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LIST of SYMBOLS

We give a list of the symbols used and a brief indication of their meaning.
Where a concept or symbol is introduced in the text, a reference to the page where it is

defined is given. (For more details see also the Prerequisites.)

Symbol P Meaning
<< 46 submajorisation
< 46 majorisation
ae, almost 'everywhere convergence
au, almost uniform convergence
BL(%) von Neumann algebra of all bounded linear operators on a
Hilbert Space ¥
B( ) Borel o—algebra
B, the ball of radius e in ¥ with the norm topology
D(S) Domain of an unbounded operator S
d,(f) 33 distribution function of {
d,(S) 146 distribution function for S € ;l sa
f(t) 45 dilation of f by a
. F 214 ideal of elementary operators (elops)
Gr(S) Graph of an operator S (a subset of %, , see below)
e " 7 the topology of convergence in measure
New 19 the topology of local convergence in measure
/4 Hilbert Space
¢ To¥
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n 104 affiliation

A t(f) 33 : the rearrangement of f
A,(S) 148 spectral scale of S € A 5% (finite trace)
LO(X,E,,u) 6 space of equivalence classes of a.e. R valued measurable

functions on (X,X,x)

Lm(X,E,,u) 6 space of equivalence classes of a.e. R valued essentially
bounded measurable functions on (X,X,x)

Lm(X,E,p) 18 ' space of equivalence classes of a.e. R valued measurable
functions essentially bounded except on a set of finite
measure.

L () 213 '

L y 37 Normed Kd&the Space or Banach Function Space

Lp(Jl) 184 (type of) Non—Commutative Banach Function Space

m Lebesgue measure on (a subset of) the real line

A a von Neumann algebra

A - 50 definition ideal of a trace 7 on X

A 104 the set of closed densely defined operators affiliated with X

A the algebra of 7—measurable operators

H(e, b) 116 basic neighbourhood of 0 in the topology of convergence in
measure on A

H(e, 6) 116 basic neighbourhood of 0 in the topology of convergence in
measure on K

_.l(u the group of unitary operators in A

“(e the von Neumann algebra X reduced by the projection

ee.l(p
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89

34
35

155

50
50
57

37
39
39
184

62

19
227
48
66
68

the commutant of X
the lattice of projections in X
algebra of nxn matrices over €

the algebra of nxn matrices with entries in ¥

rearrangement of |f| , withf € L

:LT (1)

generalised singular function of S € ;( .
neighbourhood in Teu
neighbourhood in Teu

the kernel of an operator S

"square root" of X 7'

positve part of J(T‘

identity projection in the so—closure of X -

the projection onto the closure of the rangé of an operator S
function norm

first asso;iate norm of p

second associate norm of p

norm of S in a non—commutative Banach Function Space
strong operator convergence

support of normal trace 7

operator s € X reduced by the projection e € J(p

the subset of ¥ comprising those sets of finite measure
Yeadon's rearrangement of an operator

trace

reduced trace oon J(e

extended trace



T 87 diagonal trace on tensor product (usually on M_(4), in
particular when n = 2)

us, ultrastrong convergence

v, ultraweak convergence

L uniform convergence (of functions)

wo, weak operator convergence

(X,5,1) (arbitrary) measure space

Z(K) the centre of A

We also follow certain conventions in our use of symbols for operators. Although we have

tried to avoid introducing a symbol without defining it, the following table may prove

useful.

Symbol Conventional meaning

epq elements of le

u unitary operator

\4 partial isometry

a,r,s bounded operators, usually elements of X
R,S, T unbounded operators, usually elements of X
X, y elements of ¥



- PREREQUISITES

We assume the reader to be familiar with certain topics in analysis and basic von Neumann
algebra theory. For the convenience of the reader we give a list of these topics with general

references, and state some results in the form that we will use them.

Measure Theory Reference : [C]

We assume a knowledge of elementary measure theory and use notation consistant with [C]

We will make substantial use of measure spaces ( A, B(A), m )for ACR. Such a measure
space will simply be notated as A unless there is danger of confusion; taking it as understood
that A is equipped with the induced Borel o—algebra and the restriction of Lebesgue measure to
A . Furthermore, we shall write Lp A, L ) A, L A, L0 A, etc.

Topological Vector Spaces Reference : [J]

Dual pairs and polars.

Some results on completions of topological vector spaces are used.
Axiom of Choice

We make occasional use of the axiom of choice, usually in the form of Zorn’s Lemma
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von Neumann algebra theory References : [D], [KR], [SZ], [T]
Elementary von Neumann algebra theory

The lattice of projections [KR] 2.5

Elementary Banach and C* algebra theory  [KR] Chapters 3,4

Von Neumann algebras [KR] 5.1

Topologies on von Neumann algebras  [SZ] Chapter 4
we denote the weak operator topology by wo; the strong operator topology by so; the
ultrastrong topology by us; thé ultraweak topology by uw (= w in the notation of [SZ});
the norm topology by ||.] -

Reduced operators and von Neumann algebras [D] § I.2.1

Dominated monotone convergence theorem for von Neumann algebras [KR] 5.1.4

The double commutant theorem  [KR] 5.3.1

Comparison of Projections and classification by types  Reference [SZ] Chapter 4

v
If p ~ q and this equivalence is implemented by the partial isometry v, we shall writep~ q.

Tensor Products
Matrix representations [KR] § 2.6
Matrix units [T] IV §1

Tensor products of Hilbert Spaces, operators, and von Neumann algebras [T] IV § 1

More detailed references will be given in Chapter 4
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Unbounded linear operators Reference [KR] § 2.7
We use the terms preclosed and closable interchangeably.

If S is closed then N(S) is closed.
supp(S) = 1 — N(S)

If S is closed, densely defined (in particular, if it is bounded) then
R(S) = supp(S’) (and R(S') = supp(5) )
rs)=Rr(is'S)

N(S' §) = N(S)

Ifs € 4 then R(s)~R(s ) [KR] 6.1.6
Spectral theory References : [KR] §§ 5.2 , 5.6; [SZ] Chapter 9 ; [DS] Chapter XII

Bounded and unbounded resolutions of the identity
For a self—adjoint operator S there is a uniquely determined spectral family { et(S) :teR}
satisfying :—

(1) e,(5) is a projection V1t € R

(2) t <ty etl(S) < et2(S)

() ¢ + (5) 1 €(S) as el 0 (thefamily is right continuous)
S0 :
(4) e(5)7T 1 ast T ®
50

(5) (S)l 0 ast]—o
50
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We will exploit the spectral theorem for self—adjoint operators in the ‘integral form’.
If S is an (unbounded) self—adjoint operator on ¥ then there is a uniquely determined resolution

of the identity { e,(S): t € R} such that

D(S)={xe?: It2 dlle,(S)xI% < o )

w
S = J t det(S) in the sense of strong operator convergence

—o

S is bounded iff 3M , m € R such that e,(S)=1 Vt>M and e(5)=0Vt<m.

S is positive iff e,(S) =0 Vt<0
If S is positive then N(S) = eO(S)

We make the following identifications :—

e,(5) = e(_m’t](S) (= e[O,t](S) if S is positive)
“(t,0)®) =1 = (0,t)(%)

8012{) e(—m,O](S) = e(_m,t)(S) (= e[O,t)(S) if S is positve)
This correspondence between unbounded intervals in R and certain projections generated by the

spectral family of S is extended to the Borel g—algebra.
" In particular, e(a,b](S) = e(_m,b](S) - _(_m’a](S)
%fa,b)(5) = &(,b](S) = (0,)(5)
()5 = o)) = (0,a])
“a,)(5) = %(0,)(8) = (,2)(")



e('—m)t](S) S<t e(_m)t](S)

%(t,2)(8) 5 2 ¥ €(1,)(5)
If S is positive then supp(S) = €0 m)(S)
Operational Calculus . Reference : [DS] Chapter XII

Suppose S is a self—adjoint opefator.

If f : R— € is a Borel measurable function then f(S) is a closed densely defined operator where

D) = {x e ¥: | 116)1% dlley®xl® <}

o
{(S) = J f(t) de,(S) in the sense of strong operator convergence
-m

If g is another such function then
f(S) + g(5) c (f + g)(S)
(S) g(5) c (fg)(5)

If | £—~£f| — 0 then f,(S) — f(S) in the sense of strong operator convergence.

If { is real valued then f(S) is self-adjoint and e(_m’t](f(S)) =€l xeR:f(x) <t }(S)



Polar decomposition Reference : [KR] § 6.1

Suppose S is a closed densely defined operator on ¥
Then S=v (s §)Y2=(ss/2y
where v is a partial isometry with initial space R((S:.= S)1/2) and final space R(S) .
We define (S )%= 5| (and (55) /2= s")).
- D(8) = D(IS[) , N(8) = N(I$[) and R(IS[) = R(S ) = R(S" $)

~ Thus v v = RST) = supp(15]) = ¢4y (5)

v, |S| are uniquely determined up to |S| beirig positive and v being a partial isometry with
. _
initial space R(S ). _
* * * * * *
SS =vS Sv,andso restricted to R(S ) and R(S) respectively, S S and SS are

: % *
unitarily equivalent, and this equivalence is implemented by v. It follows that |S | =v |§| v
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INTRODUCTION

It is well known that a commutative von Neumann algebra X has a representation as a Lm
space, and that the predual My a representation as the corresponding L1 space. In
particular, the classical integration theory can be applied to commutative von Neumann
algebras. The following question then presents itself : how much of the integration theory -
(and measure theory in general) for commutative von Neumann algebras can be generalised
in some way to the non—commutative case. This question essentially defines the field
known as non—commautative integration theory. Some of the first steps in this theory were
taken by Murray and von Neumann ([MvN1], [MvN2], [vN3] , [MvN4]) in their definition
of trace, which generalises the commutative integral. Subsequently the notion of
measurable function and the various notions of convergence in commutative spaces of
measurable functions such as Lm and L, spaces were generalised to von Neumann algebras
(and the space of unbounded operators affiliated to such algebras) by Segal, Stinespring
and Yeadon, amongst others. Lp spaces of such operators, analogous to commutative Lp
spaces, were also defined. The topology of convergence in measure was generalised to
semifinite von Neumann algebras by Nelson and this work was subsequently improved by
Terp. Later some ideas of Yeadon on generalising the theory of rearrangement of functions
to von Neumann algebras were developed by Fack and Kosaki. Most recently, Banach
Function spaces were generalised to von Neumann algebras in the work of Dodds, Dodds

and de Pagter.

Thus we see that there have been a number of different approaches to non—commutative
integration theory, in particular the theory of non—commutative Banach Function Spaces.
We take the most recent approach which leads to the widest class of non—comrﬁutative
Banach Function Spaces yet derived. In our opinion some of the essentials of the topic have

become obscured, and we have aimed at a self—contained presentation which should be



accesible to one possessing only the most basic knowledge of von Neumann algebra theory.
We now give a broad outline of the direction we shall take.
Section I

As already suggested, one of our main goals has been to show how the theory of
non—commutative integration (and in particular, the theory of non—commutative Banach
Function Spaces) generalises the commutative theory. With this in mind, we introduce all
of the commutative results we will need in Section I , before proceeding to the
non—commutative case. In Chapter 1 we examine the topology of convergence in measure
on LO(X,E,,u) for (X,¥,1) an arbitrary measure space in preparation for Chapter 8 and
subsequent Chapters. We also examine the topology of local convergence in measure. In
Chapter 2 we examine Function Spaces on the semi—axis (0,0) — in particular, symmetric
Banach Function Spaces for which the norm is lower semicontinuous — in preparation for

Chapter 10. W
Section II

In Section I we examine traces on von Neumann algebras. In Chapter 3 we define traces
and examine such concepts as faithfulness, finiteness and semifiniteness, and normality.
This Chapter includes an original proof of the fact that a function satisfying linearity and
homogeniety conditions is a trace iff it is unitarily invariant. In Chapter 4 we consider a
number of examples of traces, in particular showing how the trace is a generalisation of the
commutative integral. In Chapter 5 we show that a von Neumann algebra is finite iff it
admits a sufficient (points separating) family of finite normal traces. In Chapter 6 we show

that a von Neumann algebra is semifinite iff it admits a faithful semifinite normal trace.



Section T

It quickly becomes apparent that it is neccessary to consider unbounded operators. (For
example, M is not neccessarily complete with respect to the topology defined in Chapter 8,
and to identify the completion it is neccessary to ‘add unbounded operators to X’ . ) We
will require unbounded operators that in certain respects behave like members of X .
Affiliation is the appropiate characterisation and affiliated operators are discussed in
Chapter 7. Alternatively, affiliated operators can be viewed as those operators that are
generated by the projections belonging to 4. This indeed generalises the commutative case;
where the space L0 of unbounded functions (comparable with the affiliated operators) is
generated by the characteristic functions (comparible with the projections of a von

Neumann algebra) .

From Chapter 8 onwards we consider a semifinite von Neumann algebra X and the faithful

semifinite normal trace 7 on } guaranteed by Chapter 6. ¢

In Chapter 8 we introduce the space ;l of 7—measurable operators and define the topology
of convergence in measure on this space. This approach is essentially that of Nelson [N] and
Terp [Tp] , the latter being the most recent characterisation of the topologised space of
unbounded operators considered appropiate for the purposes of non—commutative
integration. Nevertheless it would be extremely unfair 1-10t to draw attention to the work
done in this context by the pioneers in the field of non—commutative integration. We

postpone this to Chapter 11.

In Chapter 9 we define the distribution function d(S) and the generalised singular

function p,(S) for operators S € 4. The generalised singular function generalises both the

~

rearrangement of a function in Lm and the singular value sequence of a positive compact



operator in BL(¥) . The generalised singular function has its origins with Yeadon ([Y1],

he defines the rearrangement of an operator) . As Fack and Kosaki point out ([FK],

Introduction) the algebra :{ is the natural domain for generalising the rearrangement :

" ... the 7~measurability of an operator S exactly corresponds to the property

pt(S) <w,t >0 and the [topology of convergence in measure] can easily and naturally be
expressed in terms of By - " We introduce the relation between the generalised singular
function and the topology of convergence in measure at a very much earlier stage than in
[FK] , and as a consequence results are proved in a simpler and more instructive manner.
We also have some new results, especially approximation results, which will be particularly

useful in subsequent Chapters.

In Chapter 10 we examine the recent work of Dodds, Dodds and de Pagter. The principle

result of (DDd] is establishing that for R , S € 4, | p,(R) — 4, (S) | << (R —S) . For

L p(O,m) a Function Space, one can define a set of operators L p(Jl) whose members are

precisely that subset of X whose generalised singular function lies in L p(O,m) . The above

result is used to show that if L p(O,m) is a symmetric Banach Function Space where p is

lower semicontinuous, then Lp(;l) is a Banach Space. Because such spaces generalise the
commutative Banach Function Spaces on the interval (0,0) , such spaces are termed
non—commutative Banach Function Spaces. We include some examples of these spaces. It
should be pointed out that this result is an improvement of a similar result of Yeadon
([Y4]) ; furthermore the majorisation result given above is of independent value. The
approach of Yeadon is substantially different to that of Dodds, Dodds and de Pagter and

we shall not explicitly consider it here.



We arrive at a point where we are able to provide some perspective on the history of
non—commutative integration theory. In Chapter 11 we discuss the work of Segal,
Stinespring, Kunze, Yeadon, and Nelson in defining algebras of unbounded operators which
culminated in the work of Terp. We also note that the work of Dodds, Dodds and

de Pagter generalises previous work in non—commutative integration theory where much
time was devoted to non—commutative Lp spaces, through a variety of approaches. Despite
the differences in the approaches of Segal, Dixmier, Stinespring, Kunze, Yeadon, Nelson,

Terp and Fack and Kosaki we show that all the variously defined Lp spaces are indeed

isomorphic to the Lp(.ll) spaces of Dodds, Dodds and de Pagter.

In Chapter 12 we consider duality theory. The well known fact that if Lp is a Function

*
Space then the associate space L _ can be identified as the subspace of L . that consists of
| p
normal linear functionals is mentioned in Chapter 2. In this Chapter we attempt to

generalise these facts, and show that in the case 4 is non—atomic L  (K) may be identified
p

~ * ~ x
with a subspace of L p(.l() that we denote L p(.l{) . Dodds, Dodds and de Pagter have
announced this result, although to the best of our knowledge have not published it, and so-
this result appears to be original. We would however like to point out that the approach

used generalises some ideas of Yeadon.



1 : TOPOLOGIES of CONVERGENCE in MEASURE

We define the topologies of convergence in measure and local convergence in measure on the
spaces LO(X,E,p) and Lm(X,E,p) in order to introduce, and find the canonical commutative
example for, the topology of convergence in measure to be defined for semifinite von Neumann

algebras in Chapter 8.

1:1 Definition

Suppose (X,2,u) is a measure space.

LO(X,E,u) is the set of equivalence classes (modulo almost everywhere equality) of real—valued
measureable functions on (X,2,u).

We denote this by Ly unless there is danger of confusion.

We make the requirement that functions are a.e. real valued to ensure that LO(X,E,u) is a

vector space.

Lm(X,E,u) is the set of equivalence classes (modulo locally almost everwhere equality) of
real—valued essentially bounded measureable functions on (X,X,u).

We denote this by Lm unless there is danger of confusion.
We do not at this stage assume that Lm(X,E,u) is neccessarily a von Neumann algebra.

1:2 Definition

Fore,6>0 _ ,
Ve, 0)={feLy:p{xeX:|i(x)] >} <6}
Ke)=W(e,e)={feLy:p{xeX:|f(x)| > e} <e}



1:3 Theorem [W] 12.1.6

If E is a vector space and F a system of subsets of E satisfying :—
F is a filter base
every member of F is symmetric
VUe€F 3VeF suchthat V4+VcU.

Then 7 induces upon translation a topology with F a basic neighbourhood system at 0 .

1:4 Theorem
(a) Ve,e,6,6>0 Fep,6)) + ¥(ey, b)) c H(ey + €y, 6) + b))
In particular, ¥ (€)) + ¥ (&) ¢ ¥ () + €5) .
(B) 0<e <€, 0<b <8 3N (e,8)+H(eg, ) cH(e;+ ¢, b+6)
In particular, 0 < ¢; < &, 2 ¥ (&) C ¥ (¢)
(¢) {¥(e,6):¢,8>0} forms a basic system at 0 describing upon translation a topology
Yo " on LO : the topology of convergence in measure.
This topology is also described by the system { ¥ (¢) : ¢ > 0}
(d) Ve>0, ¥(e) is balanced

(e) fnz(—:y‘—»f iff Ve>0 u{xEX:I(fn-—f)(x)|>e}-I—l—»O
(f) [C]3.1.2

y :
Iff AL f then there is a subsequence (f ) such that f 3, fand f 2
n ny n, ny

IY

au C
(g) I{ 2f then { —Huf
(h) [C]3.1.1

7
If X) <o andf 2241 then f —Eof

(1) The subspace topology of Ye " on L , 'ycu , has as a basic system at 0
L

®
w

{{fELm:u{xex:lf(x)I>e}$e}:e>0}



Proof

(a)

Suppose f, € ,V(ei', 6i) (i=1,2).

Let B, = {x € X: [f(x)| > ¢ }. Then p(E;)< ¢ .

Ifx¢ E; UEy then [(f; + £,)(x)] < |f,(x)] + |y(x)] e+ g
3 {xeX:|(f; +1)(x)] > ¢ + € }CE VE,
) p{xeX:|(f; +1)(x)| > € + €5 } ¢ w(Ey UE,) < u(E;) + w(E,) € & + 6,
3 fi+1,e (e +¢,6 +6)

(b)

Clearly Ve, 6>0 0€XN(e,¥).

Thus ¥ (¢ , &) = 0+ ¥ (eq s 6p)
C H(eg— €, 8y —6)+ ¥(e, &)
C ¥ (e, , 6,) , by (a)

(c)

In accordance with 1:3 , it suffices to show :—
(1) {¥(e,b):€,6>0} isafilter base
(2) Ve,6§>0 X(e, 6)issymmetric
(8) Ve,6>0 e, 6 >0suchthat ¥ (e;, b))+ ¥(e, 8) cH (e, d)

(1) Ve,6>0 -;—.Ixe.lf(e,é')
3 db#N(e,0) Ve, >0

It now suffices to recall (b)
(2) Since |f(x)] = |(-f)(x)| V x € X, this is clear.

(3) From (a) we have that 1/(%,%) + .V(%,g) C¥(e,d)

8



It remains to show that the system { ¥ (¢) : ¢ > 0 } forms a basic system at 0 describing upon
translation the same topology.

By the arguments already given, it is clear that the system

{¥():e>0}={W¥(e,¢€): e>0}indeed forms a basic neighbourhood system at 0
describing upon translation a vector topology.

Suppose €, 6> 0

Then ¥ (eAé) = N (ead, ead) c ¥ (e, &) c ¥ (evd, evd) = ¥ (evd),

and hence the two topologies coincide.

(d)

Supposef € ¥ (€),0 < [A] <1

Then p{ x e X: |(AD)(x)] > e} =p{xe X: |{(x)] >-|-i—l—}5,u{xEX: [(x)] > e} <e
3 Me ¥(e)

Thus ¥ (¢) is balanced.

(e)
(€)
Ve>0 p{xeX: l(fn—.f)(x)l >e}Lo
3 Ve>0 3n €N suchthat n2n_ 2 p{xeX:|(f —D)(x)] >e}<e

s f

()

Suppose € > 0

Suppose 0 < a < ¢ is given

In, suchthat n2n 3 p{xeX: |(f —f)x)| >a}<a
3 (m2n, 2 p{xeX: ([, -(x)] >e}<a)

3 p{xeX: [(f, —f)(x)| > ¢} B, 0, since a was arbitrary

9



(f)
e
Suppose f_ Ll g |
Choose a suitable subsequence (fnk) sothat f —felk (2~k) Vkel
k

Let Ay ={xeX: [(f, ~0) > 27%}

1]
Then u(A) <275 and p( U A) <2~ (kD)
i=k

[01] .
Forx¢ U A, |(f, —DE)| <27 ¢2® Viyk
Y .

1= 1

u (]
3 fn —f{ off U Ai
i i=k

®
Since u( U_A;) %0, it follows £ 2%
i=k k

® [11]
Suppose x¢ N U Ak

i=1 k=i
3 JieN suchthatxeAk Vk>i
s | —Dx)] <28 Vi
"
3 I(fnk——f)(x)l—-00 as k—o
[ ® o _(1_1) .
Now p(N UA)<u( UA)L2 VieN
i=1 k=i k=i
(“n mA.) 0, andso f 2%
3 p(n v =0, and so —
i=1 k=i X Ny

(g)

Suppose € > 0.

Choose E_€ % such that y(E ) < e and f B,f off E,

Then for n sufficiently large, [(f, —f)(x)| < e Vxe X -E,
3 {xeX:|(f,—D(x)] >e}CE,

3 f . —1€ J(e) for such large n.

10



(h)
Suppose ¢ > 0
Let A ={xeX: |(fn—f)(x)| > ¢}
o o
xeE N U Ak
n=1 k=n
3 VneN Ik 2n suchthat |(f —f)(x)| > ¢
2 )/~ 1(x)

w [ 1}

n=1 k=n
o n w
3 # U Ap) =0 since { U A} isa decreasing sequence of sets and p is finite. .
k=n k=n
s A0
7

ie f i1

n
(i)
Clear by definition of subspace topologies. a]

In the remainder of this Chapter we will work exclusively with the system { ¥ (e):e>0} .

However, the equivalent system { ¥(e, 6): ¢, § > 0} will prove useful in Chapters 2, 8 and 9.

1:5 Theorem [J]2.2.5;2.8.1
If E is a vector space and F a system of sets satisfying :—
F is a filter base
VUeF 3VeFsuchthat V+ VU
VUe7F, Uis balanced and absorbing .
Then ¥ induces upon translation a vector topology with F a basic neighbourhood system of 0 .

A vector topology is metrisable iff it has a countable base of neighbourhoods of 0. a

11



1:6 Note

By the results already obtained in 1:4, it follows from 1:5 that the question of whether or not

Teu OF e 4L are vector topologies depends upon whether or not the basic neighbourhoods
1o}

{¥(€): € >0} are absorbent.

1:7 Lemma
If p is semifinite but not finite then we can choose a disjoint sequence {F o) ne € ¥ such that
1<pF )<o VneN
Proof
It is easy to verify that
pis semifinite & VE€Y p(E)=sup{u(F):Fek,uF)<o,FCcE}

(Some sources e.g. [B] take this as a definition of semifiniteness.)

We construct the sequence {F_} by induction.
Since p is semifinite but not finite we can choose F; € & such that 1 < p(F;) < w

Suppose at the nth stage we have sets F1 y e Fn which are mutually disjoint and
1<p(F,) <o 1<i¢n

n
Then X — U F. is of infinite measure and hence we can choose Fn +1 € ¥ such that
i=1
n
cX— U F and’l<p.(Fn+1)<m o

F
n i=1

+1

The following simple argument is used so often that we extract it as a Lemma.

1:8 Lemma
Suppose f€ L0
ForneWM let X ={xeX:|f(x)|>n}

If 4 is finite, or even if u(X ) is finite for some n € N, then p(X ) Lo.

12



Proof

m
nX ={xeX: |[f(x)| =@ } is of measure 0 .
n=1

Xn is a decreasing system of sets.

The result follows by [C] 1.2.3(b) .

1:9
(a)
(b)
(©)
(@

Theorem

If p is semifinite then Teu is a vector topology iff  is finite.

There exists a non semifinite measure space for which 7cu is a vector topology.

There exists a non semifinite measure space for which 7cu is not a vector topology.

%WL
[11]

Proof

(a)
(¢)

is a vector topology.

Suppose p is finite.

'In light of the previous results (see 1:6) , it suffices to show thatV ¢ >0 ¥ (€)-is absorbing.

- Suppose f € L0 and e> 0.

By virtue of 1:8 3 N € Nsuch that p{x e X: [f(x)| >N} <e

()

3

3

3

3

p{xeX: g [f(x)| >e}<e
e (e

teX (e

¥ (¢€) is absorbent.

Suppose p is semifinite but not finite.

Let {F_}

nelN

be the sequence of sets indicated in 1:7

13



®
Let f= ¥ n/&
n=1 Fn
It is clear that no neighbourhood ¥ (¢) can absorb this function, and thus A,cu is not a vector

topology.

(b)

Let X = { 0 } and x({0}) = o

Then (X,Z,u) is a non semi—finite measure space.

Since f € L must now be finite valued, we can identify L, with R and ¥ (¢) with (—¢, ¢) .
Thus V ¢ > 0 ¥ (¢) is absorbing, so Teu is a vector topology (in fact, the canonical topology

on R).

(<)
Consider (R, B(R))
Define z on (R, B(R)) by
wA)=m(A)if0O¢ A
wA)=o if 0€A
It is easily verified (R, B(R) , 1) is a non—semifinite measure space , and that the
neighbourhoods 4 (€) do not absorb the function f(x) = x .

Hence 7, " is not a vector topology .

(d)
Every member of Lm (which is, of course, an equivalence class of functions) can be represented

by a bounded function from that equivalence class. The neighbourhoods ¥ (¢) clearly absorb

bounded functions, so by 1:6 e ulL is a vector topology. o
0 .

14



1:10 Theorem
(a) Teu is a Hausdorff topology.
(b) In the case that Teu is a vector topology, it is metrisable.
Proof
(a)
Since the topology is translation invariant, it suffices to separate 0 # f € LO and 0 .
So suppose 0 # f € L0
3 36> 0 suchthat p{xeX: |[f(x)] >} =c>0 (possiblyc=w) -
Pute:zlfmin{é,c} '
Thenf ¢ ¥(e) since p{ x e X: [f(x)| > e} 2 p{xeX: |f(x)| >} =c> ¢
Thus —£ ¢ ¥(¢) andsoO=f—f¢f+ ¥(e)

Assume for a contradiction that ¥ (&) N (f+ ¥ (¢)) = ¢
3 3ge€ Ly such that ge 4/ (e), g ef+ ¥(e)
3 g€ XN(e) and g—1e V(e
3 f=f—g+gek(e)+ ¥(e) C ¥(2)
3 p{xeX:|f(x)] >6}<p{xeX: |[f(x)] >2¢} < 2¢ < c, the required

contradiction.

(b)
Y i
follows immediately from 1:5

is a Hausdorff vector topology with a countable basis { ¥ (%) :n€lN}, sothe result

1:11 Corollary

'ycul L is metrisable.
¢ 1]

15



1:12 Definition [3] 2.7
Let E be a vector space. An F—seminorm is a map q: E - [0,0) with the properties :—
(1) a(Af)<q(f) VIeE V][A| <1
(@) lim Ak =0 VieE
3) alf+g)<q(f)+a(g) Vi, geE
(4) If q(f)=0 » f=0, then q is said to be an F—norm .
d(f, g) = q(f —g) defines a tranlation invariant (semi)metric in the case that q is a
F—(semi)norm .
A collection {qi}i eI of F—seminorms induces a vector topology on E with a subbasis for

neighbourhoods at 0 being { {feE:qf)<e}:e>0,i€l}

1:13 Theorem
Suppose Ye " is a vector topology . 1
(a) The function q: Ly~ [0,m): f—inf{e>0:f€ ¥(e)} definesa F—norm on L .
(b) The metric derived from q induces the topology 7 o
Proof
(a)
We verify the conditions (1) to (4) in 1:12 :—
(1)  Follows since every 4 (¢) is balanced
(2)  Follows since every ¥ (¢) is absorbent
(3)  Follows since ¥ (€;) + ¥ (ep) C ¥ (e + €)) Ve, e9>0

(4) Follows since N ¥ (e) = {0} as . is Hausdorff
>0 Cu

(b)
It is clear that ¥ (e) C {f€ Ly:d(f0) <e}c 4 (a) Ya>e

The result follows.

16



1:14 . Theorem (Riesz—~Weyl) [B] 21,4

A Cauchy sequence in ( LO(X,E,u) ' Teu ) is convergent. Hence if Teu is sequentially defined (in
particular if the topology is a vector topology, since it is then metrisable), then

( LO(X,E,/;) » Teu ) is complete.

Proof

Suppose (fn) is Cauchy in (L0 , 7c,u) .

By taking a subsequence if neccessary, we may suppose that YneN f 1 f ek (2—n)

LetE = {xeX:|(f £)(x)] > 27"}, then ,u(En)g2—n

n+l1~
® -n
LetF) = U E,, then '“(Fn) <2
i=n+1

fxeX—F  thenx€X—E Vk>n, so [(f,;~ §)0)] ¢27F Vk>n
ThusfoerX—Fn,m>n,r21

(e = £)(¥)]

m+r—1

< 2 (g~ 5O
k=m k+1 k
m+1—1

< ) 2_k
k=

¢ o—(m—1)

We aim to show that (f is almost uniformly Cauchy.
kel

N 6, so it suffices to show (f )— is uniformly Cauchy off

If6>0 3N el such that 2 .
kel

Fy-

17



Given € > 0, choose s € N such that s > N and 2—(8_1) < €
Ifm>sthenm >n, sofoerX—Fn,mzs,rzl
m—1] —(s—1
(g~ ) ()] < 2707 <7671 ¢
Hence (fn) is almost uniformly Cauchy .

There exists ¢ L such that £ 25+f [B] 21,2.
7
3 f —£ f 1:4(g)
Thus the subsequence converges, and so the original sequence converges.

The result follows. a

1:15 Theorem

The completion of Lm under Teu is the space of all functions (essentially) bounded except on a

~

set of finite measure, which we will denote by L .In particular, if g(X) = 1, then Ly is the

completion of L under Teu*

Proof

~n

As noted let L denote the space of functions (essentially) bounded except on a set of finite

measure.

~n

Suppose f € L and (via the canonical identification) that f is bounded except on a set of finite
measure.
Let X ={xeX:|f(x)] >n}
Let{ = foy x
n
By1:8 Ve>0 3INeN suchthat n> N3 u(X ) <e

It follows that n, m>N 3 f —fe (¢) and £ —1 € ¥ (e)

Thus the function f € L is the limit of a Cauchy sequence in Lm , and so Lm is included in

the completion of Lm .

18



Suppose (f n) is a Yeu Cauchy sequence in L_ .
Te
By 1:14, 3f¢ L0 such that fn——”—»f, and by the proof of that theorem, 3 (fn ) a
k

subsequence such that fn 84, f . Hence there exists I E ¢ X , (E) <1, such that
k

Liir

i X—E

d
Since L is uniformly closed, {4y p€ L_

Thus fe L . o
[11]

1:16 Definition
ForEEE,e>0,let.V(E,e)={f€L0:,u{er:|f(x)| >ep<e)
Let 5,={E€X: yE) <w}

1:17 Theorem

() VEEZ Ve ,eq>0: 4 (B, )+ N (E, ) CH(E, ¢ + )
b) VEEZ 0<e¢ <€ 3 J(E, ) CH(E,¢)

c

) Ve>0E, ,E €3, E;cE, 3 V(E,y,e)CH(E,¢)

1 H
d) {¥(E,e):E€X, e>0} forms a basic system at 0 describing upon translation a vector

(
(
(

topology Nep on L0 : the topology of local convergence in measure.

Ne

(e) f —£1

e Ve>0 VEeX ,u{xEE:l(fn—f)(x)|>e}9—oO

Te
o VEe3 f Ip—Eil,
Iy

(0 I f 21 then f —if

(g) The subspace topology of Nep OO L , is a vector topology with a basic system

o]

of neighbourhoods at 0 being { {f€ L_:p{x€E: [{(x)| >e}56}:e>0,EéEf}.

19



Proof
(a)

Similar to 1:4(a).

(b)

Follows from (a).

(©

Suppose f € ,V(Ez , €)
3 M{xeEy: [f(x)] >e}<e
3 p{kEEl:lf(x)|>e}56
3 feV(E;,¢)

(4)
In light of 1:5 it suffices to show :—
(1) {#(E,e):E€X;,e>0} isafilter base
(2) Ve >0 VE €% 3e>0 IE €l such that
¥ (Ey, e5) + ¥ (Eq, &) CH(Eq, €;)
(3) ¥ (E, ¢)is balanced and absorbing.

(1) ¥(@1)e{W/(E,e):E€X,e>0}
3 b#{V¥(E,c):E€l,e>0}

VEEZVe>0 5.2y €l(E,¢)

3 ¢#N(E, ) Ve>0VEeX

Suppose E, ,E262f and €1, € >0

Let E=E, UE, (ofcourse E€ %) and € = ¢ Ac,

20



Suppose f € ¥ (E , ¢)
3 fE.V(E,el) by (b)
3 fe ¥ (E, ¢) by (c)
Likewise f € ¥ (E, , €,) .
Thus ¥(E, e) CH(E;, )N ¥(E, , €) , and so the system is a filter base.

(2) Tt follows from (a) that ¥ (E , —5—) + ¥ (E, %) CV(E,e¢)

(3)

The same reasoning as in 1:4(d) shows that ¥ (E, €) is balanced.

Suppose f € Lol,e>0,E62f
By 1:8 AN eNsuchthat py{ x€e E: [f(x)| >N } < e
3 /L{xEE:ﬁr|f(x)|>e}$e |
3 NIEV(E, o
3 fe—lg.lf(E,e)
3 ¥ (E , ¢) is absorbent.

(e)

Follows as before.

()
Suppose { 2%+f and E € %
By (e) it suffices to show ¥ ¢> 0 p{x € E: |(f —f)(x)| > ¢} 2,0

For keWN, let By ={x€eE: [(f —f)(x)| > ¢}

1]
Let F, = U E, . Note that (F}) is decreasing.

i=
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xe NP s  x€F, Vked
3 VkeN 3i2k suchthat |(f;~1{)(x)] > e
3 £ (%) —/~ f(x)
(N Fy)
3 w N F)=0
k=1 X
s WF)%0, by[C]1.23(b), since yF,) < w(E) < =
3 WE,) k.0 since E CF,

¥
Thus fn—l—%f.

