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ABSTRACT

The wuse of I-125 seeds in brachytherapy 1is widespread and
becoming 1increasingly varied. The spatial dose distributions
around two types of I-125 seeds in genera1 use, were measured
using a Geiger—-Muller chamber. Seeds with the I-125 adsorbed onto
resin spheres had a 10% less anisotropic dose distribution than
seeds containing a silver wire with the I-125 adsorbed onto it.
An dinterpolative method was developed for fast dose calculations
taking this anisotropy into account. An elliptical model wusing
parametric representations was then developed to represent the.
positions and orientations of sources in space. Using the model
and the interpolative method an optimisation procedure was
performed to minimise the difference between the desired and
achieved dose distributions by _varying source positions. A
sequential augmented Lagrangian technique (implemented by a
mathematical library routine from the Numerical Algorithms Group,

NAG*LIB.EQ4UAF) was used to perform the optimisation on a Sperry

1100/81 computer. The results are dependent on the problem
conditioning and the initial estimates provided to the
optimisation routine. The model is generalisable, but is best

applied to small volume tumours requiring relatively few sources
where precise positioning is desired and possible. Tﬁe results
of the optimisation can be applied clinically wusing documenteq
techniques. With +the ‘use of parallel processing and graphics
techniques this model could be widely applied to brachytherapy

optimisation problems.



CHAPTER 1
INTRODUCTION

The major objectives of treatment planning in radiotherapy are,
(a) to provide a complete speﬁification of the distribution of
absorbed dose produced in a given region of an 1rrad1afed patient
and, (b) to determine the arrangement of the internal radiation
sources or the orientation of the externally applied beams such
that +the optimal dose distribution is achieved {Laughlin et al,
1963). These are, in essence, the same as those specified for
brachytherapy, that 1is radiotherapy with sources placed in or
near the volume to be treated, by Meredith (1949). These
objectives remain valid and applicable today, as then, +to both
brachytherapy and teletherapy, that is external radiation beam
therapy. Much wofk has been done towards achieving these goals

with the aim of ultimately optimising the treatment of cancer

using radiotherapeutic methods.

Optimisation 1in radiotherapy 1involves in general the- related.
disciplines of radiobiology, <c¢linical radiotherapy, radiotherapy
planning and medical physics. The mathematical formulation of
many of the models used in the above disciplines is given in the
text of Swan (1981), who approaches the entire subject from the
point of view of optimising the effect and administration of thé-
best practicable radiation dose to the patient. Specifically with
regard to radiotherapy treatment planning, it is possible to
divide the optimisation techniques into two fields. Firstly,

“clinical planning" is done to specify the preferred dose



Chapter 1 Introduction

distribution. This {involves the consideration of the best
treatment modality or combination of modalities, the
fractionation scheme, the localisation of the tumour and extent
of tumour spread, the required dose to the area of treatment, and
the tolerance doses to surrounding organs. -Secondly, ‘“physical
planning” 1is done, entailing the development of the treatment
plan which best approximates the preferred idealised distribution
as given above (McDonald et ail, 1977). This aspect of
treatment planning optimisation involves the specific
mathematical methods known as optimisation methods. Effectively
these can only be applied once the clinical criteria for the
optimal dose distribution and type of radiation are
quantitatively specified (Bjarngard, 1977). Thus "optimisation"”
can be used 1in both contexts, generally (or <c¢linically) and

mathematically. Here the term will be used in the mathematical

sense only.

The first of the major goals of treatment planning, that is to
“provide  a- comp]efe specification of the distribution of the
absorbed dose to the patient, has been contributed to greatily by
improved <calculation techniques of doses 1in tissue and the
improved specification of the dose distribution delivered by the
various treatment modalities. In brachytherapy planning the dose
distribution calculations are frequently done on commercially
available kcomputer systems, a]thbugh. significant differences
stil1l exist even between "state of the art" systems for
calculating the doses around radium sources (Tolbert et al,

1981). Many errors are inherent in the calculation of doses



Chapter 1 Introduction

around linear sources 1in brachytherapy and even limiting
systematic errors to a minimum allows agreement to +6%. This
discrepancy 1is due to the calculation of tissue attenuation and
bgi1d up factors, and the calculation of filtration in the source
capsule. This does not include errors of reconstruction from
radiographs and dosimetric uncertainties due to changes 1in the
spectral quality with depth (Jayaraman et al, 1983). The exposure
rate of Ir-192 sources has been calculated and it is dependent on
the model used in the calculation. This is therefore a source of

error 1in the calculation of doses around these sources (Glasgow,’

1981).

The spatial dose distribution around implant sources has been
measured and updated over the years as necessary. For 1I-125
sources (Krishnaswamy, 1978), (Krishnaswamy, 1979), (Dale,
1982), (Dale, 1983), (Hartmann et al, 1983), (Ling et al, 1983),
(Ling et al, 1985), for Cs-137 sources (Krishnaswamy, 1972),
(Diffey et al, 1975), for Au-198 sources (Dale, 1976) and for Ir-
192 wire (Kwan et al, 1983), (Murphy et al, 1984), (Kline et al,
1985), both distribution measurements and calculations of dose
distributions have been done. Young et al (1964), first
calculated the dose distribution for Ra-226 wusing computer
techniques. The Sievert integral has since been evaluated by a
Monte Carlo technique for Ra-226 and Ir-192 sources, and the
results agreed with experimentally obtained values (Williamson et
al, 1983). The effects of positioning of the crossing needle on
dose distribution from planar implants of Ra-226 has also been

calculated with computer techniques and this has assisted in
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better planning of treatment schemes (Doss et al, 1979).

The <calculation of +the treatment doses delivered has also
improved and interactive programs have been developed (Bulski et
al, 1983), (Rosen, et al, 1980}, (Schultz et al, 1984), (van der
Leije et al, 1983). Several algorithms have been developed for
the caléu1ation of the positions of sources in implants from
radiographs taken after the implant (Biggs et al, 1983), (Siddon
et al, 1985). These are very useful, but do not take the
orientation of I-125 sources into account. In implants using 1I-
125 adsorbed onto silver rods and encapsulated in titanium, it is
possible to see the orientation from radiographs, hence this
could be used 1in the <calculation of doses. The rate of
calculation of dose distributions in brachytherapy has also
improved. Batten (1968) developed a method using lookup tables of
precalculated values, and automatic source location, to give
calculation times of the order of 4 seconds for four sources
calculated at 1600 points. Recently Boyer et al, (1986) applied a
fast Fourier transfbrm technique that has improved calculation
times further, dependant on the number of sources used. This
technique allows fast dose calculations of acceptable accuracy
around radiocactive sources in space and will greatly decrease the
time required to obtain isodose plots. An array processor was
used in the implementation of this technique. The specification
and calculation of the spatial dose distribution around
brachytherapy sources has thus improved greatly over the previous
2 decades due to greater use of computers and mathematical

techniques that are now widely available,.
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The second goal of treatment planning has also been approached.

The seeking of the best arrangement of radiocactive sources in
brachytherapy planning can be termed the optimisation of the
position and activity of the radiocoactive sources. Newton (1974)
refers to the discussion as to the need and p]éce for further use
of mathematical optimisation methods in a field where some work
has been done and where there are many radiobiological and
clinical uncertainties, Optimisation is concluded to be
worthwhile 1in some clinical situations and can be implemented
practically. Although immediate benefits.are not expected, they
should be seen <c¢linically after some time (Newton, 1974 .
Computers were envisaged as being the tool to use to develop the
techniques and models required to achieve the optimal dose
distribution in planning (Bjarngard, 1977). This is only useful
to give the solution that best matches the clinician's assessment
and this 1is an area where gquantification is needed as often
clinical specifications are uncertain. Computer tomography is of
use in quantifying the tumour volume to be treated and has
improved the <c¢linician's assessment of tumours to some extent
(Jose et al, 1983). The mathematical tools are thus unable to be
used to their full potential because of clinical wuncertainties,

but this situation may be improved in the future.

The 6bjective of optimisation is to gquantitatively assess the
goodness of fit of an achieved calculated dose distribution to an
idealised desired dose distribution (Starkschall, 1984). This is
done by developing a parameter to measure this deviation from

ideality and then mathematically finding the minimum of this
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parameter by adjusting the variables in the function giving the

parameter. Criteria for describing the dose distribution

quantitatively have been listed (Hope et al, 1967), and are:

(a) dose gradient across the tumour

(b) dose to the tumour relative to the maximum incident dose

(¢) integral dose (total energy deposited in a volume)

(d) shape of the treated area relative to the desired treatment
area

(e) dose to particular vulnerable organs

(f) dose in regions of possible direct or lymphatic extension.

Much work has been done in optimising external beam therapy
planning since mathematical optimisation methods were pioneered
for radiotherapy wuse with a 4 MeV Linear Accelerator (Hope et
al, 1965). Linear Programming techniques were developed to
minimise an objective function describing 1integral dose over
vulnerable regions subject to linear constraints on the variables
in the problem of multiple external beams being used in planning
{Bahr et al, 1968).‘Starkscha11 (1984) used a non-negative linear
least squares optimisation method (Lawson et al, 1974) +to

determine the best beam weights for known beam sizes and

orientations.

Quadratic programming techniques were qsed to solve the second
order objective function problem developed to minimise the
variation from preselected doses to points in the tumour volume
(Redpath et al, 1975), (Redpath et al, 1976). The aigorithm used

was the Beale Algorithm of the Numerical Algorithms Group FORTRAN
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Library which allowed them the use of 1linear 1hequa11ty
constraints on the variable parameters used (Numerical Algorithms
Group, 1983). Recently a microcomputer has been used by Legras et
al (1986), to determine the optimal dose distribution in external

beam radiotherapy using non-linear optimisation. The computer had

an arithmetic coprocessor which reduced the <calculation times

fivefold.

