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Abstract

Knowledge Representation (KR) and Reasoning are essential aspects of
Artificial Intelligence (AI) as they allow AI systems to conduct logical rea-
soning. Most classical logics, such as Propositional Logic (PL), are mono-
tonic, which means that adding new knowledge to a knowledge base cannot
cause the retraction of a previously drawn conclusion. These classical logics
cannot easily handle exceptions to typical scenarios. Defeasible reasoning
is a type of non-monotonic reasoning, which allows the notion of “defeasi-
ble implication”. The Kraus, Lehmann, and Magidor (KLM) Framework
is an extension of PL that can perform defeasible reasoning. The results
of defeasible reasoning using the KLM Framework are often challenging to
understand. Therefore, one needs a framework to justify conclusions drawn
from defeasible reasoning.

We propose a theoretical framework for defeasible justification using the
KLM Framework and a software tool that implements the framework. The
theoretical framework is based on an existing theoretical framework for De-
scription Logic (DL) which we translate to PL. The defeasible justification
algorithm uses the statement ranking required by the KLM-style form of
defeasible entailment, known as rational closure. Classical justifications are
computed based on materialised formulas (classical counterparts of defeasi-
ble formulas). The resulting classical justifications are converted to defeasible
justifications based on the input knowledge base.

We provide a software tool with a graphical user interface (GUI) that im-
plements the algorithm. Given a defeasible knowledge base and a query, such
that the knowledge base defeasibly entails the query, the program produces
a set of justifications for the defeasible entailment. We use a set of represen-
tative examples to evaluate the defeasible justification algorithm and argue
that its results conform to intuition. The same examples are used to confirm
the correctness of the algorithm implementation.



Chapter 1

Introduction

Knowledge Representation (KR) is a field in Artificial Intelligence (AI) that is
dedicated to representing knowledge systematically using symbols and oper-
ations [31]. The literature suggests various systems used to represent knowl-
edge, and most such systems are based on logic [35, 8, 4]. Some logics are
more complex than others and can represent more complex knowledge. For
example, Description Logic (DL) [4] is more expressive compared to Propo-
sitional Logic (PL) [8]. The work in this dissertation is presented in PL.

Reasoning with logic allows AI systems to produce logical deductions.
Various reasoning systems can be categorised based on their characteris-
tics and attributes [34, 15, 27]. In this dissertation, we are interested in a
specific property of reasoning systems known as monotonicity. Monotonic
reasoning, also referred to as classical reasoning, has the following property:
adding new knowledge cannot cause the retraction of previously drawn de-
ductions. This characteristic of monotonic reasoning restricts the reasoning
system’s ability to handle exceptions to typical scenarios. Non-monotonic
reasoning [29] overcomes such a restriction. In this dissertation, we look at a
specific type of non-monotonic reasoning known as defeasible reasoning [32].
The Kraus, Lehmann, and Magidor (KLM) Framework [25] is an extension
of PL equipped to perform defeasible reasoning.

The conclusions produced from reasoning with knowledge by logical de-
ductions are known as entailments. The notion of entailment in PL is well
established [8], and there are software tools that can compute entailment [13,
12]. Similarly, defeasible entailment is also well defined [25, 26]. Tools that
compute defeasible entailment are proposed in recent literature [28, 30].
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The conclusions produced by the defeasible reasoning tools are often dif-
ficult to understand due to the volume and complexity of the statements.
Given a large set of statements, it is difficult for users to extract the exact
statements used by the reasoning tools to make conclusions. Complex state-
ments, such as nested statements, make it difficult for users to understand
how the reasoning tools reach their conclusions. In this dissertation, we aim
to provide an algorithm and a tool which extract the minimal subsets of
the statements that contributes to the conclusion. Horridge refers to such
minimal subsets as justifications. [21] Justifications serve as explanations for
entailment by extracting the exact statements in the knowledge set used to
reach conclusions. Chama formalised an algorithm that computes justifica-
tions for defeasible entailment using DL in her dissertation [11]. Currently,
no defeasible justification algorithm for PL is presented in the literature, and
no tool has been built to compute defeasible justification for PL. Further-
more, PL reasoners are more efficient compared to DL reasoners and as a
result, they can handle a larger set of statements. For this reason, we justify
the need for a defeasible justification algorithm for PL despite the existing
justification algorithms for DL.

We present an example demonstrating the intuition behind defeasible
entailment and defeasible justification. Consider the following set of state-
ments:

• Penguins are birds.

• Robins are birds.

• Special penguins are penguins.

• Birds typically can fly.

• Birds typically have wings.

• Penguins typically cannot fly.

• Special penguins typically fly.

Using the KLM-style form of defeasible reasoning known as rational clo-
sure, the above statements defeasibly entail special penguins typically can
fly. Section 3.3 demonstrates the entailment computation and suggests that
the statements that birds typically fly, that birds typically have wings, and
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that penguins typically cannot fly, are disregarded in the process of the com-
putation.

Intuitively, the knowledge that special penguins typically fly should con-
stitute a justification of that same statement (that special penguins typically
fly). Based on the intuition of classical justification, one might also consider
the knowledge that special penguins are penguins, that penguins are birds,
and that birds typically fly to constitute a justification for the conclusion
that special penguins typically fly. However, the latter set contains state-
ments disregarded in the entailment calculation. Therefore, the former is the
only valid justification for the defeasible entailment.

This dissertation presents an algorithm that computes justifications for
defeasible entailment in PL. Furthermore, we present a software implementa-
tion of the algorithm. We published a paper based on this dissertation at the
Southern African Conference of Artificial Intelligence 2022 (SACAIR) [37].

The dissertation is structured as follows:
Chapter 2 presents the prior background knowledge for this dissertation.

The chapter presents concepts and notions that form the building blocks to
formalising a defeasible justification algorithm. Topics covered in Chapter 2
includes propositional logic, justification for classical reasoning, the KLM
Framework and rational closure.

Chapter 3 presents the defeasible justification algorithm for PL. The algo-
rithm consists of several sub-algorithms. Each section in the chapter presents
a sub-algorithm with demonstration examples.

Chapter 4 discusses the implementation of the algorithm presented in
Chapter 3. The discussion of the implementation includes the following
aspects: software architecture, external packages used, input and output
parameters, algorithm implementation and, the evaluation of the implemen-
tation.

Lastly, Chapter 5 concludes the dissertation by summarising this disser-
tation’s contributions and presenting some ideas for future work.
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Chapter 2

Background

2.1 Overview

Propositional Logic (PL) [8] is the fundamental logic on which this disserta-
tion is based. The notions of interpretation, entailment, and justification are
well-established in the literature. Reasoning using PL is monotonic, meaning
one cannot retract a previously drawn conclusion. In this dissertation, we
also refer to such monotonic reasoning as classical reasoning.

Defeasible reasoning is an implementation of non-monotonic reasoning.
The Kraus, Lehmann, and Magidor (KLM) Framework [25] is an extension
of PL equipped to perform defeasible reasoning. The notion of base rank and
rational closure is required to perform defeasible reasoning using the KLM
Framework. Horridge defines the notion of justification for Description Logic
(DL) reasoning [21]. This dissertation focuses on providing justifications for
defeasible reasoning using the KLM Framework.

The concepts mentioned above and notions form the building blocks for
constructing a defeasible justification algorithm. Figure 2.1 presents a visual
diagram of the relations between these building blocks.

This chapter introduces PL by presenting the syntax and semantics re-
quired to represent knowledge systematically in section 2.2. The notion of
classical entailment in PL leads us to present a method to justify classical
entailment in section 2.3. Section 2.4 introduces the KLM Framework. Sec-
tion 2.5 presents the notion of defeasible entailment and algorithms that

5



Figure 2.1: Foundational Concepts and Notions of Defeasible Justification

compute defeasible entailment.

2.2 Propositional Logic

PL is a formalisation of knowledge that forms the basis of reasoning in
computer science [8]. PL performs classical reasoning, meaning one cannot
retract a previously drawn conclusion. For example, consider the statements
“penguins are birds”, “birds can fly”, and “penguins cannot fly”. Classical
reasoning deduces that there are no penguins. In this instance if we include
the statement “there are penguins”, it will contradict the deduction.

In this section, we present the syntax and semantics of PL as a founda-
tional building block for the rest of the dissertation.

2.2.1 Syntax

Formulas in PL are constructed using the following connectives: ¬, ∧, ∨,
→, ↔, and a finite set of propositional atoms. The connectives are binary
operations except for ¬, which is a unary operator. Propositional atoms are
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variables that can be interpreted to truth values. The set of all propositional
atoms is denoted as P. The ⊺ constant in PL denotes a tautology that is
always interpreted as true, and the � constant is always interpreted as false.
An example of a formula in PL where α,β, δ and γ are propositional atoms
is (α ∧ β) → (δ ∨ ¬γ). It can be read as “alpha and beta implies delta or
not gamma”. Furthermore, the set of all formulas can be denoted as L, and
formulas in PL can be defined inductively with the following definition.

Definition 2.1 (Propositional Formulas). L can be inductively defined with
the following rules. Let P be a finite set of propositional atoms then

• For every propositional atom p ∈ P, p ∈ L.

• For a formula α ∈ L, ¬α ∈ L.

• For formulas α,β ∈ L, α ∧ β,α ∨ β,α → β,α↔ β ∈ L.

• Only expressions given in the above three points are formulas in L.

2.2.2 Semantics

An interpretation maps propositional atoms to either true or false. This no-
tion can be further extended to all propositional formulas using satisfiability.
Formally, interpretations and satisfiability are defined as follows:

Definition 2.2 (Interpretation). An interpretation is a total function I ∶
P ↦ {T,F} that assigns one of the truth values T or F to every p ∈ P.