()
~ Clear by definition of subspace topologies. a
1:18 Note

If 4(X) < o, then the topologies of convergence in measure and local convergence in measure

coincide.

Proof

Ve>0 ¥(e)=W¥(X,¢€)

VEELS Ve>0 ¥(e)=¥(X,e)CH(E, ¢ o

Thus we need only discuss the topology of local convergence in measure when g(X) = o .
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1:19 Theorem

(a) o is Hausdorff iff y is semi—finite.

®
(b) Suppose p is o—finite, with {E_} a disjoint sequence in X, suchthat X = U E_.
n/nel 1 =1 1

n
The system { ¥( U E;, —Ilﬁ) :n,meN} isacountable base at 0 for Nep -
i=1

1, . .
The system { ,V(En , I—n-) :n,meN} is acountable subbase at 0 for Nep -
() m e is metrisable iff x is o—finite.

(d) The same results hold for 7 " .
L
o

Proof
(a)
()
Suppose x is semi—finite. Since N cu is a vector topology, it suffices to separate 0 # f € LO from 0
So suppose 0 # f € L0 |
36>0 suchthat p{xeX: |[f(x)] >6}=c>0 (c=uwis possible)
Let E={xeX: |[i(x)] > §}
By semi—finiteness, choose E € E such that 0 < /L(EO) <
p{x€By: [f(x)] > min {5, y(Ey)}}
> p{x€Ey: [f(x)| > 6}
= WE)
> gmin{4,uEy))
Thus f¢ ¥(E,,5min {8, Ey) })

=)
Suppose E €2 and uE)=o.
AF €Y 3e€(0,1) suchthat Xy ¢ ¥ (F, €)
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Then p{ x € F: [#p(x)| > €} = p(FNE)>e>0
3 E has a subset F N E of finite non—zero measure.

3 4 is semi—finite.

(b)
o 1
Consider the countable family { #( U E., =) :nm €N }
i=1

Suppose E € Ef and €e>0.

Choose m € [N such that %5 €
n
By using [C] 1.2.3(a) , choose n € N such that u(E - U E) <%—m
i=1
Then f € l’(U E. ’2m)
. 1 1
= u{xE‘UlEi.|f(x)| >:2-E}Sm
1=
s {xeE:[f(x)|>e}¢ - +uE~ U E)(p—+g==a<e¢
i=1

3 fe¥(E, e
n
So the system { ¥( U E,, Iln) :n,m € N} is a countable basis at 0 for Ney -
i=1

n
Suppose ¥( U E

1=

x —Ilﬁ) is one of the basic sets already considered.

For fe n ¥ (E;
i=1

l’mn)

u{xe U D FH(x)] >—~}

< p{xE.UlEi:If(x)l >%ﬁ—
i=

7 1
= I op{xeB: |f(x)] >

1=1
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n
< 5
j=1 ™0
- 1
- m
n 1 n n 1
So fe I’(iglEi,E), and thus iﬁl.l’( 1’mn)c'v(.__1 ')

Hence the system { ¥(E_, -;-1-) :n,meN} isacountable subbase at 0 for v, cu

()

Recall (1:5) that a vector topology is metrisable iff it has a countable base of neighbourhoods
of 0.
Hence if 4 is o—finite then % - is metrisable by (b).

Conversely, suppose 71’# has a countable base of neighbourhoods of 0 .

3  3{E }nemcEfEl{e}c(Om) such that {/(E_, ¢ ):nelN}isabaseatO.

Assume for a contradiction p(X — U E)>0.
n=1

By (a) pis semifinite, so 3Y € ¥ such that YcX—— U E and 0<u(Y)<w
n=1

Then VnelW p{x€E :|¥(x)|2¢€ }=pn¢)=0
3 0 ¢ dyek (En , en) ¥ n € N, the required contradiction.

Thus 4 is o—finite.

(d)
Clear since the functions constructed in (a) and (b) were characteristic functions, hence

members of Lm X ' )
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We now consider when 71c,u could be locally convex.

1:20 Lemma

Suppose G is a continuous linear functional G on (LO » Ne u)

G is of integrable type (thatis, 0<{f |0 » G(f ) —0)

There exists a function g € L such that G(f) = Jf gdp Vie L.
Proof '

Suppose G € (L0 , 71c,u) .
Suppose fn l0a.e.
Y
s f 0 1
3 G(f ) — 0 by the continuity of G .

Thus G is of integrable type.

We employ the Radon—Nikodym Theorem to derive the function g.
Define ¥(E) = G(xp)

1) = Glxy) = G(0) = 0

Suppose { E,, ..., E } ¥ are disjoint.

n n
It is clear that »( U E;) = ¥ y(E;) by the linearity of G.
i=1 i=1

Hence v is finitely additive.

Suppose {El} is an increasing sequence of measurable sets.

ae
Xp —/— X o
E; U E;
i=1
0
3 Xg ep, X by 1:17(f)
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e G(xg)— Glx= )
i
i=1

®
3 UE;) — /U E)
i=l1

Thus v is a measure by [C] 1.2.4(a)

HE)=0 » G(xg)=0 » »E)=0
Thus v << 1, and the Radon—Nikodym Theorem ([Fr] § 63) can be applied to derive a function

g€ L, such that

G(xg) = YE) = Jgdu VEeX
E
and G(f)=Ifgdu VieL, o

1:21 Theorem

For (X,Z,1) a measure space, exactly one of the following possibilities arises:—
(a) Y has a non—atomic set.
(b)  Xis purely atomic and all atoms are of infinite measure.
(¢)  Xis purely atomic and there is an atom of finite measure.

Then

in (a) Nep is not locally convex;

in  (b) LO = {0} ;

| in (c) Nep is locally convex, and is equal to the topology of pointwise convergence.

Proof

(a)

Suppose there is a non—atomic set E (for which x(E) > 0 ).

Assume for a contradiction that Ne " is locally convex.

There exists a continuous linear functional G such that G(IE) # 0, by the Hahn-—Banach

Theorem.
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By 1:20 3 g € Ly such that G() =Jfgd,u Vie L,
04 G(J’E) = J g du, hence p(supp(g) N E) # 0
E

Since supp(g) N E is non—atomic, we can ‘split’ this set by an inductive process into a sequence
w

of disjoint sets {G_}, such that u(G_)>0 VneN, (G )—0

Forn €N choose A_ € [R such that G(AnIGn) =1

N .
Now A IGn —£.0 since y(G,) — 0

3 G(A, xg ) — 0, by the continuity of G.
n

This gives the required contradiction, and so is not locally convex.
8 Nep y

We make a general observation before proceeding to (b) and (c).
Note that any measurable function is constant on an atom, and thus for the purposes of
considering measurable functions we may suppose such atoms comprise si'ngle points.

It also follows that f € LO vanishes on atoms of infinite measure.

It can be shown that an atomic measure is completely additive. This is an easy consequence of -
the fact that a summable set of positive numbers contains at most countably many non—zero

values. ([Pt] 1.1.5)

(b)

Ly = {0} follows immediately from the above observation.

(c)

It follows from the above observation that we may ignore those atoms of infinite measure. More

precisely, all members of L0 vanish on such sets, and hence (any mode of) convergence of
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functions is determined on the set of atoms of ﬁnite measure.

Suppose ¥ (E , €) is a basic neighbourhood of 0 in Nep -
Since E is of finite measure, it comprises at most countably many atoms.

Suppong:{xn:nEm}

n
Choose { x; , ..., x, ) CE such that y(E— U x,)<e
1 n =17

n
Then N {fe Ly: |f(x)| <e}CH(E,¢)

=1 J
Thus the topology of pointwise convergence is stronger than N e

Suppose P(i, €) = {f € L : |f(x;)| < €} is a subbasic neighbourhood in the topology of
pointwise convergence.

. 1 .
Then ¥ ({x;} , min { 5 u(x;) , €}) C P(i, ¢)

Thus Ne " is stronger than the topology of pointwise convergence.

1:22 Theorem

. . Ne . .
Suppose u is o—finite. Then fn —CL,f iff every subsequence of fn has a subsequence which

converges to f u a.e.

Proof

(=)
Choose (E, ) C ¢ such that E; TX

Y
Suppose fn ep f. Then any subsequence is also locally convergent to f in measure, so we

can denote such a subsequence again by (fn) .

7,
Now VkelN f X —Eifr
n Ek Ek

29



Choose a subsequence (f ) such that f Lifae on E; by 1:4(f)
. 1, 1,i '
Kt

At the stage choose a subsequence (f, ) of (f, ) suchthat (f ) L,fae on E .
i

.__]_,1 k,l
Let F, = {xe¢ Ey: fnk i(x) Lif(x)}. Then ,u(Ek -—Fk) =0.

Consider the sequence (fnk k)kElN , which is indeed a subsequence of (f,) .

’

11}
For xe U F_, dpeN suchtha.txer

p=1 P
3 . (x)5ix)
Py
. k . .
3 f - (x)=—1f(x) since ({ ) (k2p) is a subsequenceof (f )
e k T k M.

o o 11} o [0}
pX— UF )=y (X-— U EJ)U U(E —-F))<puX- UE)+ X pgE_ —F )=0
p=1p p=1 p p=1 P p p=1p p=1 P p

Thus f_ 2, ¢
k.k

(¢)

Suppose every subsequence of (fn) contains a subsequence converging a.e. to f.
Suppose ¥ (E , ¢) is given.

LetE = {xeE: |(f, —)(x)] >e}

Assume for a contradiction that ,u(En) -/-0.

3 36>0 3(ny) such that ME, )26 Vkel.
k

. ae
By hypothesis 3 subsequence (fnk) of (fnk) such that { =

i ki

Te
3 fnk.'rE —Ef 2, by L:4(h)
i
3 ,u(En ) — 0, the required contradiction. _ 1]
k.

1
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1:23 Theorem

Suppose p is o—finite, with {En}nelN 3% and E 71X

Define q : Ly [0,0) : f~+inf{e>0:fe F(E_ ,¢)}

Then {qn}nem is an increasing family of F—seminorms that are defining for Nep

Proof

The proof that g, is a F—seminorm for n € N is similar to the finite case.

Suppse q_(f) = @ (n22) andlete>a.

Thenfe ¥(E , €) = fel(E,_,,¢) since B, CE_
? qn—l(f) e
% q,_;(f) ¢ @ since € > a was arbitrary.

So {qn}ne[N is an increasing family of F—seminorms.

It is clear that ¥ (E_ , ) c {fe Ly:q (f)<e}cH(E ,0) Va>e

So the F—seminorms {qn}nelN are defining for Yep O

1:24 Theorem Adapted from the Riesz—Weyl theorem.
Suppose p is o—finite. Then (L0 g Cﬂ) is complete.

Proof

[11]
Let {Er}rem C I¢ be a disjoint sequence such that X = rilEr .
Recall from 1:19 that { ¥ (Er , ?111") :1,m € N} is a subbasic neighbourhood system at 0 for

New and that cu is metrisable.

In particular, it suffices to consider Cauchy sequences.

Suppose (fn) is a Cauchy sequence in (L0 » Ne #) .

An elementary argument shows that (f e ) is Cauchy in (L0 , 'ycu) Vrel
] T
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IY
For each (fixed)re N, 3 ¢ Ly such that f g S, {7 by 1:14
‘ I

It is clear that f'(x) =0 forx¢ E_

For xe X, 3relN suchtha,terr
Define f(x) = (x)
m
Fort€R, {xeX:f{x)>t}= U {xeX:f(x)>t} €3, sofe Ly
r=1 -
Note that {xp =1
T

I‘y
We claim that { —. {
Since { ¥ (E;, 1_11‘) : 1, m €N} is a subbasic neighbourhood system at 0 for cu’ it suffices by

’YC
1:17(e) to show that f_ :Er S, ”Er VreN

I‘y
But fn ¥ SE =t Xg Y1 elN,so the result follows. a
r r
1:25 Theorem

Suppose p is o—finite. Then (L0 N c,u) is the completion of (Lm ' N CM)

Proof
Follows as in the case for 7c,u by the above version of the Riesz—Weyl theorem. a]
©1:26 Example

Consider (N, P(N), c) where c is counting measure.
Since €) < €, ¥ (¢;) C ¥ (ey) we need only consider { ¥ (e): ¢ € (0,1)}
Foree(0,1) {(x ):c{neW:|x [2e}<e}={(x):Ix [<eVnelN}

So 7, = Il
By 1:21(c) , g cu is the topology of pointwise convergence.
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2 : REARRANGEMENTS of FUNCTIONS
and
BANACH FUNCTION SPACES

The ma.in purpose of this Chapter is to prepare for Section III . Most of the definitions and
results here are well known; however, the terminology and notation used has not generally been
standardised in the literature. Thus we introduce the concepts with notation analogous to that
that will feature in Section III, and give sources that contain proofs of the relevant results.

We present proofs for some other results which are less well known.
Supppose (X,Z,u) is a measure space.

2:1 Definition [L) § 2 and § 4

Suppose f€ L0

Let d:R—[0):t—p{xeX:f(x)>1t}

We call this function the distribution function and use the notation d,(f) , to indicate the‘

dependence on the function {.

Let A:[00) —=RU{w}:t—inf{0eR:dyf)<t}

We call this function the rearrangement of f and use the notation A(f) .

2:2 Proposition

The following are equivalent

(a) d(lf]) —0ast—w

(b) d,(lf]) is eventually finite

() felL
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Proof

(a)» (b)

Clear

(b) & (c)
d,(|f]) is eventually finite
& 3t>0 suchthat p{xeX: |f(x)] >t} <w

= fel
m.
(b) » (a)
~{xeX: [f(x)] >n }is a decreasing sequence of sets with intersection { x € X : |{(x)| = w }
having zero measure.

One of these sets has finite measure, so the result follows by [C] 1.2.3(b)

2:3 Definition cf. [KPS]II § 2
We now restrict attention to Lm

~

Two functions 0<f, g€ L_ aresaid to be equimeasurable if d, (f) = d,(g) Yt >0

~

Forfe L_the rearrangement of |f] is a decreasing right continuous function equimeasurable
with |f] . The rearrangement is unique and is determined by the formula
p:(0m) —[0):t—inf{0>0: d0(|f|) <t}

We use the notation ut(f)

Clearly p, (1, (f)) = p,(f)

For 0<fe L, (D) = A(f)

34



We list some properties of p, [KPS]II § 2
© 11 < lgl » m0 <)
2)  [H—all, <€ [lu@)—nel <
(3) /"’t(af) = a/"'t(f) ya>0
(4) ut1+t2(f g) < utl(f) utz(g)
(5) ut1+t2(f +g) ¢ utl(f) + utz(g)

(6)  liflly = lle, (Dl

2:4 Proposition - [L)§2and § 4
d,(f) (and hence d,(|f[)) and A(f) (and hence p(f) ) are decreasing and right continuous.

2:5 Definition [KPS] II § 2

It follows that lim p(f) exists for fe L_(since p,(f) is decreasing and positive) . We denote

t-w

this limit by 4 (1) .

It follows from 2:3 that
(1)l <lgl » p(D)<p/e)
@) =l —0 = p(f)—n ()
@) w(af)=ap(f),a>0
4)  wu(fg) <p (D es)
(8) p(f+g)<u d)+pe)
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2:6 Proposition

fel(et) o p(f)<e

Proof
fer(et) e  p{xeX :|f(x)] >e}<t

& d(lf]) <t

e p)<e o
2:7 Theorem

70
f i o p(f, —H)—0 V>0
Proof
g/
f — i © Ve, t>03INel suchthat n>N 3 f —fe k()
& Ve,t>03INeN suchthatn>N=>ut(fn—f)ge

& o -050 Vi>0 o

Our principle sources are [L], [Z] and [KPS] . We note that [L] , [Z] and [KPS] restrict
attention to finite measure, c—finite measures, and the space (0,0) (with Lebesgue measure)
respectively. We will be exclusively interested in the space (0,0) in Section III, so the approach

of [Z} and [KPS] will be sufficient for our purposes.

We thus restrict attention to the measure space (0,0) . We note however that many of the
results of this chapter can be generalised to more general measure spaces — usually the
requirement that (X,5,u) is semi—finite and/or Maharam is made. For details, see

[Fr] §§ 64, 65.
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2:8 Definition [Z)§63, [L]§11

A function norm p is a function p : L0+ —+ [0,0] satisfying :—
(1) f=0pae o pf)=0
(2)  paf)=apf) VieLT va>o
(3) Af+g)<plf)+pg) Vi, ge L0+
() f,geLyT 1< » A< Ag)

The domain of definition of p is extended to L0 by defining
A =) VieL,

and we define Lp={f€ Ly:f)<o}.

L p is a normed space with norm p

It follows from (4) that p has the special property that
feLO,geLp, ] < |g| 2 fELpandp(f)gp(g).
Thus L ) is solid in LO and pis a lattice norm.

A normed space with this property is usually called a normed Kothe space.

If this normed space is complete then L ) is termed a Banach Function Space.
Some authors (see [KPS] II Introduction) prefer the term ideal Banach lattice to emphasise the

fact that pis a lattice norm.

2:9 Proposition cf. [AB] 11.4
Suppose p is a function norm.

The following are equivalent :
(a) 0<fi<hy<.. lef » p(f) 1 o(f) .

(b) £ 241 2 p(f) <lim inf o(f )
n
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Proof

(b) » (a)

Clear.

(a) ».(b)

Suppose fngg-o
Let g_=sup |f, — 1] .
n k>n k

‘Then |f —1f|<g | 0.
n n e

Now [f —~f| <g, 2 [l = 11,1 <8,
s il —g, < I,
s (Il —gy)t <]

Furthermore 0 < (|{] —gn)+ T |f]
ae

Hence p(f) = plf])
= lim p( (|1 —gn)+ ) , by hypothesis.
n
< lim infp(lfnl)
n

= lim inf p(f ) . u
n

2:10 Definition

" A function norm satisfying the equivalent conditions of 2:8 is said to have the Fatou Property.

2:11 Theorem [Z] § 65 Theorem 1

If p has the Fatou property then Lp is a Banach Function Space. 8]
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2:12 Definition
A function norm p is said to be lower semicontinuous if fn ,T€ L[; and

{2913 p(f) < lim inf p(f, ) .

It is clear that the Fatou property implies lower semicontinuity; however, the converse is not

true. See 2:17.3

In what follows we suppose that

YVE€ X such that 4(E) >0 3FCE,FeX suchthatu(F)>0andJ’FeLp

- If this is the case then p is said to be saturated [Z] § 67

We will see in 2:22 that the function norms we will be interested in are always saturated.

2:13 Definition [Z] § 68

Suppose p = p(O) is a saturated function norm
FornelN, fe L0 we inductively define

o0ty = sup { [ 16l au : A" g <1, 8¢ 27 )

p(n) = p(n+2) for n > 1, and hence we need only consider p(O) , p(l) and p(z) which for
convenience we notate p, p- and p* " respectively.
Thus p"(f)=sup{J [fg| dp - p(g)sl,g€L0+}

p(f) = sup{J fgldp: p"(g)<1,8€ LT )

p” is called the first associate of p and p*™ the second associate of p

39



2:14 The First Associate Space [Z] §§ 68, 69, 71

p* is a saturated

p" has the Fatou

function norm

property (whether or not p does)

J |fg] du<p(D) p(5) Vi,geL, (Holder's inequality).

Ifge L  then 7g(f) = I fg dy defines a bounded linear functional on L p and |I7gll =p"(g) .

p
Thus there is an i

sometric injection L < L

p p

This result has a converse, as follows

The bounded linear functional G on Lp is of integrable type if
ngnlo,{fn}ch 3 G(f)) —0

*
Ge Lp is of integrable type < Jge L  suchthat G = 'yg

p

fel & Jlfgl dgp <o VgeLp

p

2:15 - The Second Associate Space (Z] § 66, 68, 71

p"* < p in the sense that p™(f) < p(f) V{e L,

For fe€ L0+ , P (f) = inf { 11i1m p(f ):0<f 11} (Lorentz Characterisation)

X

p  is a saturated function norm.

p" " has the Fato

u property (whether or not p does).

p=p & phasthe Fatou property.

- Hence if p has the Fatou property then

L =L
£ p

x

p and p" are associates of each other

Forfe L _,
S5

p(0 = () =sup { [ Igl du : @) <1, 8¢ L")
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Suppose p is lower semicontinuous.
Iffe L, it follows from the Lorentz Characterisation that p *(f) = p(f)

Thus L < L
p p"

and for fe L, p(f)=p""(f)=sup{J fgldu: p*(g) $1,8€Ly" )

x !

By restricting attention to the space (0,0) we introduce the possibility that

fel p ? pt(f) € Lp . This motivates the following definition.

2:16 Definition (KPS] II § 4
A Banach Function Space L ) is said to be rearrangement invariant, or symmetric , if whenever

fe Lp ,8 €L, and ut(f) = ut(g) Yt>0 thenge Lp and p(g) = p(f) .
By putting g = p,t(f) , it follows from 2:3 that f € L 3 ut(f) € Lp and p(p,t(f)) = p(f) .
2:17 Example

2.17.1
Forl1<p<ow, Lp={fEL0:J|f|pdm<m}

Then ||||p Lp——’lR:f-—’p J |f]P dm is a norm [C] 3.3.4
Lp is complete under || ”p [C] 3.4.1

It follows quite easily that Lp is a Banach Function Space.

-1l p has the Fatou property — this is immediate from the Monotone Convergence Theorem.

Lp is symmetric
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2.17.2

L is complete under ||.||

It follows quite easily that L(n is a Banach Function Space.
||.||m has the Fatou property

Lm(X,E,u) is symmetric

2:17.3

Il if u (f) =0

o ifp (f)#0

To show that pis a function norm, we verify conditions (1) to (4) in 2:7
(1) f=0& [H,=0 & aH=0
(2) By 2:5(38) p (af)=0 & (=0

Hence the property follows from the corresponding property of the “’”m norm

For f¢ L0+ put p(f) = [

(3) It suffices to consider f, g such that p (f) = /zm(f) =0

By 2:5(5) p (f+g) =0

Hence the property follows from the corresponding property of the ”'“m norm
(4)  If suffices to consider g for which p (g) =0

Then 0<f<g 2 um(f) =0 by 2:5(1)

Hence the property follows from the corresponding property of the [I.ﬂm norm

If [[f, —ffj —0 and /zm(fn) =0 VnéeN then um(f) =0 by 2:5(2)

It follows that Lp is complete.

If fe Lp , g€ Lp and p(f) = ;zt(g) Vt>0,then o (g) =4 (f)=0

It follows that L p is symmetric because L is Symmetric.
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i, fe Lp then f ,feL Vnel and hence ||ff| < limninf N
It follows that p(f) < lim inf p(f ) and hence p is lower semicontinuous.

n

Let f) = X(gq)- Then p(f))=1 VneN
f.1 X(0,0) ° and p(x(o,m)) = o since ut(x(o,m)) =1V¥t>0

Hence p does not have the Fatou property. o

We now wish to determine the smallest and largest possible symmetric Banach Function

Spaces.

2:18 Definition [KPS]I§3
Suppose L 5 and L o are Banach Function Spaces.
1 2

The intersection Lp nL ) is a Banach Function Space with norm
1 2

|Ifl} = max { Pl(f) ) Pz(f) }

The sum Lp + Lp = { f1 + f2 € Lp ,i=1,2} is a Banach Function Space with norm
! )

2 i
Iflj = inf { Ilflllp1 + IIfz,IIp2 =1 +1,, L€ L/’i ,i=1,2}
2:19 Theorem  [KPS]II § 4 Lemma 4.5

The intersection and sum of symmetric Banach Function Spaces are symmetric Banach

Function Spaces. 0
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2:20 Theorem

(a) LynL and L; + L_ are symmetric Banach Function Spaces

(b) [KPS]II§3.1

L + L_ is the associate space of LinL

@ @

(c) L;nL_ has the Fatou property

(d) L;ynL and L+ L_ are associates of each other.
@ o

Proof

(a)

L, and L_ are symmetric Banach Function spaces (2:17)

Hence Lyn Lm and Ly + Lm are symmetric Banach Function spaces by 2:19

(c)

Suppose 0 ¢ fn 11

Then |If Jl; 1 Ifll; and [I£,]|. 1 Il

Thus Nyl g = max (Gl 060, 1 1 max Ll 5 01, Y = 6l g
o m

(d)
Follows from (b) , (c) and 2:15 a
2:21 Theorem [KPS]II § 4 Theorem 4.1

Suppose L ) is a symmetric Banach Function Space.

Then L, NL_c Lp CL+ L (as sets and in the sense of continuous imbeddings)

Furthermore L1 +L CcL . o
™ [14] .

It follows immediately that a symmetric Banach Function Space includes the characteristic

function of any measurable set of finite measure. In particular, it is saturated.
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Furthermore, pt(f) is defined for any f € Lp .

2:22 Theorem [KPS]II § 4.6
IfL . is a symmetric Banach Function Space, then L _ (and likewise L ) are symmetric.
p ,
Forfel ,
P ‘
S0 = sw [ Ifgldm
v p(g)<1
= sup J /€] 4,(g) dm
p(g)<l
= sup Jﬂt(f) g dm
p(8)<1
= sup Iut(f) 1 (g) dm
p(g)<1
Similar characterisations hold forfe L __ . 0

P

We will have need of the following results in Chapter 10.

2:23 Definition [KPS] IT § 4.3
Suppose f € LO
Fora >0, definef(t) = f(at)

f a is sometimes referred to as the dilation of f by a

2:24 Proposition [KPS] II § 4 Theorem 4.5 Corollary 1
Suppose L ) is a symmetric Banach Function Space.
Suppose f € L

p
1 v
Then for a > 0, faeLp and p(fa)Smax{l,E}ﬂ(f)- ul
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$2:25 Definition (L] 6.1
Iff,ge L' then fis submajorised by g ( notated f<<g) if

JAt(f)dt < JAt(g)dt Vo> 0
0 0

Iff,ge L' thenfis majorised by g ( notated f<g) if

[01] @®
f<<g and J,\t(f) dt = JAt(g) dt
0 0

The restriction to functions in L, is made to ensure that the above integrals exist.
(fe Ly iff A(f)€ L)
However, if the functions involved are positive, then the above definitions are extended in the

obvious manner.

2:26 Proposition
cf. [L] 9.1

0
e Ll then I/\t(f) dt = N J f(t) dt
‘ 0 m(A)=0 5
[KPS] II § 2 (2.14)

0
If0<feL then J,u(f dt = J , o
2:27 Theorem cf. [KPS] II § 4 Theorem 4.9

Suppose L » is a symmetric Banach Function Space for which p is lower semicontinuous.

Ingf,geLp and f<<g then p(f) < p(g) -
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Proof

f<g
0 0

5 JAt(f)dtngt(g)dtV0>0
0 0
0 0

5 (D) dt < J k(g dt ¥V 0>0
0 0

m

3 . i (f) () dt ¢ J #(8) m(y)dt VYyeL by [KPS]II§2(18)
0 0 P

p(f)<p7(g) by 2:22

4

4

mf) <p(g) by 2:15
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-3 : TRACES

31 Definition
A trace on a von Neumann algebra X is a function 7 : Hr— [0,0] such that
(a) 'r(r+s)='r(r)+'r(s)Vr,sEll’|'
(b) r(As)=A7(s) VAeRT Vseut
@ (s s)=1(ss) Vsek.
In discussing traces we will refer to condition (a) as the linearity condition, (b) as the
homogeniety condition, and (c) as the commutativity condition. We make the trivial but

pertinent remark that in a commutative von Neumann algebra the commutativity condition is

redundant. |

3:2 Proposition

Suppose 7 is a trace on a von Neumann algebra X .

(a) 7is monotone i.e. it preserves order on i

(b) Ifr,se X" and r<s and 7(t) < o then 7(s—r) = 7(s) — 7(x).
(c) Ip,qe le and pw~qthen 7(p) = 7(q).

(d) Ifp,qe le and p g qthen 7(p) < 7(q) .

(e) pr,qe.llp and paAq=0 thgn 7(p) < 7(1—q) .

n n
() Ipy,..,p € le then T(illpi) < iﬁl'r(pi) .

Proof
(a)

Ifr,seX andr<sthen s—re AT and so 7(s) = 7(t + s—1) = 7(1) + 7(5—71) > 7(r)

(b)

Asin (a) we have 7(s) = 7(r) + 7(s—r) and so 7(s—r) = 7(s) — (1) since 7(r) is finite.
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()

A4 * * .
Ifp~qthen 7(p)=7(v v)=17(vv )= 7(q) by the commutativity condition.

(d)

Follows directly from (c) and (a).

(e)
Ifpaq=0 thenp=1~—p*=(paq)' —p'=p*va'—p'~g' =g Ap* <q' = 1q
by the Kaplansky formula ( [KR]6.1.7)

3 7(p) ¢ 7(1—q) by (d) .

(f)

We assume that T(pi) <o fori=1,..,n; the result is clear in other cases.

The proof is by induction.

The case n = 1is trivial, and so we make the inductive hypothesis for n—~1, namely that

n—1 n—1
(v Pi)S R T(Pi) .
i=1 1=1
n n—1 n—1
Then v p,—p,~ V D —(pn AV pi) by the Kaplansky formula.
i=1 i=1"1 i=1
n n
> (v p)—(p,) = (v p;—p,) by(b)
i=1 1=1
n—1 n—1
= 1( v p—(pya v p)) byl(c)
1= i=1
n—1 )
< ul V1pi) by (a)
1=
n n—1
+  r(vp) < (v p) + 7(p,)
i=1 i=1
n
< P T(pi) by the inductive hypothesis.

1=
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We now consider ideals of M determined by the trace 7.

3:3 Definition [T] pp 317, 318.
?T={sell+:'r(s)<m}
No={sed:r(ss)<n)
1(T={iélrisi: nelN,r,s €4}

3:4 Proposition Extracted from [T] V 2.13

'V'r is a self-adjoint ideal of A

Proof

Forr,se€ d,xe¥ (¥ the underlying Hilbert space)
<(r+s)*(r+s)x,x>
= <(r48)x,(r+s)x>
= N+

< Dl + loxl 2

= Jexl® 2 el flsxl] + flsxll®

< el el + s + s
=" 2 <rx,rx> + 2 <sx,sx>
= <2(r*r + s*s)x,x>

So (r+5) (t+5)<2(r t+5 5)

Henceifr,s e ¥ 'r then by monotonicity of the trace, r + s € V..
' * 2 *
IfAeC sek then(Xs) (As) = |A|"s s, soAsed .

Forr,se X

% % * * % *
rr¢lroof1=t%1, so (rs) (rs)=s5 r rs<[c)®s s.
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Henceifr € ;s € 4_ then rse .
Thus ,VT is a left ideal.

*
sed 3 (s §) < mw
*
3 7(ss ) <o by the commutativity condition
%
3 s € ,VT .

Thus 1/7_ is self—adjoint.

It is. easy to verify that a left (or right) self—adjoint ideal is a two—sided ideal,
and thus 1/7_ is a 2—sided ideal.

3:5 Proposition
A, is a seli-adjoint ideal of A
Proof

JlT is obviously closed under sums.

. .
'Ifizlrisiellr (ri,sie,l/,r);,\ec;aellthen

n
/\(iilri 5;)

n
and a( ¥ 1;s;)
=11

(Ar;)s; € A _;since Ar €4

II SERRSE
ok

(a r;)s; € H_;since ar; €4

Thus ,llT is a left 1dea.1.

n *
If i-E-lri SiEﬂT then (E sl) = 2 s I, 61(7_ since J/Tis self—adjoint.

Hence X 7_ is self—ad joint.

Thus # r is a 2-sided ideal.
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3:6 Proposition [T] V 2.16
Po=M nut
JlT is linearly spanned by 7,

The function 7 on ? , can be extended to a positve linear functional also denoted 7 on X r

such that r(s*)=:(-5 Veed,
ras)=r(sa) Vael,sel
7(rs) = 7(s 1) Vr,sed

Proof

S. €N

n %
If seJlT then s=.2 I s for some n e N T, 8 €N

1

%k
Y1<i¢n 1, s = ;11- i (s; + ikri) (s; + ikri) (The polarisation identity.)

k

no3 g k
1

1
ThuSS—I.E )

*
r.) (s; +1i
i=1k=0 o

(s; +1i r,)

Now s; + ik

*
r, € 4 (4_is anideal) so (s; + ikri) €N (¥ is self—adjoint)
k¥ .k '
3 (si+1ri)(si+1ri)€,ll'|'n.llr

3 JIT is spanned by It T

If further s € 4_N A¥ , then

0 < [

1 n " n *

1 n *

€ 'PT since s; + T, € .VT

3 s € 7_ by the monotonicity of 7.
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Suppose s € ’PT
3 31/2 €N
r

s s=6UH2eu nut,
Thus d_N AT =7,_.

We now extend 7 to A r : - R
It is immedia.te that .Il,r N J(h = 'PT - ’PT
Define ron XN a by r(s—r) = r(s) — 7(r) forr,s€?_
This is well defined for if
81 —I] =851 for 8y ,rl,sz,rze'PT
3 7(s;) + 7(ry) = 7(s5) + 7(1)

3 7(s;) — (r;) = 7(s9) — (z,)
Define ron d_= (4 _n th) +i(d N J(h) linearly.

Ifse ‘”’r then

s=sl--s‘.2+is3—is4 sl,sz,s3,s4ellTﬂ}l+
*
] =sl-—sz---is3+is4

*
So (s ) = 7(s) follows immediately.

Ifr,sel/T then

3 * *
7(r s) = 7( ikEO ik(r + iks*) (r + iks ) ) by the polarisation identity.
3 * * '
= % 5 ik ((r + iks*) (r + i¥s )) as all the terms are finite.
k=0
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1 3k k*y o ok .
= 7. % i 7{(r+is )(r+i's)) by thecommutativity condition.

3

1 .k k_* Kk ¥ ¥

= T(Zkiol(r+18)(r+18) )
3

X 1 ok ¥ _
FE ki) @ i)

* % *
ik(s+ikr ) (s+ikr ))

Ifac A, r,teJ/Tthen
a(tr))=7((at)r)=71(r(at)) =7((ra)t) = 7(t (ra)) = 7{(t 1) a)

3 7(as) = 7(s a) Vs e d_by linearity. ' O

3:7 Proposition [T] p 319
seM_ iff |s| €H
se . iff |s| € ¥
Proof
*
s =v|s| and |s| = v s for some partial isometry v € A .

Since X - and ‘V'r are both ideals, the result follows. u]

3:8 Proposition [T] p 319
1(T={sr:.s,r64VT}

Proof

The one inclusion is immediate from the definitions.

So suppose s € .I(T , and let s = v|s| be its polar decomposition.

Thens =v |s|1/2 ]s|1/2, so it will suffice to show that |s|1/2€ ¥_ (for then v |s|1/2€ ¥_).
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|s|1/2*|s|1/2 =|s| ed N =7

3 (|s]) < w
1/2
3 [s| "/ " ek
3:9 Corollary
J(T C .I/T
3:10 Definition

.llT is called the definition ideal of T .

)| . is the largest ideal in X to which 7 can be extended as a finite valued linear functional.

In the terminology of [D] , a trace is a function satisfying the linearity and homongeniety
conditions and which is unitarily invariant. The following result is equivalent to [D] 1.6
Corollary 1, where it is shown this definition coincides with the usual one. The proof that
follows is however entirely original and we feel more instructive.
3:11 Theorem
Suppose 7 : it [0,0] satisfies the linearity and homogeniety conditions.
Then v is a trace iff <is unitarily invariant.
Proof
(=)
Suppose 7 is a trace.
The claim makes sense, for if s € M andue .llu then u* suedt.
Sosupposeueku,seﬂ+. _

'7(u"= su) = 'y(u"= s1/251/2

= o620 (M%)
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. _
7((51/2 u) (51/2 u) ) by the commutativity condition

= As)

(€)
Suppose 1 satisfies the linearity and homogeniety conditions, and is unitarily invariant.
Consider
?7='{seu+;7(s)<m}
,V,y={sell:'y(s*s)<m}

n
ﬂ')' = {lE

_lrisi: nel,r, sie,l/,y}

’l’
Ifse,lf,y,uellu tfen
(us) us=s se?_.

