
































































Thus X(3) is not smooth either. 

STEP 3: Suppose for i = N 1, 

then 

X(N-I) (3);::;' X(N) (2) 

For i = N 

and 

X(N) (3) = X(N-Ij (1) + X(N-lj (2) + X(N-I) (3) 

X(N+lj (2) = X(N) (1) + X(N) (2) 

:= X(N-l) (I) + X(N) (2) 

Substitute X IN) (3) and X(N+l) (2) into (3.2.5), then 

c:(N) 
3 

X(N-I) (1) + X(N-I) (2) + X(N-I) (3) 
X(l>l-l) (1) + X{N) (2) 

Now substitute (3.2.4) into the right hand of (3.2.6), 

(3.2.4) 

(3.2.5) 

(3.2.6) 
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l.e. 

X(X-I) (1) + X(N-I) (2)+ X(N-I) (3) X(,\'-I) (1)+ X(,\'-I) (2) + XU,-l) (3) 
----~~~--~~~----~>----~~~--~~~----~ 

X(N-I) (I) + X(N) (2) - X(,\'-I) (1) + X(N-I) (3) 

X(N-l) (2) 
1+ X(N-I) (1)+ X(N-l) (3) 

~1 

which means X(N) is not smooth and the lemma is true. 

Therefore, if we cannot get a smooth series for X(O) and X(I) , we should stop trying any 

higher order AGO for the purpose of modeling. We have to tum to other generating methods, 

such as partial grey operations. 

3.3 Grey Differential Equation and Grey Model 

The grey system theory treats a random process as a grey process which keeps changing in a 

specific time and space profile. The random discrete series is considered implying a potential 

internal relation and hence the randomness can be effectively weakened through transformation. 

The grey system theory features in modeling on the generated data rather than the original ones. 

Another characteristic of grey modeling is that it may use a small set of data, with the minimum 

of four. The conventional statistical methods often require large amount of data which is not 

always available. Even if we acquire the whole data, the information is in fact not with the same 

contribution. Old information should have less effect on the moving trend than the new one. 

Grey modeling just overcomes the shortcoming of sample size requirement. With a limited 

number of time effective data, it gives quite reasonable analysis and accurate prediction. 

The Grey Differential Equation is the core idea of the grey system theory, based on which the 

Grey Model (GM) is constructed. A GM is usually built on a series by l-AGO or 2-AGO, which 

requires the original series to be nonnegative. For different series, and depending on our various 
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objectives, it is possible to build different GM models. A GM is usually expressed in the form of 

GM(n, 11), where n is the order of the differentiation and 11, the number of series (not the 

number of data in a series) being used in constructing the model. 

3.3.1 GM(n, h) 

Using N to represent the number of data in a series on which GM is built and calling it 

N-dimension (short as N-dim), let us consider the time series 

Its GM(n, 11) can be written in the form of 

ii-I 

L)JX;~I 
1=1 

where 

k 

X,(i) (k)= IX,(O)(s) for i=1,2,.··,I1; k 1,2,··,N 

For equal time step, 

t1t :::: 1,+1 tl = Const :::: 1 

then the differentiation can be replaced with 

and 

Now the GM(n, 11) becomes 
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Since 

the GM( 11, h ) further becomes 

I.e., 

n h~ 

La,I(n-i) (XI(I) (k)) = Lb,X;~1 (k) 
1=0 J=I 

Taking k 2,3", ·,N, we have the following equations 

n h-I 

La,I(II-i) (X?) (2)) LbJX;:)1 (2) 
1=0 J=I 

II h-I 

La,I(n-l) (XI(I) (3)) = LbJX;~1 (3) 
1=0 J=l 

fa/"-I) (xii) (N)) Ib,X;~! (N) 
1=0 J=I 

Extend the left side of the equations, 

f 

1(0) (X,Ul (2)) + a,Ilo-" (X,l'l (2)) + ... + aJ'''' (xi" (2)) ;b,xl~' (2) 

fill (XPJ (3)) + aJ(n-IJ (XPI (3)) + ... + aJ(OI (X?) (3)) = Lb}X;?, (3) 
j=! 

h-I 

inl (XI(I) (N) ) + aJ(n-l) ( XI(I) (N) ) + ... + ajO) ( X?) (N) ) L b/X;~I (N) 
J=I 
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By transforming, 

fnl (XI(I) (2)) = -[ a/(n-I) (XI(I) (2)) + ... + aJ(O) (Xl(l) (2)) ] + IbJX;~1 (2) 
J=l 

I(n) (XI(I) (3)) = -[ a/(n-I) (XPl (3)) + ... + aJ(O) (xii) (3)) ] + IbIX~~1 (3) 
;=1 

lIn) (X~l) (N) ) = -[ al/(n-l) ( XI(I) (N) ) + ... + anliO) ( X?) (N) ) ] + I b/<~l (N) 
;=1 

Now let 

_/(n-I) (Xl(I) (2)) _1(n-2) (X?) (2)) _/{l) (XI(I) (2)) 

A= 
_l(n-l) (xii) (3)) _1(n-2) (XI(I) (3)) _/(1) (Xl(1) (3)) 

\ _/(n-1) (xt) (N)) _fn- 2) (X
1
(1) (N)) -/(1) (XI(I) (N)) 

_1(0) (X
1
(1) (2)) X~ll (2) Xr) (2) 

B 
_1(0) (XI(I) (3)) X;i) (3) X!l) (3) 

_/(0) (XPl (N)) X~i) (N) X~I)(N) 

and write the equations in matrix form 

l
( all 

+B b~, 

1.e., 
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Let 

then the residual is 

By using the least square estimation, we can find 

Generally, I(O) ( X?) (k )) is replaced by 

Substitute it into matrix B, 

-+( XI(I) (2) + XI(I) (I)) 

B 
-+( Xt(t) (3) + XI(t) (2)) 

X~I) (2) 

X~i) (3) 

xiI) (2) 

xiI) (3) 

After solving for a, we get the differential functions with known coefficients. We can further 

solve the differential functions and get the time response junction. 