Definition 2.3 (Satisfiability). An interpretation I satisfies some p ∈ P if
I(p) = T and it is denoted by I ⊩ p. An interpretation does not satisfy some
p ∈ P if I(p) = F and it is denoted by I ⊮ p. Satisfiability can be extended to
any formula in L with the following criteria: For any α,β ∈ L

• I ⊩ ¬α if and only if I ⊮ α

• I ⊩ α ∧ β if and only if I ⊩ α and I ⊩ β

• I ⊩ α ∨ β if and only if either I ⊩ α or I ⊩ β or both

• I ⊩ α → β if and only if I ⊮ α or I ⊩ β or both

• I ⊩ α↔ β if and only if I ⊩ α → β and I ⊩ β → α
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• I ⊩ ⊺

• I ⊮ �

An interpretation that satisfies a formula is also known as a model of that
formula.

Definition 2.4 (Model). For any α ∈ L and an interpretation I, if I ⊩ α,
then I is a model of α.

A formula is satisfiable if it has a model. A formula is a tautology if
all interpretations satisfy it. A formula α is unsatisfiable if there are no
interpretations I such that I ⊩ α. A typical example of an unsatisfiable
formula is α ∧ ¬α, for any propositional formula α.

The following is a formal definition of Tarskian’s notion of logical conse-
quence, also known as entailment.

Definition 2.5 (Classical Entailment). Let U ⊆ L be a set of formulas and
α a formula. U entails α, denoted U ⊧ α, if and only if every model of U is
a model of α.

Entailment can also be defined in terms of interpretations (definition 2.2)
as follows: Let U ⊆ L be a set of formulas and α a formula, U ⊧ α, if and
only if for every interpretation I such that I ⊩ U , it follows that I ⊩ α also
holds.

The notion of two formulas being logically equivalent can be understood
as these two formulas entail each other or share the same models.

Definition 2.6 (Logical Equivalence). Let α1, α2 ∈ L. If for every interpreta-
tion I such that I ⊩ α1, it also holds that I ⊩ α2 and for every interpretation
I such that I ⊩ α2, it also holds that I ⊩ α1, then α1 is logically equivalent
to α2. The notation α1 ≡ α2 denotes logical equivalence.

The following set of logically equivalent formulas is often used to simplify
or restructure formulas.

• ¬(¬α) ≡ α

• α → β ≡ ¬α ∨ β

• ¬(α ∨ β) ≡ ¬α ∧ ¬β
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A set of finite propositional formulas is also known as a knowledge base.

Definition 2.7 (Knowledge Base). A knowledge base, denoted K, is a finite
set of propositional formulas.

The notion of satisfiability, entailment, and logical equivalence can be
extended to a knowledge base. These are defined as follows:

Definition 2.8 (Satisfiability for a Knowledge Base). A knowledge base K =
{α1, ...αn} is satisfiable if and only if there exists an interpretation I such
that I ⊩ αi for all i where 1 ≤ i ≤ n. The satisfying interpretation is a model
of K. K is unsatisfiable if and only if, for every interpretation, I, there exists
i such that I ⊮ αi.

In this dissertation, an interpretation I that satisfies a knowledge base
K is denoted by I ⊩ K. It follows from definition 2.5 and definition 2.7 that
K ⊧ α if and only if every model of K is a model of α.

Definition 2.9 (Logical Equivalence for a Knowledge Base). Given two
knowledge bases, K1,K2 ∈ L. K1 is logically equivalent to K2, denoted K1 ≡ K2,
if and only if for every interpretation I such that I ⊩ K1 then I ⊩ K2 and
for every interpretation I such that I ⊩ K2 then I ⊩ K1.

For a knowledge base K and a propositional formula α, K ⊧ α if and
only if K ∪ {¬α} is unsatisfiable [6]. For example, consider the following
knowledge base K = {robins → birds, birds → fly} and the query robins →
fly. The entailment K ⊧ robins→ fly holds if and only if the set {robins→
birds, birds→ fly,¬(robins→ fly)} is unsatisfiable. Notice that ¬(robins→
fly) ≡ robins ∧ ¬fly. Therefore, the entailment K ⊧ robins → fly holds
because the set {robins→ birds, birds→ fly, robins ∧ ¬fly} is unsatisfiable.

The above example demonstrates that an entailment problem of checking
if α is entailed by K can be restructured into a satisfiability problem of
checking the satisfiability of K ∪ {¬α}.

Currently, there exist entailment checking tools such as SAT Solvers [17,
14].
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2.3 Justification for Classical Entailment

Conclusions drawn from entailment-checking tools are often difficult to
understand. There are several approaches to computing explanations for en-
tailments [5, 21]. Baader et al. proposed an axiom pinpointing algorithm as
the extension of the standard tableau-based reasoning algorithms for comput-
ing consequences from DL [5]. Horridge proposed the notion of justification
to explain the deductions of entailments [21]. The intuition behind a jus-
tification given a knowledge base K and a query α such that K ⊧ α is the
following: a justification J ⊆ K is a subset of K such that J ⊧ α and there is
no proper subset J ′ ⊂ J such that J ′ ⊧ α. Horridge defines justification in
Description Logic (DL), but in the context of this dissertation, justification
is defined in PL as follows:

Definition 2.10 (Classical Justification). Let K be a knowledge base and a
query α such that K ⊧ α. The set of formulas J is a justification for K ⊧ α
if J ⊆ K, J ⊧ α and for all J ′ ⊂ J , it holds that J ′ ⊭ α.

Consider the knowledge baseK = {robins→ birds, birds→ fly, penguins→
birds, birds→ wings}, and the query robins→ fly. The justification for the
entailment K ⊧ robins → fly is the set J = {robins → birds, birds → fly}.
The set J is a justification because J ⊧ robins → fly, and if any formula is
removed for J , then J no longer entails the query.

In this dissertation, we further define justification for a query α that is
not entailed by a knowledge base K. The justification for a non-entailment
is simply the set that does not entail the query. In classical reasoning, the
justification for K /⊧ α is the knowledge base itself.

Definition 2.11 (Justification for Non-entailment). Let K be a knowledge
base and a query α such that K /⊧ α. The justification for K /⊧ α is K.

Consider the knowledge baseK = {robins→ birds, birds→ fly, penguins→
¬fly} and the query penguins → birds. K /⊧ penguins → birds, and the jus-
tification is simply K.

Horridge proposed algorithms to compute justification for entailments in
DL [21]. We translate Horridge’s algorithm to PL, presented in section 3.6
of this dissertation.
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2.4 The KLM Framework

Consider the following knowledge base K = {birds → fly, penguins →
birds, penguins → ¬fly}. Classical reasoning concludes K ⊧ ¬penguins,
which means there are no penguins. However, we know that penguins are
birds that cannot fly. Penguins are an exception to the typical scenario where
birds can fly.

Non-monotonic reasoning overcomes such a shortfall of monotonic rea-
soning. In this dissertation, we will look at a specific type of non-monotonic
reasoning known as defeasible reasoning. The KLM Framework provides a
preferential approach to defeasible reasoning [25].

The KLM Framework extends PL with the additional binary operation
of defeasible implication, denoted by ∣∼. The formula α ∣∼ β is read as “alpha
typically implies beta”. Defeasible implication operations cannot be nested.
For example, one cannot have the formula (α ∣∼ β) ∣∼ γ.

In this dissertation, we define a finite set of formulas containing defeasible
implications as a defeasible knowledge base.

The material counterpart of a defeasible implication α ∣∼ β is the propo-
sitional formula α → β. Alternatively, α → β is the materialisation of α ∣∼ β.
Given a defeasible knowledge base K, Ð→K is the materialisation of K if all
defeasible implications α ∣∼ β ∈ K are replaced with its material counterpart
α → β.

2.5 Rational Closure

A defeasible knowledge base is a finite set of defeasible implications. All
classical implications can be replace with corresponding defeasilbe implica-
tions [10]. For example, the classical implication α → β can be expressed as
the defeasible implication ¬(α → β) ∣∼ �. Therefore a knowledge base that
contains classical implications can be converted into a knowledge base that
contains defeasible implications only. In this section, we assume knowledge
bases are defeasible unless specified otherwise.

Kraus, Lehmann, and Magidor presented the notion of preferential mod-
els [25]. Lehmann and Magidor defined preferential entailment based on
preferential models, denoted ∣≈p [26]. Furthermore, they defined the notion
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of exceptionality using preferential entailment. Preferential entailment is not
good enough to perform defeasible reasoning because it is monotonic [26].
For example, given the statements robins are birds and birds typically have
wings, preferential entailment cannot entail the statement robins typically
have wings. Therefore, Lehmann and Magidor defined rational closure, de-
noted ∣≈RC , as a form of defeasible reasoning [26]. Corollary 6 of [26] shows
that exceptional formulas in the knowledge base can be identified using clas-
sical entailment instead of preferential entailment. Preferential entailment
forms the core of computing rational closure. Freund presented an algorithm
that computes rational closure, denoted by ⊢RC [16]. The algorithm ⊢RC

takes a finite defeasible knowledge base K and a defeasible implication α ∣∼ β
as inputs. The result of ⊢RC is true if and only if K ∣≈RC α ∣∼ β. The algo-
rithm iteratively identifies a set of exceptional formulas. More specifically,
Ei+1 = {α ∣∼ β ∈ Ei∣Ei ∣≈p ¬α} is a set of exceptional formulas in Ei. Fre-
und uses classical entailment to identify the set of exceptional formulas as

Ei+1 = {α ∣∼ β ∈ Ei∣
Ð→
Ei ⊧ ¬α} [16]. For simplicity, in the remainder of this

dissertation, we use the symbol ∣≈ to denote defeasible entailment.

