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Abstract

Since the discovery of a method to obtain graphene in 2004, there has been intensive research on this
material by several researchers ranging from investigations of its physical and chemical properties
to some novel applications of graphene. The discovery of graphene came about despite the fact
that some leading researchers such as Landau and Peierls had predicted that two-dimensional (2D)
crystals were thermodynamically unstable. Andre Geim and Konstantin Novoselov managed to
obtain graphene using a rather surprising technique called the scotch tape method. The scotch
tape method involves carefully peeling off layer after layer in graphite which is a three-dimensional
(3D) material without making any distortions to the subsequent layers.

Due to the many applications of graphene, understanding the dynamical behavior of the material
is a very important problem. In order to investigate the chaoticity in graphene, empirical force
fields appropriate for modeling its dynamics are required. In this study we use such models which
have been established to accurately describe bond stretching and bond deformation in graphene.
Based on the corresponding Hamiltonian formalism we derive the system’s Hamilton equations of
motion, whose numerical solution determine the dynamical behavior of graphene, as well as the
so-called variational equations needed for the numerical computation of several chaos indicators
like the maximum Lyapunov Characteristic Exponent.
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Chapter 1

Hamiltonian Systems

1.1 Dynamical Systems

A dynamical system can be described by a set of differential equations or difference equations
governing the evolution of some variables, the values of which determine the present state of the
system. If a dynamical system has say k state variables its dimension is k € N. The £ state variables
can be represented by a vector x = (z1x923... 1) or a transposed matrix x = [xq T x3.. .a:k]T.
The space defined by x is called the system’s phase space. For a phase space of k£ dimensions a state
x gives a particular point in that space. The set of all the parameterized points x(t), where ¢ is
the discrete or continuous time, are termed an orbit of the dynamical system. There are two types
of dynamical systems termed continuous and discrete systems. A continuous dynamical system is
described by a set of continuous time differential equations of the form

.odx o

X=—= (2). (1.1)
Difference equations describe the so-called discrete dynamical systems or maps. In that case the
dynamics of the system is defined by a set of equations of the form

(tpyr) = f(z(tn)), n=0,1,2,3,... (1.2)

A Hamiltonian system is an example of a continuous dynamical system whose dynamics is deter-
mined by the so called Hamiltonian function, which is a function of the system’s state variables. If
the Hamiltonian does not explicitly depend on time ¢ the system is called autonomous, while the ex-
plicit appearance of ¢ in the functional form of the Hamiltonian makes the system non-autonomous.

1.2 The Hénon-Heiles model

In order to illustrate some basic concepts of Hamiltonian dynamics let us consider a particular
prototypical example case. The Hénon-Heiles system is an autonomous Hamiltonian model which
describes the motion of stars in a galaxy ( , ). This system was used to address
the question of the existence of the third integral of galactic motion in the 1960s by Michel Hénon
and Carl Heiles.



The dynamical evolution of Hamiltonian systems is governed by the Hamilton equations of motion

i\ = 9H(q,p)
L 8}?1' ’ .
i=1,2,...,N, 1.3
OH(q,p) (13)
pi - _T7
q;

where H (g, p) is the system’s Hamiltonian function with q denoting the set of generalized coordinates
¢; and p the conjugate generalized momenta p;. The number N of ¢ or p coordinates defines the
systems degrees of freedom. The Hamiltonian of the Hénon-Heiles system is

2 2
p; P 1 2
H($7Z/;pm7py) = ? Ey + 5 (x2 + y2 + 2$2y - 3y3> ) (14)

where z,y are the cartesian coordinates of a star on the galaxy plane and p,, p, the corresponding
conjugate momenta. The corresponding equations of motion are

i':pxa
y = Dy,
ij - —(.73 + 2.Z‘y),
by =—(y+2*—y°).

(1.5)

Since H in (1.4) does not depend explicitly on time ¢ the Hénon-Heiles system is an autonomous one.
In this case the value of the Hamiltonian function in (1.4) is an integral of motion, i.e. it remains
constant during the time evolution of any orbit defined by some initial conditions x(0),y(0), p,(0)
or p,(0). For this reason an autonomous Hamiltonian is said to be conservative.

1.3 Integration techniques

In general the solution of the equations of motion (1.3) can be found by using some numerical
integration technique. Numerical integration methods for Hamiltonian systems can be divided into
two basic categories: symplectic and non symplectic integrators.

Let us discuss in more detail the notion of symplectic integrators. The equations of motion (1.3)

dX =
of an N degrees of freedom Hamiltonian system can be written as e {H,X} = Dy where

X = (@,9) = (¢1,92,---,9N,DP1,P2, - --,PN) IS the system’s state vector, {-,-} denotes the usual
Poisson bracket i.e. N
aof g  Of 89}
g} = - 1.6
t.9} Z::l {0% Opi  Op; Ogi (16)

and Dy is the corresponding differential operator. Then the solution from ¢t = 0 to time ¢t = 7 of
the Hamilton equations of motion (1.3) is formally given by

X (t) = [exp(rDu)| X (0). (1.7)

Considering a Hamiltonian system which can be split into two integrable parts, like for example the
kinetic energy T'(p) and the potential energy V' (q), the differential operator Dy can be written as
Dy = Dy + Dy. Then (1.7) becomes

X (7) = |exp(r(Dr + Dv))| X(0). (1.8)
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By denoting A = Dy and B = Dy we can, in general, find appropriate real numbers ¢;, d; for
1 =1,2,3..., n satisfying the equality

exp(T(A+ B)) = ﬁ exp(rc;A)exp(td; B) + O(r") (1.9)

for some given integer n. We note that the operators exp(r¢;A) and exp(7d; B) correspond to the
propagation of an initial condition for times 7¢; and 7d; respectively under the influence of the
Hamiltonian functions T'(p) and V' (q) respectively. The mapping

X(r) = [f[ exp(reiA)exp(rd: B)| X (0) (1.10)

approximates the exact solution of (1.3) to an accuracy of order n O(7") and can be explicitly
evaluated through the successive applications of the following mappings

oT (p)

QIZQ+TCiTp (1.11)
and V(o)
/ q

—p—7a, 2\ 1.12

P=p-tdi—p (1.12)

The mapping (1.10) yields an n'" order symplectic integrator (SI) which propagates z = (q(t), p(t)) =

X(t) to 2 = (qt +7),p(t +7) = X(t + 7). In order to apply SI schemes for the Hénon-Heiles
system we split the Hamiltonian (1.4) in two parts
_ PPy

9
QYP)ZZT@%J%)—-§*+‘57 qu)=‘/@ay)=:Qf-+y2+2x%/—:#f>, (1.13)

so that H(q,p) = T(p) + V(q). Then the operators (1.11) and (1.12) take the form

¥ =x+pr
Y =yt
exp(tDr) =", Y (1.14)
px - pCE
ply = Dy
and
=z
/I
exp(tDy) = v (1.15)

P = pe — (x + 2zy)T
P, =py— (y+2°—y*)r.

A way of quantifying the efficiency of an integration scheme in the case of autonomous Hamiltonian
systems is by checking the constancy of the system’s integral of motion, i.e. the Hamiltonian itself
throughout the evolution of the system’s relative energy error. The relative energy error AH (t) at
any given time ¢ is computed as

|H(t) — H(0)]

H(0)

A salient feature of symplectic integrators is that the relative energy error remains bounded for
conservative Hamiltonians, while for non symplectic schemes in general it increases as the integration

AH(t) = (1.16)

3



time grows. This behavior can be easily seen in Figure 1.1 where the evolution of AH(t) for the
same orbit of the Hénon-Heiles system is plotted when the non-symplectic 4" order Runge-Kutta
integrator (Kutta, 1901) and the Forest and Ruth 4" order symplectic scheme are used (Forest and
Ruth, 1990). It is clearly seen that the error remains bounded when the SI is used. This property
makes symplectic integration ideal for following the time evolution of Hamiltonian systems.

log10 AH(Y)

40 + i

_11 | | 1 |
1.5 2 2.5 3 3.5 4 4.5 5

log10 (t)

Figure 1.1: The time evolution of the relative energy error AH (t) (1.16) of the Hénon-Heiles system
(1.4) for the orbit with initial conditions z(0) = 0, y(0) = 0.3, p,(0) = 0.30, p,(0) = 0. The non-
symplectic Runge-Kutta 4" order scheme (purple curve) with time step 7 = 0.03 and the Forest
and Ruth 4" order SI (green curve) with time step 7 = 0.03 were used.

1.4 Chaos

We present here the notion of chaos following the formal definition provided by Devaney (1989).
According to that definition there are three properties which should be fulfilled in order for a
dynamical system to be considered as chaotic. The properties are

1. the dynamical system must be sensitive to initial conditions,
2. the dynamical system must be topologically mixing, and

3. the dynamical system must have dense set of periodic orbits.



This definition has been shown to be redundant as the last two properties imply sensitivity to initial
conditions.

1.5 Poincaré Surface of Section

The Poincaré surface of section (PSS) method provides a qualitative way of distinguishing between
chaotic and regular regions. The PSS can be defined as a section cutting through the dynamical
system’s phase space. For an autonomous Hamiltonian system with two degrees of freedom, like
the Hénon-Heiles model, the PSS can be a two-dimensional surface in the system’s four-dimensional
phase space, which separate the phase space in two regions, let’s say A and B. Whenever an orbit
intersects this surface following a particular direction, e.g. from A to B, the intersection point is
marked on the PSS. In this way phase space portraits are created, which visualize the system’s
dynamics.

The PSS method has some drawbacks in that it can only be used for low dimensional Hamiltonian
systems. For higher dimensional systems, quantitative chaos indicators such as the maximum
Lyapunov Characteristic Exponent (mLCE) should be used. ( ) outlined a numerical
algorithm for computing Poincaré maps and we use this method to get the PSS for the Hénon-Heiles
system. There are some obvious advantages of using the PSS such as

e The number of the coordinates is reduced by at least one
e The amount of computed data is therefore decreased.
e The computational resources required are consequently reduced.

It is important to note that the PSS can be taken along any plane in the phase space but some
choices are better. For example taking a plane in the phase space such that one state variable
remains constant can simplify the analysis. The procedure for taking the PSS as given by

( ) is as follows

Plot the raw data in phase space.
Decide on the orientation of the Poincaré section.

Get the parameters for the equation of the section.

- W N

Using the equation of the section, the coordinates of each datum point are inserted and the
appropriate equation from 2 is solved. If the result is positive the datum point is on one side
if negative the datum point is on the other side.

5. A decision on whether to take points entering from the positive side or negative side is made.

6. If the section is to represent the positive to negative direction then all pairs of points from
step four with a +— signs are found.

7. For each pair of such points we interpolate to get the coordinates where the trajectory inter-
sects the Poincaré section. This is done using the method proposed by ( ).

8. Plot the Poincaré section as a separate figure.

From the PSS plot the regions populated by scattered points represent chaotic regions whilst the
regions where smooth curves are formed represent regular regions.
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Figure 1.2: The PSS for a Hénon-Heiles Hamiltonian for orbits with initial conditions x = 0,
y = —0.24852, p, = 0.3015641, p, = 0.295064 (regular orbit), x = 0, y = —0.20962, p, = 0.44371,
py = 0.055140 (chaotic orbit) and = = 0, y = 0.555277, p, = 0.23598, p, = 0.0101094 (regular
orbit).

For our test case of the Hénon-Heiles Hamiltonian model (1.4), we plot in Figure 1.2 the correspond-
ing PSS to show the islands of stability (smooth curves) and the chaotic seas (scattered points) for
different initial conditions. For higher dimensional Hamiltonians, the PSS method may not be
appropriate hence we need to determine chaoticity quantitatively.

1.6 Variational Equations and Tangent Map Method

One way of quantifying the chaoticity of a particular orbit is through the evolution of a small

—

deviation vector about it. So for an orbit with initial conditions X (0) in the phase space we have

to see how an infinitesimal deviation (595(0) evolves in time. The time evolution of dz is governed
(at first order approximation) by the so-called variational equations having the form

W = [Jon - DE(X(1))] -, (1.17)
where W = (dq, dp) and
0 1
Jon = | N (1.18)
—In Oy



with Iy being the N x N identity matrix, Ox the N X N matrix having its elements equal to zero
and D% (X (t)) being the Hessian matrix of Hamiltonian H (g, p) calculated on the reference orbit
X(t) ie.

= 0*H
D} (X (¢ =
H( ( )>(l,]) axla.%] )Z'(t)’

for¢,7 =1,2,3,... N. The variational equations of the Hénon-Heiles system are

(1.19)

ox = Opy, Oy = dpy,

. 0*H 0*H .

Dz 900207~ gzayY = 0P ( y)ox + (—2z)dy,
. 0*H 0*H .

op, = ————0y — or = 0p, = (=1 +2y)d —2x)0z.

Several numerical integration schemes can be used to integrate the equations of motion simultane-
ously with the variational equations. In our study we consider the so-called “Tangent Map method”
which is based on the use of SI ( , ). This method has been proven to be
a fast and accurate technique when compared to other numerical integration techniques both sym-
plectic and non symplectic such as the Taylor series method ( , ). Applying
the tangent map method for the Hénon-Heiles system we consider the combined vector of the phase
space variables x,y, p,, p, and the deviation vector coordinates dz, 0y, dp,, dp, at time ¢ to be prop-
agated at time t + 7 to (2',y', pl, p,, 02, 8y', 0p),, 6p),) through the successive applications of the
following extensions of operators (1.14) and (1.15)

=1+ p.T
Y =y+pyT
p/x = Pz
Py =Dy
Dpg) = 4P , 1.20
exp(rDrs) 0x' = dx + Op,T ( )
0y = by + dp,T
opl, = 0py
517; = 0py
=z
Yy =y
P = pe — (& + 22y)T
=p, — (y+ 22 —y*)T
exp(TDys) = ];i/ :pgx (v v) (1.21)
oy = oy
opl, = 0py + [(—1 — 2y)dz + (—22)dy|T
opl, = dpy + [(—1 + 2y)0y + (—2x)dz]T.

1.7 The maximum Lyapunov Characteristic Exponent

A main measure of chaoticity one can use is the mLCE. The theory of mLCE was developed
by ( ) who first used LCEs to characterize chaotic orbits, while later the numerical
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algorithm of ( ,b) made possible the computation of the mLCE along with the
whole set of the so-called spectrum of LCEs. We know that for a chaotic orbit of an N degrees of
freedom Hamiltonian system the mLCE is positive, signifying the divergence of nearby orbits.

In order to evaluate the mLCE we start with a unitary deviation vector which is evolved according
to the variational equations (1.17). In order to avoid overflow problems the evolved vector w(t)
is then replaced by a unitary vector w(t) having the same direction with w(t). This is done for
successive steps up to the final integration time (see Figure 1.3).

w(3t)
w(2t) .4

\
~
\
\
\
\
\
\
\
\
\4

x?3t)

x(0)

Figure 1.3: A schematic diagram on how to compute the mLCE where x is the vector for the phase
space coordinates and w is the deviation vector.

Then the mLCE is evaluated as

1 =
WLCE = lim ~ 1 IWOIL (1.22)
oot |[w(0)]]
where ||-|| denotes the usual Euclidean norm of a vector.

In the case of chaotic orbits the mLCE is positive, whereas in the case of regular orbits the mLCE
tends to zero following a power law of the form mLCE oc ¢! ( : ).



log10 (mLCE)

log10 (t)

Figure 1.4: The time evolution of the mLCE for a regular (green curve) and a chaotic (purple curve)
orbit of the Hénon-Heiles model. The initial conditions of the orbits are x = 0, y = —0.24852,
p. = 0.3015641, p, = 0.295064 (regular orbit), and = =0, y = —0.25, p, = 0.42081, p, = 0 (chaotic
orbit). The blue straight line represents a function oc £~

In Figure 1.4 we show the time evolution of the estimated mLCE for a chaotic orbit (purple curve)
and a regular orbit (green curve) of the Hénon-Heiles system.



Chapter 2

Dynamics of a Hamiltonian model of
graphene

2.1 Graphene

Graphene is a two-dimensional (2D) hexagonal one atom thick carbon macromolecule which is
derived from the three-dimensional (3D) carbon macromolecule graphite. Graphite macromolecules
are made up of layer upon layer of 2D honeycomb carbon lattices interconnected by van der Waals’
forces to give a 3D structure. When the 2D layers in graphite are “peeled oftf” one after another
without affecting the top and bottom layers we end up with just a single 2D carbon lattice which
is one atom thick and this is called graphene (Figure 2.1). Graphene is the building block for many
other carbon macromolecules for example it can be rolled to give zero-dimensional (0D) buckballs,
can be rolled into one-dimensional carbon nanotubes or stacked up as 3D graphite. 0D Buckyballs
are one atom thick spherical carbon macromolecules with about 60 carbon atoms derived from
graphene. When a flat layer of graphene is rolled to give a cylindrical macromolecule of carbon
atoms the resultant macromolecule is called a 1D carbon nanotube.

Ly LWL PSS P P e P PN W e N
-~ -

YOO OO

Figure 2.1: The ideal graphene crystalline structure. Source: Alexander Alus (2010).

The “road to graphene” was complicated as some leading researchers such as Landau (1937) had
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predicted that 2D crystals were thermodynamically unstable, hence a good number of researchers
thought graphene was just another wild goose chase or a pie in the sky. However, increasing numbers
of scientists had started working on graphite with fewer and fewer layers and this gave hope that
one day a single layer of graphite could be obtained and characterized. The breakthrough came in
2004 when Konstantin Novoselov and Andre Geim (Figure 2.2) at Manchester University managed
to obtain single layer graphene using the so called scotch tape method ( , ).
The scotch tape method entails that a cellophane tape is used to painstakingly remove layer after

k|

Figure 2.2: The winners of the 2010 Nobel Prize for Physics Konstantin Novoselov (left) and Andre
Geim (right). Photos: copyright ©The Nobel Foundation

layer from a graphite molecule until only a single layer of graphene remains. The major drawback
of this method is that it can not produce graphene in quantities large enough to allow commercial
production although it still yields graphene of the highest quality as compared to the rest of the
techniques that were developed from 2005 onwards ( , , ). Since 2004,
several methods have been developed to produce good quality graphene on a commercial scale
and many other materials such as molybdenum disulphide, niobium diselenide, tungsten selenium
ete ( , ). It is worth noting that for their work on graphene, Konstantin
Novoselov and Andre Geim were awarded the Nobel Prize in Physics in 2010, further highlighting
the importance of their contribution.

