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Synopsis 

One of the most successful approaches to research in universal algebra has been the 

study of varieties, initiated by Garett Birkhoff in the 1930's. Examples of varieties 

include many classes of algebras such as groups, semigroups, lattices and Boolean 

algebras. In 1927, 0. Schreier showed that for any set of extensions of a given 

group, there is another extension of that group that in some sense contains all other 

extensions in the set. This property of groups, known as the amalgamation property 

was generalized to a universal-algebraic setting by R. Fralsse in 1954, and the 

important question as to which varieties satisfied the amalgamation property arose. 

While some of the answers to this question were positive (such as for the varieties 

of lattices, distributive lattices and Boolean algebras), many common varieties such 

as the variety of semigroups and all non-distributive modular lattice varieties were 

shown to fail to satisfy the amalgamation property. In the light of these negative 

results, attempts were made to "localize" this property from the variety to its 

individual members, the most successful being the notions of amalgamation base 

and amalgamation class, first introduced by George Gratzer and Henry Lakser in 

1971. Investigations into the nature of the amalgamation classes of varieties that 

fail to satisfy the amalgamation property were carried out in 1970's and 1980's by 

among others, Clifford Bergman and Henry Rose, the main focus being congruence 

distributive varieties, of which lattice varieties form the prime example. 

The topic of amalgamation has also been studied in fields as diverse as topology, 

logic and the theory of field extensions. In this dissertation, however, I will focus 

on the more algebraic results concerning amalgamation. My aim is to present a 

selection of these results, using as examples varieties of groups, semigroups, lattices 

and Heyting algebras, in a universal-algebraic framework that is (more or less) 

self-contained and uniform in its notation. 

In Chapter 1, I present some of the basic results in model theory and universal 

algebra that are required later in the dissertation. Of note are the concepts of con­

gruence modularity, congruence distributivity and residual smallness for varieties, 

which play an important role in classifying results on amalgamation. I also for­

mally introduce the concepts of amalgamation class and amalgamation property, 

and present some of the elementary results concerning these notions. While the 
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original proofs of these results were largely model-theoretic in nature, I have opted 

for a more universal-algebraic approach. 

In Chapter 2, I consider what can broadly be termed "extension properties" of vari­

eties, of which the amalgamation property is one example. I introduce the concept 

of the .strong amalgamation property (first introduced by Bjarni Jonsson in 1956), 

and present results showing its connection to the amalgamation property. The bulk 

of the chapter is devoted to a proof that in a residually small congruence modu­

lar variety, the amalgamation property implies the congruence extension property. 

This result flows out of extensive research in the 1980's by Ralph McKenzie, Clif­

fqrd Bergman and Keith Kearnes, which focused on generalizing the commutator 

theory of groups to the universal-algebraic setting of congruence modular varieties. 

In Chapter 3, I present results which attempt to answer the question as to which 

varieties of groups, semigroups, lattices and Heyting algebras satisfy the amalga­

mation property. Work by numerous researchers has led to a complete answer for 

lattices, but for the other classes of varieties the answer is less satisfactory. For these 

classes, I present results which completely classify all residually small varieties, the 

general problem still remaining (to my knowledge) open. 

In Chapter 4, I look at some characterizations of the amalgamation class of those 

varieties that fail to satisfy the amalgamation property. I look particularly at three 

concepts: retract exten.sibility, property P and property Q. The latter two concepts 

were first defined by Clifford Bergman, while the notion of retract extensibility is 

implicit in work by Peter Jipsen and Henry Rose, but first explicitly defined in this 

dissertation. I also present applications by Clifford Bergman and Bjarni Jonsson of 

these characterizations to varieties of lattices and Heyting algebras. 

In Chapter 5, I look at the question as to which varieties have amalgamation 
' 

classes that can be characterized by first-order sentences. I present work by Clifford 

Bergman which gives a negative answer for some modular lattice varieties, and a 

positive answer for some discriminator varieties. Lastly, I present work by Peter 

Bruyns, Colin Naturman and Henry Rose, which gives a positive answer for the 

variety of lattices generated by the pentagon (but see note after lemma 5.3.13). 



Chapter 1 

Introduction and General Results 

Introduction. Amalgamation is the process of combining two or more struc-

tures with something in common to form one large structure that preserves all the 

features of the smaller ones. In the study of classes of algebras, amalgamation has 

a very specific meaning: we say a class of algebras has the amalgamation property 

(defined more rigorously later) if for every algebra in that class, and any two ex­

tensions of that algebra, there is a third extension of that algebra that "contains" 

the other two algebras in some suitable way. 

As with many universal-algebraic properties, the amalgamation property had its 

beginnings in group theory: the work of Schreier (27] and the subsequent investi­

gations of B.H. Neumann (54] and H. Neumann (67] show that the variety of all 

groups has the amalgamation property. The first discussion of the amalgamation 

property in a general universal-algebraic setting appears in Fraisse (54]. Many well­

known varieties (such as lattices and Boolean algebras) were also shown to satisfy 

the amalgamation property, and the question arose whether this property was just 

a consequence of a class of algebras being a variety. This question was answered in 

the negative by Kimura (57], who showed that the variety of all semigroups does 

not possess the amalgamation property. 

In the light of this and subsequent negative results, attempts were made to "local­

ize" the concept of amalgamation from a class of algebras to its individual mem­

bers. The most successful of these was the concept of an amalgamation class, due 

to Gratzer and Lakser (71], where it was used to discuss amalgamation in varieties 

of pseudocomplemented distributive lattices. The amalgamation class (denoted 

Amal(K:)) of some class of algebras K: can be viewed as a subclass of K: consisting 

of those members of K: which possess the amalgamation property "locally", and we 
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2 1. INTRODUCTION AND GENERAL RESULTS 

can define a class K, to have the amalgamation property if all its members are in 

the amalgamation class (that is, Amal(K) = K,). 

In this chapter, I introduce the two concepts of the amalgamation property and the 

amalgamation class. In section 1.1, I introduce some of the basic model-theoretic 

notions needed for this dissertation, and in section 1.2, some basic universal­

algehraic concepts. Because this dissertation presents a broad overview of the topic, 

any attempt to make the presentation fully self-contained is impossible. Instead, I 

will refer the reader to a reference for some of the definitions I consider well-known, 

or where I consider a rigorous definition not essential to an understanding of the 

proofs presented here. Also, in the first two subsections, proofs are omitted in the 

interests of space, the reader being referred to the original proof of the result if 

known to me. Where I have not been able to trace the original proof of the result, 

proofs may be found in either Bell and Slomson [71] or Chang and Keisler [73] for 

model-theoretic results, Burris and Sankappanavar [81] or McKenzie, McNulty and 

Taylor [87] for universal-algebraic results and Crawley and Dilworth [73] for any 

lattice-theoretic results. 

In section 1.3, I introduce the amalgamation concepts described above, and prove 

results (largely due to Yasuhara [74]) which describe the contents and properties 

of the amalgamation class. The original statements and proofs in Yasuhara [74] 

are largely syntactical and model-theoretic in nature. I have opted, however, for a 

more universal-algebraic approach, using algebraic formulations of the more model­

theoretic properties such as lemma 1.3.5. 

1.1 An Introduction to Model Theory 

Introduction and Basic Concepts. I assume the reader is familiar with 

the universal-algebraic concepts of an algebra, a subalgebra, a homomorphism, a 

direct product and the congruence lattice (denoted by Con( A)) of an algebra A, 

and with the notion of a free algebra for a class K, (see, for example, McKenzie, 

McNulty and Taylor [87]). I also assume the reader is familiar with the predicate 

calculus including the notions of a term and an identity( also called an equation), 

and the model-theoretic notions of a language, a first-order formula and sentence, 

a theory and a model for a theory (see, for example, Chang and Keisler [73]). In 

this work, I will be dealing exclusively with algebras of finitary type, hence the 
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reader may assume the term algebra always means an algebra of finitary type, and 

that language always means a countable language (since algebras of finitary type 

have countable languages). In this subsection, I define some of the other notions I 

will be using, as well as presenting some of the basic first-order model theory. 

DEFINITION 1.1.1. 

(1) Given a theory T of first-order sentences, denote by Mod T the class of all 

models of the theory T. 

(2) We say a class JC of algebras is an axiomatizable (or elementary) class, if 

JC =Mod T for some theory T of first-order sentences. If T can be chosen 

to be finite, we say JC is finitely axiomatizable (or strictly elementary). 

Given a first-order formula ¢, an algebra A and a countable sequence x E A"' in 

A (called a realization in A), I will denote by A t=x ¢ the notion x satisfies ¢ in 

A (for a definition of this notion, see Bell and Slomson [71], page 56). If ¢ is in 

fact a sentence, note that if A t=x ¢ for some realization x, then A t=Y ¢ for all 

realizations y E A"', hence we can just write A t= ¢. 

DEFINITION 1.1.2. Given a language L and some ordinal /3, we can define a 

new language LP by adding to the symbols of L, /3 new constants, say (ca : a < /3). 
Models in LP are now just of the form (A, a), where A is a model in the language 

L and a E AP is a sequence in A. 

DEFINITION 1.1.3. Let A, B E JC, with A ~ B. We say Bis an elementary 

extension of A, if, for every formula ¢ and any x E A"', B t=x ¢ if and only if 

A t=x ¢. If f : A <-+ B is an embedding such that B is elementary extension of 

J(A), then we call f an elementary embedding. We write "A -< B" for "B is an 

elementary extension of A". 

THEOREM 1.1.4. Let A~ B, where A and B are algebras in some language L. 

The following are equivalent: 

(1) B is an elementary extension of A. 

(2) For each ordinal f3 and a E A.B a /3-termed sequence, if ¢ is a first-order 

sentence in the language LP, then (A, a) t= ¢ if and only if (B, a) t= ¢. 0 

One of the important questions in model theory is what size models (if any) a given 

theory has. One of the first results was that a finitely axiomatizable theory with a 
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model always possesses a countable model (Lowenheim [15]). Work by T. Skolem 

and A. Tarski added to these results (see for example, Skolem [34]). Henkin [49] 

also showed that every first-order theory with arbitrary large finite models has an 

infinite model. These results are summarised below, the statements following the 

presentation of Vaught [54). 

THEOREM 1.1.5. 

(1) For a first-order theory T, if Mod T contains members of arbitrarily large 

finite cardinality, then Mod T contains an infinite member. 

(2) Let A be an algebra of cardinality a 2:: ~0 , and let C be a subset of A with 

ICI = "Y· Then if {3 is a cardinal satisfying max {"'(, ~o} ::; {3::; a, then there 

is an elementary subalgebra B of A such that IBI = {3 and C ~ B. 

(3) {The Lowenheim-Skolem-Tarski Theorem) Let T be a first-order theory with 

an infinite model. lfT is finite, then Mod T contains members of arbitrarily 

large infinite cardinality. If T is infinite and of cardinality a, then Mod T 

contains members of cardinality {3 for each cardinal {3 2:: a. D 

The Reduced Product and Ultraproduct Construction. One of the 

important connections between model theory and universal algebra is provided by 

the ultraproduct (and the more general reduced product) construction, first intro­

duced explicitly in model theory by Los [55a]. In this subsection, I introduce these 

constructions, and give some of the results which exhibit this connection between 

logic and algebra. 

DEFINITION 1.1.6. 

(1) For an arbitrary set I, we say ~ is a filter on I if ~ is a filter in the power 

set lattice of I (ordered by set inclusion). We call ~ an ultrafilter on I if ~ 

is a maximal (with respect to set-inclusion) proper filter on I. 

(2) Given a direct product A= fl Ai of a family of algebras {Ai : i E J}, and 
iEJ 

a filter~ on I, the congruence 'ljJ E Con(A) induced by~ is given by 

a 'ljJ b if and only if { i E I : ai = bi} E ~ 

where ai and bi are the ith co-ordinates of a and b respectively for i E J. 

We call the quotient algebra A/ 'ljJ the reduced product of A modulo ~' and 

write it as flieJ Ai/~ or A/~. If~ is an ultrafilter, we call the construction 
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the ultraproduct of A modulo ~. In the case where the Ai 's are all identical 

(say Ai = B for all i E I), we call the construction a reduced power or an 

ultrapower respectively (and denote it by B 1 / ~). 

THEOREM 1.1.7. Let {Ai : i EI} be a set of algebras, let~ be an ultrafilter on 

I, and let A= IlieI Ai/~ be the ultraproduct modulo ~. 

(1) (Los [55a]) If u is a first-order sentence in the language of the given algebras, 

then 

A f= u if and only if { i E I : Ai p u} E ~ 

(2) (Keisler [64]) A class K, is elementary if and only if K, is closed under 

ultraproducts, and for some elementary class M containing K,, M \ K is 

closed under reduced powers. 

(3) (Frayne, Morel and Scott [62]} If K, is a finite set of finite algebras, then 

every ultraproduct of members of K, is isomorphic to a member of K,. D 

Preservation Theory. I assume the reader is familiar with universal, existen­

tial, universal-existential, positive and Horn formulae (see Chang and Keisler [73] 

for these definitions). Also, we call a elementary class inductive if it is closed under 

unions of chains. 

I define the following operators on classes of algebras: 

• JK, the class of all isomorphic copies of members of K, 

• SK, the class of all subalgebras of members of K, 

• EK, the class of all extensions of members of K, 

• HK the class of all homomorphic images of members of K, 

• PK, the class of all direct products of members of K, 

• Ps>C the class of all subdirect products of members of K, 

• R>C the class of all reduced products of members of K, 

• Pu>C the class of all ultraproducts of members of K, 

(Recall Bis a subdirect product of a family of algebras {Ai : i E /},if Bis a sub­

algebra of the direct product A = Il Ai, and for each i E I, the projection map 
iE/ 

7ri : A - Ai restricted to B is an epimorphism.) 
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Another important connection between universal algebra and model theory 

is preservation theory, which investigates which first-order sentences are preserved 

under which algebraic class operators. I present some of these results below. 

THEOREM 1.1.8. Let A and B be algebras of the same type. 

(1) If A is a subalgebra of B, then every universal sentence satisfied by B is 

satisfied by A, and every existential sentence satisfied by A is satisfied by 

B. 
(2) If B is a homomorphic image of A then every positive sentence satisfied by 

A is satisfied by B. 0 

THEOREM 1.1.9. Let JC be an elementary class. 

(1) (Los [55b], Tarski [54]} If SIC = JC, then there is a theory T whose members 

all are universal sentences such that JC= Mod T. 

(2) (Los [55b], Tarski [54]} If EiC= JC, then there is a theory T whose members 

all are existential sentences such that JC = Mod T. 

(3) (Los and Suszko [57], Chang [59]} If JC is inductive, then there is a theory T 

whose members all are universal-existential sentences such that JC= Mod T. 

(4) (Lyndon [59]} If HJC =JC, then there is a theory T whose members all are 

positive sentences such that JC= Mod T. 

(5) (Keisler [65], Galvin [65]} If RIC = JC, then there is a theory T whose 

members all are Horn sentences such that JC= Mod T. 0 

1.2 An Introduction to Universal Algebra and Varieties 

The Concept of a Variety. One of the most important types of elementary 

class of ~lgebras is that of a variety (also called an equational class). Many common 

classes of algebras such as groups, abelian groups, lattices and semigroups are 

examples of varieties. In this subsection, I define the concept of a variety formally, 

and present some of the basic results in varieties. 

DEFINITION 1.2.1. A class JC of algebras (all of the same type) is said to be 

a variety if there is some set of identities T in the language of the algebras such 

that JC= Mod T. 
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Since the classes of groups, semigroups, lattices and Boolean algebras are all defined 

by identities, these classes are all examples of varieties. 

Given a variety V, the class of all subvarieties (subclasses of V that are themselves 

varieties) is in fact a set closed under arbitrary intersections, so it can be viewed 

as a complete lattice. Given any subclass JC of a variety V, denote by JCV be the 

smallest subvariety of V containing K. If JCV = V, we say JC generates V. 

THEOREM 1.2.2. 

(1) (Birkhoff [35]) A class V is a variety if and only if V = HV = SV = PV. 

(2) (Tarski [46), Kogalovskii [65]) For any subclass K, of V, a variety, 

K,v = HSPK = HPsK. 0 

Congruences and Subdirect Irreducibility. Let A be an algebra, and 

let 0 E Con( A). For a, b EA we denote by: 

a/0 

A/0 

the congruence class of a modulo 0 

the quotient algebra of A modulo 0 

the top and bottom element of Con(A) respectively 

the principal congruence generated by (a, b) 

(that is, the smallest congruence that contains (a, b)) 

One important way of classifying algebras is to classify them according to proper­

ties of their congruences. In this subsection, I present one such classification, the 

notion of subdirect irreducibility. Subdirectly irreducible algebras are important in 

the study of varieties, as a variety is in some sense completely determined by its 

subdirectly irreducible members. 

DEFINITION 1.2.3. 

(1) An element a E L, where Lis a lattice, is said to be completely meet irreducible if for 

any subset B of L such that the meet of B exists and is equal to a, we have a EB. 

(If the above is true for only finite subsets B of L, we say a is meet irreducible). 
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(2) An algebra A is said to be subdirectly irreducible if any of the following equivalent 

conditions hold: 

(a) When A is a subdirect product of algebras {Ai : i E A}, then A is isomorphic 

to one of the factors Ai. 

(b) OA is completely meet irreducible in Con( A). 

(c) There exist elements a, b E A such that con (a, b) is the smallest element 

of Con( A)\ {OA}. (We call (a, b) a critical pair of A, and con (a, b) the 

monolith of A). 

We denote the class of subdirectly irreducible algebras of a variety V by Vs1. 

(3) An algebra A is said to be simple if Con( A) is isomorphic to the two-element chain. 

Note that simple algebras are subdirectly irreducible. 

THEOREM 1.2.4 (Birkhoff [44]). Let A be an algebra. 

(1) For every a,b EA such that a -::j; b, there is some E> E Con(A) such that E> is 

completely meet irreducible in Con( A) (or equivalently, A/ E> is subdirectly 

irreducible) and (a, b) rf. E>. 

(2) A is a subdirect product of its subdirectly irreducible epimorphic images. D 

COROLLARY 1.2.5. For a variety V, 

V = HSP(Vs1) = HPs(Vs1) = (Vs1)v. D 

Distributive and Modular Lattices. In this subsection, I present some of 

the results in lattice theory required for the dissertation, particularly in discussing 

congruence lattices of algebras. 

DEFINITION 1.2.6. 

(1) A lattice is said to be distributive if it satisfies the identity 

a( b + c) = ab + ac. 

(2) A lattice is said to be modular if it satisfies the identity 

( ac + b )c = ac + be. 



1.2. AN INTRODUCTION TO UNIVERSAL ALGEBRA AND VARIETIES 9 

Notice that all distributive lattices are modular. Two important finite lattices are 

the pentagon N, which is the smallest non-modular lattice, and the diamond M3 , 

which is the smallest non-distributive modular lattice. Both these lattices have five 

elements, and their respective orderings are given in figure 1.1. 

• 

/~ 
• • • 

~/ 
• 

N 
FIGURE 1.1 

These lattices can be used to give alternative characterizations of distributivity and 

modularity. 

THEOREM 1.2.7 {Dedekind [00]). 

(1) For any lattice L, the following are equivalent: 

(a) L is modular. 

(b) For all a, b, c E L, if c :::; a, then a( b + c) :::; ab + c. 

( c) For any a, b, c, if a :::; c, ab = cb and a + b = c + b, then a = c. 

( d) L has no sublattice isomorphic to N. 

(2) For any lattice L, the following are equivalent: 

(a) L is distributive. 

(b) for all a, b, c E L, a + be = (a+ b )(a+ c ). 

( c) For any a, b, c, If ab = cb and a + b = c + b, then a = c. 

(d) L has no sublattice isomorphic to either N or M3 • D 

DEFINITION 1.2.8. Given a lattice L, let a, b E L with a ::; b. Then the set 

a/ b = { x E L : a ::; x ::; b} forms a sublattice of L, called the interval from a to b. 

The following theorem, also known as Dedekind's Transposition Principle, gives a 

useful result concerning intervals in modular lattices. 
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THEOREM 1.2.9 (Dedekind (00]}. Let M be a modular lattice, and let a, b E 

M. Then the maps <P: (a+ b)/ b-+ a/ ab and¢ : a/ ab-+ (a+ b)/ b are isomor­

phisms, where <P(x) =ax for x E (a+ b)/ band 1/;(y) = y + b for y E a/ ab. 0 

DEFINITION 1.2.10. 

(1) Let L be a lattice with top and bottom elements 1 and 0 respectively. Then 

for a E L, we say c E L is a complement of a if ac = 0 and a + c = 1. 

(2) A lattice with top and bottom element is said to complemented if every 

element has a complement. 

(3) A lattice L with top and bottom element is said to relatively complemented 

if every interval in L is complemented. 

THEOREM 1.2.11. Every complemented modular lattice is relatively comple­

mented. 0 

DEFINITION 1.2.12. 

(1) We define the length of a chain C to be the cardinality of the chain with 

one element removed. 

(2) We define the height of a lattice L to be the least upper bound (if it exists) 

of the lengths of all subchains of L. Note that not every lattice has a height. 

The following theorem is a consequence of a result in Dilworth [50]. 

THEOREM 1.2.13. Every subdirectly irreducible modular lattice of finite height 

is simple. 0 

Lattice Theoretic Properties of the Congruence Lattice. In keep-

ing with classifying algebras by properties of their congruence lattices, I define the 

notions of congruence distributivity, congruence modularity and congruence per­

mutability. For a variety, there are connections between identities satisfied in that 

variety and the congruence lattices of members of the variety (an investigation 

started by Maltsev (54]). I present some of these connections in theorem 1.2.15. 

Varieties with congruence distributive algebras are particularly noteworthy, as they 

have factorable congruences (theorem 1.2.18), their subdirectly irreducible algebras 

are nicely determined (corollary 1.2.17) and there is a connection between the size 

of their theories and the sizes of their subdirectly irreducible algebras given by 

Baker's theorem (theorem 1.2.20). 
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DEFINITION 1.2.14. 

(1) An algebra A is said to be congruence permutable if for every</>, 'ljJ E Con( A), 

we have </> o 'ljJ = 'ljJ o </>. 

(2) An algebra A is said to be congruence modular if Con(A) is a modular 

lattice. 

(3) An algebra A is said to be congruence distributive if Con( A) is a distributive 

lattice. 

We say a class K, of algebras is congruence permutable (congruence modular / con­

gruence distributive) if every member of K, is congruence permutable (congruence 

modular/ congruence distributive). 

Any group variety is congruence modular (Dedekind {00]) and any lattice variety is 

congruence distributive (Funayama and Nakayama {42]). 

THEOREM 1.2.15. 

(1) {Maltsev {54)) A variety V is congruence permutable if and only if there is 

a ternary term p in the language of V such that the following identities hold 

in V: 

p(x, y, y) = x 

p(x, x, y) = y. 

(2) (Day [69)) A variety V is congruence modular if and only if there is a 

natural number n and a sequence of quaternary terms m 0 , ••• , mn such that 

V satisfies the following identities: 

mo( a, b, c, d) =a 

mn(a, b, c, d) = d 

mi( a, b, b, a) = a for 0 ~ i ~ n 

mi( a, a, d, d) = mi+1 (a, a, d, d) for all even i < n 

mi( a, b, b, d) = mi+ I (a, b, b, d) for all odd i < n. 

(3) (Jonsson (67]) A variety V is congruence distributive if and only if there is 

a natural number n and a sequence of ternary terms d0 , ••• , dn such that V 



12 I. INTRODUCTION AND GENERAL RESULTS 

satisfies the following identities: 

do(x, y, z) = x 

di(x,y,x) = x for 0 ~ i ~ n 

di(x,y,y) = di+1(x,y,y) for all even i < n 

di(x, x, y) = d;+1(x, x, y) for all odd i < n. D 

The next theorem is commonly known as Jonsson's lemma, though its content and 

usefulness deserve that it be called a theorem. 

THEOREM 1.2.16 (Jonsson [67)). Suppose B is a congruence distributive sub­

algebra of a direct product A = 11 Ai, and E> E Con(B) is meet irreducible. Then 
iEI 

there exists an ultrafilter ~ on I such that ~18 ~ E>, where ~ E Con(A) is the 

congruence induced by ~. D 

COROLLARY 1.2.17 (Jonsson [67)). Let K, be a s"!-bclass of a congruence dis­

tributive variety V such that K, generates V. Then 

(1) Vs1 ~ HSPuK. 

(2) V = P sHSPuK. 

(3) If K, is a finite set of finitely generated algebras, Vs1 ~ HSK. D 

THEOREM 1.2.18. Let A = A1 x A2 E V, a congruence distributive vari­

ety. Then Con( A) is isomorphic to Con(A1) x Con(A2), with the isomorphism 

h: Con(Ai) x Con(A2)-+ Con(A) given by 

where </>. E Con(A) is defined as follows 

DEFINITION 1.2.19. 

(1) We call a variety V finitely based if there is a finite set of identities T such 

that V =Mod T. 

(2) We call a variety V finitely generated if there is a subclass K, of V such that 

K, is a finite set of finite algebras, and K, generates V. 
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THEOREM 1.2.20 (Baker [77]). Let V be a congruence distributive variety. 

Then if V is finitely generated, V is finitely based. 0 

Residually Small Varieties. One of the most important classes of varieties 

in amalgamation theory are the residually small varieties, which are roughly speak­

ing varieties with a "size limit" on their subdirectly irreducible members. Their 

importance to amalgamation is given by an elegant characterization of residually 

small varieties in terms of absolute retracts, which we will later see are special mem­

bers of the amalgamation class. I define the relevant notions, and state this result 

below. 

DEFINITION 1.2.21. A variety Vis said to be residually small if Vs1 is (up to 

isomorphism) a set, or equivalently, if there exists an upper bound on the cardinality 

of the members of V SI. 

DEFINITION 1.2.22. 

(1) An extension B of an algebra A is said to be essential if every non-trivial 

congruence on B restricts to a non-trivial congruence on A. 

(2) An embedding f: A '4 Bis called an essential embedding if Bis an essential 

extension of f(A). Notice that if A is subdirectly irreducible with (a,b) a 

critical pair, then ifJ: A '4 Bis essential, Bis subdirectly irreducible with 

(f(a), f(b)) a critical pair. 

(3) An algebra A E V, a variety, is said to be an absolute retract in V, if for 

every embedding f : A '4 B E V there is a homomorphism r : B -.. A such 

that r f is the identity map on A. (Note that r is necessarily onto). We 

denote by VAR the class of all absolute retracts in a variety V. 

( 4) For a variety V, the class of weakly maximal irreducibles Vw M 1 is defined 

to be VwMI ={ME Vs1: M has no proper essential extension in Vs1 }. 

LEMMA 1.2.23. 

(1) If h : A '4 B is an embedding, then there is a congruence 0 on B such that 

h composed with the canonical epimorphism from B to B / 0 is an essential 

embedding from A into BI e. 
(2) ME VwMI if and only if ME Vs1 and M is an absolute retract in V. 0 

THEOREM 1.2.24 (Taylor [72]). The following are equivalent for a variety V: 

(1) V is residually small. 
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(2) Every member of Vs1 has an essential extension in VwMI· 

(3) For each A EV, there is an extension B of A such that BE VAR· 0 

1.3 Amalgamation: General Results 

Introduction and Basic Concepts. In this section, I introduce the concepts 

of the amalgamation property and amalgamation class, and prove some elementary 

facts about the amalgamation class. Two important questions arise for a class K: 

(1) What is the size of Amal(K)? In fact, does it have any members at all? 

(2) What type of a class is Amal(K)? Under what algebraic constructions (such 

as substructures and products) is it closed? 

The answer to the first question was given for inductive classes (which include 

varieties) by Yasuhara (74], where it was shown that Amal(K) sits cofinally in JC, 

and hence is a proper class if JC is proper. I present a largely universal-algebraic 

proof of this result. I also present an answer to the second question, showing that the 

amalgamation class is closed under existential substructures and directed unions, 

and its complement is closed under direct products (all due to Yasuhara [741). I 

end off with a proof that the structure of the amalgamation class is completely 

determined by the structure of its countable members. 

DEFINITION 1.3.1 (Gratzer and Lakser [71}). 

(1) By a double ex.tension in a class JC we mean mean a quintuple (A,J,B,g,C) 

with A, B, CE JC and J: A~ B, g: A~ C embeddings. 

(2) By an amalgam in JC of a double extension (A,f,B,g,C) in JC we mean 

a triple (f' ,g', D) with D E JC, J' : B ~ D and g1 
.: C ~ D such that 

f'f = g1g. (See figure 1.2) 

(3) An algebra A E JC is called an amalgamation base in K, if every double 

extension (A,J,B,g,C) in JC has an amalgam in JC. We denote by Ama!(K) 

(called the amalgamation class of JC), the class of all amalgamation bases 

in JC. 

(4) If JC= Amal(JC), we say JC has the amalgamation property (AP). 

Note that the term double extension is non-standard. Some authors use the rather 

undescriptive term diagram, and others (especially semi-group theorists) use amal­

gam, calling what I term an amalgam an embedding or completion instead. 
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With a few notable exceptions, I will only be concerned with looking at Amal(K) 

for an elementary class K (and more particularly, when K is a variety). Thus for 

the remainder of this section, the reader may assume that every class K referred to 

is in fact elementary. 

Suppose K is an elementary class, and let (A, f, B, g, C) be a double extension in 

K. We may assume without loss of generality that B and C are distinct. Put 

D = (C \ g(A)) U f(A). By identifying J(A) with g(A), we see that D can be 

viewed as an algebra isomorphic to C. Now· if (/ (A), Ji , B, g1 , D) has an amalgam, 

then it can be checked that (A,f,B,g,C) has an amalgam, where / 1 and g1 are 

the inclusion maps. Thus we see that the following is a sufficient condition for 

an elementary class K to satisfy the amalgamation property: For all A, B, C E K 

such that A= B n C, (A, f, B, g, C) has an amalgam in A::, where f and g are the 

inclusion maps. 

The following two useful lemmas concern the amalgamation class of algebras. 

LEMMA 1.3.2 (Gratzer, Jonsson and Lakser {73]). Let h : A ~ A' E 

Amal(~) be an embedding. If for every embedding g: A~ C, the double extension 

(A,h,A',g,C) has an amalgam in K, then A E Amal(K). 

Proof. Let (A,f,B,g,C) be a double extension in A::, and h : A~ A' as above. 

By the hypothesis, the double extensions (A, h, A', J, B) and (A, h, A', g, C) have re­

spective amalgams (hi, f', D1) and (h2, g1
, D2). Then A' E Amal(K), so 

(A',hi,D1,h2,D2) has an amalgam (hi,h~ 1 D), say. Now by the commutativity 

of the diagram in figure 1.3, (h~f', h~g', D) is an amalgam of (A, f, B, g, C). 0 
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FIGURE 1.3 

LEMMA 1.3.3 (Gratzer and Lakser (71]). Let JC be a class closed under direct 

products. 

(1) If A x A' E Amal(K), and if A' has a one element sub~algebra {a}, then 

A E Amal(K). 

(2) A double extension (A,f,B,g,C) in K has an amalgam in JC if and only 

if for all u, v E B where u =/; v, there exists D E K and homomorphisms 

f': B--. D and g': C--. D such that f'f = g'g and f'(u) =/; f'(v), and the 

same holds for C. 

Proof. 

(1) We use lemma 1.3.2. Let h : A <.......+ A x A' be the embedding given by 

h(x) = (x,a), and let g: A<.......+ BEK be an arbitrary embedding. Now 

B x A' EK. Hence, let h' : Ax A' <.......+ B x A' be the embedding given by 

h(x, y) = (g(x), y), and let g': B <.......+Bx A' be the embedding g'(b) = (b, a). 

Now a check shows (A, h, A x A', g, B) has amalgam (h', g', B x A'). 

(2) The condition is necessary. To prove sufficiency we need only observe that 

the direct product of the above D's as u and v run through distinct pairs 

pf B and C, together with the respective product maps, form an amalgam 

of the double extension. D 

Elementary, Existential and Pure Extensions. In theorem 1.1.8, we saw 

. that if B is an extension of A, then every universal formula is preserved downwards, 

that is, if a universal formula is satisfied in B, it is satisfied in A. In this subsection, 

we will consider special types of extensions which preserve other types of form'.llae 

as well. The main goal of studying these extensions is to identify some special 
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members of the amalgamation class, which is a first step in trying to determine the 

'size' of the amalgamation class. 

DEFINITION 1.3.4. Let A, B E >C, with A ~ B. We say B is an existential 

(pure) extension, if, for every existential formula ( finite conjunction of identities) 

</> such that for any x E A"", B l=x </> if and only if A f=x </>. If f : A c......+ B is an 

embedding such that B is existential {pure) extension of J(A), then we call f an 

existential {pure) embedding. 

We have the following elegant algebraic characterization of elementary ( existen­

tial/pure) embeddings. The case for elementary emdeddings was first proved in 

Frayne, Morel and Scott [62], and the case for pure embeddings in Nelson [75]. The 

case for existential embeddings is an exercise (with reference to the proof in the 

elementary embedding case) in Bell and Slomson {71]. 

LEMMA 1.3.S{Nelson [75], Frayne, Morel and Scott [62]). An embedding 

f : A c......+ B is elementary {existential/pure) if and only if there exists an elementary 

embedding (embedding/homomorphism) g : B -t AI/ '1J into an ultrapower of A, 

such that gf is the diagonal map gf: Ac......+ AI/ 'lJ. 

Proof. {:::=: Let f and g be as above, and let d: Ac......+ A1 / '1J be the diagonal map. 

If A l=x </>, then as d is elementary, A1 
/ '1J Fd(x) </>, so A1 / '1J Fg/(x) </>. By the 

hypothesis, g is elementary, so B I= /(x) </>. Hence f is elementary. 

===>: Suppose f : A c......+ B is an elementary embedding. Let Q. = (be : e < 1) be a 

well-ordered indexing of B. Put I · . {a E LB : ( B, Q.) I= a}, where LB is the set 

of sentences in the language of the algebra B together with constants { ce : e < 1} 

corresp~nding to B. Fix a+ E A. 

{

be if and only. if be E f(A) 
For all e < 1, put be = 

f {a+) otherwise. 

Put Q.' = (be : e <I) E (J(A)) 7 and Q = (ae : e < 1), where ae = f- 1 (b' e), e <I· 
Let </> E I, and ce0 , ••• , eek be constants in </> that correspond to elements be0 , ••• , bei. 

not in J(A). For i = 0 ... k, replace each ce; by a Vj; (a free variable) in </> to get a 
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new formula <//. 

Now (B, fl) f= </> 

implies (B,/l') f= (3v;0 ... v;,. )</>' 

implies (A, g.) f= (3v;0 ••• v;,. )</>' as f is elementary. 

Hence there is some sequence a</> = (a</> e : e < "Y) such that (A, f!<t>) F </> where 

ll<t>e = ae, except for eo, ... 'ek· Put Jc/> = { .,p E I : (A,g_"') F </>} and 1)* = {Jc/> : 

</> E I}. Note that Jc/> n Jt/i = J</>"t/i' so 1>* can be extended to an ultrafilter 1> over 

I. Let g: B-+ A1 /1> be given by g(be) = kef 1>, where ke(a) = aupO" E J. 

We show: g f is the diagonal map: 

Suppose a EA, then f(a) E B, say J(a) = b6 where 6 < 'Y· Now gf(a) = k6/1>. 

Since b6 E J(A), k6(a) = a<t>6 = a6 = g-1(b6) =a. Hence gf is the diagonal map. 

We now show: B f=x </> if and only if A 1/1> Fg(x) </> for all formulae </> and 

sequences~= (xi : i < w). (*) 

Let </>' be the formula obtained from </> as follows: For all i E w, if Xi = be, replace 

each occurence of the free variable Vi in </> by ce. 

Thus B Fx </> 

~ (B,Q.) F </>' 

~</>'EI 

~Jc/>' E1> 

since for .,PE J, (A,g_t/i) f= </>'implies (B,Q) f= </>' 

~{.,PE I: (A,g_"') F </>'} E 1) 

~ ( A1 I 'i), k/1>) F </>' 

where kt1i =at/I for .,P E I and k = (kl/J)t1iel' 

But, by definition, g(b) = k/1>, so we have shown 

(B,!!_) F </>' ~ (A1 /1>,g(Q.)) F </>' 

or B Fx </> ~ A
1 /1> Fg(x) </> 
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To see that g is a homomorphism, take any n-ary operation A of A, and apply (*) 

to the formula </> := .A( Vo, .. . , Vn-1) = Vn abov~. Similarly, g is an embedding, for 

we can apply (*) to the formula </> := •(Vo = V1 ). 

