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Abstract

Author: Mohammed Rafiq Omar
Dept. of Mathematics, University of the Western Cape

Thesis Title: Aspects of Higher Degree Forms with Symmetries
Date: March 1996

In Chapter One we develop a basis for studying higher degree alternating forms.
The concepts and results we present are mostly obvious analogues of Harrison’s
treatment of higher degree symmetric forms. We éxplain antisymmetrization; dis-
cuss the derivative of an alternating form .and its corresponding anticommutative
polynomial; define alternating spaces and their direct sum; establish decomposition
and cancellation results for alternating spaces; and construct a Witt-Grothendieck
group of alternating spaces.

~In Chapter Two we discuss hyperbolic alternating space. We compute the centre,
algebraic isometry group and its corresponding Lie algebra, and prove a descent
result. There are important parallels with Keet’s results for hyperbolic symmetric
spaces, as well as significant differences, especially in the methods we employ.

In Chapter Three we develop a framework for the study of two aspects of forms
of general Young symmetry type: their hyperbolics, and a generaliz@tion of the
Weil-Siegel duality between syrhmetric and alternating bilinear forms. We intro-
duce notions like nondegeneracy, deriivatiye of a form, and derivative and integral
symmetry types, and are then able to Conétfuct a hyperbolic space which is cofinal
for spaces equipped with a form of the same symmetry type, and show that sym-
metry types are Siegel duals in our generalized sense if they have the same derivative
symmetry type.

In Chapter Four we present a few results and observations concerning nondegeneracy-
type conditions on symmetric forms. These include: an extension of Harrison’s proof
that nonsingulaLrity implies nonzero Hessian to forms of arbitrary degree; a discussion
of s-nondegeneracy and s-regularity; and a relation between a strong nondegeneracy

condition on forms of even degree and the catalecticant, a classical invariant.
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Introduction and Summary

The study of quadratic forms is of great antiquity and has a large literature. Since
the work of Weyl, alternating bilinear forms have also attained classic status. The
study of higher degree alternating forms, in contrast to higher degree symmetric
forms, has been quite limited. Alternating tensors, or "polyvectors”, have been
studied at least as far back as Grassman; this work was continued in this century by
Schouten, Gurevich and others, and more recently, by Cohen and Helminck. Most
work seems to have been done on classifying alternating tensors or forms' of rank 3,
but Cohen and Helminck have also computed their isometry groups.

There has been important recent work on symmetric higher degree forms by Har-
rison, by Keet, and by Harrison in conjunction with Pareigis. In the first chapter
of this thesis, we extend parts of Harrison’s treatment of higher degree symmetric
forms to the alternating case. The next chapter deals with alternating hyperbolics,
and we obtain analogues of several of Keet’s results for symmetric forms.

The close parallel between the symmetric and alternating cases, especially in respect
of hyperbolics, leads us in the third chapter to investigate generalizing some of these
ideas to forms of general Young symmetry type. These have their roots in the work
of Frobenius and Young on the representations on the symmetric group S,, but
it appears that Weyl’s approach to the representations of GL(n) via "tensors of
highest possible symmetry” first emphasized the existence of symmetry types which
are given by higher degree representations, as opposed to the two classical ones which
are given by one-dimensional representations. In Chapter 3 we present an approach
to studying hyperbolics of such general Young syrhmetry type; we also discuss a

generalization of the duality of Weil-Siegel, as developed by Hughes.
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The final chapter contains a few results and a number of observations about

nondegeneracy-type conditions on symmetric forms.
We give more detail on the content of each chapter:

In Chapter 1 we provide a basis for the study of higher degree alternating forms,
along the lines of Harrison’s treatment of symmetric forms (see [H1]). Though we
have not seen elsewhere many of the concepts and results we present, they are mainly
obvious analogues of Harrison’s work, so they are not essentially new. We give details
only where the alternating case differs significantly from the symmetric case, usually
resulting from simpliﬁcations which are available for the symmetric case not being
valid in the alternating case. Otherwise we merely cite [H1] or Keet ([K1])).

In §1.1 we introduce basic definitions, notation and terminology, and list some stan-
dard results on exterior algebra. We then discuss the isomorphisms between the
following spaces:

the grade d component of the exterior algebra A(V*), viz. A%(V*), which may be
identified with the space Fy{zi,...,z,) of homogeneous anticommutative polyno-
mials of degree d in ”variables” z,,...,z,, actually a dual basis of V ;

the space of alternating tensors in 7¢(V*); and

the space Alt;V of alternating d-multilinear forms on V.

We then introduce the notions of alternating spaces and their direct sum, and con-
sider their behaviour under extension of the base field.

In §1.2 we discuss derivatives of multilinear alternating forms and anticommutative
polynomials, and prove the relation between them. We also discuss nondegeneracy
for alternating forms.

In §1.3 we show that Harrison’s important decomposition and cancellation results

are valid for alternating spaces.
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In §1.4 we approach the notion of the centre via the general concept of the adjoint
of an endomorphism, and obtain an analogue of Harrison’s characterization of inde-
composability in terms of the structure of the centre.

The final sectiqn, 81.5, uses results from the previous two sections to construct a
Witt-Grothendieck group of alternating spaces. We observe that, while this group
cannot be given a ring structure in the normal way, it is a module over the Witt-
Grothendieck group of symmetric spaces; in fact, the two groups can be combined

to form a 7 ;-graded ring.

Chapter 2 deals with several aspects of hyperbolic alternating spaces. We obtain
results which are identical or similar to corresponding results for hyperbolic sym-
metric spaces in [K1}, but the methods ;t some key stages often differ markedly.
In §2.1 we define the alternating hyperbolics and prove their basic properties.

In §2.2 we compute the centre of alternating hyperbolic space, and, using Propo-
sition 1.4.1, we show that the alternating hyperbolics are indecomposable. This
has important consequences for the structure of the Witt-Grothendieck group we
discussed in §1.5.

In §2.3 we discuss general results about algebraic subgroups of GL(V') and their Lie
algebras, as preparation for the next two sections. Most of the results included are
general and not dependent on symmetry, or extend easily from the symmetric to the
alternating case. An exception is Proposition 2.3.5, which requires a different proof.
In §2.4 we compute the algebraic isometry group of alternating hyperbolic space. A
key part of the computation, viz. showing that Alt,V is invariant under isometry,
requires a very different proof to the corresponding result for the symmetric case,
where nonsingularity makes things very simple. We show that G(H, f) = GL(V) »a
K,.(V*), where K,(V*) is the co-Schur functor of Akin, Buchsbaun and Weyman
([ABW]), and g = (2,1971). It follows from general theory that G(H, f) is connected

and its radical is 2-step' solvable.
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In §2.5 we show that the Lie algebra is L(H, f) = End(V).Ga K,(V*), and its radical
is F & K,(V*), which is 2-step solvable.
In the last section, §2.6, we prove that, if an alternating space extends, under |
extension of the base field, to an alternating space which is hyperbolic, then the
original space is hyperbolic. We use the Lie algebra computed in §2.5, as well as

general Lie theory, to prove this.

Chapter 3 presents an approach to studying forms of general Young symmetry

type. We do not attempt to develop a completely general rigorous foundation for
the subject, but merely a framework within which to discuss

(i) the construction of hyperbolics of general Young symmetry type; and

(ii) a generalized Weil-Siegel duality. |

After reviewing in §3.1 the aspects of representation theory which underpin our

approach, we elaborate, in §3.2, a scheme of general Young symmetry types using

largely the treatment of Akin.,’ Buchsbaum and Weyman ([ABW]), including a discus-

sion of what we regard as ”equivalent” general Young symmetry types. We mention

the very useful results of Kantor and Trishin ({KT]) on the conditions characterizing

forms of general Young symmetry type, and give some examples which we refer to

in the sequel.

§3.3 deals with the notion of nondegeneracy and gives a neat characterization.

In §3.4 we introduce the notions of derivative symmetry type and integral symmetry

type arising from a given general Young symmetry type. We show that, if f is a form

of some general Young symmetry type, then its derivative, appropriately defined, has

derivative symmetry type.

We are then able, in §3.5, to construct hyperbolics of general Young symmetry type

in such a way as to generalize the alternating and symmetric hyperbolics. We show

that, in general, these hyperbolics are cofinal for spaces equipped with a form of the

same symmetry type as the hyperbolic form.
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The final section, §3.6, begins by reviewing the Weil-Siegel duality between sym-
metric and alternating bilinear forms. We discuss a particular formulation of Siegel
duality due to Hughes ([HUG]), and generalize this to hyperbolics of general Young
symmetry type. We obtain conditions for two general Young symmetry types to be

Siegel duals, and use this to display two pairs of Siegel dual symmetry types.

Chapter 4 contains a discussion of nondegeneracy-type conditions for symmetric
forms.

We present a generalization of a result of Harrison, and discuss a strong nondegen-
eracy condition on forms of even degree.

Since we have encountered in the literature (for example, [HP], [ORY], [KW] [DK])
references to different concepts which are closely related, we have found it useful
to present them in a coherent form, to elaborate on some of them and mention
relations between them, as well as to locate our results within the overall context of
nondegeneracy-type conditions. |

In §4.1 we extend Harrison’s proof ([H2]) that nonsingularity implies nonzero Hessian

to arbitrary degree; we also give an example of a non-hyperbolic quartic form which

1s nondegenerate and has zero Hessian.

In §4.2 we use Harrison and Pareigis’ hotion of s-radical to define what we call s-
nondegeneracy; we also elaborate on the condition termed s-regularity by O’Ryaﬁ.
We note some obvious relations amongst théise families of conditions, and give a few
examples, including one which ”separates” the s-regularity conditions. An important
reason for including s-nondegeneracy is its link to the next section.

§4.3: Dolgachev and Kanev define a catalecticant invariant for any form of even
degree, but do not show explicitly that their definition extends the classical notion
of Sylvester, except via two examples. Although there appears to be no general
definition of the catalecticant in the older literature ([ELL], [GY], [SAL]), we show
that a commonly used description in terms of partial derivatives does coincide with

the [DK] definition. There is also a reference in [DK] to a relation between the
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catalecticant and what they call nondegeneracy of even degree forms. We had earlier
discovered the same relation by other methods, so we present it in rather more detail
than in [DK], using their more efficient tools of polarity. We illustrate the relation

with a few examples, which also indicate our original approach.



Chapter 1

Alternating Forms : Introduction

The theory of bilinear alternating forms is easy and well known. (See [JAC1] pp332-4
or [SCHA] pp264-5, for example.) Any bilinear alternating form f of dimension n has
a basis {u1,v1,...,Ur,VUp, 21, .., Zn_2r} safisfying f(ui,dj) = f(vi,v;) = fus,z) =
f(viyzk) = f(zi,2;) = 0for all 4, 5, k, and f(us,v;) = —f(vs,us) = 1 for all ¢. Relative
to this basis, the matrix of f is the block diagonal matrix diag(S,...,S,0,...,0),

0 1
where 5 = ;
-1 0

Re-ordering the basis, this can be written as 0

(0 1, )

0)
f is nondegenerate if and only if its rank is even if and only if f is hyperbolic. In

this case, the basis is called symplectic (or hyperbolic).

In contrast to the symmetric case, not a great deal is known about higher degree (i.e.
degree > 2) alternating forms. Trilinear alternating forms over algebraically closed
fields have been classified up to dimension 8 for characteristic 0 ([GUR] pp390-5),
and up to dimension 7 for arbitrary characteristic ([CH] Theorem 2.1 p3). Cohen
a,_nd Helminck (ibid.) have also computed their isometry groups over certain fields.

The classification of alternating forms of degree greater than 3 is known in only the

simplest cases ([GUR] p391).
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For alternating tensors of arbitrary degree certain general results are known. By the
duality A(V*) = A(V)* (see §1.1), these also apply to alternating forms. In partic-
ular, in a vector space of dimension n, every tensor of degree n — 1 is decomposable
([MB] Proposition 15 p568); this means that there is no nondegenerate alternating
form of degree n — 1 on a vector space of dimension n. This has an important
consequence: in the case of symmetric forms, many arguments are simplified by
invoking the existence of nondegenerate forms of arbritrary degree and dimension,

but we have to use a different argument in the case of alternating forms. (See

Lemma 2.1.1 p31.)

We outline the contents of this chapter.

In §1.1 we describe an action of the symmetric group S; on the space Mult;V of
d-multilinear forms on a vector space V, and define alternation (or skew-symmetry);
we also list a few important facts about the structure of the exterior algebra which
we use repeatedly. The antisymmetrization map isv discussed in detail. We observe
that the grade d component A%(V*) of the Hopf algebra A(V*) can be identified with
the space Fy(zy,...,z,) of homogeneous anticommutative polynomials of degree d,
and describe the space T4(V*),; of alternating tensors in T'¢(V*), showing they are
isomorphic to the space Alt4V of alternating d-multilinear forms on V.

We then set about describing the antiéymmetrizatioh map A*(V*) = T4V*)au, as
well as its inverse, in both Hopf algebra terms and explicitly. The inverse is given in
terms of the comultiplication on the Hopf algebra A(V*), while the antisymmetriza-
tion map comes from the multiplication.

In the rest of this section we obtain the following analogues from Harrison ([H1]):
alternating spaces, isomorphism between them, their direct sum, and their behaviour
under base extension.

In §1.2 we define the derivative 8*) of an alternating form § with respect to v € V,

and show that, if @ corresponds to the anticommutative polynomial f, then 6(*)



9
corresponds to the anticommutative polynomial %E?zl a;%, ifv =737, ase;, where
{e:} is a basis and {z;} is a dual basis. We also discuss nondegeneracy.

In §1.3 we show that Harrison’s theory of decomposition of symmetric spaces extends
to alternating spaces. We comment on s;)me of the technical details reguired to
ensure that the proofs remain valid, and show that the two important results, on
decomposition and cancellation, carry over to alternating spaces.

In §1.4 we review the notion of the adjoint of an endomorphism with respect to
a bilinear form, and extend it to higher degree. We show that focusing on the
adjointable operators gives a useful alternative approach to introducing the centre
of an alternating form, and are able to establish an analogue of the first part of
Proposition 4.1 in [H1] in a different way. We end this section by commenting on
the important distinction between degree 2 and degree > 2.

In §1.5 we discuss the construction of a Witt-Grothendieck group Wa(F ) of alter-
nating spaces by Harrison’s method. We observe that, while it is not possible to put

a ring structure on W,(F), there is a W (F)-module structure on W,(F).

1.1 Preliminaries

In this chapter, as well as the next, we shall assume that d is a positive integer
> 2, F is a field whose characteristic does not divide d!, and V is a vector space of
dimension n over F. We denote the dual of V by V*, its d-fold Cartesian product
V x...xV by V¢ and the d* tensor power (or grade d component of the tensor
algebra T'(V)) by T(V).

There are different possible starting points for the subject of the first two chapters.
In this section, we introduce the essential terminology and notation, and demonstrate
the equivalence of several concepts.

In cases where the argument for the symmetric case carries over unchanged (except
for the objects involved) to the alternating case, we shall omit details and merely
cite the reference. It is important to note that, in the symmetric case, the polyno-

mial map ([K1] Ch 1, §2 p12) allows the proofs of several results to be simplified
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considerably. (See, for example, [K1] Proposition 1.3 pp24-5.) There is no analogue

in the alternating case (because we cannot define an evaluation map from the graded
commutative F-algebra A(V*) to the (commutative) field F'), so the proofs often

require a different, more cumbersome, approach.

Let 8 be a multilinear form of degree don V, 8 : V¢ — F, with vy,..., v, a basis for
V and z1,...,z, the dual basis for V*.

Denote the space of degree d multilinear forms on V by MultsV. By the universal
property of the tensor product, 8 corresponds to a homomorphism 6 : TYV) — F,
ie. to an element § € T4V)*. Hence Mult,V = T4V)* = T4V*). Explic-
itly, the isomorphism can be described as follows: The elements 2,1 ® ... ® Tud,
where a : d — n, form a basis for T%(V*). (n denotes the set {1,...,n}, etc.')
Given t = ¥, (tlal...ad)Tx ® ... ® Tad, this corresponds to f € T4(V)* given by
f(aty -y vad) = (tlad ... ad).

The group GL(V) acts (on the left) on Mult;V by o-0 =60o0c7,

ie. 0-0(v1,...,v4) = 8(c7 vy,...,07 vg). This defines an action of the symmetric
group Sy on MultyV: w-6(v1,...,v4) = 8(vr1,-..,vrd). (This action is via a repre-
sentation of Sy in V<.

We say 0 is skew-symmetric if 7 - 0 = ¢(7)0 for all # € S4. (e(7) denotes the sign
of 7.) Since any 7 € Sy is a product of transpositions of adjacent integers, it is
sufficient to require that 6(vq,...,vi,vi41,...,04) = —0(v1,...,Vig1, s, ..., vq) for
ale=1,...,d—1.

We say 0 is alternating if (v, . .., vs) = 0 whenever v; = Viy1 forsomez =1,... ,d—
1.

Clearly we have: 6 alternating implies 6 skew-symmetric; and, if char F # 2 (as we
assume), the converse also holds.

We shall use the above conditions interchangeably, and usually refer to forms satis-

fying them as alternating.
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Exterior Algebra
Before continuing, we list some well known facts (from [MB] pp558-562) about the
functor A(—) from the category of modules over a commutative ring to the category
of graded commutative Hopf algebras. We state the results for vector spaces, as this
is all we need. |
Let C be a vector space over a field K. In the tensor algebra T'(C) let D(C?) be the

2

ideal generated by all squares ¢* of elements of C. We define the exterior algebra

of the vector space C to be the graded quotient algebra A(C) = T(C)/D(C?). The
component of A(C) in degree p is then A?(C) = T?(C)/DP, where D = D(C?).
We write the product of two elements a, b € A(C) as aAb, called the exterior product.

1.1.1 Proposition: The exterior algebra satisfies the following:

() A°(C) = K.

(ii) A(C) is generated by the set A'(C) = C of its elements of degree 1 (i.e. an
element of degree p in A(C) is a sum of products of the form ¢; A ... A ¢, for
& € C = A\(O)).

(iii) It is graded commutative (i.e. cAd = (—=1)P?dAcif c € A’(C) and d € A?(C) ).
(iv) If a has odd degree then a Aa = 0.

The map a : C? — AP(C), where (c1,...,¢,) — ¢1 A ... A ¢, is alternating because,

ife;=cjfori#j,theneg A...Ac, =0.

1.1.2 Universal Property: For fixed p, the module AP(C) satisfies the following
universal property: Any alternating multilinear function A : C? — E (E a vector

space) factors through AP(C) (cy, .. .,c'p) — 1A . A, R(c1, ..., 6p) = terAL L AG):

ce < N(C)

h}i/
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If C' is a vector space with basis by,...,bn, its exterior algebra A(C) is zero in
degrees > n, while for degrees p < n, AP(C) is a vector space with basis the (1’:)

elements by = b, A ... A by, one for each strictly increasing list & : p — n.

Denote the vector space of alternating forms of degree d on .V by Alt,V. If
8 € Alt;V, then, by the universal property of the exterior dlgebra, @ corresponds to
a homomorphism 0: \YV) — F,ie. 6 € AYV)*. Hence Alt,V = AV~

Antisymmetrization

We now prepare to discuss, in some detail, the important antisymmetrization map
(see [ABW] §1.2 p213), which is the aﬁalogue of the polarization map in the sym-
metric case. Suppose V has basis vi,...,v,, and let z,,...,z, be a dual basis
for V*. We have seen that /\d(V*), the grade d component of the Hopf algebra
A(V*), can then be given a basis consisting of monomials z;, A ... A z;,, where
1 <11 < ... <13 <n. It wil thus be obvious that /\d(V*) can be identified
with Fy(z,,...,z,), the space of homogeneous polynomials of degree d over F in
the anticommuting variables zi,...,z,. Two elements f,g € Fy(z1,...,z,) are
equivalent, written f = ¢, if f may be obtained from g by an invertible linear
change of variables. This corresponds to a change of basis for V*, which defines an
automorphism of A%(V*). (See [K1] p19 for details.) Thus equivalent anticommuta-

tive polynomials correspond to GL(V)-equivalent elements of A?(V*).

We describe the process of differentiating a polynomial f in anticommuting variables
z;. Berezin ([BER] pp74-5) defines the notion of a left (resp. right) derivative of f
as follows: If ¢ = 1, then a—‘i—i(x,-l ...Z;,) is obtained by placing z;, at the left (resp.
right) end in the product z;, ...z, ...z;, using anticommutativity, and deleting it;

if 7 does not occur among the 7;,..., %, then the derivative is zero.
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(This definition only works in the symmetric and alternating cases, since there is no

straightening for other symmetry types.)

Ss acts on T4(V*) by requiring the isomorphism T4(V*) = Mult;V to be
an Sg-isomorphism: If t = Y(tlal...ad)zx ® ... ® T4q¢ corresponds to f,
where f(va1,...,%0d) = (tlal...ad), then « -t corresponds to w - f, where
T+ f(Va1,- -+ 1%ad) = f(Va(r), - - - s Va(rd))-

So 7+t =3 (tla(rl)...a(rd)zx ® ... T

t € TYV*) is alternating if 7 -t = e(r)t for all 7 € Sy. Let T4(V*)y: denote the
space of alternating tensors in T%4(V*).

Since Td(V*) >~ MultyV is an Sy-isomorphism, we have Td(V*)alt = Alt,V.

The antisymmetrization map is an isomorphism A%(V*) — T4(V*),;. We shall
describe it both in Hopf algebra terms, as well as explicitly.

Now /\d(V*) can be identified with the vector space Fy(z1,...,T,) via z;, A.. -/\@d —
Ty ... Tiy, for everymap i: {1,...,d} — {1,...,n} satisfying 1 <4; < ... <%g < n.
(The ;, A...Az;, form a basis for A%(V*).) We have already seen that T4(V*)a =
AltyV | so we have Fy(zy,...,z,) = AltgV.

The map T4(V*)a; — A*(V*) is easy to describe. It is the canonical projection
T4(V*) = AY(V*), or, since A' V* = V*, it is the component V*®...Q V* — A4(V*)
of d-fold multiplication in the Hopf algebra A(V*) (JABW] §1.2 p 213). Explicitly,
this map can be described as follows: ' )

d-fold multiplication in A(V*): A(V*) ® ... ® A(V*) = A(V*). Restrict to grade 1:
V*@...0 V* =5 A(V*), where 21 ® ... Qzg— 1 A ... Azg € AY(V*). (1)

Now let t = S, (tlal ... ad)(2a ®-. .. ® Tq4) be an arbitrary tensor in T4(V*). If ¢ is
alternating, then -t = ¢(7)t for all 7 € Sy. But 7 -t = 3, (t|a(7l)...a(7d))za ®
... ® Tpa, 5o we have T(tlal...ad)zx1 ® ... Q@ Tad = 2 €(7)(ta(7l) ... a(7d))ra1 @
.. ®@xyq forall T € 5,

Hence (tlal...ad) = e(n)(tlarl...and) for all 7 € Sy.  (2)
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If o; = aj, we can put = = (2j) and then deduce that (t|al...ad) = —(t|al...ad),
so (tlal...ad) =0 (provided char F # 2).
So in an alternating tensor the only nonzero coefficients (terms) are those for which
a is injective. Define an equivalence relation ~ on the set of all injective maps
a:d—-nbyan~diff Ima=Imd. Since there are (Z) = r different jma.ges,
there are r different equivalence classes Ay,..., A,. Now a ~ o' iff &' = ar for some
7 € Sq. In each class A;, choose the map «; such that ] < ;1 < ... < ayd < m.
Then A; = {air:m € S5}, (3)

Hence we have

t = Z(t|a1...ad)xa1®...®xad
alla

= Z Z(t|a1...ad)xa1®..'®$ad

i=1 a€A;

= > > (tlearl...i7d)Taim1 @ ... ® Toyra (DY (3))

t=1 1€S,

= Xr: > e(m)(tlesl . .. cid)Tam @ ... ® Tagnd | (by (2))

1=1 ﬂ'ESd

Now, for all # € S,

Toinl ®...8 To;nd ' Tayrl AN xa.'ﬂ;d (by (1))

= €(M)Taga A.. A Toid
Hence

t o > (Hel.. . id)zan A Ao

1=17wESy
r
= Z d!(t|a,-1 ce a,-d):vml Ao ANTod
i=1

= d! Z(tlal cooad)zar Ao A Tod,

x

where the sum is taken over all a such that 1 < al <... < ad < n.

