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Abstract

This thesis contributes to non-linear continuous-discrete Kalman filtering of multiplex systems through the

development of two main ideas, namely, integration of the unscented transforms with linearly implicit methods

and incorporation of simulation errors in the state estimation problem. The newly developed techniques are

then applied to the technically relevant problem of state estimation on the main components of a utility boiler.

State estimators in industrial systems are used as soft-sensors in monitoring and control applications as the most

cost effective and practical alternative to telemetering all variables of interest. One such example is in utility

boilers where reliable and real-time data characterising its behaviour is used to detect faults and optimise per-

formance. With respect to the state-of-the-art, state estimators display limitations in real-time applications

to large-scale systems. This motivates theoretical developments in state estimation as a first part in this thesis.

These developments are aimed at producing more practical and efficient algorithms in non-linear continuous-

discrete Kalman filtering for stiff large-scale industrial systems. This is achieved using two novel ideas. The first

is to exploit the similarities between the extended and unscented Kalman filter in order to estimate the Jacobian

required for linearly implicit schemes, thereby tightly coupling state propagation and continuous-time simula-

tion. The second is to account for numerical integration error by appending a stochastic local error model to the

system’s stochastic differential equation. This allows for coarser integration time steps in systems that are other-

wise only suited to relatively small step sizes, making the filter more computationally efficient without lowering

its potential to construct accurate estimates. The second part of this thesis uses these algorithms to demonstrate

the feasibility of on-line state estimation on the main components of a once-through utility power boiler that

require in excess of a hundred state variables to capture its behaviour with adequate fidelity. Two separate mod-

els of the boiler are developed, a MATLAB® and a Flownex® model, comprising the economiser, evaporators,

reheaters, superheaters and furnace. The mathematical MATLAB® model is better suited to real-time execution

and is used in the filter. The more sophisticated model is based on a commercial thermal-hydraulic simulation

environment, Flownex® , and is used to validate the mathematical modelling philosophies and construct fil-

ter observation data. After validating the performance of the filter against ground-truth data provided by the

Flownex® model, the filter is demonstrated on historical plant data to illustrate its utility.
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1
Introduction

Part 1 of this thesis develops theoretical aspects of the continuous-discrete (CD) Kalman filter (KF) for stiff
large-scale systems. This is motivated by the practical application of the CD-KF to the problem of on-line state
estimation of a once-through utility power boiler in Part 2 of this thesis. The contribution of Part 2 is to assess
the viability of on-line state estimation on a once-through boiler and demonstrate its ability to detect common
problems such as fouling in the convection pass. The use of the CD unscented Kalman filter (CD-UKF) to de-
tect fouling is published in [3]. In this paper, however, implicit integration is more difficult and real-time imple-
mentation for a scale up of n=136 state variables is far from achievable. The various developments in Part 1 are
therefore geared towards greater filter efficiency and practicality in such large-scale applications by designing
more suitable algorithms based on the CD extended Kalman filter (CD-EKF), the CD-UKF and select ideas
from Monte Carlo methods. The contribution of Part 1 is the development of new filter approaches, the CD hy-
brid coupled Kalman filter (CD-HCKF), published in [4], the CD-HCKF_Milstein and the CD-HCKF_EM.
The former uses the relationship between the CD-EKF and CD-UKF to extract an equivalent of the system
Jacobian, effectively coupling the filtering process to linearly implicit model simulation. This makes state esti-
mation in complex stiff systems more practical and efficient by avoiding the need for analytic or numerical Jaco-
bians, reusing matrices from the simulation in the filter and facilitating numerical/computational stability. The
CD-HCKF_Milstein and CD-HCKF_EM are variants of the CD-HCKF and embed integration error from the
linearly implicit solver in its moment differential equations, formulated using a Milstein and Euler-Maruyama
(EM) discretisation of the stochastic differential equation (SDE). This helps maintain filter accuracy when
larger integration step sizes are employed for faster simulation.
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Part 1 begins with an introduction to Kalman filters (Chapter 2). Chapter 3 then discusses the solutions of gen-
eral ordinary differential equations (ODEs) and contributes to the development of an accurate estimate of the
local and global error for linearly implicit Runge-Kutta (RK) methods used in subsequent chapters. The novel
CD-HCKF, applicable to stiff large-scale non-linear problems, is developed in Chapter 4, followed by its exten-
sion to an amended SDE in Chapter 5 that results in the CD-HCKF_Milstein and CD-HCKF_EM. Part 2 be-
gins with an introduction to state estimation in power boilers (Chapter 6). Chapter 7 details the development
of two models for the boiler under investigation. Chapter 8 uses these models and the algorithms developed in
Part 1 to set up and design a filter for potential on-line state estimation of over a hundred state variables associ-
ated with the main components of the boiler. Chapter 9 then summarises the contributions and findings in Part
1 and 2 of this thesis.
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Part I
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2
Kalman Filtering

The filtering problem is a classic, centuries-old challenge grounded in Bayesian theory [5]. Considered as the
stochastic equivalent to the deterministic Luenberger observer, it poses the question - what is the best estimate
of the state a system given a set of observations? Its least squares solution was first put forward by Wiener and
Kolmogorov for a stationary linear stochastic process with scalar observations [6]. It was Kalman who then
reformulated the problem using a state-space approach under the assumption of white Gaussian noise, from
which the recursive discrete-time Kalman filter (KF) and Kalman-Bucy filter (KBF) came to be. This was fol-
lowed by the introduction of approximate non-linear filters such as the extended and unscented Kalman filter
(EKF and UKF), [7],[8]. Other notable filters in this category include the cubature Kalman filter (CKF) [9]
and the Gauss-Hermite quadrature filter (GHQF) [10] formulated using quadrature rules. These filters typi-
cally assume Gaussian noise models and are consequently referred to as Gaussian filters in the literature. Since
there exists no closed form solution of the underlying dynamic equations or the governing stochastic differen-
tial equation, these non-linear filters approximate the probability density of the system trajectory via (an ap-
proximation of) its first two central moments. The Gaussian sum filter, first reported in [11], comes closer than
the Gaussian filter to approximating the true density function of a non-linear system (not necessarily Gaussian)
as a weighted sum of Gaussian functions. A non-Gaussian state estimator is not restricted solely to Gaussian
noise models. An example is the particle filter (PF) [12] and is based on Monte Carlo (MC) methods. It is
shown in [13] that in order for the PF to achieve its reported performance in the literature, the number of par-
ticles used in the filter has to be greater than n2.5, where n is the number of state variables in the system. This
problem is eased in [14] which sees a reduction in the number of particles to n2, achieved by partitioning the
state-space and employing the simplified Gaussian PF (GPF) [15]. Another Monte Carlo type method is the
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ensemble Kalman filter (EnKF) [16]. Its noise models are assumed Gaussian and unlike the UKF, its sample
points (and those of the PF), synonymous with the UKF sigma points, are not chosen deterministically. This
filter is used mainly in meteorology and oceanography [17]. When tested in non-linear applications outside
of these fields, the EnKF (as with the PF) is shown in [18] to require an ensemble size much greater than the
number of sigma points used in the UKF (or the CKF) in order to achieve improved accuracy over the EKF;
while for larger state vectors with n > 100 a performance limit is reached at a certain sample size, after which
the EnKF exhibits the same accuracy levels as the EKF. It is further shown in [17] that for a linear problem, the
EnKF is only able to compete with the KF if its ensemble size grows exponentially with the number of state vari-
ables. These Monte Carlo based filters are therefore rather expensive when considering their performance with
respect to a general set of problems. Most of the aforementioned filters are, however, applied in a diverse range
of fields to the task of estimation, lending themselves to continuous-discrete (explained in the next section) and
square root versions [7],[19],[20],[21].

The UKF, GHQF, CKF and PF offer superior performance over the first-order EKF, but as mentioned before,
suffer from the curse of dimensionality. Computational intensity increases linearly with the number of states
in the case of the UKF and CKF, and exponentially in the case of the GHQF [22] and PF. Comparable per-
formance of the third degree CKF and UKF, both of which belong to a class of sigma point filters, is shown in
[23], however, the authors in [24] have reported the UKF to generate faster and more accurate estimates for
the problem of target tracking when compared to the CKF. Although the UKF and CKF, which uses a set of
2n+1 and 2n sigma points respectively, have shown to offer similar accuracy and efficiency with respect to a
broad selection of problems, due to the manner in which the CKF defines its weighting points, its square root
version [9] has the advantage of better numerical stability in comparison to the square root UKF [21]. Cheaper
unscented transformations using n+2 sigma points are available, but lead to numerical problems for high di-
mensional state vectors [69] and should therefore be avoided in large-scale systems. The aforementioned sigma
point filters form part of derivative-free filtering methods and have become prominent in situations where sys-
tems exhibit non-trivial Jacobians. Another derivative-free filter is developed in [25]. This approach replaces
function derivatives with central divided difference approximations according to Stirling’s Interpolation For-
mula and demonstrates its improved performance over its Taylor approximated equivalent. Work in [26] then
goes on to compare the performance of the filters in [25], referred to as the first- and second-order divided dif-
ference estimators (DD1 and DD2), to the UKF, where it is shown that the DD1 filter predicts understated
state covariances while performance of the DD2 filter and UKF are comparable in some cases. Like the UKF or
CKF, the DD2 appears to be a viable filter choice when system Jacobians are difficult to calculate.

2.1 Continuous-Discrete Filters

The filter formulations in this thesis are based on the continuous-discrete (CD) system description - a key
theme in this thesis. Here models of physical systems are in continuous-time while measurements are in discrete-
time. The result is a cross-over between the respective continuous- and discrete-time filters, namely the CD fil-
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ter whose description in the context of the KF and EKF can be found in [7] or [27]. In [28], the discrete-time
GHQF, UKF and CKF is extended to their respective CD cases. Implementation aspects of the CD-EKF are
discussed in [29], [30] and [31] and focuses on accurate numerical solutions of the filter’s first two moment dif-
ferential equations (MDEs). The first two papers make use of variable step size embedded Runge-Kutta (RK)
solvers to minimize simulation error during moment propagation, while the latter focuses on second-order
accurate implicit RK methods for stiff systems - the second key theme in this thesis. Stiffness is characterised
by state variables each evolving at much different rates. In other words, the ratio of the biggest to the smallest
eigenvalue of a stiff system’s Jacobian is very large. This necessitates either relatively small integration mesh sizes
or implicit solvers to ensure stability and reasonable numerical accuracy [32],[33]. The filtering problem in stiff
systems is further exacerbated if there is a large number of state variables, a characteristic of large-scale systems
- the third key theme in this thesis. Various implicit methods for propagating the MDEs of large-scale stiff sys-
tems are shown in [34] and applied to the CD-UKF in [35]. Here the MDEs of the CD-UKF are solved jointly,
according to the philosophy in [19]. This paper also establishes a simpler, vectorised form of the CD-UKF.
Other sophisticated implicit numerical methods that can be applied to CD filters of stiff non-linear problems
can be found in [36], [37] and [38]. In [39] a simpler means of calculating the respective state error covari-
ances of the CD-UKF is shown. This avoids using the MDEs in [19], and rather makes a direct application of
the unscented transforms (UTs), useful when a purely CD-UKF filter is to be employed. Another alternative
formulation to the CD-UKF from [19] is seen in [40] where the measurement update process is performed ac-
cording to a singular value decomposition of the state covariance. Here the authors report faster execution in
certain cases only. Accurate solutions of the MDEs via implicit RK methods, as applied to the CD-EKF in [29],
is applied similarly to the CD-CKF in [41]. In [42] the process covariance of the CD-CKF is integrated ac-
cording to a technique from [31] to help preserve its symmetry and positive-definiteness. This structure of the
covariances matrix is easily lost in sigma-point based CD filter formulations, see [43] and [44]. Since there is no
neat solution of the covariance propagation matrix (that will preserve its symmetry and positive-definiteness)
as there is for the CD-EKF in [31], the first square root version of the CD-UKF was developed in [21] to help
prevent numerical instability. Although the square root version of the CD-UKF ameliorates the effect of numer-
ical error, leading to improved numerical stability (and a smaller chance of covariance matrices losing positive-
definiteness), the presence of negative weights in the sigma points means that the problem is still more apparent
than in the case of the CD-CKF [45]. One way to avoid the need for a positive-definite covariance matrix in
the CD-UKF is to avoid the use of the Cholesky factorisation altogether and use the hyperbolic QR decom-
position instead, as shown in [46]. This, however, does not avoid the issue of numerical instability since the
non-symmetric and non-positive-definite matrices are still used by the filter.

2.2 Higher-Order Filters andOther Filter Types

Another variant of the CD filter (a relatively new development) involves filters grounded in higher-order trun-
cations of the stochastic differential equation (SDE). Whereas classic filters can be formulated using first-order
approximations, the work in [45] is the first account of a filter based on a higher-order approximation in the
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stochastic sense. In [47], the Itô-1.5 filter in [45] is compared to classic filters and displays better performance
over these filters for the examples under investigation. Such higher-order filters are investigated in this thesis.
Other noteworthy sub-variants include adaptive filters, decentralised filters, sliding window filters and event
triggered filters. Some of these filters depend on system architecture, such as decentralised filters, and are only
relevant when local estimates can be formed at individual sensor nodes. Other filters, such as sliding window
filters or event triggered filters, have the potential to be useful in an advanced application following the design
of the proposed filters in this thesis. In the context of CD filtering, event triggered filters only make an obser-
vation once a certain condition is met. In [48] the condition is based on the estimation variance while in [49]
an observation is made if the mean squared error (MSE) is above a certain threshold. This serves as a means to
control the estimation error of the filter[48].

2.3 Conclusion

Based on the literature review, PFs and GHQFs and their variants are avoided in the filter design since they do
not scale well. The CD-CKF is also not used in the filter design because of its similarity to the CD-UKF. In-
stead, the new filter approaches will adopt processes solely from the CD-EKF, the CD-UKF and Monte-Carlo-
based filters. The aim is to develop more efficient and practical CD-KF approaches for stiff large-scale systems,
which is the focus of Chapters 4 and 5. Before this can be done, details surrounding the numerical schemes
used in this thesis are discussed, and an accurate representation of its local and global error estimates developed
in Chapter 3.
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3
NumericalMethods inModel Simulation

This chapter discusses single-step numerical Runge-Kutta (RK) type solutions of the ODE in (A.19). It is a
well known fact that implicit methods work much better in comparison to explicit methods when applied to
stiff problems [32]. Since the primary filtering application in this thesis involves inherently stiff dynamics, the
main focus of this chapter is on implicit RK methods and how to accurately estimate their local and global error.
The most common methods used for local error estimation is based on local extrapolation. See [51] and [52].
This method of local error estimation can be extended to the purely implicit case such as in [53] and [54], all of
which are extensions of the original works in implicit error estimation in [55] and [32]. It is possible to differ-
entiate between fully implicit, linearly-implicit (which includes Rosenbrock-type methods) and semi-implicit
methods. The problem with fully implicit methods is the n × s system of non-linear equations that need to be
solved for an n-dimensional system using a method with s stages. The next best thing is therefore to employ lin-
early implicit methods, which in some cases can be solved in an explicit manner, making it a much less laborious
process than that of its purely implicit counterpart. Common global error estimation techniques makes use of
two parallel integrations [56]. The most popular of these kinds of global error estimators, called Richardson’s
extrapolation, will be compared to the core developed global estimator in this chapter which is constructed by
integrating the local error estimate as done in [57].

The main contribution of this chapter is to formulate an accurate expression for the local and global error esti-
mates of a second-order accurate linearly implicit RK method. The techniques used in this process can be ap-
plied more generally to other implicit RK methods.

9



Consider the purely deterministic component of the SDE in(A.21) according to the initial value problem (IVP)

dx(t)
dt

= f(x(t), t), x(0) = x0 ∈ Rn, t ≥ 0. (3.1)

Where no analytic solutions exist, numerical solutions of IVPs can be employed based on either multistep or
RK methods. Linear multistep methods are, however, not considered in this thesis due to the additional com-
putational resources required to store past information.

3.1 Runge-KuttaMethods

Approximate solutions of ODEs based on RK methods are classified as either implicit or explicit. This can fur-
ther be divided into a range of sub-categories such as Guass-Legendre, Radau and Lobatto; all of which exhibit
different stability and accuracy properties [32].

3.1.1 Explicit RK

For an integration step size of δ, the general form of the explicit RK solution to (3.1) is given by

xi+1 = xi + δ
s∑

j=1

ϑjkj,

kj = f
(
xi + δ

j−1∑
l=1

ajlkl, ti + δcj
)
, j = 1, 2, . . . , s. (3.2)

The ajl, ϕj and cj coefficients are given by the generic Butcher tableau shown in Table 3.1.1.

0 0 0 0 . . . 0
c2 a21 0 0 . . . 0
c3 a31 a32 0 . . . 0
...

...
... . . . . . . ...

cs as1 as2 . . . as(s−1) 0
ϑ1 ϑ2 . . . ϑs

Table 3.1.1: Generic Butcher tableau for ex-
plicit RK methods.

c1 a11 a12 . . . a1s

c2 a21 a22 . . . a2s
...

...
... . . . ...

cs as1 as2 . . . ass
ϑ1 ϑ2 . . . ϑs

Table 3.1.2: Generic Butcher tableau for im-
plicit RK methods.

Examples of explicit RK methods are Heun’s method (Table 3.1.3), also referred to as the explicit trapezoidal
method, and the explicit midpoint method (Table 3.1.4). Substituting the coefficients of the Butcher tableau
in Table 3.1.1 into (3.2) it can be seen that such methods only require information about the current state of
the system and can therefore be solved in a fairly straight forward manner. The problem with explicit methods,
however, is that they do not exhibit strong stability properties and thus do not work well for stiff systems or
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relatively big step sizes. Note that for explicit RK methods the step size is limited by the absolute value of the
inverse of the system’s largest eigenvalue. A step size greater than this will lead unstable behaviour.

0 0 0
1 1 0

1/2 1/2

Table 3.1.3: Heun’s method.

0 0 0
1/2 1/2 0

0 1

Table 3.1.4: Explicit midpoint method.

3.1.2 Implicit RK

Implicit RK methods are proposed in the case of stiff systems due to their stronger stability properties. They are
obtained according to the generic Butcher tableau in Table 3.1.2 and by replacing kj in (3.2) with

kj = f
(
xi + δ

s∑
l=1

ajlkl, ti + δcj
)
, j = 1, 2, . . . , s. (3.3)

An example is the implicit trapezoidal rule, also referred to as the Crank-Nicolson method, used frequently in
this thesis, and whose Butcher tableau is shown in Table 3.1.5.

0 0 0
1 1/2 1/2

1/2 1/2

Table 3.1.5: Implicit trapezoidal method.

1/2 1/2
1

Table 3.1.6: Implicit midpoint method.

Implicit methods are typically implemented via Newton iterations where a linear system of sn× sn equations
are solved at each iteration until convergence. See [58] for details on implementing implicit solutions.

Gauss-Legendre RK methods

Gauss-Legendre methods are a family of implicit collocation methods based on Gaussian quadrature where ci
for i = 1, ..., s are the zeros of the Legendre polynomial ds

dxs
(
xs(x − 1)s

)
of order 2s. An example is the implicit

midpoint method whose Butcher tableau is shown in Table 3.1.6. This method is also an example of a diagonally
implicit RK (DIRK) method with generic Butcher tableau as shown in Table 3.1.7. DIRK methods reduce the
number of linear equations that need to be solved at each Newton iteration from sn× sn (in the fully implicit
case) to sn× n [59], [60].

3.1.3 Semi-Implicit RK

Although DIRK methods reduce the number of linear equations that need to be solved during implementation,
the multiple Newton iterations are still a heavy computational burden. The class of semi-implicit RK (SIRK),
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c1 a11 0 0 . . . 0
c2 a21 a22 0 . . . 0

c3 a31 a32 a33
. . . ...

...
...

...
... . . . 0

cs as1 as2 as3 . . . ass
ϑ1 ϑ2 ϑ3 . . . ϑs

Table 3.1.7: Generic Butcher tableau for DIRK methods.

or linearly implicit RK methods, are solved in an explicit manner, requiring very little effort and has the general
form

xi+1 = xi +
s∑

j=1

ajkj (3.4)

kj = δ
(
I− γ jδJ(xi +

j−1∑
l=1

cjl)
)−1

f
(
xi +

j−1∑
l=1

bjlkl
)
, j = 1, 2, . . . , s, c11 = b11 = 0,

where aj,bjl, cjl and γ j are real coefficients obtained by Taylor expanding xi+1 and fitting it to (3.4) as shown in
[61]. A single stage, A-stable, second-order accurate SIRK method is given in [62] and [31] as

xi+1 = xi + δ
(
I− δγ1Ji

)−1
f(xi), (3.5)

where Ji =
∂f(x)
∂x |x=xi is the drift Jacobian and γ1 = 0.5. Since this is only a two stage method, it can be derived

directly by linearising the implicit trapezoidal method; and in fact has the same stability and accuracy properties
as the implicit trapezoidal method [62], but requires less effort to solve. A 3 stage, third-order accurate, A-stable
SIRK method presented in [61] is given as

xi+1 = xi + a1k1 + a2k2 + a3k3 (3.6)

k1 = δ
(
I− δγ1Ji

)−1
f(xi)

k2 = δ
(
I− δγ1Ji

)−1
f(xi + b21k1)

k3 = δ
(
I− δγ1Ji

)−1
(Ji)(b31k1 + b32k2),

with coefficients γ1 = 0.43,b21 = 0.75,b31 = −0.27,b32 = −0.11, a1 = 16
27 , a2 = 11

27 and a3 = 1. This
method requires only 1 Jacobian evaluation (at a convenient point xi), 1 n× n inversion matrix, and only 2 drift
function evaluations. Such cheap semi-implicit methods in (3.5) and (3.6) with good stability properties are
desirable over fully implicit or DIRK methods that require multiple Jacobian evaluations, multiple solutions of
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linear systems equations (and hence multiple inversion operations), multiple function evaluations and multiple
Newton iterations. In this thesis, all linearly implicit methods are desirable (fourth order schemes and higher
as well), with a general requirement that

∑j−1
l=1 cjl = 0 for j = 1, 2, . . . , s, such that the Jacobian used in the

scheme is evaluated once only at xi. One of the reasons for this is to promote efficiency and will become more
evident when filters are visited in Chapter 4.

3.1.4 Embedded RK

Embedded RK methods are made up of two RK methods that are used to calculate the primary solution in con-
junction with its local truncation error estimate. With reference to Table 3.1.8, the primary method of order p
and the embedded method of order p-1 have the same ajl and cj coefficients, but different ϑj coefficients. This
method of error estimation is known as local extrapolation. The solution according to the embedded method of
order p-1 is given by x∗i+1 = xi + δ

∑s
j=1 ϑ

∗
j kj. The local truncation error [32] is therefore written as

li+1 = xi+1 − x∗i+1 = δ
s∑

j=1

(ϑj − ϑ∗j )kj. (3.7)

c1 a11 a12 . . . a1s

c2 a21 a22 . . . a2s
...

...
... . . . ...

cs as1 as2 . . . ass
ϑ1 ϑ2 . . . ϑs
ϑ∗1 ϑ∗2 . . . ϑ∗s

Table 3.1.8: Generic Butcher tableau for embedded RK methods

3.2 Numerical Error Estimation

The ODE in (3.1) has discrete approximation step

xi+1 = xi + δΦ(xi, ti), (3.8)

where Φ is the increment function and is a characteristic of the numerical method employed. Its local error is
defined as the error between two consecutive steps, so assuming no error in the previous steps, it follows that

li+1 = x(ti+1)− (x(ti) + δΦ(x(ti), ti)), (3.9)

where x(ti+1) is the true (but typically unknown) solution of the ODE in (3.1). The global error is the total
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accumulated error from time t = 0 to t = ti+1 or

ei+1 = x(ti+1)− xi+1|x0=x(t0). (3.10)

In this thesis, the first step in obtaining the global error estimate is to obtain an estimate of the local error in
(3.9). This is discussed in the next few sections.

3.2.1 Local Extrapolation

Local extrapolation, referred to in Section 3.1.4, is the most widely used method in a posteriori local error esti-
mation and is documented in [63] and [64]. It consists of using two methods of order p and p∗, with p∗ < p,
and solutions x∗i+1 and xi+1. The local error estimate of solution xi+1 is

li+1 = xi+1 − x∗i+1|xi . (3.11)

The solution typically proceeds with the method of order p since it is already calculated. Local extrapolation is
applicable to both explicit and implicit methods but for stiff problems it has been suggested in [55] to include a
damping factor in the estimate to correct for large δ, thereby preventing over estimation of the error. This gives a
local error of

l̄i+1 = (I− δγJi)−1li+1, (3.12)

where γ is a characteristic of the implicit method (γ = 0.5 for the implicit trapezoidal method) and Ji =
∂f(x)
∂x |x=xi is the Jacobian. This method of local error estimation can be extended to obtain a more accurate es-

timate of the error for implicit methods. This is discussed in the next section.

3.2.2 An Implicit Local Error Estimate

The aim of this section is to establish a reasonable local error estimate associated with the second-order accu-
rate RK method according to the approach detailed in [54]. This approach to local error estimation for implicit
methods was originally applied to a fifth-order accurate method in [54]. Here it is applied to the second-order
accurate implicit trapezoidal method whose Butcher tableau is shown in Table 3.2.1 and 3.2.2.

c1 a11 a12

c2 a21 a22

ϑ1 ϑ2

ϑ∗1 ϑ∗2

Table 3.2.1: General 2-stage RK method.

0 0 0
1 1/2 1/2

1/2 1/2
ϑ∗1 ϑ∗2

Table 3.2.2: Implicit trapezoidal method.
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From these tables, the implicit trapezoidal method has solution

xi+1 = xi + δ
( s∑

j=1

ϑjkj
)

(3.13)

and embedded solution

x∗i+1 = xi + δ
( s∑

j=1

ϑ∗j kj
)
. (3.14)

The implicit trapezoidal method is chosen as one of the primary solutions to many of the upcoming problems
in this thesis because of its simplicity and cheap implementation when considering its Taylor expanded form
which results in a linearly implicit method developed in [62] and [31]. The method in [54] proceeds by intro-
ducing additional parameters, ϑ∗0 and γ, into the embedded method’s reference solution (the first iteration of
the implicit method’s solution), see [32] for details, and is given as

x∗i+1 = xi + δ
( s∑

j=1

ϑ∗j kj + ϑ∗0 f(xi) + γf(x∗i+1)
)
, (3.15)

where ϑ∗0 is a free parameter chosen to satisfy the order conditions and control the magnitude of the error es-
timate, or more specifically, to prevent under-estimation of the error, and γ is a property of the method. For
the case of the implicit trapezoidal method, the embedded method (of order p-1) should be first-order. The
values of ϑ∗1 and ϑ∗2 are therefore chosen to satisfy a first-order accurate method. The new local error using the
amended embedded reference formula, (3.15), and including the damping factor introduced in (3.12) is

¯̄li+1 = (I− δγJi)−1(li+1 − δϑ∗0 f(xi)− δγf(x∗i+1)
)
, (3.16)

where li+1, xi+1 and x∗i+1 are given in (3.11), (3.13) and (3.14). It is noticed, however, that (3.16) has a term
evaluated at the following time instance, f(x∗i+1). Taking a step back and first linearising (3.15) around xi gives

x∗i+1 = xi + δ
(
I− δγJi

)−1( s∑
i=1

ϑ∗i ki + ϑ∗0 f(xi) + γf(xi)
)
. (3.17)

See Appendix B.1 for the complete linearisation that results in (3.17). The local error estimate when using the
linearised reference formula in (3.17) instead of that in (3.15) can therefore be written as

¯̄li+1 = (I− δγJi)−2
(
δ(I− δγJi)

s∑
j=1

ϑjkj − δ
s∑

j=1

ϑ∗j kj − δϑ∗0 f(xi)− δγf(xi)
)
. (3.18)

Note that the damping factor is again included in the expression for the local error above. Circling back to the
approach outlined in [54], the following condition for a first-order accurate method needs to be satisfied in
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order to determine the ϑ∗0 parameter:

Cϑ∗ = [1 − ϑ∗0 − γ, θ − γ]T, (3.19)

where ϑ∗ = [ϑ∗1 , ϑ
∗
2 ]

T, C ∈ Rs×s with Cjl = cj−1
l and θ ∈ R+ ̸= 1

2 . Here γ = 0.5 for the implicit trapezoidal
method. The local error in this case, from (3.18), is

¯̄li+1 = (I− γδJi)−2δ
( s∑

j=1

(
ϑj(I− δγJi)− ϑ∗j

)
kj − ϑ∗0 f(xi)− γf(xi)

)
, (3.20)

where Ji = ∂
∂x f(x)|x=xi is the Jacobian. The parameters are thus chosen as ϑ∗1 = 0 and ϑ∗2 = 1 − ϑ∗0 − γ to

satisfy (3.19). An appropriate value of ϑ∗0 is searched for by considering the linear test equation y = ez, where
z = δη for η ∈ C−, and analysing the magnitude of the true relative local error

∣∣ xi+1−x∗i+1
xi

∣∣ = |R(z)− ez| on two
domains,A(ρ) andB(ρ). HereA(ρ) represents the method’s asymptotic region which constitutes the central
portion of the method’s order star;B(ρ) represents the region where accurate results can be obtained which
constitutes a large region ofC−; andR(z) = 1+z/2

1−z/2 is the stability function of the implicit trapezoidal rule [58]
or its linearly implicit version (the Taylor-Heun method). The domains are chosen asA(π/3) andB(π/3) such
that the local error is not heavily over-estimated and are described as

A(ρ) = {z ∈ C : |z| ≤ ρ}, (3.21)

B(ρ) = a ≤ (ρ− d)(ρ + d)/ρ, (3.22)

where z = a + jd. See Fig. 3.2.1 for the respective domain plots and the method’s order star (region of rel-
ative stability). With this a suitable value of ϑ∗0 can be searched for such that the maximum possible relative
local error (the upper bound on the local error) is obtained within the specified boundsA(π/3) andB(π/3).
The maximum local error occurs on the boundary ofB(π/3). Searching along this boundary gives a maxi-
mum absolute value of max|R(z) − exp(z)| = 0.3482. Therefore ϑ∗0 is chosen such that the maximum of
the estimated local error is roughly equal to the maximum of true local error within the bounded domains, i.e.,
max|R(z)−R∗(z)| = max|R(z)− exp(z)|. According to [54], max|R(z)−R∗(z)| = ϑ∗0

γ , which holds for all
implicit RK methods and hence ϑ∗0

γ = 0.3482. With γ = 0.5 for the implicit trapezoidal method, it follows that
ϑ∗0 = 0.17.