The proof for existential and pure embeddings proceeds similarly, with minor mod­

ifications occasioned by the fact that only existential formulae are necessarily pre­

served by existential embeddings, and that only conjunctions of equations are nec­

essarily preserved by homomorphisms. 0 

THEOREM 1.3.6(J6nsson [84]). In a class K, which is closed under direct prod­

ucts, if (A, f 0 , B, Ji, C) is a double extension in K, such that f o, Ji are pure embed­

dings, then there exists an amalgam (go, g1, D) such that go and 91 are pure. 

Proof. By lemma 1.3.5, there exist homomorphisms ho: B--+ AI/ J and h1 : C--+ 

A J / <!S with J and <!S ultrafilters over I and J respectively, such that hofo and h1 Ji 
are diagonal maps. Let lo : A JI <!S --+ BJ I <!S and Ji : AI I J --+ cI I J be the 

maps induced in the obvious way by Jo and Ji, and let ko : B .__. BJ/ <!S and k1 : 

c .__. cI I J be the respective diagonal maps. Further, let D = ( B 1 I <!S) x ( cI I 3'), 
and let g0 : B --+ D and 91 : C --+ D be maps induced by the pairs ( ko, Ji ho) and 

(/0 h1, ko) respectively. 

Now if a E A, let b _;_ fo(a) and c = fi(a). Let Q E BJ and f. E CI be the 

constant maps given by Q(j) __,;_ b,for all j E J and f.(i) = c,for all i E J. Then 

gofo(a) = (Q./ <!S, f./ J) = g1fi (a) and hence gofo = g1fi, so (A, fo, B, Ji, C) has an 

amalgam (g0 , g1, D). Moreover, since ko and k1 are elementary (and hence pure), 

it follows that go and g1 are also pure. 0 

The following result, a corollary of the above result, was first shown for the elemen­

tary case by Morley and Vaught [62), and the existential case by Hirschfield and 

Wheele~ [75]. 

COROLLARY 1.3.7 (Morley and Vaught [62], Hirschfield and Whee­

ler [75]). 

Any double extension (A,f,B,g,C) in K, with f and g elementary {existential) has 

an amalgam in K,. 0 

In fact, the corollary above can be improved, as the next theorem shows. 
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THEOREM 1.3.8 (Yasuhara [74)). If (A, f, B, g, 0) is a double extension in 

K, with one of f or g an existential embedding, then the double extension has an 

amalgam. 

Proof. Let (A, f, B, g, 0) be a double extension in K, and suppose, without loss of 

generality, that f is existential. Then, by lemma 1.3.5, there is a set I, an ultrafilter 

.U on I and an embedding h : B '-+ AI/ .U such that hf is the diagonal map. Let 

g• : AI I .u '-+ oI I .u be the embedding induced by g in the obvious way, and let 

d : 0 '-+ OI / .U be the diagonal map. A check shows that (g• h, d, OI / .U) is an 

amalgam of the double extension. 0 

DEFINITION 1.3.9. Let A EK. We say 

(1) A is equationally closed in K, if every extension of A in K, is pure. 

(2) A is existentially closed in K, if every extension of A in K, is existential. 

Note that every absolute retract is equationally closed (by lemma 1.3.5), and every 

existentially closed member is equationally closed. 

COROLLARY 1.3.10 (Yasuhara [74)). Every existentially closed member of K, 

is a member of Amal(K). In addition, if K, is closed under direct products, every 

equationally closed member (and hence every absolute retract) of K, is a member of 

Amal(K). 

Proof. Evident from theorem 1.3.8 and theorem 1.3.6. 0 

Amal(K) is a Proper Class. One of the obvious questions at this stage 

is whether a class K, has any existentially closed members, equationally closed 

members or absolute retracts at all. In this subsection, we will see that for some 

special classes of algebras (which include varieties), we have that the existentially 

closed members sit cofinally in the class. 

THEOREM 1.3.11 (Yasuhara [74)). If K, is inductive, then every member M 

of K, is contained in an existentially closed member of K,, say M•, with IM• I < 
IMl+No. 
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Proof. Let M E K, and let {</>a : a < T} be a well-ordered indexing of the set of 

all existential sentences in the language of K, with constants in M. Note that 

r=IMl+~o. 

Define members Ma of K, inductively as follows: 

(1) Mo =M. 

(2) If a = f3 + 1, and there exists M' 2 Mp such that M' E K, and M' F </>p, 

then put Ma = M', else put Ma = Mp. Note, by theorem 1.1.5(2), M' (if 

one exists) can always be chosen such that IM'I ~ IMI + ~o. 
(3) If a is a limit ordinal, then put Ma = LJP<a Mp. Note that Ma EK. 

Put M 1 = Ua<r Ma, then M 1 E K and jM1 I ~ IMI + ~o. If</> is any existential 

sentence with constants in 111, if N F </> for some extension of M 1
, by construction 

we have M 1 F ¢>. We now repeat the construction inductively starting from M to 

obtain a countable chain: 

Put M* = Un<w Mn. Then M* E K. Let </> be an existential sentence with 

constants in M*. Then </> is an existential sentence with constants in some Mn, as 

the number of terms occurring in </> is finite. Now if N F </>for some extension of 

M*, by construction Mn+ 1"t= </>, hence M* F </> (as </> is existential). Hence M* is 

existentially closed in K, and by construction IM* I ~ IMI + ~o. 0 

COROLLARY 1.3.12 (Yasuhara (74]). If K, is inductive, Amal(K) is cofinal 

(with respect to set inclusion) in K. Consequently, Amal(K) is a proper class. 

Proof. Follows from corollary 1.3.10 and theorem 1.3.11. 0 

Closure Properties of the Amalgamation Class. The last two results 

give some answers to the question asked at the start of this section: Under which 

algebraic constructions is the amalgamation class closed? 

DEFINITION 1.3.13. A directed set is a non-empty partially ordered set (P, ~) 

with the property that for every x, y E P, there is a z E P such that x ~ z and 

y ~ z. If {Ai : i E I} is a directed set of algebras ordered by inclusion, we call 

LJiEI Ai a directed union. We say a class K is closed under directed unions if for 

every directed set {Ai : i E I} with each Ai E K, we have LJiEI Ai E K,. 
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THEOREM 1.3.14. Let K, be elementary. Then, 

(1) Amal( JC) is closed under existential {and hence elementary) substructures. 

(2) Amal(K) is closed under directed unions, and hence unions of chains. 

(3) The complement of Amal(K) is closed under reduced powers, that is, if A E 

K, and a reduced power of A is a member of Amal(K), then A E Amal(K). 

Proof. 

(1) Immediate from lemma 1.3.8. 

(2) Let {Aa : a E I} be a directed set in IC such that A 0 E Amal(K) for all 

a E J. Put A = UaeJ A 0 , and let (A, f, B, g, C) be a double extension. 

Now, for each a EI, the double extension (Aa, JIA
0 

,B, 9IA
0 

,C) has an 

amalgam Ua, 9a, Da), say, as Aa E Amal( JC). 

Consider the ultraproduct D = floe/ D 0 / ~' where ~ is the ultrafilter 

generated by {F0 : a EI} where each F0 = {,8 EI: A 0 ~ Ap} (Note that 

since the set is directed, the set of A 0 's has the finite intersection property). 

Since K, is elementary, D E K,. Now consider the homomorphisms f' : 
B --. D and g' : C --. D defined by J'(b) = QI~' where Q is the map 

Q: I__. Ilae/ Da given by Q.(a) = fa(b), and g' is defined similarly. Since 

~is a proper filter, f and g are embeddings. Lastly, pick a E A. Then, for 

some ,8 EI, a E A 0 for all ,8:::; a, hence faf(a) = g0 g(a) for all ,8:::; a, and 

so f'f(a) = g'g(a). Hence, (f',g',D) is an amalgam of (A,J,B,g,C). 

(3) Suppose A 1 / 'iJ E Amal( JC) for some set I and proper filter 'iJ, where A E 

JC. Let (A, f, B, dA, A 1 / 'iJ) be a double extension in IC, where dA is the 

diagonal map from A into A1 / 'iJ. Let dB : B ~ B 1 / 'iJ be the diagonal 

map into B 1 / 'iJ, and let J* : A1 / 'iJ ~ B 1 / 'iJ be the embedding induced 

from f : A ~ B in the obvious way. Note that (dB, J*, B 1 / 'iJ) 1s an 

amalgam of the double extension, and the result follows from 

lemma 1.3.2. D 

The following theorem is stated without proof in Jonsson [90], who refers to Ya­

suhara [74]. I now give a universal-algebraic proof of this theorem. 

Theorem 1.3.15 (Yasuhara [74]). Let K, be elementary. Then A E Amal(K) if 

and only if A is a directed union of countable members of Amal(K). 
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Proof. -¢:=: Follows from theorem 1.3.14(2). 

===>: We may suppose A E K, is uncountable. Let {Ai : i E J} be the set of all 

countable subalgebras of A that are members of the amalgamation class. We first 

show that LJiEI Ai = A: For given any a E A, by theorem 1.1.5(2), we have that 

there is an elementary subalgebra Aa of A such that a E Aa. By theorem 1.3.14(1), 

we have that Ati E Amal(K), so Aa E {Ai : i E /}. Now we show {Ai: i E /} is 

directed: For if Ai, Aj E {Ai : i E J} we have again by theorem 1.1.5(2) that there 

is a countable elementary subalgebra B of A such that B contains Ai U Aj, since 

Ai U Aj is countable. Again by theorem 1.3.14(1) we have BE {Ai : i E J}. 0 

The original formulation of this theorem in Yasuhara [74] is somewhat different. 

There it is shown that a uncountable member (say A) of the amalgamation class 

is the union of a chain of subalgebras, all members of the amalgamation class, and 

all having cardinality strictly less than that of A. 

Notice that theorem 1.3.15 shows us that the amalgamation class is more or less 

completely determined by its countable members. In fact, it is a consequence of 

the above theorem that if all countable members of an elementary class are in the 

amalgamation class, then that class has the amalgamation property. 
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Chapter 2 

The Amalgamation Property and Other Extension 
Properties 

Introduction. In this chapter I consider what can broadly be termed "exten-

sion properties" of varieties of algebras, that is, properties which imply, for a fixed 

variety V, the existence of certain algebras and homomorphisms in V which extend 

some given set of algebras and homomorphisms in V. The amalgamation property 

itself is a typical extension property: for a given variety V, V has the amalgamation 

property if we can extend every double extension (A, J, B, g, C) in V to an amalgam 

(D,j',g') in V. 

In section 2.1, I present mostly folkloric results relating AP to extension properties 

such as the congruence extension property(CEP), the transferability property(TP) 

and the existence of enough injectives(EI). I also introduce here the strong amalga­

mation property (SAP), a strengthening of AP, and present results due to Isbell {66] 

relating SAP to the property that epis are surjective (ES). 

The rest of this chapter is devoted to a proof that in a congruence modular variety, 

the amalgamation property and residual smallness imply the congruence extension 

property, a result that was finally obtained by Kearnes [89] after many partial results 

by C. Bergman {86] and Bergman and McKenzie [88], among others. The proof 

of the result depends heavily on the commutator theory for congruence modular 

varieties, an extension of the the theory of commutator subgroups for groups first 

introduced by Hagemann and Herrmann [79]. In section 2.2, I present a brief 

introduction to commutator theory, and in section 2.3, an in-depth look at the 

non-abelian finitely subdirectly irreducible (NAFSI) algebras, in order to make the 

proof of the result in section 2.4 more or less self-contained. 
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As the extension properties involve algebras and their homomorphisms, many of 

these results can be generalized to a categorical setting. This has been done in an 

extensive survey by Kiss, Marki, Prohle and Tholen {83]. I have opted, however, to 

present these results in the original universal-algebraic setting. 

2.1. Extension Properties of Algebras 

Enough lnjectives, Congruence Extension and Transferability Prop­
erties. 

DEFINITION 2.1.1. Let V be a variety and let A EV. 

(1) A is said to be injective in V, if for every embedding f : B '-+ C and 

homomorphism g: B-+ A, there is a homomorphism h: C-+ A such that 

hf =g. 

(2) Vis said to have enough injectives {EI) if every algebra in V can be embed­

ded in an injective in V. 

(3) A E V is said to be congruence extensile in V if, for every extension B of A 

in V, every() E Con(A) can be extended to a congruence 'l/J E Con(B), that 

is, 'l/JIA = fJ. 

( 4) A E Vis said to have the congruence extension property (CEP), if for every 

subalgebra B of A, Con(B) = { fJj 8 : () E Con( A)}. A variety V is said to 

have CEP if all its members have CEP (or equivalently, all its members are 

congruence extensile ). 

(5) V is said to have the transferability property {TP) if, for every A, B, CE V 

with f : A '-+ B an embedding and g : A -+ Ca homomorphism, there 

exists D E V, a homomorphism f' : B -+ D and an embedding g' : C '-+ D 

such that f' f = g'g. 

Note, by the first isomorphism theorem, A E Vis congruence extensile if and only if 

for every B, CE V with f: A'-+ Ban embedding and g: A - Can epimorphism, 

there exists D E V, an embedding g' : C '-+ D and epimorphism f' : B - D such 

that ff' = gg'. In fact by lemma 1.2.23(1), we can choose g' to be essential, so if 

CE Vs1, then DE Vs1. 

The 'enough injectives' property was first introduced for abelian groups by Baer (40], 

and in the more general universal-algebraic setting by Buchsbaum [55]. The con­

gruence extension property was first introduced by Gratzer and Lakser [71) and the 
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transferability property by Banaschewski [70] (although Bacsich [72] was the first 

to use the term). 

The next theorem relates the properties above to the amalgamation property (AP) 

and residual smallness (RS). The first result is implicit in Banaschewski [70] and 

the second appears in Bacsich {72], but see also Day [72]. 

THEOREM 2.1.2. Let V be a variety. 

(1) V haa EI if and only if V haa TP and RS. 

(2) V haa TP if and only if V haa AP and CEP. 

Proof. 

(1) ===>: Let V have El. Since every every injective is an absolute retract, every 

algebra can be embedded in an absolute retract, so Vis RS. To show V has 

TP, let f: A<----? B be an embedding, g : A -T Ca homomorphism, where 

A, B, C E V. Letting g' : C <----? D be an embedding into an injective D E V, 

we see there is a homomorphism f' : B -T D such that g1 g · f' f. 

{::=: Let V have RS and TP. We show that absolute retracts are injective: 

For, if A is an absolute retract in V, J : B <----? · C is an embedding and 

g : B -T A a homomorphism (B, C E V), then by TP, there is a D E V, 

a homomorphism /' : C -T D and an embedding g' : A <----? D such that 

g' g = f' f. Letting r : D - A be a retract of g', and putting h = r f', we 

see hf= g. 

(2) ===>: Let V have TP. We use lemma 1.3.3(2) to show V has AP. Let 

(A,f,B,g,C) be a double extension in V. Let bi,b2 E B,b1 ':/:- b2. Then, 

by TP, there is a D E V, an embedding f' : B <----? D and a homomorphism 

g1 
: C -T D such that /' f = g1g. Note f(bi) ':/:- J(b2). Hence V has AP by 

lemma 1.3.3(2). 

To show V has CEP, let A, B, C E V with f : A<----? B an embedding and 

g : A - C an epimorphism. By TP, there is a D E V, an embedding 

g' : C <----? D and homomorphism J' : B -T D with /' f = g1 g. We may 

replace D with f'(B), since g'(C) s; f'(B), and regard/' as an epimorphism 

f' : B - f'(B), to get the requirements for CEP to hold. 
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{=: Let V have AP and CEP. To prove V has TP, let A, B, C E V with 

f. : A <....+ B an embedding and g : A --+ C a homomorphism. Now there 

is an epimorphism g : A - g(A) obtained from g and an inclusion map 

i : g(A) <....+ C such that ig = g. By CEP, there is a D E V, an embedding 

g' : g( A) <....+ D and an epimorphism s : B - D such that sf = g'g. By 

AP, the double extension (g(A),g',D,i,C) has an amalgam, say (t,g',E). 

Putting f' = ts, we see that g1 g = f' f, thus showing V has TP. D 

The Strong Amalgamation Property. I now define the strong amalgama­

tion property, a strengthening of the amalgamation property due to Jonsson [56]. 

It has been the subject of very intense study in semigroup theory, where it is also 

called the special amalgamation property. 

DEFINITION 2.1.3. Let V be a variety, with (A, f, B, g, C) a double extension 

in V. Then, if the double extension has an amalgam ( D, f', g') such that f' f (A) = 
f'(B) n g'(C), we call that amalgam a strong amalgam. A variety is said to have 

the strong amalgamation property( SAP) if every double extension in V has a strong 

amalgam. 

LEMMA 2.1.4. Let V be a variety. The following are equivalent: 

(1) Every double extension in V that has an amalgam, has a strong amalgam. 

(2) For every embedding f : A <....+ B, where A, B E V, the double extension 

(A, f, B, f, B) has a strong amalgam. 

Proof. (1)=::> (2): Notice the double extension (A, f, B, f, B) has an amalgam 

(idn,idB, B), where idB: B--+ Bis the identity map, so this direction follows. 

(1){= (2): Let (A,f,B,g,C) be a double extension in V, and suppose (D,f',g') 

is an amalgam of the double extension. Letting h = f' f = g' g, we have by (2) that 

(A, h, D, h, D) has a strong amalgam, say (s, t, E). A check shows that (sf', tg', E) 

is a strong amalgam of the original double extension. D 

DEFINITION 2.1.5. In the light of lemma 2.1.4, we say a variety satisfies 

the intersection property of amalgams{IPA) if it satisfies any of the equivalent 

conditions of lemma 2.1.4. Note that as a consequence of lemma 2.1.4, a variety 

satisfies SAP if and only the variety satisfies IPA and AP. 
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DEFINITION 2.1.6. Let V be a variety. We say a homomorphism f : A -+ 

B, A, B E V is an epi in V if, for all homomorphisms g : B -+ C , h : B -+ D where 

C, DEV we have gf =hf implying g = h. Clearly all epimorphisms are epis, but 

the converse is not necessarily true. If indeed all epis in V are epimorphisms, we 

say V has the property epis are surjective (ES). 

The property ES was first introduced by Isbell [57). To show the important link 

between ES, AP and SAP, I define the concept of dominion, first introduced in 

Isbell [66]. 

DEFINITION 2.1.7. 

(1) Let A, BEV, a variety, with A a subalgebra of B. We define the dominion 

of A in B (denoted domB(A)) to be the set of all elements b EB such that 

for each pair of homomorphisms J,g: B-+ CE V such that JIA = glA, we 

have f(b) = g(b). Note that domB(A) is a subalgebra of B containing A. 

(2) An algebra A E V is said to be saturated in V, if for every proper extension 

B (B E V) of A, we have domB(A) is a proper subalgebra of B. 

(3) An algebra A E V is said to be absolutely closed in V, if for every extension 

B (B E V) of A, we have domB(A) =A. 

Note that if A is absolutely closed in V, it is saturated in V. 

LEMMA 2.1.8 (Isbell [66]). 

(1) V has IPA if and only if each A EV is absolutely closed in V. 

(2) V has ES if and only if each A E V is saturated iri V. 

Proof. 

(1) ===}: Let A be a proper subalgebraof BEV, and pick b E B\A. Then, as V 

has IPA, (A, i, B, i, B) has a strong amalgam, say(!, g, C), where i: A<--+ B 

is the inclusion map. But then, if J(b) = g(b), J'(b) =Ji( a) for some a EA, 

and hence b E A, a contradiction. Hence f(b) =/. g(b), sob <I. domB(A), so 

domB(A) =A. 

{::::= : Let f : A <--+ B be an embedding. Since the case where f is an 

isomorphism is trivial, we may assume f is proper. Now for each b EB\ A, 

since A is absolutely closed, there is a Cb E V, and homomorphisms 9b, hb : 
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B -+ Cb such that 9b(b) =f. hb(b). Put C = B x Il Cb and g, h: B-+ C by 
bEB 

g = idB x n 9b and h = idB x n hb. A routine check shows that (g, h, C) 
bEB bEB 

is a strong amalgam of (A, f, B, f, B). 

(2) ===:;.. : Let V have ES, and let A a proper subalgebra of some BEV. Now 

the inclusion map i : A'--+ Bis not surjective and hence not an epi, so there 

are homomorphisms f,g : B -+ C such that f =f. g but JIA = gjA. But 

then there is ab EB such that J(b) =f. g(b), that is, b </: domB(A), so A is 

saturated. 

{::= : Suppose each A E V is saturated, and let f : A -+ B be an epi 

in V, where A, B E V. If f is not surjecti ve, f (A) is a proper subalgebra 

of B and hence there is a b E B \ domB(J(A)). Hence there are maps 

g, h : B -+ C E V such that h(b) =f. g(b), but hl1 (A) = gj1 (A). But then 

h =f. g, but hf= gf, contradicting the fact that f is an epi. D 

Relationships between SAP and ES. I now state and prove the main 

result of this section, showing the relationships that exist between the properties 

SAP, AP, ES and IPA. 

THEOREM 2.1.9 (Isbell (,66]). Let V be a variety. 

(1) If V has IPA, then V has ES. 

(2) If V has ES and AP, then V has IPA {and hence SAP). 

Proof. 

( 1) The result follows immediately from lemma 2.1.8 and the fact that an ab­

solutely closed algebra is saturated. 

(2) Let V have AP and ES. We first claim that if A ~ B < C E V, then 
' 
domc(A) n B ~ domB(A): 

Proof of claim: Let A, B and C be as above. Pick b E B n dome( A). 

Suppose b t/. domB(A). Then there are maps J, g : B -+ D E V such 

that J(b) =f. g(b), but JIA = glA· Let j*,g* : B -+Bx D be given 

by J*(b) = (b,f(b)) and g*(b) = (b,g(b)). Now f* and g* are embed­

dings, hence since V has AP, (B,i,C,j*,B x D) and (B,i,C,g*,B x D) 

have amalgams, say (i1if',E1) and (i 9 ,g',E9 ) respectively. (Note that 
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i : B c.....+ C is the inclusion map.) Applying AP again, we have that 

(Bx D,f',E1,g',E9 ) has an amalgam (E,s,t), say. Now ti9 : C --. E 

and si1 : C -t E are homomorphisms such that ti9(b) =f. si1(b), contradict­

ing the fact that b E domc(A), thus proving our claim. 

Now to show V has IPA, let A be a subalgebra of B E V. We show A is 

absolutely closed in V. Now the case A = B is trivial, so we may assume 

A is a proper subalgebra, and pick b E B \ A. Let Cb be the subalgPbra 

generated by AU {b}. Now A is a proper subalgebra of Cb, and since V 

has ES, A is saturated, domcb(A) is a proper subalgebra of Cb, that is, 

b (j. domcb(A). Suppose now that b E domB(A). Then b E domB(A) n Cb, 

and by the claim above, b E domcb(A), a contradiction. Thus we have 

shown that for all b E B \A, b (j. domB(A), thus domB(A) = A, proving 

the theorem. D 

2.2. The Commutator Theory 

Introduction and Basic Definitions. Commutator theory is an extension 

of the concept of the theory of commutator subgroups to the universal algebraic set­

ting, first discovered by Hagemann and Herrmann [79). The commutator operation 

[ · , · 1, a binary operation on the congruence lattice of an algebra, has particularly 

nice properties when the congruence lattice is modular (such as for groups). In 

particular it is meet-dominated (that is, for all congruences a, /3, [a, /31 ~ a · /3) 
and join preserving (that is, for all congruences a, /3, "'(, [a, /3 + 7) = [a, /31+[a,7]). 
It is these two properties which allow one to extend many results from congru­

ence distributive varieties to congruence modular varieties, by observing that the 

commutator operation in modular varieties behaves rather like meets behave in 

congruence distributive varieties. 

I present in this section a brief introduction to commutator theory, stating most of 

the basic results without proof. For a more extensive coverage of the commutator 

theory, the standard reference work is Freese and McKenzie (871. 

DEFINITION 2.2.1. Let V be a variety, A E V and let a, /3, 6 E Con( A). 

(1) We define M(a, /3) to be the set of all 2 x 2 matrices of the form 

I 
t(g.1, Ql) t(g.1, Q2) I 
t(g2,Ql) t(g2,Q2) 
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where _g_1 , _g_
2 are sequences of n elements in A, and !l, ]!2 are sequences of 

m elements in A such that al a ai and b} /3 b] fork< n and j < m, and t 

is an n + m variable term operation on A. 

(2) We say a centralizes /3 modulo h, (written C( a, /3; 6), if for every I: ~I E 

M(a, /3), a 6 b implies c 6 d. 

(3) C(a,/3) is defined to be the smallest 6 E Con(A) such that C(a,/3;6) holds. 

( 4) [a, /3) is defined to be the smallest 6 for which both C(a, /3; 6) and C(/3, a; 6) 

hold. 

Note C(a,/3;a · /3) and if C(a,/3;6i) holds for all z E I, then 

C( a, /3; niE/ hi) holds, so our definitions are well-defined. 

We have the following theorem: 

THEOREM 2.2.2. Let V be a congruence modular variety, and let 

a, /3, 6 E Con( A), where A E V. 

(1) The following are equivalent: 

(i) C( a, /3; 6) holds 

(ii) C(/3, a; 6) holds 

(iii) [a, /3) :s; 6 

(2) C( a, /3; 6) = C(/3, a; 6) = [a, /3) D 

We call the binary operation on [ · , ·) the commutator operation. Note it is a 

generalization of the commutator operation on normal groups, 

[N,H) = {nhn- 1h-1 E G: n E N,h EH}, 

where N and H are normal subgroups of a group G, in the sense that if 8 and 1/J 

are the congruences induced by N and H respectively, [8, 1/1) is just the congruence 

that is induced by the normal group [N, H]. 

DEFINITION 2.2.3. Let A E V, a congruence modular variety, and let 8, 1/1 E 

Con( A). 

( 1) We define A( 8) to be 8 viewed as a subalgebra of A 2 • 

(2) We define A( 8, 1/1) = { [ ~ ~] : a 1/1 b, c 1/1 d, a 8 c, b 8 c} (Note we can 

view A( 8, 1/1) as a subalgebra of A( 1fi )2 or A( 8)2
.) 
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(3) We define 1:18,1/J to be the congruence on A( 8) generated by 

( 4) We define 6. 8·"' to be the congruence on A( 1/J) generated by 

THEOREM 2.2.4. Let A E V, a congruence modular variety, and let 8, 1/J E 

Con(A). Then, 

(1) 6.e,iµ = t18
·"'. 

(2) For x, y E A, the following are equivalent: 

{i) (x, y) E (8, 1/J] .. 

(ii)((~),(~)) E 6.e,iµ. 

{iii) For some a EA, ( (;), (:)) E 1:18,1/J· 

{iv) For some b E A, ( (:), n)) E /:19,iµ. D 

Note: For the rest of the chapter, we will assume V is congruence modular. 

Given A, B E V, f : A -+ B a homomorphism and 8 E Con( B), we will take both 

BIA and 1-1(8) to be the congruence on A generated by { (x, y) E A2 : f(x) 8 f(y)}. 

In particular, if {Ai : i E I} is a family of algebras, and 8 E Con( A1.;) for some k E I, 

we define 81.; E Con( TI Ai) to be 7rk"
1(8), where 7r1.; : TI Ai - A1.; is the projection 

iE/ iE/ 
map. We will denote Ok by T/k to avoid confusion. 

Properties of the Commutator. 
mutator. 

I now list some properties of the com-

THEOREM 2.2.5. Let A,B E V, a,(3 E Con(A) and 1,6 E Con(B). The 

commutator: 

(1) is additive : (a, LS] = Lees [a, 8]) for all S ~ Con( A) 

(2) is symmetric : [a, (3] = [(3, a] 

(3) is meet-dominated : [a, (3) ~ a · f3 

(4) is monotone: If a',(3' E Con(A) such that a~ a',(3 ~ (3', then [a,(3] ~ 

[a',(3'] 
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(5) respects direct products : [ao · 11 Jio · 61] = [a, ,8] 0 • [1, h]i in Con( A x B)) 

(6) respects homomorphisms : If f: A - B is an epimorphism, then 

Since the congruence lattice of an algebra has infinite joins, and the commutator 

preserves joins, it is possible to derive a "pseudo-complementation" operation to 

the commutator. 

DEFINITION 2.2.6. For congruences a, ,8 on an algebra A, define (a : ,8), 

called the centraliser of a with respect to ,8, to be the largest congruence 8 such 

that [,8, 8] ~ a. The definition is well defined as [,8, a] ~ a by meet-dominance, 

and we can just take (a : ,8) to be the join of all 8 such that [,8, 8] ~ a by join 

preservation. 

Abelian algebras. One of the key generalizations that commutator theory 

yields from groups to universal algebras is the concept of an abelian algebra. As in 

group theory, abelian algebras have a particularly nice characterization. 

DEFINITION 2.2. 7. We call a congruence 8 E Con( A) abelian if [8, 8] = OA. 

An algebra A is said to be abelian if lA is abelian. Note, for an abelian algebra A, 

for any a, ,8 E Con( A) we have [a, ,BJ = 0 by monotonicity (theorem 2.2.5( 4)). We 

call a variety abelian if all its members are abelian. 

Note that the abelian algebras in any variety of groups are precisely the abelian 

groups (that is, groups satisfying ab = ba) in that variety. 

DEFI~UTION 2.2.8. Let A E V, a variety. We call A affine if there is an abelian 

group A = (A,+,-) having the same universe as A, and a ternary operation of A, 

t(x, y, z) such that 

(1) t(x,y,z)=x-y+z 

(2) f (:£ - '}f_ + -f) = /(:£) - f('}l) + f(.f) for every term operation f and ;£, '}f_, .f E 

A",n E w. 

When these conditions hold, t is called a difference term and the algebra (A, t} is 

called a ternary group. 
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LEMMA 2.2.9. For every congruence modular variety V there is a term d in 

three variables, called the Gumm term, satisfying 

(1) d(x,y,z) = y is an identity in V. 

(2) If (x,y) E 8, where 8 E Con(A), A EV, then d(x,y,y) [8,8) x 

(3) For all A E V, 8 E Con{A) is abelian if and only if for any a E A, the 

congruence class a/ 8 is a ternary group with difference term the Gumm 

term, and whenever s( u1 , ••• , un) = u where s is an n-ary term operation 

thens: uif 8 x · · · x un/ 8-+ u/ 8 is a group homomorphism. 0 

THEOREM 2.2.10. For a congruence modular variety V, every 

abelian algebra is affine, and conversely. 0 

Abelian algebras have been described in detail by Hagemann and Herrmann [79]. 

In fact, every abelian algebra is polynomially equivalent to a module over a ring. 

Using this description, it is possibly to derive the following useful facts about abelian 

algebras. 

THEOREM 2.2.11 (Hagemann and Herrmann [79]). 

(1) Every abelian algebra has the C.E.P. 

(2) Given a variety V, the abelian algebras form a subvariety of V 

{3) If B E V is abelian, there are isomorphisms ..X0 : B x B -+ Bv x B 

and ..X1 : B x B -+ B x Bv given by ..Xo(x, y) = ( (x, y)/ .6.1,i, y) and 

..X1(x,y) = (x, (x,y)/ .6.1,i) where Bv = B/ .6.1,i, with .6.1,1 as in definition 

2.2.9{9). 0 

Commutator Identities. Recall that the goal of this chapter is a proof 

that in a congruence modular variety, AP and RS imply CEP. In Kiss [85], it was 

discovered that, in a congruence modular variety satisfying CEP, the congruence 

lattice of every algebra satisfies two identities involving the commutator operation, 

namely C2 and R {defined below). Also, in Freese and McKenzie [81), it was 

discovered that every residually small congruence modular variety satisfies another 

commutator identity, Cl, the proof of which I present in this subsection. In the 

light of this, investigations were carried out as to which commutator identities are 

satisfied by varieties satisfying RS and AP, and the positive results in this line of 

investigation yielded the sought-after result which I present fully in section 2.4. 
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DEFINTION 2.2.12. 

(1) We say an algebra A satisfies Cl if for all a, f3 E Con( A), a· [(3, (3] = [a. (3, (3] 

(2) We say an algebra A satisfies C2 if for all a, f3 E Con( A), [a, (3] = a·f3·[1, I]. 

A variety satisfies Cl (or C2) if every member of the variety satisfies Cl (or 

C2). 

(3) We say a variety V satisfies R if for every A~ BEV, [lB, lBJIA =[IA, IA] 

Note that C2 implies Cl. We have the following useful characterization of C2. 

LEMMA 2.2.13. A variety V satisfies C2 if and only if every non-abelian subdi­

rectly irreducible algebra has a non-abelian monolith. 

Proof. 

==> : Let A E Vs1, and suppose A is non-abelian. Let (J be the monolith of A. 

Now, if V satisfies C2, then [B, B] = 6 ·[IA, IA] = 6 > OA, as [IA, IA] > OA 

as A is non-abelian. 

{==: Assume V does not satisfy C2. Then there is some A EV and a, f3 E Con( A) 

such that [a, (3] =f. a· f3 · [l, l]. In particular, since [a, (3] ~ a· f3 · [l, l] by 

theorem 2.2.5, using monotonicity and meet-dominance, we have 

(*) [a, (3] 'i:. a· f3 · [l, l]. 

Putting,\= 0t • (3 · (1, l], we see(,\,,\)= [a· (3 · [l, l},a · f3 · [l, l)] ~ [a,(3], 

and hence by (*), ,\ =f. [,\, ,\]. 

Hence we have [,\, ,\] < ,\ ~ [1, l]. By theorem 1.2.4, there is a a E Con(A) 

such that [,\, ,\) ~a, ,\ "f:. a and A/ a E Vs1. Let fT be the unique cover of 

a. Then ,\ + a ~ fT, so 

[a, a] ~ [,\+a,,\+ a] 

~ (,\, ,\] +[a,,\] +[a, a] 

~ (,\, ,\) + (J 

Hence the monolith of A/ a is abelian. Since [l, l] "f:. a, we have A/ a is 

non-abelian and our theorem is proved. D 

RS implies Cl. We now show residual smallness implies Cl. To do this, we 

need the following charact~rization of Cl. 
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LEMMA 2.2.14. An algebra A satisfies CJ if and only if for all a, f3 E Con( A), 

a ~ [{3, f3] implies a = [a, {3). 

Proof. 

==> : Let A satisfy Cl and let a, f3 E Con( A) such that a ~ [f3, f3]. Hence 

a= a· [{3,{3] =[a· {3,{3] (by Cl) 

= [a, f3] since a ~ {3. 

~ : Let a, f3 E Con( A). Now since a · [{3, {J] ~ [{3, {3], if the implication above 

is true, we have a · [{3, {3] = [a · [{3, {3], {J] ~ [a · ,8, f3] ~ a · [{3, f3). Hence 

a· [{3, f3] = [a · {3, {3], so A ·satisfies Cl. D 

THEOREM 2.2.15 (Freese and McKenzie (81)). If V be residually small, then 

V satisfies Cl. 

Proof. Suppose V does not satisfy Cl. We will show that there are subdirectly 

irreducible algebras in V with arbitrarily large congruence lattices. 

Since V does not satisfy Cl, by lemma 2.2.14there is an A E V,{3,( E Con(A) with 

f3 ~ [r,{], but f3-:/: [{3,(). Since f3 ~ [{3,(], we have [.B,{) < {3. 

We may suppose A is subdirectly irreducible, with f3 its monolith and [{3, 'Y] = 0: 

If not, by theorem 1.2.4, there exists B E Con( A) such that [{3, 'Y] ~ B l f3 and 

A/ B is subdirectly irreducible. If B* is the unique cover of B, put 'Y* = B + 'Y / B, 

f3* = B* / B. Note B* ~ [B + {, B + 'Y] + B. Also, we have 

[B*, B + 'Y] = [B*, B] + [B*, 'Y] 

~ B + [B + {3, 'Y] 

~ B + [{3, 'Y] = B. 

since t* ~ B + f3 

Hence usmg the homomorphism property (theorem 2.2.5), note that 

f3*, 'Y* E Con( A/ B), f3* ~ ('Y*, 'Y*) and (f3*, 'Y*] = 0 A/8 < f3*. 

Put A(r) to be the subalgebra of A2 as defined in definition 2.2.3, and let K = D.-y,/J· 

Let f}o, T'/l be restrictions to A( 'Y) of the kernels of the projections from A 2 to A. 

From the definition of D. 7 ,13 and the fact that [.B, 'Y] =DA, we can deduce: 

K ' T'Ji = 0, K + T'Ji = /3i, i = 0, 1 
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Let N be an arbitrary cardinal, and let 

For ,,P E Con( A) we denote by ,,PE the relation ( ac5) ,,PE (/3c5) if and only if aE ,,P bE. 