The antisymmetrization map A*(V*) — T4(V*)a; maps z1A.. . Azat0 3, €(0)251®
...® T,q4. It may be viewed as the component /\d(V*) - V*®...0 V* of d-fold
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comultiplication in the Hopf algebra AV*, and it is a split monomorphism over
F ([ABW] §1.2 p213). To understand how the antisymmetrization map works, we
examine more closely the comultiplication in the Hopf algebra A(V*). |
Alzy Ao Az) = AN ANAZ, = (21 ®14+1Qz)A .. A (2, @1 +1Q ).
Considel_‘ terms with s factors z; ® 1 and r — s factors 1 ® z;, for 0 < s < r. For
each s, swop factors in the terms so that each term is of the form
(21 @ 1) ... (20 ® 1)(1 @ Ty(s41)) -+ - (1 @ Tor), with 0l < ... < os and (s +1) <

. < or,ie. o is a shuffle of type (s,r — s). The sign of the term changes by ¢(o),

SO

AlziA...Az,) = ZZ ) Zo1 ®1).. . (Tos @ 1)(1 @ To(st1)) - - - (1 ® Tor)

s=0 o

= Z Z e(a)(zal A A Tos) ® (To(s41) Avv A Zor)

s=0 ¢

where the second sum is taken over all shuffles of type (s, — s).
The antisymmetrization map is the component of d-fold comultiplication:

AV —= AV ® AV
1-fold comultiplication : U U U

AV ATV AV =V
So the component of A(z1A...AZg) is X5 (To1A. . .ATo(4-1)) ®Toq (putting s = d—1),
which equals o ‘. ' .
xl/\.../\xd_l®$d—x1/\.../\xd_g/\xjd@‘xd_’l+...+(—.1)d_1x2/\.../\xd®$1 =
Zzzl 5—2—:(9:1 A...Az4) ® i, using the notioﬁ of a right derivative of an anticommu-
tative polynomial.
If p= z1A...Azg € A*(V*), then the component of Apin A*H(V*)QV*is T¢_, %’:@
zx, and the component of Ap in A 3(V*) @ V*@V*is T4 Sy 52 35 3171: 2 Q@ z; Q Tk,
etc.
Hence the component of Ap nV*®...0 V*=T4V*)is
) D B 3fkd B @ T, ® .. @ Tk

Now a—fk— e 3—2‘2—- is nonzero only if ky, ..., k; are all distinct, i.e. kq,..., k; must be
d 1
a permutation ¢ of {1,...,d}. In fact, 35 . %‘3— = ¢(o). So the component of Ap
1

in (V*)®4 is Y oes, €(0)2a1 ® ... @ Toa.
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If we take an arbitrary element p € A4(V*), where p = 3, (plal . .. ad)To1 A .. ATy,

then its antisymmetrization is Y, (plal ... ad)% 20es; €(0)Ta01 ® ... ® Topa-

Alternating Spaces

Following Harrison ([H1] pl124), we define an alternating space of degree d to be
a pair (V,6), where V is a finite dimensional vector space and 6 is an alternating
multilinear degree d form on V, ie. §: V¢ — F. Two alternating spaces (V, ) and
(W, ¢) are called isomorphic (or isometric) if there exists a vector space isomorphism
o :V — W such that 8(vy,...,vq) = ¢(ov1,...,0v4) = 071 - ¢(vy,...,vq) for all
Viy...,09€ V,i.e. W=0¢V and ¢ =0 - 6. |

The antisymmetrization map gives an obvious bijective :‘correspondence between
alternating spaces (V, ) of degree d over F' and elements of A%(V*). Since antisym-
metrization preserves the actions of GL(V) on A%(V*) and on Alt;V, isomorphic
alternating spaces (V,80),(cV,o - ) of degree d correspond to GL(V)-equivalent
elements of A?(V*) (or equivalent anticommutative polynomiéls). (The details are

similar to the symmetric case — see [K1] Ch 1 §§15,16 pp19-20.)

Direct Sum
Let (V,0), (W, ¢) be alternating spaces of degree d over F.
Define 6 ® ¢ : (Vo W)¢ — F by

0 @ o{(v1,w1),. .., (va,wq)] = O(v1,...,v4) + S(w,...,wa).

It is clear that 6 @ ¢ is d-multilinear and alternating.

We define (V,0) B (W, ¢) to be (VO W, 08 @), called the direct sum of the alternating
spaces (V,0) and (W, ¢). It is easy to see that, if (V,0) = (V’,8') and (W, ¢) =
(W', ¢'), then (V,0) & (W, ¢) = (V',0") & (W', ¢') (cf. [K1] Ch 1 §19 p20).

Let p; € AY(V*),p2 € A4(W*) be anticommutative polynomials in z, ..., Z.;

Y1,- .-, Ym, respectively. We define p; L p2 by p1(z1, ..., Zn)+02(Y15- -+ Ym). I p1,p2
correspond to (V, 8), (W, @), respectively, then p; L p, corresponds to (V,8) & (W, ¢)
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([K1] Ch 1 §18 p20). So, if p1 = p},p2 = p}, then p1 L p2 = p} L p).

Extension of Base Field
Now let K be an extension field of F, and put Vg = VQr K. Suppose the alternating

space (V,8) corresponds to p € A%(V*). Then we have a commutative square:

AV A(VE)

Alt,V AltyVk
in which the vertical maps are antisymmetrization. We denote the images of p,8
by pk,0k, respectively ([K1] Chl §9.1 p16). The form 6y : Vg — K is given
by Ox(vi ® 1,...,v4 ® 1) = 8(v1,...,v4) for all v1,...,v4 € V. The extensions
of isomorphic alternating spaces are isomorphic, because the above diagram is a

diagram of GL(V)-maps ([K1] Ch 1 §13 pp18-19).

1.2 Derivative and Nondegeneracy

Let (V,0) be an alternating space of degree d, and suppose v € V.

Define an alternating multilinear form 8(*) of degree d — 1 on V by

0(")(01, ey V4-1) = 0(v,v1,. .., ug-q) for all vy,... 04y € V.

We call (V,0®) (or just §®) the derivative of (V,8) (or just 8) in the direction of
v. Tt is easy to check that, if (V,8) & (W, ¢), then (V,0()) & (W, $(o)).

Choose a basis e;,...,e¢e, and a dual basis z1,..., s, and suppose v = aje; + ...+
Qnen. Suppose f is the anticommutative polynomial corresponding to (V,8) (via
the given bases). In this section we find it convenient to use the left derivative of f

(see §1.1 p12). We then have

1.2.1 Proposition: (V,8®) corresponds to 52;;1 a;(%_’%.



. _ 18
Proof: We denote 52:7:1 aia%f—i by f® for short. Let f = dlza1...Zqq, where
« : d v+ n is strictly increasing, i.e. f € Fy(z1,...,Zn).
We discuss the case of a monomial. It will be clear that the argument can be
extended to f = S, (plal...ad)zq ... T since all the operators involved will be
linear.
Then § = Y, cs, €(0)Ta01 ® . . . @ Taoa is the alternating form corresponding to f (see
pl5).
Let v1 = vi1€1 + ... + Vinen, where {e;} is a basis for V, with {z;} a dual basis, for
1 <1 < n. We show that the alternating form corresponding to the polynomial f (1)

is the same thing as 6®*Y). Now

1. & of
(v1) — g 95
f d ;’Uhaxi
dr &
= E;vlaéaa?i (ife & Ima,then'aafi =0)
d! i |
= -E['Ulall'oﬂ oo Tad — V1a2Ta1Zad - - - Tad + -+ - + (—1) 7 V16dZa1 - - - Ta(d-1)]-
Hence )
O = (d - D)3 (-1) 01001 - - - Tai - - - Tad-
=1

(We use @ to denote that a is omitted.)
The degree d — 1 multilinear alternating form induced by f(*1) is then
6= Zd:(—l)"'lvm > 0)2601® .- ®Fani ® ... ® Tavd,
i=1 g€84(1)
by the usual antisymmetrization process.
(S4(2) denotes the subgroup of Sy which fixes :.)

Now the derivative of § (with respect to vy) is
0(”1)(1)2 R...QV) =011 RV ® ... vg).

Fori=1,2,...,d, put v; = 3°7_; v;je;. Then

0(“1)(v2®...®vd) = (1 ®...Qv)
= Y €0)Tar1 ®. . ® Tacd(D_ v1j€; ® ... Q D vgiej).
i=1

O'GSd j:l
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Hence
0 (0, ® ... @ vg) = > €(0)V1a01V2002 - - - Vdood-
g€Sy
(Each 44 1s one of the z;,...,2,, and 2451 ®. . -®$aad(2?=1 v1;6;®.. . @2y v4j€;)
is non\zero provided that in the first argument we have j = acl, in the second

argument j = ao2, etc.)
Note that 8¢ (v, ® ... ® v4) can be written as

Y seSs,01=1 €(T) V1001 + - - Vdaod + Lses, 0122 €(T)V1a01 - - - Vdaod + - - -

+ Y sesso1=d €(0)V1a01 - - - Vdaod |

(since Sy can be partitioned by 01 = 1,01 =2,...,01 = d)

= E?:l Vai Eaesd,ﬂ:i €(U)Uzaa2 -+ - VUdagd |

= Vil LoeSg01=1 €(0)V2a02 - - - Vdaod + Via2 Yoes,01=2 €(0)V2602 - - - Vdaod + - - -
+V10d oes,o1=d €(0)V2a02 - - - Vdaod-

Now 6§ = vy Tres.(1) €(0)Ta02 ® -+ ® Tavd = V1a2 Xoesy(2) €(0)Tac1 ® Tasz ® - ..

®Tacd + -+ (—1)* ! Loesu(a) €(0)%a01 ® - . . ® Tao(d-1)- Hence

0v2®...Qvs) = Via1 Y. €(0)002® ... @ Vooad —
o€S84(1)

Via2 Z 6(U)'Uo:a'l QVao3 ® ... & Vaod + cee
c€S54(2)

.(_.1)(1_1 Z 6(0)vaal R...Q Vao(d-1)
aGSd(d)

(_l)j—lvlaj Z 6(7-)'02011'1'2 <o« Udatigs

d
=1 TESa(4)

J

where i : {2,...,d} — {1,...,7,...,d} is 1 — 1 and order-preserving, i.e. iy < i3 <
... < 1q4. (There is clearly only one such ¢ for each j.)

We now show that 1) = § by proving that

CoeSaoi=i €(0)V2a02 - -+ Vdaod = (=1)77 Lresy(j) €(T)V2ari; - « - Vdarias

for each j = 1,...,d and ¢ as just described.

If 0 € S; and ol = 7, then o is a bijection between {2,...,d} and
{1,...,7,...,d}. Define 7 by putting 62 = 7iy,...,0d = 7is. Then 7 € S4(j).
Extend 7 to 7' by putting 7'k = 7k if k # j and 75 = j.
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Then clearly (') = ¢(r), and we also have e(7') = (=1)""1e(o) because gl = j =
77,02 = Tiy = 7'i9,03 = 113 = 7i3,...,0d = Tig = T'ig and i3 < ... < 4. Hence
e(a) = (—1)P7l¢(r), and we obtain

> () V2002 - - - Viaod = (—=1)7 " > e(T)vaariy - - - Vdarig:
0€Sq,0l=7] TESq(J)

This shows that, if § corresponds to f (degree d), then (1) corresponds to f (degree

d — 1) via the given bases. O
It follows easily that, if f & g, then f(*) = g(*),

Nondegeneracy ‘

We call (V,8) (or simply §) nondegenerate if 8} = 0 implies v = 0, i.e. if
0(v,v1,...,v4-1) = 0 for all vq,...,v4-; € V implies v = 0. Otherwise, we call
(V,8) degenerate. This condition is clearly preserved by isomorphism ([K1] Ch 2
Proposition 1.2 p24).

There is a corresponding condition for A(V*): If zq,...,, is a dual basis and
f is the anticommutative polynomial corresponding to (V,8), then it follows from
Proposition 1.2.1 that f is degenerate if and only if there exists 9= f such that
g(z1,...,zn) = g(z1,...,Zn-1,0), i.e. the variable z, can be “removed”.

If f is any anticommutative polynomi_a.l of degree d; there .éxi_sts a.-non'degenerate
anticommutative polynomial A and a zero anticommutative polynomial k such that
f="h Lk, and h, k are unique up to equivalence. Hence there is no loss of generality
in restricting to nondegenerate forms. |

It is easy to see that the direct sum of nondegenerate alternating spaces is nonde-

generate.

1.3 Decomposition

A great deal of the theory of decomposition of symmetric spaces of degree d > 3

developed by Harrison ([H1] §§2,3) extends to alternating spaces.
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Since the arguments require little modification to carry over to the alternating case,
we confine ourselves to: listing the main results; commenting on the adjustments
needed to make the proofs valid for alternating spaces; and supplying a few details

not given in [H1].

An alternating space (V,8) of degree d > 3 is called decomposable if there exist
nonzero alternating spaces (U, ¢) and (W, %) such that (V,8) = (U, ¢) & (W, ).
We show that, if (V,8) is nondegenerate, then so are (U, #) and (W,%): Suppose
é(u,ury...,uqg—1) = 0 for all uy,...,u4-1 € U. Then, for all vy,...,v4-1 € V,
we have O(u,v1,...,v4-1) = 0(u, w1 + w1, ..., Ug—1 + Wa-1) = G(¥, U1y, Ug-1) +
¥ (0, wy, ..., wi-1) = 0. Since # is nondegenerate, u = 0, as required.

(V,8) is indecomposable if it is nonzero and not decomposable.

We say u,v € V are orthogonal, written u L v, if §(u,v,vy,...,v4_3) = 0 for all
Vi,...,V4-2 € V.

If Ais a subspace of V, we put At = {ue€V|u Lvforallve A}.

Since u L v if and only if v L u, we can deduce quite easily that A C A*1. From
this it follows that A C B+ = B C Al, which is required to prove Lemma 2.2 ([H1]
p128). |
If A is a subspace of V, let 8|4 denote the restriction of 8 to A. Then (A4, 0]4) is an
alternating space (of degree d).

If (V,0) = (U,¢) ® (W,¢), there exist subspaces A, B of V with V = A@ B and
A C B* such that (A4,0|4) & (U, ¢) and (B, 0|p) = (W, ). Con{rersely, ifV=A®B
and A C Bt, then (V,0) = (A,0|4) @ (B, 8|s). This follows from

0(0.1 +b1,...,ad+bd)
= 0((11,...,ad) +0(Gl,...,ad_1,bd) + - +0(a1,b2,...,bd) +0(b1,...,bd)
= (014 ®9]8)[(ar, b1), .- -, (az, ba)]
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Notice that alternation is required in the above: since 8 is alternating, the condition
A C Bt means that all terms in the second expression which have arguments from
both A and B, in any position, are zero.

V is called the orthogonal sum of the subspaces Ay,...,An ifV =A,® - ® An,
and A,-CAj' for: #£j,5,7=1,...,m.

The next two propositions, on decomposition and cancellation of alternating spaces,
follow by the same reasoning as in the symmetric case, since we have established
the validity of the prerequisite results in the alternating case. We confine ourselves

to vector spaces, so we do not need to assume nondegeneracy ([H1] Note 2.5 pp

129-130).

1.3.1 Proposition (cf. [H1] Proposition 2.3 p129): Let (V, ) be a nonzero alter-
nating space of degree d > 3. Then there exist finitely many nonzero indecomposable

alternating spaces (Ui, ¢1), ..., (Un, ®m), which are unique up to isomorphism and

order, such that (V,0) = (U1,¢1) @ -+ ® (Un, ¢m).

1.3.2 Remark: We call a subspace A of V a summand if A@® AL = V. Then V is
the orthogonal sum of its nonzero‘indecomposable summands.

(We shall sometimes write L for the direct sum.)

1.3.3 Proposition (cf. [H1] Proposition 2.4 pl29): Let (V,8),(U, ¢), (W, ) be
nonzero alternating spaces of degree d > 3 with (V,8) @ (U, ¢) = (V,8) @ (W, ¢).
Then (U, ¢) = (W, ).

1.3.4 Remark: Kanzaki ([KAN] p735) calls a form 8 of degree r > 2 (-skew-
symmetric if (zy, z2, T3, ..., 2,) = (8(z2,z3,...,Tr, z1) for all z;, where {7 = 1; this

clearly includes both symmetry and alternation as special cases.



23
This notion requires the existence of r** roots of unity in F, and a choice of a
particular root ¢ which cannot, in general, be fixed canonically.
He proves, in Lemma 2 (pp736-7), a generalization of Harrison’s Propositions 2.3
(éxcluding existence), 2.4 and 4.1 (see §1.5). Since we do not require this kind
of generality, we have confined ourselves to the much simpler requirements of the

alternating case.

1.4 Adjoint and Centre

The notion of the centre of a form is defined by Harrison for symmetric forms of
degree > 3 ([H1] p 133) and, more generally, by Kanzaki for (-skew-symmetric fbrms
([KAN] p736).

We discuss the centre within the context of the broader notion of the adjoint of an
endomorphism (or linear operator) on a vector space equipped with a form; because
we adopt a slightly different approach t§ Harrison’s, we discuss the symmetric case

in parallel with the alternating case, which is our main concern.

Let (V,0) be a nondegenerate bilinear symmetric space, and let T € End(V). It
is well known that, because of nondegeneracy, there exists a unique T* € End(V)
such that (Tu,v) = 6(u,T*v) for all u,v € V. (See, for example, [MB] Theorem
10, p396.)

T* is called the adjoint of T (with respect to ).

By the symmetry and nondegeneracy of , we have T** = T.

T is called self-adjoint (or symmetric) if T* = T ([MB] p397).

All of the above are valid also for bilinear alternating forms.

If T is self-adjoint, the bilinear form 67 defined by 0r(u,v) = 8(Tu,v) is easily seen
to be symmetric (resp. alternating) if 8 is symmetric (resp. alternating).

T is called skew-self-adjoint (or skew-symmetric) if T* = —T. In this case, T con-
verts symmetric forms to alternating forms, and vice versa: if 6 is symmetric (resp.

alternating), then fr is alternating (resp. symmetric).
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Now suppose that 8 is a nondegenerate symmetric form of degree d > 3, and let -
T € End(V).
We call S € End(V) an adjoint of T if

6(Tv1,ve,v3, ... ,vq4) = O0(v1, Svg,vs,...,vq) for all vy,..., v,

Because of symmetry, the positions of 7' and S are immaterial.

By nondegeneracy, an adjoint of T, if it exists, is unique; we denote the unique
adjoint by T™. T is called adjointable if it has an adjoint.

By symmetry and nondegeneracy we have, as in the bilinear case, reflezivity, i.e.
T =T.

All of the foregoing holds if @ is alternating. The irrelevance of the positions of T'

and T requires a simple check:

G(Tvl, Vg0 'Ud) = 0(’01, T*’Ug, e ,’Ud)

= —0(vi, T"v2y...,V1,...,0q)
= —0(Tvi,vay...,01,...,0q4)
= 9(1}1,02,...,Tv,',...,vd)

(where vy is in the ith position in the third and fourth expressions on the RHS); we
can likewise shift T* from v, to v;, say.

The set of adjointable operators is clearly a subspacie of End(V), with (oT')* = oT™
and (T + S)* =T*+ S~

We now link our approach to that of Harrison by showing that T adjointable = T

self-adjoint. We assume § is alternating and d > 2:

0(Tvy,v2,v3,...,v4) = O(v1,T v, v3,...,v4)
= —0(v3, T v2,v1,...,04)
= —0(Tvs,ve,01,...,0q)
= 0(Tvs,v1,v2,...,0d)
= 0(v3, T v1,v2,...,94)

= H(T*’Ul, V2,VU3y .., vd),
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by repeated application of adjointness and alternation. By nondegeneracy we thus
have T' = T™.

Note the dependence of this argument, as well as subsequent ones, on the assumption
that d > 2.

The set of adjointable operators is therefore the centre of 8, Z(6), as defined by
Harrison ([H1] p133). '

If 8 is symmetric, we get the same result by omitting the minus signs in the above
argument.

We check that Z(8) is closed under multiplication, i.e. that Z(6) is an F-algebra: if

S,T are adjointable/self-adjoint and 6 is symmetric or alternating then

0(STvy,v2,v3,...,v4) = 6(Tvq,02,Svs,...,0q)
= 0(v1,Tv2,Sv3,...,vd)
= 0(vy,STvy,vs,...,0v4),

hence ST is self-adjoint.
It is now easy to see that Z(0) is commutative: ST = (ST)* =T*S* =TS.
We have thus established the first part of (cf. [H1] Proposition 4.1 p134):

1.4.1 Proposition: Let (V,8) be a nondegenerate alternating space of degree d > 3.
Then |

(i) Z(8) is a commutative F-algebra,;

(i1) (V,0) is indecomposable if and only if Z(8) contains no idempotents except 0
and 1.

Proof of (ii): Harrison’s proof holds in the alternating case, but we fill in details
not provided in [H1].

Suppose V is decomposable, i.e. V =V; L V,, where V1, V; are proper subspaces of
V. Let p € End(V) denote the projection onto V;. Then

0(pv1,v2,v3,...,0q)



26
= 0(p(v; +vy),vy +v5,vs,...,v4) (wherev! € Wj,v! € Vp,1=1,2)

il
>

V1, Vg + V3,vs,...,04) (p is projection)

+'U{,,'U2,’U3, . avd) (Vi 1 V'Z)

(
(v;
= 0(v},vh,vs,...,0q)
= 0(v
(

= (vy,pv2,v3,...,v4) (pis projection).

Then p € Z(9), and clearly p # 0,1 since V; # 0, V.

Now suppose Z(6) contains an idern;mtent p#0,1. Let K = kerp,I = Imp. Then
V = K@, since any v € V can be written v = (v — p(v)) + p(v), with v — p(v) € K
and p(v) € I. (It is clear the K NI = 0.) Suppose v; € K,v, € I,v3,...,v4 € V.
Then |

0(vi,v2,v3,...,v4) = 6(v1,pug,vs,...,v4) (v2 € 1= Imp)
= Opo,ihve. ) (€ Z(0))

= 0 (v €K,s0puv; =0).

So K L I, hence V=K 11 with K,I+# 0,V sincep#0,1.
Thus (V, 0) is decomposable. O V

We conclude this section by elaborating on the contrast between degree 2 and degree
> 2 in relation to adjointness.

In degree 2, adjointable operators do not coincide with self-adjoint operators (as
they do in degree > 2). The set of self-adjoint (or symmetric) operators does not

constitute a ring; for example

)RS

The set of adjointable operators does, however, constitute a ring, since it is the full
algebra End(V'). This provides some justification for our focusing on adjointability

in this section.
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The set of self-adjoint operators (i.e. the centre Z(6)), while not an algebra, is a
Jordan algebra ([JAC2] p4): if A, B are self-adjoint, then {A, B}* = (AB+ BA)* =
(AB)*+ (BA)*= B*A*+ A*B* = BA+ AB = {A, B}, so {A, B} is self-adjoint.
By similar reasoning, we can see that [A, B] is skew-self-adjoint if A, B are, so the
set of skew-self-adjoint operators (i.e. the “anti-centre”) is a Lie algebra, but not an

algebra in general.

1.5 Witt-Grothendieck group

Harrison ([H1] §3 p131) defines a (Witt-)Grothendieck ring L, (R) of symmetric forms
of degree r > 3 over a field R, consisting of formal differences of isomorphism classes
of nondegenerate symmetric spaces of degree r; as an abelian group, L.(R) is freely
generated by the isomorphism classes of nondegenerate indecomposable symmetric
spaces.

- Harrison and Pareigis ([HP]) have adopted an approach to defining a Witt ring of
higher degree symmetric forms which uses 1-dimensional subspaces and a notion

of diagonalizability, and hence is not directly relevant to the case of alternating forms.

In the case of bilinear alternating forms, the Witt group is defined as in the sym-
metric case ([SCHA|] p239) and is particularly simple. There is one indecomposable
space, viz. ‘H, the hyperbolic/Lagrangian plane, and every nondegenerate alternating
bilinear space is a sum of copies of H. Hence there is precisely one isometry class of
nondegenerate alternating spaces in each even dimension, so the Witt-Grothendieck
group Wa(F) = 7.

(We modify Scharlau’s notation of W (=) for the Witt-Grothendieck ring/group and
W (—) for the Witt ring/group: the subscript a denotes alternation, and a superscript
denotes the degree.)

If we factor out the subgroup generated by the hyperbolics, we obtain the Witt
group W,(F) = 0. |
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In order to define a Witt-Grothendieck group for alternating forms of degree r > 3,
we observe that the results used by Harrison in his construction extend to alternating
forms. We have established the results on decomposition and cancellation (§1.3 p22);
it is obvious that, as in the symmetric case (see {H1] Proposition 2:1 p127), the direct
sum of alternating spaces is asso.ciative, commutative and has a zero element.
Hence we can construct a Witt-Grothendieck group for alternating forms of degree
r, denoted W7 (F).
This group is clearly also freely generated by isomorphism classes of indecomposable
alternating spaces of degree r. In contrast to degree 2, where there is one indecom-
posable (of dimension 2), for r > 2 the hyperbolics are all indecomposable (see §2.2
pp34-7), and there are countably many :non-isomorphic hyperbolics with dimension

unbounded.

We can define a tensor product of alternating spaces (V,6) and (W, ¢) of degree r
as for symmetric spaces, viz. (V ® W,0® ¢), where

Q@ ¢(v1 @wr,...,vr Quwy) = (vy,...,v.)¢(wr,...,w,),

but now 6 ® ¢ is symmetric, not alternating, so there is no possibility of putting a
ring structure on W/ (F) with the tensor produc't. |

It is obvious, however, that if 6 is symmetric and ¢ is alternating, then 0 ® ¢ is
alternating, so W;(F) is a module over W’(F). (Again, we observe that the requisite
properties of addition, i.e. direct sum, and scalar multiplication, i.e. tensor product,
are valid — see [H1] Proposition 2.1 p127.).