* Xk 7

* *
and (su) su=u s sue€ 'P,y since s s¢€ 'P,y and v is unitarily invariant.

Thus us,suE,V,y.

* * *
Now if r,sE,V,Ythen (r+8) (r+s)<2(r r+s s), and so r+s€l’7.
Thus ¥_is closed under sums.

Hence aec M ,se ¥ ¥ 3 as,saelN y since such a can be decomposed into a linear combination
!

of unitary operators.

Thus 'ny is a 2—sided ideal of M .

Thus ¥, y is self—adjoint, since 2—sided ideals in von Neumann algebras are always self adjoint.
([KR] 6.8.9)

It follows as in 3:5 that )l,yis a self-adjoint ideal, and as in 3:6 that ?7 = (Jl,y)+ .

As in 3:6 extend 7 linearly from ’P,y to .ll,y .
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If se.l(,y,ue'.llu:hen Su,use.ll,y and
s u) = 7{u usu) = us), since 7is unitarily invariant.
3 «(s a) = y(as) for a € M since such a can be decomposed into a linear combination of

unitary operators.

*
Supposes s € 77‘

3 seN_ .
E y
3 s €X_, since ¥ _is self—adjoint.
’Y Iy
3 ss €7P_.
€

* *
By replacing s with its adjoint, it followss s € ’P,y &8s € ?'y .

- Finally, suppose s € X
* * * *
Ifs s¢’P,y,thenss ¢’P,y andso As s)=w=1ss ).

* * *
Ifs ,se’P,y, then s sell,y andso vs se.ll,y;withs=v |s| the polar decomposition of s.

B
Hence (s s)
* * . * * *
= v vs s) sincev vs s=§ §
*
( v has initial space the closure of the range of s s)
* %
= 7(vs sv ) by the commutativity result developed above.

* . * * *
= Yss ) since vs sv =ss

. Thus 7 is a trace. 0
3:12 Note

Since ,l(T is a *—subalgebra, its so—closure is a von Neumann algebra with identity that we will

denote by p r€ ,l(p . Clearly P, is the so—supremum of all the projections in ‘”'r .
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We show that P, is central.

Suppose u € .llu , it suffices to show that pu=up_
Choose {s;} ¢ .ll,r+ such that s, 0,p ’
* + . . . el eq s . * so ¥
Then u s, u€ .ll,r Viel since 7is unitarily invariant, and u s;u=—u p_u
*
* up.ue (.ll,l_)_so
% *
Now u p,.u is a projection, so u p.u <p, since P, is the identity here.

*
Likewise up_u Sp'r and so p,rgu p.u
*
Hence u p,u=p_ and so p,u=up_

The result follows : p,_¢€ (Z(ll))p o

3:13 Proposition
The following are equivalent

(a) 7(s)<o Vsed"

) Ml)<o

(c) A =4

Proof

(c) & (a) 2 (b)

Is clear.

(b) 2 (c)

.ll,r is an ideal containing 1, and hence JIT =M. o
3:14 Definition

A trace 7is said to be finste if it satisfies the equivalent conditions in the previous proposition.
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3:15 Proposition cf. [KR]8.1.1

I {: M— € is a linear mapping (not neccessarily bounded), the following are equivalent
(a) f(rs)=1(sr) Vr,se M

() f(ss)=1f(s s) Vse

() f(s)=1f(u su) Vsed Vuek

Proof

() 4 (b)

Clear.

(b) 2 (c)

Since s € X is a linear combination of positive elements of X , by the linearity of f it suffices to
check condition (c) for s > 0.

The result follows by imitating the method of proof for 3:11(=)

(c) 2 (a)
Suppose r,s€ K.

For ue}lu,f(us)=f(usuu*)=f(su)

) f(r s) = f(s r) by linearity of f, and the fact that r is the linear combination of four
unitary elements. 0
3:16 Definition

We say that fis a central form if it satisfies the conditions of the previous proposition.

3:17 Proposition
The finite traces are exactly the positive central forms.

Finite traces are norm continuous.
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Proof
Suppose T is a positive central form.

- Then 7 is clearly a trace, and is finite.

Suppose 7 is a finite trace.
Then 7 is a positive linear form, and is thus norm bounded. [KR] 4.3.2

By definition, 7 is central. u]

3:18 Definition

A trace 7 is said to be normal if {Si}ieI cut ) 8 lo §3 'r(si) 1 7(s) .

3:19 Proposition |

The finite normal traces are exactly the positive uw—continuous central forms.

Proof

By the previous proposition, the finite normal traces are the positive central normal forms.
The normal forms on A are exactly the uw—continuous forms. ([D] 1.4.2 Theorem 1)

The result follows. o

3:20 Proposition

Suppose 7 is a normal trace and s; l 820
$0

If r(s; ) <o for someij €I, then 7(s;) | 7(s)
0

Proof

s: ] s ) s: —s. 1 s. —s

'so "o 'so 0

3 (s, — si) T r(s; —s) by the normality of 7
0 0

3 'r(sio) —(s) 1 T(Sio) —71(s) by 3:2(b)
3 7(s;) | 7(s) 0
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3:21 Proposition

T(Pi) .
iel

If 7is normal and {p;}. ; CA_then 7(v p.) <
i/iel = 7p jer |
Proof
For J¢I,J finite, 7(v_p;) < ¥ r(p;) ¢  7(p;) by 3:2(f).
ieJ . ieJ iel
Now v p. is the so limit of the increasing net (v p;) ..,andso (v p.) < E (p,)
iel 1 i€ i’Jcl, J finite° ic 1_ el A
by the normality of 7. o

The following three propositions are usually stated for uw—continuous positive forms
e.g. [SZ] 5.15 . As almost exclusive use is made of the normality (rather than the continuity as

such) there is no difficulty in generalising these results to normal traces as follows :—

3:22 Proposition

Suppose 7 is a normal trace.

Forrell+,r(r)=04=b'r(s(r))=0.

Proof |

@

Suppose 1 € At and (r)=0.

Let {et(r)}tZO be the spectral resolution for r .

Since r (1 —-et(r)) 2t (1 —et(r)) Yt>0,

0= () 2 (r(L—eyr)) ) 2 7(t (1 —e(r))) =t (1 —e,(r)) .
3 1(l—gfr))=0V¥t>0.

As 5(r) = sup (1 —e(r)) , so 7(s(r)) = 0 by the normality of 7.

t>0 : .

() |
Suppose r € X and 7(s(r)) = 0.
Then t < ||t]| 8(r) , so 7(r) < [Iz|| 7(s(r)) = 0. o
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3:23 Proposition
Suppose T is a normal trace. -
Then the family {p € X - 7(p) = 0 } is upward directed, hence has a supremum whose
orthogonal complement will be denoted s(7) ; the supportof 7.
The said supremum is the greatest projection annihilated by 7.
Proof
It suffices to show that { p € le :7(p) =0} is upward directed.
Suppose p,q € le and 7(p)=17(qQ)=0.
3 1p+a=1p)+r(q)=0.
3 7(s(p+4q)) =0 by 3:22.
3 pvq)=0 since pvaq=s(p+4q) 0

3:24 Definition

A trace 7 is said to be faithful ifse}l+,r(s)=0=>s=0. ‘
A family of traces {r;}; ; is said to be sufficient if 0 < s € T 3 3ielsuch that T;(s) #0.
Clearly {r} is sufficient iff 7 is faithful. *

3:25 Proposition

A family {r.}, ¢ ©f normal traces is sufficient iff v s(r;)=1.
' i€l

Proof

Suppose v_s(r;) = 1,re)l+,7i(r)=0 Viel

iel
3 7(s(r)) =0 Viel by 3:22

3 s(r) ¢ 1—s(r;) Viel

3 s(r) ¢ i/e\I (1- s('ri)) = 1 —i\ells('ri) = 0
3 s(r) =0

3 r=20
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Conversely, suppose {Ti) is sufficient andlet p= v s(ri)

i€l

i€l
1-p = A (1-5(r)) < 1-8(r) Viel
i€l

3 Ti(l—p)=0 Viel

3 1 —p =0 by the sufficiency 3]
3:26 Corollary
A normal trace 7 is faithful iff s(7) =1. o
3:27 Proposition

If 7is anormal trace, then s(7) € (Z(Jl))p
Proof
Suppose u € K, it suffices to show s§(7) u=us(7).

* *
Since 7 is unitarily invariant, 7(1 —u s(7) u) = 7(u (1 —8(7)) u) = 7(1 —s(7)) =0

*
3 1—us(r)ugl—s(r) as 1—s(7) is the largest projection annihilated by 7
" .
3 §(7) <u s(t)u
The result follows as in 3:12. o
3:28 Definition

A trace 7 is said to be semifiniteif V0 <se M 30 <r <ssuch that (r) < w.

The definition of semifiniteness given here (condition (a) in the following proposition) is the
most common in references e.g. [T] V 2.1 ; [SZ] 7.13.

[N] p 105 (implicitly) defines semifiniteness as condition (b) in the following proposition, which
we show to be equivalent to (a) . |

[D] 1,6,1 defines semifiniteness as condition (e) in the following proposition, which seems only

to be equivalent to (a) and (b) under the additional assumption of normality.
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3:29 Proposition

If 7 isatraceon A, the following are equivalent

(a) 7 is semifinite i.e. Y 0<s¢€ Mt 3 0<r¢s such that (1) < o
(b) Vsed s 1 s such that 7(s) <o Vi€l

() 4 C=u

(d p,=1 |

If in addition, 7 is normal, then these conditions are equivalent to :—
(e) V sedt 7(s) =sup { 7(r): 0<1¢<s, 7(r) <o}

Proof

(a) # (b)

Suppose 0 < s € it

Let {s;}; ¢1 be a family of operators maximal with respect to

5: >0 Viel, 7(s,) <o VieI, ¥ s.<s V finiteJCI.
! ! ieJ !
Clearly I # ¢ by hypothesis .

Then (igJ si) finite J ¢ I forms an increasing net bounded above by s, so by the Monotqne
Convergence Theorem (igJ S:)finite J c I lo r<s (say).
Clearly 7( 2 s;) <o VfiniteJCI.
ieJ
Assume for a contradiction that s—r > 0.
By (a) , choose 0 <t<s—r suchthat 7(t) <w.

Then t can be included in the family {si}i el contradicting the maximality of I .
Hence (X s.). . T s, and (¥ s)g . is the required net.
i€ 1ﬁmteJcIso icJ i/finite J C I

(b) 2 (c)
By (b) ?,. is so~dense in A+

3 .ll,r is so—dense in X .
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(c) # (d)

Clear.

(d) » (b)
By definition of S {pi}ieI C?,_ suchthat p, T 1

S0
_For s'€1l+, 81/2pi81/2 1 s1/21s1/2'=s
‘ S0

Since JlT is an ideal, s1/2 P; sllzell,r Viel
e r(st/2p s <o viel

(b) # (a)
Clear, sinceif s; T s> 0, then 5, > 0 for somei €I
- s0

Suppose now that 7 is normal.

(b) #(e)
Suppose s € Jl+ .
It is clear that (s)dsup {7(r): 0<r<s,7(r) <o}

By hypothesis, 3 s, 1 s such that 7(s;) <o V i€l, and by normality of 7, 7(s;) 17(s) .
s0 .

Hence %(s)gsup{r(r):0$r5s,r(r)<m}

(@4

Clear. . -
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The following elementary result will often be useful.

3:30 Proposition ,

Suppose 7 is a faithful semifinite normal trace.

Then YO <se X 36>0 Hpe.llp such that 0 < 6p<s and 7(p) < w
Proof

Suppose 0 < s € ll+

By the faithfulness of 7, 7(s) > 0

By 3:29(e) 30<r<s suchthat 0 < 7{r) < w

Then 0 < r by the faithfulness of 7

36>03pe .llp such that 0 < §p <r, by the Spectral Theorem
Then 0 < 7(ép) =6 7(p) < 7(1) < @

2 0<T(p)<m

3:31 Theorem

Suppose T1is a trace on K.

For 0.# ee€ .llp , define 7, : .lle+ — [0,0) : 5, — 7(ese)

Then To is a trace on M o

We will call Te the reduction of T to H,

If 7 is faithful (semifinite, normal) , then so is 7,

7, is finite iff 7(e) < w

Proof

Since (r + S)e =To+ S, and (A s)}o=As, forr,sel and X€C, thelinearity and

homogeniety conditions are immediate.
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* *
ForseHd, 7. s, s,) = T((s €s))
*
= 7(es eese)
*
= T(esees e) by the commutativity condition for 7
. _
= T((se i )e)
= To(S¢ Se ).

So Te satisfies the commutativity condition.

Suppose 7 is normal.

s: T s ) es.el ese

'eso © ' so
3 7(es; e) 1 r(e s e) by the normality of 7
3 re(sie) T 7(8e)

So Te is normal.

Suppose T is faithful

To(se) =0 3 T(ese)=0
3 e s e = 0 by the faithfulness of 7
3 Sp = 0

So Te is faithful.

Suppose T is semifinite.
Suppose 0 < S € Hy 're(se) >0.

3 0<ese and r{ese) >0

3 Jre M suchthat0<r<ese and 7(r) < o, by the semifiniteness of 7
We claim thatr =ere

Let q=1—e¢e

Forx € ¥, <qrgx,x> = <rgx,qx> ¢ <ese<1x,qx> =0,s50 qrq=290
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*
Now qrq=(r1/2q) (r1/2q), sor1/2q=0

1/21‘1/2q=0, a.ndqr=(rq)*=0

Hence rq=r
Thus r=ere+erq+qr=ere
Thus 0 <ere=r<ese
7(t) <w 3 7(ere) < m since H_is a two sided ideal.
Thus 0 <r, <s, and Te(l‘e) <o

Hence T is semifinite.

Ty 18 finite
= Te(le) <w

= T(e)<m.

3:32 ~ Theorem
Suppose 0 # e € (Z(J())p and 7 is a trace on A,
Define 7° : 4T — O] : s — 'r(se)
Then 7° is a trace on A
We call 7° the estention of r from He
If 7is normal (semifinite), then sois 7°
If 7 is normal then s(7) = s(7%)
(where s(7) is canonically considered to be a projection in X rather than in le )

Proof

By simliar reasoning to 3:31, the linearity and homogeniety conditions are clear.

Suppose s € X

Te(s* 5) = 'r((s* 5)e)

*
= 7(s, sp) since eis central
*

= 7(sg S ) since 7is a trace
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*

= 7((ss ),) since eis central
e *
= T(ss)

So 7° satisfies the commutativity condition.

Suppose 7 is normal.

s;1 s ink
80
3 es,e] ese
SO
3 s. T s
'eso ©
3 7(s; ) T 7(s,) by the normality of 7
e
e e
? T (si) T7(s)

So 7° is normal.

If 7, and thus 7°, are normal, then

(1 - 8(r%)g) = (1 —8(1%)) = 0
3 (1—58(r%) < 1-5(7)

3 s(7°) e 2 5(7) (as projections in X)
3 es(r%) e s(7) (as projections in K)
s s(r%) =es(r®) e + (1-¢)s(r°) (1—€) 2 8(7)

and 7°(1 —s(r)) = (1 —5(1)) =0
s 1-s(1)<1—5(r%
3 s(7) > s(7°)

Hence s(7) = s(7°)
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Suppose T is semifinite
Suppose 0 < s € X and 7°(s) > 0.
3 7(sg) > 0
3 30 <1, <s, suchthat 7(r) <o
Now r(ere) = 7(rp) < w
and 0 <ere<ese<s, thelast inequality following since e is central.

Hence 7° is semifinite.

We will have need of the following results in Chapter 10 and Chapter 12.

We suppose 7 is a faithful semifinite normal trace on X

3:33 Definition

M is said to be non—atomic if it has no minimal projections.

3:34 Theorem

Suppose K is non—atomic.

Suppose p, q € le andp<q.

If 0¢€[r(p), r(q)] then thereexists e, € J{p such that p<e,<q and 7{ey) =0
Proof

Suppose p, q, ¢ are given as indicated.

Let (le)O ={ee€ ,llp :p<e<q and 7(e) < 0} with the usual partial ordering.
(.llp)o # ¢ since pe (.llp)o.

Suppose {e;}, ¢] is an increasing chain in (,l{p)o . Then {e;}, ¢ is bounded above by q, so
e; T e (say) , e € A by the Monotone Convergence Theorem [KR] 5.1.4

Clearly e € le .

By the normality of 7, 7(e) < 0.
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Hence € € (le) 0 |
Thus every chain in (le) o has an upper bound in (le) g - BY Zorns lemma, there exists a

maximal element e 0

We contend that 7(eg) = 0.

Assume for a contradiction 7(ej) < 0.

Since 7(q) > 0, it follows 7(q —e 0) > 0. Then by the faithfulness of'r , O <q-¢;.

By the semifiniteness of 7, choose 0 < e;fa-e suph that 'r(el) < o . By 3:30 we may

suppose e, € le .

We now construct a sequence of projections (en) inductively.
th _

At the n*" stage (n 2 2) decomposee ,ase ,=p _;+q _, where

04# P19 € le . This is of course possible by the non—atomicity of X .

Let e be thatoneofp, _,,q, , with smaller trace.

Then q—eozelzezz.... |

and 7(e ) | 0 since 7(e ) < o—(n-1) 7(e;) -

3 3nel suchthat r(e ) < 0—1(ep) .

Then ej+e € (le) g the required contradiction.
Hence r(ep) = 0. o

The previous result applies to some fixed 0 € [7(p) , 7(q)] . We will need to stréngthen this

result as follows.
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3:35 Corollary  cf. [MvN2] 3.1.2
Supposep, q € le and p<q
VOe[r(p), m(q)] Jepe le such that

p<epsq

meg) =0

0, < 0y = e01 < e02

{e 0} is continuous on [7(p) , 7(q)] (in the sense of strong operator convergence)
Proof
It is clear we may suppose 7(p) < o

We first deal with the case 7(q) < o

Put e )=P and eT(q)=q

7(p

Choose a sequence {ay} n which is dense in the interval (7(p), 7{(q))

We construct a sequence {e by induction:

an}nGIN

Apply 3:34 top, q, and a, to derive e €M
a " p

Suppose we have constructed projections {ea y s € } satisfying
1 n
pseaiSq 1<i<n
'r(eai)=ai 1<i<n
o:i<a‘i 2 Cai<caj 1<i,j<n

Choose from { p, q, € '€, } the largest possible projection with trace value less than

y eee
al n

or equal to i and the smallest possible projection with trace value greater than or equal
to o4

Apply 3:34 to the two projections thus chosen and to « to derive e .
n+1 iy
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It is then clear that

ple, €q 1<ic<n+1
1

T(eai)=ai 1<i<n+1

.ai<aj=> e01i<eolj 1<1,j<n+1

" It follows by induction that we derive projections {e o }ne[N satisfying
“n

p<e, <q neN

For 0¢€ (r(p),r(q)) let e,= v e
J a <0 %
n ‘
This definition is unambiguous in the sense that it agrees with the already defined projections

ean for0e{a :nel}

7(ey) = { ve
= sup 7(e o ) by the normality of 7
= sup a
an$0

= 0 asthe sequence {a,}en was dense

01< 02

3 3dneN suchthat 0, < o < 0,, again because the sequence {a} was dense

nelN
2 e <e
0) = "0,
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Suppose 0 € [7(p) , 7(q)]
If [r(p),7(q)] > 6,1 0 then the net e, is increasing and bounded above by e p» hence
i

so—convergent to the upper bound, e (say).

7(€) = 0 by the normality of 7.

Thus 7(ey—e) = 7(ey) —(e) = 0~ 0 =0, and so ey = e by the faithfulness of 7.
ie e 0 Teg

A similar argument holds if [r(p), 7(q)] > ¢; | 0

Now consider the case where 7(q) = o
In the above arguments, the continuity of the system {e 0} at q relied on the finiteness of 7(q) .
Nevertheless, a slight modification of the argument shows that continuity at 7(q) can be

arranged.

Since 7 is semifinite, we can find {qi}iEI C .llp , T(qi) <w Vi€l suchthat q; Tq

Note that 7(q; v p) < 7(q;) + 7(p) < @, s0 by replacing each q; by q; v p, we can suppose
q2p Viel '
Put 9 =P

from {q;};1 such that

We choose a sequence {q,}, .y

q, 29,1
7(q,) 2 n + 7(p)

a, Ta

Apply the arguments of the first half of this result to each of the pairs 9,9 of projections.

n—1
The subsystems { ep: T(qn) <0< r(qn +1) } are all continuous, and so the system
{eg: 7(p) < 0 < 7(q) } is continuous.

- Moreover e, q as 0] o since q;, 1q asn o o!

74



4: EXAMPLES of TRACES

We consider various von Neumann algebras and construct what are considered to be the
canonical traces on these algebras. In general we aim to construct faithful (semi)finite normal

traces for reasons that will become apparent in Chapters 5 and 6.

Commutative von Neumann Algebras

We note that A is a commutative von Neumann algebra iff X is *—isomorphic to Lm(X,B(X),u)

for some localisable measure space (X,B(X),z) . We may suppose p is semifinite.

See [T]1I11.18; [S]1.18; [Sgl].

We recall for the reader’s convenience the obvious fact that any commutative von Neumann
algebra X is finite (and hence semifinite) — irrespective of the finiteness or otherwise of any

~ measure space (X,%,u) for which X 2 Lm(X,E,u) . We also recall that in a commutative von
Neumann algebra the commutativity condition for a trace is redundant.

4:1 H=C,T=C

riCt = [0,) — [0,0) : s — s is clearly a faithful finite normal trace.

4:2 ﬂ:lm, 1:

+ ]
We define 7: [® — [0,a] : (x) — Elxn .
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4:2.1 Theorem
7 is a faithful semifinite normal trace on [® .

Proof

+ +
1% ={(x ) €l®:x 20 VneWN}, soindeed 7: I” — [0,a]

7 clearly satifies the linearity and homogeniety conditions, and is thus a trace.

m+ ‘
If(x )€l” then

r(x,)) = 0
[4 1)

3 Yx =0
n=1 1

3 xn=0 Vnel

3 (xn)=0

Hence 7 is faithful.

+
If0#(x)€ [® then In el such that x, #0
Then the element (y ) where y =6  x_ satisfies 0 <(y )< (x ) and ((y )) <w.

Hence 7 is semifinite.

Suppose (x_); T (x;) ,then (x ); T (x ) pointwise.
$O

We denote (xn)i as (xni)
((x,)) )
7((x = Y x
n =1 1
[4 1)
= ¥ sup X s
n=1 i
3
= sup X_.
i n=1 ™

(interchanging the summation and supremum since all terms are positive)
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= s 7((x;))

Hence 7 is normal.

4:2 is a special case of :

4:3 A= Lm(x,E,p) 1= L2(X,E,p) , 118 a semifinite measure.

We define 7: L+ — [0,0] :f——»dep.

4:3.1 Theorem
7 is a faithful semifinite normal trace on Lm .
Proof

7 is clearly a trace, by the linearity and homogeniety of integration.

+
Suppose 7(f) = 0 for fe L”
3 pxeX:f(x)#0} =0
3 f =0 since we are considering equivalence classes of functions.

Hence 7 is faithful.

Suppose 0 < fi 1 1.
$0

Assume for a contradiction that J fdp1a< J fdu

For n € N, choose fine{fi:iel} such that inndp> a—% and finzfi

Then {fin tn€MN} isasubnetof {f, :i€I} andso fin 1 f ae.

Thus J fi du 1 J f dy by the monotone convergence theorem.
n

n—1

Thus J fdu > a, the required contradiction.

Hence 7 is normal.
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Suppose { € L“’+ and J fdut0

3 JEeX suchthatp(E)>0»36>O such that 1> § xp
By the semifiniteness of y, choose F ¢ E such that 0 < y(F) < o .
Then § u(F) =J6xF d,ugjfdﬂ and §u(F) < w.

Hence 7 is semifinite.
It is clear that 7 is finite iff ux is finite.

Matrix representations and ‘diagonal’ traces.

4:4 Matrix Algebras
Consider any von Neumann subalgebra X of M_(C) , the algebra of nxn matrices over C .

We write such a matrix A as (Aij)

4:4.1 Lemma
+
Suppose Aa A€ Mn(dl)
(a) A;20 V1gi¢n
(b) A=0mAii=OV1g'ign

(c) AaloA 3 (A TA; Vigi¢n

Proof

" Let B be the positive square root of A.
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(b)
If A =0 then certainly Aii=0 V1<i<n

Suppose Aii=0 Vi<i<n

L 2
3 T |B..|“=0 Y1<i<n
. ]J
=1
3 Bij—o V1<i,j<n
3 B=
3 A=
(c)
Note that Aii = <Aei,ei> where { €1, s €y } is the canonical base for ¢"
Hence A T A
80
3 <Aaei’ei> T <Aei’ei> 1<i<n

n
We define r:!l"'-—o[O,m):A——o.E Ay

1=

4:4.2 Theorem
T is a faithful finite normal trace on A.

Proof
By 4:4.1(a), 7(A)20 VAekt

Linearity and homogeniety of 7 are clear.
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fATA) =

B s | s
—
e =
> 2
o

[
[y
T
ek
bk o
Css
[
i @

So the commutativity condition follows, and 7 is a trace.

{A) =0

3 A.=0

11

e ]

i=

3 Aii =0 1<i<n (4:4.1(a))

3 A=0 (4:4.1(b))

Hence 7 is faithful,
Clearly 7 is finite valued.

.AaTA
SO
3 (Aa)ii TA; 1<i¢n (4:4.1(c))

n n
c@ i'zl (Aa)ii 1 iil
3 T(Aa) 1 7(A)

Hence 715 normal.

Ay

80



4:5 Finite dimensional von Neumann Algebras

It is well known that for any finite dimensional von Neumann Algebra 4 (= finite dimensional

* m
C —algebra) there is an isomorphism X — @ M_ (C) for some positive integers
k=1

m,n;,..,0 .m is uniquely determined and the ni’s uniquely determined up to

m
permutation.

([T]I§ 11)
o n
Withn= X n , it follows that X is isomorphic to an algebra of nxn matrices acting on €™ |
k=1

with the usual matrix sum, scalar product, product and adjunction operations. Thus we have
an injection X <=M _(C) : s — [s]
We can exploit this isomorphism to construct a trace on M, the matricial diagonal trace.

' n
We define 7: 4T — [0,0) : s — % [s];; . It follows from the isomorphism and 4:4.2 that 7is a
i=1 :

faithful finite normal trace on X .

Both of the concepts already mentioned — the representation of a von Neumann Algebra as a
matrix algebra; and the idea of a diagonal trace, can profitably be generalised to the infinite

dimensional case.
4:6 The von Neumann Algebra BL(®)

Suppose ¥ is a Hilbert Space, and let {ei} be an orthonormal basis for ¥ .

i€l
Then s € BL(¥) can be represented as a ‘matrix’ [sij]i el
5 i= <sej,ei> . It follows from simple calculations that addition, scalar multiplication,

with scalar entries where, in fact,
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multiplication and adjunction obey rules analogous to the finite dimensional case :—

(ws)iy= 2 ik S

3 R %
§ij= %5

Thus the ‘matrices” corresponding to members of BL(%) form an algebra with matrix—type
operations, which justifies calling the system { [si j]i 1 S € BL(¥)} matrices.
)

([KR] 2.6 : Matrix Representations)

4:6.1 Lemma
Suppose 8,05 € BL(')()+
(a) ;20 Viel
(€) soT 8 2 (s )y;1s; Viel
SO
Proof N

Similar to 4:4.1 )

We define 7: BL(?()+ — [0w] :5s— ¥s.= X <se,

= ,6:>
iel ! qer 1

4:6.2 Theorem

7 is a faithful semifinite normal trace on BL(¥), the diagonal trace on BL(¥) .
T is finite iff ¥ is of finite dimension.

Proof

7 has range in [0,0] by 4:6.1(a) .

T clearly satisfies the linearity and homogeniety conditions.
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* * * * *
Fors e BL(¥) , 7(s s) = X <s se,e,> = ¥ <e;s5 > = ¥ <s5 e,e> =7(ss )
iel iel iel
So 7 satisfies the commutativity condition, and thus is a trace.

Note that the matrix [Sij] representing s € BL(¥) is dependent on the choice of orthonormal
base. Nevertheless, we show that 7 is defined independently of the choice of orthonormal base.
If {fi}ieI is another such orthonormal base, then there exists a u € BL(%), such that

Then for s € BL(?()+ ,

iel iel .
= I <u sue,,e;>
i€l
*
= (u su)

= 7(s)  since 7 is unitarily invariant.
= Y <se.,e.> .
iel !
Suppose s € BL(?()+ and 7(s) = 0
3 5. =0 Viel
3 s=0 by 4:6.1(b)
Thus 7 is faithful.

s 1 s
%50
3 (sa)iiTsii Viel
3 ¥ (s ) ¥s..
a’il TieI"

iel
3 (sy) T 7(s) .

Thus T is normal.
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Note that for any p € J(p , 7(p) = the rank of p = the Hilbert dimension of the range of p .
Suppose 0 # s € ' . Then by the spectral theorem 346> 0 Ipe€ .l(p such that dp <s.
Without loss of generality, p is of finite rank, since clearly non—zero projections have non—zero
subprojections of finite rank.

Thus 0 < 7(6p) = 6 7(p) < 7(s), and 7(6p) < w

Hence T is semifinite.

T 18 finite
iff T(l) <m
iff  the rank of 1 is finite

iff His of finite dimension. o s}

4:6.3 ~ Note

The zibove construction fails for an arbitrary von Neumann algebra on ¥ (i.e. a subalgebra of

BL(¥) ) on two counts :—

1 The unitary operators u such that u e = fi Yiel may not belong to X .

2 The subprojections of finite rank required in the semifiniteness condition may not belong -
to M, that is, X may be non—atomic.

Nevertheless it does follow that any von Neumann algebra admits a faithful normal trace.
4:7 Traces on Tensor products of von Neumann Algebras

A tensor product of von Neumann algebras can be represented as an algebra of matrices, where

the entries in the matrices are operators (rather than scalars) .

Suppose .l(j are von Neumann Algebras acting on Hilbert Spaces Tj (j = 1,2) . Suppose {ei}ieI
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is an orthonormal basis for ¥y . Then H; ® Hy has a representation as an algebra of matrices

[8ifl jer with s;;€ BL(T)) Vi, jel

The operators s j are determined as follows :

Let Ui;'ll-—o'lle'lzzx—ox@ei

SO Ui :7(107(2—»7(1:.21xj®ej——+xi
* JE

and sij = Ui $ Uj

The algebraic operations on the matrices satisfy similar properties to the previous case

(r+ s)ij =1+ 5

J J
(A r)ij = I |
(rs)..= X r, s . in the sense of strong operator convergence
1 er 1k kj
* *
s ij= s_)l
([T} 1V § 1)
4:7.1 Lemma

+ st
Suppose s a,se(ll1®ll2)
(a) s;20 Viel
(b) s=0 & s5,=0Viel
(¢) s. T s 2 (s):1 s: Viel
aso anso 11
Proof

Let r be the positive square root of s.

*
.= Y I..l.= Y r..T.. >0 Viel
i e I g
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(b)
Suppose 8 = 0 Viel

3 jglriirij*=0 Viel
3 rijrij =0 Vi,jel
3 rij=0 Vi,jel

3 r=0

3 s=0

(c)
For i € I, it is clear from 4:7.1(a) that (s,);; is increasing and bounded above by s;; .
For x € ¥,

I [(sa)ii - sii]xﬂ

= (s, —s)x

YOO

¢ (g —8)Ul

— 0

Thus (5,.).. 1 s Viel
@i ¢ i

We can generalise previous ideas as follows:—

Suppose 7 is a normal trace on ,lll .

From [T} IV 1.6(iii) , we have that 4, @ BL(¥,) = { s € BL(¥; e %) : 55 € 4y }.
Hence A, ® Mo C {s€BL(1;0%,): 55 € i}

In particular, s, € .lll Vse '“1‘ ® A,

By 4:7.1(a) , s, € 4,7 Viel if se (4 ® 4"
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Thus we can define 7 : (4 ® BL(7(2))+ — [0,0] : 5 — % 7(s;;) .
iel

4:7.2 Theorem

T is a normal trace on Uy ® U, which we also call the diagonal trace.
(a) If 7is faithful then 7 is faithful.
(b) [T]V2.14

If 7 is semifinite and M is a type-I factor then 7 is semifinite.
Proof

Additivity and homogeniety are clear.

Forseﬂlaﬂ ,

*

~ *
(s s) = X 7((s s)ii)
i€l
= Y7r(Ys. s.)
1eI jer & i
where the summation X le i is in the sense of strong operator convergence
: JEI
= Y X% 1(s. s-i) by the normality of 7
iel jel 3
*
= Y % T(s.i 55 ) by the commutativity condition
i€l jel ]
*
= D> T(S ; ) since all the terms are positive
jel iel J

= (¥ 55 Sii ) by the normality of 7
jel iel

- 2 ((55))

- #(ss*)

Hence 7 satisfies the commutativity condition.
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If0<s, Tsthen (sa)ii Tsy; Viel 47.1(c).
. Hence 7(s) = T 7(s;;)
i€l

= L sup T((Sa) ) by the normality of 7.
i€l a ii

= sup X 7((s,) ) since all the terms are positive.
a i€l ii

= sup (s )
o a

N,
Thus 7 is normal.

(a)
Suppose 7 is faithful.
Suppose s > 0
T(s) =0
3 r(sii) =0 Viel
) 5; =0 Vi € I by the faithfulness of 7
3 s =0 by 4:7.1(b)

So T is faithful.

(b)
Suppose 7 is semifinite and A, is a type-I factor.

By [T] V 1.28 we may suppose K, = BL(%,) .
2 2

Thus 4 ® Ky = {s¢€ BL(’)(le’I(2):sije’I(1}

We show that p_ =1 (See 3:29)
T

Since Z(#, @ H,) = Z(H,) ® Z(Uy) = Z(U,) ® C ([T]IV 5.11), wehavethat 1—p =pel
1 2 1 2 1 1

for some p € (Z(M))p .
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Assume for a contradiction that p # 0.

By 3:30, choose 0 # q € ,Ilp such that < p and 7(q) <

0.... =
Letr= |},|. Notethat re (4 ® Ko),,

Then 0 <r<p@®l,since p®1 has matrix P = 5ij p ([T]IV 1.4)
and 7(r) = 7(q) < w.

Thus r<{p_, giving the required contradiction.
T

Hence 1 ~p_=0and so T is semifinite, by 3:33 o
It is easy to see that 4:6.2 is a special case of 4:7.2(b) : put H=C,r=id, hy= BL(H) .

The special case follows since BL(¥) 2 C'® BL(%) .

We have noted that 4; ® BL(%,) = { s € BL(¥; 81,) : 5, i€ U}

This does not however mean that all ‘I by I matrices” with entries from M, are members of

My ® BL(%,), as certain convergence criteria may fail to hold. If, however, BL(¥,) is finite

dimensional (in particular M (€), some n € i) then this does hold. We will make extensive use

of von Neumann algebras 4 ® M_(€) with diagonal traces; we denote X @ M_(C) by M_(4) .