Note ,,Pf E Con(B), and 'Yc5 ='YE for all 6, € < N. In the light of this observation, we 

will denote 'Y = 'Y f, and view 'Y as a congruence on B. 

Let Kc5 E Con(B) be the set of pairs 

(Thus pairs of elements of B are congruent modulo KcS, if they are equal on all 

co-ordinates other than 0 and 6, and the image of the projection onto A2 by 

the 0th and 6th co-ordinates is congruent modulo ~'Y,,a). For 6 < N, define 

(Jc5 = {((af), (bf)} : llcS /3 bc5 and af =bf,€=/: 6}. Let 716 = nf:;tc5 7Jf, where 7Jf is the 

restriction to B of the kernel of the €-th projection on AN. Finally, set 8 = L:6 86 , 

and let K = L:c5>0 Kc5. 

Now let (ac5) 8c5 (bc5). Then ao /3 bo and af =bf for all€> 0. Thus for a given 6 < N, 

( af )f<N 776 ( af )f<N 

KcS (bf)E<N[ since (ao, ao} ~ (bo, bo}] 

7J6 (bf)f<N 

So (af)f<N (776 + KcS) (bf)f<N· Hence 80 $ 716 + Kc5 for 6 > 0 .. Note 80 $ /3cS for all 

6 < N, 776 · /3c5 = 86 and Kc5 $ /3c5. Hence 80 = 80 · /3c5 $ (716 + KcS) · /3c5 = 86 + Kc5 by 

modularity, so 80 $ 8c5 + Kc5. Similarly, one can show that 8c5 $ 80 + KcS. 

Hence for 6 =/: 0 =/: € we have 

/\, + 86 = /\, + Kc5 + /\,f + 86 

= /\, + /\,f + 80 + 86 

= /\, + 8f + 80 + 86 

.~8f+8o. 

Hence K + 86 ~ 8 for all 6 < N. 

Next we show that for all 6 < N, 86 1:. K: 
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We first show this for 6 = 0: Since /3 covers OA in Con( A), ()6 covers OB in Con(B), 

and is thus compact. Hence, if Bo =:::; K, then Bo =:::; Kt 1 + .. . +Ktn for some ft, ••• , fn > 
0. We proceed by induction on n to show that Bo · ( Kt 1 + ... + Ktn) = 0. 

n = 1: For any f > 0, (a6) Bo· K (b6) implies at = bt for f =f:. 0 and a0 /3 b0 • Also, 

(ao,a6) 6.7 ,p (bo,a6), hence by theorem 2.2.4, (ao,bo) E (/3,-y) = 0 so ao = b0 • Hence 

Bo· K = 0. 

Suppose true for n - 1, where n > 1: Then we have 

Bo · ( Kt 1 + ... + KtJ 

= Bo(Bo + Bf1)((Kt 1 + · · · + Ktn) 

(since Bo =:::; Bo+ Bt 1 ] 

= Bo· (Kt1 +(Bo+ Bf1) · (Kt 2 + ... + KtJ) 

(by modularity using Kt1 =:::; Bo + BE 1 , 

which follows from the definition of Kt 1 ] 

=Bo· (Kt1 +(Bo+ BEJ ·(Bo+ ()t 2 +·.·+()En)· (Kt 2 + · · · + Ktn)) 

(as Bo+ ()E 2 +···+()En =:::; Kt 2 + · · · + KEn) 

= Bo· (Kt1 +Bo· (Kt 2 + ... + KtJ) 

(using (Bo+ BE 1 ) ·(Bo + BE 2 + ... +()En)= Bo by definition of BE; 's) 

=Bo. Kt1 = 0 

(by the induction hypothesis). 

But then Bo =:::; Kt1 + ... + Ktn and Bo · ( Kt1 + . . . + Ktn) = 0 implies Bo = O, a 

contradiction. Hence Bo 1:. K • 

. 
Now for 6 > 0, K+86 = () = K+Bo. Hence if ()6 =:::; K, K+Bo = K+86 = K, so K?: Bo, 

a contradiction. Hence for 6 < N, ()6 1:. K. 

From the above discussion, we can see that K < 8. Now by theorem 1.2.4, we can 

find ,\ E Con( B) such that B / ,\ is subdirectly irreducible and K =:::; ,\ 'i. 8. Now 

since /3 is a monolith of A, considering the 6th projection 7]6 of B, we have the 

interval 'Y / 7]6 will have a unique atom, /36. By theorem 1.2.9, 'Y / 7]6 = 7]6 + 7J6/ 7]6 

is isomorphic to T/6/ 'f/6 · TJ6 = 7]6/ 0, so T/6/ 0 has a unique atom. In fact, since ()6 
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iS an atom of 776/ 0, it must be this atom. Now ..\ · 77~ = 0, for if not, ..\ ~ 86 hence 

..\ ~ 86 + "' ~ 8, a contradiction. 

Now for all 8 < ~' ..\ + 776 l. 1: For if..\+ 776 ~ 1, then [I, 1) ~ [776 + 77~, 776 + 77~) ~ 

776 + ..\ · 77~ ~ 776· But by the homomorphism property (theorem 2.2.5), using the 

8th projection, [I, 1) = 0 in Con( A), contradicting the choice of I· 

Now for 8 -:/: e (where 8, e < ~), we have 776 + ..\ -:/: 77£ + ..\: For if 776 = 77£, then 

..\ + 776 = ..\ + 776 + 776 = ..\+I (since 776 + 77£ = I). But then ..\ + 776 ~ I, contradicting 

the statement above. 

·Hence ICon(B/ ..\)I~~' proving the theorem. D 

2.3 NAFSI Algebras 

Introduction and Basic Definitions. In the general study of varieties, 

the subdirectly irreducible algebras play an important role, and congruence exten­

sion results for a general algebra in that variety can be obtained from congruence 

extension results involving just the subdirectly irreducibles. In congruence mod­

ular varieties, non-abelian finitely subdirectly irreducible(NAFSI) algebras play a 

similar role, and they were extensively studied by Kearnes [89). The principal re­

sult is that for a congruence modular variety V satisfying AP and RS, if a N AFSI 

member A E V is an essential extension of B, t~en B is N AFSI. One can compare 

this to a similar folkloric result for varieties satisfying CEP: if a subdirectly irre­

ducible member of the variety A is an essential extension of B, then Bis subdirectly 

irreducible. 

DEFINITION 2.3.1. 

(1) An algebra A is said to be prime if and only if, for a, f3 E Con( A), [a, (3) = 0 if and 

only if a= 0 or f3 = 0. 

(2) An algebra A is said to be non-abelian finitely subdirectly irreducible 

(NAFSI) if and only if [lA, lA] > OA (non-abelian) and for all a, f3 E Con( A), 

a· f3 = OA implies a= OA or f3 = OA (finitely subdirectly irreducible). 

Note that if a variety V satisfies C2, then it can be seen that A E V is NAFSI if 

and only if A is prime. 
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DEFINITION 2.3.2. Let L be a lattice. We say x E L is 

(1) neutral if and only if for all y,z EL, the lattice generated by {x,y,z} is 

distributive. 

(2) distributive if and only if for all y, z EL, we have x · (y + z) = x · y + x · z. 

Now if L is a modular lattice, we have that a E L is neutral if and only if a is 

distributive. (See McKenzie, McNulty and Taylor (87], exercise 2.77(5).) 

LEMMA 2.3.3. Let V be a variety satisfying C2. Let Ao, A 1 E V, and let (} E 

Con( Ao),¢ E Con( Ao x Ai). Then 

(1) (} ~ [1A0 , 1A0 ] implies(} is neutral in Con(Ao). 

(2) ¢ ~ [1A0 xAp 1A0 xA 1 ] implies¢ is a product congruence on Ao x A1. 

Proof. 

(1) Let a,{3 E Con(A). Then(}· (a+ fj) = (} · [1, 1] ·(a+ (3) = [O,a + (3] = 
[O, a]+ [O, {3] =(}·a· (1, 1] + (} · fj · (1, 1] =(}·a+(}· fj (using C2 twice and 

join preservation). 

(2) ¢ is neutral in Con(Ao x Ai) by (1). Hence 

( 770 + ¢) . ( 771 + ¢) 

= 170 • ( 171 + ¢) by modularity 

= 770 • 771 + ¢ = ¢ by neutrality. 

Hence ¢ = ao · {31 for some a E Con( Ao), fj E Con( Ai). D 

LEMMA 2.3.4. Let V satisfy C2, and let Ao, A1 E V with Ao NAFSI be essential 

extensions of B0 and B 1 respectively. Then A = Ao x A1 is an essential extension 

of B =Box B1. 

Proof. Pick ¢ E Con(A) such that ¢1 8 = 0. Hence ¢ · [lA, 1AJl8 = 0. Since 

¢ · [lA, lA] is a product congruence, and each factor A; is an essential extension of 

B;, (i = 0, 1), we have¢· [lA, lA] = 0. 

Now (170 + ¢) · (170 + [lA, lA]) 

= 770 + ¢ · (770 + [lA, lA]) by modularity 

= 770 + 'l/J • 170 + 'l/J • (lA, lA] 

as { ¢, 770 , [lA, lA]} generate a distributive lattice 

= 770· 
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Now, as A is finitely subdirectly irreducible, 170 = 110 + 'i/J or 110 = 110 +[IA, IA], that 

is, 170 ~ 'i/J or 170 > [IA, IA)· But Ao is non-abelian, so 110 't [IA, IA]· Hence 170 ~ 'i/J, 

so 'i/J = 110 • a1 for some a E Con(A1) such that alB
1 

.= 0. But as A1 is an essential 

extension of B1, a= 0 so 'i/J = 110·111 = 0. D 

COROLLARY 2.3.5. Let V have C2, and let A, B E V with A an essential 

extension of B. Then A 2 and A x C are essential extensions of B 2 and B x C 

respectively. D 

Essential Extensions. I now state and prove a number of technical lemmas 

which explore the connections between NAFSI algebras and essential extensions. 

LEMMA 2.3.6. Let V satisfy C2, and let A E V be a NAFSI algebra with no 

proper essential extensions. Let C E V be an essential extension of A 2 • Then there 

exists a 'i/J E Con(C) such that 'i/JIA2=11t'
2 

or 17f. 

Proof. Let f> : A '-4 A2 be the embedding given by f>(a) = (a,a) for all a E A. 

By Zorn's lemma, there exists a() E Con(C) maximal with respect to the property 

BIA= 0. 
6 . 

A '-4 A2 
'-4 c- C/B 

Now the induced map from A to C / () is an essential embedding by maximality, 

hence C / () is isomorphic to A, as A has no proper essential extensions. Put 8 = 
BIA2· Hence as A2 / () is isomorphic to A, Bis meet irreducible and B 't [I, I] since 

A is NAFSI. But, by modularity and neutrality of [I, I) and 171 ·[I, I), we have 

(8+110) · (B + 111) • (8 +[I, I]) 

= (B + 110) • (B + 111 ·[I, I]) 

= 8. (Here 110, 111 E Con(A2
).) 

Hence by the meet-irreducibility and the non-abelian property, B ~ 17i fo~ some 

i = 0, 1. Now if 8 > 17i, then BIA = olA > o, a contradiction. Hence B = BIA2 = 
A2 

17i . 0 
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LEMMA 2.3.7. Let V satisfy RS, AP and .C2. Then if A E V, with A NAFSI 

and an essential extension of B, then B is non-abelian. 

Proof. First note that an essential extension C of a N AFSI algebra A is N AFSI: 

For if A is non-abelian, C contains a non-abelian algebra, and hence is non-abelian. 

Also, if C is not finitely subdirectly irreducible, then we can find a, /3 E Con( C) 

such that a =f Oc =f:. /3, but then by essentiality aJA =f:. OA =f:. /3IA. Hence al A· /3IA = 

a· /3IA = OclA = OA, and so A is not finitely subdirectly irreducible. 

Now since V is residually small, we may assume A is a maximal essential extension 

of B. 

Now assume Bis abelian, and let Bv, Ao : Bx B -+ Bv x Band A1 : Bx B -+ Bx Bv 

be as in theorem 2.2.11. Now since A is an extension of B, we can view Ao, A1 as 

embeddings Ao: Bx B ~ Bv x A and A1 : Bx B ~Ax Bv. Hence since V has AP, 

there is a C E V and embeddings such that the diagram in figure 2.1 commutes. 

/A2~ 
B2~,x/C 

Ax Bv 
FIGURE 2.1 

(Note 6: B 2 ~ A 2 is the embedding given by h(a, b) =(a, b) for all a, b EB.) 

By Zorn's lemma and commutativity of the diagram, we can choose f E Con( C) 

maximal with respect to the condition fl 8 2 = 0. Replacing C with D = C / f, we 

may assume that all the embeddings in the above diagram are essential. 

Now by lemma 2.3.6, there is a 'I/; E Con(D) such that 1/JIA2 = TJif· or TJf. Without 

loss of generality, we may assume 1/JIA2 = TJt 2

• Putting {; = 1/Jl 8 v xA' we see 

{;j = TJt 2 

j = TJr
2

, by the commutativity of the diagram. Also, T/:v xA' = 
B2 B2 B2 

Ao,o and T/~ 9 xAIB2 = TJf. Hence for i = 0, 1, xc;1
({;. TJ?v xA) = OB2· Since Ao is 

essential (as B is an essential extension of A), we have{;· TJf 9 xA =OB., xA· Hence 
- B xA - -1/;·[1, l]·TJi 9 = 0 for i = 0, 1 and as 1/;·[1, 1] is a product congruence, 1/J·[l, 1] = 0. 
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Now, as before, using modularity and neutrality of [1, 1], 7]1 = (771 +;jJ) · (771+{1,1]). 
As B'V x A/ 771 is isomorphic to A NAFSI, 771 'i.. [1, 1] and hence 771 ~ ;jJ. But then 

77f
2 

= ;jJI $ 77f9 xAI = 77f
2

, so B must be trivial. But then B has only trivial 
B2 B2 

(and hence abelian) essential extensions, contradicting A is NAFSI. 0 

LEMMA 2.3.8. Let V satisfy AP, RS and C2. If A EV such that A is NAFSI 

is an essential extension of B = Bo x B1, then either Bo or B1 is trivial. 

Proof. Again we may assume A a maximal essential extension of B with i: B <--+A 

the inclusion map. We denote by A a copy of A in order to make the notation easier. 

Let C = B 2 ..:... Box B1 x Box B1 and let Ji : C <--+ A2 and 91 : C <--+ A2 be given by 

Ji (a, b, c, d) = ( i( a, b ), i( c, d)) and 91 (a, b, c, d) = ( i( a, d), i( c, d)). Now the double 

extension (C,fi,A2,91,A2) has an amalgam, say (h,92,F). Now since Ji and 91 

are essential, we may as in lemma 2.3. 7 assume F is chosen so that h and 92 are 

essential embeddings. Hence, by lemma 2.3.6, there is a congruence 'l/J E Con(F) 

such that 921( 'l/J) = 11t
2 

or 77f. Let ;jJ = 121 ( 'l/J) and set f3 = 77f 2 + ;jJ · 11t2. 

We claim: 1-1((3) = 11f · 

Proof of claim: 

111((3) 2111(11f
2

) + 111(;jJ. 11() 
c c = 7Jox1 + 7Jox2x3 
c 

= 7Jo. 

C· Let (x,y) E f11(/3), say x = (a,b,c,d) and y = (a',b',c',d'). Then 

(fi(x),Ji(y)) E 7]o +.;jJ · 7]1. Now 7]o + ;jJ · 7]1 = 7]o o (;jJ · 111) since the 

projection congruences permute with every congruence of a direct product. 

Hence there is a (u,v) E A2 such that fi(x) = (i(a,b),i(c,d)) 770 (u,v) ;jJ • 
7]1 (i(a',b'),i(c',d')) = fi(y). Hence (u,v) = (i(a,b),i(c',d')) E im fi. 

Hence (x,y) E 11-
1(770) + 111(1/J · 771) = 77f. 

Similarly, we can let 'Y = 11t2 + ;jJ · 71f 
2 

and get I 1- 1 = 77f. 

Now A2 / 770 is isomorphic to A. So let a and a' be congruences on A that cor­

respond to the congruences (3 / 7]o and 'Y / 7]o respectively on A 2 / 770. By the claim 
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above, i-1(a) = "l'foxBi and i-1(a') = "lfoxBi, so i-1(a·a') =OB. Since i is essen­

tial, a·a' = 0. Hence as A is finitely subdirectly irreducible, a = 0 or a' = 0. With­

out loss of generality, assume that a= OA. Then "l°f = i-1(a) = i-1(0A) =OB, so 

B1 is trivial. (Similarly if a' = O, then Bo would be trivial). D 

The result below was stated and proved directly in C. Bergman [86), but it follows 

as a corollary of the previous lemma. 

COROLLARY 2.3.9. Let V satisfy AP, RS and C2. Let A E Vs1 and assume A 

is an essential extension of Bo x B 1. Then either Bo and B1 is trivial. 

Proof. Suppose A is abelian, then A satisfies CEP. Hence if 8 E Con(A) is the 

monolith of A, BIBoxBi =f:. 0B0 xB1 and for any 1/J E Con(Bo x B1),¢ =f:. 0 we have 

1/J = ¢I Bo xBi for some .,P E Con( A). Since .,P =f:. OA, .,P 2 8 and hence 1/J 2 Bl Bo xBi, 

so BIBoxBi is a monolith of Box B1, hence Box B 1 E Vs1, a contradiction. Hence 

A is N AFSI and the result follows. D 

Essential Subalgebras of N AFSI Algebras. 
section can now be stated and proved. 

The principal result of this 

THEOREM 2.3.10 (Kearnes [89)). Let V satisfy AP, RS and C2. If A is 

NAFSI, and A is an essential extension of B, then B is NAFSI. 

Proof. By lemma 2.3.7, B is non-abelian, that is [1, 1) =f:. 0. Now suppose there 

exist a', /31 E Con(B), a', /3' > 0 such. that a' · /3' = 0. 

Now if such a', /3' exist, we show we can in fact find a, P E Con( B) such that 

a·P = 0, a,P > 0 and a~ [1, 1): To see this, put a= [1, 1],p =a' if a' ·[1, 1) = O, 

else put a= a'· [1, 1],p = /3'. 

Now let S = {1 E Con(B): a ·1 = O}. Put /3 = L:S > 0, since P > 0. Also, 

a· /3 = a· /3·[1,1) = [a,/3) = L:;,,Es [a,1) ~ L:,,Esa ·I = 0. Hence we have 

a, f3 E Con(B), a, /3 > 0, a ~ [1, 1), a· /3 = 0 and /3 is the largest congruence such 

that a · /3 = 0. 

Let Bo = B /a and B1 = B / /3, and let g : B '-+ Bo x B1 be a canonical subdirect 

embedding. Now the double extension (B,f,A,g,Bo x B1) (where f: B '-+A is 
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the inclusion map) has an amalgam, say (f',-g',C). We may choose f E Con(C) 

maximal to the condition el 8 = OA by Zorn's lemma. Let e = el 80 x B 1 • Now 

in Con(Bo x B1), e · [1, 1] is a product congruence, say e · [1, 1] = ')'o · 1L where 

')' E Con(Bo),1' E Con(B1). Now labelling 101 8 = i' ~ o: and 1U8 = i" ~ /J, 
we see that o: · i'' $ i' · i'' = On. Hence by maximality of /J, i'' $ /J, so ')" = /J. 
Hence in Con(Bo x B 1 ), e · [1, 1] $ i'~ = TJ1, hence using neutrality of [1, 1] and 

modularity we get T/l = (TJ1 + e). (TJ1+[1,1]). However, 0:. (TJ1ln) = 0:. /J = OA 

and 0:. (TJ1 + [lBoXB1' lnoxB11IB ~ 0:. [ln, ln] = 0:. Hence 0:. T/l + e)ln = 0. But 

then, /J = T/llB $ (TJ1 + e)IB $ /J, by maximality of /J, hence T/l + f = T/1, that is, 

i $ T/l· Thus i =To· T/1 for some r E Con(Bo). 

Hence we get induced embeddings g : B <----+ bo / r x B1, g' : bo / r x B 1 <----+ C / e 

and f' : A <----+ C / f such that g'g = f' f. Now f is essential by hypothesis, f' is 

essential by our choice of e, and a check shows g' is essential. Since A is NA FSI 

and /' essential, we have C / e is NAFSI. Hence by lemma 2.3.8, Bo/ r or B 1 is 

trivial. But then of the compositions of the projection maps of bo/ r x B1 with g 
is an embedding, forcing either o: or /J to be 0, a contradiction. Thus B is finitely 

subdirectly irreducible and the result is proved. 0 

2.4 Congruence Modular Varieties: AP and RS imply CEP 

Introduction. I can now present a proof of the main result given by the 

title of this section. The programme for proving the result is to use the various 

commutator identities as stepping stones to obtain the desired result. I sketch this 

programme below: 

(1) RS implies Cl (Theorem 2.2.15) 

(2) AP, RS and Cl imply C2 (Theorem 2.4.3) 

(3) AP, RS and C2 imply R (Theorem 2.4.4) 

( 4) AP, RS, C2 and R imply CEP (Theorem 2.4.5) 

The first result has been proven already. Proofs of the other results follow below. 

AP and RS imply C2. To show the second in the series of four results given 

above, I introduce the following lemmas which examine the nature of subdirectly 

irreducible algebras in varieties_ which fail C2. 
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LEMMA 2.4.1. Let V be residually small. If V fails C2, then there is an A E Vs1 

with monolith f3, and an endomorphism f such that 

( 1) 0 = [,8' ,8) < ,8 = [,8' 1]. 

(2) f = f 0 f. 
(3) x ,8 y if and only if f(x) = f(y) and f(y) ,8 y. 

Proof. Since V is residually small, by lemma 2.2.15 we have that V satisfies Cl. If 

V fails C2, by lemma 2.2.13, there is a non-abelian subdirectly irreducible D E V 

with abelian monolith 7, that is, ['Y, 7) = 0. Let K = (0 : 7). Suppose [K, K] ~ 0. 

Then [K, K] ~ 7, so since V satisfies Cl, by lemma 2.2.14, we have 'Y::; {K, K] implies 

'Y = [K,"f], hence K = 'Y contradicting ['Y,7) = 0. Hence [K,K] = 0. 

Since Dis not abelian, K < 1, and since ['Y,7) = 0, k ~ 'Y· 

Let ~ = ~"Y•" be the congruence on D('Y) as in definition 2.2.3. We claim that for 

i = 0, 1 on D('Y), r;,i = (17i : 'Yi): 

Proof of claim: If [6, 'Yi] ::; 17i, then [6 + 17i, 'Yi] = [6, 'Yi] + [17i, 'Yi] ::; 17i· Hence 

(171 : 'Yi) ~ 17i and by the homomorphism property of theorem 2.2.5, (17i : 'Yi) =Ki. 

Furthermore, using the properties of the commutator in theorem 2.2.5, the defini­

tion of 6 and the fact that ['Y, K] = 0, we have that the following identities hold: 

1]i -< "f i ::; Ki 

'Yo = "11 = 170 + 171 

~ + 17i = Ko = K1 
for i = 0, 1. 

~ · 171 = 0 

Now the interval 'Yo/ 170 = 170+17if 170 is isomorphic to 17if 170·171 = 17if 0 by theorem 

1.2.9. A further application shows 17if 0 = 17if ~ • 171 is isomorphic to ~ + 17if ~ = 
Ko/~. Similarly, one can show that "(1/171, 170/ 0 and Ko/~ are isomorphi<::, ~ence, 

sicne 'Yo = 71 covers 170 and 17i, 170 and 171 are atoms in Con(D('Y)) and Ko covers~. 

We now show that D( 'Y )/ ~ is subdirectly irreducible by showing for all ,\ > ~' 
..\ E Con(D), we have ..\ ~ Ko: For suppose..\ l. Ko. Now [..\,70) i 170 as then 

Ko-:/= (170: 'Yo). Hence ['Y,171] i 170, for if [..\,17i]::; 170, then [..\,70) = [..\,170+171] = 
[..\,170) + [..\,171]::; 170· Thus"(· 171 ~ ['Y,171) > 0. But as 171 is an atom, 171::; ..\.But 

then ..\ ~ 171 + ~ = Ko, a contradiction. 
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Put A= D('y)/ ~and note by the above argument that A is subdirectly irreducible 

with monolith /3 = Ko/~. Now [Ko, Ko] = [710 + ~' 7]1 + ~] ::5 ~ as 710, 7]1 = 0, so 

[/3, /3] = 0 on A. Now A is not abelian: For if A were abelian, then [71i, 1] ::5 [1, 1] ::5 
~, and hence [71i, 1] ::5 711 · ~ = 0. But then ho, 1] = [710 + 7]i, 1] ::5 710, and hence 

Ko = 1, a contradiction. 

Hence since is A is non-abelian, /3 < [1, 1] in A, so by Cl we have /3 = /3 · [1, 1] = 
[/3, 1] so (1) is satisfied. Define f: A-+ A by f((x,y)/ ~) = (x,x)/ ~- As~ ::5 Ko 

this is well-defined. It is a routine exercise to check that f is an endomorphism 

satisfying {2) and (3). 0 

LEMMA 2.4.2. Let A EV be satisfy the conclusions of lemma 2.4.1 above. Then 

there are automorphisms eo and e1 on A(/3) given by e0 (:) = (d(x,f~x),y)) and 

el(:) = (d(x,/Cy),y)) where d is the difference term for V. 

Proof. We give the proof for e0 , the proof for ei being similar. 

Suppose (;), (~) E A(/3) with eo{;) = eo (~). Then y = v, and hence x /3 y = v /3 u. 

Also, by lemma 2.4.1, we have f(x) = f(y) /3 y. Thus f(x),f(y),u,v,x and y all 

lie in the same equivalence class of /3, and hence in the same ternary group M(/3, x) 

by lemma 2.2.9. Hence x- f(x) + y = d(x,f(x),y) = d(u,f(x),y) = u -f(x) + y. 

Hence x = u and eo is injective. 

Now given any (:) E A{/3), 

so e0 is surjective. 

That e0 is a homomorphism follows from the fact that every basic operation {in 

fact every term) is a ternary group homomorphism on the M{/3,x)-blocks. 0 
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THEOREM 2.4.3 (Bergman and McKenzie [88]). If V satisfies AP and RS, 

then V satisfies C2. 

Proof. Assume that V satisfies AP and RS, but not C2. Then there exists an 

A E Vs1, {3 E Con(A) and automorphisms eo ·and ei satisfying the conditions of 

lemma 2.4.2. We will derive a contradiction. 

Since V satisfies RS, A has an extension E E VwMI say, with monolith, saJ' µ. 

We may assume µIA ~ {3. We can view the automorphisms eo and ei as em­

beddings from A({3) into E 2• A can be diagonally embedded into A({3), and we 

let e2 : A({3) ~ E 2 be the embedding given by e2(a, b) = (a, b). Now, applying 

the amalgamation property twice, we have embeddings Si : E 2 ~ Q for some 

Q E V,i = 0, 1,2 such that soeo = s 1e1 = s2e1. Let r: E ~ E 2 be the diagonal 

embedding. Since s2 r : E ~ Q is an embedding and E an absolute retract, we 

have a retraction u : Q ---* E such that us2r = idE. See figure 2.2. below. 

FIGURE 2.2 

Define Pi= ker (usi) E Con(E2 ) for i = 0, 1,2. We claim that for each i = 0, 1,2, 

if Pi =f:. 0 then either 

(+) Pi ~ T}o • µi and Pi1J1 = 0 

or 

(++) Pi ~ 1}1 • µo and PiT}o = 0. 

Proof of claim: First note that for a E Con(E), a =f:. OE, we have 



2.4. CONGRUENCE MODULAR VARIETIES: AP AND RS IMPLY CEP 49 

(*) Hence [lE, a] -=f. 0. 

By the homomorphism property (theorem 2.2.5), [lE2, a] -=f. 0 for a E Con(E2), 

a -=f. 0. Hence, if Pi -=f. O, then 0 E2 -=f. [1, pi] = (770 + 7Ji, pi] = (770, pi]+ [7Ji, pi]. Hence 

either (770,Pi] or (771,Pi] is not 0. 

Suppose (770, Pi] -=f. 0. Then 7]o · Pi ~ (770, pi] -=f. 0. By theorem 1.2.9, there is an 

isomorphism between the intervals 7Jo/ 0 and 1/ 7]1. Now, 1/ 771 has a unique atom 

µ1 as E is subdirectly irreducible, so we have 7Jo · µ1 :::; 7]o ·Pi :::; Pi, satisfying the 

first part of ( + ). 

To show the second part, suppose Pi · 771 -=f. 0. By a similar argument to the one 

above, we have Pi ~ 7]1 · µo so Pi ~ 7]o · µ1 + 7]1 · µo ~ µo · µ1 by modularity. 

Choose (a, b) E f3 such that a -=f. b. Now µ :2 /3 and f(a) = J(b). Hence, since 

dis a term, d(a,f(a),a) µ d(b,f(b),b), and so (ei(:),ei(:)) E µo · µ1 :::; Pi· But 

then usiei (:) = usiei (:), i = 0, 1, 2, implying by commutativity of the diagram that 

a= us2ei (:) = us2ei (:) = b, a contradiction. Hence Pi· 7Ji = 0, and ( +) is satis1ied. 

Note, if on the other hand, (171, pi] -=f. 0, then a similar argument shows ( ++) is 

satisfied, hence the claim is proved. 

Now we apply the claim to P2· Firstly p2 -=f. 0, for if we pick up x -=f. y in E and 

put z = us2 (;) we have us2 (;) = z = us2r(z) = us2 {;) so (;) p2 (:). Hence by 

the claim above, either ( +) or ( ++) holds for i=2. We will show that if ( +) holds, 

we can derive a contradiction. (That a contradiction follows also from ( ++) is just 

the dual - in the sense of interchanging subscripts i = 0 with i = 1 and vice versa 

- of the proof for ( +) ). 

If (+)holds, p2 ~ 7]o · µ1 and P2 ·771 = 0. Hence, [1, p2] = [770 +111, P2] :::; 7]o +111 · P2 = 

7JO· Hence [l,p2 + 770]:::; 7JO· Thus by the homomorphism property (theorem 2.2.5), 

together with (*), we have P2 + 7]o = 7Jo, that is, p2 :::; 7JO· In fact, P2 = 770: For, 

letting x, y E E, we have (;) = rus2 (;) = {;) mod p2 for some z E E, and as 

p2:::; 770, x = z. But then for any x,y,y' EE, (:)p2(:)p2(;,), so p2 = 7JO· 



50 2. THE AMALGAMATION PROPERTY AND OTHER EXTENSION PROPERTIES 

Thus we have TJ:(fi) = e21(p2) = ker (us2e2) = ker usoeo = e01(p0). Observe that 

for all a E A, eo (f~a)) = (d(f(a)f(a),a)) = (:). Choose a =/= bin A with a /3 b. 

Then a /3 b ====> f(a) = J(b) 

====> (f~a)) TJ:(fi) (/~)) 

====> (!(a)) (f(b)) usoeo a = usoeo B 

====> (:)Po (:). 

Now p0 =/= 0 as /3 =/= 0. Hence, applying the claim to po, we see that ( +) or ( ++) 

holds for i = 0. If ( +) holds, that is Po ~ 1J • µi, then (:)po (:) po (:), contradicting 

po· 1]1 = 0. 

Hence (++)holds, that is po ~ 1]1 • µo. Then 'T]o = e01(po) ~ e01(TJ1 · µo) ~ 1]1 ·/Jo. 

But then (:) T/l ·/Jo (:) implies (:) 'T]o (:), that is a = b, a contradiction. Thus since 

both cases yield a contradiction, our theorem is proved. 0 

AP, RS and C2 imply R. 
for the main result. 

I now state and prove the third theorem needed 

THEOREM 2.4.4 (Kearnes (89)). Let V satisfy RS, AP and C2. Then V sat­

isfies R: 

Proof. Suppose V has RS, AP and C2 but not R. Then there are algebras B:::::; A EV 

such that [lA, lA)IB > [lB, lB)· Let a = [lA, lAJIB and let /3 = [lB, lB]· Let 

C = B / /J. Then, using the properties mentioned in theorem 2.2.5, we have that 

the lattice in figure 2.3 is a sublattice of Con(B x C). 



2.4. CONGRUENCE MODULAR VARIETIES: AP AND RS IMPLY CEP 51 

FIGURE 2.3 

Considering ~l,a E Con(B2 ), let ~ E Con(B x C) be the projection of ~l,a onto 

B x C. Now by C2, [lB, a) = a · [lB, lB] = a · /3 = {3. Hence T/j • ~1,a = 

T/i · [1, a:Ji-; = T/j • /31-j for j = 0, 1. Also, using the definition of ~1,a, we see 

T/j + ~l,a = a;. (Here all congruences are in B2). Hence T/i is a complement of 

~l,a in a;/ T/1 • /31-j where i = 0, 1. Now using theorem 1.2.11, we see ~1,a is a 

complement of a; · /31-; in /30 · /3i/ a:o · 0:1 where i = 0, 1. Hence in Con(B x C), 

~is a complement of a:0 · T/l in /30 · TJi/ a:o · 0:1 where i = 0, 1. Hence, we have that 

the lattice shown in figure 2.4 is a sublattice of Con(B x C). 

FIGURE 2.4 

Let D denote the abelian algebra (B x C)/ ~'and i the inclusion map from B into 

A. Let Ji : B x C <---+ A x C be given by fi = i x idc and 91 : B x C --+ A x D by 

91(b, c) = (i(b), (b, c)/ ~). Now 91 is an embedding since ker 91 = ~ · T/o = 0. Since 

V has AP, the double extension (Bx C,fi,A x C,91,A x D) has an amalgam, say 

(h,92,F). 
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Now T/O • a1 =/:- 0, where TJo · a1 E Con(B x C), so there are 

(bi,c1),(b2,c2) EB x C, (bi,ci) =/:- (b2,c2) such that (bi,c1) TJo · a1 (b2,c2). Now 

((bi,ci),(b2,c2)) </. [IBxC, IBxc) as T/O • a1 · [IBxC, IBxc) = OBxC· Hence, by 

Zorn's lemma, we can find a maximal congruence T E Con(F) with respect to the 

condition ((bi,c1),(b2,c2)) </. rl 8 x C + [IBxc, IBxc). Now [IF, Ip)l 8 x C ~ 

[IAxC, IAxcJl 8 x C + (Ip, Ip)l8 x C ~ [IAxD, IAxDJIB x C = ao · T/I + ao ·A= 

a 0 • a 1 ~ T/O • a 1. Thus since ((b1,c1),(b2,c2)) E TJo ·a, we have T 'i. [IF, Ip). 

Now r is meet-irreducible (that is F / T is finitely subdirectly irreducible): For if 

{,(
1 > T then< (b1,c1),(b2,c2) >is an element of both 118 x C + [I,tc) and 

1'18 x C + [I,tc) by maximality. Now by neutrality of [I, I),< (b1,c1),(b2,c2) >E 

( 11 8 x C +[I, I])· ( 1'1 8 x C +[I, I])= 'Y · 1'18 x C +[I, I), and hence 'Y · 1' > r. 

Let f = T 18 x C. Hence we induced embedding k : B x C / f <--+ F / T. In fact, 

by maximality of T, k is an essential embedding. Now r 'i. [Ip, Ip), that is, F / T 

is non-abelian, and hence NAFSI. Thus by theorem 2.3.10, (Bx C)/ f is NAFSI. 

Now, in Con(B x C), f = (f +[I, I])· (f + TJo · a1) by neutrality of [I, I]. Hence 

by meet irreducibility, f ~ [I, I) or f ~ TJo · a1. The former case is excluded as 

B x C / f is not abelian, so f ~ TJo · a1. But then ((b1, c1 ), (b2, c2)) E TJo · ao :5 f ~ T, 

a contradiction. 0 

AP, RS, C2 and R imply CEP. A proof of the last result in the scheme 

mentioned in the introduction to this section follows. 

THEOREM 2.4.5 (Bergman and McKenzie [88)). Let V satisfy C2, R, AP 

and RS. Then V satisfies CEP. 

Proof. Let A, B E V, with A :5 B and () E Con( A) such that A/() is subdirectly 

irreducible. To show V has CEP, we need only show the () extends to B. By R, 

[IB, IB)IA =[IA, IA]· Thus A/ [IA, IA] can be embedded in B/ [IB, IB]· 

CASE 1: () ~ [IA, IA) on A. Since B / [IB, IB] is has CEP, so the congruence 

B/ [IA, IA] in A extends to a congruence 1/>/[IB, IB) on B/ [IB, IB)· Then 

1/> E Con(B) and 1/>IA = B. (see figure 2.5.) 
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A'-------B 

! ! 
Af [lA, lA) c )o Bf {la, la) 

! ! 
Af 8 Bf 1/; 

FIGURE 2.5 

CASE 2: 8 "'i.. (lA, lA] on A. Let f : A '---+ B be the inclusion map. Define S = 
( Af 8) x A and let g : A '---+ S be the embedding given by g( a) = ( af e 1 a). 