In brachytherapy planning, Rosenstein (1977) developed a simple
algorithm for iteratively determining the best 1loading of a
cervical afterloading device using sources of the activities
avajilable. Optimisation of source dwell times'has been done using
non-negative least squares techniques as for the beam weighting
done in teletherapy (Starkschall, unpublished work). A point
source of Ir-192 with an assumed <disotropic inverse square
distribution was used and the dose to specific dinterest points
was calculated and a fitting to desired doses was done,.
Similarly this technique has been used with a fourth degree
polynomial describing the: dose distribution around an
afterloading source wused in the treatment of cervical <tumours
(Pistorius et ail, 1984). Tai et al (1979), wused 1linear
programming for optimising the l1oading of Cs-137 sources in the
treatment of cervical carcinoma with constraints placed on the
doses to several points of interest. In the solution of this
problem it was not always possible to achieve the desired doses
at all the points of interest. The points of interest required
and the approach to optimisation of cervical cancer have also

been described (Maruyama et al, 1976). Martin et al (1986) used a

10
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-

similar optimisation procedure for treatment of endometrial

carcinoma. The routine developed on a personal computer took the
anisotropic dose distribution of the 10 Ci Ir-192 source into
account and calculated the dwell times for sources positioned in

three dimensional space,

The optimal positioning of radioactive sources had 1long been
determined by the use of the Manchester System (Meredith, 1949)
and the Paris System (Pierquin et al, 1978). These systems aim
to fulfil the criteria for optjma1 dose distribution by applying
firstly, a set of "distribution rules" for determinihg poesitions
of sources, and secondly, a set of tables to <calculate the
activity of sources to use. These systems were developed from
clinical experience with radium needles and Ir-192 wire implants
respectively. A nomograph has been used by the Memorial Sloan-
Kettering Cancer Centre for the calculation of the spacing of I-
125 sources to give a uniform dose distribution and the
activities required din number of sources of a given strength
(Anderson, 1976) This was improved upon by Rao et al (1981), bj
the preparation of graphs of maximum central and minimum

peripheral doses as a function of the number and spacing of the

sources,

There have been attempts at solving the problem of determining by
computerised optimisation methods the best pos%tions of th;
sources in brachytherapy. This showed marked improvements in
dose distributions in the treatment of brain tumours with a small
number of high activity permanently implanted sources (Bauer et

al, 1984). The 1I-125 sources used 1in this technique were

11
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positioned in the brain tumours using a stereotactic device. To
1imit trauma the number of sources was minimised and the
activities were high and optimised wusing available seed
activities. The vspatia1 orientation of the sources was fixed
depending on the point of entry of the stereotactic probe into
the skull. The method of optimising the positions was an
iterative gradient method and fitted the achievéd dose to a

desired dose shape determined by surgeons from multiple computer

tomography images.

Progress has thus been made toward the goal of positioniﬁg
sources of available activity to give the best fit dose
d{stribution to some idealised distribution. The orientation of
sources with anisotropic dose distributions 1is critical in
determining the dose absorbed. The surgical positioning of
sources in the patient must also be precise to make the
optimisation procedure worthwhile. The present methods of
temporary implants usually use I-125 sources onvp1aqueS (Weaver,
1§86), (Sealy et al, 1980) or encased in plastic tubing (Hering,
1986), (Sealy, work in progress). These both lend themselves to
accurate spacing and predetermined orientation of the sources in
the dimplant. Thus the use of an optimisation procedure that
determines the best positions of sources subject to constraints
on the spacing between sources.and the orientation of the sources
so that they 1ie on lines, would give a practical solution. This
would aliso be a generalisable and flexible solution to the

probiem of optimising positions of sources in tumours.

12



Chapter 1 Introduction

The present good methods of determining where best to position
sources in brachytherapy are 1l1imited mostly to regular
geometries, or to special cases of linear source positions, or to
having a small number of sources accurately positioned. In head
and neck tumours drregular shaped masses with irregular
extensions have been treated with implantation, but the' best
position of the sources has not been immediately obvious. This
necessitates repeated “visual optimisation”, Alternate plotting
of calculated dose distributions and adjusting proposed source
positions is done. - A method of automatically optimising the -
positions and orientations of brachytherapy sources would
therefore be wuseful, and the development of such a method has
been done in this work. Specific emphasis has been placed on the
optimisation of the positions of I-125 sources because of their
favourable ﬁhysica1 and clinical characteristics, as described in
Chapter 2, but the techniques and model developed are not 1imited

to any one brachytherapy source type.

13



CHAPTER 2
SPATIAL DOSE DISTRIBUTION OF I-125 SEEDS

2.1 REVIEW OF PREVIOUS WORK

I-125 Seeds (Medical Products Division/3M, 1982) are usgd
extensively 1in brachytherapy to treat a variety of tumours and
are applied into the tumours in a variety of ways. They have
been placed on plaques and applied to the surface of the eye
(Sealy et al, 1980), (Packer et al, 1980). I1-125 seeds have been
placed intraoperatively into the prostate gland (Hilaris, 1975),
into the pterygo-palatine fossa (Goffinet et al, 1983), and into
brain tumours as individual unattached sources (Bauer et al,
1984) . They have also been used in plastic tubing as removable
implants in head and neck tumours (Sealy, work in progress), as
boosters to teletherapy treatments. It is thus dimportant to
assess the <c¢linical response of tumours to specific doses
delivered so that differing protocols may be compared and the
best treatment may thus be used in each clinical situation. In
order to do this the dose distribution around an I-125 seed must

be known and used in the calculation df doses 1in tissue.

The spatiaf dose distribution around I-125 seeds is known to be
~anisotropic in the plane of the long axis and has been measured
for various models of seeds. The spatial dose distribution around
Model 6701 was measured using LiF thermoluminescent dosimeters,
(Krishnaswamy, 1978), (Hartmann et al, 1983) and by wusing a

silicon diode detector (Ling et al, 1983). The spatial dose

14



Chapter 2 Spatial Dose Distribution of I-125 Seeds

distribution around Model 6711 was measured using both a siiicon

diode, and thermoluminescent dosimeters. These methods yielded
identical results (Ling et atl, 1985). Data supplied by the
manufacturer indicate some differences between the dose

distribution of Models 6702 and 6701 at small deviations from the
long axis. Weaver (1986) is presently measuring the spatial dose
distribution of seeds of Model 6702 using LiF thermoluminescent
dosimeters. The dose distribution of all three models calculated
using a Monte Carlo technique is expected to be presented in the
near future (Chiu-Tsao et al, 1986). The design of the three
different Models 1is shown in fig.2.1 (Ling et al, 1983),
(Weaver, 1986). Owing to the titanium welds present in the seeds'
general configuration there will always be an anisotropic dose
distribution until a new design of seeds is produced with uniform

filtering in all directions (Ling et al, 1979).

The 1I-125 in the seeds decays by electron capture and gamma-
emission to stable Te-125. Three major peaks of photon energies
in the photon spectrum are detected, 27;4 kev , 31.4 keV , and
35.5 KkeV in all the models of 1I-125 seeds. Model 6711 Seeds
contain two additional peaks at 22.1 keV and 25.2 keV due to
fluorescence resulting from interaction with the silver wire
(Ling et al, 1983), (Dililman, 1969). The Auger electrons produced
are all stopped by the titanium capsule and do not contribute to
the dose delivered (Medical Products Division/3M, 1982). The dose
deposition in tissue has been calculated from tabulated build wup
factors (Kornelsen et al, 1981) and dose deposition tables for

energies in the range of the photons of [-125 (Berger, 1968). The

15
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characteristics of this low energy spectrum and the half 1ife of
I-125 being 60.2 days have caused it to be widely wused in
brachytherapy. It 1is easy to shield and hence radiation
protection is relatively simple. Its half-1ife is longer than
that of Rn-222 (3.823 days), or Au-198 (2.693 days), and thus its
shelf 1ife 1is longer. I-125 Seeds are suitable for both
permanent and temporary implants because of their intermediate
length half-1ife. The radio-biological effect (RBE) of I-125 has
been shown to be approximately 1.5 . Thus an 1I-125 source
delivering the same dose to tissue as an Ir-192 source, gives a
greater radio-biological effect (Marchese et al, 1985). To
include the effect of differing radio-biological effects the dose
to tissue is given in Gy equivalent (GyEquiv) which is the dose
delivered by Ir-192 photons which would give the same effect as

that of the isotope in question.

The calculation of dose at points around I-125 Seeds has been
done by several authors wusing various mathematical models.
Different mathematical models are used for different models of
seed. Generally the dose rate, D(t), (cylindrically symetrical
around long axis), at distance, 1r, from the source's centre and
angle, t, from the source's long axis, for activity, A, of an
isotope with a specific dose <constant, SDC, can be given by:
D(t) = A.SDC.g(r,t)/(rz)
where the spatial distribution function (SDF) is given by g(r,t).
Calculation using an assumed point source distribution modified

by an anisotropic factor has been done (Hartmann et al, 1983).

The theoretical Monte Carlo calculations done by Dale (1983)

16



Chapter 2 Spatial Dose Distribution of I-125 Seeds

assume a point source, but he does mention in conclusion that for
calculations of doses an anisotropic factor must be 1included.
Ling et al (1985), use a matrix fit technique to fit an analytic
function to experimentally obtained data, and a good fit was
achieved with the formula;
-ur 2 3
D(r,t) = e .(a + b.,r + c.r + d.r )
where D(r,t) is the relative dose distribution and u, a, b, ¢, d,
are t dependent parameters. A matrix of fitted values for the
parameters is given with error estimates on each parameter. This
means for each point, the calculation of dose entails, first
determining the distance and relative angle between the source
and the point of calculation, then looking uﬁ parameters for the
final calculation of the dose using the analytical formula. The

fitted values of the parameters would be different for different

models of seed.

When optimisation of dose distributions 1is done many dose
calculations at many ipterest points are necessary. A look-up
table with an adequate range of values would be a faster more
efficient way of calcuiation than an analytical formula, although
requiring a larger computer memory. In this work the dose
distributions around I-125 Seeds (Model 6702 and 6711) were
measured using a Geiger-Muller chamber. The data for Model 6711
were compared to published data obtained using other methods of
measurement and the results were found to be the same within
acceptable <confidence 1imits. A table was created to allow fast
dose <calculation around Model 6702 Seeds (other similar tables

could be created for other models of seed from published data).

17



Chapter 2 Spatial Dose Distribution of 1-125 Seeds

2.2 METHOD

Four I-125 Seeds of Models 6702 and 6711 in the activity range of
27.4 - 39,2 MBq (0.74 - 1.06 mCi), (The order of magnitude used
in clinical applications) were used for the measurement of the
relative spatial dose distribution, A1l measurements were done
with the individual seeds balanced on the tip of a ©polystyrene
Jig (See fig. 2.2a) in a Therados RFA 3 water phantom under 10 cm
of water, The angular orientation of the seed in a horizontal
p1ane cou]d‘ be varied with an accuracy of 0.5 Qegrees and the
position of the centre of the seed could be moved around the tank
in the plane with an accuracy of 0.1 mm. Rotation was about the

centre of the seed. For a diagram of the experimental apparatus,

see fig. 2.3.

A1l readings were faken using a Geiger-Muller probe 1.6 mm in
diameter and 16 mm long encased in a 0.6 mm thick lead tube with
a tapered aperture 1.1 mm wide extending around half the
- ¢circumference of the lead shield (See fig. ?;2b)- The apparent
aperture was thus 1.1 x 1.6 mm allowing scatter detection up to
60 degrees from horizontal. (The HVL in lead for 1I-125 photons is
0.025 mm). The thickness of the wall of the chamber was 0.05 mm.
The probe was connected to a MIM-EON Counter to register the
events detected. The response range of the chamber from the
initial response to a continUou#ly discharging state was
determined by varying the voltage over its entire range while
being exposed to an I-125 Seed. A voltage in the centre of this
response region was applied to the detector and was kept constant

for all the measurements . The timer scale was set to 30 seconds

18



Chapter 2 Spatial Dose Distribution of I-125 Seeds

for all readings. If the counts were statistically too few after
30 seconds then the readings were repeated until an aggregate
count was such that the relative standard deviation was less than
3%, 1000 counts was taken to be the lower T1imit for counts

detected.