Freund presented an algorithm that ranks formulas required by rational
closure [16]. We refer to this specific ranking of formulas as base rank. The
base rank of the formulas in a knowledge base is unique [19]. The intuition
behind base rank is that the lower-ranked formulas are less exceptional.

Casini et al. formalised the base rank and rational closure algorithms
into pseudocode, as shown below in algorithm 1 and algorithm 2, respec-
tively [10].

Algorithm 1 computes the base rank of formulas in a given knowledge
K in an iterative approach. In each iteration, the algorithm collects the
exceptional formulas from Ei into Ei+1 and assigns the remaining formulas
in Ei to rank Ri. The algorithm continues to do so until there are no more
exceptional formulas.

As shown in algorithm 2, given the base ranking (R0,R1, ....,R∞) of the
formulas in a knowledge base K and a query α ∣∼ β, rational closure finds the
largest subset S ⊆ (R0∪R1∪...∪R∞) such S ⊧ α by iteratively removing lower
ranked formulas. The defeasible entailment K ∣≈ α ∣∼ β holds if S ⊧ α → β.

To demonstrate the base ranking algorithm (algorithm 1), we will use
some notations to denote the different interpretations of the knowledge base.
For any propositional atom α, α denotes the interpretation where α is true
and, α denotes the interpretation where α is false. For example, αβγ denotes
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the interpretation where α and γ are false and β is true.

Algorithm 1 BaseRank

1: Input: A knowledge base K
2: Output: An ordered tuple (R0, ...,Rn−1,R∞, n)
3: i := 0;

4: E0 :=
Ð→K ;

5: while Ei−1 ≠ Ei do
6: Ei+1 := {α → β ∈ Ei ∣ Ei ⊧ ¬α};
7: Ri := Ei ∖Ei+1;
8: i := i + 1;
9: end while
10: R∞ := Ei−1;
11: if Ei−1 == ∅ then
12: n := i − 1;
13: else
14: n := i;
15: end if
16: return (R0, ...,Rn−1,R∞, n)

The following example from Kaliski’s dissertation demonstrates the intu-
ition behind the base ranking [22].

1. Consider the following knowledge base K ∶= {boat ∣∼ floats, leaky ∣∼
boat, leaky ∣∼ ¬floats,F lyingDutchman ∣∼ boat,F lyingDutchman ∣∼
leaky}. For simplicity, we represent the propositional atoms using let-
ters as follows: b for boat, f for floats, l for leaky and d for Flying-
Dutchman.

2. The material counterpart of the knowledge base K ∶= {b ∣∼ f, l ∣∼ b, l ∣∼
¬f, d ∣∼ b, d ∣∼ l} is Ð→K = {b → f, l → b, l → ¬f, d → b, d → l}. Therefore,
E0 = {b→ f, l → b, l → ¬f, d→ b, d→ l}.

3. Applying line 6 of the algorithm, we have E1 ∶= {α → β ∈ E0 ∣ E0 ⊧ ¬α}.
Only three interpretations satisfy E0: blfd, blfd and blfd. All three
interpretations also satisfy l and d. Therefore, E0 ⊧ ¬l, E0 ⊧ ¬d and
E1 ∶= {l → b, l → ¬f, d → b, d → l}. Line 7 of the algorithm defines
R1 ∶= {b→ f}.
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4. The second iteration of the while loop defines E2 ∶= {α → β ∈ E1 ∣ E1 ⊧
¬α}.The following interpretations satisfy E1: blfd, blfd, blfd, blfd,
blfd and bfld. From these interpretations, we see that E1 /⊧ ¬l and
E1 /⊧ ¬d. Hence, E2 ∶= ∅ and R1 ∶= {l → b, l → ¬f, d→ b, d→ l}.

5. It is easy to see that the third iteration of the while loop results in
E3 ∶= ∅. The loop terminates because E2 = E3. Line 10 defines R∞ ∶= ∅.
The if-else statement from lines 10 to 15 assigns n = 3.

6. Finally, the algorithm returns the tuple: ({b → f}, {l → b, l → ¬f, d →
b, d → l}, ∅, 3). More visually, one can view the rankings of

Ð→K in the
following table.

R∞ ∅
R1 l → b, l → ¬f, d→ b, d→ l
R0 b→ f

Algorithm 2 RationalClosure

1: Input: A knowledge base K, and a defeasible implication α ∣∼ β
2: Output: true if K ∣≈ α ∣∼ β, and false otherwise
3: (R0, ...,Rn−1,R∞, n) := BaseRank(K);
4: i := 0
5: R := ⋃j<n

i=0 Rj;
6: while R∞ ∪R ⊧ ¬α and R ≠ ∅ do
7: R := R ∖Ri;
8: i := i + 1;
9: end while
10: return R∞ ∪R ⊧ α → β;

We continue from the above base rank example to illustrate the intuition
behind rational closure. Additionally, we use the defeasible implication d ∣∼
¬f as the query.

1. We use the output of the base ranked example in line 3 of algorithm 2.
Line 5 of the algorithm defines R ∶= ⋃j<n

i=0 Rj. Apply this to the result
of base ranking. We have R ∶= {b→ f, l → b, l → ¬f, d→ b, d→ l}.
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2. The conditions on line 6 of the algorithm require us to determine R∞∪
R ⊧ ¬d. As no model of R∞ ∪R satisfies d, we have R∞ ∪R ⊧ ¬d. Line
7 removes R0 from R. Therefore, R = {l → b, l → ¬f, d→ b, d→ l}.

3. The interpretation blfd satisfies R and d. Therefore, R∞ ∪ R /⊧ ¬d
and the algorithm exit the while loop. Lastly, we must determine if
R∞∪R ⊧ d→ ¬f . The interpretation blfd also satisfies d→ ¬f . Hence,
R∞ ∪ R ⊧ d → ¬f is true. The algorithm returns true, and indeed
K ∣≈ d ∣∼ ¬f . In English, the knowledge base K defeasible entails that
the Flying Dutchman typically does not float.

15



Chapter 3

Justification for Defeasible
Entailment using the KLM
Framework

3.1 Overview

In this chapter, we present the theoretical work of this dissertation. More
specifically, we propose a defeasible justification for the KLM Framework,
which we refer to as KLMDefeasibleJustification. We first look at the
definition of defeasible justification. Then we investigate a defeasible justi-
fication algorithm for DL proposed by Chama [11]. With that, we translate
the defeasible algorithm to PL. We then present an example illustrating the
intuition of defeasible justification for PL.

In subsection 2.3, we presented Horridge’s definition of justifications which
are the minimal sets in the knowledge base that entails the query. Hor-
ridge presented an algorithm that identifies the justification for a classical
entailment. However, justification for defeasible entailment is a layer more
complex.

Chama defined defeasible justification for DL as follows: for a justification
of a defeasible entailment, K ∣≈ α, we are only selecting the minimal sets in
K such that (1) the materialisation of the minimal set classically entails
Ð→α and (2) the minimal sets only contain the appropriate and applicable
axioms. Such appropriate and applicable axioms are those axioms that were
not disregarded when computing rational closure [11].
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Observing the transition from classical reasoning to defeasible reasoning
presents another approach to understanding defeasible justification. Initially,
in the classical case, we have justifications (minimal sets) that support a
classical entailment. When we move from classical reasoning to defeasible
reasoning, we select the justifications that only contain appropriate and ap-
plicate axioms. Of course, certain axioms in the defeasible justifications need
to be transformed to the defeasible version based on the defeasible knowledge
base.

Chama presented a defeasible justification algorithm for DL [11]. Based
on the definition of defeasible justification, Chama modified the rational
closure algorithm for DL to return an integer that indicates the number
of ranks of axioms disregarded. Chama’s defeasible justification algorithm
omits ranks of axioms according to the rational closure algorithm. The de-
feasible justification algorithm for DL also uses the ComputeAllJustifications
algorithm as a sub-procedure. Horridge proposed the ComputeAllJustifica-
tions algorithm to identify all classical justifications for an entailment in
DL [21]. Applying the ComputeAllJustifications algorithm to the appropri-
ate and applicable axioms in the knowledge base produces defeasible justifi-
cations.

We take a similar approach to construct a defeasible justification algo-
rithm for PL. Firstly, we modify the RationalClosure algorithm for PL (al-
gorithm 2) to return an additional integer value that indicates the num-
ber of ranks of formulas disregarded. Secondly, we apply the PL version of
ComputeAllJustification to the appropriate and applicable formulas. Since
ComputeAllJustification produces classical justification, we transform the
classical justifications into defeasible justifications as the last procedure.

To illustrate the intuition of the defeasible justification algorithm for
PL, we present the following example: Consider the classical knowledge
base K with the following PL formulas, K = {penguins → birds, robins →
birds, specialpenguins→ penguins, birds→ fly, birds→ wings, special−
penguins→ fly} with the query specialpenguins→ fly. There are two pos-
sible classical justifications for K ⊧ specialpenguins→ fly: J1 = {special−
penguins → fly} and J2 = {SpecialPenguins → penguins, penguins →
birds, birds → fly}. Notice specialpenguins are unsatisfiable because clas-
sical reasoning deduces specialpenguins cannot fly (based on specialpenguins
are penguins and penguins cannot fly), but the knowledge base also states
that specialpenguins can fly.
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In the defeasible case, consider the defeasible knowledge baseK = {penguins
→ birds, robins → birds, specialpenguins → penguins, birds ∣∼ fly, birds ∣∼
wings, penguins ∣∼ ¬fly, specialpenguins ∣∼ fly} with the query
specialpenguins ∣∼ fly. According to the BaseRank algorithm (algorithm
1), we should get the following ranking of formulas:

R∞ penguins→ birds, robins→ birds, specialpenguins→ penguins
R2 specialpenguins ∣∼ fly
R1 penguins ∣∼ ¬fly
R0 birds ∣∼ fly, birds ∣∼ wings

Provided the above formula ranking, the RationalClosure algorithm (al-
gorithm 2) concludes that K ⊧ specialpenguins ∣∼ fly. Furthermore, the
RationalClosure algorithm disregards formulas in R0 and R1.

