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Fig. 1.1: {(a) Initial position, (D) 5 th position, (e¢) (i+1)th position







where

[
Il

L. + dAL
i+
i+ i (1.11)

L + AL, + dAL.
[e] 1

Furthermore it is convenient to define the vector
s = dEB = dEAr (1~12>
and therefore

6 - 0, -1 (1.13)

=i+1

1.2 The Change in Member Length

The length of the member in the (i+1)th position is given by

L = (pf )2 (1.14)

i+ =i+1 2:i.+1

Since, from equation (1.13),

i 41 e

this becomes
i+1
Now,
2 = 0D  amda D' = 1, 7f,
=i =i =i

therefore

Li(1 + (1.15)

1+

2
Using the binomial expansion (1+1%)2 = 1+ %t - ét2 + .... and neglecting

terms of third and higher order, yields

s 88 (8%
Li+1=Li<1+L * 2 J

i 2 L? 2 L;
i i
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1.9 EBlastic Instability

For a single member elastic instability occurs when the slope of its

load-def lection curve becomes zero, as shown in Fig., 1.2.

point of elastic
instability

Fig, 1.2: Load-deflection curve for a single member

At this point

dp
du 0,
therefore
dP = Kdu
= 0

requires that

for elastic instability of a single member.

Generalizing this result to the load deflection matrix equation for

the whole structure, viz. equation 1.31,

ap* = [K']au’,

requires that

3¢

Il
O

|

for elastic instability of the structure.
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In the computer programme developed by the writer, Gauss-reduction
with back substitution was used to solve equation 1,31 for dg*, which
reduces [K*] to a triangular matrix. Thus, for any iteration of a .
particular wad increment, the determinant |K*| is readily evaluated as
the product of the terms on the leading diagonal of the triangular matrix.
Should the value of this determinant pass through zero then the point of

elastic instability of the structure has been reached.
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the deflection y is

d2
EI =% = -N

dx

= - Ny, +v).
Substituting for Y, from equation 2.1 and writing b2 = N/EI yields

d2 2 2 X
=X ;v y = ~b a sin 4% , (2.3)
dx2 o) 1

the general solution of which is

. 1 . IX
y = C, sin bx + C, cos bx + a_ sin . (2.4)
1 2 (n2/b2L2) _q 0 1

Applying the boundary conditions

y = 0 when x = 0,
and y = 0 when x = 1 -4A % 1,
yields C1 = 02 = 0,

and thus equation 2.4 reduces to

1 ., IX
= a sin (2.5)
2,22 o) 1
(n°/p717) = 1
EL 1° 2
With N = —-—215—, the Euler load; and b° = L=, it is convenient to
1
write
= N
Vo=
C

from which equation 2.5 becomes

N . X
y = ao s1n-%— ,

1 -N

or in a dimensionless form (see Fig., 2.2)

=]

a
L = -2 gin ¢ = (2.6)
1 : 1 1 :
1 - N
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Fig, 3.8: Three-way grid dome










Bi +1
(c)

Fig. 4.1: (a) Initial position, (b) ith position, (c) (i+’I)JCh position
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In this deformed position the length of the chord joining the displaced ends

of the member is Li’ where

Li = LO + ALi, as for the space truss in Part 1.

On defining the unit vector

cos ot -

.r‘P.l = ’ (4'3)
sin «.

i
the vector of projected lengths of the current chord is

. Dx

D, = ] = L L. (4.4)
Y74

In this deformed position the six internal forces acting on the member

are defined by three indepéndent quantities Ni’ MA and - Mé - as shown in
Fig. 4.2(a) - * +
N
: — 1 .
F. o= <M. | , - (4.5)

Note that the directions of the axial and shear forces are those associated

with the chord Jjoining the defLected nodes. Furthermore, the axial force N
is computed on the basis of the new chord length of the member and the effect
of change in member length due to flexure is disregarded.(16’27’34’40) The

three internal deformations associated with the three independent internal

forces are:

AL
(4.6)

e. = e'

1
eB .
i
After an incremental change in configuration of the deformed position the
member assumes the (i+1)th position, having undergone increments dgA and

ng in the displacements of its ends, and an increment do in the angle of



Fig. 4.2:

{a)

(a) Internal forces,

(v) external forces
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orientation of the chord A4B. Furthermore, the tangents to the elastic line
at ends A and B of the member-rotate in an anti-clockwise (positive) direction

by amounts deA and dGB respectively (see Fig. 4.1).

Similar to the space truss of Part 1, for the (i+1)th position of the

member of a plane frame we have:

the displacements

u = u, +du
Aivq Ay A (4.7)
and 4p = Up +dup; '
i+ i

the unit vector

COos «.
D _ i+1 ; (4.8)

i+ sin «
i+1

the projected lengths of the current chord

X —_— .
2i+1 D - Li+1 2i+1 ’ ' _ (4.9)
y~ i+1

the current chord length

L. + dAL '
i (4.10)

i+
= L + AL, + dOL
o i
the vector
8 = dyg -dy, = w [ (4.11)
u
¥y
and therefore
& = D.., -D.. (4.12)

The three internal deformations associated with the three independent intermal

forces of the (i+1)th position of the member are:
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AL. + dAL
1
&4 = GAi + dGA = dal . . (4.13)
9:'Bi + deB - de

4,2 The Change in Chord Length of a Member

" With § and T redefined as in the preceding section, the second-

order expression for the increment in chord length of a member when deforming

from the i to the (i+1)th position is still given by equation 1.16, viz.
t t \2
s 88 (Z8)
dAL = iiﬁ_+‘2-L—i— 2Li . | (4.14)

4.3 The Change in Transformation Vector T

Similarly, equation 1.17 still holds, viz.

t % % t\2
8§ I Zs 8Tp Tsb L(LE)
T,y =L+ -—5—-—5— - 5 + - (4.15)
* ! i LS 2L 2L

4.4 The Change in Angle of Orientation of AR

o, = .+ d
i+t al o

and, with reference to Fig. 4.3,

DB,
da = §=
l.
_ 3 o
- L. T L
i i
- i i d
) duX sin o, + duV cos a; (duX cos a; + duV sin ai) tan do
- L, - L,
i . i
Using the series expansion tan da = do + da3/33 + ..., , and neglecting

terms of third and higher order, yields

i . d cos . + du_ sin «.)(-du_ sin «. + du_ cos a.)
-duX sin o, + duV cos a; ( u_ oy - al)( . i V 5
do = L - 2
i L

i
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chords joining
displaced ends
of member

Fig, 4.%3: Geometry in the iJCh and Li+1)th positions
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Defining a unit vector

- sin ay
Eﬁ = cos «, (4.16)
i
the second-order expression for da becomes
Es sk
doe = —— - 5 - (4.17)
i Li '

The first term on the right hand side of equation 4.17 is the usual first-
order expression for the rotation of the chord, while the second term gives.

the effect of increase in chord length serving to decrease chord rotation.

4.5 An Expression for '—Ri+1/Li+1

Under the stipulation that external forces are applied only at the nodes

the shear force -V is constant along the length AB of the member, and is of

magnitude
MY o+ M! . ) .
Vv = _A-I-_,—B. (4.18) B

(See Fig. 4.2a)

Resolving this shear force in the directions of the global axes produces terms

of the form

_8sin « ' cos « 1
= (MA + M}'3) and = (MA + MB),

and, when formulating the equations of member equilibrium in the following

section (4.6), it will be seen that a second-order expression for

R, 1 - sin «
S Sl A : ' will be required.
L. L, cos o
i+ i+1 .
i+1
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and from equations 1.15, 4.11 and 4.12, this becomes

-D - du t t -1
B4 R 1_(1+21§+5_ N
L D +du [ 1° by 12 7
X, X 1 1
i
Using the binomial expansion (1 + t)_1 = 1 -1+ t2 & S yields
t t t 2
Sis1 -Ei_+1_{‘d“y}\..o 218 88 MI 8 N
| - - o o @ ,
Livg L g2 Uoau Ly 12 L2 /
i i _ i ‘
and thus, to second-order of smallness,
R. R. 2R, 7 8 or® R. 505 4R (TJ.C 5)2
i+ 1 —i —i = 1 = —1i =~ r= —i~ = it—i =
L. "L 2 *tzlly-—5ls-——=+ 3
i+ i L L. L L L
i i i i i
(4.19)
v =4 _ [0 =17
where [I] = [1 0

4.6 Member Equilibrium

With reference to Fig. 4.2, the joint equations of equilibrium for the

member in the il position can be described by the [A] matrix as follows:

2 = [al E, (4.20)
that is,
rPXAW Vl cos o = sin A sin aj
Pl |-ema mex seal o)
‘J-MA L 0 1 0 My (4.21)

PXB -  cos o sii'a sig o \M'Bji

f gipn o —-Ses @ —cosa
vB L L

I 0 T




40

Using equations 4.3 and 4.16 this may be written

s ' "
) [, ® R
p - L L
yA N
M 0 1 0
J A - . M'A . (4.22)
PXB B B M!
T == == B} .
= L L i
P
yB
ME 0 0 1
C 5 /4 L. 4 1

4.7 Internal Force-Deformation Relationship

Defining the axial strain in the deformed position as

e, = +—2° B (4.23)

then the second-order strain-displacement relationship is still given by

equation 1.21, viz.

Li - Lo Li ii 5 & &

= , + -+ = (4.24)
i+1 2L2 L2 2L2
o} (0] o}

So as to relate the internal deformations e to the internal forces F,

where

lo
'..J
|
[Pyt
R
B

i

it is convenient to define the vector {e} as

{;} = <@ | | (4.25)
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that is
N
(12 _ 12
1 [e]
212
[e]
), = 9 % L (4.26)
H
Op.
L 1)
and
( 3
Li-f LL's 87
+ +
212 12 12
[e] [e] [e]
- X >
feliyh = Oy +3d8, - do . (4.27)
3 _
eé +>d9B - dg
L i J

The relationship between the internal deformations and forces may

now be expressed by the member stiffness matrix ([S] as follows:

), = [s]fel, _ (4.28)
where
[ EA 0 o |
[s1, = |O© S,0 - Spp |- | (4.29)
. 1 1
0 Spa.  Spp,
L ot 1

Note that the axial stiffness of the member in tension or compressioﬁ is
based on the original cross-sectional area A and the original length LO,
whereas the flexural stiffness coefficients SAA’ SAB’ SBA and‘SBB depend
on the magnitude and sign of the current value of axial force, and current
chord length; as will be shown in the following section.

(38)

4.8 Stiffness Coefficients in Flexure

In linear analysis the bending moment at any point on the elastic
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line is considered to be unaffected by the axial forces, resulting in the

flexural stiffness for the member AB of a plane frame:

o
=
(]

Saa = Spp

il

(4.30)

[\
= o
—

and SAB = SBA =

o

However, in second-order analysis, relatively large forces and dis-
placements are involved, and it is necessary to determine the equation of
the elastic curve on the basis of a more exact bending moment expression

including the effect of axial . forces,

The derivation of the following flexural stiffness coefficients is
given in Appendix A, Defining the quantity
g, = 1 |5 (4.31)
i =~ i EI ’ : :

1

then for Ni positive, that is tensile,

2 L.
¢i cosh ¢i - ¢i sinh ¢i

s,, = S.. = Ll
AA, ~ "BB, 2 -2cosh @ + 4§, sinhg. L.
i i i i ii
5 ‘ (4.32a)
and S S ¢i sino ¢i _ ¢i EI |
— —1 " H
AB, - BA, 2 - 2 cosh ¢i + ¢i sinh ¢; L,
and for N. negative (compressive),
. ‘ 2
s s _ ¢i sin ¢i - ¢i cos ¢i BI
= = p ’
AR, E BB, 2 = 2 cos ¢i - ¢i sin ¢i L, ( |
4.32b
' . 2
and S = S( = ¢i o ¢i _ ¢i °°° ¢i EL
AB, BA, 2 - 2 cos ¢i - ¢i sin ¢i L,
Curves of SAA and SAB vs ¢ for N tensile and compressive are

given in Pig. 4.4. Note that, in comparison with the case in which the
flexural stiffness is considered unaffected by axial force, a flexural

member is stiffer with axial tension, but more flexible with axial com-

pression.