3.3.2 GM(1,I) 

Among GM(n, h), if h:? 2 , there are more than one series in the grey differential equation. That 

means more factors are considered to affect the system properties. But the grey methods are hard 

to attribute the main reason among the factors and give a viable model for prediction. So the grey 

system theory usually suggest the GM(n, h) with h:? 2 be used for analysis rather than 

prediction. For prediction purpose we use GM(n, 1). The most important and popular one is 
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GM(l, 1). 

GM(l, I) has the form of 

d (I) rx aX(l) + u 
dt 

Similar to the solving process ofGM(n. h), we have the following 

~v = (x(O) (2),X(0) (3),. __ ,X(O) (N) r 

B= 

( -t( X(J) (2) + X(I) (1)) 

-t( X(I) (3)+ X(l) (2)) 

The estimation for the coefficients a, u is 

Now consider the first order differential equation of the form 

dy 
-+ py=q 
dx 

where p and q are constant. Its solution is 

y = e )" qe " dx + C _f'pdt [J'PelX 1 

[; ( e
Px I) + c 1 

where C is a constant. 

Similarly, for the discrete case, the solution to (3.3.1) is 

(3.3.1) 
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0,1,2" .. 

The constant C is determined by the initial value. Letting 0, we get 

c = X(!) (1) = X(O) (1) 

Thus the time response fimction is 

X(I) (i + 1) = e-ai [~(eai -1)+ X{O) (1) J 

( X(O)(l)_::'le- ili +::' for i=0,1,2,··· 
aJ a 

Hence by l-IAGO 

{ 
X(O)(l)=X(I)(l) 

X(O\i+l)=X(!)(i+I)-X(l)(i), for 1,2,··· 

where itO) is the estimation on the original series by the GM(l, 1). For iN, itO) (N + 1) 

is one step forward prediction. If we take i > N , we can get more predictive values. But the 

farther we step forward, the larger the error will be. 

3.3.3 GM(2, 1) 

GM(2, 1) has the form 

Use n = 2 and h 1 to substitute into the solution for GM(n, h), we have 
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Since 

we finally get 

Thus the fitting coefficients 

A 

-1(1) (X(2)) 

_1(1) (X(3)) 

_I(i) (X(N)) 

r 
-+(X(I)(2)+X(I)(I)) 

B . -t( X(I) (3) + Xli) (2)) 

l-t(Xi')(N)+Xr'i(N-J)) :) 

1(1) (X(I) (k)) I(Ol (X(I) (k)) I(O)(X(I){k I)) 

= X(O) (k) 

1(2) (X(I) (k)) = lUi (X(!) (k) )-1(1) (X(I) (k-I)) 

X(oJ(k) X(O)(k-l) 

( X(O) (2) X(O) (1) 

y = I X(O) (3) - X(O) (2) 

"X(O)(N) X(Ol(N I) 

A= 

_X(O) (2) 

_X(O) (3) 
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The solution is changed into solving the second order normal differential equation with known 

factors. 

3.3.3.1 The solution for the second order differential equation 

Let us consider the homogeneous equation 

Its eigenfunction 

and eigenvalues 

Hence if 

Ll = a2 
- 4b > 0 , then 

2 Ll = a 2 - 4b < 0 , then 

where 

d 2 y dy 
-+a-+by=O 
dx 2 dx 

-a+ .Jaz -4b 
A,=----

2 

A, a+i/3 

Az a -i/3 
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1 
a --a 

2 

f3=J..~4b-a2 = 1 
2 2 

Thus 

= eax (cosf3x + isinf3x) 

eat (cos f3x i sin f3x) 

Because we need the real solutions, so let 

1 (. .) ax f3 Y1 2" Yl + Y2 = e cos X 

Y2 = ~/Y: Y;) = eat sinf3x 

and the general solution becomes 

3 ~ = a2 4b = 0, then 

1 
--a 

2 

and 

The general solution for the homogeneous case is 

For the non-homogeneous equation ofthe form 
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Since y 
In 

is a specific solution of it, the general solution can thus be expressed as 
b 

m 
+­

b 

Now by substituting the coefficients a l into a, a2 into b, and u into m, we can get the 

response functions for each situation. 

If Ll > 0 , then 

and 

Else if Ll < 0 , then 

and 

X(1)(k+l)=C1e
Atk +CzeA.,k +~, for k=0,1,2, .. · 

a2 

1 
a=--a 

2 I 

fJ ..!.. '4a _a 2 

2" 2 1 

x(l) (k + 1) = Cleak cos Pk + Czeak sin Pk + U for k = 0,1,2"" 
a2 

Else if Ll 0, then 

1 
--a 2 I 

35 

Univ
ers

ity
 of

 C
ap

e T
ow

n



and 

X(')(k+l)=C1eA,k +C
2
ke),k +~, for k=O,1,2,.·· 

az 

Hence as in the case ofGM(1, 1), by l-IAGO 

{ 

x(O) (I) = X(1)(l) 

x(O) (i+I) X(I)(i+l)-X(l)(i), for 1,2,··· 

The constants C1 and Cz can be solved by using the initial values. 

3.3.3.2 The Solving for the Constants in Response Function 

Without loss of generality, we just take a example for the case of !.'l. > 0 . The response function 

IS 

where 

C1eA,k +C2e
A1k +~, for k 0,1,2,.·· 

a2 

Now we need to solve for C1 and Cz through the initial values. 

C] +C
2 

+ u x(O) (1) 
az 

By differentiation on both sides of (3.3.2), we have 

(3.3.2) 

(3.3.3) 
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(3.3.4) 

The left side of (3.3.4) is estimated by 

(3.3.5) 

For k = 1, 

(3.3.6) 

Substitute (3.3.6) into (3.3.4), 

(3.3.7) 

Combine (3.3.3) and (3.3.7) to obtain 

{ 

Cl +C
2 
+~=X(O)(l) 

a2 

/'1 e4,C
1 
+ ~e4'C2 X(O) (2) 

and then solve for C1 and Cz . 