One would think both J1 = {specialpenguins ∣∼ fly} and J2 = {special−
penguins → penguins, penguins ∣∼ birds, birds ∣∼ fly} are justifications sup-
porting the entailment. However, J2 includes birds ∣∼ fly, which was disre-
garded in the rational closure computation. Therefore, only J1 is the valid
defeasible justification as it only contains the appropriate and applicable for-
mula.

For simplicity, in the remaining chapters of this dissertation, we refer to
defeasible justification as justification and assume all knowledge bases are
defeasible unless specified otherwise.

The KLMDefeasibleJustification algorithm is composed of multiple
sub-algorithms. Figure 3.1 shows the composition of the justification algo-
rithm. It first computes the defeasible entailment with RationalClosure,
which is a slightly adjusted version of algorithm 2. This is followed by a
sub-algorithm that finds all justifications (definition 2.10) for classical
entailment (definition 2.5). Lastly, the classical justifications are converted
to defeasible justifications using the dematerialisation algorithm.

This chapter is structured as follows. We first look at the composi-
tion of Chama’s defeasible justification algorithm in section 3.2. Then we
present the sub-algorithms RationalClosure, FindAllClassicalJustifica-
tions, and Dematerialisation in sections 3.3, 3.4. and 3.5, respectively.
Lastly, we present the justification algorithm and some representative exam-
ples in section 3.6.
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Figure 3.1: Defeasible Justification Algorithm Composition

3.2 Justification for Defeasible Entailment in

Description Logic

Chama’s defeasible justification algorithm uses two sub-algorithms, namely
RationalClosureForJustification and ComputeAllJustification. The
functionality of each sub-algorithm is as follows:

• RationalClosureForJustification(K, α ∣∼ β) computes the defeasi-
ble entailment given a knowledge base K and a query α ∣∼ β. The
sub-algorithm returns the boolean value true if K ∣≈ α ∣∼ β and false,
otherwise. Additionally, it returns an integer value, rank, which indi-
cates the number of rank of formulas disregarded when computing the
entailment.

• ComputingAllJustifications(K, α → β) computes all justification(s)
for the classical entailment K ⊧ α → β. This sub-algorithm returns a
set of classical justifications. Each justification is a minimal subset of
the knowledge base that classically entails the query.

Algorithm 3 is a simplified version of the justification algorithm for DL
presented by Chama [11]. The simplification removed the explicit details that
only apply to DL, which is irrelevant to this dissertation. For clarification,
Chama uses Di to denote the formula(s) ranked i by base ranking.
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As shown in lines 10 - 12 in algorithm 3, if there are rank(s) of formulas
disregarded when computing the rational closure, then the same rank(s) of
formulas are also disregarded when computing the justification. We follow
the same approach to formulate a defeasible justification algorithm using the
KLM Framework. This is further discussed in the rest of this chapter.

Algorithm 3 ComputeDefeasibleJustification(K, α)
1: Input: Knowledge base K and query α
2: Output: Justification J
3: i← 0
4: Jresult ← ∅
5: rank ← RationalClosureForJustification(K, α)
6: if rank = 0 then
7: Jresult ← ComputeAllJustifications(K, α)
8: return Jresult
9: end if
10: while i < rank do
11: Knew ← Knew \Di

12: i← i + i
13: end while
14: Jresult ← ComputeAllJustification(Knew, α)
15: return Jresult

3.3 Rational Closure Algorithm

As mentioned in section 2.5, Freund presented a set of systematic proce-
dures which ranks formulas as required by rational closure [16]. Casini et al.
formalised Freund’s procedures into programming-style algorithms BaseR-
ank (algorithm 1) and RationalClosure (algorithm 2) [10]. However, the
RationalClosure algorithm only returns a boolean value indicating whether
the defeasible entailment K ∣≈ α ∣∼ β holds or not. The KLMDefeasibleJus-
tification algorithm requires RationalClosure to return additional values
to compute justifications. We refer to the adjusted RationalClosure al-
gorithm as RationalClosureForJustification. Given a knowledge base K
and a query α ∣∼ β as inputs, the RationalClosureForJustification algo-
rithm needs to return the following values:
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• Defeasible entailment indicator is a boolean value that is true if
K ∣≈ α ∣∼ β and false, otherwise.

• Rank indicator is an integer value which refers to the number of
rank(s) of formula(s) that is disregarded in computing the defeasible
entailment.

• Ranked formulas is an ordered tuple (R0, ...,Rn,R∞) which is the
minimal ranked formulas in K.

The BaseRank algorithm can be further improved by applying rules to
formulas that are always assigned to the infinity rank. The following subsec-
tions present the BaseRankForJustification and RationalClosureFor-
Justification algorithms, respectively.

3.3.1 Base Ranking for Justification

The BaseRank algorithm (algorithm 1) assumes the input knowledge base
contains only defeasible implications.

Given a knowledge base K, consider the following two scenarios and ob-
servations on each scenario:

• Let α be a classical implication and α ∈ K. It follows from the theorem
?? that we can replace α with ¬α ∣∼ � in K. Consider K as input to
algorithm 1 then ¬α → � ∈ E0 and for some i, ¬α → � ∈ Ei. Since the
classical entailment ¬α → � ⊧ α always holds, line 6 of the BaseRank
algorithm puts ¬α → � in Ei+1. As a result of this observation, we can
deduce that ¬α → � is always assigned to R∞. Therefore, we conclude
that BaseRank assigns any classical implication α to R∞.

• Let {α ∣∼ β,α ∣∼ ¬β} ⊆ K and consider K as input to algorithm 1. Then
{α → β,α → ¬β} ⊆ E0 and for some i, {α → β,α → ¬β} ⊆ Ei. Since,
Ei ⊧ ¬α always holds, line 6 of BaseRank always adds α → β and
α → ¬β to Ei+1. From this observation, we can conclude that if both
α ∣∼ β and α ∣∼ ¬β are present in K, then BaseRank algorithm always
assigns these formulas to R∞.

Based on the above observations and conclusions, we can construct aBaseR-
ankForJustification algorithm that is more computationally efficient than
BaseRank.
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Algorithm 4 BaseRankForJustification

1: Input: Knowledge base K
2: Output: An ordered tuple {R0, ...,R∞}
3: C ∶= {α → β ∈ K} ∪ {α → β,α → ¬β ∈ K∣α ∣∼ β and α ∣∼ ¬β ∈ K}
4: E0 ∶= K \C
5: i ∶= 0
6: while Ei−1 /= Ei do

7: Ei+1 ∶= {α ∣∼ β ∈ Ei∣
Ð→
Ei ∪ C ⊧ ¬α}

8: Ri ∶= Ei \Ei+1

9: i = i + 1
10: end while
11: R∞ ∶= C ∪Ei−1

12: if Ei−1 = ∅ then
13: n = i − 1
14: else
15: n = i
16: end if
17: Return (R0, ...,Rn,R∞)

We present an example to illustrate the intuition behind algorithm 4
and base ranking. Consider the following knowledge base as the input to
algorithm 4: K = {penguins → birds, robins → birds, specialpenguins →
penguins, birds ∣∼ fly, birds ∣∼ wings, penguins ∣∼ ¬fly, specialpenguins ∣∼
fly}. The variables are assigned the following values as we run through the
algorithm:

• C ∶= {penguins→ birds, robins→ birds, specialpenguins→ penguins}

• E0 ∶= {birds ∣∼ fly, birds ∣∼ wings, penguins ∣∼ ¬fly, specialpenguins ∣∼
fly}

• E1 ∶= {penguins ∣∼ ¬fly, specialpenguins ∣∼ fly}

• R0 ∶= {birds ∣∼ fly, birds ∣∼ wings}

• E2 ∶= {specialpenguins ∣∼ fly}

• R1 ∶= {birds ∣∼ fly}
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Table 3.1: Base Rank of formulas in K
Rank Formulas
∞ penguins→ birds, robins→ birds, specialpenguins→ penguins
R2 specialpenguins ∣∼ fly
R1 penguins ∣∼ ¬fly
R0 birds ∣∼ fly, birds ∣∼ wings

• E3 ∶= ∅

• R2 ∶= {birds ∣∼ fly}

• R∞ ∶= {penguins→ birds, robins→ birds, specialpenguins→ penguins}

The base ranking of K can be visualised as shown in table 3.1.

3.3.2 Rational Closure for Justification

Similar to Chama’s modification to the rational closure algorithm to return
an additional integer which indicates the number of ranks of formulas disre-
garded. We adjust the RationalClosure algorithm (algorithm 2) to meet the
required information for KLMDefeasibleJustification. We refer to the
adjusted algorithm as RationalClosureForJustification.

Algorithm 5 RationalClosureForJustification

1: Input: A knowledge base K, and a defeasible implication α ∣∼ β
2: Output: true if K ∣≈ α ∣∼ β, and false otherwise, rank i and the tuple of

base ranked formulas (R0, ...,R∞)
3: (R0, ...,Rn,R∞) := BaseRankForJustification(K);
4: i := 0
5: R := ⋃j≤n

i=0 Rj

6: while
Ð→
R∞ ∪Ð→R ⊧ ¬α and R ≠ ∅ do

7: R := R ∖Ri

8: i := i + 1
9: end while
10: return

Ð→
R∞ ∪Ð→R ⊧ α → β, i, (R0, ...,Rn,R∞)
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We illustrate the intuition behind algorithm 5 and rational closure by
presenting representative examples. Consider the example knowledge base
K and base ranking of K from section 3.3.1. We have ({birds ∣∼ fly, birds ∣∼
wings},{penguins ∣∼ ¬fly},{specialpenguins ∣∼ fly},{penguins→ birds,
robins → birds, specialpenguins → penguins}) as output from BaseRank-
ForJustification sub-algorithm on line 3 of algorithm 5.