In fact, more is true: W*(F) @ W (F) is a Z ;-graded ring, with tensor product
as multiplication, since the tensor product of two alternating forms is symmetric.

Nothing seems to be known about the structure of this ring.



Chaptér 2

Alternating Spaces: Hyperbolics

In this chapter we introduce hyperbolic alternating spaces and, as Keet has done for
| symmetric forms ([K1] Ch 4, Ch 5 §1), determine their centre, isometry group, Lie
algebra and prove a descent result.

While in many respects there is a great deal of similarity between the symmetric
and alternating cases, there are also important divergences which we shall highlight.
Even where the arguments are very similar, we sometimes provide details not given
in [K1].

We summarize the contents of this chapter.

In §2.1 we define alternating hyperbolic space and prove a simple lemma which
we shall often use where, in the symmetric case, merely invoking the existence of
nondegenerate forms of arbitrary degree and dimension will suffice.

We prove that these spaces are alternating, multilinear and nondegenerate, and
also that they are cofinal for alternating space, i.e. any alternating space can be
isometrically embedded in an alternating hyperbolic space.

In §2.2 we compute the centre of the alternating hyperbolic space. Although there
is some similarity to the symmetric case, we have to adopt (in (iii)) a different
method to show that one of the components of an endomorphism in the centre is
scalar. The centre turns out to be F*Alt;V, the trivial extension of F' by Alt;V
(cf. F*SymyV, where Sym,V denotes the space of symmetric forms of degree d on
V, in the symmetric case — [K1] p41), and it follows from §1.4 that the alternating

hyperbolic is indecomposable.

29
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In §2.3 we discuss general results on algebraic groups and their Lie algebras. The
proofs of all the results, apart from Proposition 2.3.5, are as in the symmetric case,
and we merely cite [K1] as a reference. There is no analogue of Keet’s Proposition
1.7 ([K1] p65), so we have to use Proposition 2.3.3 in the next section. We observe
that §1.9 in [K1] also carries over to the alternating case, so we have a corresponding
result for reducing the calculation of the isometry group to the indecomposable case.
In §2.4 we determine the isometry group of the alternating hyperbolic. In the sym-
metric case, the fact that Sym4V is the singular locus ([K1] p69) affords a consid-
erable simplification of the computation. Since the concept of nonsingularity makes
no sense in the alternating case, we use instead the notion of the i** domain of an
alternating form, taken from [CH], and the fact that this is invariant under isometry.
Proving that Alth is a union of such :** domains constitutes the bulk of the work
in this section. We are then able to describe the isometry group as GL(V) »t F,
where F is a space of forms satisfying two symmetry conditions:

(1) alternation in the first d variables; and

(ii) a (signed) Jacobi identity.

We then show that F is precisely the co-Schur functor K,(V*), where yu = (2,1¢71)
(see [ABW]).

It follows by the same argument as in the symmetric case that the isometry group
is connected, and that its radical is 2-step solvable.

In §2.5 we show that the Lie algebra of the alternating hyperbolic is End(V) @
K,(V*). 1t follows, again by the same reasoning as in the sym.metric case, that its
radical is 2-step solvable.

In §2.6 we use the results of the previous section, as well as general Lie theory, to
prove a descent result for alternating hyperbolics. We follow roughly the approach
of Keet ([K1] pp99-105), but have to make several significant adaptations and we
give details of these. Most notably, we cannot define the set T'(8) in the alternating
case, so we have to work instead with the (zero set of the) derived algebra of the

radical of the Lie algebra.
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2.1 Definition and Basic Properties

Let F be a field in which d! # 0 and let V be a finite-dimensional vector space over
F. Let Alty_,V denote the space of alternating (d — 1)-multilinear forms on V. Put
W, =V, W, = Alty_ VW =W, @ W,. Take d > 2.

Define the hyperbolic degree d alternating space (W, ¥) by putting

d
\Il[(xlaol)a SR (-’Ed, od)] = Z(_l)i_lai(:pl,,- . 75;’ R -’Ed)'

i=1

For d = 2 this gives the usual hyperbolic bilinear alternating space (V@ V*, ¥), with
Y[(z, f),(y,9)] = fy) — 9(z) ([SCHA] p239).
We show that W is (i) alternating (ii) d-multilinear (iii) nondegenerate. First we

prove the following:

'2.1.1 Lemma: Suppose f(v1,...,v4) = 0 for all alternating forms f of degree d on

a vector space V, and for all v,,...,vg in V. Then v, = 0.

Proof: Let ey, . .., e, be basis for V. We may assume that n > d. Put v; = 3°7; ae;.
Then we have

S aif(ei,vz,...,v4) =0forall vg,...,vgand all f. (1) .

Fix j,1 < j < d. Choose (vs,...,v4) = (€1,...,€;,...,€4) and f = eF A ef A
LA :3? A...Neyin (1). Then a; = 0. This is true for all j = 1,...,d, hence
a;=...=ag=0. Now fix j,d+ 1 < j < n. Choose (vz,...,v4) = (e1,...,€4-1)
and f = efAefA...Aej_; in (1). rfhen a; = 0. Thisis trueforall j =d+1,...,n,

hence agy; = ... = &, = 0. Thus v; = 0, as required. O

2.1.2 Remark: In the case of symmetric forms, this Lemma follows easily by
invoking the existence of nondegenerate symmetric forms of arbitrary degree in

arbitrary dimension ([K1] Ch 1 §1.10(iii) p29). We have already observed that this

cannot be done in the case of alternating forms (Ch 1 p8).
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(i) By 81.1 (p10) it suffices to show that ¥ = 0 if two adjacent arguments are equal.
Suppose that (z;,0;) = (zi41,0i+1) = (z,0). Then

\Ii[(:rl,el),...,(:r,&),(:v,@),...,(md,Gd)] =
01(22,- -, T, Ty ey Td) + oo+ (=1)720(21, . Ti1, Ty Tigay e e, Ta)F

(=1)'0(z1y- -y Tic1, Ty Tigzy - -+, Td) + oo + (=14 y(z1, ... 2,2, .., 29-1) =0,

since all terms are zero except the ¢** and (i + 1)*, which cancel one another.

(i) O[(z1,01),...,a(z;,0;) + B(z}, 85),. .., (x4, 0a)]

= V[(z1,61),...,(az; + Bz}, ab; + 8)),. .., (T4, 04)]

=Yg (1) i(z1, .. Thy .y 0 + Bz}, .., za)+

(1YY (ab; + B8)(z1, ..., T, .., Ta)

=Yg (1) 70y Thy ey Ty Ta)

B it (1) 101, Ty ey @y ey 2a) + (1) b2, -, TG, Ta)+
(=1y180i(21,...,T;,.. ., za).

Combining the first and third, and second and fourth terms, respectively, this equals
a\Ii[(:rl, (91), ceey (:vj, 0_7'), . y (:Ed, ¢9d)] + ﬂ\Il[(:rl, (91), ey (:II;, (9;), ERE (:I)d, éd)]

(iii) Suppose that ¥[(v,0), (ve,02),. .., (v4,04)] = 0, i.e. _
0(v2yvay ...y 04) — O5(v,0s,...,04) + ... + (=1)404(v,vs,...,va-1) = 0 for all
v;,0:,2 <1< d. (2)

We need to show v = 0,0 = 0. Choose, say, v = 0 in (2).Then we obtain
02(v,vs,...,v4) =0 for all vs,...,vy, and all §,. By Lemma 2.1.1, v = 0.

If we choose §, = .-+ = §; = 0, we obtain 6(vs,...,vq) = 0 for all vs,...,v4, hence

=0 0O

We now show that hyperbolic alternating space is cofinal for alternating spaces, i.e.
every alternating space (V, f) of degree d can be isometrically embedded in some

hyperbolic alternating space of degree d:
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Define ¢ : (V, f) — (V & Alt4_,V,¥) by ¢(v) = (v, f®), where f*) denotes the
derivative of f with respect to v. It is obvious that ¢ is linear (observe that f(*+¥) =

f® + ) and that it is injective. It remains to show that ¢ is an isometry, i.e.

that U[g(v1),...,d(va)] = f(v1,...,vq) for all v,...,vs. Now

U(p(v1),---,(va)] = [(vy, FO), ..., (va, FO))]

d

= Z(_l)f_lf(u‘-)(vl, o 7'61', s avd)
i=1
d .
= > (=) f(viy vy iy ey va)
=1

= df(vla-”)vd)'

Then %qﬁ is the required isometry.

2.1.3 Remarks:

1. All nondegenerate bilinear alternating forms are hyperbolic. For d > 2, there exist
(simply from dimension considerations) nondegenerate alternating forms which are
not hyperbolic.

2. Of the canonical trilinear altefnating forms discussed by Cohen and Helminck
([CH] Table 1 p4), f, (dimension 3) and f, (dimension 6) are hyperbolic. The other

dimension 6 form, f3, as well as all the others, are not hyperbolic.

2.2 Centre of Alternating Hyperbolic Space

Recall (§1.4 p25) that if (V,0) is any alternating space of degree d > 3, then the
centre of (V) is

Z(0) ={f € End(V) : 0(fv1,v2,...,vq) = 0(v1, fva,...,04)VV1,...,v4 € V}.

(By alternation, this implies that 8(..., fvi,...,v;,...) = 0(..., v, .., fU5,...) —
see §1.4 p24.) |
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We determine the centre of the alternating hyperbolic space (W, ¥) of degree d > 3
described above. (See [K1] §2.9 pp40-1 for the symmetric case.)
Let f € Z(¥), where f : W — W.
Ju  Ji2

Write f as a matrix
fa fa

) of linear maps f;; : W; — Wj, 4,7 =1,2.

(i) First we show that f;2 = 0 (where fi2 : Wy, — W;). Take § € W,. Suppose
f(0,0) = (z,0") € W. We show z = 0. _

Now f € Z(U) iff U[f(z1,01), (z2,02), ..., (za,04)] =

U(z1,61), f(z2,02),...,(xq,0q)] for all (z;,0;) € W. In pa.rticula.r,

U[£(0,0), (z2,02),. .., (z4,04)] = [(0,0), f(z2,02), ..., (za,04)] for all

(z:,0:),2 <1 < d. If we put f(0,0) = (z,0), f(zq,02) = (25, 6,), then we have
U(z,0"),(x2,02),...,(z4,04)] = V[(0,0),(z5,6),...,(z4,04)] for all
(z2,02),.-.,(zd,04). Expanding this gives

0'(z2y...,24) — O2(z,23,...,24) + 03(z, 22,24, .., Td) — ...+

(=1)%94(z, T2y -, Tam1) = O(zh, 73, ..., 24) for all (z;,6;),2<i<d. (1)

Putting, say, zz3 = 0 in (1), we obtain 05(z, z,,z4,...,24) = 0 for all z,,z4,...,24

and all #3. By Lemma 2.1.1, this gives z = 0, as required.

(ii) Next we describe fy; (fo1: Wi — Wz).. . .

We have ¥[f(z1,0),(22,0),...,(20,0)] = ¥[(z1,0), f(z2,0),...,(za,0)] for all
T1,..-,%a. Now f(z1,0) = (fuiz1, fuz1), f(z2,0) = (fu1zs, fa172), so we have
fazi(ze, T3,. .., Ta) = —fa1z2(21,73,...,24) for all z,,...,z4. Define a : V¢ — F
by a(zy,...,z4) = f21$1(1:2,.$3,...,$d). « is linear in x4,...,z4 because f7;
is, and is also linear in z,; because f; is. So « is d-multilinear. To see that «

is alternating, we note that fz;z; is alternating, so it suffices to check the first 2

arguments:

a(z1,T2,T3y...,T4) = f21$1($2, T3y...,T4)

= '—f21$2(zla T3,... ,-'L'd)
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= —a(z2,1,23,...,2q).

Hence f;; is determined by an é.lterna.ting d-multilinear form.

(iii) We show that f;; is multiplication by a scalar (f;; : Wy, — Wj). Since
\I}[f(.’lfl,O),(:Uz,O),...,(33,1-1,0),(0,9)] = \I}[(xl,O),f(l‘z,O),.-.', (xd—lao)a(oaa)L
using f(z1,0) = (f1121, fa121), f(22,0) = (fi1z2, f2122), we obtain

6(fu1z1, 22, .., 24-1) = 0(z1, fr1ze,...,za—1) for all z1,...,z4-1 and all §.  (2)

Let {v1,...,v.} be a basis for V. Fix 7,7 such that 1 < 7,57 < n, and choose
LT3 = Vigy...,Td-1 = Viy_,, where 1 < i3 < ... < 1301 < n and i, # 1 or j for
3<r<d-1 Putf(u,v) = 0(u,v,vi,...,v;,_,) for all u,v € V. Then g is an
alternating bilinear form, hence it can be represented as an alternating n x n matrix
B. The condition (2) becomes §(fi121,z2) = 8(zy, fizs), ie.

(fuiz1)!Bzo = 28 B( fu1z2), i.e. 2i(ff,B)z2 = (B f11)z. for all z1,2, € V.

Hence fi;B = Bfi1. Now choose § = (v; A v; A v, A A vi,_,)*, so that
b(vi,v;) = —0(vj,v;) = 1 and (v,,v,) = 0 otherwise. The matrix B of § is
then given by B = e;; — e;;, where ey denotes the usual elementary matrix. Suppose
fi1 = (a,s), where 1 < r,;s < n. A simple calculation shows that, for 1 < k,1 < n,
(fi,B)ki = —ajk, (fH1B)k; = ai,(Bfin)u = aj and (Bfi1)jy = —ay. Hence
—aji = (f1B)i = (Bfu)i = aji, s0 aji = 0, ai; = (fi1B)j; = (Bfn)j; = —aij, s0
a;; = 0 (since char F # 2), and ay = (f{;B)i; = (Bfi1)ij = a;5. This is is true for

all 2,7 = 1,...,n, and shows that f; is a scalar matrix, as claimed.

(iv) fa2 is multiplication by a scalar (where fy; : Alty_1V — Altyq_,V). We have
U[f(0,6),(z2,0),...,(z4,0)] = ¥[(0,8), f(z2,0),...,(z4,0)], so using f(0,8) =
(f128, f229), f(z2,0) = (fu122, fo122), we obtain

f220(z2, ..., z4) = 0(f1122,...,24) for all z4,...,2q4 and all 4.

Since fi1 is scalar multiplication, the same applies to fss.
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We have thus shown that, if f € Z(¥), then

f(z,0) = I fe ) (z,0) = (fuz + fi20, faz + f220) = (Az,a® + ), where

f21 f22
A€ F,a € Alt,V.

Next we show that if f is any endomorphism of this type, then f € Z(¥) :

U(f(z1,61),(z2,02),...,(24,04)]
= U[(Azy, ™) + N0), (22,62),..., (24, 04)]
= a(z1,T2,...,24) + M01(z2,...,24) — O2( A2y, 23, ..., 24) + ...+
(=1)10a(Az1, 22y .. ., Ta1)

= a(xl, Toy... ,Hld) + /\\I’[(Ilfl, 01), ey (IIIC[, 0,1)]

On the other hand, we have:

U(z1,61), f(z2,02),...,(24,04)]
= U[(z1,01), Az, o™ 4+ 28y), (23,83), . .., (x4, 04)]
= 01(Aze,23,...,24) — a(T2, 21, T3, ..., Z4) — AO2(z1,23,...,2Z4)
+ 03(z1, Az2,. .., 2d) + ... + (—1)d_10d(x1, AZoy ...y Tgo1)
= a(z,z2,...,24) + A{(z1,61),...,(z4,04)],

as required. (The last step uses alternation of «.)

As an F-vector space, Z(VU) consists of pairs (A, a),A € F,a € Alt;V. So Z(¥) =
Fo Alt,V.

b
But Z(¥) C End(W, ®W,), so each element in Z (V) is a matrix ( ¢ ) . Clearly,
: c d

A0

then, the matrix of (A, a) is
o)A

), where o) denotes the derivative of a

with respect to —.

A0 0 A 0
Multiplication in Z(¥) : # = # or (A, 0)(u, ) =
T A cou UT + Ao Au

(A, u8 + Ag).
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Multiplication in AltqV is trivial :(0,0)(0,¢) = (0,0). Hence Z(¥) is F*Alt;V,
the trivial extension of F' by Alt;V, which is easily seen to be the unique prime
ideal of Z(W). (See [K1] notes following §2.2 p36.) It is also easy to see that
the only idempotents of Z(¥) are zero (0,0) and the identity (1,0), and hence
the alternating hyperbolic space is indecomposable (cf. [K1] §2.2(ii) p36): Sﬁppose
(A,0)(A,0) = (A, 0), ie. (A2,200) = (A, 0). Then A2 = )\ ie. A=0o0r A =1, and
200 =0 gives § =0if A =0, and gives 260 =0, i.e. § =0, also if A = 1.

2.3 Algebraic Subgroups of GL(V) and their Lie Algebras

We extend the results of [K1] Ch 4 §81.1-1.9 (pp62-68) to the alternating case.
Most of the results do not depend on symmetry at all, and we shall state these
without proof. We give the proof of the analogue of Proposition 1.8 in [K1] in full;

Proposition 1.7 in [K1] obviously has no analogue.

If V is a vector space of dimension n over F', then GL(V') has the structure of an
affine algebraic variety. Given a basis for V, M € GL(V) is represented by a matrix
(mi;) € A% with det(my;) # 0.

An algebraic group is an algebraic variety which is also a group, with multiplication
and inversion being morphisms of varieties.

An algebraic matriz group is an algebraic group which is a closed subgroup of some
GL,(F) in the Zariski topology.

An algebraic subgroup of GL(V) is a subgroup which, given a basis, may be identified

with an algebraic matrix group.

An algebraic subgroup of GL(V') has an associated Lie algebra. The Lie algebra of
GL(V) itself is denoted gl(V).

As an F-vector space it is End(V'), with Lie bracket [M,N] = MN — NM.

Let G be an algebraic subgroup of GL(V'). We describe its Lie algebra L(G). Let
F[e] denote the F-algebra generated by € with € = 0 (the Study “dual numbers”).
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Suppose that G satisfies the polynomials py,A € A. Then L(G) consists of all
M € EndV such that I + eM € End(V Qr Fle]) satisfies all the polynomials

pr. The set of all such elements of End(Vg() constitute an algebraic subgroup of
GL(VFyq), which we denote Gryg. L(G) is a Lie subalgebra of gi(V).

2.3.1 Proposition ([K1] Proposition 1.2): Let G,,G, be algebraic subgroups of
GL(V1), GL(V,). Then G; X G, is isomorphic to an algebraic subgroup of GL(V1®V;)
and L(Gl X Gz) = L(Gl & L(Gz)

Let f be a multilinear form of degree d on a vector space V, and denote the space
of such forms by Mult,V. If o is an automorphism of V, o acts on Mult,V via
o f(z1y...,z4) = fle7 zy,..., 07 gy) for all zq,...,24 € V. We call o an isometry

if o- f = f, and the set of all such o is the isometry group of f, denoted G(f).
2.3.2 Proposition ([K1] Proposition 1.4): G(f) is an algebraic subgroup of GL(V).

We denote the Lie algebra associated to G(f) by L(f). In this case, M € L(f)
if and only if I+eM € G(f.), where f. denotes the extension of f to Vg = V@ F|e].

2.3.3 Proposition ([K1] Proposition 1.5): The Lie subalgebra L(f) of ¢gi(V) con-
sists of all M € End(V) such that 3%, f(v1,...,vi—1, Mvi, Vig1,. .. ,vq) = 0 for all

Vi,..-,vg In V.

We observe next that the algebraic isometry groups and Lie algebras of equivalent

forms are conjugate.

2.3.4 Proposition ([K1] Proposition 1.6): Let ¢ € GL(V). Then (i) G(o - f) =
0.G(f).oc7 (ii) L(o - f) = a.L(f).c™L. |
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We now show that the Lie algebra of a direct sum of nondegenerate alternating

spaces of degree d > 3 is the direct sum of their Lie algebras (cf. [K1] Proposition
1.8).

2.3.5 Proposition: Let (V, f) be a nondegenerate alternating space of degree d > 3
over a field F' with d!' # 0 in F. If (V, f) = ®I_,(V;, fi), then L(f) = B, L(f).

Proof: First assume r = 2. Now M € L(f) iff

(% Ui Vd

i@ f)( e M ey ) =0 for all v; € Vj,w; € Va iff
w Wi Wy

Calfi(vr, o Muvi, .o, va) + fi(vr, .o Magws, ., va)+

fo(wr,y ooy Mavi, ..o wq) + fa(wa, ..., Maqwi, ..., wq)] = 0 for all v; € V3, w; € V5.
If all w; = 0, then we obtain 3 fi(v1,..., My1vi,...,v4) = 0 for all v; € W, i.e.
My € L(f1). Similarly, we obtain M, € L( f3).

Hence Y fi(vi,..., Migw;,...,va) + 3 fo(wr, ..., Magv;,...,wg) = 0 for all vy, w;.
If vw = 0 and w, = w3 = 0, then we obtain fi(Miwy,v,,...,v4) = 0 for all
va,...,vg € V4, w1 € V4. Since f is nondegenerate, so is f1, hence Mj,w; = 0 for all
wy € Va.

Thus My, = 0. A similar argument shows that Mz = 0.

- This shows that L(f) C L(f1) ® L(f2)-

The converse is obvious: If M; € L(f1), M2 € L(f2), then

?=1(f1€sz)(( " ),---,(Ml@Mz)( vi, ) ’( e ))
=Z?=1(fl@f2)((vl)7"'7(Mlvi)7""(vd))
wn Maw; Wd

=3 filviy... s Myviy ..o v0) + 3 fo(we,y .oy Maw;, ..., we) = 0 for all v; € Vi, w; €
V,. Hence L(f) = L(f1) ® L( f2).

The case r > 2 follows by induction. O

3
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Keet reduces the calculation of the isometry group of a symmetric form to the
case of an indecomposable ([K1] §1.9 pp66-68). The entire discussion carries over
to alternating forms, since it depends on Proposition 2.3 of [H1} (p129), for which
we have an analogue in Proposition 1.3.1 (p22), as well as general results about |

algebraic groups and their Lie algebras, and in algebraic geometry. Hence we have:

2.3.6 Proposition: Let (V,0) be a nondegenerate alternating space of degree d > 3,
and suppose V = V; L ... L V,, where the V; are the nonzero indecomposable
summands of V. Then the connected component of G(V,8) containing the identity
equals the direct product of the connected components of the G(V;,8) containing

the identity.

2.4 Isometry Group of Alternating Hyperbolic Space

The isometry group of a bilinear alternating form, known as its symplectic group,
may be described in two ways:
If (V,f) is a nondegenerate bilinear alternating space of dimension 2n over F, its

symplectic group Spg,(F) is generated by the following matrices ([SCHA] Lemma 7.4
A

, 0 . - (1B {1Io

p263): (i) , with A € GL,(F); (ii) -, ,where B,C €
0 A o 1) \c 1

0 I

M,(F) are skew-symmetric; and (iii)(
-1 0

). Hence all elements of Spon(F)

have determinant 1.

Geometrically, the symplectic group is generated by the symplectic transvections,
i.e. transformations ¢ : V — V given by ov = v + ¢.f(a,v)a, where a is a fixed
nonzero vector and c is a constant. (If ¢ = 0, ¢ = ly; if ¢ # 0, o leaves v fixed if
and only if f(a,v) = 0, meaning that v belongs to the hyperplane H = (F - a)*, the
orthogonal complement of the line through a; o is also the identity on the line F'- a

for any value of c¢.) The centre of Spzn(F) is +1v, so Sp2n(F') is not simple. (See
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[ART] pp139-140 for details.)

We now determine the isometry group of an alternating hyperbolic space of arbitrary
degree and dimension. Recall (§1) the degree d + 1 alternating hyperbolic, which
consists of the space H = V @ Alt,V together with the alternating form f defined
by fl(v1,61),---, (Vag1,0a1)] = S (=1)6:(v1,. .., Giy...,v441). We want to
determine the isometry group G(H, f). The case dimV = d is easily dispensed
with:

2.4.1 Proposition :

If demV =d, then G(H, f) = SLg1(F).

Proof: dimH = n+ (}) = d+ (%) = d+ 1. If 0 is any alternating form of
degree d + 1 on a vector space of dimension d + 1 and ¢ is an isometry then
O(viA...Avgyr) = 0(ovi AL . . Aovay) = (det a)0(vi A...Av441), essentially because
the determinant is the only alternating form of degree d+1 in d+ 1 variables. Hence
deto=1,i.e. 0 € SLy1(F). O

In the case dem V' > d there is a great deal of analogy with the symmetric situation
(see [K1] §§2.1-2.4 pp 69-72) but a key part of the proof requires a quite different
approach. In the symmetric case, SyrﬁdV = the singular set of the hyperbolic form,
which is easily seen to be invariant unde’r isometry; in the alternating case, we

cannot define the singular set, so proving the invariance of Alt;V is done as follows:

Let z € V. Recall the derivative of f with respect to z is the degree d —1 alternating
form f® given by

@ (zy, ... 24-1) = f(z,T15- -, 24-1) for all zy,...,z4-1 € V.