3.4 The Error of GM 

Although some preparatory estimation is taken before constructing the GM, we still need to 

check its accuracy after we fit it. For the application in time series, there are usually two methods 

checking the precision of the fitting GM. They are: 

1) The Average Relative Error (ARE); 

2) The Posterior Error; 

The two methods only count in the observed data that have been used in constructing the model 

and do not include any prediction values. 
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3.4.1 The Average Relative Error 

The Average Relative Error (ARE) is quite simple and easy to understand. We use the GM(1, 1) 

as an example to explain how to apply it. 

For the original series 

x(O) = {x(O) (k) I k = 1,2,. .. ,N} 

we get the solution series 

itO) = {itO) (k) I k = 1,2, ... ,N} 

Calculate the residuals 

then 

3.4.2 The Posterior Error 

The standard error of the original series is 

where 

Similarly, for the residual series 
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e { e ( k ) I k 1,2" . " N} 

the standard error is 

1 N 2 

- I(e{k)-e) 
Nhl 

where 

Now the Posterior Error Ratio is 

and the Small Error Probability 

where the constant 0.6745 is derived from the probability theory. A standard normal distribution 

has the probability of 50% in the range of (-0.6745,0.6745). 

The precision of a GM is decided by C and P. Using M.P. to represent the Model Precision 

Grade, then 

M.P.= Max {Grade of C,Gradeof p} 

Table 3-1 shows the precision grades, where the smaller the grade number, the better the GM is. 

Theoretically, Grade 4 means the model is not acceptable in terms of either C or P or both, 

and must be reconstructed. 

39 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Table 3-1 GM Model Precision Grades 

. M.P. e p 

1 C ~ 0.35 0.95 ~P 

2 0.35 < C ~ 0.50 0.80 ~ P < 0.95 

3 0.50 < C ~ 0.65 0.70 ~ P < 0.80 

4 0.65 < C P<0.70 

3.4.3 The Error of Prediction 

The ARE and the posterior error ratio are the indicators of the fitting and not suitable for the 

judgment of the prediction. A method for the estimation of the prediction error is now presented. 

The fitting solution for the GM( 1, 1) is expressed as 

X(I) (i + I) (x(O) (1) : 

Making differentiation on both sides, we get 

di(l) 

di 

Taking approximation on the left side by 

~ (I) 

~i = XP) (i + 1) - X(l) (i) 

= ":rIO) (i + I) 

we have 

u 
+­

a 

According to the propagation of the variance, the variance of the predicted value is 
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(3.4.1) 

where a(~ and a: are the variances of a and u respectively. a"" IS the covanance of 

a and u. a; is the variance of the original series. 

We assume the last part of the right hand is very small and can be neglected for the calculation. 

Let 

sInce 

then 

and 

So 
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Suppose further that 

where QI2 Q21' then 

Substituting these expressions into equation (3.4.1) and omitting the last item, 

o-~ = (aiX(O) (1) X(O) (1) _ Ui)2 e-2W Q 0-2 + e-2(lIQ 0-2 
XI"I(i+l) II 0 22 0 

+2( aiX(O) (1) - X(O) (I) - ui )e-2aiQI20-; 
(3.4.2) 

where the variance of the original series X(O) can be estimated by the residual series 

and 
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Thus taking square root of (3.4.2) 

a.. = [(aiX(O) (1) - X(O) ll) Ui)2 Q + Q + 2 (aiX(O) (1) X{O) (1) 
x10)(I+I) 'II 22 

')Q J~ ~III Ul 12 e ao 

As the data at time points 1,2, .. ·,N are used in modeling, from time point N + 1, the values 

are predicted. The predicted values of X(O) (i + 1) for i =: N + 1, N + 2,· .. will be in the range 

of 

X, (0) (. I) + 1+ _ a ;IHI( 
.\ 1+1) 

(3.4.3) 

When we investigate the historical data, we can use (3.4.3) to estimate the prediction range and 

examine if the actual value falls into this range. We can also compare the predicted value with 

the actual value and calculate the relative error. As a matter of fact, (3.4.3) is applied when the 

prediction point is in the real future and we do not know the actual value for which we predict. 

Otherwise, we prefer using the relative error to evaluate the prediction, which is definitely easier. 

Fu [1992] stated that if a prediction reaches the precision of 85%, it is successful. See for the 

classification he suggested, where RPE stands for the absolute Relative Prediction Error. 

Table 3-2 Classification for Prediction Error 

l RPE Class 

I RPE<10% i Excellent 
! 

I 10%:s;; RPE < 20% Good 
! 

I 

20% :s;; PRE :s;; 50% Acceptable 

50%< PRE Unacceptable 
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3.5 The Extension of GM to Data Series Containing 

Negative Values 

The grey modeling is usually limited to the nonnegative series. For series with negative numbers, 

we cannot directly build a model. We have to convert the original series into a nonnegative one 

before AGO. 

Suppose the negative series 

Let 

. f x(O) ( .) I' 1 2 AT 1 mm l I I I ,,. .. ,1V J 

then set 

x(O) (i) X(O) (i) + "lx(O). I 
2 I J..< I,mm 

So we have a positive series 

and can thus treat it in the standard way. This method is often applied in the modeling on the 

residual series, within which positive and negative values occur. 

It should be noted that the modeling on residuals is seldom performed for the sole purpose of 

fitting an independent residual series. It is, in practice, a complementary activity to the normal 

GM model. 

The above data processing method is just a general principle. In practice, the residual model has 

some requirements for the residuals, which are stricter than the conditions above. 

The most commonly used residual model is for the revision of XU), i.e., using the residual of 
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x(i) rather than x(O) , to build a residual model. The fitting values ofthe residual model will be 

applied to the fitting values of the original model. The original model's accuracy will thus be 

enhanced. 

