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The thesis is concerned with developing an analytical model to describe the
cyclic behaviour of reinforced concrete members. The mechanisms which are
important in the behaviour of members dominated by flexural deformations are
identified. They include bar-slippage due to deterioration of the bond
between the steel and concrete, the crack opening and closing criterion, and
~ the cycrlic response of s8teel and concrete. All these mechanisms are
incorporated in an analytical model based on a layered beam approach. The
model is developed for a member in double curvature bending and consists of
two inelastic zones on either side of a central elastic zone. The bar-
slippage which occurs in the beam-column joint is incl‘uded at the ends of
the beam model. A linear bending moment distribution is assumed along the
beam. The moment-curvature relationship is calculated in the inelastic
zones; the curvature is then integrated along the inelastic 2zone to
determine the displacements. ' Damage measures with an objective of
predicting the onset of failure are also proposed. The implementation of
the model into A frame analysis computer program is discussed. Special
attention is devoted to the solution strategies and numerical algorithms
employed in the computer program. The “model is shown to perform
satisfactorily when compared to experimental results. A simplified
analytical model which approximates the concrete with only two layers is
also presented. The simplified model is~‘shown to predict the response as
competently a8 a model with far more concrete layers; however, the

computational time for the simplified model is significantly less.
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 CHAPTER 1

INTRODUCTION

It is not always feasible to design a typical reinforced concrete frame
structure so fhat it behaves elast;ically when subjected to a large seismic
loading. During the past two decades: inelastic. design methods have
increasingly been practised, see (2] for' example. Presently, earthquake
design philosophy allows for the development of inelastic regions within the
structure in order to control the dissipatioh of energy and prevent collapse
of the structure. 1In ;Ja.rticular, the ‘strong colump—weak girder’' approach
allows these inelastic regions to occur in the girders, usually at their
ends and not in the columns. The risk of total collapse by a sidesway
mechanism is then redﬁced. Another advantage of this approach is that the
dissipation 6f energy 1is distributed ‘throughout thé structure and not
concentréted ih one particular part of the structure such as the lower

storey.

Prediqting the nonlinear response of such stx’uctureé therefofe becomes of
primary concern to the design engineer. With the significant advances madé
in computer ' technology in recent yeﬁrs, the trend has been towards
increasingly more complex gnalytical modeiling techniques such as finite
element methods, seé for example ‘[1] . Whether such sophistication is always
,justified remains a point of debate. Biggs [6] and Fajfa.r (8] adﬂress this
issue and query the use of the vmore advanced analytical modéls in terms of

the uncertainties involved. For the design engineer, analytical models are

not only required to predict the response of the structure, but also to

estimate the amount of 'dama.ge that has occurred, or more specifically, to



estimate how close the component or structure is to failure. In addition,
input to the anal&tical model needs to be as straightforward as péssible.
One of the drawbacks of existing simple anaiytical models lies with the
empiricél formulae used to determine the cyclic response of a component on a
global level. 1In general, little of the physical processéé Eausing damage
" and inelastic behaviour a:é explicitly included in these empirical formulae.
Consequently, their validity in terms of response and damage prediction is
questionable when applied in conditions which differ from the experimental

tests.

It is essentially this issue that the thesis addresses. The main objective
is tbe development of an analytical model where the relevant mechanics are
included in the model as an integral part of the damage process. The model
is primarily developed for the cyclic behaviour of reinforced concrete
‘members dominated by flexure. Damage measures designed to predict flexural
failure in a beam are proposed. Further aspecté considered in the
| development of - the model include the formulation of robust solution
strategies and numerical algorithms. These are essential for computational
efficiency if such an analytical model is to be of practical'use. The
purpose of the thesis is to illustrate the feasibility of such an énalytical
model. For this reason only simple structural components are considered in
verifying the model. Further development is envisaged before more qomplex

components such as structural frames are considered.

Chapter.z of the thesié discusses the mechénisms of damage which dominate
the cyciic response of réinforced concrete structures. Also includéd in
this chapter are the constitutive models used for concrete, steel and the
bond sﬁress—slip relationship> in the anchorage of thé reinforcing bars.
Onlx the uniaxial behaviour of these materials is considered. ‘

*



The formulation of the proposed analytical beam model is presented in
Chapter 3. The numerical .algorithms used to determine the cyclic
moment-curvature response and the bar stress-slippage response for an
anchored bar are also discussed. The aspects concerned with the
computational implementation of the bea._m model and the solution strategies
which are important for efficient nonlinear analysis, are covered in Chaptér

4'

The beam model is evaluated in Chapter 5. First, a parametric study is
‘presented in which the consistency of f,he model is confirmed. This is
followed by a comparison of the model with experimental fesults. A
simplified beam model is 1;>resented in Chapter 6, where the _concrete is
approximatéd by a top and a bottom lé.yer only. The conclusions and

recommendations for further research are presented in Chapter 7.



CHAPTER 2

MECHANISMS OF DAMAGE TN RETINFORCED OONCRETE AND RELATED
MATERTAL CONSTITUTIVE MODELS

During the past two decades considerable fesearch has been conducted to-
develop a bettér understanding of the complex ;nechanisms and their
interaction in reinforced coﬁcrete structures subjected to seismic loads,
see for example [19 4- 38]. Experimental tests have covered all possible
aspects of concern - from seismic tests on full scale structures to studies
of the anchorage characteristics of reinforcing bars. However, the

understanding of the relevant mechanisms and their interaction is by no

means complete.

In this ‘chaptér,' a discussion on the mechanisms and factors which dominate
the cyclic response of members in reinforced concrete moment resisting
frames is presented. The cyc;lic respohse of steel, concrete and the bond
stress-slip characteristics _»for the anchorage of a reinforcing bar are
included in this chapter, along with the corresponding cons.titutive material

models.

2.1 Damage and Failure of Reinforced Concrete Structures

Some of the earliest tests on the cyclic response of reinforced concrete
components were those conducted by Burns and Seiss [24]. In these tests
simply supported beams loaded at mid-span were investigated. The results

‘highlighted the i_mportance of compression steel and stirrups in increasing



the rotational ductility of members. Researchers have since concentrated on
specific components of a typical moment resisting frame structure. The
bendihg moment distribution in such a structure resulting from lateral
loading allows three components or assemblages to be identified; the
cantilever beam, an exterior beam-column connection and an interior
beam-column connection. These three components are shown in Figures 2.1 -
2.3 respectively. The extent to which the cantilevér beam in Figure 2.1 can
be considered as a separate component when compared to the exterior beam-
column- connection in Figure 2.2, depends on the relative flexural capacities

of the beam and the column.
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Figure 2.1 : Cantilever component
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Figure 2.2 : Exterior beam-column assemblage
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Figg;é 2.3 : Interior beam-column assemblage
Bertero and Popov [20] classify the behaviour of reinforced concrete regions
according to the controlling stress states; (i) regions controlled by
bending or flexure, (ii) regions controlled by high shear and (iii) regions
controlled by high axial and shear forces. In this section, the emphasis is

on the first two classes of regions.

Experimental cyclic tests on cantilever beams [25,32;33] give some insight
into the more fundamental aspects of the méchanisms controlling the
behaviour of reinforced concrete components. In the immediate discussion it
is assumed that slippage of the reinforcing bars does not occur; this

important aspect will be discussed later in this section.

A-typical reinforced concrete cantilever beam with a cyclic ldading sequence
is shown in Figure 2.4(a). The load-displacementlresponse for one load
cyélé is given ih Figure 2.4(b). As the load is initially applied, the
response is essentially elastic as indicated by the curve AB. At point B of
the response, cracks in the concrete propagate from the top of the beam,
predominantly near the fixed end. Figure.2.4(d) illustrates the beam at

this stage of the loading. As the load is increased, further cracks develop
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in the concrete along the beam. The amount of cracking and the ‘i._nclination
of the cracks depends on the shear stress state and the amount of transverse
reinforcement. The cracking continues until the top steel reinforcement
yvields - point C in Figure '2.4(b). This yielding causes a significant
change in the load deflection response, mainly as a result of large
curvatures near the fixed end. The resulting load-deflection response is
indicated by curve CD in Figure 2.4(b).. If the loading is large enough,
spalling of the concrete can occur in the bottom of the beam at the flxed
end. At point D in Figure 2.4(b), the load is reversed. The beam’s

response is ihitially elastic and fairly stiff; however, as the cracks close



the response becomes more nonlinear. Figure 2.4(e) illustrates the beam
when the load is zero, the permanent deformation which has occurred is
clearly evident. As the load is increased in the opposite direction,. the
existing cracks close completely and new cracks develop as the concrete in
the lower part of the beam reaches its tensile strength. These cracks
propagate from the bottom face of the beam and, as in the first half of the
.cycle, are more dominant towafds the fixed end. The load-deflection
response, curve DE in Figure 2.4(b), 'is the result of closure of old cracks,
the development of new cracks, as well as tﬁe.Bauschinger effect of the
reinforcing steel. ' This aspect is discussed in more detail in section 2.2.-
The beam at this stage of loading is illustrated in Figure 2.4(f). Reducing
the load to zero completes the first load cyéle. The load-deflection
response is indicated by curve EF in Figure 2.4(b). Provided the integrity
of the beam is maintained, further load cycles produce load-deflection
resbonse curves similar to the one shown in Figufe 2.4(c): As the cyélic
loading sequence is continued, .uhconfined. concrete in: both the top and
bottom faces of the beam may start to spall at the fixed end. " With large
enough loads, the confined concrete begins to lose its integrity and can
also spall. The spalling results in the load-deflection curve being
dominated by the response of the steel at the fixed end. Figure 2.4(g)
illustrates the beam after a number of  load cycles. The curvature
distribution along the beam when the loading is at a‘ﬁaximum3'is shown in
Figure 2.4(h). A region of high curvature exists near the fixed end of the
beam where the inelastic deformation is concentrated. In the remainder of
the beam where the deformatiéns are essentially elastic, the curvature

distribution is approximately linear.

In the discussions thus far, only flexural deformations have been

considered. Slippage of the longitudinal reinforcing bars at the fixed end
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can contribute significantly to the deformations of the beam. Briefly,
slippage is the result of a deterioration in the bonding mechanisms of the
reinforcing bars due to cyclic loading, in addition to the yielding of
reinforcing bars. A detailed account of the mechanisms involved in this

process is given in section 2.4,

Slippage increases the crack widths af. the fixed end, ihtroducing an
additional rotational component to the beam. These are generally referred
to as fixed end rotations, and result 1n an increase in the maximum tip
" displacement of the cantilever. Results given by Ma et al [33] illustrate

the load deflection response for a typical cantilever beam. These results

T =
. 40

TIP DEFLECTION & (IN)

)
e i
: FTe+
174 1 446 P
e/e, + 0.73

[ €00%

Fi 2.5(a) : Typical load-displacement response, from [33)]
are given in Figure 2.5(a) with the corresponding moment - fixed end

rotation response shown in Figure 2.5(b). In this experiment, the fixed end

rotation accounted for approximately 50X of the tip displacement.
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Figure 2.5(b) : Moment-fixed end rotation response, from [33]

The discussion by Filippou et al [18] on the mechanical behaviour of a
cracked reinforced concrete section helps to clarify the effect that bar
slippage has on the respohse._ Figure 2.6(a) illustrates the dewlop@t of
a. crack at a é.ection as the reéult of deterioration in the bondlng
mechanisms of the bottom reinforciné bars. For the bending moment shown,
the forces that are in equilibrium at the section are the tensile forces in
the bottom reinforcing bars and the compressive forces in the concrete and
reinforcing bars at the top of the beam. When the bendln.g moment is
revérsed at the section, the top reinforcing bars are subjected to
increasing tensile forces, resulting in deterioration of the bonding

mechanism. This results in development of the crack through the complete
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Figure 2.6 : Crack closure af a reinforced concrete section,
2.6(a) - (e) from Filippou et al [18]

section as illustrated in Figure 2_.6(b). At the same time, the compreséive '
stresseé in the bottom reinforcing ba;'s increase. Typibally, the top
reinforcement area is about twice the bottom reinforcement. area and to
maintain equilibrium at the section, the stresses in the bottom bars
' ir;wrease more rapidly than the stresses in the top bars. As the compressive
‘stresses in the bottom reinforcing bars incresse, slippage occurs when the
bond stress reaches the frictional resistance of thé bonding mechanism.
This onset of slippage is 1ndlcated by point B in Figures 2.6(d) and 2.6(e).
The crack at the bottom of the beam then closes and compressive stresses
bqild up in the concrete .at the bottom <;>f the sect.ion. This contribution to
the total compressive force becomes significant, whilst the proportion of
steel contribution reduces. The section at this stage is illustrated in
Figure 2.6(c), and indicated by point C in Figures 2.6(d) - 2.6(g).

Filippou et al [18] support this explanation by noting that as a consequence
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of bar slippage during crack closure, tensile plastic strains in the steél
from previous load cycles are never fully recovered and 'ltend to centre
about an ever increasing plastic t.énsile strain’ - a phenomenon which has
been observed in experimental tests [38]. Ci'ack closure results in a slight

‘pinching’ of the moment-curvature response as illﬁstratéd in Figure 2.6(g).

Once significant bond deterioration has occurred at a cracked section,
'relat.iye slippage takes place between the reinforcing bar and the concrete.
The stress transfer between the concrete and the steel occurs away from the
cracked section, where bonding is adequate. EThe cdmi)ressive ét.resses aré
transmitted across the cracked sect.ion. by ‘arching action’ as illuétrated' in

Figure 2.7.

CRACKED SECTION

TOP REINFORCEMENT

- &
ARCH ACTION )
'S

BOTTOM REINFORCEMENT

\
DAMAGED BOND

Figure 2.7 : Compressive stresses in concrete during crack
) closure, from [18]

An important factor which effects the behaviour of a cracked section is
shea_r deformation. Shear forces are transmitted across a cracked section by

a com_binat.ion of dowel action (shear stresses in the steel bars) and

 aggregate interlock (shear transfer in the cracked concrete). When the

shear forces are large enough, shear slippage can occur at a cracked
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section. Not only does this contribute to the deflections of the beam, but
it causes the integrity of the concrete to deteriorate rapidly. Such
deformation causes abrasion as well as spalling of the unconfined concrete.
As a result, high shear forces produce significant pinching of the load dis-
placement response as illustrated in Figure 2.8. Dowel action can cause

further deterioration of the concrete near the cracked section, at the same

time degrading the bonding mechanism.

2
5]

APPLIED LOAD (KIPS)
- 1

3

Figure 2.8 : Load-displacement response showing pinching
due to shear, from [33] :

Failure of beams dominated by flexure, generally occurs with the bottom
reinforcing bars buckling or fracturing. This is causea by a combination of
factors such as spalling of the unconfined concrete, localized cracking and
crushing of the confined concrete. The loss of concrete cover as well as
yielding of the steel and dowel action due to shear slippagé,tend to reduce
the buckling load of the bars. ,

Experimental results have shown that reduced stirrup spacing generally
produces greater confinement of the concrete and.delays the buckling of the
reinforcement [26,28,32,33]. Apart from significant cracking near the fixed

end, generally referred to as the ‘hinging zone’, small cracks develop along
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the remainder of the beam. These cracks usually remain stable, and the
response in this part of the beam is essentially elastic. Most of the

inelastic deformations occur in the hinging. zZone.

Tests of ekternal beam-column assemblages {26,27,28,31) have highlighted the
importance of maintaining the .int,egrity of the . beam-column Jjoint. The
mechanisms of damage described for the cantilever are further complicated by
deformations in the columns and the joint. In beam-column connections, the
flexural strength ratio MR , defined as the ratio of the sum of the flexural
capacities of the columns to that of the m, controls the position of the

‘hinging zone. When the flexural strength ratio is less than 1.0 , the

)
hinging zone tends to form in the colums or joint. This is not desired in
'the weak beam-strong column design of fmmes , and typically this wvalue is
greater than 1.0 . When the flexural strength ratio is of the order
1.5-2.0, the hinging zbne forms in the beam. For flexural strength ratios
slightly greater than 1.0 , the hinéing zone can form in the joint. When
this occurs the anchorage characteristics of the reinforcing bars are
_ adverself affected. As the concrete confined in the joint cracks, slippage
of both the beam and column reinforcement increases. High shear stresses in
the joint —have a simila.r effect on the performance of the ;)'oint. In tests
where the .hinging zone was located in the beam and with adequate transverse

reinforcement in the colum and joint, little inelastic deformation was

evident in the columms [27].

The response of interior beam-column assemblages illustrates two further
aspects which contribute to the understanding of mechanics of damage in
reinforced concrete structures. Lateral loading of such an assemblage

causes cracked sections to develop in the beams on either side of the




17

column. The longitudinal reinforcing bars of the beams are anchored in the
column and are usually continuous through the coldnn. Under lateral loading
.conditions the bars are in compression on one side of the column and in
tension on the other side.f With a severe cyclic loading sequence the
bonding mechanism is soon destroyed and the bars are able to move freely
within the joint. Figure 2.9 illustrates such an event. 'Exte:nsive
experimental tests have been pérformed at Berkeley, Californial, on interior’
beam-column subassemblages, see for example [20], and in particular on the
bond characteristics of reinforcing bars under such loading conditions, see

for example [35,36,56,58].

\

/

EXPOSED BEAM STEEL

\

Figure 2.9 : Crack development during cyclic response of
beam-column assemblage, from [61]

An aspect which becomes important in structures as the deformations increase
is the additional moments result.ing from axial forces in the colum and
large lateral displacements, generally referred to as the P - 6 effect. The
significance of this effect has been highlighted by Bertero and Popov [20],
where they compare the load-deflection (H - 6) results for a sui;assemblage
and the equivalent shear force (Heq) which includes the P - & effect. The
equivalent shear force ié obtained from. the relationship Heq = H+

P6/hc°l . This comparison is shown in Figure 2.10.
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Figure 2.10 : load—displacement regponse for beam-
column assemblage, from [20]

2.2 Steel Constitutive Model

The cyclic stress-strain response of a typical reinforcing bar at a
. beam-column joint is illustrated in Figure 2.11. Two important factors
evident in this response are, (i) the Bauschinger effect, and (ii) the
hysteretic response which is centred arc;tmd an ever increasing plastic
strain in tension. _The latter phenomenon is due to the combined effect of
crack closure and bar slippage. This aspect has been dicussed in section
2.1. The Bauschinger effect is the gradual yielding that occurs in the
steel when loading is reversed. Thig. effect is important since the

reinforcing steel tends to dominate the response at cracked sections.

A considerable number of researchers have investigated stress-strain models
in an Attempt to find one which reproduces the experimental results
sufficiently well, and at the same time is computationally efficient. These
models range from the simple bilinear elastic-plastic relationship to fairly

sophisticated models., Campi et al [36], Stanton et al [39]) and Filippou et
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Figure 2.11 : Steel stress-strain response, from [33]

al [18] have shown that the model proposed by Giuffre and Pinto [40] is
compatible with the above requirements. This model is used in the present

research.