BEquations 4.32 are undefined if Ni = 0, in which case equations 4.30

are applicable.
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SAA (tension)

Saa (compression)

Spg (compression)

Sag (tension) '

Fig,

4.4: Stiffness coefficients in flexure




4,9 Incremental Force-Displacement Eguations

Recalling equations 4.20 and 4.28 viz.

Il

(al{F},
[s]{e};

{r}

and  {F}

1l

and substituting equation 4,28 into equation 4.20 yields

rPxA\ B R
- EAT (SAA + sAB) T

P
yA

M, 0 SAA

< > =

P g R
x EAT - (SAA+SAB)—L-
P
yB

0 S
\MB J L. AB
Now,
afpy = ), - L

.therefore, from equation 4.33,

PyA

. A
xA _ :
d{ } = -BA{L, o6 - e 3+ ({5,

(SAA + SAB)

SAB

- (SAA + SAB)

SBB

R.
=il
+S5,.).. , =/
AB i1+1 Li+1

R
L
[
R g
T |%
1 1
(GA + GB)

By
— 1 1
(8 + 65). 3
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. (4.33)

- (Sp + Syp)5 g
From equations 4.26 and 4.27 this becomes
PXA Lf - Li Ll"‘l“lt6 ! ~ Li )
a = - BA{T. , ( + =+ Y -1, (
P =3+ 2L2 L2 2L2 =i
yA- 0 0 0
B,
{1 1 -
+ (sAA + sAB)l+1 T8y + 6f + dO,+ 6y 2da)
i+1 i i
= (4.34)
-~ — {0 ! .34
(5,4 *8p); T, (07, + 83 ) 4.3
1 1 1
Recall from seption 4.8 that SAA and SAB are functions of - Ni+1



and. Li+1' Since the value of Ni+1 is still to be determined, the
approximation is made that the flexural stiffness coefficients in the ith
and (i+1)th positions are the same, that is
(Syy + Sppliny * (S *+ Sypls-
R
Now, in equation 4.%4, substituting the expansions for Ei+1’ da d I -,
viz. equations 4.15, 4.17 and 4.19, noting that it
12 12 |
U A - ' ! = 1 t
EA( N ) N, and (S, + 8,50} + 61). .(MA + MB)i,
o)
and neglecting terms of third and higher order, leads to
Pen) oo b N i = Sics
— - ] o — —_— : - —|
d = ('L, - g0 ]+ g{t]+ —5[2[Hi] [I]] r2 (R0 8
P i i L : i '
vA 1 .
+ si_gi(deA + deB)
Ni t7 j_Ni
- 1 - t_ —_— T
- <K'-L2>[[Bi1+2[3i1 |- (-3 =5)0,(1,]
i i
Sir = =
- ;5 L6 Ci[Ri] -2 Gi[I]]
i
- ' o]
i T o
- % c.(B]-2c[I]- [Qi]J% 5
i —
A ) (4.35)
L {[I] 5 - 20, R} (a8, +aep), 4.%5
where ,
ke o= & O U
12 Ay i
o) ' :
1.0 ‘ 71 = |9 -1]
[} - [o 1]’ - (1) = [1 0l
s (S, *+ S4p)s (7.7 = o, 2t
i . L ’ i =i
: 1
_ % ~ %
t ‘ t
[e;] = B, 8 [B;] = 82/,
C = '1‘t = st T., a scalar, and G = Rt § = 5tR; a scalar.
i -5 6 = & -1’ : ! i =1 = = =i’

45
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The increment in bending moment at end A is

A Ai+1 Ai

From equations 4.33, 4.26 and 4.27 this becomes

!
— 1 - -
a M Sy (eA‘+ a8, do) + 5,5 (eB_+ a6y do)
i+1 i i+1 i

-8, 8, -53 6 - - (4.36)

Substituting the expansion for da, viz. equation 4.17, .and using the

approximation
SAA_ = SAA, and SAB. = SAB" equation 4.36 becomes
i+1 i i+1 i
S,
aM, = S,, d6, +5,. d6, - S, R' § +—=C. R § (4,737)
A AA A AB. B i = L, Ti= o= '
i i : i
' SimiLarLy.
t Si t
a, = SABi as, + sAAi 40y - 5. R § + I, C, R’ 8. (4.38)
4,10 Incremental Member Stiffness Matrix
From equation 4.33
P_ P '
a ) Bl oo g | - (4.39)
PyB PyA
and, since
dupg, — duyy
5= ) : (4.40)
du - du

By Ay

equations 4.%5, 4.37 and 4.38 may be assembled to give the incremental
membér stiffness matrix [K] relating the increments in external forces

and external displacements:

dp = [X] du ' (4.41)

~

As for the case of a space truss [K] may be written
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(K] = [&']+[£"], o O (4a2)

where [KL] is the linear portion Qf (K], i.e. [KL] is independent of
the increments in displacements du; and [KNL] is the non-linear portioh

of [K].

The thirty-six elements of [KL] and of [KNL] are given in
Appendix B. . Note that by setting SAA = SAB«= 0 this stiffneSs matrix
‘reduces to the two dimensional equivalent of the incremental non-linear

stiffness matrix for a space truss derived in Chapter 1, as is expected.

The incremental member stiffness matrices for all the members.of a
plane frame are assembled to form the incremental structure stiffness
matrix [K*], and the solution procedure described in section 1.8 1is

employed to ‘solve for the increments in def lections.
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.(a)

.e- v\’jﬁr« | . T

Fig., 5.1: William's toggle, Example 5.1




50°

under axial compression as derived in Appendix A.

Now,
[ - 1
8 GB
_q VvV .cosa
= sin”! (——9), (5.6)
and since
- JL
=3
then
5 : _q vV cos o
vV =T (SBB-+ SBA) sin (-——ET———Q | (5.7)
Thus equation 5.1 becomes
4 _q Vcosa
W= 2N sin o+ (SBB + SBA) sin”  ( I ) cos «
and therefore
o {h-v)  4a ‘ R
Wo= T 4+ =5 (S,, + 5,p) sinT | (——) (5.8)

L

Thus for a chosen value of  v,. the magnitude of the axial force N may be
found from equations 5.2, 5.3 and 5.4; hence the flexural stiffness
coefficients SAA and SAB may be evaluated from eguations 4.32; and hence
the value of load W corresponding to. the chosen value of v may be found

from equation 5.8.

The dimensions and properties of the aluminium toggle analysed and

tested by Williams and analysed by Jennings are:-

a = 12,9%1 in,
ho = 0,3196 in,
EA = 1,885 x 10° 1b,
and EI = 9,274 x 10° lb/in°.

Using these data in equation 5.8 produced a curve of vertical load W wvs.

vertical deflection v, which is labelled curve (£f) in Fig. 5.2. This



|
60—
50—
40+
a
= (d}
z 30—
©
(=
o
-
20 {a) linear analysis
(b) present analysis _
(c) Williams* experimental resuits
(d)} Wiiliams’ analysis with
flexural shortening
10 (e) Williams’' analysis without
flexural shortening
(f) direct analysis
| | ’
Y 0,3 0,4

o, 02

deflection v (in)

Fig, 5.2: Load-deflection characteristicg of William's toggle
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curve has a local maximum value of W =27,01 1b when v =0,250 in,

and thus elastic instability should occur.

From experimental work Williams gives the stress at the limit of
proportionality of the aluminium alloy in compression as 48 000 Lb/inz.
In the loading range considered, the compressive stress remains well below

this elastic limit.

Curve (a) in Fig. 5.2 was obtained from simple linear elastic theory
while curve (c) summarizes the results obtained experimentally by Williams.
This curve exhibits no 'snap-through' characteristic as predicted by the |
direct anaLyficaL approach which did, however, ignore the effect of flexural
shortening. A theoretical analysis assumes a rigid joint of zero length at
the apex of the toggle, that the ends of the members were perfectly encastre,
that the material behaviour was not appreciably altered in the region of
the rigid joint.and the encastré ends of the members, and that the vertical
load W was applied as a line-load at the apex of the toggle. ‘As Williams

states, these conditions were clearly not fully attained in his experimental

work.

Curves'(d) and (e) in Fig. 5.2 were obtained by Williams by using an
iterative (but not incremental) approach. Curve (e) represents the results
of an analysis which allows for the effects of large deflections and rotations
at the ends of the member, while curve (d) in additicn tc these, allows for
the effect of fLeiuraL‘shortening. The difference between curve (d) and -
curve (e) is thus a measure of the effect of flexural shortening of the

members on the behaviour of the toggle.

Jennings' non-linear analysis takes account of flexural shorteﬁing and -
the effect of axial load on flexural stiffness by assuming that the elastic
line of a deformed member follows a cubic curve. His more accurate results,

using several sub-members per member, agree closely with Williams' solution

Curve (b) in Fig. 5.2 was obtained from the results of an incremental
non-linear displacement method analysis as outlined in Chapter 4. The
determinant of the structure stiffness matrix became zero at a load of
W = 29,00 lb corresponding to a vertical deflection of v = 0,274 in. This
load is 7 per cent higher than the critical load of the direct analytical
solution, i.e. curve (f), while Williams' results do not predict any point of

elastic instability at all.
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Example 5.2:

For the rigid frame shown in Fig. 5.3, Wang(38) gives the numerical
values of a non-linear analysis which takes account of finite displacements

and the effect of axial force on flexural stiffness, for the case

= 60 in,
= 5000 b

6 .2
30 X 10~ 1lb/in”,
= 3,0682 in2

= 6,9919 in4.

H o> @ o= o
1l

and

Wang assumes no elastic limit. AnaLysing this toggle by means of the
incremental non-linear displacement method of the preceeding chapter pro-

duced results in good agreement with those of Wang.

q4W
j,él,’ 2L
L
2 3

T

[
D

Fig. 5.3: Wang's rigid frame

An indication of the order of magnitude of the inherent error in a
linear analysis of this structure and loading case is summarised in TabLe.S.ﬁ.
The linear analysis required 0,448 sec CPU time, wﬁiLe the particulars of
the non-linear analysis of Table 5.1 are listed under Analysis I in Table 5.2.
The percentage errors listed in the last column of Table 5.1 gives the:
difference in magnitude of the linear and non-linear deflection or force as
a percentage of the non-linear value listed in column 4 of_theitable. A
positive percentage error implies that the magnitude of the'non—Linear

value is greater than that of the linear.
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Linear Analysis Non-Linear Analysis % Error*
Node 2 u_ #  8,96313 10,6532 16
v - 0,01535 - 0,48822 ' 97
8 - 0,12170 - 0,13618 11
Node 3 u_ 8,96145 10,3230 13
U - 5,87550 - 6,76634 13
8 - 0,03995 - 0,04023 1
Node 4 u_ "~ 8,95808 10,1426 : 12
| uy -~ 0,02144 - 0,23684 . 91
B 0,04344 ' 0,04777 9
Member 12 N, - 11778 - 11010 T
v1é 2420 3614 33
M, 357914 _ 447228 20
M, - 67538 - 13634 - 396
Member 23;-N23 - 2580 - 1253 . - 106"
Vysg 11778 11620 -
M, 67538 | 13561 - 398"
My 639112 683625 7
Member 34 Nay = 2580 .= 1981 - 30
' Vs - 822% - 8847 ) 7
My - 639112 - 683672 7
M, - 347589 - 377920 8
Member 45 N, - 8223 - 8593
V45 2580 2836
M4 347589 377922 8
M 271660 302581 10
+ units: U uy in
8 : rad.
N, V 1b
M b in

* %~Error is calculated as the difference in magnitude of the linear
and non-linear deflection or force as a percentage of the non-linear

value.