Consider 

where 

If there exists a ko fulfilling the two conditions 

1. for any k > ko , &(0) (k) has the same sign (plus or minus); 

2. N -ko ~4. 

By modeling on the residual tail, we can get the response function 

and by I-IAGO, 

Thus the revised response function for X{l) IS 
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where the plus/minus sign is in accordance with the residual tail's sign. Thus itO) (k + 1) IS 

calculated by I-AGO. This kind of revision is also caned residual GM. 

It should be noted that to obtain at least four residual tail data with the same sign, usually the 

model's dimension is large (relatively), say lO-dim. For the model with dimension of only four 

or five, it is not easy to obtain the residual tail with the same sign. In this paper we plan to 

construct a 5-dim model on different time span data. So we will not attempt the improvement by 

using the residual model. 
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4 Empirical Modeling 

In this chapter we implement the grey models on stock prices from the Johannesburg Stock 

Exchange in South Africa. We will also use different time span data, monthly and daily, to 

examine the model fitting and prediction accuracy. 

The minimum requirement of grey modeling is four data. We use five, i.e., our models are 5-dim. 

There is no special reason for us to choose the 5-dim. We just want to test the efficacy of grey 

modeling on sman data set. We also take it into consideration that there are five trading days in a 

week, but do not think it will make the 5-dim model perform better that the models with other 

dimensions. 

For each stock, the price data are divided into groups. There are six data in a group. Five are 

used to build the model and the rest one, to check the prediction. We only make one step 

prediction. 

We compute ARE and Relative Prediction Error (RPE) for each model, i.e., for each group of 

data set. For each stock, we take the average of all the ARE's and RPE's of the models built on it. 

We also record the maximum and minimum ARE and RPE for each stock. 

We test the smoothness for each group of data. If the original data set X(O) is smooth, we will 

build the model on X(I). If X(O) is not smooth, we check if X(1) is and if so, build model on 

X(2) . If X(I) is not smooth either, we will stop trying higher order AGO and to seek other data 

processing methods. 

We write the program in VBA and run it in MS Excel. 

4.1 GM(1, 1) Modeling on Monthly Data 

We randomly take nine JSE stocks and examine the monthly prices by using GM(l, 1). The data 

period is from July 1988 to December 2004, 198 months. Thus we build 33 models for each 
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stock. There are totally 297 models for the nine stocks. 

Figure 4-1 shows the stock prices. It should be noted that we have made an adjustment so the 

prices in the chart are not their real values. In order to put the nine stocks in one chart, for each 

stock we set the price in the ftrst month to 100 and each of the rest prices to its percentage to the 

price in the ftrst month. So the plot reflects only the relative price movement, not the actual 

prices. 
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Time 

Figure 4-1 Movement of the Monthly Stock Prices 

Table 4-1 lists the statistics of the modeling results. For each stock, the "Ave", "Max" and "Min" 

are the average, maximum and minimum of the 33 models respectively. 

ANGGOL has the highest average ARE, 3.469%, while TIGBRA has the lowest, 2.202%. The 

average ARE of the nine stocks is 2.697%, which is statistically the fttting error (excluding 

predictions) ofGM(l, 1) on monthly stock prices. 

JDGROU has the highest average RPE, 14.089%, while SAEAGL has the lowest, 6.557%. The 

average RPE of the nine stocks is 9.558%. According to Fu's [1992J claim, a prediction with 
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precision of 85% is successful. Referring to Table 3-2, the prediction with the RPE of less than 

10% is excellent. However, the classification of prediction is applied in all kinds of data series. 

For financial time series, we would rather take a higher standard and think the RPE of 9.558% 

acceptable, but not excellent. 

Table 4-1 Statistics of Fitting by GM(1, 1) 

Model Fitting Error (ARE) Relative Prediction Error 
Stock 

Ave Max Min Ave Max Min 

ANGLOS 2.588% 7.349% 0.192% 8.535% 46.693% 0.189% 

JDGROU 3.414% 9.254% 0.428% 14.089% 40.426% 0.280% 

PICPAY 2.841% 8.933% 0.621% 10.158% 74.264% 0.072% 

REMGR 2.361% 5.783% 0.289% 8.258% 31.478% 0.352% 

SAEAGL 2.266% 9.559% 0.393% 6.557% 23.860% 0.169% 

ANGGOL 3.469% 7.237% 0.722% 13.323% 73.375% 0.155% 

SASOL 2.833% 8.739% 0.310% 7.341% 32 .049% 0.064% 

TIGBRA 2.202% 4.907% 0.243% 8.706% 35.015% 0.042% 

TONGAT 2.302% 9.574% 0.466% 9.053% 30.769% 0.290% 

Average 2.697% 7.926% 0.407% 9.558% 43.103% 0.179% 

We make a plot in Figure 4-2 for the average ARE and RPE by stocks. 
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Figure 4-2 Average ARE and RPE by Stocks 

Among the 297 models, the maximum and minimum ARE are 9.574% and 0.192% respectively. 
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The maximum RPE is 74.264% which is absolutely too high, while the minimum RPE is merely 

0.042%. The unusual1y large ARE and RPE are probably caused by the volatile change in stock 

prices on which the model is built. For a specific data set that has large error, some sophisticated 

data processing methods before modeling or their combination may reduce the error. But as we 

are investigating the general performance of GM(l, 1), there is no need to further develop a 

method only applying in a specific data set. 

