513 0,1333
13 0,01319 0,0328 0,1244 0,01509 0,1333
15 0,01317 0,0328 0,1244 0,01507 0,1333
2 7 0,01340 0,0280 0,1229 0,01534 0,1317
9 0,01326 0,0281 0,1229 0,01519 0,1317
1 0,01320 0,0281 | 0,1229 0,01513 0,1317
13 0,01317 0,0281 0,1229 0,01509 0,1318
15 0,01315 0,0281 0,1229 0,01507 0,1318
3 7 0,01339 0,0273 0,1227 0,01534 0,1313
9 0,01326 0,0274 0,1227 0,01519 0,1314
1 0,01320 0,0275 0,1227 0,01513 0,1314
13 0,01317 0,0275 0,1227 0,01509 0,1314
15 0,01315 0,0275 0,1227 0,01507 0,1314
4 7 0,01339 0,0271 0,1226 0,01534 0,1312
' 9 0,01326 0,0272 0,1226 0,01519 0,1313
11 0,01320 0,0272 0,1226 0,01513 0,1313
13 0,01317 0,0272 0,1226 0,01509 0,1313
15 0,01315 0,0273 0,1226 0,01507 0,1313
Timoshenko [33] 0,01309 0,0271 0,1225 0,01509 0,1318
Cheung [ 1] 0,01309 0,0271 0,1224 0,01500 0,1314
Multiplier qe’/D q qe"/D qe?
TABLE 7.1 Example 1. Square plate. Results for unit uniform loading

*  Due to symmetry, only half the structure was analysed
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Midspan at centre Midspan on edge
No of No of -
strips* | X-sects W, M, M, W, M,
1 7 0,01403 0,0144 0,1244 0,01496 0,1285
9 0,01389 0,0145 0,1244 0,01482 0,1286
11 0,01383 0,0146 0,1244 0,01476 0,1286
13 0,01379 0,0146 0,1244 0,01473 0,1286
15 0,01377 0,0146 0,1244 0,01470 0,1286
2 7 0,01403 0,0125 0,1238 0,01496 0,1280
' 9 0,01389 0,0126 0,1238 0,01482 0,1280
11 0,01383 0,0127 0,1238 0,01476° | 0,1280
13 0,01379 0,0127 0,1238 0,01472 0,1280
15 0,01377 0,0127 0,1238 0,01470 0,1280
3 7 0,01403 0,0122 0,1237 0,01496 0,1278
9 0,01389 0,0123 0,1237 0,01482 0,1279
11 0,01383 0,0123 | 0,1237 0,01476 0,1279
13 0,01379 0,0124 0,1237 0,01472 0,1279
15 0,01377 0,0124 0,1237 0,01470 0,1279
4 7 0,01403 0,0121 0,1237 0,01496 0,1278
9 0,01389 0,0122 0,1237 0,01482 0,1278
11 0,01383 0,0122 0,1237 0,01476 0,1279
13 0,01379 0,0122 0,1237 0,01472 0,1278
15 0,01377 0,0123 0,1237 0,01470 0,1278
Timoshenko [33] 0,01377 0,0102 0,1235 0,01443 0,1259
Cheung [2] 0,01368 0,01236 | 0,1233 0,01461 0,1274
Multiplier qe*/D qe’ qe*/D qe’

TABLE 7.2 Example 2. Rectangular plate. Resu1ts for unit uniform loading

* Due to symmetry, only half the structure was analysed
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The results showing the rate of convergence of the method are given

in Table 7.2, and are compared with those of Cheung [2] and Timoshenko [33].
A typical data element for the case of 1 strip/half structure and

8 finite difference sub-divisions together with the carresponding

results is given in Appendix G for the above example.

The simply supported isotropic curved plate shown in Figure 7.2, with
an aspect ratio X = 2 was analysed for the following loading conditions

i) Load Case 1: Unit uniform loading throughout
ii) Load Case 2: Central unit point load

The plate was sub-divided transversely into 6 finite strip elements, con-
sisting of 4 interior strips of 2,0 m width and 2 edge strips of 1,0 m
width. The material properties and dimensions were as follows

Elastic Modulus Er = Ee = 10,92
Poissons' ratio Mo = g = 0,30
_ Plate thickness h=1,0m

Torsional rigidity D, = D, = 1,0

Total width = 10,0 m
Centre line span 2 =20,0m
Centre line radius R=150,0m
Subtended angle 8 = 0,4 rad.

The results showing the rate of convergence of the method are given in
Table 7.3 and 7.4 for load case 1 and 2 respectively. The distributions
of longitudinal and transverse bending moments and displacements are
compared with those obtained using the PAFEC finite element program and
are given in Figures 7.3 and 7.4 for load case 1 and 2 respectively.

For these comparisons, the finite strip and finite element sub-divisions
in the transverse direction were both as described above. In the finite
strip analysis the finite difference spacing in the longitudinal direction
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Ww=1
T T

LOAD CASE 1
Uniform loading

r:z __

| 1

LOAD CASE 2
Central point load

STRIP SUBDIVISION
4 x 2m. interior strips
2x1.0m edge strips

FIGURE 7.1 Example 3. Simply supported curved plate

\\\ ! E=1.73

¥ Al =015

v D=10

LOAD CASE 1
Point load on
inside edge

LOAD CASE 2
Point load on
outside edge

STRIP SUBDIVISION
4x1.25m strips

FIGURE 7.2 Example 4. Simply supported curved plate
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Midspan at centre Transverse w, at midspan
Strips [Tosece [ W | W, | Tmr | Corere | O
4 9 4,709 52,08 2092 2426 3087
11 4,723 52,07 2082 2414 3073
13 4,731 52,06 2076 2407 3065
15 4,736 52,06 2073 2403 3061
6 9 4,640 52,04 2091 2424 3085
1 4,653 52,03 2081 2412 3072
13 4,663 52,01 2075 2406 3063
15 4,670 52,00 2071 2401 3058
8 9 4,567 52,00 2090 2423 3084
.1 4,578 51,95 2078 2410 3067
13 4,588 51,95 2073 2404 3060
15 4,591 51,95 2070 2400 3056
Finite element 4,97 50,90 20N 2328 2961
Multiplier -q/D q/d -q/D
TABLE 7.3 Example 3. Curved plate. Unit uniform loading throughout
Midspan at centre Transverse w, at midspan
Strips | tesect | M, w, | mmer [ Cerfre | outer
4 9 26,47 61,06 1635 1953 - 2367
11 27,57 62,62 1616 1932 2341
13 28,25 63,86 1607 1920 2327
15 28,71 64,87 1601 1913 2319
6 9 27,52 61,40 1634 1952 2366
11 28,86 63,09 1615 1931 2341
13 29,75 64,45 1606 1919 2326
15 30,37 65,56 1599 1911 2317
8 9 28,98 61,86 1633 1951 . 2365
11 30,77 63,71 1614 1929 2337
13 32,07 65,26 1604 1918 2324
15 33,05 66,56 1599 1911 2316
Finite element 39,0 73,20 1546 1845 2231
Multiplier x 10~%| -P/D P/D ~-P/D
TABLE 7.4 Example 3. Curved plate. Unit point load at midspan on

centreline
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consisted of 10 equally spaced angular sub-divisions along each nodal

line, giving a total of 198 degrees of freedom. Due to the superior
accuracy obtained in using the thin facet shell type 8 noded iso-parametric
finite element, 6 longitudinal sub-divisions were used, giving a total of
36 elements and 665 degrees of freedom.

The time, cost and pages involved in the two analyses for 4 load cases
were as follows

Finite Strip Finite Element
CPU time 5,37 secs 3 min 8,67 secs
Total cost R 2,14 R 90,30
Number of pages 18 | 110

In the case of the PAFEC finite element analysis, the above figures
included a three dimensional plot of the displaced shape of the structure
for load case 1, which is shown in Figure 7.5,

P e e LT X = - e on s w r v e by - -

The simply supported isotropic curved plate shown in Figure 7.2, with
an aspect ratio A = 4 was analysed for the following loading conditions

i) Load Case 1: Unit point load at midspan on inner ;dge
ii) Load Case 2: Unit point load at midspan on outer edge

The plate was sub-divided transversely into 4 equally spaced finite
strips of 1,25 m width. The material properties and dimensions of
the plate were as follows

Elastic Modulus Er = Ee = 11,73
Poissons' ratio Mp = Mg = 0,15
Plate thickness h=1,0m
Torsional rigidity Dr = De =1,0
Centre line span 2 =20,0m
Total width b=5,0m

Subtended angle 8 = 30°

Centre line radius R =38,2m
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The transverse bending moment and displacement distributions at midspan
are given in Figure 7.6 for the two load cases. The bending moment
distributions are compared with those obtained using the harmonic

finite strip analysis Scordelis [12] and with the closed form solution
of the plate equation [13]. The transverse displacements are compared
with those of the finite element analysis. The distribution of longi-
tudinal bending moments and displacements are given in Figure 7.7

for each load tase and are also compared with the results obtained using

-

the finite element analysis.

The transverse subdivision of the plate for the harmonic finite strip
analysis and the finite element analysis were both as described

above. In the longitudinal direction the finite difference and finite
elemént sub-divisions were the same as those in the previous example.

7.1.5 Example 5. _ Continuous curved bridge deck

Details of the three span continuous isotropic curved bridge deck are
given in Figure 7.8. The structure was analysed for the following “
loading conditions

i) Load Case 1: Dead 1oad only

i1) Load Case 2: Patch load on inside carriageway, Area A
iii) Load Case 3: Patch load on central 3 m width, Area B
iv) Load Case 4: Patch load on outside carriageway, Area C

The plate was sub-divided transversely into 8 finite strip elements,
consisting of 6 interior strips of 1,5 m width and two ege strips of
0,5 m width. The material properties and dimensions were as follows

Elastic Modulus Er =Ey = 25 GPa
Poissons' ratio Hp = Hg = 0,30
Material density p = 25 kN/m
‘Plate thickness h=1,0m
End spans L= 20,0.m
Central span | "2 =32,0m
Total width b=10,0m

R = 100,0 m

Central radius
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The longitudinal bending moment and displacement distribtuions along the
deck centre line for load case 1 are given in Figure 7.9. The results
for a constant nodal spacing are compared with those where the spacing
has been concentrated at the boundaries and over the interior supports.
These distributions are further compared with the results obtained

using the finite element analysis. The transverse distribution of

' bending moments and displacements across the middle of the central span
are given in Figure 7.]0 for the remaining 3 load cases.

For comparison purposes, the sub-division of the structure in the trans-
verse direction is the same in both analyses. In the finite strip
analysis, the finite difference spacing in the longitudinal direction
consisted of 10 angular sub-divisions for each of the two.end spans and
16 sub-divisions for the central span, giving a total of 666 degrees of
freedom for the whole structure. Values of the variable angular nodal
spacing used may be found in Appendix G, where the data element and
typical results are given for this problem. In the finite element
analysis, 5 longitudinal sub-divisions were used for the end spans and
8 sub-divisions for the central span. However, due to the longitudinal
symmetry of the loading and geometry, it was only necessary to specify
half the structure, giving a total number of 72 elements and 1255 degrees
of freedom. |

The time and cost involved in the two analyses for the 4 load cases were

as follows N
" Finite Strip Finite Element
CPU time o 19,36 secs 7 min 7,77 secs

Total cost R5,13 R144,77

In the finite sfrjp analysis the figures given above are for the analysis
of the WHOLE structure (;ef. Appendix G - Coding of input). In the

case of the finite element analysis, the above figures also included
various three dimensional plots of the displaced shape of the structure.
A plot of the displacements for load case 1 is shown in Figure 7.11.

oL I l | V4 l | T &l
o [~} [~} o [=) [~ (=] (=4
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7.2 Discussion of Results

From the convergence studies it can be seen that in all cases of uniform
- Toading the number of strips used had little effect on the results
obtained for a given number of nodal cross-sections. In the point load
case however, improved results were obtained by concentrating the spacing
of the finite strip elements in the vicinity of the point load. This
also had the effect of reducing the lack of curvature compatibility
between adjacent strips, particularly at the point of application of

the load.

In all cases of loading the number of nodal cross-sections used in the
finite difference sub-division had a greater effect on improving the
results than did the number of finite strip elements used. This trend
was particularly marked in the values of the displacements obtained, which
were typically in excess of the correct values. |

For a given number of strips and nodal cross-sections, it can be seen
that greater accufacy was obtained in all cases of uniform loading
compared to the point load cases. This is due to the discontinuity
in the derivatives associated with a concentrated loading compared to
the continuous nature of the derivatives for a uniform loading. The
set of governing differential equations are therefore to some extent
misrepresented in the case of a point load and well represented for a

uniform loading.

It was found of interest that for the simply supported square ahd
rectangular plates subject to a uniform loading, the maximum displacement
did not occur at midspan on the centreline but on the outer edges. This
is considered to be due to the increased transverse flexibility of the
plate along the free edges and the effect of anti-clastic curvature.

From the results of simply supported and continuous plate structures
analysed it can be seen how the outside edge of the curved plate becomes
‘more flexible and the interior edge becomes stiffer as the horizontal
curvature increases. This effect occurs due to the increased span at
the outer edge and the correspondingly decreased span at the interior
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edge for a given central arc length. For the simply supported curved
plate the effect is well illustrated by the transverse displacement
distributions at midspan particularly in the point load cases. It was
found interesting that for the point load at midspan on the interior edge,
the minimum transverse displacement occurred at the point of application
of the load. The effect is also seen in the longitudinal bending

moments at midspan on the edges, where the moment at the outer edge for
the point load applied on this edge is greater than the moment at the
interior edge for the load on this edge.

From the results of the 3 span continuous plate example it was found

that by concentrating the spacing at the boundaries and over the interior
supports, improved results were obtained in the areas of discontinuous
curvature for the same total number of nodal points used. The example
also served to illustrate the advantage of using a finite difference sub-
division in the longitudinal direction, where continuity over the set

of interior supports was included without any difficulty.

Although it is not reasonable to make a direct comparison between the

CPU time and total costs for the finite element and finite strip analyses,
the relative amounts indicate that considerable advantage may be gained

in using the finite strip method presented. By referring the Coding of
input and the data elements as given in Appendix G, it can be seen that the
specification of the structure and loading require a minimum of data
preparation. In addition, it is shown in example 3 that the volume of
results generated is greatly reduced.
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CHAPTER 8

CONCLUSIONS

8.1 General

By applying variational methods to the principle of minimum potential
energy, the governing differential equation for a finite strip was
found and the resulting system of simultaneous differential equations
was solved using finite difference techniques. By adopting a formula-
tion in terms of orthogonal curvilinear coordinates, the finite strip
method was éuccessfu]]y applied to the analysis of plate structures of

an arbitrary curved geometry.

The method of solution chosen was that of rép]acing the partial deriva-
tives of the displacement variables in the governing differential
equation by their finite difference equivalent and solving the resulting
set of simultaneous linear equations. It was found that by using global
coordinate variables, the method of finite differences could be readily
applied in the present finite strip analysis formulated in terms of
orthogonal coordinate systems.

One of the limitations of the harmonic finite étrip method is that the
cross-section of the structure is required to be prismatic. By formu-
lating the finite strip method in terms of curvilinear coordinates, it

is evident that structures of a variable cross-section in the longitudinal
and the transverse directions may now be analysed.

By applying the finite difference form of the governing differential
equation at all node points throughout the structure, a set of ficticious
displacements was generated at the ends of the strips. The application

of the finite difference form of the boundary differential equations at the
end and .pen-ultimate nodes enabled these displacements to be uniquely
eliminated. By following this procedure it was possible to formulate

the resulting finite difference stiffness matrix for the structure for

all the boundary conditions described.
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A further restriction in the harmonic finite strip method is the
limited type of boundary condition that may be considered at the ends
of the strip and the severe limitation on the number of intermediate
supports that can be handled. In the present formulation of the finite
strip method, in addition to the four different types of boundary con-
ditions that may be considered, the use of finite differences has made
possible the incorporation of any number of interior node supports,
thereby enabling structures of a continuous nature to be solved.

Since the free edge boundary condition may now be considered at the
ends of the strips, the analysis of arbitrary curved continuous plate
structures constructed in a stage sequence has also become possible.

From the results of the curved plate structures analysed, it was found
that excellent agreement was obtained between the finite strip method
presented and the finite element and other alternative analyses. Since
the choice of the method of analysis used for a structural problem
normally depends on the size of the structure and the total cost involved,
the finite strip method of analysis is considered to offer clear
advantages for the range of structures that may be analysed.

8.2 Further Work

The formulation of the finite strip method for orthogonal curvilinear
systems has enabled a variety of arbitrary shaped curved plate structures
to be analysed. Structures such as skew plates and those having a
combined curved and skew form are by definition excluded. The possibility
of extending the method to general non-orthogonal curvilinear coordinate
systems should therefore be considered, since this formulation would

place no restriction on the geometry of the structure that may be analysed.

In the finite strip method presented, only the strain energy due to
bending forces was considered, thereby 1imiting the analysis to curved
plate structures. By including the strain energy contributions due
to in-plane forces, the analysis may therefore be extended to include
curved folded plate and shell structures.
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The application of the finite difference method required the structure
to be subdivided longitudinally into a number of equally or variably
spaced'nodal cross-sections. By concentrating the spacing of the
nodes in the boundary regions and in areas where the derivatives were
discontinuous, it was shown that improved results were obtained. An
investigation into the optimisation of the finite difference spacing
chosen should therefore prove worthwhile.