4.8 Traces on factors

Recall that a factor is a von Neumann algebra ¥ with Z(X) = C .
In particular, (Z(Jl))p = {0, 1} . Thus if 7is a normal trace on a factor, then
s(1) € {0, 1} i.e. ris either 0 or faithful
p,.€{0, 1} i.e. 7is either everywhere (except at 0) infinite valued or semifinite.
It follows that a normal trace on a factor is either everywhere 0 valued, everywhere (except

at 0) infinite valued, or faithful semifinite normal.
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A factor is one of the following types : I (some n € N), Im 10, IIm , I .

The following are certain uniqueness results about traces on factors. Since we will not make
much use of factors, we simply state these results here, with references. In the following
theorems, ‘unique’ means ‘unique up to multiplication by a positive constant’ .

(If 7 is finite, we suppose 7(1) = 1)

4:8.1 Theorem [KR] 8.5.3

If M is a factor of type In , then there is a unique faithful semifinite normal trace 7on X,

C oy . 1 2
which is in fact finite. T(le)={0,ﬁ,ﬁ,...,l} D

4:8.2 Theorem [KR] 8.5.5

If X is a factor of type Im , then there is a unique faithful semifinite normal trace 7 on X .

T(ﬂp)={0,1,2,...,m} 8]

4:8.3 Theorem [KR] 8.5.3
If X is a factor of type II, , then there is a unique faithful semifinite normal trace 7 on X,

which is in fact finite. T(le) =[0,1] . 0

4:8.4 Theorem [KR] 8.5.5

. If Kis a factor of type IIm , then there is a unique faithful semifinite normal trace 7 on X .

T(.up) = [O,m] . | o
4:8.5 Theorem [KR) 8.5.4
If M is a factor of type IIT, then there is no faithful semifinite normal trace 7 on A . u]
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5: TRACES ON FINITE von NEUMANN ALGEBRAS

In this Chapter we show that a von Neumann algebra X is finite iff it admits a sufficient family
of faithful finite normal traces. To achieve this result we state the following two results, with

references :—

5:1 Lemma (Akemann) [SZ] 5.14
If F C My is norm bounded , then the following are equivalent:—

(a)  Fis o(My,H) relatively compact

@
(b) Vie} ¢ J(p mutually disjoint, ¢e ) %, 0 uniformly for p € F 0
I
5:2 Theorem (Ryll-Nardzewski Fixed Point Theorem)  [SZ] Appendix
Suppose

X is a locally convex Hausdorff space.

¢ # K ¢ X is weakly compact convex.

J: K- K is a non contracting semi—group of weakly continuous affine maps.
(non contracting means that

V x #y € K 3 defining seminorm p such that inf p(jx —jy) > 0)
j€J

Then 3 x € K such that x is a fixed point for J . . a)

' 53 Proposition [S] 2.4.2
Suppose Ais finite, p,p;,q,q € J(p
Suppose p; <p,q;€q,P;~q ,P~q
Then p—p;~q—q,

Proof

By the comparison theorem, 3 e € (Z(X)) P such that
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(P—p)eg(a—qye
(p—py) (1—-e) 5 (a—q) (1—¢€)
Assume for a contradiction that (p—p;)e<(qa—q;)e
3 (P—pj)e ~ g :(q—ql)e for some elellp
3 pe=(p-p1)e+p1e~el+q1e:(q—ql)e+q1e=qe~pe,
a contradiction to the finiteness assumption on 4
So (p—p)e~(q—qy)e
Likewise (p —p;) (1 —e) ~ (4 —q;) (1 —¢)
Hence P—py~a—gqy

5:4 Lemma [T] V2.2

s}
I {e n} is an increasing sequence of projections in a finite von Neumann algebra X, then

[+ |
enﬁf VneN snilen,ﬁf

Proof

Let Py = ¢

o
Pp=€ny11~ ¢ (n>1), so {pn}1 is an orthogonal sequence of projections.

w
We aim to construct an orthogonal sequence of projections {qn} such that q, ~ Py »
. 1

qnngnelN

1}
Py~ X

‘ 1] w
This will complete the proof, since then v e h = X
=1 n=1

q <f
n=l1 n n

We proceed inductively.
For n=0: p0=e1§'f 3 qugf such that 9y~ €; =D
Assume that Qg s Qp s - Qg have been constructed.

3 en=p0+...+pn_1~q0+...+qn_lsfngf

3 fn~en5e lﬁf

n+
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3 3gn+1 such that fn~engen+1~gn+1$f

3 fn~en5gn+15f

3 3 g, such that en~fn~gnggn+1$f

3 pn=en_H—en~gn+1—gn5f—gn~f—fn, by applying 5:3

3 3 q, such that p ~q <f—1f , as required. o

5:5 Lemma [T] V23
® ! .
Suppose {en} is an orthogonal sequence of projections in a finite von Neumann algebra X .

®
For any sequence of projections {f } suchthat f ~e_, f 250
n’y n n’'n

Proof

m
Suppose {fn} is such a sequence of projections.
1

Suppose m < n

n n [ i ¢ i—1 £
v f. = f + % v f.— v f{.
i=m M j=m+1 j=m J j=m !
n i—1
~ f + ¥ [f.—fA( v f£.)] bytheKaplansky formula
M j=m+1 Jj=m J
n
N Y oe
i=m

m
< x €
i=m
m m
3 p,=v f <% e by 54
M i=m ! “i=m '’
o m—1 @
3 1-p + 1— 3% e= I e where ey=1~- % ¢, by 5:3
® m—EI
3 11— A p_21-p e YmeN
m=1 ™ m®~ i_g!
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o . m
3 1- A p_ > ¥ e=1 by 54
’ m=1 m N i=0 1
o
3 A p,=0 by the finiteness of X
m=1 _
S0 © _
ad p,—0 since{p } isdecreasing
. | 1
3 f 89,0 sincep >f >0 Ymel
S m ‘ m*'m?*= -
ey f B, T

m

since the strong and ultrastrong topologies coincide on the unit ball of X .

5:6 Theorem [T]V 2.4
| The following are equivalent
(a) Mis finite. '
N (b) M admits sufficiently many finite normal traces.
(5 * (a)
Suppose {7, :; . 1 } is a sufficient family of finite normal traces.
* Suppose 1 ~pE le
Then 7(p) =7(1) ¥ ¢

3 ri(l —-p)=0YV by the finiteness of 7,

iel?
3 p=1 by the sufficiency of the family {ri}

3 M is finite
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(a) » (b)
Suppose A is finite.

’ * * *
For ue X , define T :Mx— Hy:y—u yu, where u yu(s) = f(u su) (s €A

If IIE,uu, v € Hy
uw

* *
3 us;u ¥,y sy
* *
3 Au s;u) — 4(u sv)
* *
2 u 7u(s;) — u yu(s)
*

i.e. u yu € My, so the map is well defined.

We claim that {T :u€X } isa group of isometries on Ay .
It is clear that | TuTv = Tuv ;
T1 is the identity ;
o
(T,) " =T,* .

* * .
IT, (N = llu |l = sup |y(usu)| <||7]|. In particular, ||T || <1
lisll=1 |

il = IITu* T, (Ml < HTu*Il IT (DU € NT (N

Hence [T 7| =||7ll, and {T :u€ X } is a group of isometries on Ay .
. Consider any 7€ My and fix it (for the time being) .

Forue X ,T (7)€ #yF since AT is invariant under u .

— . +
Hence 1:7_{Tu(7)‘ue‘”u} C Ky
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— ’ *
Hence IC,Y = co o (e, K) L ¥ C ,ll*+ since ,l{*+ is a cone in ¥ (hence convex) , and since ,l{*+ is

«+
norm closed in X

We claim that X y is o(MHy,M) compact.
Of course it suffices to show that co £ y is o(MH,M) relatively compact.

Forue X, , |T (Ml =7l , hence L,y and thus co E’)’ are norm bounded.

®

By Akemann’s result (5:1) it suffices to prove that V {e } « }lp orthogonal, ¢(e ) — 0
1

®
uniformly for ¢ € co £ y: But for this it suffices to prove that ¥ {en} C ﬂp orthogonal,
1

p(e,) — 0 uniformly for p € £ ) since this will then hold for convex combinations of such

members, and hence for co £ -

‘o
Assume for a contradiction that 3 {en} CH - orthogonal such that go(en) —/- 0 uniformly for
1

quL,r.

By taking a subsequence if neccessary, this implies
® "
36>0 B{un}lc.llu such that |u yu (e )] > 6 VneN

*
3 [Afu, equ )| >6Vnel

. * us
By 5:5, u eu —0

*
uw
3 u oeu — 0
* dicti
3 Au, e,u,) — 0, a contradiction.

~ Hence X y is o(MHy,M) — compact.
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Certainly {T :ue4} E,y ={T :uel } = E,y

3 {T,:ued} K,y = K,y since the T ~are isometries.
‘Thus {T :ue€A} isa group of isometries on K,y .

{Tu TuE Jlu} are isometries, hence trivially non contracting.

{T,:uel} arelinear, hence trivially affine.

0(”*JO

Suppose {, :, 1} anetin K,y and ¢, ———0

3 pi(s) —0 VseX

* *
3 u pu(s) = g;(u su) — 0 Vsed Vuel,

* U(”*JO

3 u pu——m-—0

Thus {T :u€ X} are weakly continuous.

By applying the Ryll — Nardzewski fixed point theorem, (5:2),

ir EK’Y such that Tu(T'y)zT Vuelk,

v Y
*
3 'r,y(usu)='r,y(s)‘v’sell‘v'ue.llu
Since X ¥ c 4t (thus Ty is uw—continuous and positive) it follows Ty is a finite normal

trace.

We now show {'r,y T Y€ .ll*+} is a sufficient family of finite normal traces.
Clearly V7€ T Vue X, Tu(7)|Z(Jl) =204
+
3 Vyel T =7
* ’YI Z(H) | Z(K)
since 7_€X y is the norm limit of convex combinations of the T (7) s

3 v(1—s(r )) =0 and T,y(l _s(7|Z(.I())) =0

T 2(4)
3 8(r) €1=(1=s(m50)) = s()gy) 1~ (1= s(r ) = s(r)

Thus { S(T’)‘) t Y€ .ll*+} = { 8(7|Z(1()) 1Y€ .ll*+}
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IfreMT then there exists v € My such that v(s) # 0 since <My, M> is a dual pair.’
Without loss of generality + € }l*+ since ,ll*+ spans Hyx linearly.

Thus {7:7¢ Jl*+} is sufficient for 4

3 { Nz " € .ll*+} is sufficient for Z(4)

3 v s =1
+ (7 | Z( ;0)
Y¥EHy
3 v s(r 7) =1, by the above calculation
'YE”*-,-

3 {'r,y oy e My T } is sufficient for X

98



6 : TRACES on SEMIFINITE von NEUMANN ALGEBRAS

6:1 Theorem (Adapted from [T] V 1.34 V 1.22 V 1.40)

Suppose X is semifinite and properly infinite.

30¢pe (Z(Jl))p such that le 2 M; '@ BL(%) for some finite #; and some Hilbert space 7.
Proof

Since X is semifinite, we can choose finite 0 # q € le .

Let {ei}i el be a maximal family of equivalent orthogonal projections that includes q .

The comparison theorem applied to the pair (1 — % e, q) shows that there exists
iel

pE (Z(Jl))p such that
(I-Eei)péqp~eip Viel
i€l

1€

If e.p~v(1—Xe)p then e < 1—23 e, contradicting the maximalitj of {e.}. I-
i iel | in e ilie

(1 —'Elei) (1-p) y a (1-p) v e (1-p) Viel

Thus(1-Xe)p<ep Viel
i€l

In particular, p # 0.

We prove that I is infinite; assume for a contradiction that I is finite.

q finite
3 eiﬁnite VieIsinceq~eiViEI
3 eipﬁnite Viel
3 % e. p is finite (since I finite, and the finite projections form a lattice),
i€l
and (1 -2 e;) p s finite, since (1—Z e;) p< e, p
iel i€l
3 p=(1-%Xe)p+ X e, p is finite (since the finite projections form a lattice) a

i€l iel
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contradiction to the assumption that X is properly infinite.

| Thus I is infinite.

In particular, iglei p~ iEI e, p since the cardinality of the sets over which the summation is
€74

taken are equal.

Assume for a contradiction that p # Yep

iel
3 p=(-%e)p+ Tepiqp+ % e p= e p<p,sopisfinite, a contradiction.
iel ! ier ! iel ' iel!
e;#q
Thusp= X &P
i€l

Thus {eip}i crisa family of mutually orthogonal equivalent projections such that % ep =D,
i€l

the identity in le .

u.
1

Let {ui}i €I be the family of partial isometries such that qp ~ ep.
*

Put Ui = g i,jel

Then clearly {u; i i,jeI } is a matrix unit in .llp .

Hence 4 24 @ BL(A(1)) by [T] IV 18.

”qp is finite, since q and hence qp, is finite. a

6:2 Theorem Adapted from [T] V 2,15
KM semifinite 3 K admits a semifinite normal trace.
Proof

Suppose M is semifinite.

If M is finite, then the result follows from 5:6
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So suppose K is not finite, in which case X has a properly infinite factor ,llq (0 # q € (Z(H) p ) in

its type decomposition.

By 6:1,30¢#p¢ (Z(.llq))p such that (.llq)p a ‘qu 2 My '® BL(%) for some finite von Neumann
algebra My and some Hilbert space 7.

Let 7 be the finite normal non—zero trace on H, given by 5:6

Let 7 be the trace on #; ® BL(¥) given by 4:7.2(b) , so T is a non—zero semifinite normal trace

onM .

qp
By 3:32, this extends to a non—zero semifinite normal trace on A o
6:3 Lemma [T] V2,12

If {'ri}i eI is a family of semifinite normal traces on X with mutually orthogonal supports, then
7= ¥ 7. is a semifinite normal trace.

iel
Proof

The trace property is clear.

If s s then 7(s )= % 7.(s )T ¥ 7:(s) = 7(s)
alo o) je1 1@ TieI !

Thus 7 is normal.

It remains to show the semifiniteness. Suppose 0 # r € AT and (r) > 0.

31i € I'such that s(r)r#0

3 30#t<s(rm)r suchthat 75(t) < w, since 7 is semifinte.
3 7(t) = 7;(t) < o, since the supports of the {n} ¢] 2re orthogonal.
Now t <s(m) 1<, soris semifinite. o
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6:4 Theorem [T] V2,15
The following are equivalent :

(a) A is semifinite.

(b) K admits a faithful semifinite normal trace.
Proof .
(b) * (a) ,
Suppose A admits a faithful semifinite normal trace 7.
Suppose 0 ¢ p € le
By 3:30, 30¢q€.llp such that q<p and 0< 7(qQ) < o
The reduction Tq is a faithful finite normal trace (3:31)
3 qu is finite (5:6)
3 q is finite

Thus p majorises a finite q, and so X is semifinite.

(2) # (b) |
Let {r.}; ¢] be a maximal family of semifinite normal traces with mutually orthogonal supports.
Let 7=1X Ty

iel
It follows from 6:3 that 7is a semifinite normal trace.
To show that 7 is faithful, it suffices to show that s(7) = 1.
Assume for a contradiction that 0 # 1 —s(7) = p (say).
¢ Then b is semifinite, so we can apply 6:2 to construct a semifinite normal trace on le .
Certainly p € (Z(,l())p , S0 by 3:32 this trace extends to a semifinite normal trace on X with
support included in p.
This contradicts the maximality of {}; el

Hence s(7) = 1 and r is faithful. u!
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7: AFFILIATED OPERATORS

In this section we wish to consider algebras of unbounded operators. Given a von Neumann
algebra M , we want to consider those unbounded operators that are ‘generated by the members

of ' . Affiliation is the appropiate characterisation which will be developed here.

71 Proposition
Suppose M is a von Neumann algebra on a Hilbert Space ¥, and S an (unbounded) operator on
T.

The following are equivalent
() VreMd’ rScSr

(b) Vuek’ uScSu
(c) Vued’ uS=Su
(d) Yued', u Su=S$
Proof

(a) 2 (b)

Clear.

(b)» (¢)
Suppose that Vue.ll’u uScSu
5 D(S)=D(uS)cD(Su)=u D(S).
3 u D(S) c D(S) .
By repeating the argument with u replaced by u* , it follows that 0 D(S) c D(S) .
Hence D(u S) =D(Su), and thus uS=Su.

(c) & (d)
Clear.
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(c)» (a)

Suppose that Vue,ll’u uS=Su.

: 4
Supposer € M’ .Then 1= ¥ au.,say, . €A’ 1<i<4 [KR]4.1.7
iop 10 i U
Then D(Sr) = {xe¥:rxeD(S)}

4
= {xe%: iElaiuix € D(S) }

4
J N {xe%:uxeD(S)} since D(S) is a vector space.
i=1
4
= n D(Su)
i=1
4
i=1

= D(S)

= D(r S)

4 4 4
ForxeD(rS), 1Sx= ¥ auSx= ¥ aSux=S (3 ou)x=>5rx.
=1 14 iop 1 o 10

3 rScSr. o

7:2 Definition
An operator S on % satisfying the equivalent conditions of the above proposition (with respect

to a von Neumann algebra X ) is said to be affiliated to A , notated S 7 X.

We denote by X the set of closed densely defined operators affiliated with X .

7:3 Note

s bounded and s 7 X & sbounded ands € H < s€X.
Proof
Bounded operators are always closed and densely defined (in fact, everywhere defined) . Hence

the result is immediate from the double commutant theorem. o
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- T4 Theorem [KR] § 5.6 ; [MVN1] 4.1
Suppose 0 < S is an operator acting on a Hilbert Space % .

(a) Sis affiliated with some von Neumann algebra A, .
o
There is a resolution of the identity {e,(S):t20 } in Ky such that § = J t de,(S) .
-0

(b) Suppose A is a von Neumann algebra acting on ¥ .

Then S M & {et(S):tzo} CH.

7:5 Corollary

Suppose 0 < S € X, and {is a positive Borel measurable function, so f(S) is a member of the

Functional Calculus for S. Then f(S) € X

Proof

£(S) is certainly closed and densely defined.

" Now the spectral family for S generates the spectral family for 1(S) , so it follows from 7:4(b)

that £(S) n K. o

7:6 Proposition

(a) I R,SnH then R+Sni and RSnH.

(b) If S is preclosed and S n A then SnoM.

(9) ifSis densely defined and § n A then S M.

\ (d) if S is closed and densely defined with polar decomposition S = v|S| , then S n A iff
ve M and |S| n M. In this case R(|S|)~ R(S).

(e) [SZ}9.7
Suppose S is a closed operator. Then Gr(S) is closed, so it is identified with an orthogonal
projection in %, .

S n M iff Gi(S) € Mo(H) .
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Proof
(a)

Suppose R, S n M and uell’u
u(R+S)=uR+uS=Ru+Su=(R+S)u
SoR+Snk.

u(RS)=(uR)S=(Ru)S=R(uS)=R(Su)=(RS)u.
SoRS M

)

Suppose S is preclosed, Sn M and ue X’ u

. ¥ ¥
Certainly u Su is preclosed and u Su =1u Su.
Suppose x € D(S) .

Choose (x,) C D(S) such that (x, Sx )= (x, Sx)

* p—
3 (x,,u Sux)) = (xS ) = (x, Sx)
*__ % _ —
3 x € D(u Su)and u Sux= Sx.
N
ie. Scu Su
3 SnH

t (c)
*

Suppose S is densely defined, thus S exists.
Suppose SnH and u€ ll’u

* * %k * * *
Then uS c(Su) =(u S§) =S u.

*
Hence S 7 4.
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(d)

Suppose S is closed and densely defined, with polar decomposition S = v |§] .

SnM

*
3 Vue,l(’uuSu=S.
* *
3 Vued’, (u vu)(u [S]
*
3 Vue.ll'u u vu=v and

polar decomposition.

* *
u)=u v|Slu=u Su=S

*
u |S] u=|S]|, by the uniqueness of the

3 veHl ,by T3, and |S| nA.

The converse follows by 7:3, and (a) .

v
It is clear that R(|S]|) ~ R(S) by definition of v.

(e)

Suppose S is closed.

SnM

=

o

o

VreMd’ rScSr

VreM’ VxeD(rS)=D(S) rxeD(S) and Srx =15x.
VreMd’ V(x,5x)€Gr(S) (rx,rSx) € Gr(S) .

Gr(S) ¢ Gr(S) .

r0
VreM 0 r

r0
Vreld’ Gr(S) 0 r
L

Gr(S) = {

qu
Gr(S)e{ | g ; :TEHMN"}’

Gr(S) € M2(.I()" since My () = {
Gr(S) € My (4) .
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7 Corollary

Suppose S is a closed densely defined operator and S = v |S| is its polar decomposition.

Then Se M & vel and {et(|S|):t20}c1l.
Proof
By 7:4(b) and 7:6(d).

7:8 Proposition
- . -
(a) SeH=2S €eH.

(b) SeM = |S|ek.
Proof

(a)
Adjoints are always closed.

*
Since S is closed, S is densely defined. [KR] 2.7.8

* x -
S nM by 7:6(c).HenceS €A.

(b)

|S] is closed (it is self—adjoint) and densely defined.

|S| n M by 7:6(d) . Hence |S| € K.

7:9 Proposition [KR] 5.6.4
If (X,%,u) is a o—finite measure space, A= Lm(X,E,u) , ¥= L2(X,E,u) then

SeM & S isthe operator of multiplication by g (i.e. S =M g) for some g € LO(X,E',;L) .

In fact, H v LO(X,E,/L).

“The case where pis not o—finite is far less intuitive. For details, see [KR] 5.6.12.
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The main purpose of presenting the material in Section I was to prepare for this section, where
most of the concepts of Section I are generalised to (semifinite) von Neumann algebras. For this

reason we have used compatible notation in the two sections.

In Section I, the space generally under consideration was LO(X,E,;/,) , for (X,%,x) an arbitrary
measure space.
If M is a commutative von Neumann algebra, then we have

M2 Lm(X,E,p,) for some measure space (X,3,4)

H 2 LO(X,E,u) , at least in the case that yis o—finite, by 7:9

Furthermore, in the next chapter we will define a space X (for a semifinite von Neumann
algebra M) which in the commutative case will coincide with Lm(X,E,u) .

Most of the results of Section III appply to the space X (rather than the space X) for X a
semifinite von Neumann algebra — for example, the topology of convergence in measure, the
distribution function, the spectral scale, the generalised singular function, etc.

The analogous results already developed in Section I apply in general to the space LO(X,E,p) .

Clearly if 4(X) = o then, barring trivialities, Ly(%,%,p) 3 L_(X,5,p) .
#

Thus when generalising the results of Section I to the non—commutative case in this section,

the spaces under consideration will in general be ‘smaller’ — we will deal mostly with 4

(comparable to L_) rather than with A (comparable to L) .
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8 : THE ALGEBRA x

~N ~N

We define the algebra M and the topology of convergence in measure and show that X with
this topology is a complete metrisable topological *—algebra. The presentation is essentially
that of [Tp] . Subsequently we show that this approach yields the same algebra of operators as

the original approach of [N] .
We point out that Terp credits much of the contents of [Tp] to U. Haagerup.

We suppose throughout that X is a semifinite von Neumann algebra on a Hilbert space ¥ and

T a faithful semifinite normal trace on A — see Chapter 6.

8:1 Definition [Tp] 1.9
A subspace E of ¥ is called 7—denseif V6> 0 Ipe€ le such that p¥ CE and 7(1-p) < §

8:2 Proposition [Tp] 1.10

E is a 7—dense subspace of ¥

m
& 3 sequence {pn}nem C le such that p_ lo 1,m(1-p ) 1 0, nilpnl cE
Proof
(€)
Clear.
()
For n €N choose q €A suchthat q ¥CE and m(l—q,) ¢ 2 1
m
Forn €N put = A g
i=n

110



o m
Then pn'l = n'qi'l CE, so Ulpn'l cE
n=i n=

m
Since {pn} is increasing, U p,¥ is indeed a subspace.
n=1

@ @ @ _i — +1
T(l—Pn) =7V (l’qi))f ) T(l_qi) <3 o=2"
i=n i=n i=n

Now p 1 is increasing and bounded above, so it converges in the strong operator topology.

Supposep T p
1)

1p< 1-p, Vnel
s r(1-p) ¢7(1p ) <2 vnenw
3 7(1-p) =0
2 p = 1 by the faithfulness of 7.

i.e. P, lo 1 o
8:3 Examples

8:3.0 ¥ is 7—dense for any von Neumann algebra X.

8:3.1 If = BL(X) then the canonical trace defined in 4:6 takes on integer or infinite

values at members of le , S0 the only 7—dense subspace is ¥ itself.

8:3.2 Y =12 , A= 1" then the canonical trace defined in 4:2 takes on integer or

* infinite values at members of }lp , So the only 7—dense subspace is 12 itself.

8:3.3 Suppose ¥ = Ly[0,1], A =L [0,1] and 7= J dm
Let E={{€ L,[0,1] : 3 6> 0 such that fl’[o’é] =0}

It is clear E # ¥ and E is a subspace of ¥ .

For §> 0 put p = 1’(5,1] ,then pY CE and 7(1-p)=§

So E is 7—dense since § was arbitrary.
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8:3.4 Suppose ¥ = Ly[0,1] , =L [0,1] and 7= J dm

Let E = {f € L,[0,1] : {(0) = 0 and {is continuous at 0 } . That is, E comprises of those
functions that can be m a.e. identified with such f . This is obviously equivalent to the |
following condition :—

Ve>0 36>0 suchthat m{xe[0,8: [f(x)| 2 €} =0

We claim that E # ¥ but that E is 7—densein ¥ .
To show that E # % it suffices to show that no f€ E is m a.e. eqtfzdm‘lmto I[O 1] €%.
Iff € E, then, since f is continuous at 0, 3 § > 0 such that 0 ¢ x < 63 |f(x)| < 1/2.

3 m{xef0,1]:f(x)#1}>m([0,6]) =05,s0f# .1’[0 j] mae
E is clearly a subspace of ¥ .

For §>0,choosep = 1(61]
Then p¥ C E and 7(1-p) = 1(.1’[0 5]) =6

So E is 7—dense since § was arbitrary. -,

8:3.5 Suppose ¥ = Ly[0,1] , 4= L [0,1] and 7= J dm
Using 8:2 it is possible to characterise all 7—dense subspaces of ¥, of which 8:3.3 and 8:3.4 are
examples.

E is a 7—dense subspace of ¥

’ ®
& dsequence {pn}n(_:[N C ,llp such that p T1, r(l—pn) 1o, _U_ p ¥CE

n=1

m
< Isequence {E } o CZ suchthat E X, uX-E )10, ni E Ly01cE

1

o
& 3 sequence {En}ne!N C 3 such that E 17X, n:—U-IEn Ly0,1] CE,

by the finiteness of p . : a
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8:4 Corollary to 8:2 [Tp] 1.11
E r—dense » E dense.
Proof

In the notation of 8:2, with E r—dense, {pn}nem C le » Py lo 1

w
3 ¥=1[Up¥]c[E] o
n=1

Of course the converse to 8:4 is not true. While the intersection of dense subspaces may not be
dense, T—dense subspaces are ‘so dense’ that, for example, the intersection of 7—dense subspaces
will be 7—dense. Thus, for example, if two operators have 7—dense domains then their sum will
also have a 7—dense domain. We will see that a similar result will hold for products and
adjoints of such operators. Thus we may be able to define an algebra of operators with 7—dense

domajhs. This motivates what follows.
8:5 Definition [Tp] 1.16
S n M is called 7—premeasurable if

Yé>0 BpEle such that p¥ ¢ D(S), |ISpll <o, 7(1-p) < 6

Clearly then D(S) is 7—dense, and so S is denseiy defined.

8:6 Examples
8:6.0 All members of A are 7—premeasurable.
8:6.1 If A= BL(X) then the canonical trace takes on integer or infinite values at
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members of le , S0 the 7—premeasurable operators have domain ¥ and are bounded. Thus the

set of 7—premeasurable operators is exactly BL(%) .

8:6.2 Y =12 , = 1% then the same arguments as in 8:6.1 show that the set of

T—premeasurable operators is exactly [ .

8:6.3 Suppose ¥ = L2[0,1] , H= Lm[O,l] and 7= J dm .

Suppose g € L0[0,1] , then certainly g€ Lm[O,l] .
Suppose § > 0

3E € X such that g &p € L [0,1] and /z(.t'[o’l] _g) <6
ie. I3pe le such that IIMg pll <o and 7(1-p) <6

3 Mg is 7—premeasurable.

Since Kv LO[O,I] , by 7:8, it follows that all members of X are T—premeasurable.

8:7 Proposition

The following conditions are equivalent :—

(a) Sis closed and 7—premeasurable.

(b) Se A and D(S) is 7—dense.

(c) Se Il and V6>0 JIpe le such that p¥ ¢ D(S) and 7(1-p)< 6
Proof

(a) # (b)

S n M, Sis densely defined, S closed, so S € J—l .

We have already noted D(S) is 7—dense.

(b) # (c)

By the definition of 7~denseness.
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(c) # (a)
Ifpe }lp and p¥ ¢ D(S) then S p is everywhere defined.

Suppose x € ¥, x —x, Spx —y

n
Then X, —X

2 pxn — px

3 prn — Spx since S is closed.
Hence y = Spx, and S p is closed.

Hence ||S p|| < ® by the Closed Graph Theorem.

8:8 Definition [Tp] 1.14

If S satisfies the above equivalent conditions then S is said to be 7—measurable.

nN

We define X to be the collection of 7—measurable operators.

8:9 Examples
8:9.0 Hc K
8:9.1 I H= BL(%) then the r—premeasurable operators are exactly K. All these

operators are closed, so d = A .

8:9.2 Y =12 , = 1% then the same arguments as in 8:9.1 show that X = A .

8:0.3 Suppose ¥ = Ly[0,1] , A= L [0,1] and 7= J dm

Then M = H. This follows by 8:6.3 .
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To make a previous comment precise, we want to show X is a *—algebra. We will not be able to
use the usual sums and products of unbounded operators in this algebra, for the sums and

- products of (closed) operators need not be closed. Thus we aim to show that ;l is a *—algebra
with respect to strong sum (the closure of the sum) , strong product (the closure of the
product) , and (ordinary) adjoint (since adjoints are always closed) . This could be achieved
directly from the definitions. However, we also want to topologise}ll (it will turn out that 7( is
a complete Hausdorff topological *—algebra) and so to avoid essentially repeating arguments we
proceed immediately to define the neighbourhoods of the topology with which we will be able to

show that X is not only closed under the operations strong sum, strong product and adjoint,

but also that these operations are continuous.

- 8:10 Definition  ¢f. [Tp] 1.4 and 1.25

For ¢,6>0

A(e, 8) = {Sn4: BpE}lp such that p¥ c D(S), ||Sp|l ¢ ¢, (1-p) < 6}

;l(e,é) = A(e,&)n;l = {Se;l + 3p € M, such that p¥cD(S),|ISpll <e, H(1-p) <6}

He,8) = A(e, ) nH = {Sek: Elp(—:,llp such that p¥ ¢ D(S), ||Sp|j <€, 7(1-p) ¢ 6}

H(e,8) = A(e,0)NH = {sek: Elpe,llp such that ||sp| < e, H(1-p)<d}

Note that A(e, 8) 2 (e, 8) I (e, &) I U (e, 6).

8:11 Note [Tp] 1.17
S is 7—premeasurable iff V6> 0 3 ¢ > 0 such that S € A(e, §) .
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8:12 Proposition [Tp] 1.6 ,1.19

Suppose S M.

(a) IfSis preclosed then S € A(e, 8) 3 S € A(e, 6)

(b) If S is preclosed and T—premeasurable, then S is 7—premeasurable.
' (¢) ISis ﬁreclosed and r—premeasprable, then § ¢ ;l

(d) IHSeH then |S| ek
Proof

Suppose S is preclosed and p¥ ¢ D(S). Then p¥ ¢ D(S) and Sp=Sp

In particular, ||S plj = ||'S p||
(a) and (b) follow immediately from this.

~ (c) follows from (b) by the characterisation 8:7(a) of 7—measurability.

(d)
Se; 3 Se;
s |S| e by 7:8(b)
Furthermore D(|S|) = D(S)
Thus |S| E'Jvl.
8:13 Proposition [Tp] 1.5

For 61,62,51,52>0
(a) Aley, 8;) + Aley, 8y) € Aleg + ¢y, 6 + b5)
(b) Ae;, 6)) Aley, 6y) € Aleg €9, 6) + &)
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Proof
(a)
Suppose S, € A(csi , 6i) i=12)
3 3 p; € le such that p¥c D(S;), |IS;pll < ¢, 7(1-p;) < 6. (i=1,2)
Put p = Py A Dy
Then p¥ =p;¥Npy¥c D(Sl) n D(Sz) = D(S1 + S2)
and [|(S; + S,)p|l < ”51 pll + ”52 p|| < IS, p;ll + ”Sz p2|| St e
and 7(1-p) = 7((1-p;) v (1-py)) € 7(1-p;) + (1-p,) < 6; + 4,
Thus p satisfies the required conditions to show that S;+8S,¢€ A(es1 + €, 61 + 62)

(b)

Suppose S1 » So Py » Py are as in (a) .

 Let q be the projection onto N((l—pl) 82 p2) . (This null space is closed, since Sz‘pz, and
hence (l—pl) So pqy, is bounded; so the definition of q makes sense.)
For x € q¥, (1—p1)82p2x =0 .
3 Szpzx = p182p2x
3 Szpzx € p17(
3 Sopox € D(S,)
3 x € D(S;5,p5)

Put p = Py AQ
For xep¥, x¢€ p27( and thus x € D(Sz)
Szx = Szpzx since poX =X
€ D(S,) since x € q¥, by the above calculation.
+  x€D(5;Sy), and so it follows that p¥ c D(S,5,)
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Sq Py 4 =p; S, Py q° by definition of q
*  SpPaP=PySyPyP
3 Sy P =Dy SyPy P
* 515p=5.P5p,p
* ISy Sy pll = 11S; Py Sg Py DIl € ISy Pyll 1S5 poll lipll € €; €5

1-q = 1 = N((1-py) S5 py) = R(((1-Dy) 5 by) ) ~ R((1-Dy) S, D) ¢ 1y

s 7(1—q) ¢ (1-p,)

s 1(1-p) = 7((1-p,) v (1-9)) ¢ (1~py) + 7(1—q) & 7(1-py) + 7(1-py) < &; + 5,
Thus p satisfies the required conditions to show that S, 85 € A(e1 €9 > 61 + 62)

8:14 Lemma [Tp] 1.6

Suppose S is a closed densely defined operator and S = v |S]| is its polar decomposition.
Then Ve,6>0, SeA(e,d) & velM and |S| € A(e, )

Proof | |

Suppose ¢, 6> 0

Suppose S € A(e, 6)

In particular, SnH, sove X and [S| n K  (7:6(d))

dpe .llp such that p¥ ¢ D(S), ||Sp| £ e*, 7(1-p) < 8

Now D(S) = D(|S]) and [||S| pll =1{lv Spll <[ISpll < e

So |S] e A(e, §)

A similar argument holds if v e X and |S| € A(¢, 6), and so the result follows. 0
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We now present a result which will be fundamental in all that follows.

8:15 Theorem [Tp] 1.7
Suppose S € M (respectively S € X )and S =v [S] is its polar decomposition.

Thenfor ¢,6>0,S € H (e, ) (respectively Se (e, d)) & r(e(e,m)([sl))gﬁ.

Proof

We first consider the case where S € X .

(¢)

Suppose € , § > 0 and r(e(e’m)(lsl)) )

Put p = e (|S)

Then p¥ ¢ D(|S1) , 11S] Bl € €, (1) = rleg, o)(IS1) < &
ETION)

Certainly ve X, soby8:14, Se M (e, 6

(=)
Suppose S € ;(e , )
3 |S| e;(e , 6) from 8:14, since |S| e; by 7:8(b)
3 dpe J(p such that p¥ ¢ D(|S|), [[IS| pll <€, 7(1-p)< 6
Now Vx e pt [||S|x|| = |||S|px]| < eljx]
and VO#x€ (e, y(ISD)¥, NIS|x|l > elx]
3 pAe(e’m)(|S|)=0
s (IS TP <5 by 32(e)

~

H(e, 6)=MH Nl (e, ), sothecase where S € M follows.
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8:16 Corollary [Tp] 1.8

(a)

SupposeSE;(.