The dead ¢time of the chamber was measured using 2 seeds at a
distance of 1 cm from the detector. Seeds were counted together
then 1individually and the sequence was repeated. This was done

on 2 separate occasions.

The scatter component of the radiation from an I-125 seed was
measured both to determine the direction of the scatter detected
and the amount of scatter detected. Two collimating lead shields
were constructed for this purpose. A shield was constructed 6.6
mm in outside diameter with 2.4 mm thick walls and a 1 mm x 1 mm
aperture in one face. The chamber was placed in this shield, 1 cm
from a seed and rotated about its central axis thus detecting the
relative number of counts from different angles about the
detector. The other collimator was constructed with a band 1 mm
wide between the two separate segments of collimator and the
edges were tapered so that all radiation up to 60 degrees from
the horizontal plane in all directions could be detected by the
band of chamber visible. A removable shadow shield was
interposed at different distances between the detector and the
source. The shadow shield was 1 mm thick gold plate identical in
size to the I-125 Seed. Counts were taken with and without the

shield 1in place half way between the detector and the seed, at

19



Chapter 2 Spatial Dose Distribution of I1-125 Seeds
distances of 1 cm and 2 cm from the detector to the source,

Absorption coefficients of some materials were measured using the
same experimental configuration. Sheets of varying thicknesses of
the materials were interposed between the detector and the seed.

This was done for wax, water and acrylic.

The effect of a gold sheet immediately behind an I-125 Seed was
measured. A holder that allowed a gold foil 0.3 mm thick to be
placed immediately behind the seed without disturbing its
position, was used to support the seed in the tank. Counts were
taken at various angles to the gold foil with and without the
foil in place,. This was done for 4, 1-125 Seeds Model 6702 at
angles of -20 , 0 , and +20 degrees from the perpendicular
bisector of the seed in the horizontal plane of the long axis of
the seed perpendicular to the plane of the gold foil. It was
also done at 45 degrees from the plane of the foil in the plane

of the perpendicular bisector of the seed. (See fig. 2.3a)

The 2-dimensional dose distribution of Model 6711 seeds was
measured. Counts were measured at distances of 0.5, 1, and 2 cm
from the centre of each seed at angles of O, 10, 20, 30, 40, 50,
70, 90 degrees from the axis of each seed in the horizontal plane

in all quadrants.

The 2-dimensional dose distribution of Model 6702 I-125 Seeds was
measured for 4 seeds. Counts were taken at distances of 0.5,
0.75, 1.0, 1.5, 2.0, 2.5, and 3 cm and at the same angles
mentioned above. A1l measurements for an individual seed were

done on . the same day without switching off or readjusting the

20



Chapter 2 Spatial Dose Distribution of I-125 Seeds

counter. Daily checks on the stability of the instrument were
done to determine if a sequence of random counts measured could
with confidence be said to be normally distributed. A test on the
cohsistency of means described by R T Birge (Worthing et ail,
1944), was done to check that the counts came from the same

normal distribution.
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2.3 RESULTS

The experimental setup was found to be stable and to render
results within expectations for random counters, The daily
checks confirmed this reproducibility. The value of H,
(H=/n(pe/pi-1) where n is the sample size and pe and pi are the
external and internal consistencies respectively), for 8 sample
counts was less than 1.14 on all testing days (Accept the test if
H < 1.83),  (Worthing et al, 1944). The instrument was stab]e'on
the 30 second time scale. The dead time was found to be 0.425 ms
+ 0.066 ms after 4 sets of data were obtained from measurements
taken on 2 separate occasions. This implies a count rate of 471
c.p.s. or 14130 counts per 30 seconds, for a 20% count loss. This
was adequate for all readings down to 0.75 cm from <the source.
At 0.5 cm from the source some of the readings on higher activity
seeds exceeded this 20% loss 1imit. The highest reading was 26208
which implied a true count of 44465 in 30 seconds. In only 2 of
16 quadrants at 0.5cm did readings exceed 20 000 which, implies a

31% count loss.

The scatter component was found to be 16.4 + 2.8% at 1 c¢cm and
35.3 + 5.7% at 2 cwm. This is the percentage difference between
the counts measured with and without the gold shadow shield in
place half way between the detector and the source. The
direction from which the scatter component was measured by the
detector was found to be predominantly within + 60 degrees of
directing the collimator aperture toward the source. Qutside the

penumbral region of the collimated chamber, which was + 30
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degrees , the scatter counts measured were found to be 3% of the
counts measured on the perpendicuiar bisector of the seed. At
+ 60 degrees from the direction facing the seed the counts had
dropped to 1% of 'the counts on the ©perpendicular bisectorf‘
Beyond 90 degrees of rotation of the collimated chamber the ]ead
shield acted as a shadow shield and hence the counts measured

beyond this rotation were artificially low.

The Tinear attenuation factors measured were found to be

different for substances often taken to be equivalent at higher .

energies. See table 1 for meaéured v31ues.
Substance Linear Attenuation Coefficient
Water 0.261/cm + 0.003/cm
Wax 0.218/cm + 0.002/cm
Acrylic - 0.173/cm + 0.002/cm
TABLE 1 LINEAR ATTENUATION COEFFICIENTS OF 1I-125 PHOTONS

WITH THE STANDARD ERROR ON THE ESTIMATE

The relative dose distribution at the distances and angTés around
the seeds mentioned above, was wmeasured, The readings were
taken from 4 seeds of Model 6702 over 4 quadrants per seed. The
counts were corrected for dead time losses. At each distance the
readings were normalised in each gquadrant to the average of the
reading at that distance 1in that quadrant, to eliminate
irregularities with respect to the loading activities of the
resin sphefes. The means and standard deviations of the readings
at each distance and angle in the 16 quadrants were calculated.
The results were then all normalised to the reading at 1 cm and

at. 90 degrees to the seed axis. The normalised readings were then
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multiplied by the distance squared to remove the inverse square

dependence and are plotted in fig.2.4 The error bars shown are

the standard errors on the mean readings. The greatest standard

error on the mean~was found to be 8.8%. The lTargest errors were
all found in the measurements along the axis of the seed. The
dose distribution was found to be markedly anisotropic and the

dose along the axis of the seed was found to be between 43% and

62% of that at 90 degrees to the axis, dependent on the distance

from the source.

The dose distribution around I-125 Seeds Model 6711 was measured
at the angles and distances mentioned in the method above to
compare its agreement with published data. The data was analysed
as above and nine points were compared to the matrix fit method
as proposed by Ling et al (1985). The errors quoted on the
published data were calculated from the individual parameter
errors quoted, using a standard error combination formula
(Topping, 1962).. A Chi Squared fit was performed with 5 degfees
of freedom to test the four parameter model. The results agree to
a 0.05 confidence level. A Koélmogorov-Smirnov non-parametric
test was performed on the nine paired data points and the results
again agreed to a 0.05 confidence 1level (Siegel, 1956). The
method used was thus shown to give with confidence values
comparable to published values that were obtained using other
techniques for measurement of the dose distribution for Model
6711 Seeds. This method was thus validly used for measurement of

the dose distribution around Model 6702 Seeds.
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2.4 DISCUSSION

The consistency and stability checks done initially showed that
the MIM-EON Counter was suitable for counting events from the

Geiger-Muller chamber used, at the settings used.

The chamber used was a thin-walled, Geiger-Muller chamber that
was shielded to have a small responsive volume (2.2 mm3). This
was suitable for measuring counts in a small volume 1in space,.
The dead time wasAlong, but as most of the counts measured had a
less than 20% loss this was suitable for the activities chosen
and the counts registered. The photon energy spectrum of 1-125
has been shown not to vary significantly with increasing depth in
water due to the marginal predominance of the Compton interaction
over the photoelectric effects at those energies. The loss of
energy in Compton'interactions is small. The competition is thus
essentially between total absorption of photons, and a change in
the direction of +travel of +the photon (Dale, 1983). This
accounts also for the large scatter component.in the detected
radiation. The depth in water at which 50% of the dose from 1I-
125 1is deposited is due to scatter is 1.7 cm. These results by
Dale were calcuiated using Monte Carlo techniques, the principles
of which are reviewed by Raeside (1976). The shielding of the
chamber used here allowed for detection of radiation from, * 60
degrees from the horizontal in the vertical direction, and + 110
degrees in the horizontal plane from the line joining the source
and the detector. This thus allowed detection of most of the
radiation both scattered and direct. The counts detected at

different distances were all analysed relative to the counts on
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the ©perpendicular bisector of the seed's axis at 1 cm distance.
The invariance of the energy spectrum at different depths allows
comparison of counts without concern for slight variation in
energy response of the chamber used. The measureménts, all being
done at a depth of 10 cm water in the RFA-3 water tank, were
effectively taken 1in a full scattering medium with the othér
absorbers and scatterers kept to a minimum. The large volume of
the shielding used decreased the scattered component of the
radiation by an equal proportion for all orientations of the
source. The counts were all corrected for dead time losses and
were always greater than 1000 counts so that the standard
deviation intrinsic in measurements of random counts was kept to
less than 3.2%. The background counts were negligible for fhe 30
second counting period used. No amplification above that already

in the counter was needed, thus electronic noise was negligible.

The measurement of the scattered component of radiation did not
agree with the theoretica11y calculated values. It was expected
to detect a greater than 50% scatter contribution at 2 cm
distance from the source. The measured value of 35.3 + 5.7% was
low due to the imperfect geometry used. This did not inf]uence
the relative spatial dose distribution measurements as the
relative error was the same in all the dose measurements done and
thus cancelled out during the analysis. The solid angle above and
below the detector contained in the cones above and below 60
degrees from the horizontal were not available for counting and
the scattered radiation excluded by the shadow shield was also

not counted. The direction of the scatter was found to be
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predominantly forward 1in direction and could <thus be

well
detected by the collimated chamber wused in all other
measurements,
The attenuation of the substances tested was found to vary
greatly. This emphasises the difficulties in calculating doses

delivered by I-125 to different tissues. It is therefore also
necessary to use a homogeneous medium for measuring the relative
doses to points around I-125 Seeds, or to <correct for any
- irregularities and .inhomogeneities in the medium wused, ' after

measurement of the attenuations of the substances in the medium

has been done.

The method used to measure the dose distribution around the I1-125
Seeds (Model 6711) gave results which agreed within experimental
érror with the published data (Ling et ail, 1985). They wused
thermoluminescent dosimeters in a lucite phantom and a silicon
dicde in an RFA-3 water phantom to measure the relative dose
distribution around the seeds, These methods both have
difficulties 1in the description of the energy response to low
energy photons. The energy response of LiF is non-linear, and the
LiF was calibrated using an ionisation chamber exposed to the 1I-
125 spectrum (Weaver, 1984). As relative measurements are being
done and the spectrum does not change with -depth then these

methods are both valid, but experimentally, possibly more time

consuming.