Table 5.1: Linear and non-linear analyses of Example 5.2
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Since this rigid frame has nine degrees of freedom, there are nine
statics checks, these being the three conditions of equilibrium at each 6f.
the nodes 2, 3 and 4. Recalling that the directions of the axial and shear
forces of the‘deformed structure are those associated with the directions of
the straight lines joining the displaced ends of the members, resolving these
nodal forces in the directions of the global axes will give some indibation of
the consistency of the solution. Details of the arithmetic will not be shown
but the final results are given in Table 5.3, where the particulars of

Analyses I, II, III and IV may be obtained from Table 5.2.

Analysis Analysis Analysis Analysis

I CIT 11T Iv
Number of eQuaL load
increments to final load
W = 5000 1b. : 20 50 20 50
Summed iteration def lec- 5 - -6 6

tion convergence tolerance 1,0 % 10" - 1,0 % 10 1,0 # 10 1,0 % 107

Total number of
iterations required 60 100 100 200

CPU time (sec) 1,931 3,219 2,852 5,606

Table 5.2: Non-linear analyses of Example 5.2

As can be seen from Table 5.3 the accuracy of the incremental non-
linear displacement method solution is best improved by decreasing the size
of the load increments rather than by decreasing the summed iteration de-
flection convergence tolerance - for example, Analyses II and III both
required the same total number of iterations, but Analysis II, with a greater
number of load increments, produced a more consistent solution. Comparing
the percentage errors of Analyses I and II with those of Analyses III and IV
respectively, it may be seen that for the same number of load increments,
some percentage errors increase when the summed iteration deflection con-
vergence tolerance is decreases from 10—2 to 10—6. This is probably due to

accumulative computational errors after the larger number of iterations -

required.
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Analysis III

_Analysis I Analysis II Analysis IV
* % * o % %
Node Force Value Error | Value Error | Value Error | Value Error
2 ZPX + 5978 1,39 + 5970 0,14 + 5978 1,49 + 5973 0,23
- . 6062 - 5962 - 6068 - 5987
5P + 11418 1,20 + 11442 0,49 + 11428 1,11 + 11478 0,17
J - 11556 - 11498 - 11556 - 11498
- + 13634 oo |4 15211 (o4 13614 o |+ 15144 o oo
? b b ?
- 13561 - 15204 - 173541 - 15131
3 ZPx + 2462 0,09 + 2426 0,57 + 2468‘ 0,26 + 2450 0,04
- 2460 - 2440 - 2462 - 2449
P + ’20239 0,74 + 20260 .0’13 + 20390 0,74 + 20261 0,12
J - 20390 - 20234 - 20240 - 20237
N + 683672 0,01 + 678433 0,00 + 683%695 0,01 + 678513 0,00
: - 683625 - 678429 - 683647 - 678505
4 sPp + 2823 0,37 + 2797 0,36 + 2825 0,29 + - 2806 0,05
x - 2833 - 2807 - 2833 - 2807
sp + 88173 0,23 + 8752 0,11 + 8815 0,21 + 8760 6’03
I - 833 - 8761 - 8834 - 8763
M + 377920 0,00 + 374440 0,00 + 377937 0,00 + 374500 0,00
~ 377922 - 374440 - 377939 - 374500
* units: Px’ Py 1b
M 1b in
* % Errof is calculated as the difference in magnitude of the poéitive and

negative values as a percentage of their mean magnitude.

Table 5.3:

Statics checks for non-linear analyses of Example 5.2
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Example 5. 3:

The. analysis of the rigid frame shown in,Fig. 5.4 reduces‘tovan eigen~
value problem when. H = 0. However, by giving H a small non-zero VaLué

(of the order of 0,1 % of W), the an;isyﬁmetric buckling mode will be induced.
(35 -

For this case Timoshenko and Gere give the critical load as

. e o |
wc = 7,38 2 : ' (5.9)
1
w w
*EE___—_. u.—__.__za‘
H . 3

L

Fig. 5.4: Rigid frame

" For ‘the configuration of Fig. 5.4, with

= 120 in,
E = 30 X 10° Lb/inz,
EA = 353,1 x 10° b,
and EI = 9303,0 x 10° b in2,

evaluation of equation 5.9 gives

Using thé incremental non-linear displacement method of Chapter 4, and

setting H = W/1000, the critical value of W was found to be

W o= 4,85 x 10° W,
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which is within 1,25 % of the value given by Timoshenko and Gere. A curve

of horizontal deflection vs. W is given in Fig, 5.5. This non-linear solution

was obtained by using six load increments of O,5'X'1O6 lb, then four increments

of 0,25 x 106 b, and then load increments of 0,1 X 106 b up to the point of
elastic instability at W = 4,83 x 106; the solution requiring a total of

101 iterations for a summed iteration deflection convergence tolerance of

0,05, and taking 3,015 sec., CPU time.



5,01t
.
401
)
‘© 301
»
3
20
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o i | 1 L o
0 20 3P 40

horizontal deflection of node 2 (in)

Fig. 5.5: Load-deflection characteristics of Example 5.3
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Example 5.4:

" An example of a circular arch of radius R, with a concentrated load

W acting at the crescent is shown in Fig. 5.6. Tezcan and Ovunc(34), using

ten sub-members as shown, give numerical results for the case

R = 10 ft,
E = 3 x 10° 1b/in,
A = 1,0 in2,

and I = 0,08333 in®,

In the incremental non-linear displacement method analysis, symmetry -
was made use of, and in Table 5.4 deflections and moments obtained from the
present anaLysisv(using equal load increments of 5 lb and a summed iteratioﬁ
deflection convergence tolerance of 0,01), are compared with values obtainéd

by Tezcan and Ovunc, for the load case W = 940 1b.

(a) non-linear, W = 9401Ib
(b) linear, W = 1700 Ib
(¢) non-linear, W = ITOO b

Fig, 5.6: Circular arch

Figure 5.6 shows the deflected shapé of the arch. Curve (a) represents

the non-linear analysis of Table 5.4, i.e. W = 940 lb, while curves (v) and -

(c¢) represent the results of linear and non-linear analyses respectively,

for the load case W = 1700 1lb.
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Node# - Linear Tezcan and Ovunc Present Analysis
1 ux By | 0 -0
. uy 0 A 0 0
.6 0 v 0 0
M - 11905 - 14244 - 14371
3w - 3,8676 _ 4,6824 - 4,704
uy 1,2%66 : 1,3128 ' 1,3215
6 0,0110 _ 0,0050 0,0055
M 7762 - 10404 10581
4w - 2,6820 - 2,8728 - 2,9004
u, o 0,0498 - 0,6240 - 0,6154
6 -0,0978 - 0,1412 ' - 0,1417
M 6741 8472 8697
6 u 0 0 0
u, - 7.4342  -10,8996 ~10,9500
6 0 0 0
M 16520 - 20184 - 20400

# units: uw , u. in
e rad.
M  1lbin

Table 5.4: Results for circular arch, W = 940 1b

Tegcan and Ovunc, whbse analysis takes account of flexural shortening
as well as finite displacements, give the critical value of W which causes
the arch to buckle as Wcr = 956 ‘lb; however, in the incremental non-linear

displacement method analysis the determinant was found to become zero at a

load of W = 1740 1lb.

It was found that increasing the number of sub-members did not alter

the value of this critical load significantly.
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Example 5.5:
(14)

50 members, as shown in Fig. 5.7(a). Taking the loading as uniform and

The 10~storey, 2-bay frame of Heyman consists of 33 nodes and
identical on all floors; if the total vertical load per unit area is w,
then, for frames spaced L apart, the distributed load of Fig. 5.7(b) is
wL, The loads H in Fig. 5.7(b) represent the effect of wind loading and
are taken to act at beam level. The horizontal load acting on node 1 is

thus % H, and if the unit of wind pressure is p, then

H = phL.

The steel sections of Heyman's frame are givén in Table 5.5. The numerical

calculations for the working load were carried out with the following values:

1

5 kPa,

= 1,5 kPa,
9 m,

= 3,65 m,

= 6m

[ e > T
Il

and

.

Storey Beam Section Internal Column  External Columns

409 x 179 UB 67 260 x 254 UC 89 260 x 256 UC .89

n . " 11

N
o

457 x 190 UB T4 " | "

314 x 307 UC 117 iy
460 x 191 UB 82 321 x 309 UC 137 oo
" 327 x 311 UC 158 "
464 x 192 UB 89 368 x 372 UC 177 267 x 258 UC 107

" " "

N WU oy 3 0w

-

Table 5.5: Steel sections of Heyman's 10-storey, 2-bay frame

A linear analysis required 4,257 sec. CPU time while an incremental,
non-linear displacement method analysis (using 10 equal load increments.and
a summed iteration deflection convergence tolerance of 0,01) required a

total of 20 iterations resulting iﬁ 26,271 sec. CPU time.
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(a)

Fig, 5.7: Heyman's 10-storey. 2-bay frame. Example 5.5
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The deflections at each storey level are shown in Fig. 5.8 where it
is observed that the non-linear analysis increases the maximum def lection

-at the top storey by appfoximateLy 10 per cent.

. The member end bending moments of both the linear and non-linear
analyses are shown in Table 5.6, the'percentage differences listed in the
table being calculated as the differences between the linear and non-linear
values as percentages of the latter. From Table 5.6 it should be noted
that, in most cases, the magnitudes of the bendihg moments are increased

by performing a non-linear analysis.