3.2.3 An Implicit Local Error Estimate for the Linearly Implicit Second-Order Accurate Scheme

According to Table 3.2.2 the implicit trapezoidal method is

xi+1 = xi + δ(
1
2
f(xi, ti) +

1
2
f(xi+1, ti+1)). (3.23)
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Figure 3.2.1: A(π/3), B(π/3) and the implicit trapezoidal order star (shaded region) with z = a+ jd.

A Taylor expansion of (3.23) leads to the linearly implicit Taylor-Heun (TH) scheme in (3.5):

xi+1 = xi +
(
I− Ji

δ
2

)−1
f(xi)δ. (3.24)

The embedded method of order p-1 (from Table 3.2.2) is given by

x∗i+1 = xi + δ(1 − ϑ∗0 − γ)f(xi+1, ti+1), (3.25)

which after linearising gives

x∗i+1 = xi + δ(1 − ϑ∗0 − γ)
(
I− Ji(1 − ϑ∗0 − γ)δ

)−1
f(xi). (3.26)

According to (3.20) the local error is therefore

li+1 =
(
I− Ji

δ
2

)−2[
δf(xi)− δ(1 − ϑ∗0 − γ)

(
I− Ji(1 − ϑ∗0 − γ)δ

)−1
f(xi)− δϑ∗0 f(xi)− δγf(xi)

]
=
(
I− Ji

δ
2

)−2[
I− (1 − ϑ∗0 − γ)

(
I− Ji(1 − ϑ∗0 − γ)δ

)−1
− ϑ∗0I− γI

]
︸ ︷︷ ︸

Ci

δf(xi), (3.27)

where the terms in brackets are grouped together as Ci ∈ Rn×n, and the parameters, ϑ∗0 = 0.17 and γ = 0.5,
were calculated/given in Section 3.2.2.

3.2.4 From Local to Global Error Estimates

Having an estimate of the local error according to (3.27), with parameters ϑ∗0 = 0.17 and γ = 0.5 for the
implicit trapezoidal method, the global error can now be estimated. Research in global error estimation is pre-
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dominantly aimed at obtaining a more accurate and efficient means of its computation. Work such as that in
[65] discusses a cheap method for obtaining global error estimates and simply reduces to the sum of the local
error estimates. This is often, however, an exaggerated over bound on the global error. A more suitable approach
discussed in [57] begins with the perturbed system dynamics

dy(t)
dt

= f(y(t), t) + r(t), (3.28)

where y(t) is a nearby solution to the true solution x(t), e(t) = y(t)− x(t) is the global error function and r̄(t) is
the defect. The dynamic global error function is

de(t)
dt

= A(t)e(t) + r̄(t), (3.29)

where A(t) =
∫ 1
0

df(x(t)+se(t),t)
dt ds is motivated in [57]. This term is equivalent to A(t) = J(t) + O(e(t)), where

J(t) = df(x(t),t)
dt . Higher-order terms can be absorbed into the defect, so without a loss of generality (3.29) can

therefore be written as
de(t)
dt

= J(t)e(t) + r(t). (3.30)

For a well conditioned system with ω < 0, μ(J(t)) < ω (where μ(J(t)) is the logarithmic norm of matrix J(t))
and ||r(t)|| < υ ∈ R+. It follows that

||e(t)|| ≤ υ
ω
(exp(ωt)− 1), (3.31)

which converges as t → ∞. For a system that is not well conditioned, the stepwise frozen version of (3.30),

de(ti)
dt

=
∂f(x(ti), ti)

∂x
e(ti) + r(ti+1/2), (3.32)

must be integrated over δ to obtain global error estimates at each time step. In this thesis, the defect r(ti+1/2) is
set to the local error estimate rate evaluated at the midpoint between two successive integration steps. Using the
implicit midpoint method as suggested in [57] the solution of the global error estimate in (3.32) is

ei+1 =
(
I− δJ(x(ti))/2

)−1(e(ti) + δJ(x(ti))e(ti)/2 + δr(ti+1/2)
)

=
(
I− δJ(x(ti))/2

)−1(e(ti) + δJ(x(ti))e(ti)/2 + li+1/2
)
. (3.33)

The local error in 3.33, li+1/2, is simplified to 1
2 li+1 +

1
2 li such that

ei+1 =
(
I− δJi/2

)−1
(
e(ti) + δJie(ti)/2 + δr(ti+1/2)

)
=
(
I− δJi/2

)−1
(
e(ti) + δJie(ti)/2 +

1
2
li +

1
2
li+1

)
. (3.34)
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3.2.5 Richardson’s Extrapolation

In order to compare the above method to another popular method of global error estimation found in the liter-
ature, consider the method referred to as Richardson’s extrapolation. This method makes use of two state solu-
tions evaluated at the same time instance but with one of the solutions computed using double the integration
step size. From [66] the first-order explicit Euler solution can be written in the form

x(ti)− xi = δD(ti) + O(δ2), (3.35)

whereD(t) satisfies

D′(ti) = JiD(ti) +
1
2
x′′(ti). (3.36)

According to Richardson’s error estimate, the global error estimate for the Euler scheme in (3.35) can be written
as

x(ti)− xi = xi − x2δ
i , (3.37)

where x2δ
i is the numerical solution using the same method as xi but with double the time step. It can be shown

from [66] that (3.36) holds for RK methods of order p such that

x(ti)− xi = δpD(ti) + O(δp+1). (3.38)

So for a second-order RK method the global error at time ti is

ei = x(ti)− xi =
1
3
(xi − x2δ

i ). (3.39)

3.3 Case Studies

Two examples are presented in the following section to compare error estimates using Richardson’s extrapola-
tion with estimates constructed according to (3.27) and (3.34), calculated explicitly for the second-order accu-
rate linearly implicit trapezoidal method. The true state variables in each case are simulated using the linearly
implicit trapezoidal method with very small time steps (alternatively, a first-order Euler approximation will
suffice for this purpose). For notational simplicity, explicit time and state dependence are dropped in model
equations.

3.3.1 Example 1: The Van der Pol Oscillator

The Van der Pol oscillator is a common benchmark problem described by a stiff non-linear differential equation
[31] that exhibits limit cycles for ε > 0 and damped oscillations for ε < 0. Its state vector comprises its
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position, x1 [m], and velocity, x2 [ms−1]. The system model is given by

d

(
x1

x2

)
=

(
x2

ε(1 − x2
1)x2 − x1

)
dt , x0 = (0.5 0.5)T, (3.40)

for ε = 1.4. Shown in Fig. 3.3.1a are the plots comparing global error estimates of the model’s TH solution
in (3.34) and Richardson’s extrapolation in (3.39). A factor of δJi is heuristically appended to the local error
formulation in (3.27). The resulting global error plots are shown in Fig. 3.3.1b. Notice an improvement in the
global error estimates of (3.34) when appending the correction factor. The correction factor is motivated by
noting that the local error in (3.27) is calculated using a lower order method, and although this is done in the
literature, results in an error of lower order. This is explained further in what follows.
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(b) δ = 0.25 s, with the correction factor.

Figure 3.3.1: Example 1: Global error in position, with and without the correction factor.

Correction Factor

Local extrapolation uses a method of order p and p-1 to calculate the error, while the simulation proceeds with
a method of order p. This results in a local error ofO(hp), an order lower than it should be which isO(hp+1).
Consider the simple explicit case. The local truncation error of the first-order Euler scheme is∝ δ2

2 f
′(x(t), t),

while that of a second-order Euler scheme is∝ δ3
3! f

′′(x(t), t) (and alike for higher-order methods), where
f ′(x(t), t) and f ′′(x(t), t) are the first and second derivatives with respect to the state vector. The approximate
difference between the first- and second-order method is the factor of δJ(x(t), t). Appending this factor to the
local error estimate in (3.27) gives

li+1 = δ2JiCif(xi). (3.41)
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Although this is a crude approximation, it suffices to fix the order of magnitude of the error estimates as shown
in Fig. 3.3.2. To further verify this, another example is presented.
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10 20 30 40 50

Time [s]

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

G
lo

ba
l e

rr
or

 in
 v

el
oc

ity
 [m

/s
] True global error

Global error estimate (3.34))
Richardson's extrapolation

(b) δ = 0.05 s.

10 20 30 40 50

Time [s]

-0.4

-0.2

0

0.2

0.4

G
lo

ba
l e

rr
or

 in
 p

os
iti

on
 [m

]

True global error
Global error estimate (3.34))
Richardson's extrapolation

(c) δ = 0.1 s.
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(e) δ = 0.2 s.
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Figure 3.3.2: Example 1: Global error in position and velocity for various values of δ. Includes the correc-
tion factor.
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3.3.2 Example 2: The Vertically Falling Body Problem

The vertically falling body is a highly non-linear problem characterised by two opposing forces, drag and gravity
[31]. The system model is given by

d

(
x1

x2

)
=

(
−x2

γg − cbe−λρx1x2
2

)
dt , x0 = (180000 4000)T, (3.42)

where x1 [m] is the position of the body, x2 [ms−1] is its velocity, γg = 9.8 [ms−2] is the gravitational acceler-
ation constant, cb = 10−3 is a ballistic constant and λρ = 5 × 10−5 is an atmospheric density constant. The
correction factor is applied to the local estimates according to (3.41) and results in the global error plots in Fig.
3.4.1.

3.3.3 Discussion

It is evident in all two examples that the global error estimates obtained using (3.34) are closer to the true errors
and demonstrate better convergence behaviour compared to the global error estimates obtained via Richard-
son’s extrapolation. The global error estimate in (3.34) is therefore a good approximation to the true global
error of the system in each case. From this, it can be deduced that the local error estimate in (3.41), which in-
cludes the correction factor, is a good approximation to the true local error.

3.4 Conclusion

In this chapter, the local and global error estimates of the second-order accurate linearly implicit TH scheme
were developed. The error estimation techniques used in this chapter are, however, not limited solely to the TH
scheme and can be extended to higher-order implicit methods. The need for a good estimate of the numerical
integration error will become evident when the state estimation problem with a stochastic simulation error term
in the SDE is visited in Chapter 5.
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(b) δ = 0.5 s.
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(d) δ = 2 s.
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(e) δ = 5 s.
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(f) δ = 5 s.

Figure 3.4.1: Example 2: Global error in position and velocity for various values of δ. Includes the correc-
tion factor.
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4
Non-Linear Kalman Filters

In linear estimation theory, the Kalman-Bucy filter is the continuous-time variant of the discrete-time KF. De-
veloped in the early 1960s, both the discrete-time KF and the Kalman-Bucy filter are the predecessors of a va-
riety of different KFs. These include approximate filters for non-linear problems such as the EKF and UKF as
well as their continuous-time and CD versions. Although the first-order EKF, or EKF for short, is a popular
non-linear filter, an immediate drawback is that it relies on expressions for the system Jacobians. Analytic cal-
culations of system Jacobians are in many cases not trivial (or grossly resource intensive) [8] and simplifica-
tions could potentially lead to weaker forms of stability [67]. The UKF, on the other hand, is a derivative-free
approach to Kalman filtering [8] that has been shown in various applications with severe non-linearity to of-
fer better accuracy in comparison to the EKF. Instead of Jacobians, it uses sets of unscented transforms (UTs)
to propagate the filter moments. Although the manner in which the UKF and EKF compute their moments
appear very different, it is shown in [68] that the UKF and second-order EKF effectively result in identical ex-
pressions for the mean with subtle differences between their state covariance matrices. The authors in [68] then
develop a second-order EKF that uses the UTs to circumvent the need for a direct analytic calculation of the
Jacobians and Hessians or their numerical equivalents. These Jacobians and Hessians are not, however, formed
explicitly. One of the highlights of this chapter is therefore to extract these state derivative matrices explicitly.
This is useful because work in this thesis is based on the CD-KF formulation. The Jacobians can be used in the
propagation stage of the CD-KF formulation to employ single-step linearly implicit numerical integration meth-
ods that are less complex than standard implicit methods. Implicit methods are used because they are better
at solving stiff problems. Efficient CD filtering of stiff systems are considered in [31] where the cheap second-
order Taylor-Heun (TH) and the Modified Gauss-Legendre (MGL) schemes are formulated for the CD-EKF.
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Furthermore, the MGL scheme offers symmetric and positive-definite (PD) representations of the state covari-
ance matrices in the filter’s state propagation stage where it is applied [31]. This representation results in better
numerical stability of the filter due to less accumulated round-off error associated with limited computational
precision. This is not the first account of imposing symmetry in order to improve the numerical stability of a
filter. In much earlier years a more robust version of the state covariance measurement update equation of the
discrete-time EKF was formulated [69], [70]. The CD-UKF, on the other hand, does not have symmetric so-
lutions of the state covariance propagation and measurement update stages and is therefore more prone to nu-
merical instability. It is for this reason that the square root filter was initially developed [21] and is still relevant
today, as in [46], for example. The square root filter propagates the square root of the state covariance matrix
and offers better numerical stability on the grounds that less error is propagated when square rooted than in the
standard case. The need for square root methods in this thesis is avoided by adopting symmetric EKF processes
in the state covariance propagation and measurement update stages. This results in what will be referred to as
a hybrid UKF-EKF filter, i.e., a combination of both EKF and UKF processes. The concept of hybrid filters has
been published in [35]. The hybrid attribute of the filter developed in this chapter, however, differs from that in
[35] by which parts of the CD-EKF and CD-UKF it uses.

The contribution of this chapter is therefore the new CD hybrid coupled Kalman filter (CD-HCKF) which
details as follows. The UTs are used to extract a stand-alone representation of the system’s state derivative ma-
trices. These are in essence a linear combination of the Jacobian and higher-order state derivatives. These are
called the drift and measurement higher-order linearised matrices (HOLMs); synonymous with the drift and
measurement Jacobians. These HOLMs are formed because they can be done in a simple, almost black-box ap-
proach and because the UTs for state mean propagation have already been calculated in any case. The benefit of
forming these HOLMs is that they can then be used in place of the Jacobians in parts of the standard CD-EKF.
Parts of the CD-EKF formulation are used for two reasons. The first is to take advantage of the MGL scheme
developed in [31] for state covariance propagation and the second is to take advantage of the Joseph stabilised
version of the state covariance update equation of the CD-EKF. These are both symmetric and PD representa-
tions of the state covariance matrices and hence offer better numerical stability in comparison to UKF equiv-
alent processes. Another benefit of forming the HOLMs is that the drift Jacobian can then be replace with the
drift HOLM in linearly implicit integration schemes and used during state mean propagation to attain A-stable
solutions of the differential equation. In doing so, computational efficiency is promoted since no additional
function evaluations or coefficients need to be calculated iteratively for fully implicit RK methods.

4.1 The Continuous-Discrete Kalman Filter

There are three ways of looking at the filtering process: as a deterministic least-squares problem, as a way to
maximise the likelihood of measurements occurring, or as a problem in Bayesian estimation. In Bayesian esti-
mation, either the probabilistic minimum variance or statistical maximum likelihood estimate can be used. The
general consensus is to adopt the minimum variance Bayesian framework [7], [27]. Here the solution of the
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CD filtering problem lies in the solution of the conditional probability density function

p(x(t), t|Y(tk)), (4.1)

where x(t) ∈ Rn is a Markovian state process and Y(tk) = {y(t0), . . . , y(tk)} is a sequence of discrete obser-
vations with continuous-time equivalent Y(t) = {

∫ t
t0
y(s)ds}. The optimal estimate, found by minimising the

expected loss function L(x̃(t)), with x̃(t) = x(t)− x̂(t), is found to be the conditional mean given as

x̂(t) = E{x(t)|Y(t)}

=

∫ ∞

−∞

∫ ∞

−∞
. . .

∫ ∞

−∞︸ ︷︷ ︸
n times

x(t)p(x(t)|Y(tk))dx1dx2 . . . dxn, (4.2)

and its conditional covariance matrix

P̂ = E{(x(t)− x̂(t))(x(t)− x̂(t))T|Y(tk)}. (4.3)

The density function in (4.1) is Gaussian and characterised solely by its mean and covariance only in the lin-
ear case. The corresponding state estimator is therefore optimal only in the linear case. In the continuous-time,
non-linear case the system is governed by the SDE of Itô-type in (A.21) and is embedded in the filter by assum-
ing a constant or simply time-varying diffusion coefficient such that

dx(t) = f(x(t), t)dt+ q(t)dw(t), (4.4)

and its non-linear discrete-time output equation at each observation instance as

y(tk) = Ψ(x(tk), tk) + uk, (4.5)

where f(x(t), t) ∈ Rn is the drift function of the state, w(t) ∈ Rd2×1 is a Wiener process, y(tk) ∈ Rm is a vector
of outputs, Ψ(x(tk), tk) is the measurement function and uk ∈ Rm is the white measurement noise with covari-
ance matrix Rk ∈ Rm×m. The diffusion matrix (rate of variance) is expressed asQc(t) = q(t)Q(t)q(t)T with
q(t) ∈ Rn×d2 being the diffusion coefficient that scales the noise. The variance of the Wiener increment can be
written as E{dw(t)dwT(t)} = Q(t)dt, whereQ(t) [s−1] is the noise spectral density taken as Id2 (the identity
matrix of dimension d2). Here x(t0) ∼ N (x̄(t0), P(t0)) for t0 > t and x(t0), w(t) and uk are independent.

Between observations, the propagation of the density in (4.1) can be obtained using various methods. This is
either by direct discretisation of the Itô-Taylor expansion in (A.31) (this method is used in Chapter 5) or via
Kolmogorov’s forward equation given as

dp(x(t)|Y(tk) = L (p)dt, (4.6)
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where L is the forward operator given as

L (·) = −
n∑
i=1

∂(·fi)
∂xi

+
1
2

n∑
i,j=1

∂2(·(qQqT)ij)
∂xi∂xj

. (4.7)

Another method is via Itô’s lemma in (A.26). Given ϕ(x(t)), or ϕ in compact notation, a twice continuously
differential scalar function (it suffices to show this for the scalar case) it follows then, and is shown in [7] that

dϕ = ϕ̇dt+ ϕ′Tdx+
1
2
tr q(t)Q(t)qT(t)ϕ′′dt, (4.8)

where ϕ′ is the gradient vector and ϕ′′ the matrix of partial differential equations (see (A.25)). It follows then by
substituting (4.4) into (4.8) and taking the expectation that

dϕ̄ = E{ϕ′Tf(x(t), t)}dt+ 1
2
tr E{q(t)Q(t)q(t)Tϕ′′}dt. (4.9)

The same result is obtained using Kolmogorov’s forward equation in (4.6) and can similarly be obtained using
a first-order ¹ discretisation of the ItôTaylor expansion in (A.31). The propagation equations for the first and
second moments, x̄(t) = E{x(t)} and P(x(t), t) = E{(x(t)− x̄(t))(x(t)− x̄(t))T} = E{x(t)xT(t)}− x̄(t)x̄T(t),
follow by substituting ϕ = x(t) and ϕ = (x(t) − x̄(t))(x(t) − x̄(t))T(t) respectively in (4.9). The resulting
differential equations are

dx̄(t)
dt

= f̄(x(t), t) (4.10)

dP(x(t), t)
dt

= (E{x(t)f T(x(t), t)} − x̄(t)̄f T(x(t), t))

+ (E{f(x(t), t)xT(t)} − f̄(x(t), t)x̄T(t)) + E{q(t)Q(t)q(t)T}. (4.11)

The measurement update equations are obtained from the conditional density function according to Bayes’
theorem, whose details can be found in [7]. At an observation instance tk it is given in [7] that

p(x(t), tk|Y(tk)) =
P(yk|x)P(x(t), tk|Y(tk−1))∫
P(yk|x)P(x, tk|Y(tk−1))dx

, (4.12)

and p(yk|x) = 1
(2π)m/2 |Rk|1/2 exp (− 1

2(yk − Ψ(x(t), tk))TR−1
k (yk − Ψ(x(t), tk))). The expectation of the scalar

function in this case is found by integrating it over all possible states giving

¹Higher-order discretisation schemes are discussed in Chapter 5.
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ϕ(x(t), tk|k) =
∫

ϕ(x(tk|k))p(x(t), tk|Y(tk))dx

=
E{ϕ(x(tk|k))p(yk−1|x(tk))}

E{p(yk−1|x(tk))}
, (4.13)

Again substituting ϕ = x(t) and ϕ = (x(t)− x̄(t))(x(t)− x̄(t))T respectively in (4.13) gives

x̄(tk|k) =
E{x(tk)p(yk−1|x(tk))}

E{p(yk−1|x(tk))}
(4.14)

P(tk|k) =
E{x(tk)xT(tk)p(yk−1|x(tk))}

E{p(yk−1|x(tk))}
− x̄(tk|k)x̄T(tk|k). (4.15)

4.2 TheOptimal Linear Kalman Filter

The moment equations in (4.10) and (4.11) and the observation equations in (4.14) and (4.15) can be evalu-
ated in the linear case. Consider the linear equivalent set of equations to (4.4) and (4.5):

dx(t) = F(t)x(t) + q(t)dw(t)

y(tk) = G(t)x(t) + vk, (4.16)

where F(t) andG(t) are the linear drift and measurement matrices. It is easily shown that the exact moment
equations in this case are

dx̄(t)
dt

= F(t)x̄(t) (4.17)

dP(x(t), t)
dt

= (E{x(t)xT(t)FT(t)} − x̄(t)x̄T(t)FT(t))

+ (E{F(t)x(t)xT(t)} − F(t)x̄(t)x̄T(t)) + E{q(t)Q(t)q(t)T}

= P(x(t), t)FT(t) + F(t)P(x(t), t) + q(t)Q(t)qT(t) (4.18)

The observation equations in (4.14) and (4.15) are derived in [7] as

x̄(tk|k) = x̄(tk|k−1) + K(tk)(y(tk)− G(tk)x(tk|k−1)), (4.19)

P(tk|k) = P(tk|k−1)− K(tk)G(tk)P(tk|k−1) (4.20)

= (I− K(tk)G(tk))P(tk|k−1)(I− K(tk)G(tk))T + K(tk)RkK(tk)T, (4.21)
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where the Kalman gain is K(tk) = P(tk|k−1)GT(tk)(G(tk)P(tk|k−1)GT(tk) + Rk)
−1 and the output measurement

vector from the actual system is y(tk) .

4.3 ApproximateNon-Linear Kalman Filters

In the non-linear case, the right hand side of (4.10) can be expanded using the Taylor series. For a scalar state
variable, x, the expansion of the drift function around the mean is f(x(t), t) = f(x̄(t), t) + f ′(x̄(t), t)(x(t) −
x̄(t)) + 1

2 f
′′(x̄(t), t)(x(t) − x̄(t))2 + . . ., where f ′(x(t), t) is the first derivative with respect to the state and

f ′′(x(t), t) is the second derivative with respect to the state. Taking the expectation of the expanded f(x(t), t)
function gives

f̄(x(t), t) = f(x̄(t), t) +
1
2
P(x(t), t)f ′′(x̄(t), t) + . . . (4.22)

To evaluate (4.11), first consider that

E{x(t)f T(x(t), t)− x̄(t)̄f T(x(t), t)} = P(x(t), t)f ′(x̄(t), t) + . . . (4.23)

4.3.1 The First-Order CD-EKF

Substituting the first-order expansion terms from (4.22) and (4.23) into (4.10) and (4.11) give the first-order
CD-EKF moment equations

dx̄(t)
dt

= f(x̄(t), t), (4.24)

dP(x(t), t)
dt

= P(x(t), t)JT(x(t), t) + J(x(t), t)P(x(t), t),+q(t)Q(t)q(t)T, (4.25)

where J(x(t), t) = ∂f(x,t)
∂x

∣∣∣
x=x̄(t)

is the state Jacobian evaluated at the mean state trajectory. The observation

equations are the same as those given in (4.19) to (4.21), but withG(t) replaced by the measurement Jacobian
evaluated at the a priorimean vector, H(x(tk), tk) = ∂Ψ(x,t)

∂x

∣∣∣
x=x̄(tk)

, such that

x̄(tk|k) = x̄(tk|k−1) + K(tk)(y(tk)− H(x(tk), tk)x(tk|k−1)), (4.26)

P(tk|k) = P(tk|k−1)− K(tk)H(x(tk), tk)P(tk|k−1) (4.27)

= (I− K(tk)H(x(tk), tk))P(tk|k−1)(I− K(tk)H(x(tk), tk))T + K(tk)RkK(tk)T, (4.28)

with Kalman gain K(tk) = P(tk|k−1)HT(x(tk), tk)(H(x(tk), tk)P(tk|k−1)HT(x(tk), tk) + Rk)
−1.
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4.3.2 The Second-Order CD-EKF

Substituting the first- and second-order expansion terms from (4.22) and (4.23) into (4.10) and (4.11) give the
second-order CD-EKF moment equations

dx̄(t)
dt

= f(x̄(t), t) +
1
2
P(x(t), t)f ′′(x̄(t), t), (4.29)

dP(x(t), t)
dt

= P(x(t), t)JT(x(t), t) + J(x(t), t)P(x(t), t) + q(t)Q(t)qT(t)}. (4.30)

Note that the above formulation omits the second-order term in (4.23) following the convention in [7]. As
with the first-order CD-EKF, the observation equations are the same as those given in (4.26) to (4.28).

4.3.3 The CD-UKF

The UKF, formulated in [8], is based on a set of 2n+1 function evaluations (the UTs) that allow the approx-
imation of the first two moments in (4.10) and (4.11) according to a set of sigma points. These sigma points
do a better job than the Jacobians in the first-order CD-EKF in approximating the MDEs because they repre-
sent more than simply just the first Taylor expanded term in (4.22) and (4.23). The matrix form of the moment
differential equations associated with the CD-UKF presented in [19] is as follows:

dm(t)
dt

= f(χ(t))wm, (4.31)

dP(x(t), t)
dt

= f(χ(t))WχT(t) + χ(t)WfT(χ(t)) + Qc(t), (4.32)

wherem(t) = x̄(t) is simpler notation for the mean state vector of the UKF and

W = (I− [wm, . . . ,wm])diag([W0
c , . . . ,W

2n
c ])(I− [wm, . . . ,wm])

T,

wm = [W0
m, . . . ,W

2n
m ]

T,

W0
m =

λ
n+ λ

, W0
c =

λ
n+ λ

+ (1 − α2 + β),

Wi
m = Wi

c =
1

2(n+ λ)
, i = 1, . . . , 2n,

λ = α2(n+ κ)− n,

χ(t) = [m(t), . . . ,m(t)] +
√
n+ λ

[
0,
√

P(t),−
√
P(t)

]
, (4.33)

where α, β and κ are parameters of the UTs and λ is a resulting scaling factor. For Gaussian state distributions,
β is typically set to 2, and generally κ = 0. The

√
P(t)matrix is obtained using a Cholesky factorisation as in

[19]. The square root of the state covariance can also be obtained through an eigen decomposition, referred to
as a UDUT decomposition [40], also discussed in [39], and is found to be more efficient in certain cases only
when compared to the Cholesky decomposition. Since the Cholesky decomposition can be used as a way to
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check that the state covariance matrices are in fact positive-definite, it is the chosen decomposition method in
the filter. The moment equations in (4.31) and (4.32) can then be integrated to obtain the future state mean
and its error covariance. The measurement update equations of the CD-UKF are

K(tk) = PxyP−1
yy , (4.34)

P(tk|k) = P(tk|k−1)− K(tk)PTxy, (4.35)

m(tk|k) = m(tk|k−1) + K(tk)(y(tk)− zk)), (4.36)

where Pxy = χ(tk)WYT(tk) is the cross-covariance between the a priori state estimate and the output, Pyy =

Y(tk)WYT(tk) is the output covariance andY(tk) = Ψ(χ(tk)) is the UTs associated with the measurement
equation. The predicted output obtained via the measurement UTs is zk = Y(tk)wm.

4.3.4 Monte Carlo Propagation

The propagation equation in (4.32) is, however, not utilised in the filter algorithms designed in this thesis for
propagating the state covariance due to the amount of effort required to solve it when compared to a simpler ap-
proach detailed in Section 4.4. Another approach to covariance propagation can be adopted from Monte Carlo
type filter techniques that simultaneously propagate all individual sigma points in (4.33) across the integration
interval δ and calculates the future covariance according to

P(x(t+ δ), t+ δ) = χ(t+ δ)WχT(t+ δ) +
∫ t+δ

t
Qc(τ)dτ. (4.37)

This is a much simpler solution to the task of propagating the state covariance since all future sigma points will
in any case have to be calculated. A down side to this approach is that the filter algorithm would need to explic-
itly calculate and store the χ(t+ δ)matrix with dimensions 2n+1× n.

4.4 State Propagation of the CD-HCKF

A CD-KF comprises two main steps: (1) time update (state propagation), and (2) measurement update (state
correction). For a non-linear system, these processes are given above for the CD-EKF and CD-UKF. The new
CD-KF uses a combination of these filters, referred to as a hybrid type filter. In addition to using the CD-EKF
and CD-UKF, CD Monte Carlo methods are also employed. The reason for this amalgam will be conveyed as
the filter development progresses in the remainder of the chapter.