The dose distribution around 1-125 Seeds Model 6702 was found to

be markedly anisotropic and about 10% more isotropic than Model
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6711 Seeds (For comparison with a point source see isodoses in
fig. 2.5). The distribution was fitted to two analytical models,
but they both showed marked inconsistencies and unacceptable

trends.

The mathematical model used to fit the relative dose distribution
surface 1in polar coordinates, r, t described the spatial

distribution function (SDF), (Cylindrically symetrical) and was;

-ur 2
SDF  (r,t) = e .(a(t) + b(t)r + c(t)r )
The dose rate at a point was given by;
2
D = A. SDF(r,t). SDC / r

where A 1is the activity of the source and SDC is +the Specific

Dose Constant of I-125 in water.

The dependence of u on t was found to be minimal and u's value
was calculated to be 0.3901 + 0.0173 . This method is similar to
the matrix fit method described by Ling et ail (1985) and the

fitted parameters with errors are given in Table 2.

Lt/degrees a(t) b(t) clt)
0 1.87+0.22 -1.46+0.35 0.38+0.11
10 1.91+0,22 -1.35+0. 34 0.36+0.11
20 1.94+0.24 -1.05+0.38 0.29+0.12
30 2.07+0.16 -0.99+0.26 0.27+0.08
90 2.1540.14 -0.84+0.23 0.23+0.07

TABLE 2 FITTED PARAMETERS FOR THE RELATIVE SPATIAL DOSE

DISTRIBUTION FUNCTION OF AN I-125 SEED

The second fitted model used the same exponential term and the
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squares Chebychev series,.

-ur?2 3
SDF(r,t) = e 3 > A T (XCAP) T (YCAP)
i=0 j=0 i3 i J
where T (XCAP) is the Chebychev polynomial of the first kind of
i -
degree 1, and T (YCAP) is similarly defined. This fit was-‘done

J
using the Numerical Algorithms Group Library routine EO2CAF and

the fitted values were calculated using routine E02CBF. The fit

was poor at the extremes of the surface and hence could not be

validly used.

The method used for calculation of doses from the measured data
was linear interpolation between the array values of a 101 by 101
data array. These array values were calculated using bicubic
splines to fit the original data points. Details of the
calculation will be given in the section on the application of

this data to dose calculations (Chapter 2.5).

The 1-125 Seeds Model 6702 has an anisotropic distribution and
although it was available in higher activities than other seeds
at one time it has now been superseded by the use of Model 6711
Seeds which also have high activities available, but are much
more visible radiographically and thus have real advantage over
other models of seeds (Ling et al, 1983). Both Models 6711 and
6702 were in use at Groote Schuur Hospital, Cape Town, during

1986 and thus the spatial dose distribution was required of both

of these models.
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2.5 APPLICATION

It 1is necessary to apply the measured dose distribution data to
the .calculation of doses at points in space delivered by one or
many seeds. The analytical methods available require calculating
doses wusing a function of distance and angle around the seeds
axis. The parameters of the function are either fixed Br
variable and may be dependent on the angle around the seed (Ling
et al, 1985). These methods although giving a good estimate of
the dose delivered to a point do take some time to calculate.
When repeated calculations of doses at many interest points
delivered 'by many seeds at slightly different orientations or
positions are done, they become time consuming. Thus when
implementing an optimisation procedure that may require up to
approximately k x N3 calculations of the dose at all the
interest points from all the N sources, where k s a

proportionality constant the speed of calculation of dose is

Timiting on the size of problems that can be addressed.

An array of values of dose per wunit activity, D(r,t), where;

D(r,t) = SDF(r,t) . SDC / r

and r = distance from source to interest point
t = the angle from the seeds major axis
SDC = Specific dose constant oflisotope

SDF(r,t) = Spatial distribution function
was created so that values could be obtained after 1Tinear
interpolation directly from the table. The inverse of distance
and sin{(t), are wused as the variable axes for the array of

values. A point of interest is represented as (xp, yp, zp) and a

30



Chapter 2 Spatia] Dose Distribution of I-125 Seeds

source as (xs, Yys, 2zs, ps, ts) where ps and ts are the spherical
coordinates, given the orientation angles around its centre of
the axis of the source. The square of the spatial distance
between the point of interest and the source is;
dstsq = (xp - xs)2 + (yp - ys)2 + (zp - zs)2
and the sin of the angle between the unit vector in the source
axis and the vector between the source and point of interest is
sin(t) = (1 - UR / dstsq )0'5
where UR is the dot product of UVEC, the unit vector in the
direction of the‘seeds axis, given by
UVEC = (cos(ts) x sin(ps), sin(ts) k sin(ps), cos(ps))
and RVEC, the vector between the source and the point of
interest,given by;
RVEC = ((xs - xp), (ys - yp), (2s - zp))
The values of 1/r and sin(t), are scaled and used to look up four
adjacent values from a table. The scaled values are the array
element. numbers (position markers) in the two axes. Two
dimensional 1linear interpolation is done between these 4 points

to give a value of the dose per unit activity at any distance and

angular orientation. Rotation around seed's long axis immaterial.

Linear interpolation is adequate as there are 101 points in the
sin(t) and 1/r axes. These points are obtained by fitting
bicubic splines to the original data. The bivariate function
surface obtained using these variables as axes is suitably flat
and follows easily from the <calculations that need to be
performed to determine the relationship between the source and

interest points. The value, D(r,t), thus obtained car be used to
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calculate dose rate, DR, in Gy/hr for a known activity of seed,
A, in MBq, as foullows;

DR = A x D(r,t)
for each value of D(r,t) interpolated from the table in units of
Gy/ (hxMBq). The table values are obtained at points of a 101 by
101 array with even step sizes in 1/r from 1/(maximum distancé)
to 1/(min distance), and sin(t), from 0 to 1, by multiplying the
value of 1/(r2), by the specific dose constant for I-125 1in
water, and Val, the value obtained from NAG*LIB.EO1ACE, (which
performs the bicubic spline fitting routine), as follows;

D(r,t) = Val x SDC / (rz)
The creation of the table takes approximately 1.0 minute of CPU
time of the Sperry 1100/81, 1indicating each operation would take
0.001 seconds, which is prohibitively long if many <calculations
are done for each dose distribution calculation wused 1in an

optimisation procedure, and hence it is faster to use the Tinear

interpolation method.

This array look up table method may be used with other isotopes
and 1is easily generalised to any implant source. The dose
distribution measured can easily be used to calculate the doses
in planning without the use of fitting of an analytical formula,

to the data first, but rather by interpolation between known data

points.
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CHAPTER 3
OPTIMISATION IN BRACHYTHERAPY

I METHODS INVESTIGATED

To minimise the difference, mathematically, between some 'ideal
dose distribution' desired by the radiotherapist, and the dose

distribution achieved by the planning staff, several parameters

can be varied. These are generally:-

1. The number of sources used

2. The activities of the individual sources
3. The positions of the sources in tissue

4, The type of radioisotope used, and its form

5. The shielding around the sources

The desired dose rate and the total dose to be given with the
treatment, are usually predetermined by the radiotherapist. Thus
knowing the area of the region to be treated and the distance
from the> plane of the sources at which the desired dose s
specified , an estimate of the activity required can be obtained
from tables of mghrs (mgs Radium x hours implanted), for surface
applicators and planar dimplants (Johns et al, 1983). The
generalisation of these estimates from Ra-226 to other disotopes
is not always exactly correct as the attenuation in tissue of
other photons may differ from those of Ra-226 and thus the
required activities to achieve the same dose at a distance may
also differ. An estimate of the total activity can also be
obtained from the average dimension of the volume to be treated,

by using a nomogram (Anderson, 1976).
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The available activities of isotopes are usually fixed to a small
number of activity ranges and thus with the total activity fixed
usually the number and activities of the sources are also fixed
to a few different discrete choices. This does not lend much

scope to mathematical optimisation, uniess, a Jlarge ‘source
delivering a high dose rate is used and the position of this
source 1is varied in precisely timed steps. In this <case the
dwell times of the source at various points in space can be
varied to effectively give a series of variable activity sources
positioned at predetermined positions as in the treatment of
carcinoma of the cervix. The activities (or dwell times) can be
varied mathematically to give the optimal dose distribution
(Pistorius et al, 1984), The method used was a non-negative
least squares method that is well described, and a FORTRAN
program implementing it is available (Law§on et al, 1974). The
same method has been used in the optimisation of external beam
treatment plans (Starkschall, 1984). The method minimises a least
squares objective function subject to non-negativity constraints. -
The algorithm 1is finitely convergent, and this allows fast

solutions to be achieved.

This 1implementation was emulated on a Sperry 1100/81 wusing a
simplified dose rate calculation to a point in space as follows:
N 2
DA = > A .SDC / (d )  ...... 1
i j=1 J id
where DA 1is the dose achieved at the point i
i
N is the number of sources used

d is the distance from the point, 1, to the
iJ
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source, Jj,

A is the activity of the source j.
J

This yielded good results for points of interest and sources
described in 3-dimensional Euclidean Space. The activities were.
given accurately and thus accurate dwell times 'cou1d be
determined for the use of afterloading devices such as those used
in the treatment of carcinoma of the cervix, The time to find
the optimal dwell times of a source stopping at 7 points along a
straight line to give the desired doses at 5 points of interest,
was 1.9 seconds of Central Processor Unit (CPU) time. This
method of optimisation is not readily applicable to I-125 Seeds
as these are either placed as permanent implants, or as a plaque
containing all the sources, or as groups of sources in plastic
tubes., The sources thus cannot easily be removed individually to
give the desired dwell times, I-125 Seeds are usually available
in activity ranges and are not accurately calibrated. For these

reasons optimising the activities of I-125 using a wmathematical

method is inappropriate.

The choice of the type of radioisotope to be used is usually done
by the radiotherapist and this is usually part of the <clinical
planning aspect of the optimisation of treatments. The most
appropriate isotope to apply optimisation techniques to is I-125,
because of 1its clinical and physical kproperties. The dose
distribution 1is well described. The low penetration of 1-125
photons in tissue and the thus very localised distribution allow
a very specific well delineated area to be treated. Where

accurate doses are required in small areas this is the isotope of
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choice. The clinical advantages of easy shielding and the
increased radiobiological effect over other isotopes also
contribute to this choice of I-125 as the favoured
isotope (Marchese et al, 1985). Variation of this parameter is

done clinically.

The shielding of radiation from surrounding structures is easily
done for I-125, but is not as easy for isotopes with higher
energy photon emissions. The half value layer of lead for I1-125
photons dis 0.025 mm. Thus inert materials such as gold and
stainless steel can be used to provide adequate shielding with
relatively thin sheets of these materials. Usually 0.3 mm sheets
of pure gold are used for the plaques of intraorbital implants
(Sealy et al, 1980). Thus areas where radiation is not required
can easily be shielded and effectively directional implants can
be constructed, The precise spatial relationship between the
shielding, and the seeds, 1in an implant could be optimised, but
due to the 1limitations usually present on the position where
shielding may be used it is usually not done as shielding is
either possible or not possible in c¢linical cases. Precise
positioning of the shielding would make a difference to the final

dose distribution, but no optimisation model has yet been

developed to represent this problem.