Graphene has unique properties in that it can be used either as an oxidizing agent (electron ac-
cepting material) or a reducing agent (electron giving material). This rather unique property can
be attributed to graphene’s electron affinity as well as its ionizing potential of about 4.6eV" ( ,

). The electron affinity value for graphene means that the carbon atoms in graphene molecules
can be easily ionized as compared to other non metallic elements such as oxygen and nitrogen. In
comparison to conventional materials such as metals, graphene exhibits excellent thermal properties
( ; ; , ) with a thermal conductivity in the range of
~ 3080 — 515OW/ mK which makes graphene an integral part of future thermal management ma-
terials. Graphene also has an intrinsic tensile strength that is much greater than that of diamond
that is within the range 0.5 TPa to 4 TPa ( , ), which makes it a possible candidate
for applications that require great strength. The excellent electronic properties of graphene have
made it a strong candidate for use as a major component of supercapacitors ( , :

, 2007).

The list of possible applications of graphene seems to be ever growing with the some possible
applications being in polymer matrix composites and targeted drug delivery.

11



( ) reported the so-called polystyrene-graphene composite that showed improved percolation

threshold properties. Functionalized graphene was reported by ( ) to have
glass transition temperatures of over 40°C', which were unprecedented at that time.
( ) reported that graphene embedded in plastic beams showed remarkable compression buckling

strain. Another application of graphene has been in the field of targeted drug delivery. Recent
studies on how water soluble polyethyleneimine functionalized single wall carbon nanotubes were
loaded with the therapeutic agents acetic acid and the gemcitabine analogue, deoxycytidine to
control the release of agents from the single wall carbon nanotube conjugate were reported by

( ). Graphene oxide has also been shown to be a simple synthetic route for
loading and targeted delivery of anti cancer drugs ( , ). Reduced graphene oxide
has also been used to electrochemically trigger the release of anticancer drug doxorubicin from
flexible electrodes modified electrophoretically ( , ). Several other applications of
graphene compounds are being vigourously explored across all fields. Some selected examples worth
mentioning include the work of ( ) who reported chitosan functionalized graphene
oxide being used to load and deliver the water soluble anti-cancer drug camptothecin via the covalent
bonds formed when the lobes of nearby atoms overlap. Graphene paper which is fragile, porous,
opaque and metallic has also been reported by ( ); this is also another application worth
mentioning.

2.2 Theoretical background

The vast array of the many possible applications in several areas make graphene such an important
material that is worth studying in depth and understanding in the context of nonlinearities and
chaos. Nonlinearities occur in almost all materials and this topic has been studied for decades
since the publication of some seminal paper on the subject by Fermi, Pasta and Ulam (1955) and

( ) in the 1950s. The Fermi group got some interesting results, as they saw that in a
nonlinear lattice model energy equipartition does not always occur in the presence of nonlinearities.
Anderson showed that in the presence of disorder (i.e. a randomness in the system’s parameters)
linear systems can exhibit energy localization. This means that energy excitations can remain
confined within a small region of the lattice and consequently the material exhibits some insulating
properties.

Over the years many researchers have studied chaoticity and energy transport in several 1D lattice

models such as the Klein-Gordon system ( , : , ), the
Discrete Nonlinear Schrodinger Equation ( : ), the Fermi-Pasta-Ulam (FPU)
model ( , ) to mention a few, while considerably less work has been done

on 2D lattices. In this study we intend to fill part of that gap by studying the dynamics of a 2D
lattice of graphene. Graphene is an exciting new hotbed for research as its behavior is still not fully
understood and a number of important questions remain open related for example to its chaoticity.

It is worth noting that disorder can be encountered also in graphene models. For example a sample
of graphene which contains its naturally occurring isotopes of carbon-12 | carbon-13 and carbon-14
is actually a disordered system. Nowadays it is generally believed that thermalization of disordered
lattices is a chaotic process. The characteristics of such phenomena are not yet well understood,
although the first attempt to systematically study chaos in a 1D disordered nonlinear lattice was
made by ( ). Some researchers have shown that energy localization in general
is destroyed by nonlinearities ( , : , : , :

, : , : , ). In graphene models

12



nonlinearity exists intrinsically hence it is expected for such systems to be chaotic although the
chaotic nature of graphene has not been studied in detail. In the remaining chapter a Hamiltonian
model of graphene is presented along with a detailed derivation of the system’s equations of motion.

2.3 A Hamiltonian model of graphene

In recent years there has been a lot of research interest into the dynamical properties of graphene (

). To numerically study the dynamical behavior of graphene a force field model is required.
Several such models have been considered in the literature especially for carbon macromolecules
with the one presented by ( ) being an example. ( ),

( ) and ( ) give other types of force fields which have been used to describe bond
stretching and structure deformation in graphene.

In Figure 2.3 we schematically present the arrangement of the carbon atoms in the case of equilib-
rium. We use a cartesian coordinate system (z,y) in such a way that the position of each carbon
atom on the plane can be obtained by a set of two indices 1 =1,2,3,...,M and 7 =1,2,3,..., N
with the point (1,1) i.e. i = 1,5 = 1, being at the origin. The red solid dots in Figure 2.3 show the
positions of the carbon atoms in the system’s equilibrium state and the red open circles show the
nearest neighbors at the borders of our lattice. Since in our model we consider periodic boundary
conditions, the atoms denoted by the circles are duplicates of atoms existing at the opposite edge.
For example points (i, N + 1) for i = 1,2,3,..., M correspond to points (i,1). In a similar way
(1,0) = (i, N), (M+1,j) = (1,7) and (0,5) = (M, j) fori =1,2,3,...M and j = 1,2,3,...,N. The
inter atomic bonds between neighboring atoms are shown by blue segments, while green segments
denote the bonds at the boundaries of the lattice.

Figure 2.3: A graphical representation of the arrangement of carbon atoms in the equilibrium
configuration of graphene.
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In our study we use the empirical force fields described by explicit analytical functional expressions

derived from first principles ( , ). These functions proved to accurately describe
the bond stretching and the deformation of the graphene hexagonal structure. The results obtained
using these force fields by ( ) confirm the accuracy and appropriateness of the

used potentials as the molecular dynamics simulations presented there agree quite well with the
reported density functional theory (DFT) calculations.

Let us now formulate the explicit Hamiltonian function of the considered graphene model of M x N
carbon atoms with periodic boundary conditions. The nearest neighbors for each arbitrary carbon
atom at position (4, j) depend on whether the sum of ¢ and j is odd or even. If i + j = odd, the
nearest neighbors are (¢,7 + 1), (¢,7 — 1) and (i + 1, j) [Figure 2.4(a)]. For the case i + j = even,
only the indices of atoms at (i + 1, j) change to (i — 1, j) whilst the other neighbors’ indices remain
unchanged [Figure 2.4(b)].

(i,j +1) (b) (4,5 +1)

Figure 2.4: Nearest neighbors for an arbitrary atom at position (7, ) when the sum of ¢ and j is

odd (a) or even (b).

For a carbon atom at position (7, j) the angle which has as vertex point (7, ) and is formed by its
(k1)
(m,n

neighboring atoms at positions (k,1) and (m,n) (Figure 2.5) is denoted by (; ;¢
describes the anticlockwise angle from atom (m,n) to atom (k, ).

)- This notation

(k:7l)
(i»j)(b(m,n)

Figure 2.5: A diagram showing the notation used to denote the angle between any three neighboring
carbon atoms.

The radial distance between any two carbon atoms at positions (i, 7) and (k,[) in vector notation
is

k.l A~ A
) = () — 20)i+ W — Ve (2.1)

14



where 1 and j are the unit vectors along the x and y axis respectively. The length of vector (2.1) is

k,l
P& — @) — 265 + W) — ) (2.2)

In our study we use the Morse potential to describe the bond stretching of atoms at positions (4, j)
and (k,1):

(i)
Vi) = e V) ] 23

The values of the parameters D, a and r( in (2.3) have been determined through appropriate fittings
of the numerical density functional theory results and are 5.7eV, 1. 96A~"! and 1.424 respectively

( , 2013).

The bending potential V4 related to an angle (i,j)(/ﬁgfﬁ% is given by

e

(k1) 3
3 [(ZJ)(b(m,n) - ¢0} ) (24)

d
A -
‘/(i,j) [(k7 l)a <m7 n)] - 2 {(i,j)

with parameters d, d’ and ¢, assuming the values 7.0eV/rad?, 4.0eV/rad® and 2 respectively
( a )-

In Figure 2.6 we note the arrangement of the atoms around the (i,j) atom for i + j = odd [Fig-
ure 2.6(a)] and i + j = even [Figure 2.6(b)]. We note that we included all the angles which are
affected by the position of the (7, j) atom. For example, in Figure 2.6(a) atom (i, j) is the vertex of

(4,5-1) (i4+1,5) (4,5+1) : (4,5+2)

three angles 13)¢(zy+1 (i,)) gb(m 1) and (; ;) gb(zﬂ ])) and at the edge of six other angles {(i,jﬂ)gb(i’j) ;
(i—1,j—1) (i+1,j—1) (i.5) .

ua+1ﬂﬁa_1g+1y (i-DPGg " ia—lﬂﬁgg_zy (i+10) iy and—@+¢g)¢@iqd_1ﬁ- A similar arrange-

ment is seen for i + j = even [Figure 2.6(b)].

@ e o)

(i+17+1) (i—1j+1)

(i+1,7-1) (i—1,57—1)

Figure 2.6: The arrangement of neighbouring atoms for an arbitrary point at (7, 7) when the sum
of i and j is odd(a) and even(b).

<.

The Hamiltonian H for the graphene model for the cases i + j = even, (i + .
sum of the kinetic and the potential energy for all the carbon atoms at (i,7) , i
j=123,...,N

=1,2,3,..., M,

15



M N M N
H— ZZ pfﬂ(w) py(u) _1_122 z]+1)+V (4,7 — D)+ VMG —1,7) |V +1,7)
2 9 (,5) ) (4,9) ’

i=1j=1 2mc =1 j=1
L& a (15-1) A 1)\ [pal gt A g1 |14 (i5+1)
+ Zlv ( ¢(Z’]+1>+V ( Bl )[ ( O(m—’l))] +V < ¢<z’—1,j)> [V < D)
= (i) (i.9) (i.d) (i) (i.7)

(2.5)

We note that throughout this work, the terms written in black in equations are present for both
cases ¢ + j = even and ¢ + 7 = odd, while terms written in blue appear only when i + 7 = even and
terms in red exist only for i+ j = odd. We consider the studied graphene model to be homogeneous,
i.e. consisting of carbon atoms of the same atomic mass so that m, is 12 atomic mass units.

2.4 Equations of motion

For a general Hamiltonian H(g;,p;,t) with i = 1,2,3,..., K, (K being the number of degrees
of freedom) where ¢;, p; are respectively the generalized positions and conjugate momenta, the
Hamilton equations of motion are given by

oH . oOH
api’ b= 0q;

G = i=1,2,3,..., K. (2.6)

Thus for the graphene Hamiltonian in (2.5) the differential equations governing the time evolution
of the position and momentum of atom (i, j) are

Pz, 5 Py 5

QZ(Z’J):T, y(%]):? 22172737,M7 j:1,2,37,N7 (27)
oH oH

= Py = ———  i=1,2,3,...,M, j=1,23, ... N. 2.8

p (4,7) ax(ld) py(z,]) ay(ZJ) t j ( )

We reemphasize that for the graphene model under study, we use periodic boundary conditions so
that for example points (i, N +1) for i = 1,2,3,..., M correspond to points (i, 1). In a similar way
(1,0) = (1, N), (M +1,j) = (1,7) and (0,7) = (M,j) fori =1,2,3,...M and j = 1,2,3,..., N.
As the equations governing the time evolution of the momenta Pa;;, and py, o are complicated,
we will treat separately the terms related to the bond stretching, V*, and bond deformation, V4,
potentials keeping as before the coloring convention of the equations parts depending on i+ j = odd
or v+ J = even.

To get the equations of motion due to the bond stretching between atoms (i, j) and atom (m, n) with

respect to the position x(; ;) we consider the derivative of the radial distances ngn;)n ) with respect to

L(i,j): (
or o
,J) _ Tlig) = T(mpn)
= ) e 29)

L (i) r(m,n)

The equation of motion of p%_ 5 due to bond strecthing between two atoms (i, ) and (m,n) is given
by
m,n)

M aVM ar(% )

: 2.10
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(m,n)

2
For V(%) (m,n) =D [6 ( ) _TO) — 1] the derivative of V(%) (m,n) with respect to ngmj)n) is

Vb [e-a(%??f?)—m) - 1] (caye (). @.11)
oy

Then using equations (2.9) and (2.11) equation (2.10) takes the form

o) (mn)_, ,
pM =—2D ( =) _ 1| (—a)e o(+{757-m0) 20 i) — o, ml (2.12)
(i.9) 7“((”))
m,n
In a similar way, we find
r(m’n)—r —a r(mfn)—r i) —
pY = —2D ( (i-9) 0) —1| (—a)e ( ) 0) M (2.13)
(.9) TEW))

So, the contribution of the Morse potential, i.e. the bond stretching part of the Hamiltonian, to
the equations of motion for the momenta is

Mo _ 2aDe_a( Eii)m_m) [e_a(rgiﬂ)_m) B 1} [Ty — T(j+1))

i
+2aDe_“(rE::§;1)_T°> 'e_a<TEfi§f 1)""0) 1 [%i.5) (2_ jmg’j_l)]
I ] T
+2aDe " a(rli o) 1o (i) 1 [7ag) ((;}g—m] (2.14)
+2aDe_“(r$3>l’j>‘”)> (i) _ lrag i—:lﬁ)ﬂj)]
_ S Ty
" plj/‘i’,g) = 2aDe a<T8;+l) TO) {ea(Tg:;;rl)ro) — 1} [?/(i,J) G inJr(l)Ml)]
(4.5)
+2aDe “(TEZ? 1)*”)) [e“(’ﬁ??)— 1)*”)) — 1} Wi (_ j?ﬁ;jl)]
r Z
+2aDe_a<r8;>Lj)_m) {e—a(rgj;)l,f)_m) _ 1} W) ((:]21/(]31,3')] (2.15)
T i ’
19 De‘“("fiﬁ;’”"‘o> e (o) 1] Y :7:1;(7%“4)]
T(ig)

In order to obtain the part of the equations of motlon related to the bending or in other words the
part induced by the deformation of the angle (; ])¢ we evaluate the equations of motion for

(m n)’
pw(m’)
PR OupSiry 008 (adini ) | (2.16)
T(i,j) a(i,j)¢EZ,LZ)n) 9 cos ((i,j)‘ﬁgkm,l’;l)) L(i,5)
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We note that z(; j) appears also in the cases where atom (4, j) is at the edge of an angle and not at
its vertex. We will refer to such cases later on. For the case of an angle (i,j)cbﬁlf,;l;) whose vertex is at
(7,7) we can evaluate cos ((z‘d)@ﬁé%) based on the inner product of vectors 7‘*’573)" ) and Féfjl)) which

we denote by ry and ry respectively (Figure 2.5).

cos (13850, ) = (@0e) = 269) o) = Tii) + WYoo)) = Y0i) Womm) = Yiii)) (2.17)
V@ = 26.3) + Womm) — Y6.0)*V @) — 26.9)* + W) — Y6i)?
The sin ((”)gbgfnlzl)) can be obtained from the cross product of vectors r; and rs.
i j k
. kil
o2 % wall = |2 = Zonwy Y — Yommy 0| = Ivtllvelisin (andimy) . (2.18)
T(ig) = Tt Y6g) — Yo 0
so that
2 2 2 2
1 B [w(m) - w(mm)} + [y T(ij) =T kl + {ym) - y(k,zﬂ (2.19)
. (kD) o 2 : :
S iy N . N
n (( ,])d)(m,n)) \/([m(z,]) $(m,n):| [y(z,j) Yk l)} |:x(7,,_] T (k) } {y(z,]) y(m,n)})
The partial derivatives appearing in (2.16) can be evaluated as follows
aVA () 27 (k,0) 2 2
GO ( »J)¢(m n) 3) —d ((’L:J ¢( n) 3) ) (220)
,])¢(m n)
(kvl)
7] ¢( — . (k’l) , (221)
aCOS (4,9) Qb (m n) S ((%])¢(m,n))
(k1)
9 cos ((’i:j)gb(m,n)) - [x(i,j) - x(kvl):| + |::I:(ivj) - z(myn)}
. - (k,0) (m,n)
02 Tid) " (6.9) (229
(kD) _(m,n) (k1)) 2 (m,n)\2 :
RO 265 = onm] (7)) + (260 = 2] (765”) }
(k1) (m,n)]3 '
[%N(m) }
In the same spirit the partial derivative of cos ((Zj)qﬁgij;)) with respect to y ;) is
(k)
008 (6. Bmm) Y65 — Y] + [Vid) = Yomm]
o - (k,l) (m,n)
Wi (i) 0.)
(2.23)

rfi5) - 10| [60) = vomm] ()" + 116) =] (1757)°
- [r(l,c’.l)r(m.’n)} ’ .
(4.7) " (4.9)

Thus, the parts of the equation of motions for the momenta p,; ;) and p,; j) related to the bending
potential V4 (2.4) are given by the following equations
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In conclusion, based on equations (2.14), (2.15), (2.24) and (2.25) the equations of motion of the
Hamiltonian (2.5) take the form

. px i

gy = 77(1 9 (2.26)

. py %,7)

Yij) = mcj (2.27)
. .M LA
Pz j) = Pag ) - P ;) (2'28)
p‘”(i,j) o py(i,j) + py(z:,j) (2-29)

2.5 Numerical Results

2.5.1 Initial lattice setup

The model used has M particles in the x direction and N particles in the y direction. In our
simulation, we chose an even number of atoms in both the x and y directions as this choice makes
the model easier to manipulate and manage. In particular we consider M = 12 and N = 16
particles. Periodic boundary conditions are employed at all edges.