By using load increments of 10 % of the working load and a summed
.iteration defLection-convefgence tolerance of 0,05, the.elastic critical
load of the frame was found to be 8,9 times the working load. At this

load, however, many of the members of the frame are strained far past the
elastic limit of steel, e.g. membef 30 33: compressive axial strain = 0,008
| 0,0{8,

Il

_ flexural strain
and thus the results of this elastic analysis are invalid. The 89 load

increment$ required a total of 295 iterations which took 7 mins 8 sec. CPU

time,
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linear non- linear

[ R I R T T R

25 50 75 100 (125 150 175
horizontal defiection (mm)

Fig. 5.8: Deflection of Example 5.5
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Member MA (kNm) MB (XNm)
A B linear non-linear "% diff. linear non-linear % diff.
1 2 -73.6 =74 .0 o5 -304,5 ~31.8 1.5
2 3 19.2 9.9 -3 5% .1 49,6 -1.0
4 5 -45.7 -07 41 2.9 -25.6 -26.8" 4.6
5 6 -33.9 -32.1 4.0 -15,9 ~-17.3 8.9
7 8 -94,9 -98.6 3.7 -59,6 -62.9 5.2
8 9 -54.9 -58.2 5.6 -34.,8 ~38.5 9.4
19 11 -127.9 -134,9 542 -88.9 -93.9 5.4
11 12 -77.9 -83.8 741 -64 .1 =71.1 9.8
13 14 -159.1 -169.7 6.2 -127.1 -137.2 7.4
14 15 -198.8 -118.9 B85 - =-08.4 -98.8 1.6
16 17 -186.2 -20%.5 7.1 -164 .4 -174,3 8.2
17 18 -135.6 -149 .8 9.5 ~169.6 -123,8 11.4
19 24 -224,9 -244,4 8.0 -198.4 -217.9 9,0
20 21 -165.5 ~-185.8 17845 -137.1 -156.3 12,3
22 23 =251.1  =274.4 8.5 -229,8 . =253.9 9.5
23 24 -190 . ¢ -213.9 1.2 -155,7 -178.8 12,9
25 26 ~275.4 ~-300.9 8.5 -261.2 -288.1 9.3
26 27 -221.3 -248,1. 19.8 ~182.9 -2¢8.2 12.2
28 29 -267.9 -288.3 741 -253.3 -275.1 7.9
29 30 -202.3 -223,9 9,6 -159,1 -179.1 1.2
1 4 -128.9 -128.5 -3 -1733.8 -173.8 o
2 5 20.3 2141 3.7 12,1 12.5 3.4
3 6 152.4 152.,9 o3 187.9 107 .9 .0
4 7 ~53.0 -51.6 -2.7 -66.,2 ~65.5 -1.1
5 8 44.4 46.5 4.5 39.3 41.9 4.2
6 9 11%.5 111.9 1.2 105, 1 195 .6 .7
7 14 -41.4 -38.4 ~7.7 ~-53.3 -51.7 -3.2
8 11 75,3 80.¢ 6.0 68.2 72.4 5.8
9 12 132.4 135,3 L 242 118.6 120 .3 1.4
1M 13 -21.3 16,9 ~33,4 -27.8 -23.4 -18.5
11 14 9747 195.4 7.3 832.9 89,3 7.2 -
12 15 148.0 153.2 3.4 1404 ,2 144 ,6 3.8
13 16 ~-15.6 -9.,4  =66,2 -21.8 ~-16.6 -31,4
14 17 153, % 166 .8 8.2 129,2 144 .2 7.8
15 18 150 .6 156 .8 3.9 144 ,1 149,2 3.4
16 19 5.4 14 .6 62,7 2.2 10,3 78.7
17 28 166 .4 183.8 9.5 155 .4 17% 7 9,0
18 21 168 .0 177 .9 5.1 162.0 176 . % 4.7
19 22 20,2 31.5 35,8 15.0 25.4 4.9
28 23 2¢38,.5 232.1 10,2 185,1 285 .4 9.9
21 24 177.6 188.8 5.9 172.9 183.2 5.6
22 25 33,6 46.5 27.8 38.1 51.2 25.7
23 26 234,7 262.4 1.6 225.3 252.6 14 .8
24 27 185.3 198 ,1 6.4 182.3 195,3 6.7
. 25 28 34,8 47 .2 26,1 39,1 53.2 26.5
26 29 257.2 283,5 9.3 2721 334,5 1P.6
27 30 203, 1 215.4 547 212.8 226.8 6.2
28 31 2643 32.6 19.3 12745 139.1 8.3
29 32 183.5 194.3 5¢6 464 .7 497.9 6.8
-3¢ 33 48,7 154,7 - 3.9 199.1 201h.6 547

Table 5.6: Bending Moments of Example 5.5
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CONCLUSIONS

An incremental non-linear displacement method for the elastic
analysis of.space trusses and plane frames has been presented. Fortran V
computer programmes‘weré developed to apply the analytical method to
numerical examples. The results of these numerical examples show the
capabilities and limitations of the method, and where comparisons cpuLd'
be made, the results were in good agreement with those in the literature,
which were obtained by other methods, Further developﬁent of the methdd
to analyse rigid-jointed space frames can be accomplished withbut

difficulty.

Using an approximate method, non-linearity due to matériaL behé—
viour can be incLuded in the incremental analysis. By approximating the
gtress-strain characteristics of the material of construqtion'with'af
suitable equation, after each load increment the instantaneoué streséé
strain relationship can be determined by evaluating the slope of the
stress-strain curve at the current value of stress existing in each
member of the structure. The further approximation must then be made
that these instantaneous stress-strain relationships remain constant

for the increase in stress due to the next load increment.

Chord shortening of a truss compression member which has an initial
imperfection in straightness was accounted for by suitable adjustment to

(40) (27)

the axial stiffness term. As Williams' and Saafan's numerical
examples show, chord shortening of flexural ﬁembers due to member-end

rotations (negLected in the present analysis), can be of numerical sig-
nificance and should be included in a non-linear analysis., Saafan takes
-account of flexural shortening by approximating the shape of the elastic
line of a deformed member with a cubic curve. A further point is that

while modification of member flexural stiffness due to axial Load.is ‘
included, the modification of axial stiffness due to bowing of flexural

members is neglected.

In the application of the present analysis care must be taken to

- ensure that magnitudes of wad incremeﬁts do not cause third- and higher-
order'terms (neglected in the development of the method) to become of
numerical significance, and thus cause the load-deflection charéctéristicsv

of the structure to wander from the true relationship.
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As with any displacement method analysis the system stiffness
matrix is banded, the band width depending on nodal humbering. The
linear portion of the system stiffness matrix is eQaLuated once for
‘each load increment., As this portion is symmetric only the non-zero
values on and above the leading diagonal need by calculated and stored.
The non-linear portion (which is evaluated for each iteration of a load
increment) is not symmetric due to the choice of second-order terms
retained in the development of the analysis, and thus the full band of

non-zero values must be calculated and stored.

It is likely that non-linear elastic solutions to frame analysis
problems will be required by designers more frequently in future |
because of thé deveLopmént of high strength steels which are economically
viable. Frames made of such materials will be more flexible and linear
solutions could well involve errors of significant magnitude. In
addition, the estimation of maximum frame strength as frames are more
closely designed to ecoromise on material will require more accurate

methecds of analysis.
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Consider first the case in which the axial fbrce N of Fig. A.1 is

tensile.
y . VI \M + dm
A* = = _OA TS *“\MB - ’?wdyN
= — E——hl —— X N =w- <
M}"’ Ma "I'-Ma ~V -M\’sdx—-l
| L
(a) (b)

Fig, A.1: A flexural member under axial tension

For moment equilibrium of an infinitesimal segment dx in Fig. A.1b,

(M +adM) + Vdx + Ndy = M
therefore '

am _ dy

ax = N dx ~ v,

and differentiating with respect to x yields

a°M 3’y Qv

== = =N -, A2
2 2 dx v

dx dx

) d
but, without transverse load on the segment, E% = 0,

Using the usual beam bending theory, the curvature of the elastic line is

éy _ L A3
2 BI® :
' dx

Hence, equation A.2 becomes

ayy o oa¥y
4 — EI 2
dx dx

or, writing ¢ = L /%&-,
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4 2 2 ‘ ‘ '
iy ¢ d%y _
2 2 ’ : A4
dx L~ dx

which has the complete solution given by

y = A sinh % x + B cosh % x + Cx + D. A5

Applying the four boundary conditions

y = 0 when x = 0,
y = 0 when x = L,
&y _ g -
ax GA when X 0,
and dy = Gé when x = L,
dx B

results in four simultaneous linear equations which may be solved to give:

(1 - cosh @ + & sinh ¢) 6, + (cosh ¢ - 1) e

4 _ A.b6a
L g(2 - 2 cosh § + ¢ sinh ¢) :
B (sinh ¢ - @ cosh ¢) 6, + (@ - sinh ¢) 6
L~ g(2 - 2 cosh ¢ + ¢ sinh 7) ’ A.6Db
(1 - cosh g) 6" + (1 - cosh ¢f) 6!
C = A B A.6c
- (2 -2cosh ¢ +¢ sinh ¢) ’ :
D (¢ cosh ¢ - sinh ¢) 6, + (sinh ¢ - ¢) Gé
R - g(2.-2cosh ¢ + ¢ sinh §) A.od
Differentiating equation A.5 yields
2 2 _ 2
Q_% = A.QE sinh.% x + B QE cosh % x ,
dx L L
and from equation A.3 we therefore have
£ 2, g
M = -EI (A sinh + B cosh £ x).
b:¢ : L2 L . L
When x =0, Mx = MA,
therefore
2
w = —er L ; : A.7a
A 2
L 3
and when x = L, 'Mx = - M,



' 2
therefore Mé = EI Qé (A sinh ¢ + B cosh ¢).
_ : L

Substituting equations A.6 into equations A.7 yields

MA} )
"y

.

_2-

4¢2 cosh § — @ sinh @ EI
12 -2cosh @ +§ sinh ¢ L
) 2 '

g sinh g - ¢ EI
2 cosh§ +¢ sinh ¢ L

¢ sinh g - ¢2

2 ~2cosh @ +¢ sinh ¢

;¢2 cosh ¢ - ¢ sinﬁ ¢

2 ~2cosh @ + ¢ sinh ¢

BL
L

EI

L
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A.Tb

t

0
{A}. Lo
O

If N is a compressive force, the differential equation of the elastic

line (equation A.4) becomes

4
dy
dx4

£
2

L

Q

[

2
= O;

[\

X

the general solution of which is given by

y:

A si

n ﬁ x + B COS'Q x + Cx + D

L L

and appLying the boundary conditions as before yields

(1 - cos ¢ - ¢.sin 7) BA + (Cos ¢ - 1) 64

A
L

and ,% =

g(2 -2 cos @ - ¢ sin ¢) ' !
(sin @ - ¢ cos ¢) BA + (¢ - sin ¢) 6
g(2 -2 cos § - ¢ sin ¢) ’

(1 - cos ¢) GA + (1 - cos ¢) O3

(2 - 2 cos ¢ - ¢ sin ¢)
(g cos @ ~ sin @) BA + (sin g - @) eﬁ

9

g(2 -2 cos @ - ¢ sin @) ‘

A.9

A.10a

A.10b

Differentiating equation A.9 and substituting into equation A.3 yields

M =
X
Again, when

therefore,

' =
My

and when X

EI

2
Q— (A sin Q X + B cos
L2 L

x =0, M =M

X A?

g

L

x).

A, 1a
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therefore, >
Moo= —EI%(A sin § + B cos #). A. 11D
L

Substituting equations A.10 into equations A.11 yields

 fsing-¢°cosd EI __¢°_-gsing EI
MY 2-2cosff--¢ sing L 2 ~2cosf -¢ sin ¢ L 61
Mﬁ ¢2 - ¢ sin ¢ BT d sin g - ¢2cos ¢ ET Jé
~2 -2cos - ¢ sin¢g L 2 -2cos ¢ - ¢ sin @ L_~

Eguations A.8 and A.12 may be written in the form

1 ' ' 1 1

‘Mﬁ - SAA SAB eA

t ot

MB SBA SBB eB
where SAA = SBB’
and SAB = SBA'

Equations A.8 and A.12 are undefined if ¢ =0 (i.e. if N =0), in which

case equations 4,30 are applicable.

Curves of SAA and SAB vs N for N tensile and compressive are

given in Fig. 4.4.

.12



APPENDIX B : The Incremental Non-Linear Member Stiffness.Matrix for a

Member of a Plane Frame.

The relationship between the increments in external forces and external

displacements is

@ = [X]
or |

ran\ —k11 k1o k13  kg kiS k1é~ ( qu\
Poa Koy Koy Kyg Ky Kog g Yay

sl , - kgy kxp Mgz Ky Kgp Mue) ] {0
PeB kg g Xyz Ky K5 Fge | deﬁ
PoB Koy K5y Koz K5y Kgp o Kgg Uy
{1 ko1 Keo Moz Foa Fes Kge | °s |

\ - L

The incremental member stiffness matrix [K] may be written
L .
(k] = [(K"]+ 7],

where [KL] is the linear portion of [K], i.e. [KL] is independent of
the increments in displacements du ; and [KNL]' is the non-linear portion

of [x].