From the total 297 models we pick one with the nearest absolute ARE and RPE to the averages 

and show its fitted results in Table 4-2 and Figure 4-3. This is a model on TONGAT for the data 

period of July 1993 to November 1993. The value in December 1993 is used to check the 

prediction. Its ARE is 2.688%, RPE, 7.749%, and MP grade, 1. The fitting coefficients are 

a -0.0746 and u 1813.518. Its response function is 

X(l)(i+l) (x(O) (1)+ 24309.893)eo.0746i 24309.893 for i=0,1,2,.·· 

Table 4-2 A GM(1, 1) on TONGAT 

Date Price Fitted I Pred Relative Error 

Jul-93 2200 2200.00 0.000% 

Aug-93 2150 2053.34 -4.496% 

Sep-93 2100 2212.43 5.354% 

Oct-93 2350 2383.84 1.440% 

Nov-93 2625 2568.53 -2.151% 

Dec-93 3000 2767.53 -7.749% 
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Figure 4-3 A GM( 1, 1) Fitting on TONGAT 

In Figure 4-3, the fitted values from the second time point is like a straight line. The reason is the 

exponential function can be approximated with a linear function, when the absolute value of 

development coefficient a is small. 

For the response function 

When i = 0, X(O) (1) = X(I) (1) = X(O) (1). The first fitted value is equal to the first original value. 

The development coefficient a only affect the rest fitted values. 

For ;=1,2,.··, 
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x(O) (I + 1) X(l) (i + 1) X(I) (i) 

(X(O)(I)_~}-ai +~-[( X(O)(l)_~}-a(I-I) +~l 

=( X(O) (1) ~)(e-ai e-a(H)) 

=(X(O)(l)-~J(e-ai _e-UieG
) 

(X(O) (I)_~}l_ea)e-UI 

If lal is small enough so that we can make the approximations of e" "'" 1 + a and e-ai 
"'" 1- at, 

then 

x(O) (i + 1) == (X(O) (1)-~ I( -a)(l-ai) 
a; 

== (u a.¥(O) (1))(1 ai) 

= (u _M(O) (1) )-( U _M(O) (1) )ai 

That means X(O) (i + 1) is a linear function of the variable i, for i = 1,2,' ... 

However, as i becomes larger, the difference of e-ai and 1 at gets larger, the 

approximation tends to lose its efficiency and the linearity becomes weaker. 

4.2 GM(2, 1) Modeling on Monthly Data 

The GM(I, 1) is widely exploited because it is easy to apply. Comparatively, GM(2, 1) is much 

more complicated. No attempt has been reported of forecasting the financial market by GM(2, 1). 

As sometimes GM(l, 1) does not fit well, we implement GM(2, 1) by using the same monthly 

data as GM(l, 1) and examine whether it is able to enhance the fitting. There are also 33 models 

built for each stock. 

We find that GM(2, 1) generally fits much worse than GM(1, I). For example of ANGLOS, the 

average ARE of the 33 models is 242.383%. Although the minimum ARE is only 0.970%, the 

maximum is as large as 2492.071%. The average RPE is 15439.440%. Other stocks have the 
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similar situation. 

But in some occasions, GM(2, 1) fits better than GM(l, 1). The model on ANGLOS for the 

period of July 1993 to November 1993 does so. Table 4-3 and Table 4-4 list the comparative 

statistics. Both models are grade 1 in MP. The model ARE changes from 4.419% in GM(1, 1) to 

3.178% in GM(2, 1). The prediction is also enhanced from -28.858% to -17.553%. We see from 

Figure 4-4 that the fitting line of GM(2, 1) bends up, better reflects the trend of the stock prices. 

Table 4-3 Model Fitting Comparison of GM(1, 1) and GM(2, 1) 

.. ARE a I a1 a2 u RPE M.P. 

GM{1,1) 4.419% -0.0407 •• 3095.332 -28.858% 1 

GM{2,1) 3.178% -0.4525 -0.0602 -2224.568 -17.553% • 1 

Table 4-4 Error Comparison for Each Value of GM(1, 1) and GM(2, 1) 

GM(1,1) GM(2,1) 

DATE ANGLOS Fitted Error Fitted Error Ditt. of Abs. Error 

JUI-93 3825 3825.000 0.000% 3825 0.000% 0.000% 

Aug-93 3550 3317.966 -6.536% 3654.879 2.954% -3.582% 

Sep-93 3175 3455.726 8.842% 3491.639 9.973% 1.131% 

Oct-93 3500 3599.206 2.834% 3502.262 0.065% -2.770% 

Nov-93 3900 3748.643 -3.881% 3787.055 -2.896% -0.985% 

-93 5488 3904.284 -28.858% 4524.714 -17.553% -11.305% 
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Figure 4-4 The Fitting Comparison of GM(2, 1) and GM(1, 1) 

So ifGM(l, 1) does not satisfY us, we can try GM(2, 1) on the same data set and see if the latter 

improves the fitting. If the ARE is reduced, we can use GM(2, 1) instead of GM(l, 1). Otherwise 

we keep using GM( 1, 1) or tum to other methods. 

From the solution of GM(2, 1), we can see there are two exponential items in any of the three 

cases. It should be able to reflect richer variations of the price movement. We think it need more 

experiences in implementing GM(2, 1). In some steps of the fitting, such as the determination of 

the matrix B and the solution for the constants in the response function, C1 and C2 , it should 

be possible to attempt other ways. Until now, no such report has been found in the literature. It is 

sophisticated and beyond the intention of this paper. 

4.3 GM(1, 1) Modeling on Daily Data 

As the GM(l, 1) is quite simple and provides good fitting, we will focus on it. In this section, we 

will test GM(l, I) on daily stock prices. We randomly take 10 stocks from JSE. The time period 

is from September 6, 2004 to October 29, 2004, eight weeks. We model on the five week days 

and predict the price for the following Monday. There are eight models for each stock and 80 

models totally. We also take the data in November I for checking the predictions. 

For a stock, there might be a trading suspension because of dividend announcement, important 

54 

Univ
ers

ity
 of

 C
ap

e T
ow

n



press release, share split, etc. The weekday without trading is a gap and the cavity idea of the 

grey system theory applies. If there is no price for a stock on a certain trading day, we can make 

a cavity value by a grey generation and then build a model. We checked all the data and found no 

cavity. So we can build the models without any data processing other than AGO's. 