Ve,6>0, Se;(e,é?) & S*E;(e,5) & ISIE;(G,b)
® |
SupposeSE;'l.

Ve, 6>0, Se;l(e,é) ) |S|<e;l(e,5)

Proof

(a)

SupposeSEIl

. -
Note that by 7:8, S , [S| € 4

Thus Se M (e, ) & |S| € A (e, 6) is immediate from 8:15.

Let S = v |S| be the polar decomposition of S.

* * * * * *
Recall that SS =vS Sv ,andsoSS restricted to R(S) and S S restricted to R(S ) are
unitarily equivalent, and this equivalence is implemented by v .

* *
Thus |S | =v|S|v .

Furthermore, by the uniqueness of the spectral decomposition, it follows that

* %
e(t,m)([S |)=ve(t,m)(|S|)v Vt>0
Thus for t > 0,

e ay(I1S D)
= ey (iShv)
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= (I8 (7 euay(Is))
= ( (v €, )(|S|)) (v €, )(|S|))) by the commutativity condition.

= T(e( )(|S|) VoV &, )(ISI))
= T(e(t,m)(lsl) (O’m)(ISI) (t,m)(|sl))
= T(e(t,m)(lsl))

Thus S e (e, 6)
@ eS¢
o MBI

o S Eﬂ(e,&),by8:15

(b)

If S € A then |S| € A by 8:12(d) , so this follows from (a)

8:17 Proposition [Tp] 1.21

Suppose S € J—l and S = v |§| is the polar decomposition.
The following are equivalent :

(a) SeX

(b) 1] e

| (¢) V6>0 3t>0 suchthat Se;(t,6)

(d) V6>0 3t>0 suchthat T(e(t’m)(ISI)) )

(e) 'r(e(t’m)(ISl)) —0as t—o
(f) 3t>0 such that 1'(e(t m)(ISI)) <w
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Proof
(a) & (b)

S is 7—measurable
& Se€ Mand D(S) is 7—dense

& |S] E;(and D(|S!) is ~dense (by 7:8 and since D(S) = D({S]))

= |S| is —measurable

(a) & (c)
Clear by 8:11

(c) & (d)
8:15

(d) » ()

Clear

() 2 ()
By 3:20

(e) » (d)

" Clear

8:18 Corollary [Tp] 1. Example 1

If 7 is finite, then ¥ = i
Proof
By condition (f) in 8:17
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8:19 Lemma [Tp] 1.20

If R, S are premeasurable then R + S and R S are premeasurable.

Proof

Suppose R , S are premeasurable.

If6>0, 3eg,eg> 0 suchthat Re A(ep —g—) and 5 € A(eg ,é) (8:11)
3 R+SeAleg+eg, ) (813()

3 R + S is 7—premeasurable since § was arbitrary. (8:11)

and RS € A(eR €g » §) (8:13(b))

3 R S is 7—premeasurable since § was arbitrary. (8:11) o

We now want to show that ;l is a *—algebra with respect to strong sum and strong product. Of
course strong sums and strong products are extentions of the original .sums and products, and
so in certain circumstances it will suffice to prove results about the original sum and product
and then apply these results to the strong sum and products, provided that we have a
uniqueness result about extentions of operators. This motivates the following results on

uniqueness of extentions.

8:20 Lemma [Tp] 1.12

(a) Suppose q € ,llp LI VE>SO3Tpe .llp such that 7(1-p) < § and qap =0, thenq=0.

(b) Supposep, ,p, € .llp HVE>013pe .llp such that 7(1-p) < § and p,Ap = p,Ap , then
Py =Dy -

Proof

(a) Ifgap =0 then q 3 1-p by 3:2(e)

HenceV 6> 0, 7(q) < §é

Thus 7(q) = 0 and so q = 0 by the faithfulness of 7.
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(b) Putq=p; —(p;APy)
Suppose 6§ > 0
dpe .llp such that 7(1-p) < § and D{AD = DyAD
Consider qAp
qAp € ¢ = p; ~(P;AP,) and gqAp < p
®  qAp<p; and qAp < 1—(p;Ap,) and gAp <D
3 qAp < pyAp and qAp < 1—(pyADy)
3 qAp < pyAP and gAp < PyAp and gAp < 1—(p;Ap,) since pjAp = PyAD
3 QAP < DyAPoAP and qAp < 1—(p;AD,)
> qAp € PyAD, and qAp < 1—(p;AD,)
3 qap =0
3 q=0by (a)
3 Py =DADy
Dy <D

By symmetry Py < Pqs and so Py =D, .

8:21 Proposition [Tp] 1.12

Suppose R, S € J_l

(a) Suppose E ¢ D(R) N D(S) is 7—dense.
If R|E= SlE then R=S

(b) SupposeV §>0 Ipe le such that 7(1-p) < &, pYcD(R)ND(S),Rp=Sp
ThenR=S.

Proof

(a)

Consider My(K) with the canonical diagonal trace 7.
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Since R, § are closed and affiliated it follows from 7:6(e) that Gr(R), Gr(S) € My(4)

Let 6>0.
dpe le such that p¥ CE and 7(1-p) < —g

po
Consider [0 p] € M, ()
w po
1(1-[0 p})s d
poO p o
Now Gr(R) A 0 p = Gr(S) A 0 p since

e (G®) [ o ),

e x€D(R),y=Rx,xep¥,yep¥
e x€DR),y=Rx,xeE,xep¥,yep¥, since p¥ CE CD(R)
& x€D(S),y=Sx,xep¥,yep¥
. po
e  (xy) e (Gr(S) A [0 p})'lz

Thus Gr(R) = Gr(S) by 8:20
3 R=S

(b)

Forn €N choose q_ € llp such that 7(1—q_ ) < 2, q¥ c D(R) n D(S), R q,=Sq,.

® 1]
A Dy . Asin the proof of 8:2, T(l—pn) 1o, p,T1,E= U p ¥ isar—dense
=n n=

Let P, =

k 1

subsbace of .
Furthermore E ¢ D(R) N D(S) and RlE = SIE .
Hence by (a), R=S. 0
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8:22 Corollary [Tp] 1.15

A T—premeasurable operator admits at most one extension in X .

Proof

If S;,8, areextensionsin X of S then D(S) ¢ D(S;) N D(S,) is 7—dense, since S is
T—premeasurable. |

Certainly S =S=S§
1 2
|D(S)

Thus S1 =S2 by 8:21.

|D(S)

8:23 Theorem [Tp] 1.24

~N

M is a *—algebra with respect to strong sum and strong product.

Proof

We first show thatif R, S € K then
* ~N

(1) R €A

(2) R+S ek

(3) RSed

So suppose R,S € X
(1)
Rel 3 V6>0 3e¢>0 suchthat Re A (e, ) by 8:17.

. -
3 Vé>0 3e>0 suchthat R € X(e, ) by 8:16.

* ~N
R € M by 8:17

4
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(2)
By 8:12(c) it suffices to show that R + S is preclosed and 7—premeasurable.

* *
NowR,S,R and S are 7—premeasurable.

3 R + S is 7—premeasurable . (8:19)
* * * * %

Likewise R + S is 7—premeasurable, in particular, it is densely defined, andso (R + S )
exists.

*k *k
Recal R=R and S=S§ since R and S are both closed.

*k *k * * %

Thus R+S=R +S c(R +S) , and R + Sis preclosed.

(3) |
By 8:12(c) it suffices to show that R S is preclosed and 7—premeasurable.
NowR,S, R* and S* are T—premeasurable.
B R S is 7—premeasurable (8:19)
Likewise S* R* is 7—premeasurable, in particular, it is densely defined, and so (S* R*)*

exists.

*k  kk * k% |
3 RS=R S c(S R) , andthus RS is preclosed.

Now suppose R,S, Te K.
By immitating the preceding arguments, it follows that the operators

* x k%
"R4+S+T; RST; TR+TS; R +S ; S R areall —premeasurable.

~

Hence by 8:22, each one admits exactly one extention in X .
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1t follows that

R+S + T =R + S+T

since both are extentionsof R+ S + T ;

RS T =R ST

since both are extentions of RS T ;

R+¥S T = RT + ST
since both are extentionsof RT +S T
(notethat RT+ST=(R+S)T);

T R+S = TR + TS
since both are extentionsof TR+ T S

(notethat TR+ TScT(R+S)); -

*

% ¥
R+S =R + S

* *
since both are extensions of R + S
* * *
(notethat R +S c(R+S) ,
* ——— ¥
and (R+S) = R+S since R + Sis preclosed [KR]2.7.8);

L I T
= S R

o

%* *
since both are extensions of S R

* %k *
(notethat S R c(RS) ,

¥ %k
and (RS) =RS since RS is preclosed ) .

The result follows.
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8:24 Lemma [Tp] 1.26

Suppose 5,51,62,5,51,52>0 and 0#AeC.

(a) (e, )" =H(e, ).

() {IR|:Reh(c,0)}= M(e,0) T ={Rek(e,8:R30}.
() H(IAle, &) =2 U(c,9).

(d) e1<e2,51<52:;l(el,ﬁl)c;l(e2,52).

(&) H(ephey, BA8,) C H(ey, 6,) N K (ey , by) -

() ;1(61,61)+;l(62,52)c;l(61+52,51+52) (strong sum) .
(g) 7((51,61) 7((52,52)c;l(61 €y, 6, + &)  (strong product) .
Proof

(a)

Red & R X (8:23)

ReM(e,6) © R (e, (816)

So ReM(e,8) & R el(e, )

(b)

‘The inclusion { |R|:ReM(e,6)} 2 H(c,6) T isclear.

Suppose R € K (¢, 6)
5 Rek and Red(e,d)
3 |R| € X (8:12(d)) and |R| € 4 (e, 6) (8:16)

3 |R|€H(e, 6)
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()
ReM([Ae, o)
& Rel and 3pe.llp such that pY¥ c D(R), [[Rp|l < [Ae, 7(1-p) <6

1o .} 1 1 1
g by ReM and dpe le such that p¥ c D(X R) = D(R) ) “x R p” = l'XI "R p” e,
(1-p) < §

& YRed(e, )

& R=ATRel (e, ).

()

Re ;l(el » 61)
3 Re ;l and Ape€ le such that p¥ c D(R), [[Rp| < ¢, m(1-p) < §,
5 Redand 3pe suchthat pTCD(R), [Rp]< ey, r(1-p) < 6,

3 ReA(e,, b,)

(e)
Follows from (d) .

(f)

" Suppose Re;‘l(el , 61) , SE€ ;1(62 , 62)

s R,Sckand ReAe,4;),S€Aley, b))

3 R+S € ;l and R+ S5€A(e +¢y,6, + b,)  (8:13(a), 8:23)
s TR¥Seckand RFS e A + ey, 0 +8) (8:12())

3 R+S €M (e + €, 6 + 6)
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(g)

Suppose Re,l((el,él), SEJ((ez,&z)
3 R,Se M and REA(el,él),SEA(ez,éz)

3 RSeH and RSe Aleg eq, 6 +8,)  (8:13(b), 8:23)

3 RSeX and RS e A(e; ¢, 6, + 8)  (8:12(a))
3 RS € M (e €, 6 + &) D
8:25 Theorem [Tp] 1.27

~N

{H(e,6):e>0,8>0} isa neighbourhood basis at 0 for a metrisable vector topology on A ,
the topology of convergence in measure.

Proof
{H(e,8):e0,8>0} isafilter base :—

dbg{H(e,8):e>0,5>0}) sinceO€eH(e,d) Ye>0 V>0
The filter base property follows by 8:24(e)

Suppose SeH,e>0,6>0, 0< |A| <1

HE S+ uE, Heue,

0 < [\ <1 then AK(e,8) =H(| e, 8)cH(e,d) (8:24(c)and (d))

So M (e, 8) is balanced.
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€
~ S ~
3eg >0 suchthat SeH(eg, 6) =—— M(e,8) (819, 8:24(c))

~

So M (e, 6) is absorbing.

Thus the system is a neighbourhood basis for a vector topology, by 1:5.

~N

Se n  MH(e,d)
€,6>0

3 Vé>0Ve>0 'r(e( )(]SI))_<_5 (8:15)

€,0
3 Ve>0 'r(e(e,m)(ISI))=0
3 'r(e(O’m)(ISI)) = 0 by the normality of 7
3 G(O,m)( |S]) = 0 by the faithfulness of 7
3 S| =0
3 S=0

Thus the topology of convergence in measure is Hausdorff, since it is a vector topology.

By 8:24(d) it follows { X (% , %) :n €N} is a (countable) neighbourhood base at 0 . Thus the

topology of convergence in measure is metrisable. o

8:26 Proposition

The topology of convergénce in measure is solid in the sense that

R,Sek, 0<[R|<|S|, Seh(e,6) » Rek(e, d)
Proof

By 8:24(b) we may suppose 0 ¢ R < S

Suppose € > 0

For Oqﬁxee(6 )(R)'Il, IIRx|| > ¢, and so ||Sx]| > ¢

@

and for 0 # x € €0 E](S) T, |ISx|| < €
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Hence e[O’e](S) A e(e’m)(R) =0
3 T(e(e,m)(R)) < T(e(e’m)(S)) by 3:2(e)

Thus S € ;l(e , 6)
3 'r(e(e’m)(S)) <6

2 T(e( E,m)(R)) < )

3 ReH(e,d) 0

8:27 Theorem [Tp] 1.28

~
‘K with the topology of convergence of measure is a complete metrisable topological *—algebra

in which X is dense.

Proof

~

To show that X is a topological *—algebra, it remains to show that adjunction and

multiplication are continuous.

Adjunction is continuous by 8:24(a) .

Suppose R0 , S0 € X, and that H (e, 6) is a basic neighbourhood of 0 .

Find e, , ¢
Ry’ Sy

Put ¢, = ERO v GSO . Then R, S,¢€4 (eO , g) (8:24(d)).

_ 2
Put a = ,60 + €= € -

Note that this is the positive solution to the equation € = a2 + 2eOa.

>0 such that Rje X (ERO ,g) and Sy €M (eSO yg) (8:17)
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ThenforReR0+.l~((a,g), SESO+1~((a,g):

RS—RyS, = (R—Ry)(S—Sy) +Ry(S—S,) +(R—Ry)S,
© KDk D k(e U, H+ha, DU,
¢ KD+ Hlege,d) + Koy, D)
C ;‘l(a2 + 2¢ya, 6)

~N

= M (e, 6) | o

So (R,S) — R S is continuous.

~N

We now show that X is dense in X . We will make use of the following argument in Chapter 9.

Suppose R=v |R| € X

Let e = e[O’n](lRl) € J(p

By 8:17, 7(1—¢ ) = 'r(e(n’m)(]Rl)) —0asn—o
Suppose e, §> 0

Choose N € N such thatn> N 2 T(l—_eh) <6

Then the projection e demonstrates that 1 — e, €4 (e,6) forn>N
Since ¢, 6 were arbitrary, 1 — e, — 0Oink asn—ow.

~N

3 e,Tlinkasn—ao

_ 0 | §
By the continuity of multiplication, VJ Ad(ey(|R])=ve |R| —Vv1|R|[=R ink.
0

Now |lv [ Adley(IRII < I [ Ad(e;(IRD I € n, 50 v [ Ad(ey(IRI) €4 Ve
0 0 0

Thus M is densein M.

Note that since ve |R|=v|R|e, = R e, , this argument in particular shows that

Yé>0 3p€l{p such that 7(1-p)< 6§, Rpe X
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Finally we show that X is complete. We note that the proof here is similar to its commutative

analogue, the Riesz—Weyl theorem, 1:14. To show that X is complete, it suffices to show that

the completion of A is included in X , for then the completion of X is included in X (since X is

~N ~N

dense in X and thus X and A have the same completion) . It would then follow X is its own
completion, and thus complete. Since X is metrisable, it suffices to consider Cauchy sequences;

® ~
80 suppose (rn)' C M is Cauchy in K.
1

By taking a subsequence if neccessary, we may suppose that

VneW r —r ed(@®FD) oMy,
n+l —n
Hence 3 {pn}nElN C J(p such that ||(rn+1-rn) p,ll ¢ o~(nt1) ang m(l-p ) €2 VneNl.
o
Put ¢ = A p.. Then 7(1—q )<27".
n_ . i n
i=n+l

Suppose m >n and t21

Then "(rm+t—rm) q,

m+ t—1 ) )

< k-z—-m Nty 1 — 1) q,ll by the triangle inequality
m+t—1

< kzm ”(rk+1 —1.) Pl

since fork >n, q <py, andso q, =p,q,

Thus "(rk+1 - rk) qn" = “(rk+1 - rk) Pr qn" < "(rk+1 - rk) pk”

m+§*12—(k+1)

<
k=m
< g 2—(k+1)
k=m
= o~ m
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Now U q_7 isa linear space as (qn) is an increasing sequence of projections.
neN

If xe ngm q,%, then xe€q ¥ forsomenel, and so _(rmx) mel is Cauchy, by the above

calculation. By the completeness of ¥ this sequence converges. Thus we can define an operator

R (clearly linear) suchthat D(R)= U q ¥ and Rx= limr x VxeD(R).
nel m

Supposen € N .

Thenform >n

(R —r )l

= sup [I(R—r_)q x|
xe¥ m=n
[|x]|=1

= sup || lim (r -, )q, x|l
x€¥ " ¢ m+t m) n
[Ix]|=1

= sup lim ||(r

xe¥ t
||x][=1

m4t —rm)qnx“ by continuity of the norm.

< sup 2|
xe¥
lIxl]=1

2—-m

x| since [|(x qfl <27

m+t _rm)

A

2-—11

IN

We claim R is 7—premeasurable.
FornelN
q,¥ ¢ D(R) ;
—n .
(l—q ) <2,
—n
IRl $IR=1 ) all+ gy g all € 27+ llrp g all <o

So R is r—premeasurable.
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*

*
n+1 ~Tn = (T

*
arguments can be applied to the sequence {rn }

Now r - rn)* €M (2_(n+1) , 2_n) * M (2_(n+1) , 2—n) , so the above

helN , enabling us to define a 7—premeasurable

*
operator S such that Sx=1limr x Vxe D(S).
m

*
Then Vx € D(R) Vye D(S) <Rx,y>=lim<r_xy>=1lim<xry>=<xSy> by the
m m

continuity of the inner product.
*
3 RcS

3 R is preclosed.

Thus R is 7—premeasurable and preclosed, so by 8:12(c) R € A .

~n

We now show that r, — R ink.
Supposen € N.

Then form > n

I(R~r,)a,ll
= IR — rm) qn|| since R q =R q, , because q ¥ D(R)
< 2™ as above.

and 7(1—q ) < o

. sofor m > n the projection q demonstrates that R — r €4 (2™2™)

iee.r_ —R.
m

This completes the proof. : o
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8:28 Note

~ ~

Since }{ is dense in 4, M is the completion of X with the subspace topology. (Of course the

subspace topology is that induced by the system { 4 (e, é):€>0,86>0}.) Since X isa

“*—subalgebra of X, it follows from 8:27 that X is a metrisable topological *—algebra when

equipped with this subspace topology.

8:29 Example
We now confirm that the choice of name for the topology defined is justified — that is, in the
commutative case, this topology is the topology of convergehce in measure.
Suppose J = Lm(X,)J,/z) is a commutative von Neumann algebra, 7 = J dp .
HA(e, §) = {fe)lzapellp such that ||[fp|| <€, {1—p) < 4§}
= {fe 4:3E€¥ suchthat [[f2p)l < e, u(X-E)< 6}
= {fek: p{xeX: |[{(x)] > e} <6}
= Ve, )nH |
Thus the restriction of the topology of convergence in measure to A is the commutative

topology of convergence in measure restricted to X .

It follows from 1:15 and 8:28 that X = L (X,Y,u) i.e. the space of functions in Lj(X,Z,u)

that are bounded except possibly on a set of finite measure. o

" We now show that the results derived in this Chapter yield the same algebra of operators as the
original approach of [N] .

The topology of convergence in measure was first defined in [N], as a topology on X.

8:30 Definition [N] p 106
For €,6> 0 let M (e, 6)={sell:3pe.llp such that |sp|| < ¢ and 7(1—p) < 6}
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We have already noted that this is a basic neighbourhood system at 0 for the subspace topology

on A of the topology of convergence in measure.
We denote by { JIN » TN } the abstract completion of 4 with respect to this topology.

Thus A and llN are both completions of the topological *—algebra X . By uniqueness of

completions, there exists a *—algebra isomorphism ¢ : J(N — M such that ¢|-ﬂ = id. Clearly

under such conditions ¢ is uniquely determined.

Thus the approach of [Tp] gives a “concrete’ description of the abstract completion of [N] .

Recall that the members of X are densely defined operators, and that their domains are, in

general, different subspaces of ¥ . The approach of [N] , however, views the members of My as

N N N

operators ¥ — %, for a space ¥ 2 ¥ which we now define.

8:31 Definition [N] p 107
Fore, >0 let'l(e,6)={x€7(:3pellpsuchthat lipx|| < €, 7(1-p) < 6}

Arguments of a familiar type show that {%(¢, 6): ¢, 6> 0} is a basic neighbourhood system

" at 0 for a vector topology Ty O H.

Note that since %(e, 6) D B Ve>0 (take p = 1 in the definition of X(e, §) ), it follows that
> 7y

We define ¥ to be the abstract completion of ¥ with respect to this topology.
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- 8:32 Theorem [N} 1

The map #x ¥ — ¥ : (s,x) — sx is continuous with respect to Ty and Ty -

Hence it has a unique continuous extension as a mapping )lN x ¥ — ¥ ; thus the algebra )lN has

~n

a continuous representation on % .
Proof
Suppose €15 € 151 , 152 >0.
Suppose s € A (¢;,6;) and x € ¥(c, , b,)
*
3 s €M (e, 06)) and x61(62,622
3 ip; € )lp such that |p; sl =ls pll < ¢, (1-p;) < §

and 3p,€ )lp such that |pox]| < &g, T(1-py) < &,

' *
Let q = N((1-py)s )
*
Thenl—q = 1 —N((1-py)s )
: * ¥
= R(((I-py)s ) )
*
~ R((l"‘pz)s )
< 1_p2
Letp = P{Aq . A familiar argument, see for example 8:13, shows that
lipsx|| = [pspox]|| = llpp{spgx|| < [IPll Iy sll Ipgxll < €1y
and 7(1-p) < 7(1-p;) + 7(1—q) < 7(1-p;) + 7(1-py) < &) + 6,

Hence the projection p demonstrates that sx € ¥( € € ) b, + 62) .
Thus X (e, , 6;) M(ey , 65) CH(ey €9, 8 + 6)

Hence the map A x ¥ — ¥ : (s,x) — sx is continuous, and so has a unique continuous

extension as a mapping Me x ¥ — ¥

Thus the algebra Moy has a continuous representation on ¥ . 0
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We now identify the isomorphism ¢ : Mg — A (such that ¢I y = id ).

8:33 Definition [N] p 110

Suppose S € My -

MS ; the 6pera.tor of multiplication by S, is an operator in ¥, defined as follows :—
D(Mg) ={xe¥:Sxe¥}

For x € D(MS) » Mgx = 5x .

8:34 Lemma [N] 2(i)
Ty is Hausdorff.
Proof
Supposex € ¥(e, 6) Ve, 6> 0.
3 Vnel 3p ¢ }lp such that [[p x|| < 27, (1-p ) < 27,

w
Let qn=k/\ Py - Thenan 1.
=n 80

Fornel, flq x| 32_k Yk>n
s ol =0
3 q X = 0

Hence x =lim q X = 0
n

Thus Ty is Hausdorff.

8:35 Lemma

SupposeSEJlN.

(a) V>0 Ap ek, suchthat f(1-p)$6,Spek  cf [N] 2(ii)
(b) seds M =s

(c) pellp,SpEJl# Msp=Sp
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Proof

(a)

Recall that the analogous result for J~l has already been proved (noted in 8:27) , hence
Yé>0 Hpellp such that 7(1-p) < 6, #(S)pe X

Now ¢(S) p = é(S) #(p) = ¢(Sp) =S p, since §(Sp) € X

(b)

Clear.

()

D(Msp) = {x€¥:pxeD(Mg) }
= {xe¥:Spxe¥}
= D(Sp)

For x € D(Mg p) , Mgpx = Mg(px) = Spx .

8:36 Proposition cf. [N] 4

ForSEJlN, MSEJl.
Proof
SupposexE'l(,D(MS)an—'x,Man—'yE'l(.
11> 7y

3 xn—-'x,Man—'yin'r,l
and Msxn = an — Sx = MSx in Ty

3 y = Mgx since 7y is Hausdorff ~ (8:34)
Thus MS is closed.
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We now show MS is affiliated.

Suppose u € }l’ u

We need to show that u MS C MS u

D(u Mg) =D(Mg) = {x€¥:Sx €7}
D(Mgu)={x€e¥:ux€D(Mg) } ={xe€¥:Suxe?}

Choose {s } c A such that s) — S in Ay
For x € D(u Mg),

uSx = lim us_x
n

= 1111m s ux since ue H u

= Sux
In particular, Sux € ¥. Thus x € D(Ms u) and uMSx = Sux = Msux .
Hence u MS C MS u
Thus MS is affiliated.

Suppose 6 > 0
By 8:35(a), 3pe€ le such that 7(1-p) < 6,Spe X
3 D(Mg) ={x€%:Sxe¥}>p¥

Hence D(Mg) is 7—dense, since § was arbitrary.

Thus MS is closed, affiliated and has 7—dense domain,

and the result follows by 8:7(b) .
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8:37 Theorem

The unique topological *—algebra isomorphism ¢ : ,llN — K that extendsid : K — K is
¢:‘”N_"”: S—aMs.

Proof

Since '“N and K are both completions of X, it suffices to show

{s,)}cH, s,—Sin My, s, —Rin A 3 Mg=R.

Suppose § > 0
Choose p € .llp such that 7(1-p) < 6, p¥cD(R) ,Rp e X

8, — R in ;l
3 s, p— Rpin .INI
3 s, p— R pin X with the subspace topology of;l
3 s,P—Rp in X with the subspace topology of ;lN
3 s, P— Rpin ;N

But sn—»s in JIN 3 snp—’Sp in JIN
Thus Rp=Sp

3 Mgp=Sp=Rp
3 Mg =R, by 8:21(b) , since § was arbitrary.
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9:The GENERALISED SINGULAR FUNCTION

In this Chapter we introduce the distribution function, the spectral scale and the generalised
singular function. We will see that these are generalisations of their classical commutative
analogues, discussed in Chapter 2. We will see that the generalised singular function is also a

generalisation of the singular value sequence of a compact operator in BL(%¥) .

We suppose throughout that X is a semifinite von Neumann algebra and 7 a faithful semifinite

normal trace on X .

9:1 Note
Recall that for a self—-adjoint operator S 7 X, the uniquely determined spectral family
{ €, (5) : t € R } satisfies :—

(1) et(S) Ellp VteR

(2) by <ty 2 etl(S) < etz(S)

(3) ¢ " (5) 1 €(S) as el 0 (the family is right continuous)
50

(4) e(5)7 1 astle
$0

(5) e(8)l 0 astl-o
50 .

Furthermore, if 0 < S then

(6)  e(g q)(S) = 5upB(S)
(1) ¢(S)=0 fort<0
9:2 Definition cf. [P]p 74, [FK] 1.3

Suppose S € X sa
Suppose { et(S) : t € R } is the spectral family for S .
Letd:R— [0ym] : t — ‘r(e(t m)(S))
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We call this function the distribution function and use the notation d,(S) , to indicate the
dependence on the operator S . The function is well defined since the spectral family for S is

uniquely determined.

Note that if S € X then |S| € X ¢ 45 and so we may consider the distribution function of

|S] for any S € K . In fact, some sources define the distribution for S € 4 in this manner, e.g.
[FK] Definition 1.3. Unfortunately this approach can lead to ambiguities in the case that S is

self—adjoint but not positive.

9:3 Proposition

Suppose R, S € ;l sa
(a) dt(S) is a decreasing function.
(b) dt(S) is right continuous.
() RES + d(R)<dyS)
Suppose further (1) < @
(d) d(S)—0 as tTo
(e) dy(S)— (1) as t | —w
Proof
(a)
1Sty 3 etl(S) < et2(S) by 9:1(2)
3 e(tl’m)(S) > e(tz’m)(S)
3 dtl(S) = 'r(e(tl,m)(s)) > T(e(t2,m)(s)) = dt2(S) by the monotonicity of T

Hence dt(S) is decreasing.
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(b) |
t. 1t 3 e, (5) 1 €(5) by9:1(3)

| i so

> e(ti’m)(S) lo e(t’m)(S)

3 d; (S) T d,(S) by the normality of 7

()

R¢S 3 e(_m’t](S) A e(t,m)(R) =0 VteR (analogous to the proof of 8:26)
3 T(e(t,m)(R)) < r(e(t’m)(S) VteR by 3:2(e)

ie. di(R)<d(S)

(d)
1-¢(S)] 0 astTw, by9:1(4)
SO

3 r(e(t,m)(S)) 10 ast]o, by 3:20

(e)
Similar to (d) , using 9:1(5)

9:4 Proposition [P] Theorem 1

Suppose 7(1) < w and S € 4 5%
* For t € [0,7(1)) , the quantities

inf su <Sxx> = A, (say);
ped x| =1 t

prcD(s) *€p*
7(1—p)<t

inf {0eR:d,(S)<t} = B, (say);
are equal, and denoted by A,(S) . The function A,(S) : [0,7(1)) — R U {w} is called the

spectral scale of S .
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Proof

Suppose t € [0,7(1))

Suppose § € R and do(S) <t
3 'r(e(o,m)(s)) <t

3 A < su <Sx,x> since certainly e,S) ¢ D(S)
‘ Ix]=1
< 0 by the Spectral Theorem.

3 At ¢ B, by taking the infimum over all admissible 0.

Let € > 0 be given.
Choose q € .llp such that 7(1—q) <t , q¥ ¢ D(S) and lsluﬁ <Sxx> <A, +¢.
x|[=1

xeq¥
Then q A € At e,m)(S) = (0 by the Spectral Theorem.

4

rle(a +ea) N TI-0) €t by 32(0)

v

dAt+e(S) ¢t
3 Bt < At + €

3 Btg At since ¢ was arbitrary. 8]

9:5 Note
The expressions in 9:4 are valid for any von Neumann algebra containing the family
{e(S):teR} (since the expression B, is obviously invariant under such algebras). In

particular, they hold for the commutative algebra generated by the family {e/(S):teR}.

9:6 Note

9:3(d) does not neccessarily hold for d,(S) (S €4 53) if 7 is not finite. However, if 7(1) < o
then indeed d,(S) | 0 as t T o, and hence for t € (0,7(1)) the set { € R:d(S) < t } is always
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non—empty. Furthermore, d,(S) 1 7(1) as t | —o and hence for t € (0,7(1)) the set
{0eR:d 0(S) <t } is bounded below. Hence the assumption that 7(1) < o ensures that the
spectral scale is finite valued on (0,7(1)) .

Now consider the caset =0 .

Ifsei5? , then the only projection satisfying the requirements of the expression At is 1.

Hence A(s) = suf <§X,X> = ||s+|| .
lixlj=1

IfS € X5% — 452 then there are no projections satisfying the expression At — since by

faithfulness of 7, p would still have to be 1, but this is impossible as D(S) ¢ ¥ — and so
#

A(S) =infép=a.

9:7 Example
Suppose H = L°(X,Z,u) and 7= J- du
Then for f € 4 52 e(f) ={xeX:f(x) <t}
3 d(f) =p{xeX:f(x) >t}
3 M@ =inf{0eR:p{xeX:f(x)>0}<t}

which is exactly the rearrangement of f seen in Chapter 2. o

9:8 Proposition

Suppose 7(1) <@ and R, S € ;(sa

(a) The infimum in the expression B, of 9:4 is attained, thus d/\t(S)(S) <t Vite(0,m(1))
(b) ’\dt(S)(S) <t Vitel[0,7(1))

(c) /\t(S) is decreasing.

(d) A(S) is right continuous.

(6) R<S 3 A(R) < A(S)
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Proof

(a)
Choose a sequence (0 ) C Rsuch thatd, (S)<t VnelN, and 4 | A,(8) .
n

Then d, (S)(S) < t by the right continuity of d,(S) , and the infimum is attained.
t

(b)
’\dt(S)(S)'z inf { 0€R:d,S) <dy(S)}<t

()

t; <ty 3 {OEIR:dO(S)gtl}c{0elR:‘d0(S)5t2}
3 At2(S) < ,\tl(S)

(d)

Assume for a contradiction that A (S) is not right continuous at some t € R .
3 3¢ >0 such that A(S)>c2 ’\t+e(s) V>0, since A(S) is decreasing.

3 d.(8) < dy S)(S) as d(S) is decreasing

t+e(
< t+e by (a).

Then d,(S) <t (as € was arbitrary) , and so A,(S) < ¢, the required contradiction.

R<S 3 d,(R) < d,(8)
3 A (R) = inf { 0eR:dR) <t}
< inf { 0eR:dS) <t}
= ®)
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We will need the folloWing estimates of the Spectral Scale of a reduced algebra in Chapter 10.

We point out that for s € i 52 ,PE .l( y

’\t(sp) = ;Iel{,ll ) r_ <spx ,X> t € [0,7(p))

T (p—e€<t xee

which is in general quite different to /\t(p §p).

9:9 Proposition [DDd] 2.2

Suppose 7(1) < w .

Suppose p € .ll and s € 452,

Then A, 1 p)(s) < At(s )< A(s) Vielo, 'r(p))
Proof

Ifqe le and 7(1—q) < t, then paq€ (le)p and

To(P —PAQ) = 7(p ~pAq) = 7(pvg —q) < 7(1—q) < t .

= inf X,X T
So A(s,) el ler— <8 %x> t € [0,7(p))

T (p—e§)<t xee7l

< inf <s X, x> by the above obéervation.
qEle llej—
r(1=q)st X€(Pra¥

= inf <5X,X>
qE.llp ||fo)—
r(1-q)st *€(PAa)Y
since for x € (pAq)%, <s XX> = <psp(pAQ)x,x> = <s(PAQ)x,px> = <sX,Spx> = <5X,x>
< inf <8x,x>
ak,  Ixl=1
r(1=q)st X€a¥
= A(s) -
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A ] = inf su <5x,x>
th7(1p)(®) qed, ||xﬁ=1
7(1—q) < t+7(1-p) xeq¥
< inf su <s_Xx,x>
qe.llp ||xﬁ=1 P

a“p xeq¥
7(1—q) < t+7(1-p)

since for x € q¥, q < p, <s_Xx,x> = <pspgx,qx> = <psqx,qx> = <8Qx,qx> = <8X,X>

p

= inf su <§_x,x> -
ac(h),  lixfl=t P
7 (p—a) < b xeq®

since 7(1—q) = 7(p—q) +7(1-p) = 7, (p—q) + 7(1-p)

= At(sp) . , o

We now suppose the trace is not neccessarily finite. As will soon be apparent, it is appropiate

to consider positive members of X . Thus we consider |S| for S € # in what follows.

9:10 Proposition cf. [FK] p272

Suppose R, S € J~(

(a) d,(]S]) is decreasing.

(b) d,([S]) is right continuous.

(c) IR|<[S] = d(|R]) < d(IS])
(d) dg(ISI) = r(supp(S))

(e) dy(IS])=1(1) fort <0

() Sek(et) o d|s])<t

*
(&) 4,(1s1)=d,(Is"])
(h) d,(IS]) is eventually finite and d,(|S|) — 0 ast — o

153



Proof
(2) , (b) and (c)
These follow from 9:3 (a) , (b) and (c)

(d) and (e)
By 9:1 (6) and (7)

(f).