Now (A,f,B,g,S) has an amalgam (J',g',D) with DEV. Let 7]0,7]1 be 

kernels of the two projections on S. Ifµ is the monolith of Af 8, there is 

. a congruence µ0 E Con(S) covering 7JO· Now by theorem 2.2.5, [ls, ls] = 

[1, 1)0 · [l, 1 ]i 2:: µ 0 • T/l since Af 8 is subdirectly irreducible and Af 8 is 

non-abelian. 

CLAIM: For all /3 E Con( S), /3 'f:: 'f/o if and only if /3 2:: µo · 'f/l · 

PROOF OF CLAIM: ==} : If /3 'f:: 7Jo, then /3 + T/o 2:: µo. Thus 

/3 2:: [/3 + 7Jo,/3 + 7J1] since 7Jo · 7J1 = 0 

= (/3 + TJo) · (/3 + TJd ·[ls, ls] by C2 

2:: µo · T/l. 

<== : 7Jo 2:: /3 2:: µo · 7J1 implies µo · T/l = µo · 7J17Jo = 0, a contradiction. 

Now let 'Y be a maximal congruence on D such that g'-1(1) ~ T/O· (It exists 

by Zorn's lemma). Suppose 'Y were not completely meet irreducible, say 

'Y = njEJ /j, with /j > 'Y for all j E J. Then by maximality g'-
1{tj) 1: T/o, 

so by the claim, g'-1{tj) 2:: µo · 7J1 for all j E J. Thus g'-
1(1) 2:: µo · T/l 

which implies g''."""1(1) 1: T/O, a contradiction. Hence Df 'Y is subdirectly 

irreducible. 

Now 7Jo·(7J1 +g'-1(1)) = g'- 1(1) by modularity. Hence there is a 6 E Con(B) 

such that g'-1(1) = T/o · 61. Hence Sf g'-1(1) is isomorphic to Af 8 x Af 6 

and we have an induced embedding g1
: Af 8 x Af 6 '---+ Df 'Y· 

Moreover, by the maximality of /, this embedding is essential. Thus by 

corollary 2.3.9, either Af 8 or Af 6 is trivial. But 8 "'i.. [l, 1], so Af 6 is 
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trivial. Hence h = lA, so g'-1(1) = T/O· A check shows r-1(,) E Con(B) 

extends 0, and the result follows. 0 

THEOREM 2.4.6 (Kearnes [89)). Let V be a congruence modular variety. If V 

satisfies AP and RS, then V satisfies CEP. 

Proof. We have shown for a congruence modular variety,· 

(1) RS implies Cl (Theorem 2.2.15) 

(2) AP, RS and Cl imply C2 (Theorem 2.4.3) 

(3) AP, RS and C2 imply R (Theorem 2.4.4) 

(4) AP, RS, C2 and R imply CEP (Theorem 2.4.5) 

Hence the result follows. 0 

The results in this chapter are summarised in figure 2.6. Arrows represent im­

plications between the stated properties for a variety (for example, "El --+ TP" 

means that a variety with enough injectives (EI) satisfies the transferability prop­

erty (TP)). Where an arrow has two sources, both those properties must be satisfied 

in order for the property at the target of the arrow to be satisfied. A broken arrow 

indicates an implication only holding in congruence modular varieties. 

EI 

TP(I~RS 
p r~-:/ 

CE AP 

SAP 

1 
ES+-- IPA 

FIGURE 2.6 
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Introduction. In this chapter I present some examples of varieties that satisfy 

or fail the amalgamation property. As this property has been investigated exten­

sively for many varieties (as well as for other classes of structures as well), it is not 

possible to present all of these results (for a extensive survey of the amalgamation 

and related properties, see Kiss, Marki, Prohle and Tholen [83]). Instead, I have 

chosen to focus on varieties of groups, semigroups, lattices and Heyting algebras. 

For varieties of lattices, a complete description of all varieties satisfying the amal­

gamation property is known (due to Gratzer, Jonsson and Lakser [73] and Day and 

Jezek [84]). Because of the technical nature of some of the results, I have only 

sketched some of the proofs. For a more thorough presentation of these results, 

see Jipsen and Rose (92]. In the cases of group, semigroup and Heyting algebra 

varieties, the situation is less satisfactory.· Here I present results which describe 

all residually small varieties with the amalgamation property, the more general 

problem remaining open. 

3.1 Varieties of Groups 

The Variety of All Groups. One of the earliest results concerning amalga­

mation is that the variety of all groups satisfies the strong amalgamation property. 

I present a proof of this result below. 

THEOREM 3.1.1 (Schreier [27]). The variety g of all groups has the strong 

amalgamation property. 
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Proof Let (A, f, B, g, C) be a double .extension in Q. We may suppose, without 

loss of generality, that B and C are disjoint. Let D be the set of finite successions 

(words) of elements of BU C (excluding the void word), that is 

D = {a1a2 ... a, : t EN and ai EB UC for i = 1 ... t} 

Our goal will be to define an equivalence relation on D, say p, such that D / p is a 

group. To do this we we start by defining four elementary equivalences on D: 

Given a word a 1 a2 ... a, in D, 

(El) If, for some i = 1 ... t, ai is the indentity on B or C, we have that 

a1 a2 ... ai-1 aiai+l ... a, is equivalent to a1 a2 ... lli-1 ai+1 ... a,; 

(E2) If, for some i = 1 ... t - 1, ai and ai+l both belong to B and aiai+1 =a* E 

B, then a 1a2 ... aiai+1 ... at is equivalent to a1 ... ai-1a*ai+2 ... a,; 

(E3) If, for some i = 1 ... t - 1, ai and ai+i both belong to C and aiai+1 =a* E 

C, then a 1 a2 ... aiai+1 ... a, is equivalent to a1 ... ai-1 a*ai+2 ... a,; 

(E4) If, for some a E A, and for some i = 1 ... t, ai = f(a) and bi = g(a), then 

a1 ... ai-1 aiai+2 ... a, is equivalent to a1 ... ai-1 biai+2 ... a,. 

Given words v, w E D we say v and w are elementary equivalent (written v ,....., w) 

if v and w are equivalent in any one of the senses (El) to (E4) above. We now 

define v, w E D to be equivalent (written v p w) if there is a finite sequence v = 

x 1,x2, .. .,Xn = w of words in D such that X1 ,....., x2,....., ... ,....., Xn. Note pis an 

equivalence relation, so let D = D / p, and denote by [v) the equivalence class of v 

under p, where v E D. 

Now define a product on D, [v) · [w) = [vw), where v, w E D and vw is the con­

catenation of the words v and w. This product is well-defined, for if [v1) -: [v2) and 

[w1) = [w2) we have V1 = X1 ,....., X2 ,....., · · · ,....., Xn = V2 and W1 = Y1 ,....., Y2 ,....., · · · ,....., Ym = 
v2 for some words X1,. .. ,xn,Y1, .. .,Ym ED. But then V1W1 = X1Y1 ,....., X2Y1 ,....., 

' 
· · ·,....., XnY1 = v2w1, so V1W1 p V2W1. Similarly V2W1 p V2W2 so V1W1 .P v2w2 , 

hence [v1) · [w1) = (v2) · [w2J. 

In fact, D is a group under this product: The product is associative since concate­

nation of words is associative. By E4, if eB and ec are the identities of B and C re­

spectively, we have [eB) = [ec], and hence using El, we have [w)[eB) = (eB)[w] = [w) 

for all w E D, so [eB) = [ec) is an identity on D. Now if [a1 ... at) E D, we have 

[a1 ... a,][a;-1 ... a}1] = [eB) by E2 and E3, so inverses exist. 
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Now define/' : B -+ D and g' : C-+ D by f'(b) = [b], g'(c) :::::: [c] where b E B, 

c EC. Now from the definition,/' and g' are embeddings, and by E4, f' f = g'g. 

Hence(/' ,g', D) is an amalgam of (A, f, B,g, C). To see that it is a strong amalgam, 

let [w] E f ( B) () g( C). Then [w] = [b] = [c] for some b E B, c E C. But then b p c, 

and this is only possible if b ,..., c by E4, that is, [w] E /' J(A). Hence (/', g', D) is 

a strong amalgam. 0 

Varieties of Abelian Groups. In this subsection, I will present results that 

show that abelian varieties of groups have the amalgamation property, and that 

the abelian varieties are precisely the varieties satisfying the congruence extension 

property. Recall a group G is said to be abelian if it satisfies the identity a+b = b+a 

(By convention I will use + as the operation for an abelian group, and 0 for the 

identity). We call a variety of groups abelian if every member of the variety is 

abelian. 

I will assume the reader is familiar with the concept of normal subgroup and the 

center of a group (denoted Z ( G) ). I will also denote the n-element cyclic group by 

Zn, and by Zp°" the group given by union of the chain of subgroups 

Recall also that for subgroups A and B of a group G, we define the commutator 

subgroup [A, B] to be the smallest normal subgroup containing all elements of the 

form [a, b] = aba-1 b-1 , where a E A, b E B. As a reference to these concepts and 

other basic group terminology, see Grove {83]. 

In Fuchs [70], there is a complete characterization of abelian varieties of groups. It 

uses the following facts: 

(1) Every subdirectly irreducible abelian group G is isomorphic to ZP" where p 

is a prime number and k is a natural number or oo. 

(2) If V is a proper subvariety of the variety of all abelian groups, then V is 

determined by an identity of the form nx = 0 (and the abelian identity), 

where n is a natural number. 

Using this we have: 

(3) If V is the variety of all abelian groups, then 

VwMI = {Zp°" : pis a prime number}. 
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( 4) If Vis the proper subvariety of all abelian groups determined by the identity 

nx = 0, where n has prime decomposition n = p~1 
••• p~m. Then VwMI = 

{Zp1'=1, • • • 'ZPm'°m }. 

The variety of all abelian groups will be denoted by A, and the subvariety of A 

determined by the identity nx = 0 will be denoted by An. 

Given a group G, there is a correspondence between the normal subgroups of G and 

the congruences on G. Using this correspondence, we are able to give an alternative 

characterization of the congruence extension property for groups. 

LEMMA 3.1.2. The following are equivalent for a group G: 

(1) G satisfies the congruence extension property. 

(2) For every subgroup H of G and K a normal subgroup of H, there is a 

normal subgroup N of G such that N n H = K. 0 

Using this characterization, I present a proof that the varieties satisfying the con­

gruence extension property are the abelian ones. 

THEOREM 3.1.3 {Biro, Kiss and Palfy [82)). Let V be a variety of groups. 

Then V has the congruence extension property if and only if V is abelian. 

Proof. Since all subgroups of an abelian group are normal, by lemma 3.1.2, if V is 

abelian, V satisfies the congruence extension property. 

Suppose V satisfies the congruence extension property. We first prove the following 

claim: 

(*) For GE V, A an abelian subgroup of G, we have [A, G] n A= {e}. 

Proof of claim: Since G x G E V, it satisfies the congruence extension property. Let 

~A = {(a, a) E G x G: a EA}. Now since A is abelian, ~A is normal in A x A. 

Hence by lemma 3.1.2, there is a normal subgroup N of G x G such that N n ( .4. x 

A).= ~A· Let a E A,g E G, then ([a,g],e) = (a-1,a-1)((g-1,e)(a,a)(g,e)) E 

~A(g,e)- 1 ~A(g,e) ~ N. Hence [A,G] x {e} $ N, thus ~A= (Ax A) n N ~ 

(Ax A) n ([A,G] x {e}) = (An [A,G]) x {e}, which implies An [A,G] = {e}, 

proving the claim. 
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Now let G E Vs1 and let M be the unique minimal normal subgroup of G (cor­

responding to the monolith of G). Then M :5 Z(G): For let x E M,x f. e, 

and let A be the subgroup of M generated by x. Now A is abelian, and since 

[A, G] is normal in G, we have [A, G] 2::: M or [A, G] = { e}. In the former case 

[A, G] n A 2::: M n A = A -:j; { e}, contradicting the claim (*) above. Hence 

[A,G] = {e}, so xy = yx for ally E G, and so M :5 Z(G). 

Now pick g E G. Let B be the subgroup generated by MU {g}. Then since 

M :5 Z(G), Bis abelian. Again [B,G] 2::: Mor [B,G] = {e}. In the first case, 

[B, G] n B ~ M -:j; { e }, contradicting(*). So [B, G] = { e }, that is gz = zg for all 

z E G, so G is abelian. 

Now since each member of Vs1 is abelian, each member of Vis abelian. D 

The last part of this subsection is devoted to showing that the abelian varieties 

have enough injectives, and hence satisfy the amalgamation property. To do this, 

we need the following definition. 

DEFINITION 3.1.4. An abelian group G is said to be divisible if for every a E G 

and n EN, there is an x E G such that nx =a. 

For example, for every prime p, Zpoo is divisible. 

THEOREM 3.1.5 (Baer [40]). In the variety of abelian groups A, every divisible 

group is injective. 

Proof. Let J : A '-+ B E A be an embedding, and let g : A --+ G be a homomor­

phism with Ga divisible group. We need to construct a homomorphism h: B--+ G 

extending g. 

Let S = {(C, k): k: C--+ G is a homomorphism, f(A) :5 C :5 B, kf = g}. Now 

the relation 2::: on S given by 

is a partial order. Also, since S is not empty (it contains (f(A), gf- 1 )) and S is 

closed under unions of chains, by Zorn's lemma, S contains a maximal element, say 

(D, h). We show D = B. 



60 3. EXAMPLES OF VARIETIES WITH THE AMALGAMATION PROPERTY 

Suppose not. Then pick x E B \ D. Let E be the abelian group generated by 

DU {x}. If the intersection of the group generated by x (denoted (x)) with Dis 

just the zero element, then E = D ffi (x), so there is a homomorphism h' : E-+ G 

given by h'(d + mx) = h(d), where d ED and m E Z. Note that h' extends h. On 

the other hand, suppose D n (x) =f. {O}, then choose the smallest k E N such that 

kx E D. Now every element in E has unique representation d + mx with d E D 

and 0 ~ m < k. Set a= h(kx) E G. Since G is divisible, there is ab E G with 

a= kb. Define h': E-+ G by h'(d + mx) = h(d) + mb,d ED, 0 ~ m < k. Note h' 

is a homomorphism extending h. Hence, in both cases, we have constructed a pair 

(E, h') > (D, h), contradicting maximality. Hence D = B, so G is injective. D 

COROLLARY 3.1.6. For A, the variety of abelian groups, all members of VwMI 

are injective. 

Proof. For every prime p, Zpoo is divisible. D 

In the following lemma, I use the notation (n, m) for the highest common factor of 

n and m, where n, m E N. 

LEMMA 3.1.7 (Bruyns and Rose (89)). Let k, l, m EN, and let k ~ l ~ m. If 

f : ZP" '---+ zp, and g : ZP" '---+ Zpm are embeddings, then there is a homomorph.ism 

h: ZP' -+ Zpm such that hf= g. 

Proof. Let r = f(l) and y = g(l). r has order pk in ZP'' so (r,p1) = (r,pm) = p1-k. 

y has order pk in ZPm' so (y,pm) = pm-k. Hence there is an integer n such that 

n(r,pm) = (y,pm). Now there are integers sand t such that rs+ pmt = (r,pm), 

hence nrs + npmt = (y,pm). Decomposing y into y = (pm,y)n*, where n* is an 

integer, we have y = rsnn* mod pm. Define h: ZP' -+ Zpm by h(l) = snn* (since 

zP, is generated by 1, this is sufficient to define h). Since h(f(l)) = h(r) = rsnn* = 
y = g(l) mod pm, we have hf= g. 0 

THEOREM 3.1.8 (Bruyns and Rose (89)). Let V = An for some natural 

number n. Then every member of Vw Mr is injective in V. 

Proof. Let f : A '---+ B E V be an embedding and g : A -+ Zpm E Vw MI he a 

homomorphism. Then there is a k ~ m, and epimorphism e : A - ZP" and an 
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embedding m : ZP" <--+ ZP' such that me = g. Since every abelian variety has the 

congruence extension property, we have C E V, an embeddings : ZP" <--+ C and 

an epimorphism t : B - C such that tf = se. In fact, we may by lemma 1.2.23 

assumes is essential, hence C '.:::'. ZP' for some k ~ l ~ m. Hence by lemma 3.1.7, 

there is a homomorphism h: C---+ Zpm such that hs = m. Letting h =ht, we have 

hf = g, so Zpm is injective. 0 

LEMMA 3.1.9. Let V be a variety. Then injectives in V are closed under direct 

products. 

Proof. Let f : A <--+ B E V be an embedding and let {Ci : i E I} be a family of 

injectives in V. Let g : A ---+ Il Ci be a homomorphism. If n; : Il Ci - C; is 
iEJ iEJ 

the jth projection, since Cj is injective, there is a map h; : B ---+ C; such that 

h;f = n;g. Let h: B---+ Il Ci be the map given by the product map Il hi. We see 
iEJ iEJ 

hf= g. 0 

THEOREM 3.1.10 (B.H.Neumann (60]). Let V be an abelian variety. Then 

V has enough injectives, hence satisfies the amalgamation property. 

Proof. For every abelian variety V, each member of Vw MI is injective. Since abelian 

varieties are residually small, every member of V is embeddable into a product 

of members of VwMI, which are injective by lemma 3.1.9. Hence V has enough 

injectives. 0 

In fact, abelian varieties satisfy the property that epis are surjective. (To see this, 

let f : A ---+ B E V be an epi in an abelian variety V. Let C = BJ f(A), with 

g: B - C the canonical map, and let h: B---+ C take every element to the identity 

in C. Then, since gf = hf, g = h, and hence f(A) = B.) Hence abelian varieties 

satisfy the strong amalgamation proprty by theorem 2.1.9. 

Group Varieties Satisfying AP and RS. 
of this section. 

We now present the main result 

THEOREM 3.1.11 (Bergman and McKenzie (88]). The only residually small 

varieties of groups that satisfy the amalgamation property are the abelian varieties. 
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Proof. Since group varieties are congruence modular, a residually small variety 

satisfying the amalgamation property satisfies the congruence extension property by 

theorem 2.4.6. By theorem 3.1.3, the only group varieties satisfying the congruence 

extension property are the abelian ones. D 

A complete description of which group varieties satisfy the amalgamation property 

is not known. However, H. Neumann (67) states the following theorem (she refers 

to a construction of B.H.Neumann (60] as a hint for the proof). 

THEOREM 3.1.12 (H. Neumann (67], B.H.Neumann (60]). Let V be a 

proper subvariety of groups satisfying the amalgamation property. Then all its finite 

members are abelian. D 

However, since there are nonabelian varieties whose finite members are abelian (see 

Ol'shanskii (85)), the following question remains open: 

PROBLEM. Are the variety of all groups and the abelian varieties the only group 

varieties to satisfy the amalgamation property? 

3.2 Varieties of Semigroups 

The Variety of All Semigroups. I start with an example by Kimura [57], 

which shows that the variety of all semigroups fails to satisfy the amalgamation 

property. 

THEOREM 3.2.1 (Kimura (57]). The variety of all semigroups S does not 

satisfy the amalgamation property. 

Proof. Let A = { u, v, w, O} be the semigroup with all products equal to 0. Let 

B = AU {b} with bu = ub = v and all other products 0 and C = AU {c} with 

cv = vc = w and all other products 0. Note that B and C are semigroups. Let 

(A,f,B,g,C) be the double extension with f: A <-t Band g : A <-t C the re­

spective inclusion maps. Suppose (J', g', D) is an amalgam of (A, f, B, g, C). Then 

g'(w) = g'(v)g'(c) = f'(v)g'(c) = f'(b)J'(u)g'(c) = f'(b)g'(u)g'(c) = J'(b)g'(O) = 
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J'(b)J'(O) = J'(O) = g'(O), contradicting w f. 0. Hence S does not satisfy the 

amalgamation property. D 

In the light of the above theorem, much attention has been devoted to determining 

which semigroups are in Amal( S). One of the principal results is that Amal( S) 

contains all inverse semigroups (which includes all groups). For a definition of an 

inverse semigroup, and a proof of this result, see Howie [75]. 

Semigroup Varieties Satisfying CEP. In this section, I present results 

due to Biro, Kiss and Palfy [82] which describe all the semigroup varieties that 

satisfy the congruence extension property. As the proofs are largely dependent on 

semigroup theory, the proofs have been ommitted. 

DEFINITION 3.2.2. 

(1) We denote by N the two-element null semigroup, that is, there is a 0 E N 

such that for all a, b E N, ab = 0. 

(2) We denote by L the two-element left-zero semigroup, that is, for all a, b E 

L,ab =a. 

(3) We denote by R the two-element right-zero semigroup, that is, for all a, b E 

R,ab = b. 

(4) We denote by H the two-element semilattice, that is H = {O, l} with ab= 1 

if and only if a= b = 1 for all a, b E H. 

(5) We denote by Zn the cyclic group of order n viewed as a semigroup, where 

n is a natural number. 

Note that N, L, R and H are all subdirectly irreducible. 

Given any semigroup G, we append an element 0 to G such that 0 is an identity 

on G. We will denote this new semigroup obtained from G by G0 • 

Put 

Qn = { Zm : m divides n and m is a prime power} 

u { z~l : m divides n and m is a prime power} . 

Let Sn= {R,R0 ,L,L0 ,H,N} u Qn. 
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For n E N, let Wn be the subvariety of semigroups determined by the pair of 

identities: 

xyzu = xzyu. 

THEOREM 3.2.3 (Biro, Kiss and Palfy (82]). Let V be a semigroup variety. 

Then the following are equivalent: 

(1) V satisfies the congruence extension property. 

(2) There is a natural number n such that Vs1 ~Sn. 

(3) There is a natural number n such that V ~ Wn· 0 

Residually Small Semigroup Varieties. McKenzie (81] has described all 

residually small semigroup varieties. I state without proof some of the results that 

will be used to describe all residually small varieties satisfying the amalgamation 

property. 

DEFINITION 3.2.4. 

(1) Let G be a group, and let a : G --+ S(U) be a homomorphism, where S(U) is 

the symmetric group over some non-void set U. Notice that each element in 

S(U) can be viewed as a bijection from U to U. In order to avoid confusion, 

for each g E G, we will denote by a 9 the image of g under a, viewed as a 

bijection a9 : U --+ U. We define R(G, U, a) to be the semigroup with the 

universe G U U U { 0} (we may assume that these 3 sets are disjoint) with 

the operation defined as follows for g, h E G, u E U: 

g · u = a 9 (u), 

g · h = their product in G, and 

all other products are 0. 

(2) Let G be a group, and let a : G --+ S(U) be a dual homomorphism (that 

is, for g, h E G, ll'gh = ah o a 9 ) where S(U) is the symmetric group over 

some non-void set U. We define L(G, U, a) to be the semigroup with the 

universe G U U U { 0} (we may assume that these 3 sets are disjoint) with 
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the operation defined as follows for g, h E G, u E U: 

u · g . a 9 (u), 

g · h = their product in G, and 

all other products are 0. 
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For example, let G = { e} be the trivial group and let U = { 1}. Since there is only 

one (dual) homomorphism a: G---+ S(U), we can define L* = L({e},{1},a) and 

R* = R({e}, {1},a). Note R* = {e, 1,0} with ex= x for all x ER* and all other 

products are 0. 

For n > 1, define the following semigroup varieties: 

(1) Si is the variety of semigroups satisfying the three identities: 

(2) S!J is the variety of semigroups satisfying the two identities: 

xn+ly = xy 

(3) S!) is the .variety of semigroups satisfying the two identities: 

THEOREM 3.2.5 (McKenzie (81)). 

(1) A .mbdirectly irreducible semigroup in Si is isomorphic to a member of the 

set {H, N, L, R, L0
, R0

} U 9n· 
(2) .4 subdirectly irreducible semigroup in S!J is either isomorphic to member of 

the set { H, N, R, R0
} U 9n or to R( G, U, a) where U is some non~void set, 

G is a group in 9n and a is some homomorphism a : G ---+ S(U). 

(3) A subdirectly irreducible semigroup in Sj is either isomorphic to member of 

the set {H,N,L,L0
} U 9n or to L(G,U,a) where U is some non-void set, 

G is a group in 9n and a is some dual homomorphism a: G---+ S(U). 

( 4) If V is a residually small semigroup variety, then V ~ Si for some n E 

N,i E {1,2,3}. 0 
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COROLLARY 3.2.6 (McKenzie [81)). Every residually small variety of semi­

groups satisfies the identity x 2n = xn for some n E w. 

Proof. A check shows each Sf satisfies x 2n = xn for each i = 1, 2, 3. D 

Semigroup Varieties Satisfying AP and RS. In this last subsection, I 

present some lemmas which lead up to a result due to Kearnes (89) that describe 

fully all residually small semigroup varieties satisfying the amalgamation property. 

Although semigroups are not congruence modular varieties, we still have residual 

smallness and the amalgamation property implying the congruence extension prop­

erty as a consequence. 

LEMMA 3.2.7 (Kearnes [89)). Let V be a variety of semigroups satisfying the 

amalgamation property. The subclass Q of groups in V also satisfies the amalgama­

tion property. 

Proof. Let (A,f,B,g,C) be a double extension in Q. It has an amalgam in V, say 

(J',g',D). Letting D' be the subsemigroup of D generated by f'(B) U g'(C), a 

check on the group axioms shows that D' is in fact a group. Hence (!', g', D') is 

an amalgam in Q. D 

LEMMA 3.2.8 (Kearnes [89]). If V is a residually small variety of semigruups 

satisfying the amalgamation property, then the subclass of groups in V is a residually 

small subvariety of V satisfying the amalgamation property. 

Proof. By corollary 3.2.6, V satisfies xn = x 2n for some n. Let Q be the variety 

of semigroups satisfying the identities xny = y and yxn = y in addition to those 

identities satisfied by V. We claim that Q is exactly the class of groups in V. For if 

GE V is a group, then xn = x 2n implies xn is the identity on G for any x E G, so 

G satisfies the extra two identities. Conversely, if G E Q, then the identities imply 

xn is an identity on G for any x E G, and for every Y E G, yn-l is an inverse of 

y. D 
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LEMMA 3.2.9 (Kearnes (89]). Let V be residually small, and suppose V contains 

either L* or R*, the semigroups given as examples after definition 9.2.4. Then V 

fails to satisfy the amalgamation property. 

Proof. If V is residually small and contains R*, then V ~ S!j for some n E N. Hence 

V satisfies the identity 

(*) 

Now assume V satisfies the amalgamation property. Let Z be the semigroup 

{O, u, v} with all products equal to 0. Let J, g : Z '---+ R* x R* be embeddings 

given by: 

J(O) = g(O) = (0, 0), 

J(u) = g(v) = (1,0), 

J(v) = g(u) = (1, 1). 

where R* = {O,e, 1} as before. Let (J',g',P) be an amalgam of (Z,J,R* x 

R*,g,R* x R*). Let w = f'J(v),z = J'f(u),y = J'(e,O) and x = g'(O,e). Now 

yz = J'((e,0) · (1, 1)) = J'(l,O) = J'f(u) = z. Similarly yw = z and xz = w = xw. 

Hence xnynz = xnz = w-::/= z = ynw = ynxnz, contradiction(*). Hence V does not 

satisfy the amalgamation property. The case for L • can be handled dually. 0 

DEFINITION 3.2.10. A variety V is said to have hereditary subdirectly irre­

ducible algebras if for any A E V SI, every subalgebra of A is sub directly irreducible 

or trivial. 

THEOREM 3.2.11 (Gratzer and Lakser [71)). Let V be a variety satisfying the 

congruence extension property and having hereditary subdirectly irreducible algebras. 

Then V satisfies the amalgamation property if and only if every double extension 

(A,J,B,g,C) with A,B,C E Vs1 has an amalgam in V. 

Proof. Since the latter statement is weaker, the condition is necessary. To show 

sufficiency, let (A, f, B, g, C) be a double extension in the variety V above. Now pick 

b, c E B, b-::/= c. Then by theorem 1.2.4, there is an S1 E Vs1 and an epimorphism 

</>: B __.. S1 such that </>(b) -::/= </>(c). Let s : </>J(A) '---+ S1 be the inclusion map, and 
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note that_ </>J(A) E Vs1 since V has hereditary subdirectly irreducible algebras. Now 

since V satisfies the congruence extension property, there is a S2 E V, an embedding 

t : </>J(A) <-+ S2 and epimorphism 'l/J : C - S2 such that 'I/Jg = t</>f. By lemma 

1.2.23, we may assume h is essential and hence S2 E Vs1. Now by the hypothesis, 

(</>J(A),s,S1 ,t,S2) has an amalgam, say (s',t',D). Now put/'.:_ s'</> and g' = t''l/J. 

Note J' J = g'g and J'(b) "# J'(c). Hence, by symmetry, the conditions of lemma 

1.3.3(2) axe satisfied, and the result follows. D 

THEOREM 3.2.12 (Kearnes (89]). The following are equivalent for a semi­

group variety V: 

(1) V satisfies the congruence extension property. 

(2) V is residually small and satisfies the amalgamation property. 

(3) V is residually small, R* f}. V, L* f}. V and V contains no non-abelian 

groups. 

Proof. (1) ===} (2): V is residually small by theorems 3.2.3 and 3.2.5. By doing an 

exhaustive case study on the subdirectly irreducible members mentioned in theo­

rem 3.2.3(2), it can be seen that V has hereditary subdirectly irreducible algebras. 

Hence, to show that V satisfies the amalgamation property, we need only show that 

Vs1 satisfies the amalgamation property by theorem 3.2.11. This can be done by 

an exhaustive case study of all possible combinations. For some of the details, see 

Biro, Kiss and Palfy (82]. 

(2) ===} (3): By lemma 3.2.9, if Vis residually small and satisfies the amalgamation 

property, then R*, L* fj. V. Now let Q be the subclass of all groups in V. By lemma 

3.2.8, it is a residually small variety satisfying the amalgamation property, hence 

by theorem 3.1.11 it must be abelian. 

(3) ===} (1): Since Vis residually small, V ~ Si for n E N, i E {1,2,3}. If 

i = 1, then by theorem 3.2.3, Vs1 is contained in Sn, hence by theorem 3.2.3 the 

conclusion follows. If i = 2, suppose V s1 has a member of the form R( G, U, a) as 

in definition 3.2.4. Then R* is a subsemigroup of R(G, U, a), a contradiction. Thus 

Vs1 ~ Sn, so V satisfies the congruence extension property. The case i = 3 is the 

dual of the case i = 2. D 
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3.3 Varieties of Lattices 

The Variety of Distributive Lattices. That the variety of distributive 

lattices satisfies the amalgamation property was first noted by Pierce [68]. In fact 

Banaschewski and Bruns [68] showed that this variety has enough injectives. I give 

a proof of these results below. 

THEOREM 3.3.1 (Pierce [68], Banaschewski and Bruns [68]). The variety 

of distributive lattices V has enough injectives, and hence satisfies the amalgamation 

property. 

Proof Since Vs1 = VwMI = {2.}, where 2. is the two-element chain, we need only 

show that 2. is injective. For then, since every member of V is embeddable into a 

direct product of two-element chains, and injectives are closed under direct products 

(lemma 3.1.9), we have V has enough injectives. 

Let f : A '---+ B E V be an embedding and let g : A -+ 2. be a homomorphism. 

We need to find a homomorphism h : B -+ 2. such that hf = g. If g(A) is a 

singleton, then we may let h be the map that maps all of B onto the singleton 

g(A). Thus we may assume g is an epimorphism. Then I = g-1(0) and F = 

g-1(1) are respectively an ideal and filter on A. Now J(I) can be extended to an 

ideal I' = { b E B : b ~ a E /(I)} on B, and similarly, f ( F) can be extended to a 

filter F' = {b EB: b ~a E J(F)}. Now I' n F' = 0, hence by Zorn's lemma and 

distributivity of B, we can extend J' to a maximal ideal M on B, which is also 

disjoint from F'. Define h : B -+ 2. by: 

{ 

0 if b EM 
h(b) = 

1· if b ~ M. 

A check shows that h is a homomorphism extending g. 0 

Note that V does not have the strong amalgamation property: For consider A = 

{ 0, a, 1}, B = { 0, a, b, 1} and C = { 0, a, c, 1} where A, B and C are the distributive 

lattices given in figure 3.1. 
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FIGURE 3.1 

Let (f',g',D) be an amalgam of (A,f,B,g,C), where f: A<-:-+ B,g: A<-:-+ Care 

the inclusion maps. Let D' be the sublattice of D generated by the f' ( B) U g1 
( C). 

Now f'(b) and g'(c) are both complements of g1(a) = f'(a) in D', hence since D' 

is distributive, f' ( b) = g' ( c ). Hence f' ( B) n g1 
( C) -f:. f' f (A), so V does not satisfy 

the strong amalgamation property. 

The Variety of All Lattices. I now present a proof that the variety of all 

lattices possesses the strong amalgamation property. 

THEOREM 3.3.2 (Jonsson [56]). The variety of all lattices C satisfies the 

strong amalgamation property. 

Proof. Let (A,], B, g, C) be a double extension in .C. We may assume Band Care 

disjoint. Put D =BU C, and consider a relation p on D given by: 

x p y if and only if x = y 

or there is an a EA such that ](a)= x and g(a) = y, or vice versa. 

Notice that p is an equivalence relation on D. Let D = D / p, and let B -

{b/pED:bEB}, C = {c/pED:cEC} and A= {}(a)/pED:aEA} -

{g(a)/pED:aEA}. Now B,C ~ D, and BnC =A. Let f: A<-:-+ Band 

g : A <-:-+ C be the inclusion maps. Observe that A, B and C are respectively 
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isomorphic to A, B and C, and hence we need only show (A, f, B, g, C) has an 

amalgam to show (A, f, B, g, C) has amalgam. To do this, we start by defining a 

partial order ~Don Das follows (We denote the partial order and lattice operations 

on Band C by ~B,+B,·B and ~c,+c,·c respectively): 

x ~D y if and only if 

x ~ B y if x, y E B 

x ~c y if x, y E C 

x ~B a, a ~c y for some a E A if x E B, y E C 

x ~ c a, a ~ B y for some a E A if x E C, y E B. 

A check shows that ~Dis indeed a partial order on D. Now define a subset I of D 

to be a (B, C)-ideal of D if I satisfies: 

(1) x EI and z ~D x implies z EI, 

(2) x, y E In B implies x + B y E I, and 

(3). x, y E In C implies x +c y E I. 

Let I(B, C) be the collection of all (B, C)-ideals of D together with the empty 

set. I(B, C) is closed under arbitrary intersections, so it forms a complete lattice 

with I· J = In J and I+ J is the (B, C)-ideal generated by the I U J, where 

I, J E I(B, C). Now for each x ED, the principal ideal (x] is a (B, C)-ideal, so we 

can construct maps f' : B -+ I( B, C) and g' : C -+ I( B, C) as follows: 

J' ( x) = ( x] for x E B 

J'(y) = (y] for y EC. 

We show (f' ,g',I(B, C)) is a strong amalgam of (A,J,B,g,C) by showing: 

(1) f' and g' are embeddings, 

(2) f' f = g'g, and 

(3) j'(B) n g'(C) = f' J(A). 

Proof of (1): Let x,y EB. Then f'(x +By)= (x +By] 2 (x] + (y] since x,y ~D 

x +By. Also, x, y E ((x] + (y]) n B, hence by (2) of the definition of a (B, C)-ideal, 

x +By E (x] + (y] so (x +By] ~ (x] + (y]. Hence f'(x) + f'(y) = J'(x +By). 

Similarly f'(x ·By)= f'(x) · f'(y). Now if f'(x) = f'(y), then x ~Dy and y ~D x 

so x ~ y, he~ce f' is an embedding. The case for g' proceeds similarly. 

Proof of (2): That f' f = g' g follows from A= B n C. 
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Proof of (9): Suppose IE /'(B) n g'(C). Then there is ab E B, c E C such that 

(b) = (c) =I. But then b 5.v c and c 5.v b implies b = c. Thus b E B n C =A so 

IE f'f(A). 0 

The Variety of Modular Lattices. When proving that distributive lattices 

satisfy the amalgamation property, we made use of the fact that every distributive 

lattice can be embedded in a Boolean algebra, which is just a complemented dis­

tributive lattice. The next theorem contains a similar result for modular lattice.B: If 

a non-distributive variety of modular lattices satisfies the amalgamation property, 

then every lattice in the variety can be embedded in a complemented one. 