"From equations 4.3%5, 4.37, 4.38, 4.39 and 4.40,

o (01, - DT, ] + 3 (1] + = [ofx,] - (11 2 2 [R]
= KL -=—=)[T.l+=—=[1]+—=<i2(H, ]-{TI]l+2==|{R]}|,
K51 Epp) L LAy Li L4 Ly
~ ~NL -
k. k |
11 42 N, N,
: [ t7] 37 5
= (k" -=2)[B.1+HB. T |-k =-2—=)c, [T.]
k k 271 i ] 2 .2 i i
K21 Xz B 1S - L2
S, _ _oom SR
-2 (6 c,[R;]-2¢[T] - > [4 c.[H,]-2¢/[T]- [Qi]_! ,
i ~ o
kg Kg5| |4 P Kig Eas) _ Fa | ko, ki
K54 X5 kyy Eppls [Kpy Ko5| K5y s Koy Kool
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(1]
(B, ]
[q,]

s R,
1 1
S, (. 1
A e oo, n)
1
i3 K30 _
K
k3], 53
e 1 =
Ke6 | = Spuv
1
[k 1= s,
63 AB,
L
= s ®',
; 1 =1
L s
r i t
Rt kzsz- =T, G &
| k. ] "
] [k31 2! 53
Li - Lg
= m (2—9),
2L
(o]
_ EA
12
(o]
- sin «.
_ 1
—{ cos a},
1
_ (Syy * Spp)y
= T ’
1
10
o 5]
t
= éil ,
g
= 'Elé’
t b
= iiézéli’ a scalar;

1l

1]
[R.]

'[Hi]

G

Il

Il

I
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13
ko3,
r . .
(%64 o5 [k31 Kao | 0

o |
F N (S + 8yp); (8} + 8f);

cos Oti}
sin o. {,
i
- duxA
- du ,
y&,

{
-

?



APPENDIX C: Computer Programme NLST for

Non-Linear Space Truss Analysis
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NLST.MAIN

1a1

203
wa

o

13

-

12
w2
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CLMPILER (XMz1)

PARAHETER NI=34+sMI=60

PARANMETER M=3sNI»XJzH+1

COMMON SSe35K

INTEGER CCNUNIv»3)eTITLE(12)s6CH

DIMENSION ME(ML02)2IC(3) ) . ‘ ’
UCUBLE PRECISIGN SSULI05+165) 23K I0E 308 sEA(MT) +KOIMIY o CLINI )y

INCUMTIoOCINT 231 eCIRI3) PP (M) P (M) nLELP(")vU(")'Dr Ly (“')OTH‘I:J)')

2TBUANMI s 33 s SN (MI Y e LET»INOEXWNEQ

DCUBLE PREZISICN PL{3)+PISFING(ZON)eF+Es 4 INERT
REAC(B1L1) (TITLE(INeI=1r121
FCRMATLLZAEG)

WRITE(S»213) (TITLE(I)»IZ19e12)
FORMAT(LHLv12AE)

FORNMAT()

ReAD(3» IJU) Nt oMM

NZ 3N

NP=N+1

DO 1 I=1sNN

REACL3+130) (0CtIeJ)rd=193)
PIS-S,.,569c044010823359

REAC(80102) INE

IF(IKELEG."C®) REAS(S410GE) E

N6 2 IZ1eNM ‘
IF(INELEQ,*C*) RE2C(E21CLY ME(IvIdoME(I»2) v A INERT
IFUINESEG. 'Y ') READIB+1JJ) ME(Isl) oM (192)9A2INERTHIE
EA(I)zE»A )
IEZME(I+1)

JEZNME(L»2)

DO 9 J=Z1,3

PLEU)Z0CC(IE1JI-0CIIE»J)
OL(II=CSARTIPL(L)I*22¢PL (2)532+PL (3)2+2) -
KOLTIZEACTII/0L( L) 92
NC(I)=E*INERTOPIS/0L(I)®22

00 3 IZ1:NN

00 3 JzZ1e3

CON(IsulZ2

READ{(891'10) NOLEL12NODEZ

IF(NODEL.LELG) €GO TO 4

READ(8010U) (ICIJ)eJ=1e3)

0O 13 I=-HOGELNCREZ

0C 13 yz=1+¢3

CUN{I»Jd)=ICLJ)

G0 TC ¢

00 7 Iz1aN

PPLIIZE

READ(G» L) NODE

IFINCOZLLEZ WD) GO TO 12

JZ3+(HODE-L)

READ{39100) (PP{I+J)2i=1+3}

GO TG 1%

READ(S2332) NaL

FGRMATLAL)

IFI{NAL.ES.*NY)Y GO TO §

READU82EN) FINCLY)

NMINCZ]
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17

13

13
10
2il

26

24

23

1lse

261

15

254

NOUTZ1

60 10 10

READ(891:):3) ERROR
READ(8e2UZ) BOW -
LF(BONLES."8%) READLIS+101)) INRIEXLNGQ
HIKC=U

Jzg )

READ(82100) IoF
IF{I.LEL) GC TO 13
MINC=MINC+I

0C 13 IIz1l»I

JzJdrl

FINCLJ)I=F

50 10 17

READL(242dO) NOLUT

bG 20 Iz1oNM

[V Rt ]

D0 26 IZ1»NN

D0 26 J=1+3
ClIvJ)=0CI(I»J)

DU 24 I=1»N

vtIzo

P(IN=0

KOUNT =3

INsYZz=4

INSTZU

00 15 I=1eMINC

DO 16 J=1leN
CELPIJI=PPIJISFINCII).
KOUNTZKCQUKT+1

IF{TIsEGele ANCINST24E401) KOUNTZHOUNT-1
CALL STIFF (INIsMIvMe#SoNNsHMaNeNPIMESCONsEAsKDIaCLINC

1CCrCePFaPIDELP UsOELLUsToTBIENITIT e KCUNT # NOUT 2 INST 4 X GLNHTZ

2NAL ' DOY s INCEX P NBCIERRCGR)
IF{INGT.E0.0) GO TO 15
IF(INST.EQa1»ANDLINST2,EQ.0) GO TO 21
PRINT 201

. 80

FORMATULHC *POINT OF INSTABTLITY WAS PASSER CURINS THE LAST LOATD

LHCRENMENT )

00 8 IJKZ1sN
IFLPIICKYY 11,8011
CCHTINUE
FACT=P(IJKI)/PP(IJK}
WRITE(Se2Z) FACT

FORMATU1H» *ELASTIC CRITICAL LOAD FACTOR

WRITEALS»28i) KOUNTZ

FORMAT(14I2*TOTAL RO OF XITERATIONS?eIS5)

GuU Y0 22

GO0 23 J=1e20 .

FINCULJ)ZFINCUIN/LE

INsST2:1

ROUT=240G

6G TQ 23

CONTINUE

LFUHALLEQ. L) GO TO 22

PRINT 200

FORMAT(L!» *POINT OF I[NSTABTLLITY HAS

*+EL1.6).

N

REACHED )

b4
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8.

NLS T1aSTIFF
1

WoeE~NOnIWN

22

w

27

o

1

12

o

e}

CONT INUE
END

COMPILER (XMz1) . ' : .
SUBROUTINE STIFF (NIeBIvMoMIaNNeNMININPoME2CONYEAs KD o OL +HC
10C»CrPPIP s DELPsUIDEL U T TBU_N'C”T ACUAT s ROUT e INST o KQUNT 20 -
ZNALECH  INDEXHNECHERROR)

COMYON SSeSK

INTEGER CON(NIv3)eBOW

DINENSIOR ME(MIe2) . : : Co
DOUSLE PREICISION SSCLiSs1C5)1eSKILITSy IQS)ISEACHKTII e XDUIMT o CLLIMT )
INCtNMI) S C(hI'3)vC(hI'J)vPF(H):P(M)’D LPIM) oMY DELLIMIaTEHTS T Y.
2TBA(ML 3031 pENIMI) W CETP INDEXWNED

DCUBLE PRECISICH PL{3)+CLICIN2 'lK(393)'FASb" °QSDP13(3!J)1 TRAINe
1PREVCUNMLIOUMZeAX -
00 1 [Z1N

DO 1 J=1M

SK{Isdd=U

CU 2 II=1sHNM

IEZME(TIL1)

JEZNMC(ILI2)

DO 3 Jzl.3

PLILSIZCULEY»JI~CLIE»J)

CLZDSIRTIPLIL) #92+PL(2)*#24PL{3)222)

00 4 I=1»3

T(ILX)=PL{TI)/CL

IF(ER(LTIeCELs B CRLBCHLTEQL*N") GO TQ 27

OUMLZDAZS(INOE X0, BUZ/LN(TI)*(E”([I)/NBJ/N’(II))"IKDEX’
KD(II)-EA(II)/(CL‘II)"L’EA(Il)‘OL(II)“L‘DUdl)

DO 5 I=1+¢3

DO 5 J=1+3

TSU(II 193 ZT(ITeT)sT(ILed)

CUNLIZKO(IX)-EN(III/CL®32

CUMZZKCIIT)I -1 3*EN(ITI/CL 252

CO 6 I=1s3

DO & =193 )

K{IeJd)ZCL*CUMLATB(II»IrJ)

00 7 IzZ1,3

K{LeI)=K(I» II+EN(II)/CL

NRz3+(IE-1)

NRR=3*(JE-1)

ICH=i

CALL ADD (MrMJv ICHI K2 LR eNRR)

00 15 Iz1eN

DELLtI)=0

PASUMIQ

BITER=20C

IF(NALLEG.PLY) HITERZL

CU X1 UJ=1eMITER

00 12 I=1sN

DO 12 J=1lsN

SS(Ied)I=ZSK{L2J)

IFLUC.ER.1) GO TC 13

OG0 14 IT2LlNM



16
17
1y

13
139

21

20

22

11
23

24

25

18
31

NRIZS(UE(ITe2)~1)
NRR=3I$(ME(II»2)-1)

CizD

CO 156 I=1»3
DELZOELUCNRR+II-CELUCNRSI)
CIzCI+CEL+T(II»I)

DO 16 J=1.3
BUI»JI=DEL*T(IIeJ)

63 17 I=1+3

00 17 Jz1»3

KlIvJJ:DUHl’(B(IvJ)+G(JvI)/Z)‘OUHZ‘CI'TS(II'IOJI

ICH=1

CALL ACO t(M+MJsICHIKINRSNRR)

GO 13 I=1sN

SSUIWNPIZOELPILIY

Lzg

0C 293 IZ1leNN

DC 26 J=1»3

LzL+1

IFLCGRITvJ) o NELOY 30 TO 26

0C 21 IJ=1N

SS(Iusl )0

SS(LaIJY=g

SSiL«NPI=D

SS{LasL)=1

CUNTINUE ,

CALL SCLVE (MsMJsNeNP sPRSUMIQET)

DO 22 Iz1»N

DELULII=SS{TIvNP) , .
IF(DABS (PASUM/PRSUNM=-1).LELERRCR) GO TC 23
PASUM=FRSUM )
IF{DET.LE.0) 60 TC 28
KOUNT2ZKCUNT2+JJ

DO 24 I=leN

PLIIZPIIN+DELPLI)

ULI)ZULI }+DELULT)