The kernel of f is

kerf ={z €V : f(z,z1,...,24-1) = 0 for all z1,...,24-1 € V}, ie. = € ker f if
and only if f(*) =0,
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and the rankof fisrk f =dimV — dimkerf.
Following Cohen and Helminck ([CH] p2), we define, for any nonnegative intéger 7
the it domain of f, Ri(f) = {z € V : rk f® =4},
2.4.2 Proposition: cR;(f) C R;(f) for any isometry o of f.

Proof: First we show that rk(o-f)@ = rk (') for any automorphism o € GL(V).

u € ker(o - f)(””)

& (0 /) (u,vs,...,v) =0 for all v3,...,vdevV

o u € ker f("_lz)

& o f(z,u,vs,...,v4) =0 forallvs,...,uvq€V

& flo'z,07 w07 vg,...,070g) =0 for all v3,..., v €V
& flo'z,07w,ws,...,wg) =0 for all ws,...,wg €V

& f(”—l””)(a“lu,wg, coowg) =0 forall ws,...,wg €V

-~

-~

u € oker f(”_lz)

1

So dim ker(o - f)® = dim[oker f¢79] = dim[ker f© )], hence rk(o - f)®) =
rk fle7'a),

If o is moreover an isometry, then o - f = f. Let z € Ri(f), i.e. rk f® = i. Then
rk f2) = rk(o=' - £)@) = rk f®) = 4. Hence oz € Ri(f), so = € 0~ R;(f). Thus
Ri(f) C o7 Ri(f), i.e. oRi(f) C Ri(f). O

2.4.3 Remark If we put RgU Ry U...U R; = Rq;, then R¢; is still invariant under

isometry. This will play an important role in our proof.

In order to determine the isometry group G(H, f), we write an isometry as a matrix

A B
M = ,where A : V - V., B : Alt;V —- V,C : V — Alt4V and D :

C D
AltyV — Alt;V are linear maps.
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First we show that M(Alt,V) C Alt;V, which implies that B = 0. We do this by
showing that Alt;V = R<,(f) and using Remark 2.4.3.

2.4.4 Proposition: If H = V@ Alt,V is the alternating hyperbolic space with form
f, then Re.(f) = AltaV.

Proof: We choose a basis for H = V @ Alt;V as follows : Let €1,...,€, be a basis
forV.Let A={a:d—n|l<al<...<ad <n}. Then {(en1-..€ad)*|a € A}
is a basis for Alt;V. (For brevity we shall often write e, for (€41 ... €ad)*.) We see
that dim H = n + (2) Suppose y € kerf(’”);where T =31y i€ + X gea Ga€e and
Yy =3 bie; + X nea baeo. Then

y e kerf(z) iﬂf(may7z17"'azd—l)=0VZ17"'azd—1 € H
iff forallt; enUAj=1,...,d—1,

f(z ae; + Zaaea,z bie; + Z b€, €iyyenns etd;l) =0 (1)

Nontrivial equations arise only when at most one t; € A, so we distinguish two types
of equations which can occur:

Typel: t; enVj=1,...,d —1. It suffices to consider those ¢; satisfying 1 < #; <
o<tg1<n(ieteA={t:d—1-n|l <t <...<tz_3 <n}),since other
choices of the t; will give, by alternation, trivial equations or the same equations as

for t € A'. Expanding (1) gives, for all t € A":

i aibifeir e,y sty )+ 3 Yo @iba feis €asyy e vy €iyy )+
Yo i @abif(€ar€jr€tyy. sty )+ a2 p0absf(€ar s €ty sy ) =0.

By definition of f the first and last sums are zero (since they do not have exactly one
argument e;,t € A), and using the alternation of f in the middle sums we obtain :
Yi Y alaiby — anb;i)f(ei, ensetyy. . yee, ) =0,V € A"

Now fix ¢ (i.e. choose one of these equations). Those terms on the LHS for which

i € Imt are zero, so we consider those for which ¢ &€ Imt. Suppose 1 < ... < tg, <
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1 < tgy1 < ...<n,where 0 < k; < d—1 and we define t, = 0,13 = oo to allow for

1<ty ori>ty1.Then

fleisear ety rery ;) = —Ffleas€ir€yy. . €ty ;)

= —(—1)kef(ea,et1,...,etk‘,ei,etkﬁl,...,etd_l) (by alternation)

= (_1)ki—1f(ea7 €t19-- 49 etk,«aeia etk"+1? ceey etd-l)'

So for each 7 & Imt, we have

Z(aiba - aabi)f(ei7 €oy Ctyyeeny etd—l)

[o

= Z(—l)k‘_l(aiba — aobi)f(ensetyy- - s€iyeer€sy )

[o

— ki-1¢,. ) , .
- (—1) ) (a1bt1‘--tk51tki+1---td—l - atl--'tkiztk"+1---td—l b‘l))

since there is only one nonzero term in the middle expression, viz. the term for
which al, ..., ad corresponds exactly to ty,...,¢tk,2, tkit1, .- -5 bd—1-

So the equation is T(—1)% (@bt s — Gepite s b) = 0.

For an arbitrary injection « : d — n we define ay, = €(0)aq, where o’ € A and
oo = o. Then we have Ti(— L)%~ (~1) (aibiry.ta.y — Gitytasbi) = 0.

Hence Y- 1 (aibis,. .4, , — @ity..t,_,0;) =0, for each t € A’.

Type II: t;, € A for exactly one jo,1 < jo < d—1, and t; € n for 3 # jo.

Suppose tj, = ajpl...aj,d = ¢, (by abuse of notation). Expanding (1) gives

ZZqibjf(ei, €5y Ctyr s Cajyre s Clyy) T
i
Z;aibaf(ei,ea,etl,...,eajo,...,etd_l) +
;Zaabif(ea,e;, €tyye vy Cajyre vy Ctgy) T
ZZaabﬁf(ea,eﬁ,etl,...,eajo,...,etd_l) =0
a B
By definition of f the last three sums are zero (since they do not have exactly one

argument e;,t € A), so we obtain
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Tk aibif(eisers €ty ajyyearetyy) =0 forall o €A, jo=1,...,d—1, and
all t; € n, 7 # jo.
As before, because of alternation, it is sufficient to consider ¢ satisfying 1 < ¢; <
con < tjom1 < tjgg1 < ... < tgo1 £ n. Moreover, we need consider only those ¢ for
which Imt C Im c;,, since other t will give either trivial equations or the s‘a.me
equations as these ¢ give.
By alternation, we can write these equations as
Ti Lksiaibe — arbi)f(ei, exsetyyevvs€ajyy--orety ) = 0, for all a;, € A,jo =
1,...,d=1,and all t such that 1 <#; < ... <tj-1 <tjo41 < ... <ty <n,ImtC
Im aj,.
Now f(ei ek, €rsr-rvs€ajgs- sty ) = :I:f(egjo,etl,. ey Ciyenny Chynnny €y )y SO
i Dkvilaibe — arbi) fei, exs ety -+ €055 - ., ety,) =
£ 3 Dokni(@ibe — arbi) f€agys€try vy isevryChyeens iy )
Fix1<jo<d—-1,05, € Aand tsuch that 1 < ¢ < ... <tjo_1 < tj01 < ... <
tg1 <nand Imt C Imaj,. (2)
Then exactly one pair (¢, k) with ¢ < k will give a nonzero term in the double sum,
viz. the two elements in Im aj,\Imt. So we get a;bx — axb; = 0 (for this pair). If
we range through all choices of jo,aj, and t satisfying the conditions (2) above, we
obtain equations

aby —arb; =0 for alli, k € n.

We now show Alt;V C R<n(f):
If z € AltV, ie. ay = ... =a, =0, then all Type II equations are redundant and

Type I equations become :

n
Z Akty..tyy b = 0.

k=1
Hence the b, are arbitrary, so dim ker f(*) > (3), ie. rkf@® <n4 (3) - (3) = n,

hence = € R<,(f), as required.

Finally we show that R<,(f) C Alt,V :
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Suppose = € Alt;V, i.e. some a; # 0. Renumbering, if necessary, we suppose a; # 0.
From Type II equations we have : a,b; — a,b, = 0Vr,s € n. For all s > 2 (taking
r = 1) we have b; = %bl = ¢sb1, and for s = 1 we put ¢; = 1.
It is easy t‘o see that all Type II equations are satisfied by the b, : a, b, — asb,
= arZ‘l"lh — as%:-bl = 0. Now substitute these b, into the Type I équations :
> r=1{@kty.ty_ b1 — Qkbrty 1y, ) = 0 for allt e A,
Ift€ A’ and 1 € Imt we can write the equation as
bity..tyy = zl;[altl...td_l c1by + 7o (@key 1y, 01 — Gkbiey 2y, )]
We check that all Type I equations are satisfied by the b; and the b,. It is
obviously sufficient to check only the remaining Type I equations, i.e. those for
which 1 € Imt. Suppose that t; = 1 for some j. Type I equations are then
1@ty gty 0 — @ibrigy e, ) = 0, for all t € A”. The first term is zero, so we
have Z?=2(alit1...t}...td_1 b — aib1it,...t}...td_1) = 0.

Substitute for b; and by, ;- 4, (12 2):

n
Z[alitl...t}...td_l cibi—

=2
a; n .
_{alitl...t‘~...td__l abr + Z(akz‘tl...t}...td_lckbl - akbkii;...t“...td_l)}]
al 7 J

k=2
n

n
= - Z Z(cickakitl...t}...td_l - ciakbkitl...t}...td_l)
1=2 k=2

= 0,
because of altefnation of the a, and bg.
So all the b; and bs can be written in terms of b; and the by, ¢, ,x, where £ > 2 and
1€ Imt.
Now card({b;,7 > 2} U {by4,..4,_,}) =n—1+ (Z:i), hence rk f& > n —1 + (Z:})
Since we assumen > d,n—1 > d—1, so (Zj) > 1, and hencerk f& > n—141 =n.
Thus = & R<.(f), as required. O
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We now return to the determination of G(H, f). Since M is invertible and B = 0,
A is also invertible, i.e. A € GL(V). Now the isometry condition gives, for all

U1y« ooy Va1 and 61)'~',0d+17

al A A e e v e
C D 01 C D 6d+1 61 6d+1
(C’Ul + D@l)(sz, . .,A’Ud+1) - (C’Uz + D02)(A01,Av3, .. .,A’l)d) +...

+ (=1)*(Cvas + Dbay1)(Avy, . . ., Avy)

= 01(’02,...,’Ud+1)—62(1)1,’()3,...,’()d+1)+...+(—1)d0d+1(’01,...,’0d). (3)

Choose 0 = ... =6044,1 =0,v; =0. Then :

D6, (Avy,..., Avgsr) = 01(va, . . ., Vay1), 1.€.

A7 (D)) (v, ..., va41) = O1(va, . .., va41) for all ve,... vgyq and all 6.
Hence A~! - (D6,) = 6, i.e. D6, = A -6, for all 6,.

This means that D is determined by A.

In order to describe C, put 6; =... =044, =01in (3) :

Y (=1)"1Cvi( Avy, . .. LAV, ..., Avgyr) = 0 Vo, ..., gy

Define ¢ : V¥t — F by

QZS(’Ul, e ,’l)d+1) = C’l)d+1(A’Ul, ey A’Ud) = A_l . (Cvd+1)(’l)1, ceey ’Ud).

¢ is linear in vy, ..., vg41 because C is linear in vgy1 and Cvgyq is linear in vy, . .., vq.
¢ is alternating in vq,...,vs because Cvgy; is alternating.

¢ also satisfies :

Z?:ll(—l)i—l¢(vl’ ceey 61’) <oy Vdy1, ’U,‘) =

YHN (=11 Cv(Av, - - -, Avi, ..., Avgy1) = 0.
So ¢ is a multilinear form satisfying

(1) ¢ is alternating in v, ..., vg;

(ll) Z:-i:ll(—l)i—lgﬁ(vl, ey 13,', ooy Ud41, ’l),’) = 0
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Hence C is determined by a d-multilinear form ¢ satisfying the above conditions.

As a set we may thus identify G(H, f) with GL(V) x F,where F denotes the space

of (d + 1)-multilinear forms ¢ satisfying conditions (i) and (ii). We can recover
A0

M = ( ) € G(H,f) from (A,¢) € GL(V) x F using D§ = A -0 and
C D

Cvat1(viy .-, va) = (A7 o1, .., A ogyq).

We now establish that G(H, f) = GL(V) ba F, the semidirect product of GL(V)

and F. We obtain the operation on GL(V) x F by using the compatibility require-
A; 0

ment: Suppose M; =
Ci D;

) corresponds to (Aj, ¢;) for i = 1,2. Now suppose

C

A1A2 0 . '
Then M = , so obviously A = AjAy, D = D D,, C =
Ci14; 4+ D1C; DD,

C1A; + D,C5, and ¢ must satisfy

A 0
M1M2 =M = ( D ) and (A17¢1)(A2’¢2) = (A7¢)

d(v1y.. . var1) = (C1Az + D1Co)vap1(Avy,. .., Avg)
= C1(Agvgs1)(Avy, ..., Avg) + D1(Cov441)(Av,. . ., Avg)
= ¢1(A7  Avy,. .., AT Avg, Agvasr) + Ay - (Covger )(Avy, . . ., Avy)
= $1(Agvr,. ., Agvasr) + Covapr (Agvr, . . ., Agvy)

= A2_1 '¢1(vl7"'7vd+1)+¢2(vl,.-.,vd+1)

This shows that the operation on GL(V) x F is

(A1, $1)(Az, $2) = (A142, A7" - 1 + 62),

so the product is semidirect as claimed.
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The space F turns out to be isomorphic to a certain co-Schur functor ([ABW]
Definition 11.1.3 p220). First we observe that it is easy to show that condition (ii)

can be written in other ways:

(ii) =H e(0i)oi - ¢ = 0, where o; = (i,d+1) for 1 <i < d+1;
(i1)” d(v1, ..., vag1) + (—1)%(va, . . ., Vas1,v1) + B(V3y - -+, Va1, V1,02) + ... +
(Vdy Vay1,V1y- - 5 Va-1) + (=1)¢d(vag1,v1, . - -, va) = 0;

(i) TH e(y* )yt - 6 =0, where y = (1,2,...,d + 1).

The last two of these give a Jacobi identity which alternates in sign when dég(qﬁ) =
d+1 is even. We shall sometimes refer to forms satisfying conditions (i) and (ii) as
hook-altern@ting.

The next result is proved by a direct method, which contrasts with Keet’s use of

the letter-place aﬂgebra in the symmetric case ([K1] Ch 4 §3.9-3.17 pp81-6).

2.4.5 Proposition: The space F is isomorphic to the co-Schur functor K,(V*),

where p is the partition (2,197!), i.e. the Young diagram | (with d blocks

in the first column).

The Proposition is proved as follows:

(a) We describe a standard basis for K,(V*), and use it to show that F C K,(V*).
(b) We show that every basis element of K ,(V*) satisfies (i) and (ii), which implies
that K,(V*) C F. |

The co-Schur functor K,(V*) may be described as follows: Let {vi,...,v,} be a
basis for V, with {z1,...,z,} the dual basis for V*.

The co -Schur functor is the image of &, (V*) : S, (V*) — A (V™) ie.

d(V): SH(VI®V*®...0 V= A V)V,

where i = (d,1)= [ [.---- [].
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d,(V)(zp, © Tpgy,) ® Tp, ® ... ® p,] can be visualized as follows ([ABW] top of
p222):

A A AN
5'2 R
P1 | Pd+1 D1 | Pd+1 Pd+1 | 1
St | p2 - P2 + P2
St pal| Pd Pd

(The rows on the LHS are multilinearized.)
Now take the exterior product down the columns on the RHS, and tensor the results

to obtain:

d;:.(V*)[(xm © xpd+1) QTp, ®...Q xpd)] =
(xpl AN mpd) ® mpd-{-l + (mpd-i-l A mp2 ANRIA xpd) ® mpl‘

By the Standard Basis Theorem ([ABW] Theorem I1.3.16 p235) , a basis for K, (V*)

is given by those elements for which the diagram is co-standard, i.e. for which

P <...<pqand p1 < patr-

Proof of (a): An arbitrary (d + 1)-multilinear form ¢ can be (uniquely) written as
¢ =Yier(aliy.. . tg41)zi, ® ... @ ziy,,, where I = {i : d+ 1 — n}. We now consider
what happens when ¢ € F. By (i), if i, = 1, for some 1 < s <t < d, then
H...e,0..0¢€,...)=1(a]...75...%...)=0.

So ¢ = Tien (altr.. . ta41)zi, ® ... @ iy,,, where I; = {i € I'|4y,...,1q4 are distinct}.
Choose j € I;. Thenforn € .S'd, T ¢(e;,®. . .Qe;,Q¢€5,.,) = €(7)d(e;, Q. . .Qe;,®€j,,,)
(by (1), i-e. Tien(alin-.-tar1)(ziy @ ... @ Tigyy )(€jry ® - ® €jpy ® €j,y,) =

() Yien(alir. . tap) (24 @ ... @ iy, )(e5, @ ... @ €y, ), ice.

(aljr1 - Jrndjarr) = e(m)(alsr- - - Ja+1)-

Let I, = {1 € L1]t1 < ... < iq}. Clearly, the set of all ¢ry ...4r4ta41 as ¢ ranges over
I, and 7 ranges over Sy is just I;. Hence

¢ = Z Z (ali.,rl .. .i,rdid+1)m,-ﬂ Q...0zi, O Tiy,,

€l €Sy
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= > > em)(alir.. ig41)Tin @ ... Q@ T, ® Tiy,,

1€, T€Sy
= > (alir...igq) Y €(m)Ti,, ® ... Q TiL, ® Tiy,, -
i€l mESy

Using the embedding AY(V*) < T%(V*), we can identify ¢ with

d!'Sien(aliy. . ctagp)(zy AL A T) ® iy, (4)

Now suppose that for some j € I, we have j; > jay1. By condition (ii), we have:
(=1)%[(viy A - Avj,) ® vjy,,] =

= ()T A AT A A, ® s, e

d
(-D*alj1 - jap1) = -Z(—l)"l(aul...j?...jm)
d
= —Z(—l)’"l(—l)d*l(aljdﬂjl...fr...jdjr)-

~

Hence (alj1...Jan1) = Lty (1) (aljasir - Jr - - Jagr)-  (5)

This shows that any coefficient (a|j) for which jz41 < j; can be written as a sum of
coefficients (a|;°) with all j° distinct, and j§ < ... < j§, 7] < ji;; for all s. Also,
for any other coefficient (a|!) for which 441 < {1, the I* (which occur on the RHS of
(5)) are distinct from the j°.

It follows that the sum (4) may be taken over I3 = {i € I |i; < t441}; also, since
the coefficients on the RHS of (5) are all distinct, any coefficient (ali) with ¢ € I3
occurs at most twice in the sum. It remains to show that every term in the sum can
be written as (ali1...ta41)[(Zi; Ao A Tiy) @ Tiy,, + (Tigy, ATi, Aol A Tiy) @ 4],
where 1 € I3. We consider three cases:

(i) If 1441 = 41, then

(T, Ao AZi) @ Tiyy, = 3l(B0 A AT) @ @iy, + (Tigy, ATiy AL A Tsy) @ 4y )]
(ii) If 441 = i,, for some r = 2,...,d, then

(i, A AT ® iy, = (Ziy A AE) @ Ty, +(Tig,, AT, AL ATiy,) ® 24y, since
the last term is zero.

(iii) If the 4,,1 < s < d+1, are all distinct, we suppose 1 <141 < ... <1,y <41 <

bpp1 < ... < ig < n,le. igyr is in the r** position in the sequence. Then
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(altg...tag1 .. -tat)[(ziy AL A Tiggy Ao N 2iy) @ 2]
= (alky ... kry oo kakapa)[(zi Ao A iy, AL A Ti,) @ 24y (re-labelling)
=YL (—D) Y alkaprkr .. ko kak) (@ A A Al Azy) ® T4

(since k1 < ... < kg and kqy1 < k1, we can use (5)).

The (r — 1)** term in the sum is

(=) (alkapikr . Rt o kgkeo))[(@ig Ao A zigy, Aee Azy) ® 3]
= (—l)r_z(alilig . idid+1)[($i2 A...A zid+-1 A A .’lfz'd) ® Il)il]
= (_l)r—2(_1)r—2(d|i1 oo Z.d+1)[(mid+1 ANzig Ao A mid) ® ‘Th]

= (a|i1 .. -id+1)[($id+1 ANz, Ao A Il)id) ®:13i1]

So the coefficient of (alz;...2441) in this case is also

(g Ao  ATiy) ® Tigyy + (Tigy, ANTiy Ao A ziy) ® 24y, 85 Tequired.

Proof of (b): We show that a basis element ® = (z,, A ... A zp,) ® zp,,, +
(Zpgyy A :c,‘!,2 A...Ngp,) @z, of K,(V*) satisfies (i) and (ii). Then by linearity
of the permufation action, all elements of K,(V*) satisfy (i) and (ii). Since ® €.
AV QV* = (ANV)*®@V* = (A*V ® V)*, it is obvious that ® satisfies (i). To
show that ® satisfies (ii), we observe first that two (apparently) different actions
of the symmetry group on a form are in fact the same. We consider only a basis
element f = z;,®...Qz;, € T*(V*), as both actions can be extended to an arbitrary
form by linearity. The two actions are

7 f(vj, ®...Qv;,) = f(vj, ®...Qv;,,) (usual action), and
Tkf=7*(zy;®...Qxy)=2; , ®...Q0; _, (tensor action). |

Now

7"-'f(vh®"'®vjk) = f(vjwl®"'®vjwk)
= (24, ®...02)(Vjn ® ... Qvjp,)

= T (vjvrl) ce xik(vj'lrk)’
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while

Tk f; ®...Qv,) = (2, ®...0z _, )(v; ®...0v;)
| = @, (v;)..zi _,, (v3,)

It is obvious that the two actions are identical.
Hence to show that Zf__‘fll €(o:)o; - @ = 0, we show instead that Zf:ll €(oi)oix® = 0.

By antisymmetrization (see pl4), we have

¢ = (wm Ao A wpd) ® Tpayy + ($Pd+1 NEp, Aot A wpd) ® Zp,
= (Tp A ATp) @ Tpyy, + (wpall AZpga Aevi A wpald) ® Ty, (a1

= Z 6(Cl):'vpozl ® o ® wpad ® wpa(d+l) +
aGSd+1(d+1)

Z 6(IB):'CPO'I/SI ® ot ® wpclﬁd ® wpclﬂ(d+l)’
BESay1(d+1)

where 07 = (1,d + 1) (as on p49) and Sy41(d + 1) denotes (as on pl8) the subgroup
of Sg+1 which fixes d 4+ 1, and which may be identified with Sy.

~Then we have

d+1 d+1
Z 6(0’1’)0'1' * @ = Z Z e(a)e(o-i)xpao’.‘l ® e ® wpac"(d+1) +
=1 i=1 aGSd+1(d+1)

d+1

Z Z e(lg)e(ai)wpclﬂo’il ® '.' * ® wpclﬂc"(d+l) ¢

i=1 S€Sqy1 (d+1)
It is easy to see that as ¢ ranges from 1 to d + 1 and « (resp. ) ranges over
Sit1(d + 1), ao; (resp. o180;) ranges over Sy1. Put ao; = v and 0180; = §. Then
€(7) = e(@)e(or) and €(6) = e(o1)e(B)e(os) = —e(B)e(or).
Hence we have

d+1 . '
Z e(oi)oi % ® = Z €1)Zp, ®...® Tpoiasn) — Z €(6)2p;, ® ... ® Tpsarny = 05

i=1 YESa41 6€Sa11

as required. O

2.4.6 Remark: We have thus proved that the dual of the space of tensors 7 C
T4*+1(V) satisfying the symmetry conditions
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(1)o- (11 ®...Qvap1) = €(0)v1 ® ... ®vgyy for o € Sy; and
() v®..Quit1 T 120V ... QU1 OV +... Va1 QU ®...Qvg=0
corresponds to the co-Schur functor K,(V*), where u = (2,1471).
This is the analogue of the antisymmetrization isomorphism in the alternating case
(§1.1 p13), or polarization in the symmetric case ([K1] Ch 1 §§3-6 pp12-15). Since we
have no analogue of the exterior (or symmetric) algebra for these forms, there is no
possibility of describing the isomorphism in terms of Hopf algebra structure. We can

only give the above explicit description, as we do in §1.1 (p14) for alternating tensors.

The structure of G(f), where f is alternating hyperbolic, therefore differs from the
symmetric case only in that the co-Schur functor K, (V*) replaces the Schur functor
Ly(V*). (See [K1] Ch 4 Propn 2.4 p72.) We therefore have the following ([K1] Ch
4 §82.5,2.6 pp72-3):

2.4.7 Proposition: G(f) is connected. If charF # 0, then the radical of G(f) is
F* 1 K,(V*), which is 2-step solvable.

2.5 Lie Algebra of Alternating Hyperbolic Space

We determine the Lie algebra of the alternating hyperbolic space H = (V@ Alt,V, f).

