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Abstract

Investigations into problems involving the vibration of conveyances in deep mining shafts .
have led to the identification of ‘slamming’ as a significant event in the initiation of large
perturbations in the motion of the skip. Slamming occurs when the flexible rollers on
the skip which normally act on the guides are inoperative. The primary concern is that
this slamming event can give rise to large lateral loads on the shaft steelwork and is
therefore a factor which limits the speed at which the skip can be drawn up the shaft.
This study extends previous work to investigate the influence of compressive forces in
the guides on the response of the skip and the steelwork. These forces are induced as
a result of mining operations and lead to a decrease in the transverse stiffness of the
guides. A mathematical model of the slamming event is formulated and a numerical
solution for a specific case is performed. An alternative simplified solution is discussed
and compared to the initial formulation, with the aim of facilitating the use of previous
research results. A model to simulate the response of the skip when the skip rollers
are functional is formulated, and numerical solutions of different examples are given.
An important conclusion is that the compressive forces can significantly reduce the
transverse stiffness of the guides, and should be taken into account in future designs.
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1 Introduction to the Problem

Organisations:

AAC
AMRU

CERECAM

COM ,
COMRO
SDRC

Glossary:

Bunton

Damping

Dashpot

* Guide

Anglo American Corporation of South Africa Limited,
Johannesburg, South Africa. '

UCT/CSIR Applied Mechanics Research Unit,
University of Cape Town, South Africa.

FRD/UCT Centre for Research in Computational and Ap-
plied Mechanics,
University of Cape Town, South Africa.

Chamber of Mines,
Johannesburg, South Africa.

Chamber of Mines Research Organisation,
Johannesburg, South Africa.

Structural Dynamics Research Corporation,
Milford, Ohio, United States of America.

This is an elastic translational and rotational support for the
guide.

This is friction or resistance encountered by a system during
its vibratory motion, e.g. air damping, fluid friction, inter-
nal damping, etc., which causes the eventual dying out of
the oscillation. The system is said to be over-damped if no
oscillation occurs; while if oscillation does occur, the system
is said to be under-damped, and has the least damping. A
critically-damped system is one where the mass will simply
return to its static equilibrium position, without overshoot-
ing it, upon being released. A dashpot is the element used
to model viscous damping.

The element used to model viscous damping, e.g. a shock
absorber in a motor vehicle. The internal force in a dashpot
is proportional to the velocity across the dashpot.

A continuous prismatic beam supporting the skip laterally
while it is being hoisted or lowered in the shaft.
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Roller

Skip

Spring

This is the connection between the skip and its supporting
guide and it consists of a nonlinear spring and dashpot.
This is the conveyance used to transport material up and
down the mine shaft.

The element used to model stiffness. The internal force in a
spring is proportional to the displacement across the spring.
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1.1 Introduction

Over the years, South African gold mines have become larger and deeper with the
emphasis placed on productivity. This has resulted in higher hoisting speeds, heavier
payloads in the skips, and so on. The steelwork in the shaft is a lattice structure sup-
p;)rting the various conveyances and pipes along the length of the shaft. The steelwork
consists of horizontal bunton sets occurring at intervals in the shaft, and vertical mem-
bers between the bunton sets, called guides, restraining the conveyances horizontally in
the shaft. Until recently, designers used a percentage of vertical loads (usually 10%) for
the design of the lateral strength of the steelwork, thus ignoring dynamic effects.

In the the early 1960’s, the lack of dynamic considerations was identified, but studies
conducted at the time by CSIR for COM did not influence design or operating proce-
dures in the mining houses. Various failures of shaft steelwork have been noted over the
years and at least one shaft required a bunton and guide realignment process. Although
such severe failures are rare, loosening of bolts, minor cracking of components, etc., do
occur on a more regular basis, and require time consuming and expensive repair and
maintenance.

These failures led to an increased interest in the design and analysis of shaft steelwork,
and since 1982, COMRO has funded research work on the investigation of the dynamic
behaviour of shaft steelwork and conveyances. SDRC [25,26,27,28,29] carried out work
for COMRO; this research program consisted of test, analysis and design guidelines
phases. The test phase was intended to develop a physical understanding of the problem
by collecting modal and operating data. The modal data was used to characterise the
system-and the operating data was used as a comparison for the results of the analytical
phase. The analytical phase consisted of the development of a computer model to
simulate the response of the skip when excited by the misalignment of the guides. The
third phase was to develop a set of design guidelines for the design of shaft steelwork.
A fourth phase was later added to the program to calibrate the design guidelines.

“An important parameter in the dynamic analyses was omitted in previous studies,
namely the inclusion of the effects of axial compressive forces on the lateral stiffness
of the guides. These compressive forces are induced by deformation of the rock sur-
rounding the shaft as a result of mining operations. Excavations take place away from
the mine shaft, leaving a pillar or core surrounding the actual shaft. This pillar has
to support the weight of the rock above the excavations, hence vertical stresses in the
pillar region increase. This leads to an increase in vertical compressive strains in the
walls of the shaft, and consequently the distance between the buntons, to which the
the guides are fixed, decreases. The transverse stiffness of the guides, i.e. the property
of the guides to resist transverse deflections, are affected by these axial compressive
strains. The compressive forces induced in the guides as a result lead to a decrease in
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the transverse stiffness of the guides, with the potential of increased amplification of
the responses of the skip and steelwork.

Due to the compressive forces in the guides and the motions of the skip, the guides
can deform, so that the guides become misaligned. The inertial forces generated in the
skip in response to the guide misalignment are transmitted to the guides by means of
impacts. The energy may either be transferred via a rigid body impact, where a term
‘slamming’ has been identified by previous researchers, or through flexible rollers on
the skip. Since it is difficult to develop an understanding of the two mechanisms acting
simultaneously, each event is investigated separately. The two cases provide an upper
and a lower bound to the response of the skip to the guide misalignment.

The study of the sensitivity of these two events to axial compressive forces in the guides
is in essence the objective of this thesis. The problem is introduced in Chapter 1,
~ and work by previous researchers is outlined. In Chapter 2, the slamming event is
analysed, where a mathematical model is implemented in a computer program. The
case when the rollers are active is investigated in Chapter 3, where again a mathematical
model is implemented in a computer program. Finally, in Chapter 4, conclusions and
recommendations are made, along with suggestions for further study.
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1.2 Review of Previous Work

Various authors have addressed the problems of mine shaft vibrations, and a brief
discussion of the essential points of a few of the authors follows.

Redpath and Shaver [23] discussed various aspects of guide design and included cal-
culations for the forces on the guides for various types of misalignment. They stated
that smooth and flexible joints are the most important characteristic of a good guide
system. A discussion of a paper by Bentley, and a subsequent comment by Backeberg
is also included. Bentley stated that the 10% of the skip weight acting laterally was
too conservative, while Backeberg disagrees, and states that loads of up to 17% of the
skip weight have been measured on the guides. A suggestion by Hoischen that a lateral
force of 8.33% should be used is also discussed.

Galloway and Tiley [6] presented a numerical model to predict the velocities at which
the skip rebounds from the guide. They stated that lateral loads on the guides of up
to 2 times the skip weight have been measured on an occasion. A major observation
is that the skip is largely ignored when the shaft system is designed. They also stated
that the easiest way to alleviate high forces in the guides is to have stiff rollers with
sufficient room for them to work. A number of applications were investigated to test
their model.

Schmidt and Tondl [24] presented the analysis of vibrations of a mine cage as an example
of the analyses of excited systems. An energy approach was adopted to perform a
parametric vibration analysis. They suggest that stiffer rollers should be used with a
slight prestress to counter sub-harmonic resonances.

Hutton, James and ‘Schwartz [14] identify the problem of axial compressive strains in
the guides in a paper which investigates the feasability of mining out of the column of
rock around the shaft (called the pillar). They discuss the various pillar types in use
at present, as well as various shaft steelwork configurations. The effects of the ground
movements on the steelwork are discussed, as well as possible ways to alleviate the
compressive stresses in the steelwork when the pillars are mined out.

SDRC were commissioned by COMRO to research the design philosophies of shaft
steelwork. A test phase [25] to study the interaction between the skip and the shaft
steelwork system in a problematic shaft was used to obtain a physical understanding
of the problems. A computer model was developed in the analytical phase [26] to
parametrically study various shaft configurations.

The main conclusions of the analytical phase include the statement that the misalign-
ment of the guides are the main excitation mechanisms, and the response of the skip is
more sensitive to local misalignment of the guides than overall plumbness of the guides
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in the shaft. Two dominant modes of vibration, namely translation and rotation were
identified, and a tendency towards resonance when the frequency of a mode of vibration
nears half the bunton passing frequency was noted. The roller and guide stiffnesses are
recognised as important parameters which could be used to ‘detune’ the system. Other
parameters affecting the bunton passing frequency and hence fulfil the resonance criteria
should be considered. It is recommended that future shaft steelwork designs take the

skip into consideration.

- A design guideline phase [27] to establish a design procedure for future designs was also
included. The design guidelines were calibrated [28] with respect to extensive test data,
and the effects of the skip flexibility [29] on the analyses were investigated.

Greenway (7] extended the SDRC [26] analytical phase by non-dimensionalising the
single slamming event, and produced contour plots to simplify the solution, i.e. repeated
computer analyses will not have to be performed. He extended these ideas [8] even
further and enhanced the contour plots to include shaded areas representing actual mine
shafts. Experimental data [10] was reported for several mine shafts, and he summarised
previous research work as well as outlining future trends in shaft steelwork design [11].
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1.3 Objectives of this Thesis

The specific aim of this thesis is to illustrate the effects that axial compressive loads
have on the dynamic response of the skip, and hence on shaft steelwork. This objective
will be achieved by developing an understanding of the mechanisms involved, and then
formulating mathematical models to determine the equations which govern the motions
and the response of the skip. These models will then be numerically implemented into
a computer program, in order to solve the equations of motion determined mathemat-
ically. The models will be verified using previous research results, and once confidence
is attained with the models, the results obtained will be used to show the influence of
the axial compressive loads on the shaft.



2 System Behaviour without Rollers

2.1 Introduction to Slamming Analysis

Investigations into problems involving the vibration of conveyances or skips in deep
mining shafts in South Africa have led to the identification of ‘slamming’ as a significant
event in initiating large perturbances of the skip motion and hence causing large lateral
forces to be exerted on .the shaft steelwork. Slamming occurs when the flexible rollers
guiding the skip along the vertical shaft steelwork (guides) are inoperative.

During a slamming event, one corner of the skip impacts the guide with some transverse
velocity, and results in transverse deflections of the guide. As the skip approaches a
bunton where the guide is supported, the transverse stiffness of the guide increases
sharply, and the skip may leave the guide with an amplified velocity. Consequently,
this may lead to a succession of further slamming events which can damage the guides.
Accurate modelling of successive slamming events is difficult to achieve due to the
sensitivity of the system to random effects such as guide misalignment, guide gauge
variation and other geometric effects. Hence, this thesis will be confined to the analysis
of a single slamming event. This slamming behaviour is of concern in that it is a factor
which may cause large lateral forces on the guides, hence limiting the speed at which
the skip can move up and down the shaft.

A detailed numerical simulation of slamming has been carried out by SDRC [26] and by
Greenway [7,8]. In this thesis, the previous work is extended in order to investigate the
influence of axial compressive forces in the guides. These forces are induced by vertical
deformation of the rock surrounding the shaft, termed the pillar. As a result of mining
operations, the pillar has to carry the selfweight of the rock above the mined out area,
and hence increased vertical compressive strains arise in the walls of the shaft.

The approach in this thesis is conservative, in that it is assumed that the compressive
forces induced in the guides are constant, and independent of the transverse deflection
of the guides. In reality, the compressive forces vary with depth and increase sharply
near the mining area. They are large with respect to the forces away from the stope,
and may be taken as being constant. It is assumed that the total axial compressive
force acts even after the guide has deflected. In the numerical study, the worst scenario
is modelled, hence the conservative approach is justified.

In Chapter 2.2 a mathematical model is formulated which extends previous work by
including the reduced transverse flexibility of the guides due to a fixed axial compressive
force. In Chapter 2.3 the numerical solution of the governing equation of motion of the
system is discussed, as well as the implementation of the model in a computer program.
Results of a parametric study are given in Chapter 2.4, in which the effects of the axial
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compressive forces are compared to the case where the compressive force is zero.

A simplified analysis is investigated in Chapter 2.5, in which the reduction of the trans-
~ verse stiffness of the guide due to inclusion of the axial compressive loads is accounted
for only in the evaluation of the midspan stiffness of the guide. It is shown that this
approach leads to errors which do not exceed approximately 20% when compared to
the formulation discussed in Chapter 2.2. If such errors are acceptable in the design
procedure, a simple modification of the midspan stiffness permits results for the zero
compressive force analysis to be used when compressive forces are present.