This is a restatement of 8:15

(8)

Follows by the argument included in 8:16

(b)

This is a restatement of 8:17 (e) and (f) : O

We thus have that for S € A, d,(|S]|) is eventually finite and lim d,(|S|) =0, regardless

—+m

of whether the trace is finite valued or not. Hence for t > 0, the set
{0€R: d[8])<t}={020:d,([|S]) <t} isalways non—empty. It follows that the

function defined in the next proposition indeed takes values in [0,0) .
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9:11 Proposition cf. [FK] 2.2

Suppose S € K, and S = v |S| the polar decomposition of S..

Fort > 0 , the quantities

inf su ISx|| = C, (say);
pek,  |xj=1 t
prcD(s) X€p?

7(1—p)<t

inf ISpl = D, (say);
pe)lp

pXcD(S)

7(1—p)<t

inf { 020:d,([S])<t} = E, (say);

inf{020:Se;l(0,t)} = F, (say);

are equal, and notated p,(S). The function ,ut(S) : (0,@) — [0,m) is called the generalised
singular function of S .

Proof

It is clear that C, = D,

That E, = F, follows from 9:10(f)

Let 6§ > 0, and suppose S € X (0, t)
3 Ipe ,llp such that p¥ c D(S), [ISpll € 0, T(1-p) < t
3 Dtg 0

3 D, < F, by taking the infimum over all admissible 0.
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Let e >0
Choose q € le such that 7(1—q) <t and q¥ ¢ D(S) and |[S qf| < D, +¢
* *
Then [||S] q| =1]lv Sqfl<[IvlISal<lISall <D +e
3 qA e(Dt +e,m)(S) =0 by the Spectral Theorem.

3 T(e(Dt+ e,m)(S)) <1(l—q) <t by 3:2(e)
? th+€(ISI) <t

3 EtSDt+6

3 Etg Dt since e was arbitrary. a

9:12 Note

Once again we note that the expressions in 9:11 are valid for any von i‘Ieumann algebra
containing the family { et(S) :t €R}. In particular, they hold for the commutative algebra
generated by the family { et(S) :teR}.

9:13 Note

Suppose S € ;l and 7(1) < o

It is clear from the expression D, in 9:11 that p,(S) = 0 for t > 7(1)

For t € (0,7(1))
#4(5)

inf { 020:d,([S])<t}
= inf{020:d,|S])¢t}
= inf { 0€R:d,(|S])<t}
since t # 7(1) , thus d (|S]) = 7(1) > tfor 0 < 0
= 208D
Thus we may say that p,(S) = A, (|S])

In particular, pt(S) = At(S) forS>0 8]
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We now show how the generalised singular function is indeed a generalisation of the

rearrangement of a function and the singular value sequence of a compact operator.

9:14 Examples
(a) .
Suppose d = L*(X,%,u) and r=J.d;z
ForfE;(=Zm, e,(lf]) ={xeX: |f(x)] <t}
3 df)=p{xeX: |i{x)] >t}
3 p()=inf{020: p{xeX: |f(x)| >0} <t}

which is exactly the decreasing rearrangement of |f| seen in Chapter 2.

(b)

Suppose X = BL(¥) and 7 is the canonical diagonal trace.

Recall that 4 = ;( , and that for p € ,llp , 7(p) is the Hilbert dimension of p.

Forn0,let P = {pe€ ,llp : the Hilbert dimension of p < n }

Thus fort > 0, -{pe.l{p:'r(l—p)gt}

{pe .l(p : 7(1-p) < [[t]] } where [[.]] is the greatest integer function

ie [t]] =max{nel:n<t}

= {pekpienyyd

" It follows that for s € BL(¥) , py(s) = inf lspll
peA
D
£L
P
(0]

Furthermore p,(s) is constant on (0,1) (and equal to ||s| )
and is constant on [n,n+1) forn e N

In particular, the generalised singular function may be identified with a sequenée.
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Now suppose s € BL(®) is a compact operator. The singular sequence of s is the sequence |

70(s) » 7(s) , ... of eigenvalues of |s| arranged in decreasing order and counted according to
multiplicity. (We index from 0 rather than from 1 to facilitate comf)arison with the generalised
singular function.)

It is well known that v, (s)=inf  |isp| (See, for example, [GK] II Theorem 2.2)
ped v
p
Ll
p GPn
Hence the singular sequence of a compact operator coincides with the generalised singular

function (the latter being identified with a sequence as already indicated) . o
The following result will be needed in Chapter 10.

9:15 Proposition
(a) Supposes e X

Then [;g} € My(4) andpt([;g])=ut(s) Yt>0

(Of course the generalised singular functions are with respect to different algebras and different

traces)

“(b) ( Adapted [HN] 2.1)

€ M2()() .

Suppose s € A, and consider [ 0* 5
s 0

+ —
Then [O*S € My(4) ® and ut([o*s ) = ut([o*s] ) = pls) Vt>0
5 0 s O s 0

Proof
(a)

[;g” - [lzlg] and that et({lz'g}) = [et(ésl)g] Vt>0
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ool = aasn

(s 0
o wl o)) = u®

~ IIO N (1] 0
‘mwﬂ%md;ob=“E@%MzL=Tmem)

4
(=N
s
—

(b)
* *
0 s 0 s|_}ss O
* * *
s 0 s 0 0 ss
. *1/2 *
3 0*s _ | (ss) 0* _|Is] 0
s 0 0 (s s)l/2 0 |s]
- _+ *
s 0 s =% 0 s| {|0s =% s | s
£ * * *
s 0 s 0] Jls O s |s]
1— . *
and |08 =%— 0 sij_10s =% Is | -5
* * * *
s 0 s 0 5 0 - s
- - + .
' Thus 10[]0s 10[_J0s|
* *
| 0-1][s O 0-1 s 0
10 " 0 0 -
0 s 1 . s
2 e(t’m)( . ) —e(t’m)( . ) Yt>0
|01 s 0 0-1 s 0 -

since [ 10 } is a unitary operator.
0-1
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> ?(e(t,m)([
3 dt( 0* §
L S 0 o
[
0 s
3 A
|5 0]
Furthermore
T(e(t,m)(|s|) =
3 dt( 0* S W
(s 0]
s ”t( 0* S
s 0]

0 s
S*
-+ - T.---
) = d( O*S ) Vt>0
..S 0..
14 - q—
Y =m(|°,5) vi>o0
s 0
5 [r(egy (18 + gy g1 1)
Lo 11 ¢ ])
A
%’;’(e(t»m)(- {O*S} )
s 0
+
3 [ '*(e(t,m)([ LU+ ’;(e(t,m)([
s 0 '
+
%(e(t,m)(["*s )
s 0
+
) =d,(Is])
1+
: )=/~‘t(s)
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9:16 Proposgition

Suppose S € ;( .

(2) The infimum in the expression E, of 9:11 is attained, thus d ut(s)(ISI) <t Vit >0
(b) The infimum in the expression F, of 9:11 is attained, thus S € ;((,ut(S) ,t) Vit > 0.
(c) ,udt(lsl)(S) ¢t Vt > 0for which d,(|S]) is finite. |

(d) #(S) is decreasing.
(e) ,ut(S) is right continuous.

3] ,ut(S) is discontinuous only countably often, (hence m a.e. continuous).

*
(8) () =m(S)
Proof
(a), (c), (d), (e) are similar to 9:8 (a) , (b), (c) , (d) respectively, so their proofs are omitted.

(b) follows by (a) and 9:10({)

(9

Note that ,ut(S) 20 Vt>0, ,ut(S) is decreasing, and hence ,ut(S) is bounded on [%,cn) Vnel

Thus there are only countably many discontinuities on [%—,m) .

@m
Hence there are only countably many discontinuities, on (0,m) = U [%,m) .
n=1

" (g) follows from 9:10(g) - a

9:17 Proposition [FK] 3.1
(a) Sed(e,t) & p(S)<e

(b) S;—S ink ﬁpt(Si—S)——oO V>0
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Proof
(a)
S €M (et)

(b)
Si — S ink

9:18

I

Proposition

d (IS¢t 9:10(0)

/‘t(s) <e

Ve,t >0 thereisa tail of (S;) such that S, —Se (e, t)
Ve,t>0 thereisa tail of (S;) such that p (S, —S)<e, by (a)
Vi>0 p(5—-S)—0. 0

cf. [FK] 2.5

SupposeS,Sl',S2,S3€}(, acC.
(a) lim p(S) = ||S|
tl 0

(b) p(S)=0 & S=0
(c) w(aS)=[a| p(S)

Vt>0

(d) IS 1851 = p(S)) S p(Sy) V>0
t 1 th 2
() ut1+t2(sl + S2) < utl(sl) + ﬂt2(32) v t 49> 0
&) ﬂt1+t2(sl S2) < »utl(s]_) ﬂt2(s2) v by tg > 0
(8) ﬂt(sl S, S3) $ "51” l‘t(sz) ”S3|| Vi>0
@)1 S~ #y(S) [ <lISy =Syl V>0

Proof
(a)

Certainly the limit exists (possibly as o) since p(S) is monotone.

By definition of p,t(S) , ut(S) <|IS|f Ye>0

Hence lim u(S) < IS||
t{0 _
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~ Assume for a contradiction that 3¢ > 0 such that ||S|| >c2u (S) Ve>0

Then d(|S]) ¢ due(S)(lsl) < e Ve>0
? d(Is])=0

3 e(c’m)( |S|) = 0 by the faithfulness of 7.

3 NISHI = lISI| € ¢, the required contradiction.

(b)
S=0 & |S|l=0

&  lim p,(S) =0 by (a)

t{ 0

& #,(8) = 0 by the monotonicity of #(S) -
(c)
p,(aS) = inf{0>0:aSeMl(0,t)

= inf{020:SEJl(~|—60?I-,t) by 8:24(c)

= inf { |a| 020:SeM(0,t)

= la|inf{0>0:SeH(0,t)

= |a| u(S)
(d)

Clear since d,(|S;]) ¢ d,(184]) (9:10(c))

(e)

S, €M (p (5),¢t) i=1,2 by 9:16(b)
i
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5 S +Syed (ytl(sl) + utz(s2) b +1ty) by 8:24(f)

3 By 44 (Sq+8,)<n (Sy)+p, (S
St 52 o (81) + 1 (5))

()
S; € .ll(yti(Si) ) i=1,2
3 S;S,€4 (/Ltl(Sl) utz(Sz) , 41 +15) by 8:24(g)

(8)

Suppose ¢ > 0

IA

i(S1) #(S9) (S5) by applying (f) twice
15,1l 1,(S,) IS5l by (2)
3 (S 89 83) <|IS;ll 1 (Sg) lIS4ll by the right continuity of 1 .

#y42¢(51 S S3)

IN

(h)

Suppose € > 0

ept(B1) = #eg (S =Sy +Sy)
< ﬂe(sl - S2) + l‘t(sz) by (e)
< Hsl - Sz” + l‘t(sz) by (a)

3 pt(Sl) <lIS; —Syll + #,(Sy) by the right continuity of 4 .
2 ”t(sl) - ﬂt(SQ) < ”SI - S2”
By symmetry | l‘t(sl) —l‘t(sg) | < “SI - Sz” ‘
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We will need the following estimates of the generalised singular function of a reduced algebra in

Chapter 10.
We point out that for s € ;5 ,PE Jl ,
py(s,) = inf lls xII t € (0,7(p))
tp e(—:(Jl ) r—

T (p—e§<t xee

which is in general quite different to pt(psp) .

9:19 Proposition

Supposes €  and p € J(p .

Then f,(s,)) < 4 (psp)

Proof

Ifqe .l(p and 7(1—q) < t, then paqe€ (J(p)p and
7o(P = PAQ) = 7(p — pAq) = 7(pvq —q) < 7(I-q) < ¢ .

Thus

- u (s = inf IIs x||
lsp) ec () uxf’—

T (p—e§<t xee¥

< inf r llpspx|| by the above observation.
qedy,  |ix J— ”
T(1—q)<t xe(pAq)

< inf r l|lpspx|
qed, lIx]|=
r(1—q)st *€a%
= p(psp) . o
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We already know from 9:17 thatif S; — Sin X, then p,(S;—5)—0.

We now examine under what conditions we can derive statements of the form

" (8 — (S "

9:20 Theorem cf. [FK] 3.4

Suppose S, — §in ;l

(a) u(S)< limninf #(S,)

(b) If 42,(S) is continuous at t then p,(S ) — 4,(S)

(¢) m(S,)— p(S) formae.t.

(@) 148, <u(S) then () — (S)

(6) If p(S,) < m(S) and p(S)) are increasing then p,(S ) T, (S)
(f) M0<S TS then p(S )T p(S)

Proof

(a)

Suppose € > 0 .

“t+e(s) = 'ut+ E(S - Sn + Sn)
< p(S—5.) + m(S,)

”t+e(s) < limninf ut(Sn) since /LE(S — Sn) — 0 by 9:17

L3 ut(S) < limninf “t(sn) by the right continuity of ,ut(S)

(S, —S +8)

&
—
w2
=
~—
fl

<8y =9+ (9)
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3 lim sup (S ) < p_ (S) since p (S, —S)— 0by 9:17
n

IN

3 lim sup p,(S;)

1 (8) since p,(S) is (left) continuous at t.
n

Hence p,(S) < lim infp (S ) < lim sup p,(S) < p(S), and the result follows.
n n

(c)
This follows from (b) and 9:16() .

(d)

#(8,) < 1(8)

+  lim sup u(S ) < p,(8)
n

Hence the result follows as in (b).

(e)

Immediate from (d) .

(f)
By 9:18(d) this follows from (e) .

9:21 L.emma

~ *
Suppose S € M, and v a partial isometry such that v v 3 R(S)
Then pt(v S) = pt(S)

Proof
* *
#4(S) = p(v v8) since v.vS=S5
< p, (v S)
< (S by 91s(e)
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9:22 Theorem

(a) SupposeS € U

Then there exists a sequence {e } C le such that
e, T1ink
Se €M VneN
wy(Se.) T 1 (S)

(b) Suppose Syses Sy €l
Then there exists a sequence {e_} ¢ le such that
e, T1 ink
S;e €4 VneN 1<i<m
p(Sien) Tuy(S) 1<i¢<m
Proof
(a)
Suppose S = v |S| is the polar decomposition of S.
Let en = e[O,n](lsl) € ﬂp
Recall from the proof of 8:27 that
Se €l VnelN

e, T1lin X andhenceSe =v |S|e — v |S[ =S5 inA

(8 e) < 1(S) lleyl < 14(5) Ve W, 50 by 9:20(d) (S e,) — 4(5)

*
Note that v v =R(|S|) > R(|S[)>R(|S|e;) VneN
Hence 9:21 can be applied :—
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If nj <n, then p(S enl)
= p(v]S] enl)
= u(lS] enl)
< n(ls] enz) by 9:18(d)
= p(v]S] enz)
= p(S en2)

Hence p,(Se ) T 1 (5) by 9:20(e)

(b)
Suppose S, = v, |Si| for1<i<m

Let en,i=e[0,n](lsi|) for1<i<m,neN
Thenen’iTlm,ll 1<i<m

Let e, = e

.ln,i

1

I >58

ien,iene'u VnelN for1<i<m

We now verify that e 1 1in A

m
(l—e ) = (1— A e

i=1 n,i)

m
= T(i—l/-.l(l _en,i))
m
iEl'r(l —en,i)
— 0 as n—w.

N

Hence, as argued in 8:27, e, — 1 in K.

Similar arguments to (a) give the final result.
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9:23 Proposition cf. [FK] 2.6
(a) Supposese€ M,q€ le .
Then p,(s q) =0 for t > 7(q)

(b) Suppose S¢€ ;l Q€ le

Then (S q) =0 fort 2 7(q)

Proof

(a)

Ift > 7(q) then 7(1—[1—q])=1(q) <t
Hence ut(s q)

= inf lIs q pl|
pEA
T(1-p)<t

< Is a (1—q)||
= 0

(b)

Choose 4 3 {s } —Sin i
Then an——»Sq in X
For t > 7(q),

0 < (S a)
lim inf ,ut(sn q) by 9:20(a)
n

IN

0 by (a) . sl

We wish to point out that 9:24 and 9:25 are phrased for operators in 4 rather than in 4. Not
much is gained by this, and we make this distinction only for the purposes of some technical

points which will be examined in Chapter 11.
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9:24 Definition

Suppose 0 < S€eX.

(11}
Let S = J t de,(S) be the spectral resolution of S.
0 .

n
Of course J t de,(S) € K" ¥nen.
0

n
We formally define 7(S) = sup 7( J tde,(S)) .
n
0

n
Note that 7(S) = lim 7( J t de,(5) ) by the monotonicity of 7.
n
0

9:25 Proposition

Suppose 0 S€eX.
(a) The function vg : B([0,0)) — [0,0] : B — 7(ep(5)) is a measure.

(b) =(S) = Jtdus(t) =Jt dr(e,(S))
0 0

Proof
(a)
- vg(®) = 7ley(8)) = (0) =0

Suppose B; is a countable disjoint family in B([0,»))
®
vg( U B)) = lew (S))
i=1 - U Bi
i=1
o

= A% ep (o)

®
= ¥ 7(eg (S)) by the normality of 7
i=1 i

1=
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l a8

Vs(Bi)

i=1

Hence Vg is a measure.
(b)

n n
If suffices to show 7( J t de,(S)) = J t dr(e,(S)) VneN
0 0

n

since 7 J tde/(S)) T r(S) by definition

| 0
n ©

and J t dr(e,(S)) 1 J t d(e,(S)) by the Monotone Convergence Theorem.
0 0

We show this by imitating a standard measure—theoretic argument.
n n

We first show 1( J xg(t) de,(S)) = ij(t) dr(e(S)) for B € B([0,n))
n

Note thathB(t) de,(S) = ep(S) et
0

So 1( [ xp(t) dey(s)) = reg(s))
0 _

= [ xp() arg®

0
n

= [ xp® dr(ey(s)
0
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It follows by the linearity and homogeniety of the trace that
n n

7( J f(t) de,(S)) = Jf(t) dr(e,(S)) for 0 <f a finite linear combination of characteristic
0 0

functions.

Choose a sequence {f.} of such functions such that f(t) T ¢ uniformly on [0,n]
n n

Then in(t) de,(S) 1 J t de,(S) .
50
0 0
n n
7( J t de,(S) ) = lim 7 J f;(t) de;(S)) by the normality of the trace
0 ! 0
n
= lim in(t) dr(e,(S))
Lo
n .
= J t dr(et(S)) by the Monotone Convergence Theorem.
0
The result follows. 0

The use we can make of the formal definition of 7 is quite limited. For example, in the case

that f is a positive Borel measurable function — so that f(S) in in the Functional Calculus
[+ )]

for S — we are unable to determine 7(f(S)) from 7(S) as J 1(S) de((S) is not the canonical
0

spectral resolution of f(S) .

We thus develop a characterisation of 7 which is more easy to work with by showing that for

© @
0¢SeX, T(S)=J (S) dt .
0
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In the case that 7(1) < w, the following is an interesting alternative proof of an even stronger

result. We will need 9:26(b) in Chapter 10.

9:26 Theorem cf. [P] Proposition 1

Suppose 7(1) < w

(a)
“ (1)
If 0<SeM, then 7(S) = Jut(S) dt
0
(b)
(1)
If s€Xd5®, then r(s) = J A (s) b
0
Proof
(a)

Consider Lebesgue measure m on [0,7(1)) .

Consider the Borel measure vg on [0,0) given by 9:25(a) .

We claim that the function p,(S) : t — p,(S) : [0,7(1)) — [0,0) is measure preserving with
respect to the indicated measures.
To show this, it suffices to show that it is measure preserving for B = (a,b] € B([0,»)) , since
~ these sets generate B([0,0)) -
(B = e ()

= (e 4)(5) ~€(p 5)(8))

= 'r(e(a m)(S)) - 'r(e(b m)(S)) since 7 is finite

= d (5) —dy(8) .

= m([408),4,6))
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= m{te(0,(1)):a<p(S)<b}
= m([gOI®)

Thus p,(S) is measure preserving.

'r(l) m '
Hence J;Lt(S) dt Jid d(m [S)™Y)  [C] 2.6.5
0

i

0

id st by the above

!
ot——8

= 7(S) , by 9:25(b)

(b)
If s € X5, then arguments similar to 9:25 and 9:26(a) apply, namely :
The function v, on B(R) given by v (B) = 7(eg(s)) is a measure.
st

The identity J t dz/s(t) = J tdy(t) = 7(s) is established in a similar manner to

~Is}
9:25(b) (As in that proof the appropiate identities for characteristic functions and finite linear
combinations of such functions are established. Then the identity function on'[- ||s” || , ||s+]| ]
is approximated in the uniform norm by such functions; and the result is deduced from the
uniform ‘continuity of 7.) |

Furthermore A.(s) : t — A(s) : [0,7(1)) — R is measure preserving with respect to the

indicated measures.

(1)
Thus J/\t(s) dt = Jid dy, = 7(s) o
0
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9:27 Lemma
Suppose p € le

Proof
(1 t>1
et(P) = 11-p 0<t<1
0 t<0
[0 £ >1
s d4,(p) = Jp) oct<
L 7(1) t<0
1 0<t<7(p)
*  u(p) =
0 7(p) < t < 7(1)
= Xo,(p)®
9:28 Proposition

Suppose seJl,Sejl ,pe)lp

(a') l‘t(p 8 p) < l‘t(s p) < ﬂt(s) /‘t(p) < l‘t(s)
(b)  #(p S )< 1 (S p) < 1, (S) 1 (p) < 14,(S)
Proof

(a)

~ 1 (p s p) <|Ipll #(s P) < 42(s )

Now l‘t(s p) < ut(S) ”p” < l‘t(s)

and ,ut(s p) =0 for t> 7(p) by 9:23(a)

Hence (s ) € 14(8) X(g r(p))(t) = K4(8) 1y(P) < y(s)
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(b)
Use 9:22 to choose 42 s — Sin A such that u(s ) T i(S) .

Then snp—oSpin.ll.

Hence
(P S p) < ol #(S )

< w(Sp)

< lim inf (s, p) by 9:20(a)

n n

< limninf m(sy) w(p) by (a)

= m(S) u(p) since p(s ) T u(S)

< #4(S) o
9:29 Lemma cf. [DDd] 2.3

3 op ekt

Suppose s=.£ @ p; € where a 20 and 1=p02p12p22...an2pn+1=061{p.

1

n
Then ﬂt(s) = 'Elai /‘t(pi)
i=

Proof
Put a0=0. ’
0 t <0
k—1 k ( )
e, (s) = {1-p Y o.<t< ¥ a (k=1,..,n
t ko= 17 Ti=o !
n
1 P o <t
- i=0
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(1) t <0
a(s) o) T o ( )
3 s = 1 1(p Y a.<t< Y a (k=1,...,n
t k i=0 | =0 1
n
0 ) a; <t
- i=0
©k
3 ps) = ,ani T(Ppypp) St <r(py) (k=0,..,n)
1=
n
= Yalt t
2 X))
n

= ’Elai ut(pi) by 9:27

1=

9:30 Theorem [FK] 2.7

Suppose 0< S e i

®
Then 7(S) = J 1y (S) dt
0
Proof
n .
Suppose s is of the form ¥ ap; € ,ll+ where a; >0 and Py > Py 2.2 P, € H .
i=1 P

o o
n
Then J ut(s) dt Jiilai X(O,'r(pi)) dt by 9:29
0 0

n
= iilai T(pi)

(T ap)
= T 2 . p
l=1 171

= 7(s)
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+ .
If se M , then it follows via the spectral theorem that s can be uniformly approximated
from below by a sequence of operators s . of the above form.
Since | uy(s) —#y(8) | <llsy =5 | (9:18(0)) , sy) = w(6).
Thus pfs) T u(s), by 9:18(d), since s Ts.
Thus 7(s) = lim 7(s ) by the normality of 7
n

py(s,) dt by the result already derived

1l
[o—
=
=i
O———m8

Finally suppose 0 < S € .
Put s = S e[O,n](S)

Then s €A VnelN and p(S,) T 1(S), as shown in 9:22

llilm 7(s,) by definition

7(5)

@
= lim J ut(sn) dt by the results already obtained above
n
0

m
= lim ut(sn) dt by the Monotone Convergence Theorem
~0 n
o
= ut(S) dt . 0
0
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9:31 Theorem [FK] 3.5
Suppose OgSn,SEJl.

() ¥ S —Sink then 7(S)< lim inf 7(S,)
n

(b) ¥S —Sinkand ,ut(Sn) < 1y (S) then 7(S) = llilm (5,)

() IS TSink then 7(S)=1lim (S,)

n
Proof
(a)
[11]
7(S) = Jut(S) dt
0
- ’
< Jlim inf 4, () dt  9:20(a)
0 n
[11]
< lim inf J #4(S,) dt by Fatou’s lemma
n 0 .
= limninf 7(S,)
(b)

e (S,) € 1 (S)
3 Jﬂt(sn) dt < Jut(S) dt
0 0

3 'r(Sn) < 7(S)

3 lim sup 7(S_) < 7(S)
n

Hence 7(S)=1lim (S ) by (a).
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()

This is a special case of (b), but we can actually implement the classical Monotone Covergence

Theorem :—
T
[Lt(S) dt
0
o
= J lim p,(S ) dt  9:20(f)
o I

7(S)

= lim

(S n) dt by the Monotone Convergence Theorem.
n

O%r——y 8

= lim 7(S ). o
n

We now show that this formulation of the trace has some more uses than the formal definition.

The following result will be needed in Chapter 10.

9:32 Proposition [FK] 2.5(iv)

Suppose S € X .

Suppose f: [0,0) —— [0,x) is a continuous increasing function.

(8)  (f(IS])) = f(1,(S))
(b) (1181 = [ f(u(9)) at
0

" Proof
(a)

By 9:14 , we may suppose X is the commutative von Neumann algebra generated by the

spectral resolution of |S| . This von Neumann algebra includes the spectral family of f(|S]) .

Now D(f([81)) = D(|S|), and if p € 4 and pZ ¢ D(|S|) then [|£(|S|)pll = f(l[{S{pl)
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Hence u(f(|S|))

=  inf (| S])pll
pEJ(p
p¥ ¢ D(f(|S|))
(1-p) ¢

= inf f(ll1s1zl)

peM

prMﬂmm
7(1-p) ¢

in f{ IS |ol
= £|P€ P by the continuity and monotonicity of {

AL

= 1{m(IS])

= f(u(S)

(b
S = [wEIs)dt = [ fu(s) e
0 0
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10 : NON-COMMUTATIVE BANACH FUNCTION SPACES

We suppose throughout that X is a semifinite von Neumann algebra and 7 a faithful semifinite

normal trace on X .

In this Chapter we develop the spaces Lp(}() , due to the work of Dodds, Dodds, and de Pagter
[DDd] .

In Chapter 9 we have defined the generalised singular function pt(S) for operators S € A and
developed a number of results concerning this function.

The generalised singular functions are of course functions with domain (0,@) , so it is a natural

~N

question to ask which members of A have generalised singular functions which satisfy certain
conditions — in particular, membership of the classical Normed Kéthe Spaces over (0,x)

discussed in Chapter 2. This generalises the well known fact that the Lp spaces of [Sg], [St],

[Ku], [Y1], [Y2], [Y3], [N], [Tp] and [FK] are precisely those members of X whose

generalised singular function is a member of Lp(O,m) .

Furthermore, we can hope to generalise certain representation theorems from the commutative
theory to the present theory. For example, it is known that if (X,X,z) is a finite measure space
for which p is adequate then all symmetric Fatou norms p on LO(X,E,u) are derived from some

symmetric norm p’ on Ly(0,0) via the formula p(f) = p’(pt(f)) . See [L] § 12.

These observations motivate the following definitions :
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10:1 Definition [DDd] 4.1
Suppose Lp(O,w) is a Normed Kothe Space.

L) = (S ks u(s) e L(0a)}

10:2 Definition [DDd] 4.1

ForSeL p(J'/) , define p(S) = p((S))

The question now arises : under what conditions on p is Lp(ll) a normed space with norm p ?

Furthermore, when is L p([() complete?

~ The approach of Dodds, Dodds, and de Pagter which we shall discuss here shows that for L p(Jl)
to be a Banach Space (with the norm p) it suffices to have L p(O,m) a rearrangement invariant

Banach Function Space with p lower semicontinuous.

The questions of neccessity are at this stage open. More specifically, the following questions

present themselves :— .

(1)  What are the neccessary and sufficient conditions on L p(O,m) to ensure L p(l{) isa

vector space?

~

(2)  What are the neccessary and sufficient conditions on Lp(O,m) to ensure L p()l) isa
normed space with norm p ? -

(3)  What are the neccessary and sufficient conditions on L p(O,w) to ensure that, if

Lp(.l{) is a normed space with norm p , that Lp()l) is complete, i.e. a

non—commutative Banach Function Space?
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To answer these questions, it seems likely that an approach substantially different to that of

Dodds, Dodds and de Pagter will be required. Under the given approach, the requirement that

Lp(O,m) be a symmetric Banach Function Space is needed as early as proving that Lp(J() isa

vector space.

Furthermore, the triangle inequality for p only follows from the submajorisation

| (R) = p (S)] << w(R—S) R,SeMd (established in 10:18)

by assuming in addition that p is lower semicontinuous.
We now expand on the above comments.

10:3 Proposition [DDd] 4.2
Suppose L p((),m) is a Normed K6the Space.

(a) IfSe Lp(}l) and a€C then oS¢ Lp(}l) and p(aS) = |a] o(S)

(b) OeLp(}N(); S)=0 & S=0
Proof

(a)

Suppose S € Lp(;l) and € (.
w(aS) = la| p(S) by 9:18(c)

* plpy(a8)) = el p(p(S))

3 aSGLp(;l) and p(aS) = |a| p(S)

(b)
O¢ Lp(O,m) , and hence 0 € Lp(JN() :
S=0 & ut(S) =0 & p(p(S) =0 & o(S) =0 by 9:18(b)
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10:4

Proposition [DDd] 4.2

Suppose L p(O,m) is a symmetric Banach Function Space.

Then Lp(.ll) is a vector space.

Proof

Suppose R, S € Lp(ll) .

4

10:5

p(R) , 1y (S) € Lp(O,m)
”t/Q(R) J ”t/Q(S) € Lp(O,m)
as L p(O,m) is symmetric, hence closed under dilations, by 2:24.

l‘t/Q(R) + /‘t/Q(S) € Lp(o,m)
#(R + S) € Lp(O,m) since g (R + 5) < ,ut/2(R) + ut/2(S) by 9:18(e)

R+SeLp(1l). 0

Note

We now make the additional assumption that p is lower semicontinuous — thus L p(O,m) isa

symmetric Banach Function Space and p is lower semicontinuous — from which it follows that

the hypotheses of 2:27 are satisfied.

If we are able to determine that for R, S € X,

l l‘t(R) - l‘t(s) | = /‘t(R - S)
then the triangle inequality for p would follow from 2:27 by the calculation :

[ (R + 8) =, (S)| << p(R)
A1, (R + 8) =1 (S)[) = p( (R + S) ~ 1, (S) ) < p(uy(R))

o (R +8)) = o m(R+S)—p(S)+ p(S))
< (R +8)—p(S)) + (i (S))
< Al (R)) + n(m(S)) -

i.e. p(R+S) < p(R)+ o(S)
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Much of the remainder of this Chapter is devoted to establishing as required above that

|y (R) —p(S) | << p(R—5) forR,SeX ~ (Theorem 10:18)
This is achieved via a majorisation result which is of independent interest : in the case that the
trace is finite,

A (r) = A (s) < A (r—s) forr,se i (Theorem 10:15)

Before proceeding to the details, we give a brief indication of our strategy.

Recall from 2:25 , 2:26 that this majorisation would follow from showing that

7(1) 7(1)
J A(r) = A(s) dt = J A (1) dt
0 0
and 311(1‘2)=0 IJ;/\t(r)—/\t(s) dt < :11(1‘2)=0 J A(r—s)dt for 0 <0< 7(1)

The first equality will be an immediate consequence of the finiteness of the trace and the
7(1)
characterisation 7(s) = J Ay (s) dt  (9:26(b))
0
Furthermore, it is clear (since A (r—s) is decreasing) that
0

;1(1‘2)=0 JX Ay (r—s) dt = '([ Ay (r—s) dt

' Hence it will suffice to show that for A € B([0,7(1)))
m(A)
J Ay (r) — Ay(s) dt < J Ay(r—s) dt (Corollary 10:14)
0

This result is deduced using two simplifying techniques.
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The first technique is that it suffices to show certain results in the case that X is known to be
non—atomic. The assumption that # is non—atomic is not severe; for a (possibly atomic) von

Neumann algebra can always be injected into the non—atomic von Neumann algebra

e Lm[O,l] with preservation of trace, distribution function, spectral scale and generalised
singular function. The usefulness of the assumption of non—atomicity is demonstrated in the

following result, which uses the results of Chapter 9 to generalise 3:34 . We will make extensive

use of this result.

10:6 Proposition [DDd] 2.5

Suppose A is non—atomic.

(a) Suppose 7(1) < o .

If € [0,7(1)) and s € 5% then there exists e s) € le such that
rleyls)) = 0
e g(5),0)(8) € 48) £ €3 (5),0)(®)

()

If 6> 0 and s € X then there exists es) € le such that
rlegls)) = 0
e(”l)(s)?m)(lsl) Seyfs) < e[ﬂl)(s),m)(lsl)

Proof

(@)

~ Certainly e(/\g(s)’m)(s) < e[/\o(s),m)(s)

Now r(e(/\g(s),m)(s)) = d/\g(s)(s)g 0
and

Va<Alfs), T(e(a’m)(s)) > 0 and e(a’m)(s) io e[/\o(s)’m)(s) as al Ao(s)
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3 ’r(e[/\ﬂ(s)’m)(s)) >0 Dby 3:20

Hence T(e(Aﬂ(S),m)) < 0 < T(e[Aﬂ(S),m))
The result follows from 3:24.

(b)

Similar arguments apply. | a

We introduce the second simplifying technique with a definition.

10:7 Definition

We call a set [a,b) CR where0<a<b< o acell

If the trace is finite then it is immediate from the spectral theorem that if s € X 53 then
dy(s) =0 fort 2 [Is
dy(s) = 7(1) fort < —|[is||

Hence the range of A (s) is included in [ —[[s™]| ||s+|| ], and X (s) is bounded.

~ Since the functions Ag(r) , A(s) , A, (r—s) are bounded and the interval [0,7(1)) is bounded, it

follows from the Dominated Convergence Theorem that to show that for A € B([0,7(1)))
m(A)
J A (1) = A, () dt ¢ J A () dt
A 0

it will suffice to consider A to be a finite disjoint union of cells.

The basis for this result is 10:11, which is an inductive argument on the number of cells (in the
complement of A). Cells are made to correspond in a certain manner to chosen projections

which have trace value the same as the measure of the cells, and satisfy the inequality
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7(ey)
J A (r) — Ay (s) dt ¢ J A ((r—s) eA) dt . The assumption of non—atomicity is exploited to
A .

construct such projections. By 9:26(b) , the right hand side is 'reA((r—s) eA). But this is the

same as 7((r—s)e A), by the finiteness of 7; finally an inequality for the trace of a product

| developed in 10:13 enables us to conclude the argument.
We start with a lemma.