A B
Suppose that M = € End(H) is in the Lie algebra of (H, f). We have

. C D
seen (§3 p38) that this means that [+eM is in G(f.), where f. denotes the extension
‘ I,+eA B
of fto HRp Fe]. Now [+eM = , 80 €B = 0 by the comment
< eC I, +eD

preceding Proposition 2.4.4 (p43), hence B = 0.

By Proposition 2.3.3 (p38) we have

S fl(v1,61), .., M(vi,6:), - - -, (vas1,04s1)] = 0 for all (v;,60;) € H, i.e.

SH fl(v1,601), . .., (Avy, Cv; + D6;), . .., (vay1,0a41)] = 0 for all (v;,6;) € H. (1)

Putting v; = 0 this becomes:
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Fl(0,D8y), (vg,02), ..., (vat1, 04+1)} + f1(0,61), (Ave, Cvga + DOy), ..., (vas1, 0at1)]
+...+ fl(0,61),...,(v4,84), (AVgs1, Cvg41 + DOyy1)] = 0 for all
V2. ..y Va1 € V,01,...,0411 € Alt;V, ice.
DOy (vq,...,vq) + pIrar 5 01(va, ..., Avyy. .. vg41) = 0 for all vy, ..., v441,04.
Put dabi(ve,...,v441) = 202 01(va, ..., Av, ..., 0441). (dab1(va, - ..,va41) is the
directional derivative of 6; at (vg,...,v441) in the direction (Awv,,. .. ,Avd+1) — see
[K1] Ch 4 §2.7 p74.)
Then we have D8, = —d 40, for all 8;, so D is completely determined ny A€ End(V)
(since d4 depends only on A).

In order to describe C, we put all §; =0 in (1):

S fl(v1,0), - . ., (Avy, Cv;), . . ., (v441,0)] = 0 for all v;, i.e.

YH(=1)"1Cvi(vy, ..., i, .,v441) = O for all v;.

Now put @(vi,...,v441) = Cvgq1(v1,-..,v4). We can use the same reasoning as
before (Proposition 2.4.5 p49) to see that C' may be identified with an element of
the co-Schur functor K,(V*).

Hence we can identify L(f), as a set, with £ = End(V) & K,(V*). We can recover

A 0

M = ) € L(f) from (A,¢) € End(V) & K,(V*) using DO = —d 40 and
C D |/

Cvgsi1(ve,...,vq) = ¢(v1,...,Va41).

The operation on L(f) C End(V @ Alt;V) is the Lie bracket {M;, My] = M1 M, —

M;M;. We use the compatibility requirement again to describe the operation on L:
A; 0

Suppose M; = corresponds to (A;, ¢;) for 1 = 1,2, and that
C; D,

[Ml,Mg] = M and A1,¢1 A2,¢2 ( QS) Then

(& )2 5]
M = ]
Cl D1 Cg D2

B A1A; — A A 0
(C1A2 + D1Cy) — (C2A1 + DyC1) DyDy — Do Dy -
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Hence A = [Ay, Ay), D = [D1,D;] and C = (C1A; + D1Cy) — (CoA; + D2Cy), so ¢
must satisfy
¢(U1, caey ’Ud+1) = [(C]A2 + chz) — (C2A] + DgCl)]’Ud_H(’Ul, e ,’Ud)
= [C1(Azv441) — D2(Crvay1) — Co(A1va1) + Di(Covaya)](vis - - - 5 va)

= ¢1(v1,...,v4, Aovay1) + da,Crogyi(va, . . ., v8) — a(v1,y -« .y V4, A1Vat1)
— d 4, Covgy1 (v, . - -, va)
= é1(viy. .., 04, A20441) + i Crva+1(v1y .., A2vs, ..., 04)
=1 ) _
— ¢2(v1y- v, U4, A1V441) — Z; Covay1(v1, ..., Arvs, ..., vq)
i

= (dA2¢1 —da, ¢2)(U1, e ,Ud+1).

Thus (A17¢1)(A2) ¢2) = ([A17A2]7dA2¢1 - dAl ¢2)

The following result follows by the same argument as in the symmetric case (see

[K1] Ch 4 §2.12 p76):

2.5.1 Proposition: Assume char F' = 0. Then the radical of L(f) is F & K,(V*),
which is 2-step solvable.

2.6 Descent of Alternating Hyperbolics

We prove an analogue of a result of Keet’s ([K1] Ch 5 §1 pp99-105): If an alternating
form over a field of characteristic zero extends (under extension of the base field) to
a form which is equivalent to a hyperbolic form, then the original form is (equivalent
to) a hyperbolic form. The proof follows the lines of the symmetric case, but it
also differs from that case in important respects. Most notably, the set T'(8) ([K1]
Definition 1.3 p100) cannot be employed; instead we work directly with the derived
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algebra of the radical of the Lie algebra of the form.

2.6.1 Proposition: Let F' be a field of characteristic 0 and (W, ) an alternating
space of degree d+1 > 3 over F', with dim W > d+1. Let K|F be a field extension,
and suppose that the alternating space (Wk, 0k) is equivalent to a hyperbolic alter-
nating space over K. Then (W,8) is equivalent to a hyperbolic alternating spade

over F'.

Proof: We may assume, without loss of generality, that W = V @ Alt,V, with
dimV > d. Let ¢ denote the hyperbolic alternating form on W, and suppose that
0k = oYk for some o € GL(Wkg). The proof is split up into a sequence of lemmas:
2.6.2 Lemma (cf. [K1] Lemma 1.2): Suppose ¢ is a nondegenerate alternating form
of degree d + 1 on W such that:

(a) W=U@®S, with dimpS = dimpAltsV (V as above);

(b) (51,82, w3, ..., wat1) = 0 for all 51,32 € S and ws, ..., w44y € W;

(c) p(uy...,ugy1) = 0 for all uy,...,u44q1 € U.

Then ¢ is equivalent to the hyperbolic form .

Proof: Let vq,...,v, be a basis for V, z;,...,z, a dual basis for V*.

Choose the basis z;, ... 2z;,, 1 <4 < ... <1y < n for Alt;V, and let z;,. ;, be the
corresponding element of the dual basis of A%(V).

Relative to the basis 1,...,Zn;. .., Tiy. iy, ... of (VD ARV)* = V*DALV), the
anticommutative polynomial corresponding to ¢ is 3; ;. 4, %i; - - - Tiy, Whefe 1:d—
nsatisfies 1 <7, < ... <ig< n.

Let {si,..i,} (¢ as before) be a basis for S*, and U1, ..., Uy be a basis for U*. Together
they form a basis for (U@ S)*.

By conditions (b) and (c) we see that the anticommutative polynomial corresponding

to ¢ is 3; ti,. i Ui, - - . Uiy, Where t;,_;, is a linear form in the s;,. ;,.
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Since ¢ is nondegenerate, the t;,. ;, are linearly independent. We can thus define an

isometry between ¢ and ¢ by u; < ;, t;, i, < 2i..i,, and hence obtain the result. O
We now define the space which we use in a similar way to the set T'(0) of [K1].

2.6.3 Definition: For any alternating form ¢ of degree d + 1 on W, put Z(¢) =
{w € W |[L(¢)r, L(¢).].w = 0}, where L(¢) is the Lie algebra of ¢, L(¢), is its
radical, and I(@) = [L(¢),, L(#),] is the first derived algebra of the radical.

It is clear that Z(¢) is a subspace of W.

Part (a) of the next lemma is similar to Lemma 1.4 of [K1], but it requires a different

proof.

2.6.4 Lemma: (a) For any 7 € GL(W), Z(7 - ¢) = 7Z(9).
(b) Z(7 - §) satisfies condition (b) of Lemma 2.6.2 if and only if Z(¢) does.

Proof: (a) (Adapted from [K1] Lemma 1.6 pp101-2.) By Proposition 2.3.4(ii) (p38),
L(r - ¢) = 7L(é)7™!. Since conjugation by 7 maps the lattice of solvable ideals of
L(¢) isomorphically onto the lattice of solvable ideals of L(7 - ¢), we have L(7-¢), =
7L(¢$),77t. Now

w € Z(1-¢) (- w=0

[L(7 - $)r, L(T - §),]w =0

T L(T - @)y L(7 - §)Jrm 7w = 0

[r L - ), 7 (7 §)eTlr M w = 0
[L(¢)r, L($)).77"w = 0

“w € Z(¢)

w e TZ(9).

IIIIIIIIIIIIII
\]
g
mMm
™



59
(b) Suppose Z(¢) satisfies 2.6.2(b). By (a), we can choose two arbitrary elements
of Z(7 - ¢) of the form 751,782, where s1,5, € Z(¢). Then

T P(T81,TS2, W3y ., Wit1) = ¢(’r'1'rsl,'r"1'rsz,'r_1w3,...,'r'lwd+1)

= ¢(Sla 52, T_lea <o 7T_lwd+l)

= 0 forall ws,...,wgy; € W,

since sy, 55 € Z(¢) and we assume Z(¢) satisfies 2.6.2(b). The converse is obvious. O

2.6.5 Lemma (cf. [K1] Lemma 1.5(a)): Z(y) = AltyV (where ¢ is the hyperbolic
described in Proposition 2.6.1 and W =V @ Alt,V, etc.)

0 0 0
Proof: Let ( ) € Alt;V, and let ( ) be an arbitrary element of {(8) (by
0 C 0

Proposition 2.5.1 p56).

0 0 0 0
- Then ( ) ( ) =0, hence ( ) € Z(¥). So AltsV C Z(¢).
C 0 6 6

Now suppose ( v ) ¢ Alt;V, ie. v #£ 0. We construct an element = € [(3) such
6

thafmr(v)géo.
¢

Choose a basis vy,...,v, = v of V, with dual basis z4,...,z, of V* (n > d). Let
T be the element of /(1)) corresponding to the (hook-alternating degree d + 1) form
= (z1N...AN2g)Qzn+ (T Az2A...Azg)®z1. (If n = d, the second term is zero.)
Then Cv(vy,...,vs) = Cvn(ve,...,v4) = ¢(v1,...,v4,0,) =1 (see p55), so Cv # 0.

PR REARA

Z(¢) C Alt;V, and the result follows. O

2.6.6 Remark: Lemma 2.6.5 shows that Z(i) satisfies condition (b) of Lemma
2.6.2, and, by the same reasoning, so does-Z(¥k), or any other hyperbolic. By
Lemma 2.6.4(b), it follows that if ¢ is equivalent to a hyperbolic, then Z(¢) satisfies
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2.6.2(b). Thus Z(0x) and Z(p-0x) = Z((p- 0)k), for any p € GL(W), also satisfy
2.6.2(b).

Part (a) of the next lemma is similar to the last part of Lemma 1.7 in [K1].

2.6.7 Lemma: For any p € GL(W), we have
(a) Z(p - 8) has the same dimension as Alt,V;
(b) Z(p - 9) satisfies 2.6.2(b).

Proof: (a) (Adapted from [K1] Lemma 1.7 pp102-3.)

Define a: W — Hompg[l(p - 8), W] by a(w)(f) = f(w). Then kera = Z(p - 0).
(Henceforth we omit F from — ®p —.) '

Since K|F is flat, ker(a ® 1) = ker a ® K, hence dimg[ker(a ® 1)] = dimp(ker o).
We have |

L(p-0,.®K = (L(p-0)®K), (by [CHE2] Proposition 3 p107)
= L((p-0)x) (by [CHE1] Proposition 2 p129).

So if we apply — ® K to a, we obtain:

a®l: Wk — Homp([L(p-9),,L(p-0),], W)® K
~  Homg([L(p-0).,L(p-0),) ® K, Wk)
=  Homg([L((p-9k)r, L((p- k)], WK)

Thus ker(a® 1) = Z((p- 0)k). By Lemma 2.6.4(a), Z((p-0)x), Z(0x) and Z(¥k)
are all isomorphic, hence they all have the same dimension. From Lemma 2.6.5, we
know Z(vk) = (AltyV )k, whose dimension over K equals dimpAlt V.

(b) We have already observed, in the proof of (a), that I((p- k) =1(p-0) R K. It
follows easily from this that Z((p-0)x) = Z(p - 0)Q K.

If 51,82 € Z(p - 0), then '
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p-0(s1,s2,ws, ..., was1) = (p- Nr(s1 @1, 1L, w3 @1,...,we41 @ 1) = 0, by
Remark 2.6.6. O

2.6.8 Lemma (cf. [K1] Lemma 1.8): There exists a canonical epimorphism of Lie

algebras L(6) — gl(W/Z(9)).

Proof: First we show that if f € L(8), then f.Z(0) C Z(8), so that f induces f on
W/Z(0).

If g € L(¢k), then g.Z(¢x) C Z(¥K), since ¢k is hyperbolic and Z(vx) = Alt;Vk
is invariant under g (by §5, second par. pb4). We have L(0x) = L(o - ¥x) =
o L(vk)o~! (Proposition 2.3.4(ii) p38) and L(fx) = L(6) ® K ([CHE1] Proposition
2 pl29); also, by Lemma 2.6.4, Z(0k) = 0 Z(¢k), so

feLlllx) & feoLl(ypx)o™’
& o'fo e L(yk)
= 07 foZ(YK) C Z(¢k)
& foZ(Yk) C 0Z(Yxk)
& fZ(0x) C Z(0x).

We have Z(0x) = Z(0)® K (taking p = 1 in the proof of Lemma 2.6.7(b)) and
L(0k) = L(9) ® K, hence f.Z(0) C Z(0) for f € L(0) as claimed. Thus we have a
homomorphism of Lie algebras L(8) — gl(W/Z(0)), given by f — f.

It remains to show this is an epimorphism. We know the structure of L(yxk) (§2.5
p55), and Z(yYx) = AltyVk (Lemma 2.6.5), hence the canonical homomorphism of ¢
Lie algebras L(y¥x) — gl(Wk/Z(k)) is an epimorphism. The following square is

commutative:

oL(0x)o~! = L(¥k) ~gl(Wk [0 2(0k)) = gi(Wk [ Z(¢K))

L(0x) ~ gl(Wk /[ Z(0k)
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The horizontal maps are the canonical ones; the upward map is f — ofo~!; and
the downward map is f — &fa~'. All the homomorphisms, except perhaps the
bottom one, are epimorphisms, so the bottom one is too. But L(0x) = L(6) Q@ K
and gl(Wk/Z(0k)) = gl(W/Z(0))® K, so the bottom epimorphism comes from
applying — ® K to the homomorphism L(6) — gl(W/Z(0)). Since K|F is faithfully
flat, this gives the result. O

2.6.9 Lemma (cf. [K1] Lemma 1.9): There exists p € GL(W) such that Z(p - 0)

satisfies condition (c) of Lemma 2.6.2.

Proof: Let U be a subspace of W complementary to Z(6): W = U@ Z(6). By

C D

This means Y441 4] U1 N 4 . yenes s ] = 0 for all
151 t; ta41

Urye .oy Udt € U,tl,. . .,td+1 c Z(G), l.e.

(d+1)o[(“1),...,(“d+l)]+

0 0
d{zgﬁa[(m),...,(ui_l),(0)’(Ui+1),”-’(ud+1)]}+

| ° 0 b 0 0

Pkl “ yees -1 , 0 Uit L Ud+1 =0
N 0 0 Cui‘l‘Dt,' ’ 0 0

(by multilinearity, and Lemma 2.6.7(b) with p = 1).

1 0
Lemma 2.6.8 there exists some f = ( ) € L(6).

Putting ug41 = 0, this becomes:

231 Ug 0 Uy Ug 0
da[( ),...,( ),( )]—I_a[( )’...,( )’( )]=0for |
0 0 tat1 0 0 Dty

all uy,...,uqg € U,tg41 € Z(G) (1)

N 0[ ’U,'l ' Ud 0 ]
ow eens , =
1 tq Dtgyq + dtgn




Chapter 3

Forms of general Young symmetry type

In this chapter we extend some of the concepts and results about symmetric and
alternating forms to forms of general Young symmetry type. Examples of such forms
have already made an appearance in the isometry group of the symmetric hyperbolic
([K1] Proposition 3.12 p83) and the alternating hyperbolic forms (Propositioﬁ 2.4.5
p49).

In general, these are forms which satisfy symmetry conditions corresponding to
higher dimensional (or degree) irreducible representations of the symmetric group
Sy over C; in this context, symmetry and alternation correspond, of course, to the -
1-dimensional trivial and sign representations, respectively.

We note that, in contrast to symmetry and alternation, there is no Hopf algebra
structure for forms of (non-standard) general Young symmetry type.

There is no systematic treatment (.as far as we are aware) of such forms of general
Young symmetry type, except for a re’cenf paper by Kantor and Trishin ([KT]).
Other (non-Young) symmetry types have been studied, for example by Kanzaki
([KAN]), and cyclic symmetry has been extensively studied in connexion with

Connes’ noncommutative geometry.
§3.1 summarizes the ordinary representation theory of S, , using mainly the excellent

overview of Fulton and Harris ([FH]), but also important parts of the paper of Akin

et al. ([ABW]), which we use to establish our notation and terminology.

64
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In §3.2 we develop our approach to forms of general Young syfnmetry type, justify
our notation and terminology, and explain what we mean by equivalent general
Young symmetry types.
We state the very useful results of Kantor and Trishin ([KT]) on conditions char-
acterizing forms of general Young symmetry type, but re-cast them in our notation
and terminology.
We end this section by giving several examples — perhaps more than strictly nec-
essary — simply because we have not encountered them in explicit form elsewhere,

and because we shall use them to illustrate the ideas we introduce in the sequel.

In §3.3 we discuss a generalized notion of nondegeneracy, and show that

nondegeneracy-d implies nondegeneracy in general.

§3.4: Given some general Young symmetry type, we explain what we mean by
its derivative symmetry type and integral symmetry type, indicate when an integral
symmetry type is not unique, and illustrate with a few examples.

We then define the derivative of a form f of some general Young symmetry type,

and show it has derivative symmetry type.

In §3.5 we take the alternating and symmetric hyperbolics as models for a generalized
hyperbolic by asking: Given H = V& F, where F is a space of forms of some general
Young symmetry type, can we define a generalized hyperbolic form 1 of some general
Young symmetry type on H?

We use general properties of Young symmetrizers and a generalized polarity to
describe such a hyperbolic form ¥ and show (H,%) is cofinal for spaces equipped
with a form of the same general Young symmetry type as 1. We end the section
by giving a few new examples of such hyperbolics of general Young symmetry type,

and also show these are nondegenerate.
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In §3.6 we outline the Weil-Siegel duality between symmetric and alternating bilinear
forms, and then give a formulation which lends itself to generalization to hyperbolics
of general Young symmetry type. '
This requires us to define a notion of Lagrangian subspace of a hyperbolic space of
general Young symmetry type, and to investigate some of its properties. We describe
conditions for two general Young symmetry types to be Siegel duals (in our sense),
and conclude by exhibiting examples of two pairs of Siegel dual symmetry types

obtained in this manner.

3.1 Representations of S,: A brief review

There are several excellent references which elaborate the ordinary representation
theory of the symmetric group, first worked out by Frobenius at the end of the

nineteenth century. (See, for example, Curtis and Reiner [CR], James and Kerber
[JK], Sagan [SAG], Fulton and Harris [FH], Martin [MAR), Boerner [BOE] or, of
course, Weyl [WEY].)

We eschew the more efficient approach via Specht modules (see [SAG] or [JK])
in favour of Young’s classical approach using the group algebra, which is directly
relevant to our purpose. We follow largely the quick overview of Fulton and Harris
([FH] p44 et seq.). There is some variation in terminology, notation and conventions
(with regard to filling of diagrams, definition of symmetrizers, etc.) in the litera-
ture; we follow mainly Fulton and Harris ([FH}), Akin, Buchsbaum and Weyman
([ABW]) and James and Kerber ([JK]), and, when the use of different conventions

is uanvoidable and significant, we shall reconcile these.

To a partition A = (A1,..., ) (lee M+ ...+ A =n,0 = A 2 ... 2 Ag) is
associated a Young diagram (or Young frame, or Ferrers diagram), consisting of A;
boxes (cells) in the i** row. If an integer ); is repeated, say, s times, we write this

as A%. For example, the Young diagram associated to A = (3%,2,1%) is
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(We shall use X to denote the partition as well as the diagram.)

The partition conjugate to A is A = (/\~1, ceey XT), obtained by interchanging the rows
and columns of the Young diagram .

A tableau T on a Young diagram A is a filling of the boxes with the numbers from 1
to n. We adopt the convention (unless stated otherwise) of canonical numbering, as
used by Fulton and Harris ({[FH] p45) and Akin et al. (([ABW] p276), i.e. we number
the boxes from left to right across the rows, starting at the top row. (A different
numbering of T\ would give an isomorphic representation;)

Given a tableau T, define subgroups
Ry = {0 € S, | o preserves each row}

Cy = {0 € S, | o preserves each column},

and the following two elements of the group algebra C S,:

ax= Y €lo)o, by= Z o.

cER) c€eC)

The Young symmetrizer is ¢y = byay ([ABW] p276); c) is pseudo-idempotent, i.e.

c2 = nycy, where ny is a scalar which will be described shortly.

It is important, from our viewpoint, to describe the actions of ay and by:

If V is a vector space and S, acts on T"(V') by permuting factors

(ie. c(11®...QUn) = Vy-11 ® ... R V,~1,), the image of by € C S, — End(T™(V))
is just the subspace

Im(by) = SM(V)®...® S**(V) c T™(V), and



68
Im(a)) = A (V) ®...@ A (V) C TH(V), where s = X.
When A = (n), ¢(n) = b(n), 50 ¢(n) - T"(V) = S*(V); and when A = (1), ¢i1n) = agin),
so cany - T™(V) = A(V).
In general, ¢y - T*(V) is the Schur fuﬁctor Ly(V) of Akin et al. ([ABW] p276).
(It is also called the Weyl module, or Weyl’s construction.) Note that for LyV to
be nonzero the number of rows of A should not exceed the dimension of V' ([FH]
last paragraph p76). In order to generalize the standard dualities S(V*) = S(V)*
(polarization, assuming char F' = 0) and A(V*) = A(V)* (antisymmetrization), we
define the co-symmetrizer ¢\, = ayby; then ¢} - T*(V) is the co-Schur functor K5(V)
([ABW] p276), and we have: Ly(V)* = K;(V*) ((ABW] Proposition II.4.1 p236).
The spaces Ly(V) (likewise K(V)), where |A\| = d and A} < n, give a cofnplete set
of distinct irreducible polynomial representations of GL(V') of degree d.
We also have the following result ([FH] Theorem 4.3 p46): For any partition A, the
image of ¢y (by right multiplication on C S,) is an irreducible representation V3 of
Sn; and every irreducible representation of S, can be obtained in this way for some
unique partition A.
For example, V|, is the trivial representation, and V{;») is the sign (or alternating)
representation.
The dimension (or degree) f* of the irreducible representation V) is given by the
simple combinatorial Hooklength formula ([FH] 4.12 p50 or [SAG] Theorem 3.1.2
p92), or else by the Frobenius formula ([FH] (4.11) p50). Alternatively, it may be
described as the number of standard tableaux T}, i.e. tableaux in which the entries
in the rows and columns are increasing. The scalar n) referred to earlier is given
by ny = ?—l— ([FH] Lemma 4.26 p54). We will sometimes find it more convenient to

use Young idempotents than (co-)symmetrizers. These are defined by I = %c,\ and
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Our focus in the sequel is on using Young symmetrizers (and co-symmetriéers),
and Schur (and co-Schur) functors to investigate forms which are of general Young

symmetry type.

3.2 Symmetry conditions; Examples

The action of Sy on a multilinear form ¢ of degree d (i.e. o - @(vy,...,vq) =
#(Vs1,.-.,Vsq4)) extends in obvious way to an action of the group algebra C S; on
é.

We know, for example, that ¢ is alternating if and only if ¢ € A (V)* 2 AY(V*) =
ey - THV*) = Ly(V*), where A = (19). It follows easily (using ¢} = J‘f—ic,\) that ¢ is

alternating if and only if ¢) - ¢ = %kﬁ = d! @.

We now generalize this. If ) is any partition, we say ¢ has general Young symmetry
type L(X) if ¢ € Ly(V)* = K;(V*). We shall shortly discuss symmetry conditions
which characterize a general Young symmetry type. It will then be clear that a dif-
ferent choice of numbering (i.e. non-canonical), which corresponds to an isomorphic
. representation, gives a general Young symmetry type which is equivalent to this in
an obvious sense — simply re-number the coordinates.

Note that we name the symmetry type according to the space on which ¢ operates,
viz. Ly(V), rather than the space in which ¢ lives, viz. K5(V*). This is because

the way S; acts on ¢ gives ¢ the “same” symmetry conditions as the space Ly(V)

112
(and not the space K5(V*)). For example, if T = , then ¢y = byay = (e +

3
(13))(e — (12)) = e+ (13) — (12) — (123) (where e denotes the identity permutation).