The initial positions of the atoms used in our simulations were the equilibrium positions, whilst
for the momenta in both the x and y directions the initial values followed a standard normal
distribution with mean 0 and variance 1 nm s~!. These initial momenta were created using the

( ) algorithm. After getting the set of the initial momenta, the center of mass
of their distributions were obtained in order to eventually set their mean values to zero so that the
lattice does not drift. This procedure was performed as follows ( , );

. Sum the momenta in the x and y directions for M x N number of particles.
ZZP{E( )a’ndZZPy(Z])
i=1j= i=1j=

e Divide the sums by M x N to get the residuals which must be removed from each component
so that the sums are set to zero.

e For each component of momentum we remove the residuals to put the center of mass to zero:
1 1
Pagyy = Pogs — Mx N 7;1 ]Z Pogyzy and Py ;) = Py — M x N 121 JZ V(i)
e Scale these momenta to match the desired total energy value. The total kinetic energy in
both directions is also summed up and divided by 2m.. The new value of the kinetic energy
E.anq is either greater or smaller than the required value of the total lattice energy E;,. The

rand

scaling factor [d is therefore . To scale the energy to the required value we multiply

tot
the momenta by [d.
The sums of the new momenta p,, ., and py, . is zero. A Fortran90 code that performs all these
steps has been included in the appendix section.

In this study, the performances, i.e. accuracy and Central Processing Unit (CPU) time, of several
symplectic integrators were analyzed. In order to make this evaluation a good balance between
accuracy and required CPU time had to be obtained hence a number of 4" order symplectic inte-
grators were tested. The integrators considered were the ( ) ST and the ABA
fourth order class of symplectic integrators: ABA104, ABA864 and ABA1064 ( , ).
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Table 2.1: Coefficients of the 4" order Forest and Ruth SI.

SI Coefficients

c1 = 0.675603595979828817023843904485
dy = 1.351207191959657634047687808971
co = -0.1756035959798288170238439044857
dy = -1.702414383919315268095375617942
cg = -0.175603595979828817023843904485
ds = 1.351207191959657634047687808971
¢y = 0.675603595979828817023843904485
d, = 0.000000000000000000000000000000

Forest & Ruth

The coefficients of the 4" order symplectic integrator by ( ) are given in Table
2.1. The structure of the integrator is given as by the sequence c¢idscadacsdscydy. This SI has seven
steps due to the fact that the last step is unity and can be written as

eTclLA erlLB €TC2LA ergLB 6703LA ergLB 6704LA er4LB

The ABA class of SI has some fourth order symplectic integrators in which the first and last steps
of the integrator correspond to the A a part of the Hamiltonian H. The sequences of the coeffi-
cients for the ABA104 and ABASG4 is C1dl62d203d304d404d363d202d1Cl whilst that of the ABA1064
is c1dicadaycsdscadacsdicadscsdacadic;. The structure of the ABA104 and ABARG6G4 SI is

TCILAerlLBeTC2LA€Td2LB eTchAer3LB TC4LA67'd4LB TC4LAer3LB€TC3LAerQLBeTCQLAerlLBeTclLA

(& € €

and the appropriate coefficients of these Sls are given in Table 2.2. The sequence of the ABA1064

integrator is c¢id;cadacsdzcydycsdycadscsdacadic;. The ABA1064 SI is then composed using the co-
efficients in Table 2.2 in a similar manner.
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Table 2.2: Coefficients of the 4" order ABA class of Sls.

SI Coefficients

c1 = 0.047067100645972506129478876372
dy = 0.118881917368197019945350395085
co = 0.184756935417088106924737619370
de = 0.241050460551501565744166786590

ABA104
cs = 0.282706005679836205324361656554
ds = -0.273286666705323806054311398166
¢y = -0.014530041742896818378578152296
dy = 0.826708577571250440729588432981
c1 = 0.071133426498223117777938730006
dy = 0.183083687472197221961703757166
¢ = 0.241153427956640098736487795326

ABASG4 dy = 0.310782859898574869507522291054

cs = 0.521411761772814789212136078067
ds = -0.026564618511958800697212137916
¢y = -0.333698616227678005726562603400
dy = 0.065396142282373418455972179391

c1 = 0.038094497422412195456975322308
dy = 0.095858880837075210610771503771
cy = 0.145298716116913749294020072660
dy = 0.204446153142998780680507783916
ABA1064 cs = 0.207627695725541250716205611324
ds = 0.217070347978991101714338592430
cy = 0.435909703651526159223154862401
dy = -0.017375381959065093005617880118
¢ = -0.653861225832786709380711737390

These SIs were analyzed for a graphene lattice of 192 atoms i.e M = 12, N = 16 at an energy of
2eV and the ABA1064 performed better than the rest of the integrators. However what we require
is not just accuracy. We have to achieve a certain level of accuracy along with computational speed.
We decided that a relative energy error AH(t) (1.16) of the order of 107% would be sufficient for
our simulations. The results in Figure 2.7 were obtained with all the four SIs under consideration
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utilizing a time step of 7 = 0.05.

|
ABA104 ——
4 | ABA864 ——
ABA1064
Forest and Ruth

log10 AH(1)

_11 1 1 Il | Il

Figure 2.7: A comparison of the accuracy of some 4 order symplectic integrators.

A comparison of the required CPU times (Figure 2.8) shows that the ABA864 is the best SI. The
relative energy error, AH(t) was maintained at about 107°. This AH(¢) was achived when the
time steps used for the ABA104, ABA864, ABA1064 and the Forest and Ruth SIs were 7 = 0.15,
7 =0.20, 7 = 0.20 and 7 = 0.05 respectively.
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Figure 2.8: A comparison of the CPU times of some 4" order SIs.

We show the results of the analysis of the ABA 4 order class of SI in Figure 2.9 where we plot
the time evolution of the relative energy for all tested SIs. The results show that the ABA864 SI
exhibits the best performance.
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Figure 2.9: The time evolution of AH(t) for time steps 7 = 0.15 (ABA104), 7 = 0.20 (ABAS864),
7 =0.20 (ABA1064) and 7 = 0.05 (Forest and Ruth).
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Figure 2.10: A comparison of the CPU time against time step for the 4" order ABA104, ABAS64
and ABA1064 symplectic integrators.

2.5.2 System’s relaxation

The average distance covered by the atoms from their equilibrium positions g, ;, and yeq, ;, or the
so called root mean square displacement (RMSD) is another quantity which was computed for a
lattice of 12 x 16 carbon atoms with a total lattice energy of 2eV. The RMSD is given by

1 M N
RMSD = mz Z \/[xGQ(i,j) - x(ivj)]Q + [yeQ(i,j) - y(iyj)]Q (2.30)

i=1j=1

In our computation of the RMSD, we used the ABA1064 SI with an integration time step of 7 = 0.2.
The RMSD allows us to get an idea of when the system has reached relaxation. The RMSD tends
to be more or less constant when such a state of relaxation has been reached. Figure 2.11 shows
that such a state is reached almost immediately for graphene. When such a state is reached samples
for computation of observables such as temperature can be taken. The RMSD was computed using
the equilibrium positions of an unperturbed lattice where all the angles in the lattice are exactly
120° as the reference points.
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Figure 2.11: The time evolution of the root mean square displacement (RMSD) of atoms in a
graphene lattice of 192 atoms with total energy 2 eV.

Plotting in Figure 2.12 the time evolution of the system’s kinetic and the potential energy we see
that these quantities reach quite fast (after about 10-20 time units) an equilibrium state, fluctuating
around their mean value, which is equal to the half of the total energy.
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Figure 2.12: The time evolution of the kinetic (green curve) and the potential energy (red curve)
of a graphene lattice of 192 atoms with total energy 2 eV.

Performing in Figures 2.13 and 2.14 a statistical analysis for different values of the system’s total
energy (in particular for 2 eV, 10 eV and 20 eV) and several different initial conditions, we get again
clear evidences of fast relaxation. We note that in Figure 2.13 we plot the time evolution of the
averaged value of RMDS (2.30) over 50 different initial conditions, while in Figure 2.14 the time
evolution of the system’s averaged kinetic and the potential energy is shown. In both figures the
plotted error bars correspond to one standard deviation. It is worth noting that the length of these
error bars increase as the system’s total energy grows.
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Figure 2.13: The time evolution of the averaged value of RMSD (2.30), (RMSD), over 50 different
initial conditions of a graphene lattice of 192 atoms with total energy 2 eV (upper panel), 10 eV
(middle panel) and 20 eV (lower panel). The error bars correspond to one standard deviation.
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2.5.3 System’s temperature

The system’s temperature for the graphene lattice was computed by applying the equipartition
theorem bearing in mind that each lattice point (atom) has 2 degrees of freedom in the x and
y direction. The lattice points were given an initial excitation such that the contribution of the
potential energy was zero as explained in section 2.5.1. In other words the initial energy of the whole
system was purely kinetic. The instantaneous system temperature 7" is given from the relationship

E
o \Er)
Ky
where (E7) is the mean kinetic energy which is given as
2
1 Z Z px(w) py(z:j)
N = 2mC 2me,
while K is the Boltzmann constant whose value is 0.00008617¢V K 1.
8000 . . | T
7000 |- B
6000 |- .
_ 5000 s
3
o
3
© 4000 - .
g
3
K3
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0 / ! I I L |
0 0.2 0.4 0.6 0.8 1.2 1.4

Energy per atom [eV]

(2.31)

(2.32)

Figure 2.15: The system’s temperature (with error bars) for different energies for graphene.

By performing simulations for several initial excitations we numerically obtained the temperatures
of the system as a function of the total energy per atom in Figure 2.15. The average temperature
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T of the lattice over time for different values of the total energy is computed as

- T T
T = I (2.33)
after allowing for the relaxation of the lattice for a time of at least ¢ = 20 time units. The results
of section 2.5.2 indicate that this time is sufficient for the system to reach relaxation. We note that
K in (2.33) is the sample size or number of iterations. To obtain the error bars for each energy
excitation we have an ensemble of different initial values of momenta obtained using the procedure
already outlined in section 2.5.1. Each of these ensembles or realizations is evolved in time up to
a time ¢ = 50. The last 500 computed values of the instantaneous temperature are stored and the
same is done for all the other realizations. If we have say IV realizations this is done N times. The
standard deviation (or the length of the error bars) for the system’s temperature is computed as

the standard deviation of the 500 N temperature values.
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Chapter 3

Chaotic Behavior of Graphene

3.1 Variational equations

In order to investigate the chaotic behavior of the graphene Hamiltonian (2.5) through the compu-
tation of a chaos indicator like the mLCE, we have to follow the time evolution of a deviation vector
from an orbit along with the evolution of the orbit itself. The evolution of the deviation vector is
governed by the variational equations (1.17), which take the form

5y = oo
(4.3) Me
: 0Py,
0Yqij) = TCJ (3.1)

. . M . A
51793(1,’].) - 5]91,(1.’].) + 5pz(l_’j)
. . M . A
0Py, ;) = 5py<i,j> - 5py<i,j>’

for Hamiltonian (2.5), with i =1,2,..., M, j=1,2,...,N.

Due to the complexity in writing explicitly the equations for 5'px(i 5 and 6py - in (3.1), we separate

the contribution to these equations from the Morse potential (2.3) and the bending potential (2.4)
. . A

and denote them 5pM and 0p respectively.

In what follows we will keep the already used convention of writing in blue the parts of equations

related to the ¢ + 7 =even case and in red the ones corresponding to ¢« + j =odd. We note that in

the subsequent sections we present in great detail the derivation of the variational equation related
to dp,, e Analogous results hold for the 5py(ij)equat10n,
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3.1.1 The part of the variational equations related to the Morse poten-
tial

The part of the variational equation of 5]% ) related to the Morse potential is given by the following
equation

- M 0 0
opy = Ma ) 6y + —— (pM4 ) by

+?j) (pi\? ) 0Y(i.j) + (p%AJJ 0Y(ij+1)

oy e Y (ij+1)
+a;<)i,j> (p%ffJ O ¥ 8x<i—1> (Pi‘ffj)) L(ij-1)
+5yi,j> (922,) bv + 3y(i_1) (B57,) 9t -
+a$é()i,j) <pi\([fj>) O 5$(ial,g) (pi\{fj)> 0T (i-1,5)
+a?/(((}i,j) (pi\ff7)> 5y(w) + By(iald) @%Cn) 69(1'—17])
+ami,y) (p}{’(’)) O(i) + 07/’(?“,,7) (p]r\{f])) 0L (i41,5)
03/?&7) (pﬂf(/) 53/(1',‘,‘) + ay(ij) (p q)<[(/>> 53/(i+1,j)-

In order to obtain this equation we expressed the corresponding equation of motion (2.14) as

M Mg -Mp -Mc -Me

(i)’

where indices A, B and C correspond to the interaction between atoms at positions A) (i,7) and
(i, +1), B) (i.4) and (i,j — 1), and C) (i.7) and (i — 1,), or (i, j) and (i + 1,j). Then the part

of the variational equation of (5pm(i » related to the Morse potential (3.2) can be written as
c Mo o My :* Mp : Mc
6px<i,]’) o 5pff(z',j) + 6pl"(i,j) + 5px<¢,j>‘ (3-4)

Let us now see in more detail each one of these terms. The part of the variational equation related
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to the Morse potential between atoms at positions (4, j) and (¢,j 4+ 1) can be written as

s My 3 —a <23+1)—r0 —a r(z’]:Jrl)—rg 1
0Pu, = OL(s : <—2D [ ( ") ) — 1| (-a)e ( 9 ) [g) — x(z’,j+1)]7(i,j+1)5$(i,j>
(4,9) T(i,j)
—a r(?’]}l)—r —a (1.5+1) -7 8 1
—2D le ( (i) 0> - 1] (—a)e ( e O) v <[:B(z‘,j) - l‘(i,j+1)]> iy 0% (i)
b (i.9)
—a T(Z q+1)7r0 —a (23+1) —rp 0 1
AN ()
3 ( [ a( (1,7+1) r()) ] 7a(r(77.’].'+1>7m) 1
+ = —2D ") —1 (—&)6 (&.7) [QZ'Z N — L(ii+1 ]75%1 i1
813(1‘,34_1) ( 73) ( 2J+ ) 7”8:‘?)—"_1) ( ,J+ )
—a r(?’]:+1)—r —a r(l."J:-H)—r 8 1
—2D le ( &:4) 0) — 11 (—a)e ( ) 0) Dz <[x(m‘) - fﬁ(mﬂ)]) ) 0%+
1,741 r.
(4.9)
(z W+ —a T(2J+1)_TO 8 1
—2D le ") — 11 (—a)e ( 9 )[x(i,j) - x(i,j-i—l)]ax(' o \ 0D O (i,j+1)
” (é.4)
(3 —a (szrl) —70 —a T(E’J:Jrl)—r 1
o ( 2D [ (15 ) _ 1] (—a)e (v 0)> [g) — I(i7j+1)]m5y(m‘)
(4.3)
—a 7”(?’7}1)—7" —a r(”Jrl) —T 6 1
2 0 1
—2D le (i) 1] (—a)e () D ([l’(m’) - I(i,j+1)]>(i,j+1)5y(zyj)
" "(i.g)
—a r(l."]:+1)—r —a (4.5+1) -7 8 1
i, 0 i 0
-2D [e ( (i.9) ) — 1] (—a)e ( "9 >[$(i,j) — L(ij+1) ]ay( ( (,j+1)) 0Y(ig)
530 \"(i.j)
(”+1) —7 —a r(?’]}l)fr 1
( [ ") O) - 1] (—a)e ( ) 0)> (6.5 — x(z-,j+1>]m5y<i,j+1>
Y1) " (i)
(z ]+1)77'0 —a r(z."]:_‘_l)fro 8 1
2D [ ( (4,9 ) (—a)e ( (6.3) )ay( " [:U(i,j) — x(i,j+1)] méy(@j+1)
I (i.9)
—a r(:’j+1)—ro —a r(zﬁ_l) -7 8 ].
—-2D [e ( (4,9) ) —1 (—a)e ( (3,9) )[I‘(Z‘,j) — l’(z‘,j-{—l)]ay( o T(i’jﬂ) 53/(z‘,j+1)>
" (i.7)

(3.5)
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which leads to the expression

M —a r(l."J:+1)fr —a r(?’j+1)fr 1

Oy = = <2Da2 le (o) 1] . (i °)> [ — 93(m’+1)]2( G jH))sz»T(z‘,j)
e
(4,9)

—2a r(z’j+l)—ro 1
— <2Da26 ( (.9) >> [y — x(i,j+1)]2)25$(z’,j)

(4,5-+1)
(Wm‘)
—a T(Z.I’J:+1)fr —a r(l."J:-H)fr ]_
(i,9) 0 (i,9) 0
+2Da le ( ’ ) - 1] € ( ’ )(i,jJrl)(sx(i,j)
(4,9)
—a r(j’].._"l)fro —a r(:’j_H)fro 1
—2Da [e (i) _ 1] e (5 >[50(m') — 2] a0 )
("’(m) )
oG _ i 1
9 a7 0 a7 r0 9
+ <2DCL [6 ( (%:3) > — 1] e ( (4,9) )) [x(i,j) — I(,L'7j+1)j| Wéx(ivj+1)
(%j) )
—2a r(z’j+1)—r0 1
+ (217@26 () )> [26.) = T e 0T
(™)

(i.j+1) 0 (i,j+1)

(1.3+1) (1.+1)
o [e 0 ) ()
(4,9)

—a T(Z.I’J;_H)fr —a T(Z:’J:_H)fr 1
+2Da le ( 9 0) - 1] e ( ) 0) [26) — T0] )35$(z‘,j+1)