The field thus most appropriate to apply optimisation techniques
to, 1is the optimisation of source positions. This has been done
by Bauer et al (1984) using an iterative gradient search method

in 4 dimensional parameter space with 3 dimensions spatial and
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the 4th dimension the number of sources, A weighted 1éast
squares objectives function was used to give a measure of the
difference at a set of points in tissue between the desired doses
at those points and the achieved doses at those points, No
constraints were placed upon the probfém. High activity seeds
were used, and it was reported that good fits were obtained tov
desired isodose curves by varying the position of the sources 1in
space. The anisotropic dose distribution of the 1-125 seeds was
taken into account when doing +the calculations, but the
‘orientation of the sources was not varied as this depended on the
stereotactic device used to position the sources in the brain
tumours for which purpose the technique was developed. To 1imit
trauma to the brain the minimum number of seeds was desired and

the method was thus applied only to a small number of seeds.

In this work initial attempts were made to reproduce the above
results using the simplification of an isotropic dose
distribution. A more powerful optimisation technique to alter the
positions of thé sources .in 3 dimensional space‘was used. Many
optimisation techniques are available and one was chosen that
took multiple inequality and range constraints into account, and
that had good convergence properties (Bunday, 1984). The
optimisation technique used was a sequential augmented Lagrangian
technique (see Appendix 1) which solved the minimisation sub-
“problems wusing a quasi-Newton technique (see Appendix 2). The
dose rate, D (r), at a point, i, from a source, j, was given

iJ
by:-
2
D (r) = A .RDF (r ).SDC./r .o ie.... 2
iJ J iJ 13
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where A is the activity of the jth source

J
SDC is the specific dose constant of I-125 in water.
-4 2
(3.636 x 10 Gy ecm /hr.MBq , (Dale, 1982)
r is the distance between the source J and the point i
ij 2 3
and RDF (r) = a +a r+a r +a r ...... 3
0 1 2 3
where a = 0,97987
0
a = 0.07962
1
a = 0.07914
2 -2
a = 0.83326 x 10 (Dale, 1982)
3

The technique was developed from the one dimensional case with 1
source on a line with a point of interest on the same 1line, No
constraints were placed upon the problem. The objective function
was given by an unweighted least squares function that was easi]f
extended to more than one source and more than one interest

point. Thus for n points of interest and m sources, where D (r)
iJ

is .as above,  and DD , is the desired dose at a point ‘i, the
i
value of the objective function F was given by:-
n m 2
F=2 (D =2 D (r))  «uu... 4
i=1 i J=1 1
This function is poorly behaved. When a source coincides with an

interest point, a singularity occurs and when all the sources are
far from the interest points the funcﬁion tends toward a limit.
In the region of a l1ocal minimum of equation 4, the function is
convex and a solution can be found. The optimisation routine
used to implement this was NAG*LIB.EO4UAF (see Appendix 5) which

attempts to solve problems of the form
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n
Minimise F(x) ; XX € E
where g (x) = 0 are equality constraints on the variable
and h (x) > 0 are inequality constraints on the variables
and F,g,h, are all continuous functions into En
(Numerical Algorithms Group, 1983)

The objective function above was found to achieve a solution 1f'a
good estimate of the source positions was given as a starting
point. The number of dterations used and the number of
calculations of the value of the function was strongly dependent
on the starting point and the specific parameters used to control
the calculations by the routine EO4UAF. For the unweighted least
squares function it was found that a small starting value of RHO,
the penalty parameter, (See Appendix 1) and accurate minimisation
of the subproblems, (O<CETA<K], where ETA is the error Timit of
minimisation), gave good convergence to a Jocal minimum. The
convergence properties of the routine used are very good and are
of the best presently available for optimisation routines (See

Appendix 1 for discussion of the convergence properties of the

sequential augmented Lagrangian technique) {(Bertsekas, 1976).

The ©poor convergence with the objective function 4 was overcome
by multiplying the function by the sum of the distances between

an individual point and all the sources.

n m 2 m 2
Thus F =3 ((OD -3 D ) x> d )
i=1 i j=1 1] j=1 13
where, d , is the distance between the ith point and the jth
13
source, Where an exact solution to the problem is possible and

all the doses desired can be achieved then this function s

acceptable. When only an approximation is achieved then the
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m 2
points are effectively weighted by the factor, E d . This
J=1 ijJ
method yielded much faster convergence for soluble problems, but

was unacceptable because of the weighting introduced.

A set of constraints was then introduced to Timit the positions
of the sources to be on ellipses. This necessitated the
development of a model that allowed representation of sources on
ellipses 1in space with suitable variables allowing optimisation
of the doses at the points of interest. This newly developed

model is described in'detai1 in the following section.
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3.2 ELLIPTICAL MODEL

A parametric model was developed based on the generalised ellipse
in 3-dimensional space. The equation of a vector describing an
ellipse in 3-dimensional space was given by;
r(t) = % (a sin{(t+b ) + ¢ Yu ..., 1
i=1 1 i i i
where t is the parameter defining angle around the ellipse from a

fixed reference point given by the vector, r(0)

a ¢efines the amplitude in the ith axis

bT define§ the phase shift in the ith axis

ct defines the central shift in the ith axis and
u: defines the unit vector in the ith axis.

Thus using this as a model the I-125 Seeds can be represented as

lying on the ellipse orientated in the direction of the tangent

to the ellipse by a single parameter variable, t. The ellipse
itself is represented generally by 9 variables,
(a ;b ; C ), which for an individual seed on an
1,2,3 1,2,3 1,2,3 ) )
individual ellipse allows totally general positioning and
orientation of that seed. If several seeds are defined to l1ie on
one ellipse then their positions are related and their
orientations are limited to 1ie on elliptic arcs in space. These

arcs can be generalised to most of the commonly used curve

shapes. A straight 1ine segment of length, 211F11, 1is obtained_

when b = b = b in equation 1. Elliptical 1ine segments are
1 2 3

obtained when no other special case is present. Circular 1line

segments are obtained when the two half axes of the ellipse are

equal in length. Approximations to parabolic curves are obtained
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when the 1ine segment is taken in the region of one of the axes
of the ellipse. Thus with the use of several ellipses in space
most smooth curves <c¢an be approximated by segments of the
ellipses used, and with the use of straight line segments angular
positioning of the sources can be readily be done. See fig. 3.1

for some examples of the generality of ellipses.

The seeds thus represented as parameter variables on an ellipse
must be constrained to 1ie greater than one seed length apart on
the ellipse. The l1ength of arc between two points on aﬁ ellipse
was thus constrained to be greater than 5 mm, the length of the
seed being 4.8 mm (See Appendix 4). The calculation of the
length of arc requires an increasing number of terms to achieve
sufficient accuracy as the ellipse tends towards a straight line.
The accuracy achieved by 10 terms in the series 1is acceptable
(<0.5% over 1 quadrant), for the case where the ratio of the long
to the short half axes is less than 10 to 1. The eccentricity of
the ellipse or the ratio of the long to short half axes must tﬁus
be constrained. The inequality constraint function being;
A/B - 0.1 >0
where A is the length of the short half axis
B is the length of the long half axis.

This constraint on the ellipse does not prevent the size of the
e11ipser being infinitely small, thus an absolute constraint is
required on the circumference of the ellipse such that it can
contain all the seeds that are required upon it. This implies
the circumference of the ellipse is given by C then;

cC > A.2.%% L., 4
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where A 1is the length of the short arm of the ellipse, and we

thus have the inequality constraint;

A.2.17 - 0,5. N >0
where N dis the number of sources on the ellipse, and
m is given to 9 decimal places. This is the smallest possible

length of €, and it is not necessarily the practicablie 1length.
This constraint is placed on the shape of the ellipse to prevent
it being reduced to an infinitely small size by any optimisation

‘procedure that changes the values of the 9 variables defining the

ellipse in equation 1.

El1lipses can therefore under certain constraints be used to limit
the positions of sources in brachytherapy implants. In most
implants the positions of I-125 Seeds can easily be seen to 1lie
on arcs of ellipses in space. Interstitial implant methods at
present sometimes wuse temporary implants of I-125 Seeds 1in
plastic tubing (Sealy et al, work in progress). Gold plagues
with fixed seeds positioned usually in rows upon them (Sealy et
al, 1980), (Weaver, 1986) are also wused extensively for
opthalmological tumours. Both these methods <can easily be
represented by a set of elliptical segments 1in space. Other
implantation techniques wusing Ra-226, and Ir-192 sources,
(Schultz, 1984), (Henschke et al, 1963), <could also easily be
represented by this model. This model can also be generalised to
be used with any linear source type in an analogous way to the
use for 1I-125 Seeds. It can also be simplified to ignore the
orientation of a source upon the ellipse thus a]]owing the

application to point sources in similar applicators as described
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above,

The model to represent radicactive implant source positions in
space as lying on ellipses is widely applicable and practicable
{using conventional techniques). It has been wused here to

constrain source positions during optimisation of the doses at

interest points in space.
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3.3 IMPLEMENTATION OF THE MODEL

The elliptical model for optimisation of I-125 Seeds in space was
implemented on a Sperry 1100/81 mainframe computer, The
optimisation technique used was a sequential augmented Lagrangian
technique (See Appendix 1). The initial values of the control
parameters used in the problem allowed accurate minimisation of
the subproblems and relatively weak initial constraints. This was
achieved by small values of RHO and ETA. The other parameters
were found to have very little influence in this model of the

problem and intermediate values were chosen.

The variables in the problem were divided into two sets so as to
reduce the number of variables and to allow variables of the same
type to be varied simultaneously. The first set of variables was
the source parameters describing the angle, ffom some reference
point on the ellipse, at which the sources l1ie on the ellipse.
The reference vector in space from which the parameter varied is
given by substituting in the parametric equation of the e]lipse
tﬁe value, t = 0, These are grouped in sets of 10 variables
representing 10 sources on each of 4 ellipses,. The numbers of
ellipses and sources were set to develop the program and can be
increased. An 1implant using 40 seeds on 4 ellipses was assumed
to be large enough to show the behaviour of the model and to be
applicable to most I-125 implants. The second set was the ellipse
variables that described the 4 ellipses using 9 ellipse variables
each. These described the amplitudes of the ellipses in the
three axes, the phase shifts relative to the other axes and, the

translocation of the centre of the ellipse.
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The optimisation of the positions of the sources to minimise the

least squares unweighted objective function;
n 2
F(x) = (AD - DD )
< i=1 i i
where, AD , is the achieved relative dose and, DD , is the
i i
desired relative dose, and n, is the number of interest points,

was done by first varying one set of variables and then varying

the other set of variables.