We present the three different defeasible implications as input queries to
algorithm 5:

1. robins ∣∼ wings

•
Ð→
R = {specialpenguins→ fly, penguins→ ¬fly, birds→ fly,

birds → wings} and Ð→R∞ ∪Ð→R ⊧ ¬robins does not hold. Therefore,
no formulas are discarded.

• Since,
Ð→
R∞ ∪Ð→R ⊧ robins→ wings, we have K ∣≈ robins ∣∼ wings.

• The algorithm returns i = 0 because no formulas were discarded.

2. penguins ∣∼ wings

•
Ð→
R = {specialpenguins→ fly, penguins→ ¬fly, birds→ fly,

birds → wings} and
Ð→
R∞ ∪ Ð→R ⊧ ¬penguins. Therefore, R0 is re-

moved fromR andR = {penguins ∣∼ ¬fly, specialpenguins ∣∼ fly}.
• Now,

Ð→
R∞ ∪Ð→R ⊧ ¬penguins does not hold.

•
Ð→
R∞∪

Ð→
R /⊧ penguins→ wings and therefore K /∣≈ penguins ∣∼ wings.

• The algorithm returns i = 1 because there is one iteration of re-
moving the bottom-ranked formulas from R.

3. specialpenguins ∣∼ fly

• Iterating over lines 6 to 9 of algorithm 5, both R0 and R1 is

removed from R such that the condition R∞ ∪ Ð→R ⊧ ¬α does not
hold.

• R∞ ∪ Ð→R = {penguins → birds, robins → birds, specialpenguins →
penguins, specialpenguins→ fly} ⊧ specialpenguins→ fly.

• Hence, the defeasible entailment K ∣≈ specialpenguins ∣∼ fly holds.

• Since two ranks for formulas were discarded, the algorithm returns
i = 2.
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3.4 Classical Justification Algorithm

Currently, there is a range of existing tools that compute classical entailment
explanations for PL. These tools vary in their algorithm, implementation,
and approach to the entailment explanation. In this dissertation, we take
the approach proposed by Horridge[21]. Horridge’s proposal was presented
in DL; we translate Horridge’s algorithms to PL.

Consider the classical version of the example knowledge base in sec-

tion 3.3.2,
Ð→K = {penguins→ birds, robins→ birds, specialpenguins→

penguins, birds → fly, birds → wings, penguins → ¬fly, specialpenguins →
fly}. Intuitively, each of the following queries should have the corresponding
justifications:

1.
Ð→K ⊧ robins→ wings is justified by {robins→ birds, brids→ wings}.

2.
Ð→K /⊧ penguins→ wings. Therefore justification J = ∅.

3.
Ð→K ⊧ specialpenguins→ fly has two set of justifications:
{specialpenguins→ fly} and {specialpenguins→ penguins,
penguins→ birds, birds→ fly}.

Figure 3.2 shows the composition of the classical entailment algorithm
proposed by Horridge. In computing a single justification for an entailment,
Horridge uses the technique of expanding a subset of axioms until the set
entails the query. To ensure the resulting subset is the minimal set for entail-
ment, Horridge proposed to retract axioms from the subset without breaking
the entailment. Lastly, Horridge uses the hitting set tree (HS-Tree) technique
and computing a single justification to identify all possible justifications for
the entailment.

In the following subsections, we build up the classical entailment expla-
nation algorithm for PL by looking at each of the sub-algorithms. Firstly,
we define the PL equivalent of the ExpandAxioms and ContractAxioms al-
gorithms. These sub-algorithms are then used in computing a single jus-
tification in PL. Lastly, we can construct an algorithm using the HS-Tree
technique that identifies all justifications for the entailment. The algorithms
are almost identical compared to DL algorithms defined by Horridge. This
is because the techniques for finding all justifications are logic independent.
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Figure 3.2: Algorithm Topology of Classical Entailment Explanation

3.4.1 Expand Formulas

Horridge defines signature in DL [21]. In this dissertation, we define signature
in PL as follows:

Definition 3.1 (Signature). A formula’s signature is the set of propositional
atoms occurring in the formula.

Horridge’s strategy in identifying a subset of the knowledge base that
entails the query is to start with an initial set, S ⊆ K, and add formulas to
the set until it entails the query. A challenge with this approach is to identify
the most sensible initial set S.

A reasonable approach to identifying the initial set S is to put all the
formulas related to the query α in S. A good approximation is the collection
of formulas where their signature intersects with the query’s signature.

For example, consider the knowledge base K ∶= {α,α∧β, γ, δ∨¬γ,¬β}, and
the query α → γ. We define the set Σ as the query’s signature. Therefore, we
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have Σ ∶= {α, γ}. The initial set S is a subset of K where each formula in S has
a signature that intersects with Σ. In this example, S ∶= {α,α∧β, γ, δ ∨¬γ}.

In this dissertation, we define FindRelatedFormulas(Σ,K) as the function
that identifies the formulas in K with a signature that intersects with Σ.

Algorithm 6 ExpandFormulas

1: Input: Knowledge base K and query α → β
2: Output: Set S
3: if K /⊧ α → β then
4: return ∅
5: else
6: S ∶= ∅
7: S′ ∶= ∅
8: Σ ∶= signature(α → β)
9: while S′ /= S do
10: S′ = S
11: S = S ∪ FindRelatedFormulas(Σ,K)
12: if S ⊧ α → β then
13: return S
14: end if
15: Σ = signature(S)
16: end while
17: end if
18: return S

ExpandFormulas (algorithm 6) is the PL equivalent of ExpandAx-
ioms. Line 3 of ExpandFormulas checks if the input knowledge base K
entails the query α → β. If the entailment does not hold, there is no ex-
planation, and the result is an empty set. For cases where K ⊧ α → β, the
algorithm initialised the sets S and S′ to empty sets and Σ to the signature
of α → β.

In essence, the algorithm sensibly expands the set S until it entails the
query. The algorithm terminates when the set S stops expanding. There are
two primary operations we need to account for:

1. Keep track of the growth of the set S: The set S′ is set S in the previous
iteration of the while loop. Therefore, S did not expand if S′ == S and
the algorithm exits the while loop.
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2. Appropriately expand S: In each iteration, the set S expands based on
the signature of the query α → β and its related formulas.

Notice that the ExpandFormulas algorithm is guaranteed to terminate
because K is defined as finite. Therefore, set S cannot expand infinitely.

Expand Formulas Example

For example, consider the knowledge base K ∶= {α → β, β → γ, γ → δ, δ →
σ,ω ∨ ¬ζ, ζ ∧ γ} and the query α → σ.

1. The algorithm initialises Σ to the signature of the query, which is the
set {α,σ}. In the first iteration of the while loop, line 11 updates S to
{α → β, δ → σ}. It is clear that S /⊧ α → σ.

2. In the second iteration, S expands further to {α → β, β → γ, δ → σ}
and it still does not yet entail the query. A further iteration expands
the set S to {α → β, β → γ, γ → δ, δ → σ, ζ ∧ γ} and now S ⊧ α → σ.
Finally, the algorithm returns S and terminates.

Notice that S in the example is not the minimal set that justifies the
entailment. The set {α → β, β → γ, γ → δ, δ → σ} is a subset of S, and it
also entails the query. In the next subsection, we define an algorithm that
contracts the set S without breaking the entailment.

3.4.2 Contract Formulas

Given a knowledge base K and a subset S ⊆ K such that S ⊧ α → β, the
algorithm ContractFormulas returns a subset S′ ⊆ S such that S′ ⊧ α → β.

There are a few approaches to reducing the set S; Horridge mentions
the simple approaches of removing the formulas one by one and the sliding
window technique [21]. However, it is evident that divide and conquer is the
more efficient technique for an extensive knowledge base. Algorithm 7 is the
recursive implementation of the divide and conquer approach to contract a
set of formulas S that entails the query α → β.

Algorithm 7 constructs a binary tree where each node splits the formulas
into two subsets, SL and SR. In essence, the ContractFormulas algorithm
discards branches that contain formulas which do not contribute to the en-
tailment of the query.
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Algorithm 7 ContractFormulas

1: Input: A set S and entailment α, such that S ⊧ α
2: Output: Set S′ ⊆ S such that S′ ⊧ α
3: return ContractFormulasRecursive(∅,K, α)
4: ContractFormulasRecusive(Ssupport, Swhole, α)
5: if ∣Swhole∣ == 1 then
6: return Swhole

7: end if
8: SL, SR ∶= Splite(Swhole)
9: if Ssupport ∪ SL ⊧ α then
10: return ContractFormulasRecursive(Ssupport, SL, α)
11: end if
12: if Ssupport ∪ SR ⊧ α then
13: return ContractFormulasRecursive(Ssupport, SR, α)
14: end if
15: S′L := ContractFormulasRecursive(Ssupport ∪ SR, SL, α)
16: S′R := ContractFormulasRecursive(Ssupport ∪ S′L, SR, α)
17: return S′L ∪ S′R

Notice that the set S ⊆ K is a finite set of formulas and cannot be divided
and conquered infinitely. Therefore, ContractFormulas is guaranteed to
terminate.

Contract Formulas Example

Consider the knowledge base K ∶= {α → β, ζ ∧ γ, γ → δ, δ → σ,ω ∨ ¬ζ, β → γ}
and the query α → γ.

1. In the first recursion, we have Ssupport = ∅ and Swhole = K. By splitting
Swhole we get SL = {α → β, ζ∧γ, γ → δ} and SR = {δ → σ,ω∨¬ζ, β → γ}.
It is clear that neither Ssupport ∪ SL ⊧ α → γ nor Ssupport ∪ SR ⊧ α → γ.
Therefore, we execute the next recursion with the updated parameters
to calculate S′L as shown in line 15.