Thus cA(v1 @ V2 Qv3) = V1 @V QUs+ U3 QU2 v — V2 QU1 Q vz — V3 @ V1 ® vy,
so the tensors in Ly(V) = ¢, - T3(V) are alternating in v, v, (and satisfy a Jacobi
identity). Now ¢} = ax by = e—(12)+(13) —(132), so ¢ - ¢(v1, v2,v3) = @(v1,v2,v3) —
&(ve,v1,v3) + H(vs, v2,v1) — d(v3,v1,v2). Hence ¢ - ¢ is also alternating in vy, v,

(and satisfies a Jacobi identity). On the other hand, K3(V*) = ¢} - T3(V*), and
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A(T1®@22®0173) =21 02,023 — 22921023+ 23 Q022 Q 71 — T2 ® T3 @ 71,
which is symmetric in z1,z3 (and satisfies a Jacobi identity). In the alternating
and symmetric cases this distinction is irrelevant because the two spaces in question
satisfy the same symmetry conditions.
Thus ¢ has general Young symmetry type L()) if and only if ¢} - ¢ = %¢, since
K;(V*) = &\ - THV™).

3.2.1 Remark: General Young symmetry types correspond to irreducible represen-
tations of Sq. We do not consider here symmetry types corresponding to reducible
representations of Sy, or, more generally, representations of subgroups of S;. For
example, ¢ = %(6(3) + ¢(13)) is the (non-primitive) cyclic symmetrizer of degree 3:

the form ¢ - ¢ has cyclic symmetry, i.e. (123)c- ¢ = (132)c- ¢ =c- ¢.

Kantor and Trishin ([KT]) prove symmetry conditions which characterize “forms
with Young symmetry”. We summarize their results but re-cast them to be consis-
tent with the conventions we have adopted.

Let ey, e} be the symmetrizers defined by Kantor and Trishin ([KT] pp309, 313).
Then it is easily checked that c; = e} and ¢} = e;, and hence we have: ¢ has
symmetry type L()) if and only if ¢ € L\(V) = K;(V*) if and only if e5 - ¢ =
¢ = %QS if and only if “¢ has es-symmetry” ([KT] p309). (We assume that
appearing in ¢; and ej has the entries of A transposed together with the cells.)

Likewise, we say ¢ has symmetry type K(A) if and only if ¢ € Ky\(V)* = Ly(V

*).
This is equivalent to Kantor and Trishin’s “e}-symmetry”. (e} - ¢ =c5- ¢ = %qﬁ,

since L3 (V*) = ¢ - THV™*).)

In terms of Young idempotents, we have: ¢ has general Young symmetry type L(})
if and only if I} - ¢ = ¢, and ¢ has general Young symmetry type K (}) if and only
it I5- ¢ = ¢.

The same comment made with regard to equivalence of general Young symmetry

types L()) applies here. But it must be noted that, even though Ly(V) = K5(V) if
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char F = 0 ((ABW] p209), the general Young symmetry types L()) and K(X) are

not, in general, equivalent. They are equivalent in the “extreme” cases, i.e. A = (d)
or A = (1%): Symmetric forms have general Young symmetry type L(1¢) or K(d),

and alternating forms have general Young symmetry type L(d) or K(1%); but in

1]2
even the simplest non-standard case, i.e. A = ) 1t is easy to see they are not

3

equivalent.
We have previously encountered forms of symmetry type L(d — 1,1) (“hook-
alternating”) in describing the isometry group of the alternating hyperbolic (Propo-
sition 2.4.5 p49); forms of symmetry type K(d — 1,1) appear in the isometry group
of the symmetric hyperbolic ([K1] Proposition 3.12 p83). (Fulton and Harris call

the representations corresponding to these symmetry types standard representations

([FH] Ex 4.6* p48).)

We now describe Kantor and Trishin’s main result. A form ¢ is said to satisfy the
(generalized) Jacobi identity in the variables z;,, ...,z if T3 (—1)FDsgs. ¢ =0,
where ¢ is the cycle (i1,...,7) ((KT] (5) p309). If 7; and j, are two elements in the

same column of A, and r(j2) < r(j1), where r(7) denotes the number of elements

in the row containing j, let 2y,...,2x-1 be all the elements which occur in the row
containing ji, and let iy = j,. Define J;;, = Y5zl (—1)5-1sts ) called a Jacobi

element of the group algebra € S; ([KT] (6) p310). We then have:

3.2.2 Theorem ([KT]} Theorem 2.2 p317): ¢ has symmetry type L(A) if and only
if:

(1) ¢ is skew-symmetric in every pair of variables with indices in the same row of ;
(2) ¢ satisfies each Jacobi identity Jj ;, - ¢ = 0, where the indices ji, j, are in the

same column of A.
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k—lts

We can also define Jacobi elements J* . = 3 i-;t*, where ji1,j2 occur in the same

J1J2

column of A. Then:

3.2.3 Theorem ([KT] Theorem 2.2’ p317): ¢ has symmetry type K(A) if and only
if:

(1) ¢ is symmetric in every pair of variables with indices in the same row of A;

(2) ¢ satisfies each Jacobi identity J7 . - ¢ = 0, where the indices j;,j, are in the

same column of A.

3.2.4 Notes:
1. Tt is sufficient (because Sy is generated by transpositions of adjacent integers) to
consider pairs of neighbouring indices 71,1, and j;,j2 ({KT] Remark 2 p318).

2. If 71 is the only element in its row, then Jj;, - ¢ = 0 (resp. J*

&5 @ =0) just gives
symmetry (resp. skew-symmetry) in z;;, z;,.

3. The condition r(j;) < r(J1) implies J; < jq; or j1 > j2 and r(j2) = r(j1). We
observe that in the latter case J; ;, - ¢ = 0 and Jj,;, - ¢ = 0 are equivalent, and hence

it is sufficient to consider J;,;, with 71 < j; in Theorem 3.2.2. For suppose we have

9 I A B S
r(k) = r(l): ll l l —. Then Jy “cycles” ki,...,ks,l and Jy “cycles”
Ll e _

li,...,ls, k. Foreachi=1,... s, we can swop the k* and I!* variables by Theorem

3.2.2(1), so it is clear that Jy - ¢ =0 Jy - ¢ = 0.

The same reasoning applies to the J};.

Next we prove a simple lemma which will be used later. We consider only a form of

general Young symmetry type L()); the case K(A) is similar.

3.2.5 Lemma: Let § be a form of general Young symmetry type L()) of degree d.

Given uy,...,ug € V, fix some ¢ = 1,...,d. Then we can write 8(u1,...,u,...,uq)
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as a linear combination of terms 8(uj,,...,u;,) in which the first variable is always

Us.

Proof: Suppose the first row of Ais 1,...,k.
If : < k, the result follows by Theorem 3.2.2(1).
If 7 is not in the first row of A, suppose ¢, is the first entry in the row containing :.

By Theorem 3.2.2(1),
H(ul,...,u',-l,...,u;,...,ud) = —H(ul,...,ﬁ,-,...,u,-l,...,ud),

where the bar denotes the variable in the 74" position.

Now ¢; is in the same column as 1, so by Theorem 3.2.2(2) 0 satisfies the Jacobi
identity Jii, - ¢ = 0, ie. 6(uy,...,ug,...,U;,...) is a linear combination of
O(Uay e evy Uky Uiy e ny Utyen)y O(Usy ooy Uky Uy Uty e ey Uy e )y e

ceoy O(usyury .o Uk, . oo Uk, - . .), With coefficients 1 or —1 as appropriate.

By Theorem 3.2.2(1) u; can be shifted to the first position in all terms in this linear

combination, and hence we obtain the result. O

We conclude this section with several examples, both to illustrate the above ideas,

as well as for use in later sections.

3.2.6 Examples

1. Symmetry: If ¢ has symmetry type L(1¢), where (1¢) = v b then ¢ is symmetric

Vd
in vq,...,vq4, by Theorem 3.2.2 and Note 3.2.4(2). But symmetry type K(d), where

(d)=]wv |-+v-e- vg b also gives symmetry in vy, ...,vq (by Theorem 3.2.3).




74
2. Alternation: Using similar reasoning as in Example 1, we see that symmetry

types K(1?) and L(d) both give alternation in all coordinates.

3. Hook-symmetry: If ¢ has symmetry type K(d — 1,1), where (d — 1,1) =

vl ------ vd—l
, then
Ud
(1) ¢ is symmetric in vy, ..., Vg-1;

(2) d(v1y...,04) +(v2,v3,...,04,v1)+. ..+ P(v4, V1,...,04-1) = 0 (Jacobi identity).
(Note that ¢ € Ly 14-2)(V*) — see [K1] Proposition 3.12 p83.)

4. Hook-alternation: If ¢ has symmetry type L(d —1,1), then

(1) ¢ is alternating in vq,...,v4-1; |

(2) ¢(v1, ..., va) + (—=1)* 1 d(v2,vay .. ., Vay 1) + - o+ (=1)4 1 h(va, 01, - -y vag) = 0.
(Note that ¢ € K3 q4-2)(V*) — see §2.4 p49.)

We now discuss some “new” symmetry types.

5. Symmetry type L(2,1972):

U1 | V2

]

Vg

1) ¢ is alternating in vy, v;

(
(2) ¢ is symmetric in vs,...,vs (see Note 3.2.4(2));
(3) é(v1,v2,v3,V4y-..,v4) — P(V2,V3,V1,V4,...,04) + H(v3,V1,V2,V4,...,4) = 0
(Jacobi identity on the first three coordinates).

This is “dual” to the symmetry type K(d — 1,1), in the sense of the duality result

referred to earlier (p68).



6. Symmetry type K(2,1¢72):

1) ¢ is symmetric in vy, va;
2) ¢ is alternating in vs, ..., vg;
)

(
(2) ¢
(3) ¢
(

Compare with Example 5.)

(v1,v2,V3, V4, . - ., Vq) + $(v2,v3, 01, Vg, - .

., 04) + ¢(v3,v1, V2, Vg, . .

7. Symmetry type L(d —2,1?):

vl PR

.. vd-—2

Vd-1

Vq

1) ¢ is alternating in vy, ..., v4-2;

2) ¢ is symmetric in v4-1, Vg;

(
(
(3) (,25(1)1, < ooy Ud1, vd)+(—1)d—2¢(v2a «s ey Ud—1,%1, vd)+¢(v3) <y Ud—1, V1, V2, vd)+- ..t
(

~1)%"2¢(vg_1, v1,. . -, Va2, vq) = 0 ((signed) Jacobi identity on vy, ...

73

,vd) = 0.

,’l)d). .

Compare with Example 6: (1) and (2) can be obtained by re-numbering, but (3) is

different.

8. Symmetry type K(d —2,1%):

(1) ¢ is symmetric in vy,. .., V4-2;

(2) ¢ is alternating in vy_1,vg4;

(3) o(viy--.,vao1,v4) + ¢(v2,.;.,1}d_1,v1,vd) + vz, .., V4=1,V1,02,04) + ... +

¢(vd—17 V1y--.,Vd-2, vd) = 0.

Compare with Example 5.

9. Symmetry type L(3,1473):

V1 V2| V3

V4

Ud

(1) ¢ is alternating in vy, v2, vs;
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(2) ¢ is symmetric in vy, .. .,vy;
(3) d(v1,..., V4055, 02) — H(V2,...,V1,0s,--.,0a) + B(v3y...,02,0s,...,04) —
¢(U4,...,’03,’05,...,vd)'—"0.

We discuss the simplest “new” symmetry type in more detail:

10. Symmetry type L(2,2): vy | Vg

V3 | Vg

(1) ¢ is alternating in v, vy;

(2) ¢ is alternating in v3, vg; .

(3) é(v1,v2,v3,v4) + (e, v3,v1,0s) + ¢(v3, V1, v2,v4) = 0.

We also get another Jacobi identity, but this follows easily from (2) and (3). We
can deduce from the above, or more obviously using the Standard Basis Theorem
for Schur functors ([ABW] Theorem I1.2.16 p232), as in §2.4, other conditions:

(4) ¢ is symmetric in vy, vs and vo,v4 simultaneously;

(5) analogues of (3) with the first (or second) coordinate fixed (see Note 3.2.4(3)).
These conditions show that the elements of L(z2)(V) are precisely the Riemann-
Christoffel tensors ([TOW2] Ex 2.3 p422). |

11. Symmetry type K(2,2): This gives the same conditions as Example 10, except

that symmetry should replace alternation.

3.3 Nondegeneracy

Let f be a multilinear form of degree d on a vector space V over a field F. Following
Milnor and Husemoller ({MH] Definition (1.1) pl), we define, for each : = 1,...,4d,
ti: V= TYV)" by t;(v) = f(...,v,...), where v is inserted in the ** position.

This generalizes the notion of a derivative of an alternating (or symmetric) form,

and we shall denote it f,-(”), the subscript indicating the position of insertion of v.
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We call f nondegenerate-z if ¢; is injective; nondegenerate if t; is injective for all <.

Differently stated, f is nondegenerate-: if and only if fi(”) = 0 implies v = 0.

If f is alternating (or symmetric), we clearly have f nondegenerate if and only if f is
nondegenerate-: for some . In fact, this is true more generally for {-skew-symmetric

forms ([KAN] p735).

If d = 2, it is easy to check that nondegeneracy-1 and nondegeneracy—2 are equiva-

lent for any multilinear form ([JAC1] Theorem 6.1 pp328-9).

We prove the next result for a general Young symmetry type L()); a similar result -

obviously holds for general Young symmetry type K ().

3.3.1 Proposition: If f has general Young symmetry type L()), where |A| = d,

and f is nondegenerate-d, then f is nondegenerate.

Proof: We need to show that f is nondegenerate-: for all 1 < ¢ < d —1. This is
clear from Proposition 3.2.2(1) if 7 is in the same row as d.
If 7 is in some row above d, we can for the same reason assume it is in the same column

as d. By Proposition 3.2.2(2), f satisfies the Jacobi identity Jiq - f = 0. Suppose

the indices in the row containing ¢ are 2y,...,%,...,%.. Then for all vy,...,v4 € V,
we have
Floe Uiy ey Uiy e oy Uiy ey 0d) E Fo ey Vigy e ooy Uiy oo ey Uiy Udy e v e, gy ) e

if(...,vd,v,-l,...,v,-,...,v,-,_l,...,v,-,) =0. (1)

Now suppose f,-(”) = 0. By Proposition 3.2.2(2) this means f,-(:’) = ... =
Putting v;=vin (1), we obtain f(...,v) =0, i.e. £ =0, since all other terms are

zero. This gives v = 0, as required. O
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3.4 Derivative and Integral of a general Young symmetry
type

If ¢ is an alternating form of degree d, then its derivative with respect to v € V,
¢, is an alternating form of degree d — 1 (§1.2). This notion was used to establish
the cofinality of hyperbolic alternating space (§2.1).

We now introduce the idea of a derwative symmetry type and integral symmetry
type of a given general Young symmetry type. We shall relate these to a notion of
derivative of a form of general Young symmetry type.

Our approach is an adaptation of the "surgery” on Young diagrams employed in
the Branching Rule for restricting and inducing irreducible representations of Sy to

S4-1 and Sg.1, respectively. (See [SAG] Definition 2.8.1 p76, Theorem 2.8.3 p77.)

Since we do not assume ¢ is symmetric or alternating, the forms ¢§”), 1=1,...,d
(see §3), are, in general, radically distinct. We shall show that, given the canon-
ical filling, one particular derivative, viz. qS‘(iv), is always of some general Young
symmetry type. Whether othgr d_erivatiyes are also of some general Young sym-
metry type depends on the particular symmetry coﬁditions on ¢. For example, if
¢ is of general Youﬁg symmetry type K("2,_1)_ (i.e. @(v1,v2,v3) = ¢(v2,v1,v3) and
é(v1, v2,v3)+@(va, v3, v1) +B(v3,v1,v2) = 0), then &) is symmetric, but ngv) = ¢ is

not of general Young symmetry type (which could only be symmetry or alternation).

3.4.1 Definitions: Let T be a Young tableau of weight |A| = d with the canonical
numbering. The derivative tableau 0T, is obtained from Ty by deleting the cell
containing d. An integral tableau [ T) is obtained by adding a cell containing d + 1
to T so that the resulting tableau is a canonically numbered tableau.

The general Young symmetry types associated with 0T and [ T are called deriva-

tive symmetry types and integral symmetry types, respectively, of the general Young
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symmetry type associated with 7).

3.4.2 Remark: For a given T), the derivative tableau 9T) is clearly unique. For
the integral tableau [ T), there are two cases:

(a) If the last row has fewer cells than the previous row, then the new cell containing
d + 1 can be placed either

(1) adjacent to the last cell; or

(i) below the last row as the only entry in a new row. We denote these [, T\ and
[, T'», respectively, following the examples of symmetry and alternation.

(b) If the last two rows have the same number of cells, then the new cell containing

d + 1 can be placed only below the last row as the only entry in a new row.

3.4.3 Examples

11213
11213 11213
1. T\ = ,then 0T =|1|2|3|and [,Th = LT =14
4 415 i
— 5
112
112 12
2. If Ty = , then 0T = and [Th={3 4|
3|4 3
— 5
112
112
12 3
3. If T =3 , then 9T = and [T = }—
— 3 4
4_ — ——
— 0]

3.4.4 Remark: The existence of only one integral symmetry type in certain cases
has implications for Siegel duality (see §6), and is a consequence of defining derivative
and integral symmetry types via evaluation.

The notions we use seem to give the simplest and most natural extension of the

bilinear case, but ours is not intended to be the most general approach to derivative
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and integral symmetry types. For example, differentiation could consist of evalua-
tion combined with a (co-)syrﬁmetrizer, and integration could be described by using
the Littlewood-Richardson rule ([FH] pp78-9) for decomposing the tensor product

of a (co-)Schur functor and V.

We now carry out the easy check that, if ¢ is a form of degree d of general Young
symmetry type L(\) (or K(})), then ¢(*¢) (of degree d — 1) has general Young
symmetry type L(9T») (or K(0T))). (We check only general Young symmetry type
L()); the result for K (1)) is similar.)

There are two possibilities to consider:

v ld=—114d cee e ld—1

Skew-symmetry: In both (i) and (ii), if 74,1, are adjacent entries in the same row of
A, and i, < d, they remain so for X. Then ¢ and ¢(*4) are both skew-symmetric
in v;,,v;,. In (i), neither ¢ nor ¢(*4) is skew-symmetric in vg. In (ii), ¢ is skew-
symmetric in vg_1,vq, but ¢{¥4) is (obviously) not. Thus ¢{*4) satisfies the condition
(1) of Theorem 3.2.2 for general Ydung symmetry type L(9T)).

- Jacobi identity: In both (i) and (i1): If 51, j2 are adjacent entries in the same column

of A, and j, < d, they remain so for dA. Then Jj,;, - ¢ = 0 and J; ;, - 6(*9 = 0. If
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j,d are adjacent entries in the same column of A, then J;q - ¢ = 0, but there is no
corresponding identity for ¢(e),
Thus ¢(9) satisfies condition (2) of Theorem 3.2.2 for general Young symmetry
type L(8T)). Hence, by Theorem 3.2.2 and Note 3.2.4.1, ¢{*9) is of general Young
symmetry type L(0T)), as claimed. We thus have

3.4.5 Proposition: If ¢ is a form of degree d of general Young symmetry type L())
(resp. K())), then its derivative ¢(*#) is of general Young symmetry type L(8T))
(resp. K(0T))).

3.5 Hyperbolics

The hyperbolics discussed by Keet ([K1] Ch 2.1.10 pp28-9) and ourselves (§2.1) have
the form H = V @ F, where F is a space of symmetric or alternating forms, and the
multilinear form 1) is defined by applying an appropriate symmetrizer (c(4) or ¢(14))
to the evaluation of an element of F.

We investigate generalizing this procedure to a situation where F and cy (or c))
have non-standard Young symmetry type. We consider only the case where F is a

Schur functor; the co-Schur functor case is parallel.

Let H = V @ Ly(V*), where V is a vector space of dimension n over a field of
characteristic 0, and L)(V*) = K;(V)* is the space of multilinear forms of degree d
of general Young symmetry type K()) and |A| = || = d (see §2).

We wish to determine, given such H, what the general Young symmetry type is
of a hyperbolic form i defined on H. Our requirement is that such a hyperbolic
space should be cofinal for spaces equipped with a form of the same general Young
symmetry type as 1. 4
Suppose U is any vector space equipped with a form f of degree d + 1 of the same
general Young symmetry type as .
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Define p : (U, f) — (H,%) by p(v) = (u, f®), as in the alternating case (§2.1). (We
use here the derivative introduced in §4, viz. f(*) = féi)l.
We need to ensure that f® € Ly(V*) & K;(V)*, i.e. the derivative of f should
have general Young symmetry type K (). This means (by §4) that f ( and hence
also 1) should have general Young symmetry type f K(}). For a given ), there are
one or two possibilities for [ K(}), the general Young symmetry type of f and 9.
Now define, for f € K5(V)* and v2 ® ... ® vy € K5(V),
$: K(V)*@K;(V) = Fby o(fQ@ua® ... Q vay1) = f(va, ..., v441)-
(This generalizes the notion of an apolarity/dual pairing — see §4.3 p107.)

Let ¢, be the symmetrizer corresponding to some integral symmetry type of K (}).

Define, for (vi, i) € H,1 <1< d+1,
$l(v1, f1), o5 (Vi farn)] = e - @(f1v25 -5 Vag1),s
Where the action of ¢ € S441 on ¢ is given by
o - ¢(f1, v, . y V1) = O(fo1,Vo2y -+ 5 Vo(ds1))-

(It is clear that this gives the hyperbolic symmetric and hyperbolic alternating forms

when y = (d) and 4 = (14), respectively.) Then

cu Yl(vi, fi)se s Ve, farr)] = € B(f1,v2,. 5 va41) .
= nucu - ¢(f1,v2,...,va+1) (Where n, = (d+ 1)!)

fe
= nu¥[(v1, f1), -5 (Vas1, fasa)]-

Thus % has general Young symmetry type K ().

Next we check the cofinality requirement:

Ylo(wa), oy p(uapn)] = Pl(ur, F), 0, (uaga, FO44))]
| = ¢, (™) ug, ... ugy)
= ¢, f(ug,... ugs1,u1)
= ¢, [r f(ury...,uqp1)] (wherer =(1,...,d+1))

= (cu-T-cu) flury...,udt1).
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(cu+ f = f because f has general Young symmetry type K(i).)
We know that, for any 7 € € Sit1, c,7c, = myc, for some scalar m, ([FH] Lemma
4.23(2) p53), hence
blp(ur), ..y p(uar)] = mucy - fur, .. uan) = muf(ur, ..oy uata).
Adjusting by a suitable scalar factor, we see that p is an isometric embedding of

(U, f) into (H,1). We have thus established:

3.5.1 Proposition: Let H = V @ L,(V*), where the number of rows of A does
not exceed dim V. Then we can define a form 3 on H whose symmetry type is an

integral of the general Young symmetry type K (), and (H, ) is cofinal for spaces

equipped with a form of such integral symmetry type.

We now compute a few hyperbolic forms of general Young symmetry type; we shall

use these in the next section.
3.5.2 Examples

1. f F = Luay(V*) is the space of symmetric forms, usually denoted Sym4V,

one of its integral symmetry types is symmetry, whose hyperbolic we have already

referred to. But the other integral symmetry type is K(d,1), or hook-symmetry.

The symmetrizer in this case is c;5, where A= (2,14 ) =|1|d+1}

2

So ¢; = bsa; = (Tres, o)(e — (1,d +1)). Hence

Y[(v1, f1)s - o5 (Vasr, farr)] = c5 - B(f1,v2, ey Udg)
= ZaESd o- [¢(f1,’02, R ,’Ud+1) - ¢(fd+l1v27 e ,vl)]

=Y 5es5, 7 O(f1,02, 0, Va41) — Yoes, O - O(fav1, V250, 01)
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= (d—-1DITL, filvi,eo oy Biye ooy va41) — d fagr(ve,...,vd)  (by symmetry of the
£ |
=(d-IZL, filvr, ..., 0iy vy va41) — d fagr(ve, .- ., va)]-

By the general arguments above, (V & Sym,V, ¢) has general Young symmetry type
K(d,1) and is cofinal for spaces equipped with a form of this symmetry type. We
show also that 1 is nondegenerate-(d + 1), hence nondegenerate (by Proposition
3.3.1):

Suppose P[(v1, f1),- .-, (Vat1, far1)] = 0 for all v;, fi,e = 1,...,d. Put f; = 0 for
t=1,...,d. Then d fg41(vy,...,v4) = 0 for all vy,...,v4, hence f44; = 0. Choose
v1 = 0 and let f; be any nondegenerate symmetric form; then fi(vs,...,vq) = 0 for

all va,...,vq, 50 vg+; = 0. Hence 9 is nondegenerate.

2. If Lg)(V*) is the space of alternating forms, usually denoted Ait;V, then we
obtain the hyperbolic of symmetry type L(d,1) (hook-alternating) in a similar
fashion to Example 1:

H =V @ Alt,V, with ¥[(v1, f1),- -, (va+1, fa41)] =

(d— DL, (=) fi(vr, .o, Biy ey Vag1) 4+ (=1)972d faga (ve, ...y v0)]

1 is easily seen to be nondegenerate by the same reasoning as in Example 1, except

we have to use Lemma 2.1.1 to show that vy, = 0.