10:8 Lemma (DDd]} 2.4
Suppose 7(1) < @ . |
sa
2 .
Supposes € H°%, e¢€ le ,C€R and e[c,m)(s) e e(c,m)(s)
- Then
(a) ’\t(sp) = Ay(s) fort € [0,7(e)), forany e<pe€ }lp
= <
(b) A s) ’\t—r(l—p)(sp) for t € [r(e),7(1)) forany 1-e<pE€ le
Proof
Note that e (and hence 1 — e) commute with the spectral family for s.
(a)
s, has spectral family { e, (s),:t€R}

Now (1-¢(s)),, { 1-e/(s) ift2c

e ift<c
— d,(s) iftxc
) 4 { rze) ift<c
s () = M) iftefone).
Thus for t € [0,7(e))
/\t(s) = Ai(s5)

< At(sp) by 9:9 (Take }lp to be the algebra and e the projection in 9:9)
< Afs) by 99.
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(b)

$;_e has spectral family {ef(s);_o:teR}

Thus (1—e,(5));
2 | dt(sl—e)

? )‘t—'r(e)(sl-e)

g r(e)—r(1-p)(5p)

<

l-e—e,(s) ift<c

dy(s) —(e) ift<c

= M) tefn(e)n(1)

At r(p)—r(1-¢)(5p)

Mo+ 7 (o-(1-¢))%p)

M(s1_g) tE [0,7(1—e)) by 9:9

(Take le to be the algebra and 1 — e the projection in 9:9)

Furthermore
M r(1—p)®) ¢
3 Ai(s) <
2 ’\t(s) <

since 1—e < p # 7(1-p) < 7(e) .

This completes the proof.

)‘t—'r(e)(sl -e) t € [r(e),7(1)) by a change of variable
A (s) by the above calculation

’\t(sp) t € [0,7(p)) by 9:9
’\t—r(l—p)(sp) t € [7(1-p),7(1)) by a change Qf variable

Nr(iop)p) L€ [7eT(D)

The next result generalises the previous to enable us to deal with the disjoint union of two

intervals.
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10:9 Theorem [DDd] 2.6
Suppose 7(1) < w .
Suppose A is non—atomic. '
H0< 0, <0,<7(1), r,8€d>®, then
() 3pe le such that
(p) = (1) - (6y— 0))
,\t(rp) =A(r) te[o0)
Mo (0,-0,)05) = M) LE [Gpr(1)
(b) In this case
2y(r) = Ay(8)
Ay(r) = A (s)

M) = A(s,)  tefo0)

M (0,-0,) ) =N - (0,-0,)(5p)  H€ 070

A IA

Proof

(a)
Let eol(r), e0z(s) be as in 10:6(a).

Consider e01(r) v (1 —'602(8)) .
rleq (1)v (1 =eq () ) < rleg () + (1 —eq (5) = 0y + (1) ~ Oy = (1) = (%= ;).
» 3Jpe le such that p> e01(r) v (1 ——eoz(s)) and 7(p) = 7(1) — (0, — 0;) , by 3:24

In particular, 7(1-p) = 0, ~ 0,

p2e,(r)
0

3 /\t(rp) = MA(r)  t€[0,0;) by 10:8(a)

p21—e, (s)
)

3 A8 = A 'r(l-—p)(sp) = A _ (0, - 01)(sp) t € [0,,7(1)) by 10:8(b).
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(b)
For t € [0,0,)
/\t(r) - )‘t(s) = )‘t(rp) - )‘t(s) by (a)
. < )‘t(rp) - )‘t(sp)
since /\t(sp) ¢ A(s) for t € [0,7(p)) (by 9:9), hence for [0,0,), since 0; < 7(p) .

Furthermore

A + T(l—p)(r) < )\t(rp) : for te [O,T(p)‘) by 9:9
M 02_01)(r) < A () for t € [0,7(1) — (0,~0;))
3 Ay(r) < A _ (02_01)(rp) for te [02—01,7(1) )

by applying a change of variable.

3 A1) < ,\t_(02__ 1)(rp) for t € [0,,7(1) )
Thus for t € [0,,7(1))
)\t(r) - )‘t(s) = )‘t(r) - ’\t - (’02_01)(sp) by (a)

10:10 Definition [DDd] p 589
For A € B([0,0)) definem, : A— [0,m(A)]: t — m(A N [0,t))

It is clear that m A Dreserves measure when A is a finite disjoint union of cells.
The following result can be viewed as the crucial step in the argument. The inductive argument

is inspired by [M] Theorem 5.1 ; where a majorisation result similar to 10:15 is proved for

singular value sequences of compact operators in BL(%) .
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10:11 Lemma [DDd] 2.7
Suppose 7(1) < o, M is non—atomic, and A ¢ [0,7(1)) is a finite disjoint union of cells.

Supposer,s € K 5a
Then J e A € '“p such: that

T(eA) = m(A)
M) =A(s) <A - for te A
t(r) t(s) 2 _mA(t)(reA) mA(t)(seA) or
Proof
The proof is by induction on the number n of disjoint cells in [0,7(1)) — A .

Case n=0:

It must be the case that A = [0,7(1)), so we choose e, =1, and the result is immediate.

We make the inductive hypothesis for the nth case.

Suppose we are given a set A, 41 which is a finite disjoint union of cells and [0,7(1)) — Ay +1
can be expressed as the disjoint union of n+1 cells.

Let J be any one of these cells and put A = A, ; UJ. Then [0,7(1)) — A is expressed as
the disjoint union of n cells, so by the inductive hypothesis

3 e, € '“p such that
r(e.) = m(A_)
/\t(r) - At(S) < AmA (t)(ren) - AmA (t)(sen) fort € An .
n n

Let A; = [0m(A ) ~m, (J).

H J=[ab) (say); then
m, (J) = {m(A N[0t)):ast<b}

= [m(A_ n[0a)), m(A N [0,b)))
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Hence m(m, (J)) = m(A_ N [0,b)) —m(A N [0,a))

= m(A N (ab)) |
= m(A NJ)
= m(J) .

Hence m(A) =m(A )-m(J) =m(A —J)=m(A ).

By 10:9 applied to X, , with 0, =m(A_ n[0,a)), 6, =m(A n[0,b)); it follows that
n

3en+lellp, en+1$en, such that
7-(en-i-l) = m(ey) = (0= 0;)
= (e~ (m(A, n[o,b)—m(A, N[0,2)))
= m(A)-mQ)
= m(An+1)
Mg =N ) € Mt V=Nl ) telogy).

A

I

’\t(ren) - ’\t(sen) t— (0 - 01)(ren+1) A (0o — 01)(Sen+1) b€ [0y7(ey)) -

Note that A; =[0,0,) U [0,,7(e )) and thus
fort€[0,0)), my (t)=t
1

for t € [0,,7(e,)) , mAl(t) =t—(0,—0;).

Hence A(r, )—A.(s < A (r - § teA
(T ) = A5 ) my (0%, o mAl(t)( ey 1

Therefore for m An(t) €A

Ymy ()e) " my ) € Amy (my )y, T my (my ), )
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Now mAn(t) €Ay

= m(An n[o.t)) e A1
& te An+1 ;
and for t € An+1

mAl(mAn(t)) = mA'l(m(An n[o,t)) = mAn+1(t) .

Therefore

,\mAn(t)(ren)—AmAn(t_)(sen) - Jrl(t)(lfenJrl)_,\mA e ) A

n n+1

Hence

A1) = X, (6)

<

< AmA (t)(re ) — )\mA (t)(se ) t € A, by the inductive hypothesis.
1 n n n _

A - A teA since A CA_.
mAn(t)(ren) mAn(t)(Sen) n+l n+1 " “n"
< A (r )—2A (s ) teA .
= m (t)\e m (t)\Ve n+1
An+1 n+1 An+1 n+1
With this the induction step is completed. )

Before concluding the majorisation argument we will need one further result.

- 10:12 Lemma [DDd] 2.1

~ 53
Suppose 7{1) <o and Se X
Then

| (a) N(=S)= iir(rll - ’\r(l) _t — (8) i.e. the right continuous modification of — ’\'r(l)—'-t(s)
(6) A7) =17()

(c) )‘t(s_) = ( iirg )‘T(l) -t E(S) )
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Proof

()

By a similar calulation as in 9:25(a) , the function v : B(R) — [0, 7(1)] : B — (eg(S)) isa
finite Borel measure. '
Consider the identity function fon (R, B(R) , v)

d,(f) {xeR:{(x)>t}

= Y(t,m)

= T(e(t,m)(S))

= 49
It follows that A,(S) = ’\t(f) (Of course ’\t(f) is the classical decreasing rearrangement of f;
/\t(S) is the spectral scale of S.)

Likewise d,(-5) = 'r(e(t,m)(-—S)) = T(e(_m’_t)(S)) = d()
It follows that A (—8) = A,(-f)

Hence A,(-S5) = A (-6) |
= the right continuous modification of — A (1) — ¢(f) by [L] 4.9(iii)

= the right continuous modification of — ’\r(l) _+(8)

(b)
. This can be shown in a similar manner to (a) , using [L] 4.9(ii) ; or directly as follows:—
e,(S) t>0
et(S+) = { t

0 t<o0
d. (S) t>0

s 4h = { t
(1) t<0
A(8) t € [0,d,(S))

s ash = T 0 = 2
0 t € [dg(8),7(1))
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(c)

By using the fact that S~ = (—S)+ , this is an immediate consequence of (a) and (b). D

AN

Suppose s € 4 52

We have already noted that A (s) is bounded, hence it follows from 9:8 (c) and (d) that Ay(s) is
m a.e. continuous. (Similar to 9:16(f)) |

It then follows from 10:12 that

10:12.1

(a) A(-8)=- )‘1(1)—-1;(5) m a.e.

0 26N =2"6

() M) = ’\'r(l)—t—(s) m a.e.

We exploit this in the following theorem, which generalises [L] 8.2. Of course the fact that
and s in the following theorem may not commute means that the following result cannot be
deduced from the commutative theory (as was the previous result, for example).

10:13 Theorem [DDd] 2.3

‘Suppose 7(l) =a < w.

’

a a
If r,s€Hd5 then J A1) A, (s) dt € 7(xs) < J A(r) A(s) dt
0 0

Proof
Suppose first 0<r € i 3 and pe le .
Then 7(rp) = 7(prp) since the trace is finite

a
= J,ut(prp) dt by 9:30
0
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a

< : p(x) 1 (p) dt by 9:28
:
= Ay(r) A (p) dt by 9:13
0
And
7(r) — 7(rp) = (r(1-p))

a
< J A(r) A(1-p) dt  as above
0

7(1-p)
- J A (1) dt by 9:27
0

a ‘ a
= J Ay(r) dt — J Ay (r) dt
0 7(1-p)
a a
= J Ay (r) dt —J A (r) 'r['r(l—p),l) dt
0 0
a a '
- J A(r) dt - J A () A, (p) dt
0 0
a
= )- I/\t(r) OLE
0
a
s () 2 J A (D) A, (p) dt .
0

Thus the required result follows for 0 < r € X and p € le ;
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n n
If s= if.-laipi (a,i 20,p;2Py2...2D, € .llp) then A(s) = iﬁlai At(pi) (9:29) .

Hence the required result follows for such r , s by linearity of the trace and linearity of
integration. Since 0 < s € X can be approximated from above and below arbitrarily closely in
norm by such combinations of projections, and since 7 is norm continuous, since it is finite, the

result follows for r,s € it

Ifr,se Ml then r+,r—,s+,s_ell+.

a a
Thus th(#) A, (sT) dt ¢ r(rtst) < J" A 0,67 at
0 0
a a
s () jxﬁ(r) A, F(s) dt ¢ 1(rtst) < At A F o) a
0 0
by 10:12.1(b)
a a
'~ And J M)A, () dt ¢ rtsT) ¢ | A1) A (s dt
0 0
2 2
s @ | A H(E) A7) dt ¢ r(rTs) ¢ | At A, () dt
0 0
' by 10:12.1(b) and (c)
a a
And | A6 A,y (sT)dt ¢ r(rsT) ¢ M) A sh) dt
0 0
a a
s ,P A0 A, F(s) at ¢ (st ¢ f R OPRIORT
0 0
by 10:12.1(b) and (c)
a a
s (3) th*(r) A Fis) at ¢ (st < th‘(r) A i) at
0 0

by a change of variable
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a a
And J M) A (7 dt ¢ r(rs) < J M)A dt
0 0
: a a
5 I Ay (@) A () dt < T(rs) ¢ j A (@) A () dt
0 0 |
by 10:12.1(c)
a a
s (4) th—(r) A, () dt < T(rs) < J'At‘(r) A, (5) dt
0 0

by a change of variable.

Hence by calculating (1) — (2) — (8) + (4) we have :—

a a .
JAt(r) A, (s) dt < 1(rs) < JAt(r) A,(s) dt
0 0

10:14 Corollary to 10:11 [DDd] 2.8

Suppose 7(1) < w .
Suppose A € B([0,7(1))) andr,s e 452,

m(A)
Then J A(r) — Ay(s) dt < T A(r=s) dt .
A 0

Proof
Suppose first that X is non—atomic, and that A is a finite disjoint union of cells in [0,7(1)) .

Letey € .l(p be the projection derived in 10:11.
Then J /\t(r) — A(s) dt
' A

Y i AmA(t)(IeA) - AmA(t)(SeA) dt by 10:11
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m(A)

)— /\t(s eA) dt since m , is measure preserving.
0

reA
T(ey) T(ey)

= ! Mg, ) = i Mg ) d

(re )—reA(se ) 9:26(b)

;
€A €A A

= 7, (69, )

]

T(ep(1—s)ep)
= 7((t—s)e,) since 7 is finite.

7(1)

¢ JAt(r—s) Aey)dt 1013
! _
T(ey )

= J /\t(r—s) dt 9:27
0

m(A)
} Ag(r—s) dt .

0

il

~ As already discussed, the inequality will hold for any A € B([0,1)) by dominated convergence;

and the restriction that X be non—atomic is removed by embedding X into the tensor product

M'® L*([0,1]) , which is non—atomic. | a
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10:15 Theorem  [DDd] 2.9
Suppose 7(1) < o
If r,s€H5? then A(r) - Ay(s) < Ay(r-s)

Proof
7(1) 7(1) 7(1)
j A1) = Ay (s) dt = J A(r) dt - J A(s) dt
0 0 0
= 7(r) —7(s) by 9:26(b)
= 7(r—s)
)
- JAt(r—s) dt by 9:26(b)
0

m(A)

By 10:14 J Ay(r) = At(s) dt ¢ j A (r—s) dt  for A € B([0,7(1)))
A 0

The result follows. o

Recall that we are attempting to establish that for R, S e X,
| 1 (R) — 1, (S) [ << py(R-S)
which in accordance with 2:26 , can be achieved by showing that

J | ut(R) ~ w(S) | dt < J pt(R—S) V A € B((0,0)) of finite measure.
A

To derive this result using 10:15, we can immediately identify two restrictions that need to be

overcome.

Firstly, in 10:15, the trace was required to be finite, and the spectral scale was considered for
self—adjoint operators, rather than the generalised singular function for arbitrary operators

ink.
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Secondly, in 10:15, the operators were required to be bounded.

To overcome these restrictions, we consider reduced algebras He for certain e € }lp of finite

trace. Such projections are considered in 10:16, where the generalised singular function of st for
a self adjoint operator s is related to the spectral scale of the reduction s e
By using these results and the identity s~ = (—s)+ , the restriction to self adjoint operators is

then overcome by exploiting 9:15 where it was shown that an arbitrary s € X has the same

generalised singular function as the positive and negative parts of 0* 5|, which is of course

s O

self—adjoint.

Thus we will be able to relate the generalised singular function of an arbitrary s € X to the
spectral scale of certain reductions, and thereby exploit 10:15.

This process is examined in 10:17 and 10:18.

The generalisation from the bounded to the unbounded case is achieved in 10:18 via an

approximation argument based on 9:22(b) .

10:16 Lemma [DDd] 3.2

- Suppose e € J(p and 7(e) < w.

Suppose s € X Sa
(@) A(s) <m(st)  Vie(or(e).
(b) Ifin addition 3 c¢> 0 such that e(c’m)(s-'_) <eg e[c’m)(s-") ,

then A (s) = p(sT)  Vte(0,7(e)).
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Proof

(2)
M) < AT (98(e)

= AN
= ") (o13)
= (6T
< oplesTe)  (9:19)
< mh (9:28)

(b)

So has spectral resolution { et(s)e :teR }

Now (L —eg(s)), { el e

€ t<c
d(s) tc
s dy(s) - {7
me) t<c
ef(s) t20
sT has spectral resolution { t
' 0 t<0
d(s) t20
s 46h = {7
(1) t<0

Hence for t > ¢ dt(s) = dt(se) = dt(s+)

s forte(0,r(e)), A(sy) = p(s™)
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10:17 Proposition [DDd] 3.3
Suppose K is non—atomic.
Suppose r, s € 5

Suppose A , B ¢ [0,0) are of finite measure.
m(A)+m(B)
Then f ﬂt(f+)—ﬂt(3+) dt + J (7)) = p(r) dt < J ut((r—8)+) dt
A B 0

Proof
First suppose that A ¢ [0,a) and B c [0,b), for somea,b < o . We may suppose a, b < 7(1) .

s0

The map lfl--—-')(2+:s—-![
00

} preserves the generalised singular function, 9:15(a).

However, the trace of the identity is doubled. Hence, by making this embedding if neccessary,

we may suppose that c =a + b < 7(1) .

Since X is non—atomic, 3 et ,€ € .llp such that

UuylrH)a) ) €€ S Gy () e T) 20 ) =2

e(ub(s—)’m)(s—) <e ¢ e[ﬂb(s—)’m)(s—) and 7(e )=b  (10:6(b))

Since 4 is non—atomic, Jee€ le such that e> et ve™ and e)=a+b=c (3:24).

Then for t € [0,7(e1)) = [0,a)

() = (s < ,\t(re BEIACE by 10:16(b)
S NOE X, (50) by 10:16(a)
< A(re) - Ay(se) by 9:9

(Take K, -to be the algebra and et the projection in 9:9)
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And for t € [0,7(e ")) = [0,b)

p(87) — (1) = (-9 — ()"
= A9 - p (1)) by 10:16(b)
<39 =m0 ) by 9:9
(Take 4, to be the algebra and e the projection in 9:9)
RPN (CHREPH(CN by 10:16(a)

= ’\t(_se) - ’\t(_re)

)"r(e)—t(re) - ’\'r(e)—t(se)
for m a.e. t € [0,b) by 10:12.1(a)

= Ao (re) A4 (5e)
Hence J ,ut(r+) - pt(s+) dt + lg #(s7) —,ut(r—) dt
A

(sp) dt

¢ Jx A (r)) = Ay(s,) dt + 1J3 SR

= j At(re) - /\t(Se) dt + J /\t(re) - At(s‘e) dt
A c-B

= J A(rg) = Ay(s,) dt since A and c—B are disjoint

AU(c-B)
m(AU(c—B))
< J A((—s)) dt by 10:14
0
m(A)+m(B)
= J A((r—s),) dt  since A and c-B are disjoint
0
m(A)+m(B)
< pt((r—s)+) dt by 10:16(a), since m(A) + m(B) < a + b = 7(e)
0
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Now suppose A , B ¢ [0,0) are of finite measure.

Let A, =AnN[0,n) andB =B N[0,n).

Then J ;zt(r+) —/l.t(S+) dt + J po(s7) — py(r) dt
A B

¢ [ ueh-xg @b+ [ a6 -xp 1 a6 a
A 1 B 1

= | mehaes [ opea+ 1{ u =ty [ ) - ) e
B-B

A=A, n B,
m(A )+m(B )
¢ | owmMa+ [ wea+r [ a9 a
A—An B—Bn 0 |
m(A)+m(B)
< J pt(r+) dt + J ,ut(sj dt + J ,at((r—s)+) dt Vnedl
~ 0

A—An n

Now ”t(r+) is bounded on A—-A_, and pt(s_) is bounded on B-B_ .
Furthermore, m(A~A )| 0, m(B-B ) |0 asnfw.

Hence J. pt(r+) dt | 0, J pt(s_') dt | 0 asn 1w, by the Dominated Covergence

A—An B-B_

Theorem.

The required result thus follows.
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10:18 Theorem [DDd] 3.4

IHR,S el then |p(R)—p(S)] << p(R-S)
Proof
m(A)
By 2:26, it suffices to prove that l | (R) — ()| dt < p(R—S) dt forall A c[0,0)

0

of finite measure.

So suppose we are given such A .

Consider first the case where r,s € X and K is non—atomic.

Let A;={teA:p(r)2n(s)}
A2={tEA:pt(l‘)<p,t(S)}

Then J [y (x) — 1, (s) | dt

>

+ -

) di + jut([g*;] )—nt([g*;} )dt by 9:15(b)

1l

=
—~

J
S’
[= 9
o~

The restriction that X is non—atomic is removed in the usual manner.

Thus the result followsif r,s€ XK.

209



Supposenow R,S € .7( .
3 (en)ulD C ,Ilp such that
Ren,SeneJl Vnel
Re, —R,Se, —§ injl
m(Re ) T 1 (R)
1y (5e.) 11, (S) (9:22(b))

Hence J | (Re ) — p,(Se )| dt
A

m(A)
j #,((R—S)e ) dt by the result already derived above

(Ve

m(A)
< j yt(R—S) dt (9:18(g))
0

Hence i l,ut(R) —-,ut(S)I dt

= J. lim inf |/"t(Ren) - /-‘t(sen)l dt
A n

¢ lim inf J |uy(Re_) — ,(Se )| dt by Fatou’s Lemma
n
A

m(A)
< j ,u,t(R—S) dt
0
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We have now established — in accordance with 10:5 — that if Lp(O,m) is a symmetric Banach

Function Space and p is lower semicontinuous then L p(}() is a normed space with norm p .
Some further results are available.

10:19 Proposition
() I Se Lp(}() ,Re€HM and |R| < |S| then Re¢ Lp(}() and p(R) < p(S)

(b) Lp(.l() is a module over X, and p is solid in the sense that forr; ;1o € X, S€ Lp(l() ,

oz, S 15) < llrgll A(S) Il

(c) Lp(.l() is self~adjoint and p is invariant under adjoints. Hence adjunction is continuous on
Lp(l() .

Proof

(a)
IR| < |S]

> (R)<m(S)  (9:18(d))

s p(u(R)) < ok (S)

s Rel(H)and p(R)<p(S)

(b)
" Suppose I, Iy € H
Then § € L (4) | + y(5) € L(0,0)
s eyl my(S) ligll € L, (0,0)

3 p(r; Sry) € Lp(O,m)
since gy (r; S t) ¢ llryll 14,(5) llryl by 9:18(g)

3 1519 € Lp(l()
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and p(r1 S r2) = P(#t(fl S fg))
S iyl #,(S) lixgl)
= Iryll ok, (S)) iz

= liglb a(S) NIyl
()
Immediate from 9:16(g).
10:20 Theorem [DDd] 4.4

~N ~

The natural injection L p(.l() <+ { is continuous.

Proof

Suppose K (¢,8) is a neighbourhood of 0 in X .

Of course p(x(o 5)) < o by 2:21

R LK) and p(R)S € n¥(q g) |

then p,(R) 2 pgR) 1’(0 5) since p,(R) is a decreasing function.
* enldg 5) 2 p(R) = p(u(R)) 2 uyR) A2 (g )
3 e 2 pg(R)

s ReMed  (9:17(a))

. 10:21 Theorem [DDd] 4.5

(Lp(.l() , p) is a Banach Space.
Proof

Suppose (R_) ¢ Lp(Jl) is Cauchy in p, then (R ) is Cauchy in X, by 10:20

3 IR € X such that R, — R in X, by the completeness of .
3 ut(Rn) — ut(R) m a.e. by 9:20(c)
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Now o p (R ) - m(Ry)) < p(R — R, ) by 10:18, and so (#(R;)) is Cauchy in Lp(O,m) .
Thus (4, (R, )) has a limit, which is clearly w(R) .

Thus p,(R) € Lp(O,m) andso R € Lp(l() .

~

It remains to show that R, — R in Lp(}()
k . [
Now forneNN, Rn—Rk—»Rn—-R in M

k
»  pR -R) > (R ~R) mae.

3 p(Rn - R) = p(/‘t(Rn - R)) . :
< lim inf p(ut(Rn - Rk)) by the lower semicontinuity of p
k

= lim inf p(R_—R,)
k

3 lim p(Rn—R) < lim lim infp(Rn—Rk)=0. N a
n n k

Examples of non—commutative Banach Function Spaces

By 2:17, Lp(O,m) (1< p <o) is asymmetric Banach Function Space and ||.||p is lower

semicontinuous. Hence L” I () (1<p¢w) are non—commutative Banach Function Spaces.
'p

. f S Sil.. .
: We I.lotate L”"p(.‘{) as Lp(.”), and OI'S € Lp(ll), ” “””p as " ”p

10:22 Proposition

(L), ) = CALIL)

Proof

L (4) = {Sek: p(S)eL }
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= {Sed: supp(S) <o}
t>0

= {S¢e .71: ISl <w} by9:18(a)
= M

~

Fors € L,(4), Il = I, = sup 1(9) = s

In accordance with this result we often denote by ||s||uu the operator norm of s € A .

10:23 Proposition
. Suppose 1 {p<w
1
~ p p
If Se Lp(,ll) then ||S||p = 7(|S|*)
Proof
p Y
Isl, = le®l,
(1]
p
= j u(S) dt
0
p
= 7(I5])
by 9:32, since the function [0,0) — [0,n) : t — tP is continuous and increasing.
_].- '
PD
Hence ||S||p= 7(|S] )
10:24 Definition [Sg] 3.1

s € M is said to be an elementary operator (elop) if T(p[R(s)]) <w.

We will denote the set of elementary operators by 7
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10:25 Proposition

(a) 7chTch(jl) 1<p<o '
(b) 7 is anideal of X - ‘
Proof ‘
(a)

Suppose s € F
Then p[R(s)] € .I(T , 50§ = p[R(s)] sEM 7_ since Jl,’_ is a two—sided ideal.

The case p = o is clear, so suppose 1 < p < o
Suppose s € Jl,’_

3 7(|s]) < o
s AlsP) = (Is] |s|P) <o

L
3 S € p(.ll)

(b)

Supposes € F anda € X

Then [R(Sa.)] < [R(S)] , SO T(p[R(sa)]) < T(p[R(s)]) <o
Thus F is a right ideal.

. *
Since R(s) ~ R(s ), ¥ is closed under adjoints.

Hence F is an ideal.
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10:26 Theorem
F and _ are dense in Lp(l() (1<{p<a)

1
Thus L () is the completion of 7 (or 4,) in the norm s, = 7({s| PP
Proof

By 10:25(a) , it suffices to restrict attention to F.

~N

First suppose 0< S € Lp(ll) .

Let s -Se[ ]().Ofcoursesne.ll YneN

n’

We show that Sy eF

It suffices to show that e[fli’n](S) € F since then s = e[%’n](S) s, €7
p 1 p
* o> ISy 2 g e[%’n](s)llp ( T(e[ n](S))) = = T(e[ n](S))

(S) € 7, since it is its own range projection.

i.e. e[n]
ret(S) n{t<w
e(S—s,) = {e(8) i¢t<n
le,(5) 0¢t<t
(dt(S) n<t<o
2 dy(S—s) = {d(S) igt<n
| d,(5) 05t<%




[ 1y(S) d(_l_)_(S) <t

I
=21

d (8) <t <d (S)

3 (S — n)
(S —s @

L i(S)  t < d(8)

(where d ; _(S) is the left hand limit of d,(S) at 1)
n

Thus p,(8) 2 p(S~s )]0 asn—o
Now ut(S) is p—integrable, so by the Dominated Convergence Theorem (for p—integrable

@
functions), J 1 (S — sn)p dt ] 0
0

Thus IS —sll, 1 0.

In the general case, let S =v [S| andlets = e[%’n](|S|) |S|

Then s, € ¥, as before, and so v Sn €rf
Thus ||S — vsn||p
= vISt=vsyl,
< Ivll, 18] —syll, by 10:19(b)

— 0 asn—ow
~N

Thus ¥ is dense in Lp(!l) :

The final assertion follows by the completeness of Lp(.l{) .
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We are able to generalise 2:21 to the non—commutative case.

10:27 Proposition

(@) (LynL )(H)c Lp(.ll) ¢ (Ly + L_)(H) c X as sets and in the sense of continuous

embeddings.

~

(b) A =(Lyn L)W
Proof

(a)
Suppose S € (L, N Lm)(;l)

3 #,(S) € (L; n L )(0,m)
3 ut(S) € Lp(O,m) by 2:21

3 Se Lp(ll)

S, — 0 in(Lyn L )4
3 p(Sp) — 0 in (L n L )(0,m)
I p(S,) — 0 in Lp(O,m) by 2:21

3 S, —0 in Lp(}l)
Hence (LynL_)(4)C L p(l() as sets and in the sense of continuous embeddings.
A similar argument follows for the case L p(}() ¢ (Ly + L )4

~ ~

The continuity of the embedding (L, + L_)(4) C A is immediate from 10:20
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(b)
re Jl,r

& r1€H and (1)) <o

& 1€k and re L;(4) by 10:23
& p(r)eL (Om) and p(r) € Ly(0,0)
& p(r)e(LynL )0,m)

& re(Lyn Lm)(;() | o

Despite 10:27(b) , it is usual to norm K_ with the L, () norm for reasons that will become

apparent in Chapter 12.
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11: A BRIEF HISTORY
of
NON-COMMUTATIVE INTEGRATION THEORY"

We assume throughout that X is a semifinite von Neumann algebra and that 7 is a faithful

semifinite normal trace on A.

We have arrived at a point where we can profitably give a review of the history of
non—commutative integration theory, concentrating on the work of Segal, Stinespring, Kunze,

Yeadon, Ovchinnikov, Nelson, Terp, Fack and Kosaki, and Dodds, Dodds, and de Pagter.

We have seen much of the work of Nelson and Terp in Chapter 8, Fack and Kosaki in
Chapter 9, and Dodds, Dodds and de Pagter in Chapter 10. There can be no denying that the
previous work in the field is either improved or even superceded by these papers. Nevertheless,

it would be amiss not to draw attention to the work of the pioneers in the field.
As previously noted, the definition of the set of 7—measurable operators A and the result that X

is a complete topological *—algebra (Chapter 8) is the work of Terp; and ;l is presently
considered to be the space of unbounded operators most appropiate for the purposes of
non—commutative integration theory. The question of finding a suitable such "universal space" —
that is, the "optimal" setting for non—commutative function spaces — was one of the key

questions in the theory until the publications of Nelson and Terp.
In answering this question, two basic approaches have been taken. Some authors define algebras
of unbounded operators large enough to contain all the spaces (such as Lp spaces) of interest,

for example Segal’s measurable operators and essentially measurable operators, Yeadon’s

220



modifications of these, and Terp’s K. Other approaches identify algebras of unbounded

operators in an abstract sense, as the completion of subalgebras of X, for example Dixmier’s Lp

~

spaces and Nelson’s JlN and Lp spaces.
We will briefly look at the approach each of the main contributors has taken.

We will also devote some attention to the Lp spaces. Most of the main contributors to the field
of non—commutative integration prior to Dodds, Dodds and de Pagter have constructed Lp
spaces and some considered such questions as duality. Despite the substantial differences in

these definitions and constructions we will show that the variously defined Lp spaces are all

isomorphic to the spaces Lp(}l) .

11:1

The general method for achieving the latter in the case 1 < p < o for each of these definitions

will be to :— .

(a)  observe that Lp is complete§

(b)  observe that 7 (or K ) is densein Lp;

(c)  observe that for the operators in (b) the Lp norm coincides with the Lp(;l) norm,
1

lsll, = r(|s[P)P . (10:23)
It would then follow from 10:26 that Lp and Lp(,l() are both completions in || ”p of 7 (or 4 ),

and hence that Lp is isometrically isomorphic to Lp(}l) .

It has been accepted practice since the time of Segal to define L as A and to denote by ||s||
the operator norm of s € A . Of course 10:22 shows that modern theory is in agreement with this

convention.
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I. E. Segal ([Sg] , submitted 1951, published 1953)

Segal considered an algebra of measurable operators :—

11:2 Definition [Sg] Definition 2.1
A subspace E of ¥ is strongly dense in ¥ if
uE=E Vued’
3{p,} ¢ J(p such that
pn'l( CE VYneN
1— P, is a finite projection Yn e N

1—pni00

’

An operator S is measureable if
S M
S has a strongly dense domain

S is closed.

An operator S is essentially measureable if
S n M and S is preclosed
3{p,} ¢ J(p such that
p¥C D(S) VneN
||Spn|| <o VneN
1— P, is a finite projection Vn e I
1-p, 1o

SO

It is clear from the Closed Graph Theorem that a measurable operator is essentially

measurable.
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Segal shows that the collection of measurable operators forms an algebra with respect to

adjoint, strong sum and strong product. [Sg] Corollary 5.2 .

11:3 Definition [Sg] Definition 2.3
A sequence of measurable operators S , converges nearly everywhere to a measurable operator S

if V>0 3{p,} C 4 such that

p, T 1
nSO
(S, —S)p ll <e Vnel

1- P, is a finite projection Yn e N

Segal’s definition of measurable operators can be compared to that of 7—measurable operators,
and nearly everywhere convergence to convergence in measure. Obviously the crucial difference
is that the complement of certain projections is required to be algebraically finite, rather than
to have finite trace. In fact, the algebra of measurable operators and nearly everywhere
convergence are defined independently pf the trace. In particular, thése constructions are valid

"

for any von Neumann algebra.

Segal uses the trace to define L, and L, spaces :—
11:4 Definition [Sg] Definition 3.2
Suppose s € F

Then the L; norm of s is [[s||; = sup { |r(as)| :a € A, [la]| <1}

We will see in 12:1 that this definition of ||.||; for members of 7 coincides with the modern

definition.
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11:5 Definition [Sg] Definition 3.3

A measurable operator S is called integrable if it is the nearly everwhere limit of a sequence
(sn) C F that is Cauchy in L, . The collection of all integrable operators is denoted'ds L, . For
such S, 7(S) is defined as 11i1m 7(s,) -

This is well defined by [Sg] Remark 3.1 and Theorem 11.

11:6 Definition [Sg] Definition 3.4
ForSe Ly, IS, =sup{|r(rS)| :rek, |l <1}

It is shown that L, is a normed space under ||.]j; ([Sg] Corollary 11.3) and subsequently that
Isll, = (ISI) ({Se] Corollary 11.14)

Segal also defines an L2 space of measurable operators-

11:7 Definition {Sg] Definition 3.7 , 3.8
A measurable operator S is square—integ;able if S can be expressed as S = S1 + iS2 with
S1 , S2 symmetric measurable operators and 512 , S22 intégrable.

The collection of all square integrable operators is denoted L2
1

2 2
Islly = 7(I81?)
It is shown that L, is a normed space under ||.||,, ([Sg] Corollary 12.12)
The approach of Segal is comparable to the classical approach to integration, where the integral

is first defined for a set of easily accessible functions and then extended to a larger set by a

prescribed limiting or completion process.
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In accordance with 11:1, we note that
(a) Lp is complete [Sg] Theorem 13

(b) ¥ isdensein Lp by definition in the case p = 1, and by construction in the case

p = 2 (See [Sg] § 3.4)

(c)  For members of 7, Segal’s ||.||p norm coincides with the Lp(Jl) norms.

4(p=112)'

7

Hence Segal’s Lp spaces are isomorphic to Lp(!l) p=1,2).

W. F. Stinespring ([St] submitted 1956, published 1959)

The work of Segal was accepted without modification by Stinespring.
Stinespring seems to have been the first to introduce convergence in measure for sequences of

measurable operators.