THEOREM 3.3.3 (Gratzer, ~onsson and Lakser (73]). Let V be a non-distri­

butive variety of modular lattices satisfying the amalgamation property. Then every 

member of V can be embedded in a simple complemented lattice in V. 

Proof Let LEV. Since every lattice in a variety can be embedded into a member 

of the variety having a top and bottom element (for example, the lattice of ideals 

of a given lattice), we may assume L has a top and bottom element, say lL and 

OL respectively. Now M3 E V, say M3 = {O,a,b,c, 1} with atoms a,b and c. 

Let ~ = {O, a, 1} be the three-element chain viewed as a sublattice of M3 with 

g: ~ L-+ M 3 the inclusion map. Pick any x EL\ {OL, lL} and define f: ~ L-+ L by 

f(O) = OL, f(a) = x and f(l) = 1£. Now since V has the amalgamation property, 

rn,J,L,g,M3 ) has an amalgam, say (f',g',L 1 ). Again we may assume L 1 ·is a 

lattice with top and bottom elements, and that L1 is in fact an extension of L. 

Iterating this process now for each x E L (using transfinite induction, since V is 

closed under unions of chains), we arrive at an extension Co of L such that for each 

x E L \ {OL, lL}, x is contained in a diamond sublattice of C0 • Repeating this 
' 

process we obtain a countably infinite sequence 

of lattices in V, all having the same top and bottom elements as L (which we will 

denote by 1 and 0 respectively), and having the property that for all n E w, if 

x E Cn \ {0, 1}, then xis in a diamond sublattice of Cn+1, with 1 and 0 as top and 

bottom element of the diamond respectively. 
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Letting Cw = Unew Cn we see Cw E V and is complemented. To show Cw is simple, 

recall that in a complemented modular lattice every congruence 0 is determined 

by the ideal of elements congruent to 0 mod e. If e is not trivial, there is an 

x E Cw, x =/:- 0 such that (x, 0) E 0. If x = 1 then 0 is automatically the top 

congruence, else if x < 1, then x E Cn for some n E w. But then there is a diamond 

sublattice {0, x, y, z, 1} of Cn+l and hence of Cw. Since M3 is simple, it follows that 

(1, 0) E 0, so 0 is the top congruence of Cw. Hence Cw is simple. 0 

In Crawley and Dilworth [73](page 131), a modular lattice is constructed that 

cannot be embedded into any simple complemented modular lattice. This gives us 

an immediate consequence to theorem 3.3.3. 

COROLLARY 3.3.4 (Gratzer, Jonsson and Lakser [73]). The variety of 

modular lattices M does not satisfy the amalgamation property. 0 

Projective Spaces. Projective spaces play an important role in the study of 

modular lattices. In this subsection, I outline some of the key results that we will be 

using to show that no non-distributive modular variety satisfies the amalgamation 

property. For the proofs of most of these results, consult Crawley and Dilworth [73). 

DEFINITION 3.3.5. 

(1) A projective space (also projective geometry) is a pair of sets (P, L), where 

P is a set whose elements are called points and L is a collection of subsets 

of P called lines, satisfying the following conditions: 

(Pl) Each line contains at least two points. 

(P2) Any two distinct points p and q are contained in exactly one line 

(denoted by {p, q} ). 

(P3) Let p, q and r be three distinct points such that no line. contains 

{p, q, r}. Then if a line l intersects any two of the lines {p, q}, {p, r}, { q, r} 

in distinct points, then it intersects the third line. 

(2) If a point p E Pis an element of a line l E Lin a projective space (P, L), we 

say p lies on l or l passes through p. We call a set of points colinear if all 

the points lie on the same line. A triangle (p, q, r) is a triple of non-colinear 

(and hence distinct) points. 



74 3. EXAMPLES OF VARIETIES WITH THE AMALGAMATION PROPERTY 

(3) Given a projective space (P, L), we call a subset S of P a subspace of P 

if for every p, q E S such that p =/:- q we have {p, q} ~ S. We denote the 

collection of subspaces of of P by .C(P). 

The connection between projective spaces and modular lattices is given by the fol­

lowing theorem, the proof of which is in Birkhoff [48), Frink [46) and Mousinho [50) .. 

THEOREM 3.3.6. Let P be an arbitrary projective space. 

(1) .C(P) is a complete modular lattice, using set-inclusion as the lattice order­

ing. 

(2) With every modular lattice M, let P(M) be the pair (P, L), where P is the 

set of all atoms of M, and L = { {p, q} : p, q E P,p =/:- q} where {p, q} = 
{ r E P : r ~ p + q} (that is, a line through distinct atoms p and q is the set 

of all atoms below p + q). Then P(M) is a projective space. 

(3) P(.C(P)) is isomorphic to P. D 

DEFINITION 3.3.7. 

(1) The dimension of a projective space P is defined to be the height of the 

modular lattice .C( P). 

(2) A projective space is called non-degenerate if every line contains at least 

three points. 

(3) A projective space P is said to be Desarguesian if for any two triples 

( ao, a 1, a2) and ( bo, b1, b2) of distinct points in P such that the lines { a 0 , b0 }, 

{ a1, b1} and { a2, b2} intersect in a common point d, then the pairs of lines 

{ao,ai} and {bo,bi}, {ao,a2} and {bo,b2} and {ai,a2} and {b1,b2} inter­

sect in three colinear points, say c2, c1 and c0 respectively (see figure 3.2 

below). 
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FIGURE 3.2 

Important examples of non-degenerate spaces can be constructed from vector spnces 

over division rings (a division ring is a ring with a unit, and where every non-zero 

element has a multiplicative inverse) as follows: 

Let V be an a-dimensional vector space over D, a division ring. The lattice £(V, D) 

of all vector subspaces of V is a modular lattice, hence we can construct an a­

dimensional projective space P = P(£(V, D)). In fact, we have £(V, D) is isomor­

phic to £(P). (see Crawley and Dilworth [73]). 

One of the main results of co-ordinate geometry is the coordinization theorem, due 

to Frink [46). 

THEOREM 3.3.8 (Frink [46)). Let P be a non-degenerate Desarguesian projec­

tive space of dimension a ~ 3. Then there exists a division ring D, unique up to 

isomorphism, such that £(P) is isomorphic to £(D'X, D). 

For a full proof of the above result, see Crawley and Dilworth [73). I make only the 

follwing observation: To construct the division ring D above, we pick an arbitrary 
' 

line m say of P, and a point a 00 on m. Set D = m \ {a00 }. Choosing any a0 ED, 

it is possible to define ring operations on D with ao the additive identity, such that 

D is a division ring with the properties described above. 

Modular Lattice Varieties. All nondistributive subvarieties of modular 

lattice varieties fail to have the amalgamation property (proof due to Gratzer, 

Jonsson and Lakser [73)). I present an outline of the proof below. It uses the 

following lemma. 
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LEMMA 3.3.9 (Gratzer, Jonsson and Lakser (73)). Let V be a variety sat­

isfying the amalgamation property, and let A,B,C,D EV. 

(1) If B is an extension of A, and J : A ~ B is any embedding, then the7·e is 

an extension EE V of B and embedding g: B ~ E such that glA = f. 
(2) If D is an extension of C, and a is an automorphism on C, then there exists 

an extension DE V of D and an automorphism /3 on D such that /31 0 =a. 

Proof. 

(1) Let i : A ~ B be the inclusion map, and consider the double extension 

(A,f,B,i,B), which by assumption has an amalgam (J',i',E), say. The 

result follows if we identify B with its image J'(B) in E. 

(2) Let Do = C, D1 = D and let ho : Do~ D1 be the embedding obtained by 

composing a with the inclusion map from Do into D1. Applying (1) with 

A = Do, B = D1 to obtain an extension D2 of D1 and an embedding h1 : 

D1 ~ D2 such that h1 lho(Bo) = h0
1

. Continuing this process inductively we 

obtain a countably infinite sequence of extensions C = Do ~ D1 ~ D2 ~ ... 

and a sequence of embeddings hn : Dn ~ Dn+I such that hn+1 lhn(Dn) = 
h;1 • (See figure 3.3. ). 

Doc ) D2c ) D4 c )o ••• 

~ a=·of ~ G/. G· 
D1 c )o Dae )o Ds c )o ••• D 

FIGURE 3.3 

We can define 

D = LJ Dn and /3 = LJ h2n 
nEw nEw 

and we see /3 : D --t D is an embedding. To see that /3 is onto, choose any 

y ED. By the definition of D, there is an n E w such that y E D2n+I· Put 

x = h2n+1(y), then /3(x) = h2n+2(x) = y, since h2n+2 is an extension of 

h2~+i · Hence /3 is an automorphism on D such that /31 0 = a. D 
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THEOREM 3.3.10 (Gratzer, Jonsson and Lakser [73]). Any non-distribu­

tive subvariety of the variety M of all modular lattices does not satisfy the amalga­

mation property. 

Outline of proof. Suppose, for a contradiction, that there is a non-distributive mod­

ular lattice variety V satisfying the amalgamation property. By theorem 3.3.3, every 

L E V can be embedded into a simple complemented lattice C E V. We may assume 

C contains an infinite chain. (For if not, embed L into L', the lattice obtained by 

adding an infinite chain to L. L' E V, so we may apply theorem 3.3.3 to L'). Now 

C can be embedded into some .C( P) E V, where P is a projective geometry. (For 

the details, see Jonsson (54) and Frink (46)) . .C(P) is isomorphic to a product of 

lattices induced by non-degenerate projective geometries, say n .C( pi), and in fact, 
iEJ 

since C is simple, C is embeddable in .C(Pi) for some i E J. (For the details, see 

Gratzer, Jonsson and Lakser [73)). Hence for any LEV, L can be embedded into 

£(P) E V for some infinite dimensional non-degenerate projective space P. 

There is a three-dimensional projective space Q such that .C( Q) E V and Q has at 

least six points on each line (for the details see Gratzer, Jonsson and Lakser [73)). 

Now .C(Q) can be embedded into .C(P) E V for some infinite projective geometry 

P. By theorem 3.3.8, .C(P) is isomorphic to .C(V, D) for some vector space V over 

a division ring D. But then .C(Q) is isomorphic to a sublattice of subgroups of an 

abelian group, hence is Desarguesian. Hence by theorem 3.3.8, .C( Q) is isomorphic 

to some .C(V, D) for some vector space V over D. In fact, we can choose any two 

points a0 and a 00 on some line m, and V = m \ { a 00 } with ao as additive inverse. 

Any permutation of points of m induces an automorphism on the interval m/ 0 

in .C(Q). Since m has at least six points, there is an x, y E V \ {a0} so that 

x E0 y =/= ao, where E0 is the vector addition. Thus we can find an automorphism 

a on the interval m/ 0 that keeps ao, a00 , x and y fixed, but maps x + y onto a 

point z =/= x + y. By lemma 3.3.9, there is an extension K E V of .C(Q) such that 

a extends to an automorphism /3 on K. Applying the above argument again to K, 

we K is embeddable into some .C(Vi, D1) for some vector space Vi over D1, letting 
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say f : K '---+ .C(V1, D1) be the embedding. Now the following holds: 

a E f(x EB y) if and only if for some b E f(x), c E f(y) 

we have a 8 b, a 8 c E f(aoo) and a 8 b 8 c E f(ao) 

(where a 8 b = a EB ( e b) where 8 b is the additive inverse of b 

(For details, see Gratzer, Jonsson and Lakser [73)). 

But then, since /3 fixes x, y, a00 and ao, we have f(x EB y) = f(/3(x EB y)) = f(z), 

contradicting the fact that f is an embedding since x EB y -:j; z. 0 

A-Decomposability. A-Decomposability was first introduced by Slavik [83]. 

This notion will be used to present a complete characterization of all lattice varieties 

satisfying the amalgamation property. 

DEFINITION 3.3.11 (Slavik [83]). Let L be a finite lattice with L1 and L2 

proper sublattices of L, and L = L1 UL2. Let i1: Li nL2 <--+Li and i2: L1 nL2 <--+ 

L 2 be the respective inclusion maps. L is said to be A-decomposable by means 

of L1 and L2 (written L = A( L1, L2)) if, whenever (ft, h, L3) is an amalgam of 

(L1 n L2, ii, L1, i2, L2), f =ft Uh is an embedding of L into LJ. 

Thus if V is a variety satisfying the amalgamation property, and L is a finite lattice 

with Li, L2 EV and L = A(L1, L2), then LEV. 

The above property is useful for constructing arbitrary large lattices in a lattice 

variety satisfying the amalgamation property. We will use it to show that if V is 

a non-distributive lattice variety satisfying the amalgamation property, it has to 

contain all lattices. 

For any element z EL, a lattice, let C(z) be the set of all covers of z in L, and let 

Cd(z) be the set of all dual covers of z in L. 

THEOREM 3.3.12 (Day and Jezek [84]). Let L = L1 U L2 be a finite lattice 

with L1 and L2 proper sublattices of L. Then L = A(L1, L2) if and only if L1 and 

L2 satisfy 

(1) For all {i,j} = {1, 2}, if x E Li, y E Lj and x :5 y, then there is a z E 

L1 n L2 such that x :::; z :::; y. 

(2) If z E L1 n L2, then Cd(z) ~ L1 or Cd(z) ~ L2. 

(3) If z E L1 n L2, then C(z) ~ L1 or C(z) ~ L2. 
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Proof. ===>:Suppose L = A(Li,L2). Let (/1,/2,I(Li,L2)) be the amalgam of 

(L1 n L2, ii, Li, i2, L2) given by the construction in theorem 3.3.2. By assumption, 

the map f =Ji Uh: L-+ I(Li,L2) given by f(x) = (x] is a lattice embedding. 

Let x EL;, y EL; with x ~ y where {i,j} = {1, 2}. Then J(x) = (x] s; (y] = J(y), 

and as in the proof of theorem 3.3.2, we have x ~Dy, hence there is a z E L1 n L2 

such that x ~ z ~ y. So (1) holds. Now suppose that (2) fails: Then there is a 

z E L1 n L2 with dual covers x and y such that x E Li\ L2 and y E L2 \ L1. Now 

z = x + y so J(z) = (z] = (x) + (y). But (x) U (y) is already an (L1 ,L2 )-ideal, so 

we have (x] U (y) = (x) + (y), a contradiction since z ~ (x) U (y]. Hence (2) holds. 

Proving that (3) holds is just the dual of the proof that (2) holds (using the filter 

completion). 

~ : Suppose (1), (2) and (3) hold. Let (/i,/2,L3 ) be an amalgam of (L1 n 

L2, ii, Li, i2, L2). We must show J =Ji Uh is an embedding from L into L3 • 

Now f is strictly order preserving: For if x < y and x, y E Li for some i E {1, 2}, 

then J(x) < J(y) since Ii is an embedding. On the other hand, if x < y and 

x EL;\ L;, y EL;\ Li where {i,j} = {1, 2}, then there is a z E Lin L2 such that 

x < z < y (the inequalities are strict as x,y ~ L1 nL2). But then f;(x) < f;(z) = 

fj(z) < fj(y), so f(x) < J(y). 

Next we show f is a homomorphism: Since fi is already a homomorphism for 

i = 1,2, we need only show J(x + y) = J(x) + J(y) and J(x · y) for some x E 

Li \ L2, y E L2 \ Li. 

Define, for i = 1,2, µi: L-+ Li by µi(u) = l:{v EL;: v ~ u} (with the interpre­

tation I: 0 = OLi ). Note that each µi is order-preserving. Define two sequences in 

L inductively as follows: 

Xo = X Yo= Y 
(*) 

Yn+i = Yn + µ2(xn)· 

By induction, for all n E w, Xn + Yn = x + y and J(xn) + /(yn) = J(x) + J(y). 

Claim: For some n E w, either Xn = x + y or Yn = x + y holds. 

Proof of claim: Suppose not, that is, Xn, Yn < x + y for all n E w. Now since L is 

finite, there is a k E w such that Xk+i = Xk and Yk+i = Yk· Hence µ1(Yk) ~ Xk and 
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µ2(xk) ::; YA: using(*) above. Also, by the definition of µ1 and µ2, µ1 (Yk) ::; Yk and 

µ2(xk)::; Xk. Hence µ1(Yk),µ2(xk)::; XkYk· 

~ow if XkYk E L1, then XkYk ::; µ1(Yk) so µ1(Yk) = XkYk E L1. But Yk E L2, hence 

by (1) there is a z E L1 n L2 such that µ1 (Yk) ::; z ::; Yk· But then z E L1 and 

z ::; Yk implies z ::; µ1(Yk) so z = µ1(Yk) = XkYk E L1 n L2. On the other hand, if 

XkYk E L2, a similar argument shows µ2(xk) = XkYk E L1 n L2. 

Now Xk, Yk ¢ L1 nL2 (For if Xk E L1 nL2, say, then µ2(xk) = Xk so Yk+l = Yk+Xk = 
x + y, contradicting our assumption, and similarly for Yk)· Let u, v be covers of 

XkYk such that u ::; Xk and v ::; Yk· Now u, v ¢ L1 n L2, for if say u E L1 n L2 then 

XkYk = µ2(xk) < u, contradicting the definition of µ2, and similarly for v. But 

then u E L 1 \ L 2 and v E L 2 \ L 1 , contradicting condition (3), and thus proving our 

claim. 

Now by the claim, for some n E w, Xn = x + y or Yn = x + y. Without loss 

of generality, suppose the former holds. Then J(x) + J(y) = f(xn) + f(Yn) = 

f(x + y) + f(Yn) = J(x + y) since f is order-preserving. 

The proof that f ( x) · f (y) = f ( x · y) is just the dual of the above argument. Hence, 

since f is a strictly order preserving homomorphism, it is an embedding. D 

COROLLARY 3.3.13 (Day and Jezek [84]). 

(1) If L = A(L1,L2) and L1 is a sublattice of L'i, i = 1,2, and each Li is a 

proper sublattice of L, then L = A(L1',L2'). 

(2) If L = [a) U (b] for some a, b E L with 0 < a < b < 1, then L -

A([a),(b]). D 

Bounded Lattices. Bounded lattices were first introduced by McKenzie [72]. 

Of particular importance is the fact that the finite bounded lattices generate the 

variety 'of all lattices. I state without proof some of the results about bounded 

lattices below. 

DEFINITION 3.3.14. 

· (1) A lattice L is said to be semidistributive if it satisfies the following two 

implications for all u, x, y, z E L: 

u = x + y = x + z implies u = x + yz and dually, 

u = xy = xz implies u = x(y + z). 
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(2) A lattice homomorphism I: L ~ L' is said to be upper bounded, if for every 

b EL' the set 1-1(b] = {x EL: l(x) $ b} is either empty or has a greatest 

element. 

(3) A lattice homomorphism I : L ~ L' is said to be lower bounded, if for every 

b E L' the set 1-1 [b) = {x EL: l(x) ~ b} is either empty or has a least 

element. 

( 4) A lattice homomorphism I : L ~ L' is said to be bounded if it is both upper 

and lower bounded. 

(5) A lattice L' is said to be bounded if it is the bounded epimorphic image 

of a free lattice (that is, there is a free L' and a bounded epimorphism 

e: L--++ L'). We denoted the finite bounded lattices by 8p. 

DEFINITION 3.3.15 (Day [70]). Given a lattice Land an interval I= u/ v in 

L, we construct a new lattice L[J] = (L \I) U (I x 2.) with the ordering x $ y in 

L[J] if and only if at least one of the following holds: 

(1) x, y EL\ I and x $yin L. 

(2) x E L \I, y = (b, i) and x $ bin L. (i = 0, 1). 

(3) y EL\ I,x = (a,i) and a$ yin L. (i = 0,1). 

(4) x = (a,i),y = (b,j) and a$ bin Landi$ j in 2_. 

Note there is a natural epimorphism 'Y: L[J] --++ L given by 

{

x UxEL\I · 

'Y( x) = 'f ( ") r I . 2 a 1 x = a, i 1or some a E , i E _. 

In theorem 3.3.16 below, (1) is a consequence of a result in Whitman (41], (2) can 

be shown using the definition of a bounded lattice, and I give a reference for the 

proofs for (3) to (5). 

THEOREM 3.3.16. 

(1) 'Every bounded lattice is semi-distributive. 

(2) 8 F is closed under sublattices, homomorphic images and direct products 

with finitely many factors. 

(3) (Day [77]) If LE 8p and I= u/ v is an interval in L, then L[I] E 8p. 

( 4) (Day [79]} A finite lattice L is bounded if and only if there is a sequence 

of lattices Lo, L1, ... , Ln+I = L, where Lo is the one-element lattice and 

a sequence of intervals uo/ vo, ... , Un/ Vn with each uif Vi ~ Li such that 

LH1 is isomorphic to Li[ ui/ vi], where i E {O, ... , n}. 
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(5) {Day [77]) The smallest lattice variety containing BF is the variety of all 

lattices £. D 

The Day-Jezek Theorem. If a non-distributive lattice variety satisfies 

the amalgamation property, using A-decomposibility we can show that all finite 

bounded lattices are in that variety, and hence it must be the variety of all lattices. 

I present the details of this argument below, due to Day and Jezek [84]. It enables 

us to describe all lattice varieties with the amalgamation property. 

LEMMA 3.3.17 (Day and Jezek [84]). Let I= u/ v be an interval in a lattice 

L, 0 E Con(L), and let J be the interval u/0/ v/0 on L/0. If I= LJJ, then 

L[J] is isomorphic to a sublattice of the direct product of L and L/ E>[J]. 

Proof. Recall for an algebra A, if <I>, '11 E Con(A) such that <I> n '11 = OA, then A is 

a subdirect product of A/ <I> and A/ W. So, to prove the above statement, we need 

only find W, <I> E Con(L[J]) such that L[I]/ W is isomorphic to a sublattice of L, 

L[I]/ <I> is a sublattice of L/ E>[J] and W n <I>= Oi[I)· 

Now let h : L[J] - L be the natural epimorphism, and let '1' = ker h. Note L[IJ/ W 

is isomorphic to L. Define <I> by: 

x <I> y if and only if h(x) 0 h(y) and x,y EL\ I or x,y EI x {i} where i = 0, 1. 

Since his a homomorphism and 0 E Con(L), <I> E Con(L[J]). Also, since I= LJ J, 

x E L \I implies x/ <I> = x/ 0 and 

(x, i) E Ix { i} implies (x, i)/ <I>= ( x/ 0, i) where i = 0, 1 

so L[I]/ <I> is a subset of L/ E>[J). In fact, a case by case analysis of meets and joins 

shows it is a sublattice. 

Now suppose x,y E L[J] and x ('11 n <I>) y. Then h(x) = h(y) and x,y EL\ I or 

x, y E I x {i}, (i = 0, 1). From the definition of L[J), we see x = y so <I> n '11 = 

OL(I)· 0 
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LEMMA 3.3.18 (Day and Jezek (84]}. If L is a finite semidistributive lattice, 

and u, v E L with v an atom and u a co-atom in L, then L[ u/ v) is a sublattice of 

a product of L and N. 

Proof. Let tc( u) = E { x E L : xu = 0} and A( v) = TI { y E L : y + v = 1}. Define a 

map h : L --.. 2 x 2 by 

h(x) = 

(1,1) ifxE l/u+A(v) 

(0,1) 

(1,0) 

if x E u/ v 

if x E A(v)/ tc(u) 

(0,0) if x E tc(u)-v/0 

Using semidistributivity, it can be shown that h is a well-defined homomorphism. 

Let e = ker h. Now J = ( u I e) I ( v I e) = { u I e}' hence u J = u I e = u I v. 

Hence (LI e )[ J) is isomorphic to a sublattice of N' and the result follows by lemma 

3.3.17. 0 

LEMMA 3.3.19 (Day and Jezek [84)). Let V be a lattice variety satisfying the 

amalgamation property and containing N. If L E BF n V and v ~ u E L, then 

Li= (L x 2)((u,i)/ (v,i)) E BF n V for i = O, 1. 

Proof. By theorem 3.3.16(4), 2 E BF. Hence L x 2 E BF by theorem 3.3.16(2), and 

thus Li· E BF for i = 0, 1 by theorem 3.3.16(3). 

Fix i = 1. Now if u = h, then Li ~ L x _a hence L1 E V. Hence we may assume 

u < 1£. We proceed inductively on the size of L. Since L is finite, there is a 

co-atom w of L such that u ~ w ~ 1 L. Let p = TI { y E L : y + w = 1}. Using 

semidistributivity, it can be checked that L = (w) U (p). Hence L x 2 can be 

represented as in figure 3.4. 



84 3. EXAMPLES OF VARIETIES WITH THE AMALGAMATION PROPERTY 

FIGURE 3.4 

Let I= (w, 1)/ (0, 1). Then by lemma 3.3.18, (L x2_)[1] is a sublattice of (L x2_) x N. 

Hence there is an induced homomorphism h : (L x 2.)[I] --+ N and thus (L x 2.)[I] 

can be represented as in figure 3.5. 

FIGURE 3.5 

where A, B 1 , B2, C and D are the congruence classes of ker h. Since Bo is an interval 

of (L x .2.)[J], we can use Day's construction to produce L' = ((L x .2.)[J])[Bo] as 

represented as in figure 3.6. 
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FIGURE 3.6 

Now L' EV by lemma 3.3.18, since NEV. Let J = u/ v, considered as an interval 

ir:iB. NowconsiderL'[J] = AUB0UB1UCUDUB[J]. Define Ci= AUBoUB1UCUD 

and C2 =Bo U B1 U B[J]. By checking the conditions of theorem 3.3.12, we have 

L'[J] = A(C1,C2). Now C1 is isomorphic (L x .2)[1] EV, by lemma 3.3.18. By 

corollary 3.3.13, C2 = A(Bo UB(J], Bi UB(J]) so C2 E V if and only if B1 UB(J] E V 

for i = 0,1. But B = w/O, so IBI < ILi and BiUB(J] = (B_x.2)[(u,i)/(v,i)]. 

Hence, by the induction hypothesis, Bi U B(J] E 8p n V for i --:- 0, 1 so C2 E V. 

Hence L'(J] EV. But L1 is a sublattice of L'[J], hence L1 EV. The case for i = 0 

is similar. 0 

THEOREM 3.3.20 (Day and Jezek [84]). The only lattice varieties satisfying 

the amalgamation property are T, V and .C. 

Proof. If V is a non-distributive lattice variety satisfying the amalgamation prop­

erty, then by theorem 3.3.10, N E V. By the lemma 3.3.19, if L E 8p n V and 

u/ v is an interval in L, we have L[ u/ v] E V since L[ u/ v] is a sublattice of 

(L x .2}[(u,O)/(v,O)]. Hence by theorem 3.3.16(4), 8p ~ V, and hence by the­

orem 3.3.16(5), V = .C. 0 

3.4 Varieties of Heyting Algebras 

Introduction. Heyting algebras are generalizations of Boolean algebras, where 

the complementation operation is weakened to a binary operation called (relative) 
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pseudocomplementation. In this subsection, I introduce the definition of and some 

elementary results concerning Heyting algebras. 

DEFINITiON 3.4.1. A Heyting algebra (H, +, ·, --+, 0, 1) is an algebra with three 

binary operations +, · and --+ (called {relative) pseudocomplementation) together 

with constants 0 and 1, such that (H, +, ·, 0, 1) is a distributive lattice with 0 and 1 

as bottom and top elements respectively, and the following identities are satisfied: 

(1) a·(a-+b)=a·b 

(2) (a-+b)·~=b 

(3) (a--+ b) ·(a--+ b) =a--+ (b · c) 

(4) a-+a=l 

We denote by 1i the variety of all Heyting algebras. We will use the following facts 

about Heyting algebras (see Rasiowa and Sikorski (63] for proofs of these and other 

basic facts about Heyting algebras). 

LEMMA 3.4.2. Let x, y, z E 1i, H EH.. Then 

(1) x ~ y-+ z if and only if xy ~ z. 

(2) If x ~ y then x --+ z ?.:'. y--+ z. 

(3) (x--+ y)(z--+ y) = (x + z)--+ y. 

( 4) x --+ y = 1 if and only if x ~ y. 

Proof. Found in Rasiowa and Sikorski (63]. 0 

Heyting algebras are congruence permutable and distributive, for one can check 

that m(x,y,z) = ((x --+ y) --+ z)((z --+ y) --+ x)(x + z) is Maltsev term. Some 

examples of Heyting algebras are: 

(1) Every bounded chain is a Heyting algebra, if we define 

{ 

1 if and only if a ~ b 
a-+ b = 

b if and only if b < a. 

We will denote the n + 2 element chain viewed as a Heyting algebra by Cn. 

(2) If (X, T) is a topology, the open subsets of X form a Heyting algebra with 

lattice order given by set-inclusion, and for any two open subsets A, B of 

X, A --+ B = int((X \ A) U B), where int is the interior operator on the 

topology. We will denote the Heyting algebra of open subsets of X by x 0 . 

(For a general introduction to topology, see Engelking (89]). 
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There is a correlation between filters and congruences on Heyting algebras. In fact, 

for H E 1-f., Con(H) is lattice isomorphic to Filt(H), where Filt(H) is the lattice of 

filters on H (with respect to ~). The isomorphism is given as follows: For every 

0 E Con(H), Fe= {a EH: a 0 1} is the filter corresponding to 0. Given a filter 

F E Filt(H), 0F = {(a,b) E H 2
: (a--+ b)(b--+ a) E F} is the congruence on H 

corresponding to the filter. 

Using the correspondence between filters and congruences we get the following 

lemmas: 

LEMMA 3.4.3. 

{1} a= b if and only if (a--+ b)(b--+ a)= 1 for a, b EH. 

{2} If 0 E Con(H), then H / 0 is finitely subdirectly irreducible if and only if Fe is a 

prime filter. 

(9) The following are equivalent: 

(a) HE 1ts1. 

(b) 1 E H is completely join irreducible. 

(c) H f= (3b)(Va)(a < 1 ===> a ~ b), that is H has a largest non-unit ele­

ment. 0 

In particular, we see that for any subvariety of Heyting algebras V, Vs1 is an ele­

mentary class. We will call the largest non-unit element of a subdirectly irredu<..ible 

algebra H the monolith of H. 

Since Heyting algebras are an example of distributive lattices, we can formulate the 

following result due to Stone [36] in the setting of Heyting algebras. 

LEMMA 3.4.4. Let I be a proper ideal of H, and let a rt I. Then there is a 

prime filter F of H such that F n I= 0 and a rt F. 

For the rest of this chapter, I will assume all prime filters are proper. (Recall a 

filter Fon His prime if for all a, b E H, a+ b E F implies a E For b E F). We 

denote by fl( H) the set of all prime filters of a Heyting algebra H. 

The Variety of All Heyting Algebras. 
satisfies the strong amalgamation property. 

I now present the result that 1t 
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THEOREM 3.4.5 {Day [b]). The variety of Heyting algebras 'H has the strong 

amalgamation property. 

Proof Let (A,f,B,g,C) be an amalgam in 'H. By the remark above lemma 

1.3.2, we may assume A :::::: B n C, and f and g are inclusion maps. Define 

X = {(P, Q) E n(B) x n(C): P n A= Q n A}. Define the map u: Bx C--+ 'P(X) 

by u(b, c) = {(P, Q) EX: b E P and c E Q}. Note for a prime filter F, we have: 

( 1) ab E F if and only if a E F and b E F 

(2) a+ b E F if and only if a E F or b E F. 

Hence, 

(*) 
u( b1 , Ct) n u( b2, C2) = u( b1 · b2, Ct · C2) 

and u(b1, c1) U u(b2, c2) = u(b1 + b2, c1 + c2). 

Also, u(l,1):::::: X. Hence the set 8 = {u(b,c): (b,c) EB x C} forms a base for a 

topology, say T on X. Put D = x 0 , the Heyting algebra of open subsets of X with 

respect to the topology T, and consider the functions f' : B --+ D and g' : C --+ D 

given by f'(b) = u(b, 1) and g(c) = u(l, c) respectively for b E B, c E C. We now 

proceed to show(!', g', D) is a strong amalgam of (A, f, B, g, C). 

Firstly, by (*) above, we see that J(b1) U /(b2) = f(b1 + b2), and J(b1) n /(b2) = 

J(b1 · b2) for each bi, b2 E B. Also /(1) = u(l, 1) = X and /(0) = cr(l, 0) = 0 as 

no prime filters contain 0. Hence J, and similarly g, are lattice homomorphisms 

preserving 0 and 1. 

Next we show f and g preserve pseudocomplementation. We need the following 

claim: 

Claim: Let F be a filter on Band Q a prime filter on C such that F n A~ Q n A. 

Then P. can be extended to a prime filter P such that (P, Q) EX. 

Proof of claim: 

Let G = F + { x E B : a :::; x for some a E Q n A} 

and I = { y E B : y :::; a for some a E A \ ( Q n A)} . 

Now Q n A is a prime filter on A, and I is an ideal on B. Now G n I = 0: For if not, 

then there is some u E Gnl. Hence there is an v E F, a1 E QnA and a2 EA \(QnA) 
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with a1 • v ~ u ~ a2. Hence v ~ a1 --+ a2 E A. Thus a1 --+ a2 E F n A ~ Q n A. 

Hence, since a1, a1 --+ a2 E Q n A, we have a2 E Q n A, a contradiction. 

Hence by lemma 3.4.4, there is a prime filter P 2 G such that P n I= 0. Now, 

if x E P n A, then x rt, I, in particular x rJ. A\ (Q n A) so x E P n A. Hence 

(P, Q) EX, proving our claim. 

As a special instance of the claim above, if we let F = { 1}, then we have that the 

following holds: For every Q E fl(C) there is a PE fl(B) such that (P, Q) EX. 

We now show f preserves pseudocomplements: Let b1,b2 EB. Now 

J' ( b1 ) --+ J' ( b2) = int ( ( X \ J' ( b1)) U J' ( b2)) 

= LJ {a(x, y): (X \ a(b1 , 1) U a(b2, 1)) ~ a(x, y)} 

= LJ {a(x, y) : a(bi, 1) n a(x, y) ~ a(b2, 1)} 

= LJ {a(x,y): a(b1 · x,y) ~ a(b2, 1)}. 

Now a ( b1 · (b1 --+ b2), 1) = a(b1 • b2, 1) ~ a(b2, 1) since J' is join preserving. Hence 

J(b1 --+ b2) = a(b1 --+ b2) ~ f(b1)--+ f(b2). 

To prove the other direction, suppose J(b1 --+ b2) ~ J(bi)nf(b2) for some b1, b2 EB. 

Then there is an (x, y) EB x C such that 

(1) a(x · b1, y) ~ a(b2, 1) and 

(2) a(x, y) <£:. a(b1 --+ b2, 1). 

By (2), there is a (P, Q) E a(x, y) such that b1 --+ b2 rJ. P. Now since b2 ~ b1 --+ b2, 

b2 rJ. P. Hence by (1) b1 rJ. P. 

Suppose b2 E P + [b1 ). Then there is a p E P such that b1 · p ~ b2, that is 

b1 --+ b2 ~ p, contradicting b1 --+ b2 rJ. P. 

So b2 rJ. P + [ b1 ) . Hence we may extend P + [ b1 ) to a prime filter P' with b~ rJ. P'. 

Thus QnA = PnA ~ P' nA so by the dual of the claim above, we may extend Q to 

a prime filter Q' on C with ( P', Q') E X. Now y E Q', x · b1 E P' and b2 rJ. P', hence 

(P',Q') E a(x·bi,y)\a(b2, 1), contradicting(l). Hence J(b1 --+ b2) = J(bi)-+ J(b2) 

so f is a homomorphism. Similarly we can show g is a homomorphism. 

Now to show J' is one-one, pick b E B with b -f:. 1. By theorem 1.2.4, there 

is a congruence 0 such that B/ 0 E 1is1 and b/ 0 -f:. 1/ 0. If P is the filter 
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induced by E>, we have P is a prime filter not containing b. Hence by the claim 

above, there is a Q E fl(C) such that (P,Q) EX. Note (P,Q) ~ a(b, 1), hence 

f'(b) = a(b, 1)-:/:- X = a(l, 1) = J'(l). Now if b1,b2 EB such that f'(bt) = f'(b2), 

then f'((b1 -t b2)(b2 -t bi)) = f'(l). Hence (b1 -t b2)(b2 -t bi) = 1, that is, 

b1 = b2 by 3.4.3(1 ), so f' is an embedding. Similarly g' is an embedding. 

To show f' f = g'g, note for a EA, 

J'(a) = a(a, 1) 

= {(P, Q) EX: a E P and P n A= Q n A} 

= {( P, Q) E X : a E P, a E Q and P n A = Q n A} 

= {( P, Q) E X : a E Q and P n A = Q n A} 

= a(l, a) = g'(a). 