The model was used by Menegotto and Pinto [41] and is sometimes referred to
- as the Menegotto-Pinto modél. It consists of a basic stress-strain curve
which is defined in a normalised stress spacé and mapped onto the actual
stress-strain curve. The stress—strain rela‘tionship is illustrated in

Figure 2.12 and is defined by the following equations :

x x  (1-Db)e ' - 2.1)

c =be +
(1 + /R

where d* is the normalized stress defined as

Fo__ T - L (2.2)
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and e* is the normalized strain defined as

x ¢ ¢r
Fa I, (2.3)
o r

where

o,€e are the actual stress and strain values

CARTN are the stress and strain vélues at the point of intersection
of the two asymptotes defining the unloading-reloading curve,
E0 and E1 respectively, e.g. point B in Figure 2.12(a)

C1€. are the stress and strain .values of the point on the
asymptote E1 at which the most recent unloading occurred for
the brancﬁ. under consideration, e.g. point A in Figure

- 2.12(a) for branch 1
R is a parameter which defines the curvature of the transiiion

from the asymptote E, to the asymptote E

0 1°

An expression defining R as a'function of a strain difference is given in

{41]. This expression has the form

(2.4)

where ¢ is the normalized strain difference between the point (ao,eo) and
the point on the same asymptote at which the largest strain occurred

previously, see Figure 2.12(c).
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Figure 2.12 :

Menegotto-Pinto steel model
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The stress-strain space is normalized in this definition with respect to the
corresponding yield values. Ro' a4 and a, are constants with the following

values suggested by Menegotto and Pinto [41]

R = 20.0
o

a4 = 18.5

a, = 0.15 .

. . X T L.
The relationship between ¢ and o} , equation (2.1), is illustrated in

Figure 2.12(b). b

> TOP REMFORCING LAYER
9 L

BOTTOM REWFORCING LAYER

A - 800

/INI‘N‘L YIELD ASYMPTOTE

STEEL STRESS, O, [Mpa]

STEEL STRAIN, €, [mm/m)

. Figure 2.13 : Isotropic hardening effect in steel bars, from [18]
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Filippou et al [18] and Stanton et al [39] have proposed an additional
refinement of the model to allow for isotropic hardening. At a particular

stress level for a yielding reinforcing bar, o the difference in the

1 1
strains obtained for models excluding and including the isotropic hardening
effect is illustrated in Figure 2.13. This difference is significant and
can effect the crack closure characteristics as well as the curvature at a

cracked section. The simple modification suggested by Filippou {18] has

been implemented in the constitutive model for the present studies.

A typical stress-strain relation obtained using this constitutive model is

illustrated in Figure 2.14.

1000
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(MPa) 400 |

200 4

0

_ / /
- 200
- 400

- 600{

- 800

-1000

=20 =10 0 10 20 30 40

Strain (x1072)

Figure 2.14 : Typical stress-strain response using
Menegotto~Pinto model



2.3 Concrete Constitutive Model

The behaviour of concrete is by no means straightforward and has been
extensively researched. Recent experimental studies by van Mier [3]
highlight the difficulties involved in Understanding the fracture nucleation
and pfopagation mechanisms in concrete for various stress loading
conditiéns. Briefly, at the microstructure level, concrete is characterised
by a distributed microcrack field. As the loading is increased, the
micfbcracks coalesce to form fracture or crack bands - a phenomenon called
localization. vThe mechanics involved in this process are complex and beyond

the scope of this study; they are thoroughly covered by Bazant [43] in his

recent state-of-the-art discussion on the subject.

The response of concrete in beams is characterised according to its
prevailing stress state - unconfined concrete will behave predominantly as a
brittle material, while confined concrete will exhibit both brittle and

ductile characteristics.

It is clear from the discussions in section 2.1 ﬁhat a versatile
constitutive model for. concrete is essentiai. " The model 'is required to give
a gdai representation at all levels of strain, including the effects of
cyclic loading. This study is only concerned with the ﬁniaxial behaviour of
concrete - in reality a multiaxial stress state exists. Sophisticated
modelling techniQﬁes such as the finite element method are required to

capture the multiaxial stress. state.

Constitutive models used in similar studies of_cyclically loaded reinforced
concrete have tended to consist of a series of curves such as the model

proposed by Park et al [72] and illustrated in Figure 2.15. An alternative
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model based on damage mechanics concepts 'is used in this study. Such a

model is attractive due to the simplicity with which it describes the basic

damage process.
Figure 2.15 : Concrete stress-strain model, from {72]

Damage mechanics describes the behaviour éf a degrading materiai in terms of
the evolution of a continuous defect field.- This concept has Been used in
concrete . to describe the irreversible mechanical changes in the micro-
structure associated with microcracking. Since the original proposal by
Kachanov [44] to use a damage variable to describe aspects of creep.in
metals, a number of effective constitutive mddels for brittle materials such

as concrete and rock have been developed, see for example [45-~53].

In the following discussion, a- simple one-dimensional damage model is
formulated for a specimen loaded in uniaxial tension. For concrete loaded
in uniaxial tension, the microcracks propagate in a plane which has the

loading direction as its normal.

A séalar damage parameter A is chosen in such a way that it not only has a
simple analytical form, but it is also in agreement with the mechanisms

involved in the damage process..  Physically, A represents the microdefect
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surface density. Analytically, this can be expressed for a specimen loaded

in tension as,

>
n

o”le”
IS
o

where Ao is the total cross sectional area of the specimen and A.d is

the damaged area.

|————%» damaged area
——— 77 undamaged area .

~CAD-

Figure 2.16 : ConCrete damage

These quantities are illustrated in Figure 2.16. From this equation it is
apparent that A varies from a value of 0 in the undamaged state, to a value
of 1 when the specimen is totally fractured. The load P is now carried by

the undamaged area of the specimen, (Ao'— Ad) . 'The stress is defined as

o = ;L . (2.6)
o
and the effective stress as
o P P X | (2.7)

eff “ A=A
[o]

d) - Ao(l - A)
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Linear elastic behaviour is assumed to govern the effective stress—strain

relation;

Ougr = Ee . (2.8)
where E is the elastic stiffness for the material and e is the

strain.

From equations (2.5)-(2.8) the following stress-strain relation can be

\

obtained,
oc=E(l-A)e . o (2.9)

-In terms of the numerical implementapion of such a model, it is expedient to
express equation (2.9) in an incremental or rate form. For concrete in
tension (dehoted by the subscript t), the rate form is given as

(2.10)

c = Et(l - At) € - Et At €

where Xt > 0 for At = At ’ €>0
Xt = 0 otherwise,

and ¢ is the strain rate. -

When Xt > 0 , loading or further damage occurs and results in a progressive

loss of stiffness. Elastic unloading or reloading occurs when Xt =0 . The

- unloading takes place along the secant, with the stiffness given by

Et(l - A,) . The rate at which damage occurs Xt , or damage evolution, must

t
be defined in order to complete the constitutive model. The damage
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evolution is given as a function of the form
(2.11)

where (ai)t are constants which can be described as material parameters
for concrete in tension.

The total amount of damage A, is obtained by integrating the rafe of damage

t

in time, expressed as

A, = J i et 0¢a, <1 . (2.12)

A damage model ‘is also used to describe the uniaxial compréssive behaviour
of concrete. - However, the microcracks in this case propagate in the same
direction as the direction of loading. For this reason_the damage evolution
for concrete in compression is different to that in tension. An independent

damage parameter Ao is defined for concrete in compression, with the rate

form of equation (2.9) given as
| o= Ec(l - Ac) € - Ec A e ; . {2.13)

‘where A >0 for A = A , € <0
: c c

A = Xc<e, é,_ai)c o C(2.14)

where (ai)c are constants which can be described as material parameters

for concrete in compression.
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"The total amount of damage Ac is given by the expression
A:JX at , 0¢ar <1 . (2.15)

The choice of the function for damage evolution is an important issue in the
definition of the model. In the following discussion, A refers to both At
and A ﬁhen a linear function is used to describe the integrated form of
equations (2.11) or (2.14), the model reduces to the parabolic stress-strain
relation illustrated in_Figuré 2.17(a). The linear function for damage is

!

given by
A= a; € . v (2.16)
and illustrated in Figure 2.17(b).

stress, O 4
’ slopz E(1 = }) . 1.0

g -
max

Y R »
T ? . T vy .
c strain, € . e strain, €

Figure 2.17(a) : Stress-strain relation Figure 2.17(b) : Damage evolution

The constant a; can be found by using the maximum stress and corresponding

strain, © and €n respectively,. The resulting stress-strain relation

reduces to
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o = E[l -26_6_} (2.17)

which is identical to Hogenstad's proposed equation for concrete in

compression.

Resende [53] has shown that by using a rational function to describe the
integrated‘form of damage evolution, a monotonic stress-strain relationship
which corresponds closely with the actual behaviour is obtained. Resende

suggests a function of the form

2
a; e -
A= R : (2.18)

1+ az e + al €

The monotonic stress-strain relation reduces to

(1 +a,e)e

2

1+ a2 e + a

c=-E

- - : C(2.19)
1¢

. This is illustrated in Figure 2.18(a), with the damage evolution (equation

(2.19)) given in Figure 2.18(b).

4

stress, 0 ‘ 1.0

>
>
] »
>

g e
max

\slope E(1 ~ A)

T nd »

€ strain, € : strain, €

Figggg 2.18(a) : Stress-strain relation Figure 2.18(b) : Damage evolution

s
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In this study, the initial elastic stiffness E is considered as an unknown.
The constants a1y 8y and E are obtained by using the following parameters :
(i) the maximum stresé, O ax (ii) the corresponding strain, €n and (iii)
the stress as the strain tends to infinity, o . The initial elastic
stiffness E is not considered as a material property to calibrate the model
for two reasons. Firstly, in practice an initial damage field wusually
exists in the concrete and it thus becomes difficult to determine a value of
E . Secondly, for the applications in this study, reasonable accuracy in

the response at larger strains is important.

The difference in the stress-strain response for confined and unconfined
concrete is significant. Figure 2.19 illustrates the analytical curves

suggested by Kent and Park [19] for different amounts of transverse

"

reinforcement, p" is the ratio of volume of transverse reinforcement to .

3500
psi

0 0.004 o008 007 XT3 o

Figure 2.19 : Influence of volume of hoop steel on stress-
strain response for concrete, from [19]

volume of confined concrete. The form of damage evolution described in
equation (2.16) gives a stress-strain response which is in agreement with
- the suggested relationship for well confined concrete (p" > 1%). This

comparison is illustrated in Figure 2.20. However, the same cannot be said
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Figure 2.20 : Damage model for confined concrete
for unconfined concrete. A more general form of equation (2.16) is

suggested for unconfined concrete,

a, € : '
A= . -(2.20)
1+a eq_l + a

For n = 2 this equation reduces to equation (2.18).

Figure 2.21(a) illustrates the damage evolution for different values of n ,
and Figure 2.21(b) the corresponding stress-strain relations. When n =4,
the stress-strain relation correlates with the suggested curve for

unconfined concrete. This comparison is made in Figure 2.22.
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Figure 2.22 : Damage model for unconfined concrete

Unloading and reloading until further damage occurs,is defined by equations
(2.10) and (2.13) to také place along a line through the origin and with a
slope E(1 - A) . This can be considered a good approximation for strains
- less than € .. However, at larger strains, cohfined concrete behaves with
some ductility as illustrated in Figure 2.23. An option was included in the
damage model to allow unloading to take place along a line joining the point
on the monotonic stress-strain curve at which the maximum strain €. has
occurred, and a poin£ on the zero stress axis Qith a strain of ep . Figure
2.24 illustrates this unlbading relatioﬁship. The strain ep.is calculated

from the following relation suggested by Karsan and Jirsa [16],
€ €. €
L=0.15 |5 + 0.1 |[-Z (2.21)
o € €

where € and €. are as defined previously.
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Figure 2.23 : Cycrlic stress-strain response for concrete, from [16]

An important issue for a constitutive concrete model is the question of
numerical efficiency. Numerical’difficultiés can be experienced when sudden
changes in fhe'slope of the stress-strain curve occur without a change in
the sign of the strain rate. Such a change occurs at point B illustrated in

Figure 2.24, when going from point A to point C. One solution is to use

stress (in compression)
o A

max |

c - r—p strain (in compression)

Figure 2.24 : Unloading relationship in compression
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very small increments during the analysis; however, this places an
unnecessary restriction on the numerical applications. An alternative
solution is to use a transition curve as illustrated in Figure 2.25. Such a
transition curve, based on similar transitions in the Menegotto-Pinto steel
model, was included in the constitutive model. The transition curve has an

added advantage in that it models the actual behaviour more accurately.

stress (in compression)

'y
g

/ 4 strain (in compression)

Figure 2.25 ! Transition curve for unloading and reloading in compression

2.4 Bond Stress-Slip Constitutive Model for Steel-Concrete Interaction

The effectiveness of reinforced ccncrete as a composite material lies in the
transfer of stressee between the reinforcing steel and the concrete. The
stress transfer mechanism is generally described as the bonding between the
steel and concrete. The term ‘bond stress’ is used to describe the somewhat
compiicated *shear sti‘ess’( state which exists in the boundary layer of
concrete around the steel bar.. It is in this boundary that a large
proportion of the stress transfer occurs. The components of stress transfer
‘are best explained by the illustration in Figure 2.26, where the/steel,
concrete and bond stress distributions are shown for an axially loaded

reinforced concrete member.
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Figure 2.26 : Stress distributions for reinforced concrete
member illustrating stress transfer

Numerous experimental studies have been conducted in order to understand the
mechanics of the steel-concrete interaction‘, see for example [35-37, 54-58].
The results of these investigations are best smm:arised by describing the
response of a single bar embedded in the centre of a concrete beam. The bar
is loaded at one end, with the slip w , measured at the same end. The bond

stress q, is calculated as

_ P S ' . o
a= o (2.22)
o .

where P is the applied load,
?o is the circumference of the bar, and

¢ is the embedded length of the bar.

In the initial stagesv of loading, bond is provided by the frictional
resistance, chemical adhesion and the concrete resisting the movement of the

lugs [59,60]. During this stage the concrete between the lugs remains
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essentially intact. Microcracks develop in the concrete around the lugs of
. the steel bar. As the load. is ihcrease'd monotonically, these microcracks
coalesce to form internal axisymmetric cracks which propagate from the lugs
of the steel bar. These inclined cracks, shown in Figure 2.27(a), were
studied in detail by Goto [37]. The ﬁonlinear bond stress~slip relationship
corresponding to this loading stage is illustratéd in Figure 2.27(a). The

continuous s_tif fness degradation which occurs is clearly evident.

The internal cracks start to close when the load is removed. However, they
do not close completely a.pd there is some residual slippage. This slippage
is the result of inelastic deformation of the concrete and some | friction
between the concrete and steel. Fig“ure 2.27(c) shows the tmloaded bar with

the corresponding bond stress-slip response indicated by the solid line.

When the load is réversed there is jinitially some bond resist.ancev, mainly
due to steel-concrete friction. Once this resistance has been overcome,
considerable slip occurs before any further resistance is encounf.ered. This
slip is the result of the lugs moving in the gap which was created during
the first loading stage. The internal cracks which developed in tﬁe first
loading stage Aa.re now ‘complétely closed. As the load is increased in the
reverse direction, internal cracking develops in- a mé.nner similar to the
first loading sté.ge. " These cracks develop in the direction normal to the
principal tensile stress and the first set of internal cracks as shown in
Figure 2.27(0) . The bond stress-slip response is indicated by the solid
line in Figure 2.27(c). The éoncret.e is now weaker as a result of all the
cxacking which has occurred. This is evident from the maximum bond stress
in the reverse direction wﬁich is generally lower than the corresponding

stress in the first loading direction.
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Results for another cycle of loading are shown in Figure 2.é7(d). Again
considerable slip occurs in the initial stage, until the lugs make contact
with the coﬁcrete. By this stage the concrete between adjacent lugs has
broken up (see shaded region in Figure 2.27(d)) and provides less resistance
than in fhe previous cycle. Again, there is a resulting loss of strength in
the concrete, evident from the cerresponding bond stress-slip diagram. This
loss of strength is dependent on the amount of slip which occurred in the
previous cycle; the greeter the slip the more significant the loss of

strength.

After a number of_cycles of reversed loading, the concrete between adjacent
lugs is loosened and considerable crushing of the concrete occurs. Tﬁie
crushed concreie provides little bond resistance and the‘bar is able to move
'freely Qhen loaded. A typical -experimental result which illustrates the

gradual bond deterioration due to cyclic loading is given in Figure 2.28.

SLIP [mm] '

BOND [ksi]
BOND [MPa)

-0.02 ° 002
SLIP {in]

Figure 2.28 : Experimental bond stress-slip results, from [6]

A number of factors have been found to effect the bond strength and

degradation. Naturally, the loading history is most important; Ma et al
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[{33] and Eligehausen <t al [58] give details of how{ this is manifested.
Other factors which can play an important role are; the bar size, the lug
spacing and geometry, the concrete properties and the concrete cover.
Details of the effects that these factors have on the bond stress-slip
response are discussed in the following description of the bond stress-slip

constitutive model.

Folioying the results of an experimental program in which the behaviour of
anchored bars subjected to cyclic loading was studied, (see [56] and [58]),
a general analytical model was proposed by Eligehausen et al [58]. One of
the primary concerns of this experimental program was the simulation of the
bonding in well confined concrete in accordance with seismic design
provisions. The analytical model provided results which agreed well with
the experimental results. This model with some modifications has been used

successfully in subsequent research, see for example [18,36].

The bond stress-slip relation used in this study contains the essential
features of the model proposed by Eligehausen et al [58], with some
simplifications which make it computationally more attractive. The modified‘

analytical model is now described.

For monotonic loading, the bond stress-slip responée in indicated by the
curve OABC in Figure 2.29. This curve is sometimes referred to as the
‘monotonic loading envelope’. In this thesis, the monotonic response is
identical. for loading in either the positive or negative directions for well
confined ooncrete and also for unconfined concrete. The monotonic envelope
is described as a- series of piecewise functions in [58]. Here it is
represenf,ed in terms of a damage mecvhanics based model. fois choice is

appropriate since the bond stress-slip response is essentially controlled by
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Figure 2.29 : Analytical bond stress-slip relationship

the fracturing of the concrete. The model is fundamentally the same as that
described in section 2.3 for concrete. Two daﬁage parameters A+ and A~ are
required to fully describe the possible bond stress-slip resﬁonse, the slip
w > 0and w < 0 respecﬁively. For clarity, A is considered only for the
cage w > 0 , i.e. A = At in the following discussion. The'extension to the

case A = A forw < 0 is straightforward.

The bond stress-bond slip relationship is given as

-

a :IEq(l - Ao . (2.23)

where Eq is the initial stiffness and the other variables are as

préviously defined.
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The rate form of equation (2.13) is written as

Q=E(1-16-E io | (2.24)

where A>0 for A.= A -y, w>0

A= 0 otherwise

and w is the rate of slip.

The rate at which damage occurs A y is given by an evolution equation of the

form
A= b)) | | (2.25)

ﬁhere bi are constants used to define the monotonic bond stress-bond

slip relationship.