The source variables were varied by EO4UAF on each ellipse in
turn and then these parameters were fixed and the ellipse
variables were wused by EO4UAF to attempt to find a minimum of
F(x). The routine for calculation of dose at the interest points
used the changed parameters returned by EO4UAF to calculate the
spatial positions of the sources and the orientation of the
sources from the other parameters already set. The array used in
the calculations was a composite array with 40 variables for the
source parameters on 4 ellipses and 36 variables to describe the
four ellipses. The relevant variables from the array were passed
to EQ4UAF depe%ding on whether ellipses as a group or sources on
one of the ellipses were being varied in an attempt to wminimise
F(x). The new set of values of the variables once reset by
EO4UAF, were copied into the array. Then the routines for
calculating the value of the objective function, and of ihe
constraints, used the entire array. For details of the
calculation see the program description in Chapter 4 and the

program listing.
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The constraints placed on the problem were of five types.

1. The NAG routine requires fixed bounds to be placed on all the
variables., Each set of variables describes a different parameter
- of the problem. The source variables describe angle and were
thus 1limited to vary in the range *+ 417 radians, to preyent'
continuous <cycling of these variables which may happen in a
poorly constructed problem. The ellipse amplitudes were limited
to vary from 0 to 10 cm. This allowed for much larger ellipses
than are necessary in most situations, The phases were bound to
the range iiT radians which allowed all geometries in spacé
without 1l1imitation at the ends of the range as the ellipse
geometry is cyclical in the phase variables with a periodicity of
W /2, and most phase shifts are entered in the range 0 to T1/2.
The centre shift was limited to the cube + 5§ cm in all axes.

This allowed a large volume of interest.

2. The constraints placed on the sources as they were varied on

the ellipse 1limited them to remain a seed length apart so that

the final result would be practicable. The distance of
separation is that between the centres of the seeds. This was
represented for the optimisation routine as an inequality

constraint and was calculated as shown in Appendix 4.

3. The sources were Timited to 1ie on ellipses by their intrinsic
nature of being represented as parameters of an ellipse. This
was not seen as a constraint by the optimisation routine. The

parameter, as it varied, always lay on the ellipse represented by

the ellipse variables.
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4, The doses were calculated as relative doses and thus it was

necessary to 1limit the absolute dose achieved (or absolute Time
Dose Factor achieved (TDF)), at a specified point, to 1ie within
some reasonable range. This prevents moving all the sources to
the furthest possible distance to attain <the most wuniform
relative doses at all the interest points. The absolute dose
rate, in Gray per hour, was used. The range chosen was 0.2 - 0.8
Gy/hr (0.3-1.2 GyEquiv./hr) as most I-125 implants are treated
within this range. This was implemented by wusing a range

constraint function when optimising both the elliptical and

source variables.

5. The ellipse shape was limited by two inequality constraints
per ellipse which were.active vwhen the ellipses were being varied
as a set. The first of these limited the ratio of the long to
short arm of the ellipse to be greater than 20:1. This prevented
excessive elongation of the ellipse as when elongation occurred
the 1line integral calculating length of arc required more terms
in 1its expansion to achieve the same Accuracy. The second
constraint prevented the total length of arc of the ellipse from
getting shorter than the total length of all the seeds on the
ellipse. This did not prevent overlapping of seeds and so
optimisation, (or repeated optimisations) of the source positions
with the 1inequality constraints activated was always necessary

after optimisation of the ellipse variables.

The optimisation procedure was allowed to follow one of 3
options. Either the ellipse variables, or the source variables,

or both, could be optimised. The objective function gave a
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measure of the difference between desired doses relative to
interest point 1, and the achieved doses relative to dinterest
point 1, subject to the constraints above. As the parameters in
the two cases were varied a minimum of the function was sought by
the optimisation procedure,. The behaviour of the method is suchf.
that a local minimum is sought (Appendix 6). The validity of not
optimising alternate sets repeatedly was checked by allowing some
cases to cycle through each routine 5-6 times. Improvement in the
objective function value after one cycle of each routine was
found to be less than 1% of the original starting value. In some
cases an improvement may be achieved by cycling, but due to the
function behaviour a local minimum is rapidly found and 1l1ittle

further improvement is gained.

The timing of the procedure was dependent on two operations.
Firstly the calculation of the function and constraint values by
the wuser defined sub-routines, and secondly the optimisation
1tse1f. The first operation had a variable timing dependent upon
whether it was doing calculations for sources being varied on
ellipses or for ellipses being varied as a group. If sources on
one ellipse were being varied then the calculation time was
directly proportional to the number of sources, NS, on the
ellipse, and the number of interest points, NP, If the ellipses
were -varied as a group then the calculation time was direc£1y
proportional to the total number of sources, NT, and NP. In the
second operation the calculation time was roughly proportional to
the square of the number of free variables N ;

free

where N - ¢ N+ MINEQ + MRNGE

free
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Where N= Number of variables passed to the optimisation
routine, MINEQ=Number of inequality constraints,
MRNGE=Number of range constraints.
In the case of optimising sources where, N ¢ 2xNS + 1, the

free
timing dis proportional to;

(4xNS3 + 4xNS2 + NS)xNP
This becomes very large, very fast, with any increase in NS and
thus only small numbers of sources on each ellipse are practical,
For 1 ellipse with 6 sources and 10 interest points the time

taken for the maximum allowed calculations to optimise the source

positions on the ellipse once, is approximately 25 minutes of CPU

time.

In the case of optimising ellipse parameters where;

N < 11xNE + 1,
free
where NE is the number of ellipses,
2
the timing is proportional to (121IxNE + 22xNE + 1)xNTxNP,. This

thus only allows optimisation of one or two ellipses within a

practicable time.

The variables wused 1in the optimisation of ellipses are not
orthogonal, This may account in this implementation for poor
convergence to a minimum, as the variables are interdepéndent.
If these variables were made to be orthogonal by the wuse of
4p6iynomia1s; then the optimisation procedure would see orthogonal
variables and may proceeded more swiftly to a minimum. Small
computer programs are available for the calculation of orthogonal

polynomials (Tyson et al, 1982). The use of orthogonal
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polynomials would necessitate the interpretation of these
polynomials by the calculation routines, which would take some
extra calculation time and thus the benefit of time gained by

their use may be lost by their implementation.

The model thus 1implemented was applied to test cases and to
clinical examples (See Chapter 5). The application of the model
of the <c¢linical situation was found to be 1Timited to certain

appropriate cases.
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3.4 APPLICABILITY OF THE MODEL

The elliptical constraint model being easily generalisable to
many shapes and sizes could be widely used if the limitation on
the number of ellipses and number of sources on the ellipses was
removed, Regular shaped large volume implants requiring a large.
number of sources do not require accurate positioning of the
sources as the positioning of sources becomes less critical with
increased numbers of sources, but the uniformity improves. The
mean peripheral dose and mean central dose are not sensitive to
source position when the number of sources used is large, >24;
(Waterman et al, 1983). This has been been verified clinically
showing that doses achieved are not dependent on the exact
positioning of <the seeds {(Rosemark et al, 1982). The wuse of
optimisation techniques for permanent implants is not appropriate
as the tumour volume changes thus altering the seeds positions.
This has not influenced clinical results (Tokita et al, 1980).
Optimisation for large volume regular tumours is not practical or
necessary and would be time consuming. The model reduces the
number of variables to a minimum and still the calculation time
extends to hours with only 10 - 15 seeds depending on the type of

procedure to be used.

3 v
The number of calculations, being dependent mainly on NS , NS is

the number of sources, increases rapid]y as the number of sources,.
per ellipse increases. The timing is also directly proportional
to the number of interest points in and around the tumour volume,
and hence for irregular volumes with several interest points this

is also a limiting factor. The model is thus best applied to
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small volume tumours or tumours requiring few high activity
sources so that the time used for calculation 1is practically
short. In small irregular tumours where no standard geometric
- shape {such  as a plane, sphere or cylinder) can be used as a
model, it is difficult to give good estimates of the best source

positioning using standard methods (Anderson, 1976).

In the case of temporary implants where very well defined areas
need to be treated to an exactly specified dose the positioning
of the seeds can be improved by the use of this technique. The
model can thus best be applied to small volume tumours, close to
sensitive areas, where the standard methods do not give an answer

as to where to place the I1-125 Seeds.

The model is thus used as follows:

1. The tumour volume is defined and critical points of interest

are noted.

2. The desired dose rates or relative doses at these points are

decided upon.

3. The number of sources required of the available activity is

calculated (Johns et al, 1983), (Anderson, 1976)

4, A good estimate of the elliptical arcs required 1is made
using model elliptical templates with major angles marked to
allow good estimates of where on the ellipses the seeds are

lying.

5. These source estimates, ellipse estimates, activities,
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]
desired Time Dose Factor to a point, points of <dinterest, and
desired relative dose rates, are then entered during a real time

run of the 1implementation program (See Program Description

Chapter 4),

6. The optimisation procedure is done in batch mode and the
results are interpreted by plotting them or by entering the new
source positions into the isodose plotting routine which gives an
output of an isodose plot in a plane in space as desired (See
Chapter 5). Spatial and orientational coordinates of the final

source positions are given and the final spacing between sources

is also given.

7. The sources are then loaded into plastic tubing to best

represent the graphic plot of their positions.

8. The surgeon or radiotherapist finally implants the tubes
reproducing (as closely as possible) the ellipses drawn from the
plotted computer printout. The source positioning is checked
radiographically in the wusual way and the acﬁieved dose

distribution is calculated,

This technique is 1imited firstly by a long calculation time, but
techniques are becoming available that c¢an cope with time
consuming problems for example array processors (See Chapter 6),
and secondly by the accuracy with which the sources can be placed
in the tumours. It is thus best applied to easily accessible
tumours allowing accurate placing or to use when gold plaque

applicators are being used to hold the sources.
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The model can easily be generalised to use with other isotopes
and the spatial dose distribution tables can readily be created
from data around any anisotropic or isotropic source. Thus with
similar constraints placed wupon the problem any discrete
radioactive sources <can be made to take wup optimal positions
along arcs of ellipses in space. If the same constraints hold as
hold on I-125 Seeds (model 6702) then no modifications are
necessary to the program. The program has been kept in a modular
structure so that any changes to allow generalisation can easily

be made.

The model is best used in the appropriate clinical situations (as

described above) and in 1its place it should be very helpful 1in

the pltanning of 1implants. It can be wused with lTittle
understanding of optimisation techniques or geometric
transformations. The impiementation of the results is done using
documented implantation techniques and is thus practicable in

the clinical setting.
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PROGRAM DESCRIPTION

4.1 PROGRAM OUTLINE

The ©program was written in FORTRAN Programming Language (FORTRAN
11RIA) on a Sperry 1100/81 computer. The executive language used
on the computer is Exec 8. The file containing the program was
designated PROJ*TEST. and all development of the program was
done under this file name. The program was developed to be run
in both demand and batch modes. For a description of the

execution and compilation of the program see Chapter 4.2,

The program was developed in a modular fashion with a fairly
strict hierarchy of control (See Fig. 4.1). The executable
program c¢reated made wuse of 4 direct access‘ data files, 2
sequential access output files and two Numerical Algorithms Group

FORTRAN Library routines (Numerical Algorithms Group, 1983), (See

Appendix 5).