One of the primary assumptions in the formulation of the lateral stiffness of the guide
described in Chapter 2.2 is that the guide undergoes only small displacements and is
modelled as a simply-supported beam. As a result, the effects of finite or second order
deformations that cause stiffening have been ignored. A study of these stiffening effects
has been included in Chapter 2.6. '
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2.2 Analytical Model for the Slamming Analysis

i

2.2.1 Introduction

In the analytical model for the slamming analysis, the skip is modelled as a rigid body
with mass m and mass moment of inertia Is. The centre of gravity is located a distance [
below the top of the skip. The skip moves vertically in the shaft at a constant hoisting
velocity of v,. Therefore, the motion of the skip can be described by two degrees of
freedom, the translation d and the rotation 6, acting at the centre of gravity. Since
only one slamming event is considered, the system can be reduced to a single degree of
freedom system, with the top left corner of the skip chosen as the point of impact. In
order to simplify the mathematics, the motion of this corner can be described in terms
of a degree of freedom y. The components are illustrated in Figure 2.1.

The guide is modelled as a prismatic beam of negligible mass, which is either pinned
or rotationally fixed at the buntons. The case of pinned joints was used in this study
as this closely models the configuration generally used in practice. A bunton set at a
~ specific level of the shaft is modelled as a translational spring resisting lateral motion.
The above description sumimarises the essential constituents of the SDRC [26] model.
For the present study, a constant axial compressive force was assumed to be acting in
the guides. '

2.2.2 Determination of the Governing Equations

The derivation of the equations of motion is now discussed below using the notation
defined in Figure 2.2. ' '

The two equations of motion in terms of d and 6 are:

md+T =0 . C(21)
and |

Ih+Th =0 | (2.2)

where T is the force that the skip exerts on the guide, and the dots above the variables
indicate differentiation with respect to time, i.e. 8 = % . This force can be expressed
in terms of an effective stiffness of the guide k.(¢) and the beam deflection y(¢), both

evaluated at a position &l along the guide (0 < ¢ < 1). Thus:



’
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Axial Load: P

Guide Connection:
M=0or8=0

Prismatic Guide: ET

Effective Mass: m,
Bunton

Spacing
l

Skip Centre of Gravity

Bunton Stiffness: k;

Figure 2.1: Slamming Model Including Axial Compressive Loads

L

. Mass m

Mass Moment of Inertia Ig

Figure 2.2: Model Showing Notation

11
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T=ke(é)y '. (2.3)

From the geometry of the system, and assuming that 6 is small, the following relation-
ships between y, d and 6 can be obtained:

y=d+6l
and
j=d+6, | (2.4)

Substituting equations (2.1), (2.2) and (2.3) into equation (2.4), gives the following
equation describing the motion of the skip:

(

mIG -
6y itky= .
Lrmp) i tky=0 (2.5)

A term called the effective mass is deﬁ;led:

| _ mIG ' '
M T To+mi , ' _(2'6)

The equation of motion can be written in terms of the displacement of the corner of the
skip y(€) (i.e. the beam deflection) as:

mej(€) + k(E)y(€) =0, £=¢(t) . : (2.7)

2.2.3 Calculation of the Effective Stiffness

The procedure to obtain the relationship between the skip force T and the beam de-
flection y is now described. Firstly, an isolated simply supported prismatic beam is
considered, with cross sectional properties EI, length [, an axial compressive force P,
and a transverse force T (which is the force that the skip exerts on the guide), applied
at a distance £/ along the beam. The displacement under the load is y(£), as shown in
Figure 2.3. ‘

The bending moment in the beam, at a distance z along the beam, is given as:

M(z) = My(z) + Py(z). (2.8)
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Figure 2.3: An Isolated, Simply-Supported Beam with Axial Load P

where M,(z) is the bending moment due to the transverse load T, and Py(z) is the
bending moment that develops in the beam due to the deflection y(z) and the axial
compressive force P.

Since the ratio between the length and the depth of the guide is large, the guide is
assumed to act in pure flexure. From this simple beam theory, in which the transverse
shear strains are ignored, a relationship between the bending moments M and the guide
deflections y can be obtained:

e @y(E)
M = BI——> = EIY(z)

Substituting this relationship into equation (2.8) gives the following differential equation
describing the displacements at a distance = along the beam:

V(@) + 2 u(e) = 3z Mi(2) | - 29)

Since the bending moments appear to have a periodic nature (this is more apparent
for multi-span or continuous beams), and the only periodic polynomials are constant
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functions, one has to use other function classes for the effective approximation of periodic
functions. The trigonometric polynomials offer themselves as an appropriate alternative.
Fourier series [16] are the most popular trigonometric polynomial approximations and
are of the form:

g(z) ~ ag + Y _ (an sinnz + b, cosnz)

n=1

where the Fourier coefficients are (for period 2¢):

[

a0 = 5 /_cg(a:)da:

a, = 1 / g(z) sinnz dz

b= 1 / g(z) cosnz dzx n=12-..
—c

The series converges uniformly if g(z) is continuous with a piecewise-continuous first
derivative. The bending moment M,(z) is continuous with a piecewise-continuous first
derivative, and can therefore be expressed as a Fourier series consisting of n terms. Note
that the b, terms are zero because M,(z) is an odd function, i.e. M,(—z) = —M,(z)
for all z. The expression for M,(z) is therefore:

mnx

M,(z) = i_l am sin ( i ) (2.10)

where a,, are the Fourier coefficients.

Using this expansion, the solution for equation (2.9) is of the form:

mnrx

y(z) = i_l as, sin (%) | | (2.11)

* — a
where U = APe =P

2
and P, = ",f’ .

At this stage it is expedierit to consider the transverse displacement y(z) as the sum of
two contributions: the displacement resulting from the transverse load T, yr(z); and
the displacement that is due to the axial force P, yp(z). Thus:
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y(z) = yr(z) + yp(z) (2.12)

In terms of a Fourier series expansion, the displacement due to the transverse load, can
_be obtained by setting P = 0 in equation (2.11):

n

yr(z) = >

m:=1

mnx

am .
YN sin ( ] ) , (2.13)

yp(z) is now written in terms of a Fourier series expansion by substituting equa-
tion (2.13) into equation (2.12) to give:

n Am P/P,, ., mrnzc
yP(ZII) = E m?P., mg_P/Pcr SlI'l( ] )

m=1

(2.14)

Using elementary beam theory, the displacement due to the transverse loéd T alone,
can also be written as a function of the position of the load, i.e. when = = &I, as follows:

yr(§) = 5—(;—;?——1—T - A CA L)

By evaluating equation (2.14) at z = {l, an expression for the total displacement under
the load can be obtained:

Ea-F, & P/P.
WO =55 T+ X m2P m? — P/P.,

m=1

sin (mn¢) (2.16)

To determine the coefficients for the Fourier approximation, a,,, the following functions
are used to describe the bending moment diagram for the case of the transverse load T,
as shown in Figure 2.4: -

1-€T«z 0
ET ¢

z

<¢
2 < (1-¢8)

IA A

M,(z) = {

o

The Fourier coefficients are given by:

2 mnz
- 7/0 M, (z) sin (75 ) da
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¢l (1-&!

M,(§) =§(1-IT

'_."“%13 I'H‘

Figure 2.4: Bending Moment Diagram for Transverse Load T Only

Integrating this expression and substituting for M,(z), the first five coefficients are
(letting z = €l1):

o = 2 e

az = ﬂ%—f—a sin (27¢) — -2-T—l-%(l_—§) cos (2m€)
as = 29%’ sin (37r§) |

o= THIZ20 g TIE0)

a5 = §5T7r L sin (5m6)

_ A sensivity study was conducted to determine how many coefficients are required to
approximate the bending moments with reasonable accuracy. The results showed that
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the first two coefficients would provide sufficient accuracy. Details of the sensitivity
study are given in Appendix A. Substituting these terms into equation (2.16), the
following relationship for the displacement under the load is obtained:

3
W) = (- g + o s () T

+ { M sin? (2r€)

8m4 EI

SrE |
_ ﬂz—fﬁ%_fi) cos (2r€) sin (27r§)} Z—f—z—) (2.17)

where p = 'ET'
C

48E' I

(the midspan stiffness of a simply supported beam), equatlon (2.17)
can be wntten as:

ye = = [1652(1 — e + Bain(re)-

g

1-p
{ 2 (26 — 1)sin?(2r¢) + —5(1 — £)sin(4r€) } p] (2.18)

This relationship assumes that the bunton supports do not displace. To include this
displacement, the displacement for a rigid beam is superimposed with the relationship
in equation (2.18). The deflection y, at z = &I of the rigid beam (as illustrated in
Figure 2.5) is:

w(&) = [52 +(1-¢?] (2.19)

The assumption was made that the displacements of the buntons do not cause bending
moments due to the axial compressive loads. The justification of this assumption is given
in Appendix B. Therefore, adding this displacement to the displacement calculated in
equation (2.18), the total displacement of the guide is:

ye) = = [52+(1 £ + 16r€2(1— € + -9—6—sm2(ws)——1;

2 &- — &) sin(4r
- {——(2{—1)s1n (2r€) + £(1 — £) sin(4m¢) } p] (2.20)
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(1-6E () % 5 :

(1- E)TT : TET
K _

Figure 2.5: Displacements of the Buntons

where r = f’l
g

This relationship can be expressed in the form of equation (2.3). Defining k. (£ 1) = ks f(£ 1),
the following relationship for the dimensionless multiplier f(¢) can be obtained:

&) = [§’+(1—§)2 + 16r6%(1—¢) + ?-%Isin2(7r§) i{—;

_ {6;41(25-1)51112'(2#5) + li—;su-g) sin(47r§)} ﬁ}- (2.21)

2.2.4 Dimensionless Formulation of the Equation of Motion

~ It is desirable to write the equation of motion in a dimensionless form so that parametric
studies can be performed for a general class of problems rather than for specific cases.

Substituting k.(¢) = ks f(£) into the equation of motion (equation (2.7)) gives:

me(€) + ko f(E)y(§) =0, &= £(2) (2.22)
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with initial conditions: y(£(0)) = 0 and y(£(0)) = to . The following dimensionless
parameters are adopted: '

Y(E)sz'K_/@ wo = L3 and T = wgt
. Uo me

- The equation of motion (equation (2.22)) can then be rewritten as:
PO+ fevEe =0 (2:29)

where Y (£) = %g , with the initial conditions: ¥ (£(0)) = 0 and Y(£(0)) = 1.

The parameter £ is a function of time, defined through the relationship:

£() = & + -vl—st

where v, is the constant vertical velocity of the skip and & is the initial point of impact
of the skip. The following dimensionless parameter for the skip velocity is introduced:

Vs mMe Vs

Vo =7 T wol

» (2.24)

.and the dimensionless relationship between ¢ and 7 is therefore:
£(r) = & + Vir

2.2.5 System Parameters

The solution of the equation of motion (equation (2.23)) depends on the following four
dimensionless parameters:

r= f’; being the ratio of the bunton stiffness to the guide midspan stiffness;
p= ){’ - being the ratio of the applied axial compressive load to the critical

(buckling) load of the guide,

=
I
Sk

being the dimensionless form of the vertical velocity of the skip,

being the initial point of impact between the skip and the guide.

o
Il
~
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2.2.6 Calculation of the Forces in the System

The internal forces in the system may be evaluated as follows.

Equation (2.3) can be written as:

T(6) = kA (E)W(E)
where k(&) = ky f(£).

The skip force T(¢) is written in a dimensionless form as:
T(€) = f(OY(E) - . (2.25)
where T(¢) = = T(¢ )

Similarly, the forces in the buntons as defined in Figure 2.5, are:

Bi(6) = (1- OF©Y(E) and Ba(€) = AV () (2.26)

The maximum bunton force at any instant is the maximum of B,(¢) and B;(¢).

The maximum bending moment due to the transverse load T will always occur at the
position of the load, while the maximum bending moment due to the axial loads P will
always occur at the position of maximum beam deflection. Since the positions of these
two maxima are invariably not the same, and the value of the beam deflection is only
known at the position of the load, the assumption is made that the maximum bending
moment always occurs at the position of the transverse load T, i.e. at position £I. The
bending moment due to the skip force T(€) (for a simply supported beam, as illustrated
in Figure 2.4) is:

M,(§) =€(1 - £ 1T(E)
and the bending moment due to the axial compressive forces P is:

M.(§) = Py(§)
Therefore, the total bending moment at position ¢! (in dimensionless form) is:
M(&) = (1= f(OY(6) + yTIn Y(ﬁ) (2.27)

- where M(¢) = Tolun = M(8).
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2.3 Numerical Implementation of the Model

In this section, the numerical implementation of the model is discussed. An integration
algorithm (average acceleration method) is used for the time-stepping, and the selection
of a suitable time-step is discussed, along with a scheme to terminate the solution.