2. The next recursion initiates with the following parameters: Ssupport =
{δ → σ,ω∨¬ζ, β → γ}, Swhole = {α → β, ζ ∧γ, γ → δ} and the query α →
γ. Splitting Swhole, we get SL = {α → β, ζ ∧ γ} and SR = {γ → δ}. It is
evident that Ssupport ∪SL ⊧ α → γ. Therefore the algorithm returns the
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value of the next recursion using the following parameters Ssupport, SL

and α → γ respectively.

3. The following recursion initiates with the parameters: Ssupport = {δ →
σ,ω ∨ ¬ζ, β → γ}, Swhole = {α → β, ζ ∧ γ} with the query α → γ. From
Swhole we get SL = {α → β} and SR = {ζ ∧ γ}. Similar to the last recur-
sion, we have Ssupport∪SL ⊧ α → γ and it follows that this recursion ter-
minates with the return value ContractFormulaRecursive(Ssupport, SL,
α → γ). It is easy to see that the return value is α → β because
SL = {α → β}. This value propagates up to the first recursion and we
have S′L = α → β.

4. The calculated value of S′L allows use to calculate S′R as show in line
16 of the algorithm. As indicated in step 1 in the first recursion, the
algorithm had the following values for each variable:

• Ssupport = ∅
• Swhole = {α → β, ζ ∧ γ, γ → δ, δ → σ,ω ∨ ¬ζ, β → γ}
• α → γ

• SL = {α → β, ζ ∧ γ, γ → δ}
• SR = {δ → σ,ω ∨ ¬ζ, β → γ}
• S′L = {α → β}

5. According to line 16, S′R is calculated with
ContractFormulasRecursive(Ssupport ∪ S′L, SR, α → γ). By applying the
variables mentioned above, we have S′R = ContractFormulasRecursive(∅∪
α → β,{δ → σ,ω ∨ ¬ζ, β → γ}, α → β).

6. In the first recursion of calculating S′R, the algorithm splits Swhole into
the following: SL = {δ → σ,ω ∨ ¬ζ} and SR = {β → γ} with Ssupport =
{α → β}. It is clear that Ssupport ∪ SR ⊧ α → γ and the algorithm
terminates with the final set S′ = {α → β, β → γ}

Figure 3.3 presents a visual illustration of the above example. The formu-
las in the red leaf nodes are ignored because these formulas do not contribute
to the entailment of α → γ. The remaining formulas in the green leaf nodes
form the smallest subset of formulas that entails α → γ.
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Figure 3.3: Visual illustration of classical entailment example

3.4.3 Compute Single Justification

An algorithm that computes a single justification for an entailment in PL is
constructed using ExpandFormulas andContractFormulas sub-algorithms.
The algorithm first finds a subset S ⊆ K that entails the query using Ex-
pandFormulas. It then contracts the set S using ContractFormulas to
find the smallest subset of S that entails the query.

Algorithm 8 finds a single justification for an entailment K ⊧ α. Figure 3.4
is a visual illustration of the intuition behind the algorithm of finding a single
justification for an entailment.

Figure 3.4: Visual illustration of finding a single justification
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Algorithm 8 ComputeSingleJustification

1: Input: Knowledge base K and entailment α
2: Output: Justification J
3: if α ∈ K then
4: return α
5: end if
6: S := ExpandFormulas(K, α)
7: if S == ∅ then
8: return ∅
9: end if
10: J := ContractFormulas(S, α)
11: return J

3.4.4 Compute All Justifications

Horridge proposes an algorithm that uses the HS-Tree technique to find all
classical justifications of a DL entailment[21]. The HS-Tree technique was
originally applicable in the Theory of Diagnosis in which Reiter presented
the technique to identify the minimal hitting set given a set of conflicting sets
in a universe [33]. The HS-Tree technique can also be used to dynamically
identify the set of conflicting sets.

A knowledge base and a set of justifications map to the notion of the
universe and a set of conflicting sets in the field of diagnosis, respectively.
Kalyanpur et al. proposed using the HS-Tree algorithm to find all justifica-
tions for an entailment [23].

Many works of literature have demonstrated a problem with Reiter’s HS-
Tree algorithm [20, 39]. The third pruning rule of the HS-Tree algorithm may
disregard some valid branches of the HS-Tree. The rule states the following:

• If nodes n and n′ have been labelled by sets S and S′ of C, respectively,
and if S′ is a proper subset of S, then for each α ∈ S \S′ mark as
redundant the edge from node n labelled by α. A redundant edge,
together with the sub-tree beneath it, may be removed from the HS-
Tree while preserving the property that the resulting pruned HS-Tree
will yield all minimal hitting sets for C.

In both figure 3.5 and figure 3.6, the branch labelled “a”, along with its
sub-tree is disregarded by the pruning rule.
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Figure 3.5: HS-Tree demonstrating the problem with the pruning rule

Figure 3.6: HS-Tree demonstrating the problem with the pruning rule
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As a result, valid justifications (labels on the nodes) may be disregarded.
Notice that this problem occurs when a child node has a label that is a
proper subset of the label in one of its ancestor nodes. By the definition
of justification, this scenario would never happen. For example, given an
ancestor node labelled with justification J and a child node labelled with
justification J ′ where J ′ ⊂ J , both J and J ′ cannot be justifications for the
same entailment.

Hence, the problems identified in Reiter’s HS-Tree algorithm are not ap-
plicable when identifying all justifications for an entailment.

This dissertation presents a similar approach to compute all justifications
for classical PL entailment. We propose the same algorithm as Horridge’s
algorithm, as it is logic independent.

To demonstrate algorithm 9, we present the following example: Consider
the knowledge base K = {α → β, β → γ,α → γ, β → δ, δ → γ,α → δ} with the
query α → γ.

1. Line 3 - 5 initialises the following variables: Sworking = K, Xexplored = ∅
andXresult = ∅. Line 6 computes a single justification for the entailment
by calling the function ComputeSingleJustifiaction(K, α → γ). The
result is simply α → γ because α → γ ∈ K. Therefore, we have Jroot =
α → γ and Xresult = {α → γ}. Furthermore, line 9 adds vroot to the
queue Q. Currently, the tree only has the root node labelled with
α → γ.

2. Line 11 - 33 executes as long as there is some node in the queue Q. In
the first iteration we have the vhead = vroot and jhead = {α → γ}. Since
there is only one element in jhead, the for loop on lines 14 - 32 only
executes once. From the next few lines of the algorithm, we have the
following variables:

• Spath = ∅ ∪ {α → γ}
• Xexplored = ∅ ∪ {α → γ}
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Algorithm 9 ComputeAllJustification

1: Input: Knowledge Base K and entailment α
2: Output: Set of Justifications J
3: Sworking ∶= K
4: Xexplored ∶= ∅
5: Xresult ∶= ∅
6: Jroot ∶= ComputeSingleJustification(Sworking, α)
7: Xresult =Xresult ∪ {Jroot}
8: vroot ∶=GetFreshNode(Jroot)
9: Enqueue(vroot,Q)
10: SetRoot(Thst, vroot)
11: while Q /= ∅ do
12: vhead =Dequeue(Q)
13: jhead =GetLabel(vhead)
14: for β ∈ jhead do
15: Spath =GetPathToRootLabelSet(vhead, Thst) ∪{β}
16: if Spath /∈Xexplored then
17: Xexplored =Xexplored ∪ {Spath}
18: J ′ =GetNonIntersectingJustification(Spath,Xresult)
19: if J ′ == ∅ then
20: Sworking = Sworking \{Spath}
21: J ′ = ComputeSingJustification(Sworking, α)
22: Sworking = Sworking ∪ {Spath}
23: end if
24: vfresh =GetFreshNode(J ′)
25: e = GetFreshEdge(⟨vfresh, vhead⟩, β)
26: Thst = Thst ∪ {e}
27: if J ′ /= ∅ then
28: Xresult =Xresult ∪ {J ′}
29: Enqueue(vfresh,Q)
30: end if
31: end if
32: end for
33: end while
34: return Xresult
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{α → γ}

{α → β, β → γ}

α → γ

Figure 3.7: HS-Tree at step 2.

• J ′ =GetNonIntersectingJustifications(Spath,Xexplored).

The GetNonIntersectingJustifications(Spath,Xexplored) function re-
moves all the formulas in Spath and Xexplored from K and computes
a justification in the remaining formulas for the entailment. In this
case, the remaining formulas are {α → β, β → γ, β → δ, δ → γ,α →
δ}. It is easy to see the subset {α → β, β → γ} is a justification
for α → γ. Therefore, J ′ = {α → β, β → γ}.

Lines 24 - 26 construct an HS-Tree as shown in figure 3.7.

Lastly, the algorithm adds J ′ to Xresults and adds the new node to the
queue Q.

3. The next iteration of the while loop is based on the last node added
to Q where the label of the node jhead = {α → β, β → γ}. For the case
where the algorithm looks at α → β, we have the following variables:

• Spath = {α → β,α → γ}
• Xexplored = {{α → γ},{α → β,α → γ}}
• We can see that K with Spath and Xexplored removed is the set
{β → γ, β → δ, δ → γ,α → δ}. The subset {α → δ, δ → σ} is a
non-intersecting justification of the entailment α → σ. Therefore,
J ′ = {α → δ, δ → γ}.

In this iteration, lines 24 - 26 add a new node to the tree as shown in
figure 3.8.

Lastly, the algorithm adds J ′ to Xresult and adds the new node to Q.
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{α → γ}

{α → β, β → γ}

{α → δ, δ → γ}

α → γ

α → β

Figure 3.8: HS-Tree at step 3.