Begin by employing the second-order accurate, linearly implicit TH scheme in (3.24) to solve the MDE in
(4.24) or the more general case of d(x(t))

dt = f(x(t)). For an integration interval of δ the TH scheme is

x(ti+1) = x(ti) +
(
I− J(x(ti))

δ
2

)−1
f(x(ti))δ. (4.38)
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Although the new CD-KF proceeds with the second-order accurate TH scheme, it can be replaced by the third-
order accurate linearly implicit scheme in (3.6). Both of these methods satisfy the necessary requirements for
use in the new CD-KF, i.e., the method must be A-stable, have minimal inversion matrices, and use only 1 Jaco-
bian evaluation at x(ti). In general, the TH scheme can be replaced by any linearly implicit (or SIRK) method in
(3.4) that satisfies

∑j−1
l=1 cjl = 0.

The semi-implicit MGL scheme in [31] can be used to solve the MDE in (4.25). This scheme is second-order
accurate, A-stable and produces PD covariances provided that P(t0) andQc(t0) are PD. This is ideal since P(t)
(by definition of a covariance) is always required to be PD. The scheme is given as

P(ti+1) = M(tι)P(ti)M(tι)T + φ(tι)Qc(ti)φ(tι)Tδ, (4.39)

where ι = i + 1
2 , φ(tι) =

(
I − J(x(tι)) δ2

)−1
andM(tι) = φ(tι)

(
I + J(x(tι)) δ2

)
. Alternatively, the Monte Carlo

based scheme in (4.37) can be employed to propagate the state covariance, where the process covariance term is
integrated as done in (4.39) such that

P(ti+1) = χ(ti+1)WχT(ti+1) + φ(tι)Qc(ti)φ(tι)Tδ. (4.40)

Like (4.39), this scheme also produces symmetric state covariances and has the same stability and accuracy
properties as the scheme used to solve the drift MDE, which in this case is the TH scheme in (4.38). This is on
condition that the process covariance,Qc(t), is integrated with the same order of accuracy as the drift MDEs,
which is in fact the case in (4.40). Here the φ(tι)Qc(ti)φ(tι)Tδ term maintains a symmetric covariance result and
is second-order accurate.

The problem with having complex system dynamics is that the drift Jacobian needed in (4.38) and (4.39) is not
easily computed, especially in large-scale problems, adding a level of difficultly to the implementation of linearly
implicit methods. In order to solve this problem, the UTs are used to extract an equivalent of the state Jacobian,
called the drift HOLM, and used as a substitute in (4.38), (4.39) and other linearly implicit methods such as
(3.6).

4.4.1 The Drift HOLM

The matrix form of the UKF moment equations in (4.31) and (4.32) looks striking similar to those of the EKF
in (4.24) and (4.25). This is naturally the case, since they are different ways to compute the same quantities.
The theorem below formalises their relationship.

Theorem 4.4.1. For a Lipschitz continuous function f(x(t)) ∈ Rn it follows that

J(x(t)) + Υ(x(t)) = f(χ(t))WχT(t)P(t)−1, (4.41)

where the drift Jacobian is that evaluated at the mean state trajectory obtained from the UTs, i.e., J(x(t)) = ∂f(x)
∂x

∣∣∣
x=m(t)

,
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Υ(x(t)) accounts for non-linear influences introduced by the UTs and is a combination of higher-order state deriva-
tives, LTP(t)L > 0 for all L ∈ Rn such that P(t)−1 exists andJ (x(t)) , J(x(t)) + Υ(x(t)) is the drift HOLM.

(The i, j, k and l indices used in the following proof do not have the same meaning as elsewhere in the chapter.)

Proof. Dropping time dependence to simplify notation, consider a Taylor expansion of the transformed state
vector under the drift function f such that

f(x) = f(m) + f ′(m)(x− m) +

[
1
2
(x− m)Tf i′′(m)(x− m)

]i

+

[
1
3!

∑
j,k

{
((x− m)(x− m)T)1jkf ikjl

′′′(m)
}
(x− m)

]i
+ HOT, (4.42)

whereHOT stands for higher-order terms,m is the state mean in the UKF sense as in (4.31) and [·]i is nota-
tion from [68] used to denote the i-th element of the column formed using the matrices f i′′(m) ∈ Rn×n and
f i′′′(m) ∈ Rn×n×n. The matrices f i′′(m) and f i′′′(m) correspond to those formed using the i-th component of
f(m). Since P is PD it follows that P = USUT =

∑n
i=1 σ

2
i uiuTi ,where ui is the i-th column vector of the unitary

matrixU. Using the singular value decomposition of P above and setting κ = 0 according to convention, the
sigma points from (4.33) are:

x0 = m, x±i = m±
√
α2nσ iui, (4.43)

where χT(t) = [x0, x+i, x−i] for i = 1, . . . , n. Substitute (4.43) into (4.42) to obtain the transformed sigma
points, simplified to

f(x±i) = f(m)± f ′(m)
√
α2nσ iui +

1
2

[
(
√
α2nσ iui)Tf i′′(m)

√
α2nσ iui

]i
± 1

3!

[∑
j,k

{
((
√
α2nσ iui)(

√
α2nσ iui)T)1jkf ikjl

′′′(m)
}√

α2nσ iui
]i
+ HOT. (4.44)

Expand part of the right-hand side of (4.41), where (4.45) below is due to [19], as follows:

f(χ(t))WχT(t)

=
2n∑
i=0

Wi
c(f(x

i)− mf)(xi − m)T (4.45)

= Wi
c

2n∑
i=1

(f(xi)− mf)(xi − m)T +W0
c (f(x

0)− mf)(x0 − m)T

= Wi
c

n∑
i=1

(f(xi)− mf)(xi − m)T +Wi
c

n∑
i=1

(f(x−i)− mf)(x−i − m)T, (4.46)
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wheremf is the mean of the drift function. Substitute the sigma points from (4.43) and the function evaluations
from (4.44) into the above expression to give:

f(χ(t))WχT(t) = Wi
c

n∑
i=1

(
(f(m) + f ′(m)

√
α2nσ iui +

1
2

[√
α2nσ iui)Tf i′′(m)

√
α2nσ iui

]i
+

1
3!

[∑
j,k

{
((
√
α2nσ iui)(

√
α2nσ iui)T)1jkf ikjl

′′′(m)
}
(
√
α2nσ iui)

]i
+ HOT− mf)(m+

√
α2nσ iui − m)T

)

+Wi
c

n∑
i=1

(
(f(m)− f ′(m)

√
α2nσ iui +

1
2

[√
α2nσ iui)Tf i′′(m)

√
α2nσ iui

]i
− 1

3!

[∑
j,k

{
((
√
α2nσ iui)(

√
α2nσ iui)T)1jkf ikjl

′′′(m)
}
(
√
α2nσ iui)

]i
+ HOT− mf)(m−

√
α2nσ iui − m)T

)

= Wi
c

n∑
i=1

(
2f ′(m)(

√
α2nσ iui)(

√
α2nσ iui)T +

2
3!

[∑
j,k

{
((
√
α2nσ iui)(

√
α2nσ iui)T)1jkf ikjl

′′′(m)
}
(
√
α2nσ iui)

]i
(
√
α2nσ iui)T

)
+ HOT. (4.47)

Note the cancellation of all even order state derivative terms in the analysis above. With this, right multiply by
P(t)−1 = US−1UT =

∑n
i=1

1
σ2
i
uiuTi , such that

f(χ(t))WχT(t)P(t)−1 = Wi
c

n∑
i=1

2f ′(m)α2nσ2
i uiu

T
i

1
σ2
i
uiuTi

+
2
3!
α4n2Wi

c

n∑
i=1

[
σ4
i

∑
j,k

{
(uiuTi )1jkf

i
kjl
′′′(m)

}
ui
]i
uTi

1
σ2
i
uiuTi ) + HOT

= f ′(m)
n∑
i=1

uiuTi +
1
3!
α2

n∑
i=1

[
σ2
i

∑
j,k

{
(uiuTi )1jkf

i
kjl
′′′(m)

}
uiuTi
]i
+ HOT, (4.48)

whereWi
c =

1
2α2n for κ = 0, uTi ui = 1 and

∑n
i=1 uiu

T
i = 1. Note that (4.48) is the same form asJ (x) and is a

linear combination of all odd order state derivative matrices such as the Jacobian.

Remark 1. According toTheorem 4.4.1 it is possible to encapsulate state dynamics via the UTs without the need to
analytically or numerically evaluate state partial derivatives.

Corollary 4.4.1.1. For linear systems, the covariance propagation equations in (4.25) and (4.32) are equivalent so
that

f(χ(t))WχT(t) = J(x(t))P(t).

To see this, set all higher-order derivatives in (4.48) to zero.
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4.4.2 State Propagation of the CD-HCKF Algorithm

For measurements arriving at times tk it follows that δN = Δ, whereN is the number of integration time steps
between consecutive measurements arriving at intervals of Δ, such that tk,i = tk + iδ. For simplicityN is cho-
sen as a constant but of course this can vary as a function of k. The time update process of the HCKF is out-
lined in Algorithm 1A. In step (1) and (2) of the algorithm the mean state trajectory is propagated according
to the CD-UKF in (4.31), which is equivalent to (4.29) [68]. Step (3) of the algorithm makes use of Theo-
rem 4.4.1. The result in step (5) of the algorithm can be shown by substituting the drift HOLM evaluated at
the mean state trajectory in place of the drift Jacobian in (4.38) to obtain the sigma points at the next inte-

gration time step, χ(tk,i+1|k) = χ(tk,i|k) +
(
I − J (tk,i|k) δ2

)−1
f(χ)(tk,i|k)δ.Multiplying through by wm gives

χ(tk,i+1|k)wm = χ(tk,i|k)wm +
(
I − J (tk,i|k) δ2

)−1
f(χ)(tk,i|k)wmδ. Using (4.31) andm(t) = χ(t)wm, the equation

in step (5) follows. Provided that the sigma points in (4.43) are chosen at a reasonable spread, thenJ (tk,i|k) is

a fair approximation to the true drift HOLM of individual sigma points, implying that the
(
I − J (tk,i|k) δ2

)−1

matrix is still able to provide A-stable solutions. The value of αmust therefore span a good portion of the state
uncertainty, σ i, so that substantial system detail is captured and no numerical problems are encountered. The
requirements on α are confirmed when an example is visited in Section 4.6. It is easy to check that replacing the
drift Jacobian with the drift HOLM in the TH scheme maintains second-order accuracy so it is omitted here.
Note that the TH scheme in step (5) can easily be replace by the third-order accurate linearly implicit scheme
in (3.6). In step (6) the state covariance is propagated via methods associated with the EKF in order to take ad-
vantage of the properties of the MGL scheme in (4.39) - bearing in mind that the φmatrix is re-used in this step.
Unlike the original MGL scheme, however, the drift Jacobian is evaluated at time ti instead of tι. This has been
chosen to avoid the additional effort required to obtain the Jacobian at time tι and simply use expressions which
have already been calculated. Consequently, the solution of the state covariance equation loses an order of ac-
curacy but remains A-stable (see Appendix B.2). Knowledge of noise covariances in practical applications is,
however, less accurate than the system model, implying that a second-order scheme for state covariance propa-
gation could be overly optimistic about the covariance accuracy in many cases. Employing the state covariance
propagation scheme in (4.40) instead of that in (4.39) incurs an additional step and would make use of much
larger matrices in the algorithm (see Algorithm 1A alternative). In the interest of efficiency, it is therefore not
used as the primary state covariance propagation scheme in this thesis.

4.5 State Correction of the CD-HCKF

The state correction stage of the CD-HCKF takes the a priori state estimates at the output of the state propaga-
tion stage,m(tk+1,0|k) = mk+1|k and P(tk+1,0|k) = Pk+1|k (refer to Algorithm 1A), and calculates the a posteriori
state estimates, m̂k+1 = mk+1|k+1 and P̂k+1 = Pk+1|k+1, given measurements from the output of the system.

It is not uncommon for accumulated numerical error associated with limited computational precision to cause
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Algorithm 1A: State propagation of the CD-HCKF
Initialise with P(tk,0|k) andm(tk,0|k). At each step tk,i|k; for i = 1, ..,N; calculate:

1. χ(tk,i|k) = [m(tk,i|k), . . . ,m(tk,i|k)] +
√
n+ λ [0,

√
P(tk,i|k), −

√
P(tk,i|k)].

2. χ̇(tk,i|k) = f(χ(tk,i|k)) and ṁ(tk,i|k) = χ̇(tk,i|k)wm.

3. J (tk,i|k) = χ̇(tk,i|k)WχT(tk,i|k)P(tk,i|k)−1.

4. φ(tk,i|k) =
(
I− J (tk,i|k) δ2

)−1
andM(tk,i|k) = φ(tk,i|k)

(
I+ J (tk,i|k) δ2

)
.

5. m(tk,i+1|k) = m(tk,i|k) + φ(tk,i|k)ṁ(tk,i|k)δ.

6. P(tk,i+1|k) = M(tk,i|k)P(tk,i|k)MT(tk,i|k) + φ(tk,i|k)Qc(tk,i)φT(tk,i|k)δ.

At time tk,N|k, where tk,N|k = tk+1,0|k, the a priori state vector and its associated covariance matrix is then set to
m(tk+1,0|k) and P(tk+1,0|k). Calculate sigma points χ(tk+1,0|k) as done in step (1) for use in the state correction
stage of the filter.

Algorithm 1A alternative
Replace steps (4), (5) and (6) in Algorithm 1A with the following calculations:

4. φ(tk,i|k) =
(
I− J (tk,i|k) δ2

)−1

5. χ(tk,i+1|k) = χ(tk,i|k) + φ(tk,i|k)χ̇(tk,i|k)δ

6. m(tk,i+1|k) = χ(tk,i+1|k)wm

7. P(tk,i+1|k) = χ(tk,i+1|k)WχT(tk,i+1|k) + φ(tk,i|k)Qc(tk,i)φT(tk,i|k)δ

state covariance matrices in (4.35) to lose positive-definiteness. The state covariance measurement update
equation of the EKF in (4.21), however, is robust, stable and ensures a PD covariances [69] provided that Pk+1|k

from the output of the state propagation stage in Algorithm 1A is PD. Direct calculation of the measurement
Jacobian is, however, as with the drift Jacobian, not always trivial. The same reasoning as in Section 4.4 can thus
be applied to obtain the measurement HOLM,H(x(tk)), according to the following lemma in order to replace
H(x(tk)) in (4.26) to (4.28).

Lemma 4.5.1. For a Lipschitz continuous functionΨ(x(t)) ∈ Rm it follows analogously fromTheorem 4.4.1 that

H(x(tk)) + Λ(x(tk)) = Ψ(χ(tk))WχT(tk)P(tk)−1, (4.49)

where H(x(tk)) = ∂Ψ(x)
∂x

∣∣∣
x=m(tk)

is the measurement Jacobian evaluated at the a priori mean vector, Λ(x(tk)) is a

linear combination of higher-order derivative terms, LTP(tk)L > 0 for all L ∈ Rn such that P(tk)−1 exists and
H(x(tk)) , H(x(tk)) + Λ(x(tk)) is the measurement HOLM.

With this, the method for the measurement update process is outlined in Algorithm 1B.
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Algorithm 1B: State correction of the CD-HCKF
Given χk+1|k as well asmk+1|k and its associated covariance Pk+1|k from the output of the propagation stage in
Algorithm 1A, calculate:

1. Hk+1|k = Ψ(χk+1|k)WχTk+1|kP
−1
k+1|k, where χk+1|k = χ(x)|x=mk+1|k .

2. Kk+1 = Pk+1|kHT
k+1|k(Hk+1|kPk+1|kHT

k+1|k + Rk+1)
−1.

3. Pk+1|k+1 = (I− Kk+1Hk+1|k)Pk+1|k(I− Kk+1Hk+1|k)
T + Kk+1Rk+1KT

k+1.

4. mk+1|k+1 = mk+1|k + Kk+1(yk+1 − zk+1).

4.6 Case Study

Consider example 1, the Van der Pol oscillator from Section 3.3.1. It is described by a stiff non-linear differential
equation with characteristic parameter ε to control the level of damping and thus the amount of stiffness exhib-
ited by the model. Its state vector comprises its position, x1 [m], and velocity, x2 [ms−1]. Dropping explicit time
dependence, the system model is given by

d

(
x1

x2

)
=

(
x2

ε
(
1 − x2

1

)
x2 − x1

)
dt+

(
σ1 0
0 σ2

)
︸ ︷︷ ︸

q(t)

dw(t),

with observation equation

y(tk) = x1(tk) + uk. (4.50)

4.6.1 Filter Set-Up

Measurements, y(tk), are simulated using sampled position values from a model with relatively small integration
time step sizes for ε = 1.4. Noise is added to this by random sampling from a Gaussian distribution with a
standard deviation of 0.12 m. The measurement covariance is therefore chosen as Rk = 0.132 m2 assuming that
the exact noise distribution is unknown. The diffusion matrix is chosen asQc = diag{[σ2

1 m2s−1, σ2
2 m2s−3]}

with σ1 = 0, σ2 = 0.22 ms−1.5, the initial state mean as m̂0 = [0.5 m, 0.5 ms−1]T and the initial state error
covariance as P̂0 = diag{[0.01 m2, 0.1 m2s−2]}. Here diag{·} forms a diagonal matrix with the containing vector.
The efficiency and accuracy of different filters are compared by observing the total execution time and average
mean squared error (MSE) in velocity of 30 successive simulations.

4.6.2 Results and Discussion

It is noticed in this example that the difference between the drift HOLM and the drift Jacobian, Υ(x(t)) =

J (x(t)) − J(x(t)), becomes smaller as α2 is made smaller in the filter. This agrees with the expression on the
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right hand side of (4.48) which implies that Υ(x(t)) → 0 as α2 → 0.

Five methods are singled out for comparison. (1) The CD-UKF-EKF_HOLM - a hybrid filter (with state co-
variance propagation according to the CD-EKF, and state correction and state mean propagation according to
the CD-UKF) that uses the drift HOLM for model integration and state covariance propagation, (2) the CD-
UKF-EKF_J - the same as the CD-UKF-EKF_HOLM but with model integration and state covariance prop-
agation performed using the drift Jacobian, (3) the CD-HCKF - presented in Algorithms 1A and 1B, (4) the
CD-EKF - a first-order CD-EKF that uses analytic Jacobians, and (5) the CD-UKF - where the state propaga-
tion equations in (4.31) and (4.32) are solved using the second-order implicit trapezoidal method (via Newton
iterations and finite-difference Jacobian approximations). According to Fig. 4.6.1a the CD-UKF-EKF_HOLM
is identical to the HCKF.

Filter covariances that are more prone to becoming poorly conditioned are forced by changing the correspond-
ing inputs in Section 4.6.1 to P̂0 = diag{[0.001 m2, 0.1 m2s−2]} and Rk = (3.3 × 10−6)2 m2. The result is shown
in Fig. 4.6.1b. Here the CD-UKF-EKF_HOLM fails execution (due to a failed Cholesky decomposition) as the
model stiffness reaches ε = 1.6. The difference between the two filters is in their measurement update stages.
The CD-UKF-EKF_HOLM updates according to the CD-UKF, whereas the CD-HCKF updates according to
the symmetric CD-EKF equations. The plots in Fig. 4.6.1b. indicate that the CD-HCKF exhibits improved nu-
merical stability over the CD-UKF-EKF_HOLM and approximately the same accuracy, supporting the paper’s
theoretical contribution.

Consider again the standard filter set-up in Section 4.6.1. It can be seen in Figs. 4.6.1c and 4.6.1d that for an
integration step size of δ = 0.25 s, the CD-HCKF achieves similar accuracy to the CD-UKF and the CD-UKF-
EKF_J on condition that α2 < 1. Here the CD-HCKF appears to not decrease much in accuracy when a smaller
fraction of the uncertainty is spanned. This makes sense theoretically since as α2 → 0 the Jacobian alone is ex-
tracted in (4.48). The lower bound on α2 can thus be set according to the word length of the computer. As α2

increases beyond 1, the sigma points span too wide a range, making the numerical process less reliable, and be-
cause it is coupled to the integration scheme, affects the estimates more drastically. It must also be considered
that by increasing α2, a larger fraction of the non-linear derivative matrices are included in the HOLM as can
be seen in (4.48). The value of α2 can thus be chosen based on these factors, and should ideally be less than 1.
At α2 = 4 and ε = 1.45 the CD-UKF again fails execution. This is attributed to the CD-UKF’s state covari-
ance propagation scheme (found in none of the other four methods) that causes covariance matrices to lose
positive-definiteness. Similar results are observed for δ = 0.33 s (Figs. 4.6.1e and 4.6.1f) where the CD-UKF
again fails execution, however, this time at all values of ε and α2. The CD-HCKF, on the other hand, manages to
remain numerically stable. Note that the CD-UKF-EKF_J is a fair alternative to the CD-HCKF in terms of both
accuracy and numerical stability but comes with the downside of requiring an analytic or numerical Jacobian
calculated via usual means.

The discussion is ended with a comparison of algorithmic complexity between the filters. The CD-EKF calcu-
lates no UTs and executes the fastest at 1.80 s. The CD-UKF-EKF_HOLM and CD-UKF-EKF_J calculates
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the same number of UTs, differing solely by whether the Jacobian or HOLM is formed, and executes in 14.56 s
and 14.78 s respectively. The only significant complexity difference between the CD-HCKF, with an execution
time of 14.45 s, and the CD-UKF-EKF_HOLM is in the measurement update multiplication process, which for
n=2 is evidently negligible. The CD-UKF, with an execution time of 22.57 s, is the most inefficient due to the
laborious Newton iterations.

4.7 Conclusion

In this chapter the novel CD-HCKF was developed that was shown to be almost equivalent to the CD-UKF
where accuracy is concerned, on condition that α2 < 1, but with added benefits over the CD-UKF such as im-
proved numerical stability and faster execution. Furthermore, no analytic or numerical Jacobians are necessary
in the CD-HCKF which makes its implementation much easier in comparison to standard CD-EKF formula-
tions. The core application in Part 2 of this thesis, involving a power boiler, includes a parallelised application
of the UTs which should see a reduction in execution time for the CD-HCKF. Such a large-scale problem with
an increased number of state variables and non-trivial Jacobian matrices will furthermore see an increase in the
CD-EKF execution time, making the CD-HCKF an even more viable filter option.
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Figure 4.6.1: Example 1: Average MSE of the 30 simulations across α2 and ε parameters for the respective
CD filters.
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5
Higher-Order Kalman Filters

In the previous chapter, approximate non-linear filters were discussed and a more suitable approach to CD
Kalman filtering for stiff large-scale systems, termed the CD-HCKF, was developed. As with this filter and other
classic approximate filters, they are based on the Euler-Maruyama (EM) truncation of the Itô-Taylor expan-
sion. In this chapter, both an EM and a Milstein (higher-order) approximation of an amended SDE is embed-
ded in the filter formulation to obtain variations of the CD-HCKF - termed the CD-HCKF_EM and the CD-
HCKF_Milstein. Higher-order filters are not a new concept and have been introduced in [45]. Here a KF based
on the Itô-1.5 expansion is developed and shown to produce better estimates in comparison to its lower order
variants. An application of this filter to radar tracking in [71] highlights its superior performance. In a simi-
lar sense, Fourier-Hermite Kalman filters [72], also a class of Gaussian filters, are based on a truncation of the
Fourier-Hermite series (an alternative to the Taylor series truncation in classic filters). In [72] filters based on
truncations of the Fourier-Hermite series of up to third-order are demonstrated and are referred to as statistical
higher-order filters. The difference between the work in this chapter and those already in the literature is the
way in which the Itô SDE is defined, which includes a state-dependent process noise term. With respect to this
SDE, a higher-order truncation of the Itô-Taylor series expansion (or other expansions in fact) results in a filter
formulation that includes derivatives of the diffusion coefficient.

The covariances in classic Gaussian Kalman filters are defined as a constant or simply time-varying Gaussian
field. This typically constitutes modelling error, process uncertainty and other statistical noise. Of course, the
more accurate the noise models and the more comprehensive the list of uncertainty sources, the closer to op-
timal the filter will be, resulting in better filter performance [27]. It stands to reason that the uncertainty of the
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numerical scheme should therefore also be included in the error budget as this could potentially form a signifi-
cant part of system uncertainty when inadequate temporal discretisation steps are used in the numerical ODE
solver. A state-varying process noise term is therefore included in the filter formulation to represent the uncer-
tainty associated with the numerical solver, found to be proportional to the drift term, and hence a non-linear
function of the state vector.

A statistical representation of the numerical error of this form is motivated in [73]. Here a Gaussian field is in-
troduced into the state differential equation to reflect the uncertainty in the numerical scheme. This is referred
to as a probabilistic solver and its convergence is formally shown in [74]. This motivates the assumption of a
Gaussian based numerical error term in the amended SDE used in this chapter. Unlike [73], which models the
stochastic error term using a constant diffusion coefficient, the formulation for the stochastic error model as-
sociated with the ODE solver in this chapter is based on the state-dependent error function in Chapter 3. In
Chapter 3, expressions for both the local and global error estimates of a linearly implicit second-order accurate
numerical method were formulated in (3.41) and (3.34), and were found to accurately represent the true er-
rors associated with the numerical solution. Using this expression for the local error, an accurate model of the
stochastic simulation error term can be formulated. Since the diffusion coefficient of this noise term is a func-
tion of the state, an assumption of a purely additive noise term reduces the filter’s order of strong convergence
from λ = 1 to λ = 0.5. A filter based on the Milstein disretisation scheme is therefore proposed in order to
increase the filter’s order of convergence to λ = 1 so that in the least, the convergence accuracy of the filter is not
decreased. The Milstein scheme is based on a higher-order truncation of the Itô-Taylor expansion in compari-
son to the Euler-Maruyama approximation used in conventional KFs.

This chapter continues with the theme of CD filtering where the state vector is propagated in time between
measurements. In order to achieve a certain level of accuracy during state propagation, one would need to make
relatively small time steps or use highly sophisticated integration schemes in every unscented function. This
leads to time consuming simulation and poses a problem for on-line estimation. The contribution of this chap-
ter is therefore to facilitate faster estimation by employing coarser than usual integration steps in the second-
order accurate linearly implicit simulation, but to systematically account for accumulated simulation error via
the filtering process so that performance is not degraded. This is achieved by adding a state-dependent stochas-
tic simulation error term alongside the conventional additive noise term in the standard SDE. The filter is then
developed according to the EM discretisation of the SDE as well as a statistically higher-order discretisation of
the SDE - the Milstein scheme. A Milstein based filter is motivated on the grounds that a false assumption of
a purely constant diffusion coefficient in a SDE whose stochastic error term holds explicit state dependence,
theoretically lowers the convergence accuracy of the filter.

This chapter proceeds as follows. Section 5.1 justifies the use of an amended SDE in the new CD filter approach.
Section 5.2 begins with the development of an EM based representation of the filter MDEs according to the
amended SDE and is followed by the development of a Milstein based representation of the filter MDEs accord-
ing to the amended SDE, from which the novel CD-HCKF_Milstein is then formalised. The implementation
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aspects of the CD-HCKF_Milstein are discussed in Section 5.3 and an outline of the filter algorithms given in
Section 5.3.3. The performance of the filters are then evaluated in Section 5.4.

5.1 AmendedNon-Linear State-SpaceModel

The conventional approximate non-linear CD-KF begins with the state SDE, typically already under the as-
sumption of additive white noise,

dx(t) = f(x(t), t)dt+ q(t)dw(t), (5.1)

where x(t) ∈ Rn is a Markov process representing the system states; f(x(t), t) is the drift function of the state;
dw(t) ∈ Rd1×1 is an independent increment function belonging to the Brownian motion w(t); q(t) ∈ Rn×d1 is
the diffusion coefficient or intensity factor that scales the noise and E(dw(t)dwT(t)) = Q(t)dt. HereQ(t) [s−1]
is the noise spectral density taken as the identity matrix Id1 . The measurement equation is given by

y(tk) = Ψ(x(tk), tk) + u(tk), (5.2)

where y(tk) is a vector of m outputs and u(tk) ∈ Rm is the white measurement noise with E(ukuTk ) = R(tk) ∈
Rm×m. It is assumed here that dw(t), u(tk) and x(t) are independent. Following an EM based discretisation of
the process in (5.1), the standard CD (or continuous-time) EKF [7] and CD-UKF [75] can be derived.

In [73] a Gaussian field is introduced in the state differential equation to reflect the uncertainty in the numerical
scheme. This solver takes the same form as the Ito-based SDE in (5.1) and is given as

dx(t) = f(x(t), t)dt+ δp+1/2
√
Q̃dw(t), (5.3)

where Q̃ ∈ Rn×n is a covariance matrix found by calibrating against classical error estimation techniques. This
is referred to as a probabilistic solver and justifies the assumption of a Gaussian based numerical error term.

In this chapter, a different form of the Gaussian numerical error term is proposed which involves a state-dependent
function. This gives a more accurate bound on the covariance of the simulation uncertainty. The state-dependent
noise term is added to the SDE in (5.1) alongside the additive noise term as follows:

dx(t) = f(x(t), t)dt+ q(t)dw(t) + b(x(t), t)dv(t), (5.4)

where w(t) and v(t) are independent standard Brownian motions and b(x(t), t) ∈ Rn×d2 is a diffusion coef-
ficient associated with the model integration error. Here d2 = 1 since the state-dependent noise term models
only one source of error - numerical integration error (or simulation error). The two noise terms are modelled
separately to easily distinguish the two and also because they will be calculated separately (one on-line and one
off-line). The q(t)dw(t) noise term can be modelled in the conventional sense as an off-line task and comprises
model error, process disturbances and other system uncertainties (as done in the case study in Section 4.6).
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The state-dependent noise term, however, is calculated at each integration time step and is mainly an on-line
process.