2.3.1 The Average Acceleration Method

The average acceleration method is a member of the Newmark family of time integration
methods. It was chosen as it is unconditionally stable and simple to implement.

Expressing the differential equation describing the motion of the system, equation (2.23),
at time T + AT, yields the following equation:

Yriar + f(érvar) Yorar =0 ' (2.28)
where £ is a function of 7 since:
£T+AT = 60 + (T + AT) Ve

The method assumes that the acceleration over a specific time interval is constant. In
this thesis, all the time intervals are taken to be of equal duration. The relationship
between acceleration and time in shown in Figure 2.6.

The acceleration at any arbitrary time 7 (r < 7 < 7 + A7) is taken as the average of
the accelerations at the preceeding and the following time-steps:

. 1 e .
Y(7) ~ §(Y, +Yriar)

Expressions for the velocity and displacement are obtained by integrating this approxi-
mation for the acceleration as follows:

. . AT . .
Yorar = Yo+ So(¥; + Priar) (2.29)
‘and

AT . . ' '
Yirar = Yo+ A1 Y, + —~(Fr + Vi) (2.30)

Solving for Y, a, and substituting into equation (2.28), yields the following expression
for the displacement:
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Acceleration
Yrrar _ /
N —
.Y.-r F-_—— 7
. Y(‘F) ~ %(YT + 171+A'r)
ATt
>
T T+ AT
. Time
Figure 2.6: Plot of Acceleration versus Time
A—T’i'f Ar Y, +Y, |
Yyjar = Aot OT 2T | (231)

ATZ f(§T+AT)

To solve for the velocities and accelerations at time 7 + AT, YHAT is substituted into
equations (2. 29) and (2. 30) to give:

. 2 . -

Y:r+A‘r = E(Y:H-AT - Y:r) - Y:r (232)
and

YT+AT = 'A—;(YT+A1' - Y:r) -Y: , . (233)

2.3.2 Program UCTSLAM

A computer program called UCTSLAM [21] was developed in order to perform the
slamming analysis described in Chapter 2.2. The program was written in FORTRAN 77,
and implemented on a DEC MicroVAX II.
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2.3.3 Termination of the Solution

The solution is terminated when the skip leaves the guide, i.e. when Y,5o = 0. The
time at which the skip leaves the guide will not fall precisely at the end of a time-step.
A linear interpolation is performed to obtain a better approximation of the time when
the skip leaves the guide. This new final time-increment is used to calculate the values
of the velocity and acceleration when the skip leaves the guide, as well as the position
at which the skip left the guide.

2.3.4 Selection of a Suitable Time-Step

To select a suitable timestep, the equation of motion, equation (2.28), is considered at
time T: )

The maximum value that f(é,;) could attain is f(§,) = 2, occurring when the guide is
rigid. Therefore the ‘stiffest’ form of the equation of motion is:

Y, +2Y, =0 | (2.34)
with boundary conditions:
Y,o0=0 and Y,oo=1 (2.35)

Solving the above boundary value problem and noting that the solution procedure must
be terminated when Y;5o = 0, i.e. when the skip leaves the guide, the time elapsed while
the skip is in contact with the guide is:

ﬂ' .
T=— &= 2221 ...

V2 ,
This suggests that a time interval of not greater than A7 = 0.1 should be used, which
would give approximately 20 time-steps. The total time taken for the skip to leave the
guide for the above case is a minimum, as the stiffest possible value of f(§,!) was used.

Therefore, for more flexible cases, the contact time will be longer, and hence more than
20 time-steps will be required for a complete solution.
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A sensitivity analysis of the size of the time-step was performed using the.following

data. This choice allows a direct comparison to be made with the results obtained by

the SDRC [26]:

= f: v was kept constant at a value of r = -22—?(3)-9 = 32.506 .
pip}:r'_ was set to p=0.0.
V=2 was kept constant at a va.lqe of V, = %ﬁl:%g‘;ﬂ% =0.041.
fo=% was set to §o = 0.1 .
The results that were obtained are presented in Table 2.1.
UCTSLAM SDRC
Time-step (A7) 0.0001 | 0.001 0.01 0.1 1.0 0.001
| Skip Left Guide (z/!) 0.7579 | 0.7578 | 0.7571 | 0.7498 | 0.6565 0.76
Skip Left Guide (7) 16.1967 | 16.1950 | 16.1774 | 15.9980 | 13.7003 n/a
Rebound Velocity -0.7174 | -0.7172 | -0.7155 | -0.6985 | -0.5543 -0.71 |
Max. Skip Force 0.1581 | 0.1582 | 0.1584 | 0.1611| 0.2105| 0.1579
Max. Bunton Force 0.0535 | 0.0534 | 0.0533 | 0.0515| 0.0395 | 0.0531
Max. Bending Moment | 0.0315| 0.0315| 0.0315 | 0.0312 | 0.0296 n/a
No. of Iterations 161969 | 16196 1619 161 15 n/a

Table 2.1: Time-Step Sensitivity Analysis

A time-step of A7 = 0.01 was chosen as it provides accurate solutions without requiring

too much computational time.
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2.4 Results of Numerical Modelling
2.4.1 Introduction
The influence of the axial load P on the system is now shown. A set of datum results

was required to make a direct comparison with the results obtained by SDRC [26]. For
this purpose, the following set of data was chosen:

r= f‘; was kept constant at a value of r = 23%’ = 32.506 .

p= PL;’, was varied from p=0.0to p =0.9..

Vo= 24 was kept constant at a value of V, = —?zliz—_f;—o% = 0.041 .
6.95 *

§o =% was varied from £, = 0.0 to §, = 1.0.

. 2.4.2 Presentation of Results

The results are presented graphically showing the output component versus the initial
point of impact between the skip and the guide. The results show the maxima over the
whole time that.the skip is in contact with the guide for a specific initial impact position.
These plots are presented for different values of p = — , the ratio of the axial load to
the critical (Euler buckling) load of the guide. Therefore, for each output parameter,
we have a plot of the parameter versus the initial impact position, for various values of

p.
The general trends of the results are discussed, and amplification factors are given
to show the effect of the axial compressive load P. These amplification factors are
calculated with respect to the values for p = 0.0, and are presented in tables for different
values of p . '

The following results were calculated by the program UCTSLAM:

(a) the maximum displacement of the skip corner

(b) the position (vertically) when the skip leaves the guide, called the rebound position
(c) the time when the skip leaves the guide, called the contact time

(d) the maximum velocity at which the skip leaves the guide, called the rebound
velocity )
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(e) the maximum force in the slipper plate of the skip, called the skip force

(f) the maximum force that the buntons experience due to the impact of the skip
with the guide

(g) the maximum bending moment that the guide experiences due to the impact of
the skip with the guide.
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2.4.3 Discussion of Results

Maximum Deflection of the Guide

p=008 —~ —— — —p=9. | r--------- p=02 —-—-— p=0.3
—_—————— —p = 0.4 p=865 —~—  — —p=86 ---------- p =07
————— p=08 —--—--—p=209
2 T T — T T T T T - T
™

8 10 12 14

8

Maximum Displocement of the Skip

) K 2 3 K s s K] K] K] [
Initial Impact Position

Figure 2.7: Maximum Deflection of the Guide

When the skip impacts the guide near the first bunton (i.e. when 0.0 < £ < 0.3),
the displacements of the skip corner are relatively large, as illustrated in Figure 2.7.
The converse is true when the skip impact point approaches the next bunton, i.e. when
€ ~ 0.95; the displacements of the skip corner are small. For values of £, between
0.95 and 1.0, the displacements increase dramatically. This occurs because the skip
does not rebound at the second bunton (see Figure 2.8), and the skip enters the more
flexible region of the guide. The effects of the axial loads are illustrated by means of
amplification factors based on the results for p = 0.0. These factors are presented in
Table 2.2.

p | Amplification Factor
0.3 1.2
0.5 1.4
0.7 1.7
0.9 2.5

Table 2.2: Amplification Factors for Guide Deflection
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Figure 2.8: Position at which the Skip leaves the Guide

Rebound Position

From Figure 2.8 it can be seen that the skip generally rebounds when it reaches the
following bunton, i.e. when € = 1.0. An exception occurs when the skip initially impacts
the guide near & = 0.1, where the skip rebounds before the next bunton is reached.
Here a trend towards a rebound position near the next bunton, i.e. £ ~ 1.0, occurs as p
increases. For impacts near the next bunton, i.e. {, = 0.95, and for higher values of p,
the rebound position tends to occur near the following bunton, i.e. when & =~ 2.0.
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Figure 2.9: Time of Contact between the Skip and the Guide

Contact Time

From Figure 2.9, it is apparent that the contact time decreases almost linearly from
T2 25.0 at £, = 0.0 to 7 = 4.0 at £ = 0.9. For impact positions between £ = 0.9 and
€0 = 1.0, the skip does not rebound at the bunton at { = 1.0 (see Figure 2.8); hence
the longer contact time. For impact positions & from 0.0 to about 0.4, the relationship
is not linear for low values of p, but as p increases, so the trend becomes increasingly
linear. This phenomenon can be linked to the rebound position, i.e. the skip did not
rebound at the next bunton for the cases of low £ and p.
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Figure 2.10: Velocity at which the Skip leaves the Guide

Rebound Velocity

The velocity at which the skip rebounds from the guide varies from about 0.5 for impacts
- near the buntons, to about 2.5 for impacts near the midspan of the guide for p = 0.0,
shown in Figure 2.10. Here the influence of the axial compressive force ratio p can be
clearly seen. Amplification factors for various values of p are tabulated in Table 2.3.
Note that, as p increases, the maximum velocity occurs at an initial impact position
approaching & = 0.0. This is due to the kinetic energy of the skip being converted to
strain energy in the guide, and since this strain energy is a maximum at midspan, the
response of the skip will be greater for skip impacts before the guide midspan.

p | Amplification Factor
0.3 1.2
0.5 1.6
0.7 24
0.9 3.8

Table 2.3: Amplification Factors for Rebound Velocities
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Figure 2.11: Maximum Force acting on the Skip

Maximum Skip Force

In Figﬁre 2.11, the amplification of the maximum skip force is apparent when the ratio
of the axial compressive load to the critical load, p, is increased. Amplification factors
for different values of p are given in Table 2.4. The maximum skip force for higher values
of p occurs when the skip impacts the guide nearer the first bunton (i.e. when & = 0.0)
than for lower values of p. This is due to the kinetic energy of the skip being converted
to strain energy in the guide, and since this strain energy as well as the dependence of
the skip force on axial compressive loads are maxima at midspan, the response of the
skip will be greater for the skip impacting the guide before the midspan of the guide.

p

Amplification Factor

0.3
0.5
0.7
0.9

1.1
1.4
2.3
6.5

Table 2.4: Amplification Factors for Maximum Skip Forces
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Figure 2.12: Maximum Force in the Bunton

Maximum Bunton Force

As expected, the curves for the maximum bunton forces, illustrated in Figure 2.12, are
the similar to those of the maximum skip force, which are illustrated in Figure 2.11. This
similarity occurs because the bunton force depends on the skip force and the position
of the skip, and since the maximum skip forces occur when the lateral motion of the
skip is arrested, which is generally close to a bunton (where the effective stiffness of the
guide is relatively large), the results ‘are similar. Amplification factors for increasing
values of p are presented in Table 2.5.

p | Amplification Factor
0.3 1.1
0.5 14
0.7 2.3
0.9 6.5

Table 2.5: Amplification Factors for Maximum Bunton Forces
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Figure 2.13: Maximum Bending Moment in the Guide

Maximum Guide Bending Moment

The increase of the guide bending moments with respect to the ratio of the axial com-
pressive force to critical buckling load p is illustrated in Figure 2.13. The bending
moments in the guide depend on a combination of the magnitude and the position of
the skip force, and the maximum deflection of the guide and the magnitude of the axial
compressive load. An assumption is made that the maximum bending moment occurs
at the position of the skip force, see Chapter 2.2.6. The amplification factors of the
guide bending moments are presented in Table 2.6.

p | Amplification Factor
0.3 1.1
0.5 1.3
0.7 1.7
- ' 0.9 2.5

Table 2.6: Amplification Factors for Maximum Guide Bending Moments
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2.5 Simplified Solution for Slamming Analyses
2.5.1 Introduction - |

An alternative, simplified formulation to the problem was suggested by Greenway [9],
based on the assumption that the guide midspan stiffness k, and bunton stiffness k,
are important, while the stiffness distributions between the guide midspan and bunton
are not. The guide midspan stiffness k, can be expressed in the form &, (1 — P/P,).
This assumption allows previously obtained results in the form of contour plots [8] to
be utilised by simply modifying the bunton to guide midspan stiffness ratio r, as well
as providing a more simplified method of determining the effective guide stiffness.
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- 2.5.2 Errors in the Simplified Solution

In order to make any recommendations or conclusions regarding the simplified solution,
an idea of the errors has to be known. The errors are presented in a manner showing
distribution of the error in displacement along a simply supported beam for various
-values of the ratio of the axial compressive force to the critical buckling force of the
beam, i.e. p = P/P.,. The calculation of the errors is now shown.