11:8 Definition [St] Definition p 23
A sequence {S n} of measurable operators converges in measure to a measurable operator S if

Ve>03{p}c )lp such that [|(S, —S) p |l < ¢ and T(1fpn) — 0

Modulo the difference between measurability and 7—measurability, this is the mode of
convergence determined by Nelson and Terp’s topology of convergence in measure. Thus
Stinespring was the first to realise that the finiteness of the trace on the complement of certain
brojections would be a useful notion, rather than simply (algebraic) finiteness. (Note that a
projection with finite trace must be finite, by the faithfulness of T, whereas the converse is not

neccessarily true.)
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Furthermore Stinespring defined gross convergence, also determined by the trace. This mode of
convergence is weaker than both nearly everwhere convergence and convergence in measure.
Stinespring’s chief motivation for introducing gross convergence seems to be that he was able to
derive better continuity results with respect to the algebraic operations under gross convergence
than under nearly everywhere convergence or convergence in measure. (See [St] Lemma 4.5 and

the note preceeding it.)

R. Kunze ([Ku] submitted 1957, published 1958)

Kunze was the first to give a concrete definition of all the Lp spaces. He uses Segal’s
measurable operators and extension process for 7, and for a measurable operator S makes the

following definition :

11:9 Definition [Ku] Definition 3.1
1 .

p
Isll, = (ISIP)" (1¢p<a)
Lp = { S measurable : ||S||p <o}

This improves some earlier work of Dixmier ([D1] , 1953) where Lp spaces are identified in an
abstract manner, as completions of members of X - under a p—norm. Kunze also established a

Holder inequality for the Lp spaces ([Ku] Lemma 1.4) .

In accordance with 11:1, we note that
(a) L b is complete [Ku] Theorem 2
(b) ¥ isdensein Lp [Ku] Corollary 1.2

(¢) By definition, Kunze’s Lp norm on ¥ coincides with the L p(,I() norm.
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F. J. Yeadon (Y1), [Y2], [Y3], [Y4], 1968 to 1980)

Yeadon made some modifications to the definition of measurable and essentially measurable
operators ([Y1] 2.1.1) and corresponding modifications to the notions of nearly everwhere
convergence ([Y1] 2.2.1) and gross convergence ([Y1] 2.2.4) . Nevertheless, the basic approach is

similar to that of Segal and Stinespring and so we shall not discuss these differences here.

In the commutative case, Yeadon’s gross convergence reduces to local convergence in measure.
In [Y2] a topology of convergence locally in measure is deﬁned, under which convergence of
sequences coincides with gross convergence. ([Y2] Definition 3.1) This topology is defined via

the centre valued dimension function and the representation of the centre as a space Lm(X,E,u) .

11:10 Definition [Y1] 2.2.14

X = { S measurable:3pe€ .Ilp such that ||S p|| < @, 7(1~p) < @ }
Sek iff 3t>0 such that f(e(t (ISD) <o

For S € X, the rearrangement of S is

S"(t) =inf { 0> 0: 'r(e(o’m)(|S|)) <t}
Clearly £ can be compared to K and the rearrangement to the generalised singular function.
A metrisable topology is defined on X which has as a base of neighbourhoods of 0
{{Sex:S"(t)<t}:t>0} ([Y1]22.17 and 18)

For sequences in X, convergence in this topology agrees with Stinespring’s convergence in

measure.

227



Lp spaces are also defined in a way similar to Segal (in the case p = 1) and to Kunze (in the
general case) ([Y1] § 3). The Lp spaces are defined as subspaces of the algebra of measurable
operators, but it is easy to show that the Lp spaces are included in X . Perhaps therefore it is
surprising that Yeadon did not choose as his universal space X rather than the algebra of

Y

measurable operators. -

p ~,
Yeadon also had available the formulation ||S||p = J S*(t)P dt ([Y1] 3.4.1)
He uses this to show that for S, Re X, |[SRJ; ¢ J S*(t) R(t) dt  ([Y1] 3.4.7)
This result is in turn used to deduce the Holder inequality. ([Y1] 3.4.8)

We will see generalisations of these results in Chapter 12.

Yeadon also established a Radon—Nikodym type theorem for # non—atomic and uses this to
show th;t Lq is isometrically isomorphic to Lp* %+ % =1) ([Y1]§ 3.5)

Normed modules of measurable operatof% are considered, generalising commutative Banach
Function Spaces. This generalisation is appealing in the sense that many results in the
commutative theory have close analogues that also hold in this setting. For example, the classic
results on completeness‘, weak Fatou and Fatou norms, perfect spaces and reflexivity have

analogues in this theory.  ([Y1]} § 4)
11:11 Definition [Y1] 4.3.1
For a module A of measurable operators the associate space

A":{Smeasurable:SReL1 VRed}

Some duality theory is developed — we will see more on this in Chapter 12.
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In [Y1] § 5.1 it is shown that symmetric modules of measurable operators (modules closed
under rearrangements) are in a 1—1 correspondence with sets of measurable functions on the
semiaxis (0,w) satisfying properties typical of a symmetric Banach Function Space. This idea

has obviously been brought to fruition in the work of Dodds, Dodds and de Pagter.

In subsequent works ([Y2] , [Y3], [Y4]) Yeadon refined some of the contents of [Y1] . It is
unfortunate that the contents of [Y1] were not made more generally available — [Y1] is a
dissertation and not a publication as such — as almost all subseque;.ﬁt work in the field is
anticipated to a certain extent therein. It is clear that many workers in the field were not aware

of the groundwork that had been laid in [Y1] .

Yeadon has ([Y4] , 2.4) a result quite similar to 10:5 . (He does not consider questions of
completeness, however.) In this result Yeadon assumes that p has the Fatou property, which is

a stronger condition than lower semicontinuity.

In accordance with 11:1, we note that
(a) Lp is complete [Y3] Theorem 3.7(iii)
(b) Fisdensein Lp [Y3] Theorem 3.7(ii)
(c)  Asfor Kunze.

V. I. Ovchinnikov ([ov1], [Ov?], 1970)
* In [Ov1], Ovchinnikov considers the algebra of measurable operators as defined by Segal.

Independently of Yeadon, he defined the distribution function and s—numbers (= generalised

singular function) for those measurable operators for which 'r(e( /\,m)(R)) <o VA>0.
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A number of results anologous to those of Chapter 9 are proved for this class of operators. For
. m - |
such operators R > 0 a spectral family pt(R) is derived such that R = J pt(R) dpt(R) . This
0 .
representation of operators is called a Schmidt Representation. Useful generalisations of this

and other results will be seen in Chapter 12.

In [Ov2] the notion of symmetric normed spaces of measurable operators is introduced. Some

interpolation theory is developed for such symmetric spaces.

E. Nelson ([N] submitted 1972, published 1974)

The paper of Nelson [N] is generally considered to be the starting point of the modern theory of

non—commutative integration. As we have seen in Chapter 8, Nelson defined the topology of

~

convergence in measure on 4 and defined X (we have denoted this by Ay in Chapter 8) to be

thé abstract completion of X . He also shows ([N] Theorem 4) that each member of My can be

represented as a member of X . He shows that S € X is such an operator iff

'r(e(t,m)(|S| ))—0 ast — o (compare 8:17)

1
In [N] § 3, it is claimed that X is a normed space in the norm ||s|]p = (|s|P)P — the proof is

~ difficult, but this is 10:23 — and defines Lp to be the Banach Space completion of this normed

space. He shows ([N] Theorem 5) that there is a canonical injection Lp = My -

It follows immediately from 10:26 that Nelson’s Lp spaces are isomorphic to Lp(,ll)'.
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M. Terp (U. Haagerup) ([Tp] 1981)

By defining 7—measurability, Terp used arguments based on those of Nelson to give a concrete

~N

description of the algebra X of r—measurable operators. We examined this construction in

Chapter 8.

Terp defines [Tp] p 23 e

Lp={SE;l:'r(|S|p)<m}
1

Il = 7(ISIP)P

We have the following result:—
11:12 Proposition

Suppose 0< S €M and 7(|S|P) < w

“Then Se€ X and so SeLp(}l).
Proof

3 |S|p2tpe( )(|S|) Vi>0

t,0
3 tP o e(t’m)(ls‘l) )

= 'r(tpe(t,m)(|S|))
< 7(]51P)
< ®

3 ey (IS)) <o VE>0

In particular, S€ XK. _ a
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~N

It follows that Terp’s definition of the Lp spaces coincide with that of Lp(,l() .

We also point out that Haagerup and Terp have defined Lp spaces for arbitrary von Neumann
algebras by using weights rather than traces (a weight is similar to a trace, except that it does
not satisfy the commutativity condition). For details, see [Tp] § 2. See also [Tp1] for an

approach which defines Lp spaces as interpolation spaces between X and Ky .

.

T. Fack and H. Kosaki ([FK] 1986)

Fack and Kosaki define generalised s—numbers of the 7—measurable operators. We dealt with

this in Chapter 9. This formulation is in part inspired by the rearrangement of Yeadon, and as

Fack and Kosaki point out ([FK] , Introduction) the algebra 4 is the natural domain for
generalising the rearrangement : " .. the 7—measurability of an operator S exactly corresponds
to the property ,ut(S) <w,t>0 and the [topology of convergence in measure] can easily and

naturally be expressed in terms of - "

We note that Fack and Kosaki’s definition of the Lp spaces coincides with that of Terp.

[FK] 1.1

P. Dodds, T. K.—Y. Dodds, and B. de Pagter  ([DDd] 1989)

~N

The most recent formulation — the definition of the spaces Lp(.l() —is that of Dodds, Dodds

and de Pagter which was presented in Chapter 10.
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12: DUALITY THEORY

We suppose throughout that X is a semifinite von Neumann algebra and 7 a faithful

semifinite normal trace on A.

We suppose that Lp(O,m) is a symmetric Banach Function Space and p is lower

semicontinuous — thus Lp(.ll) is of the type considered in Chapter 10.

Despite 10:27(b), we choose to norm H_with the Ll(.ll) norm for the purposes of the

following and subsequent results. Recall that (.l(T, ||.||1) is dense in L, (4) (10:26) .

12:1 Proposition cf. [T] pp 319, 320
Suppose s € .l(T

(@)  [r(s)| < r(Is]) =slly

(b)  islly =7(Is]) =sup { |r(as)| :a €k, |lal| <1}
Proof

Let s = v|s| be the polar decomposition of s

(a)
u|s|1/2,|s|1-/2E.VT
Cmhus ()2 = (o |s]Y2 15112

¢ A1s12 5 15112y (15| 2 1) 12

by the Cauchy—Schwartz inequality for positive linear functionals. ([T]19.5)

| = 1(ls])?
Hence |7(s)| < 7(|s])
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(b)

Suppose a € X, ||a||m <1

Then |[7(as)| < (|as|) by (a), sinceas € 4

= sl

< lalig llslly by 10:19

< IIslly

= 7(]s])

* * * *

Conversely, 7(|s])=7(vs)=|r(vs)|; v ed,[v]_<1. o
12:2 Definition

It follows from 12:1(a) that 7 (as defined in 3:6) is a continuous positve linear functional on

(4., ll-Il;) of norm 1, hence it extends to a continuous linear functional of norm 1 on
Ly(K) , the completion of (A_, ||.||;) (10:26) , which will also be denoted 7 .

Note that adjunction is continuous on Ll(l() , and that multiplication by a fixed member of

M is also continuous (10:19) . It thus follows from 3:6 and the continuity of 7 that
* —— ~
(S ) =7(S) VSeLH)

HaS)=r(Sa) VSeL(h) Vack

12:3 Note
We now have four (!) notions of trace
the original faithful semifinite normal trace on it

a continuous positive linear functional on X (3:6)
a continuous linear functional on L,(4) (12:2)

a [0,0] valued function on X + (9:24)
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However, there is no danger of confusion, as on the intersection of any two of these four
given sets, the values of T agree.

To verify this, it is clear that it suffices to show that the extension process defined in 9:24

~ ~

coincides with the extension process in 12:2 for operators S € Ll(ll) nit.

It follows from the proof of 10:26 that 3 {s_} C M_ suchthat 0<s T8Sin L,(K). Thus
the extension process in 12:2 determines that 7(S) = lim r(sn) . But by 10:20,s T Sin A,
n
and so the extension process in 9:24 gives 7(S) = lim 7(s_) by 9:31(c) . Hence the
n

extension processes for r agree.

Before proceeding to the general duality theory, we first highlight the classical result that

XTI

12:4 Theorem cf. [T] V 2.18
(4., 1l-l;) can be identified as a subspace of 4y

Furthermore Ll(ll) v Hy

Nk

Lw(71) v L, (4)
Proof

Since ris a linear functional on the ideal X ;> wecan, fors € J(T , define a linear

. functional m, on A by m(a) = 7(as) (a€A).

Then 7 € A and ||lr | = [lsll; since
I sup {]7(a)| -2 € A, Jla]_ <1}
= sup{|r(as)| :a€X,[lall <1}

= r(|s]) by 12:1(b)

Il

= IISHl
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If s€ (k)" and if 0¢a 1 a in A then
sO

7_(a.) = 'r(a.i 8)
= r(a.i sl/2 s1/2)

= (sl/? a, 81/2) by 3:6 since a, s1/2 g1/2 ¢ V.

) 'r(sl/2 a 81/2) by the normality of 7,

and since s1/2 a, s1/2 1 s1/2 a s1/2,
= 7(a s) since a s1/2 , s1/2 eV,
= 1)

Thus T is normal, ie. uw—continuous, and so 7 € Hy
Since (,llT)+ spans A_ linearly, it follows that T € He Vse M -

Hence we have an insometry (4 _ M) = My s — T

We now show L, () » My

L(4) is the closure of A - under ||.{|; , so it suffices to show K_is dense in My .

‘We will see that it suffices to show that X - Sseparates the points of A .
Suppose 0 # a € K
Choose (.llT)p dp;T 1 (possible by 3:12 and 3:29(d))
* * 50 * * *
* latpjla T la|la|=aa #0
50 * *
3 diel suchthat |a | p;la |#0
. * *
3 7(]a | p; |a |) #0 by the faithfulness of 7
* *
Thus 0 # (la | p; |2 [)
* 2
= {la |"p)
*
= (aa Pi)

= T+ (a)
a p;

*
Now certainly a p; €A 7150 H - Separates the points of X
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*
My = M, so by the theory of bipolars, cl }l,r = ”Too , (since A - is a vector space, hence .
absolutely convex.)

But .llTO = {0} since H_separates the points of X
Thus A °° = {0}° = A .

Thus (X, [|.Il) is dense in My , so it follows L, (K) ¥ Ay

~ * Ny ~
Now L (M) = A and My © M, hence L () 2L (4)
We now proceed to general duality questions.

12:5 Definition

N

Lp('f()" = {Re;l:RSeLl('I() VSELp(J()}

~n

It is clear that Lp(;l)x is a linear subspace of X .
Ifa,,a, €4 ,Re Lp(;()x then

RSe Ll(;l) VSe Lp(;l)
3 Ra,Se Ll(;l) VSe Lp(;() as Lp(;l) is a module
@3 Ra,Se L1(7{) VSe Lp(:lvl) as Ll(;() is a module

. Soa; Rajel p(u)" and thus L p(Jl)" is a module.

~

Suppose R € L p(}()x and R =v |R| is the polar decomposition of R .
Then RS=v|R|SeL(H) VSelk
* ~ ~ ~
e v v[R|S=[R|SeL () VSELp(Jl) since L, (4) is a module

Hence Lp(ll)" = {Red:|R|Se L) VSELP()()}

237



~N

Furthermore R S € Ll(;() VSelL p(-}() |
3 |R| S€ Ll(;() VSel p(;{) since Lp(;{) is a module
3 [R| Vs € Ll(;() VSe Lp(INI) since Lp(:() is a module
3 R*SeLl(;() VSeLp(;() since R = |R| v

~

So L p(}()" is self-adjoint, and it follows

~

x ~n * ~n N
Lp(,l() = {ReA:R SeL(A) VSELp(,l()}
Furthermore R SeL(H) VSe Lp(}l)
* ~N ~n N
& S RelL(H) VSe Lp(,l() as L, (H) is self-adjoint

~

& SReL(H) VSel p(ll) as L p(}l) is self-adjoint

Hence Lp(.ll)"‘ = {Red:SReL(H) VSe LA}

12:6 Definition
It follows from the definition of Lp(,l()" that we may, for any R € Lp(l()" define a (obviously

linear) mapping R : Lp(}l) — L;(#) :S—RS

- 12:7 Proposition

- ForRe L p(,l()" , R is continuous on Lp(}l)
Proof

L p(,l() and L, (K) are Banach Spaces and R is linear. Thus by the Closed Graph Theorem

it suffices to show _11 has closed graph.
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~

So suppose S, — S in Lp(!l) , RS, — Tin L (4)
We need toshow T=RS

S,—Sin Lp(.ll)

3 S,—Sink (10:20)

3 R Sn — R S in X by the continuity of multiplication in X
and RS — Tin Ll(.ll)

3 RS — T ink (10:20)

Hence RS =T since Xis Hausdorff.

12:8 Definition

For Re¢ Lp(ll)x we define fp, : Lp(,ll) — € :S — 7(RS)

~ R
f

continuous on the indicated spaces. (12:7 and 12:2)

12:9 Proposition

~N x ~N *
The mapping L p(,ll) — Lp(.ll) : R — fp is injective
Proof

Suppose R € L p(ll)" .

Suppose f, = 0

~

3 7(RS)=0 VSELp(.Il)
3 T(Rs)=0 VseA
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2 T(Re[on](|R|)S)=0 VneNlN VSE.”T,
since {e[O’n](lRl) s:nel,sel }c H_ (H_is an ideal of A)
3 R €0 n](|R|) =0 VneN as K_separates the points of X (12:4)

3 R =0 since e[o’n](lRl)——’linJl. ' o

12:10 Definition

~ x ~N * ~ x
It follows that we may identify Lp()l) with a subspace of L p()l) , and we norm Lp(}l)

with the norm it so inherits.

ie forRe Lp(ll)" IRl = llfgll = sup
p

B [tp(S)] = :l(lIS))Sl | 7(RS)]

We now set out to establish that in the case X is non—atomic, Lp()l)” =L (H) (as sets
p

and as normed spaces). |
We will need a number of preparatory results before we are in a position to prove this

result.

The following is similar to a result of Yeadon ([Y1] § 3.4, [Y3] 3.3) . However, the result
follows now in quite a routine manner using the approximation techniques developed in

Chapter 9.

12:11 Theorem

Suppose S, R € i

[14] [14] a
Then J 1 (S R) dt ¢ J () 1,(R) dt , with appropiate interpretations if J 4 (SR) dt = &
0 0 0
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Proof
Case 1

Suppose R=p € .llp

Then p,(S p) < 1, (S) g (p) (9:28)

3 l #,(S p) dt < l #,(8) p,(p) dt

Case 2

n
Suppose R = X

Note that if ||S p;fl; <@ 1<i<n, then Sp, e L;(H) 1<i<n.
n

Thus SR=S5 ¥ « p, =

Thus |[SR[l; <o

o n
By taking the contrapositive, it follows that if [[SR||; = o then ¥ a [Sp)l; =w.
i=1

.

where ai20 and p12p22...2pneﬂp.

n ~ ~
I o (Sp) € Ly(H) as L;(H)is a vector space.
i=1

In either case a triangle inequality holds, and so

J 4y (SR) dt
0

(o

ISRl
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Case 3
Suppose R € it
As argued in 9:30, R can be approximated by operators (r_ ) of the type in Case 2 in such a
{vay that
lit, = Rll,— 0
and  p (1) T m(R)

By 10:20,r  — Rin X and hence St , — SR in X

w
Hence Jut(s R) dt
0

w
¢ lim ian u(St)dt by 9:20(a)
n
0
40}
< lim ian #,(8) m(r,) dt Dby case 2
T
[e0}
= J #(8) (R) dt by the Monotone Convergence Theorem
0
Case 4

Suppose R € X
* * *
Let R =v |R | be the polar decomposition of R

* *
It follows R=|R | v

. ®
Hence J 1 (S R) dt
*  *
S 1R]¥)

w(S [R7]) dt by 9:18(g)

O——8 O%——=m8 o
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*
ut(S) pt(lR |) dt by case 3

#,(S) p,(R) dt by 9:16(g)

O——m 8 O—m8g

Case 5
Suppose R € A
Choose {r } C A such thatr — RinA, m(ry) T m(R) (9:22(a))

Then Sr. —SRin K.

Hence | 4 (S R)dt

o

< lim ian p(S 1)) dt Dby 9:20(a)

n
0

o

< lim ian 14(S) p(r,) dt by Case 4
n
0

[+ )
J #,(S) m (R) dt by the Monotone Convergence Theorem.
0

12:12 Corollary (Holder inequality)
.ReL (W),SeL (M) RSeL4 and [RS|; <[RIl , [IS]
T p P
Proof
P (R) o(8) = 0 (1(R)) p(r(S))
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®
> p(R) #,(5) dt by the commutative Holder Inequality
0 :

o]

> [ m(RS)d by1211

0
= RSl

In particular, R S € L, (4) .

12:13 'Lemma

Suppose R € 4 + !

Suppose g € LO(O,m) is m a.e. differentiable, x € ¥ .
b b
2 _ 2
Thenfor0<a<b<w, J g(t) d”e[o’t](R)xll = J g(t) d||e(t,m)(R)x||
a a
with appropiate interpretations if either of these expressions is not finite.

(These are, of course, Stieltjies integrals.)
Proof '
Note that by the Pythagorean relation, ||x||2 = lle[0 t](R)x||2 + Ile(t m)(R)x||2 since

e[O,t](R) and e(t’m)(R) are orthogonal and e[O,t](R) + e(t’m)(R) =1.

b
[ #(t) dllegg (R
a

| 21? 2 .
= [g(t) ||e[0,t](R)x|| ]a - ||e[0,t](R)x|| dg(t) (Integration by parts)

{11 = lle, oy (RxI | dg()

BT P

b
= oWl ®mi? | -
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b b b
= {80 e g®I? |~ 1% as) + [l g (R)cI as(t)
a a

B 21P R 2
= [e@ @]~ [IM7g0)] + llle(t,m)m)xll d(t)

_ b b
= [o0 { e g1 ~ 1P} ]+ [ gy oy (R ante)

a
| 21b | f 2
= -lav g R |+ lne(t,m)(R)xn de(t)
b |
= -—J g(t) d||e(t,m)(R)x||2 (Integration by parts) o
' 3

Suppose R € X .
Recall that 4, (R) is positive and decreasing. Hence 1im p,(R) exists; analogously to 2:5 we

t-w

will denote this limit by um(R)

It is easy to verify that p (R) =inf{t20:d,(R)<w}
<wm fort >ﬂm(R) :

+ Hence d(R) { ¢ o fort =4 (R)
=g for0<t < pm(R)

In particular, d " (R)(R) could be finite or infinite.
[11]
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~N

We will make use of a special spectral representation of an operator R € X . This
representation is suggested by [MvN2] 3.1.3 and [Y1] 2.2.21, although we point out that

the statement of the latter theorem is false.

There it is claimed that for ¥ non—atomic, S € xt ,
7(1)
Jtde JS (t) dp, where S™(n) = lim S™(t)
t-mw
5"(a)
for a certain spectral famlly {pt}t>0 satisfying (p,) = t V t20.

However, if 7(1) = o then the operator 1 satisfies
#(1) =1Vt >0 (equivalently, 1°(t) =1 Vt > 0)
so  p(1)=1 (equivalently, 1°(s) = 1)

® o o @®
Thus J t de,(S) = Jt de,(1)=0+¢ J 1dp, = J 17(t) dp, , and so the claim is false.
S"(w) 1 0 0

This happens precisely because 1 is an operator of case 2 in the following theorem. It seems
reasonable to suppose that Yeadon did not realise the need to distinguish between case 1

and case 2.

We denote ,um(R) by p_and d “m(R)(R) b»y d u in the following theorem, (in which R

remains fixed throughout) .

Note that we assume 7 is not finite in the following theorem. A similar and indeed much

simpler argument suffices for the case where 7 is finite, which is accordingly omitted.
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12:14 Theorem

Suppose K is non—atomic.

Suppose 0 < R e i
Two possible cases arise :—

Case 1 dﬂ =wm

o
Put =e
IR = (4 (R),0)
There exists a spectral family { P, :t20 } such that

T(Pt) =t
m

ag R = J u(R) dp,
0

Case 2 dﬂ <o

®
PUt AR = €y (R),0)
There exists a spectral family { p,:t20 } such that

T(Pt) =t
m

ap R = J #,(R) dp,
0

Proof
Case 1
We first construct the spectral family { p,:t20 }

Force(p_,|[Rl ) andfor te] 'r(e(c’m)(R)) , 'r(e[c’m)(R)) ] choose Pt € llp such
that
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e(c,m)(R) < Pet £ e[c,m)(R)
T(pc,t) =t

pc,t1 < pc,t2 ift) <ty (3:35)

@ @

For t > 0 note that t € | r(e( by(R) )(R) , r(e[ by (R) )(R) ] and hence we can define

Pt = Py (R),t

po =0
7(p;) = t, by construction.

> (R)=p (R) or p (R)>p (R)
1 2 1 1

If p, (R)=p, (R) then p, =p =p <p =P
tl t2 tl Ky (R):tl “tz(R)’tl l‘t2(R):t2 t2

1
If R) > R) the = <e <e < =
#y (R) >y (R) then py iy Rty € iy (R)o) < oy (R)m) € Piy (Rt ™ Prg

ti 1t
3 T(pti - pt) = T(pti) - T(pt) = ti -t]0

3 D, ! p, by a familiar argument, see for example 3:35
iso

Py is increasing and bounded above, and thus so—convergent to its supremum.

It follows by construction that
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e(#m»m)(R)

- c;um e(c’m)(R)

v p,
t20
¢ c; b e[c'“’)(R)
= e(#m,m)(R)

Hence v = e R
ne 20 pt (/‘m)m)( )

/

[41]
Thus the expression J- pt(R) dpt defines an operator on e(” m)(R) ¥; we extend this to
0 o’

an operator on ¥ by letting it take on 0 value on €0, ](R) 1.
o

Suppose t > b
Hay(R)) € %0 €1, € Sy ()0
But 'r(e(t’m)(R))
= dt(R)

) dﬂdt(R)(R)(R)

( (R)
e(l‘dt(R)(R),m)

~ Thus &t m)(R) =e (R) by the faithfulness of 7

(”dt(R)(R)"")

Furthermore,
‘ r pdt(R)

- pudt(R)(R)’dt(R)
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e (R)
(udt(R)(R)’ )

= e(t,m)(R)
But T(pdt(R)) =d,(R) = r(e(t,m)(R))

Thus p 4,(R) = e(t’m)(R) by the faithfulness of 7

all th =
Recall that ap = ¢ (R)0
e ¢1(R)  p <t
Now qp R has spectral family {, ={ [0,¢] ®
‘ <
| ul(R) 0 EE<Hy

1]
Hence to show that qg R = J ut(R) dpt we can show that
0

® ¢ ]
2 2 2 2
vxet [t alxl® = [ u®)7 dipgl
0 0
from which it follows that the domains of these operators are equal;

®

[01]
2
vxet [tditx® = [ pm(R) dipx
0 0

i.e. that the operators are equal.

®
2 2
Jt dliEx|
0
m
2 2
= t% dllery 47 (R)x|l
[0,¢]
p(l)
®
= t2 d|le (R)x”2 since ||e (R)x||2is right continuous
- [0,1] [0,4] 8
+0

p(l)
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um+0
2 .
jt dllegy o (RISI® by 12:13

w

p +0 .
| g, (R)(R)? dlley g)(R)xl?

i

since e( ¢ m)(R) is constant, and hence the integral dissapears, on any
b

. 2 2
ntervals where t R
intervals wher #ﬂdt(R)( )

it +0

w

= | @ dlpg yt?

w

11}
= I ”t(R)2 d||ptx[|2 by making the substitution d,(R) —t
0

Note that dﬂt(R)(R) Tw ast|p_,as thisis case 1.

An entirely similar argument, with 12 replaced by t and ut(R)2 replaced by ut(R),

shows that
o 1) 1)
2 2 2
[rang® = [ ¢ ey (R = | w(R) iyl
0 7} 0

o

With this the proof is completed in case 1.

Case 2
Again we first construct the spectral family {p, :t20}

Forc € ( b ”R”m )} and for t €] r(e(c’m)(R)) , 'r(e[c’m)(R)) ] choose Pet € ,Ilp in the

same manner as before.
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Forp_ andfort € dﬂ ", m ) choose Py (R)t such that
. © b}

m

é(ﬂm,m)(R) Pyt €0 o)(F)

are increasing and e R).
P & p/‘m:t 10 [‘um m)( )

[
This is possible by 3:35

We define
' [0 t =0
= 1 0 <t<d
Pt Pu(R),t b
[Pyt g S

It follows as in case 1 that 7(p,) =t and {p,} forms a spectral family.

(R)

Note that in this case we have arranged that p, 1 )
so Hp®

[11] .
Thus the expression J ,ut(R) dp, defines an operator on e m)(R) ¥ ; as before we
0 o’

extend this to an operator on ¥ by letting it take on 0 value on €0, )(R) x.
W .

Fort > p_(R) , we once again have that
e(t,m)(R) = e(ﬂdt(R)(R),m)(R)
P4,(R) = &(t,a)F)

Recall that qR = e[u (R) m)
- )

e, (R) t>pn
Now qp R has spectral family f, = ®

°0,p,(R) Ot <
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Hence to show that qp R = I p,(R) dp, we show that

t

@®
Vxed j 2 e J (R dlipyx®

from which it follows that the domains of these operators are equal;

(e}

@
veed [talfe® = [ u(®R) dipx?
0 0

i.e. that the operators are equal.

2 2
12 dfifx]

= OB

[ ) 42}

2 2 2 2

2 dlifx)? + Jt dllEx|
©

1]

1l
Oy

[ )
2 2 2 2
= t“ d||f
o g, I+ [ ¢ algx)
lll(l)

2

2 2 2
= i ®P hey, i+ [ dle

{:J'ett—ﬁs

[11]

= w®2ley, I+ [ m® dlpge?
® 0

by the same calculation as in case 1, except that here

dut(R)(R) 1 dﬂm ast | g _(R), as this is case 2.

d
[11] u(l)
2 2 2 2
= | w®Pdp® + | (®P dipal
0

4,

@
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since yt(R) is constantly p_ on [d p @)

[+

Dy T e[ b, )(R) ast J o, by construction

P, l e( ;t )(R) ast | d , by construction

m

= [ n® dipg?
0

An entirely similar argument, with t2'replaced by t and pt(R)2 replaced by ut(R),

shows that

@ [

2 2
ag R = [ tdlitxl® = [ s (R) dlipyx
0 0

With this the proof is completed in case 2.

We will subsequently use the projection aR constructed in 12:14 for 0 < R e X (K
non—atomic) and denote by { p,(R) : t 2 0 } the spectral family derived in 12:14 for such

R, without further comment.

12:15 Proposition

Suppose 0 < f € Lm(O,m)
Suppose X is non—atomic.
 Choose any spectral family {pt}t>0 satisfying T(pt) =t . (For example, this family can be

the family {pt(R)}t20 for Re AT , as derived in 12:14)

1))

Let S = J f(t) dp;
0

Then S€ A and p,(S) = p(f) .
Iffe Lp(O,m)) then p(S) = p(f) .
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Proof
@® .

Let S = J f(t) dp, , and as usual let { e,(S):t 20} be the spectral family for S.
0

Then Se M by T:5

By the Operational Calculus, €t m)(S) =Pla50: f(a) > t}
Thus 'r(e(t’m)(S))

= T(p{a>0 : f(a) > t}(R))

= m{ a>0:f(a) >t}  since r(p;) =t

! Oastfw sincefe L

Thus Se X

d,(S) = 'r(e(t’m)(S)) =m{a>0:1(a) >t} =dyf).
Hence p,(S) = p,(f)

Iffe L (0w) then p(S)= p(k(S)) = plw(f)) = o(f)

In particular, S € Lp(}() .
m
It follows that in 12:14, 4 J 1 (R) dp,(R) ) = ()
' 0

12:16 Corollary

Suppose M is non—atomic.

(1(8):S L0} = {m(f) : € L(00) )
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Proof

The one inclusion follows from the definition of L p(J{) , the other from 12:15.

12:17 Note

Suppose X is non—atomic.

It follows that R € L _(H) & p,(R) p(S) € L;(0,0) VS € Lp(.ll) (2:14 and 12:16)
p .

@
and that for R€ L _(K), p*(R) = sup M(R) 1 (S) dt (2:22 and 12:16)
p p(5)¢1y

12:18 Theorem

Suppose X is non—atomic.
Consider Lp(.ll)x to be normed as in 12:10

. Consider the normed space L _(X)

. p
Then L (H)" =1L (X
P o
Proof
ReL (4 s> m(R)eL (00)
p p

s w(R) uS)€ Ly(0) VSEL W
3 ,ut(R S)€ L;(0m) VSE Lp(Jl) by 12:11
3 RSe Li(4) VSeLp(Jl)

3 Re Lp(.ll)"
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Suppose R € L ()
p

Then J|R]| =~ = 7(RS)
™ I G 185, 17RS)
< p(SS)(l 7(|RS|) by 12:2
- l y(RS) dt
< e i m(R) 1(S) dt

= p"(R) by 12:17

Suppose R € L p(ll)" and R = v|R| is its polar decomposition.

@®
Apply 12:14 to {R] , so that a4 R |R| =Jut(R) dp,(|R[)
0

Suppose S € L p(ll)

Let S = | p(S) dp,(|R])

Oy 8

Then S ¢ L S0 and p(S) = p(S) by 12:15

Furthermore, J“t(R) #,(S) dp,(|R|)
0

= [m® dp(IRI) [ m(S) dpy(IRI)
0 0

by the Operational Calculus, and since 7—measurable operators cannot be extended (8:22)
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= qul Ifl S

€ LK) since RS € Ly(4)

Thus
® > "qul lRl Sf"1.
= I ® w® wRD I
0
= [ (] m® m(s) dpy (R at
0 0
= [nn® ) a byizas
0
= [m® ) dt  since clearly (1 (R) 1y(S)) = (R) ()
0
Thus R e L p(fo* s w(R)u(S) € Ly(0m) VSe Lp(;()
3 p(R) € L ((0,0) by 12:17
o
) RelL x(;O
p
md SR) = s i 1 (R) y(S) dt

=  sup  [layq RIS |
S5 IR 1
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®
< sup Ju (IR S') dt by 9:18
o(S)<1 | 4 | ()

= sup #(vIR| S’) dt by 9:21

p(S)<1

8

8 ’
= sup L (R S)dt
p(8)<1 4 t
©
py (R S) dt
0

since {S’:SeLp(Jl);p(S)gl}c{S:SeLp(Jl),p(S)gl}v

sup
p(5)<1

*
= sup  7(w RS)
p(8)<1
where R S = w |R S| is the polar decomposition

*
= sup 7(RSw ) by 12:2
p(S)¢1

< sup  |7(RS)| by 10:19(b)
p(5)<1

= IR,
L
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*
Recall that in the commutative case, L _ is identified with that subspace of Lp that
p N

comprises of linear functionals of integrable type, and this identification is achieved via the

‘ Radon—Nikodym Theorem. A Radon—Nikodym type theorem has been developed by
Yeadon ([Y1] § 3.5; [Y3] § 4) in the Lp(.ll) case, where it is shown in the case that X is

non-—atomic, Lq(Jl) & Lp(,ll)* . (% + %q- = 1)

In this case the question of generalising integrable type to the non—commutative case does
not arise, as all continuous linear functionals on Lp are of integraﬁléutype. This is obviously
not the case in general. Thus it is neccessary to find an appropiate generalisation of
integrable type linear functionals and to develop a Radon—Nikodym theorem which will

characterise these functionals. More generally, most of the results about duality and

reflexivity need to be generalised to the non—commutative theory.
A generalisation of the concept of integrable type for ideals of # can be found in [DL] .

It is also pertinent to ask if the assumption of non—atomicity of # can be removed.
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