5.2 CDKalman FilteringUsing The Amended SDE

In this section, the CD-KF for a system with a state-dependent noise term is formulated for two respective SDE
discretisation approximations based on truncations of the Itô-Taylor expansion in (A.31) - the EM and Milstein
approximations. The Itô 1.5 based filter, a more accurate approximation than both the EM or Milstein approx-
imation, is developed in [45] for a constant or simply time-varying noise term, q(t)dw(t). The resultant filter
therefore has no derivative diffusion terms irrespective of the approximation scheme. For the SDE in (5.4) the
noise term is not simply time-varying or constant. As a result, a slightly different filter representation emerges
when embedded in higher-order approximations of the SDE.

5.2.1 Approximations of the SDE

From the Itô-Taylor expansion in (A.31), various strong order discrete-time approximations can be constructed.
Consider the generic SDE

dx(t) = f(x(t), t)dt+ b(x(t), t)dv(t). (5.5)

The simplest discrete approximation of (5.5) is the explicit Euler method, referred to as the explicit Euler-
Maruyama (EM) method, and has a strong order of convergence of λ = 0.5. It is given over time (t, t + δ)
as

x(t+ δ) = x(t) + δf(x(t), t) + b(x(t), t)v(t), (5.6)

where v(t) is a random Gaussian variable redefined as v(t) ∼ N (0, δId2), equivalent to the Wiener increment,
ΔW = Wi+1 − Wi. It is chosen that d2 = 1. Adding more terms from the Itô-Taylor expansion in (A.31) gives
the Milstein scheme [50] over time (t, t+ δ) as

x(t+ δ) = x(t) + δf(x(t), t) + b(x(t), t)v(t) +
1
2
b′(x(t), t)b(x(t), t)v2(t), (5.7)

where f(x(t), t) = f(x(t), t) − 1
2b

′(x(t), t)b(x(t), t). The Milstein scheme has a strong order of convergence
of λ = 1. It is easily seen that when the noise term is purely time-varying or a constant, i.e., b(x(t), t) = b(t),
the approximation reduces to that of the EM scheme but maintains its 1.0 order of convergence. In the stan-
dard derivation of non-linear approximate filters, the diffusion coefficient in the noise term is constant or purely
time-varying as in (5.1). Under this assumption, the moment equations of various CD non-linear approximate
filters can be derived by applying an EM discretisation scheme to (5.1), and exhibits a λ = 1 order of strong
convergence. The differential equations in this case are given by (4.10) and (4.11) and lead to standard ap-
proximate filters in Section 4.3. It is possible to go a step further and write down the order 1.5 Itô strong Tay-
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lor scheme used in [45] (which includes even more terms from the Itô-Taylor expansion). The work in [45]
does not, however, include state-dependent noise terms and thus any discretisation scheme does not result in
derivative diffusion coefficient terms in the filter. The work in this chapter is limited to a scheme with a 1.0 order
of strong convergence, so that in the least, convergence accuracy of the filter is maintained. It follows now to
derive the EM and Milstein based filters associated with the amended SDE in (5.4).

5.2.2 EM Based Moment Differential Equations

Theorem 5.2.1. Let f(x(t), t) ∈ Rn×1 and b(x(t), t) ∈ Rn×1 be Lipschitz continuous functions, then the dynamic
moment equations of the amended SDE in (5.4), discretised according to the EM approximation in (5.6), are

d
dt
E{x(t)} = E{f(x(t), t)} (5.8)

d
dt
var{x(t)} = cov{x(t), f(x(t), t)}+ cov{f(x(t), t), x(t)}+ q(t)qT(t) + E{b(x(t), t)bT(x(t), t)}. (5.9)

Proof. Consider the amended state SDE in (5.4) and apply the EM approximation in (5.6) over time (t, t + δ)
to obtain:

x(t+ δ) ≈ x(t) + δf(x(t), t) + q(t)w(t) + b(x(t), t)v(t), (5.10)

where w(t) ∼ N (0, δId1) and v(t) ∼ N (0, δId2). The mean of (5.10) and its difference equation is as follows:

E{x(t+ δ)} = E{x(t)}+ δE{f(x(t), t)}+ E{q(t)w(t)}+ E{b(x(t), t)v(t)}

= E{x(t)}+ δE{f(x(t), t)}.

∴ E{x(t+ δ)} − E{x(t)}
δ

= E{f(x(t), t)}. (5.11)

With no correlation between state-dependent terms and the Brownian processes, the covariance of (5.10) and
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its difference equation becomes:

var{x(t+ δ)} = var{x(t) + δf(x(t), t) + q(t)w(t) + b(x(t), t)v(t)}

= var{x(t)}+ δ2var{f(x(t), t)}+ var{q(t)w(t)}+ var{b(x(t), t)v(t)}

+ δcov{x(t), f(x(t), t)}+ δcov{f(x(t), t), x(t)}

= var{x(t)}+ δ2var{f(x(t), t)}+ E{(q(t)w(t))(q(t)w(t))T}

− E{q(t)w(t)}E{q(t)w(t)}T + E{(b(x(t), t)v(t))(b(x(t), t)v(t))T}

− E{b(x(t), t)v(t)}E{b(x(t), t)v(t)}T + δcov{x(t), f(x(t), t)}

+ δcov{f(x(t), t), x(t)}

= var{x(t)}+ δq(t)Id1q(t)
T + δE{b(x(t), t)Id2b(x(t), t)

T}

+ δcov{x(t), f(x(t), t)}+ δcov{f(x(t), t), x(t)}.

∴ var{x(t+ δ)} − var{x(t)}
δ

= q(t)q(t)T + E{b(x(t), t)b(x(t), t)T}+ cov{x(t), f(x(t), t)}

+ cov{f(x(t), t), x(t)}. (5.12)

Here the δ2 terms are set to zero. Taking the limit of (5.11) and (5.12) as δ → 0 gives the corresponding dy-
namic moment differential equations in (5.8) and (5.9).

Remark 2. For an EM approximation, the amended system model in (5.4) produces similar moment dynamics to
the standard model in (5.1). The expected values of the respective noise covariances simply add. See (4.10) and (4.11).
Unlike the standard formulation in (4.10) and (4.11) that exhibits a strong order of convergence of λ = 1, the EM
approximation applied to the amended system model in the above theorem results in an order of strong convergence of
λ = 0.5. From (5.8) and (5.9), the standard CD-EKF and CD-UKF can be implemented. It should be noted that
evaluation of the expectation and covariances in equation (5.8) and (5.9) will differ depending on whether a CD-EKF,
CD-UKF, CD-CKF, etc, is employed.

Remark 3. In Section 4.1, classic filters were derived using Itô’s Lemma. It was mentioned that it can be derived via
other methods such as Kolmogorov’s forward equation in (4.6) or via a truncation of the Itô-Taylor expansion and then
taking the limit for the continuous-time case. This truncation method is used inTheorem 5.2.1. The reason that Itô’s
Lemma and Kolmogorov’s forward equation give the same result as an EM approximation of the Itô-Taylor expansion
is because they too are based on first-order Taylor approximations.

5.2.3 Milstein Based Moment Differential Equations

Taking a similar approach as in Section 5.2.2, the MDEs based on the Milstein discretisation approximation,
which exhibits a λ = 1 order of strong convergence, are given by the following theorem.

Theorem 5.2.2. Let f(x(t), t) ∈ Rn×1 and b(x(t), t) ∈ Rn×1 be Lipschitz continuous functions, then the dynamic
moment equations of the amended SDE in (5.4), discretised according to the Milstein approximation in (5.7), are
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d
dt
E{x(t)} = E{f(x(t), t)}+ 1

2
E{b′(x(t), t)b(x(t), t)}, (5.13)

d
dt
var{x(t)} = q(t)q(t)T + E{b(x(t), t)bT(x(t), t)}+ cov{x(t), f(x(t), t)}+ cov{f(x(t), t), x(t)}

+
3
4

∫ t+dt

t
E{(b′(x(t), t)b(x(t), t))(b′(x(t), t)b(x(t), t))T}dt

− 1
4

∫ t+dt

t
E{b′(x(t), t)b(x(t), t)}E{b′(x(t), t)b(x(t), t)}Tdt, (5.14)

where f(x(t), t) = f(x(t), t)− 1
2b

′(x(t), t)b(x(t), t) and b′(x(t), t) ∈ Rn×n is the derivative of the diffusion coefficient
with respect to the state, or the Jacobian of the diffusion coefficient.

Proof. Apply the Milstein approximation in (5.7) to (5.4) such that

x(t+ δ) = x(t) + δf(x(t), t) + q(t)w(t) + b(x(t), t)v(t) +
1
2
b′(x(t), t)b(x(t), t)[v2(t)− δ]. (5.15)

The mean of (5.15) and its difference equation is:

E{x(t+ δ)} = E{x(t)}+ δE{f(x(t), t)}+ E{ 1
2
b′(x(t), t)b(x(t), t)v2(t)}

= E{x(t)}+ δE{f(x(t), t)}+ 1
2
E
{
b′(x(t), t)b(x(t), t)

}
δId2 .

∴ E{x(t+ δ)} − E{x(t)}
δ

= E{f(x(t), t)}+ 1
2
E
{
b′(x(t), t)b(x(t), t)

}
. (5.16)

The covariance of (5.15) follows previous arguments in Theorem 5.2.1 about the state and noise terms such that

var{x(t+ δ)} = var{x(t)}+ δ2var{f(x(t), t)}+ var{q(t)w(t)}+ var{b(x(t), t)v(t)}

+ var{ 1
2
((b′(x(t), t)b(x(t), t)v2(t)}+ δcov{x(t), f(x(t), t)}+ δcov{f(x(t), t), x(t)}

+ cov{ 1
2
((b′(x(t), t)b(x(t), t)v2(t), b(x(t), t)v(t)}+ cov{b(x(t), t)v(t), 1

2
((b′(x(t), t)b(x(t), t)v2(t)}.

(5.17)

Noting that cov{v(t), v2(t)} = 0, it follows that

cov{b(x(t), t)v(t), 1
2
(b(x(t), t)(b′(x(t), t)v2(t)} =

1
2
E{(b(x(t), t)(b′(x(t), t)b(x(t), t))T}cov{v(t), v2(t)}

= 0.

Similarly cov{ 1
2b

′(x(t), t)b(x(t), t)v2(t), b(x(t), t)v(t)} = 0. Expanding and applying property 13 in Appendix
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A.1.4 gives

var{ 1
2
b′(x(t), t)b(x(t), t)v2(t)} =

1
4
E{(b′(x(t), t)b(x(t), t)v2(t))(b′(x(t), t)b(x(t), t)v2(t))T}

− 1
4
E{b′(x(t), t)b(x(t), t)v2(t)}E{b′(x(t), t)b(x(t), t)v2(t)}T

=
3
4
E{(b′(x(t), t)b(x(t), t))(b′(x(t), t)b(x(t), t))T}(δId2)

2

− 1
4
E{b′(x(t), t)b(x(t), t)}E{b′(x(t), t)b(x(t), t)}T(δId2)

2. (5.18)

The variance in (5.17) and its difference equation then becomes

var{x(t+ δ)} = var{x(t)}+ δq(t)qT(t) + δE{b(x(t), t)bT(x(t), t)}

+ δcov{x(t), f(x(t), t)}+ δcov{f(x(t), t), x(t)}

+
3δ2

4
E{(b′(x(t), t)b(x(t), t))(b′(x(t), t)b(x(t), t))T}

− δ2

4
E{b′(x(t), t)b(x(t), t)}E{b′(x(t), t)b(x(t), t})T.

∴ var{x(t+ δ)} − var{x(t)}
δ

= q(t)qT(t) + E{b(x(t), t)bT(x(t), t)}

+ cov{x(t), f(x(t), t)}+ cov{f(x(t), t), x(t)}

+
3δ
4

E{(b′(x(t), t)b(x(t), t))(b′(x(t), t)b(x(t), t))T}

− δ
4
E{b′(x(t), t)b(x(t), t)}E{b′(x(t), t)b(x(t), t})T. (5.19)

Taking the limits of (5.16) and (5.19) as δ → 0 gives the result in (5.13) and (5.14).

5.2.4 The CD-HCKF_Milstein

State Propagation

In the state propagation stage of the filter, the continuous-time moment equations in (5.13) and (5.14) need to
be solved between successive measurements. The moments are propagated between measurement updates at
times tk and tk+1 in intervals of δ such that xik represents x(t) at time t = kΔ + iδ, whereNδ = Δ andN is the
number of integration steps between measurements. Integrate both sides of (5.13) to obtain the solution

ΔE{x(t)} =

∫ t+δ

t
E{f(x(t), t)}dt+

∫ t+δ

t

1
2
E{b′(x(t), t)b(x(t), t)}dt. (5.20)

The first integral term in (5.20) is the solution associated with the drift term and the second integral is the solu-
tion associated with the diffusion term. The integral associated with the diffusion term can be evaluated using
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the first-order accurate Euler scheme. The solution of the mean state estimate in this case is

x̄i+1
k|k = E{xi+1

k|k }

= E{fd(xik|k)}+
δ
2
E{b′(xik|k)b(xik|k)}

=

∫
Rn
fd(xik|k)N (xk)dxk +

δ
2

∫
Rn
b′(xik|k)b(x

i
k|k)N (xk)dxk, (5.21)

where fd(t) = x(ti) + δΦ(ti) is the solution of the drift function and Φ(ti) is the increment function associ-
ated with f(t) for the TH scheme. The respective terms in (5.21) are solved with different levels of accuracy -
the drift term being second-order accurate and the diffusion term being first-order accurate. This will not be a
problem because it will later be revealed in Section 5.3.2 that b(x(t), t) ∝ δp+1/2, while b′(x(t), t) ∝ δ−1/2. It
can thus be said that b′(x(t), t)b(x(t), t) ∝ δp. For a p-th order solution of fd(t) in (5.21) it follows that

x̄i+1
k|k =

∫
Rn
fd(xik|k)N (xk)dxk +O(δp+1) +

1
2
O(δp+1). (5.22)

In the limit as δ → 0 of (5.22), higher-order terms vanish faster, resulting in an asymptotically correct mean of

x̄i+1
k|k =

∫
Rn
fd(xik|k)N (xk)dxk. (5.23)

Similarly with the mean state estimate, the solution of the state covariance estimate from (5.14) is

Pj+1
k|k = E{(xi+1

k|k − x̄i+1
k|k )(x

i+1
k|k − x̄i+1

k|k )
T}

=

∫
Rn
fd(xik|k)fd

T(xik|k)N (xk)dxk + δ
∫
Rn
b(xik|k)b

T(xik|k)N (xk)dxk + δqqT

+
3δ2

4

∫
Rn
b′(xik|k)b(x

i
k|k)(b

′(xik|k)b(x
i
k|k))

TN (xk)dxk

− δ2

4

(∫
Rn
b′(xik|k)b(x

i
k|k)N (xk)dxk

)(∫
Rn
b′(xik|k)b(x

i
k|k)N (xk)dxk

)T
− x̄i+1

k|k (x̄
i+1
k|k )

T, (5.24)

where the terms that are made up of the diffusion coefficient are solved according to a first-order accurate Euler
scheme. Using a first-order accurate solution of the terms containing the diffusion coefficient, but a second-
order accurate solution of the drift terms, can be motivated in the same way as was done for the mean state solu-
tion in (5.23) and exhibits the correct convergence properties as δ → 0. The first integral in (5.21) is evaluated
as ∫

Rn
fd(xik|k)N (xk)dxk = fd(χ ik|k)wm (5.25)
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according to the CD-UKF in Section 4.3.3 and∫
Rn
fd(xik|k)N (xk)dxk = fd(x̄ik|k) (5.26)

according to the first-order CD-EKF. Other approaches, such as those based on the second-order CD-EKF
(see Section 4.3.2) or the CD-CKF are also possible [9]. A first-order Euler solution of the first and last term
in (5.24) is:

∫
Rn
fd(xik|k)fd

T(xik|k)N (xk)dxk − x̄i+1
k|k (x̄

i+1
k|k )

T = var{xik|k}+ δcov{xik|k, f(xik|k)}+ δcov{f(xik|k), xik|k}

= Pik|k + δ
(
cov{xik|k, f(xik|k)}+ cov{f(xik|k), xik|k}

)
. (5.27)

Similarly with the state mean, the above can be expressed according to various filter formulations. Using the
UTs from the CD-UKF, (5.27) is:∫

Rn
fd(xik|k)fd

T(xik|k)N (xk)dxk − x̄i+1
k|k (x̄

i+1
k|k )

T = Pik|k + δ
(
χ ik|kWfT(χ ik|k) + f(χ ik|k)W(χ ik|k)

T
)
. (5.28)

Similarly, a first-order CD-EKF equivalent is:∫
Rn
fd(xik|k)fd

T(xik|k)N (xk)dxk − x̄i+1
k|k (x̄

i+1
k|k )

T = Pik|k + δ
(
Jik|kP

i
k|k + Pik|k(Jk|ki)

T
)
, (5.29)

where Jik|k =
d
dx f(x)|x=x̄ik|k

is the first-order Jacobian of the mean drift term. Of course better integration methods
for (5.27) or (5.28) can be used instead of a first-order Euler scheme, and can be found in, for example, [31] or
[35].

The integrals in (5.21) and (5.24) associated with the non-linear diffusion coefficient are evaluated accord-
ing to a simplifying assumption, similar to that in [45]: if the non-linearity in b(x(t), t) is not too severe then∫
Rn b′(xik|k)b(x

i
k|k)N (xk)dxk ≈ b′(x̄ik|k)b(x̄

i
k|k), and similarly for the integrals in (5.24) such that (5.21) and

(5.24) simplify to

x̄i+1
k|k =

∫
Rn
fd(xik|k)N (xk)dxk +

δ
2
b′(x̄ik|k)b(x̄

i
k|k), (5.30)

Pj+1
k|k =

∫
Rn
fd(xik|k)fd

T(xik|k)N (xk)dxk + δb(x̄ik|k)b
T(x̄ik|k) + δqqT +

δ23
4

(
b′(x̄ik|k)b(x̄

i
k|k)
)(

(b′(x̄ik|k)b(x̄
i
k|k))

T
)

− δ2

4

(
b′(x̄ik|k)b(x̄

i
k|k)
)(

b′(x̄ik|k)b(x̄
i
k|k)
)T

− x̄i+1
k|k (x̄

i+1
k|k )

T. (5.31)
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To re-iterate, the integrals in (5.30) and (5.31) can be evaluated according to conventional approximate KF
methods.

State Correction

State correction by measurement follows that in Section 4.5.

5.3 Filter Implementation

5.3.1 Evaluating the Diffusion coefficient

The proposed filter relies on a model of the Jacobian of the diffusion coefficient, b′(x(ti), ti). Calculating this
expression analytically is often too complex a task, while numerical approximations can be rather crude. The
UTs from the CD-UKF are therefore used to obtain the higher-order linearised matrix (HOLM) associated
with the diffusion coefficient, in the same manner as it has been done for the drift and measurement functions
in Theorem 4.4.1 and Lemma 4.5.1.

Lemma 5.3.1. For a Lipschitz continuous function b(x(t)) ∈ Rn×1 it follows that

b′(x(t)) + Ω(x(t)) = b(χ(t))WχT(t)P(t)−1, (5.32)

whereB(x(t)) = b′(x(t)) + Ω(x(t)) is the diffusion coefficient HOLM.The Jacobian of the diffusion coefficient is
evaluated at the mean state vector, i.e., b′(x(t)) = ∂b(x)

∂x

∣∣∣
x=x̄(t)

. TheΩ(x(t)) term accounts for non-linear influences

introduced by the UTs and is a combination of higher-order state derivatives. Furthermore, LTP(t)L > 0 for L ∈ Rn

such that P(t)−1 exists.

5.3.2 Evaluating the State-Dependent Noise Term

It is shown in [73] that the posterior uncertainty density is correctly propagated along its trajectory by choosing
an appropriate value of Q̃ in (5.3) to represent the variance of the local error. Since the SDE used to develop
the moment equations in Section 5.2 also makes use of a stochastic local error model it can thus be said that
any uncertainties associated with the numerical method will be propagated correctly at each integration time
instance according to (5.31). It remains now to determine the exact form of the diffusion coefficient, b(x(t)),
which is chosen as a function of the local error estimate calculated in Section 3.2 as

li+1 = δ2JiCif(xi). (5.33)

This error estimate provides a more accurate representation of the local error compared to the purely time-
varying estimate used in(5.3). It is in the interest of efficiency, however, to avoid the task of calculating JiCi
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at each integration step. The on-line process can be simplified by computing a scaled equivalent of JiCi, for
i = 1, 2, . . ., in a case specific manner. The principle is best illustrated using a few examples.

Example 1: The Van der Pol Oscillator

Consider the Van der Pol oscillator in Section 3.3.1. Here its local error estimate, li, for the second-order accu-
rate TH scheme was calculated according to (3.41). In order to avoid the numerous operations associated with
(3.41), a simpler expression can be approximated. This is done by first calculating the local error estimate in
(5.33) as well as the drift function, f(xi), at various integration step sizes, chosen as δ = 0.05 s, δ = 0.1 s and
δ = 0.2 s. The best fit (least-squares) matrix of the JiCi trajectory for each of these integration steps according
to the equation li = δ2JiCif(xi) can then be calculated. This will produce 3 matrices: (JC)1, (JC)2 and (JC)3. A
curve can be fit to this set of matrices in Excel® and is found to be of the form δ1.2D, where

D =

(
1.3590 0.0216
−0.3372 0.5862

)
(5.34)

The local error for this example is therefore

li+1 = δ3.2Df(xi). (5.35)

Using this simplified estimate of the local error, the global error estimates can be calculated using (3.34) and are
shown in Fig. 5.3.1.

52



10 20 30 40 50

Time [s]

-0.1

-0.05

0

0.05

0.1
G

lo
ba

l e
rr

or
 in

 p
os

iti
on

 [m
]

True global error
Global error estimate (3.34))

(a) δ = 0.05 s.

10 20 30 40 50

Time [s]

-0.2

-0.1

0

0.1

0.2

G
lo

b
a
l 
e

rr
o

r 
in

 v
e
lo

c
it
y
 [

m
/

] True global error

Global error estimate (3.34))s

(b) δ = 0.05 s.

10 20 30 40 50

Time [s]

-1.5

-1

-0.5

0

0.5

1

1.5

2

G
lo

ba
l e

rr
or

 in
 p

os
iti

on
 [m

]

True global error
Global error estimate (3.34))

(c) δ = 0.2 s.
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(d) δ = 0.2 s.

Figure 5.3.1: Example 1: Global error in position and velocity for various values of δ using the simplified
expression for the local error estimates.

Example 2: The Vertically Falling Body Problem

Refer to Section 3.3.2 for the case of the vertically falling body problem. The local error is found to be of the
form

li+1 = δ3Df(xi), (5.36)

with

D =

(
9.0 × 10−5 −5.6 × 10−3

1.4 × 10−5 6 × 10−4

)
The global error estimates are shown in Fig. 5.3.2.
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100 200 300 400 500

Time [s]

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

G
lo

b
a
l 
e
rr

o
r 

in
 v

e
lo

c
it
y
 [
m

/
] True global error

Global error estimate (3.34))s

(b) δ = 0.5 s.
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(c) δ = 5 s.

100 200 300 400 500

Time [s]

-80

-60

-40

-20

0

20

40

60

G
lo

b
a

l 
e

rr
o

r 
in

 v
e

lo
c
it
y
 [

m
/

] True global error

Global error estimate (3.34))s

(d) δ = 5 s.

Figure 5.3.2: Example 2: Global error in position and velocity for various values of δ using the simplified
expression for the local error estimates.

For the vertically falling body problem, the local error in (5.36) results in slightly less accurate convergence be-
haviour with respect to position error compared to the behaviour when using the local error estimate in (5.33)
(See Fig. 3.4.1). For the remainder of the variables in the two examples, it is evident that the simplified method
for calculating the local error estimates results in reasonable global error estimates. Based on the two examples
above, the general form of the local error associated with the second-order accurate TH scheme in (5.33) can be
approximated as

li+1 = δ3Df(xi). (5.37)

Another example is given below. Although this example does not form part of the class of stiff problems, it is
included to demonstrate some features associated with local and global error estimation for a broader range of
systems.
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Example 3: The Mackey-Glass Time Series

The Mackey-Glass time series is another common non-linear benchmark problem displaying chaotic behaviour
for n > 7. Its system model is given by

dx(t) =
( κ1x(t− τ)
1 + xn(t− τ)

− κ2x(t)
)
dt+ qw(t), (5.38)

y(tk) = x(tk) + uk. (5.39)

Here κ1 = 0.22, κ2 = 0.1 and n = 10 are positive constants and τ = 30 s is a time delay. Thirty random numbers
in the open interval (0, 1) are generated, followed by the calculation of the JiCi trajectory for integration step
sizes of δ = 1 s, δ = 2 s and δ = 6 s. Following the procedure in Example 1, the local error is found to be of the
form

li+1 = δDf(xi). (5.40)

The behaviour of the local error, being proportional to δ and not δ3, is likely due to the chaotic nature of the
problem which results in a drop in the order of accuracy of the method. ForD = −1.4 the global error esti-
mates are shown in Fig. 5.3.3 alongside the global error estimates associated with Richardson’s extrapolation in
(3.39). Due to the chaotic nature of the problem, the global error estimates would also behave chaotically and
hence display a global error estimate that does not match the true global error exactly. The order of the global
error estimate, however, is correct. Compare this to the poor estimate calculated using Richardson’s extrapola-
tion.
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Figure 5.3.3: Example 3: Global error for various values of δ using the simplified expression for the local
error estimates.

It was shown that the local error estimates for the second-order accurate TH scheme, in the standard non-linear
case, is of the form in (5.37). This can be expressed more generally for a scheme of order p as

li+1 = δp+1Df(xi), (5.41)

Note that the order of the error is correctly related to the accuracy of the method, i.e.,O(δp+1), and establishes
further confidence in the expression for the local error estimate in (5.33). Assuming thatD forms the bounds
of a uniform distribution, its variance is equal to 1√

3D. The stochastic numerical error term associated with the
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amended SDE in (5.4) is therefore chosen as

δp+1

δ0.5

(
1
√

3
D

)
f(xi)dv(t) =

δp+1/2

√
3
Df(xi)︸ ︷︷ ︸

b(xi+1)

dv(t). (5.42)

The only factor in the above expression that has not yet been accounted for is δ−0.5. Since it was chosen that
Q(t) = Id2 [s−1] for E(dv(t)dv(t)) = Q(t)dt, both the dimensions and any scaling associated with

√
Q(t) are,

without a loss in generality, absorbed into b(x(t)).

5.3.3 The CD-HCKF_Milstein and CD-HCKF_EM Algorithms

The algorithm for the CD-HCKF_Milstein is outlined in Algorithm 2A and extends from that of the CD-HCKF
in Section 4.4.2. Note that explicit state dependence is dropped for notational coherence. Dependence is im-
plied from the context of the algorithm. Steps (1), (2), (3) and (4) of Algorithm 2A are similar to those in Al-
gorithm 1A. In calculating f(χ(ti)) in step (2), the diffusion coefficient and its HOLM from the previous step,
b(ti−1) andB(ti−1), are used, in a predictor-corrector type of manner. In step (5), the UT of b(ti+1) in (5.42) is
calculated as a function of the sigma points for the second-order accurate TH scheme such that

L(ti+1) =
δ2.5

√
3
Df(χ(ti)). (5.43)

The diffusion coefficient is calculated in step (6) as a weighted sum of (5.43) such that

b(ti+1) = L(ti+1)wm. (5.44)

In step (7) the diffusion coefficient HOLM is calculated according to (5.32). The state error covariance and
state mean at the next time instance is calculated in steps (8) and (9) according to (5.31) and (5.30). The algo-
rithm for the CD-HCKF_EM is easily obtained from the CD-HCKF_Milstein by dropping the terms associ-
ated with b′(x(t)) and is outlined in Algorithm 3A.
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Algorithm 2A: State propagation of the CD-
HCKF_Milstein
Initialise with P(tk,0|k),m(tk,0|k) and Ξ(tk,0|k) =

[0, . . . , 0]. At each step tk,i|k; for i = 1, ..,N; calcu-
late:

1. χ(tk,i|k) = [m(tk,i|k), . . . ,m(tk,i|k)] +√
n+ λ [0,

√
P(tk,i|k), −

√
P(tk,i|k)].

2. χ̇(tk,i|k) = f(χ(tk,i|k)) and ṁ(tk,i|k) = χ̇(tk,i|k)wm.

3. J (tk,i|k) = χ̇(tk,i|k)WχT(tk,i|k)P(tk,i|k)−1.

4. φ(tk,i|k) =
(
I − J (tk,i|k) δt2

)−1
andM(tk,i|k) =

φ(tk,i|k)
(
I+ J (tk,i|k) δt2

)
.

5. L(tk,i+1|k) =
δ2.5√

3D χ̇(tk,i|k).

6. b(tk,i+1|k) = L(tk,i+1|k)wm .

7. B(tk,i+1|k) = L(tk,i+1|k)WχT(tk,i+1|k)P(tk,i|k)−1.

8. P(tk,i+1|k) = M(tk,i|k)P(tk,i|k)MT(tk,i|k) +
φ(tk,i|k)Qc(tk,i)φT(tk,i|k)δt +

δb(tk,i+1|k)bT(tk,i+1|k) +
δ2
2 B(tk,i+1|k)b(tk,i+1|k)

(
B(tk,i+1|k)b(tk,i+1|k)

)T.
9. m(tk,i+1|k) = m(tk,i|k) + φ(tk,i|k)ṁ(tk,i|k)δ +

δ
2B(tk,i+1|k)bT(tk,i+1|k).