{α → γ}

{α → β, β → γ}

{α → δ, δ → γ} {α → δ, δ → γ}

α → γ

α → β β → γ

Figure 3.9: HT-Tree at step 4.

4. For the case where the algorithm looks at β → γ for the node with the
label {α → β, β → γ}, we have the following variables:

• Spath = {α → γ, β → γ}
• Xexplored = {{α → γ},{α → β,α → γ},{α → γ, β → γ}}
• Similar to the previous iteration, we have J ′ = {α → δ, δ → γ}.

Figure 3.9 show the HS-Tree as a result of this iteration.

Note that although the new node has the same label as the previous
node, the two nodes are still considered distinct nodes. The algorithm
then adds the node to Q and adds J ′ to Xresult
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{α → γ}

{α → β, β → γ}

{α → δ, δ → γ} {α → δ, δ → γ}

∅ ∅

α → γ

α → β β → γ

α → δ δ → γ

Figure 3.10: HS-Tree at step5.

5. The algorithm then looks at the left node with the label {α → δ, δ → γ}.
In the case where we consider α → δ, the variables update as follows:

• Spath = {α → γ,α → γ,α → δ}
• Xexplored = {{α → γ},{α → β,α → γ},{α → γ, β → γ},{α → γ,α →
γ,α → δ}}

• There is no more non-intersecting justification for the entailment.
Line 20 updates Sworking to Sworking \{Spath} and this evaluates to
the set {β → γ, β → δ, δ → γ}. No subset of Sworking entails α → γ.
Therefore, J ′ = ∅.

With the same procedures, one can also conclude that J ′ = ∅ when the
algorithm takes the δ → γ path from the node.

The resulting HS-Tree are shown in figure 3.10.

6. Now the algorithm considers the right node with the label {α → δ, δ →
γ}. Once again, when the algorithm considers δ → γ, no justifications
can be found. However, when α → δ is considered, the following vari-
ables are updated:

• Spath = {α → γ, β → γ,α → δ}
• Xexplored = {{α → γ},{α → β,α → γ},{α → γ, β → γ},{α → γ,α →
γ,α → δ},{α → γ,α → γ, δ → γ},{α → γ, β → γ, δ → γ},{α →
γ, β → γ,α → δ}}
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{α → γ}

{α → β, β → γ}

{α → δ, δ → γ} {α → δ, δ → γ}

∅ ∅
{α → β, β → δ, δ → γ}

∅

α → γ

α → β β → γ

α → δ δ → γ
α → δ

δ → γ

Figure 3.11: HS-Tree at step 6.

• It is evident that there are no more non-intersecting justifications.
Line 20 of the algorithm updates Sworking to {α → β, β → δ, δ → γ}.
Since, Sworking ⊧ α → γ , we have J ′ = {α → β, β → δ, δ → γ}.

The resulting HS-Tree from this iteration is shown in figure 3.11.

The algorithm adds the new node to Q and adds {α → β, β → δ, δ → γ}
to Xresult.

7. Looking at the last node inQ and following the same procedure, one can
easily conclude that there is no other justification for the entailment.
The algorithm terminates with the HS-Tree presented in figure 3.12.
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{α → γ}

{α → β, β → γ}

{α → δ, δ → γ} {α → δ, δ → γ}

∅ ∅ {α → β, β → δ, δ → γ} ∅

∅ ∅ ∅

α → γ

α → β β → γ

α → δ
δ → γ α → δ δ → γ

α → β β → δ δ → γ

Figure 3.12: Final HS-Tree

40



3.5 Dematerialisation Algorithm

In the previous subsection, we have shown that the defeasible entailment
justification algorithm uses the classical entailment justification algorithm.
The classical entailment justification algorithm takes the materialised knowl-
edge base K as input. Consequently, formulas in the resulting justifica-
tions are subsets of the materialised knowledge base. In other words, for
any justification j in the result of the classical justification algorithm, j ⊆
(Ð→R0 ∪

Ð→
R1 ∪ ... ∪ Ð→R∞). Results from the classical entailment justification al-

gorithm cannot be used as the results for defeasible justification unless the
necessary formulas are restored from their material counterparts. This mo-
tivates the need for the Dematerialisation algorithm.

Algorithm 10 Dematerialisation

1: Input: Set of justifications J and defeasible knowledge base K
2: Output: Set of dematerialised justifications J
3: for j in J do
4: for α → β in j do
5: if α → β /∈ K then
6: Replace α → β with α ∣∼ β
7: end if
8: end for
9: end for
10: Return J

The algorithm iterates through each justification j in J . For each justifi-
cation j, the algorithm looks at each formula. If the formula, α → β is not in
the original knowledge base, then it is updated to the defeasible implication,
α ∣∼ β.

3.6 Justification Algorithm for Defeasible En-

tailment using the KLM Framework

In this section, we present algorithm 11, which computes defeasible justifica-
tions for a defeasible entailment using the KLM Framework. The algorithm
takes a knowledge base K and a defeasible implication α ∣∼ β as inputs. If
K ∣≈ α ∣∼ β, algorithm 11 produces a set of justification(s) for the entailment.
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Otherwise, the algorithm produces a subset S ⊆ K such that S /∣≈ α ∣∼ β for
non-entailment.

Algorithm 11 KLMDefeasibleJustification

1: Input: Defeasible knowledge base K and query α ∣∼ β
2: Output: Justification J
3: i ∶= 0
4: J ∶= ∅
5: entailment, (R0,R1, ...,R∞), rank ∶=
6: RationalClosureForJustification(K, α ∣∼ β)
7: if !entailment then
8: while i < rank do
9: K = K \Ri

10: i = i + 1
11: end while
12: return K /∣≈ α ∣∼ β
13: end if
14: if rank == 0 then
15: J = ComputeAllJustifications(Ð→K , α → β)
16: J = dematerialisation(J ,K)
17: return J
18: end if
19: while i < rank do
20: K = K\Ki

21: i = i + 1
22: end while
23: J = computeAllJustifications(Ð→K , α → β)
24: J = dematerialisation(J ,K)
25: return J

Consider the example we presented in sections 3.3 and 3.4. We have
K = {penguins → birds, robins → birds, specialpenguins → penguins, birds ∣∼
fly, birds ∣∼ wings, penguins ∣∼ ¬fly, specialpenguins ∣∼ fly} which is base
ranked as shown in table 3.1. For each of the queries. robins ∣∼ wings,
penguins ∣∼ wings and specialpenguins ∣∼ fly, we have shown the output
of the RationalClosureForJustification algorithm in section 3.3.2. We
present the resulting defeasible justification(s) for each query by walking
through the KLMDefeasibleJustification algorithm.
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1. For query robins ∣∼ wings, K ∣≈ robins ∣∼ wings hold, and no formulas
were discarded in the computations of RationalClosureForJustifi-
cation algorithm. Therefore, line 15 of the KLMDefeasibleJustifi-
cation algorithm calls ComputeAllJustifications with the parame-

ters
Ð→K and robins → wings. It is easy to see that J = {{robins →

birds, birds → wings}}. Since birds → wings /∈ K, the demate-
rialise algorithm converts J to defeasible justification by replacing
birds → wings with birds ∣∼ wings. Therefore the defeasible justifi-
cation for the defeasible entailment K ∣≈ robins ∣∼ wings is {robins →
birds, birds ∣∼ wings}.

2. For query penguins ∣∼ wings, K /∣≈ penguins ∣∼ wings. In the process of
checking defeasible entailment, formulas in R0 were discarded. There-
fore, the KLMDefeasibleJustification algorithm produces the fol-
lowing justification for the non-entailment: {penguins→ birds, robins→
birds, specialpenguins → penguins, specialpenguins ∣∼ fly, penguins ∣∼
¬fly, birds ∣∼ fly, birds ∣∼ wings} /∣≈ penguins ∣∼ wings

3. For query specialpenguins ∣∼ fly, K ∣≈ specialpenguins ∣∼ fly and for-
mulas in both R0 and R1 were discarded in rational closure computa-
tions. The while loop on lines 18 -21 of KLMDefeasibleJustifica-
tion removes the discarded formulas from K. Now, K = {penguins →
birds, robins → birds, specialpenguins → penguins, specialpenguins ∣∼
fly}. Then

Ð→K and specialpenguins → fly are passed into the Com-
puteAllJustificiations algorithm, which results in J = {specialpenguins
→ fly}. Lastly, the dematerialisation algorithm converts J to
{specialpenguins ∣∼ fly}.

Example 3 demonstrates the difference between classical justification and

defeasible justification. For the classical entailment
Ð→K ⊧ specialpenguins →

fly, there would have been two justifications for the entailment:
{specialpenguins→ fly} and {specialpengins→ penguins, penguins→ birds,
birds → fly}. However, in defeasible reasoning, birds ∣∼ fly is discarded in
the rational closure computations. As a result, there is only one defeasible
justification.
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Chapter 4

Implementation of Defeasible
Justification Algorithm

4.1 Overview

In this chapter, we present the practical aspect of this dissertation. In addi-
tion to the theoretical formulation of a defeasible justification algorithm in
Chapter 3, we implemented the algorithm as a software tool. We refer to the
software tool as the KLMDefeasibleJustificationTool. The code for the tool
is publicly available on GitHub1.

This chapter is organised as follows: Section 4.3 presents the software
architecture of the KLMDefeasibleJustificationTool. The software tool uses
various external packages discussed in section 4.4. Section 4.2 specifies the in-
put and output parameters. Section 4.5 describes the implementation of the
algorithms presented in Chapter 3. Lastly, the test and the evaluation con-
ducted for the KLMDefeasibleJustificationTool are discussed in section 4.6.