Considering only the displacements due to the flexibility of the guide (the displacements
due to the bunton supports displacing are the same for both formulations), the formu-
lation presented in Chapter 2.2 yields the following relationship describing the guide
displacements (see equation (2.18)):

e 2(1 2 —sm27r P
v = L feea-e + S 2
= E—(—f"—p)[lsc?(l,—e)?]
g(fll" ) [16{2(1 - {)2 - = sm2(7r§)] (2.36)

Omitting the bunton deflection contribution, the equation to be used in the simplified
solution for the guide displacements is:

v o= 2 ) 1 [16{ (1-¢? (2.37)

The error in the simplified solution is the difference between equations (2.36) and (2. 37)
and is the following:

Aye = y" —y
Tp
b [16{2(1 _ep -2 sm2(7r§)] (2.38)
9(1 - )
To obtain a meaningful representation of the error, it is expressed as the percentage
error with respect to the original formulation presented in Chapter 2.2. '

100Ayg

Yy
1

% Error =

Q

(2.39)
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Figure 2.14: Percentage Error Distribution along a Guide

The results presented in Figure 2.14 show the error distribution along a beam for various
values of p. Figure 2.14 shows that the errors exceed 40% when the skip is in the regions
of £ = 0.1 and { = 0.9. These errors, however, must be put into perspective. A plot of
the absolute error distribution versus guide position for a specific case (the President
Steyn No. 4 Shaft will be used again) shows that the maximum errors occur near
€ = 0.2, and when compared to the absolute maximum displacement along the guide,
they are only 6%. As the buntons are approached, the displacements are very small,
so any change in displacement will yield a high percentage error. This absolute error
distribution is presented in Figure 2.15.

From the above presentation of the results, it can be seen that the errors in the results
compared with those for the initial formulation, are less than 20%. If these errors are
acceptable, then this simplified solution provides a method in which results obtained
from previous analyses and presented in the form of contour plots [8], can be used. The
ratio of the bunton to guide midspan stiffnesses needs to be modified, as discussed in
Chapter 2.5.3, in order to utilise these earlier results. The errors are all conservative,
i.e. the results for the forces, displacements and velocities are larger than those obtained
for the initial formulation.
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Figure 2.15: Absolute Error Distribution along a Guide

2.5.3 General Results of the Alternate Solution

The results for the alternate proposal are now presented in plots for all values of the
input parameters. The input parameters are:

(&) r =g5im
®) Vo=

The initial impact point £y, was originally an input parameter, but since only the max-
ima of the output parameters are of interest, irrespective of the position of the skip,
this parameter is effectively condensed out.

Previously, the results were presented for specific cases. Since the ratio of the axial
compressive force to the critical buckling force can be included in the ratio of the bunton
to guide midspan stiffnesses, a generalised set of results can be obtained. Contour
plots [8] are used to determine the required output parameters, where the two axes are:

x axis dimensionless bunton stiffness K

y axis stiffness ratio r*
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Since:

kyl?

m€v32

K, =

and using equation (2.24), Chapter 2.2.4, the dimensionless bunton stiffness is:

o1
K=

The axial force ratio p is included in the contour plot using the following relationship:

L.
(1 —p)k,

r*

Therefore, the two axes (constituting the input parameters) are defined, and the user
can read off the contour value of the dimensionless bunton force b, or the impact energy
magnification factor €;. The impact energy magnification factor is a measure of the
rebound velocity: '

& = (Rebound Velocity Ratio)? — 1

The contour plots are presented on the following two pages.
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Figure 2.16: Maximum Displacement of the Skip Corner

2.5.4 Presentation of the Results

A few of the results for the alternative, simplified solution are presented here to illustrate
the similarities to the results of the original formulation, again using the specific set
of data studied in Chapter 2.4. All of the results are presented in Appendix C for
completeness.

I

Maximum Displacement of the Skip Corner

Comparing the maximum displacements, illustrated in Figure 2.16, to those in Chap-
ter 2.4, it can be seen that for p = 0.9, the maximum is approximately 14.5, while for
the initial formulation, it is 14.2. This represents a 2.0% increase. The results differ by
a maximum of 1.8% for p = 0.7, and for axial force ratios less than p = 0.5, the results
are in even better agreement with the original formulation. The results do vary more
when the initial impact position occurs at or close to a bunton, since the skip rebounds
before it reaches the midspan of the guide and the simplified solution is only accurate
at the midspan of the guide.
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Figure 2.17: Velocity at which the Skip leaves the Guide

Rebound Velocity

When the rebound velocities for the simplified analysis, refer to Figure 2.17, are com-
pared to those in Chapter 2.4, maximum values of -10.2 and -10.5 are obtained respec-
tively. This is a decrease of 3.0%. For p = 0.7, values of -6.3 and -5.9 are obtained
respectively, which is an increase of 8.5%, and for p = 0.5, an increase of 4.0%. For
values less than p = 0.5, the results differ less, e.g. for p = 0.4, an increase of 2.8%. The
results also differ from those of the original formulation for an impact at or close to a
bunton, for the same reasons given for the maximum displacement of the skip corner.
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Figure 2.18: Maximum Force in the Bunton

Maximum Bunton Force

Comparing the maximum bunton forces, illustrated in Figure 2.18, to those in Chap-
ter 2.4, values of 11.2 and 9.8 are obtained for p = 0.9, for the simplified solution and
the original formulation respectively; about a 14.3% increase. The results for p = 0.8
show an 18% increase, while those for p = 0.5 an increase of 13%. The results for axial
force ratios less than p = 0.4, are about the same as those for the original formulation.
Again, for higher values of the axial force ratio p, the results differ when there is.an
impact at or close to a bunton.
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2.6 Study of Second Order Effects

One of the primary assumptions in the formulation of the lateral stiffness of the guide
was that the guide undergoes small displacements and is modelled as a simply-supported
beam. As a result, the effects of finite or second order deformations that cause stiffening,
~ have been ignored along with any effects due to the continuity of the beam. It is possible
that these stiffening effects could reduce the overall forces in the system, and thus the
severity of the slamming event could be reduced. These second order effects are addresed
in this section.

2.6.1 Numerical Sensitivity Study

The effects of secondary stiffening are illustrated using the following examples. Six
simply-supported beams are studied (A, B, C, D, E, F), with three types of end
conditions and two different axial compressive loads. The end conditions for the various
beams are:

A,D simply-supported, on rollers, with springs to simulate the axial effects
of the rest of the structure,

"B, E simply-supported, on rollers,
C F pinned with no axial displacements allowed.

The loading conditions (in addition to a transverse point load applied at midspan) are:

A,B,C no axial compressive loads,

. D,E, F axial compressive loads equal to half of the critical buckling load of the
' beam are applied at the ends of the beam.

Since the purposes of this study are to determine whether the secondary stiffening effects
~ are significant, only two load cases were investigated, in order to illustrate any effects
- that the axial compressive force effects may have on response. An axial compressive load
equal to half the critical buckling load of the beam is a representative value, from which
tentative conclusions may be drawn. The other case is for zero axial loads. The inclusion
of the pinned cases (C, F) is to show the upper bounds of the ranges of the secondary
stiffening effects for the different values of the axial compressive load. Similarly, the
purely simply-supported cases (B, E) are included to show the lower bounds of these
ranges. These lower bounds are in fact the simply-supported midspan stiffnesses used
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in the formulation described in Chapter 2.5. The simply-supported cases with springs
to simulate the axial effects of the rest of the structure (A, D), illustrate the secondary
stiffening effects, and do fall within the ranges specified by the upper and lower bounds.

'2.6.2 Material and Cross-Section Data

A guide from President Steyn Shaft #4 Compartment #5 was used for this study. The
cross-section is a top-hat section with the following material and section properties:

Young’s Modulus E =200 GPa

Poisson’s Ratio v =203

Length £ =6.096 m
Cross-sectional Area A =7.313x 1073 m?
Second Moment of Area I =10.135 x 10~ m?.

The stiffness of the springs used to simulate the continuous structure was obtained from
a frame analysis [15] involving several layers of the shaft steelwork which are linked
together by the guides. A spring stiffness of k, = 49145 kN/m was used.

Large displacement analyses of the various beam configurations were performed, using
the commercial nonlinear finite element program ABAQUS [12], to obtain the relation-
ships between lateral forces applied at midspan and the corresponding displacements.
The gradients of the resulting force-displacement curves are simply the midspan stiff-
nesses of the various beam configurations.

2.6.3 Results of the Sensitivify Study

The force-displacement curves obtained from the large displacement analyses are now
discussed. Initially, a global view of these force-displacement curves is presented to show
the overall trends of the various beam configurations. The beams were allowed to deflect
to one tenth of their original length, which are unrealistically large deflections. The
reason for this is to clearly show the global trends. Secondly, the results in the region
of interest are discussed. The results for a displacement value of 0.122 m have been
chosen for discussion as this corresponds with the maximum lateral displacement that
the guide undergoes according to the original formulation for p = 0.5, see Chapter 2.4.

Global Perspective of Results

The secondary stiffening effects are clearly evident in Figure 2.19. The two curves for
the pinned cases (C for p = 0.0 and F for p = 0.5) are upper bounds of the secondary
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Figure 2.19: Force-Displacement Curve Exhibiting Secondary Stiffening

2

stiffening effects for the respective axial compressive forces. The lower bounds are given
by the straight lines for the simply-supported cases (B for p = 0.0 and E for p = 0.5).
These curves are the midspan stiffnesses of the guide in the simplified formulation
discussed in Chapter 2.6, and are linear relationships between the midspan applied
forces and resultant displacements. The actual stiffnesses of the guides lie between
these two sets of curves. The two curves with the axial springs included to simulate
the continuity of the structure (A for p = 0.0 and D for p = 0.5) fall within the upper
and lower bounds, and are initially asymptotic to the linear curves. This result was
expected since the secondary effects only influence the response of the structure when
the deflections of the beam are finite.

Results in Relevant Range

At a displacement of 0.122 m, the force in the guide (at midspan) is 52 kN for the

formulation used by SDRC [26], 26 kN for the solution discussed in Chapter 2.5 of this

thesis, and 41 kN when the secondary stiffening effects are included. The corresponding

stiffnesses are 430 kN/m, 215 kN/m and 336 kN/m respectively when the beam has

displaced by 0.122 m. Curve D originally starts off asymptotic to the simply-supported

case while the displacements are still small, but when the displacements become larger,
it diverges exhibiting the nonlinear secondary stiffening effects.
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Figure 2.20: Force-Displacement Curve Exhibiting Secondary Stiffening

This thesis includes the effects of axial compressive forces in the guide, in effect the
formulation now uses the stiffness of curve E, shown in Figure 2.20, instead of curve B for
p = 0.5 for the guide midspan stiffness. The inclusion of secondary stiffening (curve D)
shows that the formulation in this thesis appears to be too conservative. Therefore the

inclusion of secondary stlffenmg is less conservative than the formulation discussed in
Chapter 2.5.

2.6.4 Numerical Example of an Actual Case

A numerical example is presented to illustrate the effects of the nonlinear secondary
stiffening on slamming. The same data (President Steyn No. 4 Shaft) was used as
for the previous numerical studies to facilitate compa,rlsons The d1mens1onless guide
stiffness (using the simplified formulation of Chapter 2.5) is:

P = [£+0-87 + 16 -e7]”

where ™ = (—l:kb—-

T and k, is the midspan stiffness of the simply supported guide.

Therefore, to include the effects of secondary stiffening, the value of kg must be modified.
Since the relationship between the midspan force and the corresponding displacement is
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nonlinear and is a function of the displacement, an iterative process is used to determine
the response of the skip. A predictor-corrector type of solution strategy is employed,
where a prediction of the skip force is made using a linear force-displacement relationship
for a simply-supported beam. This force is added to that due to the bunton stiffness.
This force is used to determine an improved estimate of the stiffness, based on the
nonlinear force-displacement relationship obtained from ABAQUS, which in turn is used
to calculate a new skip force. The two values of the skip force are compared and if the
difference is not less than a specified tolerance, the new force is used to determine an even
better estimate of the stiffness, and so on, until convergence is achieved. Approximately
three to four iterations were required at each timestep to converge.