The solution of the system of differential equations has been based on

the finite difference method. Although it would appear that this method
holds definite advantages, consideration should nevertheless be given

to alternative methods of solution.
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Curvature matrix in orthogonal curvilinear coordinates
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* See overleaf for derivation of formula for typical case of n
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* See overleaf for derivation of formula for typical case of n = 3
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€5.1 Load vector for linear distributed loading (qo + ko)
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APPENDIX €5 [E] matrix in polar coordinates
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APPENDIX C5
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APPENDIX D

Formulation of Stiffness Matrix
from Governing Differential Equation
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Formulation of Stiffness Matrix
for Different Boundary Conditions
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APPENDIX E1  Formulation of finite difference stiffness matrix for
simply supported and fixed edge boundary conditions
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"APPENDIX E2  Formutation of finite difference stiffness matrix

for free edge boundary condition
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Finite Difference Approximations
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APPENDIX G

Coding of Input for Program STRIP
Typical Results for Examples 2 and 5
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CODING OF INPUT FOR PROGRAM STRIP

The coding of input data required to define the curved plate structyre
to be analysed and to specify the different boundary conditions and
loading types will be as follows:

1. TITLE (2 cards)

Column Format Description
1-80 40A2 ITLE: Title cards for structure

(Comment: A total of two cards must be used)
2. PARAMETERS (1 card)

Column Format Description

1- 5 I5 NST: Total number of strips in structure
6-10 I5 NXS: Total number of nodal x-sections used |
in finite difference approximations
1-15 15 : NLC: Total number of load cases
16-27 F12.2 RD(1): Radius of first nodal line

(Comment: Integer'values must be rightly adjusted)

3.  MATERIAL PROPERTIES (1 card)

Column Format Description
1-15 F15.2 ES: Modulus of elasticity in longitudinal
direction : _
16-30 F15.2 ER: Modulus of elasticity in transverse direction
31-45 F15.2 GRS: Shear modulus |
46-53 F8.4 VS: Poissons' ratio in longitudinal direction
54-61 F8.4 VR: Poissons' ratio in transverse direction

(Note: Only two Moduli and one Poissons ratio need be given - thé
remaining section properties are calculated by default)
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STRIP DIMENSIONS (NST cards)

Column Format Description
1-12 Fl12.4 W(I): Width of strip I
13-24 F12.4 DT(1): Depth of strip I

(Note: One card is used for each strip)

NODAL SPACING (NXS-1 cards)

Column Format Description
1-80 8F10.6 DA(I): Angular nodal finite difference spacing

in radians. May be constant or variable

(Comment: One card required for each set of eight consecutive values)

END BOUNDARY CONDITIONS (1 card)

Column Format Description
1-16 8A2 IB: Boundary condition at start of structure
20-36 8A2 IE: Boundary condition at end of structure

where: 1B, IE may be either SIMPLY SUPPORTED
- or CLAMPED EDGE
or GUIDED EDGE
or FREE EDGE

(Comment: The present version of the program does not include the
guided and free edge boundary conditions)
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LOAD CASE (1 card)

Column Format _ Description

1- 2 12 LCN: Load case number
4-64 30A2 LABL: Heading for description of loading type

(Comment: LCN should start with 1 and increase consecutively for
each additional load case)

LOADING TYPE (Repeated for as many similar or different loading

types required to specify the above load case)

Column Format | Descrigfion
.1- 8 472 IL: Identity of loading type.

9-13 I5 NLB: Nodal 1ine number at start of loading
14-18 15 NLE: Nodal 1ine number at end of loading
19-23 I5 NXB: x-section nuhber at start of loading
24-28 I5 NXE: x-section number at énd of loading
28-40 F12.4 WMAG: Magnitude of load or load intensity
where: IL may be either POINT

or UNIFORM
or LINE

and: WMAG should have a negative value if acting downwards
(Comment: In the case of'a point load NLB and NLE will have the same

integer value. Similarly NXB and NXE will be equal. ,
In the case of a Tine load only NXB and NXE will be equal)

CONTINUATION (1 card)

Column Format Desgrigtion
1- 8 4A2 IL: Continuation control card

where: IL may be either NEXT ... (i)
or LAST ... (ii)
For (i) Steps 7, 8, 9 are repeated (ii) End of last loading case
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10. INTERIOR BOUNDARY CONTROL (1 card)

Column Format Description
1- 5 I5 : NDR: Number of interior displacements or

rotations to be initialised

(Comment: If thefe are no interior boundéry cdnditions, then NDR
must be set equal to zero)

A

11. INTERIOR BOUNDARY CONDITIONS (Repeated for as many displacements
v or rotations as required)

Column - Format Description
.]-12 6A2 IZ: Identity of displacement type
13-22 F10.4 DMAG: Initial value to be assigned to

the displacement type

23-27 I5 NLN: Nodal line number at which the interior
displacement occurs

28-32 15 NXN: x-section number at which the interior
displacement occurs '

where: IZ may be either DISPLACEMENT
or ROTATION

PROGRAM RESTRICTIONS

Maximum number of strips _ NST = 8

Maximum number of x-sections NXS = 40

Maximum number of load cases - NLC = 14
Dimensipning will therefore be as follows:

Strip Matrices

Compi]edlfor one nodal x-section MSM = 2*NST+2 = 18

\
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Stiffness Matrix

Half band width NBW = 2*MSM+4 = 40
Augmented band width NBL = NBW + NLC = 54
Matrix size NSM = NXS*MSM = 720

The program is fully operational on the UNIVAC 1106 at the University
of Cape Town at the present time. Either card input may be used or
data may be contained in a datafile or in an element of a program file.
The (unstream via card input will be as follows:

GRUN RUNID,ACCT.NO/USERID,PROJECTID,TIME,PAGES
@PASSWD Password

@ASG,A STRIP.

@XQT STRIP.ABS

data for problem 1
@XQT STRIP.ABS
data for problem 2

@FIN

Data elements for examples 2 and 5, together with typical results may

be found overleaf.
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FIMITEASTRIPCL) . NDATALY -
COFX 2. [SN[ROPIC RECTANGULAR PLATFE 1 STRIP 9 NUDAL X=SEfIS, R 125000,0M

1

2 k*ﬁ*ﬁtiki*t*t**t*ti**aﬁ*i****tt**ttt*t**t*tﬁ***k*tt*ﬁkt*ﬁ***itk*tkt*kt**
3 1 9 1} 124999 ,50 .

4 10,92 10.92 3

S .25 1.0 ' ' :

6 N00Q00Y 0006001 .000001 N0000¢% LN00001 000001 .000001 .N00001
7 SIMPLY SUPPORTED SIMPLY SUPPARTFD

8 1 UNTT UNIFORM LNADING THRNOUYGHOUT

9 UNTFORM 1 2 1 9 -1,.0000
10 LAST
11 7 _
12 ROTATION .000000 ’ 2
13 ROTATION .000000 ? 3
14 ROTATION 000000 2 4

15 QOTATION 000000 2 S

16 ROTATION «000000 4 6
17 ROTATION 000000 ? 7
18 ROTATION 000000 2 a
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FX 2, ISNIPQOPIN RECTANGULAR PLATF  STRIP 9 NODAL X¥-SEfTS, R 12%000_,0M
AARRR AR AR R R AR R AR R AR R R AR AR AR R A AR AR AR R RA R RN AR R AR AR AR AR AR A AR AN S ARARA AR A H iy

MATERIAL AND SECTION PROPERTIES a*x UNTIS ARE IN N , M , §

TP ST D D D D E T D D D T D S e W n D P e S S G S P R ey AP o Y D R e P en T e P ey W G0 TU S0 WD SR WP D R W O W WP WP =

ELASTIC MODULUS ES = 10020402 ER = L10920+02
SHFAR MONULUYS RS H 2000401
POTSSONS RATTO VS = .3000 VR = .3000

STRIP  LINE RADTUS  WINTH  DEPTH  RENDTING AND TORSTONAL RIGIDITY
NO NO
DS PR DRS
{ 124999 ,590 :
1 25 1,00 1000401  .1000+401  ,3500+00
2 124999,75 .

ANGUL AR MéDAL SPACING (RAD) USED IN FINITE DIFFERENCF APPROXIMATIONS

«00000Y ;00000! 000001 .000001 «000001 ;00000!
.000001 .N00001

LOMGTTHDTINAL NODAL SPACING (M) ALONG CFNTRAL ARC , RADTUS 124999,62

125000 . 125000 « 125000 .125000 « 125000 125000
125000 125000

LOADING CASE NO 1  UNIT UNTFORM LOADING THRQUGHOUT

LOADING NONAL LINE NO CROSSECTIAN NO MAGNITUNE
TYPE FROM AT 0 FROM AT T0O . OF LOAD
UNIFORM 1 2 1 9 -1,0000

INTTTAL CONDTTIONS OF NISPLACEMENT OR ROTATION ALONG STRUCTURE

NO TYPE NODAL LINE X=SFCTION MAGNTFUDE

1 POTATION 2 2 .000000

2 ROTATION 2 3 .000000

3 ROTATION 2 4 «000000

4 ROTATION 2 5 .000000

5  ROTATION 2 6 .000000

6  ROTATION 2 7 .000000

7 ROTATION 2 8 000000
AOUNDARY CONDTTION AT START NF STRUCTURE SIMPLY SUPPURTED

AOQUNDARY CONDITION AT END OF STRUCTUREF SIMPLY SUPPORTED



LOAD CASE NO

X=-SECTTON

1
4

LIS RESULTS OF GFNFRALTSED DISPLACFMENTS

NODAL LTNF

NN N e ) e Yot N I = P e Y e

DISPLACEMFENT ROTATION
000000 000000 -
.000900 «000000

“,576R53.02 -o327106=02

~,539780.0)p +000000 _

-, 105728.01 =, S5A7237=02

=.989997-0p2 «000000

~. 13778101 =.781251=02

r. 178461301 «000000

-, 11R25201 =807109=02

~, 13891901 000000

-.137781=n} -,751252=02

=, 128A13=01 000000

-, 10572Ra0] «,58723R-02

-, 972999A.0Np .000000

«.576053.0p -,327807=02

«.539781.02 «000000
.000000 « 000000
.000000 «000000

129
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LOAD CASF NO . RESULLTS NF BENDING AND TWISTING MOMENTS
X=SECTION NODAL LINE My M2 M12

1 1 .000000 L000000 < 183351=01

) .000000 . .000000 2U1823-06

? 1 = 17191502 .566757=01 16882901

2 -.779880-02 .5u5014=01 .221760=06

3 1 -.229220-02 .967238=01 C118679=01

2 “.119736-01 .933318=01 16718306

a 1 -~ 252840-07 L120626400 V61565202

2 -, 13958501 116634400 <A9N189=07

5 1 - ?2595R0=02 128576400 15893707

2 - 145408=01 124405400 .010158=13

6 1 - 252800=02 .120626400 - £1568902

? ~,1395R85<01 L116634400 ~ RN{RB=07

7 1 - 22921702 .967239=01 - 11R679=01

2 - 119736=01 .933319-01 16718306

A 1 . 171914=07 . .S6ATS8<01 - 160830=01

) -.779881=02 .545015=01 22176006

Q 1 .000000 .000000 -, 183351=01

2 000000 000000 -, 2U01828=048
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3

. 025 .025 .025 025
YL L0225 .0275 0225
L0225 L0225 L0225 .0225
.015 .025 .025 . 025
010

SIMPLY SUPPORTED

1

2

3 A3 g 94,00
/] 25000000, 25000000,
5 5 1.0

[ 1.8 1,0

7 1.5 1.0

a 1.5 1.0

9 1.8 1,0

10 1.5 1.0

1 1.5 t.0

12 .5 1.0

13 010 018 . 028
15 0225 . 0225 .0225
18 015 010 010
17 . 025 . 025 .015
18 SIMPLY SUPPORTED

t9 1t DEAD LOAD ONLY
20 UNTFORM 1 9 9 37
21 NEXT
22 2 PATCH LOAD CENTRAIL SPAN
23 HNTFORM 2 4 11 27
24 NEXT
25 3 PATCH LOAD CENTRAL SPAN
26 UNTFORM ] b6 11 27
217 NEXT
28 4 PATCH 1LOAD CENTRAL SPAN
29 UNTFORM 6 8 11 27
0 LAST
11 B
32 DISPLACEMENT .000000 3
33 DISPILACEMENT 000000 4
34 DISPLACEMENT 000000 6
L] NISPLACEMENT .00:5000 7
36 DISPILACEMENT +000000 3
X7 DISPLACEMENT 000000 ]
8 NDISPLACEMENT 000000 6
39 DISPLACEMENT L.000000 7

=~25.0000

INSIDF CARRIAGEWAY
=25,0000

CENTRAL 3IM WIDTH
-25.0000

OUTSTDE CARRTAGEWAY
=25,0000

11
11
27
27
27
217

FX,5 THRFE SPAM TSN{RIPIC CURyFP RRINGE PECK, A STRIPS 37 ¥=SECT ReCL)=100M
A AARA R R AR AR AT AN AR AR AR AR R R R KRR R AR AR R A AR AR AN R A R R KRR KA AR AR AR AR AR AR ACAAA &

« 025
022
«N22¢
«02S
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FX.5 THRFE SPAN TISNTRIPIC CUPVED BRINGF NPECK, A STRIPS 37 X=SEf] R(CL)=100M
EAKARRARN R AR R R R ACA AR RN AR AR R A A R A A R AR RN AR AR AR R R AR AN R AR AR AR TR A R A A AR AR A AA R AR

N,

MATERIAL AMD SFCTION PROPFRTTIES %2 UNTTS ARF IN N, 8
FLASTIC MODPULUS ES = «25000+08 ER = «25000+08
SHFE AR MODULUS GRS = «96154407
POTSSONS RATIO VS = .3000 VR = <3000
STRIP LINE RADTUS WINTH NEPTH RENDING AND TOPSIONAL RIGIDITY
NO NO
DS DR ORS
1 95,00
1 .50 1.00 .22894+07 e 2289407 «R013406
2 95.50
2 1.50 1.00 2289407 .272894+07 LRO13+406
3 97.00
3 1.50 1.00 2289407 22289407 LRO13+06
: 4 . 98,50
4 ' 1.50 1,00 2289407 «2289+07 +R013+06
S 100,00 : ) .
S ' 1.50 1,00 .22R94¢07 2289407 «A013+406
6 101.50
6 - 1.50 1.00 .2289+07 «2289+07 «R013:04
7 103,00
7 1.50 1,00 «22R89+07 « 2789407 +A013+406
8 104,50
A .50 1.00 .2289+07 «2289+407 +R013+06
9 105,00

ANGULLAR NODAL SPACTING (RAD) USED IN FINITE DIFFERENCF APPRNXTMATTIONS

.010000
. 025000
.N22500
. 022500
«015000
. 025000

LONGTTUDINAL

1.000000
2.500000
2.,250000
?.750000
1,500000
2.500000

.015000
N25000
«022500
0272500
010000
«025000

1.500000
2.500000
2.250000

12.250000
1,000000
2.500000

.N25000
015000
022500
. 022500
010000
. 025000

2.500000
1.500000
2.250000

$2.250000

1,000000
2.500000

NODAL SPACING (M) ALONG

025000
010000
.N22500
.022500
015000
025000

CENTRAL

2.500000
1.000000
2.250000
2.25000¢
1.500000
2.500000

ARC

025000
.010000
.022500
022500
T.025000
.015000

+ RADTUS

2.500000
1.000000
2.250000
2.750000
2.,500000
1.500000

.N25000
.015000
022500
«022500
«025000
«010000

100,00

2.500000
1.500000
?2.250000
2.250000
2.500000
1.000000



LOADING CASE NO 1 DFAD [OAD ONLY

NONAL LINE NO

LOADING "CROSSECTION ND

TYRE FROM AT 10 FROM AT -1

UNIFORM 1 ' 9 1 37
1OADING CASE NN 2 RATCH LLNAD

CENTRAL SPAN INS

LNANING NONAL LINE MD CROSSFCTTON NO

TYPE FROM AT o FROM AT T
UNIFORM 2 i 1 27
LOADING CASE NN 3 PATCH LNAD CENTRAL SPAN CFN

LOADING NODAL LINE NO CRNOSSECTTON No
TYPE FROM AT ro FROM AT T
UNIFORM 4 6 14 .27
LOADING CASE NO 4 PAICH LOAD CENTRAL SPAN QUT
LNADING NOPAL L INE NO CROSSECTTOM NO
TYPE FROM AT 10 FROM AT T
UNTFORM 6 8 1y 27

INTTTAL CONDTTIUNS OF DISPLACEMENT OR ROTATION A

ND TYPF NNDAL LTNE X=SFCTION
1 NISPLACEMENT 3 11
2 NDISPLACEMENT 4 11
3 NISPL ACEMENT 6 11
4 DISPLACEMENT 7 11
s DISPLACEMENT 3 27
6 DISPLACEMENT q 27
7 DISPLACEMENT 6 27
a DISPILACEMENT 7 27

ROUINNDARY CONDITINN AT START NF STRUCTURE
ROUNDARY CONDITION AT END OF STRUCTURE

MAGNITUDE
0 0F LOAD

=25.0000

IDF CARRTAGEWAY

MAGM]ITUDE
0 0OF LOAD
«25,000N
TRAL 3M WINDTH
MAGM] TUNE
0 OF LOAD
-25.0000
SINE CARRIAGEWAY
MAGNITUNE
0 0F LOAD
"25.0000

LONG STRUCTURE
MAGNITUDE

«000000
.000000
.000000
.000000
000000
.N0NQ0OO
.000000
.000000

SIMPLY SUPPORTFOD
SIMPLY SUPPORTED

1S



10AD CASF Mg

X=SECTTION

1. RESULTS NF GENFRALTSED DISPLACFMENTS
NODAL LINF DTSPLACFMENT ROTATION

1 .000000 .000000
P 000000 000000
3 «000000 +000000
4 .000000 .000000
S «000000 20100000
6 000000 000000
7 .000000 .000000
8 000000 «000000
9 .000000 000000
1 -.81‘270"'03 -.270‘321-00
2 ~.831690.03 - 174947=04
3 ~.821895~03 «277032-05
4 -, 836550.03 .159970-04
5 -, 86802703 «2h259R=04
6 ~.9153%332.03 «355230=04
7 =e9794806=03 +U98326=04
8 ~,106RR4A4=02 « 70534304
9 -,110610.02 .803775=04
] -,198825=-02 =.609954=04
2 -.1053]0-0? -.398070-00
3 -.194119~02 «693435=05
5 -.205205-02 «623R53=04
6 -, 216344=0p «B66965-04
7 ~.231563-02 «118057=03
8 =-.25256%=0p2 «165597«03
9 “,261%6RaN? «187216-03
1 =,320R52.02 -, 893808=04
b4 =, 317205=-02 =,573324-04
k1 -, 31403802 e 154045-04
4 =-,320684-02 «6515652=04
S =e3330K1=02 104381203
6 =-,351987-02 «113557-03
7 =, 37706702 e193531=03
8 =, 411249-02 0 2h7270=03
Qq - 425404=02 «299710=03
] =-.314017=-02 «,745592-04
2 ~.31109RN2 - 430048=04
3 ~e31036%02 «281220=04
4 . 31837802 .759903-04
S ~.332627-02 «113121=03
6 ~.352313-02 «150245=-03
7 -, 37824702 e198371=03
8 -, 41302302 «270561=03
9 42733402 «302A85=013
1 ~. 179846002 -, 158437=04
2 ~.179576-02 «389161=05
3 =.183547=-02 115312704
4 -,192362-02 2»704017=04
S =-,2043%31R-02 «BR43T2=04
6 -, 21BA83.02 «106280=03
7 «,236558.02 « 131751203
8 ~.259147=02 «174171=03
9 «,268317=02 « 19487203
2 «315967=-03 « 78301304