(4,+1)
(T(i,j)
—a 7"<:’J:+1>—7"0 —a T(E’J;Jrl)—ro 1
_ <2Da2 [6 < (i:9) ) —1le ( (5,3) ) [ar(m-) - x(i7j+1)][y(i,j) - y(i7j+1)]((”+1))259(i,j)
r;
(4,9)
—2a r(j’]:_"l)fro 1
- <2Da2€ ( ) )> [ — T+ Vg — y(i,j+1)]((ijJr1))25y(i,j)
r
(4,5)
—a r(z’]:Jrl)—ro —a r(:’]:Jrl)—ro 1
—2Da [e ( (4,9) ) —1le ( (4,5) )[:v(i,j) — !E(i,jﬂ)][?/(i,j) - y(i,j+1)]((ij+1))35y(i,j)
ree
(4,4)
—a 'r(?’]}l)—r —a 'r(l..’J.‘_H)—r 1
4 <2Da2 [e ( (4,) 0) — 1] e ( (5,9) 0)) [$(¢7j) — Jf(z‘,j—f—l)][y(i,j) - y(z‘,j+1)]((ij+1))25y(i,j+1)
r
(4,5)
—2a r(l."]:Jrl)fr 1
+ <2Da26 (5 0>> W) = Vel = Tagrnl oz Wasy
(T(i,j) )
—a r(z‘j+1)—ro —a T(:’J:Jrl)—ro 1
+2Da [e ( (i,9) ) — 11 e ( (4,5) )[x(m) — x(i,j+1)][y(z‘,j) - ?J(z‘,j+1)]<(ij+1))35y(i,j+1).
r;
(4,5)

(3.6)

The part of the variational equation related to the Morse potential between atoms at positions (i, j)
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and (i,j — 1) can be written as

: M 0 —a r(z’jjfl)—ro —a r(z’]:71>—7“0 1
5p:v(fj) - 0 j) <_2D le ( " ) — 1] (—a)e ( 7 ) [6) — x(i,j+1)]m5x(i,j)

")
—a T(Z’J;71>—ro —a T(:’J.;l)—ro 0 1
—2D [6 ( ) ) — 1| (—a)e ( ) >0x —\ 65 — 26i-0] | 7 9%69)
:3) )
—a r(:’j_l)fro —a r(z’j_l)fro 0 1
—2D [e (i) 1] (—a)e (5 )[fﬂ(i,j) - x("’f'*”]ax(i | 0 i,j)
RN (X))
3 —arBI7V_, —arI7V_, 1
+— (—ZD le ( @) °> - 1] (—a)e ( ) O>> [64) = T6i-0] G5 0% -1
ERY "(i.9)
—a r(:’j_l)—m —a r(:’i_l)—ro 0 1
—2D le (5 m) 1] (—a)e () >% [26.5) = 265-0] | G5y 065
(63=1) T(i.9)
—a r(:’jfl)—ro —a r(:’jfl)—ro 6 1
—2D [e (7 m) 11 (—a)e (5 >[1’(z‘,j) - $(i,j—1)]ax(i - (r(i,jl)) 0T (5,j-1)
’J (i-4)
—a 7‘@@71)—7’ —a 7"(?’]:71)—7’ 1
+3 <—2D [6 (s om) 1] (—a)e (5 O)> [26.5) = 26.5-0)] 575 0Y0)
Y(i.j) T(i,j)
—a r(z‘jil)—ro —a r(:’J.;l)—ro 0 1
—-2D le ( (4:9) ) —1 (—a)e ( (G¥)) )8y — [,LU(Z,]) — x(i,j—l)] méy(l,])
(4,9) T(i,j)
—a T(Z’inl)—ro —a 7"(:”.‘71)—1"0 0 1
—2D [e (i) 4 (—a)e (5 >[93(m‘) - x(i,jfl)]ay(i |G 0Y(i.)
RN (X))
0 —ar®I7Y —arI-D 1
+5 (—ZD le ( (&) O) — 1] (—a)e ( ) O>> [ 6.5) = 26.5-0) 5= Y-
Y= " (i)
—a r(:’j_l)fro —a r(:’j_l)fro 0 1
-92D [e ( (&4) ) — 1‘| (—a)e ( (4.9 )ay — [.1'(1-0-) — $(i,j,1)] mé‘y(i,jfl)
(4,5—1) r(i,j)
—a r(:’j_l)—ro —a r(:’]:_l)—ro 0 1
—9D [e ( (i) ) — 11 (—a)e ( (i) )[x(i,j) — x(i,j—l)]ay(ij_l) rgi’j)*l) 0Y(ij—1),
9. Z,]

(3.7)
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which leads to the expression

. _ (4,5—1) _ _ (4,5—1) _ 1
Mp 2 alr;’ 0 alry’s 0 9
(pr@’j) = — <2Da |f ( (4,9) ) — 1] e ( (3,9) )> [x(i,j) — x(m,l)] — (533(1"]')

i) — T(ig-1)] 3 0% ()
(27]_1)
(T@J) )
7 (ZJ 1)71"0 _ (ZJ l)ﬂn0 1
+2Da [e ( 9 ) —1je ( 7 )
(4,9)

—2a r(z’jfl)—ro 1
+ <2Da26 ( 7 )> (.5 — x(i,j—l)]zw5x(i,j—1)
(Tug) )
—a T(Z:’J-._l)*r —ar®-V
—2Da |e ( 9 0> —1le ( (&:9) O) #593(1'1'71)
(R

—ar®7V —ar®7Y 1
+2Da [e ( (7) 0) - 1] e ( 9 0> [ = x(i,jfl)]zg(. 1) 50L(1,j-1)
i,5—
(’”(m’) )
—a r(z’j71>—ro —a r(;’jfl)—ro 1
— <2Da2 [6 ( (i.9) ) —1le ( (.9) ) [26.5) — Za-0] Y5 — y(i,j—l)]( (Z,Vj_l))Q(Sy(i,j)
e
(4.5)
1

(Wl))zéy(i,j)

—2a r(z..’]:_l)fro
- <2Da2€ ( 9 ) > (265 — T(-0) W) — Ya.i-1)]
T'(i,9)

(3,5-1)

_ _ a0 1
alr i 70 alr i 0
e [e ( v ) - 1] ‘ ( " )[%‘J) — 2(ij-))YG.5) — Y1)

75% )
( UJ—U)3 7
ry

(4,9)

—a r(j’j_n—m —a r(j’j_l)—m 1
+ (217@2 le (7 m) 1] e (v )> (265 = as-0ll¥es — Yai-vl e O¥es-y
("’(m) )
1
5 0Y(i,j—1)
(i.j—1)\2 7\

(Tua> )

—a 7"%'?71)—7"0 —a 7’(:’]..7”—7‘0
+2Da [6 ( ) ) - 11 e ( ) )[l‘(i,j) — 2 -0 — Yaj-1)]

(i =1)

—2a| 7, —70
+ <2D<12€ ( 9 )> [Yaig) — Yai-)[Tg — Taj-1)]
1
R
(4,9)
(3.8)

Finally, the parts related to the interaction between atoms at (i, j) and (i — 1, j), and atoms at (i, ;)
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and (i + 1, 7) have the forms

: M, 0 —a r(zil’j)—ro —a r(zil‘”—ro 1
5Pa;<ic,j> - 07 1) <_2D le ( " ) — 1] (—a)e ( ) ) [64) — x(i,j+1)]m5x(i,j)

")
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and
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o day &
—a 'r(l..fl’j)—r —a T(z}.l’j)—r 8 1
—2D le ( (4,3) 0> — ]_‘| <—a)6 ( (@.9) 0) <[I’(]) — I(‘+1 j)]) 0T
. b T (i+1,5) (4.3)
(i) "(i.j)
—a r(z}.l’j)—r —a 7‘<1:+.1’j)—r 0 1
—2D [e ( (i,3) 0) - 11 (—a)e ( (ir3) 0) [x(-j) — x(-+1j)] ( — ) ST s
% v ’ .. (7'+1’.7) (17])
ax(ld) r(i,j)
0 —a r(?fl’j)—r —a T’@fl’j)—r 1
b (ap [0 ] o U ey = )t
0T (i11,5) TEZ.J;.) 2
—a r(?fl J>—7" —a r(z:fl’j)—r 8 1
2, 0 2, 0
2D [6 ( (4,5) ) — 1‘| (—a)g ( (6.3) >%<[$(17]) — m(i+1,j)]> W&E(Hu)
(7,+1,_]) T(Z,])
—a T(H_.l’j)fr —a r(&.l’j)fr 8 1
7, 0 7, 0
—2D [e ( (i.9) ) — 1] (—a)e ( (i.9) >[$(z‘,j) - Jf(z‘+1,j)]ax(i+1 N (T(i—f—l,j)) 0T (i41,5)
RN (X))
8 —a 7"(&.1’]')77“ —a r(l.._‘_.l’j)fr 1
—l—a - (—ZD [e ( ) 0> - 1] (—a)e ( ) 0)> [Tag) — flf(z’+1,j)]m5y(i,j)
Yid) &)
—a r(jfl’j)fm —a r(:fl’j)fro (9 1
-2D [e ( (4,4) ) —1 (—a)e ( (.9) )ay - [x(i,j) - x(i—&-l,j)] méy(%])
(&) "(0.d)
—a 'r’(/&,l’j)—r —a T(H.I’j)—'r’ 8 1
—2D le ( (0.9) 0) — 11 (—a)e ( ) O> [26.5) = T(iv1)] ( i ) 0Y(i,j
7, 141, o (i+1,5) (i.5)
Wi \(ig)
8 —a T(H.Lj)—r —a 7“<1..+.1’j)—7" 1
T <—2D [e ( (i-3) O) — 1] (—a)e ( ) 0)> [6) — T 7 06+19)
Y(i+1.5) i)
—a 7"<?+.1’j>—7" —a r(z}.l’j)—r 8 1
i 0 i 0
2D [6 < (4,9) ) — 1‘| (—a)e ( (4.3) )8y ‘ ' <[x(i,j) — x(i—&—l,j)]) W&J(Hm)
(Z+17]) 7’(747])
—a r(z:fl’j)—r —a 7”(?+.1‘j>—7“ 8 1
i, 0 i, 0
—92D [e ( )] ) — 1] (—a)e ( (:9) )[x(i,j) - $(i+1,j)]ay(i+lj) (rEiJr)l’j)) 5y(i+1,j)7
2, 7/,]

(3.10)
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leading respectively to

. —a r(?fl’j)fr —a LD, 1
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Ty

(ria”)
- <2Da2€_2a (Tg’”l’j)_m)> [z5) — fﬂ(i—l,j)]Q(—ll)?59’<i,j>
(i)
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(i.9)
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2¥)

+<2Da2 le_“(’"g’f)l’ﬂ_”’) - 1] e_a(’”gz”';’j)_r())) [6) — x(il,j)]z((i—llj)fax(“’j)
1,

(3,5)
—2a 1"@7.1’3.)—7‘ 1
+<2Da26 (5 0>> [ = 219 et
(T(im )
—a r(?fl’j)fr —a b, 1
—2Da [e ( (6.4 0> — 1] e ( (6.3) D) W(Sﬂ?(i—l,j)
"(i.5)
—a( by, —a b, 1
+2Da [e ( (6:4) 0) — 1] e ( 9 O> (i) — x(ifl,j)}zwéﬁiq,j)
(’”(m) )
—a r(?il’j)—r —a 7"<?7.1’j)—r0 1
— <2Da2 [e ( (.9 0) — 11 e ( (i.9) )) [x(i,j) — x(i—l,j)][y(i,j) - y(i—l,j)]( (i_lvj)>25y(i,j)
r,..
(4,9)
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—ar01D —a 'r(?_.l’j)—ro 1
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r..
(4,9)

(i=1.9) _,.
+<2Da26 (s °>> W) — Ye-19llt6) = Ta-10)] 702 061
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)

(3.11)
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and
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—2a r(?fl’”—r 1
+<2Da2€ ( (4.7) 0>> [:L‘(ZJ) — x(i+l’j)]27(i+l 7 Qé‘r(i-ﬁ-l,j)
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r,..
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(i+1,5)
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3.1.2 The part of the variational equations related to the bending po-
tential

Let us now discuss the contribution of the bending potential (2.4) on the variational equation related

to 5'px The angles whose vertices are at site (i,7) are (”)gbgjfg s (i)® Z’jﬂ%, (i,)) gb(zﬁ’{g and

e
(i.d) ¢8i1+}) (i) :jﬁ , <7J)¢Eit£{; , depending on the value of i + j. In order to derive the part of
the variational equatlon related to the angles having atom (7, j) at their vertices we denote these

angles by (i,j)gbgk n - T he first 3 right hand side terms of (2 24) are related to angles having the atom
(1,7) at their vertices and give rise to terms denoted as px(m. The remaining 6 terms of (2.24) are
related to case having the atom (i, j) at the edge of an angle and give us terms denoted by p;‘(;j).
Equation (2.24) can be written as
pf(m’) - pfé’j) +pﬁé,]’>’ (3.13)
where
Aoy

A, : A Acy 4 oA
Bty = Paclyy TP, T DS F D0 D I (3.14)

and
Acg

A, A e (3.15)
Pl e P 4 pia e 4l

pz(l])_pAel +pA€2 +p:? +p$(1])+pA€5 +p

T(i,5) Z(i,5) Z(i,5)

Then the part of the variational equation related to A, is

4.0 A, 0 A, 0 AL
0Pa ;) = O ) ( ff»‘(ﬁj)) 0z, 8:r: i) ( x(ﬁj)) 021 j-1) + O j41) (

px(w)) (5.% (i.5+1)

0

A -A LA

+ Prily ) 0% + Peit ) 0y —1) + 57— (Pal) ) 0+

Dy, ( G )) (@.7) Ay 1) ( @) ST ( (m)) ARY
9 A 9 A A

+ Py ) 0% g) + Pp2 ) 0T + o2 ) dw

o (i j) ( (i.9) (0.3) (i j+1) (i.9) @3+ T 5 (i-1.4) ( (.9) (i=1.7)

d /A 0 A 0 A

t (p%?]) 0Y(ij) + Pa 2 0Y(ij+1) + (p;p(fj) 0Y(i-1,4)

(3.16)

In order to explicitly compute these terms we have to plug in the equations of motion for the
appropriate angles, something which will lead to quite complicated formulas. To illustrate how the
variational equations are derived we use as an example the angle (”)qﬁgzzig This angle has its

vertex at (i,7) and its derivatives are
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The final set of partial derivatives related to the atom at (i,j) being at the vertex of an angle
are computed below. First of all we note that the second derivative of the bending potential with
respect to angles with vertices at (i, 7) is

Since the angle (”)¢8th

aQVA[ (MH)}

(i) B~

A

can be written as

:d—zd’[,

(4,9)

(4,5+1)
Plij—1) ~

Bl (3.30)

([m(z‘,j) - $(i,j—1>] [“‘(m‘) - l’(mm] + [y(m‘) - y(m‘—l)} [?J(m') - y(z‘JH)D

4,5+1) -1
(i J)¢ (4,5—1) cos 2 2 2 2
\/ [Jf(i,j) - x(m—l)] + [y(i,j) - y(m’—l)] \/ [x(m’) - x(m‘+1)] + [?J(i,j) - y(i,j+1)]
(3.31)
its partial derivatives are
ij+1
3<i,j>¢gi,§71§ _ —1 (w(i,j) - x(i,jfl)> + (x(i,j) - x(iJH)) o hitr (gf(m) - m(i,jfl))
0 ;. 5) sin ; J)gbg;ﬂ; T2 i)
1 Iy T2 (%‘J) ~ f(i,jﬂ))
+- (i.j+1) 3 ’
SIn (;,) (5 -1) 1T
(3.32)
1,j+1)
»])QSE'L; n _ -1 Ty Iy (I(Z}j) - x(ivj—1)> B (x(i’j) B x(i’j+1)) (3.33)
0z (i j—1) sin (m)¢(1’]+1 7 1T ’
'L, +1
3$(m ) sin ;) ¢8;j8 rrs 172 ;
%, +1
i) _ —1 (w6 = ve50) + (Y6d) — Y0 _hm (46) = i)
8y(z,]) sin (z,])(ég:;tg 179 T%TQ
1 Iy T2 (y(z‘,j) - y(m‘+1)>
+- RSy 3 ,
S (z}j)¢(z’,j71) "1
(3.35)
ij+1
Qi) _ —1 v v (Yoq) — Vi) _ (v69) = Yasen) (3.36)
Y(ij-1) sin (; ,J)gbgzgi; i) 172 ’
and (541)
0Py _ —1 rn (g — vagen) (M6~ vesn) (3.37)
Y(ij+1) sin ; ;)¢ Z;ﬂ T3 r172

Let us now derive the part of the variational equation of (5'p$(i 5

related to the angles having atom

(7,7) at their edges (see Figure 2.6). For these angles we note that the vector from (i, j) to (a,b) is

given as

) _

Ty = (x(a b) —

(i) 1+ (Yap) — Y

L
where (a, b) are generalized indices representing atoms at positions (7 —

(3.38)

—1,7), (4,7 —1), (i,7+1) and

(t4+1,7), (2,7+1), (1,7 —1). Assuming in addition indices (¢, d) to represent of atoms at (i, j + 2),
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(1,7 —2), i+ 1,7—=1), i + 1,7+ 1), the correspondlng vector is

a,b N A~
ﬁc d)) (T(ap) = T(ea)1+ (Y(ab) = Yie.d)I- (3.39)