2.6.5 Comparison of Results

The results are presented in the same manner as those presented in Chapter 2.4, where
only the maximum guide deflections and skip forces versus initial impact position &,
are used to illustrate these second order effects. The effects of secondary stiffening are
clearly illustrated, which is what the intention of this study is.

The inclusion of secondary stiffening is justified for the cases of high p-ratios, where
there is a marked difference between the results using a linear midspan stiffness versus
those using the nonlinear relationship. The results for several cases are presented in
Table 2.7. The maximum values of the results are given along with the initial impact
position which causes the maximum value. ‘

Linear Non-Linear .
_ p=00|p=05|p=09|p=00|p=05|p=0.9
Guide Deflection [  5.59 7.70 14.51 5.57 6.73 8.67

Q & 0.35 0.25 0.10 0.30 0.30 0.20
Skip Force 1.60.| - 2,53 | 11.22 1.53 1.70 1.92
Q & 0.80 0.65 0.15 0.80 0.75 0.70

Table 2.7: Secondary Stiffening Sensitivity Analysis

2.6.6 Conclusions

A study of secondary stiffening effects has been presented and it has been shown that
these secondary stiffening effects could make the solution less conservative. As this
aspect was not included in the objectives of this thesis, no mathematical model to
include these effects has been presented, but the results for the specific example above
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do indicate the need for second order effects to be investigated more thoroughly in
future.
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2.7 Conclusions

From the results of the formulation of a model to describe the slamming event, dis-
cussed in Chapter 2.4, it is evident that the axial compressive forces in the guides,
induced by the shaft wall strains, do reduce the lateral stiffness of these guides. The
results for the maximum forces, bending moments, displacements and velocities (all for
a particular case) are amplified when this axial compressive force is present. A simpli-
fied analysis, suggested by Greenway [9)], is described and the results when compared
to the previous set of results (for the same case), exhibit errors of up to 20%. If these
errors are acceptable, bearing in mind that the results obtained are all conservative, this
simplified formulation can be used in further calculations. Contour plots are included
for calculations of the maximum bunton forces and the impact energy magnification
factors; or Greenway’s [8] contour plots can be used with the modification discussed in
Chapter 2.5.3.

One of the primary assumptions in the analysis was that the guide undergoes only small
displacements. As a result, the effects of second order deformations causing stiffening,
which arise when the structure is allowed to undergo finite deformations, have been
ignored. It has been shown that these stiffening effects could reduce the overall forces
in the system, and therefore the severity of the slamming that the skip experiences could
be reduced. Studies of these second order deformations have been done by Martin [18],
and it-is an aspect which should be investigated in the future.



3 System Behaviour with Guide Rollers

3.1 Introduction

During hoisting or lowering of the skip in the shaft, transverse motions of the skip
due to the guide misalignments are resisted by guides running the length of the shaft.
The inertial forces of the skip are transmitted to the guides by means of impacts. The
energy may either be transferred via a rigid body impact, i.e. slamming as discussed
in Chapter 2, or through flexible rollers on the skip. Previous research treated the
two mechanisms as two separate events, providing an upper and a lower bound to the
response of the skip to the guide misalignment. In this section, the system behaviour
while the guide rollers are active is discussed, with the capability of rigid body impacts
included.

A mathematical model is formulated in Chapter 3.2 to describe the dynamic behaviour
of the skip when the skip rollers are active. The effects of axial compressive forces on
the guides are included by adding geometric stiffness terms to the bending stiffnesses of
the guides. The displacement method is employed to evaluate the forces in the rollers,
and hence the response of the skip. In Chapter 3.3, the numerical solution of the
governing equations of motion of the model are discussed where a predictor-corrector
solution strategy [20] is used. The numerical implementation of the model in a computer
program is also discussed. Results for various situations are presented in Chapter 3.4,
where simple bump tests are performed to verify the model. Results are also presented
using actual mine shaft data.
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Figure 3.1: System to be Modelled

3.2 Analytical Model
3.2.1 Components to be Modelled

The system chosen to model the response of the skip numerically is shown in Figure 3.1.

" A global Cartesian coordinate system is used to describe the motions of the skip, where

the X-axis is in the vertical direction of the shaft and the Y-axis is in the horizontal
direction. There are four fundamental components in this system which need to be
modelled: '

(a) The skip is modelled as a rigid body with mass m and mass moment of inertia I5.

~(b) The guides are modelled as massless beams with properties E, I, A, where E
is Young’s Modulus, I is the second moment of area of the cross-section and
A is the cross-sectional area. In reality, the guides are continuous, but in this
thesis they are modelled as repetitive sections of a five-span beam, supported
periodically by buntons at intervals of I. The guides are constituted of several
lengths spliced by means of a fish plate in every second span, but for the purposes
of this thesis, they are modelled as being prismatic. The guide misalignments
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are quadratically interpolated between known misalignments at the buntons, and
any discontinuities due to the interpolations will be limited to the midspan of the
guide. The reason is that since the guide stiffness is lowest at midpsan, any effects
due to the discontinuities will be minimised.

(¢) The buntons are modelled as linear springs giving a lateral support to the guide
periodically at intervals of [.

(d) The rollers are modelled as piecewise non-linear, damped springs. The rollers
may be offset to allow for an initial preload.

Certain assumptions are made in the development of the mathematical model of the
response of the skip. As stated previously, the skip is modelled as a rigid body, where
this assumption was discussed by earlier researchers [29]. No out of plane motions are
considered in this thesis, so only the response in the global X- and Y-axes is analysed.
The skip travels with a constant vertical speed v, i.e. in the global X-direction, and
this fact is utilised in the analysis by having a moving local reference frame based on
the vertical position of the skip. '

3.2.2 Elements of the Model

The centre of gravity of the skip is a distance [; from the top of the skip in the global
X-direction, where [; is generally taken to be equal to 0.6h (A = height of the skip),
and half the width of the skip in the global Y-direction. Since only motions in the
X — Y plane are considered in the thesis, only two degrees of freedom are used to
describe the motion of the skip. They are defined at the centre of gravity of the skip,
and are the translation d and rotation §. The positive sign convention that has been
used is shown in Figure 3.1.

The continuous guide is modelled as repetitive sections of a five-span beam, rather than
considering the complete guide in the model, as illustrated in Figure 3.2. Since the
guides are continuous, the possibility of the two rollers on the same side of the skip
being in contact with the same guide exists, and therefore the forces in these two rollers
are coupled. The choice of five spans allows all possible combinations of position of the
coupled forces acting on the guide to be modelled at any instant in time as well as the
future inclusion of splices in the guides in alternate spans. The misalignment of the
guides is quadratically interpolated between the misalignment of the buntons, where
any discontinuities due to the interpolation are limited to the midspan of the guides.

The presence of axial compressive forces in the guides causes the guides to soften, i.e. the
lateral stiffness of the guides is decreased. This reduction in stiffness is accounted for
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Figure 3.2: Repetitive Five-Span Beam Model

by including the geometric element stiffness matrix when the forces due to imposed
displacements are to be calculated, where this geometric stiffness matrix is a function of
the axial compressive loads and the length of the guide spans. Because of the continuity
of the guide, boundary conditions have to be applied to simulate the effect of the rest
of the structure at the ends of the five span beam. These are included as axial and
rotational springs, with stiffnesses k., and k., respectively, as illustrated in Figure 3.3.

The bunton to guide connection is modelled as a pin joint; with no rotational stiffness
provided by the buntons. This assumption is valid since this closely models configura-
tions which are found in practice. In addition, it is assumed that the buntons provide
‘no longitudinal stiffness to the guide. The buntons supporting the guide at intervals of
I are therefore modelled as springs with lateral stiffnesses of k;, as shown in Figure 3.3.

The rollers have non-linear force-displacement and force-velocity relationships, where
these non-linear relationships are assumed to be piecewise linear, as illustrated in Fig-
ure 3.4. The spring, which is used to model the force-displacement relationship, has zero
stiffness when there is no contact between the roller and the guide, or it is of infinite
stiffness (very large as an infinite value is difficult to include numerically) for the case
of the roller bottoming out, i.e. when the roller spring reaches the end of its travel.
Two intermediate stiffness values are permitted in the model, allowing for a non-linear
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Figure 3.3: Boundary Conditions and Supports for the Continuous Beam

stiffness while the roller is in contact with the guide. The dashpot, which is used to
- model the force-velocity relationship, either has a constant damping coefficient ¢, when
the relative velocity across the roller is positive, else the damping coefficient is zero for
a non-positive relative velocity across the roller.

3.2.3 Formulation of the Problém

In order to model the system illustrated in Figure 3.1, the various elements of the
model have to be included. The translational stiffnesses of the guide and the buntons
are combined to give an ‘effective’ stiffness for the guide, at the point where the roller
is acting, which is represented by a translational spring with a stiffness coefficient of
k.. Therefore at each corner 7 of the skip there is a translational spring, with a stiffness
coefficient of k.; (¢ = 1,2,3,4). The roller is modelled using a translational spring
representing the non-linear roller stiffness k,;, and a dashpot representing the non-
linear roller damping coefficient ¢,;. Since these two components are modelling the
same element, i.e. the skip roller, they may be envisaged as acting in parallel with
one another. Finally, this parallel combination is modelled as acting is series with the
translational spring representing the guide and buntons. The combinations of these
elements are illustrated in Figure 3.5 for clarity.
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Figure 3.4: Piecewise Non-Linear Roller Relationships

The internal forces of the components of the rollers introduced above may be seen as
forces acting on the skip. The skip therefore experiences a force at each of its corners,
where a local y-axis is now employed at each corner. The forces are taken as being
positive when acting towards the skip, see Figure 3.6, and due to the continuity of the
guide, the forces on the same side of the skip are coupled when they are both in contact
with the guide.

The equations of motion for the system are as follows:
md+F, =0 (3.1)
and

I+ F, =0 | ' (3.2)

where Fy = —fi+ fo— fa+ fa
and Fp=(fi— f2)lh — (fs — fa)la.

and are non-linear because of the force-displacement relationships for the rollers.



3 SYSTEM BEHAVIOUR WITH GUIDE ROLLERS

ooy —

h

I

Figure 3.5: Skip Showing Modelling Components at Each Corner

h fa
¢

, d

NN T
CG

fa fa

I

Iy

Figure 3.6: System Showing Forces at Each Corner

89



3 SYSTEM BEHAVIOUR WITH GUIDE ROLLERS v 60

Datum Line

. Original
L “ Position

ycfue :

|
|
J
|
l
I
|
l O f%ji—
|
|
l
I
|
l

c Corner i
2

—_— Y

Figure 3.7: Typical Configuration at a Corner

The force in roller i, f.; , is a function of the displacements d and 6, the velocities d
and 6, as well as the coupling effects of skip forces on the same guide. To determine
these forces, the actual deflections of the guide at the position of roller :, u.;, have to
be determined.

Initially, the case for contact between the roller and the guide will be considered. The
- configuration for a typical corner (as shown in Figure 3.7) is used to determine the
- deflection of the guide u.;, at corner i. ‘

Uei = Ui — Ye,i
or
Yei = Ui — Ueyi (3.3)

where y.; is the ‘point of contact’ between the roller and the guide
and g; 1is the original position of the guide before impact.

In order to determine this point of contact y.i, the displacement across the roller i is
used. This is defined as: »
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Urs = yr,i* — Yri
where the value y,;* is introduced as the initial length of the roller, i.e. when the force

in the roller is zero. The length of the roller when it is compressed y,, is subtracted
from this initial length to give the displacement u,; of the roller.

From Figure 3.7, the length of the roller when it is compressed is defined as:
Yri = Ys,i — Yeii

and the position of corner ¢ of the skip is defined as:
Ysi = Yo,i — Usyi

where y,; is the original position of corner ¢ from the datum
and u,; is the displacement of the skip corner :.

The displacements of the corners of the skip can be determined geometrically from the
degrees of freedom as follows: ’

us,y = d—-14L6
us2 = —d+14L6
us3 = d+10,0
lus,4 = —d-10 » (3.4)

where € is assumed to be small.

Therefore the displacement in roller : is:
Up s = yr,i* — Yo, + Ug,i + Ye,i ) (35)

- Substituting the value of y.; from equation (3.3) into equation (3.5), yields an expression
for the displacement of the roller as follows:

Upi = Yri" = Yoi + Ui + Usyi — Ueyi (3.6)

The displacement method was used to obtain the solution of the five span beam. Two
two-noded beam elements were used with three degrees of freedom at each node (an
axial translation, a lateral translation and a rotation) to model each span of the guide.
Each span is divided into two elements so that the roller displaceménts may always
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- correspond to a degree of freedom at a node. Therefore, in each span of the guide, there
is a ‘floating’ node which corresponds to the position of the skip corner. The length
of these two beam elements are subject to a certain tolerance, since a beam element
which is very short, could lead to numerical problems. Therefore, if the position of a
floating node is within a specified minimum distance from a bunton, the floating node
is relocated at midspan, and the skip corner is deemed to act at the position of the
bunton. It should be noted that the floating node is assumed stationary, i.e. the skip
is not moving, during a time-step while numerically solving the equations of motions.
This is justified since small time-steps are used.