164
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«2N8APK-N]
«122403A=03
¢ 91690104
e 2h6?0h=014
36610304
«3ABNAS-0UY
«2M182302
e 232603202
«214950a02
e 20796502
« 20756202
21283202
220130202
20642302
« 25730702
< 30485202
« 29093002
«270104-02
o 267222-02
«271U35=02
«2ROA56=02
«33168R0?
 «309R03.02
2 191236=02
.176349-02
«157739-02
. 15782402
W 15962202
«166955=02
e 17598002
« 202030
«22039%.02
e 335h7H=03
e 179A82=03
«000000
«000000
-, 561540104
.000000
000000
.158248=-03
30773403
-,193994a02
., 21093202

. =.237039-02

=, 28647107

-.256199=02

=, 2h23748<02
- 268837202
2591059202
-, 208112=02
—.quKﬂn-nZ
-, h7208R=0p
- 711527=02
-, 73807302
“,7h23547=02
w,7R6926=02
-, 80893302
=, 81790002
-,815341-02
-,152575=01

«Hl83721=04
«509439-04
«395129-04
«2T4814=04
«133654-04
e 106071-05
«73SR00=06
«2023472-03
« 16536503
« 76498504
21465708
«14702%-04
«519566=04
«108720=03
«231499-03
«312967=03
«233519-03
«621314=-04
«107323=04
JUU6082-04
«795259-04
«1536772=03
«3237765=03
24N248340-03
035102?'03
«236239-03
«321371-~04
=, 87013=09
-,303493~-04
=,526296~04
-, 899693=-04
~.299744-03
- 405R93-(3

e3691272=03

«256102=03

«2R7965~04
' «1R216K=04

« 19442906
~e196551=04
-, 2082U4N=04
~281582=03
-0358063-03

«3R9R05-03

+2R9506~03

«BRAALIA-NY

«531142=04

«0300250=-04

«19852°8~04
-, 177010=03
'0278R99—03

«U409057=-03

«3/10R33=03

«20301R=03

«1A3052-03

«1A0022-03

«119R12=03
. 17980104
“,859735=-04

¢393603=03
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-, 154492-01
«,159797-01
e l‘vaﬂ77-nl
17019901
-,175897-01
-,181794-01
-, 187136=01
“,1R916R-01
-, 2U6167-01
-, 21799R-01
-, 25413201
-, 2h1257=01
- 2h9ha1=0%
-, 27870101
-, 2R8%086-01
-, 30018001
-.532819~01
~, 33053701
-, 30172701
«.350003-01
-e36070R8-01
-, 37328401
“,3R7759.01
e, 40427701
-, 410286=01
-, 402125=-01
-, 403751-01
o, 110824-01
'.Q?O“Su—ﬂl
-, 43349801
-~ dU8T1he01
- 466558=01
- URT?285=01
-, 494910-01

e 411665201

-.allﬁ???-ﬂl
-, 455527=01
- 466302=01
-, 480201=-01
~o497103-01
-e517099..01
~.,540500=01
=,509147=-01
-, 4Hh1908=-01
- 4h519T=01
-0470876’01
-.QRIQOS-OI
~ 9622001
~.513691=01
~.534417-01
=, 558727=01
-.567720=01

+373847=01%
+ 33971 6=03
«503021=03
« 367H22-03
«390239=03
«39073%-03
«355485-03
+3364948-03
«355201-03
2 376974=03
JUU1239-03
«HN9667=03
«HB1AGN=03
«652397=03
«717968~03
+J7R0U428=03
LAN2413.03
«315960-03
«370603=03
«518030=03%
«650479=03
«776209-03
.900860«03
«103065=02
«117517=02
«1722918=02
«2A5588=03
«363916=-03
«573h87=03
.757847=0%
«929552=03
«110025=02
«128161«02
«108719-02
«156397=02
«359700=03
«6N7812=03
+B25N25=03
«102689=02
«122770=02
«18417R=02
e 1A8U62=02
0177501“02
«260678=03
«358016=03
«619027-03
LAU7489=-03
«105271=02
. 127087=02
«119616-02
«175161=02
«184655=«02

166



t.OAD CASF NO

¥=SECTION

1

1. RESULTS OF BENDING AND TWISTING MUMENTS
NODAL LINF M1 M2
1 .000000 000000
2 000000 4000000
? 000000 .000000
3 .000000 000000
k] 000000 000000
Y " 000000 .000000
4 .000000 000000
S .000000 000000
S .0000n0 .000000Q
6 .000000 .000000
6 .N00000 .000000
7 .000000 000000
7 .000000 000000
A .000000 .000000
A 000000 000000
9 «000000 .000000
1 =,?358R89+00 L14hT03403
2 -,730993+01 143934403
2 -, R18863401 L144197403
3 -, 208550402 .140291403
3 =, 200AKU14+02 JHa017440%
4 -, 267042402 .139486+403
] -,266060+0” 139456403
S =, 288214+402 1403284073
S =, 28R324402 140331403
) -, 278056407 L142163403
b =o27527540? .1421994+0%
7 -, 216295402 .108890+03
7 - P20469402 .145015403
8 =.A71572401 149276403
8 -, 781072+0) 148999403
9 ~.2339534+00 151238403
t -,7255567+00 « 319464403
? -.132560402" .311132403
2 - 147614407 .3145R440%
3 -, 414416402 .305572+03
3 ~ 4096514072 305429403
] «,550354+02 303010403

10/

M12

«h05991402
«439715+02

«N39715402
. 041519401

941519401
=. 122088402

-, 1220884072
«.281660402

-,281660+02
=, 834277+02

-.830277402
“ 527379402

=-oh273794+02
-,924884+02

~.9201884402
-,1065984+03

«S705278+0°2
+N1K8695402

« 016695402
«RB89920+01

«AB9920+01

" =, 11R894+02

-.118894402

'02727°6+0?

-, 272796402
-0520039§02

«.1200%9402
-.5605670+02

-.605670+02
-, A866489+0°2

=, A86649+0°7
-.101599403

N27560402
«314827+0°2

«31088274+02
605366401

.A05366401
-.106907402
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-.S4BK13402
-.597937+40°

“,59R173402
'.q695°5*0?

-, 568718+02
-, 428644407

- 433347402
-, 155004407

~.139823+02
-Q2518R3’0n

-.,284792400
= 175746402

. 193744402
-.571954+02

-~,568176+02
“,779937+02

-, 77261402
~ 852643402

-, 795037+0°2

-.797079+02
~.590139+0°?

#.q915611+02
'.202097*07

-, 1838R3402
=.300233+00

-,286647400
«e1770452402

=, 195627+02
=.579089+02

=.575304+02
=+ 790930+0°2

-.789207402
« R6H269402

-, B666794¢02
-.809728+02

«-.R11955+0°7
-.h02092+02

-, 605498+02
~.205900+02

«.187317+402

© +302958+03

« 304204403

~304211+03
« 307816403

2 307880+03
313612403

«313754+03
« 322520403

. 3272065403
«326015403

JN77991403
LU706H65403

LU71205403
LU57517+03

LA57404403
LA52714403

LN52664+073
453705403

.4S371440%
LU58729+403

J458791403
LU672564+03

LA467359+403
JN79703403

079156403
480262403

.471980+03
+861635403

N65177+403
451610403

1514964073
LA47100+40%

AU70R9403
408544403

LU48556403
.453981403

LA54048+403
162938403

JN67040+03
175829403

2875271403

100

“. 106907402
=.232211402

-.232211+02
=.352191+02

-.352191+02
-.501598+02

~.501598+02
- 717267402

-, 717267402

«R66710+01
«510676+01\

L510676+01
«.308015+01

=,304015+01
“,R344354+01%

-.A34435401
-. 121776402

-, 121776402
-, 1S5R369+02

-, 158369+02
-.,205613+02

=.205613+402
=,274851+02

-, 271851402
«.300219+02

-,?9R0%8+02
=.253854+02

~.25%854402
“.143012402

-.143412+02
~.590301+01

-.594301+01
+9SR086+00

058006400
+ 763044401

.763004+01
151350402

«151350+402
« 240907402

2UN907402
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-.306276¢+00

-, 765800400
-, 110334407

-, 15A4Ry402
- 8016R4402

=, 0364273402
-,58597%5+0°?

-, 583573402
~,600420+02

~.h41099+02
~.612307402

=.615657+02
-~ H470168+02

-~ N79160+40°2
-, 171538402

-.15822540?
-0285526’00

~.251369+00
-oq2u078+01

-, h0U0RD2+01
-, 10R030402

-, 986152401
-, 213797+01

-, 770099401
-,R0A6799+01

-, A17779+01
-.118577+02

'.’2“!“3’0?
-.152670+02

-.161954+02
= A6A5AT7+01

'.720009#01
-.269172+00

~.267919400
110439402

103127402
HBNU274402

«H67007402
+92R295+02

«9316344+02
«102934+403

LA80515+03

300709403
«295241+0%

«295725403

«2871H4407

.287007+03
«786098+03%

2860264073
.28R968+07

.78R9R3+03
«290034+403

«”90133+03
< 3012R5+03

.30143440%
.311946403

L311427403
315962403

~-.35R230+02
-.371460+02

-,367860+0?
-.347081+02

-,.349907402
-, 291604402

=-.792795%+0?
-, 200520+02

-,240190+02
-.205990+0°

-.200320+0°
-.180001+02

-, 177216402
-.133408+0°

=-.137792+02
-.112117+02

-, 534347403

"= .52R69140%

-.528471+403
-.510173+03

=.510855+403
-, 097142+03

-, 49720340%
-,491304+03

103

»2703684+02

-.650972402
-.S527555402

~.527555+02
-.,232610402

~.232610+02
-, 277862+01

-.277862+01
.1275h14+0°2

. 127561402
«277919+02

«217919+02
«362234+02

LN62238402
.706439+02

«7064394+02
«R03026+02

-.A85875+02
"686788*0?

-.68A7R8402
=, ?238792+02

-.23A87924+02
«269869+01

269869401
. 198562402

«198662+02
<« 3654R6+02

+3654086+02
«6078A7+02

LA0T78AT 402
987702402

«987702402
«110867+403

-.R76150+02
-.612071402

-.412071402
= 770991 +01

-.778901401
116524402

J116524402
L181373402
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«10279940%

LRB291740°

+R77108402
.505494402

LUBISHE40?
e 791179401

«R9RSHT O
292086400

«S59412u4+00
« 353210402

«332403+02
« 175051403

.183724+40%
.2901R2+403

«”86452+03
+ 295516403

. 295547+07%
.284376+03

.PB7732403
«182196403

SV1TH15340%
+J4R4SR+02

«366748+02
.5897%5400

171226401
404519402

300730402
295643403

« 309639403
«5297R8+03

«D17738+403
395520403

.39A3A4403
519541403

«530782+03
« 333317403

+31R9T4403
« 394933407

LUBA89U4+0?
L166458+01

«2B890334+01
,352901402

=, 191264403

. 190651403

=. 090477403

- . 1959834+03 .

= 195325403
«,507792+03%

-.50%115+03"

=.5004695+03

-.116822+04
-, 1154034+04

-, 1153R1+04
-, 112741404

-,.113%3002+04
=,11243%44+04

-.1172322+04
=.1130%5+04

~.113035404
=, 112603407

-, 1127044040
-.113260400

-.117018+04
-,114817+04

-, 118872408
«. 115654400

-.157389+04
=,151589+04

-.151289+048
~-.155659+04

=, 156079+04
~ 161704404

“, 161312404
-.1629624+04

- 1629R7+048
-, 162945+04

-.163283+04
-.159324404

=.15R893+0N
=.1514820+08

-, 155090+04
- 155376+04

-,162040+01
-,162704+01

«1843734+402
«?50719402

« 250719402
JN291924+0°2

129192402
«R9T8R0+0?

JR978R0402
.112343403

-, 080272402
=-,1919644+07

-, 1919A44+02
+2077334+02

«307733402
«126590+02

« 126590402
«359846+01

,159846401
-.538725401

. =os8387725+401

-,24R328+02

-.24R328402
«199857+02

199857402
+LAT1543+0?

~. 132736402
«AUAUPSH0t

540425701
2 377494+02

« 377494402
'oh7°l86001

=, 1479A0+02

-, 147960+02

», 222631402
=,701468%0°

-, 701468407
-, 418367402

-, 431R367402
=, 20R3R6+02

«189139+01
-,227719+01



13

>N A D V] w N N == o>

~ >

= e wi N N == K 2 ]

> "N N e

-0?15533’02
2039651403

«3UT6NM4403
«R2Hh7H1403

+ASREH2+0%
+30N138+403

«302155+0%
«R59406403

«R195474+0%
13874403

499862403
185295402

«43R69240°
»300758+01

.172919+01
JA01396402

2300434402
«295R94+03

«3099434+07%
«530260+403

«S1R162403
«3957R0+03

«396629407%
«519960+03

«5312094+03
e333616+07%

«3191R5+03

23940439402

488799402
+16RQ324+01

«HUNBISHOD
«351718+02

«350030+07
« 178693403

« 181562403
« 291610403

«”876A21 403
« 2795659407

«?95698+0%
+ 785597403

-?BQ‘Q3*01

-. 160998404
-. 188836404

-, 18A07540h
~.2151R9404

~.?16146+04
~.186808+04

-.186868+0n
-,218698+04

-.217502+01

-« 194721+04

-.197289+04
~.167428+04

«,169300+04
=, 167879+0A1

-, 146183404
-, 145357404

-.145067+04
«. 149513404

-, 149934404
-, 15563%5+04

'.155272+00
'r15695500"

-, 156980400
-, 156945404

-.1573004+04
-.1533664+04

-.157433004
- 148890404

=, 1491614040
-, 149460+00

-, 101168+04
-, 998551+0%

«.997900+0%
«.273814+07%

-, 97647540%
-,972951403

-,97177240%
=,980567403

«.,980578+0%
«,976797+03

-, 9778644073

171

=o227719+01

~.132220402

-,132220+0°2
=.2369624+02

~.235962402
-.3355R88+02 -

=-,335528+02

=.,829110+0°

-.n29110402
-.51R390402

=.518390+02
. 601911402

“.601911402
-.h2RH22402

« 160024402
=, 10A597+02

~.10R59740?
-, HU0492402

- 600092402
-, 803924+02

-.008924+02
-.521330+02

~.521330+02
“.632963402

~.632963402
=~.333250+02

-.133250+02

-.783571+02

-, 783571402
~.1008706403

JS18117402
153774402

« 153774402
“.564369+02

‘-, 561369402

591740402

- ,85947404+02
«,A95319+0°2

«,695319+02
=, 786737402

«, 786737402
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«185104+03

«N1THARARHOD
«3U5678+02

«365059+0°
«569740+00

«3526R9400
« 130886402

.1234R8+02
«6330064+02

«h5R087+02
.106750+03

«107012403
«117938+03

1178104073
«102023+403

+1015154+073
«9594446+02

«S70419+02
«248159+0)

«108565+02

«300175+00
«303728+01

.4108594+01
«19R(0954+01

«322976+400
«5262726+01

«569357+01
«H74965+01

L663656401
L114819+01

«550893+00
~.711874+01

'.315096*01
=, 742571+01

=.595846401
=.4221264+00

=,365303+00
-0127380*0?

-, 142767+02
«.3936478+02

.“2?156+00'

‘-, 983636403

-, 781165+0%
-,9994604+03

-, 100004404
-, 100810+040

-.29A335403
~.292875+03

«.?292654+03
=.275545+03

-, 276297403
-, 260508+0%

=, P60H06T74+0%
=.7610R8+03

-, 2610504073 -

-,7623034+03

=.262151403
=.769761+03

‘=, 262040403

-, 278994403

-.77937279+0%3
«,”281964403

2308778403
«307059+03

« 307380403
« 307967403

e 307650407
311477403

311348403
« 310049403

« 318083403
«314671+03

«314850+0%
«310183403

«318493+403%
315777403

«3153317+03%
316633403

JTHU091403
o 777403403

777904403
. 765973+0%

/<

«,7781R34+02

-.7701R34+02
=.139027+0%

=.139027+0%
-.171617+03

«915429+02
«S711674+02

«S711674+02

-, 182037+02
~.562065+02

«.562065+02
-, A02890+02

=, R02890+02
-.103302+073

«,103302+0%
=+136961+03

~. 136961403
«.200855+0%

-.200855+03%

=.229393+03

«100230+0%
«715132402

«715132402
«320555+01

«320555+01
~.,A30647+02

-.4306474+02
-, 776631+402

-,776631+0Q°2
©«,110925+03

-.110925403
«.152114+03

=, 152114403
-0?08626*03

«.2086264+0%
-.?231332+03

«R76376+02

« 656877402

656877402
«106803+02
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18

N o=

f= N ~ > >N

>N A -} wl v N -

O > ~ >

NE D AV e

~ > > A

D~

~.3879R4+0?
«~.51499)1+02

~.512451+02
=.562893+02

«.563590+02
-,545991+0°2?

~.549490+02
-, 435124+402

«, 140399402
“, 1710574027

-. 153823407
=.409000+00

=.31h978+00
~.182762+02

-, 200034407
-.600102+02

~.596619+02
-, B8213994+02

-, R27820+02
“.9046820+02

=.9050R8+0°7
-, BU6354+02

-, A4RAT24+02
~.630516402

~.h333R84+02
=.222998402

- 204070740?
=. 438519400

«.352808+00
'0210988‘02

~,230023402
=, 702865+0?