Finally, we discuss the hyperbolics which can be defined when F = L 1)(V*) =
K2,1)(V)*. There are two integral symmetry types for the general Young symmetry
type K(2,1):

. 1134
3. Hyperbolic of symmetry type K(2,1%): In this case A = (3,1) = L s0
2

the symmetrizer is ¢5 = (e + (12))(e — (13) — (14) — (34) + (134) + (143)). Hence
(v, f1), -+, (V4 fa)]l = fr(ve, vs,va) — fi(v2,v4,v3) + fa(v1,v3,v4) + fo(v1, va,vs) —
3 f3(v1,v2, v4) + 3 fa(v1, v2, v3), after simplification using the K (2,1?) symmetry prop-

erties of the f;.
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We check nondegeneracy: Suppose [(v1, f1),-- -, (v4, f4)] = 0 for all vy, v, v3 and
fi, f2, f3. Put fi = fo = f3 = 0. Then 3 f4(v1,v2,v3) = 0 for all vy, v,, f3. Choosing
f3 nondegenerate, or using an argument as in Lemma 2.1.1 (p31), gives vy = 0.

Thus ¢ is nondegenerate-4, hence nondegenerate by Proposition 3.3.1 (p77).

. 113
4. Hyperbolic of symmetry type K(2,2): Here A = (2,2) = , so the sym-
24 '

metrizer is ¢ = (e + (12) + (34) + (12)(34))(e — (13) — (24) + (13)(24)), which

gives

1/)[(vl,f1), ey (vay fa)] = =3[ f1(v3, va,v2) + fa(v3,v4,v1) + f3(v1, 2, v4)

+ fa(v1,v2,v3)]  (since the f; have symmetry type K(2,1)).

Y is easily seen to be nondegenerate using an argument very Similar to that in

Example 3.

3.6 Siegel Duality

Our problem here is to generalize the interesting duality, which first occurred in the
work of Siegel (see [WEI]), between symmetric and alternating bilinear forms, and
which has recently been developed by Hughes ([HUG])

First we outline the 2-variable case: _ |

Let (W, f) be a nondegenerate (i.e. hyperbolic) alternating bilinear space. In sym-
plectic geometry, a subspace L is called Lagfangian if L = L+, where

Lt ={z € W|f(z,y) = 0 Vy € L} ((LV] p8). This means that (i) f(z,y) = 0
for all z,y € L, i.e. L is isotropic; and (ii) f(z,L) = 0 implies = € L. It is easily

checked that (ii) is equivalent to L being a mazimal isotropic subspace.

The conformal symplectic Lie algebra of W, csp(W), consists of all A € End(W)
satisfying
f(Au,v) + f(u, Av) = pa f(u,v) for all u,v € W,
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where py4 is a scalar. (If f is symmetric bilinear, this yields the usual conformal

algebra.)
We then have

3.6.1 Proposition ([GS] Proposition 2.2 pl17-8): Let X be a fixed Lagrangian
subspace of (W, f). Then the following sets are in 1-1 correspondence:

(1) Lagrangian subspaces Y such that Y N X = {0} (i.e. Y transversal to X);

(ii) P € esp(W) such that pup = 1 and P|x =0: and

(iii) symmetric bilinear forms ¢ on W such that ¢(z,v) = —1f(z,v) for all z €

2
X,veW. |
(Here Y = ker(P—1I), while P and q are related by ¢p(z,y) = f(Pz, y)—%pff(w, v)-)

The correspondence between Lagrangian subspaces of the alternating bilinear space
(W, f) and symmetric bilinear forms on W constitutes Siegel duality.

We investigate a notion of generalized Siegel duality for the hyperbolics H of general
Young symmetry type discussed in §3.5.

3.6.2 Definition: If W is a space equipped with a form f of degreé d of some general
Young symmetry type, the conformal Lie algebra cl(W) consists of all A € End(W)
satisfying, for all u; € W, o

J(Aur,ua, oo ua) + flur, Auz, oo ua) + 00+ fu, o ugor, Aug) =
paf(ur,...,ug) (1)

for some scalar ug4.

3.6.3 Remark: It is easy to see that A € ¢I(W), with parameter p4, if and only if
I — A € cl(W), with parameter d — p4.
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Let H =V @ F be the hyperbolic space of some general Young symmetry type of

degree d, and write, for brevity, its form ¢ as a repeated dot product.

3.6.4 Definition: A subspace L of H is Lagrangian if
(a) L is a complementary subspace to F,i.e. H = L+ F;

(b) L is isotropic, i.e uy - ug - --uqg = 0 for all u; € L.

If L is Lagrangian, let Pr, denote the projection onto L. We show that Pr, € cl(H).
By 3.6.4(&), it is sufficient to check condition (1) of 3.6.2 for elements of L or F.
The cases are:

More than 2 elements in F: Both sides of (1) are 0 by definition of H and ;

2 elements in F, say f; and f;: The RHS of (1) is 0, while the LHS contains the
terms Prf; = 0 and PL f; = 0, and all other terms have 2 elements from F, so are
also 0;

All elements in L: Both sides are 0 by 3.6.4(b);

1 element in F, say fi: On the LHS the :** term contains Prf; = 0, and all other
terms are Iy -+« f; -+ - l4. So the LHS=(d — 1)y --- fi--- 4.

Hence Pr, € cl(H), with p=d — 1. |

On the other hand, if L is complementary to F and P, € cl(H) with p = d — 1,
then, for all [; € L,

Ply-lat+ly-Poly -l -+l laoy - Prla= (d = D)l - L.

This gives dly - - lg =(d — 1)l -+ - lg, i.e. ly---13 =0, so L is isotropic.
We have thus proved the following analogue of (i)& (ii) of Proposition 3.6.1:
3.6.5 Proposition: If L is a Lagrangian subspace of a hyperbolic space H of

some general Young symmetry type, then Py, € cl(H); and if L is a complementary

subspace to F and Pr, € cl(H), then L is Lagrangian.



88
Remark 3.6.6: By Remark 3.6.3 it follows that I — P, = Pr € cl(H) with g = 1.

We shall formulate our version of Siegel duality by looking at a special type of
Lagrangian subspace.

First consider the bilinear alternating hyperbolic space H(V)? = V & V*, with form
Yal(v1, f1), (v2, f2)] = fi(v2) — fa(v1). Now let f be any symmetric bilinear form on
V, and put £; = {(v, f¥)|v € V}. Then it is easy to see that L; is a Lagrangian
subspace of H(V)2.

Analogously, for the bilinear symmetric hyperbolic space H(V)2 = V @ V* with
form ;[(v1, f1), (v2, f2)] = fi(ve) + fa(v1), if f is any alternating bilinear form on
V, then L; (defined as above) is a Lagrangian subspace of H(V)2.

Siegel duality thus appears here in the following form: The Lagrangian subspaces of
the type Ly of the alternating (resp. symmetric) hyperbolic are those £; where f is
symmetric (resp. alternating).

It is in this sense that we attempt to formulate our generalized Siegel duality, i.e.
the Lagrangian subspaces of the type £y of the generalized hyperbolic (H, %) should
be those where f has dual symmetry type to .

Let H =V @ L\(V*) (& K;(V)*) be a hyperbolic space of general Young symmetry
type [ K(}), say K (1). (We consider only a Schur functor; the other case being
parallel.)

We want to determine the symmetry type of a form f such that £; = {(v, f®)|v €
V} is a Lagrangian subspace of H. Clearly, we must have f) € Ly(V*) & K5(V)*,
so the symmetry type of f must be an integral of the general Young symmetry type
K(X), just as the symmetry type of 1 is. ‘

If (v, fW) € L;NF, then v =0, so f) =0, hence £L; N F = {0}. Also dimL; =
dim 'V, so 3.6.4(a) is satisfied. }

We now check under what condition(s) 3.6.4(b) is satisfied. We want
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D[(v1, FO),. .., (vagr, fE))] = 0 for all vy, ..., v441.

By the same reasoning as in the cofinality argument (§5), we require ¢;T - f = 0,
where cj is the symmetrizer for 1.

Let ¢, be the symmetrizer for f, where |ji| = |v|. Then f = ¢, - f, so we require
caTe, - f = 0. But this holds whenever v # [i (see [FH] Example 4.24 p53). So
we merely require f and v to have distinct integral symmetry types of the general
Young symmetry type K (5\) We have already seen in §4 under what conditions this

obtains.

We thus have

3.6.7 Proposition: The Lagrangian subspaces of the type Ly of the general hyper-
bolic space (V @ F, 1) are those where f and ¢ are distinct integral symmetry types
of the symmetry type of F.

In terms of our formulation of generalized Siegel duality, two symmetry types are
Siegel dual if they are different and have the same derivative symmetry type.
(This includes the classical case, since the derivatives of symmetric and alternating

bilinear forms are both just linear forms/functionals.)

We have already observed (p86) that Proposition 3.6.1 gives Siegel duality in the

bilinear case via the following relation:

o(z,) = [(Pa,y) = 5uf(e,y) (2)

If f is alternating and P is conformal, then g is symmetric. We aim to generalize
this part of Proposition 3.6.1 and link it to our generalized Siegel duality.

First we observe that (2) can be written as follows:

9@w) = F(Pay) = 51 (Pe,y) + [, Py)

= f(Pe,y) — 5lf(Pa,y) ~ f(Py,2)]
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If we put 0(z,y) = f(Pz,y), then we have

g(:r’y) =0(x,y)—]a-0(x,y), (3)

where I, denotes the skew-symmetrizing idempotent.
The form with Siegel dual symmetry type, viz. g, is thus obtained by subtracting
from the form f(Pz,y) its skew-symmetrized part. We extend this idea to our

general situation.

As before, let (H, f) be a hyperbolic space of general Young symmetry type L())
of degree d, and let Iy denote the Young idempotent for this symmetry type. Let
L be a Lagrangian subspace, and let P denote the projection onto L. Then P is
conformal, i.e.
f(Puq,ug, ... ug) + flug, Pug, ... ,ug) + - + f(ul,uz, ooy Pug) =

(d— 1) f(ur,uay...,uqg) (4).
By Lemma 3.2.5 (p72), every term on the LHS of (4) can be replaced by terms with
Pu; in the first position.
Now put 6(ui,...,uq) = f(Pui,uz,...,uqs). Then every term on the LHS of (4)
has the form 6(u;,,...,u;,). If we now apply the Young idempotent I, to (4), the
RHS just becomes (d — 1)1, - f = (d — 1)f, while each term on the LHS becomes
In-0(u;,,...,u;,), which has symmetry type L()).
We can thus apply Lemma 3.2.5 again (in reverse), and obtain
Iy 0(uty. . ug) + Iy 0(ug, ..y ud) + -+ Iy O(ug, . ..y ug) = (d = 1) f(ur,. . ., ug),
le. dIy - O(uy,...,uq) = (d—1)f(uq,...,uq), i.e. |

d—1

Iy 0,y u) = S fun, oy ug). (3)

Now consider the form ¢(uy,...,uq) = f(u1,...,ud—1,Puqg). By Lemma 3.2.5 we
can write ¢(uy,...,uq) as a linear combination of terms f(Pug,uj,,...,uj,) =
O(ud,uh, ‘e ,Ujd).

Then Iy - ¢(u1,...,uqs) is a linear combination (with the same coefficients and

same order of variables in corresponding terms) of terms Iy - 6(uq, ujy,...,uj;) =
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d—;lf(ud,ujz,...,ujd) (by (5)). We can apply Lemma 3.2.5 in reverse and replace

the linear combination of the f(ugq,uj,,...,uj,) by f(ui,...,uq). We thus obtain

d-1
d

IA'¢(ul""aud): f(ul)"'aud)'

Now put

g(ul" .. aud) = ¢(u1" . -,Ud) - IA * ¢(ula s ,’U.d) (C{ (3))
d—1
f(ul, . .,Ud).

= f(ul,. . ,ud_l,Pud) -

In the bilinear case the form ¢ turns out to have dual symmetry type, i.e. g is
symmetric when f is alternating. In the general situation it is not easy to describe
the symmetry type of g so explicitly, but there is nonetheless a relation to our
generalized Siegel duality in the following sense: if we fix .ud,. we caﬁmsee that the

resulting derivative of g has the same symmetry type as the corresponding derivative

of f. We have thus established

3.6.8 Proposition: If P is the projection onto a Lagrangian subspace of some
hyperbolic space of general Young symmetry type, then P defines a form whose
derivative has the same symmetry type as the corresponding derivative of the hyper-

bolic form.

We conclude by illustrating how this Siegel-type duality works for higher degree

symmetry, higher degree alternation, and a less familiar general Young symmetry

type:

1. Higher degree symmetric hyperbolics: H(V )¢+ = (V @ SymgV, ¥,), with d > 2.

Let f be any form of symmetry type K(d, 1) (i.e. hook-symmetric). (Note that both
f and 3 have integral symmetry type to that of Sym,V.)

We check that L is isotropic:

Ps[(vr, FE0)y 5o, (vasa, fE4))]

= f) (vg, ..y vagr) + FOD (1,03, 0, va41) + -0 F FEHD) (v, vg)
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= f(v2,vd41,. .-, v1) + f(v1,v3,. ., Vag1,02) + -+ F(v1,- .., Vat1)
= f(ve,va41,.--,v1) + f(v3, ..., 0441, v1,v2) + -+ + flvr,. .., Vat1)
(f is symmetric in the first d variables)

=0 (by the Jacobi identity).

2. Hook-symmetric hyperbolics (Symmetry type K(d,1))

H(V) = (V @ SymaV, ), where d > 2 and ${(vn, f), .., (vay fu)] =
fi(vay o yvagr) + -+ fa(viy ooy Vam1,Vag1) — d fag1(vr, - .., va).

Let f be any symmetric form of degree d + 1.

Then ¢s{(v1, FOOY L (vagr, FlPe4))]

= f({’l)(vg, vy Va1) oA FOD (v, v, vag) — d P (v, vg)
= f(bg,vd+1, cost1) F o+ f(vry e, Vao1, Vagr, vd) — d f(V1, .0, V)
=0 (by symmetry of f).

Thus Ly is isotropic.

Examples 1 and 2 thus illustrate the Siegel-type duality between symmetry and

hook-symmetry for degrees > 3 which we have elaborated in general terms above.

It is easy to show, using very similar reasoning to Examples 1 and 2, that there is a

Siegel-type duality between alternation and hook-alternation for degrees > 3.

Our final example concerns the non-standard symmetry types which have appeared

repeatedly.

3.Hyperbolic of symmetry type K(2,1%) (See Example 3, §5 p84.)
Let f be any form of symmetry type K(2,2). Then [(v1, f*)), ..., (vq, )] =

f(vz, V3, V4, vl)—f(v2, V4, U3, vl)‘*‘f(vl, V3, U4,02)-f(vl,v4, V3, 02)“3 f(vl, V2, V4, vs)+

3f(’U1,'l)2,’U3,’U4) = f('l)g,’l)3,'l)4,’l)1)—f('l)g,’l)4,’l)3,’l)1)+f(v4,‘l)2,‘01,'1)3)—f(‘03,”02,‘01,‘04)
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-3 f(v1,v2,v4,v3) + 3 f(v1,v2,v3,v4) = 0 (by the symmetry conditions on f — see

Example 11, §2). Thus £y is isotropic.

4 Hyperbolic of symmetry type K(2,2) (See Example 4, §5 p85.)
Let f be any form of symmetry type K(2,1%). Then [(vy, f®V), ..., (vq, f#))] =

—3(f(vs, va,v2,v1) + f(vs, v, v1,v2) + f(v1,02,v4,v3) + f(v1, 02, v3,v4)]
= '"3[f(v3,v4,v2,vl) - f(vs,v4,vz,v1) + f(vl,vz,v4,v3) - f(vlyv2,v4703)} =0 (by

the symmetry conditions on f — see Example 6 or 8, §2).

The last two examples illustrate the Siegel-type duality between the symmetry types
K(2,1%) and K(2,2).



Chapter 4

Symmetric Forms: Nondegeneracy-type Conditions

Several nondegeneracy-type conditions have béen used in the study of symmetric
forms. Harrison ([H2]) and Keet ([K1] Ch2 §1 pp23-35) discuss the hierarchy of
conditions nonsingularity, nonzero Hessian and nondegeneracy for symmetric higher
degree forms, which are stratified by covariants such as the Hessian and discriminant.
Harrison and Pareigis ([HP] p1288) define a notion of s-radical, which can be used
to generalize nondegeneracy, and O’Ryan ([ORY] Definition 1.5 p969) defines a
condition of s-regularity (called s-nondegeneracy in [HP]); there is also a special

condition on forms of even degree, linked to the first-mentioned.

We summarize the content of this chapter.

We begin §4.1 by reviewing the conditions nonsingularity, nonzero Hessian and
nondegeneracy, giving characterizations and mentioning the covariants testing for
two of them. We then extend Harrison’s result that nonsingularity implies nonzero
Hessian for cubic forms to all degrees, using his generic methods. The validity of
the converse of this result, as well as the converse of the (easily proved) result that

nonzero Hessian implies nondegeneracy, are discussed next.

Each of the conditions nonsingularity and nondegeneracy gives rise, in a natural
way, to a family of related conditions. In §4.2 we use the s-radical of [HP] to define
s-nondegeneracy; we also discuss the s-regularity of [ORY], using the approach of
[HP]. We note some connexions between them and give examples. The notion of

s-nondegeneracy turns out to be related to a special condition on even degree forms,

94
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which we discuss in the next section.

Any bilinear symmetric form f on V induces a homomorphism ¢t : V — V* via
t(v) = f(v,—), and nondegeneracy of f is equivalent to ¢ being an isomorphism,
with the discriminant A being a covariant (in fact, invariant) testing for nondegen-
eracy; for symmetric forms f of degree d > 3, nondegeneracy is equivalent to the
induced homomorphism ¢ : V — $¢~1(V)*, given by t(v) = f(v,—,...,—), being a
monomorphism. If d = 2k is even, however, we also have an induced homomorphism
a: SHV) — S¥(V)*, given by a(vi ©@ - Q) = f(v1,...,V, —,...,—), and there
is the possibility of this being an isomorphism. ,

In investigating this question, we discovered, by direct methods, a réla,tion between
this condition and a classical invariant called the catalecticant. We subsequently
found reference to the same relation in the paper by Dolgachev and Kanev ([DK}),
based on the more efficient theory of polarity. We fill in some details, make explicit
the connection with the classical notion of the catalecticant, and illustrate our earlier
approach with examples.

We begin by reviewing the main properties of the catalecticant, as they appear
in three classical texts, by Elliott ([ELL]), Grace and Young ([GY]) and Salmon
([SAL]). We give the symbolic expressions for the catalecticant in the modern nota-
tion of Grosshans et al. ([GRS]) in a few cases, and show the catalecticant is not
additive. We then review the aspects of the theory of polarity which we require to
give the general definition of the catalecticant in [DK]., and we show that it specializes
to the cases defined classically. We then discuss, using the induced bilinear form, the
relation between the condition we call strong nondegeneracy and the catalecticant;
we also illustrate this relation in explicit terms.

Finally we mention some relations between strong nondegeneracy and the conditions
discussed in §4.1 and §4.2. There are several other possible connexions between the
conditions discussed in this chapter which remain to be investigated. We conclude

by listing a few which we have been unable to resolve.
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4.1 Nonsingularity, nonzero Hessian and Nondegeneracy

We review briefly the conditions nonsingularity, nonzero Hessian and noridegenera.cy.
Let f be a symmetric multilinear form of degree d on a vector space V of dimension
n over a field F. Suppose V has basis {e;} and {z;} is a dual basis. We shall
generally assume charF = 0 or charF Jd!, but sometimes this will clearly not be

necessary.

Nonsingularity: f is nonsingular iff f(v,...,v,w) = 0 for all w implies v = 0. This
_ means its discriminant disc(f) # 0, where disc(f) is the Eliminant of the first order
partial derivatives of f. It is easy to see that 6%% =d f(e;,z,...,z). (Here we use f

to denote both the multilinear form and its associated homogeneous polynomial.)

Nonzero Hessian: The Hessian of f, H(f) = det(%s%). We say f has nonzero
Hessian if H(f) # 0. It is easy to see that a—f;éfr—j =d(d—1)f(ei,ej,z,...,2),50 f has
nonzero Hessian iff there exists v € V such that det(f(e;,ej,v,...,v)) # 0, i.e. such
that f(—,—,v,...,v) is a nondegenerate quadratic form. This characterization can

be used to deduce very easily that nonzero Hessian implies nondegeneracy (which

we discuss next).

Nondegeneracy: f is nondegenerate iff f(vq,...,vq) = 0 for all vq,...,v4_1 implies
vg = 0, or, equivalently, f(v,...,v,w) = 0 for all v implies w -—-lO. (See [H1] p125,
[KAN] p735, [R] p969.) f induces a homomorphism f; : V — S41(V)* (where ST(V)
denotes the r** symmetric power of V) with f1(v)(v1,...,v4-1) = f(v,v1,...,v4-1),
which is injective iff f is nondegenerate. By duality, this means the obvious induced

homomorphism from S*~!(V) to V* is surjective.

Harrison proved that nonsingularity implies nonzero. Hessian over an algebraically
closed field of characteristic zero ([H2] Proposition 1.1 p519). We now extend Har-
rison’s proof to arbitrary degree. Although Keet ([K1] Proposition 1.8 p34) has
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proved the same result using algebraic geometry, Harrison’s approach has the merit
of using simple algebraic methods, and being potentially useful in proving results in
the next section.

The key step in the generalization is Lemma 4.1.3.

4.1.1 Proposition: Let (V, ) be a symmetric space of degree d over an algebraically
closed field k of characteristic zero. If 8 is nonsingular then H(8) # 0.

Proof: Let n = dim;V and let K be an algebraic closure of k(¢4, . ..,t,), where the ¢;
are transcendentals. Let {v;}, {z;} be dual bases for V, V*, respectively, and denote

the form (polynomial) associated to (V,8) by f = f(z1,...,z,). By nonsingularity,

5%, N (%f— do not have a common nontrivial zero over k. A common nontrivial zero
n
over K would correspond to a k-homomorphism k[zy, ..., zn]/(%, ceey %) — K,

whose image would be a finite algebraic extension of k (by Corollary 5.24 of [AM]),
and thus k itself (k is algebraically closed). So a nontrivial zero over K is in fact in
k, and hence c:annot exist. Thus f is still nonsingular, considered as a form over K,
the form associated to the symmetric degree d space (V @y K, 0k) where Ok (vy ®
a1y...,04®aq) = @1 ...aq0(v1,...,aq). This meansthat (V @ K, 0x) is nonsingular.
For i = 1,...,n, there is a unique (because the extension is transcendental) k-linear
derivation D; on k(t1,...,t,) with D;(t;) = ;-j, and D; can be uniquely extended to
K. Define B; : VQRK - V@K by

B(viQa1+...+vn®an) =v1 ® Di(a1) + ... + v, ® Di(ay).

This is well-defined and independent of the choice of basis.

4.1.2 Lemma: For all wy,..., w4 € V®K,
D,~0K(w1, ceey wd) = GK(B,-(wl),wz, cey wd) +...4+ 0K(w1, ... ,wd_l,B,-(wd)).
Proof: We show the relation holds on basis elements.

DiOK(vil & a;,... , Vig ® (L,‘d)
= D,’((Lil N .aid)G(vil,. N ,’l),'d)
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= Di(ai,)ai, ... ai,0(viy, ..., viy) + aiy Di(ai,)ai, - . . @i ,0(vig,y - - -, vi,)+
oot ay . ..ai,_ Di(ai,)0(viy, ..., vi,)
= 0k(Di(ai,) ® viy, ai, @ Viy,...,ai, ® vi,)+
oot O0k(ai, @viy, ..., ai, ®.v,~d_1,D,-(a,-d) ® vi,)
= Ok (Bi(ai, @ viy), i, @ Vigy. .., ai, @ viy)+
oot Ok (ai, @iy, .4, ®vi,_, Bi(ai, ®vi,)). O

Now put z = v; ® t; + ... + v, ® t,. Then Bi(z) = v; ® 1, since D;(t;) = §;;. For
r=2,...,d, denote by H%d—r) the form of degree r obtained by substituting z in the

first d — r coordinates in Ok: H%d—r)(wl, o wr) = 0k(z, Lz W, , Wr).

) d—r+1)

4.1.3 Lemma: Suppose that G%d—r is nonsingular for some r > 3. Then 0%

is nonsingular (of degree r — 1).

(Zd—r+l)

Proof: Assume 8} (uy...,u,w) =0, 1.e O(z,...,2,u,...,u,w) =0 for all w.
d—r+1 r—2
(We show u = 0.) In particular, 0 (z,...,z,u,...,u) =0. Forall: =1,...,n,
r—1
0=D,~(O)=D,~(9K(z,...,z,u,.‘.,u )=
. r—1
(d —r 4+ 1)0x(Bi(2),2y. -y 2,u,...,u) + (r — 1)0k(z,...,2,Bi(u),u,...,u). (By

r—1 =2

Lemma 4.1.2 and symmetry.) The last term is zero by hypothesis, so

Ok (Bi(z),2,...,z,u,...,u) =0forall:=1,...,n (char F = 0).

d—r r—1
This gives 0 (v; ®1,2,...,2,u,...,u) =0 for all 7, i.e. Ox(y,2,...,2,u,...,u) =0
d—r r—=1 d-r r—1
for all y, since {v; ® 1} is a basis. This means H%d—r)(y,u, ...,u) =0 for all y, so,

r—1
by assumption, u = 0. O

Since 0k = 9%0) is nonsingular, we can use Lemma 2 successively with r = d,...,3
and obtain 9%4—2) is nonsingular/nondegenerate (quadratic).