We make the same adjustment on the daily stock prices as we did to the monthly's and show the 

relative movement in Figure 4-5, where number 1 in time axis representing for September 6, 

2004. The daily prices are much smoother than the monthly's. In the period we investigate, all 

the prices change in the range of ±25% . 

ABSA -o-AECI ---ANGLAM ~ BARLOW ~ BHP 

-0- BIDVEST -&- DIMSN --+-- Dl5CVRY --FOSCHI - AMLBEV 

125 r-~====================================================~--~ 

115 

.. 105 
.!:! 
Ii. 
"" B 
I/) 95 

85 

4 7 10 13 16 19 22 25 28 

Time 

Figure 4-5 Movement of the Daily Stock Prices 

The fitting statistics is listed in Table 4-5. 

31 34 37 40 
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Table 4-5 Statistics of Fitting by GM(1, 1) on Daily Prices 

Model Fitting Error (ARE) Relative Prediction Error 

Stock Ave Max Min Ave Max Min 

ABSA 0.478% 0.999% 0.212% 1.104% 2.765% 0.386% 

0.641% 0.086% 1.582% 2.638% 0.037% 

0.811% 0.000% 1.835% 5.978% 0.000% 

1.206% 0.058% 0.976% 2.537% 0.131% 

0.821% 0.184% 2.001% 83% 0.232% 

0.804% 0.069% 1.519% 2.388% 0.009% 

0.852% 0.176% 1.438% 2.187% 0.550% 

0.789% 0.007% 1.111% 3.938% 0.009% 

1.196% 0.146% 1.289% 2.262% 0.542% 

0.011% 0.516% 2.153% 0.045% 

0.095% 1.337% 3.213% 0.194% 

Comparing to monthly prices, GM(l, 1) fits much better on daily prices. The average ARE of the 

80 models is reduced to 0.402% from 2.697% for monthly prices, while the maximum ARE is 

1.206% and the minimum, 0.000%. Taking average for each stock, ABSA has the highest ARE, 

0.478%, while AMLBEV has the lowest, 0.286%. 

For the prediction, the average RPE of the 80 models is 1.337%, considerably reduced from 

9.558% for monthly data. It is definitely successful, according to Fu's [1992] suggestion. Taking 

average for each stock, BHP has the highest RPE, 2.001%, while AMLBEV has the lowest, 

0.516%. 

Figure 4-6 shows the average ARE and RPE by stocks for daily data. 
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Figure 4-6 Average ARE and RPE by Stocks for Daily Data 

The maximum ARE of all the 80 models is 1.206% and the maximum RPE is 5.978%. There is 

no unusually large error occurred. So the application of GM(l, 1) on daily stock prices is viable. 

Its prediction is accurate and reliable. 

In Figure 4-7, the fitted pattern for each stock is consisted of the fitting results of eight models. 

Each model is built on five data and gives one prediction. The modeling data do not overlap. For 

each stock, a model's prediction is for the following Monday and compared with the actual price 

that is also used as the first datum in the following model, except for the last model. 
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Figure 4-7 Fittings and Predictions of GM( 1, 1) on Daily Stock Prices 
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4.4 CGM(1, 1) Modeling on Daily Data 

If we consider all the natural days, the daily stock prices are not continuous because there is no 

trade on weekends. loe two days on a weekend can be treated as cavity points by the grey 

system theory. Since we construct the model on the data from Monday to Friday, we can also 

insert two cavity values in the data series and then use all the seven data to construct a model and 

predict for the following Monday. 

For a series with five data 

by using a 5-dim model, we can get the predicted value X(O) (6) . Now we treat it as the cavity 

<1>(0) (6) , which is put into the series 

We use this series to build a 6-dim model and get the predicted value X(O) (7), which is again 

treated as the cavity value <1>(0) (7) and put into the series 

Now we have fill up both the two cavities and can build a 7 -dim model on the generated series, 

and then will get the predicted value X(O) (8) , which corresponds the estimation of price for the 

following Monday. 

The above cavities are at the end point and generated by predictions based on the previous data. 

So they will abide by the intemallaw reflected by the grey models. Thus the randomness of the 

new series which has included the cavity values is weakened. Modeling on the cavity series is 

supposed to fit better. Ifwe compare the ARE of the derived 7-dim model with that of the 5-dim 
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model, the fonner should be smaller. It makes more sense to use RPE, rather than ARE, to judge 

the perfonnance of cavity models. 

We write the Cavity Grey Model as CGM and implement CGM(l, 1) in the same data set as 

GM(1, 1). The fitting statistics of the 80 models is listed in Table 4-6. 

Table 4-6 Statistics of Fitting by CGM(1, 1) on Daily Prices 

Stock 
Model Fitting Error (ARE) Relative Prediction Error 

Ave Max Min Ave 

ABSA 0.341% 0.714% 0.152% 1.923% 

AECI 0.243% 0.459% 0.061% 2.606% 

ANGLAM 0.326% 0.580% 0.000% 3.581% 

BARLOW 0.252% 0.862% 0.041% 2.415% 

BHP 0.325% 0.588% 0.132% 4.213% 9.516% 0.263% 

BIDVEST 0.225% 0.574% 0.050% 2.205% 5.032% 0.1 

DIMSIIJ 0.317% 0.608% 0.118% 2.810% 5.547% 0.8 

DISCVRY 0.295% 0.564% 0.005% 3.403% 8.291% 0.3 

FOSCHI 0.340% 0.856% 0.105% 2.843% 6.268% 0.320% 

AMLBEV 0.204% 0.741 % 0.008% 1.168% 4.838% 0.099% 

Ave 0.287% 0.655% 0.067% 2.717% 6.730% 0.309% 

Table 4-7 Fitting Comparison of GM(1, 1) and MGM(1, 1) 

RPE 
Stock 

GM(1,1) CGM(1, 1) 

2.415% 

4.213% 

2.205% 

2.810% 

3.403% 

2.843% 

AMLBEV 0.286% 0.204% 0.516% 1.168% 

Average 0.402% 0.287% 1.337% 2.717% 

We list the comparison ofGM(I, 1) and CGM(1, 1) in Table 4-7. Of the 80 models, the average 
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ARE is reduced to 0.287% for CGM(l, 1) from 0.402% for GM(l, 1), but the average RPE is, on 

the opposite, increased to 2.717% from 1.337%. Adding cavities to the prices does not lead to 

more accurate prediction. This conclusion is further supported by the comparison by stocks. 