The program was divided into four major functional units which

are controlled by TEST.CALC2 . These are:

1. Data input and modification for the use in the optimisation
routine
2. Creation and update of files containing relative dose

distributions around radicactive sources

3. Optimisation of the positions of radioactive sources in
space
4, Output of monitoring information and results

56



Chapter 4 Program Description

The implementation of the model as described in Chapter 3.3 s
carried out by the optimisation subroutine NAG*LIB.EO4UAF. It is
controlled by the subroutines .OPTPAR and .OPTELI which set up
the variables required by the optimisation routine. The
calculation of the value of the objective function is done by the
routine .FSEV and the constraints are calculated by .CON1. The
output of the results 1is done after each phase of the
optimisation, that is each time control is returned from .EO4UAF.
TABLE writes the results and all other re]evaﬁt information to

the file NEWPF. which can then be scrutinised at a later stage.

For a description of the 32 Subroutines from TEST. wused to

compile the executable program see Chapter 4.3,
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4,2 COMPILING AND EXECUTING THE PROGRAM

The executable element TEST.ABS2 was developed to run either in
demand mode, that is interactively at a terminal, or in batch
mode, that is without any interaction and gaining input from data
files as necessary. This allows use by computef users'and no£

only computer programmers.

The control file that was read by the program to determine
whether to execute a demand mode run or a batch mode run was
called CONT. This set a variable NSET in the control routine anq
if NSET was 0 it allowed keyboard input of all data requested.
If NSET was 1 the control skipped all the keyboard input requests
and read from the file CONT. the record numbers of records to
read from DATA 4., which contained all the relevant information
for initial input to the optimisation routine. A series of up to
five records could thus be used 1in batch mode to allow
optimisation of source positions. The output data was then
printed .from file NEWPF. and examined later. The demand run
allowed stepping through all the various options and updating or
initialising any records for later use. It was possible to do a
demand mode optimisation, but as the complexity and timing of the
problem was increased these runs became prohibitively 1long and

most optimisations were done in batch mode.

The size of the program, as it was developed, became too large to
execute outside normal hours. To allow data input and updating
of files outside normal hours a copy of the data handling

routines was made with minor modifications which allowed the
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update of files outside normal hours so that batch runs could be

started to run overnight. The executable element which did this

was TEST.ABSI.

An executable element TEST.ABSSET was created to allow easy
modification of the file CONT. so that if it was set to run in
one or other mode then it could be reset without executing the
entire batch run or demand run. This element also allowed quick

changes to be made to the record numbers to be wused for

optimisation in batch mode.

The <compilation of +the executable element TEST.ABS2 was done
using an extended mapping and all the elements were compiled
using an '0O' option with the FORTRAN compiler. The absolute size
of the executable element attained 130 kilo words, (a word on the
Sperry uses 6 bytes of storage), but w&s not large enough to
require a segmental mapping: The compilation included all
elements used during development of the model and thus several
~elements could be excluded in a program specifically for use éS_a
clinical tool. The absolute size of the executable element is
largely due to the size of the arrays required for the
optimisation routine and for the calculation of doses in space
around an anisotropic source so reduction 1in the number of
elements will not Targely influence the size of the execut$b1e
element. The size of the data fi1e§ was set to allow up to 60
records of input data for optimisation. 5 records of data for
dose calculation were available thus allowing use of different
relative spatial distributions for different isotopes. The size

of these files could be modified to reduce the storage
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requirement of a computer executing the program.

The size of microcomputer memory is increasing rapidly and it is
feasible, given that the NAG FORTRAN library may be availablie for
compi]atioﬁ on microcomputers, that thfs program may be compiled
to run on a microcomputer system. With the possibility of array.
processors decreasing the time of calculiation it may be possible
to wuse this model on an in house computer system with an array

processor and achieve acceptable demand times in the execution of

absolute elements.

For a listing of the compilation runstreams see Program Listing.
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4.3 MODULE DESCRIPTION

CALC 2. This is the main program controliing flow and function
of the entire executable element. Initially the file CONT. s
read to determine if a batch or interactive -run is to be done.
This sets variables throughout the routine either reading values
from the files only, or allowing keyboard input. Options are
presented as menus requesting numerical input (See Fig. 4.2 for
a presentation of the main menu). If records are to be modified
the entire 1ist of previously used records of data allowing
execution of the optimisation routine is disp]ayéd (See Fig.
4.3). Choice of a file to be used is allowed, or if a batch run
is being prepared then a list of up to 5 file records are

requested, {the record numbers are stored in file CONT.) which

will be executed serially in batch mode. Input of data 1into
files 1is allowed using two subroutines. INELLI is used for the
parameterised model data input. INPUT was wused during the
developmental stages for all other models attempted. The data

input is stored in a direct access file DATA 4. and multiple
updates of this file are allowed. The program then calls OPTIM
or PAROPT which control the optimisation procedures for non-

parameterised or parameterised procedures respectively. Al

normal exits take place from the main program.

OPENFL. This routine opens all the files for use during execution
of the program. The direct access files open statements may be
non-standard FORTRAN as these statements are Sperry 1100 specific
and may need modification if this program is to be used on other

systems. The sequential access files are rewound for re-use and
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store output only wuntil the next execution of +the absolute

element takes place,.

INPUT. This routine reads all input from the keyboard for use
during developmental runs. It allows modification of all
relevant parameters controlling the execution of the routine
NAG*LIB.EO4UAF. It also reads data for interest point positions,
source vector estimates, activities of sources and the type of
source, (hence the objective function), to be used. It also

allows selective changing of any data values.

INELLI. This routine reads all input from the keyboard for the
optimisation of parameterised ellipses. It allows changes to the
data files and presents a menu of allowed changes with the
present data values displayed (See Fig. 4.4). It reads data for
interest point positions and relative doses required at these
points, parameter estimates of source positions, estimates of the
ellipse size and shape, and source activities. A value of the TDF
- desired at the first point of-interest 1is requfred. » A1l angles
entered from the keyboard are to be entered in degrees and are

immediately converted to radians for later use.

OPTIM, This routine sets all the necessary parameters for the
call of the subroutine NAG*LIB.EO4UAF and <calls the routine.
Before calling the NAG routine it calls FUNCT1 to obtain an
initial value of the objective function so as to assess the
improvement achieved by the optimisation procedure. The results
of the initial call and the starting values are written to NEWPF.

by TABLE in a tabular form, and to MYPT., by WRITE and various
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'WRITE' statements in a fully explanatory form.

PAROPT. This routine controls the various optimisation sequences
allowed for optimising sources in space,. It calls OPTPAR to
optimise the positions of-the sources on the ellipse and OPTELI -
to optimise the shapes and sizes of the ellipses. The parameters
required by both routines for their respective calls of EOQO4UAF

are set here. The routine calls TABLE to write initial and final

values of data to NEWPF,.

OPTPAR. This routine sets the control parameters and variabTe
- values for a <call of EO4UAF to allow optimisation of the

parameter values on the ellipse, and calls EO4UAF,

OPTELI. This routine sets the control parameters and variable
values for a call of EO4UAF to allow optimisation of the ellipse

variables, and then calls EO4UAF,.

WRITE. This routine writes the input values for developmental
stage problems to the file MYPF. . It Qrites all the control
variables to allow assessment of effect of these on the routines

performance for a specific problen.

TABLE. The tabular output of this routine is written to NEWPF.
and contains all the relevant information from the various stages
of the optimisation brocedure. The initial and final source
parameters and spatial position and orientation are given. The
interest points and the desired and achieved relative doses are
given and the final dose rates and TDF to the first point of

interest 1is given. The routine ca]cu1atesvTDF and time for
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treatment assuming a relative biological effect of I-125 of 1.5

and using the equations;

1.35
Teq = TDF/((0.00473)x( (150 x DR) ) ... 1

where TDF 1is the desired Time Dose Factor,
DR is the achieved dose rate in Gy/hr,
Teq is the Time equivalent

and T

=(In(1-1.35 x Teq x HLAM))/(1.35 x HLAM) ...2

where T is the total time of implantation,
HLAM is the decay constant of I-125 HLAM=0.00048055/hr

(Orton, 1974).

QUTPUT. The output from the developmental routines is written to
MYPF. by this routine. The routine also calls TABLE which writes

the final output to NEWPF. in tabular form.

AMONIT. The Monitoring routine called by EO4UAF with frequency
dependent on the user defined variable IPRINT. This routine
monitors the progress of the minimisation procedure and gives an
indication of when the convergence criteria have been achieved.
The value of GLNORM, the Euclidean norm of the estimated gradient
of the augmented Lagrangian in the free variables, gives an

indication of convergence and should be small at the solution.

The test for convergence being;
GLNORM/ (1.+1FI) + |ID-0.5 rit < XTOL
where F is ﬁhe value of the objective function,
D is the matrix of the diagonal elements of I+ATA
where A is the Jacobjan of active constraints (Appendix 5),

r is the vector of residual active constraints,
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XTOL is the required accuracy of the solution.
CNORM 1is the Euclidean norm of r and should also be small at the

solution.

AMONIT calls TABLE to give a tabular output to the file NEWPF.

FUNCT1. This is the routine called by EO4UAF and is used to pass
control to the routines calculating the objective function. It
is also used to monitor the timing by calling SU$P to prevent a
system error termination because of the maximum time requested
being exceeded. If the maximum time is being approached this .

routine resets IFLAG and allows a normal user initiated

termination.

FTEST. The example function as given in the users manual. This

was used as an initial test of the function of EOUAF.

FTWO. This calculates the objective function that attempts to
find a uniform dose distribution by the function
F= (BIG - DDOS)2 + (SMAL - DDOS)2
where BIG is the maximum achieved dose at an interest point,
SMAL is the minimum achieved dose at an interest point,
and DDOS is the desired uniform dose.
An isotropic inverse square dose distribution was assumed. This

routine was tested using three dimensional problems, but was

poorly convergent due to discontinuities in the function.

FREE. This routine <calculated the weighted 1least squares
objective function described in Chapter 3.1 using an anisotropic
dose distribution calculation and 5 variables per source. The

individual operations were done in the subroutines DST3V, PHISIN
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and LINPOL. This routine yielded acceptable answers, but because
of the great number of variables it required a large number of

calculations of the function value to achieve a solution.

FOUR. The same weighted least squares function is calculated as

in FREE, but an isotropic dose distribution of the I-125 source

is assumed and calculated analytically. This gave good solutions
in one, - two and three dimensional problems with rapid
convergence,

FIVE. This routine used the same calculation methods and' dose

distributions as FTWO, but the objective function attempted was
an unweighted least squares function. The convergence was poor

because of the poor behaviour of this function.

FSIX. This only allowed a one dimensional case to check the dose
calculation, and the calculations of the value for the objective
function, The calculations were checked with an isotropic

function and a purely inverse square function.