We next show that f'(B) n g'(C) = f'f(A): Pick SE f'(B) n g'(C). Then S = 
a( b, 1) = a(l, c) for some b E B, c E C. We claim there is an a 1 E A such that 

b ~B a1 , a1 ~cc: Suppose not. Then for every a E An [b), a ~c c. Now An [b) is 

non-empty an.d closed under finite meets, so can be extended to a prime filter on 

C, say Q, with c ~ Q. By the claim above, since [b) n A ~ Q n A, we can find a 

prime filter Pon B with (P, Q) EX, b E P. But then (P, Q) E a(b, 1) \ a(l, c), a 

contradiction. 

Hence there exists an a1 E A such that b ~B a1, a1 ~c c. Similarly, one can show 

there exists an a2 E A such that c ~c a2, a2 ~B b. But then a1 = a2 = b = c so 

SE/' J(A). Hence rt has the amalgamation property. D 

Varieties Generated by Bounded Chains. As a first step to ;finding 

which residually small Heyting algebra varieties satisfy the amalgamation property, 

I present results which lead to theorem 3.4.8, which gives us an idea of the position 

varieties satisfying the amalgamation property occupy in the lattice of all Heyting 

algebra varieties. 

DEFINITION 3.4.6. Let CF be the set of all (non-isomorphic) finite chains 

(viewed as Heyting algebras), the let Cw be the variety generated by CF. 
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THEOREM 3.4. 7 (Day [b]). The variety Cw has the amalgamation property. 

Proof. CwsI ~ HSPu(Cp) by congruence distributivity of Heyting algebras, and 

since to be a bounded chain is a positive, universal first-order property, all members 

of CwsI are bounded chains. Note that this also shows Cw has hereditary subdi­

rectly irreducible algebras. Hence if (A, J, B, g, C) is a double extension in Cw 51 , it 

can be checked that there is an amalgam (!', g', D) where D is a bounded chain. 

Hence, since every subvariety of Heyting algebra satisfies the congruence extension 

property, by theorem 3.2.11, Cw satisfies the amalgamation property. 0 

The finite chains are projective in the variety of Heyting algebras (see Balbes and 

Horn (70]), hence 1-{ : Cn, the class of Heyting algebras which do not have Cn as 

a subalgebra forms a (splitting) variety. In particular, we denote by 1-{ the, variety 

1-{ : C2 , the variety of all Heyting algebras which do not contain the four-element 

chain as a subalgebra. 

THEOREM 3.4.8 (Day (b]). Let V be a Heyting algebra variety that satisfies 

the amalgamation property. Then V 2 Cw or V ~ 1-l. 

Proof. Suppose V satisfies the amalgamation property but V <f= 1-{. Then C2 E V. 

We will prove that for all n E w, Cn EV, hence V 2 Cw. 

Firstly, note Co,C1 and C2 E V. Suppose Cn E V, n 2: 2. Let Cn = 

{O,a1, ... ,an, 1} with 0 < a1 < < an < 1 and 

Cn-1 = {O,b1, ... ,bn-i,l} with 0 < b1 < ··· < bn-1 < 1. Put f: Cn-1 ~ Cn 

by J(bi) = ai for i = l. .. n - 1, f(O) = 0 and f(l) = 1. Put g : Cn-1 ~ Cn 

by J(bi) = ai+1 for i = 1 ... n - 1, g(O) = 0 and g(l) = 1. Since V satisfies the 

amalgamation property, (Cn-1,f,Cn,g,Cn) has an amalgam (D,f',g') say. Put 

D = f(Cn) U g(Cn)· A check shows that D is a Heyting algebra isomorphic to 

Cn+l· Hence by induction V 2 Cw. 0 

Varieties Below 1-{. While a complete description of the varieties above Cw 

is not known, a complete description of the varieties below 1-{ has been done by 

Day (a] (see also Lee (69) and Lee (70)). We first need the following definitions: 
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DEFINITION 3.4.9. 

(1) Given a Heyting algebra A with unit lA, we define A EB 1 to be the lattice 

with universe AU {1} obtained by adding a new unit 1 > lA. If we further 

define the operation --+ on A EB 1 by 

For all x, y EA EB 1, x --+ y = 1 if x, y E A, x ~ y I 
x --+A y if x, y E A, x f:. y 

y otherwise, 

we see A EB 1 is in fact a Heyting algebra. 

(2) We call a Heyting algebra Boolean if it satisfies the identity a--+ b =(a--+ 

0) + b. Note every Boolean Heyting algebra A is a Boolean algebra in 

the classical sense if we define the complement of a E A to be a --+ 0. 

Conversely, every Boolean algebra can be viewed as a Heyting algebra if we 

define a --+ b to be the join of the complement of a with b. We will denote 

the finite Boolean algebra with n atoms, viewed as a Heyting algebra, by 

Bn, and the one element Heyting algebra by Bo. 

THEOREM 3.4.10 (Day [a]). 

(1) 1ls1 = { B EB 1 : B is a Boolean H eyting algebra}. 

(2) Let 1ln be the variety of Heyting algebras generated by Bn EB 1, where n t N. 

The lattice of subvarieties of 1l is an w + 1 chain: 

(Note Ho is the variety of all Boolean Heyting algebras, which is polynomi­

ally equivalent to the variety of all Boolean algebras). 

(3) The subdirectly irreducible algebras in H n are given {up to isomorphism) by 

theset{BmEBl:m~n}. D 

THEOREM 3.4.11 (Day [b]). The only subvarieties of 1-l satisfying the amal­

gamation property are 1-lo, ?-l1, 1-l2 and 1-l. 

Proof. Using theorem 3.2.11, we need only investigate double extensions of the form 

(So, f, Si, g, S2) where So, S1 and S2 are all subdirectly irreducible. (Notice that 

every variety below 1l has hereditary subdirectly irreducible algebras). 



3.4. VARIETIES OF HEYTING ALGEBRAS 93 

First consider the case where S1 and S2 are both finite, say S1 = BnEal, S2 = BmEal 

with n :::; m: Now if So =Bo Ea 1 or So = B1 Ea 1, there is only one mapping from 

So into any B Ea 1, B Boolean. (In the case So = Bo Ea 1, take 0 to 0 and 1 to 1, 

and in the case So = B 1 Ea 1 = {0, a, 1} with atom a, take 0 to 0, 1 to 1 and a to 

the monolith of B Ea 1.) Hence if So = Bo Ea 1 or B 1 Ea 1, (!', g', S2) is an amalgam 

of (So, f, Si, g, S2), where f' : Bn Eal c.......+ Bm Eal is any essential embedding, and g1 

is the identity map on S2. Hence 'Ho and 1i1 satisfy the amalgamation property. 

Next we consider 1i2. If So = Bo Ea 1 or B1 Ea 1, by the above observation, the 

double extension (So,f,S1,g,S2) has an amalgam. Also, if So= B2 Eal, then as 

B 2 Ea 1 is maximal subdirectly irreducible algebra, hence an absolute retract, again 

(So,f,Si,g,S2) has an amalgam. 

To show 1i satisfies the amalgamation property, let A, B, C be Boolean Heyting 

algebras and let f : AEa l c.......+ B Eal, g : AEa l c.......+ C Eal be embeddings. Now there are 

induced embeddings f : A c.......+ B and g : A c.......+ C obtained from f and g respectively. 

Now A, B, C E 'Ho and as 'Ho satisfies the amalgamation property, (A, f, B, g, C) 
- -I 

has an amalgam in 'Ho, say (f , g', D). But then ( D Ea 1, f', g') is an amalgam of 

(A Ea l,f,B Ea l,g,C Eal) where f': B Eal c.......+ D Eal and g': C Eal c.......+ D Eal are 
-I -

embeddings induced by f and g' respectively. Hence 1i satisfies the amalgamation 

property. 

Now pick n > 2. Label the elements B2 Ea 1 as in figure 3. 7. 

1 

I 
b 

/ ""' a1 a2 

""' / 0 

FIGURE 3.7 

Let f: B2 Eal c.......+ Bn Eal be given as follows: Let f(O) · O,f(l) = 1 and f(b) be 

the monolith of Bn Eal. Let J(ai) be an arbitrary atom of Bn Eal, and let J(a2) = 

f( ai) --+ 0. Let g : B2 Ea 1 c.......+ Bn Ea 1 be given as follows: Let g(O) = 0, g(l) = 1 

and g(b) be the monolith of Bn Eal. Let g(a2) be an arbitrary atom of Bn Eal, and 

let f( a1) = f( a2) --+ 0. Note g( a1 ) is not an atom of Bn Ea 1 as n > 2. 
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Now suppose 'Hn satisfies the amalgamation property. Then (B2 Ea 1, f, Bn Ea 

l,g,Bn Eal) has an amalgam say (f',g',D). Now as Bn Eal is an absolute retract, 

there is an epimorphism p: D - BnEal such that pg' is the identity on Bnffil. Now, 

if m is the monolith of Bn E9 1, pf'(m) =pf' f(b) =pg' g(b) = g(b) = m, so ker pf' 

does not collapse (m, 1). Hence pf' : Bn E9 1 -'-+ Bn E9 1 is an embedding, and by 

finiteness an isomorphism, and hence takes atoms to atoms. But pf' f(ai) = g(a1 ) 

is not an atom, hence we have a contradiction. Hence 'Hn does not satisfy the 

amalgamation property for n > 2. D 

Heyting Algebra Varieties Satisfying AP and RS. I now can descdbe 

all the residually small varieties satisfying the amalgamation property. 

COROLLARY 3.4.12. The only residually small varieties of Heyting algebras 

satisfying the amalgamation property are 'Ho, 'H1, 'H2 and T. 

Proof. Let V be a residually small Heyting algabra variety satisfying the amalga­

mation property. Suppose V 2 Cw. Then Vs1 has arbitrary large finite models, 

hence arbitrary large models by theorem 1.1.5, as Vs1 is elementary. Hence by 

theorem 3.4.8 V ~ 'H. The result now follows from theorem 3.4.11. D 
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Introduction. In chapter three, I looked at the question of whether a given 

variety has the amalgamation property. When a variety fails to satisfy the amalga­

mation property (as we have seen for a number of varieties), an interesting question 

arises: Can one find necessary and sufficient conditions for a member of that vari­

ety to be in the amalgamation class? In this chapter I will present work that goes 

some way to answering that question. I present three concepts which will be used 

to develop characterizations of the amalgamation class: retract extensibility (first 

iiitroduced here, though the idea is implicit in Jipsen and Rose [89]), property Q 

(introduced by C. Bergman [85] and Jonsson [90]) and property P (introduced by 

C. Bergman [85]). 

In section 4.1, I introduce retract extensibility and property Q, and prove some basic 

results concerning these properties. I also give two examples of retract extensile 

varieties, namely, varieties with the congruence extension property and congruence 

distributive varieties in which every algebra has a one element subalgebra. 

In section 4.2, I consider some finitely generated congruence distributive varieties 
' 

which have the property that an amalgamation base is a subdirect p~oquct of 

subdirectly irreducible amalgamation bases. The particular varieties that have this 

property are the semi-simple varieties, the Heyting algebra varieties 1in (introduced 

in section 3.4) and the lattice variety generated by the pentagon. This work was 

done by C. Bergman (85]. 

In section 4.3, we use the results of section 4.2 tq determine a characterization of 

amalgamation bases for the varieties mentioned above in terms of property P and 

/ 
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congruence retract extensibility. In particular, we are able to give an effective test 

whether a finite algebra is an amalgamation base for these cases. 

4.1 Retract Extensibility and Property Q 

Maximal Essential Extensions of Amalgamation Bases. For a given 

variety, maximal essential extensions of algebras in that variety are not necessarily 

unique. For amalgamation bases, however, this is true (up to isomorphism). This 

fact will be used later to characterise subdirectly irreducible amalgamation bases. 

DEFINITION 4.1.l(C. Bergman (85)). 

(1) Let Go and G1 be embeddings of an algebra A into Bo and B1 respectively. 

Define Go '.::::'. G1 if and only if there is an isomorphism 'Y : Bo --+ B1 such 

that "(Go = G1. 

(2) Let V be a variety, and let A E V. We define the envelope of A in V, 

denoted £v(A), to be the class of all maximal essential embeddings of A 

into some algebra of V. Note'.::::'. is an equivalence relation on £v(A), and if 

V is residually small, £v(A) is not empty by theorem 1.2.24. 

(3) We denote by (A: V), the cardinality of £v(A)/ '.::::'.. 

THEOREM 4.1.2 (C. Bergman [85)). Let A E Amal(V) for some variety V, 

and suppose IAI > 1. Then (A : V) ::; 1. 

Proof. Suppose G : A '---+ B and (3 : A '---+ C are both members of £v(A). Now 

(A, G, B, (3, C) has an amalgam, say (G', (3', D). Since CE VAR, there is a retraction 

u: D .- C of (3. Let 'Y = uG', then we see "fG = (3, and G-1(ker1) = ker('YG) = 
ker (3 = OA. Hence, as G is essential, ker1 =On, so 'Y is an embedding. Now since 

C is an essential extension of "fG(A), and B is a maximal essential extension of 

G( A), we must have that 'Y is an isomorphism, proving the theorem. 0 

Retract Extensibility and Property Q: Definitions and Basic Results. 
In this subsection I define these two concepts, and present a result that an algebra 

having property Q is an amalgamation base for a residually small variety. I present 

a sufficient condition for the converse to be true, and show every retract extensile 

variety satisfies this condition. I also show that absolute retracts in retract extensile 

varieties are closed under direct products, a fact that is not even true in genera! for 
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finitely generated congruence distributive varieties (see Taylor [73]). Lastly, I show 

that an algebra possessing property Q is congruence extensile. 

The following definition first appears in Jonsson (90), but the idea is implicit in C. 

Bergman [85). 

DEFINITION 4.1.3. An algebra A in a variety Vis said to have property Qin 

V, if for every embedding f : A <--t B E V and any homomorphism h : A --+ M E 

Vw MI, there is a homomorphism g : B --+ M such that h = g f. 

LEMMA 4.1.4 (C. Bergman [85)). Let V be a residually small variety. If A EV 

has property Q in V, then A E Amal(V). 

Proof. We use lemma 1.3.3(2). Let (A,J,B,g,C) be a double extension in V, and 

let u =f:. v E B. By theorem 1.2.4, there is a 0 E Con(B) such that B/ 0 E Vs1 

and (u,v) fl. 0. Now B/0 has an extension in VwMI, say M. Now the canonical 

epimorphism from B onto BI e induces a homomorphism h : B --+ M such that 

h{ u) =f:. h( v ). We argue similarly for u =f:. v in C, and hence we conclude A E 

Amal(V). 0 

DEFINITION 4.1.5. Let V be a variety. We say: 

(1) V is retract extensile, if for every A E V, R E VAR and embedding f : 
Ax R <--t B there is a homomorphism h: B--+ R such that hf= 7rR, where 

7rR: Ax R - Risa projection map. Note his always onto. 

(2) V is a Q-variety if V is residually small, and for all A E V: A E Amal(V) if 

and only if A has property Q in V. 

THEOREM 4.1.6. For every retract extensile variety V, VAR is closed m;,der 

direct products. 

Proof. Let V be a retract extensile variety, and let R = IT Ri be a product of 
iEI 

absolute retracts, and suppose J : R <-+ B E V is an embedding. Let 'Tri : R - Ri 

be a projection map. Letting A = Il R;, we see that R ·:::: Ax Ri, hence as V is 
j#i 

retract extensile, there is an hi : B - Ri such that hif = 7rj. Let h : B --+ R be 

the homomorphism defined by 1rih(b) = hi(b), b EB for each i E J. A check shows 

that hf= idR, hence RE VAR as required. 0 
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THEOREM 4.1.7 (C. Bergman (85]). Let V be a residually small variety such 

that members of P(Vw M 1) are congruence eztensile. Then V is a Q-variety. 

Proof. Let V be as in the statement of the theorem. By lemma 4.1.4, we need only 

show that A E Amal(V) implies A has property Q. So let A E Amal(V), and let 

f : A c.....+ B E V be an embedding and g : A --. M E Vw M 1 be a homomorphism. 

Since Vis residually small, A is embeddable into a product of members of VwMJ, 

say A ~ R = TI Ri E P(Vw MI). Since M x R is a product of members of Vw M 1, 
iEJ 

it is congruence extensile. 

Lets: Ac.....+ M x R be the embedding given by s(a) = (g(a),a), for a EA. Since 

A E Amal(V), (A,f,B,s,M x R) has an amalgam (f',s',D), say. Since M x R is 

congruence extensile, there is an algebra E E V, an epimorphism p : D - E and 

an embedding e : M c.....+ E such that ps' = e7r M, where 7r M : M x R - M is the 

projection map onto M. As ME VwMJ, we can find a retract of e, say r: E - M. 

Putting h = rpf', one can verify that the diagram in figure 4.1 commutes, hence 

hf= g. D 

r 

FIGURE 4.1 

COROLLARY 4.1.8. Every residually small retract extensile variety as a Q­

variety . 
. ' 

Proof. Members of P(VwMI) are absolute retracts by theorem 4.1.6. D 

LEMMA 4.1.9 (C. Bergman (85]). An algebra B is congruence eztensile in V 

if and only if for every C E P(Vs1) extending B, and for every completely meet 

irreducible congruence e on B, there is a congruence w on c such that wlB = e. 

Proof. ==> : Follows from the definition of congruence extensibility. 
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<== : Let D E V be an arbitrary extension of B E V. By theorem 1.2.4, D is a 

subdirect product of members of of V, with representation say D ~ C E P(Vs1 ). 

~t 4> E Con( B). Then, by theorem 1.2.4, there is a set { 0, : i E /} of completely 

meet irreducible congruences on B such that 4> = nieI 0,. By our assumption, 

there are congruences Wi, i E I on C such that '1111 8 = 0; for each i E /. Let 

-n = <niE/ '111)10· Then Olu = niel Wilu = 4>, BO n extends q> and .the result 

follows. 0 

THEOREM 4.1.10 (Jonsson [90]). For every Q·variety V, member3 of Ama!(V) 

are congruence extensile in V. 

Proof. By lemma 4.1.9, we need only show that for A E Amal(V), and an arbitrary 

extension f : A t-t B E V, every completely meet irreducible congruence on A 

extends to B. So let 0 E Con( A) such that 0 is completely meet irreducible in 

A. Since V is residually small, there is an M E Vw M 1 such that M contains 

A/ 0. Hence there is a homomorphism g : A -+ M obtained from the canonical 

epimorphism of A onto A/ 0. By property Q, there is a homomorphism h : B -+ M 

extending g, and hence ker hi A= 0, proving the theorem. 0 

E:x:amples of Retract E:x:tensile Varieties. I now give two examples of 

retract extensile varieties, the first being varieties with the congruence extension 

property (such as Heyting algebra varieties), and congruence distributive varieties 

in which every algebra has a one-element subalgebra (of which varieties of lattices 

are a prime example). 

THEOREM 4.1.11. Every variety with the congruence extension property is re· 

tract extensile. 

Proof. Let J : A x R -+ B E V, where V has the congruence extension property, 

A. E V and R E VAR· Let 7r : A x R - R be the projection map. Since V has the 

congruence extension property, there is a C E V, with g : R t-t C an embedding 

and k : B - C an epimorphism such that kf = g7r. Since R E VAR, there is a 

retraction t : C - R of g. Putting h = tk, we see hf = 11', hence V is retract 

extensile. 0 

.. ~ 
. "' 
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LEMMA 4.1.12 (Jipsen and Rose [89]). Let A and B be algebras in a con­

gruence distributive variety V, a E A and suppose {a} is a subalgebra of A. Let 

ha : B <-+ A x B be the embedding given by ha ( b) = (a, b) for all b E B. Then the 

projection map 7r B : A x B - B is the only retraction of ha onto B. 

Proof. Let g : A x B - B be a retraction of ha described above. Since V is 

congruence distributive, there are 0A E Con(A) and 08 E Con(B) such that for 

(x,y),(x',y') EA x B: 

(x,y) kerg (x1,y1
) if and only if X 0A X

1 and y 08 y1
• 

Since gha is the identity map on B, eB must be trivial. To show g = 7rB, it 

suffices to show that for any a' E A we have a' 0 a. Suppose not. Then there is 

an a' EA with (a,a') ~ E>A. Pick b EB, then g(a,b) = b. Note g(a',b)-::/- b, for 

then (a,a') E 0A. Hence let g(a',b) = b'-::/- b, say. But then g(a,b') = g(a',b) = b'. 

Hence b' e B b and a' e A a, a contradiction. Thus g = 7r B. D 

THEOREM 4.1.13 (Jipsen and Rose (89]). Let V be congruence distributive, 

and suppose every member of V has a one-element subalgebra. Then V is a retract 

extensile variety. 

Proof. Let V be as above, and let A, B E V, R E VAR and suppose f : A x R <-+ B is 

an embedding. Let {a} be the one- element subalgebra of A and let ha : R <-+ Ax R 

be given by ha(r) = (a,r),r ER. Since RE VAR, fha has a retract h: B - R. 

Now hlAxR is a retract of ha onto R, hence hlAxR = 7rR, the projection map 

7rR: Ax R - R, by lemma 4.1.12. Hence hf= 7rM, so Vis retract extensile. D 

4.2. Subdirect Products of Amalgamation Bases 

Semi-simple Varieties. I start this section by taking a brief look at semi-

simple varieties. The two main results are theorems 4.2.2 and 4.2.7. The first 

characterizes simple members of the amalgamation class, and the latter a finite 

homomorphic image of a product of simple algebras is a product of simple algebras. 

These will be used to describe subdirect products of amalgamation bases. 

DEFINITION 4.2.1. A variety Vis semi-simple if every member of Vs1 is simple. 
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THEOREM 4.2.2 ( C. Bergman (85]). Let V be a residually small semi-simple 

variety. Then for every A E Vs1, IAI > l: A E Amal(V) if and only if (A: V) = 1. 

Proof. ==> : Follows from residual smallness and theorem 4.1.2. 

<===: We will use lemma 1.3.2. Since Vis residually small, A E Vs1 has a maximal 

essential extension B E Vw M 1, say. Let a : A <-+ B be that essential embedding. 

Suppose (A: V) = 1. Let {3: A<-+ CE V be an arbitrary extension of A. We need 

only show (A, a, B, {3, C) has an amalgam. We use lemma 1.3.3(2). 

Pick a,b EC, a=/:- b. By theorem 1.2.4, there is a DE Vs1, and a epimorphism 

'Y : C - D such that 1(a) =/:- 1(b). Now, since A is simple, 1f3 : A ~ D either 

collapses A to a single point, or is injective. In the former case, let h: B ~ D be 

such that h(B) = 1f3(A), and a check shows that 1f3 =ha satisfying the conditions 

of the lemma. In the latter case, let Ebe a maximal essential extension of D, with 

say e: D <-+ E. Since A is simple, Eis a maximal essential extension of A too, and 

since (A: V) = 1, there is an isomorphism h: B ~ E such that e1f3 =ha. A check 

shows that q, h and E satisfy the conditions of the lemma. 

Now pick a, b E B, a =/:- b. Since IAI > 1, there is at least one D E Vs1 and 

epimorphism 'Y : C - D such that 1f3 is injective. Using the construction above 

again, since his an isomorphism, h(a) =/:- h(b), satisfying the condition of the lemma. 

Hence A E Amal(V). 0 

DEFINITION 4.2.3. We denote VAsI = Vs1 n Amal(V). 

COROLLARY 4.2.4 (C. Bergman (85]). If Vis a semi-simple residually small 

variety, then VASI = Amal(Vs1 ). 

Proof. VASI~ Amal(Vs1 ): Let A E VASI and let (A, J, B, g, C) be a double exten­

sion in V SI. Let B' and C' be maximal essential extensions of B and C respectively. 
-

By semi-simplicity, B' and C' are maximal essential extensions of A, hence there is 

an isomorphism 'Y : B' ~ C' such that / J = g by theorem 4.2.2. Hence ( 'Y, idc1, C') 

is an amalgam in Vs1 of (A,f,B,g,C). 

VAS! 2 Amal(V SI): Let A E Amal(V SI). Then (A : V) = 1 since the algebra in 

the amalgam of (A, idA, B, idA, C) where B and C are essential extensions of A, 

must be isomorphic to both B and C. 0 
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LEMMA 4.2.5 (C. Bergman [85]). Let V be congruence distributive, semi­

simple and finitely generated. Let {Ai : i E I} be a collection of members of Vs1, 

and let e be a congruence on A = IT Ai. The following are equivalent: 
iEI 

(1) 0 is a co-atom of Con(A). 

(2) 0 is completely meet irreducible in Con(A). 

(3) 0 is induced by an ultrafilter on I. 

Proof. The equivalence of (1) and (2) is evident from the fact that Vis semi- simple. 

(2) ===? (3): By theorem 1.2.16, there is an ultrafilter 1> on I such that the 

congruence induced by 1> is contained in 0. But then A/ 0 is a homomorphic image 

of ITiEI Ai/ 1>, which is isomorphic to some A; E Vs1 for some j E J by corollary 

1.2.17. But as A/ 0 is non-trivial and A; is simple we have A/ 0 'V ITiEI Ai/ 1> 

so 1) induces e. 

(3) ===? (1): For every ultrafilter 1> on I, the ultraproduct ITiEI Ai/ 1> 'VA; E Vs1 

for some j E J. Hence, since ITiEI Ai/ 1> is simple, the congruence induced by 1> 

is a co-atom of Con(A). 0 

LEMMA 4.2.6 (C. Bergman [85]). Let V be finitely generated, congruence dis­

tributive and semi-simple. Let A = IT Ai be a product of simple algebras in V. 
iE/ 

Then every congruence of A is induced ·by a filter in I, and hence A has permuting 

congruences. 

Proof. Let 0 E Con( A). Then, by theorem 1.2.4, 0 = niEI 0i, where each 0i is 

completely meet irreducible in Con(A). Hence by lemma 4.2.5, each ei is induced 

by an ultrafilter on I, say 1>j. Put 1) = niEJ 1'i, we see 1) is a filter inducing e. 

Since congruences induced by filters permute, A has permuting congruences. 0 

THEOREM 4.2.7 (C. Bergman [85)). Let V be finitely generated, congruence 

distributive and semi-simple. Suppose A E P(S), where S ~ Vs1. Then, for every 

0 E Con( A), if A/ 0 is finite, then A/ 0 E P(S). 

Proof. Put 0 = niEI '11i, where each Wi is completely meet irreducible in Con(A) 

using theroem 1.2.4. Since A/ 0 is finite, 0 has only finitely many members 
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greater than it. Hence we may assume I is finite, and that the \JI ;'s are pair­

wise distinct. Now by lemma 4.2.6, A has permuting congruences so for each i E I, 

\Jli O (n;,.H \JI j) = \JI i + n#i \JI j = nj¢i (\Jli + \JI;) = 1A 1 using congruence distribu· 

tivity and the fact that \J11's are the co-atoms of Con( A). Thus A/ 0 Il A/ 1/J;. 
iE/ 

Finally, since each \JI i is induced by an ultrafilter on I by theorem 1.2.16, A/ \JI i E S 

(up to isomorphism) for each i E I. 0 

Subdirect Products of Amalgamation Bases for Certain Varieties. 
I now present results which state that every amalgamation base is a subdirect 

product of subdirectly irreducible amalgamation bases for some special classes of 

varieties. These results will be used in section 4.3. 

THEOREM 4.2.8 (C. Bergman [85}). Let V be congruence distributive, semi­

simple and finitely generated, and suppose every product of maximally irreducible 

algebras in V is congruence extensile. Then A E Amal(V) implies A is a subdirect 

product of members of VAS/. 

Proof. Let A E Amal(V). Now Vs1 has only finitely many members, so we may 

choose a set S from V SI, minimal under inclusion, such that A is a subdirect product 

of members of S. To show that for all T E S, T E VAS/, we make use of lemma 

4.2.2 and show (T : V) = 1. We will break up the proof into a number of steps for 

clarity, and to aid in the proof of of theorem 4.2.10. 

1. Let A ~ Il S; be a subdirect product representation, with S; E S for all 
jEJ 

j E J. For each j E J, the 7rj : A ........ Sj be the jth projection restricted to A, 

and let E>i = ker(7r;). Define J' = {j E J: S; =f T} and 0 = n;EJ' 0;. Since Sis 

minimal, 0 =f 0. Thus there is a k E J \ J' such that 0 i E>k. Let k be fixed for 

the rem~inder of the proof. Since A/ E>k ~ T and Tis finite, we can choose a finite 

subset G of A such that the map 7rkla : G-+ Tis a bijection. Also, since 0 i E>k, 

there a,b EA such that (a,b) E 0 but (a,b) ¢ E>k. Let F be the subalgebra of 

A generated by GU {a, b}. Since G F, 'lrklF : F -+ Tis an epimorphism. Let 

<P = E>klF· Since a, b E F, E>klF i <P. Put R = {j E J: E>;IF = <P}, and let 

Q = J \ R. Now for all j E J', E>IF i ti> implies E>;IF i ti> since 0 ~ 0;, hence 

j ¢ R so J' ~ Q. For each j E R, there is an isomprphism 6;: S; -t Sk given by 

(*) 
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which is well-defined asker( 11'klp) = ker( 11'ilF = <l>. For j E Q, let N; E VwMJ be 

a maximal essential extension of S;. 

2. Let O:i : T ~ Li E VwMI be members of £v(T) for i = 0, 1. We need to 

show o:0 '.::::'. o: 1 • We define structures Bo and B1 as follows: For i = O, 1, Bi = 
TI Li x IJ N;. Also, let </>o : A _,,. Bo and </>1 : A -t B1 be embeddings given 

jER jEQ 
co-ordinate-wise by 

<Po = ( II o:o x II ids; ) 
jER jEQ A 

<1>1 =<II 0:1o6; x II ids;) 
jER jEQ A 

Since A E Amal(V), the double extension (A,</>o,Bo,</>1,B1) has an amalgam, say 

(µ 0 ,µ 1,E). Let u0 be the kth projection of Bo onto Lo, and let Wo = ker(uo). 

Notice that u0 </>o = O:o11'k so that the diagram in figure 4.2 commutes. 

T oEE 
71',I: Ac l/J1 ) B1 

~a{ ·of ·.f 
Lo~ Boe µo ) E 

FIGURE 4.2 

3. By our assumption Bo is congruence extensile, so there is a congruence W on E 

and an embedding µ0
1

: Lo~ E/ W such that for all b E Bo, µo' ouo(b) = µo(b)/ \JI. 

In fact, by lemma 1.2.23, we can always choose µ 0 ' to be an essential embedding. 

But as Lo E VwMJ, µo': Lo~ E/ W must be an isomorphism. 

4. Put '11 1 = µ} 1('11). Let µ 1': Bi/ '11 1 ~ E/ W r.J Lo be the induced err{bedding. 

Since Lo is finite, Bi/ '11 1 is finite. Hence since B1 is a product of members of 

VwMJ, we have that Bi/ '111 is a product of members of VwMJ by theorem 4.2.7. 

But then by our assumption, B1 / W 1 is congruence extensile. In particular, every 

congruence on B1/ '111 extends to one on E/ W '.::::'.Lo, but since Lo is simple we must 

have Bi/ '11 1 simple. But then Bi/ '111 E VwMJ, hence µ1' is an isomorphism. Let 

u 1 : B1 - Bi/ '111 be the canonical epimorphism. Notice ¢}1(\Jli) = ¢~ 1 ('11 0 ) = 
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0k. Hence we have an induced embedding </>1' : T <---+ Bi/ '111 such that the diagram 

in figure 4.3 commutes. 

T 

FIGURE 4.3 

In particular, µo' oao = µ1' 0¢>1' and since µo' and µ1' are isomorphisms, a 0 "'</>1'. 

5. For each j E J' let n r be the j th projection congruence on B 1. Since '111 is 

completely meet irreducible in Con(B1), by lemma 4.2.5 we have the '111 is induced 

by an ultrafilter :'.D, say, on J. 

CLAIM: R E '.D 

Proof of claim: For each (x, y) E F x F, put Ux,y -

{j E J: (</>1(x),</>(y)) E Oj}· Notice that '111IF = '11olp = 0klF =<I>. Thus if 

(x,y) E <I>, then (</>1(x),</>(y)) E '111, and hence {j: (</>1(x),</>(y)) E Oj} = Ux,y E :'.D. 

Put U , n{x,y)E~ Ux,y· Since <I> consists of finitely many pairs, U E '.D. N?w_ j E U 

if and only if (</>1(x),</>(y)) E Oj for all (x,y) E <I> if and only if <I>~ OilF· Hence 

U = {j E J: <I>~ OilF }. 

Now since <I> is completely meet irreducible in Con{F), it has a unique cover in 

Con(F), say <I>'. Then U = {j E J: <I>= OilF} n {j E J: <I>'~ OilF }. Now 

nilF = 0jlp, so {j E J : <I>= nilF} = {j E J: <I> = 0ilF} = R. Put y = 

{j E J: <I>' ~ OilF}. We have U =RUY. Now choose (x, y) E <I>'\ <I>. (x, y) ¢ '111, 
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so Z = {j E J: (c/>1(x),c/>(y)) f/: il;} E 1'. Notice Zn Y = 0. Hence R 2 Zn R = 
Zn (YU R) =Zn U E 1'. So RE 1', proving our claim. 

6. In step 4, we have shown ao '.:::'. c/>1 '. We now show c/>1' tv a 1 : 

For j E J, let fj be thejth projection map of B1. We construct a map I: Bi/ '11 1 --+ 

L1 as follows: Since L1 is finite, we may assume L1 = {x1,. . .,xn}, say. For each 

b E B 1 , we have 
n 

U {r ER: fr(b) =xi}= RE 1'. 
i=l 

The subsets of this union are mutually disjoint, hence as 1) is prime, we have for 

exactly one i E {1, ... , n }, {r E R: fr(b) =xi} E 1'. Thus for each bf '111 E Bi/ '11 1, 

put 1( bf \Jli) = x if and only if {r ER: fr(b) = x} E 1'. By the discussion above, 

I is well-defined, and it can be checked that it is an isomorphism. 

From the diagram in figure 4.3, we see that 

(A) 

CLAIM: We also have that the following holds: 

(B) 

Proof of claim: Let J E F. For each r E R, fr o c/>1 (!) = a1 o 6r o 7r rU) = 

a 1 o 7rk(J), the last equality following from (*). Let x = a 1 o 7rk(f). Then 

{r ER: fro c/>1(!) = x} = R E 1'. So"( o 0"1 o c/>1(!) = a1 o 7rk(f), proving the 

claim. 

Combining (A) and (B) we have "( o c/>1' o ( 7r k IF) = a1 o ( 7r k IF), and by cancellation 

since 7rk IF is an epimorphism, "( o c/>1' = a1 so c/>1' '.:::'. a1. Hence, ao '.:::'. a1, and thus 

(T: V) = 1, proving the theorem. 0 

Recall the Heyting algebra varieties 'Hn ( n a natural number) introduce.d in sec­

tion 3.3. We saw that subdirectly irreducible algebras were of the form Bm ED 1, a 

Heyting algebra obtained by appending a top element to a Boolean algebra with m 

atoms. I present a characterization of subdirect products of amalgamation bases in 

these varieties below. . 

The following lemma is stated without proof in C. Bergman (85]. The proof given 

below is adapted from a result in Gratzer and Lakser [71]. 
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LEMMA 4.2.9. Let n be a natural number, and let V = 1tn. The following are 

equivalent for A E V SI: 

(1) A E Amal(V). 

(2) (A : V) = 1. 

(3) A is isomorphic to one of Bo ffi 1, B1 ffi 1 or Bn ffi 1. 

Proof. (1) ==> (2): Follows from residual smallness of V and theorem 4.1.2. 

(2) ==> (3): Since VwMI = {Bn ffi 1}, the only maximal essential extensions of 

Bi ffi 1, i = 0, 1, is Bn ffi 1. In both cases, there is only one such essential extension. 

Also, any embedding f : Bn ffi 1 ~ Bn ffi 1 is automatically an isomorphism by 

finiteness. Hence, (Bi ffi 1 : V) = 1 for i = 0, 1, n. 

Next we show for 1 < i < n, (Biffil: V) > 1: we may assume n ~ 3. Since i ~ 2, as 

in the proof of theorem 3.4.11, we can construct embeddings a, /3: Bi ffi 1 ~ Bn ffi 1 

such that a, f3 both map the monolith of Bi ffi 1 onto the monolith of Bn ffi 1, and 

there is an atom a of Bi ffi 1 such that a( a) is an atom of Bn ffi 1, but /3( a) is 

not an atom of Bn ffi 1. Because these embeddings preserve the monolith, they are 

essential. Suppose there was an automorphism / : Bn ffi 1 --+ Bn ffi 1 such that 

1a = {3. Then as a(a) is an atom of Bn ffi 1, J'a(a) = f3(a) is an atom of Bn ffi 1, a 

contradiction. Hence (Bi ffi 1 : V) > 1. 