For each stock, the ARE and RPE are the averages of the eight models. For each one, CGM(l, 1) 

obviously reduced the ARE, as showed in Figure 4-8, but considerably increased the RPE, as 

showed in Figure 4-9. 
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Figure 4-8 Average ARE Comparison by Stocks Between GM(1, 1) and CGM(1, 1) 
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Figure 4-9 Average RPE Comparison by Stocks Between GM(1, 1) and CGM(1, 1) 
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The above investigation has exhibited that by the indicator of RPE, CGM(1, 1) is inferior to 

GM( 1, 1). So there is no need to consider weekends as gaps and build cavity models. It is well 

accepted using trading days to analyze financial time series. For the application of grey models 

on stock prices, we should do the same. 
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5 Extensions to GM(I, 1) Model 

As the GM(l, 1) is quite simple and provides good fitting, we will focus on it and try to make 

some improvements. Fu [1992] described using residual tail to revise the model. But as we have 

mentioned before, the residual model is not suitable for our 5-dim GM. There are other ways of 

improvement of the GM(l, 1) fitting being proposed. Li [1997] used a method of changing the 

approximation of the background value and improve the GM(1, 1) prediction on a stock price. 

We will extend his method and make a MGM(l, 1) 

5.1 MGM{1, 1) Model 

We examine the equation 

(6.2.1) 

When applying to a discrete series, dX(lj (k ) / dt is approximated by 

where k = 2,3,. .. , N . We can rewrite (6.2.l) as 

(6.2.2) 

In which the data 2 to N are used in the estimation of the coefficients. Datum 1 is left as the 

initial value. 

Because dX(l) (k) I dt is substituted by values at the two time points, k -1 and k, the 

background value XiI) (k) is approximated in the same way. Here we represent the background 

value by Z(1) and 
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z(1) ={Z(1)(k)lk=2,3, ... ,N} 

i.e., the dimension of Z(I) is one less than that of X(I). 

Equation (6.2.2) can be rewritten as 

(6.2.3) 

Now 

-z(1) (2) 

B= 
-Z(1) (3) 

Generally, for simplification, Z(1) (k) just takes the equal-weight average of the values at the 

two points, k -1 and k, and the process is called neighbor values average generation as in the 

form 

z(1) (k) = ~ ( X(1) (k) + X(1) (k -1) ) 

Now we consider changing its form to 

z(1) (k) = aX(I) (k-I) +(I-a)X(I) (k), 0 ~ a ~ I 

If a > 0.5, Z(I) is called old-info preferring; if a < 0.5, Z(1) is called new-info preferring. 

When implementing the model, we change a from 0 to 1 at tiny steps, say 0.01. For each step, 

we fit the coefficients and write the response function, then compute the ARE. After the iteration, 

we can find the value of a corresponding to the least ARE. Since a = 0.5 has been included 

in the loop, this method is obviously an optimization to the simple GM(1, 1). We call a GM(1, 1) 

using this method MGM(1, 1) (Modified Grey Model). Li [1997] utilized this model in the 

analysis of a stock in the Shanghai Stock Exchange, and confirmed its efficiency. But he only 
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investigated the situations for a 0, a = 0.5 and a = 1. Besides Li's work, no other 

applications of the similar model for stock market data have been found in the literature. 

5.2 EGM{1, 1) Model 

From the structure of the response function we can see that the idea underlying the modeling of 

GM( 1, 1) is to use an exponential curve to fit the data sequence X(l), generated by the 1-AGO 

on the original data sequence X(O). As a matter of fact, the data processing of a nonnegative 

series in terms of I-AGO can make the accumulated sequence have monotone-increasing trend. 

However, I-AGO does not guarantee that the generated sequence is monotone-increasing at an 

exponential changing rate. This fact is the main reason why GM( 1, 1) modeling in actual 

applications may lose forecasting efficiency. Targeting an improvement in model accuracy, we 

propose a multi-transformation on the original data and attempt an Exponential Grey Model 

EGM(l,I). 

Lemma 
1 

Given a uniform random variable U on (0, I), E = - -In U is exponentially 
A 

distributed with rate parameter A > 0 . 

The EGM( 1, 1) method requires some transformation on the original series. 

STEP 1. A grey localization on 

will help us to get a quasi-uniform distributed U(O) where 

U(O) = {U(O) (k) I k = 1,2", .,N} 

and 
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We call it quasi because UfO) (k) is zero when X(O) (k) = min ( X(O») . At that point, we will use 

a tiny number, say 0.0001, to replace UfO) (k) and it will not affect the further operation. 

STEP 2. Set 

E(O) (k) = -lnU(O) (k) 

then 

should be exponentially distributed with unit rate ( )" = 1 ). 

STEP 3. However, the rate change of E(O) is not necessarily exponential. We further transform 

it to 

It is actually the discrete form of standard exponential density function. So the transformed series 

is what we are seeking. Perfonn I-AGO on it 

;=1 

So 
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possesses not only monotone increasing trend but will also have an exponential changing rate. 

STEP 4. Treating D(O) as the original series and modeling on D(!) 

dV (I) 

--+aD(1) =U 

dt 

Now apply routine GM(1, 1). After finding the response function 

Making several inverse transformations will solve for i(O). In fact, there is just one step leading 

us back. 