DO 25 IZ1eNN

DO 25 J=1:3

TJ=3etI-10+J

C(Iv)=0C(IsdI+U(II)

00 39 Iz1»KRM

IE=MEII 1)

JEZME(Ie2)

IF{NAL.EQ.*N*) GG TO 13

NRz32(IE-1)

NRR=3# (JE-1)

OFLZG

DO 8 J=1.+3
DEL=DEL+T(Tsd) ¢ (ULNRR+JI-ULINR¢JID)
EN(I)=LACI)*CEL/OLLT)

GO TG 3y

CO 31 J=1,3

PLUIITCLIE +II~CLIE P I)
CLIDSGRTAPLIL)I«42+PL{2)#32+PL (3)3522)
STRAINT(CL*22/CL([)e*2-1)/2
EN(IDZEACI)*STRAIY
IF(ENLT}eGEWDaNa0R,BOHLEQL?N®) GO TO 30

2

L

-~
[



109
114
111
112
113
11u
115
‘116
117
118
.119

NLST .ADD

K4
-

33
kil

2.1

26
34

[

-4

AXZ-ENL(I)
STRAINZ-STRAIN

PREV=AX

B0 32 J=1+50

DUMIZOLOL28 (AX/ (NEBC*NC(I)) ) s INDEX
AXZAX~-{AX/EALI)+DUNL-STRAIN)}/tL/EALT)I+INGEXSDUML/AX)
IF(DASSIAX~PREV).LE.+SE~G4) GO TO 33

PREVZAX

EN(I)=-AX

COURTINUE

IF(KCUNT.LTWNILT) GQ TO 34 : ‘
CALL OUTPUT (NIsMIeMosXNsNMsN9¥E»OCy CrP1UvENlKOUNY:KGUNTEYJJDNAL)
IEtHALLEG.TLY) GO TO 34 ‘ .
WRITE(5:200) GET :
FORMAT(IHN»"CETERMINANT CF STIFFNESS MATRIX = *+012.5)
GU TO 34 , .

InST=1

CGHTINUE

RETURN

END

COMPILER (XMz1)
SUBROUTIHE AO3D (MsMJI»ICHsKsIIeJJ)
CCHMON SS#SK

DGUBLE PRECISICN SS(105+1 GS)-SK(lﬂS-lHS)-K(J-})
IFUICHL.EQ.Q) GO TC 2

DO 1 [z1s3

DO 1 J=1:3
SSULI+IeIT¢JI=SSIIT+I»IT+JI+K{Trd)
SSUJIAL s JG+JdIISSICI+IsdJ+dI+K(I0d)
SSITII+1rsdd+dISSIIT+IvdIrI)I=K(Ied)
SSUJJUHI s II+J)=SSELI+IrII+) =K (T ed)
GO TC 3

DO 4 IZ1:3

D0 & J=1e3
SKAII4LsITI+JISSKIIIwI+II+J)+K(10d)
SKUJJ*TaJJedIzSKIJIeTad g2 I+ K(Ta )
SKILI+L e JU+JITSKITII+IvJdSrJ)I-KIZrd)
SKUJS+Is LI+ JIZSKIJI+TIT+0 ) ~KiLrd)
CCHTINUE

RETURN

END
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NLST.SOLVE
1 CCMPILER (XM=1)
2 SUBROUTINE SOLYVE (MeMJIsNeNP1PRSUMYDET) o
3 DOUBLE PRECISION SS(1[5¢105)sSK(1G591053¢CONSTePRSUMSDET
4 CCMMON SSeSK .
5 IK=KN-1
6 DO 1 IZ1sIK
7 I11z1+}
8 0C 1 L=IIs+N )
] IFUSSILPI)) 4eled
14 4 CONST=SSILsI)/SSUINI)
11 DY 5 I ZILIsNP
12 IF(SStI+IJ)) 65086
13 6 SSHLsIJIZSSILeIJ)-CONSTASS(IvIU)
14 S CONTIMUE
15 1 CONTINUE
16 DI 2 1I=Ns2e~-1
17 SSUIe+NPIZSS(IsNPI/SS(Ie]I)
18 JzI-1
158 00 2 L=1eJ
2U IFLSStL D)) T92r7
2 7 SSILINPIZSSULINF)I-SSUL+I)IsSS({I»NP)
22 2 CONTINVUE
23 SSU1yNP)IZSSLLeNP}/SS(191)
2% PRSUNZ=O . -
25 CET=1
26 00 3 I=1eN
2 DET=JET*SS(II)
28 3 PRSUHZIFRSUN+DABSISSIIINP)Y
29 RETURN :
S0 END

NLST.OUTPUT

WE~NOOEWN

CONFILER (XM=1) i -
SUBRCUTINE OUTFUT (HI’HI!N:NNINW.N!ME'CCvConUiENlKCUNTOKO”NTZ.
LKCUNT 39 NAL)
COMMCN SSeSK
DCUBLE PRECISION SS{1G5+10539SK(155,105) .
DOUBLE PRECISICN PIM)eGCUIRIZ3)eCUNL»3)UINYLENLINI)
DIMENSION MEC(MINZ2) -
IFINALLEQ4'N") GO TO 3
PRINT 106
165 FURMAT(LHY»/1H #*LINSAR ANALYSISYsZelH +13(°~"))
G0 TC 4
3 WRITE(S»191) KCUNTsXTUNT3sACUNTZ
101 FCRMATOLHI/91H o "RESULTS AFTIR'»I3+2ZX e "LIAC INCREMENTS "o//v
L1H «*INCREMENT Th CIZFLECTION ITERATER'¢T342Xe'TIMESY,
2//v1h »*TOTAL HUMBER OF ITERATICNS®eI3)
4 PRINT 102 :
1C2 FORMATILHES/» 1A » *NODE ' »SXy "APPLIEC LOADS®» 3IX» o
1'0RIG. COORC*s4Xs*FINAL CCORC"+SX» *DIFLECTICN" o/ 01l e B{*=*) 215Xy
2130 =)o 3X 110" =")eliXs11(*=")eSXp1l0L*~"%))
00 1 I=1sNN :
JZ3#(I-1) i )
1 ARITECS»103) Io(PLI+IJ)s0C T oJd) o CUTrJI) 2 UMY+ I3 3)
103 FORMATCOLHE9IZ292X e "X o1Xo 8 UXpE1108)e/01H »aXs Y 91Xr 4 (G4X2ELL2eC)y
17910 »4Xe*Z% o1 Xe5(8X+s521,5)) . :
PRINT 104 : :
104 FORMAT(LIHD»/r1H »*AXIAL FORCES ~ (TENSION PCSITIVZE)*s/eLlH #33(°-?
1)v//7s1H 2 *MEMBERY s TX e *FGRCE")
00 2 I=1sNN
WRITE(S»1T5) ME(Isl)oME(Iv2)9ENLIY)
1153 FURMATIIHT22I3+8Xe211,.6)
RETURN
END

~N
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Example of data input and computer printout for exampLe B.iL%programme NLST

Data Inpuf:

1: 2-BAR TRUSS EX POSKITT, ASCE J.S.D. AUG. 1967
2: 3,2
3; 0., 0., O.
4: 1., 0.577350, O.
5: 2., 0., O.
- 6: CE
7: 1.0
8: 1, 2, 1., 1
9: 1, 3, 1., 1
10: 1,3
11: 0, 0, O
12: 2,2
13: 1, 1, 0
14y -1, -1
15:
16: 0., 1., O
17: -1
(a) (v)
18: L ' 18: NL |
19: -0.05 . 19: 0.05

20: NO

21: 4, =0.070
22: 1, =0.005
23: 2, -0.0025

24: -1, -1, 24; 5, =0,001
25: 7 ‘ ’ 25: -1, =i



Explanation of data input:

line 1
line 2
lines 3 to 5
line 6
line 7
lines 8 to 9

title of example

number of nodes, number of members

cartesian co-ordinates x, y, z of each node

‘Constant E'; Young's modulus same for all members

value of Young's modulus for. all members

member end nodes, cross-sectional area, moment of inertia
against bowing (enter any value if there are no initial

imperfections in the members).

Should the value of Young's modulus not be the same for every member:

line 6
line- 7
lines 8 to 9
line 10
line 1
line 12
line 13
line 14
line 15
line 16
line 17
(2)

line 18
line 19
(b)

‘line 18
line 19
line 20

.
.

V E for Variable E

omit

member end nodes, cross-sectional area, moment of,iﬁertia
against bowing (enter any value if there are no initial
imperfections in the members), Young's modulus
constraints: nodes 1 to 3 inclusive

constrained in x, y, 2z, directions

constraints, nodes 2 to 2

constrained in z direction

signifies end of constraints

external nodal forces: node’

forces in x, y, z directions

signifies end of external nodal forces

Linear analysis

load factor

Non~Linear analysis

summed interation deflection convergence tolerance

MO bowing

Should bowing of compression members having initial imperfections in

straightness be included:



a7

line 20 : BOW

insert additional line giving values of bowing parameters  n and NO

eg ¢ 7., 0.95
lines 21 tc 2% : number of load increments, magnitude of load factor

line 24 : signifies end of load increments

line 25 : first printout after 7 load increments

(c) |

lines 21 to 24 : number of load increments, magnitude of load factor
Line 25 : signifies end of load increments '

line 26 : first printout after 12 load increments

The results of analyses (a), (b) and (c) listed above foLLQw'on the next

pages.
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(b)

2-BAR TRUSS EX POSKITT» ASCE J.Se0e AUG, 1967

ReSULTS AFTER 7 LOAC INCREMENTS

INCREMENT IN DEFLECTION ITERATED 3 TIMES

TUTAL NUMBER GF ITERATICNS 21
NODE ' APPLIED LOADS  ORIG. COCRD . FINAL COORZ  OSEFLECTION.
- - - - —— - - e o - -..----.'.-_——-r- N -v—f—»--,.';'.g
10X ~uoeoed . Cuorea 0000 . LChe00e
Y AV0UD L0330 L0aP0EC 0 W0I9060
z LUGROGe LLDGLOG LLO000 7 .G0600
z2 x .uteeoe 160008+ 01 JGECE0+CT . .520NCE ,
Y -« 500043-4U1 «STT350430 »3332:35+00 ~9152445¢Q3
z .G0Coos . LGOUOG L0666 . .COC0CE .
P .UGEOeE L200006eC1 . L2GCCCC+C1 - JCOZOCC
v . 000020 620000 L Jonaouc . .37c000
z L0GCO0C Lulnnon L056C0 R 1LY

AXLAL FUKCES - (TENSION PCSITIVE}

MeHIER FORCE
1 2 -e537314-01
2 3 -.69/314-01
Ut TERKINANT OF STIFFNESS MATRIX = .133333+308

PUINT UF INSTABILITY HAS NCT BEEN REACHED

¢~ AR TRUSS EX POSKITT» ASCE J.S.D. AUG. 1987
FULNT OF INSTABILITY WAS FASSED DURING THE LAST LOAD INCREMENT
LLASTIC CRITICAL LOAD FACTOR =-~,528003-01