(3) ==> (1 ): Bn ffi 1 E Vw M 1 so Bn ffi 1 E Amal(V). 

0 

For i=O, note first that there is only one homomorphism e : Bo ffi 1 ~ Bn ffi 1, and it 

is an embedding. So given any embedding g: Boffil ~ C, by theorem 1.2.23 we may 

choose W E Con( C) such that hg is essential, where h : C --.. C /\JI is the canonical 

epimorphism. But then C / W E Vs1 so there is an extension k : C /\JI ~ Bn ffi 1. 

But then by uniqueness, khg = J, and thus Bo ffi 1 has property Q, hence by lemma 

4.1.4, Bo ffi 1 E Amal(V). 

The proof for B1 ffi 1 proceeds similarly. D 

THEOREM 4.2.10 (C. Bergman [85)). Let n ~ 1, and let V = 1tn. Then 

every A E Amal(V) is subdirect product of members of VASI. More specifically, A 

is a subdirect product of {Bo ffi 1, B1ffi1, Bn ffi 1}. 



108 4. SOME CHARACTERIZATIONS OF THE AMALGAMATION CLASS 

Proof. The proof is similar to theorem 4.2.8. As in step 1 of theorem 4.2.8, let A be 

a subdirect product, with factors chosen from some minimal S s;;; Vs1, and choose 

T as before. Choose J and J' as before and similarly choose R, Q and h; for all 

j ER. 

Let ai : T <-t Li E VwMI be members of Ev(T) for i = 0, 1. Note Li~ Bn EB 1 for 

i = 0, 1 since Vw M 1 = { Bn EB 1}. Now repeat the process described in step 2 to 

arrive at algebras Bo, B1 and E, and maps </Jo, </J1, u0, µ0 and µ 1 • Notice too that 

each N; is isomorphic to Bn $ l. 

Since Bo is automatically congruence extensile as V has the congruence extension 

property, we can find µ~ and \JI as in step 3. 

For step 4, we need a new argument. Put W1 = µ} 1(\Jl). Let µ 1
1 : Bi/ w1 <-t 

E / W ,...., Lo be the induced embedding. Now E / W ~ Bn EB 1, and one can check that 

every subalgebra of Bn $ l is subdirectly irreducible, and so Bi/ W1 E Vs1. Thus, 

by theorem 1.2.16, there is an ultrafilter '.Don J such that Bi/ w1 is a homomorphic 

image of the ul trap rod uct B 1 / '.D. Since factors of B 1 are all isomorphic to B n $1, by 

theorem 1.1.7(3), Bi/ '.Dis isomorphic to Bn EB 1. Since every proper homomorphic 

image of Bn EB 1 is a boolean algebra, we must have B1 / W1 isomorphic to Bo$ l 

or Bn. $ l. In the first case, since <P~ : T <-t Bi/ W1 is an embedding, T ~ Bo$ l 

and this completes the proof. 

For the latter case, µ~ becomes an isomorphism and we conclude as before that 

a 0 ~ </J~. Also, since Bi/ w1 ~ Bif '.D, we have already that W1 is induced by an 

ultrafilter '.D on J. The rest of the proof is now exactly the same as steps 5 and 6 

for this case. 0 

Let N be the lattice variety generated by the pentagon N, the five-element lattice 

introduced in chapter one. Since subdirectly irreducible algebras are homomorphic 

images of subalgebras of N, we have that Ns1 = {~, N}, where~ is the two-element 

chain. I present a characterization of subdirect products of amalgamation bases in 

this variety below. 

THEOREM 4.2.11 (Day [72]). For any non-distributive finitely generated vari­

ety V, we have that the two-element chain~ tf. Amal(V). 
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Proof. Since V is non-distributive, M3 or N is a member of V. Let L be M3 or N, 

whichever is in V, and let J : 2. ~ L be a map into a critical quotient of L such 

that J(l) is not the top of L. Also, since each M E Vw M 1 is finite, we can define a 

homomorphism (in fact, it is an embedding) h : 2. ~ M such that h(l) and h(O) are 

the top and bottom of M respectively. Now suppose there was a homomorphism 

g: L-+ M such that gJ = h. Now g cannot be injective as g must take the top of 

L and J(l) to the top of M. Hence, g must collapse critical quotients of L, hence 

gJ(O) = gJ(l), contradicting h(O) -::f. h(l). Hence, 2. does not have property Q, 

hence as V is a Q-variety, 2. rf. Amal(V). D 

COROLLARY 4.2.12. For the variety N generated by the pentagon, VASI -

VwMI = {N}. D 

The following result appears in Jonsson (90], but the author credits C. Bergman 

with the proof. 

THEOREM 4.2.13 (Jonsson (90] [by C.Bergman]). For the variety N, e·very 

A E Amal(N) is a subdirect power of N. 

Proof. Let A c Il Bi be a subdirect product representation of 
iEI 

A E Amal(N). Each Bi is isomorphic to 2. or N, so put J1 = {i EI: Bi= N} and 

J2 = I\ J1• For each i E I, let hi : A --++ Bi be the ith projection map restricted to 

A, and let 4>i = ker hi, and let e = niEJ1 4>i. 

We will show e = OA. Suppose not. We will derive a contradiction to theorem 

4.2.11 by showing 2. E Amal(N): 

Choose x, y E A with x < y and x 0 y. Define the embedding J : 2. ~ A by 

J(O) = x, J(l) = y. Let g : 2. ~ C be an arbitrary embedding. By lemm~ J.~.2, we 

need only show (2.,J,A,g,C) has an amalgam. Let K 1 = {i EI: hi(x) = hi(y)} 

and let K2 = I\ K 1 • Since at least one hi separates x and y, K2 =/:- 0. Note 'llso 

that J1 ~ K1. 

For i E Ki, define Di = Bi, JI = h~, gi( u) = hi(x) for all u E C. For i E K 2 , define 

Di= Bi,....., 2.,JJ = gh~ 1 gi(u) = u for all u EC. Note, in each case JI : A-+ Di, 

gi : C-+ Di. Now we claim that for each i E I, JU= gig: For i E K1, for p = 0, 1, 
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J:f(p) = hi(x) = gig(p). For i E K2 as Bi~ 2., and hi(x) = O,hi(Y) = 1, and hence 

J:f(O) = ghi(x) = g(O) = gig(O), and similarly Jif(l) = gig(l). Hence letting 

D = TI Di, and f' : A --. D and g' : C --. D be product maps induced by the Ji 's 
iEJ 

and grs respectively, we have f' f = g'g. 

It remains to show f' and g' are embeddings to see that (f', g', D) is an amalgam 

of (2., f, A, g, C). For f' : A --. D, pick a, b E A such that a =/:- b. Then for some 

i E I, hi( a) =/:- hi( b) and so ff (a) =/:- Ji( b) since g is an embedding. Hence f' is an 

embedding. For g' : C --. D, since K2 =/:- 0, there is an i E K2 such that gi is the 

identity on C, so g is an embedding, proving the result. 0 

4.3 Property P 

Introduction. I define property P, and prove a few lemmas which will be 

used to characterise the amalgamation bases of various classes of varieties in terms 

of property P and congruence extensibility. 

DEFINITION 4.3.1 (C. Bergman [85]). Let V be a variety and let A EV. 

(1) We denote TI {A/0: 0 E Con(A) and A/8 E VAsI} by A#. 

(2) Denote by µA: A--. A# the product of the canonical maps ee : A--. A/ 8. 

( 3) We say A has property P in V, if for every M E Vw M 1 and homomorphism 

a: A--. M, there is a map f3: A#--. M such that f3µA =a. · 

Note that (3) is generally vacuous if Vis not residually small. Also, if V is residually 

small, then (3) implies µA is injective. 

LEMMA 4.3.2 (C. Bergman [85]). Let V be residually small and let A E V. 

Let a : A <--+ TI Bi = B be a subdirect embedding in V. The following conditions 
iEJ . 

are sufficient for A E Amal(V): 

(1) B E Amal(V). 

(2) A is congruence extensile in V. 

(3) For every M E Vw1111, every homomorphism from A to M extends to a 

homomorphism from B to M. 

Proof. By lemma 1.3.2, we need only show that for any C E V and embedding 

f3: A<--+ C, (A,a,B,/3,C) has an amalgam. We use lemma 1.3.3(2). For a,b EC, 
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a =f:. b, by theorem 1.2.4 there is a completely meet irreducible E> E Con( C). By 

r~sidual smallness, C / E> is embeddable in some M E Vw M 1, so we may assume 

there is a homomorphism {3' : C -t M such that {3' (a) =f:. {3' ( b). By ( 3), there is a 

homomorphism a' : B -t M such that a' a = {3' {3, thus satisfying the condition of 

the lemma. 

On the other hand, if a, b E B, a =f:. b pick j E J such that 7r;(a) =f:. 7r;(b), where 

7rj : B - B; is the jth projection. Since 7rjlA is still onto, and A is congruence 

extensile, there is an embedding a i : Bi ~ D E V, and an epimorphism b' : C - D 

such that {3'{3 = apr;a. Setting a'= apr;, we see that {31 {3 = a'a and a'(a) =f:. a'(b), 

satisfying the conditions of the lemma. D 

LEMMA 4.3.3. Let V be a residually 1mall variety and let A E V be congruence 

extensile, have property P and suppose A# E Amal(V). Then A E Amal(V). 

\ 

Proof. Setting B = A# in lemma 4.3.2, we see (1) and (2) hold, and (3) is just a 

restatement of property P, hence the conclusion follows. D 

LEMMA 4.3.4. Let V be residually small and let A E Amal(V), and suppose A is 

a subdirect product of members of VASI. Suppose too that all members of P(V ASI) 

are congruence extensile. Then A is congruence extensile and has property P. 

Proof. First we show A E V congruence extensile. Since A is a subdirect product 

of members of VASI, µA : A -t A# is an embedding. Let f : A ~ C E V be 

an arbitrary extension of A. By lemma 4.1.9, we need only show that for every 

completely meet irreducible E> E Con(A), there is a \JI E Con(C) extending E>. Let 

M E VwMI be an essential extension of A/ E>, and let g : A~ A# x M be the 

embedding given by g(a) = (µA(a), h(a)), where h: A -t Mis the homomorphism 

induced by the epimorphism for A onto A/ E>. Since A E V, (A, f, C, g, A# x M) 

has an amalgam, say (a,{3,D). Since A# x ME P(VAs1), A# x Mis congruence 

extensile, hence there is a cl> E Con( D) such that {3- 1 (cl>) is the kernel of the 

projection map from A# x M onto M, and hence (f3g)- 1 (4>) is equal to E>. Hence 

the diagram given in figure 4.4 is commutative, and letting W = a- 1 (cl>), we have 

f- 1 ('11) = E>, proving A is congruence extensile. 
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/A~C~ 
A/ 8 h A# x Mc{j ) D 

~// 
Mc~ )< D/'I! 

r 

FIGURE 4.4 

To show A has property P, let h: A--. ME VwMJ be a homomorphism. Setting 

C = A# and f = µA, we can use the same argument above to obtain the same 

commutative diagram. Now as.ME VwMJ, the embedding from Minto D/ cl> has 

a retraction r : D / cl> - M. Let ting € : D - D / cl> be the canonical epimorphism, 

we see that the composition rt:a: C--. Mis a map that extends h. 0 

Semi-simple Varieties and Property P. I present a characterization of 

amalgamation bases for the following class of semi-simple varieties. 

THEOREM 4.3.5 (C. Bergman [85)). Let V be congruence distributive, semi­

simple and finitely generated. Suppose that 

(a) all members of P(V ASI) are congruence extensile. 

Then for A E V: A E Amal(V) if and only if A is congruence extensile and A has 

property P. 

Proof. ====?- : Follows from lemma 4.3.4, since every A E Amal(V) is a subdirect 

produc~ of members of VASI by theorem 4.2.8. 

{:::== : We use lemma 4.3.3. We need only show A# E Amal(V). We do this by 

showing A# has property Q: 

Let f : A# <--+ C be an arbitrary embedding, and let g : A# --. M be a homo­

morphism. Let e = kerg. Since Mis finite A# I e is finite, so by theorem 4.2.7, 

A# I e E P(VAsJ). But as Mis simple, and by (a), A# I e is congruence extensile, 

hence we must have A# I e is simple, that is A# I e E v AS!. 
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Now (a) applies also to A#, so there is a '1' E Con(C) extending 0. We may 

suppose the induced embedding from A# I e to c I '1' is essential by lemma 1.2.23, 

and hence C / '1' E Vs1. Since Vis residually small, there is an essential embedding 

'Y: c I '1' <-+LE VwMI· Now since A# I e E Amal(V), we have by the simplicity 

of M and L that both the embedding from A# I e into M and from A# I e through 

C / '1' into Lare essential, hence by lemma 4.2.2, there is an isomorphism 6: L--+ M 

such that the diagram in figure 4.5 commutes. 

M---L 6 

FIGURE 4.5 

Setting h = 6-ye, where € : C - C / '1' is the canonical epimorphism, we see that 

hf= g, proving the theorem. D 

Filtral Varieties and Property P. In trying to find specific varieties which 

satisfy the conditions of theorem 4.3.5, the condition (a) is the only unfamiliar 

one. One way of avoiding it is to assume the variety has the congruence extension 

property. In fact, these varieties are just the finitely generated filtral varieties 

(defined below), which were first introduced by Magari {69], with subsequent work 

done by G. Bergman [71). 

DEFINITION 4.3.6 (Magari [69]). A variety V is filtral if for every subdirect 
' 

product B of a family Bi, i E I of subdirectly irreducible algebras, and ~a~h 0 E 

Con( B), there is a filter 1) on I such that the congruence induced by the 1) on 

TI Bi restricted to B is 0. 
iE/ 

THEOREM 4.3.7 (G. Bergman [71]). Let V be a finitely generated variety. 

Then V is filtral if and only if it is congruence distributive, semi-simple and has the 

congruence extension property. D 
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COROLLARY 4.3.8 (C. Bergman (85)). Let V be a finitely generated filtral 

variety. Then for all A E V: A E Amal(V) if and only if A has property P. D 

Modular Lattice Varieties and Property P. Another class of varieties 

satisfying the conditions of theorem 4.3.5 are the finitely generated modular lattice 

Va.rieties. They are semi-simple and congruence distributive, so we need just check 

property (a). 

LEMMA 4.3.9 (G. Bergman (85)). Let V be finitely generated, semi-simple, 

and congruence distributive. Suppose no non-simple member of P(V ASI) can be 

embedded in a simple member of V. Then the members of P(V ASI) are congruence 

extensile. 
0 

Proof. We use lemma 4.1.9. Let A E P(VAsI) and let f : A ~ B = TI Bi be 
iEI 

an embedding, where Bi E VsI for i E I. Let E> E Con( A) such that A/ E> E 

VsI. By 1.2.16, there is an ultrafilter 1> on I such that if \JI E Con(B) is the 

congruence induced by 1>, we have E> ~ \JllA· Now since A/ \JllA is embeddable in 

B / \JI ,...., Bi for some i E I as V is finitely generated, we have A/ \JI I A is finite and 

hence by theorem 4.2. 7, we have A/ '11 IA P(V ASI ). But then by our assumption, 

A/ '11IA E VASI· But then as E> -=f OA, E>A = '11IA, hence \JI extends E>, proving the 

statement. D 

THEOREM 4.3.10 (C. Bergman (85)). Let V be a finitely generated variety of 

modular lattices. Then for A E V: A E Amal(V) if and only if A is congrur:nce 

extensile and has property P. 

Proof. Since a variety of modular lattices is congruence distributive and semi­

simple, we need oµly show that condition (a) of theorem 4.3.5 is satisfied. We 

use lemma 4.3.9 to do this: 

Let GE VsI and let A= n Ai, where each Ai E VASI, and suppose A~ G. Since 
iEI 

G is finite, we may suppose I is finite and each Ai in non-trivial. Suppose III > 1. 

Put I= {O, 1, ... , n}. Pick a, b E A 1 with a < b. Fix, for j = 2, 3, ... , n, elements 

c; EA;. Define embeddings a,{3: Ao~ A by 

a(x) = (x,a,c2, ... ,cn) and 

{3(x) = (x,b,c2, ... ,cn)· 
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Now let M E VwMJ be a maximal essential extension of G. We may suppose ct 

and {3 are embeddings into M. In fact, since M is simple, ct and {3 are essential, 

so by lemma 4.2.2, there is an isomorphism 'Y : M --+ M such that "(ct = {3. But 

for each x E Ao, ct(x) < {3(x ). Since M finite, it has no automorphism taking an 

element to a strictly larger one. Hence we have a contradiction, so III = 1, proving 

the theorem. 0 

Some Heyting Algebra Varieties and Property P. I present another 

characterization in terms of property P for the Heyting algebra varieties 'Hn dis­

cussed in section 4.2. 

THEOREM 4.3.11 (C. Bergman (85]). For a natural number n, let V be the 

H eyting algebra variety. 'Hn. Then A E Amal(V) if and only if A satisfies property 

P. 

Proof. ~ : Follows from lemma 4.3.4, theorem 4.2.10, and the fact that V is 

congruence extensile. 

{:::= : To use lemma 4.3.3, since V has the congruence extension property, we need 

only show for A having property P, A# E Amal(V). In fact, we show A# has 

property Q. 

Now let f: A# '--+ CE V be an arbitrary embedding, and let g: A# --+ Bn EB 1 be a 

homomorphism. Let 0 = ker g. By congruence extensibility, there is a \JI E Con( C) 

extending \JI. By lemma 1.2.23, we may suppose C / \JI E V SI, hence there is an 

embedding k : c I \JI '--+ Bn EB 1. Now since A# I e is embeddable in Bn EB ] ' it 

is subdirectly irreducible. Thus by theorem 1.2.16, there is an ultrafilter '.D on 

the index set of A#' such that A# I e is an image of the ultra product" A# /'.D. 

~ut since each factor of A# is either Bo EB 1, B1 EB 1 or Bn EB 1, and their proper 

homomorphic images are all Boolean, we must have A# I e isomorphic to Bo EB 1, 

B1 EB 1 or Bn EB 1. Hence A# I e E Amal(V). Since v is Q-variety, A# I e has 

property Q, so the embedding from A# I e to Bn EB 1 induced by 9 can be extended 

to a homomorphism k : C /\JI --+ Bn EB 1 (see the commutative diagram in figure 

4.6). 
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FIGURE 4.6 

Letting e: a - a I \11 be the canonical epimorphism, we see h = ke extends g, that 

is hf= g, proving the theorem. D 

The Pentagon Variety and Property P. The last characterization in 

terms of property P is for the lattice variety generated by the pentagon. Recall 

that we denote this variety by N. 

The following result appears in Jonsson [90], but the author credits C. Bergman. 

THEOREM 4.3.12(J6nsson [90] [by C. Bergman]). A E Amal(N) if and 

only if A has property P and is congruence extensile. 

Proof Note NAsI = NwMI = {N}, and products of members of Ns1 are absolute 

retracts, as N is retract extendible. 

: Every A E Amal(N) is a subdirect power of N by theorem 4.2.13, and since 

each member of P(NAsI) is an absolute retract (and hence is congruence extensile), 

the result follows by lemma 4.3.4. 

{:::= : Let A be congruence extensile and have property P. A# is a power of N, so 

is an absolute retract, and thus is a member of Amal(N). The result now follows 

from lemma 4.3.3. D 

Finite Amalgamation Bases. We have derived characterization theorems 

for the following finitely generated congruence distributive varieties: 

(1) Semi-simple varieties with the properties given in theorem 4.3.5. e.g. mod­

ular lattice varieties and filtral varieties. 
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(2) The Heyting algebra varieties 1-Ln, n a natural number. 

(3) The lattice variety generated by the pentagon. 
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For all these varieties, we can effectively decide which subdirectly irreducible mem­

bers are in VASI (for ( 1) this can be done using theorem 4.2.2, since in these varieties 

a finite algebra has only finitely many essential extensions up to isomorphism - see 

Jonsson [90] and Jipsen and Rose [89]). I now give a result which shows that there 

is an effective test for deciding whether a finite algebra in any of the above varieties 

is an amalgamation base. I end this chapter with three more characterizations of 

finite amalgamation bases, the last two stated with references but without proof, 

in the interests of space. 

THEOREM 4.3.13. Let A E V with A finite and V a congruence distributive 

finitely generated variety. Then, if VASI is known, it is effectively decidable whether 

A has property P and A is congruence extensile. Thus for the varieties mentioned 

in ( 1 }, ( 2} and ( 9} above, we have an effective test for deciding whether a finite 

algebra is a member of Amal(V). 

Proof. Let A E V, with A finite. A has only finitely many essential extensions (see 

Jonsson [90] and Jipsen and Rose (89]), and Con( A) has only finitely many members. 

Hence it is effectively decidable whether a given congruence on A can be extended 

to an essential extension of A. Now given any embedding f : A '--+ B E V, by 

lemma 1.2.23, there is a lit E Con( B) such that that cf : A -+ B / '1t is an essential 

embedding, where c : B - B / lit is the canonical epimorphism. If E> E Con( A), 

then it is effectively decidable whether there is a .P E Con( B / '1t) extending E>. If so, 

we can view.Pas a congruence on B, and see that it extends E>. Thus determining 

whether A is congruence extensile is effectively decidable. 

If VASI is known, A# and µA are automatically known. It remains to check whether 

each homomorphism g : A -+ M E VwMI can be extended to A#. Since A and 

A# are finite, and VwMI has finitely many finite members, there are only a finite 

number of of homomorphisms g: A-+ Mand h: A#-+ M where ME VwMI· So 

this process is effectively decidable. 0 

A similar result for finitely generated Q-varieties was also shown by 

Jonsson [90], that is, there is an effective test in such a variety for deciding whether 

a finite algebra is an amalgamation base. 
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THEOREM 4.3.14 (C. Bergman [85]). Let V be finitely generated semi-simple 

and congruence distributive such that members of P(V ASI) are congruence extenJile. 

Let A E V be finite. Then the following are equivalent: 

( 1) A E P s(V ASI) and is congruence extensile. 

(2) A satisfies property P. 

(3) A E Amal(V). 

Proof. (3) is equivalent to (1) and (2) combined by theorem 4.3.5, so we need only 

show that (1) and (2) are equivalent. 

(1) ==} (2): Firstly, note µA : A '--+ A# is an embedding. Since A is finite we 

may assume A# = n?=o Bi with each Bi E VASI· Let ei E Con(A) be the kernels 

of the projection maps onto Bi restricted to A for each i E {O, ... , n -1}. We may 

suppose that the ei's are pairwise distinct. Now Con(A) is finite and distributive, 

so e = e 0 n ei n ... net for some t < n - 1, rearranging the Bi's if necessary. 

Let c5 : A <-+ M x Il?:i~ 1 Bi be the embedding given by 

c5(a) = ('y(a), a/ et+l1 ... ' a/ en-1) .. 

Let '11 0 , Wi+i, ... , Wn-1 be the projection kernels of 6. Since A is congruence exten­

sile, there is a congruence cf? on M x 0?:t~ 1 Bi extending et. Using finiteness and 

congruence distributivity again, cf?= njEJWj for some J ~ {0,t + l, ... ,n-1}. 

Thus et= cJ?IA = niEJ '11;IA· Since et is meet irreducible, et= '11ilA for some 

j E J. If j =/:- 0, et= '11;IA = e;, contradicting pairwise distinctness of the e/s. 

Hence et = WolA = e. But then, as e =eon e1 n ... net, we must have t = 0. 

Thus A/ e is isomorphic to Bo' and hence there is a embedding f : Bo -+ M such 

that the composition of the projection from A# onto Bo and f extends/· 

(2) ==} (1): Suppose a finite A E V satisfies property P. Then µA is injective, 

hence A E Ps(VASI ). In fact, since Con( A) is finite and distributive, if e is a 

co-atom in Con(A), A/ e E VASI· Since A is finite we may assume again that 

A#= n?=o Bi with each Bi E VASI· 

To show A is congruence extensile, it suffices to consider an extension C E V of A 

such that C = 0 C; where each C; E VwMI· Now for each j E J, let Ii: A-+ C; 
jEJ 
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be the restriction of the projection map to A. By property P, there is an extension 

of 'Yii say 6; : A# -. C;. Let 6: A# -. C be given by the product map 6 = Il 6;. 
jEJ 

Let \JI = ker 6. Now \JI I A = 0 A since A is embedded in C. If \JI =/= 0 A# , then using 

congruence distributivity to split \JI into its factor congruences of Bi, and the fact 

that each Bi is simple, we can find a',b' E A,a' =/= b' such that 6µA(a') = 6µA(b'), 

a contradiction. Hence 6 is an embedding. 

Now let 0 be a completely meet irreducible congruence in Con(A). 0 extends to a 

congruence on A# because every completely meet irreducible congruence of A is a 

projection congruence of A#. By our asssumption, A# is congruence extensile, so 

0 can be extended all the way up to C as A# is embeddable in C. 0 

COROLLARY 4.3.15 (C. Bergman [85]). For a filtral variety V and a finite 

A E V: A E Amal(V) if and only if A is a subdirect product of VASI. 0 

THEOREM 4.3.16 (Gratzer and Lakser (71)). Let A be a finite Heyting al­

gebra in 'Hn for some natural number n. Then A E Amal('Hn) if and only if A has 

no homomorphism onto Bi EB 1 for all 1 < i < n. 0 

'' 

THEOREM 4.3.17 (Jonsson (90)). A finite non-trivial lattice A E N belungs 

to Amal(N) if and only if A is a subdirect power of N and the three-element chain 

~ is not an image of A. 0 
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Chapter 5 

Elementary Amalgamation Classes 

Introduction. In chapter four, I presented some characterizations of the 

amalgamation class of some varieties. In this chapter, I focus on a particular 

characterization question: whether or not the amalgamation class of a variety can 

be described by a set of first-order sentences. The results obtained so far have been 

surprisingly divergent: For finitely generated varieties of modular lattices (excluding 

the distributive and trivial variety), the answer is no (due to C. Bergman [89]), but 

for finitely generated discriminator varieties and the lattice variety generated by the 

pentagon the answer is yes (but see the remarks made after lemma 5.3.13). Thus 

the answer to this question seems totally unrelated to the properties P and Q, as all 

these varieties have similar characterizations of the amalgamation class using these 

properties. Even the proofs in the affirmative for the discriminator and pentagon 

varieties are dissimilar: the former is largely constructive (due to C. Bergman (83]), 

while the latter relies on algebraic methods that are largely non-constructive (due 

to Bruyns, Naturman and Rose (92]). 

5.1 Finitely Generated Discriminator Varieties 

Introduction and Basic Concepts. Discriminator varieties were first in-

traduced by Pixley in 1970. Every finitely generated discriminator variety is filtral, 

and hence by corollary 4.3.8, we have one characterization of the amalgamation 

class. In this section, I present the even stronger result by C. Bergman [85] that 

the amalgamation class of a finitely generated discriminator variety can be described 

by a single first order sentence. It uses extensively a result by McKenzie [75] which 

relates the quantifier-free formulas to certain terms in the language of the variety. 
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I begin by introducing the definition of a discriminator variety, and stating (largely 

without proof) some of the standard facts that are known about such varieties. 

For a proof of most of these results, consult Burris and Sankappanavar [81) (page 

164ff). 

DEFINITION 5.1.1 (Pixley (70)). A variety Vis a discriminator variety if there 

is a term a( x, y, z) (called the discriminator term) such that A E V is subdirectly 

irreducible or trivial if and only if 

A f= (a( x, x, z) = z) and ( x -j. y ~ a( x, y, z) = x ). 

Notice that for a discriminator variety V, Vs1 is elementary. 

LEMMA 5.1.2. Let V be a discriminator variety. Then: 

(1) V satisfies the following identities: 

a(x,x,y) = y 

a(x, y, x) = x 

a(x, y, y) = x 

a(x,a(x,y,z),y) = y 

a(x, y, F( vo, ... , Vn-1)) = a(x, y, F( a(x, y, Vo), ... , a(x, y, Vn-d)) 
f.'.-,. 

for each n-ary operation F in the type of V. 

(2) V is congruence permutable and congruence distributive. 

(3) Every subalgebra {not necessarily proper) of a member of Vs1 is simple. 

( 4) Every finite algebra of V is a product of simple algebras. 

(5) For every A E V and a, b E A, the smallest congruence containing (a, b) is 

given by: 

con(a,b) = {(x,y) E A2
: a(a,b,x) = a(a,b,y)}. 

(6) -Every finite join of principal congruences is principal. 

(7) V satisfies the congruence extension property. D 

LEMMA 5.1.3. If V is a discriminator variety, and</> is a quantifier-free formula 

in the language of V, then there are terms a and {3 in the language of V satisfying 

the following conditions: 
--+ 

(1) (McKenzie [75]) For all B E Vs1 and bo, ... , bm-1 E B, B p </>( b) if and 
--+ --+ 

only if there is a y EB such that a( b, y) f. {3( b, y). 
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(2) (C. Bergman (83]) For any A E V and ao, ... , llm-1 E A, the following are 

equivalent: 

(i) There exists a co-atom 'I! of Con(A) such that 

A/ 'I! f= </>( ao/ W, ... , llm-if 'I!). 

{ii) A f= ((3y )( a(ao, ... , llm-li y) =/:- .8( ao, ... , llm-1, Y )). 

Proof. 

(1) See McKenzie [75]. 

(2) (i) ==> (ii): Let A E V and suppose (i) holds. Let B = A/ 'I! and 

bi = aif 'I! for i < n. Then B E Vs1, so there exists a z E B with 
--+ --+ . --+ 

a( b ,z) =f. .8( b ,z). Choose y EA with y/'I! = z. Then a( a ,y)/'I! = 
a(b, z) =f. ,B(b, z) = {3(<1, y )/'I!. Hence a(<l, y) =f. .8(<1, y ), so (ii) is 

satisfied. 

(ii) ==> ( i): Suppose there is a y E A such that a(<l, y) =f. {3(<1, y ). Then 

by theorem 1.2.4, there is a co-atom 'I! E Con(A) (since A/ 'I! is simple) 

such that a(<l, y )/'I! =f. {3(<1, y )/'I!. By labelling B and. bi as before and 

using (1), we have that (i) holds. D 

· If B is a finite algebra with cardinality k, then there is a quantifier free formula </> 

with k free variables such that for any algebra A of the same type and ao, ... , ak-1 E 

A we have A f= </>(<1) if and only if { ao, ... , ak-d "'B. Let Dgn(7) denote such 

a formula. 

A Finite Axiomatization of Subdirect Products. As a first step to 

proving that Amal(V) is strictly elementary for V a finitely generated discriminator 

variety,· we show that, for a given set of subdirectly irreducibles, we can finitely 

axiomatize all subdirect products of that set. 

THEOREM 5.1.4 (C. Bergman (83]). Let V be a finitely generated discrimi­

nator variety. Let S ~ Vs1. Then Ps(S) is a finitely axiomatizable class. 
i 

Proof. Note first that by theorem 1.2.20, V is finitely axiomatizable. Let E be a 

finite set of identities axiomatizing V. Also S is a finite set of finite algebras, say 
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S ={Lo, ... , Lm-1 }. Now fix j < m, and put L = L;, and suppose ILi = r. Let </> 

be the quantifier-free formula in r + 2 variables defined as follows: 

</>(xo, ... , Xr-d := ( c # d and Dgi(?)). 

By lemma 5.1.3, there are terms a and /3 such that for A E V, xo, ... , Xr-1, c, d E 

A, A I= (3y )(a(?, c, d, y) # /3(?, c, d, y)) if and only if there is a co-atom '11 E 

Con( A) such that cf 'I! # df 'I! and { xof 'I!, ... , Xr-i/ 'I!} ~ L. Define the formula 

Sepi(u,v) as follows: 

Sepi(u,v) := (3xo) ... (3xr-1)(3y)('v'z)[(a(?,y,u,v) # /3(?,y,u,v)) 

and V(a(xi,z,a(?,y,u,v)) # a(xi,z,/3(?,y,u,v)))] 
i<r 

where a is the discriminator term of V. 

CLAIM 1: For c, d E A, A I= Sepi(c, d) if and only if there exists 'I! E Con( A) 

such that cf 'I! # df 'I! and Af 'I! "' L. 

Proof of claim: {:= : Suppose there exists 'I! E Con(A) with cf 'I! # df 'I! and 

Af '11 ~ L. Now, since Af 'I! ~ L, we can find ao, ... , ar-1 E A such that Af '11 I= 
Dgi(aof'l>', ... ,arf'I!). Hence by lemma 5.1.3(1), there is ab EA such that 

a( <1 f '11, bf '11, cf 'I!, df 'I!) # /3( <1 f 'I!, bf 'I!, cf '11, df 'I!). Now let e E A. Now 

ef '11 = aif 'I! for some i < r. Hence, 

a(aif'I!, ef'I!, a(<l,b,c,d)f'I!) = a(<lf'I!, bf'I!, cf'I!, df'1>') 

# /3 ( <1 f 'I!, bf 'I!, cf 'I!, df 'I!) = a( aif 'I!, ef 'I!, /3(<1, b, c, d)f 'I!). 

So, a( ai, e, a(lt, b, c, d)) # a( ai, e, a(lt, b, c, d)). Hence as e was arbitrary, 

Sepi( u, v) is satisfied. 

{:=: Suppose A I= Sepi(c,d) for some c,d EA. Let ao, ... ,ar-1,b EA 

be elements that witness the existential quantifiers of Sepi( c, d). Denote a = 

a(<l, b, c, d) and /3 = /3(<1, b, c, d). Also, let A ~ fl At be a subdirect prod-
. tET 

uct representation of A, and let 0t E Con(A) be the kernel of the tth projection 

map restricted to A, where t E T. Since each At is simple, { 0t : t E T} is a set 

of co-atoms of Con(A). Put U = {t ET: af 0t # /3f 0,} and for each x E A, 

Vx = {t ET: aif 0t = xf 0t for some i < r}. 

CLAIM 2: The set F = {U} U {Vx : x EA} has the finite intersection property. 
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Proof of claim 2: Let xo, ... , Xk-1 E A. Let Ebe the algebra generated by 

{ a0, ... , ar-1, a, /3, xo, ... , Xk-1 }. Now Eis finite, since a finitely generated variety 

is locally finite. Hence by lemma 5.1.2(4), Eis isomorphic to a direct product of 

of simple algebras, in fact Erv Il E/ E>tlE for some finite To ~ T. Now suppose 
tETo 

UnVx
0
n ... nVx1: is empty. We will derive a contradiction. We have that for all t EU, 

there is at* < k with t ~ Vx, •. Now, since E is a direct product of finitely many 

simple algebras, if t E Ton u' there is an e E E such that e/ e, = Xt• I e,. Now 

e EE and since A I= SepL(c,d), there is an i < r such that u(ai,e,a) =/:- u(a,,e,/3). 

But u( a,, e, a), u( a,, e, /3) E E, hence using again the fact that E is a direct product 

of simple algebras, we must have u(a,,e,a)/ E>slE =/:- u(ai,e,/3)/ E>slE for some s E 

T0 • Hence since E/ E>slE is simple, ai/ E>slE = e/ E>slE and a/ E>slE =/:- /3/ E>alE· 

Now supposes E u. Thens ~ Vs•' hence e/ E>s = Xs• I E>s =I- aif E>s, so e/ e,, IE =l­
a;/ E>t'IE, a contradiction. Hences~ U. But then, a/E>t = /3/E>t, contradicting 

a/ E>t'IE = /3/ E>t'IE· Hence in both cases we reach a contradiction, thus claim 2 

is proved. 

Now since F ~ T has the finite intersection property, it can be extended to an 

ultrafilter '.D over T. Let E> be the congruence induced by the ultrafilter on Il A,, 
tET 

and let '11 = E>IA· Now, since Vs1 is elementary IlteT At/ '.D E Vs1, and h~nce 

A/ '11 E Vs1 as A/ '11 is a subalgebra of Ilier At/ '.D. So '11 is a co-atom of Con( A). 

Since U E '.D, by lemma 5.1.3 and the definition of a and /3, c/ '11 "¥=. d/ '11 and 

{ ao/ '11, ••• , ar-1 / '11} ~ L. But, for x E A, Vx E '.D, hence x/ '11 = ai/ '11 for some 

i < r. Hence L ~ { a0/ '11, ... , ar-1/ w} ~ A/ '11 and claim 1 is proved. 

To finish the proof, notice that E together with the sentence 

(Vu )(Vv) (u =/:- v ==> .v SePL; ( u, v )) 
J<m 

axiomatizes Ps(S). D 

A Finite Axiomatization of the Amalgamation Class. By lemma 

5.1.2 and theorem 4.3.7, we have that a finitely generated discriminator variety 

V is filtral, hence by theorem 4.1.11 and corollary 4.3.8 we have that for A E V, 

A E Amal(V) if and only if A satisfies property Q if and only if A satisfies property 
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P. Hence by theorem 4.3.13, the elements of VASI can be effectively determined. 