Then, the cosines of the related angles are given by

05 ((@nd?) = (Z(ah) = 265) (Fap) — L d)) + W) = Y6.0) Wab) = Yiea) (3.40)
a i - ) .
) \/(w(a,b) —2(i5)* + (Yap) — 2\/ T(ap) — Ted)? + (Y@b) — Yiea)®
and
COS (( b)<Z5Ei’Zz))) _ (Sﬂ(a,b) _ .T(i,j))(il?(a,b) - x(c,d)) + (y(a,b) - y(i,j))(y(a,b) - y(c,d)) (3.41)
a, c, - . .
V@ an) = 26.0) + Wan = ¥60)*V @ap = Ten)? + Yap — Yeen)’
Representing vectors Fg D and 7* 7“( d) by r3 and r, respectively, we can write their cross product as
i j k
¢,d)
e X rall = | (@) — 2)  Gaw) — vip) 0] = [Esllirallsin (@nd(Es)) - (3.42)
(Z@b) = Tead) Wb = Yea) 0O
This leads to the expressions
2 2 2 2
1 B {'I(a,b) - x(ivj):| + [y(mb) - y(i,j)} [x(a,b) - x(cvd)} + [y(avb) - y(c,d)} (3.43)
. (e, d)\ B ) .
st ((“’b)¢(i»j)) \/({m(a,b) - x(i,j)} {y(a,b) - y(c,d)} - [x(a,b) - x(c,d)} {y(a,b) - y(i,j)D
and
2 2 2 2
1 B \/ {fﬁ(a,w - m(i,j)} + {?J(a,w - y(iw} \/ [x(a,w - w(c,dﬂ + [wa,b) - y(ad)} (3.44)

sin ((“7")@2’{1))) \/(— [x(a,b) - x(i,j)] [y(a,b) - y(c,d)} + [Dﬁ(a,b) - l’(qd)] [y(a,b) - y(i,j)])2

The 6 angles whose vertices are at (a, b) are (Zﬁl)gﬁngﬂ) (i 1,J)¢(1J1 1), (i—1 J)Qﬁgiﬁ,jq)a (i:j—l)(bgi:?;Z)’
(4,7 (H—l, j+1) L+1 1) ((2,7)
i,j— 1)¢(1i13 1) J+1)¢ ’ and (4, J+1)¢’ (i,j)  (+1, J)¢ L+1 J41) (i1, J)¢ 7 ) (i,j—l)@(iéﬂ)a

(i—1 1) (7 )
(i,j—1 %J) - ) (7]+1)@(7jlj+1)

Then the corresponding contributions to the variational equation of 5px (. ATe obtained by the
following terms:

y Ael — a .Ae .. 78 .Ae .. 78 .Ae . .
0Pa,, = 0z i j) (p%}j)) 0w (i) + DT (i j11) (pC’?(z}j)) 0% (1) + O (j41,j41) (pqﬂli,j)) 0% (i41,4+1) (3.45)
0 0 A 0 A, '
Pzl ) 0y, + Pzl ) 0YGg+1) + 35— (P, ) O+,
oo rity) e + o= (02, ) Bwsen + o (P, ) S
© Aey _ a s Ae .. a Ae a sAe ..
@i g ; (px(fﬂ) 02 (i) + D% 501 (p (u)) 0% (1) + DT 15 120 (px<i,2j)) 0% (i j+2)
( ’]) ( 2] ) ( 5 ) (3 46)
0 A 9 A .
P2 ) 0YGig) + Pz ) 0y g+1) + P2 ) OUij+2),
ay(i,]) ( (w)) ay(i,j+1) ( (i, ])) (.5+1) ay(i,j+2) ( (w)) (4.5+2)
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0 (pAe3 ) 0T (i-1,j+1)

9 A g+ (P
¢ Aeg _ 9 sAeg 53[,‘ Nt (pa:(f])) 51‘(271,]) + or i—1,41) T (i,5) (347)
Pz ;) Dx(ijy N @D T(i—1,5) 8 )5
Y 1)t (P2 ) 0Y(i-1,+1)s
L pf(?a)) 0y + m ( x ”)) OY(i—1,5) T 8y(i71,j+1) ( (i:9)
Wigy ¥ =L .
| 9 s Ae 1)+ (Dpt ) 0% (i-15-1)
o Aey 0 (pf(% )) ox ij) + W (pm(fj)) 5$(z—1,1) + 8$(i71’j71) ( z( ,a)) (3.48)
T(i,5) 5x(w) d i—1,j 9 )
0 s Ae L - pxef 51/(1;1,]'—1),
L (PAS“ ) Y t . (pz(fj)) 5y(171,3) * 6y(i,1,j,1) ( ( ”>
Wiy ¥ Y1) ( : )5
| . Bl (o RS
. b, ) 0T (i,5) + 5——— (pm<fj>> 0% (i,j-1) 3$(i,j—2 " (3.49)
P, ;) Oxp; y N Fld) Oz j—1)
| 0 (Z) (‘A . ) 0Y(ij—1) + (pf(es )) OW(ii-2);
A . P j ) i,— s i
T ven (v2,) 0w + Ay(ij1y \ D 9Y(ij-2)
and 5 |
8 - Ae . - pm S (51’(i+1,]_1)
. Aeﬁ a (-Ae6' ) X i) + — (pz(f])) 6x(7/7]_1) + 8:5(1'4»]_,]'*1) ( (i J)) (350)
Pz, (91‘(”) (ir)) ; 833(1',]'—1) 5 ( )
0 A . —— (P ) 0Y(is1—1),
a Ae p 6 6y(7'7]_1) + . . z(l 7)
3y (px(ze‘])) 0Y(ig) + Y. ( z(”)) Y(i+1,-1)
or P |
0 CA. . - px . (SJJ(Z'_L]_H)
c Aoy 0 (pAel )5$(z‘,j) + . (px(iilj)) 5I(z,]+1) + 8$(i_1,j+1) ( (i ])) (3.51)
T(i5) 8x(”) Z(i,5) 8$(Z7j+1) ( )
’ 0 A A — (P ) dy—1,5+1),
9 i Pects ) 0y 1) + L 5 (07)
+8 o (px“])) 5y(17]) + &y(m-_,_l) ( (z,])) ay(l—l,]"rl)
Y(i,g) ) P (‘A ) &C i
2 ) gy + 5 (P i) O
Prien) TGO T B (3.52)

- Aey 0 (‘AEZ >5I(ij

pu— €T 7:’ .
D Dy N

0 . +
HAe ) T (P2 ) 0y -
(px(i,zj)) (Sy(Z,]) + ay(@j-i-l) ( ( ,])) ay(l,]+2)

aZIJ( ]—‘,—1)

_'_7

e R

Y (i) Ae,
0 A, o P )551? i+1,5+41)
Ay O (pf(%j)) 0% (i,5) + T (ier (pmfj)) 0T (1) OT(iy1,j41) ( e (3.53)
@) Owi s " e
0 | J)A 0 (Pies ) ygisn) + b0 (922,) v+,
+— (prj)) 0Y(i.j) T m Pacy) Y(i+1,5+1)
ay(z‘,j)a P . ) 5. N (pA( )) 0T (i1,-1)
o4 7 ?’ . 7
e (pf(j‘}j)) 0L (i) + E (pm,j) S (3.54)
’ 0

P = 0x i jy
A

+(9y?”) (prfj)) O + m (

A, A —
px(fj)) Y1) + OY(iv1,j-1

(px(l ])) (Sy(H—IJ 1)

( (i J)) 51‘(1‘73'72)

)

0 A 4 —
5 Aes  _ 0 (pAe_sA ) 5$ a (pfﬂ(i,Sj)) &E(mil) 8$(z‘,j—2 (3.55)
e Qg gy VD L(ij—1) 9 ( )5
0 - A o+ Dz’ Y(i,j-2);
A, ) (Pl ) 6y o \Pai
ay (Px(rsj)) 5?J(m) + 8y(i,j_1) ( (w)) 3y(z,y 2)
and 0 A,
0 A, + o (pio )&mm 1)
P Aeg (pfe_q ) 0T (i j) + EIN (p (u)> O2(i-1) 0x(i-1,j-1) ( e (3.56)
px(z 3) 8$(Z‘7j) (&) L(i,j—1) P

O (:hes \ Sy +
55

(B2 vt + g, =

(px(l s ) OY(i-1,j-1)-



The variational equations along the y axis are obtained in a similar manner.

Let us now demonstrate how one cane evaluate the terms appearing in equations (3.45)—(3.56) by
studying in detail one particular case, namely equation (3.45). The expansion of that equation leads

56



to

. (+1,44+1) (i+1,j+1) 2 1
Tig) <d[(¢,j+1)¢(m) ¢0] [”+1)¢(w ¢o} > sin( ]H)QS&LJH))
(,5+1)  _(4,5+1) G,j+1) 2
o [ ~[rain —zargen] T s — 2aa) (R ) 5
9 5) P71, (G54 (i.d+1), (ig+1)  ]° e
J g) T(+1541) [%g) (z‘+1,j+1>}
. . 2 0 1
(] BT = o] = [ o - ] Z
[(w—l—l) (i, } {(mﬂ) (4.7) } Oz ;i j) 81n(”+1)¢ +1,J+1)>
(,5+1) _(4,5+1) G,5+1) 2
_[x(i,jﬂ) - x(i+1,j+1)] I°(i,j') ' (H]»l,jJrl)[ L(ij+1) — x(i,j)} (r(iil,jJrl)) 5
i+1) (i1 > 3 L(i,j)
7,,( 5] ) ( 5] ) (Z7J+1) (17.7""1)
(i) ' (i+1,5+1) [r(i,j) r(i+1,j+1)}
0 (i4+1,j+1) (41,541 2 1
] ) _
+81L'(,LJ) ( |:( ’]+1)¢(Z] ¢0:| |:(’i,j+1)¢(z’]) ¢O:| sin ((Z j+1)¢8—;)1,]+1))
(,5+1) _(4,5+1) G+1) 2
_[x(i,j-i-l) - x(i—i—l,j-ﬁ-l)] 1“(2-,;) 'r(zi1,3+1)[ L(ij+1) — x(m‘)} (r(i-ij-l,j+1)) o
B3+ (5 +1) (i,j+1) (ij+1) 13
(i) ' (i41,5+1) [r(i,j) r(i+1,j+1)}
(i+1,51) B (i+1+1) _ 12 1
+ <d[(i,j+1)¢( gbo] [ +1)¢(w') gbo} > <in ( ”+1)¢(z+1,y+1)>
(,5+1)  _(4,5+1) G+1) 2
0 —[:L‘(i,jﬂ) - fL’(i-i—l,j-i-l)] I‘(Z-;-) . I‘(Hj—l,j—i-l) [x(z',j+1) - x(i,j)} (T(¢i1,j+1)) 5x(- )
iy (i.+1), (6,5+1) (ij+1) (ij+1) 13 bt
0 (i) PG T+15+1) [ (i,;) (iil,jJrl)}
(i+17+1) (i+1,5+1) 2 0 1
+ <d{(i,j+1)¢(i7j) ¢0} [ +1)¢(m qbo} )8$(i,j+1) (sm (”H z+1u+1) )
ij+1 g+l 1)
- [m(iyj'i-l) - x(i+1,j+1)} r&j) : rgzim)ﬂ){ L(ij+1) — L(ig) | #1 g+1 5
(i,j+1) (i,5+1) (i,j+1) (ij+1) 13 Lig+1)
(i) ' (41,541) {r(i,j) (i+1,j+1)}
0 (i4+1,j41) (i+1,j+1) 12 1
g (] ST = o] = [ T - a])
O (i j+1) [(W“) ) 0} [(W“) () . sin ((i,j+1)¢8‘;)10+1))
(.j+1)  _(i,j+1) 1 (.G \2
~[oasin —wengin] G G [T — ven | (i) )
7 (i +1) (j+1) (ij+1) 13 Li+1)
Gg) T (+15+1) [T(m) (z’+m‘+1>]
(i+144+1) o (i+15+41) 12 1
+ <d[(z‘,j+1)¢(m‘) ¢0] d [(i,j+1)¢(ivj) ¢o} ) gin ( Zj+1)¢(7;'i]‘1,]+1)>
(,5+1)  _(3,j+1) G.j+1) 2
0 —[-75(1@141) - 37(z‘+1,j+1)] r(i,j’) : r(i—ij-l,j—i-l) [l’(i,ﬁl) - x(i,j)} (r(i—ij-l,j-i-l)) 5, )
L (i.j+1), (3,5 +1) ig+1) (1) 13 itLj+l
O (it1i+) "ig) "L+ [ )
. . 2 0 1
+(a (i+1,5+1) B (i+L+1) _ )
( [(z‘,j+1)¢( %} [(i,j+1)¢(m) <Z50} 0T (i41,j+1) Sln<1]+1)¢8§17]+1)>
(,5+1)  _(3,j+1) G,j+1) 2
— 260 = Taergen] Ty G [rseny — 2an) (M ) _—
(07+1), (05+1) (i.g+1) (ij+1) 13 Tli+1,5+1)
(4,9) " (i+1,5+1) [ (4,5) r(i+1,j+1)]
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0

(i+1,5+1) / (i+1,j+1) 2 1
g (L G = o] = [ ol — o)) -
0T (i41,j+1) [( FESIC) ] [(w+1) (@, ] <in ((z‘,j—i—l)qsgz;)ld—i_l))

(,j4+1)  _(3,5+1) (,5+1) )2
—[I(i7j+1)—$(i+1,j+1)] r(¢,§-> 'r(z’—ij-l,j+1)[x(i7j+1)_x(i7j)] (r(i—ij-l,j+1))

Saiiit
ERESYCRESY (D) (G40 13 (i+15+1)
i) T(i+1,5+1) [r(i,;) (iil,jJrl)]
(H—Lj—i—l B (i+1,j+1) _ 2 1
+ <d[(i,j+1)¢( Qbo] [ +1)¢(l7j) QS()} > sin ( ”+1)¢(Z+17J+1)>
(ij+1) (ij+1 (i.j+1) )2
0 _[x(i,j—i-l) — x(i+1,j+1)] 1”(@]) rgz‘iull) [x(w”rl) - x(iﬁj)} (r(i—lj-l,j-l-l)) Sy
- (ij+1) (ij+1) (i,j+1) (ij+1) 13 J
Oy Tig)  T(i+15+1) [’”(i,ﬁ) ’”(zil,m)}
(i+1,j+1) oy (+15+1) 2> 0 1
+ (d[(i,j—i-l)gb(ivj) gbo} d {(i,j+1)¢(i7j) ¢0} Y@ j) \ sin ( ”+1)¢8J;1,J+1)>
( J+1)(i,j+1) Gj+1) 2
_[ Lg+1) _I@HJH)] Ty Tl [%HU _IW)} (%#uﬂ)) S
(D), (7 +1) (41, 31| 9
TG T(i+1,5+1) [T(i ) (i+1,j+1)]

0 (i+1,+1) (z+1 +1) 1
g (] 7T = 0] = [ 85 0] ) = :
Y (i j) [(”“) ) } [ g+ } sin ((i,j+1)¢g ;;’JH))

(ij4+1)  (3,5+1) (ij+1) 2
_[$(i,j+1) - 37(z‘+1,j+1)] r(i,;) 'r(i—ij-l,j—i—l) [l’(i,ﬂl) - -f(i,j)} (r(i—ij-l,j-i-l)) Sues -
p(Bd 1), (05 +1) (ij4+1) (ij+1) 13 Y(i.g)
(i) " (i+15+1) [T(',j) (i+1,j+1)]

1

(i+1,4+1) o (i+1,5+1)
* (d[<z‘,j+1>¢(i’j) ¢0] d [(i7j+1)¢( %} )

sin( ,j+1)¢(:;1’]+1)>
(,5+1)  _(3,j+1) G,j+1) 2
0 _[x(i,jJrl) - $(i+1,j+1)] r(i,;) 'r(z—',j-l,j—i—l)[ L(ij+1) — m(i,j)} (r(i—il,j—kl)) 5y(- o
- (i3 +1), (1-+1) L) () 18 it
i j+1) TG Tlit1,5+1) [Tézj) : (i—il,ji—l)}

2 0 1
d (i+1,j+1) _ (i41,j+1) )
+< {(i’jﬂ)(b( ¢0} [ ]+1)¢(m %} (i j+1) \ sin (w+1 Hl’]ﬂ)

(ij+1)  (ij+1) +1)
- {x(i,jﬂ) - x(i+17j+1)} r(ij‘) : r(iJJrl,jJrl) {x(i,jﬂ) - x(m) T(zil J+1) ) 5y
(4,54+1)
1

(i,j+1) (i,j+1) Gij+1) (i+1) 13
(i) T(i+1,541) {T(i,;) (¢+]1j+1)]

0

+ (A, 217 = 0] = [, S5 = 0] :
8y(i,j+1) [(’L:J+1) (4.4) } [(z,]Jrl) @@, } sin ((ij-l—l)(bg;j_‘)ld—i_l))
(i,3+1) | (6,5+1) (641 )2
—{Iu‘ﬁl) - I(z‘+1,j+1)} r(i,;’) 'r(z‘—ij-l,j+1) {%‘,jﬂ) - fff(i,j)} (T(zi1,g+1)) Surs
(I (65 +1) (ij+1) (ij+1) 13 Y(ij+1)
(4.9) ' (+1,5+1) { (4,7) (H—l,j—%—l)}

58



i i 1
e R P ) e et

(i3+1) | (ij+1) (i5+1) )2
0 _[x(i,j+1) - l’(z‘+1,j+1)] r(z,j) : r(ziuﬂ) [l’(z‘,ﬂl) - x(m‘)} (T(iil,jJrl)) 5y
L (6,5+1), (i,5+1) id+1) (ij+1 3 (i+1,5+1)
Os1gen TGy Mg [rgzj) )r&il,jln]
(i+1,5+1) / (i+1,j+1) 2 0 1
+ ( Qb —¢o| —d| P — ¢ ) -
|: zj+1 ’]) :| |:(7,,]+1) ( J) i| ay(i+1,j+1) Sin ( 7]+1)¢El:‘;173+1))

G.j+1)  _(5,j+1) G.+1) 2
- [x(i7j+1) - x(i+1,j+1)} r(i,;’) : r(i—&j-l,j—i-l) [x(m”rl) - x(z}j)} (T(z‘—‘il,j—i—l))
(4,5+1), (3,5+1) [ (4,5+1) (i,j+1) }3
)

5y(i+1,j+1)

(i4) ' (i+1,541) Ty T(+1,5+1
0 (i+1,5+1) ! (H—l j+1) 1

L e CATI AR B P o AR

OY(i+1,j+1) [( ij+1) " (07) } [(m+1)< } Sln(zg—i—l ¢§z;17J+1))
pd+D) | (1) (i+1) 2

n _[x(i7j+1)_m(i+l,j+1)} (z;) 'r(ii1,j+1)[$(z’,j+1)_x(i,j)] (r(iil,j-i-l)) St
(i.j+1) .(0.5+1) (i+1) (ij+1) 13 Yi+1+1)
(i.3) 7 (i+1,5+1) [T(i,j) (i+1,j+1)]

The remaining terms related to angles having point (i, 7) at their edge are obtained in a similar
manner to the one presented above.