1The source code is available at https://github.com/SteveWang7596/DefeasibleJust-
ificationForPropositionalLogic. Instructions on compilation and running the tool are pro-
vided in the readme.rm file.
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Figure 4.1: Example input to the KLMDefeasibleJustificationTool

4.2 Input and Output Parameters

The KLMDefeasibleJustificationTool takes in two input parameters: a
defeasible knowledge base text file and a query string. Figure 4.1 shows
an example input for the knowledge base K = {Penguin → Bird,Robin →
Bird,SpecialPenguin → Penguin,Bird ∣∼ Fly,Bird ∣∼ Wings,Penguin ∣∼
¬Fly,SpecialPenguin ∣∼ Fly}. The query of the defeasible entailment is en-
tered into the query text field on the GUI. The string “SpecialPenguin∼>Fly”
is an example input for the query SpecialPenguin ∣∼ Fly.

Given the above inputs, figure 4.2 displays the tool’s output. The output
text area presents the ranks of formulas discarded from the knowledge base
and the remaining formulas in the knowledge base after each removal. Lastly,
the tool presents valid defeasible justifications for the defeasible entailment
K ∣≈ SpecialPenguin ∣∼ Fly.

4.3 Software Architecture

The KLMDefeasibleJustificationTool is implemented in the Java pro-
gramming language [3] and follows the Model View Controller (MVC) soft-
ware architecture pattern as shown in figure 4.3 [24]. The implementation
leverages two established external packages, further discussed in section 4.4.
TheKLMDefeasibleJustificationTool is composed of objects, a graphical
user interface (GUI), and algorithm implementations.

TheKLMDefeasibleJustificationTool uses Java’s object-oriented pro-
gramming to construct formulas, an HS-Tree and objects that encapsulate
multiple return values. We use an existing package known as the Tweety
Project for classical formula models, and the package is further extended to
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Figure 4.2: Example output to the KLMDefeasibleJustificationTool
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Figure 4.3: The architecture of the KLMDefeasibleJustificationTool based
on the MVC pattern
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Figure 4.4: Graphical User Interface of the KLMDefeasibleJustificationTool

construct models for defeasible formulas. Horridge’s algorithm to compute
all justifications (algorithm 9) traverses an HS-Tree structure while keeping
track of the traversed paths in memory. The implementation of algorithm 9
is simplified by using Java’s object-oriented programming. A customised tree
object, which corresponds to the HS-Tree, is used to find all justifications.
Lastly, as shown in algorithm 5, the RationalClosureForJustification
algorithm returns multiple values. Therefore, we use a customised return
object encapsulating all the return values.

The KLMDefeasibleJustificationTool provides a GUI which allows
users to interact with the tool. We use the Java Swing package to construct
the GUI because it is simple and adequate for this tool. Figure 4.4 shows
the GUI of the KLMDefeasibleJustificationTool.

The controller of the KLMDefeasibleJustificationTool orchestrates
the program. It defines the actions performed based on user interactions.
The following list of actions is performed based on user interactions.

• When the “Select File” button is clicked, the user is presented with the
file chooser window.
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• The user needs to select a text file that contains the knowledge base.

• The knowledge base in the text file is presented in the text area.

• The user then enters text that represents the query.

• When the “Compute Defeasible Justification” button is clicked, the
program computes the defeasible justifications based on the user inputs.

• The resulting defeasible justification(s) is displayed in the output text
area.

• The program terminates when the user clicks the “Exit button”.

4.4 External Packages

The KLMdefeasibleJustificationTool uses two external packages to com-
pute the defeasible justification: the Tweety Project [2] and the SAT4J SAT
solver [1].

The Tweety Project is a software framework that provides models and
operations for most First Order Logic (FOL), including PL. Our implementa-
tion extends the Tweety Project’s PL models to construct models and opera-
tions required by the KLM Framework. Due to the restrictions and constants
defined by the Tweety Project, we cannot denote the KLM Framework op-
erations with the conventional symbols used in the literature. Instead, the
negation symbol. ¬ is replaced with ! and the binary operations ∧,∨,→,↔
and ∣∼ are replaced with &&, ∣∣,=>,<=> and ∼>, respectively. Furthermore,
we constructed a parser that reads strings such as “α ∼> β” and produces
an instance of DefeasibleImplication, which allows the software to perform
operations such as materialisation.

The classical justification algorithm mentioned in section 2.3 and algo-
rithm 5 (RationalClosureForJustification) require a tool to compute classical
entailment. We used the SAT4J SAT solver [1] to perform classical entail-
ment computations.
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4.5 Algorithm Implementation

The implementation of the defeasible justification, base rank, rational clo-
sure, and dematerialisation follows from algorithms 11, 4, 5 and 10,
respectively. Horridge’s algorithms to find a single classical justification fol-
low exactly from algorithms 6, 7 and 8. The implementation of algorithm 9
to find all classical justifications is aided by a customised tree object corre-
sponding to the HS-Tree structure. Each node of the tree keeps track of the
current knowledge base at the node, the justification for the entailment at
the node, and a list of child nodes. The edge which connects a parent node
to one of its child nodes represents a formula in the parent node’s knowledge
base, which is removed from the child node’s knowledge base. This approach
takes advantage of Java’s object-oriented programming style and allows a
clear structuring of the information required to find all justifications.

4.6 Testing and Evaluation

The KLMDefeasibleJustificationTool is tested with the defeasible jus-
tification examples mentioned in Chapter 3. Consider the inputs with the
knowledge base K = {penguins → birds, robins → birds, specialpenguins →
penguins, birds ∣∼ fly, birds ∣∼ wings, penguins ∣∼ ¬fly, specialpenguins ∣∼
fly} and the queries robins ∣∼ wings, penguins ∣∼ wings and specialpenguins
∣∼ fly. The KLMDefeasibleJustificationTool produces figures 4.5, 4.6,
and 4.2 for each of the queries, respectively. The tool concludes with the
correct defeasible justifications for each test case. These results correspond
with the theoretical examples in Chapter 3.
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Figure 4.5: Robin has wings example
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Figure 4.6: Penguin has wings example
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Chapter 5

Conclusion and Future Work

This chapter concludes this dissertation by summarising the content and the
contributions of this dissertation. Lastly, we propose some possible future
work that can be branched off from this dissertation.

5.1 Summary and Contribution

This dissertation starts by introducing KR and reasoning. We then distin-
guish classical reasoning and defeasible reasoning. The conclusions drawn
from defeasible reasoning are often challenging to understand. Defeasible
justifications explain a defeasible entailment and aid users’ understanding of
defeasible reasoning. This dissertation contributes to such a need by present-
ing an algorithm that computes the justifications for a defeasible entailment.
Furthermore, implementing the proposed algorithm forms the practical con-
tribution of this dissertation.

To formalise a defeasible justification algorithm for the KLM Framework,
we need relevant knowledge related to PL, classical justification, the KLM
Framework, and rational closure. Before understanding justifications for de-
feasible reasoning, one requires prior knowledge about justification in the
classical case. We then presented the KLM Framework which is an extension
of PL equipped to perform defeasible reasoning. Lastly, we introduced a form
of defeasible reasoning known as rational closure.

As the theoretical contribution of this dissertation, we presented an al-
gorithm that computed defeasible justification using the KLM Framework.
Chama proposed a defeasible justification algorithm for DL in her work [11].
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We translated her algorithm to PL and made adjustments accordingly. Our
justification algorithm comprises various sub-algorithms, including rational
closure, classical justification, and dematerialisation algorithms. The ra-
tional closure sub-algorithm is a modified version of the original algorithm
mentioned in Freund’s paper [16]. Horridge proposed a classical justification
algorithm which we use as a sub-algorithm [21]. Lastly, the dematerialisation
sub-algorithm ensures the classical justifications are converted to defeasible
justifications accordingly.

The practical contribution of this dissertation is a Java application which
implements the proposed defeasible justification algorithm. The source code
of the application is publicly available on GitHub. The software follows the
MVC architecture and provides a GUI for user interaction. The implemen-
tation uses two external packages: The Tweety Project and the SAT4J SAT
solver. The GUI allows users to input a knowledge base in the form of a text
file and a query string. The text area displays the resulting defeasible justi-
fications. The theoretical algorithms are the pseudo-code for the implemen-
tation except for ComputeAllJustifications where we used object-oriented
programming to construct the HS-Tree. Finally, the defeasible justification
tool was tested with three representative test cases.

5.2 Future Work

The possible future work based on this dissertation may extend in two as-
pects: theoretical and practical.

Casini et al. presented a restricted version of first-order logic equipped
with KLM-style defeasibility [9]. The defeasible justification algorithm can
be translated and applied to other logic systems with defeasibility. Applying
the defeasible justification algorithm to Casini’s restricted first-order logic
requires detailed investigation.

The defeasible justification algorithms for both PL and DL are based on
Chama’s definition of defeasible justification [11]. However, the definition is
very procedural, and further theoretical investigation is required to formulate
the definition(s) of defeasible justification or defeasible explanation.

Currently, only experts in logic would understand the syntax and seman-
tics used in this dissertation. Natural Language Processing (NLP) can gen-
erate human-understandable sentences from propositional formulas [36, 7].
The generated sentences allow less equipped users to use the defeasible jus-
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tification tools.
The defeasible justification tool presented in Chapter 4 is a minimally

viable product that meets the needs of this dissertation. The tool can be
improved in terms of scalability and efficiency. An analysis of the software
performance would indicate the limits of the software. Such investigations
need to consider the size of the knowledge base, the complexity of identifying
the justifications, and various other adjustable characteristics of the tool.
Furthermore, the GUI can be improved to cater for a large knowledge base
so the user can easily view the statements in the knowledge base.

Justification for entailment is similar to kernels for belief base revision [18].
There are existing works for belief base revision in Propositional Logic [38].
Therefore, a necessary comparison between the two is needed to identify
correlations.
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