A rational function -identical in form to equation (2.18) is used to describe

the damage evolution :

' b1 wz _
A= (2.26)
o _
1+ b? w + b1 w

where b1 and b2 are constants.
The constants b1 and b2 are determined using the bond stress q and
corresponding slip w, » 8s well as the bond stress q, . These quantities

are defined in Figure 2.29.
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This form of damage evolution results in a monotonic bond stress-slip

relationship which corresponds closely with the actual behaviour as shown in

Figure 2.30.

20
Bond stress [ monotonic loading
S 2
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0 .
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-4 -2 0 2 4 6 8 10
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 Figure 2.30 : Response of analytical model - 1 cycle
When the loading is reversed, the response follows a stiff linear unloading
curve until a bond stréss of q;. is reached in the reverse direction, line AD
in Figure.2.29. q;, is the frictiona.i bond resistance for loading in the
negative direci:io'n.' Wep slip occurs in the negative sense with the 'bond
stress ;'emaihing ,cbnstant until a curve similar to the mbnof,onip loading
curve is rea.ched This is indicated by 1;,he path DEFGH in FJ.gure 2.25. “The
nmerich; inlplelnentation of changing from path DE to path EFGH not only
‘required small incremeﬁté. in load, but also provided convergence problems
under load ‘controlled tests. - To overcome these difficulties a transition .
curve was included so that the reéponse followed the path DF as shown in
Figure: 2.29.  The curve. was defined usmg equ%.tions similar to the

transition curve in the steel stress_—strain'relationship.
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The curve OEFGH is obtained frbm the monotonic loading curve by reducing the
characteristic stresses q;ax and q; as a result of the damage which has
occurred. Experimental results have shown that the amoﬁnt of damage can be
expressed in terms 6f a damage parameter d , which is a function of the

energy dissipated [36]. The damage parameter d has the form

o
Lt

d (2.27)

where q (N) is the réduced maximum bond stress.
The relationship between d and the dissipated energy is given explicitly as

o141
d=1-e1-26/¢) (2.28)

. 7/
where ¢ is the dissipated energy
and ¢ the normalizing . energy, calculated as the energy absorbed
under the mpnotonicrloading curve up to a prescribed value,

X
W .

Campi et al [36] suggest that only 50% of the energy dissipated by friction .

be included in the calculation of ¢ .

For further load cycles, the'transition curve is asymptotic to the straight
lines IL and OJ depicted in Figure 2.29. The position of J is defined on
the reduced monotonic curve OMJK , with slip equal to the maximum slip of

previous load cycles of the same sign, i.e. point A in Figure 2.29.
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The frictional stresses, q; and q; are also reduced as a result of the load
cycles. Ciampi et al [36]) gives some complex fules for determining g under
various loading conditions. Rather than apply these rules we chose to
simplify the model by reducing A by a factor of 0.8 for each cycle of

loading.

Values for defining the monotonic envelope curves are given by Filippou et

al [18] for straight and hooked bars in confined and unconfined concrete.

A comparison of experimental results with the response predicted by the .
analytical bond stress-slip constitutive model is given in Figure 2;30, for
monotonic_loading and for 1 cycle of loading. The experimental results ére
obtained from Ciampi_et a17[3>6]f The results for the analytical_modelrwere
obtained by prescribing fhe slip. The results show that the choice of a
simple evolution law for the monotonic loadinglis a good one. The results

obtained after 1 cycle of loading compare favourably with [36].

The expérinmxﬁ&al and analytical results after 10 cycles of loading 'Are
compéred in Figure 2.31. The analytical model shows the correct.trends,
although the results differ slightly after 10 cycles. The parametefs which
influence the rate of degradation of the monotonic loading curve are o¥ and
the proportion of frictional energy incluqéd in the.dissipated energy ¢ .
The choice of this proportion, (50% was used here), and the choice of u* for
calculating the normalizing energy, 86 , are both parameters which can
easily influence the rate of degradation, especially in the firét few
cycles. In view of the objectives 6f this thesis, the results obtained by

fhe analytical model are considered to be acceptable.
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CHAPTER 3

ANALYTTCAL MODEL FOR REINFORCED CONCRETE MEMBERS

Simulating the response of reinforced concrete structures which are
subjected to large cyclic loads is not a simple procedure when éonsidering
the complex mechanisms involved which result in permanent damage.
Analytical bmodels of varying degrees of sophistication are available for
this task. Two fundamental aspects need to be addressed for any analytical
model. They are, first, the assumptions concerning the distribution of
stiffness along the member and second, the hysteretic force-deformation
relationship at any section of the member. This chapter starts by reviewing
how these aspects have been considered in previous studies. Following this
discussion, a layered beam element ‘model is proposed. The objective of this
model is to simulate the stiffness degradation with as few léyers as
possible and in a ;iumericallsr efficieht mannér. The analytical formulation
for the model as well as the numerical procedures used, are included in this '

chapter.

‘3.1 Previous Analytical Models

The discussion in Chapter 2 highlights some of the more important factors
‘affecti;ng the stiffness degradation and inelastic response of reinforced
concrete members subjectedr to cyclic loading. This secfion reviews some of
the analytical models which have Been developed in an attempt to simulate
this response. The objective of this review is to clearly reflt_ect the
 capabilities and 1limitations of \existing models and is bs' no . méans
c':omprghensive. Otani [9], Keshararzian et al [15] and Mercer and Martin

[17] provide more detailed reviews.
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Clough [62] developed one of the first analytical models for reinforced
concrete members. The model is called the two component model and consists

of two parallel elements, one elastic and the other elastoplastic. These
two elements are connected at their ends as illustrated in Figure 3.1. Once

the yield moment is reached, a plastic hinge develops at that end of the

/( elastic element
ﬁ{, 2,

elasto-plastic element

. Figure 3,1 : Two component model

elastoplastic element. The disadvantage of this model lies in its
restriction to bilinear moment~rotation hysteresis characteristics. Bi-
linear hysteresis models have an inherent problem in that they overestimate

the energy dissipation capacity of reinforced concrete members.

The one component model proposed by Giberson [63] consists of an elastic
element with inelastic rotational springs attached at each end as shown in
Figure 3.2. The purpose of the springs is to simulate the inelastic

deformation occurring near the ends of the reinforced concrete beams. An

elastic element
H/)&\_}\

‘\ A=)
inelastic rotational

springs

Figure 3.2 : One component model
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attractive feature of this model is-the ability to use stiffness degrading
hysteretic models for the inelastic spring characteristics. The hysteretic
models consist of a sét of empirical rules to define the force-deformation
relationship, in particular the moment-rotation relation for the inelastic
springs. Clough ([64] modified the bilinear model to include stiffness
degrading characteristics as illustrated in Figure 3.3. This model is
simple and has been used extensively. More elaborate hysteretic models have

been developed, such as the Takeda model [65], illustrated in Figure 3.4.

force B
force

> ' >
displ
/ isplacement . displacement

Figure 3.3 : Clough’s Figure 3.4 : Takeda hysteresis
hysteresis model model

The Takeda model has been.modified to include pinching action and strength
-decay, both due to bar-slippage and shear degradation [66]. In addition to
a set of rules, the primary curve muét be defined for the hysteretic modei.
The primary curves are'generally based on the monotonic moment-curvature
" response for a particular section of the beam. For the one éomponent model
this moment-curvature response is usually approximated by a bilinear curve.
Using this approximation and by assuming that the point of contraflexure
remains fixed, a bilinear ﬁmment—rbtation relation can be obtained as the
primary curve for the inelastic rotational springs. Further details are

given in Banon et al [7]. An inherént danger exists when using hysteresis
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models of this nat.ure; Although the models have in &a sense been
generalized, they cannot account for variations of ‘all the major components
or para:x;eters ‘and their interaction ’which 'affect the response of the beam
This introduces an element of wuncertainty which must be recognised when

using empirical force-deformation hysteresis models.

M slippage and ‘sheé.r deformation have been included in vt.he one qomponent
model as additional inelast.ic springs at the endé of the membér {7]. Each
of these springs have independent moment-rotation hysteresis models. A dis-
advantage of the one component model is that the inelastic rotat.ionv at an
end is only determined by the moment at that end and not on the curvature
distribution along the mgmber or moment at the other end of the member. " In
addition, by lumping the inelaé.tic deformation at the ends of the beam, the
model does not simulate the spread of inelastic deformation along the beam.
The use of the one component model is thus restricted to members with
nonlinearities localized at the ends of the member and with an inflection

point which remains near the centre of the beam.

The effect of distributed inelastic deformation along the member has been
included in line element models in various ways. In the multiple spring
model [66,67), the beam is divided into segments of constant stiffness.
Each segment is represented by an inelastic spring as illust.rat.(::d in Figure
3.5. In another model, the beam is divided into three sections, an elastic
zone amd two variable length iﬁela.st.ic zones at 1-:he ends' [68,69]. The
lengths of the inelastic zoﬁes are calculated from a' linear bending moment
distribution. A hysteresis model is used to define the moment—curvature

response of the inelastic zone.
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inelastic springs
t\\\\

'A" v > v‘v’e'

Figure 3.5 : Multiple spring model

An empirical force-deformation relationship to control the- stiffness
degradation of members is used in all of the nndels’discussai thus far!
More refined models have been developed which include - the stiffness
degradation on a more rational basis. These include layered beam models and

finite element models.

Layered models, sometimes réferfed to as fibre models, consist of dividing
the beam into a number of layers through its dgpth as shown in Figure 3.6.
A linear étrain distribution is assumed through the depth of the member. By
vtreating each layer as an integration point with its own constitutiée

relation, the_moment—curvature relation can be obtained for a cross section

strain distribution

Figure 3.6 : Layered beam sections

at any point along the beam. The stiffness matrix for the member can be

obtained by integrating the moment-curvature relations along the member.
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The layered model has been used successfully inbvarious studies, see for
example [19,33,42,18], but the large computational dehands has precluded the
model from being used for design purposes. The model accounts for the
spread of inelastic deformation along the member as well as the coupling

between bending and axial force effects.

The application of the finite element method for the nonlinear analysis of -
reinforced concrete structures requires significant computing resources
[7,70]. ©Such analyses are not performed in general for cyclically loaded

frames due to the large costs involved.

3.2 Proposed Layered Beam Model

In this study an ‘analytical beam model based on the layered appréach
described in section 3.1 is developed. The main advantage\of such a model
lies in its ability to simulatg the vstiffness degradation reasonably
accurately as well as the spread of inelastic deformation along  the beam.
This particular model also seeks io give a more physical interpretation of
the damage that occurs and attempts to quantify it. An important aspect in
the development of such a model which is addressed in this thesis, is the

efficiency and robustness of the numerical algorithms.

Beams in frames subjected to lateral loading, such as encountered during a
seismic event, are subjected to double curvature bending with the inelastic
deformation concentrated near their ends as described in Chapter '2.
Consequently, the proposed model consists of an elastic segment forvthe
. centre of the beam, with two inelastic segments at the ends as illustrated

in Figufe'3.7. In the inelastic zones, the stiffness degradation response
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elastic zone inelastic zone

Figure 3.7 Deformation of girder due to lateral loading
" of the frame

is evaluated by determining the moment-curvature relatioh at a number of
cross sections. The position of these cross sections, or integration
stations, aiong the beam must be fixe;i during an analysis. This requires
the leng{:h of the inelastic zones to be specified prior to an analysis.
Although some Jjudgement is required in specifying these lengths, a simple
check during the analysis will détermine wheﬁ moments in the elastic zone
exéeeds the yield moment and the necessary action may be taken. The usual
assumption of a linear bending moment distribution along the beam is mazie.
At a. cross section of the beam, the moment-curvature respohse is obtained
from the qonstitutive relations for the steel and concrete, and by assuming
a linear strain distribution through the depth of the beam. One of the
:ob,)'ectives of this model is to use as few layers as possible' to capture the

important features of the response.

The analysis of nonsymmetric sections does not present a problem for layered '
models. Such sections result in different stiffnesses for positive ‘and

negative bending; this effect is included in the elastic zone.
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The proposed beam model inclﬁdes the effects of bar-slippage in exterior
beam-column joints. Bar slip results in a cracked section developing at the
beam-column interface (as discussed in Chapter 2). The model accounts for
the crack opening and crack closing mechanism using an approach similar to
Filipou et al -[18]. The model only simulates the effect of a crack
developing at the beém—column iﬂterface; deformations resulting from other
craéks are not considered. The effects of bar slip at.interior beam-column

connections is not considered in this thesis.

No shear deformation or related effects are included in this model. Con-
sequently, the model can only be considered for problems in which the
flexural response is dominant. Axial forces can be included but are assumed

to remain constant during an analysis.

In summary, the model is based on a mixed formulation in which the internal

force distribution is assumed.
3,3 Kinematics of a Cracked Beam Section

An important issue in developing a model for a cracked beam section concerns
the crack closure phenomena and the activation of concrete stresses. The
mechanisms at a cracked reinforced concrete section have been described in

Chapter 2.

Previously, in studies such as>smeared crack models, compatibility between
the steel aﬁd concrete‘strains has been assumed [14]. A strain quantity
nqrmal to the crack is used to control the contribution of concrete to the
section forces. Crack closure is defined as océurring when the strain in

the concrete is in compression or is less than the strain at which the crack

v
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opened. Accordingly, the steel is required to go into compression before

the crack closes. Results from experimental tests indicate that this seldom

occurs. The mechanics of this aspect have been discussed in Chapter 2.

Recently, Filippou et al [18] proposed that strain’ increment compatibility
exists between the steel and the concrete. Briefly, the increments in steel
strains and concrete strains are 'seﬁ'equal only when the crack is closed or
concrete unloading occurs. When the crack is 6pen , the concrete strains
remain ‘frozen’ in a state corrésponding to zero concrete stress. Filippou
et al [18] support this theory with experimental results from {13] in which
the history of concrete strains near a cracked section of a cyclically
loaded beam a.re. monitored. These results are given in Figure 3.8. This
method also needs to know the crack widths so that the instant of crack
bpening and closure can be determined;
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The concept of strain increment compatibility is used at the ends of the
proposed layered beam model where cracks at the beam-column interface are
allowed to develop. The crack Qidths at the steel layers are defined as
equal to the total bar slip on either side of the crack. This requires an
analytical model which can determine the amount of bar slip that occurs. A
linear distribution of crack width is assumed between the top and bottom

steel layers as illustrated in ¥Figure 3.9.

Figure 3.9 : Definition of fixed end rotation at beam-column joint

rd

The fixed end rotation due to bar slip is defined as

5= % . - - (3.1)

where aT and aB aré the crack widths at the top and bottom steel
layers, and are functions of the slip that occurs in
the stress transfér zone either side of the cracked -
section

énd_ h _ is the distance between the top and bottom steel layers

" (Figure 3.9). s
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Crack closure is defined as occurring when the crack width is less than a
variable- 8 , where g > 0 . This is due to some shear deformation which
occurs at an open crack. As the crack starts to close, the rough surfaceé
at the crack will not interlock in the same way as when the crack opened as
a result of the sﬁear deformation. Consequently, closure of the crack
occurs at a larger crack width than when ip opened.‘ As the crack closes
partial strain compatibilify exists between the steel and concrete. At the
same time, the stresses in the concrete ténd ﬁb increase gradually and full
strain compatibility exists only when the crack is 'éompletely closed.
Experimental results sﬁggest that g is a function of the maximum crack
width, Ay {71]. The following relaﬁion is used to define the crack

closure criterion (18],

. (3.2)

- 3.4 Internal Force-Displacement Relations

The internal force-displacement relations for the layered beam element a.re

derived for a general beam defined with ends A and B and a length of L .

The length of the inelastic zone on the left of the beam is X, and on the

right Xy 1 88 illustrated in' Figure 3.1_0(&) . The elastic zone has a length

of ¢ where ¢ =L - x - X - Points a and b define the extent of the
e e a )

elastic zone. The positive sign convention for the internal forces and the

displacemerits at tﬁe ends of the beam are shown in Figures 3.10(b) and

" 3.10(c) respectively.

A linear bending moment distribution along the beam is assumed as shown in
. Figure 3.10(d). In the elastic zone, a linear curvature distribution is
assumed where ¢ is used to denote the curvature. To account for

nonsymmetric sections, the bendlng stiffness to the left of the poiﬁt of
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Figure 3.10(a) : Beam topology [ l ! )
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Figure 3.10(b) : Beam end forces y .
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Fi 3.10(c) : Beam end displacements GA’{)_. “a B’S_, Yp

positive sign convention

. A u,
Figure 3.10(d) : Bending moment [\\\\\T\\\\\\"
, distribution ‘

»S

we

Figure 3.10(e) : Curvature distribution
. %

%

contraflexure is denoted by EIa , and to the right by EIb . The curvature

distribution in the inelastic zones is of a highly nonlinear nature as shown

in Figure 3.10(e).
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The convention for positive bending moment M(x) at a point x along the beam
is shown in Figure 3.11, where x is measured from the end A . M(x) is given

by the relation

M(x) = [;- 1] M, + %MB . (3.3)

A

| i | ) M(x)
- X ol
4 1

Figure 3.11 : Poéitive bending moment convention

The kinematic relations for the beam must include the effects of fixed end
rotations. Assuming small displacements, the kinematic relations for a beam

with no fixed end rotations are,

(vf - vf)
_.f B A '
Oy 50y ¥ —1— 4 _ (3.4)
f f
£, Vg~ Va)

OB = OB + —_ .(3.5)

where v defines the vertical displacement in the local coordinate
systen,

and @ defines the rotations (small displacement assumptions are

implied).

The quantities in equations (3.4) and (3.5) are defined in Figure 3.12(a),

where the position of the deformed beam is defined by A'B .
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Figg;g'3.1zgc) : Deformed beam with fixed end rotation at end B

s
A

deformed beam is defined by A B in Figure 3.12(b). The fixed end rotation

If bar slip causes a fixed end rotation 8° to develop at end A , the

is chosen to be measured clockwise since a positive moment at A will result

in a fixed end rotation in the clockwise sense. The vertical displacement
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at B is now given by
v, = ve, - 8L (3.6)
where it is assumed that the fixed end rotations ¢° are small.

Following a similar approach, the development of a fixed end rotation at B
will cause end A to displaoe. to position A" in Figure 3.12(c). The vertical

displacement at A is now given by
v, = v, + 65 L (3.7)

where 9133 is measured clockwise.
Substituting equations (3.6) and (3.7) into equations (3.4) and (3.5), the
kinematic relations for the beam which include the fixed end rotations are

obtained :

(v. v,) '
_.f B A s s
GA-eA-_b_..j‘—- + (eA+eB) | {3.8)
f” v = v.)

(3.9)

The strain-displacement relations are obtained by adopting the Euler-

Bernoulli theory assumptions. Fof the inelastic zones we have,

o, = 6 '-J"»dx (3.10)
a
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B

f _ _ _

GB = eb J ¢ dx (3.11)
b

where ea and eb are the rotations relative to the centroidal axis of

the deformed beam A B , (Figure 3.13)

and ¢ is the curvature.

Figure 3.13 : Deformed beam showing kinematic relations
for elastic zone ‘ '

The displacements of the deformed beam relative to the céntroidal axis in

the deformed configuration A”B"as shown in Figure 3.13.