At time tk,N|k, where tk,N|k = tk+1,0|k, the a priori state
vector and its associated covariance matrix are then set
tom(tk+1,0|k) and P(tk+1,0|k). Calculate sigma points
χ(tk+1,0|k) as done in step (1) for use in the correction
stage of the filter which is the same as that in Algo-
rithm 1B.

Algorithm 3A: State propagation of the CD-
HCKF_EM
Initialise with P(tk,0|k),m(tk,0|k) and Ξ(tk,0|k) =

[0, . . . , 0]. At each step tk,i|k; for i = 1, ..,N; calcu-
late:

1. χ(tk,i|k) = [m(tk,i|k), . . . ,m(tk,i|k)] +√
n+ λ [0,

√
P(tk,i|k), −

√
P(tk,i|k)].

2. χ̇(tk,i|k) = f(χ(tk,i|k)) and ṁ(tk,i|k) = χ̇(tk,i|k)wm.

3. J (tk,i|k) = χ̇(tk,i|k)WχT(tk,i|k)P(tk,i|k)−1.

4. φ(tk,i|k) =
(
I − J (tk,i|k) δt2

)−1
andM(tk,i|k) =

φ(tk,i|k)
(
I+ J (tk,i|k) δt2

)
.

5. L(tk,i+1|k) =
δ2.5√

3D χ̇(tk,i|k).

6. b(tk,i+1|k) = L(tk,i+1|k)wm .

7. P(tk,i+1|k) = M(tk,i|k)P(tk,i|k)MT(tk,i|k) +
φ(tk,i|k)Qc(tk,i)φT(tk,i|k)δt +

δb(tk,i+1|k)bT(tk,i+1|k).

8. m(tk,i+1|k) = m(tk,i|k) + φ(tk,i|k)ṁ(tk,i|k)δ.

At time tk,N|k, where tk,N|k = tk+1,0|k, the a priori state
vector and its associated covariance matrix are then set
tom(tk+1,0|k) and P(tk+1,0|k). Calculate sigma points
χ(tk+1,0|k) as done in step (1) for use in the correction
stage of the filter which is the same as that in Algo-
rithm 1B.
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5.4 Case Study

The amended system model for the Mackey-Glass time series from Section 5.3.2 is given by

dx(t) =
( κ1x(t− τ)
1 + xn(t− τ)

− κ2x(t)
)
dt+ q(t)dw(t) + b(x)dv(t), (5.45)

y(tk) = x(tk) + uk, (5.46)

where w(t) ∈ R, v(t) ∈ R, b(x) ∈ R, κ1 = 0.2, κ2 = 0.1, n = 10,τ = 30 s and q(t) = 0.03 s−0.5 such that
Qc(t) = q(t)2 = 0.032 s−1. The experiment begins by generating 30 random numbers in the open interval (0,1).
True state variables are calculated using a first-order accurate Euler scheme. Filter measurements are formed by
sampling the true state variable from a zero mean Gaussian distribution with a standard deviation of 0.08. The
measurement covariance is therefore chosen as Rk = 0.122, assuming that the exact measurement noise distri-
bution is unknown. The state mean for the first 30 time instances of the filter are taken as the initial 30 random
numbers that were generated. The initial state error covariance is chosen as P̂0 = 0.12. The resultant plots in
Figs. 5.4.1a, 5.4.1b, 5.4.1c and 5.4.1d are obtained using the same initial random states in each respective filter
according to Algorithms 1A and 1B (the CD-HCKF), Algorithms 2A and 1B (the CD-HCKF_Milstein) and
Algorithms 3A and 1B (the CD-HCKF_EM). All three algorithms make use of the second-order accurate TH
scheme. In this example the diffusion coefficient associated with the CD-HCKF_Milstein and CD-HCKF_EM
must be calculated according to the local error estimate in (5.40) and hence step (5) in Algorithm 2A and 3A is
replaced byL(tk,i+1|k) =

δ0.5√
3D χ̇(tk,i|k). The plots in Fig. 5.4.1a and 5.4.1b compare the CD-HCKF_Milstein to

the CD-HCKF and CD-HCKF_EM, using an integration step size of δ = 6 s. The comparative plots between
the CD-HCKF_Milstein and CD-HCKF in Figure 5.4.1c require additional explaining. Here the CD-HCKF
includes a diffusion term of the form b(t)dw(t) that accounts for local simulation error, similar to the SDE in
(5.3). The constant diffusion coefficient is chosen as b(t) = 0.013 s−0.5, equivalent to the power in a local simu-
lation error trajectory. Since b(t) is a constant, it can simply be added to q(t) such thatQc(t) = (q(t) + b(t))2.
Returning to a CD-HCKF with no b(t) related term, the plot in Fig. 5.4.1d compares the CD-HCKF_Milstein
and the CD-HCKF using a more refined simulation with an integration step size of δ = 1 s. In each of the
respective cases an observation is made every 6 s. The average execution time for the respective filters are pro-
vided in Table 5.4.1.

HCKF_Milstein HCKF_EM HCKF
δ = 1 s 0.37 s 0.35 s 0.33 s
δ = 6 s 0.12 s 0.12 s 0.10 s

Table 5.4.1: Execution time for the respective CD filters.
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Figure 5.4.1: State trajectories for the respective CD filters.
5.4.1 Discussion

With reference to Figs. 5.4.1a and 5.4.1b, the CD-HCKF_Milstein and CD-HCKF_EM perform better than
the CD-HCKF. Since the CD-HCKF_EM factors in the numerical uncertainty via the b(x) related term, it per-
forms better compared to the CD-HCKF that disregards numerical uncertainty. In order to compare the use of
a state-dependent numerical error term, b(x), with a constant one, b(t), the CD-HCKF in Fig. 5.4.1c includes
a component for numerical error in its covariance,Qc(t). It can be seen here that the CD-HCKF_Milstein,
with a state-dependent error term, outperforms the CD-HCKF that uses a constant numerical error term.
With reference to all of the aforementioned plots in this example, it can be said that having a more accurate
estimate of the numerical error in the filter, i.e., a state-dependent error estimate b(x(t)), improves the filter’s
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performance. Although the CD-HCKF_EM, deviates slightly from the true state trajectory in Fig. 5.4.1b, it is
very similar to the CD-HCKF_Milstein, and is a much better filter approach than the CD-HCKF or the CD-
HCKF that uses a constant numerical error estimate. When the integration step size is relatively small, as is the
case in Fig. 5.4.1d, and hence the numerical error is relatively small, the CD-HCKF_Milstein reduces to the
CD-HCKF as expected. What is important to note in this example is that the CD-HCKF_Milstein and CD-
HCKF_EM in Fig. 5.4.1b, which use a relatively large step size, construct estimates almost as well as the filters
in Fig. 5.4.1d that employ smaller simulation step sizes. The benefit of taking such huge leaps is that it saves the
CD-HCKF_Milstein and CD-HCKF_EM in Fig. 5.4.1b approximately a third of the computation time when
compared to the filters in Fig. 5.4.1d (see Table 5.4.1).

5.5 Conclusion

In this chapter, the CD-HCKF_Milstein and the CD-HCKF_EM were developed based on an amended SDE
that includes a state-dependent stochastic simulation error term. This error term is modelled based on a cheap
method of local error estimation and was found to be proportional to the drift function. The CD-HCKF_Milstein
and the CD-HCKF_EM were shown to perform better than the CD-HCKF when significant integration step
sizes are employed. This makes sense since a larger step size implies greater numerical uncertainty. Leaving
this uncertainty unknown to the filter (in the case of the HCKF) or feeding primitive uncertainty estimates
to the filter (in the case of the constant diffusion coefficient) will result in poorer filter performance. The CD-
HCKF_Milstein and the CD-HCKF_EM are able to take larger integration steps without losing accuracy,
thereby saving computation time. The CD-HCKF_Milstein was shown to be marginally more robust when
compared to the CD-HCKF_EM owing to its higher-order of convergence.
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Part II
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6
State Estimation in Power Plant Boilers

Economic growth, industrialisation and the massive electrification roll-out in 2001 [76] have led to an increase
in South Africa’s energy consumption over the recent years. The negative environmental impact that comes
with meeting these demands has prompted the need for cleaner energy production and improved efficiency in
existing plants. Although this has led to proposed plans for more energy to be supplied by the renewable sector
[77], majority of South Africa’s electricity is still currently being produced by coal-fired plants [78], and re-
cent forecasts, substantiated by the ongoing construction of the combined 9564 MW Medupi and Kusile power
plants, implies that this will be the case for (at least) the next 15 years [77]. Efforts must therefore be directed
at improving the efficiency and reliability of coal-fired plants. Contrary to such endeavours is the lack of reliable
real-time information with respect to state variables that offer key insight into plant behaviour; necessary for
monitoring, optimisation, fault detection and control [79]. Important process variables include tube wall tem-
peratures, furnace temperature, heat uptake, steam mass flow rates, etc. Most of these state variables, however,
cannot be measured directly and the measured variables that are available, are corrupted with both random and
systematic error. High-fidelity models are often employed to obtain such immeasurable state variables. How-
ever, the existence of disturbances and a variety of time-dependent unknowns associated with physical plants
make their exact behaviour hard to capture in simulation alone. Kalman filtering is a soft sensing approach
that has seen many successful applications associated with thermal power plants that began with works in [80],
[81], and [82], and extended to more recent applications in fouling and tube leakage detection in [83] and [84]
(more on this later). Already, Kalman filtering has become prominent in modern power systems and serve as
a means to monitor the current operating state of the network, vital for security analysis functions and energy
market valuations [85], [86]. It has consistently shown to be a practical and cost effective approach to construct
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internal variable estimates, detect bad data and estimate parameters in complex large-scale systems - all upon
which many other functions rely [87].

6.1 Coal-Fired Plants

A typical once-through pulverised coal-fired steam generation unit is, as with other steam-powered plants,
based on the Rankine cycle. A single unit consists of several mills into which coal is conveyed before drying
and pre-processing. The coal is then pulverised and mixed with primary air and fed into the burners for furnace
combustion. Heat from this process is transferred to compressed water from the feedwater pump to produce
superheated steam at the exit of the superheater. In this process, thermal energy in the steam is converted to
mechanical and then electrical energy in the turbines and generators respectively. From the turbines, the steam
goes to a condenser and deaerator and is cycled back to the feedwater inlet. Exhaust gases exiting the furnace
are treated and released through the stack and back into the atmosphere. The furnace is supplied combustion
air from the forced draught fans while the induced draught fans ensure a negative pressure within the furnace so
that combustible vapour does not leak out. The forced and induced draught fans transport flue gas through the
convection pass of the boiler and out into the atmosphere.

6.2 Motivation

In 2014 Duvha’s unit 3 exploded due to what was reported as an over-pressurisation of the furnace [88]. This
was allegedly caused by out of design coal being fed to the boiler that resulted in a residue build up along the
tube walls and an oxygen deficit in the furnace. This was further aggravated by a build up of unburnt fuel, the
condition of the boiler at the time as well as its then operating practices [88]. An extensive study into reliability
centred maintenance at Eskom in [89] has listed creep, long-term overheating, corrosion under deposit, pitting,
fly ash erosion, thermal-mechanical fatigue and stress corrosion as a few of the major problems associated with
the superheaters in Eskom’s fleet. Deposit/scale formation (fouling) is considered the most probable cause of
creep, overheating, thermal fatigue and under deposit corrosion/pitting; while poor coal quality is the leading
cause of fly ash erosion. It is a well known fact that the calorific value of coal used by the utility has decreased
over the years [89], [90], [91]. Low coal quality means that the boiler will have to operate at close to maximum
throughput and this leads to increased wear and tear associated with the components of the boiler [90]. In light
of these issues, it is recommended that the wear rates of boiler tubes be monitored more frequently, which cur-
rently involves a physical inspection on a time scheduled basis. It is thus suggested in [89] that Eskom shift to-
wards condition based monitoring, in place of the time- and failure-based methods currently employed, in order
to improve plant reliability. This is echoed in [90] and [91] where fuel mass flow rates and pulverised coal parti-
cle size are estimated in order to facilitate a conditioned based monitoring system that can improve combustion
efficiency, and in the case of the latter report, indicate the wear levels of certain mill components.

To re-iterate, it has become increasingly important to improve the overall performance, management, safety
and reliability practices of the plant in the current climate where coal-fired plants are expected to operate under
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stressful conditions, i.e., low grade coal quality and backlogged maintenance plans [89]. The need to (1) detect
faults, and (2) monitor, optimise and control plant processes has thus become even more important for safe and
cost effective plant operations [79].

6.2.1 Fault Detection

The inability to recognise a fault in time can lead to long term consequences such as hindered performance, re-
duced reliability, costly damage to the plant and its surrounding, outages and even the loss of lives [92], [84].
Fault detection is categorised into model-based techniques and purely data-driven methods [93]. Typically,
model based techniques are synonymous with state estimators such as Kalman Filters and other Bayesian esti-
mators. In [94] caution is suggested when using the standard EKF in severely non-linear boiler environments;
however, the EKF is generally preferred for real-time fault detection applications such as reheater tube leakage
[84] and fouling detection [95].

Purely data-driven methods (devoid of any physics) are based on colossal amounts of historic plant data and
include principle component analysis (PCA), artificial neural networks (ANNs), fuzzy sets, genetic algorithms
and k-means clustering, to mention but a few [96]. The downside to such methods are that they typically only
consider a fault at a single operating point [84].

6.2.2 Process Monitoring, Optimisation and Control

Increased variation in the energy supply due to disruptive technologies means that coal-fired plants must be
made more flexible in order to facilitate an integration of the total energy mix. It is also necessary from a finan-
cial and environmental point of view that plants be made more efficient. This is all brought about by optimising
plant performance and operations such that it becomes viable to generate electricity, not only during standard
operations, but during load variation, low loads and frequent start-up and shut-down [97]. This has led energy
industry professionals to turn to advanced analytics and software-based solutions in order to understand their
plant better, i.e., computational intelligence (CI), Kalman Filters, etc. Purely data-driven techniques (or CI),
however, hold very little physical significance and is thus not able to handle plant disturbances [98]. A model
based platform for on-line performance monitoring is documented in [98]. It determines parameters such as
the lower heating value of coal as well as heat absorption rates that can be used for plant optimisation. Other
variables such as stress [99], creep and fatigue factors [100] can be estimated to ensure that they do not exceed
specified thresholds. This further assists with identifying dangerous loads and overall plant optimisation. In the
furnace, estimation of the flue gas oxygen content can help optimise boiler combustion [101].

A state observer or estimator is usually designed together with a state feedback controller [102]. Such is the
case in [103] where it is shown that fuel flow estimates via Kalman filtering leads to better control. This is re-
flected in more recent work that uses Kalman filtering to achieve more accurate control (less overshoot and a
faster response) [87]. More accurate control compared to conventional PID control is also reported in [104]
where Kalman filtered estimates are used as input to the controller. Improved control algorithms such as the
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aforementioned help attain maximum plant efficiency and reduces energy wastage [87].

6.2.3 Measured Data

Measured process variables are sent at 10 s intervals to the EtaPro® monitoring database via the object linking
and embedding for process control (OPC) communication channel. These measurements include pressure,
temperature and mass flow rates at select locations along the boiler. This list also includes, but is not limited
to, valve position measurements and excess O2 and CO2 levels in the furnace. These measurements are not,
however, a comprehensive list that completely identifies the state of the plant. This is because not all critical
performance variables can be made available in real-time via this platform due to:

• Physical constraints - Some local process variables are situated in either unfavourable conditions, for ex-
ample, amidst hot flue gases, or reside in awkward locations, and therefore cannot be measured directly.

• Resource constraints - Certain procedures are costly and do not allow measurements to be made in real-
time, such as moisture analysis in coal [91].

To make matters worse, the limited selection of available measurements are subject to drift error, calibration
error, telemetry faults, distortion (or random noise) and fluctuation (associated with flow rate measurements)
[105] which can make them, as mentioned before, less reliable.

6.2.4 Supervisory Control and Plant Management Systems

The above ties together for use in what is referred to as plant management systems. These exist at the supervi-
sory level where plant optimisation is done. It comprises a single user interface that has access to all technical
and commercial data relating to the plant that is used for overall decision making and control instructions. It
functions as a support system to the plant operator, pre-processing and interpreting information that will be
used to make the final call on desired actions for an optimal outcome. It is also used to determine set-points and
inputs of control algorithms. The supervisory layer sometimes incorporates analysis of this information such
as expert systems that provide suggested actions. It is necessary for this layer to have openness [106] so that in-
formed decisions can be made using as much information as possible. An on-line state estimator acts as a filter,
constructing the most reliable estimate of the state of a system and can form a core constituent of any supervi-
sory program. See [107] where this has been implemented.

6.3 Existing Plant State Estimators

Related endeavours in state estimation of a thermal power plant include the following: In [108] an application
of a constant gain EKF is made to an Advanced Gas-cooled Reactor (AGR) once-through boiler. The constant
gain EKF consists of 34 temperature and specific enthalpy states across its length (economiser, evaporators and
superheaters) and 4 output measurements. Here a full EKF is avoided due to its lengthy computational process.
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An interesting result in this study shows that adding fictitious covariance results in better performance than aug-
menting the state vector with a bias term (creating a bias filter). Furthermore, ‘input-ignorant’ filtering does not
produce good state estimates (due to the high non-linearity of the distributed boiler models). Correct boiler in-
puts are thus necessary for accurate estimates. In [109] the temperature, total water volume, steam quality and
steam volume of the drum of a drum-type boiler is estimated using a UKF. The UKF is chosen to preserve some
of the non-linearity in the model and to avoid difficult Jacobian calculations. It uses temperature and drum level
as measurements in the filter. The second investigation in the paper estimates the pressure and entropy of the
primary superheater (2 state variables in total) using temperature and pressure measurements from the super-
heater. Since the superheater is described by a set of PDEs (not compatible with KFs) the study proposes the
use of a correction factor in the estimates. In both investigations most of the estimates are shown to converge to
their true values, i.e., the true state variables fell within 2 standard deviations, 2

√
P̂, of the estimates. Estimates

such as the drum temperature and total water volume, however, displayed a slight bias, likely due to model er-
ror. In [80] an EKF which includes a bias state (to estimate unknown parameters or disturbances) is designed
for use with the current superheater temperature controller of an oil-fired plant. The filter comprises 5 specific
enthalpy states associated with the superheater. Specific enthalpies are chosen as the state variables (instead of
temperatures) because of the highly non-linear relationship between temperature and pressure. This biased KF
based temperature controller shows improved disturbance rejection compared to the current operational PID
controller. In [110] a UKF is applied to a coal-fired drum boiler. The boiler’s measurable variables, drum pres-
sure and drum water level, are used as filter observation data to estimate unmeasurable variables - the quality
of vapour at the riser outlet and the volume of steam in the drum. The estimator is tested in simulation and is
found to track the true state variables well and successfully helps meet the objectives of the proposed controller.
In [111] an EKF is designed to estimate 3 specific enthalpy states (associated with the evaporator in a once-
through Benson boiler) and a heat disturbance which is then used in a feedwater supply controller. Specific
enthalpy is chosen as the state variable in order to facilitate more accurate steam control. The control algorithm
using the EKF was shown to display improved performance over conventional control methods used in the
plant. More computationally demanding state estimators have been used in boiler applications such as that in
[112], where 400 ensemble points were found to estimate drum level and drum vapour temperature with good
accuracy. In [113] a moving horizon estimator (an optimisation-based estimator) is applied to the final super-
heater of a once-through power boiler. Twenty states of the superheater (comprising steam temperatures and
tube wall temperatures of its 10 segments) as well as an unmeasured disturbance in the flue gas are estimated
successfully. However, the optimisation problem greatly increased the computation time when compared to
other non-linear filters. Optimal estimation of the moisture content in coal for a coal-fired boiler using the EKF
is presented in [114]. The estimator uses models of the furnace of the order found in [115]. Three sets of data
taken from the mill are fed into the filter, where the third set is associated with a mill blockage. The estimator
successfully estimates the moisture content in all three cases and is hence able to reveal the fault in the third data
set. A model of a coal supply system is developed in [116] and used in an EKF to estimate coal flow in the fur-
nace using oxygen concentration and total air flow measurements. When used as input to a furnace simulation,
the coal flow estimates are reported to be more accurate when compared to those from an open-loop furnace
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simulation. Coal flow is again estimated using an EKF in [117] but the filter uses measurements of the fluid
temperature in the furnace water walls instead of oxygen concentration measurements in the furnace. Here a
detailed real-time simulator of the coal-fired plant is used as a test bench to verify the estimates. A comparison
between estimates of the density and enthalpy of furnace gas for a linear and extended KF of a tangentially-fired
coal furnace is shown in [79]. The temperature and pressure of the furnace gas are used as measurements. The
EKF is shown to produce superior estimates compared to those from the LKF (which uses a linearised state-
space model of the furnace). Details of an operational mill estimator is given in [103].

In the above mentioned applications, the devised LKF, EKF and UKF estimators, limited to a few states (a max-
imum of 4 in the UKF applications), were deemed suitable for future on-line implementation. They were all
tested using measurements from the actual plant and a sufficiently detailed plant simulation. In some cases, esti-
mates were verified indirectly through improved controller performance.

6.4 Problem Statement

The lack of transparency surrounding certain processes in South African power plants signals the need for more
sophisticated (and commercially viable) methods to produce a set of accurate variable estimates across the
boiler length such as tube wall temperature and fluid specific enthalpy. These variables, although they do not
form a comprehensive list, are critical to monitoring, fault detection and control of the boiler. Monitoring of the
plant is done on a time- and failure-finding-bases - a rather outdated approach. Furthermore, no pre-processing
of measurements or variables are considered before being fed into other functions such as feedback controllers
and commercial forecasting software. Large-scale non-linear on-line state estimation of over a hundred state
variables is, however, acknowledged as a difficult task.

6.5 Hypothesis

Using the Kalman filter algorithms in Part 1 of the thesis, centralised on-line state estimation of an excess of a
hundred state variables is technically (and commercially) feasible.

6.6 Objectives

The objectives of Part 2 are to:

• Develop suitable MATLAB® and Flownex® models of the reference once-though utility power boiler
(detailed in Chapter 7).

• Apply the techniques in Part 1 to help design a state estimator for the boiler and then demonstrate its
feasibility to on-line implementation (the core of Chapter 8).
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6.7 Methodology

Two separate models of the boiler are developed, one as a mathematical MATLAB® model with state differ-
ential equations formulated from first principles, the other, a Flownex® model comprising an assembly of base
components with built-in numerical solvers to obtain the solution of the dynamic network represented by a
more detailed set of partial differential equations (PDEs). The models are based on technical plant informa-
tion that has been redacted to hide confidential details. The set of CD-KFs formulated in Part 1 are developed
around the simpler mathematical MATLAB® model. Performance of the MATLAB® model is validated against
the PDE-based Flownex® model as well as historic plant data. The Flownex® model, subject to faults and dis-
turbances, is made to represent the ‘real’ plant from which observation data can be constructed and fed to the
estimator. Internal variables associated with the ‘real’ plant, not available in actuality, can then be compared to
estimates generated by the filter and used to evaluate its performance. Once the estimator fulfils the necessary
specifications, simulated observation data is replaced with historic plant data to illustrate its utility.

6.8 Conclusion

Plant operators alone cannot detect faults or inconsistencies in a complex, large-scale system. It is thus recom-
mended that all input parameters have verified anticipated effects. This means that all measurements should be
checked for consistency against internal plant processes and other measurements. This can be done systemat-
ically, using available measurements and underlying plant dynamics to construct the best possible estimate of
the state of the boiler that measured data or simulation alone is not able to capture, i.e., through Kalman filter-
ing. Kalman filters can easily be integrated into current plant systems and existing infrastructure. Furthermore,
they are cost-effective and offer a simple and convenient means to obtain state estimates that can be used at the
supervisory level for condition-based monitoring, plant optimisation and control.
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7
Once-Through BoilerModelling

This chapter provides a brief description of the boiler unit of interest and details two separate models for it.
The first is a simple mathematical model in MATLAB® intended for use in the state estimator and the second
a more sophisticated model built in Flownex® . The Flownex® model initially serves as validation for the math-
ematical model and is used in later chapters to construct filter observation data. The model boundary is taken
at the burner where coal enters the furnace to the last stage superheater exiting to the turbine. The model uses a
set of energy and mass balance equations and a set of input boundary conditions from plant data to determine
the dynamics of both the water- and dry-side of the boiler. It is intended that a better understanding is gained
regarding the variables involved in this process through state estimation. In order to do this, the mathematical
model is required to have sufficient spatially discretised segments to correctly capture the distributed behaviour
along the main boiler tube. Since each segment is associated with more than one variable of interest (tube wall
temperature and fluid specific enthalpy), the estimator will have twice as many state variables as discrete model
segments. To simplify the modelling process and reduce model stiffness, it is assumed that the time derivative
of pressure is zero, while the spatial gradient of pressure is calculated based on load.

7.1 Boiler Unit 1 of Plant A

For the sake of confidentiality, exact values of variables and parameters of the boiler are withheld or normalised
where necessary. The normalised quantity will typically be expressed as actual variable value

base variable value . Boiler unit 1 of Plant
A is one of four 600 MW wet-cooled once-through boiler units. Once-through boilers are capable of operating
at either sub-critical or supercritical pressure. Above the critical pressure of water, no boiling occurs and the
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critical fluid is converted directly to superheated steam. Older Benson® type boilers, such as those of Plant A,
are typically sub-critical and are less efficient than supercritical steam generators.

7.1.1 Furnace and Pulverising Mill

The vertical spindle pulverising mill consists of the primary air fan (heated via the air heater and extracted via
the air duct) which releases warm primary air that mixes with ground coal from the coal pulveriser. See Fig.
7.1.1. The temperature inside the mill is controlled such that moisture in the coal is evaporated as the pulverised
coal and primary air mix makes its way to the burners. The evaporated moisture leaves the burners together
with the primary air and pulverised coal. At standard outlet temperature and pressure, the mills are designed
for coal with a worst-case moisture content of 1.16 times higher than the nominal. Anything higher than this
will result in excess water vapour in the furnace which would consume lots of energy and change combustion
dynamics. The flow rate of the output coal and air stream is dependent on several factors. A few of them being
the moisture content of coal and primary (and seal) air. The boiler consists of multiple burners situated in the
side walls of the furnace, forced- and induced draft fans and primary air fans. Combustion takes place inside the
furnace with the help of secondary air flow, producing a sizeable flame. Radiation produced from combustion
is the dominant source of heat for the furnace water walls and contributes lesser to heat absorption in the rest of
the main pressure components the higher up in the boiler they are situated.

To stack

Combus�on Chamber

Pulveriser

Figure 7.1.1: A diagram showing the pulveriser, furnace, air heater, and fans. Adapted from [1].
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Figure 7.1.2

7.1.2 Convection Pass

With reference to Fig.7.1.2a, the convection pass consists of 4 superheaters, 2 reheaters and an economiser, each
made up of several parallel tubes that form a series of cross-flow heat exchangers. These parallel tubes are fed
from, and terminate into, headers that balance mild temperature and pressure variability amidst the individual
tubes of the various convection elements (or boiler elements in general). A cross-flow configuration implies that
flue gasses from the furnace pass perpendicularly through the fluid-carrying tubes and has the advantage over a
parallel flow arrangement of better heat transfer due to its large surface area per unit volume. It includes the class
of heat exchangers referred to as compact heat exchangers.

The first-stage superheater converts saturated (wet) steam into superheated (dry) steam, while the remainder
of the superheaters increase the temperature of the dry superheated steam. The boiler has 4 horizontal super-
heaters in an unmixed cross-flow configuration with the flue gas. S/H3 (the third superheater in the series) and
S/H4 are in a parallel-flow arrangement, and S/H1 and S/H2 a counterflow arrangement with the flue gas (see
Fig. 7.1.2b). The benefit of a counterflow arrangement is a more uniform heat transfer rate across the heat ex-
changer which maximises its heat transfer ability. This is particularly important in the first-stage superheater
which is subject to variations in radiation originating from the furnace. Amidst the superheaters are 2 horizon-
tal reheaters, responsible for heating the expanded superheated steam from the high-pressure turbine outlet in
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order to reduce moisture content detrimental to the turbines.

Three injection attemperators (ATT3, ATT2 and ATT1) are configured in a cascaded control loop at the exit of
S/H3, S/H2 and the vertical evaporator, and are responsible for regulating the steam temperature out of the
superheater. Each attemperator comprises multiple individual sub-attemperators positioned at the respective
sub-headers. At the outlet of the vertical evaporator are a total of 2 sub-attemperators whereas the remainder
of the attemporators have 4 sub-attemperators respectively. The attemperators are fed using feedwater from the
economiser.

The gilled economiser is fed demineralised water (forced by the feed pump) from the high pressure heater
which is then heated to saturation temperature (to become saturated water) before entering the downcomer.
The downcomer then takes the saturated water to the entrance of the division-wall.

7.1.3 Division Wall

The division wall is responsible for additional heat uptake in the boiler and vertically splits the entire boiler into
two equal parts, ending in two headers above the economiser. The inside of vertical riser tubes are typically
riffled internally to avoid the onset of film boiling and departure from nucleate boiling. Fluid from the division
wall then goes to the second downcomer which takes the fluid to the entrance of the helical evaporators.

7.1.4 Evaporators

The evaporators constitute both helical (furnace waterwalls) and vertical tubes. The fluid at the exit of down-
comer 2 goes to the main bottom ring header and into the smooth and bare helical tubes which then terminate
into 4 headers. The main source of heat transfer in the helical evaporator is via radiation originating from the
furnace combustion process. The slight inclination in the helical tubes facilitates the movement of fluid through
the tubes and increases the overall heat transfer area. From the headers, the fluid goes to the vertical evaporator.