FUTAL NO., OF ITERATIONS 43




APPENDIX D: Computer Programme NLPF for

Non-Linear Plane Erame Analysis

90 -



91

NLPF . MAIN

1 PARAMETER NI=33:MI=S0

PARAHETER M3 sNYeMJUZMel

3 INTEGER CON{(NI»3)TITLE(12)

4 DIMENSICN NME(MIe2)IC(3)

1 DOUBLE PRECISICHN S:(MvMJ)ySK(P'FJ)vEI(HI)'EA(FI)lKU(NI) CL(HI"

[ . YUALPH(MI)oPRALPHIMID»OCUNI2)sCUINIv2)ePPIM)sP (M) 20ELPIM)I UMY

7 20ELUCM) o TUMIe2) 9 TBIMIN292) ¢RIMIo2)9RBIMI1202)eHIMT9202)eENINI) -

8 JEMIFI»2) o V(MID)eSAA(MI)IeSABI(MIIeENDE (NT)IPHCD(MI)ISD‘MI)ISDD‘HI" )
9 : :

nDr]’
10 DOUBLE PRECISION AsE»INERT»PL(2)yFPIrFINCILOCOYSF
13 READ(8,1uL) (TITLE(I)»I=1012)
12 101 FORMAT(1ZzA8)
13 ARITELS0213) (TITLEAI) +I=1012)
14 - 203 FURMAT(1H1,1246) ‘
15 . PRINT Zu4
16 2C4 FORMAT(1HDys*{{ =~ AXIAL FORCE (TENSZION +VE)*s/s1H »
17 1'V - SHEAR FORCE (CAULSING A CLOCKWISE MCNMENT CN A-8 PGSITIVE)'-
18 2/91H 3 'MOMENTS  (ANTI-CLGCKWISE POSITIVE)*»/s1H ¢
19 I*MA -~ MOMENT AT ENO A OF MEMBER A~d'e/elH ¢*M3 - MOMENT AT END -
20 48 OF MEMEER A-B*Y) : :
21 103 FORMAT()
22 READ(8s1GH) NNy NM
23 Nz 3NN
24 NPzN+1
25 DO 1 I=1,NN
26 1 READIS»1UEY (GC(IeJ)ed=1492)
27 I-3.141592553583793
28 REAO(8,102) INE _
29 IFIINELES.'CY) READI3,100) E
30 D0 2 I=LsNH v : _
31 IFUINELEQ.'C?) READ(E5100) MELIe1) oME(I92)2A»INERT
32 IF(INELEG, *VY) READ(S8»10C) ME(Isl)eME(Te2) s AvINERTVSE
33 EA(TI)=E*A
34 o ELI(I)=E+INERT :
35 IESME(TIel)
36 JEZME(L»2) ‘ ;
37 D0 9 Jyz192 ,
38 9 PLUJIZOCUJES»J)~OCIIErJ) : :
39 OL(I)=DSARTIPLIL)+22+4PL(2)¢*2)
40 KD(II=ZEACI)/CL(T)es2
51 IF(PLUL) aGEoDesANDJPLI2) oCEWD.) OALPHI(IIZDASINIPLIZ)/ZOL(I))
42 4 IF(PLILY LT ollos ANDPLIZ)eGELGe) CALPH(IIZPI-DASINI(PL(2)/0LCT)}
43 IFEPLLL) L Tolls JANDLPLIZ) . LTals) CALPHII)ZPI+CATAMIPL(2)/PL(1))
4y IF(PLIL) o GEoBoe ANDPLIZ) L. Tol4s) QALPHII)IZ2#PI~ LACOS(PL(I)/OL(I))
45 2 IF(DALPHII) 6T PI) OALPH(I)ZQALPH(I)-2#PI
46 : DO 3 I=LshN
47 DO 3 Jz=193
48 3 CONI(I»Jl=z=1
43 6 READ(3,1301) NOCE14NODE2
50 IF (NODEYL.LE.G) GO TO &
51 : READ(8+1010) (IC(J)sI=1,3)
52 DG 13 I=NCDEL»NODEZ
53 DO 13 J2Xe3
54 13 CON(L:J}=IC(J)
5% GO TG &

56 4 DO 7 I=1»N
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7 PPLIN=D
14 REAC(3,100) NOCE
IF(NODE.LELD) GO TO 12
J=33{NODE-1)
READ(8+106) (PPUI+J)eIz=1s3)"
GO TO 14
12 READ{8¢1U2) NAL
102 FORMAT(ALl)
IFENALLEQ."N") GO TO S
READ(32100) FINC(1)
MINCZ1
NOUT=Z1
G0 TOo 10
5 READ(8,1d0) ERROR
MINC=U
J=g
17 READ(8,18U) IsF
IF(I.LZ.,0) GO T0 19
MINC=HMINC+I
D0 18 II=1.1
JoJd+l
18 FINCUJ)I=F
GG TG 17
13 READI(8+109) NOUT
10 DO 20 I=1»NM
ErntI)=0
PRALPHEII)ZOALPH(I)
DO 20 J=1le2
20 ENM(I2J2=0
D0 26 I=1:NN
DO 256 J=1e2
25 C{LeJ)=0C{I*J)
00 24 I=1sN
Ut =d
24 P(I)=0
KOUNT=1
INST2=0
23 INSTZH)
DO 15 I=1leMINC
DO 16 J=1eN
16 DELPUJIZPPLUISFINC(I)
KOUNT=ZKQUNT+1
IF(IeER.1eANDSINST2.EGe1) KCUNTZKOQUNT-1 .
CALL STIFF (NI cﬁIvHvMJthvNFiNrhpf”EcCON!SSISKIEI!Eﬂ'KDvOLI
10ALPHIPRALFH»OCsCeFFsPoDELP2U»CULUSsTsTEWRIRBeHIENeEM IV eSAAS
2SABENDO s EMOD eSO ¢SCOsCET s KOQUNT e NOUT ¢ INSTe NALPKOQUNTZ,ERROR)
IFCINSTLEQ.UG) GO TG 15 : .
IF(INST.EG.XJANDLINSTZ2.£3.0) GO TO 21
PRINT 201
201 FORMAT(IHD«*POINT OF INSTABILITY WAS PASSED UUhING THE LAST LOAO I
LNCREMENT *)
D0 8 IJK=1+¢N
IF(P(YIJK)) 11+8911
8 CONTINUE
11 FACTZPLIJKI/PPLIJK)
WRITE(S+2005) FACT
205 FORMATU(LHC YELASTIC CRITICAL LOAD FACTOR "1[11 [} ]
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1is5
116
117
118
113
120
121
122
123
izy-
125
126
127

NLPF.ADD

i

21 00 @5 Jz1e20 . L

208 FORMAT(IHU:'TOTAL KO CF . ITERATIONS*4I8) .- +. -7 .0 ;-

93

R R R R T

-‘qln-«-_-»_ e = ot it e
-
+
.

HRITE(S:ZUG) KOUNTZ

60 §0 22,~ oy L e L Ly SR

N e 3 L 8 S P

INsT2=1 . B .
NOUT 20('0 17, I [ B W _‘; o F._v»» 1S T
60.T9 23 .. R R SO S e s T et 2y

15 CONTINUE

IFENALGEQa 'L *) G0 T0o 22
FRINT 200

_zuu FORHAT(1HD o *POINT OF INSTABILITY HAS NOT BEEN REACHED')

22 CONTINUE:,
ENO '.' )‘-J

o T Ry}

‘SUBROUTINE - ADD (M-PJ:HI-S:K-SAA-SAB ICHeIZeJJsl)
"DOUBLE "PREGISICN 'S(Mo PJ)rK(3rZ)nSAA(HI)-SAa(rID“
00 I=142 FTe et

SUIT#IsI1+3) SCIT+TsII+3)4K(Ls3)
TS(II+1-JJ+3)-<(II+I JJ+3)1+K(I103)

S(JJeIeII+3)= S(JJ*I:II*S)*K(I-S{

SUII+IN J+3)ZSOUU+T 2 d I3 3V-K(Tv3)

,SlII*SvII*I) SlII*3'II+I)*K(IvJL

SUSI+30TI%IIZS(JU+ 3y IT+T)+K (12 3)
SUII+3+JU+I)=S(IT+3+JJ+I)-K(Iys3) .
SAUJ+3r ST IS (UUFI ISP IIK (103

SL LONES - SR S e
SUIT+I+IL+U)=STIISI IT+J V4K (Ivd )
SIJIHTrUd+UIZSIII+ T2 dI+II+K(TsJ)
STIT+Is JU+IIZSIIIHT oI+ )KL od }
SEJJ+TeII+S)=SIISeT o IT+I)~K(Isy)
IF(ICH.EGe2) 60 TO 2. .
SUIT+3+eTI+3)SS(IT+30IT+3)+SAACL)
SAUJ+30dU3IESIII+T 9IS+ 3I4SAAL S
SUIT¥3r9u*3)=S(IT+Z4JI¥3)+SABIL)
S4GU+301143) S(JJ+3-II+’)*SAB(L)
CONT-INUE! AR

RETURN' I ° IR

enpltt oo

§ o

o

T e—— o o —

o et il b g ssn
- .




ill
112

113

&

19

12

K(I»3)=SsR{TIII)
00 6 J=192

K(InJ):DUMl‘TB(II-I-J)*EMD'(Z*H(II-IvJ)-BARI(I'J))+2tS/CL‘

LRB(IL«I+)

IF(IeEdeu) K(IsJI=RK(IsJI+END
NR=3s(IE~1)

NRRZ3s(JE~-1)

iICH=1

CALL ADD (MyMJIeMIvSKeK»SAAISAB»ICHINRe MRRe IT)

ENDD(IIIZEND/CL
EMDCtITIZEMD/CL
SO(II)=S/7CcL
SOS(III=SO(IIN/CL
00 17 I=1lN
CELU(I)=U

PASUNMZY

MITER=S50
IF(NAL.EWL?L?) MITER=1
DG 11 JJ=1,MITER
DO 12 I=1+N

DO 12 J=1sN
SS5{IvJ3IISKETIJ)

- IFLJJ.EQ.1) GO TO 13

L7 K(Zeddz0UMLI*(B(T1G)+3.5%30JeI)1-CUM23CTeTB(LII,1,J1-S00(II)»
LIEsCISHBIITsIod) =245 I#BARTII e S} I-EHDT(IIIa(HaCTaH(IT»IwJ)—2+CT=

14

19

CO 14 [I=1«NM

NRZZs (ME(II»1)-1)
NRRZ3Is(ME(ILI,2)-1)

00 8 I=1le2
DELCI)ZDELUINRR+II-DELUINRAI)
cIizu

GIz=g

GG 3 I=1,2

CIzZCI+T(IX I)*CEL(Y)
GIZGIL+R(ITI+INsDEL(T)

D0 3 Jz1.2
BUIvIZDELII)*TIIX )
QUIec)=RILI+I)sDEL(J)
DUMIZKD(IXI~ENDD(II)
OQUMZ2ZKULITI-1.5%E6DDULTI)
00 17 .I=1»2
A{L¢3)2-22CI*REILI+]Y

DO 17 J=1+2

Z2BARI{I»I)~-Q(Irudi
K(1e33=ST(ITI*(K(Ls3)~0EL(Z))
KE2¢e312SOULITI2(KL223) 435U (1))
ICH=2 :

CALL ADD (MeMJIaMIsSSeK1SAA2SAS I ICHIRRINRRIT)

00 13 Izl
SSOLsNPIZDELP(Y)
Log .