=, 700475402
=, 976972402

«,975931402
=.107305403

-~ 1073194+0%
=.99U046+02

=4 095372402
«. 726697407

«,T72R8U2+0°2
-.246?09+02

. JT658034+03

761575403

. 7614994073
. 761118403

761139403
762895403

.763000+03
.766995+03

767153403
LT7UT7R74+403

LT7827040%
.777560403

«112372+04
.111403+04

111454408
.109450+04

.109439+04
108447404

108402400
108127+04

1081284040
.102306+04

+10R312+04
.108915+04

«10R924+04
«109974+04

.109920+04
«1103374+04

132716404
.131584+04

1316014048
.129188+04

«1291R1+04
«127857+04

.127854+04
127356404

127356404
127487400

127491404
128133404

.128139404
«129237+04

106803402
-, 311557+02

-.311557+0°?
=, 650576+02

- 650576402
=,98%6414+02

-.98%6011+02
-.135274+03

'.135270#03
=.179855+03

-, 179855+0%
-01966R’§°3

«h32247402
«N385764+02

«48485764072
e 102996402

«10279964+02
=, 200187+02

- 200187402
- 067187402

=, 167T187+02
-, 718739+02

-, 7T1R8739+02
~.9873074+02

~,0873074+02
~, 129192403

-.12919240%
- 140287403

« 329440402
« 255297402

«?255297402
h0A33T7401

«h083%74+01
“,9993A0+01

«.99934604+01
- 200142402

“,2040142+02
«,37403%2+02

=.37403%2+02
«.510014+02

«,510014402
-, 668126402
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AN = -}

on

~ >

=.227752402
=.367063400

=.32hA3984+00
=,271910340°

=.?3R8928+0?
=, 733R60+0?

. 731794402
-,10231140%

-, 102220+07%
-,11273R87+03

-.1124044+07%
=,103807+03

«.10390A4+07
~.754551+02

=, 755913402
=.?55614+02

=,235901+07
«,512424+00

.1291°0+04
«129610+04

.139496+04

.13A301404

< 138340404
.135743+04

L135737408
.134298+08

.1382964+0N0
+1337%640n

«133736+04
.133854+08

.133857+04
.1340532+04

. 134536404
«J35711+04

.135652+048
135111404

174

'0668126*02
~.72%222+02

«134018+00
«169069+00

«1690h9+00
279063400

«?2790634+00
418692400

11692400
«5957976+00

.557976400
<h91106+00

«b91106+00
«T7955R4+00

«795584+00
«R69058+00

69058400
«R95549+00



APPENDIX G

Sequence of Subroutines
Listing of Program STRIP
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~ SEQUENCE OF SUBROUTINES FOR PROGRAM STRIP

MAIN 1 INFOR

ASIGN

| FORMA

FORMD

FORMF

FREED

BOUND _

VECTA

ZEROW

RBAND

STRESS CURVE




176

FINITE+STRIP(1) . MATN

O Do [V, - WYYR XY

[x]

100

200

201

202

600
204
203

208

206

CCLCECECCCCLOChCOChChCrCcCChChChLCrCaechCrCeCCeaercrceerncaceeeceeeeec

A FINITE DIFFERENCE RASED FINITE STRTP METHOD NF ANALYSIS HAS REEN
NEVELOPED FOR THF SOLUTIOM OF CURVED PLATE STRUCTURES SURJECT TO
NORMAL LOADING, STIMPLY SHPPGRIFp aND cONTINUOUS STRUFTURES HMAY BE
ANALYSED. A FINITE ELEMENT SURDIVISION IS USED ACROSS THE PLATE ,
WHFRE A THIRD NKRDER PULYNQOMIAL DYSPLACFMFNT FUNCTION DFFINFS THE
VARIATION TN DISPLACEMFNT ACR(OSS EACH STRIP FLFMFNT, USING INE
PRTNCIPLE NF MINTMIIM POTFNTIAL ENERGY THF GOVFRING DTFFERENTTAL
FQUATION IS FORMFD, THF SOLUTION INVOLVES SURSTITUTING FINTTE
NIFFERENCE APPRUXIMATINNS TO THE DTFFERENITAL FQUATION ALONG THE
LENGTH QF THF STRIPS, WHFRF TN THE PRESENT FORMULATINN, THE NODAL
SPACTING MAY BE VARTED TN ANY RFGTOM, THE RFSULTING SFEf OF
SIMULTANFOUS LTNFAR EQUATEONNS TS THEN SOLVED, THF DISPLACEMENTS
AND ROTATIONS ORTATINFD AT FACH NODAL CROSS SECTINN ARE THEN USED
TO SOLVE FOR THE INTERNAL FORCES.  THF UNTIS ARE IN N , M, S,

cceceecreeceeccecceercecececcceccceeceeccccececcceccceeccececcceccececercee

DIMENSTONIMNG |S FOR A MAX OF 8 STRIPS 40 X«SFCTIONS 14 LOAD CASES

- COMMON TTLF(ROY,RD(9),W(R),DT(R),NS(R)I,DR(B),DRS(8),N1(8)

COMMNON DL(39),NAC39),AX (4, 8),BX(4,08),CX(N,8),0%(4,1),FX(8,4)
COMMON FNSM(720,54),AA(18,18),DD(18,18),FF(1R,18),TH(8),1E(8)
COMMDN NST,NXS,NNL,NDA,MSM,NSH4, NBL , NP, NLC,ES,FR,GRS,VS,VR,G(3)
COMMON WTY,WT2,8T3,10L,TT72,113,wJ1,wJ2,W33,TJ1,1J2,103

COMMON LABL(30),TL(4Y,12(6) '

INTEGER BC(6)/'CL*,'SI','FR','GU", DT, RO/

INTEGER WL(S)/Z'PN', LI, "UN?,"NE', LAY/

READ AND PRINT TITLE CARDS FOR PLATE

READ(8,100) TTLE

FORMAT (h0A2)
WRTTE(S,200)TTLE
FORMAT(1H1,7X,4042,/,8%,0042)

PROGRAM TNFOR = READ MATERTAL CONSTANTS AND PLATF GENMETRY
CALCULATE STRIP PRNPFRTIES , NODAL SPACING
CALL INFOR

MRTTF(S,201) ES , FR , GRS , VS , VR
FORMAT(//77,8%,"MATFRTAL. AMD SECTION PROPERTIES xax UNITS ARE TN

PN M, §',7,8%,61('«"),/7/,8%,"ELASTIC MODULUS ES = ',E12.9,
2UX,'ER = ' ,E12,5,/7/,8%, "SHEAR MODULUS GRS = ',F12.5,//,8X,
3'PDISSONS RATIN VS =1,F9,4,8%X,'VR =',F9,.4,/)

WRITF(S5,202)

FORMAT(/,8%,'STRTP LINF RADIUS WIDTH DEPTH BENDING AND T
IORSIONAL RIGIDTTY',/,10%,'NQ',S5X, N0, /,51X, DS, 9% 'DR',9X, 'pRS*)
N0 600 p=1,nNST

ARTTF(5,203)' 1 , RO(Y)

WRITFE(S,204) 1 , wW(I) , PTCI) , DSC1) , DR(1) , DRS(I)

FORMATC(IH ,8X,T2,20X,F6,2,F7.,2,3E11,4)

FORMAT(tH ,15X,12,F12.2)

WRITE(S,203) NNL , RD(NNL)

WRTTE(S,205)

FORMAT(//7,AX%, ' ANGULAR NODAL SPACING (RAD) USED IN FINITE DIFFERENC
1FE APPROXTIMATIONS', /)

WRTITE(S,206) (DA(T),I=1,NDA)

FORMAT(IM ,3X,6F12.6)



106
107
108
109
110
1t
112
113
114
115
16
117
118
19
120
121
122
123
124
125
124
127
128
129

207

c

500

490

15

16

17

1R

177

RAVE = (RD(1) + RD(NNL)Y)/Z2.

WRTTF(5,207) RAVF .

FURMAT(/,8%, '"LONGITUDINAL MODAL SPACING (M) ALONG CENTRAL AKC!,
1* , RADIUS',F11,2,7/) )

WRITF(5,206) (DL(I),I=1,NDA)

SUBROUTINE ASIGN « [NITIALTZF FINITE DIFFERENCE STIFFNFSS MATRIX
CALL ASIGN
SUARNUTINE FORMA = COMPILE "A' MAIRIX FOR COMPLETE CROSS-SECTION
CALL FORMA
SURROUTINE FORMD = COMPILE 'D* MATRIX FOR COMPLETE CROSS=SFECTION
CALL FORMD
SUNROUTINE FORMF « COMPILE 'F' MATRIX FUR COMPLETE CROSS~SECTION
CALL FORMF

SURROUTINE FREED ~ COMPILE ELTS OF FDSM FREE OF ADY CONDITIONS
CALL FREFED

SURROUTINE SBNUND = COMPILE ELTYS. OF FDSM SURJECT TO BDY CONDITIONS

cALL BOUND

SURROUTINE VFCTA - COMPILE ELTS QOF LNAD VECTOR FOR NLC LOAN CASES

CALLL VECTA

SUBROUTINE ZEROW = SET BDY CONPS AT ENDS AND ALUNG NODAL LINES

CALL ZEROW

SURROUTINE RRAND = INVERT AUGMFNTED STIFFNESS MATRIX AS COMPILED

CALL RRAND

DO 400 LCN = 1,NLC
WRTTE(S,15) tCN

FORMAT(1H1,/,8X,"LOAD CASE NO',13,"', RESULTS OF GENFRALISED DIS

{PLACEMENTS Y ,/7,BX,56( ' ="),//,8X%, 'X=SECTTON"',4X, 'NODAL LINE',d4X,
2'OTSPLACEMENT',7X, 'ROTATION',/)

JC = NRW + LCN

PO 500 I = 1,NXS

11 = 2*(NNLx(I=1)) + 1

12 = 11 + 1

WRITE(S,16)Y T , FODSM(It,JdC) , FDSM(12,JC)
FOQHAI(I” '1nx'12"2x'.l',aerlZlebx'EI?ob)
DO 500 J = 2,NNL

Tt = 2x(NNL2(I~1) + J) =

12 = 11 +1

WRITE(S,17) J , FOSM(I1,d0C)Y , FDSM(12,JC)
FORMATCIH ,23X,12,RX,E12.6,6%X,F12.6)
WRTTE(S5,18) 1LCN ' ,

FORMAT(1H1,/,8X, LOAD CASE NO®,1%,°, RESULTS OF BENDING ANp TWI
1STING MOMENTS',/,8X,59( ='1,//,8X, ' X=SECTION',AX, '"NUNAL LINE',9X,

2UMLY,1AX, M2, 14X, 'M12Y,7)

SUBROUTINE STRES - CALCULATE STRESS RESULTANTS FROM DISPLACEMENTS

CALL STRES(JC)
CALL EXIT
FND



1/6

JNITE*STRTIP(1),INFOR

DONPNS N -

10

108

le Xe X M)

103

fo4

SUARNYTINE INFOR

COMSNN TTLF(RDY,RNDI),W(RY,NT(R),DS(R), NDR(RY,NDRS(BI,N1(8)
COMMON DL (39),NDACIO) ,AY (N, 8),BY(H,0),CX(N,0),0X(n,n),FX(a,a)
CoMMNN FnSM(720,SM),AA(1H,lﬂ),DD(lﬂ,18),FF(1R;!H);IBIG);TE(B)
COMMON NST,NYS,NNI,NNPA,MSM,NSM,NRL,NBwW,NLC,ES,FR,GRS,VS,VR,G(3)
COMMOAN WTL,WT2,WT3,TT1,TT2,T13,wT1,nlI2,WJ3, IJl 112, r13

COMMON LABL(30),TL (Y, TZ(8R)

INTEGER RC(H)Y/'CLY,'SI','FR','GU', "D, 'ROY/

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
READ IN ALL TNFORMATTON REAUTRFD TO NEFINE CURVEDN PLATF STRUCTURE
ceeccceceencreaacrcnceccecceccecccecceeceeccecrcecccecccecceaccoececcece
READ IM NQ OF STRIPS, NO OF X=SECT, RADIVUS OF 1ST MOPAL LINE

READ(H,101) NST , NXS , NLC , RD(1)
FORMATE3TS,F12,2)

MNL. = NO OF NODAL L INES NPA = NDO OF [A'S (ANGULAR
MM = SI?2E OF AA,FF MATRTX FIMTTE DIFFFRENCE SPACING)
NBL. = AUGMENTEDN WIDTH DOF ¢NSM NSM = SIZF OF MATRIX FDSM
NLEC = NO OF LOAD CASES NRW = BAND WIDIH OF FNSM
MNL = NST +

NDA = NXS = |

MSM = DaNST ¢+ 2

NSW = MSMaNXS

NBW = 2aMgM ¢+ 4

NBL = TaMSM

JF(MSM=ldwNLC)Y1,2,2
NBL = NBW + MLC

READ IN MATERIAL PROPERTIFS ES , FR , GRS , VR , V§

> READ(8,102) FS , ER 4 GRS , VS , VR

CALC REMAINING SFCTION PROPERTIES IF UNSPECIFIED

TFCEES)10,11,10
FS = ERaVS/VR
TF(EM)12,13,12
FR = ES*VR/VS
TF(VS)14,15,14
VS = VR«ES/ER

" TFCVRY16,17,16

VR = VS*ER/ES

TF(GRSYIR,19,1A8

GRS = 0, Qk(ES*FR)** S/¢1 + (VS*VR)**.S)
READ IN STRTP WTDTHS AND STRIP THICKNESS

READCR,103) (W(I),NPY(I),I=1,NST)
FORMAT(2F12,4)

READ TN ANGULAR FIMITE DTFFERENCE SPACING DA(Y)

READ(H,104) (DA(I),I=1,NDA)
FORMAT(BF10,4)



62
83
64
45
h6
Al
b8
69
70
71

72
73
74
75
76
77
78
79
R0

a2

500

S0t

108

CALC NODAL RADII AND RTGIDTTY COMSTANTS DS , DR ,

nO0 500 j-1,NST

OD(I+1)Y = BD(L) + W(T) :

PSCIY = ESHDT(TI*r3/(12,%(1 = VS*VR))
DRI = ERADT(T)ax/(12,%(1 = VS*VR))
DICIY = DROII&VS

DRS(T) = GRSaANT(I)x*3/12.

CALC FINITE DIFFERFNCE SPACING ALONG CFNTRAL ARC

NG S01 1=1,N0A
DLC]) = DACIIACRD(1) + RD(NNL))I/2,

READ IN REGIN AND END RQUNDARY CNNDJTINNS IR , TE

READ(B,105) I8 , IE
FOPMAT (RA2,4X,AA2)
RETURN

END

Dt

’

179

PRS
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FINITE*STRIP(1)Y,ASTCN
SURRNAUY [ME ASIGN .

COMMON TTLF(R0),PDI9),%(R),DT(R),DS5(R),NR(R),DRS(BY,N1(A)
COMMON DL (R9Y,DAC39) ,AX(A,08),RX(N,0),CX(0,0),DX(A,0),FX(0,nR)
COMMON FNSM(T20,54) ,AA(1AR,1H),ODC1A,18),FF(1R,18),18¢8),TE(8)
COMMON NST,NX5,NML,NDA,MSM,NSM,NBL ,NRK,NLC,ES,FR,GRS,VS,VR,G(3)

TNTTTALISE F D STIFFNESS MATRIX EQUaAl TO ZFRO

WN O ODONT IS W =
o

PO 1 T = t,NSM
1 PO 1 1 = t,NHL
1 1 FDSM(T,J) = 0,0
1 RETURN
1 FND
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VITE*STRIP(1) .FORMA

QPN L N

[ ]

2
ch 2 J

50

SUBRNUTINE FORMA
COMMON TTLE(RO),RD(Y),N(R),NT(R),DS(R)I,DR(A),DRS(8),N1(B)
COMMON DL (39),NA(39),AX(4,N),RX(A,08),CX(4,0),0X(8,48),FX(A,n)
COMMON FNRSM(T720,54),AAC( R, 1R),DDCYIR,18Y,FF(1R,18),TI18¢8),TF(8)
COMMON NST,NXS,NNL,NDA,MSM,NSM,NAL ,NRW,NLC,ES,ER,GRS,VS,VR,G(3)
COMMON KT WY1, WT3,TT1,TT2,T13,wl1,wl2,Wd3,T01,T7J2,T03

COMMON LABL(30),TL(4),172(6) '

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC,

SET UP 'A' MATRIX FQR EACH STRIP AND CAMPILE FOR COMPLETF X-SECT
CCECECECACECCCACRCOCCCECECCCCCCCCCECCCCCECCCCChCCCCCrcrcecceeeee
no ot I

ng 1t J
AA(I,J)

1,M5M4
1,MSM
0,0

a4 nn

PO SO TI = 1,NST
2]

Rj
RJ
M

LUTG B
RD(IT+1)
(RI + RJY/2,

ity

ho 2 1

=3
28

’
’
AXCT, ) .

SET UP ELEMENTS OF MATRIX AX FOR STRIP Il

Ax(l,1) = 13, 4B/ (3G 4RM2ax3) ¢ F,aRx22/ (10, 4RMxx4)
AXC2,1) = =11, 408422/ (210.4PM*2T) = Raxx3/ (35, ARM*%A)
Ax(3,1) = QG AR/ (70 xRMA%T)

AXCUp1) = 13.#B#22/(420.2RM*x23) + Ra*3/(280 ,xRMxx4)
AX(2,2) = Bax3/(106,29Mxx3) + Rax4/ (280, *RMxx4).
AX(3,2) = =13 «B*22/70420,xRMax3) + Baxx3/(280,*RMxx4)
AX(4,2) = =QBx2x3/7(140,2xRMAx3)

AX(3,3) = 13,.2R/(3S , *RMx*x3) o 3, 2Rx%2/(10,xRMxxN)
AXCA,3) 7 11.x8%x22/(210,xRM*2x3) = Rax3/(35,2QMx%x4)
AX(4,4) = Bxx3/ (105, aRMxaT) « Axxd/(280,xRMxxq)

MULTTPLY AX MATRIX BY RENDING RIGIDITY DS FOR STRIP II

N0 3 T = 91,0
no3 J= 1,1 .
AX(I,J) = AX(I,J) * DNSC(IT)

ASSIGN VALUES Tn SYMMETRICAL ELEMENTS NF MATRIX AX

AX(1,2) = AX(2,1)
AX(3,3) = AX(3,1)
AXCL,4) =  AX(a,\)
AX(2,3) = AX(3,2)
CAX(2,0) = AX(4,2)
AXC3,4) = AX(4,3)

ADD AX MATRIX FOR STRIP TI TO MATRTX AA

PO 41 = 1,4
K = 2xT]=2+]
PO 4 J = 1,4
L = 221I=24+J
AACK,L)Y = AA(K,L) + AX(I,J)

CONTTNUE
RE TURN
FND



FINITE*STRIP (1) FORMD

DVDE®ENOCNELE WN -

50

182

3

SURRNUT [NE FNRMD ,
COMMON TTLF (RO ,RDIQ),H(R),NT(A),DS(RI,NDR(R),NDRS(AI,NI(8B)
COMMON DL (39),DAC39), AY(4,0),RY(8,48),CX(4,R),0%X(0,4),FX(A,q)
COMMON FDSM(T720,54),AAC1R,1R),NDC1R,18Y,FFCIR,18),T18(8),TE(H)
COMMNN NST,NXS,NNL,NDA,MSM, NSM,NRL , NRK,NLC,ES,FR,GRS,VS,VR,G(3)
COMMNON WTL,WT2,WT3, TTL,TI2,TI3,WIt,wI2, w13, 101,702,103

COMMON LABL (30),TL(4),TZ2(6)

fCOCCLACECCCrCrCrCeCCCOCCCOCrCaCCehCCCCCACCCCCCCCCCCOChCCCheeeee
SET UP 'DN' MATRIX FOR EACH STRIP AND COMPILE FOR COMPLETE X=SECT

cceerercreececcecececcceeecaceercecaccceccerecececececncccecececeec

PO 1'T = 1,MSM

N0 { J = 1,MSM
noCL,J) = 0,0

O S0 IT = |,NST

R = W(TT)

Rl = 9D(IT)

RJ = RD(IT+1)

RM = (RT + RJY/2.