7.2 Model 1: MATLAB® Boiler model

This section details the 1-dimensional lumped-parameter mathematical model of the boiler that results in a
characteristic set of initial value problems. Its boundary conditions include the economiser inlet fluid mass flow
rate, pressure and temperature; the respective reheaters inlet temperature, pressure and mass flow rates; the
vertical and helical evaporator heat rate; the coal mass flow rate; the combustion supply air mass flow rate and
temperature; the flue gas pressure and mass flow rate; and the attemperators’ spray water mass flow rates. The
model is built from knowledge of heat flow from the inner tube wall to the fluid (internal convection), heat flow
from the flue gas to the outer tube wall (external forced convection), the effective exchange between the internal
and external fluid (heat exchangers), furnace behaviour (combustion) and the flow of heat and mass through
the length of the tubes (tube and fluid dynamics). These are detailed below.
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7.2.1 Internal Convection

Understanding the transfer of heat and mass through the water-side of the boiler (a collection of parallel fluid
streams) begins with calculating the convection heat transfer from one of the many circular inner tube walls to
the fluid. Its various regions and corresponding heat transfer regimes are shown in Fig. 7.2.1. A mathematical
formulation of each region is provided below.

A

B
C

D

E

F

G

H

single phase convection

subcooled boiling

nucleate and 
convective boiling

single phase convection

post dry out region

convective boiling

X=1

X=DO

X=0

saturated 
boiling

TUBE 
REGIONS

HEAT TRANSFER REGIME

Figure 7.2.1: A graphical representation of the various flow regions inside the boiler tubes, following [2].

Single-Phase Convection: Region A and H

During single-phase convection, associated with either pure water or steam, the rate of heat transfer into or out
of the fluid is given by the general expression

q̇f = hf(Tm − Tf), (7.1)

where Tm is the temperature of the inner tube wall, Tf is the temperature of the fluid andhf is the convection
heat transfer coefficient of the fluid [118]. The ratio of the convection to conduction heat transfer is referred to
as the Nusselt number and is given byNuf =

hfdi
λf

, where di is the inner tube wall diameter and λf is the thermal
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conductivity of the fluid. This gives

q̇f =
λf
di
Nuf(Tm − Tf), (7.2)

with

hf =
Nufλf
di

. (7.3)

An important fluid property is the Prandtl number, defined as

Prf =
ηfcp,f
λf

, (7.4)

where cp,f is the specific heat capacity of the fluid and ηf is the viscosity of the fluid. Another property of a fluid
is the Reynolds number, defined as the ratio of inertial to viscous forces. For internal flow within a circular tube,
the Reynolds number is

Ref =
ρfum,fdi
ηf

, (7.5)

where um,f is the mean fluid velocity over its cross section and ρf is the fluid density. For fully developed flow
the onset of turbulence occurs at Ref ≈ 2300. Boilers operate in the transitional turbulence region between
2300 < Ref < 10000. Substituting the fluid mass flow rate ṁf = ρfum,fAx and tube cross sectional area Ax =

πd2i
4

into (7.5) gives

Ref =
4ṁf

πdiηf
. (7.6)

For turbulent or transition regions over the ranges 0.5 < Prf < 2000 and 3000 < Ref < 5 × 106 the Gnielinski
correlation can be used to calculate the Nusselt number[118]:

Nuf =
ξ
8Prf(Ref − 1000)

1 + 12.7
√

ξ
8(Pr

2/3
f − 1)

, (7.7)

with friction factor

ξ = (2log
(di
k

)
+ 1.14)−2, (7.8)

where k = 40 µm is the inner tube surface roughness coefficient [119].
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Subcooled and Saturated Nuclear Boiling: Region B, C, D, E and F

For fully developed subcooled boiling the heat transfer rate can be calculated using the Jens and Lottes correla-
tion (1951) [120],[2]:

ΔTsat = 25(q̇f)0.25 exp
(−pf

62

)
, (7.9)

where ΔTSat is the degree of superheat defined as ΔTSat = Tm − Tsat, Tsat is the saturation temperature of the
fluid and pf is the fluid pressure in bar. This equation is valid for 7 bar< pf < 172 bar, 115◦ C< Tf < 340 ◦C, 11
kg/m2s< ṁf/Ax < 1.05 × 104 kg/m2s and q̇f/Ax < 12.5 MW/m2. The heat transfer mechanism in the saturated
nucleate boiling region is the same as that in the subcooled region. As a result, the correlation in (7.9) remains
valid subject to the same aforementioned conditions and is given by

ΔTf = 25(q̇f)0.25 exp
(−pf

62

)
, (7.10)

where ΔTf = Tm − Tf. The heat transfer rate in W with pf in MPa is therefore q̇f = 2.56ΔT4
f exp (pf/1.55).

Post Dryout: Region G

The heat transfer rate in the post dryout region is given by the Groeneveld Correlation (1973) [121], [2]:

q̇f =
( λfNuf
di(Tm − Tf)

)1/0.888
, (7.11)

where

Nuf = a
[
Ref
(
x+

ρst
ρl
(1 − x)

)]b
Prcf,wY

d (7.12)

and
Y = 1 − 0.1

( ρl
ρst

− 1
)0.4

(1 − x)0.4, (7.13)

where ρl is the density of liquid in the fluid, ρst is the density of steam in the fluid, x is the fluid quality and Prf,w
is the Prandtl number at wall temperature. The constants in (7.12) are given in Table 7.2.1.

Table 7.2.1: Groenewald correlation constants

a b c d
1.09×10−3 0.99 1.41 -1.15

Critical Heat Flux

When the heat transfer rate is equal to the critical heat flux (CHF), either departure from nucleate boiling
(DNB) or dryout occurs, depending on whether the fluid is in a subcooled or saturated state. The various heat
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transfer regimes in relation to the critical heat flux is summarised in Fig. 7.2.2. Film boiling is an anomaly that
rarely occurs in standard boiler operations. Its heat transfer regime is therefore not explained further. Empirical
lists of CHF data will be used is the model to determine whether the fluid has undergone dryout.

Critical
heat 
flux

q
.

x=0 x=1

H

vapour
convective
heat 
transfer 

subcooled 
film boiling

Post dry out

nucleate
 boiling

two-phase
convective boiling

C,D E,F

G

saturated film 
        boiling

subcooled boiling

B

liquid
convective heat
transfer A

SUPERHEATEDSATURATEDSUBCOOLED

DNB

Dryout

/A

Figure 7.2.2: A graphical representation of the various heat transfer regimes inside a circular tube, follow-
ing [2]. The vertical axis represents heat flux and the horizontal axis represents steam quality.

7.2.2 External Forced Convection Over Tube Bundles

S

S

T

L

Figure 7.2.3: Parallel tubes in a cross-flow configuration. The arrows represent the flow of flue gas.

It follows now to compute the heat transfer behaviour of a set of parallel circular tubes in cross-flow with the
flue gas. Here the flue gas flows perpendicular to the direction of fluid as shown in Fig. 7.2.3. The Reynolds
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number of the flue gas is given by

Reg =
ρgνgDH

μg
, (7.14)

where ρg, νg and μg is the density, velocity and viscosity of the flue gas, whileDH is the hydraulic diameter given
as

DH =
4LgAff

As
, (7.15)

where As is the collective surface area of the tube bundle, Lg is the distance travelled by the flue gas and Aff is the
free-flow area of the bundle. The maximum velocity for aligned tubes is given as

νg,max =
ST − do

ST
νg,ave, (7.16)

where νg,ave =
ṁg

ρgAff
is the incoming average velocity of the flue gas and ST is the transverse pitch associated

with the tube bundles (see Fig. 7.2.3). Various correlations for the Nusselt number have been formulated such
as those by Churchill and Bernstein or Zukauskas. In this case, the Hilpert correlation is used and has Nusselt
number [122] for Prg & 0.7:

Nug = CRemg Pr
1/3
g . (7.17)

The constants in the model are chosen as C = 0.193 andm = 0.618 for a flue gas Reynolds number which is
usually in the range 4000 < Re < 40000 according to [118]. The Prandtl number is

Prg =
μgcp,g
λg

, (7.18)

where cp,g is the specific heat capacity and λg is the thermal conductivity of flue gas. Finally, the Stanton number
is calculated as St = Nug

RegPrg
and the Colburn factor due to convection as jH,con = St Pr2/3g . The effects of radiation

on the heat transfer coefficient is added to the Colburn factor due to convection such that the total Colburn
factor is jH = jH,conv + jH,rad where jH,rad is based on empirical data for similar boiler units [123]. The heat
transfer coefficient for external flow associated with the flue gas is therefore

hg =
jH ρgνgcp,g

Pr2/3g
. (7.19)

7.2.3 Heat Exchangers

The total heat available to the tubes can now be calculated according to the theory of heat exchangers. Consider
the two distinct cross-flow arrangements in Figs. 7.2.4a and 7.2.4b. In either case, the overall heat transfer rate
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Figure 7.2.4: Heat exchangers in a cross-flow configuration.
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Figure 7.2.5: Temperature profiles of heat exchangers in a cross-flow configuration.

can be calculated in multiple ways:

q̇ = ṁgcp,g(Tg,i − Tg,o), (7.20)

q̇ = ṁfcp,f(Tf,i − Tf,o), (7.21)

q̇ = UAΔT, (7.22)

where all temperatures are expressed in the mean sense over an area A,U is the overall heat transfer coefficient
and ΔT is the difference in temperature between the hot and cold fluid. The temperature difference for the
parallel-flow heat exchanger in Fig. 7.2.4a with temperature profile in Fig. 7.2.5a is

ΔT1 = Tg,i − Tf,i (7.23)

ΔT2 = Tg,o − Tf,o. (7.24)

The temperature difference for the counter-flow heat exchanger in Fig. 7.2.4b with temperature profile in Fig.
7.2.5b is
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ΔT1 = Tg,i − Tf,o (7.25)

ΔT2 = Tg,o − Tf,i. (7.26)

Effectiveness NTU Method

According to the effectiveness NTU method the flue gas temperatures as it passes through the various stages of
convection pass can be calculated using the current fluid temperatures and inlet flue gas temperature (to the first
superheater). The maximum heat rate across a heat exchanger is

q̇max = Cmin(Tg,i − Tf,i),

where Cmin = min[ṁgcp,g, ṁfcp,f]. The effectiveness of a heat exchanger, ε = q̇
q̇max

, is the ratio of its actual to
maximum heat rate. The effective heat rate across the heat-exchanger can therefore be calculated as

q̇ = εCmin(Tg,i − Tf,i). (7.27)

For a bundle of concentric tube heat exchangers in cross-flow its effectiveness for either configuration is:

parallel-flow: ε =
1 − exp(−NTU(1 + Cr))

1 + Cr
(7.28)

counter-flow: ε =
1 − exp(−NTU(1 − Cr))

1 − Cr exp(−NTU(1 − Cr))
, (7.29)

where Cr = Cmin
Cmax

is the ratio of the minimum to maximum heat capacity and NTU is the number of transfer
units given as

NTU =
UA
Cmin

. (7.30)

The effectiveness can be used to calculate the flue gas and fluid temperatures at the outlet of each convective
element by combining (7.20) or (7.21) with (7.27) to give

ε =
Cg(Tg,i − Tg,o)

Cmin(Tg,i − Tf,i)
OR ε =

Cf(Tf,o − Tf,i)

Cmin(Tg,i − Tf,i)
(7.31)

7.2.4 Overall Heat Transfer Coefficient

The overall heat transfer coefficient of the heat exchanger needed in (7.30) considers the heat transferred from
the flue gas to the outer pipe wall, through the wall to the inner tube wall and to the steam. For tubular heat
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exchangers, the overall heat transfer coefficientU is calculated according to

1
UAo

=
1

hfAi
+

ln ( dodi )
λm2πL

+
1

hgAo
, (7.32)

where Ai = πdiL and Ao = πdoL is the inner and outer tube wall surface area, L is the length of the tube and
λm is the thermal conductivity of the tube. The heat transfer coefficients,hf andhg, are calculated according to
(7.3) (or (7.1)) and (7.19).

q
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Figure 7.2.6: Energy balance inside the furnace. The boundary is depicted by the dotted line.

7.2.5 Combustion

The temperature of the flue gas entering the superheater series in (7.27) and (7.31) is calculated according to a
combustion process. With reference to Fig. 7.2.6 a boundary can be drawn inside the furnace corresponding to
the following energy balance

mgcp,g
dTg

dt
= q̇in − q̇out, (7.33)

wheremg is the mass of the flue gas and cp,g is its specific heat capacity. The factors contributing to heat trans-
ferred across the boundaries are summarised in Fig. 7.2.6. The total energy into the system can be taken as the
higher heating value (HHV) - the net or ideal energy released during combustion. Given an ultimate analysis of
coal, the HHV is given by Dulong’s formula [124] in brackets and multiplied by the mass flow rate of pulverised
coal

HHV =
(
33960C + 141890(H − O

8
) + 9420S

)
ṁpf [kJ/s], (7.34)

where C,H,O and S are the mass fractions of carbon, hydrogen, oxygen and sulphur in coal and ṁpf is the mass
flow rate of pulverised coal. It is assumed here that the temperature of the pulverised coal is the same as that
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of the combustion air supply temperature. The energy lost through the boundary, summarised in Fig. 7.2.6, is
quantified in [124] and [115] and presented below.

Energy Transfer to Waterwalls

The heat transferred to the waterwalls of the furnace due to radiation can be expressed as the mass flow rate of
fluid multiplied by the change in enthalpy of the fluid in the furnace waterwalls and the feedwater

q̇rad = ṁf,1(hf,1 − hf,2) [kJ/s], (7.35)

where ṁf,1 is the mass flow rate of fluid, hf,1 is the average fluid specific enthalpy in the furnace waterfalls and hf,2
is the feedwater specific enthalpy.

Energy Lost to Dry Flue Gas

The energy lost due to high flue gas temperature in the stack as a consequence of higher than standard burner
supply temperature is given as

q̇dfg = ṁpfMgcp,dfg(Tf,1 − Tc,2) [kJ/s], (7.36)

where Tf,1 is the flue gas temperature at the final superheater outlet, Tc,2 is the combustion supply air temper-
ature (primary and secondary air),Mg = mass of dry flue gas

mass of pulverised coal is the mass ratio of flue gas to pulverised coal and
cp,dfg is the specific heat capacity of dry flue gas.

Energy Lost to Moisture Formed From Burning Hydrogen

The energy used to vaporise moisture in the exhaust gases as a result of burning hydrogen in coal is given by

q̇hf = 9Hṁpf(hf,3 − hf,4) [kJ/s], (7.37)

where hf,3 is the specific enthalpy of superheated steam at a low pressure of 10 kPa (0.01 MPa) and hf,4 is the
specific enthalpy of saturated liquid at coal supply temperature. In this case the supply temperature of coal cor-
responds roughly to a water saturation (vapour) pressure of 8.6 kPa, from which hf,4 can be calculated.

Energy Lost to Moisture in Fuel

In a similar fashion as above, the energy used to vaporise inherent and surface moisture in coal is given by

q̇mf =
M

1 −M
ṁpf(hf,3 − hf,4) [kJ/s], (7.38)

whereM is the mass fraction of moisture in coal.
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Energy Lost to Vaporisation of Moisture in the Combustion Air Supply

Again, the energy used to vaporise moisture in the combustion air supply is

q̇ma = MaMvṁpf(hf,3 − hf,5) [kJ/s], (7.39)

whereMa is the mass fraction of air to pulverised coal,Mv is the mass fraction of moisture in dry air and hf,5 is
the specific enthalpy of superheated steam at air supply temperature and water vapour partial pressure. In order
to calculate hf,5 the water vapour partial pressure at air supply temperature is determined, from which the vapour
saturation enthalpy at this pressure can be obtained using the IAPWS formulation.

The mass fraction of air to coal can be calculated using the mass fractions of particular elements. With the frac-
tion of oxygen O2 in the combustion chamber known and the fraction of O2 in standard air being 20.95 % then

Ma =
O2in supply air × C in coal × (1/O2 in standard air)

C in supply air
, (7.40)

where C in supply air = 12
44CO2+

12
28CO. Here CO2 and CO are the mass fractions of carbon dioxide and carbon

monoxide in supply air.

Energy Lost to Unburned Coal

The energy lost due to incomplete combustion is

q̇uc = ṁpfHVCO
28C
12

CO
CO + CO2

[kJ/s], (7.41)

where HVCO is the heating value that results from burning CO to CO2 and is given roughly as HVCO = 10114
kJ/kg.

Other Losses

Other losses include heat that is lost to the surroundings due to radiation and convection heat transfer as well as
the energy lost to the ash hopper. Since these losses are relatively small in comparison to other losses, they will
not be included in the energy balance calculations.

Energy Balance

The heat rate out of the boundary can now be calculated as:

q̇out = q̇rad + q̇dfg + q̇hf + q̇mf + q̇ma + q̇uc, (7.42)

and the heat rate into the boundary as:

q̇in = q̇pa + q̇sa + q̇mo + HHV, (7.43)
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where the input energy rate due to primary air, secondary air and moisture in the air is given by

q̇pa = cp,paṁpaTpa

q̇sa = cp,saṁsaTsa

q̇mo = cp,moMṁpfTpa,

where cp,pa, cp,sa, cp,mo, Tpa, Tsa, ṁpa and ṁsa are the specific heat capacity of primary air, the specific heat capacity
of secondary air, the specific heat capacity of moisture, the temperature of primary air, the temperature of sec-
ondary air, the mass flow rate of primary air and the mass flow rate of secondary air, respectively. From (7.42)
and (7.43), the flue gas temperature dynamics in (7.33) can be solved. A first-order Euler approximation was
found to suffice in the integration step size range of δ < 5 s.

7.2.6 Attemperators

The fluid at the exit of the evaporator and superheaters are controlled via attemperation as depicted in Fig.
7.2.7a for ATT2 (and similarly for ATT1 and ATT3). Here feedwater is injected into the fluid to reduce its tem-
perature. The mass flow of the spray water is controlled using cascaded PI controllers. To simplify the mathe-
matical modelling process, the spray water temperature and its mass flow rate are taken as inputs to the model
according to a basic energy balance:

hf,out(ṁf + ṁsw) = hf,inṁf + hswṁsw, (7.44)

where hf,in and hf,out are the fluid specific enthalpies before and after attemperation and ṁsw is the spray water
mass flow rate. From this, the effective temperature of the fluid after attemperation can be expressed as

Tf,out =
ṁfTf,in − ṁsw

(
Δh/cp,f + (cp,sw/cp,f − 1)Tsat − (cp,sw/cp,f)Tsw

)
ṁf,in + ṁsw

, (7.45)

where Δh is the latent heat of evaporation at feedwater temperature, cp,sw and cp,f are the specific heat capacities
of the spray water and fluid, and Tsat is the saturation temperature of water at feedwater pressure.

7.2.7 Tube and Fluid Dynamics

It follows now to determine the properties of interest associated with the state estimator, i.e., the rate of change
of tube wall temperature and fluid enthalpy found in [33]. Consider the constant volume discrestization of
a single tube in Fig. 7.2.7b. The economiser, division wall, helical evaporator and vertical evaporator are dis-
cretized into 10 segments each, and S/H1, S/H2, S/H3 and S/H4 into 16, 4, 4 and 4 segments respectively. The
number of discrete segments per boiler element is chosen according to its length such that ΔZ < 100 m. All
parallel tubes along the boiler length are effectively lumped into a single tube, thus losing information regarding
any axial variation that might exist in the tube and fluid dynamics. The heat energy of each segment of volume V
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Figure 7.2.7: (a) Simplified P&ID for ATT2 showing the model boundary. (b) Discretization scheme of a
single tube.

is increased by the total heat available to the heat-exchanger, q̇, in (7.27), and decreased by the heat rate into the
fluid, q̇f, so that

d(mmcp,mTm)

dt
= q̇− q̇f,

∴ dTm

dt
=

q̇− q̇f
mmcp,m

, (7.46)

wheremm, Tm and cp,m are the mass, temperature and specific heat capacities of the tube wall segment. The
fluid’s internal heat energy, ρfVh, where h is the fluid’s specific enthalpy, is increased by the heat rate carried
by the fluid into each segment such that

d(ρfVhout)
dt

= ṁinhin − ṁouthout + q̇f,

∴ ρfV
dhout
dt

+ hout
d(ρfV)
dt

= ṁinhin − ṁouthout + q̇f, (7.47)

where ṁ is the fluid mass flow rate. According to the conservation of mass

dρfV
dt

= ṁin − ṁout. (7.48)

Combining (7.47) and (7.48) followed by some algebraic manipulation gives
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ρfV
dhout
dt

+ hout(ṁin − ṁout) = ṁinhin − ṁouthout + q̇f

∴ ρfV
dhout
dt

= ṁinhin − ṁinhout + q̇f

∴ dhout
dt

=
ṁin(hin − hout) + q̇f

ρfV
. (7.49)

Since the tube volume is fixed, the conservation of mass equation can be written as

V
dρf
dt

= ṁin − ṁout,

ṁout = ṁin − V
dρf
dt

. (7.50)

Since density is a function of both pressure and specific enthalpy, where pf is known and h can be calculated, its
time derivative (follows from the chain rule) and can be written explicitly as

dρf
dt

=
∂ρf
∂h

dh
dt

+
∂ρf
∂pf

dpf
dt

. (7.51)

Substituting (7.51) into (7.50) gives the mass flow rate out of each tube segment:

ṁout = ṁin − V

(
∂ρf
∂h

dh
dt

+
∂ρf
∂p

dp
dt

)
. (7.52)

7.3 Model 2: Flownex® BoilerModel

Flownex® is a commercial thermal-hydraulic simulation environment based on sophisticated computational
fluid dynamic (CFD) design methodologies that is used in this section to develop a complementary boiler
model to that in Section 7.2. Flownex® is based on a 1-dimensional flow network that is solved, either dynam-
ically or in steady-state, according to a set of partial differential equations. The model features an interactive
prompt that allows for changes from between 60 - 100 % of the boiler’s maximum continuous rating (MCR).
Plant data is used to adjust the set of input boundary conditions at various loads. The boundary conditions
include the economiser fluid inlet pressure and temperature; S/H4 outlet fluid mass flow rate; the respective
reheaters’ inlet fluid temperature and pressure and outlet mass flow rates; the vertical evaporator heat rate; the
coal mass flow rate; the combustion supply air mass flow rate and temperature; and the flue gas pressure and
mass flow rate. The model is grouped into various sub-systems, namely the convection pass, the downcomers,
the division wall, the evaporators and the furnace. Their individual modelling is discussed in what follows.
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(a) Details of a standard heat exchanger.
source: Flownex® manual.

(b) A single pass heat exchanger showing individual elements.
source: Flownex® manual.

Figure 7.3.1: (a) Details of a standard heat exchanger. (b) A single pass heat exchanger showing individ-
ual elements

7.3.1 Convection Pass

The convection elements (consisting of the economiser, 4 superheaters and 2 reheaters) and flue gas system
is modelled using respective finned-tube heat exchanger components. They are made to represent a conven-
tional heat exchanger with flue gas flowing perpendicularly over the collection of tubes as shown in Fig. 7.3.1a.
The heat exchanger is divided into several tube passes and rows and further discretised in the direction of the
gas flow as shown in Fig. 7.3.1b. A single row heat exchanger in Fig. 7.3.1b would therefore result in a total of
32 discrete segments (or smaller heat exchanger elements). The model of the convection pass is shown in Fig.
7.3.2. The series of heat exchanger elements on the left represent external flue gas flow (dry-side) while those
on the right represent the internal fluid flow within the boiler tubes (water-side). The dry-side elements have
convective heat transfer profiles formulated using empirical data from similar boiler units. The heat profiles in-
corporates radiative heat transfer by scaling the characteristic curves accordingly. The further away from the
furnace the heat exchanger is, the less radiative heat absorption occurs. The convection pass has three attemper-
ators, one at the exit of the evaporator, ATT1, one at the exit of S/H2, ATT2, and the other at the exit of S/H3,
ATT3. They are modelled using advanced PID controller components with integral and constant parameters
taken from site data. Fluid temperature is used as the process value and the spray water mass flow as the con-
trolled output. The set-points are fixed according to plant data. The attemperators can be replaced by spray wa-
ter inputs as was done in the MATLAB® model.

7.3.2 Downcomers and Division wall

The downcomers are included in model 2 to facilitate more accurate pressure dynamics (not present in the
MATLAB® model). Downcomer 1 takes the fluid from the outlet of the economiser to the inlet of the division
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Figure 7.3.2: Flownex® model of the convection pass (shaded region), downcomers, division wall and verti-
cal evaporators.

wall. The fluid then goes via the second downcomer to the helical tubes. They are modelled using simple pipe
elements as can be seen in Fig. 7.3.2. Since the downcomers are positioned away from the furnace, they are as-
sumed to experience no heat absorption. The fluid falls solely via gravity with a pressure drop that is calculated
for Darcy-Weisbach pipes according to:

Δp =
KLν2f ρf

2di
, (7.53)

where K is the forward loss coefficient to be calculated and L is the length of the tube. The unknown K of each
boiler element is calibrated according to known pressure drops across the boiler at various loads.
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7.3.3 Vertical Evaporator

The vertical evaporator can be split into two separate evaporators with different physical characteristics, namely
vertical evaporator 1 and vertical evaporator 2. It is modelled using two pipe elements as shown in Fig. 7.3.2.
Since heat transferred to the vertical tubes is too complicated to model (with less obvious radiative and convec-
tive contributions) it is taken as a fixed heat transfer through the tube walls that changes based on load (accord-
ing to plant data). The pressure drop is modelled as in Section 7.3.2.

7.3.4 Helical Evaporator and Radiative Heat Transfer

The helical structure of the tube is modelled indirectly by calibrating the tube’s loss coefficient according to
plant data, which in turn dictates the pressure drop across the evaporator length (as explained in Section 7.3.2).
The helical evaporator is segmented into ten sections, each represented by a pipe component so that heat trans-
ferred to each segment can be modelled very coarsely (see Fig. 7.3.3). The fluid’s main source of heat is via ra-
diation that is transferred to the fluid using three respective heat transfer elements - (1) a radiative heat transfer
element that models the transfer of heat to the outer pipe wall, (2) a conductive heat transfer element that mod-
els heat transferred through the tube wall and a convective heat transfer element that models heat transferred
from the inner tube wall to the fluid. Fig. 7.3.4 depicts a simple way (used in [123]) to calculate radiative heat
transfer at the outer surface of the tubes using coarsely segmented surfaces from which viewing angles can be
calculated according to furnace dimensions. Here the furnace waterwalls and surrounding flame are divided
into 10 and 4 equally lumped segments respectively. From this, viewing angles between flame segments and
furnace wall segments can be calculated, needed as input to the radiative heat transfer elements in Fig. 7.3.3.
Each helical evaporator segment thus sees a sum of heat transferred from the 4 flame segments. The flue gas
and waterwalls are seen as black bodies and both contribute to the total radiative properties of the furnace. The
emissivity of clean furnace tube walls is typically 0.85 [125], but assuming an ash deposit layer on the wall sur-
face reduces the wall emissivity to the range of 0.4 − 0.7 for ash particles of 120µm in diameter[126]. Since
the exact value of the wall emissivity is based on the ash deposit layer (which depends on several factors), this
value is hard to obtain. The furnace wall emissivity is chosen as a pessimistic εm = 0.45. The flue gas emissivity
depends on its gas composition and particulate characteristics and is chosen based on typical values for similar
boilers, i.e., εg = 0.5 [125].

7.3.5 Furnace

The model for furnace combustion is shown in the shaded region in Fig. 7.3.3. It is modelled using an adiabatic
flame component and 3 pipe elements that represent the coal, air supply and furnace conditions from which the
average temperature of the flame is provided as output. This is then used, firstly, as input to the radiative heat
transfer elements of the helical evaporator (rudimentary approximation), and secondly, to calculate the furnace
flue gas exit temperature at the entrance of the convection pass.
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Figure 7.3.4: A diagram of the radiative heat transfer model.

7.4 Model Validation

This section compares the output of the MATLAB® and Flownex® models in Sections 7.2 and 7.3 and then
compares the output of the MATLAB® model to actual plant data.
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7.4.1 MATLAB® and Flownex® Models

In the first test the MATLAB® and Flownex® models are run to steady-state at 70 % MCR followed by a demand
change as shown in Fig. 7.4.1. The ramped sequence in Fig. 7.4.1 is not intended to portray a realistic boiler in-
put, but merely to reflect non-trivial changes in boiler input conditions over a short period (with respect to the
boiler’s time constant). The transient responses of the fluid temperature, fluid enthalpy and wall temperature at
the exit of the superheaters are shown in Figs. 7.4.2a, 7.4.2b and 7.4.2c. In the second test both models are again
run to 70 % steady-state followed by a change in only the fluid mass flow rate at the economiser inlet as shown in
Fig. 7.4.3a. In this case the outputs at the respective superheaters are shown in Figs. 7.4.3b, 7.4.3c and 7.4.3d.
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Figure 7.4.1: System demand.

Discussion

According to Figs. 7.4.2a, 7.4.2b and 7.4.2c it can be seen that the two models display similar transient and
steady-state behaviour. The slight differences in transient behaviour can be attributed to the incorporation of
more exact pressure dynamics in the Flownex® model. Furthermore, explicit radiative heat transfer is modelled
in the Flownex® model, whereas the MATLAB® model simply uses a fixed heat rate into the helical tube walls
based on the boiler load. Another reason for the difference, as mentioned before, is that the Flownex® model is
solved according to a set of PDEs, unlike the set of ODEs in the MATLAB® model. Despite the slight variation
between the two models, it is evident that the MATLAB® model captures the general behaviour of the boiler
within reasonable error, i.e., of the same order of magnitudes as that of typical boiler process and parameter
uncertainty. It furthermore executes much faster (not shown explicitly) since it uses much simpler modelling
philosophies. The final test in Figs. 7.4.3b, 7.4.3c and 7.4.3d sees a purely sonic disturbance originating at the
economiser inlet. From these plots it can be seen that the two models exhibit similar dynamic behaviour that
coincides when considering standard boiler uncertainty.
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Figure 7.4.2: Normalised wall temperatures and fluid specific enthalpies at the exit of the respective super-
heaters.