Let us now evaluate all the partial derivatives appearing in the previous equation. Since the angle

(i,j+1) QSEZJ;)LJH can be written as
(141, +1)
(z’,j+1)¢( ) !
1 ({x(i,jJrl) - x(i,j)} [$(i,j+1) - $(z‘+1,j+1)] + [y(i,jJrl) - y(i,j)] [y(i,j+1) - y(i+1,j+1)D
cos 2 2 2 2|’
\/ [x(m'ﬂ) - x(m)] + [y<i,j+1) - y(m‘)} \/ [%‘JH) - fff(i+1,j+1)} + [?J(um) - ?J(i+1,j+1>}
(3.57)
its partial derivatives are given by the following equations
,y+1)¢831’j+1) B -1 - (x(i,j+1) - 1’(@'+1,j+1)) n I3 Iy (-T(i,jJrl) - x(i,j))
0 ;. 5) sin (i,j+1)¢E§j;)1’j+l) r3Ty 3Ty ’
(3.58)
i+1,5+1
3<z-,j+1>¢§£) e _ 1 I3 - Ty (x(m‘ﬂ) - 93(1‘+Lj+1))
0z (i j+1) sin (i7j+1)¢8;)1’]+1) 3T}
_ 1 ((x(z‘,jﬂ) - x(i,j)) + (I(i,j—l—l) - x(i+1,j+1)) B I3 Ty (x(i,j+1) - I(i,j)))
. i+ 1,541 3 ’
Sin (17]_;'_1)@5%1:;) i+ 3Ty 3Ty
(3.59)
,]+1)¢8;1 a —1 - (l’(i,jﬂ) - x(z’,j)) I3 Ty <$(i,j+1) - Jf(z‘+1,j+1))
O e (i 1,1) * g ,
L(i+1,5+1) sin (i,jﬂ)gb(m) T3Ty 3Ty
(3.60)
i+1,5+1
8(i,j+1)¢gi:;) s —1 - (y(i,j-i-l) - y(i+1,j+1)) r3 - Ty (y(i,j-i-l) - y(i,j))
- (i+1,j+1) + 3 , (3.61)
ay(i,j) sin (i,j+1)gb(i’j) ’ 3Ty 3Ty
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,g+1)¢ ZHJH) - 1 (1“3 Ty (y(i,j—l-l) - y(i+1,j+1))>

8y(z7g+1) sin (”H)(bEH)l’jH) T3 (3.62)
B 1 (y(i,j-I—l) - y(z’,j)) + (y(z’,j—H) - y(z’+1,j+1)) T3 1y (y(i,j—i-l) - y(i,j))
sin ,J+1)¢8;1’J+1) 374 3T 7
and
i+1,5+1
a(i,j+1)¢gz‘,—;) i+1) B -1 - (y(i,j-i-l) - y(i,j)) n I's Iy (y(ivj"'l) B y(i+17j+1)) (3.63)
ay(i+1,j+l) sin (i,j+1)¢8;)1’]+1) T3T4 3Ty
As in equation (3.30) the second derivatives of the bending potential are
a ¢(’L+1 ]+1
(i (@, i j
[ gt1) ) | =d—2d'] ol — gy, (3.64)
8[ ¢(z+171+1)] (i4+1) " "7
(i,j4+1) " ()
and
|: (% ]+1)¢E2ﬁ1,j+1 :| ! (4,3)
—d—2d [(mﬂ)gb(i D — o). (3.65)

(é,4) 2
a{(i,j+1)¢(i+1,j+1)}
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The remaining partial derivatives are

(ij+1)  _(ij+1) (ij+1) 2
s, - [x(i,j-i-l) - f(i-i—l,j-i-l)} ey T g [x(m‘Jrl) - x(m‘)] (T(Hj-l,j-&-l))
- (ij+1) (ij+1) (i,j+1) (ij+1) 13
(i ") TG+ ey e ) (3.73)

3[$(i,j+1) - x(i,j)rrg reoryery 2[$(i,j+1) - x(m’)} [x(i,jJrl) - fﬂ(i+1,j+1)}

r3ry 3Ty r3ry ’
(,j+1)  _(5,j+1) G+1) 2
0 | ~lrasn —wenan] el i [Fea — 2e ] (i)
- (@j+1) (i +1) (ij+1), (ij+1) 13
0% (i,511) Tig)  Ttrigen) [T(i,i) (iil,jJrl)}

[%’JH) - f(i+1,j+1>]2 {l’u,frl) - m(i,j)} [x(i7j+1) - f(m’)}r?) T4
3Ty N iy
n [Uﬂ(mﬂ) - x(iu‘)} [iv(mm - x(m‘)} _ [m(z‘,jﬂ) - x(i,j)} ([x(z;m) - $(i+1,j+1)} + [x(z}jﬂ) - x(m)D
3 3

5Ty 3Ty
2
LT3 Ta 3|2t — T Ts o 1
7’§T4 374 7":?37”4’ (3.74)
(,j+1)  _(i,j+1) (i+1) )2 |
0 ~ [:c(m-ﬂ) - x(z’+17j+1)} Tig) T+ {xﬁ’ﬁl) B x(iﬁj)} (T(HLJH))
. (iJ+1)_(,541) ij+1) (ig+1) 13
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2 2
1 [I(i,j-H) - x(z‘+1,j+1>} B [$(i,j+1> - l‘(m‘)} n I3 Ty [fv(i,jﬂ) - x(zpj)} {l’(zyjﬂ) - I<i+17j+1)}
N 3Ty 7“37"2 T§r4 7"37"2 (3 757)
(ij4+1)  (3,5+1) (ij+1) 2
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- (i.+1) (i +1) (i.41) (ij+1) 13
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T {x(i,jﬂ) - x(i+17j+1)} [y<z‘,j+1> - y(m)} B [$(m+1) - %’(i,j)} [y(i,j+1) - y(z‘+1,j+1)} (3.76)
N 1“%1“4 7”33:7“4
+3 Tag) — T [Yesn — Y |Ts T
3Ty ’
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r3rd

3.2 Evaluation of the system’s mLCE

Using the variational equation determined in Section 3.1 and the Tangent Map method presented
in Section 1.6 we can now quantify the chaoticity of our graphene model by computing its mLCE
(1.22).

In Figure 3.1 we present the time evolution of the mLCE for a graphene system with 12 x 16
atoms for some particular initial excitations of 2eV, 10eV and 20eV. The initial values of the orbit
where obtained as explained earlier in Section 2.5.1. The initial values of the deviation vector were
derived from a standard normal distribution which was then normalised to make the initial vector
unitary as explained in Section 1.7. We note that the results presented in Figure 3.1 were obtained
by using the ABA864 SI with integration time step 7 = 0.15. We see that as the system’s total
energy increases the value of the mLCE becomes larger, indicating (as expected) the increase of the
system’s chaoticity.

Having developed the computer code for evaluating the system’s mLCE we intend to study graphene’s
chaotic behavior in more detail in the future.
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Figure 3.1: The time evolution of the mLCE of the graphene model (2.5) for individual, random
excitations of total energy 2eV, 10eV and 20eV .
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Chapter 4

Summary

In this thesis we considered a Hamiltonian model describing the dynamical behavior of graphene.
Initially we described in detail several notions of Hamiltonian dynamics using as a toy model the
Hénon-Heiles system to illustrate them. In particular we defined what is a dynamical system and
more specifically a Hamiltonian one, we presented its equations of motion which govern its time
evolution, as well its variational equations governing the time evolution of small perturbations
from an orbit. We provided the definition of chaos and presented two techniques which allow
its identification: the Poincaré surface of section and the computation of the maximum Lyapunov
Characteristic Exponent. A significant part of Chapter 1 was devoted to the detailed description of a
very efficient technique for integrating the Hamilton equations of motion, along with the variational
equations needed for the computation of the maximum Lyapunov Characteristic Exponent: the
symplectic integration method.

Then in Chapter 2 we focused our attention the dynamics of graphene. After a brief presentation of
the physical properties and importance of this material, we presented in great detail a Hamiltonian
system which tries to describe its dynamics. For this model we explained how one can obtain
its equation of motion, a not so simple task as their derivation is rather complicated. Then we
presented some numerical results obtained for this model through several numerical simulations we
performed using an appropriately chosen SI scheme. We note that in the Appendix we provide the
computer code we used for this task. We also explained in detail how we chose this particular SI
after performing a comparison between different integration schemes.

Finally, in Chapter 3 we presented on the main topic of the thesis, i.e. the derivation of the
variational equations of the particular Hamiltonian model of graphene. This was a tedious task
which, to the best of our knowledge, has not been presented in the literature. Using the obtained
variational equations we computed the maximum Lyapunonv Characteristic Exponent of the system
for a representative initial excitation. We expect to perform a more systematic investigation of
graphene’s chaotic behavior in the immediate future.
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Appendix

A1l. Computer code for the time evolution of the graphene
model

We provide here the Fortran90 code used for the time evolution of an initial configuration of the
graphene model. As input to this code we provide the (usually) randomly created initial conditions
of the lattice atoms and follow their evolution in time through the numerical integration of the
Hamilton equations of motion. After some relaxation time (variable tequil in the code), the program
evaluates the relative energy error (1.16), the system’s temperature, as well as the mean temperature
and its standard deviation. All computed results are written to appropriate data files.

133555558333333555555333333355555533333335555553333333555558333%
Cape Town 183 — 09 — 2017

Program arn_all. f90

The program computes the evolution of an orbit for the Graphene
Hamiltonian system of 2 Degrees of Freedom.

In this program symplectic integration schemes are used with a
choice of 4 fourth order integrators: the Forest and Ruth, the
ABA104, the ABAS864 and the ABA106/.

PARAMETERS AND VARIABLES

nscreen = The unit number of screen (6).

nfin = The wunit number of the input file.

nfoutl = The wunit number of the 1st output file.

nfout?2 = The wunit number of the 2nd output file.

nfouts = The unit number of the 3rd output file.

zero = Parameter for 0.0_rk

wrong = A logical wvariable used for checking the consistency
of input values in check_arn. Initially it is set
wrong=. false .. If it becomes .true. there exists an
error and the program stops.

f_text = Name of the output file where we write messages
for the run of the program.

foall_data = Name of the output file where we write data
for the whole evolution of the orbit.

foall_temp_plot = Name of the output file where we write data

for the average temperature of the system for different
excitations .
4x(nxxny) = The degrees of freedom of the system. Hence the

et fm " 't 'ttt tm tm tm 'ttt 'ttt ettt et e
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dimension of the space where the orbit

evolves is 8*(nz+ny).

Parameters of the potential functions:

The Morse potential is V(r) = dm(e’—am(r(i,j) — a) — 1)°2
The bond deformation potential is

Viphi) = rkl1*(phi—pi0)*x2/2. _rk — rk2x(phi—pi0)*%8/3. _rk
pi = 4._rk x atan(1._rk), pi0 = 2. _rk*pi/3._rk, am = 1.96,
dm = 5.7, a = 1.42, mec = 12.0, rk1 = 7.0, rk2 = 4.0.

enl = The nominal value of the Hamiltonian (the energy). It is
given for each excitation .

x(: : 1) = The array of positions in x direction.

x(: : 2) = The array of positions in y direction.

2z ¢ 9) = The array of momenta in z direction.

z(: : 4) = The array of momenta in y direction.

t = The time.

tend = The final time of the evolution.

tau = The integration time step (positive or negative ).

i_step_print = When the number of iteration steps (i_step)

is a multiple of i_step_print and
the time t is written on the screen then the current
point and time are written in f_all_data file.
i_step_print should be positive.

i_scheme = index of integration scheme to be used. This choice
is made from the input file arn_all.ini.
The choices are Forest and Ruth (i_-scheme =1),
ABA104 (i-scheme =2), ABAS864 (i-scheme =3),
ABA1064 (i-scheme =4).

INPUT OUIPUT FILES

ottt 't 'ttt 'ttt 'ttt ettt ettt ettt ettt e ettt ettt et ettt t— e

INPUT coarn_all.ini > nfin
We give data in wvarious mnamelists. As an example
for times we get the following

t = Starting time

tequil = relazxation time

tau = time step

tend = integration time

enmin = minimun (starting) energy of the system

enmax = mazimum (end) energy of the system

enstep = the increase in system enerqgy after all realization
have been run

energy-acc = is the desired accuarry of the system. If this accuraccy
is breached the program stops

ne = number of atoms in z direction

ny = number of atoms in y direction

nreal = number of realizations for each energy exzcitation

OUTPUT : fotext > nfoutl

We write messages for the run of the program.

: foall_data > nfout?2

We write data for the whole evolution of the orbit.

If i_all=1_ik we write

time, relative energy error, instantanous system temperature
and root mean square displacement

every time the number of iteration steps becomes

A2



equal to i_step_print.

: foall_templot > nfoutd

We write the average values of the energy, energy per
atom, average temperature and standard deviation of the
temperature

NEEDED PROGRAM STRUCTURES

~ "= '~ ' ' ' ' ' ' '— '—

/I——MODULES

! module kinds
! module a_interfaces
! module arn_init_val

!

I——SUBROUTINES
! subroutine check_arn (nfile ,wrong)

! subroutine write_arn (nfile)
!

I——FUNCTIONS
! function energy_arn(z)

! function temp_arn(z)
/

18558333555833355853335585853335583335585853335583335585833355833858
program arn_all
use arn_init_val
use a_interfaces , only : energy_arn ,write_arn ,check_arn,&
04 ,abal04,aba864 ,abal064, temp_arn

implicit none

integer (ik ), parameter:: nscreen=6_ik

integer (ik ), parameter:: nfin=10_ik , nfoutl=11_ik , &
nfout2=12_ik ,nfout3=13_ik

real (rk), parameter:: zero=0.0_rk
integer (ik ):: i, k,j,iunit

real(rk):: timel, time2,time_of_run ,thresh
logical:: wrong = .false.

namelist /files/f_text ,f_all_data ,f_all_templot
namelist /times/ t,tau,tend,tequil

namelist /indices/i_step_print ,i_scheme

namelist /data_1/enmin,enmax, enstep, energy._acc
namelist /lattice_info /nx,ny,nreal

call CPU_time(timel)

open (unit=nfin , file="arn_all.ini’)

read (nfin , files)

read (nfin , times)

read (nfin ,indices)

read (nfin ,data_1)

read (nfin , lattice_info)

open(unit=nfoutl , file=f_text)
open (unit=nfout2 , file=f_all_data)
open (unit=nfout3 , file=f_all _templot)

p = logl0(tend)
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¢ =p / 200.0_rk

jd = ¢

phi = (pi/3._rk)

nlat nx x ny

nen = int (( enmax —enmin ) / enstep ) + 1

thresh = tend — 500._rk *x tau

write (nfout3 ,16)
16 format (12x, '#_.E(eV).’,24x, 'E/atom.(eV).’, 20x, T(K)’,22x, dT(K)’ )
Passsnnnxnxnnnrssssssssrrxrxrx Equilibrium Configuration #% skttt s e sk ss s sk x %
has = — a
do i= 1,nx
if (mod(i,2).eq.1l) then
has = has + a

else

has = has + 2. _rk * a
end if
do j= 1,ny

if (mod(j,2).eq.1l) then
x(i,j,1) = has
else
x(i,j,1) = has — (—1)**i * a *cos(phi)
end if
x(i,j,2) = real(j—1) * a x sin(phi)
x(i,j,3) = 0._rk

x(i,j,4) = 0._rk
end do
end do
xeq(l:nx,l:ny,1:2) = x(l:nx,l:ny,1:2)
do ien = 1 , nen
energy = enmin + enstep x real(ien—1)

print x ,energy
std_dev = 0._rk
temp = 0._rk
temp2 = 0. _rk
temptot = 0._rk
do kan = 4001, (4000 + nreal)
Iseeds for the gemeration of random deviates of the orbit
seed (1:2xnlat) = kan
lgenerating random momenta for the orbit wusing the Box—Muller algorithm
call random_seed (PUT=seed)
call random_number (randp)
x(1l:nx,l:ny,3) = sqrt(—2._rk*log(randp(l:nx,1l:ny,1)))*&
cos (2. _rkxpisrandp (l:nx,1l:ny,2))
x(l:nx,1l:ny,4) = sqrt(—2._rk*log(randp(1l:nx,1:ny,1)))x&
sin (2. -rkxpi*randp (l:nx,1l:ny,2))
INormalizing the random numbers and getting the momenta center of mass
sumx = sum(x(l:nx,1l:ny,3)) / real(nlat)
sumy = sum(x(l:nx,1l:ny,4)) / real(nlat)
x(l:nx,l:ny,3) = x(1l:nx,1:ny,3) — sumx
x(l:nx,l:ny,4) = x(1l:nx,1l:ny,4) — sumy
ekin = sum(x(1l:nx,1:ny,3)**2) + sum(x(1l:nx,l:ny,4)**2)
ekin = ekin/(2._rk * mc)
ld = sqrt(energy / ekin)
x(l:nx,l:ny,3:4) = x(l:nx,1l:ny,3:4) * 1d
enl = energy
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do while((t—tequil)*tau<zero)
select case (i_scheme)
case (1 _ik)
call o4(x,tau)
case (2 _ik)
call abal04(x,tau)
case (3 _ik)
call aba864(x,tau)
case (4 _ik)
call abal064(x,tau)
case default
write (nscreen ,*)
write (nfoutl ,*)
stop
end select
t=t+tau

end do

poten =
skin = energy — poten

ekin = sum(x(1l:nx,1l:ny,3:4)%%2)
ekin = ekin/(2._rk % mc)

ld = sqrt(skin /ekin)
x(l:nx,1l:ny,3) = x(1l:nx,1:ny,3)
x(l:nx,l:ny,4) = x(1l:nx,1:ny,4)
particle_energy = energy-arn(x)

Dok knnkxnkxnsxrsxxsxrxsrx End of Equilibrium
t = 0._rk
call write_arn(nscreen)
call write_arn(nfoutl)
call check_arn(nscreen ,wrong)
wrong = . false.
call check_arn(nfoutl ,wrong)

if (wrong .eqv. .true.) stop
i_step=0_ik
it =0

do while ((t—tend)*tau<zero)
select case (i_scheme)
case (1 _ik)
call o4(x,tau)
case (2 _ik)
call abal04(x,tau)
case (3 _ik)
call aba864(x,tau)
case (4 _ik)
call abal064(x,tau)
case default
write (nscreen ,x)
write (nfoutl ,x)
stop
end select
it =it + 1
t=t+tau
i_step=i_step+1_ik

I'Checking the energy accuracy

Ab

"Wrong.value._of_i_scheme._=.",
"Wrong.value .