Since the guide misalignment §; has been accounted for in the calculation of the of
the roller displacement, see equation (3.6), straight beam sections can be used, hence
simplifying the mathematics. Due to the possibility of axial compressive forces occurring
in the guides, buckling may occur. These large displacements are accounted for by
adding a geometric stiffness matrix to the elastic stiffness matrix [1,3,4].

For each element, there is a 6-by-6 stiffness matrix, and when the global stiffness matrix
is assembled, a 33-by-33 system of equations has to be solved, since each guide span
is divided into two beam elements, i.e. a total of ten beam elements is used to model
the guide. This system of equations can be reduced to a two degree of freedom system
using static condensation [2,5]. These two degrees of freedom are chosen to be the
lateral displacements of the guide corresponding to the coupled skip forces which need
to be calculated. A more detailed description including a formulation of the element
stiffness matrices is given in Appendix D. The process of static condensation yields the
following coupled set of equations (only the guide with rollers 1 and 3 acting on it is
considered for the formulation, the equivalent process is performed on the other guide,
i.e. the guide with rollers 2 and 4 acting on it):

kn ks Ue,1 - fra ’
o= ’ 3.7
[ kar kaz | | Ues fra ' (37)
In equation (3.7), a coupled relationship between the forces in the rollers has Been
derived in terms of the displacements of the guides. The force in roller z is defined as:

fri=krite; + Crityi (3.8)

The relative velocity across the roller %, ; is expressed in terms of the displacements
using a backward difference approximation. The velocity is evaluated in terms of the
displacements at the previous and present time-steps, n and n+1 respectively, as follows:

['n+1] _ (u[n+l] ["])/At (3.9)
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Substituting equations (3.6) and (3.9) into equation (3.8), gives an express1on for the
roller force at time-step n + 1:

f[n+1] — kr,i {y;,i* — You + y[n+l] + u[n+1] En'+l]
2= al) + (= old) - (-l

If this relationship is used in equation (3.7), and the guide displacement terms u["H]

are taken across to the left hand side of the equation, the following set of equa.tlons,
which can be used to solve for u, "H] , are obtained:

kn® ks [enl+1] — kr,luk,l + %’tluc,l (3 10)
k3 ka3 E’f“] krsuks + F2ucs '

where ki* = ki + ki + 58

Uk, = yr,: = Yo,i + y["H] +u [n+1]

and  ue; = (g'[n+l] _ yEn]) + (u[nﬁ-ll [n]) + UE.»";]

3,1

[n+ 1] [n+ ]

These values of u, and U,

are substituted back into equation (3.7) to obtain the
coupled forces in the rollers. '

The above procedure is only valid for the case when there is contact between the roller
and the guide, and the rollers have not bottomed out.

For the case when there is no contact between the roller and the guide, the forces in the
roller spring and dashpot are zero, i.e. when:

{vr i = you + 9" + a1 - ["“]} <0

and for the case when the relative velocity in the dashpot is non-positive, the force in
the roller dashpot is zero, i.e. when:

LA = ) (- o) - (o5 - o)} <0

Finally, for the case when the roller bottoms out, there is a rigid impact, i.e. the spring
has an ‘infinite’ stiffness. This occurs when:
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_ _{yo,i — gt uE,j‘,*ll +'u£’ff1]} <0

t

The forces f,[:‘l“] and f,[f},“] are substituted back into the equations of motion (equa-
tions (3.1) and (3.2)), to obtain the displacements, velocities and accelerations of the

degrees of freedom d and 8 at time-step n + 1.
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3.3 Numerical Implementation

A discussion of the time-stepping scheme employed is presented, and summarised in a
tabular form. The calculation of the critical time-step for the explicit time integration
is presented, as well as the implementation of the model into a computer program.

3.3.1 Predictor-Corrector Method

The forces f["+1] are used to calculate the degrees of freedom d and 6 from the equa-
tions of motion (equations (3.1) and (3.2)). These degrees of freedom are required in

[ +1 l'in equation (3.4), which are in turn used

the calculation of the displacements uy
to calculate the forces f["H]. Therefore, the degrees of freedom are in fact functions
of themselves. A time integration algorithm as suggested by Hughes [13] is employed,
where a predictor-corrector method is used, allowing an ‘explicit’ solution to be per-
formed. This predictor-corrector method allows the stiffness and damping terms to be
written in terms of explicit predictors. The solution is trivial if the mass matrix is di-
agonal, and hence the solution is simplified extensively. It is computationally desirable
to use an explicit method, since no iteration within a time-step is required to achieve
equilibrium. Another reason for the choice of this specific method, is that it is simple

to convert it to a fully implicit time integration scheme if so required.

The equations of motion (equations (3.1) and (3.2)) are written in matrix form for
clarity:

Md +p(d,d)=f ' | (3.11)

where M is the mass matrix of the system which is symmetric, diagonal and positive-

definite:
m 0
m=[7 7]

p is the internal force vector of the system due to displacements and velocities:

p={7)

f is the external force vector of the system due to externally applied loading (which do
not exist in the model presented in this thesis):

r={%)
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d is the acceleration vector of the system:

The initial value problem for equation (3.11) involves finding the displacements d =" d(tl"),
satisfying both the equations of motion (equation (3.11)) and the given initial data:

d(0) = d, d(0) = v

The Newmark family [19] of time integration schemes are widely used and will be used
here for the solution of the equations of motion, equation (3.11). The Newmark method
- consists of the following difference equations:

Mal" 1 4 p(dlr+1, plr+lly = gintil (3.12)

dirtll = di 4 Agol 4 A7’52{(1 —2B)al + 2Bal++1} (3.13)
a;ld

oIt =yl 4 AL{(1 - y)al + yal" 1]} (3.14)

where d”), v[" and al" are the approximations of d(l"), d(t") and d(t!™) respectively,
and equation (3.12) is the equation of motion in terms of the approximate solution at
time t["*1, The Newmark parameters # and 7 determine the stability and accuracy of
the algorithm.

The mass matrix M is diagonal and an explicit Newmark algorithm suggested by
Hughes {13] is used. A reason for the choice of this method is that it is simple to
implement, and can easily be adapted to a full implicit scheme if need be. The method
is expressed in the form of a predictor-corrector algorithm, and the calculation is now
explicit since predicted values are used from information given in the previous time step.
- Therefore equation (3.12) can be rewritten as:
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Malr+1l +p(fi["+1],f>["+”) = flr+1] (3.15)

where ™! and &1 are predicted values of the approximations d**Y and vl+1]

respectively. The predicted values are defined as:

dirt110 — gt _ glel | Aggln) 4 é‘—‘;—-(l ~28)al" (3.16)

plrt10 — gint1] — oln] 4 At(1 — 7)a["] (3.17)
and

a[n+l],0 — 0 _ (318)

Equations (3.13) and (3.14) can then be rewritten as:

din+in — giv+il At2Balmt1 | (3.19)
and | |

v[n+1],1v= 51 L Agyalnt] ' (3.20)
To start the time integration algorithm, al? is calcuiated froxﬁ:

Mall = f ~ p(dl°1,§l°l) (3.21)
or it may be specified directly a p?’“iOTi. |
- The predictor values are calculated (equations (3.16) to (3.18)) and and are used to

form the vector of internal forces p from equation (3.7) in Chapter 3.2. The ‘residual’
force vector P{"t10 a5 follows is then calculated as follows:

P10 — f[n+1] _ p(d[n+l],0,,v[n+l],0) (3.22)
and the system to be solved is:

Malrt1) = gplnt1l0 o - - (3.23)
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Equation (3.19) can be rewritten as:

[n+1],0
gt = A

A5 (3.24)

where:

Adn+110 = gintla _ giv+ll

Therefore, from equations (3.24) and (3.23), the following set of linear equations are
obtained: )

M
At

AdIHHIO = i+l (3.25)

The original problem has now been reduced to an ‘effective’ static problem, and an
‘effective stiffness’ term K™ is identified as follows:

K*Ad[n+l]'0 — .¢,[ﬂ+1]-0 ' (326)

where:
o M
At
Since the mass matrix M does not change, K* only needs to be formed once, and can
therefore be done prior to the commencement of the time integration.

The system of equations in the ‘effective static problem’ (equation (3.26)) can now be
solved, and since the mass matrix M is diagonal, the system of equations is uncoupled,
- and hence the solution is trivial. The solution yields a vector of incremental displace-
ments Ad™*'° which are used to correct the initial predictions of the response of the
‘system. In this corrector phase, the following values are set: ‘

din+1l1 = gint1lo | A gin+1l0 , (3.27)
g1t — [d[n+1].l _ d[ﬂ+1],0] /(AE28) (3.28)

and
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ol b = 10 4 A gy glntil o (3.29)

Finally, the values at time-step n + 1 are set equal to the corrector values that were
calculated in equations (3.27) to (3.29):

dlrtl = gint+ill (3.30)
' ,v[n+1] — ,v[n+1],1 (3_31)

and
gl = glila | (3.32)

'f‘hese values of the response, d["“], v[**1 and al**] are then used to predict the
response at the next time-step. Set n = n + 1, form the new internal force vector p
and begin the next time-step. A summary of the predictor-corrector time integration
algorithm is given in Table 3.1 [20].
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Table 3.1: Explicit Predictor-Corrector Algorithm

Begin predictor phase by setting

d[n+1],0 — a[n+1] — d.[n] + Atvli + Ath(l _ 2,3)(1["] (1)
v 110 = it = lnl 4 Ag(1 — y)al™! (ii)
al*t10 = g, (iii)
Evaluate the residual forces using the equation
¢[n+1],0 — f[n+1] _ p(d["+1]'°, ,v[n-{-l],O). (iv)
If required, form the ‘effective’ stiffness matrix using the expression
K* = M /(At?B). (v)

Note that as the mass matrix M does not change K* will be formed once only.
Solve the following set of equations (trivial if M is diagonal)

K*AdPH110 = opln+110, (vi)
Enter the corrector phase and set
dir+il = gint1lo 4 A gint1]o (vii)
aln+ld — [d[n+1],1 _ d["+1]'°] /(A26) (viii)
plrtIhl — o110 | Apygiitill (ix)
Set , dir+l = gintil (x)
i+l = plr+1ln (xi)
alntll = gln+1l1, : (xii)

Calculate p for use in the next time step. Set n = n + 1 and goto step 1.
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3.3.2 Critical Time-Step

Since the predictor-corrector time-stepping scheme employed to perform the transient
analyses is explicit, a condition is placed on the size of time-step chosen in order to
achieve stability, i.e. it is conditionally stable. For the case where v = %, the critical
time-step may be written as:

Atcrit = 2/wmax

where wmay is the maximum frequency of the system.

Since it is difficult to accurately determine all of the frequencies of a system, it has
been shown [2] that the highest frequency of any element of the system, considered
individually, is an upper bound to the frequencies of the system. Hence, taking a
bunton stiffness of k, = 26330 kN/m, a skip length of A = 12.192 m, a mass moment
of inertia of Ig = 386 x 10° kg-m?, the highest natural frequency of the system is:

ky(h/2)?

Wmax = IG/4

100.695 1/s

Q

This yields a critical time-step of:
Ateit = 0.02 s

Therefore, for the chosen time-stepping algorithm, a time-step of less than 0.02 s is
‘required to achieve stability in the algorithm for the above system.

3.3.3 Program SKIPDYN

A computer program called SKIPDYN ({22] was developed in order to perform the
analysis described in Chapter 3.2. The program was written in FORTRAN 77, and
implemented on a DEC MicroVAX II. -
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3.4 Results of Numerical Modelling
3.4.1 Introduction

Two types of results are presented, namely bump tests where straight guides with
uniform bumps are used to excite the model are used to verify the model, and results
for an actual mine shaft. The bump tests are included in order to compare results with
those obtained by SDRC [26], for the case of zero axial compressive loads. These simple
bump tests permit an otherwise complex problem to be simplified in order to understand
the basic mechanics and responses of the system, whereas results using actual mine shaft
- guide misalignment data give a feel of the magnitudes of the various responses of the
system. Results are presented graphically, where the responses of the skip are plotted
against time. The responses that are presented are the translation and rotation of the
centre of gravity of the skip, as well as the forces at the four corners of the skip. Only
the translation of the centre of gravity of the skip and the forces at a corner of the skip
are discussed here, while all of the results are presented in Appendix E. Two cases of the
axial compressive forces on the guides being zero and equal to half the critical (Euler)
buckling loads of a simply supported beam with the same properties are investigated to
illustrate the effects of the axial compressive loads.