By considering the geometry in Figure 3.13, the following relations are

obtained,
(vi =v_)
_ " b a
ea =9 + ____?;__. {(3.12)
vy = v))
_ ! b a : '

The displacements A and v , which are defined in Figure 3.13, are obtained
by integrating the relation g;-: @ , (from the Euler-Bernoulli assumptions).

The displacements are expressed as follows :
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a .
v =J o dx (3.14)
a
A
B
vbz-J o dx . (3.15)
b

By substituting equations (3.12) - (3.15) into equations (3.10) and (3.11),

- the following relations are obtained,

a [ a. B )
£ 1
o = o J‘¢dx--é;-ﬁj‘edx+‘[e<:?x$ | (3.16)
A b
B [ a . B )
£ 1 |
eB-eb-J¢dx-c<Jedx+Jedx> | (3.17)
b L b

The internal force-displacement relations for the elastic zone of a beam in
which the section is nonsymmetrié, are derived using simple beam theory and

given as :

. (Mﬁ(zma + 3M )EI,_ - M‘g EI) e

%a 7 e | (3.18)
6ET, EL, (M, + )"
| 3
. (MC(24 + M )EI_ - M EI ) |
p = - ey (3.19)
6EI_ EL (M_ + M) -
i xa xa
where  M_= [1- 2l - 2M (3.20)
. x - . x ‘ .‘
M = 1-LBMB-LEMA , | (3.21)

and EI&’ El, are as defined in Figure 3.10(e).

b
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For symmetric sections, equations (3.18) and (3.19) reduce to

LM - M)
®a © _'GEI——ee (3.22)

.2 - M)

b= —BE— % (3.23)

@«
n

respectively, where EI = EIa = EIb .

To éomplete the internal force-displacement relations vfor the beam, the
integrals in equations (3.16) and (3.17) need to be expressed in terms -of
the end moments, MA and MB . Numerical integration is used to determine
these integrals.  Simpson’s one-third rule is used for the numerical
integration, not only because of its simplicity, but also bécause it can
integrate a cubic polynomial exactly. .This means that for an elastic beam
with a lihear moment distfibufion, only three integration points aiong the

‘inelastic’ zone of the beam are needed to obtain the ‘exact’ displacements.

For the integrals from A to a , the function f is used to represent both the
curvatures ¢ , and rotations & in Figure 3.14(a). The interval X, is
subdivided into n equal intervals, (where n is an even number ) . ‘The,

integrals can be expressed as functions I of the form :

a .

f #ax =mm, x,6) , 0¢ign (3.24)
A '

a
J o dx =mn, x,0,) 0O¢i¢<n - (3.25)
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Also, 6, = ¢ +'j o ax . | (3.26)

Therefore equation (3.25) reduces to

a
L3 f .
A .

The detailed form of these functions is given in Appendix A.

f
o

N

i+1

A a : v a G+ 3 G-D o
o (i-1) i (i+1) n
’ x

X, ' : ’ b

Figure 3.14(a) : Integration stations Figure 3.14(b) : Integration stations
for inelastic zone A-a : for elastic zone b-B

Similar expressions can be obtained for the integrals from b to B for the
function f in Figure 3.14(b). This interval is subdivided into m equal

intervals. The integrals are expressed as

B | |
J ¢ dx = Z(m, xB, ¢ , 0¢j<m (3.28)
b . .

B- . - .

J 6 dx = 7' (m, X, ¢j)+xbe§ ., 0<j<¢m . (3.29)
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Further details of these functions are given in Appendix A.

The moment-curvature relationship at the integration stations i and j ,

(0 ¢i¢n;0¢<Jj<m , is discussed in section 3.5.

Substituting equations (3.24), (3.27), (3.28) and (3.29) into equations

(3.16) and (3.17) results in the following equations :

IS B S "N | ,
1+ —|6, + —6,=06_+2(¢.,8.) 0<i¢n , (3.30)
¢ A ¢ B a i’y .
e e 0<¢Jj<m .
b 4 . o ' ‘
FE°£+ 1+eie§=eb+n(¢i,¢.) - 0¢ig¢n , (3.31)
e : e J 0<¢Jj<m ' '

where ﬂ(tbi,éj) is a function in terms of x_, X, n, m ‘

(see equations (A.5) and (A.6) in Appendix A).
Equa.tiohs {3.30) and (3.31) can be written in matrix form as

[Hl ¢ =6 + (G ¢ o - (3.32)

T
where ' = [0y , 651"
1 ] ] .T
f_ =[9a’9b] ’
: T
2=[;¢i’¢j] ’ Oﬁlsn ’ OSJSm
po XI Xb-
a
e T
[H]) = ’
X *
a
— lte
e - e_‘

1

and [G] contains integration ©onstants in terms of Xgr Xp o 0y M

and ¢ .
e



68

Equations (3.30) and (3.31) can be uméoupled by reducing equation (3.32) as

follows :
of =™ e + 7! 61 e (3.33)
or,
of = W16 +G" ¢ (3.34)
where  [H'] = (]! and [¢*) = 17! (@) .

Finally, by writing equations (3.8) and (3.9) in matrix form and
substituting into equation (3.34), the internal forée-displacement relations
for the beam are‘bbtained;

o=(H'19 +([E]v+[D)e®+[G)¢ » (3.35)

where

to
|

- ) T
[GA ’ BB] ’

[VA ’ VB]T ’

X -

8% =[oF , 651
[ -1 1

[E] = )

-1 1

- 1 X

[D] = ’
11

with ¢, [H'] , [G'] , ¢ as defined above.

9; and eb are given by equations (3.18) and (3.19).



69

3.5 Moment-Curvature Relationship

The cross section of a typical reinforced concrete beam cross section is
illustrated in Figure 3.15. The depth of the beam is d* and the width b* .
The concrete is divided into a total of Nc layers. Associated with each
layer are its area Ag and height above the bottom of the beém dj , where the
supérscript 3 denotes the j-th layer. The top reinforcing steel has an area

T

AS and height dT , and the bottom reinforcement Ag and dB respectively. h

is the distance between the top and bottom reinforcement. A T-section can

also be specified with the above information.

top reinforcing 517 )
T g ET OT FT

o000 0“4 s | s
.th ] ] ¢ :
-7 j colnacyreerte € 0‘] J— Fmt
nt
1a" | n i —_Pp |
concrete d
Ik B B B
€
dB—L ) r . OS FS
\\bottom reinforcing
steel b +ve b +ve e +ve

]

beam cross-section forces at section

strain distribution stress distribution

Figure 3.15 : Definition of quantities at a typical section

The strains at the top and bottom steel layers, eT and eB respectively, are

" used to define the curvature at the section, as shown in Figure 3.15.

(3.36)

. J_ 4B T J
Jo-d) v @ -dh e (3.37)
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The stress at each layer is defined byv the constitutive relation for the
. layer. The resulting stress distribution shown in Figure 3.15, assumes the

concrete has no strength in tension.

The calculation for the forces in each layer is straightforward. The

internal forces at the section are computed as follows :

. C . .
FiPt o o 4 Bl 4 FP ‘ ‘ (3.38)
. s s
J=1
N
’ [} X b 4 b4
int _ a¥ T [a* T a¥ B
M -;12 d]+F 2 d]+Fz.2.-d} . (3.39)

In these calculations, it is assumed that for a nonsymmetric section there
is no initial axial force present, as is typically the situation in girders
of a frame structure. However, columns usually have symmetric sections; in

this case axial forces are present and equation (3.39) holds.

In the context where the moment-curvature response is required for the
layered beam model, the bending moment at the section is known and the
curvature must be determined. The equilibrium equations at the section are

in this case given in matrix form as

F1nt F*
M1nt M*
or Elnt - E*

X . ey . .
where F is the initial axial force,

X
and M is the prescribed moment.
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The positive convention for these internal forces at a section along the

beam is given in Figure 3.16.

Figure 3.16 : Positive sign convention for forces applied
at a section

Various numerical procedures have been adopted in previous studies to solve
the strain distribution or curvature if the moment is prescribed, or to

solve for the moment given the curvature.

Park and Paulay [4] use an iteration scheme in which the neutral axis is
adjusted until equilibrium is achieved. This method presents problems when
the curvature is close to zero. Ma et al [33) prescribed the curvature and

used a numerical scheme based on the bisection method.

In this study, Newton’s method is used to solve ‘the set of nonlinear

equations given in equation (3.40). The strain quantities eT and eB are

chosen as the independent variables. Equation (3.40) is cast in the form

P = = | =F -F ' (3.41)

where ¥, and ¥

1 2 are the residuals.



The strain vector is defined as

T
(3.42)

4y
"

Equilibrium is achieved when the residuals in equation (3.41) are less than

some specified tolerance.

A o _ % int,
1. Calculgte ¢ = (F )tht - (E7 )
2, Set iteration loop counter i=0
'3, . Start iteration loop i = i+l
4.  Calculate [J)}
5. Solve [J]1 Agl_= - 21
'6 Updatevstrains Aei+1 = Aei + Aei
o . ~t+At T T~t+at ~
i+l _ i+1
Serat - 6t %Lraat
' . int, i+l
1. Determine (E )t+At
, | itl _ ¥ int, i+l
8.  Calculate ¥ Etat ~ E iiat
9. Check 31+1 for convergence

Return to step 3 if solution has not converged

B T
&) uae T (&)
t+ot ~ “h

t+at

10. Calculate curvature ¢

Table 3.1 : Newton scheme to obtain moment-curvature .relationship



The moment-curvature response is computed at specified time increments.’

Assume that the solution is known at time t ; i.e. we know the strains (eT)t

and (eB)t . At time t+At the prescribed bending moment is (M*)

t+ot °

The

curvature at time t+6t is computed using the Newton iteration scheme given

in Table

3.1.

The Jacobian matrix [J] in Table 3.1 is defined as

(J]

where the partial derivatives are evaluated using the strains e

"y

Jd€e

" iteration 1 .

The partial derivatives

"

2

L]
!
H ™M

J

i
1
LU I~

—T

i
-

avl
o€

are computed as follows ;

j oF~
de + s’
aeI de

' )

i oF
Jd€e - s>
B B
de de

\

(3.43)

1 .
t+ot LOT

(3.44)

(3.45)

(3.46)
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N . . T
_36?2 I I _B“J [d* - d‘j} ;s [d* - dB] (3.47)
e J=1 aeJ e 2 e - 4
J .o J
where i = Ag».ai.. ,
ae? e
2 _ (@’ - dd)
- —F—
de
s _ (af - a)
B —Hm
aJe
T T
aFS ) AT aos
T - T ?
de S de
oF ac>
s . _ AB ]
/ —EB " -B '
de S de
. T _B
a0 %% 9% : S
—_—_ ’ y are obtained from the corresponding constitutive
J T B .
e 3e 13 relations. :
aeT aeB ¢
- The parf.lal derivatives e TR and M are required later in section

‘ M M
3.7. These are obtained as follows :

the derivatives of ?1 amd ¥, with respect to M-are, (M = Mmt)

2

dr P, . I¥ T a4 B : ’
1_0_ 1+ 1 e . 1 3¢ (3.48)
ai .7 T M ;T ;B'EM_ ‘

e



L)
w

fob T ¥, . B

o2 4 oY .
2 _ 0 = 2 + 2 e + 2 oe (3.49)
dM - 7 T M T 3M B aM '
de de
-2 4 vy

1 _ : 2 _ _
Wh.ere SM——O,sn—— 1 I

%

6?1 6?1 6?2 2 .
and —T g —T* —p are given.by equations (3.44) - (3.47).
de de o€ de

' : T B
. . € € ad .
Equaﬁlons {3.48) and (3.49) can be solved to give R and M ° 3¢ 1S
computed from the relation,
3 _ 3o se T ;%0 ae? (3.50)
M - T T aM B aM '
, de de - _
@ _ 1  _ 1
where o i and —-s°F
13 13

- Some insight into the moment—curvature response can be obtained by studying

a simple model consisting of 2 concrete layers as shown in Figure 3.17. The

T A
As c gT qT
—@— e
o~
h M
Z i < 5
— B
B
As AB
c

Figggg 3.17 : Two-layer beam model

' concrete layers are assumed to be at the same level as the steel layers, and
there is no axial force at the section. For a given bending moment M , and’

assuming that the initial axial force is zero, equilibrium occurs when the
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force at the bottom of the beam, qB , is equal to the negative value of the
force in the top of the beam, qT . For a positive bending moment, qB is
simply the force in the bottom steel, (the concrete has no ‘tensile
strength). The relation between qB and eB is given for monotonic loading in
Figure 3.18(b)ﬂ. At ;he same time the relation betweén the force in the top

of the beam, qT and eB is shown in Figufe 3.18(a) with (- qT) plotted in the .

concrete and steel —>

I -
3 e
i » c
v B
B . €
A A
(h¢)
v Figure 3.18(a)| |Figure 3.18(b)

Figure 3.18(c)

Eigure 3.18 : Equilibrium path for two-layer beam model

same direction as qB . The possible equilibrium positions are obtained by
~the intersection of these two curves with a horizontal liné in Figures
3.18(a) and (b), i.e; where qB = - qT . Point A indicates such a position
in Figures 3..18(3) and (b).* The curve of equilibrium points 'is shown in
strain space in Figure 3.18(c). A three dimensional illustration of the

equilibrium curve is given in Figure 3.19. Such a representation was found
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to be particularly useful when the Newton scheme had difficulty in

converging.

Figure 3.19 : Three-dimensional view of equilibrium path
The computer implementation of the Newton iteration scheme to obtain the
moment—curvature response is discussed in Chapter 4, along with exﬁmples and

' some of the numerical difficulties encountered.

The Newton iteration scheme described above can also be used when the
‘curvature is prescribed and the bending moment must be comphted. In this
c:ése, the curvature-strain compatibility‘ equation‘ is used along with the
axial force equilibrium equation as the two fundamentgl quations to be

satisfied. They are

pt - p (3.51)
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e -¢e¢ =—he (3.52)
where ¢>* is the prescribed curvature.
These equations can be cast in a residual form similar to equation (3.41).

The independent variables are also eT and eB and a Newton iteration scheme

similar to the oné given in Table 3.1 is used.

3.6 Bar-Slippage Model for Anchorage

Although a silhple approximation i:o the bar élip—bornd stress relationship may
suffice for monotoni¢ loading, it cannot model the mechanisms described in
Chapter 2 which occur during cyclic loading. A simple one dimensional
finite element model is thus, chosen to model the steel-concrete interaction
at the beam-column Jjoints and to calculate the steel stx‘ess-siip
vrela’tionship. Such a model has been used previously in simulating
experimeﬁﬁal specimens, sée for example [36,541. In the context of the
layered beam model, the finite element model is required to have as few
elements and integration points as possible in orcier to model the steel
stress-slip relation sufficiently well.

bond stress

// reinforcing
/ . bar
,J.—-' .
concrete - /( *

— A el dln e — o
[ )
= x - slip
e L -
m L

Figure 3,20 : Steel-concrete interaction model
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In order to develop the equations governing the steel~concrete interaction,
a section of reinforced concrete consisting of a single steel bar surrounded -
by concrete as depicted in Figure 3.ZO-is considered. The bar with a length
Lr , is only loaded at the one end. The position of a point along the bar
igs defined by its coordinate along the x axis. The relative slip of the bar
with respect to the concrete is represented by w and is a function of
position. The free body diagram of a small section of the bar, dx long, is
shown in Figure 3.21. Tﬁe bond stress g acts on the bar surface and o is

the axial stress in the steel.

q(x)

0(x) a— —» o(x) + do

- .

| dx l

Figure 3.21 : Stresses acting on section of bar

.

Equilibrium of a small section of bar requires that, -

d_%}_(_) ro q(x) = 0 ' ‘ (3.53)
or . | |
%x) - p.q(x) =0 . (3.54)
»
o)

and where ?o is the circumference of the bar
A is the cross sectional area of the bar
N q(x) the bond stress, is a function of position

o({x) the steel stress, is a function of position.
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The kinematic relationship is given by

g?_( Se_-e, | | (3.55)
where € and € are the steel and concrete strains respectively. Since we
are concerned with large inelastic responses, it can be argued that the
contribution of the concrete strains to the relative slip will be negligible
and can thus be ignored. This simplifies the computations with equation
(3.55) reducing to |

g‘;’_( =e, ' _ (3.56)

The constitutive relation for the reinforcing bar can be described in the

form of a function S as follows :
a(x) = S(eS(X)) | ' (3.57)
where gs(x) is the axial strain in the steel bar. -

The constitutive relation for the bond stress-bond slip relationship can be

~

described in the form of a function Q aS~folléws :
a(x) =.Q<«>) o | | (3.58)
where @« is the relative bond slip.

The bar is positioﬁed from x ; 0 tox = Lr as sho%n in Figure 3.22. 1In the

finite element formulation that follows, the boundary conditions consist of

a prescribed slip u* at x = Lr , and a stress of zero at x = 0 .
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A substitution of equations (3.54), (3.56), (3.57) and (3.58) leads to the

following governing equation :

d d :
= [3(3;()] - p.Q) = 0 (3.59)
] dw ' )
with S(HE) u = 0
.x-O :
> | (3.60)
(5] = G
- Ix=L
. r 7

In the finite element approximation, the domain f is discretized into

E
number of elements. Each element subdomain is defined by a se{: of ordered

disjoint element subdomains o , e = 1,2 ..., N_ where NE is the total

x= 1L
L .

two-noded element

Figure 3.22 : Finite element model of bar

nodal points, i = 1,2, ..., Np , where Np 'is the total number of nodes
defining the element. This discretization is illustrated in Figure 3.22.
Np- ijs defined with a maximum value of 4 for the present studies. The

various element types are depicted in Figure 3.23.

two-node element three-node element four-node element

Figure 3.23 : Element definit;ions
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The displacement field for an element is approximéted by

N
1Y
wix) = £ N (x)d® = N(x) a® (3.61)
421 & i ~ ~
where Np is thg total number of nodes defining an element -
'di is the displaéement of node i of the element e
and N. are thé shape functions which must satisfy the

interpolation prbperty and the conditions :

X.
1

1, x

N.(x) = .
1 0, x

X. i#j .
i J

From the approximation of the displacement field, the following relations

can be stated :

N .
'c
e(x) = gﬁ.: z Bi(x) d? = BT(x) d® ' - (3.62)
i=1 ~ ~ . =
dN

. N
p .
o(x) = s(g“’i) =s| z B(x) d| = s(x,d%) (3.63)
i=1 ~
| N
P . o |
a(x) = Q| = Ni(x) d.l = Q(x,d") . (3.64)
li= -

Vectors are defined to contain the nodal quantities for all the nodes in the

finite element model. For example, the displacement vector d is defined to

contain displacements related to all nodal degrees of freedom.
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The finite element matrix form of the problem reduces to a set of nonlinear

equations, written as

R(d) = F (3.65)

R() = 4 @ . (3.66)

A is a finite element assembly operator which consists of a mapping of the
local element degrees of freedom to global degrees of freedom and a'

summation of all element contributions in a global sense.
The element internal force vector is given by

r&(d%) = ri(de)} ' . (3.67)

with components

r2(d®) - j Bi'(x) o(x) dn + j PN (x) qx) do . (3.68)

o o€

The load vector F contains zeros for all nodal degrees of freedom. The bar

slip is prescribed to have a value w for the node at x = Lr .
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!