"Wrong.value_of_i_scheme._=.",
"Wrong._value .

> i_scheme

of .i_scheme_=_’, i_scheme

energy-arn(x) — (sum(x(l:nx,1:ny,3:4)%%2)/2. _rk/mc)

x 1d
* 1d
/ real(nlat)

CONFIGUTAQTTON %k KK KKK KKK KKK KK KKK

> i_scheme

of .i_scheme_=_’, i_scheme



if (abs((energy_-arn(x)—enl)/enl)>energy_acc) then
write (nfoutl ,100)t,enl,energy_arn(x),&
abs ((energy_arn(x)—enl)/enl)
write (nscreen ,100) t,enl,energy-arn(x),&
abs ((energy_arn(x)—enl)/enl)
stop
end if
I Compute several quantities
RMSD = sqrt( sum((xeq(l:nx,l:ny,1:2) — x(1l:nx,l:ny,1:2))*%x2)/&
real(nlat) )
ekin = sum(x(1l:nx,1:ny,3:4)x%2)
ekin = ekin/(2._rk % mc)
write (nfout2 ,200) t,(abs((energy_arn(x)—enl)/enl)),&
temp_arn (x ) ,RMSD
if(t .gt. thresh )then
temp = temp_arn(x)
temptot = temptot + temp_arn(x)
temp2 = temp2 + temp * temp

i_step=0_ik
c=c¢ + jd
end if
end do

end do

Dokokrsnknkxnxssnsxsrsrsrrr Computation of the TEMPETAEUTE #kx#kk &k« % kK kKK KKK KKK
sqtemp = temp2 /((1._rk + real(tend —thresh) /tau)sreal(nreal))
avtemp = temptot / ((1.-rk + real(tend —thresh)/tau)*real(nreal))
std_dev = sqrt (sqtemp — (avtemp s*avtemp))
std_dev = std_dev xsqrt((real(tend —thresh)/tau)xreal(nreal))
std_dev = std_dev/sqrt ((1._rk + real(tend—thresh)/tau)+real(nreal))
printx, energy,energy/real(nlat),avtemp,std_-dev
write (nfout3 ,;300) energy ,energy/real(nlat), avtemp,std_dev

end do
call CPU_time(time2)
time_of_run = time2 —timel

printx time_of_run
close (nfin)

close (nfoutl)
close (nfout2)
close (nfout3)

100 format ( ’ _ATTENTION, .THE_ENERGY_CHANGES_!!!!l > /|
‘_atotime_toooo..=_’,f28.18,/,
‘_initial _energy._=.’,f28.18,/,
‘_current._energy.=.’,f28.18,/,
‘_relative_difference._=.’,d28.18,/)

200 format (4(f28.18,trl))

300 format (4(f28.18,trl))

end program

18555553838385353535353585858585555583535385353535358585858585888

e

A2. Subroutines and Functions

In what follows we provide all the subroutines and functions called in the main program.

The forces for the central atom of a triplet of atoms seen in Figure 2.4 are computed in the subroutine
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fangcen, whilst those for the edge atoms are computed in the subroutine fangedge. The functions
energy_arn and temp_arn compute respectively the total energy of the system and the temperature
at each time step. The operators la_arn and lb_arn are related to the kinetic energy and potential
energy parts of the Hamiltonian and are needed for the action of SIs. The subroutines which
implement the action of the SIs Forest and Ruth, ABA104, ABA864 and ABA1064 are respectively
04, abal04, aba864 and abal064. The subroutine check arn performs some checks on the various
values used in the code. Finally, subroutine write_arn is used for writing data in files and at the
computer screen.
135383853538385353838535383853538535383853538385353838535383853538358538383535389
/
! THIS FILE CONTAINS SUBROUTINES CREATED BY A. NGAPASARE
! THE SUBROUTINES ARE LISTED IN ALPHABETICAL ORDER
/
13538385353838535383853538385353853535385353838535383853538385353838538383535389
subroutine la_arn (x,tau)
use kinds
implicit none

real(rk), parameter:: mc = 12. 1k, a = 1.42_rk

real(rk), parameter:: pi = 4._rk % atan(l._rk),pi0 = 2. _rk=*pi/3._rk
real (rk), parameter:: kb = 0.00008617 _rk ,dm = 5.7 _rk

real (rk), parameter:: am = 1.96 rk ,rkl = 7._rk ,rk2 = 4. _rk
1nteger(1k) parameter : nd = 102,nx = 12, ny = 16

real(rk), dimension(—1: nd,flznd,1:4):: X

real(rk), intent(in):: tau
x(l:nx,l:ny,1:2) = x(1l:nx,1l:ny,1:2) 4+ taux(x(l:nx,l:ny,3:4)/mc)
end subroutine la_arn

subroutine lb_arn(x,tau)
use kinds
implicit none

real (rk), parameter:: mc = 12. rk, a = 1.42 _rk
real (rk), parameter:: pi = 4._rk % atan(l._rk),pi0 = 2. _rkxpi/3._rk
real(rk), parameter:: kb = 0.00008617 _rk ,dm = 5.7 _rk
real(rk), parameter:: am = 1.96_rk ,rkl = 7._rk ,rk2 = 4. _rk
integer (ik ), parameter: nd = 102,nx = 12, ny = 16
real (rk), dimension(—1: nd7—1:nd,1:4):: X
real(rk):: hrl hr2 hfl hf2 hr3, hf3
real(rk):: frix, frly,h fr2x,fr2y ,fr3x,fr3y
real(rk):: fgc2x ,fge2y ,fgelx ,fgely ,fgalax ,fgalay,fgalbx , fgalby ,e,b,c,d
real (rk) fga2bx , fga2by , fga2ax ,fga2ay ,fgadax ,fga3ay
real (rk) fgaldbx , fgadby ,fgedx , fgecly
real(rk), intent(in):: tau
integer (ik ):: 1i,j,k
do i = 1,nx
x(i,0,1) = x(i,ny,1)
x(i,0,2) = X(l,ny72) — real(ny) * a x sqrt(3..rk) / 2.
x(i,ny+1,1) = x( ,1)
x(i,ny+1,2) = x(i,1,2) + real(ny) * a * sqrt(3._rk) / 2.
x(i,—1,1) = x(i,ny 11)
x(i,—1,2) = x(i,ny—1,2) — real(ny) x a * sqrt(3._rk) / 2._rk
x(i,ny+2,1) = x(i ,2,1)
x(i,ny+2,2) = x(i,2,2) + real(ny) * a % sqrt(3.-rk) / 2._rk
end do

x(0,j,1) = x(nx,j,1) — real(nx) % 3._.rk * a / 2._rk
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x(nx+1,j,1) = x(1,j,1) + real(nx) * 3._.rk *x a / 2._rk

x(nx+1,j,2) = x(1,j,2)
end do
do i = 1,nx
hrl = sqrt( (x(i,1,1)—x(i,0,1))**2 + (x(i,1,2)—x(1,0,2))**2 )
hfl = exp( —am # (hrl—-a) )
hfl = 2. _rksamsdm+hfl*(hfl —1._rk) / hrl
do j = 1,ny
hr2 = hrl
hf2 = hfl
fr2x = hf2 = ( x(i,j,1) — x(i,j—1,1) )
fr2y = hf2 x ( x(i,j,2) — X( 1,2) )
hrl = sqrt( (x(i,j,1)— X(l,J—i—l 1))**2 + (x(i,j,2)—x(i,j+1,2))**x2 )
hfl = exp( —am x (hrl-a) )
hfl = 2. _rkxam«dm+hfl+(hfl —1._rk) / hrl
frix = hfl % ( x(i,j,1) — x(i,j+1,1) )
frly = hfl = ( x(i,j,2) — x(i,j+1,2) )

if (mod(i+j,2).eq.1) then
hr3 = sqrt ( (x(i,j,1)—x(i+1,j,1))**2 + (x(i,j,2)—x(i+1,j,2))**x2 )
hf3 = exp( —am x (hr3—a) )
hf3 = 2. _rkxam+dm+hf3*(hf3 —-1._rk) / hr3
fr3x = hf3 « ( x(i,j,l) — x(i+1,j,1) )
fr3y = hf3 * ( x(i,j,2) — x(i+1,j,2) )
call fangcen(x(i,j,1),x(i,j,2),x(i,j+1,1),x(i,j+1,2),x(i+1,j,1),&
x(i+1,j,2),fge2x ,fge2y)
call fangcen(x(i,j,l),x(i,j,2),X(i,j—l,l),x(i,j—1,2),x(i—|—1,j,1),&
x(i4+1,j,2),fgelx, fgely)
call fangcen (x(i,j,1),x(i,j,2),x(i,j+1,1),x(i,j+1,2),x(i,j—1,1),&
x(i,j—1,2),fge3x, fgedy)
call fangedge(x(i,j+1,1),x(i,j+1,2),x(i,j,1),x(i,j,2),x(i,j+2,1),&
x(i,j+2,2),fgalax,fgalay)

call fangedge(x(i,j+1,1),x(i,j+1,2),x(i,j,1),x(i,j,2),x(i—-1,j+1,1),&
x(i—-1,j+1,2), fgalbx fgalby)

call fangedge( (i 1), x(1,j-1,2),x(1,j,1),x(i,j,2),x(i—-1,j-1,1),&
x(i—1,j-1,2), fga2ax fga2ay)

call fangedge( ( ) (17J ),X(i,j,1),X(i,j,2),X(i,j*2,1),&

x(i,j—2,2),fga2bx, fga2by)
call fangedge( (i+1,j,1),x(i
x(i+1,j—1,2),fga3ax , fga3ay)
call fangedge( (i+1,j,1) ,x(i+1,j,2),x(i,j,1),x(i,j,2),x(i+1,j+1,1),&
x(i+1,j+1,2),fga3bx, fga3dby)

else
hr3 = sqrt ( (x(i,j,1)—x(i—1,j,1))**2 + (x(i,j,2)—x(i—1,j,2))*x2 )
hf3 = exp( —am * (hr3—a) )
hf3 = 2. _rkxamsdm+hf3*(hf3 —-1._rk) / hr3
fr3x = hf3 « ( x(i,j,l) — x(i—-1,j,1) )
fr3y = hf3 * ( x(i,j,2) — x(i—1,j,2) )
call fangcen(x(i,j,1),x(i,j,2),x(i,j+1,1),x(i,j+1,2),x(i—1,j,1),&
x(i-1,j,2),fge2x ,fge2y)
call fangcen(x(i,j,1),x(i,j,2),x(i—-1,j,1),x(i—-1,j,2),x(i,j—1,1),&
x(i,j—1,2),fgelx,fgely)
call fangcen(x(i,j,l),x(i,j,2),X(i,jfl,l),x(i,j71,2),x(i,j+1,1),&
x(i,j+1,2),fge3x, fgc3y)
call fangedge(x(i,j+1,1),x(i,j+1,2),x(i,j,1),x(i,j,2),x(i+1,j+1,1),&
x(i4+1,j+41,2),fgalax , fgalay)
call fangedge(x(i,j+1,1),x(i,j+1,2),x(i,j,1),x(i,j,2),x(i,j+2,1),&
x(i,j+2,2),fgalbx,fgalby)
call fangedge(x(i—1,j,1),

1+ ,J,2),X(i,j,1),X(i,j,2),X(i+1,j—1,1)7&

X(i_]-aj 72) 7X(i 2 a]-) 7X(i ) a2) ,X(i—].,j-i-l,l),&
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x(i—1,j+41,2),fga3ax , fga3ay)
call fangedge(x(i-1,j,1),x(i-1,j,2),x(i,j,1),x(i,j,2),x(i—-1,j—-1,1),&
x(i—1,j-1,2), fga3bx fgaSby)

x (i

call fangedge( ( ) 17J )7X(i7ja]-)vx(ivj;2)3X(iaj7271)7&
x(i,j—2,2),fga2ax, fgaQay)
call fangedge( (i,j—1,1),x(i,j—1,2),x(i,j,1),x(i,j,2),x(i+1,j—1,1),&
x(i4+1,j -1, ),fga?bx,fgaQby)

end if

x(i,j,3) =x(i,j,3) + tau % (frlx + fr2x + fr3x) + tau x (fgelx + &
fge2x + fge3x + fgalax + fgalbx + fga2ax +fga2bx + fga3ax +fga3bx)
x(i,j,4) =x(i,j,4) + tau = (frly + fr2y + fr3y) + tau x (fgcly + &
fgc2y + fge3y + fgalay + fgalby + fga2ay +fga2by + fga3ay +fga3by)

end do
end do
end subroutine lb_arn

Force at a central atom

subroutine fangcen (xc,yc,xal,yal, xa2,ya2, fx fy)
use kinds
implicit none
real

(
real(rk), parameter:: am = 1.96 _rk ,rkl = 7._rk ,rk2 = 4. _rk
real(rk), intent(in) :: xc,yc,xal,yal,xa2,6 ya2
real(rk) :: hlx,hly,h2x,h2y ha,rl,r2 hb,g, hfx 6 hfy,fg
real(rk), intent(out) :: fx, fy
hlx = xc — xal
hly = yc — yal
h2x = xc — xa2
h2y = yc — ya2
ha = hlx h2x + hly * h2y

*
rl = sqrt( hlx % hlx 4+ hly % hly )
( h2x * h2x + h2y = h2y )
hb = r1 * r2
g = acos( ha / hb )
hfx = ( hlx + h2x) % hb — ha * ( hlx % r2*r2 + h2x * rlxrl ) / hb
hfx = hfx / hb / hb
hfy = ( hly + h2y) % hb — ha * ( hly % r2%r2 + h2y % rlxrl ) / hb
hfy = hfy / hb / hb
fg = ( rkl % (g—pi0) — rk2 * (g—pi0)**2 ) / sin(g)
fx = fg * hfx
fy = fg * hfy
end subroutine fangcen

rk), parameter:: pi = 4._rk * atan(l._rk),pi0 = 2. _rkxpi/3._rk

Force at an atom at the edge

subroutine fangedge(xc,yc,xal,yal,xa2,ya2, fx fy)
use kinds
implicit none
real(rk), parameter:: pi = 4._rk % atan(l._rk),pi0 = 2. _rkx*pi/3._rk

(
real(rk), parameter:: am = 1.96_rk, rkl = 7._rk, rk2 4. _rk
real(rk), intent(in) :: xc,yc,xal,yal, xa2, ya2
real(rk) :: hlx,hly,h2x,h2y ha,rl,r2 hb,g, hfx 6 hfy,fg
real(rk), intent(out) :: fx, fy
hlx = xc — xal
hly = yc — yal
h2x = xc — xa2

h2y = yc — ya2
ha = hlx % h2x + hly % h2y
rl = sqrt( hlx % hlx 4+ hly * hly )
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r2 = sqrt( h2x % h2x + h2y % h2y )
hb = r1 % r2
g = acos( ha / hb )

hfx = — h2x % hb + ha x hlx * r2xr2 / hb
hfx = hfx / hb / hb
hfy = — h2y % hb + ha % hly * r2xr2 / hb

hfy = hfy / hb / hb
fg = ( rkl * (g—pi0) — rk2 x (g—pi0)**2 ) / sin(g)
fx = fg * hfx
fy = fg * hfy
end subroutine fangedge

Forest and Ruth integrator

subroutine o04(x,tau)
use a_interfaces
use kinds
implicit none
integer (ik ), parameter:: nd = 102
real(rk), dimension(—1:nd,—1:nd,4),intent (inout)
real(rk), intent(in) ::tau
real(rk) :: cl,c2,c¢3,c4,d1,d2,d3,rr,tt
rr=2._rkx*(1._rk/3._rk)
tt=2._rk — rr
c1=0.5_rk/tt
c2=0.5_rk*(1._rk—rr)/tt
c3=c2
cd=cl
dl=1._rk/tt
d2=rr/tt
d3=d1

, only:la_arn ,lb_arn

call la_arn (x,clxtau)
call lb_arn (x,dlxtau)
call la_arn(x,c2xtau)
call 1b_arn (x,d2xtau)
call la_arn (x,c3*tau)
call 1b_arn (x,d3xtau)
call la_arn (x,cd*tau)
end subroutine o4

ABA104 integrator
subroutine abalO4(x,tau)
use a_interfaces , only:la_arn,lb_arn
use kinds
implicit none

integer (ik), parameter:: nd = 102
real (rk), dimension(—1:nd,—1:nd,8) ,intent (inout)
real(rk), intent(in) ::tau

real(rk) :: cl,c2,¢3,c4,d1,d2,d3,d4

c1=0.047067100645972506129478876372 _rk
c2=0.184756935417088106924737619370 _rk
¢3=0.282706005679836205324361656554 _rk
c4=-0.014530041742896818378578152296 _rk
d1=0.118881917368197019945350395085 _rk
d2=0.241050460551501565744166786590 _rk
d3=-0.273286666705323806054311398166 _rk
d4=0.826708577571250440729588432981 _rk

call la_arn (x,cl*tau)
call lb_arn (x,dlxtau)
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call la_arn(x,c2xtau)
call 1b_arn (x,d2xtau)
call la_arn (x,c3*tau)
call 1b_arn (x,d3xtau)
call la_arn (x,cd*tau)
call lb_arn (x,d4xtau)
call la_arn(x,cdxtau)
call 1lb_arn (x,d3*tau)
call la_arn(x,c3xtau)
call lb_arn (x,d2xtau)
call la_arn (x,c2xtau)
call lb_arn(x,dlxtau)
call la_arn(x,clxtau)
end subroutine abal(4