00 23 I=1s»NN

DO 24 JzZ1»3
LzL+2

IFLCOHII»JIaNELTD) GO TO 28
DU 21 IJ=leN
S5S(XJdell 3z
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115
116
117
118
119

120

121
122
123
124
125
126
127
123
129
130
131
132
133
138
1395
136
137
138
139
140
141
142
143
144
145

157

168

25

44
31

30

SS(L+Iu)=0

SStLHNPIZD

SS(tiel)zl

CONTINUE

CONTINUE

CALL SOLVE (MeMJsH oeNP9SSaPRSUNMKCET)
LT 22 Iz1lsN

SELULIIZSS(LeNP) '
IF(UCAEBStPASUM/PRSUM-1Y.LELERRCRY GO TO 23
PASUMZFRSUM

IF(DETLLELUW) GO TC 26
KOUNTZ2ZKOQUNT 2+ dd

DO 2% I=1eN

PLI)=P(I)+DELP (L)
UCIBZUCIN+CELU(T)

0O 25 I=L1sNN

BU 25 Jz=1s2

Iyz3el[-1)+J
CiIed)Z0C(IvJ)+U(IJ)
PI=3.,14153926535837393

DC 3u I=1leNHM

IEZHECIL)

S JEZME(T e 2

IFINAL.EJL'N') GG TO 44

el
(€2

CALL LIMNEAR (IRsJLoOALFHITIPAUITIEILI) 0L(I)rSAA!;)vSAblI’vUrH9 )

LENCI €M CL o) eEM(Le2) V(L))

G0 T0 30

00 31 J=1»2

FLUJ)IZCLUErJ)-C(IE»y)

CL=DSGRT(PL(L1)s»2+PL(2)%2)

EN(IIZUao*EALI) 2L (CL/OLITI))®92-1)

IFIPLUL) oGl ol s ANDSPL(Z) oS Eela} ALPHZDASIN(PL(Z2)/CL)
IF(PLEL) wlTeUe s AKDSPLI2) 4G stia) ALPHZFPI-CASIN(PLI2)/7CL)
IFIPLIL) ol Tolls s ANDLPLIZ) oL Totie) ALPHZPISDATANIPL(ZY/ZPL(1Y)
LE(FLULY oGl sl AT SPL(2) LT atis) ALPHZIZSPI-DACOStPLIY)IZCLY)
IFLALPHeGTWPI) ALPHZALPH~2sPI ’
DUMLI=ZALPH-PRALPH(TI)

DEL(L)ZDELL(2*IEY-DUNL

CULtZI=BELLU 3B ) -0UYL
EMOTeIIZEMLIPL)I+SAACL)*0EL (L) +SAB(I)=0EL(2)
EMCLe2)ZEMITe2)+S2ALI)ACEIL(2)+SA2(T)DELIL)
VIII=(EMEL1 X)) ¢EM(IN2))/CL

PRALPHII ) ZALPH

CCNTINUE

IF (KOUNTLLTLROUT ) CG TQ 34

CALL OUTFUT (HIsMIaMaeMNoNMoHMC20CeCoPsUrTNIEMIV+KOUNTIKGUNT20Jds
IMNAL)

IF(NAL.EQ."L) GO TO 3%

RRITE(Se 260 DET i : ‘
FORHAT(LHD) o /22 o' PETERMINANT GF STIFFHESS NATle 2 5012459
€O TO 24
Ite3T2}

CONTINUE
RETURN
END

LA R R
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NLPF 4 SOLVE .
1 SUBROUTINE SOLVE (MeMJpNsNPySSePRSUMPDET)
4 OOUBLE PRECISICN SS(MeMJI «CONST+PRSUMICEY
3 IKzZN-1
L) DO 1 I=1.IK
5 IIz1+1.
6 DO 1 L=IIeN
7 IF(SSIL»I)) Belsg
8 4 CONST=SS(L+II/SSI(I«I)
9 DO 5 IJ=IIWNP
1y IF(SS{Ie1lJ)) 59515
11 6 SStLeIJ)I=SSILITU)-CONST*SS(IeId)
12 5 CONTINUE
13 1 CCONTINVE
14 00 2 I=Ns2e~1
15 SSUI¢NP)ZSS(I NP /SSK(INI)
16 J=I-1
17 00 2 L=1ed B
18 IF(SS(LeI)) T0207
19 7 SSCLyYNP)I=SSILeiiP)~=SS(LsI)*SS(IsNP)
249 2 CONTINUE
21 ’SS(I!NP)-SS(lvNPl/SS(lll)
22 PRSUM=Q
23 DET=1
24 DO 3 I=1sN
25 DET=DET*SStI»I)
26 3 PRSUMZPRSUN+DA3S(SS(IINP})
27 RETURN
23 END
NLPF . QUTPUT : .
1 SUBROUTINE CUTPUT (NI!HIIM:NN’NM'HEVCC:CvPvUDEN'EHIV'KQUNT’
2 LKOUNT2eKCUNT3sNAL) A . Do
3 ODIKENSION KE(MIN2) :
4 DOUBLe PRECISICN GCUNT22) ¢+CUINI2)sPUHIoUIMIeENIMITIEMIMIN2)p VNI
5 IF (NALLEGL*N") GO TC 3 : : i
6 i PRINT 106 o .
7 106 FOCRMAT(IHL»*LINEAR AMNALYSIS®¢/+1H s15(*-"))
8 GO TC 4
9 3 WRITE(S»1C1l} KOUNT»KOUNTIsKOUNTZ.
10 1yl FCRMAT(L1HDe/eLlh o'RESULTS AFTtR')I3vZX,'LCAD INCRENCENTSY e/ / 0
11 L1H »*IRCREMENT TN CEFLECTION ITTRATEDY»Iie2Xe'TIMES"s
12 2//7+1H »*TOTAL NUM2ER CF ITERATIONS*»IS)
13 4 PRINT 102 _
14 102 FORMAT(LHIIZ 01l o *HOOE 95X YAPPLIES uCADS"3X1 .
15 1*CRIGe CCCRD'"9+4Xy 'FINAL COCRC*» 577'” FLECTION®s/Z91H »8(*-*)s5X»
16 21300~ ) e 3X el (") 24X sdd( """} oSXy10(*~*)) :
17 LU 1 I=1eNN
18 . =3*+tI-1)
19 1 HRITE(501L3) Iv(P(J*JJ)vCC(IvuJ)vC(IrJJlrU‘JﬁJJlrJJ 1:2)|P(JOJIU
29 1U(Jd+3)
2} 103 FORMATEIHC»TIZ292X s "X ol Xs90hXec21a®) /03 oiXe "Y "1 X0 BUGXyELYGE) s
22 17¢1H »4Xe =25/ o lH+o84X s 07 95X 9511 .6¢34X9EL1.6)
23 FRINT 1G4 :
24 104 FCRMAT(IHDr/v1lH s*MEN2ER A- '-5Xn'\"14X!'V'I¢QXI'NR"13X'HB'D
25 1/+1H 'lh('-'l’oXs'-'nIQX-' EPEIARE AN R T AL ] :
26 DO 2 I=1,N4
217 2 WRITE(S2105) MECTaL) o MECTI»2sENIT)sVIII2EM(Is1)»EMII2)
28 105 FORMAT(LIHN+2TI3+4(6XeE11,.6))
29 RETURN
34 £ND



HLPF «LINEAR

‘SUBRGUTIKE LINEAR (IE+JEsCALPHI¥I »Z1r0LySAAsSABsUYMrENIEMLY

1EM42+V)
DOUBLE PRECISION CALPHsKECsEI»GL
LAT(Ss4) o X(U4) 959 CoBUMIEMLIEMZ
SZUSINIGALPH)
C=DCCSI0ALPH)
CUMTEET/CL42
KDZKD*O0L
AT(1s1)ZKD»C
AT(L,2)ZKD S
AT(2y1)=CUNMSS
AT(2+2)=-DUHAC
AT(253)=SAA
ATLZe4)=$AB
AT{3+1)=AT(2:1)
ATU342)12AT(2+2)
AT(3,3)=548
ATU3+4)=5AA
IT=3s(IE~1)
JIZ I JE-1)
GO 1 I=1»2
X(L)zUulJI+I)-ULII+I)
X(3)=UL3+1E)
X(4)=yl3Isdgd
EZAT(Ledl)aX{L)+ATE1,2)4%X(2)
D0 2 Iz1.2
EMtIN=U _
D0 2 Jzl»4
ESCLIZEMCTI)*ATII+10d)nX(J)
EM1IZEMIL)
ENM2ZENL2)
VZ(EXTLI+EMI2) ) /0L
RETURN
END

tSAAYSAB UMY e ENIENIZ D0V
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Example of data input and computer printout for eXampLe 5.2, prqgramme NLEFj-

~ Data Input: _
EXAMPIE EX WANG, 'COMP., METHS. ADV. STR. ANAL'., P. 156
5,4

0., 120.

0., 240,

60., 240.

180., 240,

180, , 0.

CE

30E +06

1, 2, 3.0682, 6.9919
2, 3, 3.0682, 6.9919
3, 4, 3.0682, 6.9919

—_
.

O 0 3 O VI &~ W N

P i .
N =~ O
es  ae e

13%: 4, 5, 3.0682, 6.9919
14: 1, 1 |
15: 0, 0, O

16: 5, 5

17: 0, 0, 0

18: -1, -1

19: 2

20: 1., 0., 0

21: 3

22: 0., -4., 0

23: =1

(a) (o)

24: L 24: NL

25: 5000 . 25: 0.01
26: 20, 250
27: -1, -1,

28: 20
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Explanation of data input:

line 1 :
line 2 .
lines 3 to 7
line 8

line 9

lines 10 to 13:

Should the value

line 8 :
line ]
lines 10 to 13:

line 14 :
line 15 :
line 16 :
line 17 :
line 18 H
line 19

line 20

line 21

line 22 :
line 23

(a)

Line 24

line 25

(b)

line 24

line 25 :

title of example

number of nodes, number of members

cartesian co-ordinates X, y of each node

'Constant E', Young's modulus same for all members

value of Young's modulus ‘

member end nodes, cross—sectional area, moment of inertia

in x-y plane
of Young's modulus not be the same for;evefy member;.

V E for Variable E

omit , ' o
member end nodes, cross-sectional area,,mbmént,of inerﬁia
in x - y plane, Young's modulus o ' | v
constraints, nodes 1 to 1

cohstrained in x and y directions and constrained against
rotation |

constraints, nodes 5 ta. 5

constrained in x and y directions and constrained against

rotation

"signifies end of constraints.

external nodal forces: node

forces in x and y directions, anti-clockwise moment
external nodal forces: node |

forces in x and y directions, anti-cLbckwise moment'

signifies end of external nodal forces

Linear analysis

load factor

Non-linear analysis

summed iteration deflection convergence tolerance
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line 26 : number of load increménts, magnitudé of load factor
line 27 : sigﬁifies end of load increments '
line 28 : first printout after 20 load incremerts

The results of analyses (a) and (b) listed atove follow on the next

pages.



(a)

CXANPLE EX WANC

N - AXIA. FGRCS (TEN
V - SHIAR FCRCE (G2
MOMENTS  (ANTI-CLUCK®
Ph - MURcHT AT END A
My - NMOMeNT AT ZND B
LoNEAR ANALYSLS
MUDE APPLIEC wCACDS
1 X UGG
Y JUCCROn
B LLGeRng
2 X LSOCCEG+0H
Y
8
3 X « 1G2BA0
Y - ZUNANE+ES
3] LLiicong
4 X SOOEGea
Y < 20UITUAG
8 «130335
50X <O0D208
Y uguMds)
3 SRGLEG00
PLHBER A-B N
1 2 —e117775+03
2 2 -e2529020+ 04
3 4 ~.238020+04
% 3 -~ e 822251+

*CONF.

10N +VED

(5 A GLGC
FOSITIVE)D
MEMEER A-B
PEMEER 2-3
GRIG. COGSPC
1A DT
LLZTEETNS

GROC00
P LIS R v

s IR0 42

LA erily!

1EACLTYED
2245053413

« 1500034032

LL0GGA0

v

e CHL12EN+Y
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