SET P ELEMENTS OF MATRIX DX FOR STRIP [T

NO 21 =1,4
nNO2Jd = 1,8

nx(l,J) = 0,0

DX(1,1) = 12, xRM/Bxx3

DX(2,1) = =6,xRM/8%x%x2 + 1,/8

PDX(U,1) = =6, xRM/Bxx2 = { /B

')X(Zu?) s ao*QM/B ad (lo + VS)
NX(4,2) = 2,%x9M/8 .

DX(4,4) = 4,2RM/8 + (1., + VS)
NX{3,1) = «pX(1,1) N
Nx(3,2) = =0Dx(2,1)

NX¢(3,3) = DX(1,1)

NX(4,8) = =DX(4,1)

DO 4 T = 1,48

N0 4 I =z 1,1

DXCI,d) = DXCI,JYIXDRCIT)

ASSIGN VALUES T SYMMETRTCAL ELEMENTS OF MATRIX 'DX!

nNX(1,2) = PX(2,1)
PXx(1,3) = DX(3,1)
DX(1,4) = DX(4,1)
NX(2,3) = DX(3,2)
NX{2,4) = DXC4,2)
NXC3,4) = DX(4,3)

ADD DX MATRIX FOR STRIP T1 TN MATRIX DD

POSI =1,4
K = 2xT1=2+%1
N0 S J = {,4
L o= 22]Tm24J
AD(K,L) = NDD(K,L) + NX(1,J)

CONTTNUE
RE TURN
END



FINTTE*STRTIP(]1) ,FORMF
SURAROUT INE FORMF , :
TLF(R0),PD(9),"(2),0T(A),DS(R),DR(A),DRS(8),Nn1(8)
DI.(39),PA(39),AX (8, 4),BY(4,0),CX(N,8),DX(A,N0),FX(N,n)
FOSM(720,54) ,AAC1R, 18, NDCLIR,1R),FFOLIR,18),THr8),TE(R)
NRT,NXS,NNL,NDA,MSM,NSM,NRL,NRN,NLC,ES,FR,GRS,VS,VR,G(})
WIL,AT2,WT3,TTt,TT2,TT3,wI1,nI2,WI3,TJL,TJ02,T33
LABL(30), TLC4),T2(8)

NrmO 0D N NS NN e

- wp i s s
oW

- s -
O I~

MV ONY
EWN S

N V-
- > DN

2

w W\
- 0w

e el o R
SIS wWN

8 in
O VE -

- -
N -

a3
aq
as
a6
a7
48
it9
S0
51
52
S3
LY/]
55

57
58
59
60
61

COMMON
COMMON
COMMON
rOMMON
COMMON
COMMON
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cceercoceceececarcecceccececacecccecrceccercecececcrcecreeceercrecceecee

SET UP 'F' MATRIX FOR EACH STRIP AND COMPILE FOR COMPLETF X-SECT

CCCCCCCCrCrCaCrncecacreecCcceCceercrecrctcCCeCCCcrcaeccecacreeceeeeec

PO 1 ] = 1,MSM
PO 1 J = 1,MsM
FFCI,J) = 0,0

PO S0 TI = 1,NST
A= WD)

PT = RD(IT)

RI = PD(IT+1)

RM = (RT 4 RJ)/2,

SET -UP 'INTTTAL' CNMPONENTS OF MATRIX RX FOR STRIP It

hD 21
hg ey
RX(I,J)

RX(1,1)
RX({2,1)
]X(1,2)
ax(e,e)
RXC€4,2)

RX(3,1)
ﬂx(a,l)
X(3,2)

RX(1,3)
RX(2,3)

- RX(3,3)

ax(4,3)

Ax(t,4)
RX(2,4)
RX(3,4)
RX(4,q4)

SET UP

ho 3 1
no 3 J
AX(I,J)

AX(1,1)
AX(2,1)
AX(1,2)
AX(2,2)
AX(3,2)

"
-
-

&

[}
—
-

&

62D (IT) /(5. *BARM)
D1I(LIT)/7(10.2RM)
11.xD1(IT)/7(10,2RM)
2. xRxN1(1T)/(15,.2RM)
RaxDI(IT)/7(30.xRM)

-Bx('l')
Bx(2,1)
-8%(2,1)

nn

]

-BY(1,1)
7”*(21')
‘Bx(xil)
-8¥(4,1)

BX(1,1)
B¥(4,2)
-ﬁX(I,2)
B8Xx(2,2)

RADIAL' COMPONFNTS OF MATRTX BX IN MATRIX AX

Houn
D b e
DLoa

14
14
L)

“NICIT) /(2. %RMa%2)
RaD{CIT)/Z(P0.xRM2aD)
ToxRADLC(IT)/(20.%xRMx22)
“Bx22aD1(11)/(30.4RMax2)
3.%0aD1(IT)/7(20,xRM*%2)

-~

PSCIT) /(2 xRMA%2)
RADSCII)Z (10, Ax0M222)
RANS(LIT)/ (10, %RMax2)

RADSCIT)/(10,2xRMa%D)



h2
63
64
hS
46
b7
A8
69
70
71
72
73

75
76

77
78

79

81
A2

R3

84
8s

87
88

L
91
92
Q3
94

96
97
98
99
100
104
102
103
104
105
the
107
108
109
110
111
112
113
114
115
ite
117
1tA

119

120
121
122
123

O

AX(4,2)
AXI3,1)
AX(4,1)

AX(1,3)
AX(2,3)
AX(3,3)
AX(4,3)

AXCY,4)
AX(2,4)
AX(3,4)
AXCy,8)

184

Bax2xD1 (IT)/ (A0, xRM2x?) 4 B*a?tDS(iI)/(bo,tPMt*?)
AX(1,1) '
‘AX(P'l)

‘AX('it)
=AX(2,1)
-AX(x")
-AX("I‘)

AX(3,2)
-AX(1,2)
AX(1,2)
=AX(2,2)

SUM PINITIAL® AND *RADTAL' CNMPONENTS INTO MATRIX 8X

no 4 1
N 4 I
RXx(1,J)

SET UP

no S I
no S J
CX(1,J)

CX(t,1)
CX(2.,1)
Cx(2,2)
Cx¢a,2)

Cx(3,1)
CX(4,1)
CxX(3,2)
CX(3,3)
CX(4,3)
cx(4,4)

SET up

o & 1
NO 6 J

AXC(L,J) .

AX(1,1)
Ax(2,1)
Ax(2,2)

AX(4,1)

AX(3,2)
AX(3,3)
AX(4,3)
AXC4,4)

1,4
1,4
RXCI,J) + AX(1,0)

INTTTAL® COMPONENTS OF MATRIX €X FOR STRIP I7

i 0
D = -
o=

’
’
.

24.7(5,%RARM)

=2./7(5.2%M)
8.4R/(15,%RM)
~2.%R/ (15, %RM)

Hou

=CX(1,1)
CX(2,1)
-CX(2,1)
cx(1,1)
«CX(?,1)
CxX(2,2)

RADIAL' CUMPONENTS OF MATRIX CX IN MATRIX AX

H
D =t .
DD

’
’
L
He/RUXXP

RIS, xRM%22)
2.%B*%x2/ (15, 4RM2%2)

0wy

~AX(2,1)
=AX(2,1)
“AX(1,1)

AX(2,1)
=AX(?,2)

Haun

0

SUM *INTTIAL' AND 'RADTAL® COMPONENTS INTO MATRIX CX

ho 7 1
hbo 7 I
CX(I,J)

t,4
1,7
CXCL,J) + AX(I,D)

NOW MULTTIPLY MATRIX CX BY TORSTONAL RIGINITY DRS(IT)



124 no 8 T = 1,4

128 N 8 J = 1,1

126 R CX(1,J) = €X(1,J) » DPRS(I])

127 :

128 . ASSIGN VALUES TO SYMMETRICAL FLEMENTS OF MATRIX CX
129

1%0 CxX(1,2) = €X(2,1)

134 CX¢1,3) = €X(3,1)

132 CX(1,4) = CX(4,1)

133 £X(2,3) = €X(3,2)

139 rFX(2,0) = CX(4,2)

135 , £X(3,4) = CX(4,3)

136 ‘
137 C CALCULATFE FX MATRIX FROM ELEMEMTS OF 88X AND CX MATRICES
138

139 ng 9 1 = 1,4

149 npo9 J = 1,0 : .

tat 9 FX(I,J) = BX(I,J) + RX(J,1) = CX(1,J)

ta2

143 I ADD FX MATRIX FOR SIRIP TT 10 MATRIX FF

1a4 . '

148 ' N 1ot = 1,4

146 K = 2x1[=2+]

147 no to J = 1,4

148 L o= 2xT71=2+J

{49 . 10 FFEK,L)Y = FF(K,L) * FX(I,J)

150

151 50 COMTINUE

152 RETURN

153 END
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INITE*STRTP (1) FRFED

VBNV NN -

10

SURROUT INE FREFD
COMMON TTLE(R0),RN(9),4(R),DT(R),DS(R),DR(A),DRS(BI,N](8)

COMMON nl.(lq).DA(3°)'AY(’I./I)rRY(/l.’l)'(‘.Y(’lr”):D*(’l,u).FY('l,’l)
COMMNON FDSM(780.$H1,AAr|ﬂ.la),ODflﬂ,lﬂ),FF(lR,lB),IB(&),IE(&)
COMMON NSI,NYS,NHL,NDA,MRM,NSM'NBL,NRW,NLC,ES.ER,GPS,VS,VR,G(})
COMMON wTL, W12, WT3, T, 712, T13,WI1,Wl2,%]3,TJ1,T1.02,T1.03

COMMNON LABL(30),1L(4),12(8) ’
CCCCCCCCCCCCCCCCCCCCCCCcrcCcCcccCcccCcccccccccccccccCCCCCCCCCCCCCC
COMPTLE FLFMFNTS OF STTFFNFSS MATRIX FREF FROM BNUNDARY CONDTITTONS
ccccccccccccccccccccccccccccccccccccccccccccccccCccccccccccccccccc
NX? = NX§ -2

COMPONENTS OF A MATRICES COMMON T(O ALL BNUNDARY CONDTTIONS

N0 t TA = 3,NX2

i

DA(TA=?)
DACIA=1)
DACTA)

DACIA+1)

D™ T >
i on

~NOTE, OPERATOR PATTERN HAS BEEN MULTIPLIFD BY (A + B)/2,

(1) = 2.x(P+CY/(R2B2CxC) ¢ 2./(B*Bx(A+R)) + 2./7(CxEx(C+D))
G(P) = =P, x(R4DY/(RAC4CaD)

G(3) = D2./(CxDx(C+D))

X =1

.C = MSM

TR = (TA«1)4MSM ¢+ §

LR =2 JR + MSM « { ‘

DO 21 = IR,LR

L. = MGM =« LC + 1

ng 33 =1,LC

FOSM(T,J) = FDSMCI,J) + AACK,L)*G(1)
L = L ¢+ 1

K = K + {

LC = LC =

ng { ID = 2,3

K =1 ]

TC = (ID=1)%aM3SM + 1~

ILC = IC + MSM ="

N0 1 1 = IR,LR

Lt =1

N0 s J = IC,LC

FDSM(I,J) = FOSMCI,J) + AACK,LI*G(ID)
L. = L + 1

XK =z K ¢ 1

IC = IC = 1

LC = LC = 1

COMPONENTS OF F AND D MATRTCFS COMMON TO ALL BOUNDARY COND,

NX1 = NXS = {

N 11 TA = 2,NX1



13

12

A
A

NA(TA-1)
PACIA)

NQTE, OPERATOR PATTERN HAS BEEN MULTIPLIED BY (A ¢ H)/2,

=(A+B)/ (AxB)
1./8
(A+8Y/2.

s(1)
G(?)
G(3)

1

MSM

(TA=1)YAMSM ¢+ {
IR + MSM = |

—
(o]
i

nO 12 I=TR,LR

L = MSM = LC + 1

nO 13 J = 1,LC

MULTIPLY ELEMENTS OF STRIP MATRIX DD BY (A + BY/2,

FDSMOI,d) = FOSM(T,J) + FFIK,L)AG(1) + OD(K,L)*G(3)

L= Lo+ 1
K = K + 1
Lc = ]

LC =

- COMPONENTS OF F MATRIX COMMON TQ ALL BOUNDARY COND,

15

11

K =1

JC = MSM + 1

LC = IC + MSM =
No 11 T =IR,LR

L =1 »

no 1S J = IC,LC .
FDSMCI,JY = FDSM(I,J)Y + FF(K,L)xG(2)

L = L +1
K = K + 1
IC = 1C - 1
tC = LC - 1
RETURN

END

187
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INITEASTRTIP( 1) . AOUND

- e mb anb
WO NN & WN e

- Al el ad > s
LN NS

N NN
[aadi ~]

fm}

(%]

10

is

99

SURRNUTINE BOUND :
COMMON TITLF(ROY,RD(9), N(“)rDT(ﬂ):Dq(ﬂ)pDP(R)'D“S(G),nI(8)
COMMON DL (39),DAC39) , AN, 1) ,BRX(N,0),CYX(U,N0),DX(Nn,a),FX(a,n)
COMMNHN FﬁS“(?R“,Sa).AAf]R,lal,no(lﬂ.iﬂ)'FF(lﬂplﬂ),lufa),tE(u)
COMMON NST,NYS5,NNL,NDA,M8M, NSM,NAL ,NAW,NLC,ES,FR,GRS,VS,VR,G(3)
COMMON WT1,aT2,WI3,TTL,TT2,703,WJ1,WJ2,WI3,1J1,T.02,T1.03

COMMNN LABL(30),TL(4Y,T72(6)

INTEGER RCUe)/Z'CLY,'SL',"FRY,'GU', DI, RO/

cCrccercceceeceocecercrceceercrccecccceercececcecceccaceccccecececccccce
COMPTILE FLTS OF STTFFNESS MATRIX SURJECT 1O ROUNDARY CONDITIONS
ccececeecceccocececccececerecrceercceccececececccecacceccecececccecece

PENULT X~SFCT. AOUNDARY COMDTITTIONS AT REGINNTING 0OF STRUCTURE

A = DAC])
R = NAC2)
C = NDA(RY

No t 1 =1,4
IF(IR FQ,BC(T)Y GO TO (10,15,15,10),1
CONTTNUE

ROIINDARY CONDPEITION HERE TS A CLAMPED EDGE

G(1) = 2. x(A+R)Y/(AxAxPRxB) + 2,/7(R+Bx(R+C)) + 2,/(A%23)
G(2) = «2,x(847)/7(AxRaB4C) ‘ )
G(3) = 2,/7(BxCx(B+C))

GO 10 @9

AODUNDPARY CNNDITION HERF TS STMPLY SuUPPORTED

GU1) = 2.%(A+B)/(A%AxRaR) ¢ 2,./(B*xBx(R+C))
G(P) = =2, *x(A+C)/(A*Rx2xC)
G(3) = 2,/7(R2Cx(B+C))

ASSIGN AA MATRIX COMPONFNTS T0 STIFFNFESS MATRIX

TR = MSM +
LR = IR + MSM = 1
K = 1
L.c = MSM
Do 21 = IR,LR’
L = MSM = | C +
ng 3 J = t,LC
FOSM(I,J) = FDSM(I,J) + AA(K,L)2G(1)
L o= Lo+ 1
K, = W 4+ 1
LC = LC = 1
PO AID = 2,3
K = i :
IC = (IN=1)xMSM + -1
LC = IC + MSM = {

ng 41 = IR,LR

i, = 1

no s J = 1C,LC

FOSM(1,J) = FDSM(I,J) + AA(KaL)*G(ID)



O

L

!