ABAS86] integrator
subroutine aba864(x,tau)
use a_interfaces , only:la_arn ,lb_arn
use kinds
implicit none
integer (ik ), parameter:: nd = 102
real(rk), dimension(—1:nd,—1:nd,8) ,intent (inout)
real(rk), intent(in) ::tau
real(rk) :: cl,c2,¢3,c4,d1,d2,d3,d4
c1=0.071133426498223117777938730006 _rk
c2=0.241153427956640098736487795326 _rk
c3=0.521411761772814789212136078067 _rk
c4=-0.333698616227678005726562603400 _rk
d1=0.183083687472197221961703757166 _rk
d2=0.310782859898574869507522291054 _rk
d3=-0.026564618511958800697212137916 _rk
d4=0.065396142282373418455972179391 _rk

call la_arn
call lb_arn
call la_arn
call lb_arn
call la_arn
call lb_arn
call la_arn
call lb_arn
call la_arn
call lb_arn
call la_arn
call lb_arn
call la_arn(x,c2x*tau
call Ib_arn(x,dl*xtau
call la_arn (x,clxtau
end subroutine aba864

x,cl*tau)
x,dl*tau)
x,c2*tau)
x,d2*tau)
X,c3xtau)
x,d3*tau)
x,cd*tau)
x,d4*tau)
x,cd*tau)
x,d3xtau)
X,c3xtau)
x,d2xtau)

)

)

)

PRy

ABA1064 integrator
subroutine abal064(x,tau)
use a_interfaces , only:la_arn ,lb_arn
use kinds
implicit none
integer (ik ), parameter:: nd = 102
real(rk), dimension(—1:nd,—1:nd,8) ,intent (inout)
real(rk), intent(in) ::tau
real(rk) :: cl,¢2,¢3,c4,c5,d1,d2,d3,d4
c1=0.038094497422412195456975322308 _rk

All



c2=0.145298716116913749294020072660 _rk
c3=0.207627695725541250716205611324 _rk
c4=0.435909703651526159223154862401 _rk
c5b=—-0.653861225832786709380711737390 _rk
d1=0.095858880837075210610771503771 _rk
d2=0.204446153142998780680507783916 _rk
d3=0.217070347978991101714338592430 _rk
d4=-0.017375381959065093005617880118 _rk

call la_arn (x,clxtau)
call lb_arn (x,dlxtau)
call la_arn(x,c2xtau)
call 1b_arn (x,d2xtau)
call la_arn(x,c3xtau)
call lb_arn(x,d3xtau)
call la_arn (x,cd*tau)
call lb_arn(x,d4xtau)
call la_arn (x,cH*tau)
call 1b_arn (x,d4xtau)
call la_arn (x,cd*tau)
call lb_arn (x,d3xtau)
call la_arn (x,c3xtau)
call lb_arn(x,d2xtau)
call la_arn(x,c2xtau)
call lb_arn (x,dlxtau)
call la_arn (x,clxtau)
end subroutine abal(064

subroutine check_arn (nf,wrong)
use arn_init_val
implicit none
integer (ik ), intent(in):: nf
logical , intent (inout ):: wrong
real (rk), parameter:: zero=0._rk

if ((tend—t)*tau<=zero) then
write(nf,100) t,tend,tau
wrong = .true.

end if

if (i_step_print<=0_ik) then
write(nf,200) i_step_print , tau

wrong = .true.
end if
100 format (1x, —— FRROR..—",/ &
1x, ’.t,.tend,_tau_are.not.correct.’,/ &
1x, ’.initial .time,_t_.....=_7,f30.18,/, &
1x, ’_final_time,_tend._._.. =.",130.18,/, &
1x, ’_integration._step,_tau.=_’,d30.18,/)
200 format(lx, —— _FERROR..——",/ &
1x, ’.Probably._.we_.should.put_.i_step_print.>.0..",/ &
1x, ’Ci_step_print..... =.7,i30,/, &
1x, ’._integration._step,_tau.=.’,d30.18,/)

end subroutine check_arn

subroutine write_arn (nf)
use arn_init_val
use a_interfaces , only : energy_arn
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implicit none

integer(ik), intent(in):: nf

write(nf,100) f_text ,f_all_data , i_scheme

write (nf,200) t,energy_arn(x)

write(nf,300) t,tequil, tend, nreal ,tau, energy-acc

100 format (1x, ——_OUTPUT._FILES.—"’,/ &
x, 'Text_with_data_about_the_run....... FILE.=.",a30,/ &
x,’All_numerical _results:.x,.t, .energy._error..... FILE.=.,a30,/&
1x, ’Integration .scheme_used’,i5,/)
200 format(’.———_INITIAL_CONDITIONS.——’ ,/, &
1x, ’_at_t.=_’,f28.18,/, 1x, ’_with ENERGY_=.',f28.18,/)
300 format(1x, —— INTEGRATION.—— ,/ &
1x, ’cinitial ctimeccccccococoeeeno=.",30.18,/, &
1x, ’.relaxation. time.coococoeooeo=.",30.18,/, &
Ix, 7ofinal otimecccc oo oo =.7,130.18,/, &
1x, ’_total_.realizations ... ... .. =_7,i5,/, &
1x, ’Lintegration_step. ... ccoooo. =.",d30.18,/, &
1x, ’_accuracy.of_energy...ccocooo =.7,d30.18,/, &
1x, /)

end subroutine write_arn
/

1$55533355953335553335595533555533355955335555333555833555953335558335558333555833
!

! THIS FILE CONTAINS FUNCTIONS CREATED BY A. NGAPASARE

! THE FUNCTIONS ARE LISTED IN ALPHABETICAL ORDER

!
1$555333559533355553335595533555533355955335555333555833555953335558335558333555833

function energy_arn(x)
!

! The Graphene Hamiltonian :

P H=0.5+(px "2(i,j)+py "2(i,5))/mc+0.5x(V(r))+V(phi).

! The Morse potential is V(r) = dm(e"—am(r(i,j) — a) — 1 )°2
! The Bond deformation potential is

! V(phi) = rk1 * (phi—pi0)*+2 / 2. _rk — rk2 * (phi—pi0)*%3 / 3._rk
!

use kinds
implicit none

real (rk), parameter:: mc = 12. rk, a = 1.42 _rk
real (rk), parameter:: pi = 4._rk % atan(l._rk),pi0 = 2. _rkxpi/3._rk
real (rk), parameter:: kb = 0.00008617 _rk ,dm = 5.7 _rk
real(rk), parameter:: am = 1.96_rk ,rkl = 7._rk ,rk2 = 4. _rk
real(rk):: hrl hr2 hfl hf2 hr3 hf3, gal, ga2,ga3 gbl, gb27gb3
integer (ik), parameter nd = 102,nx = 12, ny = 16
real (rk), dimension(—l:nd,—l:nd,él):: X
real(rk):: energy_arn, pot_en,const,gfl,h gf2 gf3, angpotl, 6 angpot2, angpot3
integer (ik ):: 1i,j,k
const = 2._rk * mc
const = 1._rk / const
.’Implementing periodic boundary conditions
do i = 1,nx
x(i,0,1) = x(i,ny,1)
x(i,0,2) = x(i,ny,2) — real(ny) * a x sqrt(3..rk) / 2.
x(i,ny+1,1) = x(i,1,1)
x(i,ny+1,2) = x(i ,1,2) + real(ny) * a % sqrt( rk) / 2.
end do
do j = 0,ny+1
x(0,j,1) = x(nx,j,1) — real(nx) % 3._rk *x a / 2._rk
X(O’j 72) - X(HX,j 72)
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x(nx+1,j,1) = x(1,j,1) + real(nx) * 3._.rk *x a / 2._rk
x(nx+1,j,2) = x(1,j,2)
end do
energy_arn = 0._rk
do i =1, nx
do j = 1, ny

hrl = sqrt ( (x(i,j,1)—x(i,j+1,1))**2 + (x(i,j,2)—x(i,j+1,2))xx2 )
hfl = 0.5 _rk % dm % ( exp(—2._rkxamx(hrl-a)) &

— 2. .1tk x exp(—am#*(hrl—a)) + 1._rk )
hr2 = sqrt ( (x(i,j,1)—x(i,j—1,1))**%2 + (x(i,j,2)—x(i,j—1,2))%x2 )
hf2 = 0.5 _rk % dm % ( exp(—2._rkxamx*(hr2—a)) &

— 2..rk % exp(—amx*(hr2—a)) 4+ 1._rk)

if (mod(i+j,2).eq.1) then
hr3 = sqrt ((x(i,j,1) — x(i+1,j,1))**2 + (x(i,j,2) — x(i+1,j,2))**2)

else
hr3 = sqrt((x(i,j al) - X( -1,j, 1))**2 + (X(i7j 72) - X( —1,j 72))**2)

endif

hf3 = 0.5 _rk % dm % ( exp(—2._rk*amx(hr3—a)) &

— 2. _rk x exp(—amx(hr3—-a)) + 1._rk)

! Establishing the angles between the atoms centred at (i,j)

gal = (X(i,j—l—].,].)—X(i,j ,1)) & (X(iaj_]-?]-)_x(iaj a]-)) + &

(X<i ,j+1,2)—X(i )] 72))* (X(l ,j—l,?)—X(i 0 72))

gbl = hrl % hr2

gfl = acos( gal / gbl )

angpotl = rkl x (gfl—pi0)*%x2 / 2. rk — rk2 x (gfl—pi0)**3 / 3._rk

if (mod(i+j,2).eq.1l) then
ga2 = (x(i,j+1,1)—x(i,j,1)) = (x(i+1,j,1)—x(i,j,1)) + &
(x(i,7+1,2)~x(1,§,2)) * (x(i+1,5,2)-x(i,],2))
gb2 = hrl % hr3

else
ga2 = (x(i,i—L1)-x(
(X(i,j—l,Q) ( )
ghb2 = hr2 = hr3

end if

gf2 = acos( ga2 / gb2 )

angpot2 = rkl x (gf2—pi0)*x2 / 2. rk — rk2 x (gf2—pi0)**3 / 3._rk

gf3 = 2. rk *x pi — gfl — gf2

angpot3 = rkl * (gf3—pi0)**2 / 2. _rk — rk2 x (gf3—pi0)*x3 / 3._rk

energy_arn = energy_arn + const*(x(i,j,3)**2 + x(i,j,4)x*x2) &

+ hfl 4+ hf2 4+ hf3 + angpotl + angpot2 + angpot3

end do
end do
end function energy_arn

1)
x(i-

(X(i*l,j,l)*){(i 7j 71)) + &
7.] ’2)_X(i 7j ,2))

0

\_/,_.
A\.
—e —

function temp_arn(x)
use kinds
implicit none

real(rk), parameter:: mc = 12._rk, a = 1.42_rk

real (rk), parameter:: pi = 4._rk % atan(1.00_rk),pi0 = 2. _rkxpi/3._rk
real (rk), parameter:: kb = 0.00008617 _rk ,dm = 5.70 _rk

real(rk), parameter:: am = 1.96 rk ,rkl = 7. _rk ,rk2 = 4. _rk

1nteger( k), parameter: nd = 102,nx = 12, ny = 16

real (rk), d1mens1on(—1.nd,—1:nd,4):: X

real(rk):: temp_arn, ekin

integer (ik ):: i,]j

temp_arn = 0. _rk

ekin = 0._rk

! Summing up the total Kinetic Energy of the system
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do i = 1,nx

do j = 1, ny
ekin = ekin + (x(i,j,3)**2)/2._rk/ mc + (x(i,j,4)**2)/2. _rk/mc

end do

end do

I'Getting the system temperature from < E_kin > = nzx x ny * kb * T
ekin = ekin/real (nxx*ny)
temp_arn = ekin/kb
end function temp_arn

A3. Modules

Here we list the modules used in our program, along with the interfaces of the various subroutines.

1855883535383535353585858555558385353535353585858585855858853853535353585858585585538888
!

! THIS FILE CONTAINS MODULES CREATED BY A.NGAPASARE

/

185558585555555555555555555555555555585555555585555555555555558555555558555588

!

module kinds
integer , parameter:: rk=8
integer , parameter:: ik=4
end module kinds

module arn_init_val
use kinds
real(rk), parameter:: mc = 12. rk, a = 1.42 rk

real(rk), parameter:: pi = 4._rk * atan(1.00_rk),pi0 = 2. _rkx*pi/3._rk
real (rk), parameter:: kb = 0.00008617 _rk ,dm = 5.7 _rk
real(rk), parameter:: am = 1.96 rk ,rkl = 7._rk ,rk2 = 4. _rk
integer (ik), parameter:: nd = 102

integer (ik) :: i_step_print ,i_step, i_scheme, it

real(rk), dimension(—1:nd,—1:nd,4):: x, xeq

real(rk), dimension(1:12,1:16,1:2) :: randp

real(rk):: t, tau, tend,tequil, enmin,has,energy, diff  scal
real(rk):: enl, energy_acc ,phi,enstep,ld, poten

real(rk):: enmax,ener_diff ,sumx,sumy,ekin ,skin ,temp2,temptot
real(rk):: avrealztemps ,avtemps, avtemp, sqtemp

real(rk):: temp,std_dev ,p,c,jd,dek,dtemp, particle_energy ,RMSD
character (len=30):: f_text, f_all_data ,f_all_templot
integer (ik), dimension(1:192):: seed
integer (ik ):: nx, ny,ireal ,nreal ,ien ,nen, kan,nlat
end module arn_init_val

INTERFACES

. 't =

module a_interfaces
!
!

! Interfaces in alphabetical order for subroutines (S)
! and functions (F)
! INDEX :
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S—abal0/
S—aba86/
S—abal064
S—check_arn
F—energy_arn
S—fangcen
S—fangedge
S—la_arn
S—Ilb_arn
S—o4
F—temp_arn
S—write_arn

' ' ' ' ' ' ' ' e

interface
subroutine abal04(x,tau)
use kinds
integer (ik ), parameter:: nd = 102

real (rk), dimension(—1:nd,—1:nd,4), intent(inout)::

real(rk), intent(in):: tau
real(rk):: cl, ¢2, ¢3,cd, d1,d2,d3,d4
end subroutine abal04
end interface

interface
subroutine aba864 (x,tau)
use kinds
integer(ik ), parameter:: nd = 102

real (rk), dimension(—1:nd,—1:nd,4), intent(inout)::

real(rk), intent(in):: tau
real(rk):: ¢cl, ¢2, ¢3,cd, d1,d2,d3,d4
end subroutine aba864
end interface

interface
subroutine abal064(x,tau)
use kinds
integer (ik ), parameter:: nd = 102

real (rk), dimension(—1:nd,—1:nd,4), intent(inout)::

real(rk), intent(in):: tau
real(rk):: cl, ¢2, ¢3,cd,cH,dl,d2,d3,d4
end subroutine abal064
end interface

interface
subroutine check_arn (nf,wrong)
use kinds
integer (ik ), intent(in):: nf
logical , intent(inout):: wrong
end subroutine check_arn
end interface

interface
function energy._arn(x)
use kinds

real (rk), dimension(12,16,4), intent(in)::

real(rk):: energy_arn
end function energy_arn
end interface
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interface
subroutine fangcen (xc,yc,xal ,yal, xa2,ya2,fx,fy)
use kinds
integer (ik ), parameter:: nd = 102

real (rk), dimension(—1:nd,—1:nd,4) :: xc,yc,xal,yal,xa2, 6 ya2
real(rk) :: hlx,hly,h2x,h2y ha,rl,r2 ,hb,g, hfx 6 hfy,fg
real(rk), intent(out) :: fx, fy

end subroutine fangcen
end interface

interface
subroutine fangedge (xc,yc,xal yal, xa2,ya2, fx, fy)
use kinds
integer (ik ), parameter:: nd = 102

real(rk), dimension(—1:nd,—1:nd,4) :: xc,yc,xal,yal xa2, ya2
real(rk) :: hlx,hly,h2x,h2y ha,rl,r2 hb,g, hix 6 hfy,fg
real(rk), intent(out) :: fx, fy

end subroutine fangedge
end interface

interface
subroutine la_arn (x,tau)
use kinds
integer (ik ), parameter:: nd = 102
real(rk), dimension(—1:nd,—1:nd,4), intent(inout):: x
real(rk), intent(in):: tau
end subroutine la_arn
end interface

interface
subroutine lb_arn(x,tau)
use kinds
integer (ik), parameter:: nd = 102
real (rk), dimension(—1:nd,—1:nd,4), intent(inout):: x
real(rk), intent(in):: tau
end subroutine lb_arn
end interface

interface
subroutine o4 (x,tau)
use kinds
integer (ik ), parameter:: nd = 102
real (rk), dimension(—1:nd,—1:nd,4), intent(inout):: x
real(rk), intent(in):: tau
real(rk):: cl, ¢2, ¢3,cd, d1,d2,d3,rr, tt
end subroutine o4
end interface

interface
function temp_arn(x)
use kinds
real(rk), dimension(12,16,4), intent(in):: x
real(rk):: temp.arn
end function temp_arn
end interface

interface
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subroutine write_arn (nf)
use kinds
integer (ik ), intent(in):: nf
end subroutine write_arn
end interface

end module a_interfaces

A4. Input file

In order to show the format of the data provided to the code we present below a typical input file.

&files
f_text= ‘graphene. txt’
f_all_data=’all.dat’
f_all_templot="temp_plot.dat’
&end
&times
t= 0.
tau = 0.1
tend= 50.0
tequil=10.0
&end
&indices
i_step_print=1
i_scheme =3
&end
&data_1
enmin = 2.00
enmax = 160.00
enstep = 8.0
energy_acc=1—06

&end
&lattice_info
nx ="
ny = 16

nreal = 500
&end
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