1. Calculate $(d,)° = Ridy) = Ey pe
2. Set iteration coumnter i=0 , Ad tHat =0
3. Start of iteration loop i = itl
4., Determine tangent operator 2 ?( t+At)
5. Solve 2 ’f(‘f}tmt) ad” = "’(dtmt)

i+l _ i i
6. Update Adt+At - Agtmt + °§

i+l Jitl

derat = 9 * Mot
7, Caloulate ¥(d aitl ) - R(d1+1 ) - F
‘ ~t+at ~t+Hiot ~t+it
8. Check for convergence
Return to step 3 if solution has not converged

]

Table 3.2 : Newton-Raphson iteration procedure

Numerically it is expedient to solve equation (3.65) incrementally in time.

Thus, we write equation (3.65) as
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with element contributions‘ v

d’) = ——— (3.74)

and components

ars (d°)
2 . ;
o J B, (x) k” B;(x) da + J» P N;(x) Iy Nj(x) da  (3.75)
J o ey
Cwhere k' = 22X | (3.76)
' T aa(x)
and L T | | e

- In the corrector phase of the Newton-Raphson iteration scheme, the com-
putations for updating the stresses and calculating the interrial force

vector R , were performed using an equilibrated stress state at the end of

the last converged time step. The incremental strains are then calculated

using the incremental displacements Adt:ttt . ' b

A finite elemént program was written to model the steel-concrete interaction
problem. _The program uses the Newton—Raphson iteration scheme described
above and includes three types of elements : 2 noded, 3 noded and 4 noded,
(linear, -quadratic and cubic interpolation respect;ively) . The numerical
integrations were performed using Gaussian quadrature; The ordér of
integration is controlled by the 2nd terms in equations (3.65) and (3.75) so
that for }example, the two noded element requires 2 Gauss points for full

- integration.
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Examples illustrating the results obtained with the proéram, as well as
details concerning the implementation into the layered beam element are

given in Chapter 4.

3i7 Numerical Soluﬁion Procedures for Layvered Beam Element

In this section the numerical procedures used to determine the internal

forces and the stiffness métrix for the.layered beam element are outlined.

In the context of deterﬁining the internal forces of the element, the
internal  force-displacement relations in equation (3.35) are essentially a
compatibility requirement that must be satisfied, since the rptations OA and
OB , as well as the vertical displacements VA and vy are known. In addition
to these equations, equilibrium at the ends of the beam must be satisfied.

This can be expressed as

int _ ' , ' v

- FA = NA ) | {3.78)
int _ | :

FB = NB (3.79)

where N and NB are the axial end forces as defined in Figure

A
; 3.10(b), -
int int .
and, FA and FA are the forces calculated at the end sections once

the strain distribution is known. The negative
sign in equation (3.78) is required as a result of
the sign convention used at sections, see Figure

3.15.
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Eqi.xa.tion (3.35) is written with the known values on the right hand side,

. e +H. e ) + + c¥ =
11 6 * Hyp 8) + (0, + 00) + (G #) =6, + (v, - vp)  (3.80)
w6+ )+(a +e)+(G ) = '
21 o T Flpp ok %x) T fgt (vy - vg) (3.81)
where 0 < k < nand 0 < k ¢ m .
Equations (3.78) -~ (3.81) can be written in the form
gt o pext | (3.82)
wherel _Ijint = [ - Fint
int
FB
>
X
(Hlle +H12 b) + (e + 8 ) + (le k)
*
(219 +H22 b)+(e +eav)+(G2k k)J
' ext _ . )
and | F - = NA .. )
< NB . S
BB + (vA - vB) J

In this study variations in the axial force during the response of the beam
" are not permitted. Consequently, N, and NB do not change durlng the
response and are always known. Thus, when the internal forces of the beam
are required to be determined at a time t+4t , the vector Eext contains
known quantities. Writing- equation (3;82) in> a residual fc'>rm,. a Newton

itergtion scheme can be employed to solve equation (3.82). The residual
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form is given asl
p = F° - F (3.83)

and equilibrium is achieved when ¥ is within some prescribed tolerance.
Four independent variables ﬁilaré chosen aé follows : )

(i) if bar slip is allowed at an end, then the bar slips wT amd wB are
used as the independeﬂt variables (the superscripfs refer tp the
top'and bottom steel layers respectively)

(ii)  if no bar slip is allowed at an end, then the strains at the steel

layers eT amd eB are used as the ihdependent variables.

In (i) above, the bar slips are used to avoid possibie numerical problems
which can occur if the steel stress is known and the bar slip needs to be
determined; at large enough stress levels total pull out of the bar can
occur. Thus, in a case where bar slip is allowed at both ends of the beam,
the vector of independent varisbles is defined as

W ]T

-3
(oo
-3
o o

where the subscripts refer to the ends A and B of the beam.

- In another case, if bar.slip is allowed at end A but not at end B, then
B.T
B

The solution at a time step t+4t can be computed using the Newton iteration
scheme in Table 3.3, if the converged solution at a previous time step t is

known.
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Given : (1) solution at a previous time step t : g y F

int
+ ~t

(2) rotations OA , & and displacements v and vp for

step t+At . B

. . . o §
Set iteration counter i=0 , AEt+At 0
i _ ext int
Calculate ¥ = Et+At - (F )t

Start iteration loop i = i+l

Calculate [J]i

Solve [J]l Agl = -9

—itl =i =i

Update Ay, e = O ap * OU

—1+1 - =i+l

Yaat = B¢ * Mt

. mt i+l
Determlne’(g )t+At

‘i+1 _ _ext int i+l

Calculate £~ = Ecyar ~ B0 eant

i+
Check gl 1 for convergence

Return to step 3.if the solution has not converged

" Table 3.3 : Newton iterhtion scheme for internal force
calculations
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The Jacobian matrix [J]* is defined with components J o B8

J =

aw€
es = 3o , ¢ and s = 1,2,3,4

S

The partial derivatives in equation (3.84)

strain are :

. (3.84)

with independent variables of

a¥, N, of) el aF~
(i) —=-{ = 5 for : € = 1,2 (3.85)
ae’ j=1 et ae e p = A,B
. P P r=T,B
P
and also if : (a) ¢ =1, p= A then—-ll—.zo
de
B
P
(b) €=2,p=B then —= = 0
aeA
a4 69' 69| ‘ <] 2
(ii) — = - H*l —_ H*z —g + G -—% for : ¢ = 3,4
ae’ g e g de : de p=A,B
p p r=71T,B
g = ¢-2
0<k<¢<n
O0<k¢m
(3.86)
69' 69' M M 69' aMb M
where : '% = aMa :3Ma 5 * 3 - 3N ?
Je a P 9e Mb P de
P P
afab B} 69b 6Ma aMp . 69b aMb aMp
ae; ° a aMp ae; <.’Mb aMp de
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[ N .
aMp _ C afd ae? |d J aF; d* r
de j=1 eV ae p de’ P
P | P
M X ] M X
a _ 1-.2 a _ _;._.8
= , =
0, o) v 2
S S Y A
- - y - -
N
6¢k _ 6¢k aMk aMp
aer 9 aﬂp aér
P p

= k = é , where x is the coordinate of the integration
E station k
' ae; . ’ae; ae;D : ae;D _ ; ‘
y ’ and are obtained from equations (3.18)
SM; 3“5 EM; _ 3“5 and (3.19)
14

SME is given in equation (3.50) .

The following contributions in equations (3.85) and (3.86) are obtained at

the ends of the beam,

N . . N . .
zc aft aed | aF; zc aft  ae? [d d‘j]
B ’ ’ -_— =
j=1 aed ael ael Jj=1 aed ael z
P P
and
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The partial derivatives in equation (3.84) with independent variables of bar

slip are :
ay ar, ael
. ¢ _ ¢ P . _
(i) = ° —F = for : ¢ = 1,2 (3.87a)
- oe TN . p= A,B
P PP r=T.B
a‘\"e
where — is defined in equation (3.85)
ael . ,
P
aer aer aFr
and -—l: = P -—5 .
£ AF.  aw
P P P
av,  ov, de_ a6
(i) = 11‘: - __11{’ for ¢ = 3,4 (3.87b)
ar -3 oW - p = A,B
P P P r=T,B
e’
where —— is defined in equation (3.86)
aer .
P
aF~
_I; is obtained from the finite element model for bar slip
w .
P
26" -
_Fr’ is obtained from equations (3.1) .
oW
p

The procedure to calqulate Emt in Table 3.3, including the internal forces

MA and MB is given in Table 3.4.
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3.

Given :

er or wr r=T,B
p p p = A,B
T B
o - «
p h

Calculate 9;

{equation (3.1))

Determine Fr Fr = AT ar
p p P P
(i) given er : oF can be determined from the steel
p p constitutive relation
(ii) given w; Determine of using the finite element model

Calculate Mp , F

for bar slip. Hence, determine e; using

g stee]_. constitutive relation

p

Use equationé (3.38) and (3.39), taking into account the
conditions relating to the crack opening criteria

Determine ¢k .

A

X
Calculate Mk = {; - I]M + [E]MB , and determine c»k using

moment-curvature relationship

Calculate Elnt

'Use equations (3.80) and (3.81)
° , i

‘Table 3.4 :

Procedure to determine Elnt , and the end
moments M A and MB




95

Once the end moments MA and MB have been determined, the end shear forces

can be calculated from the following relationship :

PA . 1 1 MA {3.88)
- I: .
PB -1 -1 MB

The element internal force vector is defined as

int _ . int _int T |
Be - [FA ? PA ? MA 4 FB ? B ,’ MB] (3'89)

In the following discussion, the layered beam element stiffness matrix is
derived- for the shear and bending terms only. The element displacement

A\ eB]T , and the element internal force

pA, B’ |
vector as [PA, X P, MB]T . The element stiffness matrix [k]e for element

vector is defined as [v,,

e , is then defined as

. . -
| aPA aPA aPA aPA
avA aeA 5VB 59B
M M aM oM

tkl, = A'WA Be_A ?ﬁé aeA (3.80)

: A A B B
BPB aPB aPB aPB
avA aeA avB aeB
'BMB aMB BMB aMB
OYA EBA aVB BOB

The element stiffness matrix is defined in a general sense : at any time

during the response it can be considered the tangent stiffness operator.
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Taking the derivatives of the third and fourth components in equation

v, and v_ gives,

3 and ?'4) with respect to OA, BB, A B

6?3 -0 - 87’3 . 8?’3 aMA . 67’3 BMB' - (3.91)
aeA BGA aMA IBBA BMB BBA
A A A A MB CA ' '
M memman
B B "B 93 Mp 96p
e memmoRE
B : B A °%B Mp 96p
A Va A VA My 9V :
A T T
v A A Mg 9V
-3 B A 7B Mg ovg . :
;?_4=o=214_+;;_2MA+Z?4 ZMB (3.98)
VB VB A °B Mp .9vp :

lo2 4 3P P} 4 l:2 4

where : a—ﬁ:wi:wg:a—\,i:l

A B A A

6?’3'= 6?’4 - o )

aeB 69A

8?’3 _ 8?’4 -

avB OYA



Also,

where :

§| o
L)
el N

i
°lo -

0]

3
© |t

¥
H

Lo AE
H ° | w o BT

.

o

UgALUgL

~

s
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, 90 , 99 280 4 o8y
Byy 50 + Bgo 3| * E *+ Gy 2 (3.99)
for ¢ = 3,4
p = A,B
g = €-2 :
0<k<n, 0<k<m
_ 20, oM , 20 oM )
N 'H'ap £y 'H'ap
) a6, aM_ ) 2, M
M, I . M- .
20% 0L el 265, awP a2
P P P, P P _P
T TT M B _B M
Aw_  9e P oW € _ . o)
p °p P D
awt  AFT
= P _P
oFF ael
p °p
e, oM
- Sﬁ;' M
p

is obtained from the bar slip finite element model

a¢

3M£ are obtained from the moment—curature
p

relation for the end of the beam

3

is obtained from the moment-curvature relationship for
integration station k .
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aMA , aM.B
From equations (3.91) and (3.92) , ——  &and —— can be determined.
. 69A 69A
M ) .
Likewise, -equations (3.93) and (3.94) give =5 and So— ; equations (3.95)
B B .
, aMA aMB aMA
and (3.96) give 5o —— ; and equations (3.97) and (3.98) give —
v v V.
A A B
and 3 ° The remaining terms in [k]e can be determined from the following
B ‘ . :
relations;
.aPA 1 aMA aMBT ‘ '
R A (3.100)
A A Aj
A A Aj :
P 1 aMA aMB
> "ol Yoo (3.102)
B . B B
morfeen e
B B Bj ’
aP P : : ,
— -y | (3.104)
A A :
P P
.5313. = - aG_A (3.105)
A A
3P aP
E_VE = -§ . ' (3.106)
B B
3P 3P
aTB = _.ae_A . (3.107)
B B

Details concerning the implementation of the layered beam element into .a

finite element computer program are given in Chapter 4.
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- CHAPTER 4

OCOMPUTATIONAL, TMPLEMENTATION AND SOLUTION STRATEGIES

The proposed layered beam element model was implemented into a nonlinear
frame analysis program. An outline of the program is included in this
chapter along with a discussion of the solution strategies employed in the
aspects of the layered beam model. The nonlinear aspects contained in the
constitutive models as well as the crack Qpening and closing criterion,
present computational problems when attempting to converge onto a sol\—rtion.-
The solution stmtegies form an important component in the exercise of
developing a program which is robust and practical to use.  Two aspects of
the layered beam model - the ﬁment—cu’rvatum response and the bar—slippage-
model were studied individually, prior to their implementation as part of
the proposed layered beam model. These studies involved developing separate
computer programs along with thé_ necessary solution strategies. These two
programs are also discussed in this chapter. Figure 4.1 illustrates how the
various aspects concerning the layered beam model are related in the frame

analysis program.

4.1 Computer Program for Frame Analyses

A computer prégram was developed for the nonlinear stai:ic analysis of plane
frames on a UNIVAC 1100-81 comp.xter.' Various two-noded beem elements are
included in the program; including the proposed layered beam element. A
data management system developed by Vos [73] was used for the extensive data

manipulation required by the program.. The frame analysis program includes
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standard boundary conditions and applied loads, as well as prescribed
displacements. The program has out of core solvers for both symmetric and

non-symmetric matrices..

In a static analysis, the problem reduces to a set of nonlinear equilibrium
equations that need to be satisfied. They are written as
int Rext

R = (4.1)

where Emt is the global vector of internal forces corresponding to
the unknown displacement degrees of freedom,
and Eex't is the global vector of external loads corresponding to

the unknown displacement degrees of freedom.

The global internal force vector is assembled from the element internal
force vectors, gi“t , defined in equation (3.89). The global displacement
vector is defined by u . Assuming that the éolution to equation (4.1) is
known at time t , an iterative solution scheme is recrlulred to solve equatién
(4.1) at time t+4t . This is achieved by first casting equation (4.1) in a
residual form :

gt _ gint | | (4.2)

¢
t

%
"

where # is the residual force vector.

A Newton-Raphson iterative scheme is used to determine the solution at time
t+at . The numerical procedure is given in Table 4.1. Convergence is

achieved when all the residuals in ¥ are within a specified tolerance.
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xt

1. Calculate $° = (%) nt,

(R

t+ot t

. . ~ l- °
2. Set iteration loop counter i=0 , AHt +at
3. Start iteration loop, i=i+l
4. Calculate [KT]
5. Solve [K ] oy =¥
i+l i

6. Update Oy z¢ = Bupype + 84
Yeeat = Y5 * Oiaat
7. Determine (R'™%)IT1
8. Calculate zi"'l = (Bex‘t)t +at " (Bint)iizt
9. Check 3“1 for convergence |

Return to step 3 if solution has not converged

A

Table 4.1 : Newﬁon—Raphson scheme to obtain equilibrium at time t+At -

The tangent stiffness matrix [KT] is assembled from the element stiffness
matrices given in equation (3.90). For the layered beam element the tangent
int

Jesay * the

stiffness matrix is nonsymmetric. For the calculation of (R
solution i.s always incremented from the converged solution at time t .
Details of these calculations are given in section 3.7. The check for
convergence in step 9 of Table 4.1 cmﬁsists of checking the meximum residual
against a specifiéd tolerance. A further check is made té ensure that the
ma;cimmn residual does not get larger than a specified value. If this
occurs, or if convergence is not obtained within a certain number of .
iterations, then the increment is restarted with a smaller step size.
Figure 4.2 illustrates the various strategies adopted when convergence

difficulties are encountered. ‘No convergence likely’ in Figure 4.2 refers

to such an event. When convergence has been obtained, the step size for the
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Increment loop

—>

@ Use arc-length method

~——p Iteration loop

TABLE 3.3

Step 7 CALCULATION FoR F'"°

TABLE 3.4

Step 2 BAR-SLIPPAGE
MODEL

Step 4 MOMENT-CURVATURE
CALCULATION

ncrement loop
@ Subdivide increment
iteration loop

TABLE 3.2

No convergence likely, go to @

. No convergence likely, go to @

crement loop
@ Use arc-length method
Iteration loop
TABLE 3.1 l
No convergence likely, go to

‘\—— No convergence likely, go to

No convergence likely, go to @

No convergence likely, go to @ .

No convergence likely, go to @

Figure 4.2 :

Solution strategies when convergence difficulties are encountered
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following increment is adjusted according to the number of iterations used
to converge in the previous increment. Thus, when the solution has
difficulty in converging, smaller step sizes are automatically used. The

step sizes are increased when the solution converges easily.

The element internal force .calculations for the proposed layered beam
element are calculated using the Newton iteration scheme given in Table 3.3.
This procedure was implemented as Iﬁart of the element calculations in the
frame analysis program as shdwn in Figure 4.1. In this iteration scheme the
convergence check consists of checking the max:.mtml residua;l against some
prescribed to‘lerance.v A check is also made to ensure that the maximum
residual does not become too large as this ca.n usually result in convergence
problems in the moment-curvature response calculations and the bar-slippage
finite element model. The maximum change in the end momem;s_v during an
increment is restricted to prevent possible convergence problems in the

moment-curvature response calculations.

The - strategies used for various stages of the i‘nternal' force calculations
é.re summarized in Figure 4.2. When convergence problems are encountered,
eithgr the increment size in the internal force calculations is reduced or
‘the arc-length method can be used, (2) in Figure 4.2. The arc-length method
was preferred as it generally resulted in a converged solution for the
.internal force calculations. If a converged solution within a reasonable
number of attempts is not obtained, the step size for the increment in the
frame analysis program is reduced and the main increment loop restarted, @

in Figure 4.2.

When convergence problems are encountered in the bar-slippage finite element

model after the increment has been subdivided ( in Figu_re 4.2), then the
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element internal force increment loop is restarted using f.he arc-length
method, (2) in Figure 4.2. Similarly, when the moment-curvature response
. does not converge after the arc-length method has been used ( in Figure
4.2), then the element internal force increment loop is restarted usingvthe

arc-length method, (:) in Figure 4.2.

Studies showed that by using relatively small convergence tolerances, the
results converged with relatively large increments. The maximum number of
iterations allowed was taken as 7 since most of the converged solutions were

obtained .within 5 iterations. This helped to reduce the computational time.