30

35

199

189

= L o1
K = K + 1.
1C. = [C « {
LC = LC - ¢

PENULT X:SFCTION. ROUNDARY CONDITIONS AT END OF STRUCTURE

A = DACNDA)
R = NDA(NDA=])
C = NA(NDA=DQ)

NN 6T = 1,4

TFUIF . FA,BCCTI)) GO TN (30,35,35,30),1
CONTINUE :

ROUNDARY CONDITINN HFRF 1S A CLAMPED €DGE

G(1) = P,x(A+R)/(AxA*RaB) 4+ 2,/(BxBA(R+C)) + 2.7(A%x3)
GO IN 199

ROUNDARY CONPITION HERE TS SIMPLY SUPPARTED
G(1) = 2.4(A+B)/(AxA*RAB) + 2,./(BAB%(R4C))

ASSIGN AA MATRTX COMPONENTS TO STIFFNESS MATRIX

NX? = NX§ = 2

TR = NX2xMSM + |

LR = IR ¢+ MSM = 1

K EEE |

L.C = MSM

D0 7 T = IR,LR

L = MSM = | C ¢+ 1|

no R I = $.C

FOSMET,J) = FDSM(I,JY + AACK,L)IAG(1)
L = L + 1

K = K ¢+ 1

LC = LC = 1 '
END
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INITE*STRIP(1) VECTA

N ODNOYV &N

un
3
an

48

SURRNUT INE VFCTA _ _

COMMON [TLF(RO)Y,RD(9),HW(RY,NT(R),NS(B),DR(R),DRE(8),Nn1(8)
COMMON DL (%9),DA(39),AY (2,N), BY(N,0),CX(2,8),DX(N,n), FX(A,q)
COMMON FNSM(T720,540) ,AACIR,1H),DDCIR,1RY,FFCIA,1HY,TR(8),TE(8)
COMMON NST,NYS,NNL,NPA,MSM,NSM,NRL ,NRK,NLC,ES,FR,GRS,VS,VR,G(3)
COMMON WY1 ,WT2,wI3, 171,772,173, Wlt,wI2,WwI3,1J1,1.02,TJ3

COMMON LABL(20),TL(4),T120(6)

INTEGER RC(6)/'CL','SI','FP,'GU',"'DT, RO/

INTEGER WL(S)/'POY,'LI*,"UNY,INE? YLAY/

(oo of o of o8 o8 of of o o o o o o o o o o o of o o o o o o o o o o of o o o o o o o o o o o o o o o o o o o o o8 o o o of o &
COMPTLE LoAb VECTOR FOR PUTNT , LINE AND UNIFORMILY DIST LOADING
cCrceceenercreacecececrercreccccercecreccccccececeecccecacrcceeeec
READ IN LOAD CASE NUMBER LCN AND DESCRIPTTION OF LOADING

WRTTF(5,40)

FORMAT(1HYL)

QEADCB,80) LCN , LABL

FORMAT(I?,?X,30A2)

TFELEN.GT NLC) GO TO 35

WRTTF(5,45) LCN , LABL

FORMAT(//,8%X, 'LOADING CASE NO',I2,2X,30A2,//,9%,'LOADING?, 6X,

“1UNNDAL LINF NO',7X,'CROSSECTYION NO',SX, "MAGNTITUDF',/,10X, ' TYPE?,7X

55
81

15

50

20

54

21

3,'FRnM',ux,'Ar'.ax.'To'.ax,'FROM'.ax,'AT'.AX.'TO‘,SX,'OF LOAD',/)

JC = NRW + LCN
READ IN LOADING TYPE , NODAL LIME LIMITS , X<SECT LIMITS , MAG

READCB,81) IL , NLB , NLE , NXBR , NxF , WMAG
FORMAT(U4A2,415,F12.,4)

"0y T = 1,5

TFOILEQ.WLCT)) GO TO (15, 20,2W 30,35),1
CONTINUE

POTNT LOADING = ASSIGN NODAL LDAD TQ LDAD VECTOR

IR = 2*x(NNL*(NXR = 1) ¢ NLR) =~ 1{
WRTTF(5,50) TL , NLB , NXB , WMAG
FORMAT(IH ,BX,4A2,11%,T72,18X%,12, 7XoF|2 4)
FOSMCIR,JC) = FDSM(IR,JC) + WMAG

GQ TN S8 ,

LINE LOADING - CALC NODAL LOAD AND ASSTIGN TO LOAD VECTOR

NS = NLE = NLB _

TR = 2#(NNLA(NXB = 1) + NLR) « |

WRITE(S,54) TL , NLB , NLE , NX8 , WMAG
FORMAT(IH ,8X,8A2,5%,12,10%, I2,1PX.I? 7%X,F12.4)
NG 21 K = 1,NS

TN = NLB + K =

R = W(IN)

FNSMC(IR,.IC) = FPSM(IR,JC) + WMAG*R/2.
FOSM(Ia+1,0C) = FDSM(IQet,JC) = WMAGABRx2P/12,
FOSM(IR42,JC) = FUSM(IR42,.JC) + WMAGep/2,
FOSMCIR+3,JC) = FOSMCIR+3,JCY + WMAG*R*x2/12,

TR = IR + 2
60 10 SS



t16
117
118

es

60

2h

191

UNTFORM LOADTNG = CALC NODAL LOAD AND ASSIGN T0 LOAD VFCTOR

NS NLE « NLB

N X NXE «.NYB « 1. :

WRTTF(S,A0) TL , NLB , NLE , NX8 , NXE , WMAG

FORMAT (1 H .RX,UA?,SX;I?.MY..TZ.bX.TZnlOX.I?.IX(,F!Z.a)

X=-SECT AT START = ASSIGN HALF NODAL LOADING TO THESE NODFS

TR = 2x(NNL*(NXB = 1) + NLR) « |
PO 26 K = 1,NS

7S = NLB + K = |

B = W(IS)

RTI = RD(IS)

RJ = RPD(TIS+1)

AD = DA(MXB)/Z2,

(B*RT/2. + 3. %xRx%x2/20,)*AD*WMAG
(Rxx22RI/12, + Bxx3/30,)xADxWMAG
(R*RI/2, = 3, 432%x2/20.)+ADAWMAG
(B*x2xRJ/12, = B*%3/30,)*ADAWMAG

FOSMC(IR,JC)

FOSMITIR+t,J0)
FOSM(IR+2,JC)
FOSM(IR+3,JC)

FOSM(IR,JC)

FOSH(IR+1,JC)
FOSM(IR+2,.C)
FDSM(IR+%,.JC)
TR = IR + 2 -
TF(NX.EQ,0) GO TO 75

-+ 1+

0w

TNTERMEDTATE X-SECT = ASSIGN FULL NODAL LOADING TO THESE NODES

N0 27 L = {,NX
TX = NXB + L

TR = 2*(NNL*C(IX = $) ¢+ NLR) = ¢
- N0 27 K = 1,NS

TS = NLR + K =

R = W(IS)

PI = RND(TIS)

RJ = RN(TS+1)

27

75

2R

35

AD = (DACIX=~1) + DACIX))/2,

FDSM(IR,.IC) = FDSMCIR,JIO) + (B*RT/2, ¢+ 3.xB%x22/20,)*ADAWMAG
FDSM(IR+1,JCY = FDSM(IR+1,JC) =~ (B*x2aR[/12, + B22%/30,)*AD*WMAG
FDSMOIR+2,JC) = FDSM(IR+2,.0C) + (B*RJ/2, = 3. xB%22/20,)%xADXxWMAG
FDSM(IR+3,JC) = FDSM(IR+3,JC) + (8*xx2xRJ/12, = Bax3/30,)*ADXWMAG

TR = IR + 2
X=SECT AT FND = ASSIGN HALF NODAL LOADING TO THESE NNDES

2 (MNLA(NYXE = 1) ¢+ NLB) « 1
K = {,NS

NLB ¢+ K = 1

W(]S)

RD(TS)

RN(CIS+T)

DA(NXE=~1)/2.

FOSM(IR,JCO)

FODSM(IR+1,JC)

FOSM(IR+?,JC)

FOSM(IR+3,JC)

IR
Do
IS
R B
RI
RJ
AD
FDSM(IR,.JC)
FDSM(IR+1,.JC)
FOSM(IR+2,JC)
FDSM(IR+3,.JC)
IR = IR + 2
60 TO 5%
RETURN

END

pJ

H YNy

(R*RT/2. + 3J.*Bxx2/20,)*%ANrWMAG
(Bxx22R[/712. + R2x3/30,)*ADAWMAG
(B*RJI/2, = J,*B%xx2/20,)*AN2WMAG
(Bx22xRJ/12., = Bxx3/30,)2ADRWMAG

W uHun

+ + 1 +
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FINITEASTRIP(1) ZERQOW

10

"o

15

100
20

25

250

200

30
61

10
6?

63

6l

SURRNUTINE ZFROW

COMMON ITLF(RO),RD(Q),H(R),DT(2),NS(R),NDR(R),DRS(3),n1(8)
COMMNON DL(19),nA(30),Ax(u,a),nX(u,A),cX(u,a),DX(a,n),F!(a,a)
COMMNN FOSM(720,€O),AA(1R,18),00(18,181,FFr1R,18),IH(B),IE(B)
COMMNN NST,NXS,NML,NDA,MSM,NSM,NBL,NRW,NLC,ES,ER,GRS,VS,VR,G(3)
COMMON WIT1,WT2,WI3,TT1,T12,TT3,WJ1,WI2,W13,T01,7J2,T1.103

COMMON LABL (30),TL(4Y,T2(6)

INTEGER RCE6Y/'CL', "SI, 'FRY,'GU','DT",'RO"/

cccceeeeccececcececrceceeacrcecrceccccccecccecccccencecececececceccecee
SET BOUNDARY CONDITINNS, INITIALTSE DISPLACEMENTS AND ROTATIONS
ccecceceecrecrcececceececcercececrceccecccecccacecccececececccecceceee
no t 1T = 1,4

TF(I8,EQ,8C(T)) 60 TD (1S5,15,20,20),1

CONTTINUE

START BOUNDARY, SET DISPLACEMENTS AND ROTATIONS TOQ ZERO

N 100 T = 1,MSM
FOSM(I,1) = 1,0
PO 100 J = 2,NBL
FOSMIT,J) = 0,0
np 27 = 1,8

TF(IF,EQ,BC(T)) GU TN (25,25,30,30),1
CONTINUE

END  BOUNDARY, SFT DTSFLACEMENTS AND ROTATIONS TN ZERO

ng 200 L = t,MSM
T = NSM = MSM + L
FDSM(T,1) = 1,0
NQ 250 K = {,NLC
J = NBW + K
FOSM(I,Jd) = 0,0
N0 200 J = 2,NBW
T =T -
FDSM(1,J) = 0,0

READ IN NUMBER OF DTSPLACEMENTS OR ROTATIONS TO BE ASSTGNED

READ(8,61) NDR
FORMAT(15) )

TFINDRYGNOD, 600,70

WRTITF(5,62)

FORMAT(//7,BX,"TNTTTAL CONDTTTONS OF DISPLACEMENT QR ROTATION ALONG
1 STRUCTURE ', /7/,9%, 'NO',6X, ' TYPF',8X, 'NODAL LINF',6X, ' X=SFCTION',

26X, PMAGNTTUDE !, /)

PO S00 NBC = 1,NDR
PEAD(H,63) IZ , DMAG , NLN , NXN
FORMATCRAR,F10.6,2T75)

WRTITF(S,64) NBC , TZ , NLN , NXN , DMaAG
FORMAT(LIH ,7%,T12,4X,6A2,6%,12,12%,12,10X,F10.6)

DETERMTNF ROW NUMBER OF NISPLACEFMFNT/ROTATION TO BE ASSIGNFD

IC =1 .
IF(12.EQ.BC(h)) 1IC = 0
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400
500
600
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I = 2%(NNLACNXN « 1) + NLN) « ]IC .

SET ALL R/C = 0,0 DIAG = 1,0 ASSIGN DIS/ROT IN ROW I = OMAG

ng 300 J = 1,NBL
FOSM(T,J) = 0,0
FHSM(I,1) = 1,0
ng 3%0 K = {,NLC
J = NRW 4+ K
FNSMIT,J) = DMAG
MC = NBW

TFCI.LT.MC) MC = 1
ng 400 X = 2,MC

T =1 = |
FDSM(I,d) = 0.0
CONTTINUE

CONTINUE

WRTTF(S,208) IR , IE )
FORMAT(/,8Y%, "BOUNDARY CONDITTON AT START OF STRUCTURFE',8X,

1AA2,7,8X, 'BOUNDARY CONDITION AT END OF STRUCTURE',8X,8A2)
RETURN

END
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INTTEASTRIP(L) .PHBAND

- e i A kB S
VBN VNS WV OOIPNINI NN -

NV
-0

NN
S W

NN
(= JR V]

N
® ~

OO

SURRNOUTINE RRAND :

COMMAN ITLECRD) ,RD(DI,M(R),DT(R),DS(A),NR(R),DRS(8Y,N1(8)
COMMON D1 (39),PAC39),AY (A, ), RY(N,N0),CX(N,0),0X4,8),FX(A,48)
COMMON A(T720,54),AA(18,1R),DN{I18,1R),FF(18,1R),IR(R),IF(R)
COMMON NST,NXS,NML,NDA,MSM,NSM,NRL ,NAW,NLC,ES,FR,GPS,VS,VR,G(3)
COMMON WTE,WIZ2,WT3,TTL,TT2,TT3,WI1,WI2,W13,TI1,T02,T03

COMMNN LABL(30Y,TL(A4),T2(6)

BOUKLE PRECISION FACT

INTEGER P,Q,R,S,T

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCrCCCCCCCCCCCCCCCﬁCCCCCCCCCCFCC
THF SET NF STMULTANENUS FQUATIONS CONTAINED IN MATRIX A TS SOLVED
USTNG NORMAL GAUSS RFDUCTION TFCHNTQUES. THE NUMAER nF- EQUATTONS
TO BF SOLVFD IS N , AND THE HALF BAND WIDTH IS M , MATRIX A IS
AUGMFNTED WITH NLC CNLUMN VECTORS, FACH A SEPERATE LDADING CASE,

CCCCCCCCFCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

N = NSM

M = NBW

NN =N =1

WM M =M - l
NNN = M ¢ {
MMM ‘2= M 4+ NLC

MATRIX A HAS N ROWS , AND TS AUGMENTFD FROM COLS NNN TO MMM

P =M
ng 1 1
TIT =1
0 = MM
K = 7
TF(P.GT.N) P=N

ng 2 L = T117,P

FACT = ACI,K)I/A(T,1)
IF(P.EA.M) Q=N=L+}

1,NN
1

-+ it

T = K

PO 3 J =1,4

ACL,J) = A(L,J) = FACTxA(I,T)
T =7 + 1

NO 6 R == NNN,MMM

A(L,R) = A(L,R) = FACT#A(I,R)
N =N «1

K = K +# 1

P =P 4 1

N0 S I = N,2,=1

11 =T =« 1

NO & R = NNN,MMM

ACT+R) = A(T,R)/ACTI,1)

S.2 T =« M + .

TF(I LT M) S=i

T =2

00 S J = T1,8,=-1

NG 7 R = NNN,MMM

ACI,R) = A(J,R) = A(I,RI®xA(J,T)
T =717 + 1 '
PO 8 R = NNN,MMM

ACL,R) = A(1,R)/ZAC(1,1)

RE TURN

FND
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IMITEASTRIP(1),.STRES

1 SURRNUTINE STRFS(JC)
2 COMMON JTLFE(RO)Y,RD(9),W(RI,NT(R),DS(R),DR(R),DRS(8Y,Nn1(8)
3 COMMNON DLC39Y,DACI),AX (L, M) ,BYX(N,8),CX(A,0),DX(0,4),FX(4,n)
4 COMMON FDSM(720,S4),AAC18,18),PD(18,18),FFCIR,18),168(4),TE(R)
S COMMNON NST,NYS,NNL,NDA,MSM,NSM,NRL ,NRK,NILC,ES,FR,GRS,VS,VYR,G(3)
6 COMMON WT 1, wT2,WT3,TTL1,TT2,¥7T73,WJ1,WI2,WI3,T01,002,T1TJ3
7 COMMNN LABL (30),TLC4)Y,TZ(6)
8 INTERER RC(6Y/'CL*, "SI, 'FRY,GU!,'DI, RO/
9
10 c cceceececrcecececececoceccecreccececrncncceceaceccecccecercreccecceecceccccce
11 .
12 c CALLCULATF STRESS RFESULTANTS FRNM DISPLACFMFENTS AND ROTATTONS
13
14 c CCCCrCceccececrcecrnerncrcceceecercrcrcececeercececcececcececeencecceccecce
15
16 C FIRST X«SECTION « SET Up DISPLACEMFNTS AND ROTATIONS
17
18 A = DA(1)
19 A = DA(1)
20
21 DO 100 I = 1,NST
22 12 = 2% = | .
23 T3 = 2*(NNL+T) = |
24 6 = 1.0
25 * JF(IR.EQ,BC(2)) G = =1.0
76
27 Wit = FDSM(I3,JC)xG
28 W12 = FDSM(I2,JC)
29 WI% = FDSM(I3Z,JC)
30
11 TIt = FDSM(I3+1,JC)*G
32 TI? = FOSM(12+1,JC)
13 TIZ = FDSM(I3Z+1,JC)
34 .
15 WJ1 = FDSM(I%+2,JC)*6
16 WJ? = FDSM(]I2+2,JC)
17 WJ3 = FDSM(I3+2,JtC)
38
19 TJ1 = FDSM(I3+3,JC)x6
a9 TJ?2 = FDSM(I2+3,JC)
41 TJ3 = FDSM(IZ+3,JC)
4
a3 100 CALL CURVE(I,1,A,B)
44 .
45 (o INTERIOR X=SECTINNS = SET UP DISPLACEMENTS AND RDTATTIONS
a6
a7 NX1 = NXS = 1
88 NOo 200 J = 2,NX1
09 A = DA(I~1)
50 R = NA(I)
S1 ° :
52 NO 200 I = 3,NST
53 Tt = 2x(NNL*(J=2) + T) = |
54 ' T2 = 2*(NNLx(J=1) + 1) = |
55 13 = 2x(NNLxJ + T) « 1
s6
57 WIYt = FDSM(It,.JC)
58 Wl? = FDSM(I?,JC)
59 WIZ = FDSM(IZ,JC)
60

61 ' TIt = FDSM(It+1,JC)
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300

T12
TI3

wWJt
wJ2
wJ3

TJ1
742
143

0wy

FDSM(I?2+1,.C)
FDSM(I3+1,JC)

FDSM(T1+2,.0C)
FOSM(1?7+2,.1C)
FOSM([3+42,.C)

FOSM(I1+%,JC)
FOSM([?2+%,.]C)
FOSM(I3+3,JC)

CALLL CURVE(I,J,A,B)

LAST X=SECTION = SET UP DISPLACEMENTS AND ROTATIONS

A = DA(CNX1)
B = DACNYXY)
Do 300 T = 1,NST

T1 = 2*(NNLA(NXS=2) + T)

2 =
G =

Wit
Wi?
WI3

TI

112

T3

WS
wj2
WJ3

T
TJ?
TJ3

2 (NNLA(NXS=1) + 1)

1.0
TFOIE.FO.BC(2)) 6 = =1,0

dnu

0wn

FDSM(I1,J0)
FOSM(12,JC)
FDSM(11,JC)*6G

FDSM(114+1,JC)
FpSM(12+1,.JC)
FDSM(I14+1,JC)*G

FDSM(I1+2,JC)
FPSM(12+2,JC)
FDSM(It1+2,JC) %6

FPSM(I1+3,JC)
FDSM(12+3,.C)
FOSM(I1+3,JC)*G

CALL CURVECI,NXS,A,B)

RETURN

END

196
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INITExASTRIP(1)  CURVE

OVENPP W -

10

c

c

SUBROUTINE CHRVECIS,JX,R,C) :

COMMON TTLF(RG),PNDCI),W(R),DT(R),DS(R),DR(R),DRS(BI,NL1(Y)
COMMON DL (39),NAC39) ,AX(4,0), R (A, 8),CX(N,0),0X(N,n),FX(n,h)
TOMMON FDSM(T720,54),AACLR,1R)Y,NDC1R,18),FF(1R,18),TR(8),TE(B)
COMMON NST,NXS,NNL,NPA,MSM,NSM,NRL ,NRW,NLC,ES,FR,GRS,VS,VR,G(3)
COMMON WTL ,WI2,WT3, 111,772,113, WI1,wI2,nWI3,TJ1,T12,T03

cceccoeececerccececcececcecececeaccecceccocecacacececcrcecececrececceccecece
CALCULATE CURVATURFS AND RFNDING AND TWISTTNG MOMENTS FOR STRIP
ccCccecceccececrncrcecceccececrerceccecceceacrercrcecerccercecrcececceceecc

CALCULATE {ST AND P2ND DERJVATIVES OF W ANMD THETA W R T Y2 AXTS

NIW] = «CxWI1/(B%x(R+C)) + (C=RI*xWIP2/(R*C) + BrWI3/(Cx(B+C))
NIT] = «CaTI1/(B4x(R+C)) + (C-RBI2xTIP/(B*C) + QATI3/(Cx(B+C))
MW = «CaWJ1/7(Bx(ReC)) + (C=BIaWJIP2/(R*C) + ARr*wlJ3/(rx(B+C))
DITJ = =CaTJ1/(B*(R+C)) ¢+ (C-RIxTJ2/(R%xC) + BATJ3/(Cx(B+C))
NRW] = 2.AWII1/(R*(B+C)) = 2.kWIP/(R*C) + P, *WT3/(cx(B+C))
nNewy = 2,xWJ1/(Bx(R+C)) =~ 2exWJ2/(BAC) + 2. %W J3/(Cx(B+C))

CALCULATE THF 3 CURVATURES K1 K2 K12 AT NODAL LINES T AND J

Js = I8 + 1

RB = W(IS)

RI = RD(TIS)

RJ = RD(JIS)

CRT = (6.,/RB*xx2)*WI2 =~ (4,./BBIxTI2

. (6, /PAX%P2)*W]J2 = (2,/88)xTJ2

CST = (\,/R1*a2)*D2WT = ()1,/R]1)aT]12

CRSI = =(2,/RIx%2)*DIWT = (2./RI)xDIT]
CRJ = =(b6,/83xx2)*xWT12 + (2,./BB)xT]?