92



0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time [mins]

0.9

0.92

0.94

0.96

0.98

M
a

s
s

fl
o

w
ra

te
/ B

a
s
e

m
a

s
s

fl
o

w
ra

te

(a) Normalised economiser inlet mass flow rate.

1 2 3 4 5 6 7 8 9 10

Time [mins]

0.7

0.75

0.8

0.85

0.9

0.95

T
e
m

p
e

ra
tu

re
/ B

a
s
e

te
m

p
e
ra

tu
re MATLAB model

Flownex model

R

R

S/H4

S/H3

S/H2

(b) Normalised fluid temperature.

1 2 3 4 5 6 7 8 9 10

Time [mins]

0.75

0.8

0.85

0.9

0.95

T
e

m
p

e
ra

tu
re

/ B
a

s
e

te
m

p
e

ra
tu

re MATLAB model

Flownex model

R

RS/H4

S/H3

S/H2

(c) Normalised wall temperature.

1 2 3 4 5 6 7 8 9 10

Time [mins]

0.85

0.9

0.95

S
p

e
c
if
ic

e
n

th
a

lp
y
/ B

a
s
e

s
p

e
c
if
ic

e
n
th

a
lp

y

MATLAB model

Flownex model

R

R

S/H4

S/H3

S/H2

(d) Normalised fluid specific enthalpy.

Figure 7.4.3: System demand, normalised wall temperatures and fluid specific enthalpies at the exit of the
respective superheaters.

7.4.2 MATLAB® Model and Plant Data

In Figs. 7.4.5a and 7.4.5b the output of the MATLAB® model is compared to data from the actual plant over
a period that includes a relatively constant demand, followed by a significant demand change as shown in Fig.
7.4.4. The input boundary conditions, available from the EtaPro® database, include the feedwater mass flow
rate, pressure and temperature, and are used as inputs to the MATLAB® model, while the remainder of the in-
put boundary conditions are calculated based on various load conditions as done for the models. Two nodes
in the boiler are chosen for validation, namely the fluid temperature at the exit of the economiser, Fig. 7.4.5a,
representing the highest flue gas location in the boiler, as well as the fluid temperature at the exit of ATT1, Fig.
7.4.5b, depicting the entry to, and lowest point in the convection pass. These two nodes occur at distinct loca-
tions in the boiler and are chosen different to the discrete nodes in Fig. 7.4.2 and 7.4.3.

Discussion

Figs. 7.4.5a and 7.4.5b show slight differences in the dynamic behaviour of the MATLAB® model when com-
pared to actual plant data. There also exists a slight lead in fluid temperature at the exit of ATT1 in Fig. 7.4.5b
which is noticeable at significant load changes. These issues are most likely a result of an inaccurate representa-
tion of the thermal inertia associated with the MATLAB® model due to uncertain parameters, changes in oper-

93



ating conditions and the simplified modelling process. Despite the inaccuracies, the MATLAB® model output
falls within standard uncertainty of the actual plant output. The general dynamic behaviour of the MATLAB®
model is thus considered to be acceptable.
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Figure 7.4.4: System demand.
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Figure 7.4.5: Normalised fluid temperatures.
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7.5 Conclusion

In this chapter, two models of the boiler are developed. The first is a mathematical model in MATLAB® and the
second a PDE-based Flownex® model. It was shown that the MATLAB® model is in agreement with both the
Flownex® model and actual plant data when considering standard boiler uncertainty. From this it is concluded
that the MATLAB® model can be accepted for use in the filter, which should in retrospect correct any tolera-
ble discrepancies in the model. It should be noted that the intention of this chapter is not to develop a painfully
accurate filter model of the boiler, but rather to develop one that can adequately represent the dynamics of the
respective boiler elements in order to demonstrate the feasibility of the filtering process when applied to the
boiler. Furthermore, the MATLAB® model serves as a template for more refined models. More accurate mathe-
matical models are always beneficial in the filter and its development is left as a future recommendation.
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”The reduction of theory to practice is generally a long and
difficult process…Yet reports of applications often deal only
with the successful final results and are thus, in a sense, very
misleading, especially to the uninitiated.”

Andrew Jazwinski in [7]

8
State Estimation of aOnce-Through Power Boiler

State estimation in practical non-linear applications are approximate (as discussed in Chapter 4), since there
is no-closed form solution of the associated non-linear equations, and suboptimal, because it is not possible to
model all sources of error in the system. In such cases, a systematic design of the filter can help shift the filter
closer to optimality and facilitate desired performance. The contribution of this chapter is to properly set up and
design a non-linear CD-KF according to the algorithms in Part 1 in order to estimate over a hundred key state
variables associated with the main pressure components of a power boiler, i.e., tube wall temperatures and fluid
specific enthalpies. This can be used as a first step into condition-based monitoring of the boiler such as heat
uptake at the furnace walls, fault detection such as fouling, and optimised feedback control that, for example,
makes use of specific enthalpy states at various locations across the boiler. The filter is designed in Sections 8.1,
8.2, 8.3, 8.4, 8.6 and 8.5 and then applied to the common problem of fouling in Section 8.7 in order to, firstly,
test the filter’s performance and, secondly, to demonstrate the filter’s application to fault detection. This is fol-
lowed in Section 8.8 by its application to actual plant data to further illustrate its utility.

8.1 State Identification andDynamic State Equations

A fluid’s specific enthalpy is a characteristic thermodynamic property that cannot be measured directly. It signi-
fies the fluid’s heat content (at a given pressure and constant volume), useful in identifying behavioural incon-
sistencies and is hence a preferred state variable. Tube wall temperature is another key variable that can be used
to monitor the physical health of the plant. If a sufficient number of distributed segments are used in the state
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Figure 8.1.1: A diagrammatic representation of the boiler and one of its discrete segments.

estimation model, then wall temperature can indicate where along the boiler length is film boiling occurring or
where along the boiler length is the tube subjected to high levels of thermal stress (in the event that these issues
arise). The collection of parallel tubes along the boiler length is divided into n/2 spacial segments, shown in Fig.
8.1.1, corresponding to the state vector

x = [Tm1, ...,Tm n/2, h1, ..., hn/2]T, (8.1)

where n=136 is the total number of state variables. Other important variables such as drum vapour quality or
moisture content in pulverised coal can also be included in the state vector. For the purpose of this application,
it suffices to consider only wall temperature and fluid specific enthalpy.

The MATLAB® model in Chapter 7 was shown to be an adequate dynamic model for use in the filter, with state
differential equations per segment based on those from Section 7.2.7:
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dTm

dt
=

q̇− q̇f
mmcp,m

, (8.2)

dh
dt

=
ṁin(hin − hout) + q̇f

ρfV
. (8.3)

These equations are derived from a set of partial differential equations (PDEs) based on energy, mass and mo-
mentum balances that have been reduced to a 1-dimensional lumped initial value problem that can be solved
using linearly implicit RK methods. This dynamic model satisfies the assumption of Markovian state evolution
needed for Kalman filtering.

8.2 Boiler Inputs andMeasurementModel
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Figure 8.2.1: Simplified diagram of the Kalman filter.

Inputs to the boiler, s(t), available from the EtaPro® database, and sampled at 10 s intervals over a 12 hour pe-
riod, are used as input boundary conditions to the filter model as depicted in Fig. 8.2.1 and include:
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• Economiser feedwater temperature, pressure and mass flow rate

• Mass flow rate of ATT1 spray water into the 2 respective subheaders (legs).

• Mass flow rate of ATT2 spray water into the 4 respective legs.

• Mass flow rate of ATT3 spray water into the 4 respective legs.

Relevant potential output measurements, y(tk), available from the EtaPro® database, according to the boiler
P&IDs, and sampled at 10 s intervals over the same 12 hour period as the inputs include:

1. Economiser outlet fluid temperature.

2. Fluid temperature of the 2 respective legs at the inlet and outlet of ATT1.

3. Separating vessel outlet fluid steam temperature. This is approximately equal to the outlet fluid tempera-
ture of attemperator 1 which makes sense for normal boiler operation.

4. Fluid temperature of the 4 respective legs at the inlet and outlet of ATT2.

5. Fluid temperature of the 4 respective legs at the inlet and outlet of ATT3.

6. Main steam temperature of the 4 legs at the outlet of SH/4.

7. Metal temperatures of the 4 legs at the outlet of SH/2.

8. Metal temperatures of the 4 legs at the outlet of SH/3.

9. Metal temperatures of the 4 legs at the outlet of SH/4.

Local measurements only hold information associated with state variables upstream from it [127]. It is there-
fore preferable to include more measurements in the measurement configuration that exist further downstream
since they penetrate more observable states. There are, however, limited measurements available overall. The
steam temperature at the inlet of the attemperators, points numbered (2), (4) and (5) in the measurement out-
put list, and the main steam temperature at the exit of S/H4, point numbered (6), are chosen as measurement
variables in the filter. The remainder of the output measurements are withheld from the filter and reserved for
performance testing purposes. In practice, all available output measurements should be fed to the filter to help
reduce the state error covariance estimates and improve accuracy. The measurement function at time k can now
be written, based on the IAPWS_IF97 formulation, as

Ψ(x(tk)) = [IAPWS(‘Tf,40,k ’, p40,k, h40,k), IAPWS(‘Tf,60,k ’, p60,k, h60,k), IAPWS(‘Tf,64,k ’, p64,k, h64,k),

IAPWS(‘Tf,68,k ’, p68,k, h68,k)]
T, (8.4)

where IAPWS(‘Tf ’, p, h) represents a pseudo IAPWS_IF97 function that takes fluid pressure and specific en-
thalpy, p and h, as inputs and outputs the fluid temperature Tf.
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8.2.1 Stochastic Observability

It follows to verify whether the measurement configuration in (8.4) would allow for complete system observ-
ability. Define the stochastic observability matrix [7],[27] for all t > t0 as :

O(t, t0) =
∫ t

t0
Π(τ, t)HT(τ)R−1(τ)H(τ)ΠT(τ, t)dτ, (8.5)

where Π(t + δ, t) is the state transition matrix such that x(t + δ) = Π(t + δ, t)x(t), R is the measurement
covariance andH(t) = ∂Ψ(x)

∂x |x=x̄(t) is the measurement Jacobian. A continuous-time (or CD) stochastic system
is completely observable if (8.5) is positive-definite. Since the measurement Jacobian is not available, it can be
replaced by its HOLM equivalent such that

O(t, t0) =
∫ t

t0
Π(τ, t)HT(τ)R−1(τ)H(τ)ΠT(τ, t)dτ, (8.6)

The integral in (8.5) and (8.6) is hard to solve in practice over a simulation trajectory. Consider segmenting the
trajectory over integration time steps, δ, such that the localised observability matrix at each integration time
instant, i, is

O(ti+1, ti) =
∫ ti+1

ti
Π(τ, ti)HT(τ)R−1(τ)H(τ)ΠT(τ, ti)dτ, t0 < ti < ti+1 < t, (8.7)

where Π(ti+1, ti) is the state transition matrix formed according to the TH implicit numerical method with solu-

tion x(ti+1) = x(ti) +
(
I − J (x(ti)) δ2

)−1
f(x(ti))δ. The state transition matrix associated with the TH scheme

after substituting f(x(ti) ≈ J (x(ti))x(ti) is

Π(ti+1, ti) = I+
(
I− J (x(ti))

δ
2

)−1
J (x(ti))δ. (8.8)

The integral in (8.7) can now be solved using the explicit Euler scheme assuming that the inside of the inte-
gral in (8.7) is sufficiently smooth and noting that Π(ti, ti) = I. In order for the matrix in (8.5) to be positive-
definite, all matrices in (8.7) for i = 1,...L-1, must be positive-definite, where L is the number of integration time
instances in the test trajectory. The inside of the integral in (8.7) is evaluated at each instance, separated by a
δ = 0.2 s interval ¹ over a two minute test trajectory. The measurement HOLM is available from Algorithm 1B
at each measurement instance for Δ = 10 s. In between measurements, the measurement HOLM is taken as the
most recently calculated HOLM. At each integration instance, the matrices are found to be positive-definite via
a Cholesky decomposition. The measurement configuration therefore allows complete observability.

¹relatively small in comparison to the boiler’s time constant
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8.3 Error Budget

As mentioned before, the more comprehensive and accurate the account of errors in the filter are, the closer to
optimal the filter will be and therefore the better its performance. This section provides a detailed account of all
sources of error and uncertainty associated with state processes and measurements.

8.3.1 Measurement Covariance

The quality of measurement instruments used varies based on where it is located within the boiler and what
is being measured. It is assumed in this case, however, that all temperature sensors are the same. Industrial
thermocouples typically have a tolerance of around±3 oC at 500oC [128]. Assuming a uniform probability
distribution and independence between sensors gives a variance of Rk = 1.732Im [oC]2. Here the systematic
component of the measurement uncertainty is represented as statistical error and there are no off-diagonal
terms in Rk and hence no state vector augmentation. This is based on the assumption that a bias error can be
regarded (in a naive sense) as a larger fluctuation. To motivate this, consider the case of two Gaussian variables
(∼ N (x̄, σ2)) in Fig. 8.3.1. In this case the variable (∼ N (1, 22) represents the true biased measurement vari-
able and (∼ N (0, 32) a zero mean variable with a systemic error of 1 simply added to the variance. What this
shows is that the variable with more variance results in larger fluctuations and covers most of the area spanned
by the true biased error but includes an unnecessary space (in the negative y-quadrant). This approach thus
provides more vague information to the filter about the possible locations of the measurement when compared
to properly modelling the bias.
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Figure 8.3.1: A simulation of two Gaussian measurement variables. The orange variable has zero mean
and a larger variance to represent the simpler measurement model. The variable in blue represents a biased
measurement model.

8.3.2 Process Covariance

According to the SDE in (5.4), there are two error models associated with the state vector - the purely time-
varying model, with scaling q(t), and the state-dependent noise model with scaling b(x(t), t) (discussed further
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in Section 8.5). The continuous-time process covariance,Qc(t) = q(t)Q(t)q(t)T, comprises model uncertainty,
spatial discretisation errors and disturbances.

Model uncertainty is dominated by unpredictable furnace behaviour that arises as a result of inconsistent mill
functioning and variations in the quality of raw materials used, namely, the particle size distribution of pul-
verised coal, the calorific value of coal, the fraction of volatile matter in coal, mill condition and pulverised fuel
uptake and transport. This results in incorrect model parameters and input boundary conditions associated
with the filter. It is further exacerbated by the simplified models of the furnace and a lack of measurements in
that region. Deviations in parameters due to potential faults in the boiler also contribute to model uncertainty.
For the demonstrated case of fouling, the heat transfer coefficients associated with the affected convective el-
ement would be slightly lower than a fault-free one and would be reflected in its Colburn factor, jH. The main
sources of model uncertainty are summarised in Table 8.3.1.

Table 8.3.1: Model uncertainty

source uncertainty
Ultimate analysis of H2O in coal ± 0.02
Ultimate analysis of H2 in coal ± 0.02
Furnace supply temperature ± 10 oC
Pulverised coal mass flow rate ± 3 kg/s
Emissivity of flue gas ± 0.05
S/H4 Colburn factor ± 0.006
S/H3 Colburn factor ± 0.006
S/H2 Colburn factor ± 0.003
S/H1 Colburn factor ± 0.007

Sudden plant parameter changes due to external influences, or disturbances, effectively introduce more uncer-
tainty into the plant. This can be seen in quantities such as the flue gas and feedwater fluid mass flow rate. Their
variations are summarised in Table 8.3.2.

Table 8.3.2: Plant disturbances

source variation
Mass flow rate of flue gas ± 20 kg/s
Mass flow rate of inlet fluid ± 5 kg/s
Temperature of inlet fluid ± 3 oC

The error brought about by ignoring flue gas temperature variation in the direction perpendicular to the flow of
the flue gas is taken to be much less than other sources of uncertainty and is therefore not included in the error
budget. Spatial and temporal discretisation further contributes to state error. With a small enough integration
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step size, however, neglected higher-order terms in the TH solution of the state differential equations leads to
insignificant integration errors in comparison to other sources of error in the system. When integration step
sizes greater than δ = 0.4 s are used (observed in simulation), the integration error can lead to a greater than
0.05oC/s change that must be accounted for and is discussed further in Section 8.5.

Since the uncertainty in steam enthalpy and wall temperature depend on multiple variables and parameters
described above, the combined uncertainty of the system is not simply additive and follow standard error prop-
agation techniques. Instead of lengthy error propagation calculations, however, the combined uncertainty is
obtained by selecting permutations of worst case parameters in Table 8.3.1 and Table 8.3.2 and observing its
effect in simulation. The dynamic model is solved using an explicit Euler method with a relatively small integra-
tion time step of δ = 0.05 s. The effects of spatial discretisation error are included in this analysis by doubling
the number of discrete segments of each element. This is then compared to an error-free model and effectively
results in a maximum deviation in wall temperature and fluid enthalpy, read from a plot such as that in Fig. 8.3.2
and summarised in Table 8.3.3. Assuming a uniform distribution, the resultant covariance parameters for each
state, such that

Qc = diag(QTm1 , . . . ,QTm68 ,Qh1 , . . . ,Qh68),

is given in Table 8.3.4. For simplicity, the slight variation along the respective elements themselves is ignored.
These covariances can also be obtained via Monte Carlo methods.
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Figure 8.3.2: Plots of the wall temperature deviation rate for S/H1 and S/H4.

8.3.3 Initial State Error Covariance

The initial state covariance is chosen as a diagonal matrix with equal non-zero elements for the respective tem-
perature and enthalpy state entries. The covariance associated with the predicted state mean should converge to
the correct covariance value given a reasonable guess of the uncertainty in the initial state mean estimate, cho-

103



Maximumwall temperature change [oC/s] Maximum enthalpy change [kg/kJ/s]
Economiser 0.25 2.63
Division wall 0.25 2.94
Helical evaporator 0.3 3.39
Vertical evaporator 2 0.33 4.64
Vertical evaporator 1 0.35 4.95
S/H1 0.4 4.16
S/H2 0.5 3.86
S/H3 0.4 2.72
S/H4 0.45 2.79

Table 8.3.3: Maximum possible variation in wall temperature and fluid enthalpy of the respective boiler
elements.

Temperature cov. [oC2/s] Enthalpy cov. [kg2/kJ2/s]
Economiser QTm1 = ... =QTm10 = 0.172 Qh1 = ... =Qh10 = 1.522

Division wall QTm11 = ... =QTm20 = 0.172 Qh11 = ... =Qh20 = 1.702

Helical evaporator QTm21 = ... =QTm30 = 0.182 Qh21 = ... =Qh30 = 1.962

Vertical evaporator 2 QTm31 = ... =QTm35 = 0.192 Qh31 = ... =Qh35 = 2.682

Vertical evaporator 1 QTm36 = ... =QTm40 = 0.202 Qh36 = ... =Qh40 = 2.862

S/H1 QTm41 = ... =QTm56 = 0.232 Qh41 = ... =Qh56 = 2.402

S/H2 QTm57 = ... =QTm60 = 0.292 Qh57 = ... =Qh60 = 2.232

S/H3 QTm61 = ... =QTm64 = 0.232 Qh61 = ... =Qh64 = 1.572

S/H4 QTm65 = ... =QTm68 = 0.262 Qh65 = ... =Qh68 = 1.612

Table 8.3.4: Covariances of the respective boiler elements.

sen as P0 = diag(P0,Tm1 , ..., P0,Tm68 , P0,h1 ..., P0,h68)with P0,Tm1 = ... = P0,Tm68 = 0.52 [oC]2 and P0,h1 = ... = P0,h68 = 52

[kg/kJ]2.

8.4 Computational Factors

In the interest of efficiency, the following section discusses potential ways to reduce the filter’s computational
time. It must be noted that although most of the following approaches are feasible, they are not employed in this
thesis. For completeness sake, the reasons why are given below.

1. Decouple states - This is synonymous with modular modelling [129] which partitions the boiler into sev-
eral modules and then calculates Jacobians and filter solutions separately for each module. This approach
will not be used because (1) Algorithms 2A and 1B calculate the entire Jacobian matrix equivalent almost
effortlessly and (2), the arithmetic associated with the n× n matrices is solved more efficiently using the
default MATLAB® sparse solver.

2. Pre-filter - In this approach periodic measurements are averaged over an interval to give the filter enough
time to complete its calculations without leaving some measurements unused. Since the greatest com-
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putational workload occurs during state propagation, delaying a measurement update would make the
covariance grow without contributing significantly to improved computational speed.

3. Pre-compute gain - An a priori gain is calculated, for example, a steady-state gain, and kept as a constant
throughout the filtering process. This simplification results in poorer performance for a boiler [108] and
will therefore not be used in the filter design.

4. Process measurements one at a time - Instead of an m-dimensional measurement vector, measurements
are processed 1 at a time, separated by an instant, in order to reduce computational complexity. This
would make a marginal difference in the execution time of Algorithm 2A and 1B since the state propaga-
tion stage of the filter dominates the computational load.

8.5 The State-DependentNoise Term

The process covariances discussed in Section 8.3.2 are modelled as constant terms as in the case of the standard
CD-KF. Algorithm 2A, to be used in the boiler application, includes a state-dependent noise term that accounts
for the numerical error associated with temporal discretisation during simulation as explained in Chapter 5.
Its formulation begins by calculating the local and global error estimates of the boiler according to (3.41) and
(3.34). This is then followed by calculation of the less complex local error model in (5.37). For the purpose
of this application, it suffices to obtain the state-dependent noise model for a single integration time step, thus
avoiding the explicit time dependence of the form in (5.37). This makes sense because the filter does not em-
ploy variational integration methods. An integration step size of 2 s is chosen for use in the filter. At this step
size, the global error estimate is calculated using the local error formula in (3.41). Using this, the global error
is then calculated according to (3.34). The estimated global error is then verified according to the true global
error. The true global error is calculated using an Euler approximation with a very small integration time step.
The local error estimate according to (3.34) is therefore concluded to be acceptable. The less complex local er-
ror estimate is then calculated and is of the form li+1 = Df(xi) (similar to that of (5.37) but without the time
dependence). HereD is obtained via regression as explained in Section 5.3.2 but is assumed diagonal in or-
der to simplify the regression analysis. The global error estimate can then be calculated using the less complex
local error estimate and compared to the true global error. This comparison is shown in Fig. 8.5.1 for discrete
segment number n=62 at 2 s integration intervals for a short period. With respect to these temperature and spe-
cific enthalpy error plots it can be seen that the global error estimates form an unexaggerated overbound on the
true global error. This implies that the local error estimate is a modest representation of the true local error. The
local error estimate model is therefore accepted for use in the boiler application.
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Figure 8.5.1: Global error of the wall temperature and fluid enthalpy state for discrete segment number n
= 62.

8.6 AlgorithmDesign inMATLAB®

The general flow of the non-linear CD-KF based on Algorithms 2A and 1B is shown in Fig. 8.6.1. The function
UTF (point numbered (2) in Algorithm 2A) distributes the 2n+1 function evaluations amidst multiple local
cores via the MATLAB® parallel for loop, the results of which are then collected into a single matrix to form the
drift UT. As the number of cores on the local computer increases, the faster the UTs are calculated. Using the
drift UT, the drift HOLM is extracted according to point numbered (3) in Algorithm 2A. The local error and
local error HOLM associated with the implicit solver is calculated according to points numbered (5),(6) and
(7) in Algorithm 2A. The state mean and error covariance estimates at the next time step are then calculated
according to points numbered (8) and (9). The input conditions of the boiler in the time update loop are held
at the current conditions until the next set of inputs from the plant becomes available. Once the time update
loop has completed, the function MeasUpdate extracts the measurement HOLM, which is used to perform the
measurement update using the new observation according to Algorithm 1B. Details pertaining to the dynamic
boiler function f(x(t), t) are given in Chapter 7 and is composed of the differential equations given in (8.2) and
(8.3). Its flow of variables, summarised in Fig. 8.6.2, allows the sequential and parallel calculations of the vari-
ous processes to be separated. The parallel calculations (enclosed in the dashed blue box), independent of the
other discrete segments, are vectorised for faster execution and IAPWS_IF97 table look-up, while the current
fluid mass flow rate is calculated sequentially.
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Figure 8.6.1: Overview of the main program layout.
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8.7 Case Study 1: Fouling Simulation

This case study further describes the set-up of the filter specific to detecting fouling on S/H4, chosen arbitrarily
as the faulty convective element. It aims to (1) test the performance of the proposed filter, and (2) demonstrate
the concept of fault detection using the proposed filter. The CD-HCKF_Milstein is employed (Algorithms 2A
and 1B) - suited to the system’s large state vector and inherently stiff dynamics. Alternatively, algorithms 3A
and 1B can be employed, however, since the additional effort required to implement the CD-HCKF_Milstein,
which offers the potential for better estimates, is not much more, the CD-HCKF_Milstein will be used. Aspects
of the filter designed in Sections 8.1 to 8.5 are applicable. To re-iterate, the integration step size is δ = 2 s and
the stochastic error model is based on the local error formulated in Section 8.5. The unscented parameters are
α = 0.65, β = 2 and κ = 0, where α is chosen heuristically in the open interval (0,1). The Flownex® model
from Section 7.3 represents the ‘real’ plant and is used to construct filter observation data. Disturbances, un-
certainties and faults are introduced into the Flownex® model, from which sampled outputs are corrupted with
noise before being fed to the filter as measurements such that Δ = 10 s. The Flownex® model is used in this
manner on the following grounds:

• The Flownex® model has already been developed (for model validation purposes in Chapter 7) and is
readily available.

• The Flownex® model includes pressure dynamics and can provide a more realistic account of plant be-
haviour.

• The Flownex® model can execute in reasonable time when used as a stand-alone simulation.

• Since the Flownex® model is the ‘true’ system in this case, the true internal state variables are available for
comparison to the internal state variable estimates.

In Chapter 7 it was shown that the general behaviour of the mathematical MATLAB® model is comparable to
both the Flownex® model and the actual plant output within typical boiler uncertainty (see Table 8.3.4). The
reasons for using the MATLAB® model as the filter’s model can therefore be summarised as follows:

• The MATLAB® model is Markov - a necessary attribute of a model intended for use in a KF.

• The MATLAB® model runs faster than the PDE based Flownex® model.

• The MATLAB® model displays the correct boiler behaviour within standard uncertainty.

8.7.1 Corruption of Measurements from Flownex®

Given the measurement configuration in (8.4), simulated Flownex® data of the fluid temperature at the exit
of the evaporator, S/H2 and S/H3 and S/H4 are sampled at 10 s intervals and corrupted with white Gaussian
noise with a variance of σ2 = 1.732 before being fed to the filter. This variance corresponds to the variance in
Section 8.3.1.
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8.7.2 Disturbances and Uncertainties in the Flownex® Model

Plant disturbances are modelled as sudden changes in plant conditions such as the input mass flow rate of flue
gas, the mass flow rate of feedwater and the temperature of feedwater. To simulate the effect of a few distur-
bances in the system during the filtering process, changes to the variables of the Flownex® model are made ac-
cording to the plots in Fig. 8.7.1.
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(b) Change in the input mass flow rate of flue gas.

Figure 8.7.1: Boiler disturbances.

Uncertainty in the modelling process is simulated by changing certain parameters in the filter model such that
they no longer coincide with that of the Flownex® model. See Table 8.7.1 for a list of parameters changed in the
filter model. These correspond to between 2% - 5% changes from the nominal.

Parameter Difference in theMATLAB® Model
Ultimate analysis of H2O in coal + 0.015
Ultimate analysis of H2 in coal - 0.015
Furnace supply air temperature + 5 oC
Coal mass flow rate - 2 kg/s
Emissivity of flue gas particles + 0.02

Table 8.7.1: Model uncertainty.

8.7.3 Fault Simulation in Flownex®

The effect of external deposit formation on heat exchangers is understood using empirical correlations that de-
pend on fuel and ash quality [130] and thus differs per boiler and operating conditions. This is represented by a
fouling factor, given as Rfoul =

1
U − 1

Ufoul
, whereU is the overall heat transfer coefficient in (7.32) andUfoul is the

heat transfer coefficient of the fouled heat exchanger. External fouling factors in coal fired boilers are typically
in the range of (0.005, 0.01)m2K/W [131], [132]. The effect of fouling is simulated in Flownex® by reducing
the Colburn factor, jH, in (7.19), associated with S/H4’s heat exchanger chart by 6×10−3(see Fig. 8.7.2), corre-
sponding to Rfoul = 0.005 and reducing its overall heat transfer coefficient by approximately 20 %. The effect of
fouling is initiated as soon as the filter simulation begins.
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Figure 8.7.2: A graph showing the effects of fouling on Colburn factor.

8.7.4 Input Boundary Conditions and Initial Conditions

Input boundary conditions for both models are calculated using actual plant data in steady-state at various
loads. These boundary conditions are listed explicitly in Sections 7.2 and 7.3. Some of these inputs correspond
to those available from the actual plant in real-time ² and are listed in Section 8.1. Before the filtering process
begins, both models are run to steady-state at 70 % MCR without fouling on S/H4. The initial mean state vec-
tor estimate is taken as the steady-state value of the filter’s model (MATLAB® model) in open loop, i.e., x̂0|0 =

xsteady−state. The initial state error covariance is given in Section 8.3.3. Starting at 70 % MCR, the filter is made
to go through a load change over a 30 minute period according to Fig. 8.7.3. Disturbances are injected into the
Flownex® model at times shown in Fig. 8.7.1.