4.2 Moment-Curvature Relationship

A computer program was developed to calculate the moment~curvature
relationship. The same computer code was used as part of the proposed
layered beam model. For the moment-curvature program, either the moment or
the curvature can be prescribed. (»Noté that for the layered beam model the
moment is prescribed.) Each layer vof concrete or steel can have its own
constitutive model. This means that the confined and unconf _ined concrete

can be modelled with different constitutive relations.

The program ixses the Newton scheme given in Table 3.1 to calculate the
moment-curvature response. Convergence is achieved once the maximum
residual is less than a specified value. As in the frame analysis program,
a check is made to ensure that the residuals do not become too large. If
‘this occurs, or if the solution has not converged within the allowable
nﬁmber of iterations, two options are available. The first is to subdivide
the Step size and restart the increment. This strategy was not successful

at limit points of the moment-curvature response. In such cases Crisfield’s
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arc-length method [{76] was used to obtain the solution. This is the second
option available. A general form of the arc-length method as used in the

solution procedure is given in Appendix B.

The arc-length method was used in situations where convergence problems were
encountered, since in most cases it converged to a solution. In the cases
where the convergence tolerance was not small enough, the arc-length method

failed to converge due to the large residual loads present.

The moment-curvature response for a section consisting of two concrete
layers and two steel layers is shown in Figure 4.3. In this case the

concrete is prescribed to have some tensile strength. When the bottom layer

200

Moment
(kNm)

~200

Curvature, ¢

Figure 4.3 : Moment-curvature response. using arc-length method;
: : concrete cracks in tension

of concrete cracks in tension, a limit point in the moment—-curvature
response is reached. As the curvature increases, the moment first decreases

before increassing again. The limit point and subsequent moment-curvature
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response was obtained using the arc-length method. Although this is =a
situation which was generally not encountered, (in all subsequent examples
the tensile strength was ignored) it serves to illustrate the capabilities

of the arc-length method.

A situation more generally encountered occurred when the concrete reached
its maximum compressive stress. In a section consisting of two concrete
layers, this resulted in a limit point as illustrated in Figure 4.4. In
sections oonsisting of more concrete layers, the limit points were more

localized.

200
Moment
(kNm)

150 |

100 |

50 |

o v

0 .02 .04 .06 .08
Curvature, ¢

Figure 4.4 : Moment-curvature response using arc-length method;

concrete softens in compression

Unloadlng during the moment-curvature response also i:;rovided convergence
problvems. Since the unloading situation can be recognised at the beginning
.of an increment, it is expedient to rather calculate the Jacobian ih step 4
of Table 3.1 using the unloading stiffness moduli of all the relevant
constitutive models. The unloadlng stiffnesses are predominantly elastic
and by using such a scheme, the solution generally converged in one

iteration.
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4.3 Bar-Slippage Finite Element ModelA

A computer program was developed for the one dimensional bar-slippage finite
element model described in section 3.6. For the context in which the model
is used in the proposed layered beam model, the slip is prescribed and the
corresponding steel stress is calculated using the finite element model.
The computer program assumes that all the elements are of equal length and
that =all integmtion points ‘have the same bond stfess—slip constitutive .
_model. The Newton-Raphson iteration procedure given in Table 3.2 is used in
the computer program. In the convergence check, the maximm residual is
checked against some prescribed tolerance. When the solution failed to
converge, the step size was reduced and the increment restarted. The only
situations in which this did not eventually result in convergence, _were

those in 'which the prescribed tolerance was too large.

Unloading could be identified at the start of an increment and the tangent
operator in sfep 4 of Table 3.2 was then calculated using the element
stiffness matrices Qith the material cbnstituti_‘ve relations unloading. In
< such si"tuations, the .sollution genemlli converged in one iteration for the

increment.
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CHAPTER 5

EVALUATION OF MULTI-LAYERED BEAM MODEL

In general the performance of an analytical model is evalua.ted' by
investigating the quality and consistenéy of the results predidted by the
model. In this study this is achieved by a parametric study involving a _
éantilever beamr, and a comparisc;n of predicted and experimental results for
a variety of cantilevers. A further aspect which needs to be considered in
the evaluation of a model, is the ease with ‘which the results can be
interprefed and applied in the design process. In the context of the
pr.oposed' layered beam model, thvi..s _is achiéved with suitabler measures of

damage.

This chapter starts by reviewing damage measures and proposing new ones.
This is followed by an evaluation of the numerical results obtained fi’om the
moment-curvé.turé program snd the bé.r-slippage finite element model. .’I‘he
»numerica]v. results obtaihed usuxg the multi-layered beam model for a
parametric study are discusssed next. The purpose of the study is t.o show
that the model presents consistent results and to determine the influence of
particular variables in the modelling process. The chapter concludes with a
comparison of the results predicted by the proposed layered beam model and

the experiméntal results for some cantilever beams.

The results for the layered beam model presented in this chapter, use 50
" layers to model the concrete, hence the reference to a multi-layered beam
model.” A simplified model ih which only two concrete layers are used is.

evaluated in the following chapter.




110

5.1 Damage Measures

One of the most common measures of .damage for rei.nforced concrete beams
subjected to cyclic loading is the ductility factor. Ductility can be
measured in various forms, for example rotational ductility u 0 curva_ture
ductility A and dispiacement ductility p . Retational ductility is defined
as the ratio of the maximum rotation recorded to the yield rotation, as

shown in Figure 5.1. One of the problems associated with ductility 'mea.sures_

M4

=

a1

"
@l o
< *

| n
i T

*
6 6 rotation, 8

Figure 5.1 : Rotational ductility

occurs when the yield point is not clearly defined as illustrated in Figure
5.2(a). Another shortcoming of ductility is that it cannot reflect the
amount of stiffness degradation which occurs during cyclic responses as
shown in Figure 5.2(b). This has encouraged researchers to develop other

measures of damage.

M4

o ¥

Fi 5.2(a Figure 5.2(b)
Figure 5.2 : Problems associated with ductility factors
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Banon et al (7] proposed a stochastic model of damage based on two damage
measures; a flexural damage ratio and the dissipated energy. The flexural
damage ratio (FDR) is defined as the ratio of the initial flexural stiffness
of a member to its reduced secant stiffneés at m;ximum displacement. Only
displacements attributed to flexure are used for this.damage measure. The
reduced secant stiffness is thus defined using the end moment-flexural
rotation relationship as illustrated in Figure 5.3. The flexural damage

ratio clearly accounts for any stiffness degradation. The dissipated energy

M 4 «
/10

S

Figure 5.3 : Flexural damage ratio

is used to account for the damage effects reéﬁlting from cumlative
inelastic deformation in reinforced concrete. The dissipated energy is
computed by integrating the area under the moment-rotation curve at the end
of a member. This energy is then normalized with respect to the maximum
elastic flexural strain energy for a member subjected to antisymmetric

bending. The normalized dissipated energy (Eh) is defined as follows :

(5.1)

:’m
H
0B‘1 m*

where E* is the dissipated energy'given by

E.—.I M(e)d9>',

time
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and EO is the maximum elastic flexural strain energyv defined as

M L
= .

E = 1moEr

~ where M& is the yield moment,

L is the length of the member in antisymmetric bending.

For this definition, the point of contraflexure is assumed to;occur at the

centre of the beam.

Roufaiel and Meyer [74] have proposed a modified flexural damage ratio

(MFDR) defined as follows :

MFDR = max[MFDR' , MFDR™] (5.2)
where
6 15 (e 17
v I 4
kR
MFDR® = A2t Y - .
. F¢ Y- . r¢ -
m| _|'y
M M
‘. m-‘ Ly

The + and - superscripts fefer to positive and negative bending,

ﬁy and My are the curvature at yield and moment at yield
respectively,

L amd Mm are the curvature and moment at the onset of failure,

ﬁx and Mx are the curvaturg and moment at the point in the response

under consideration.



113
These quantities are illustrated in Figure 5.4.

Moment, M

i | |

>
{ 1 el

¢ B} ¢m curvature, ¢

Figure 5.4 : Damage measure MFDR

The onset of failure is defined by the curvature at which the concrete
strain in the extreme fibre reaches a critical value ecr,given empirically

in [74] es

ecr = (2 + 600 p") € . (5.3)

where p" 1is the volume of hoop steel as defined in section 2.3,

and em is the strain at which the concrete stress is at a maximum.

When MFDR = 0 , the section is in an undamaged state, whereas for MFDR = 1

the member has failed.

In this thesis, a damage measure is proposed for a mexﬂber which incorporates
aspects of damage that can lead to failure in the response of members
dominated by flexure, ’In the damage measures used in the following
definitions, A4 is zero in the wxdamaged state and equal to 1 in the totally

damaged or failure state.
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A flexural damage measure Af is defined by rewriting the FDR in the form,

° (5.4)

where k_ and k are as defined for the FDR.

For this damage measure, failure will usually occur before Af = 1

However, it does give an indication of how much flexural damage has

occurred.

An anchorage damage measure Aa , 18 defined to indicate how close the

anchored reinforcing bar is to pullout. It is defined as

o-k k* |
4 = ( ) | | (5.5)
a ko-k; k-

\
where ko and k* are the initial and failure stiffness defined in
Figure 5.5,
and k is f.he stiffness for the point at which the maximum

slip has occurred.

4

bar
stress ,A k

Figure 5.5 : Anchorage damage measure
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A monotonic loading analysis is‘ required to determine the slip at which
pullout of the anchored bar will occur and the corresponding stiffness k*.
Pullout can of course occur at a smaller slip after some cyclic loading. A
study showed that in these cases the critical stiffness k* was still a good

approximation for defining pullout.

Generally, reinforced concrete members dominated by flexure fail when the
reinforcing bars lose their concrete cover and tend to buckle. A damé.ge
measure for the concrete Ac is defined with the objective of indicating how
close the reinforced concrete member is to this type of ,failure. When
4, = 1 , cover to the reinforcing bars has been lost and thé bars are on the .
point of buckling. Apart from the obsefvation that significant cracking of
the concrete occurs prior to spalling, little information is availablé on
the state of the concrete when this happens. Roufaiel and Meyer [74]
suggest that the onset of failure can be charabterised by the concrete
| strain in the extreme fibre as given by equation (5.3). It would seem that
a damage measure based on the concept of comparing a.n average strain
quantity in the conc;‘ete with a critical value could be feasibie. Obviously
it would be very difficult, if not impossible, rto try and determine such a
critical strain measure with a great deal of accuracy. Also, using strain
measures directly would result in a damage meé,sure with a large amount of
variation. However, if the dan;age measure is based on the damage variable
used in the concrete cénstitutive model, then far less variation in the
results is obtained. The reason is that the damage variable used in the
concrete constitutive reiation does not change muchv at larger strain

measures. The concrete damage measure is defined as

A .
4 = 2vE ‘ (5.6)
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In this definition, '\avg is the average value of the concrete damage
variables in a specified number of concrete layers. Typicaily these 'would
be the layers nearest the reinforcing steel and in the confined region. The
critical damage variable, Aop is the damagé variable corresponding to .the

critical strain measure.

It should be recognised that Ac is defined for beams dominated by flexurai
characteristics only. A more complete dgf inition 6f Ac should include a
dependence on the shear stresses present. These stresses are critical in
controlling thé action of crushing and spalling of the concrete at the crack

interface.
An overall damage measure AD is defined as
A = max[Aa, AC] _ (5.7)

where Aa and Ac are defined as the maximum respective values at an end of a

beam member.

The proposed damage measures A4 £ Aa’ Ac and AD are used to evaluate the
analytical model along with the previously defined measures FDR, En and

MFDR.

5.2 Moment-Curvature Relationship

An investigation to determine the optimum number of concrete layers to be
used in the layered model, was conducted for a typical reinforced concrete

section using the computer prograin developed to determine the
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moment-curvature response. The concrete layers were defined in three
regions; the unconfined top and bottom regions and the confined central
region. The unconfined concrete was modelled using a different constitutive
relation to the conf inéd concrete as discussed in Chapter 2. The areas of
the concrete layers in tﬁe central region were calculated using only the

confined concrete area and not the unconfined concrete on the sides.

The momént-curvature responses for models where the number of concrete
. layers was varied, are presented in Figure 5.6. The study showed that
‘sections modelled with 70, 50 and 25 concrete lz;.yers gave é.lmost ‘identical
results. The sections modelled with 12, 6.and 4 layers did not give good '
results. They also p'resénted some numerical difficulties, especially
evident in the 4 layer model. . The response of the 4 layer model is worth
discussing further since it clearly displays the numerical difficulties
sometimes experienced for the cyclic vresponse of models with more concrete

layers.

‘ 4f6 | evee
\ g

w5 . u ( ) "

Figure 5.6(a) : Beam cross-section and loading
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Figure 5.6(c)

Figure 5.6 : Moment-curvature response with a varying number

of concrete layers
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For the 4 layer model, the total force acting in the top section of the beam
qT , is plotted against the strain of the top steel layer in Figure 5.7(b).
Alongside this, Figure 5.7{(a) shows the total force in the bottom section
(-qu) plotted against the strain in the bottom steel. The corresponding
relationship in strain space is shown in Figure 5.7{(c). The moment-
curvature response is defined as the intersection of two surfaces in a
3-dimensional space defined with the top and bottom strains as the two
horizontal axes, and the forces QA and (- qB) measured along the vertical

axis. The intersection of these two surfaces is illustrated in Figure 5.8.

-q (kN) q
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(x 10_3)

15

Figure 5.7(a) Figure 5.7(b)

20

Figure 5.7(0)

Figure 5.7 : Four-layered model



120

The limit point occurs when the concrete layer closest to the bottom of the
beam reaches its maximum compressive stress. At this point the top steel
starts to unload elastically. The response after the limit point in Figure

5.8 clearly explains why the top steel unloads, reloads and yields again.

Figure 5.8 : Three-dimensional representation of eguilibrium curve

As a result of this study, it was decided to use av model consisting of 50
concrete layers for the evaluation of the multi~-layered beam model. The
rationale is that 50 layers prévides a satisfactory compromise between the
computation time required for the material calculations ‘with a larger number
of .layers, and the additional computation time required for limit points.
‘In addition it provides a comparable basis for further studies in which a 2

layered model is used. This is discussed further in Chapter 6.
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A typical cyclic moment-curvature response for a section modelled with 50
concrete 1ayers is shown in Figure 5.9. The aspects of bar slippage and
crack development are not included in the calculation of the moment-

curvature response, but are accounted for in the layered beam model. These

200

Moment
(kNm) 150 J

100 |

50 J

-~ 50 +

-100 |

-150 v v v + v

-100 =75 =50 =25 0 25 50 75 100
Curvature (x10-3)

Figure 5.9 : Typical cyclic response

aspects, as discussed in Chapter 3, explain the sharp change in stiffness

which occurs as the moment increases.

5.3 Bar-Slippage Finite Element Model

Numerical tests were conducted in order to detemxihe a computationally
efficient finite element model. The constraints for using the bar-slippage
finite element model as part of the layered beam model was to keep the
‘number 6f integration points as low as possible. mere are two reasons for

this. Firstly, to reduce the computational time, and secondly to keep the
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1

computer storage requirements to a minimum. Results reported by Mercer and
Martin ([17] show that a few higher order elements can be used to achieve

this.

The results reported here concern the cyclic response of a 25mm diameter bar
with an anchorage length of 625mm. The experimental results are reported in
[56]. A sketch of thé anchored bar and the bond stress-bond slip

constitutive model is_shown in Figure 5.10(a). In the finite element model,

=P force

e+ slip
Figure 5.10(a) : Bar-slippage problem

all the integration points have identical constitutive relations. The
results for 1, 2 and 8 four-noded elements are shown in Figures 5.10(b) -

(d) respectively. The experimehtalvresults are indicatedjby a dashed line.

Force
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200

analytical
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0 10 20

Slip (mm)

" Figure 5.10(b) : Results for 1 four-noded element -
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Figure 5.10(c) : Results for 2 four-noded elements
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Figure 5.10(d) : Results for 8 four-noded elements
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The results for a single element are notably different from the experimental
results immediately after yielding has occurred. The results for 2 elements
compare favourably with the experimental results, while the model consisting
of 8 elements shows results which correspond closely with the experimental

results.

Based on these results and those reported in [171, it was decided to use 2
four-noded elements t§ model the bar-slippage response. Incorporated in
this decision are a number of assumptiong which need to be discussed. The
first concerns the variation in the bona stress—bond 8lip characteristics
along a bar anchored in an exterior beam-column joint. The bars are usually
bent with hooks as depicted in Figure 5.11.: Eligehausen et é] [75]
conducted experimental studies on the cyclic response of hooked bars.
Briefiy they concluded that the cyclic bond behaviour of hooked bars was

"superior to that of straight‘barsd for an equivalent length of 5 times the.

bond stress

slip

bond stress

bond stress /////// slip

slip

~. =
[
N

:

beam

column

Figure 5.11 : Variation in bond stress-slip characteristics
. along anchored bar .
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diameter of thé bar.. The variation in the bond stress-slip relationship for
an anchored bar is illustrated in Figure 5.11. Since the program assumes
that the bond,characteristics are identical along the beam, the question of
how these characteristics are chosen needs to be addressed. If the
properties at a bend are used, the model will show little dégradation in
strength, whereas using the properties at the Qeﬁtre of the bar will cause
the model to predict pullout sooner than it would occur if\ reality. In most
of the examples considered in section 5.4 and 5.5 total pullout does not
occur and reasonable .results were obtained wﬁen the bond characteristics at
the centre of the anchorage length were used. The results are discussed

further in section 5.5.

Another assumption concerns the. 'slippage of | the bars in the beam near the
beam-column joint._. This slippagé contributes to the crack widths at the
beam-column interface and depends on the extent of cra.éking aloné the beam
it was assumed that this slippage is approximated simply as a proportion 6f
~ the s:lippage that occurs in the beam-column joint. In view of the other
uncertainties involved, such an assumption does not seem mlreasonaple as
long as pullout of the bar does not occur. Studies showed. that by usu'xg
30-40% of the slippage in the beam;colxmm Jjoint for the slippage in the end
of the ‘bea.m, results for the fixed end rotation corresponded ciosely with

the experimental results.

5.4 Parametric Stm’ of a Ca.ntilevér using the Multi-layered Beam Model

Numerical studies using the proposed layered beam model were performed to
investigate the effect of the | parameters defining the material properties

and numerical approximations. The beam chosen for these studies was from a
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series of cantilever beams tested by Ma et al [33]. The beams are half-
scale specimens of a typical girder in a 20 storey moment resisting frame.
An assessment of the numerical results obtained for some of the other beams

are presented in the following section.

The beam used for these particular studies is referred to as beam R-1 and
was dominatéd by flexural behaviour. Details concerning the beam dimensions
and reinforcement are given in Figure 5.12(a). The area of top steel is

approximately twice the area of the bottom steel. The tip displacement was
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Figure 5.12(a) : Beam R—l
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Figure 5.12(b) : Loading history (Beam R-1)
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prescribed using the cyclic loading éequence shown in Figure 5.12(b). The
experimental load-displacement response for the beam is given in Figure 5.13
where positive load énd displacement are measured downwards. Failure of the
beam was initiated when the bottom reinforciﬁg bars started to buckle after
load poini': 50 (LP50). This is apparent b& the sharp decrease in strength
which occurs from LP54 onwards. |

+— (LP50O)
50 .