Notice that 

D(O)(k) exp[ -(E(O)(k) E(O) (1))J 

exp[ -( (-lnU(O) (k)) (-lnU(O) (1))) J 

[ (
U(O) (k)Jl 

= exp In UfO) (1) 

U(O)(k) 

U(Ol(l) 

We get 

itO) (k) = (x(O) (I) - min X(Oj )iYO) (k) + min X(O) 

Again we do not need to worry about the case of X(O) (1) - min X(O) 0 . When zero occurs, we 

make an adjustment by setting min X(O) to be little bit smaller (say one per mill) than the old 

one. 
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5.3 Implementation of the Extended Models 

In this section we implement the improved models by focusing on the daily prices. 

5.3.1 MGM(1, 1) Model 

We apply MGM(I, 1) on the same data set we used for GM(l, I). We also use the 5-dim model, 

modeling on the prices from Monday to Friday and predict for the following Monday. There is 

the same number of models for each stock as the implementation of GM(1, 1). 

The fitting statistics is listed in Table 5-1. Of the 80 models, the average ARE is 0.393% and the 

average RPE, 1.291%. Both are reduced from what GM(l, 1) gave out. The average maximum 

ARE and average maximum RPE are reduced too, from 0.916% and 3.213% of GM(I, 1) to 

0.901 % and 2.964% respectively. 

Table 5-1 Statistics of Fitting by MGM( 1, 1) on Daily Prices 

Model Fitting Error (ARE) Relative Prediction Error 

Stock Ave Max Min Ave Max Min 

ABSA 0.476% 0.993% 0.211% 1.105% 2.311% 0.190% 

AECI 0.332% 0.641% I 0.085% 1.550% 2.551% 0.037% 

ANGLAM 0.441% 0.759% 0.000% 1.920% 5.337% 0.000% 

BARLOW 0.350% 1.197% 0.053% 0.827% 1.767% 0.239% 

BHP 0.453% 0.818% 0.184% 1.921% 5.477% 0.078%1 

BIDVEST 0.303% 0.804% 0.070% 1.503% 2.283 0.110% 

DIMSN 0.421% 0.848% 0.164% 1.455% 1.878% 0.715% 

DISCVRY 0.399% 0.730% 0.005% 1.095% 4.232% 0.150% 

FOSCHI 0.474% 1.188% 0.147% 1.118% 2.327% 0.438% 

AMLBEV 0.284% 1.029% 0.011% 0.419% 1.471% 0.039% 

Average 0.393% 0.901% 0.093 1.291% 2.964% 0.200% 

We list the comparison of GM(1, 1) and MGM(l, 1) in Table 5-2. The ARE and RPE for each 

stock are the averages of eight models. 
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Table 5-2 Fitting Comparison of GM( 1, 1) and MGM( 1, 1) 

ARE RPE 
Slock 

GM(1,1) MGM(1,1) GM(1,1) MGM(1,1) 

ABSA 0.478% 0.476% 1.104% 1.105% 

AECI 0.340% 0.332% 1.582% 1.550% 

ANGLAM 0.456% 0.441% 1.835% 1.920% 

BARLOW 0.352% 0.350% 0.976% 0.827% 

BHP 0.455% 0.453% 2.001% 1.921% 

BIDVEST 0.316% 0.303% 1.519% 1.503% 

DIMSN 0.447% 0.421% 1.438% 1.455% 

DISCVRY 0.412% 0.399% 1.111% 1.095% 

FOSCHI 0.476% 0.474% 1.289% 1.118% 

AMLBEV 0.286% 0.284% 0.516% 0.419% 

Average 0.402% 0.393% 1.337% 1.291% 

For each stock, the average and maximum ARE's are also reduced, although the reduction is not 

so considerable. We show that in Figure 5-1 and Figure 5-2. That means for fitting the historical 

data, MGM(l, 1) is an efficient and reliable improvement to GM(l, 1). 
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Figure 5-1 Average ARE Comparison by Stocks Between GM(1 , 1) and MGM(1, 1) 

69 

Univ
ers

ity
 of

 C
ap

e T
ow

n



-<>-- Max. ARE - GM(1, 1) - Max. ARE - MGM(1, 1) 
1.3% r-~~~~~~~~~~~~~~~~~~~~-------' 

1.2% 

1.1% 

~ 1.0% 
!!.... 
~ 0.9% e 
~ 

w 0.8% 

0.7% 

0.6% 

0.5% 
c( 
U) 
III 
c( 

(3 :::E ~ 
w ~ 0 
c( ...J 

(!) 0:: z c( 
c( III 

a.. I- z >- X > 
::J: U) U) 0:: 0 w 
III w ::E > U) III > 0 ...J 

C C 0 :::E U) 

iii C 
u.. c( 

Stocks 

Figure 5-2 Maximum ARE Comparison by Stocks Between GM( 1, 1) and MGM( 1, 1) 

But for prediction, MGM(l, 1) does not lower the RPE for every stock. It reduced the RPE's for 

most of the 10 stocks. As being showed in Figure 5-3 and Figure 5-4, MGM(l, 1) increased the 

RPE of ANGLAM and DIMSN, the maximum RPE of BHP, DISCVRY and FOSCHI. Since 

MGM(l, I) works on seeking the minimum ARE for each model, the increase of RPE reveals 

that a smaller ARE does not necessarily lead to a smaller RPE. 

Modeling method has a presumption that the value for which the model predicts has an internal 

relation to the modeling data, so the prediction based on the observed data makes sense. If the 

relation exists, a reasonable model gives accurate prediction. When the model fits better on 

observed data, the prediction is supposed to be more accurate. If it is not so, that means the 

relation between the modeling data and the predicted value is weak and the data series is more 

random. In our case, the prices of ANGLAM and DIMSN are more random than the others, 

because their RPE's are increased with lower ARE's. The maximum RPE for each stock could be 

an accidental result and not as convincible as the average. 
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