²Plant data from the real-time EtaPro® database are used in Section 8.8
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8.7.5 Results

The mean squared error, MSE =
√∑L

k=1(xtrue,k − x̂k)2/L, and the average standard deviation estimate,
√
P̂ =√∑K

k=1 P̂k/L, of the last 40 states are shown in Fig. 8.7.4. Here L is the total number of observation points in
the simulation trajectory. The trajectories of select state variables are plotted at each observation point in Figs.
8.7.5 and 8.7.6. The filter’s innovation KkΔyk = Kk(y(x(tk))− ẑk) of each state is plotted in Fig. 8.7.7.
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Figure 8.7.4: MSE and
√
P̂ for the respective state variables over a 30 minute trajectory. The red arrows

indicate which discrete segments are associated with measurements.
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Figure 8.7.5: Normalised state estimates and their true trajectories for S/H4, S/H3 and S/H2.
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Figure 8.7.6: Normalised state estimates and their true trajectories for S/H4, S/H2, the evaporator and
the division wall.
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(a) Filter innovation of the specific enthalpy states along the boiler length.

(b) Filter innovation of the wall temperature states along the boiler length.

Figure 8.7.7: Filter innovation of the wall temperature and fluid specific enthalpy states.
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8.7.6 Discussion

According to Fig. 8.7.4 the average estimated standard deviation,
√
P̂, of the filter coincides, in most cases, with

the MSE of each respective state variable and is larger for state variables further away from the measurement
points. It can thus be said that the covariances produced by the filter for most state variables are within reason.
In the case of segments 61,62,63 and 64 (corresponding to S/H3), the high MSE is likely due to a discrepancy
in the modelling of S/H3 together with the large non-linearity of the temperature state variables. The model
discrepancy is further evident by the noticeable offset from the true state variables in Fig. 8.7.5b and indicates a
likely bias error associated with S/H3 in the Flownex® model, which was limited to 2 discrete segments. For the
remainder of the state variables in Figs. 8.7.5 and 8.7.6, the state estimates fall within one standard deviation of
the true state variables along most of their trajectories.

According to the state estimates of S/H4 in Figs. 8.7.5a and 8.7.6a the total steam specific enthalpy change and
wall temperature change in the presence of fouling are reduced from the total specific enthalpy change and total
temperature change when no fault occurred. The specific enthalpy and temperature change of the other super-
heaters, however, remain the same. It can therefore be said that S/H4 alone sees an increase in thermal heat re-
sistance. The reduction in specific enthalpy or temperature change can be used at the plant’s supervisory level to
flag the occurrence of fouling. In the simplest case, a threshold of, say, 10 × 10−3 p.u. could be imposed on these
variables. A specific enthalpy difference change of (13 ± 2)× 10−3 p.u. and a wall temperature difference change
of (25 ± 5) × 10−3 p.u. (read off Figs. 8.7.5a and 8.7.6a) would therefore flag S/H4 for fouling. This significant
change in the state variables associated with SH/4 is also evident in the persistent one-sided filter innovation
of states 67, 68, 135 and 136 in Figs. 8.7.7a and 8.7.7b, indicating that the heat transferred to this superheater is
not as high as predicted. The non-zero innovation term associated with all of the state variables in these plots
suggests that the measurement configuration does indeed allow observation of all state variables as theorised in
Section 8.2.1.

8.7.7 Filter Efficiency

The total filter execution time over a 60 s trajectory for varying numbers of local computer cores used to run the
filter is shown in Fig. 8.7.8. The 2n+1 (273) UTs are parallelized in the main program, depicted in Fig. 8.6.1.
This means that the UTs are distributed amongst the various cores, reducing the time taken for the algorithm
to run. The filter’s total execution time over a 60 s trajectory as a function of the number of CPU cores, with
a clock speed of 2.6GHz, is shown in Fig. 8.7.8. Although this plot implies that real-time execution cannot be
achieved with the resources made available to the experiment, extrapolating the data indicates that 18 CPU
cores or more are required to have the filter working in real time for a total of 136 states. This prediction is valid
since the UTs dominate the computational load and also because the predicted number of CPU cores is less
than 2n+1.
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Figure 8.7.8: Filter execution time over a 60 s trajectory.

8.8 Case Study 2: State Estimation Applied toMeasured PlantData

In this case study the filter is given observation data from the EtaPro® database (in place of those from the
Flownex® model in Section 8.7) over a period where the main steam outlet temperature was observed to un-
dergo a significant increase. See Fig. 8.8.1. The steep increase in steam temperature is likely due to the reduction
in spray water at around 40 minutes as can be seen in Fig. 8.8.2a. The period of interest includes a time of more
or less constant demand to allow the main steam outlet temperature to reach steady-state. This is then followed
by a ramp down in system demand as shown in Fig. 8.8.2b. The purpose of this investigation is to (1) test the
performance of the proposed filter, and (2) estimate the state of the plant given actual measurements and thus
verify whether its transient behaviour agrees with physical dynamics and input conditions. The input boundary
conditions drives the filter boiler model and constitutes the feedwater mass flow rate, temperature and pressure,
and the spray water mass flow rates of the 3 attemperators, taken from the EtaPro® database. The feedwater inlet
pressure in Fig. 8.8.2c undergoes constant change that induces transient behaviour, ideal for properly assess-
ing the performance of the filter. Since the system is identical to the one modelled in Section 8.7, the set-up of
the filter in Sections 8.1 to 8.7 remain applicable. Four types of variables are referred to in this section and are
defined below.

1. Primary state estimate - A state estimate from the filter belonging to either a wall temperature or fluid
specific enthalpy variable in x̂, i.e., either T̂m or ĥ.

2. Secondary variable estimate - A secondary variable constructed by the filter and made available by the
model, but not an actual state variable belonging to x, i.e., it does not have an associated innovation
term). By the detectability property of the filter these variables are also estimates but constructed indi-
rectly.

3. Filter measurement - Measured variables from the plant obtained through the EtaPro® database and used
in the filter’s measurement update process.

116



4. Measurement - Measured variables from the plant obtained through the EtaPro® database and not used
in the filter.
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Figure 8.8.1: Normalised main steam temperature at the exit of S/H4. A steep temperature rise can be
seen at 40 minutes.
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(a) Normalised mass flow rate of ATT3 spray water.
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(c) Normalised feedwater pressure.

Figure 8.8.2: Input and boundary conditions of the boiler model.

The redundant measurements associated with the 4 respective subheaders at the exit of S/H2 and S/H3 should
ideally be the same, but due to slight variation in the axial direction of the boiler as well as systematic measure-
ment error, they typically vary by a few degrees. These measurements are averaged before being fed to the filter
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and have a standard deviation of σ = 2.24◦C and σ = 2.53◦C respectively. Based on the standard deviations
of these measurements, the measurement noise covariance is chosen as Rk = 2.52Im[◦C]2. The filter makes an
observation every 10 s, i.e., Δ = 10 s, and has an integration step size of δ = 2 s. The measurement function is
given by (8.4). The process covariance and initial state error covariance goes according to that given in Sections
8.3.2 and 8.3.3.

8.8.1 Results and Discussion

The steam temperatures at the exit of the superheaters and vertical evaporator before and after attemperation
are shown in Figs. 8.8.3a to 8.8.4b. Fig. 8.8.3a shows secondary variable estimates and the corresponding filter
measurements for S/H4. Fig. 8.8.3b shows fluid temperature at the exit of S/H3 before and after attemper-
ation. Here the secondary variable estimates and the corresponding filter measurements at the inlet of ATT3
are shown. On the same plot is the fluid temperature at the outlet of ATT3 according to measurements (not
fed to the filter) and according to the filter. This is shown in order to compare internally constructed data from
the filter to measurements received directly from the plant. A similar set of plots are shown at the exit of S/H2
and the vertical evaporator in Figs. 8.8.4a and 8.8.4b respectively. In Figs. 8.8.3a and 8.8.4a the measurements
fed to the filter as well as the measurements not fed to the filter agree with the corresponding filter constructed
variable. This indicates that the measurements of these superheaters agree with the physical processes and the
many associated uncertainties that the filter has been made aware of. In Fig. 8.8.3b, however, the set of measure-
ments are both offset from the secondary filter estimates, similar to the simulation scenario in Section 8.7 (see
Fig. 8.7.5b). It was explained in Section 8.7 that the high MSEs associated with the state variables of S/H3 are
likely due to modelling error in S/H3 of the Flownex® model. The fact that the discrepancy between measure-
ments and state estimates exists points to an error in the MATLAB® model rather than the Flownex® model,
or an error in both models. The higher heat transfer characteristics of S/H3 together with larger unaccounted
for parameter uncertainty is the likely cause of this apparent divergence. Apparent divergence is a common
problem in the event of excessive model error. Another possible reason for this discrepancy is large bias error
on the measurements of S/H3, however, the mutual offset in the estimates strongly suggests modelling error.
A measurement discrepancy can in fact be seen in Fig 8.8.4b where the filter measurements and their corre-
sponding secondary variable estimates at the inlet of ATT1 correspond; however, the measurements and their
corresponding secondary variable estimates at the outlet of ATT1 do not agree. The filter suggests, based on
measurement error, process error, input boundary conditions and plant dynamics, that the fluid temperature
at the exit of ATT1 should be lower. In the context of this sub-system it is obvious why this makes sense, i.e.,
the fluid temperature at the exit of the attemperator should be lower than the fluid temperature at the inlet of
the attemperator. Fig. 8.8.4c shows wall temperature state estimates at the exit of S/H4, S/H3 and S/H2 in
comparison to their corresponding plant measurements (not given to the filter). Here it can be seen that the
primary states estimates of S/H2 and S/H4 agree within 1 standard deviation of the actual plant measurements.
The wall temperature estimates at the exit of S/H3, however, do not agree. The full set of wall temperature and
fluid specific enthalpy estimates across the boiler length is shown in Figs. 8.8.5a and 8.8.5b. It can be seen here
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that the filter is able to construct internal variables that cannot be measured directly. The correctness of all of
these state estimates cannot be verified as was done for the state variables in the previous plots; however, based
on the aforementioned analyses, there is confidence in the filter’s ability to construct state mean and covariance
estimates provided that the model is satisfactory. A general observation when looking at these plots is that the
wall temperature profile across the boiler length corresponds to typical temperatures across the various phases
of heat transfer regimes, becoming flat in the evaporator region, while specific enthalpy shows a more consis-
tent increase as expected. The filter furthermore executes consistently over the 5 hour period without losing
positive-definiteness and thus, again, confirms the application of theory from Part 1 of this thesis. It should be
noted that the large shift of the estimates from their initial estimates shown in Figs. 8.8.3a to 8.8.4c is because
the filter did not begin in steady-state with the plant input boundary conditions from the EtaPro® database. A
similar shift is expected at the start of on-line implementation.
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(a) Normalised main steam temperature at the exit of SH/4.
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(b) Normalised fluid temperature at the exit of SH/3 before and after attemperation.

Figure 8.8.3: Normalised fluid temperature estimates and measurements.
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(a) Normalised fluid temperature at the exit of SH/2 before and after attemperation.
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(b) Normalised fluid temperature at the exit of the vertical evaporator before and after attemperation.
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(c) Normalised wall temperature states at the exit of SH/2, S/H3 and S/H4.

Figure 8.8.4: Normalised fluid temperature estimates, wall temperature estimates and measurements.
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(a) Normalised wall temperature states across the boiler length.

(b) Normalised fluid specific enthalpy states across the boiler length.

Figure 8.8.5: Normalised wall temperature and fluid specific enthalpy states across the boiler length.
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9
Conclusion

9.1 Findings andContributions

In part 1 of this thesis, three algorithms were developed, the CD-HCKF, the CD-HCKF_EM and the CD-
HCKF_Milstein. The CD-HCKF uses the unscented transforms to extract an equivalent of the system Jaco-
bians, termed the drift and measurement HOLM, which results in a coupling between simulation and the fil-
tering process. The benefit of doing this is that (1) linearly implicit simulation can be employed without the
need to analytically calculate the drift Jacobian, and (2) symmetric equations in the extended Kalman filtering
process can be employed. This results in a more efficient (assuming that the system in question has non-trivial
Jacobians) and numerically stable filter with CD-UKF level accuracy. This filter is published in [4]. The CD-
HCKF_EM and CD-HCKF_Milstein have the same aforementioned properties as the CD-HCKF, but are
grounded in an SDE that includes a stochastic state-dependent local error model. This local error model system-
atically accounts for simulation error when large temporal integration step sizes are employed, and is based on
an inexpensive and relatively accurate error estimate that was developed in this thesis. The CD-HCKF_Milstein
is a higher-order variant of the CD-HCKF_EM and was shown to be marginally more robust in comparison to
the CD-HCKF_EM. Compared to the CD-HCKF, The CD-HCKF_EM and CD-HCKF_Milstein allow for
coarser simulation steps, and hence reduce the time taken for the filter to execute. The CD-HCKF_EM and
CD-HCKF_Milstein are useful in situations where computation time is limited, such as in real-time applica-
tions. Having all the CD-HCKF attributes, the CD-HCKF_EM and CD-HCKF_Milstein are also suited to stiff
large-scale systems with non-trivial Jacobian calculations and a susceptibility to incurring computational error.

In part 2 of this thesis, estimation of 136 wall temperature and fluid specific enthalpy states associated with the
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main components of a once-through utility boiler was performed using the CD-HCKF_Milstein. This applica-
tion formed a core motivation for the development of the filters in Part 1. Two models of the boiler were devel-
oped, comprising the furnace, economiser, division wall, evaporators and superheaters. The first is a mathemat-
ical MATLAB® model, well suited to Kalman filtering, and the other a PDE-based model in Flownex® whose
main purpose was to validate the mathematical model. On application of the filter to a simulated fault scenario,
the estimated state trajectories were found to lie within one estimated standard deviation of their true state
trajectories for most of the state variables. Furthermore, the average estimated state standard deviations were
found to align with the MSEs of each respective state. This means that the filter is able to construct good state
mean and covariance estimates. It was then shown how these state mean and covariance estimates can be used
to detect fouling in the convection pass. Fouling detection in the convection pass using continuous-discrete
Kalman filtering is published in [3]. A study into the efficiency of the filter indicates that the filter is capable of
being implemented on-line if the number of cores in the local PC is 18 or higher. This makes on-line filtering
viable in utility industries, where such resources are likely to be accessible. To validate the workability of the
filter on an actual plant, data from the EtaPro® database were fed to the estimator. The filter was found to suc-
cessfully construct internal state estimates. This excludes state estimates associated with S/H3 which exhibited
apparent divergence that manifested as a result of model error, highlighting how state estimation can in fact pro-
duce unreliable state estimates if there is too much error in the system model that is not (properly) advertised
to the filter. Despite the discrepancy in S/H3, the filter estimated all of the remaining state variables along the
boiler length over a 5 hour period, avoiding Jacobian calculations and numerical stability issues while boasting
the potential for on-line implementation with commercially reasonable computational resources.

9.2 Recommendations

With regards to theoretical developments, it is recommended to show more rigorously that the central Jaco-
bian is a good approximation in the solution of all sigma points, and to quantify the limitations of this assertion.
Furthermore, it is suggested to formalise the stability properties of the CD-HCKF_Milstein as well as develop
a better integration scheme for the diffusion terms. The latter will likely exploit the fact that the diffusion co-
efficient is proportional to the drift function and hence higher-order integration schemes are possibly some
function of the drift Jacobian. For the application, it is recommended that the models developed in this thesis
be used to their full potential by appending other key variables to the state vector, such as the mass fractions of
moisture and hydrogen in coal. This will likely require a reconfiguration of the measurement function. The ca-
pability of the filter can further be extended by including more refined element models. One obvious example
is the furnace model, which can be partitioned in order to produce more localised combustion behaviour. This
will allow temperature profiles within the furnace to be estimated and used for boiler optimisation.
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A
Stochastic Systems: A Review

A.1 Concepts andDefinitions in Probability and Statistics

A.1.1 Random Variables

Let Ω be the space of all possible events {w1,w2 …} belonging to the probability space (Ω, A, P), where A⊂ Ω
is a collection of events and P the probability measure, then X:Ω → R is a measurable function that maps all
possible events to the measurable space. Define a distribution function associated with random variable X for all
real numbers, x, as

FX(x) = PX(−∞, x) = P({w ∈ Ω : X(w) < x}). (A.1)

If X is a continuous random variable then the density function is p(x) = F′X(x) . The density function of the
uniform distribution X∼ U(a, b) is written as

p(x) =

 1
b−a , if x ∈ [a, b]

0, otherwise.
(A.2)

The density function of the exponential distribution is written as

p(x) =

λ exp (λx), x ≥ 0

0, x < 0,
(A.3)
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where λ > 0, and the density function of the Gaussian distribution X∼ N (μ, σ2) is written as

p(x) =
1

σ
√

2π
exp

(
− (x− μ)2

2σ2

)
, (A.4)

where μ is the mean and σ the standard deviation of the distribution.

A.1.2 Correlated Random Variables

It will later become necessary to simulate random variables, or a pair of correlated normal random variables,
X1 and X2, with mean E{X1} = E{X2} = 0, covariances E{X2

1} = δ, E{X2
2} = δ3

3 and cross-covariance
E{X1,X2} = δ2

2 . Given two independent Gaussian random variables G1 ∼ N (0, 1) and G2 ∼ N (0, 1) the
correlated random variables are:

X1 =
√
δG1 (A.5)

X2 =
1
2
δ

3
2

(
G1 +

1
√

3
G2

)
A.1.3 First and Second Moments

The first and second moments of a random variable will frequently be used and are defined as the mean and
variance of its distribution function. For a continuous random variable the first moment is defined as

E{X} =

∫ ∞

−∞
xp(x)dx = μ, (A.6)

where p(x)dx is the probability of X being in the range x and x + dx and μ is the mean. The second central mo-
ment of X, also referred to as the variance, is calculated as

var{X} = E{(X− E{X})2} = σ2, (A.7)

where σ is the standard deviation and is a measure of the spread of the data in X around μ. For two correlated
(or jointly distributed) random variables X and Y, the covariance is defined as

cov{X, Y} = E{(X− E{X})(Y− E{Y})} = σ2
XY. (A.8)

A.1.4 Some Properties of the Expectation and Covariance

For a set of random variables X ∈ Rn, Y ∈ Rm and Z ∈ Rp and scalars a ∈ R, b ∈ R and c ∈ R it follows that:

1. E{X+ Y} = E{X}+ E{Y}

2. E{aX} = aE{X}
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3. if X = c then E{X} = c

4. E{E{X}} = E{X}

5. E{XYT} = E{X}E{Y}T if X and Y are independent

6. cov{X, c} = 0

7. cov{X,X} = var{X}

8. cov{X, Y} = cov{Y,X}T

9. cov{aX, bY} = abcov{X, Y}

10. cov{X+ a, Y+ b} = cov{X, Y}

11. cov{aX+ bY,Z} = acov{X,Z}+ bcov{Y,Z}

12. cov{X, Y} = E{XYT} − E{X}E{Y}T

13. E{X4} = 3(var{X})2 for a normal distribution

A.1.5 Conditional Expectations

In Bayesian estimation, the conditional expectation is used to calculated information about a random variable
after an observation is made. The probability density of x ∈ R, given that some event A = {w ∈ Ω : a ≤
X(w) ≤ b} has occurred for the continuous-time case is

p(X = x|A) =


p(x)∫ b

a p(s)ds
, a ≤ x ≤ b

0, x < a, x > b.
(A.9)

This gives the expectation of X as

E{X|A} =

∫ ∞

−∞
xp(x|A)dx =

∫ b
a xp(x)dx∫ b
a p(x)dx

, (A.10)

where p(X = x|A) is notationally simplified to p(x|A).

A.1.6 Weak and Strong Convergence Criteria

Given an infinite sequence of random variables X1,X2,X3, . . . ,Xn, where X = limn→∞ Xn there exists two
different forms of convergence. The first is strong convergence. This requires the behaviour of Xn to closely re-
semble X such that for E{|Xn|} < ∞, where n = 1, 2, . . . , and E{|X|} < ∞

lim
n→∞

E{|Xn − X|} = 0. (A.11)
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Another form of strong convergence is mean square convergence where

lim
n→∞

E{|Xn − X|2} = 0. (A.12)

To satisfy the criterion for weak convergence, their distributions only need to resemble each other such that for
all test functions f : R → R it follows that

lim
n→∞

∫ ∞

−∞
f(x)dFXn(x) =

∫ ∞

−∞
f(x)dFX(x). (A.13)

A.2 Stochastic Processes

A stochastic process is a sequence of random variables at distinct time instants, x = {x(t), t ∈ T}where
x : T × Ω → R. A stochastic process is called aMarkov chainwhen the future state depends only on the
current state. In the discrete case this means that

P(xn+1|xn) = P(xn+1|x1, x2, . . . , xn), (A.14)

for all x1, x2, . . . , xn ∈ Ω. Similarly, for a continuous-time random variable x(t) it follows that

P(x(t1)|xt0) = P(x(t1)|x(t)), (A.15)

for all t ≤ t0 ≤ t1.

A continuous-time stochastic process has independent increments if increments x(tj+1)−x(tj) for j = 0,1,…n-
1 of any t0 < t1 < . . . < tn ∈ T are independent. The initial state x(t0) and the increments x(tj) − x(t0) for j =
2,3, …,n-1 are also independent. Examples of this are the Poisson and Wiener processes.

A Wiener Process v = {v(t), t ≥ 0} is defined such that for all 0 ≤ s ≤ t it follows that

v(0) = 0, E{v(t)} = 0, var{v(t)− v(s)} = t− s. (A.16)

A stationary process in the stochastic sense is one whose joint distributions are all invariant under time dis-
placements such that

F(t1 + δ, t2 + δ, . . . , tn + δ) = F(t1, t2, . . . , tn). (A.17)
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A.2.1 Fubini’s Theorem

It can be shown that for any stochastic process there is one that is jointly measurable which can replace it. Label
this replacement as x = {xt, t ∈ T}, then by Fubini’s theorem [50], it follows that for [t0, t]× Ω ⊆ T× Ω∫ t

t0
E{xs}ds = E

{∫ t

t0
xsds
}
. (A.18)

This is an important result that implies that the integration and expectation operations can be interchanged.

A.3 ItôCalculus

An ordinary differential equation (ODE) is given by

dx(t) = f(x(t), t)dt, (A.19)

where f(x(t), t) is the drift function and is Lipschitz continuous and x(t; x(t0), t0) = x(t; x(s; x(t0), t0), s).
The latter is the deterministic version of the Markov property which states that future state variables are deter-
mined by its current state variables, and not its past state variables. The solution of the general ODE in (A.19)
is discussed in depth in Chapter 3. The stochastic equivalent of (A.19), referred to as a stochastic differential
equation (SDE), is written as

dx(t) = f(x(t), t)dt+ b(x(t), t)ξ(t)dt, (A.20)

where b(x(t), t) is an appropriately scaled matrix (the diffusion coefficient) and ξ(t) is the derivative of the
Wiener process, v(t), or ξ(t) = dv(t)

dt [50]. It follows that

dx(t) = f(x(t), t)dt+ b(x(t), t)dv(t), (A.21)

with solution

x = x0 +

∫ t

0
f(x(s), s)ds+

∫ t

0
b(x(s), s)dv(s). (A.22)

A Wiener process is, however, not differentiable. The second integral in (A.22) must therefore be evaluated as
an Itô integral.

A.3.1 Itô’s Lemma/Formula

The process in (A.21) can be written in compact notation as

dxt = fdt+ bdvt. (A.23)
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For a smooth, scalar-valued real function, ϕ(x(t), t), with continuous partial derivatives ∂ϕ
∂t ,

∂ϕ
∂x and ∂2ϕ

∂x2 , its Tay-
lor expansion [7] is

dϕ =
∂ϕ
∂t

dt+
(∂ϕ
∂x

)T
dx+

1
2
dxT

∂2ϕ
∂x2 dx+ . . . , (A.24)

where

∂ϕ
∂x

=
[ ∂ϕ
∂x1

, . . . ,
∂ϕ
∂xn

]T
and

∂2ϕ
∂x2 =


∂ϕ2

∂2x1
∂2ϕ

∂x1∂x2
. . . ∂2ϕ

∂x1∂xn
...

... . . . ...
∂ϕ2

∂xnx1
∂2ϕ

∂xn∂x2
. . . ∂2ϕ

∂2xn

 . (A.25)

Substituting (A.23) into (A.24) gives Itô’s lemma:

dϕ =
∂ϕ
∂t

dt+
(∂ϕ
∂x

)T
(fdt+ bdvt) +

1
2
(fdt+ bdvt)T

∂2ϕ
∂x2 (fdt+ bdvt) + . . .

=

(
∂ϕ
∂t

+
(∂ϕ
∂x

)T
f+

1
2
tr
(
bQbT

)∂2ϕ
∂x2

)
dt+

(∂ϕ
∂x

)T
bdvt. (A.26)

The last step is obtained by retaining only second-order terms in dvt and using its expected value as done in
[50], i.e., dt2 = dtdvt = 0 and E{dvtdvt} = Qdt.

A.3.2 Itô-Taylor Expansion

Integrating Itô’s lemma in (A.26) for xt ∈ Rwhere ϕ = U,Q = I = 1 and the explicit time derivative term is
neglected as done in [7], gives

U(xt) = U(xt0) +
∫ t

t0

(
f(xs)U ′(xs) +

1
2
b2(xs)U ′′(xs)

)
ds+

∫ t

t0
b(xs)U ′(xs)dvs

= U(xt0) +
∫ t

t0
L0U(xs)ds+

∫ t

t0
L1U(xs)dvs, (A.27)

with operators

L0U = fU ′ +
1
2
b2U ′′, (A.28)

L1U = bU ′. (A.29)

Consider the scalar Itô SDE in integral form

xt = xt0 +
∫ t

t0
f(xs, s)ds+

∫ t

t0
b(xs, s)dvs. (A.30)
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ReplacingU = f andU = b in (A.27) and substituting respectively into (A.30) gives the simplest Itô-Taylor
expansion for xt:

xt = xt0 +
∫ t

t0

(
f(xt0)+

∫ s

t0
L0f(xz)dz+

∫ s

t0
L1f(xz)dvz

)
ds+

∫ t

t0

(
b(xt0)+

∫ s

t0
L0b(xz)dz+

∫ s

t0
L1b(xz)dvz

)
dvs.

(A.31)
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B
Additional Proofs

B.1 Linearisation of the Embedded Reference Formula

x∗i+1 = xi + δ
( s∑

i=1

ϑ∗i ki + ϑ∗0 f(xi) + γf(x∗i+1)
)

= xi + δ
( s∑

i=1

ϑ∗i ki + ϑ∗0 f(xi) + γ
[
f(xi) + J(xi)(x∗i+1 − xi) + . . .

])
≈ xi + δ

( s∑
i=1

ϑ∗i ki + ϑ∗0 f(xi) + γf(xi) + γJ(xi)x∗i+1 − γJ(xi)xi
)

≈ xi + δ
( s∑

i=1

ϑ∗i ki + ϑ∗0 f(xi) + γf(xi)
)
+ δγJ(xi)x∗i+1 − δγJ(xi)xi

∴ x∗i+1 − δγJ(xi)x∗i+1 ≈ xi − δγJ(xi)xi + δ
( s∑

i=1

ϑ∗i ki + ϑ∗0 f(xi) + γf(xi)
)

∴
(
I− δγJ(xi)

)
x∗i+1 ≈

(
I− δγJ(xi)

)
xi + δ

( s∑
i=1

ϑ∗i ki + ϑ∗0 f(xi) + γf(xi)
)

∴ x∗i+1 ≈ xi + δ
(
I− δγJ(xi)

)−1
( s∑

i=1

ϑ∗i ki + ϑ∗0 f(xi) + γf(xi)
)

(B.1)
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B.2 Stability of the ResultantMGL Scheme

The numerical solution of the resultant MGL scheme in step (6) of Algorithm 1A has approximation step

P(ti + δt) = P(ti) + Φ(P(ti), ti)δ, (B.2)

and increment function
Φ(P(ti), ti) = ρ

(
P(ti) + Φ(P(ti), ti)

δ
2
, ti
)
, (B.3)

where ρ(x(t), t) is the drift function of the state error covariance. The scheme’s stability will be shown using the
scalar test equation ẏ = ηy, for η ∈ C−. See [133] for further details surrounding the scalar test equation.
The increment function in (B.3) uses a gradient evaluated at time ti but at an intermediate covariance situated
between two successive covariances P(ti) and P(ti+1). It is not obvious at what time this intermediate covariance
is evaluated, call this covariance P(ti + a)where a = θδ and 0 < θ < 1. Taylor expanding P(ti + a) around ti
gives

P(ti + a) = P(ti) + ρ
(
P(ti + a), ti + a

)
P(ti)a. (B.4)

From the scalar test equation it follows that ρ
(
P(ti + a), ti + a

)
= ηP(ti + a). Substituting this into (B.4) and

re-arranging it follows that

P(ti + a) =
P(ti)

(1 − ηa)
. (B.5)

With reference to (B.3) write

P(ti) + Φ(P(ti), ti)
δt
2
= P(ti + a). (B.6)

Equating (B.5) and (B.6) gives an explicit expression for the increment function:

Φ(P(ti), ti) =
2P(ti)
δ

(
1

1 − ηa
− 1

)
.

Substituting the above equation into (B.2), the approximation step becomes

P(ti + δ) = P(ti)

(
1 + ηθδ
1 − ηθδ

)
(B.7)

= P(ti)Θ(ηθδ), (B.8)

where the stability function satisfies |Θ(ηθδ)| ≤ 1 for any η ∈ C−, implying A-stability (and not strict sta-
bility since |Θ(∞)| = 1). Note that the stability function Θ in (B.7) has a similar form to that of other stability
functions of implicit methods such as the Taylor-Heun scheme in (4.38), which can be found in the various

literature as ΘTH =
1+ ηδ

2

1− ηδ
2
[62].
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