. (6, /RBA%D)*WI2  + (4,/9R)xTJ2

CSS = (1. /RJ*xx2)*D2W.] = (1,/RJ)xTJ2

CRSJ = «(2.,/RJ*x22)xDIWT = (2,/RJ)2D1TJ

CALCULATE MOMEMTS AT NODAL LINES IS AND J8 STRIP IS X=-SECT JX

RRT = DR(TS)Y*(CRI = VSaCST)

AST = DS(TISY*(CSI = VRxaCRI)

RRS] = DRS(IS)*CRST ~

RRJ = DR(TSIX(CRJ ~ VS=2CS)

ASJ = DS(TSI*(CSJ = VRxCR.I) -
RRSJ = DRS(CIS)*CRSJ

TECIS.GT,.1)GN. YO S0
WRTTE(5,20) JX , HRT , ASI , BRST , RRJ , RSJ , RRSJ
20 FORMAT(IH ,L,12X,I2,11%,"'1',4%,3(4X,F12.6),/,26X,'2",4X%,
13(NX,F12,6),/)
RETURN
50 WRTIF(S5,72%) 1S , BRI , BST , RRST , JS , BRJ , UBSJ , BRSJ
25 FORMAT(1H ,24X,12,4X,300X,F12.6),/+25X,12,8X,3(4X,E12.6),/)
RETURN
FND
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LIST OF POSTGRADUATE COURSES* TAKEN TO COMPLETE THE REQUIREMENTS
OF THE DEGREE

Year
1975
1975
1975
1975

1976 .

1976
1976
1977
Thesis

CE 508
CE 516
CE 524
CE 525
CE 515
CE 519
CE 506
CE 533

Finite

Course
Skeletal Structures
Prestressed Concrete
Structural Dynamics
Coastal Engineering
Surface Structures
Steel Structures
Properties of Concrete
Bridge Engineering
Strip Analysis of Curved Plates
‘ Total

Number of credits required for the degree

*

Credit Rating
5
5
3

—_—
[ T - N

|

£
N

40

A brief summary of the content of each course is contained overleaf
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BRIEF SUMMARY OF POSTGRADUATE COURSES TAKEN

CE 508 Skeletal Structures

Matrix formulation, solution of large sets of linear simultaneous
equations, stiffness and flexibility matrices for elastic analysis,
the force and displacement methods of linear analysis, elements of
stability and vibration.

CE 516 Prestressed Concrete

Limit state design, partial prestressing, bending, shear, torsion,
continuous structures, composite construction and recent development.

CE 524  Structural Dynamics

Principles of dynamics, natural modes of vibration. Energy methods.
Forced vibrations, differential equations, normal mode and frequency
response methods. Damping. Introduction to random excitation.

CE 525 Coastal Engineering

Establishment of design criteria for coastal structures. Prediction
from meteorological data of swell characteristics approaching a coast
line. The dynamics of water and sediment motion in the coastal zone.
Estimates of water surface elevations and forces acting on coastal
structures. Stability of armour units in marine construction.

CE 515 Surface Structures

Basic equations of elasticity of two and three dimensional stress
problems, finite differences, finite element methods and experimental
methods of analysing flat plates, deep beams, folded plates and shells.

CE'519 Steel Structures

Modern aspects of steel design and construction. Theorems of limit
analysis for plane frames. Plastic analysis of steel frames.

CE 506 Properties of Concrete

" The properties and behaviour of fresh concrete, of hardened concrete
and of the constituent materials, testing and control.

CE 533 Bridge Engineering

Historical development, structural action and materials; bridge types
and construction methods, aesthetics, economics, loading, analysis

and design methods for superstructures and substructures including
foundations, bearings and expansion points, failures, modifications and
repairs.

Total number of credits for the above courses: 34
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APPENDIX 1

Examination Papers



JUNIVERSITY OF CAPE. TOWN
'DEPARTMENT OF CIVIL ENGINEERING
UNIVERSITY EXAMINATION: JUNE. 1975

COURSE CE 508 - SKELETAL STRUCTURES

' Time allowed: 4 hours ' _ Notes are allowed

Part A: For each of the five structures shown below determine the degree of
static and of effective kinematic indeterminateness, select the most
s : . suitable method of analysis, give the order of all the relevant matrices
; "~ required for solution by the chosen method. State clearly what
. . assumptions are made.- E '

1 L : | I - [40 harks]

Part B: Compile the matrices for any two of these structures; one analysed by
the FORCE method and one analysed by the DISPLACEMENT method. Do not
attempt to complete all the arithmetic processes, but give sufficient
detail to show clearly the principles and operations involved.

{60 marks]

i ot sir e b e et ————————— e ooy i e R - A e b ——— e e vy S e Vi = i | e o ottt o+ et At oo i = e

1. Jetty with vertical and horlzontaL loads applied to “the top surface in
the =xy plane. The pile rows are at 3 m spacing along the jetty.

1l 3m 12m i 3m |

o! el |
" 400 slab"}— [—fF——————————— 1 i
EA = 18000 MN IV ] 4 m pile cap
{;z = 240 MN n° /1\
per row of piles //
. ! -

600 ¢ piles

A = 4000 MN é
W\EI = 90 MN m
’ each 24 m

W . {om

T NNANN Al AN s, NNANN o e (NN 2 :1/ ANGON N e

rock'6

CROSS~SECTION



CE 508 EXAM, JUNE 1975 : - | | 2.

2. - Bridge, monolithic concrete beam-slab deck and inclined columns, with
vertical and horizontal loading applied to the deck.

] 20m ¢ 30 m g 40 m [ ¢ 30 m [ 20 m |
1 R ] 1 T T
O | @ ® ©
o L :\ ——
- O . ) aoil~
- ]
s NS 20 m
o -~
| _ . . —_— __ | —_—
| /’7’,,/” :
_ _ rock ‘
| 35 o |  70m | 5 m |
- 1 ‘ . —1 ;
deck : EA = 140 000 MN; EI = 40 000 MN m°
columns: EA = 36 000 MN; EI = 3 000 MN m2

3. Tower, consisting of a single vertical tubular column fixed at the base
. and. stayed at right angles on four levels with steel wire guy ropes, which

are sufficiently pretensioned not to go slack. Loading is applied at the
top onLy. - . o

_’___ - B ' ~_ .®@anﬁenn'a o @

4 m . ) L4 — . —— . ——pean

ELEVATION . ' 12w

Pead
\p/

! | ! 12 m
PLAN
| [
7T m . - T
| 12 m 1 © 12m |
| 1 1B

e T
{ 12 m |
T 1

1300 MN; EI =7 MN m2(200 ¢)'
36 MN each: (15 mm ¢.)

column : EA

]

wire rope: EA
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Buildin ', tied steel portal frame
imposed rcof loading.

4.

3.

with two side bays. Wind, dead and

1000 MN;

Rafters: EA =
~ Columns: .EA = 1200 MN; ,
Tie rod: EA = 60 MN (20 ¢)

EI
© EI

9 MN n

Roof, baLL—301nted doubLe—Layer,

loading applied to the top joints.

three-way grld on four coLumns fixed at
thelr bases, all of tubular steel construction, with vertical and horizontal

8‘m
. . /
£ < ~
|
8 o ‘:j;‘,_. LY !;._J(“‘
- ‘ 6 m I' 6 m.’ 6 m ' 6 m "
: i1 ! B
8m ELEVATION
y
VZ
e X
rem—— £0D layer. EA = 600‘MN; (200 mm &)
~————— inclined EA = 900 MN, (300 mm ¢) -
-~ - bottom layer: EA = 1200 MN, (400 mm §) 5
co lumns EA = 3000 MN, (500 mm ¢); EI = 100 MV m



Time allowed: 3 hours

UNIVERSITY OF CAPE TOWN

DEPARTMENT OF CIVIL ENGINEERING

UNIVERSITY EXAMINATION: 16th AUGUST 1975

COURSE CE 524 —~ STRUCTURAL DYNAMICS

1.

A model frame is to be tested on
a vibration table which executes o o u

sinusoidal vibrations of chosen n . }a*

amplitude yo and frequency
"w rad/sec. Equipment is ' ‘ o ;
available for_measuring the _ o % ' ,
amplitude up of the displace= ' W /

ment of the frame relative to gj— j j;

the table, and the phase angle
g between the sinusoidal
motion of the frame and that
of the table. :

-‘—-—’
¥, sin wt

(a) Trea*iny the frame as a one degree of freeden system with lirear
- viscous damping, derive the relations for the steady state response
2 : o
w . .
o= ¥, 3 ! e ; um(p2 - &) = yow2 cos §
P 2 2 . : - '
'\,( 2) + 4g L
_ p P
where p = / k/m is the natural frequency and ( is the damping
ratio. ' S : o . o
(b) If ¢ is small, and the forcing frequency w can be varied over a
' sufficient range, suggest a simple way of determining p and ( by
uea.s of two meusarements. '
(e) If the'energy dissipated per cycle Wd is taken to be proportional

" to the maximum elastic strain energy in the cycle ("structural

damping") explain the concept of "equlvaLent viscous damping" and
derive the relation

¢ = Y B
ce Ar w

, . 9
,where Y = Wd/(% kum).
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' CE 524 EXAM, AUG. 1975 ‘ | e ’ 2.

A 2EI. B
2p
ET
P
S N

Estimate the fundamental natural freQuency (associated with side-sway) of
the two-bay frame shown, using Rayleigh's method and accounting for the =
flexibility of the beanm members AB, BC and for the distributed mass of
the three co lumns.

To simpLify the calculation, you may assume the rotation at B to be the
same as those at A end (. What relation will the resulf >btained ueing
this simplification have to the frequency obtained when the three rotations
are not all assumed equal?

(Note that the deflection functions (cubic polynomials) used to derive the

standard stiffness and mass matrices may be combined to obtain reasonable ,
deflection for the frame members.)

. 2 - :
1 (8 i (O . )

FI EI

O}
O
Ot

//g/y T 7 7 77,
, . L _;4 L —

For the same two-bay frame considered in question 2, number the generalized

displacements and forces as shown.

(a) Derive the (4 x 4) stiffness matrix k and the consistent mass matrix
~ m for this frame.

(b) Derive also a lumped mass matrix for this frame. If this matrix rather
than the consistent mass matrix is used, derive the correspondlng
stiffness matrix that must be used with it.



CE 524 EXAM. AUG. 1975 , 3.
FO sin wt

4., Suppose the load on the same _—>
frame consgists of a sinusoidal
force at the beam level, i.e.
the load vector is

F = F_ sin ut {1000}

(a) Find the steady state response of the frame, as a sum of contributions
from the four normal modes of the frame.

(The attached sheet shows the four mode vectors of the frame,
normalized with respect to the mass matrix, with the correspondlng
natural frequencies). :

(b) 1If the forcing frequency ® can be varied over a wide fange, discuss
‘ briefly how the response of the frame would depend upon w.

- 5. [Extra credit; do this only when you have finished the first four
questions ]. . F sin wt
. : 0

Sﬁppose the load on the frame : I

consists of a sinusoidal force :
at the midpoint of one of the :
beans. .

(a) Find the appropriate load vector to use with the stiffness matrix and
consistent mass matrix.

(b) Disecues briefly the qualitative differences, if anv. that vou wou'd
expect in the response of the frame to this load as compared to the
horizontal load specified in Problem 4. (Assume again that the
exciting frequency « nay vary over a wide range).
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-ONIVERSITY OF CAPE. TOWN

DEPARTMENT OF CIVIL ENGINEERING

UNIVERSITY EXAMINATION: DECEMBER, 1975

'M.Se. IN CIVIL ENGINEERING

COURSE CE 516: PRESTRESSED CONCRETE .

.

Tine allowed: 3 hours - o Attempt ALL questions

Any books and notes may be used

(a) State as conciseLy'as possible the reason why it is essential in
prestressed concrete design to check both the serviceability and
and ultimate limit states.

[3 marks]

(b) In a partlaLLy prestressed member a certaln amount of untensioned

reinforcement is normally required. Show, with the. aid of
appropriate diagrars, how you would determine, in {the design of
a particular member according to CP 110, the relative costs of
using prestressing steel, high yield reinforcing steel or mild
.steel to provide the additional reinforcement required. Assume
that unit rates for the three types of steel are available.

[12 marks ]

Write bfief notes (about half a page) on each of - the foLLowihg:-'

(a) The main factors affecting creep in prestressed concrete listed
in order of importance with respect to a typical structure such
as -a highway bridge.

(b) The reasons for avoiding either too small or too large a per— .

centage of steel in a prestressed concrete member.

(c) Compare and contrast flexural cracking and shear cracking.

(d) Linear transformation of a cable profile.

(e) The mechanism of failure of a concrete beam in torsion, with

comments on the effect of shear and bendlng moment in comblnatlon
. with torsion.

[25 marks |

/30 ..



CE 516 EXAﬁi:DEC..1975 \ 2.
'7. 150 150 150 150 150 150 150 150‘_ 550 75' kN
'y S R T N N N N T
A B i) E F - G H J K 1
T -y A - Y ¥ N
4 d % 12 48 L 1 4 - metres

The rectanguLar,:post~tensioned concrete beam shown above is

simply supported at B, E, G and K.
spaced columns supporting an upper floor.

The beam carries eleven equally
The sustained loads

transmitted by these columns to the beam are as shown (viz. 75 kN at
150 kN at all the other points).
weight, the beam has to carry a sustained load of 20 kN/m throughout

1ts Length

A and L;

In addition to its self-

Use the load baLanclng method balan01ng all sustalned loads, to
- give a suitable prelelnary de31gn (1 e. beam s1ze, cable profile and

prestress force).

The design should coupLy wita the following consteaints:-

(a) Minimum width of beanm

(b) Maximum depth of beam

(d) Maxzimum average concrete stress

~(c¢) Minimum covar distance to centroid of tendons:

250 mm

1200 mm’

100 mm
6 MPa,

Assume furthermore that prestressing losses are negligible so
that the prestres51ng force is constant throughout

|

Assume Weight of Concrete = 25 kN/m
[20 muris]
x =
| : g
i R i H
| 12,000 ey A,000 L
f ’ T
_0 - 1600 - i
! ' ___0_
L |} 100
{ 500
i
i
s D T
RETE 17601

/It is proposed ...



- CE 516°EXAM, DEC. 1975 “ | o 3.

&

4.

(Contlnued)

It is proposed to build a prestressed concrete floor spanning
12 metres with an additional 4 metre cantilever. Pretensioned
double-T units of the uniform cross-section shown above are to be used
These are to be designed accordlng to CP 110 as Class 3 members,
using the minimum prestressing force and providing additional
untensioned reinforcement where necessary.

The fLoor is requlred to carry an 1mposed Loadlng of 10 kN/h
over any part. o

Prestre331ng is to be accomleshed using straight horizontal’
tendons only.

" Determine the foLLowing:—

_(a) The minimum prestre351ng force requlred and its eccentricity.

(Consider only the support points and midspan, neglecting the
slightly higher moments just to the left of midspan).

(b) The area of additional untensioned reinforcement required at

‘midspan nsing either prestressing W1re or high yield, relnforcnng
steel.

Comment on the merits and demerits of the resulting design.

Necessarv data:

Use Concrete Grade 50 (i.e. £ =50 MPa)

Permissible compressive stress for serviceability Limit state: 16,7 MPa

Permissible hypothetical tensile stress for serviceability
limit state (including depth factor): 5,8 MPa.

Weight of concrete = 25 kN/m3

" Minimum cover distance to centroid of prestressing tendons. 80 mm

Factors of Safety for Ultimate Limit State: Dead Load: 1,4
Imposed Load: 1,6

Characteristic strength of prestressing wire: fpn' = 1550 MPa
Residual prestress (after losses):. 0,6 fpu -
Characteristic strength of high yield steel: fy-'=’ 460 MPa

Cost of untensioned prestressing wire: R700/ton

" Cost of high yield reinforcing steel: R350/ton

Modulus of Elasticity for steel: 200 GPa

~ Design curves for prestressing wire and high yield steel are attached.

- [40 marks]
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UNIVERSITY OF CAPE TOWN

DEPARTMENT OF CIVIL ENGINEERING

M.Sc IN CIVIL ENGINEERING

UNIVERSITY EXAMINATION : FEBRUARY 1976

CE 525 . Coastal Engineering

1

- ALl Queations may be aﬁtenp;ed - ' | Time : 3 hours
Constants.
Saa watsr density = 1025 kg/'m3
Sea water weight = 10 kN/m>

1« A swell of 10 second period with a deep water wave height of 3 m
approaches a beach with the wave crests parallel to the shore.
Trace the progress of this wave in shoaling water through to the
breaker point including the following calculations :-

(a) the wave length and wave celerity in deep water

(b) the water depth at which the wave beglna to be affected by the presence
of the sea bed.