Finally, we show that this implies that H(8) # 0:
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G%d—z) is nondegenerate iff Hgf—d_z)(u,w) = 0 for all w € V@ K implies u = 0 iff
the homogeneous system 6%“'2)(u,v,- ®1) = 0,7 = 1,...,n has unique solution

(u = 0) iff the homogeneous system G(fd—z)(}: v ®a;,v;®1) =0,7 =1,...,n has

unique solution a; = ... = a, = 0 (put u = L v; ® a;) iff the homogeneous system
3 aiﬁgd_Q)(v; ®1,v;®1) =0,5 =1,...,n has unique solution a; = ... = a, = 0 iff
the system of n linear equations in n unknowns a,, ..., a,, 181 4. . .+ azja, = 0,7 =
1,...,n has unique solution a; = ... = a, = 0. Putting o;; = O(fd-z)(vg ®1,v;,Q1),

this means det(c;;) # 0. Now

G%d—z)(vi ®Lv;®1)
= Ok(z,...,2,v;Q1,v;®1)
= Ox(vk @ty ..., e @, v; ®1,v; ®1)

= Z tkl...tkd_ﬂx(vkl®l,...,vkd_2®1,v,~®1,vj®l)

lskl ,...,kd_z Sn

= Ztkl .. ’tkd-—26(vkl7‘ . .,vkd_z,v;,vj).

Thus each entry in det(ﬂ%d—Q)(v; ®1,v;®1)) is a homogeneous polynomial of degree
d—2 in the transcendentals t1,. . ., t,, so the (nonzero) determinant is a homogeneous
polynomial g(ty,...,t,) of degree n(d — 2). Since

gty stn) = det(Fichy,. kup<n thy - tha g 0(Vkys ooy Vky_y, Vi, ;) # 0, there exist
S1y.-+,8n € k with g(s1,...,8,) # 0, Le.

det(zlsk“_”kd_ﬁn Sky « -+ Sky_p 0(Vky, - - - ,’de__Q,'U,',’UJ‘))‘# 0, i.e. |

det(0(2x, SkyVkyy- -+ 2oky_y Ska—sVkaoar Vir¥5)) # 0. Put u = 3= spvp.

Then det(8(u, . .., u,v;,v;)) # 0, i.e. 84°7) is nondegenerate (quadratic). We have

seen earlier (§1) that this implies that 8 has nonzero Hessian. O

We conclude this section by discussing other connexions between nondegeneracy,
nonzero Hessian and nonsingularity.
We have seen earlier in this section that nonsingularity=> nonzero Hessian=> nonde-

generacy in general. We now consider the converses.
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For arbitrary one-dimensional forms and arbitrary quadratic forms, it is obvious that
nonsingularity< nonzero Hessian& nondegeneracy.
The simplest counterexample to the first equivalence is the binary cubic form f =
zy?, which clearly has nonzero Hessian but is singular.
For arbitrary binary forms (see [DIC1] Ex 5 p7), as well as ternary cubics (first
shown by Poincaré in a series of 4 papers in J. école polyt. and Comptes Rendus
(1880-2); see [DIC2| p260), it is known that nonzero Hessian<> nondegeneracy. We
now discuss counterexamples to this. In response to a comment of Harrison’s, Keet
shows that the symmetric hyperbolics H = V @ Sym,V are all nondegenerate, but,
for n > 2 and d > 2, all have zero Hessian ([K1] Ch 2 §1.12 p30). Keet’s minimal
quartic examplelis thus of dimension 6. Here is a "smaller” non-hyperbolic example,
viz. a quartic of. dimension 5: f = z3z3 + zizoz4 + z3z5. (Direct calculation shows
that H(f) = 0; it is easy to see that the homomorphism S*(V) — V* given by

v1 © v2 © v3 — f(vy,vq,v3,—) is onto, i.e. f is nondegenerate.)

4.2 Families of Nondegeneracy-type Conditions

In their treatment of Witt Rings of higher degree forms, Harrison and Pareigis
introduce the notion of an s-radical, and use it to reduce the degree of symmetric
spaces ([HP] §2 ppl1288 et seq.). We use this to define a family of conditions we
call s-nondegeneracy (a term used by Harrison and Pareigis for a different concept),
which is related to ordinary nondegeneracy as well as to a special condition we
discuss in §4.3.

s-nondegeneracy: If f is a symmetric form of degree d, the induced homomorphism
fi:V — S V) (§1 p96) is generalized as follows, assuming charF jd! ([HP]
p1288): For 1 < s < d, f induces a homomorphism f, : S*(V) — §¢=2(V)*, with
fs(v1 © ... Qvs) (V41 @ ... O vg) = f(v1,...,v4). (fs is a polarization-type map;
notice that fs(v; © -+ ©wv,) is the polarization of aps(f)(v1 ® - - ® vs) — see pl07.)
Define the s-radical of f, s-rad(f) = ker(f,). (s-rad(f) # 0 if 2s > d because of
dimension.) Clearly, 1-rad(f) = rad(f) is the subspace of V for whose elements
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the derivative f(*) vanishes; in general, s-rad(f) is the subspace of S*V for whose

elements the derivatives of order s vanish. (We return to this later.)

We shall call f s-nondegenerate if s-rad(f) = 0, i.e. f, is injective. (Note that
Harrison and Pareigis use this term for another notion — see below.)

Clearly, for'f to be s-nondegenerate we must have s < d — s, i.e. 2s < d (for
dimension reasons).

For s > 2 we have s-nondegeneracy=> (s - 1)-nondegeneracy. This gives a chain
*of conditions d-nondegeneracy=> (d — 1)-nondegeneracy=> ... =2-nondegeneracy=>
1-nondegeneracy(= nondegeneracy).

l-flondegeneracy is just ordinary nondegeneracy, as used by Harrison ([H1]), O’'Ryan
([ORY]) and others. If d is even, we get a condition (for s = %) which Dolgachev
and Kanev just call "nondegeneracy” ([DK] Definition (2.8), p226). We shall return
to this later.

Harrisén and Pareigis ([HP] §4 p1302 et seq.) also introduce a notion they call s-
nondegeneracy, but which we prefer to call s-regularity, and use it to study maximal
symmetric spaces. The}" obtain a stronger version (see Lemma 4.1 p1303) of Keet’s
result that, if (V) is nonsingular indecoméosable, then Z(9) is a field ([K1] §2.7 p
38).

s-regularity: If 1 < s < d, an element v € V is called a (d — s + 1)-zero if
flv,eo 0, V541, .. -,va) = 0 for all vyyq,...,0v4 € V. This is equivalent to v* =
vV® ... v € s-rad(f). In particular, v € rad(f) iff v is a d-zero (s = 1). We
call f s-regular if it has only trivial (d — s + 1)-zeroes, i.e. if v° € s-rad(f) implies
v = 0, or, equivalently, f(v,...,v,Vs41,...,va) = 0 for all vs41,...,vg € V implies
v = 0. We follow here the terminology of O’'Ryan ([ORY] Definition 1.5 p969)
and Kanzaki and Watanabe ([KW] p224). Harrison and Pareigis ([HP] p1303) use

the term s-nondegenerate, but we prefer to reserve the latter term for the notion
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described earlier. It is clear that s-regularity implies t-regularity for ¢t < s (put
Vig1 = ... = v, = v); that l-regularity is just nondegeneracy; and that (d — 1)-
regularity is nonsingularity. If we extend the definition of (an)isotropy for bilinear
forms ([MH] p55), then d-regularity means anisotropy.

So we get a chain of conditions: (d — 1)-regularity (=nonsingularity)= (d — 2)-
regularity= ... = 2-regularity=> 1-regularity (=nondegeneracy).

We can also see that s-nondegeneracy=> s-regularity for 1 < s < d.

We now show that none of the converses in the chain of s-regularity conditions holds
in general. .

Using the notion of the k** mixed polar of a polynomial (for details, s’eve 84.3 p106), it
is easy to see that a polynomial f is s-regular if and only if all its partial derivatives
of order s have only trivial zeroes.

Simple calculation of the derivatives then shows that:

1. The form f = z%~"y" is r-regular but not (r+1)-regular for 1 < r < 4. (The next
example does not have this restriction on r.) Hence the hyperbolic form f = z¢ 1y
is 1-regular, i.e. nondegenerate, but not 2-regular. In fact, its Hessian is nonzero
(in contrast to hyperbolic forms in higher dimension), so nonzero Hessian does not
imply 2-regularity.

2. The form f = z? + 2"y?" is (d — r)-regular but not (d — r -+ 1)-regular, for
2<r<d-1.

4.3 A condition on forms of even degree

In the case of a form f of even degree d = 2k, the condition we have called k-
nondegeneracy (§4.2 pl01) has a particularly nice interpretation. For then fi :
Sk(V) — S*(V)* is injective so, by duality, we have S*(V) & SE(V)*.

In this section we discuss how the catalecticant invariant tests for this condition in
the same way that the discriminant tests for nonsingularity. First we review classical

accounts of the catalecticant. We give explicit and symbolic expressions in a few



103
cases; we also give the latter in modern notation, and show that the catalecticant is
not additive. There appears to be no general definition of the catalecticant in this
literature, only a description in terms of partial derivatives.

Next we list parts of polarity theory required to give the general definition of [DK]
for the catalecticant of arbitrary even degree forms, and show how this extends the
cases given classically.

We then discuss what we call strong nondegeneracy for forms of even degree, and
show explicitly how this is related to the induced bilinear form.

We conclude by mentioning certain connexions to the conditions discussed earlier,
and listing a few unresolved questions in this regard.

The catalecticant

The catalecticant, usually denoted J(f), was first defined by Sylvester, and we begin
by reviewing the fairly scattered material on the subject in the older literature. Our
sources are Elliott ([ELL] pp267-8, 293-5), Grace and Young ([GY] ppl22, 231-2,
313) and Salmon ([SAL] p265).

The catalecticant is described in the cases where f is a binary form of arbitrary even
degree, or a quartic form up to degree 5. It is shown that a binary form f of degree
2k is a sum of k 2k’th powers if and only if J(f) = 0, and that a ternary (resp.
quaternary, quinary) quartic f is a sum of 5 (resp. 9,14) fourth powers iff J(f) = 0.
We now give explicit expressions for J(f) in the cases where f is binary of arbitrary

degree d = 2k, or ternary quartic:

1. If f =apz®+ ('li)alscd"ly + ...+ aqy?, then J(f) is the determinant

ag aAy . . ag
a a2 . . Q41
ag . I a4

(See [DK] Example (2.6) p225, [ELL] p268.)
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. Gy a; az
When d = 4, this gives J(f) = | a; a; az | = @00284 — aoa? — a’aq + 2a,a2a;3 — a3.
az a3z a4

g a; az as

a

When d = 6, then J(f) =

az a4 as das

2. Ternary quartic ([ELL] p294): Let f = 3"; (‘:) a;zt, where 1 = (41,19,73) satisfies

11+ 12 + 13 = 4 and z* = zi'z7 Ty,

Writing f = a(40021%%? + 4a(31021? + ... + a(009)z(°®, we have

G400 as310 QG301 4220 4211 4202
a310 Q220 G211 4130 @121 4112
‘@301 @211 QG202 4121 Q112 @103
a220 @130 a121 Qo40 Qo031 Q022

G211 4121 Q112 Go31 Qo222 4013

G202 4112 Q103 Qo022 Qo013 Qo004

(This example is also discussed by Dolgachev and Kanev ([DK] Example (2.7)
pp225-6) using a different notation.)

Classically, the catalecticant (as all other invariants or covariants), is given by sym-
bolic expressions.

For the binary quartic it is 3(ab)?(bc)?(ca)? ([GY] p122); for the binary sextic it is
(bc)?(ca)?(ab)?(ad)?(bd)?(cd)® ([GY] p232); and for the ternary quartic it is J(f) =
+i(abc)?(bed)?(def)?(efa)?.

These can be written in the more modern notation of [GRS] (pp27, 48), but become

unwieldy for higher degrees and dimensions. For the binary and ternary quartics,
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the expressions are, respectively

a; aq as 1‘ 2 3
a; az|1 2 a; ay az|l 2 3
a; az |l 2 as az ag|1 2 3

<U,Tab ay asz|1l 2 > ; <U,Tab az a3 a4 1 2 3 >

a, az|1 2 ag as ag|l 2 3
az a;{l 2 ay as agil 2 3
az a1 |1 2 as ag a;|l 2 3

as ag a; |1l 2 3

The closest thing to a manageable general definition of the catalecticant in the
older literature is its description (for the cases dealt with) as the determinant of the
coefficients of the k’th order partial derivatives of the form. This is what we use to

show that the [DK] definition does extend the classical notion.
We conclude with the following:

4.3.1 Remark: The catalecticant is not additive, in the sense used by Keet ([K1]
Ch 3, 2.1 Definition p53). Take ¢ = h = z%y?, so that J(g) = J(h) = —1 (since
a; = 1 and all other a; = 0 — see pl04). Put f = ¢ L h = 2%? + 2%w?. Then
J(g)J(h) = 1, but we can see that J(f) = 0: for example, ai:bé = (), so the (10 x 10)

determinant of coefficients of the second order partial derivatives of f is zero.

Polarity: A brief review

We summarize parts of the theory of polarity and a modern approach to the catalec-

ticant, as expounded by Dolgachev and Kanev ([DK] §§1,2 pp219-227).

Let V be a vector space of dimension r + 1, V* its dual. The symmetrization map
s : T™(V*) — T™(V*) given by t — Y ,cs, o(t) factors through S*(V*) and defines
the polarization map pl, : S™(V*) — T™(V*) = T™(V)*. Its image equals Sym,V,
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the space of symmetric n-linear forms on V, which is naturally isomorphic to S™(V)*.

Tﬂ.(V*) S Tn(V*)
[ %
SV

If we restrict the projection T"(V*) — S™(V*) to the subspace Sym,V, we obtain

the restitution map r, : S*(V)* & Sym,,V — S™(V*).
T (V*)
\ l
S™(V*)
It is easy to see that both pl, or, and r, o pl, are n! times the identity. So, if

charF = 0, we have S"(V*) = S*(V)*. (Re-define pl, by multiplying by ;;.)

Sym,V

If we choose a basis ug,...,u, for V and zo,...,z, for V*, then we can identify
S™(V) (resp. S™(V*)) with the space of homogeneous polynomials of degree n
in ug,...,u, (resp. Zg,...,z;). Then a basis of S™(V) consists of all monomials

w ... u¥, where io+ ...+ 1, = n, denoted u for short, and likewise for S™(V*).

The polarization of a polynomial F' € §*(V*) is the unique symmetric multilinear
function F on V™ such that, for all z € V,: F(z) = F(z,...,z).

The k** mized polar of F' with respect to aq,...,ax € V is

Pa-l---a-k(F)(x) = F(ala ceey Ay T - ,117).
This is clearly symmetric in the a;; P,:(F) has the obvious meaning. Clearly

Po.ow(F) = Poy(Po, (- .. (Po (F))...)). It is easy to see that the first polar of F

with respect to a = agup + ... +a,u, € Vis P(F) =137, a;g—%.

n

_ (n=k) B+ F '
Hence P,,. . (F) = L“TL Y0<is iz <r Oy -+ - Ok . (1)

In coordinate-free terms, the k** polarization map ply, : Tk(V)®S”(V*) —
Sm=k(V*) is obtained as follows:
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1@rn—k

SM(V*) B3 SymaV — THV*) @ SymaiV ' Z55* THV*) @ S™k(V*),

and then tensoring on the left by T*(V).

Then plin(a1 ® ... @ ar ® F) = Py, o, (F).

When k = n, we get the polarization map, pl, : S*(V*) — T™(V*).

If we compose ply ® 1 : S¥(V)®Q S™(V*) — THV)Q® S™(V*) with pli ., we obtain
splin : S*(V)® S™(V*) — S™%(V*). (pl; is the obvious map obtained by replacing
V* by V in pli.) .

The polar of F with respect to ®, Po(F) = spli.(®, F) € S**(V*), where ® €
S¥V),F € S*(V*). When ® = a;...ax = (S ayw)... (T aru;) is a product of
linear polynomials, then Py(F) = Py, 4 (F). (2)

The apolarity pairing is spln : S*(V)Q S*(V*) —» S%(V) = F. |

Put spl,,(®,F) = (®,F). The apolarity pairing can be viewed as the map
S*(V*) — S™(V)*, which is just the polarization map. In particular, it is nonde-

generate.

i ol 0
oo F=al =g

Explicitly, if ® = uf = u® ..z% are monomials of degree n,

then

(ui,x1>:{ (5 =g } 3

0 otherwise

(where (’Z) = )

4.3.2 Proposition([DK] Proposition (1.7) pp222-3): Let & € S*(V),® €
S"=k(V),F € S*(V*). Then (&, Ps(F)) = (®%’, F).

Let F € S*(V*) and define api(F) : S¥(V) — S™*(V*) by ape(F)(®) = Po(F).
The matrix Cat(F) of the linear map api(F') with respect to the bases ut of S*(V)
and zZ of S"*(V*) (ordered in some way) is called the k** catalecticant matriz of

F. If n = 2k, det(Cat(F)) is called the catalecticant of F' and denoted C(F).
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We give an explicit description of Cat(F): Let & = ul = u¥ ...ul (where jo +
...+ Jj. = k) be a generator of S¥(V), and the set of all z; = z{...z¥ (where
to+ ...+ =n—k) be a basis for S"*(V*).
Suppose api(F)(ul) = Po(F) = ¥, (”zk)cﬁxi, so that Cat(F') = (ci5).

By Proposition 4.3.2, putting ® = u£ and ® = uZ, we have

(W F) = (vl F)
= (uf, Py(F))

- (e

il
N
3
|
i
I??‘ N———”
[e)
S
[
8
=

Cij if k= g_

= - (see (3) p107).
0 otherwise

Soif F'=13, (':) a,z%, then ¢;; = (W, Fy =3, (';) a, (Uit gty = ai+j (by (3)), i-e.

Cat(F) = (as;). (2+ j obviously means (o + jo, -, ér + Jr)-)

We are now in a position to demonstrate that the above definition does indeed
specialize to the cases given explicitly in the older literature.

If & =uf... ur (where io+ ...+ i, = k), then

ape(F)(®) = Po(F)
= Pu:)o.”u';_r(F) (by (2) p107)

k) Fozg . Gz, ¥ (1) P106).

But Cat(F) is the matrix of apy(F) with respect to the bases u* and zZ, so it is clear
that Cat(F) also gives the coefficient matrix of the k** order partial derivatives of
F with respect to the monomials zZ. Hence C(F) = det(Cat(F)) generalizes the

notion of the catalecticant, J(F'), classically defined for binary forms of arbitrary



109

even degree and quartics up to degree 5.

Strong nondegeneracy

Any symmetric form f of degree 2k on V induces a symmetric bilinear form on
Sk(V) as follows: bs(u1 @ ... O uk, 1 Q... Qvk) = fltur,. .., Uk, v1,...,vx). We call
f strongly nondegenerate if by is nondegenerate. Clearly by is nondegenerate if and
only if fi : S¥(V) — S*¥(V)* is an isomorphism, i.e. f is k-nondegenerate. But also
by is nondegenerate if and only if disc(bs) # 0. We now describe the matrix Mp, of
by: If {ut} is a basis of S*(V) as before, then bs(ui,ul) = f(utul) = f(ui*l) = ¢;5
(p108). Hence M, = (ci;) = Cat(f). Thus disc(bs) = J(f), and we conclude that
f is strongly nondegeﬁnera.te if and only if J(f) # 0.

4.3.3 Note: Dolgachev and Kanev call this condition nondegeneracy ([DK] Defini-
tion (2.8) p226). We have used the convention of Harrison and others, whose notion
of nondegeneracy extends the classical one to arbitrary degree in a very natural
way. Although the catalecticant is a general discriminant in the sense of Gelfand
et al. ([GKZ] ppl4-16), the non-additivity of the catalecticant (see Remark 4.3.1
pl05) could be considered as reason for not viewing it as the true generalization of

the discriminant of quadratic forms, as Dolgachev and Kanev do.

We conclude this section by giving explicit calculations which illustrate the above
results and observations.

Let f be a binary quartic form on a space V with basis e;, e2 and dual basis z;, za.

Write

f = Z QijklTiT;T T
1<i,j,k,I<2

4 3 2.2 3 4
= a11112] + 4611122722 + 6011222725 + 401222T1T5 + G222,

where a;ju = f(e;Oej Qe Oe), for 1 <1,5,k,1 < 2.
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Now f induces a quadratic form f on S%(V). Choose the basis g; = e; © e1, g2 =
e1 O e3,93 = €3 O e for S3(V), with dual basis y1,ys, ys.
Then f = Yi<ig<s bisyiy; = bi1y? + 2b12y1y2 + 2b13y1y3 + bagy? + 2b93yaya + basy?,
where b;; = f(gi © g;). Hence by, = flo Ogq)=fle1Oe1Oe1 ®er) = ay, b2 =
a1112, 013 = ania2, b2 = 1122, b2z = a1222, baz = aza2a.

The matrix of f (relative to the basis {g;}) is then

a1111 a1112 21122

M;= ai112 4112z 41222

a1122 Q1222 Q2222

This illustrates disc(f) = detM; = J(f).

We outline how this extends to an arbitrary quartic: Suppose V has basis ey, ..., e,,
and xy,...,Z, is 2 dual basis. Write f = 3 1¢;;ki<n QijuTiT;TkT1. Choose the
following basis for S*(V): ¢, = e, O e;, where ]l <r<s<n. For 1 <p<g<n

and 1 <7 < s < n, put bpgrs = fgpg © grs) = flep O g © €, © €5) = apgrs. Then
f = ZISp,an,lsr,SSn bpq,TSypqy‘l‘S'

Order the g,, lexicographically: gi1,912,--,91n,922,++,92n,---,gnn- Relative to
this basis, the matrix of f is M; = (F(9pg © grs)) = (apgrs)-

The above notation obviously becomes unwieldy in higher degrees, so Qe discuss
the ternary quartic (see [DK] Example (2.7) pp225-6) in a notation which makes the
relation between the quartic form, the induced quadratic form, and the catalecticant
clear: Let f=3; (D a; Tt = a (4001 + 4a (3102310 + ...

A basis for S?(V*) consists of zt, where ¢; + i3 + i3 = 2. We order it as follows:
£(200) 5(020) ;(002) 4(110) 4 (101) 4 (011),

Then C(f) = (Cy_) = (aiﬂ), where c(300),(2000 = @(200)4(200) = @(400), €(200),(020) =

a(200)+(020) = &(220), €(200),(002) = @(200)+(002) = &(202) €tC.
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The induced quadratic form on S%(V) is f = i a1~+l~xi:ci, where ¢ = (21,1%2,%3)

satisfies 2; + 23 + i3 = 2, and likewise for j.

Finally, we list some relations between strong nondegeneracy and the earlier condi-

tions:

1. The form f = z*y* (k > 2) is easily seen to be singular. However, the catalecti-
cant matrix has nonzero entries all along the reverse diagonal, and zeroes elsewhere,

so J(f) # 0. Hence strong nondegeneracys nonsingularity.

2. The form f =z¢4y? (d > 2) is easily seen (by direct calculation) to be nonsin-

gular but not strongly nondegeneraté.‘ Thus nonsingularity strong nondegeneracy.

3. The symmetric hyperbolic space of degree 2k, H = V@ Symqor_1V is not
2—nondegenerate: if (0,41),(0,92) are two elements of the canonical basis of H
(see [K1] Ch 2 §1.11 pp29-30), then 12{(0,41),(0,g2)] = 0. Hence it is not strongly

nondegenerate (i.e. not k-nondegenerate).

4. We have noted that t—nondegeneracy= t—regularity (§2 p102). If degree d = 2k,

this means strong nondegeneracy=> k-regularity.
Open Questions
1. We have seen that nonzero Hessian does not imply 2-regularity in general; can

the hypothesis of Proposition 4.1.1 be weakened to show (d — 2)-regularity implies

nonzero Hessian?
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2. Does the condition nonzero Hessian fit into the chain of s-nondegeneracy condi-

tions (pl01) and, if so, where?
3. The simplest form, as far as we are aware, which is nondegenerate but has
zero Hessian is Keet’s 5-dimensional hyperbolic cubic. Is there a non-hyperbolic

quaternary cubic with this property (as there is a quinary quartic)?

4. Is there a family of forms which is (s — 1)-nondegenerate but not s-nondegenerate

for all s, as there is for s-regularity (p102)?

5. Is there a family of forms which is s-regular but not s-nondegenerate for all s?
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