3.4.2 Bump Tests

The response of the skip as it travels over a single bump (or two bumps), with guide-
misalignments as illustrated in Figures 3.8 and 3.9, is presented. The purpose of the
bump tests is to achieve confidence with the model in order to analyse more complex
situations. The following parameters are chosen in order to compare the response to
the results obtained by SDRC [26] (data from President Steyn Gold Mine No. 4 Shaft):

Parameter Value
Roller Stiffness 483 kN/m
Roller Damping 5% of Critical Damping
Skip Mass (m) _ 280t
Skip Mass Moment of Inertia (Ig) 386 x 103 kg-m?
Skip Velocity (vs) 15.2 m/s
Young’s Modulus (E) 200 GPa
Guide Section Moment of Inertia ()  10.1 x 107 m*
Guide Cross-sectional Area (A) 7.213 x 1073 m?
Bunton Spacing ({) ‘ 6.10 m

Bunton Stiffness (k) 26.33 MN/m
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Figure 3.8: Guide Misalignment for Single Bump Test

Skip Length (k) 12.192 m
Distance to Skip Centre of Gravity 0.6 h
Skip to Guide Clearance 12 mm

The results for zero axial compressive forces in the guides compare reasonably well with
those in the SDRC report [26], where the general shape of the curves conform to those
obtained by the SDRC, and the maxima are of the same order. Differences in the results
can be accredited to the fact that neither the exact nature of the SDRC model, nor the
exact input data, was known. Due to the damping in the rollers, the responses of the
skip tend to attenuate.

The inclusion of axial compressive forces in the guides cause the guides to soften, hence
affecting the responses of the skip. For the the bump tests, there are no significant
differences for the results between zero axial compressive loads and those for half of the
critical buckling loads of the guides. Generally, the responses are of the same magnitude,
so that the inclusion of axial compressive loads does not appear to affect the response
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of the system significantly. It must be pointed out, however, that the results are for

“a limited set of examples only, and a complete spectrum of different shaft steelwork
configurations should be evaluated in order to make proper conclusions. However, this
does not fall within the bounds of the objectives of this thesis.

To check the magnitudes of the response, the design curves in the SDRC Design Guide-
lines [27] were used. Using the data from the President Steyn No. 4 Shaft, with a guide
misalignment of 1 mm, a roller force of 0.89 kN and a skip displacement of 1.85 mm
were calculated. The maxima obtained in the double bump tests, see Figures 3.12 and
3.13, are 0.98 kN and 1.61 mm respectively. The discrepencies are 10.1% and 13.0% for
the roller forces and the skip displacements respectively. Based upon these observations,
the stage has been reached where the model may be used with confidence in predicting
the response of a skip to guide misalignments for actual mine shaft data.

The results presented in Figures 3.10 to 3.13 show the response of the skip versus time.
As stated previously, only the results for the translation of the centre of gravity of the
skip and the force at a corner of the skip have been presented here, and the rest of the
results are given in Appendix E.
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3.4.3 General Tests

The response of the skip to a general set of misalignment data is now presented, where
data from the President Steyn No. 4 Shaft was used [17]. The following parameters are
used in the calculation of the response of the skip:

Parameter Value
Roller Stiffness 483 kN/m
Roller Damping 5% of Critical Damping
Skip Mass (m) . 289t
Skip Mass Moment of Inertia (Ig) 386 x 103 kg-m?
Skip Velocity (v,) 15.2 m/s
Young’s Modulus (E) 200 GPa
Guide Section Moment of Inertia (I)  10.1 x 10~® m*
Guide Cross-sectional Area (A) 7.213 x 1073 m?
Bunton Spacing ({) 6.10 m
Bunton Stiffness (k) 26.33 MN/m
Skip Length (h) ' 10.668 m
Distance to Skip Centre of Gravity 0.6 A~
Skip to Guide Clearance 12 mm
Skip Roller Preload 100 N

Due to the length of the shaft, it is not possible to show a complete set of results.
Instead, 7.2 s (18 guide spans) of the skip moving in the shaft has been presented,
which represents 18 guide spans or approximately 110 m of the shaft. It is also difficult
to make a direct comparison of the results with any previously obtained results [11,26],
since the response is sensitive to starting conditions and actual misalignment data, and
the way in which the misalignment data is interpretted. The magnitudes of the results
give a good idea of the forces and displacements taking place under operating conditions.

The design curves in the SDRC Design Guidelines Report [27] are used as a check of -
the validity of the results. Using the data from the President Steyn No. 4 Shaft, and
initially assuming the shaft to be a category B (average) shaft, a roller force of 13.4 kN
and a skip displacement of 11 mm were calculated. Since the shaft under consideration
is known to be a problem shaft, the same analysis is performed using the criteria for a
category C shaft. The corresponding values are 26.8 kN and 22 mm.

The following results were obtained numerically. A maximum skip displacement of ap-
proximately 18 mm was obtained for the case when p = 0.0. This value falls within the
range of the two values calculated using the design guidelines, namely 11 and 22 mm.
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The force at the top corners of the skip fall into two categories. Either they are ap-
proximately 14 kN, or they are about 30 kN. These two forces agree with the values
calculated using the design guidelines. The skip displacements are illustrated in Fig-
ure 3.14, while the forces at the top left corner of the skip (E side) are illustrated in
Figure 3.15. The bunton are located at the tick marks on the time scales, and the
misalignment for the left guide, i.e. the E side guide according to the SDRC [26] report,
is illustrated in Figure E.23. It should be noted that the maximum force in a roller is
governed by the skip to guide clearance, i.e. 12 mm, and therefore the maximum force is
5.796 kN. Any forces in excess of this value, are forces that are due to the slipper plates
being in contact with the guide. A complete set of results for the President Steyn Gold
Mine No. 4 Shaft is presented in Appendix E.

The displacements and the forces at the corners of the skip appear to behave periodically.
The period is approximately two guide spans, and since the skip has a vertical speed
of 15.2 m/s and the guide span is 6.1 m, the time period is approximately 0.8 s. This
converts to a frequency of 1.25 peaks per second. The bunton passing frequency is 2.5
buntons per second, which is twice the frequency of the skip response. This scenario
was identified by the SDRC [25,26] as a resonance state, hence the magnitudes of the
forces and displacements are expected to be large.

The inclusion of axial compressive forces in the guides cause the guides to soften, hence
- affecting the responses of the skip. For these specific examples, there are no significant
differences for the translations and the rotations of the centre of gravity of the skip for
axial compressive loads of zero and half of the critical buckling loads of the guides. There
is an amplification of forces at the corners of the skip of approximately 17%. Therefore,
the inclusion of axial compressive loads does not appear to affect the displacements
* of the system significantly, but there is a significant increase in the magnitudes of the
skip corner forces. It must be pointed out again, however, that the results are for one
case only and for only 150 m of the shaft, and a complete spectrum of different shaft
steelwork configurations should be analysed in order to make meaningful conclusions.
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3.5 Conclusions

A model has been presented to simulate the response of a mine skip to lateral excitation
due to misalignments of the guides while skip rollers are active, but the capability of
allowing the skip rollers to bottom out has been included. The effects of axial loading
have been accounted for in the model by including a geometric stiffness matrix which is
a function of the axial load in the formulation. Bump tests were performed in order to
verify the model and to achieve confidence in the results. An example using data from
an actual mine shaft (President Steyn Gold Mine No. 4 Shaft) is presented to show the
effects of the axial load under practical conditions.

From the results of the model, discussed in Chapter 3.4, it is evident that the axial
compressive forces in the guides, induced by the shaft wall strains, do not have a large
effect on the response of the skip. In the bump test examples, the response is actually
reduced, while for the practical example, the results for the maximum forces at the
corners of the skip are slightly amplified when this axial compressive force is present.
While it appears that axial compressive loads do not significantly influence the response
of the skip, it must be born in mind that the range of these test examples is limited,
and therefore a wider range of tests needs to be performed in order to state what the
effects of axial loads are on the response of the skip.



4 Summary

4.1 Introduction

Two models have been presented in the thesis to model the response of a mine skip as
it is laterally excited by misaligned guides while moving vertically in the shaft. The
lateral position of the skip in the shaft is generally maintained by flexible rollers acting
on the guides. For some reason or other these rollers may not be present and previous
researchers identified a phenomenon called slamming, which occurs when a corner of the
skip impacts a guide. The two scenarios which have been modelled are the slamming
event and the case where the rollers are operational, with the capability of allowing the
bottoming out of the skip rollers. This section summarises the two models presented
and gives conclusions and recommendations for further work. Possible future reasearch
areas are suggested, which include second order stiffening effects.
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4.2 Conclusions and Recommendations

It is evident that the axial compressive forces in the guides, induced by the shaft wall
strains, do reduce the lateral stiffness of the guides. The results for the maximum forces,
bending moments, displacements and velocities, in the slamming case, are amplified
when this axial compressive force is present. The results for the rollers operational case
are also affected when these axial compressive forces are present, but the effects are not
as prominent as in the slamming case. A wider range of tests needs to be performed in
order to state what the effects of axial loads are on the response of the skip with the
rollers operational. Since slamming is a severe event, and in terms of shaft steelwork
design it is the governing case for determining loading on the steelwork, the effects of the
axial compressive loads on the steelwork are emphasised. Therefore, in future designs
of shaft steelwork, cognisance should be made of the effects of these axial compressive
loads.

An exploratory study of the éffects of second order stiffening was carried out. Results
showed that for low values of p, the ratio of the axial compressive load to the critical
buckling load of the guide, the second order effects did not appear to have a marked
effect on the response of the skip. However, for high values of p, the response of the skip
is clearly reduced and it appears that the inclusion of these second order effects could
yield a less conservative response of the skip for the slamming analyses. The inclusion
of the second order effects in the formulation of the mathematical model is not trivial.
However, since the models presented in this thesis appear to yield results which are too -
conservative, more rigorous studies of these effects are justified. A better judgement
of whether these second order effects should be included in future models can then be
made.
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4.3 Scope for Future Work

Due to the severity of the slamming event, and the fact that it has been observed and
recorded in operating mine shafts, it is of prime importance that a thorough under-
standing of the event be acquired. The scope of this thesis was to include the axial
compressive loads in the formulation of a model for a single slamming event. In prac-
tice, however, a series of slamming events has been observed during a single hoist of the
skip in the shaft. This sustained slamming can lead to increased rebound velocities and
hence increased impact velocities in successive slamming events, causing responses that
cannot be predicted using the present models. An extension to the work presented in
this thesis should include the capability of analysing this phenomenon called sustained
slamming, although in principle, the present model should be able to analyse sustained
slamming,.

Second order stiffening effects were briefly discussed in Chapter 2.6, but only for the
‘slamming event. Since the study of these effects was only performed using a specific
example, as well as simplifying the problem extensively, a more rigorous approach might
be adopted in future analyses to verify the need for these secondary effects to be included
in the formulation of the slamming model. These second order effects should also be
investigated for the case when the skip rollers are active.

Another aspect which was not included in this thesis, are the effects of fish or splice
plates in the guides. Plastic deformations of these fish plates have been observed, and
in one shaft, most of the fish plates had yielded. Areas which could be investigated are
a study of the sensitivity of the locations of these guide joints, as well as the possibility
of other, more effective, types of guide joints.

Finally, more examples, which could include analyses of a large spectrum for different
shaft configurations and skip types, should be performed using the models presented in
‘this thesis. These analyses should be performed using data from shafts with extensive
test data in order to calibrate the model further. As stated in the discussions of the
results in Chapters 2.4 and 3.4, the tests were only performed for particular examples.
Further tests would enable a better understanding of the mechanics of skip vibrations,
as well as permitting more extensive conclusions to be made.
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A Fourier Series Sensitivity Analysis

Tests were performed to determine the sensitivity of the number of terms chosen in the
Fourier series approximation. For the case of one term versus three, the difference in the
dimensionless stiffness multipliers is never greater than 1.0%, while for the case of two
terms versus three, the difference is always less than 0.25%. Adding further terms did
not yield a significant increase in accuracy, and it was decided that two approximation
terms are sufficient. Tests were done for the following p ratios, p = 0.2, 0.4, 0.6, 0.8,
and the results were plotted on graphs of % variance of the dimensionless multiplier
f(€) (equation (2.21), Chapter 2.2.3) versus position.