3.0

3
==

/g = 4.46
eye, = 0.53
6" . = 053%

Figure 5.13 : Lbad—displacement response for Beam R-1

In the numerical studies with the multi-layered beam model, the concrete was
“modelled using 50 layers as illustrated in Figure 5.14. The properties used
for the concrete constitutive model were based on the experimental concrete
tests by Ma et al [33], and the amount of confining éteel (p") . Similarly,
the values given in [33] were used for the steel.constitutive model. The
parameters used for the bond stress-bond.slip constitutive model were based
on the experimental results given by Eligehausen et al [75] for a bar in
well confined concrete. The values were adjusted for variations in factors
such .as bar size, concrete strength, etc., by using the modifications

-suggested in [75].
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// 40 layers
\ o7 _
s 7 bl - 5 layers
b
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s 70

anchorage length = b + 5 ¢b

Figure 5.14 : Beam R-1, definitions for analytical model

The elastic stiffnesses and yield moments for bending in the positive and
negative directions were obtained from the computer program used to
calculate the moment-curvature response; The . length of the inelastic =zone
was calculated usingfthe eXpected_quimuﬁ moment at the support and the
yield moment. A length equal to 25% of the length of the cantilever proVed

satisfactory for the studies of beam R-1.

"For the parametric study the following aspects were considered :
(i) the  number of integration stations approximating the

inelastic zone,

- (ii1) the bar slippage model,
(iii) ’the steel constitutive model,
(iv) the elastic stiffness, |
(v) the concrete constitutive model,
(vi) the crack closure critérion.

The investigatiohs into each of these aspects is now discussed.
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The number of integration stations for the inelastic zone

For this investigation the results for the three analyses are-presented. In
the first, R-1A , 3 integration stations were used (n = 2 in Chapter 3).
The load-displacement response is shown in Figure 5.15(a). The damage
measures calculated at LP50 are given in Table. 5.1. The stress-strain
relations for the top and bottom‘steel layers are given in Figures 5.16(a)
and 5.17(a) respectively. For the other two analyses, R-1B and R-1C ; 5 and
7 integration stations (n = 4 and n = 6) were used respectively. The
corresponding load-displacement responses are given in Figures 5.15(b) and
(c), and the damage méasures at LP50 in Table 5.1. Comparing the results
for the three analyses, it is evident that the load-displacement responses
are very similar and the differences in the damage measures are relatively
. small. Figureé 5.18 shows the. curvature distribuﬁion along the inelastic

zone at LP50 for the three analyses.

Dissipated
Analysis | FDR | MFDR Energy En Af 4 a,
kNm
R-1A 5.3 2.3 29.1 108 0.81 0.14 1.03
R~-1B 5.4 2.5 28.5 106 0.81 0.15 1.03
R-1C 5.4 2.5 28.1 105 0.82 0.13 1.04
R-1D 6.5 2.7 42.2 156 0.85 - 1.04
R-1E 4.9 2.1 35.2 130 0.80 0.14 1.03
R-1F 5.4 2.2 29.0 107 0.81 0.14 1.03

¢

Table 5.1 : Results of parametric study for Beam R—ll

In summary, the results show that when only 3 integration stations are used
for the numerical approximations in therinelastic zone, results are obtained
which correspond closely with the results when more integration stations are
used. | ‘Three integration stations are used for all further analyses

\

presented in this chapfer.
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Figure 5.16(b) : Beam R-1D, top steel
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The bar slippage model

The purpose of this investigation was to determine the inf luehce of the bar-
slippage model on the calculated response of the proposed layered beam
model. In analysis R-1D, the bar-slippage model was excluded from the
numerical model of R-1A. The load-displacement response is given in Figure
5.15(d), and the top and bottom steel stress-strain relations are given in
Figures 5.16(b) and 5.17(b) respectively. The results of R-1D confirms the
expected behaviour of the beam when the bar-slippage is ignored. This is
demonstrgted By comparing the envelopes for the load-displacement responses
in Figuxje 5.19, where for example, a displacement at a particular load in

R-1A is larger than the corresponding displacement in R-1D. The steel

stress-strain responses for the bottom bars indicate that larger compressive

150
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100

50

- 50

=100

~-80 =40 0 40 80
Displacement (mm)

Figure 5.19 : Comparison of envelopes for R-1A and R-1D
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strains are obtained for R-1D than R-1A. This is a result of the
assumptions concerning bar-slippage and strain increment compatibility.
Table 5.1 shows that significantly more energy is dissipated in R-1D as well

as consistently higher values for all the other damage measures.

The steel constitutive model

It is generally accepted that the cyclic response of reinforced concrete
beams is dominated by the behaviour of the steel. Two aspects of the steel
behaviour that are important in defining the constitutive relation were
studied. The first was the parameter used to define tile amount of
hardening. The actual stress-strain response for‘ monotonic loading is shown
in Figure 5.20. This is approximated by a bilinear model and clearly the
slope chosen to represent the hardening depends on the maximum stram that
is expected. The amount of hardening was found to have a significant
influence on the response. The conclusion drawn from this was that it is
important to choose this parameter carefully. The second aspect concerns

modelling of the Baushinger effect. Experimental results given by Ma et al

A bilinear model

{-

experimental

Stress

”~

e
>

strain

Figure 5.20 : Steel stress-strain relation
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[33] were used to determine the parameters used to define the amount of
curvature. These parameters were used in R-1A. An analysis was performed
to determine whether a simpler bilinear elastic-plastic model could be used
for the steel constitutive relation. For R-1E the curvature parameters were
adjusted to obtain an approximately bilinear elastic plastic steel model.
‘The load-displacement response is given in Figure 5.15(e), and the
stress-strain relations for the top and bottom steel in Figures 5.16(c) and
5.17(c) respectively. The damage measures in Table 5.1 show a significant

increase in the amount of dissipated energy when compared to R-1A. However,

the amount of flexural damage decreases. A comparison of the envelopes for
150
Load — R-
Pt R-14

. e = e = = = R=1E

100 .

50

- 504

<100

-80 -40 0 : 40 : 80

Displacement (mm)

Figure 5.21 : Comparison of envelopes for R-1A and R-1E.

the load—displacéhent responses in Figure 5.21 shows a significant

difference in response when the load is acting up and when the load starts
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to act downwards. These results show that a simpler constitutive model for
the steel cannot be justified for reinforced concrete members subjected to

large cyclically applied loads.

The elastic stiffness

As a result of the differences in the areas of the top and bottom
reinforcement, the elastic stiffnesses for positive and negative bending

differ. For beam R-1 the elastic stiffnesses are : EI+ = 10.4 x 106 Nm2 and

EI” = 15.4 xv106 Nm2 . In R-1A the average of these two stiffnesses was
used for positive and negative bending. This assumption consequently
reduced the computations required. An analysis R-1F, was performed in which
the different stiffnesses for positive and negative bending were used. The
load-displacement response for R-1F is given in Figure 5.15(f) and the
damage measures in Table 5.1. A comparison of the results for R-1F and R-1A

shows 1little difference. Therefore, using an average stiffness for

rectangular sections is justified.

The concrete constitutive model

Variations in the material properties which define the concrete constitutive
model were considered. The purpose was to determine the sensitivity of the
analytical model’s response. The one aspect that was found to have a
notable effect on the response was the rate of softening of the concrete.
This illustrates the importance of including a dependence of the amount of
hoop steel in the model. Small variations in other material prbperties did

not produce such notable differences in the response.

The crack closure criterion

Changes in the value of the initial crack width were found to have little

effect on the response of the analytical model.
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In summary, it is eviden£ that the layered beam model produces results which
are consistent with the expected trends. For example, the case of the beam
modélled with the bar slippage effect included and compared to a model of
the beam where the effect is ignored. The results also highlight the
importance of including the Bauschinger effect in the steel constitutive
model. It has also been shown that the inelastic zone can be adequately

modelled with three integration stations.

5.5 Comparison of Results Predicted by Multi-layered Beam Model with
Experimental Results

To validate the layered beam model, numerical results were compared with
experimental results for a series of cantilever beams and an exterior beam-
column connection. The experimental tests of Ma ef al [33] were conducted
w1th a series of cantilever beams, one of which was used in the parametric

study in section 5.4. Five out of a total of nine tests were used in this
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Figure 5.22 : Beam section details
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i

study. The beams consisted of rectangular and T cross-sections, all with
the same length. The reinforcement details are given in Figure 5.22. All
but one of the beams examined in this thesis failed as a result of flexure.
The exception was beam R-6 which failed as a result of shear. The loading
histories are given in Figure 5.23. The beam~column connection was chosen
from a series of tests conducted by Ehsani and Wight [31] in which the

response was dominated by anchorage failure.
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For all the analytical results, 3 integration stations were used to
approximate the inelastic zone. The yield moments were obtained by
calculating the moment-curvature responses and the concrete was assumed to
have no tensile strength. Bar-slippage at the end of the beam was taken as

40% of the slip in the anchorage block or beam-column joint.

—— o s e . s

The experimental and predicted load-displacement responses are given in

Figures 5.24(a) and (b) respectively. The envelopes for these responses are
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Figure 5.24(a) : Beam R-1, Figure 5.24(b) : Beam R-1,
experimental response , analytical response

compared in Figure 5.25. The results show that the analytical model tends
to overestimate the load in the downward direction. The damage measures at

various stages of the response are given in Table 5.2. 1In the first two
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columns of Table 5.2, the percentage of the total displacement due to bar-
slippage at the support is compared with the experimental results. The

predicted results are considered acceptable in view of the assumptions made

150

Load —————— analytical model
(kN)

______ experimental

100 <

50 |

- 50 .

Displacement (mm)

Figure 5.25 : Comparison of envelopes, Beam R-1

in modelling the bar-slippage. At LP50 the concrete at the joint started to
lose its integrity and‘duringv the following cycle (LP54) failure of the beam
oocured when the bottom reinforcing bars buckled. The FDR and dissipated
energy compare well with the experimental results and the results given by
Banon [7]. The MFDR predicts that failure is initiated earlier than LP50.
The amount of anchorage damage A, is small when the beam fails. The
concrete damage measure Ac correctly indi.cates that the concrete cover to

the bottom reinforcing bars is lost between LP38 and LP50.
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Load % Bar-slippage FDR MFDR | Dissipated
Point | Experimental , Predicted Energy En A N 4,
kN

LP14 25 34 1.1 0. 0.4 1 0.10 0.05 0.09
LP26 32 26 2.1 0.8 3.1 9 0.51 0.05 0.50
Lp38 23 21 4.3 1.6 13.3 40 0.77 0.09 0.97
LP50 30 23 5.3 2.3 28.1 88 0.81 0.12 1.03
LP54 6.3 2.3 35.6 108 0.84 0.14 1.03
Experiment 37.8 123

Banon et al [7] 6.8 116

Table 5.2 :

Results for Beam R-1

The beam R-4 is similar to R-1 in terms of reinforcement and concrete,

however the loading history is very different and only consists of one large

cycle. The load-displacement responses for the experimental and analytical
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results are compared in Figure 5.26 and the damage measures given in Table
5.3. The predicted results correlate well with the experimental results up
to LP13, but differ substantially when the loading is applied in the
opposite direction. This explains the differences obtained for the
dissipated energy. The predicted results correspond fairly well for the
rest of the cycle to LP16. Buckling of the steel occurs during the end of
the first cycle and beginning of the second cycle. The concrete damage
measure at LP13 indicates that the concrete around the bottom steel bars is

totally damaged.

Load % Bar-slippege FDR MFDR | Dissipated
Point |Experimental 6 Predicted Energy En Ag A A,
kNm
P13 25 23 6.3 2.9 9.2 35 0.84 0.14 1.01
P16 26 10.4 3.1 26.0 99 0.90 0.20 1.01
Experiment . 37.9 122
Banon et al [7} 10.6 98

Table 5.3 : Results for Beam R-4

This beam contains equal amounts of top and bottom reinforcement. The
experimental load-displacement response is given in Figure 5.27(a) and the
predicted response in Figure 5.27(b). The envelopeévfor these responses is
compared in Figure 5.28. The predicted response is larger in both the
positive and negative loading directions. The beam failed as a result of
shéar in the load cycles following LP50. Pinching of the load-displacement
response ié evident during these cycles. The layered beam model cannot

reproduce the shear degradation and consequently does not show the pinching
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effect or predict failure at LP66. The damage measures are given in Table

5.4,
Load % Bar-slippage FDR MFDR | Dissipated
Point }Experimental, Predicted Energy En ¢ 4 A
c
kNm
LP26 27 26 2.2 0.43 1.9 5 0.54 0.05 0.1
LP38 18 19 3.96 0.76 15.0 37 0.75 0.07 0.20
LP50 27 17 5.64 0.97 40.5 100 0.82 0.10 0.35
LP66 5.64 0.97 100.1 247 0.82 0.14 0.66
Experiment 83.4 206
Banon et al [7] 7.4 182

Table 5.4 : Results for Beam R-6

This beam has a T cross—éection with different amounts of top and bottom
reinforcement. The beam is modelled with different stiffnesses for positive
and negative bending. The experimental and predicted load-displacement
résponses are given in Figure 5.29(a) and (b) respectively. A comparison of
their response envelopes is given in Figure 5.30. The only parts of the
response that do not correspond well are those where the load is reduced in
the downward direction and increased in the upward direction. The beam
failed in flexure with the bottom steel buckling before it fractured. The
damage measures are givén in Table 5.5. The analytical model predicts
failure after LP38. The experiﬁental results show that for LP50, the load

is distinctly less than at LP38. Failure has clearly occurred by LP54.
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Load % Bar-slippage FDR MFDR | Dissipated
Point |Experimental, Predicted Energy En g a, a,
kNen ’
LP26 38 22 3.0 1.1 7.2 22 0.66 0.05 0.97
LP38 37 22 4.4 2.1 20.0 62 0.77 0.13 1.0
LP50 42 25 5.6 2.9 39.7 123 0.82 0.19 1.01
LP54 6.3 3.0 48.2 149 0.84 0.24 1.01
Experiment 58.6 181
Banon et al [7] 9.0 [ 169
Table 5.5 : Results for Beam T-1
BEAM T-2

The only difference between beams T-1 and T-2 is in the loading history{

Beam T-2 had less than one cycle of loading before the bottom steel

fractured. A comparison of the experimental and predicted load-displacement
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Figure 5.31 : Comparison of responses, Beam T-2
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responses is given in Figure 5.31. « Up to LP9 the results compare well,
however when the loading is applied in the upward direction the results

differ. The damage measures are given in Table 5.6.

Load % Bar-slippage FDR MFDR | Dissipated
Point |Experimental, Predicted Energy En A £ Aa Ac
kNm
LP 9 21 24 9.9 2.5 17.8 55 0.90 0.27 1.01
Experiment 26.4 81
Banon et al [7] 11.4 63

Table 5.6 : Results for Beam T-2

BEAM-COLUMN CONNECTION 4B

Pl

The configuration and dimensions for the beam-column connection tested by
Fhsani and.Wight [31] is given. in Figure 5.32(a). The loading history used
to prescribe the displacement at the tip of the cantilever is illustrated in
Figure 5.32(b). The colum has an initial axial force of 220 kN. The
experimental load-displacement response is given in Figure 5.33. Halfway
through the loading sequence pullout of the beam reinforcement from the
joint occurred as well as some slippage of the column reinforcing bars.
This resulted in a significant loss of strength and stiffness. Bar-slippage
was modeiled for the main reinforcing bars but not for the column
reinforcement. The beam and columns were modelled with inelastic zones near

the joint. For the beam, the reinforcement was approximated by two steel
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layers, a top layer and a bottom layer. The analytical model prediéted
results which compared favourably with the experimental results up to the
point when pullout started as shown in Figure 5.34(a). The experimental
fesults showed some pinching due to shear and slippage of the column
reinforcement. This was not reproducéd by the analytical model. When -
pullout was predicted by the analytical modei, it occurred suddenly and
strength was lost quickly. In the experimental results the strength loss
was more gradual. The reason for this difference is primarily the result of
the assumption used for the bar-slippage model that the same bond
stress-slip constitutive model applies at all integration boints along the
‘beam. By adjusting the rate at which damage occurred in the bond
stress-slip relationship, pullout of the bars was not predicted during the

response as illustrated in Figure 5.34(b).
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Discussion of Results

The results obtained using the multi-layered beam model for flexurally
dominated responses compare favourably with ﬁhe éxperimental results.
Differences were observed in two aspects of the load-displacement responses.
The first concerns the higher loads achieved with downward loading for beams
subjected to a number of cycles. This feature is not evident in beam R-4
and T;-Z where only one large cycle of loading was considered. One likely
explénation is that the concrete éonstitutive model does not consider any
loss of strength or energy dissipation .during unloéding and reloading. The
predicted model thus overestimates the strength of thé concrete. The seéond
aspect concerns the difference in the load-displacement response when the
loading starts to be applied in the upward direction. This difference is
' .sigzlificant at the larger cycles and results in the dissipated energy being
mxderesti:ﬁated. | At first it was thought that the differences were the
result of the unloading conditions in the concrete. However, a studyvshowed»
little difference in the results that were obtained when the parameters of
the concrete model were changed and when the crack closure criterion was
varied. |

A plausible argwneﬁt for the differences concerns the mechanics of the crack
closure. The experimental results.indicate that the crack starts to ‘close
when the load is zero, whefeas the analytical model predicts cracl; closure
closer to f,he point of =zero displacement. This would account for the
diferences; in the response between zero load and zero displacement,
especially evi:dent in beams R-4 and T-2. For. loading in the opposite
direction, the crack that is developed in the lower half of the beam ‘is
larger due to the di'fferences in area of the top and bottom reinforcing
steel. Consequently, crack closure occurs around the point of | ZEro

displacement. The differences in the predicted and expérimental results are
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not significant in this case, see thé response of beam T-1 for example,
Thus the mechanics concerning the crack closure are not modelled accurately
enough in one loading direction. There are two possible reasons for this,
reither the crack closure criterion needs to be adjusted to account for the
loading direction, or the bar-slippage characteristics are not modelled
accurately enough. In respect of the dependence of crack closure 6n loading
direction, a f)léusible explanation ooﬁld be that for loading in the downward
direction, small pieces of broken concrete would be trapped in the craék
thereby resulting in early closure of the crack. When the loading is in the

upward direction, broken concfete would tend to fall away from the érack.
| As far as the bar-slippage characteristics are concerned, a straightforward
explanation is not forthcoming. In tension, the bar-slippage model under-
estima'tes the amount of slip due to the assumptions of a uniform bond stress
| slip relationship along the mcho@ bar. Numerical tests were conducted in
which the amount of slippage in the top steel was artificially increased for
Beam’ T-2. The results obtained were somewhat closer to the experimental
results. Further numerical studies are requlred using a more accurate bar-
slippage model to ascertain the influence of this aspect on the response of
the beam. It would therefore appear that the bar-slippage model requires
variable bond stress-slip cénstitutive models in order to rectify the above
problem and to predict pullout correcﬁly in the response of the beam-column

connection 4B.