(¢) the wave length and wave celerity for water depths at 10 m intervals
between d=80 m and d=10 m, and at 1 m intervals between d=10 m
and Gz me.

d slope (d) the depth of water in which the wave breaks, the type of breaker

in 50

and the wave height at breaking. Ignore the effect of wave set up

- or down.

(e) sketch the effect of wave set up and down including an estiuate of
depths,

(f) estimate the wave heights in the surf zone.

(g) calculate the energy flow in W/m in water depths of 10 m, 5 m, and
.2 Me

2+ A cylindrical pipe is laid on the sea bed acros=s a harbour entrance
in 10 m of water, the pipe diameter being 1 m and the axis of the
pipe is parallel to the local wave crests. If the local wave length is
50 m, estimate the wave period, and find the peak magnitudes of the
velocity and acceleration force components per metre length of pipe.
Estimate the peak resultant force in the inshore direction, and the
timing of this in relation to the passage of a wave crest ~

B=2m Cp =1,2 Cy =2,5

t
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3 (a). & storm.at sea generates waves with a period range of 6 to 12

b

5

‘seconds. The resulting swell travels towards a harbour 400 km
away. Estimate the time required for the longest waves to cover
the intervening distance, assuming deep water throughout. Also
estimate how much later the shortest waves will begin to arrive.
(b). A refraction diagram is constructed for a bay and the spacing

between a particular pair of adjacent orthogonals doubles in
travelling from deep water to the 10 m depth, the wave period
‘being 7 seconds. Estimate the percentage change in wave height
ocurring between these zones on the assumption that no breaking

- waves are present between the zones,

(c) .Suggest some of the requirements you would incorporate into
a specification for armour blocks,

The overleaf page shows the plan views of three separate coastal
structures on which oblique waves impinge. In each case indicate
areas where you consider deposition or erosion will occur, and
also estimate the shapo of the breaker Iine once stablo conditionc

are established _
There is a continnons dissipation of energy due to tidal movements

. of water over the earths surface, and in sone instances useful

povwer is abstracted from the sea in tidal power schemes,
Suggest what effect this may have on the dynamics of tha earth-moon

system over very long periods of time.
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Time attowed: 3'hourS'b

~ UNIVERSITY OF CAPE TOWN

DEPARTMENT OF CIVIL ENGINEERING

UNIVERSITY EXAMINATION - 21st AUGUST, 1975 B

COURSE CE 515: SURFACE STRUCTURES

1. T l . - : I
S o , I-beam v weld

Answer both questions

4
A s g -
Y = FrT
A ﬁ? a A
L;_ ﬁ? 20 mm / Y _
/) thick
Iéé steel plate ‘ '-'J
7 e // ) 3m
CBuils | — \
in edge ;f
' 'éa" I-beanm _
O A S
) Vanll _
. fz% - —2 0 ——— -~ weld - 'SECTION = B-B
-'J PLAN -
44' B ' 20 mm steel plate
Built 1n47 e o
edge ég' weLd‘/".
4 Jn ‘
-

SECTION A-A.

A 20 mm thick plate is welded to a rigid framework on three sides and
. the plate and beams are built into a substantial concrete waLL on the
other side as shown. : .

The properties of the steel beams and the plate are given below. -
The plate is subjected to a uniformly distributed load of 10 kN/mz.

Show all the steps necessary to analyse this structure for dlspLacements
and bending moments.

(Hint: Demonstrate the method with a coarse grid as shown).

Section Properties:

Beamg: E =200 GPa I =.1{7/X 10‘3 m4 Plate: = 200 GPa
G= 8 GPa J =0,05 x 1072 ot =0,3
=22 x 1070 n? =

20 mm
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Longitudinal Section A-4

Show what steps are required to determine the dispLacements; stresses
and bending moments in the V-shaped portion only of the roof structure

shown.,
The horizontal slabs are subjected :to a uniformly distributed load of
5 kN/mz. S . . .
(1) There is no moment connection between the horizontal slabs
and the V-shaped sections.
(2) All slabs are 100 mm'thick.

U]

NO_t :
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_f' -b ~-va 0 va b 0 o - 0

~vb -a o a “w. o0 o 0

(~¢A-db)(-gb-dd)(ca+dh)'(—cb+da)(—ca+d$)(cb;dé),(ca-db) (cb-da)

0 -va - -b va: 0 Y b 0
| S ‘ ' S . .
. 0 - =@ - «vb a 0 0 vb 0
[H] = _;;E*—E | (~ca+db)(~-cb-da)(ca~db) (~-cb+da)(=-ca~db)(cb+da) (ca+db) (cb-da)
ab(1=v7): o ‘ : S o ' C
-b o. - 0 0 b “=va 0 . va
-vb o | 0 0 .vhb -2 - .0 Coa

r(—ca—db)(—cb+da)(ca+db) (-cb—da)(—Ca+&b)(cb—dé)'(cn-db) (cb+da)
'Q | 0 . =b o] ' 0 ‘_ -va f b va |-

0 0 ~vb 0 . 0 = -a vb . a

—— a—

(~ca+db) (~cb+da)(ca~-db) (~cb~da)(~ca-db) (cb~da)- (ca+db) (cb+da)

Where ¢ = 1~£—3A- and d =

nj<

Stress/biﬁplacement Matrix for Plane Stress Rectangular Elements

PFinally the element stiffness matrix for in-plane forces becomes:~

(See over)
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UNIVERSITY OF CAPE TOWN

DEPARTMENT OF CIVIL ENGINEERING

UNIVERSITY EXAMINATION: JUNE 1976

COURSE CE 506 — PROPERTIES OF CONCRETE

Time allowed: 3 hours | 3 5th June, 1976

Part A consists of fifteen multiple-choice questions. Each
question is followed by five suggested answers; select the
one which is best in each case and circle one of (a), (b)
(c) (d) or (e) for each question, This portion of the
examination paper must NOT be removed from the Examination
Room and must be handed in for marking.

Part B consists of five questions. Answer all questions.

PART A - Multiple-Choice Section (ALl questions of equal vaLue)

Question A1

Quesfion A2:

Question A3:

: In controlling the QuaLity of concrete produced for a project,
: a test is needed which:
(a) gives the true strength 0ol the material;

(n) gives, for variations in testing procedures, the least
variation in results;

(¢) gives the true strength of the specimen;

(d) gives a clearly defined stress pattern;

(e) is easy to carry out.

In désign'of concrete mixes according to CP 110 Concrete
Structures Code, the target strength chosen is directly
related to: :
(a) the design strength f W

- (b) the design strength f pLus 1,65.times the standard
deviation 'a'. . . :

(c)- the design strength.f pbus the standard deviation 'o';j

(d) the design strength f pLus the coefficient of variation

. ‘vl S

; (é) the design strength f plus 1,65 times the coefficient of
variation 'v'. '

The ﬁost important aspect of sampling from a pre-mixed concrete
truck is to:
(a) protect the sample from wind and sun;

(v) obtain a representative sample in ordef to carry out
further tests; -

(¢) ensure that the concrete is properly mixed;
(d) check the workability and slump;

- (e) obtain a sufficient quantity of concrete to carry out
- further tests.

/Question Ad: ....
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Question Ad:

. Ques_tion A5 C

. Question A6:

Question A7:

For a water/cement ratio of 0,6 by weight the use of rounded
river gravel in place of crushed aggregate of cubic shape and
rough texture will:

(a) show little difference in compressive strength but
-increase flexural strength; '

(b) increase compressive strength by about 10% and aLso
‘increase flexural strength;

'(c)_ decrease compresgive strength by about 107 but increase

flexural strength . ro

:'(d). increase compressive strength sL1ghtLy but Lower flexural

strength;

‘ (e) decrease snghtLy, both compre531ve and fLexuraL strengths.v

The Unlt Water Method of Mix Design, descrlbed in Lectures,

‘suggests that the grading of the combined aggregate be made "

finer than the recommended grading when:

(a) the maximum aggregate size is larger;
(b) the maximum aggregate siae is smalier;

(¢) the coarse aggregate is crushed material;

(d) the cement content is higher; -

(e) the cement content is lower.

An increase in the proportion of aggregate material in the
sieve range 2,00 mm to 9,5 mm (No. 8 to 3/8") will tend to:
(a) make the concrete harsh and liable to honeycomb;

(b) make the finishability of the concrete better;

(¢) improve the economy of the mix; '

(d) increase the amount of water required;

(e) reduce the amcunt of water required.

The. addltlon of an air entraining agent to a concrete mix
usually leads to:

(a) a more economicaL mix;

(b) a stronger concrete; _

(c) a decrease in the required sand percentage;

(d) a decrease in cement content;

._(e) a denser concrete because of improved workability. -

/Question A8: .....
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Question A8: In the Unit Water Method of Mix Design, described in lectures,
the estimated water content for a particular slump is fixed by:
(a) the mazimum size of the aggregate; -
(b) the grading of the aggregate; B
(c) the shape of the aggregate;
(d)' (a) and (b) above;

(e) (a) and (c) above.
Question A9:  Capillary water in hydrated cemént paste is:
(a) water held in areas of restricted édsorption of the gel

structure;

(b) water occupying space-Beyond the range of surface forces
of the solid phase of the gel structure.

(c) water existing in cavities and channels up to 100 times
greater than the size of gel pores; ' .

(d) both (b) and (c) above;
" (e) water chemizally comined suczh that it .is rart of tiae
solid matter in the hardened paste. .

Question A10: Plastic shrinkage of concrete is caused by:

(a) removal of capillary and geL pore water;
(b) the absorbtion of mixing water by porous or dry aggregates;
(c) sedimentation and settling of solids in. the concrete mix;

(a) ‘bleeding ofvfree water to the top surface of'the concrete
where it is often lost by evaporation or drainage;

‘(e) all of (b), (c) and (d) above.

Question A14: The secant elastic modulus of concrete is increased by:

(a) increased water:cement ratio and increased paste content;
(b) constant water:cement ratio and increased paste content;
(¢) increased water:cement ratio and decreased water content;
(d)  constant water:cement ratio and air entrainment;
(e) decreased water:cement ratio and decreased paste content;
Question A13: Decreasing the water/cement ratio influences the ultrasonic
pulse velocity because:
(a) poor compaction leads to voids;

(b) a decrease in the density causes the pulse velocity to
increase; :

- (c) . an increase in strength (due to a lowering of the water
_cement ratio) causes the pulse velocity to increase;

(d) an increase in the density causes the pulse velocity to
increase; : . '

(e) an excess of paste causes the pulse velocity to decrease.

/Question A14: ceee
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" Question A14:

'“!'Qpéstipn'ATB:;

(a)

(b)

(c)

(d)
 (e)
Exce331ve bLeedlng of concrete can be corrected by:

(a)

(b)

(e)

(d)

.(e)r

v Rapid'Hardening Portland_cement can be manufactured by:

more finely grinding the Portland cement;

changing the ratio of C2S C3S ‘
1ntergr1nd1ng some hlgh aLumlna cement W1th the PortLand
cement; :

both(a) and (b) above;
all of (a), (b) and (c) above. -

addlnc more cement;

addlng crusher dust or other fine materlal;
by air entrainment;

both of (a) and (b) above;

all of (a),'(b) and (c) above -

~ [Total 20 marks]
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PART B

Question B1:

Question B2:

Question B3:

(a)

A laboratory trial mix of concrete with 30 kg of water,

50 kg of cement, 130 kg of sand and 180 kg of stone gave -

a 28-day strength which was too low, a slump of 110 mm and
real mortar excess of 8%. It is decided that a reduction in’
water/cement ratio to 0,56 will probably correct the strength
requirement., What mix wouhi you suggest for a second trial
to give a slump of 60 mm and a real mortar excess of 2%

| given that the densities of the water, cement, sand and

(b)

'stone are 1000, 3150, 2600 and 2750 kg/m3 respectlveLy.

‘The compressAve strength -of the second trial mix after

28 days' storage at 18°C is 33 MPa, Using Plowman's method,
uetermlne how long it would take to reach the same strength -
at 25°c. What will be the compressive strength after

% days at 25%¢2

[20 marks]

Consider an average structural grade concrete made with 20 mm

‘river gravel aggregate (irregular graveL), normal Portland cement,

water/cement ratio (by weight) 0,60 aggregate/cement ratio 6,0,
and slump ot 75 mm.

(1)

(ii)

(iii)

Calculate the effect on strength of adding water so as to
increase the slump to 150 mm.

How does this strength change compare with that expected
to result from changing from gravel to crushed coarse
aggregate but maintaining the aggregate/bement ratlo at
6,0 and slump at 75 mm? :

If a graded river gravel with maximum size 80 mm was used
in place of the 20 mm gravel, comment on the expected
water demand, water/cement ratio and resuLtlng compre351ve
strength of the concrate.

Clearly state the assumptions made in each case.

(iii)

[15 marks]

Explain briefly how the progressive hydration 6f cement
may lead to self-desiccation of concrete. '

Calculate the geL/space ratio for.-a concrete with a

_water/cement ratio of 0,60 at an age of 14 days at which

time 60 per cent of the cement had hydrated. Comment on
the expected compressive strength correspondlng to this
gel/space ratio.

100 g of cement and 20 g of water are placed in one sealed
container and 100 g of cement and 60 g of water are placed
in another sealed container. Calculate in both instances
the maximum degree of hydration possible, the volume of
gel formed, the weight of chemically combined water and
the weight of free water in the capillary pores.

{20 marks]

/Quéstion B4: ........
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Question B4:

Question BS:

.compressive strength of concrete test specimens.

' "When concrete specimens are loaded axially in compression they

always fail in tension". Briefly discuss this statement and go
on to discuss the effect of specimen size and shape, and also
the effectiveness of capping materials on the apparent ultimate

[10 marks]

A considerable number of different types. of test procedures
have been devised to measure "workability" of concrete. Discuss
the reasons for the multiplicity of methods used. List ways in
whkich the workability of concrete can be increased without

- increasing the water content.

{20 marks]



UNIVERSITY OF CAPE TOWN

DEPARTMENT OF CIVIL ENGINEERING

UNIVERSITY EXAMINATION: 13th NOVEMBER, 1976

CE 219 - STEEL STRUCTURES

Time allowed: 3 hours

7. . 1I5xN 3oxN  3okN 3oeN  3okN 15N
40xN Y l l , l. - l 4
c D E F G H
2,0m
20¢N—— 1 g | | =
. ) . ) . J
rmmev L v . et
'I ﬂZm[l{ﬂ?n %_Lbn 1 th»l fim
. l |

The rectangular frame shown above is to be designed by plastic methods.
The loads shown are working loads: the vertical loads represent dead
plus superimposed loads and the horizontal loads represent wind loads,
The wind loads may act from left to right (at B and C as shown) or from
right to left (at H and I).

Use Limit analysis to determine the least value of My for which the
frame can equilibrate all factored load combinations using the foLLow1ng
assumptions: ~

(a) the frame is designed with a uniform section,
(b) the load factor for dead plus superimposed load alone is 1,75, and

for dead plus superimposed load plus wind load 1,4.
Draw the bending moment and shear force diagrams, andvdetermine the axial
loads in the members, for the collapse conditions.
' [40 marks]

2. Using the Abridged Version of the Handbook on Hot Rolled Structural
Steel Sections, and the Design Recommendations issued, select an

appropriate parallel flange I-section for this design. The yield stress
'is to be taken as 250 MPa.

Choose your sectlon/sectlons with respect to the coLLapse bendlng moments,(
shear forces and axlaL loads. Consider .
: (a) whether the section or sections chosen is/ere_compéct,'
(b) whether shear stiffeners are required, '
(e) lateral stability and the points at which 1ateraL bracing is requlred
(d) in-plane buckling. ' '
| | [35 marks}
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3. The moments computed from an elastic analysis with uniform E.I. over

the entire frame are given below.
is taken as .positive.

Tension on the inside of the frame

Section Moment due to ‘Moment due fo wind only
vertical loads only . acting from left to right
(1dim) (1Nm) !
A + 27,00 - 70,91
B - 13,50 + 1,93
C - 54,00 + 34,77
D + 18,00 + 20,36
E + 54,00 + 5,95
F + 54,00 - 8,45
G + 18,00 - 22,86
H - 54,00 - 37,27
I .= 13,50 .+ 9,95
I + 27,00 + 57,16

Assume for simplicity that the dead and superimposed load together
. may or may not act. The wind may act from left to right or from right
to left. . : "

For the Mp value caLculated in pa:t (a) determine the load factor
against fallure by alternating plastic deformation at any section,

Do you consider thls resuLt ‘to be significant in determining meﬁber

- sizes? : E
[*0 marke]
‘4.
AN Sl s 3N
1KNm m e b B T
o o Wy Y

Using the three independent self-stress systems associated with the
force systems shown above, write down the compatibility equations for
the structure analysed in 1. above at the point of collapse. Assume
plastic hinge rotations at each of the hinges in the mechanism.

You may take the following values for the integrals below:

rM M—ds =

. - 0,0076 kNm
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4.

(Continued)
M - '
l' M, 57 ds = - 0,0491 Kin
fv. L 4 = 40,0240 1im
3 ET ’

"M is the collapse bending moment diagram, and moments causing tenéion

on the inside are positive. The integrals extend over the whole
structure. _

Hence determine which is the last hinge to foram.

[15 marks]



'UNIVERSITY OF CAPE TOWN
DEPARTMENT OF CIVIL ENGINEERING
~ UNIVERSITY EXAMINATION  JULY 1977

COURSE CE 533 - BRIDGE ENGINEERING
‘Time allowed: -  THREE HOURS- , : . ' :Notes are allowed

1. Write aibrief criticel review of the main ideas contained in the
" road traffic bridge loading specifications covered in this course and
discuss in particular the effects of using simplified or equivalent
loading systems. ~ ' o | | _
[20 marks]

2. Give a critical evaluation of the methods of analysis for hollow
concrete slab bridges, considering different deck plan shapes .
and different void configurations.

‘ [20 marks]

 13. _ ‘;For each of uhe four brldge sites on the attached sheets, select the

. most suitable type of bridge structure and construction method

Draw edequafe sketches of the superstructure, substructure and
foundations directly on these sheets and hand them in. State all
assumptions clearly and describe the construction method adequately.

List brief reasons for all the major decisions. _
' [15 marks each]

38/ . . . . .
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