The dimensionless stiffness multipiier is therefore taken as:

()] = €+ -8 +16re2(1—¢)
96 .
+r W—?smz(wﬁ) ﬁ

—r { %(25 _ 1)sin?(2¢)

+ 2261 = &) sin(ant) } =6 (A1)

The graphs shown in Figures A.1 to A.4, were used to determine the accuracy of the
Fourier approximation of the displacement due to the compressive axial loads. The
graphs exhibit plots of the approximations using 1 or 2 terms. An approximation using
3 terms was taken as being very accurate, therefore this was used as a datum. The plots
are therefore either 1 or 2 terms shown as a percentage of a 3 term approximation.
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B Bending Moments due to Bunton Displacements

The justification of ignoring the bending moments induced by the displacements of the
buntons and the axial compressive loads is discussed. Assume that the skip is not
moving vertically in the shaft, since the displacement at a bunton is to be determined,
and hence the difference between the bunton displacements will be a maximum. The
kinetic energy of the skip just before impact is:

~ and the strain energy of the maximum displacement of the bunton is:
S.E. =1k ({ =0)y

Using the dimensionless parameters introduced in Chapter 2.2.4, the maximum non-
dimensional displacement is ¥ = 1.0. From equation (2.27) in Chapter 2.2.6, the
corresponding bending moment is therefore:

BM. =2
.

For the same example'as the one used to obtain the results in Chapter 2.4, this bending
moment does not amount to more than 4% of the bending moments illustrated in
Figure 2.13, for the various values of p. Therefore, the exclusion of these bending
moments in the formulation of the dimensionless guide stiffness is justified.
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C Results of Alternative Slamming Formulation

The complete set of results for the proposal suggested by Greenway [9] is presented here.
The results are presented in the same way as the initial formulation.
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Prismatic Beam: A, E, I, |

Figure D.1: Standard Two Node Beam Element

D Five Span Beam Model

The elastic and geometric element stiffness matrices for a standard two node beam
_element are given. The order of the matrices is 6 X 6 and the degrees of freedom are:

(-
{d}'={u1 v 6 uy vy, 6, }T

The degrees of freedom are defined in Figure D.1.

D.l Element Elastic Stiffness Matrix

The standard Euler-Bernoulli beam element is used and has the following elastic stiffness
matrix:

D.1
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«
where FE is the modulus of elasticity of the beam element,
A is the cross-sectional area of the beam element, .
I is the second moment of area of the beam element
and [ is the length of the beam element.

D.2 Geometric Element Stiffness Matrix

The derivation of the geometric element stiffness matrix, which is used to include the
bending effects due to an axial compressive load, is presented below. Tensile axial loads
are considered positive. Consider the element illustrated in Figure D.2, and assume
that it can deform axially but is infinitely stiff in bending. The axial strain for small
displacements is: \

€z = €, + €, . (D.1)

where:

_ve—wm e__l_(vz—v1>2
=T n R [

The strain €, is a truncation to the first two terms of the Maclaurin secant series
(sec 8§ = 1 + 6%2/2! + ...). Specifically, €, = Al/l, where Al is the lengthening
associated with rotation of the element through a small angle § without z-direction
motion of any point (Figure D.2). Therefore:

[

cos

Al =

’ 2 _ 2 v
—l:l(secG—l)zl%—z%(v—z——vi) (D.2)
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Figure D.2: Truss Element with Geometric Relationships

The strain energy in the bar is U = AEle,?2/2. Thus:

2 2
U=AE(3+QQ+3J=é?

5 5 (eu? + &) + Ple, (D.3)

where AFEe, has been identified as an axial force P, positive in tension. With displace-
ments interpolated linearly from nodal values, the following expressions for the strain
terms are obtained: ' :

%%1_11Hulwf o | - (D4)

cem{n (Y n) s

The terms ¢,% and ¢, in equation (D.3) are quadratic in nodal degrees of freedom,
but €,? is quartic, so it may be discarded as negligible in comparison with ¢,2. Thus
T

equation (D.3) yields, with {d} = { up U Uz Vg } :
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The first 4 x 4 matrix, with the coefficient AE/!, can be identified as the conventional
stiffness matrix [k] for a plane truss element. The second 4x4 matrix, with the coefficient
P/1, can be identified as the stress stiffness matrix [k,] for a plane truss element. Using
[ks], overall buckling of a plane truss could be analysed (buckling of individual bars is
not accounted for).

Consider a beam element (Figure D.3). A fiber at distance z above the neutral axis of
bending has the strain:

du 2w 1 (0w 2
= T 5m T3 (‘a—) (D.7)

The symbol u,; is now used to represent the partial derivative of u with respect to z,

ie. % . The following terms can be identified in equation (D.7). u,, represents axial

D.4



stretching: —z w,;; is the strain produced by the curvature w,,, , negative if z and w,,,
are of the same sign; and w,,;2/2 is €, in equation (D.1), but written for a differential
element of length dz (Figure D.2). With dV = dAdz, the element strain energy is:

!
U=// 1Ee,2dAdz  (D.8)
Jo Ja
Noting that:
/dA:A, /sz=0, /2dA I, /E—-—-dA P, (D.9)
where P is again the axial force, positive in tension, and a term w,.?, quartic in nodal

degrees of freedom, is discarded, the element strain energy is obtained by substituting
equation (D.7) into equation (D.8):

o= [ (8 e [ () e 55w 0w

The first integral yields [k] for a truss element, associated with degrees of freedom
uy and u, (see equation (D.6)). The second integral yields [k] for a standard beam
element. The third integral sums the work done, and hence the strain energy stored,
when differential elements dz are stretched an amount w,,2dz/2 by tensile force P.
This third integral yields [k,] for a beam element, and it is derived as follows:

Lateral displacement w of the beam, and its first derivative w,, are:
Ow
w=[N]{d} and e (G] {d} (D.11)

where [N] = [ Ny N; N3 N, ] are cubic shape functions. These shape functions are
exact since only point loads are being considered, and they are:

Ny = 28836241

N, = &1-2e+¢l
Ny = —263 43¢
N4 = 631—621

where £ =z /1.
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The four coefficients in [G] are G; = Ni,,. Also, {d } = { wy, 6 ;vg 0, }T With

w2 = w,! w, , the following relationship is obtained from the third integral in

equation (D.10):

: . )
Ha K (@) = 3 (@) | [ 16T LGl de] ) (D.12)
Integration yields, for constant P (written out as a 6 X 6 matrix):

0 0 0 0 O 0 ]

o £ B 0-% Z
0o 5w o -5 -I
[k,] = (D.13)
0 O 0 0 O 0
0 -% -2 o0 % -Z
0 5 -2 o -5

where P is the axial load applied to the element (tension positive)
and [ is the length of the beam element.

Equation (D.13) reduces to the [k,] of equatlon (D.6) if bendlng is suppressed by setting
91 = 92 (wg wl)/l

Note that [k,] is added to the normal element elastic stiffness matrix [k]. Therefore an
axial tensile force causes the element to be ‘stiffened’, while an axial compressive force,
‘softens’ the element. Therefore the total element stiffness matrix is:

[ke] = (k] + [ko)

D.3 Static Condensation

Using a process called static condensation [2,5], the global stiffness matrix K .and the
global force vector R can be reduced to an equivalent two by two coupled stiffness matrix
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and a two component coupled force vector respectively. It is a two by two matrix since
only the forces in the rollers which correspond to two degrees of freedom of this five
span beam model need to be calculated. Static condensation is done by partitioning
the global stiffness matrix K into four partitions as follows:

Kaa Kac Ua, Ra
(D.14)

K ca K cc UC RC

where U, and U, are the vectors of displacements to be retained and condensed out,
respectively. The matrices K,,, K., K. and K., and vectors R, and R, correspond
to the displacement vectors U, and U..

Using the second matrix equation in (D.14), the following relationship for U is obtained:
U.=K;'(R.- K,U,) : (D.15)

The relation in (D.15) is used to substitute for U, into the first matrix equation in
- (D.14) to obtain the condensed equation:

(Koo — Ki K)K,)U, =R, — K, KR, (D.16)
Therefore, an quivalent stiffness matrix of the form:

Ky = (Ko~ KacK;‘K;a) | (D.17)
and a:n equivalent force vector of the form:

R,=R,- K, KR, (D.18)

have been derived, which can be used to solve for the degrees of freedom U,.
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E Rollers Operational — All Results

The complete set of results for the bump tests as well as those for the President Steyn
Gold Mine, No. 4 Shaft, is presented on the following pages. No discussions are included
as the same discussions as those in Chapter 3.4 apply here.
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Single Bump Test
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Figure E.1: Plot of Translation versus Time
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Figure E.2: Plot of Rotation versus Time
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Force at Top Corner — F Side [kNJ]
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Figure E.4: Plot of Force versus Time
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Force at Bottom Corner -~ E Side [kN]

Figure E.5: Plot of Force versus Time
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Figure E.6: Plot of Force versus Time
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Figure E.7: Plot of Guide Misalignment versus Time
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Figure E.8: Plot of Guide Misalignment versus Time
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Double Bump Test
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Figure E.9: Plot of Translation versus Time
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Figure E.10: Plot of Rotation versus Time

E.6




Force ot Top Corner - E Side [kNJ]

, | A
] 7 '
A /1

o /”/\\ / \ /

/ 7\
TN VL0
w/.\ / \ ! \\ [ \
° l Tim: (sl ’

Figure E.11: Plot of Force versus Time
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Figure E.12: Plot of Force versus Time
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Figure E.13: Plot of Force versus Time
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Figure E.14: Plot of Force versus Time
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Figure E.15: Plot of Guide Misalignment versus Time
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Figure E.16: Plot of Guide Misalignment versus Time
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President Steyn Gold Mine — No. 4 Shaft
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Figure E.17: Plot of Translation versus Time
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Figure E.18: Plot of Rotation versus Time
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Figure E.19: Plot of Force versus Time

p"0.0 — — — — p=0.S

sl

ime [

Figure E.20: Plot of Force versus Time

E.11



Force at Bottom Corner - E Side [kNJ

Force at Bottom Corner - F Side [kNJ]

5.798

N

;N\ ui/' \/

Time Cs]

Figure E.21: Plot of Force versus Time

o 1'
l
I\
g | [
v A } } i
- A ,1 ’/\ ;
f\ '\ / )
NAFITNATAR LY
2.8 A ;J - * t , \ jﬁ/ﬁ\ }3 d &L \l ! 9.7

Tlme Cs]

Figure E.22: Plot of Force versus Time
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Figure E.24: Plot of Guide Misalignment versus Time
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| F MSc Coursework

The following courses were completed in partial fulfilment of the degree of Master of
Science in Engineering. The degree requirements are 20 credits coursework, and a half
thesis. ‘

Course: | Year:  Credits:
Clv 502F Prestressed Concrete _ 1986 5
CIvV 504S Structural Dynamics 1986 3
CIv 507B Introduction to the Theory of Elasticity 1986 2
Clv 508S Plates and Shells ' 1986 2
CIv 535S Finite Element Modelling of Structures 1986 4
Clv 540F Finite Element Analysis - 1986 4 .
AMA 363F Numerical Analysis 1986 3
TOTAL: 23
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F.1 Description of Individual Courses

CIV 502F PRESTRESSED CONCRETE
5 credits

Limit state design; partial prestressing; bending, shear, torsion; continuous structures;
composite construction and recent development.

CIV 504S STRUCTURAL DYNAMICS

3 credits

~ Numerical procedures in dynamics including time stepping techniques for transient re-
sponse and iterative methods for computation of eigen values and eigen vectors. For-

mulation of the equations of motion in the finite element framework. Applications of
vibration theory to the analysis of earthquake and wind loaded structures.

CIV 507B INTRODUCTION TO THE THEORY OF ELASTICITY
2 credits

Stress, strain, equilibrium, strain displacement relationships. Elastic constants. So-
lutions of simple boundary value problems in plane stress and plane strain.

CIV 508S PLATES AND SHELLS
2 credits
An introduction to the elastic theory of plates and shells. Differential equations of

equilibrium. Variational methods in mechanics leading to the Ritz procedure and an
introduction to the finite element method. Finite elements for plates and shells.
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CIV,‘53SS FINITE ELEMENT MODELLING OF STRUCTURES
4 credits

Simple to complex models, appropriate analysis models, types of finite elements avail-
able, which elements to use, numerical integration, assessment of solution errors, use
of substructuring. Examples in plane-stress, plane-strain axisymmetric shells, plates
and transitional shells and 3-D analysis. Dynamic analysis, vibration analysis, wave
propagation analysis.

CIV 540F FINITE ELEMENT ANALYSIS

4 credits

Generalised displacement method of analysis. Elastic energy theorems leading to basic
procedures of the finite element method. Approximation and interpolation of functions.
Isoparametric formulation of elements. 2-D and 3-D elements of structural mechanics.
Equation solving in the computer and the structure of the finite element program. In-
troduction to finite element packages for practical a,pphcatlons Some advanced topics
in finite element analysis.

AMA 363F NUMERICAL ANALYSIS
3 credits -
. Aim: To provide an introduction to the theory and practice of numerical approximation.

Interpolation and approximation. Numerical integration. Numerical solution of non-
linear equations and of initial value problems. Accuracy of numerical solutions.
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