.Genera.lly, the FDR and diSsipe.ted energy damage measures produced results
similar to those given by Banon et alﬂ [7). The MFDR damage measure tended
to predict | the onset of failure sooner than when it occurred in the
experiments. The anchorage damage measure Aa was- generally small for all

the cantilever examples. However, it was shown to be capable of predicting
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the onset of pullout in the beam-column connection example. It was noticed
to be very sensitive to the rate of strength degradation allowed in the bond
stress-bond slip constitutive model. The concrete damage measure Ac
predicted the onset of strength degradation in all the experiments which
failed with buckling of the bottom bars. Further experimental results are
required to substantiate the critical strain value used in calculating Ac .
The damage measure can be enhanced by including some dependence on the shear
action at the beam-column interface. The analytical model would then be

able to predict the failure of beams such as R-6.
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CHAPTER 6

TWO-LAYER BEAM MODEL

A simplified analytical mpdel in which the concrete is modelled using only
- two layers, is presented in this chapter. The multi-layered beam model
described in Chapter 5 requires a large amount of data manipulation, storage
and computational tJ.me when for example 50 layers are used to model the
| concrete. The purpose of the two-layer model is . to provide a
computationally efficient model for the cyclic response of reinforced
~concrete beams. By ‘computationally efficient’ it is implied that the model
requires less storage, less computational time_ and retains a certain degree
of accuracy. The important aspects that need to be addressed in developing
such an approximation include the area and position qf the concrete layers
and the concrete stmss-stfein relation to be attributed to‘ the two concrete
layers. : The moment-curvature relationship foxﬁs the besis of the procedure
used to evaluate these quantities. ‘This is discussed in section 6.1
followed by a comparison of the results obtained using the multi-layered

approach in Cha;i"oer 5.

6.1 Moment-Curvature Relationship

The procedure to determine the position, area and constitutive_ relation of
the two concrete layers, ‘uses' the monotonic moment-curvature relationship
for a section in which the concrete is modelled with 50 layers. The first
step is to determine this relationship over the expected range of
curvatures. This relationship for beam R-1 in positive bending is shown in

Figure 6.1. At a particular curvature ¢ , the distribution of stresses and
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Figure 6.1 : Moment-curvature relationship (50 layers)

forces acting at the section is shown in Figure 6.2. The distributed
compressive force in the concrete can be represented by an equivalent .fomé
Fod which is equal to the total foroe in the concrete. The equivalent foroe
qu acts at a position y above the bottom of the beam, such that the moment
for the séction remains the same. Assuming that the equivalent force qu is
the force in a lee layer of concrete with its height given by y , then

the stress in the concrete layer o_ can be determined from the stress
5 X

- profile as shown in Figure 6.2. The area of the layer is then simply given

as

Fcd
. ©
A} - ;-— . (601)
Yy
The equivalent force is calculated for other curvatures ‘;j y in the range of
interest. The subscript j is used to distinguish the results for ome

curvature from another. The equivalent forces are then (ng)j y the

positions (S")J. and the concrete areas (A-)j .
Yy
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Figure 6.2 : Equivalent force at a section

Average values for the concrete areas and the positions are cal;:ulated and

defined as
Aavg = average {(A§)j} | (6.2)
Yavg = average {(y)j} . | © (6.3)

These values now define the area and position of the top concrete layer. A
similar procedure can be followed using the moment-curvature relationship
for negative bending to determine the area and position for the bottom

concrete layer.

The constitutive relation for the equivalent concrete layer can be
determined by using the area and pﬁsition of the concrete layer with the

moment-curvature relationship for the multi-layered model at specified
curvatures OJ. + The equivalent stress for ‘j can be obtained by dividing

the equivalent force by the area of the equivalent concrete layer

(c°%) T——(qu)j (6.4)
c s = . o
Y avg . _
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Figure 6.3 : Equivalent strain for concrete layer

Using the strain profile for ¢ and the position of the layer ;'a -

y the
equivaient strain for the concrete (eeq)j can be obtained as showm in F:Lgure
6.3. The equivalent stress and equivalent strain values are obtained at all
the specified curvatures “j + The resulting stréss-strain relationship for
the top concrete layer is depicted in Figure 6.4 where the circles indicate

the results obtained for each prescribed curvature. The parameters defining

40

Equivalent
Stress
(MPa) 30

Equivalent strain (x10f3)

Figure 6.4 : Equivalent stress-strain relation for top concrete layer
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the concrete damage constitutive relation are adjusted to obtain a
.stress-strain relation for monotonic loading which matches the equivalent
stress-strain relationship as closely as possible over the expected strain

range. These two relations are compared in Figure 6.5.

40

Stress
(MPa)

damage model

30 |

o equivalent stress=-
strain

Strain (x10-3)

Figure 6.5 : Constitutive relation for top concrete layer

40
Stress
(MPa)
30 |
o ° ° 9
damage model
o equivalent stress-strain
relation
0 5 10 15

3

Strain (x10°°)

Figure 6.6 : Constitutive model for bottom concrete layer
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The matching process is more diff_icult for the bottom concrete layer. It is
not possible to obtain a damage constitutive relation to match the
equivalent stress-strain relationship shown in Figure 6.6 at all strain
measures. The equivalent' stress-strain relation at the lower strains
(~1x 10_3) occurs when the section starts to yvield. Since the maximum

expected strains are of the order 10 x 1075

' the range of strains 5 - 10 x 10~3

s the relationship is matched in
. Consequently, poor correlation for the
moment~curvature response is expected when yielding occurs.

The moment-curvature relationship for the two-layer approximation of the
section is compared in Figure 6.7 with the moment-curvature relationship

obtained using 50 vconcrete layers. Further insight into the behaviour can

400

Moment
(kNm)

3004 2 layer model

e— - e 50 layer model

200

100 |

0 0.1 0.2 0.3 0.4

Curvature ¢
" Figure 6.7 : Moment-curvature relationship for positive bending moment

be obtained by making a similar comparison for the total concrete force
plotted against the strain in the top steel layer; this canpgrison is shown

in Figure 6.8. The relationships show that the two-layer approximation
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Figure 6.8 : Force-strain relationship for top concrete -
(positive bending moment)
produces good results for all strain measures. The results for negative

bending are given in Figures 6.9 and 6.10. Thé results clearly show that

around the yield point the correlation is poor but improves at larger

strains. o
400
Moment
(keNm) 2 layer model
300 T | e — - 50 layer model
200 4
100 A
0
0 0.1 0.2 0.3 0.4
Curvature ¢
,

Figure 6.9 : Moment-curvature relationship for negative bending moment
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Figure 6.10 : Force-strain relationship for bottom concrete
(negative bending moment)

If it was necessary to reproduce the response around the yield point only,
then different .parameters for the constitutive relation would have to be
used. The section would then not be able to approximate the response for

larger curvatures very well.

The cyclic response of the constitutive model for the equivalent concrete
layers is assuned to be identical to the behaviour of a layer in a multi-
~ layered model. Since the -concrete damage model ideally unloads to the

origin, such an assumption can be justified.

6.2 Results for Two-layer Beam Model

In this section, the results for the cyclic response of the cantilever beams

using the two-layer ‘beem model are compared with the results for the
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multi-layered model presented in Chapter 5. The procedure outlined in
section 6.1 was used to obtain the equivalent concrete layers and their
congtitutive relations for each of the cantilever beams. The critical
damage variable used in the concrete damage measure A, is obtained from the
moment—curvature relatio;lship for the two-layer model. It is defined as the
~ damage variable for the equivalent concrete layer at the failure curvature.
This failure curvature is the curvature at which the concrete damage measure
Ac y in the multi-layered m_odgl reaéhes the value of one. The remaining

damage measures have the same definitions as in the multi-layered model.

The results obtained for beam R-1 using 50 concrete layers and two oa;cmte
layers are given in Figures 6.11(a) and (b) respectively. A éomparison of
their load-displacement response envelopes is shown in Figure 6.11(c). The
stress-strain responses for the vtop and bottom steel layers are given in
Figures 6.11(d) - (g). The load-displacement responses for beams R-4, R-6,
T-1 and T-2 using 50 layers and the two-layer model are presented in Figures

6.12 - 6.15 respectively. The damage measures for all the beams are given

in Table 6.1.
% Bar Blim'age Dissipated
Beam Experimental |Predicted| FDR | MFDR Energy En Ae 4 1,
kNm

R-1 (50 layers) LP50 30 23 5.3 2.3 29.1 88 0.81 0.12 | 1.03
R-1 (2 layers) LP50 30 20 5.5 1.9 30.0 91 0.82 | 0.13 1.02
R-4 (50 layers) LP13 25 23 6.3 2.9 9.2 35 0.84 | 0.14 1.01
R-4 (2 layers) LP13 25 17 6.5 2.3 10.0 38 0.85 | 0.12 1.01
R-6 (50 layers) LP66 ’ 19 5.6 0.97 100.1 247 0.82 | 0.14 | 0.66
R-6 (2 layers) LP66 16 6.0 0.85] 101.5 250 0.83 | 0.14 | 0.62
T-1 (50 layers) LP50 42 25 5.6 2.9 39.7 123 0.82 | 0.19 1.01
T~1 (2 layers) LP50 42 24 5.5 2.7 40.0 124 0.82 | 0.17 1.01
T-2 (50 layers) LP 9 21 24 9.9 2.5 17.8 55 0.80 | 0.27 1.01
T-2 (2 layers) LP 9 21 20 11.2 2.3 18.8 58 0.91 § 0.20 | 1.01

Table 6.1 : Comparison of damage measures
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Figure 6.11(c) : Load-displacement envelopes, Beam R-1
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Figure 6.12 : Load-displacement responses, Beam R—4

The results do not correlate well around the point of yielding in "some
cases. However, é,t l_a.rger response levels there is generally good
correlation. For all the beams, the damage measures obtained with the two-
layer model shéw little difference when compared to those obtained using 50
concrete layers. There is also no difference in the predicted onset of
failure for the beams in flexure. This underlines the need to obtain a good
correlation in the moment-curvature relationship for the 50 layer and the
two~layer models at the maximum expected curvature range. Matching the
relationships at lower curvatures would result in a model that produces good
resulf.s for low levels of cyclic loading, but would not predict the onset of

failure very well.
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Figure 6.13(a) : Load-displacement response, Beam R-6, 50 layers
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CHAPTER 7

CONCIUSIONS AND RECOMMENDATIONS FOR FURTHER RESEARCH

In this thesis, a ‘model for the cyclic response of reinforced concrete
members has been described. One of the objectives was to explicitly include
in the model the mechanics contributing to the cyclic behaviour of typical

reinforced concrete members.

The important sssumptions contained in the model are, firstly, that the
member deforms w1th double curvature bending, and, secondly, that the
deformations are primarily due to flexure and slippage of the reinforcement
in the beam-column joint. For the analytical model, the cross-section is
represented by a number of steel and concrete layers,‘ while along the length

of the beam inelastic zones are defined at the ends. -

Attention was paid to the constitutive models used to describe the cyclic

response of steel, concrete and the steel-concrete interaction, as well as

the aspect.s concerning the implementation into a computer code.

From the results presented in this thesis, the following major conclusions
were reached :

1. A'I‘he proposed layered beam model successfully models the cyclic
behaviour of reinforced concrete cantilevers. The model includes
the essential mechanics which affect the cyclic behaviour. The
study included members with loading histories consisting of either
a single iarge amplitude cycle, or a nﬁnber of cycleg at a lower

loading amplitude.
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The concrete damage model is a simple yet effective constitutive
model. It also provides a useful basis in a damage measure for

predicting the onset of flexural failure in beams.

It is important to include the Bauschinger effect in the steel

constitutive model.

The effect of bar-slipﬁaQe in a beam-~column joint needs to be
included‘ in the modelling process. | With a finite elemgnt
representation for the bar slippage model, it was shown that only
a few higher order elements were required to produce satisfactory
results for a stré.ight bar. For a bar with a hooked end, the
assumption of a kuniform' bond stress-slip relationship along ‘the

bar is not satisfactory.

The concept of strain increment compatibility at the cracked
interface of a beam-column joint is effective in modelling the
mechanics of crack closure.

.
The concrete damaée measure successfully predicts the onset of
flexural failure for the cantilever components studied. It is not

clear how good the anchorage damage measure is.

A two-layered beam model produces results which correspond closely

with the results for a beam modelled with 50 concrete layers. The

improvement in canputatloml time is significant. For the two-

layer and the 50 layer models, an average of 28 and 15 increments

- per CPU second respectively were achieved for a typical cantilever

problem.
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8. The solution strategies adopted, as well as the numerical
algorithms in which Newton methods are used to solve the nonlinear

equations, provided a robust model with good convergence rates.

The work reported in this thesis is considered the first development stage
of the proposed layered beam model. Various aspects have been identified

for further development of the model; these are now discussed.

The bar-slippage model needs to include the variations in bond stress-slip
relation along an anchored bar. Included in this development, would be the
enhancements to the bond stress-slip constitutive relation to account for
the variations .in positive and negative slip in unconfined concrete.
Another aspect to be considered is modelli.ng of the cyclic behaviour at an

interior beam-column connection.

The layered beam model can be improved by including shear deformation. The
way in which this shouid be accomplished needs to be investigated. 1In
addition the concrete damage measure would have to be enhanced to include
some dependence on the shear rieformation. Once a clearer understanding has
been obtained for _the cyclic response of beem in which shear deformation
plays an important part, parametric studies are required with the objecti\}e

of simplifying some of the modelling aspects.

Another aspect that needs to be addressed is the efficiency of the
computations. Itr is important to reduce f.he computational time as much as

possible, if such a model is to be of practical use to the engineer.

A significant amount of expertise is required by the engineer so that he can

correctly specify the input needed for the nonlinear solution algorithms and
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the modelling aspects. One way of assisting the engineer would be to
" disseminate heuristic knowledge of the modelling process. The acquisition
of such knowledge requires the use of traditional and artificial
intelligence techniques. Recent research by Hawla {77] addresses these

issues.

Finally, further study into the concrete damage measure Ac is required in
order to better calibrate the damage measure with experimental results.

"Recent work by Scribner [78] provides a valuable starting point.

’
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APPENDIX A

NUMERICAL INTEGRATION CONSTANTS FOR INELASTIC ZONES

The following integrals are calculatged using Simpson’s Rule. The

nomenclature is defined in Figures 3.14(a) and 3.14(b).

a
X
. _ “a
(i) I ¢ dx = 33{¢A+¢a}
A
X, '
+.33{4¢i} tiodd, 1 ¢1i¢n-1
Xa
+ .33{201] :1»even,2_(_1v5n—2,
(A.l)
a x x
_ ‘a f _ (3n+l1) a
A .
X, 10xa
Xy 4xar
+.33 = {n-1-1) ¢i:10dd,1515n-—3
x fl14 x
+'3%"3'rT3’i :ieven, 2 (i< n-2
<i<¢<n4

*a 2 *a . .
M R (n-2-i) ¢, 1 even, 2«
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The function R(Oi, Oj) in equation (3.31) is given as

e - [ R

Q(e., ¢.) =
1 J Le
'x2 .
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12 1780 (1 1-i)b e odd, 1 ¢ i ¢ n-3
T )% Bn n-l-i)e ¢ 1odd, 1¢1<m
x2
-{%[3%];41 ieven, 2 ¢i ¢ n-2
: x2 i
- 18 el (p2-i)le :ieven, 2 < i ¢ n-4
z:ﬁ- i . ‘i - -
4
10 %o *p
+{2:[’di +-3171"}'.) jodd, 1 < j ¢ m1
_,,Cbz |
12 : o .
+ {?; 3;} (m—l-a)}od tjodd, 1 ¢ j ¢ m3
-2
14 [®o * L .
+ e_e.,.il +qﬁ-}o‘) t Jeven, 2 ¢ j ¢ m-2
x'b2
6 . . s .
+ {?: BE] (m—2-a)}oj s jeven, 2 < Jj ¢ m4

v , | : .
+ {%_ [;%] +.§§} Y - (A.6)



192

APPENDIX B

SOLUTION ALGORITHM USING ARC-LENGTH METHOD

The arc-length method as suggested by Crisfield [76], is used as the basis
for a solution algorithm to solve the set of nonlinear equations given in

equation (3.40).

Writing equation (3.40) in terms of a loading parameter A we have

gmtzg*:Ag+é (B.1)
F*
where A =
{0
0
and P = .
1 .
The resudual form of equation (B.l) is written as
v
$=(AP+A) -F" (B.2)

This equation is expressed in the form, where we require that

P(A+6A)=0 . , ' | (B.3)
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Expanding equation (B.3) we have

v

P(A+ 6 A P(A —
(A + ) = B(A) + 6 A =

P(A) + 6 A P . (B.4)
Casting equation (B.2) in an iterative form, we have for iteration i
e, i -
[J] A:‘-o ==-P(A" +6127) . _ A {B.5)
- Substituting from equation (B.4), equation (B.5) reduces to

: i
ol s wmlsate (B.6)

or
=oe +6a At . | (B.7T)
~0 ~0 ~ _ .
The total incremental displacement is defined as
i+l

b  =°21+°§.0-‘ ' (B.8)

If a modified Newton-Raphson method is used, the vector Ag* need only be

calculaﬁed when the st.iffness_ matrix is reformed.

A constraint equation is used to fix the ‘incremental 1length’ during an

increment. Crisfield [76] suggests an equation of the form v
) = ae™ _ (B.9)

where &¢ is scala.r quantity determined at the start of an increment,

and superscript T denotes the transpose of the vector.
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12.

13.

Given Ei'nt t * &40 a¢
Determine [J)
Calculate 82° : Solve [J] 8¢* = - P
ae® = (ae*)Tiee)
82° = ax* ﬂ‘.
8e° = (8e")0n°
Set counter i = 0
bepiar = 067
5—:,+At et B ot
:.-O-M: = A+ 0°

| t.1
Calculate (Fm tMt

1_ 1 t
Calculate ! = (A1, P+ A) - B0

Start iteration loop , izi+l
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Solveforroots(ckl,okz)ofalclt +326A+53

Choose correct root & A™
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Update A ¢ = Aeat
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>

i+l i
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itl _
Calculate » = (A t+At

~ t#bt

Check cawergence, go to step 6 if solution hes not
- converged

0

Teble B.1 : Solution algorithm employing arc-length method
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Substituting equations (B.7) and (B.8) into (B.9), the following quadratic

equation is obtained ;

i.2 i _
al(sA)+a26A +a3-0 (B.10)
where a = (8ch)(ach)
a, = 28" + o) T(6e®)
PV SPCN TP S 2
a, = (Be™ + Be) (Be™ + Be) - B¢ .

Further details on choosing the correct root for equation (B.10) and the

procedure for obtaining the ‘length’ 8¢ are given in [76].

A soiution scheme which is based on the arc-length method described above,
is given in. Table B.1. It is assumed that the result of equation (B.i) is
known at time t . The solution scheme is used to obtain the fesult of
equation (B.1) at time t+At (for each increment ot | is calculated once
convergence has been obtained). Note that in equation (B.Z2). , F* alvays

remains constant.