To prove Amal(V) is finitely axiomatizable, we use the following characterization 

of Amal(V), which is a reworking of the Property P introduced in chapter four. 

LEMMA 5.1.5 (C. Bergman (85]). Let V be a finitely generated discriminator 

variety, and let A EV. Let A# and µA be as in definition 4.9.1. Then A E Amal(V) 

if and only if 

(1) µA is an embedding. 

(2) For every ME VwMr, 0 E Con(A) and embedding TJ: A/ 0 '---+ M, there 

exists an 0 E Con(A#) and an embedding fj : A# I 0 '---+ M such that 

01A = 0 and fj 0 ( µ/ 0) = ,,.,, where µ/ 0 : A/ 0 '---+ A# I 0 is the induced 

embedding given by µ/ 0( a/ 0) = µ(a)/ 0). 

Proof. ==} : Let A E Amal(V). A thus satisfies property P, so µA is an embedding. 

Let ME VwMr, 0 E Con(A) and TJ : A/ 0 '---+ M be as above. Then if e: A__.. 

A/ 0 is the canonical homomorphism, then as A satisfies property P, there is a 

map k: A# --+ M such that k o µA = TJ o e. Letting 0 = ker k, and composing the 

isomorphism between A# I 0 and k( A#) into M to get r;, we get 0 and fj satisfying 

the requirements of (2). 

'¢= : Suppose (1) and (2) hold. To show A satisfies property P, let f : A --+ 

M E Vw MI be a homomorphism. Letting 0 = ker f' T/ the composition of the 

isomorphism between A/ 0 and J(A), and the inclusion map i : f(A) '---+ M, and 

applying (2), we get a map k = fje (where e : A# '---+ A#/ 0 is the canonical 

epimorphism) such that k o /LA = f. 0 

Let V oe a finitely generated discriminator variety, and suppose K, L E Vsr and 

v : K '---+ L is an embedding. Let K = { ko, ... , kr-1}, say. Then, as in the proof 

of the theorem 5.1.4, we can find formulae Fack and Exti, 11,K with IKI + 2 and 

ILi + 2 free variables such that for c, d E A, 

A I= FacK( a0, ... , ar-l, c, d) if and only if there is a co-atom W of Con( A) such 

that c/ w = d/ w and { a0/ w, ... , ar-i/ w} '.:::'. K, with aif w mapping to ki for 

each i < r. 
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A I= Ext L,v,K( ao, ... , ar-Ii bo,. .. , ba-Ii c, d) if and only if there is a co-atom '11 

of Con(A) such that c/ '11 = d/ '11 and { ao/ '11, ... , ar-i/ '11, bo/ '11, ••• , b,_if '11} is 

isomorphic to L with ai/ '11 corresponding to v(kj) for all j <rands= IL\ Kl. 

THEOREM 5.1.6 (C. Bergman [83]). Let V be finitely generated discriminator 

variety. Then Amal(V) is finitely axiomatizable. 

Proof. Let E' be the set of sentences axiomatizing Ps(VAsI ), which is obtainable 

by theorem 5.1.4 and the fact that VASI is effectively decidable. Now A I= E' if 

and only if µA is injective. Let M E VwM1, 0 E Con( A) and TJ : A/ 0 '--+ M an 

embedding. We need a sentence that is equivalent to the existence of 'fj and 0 as 

in lemma 5.1.5. Now as V is finitely generated, there are only finitely many pairs 

(Li, Vi) such that Li E v AS/' Vj is an embedding from K = A/ e into Li and there 

exists T : Li -+ M such that T o Vj = TJ. 

Let PK,,, be the sentence 

m-1 

(V?) V [FacK(?,u,v) ===} (3y)ExtL;,v;,K(?, y,u,v)] 
i=O 

We claim that A I= E' U {Pk,,,} if and only if 0 and 'fj exists with the desired 

properties: 

Proof of claim: ===} : Let ao, ... , ar-1 be co-set representatives for A by 0. Since 

K = A/ 0, for any ( c, d) E 0 we have A I= FacK(c?, c, d). Thus by our assumption, 

there is an i < m, such that A I= (3y)ExtL;, 11;,K(c?, y,c,d). 

Let T = {'11 E Con(A) : A/ '11 E VAsI} and 

U = {'11, ET: the map f: A/ '11-+ Li given by J(aj/ '11) = Vi(kj) is an isomorphism}. 

Let V(c,d) = {'11 ET: (c,d) E '11}, (c,d) E 0. 

Consider the family F = {U} U {V(c,d): (c,d) E 0}. We claim F has the finite 

intersection property: Consider UnV(ci, di )n ... nV(cp, dp), where (cq,dq) E 0 for 

i .~ 9 ~ p. Now v::f 0(cq, dq) is principal by lemma 5.1.2(5), say V::'.:f 0(cq, dq) = 

0(c,d) for c,d E A. Now since 0(cq,dq) ~ 0 for 1 ~ q ~ p, 0(c,d) ~ 0 so 

(c,d) E 0. By our assumption, A I= (3y)ExtL;, 11;,K(c?, y,c,d). Hence there 
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is a \JI E U such that \JI ~ E>(c,d) ~ E>(cq,dq) for 1 ~ q ~ p, that is, \JI E 

u n v (Ct ' d 1 ) n ... n v ( Cp' dp)' so F has the finite intersection property. 

Thus F can be extended to an ultrafilter j', say, over T. Let E> be the congruence 

induced by the ultrafilter. Since every V(c,d) E j', E>IA ~ 0. Since U E j', we 

have e1A 2 e as well as an isomorphism f: A# /e--+ Li such that f 0 µ/ e =Vi. 

Letting fj =To f, we see fj o (µ/ E>) = 71. 

{:::== : Suppose e and r; exist with the properties stated in the claim. 

FIGURE 5.1 

By theorem 1.2.16, there is an ultrafilter ll such that e : A# Ill -++ A# I e is an 

epimorphism. Now A#/ ll E VASI as VASI is a finite collection of finite algebras, 

hence is simple. Hence, e is an isomorphism, so A# I e l'V Li for some i < m, hence 

PK,11 is satisfied. (see figure 5.1). 

Finally, to complete the proof, observe there are only finitely many pairs (K, 71) 

such that 71 is an embedding into a member of Vw MI. Hence if P is the sentence 

/\PK, 11 , the conjunction of the pairs defined previously, then E' U {P} axiomatizes 

Amal(V). D 

5.2 Finitely Generated Modular Lattice Varieties 

The Bounded Obstruction Property. In Albert and Burris [88], an 

algebraic property for a class of algebras called the bounded obstruction property 

was introduced, and there it was shown that for certain elementary classes this 

property is equivalent to the statement that the amalgamation class of the variety 
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is elementary. My aim in this section is to state this result (the proof, being 

largely model-theoretical, is omitted), and to present in detail a result due to C. 

Bergman [89] that the amalgamation class of certain modular varieties of lattices 

are not elementary. 

DEFINITION 5.2.1 . 

(1) Let K, be an elementary class, and suppose that the double extension 

(A, f, B, g, C) has no amalgam in K. An obstruction is any subalgebra C' 

of C such that (A', /IA', B, glA', C') has no amalgam in A-, where A' = 

g-l(C'). 

(2) Let K be a locally finite elementary class. Amal(K) is said to have the 

bounded obstruction property (BOP) with respect to K if for every k E w, 

there exists an n E w such that the following holds: 

If CE Amal(X), IBI < k and the double extension (A,f,B,g,C) has no 

amalgam in K, then there is an obstruction C'::; C such that IC'I < n. 

· THEOREM 5.2.2 (Albert and Burris [88]). Let V be a locally finite variety. 

Then Amal(K) satisfies the bounded obstruction property if and only if Amal(K) 

is elementary. 

Non-Axiomatizibility of the Amalgamation Class of Certain Modular 
Varieties. In chapter four, we saw that the amalgamation class of finitely 

generated modular lattice varieties also have a characterization in terms of property 

P. However, in contrast to the result in section 5.1 for discriminator varieties, their 

amalgamation classes are not elementary, as the next result shows. 

THEOREM 5.2.3 (C. Bergman (89]. Let V be a finitely generated non-dis­

tributive variety of modular lattices. Then Amal(V) does not have the· bounded 

obstruction property, and hence is not elementary. D 

Proof. We may assume V = HSP(L), where Lis a finite non-distributive modular 

lattice. By theorem 1.2.16, Vs1 ~ HS(L). Thus every member of Vs1 has cardi­

nality at most ILi and is simple. Let M be a lattice of largest cardinality in Vs1. 

By maximality, M E Vw M 1, and as L is non-distributive IMI ~ 5. Let z and u be 
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the bottom and top elements of M respectively. Let C = { x(n] : x E M and n E w} 

where x(n] E Mw is defined by 

x[n]; = {: 

for j < n 

for j = n 

for j > n 

for j < w. 

Now C is a subset of Mw, in fact, it is a sublattice of Mw: For let x(n], y(m] E C. 

Then if n > m, x(n] + y(m] = x(n] EC, and if n = m, x(n] + y(m] = (x + y)(n] E C. 

Similarly, one can show that C is closed under meets. 

Note that z(n + 1] = u(n] for all n E w, and that x(n] < y(m] if and only if (n < m) 

or (n = m and x < y). Thus C resembles countably infinitely many copies of M, 

stacked up so that the top element of one copy is identified with the bottom element 

of the copy of M immediately above it. (see figure 5.2 for the case M =Ma.) 

I 
I 
• 

. /l~. 
~l~=z(2] 
/I~ 
·~i/.. 
/i~=z(l] 

• • • 
~!~101 
FIGURE 5.2 

In fact C is a subdirect power of M, for if Trj : Mw - Mis the jth projection, then 

Trj(x(j]) = x for all x E M. 

CLAIM 1: Let a E Con(C), a =I- le, such that C /a E Vs1 (that is, a is com­

pletely meet irreducible). Then there is a j E w such that for all x, y E C, x = y 

mod a if and only if x j = Yj. In particular, C /a "' M. Hence every homomorphic 

image of C is a subdirect power of M. 
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Proof of claim 1: C ~ M"". Hence as a is completely meet irreducible, by theorem 

1.2.16 there is an ultrafilter U on w such that E>lc ~ a, where E> is the congruence 

induced by U. 

Suppose U were not principal: Then, for every x[n] E C, 

{j E w: x[n]j = z = z[O]j} 2 w \ {O, 1, ... , n} EU. 
/ 

Hence x[n] E> z[O] ==} x[n] a z[O]. So a= le, contradicting our assupmtion. 

Hence U must be principal. But then, as C ~ M"" is a subdirect embedding, 

C / E> '.:::'. M (the jth component). Now since E>lc ~ a, C /a is a non-trivial 

homomorphic image of C / E> "' M, and as M is simple, C / a '.:::'. M, that is, 

a= E>lc· Hence x a y if and only if Xj =Yi· 

Now if (3 E Con( C), by theorem 1.2.4, (3 = niEI ai' where each ai is a completely 

meet irreducible congruence on C. Then for all i E /, C / ai '.:::'. M, hence we have 

a subdirect repesentation c I (3 ~ rr c I ai '.:::'. M 1
• 

iEI 

CLAIM 2: C E Amal(V) 

Proof of claim 2: We will 'show C has property Q. Let C ~ D with inclusion 

map i : C c.....+ D, let N E Vw MI and let h : C -+ N be a homomorphism. Let 

a= ker h. By claim 1, C /a is a subdirect product of M. Hence IC/ al ~· M. But 

INI ~ IC/ al, hence by maximality INI = IC/ al = IMI, and so, N '.:::'. C /a"' M. 

Now by theorem 1.2.4, D is a subdirect product of subdirectly irreducible lattices, 

say D ~ fl Di. By theorem 1.2.16, there is an ultrafilter U on I such that the 
iEJ 

conguence E> induced by U satisfies E>lc ~a. 

cc > D fl Di 

! ! 
iEJ 

! 
C/E>lcc > D/ E>lv c > flieI Di/ U 

! 
C/a'.:::'.M 

FIGURE 5.3 
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Now since Vs1 is a finite set of finite lattices, IlieJ Di/ ll E Vs1. Hence, IMI $ 

I c I Slcl $ I IlieJ Di/ u1 implies by maximality of M that M :: c I Sic :: 
IlieJ Di/ u rv c I a. Thus Sic= a. The desired extension of h to D can now be 

constructed from the composition of the embedding from D into Il Di, the canoni-
ieJ 

cal map from n Di to IlieJ Di/ ll and the isomorphism from IlieJ Di/ ll to c I a 
iEJ 

(see figure 5.3). Thus claim 2 is proved. 

Recall that u and z are the top and bottom elements of M respectively. Let a be an 

atom of Mand let f: 2 <-+ M x 2 be the embedding given by f(O) = (z,O),f(l) = 
(~, 1). Finally for each n E w let 9n : 2 <-+ C be the embedding given by 9n(O) = z(O] 

and 9n(l) = u[n). 

CLAIM 3: ·For every n E w, the double extension (2, f, M x 2, gn, C) cannot be 

amalgamated. 

Proof of claim 9: Suppose, for a contradiction, that (2, f, M x 2, gn, C) has an 

amalgam (f', 9n', D). By theorem 1.2.4, there is a D E Vs1 and an epimorphism 

p: D - D' such that pf'(z,O) =/; pf'(a,O). Let a= ker(pf') E Con(M x 2). Now 

Con(M x 2) ::'. Con(M) x Con(2) ,...., 2 X 2- Hence a is one of 1Mx1, OMx1, T/M 

or T/'1.J where T/M and T/1. are kernels of the projections onto M and 2 respectively. 

Now 1Mx1 =/;a=/; T/1. since (z,O) "¢. (a,O) mod a. Also, a=/; OMx1, for then pf is 

an embedding, hence IMI < IM xii $ ID'I, contradicting maximality of M. Thus 

a = T/M, so M x 2/ a ::'. M, and again by maximality of M, !Ml = ID'!, hence 

D' ,...., M. In particular, since a is an atom of M, pf' (a, 1) is an atom of D'. Note 

that 

P9n 1 9n(O) =pf' f(O) 

(*) 

= pf'(z, 0) 

=I pf'(a, 1) 

=pf' f(l) 

=P9n19n(l). 

Thus ker(pgn') is non-trivial. Hence C/ker(pgn') is a subdirect power of M by 

claim 1, and hence by maximality of M, C/ker(pgn') ""D',...., M. In particular, 

by claim 1, there is a j E w such that P9n'(x) = P9n'(y) if and only if x; =Yi· If 

j > n, then z[O); = u[n);, hence P9n 19n(O) = P9n'(z[O]) = P9n'(u[n]) = P9n 19n(l), 
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contradicting (*). Thus j ~ n. Now u[n]; = u is the largest element of M, hence 

P9n'9n(l) = P9n'(u[n]) will be the largest element of D'. But by(*), P9n'9n(l) = 

pf' (a, 1) is an atom of D', contradicting !Ml > 2. Thus the claim is proved. 

Lastly we will show that every obstruction to ('J., /, M x 'J., 9n, C) has size greater 

than n. Hence Amal(V) fails to satisfy the bounded obstruction property, hence 

by theorem 5.2.2, Amal(V) is not elementary. 

CLAIM 4: Let A be an obstruction to ('J.,f,M x 'J.,gn,C), that is, A~ C. Then 

IAI >n. 

Proof of claim 4: Let A be an obstruction to ('J., J, M x 'J., 9n, C). Then if 'J.' = 

g; 1(A), we have that (2', fl~, M x 'J., 9nl~, A) cannot be amalgamated. Hence 2.' 
is non-trivial, that is 2.' = 'J.. Now f : 2 <--+ M x 2 has as a retract the projection 

map 7r : M x 2. - 'J.. Thus 9n : 'J. <--+ A has no retraction r : A - 2., for then 

('J., J, M x 'J., 9n, A) has an amalgam (J', 9n', AX (M x 2.)) where J'(x) = (gn7r(x ), x) 

and 9n'(x) = (x,fr(x)). (Because for x E 2., f'f(x) = (gn(x),f(x)) = 9n 19n(x)). 

Now 9n(2) = {z[O], u[n]} ~ A. We show IAI > n by showing that for all k ~ n, 

x[k] E A for some x E M, z I= x I= u: Suppose there was a k ~ n with x[k] fl. A for 

all x E M, z /= x /= u. Put r : A - 'J. by 

{ 

0 if and only if x ~ z[k] 
r(x) = 

1 otherwise. 

Note r(z[O]) = 0 and r( u[n]) = 1. Also r is a homomorphism: One can check 

that r preserves joins, and if one of x, y E A is less than or equal to z[k] 1 we 

have r(x · y) = 0 = r(x) · r(y). Hence we need consider only the case a, b E A 

such that a, b "f::. z[k]. Now by our assumption, a /= xi[k], b i= x2[k] for some 

xi, x 2 ~ M \ {z, u }. Hence a, b ~ u[k], so a· b ~ u[k] implies a · b "f::. z[k], so 

r(a) · r(b) = 1 = r(a · b). Sor preserves meets. 

But then r is a retraction of gn, contradicting the observation above. Thus IAI > n, 

proving our claim and hence the theorem. D 
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5.3 The Lattice Variety Generated by the Pentagon 

Introduction. In this section I present a result published in Bruyns, Naturman 

and Rose {92) that the amalgamation class of the lattice variety N generated by 

the pentagon is elementary (and in fact has a theory consisting of Horn sentences). 

The proof relies on an alternative characterization to the one in chapter four. It 

uses two key concepts: that of the extension of .2-congruences and the fact that 

amalgamation bases do not have the three-element chain as a homomorphic image. 

I present these two concepts in the subsections that follow. I also draw in advance 

the reader's attention to the remarks following lemma 5.3.13. 

2-Congruence Extendibility. The main result of this subsection is lemma 

5.3.5, which says that .2-congruences on amalgamation bases can be extended to 

any of their extensions. 

DEFINITION 5.3.1. 

(1) Given a lattice A, we call 0 E Con( A) a .2-congruence on A if A/ 0 is 

isomorphic to .2, the two-element chain. 

(2) Let u/v be a quotient of a lattice L. We call u/v a N- quotient of L if for 

some z E L the set { u, v, z} generates a sub-lattice of L isomorphic to the 

pentagon N, with u/v as critical quotient. In this case we write N(u/v,z). 

(3) Let A = Il Ai. A subalgebra B of A is said to be regular if, for every two 
iEI 

kernels ei and 0j of distinct projections on A, we have 0ilB =f 0ilB· 

The next sequence of lemmas have mostly technical proofs, some of which have 

been omitted. For the omitted proofs, I refer the reader to Bruyns, Naturman and 

Rose [92). 

LEMMA 5.3.2 (Bruyns, Naturman and Rose [92)). Let K be the class of 

subdirect powers of the pentagon N. Then K is closed under reduced products. 0 

LEMMA 5.3.3 (Bruyns, Naturman and Rose (92)). Let BEN be an image 

of A E Amal(N). Then if B :::; NI is a regular subdirect embedding, then every 

.2-congruence on B can be extended to a 6_-congruence on NI. 0 
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LEMMA 5.3.4 (Bruyns, Naturman and Rose (92]). Let f : A '-t B E .N 

be an embedding and assume that every 2.-congruence on J(A) can be extended to 

a 2.-congruence on B. Then if C is a finite Boolean algebra and g : A - C is an 

epimorphism, there is an epimorphism h: B - C such that g =hf. 

Proof. Follows from the fact that every finite Boolean algebra is isomorphic to a 

product of two element chains. 0 

LEMMA 5.3.5 (Bruyns, Naturman and Rose (92]}. 

Let A E Amal(.N) and let A ~ B E .N. Then every 2.-congruence on A can be 

extended to a 2.-congruence on B. 

Proof. Let e: A - 2. be an epimorphism where A E Amal(.N). Let f: 2. '-t N be 

the embedding taking top and bottom elements of 2. to top and bottom elements 

of N respectively. Notice f has a retract g : N - 2_. Now if A ~ B E .N, since 

A satisfies property Q, we have a homomorphism h: B-+ N such that hlA = Je. 

But then ker gh is a 2.-congruence on B extending ker e. D 

~ Is Not an Image of an Amalgamation Base. The main result in this 

subsection is that amalgamation bases in .N do not have an epimorphism onto the 

three element chain. The next lemma is implicit in Jonsson (90). 

LEMMA 5.3.6 (Jonsson (90]). Let I be a set. Then the three-element chain~ 

is not an epimorphic image of N 1 . 

Proof. Let~= {O,a, 1}, where 0 ~a~ 1. Suppose e: N 1 - ~is an epimorphism. 

Let Wi, '112 E Con(.a) be 2.-congruences such that (0, a) E '11 1 and (a, 1) E '112. We 

can view '111 and '112 as congruence on N 1 . By theorem 1.2.16, there are ultrafilters 

.U1 and il2 on I such that the congruences 01 and 02 induced by .U1 and .U2 
' 

respectively have the property 0i ~ Wi for i = 1, 2. Note, for i = 1, 2, N 1 I 0i ~ N 

since N is finite. Now il1 =/:- il2: For if il1 = il2, then 01 = 02 ~ '111 n '112 = kere, 

hence ~ would be a homomorphic image of N, a contradiction. 

Hence, there is an FE il1 such that F fl. il2. Pick x = (xi)iE/ 1 y = (Yi)iEJ E N 1 

such that e(x) = 1, e(y) = 0. Putz= (zi)iEJ E N 1 by 

{ 

Xj if i E F 

Zj = Yi if i fl. F. 
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Now x 0 1 z and z E>2 y, so viewing W1 and W2 as congruences on .3. again, we have 

1 w1 e(z) W20, a contradiction since (1,0) ~ W1 o W2. Hence .3. is not an image of 

NI. D 

LEMMA 5.3.7 {Bruyns, Naturman and Rose [92)). Let NI be a direct power 

of the pentagon, and let f: A'-+ NI be an embedding. Assume every 2,-congruence 

on J(A) can be extended to a 2.-congruence on NI. If g : A---. N is a homomorphism 

such that g(A) ~ .3. and the critical quotient is a sublattice of g(A) then there is no 

homomorphism h: NI.:_. N such that g =hf. 

Proof. Suppose such h exists. We first show h is not onto: For if h is onto, then by 

the projectivity of N, h induces an N-quotient u/v E NI. In fact since the critical 

quotient is a sub-lattice of g(A), we may suppose u, v E f(A). Let W and WA be 

the largest distributive congruence on NI and A respectively. 

Let X { </> E Con( NI) : </> is a 2.-congruence on NI} 

and XA - {</>EX: </>IA is a ~-congruence on A} 

Note n X = w, and since every 2.-congruence on f(A) extends to a 2.-congruence 

on NI, WA. = <nxA)IA· But nxA 2 nx, hence WA 2 wlA· Since kerg 

is a distributive congruence, we have wlA ~ kerg. But then as (u,v) E w, 
(J-1 (u), f- 1(v)) E kerg, a contradiction. 

Hence, since h is not onto, since g(A) contains the critical quotient of N we must 

have that h(NI) is either the 4 or 3 element chain. But this contradicts lemma 

5.3.6, hence no such h exists. D 

COROLLARY 5.3.8 {Bruyns, Naturman and Rose [92)). If A E Amal( V'), 
then A 'does not have .3. as an homomorphic image. D 

Amalgamating Subdirect Product Representations. Lastly, before 

the main characterization theorems, I present some technical lemmas about amalga­

mating double extensions whose embeddings are regular subdirect representations. 

LEMMA 5.3.9 {Bruyns, Naturman and Rose [92)). Let A :5 B EN. Then 

every epimorphism g : A --tt N can be extended to an epimorphism h : B --tt N. 
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Proof. Since every B E N is embeddable in a direct power of N, we may assume 

that B = N 1 for some set I. Let g be as above. By theoreml.2.16, there is a 

congruence \JI E Con(B) induced by an ultrafilter on I such that wlA ~ kerg. 

Now, since N is finite, Bf \JI "'N. But then wlA = ker g, for if not, N would be 

the image of a proper subalgebra of N, a contradiction. 0 

COROLLARY 5.3.10 (Bruyns, Naturman and Rose [92]). Let A EN, and 

let B and C be direct powers of N, say B = N 1 and C = NJ. If J : A '-+ B 

and g : A '-+ C are subdirect product representations, the the double extension 

(A,f,B,g,C) has an amalgam in N. 

Proof. We use lemma 1.3.3(2). Let u, v E B such that u =j:. v. Now 7r( u) =j:. 7r( v) 

for some projection 7r on B. Now 7r/: A--+ N is an epimorphism, hence by lemma 

5.3.9 there is a homomorphism h: C--+ N such that hg = 7r J. The case for u, v E C 

follows by symmetry. 0 

LEMMA 5.3.11 (Bruyns, Naturman and Rose [92]). Let A be a subdirect 

power of N. Then A E Amal(N) if and only if for any regular subdirect prod­

uct representation f : A <---+ B and any homomorphism k : A --+ N there is a 

homomorphism h : B --+ N such that k = hf. 

Proof. ~: Follows since N is a Q-variety. 

<=== : Let B, C be powers of N, and suppose J : A '-+ B and g : A '-+ C are 

embeddings. Since every member of N is embeddable in some power of N, we 

need only show (A, J, B, g, C) has an amalgam to show A E Amal(N). Now since 

A is a subdirect power of N, the embeddings f and g induce a regular subdirect 

representation f' : A '-+ B' ~ B and g' : A '-+ C' ~ C. Now by corollary 5.3.10, 
' 

(A, J', B', g', C') has an amalgam (p, g, H), say. By theorem 1.3.11, we may assume 

HE Amal(N). 

We need only show (A, J, B, J', B') and (A, g, C, g', C') have amalgams, say, 

(ii, r, D) and (ki, s, E) respectively: For then, since B' and C' are powers of N 

and hence in Amal(N), we have (B',r,D,p,H) and (C',g,H,s,E) have respective 

amalgams (£2,t,F) and (u,k2,G), say. Since h E Amal(N), (H,t,F,u,G) has an 
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amalgam, say (£3, k3 , X). Hence we obtain the commutative diagram given in figure 

5.4, and a check shows that (f3f2f1,k3k2k1,X) is an amalgam of (A,f,B,g,C). 

Bc.___ _ __;ti_/_r~• D ~ 

I /rB'~ ;/F~ 

A~/.H~/.X 
g 

C'~ /.G 
c~-----E 

ki 

FIGURE 5.4 

To see that (A, f, B, f', B') has an amalgam, let B = N 1 and B' =NJ where J ~I. 

We use lemma 1.3.3(2). Let z =I w EB such that 7r(z) =j:; 7r(w) for some projection 

7r on B. Then 7r f : A -+ N is a homomorphism, so by the hypothesis there is a 

homomorphism h : B' -+ N such that hf' = 7rf, satisfying the conditions of the 

lemma. Let z =F w in B', and let 7r be a projection on B' such that 7r ( z) =F 7r( w). 

Since f' is a subdirect representation, 7r f' : A -+ N is an epimorphism, hence by 

lemma 5.3.9, there is an epimorphism h : B - N such that hf = 7r f'. Thus the 

conditions of lemma 1.3.3(2) are satisfied. The case for (A,g,C,g',C') proceeds 

similarly. D 

Some ~haracterizations of the Amalgamation Class. I now state the 

characterization theorem of Bruyns, Naturman and Rose (92], as well as a technical 

result which gives a sufficient condition for a member of N' to be an amalgamation 

base. 

THEOREM 5.3.12 {Bruyns, Naturman and Rose [92]). For A E N', the 

following are equivalent: 

(1) A E Amal(N'). 
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(2) Q is not a homomorphic image of A and, if A ~ B E N, then every 2-
congruence on A can be extended to a 2-congruence on B. 

(3) A is a subdirect power of of N and for any regular subdirect product rep­

resentation f : A <--+ NI and any homomorphism g : A -+ N there is a 

homomorphism h: NI-+ N such that g =hf. 

( 4) A is a subdirect power of N, Q is not an image of A and if f : A <--+ NI 

is a regular subdirect representation, then any 2-congruence on J(A) can be 

extended to a 2-congruence on NI. 

Proof. (1) ==> (2): Follows from lemma 5.3.5 and corollary 5.3.8. 

(2) ==> (1 ): If A is as in (2), we show A has property Q: Let f : A <--+ B E N 

be an embedding and let g : A-+ N be a homomorphism. Then g(A) is either a 

singleton or isomorphic to one of 2, 2 x 2 or N. If g( A) is a singleton, set h : B -+ N 

such that h(B) = g(A), so that hf= g. If g(A) '.:::'. 2 or 2 x 2, then the existence of 

h such that hf = g follows from lemma 5.3.4. If g(A) = N then the existence of 

such h follows from lemma 5.3.9. In each case, we have shown that A has property 

Q, hence is in Amal(N). 

(1) ==> (3): This is just a restatement of one direction of theorem 4.3.12. 

(3) ==> ( 4): Follows from lemma 5.3.7. (That 2-congruences are extendible follows 

from a similar argument to that in lemma 5.3.5). 

(4) ==> (1): By lemma 5.3.11 we need only show that if g : A -+ N is a 

homomorphism then there is a homomorphism h: NI-+ N such that hf= g. By 

assumption, the non-trivial images of A are isomorphic to N, 2 or 2 x 2, so the 

result follows using arguments similar to those in the proof of (2) ==> (1 ). 0 

LEMMA 5.3.13 (Bruyns, Naturman and Rose [92]). Let E>o, E>1 be 2-congru­

ences on B EN. Assume the following: For some A E Amal(N) and embeddings 

Jo, Ji : A <--+ B, the restrictions E>ol/o(A) and E>1 l/i(A) are distinct 2-congruences 

on A. Then if</> = 0 0 n 0 1 , B / </> is not isomorphic to the three-element chain. 

Proof. Suppose B / </> '.:::'. Q. Then as Q is projective we may suppose without loss 

of generality that there exist u, v, w E B such that u < v < w and B / E>o = 
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{u/0o,v/0o}, B/01 = {v/01,w/0i} and B/<P · {u/<P,v/<P,w/<P}. We may 

further suppose that { u, v} ~ Jo(A) and { v, w} ~ 

ft (A). Let (go, gi, D) be an amalgam of (A, Jo, B, ft, B). By theorem 5.3.12(2), 

0o and 01 can be extended to 2,-congruences 0o and 01 on D. Let -;J = 0 0 n 0 1 • 

Then Jo(A)/ <Pl/o(A) is isomorphic to~' contradicting theorem 5.3.12(2). 0 

The proof above given for lemma 5.3.13 is given in Bruyns, N aturman and Rose (92]. 

There are two statements in this proof which I have not been able to justify ade­

quately. The first is that we may suppose that {u,v} ~ Jo(A) and {v,w} ~ ft(A). 

No indication is given that Jo(A) n Ji(B) =j:. 0. The second statement is that using 

theorem 5.3.12(2), 0o and 01 can be extended to .f-congruences 0 0 and 0 1 on 

D. Theorem 5.3.12(2) only applies to extending congruences on members of the 

amalgamation class, and B is not a member of Amal(N). A similar assumption 

seems to be made in the first line of lemma 5.3.14 as well. I have not been able to 

re-prove these lemmas, or prove theorem 5.3.15 which depends on these lemmas.1 

LEMMA 5.3.14 (Bruyns, Naturman and Rose [92]). Let BEN' and ~ssume 

that, for any distinct i-congruence on 0o and 01 on B there is an A E Amal(N') 

and embeddings Jo, ft : A <--+ B such that 0ol/o(A) and 01 lfi(A) are distinct .f­

congruences on A. Then B E Amal(N'). 

Proof. It follows from the given condition that if B ~ C E N, then any 2.­
congruence on B can be extended to a .f-congruence on C. Also by lemma 5.3.13, 

B does not have ~ as a homomorphic image. The result follows from theorem 

5.3.12(2). 0 

Amsl(.iV) is Elementary. I now state and give a proof of the main result of 
~ 

this section. Because this theorem uses lemmas 5.3.13 and 5.3.14, its proof must 

be judged in the light of the remarks made after lemma 5.3.13. 

THEOREM 5.3.15 {Bruyns, Naturman and Rose [92]). Amal(N) is an 

elementary class. It is closed under reduced products and is therefore determined 

1 I am indebted to Professor Banaschewski for first raising this problem. 
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by Horn sentences. Furthermore, if B is an image of A E Amal(Af) and B is a 

subdirect power of N, then BE Amal(N). 

Proof. We first prove the last statement: Let B be an image of A E Amal(Af). 

From lemma 5.3.3, it follows that if B ~ N 1 is a regular subdirect embedding, then 

every 2.-congruence on B is extendible to a 2.-congruence on N 1• Also, since~ is not 

an image of A,~ is not an image of B. Hence by theorem 5.3.12(4), BE Amal(N). 

Next we show Amal(Af) is closed under direct products: Let A = Il A 1 , where 
,er 

A
1 

is a non-trivial member of Amal(Af) for each 1 Er. We use lemma 5.3.14. Let 

0 0 , 0 1 be two distinct 2.-congruences on A. We need show that there is a 1 E r 
and embeddings Jo,fi : A1 ~A such that J0-

1(0o) and J}1(01) are distinct 2.­

congruences on A1 . Now A/ 0 0 n 0 1 is isomorphic to one of 2. x 2. or~. In either 

case we can use projectivity to find u, v, z E A, with u > v > z such that 

(u,v)~00 ,(v,z)E0o and (u,v)E01, (v,z)~01. 

By theorem 1.2.16, there are congruences </>o and </> 1 on A induced by ultrafilters, 

say '.Do and '.D1 respectively, on r such that </>o ~ 0o and </>1 ~ 01. We have 

R = {a E r : Ua > vp} E '.Do 

S = {,8 E f : vp > zp} E '.D1. 

For each a E r, let aa be an arbitrary but fixed element of Aa. There are three 

possible cases: 

(1) There is a 1 E r such that { 1} E '.Do n '.Di, 

(2) For each 1 Er, {1} ~'.Do and {1} ~ '.D1, 

(3) There is a 1 E r that belongs to exactly one of '.Do and '.D1. 

If (1) h~lds, then 1 E R and 1 E S, hence u1 > v1 > z1 . Define Jo = fi = J as 

follows: 

{ 

aa for a =/= 1 
J(x) = (xa)aer where Xa = 

x for a= 1· 

A check shows that Jo and Ji satisfy the required conditions. 

If (2) holds, pick any 1 E r. We have (R\ { 1}) E '.Do and (S \ { 1}) E '.D1. Now since 

A1 is non-trivial, by theorem 4.2.13, it is a subdirect power of N. Thus there are at 
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least two distinct epimorphisms k, t : A7 - ~. Define the embedding lo : A7 '---+ A 

as follows: 

lo(x) = (xa)aEr where Xa = 

x if a= 'Y 

Ua if a E R \ { {} and k( x) = 1 

v0 if a ER\ {'Y} and k(x)= 0 

aa otherwise. 

Define the embedding Ji : A7 '---+ A as follows: 

y if a= 'Y 

Va if a E S \ { {} and t( x) = 1 
Ji (y) = (Ya )aEr where Ya = 

Za if a E S \ { {} and t( x) = 0 

aa otherwise. 

A check shows that lo and Ji satisfy tfie required conditions. 

Case (3) is a combination of (1) and (2). For if {'Y} E i>o and {'Y} ~ i>1 , say, then 

S \ { 'Y} E i>1 • Then we may choose lo as for case (1) and Ji as in case (2). 

' ' 

Next we show Amal(N) is closed under reduced products. For if B is a reduced 

product of members of Amal(N), it is the image of a product of members of 

Amal(N), say A. By the above argument A E Amal(N). Also, since members 

of Amal(N) are subdirect powers of N, we have by lemma 5.3.2 that B is a subdi­

rect power of N. Hence B E Amal(N). 

Now by theorem 1.3.14, the complement of Amal(N) is closed under reduced pow­

ers. Also, Amal(N) is closed under ultraproducts as it is closed under reduced prod­

ucts. Hence Amal(N) is elementary by theorem 1.1. 7(2) and theorem 1.3.14(3). 

In fact by -theorem 1.1.9(5), since Amal(N) is closed under reduced products, it is 

determined by a set of Horn sentences. 0 

Further Work. In this chapter, I presented results that looked at the question 

as to whether or not an amalgamation class of some variety is elementary. While 

the answer to this question is known for finitely generated modular lattice varieties, 

and (subject to the remarks after lemma 5.3.13) for the variety generated by the 

pentagon, the question still remains open for all the other finitely generated lattice 

varieties. Also, very little work has been done in this regard on other congruence 

distributive varieties that share characterizations in terms of Properties P and Q, 

such as those finitely generated Heyting algebra varieties mentioned in chapter four. 
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