FSEV. This routine calculated the objective function for the
optimisation of sources positioned on ellipses. The optimisation
flow dis such that if one ellipse is having sources varied on it
the other ellipse’'s sources are stationary and their contribqtion
to the dose at all the interest points is unchanged. The routine
thus only calculates the dose contributions from the sources that
are having their parameters changed by EO04UAF. If all the
ellipse parameters are being ;aried then alil the dose

contributions from all the sources are added at each interest
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point, The routine directly <calculates the distances and
relative angles between the interest points and the sources to
reduce duplication of function calls. The objective function 1is

an unweighted least squares function.

IGRATE. Calculates the 1ine integral along the arc of an ellipse

to an angle T as described in Appendix 4.

TFORM. Calculates the length of the long and short half axes of
the ellipse and the angle of transformation to convert the values
of the parameters from their arbitrary zero point to zero on the .

long axis of the ellipse. See Appendix 3.

PARA. From the source parameter value and the values of the
ellipse parameters this routine calculates the spatial and
orientational coordinates of the sources. The results of this

routine are written out by TABLE to allow interpretation of the

parameter values. See Appendix 3.

LINPOL. This routine linearly interpolates on a two dimensional
grid -to obtain a function value. The grid from which it is
interpolating is <created by UPDAT and the axes of the grid are
the inverse of the distance and the sin of phi, the relative
angle between the axis of the source and the vector joining the
source to the interest point. The arguments passed to LINPOL are
scaled by - the scaling factors calculated previously to allow
direct reading of data points from the array of function values.
A1l out of range possibilities are checked and are assumed to
have an inverse square dose dependence. The data range is from

0.5 - 3.0 cm, but extrapolated data points outside this range are
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also wused to create the array and hence valid interpolation can
take place in the range 0.1 - 5,0 cm and only outside this range

is an inverse square law assumed.

DSTéV. The development of the program required a spatial distance
between a three dimensional interest point and a variable
dimensional source vector and this program calculates such
distances and returns a value of the spatial distance squared

between an interest point and a source vector.

PHISIN, This routine calculates the sin of the anglie phi between
the wunit vector in the direction of the source and the vector'
between the centre of the source and the interest point. It
makes use of the identity that for two vectors r and u, where, p

is the angle between thenm:

r x u sin(p). tirtt . tiull

2 0.5
({(u.u)(r.r)-(u.r) )
2 0.5
(r.vr - (u.r) ) for u a unit vector.

CON1, This 1is the constraint routine required by EO4UAF - to
return values for the constraint functions. The routine selects
which constraints to use dependent on a variable parameter MTYP.
For MTYP from 2 to 6 various constraints were attempted
including, constraints 1limiting disotropic sources ¢to 1ie .on
ellipses, range constraints only, constraints on the orientations
only, and constraints limiting the spatial coordinates of sources
to 1lie on ellipses and to have their orientations l1imited. For
MTYP equal to 1 the constraint function is 1identical to that

given in the user's manual example for EOQO4UAF. For MTYP equal to
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7 the constraints are those 1imiting sources to l1ie greater than
1 seed length apart, (See Appendix 4) and the constraint 1imiting
the dose at the first interest point to be in the range 0.2 - 0.8
Gy/hr . (0.3 - 1.2 Gy equiv./hr). For MTYP equal to 8 thg
constraints 1imit the ratio of short to long half axes of the
ellipse to be greater than 1:20, The absolute length of the
short half axis is limited to be greater than that required to
allow the number of sources on any one ellipse to fit onto the
circumference of that ellipse. The range constraint on the dose

rate to be delivered to point of interest 1 is still applied when

the ellipses are being varied.

UPDAT. This routine allows idinput and modification of dose
distribution data in file DATFL., and controls the interpolation
between the data points that is done by tﬁe routine EO1ACE which
is called from the routine INTPOL. The function values returned
are the relative doses at a point given by (1/r;sin(p)) where, p

is the angle between the sources axis and the interest point aﬁ

distance r. These values are multiplied by the specific dose
constant of 1I-125. The value used was that for water (Dale,
1983). It also allows test interpolation both 1linearly from

arrays, or using bicubic splines directly on the data. The

scaling factors for the look up array are written with the array

to a data file MTLK.

INTPOL. This routine sets up the variable size, two dimensional
array for EO1ACE and calls the routine which after having fitted

bicubic splines to the data returns a function value at a desired
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point.

SUBLIN. This routine allows linear interpolation from already

created look up tables at any desired point around a source,.

‘PAG. This routine uses escape functions specific for the
terminal used, to clear the screen and start writing again at the

top. It is used purely for ease of reading the displayed data.
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CHAPTER 5
ILLUSTRATIVE EXAMPLES

5.1 SINGLE LAYER PLANAR IMPLANT

A theoretical planar implant consisting of 4 elongated ellipses
{elongation factor 4:1), each containing 4 1-125 Seeds, was used
to show the effect of only varying the relative positions of the
seeds on fixed ellipses. The seeds lay on the straightest parts
of the ellipses which were spaced 0.75 cm apart. 'The tumour area
to be treated was taken to be 3.5 cm by 2.5 ¢cm and 1 cm thick.
This area required 235 mg.hrs Ra equivalent to achieve a dose of
10 Gy to the volume (Johns et al, 1983). For a TDF of 100 and an
implant time of about 4 days, a dose rate of about 0.55 Gy/hr was
desired at the specified points of interest demarcafing the
volume of interest. The activity of I-125 required (RBE assumed
to be 1.5), was about 1980 MBq. Thus with 150 MBg seeds about 13
seeds were required for the imb1ant. To allow a more uniform dose
distribution an equal number of sources on each ellipse was
desired and hence 16 sources were used. These were evenly spaced
on the four ellipses (See fig. 5.1a). Four points of interest
defining the volume of treatment were placed 0.5 cm abo;e the
plane of the implant and between the rows of seeds. Two other
points were placed at the level of the end Af the rows of seeds
in the plane of the implant. The last two points were placed 0.25
cm outside the outermost ellipses in the plane of the implant.
These effectively define the points at which the doses are

required to be uniform. .The relative doses were taken to be 1.0

71



Chapter 5 Illustrative Examples

at the first four points and 0.7 at the ends of the ellipses and

0.2 outside the outermost ellipses.

The optimisation procedure moved the parameter variables on each
of the ellipses in turn, and completed the cxc1e of four ellipses
twice. The objective function was reduced from 0.2658 to 0.0675
in 52.7 minutes of CPU time. The final positions of the sources
are shown 1in fig. 5.1b. The isodose curves before and after
optimisation are plotted in the plane of the interest points, 0.5
cm above the source plane. The TDF to the first interest point:
was 100 after 44,2 hrs at an initial dose Eaie of 0.65 Gy/hr
(0.97 GyEquiv./hr). The total dose to the point was 28.6 Gy (42.9
GyEquiv.), (See Chapter 2). The required relative dose rates were
achieved at all the interest points within + 19%. The initial
range of variation before optimisation was + 29%. The isodose
curves did not show any marked improvements in uniformity as the
implant had good initial estimates and no optimisation was
required in this case, although at specific points the relative

.. desired dose rates were achieved (See fig. 5.2 for 1isodoses).

The 1limitation on the sources to 1lie in a plane on specific
ellipses 1is not realistic. It is practical to prescribe exact
spacing of the sources in the tubes, and this can be implemented
to better than 1 mm accuracy, but to position four parallel lines
of sources at exact spacing is not. The implementation of these
results would entail the exact positioning of the sources in the

tubes and then placing the tubes into the tissue 1in parallel

lines at 0.75 cm separation.
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5.2 ELLIPSOID IMPLANT

A theoretical implant, consisting of two circles in perpendicular
planes, was used to demonstrate the effect of varying first the
ellipse va?iab]es énd then the source variables. The volume to be
implanted was assumed to be a disc 1.0 cm thick and 2.5 cm in
diameter. The sources used were 150 MBq I-125 Seeds. The number
of sources required to achieve a TDF of 50, ({The 1implant was
assumed to be used as a booster to teletherapy) to a point on the
periphery of the disc, at a dose rate of 0.4 GyEquiv/hr, was 8.8.
To maintain symmetry B8 seeds were used, 2 on the central circular
ellipse, and 6 on the outer circular ellipse (See fig. 5.3). The
desired relative dose rates were chosen to be different at
different points around the volume of interest. Four points
around the periphery were chosen to have a relative dose rate of
1.0 relative to that at the first point of interest. Two points
inside the volume required a relative dose rate of 2.0, and four
points 0.5 cm from the plane of the sources required a relative
dose rate of 1.5. This was to demonstrate the ability. of- the
program to attempt to achieve various relative dose rates. The
source positions and the relative dose rates achieved, before and
after the optimisation, are shown in fig. 5.4. The optimisation
procedure took 56.7 minutes and the objective function value
improved from 180.9 +to 0.041. 31766 calls to calculate the

objective function were required and 865 iterations were done by

the optimisation routine.

The 1isodoses 1in the plane 0.5 cm from the plane of the 1large

circle are shown before and after optimisation in fig. 5,4."The
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distribution was 1less uniform after optimisation although the
desired doses had been achieved. By defining more interest points
it is possible to force a more uniform dose distribution after
optimisation; but the calculation time is increased. The time
required to deliver a TDF of 50 at the first interesf point was
54,1 hrs and the dose rate was 33.0 Gy/hr (50.0 GyEquiv./hr). The
interest points were all within + 16% of their desired relative
doses. Before optimisation the achieved doses at two central

points were 5.5 times their required relative doses.
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5.3 U-SHAPED IMPLANT

A hypothetical U-shaped volume for implantation was used to
demonstrate the optimisation of the sources and the ellipses to
achieve desired doses at poihts in space. As in the planar
implant (Chapter 5.1) the optimisation commenced by altering the
positions of +the sources on the ellipses. Then the procedure
followed in the ellipsoid implant was executed (Chapter 5.2). The
U-shaped volume was delimited by 12 interest points (See fig.
5.6). The total volume to be treated to a TDF of 100 was 5 cmaf
The activity required to deliver this TDF at a rate of 0.4 Gy/hr
was 1040 MBq. This required seven 150 MBgq Seeds. An even number
of seeds would best deliver the desired relative doses at the
interest points. 6 sources were used. The achieved dose rates
were low and it would have been necessary to leave the implant in
situ for 114.1 hrs to achieve a TDF of 50 at a dose rate of 0.20
Gy/hr (0.29 GyEquiv./hr) at the first interest point. The
original estimates and the final positions of the sources are
shown in fig. 5.5. A marked iﬁprovement in the dose distribution
at the points of interest was achieved and the objective function
decreased from 0.724 to 0.080. The deviations of the achieved
doses from the desired doses before optimisation were af mést 2.3
times and after optimisation were at most + 36%. The constraints
were all fulfilled and no further large source movements were
necessary after the optimisation of the ellipses to prevent

overlapping of the sources at the solution.

The 1initial estimate was good and the final result showed an

improvement. The largest deviation of an achieved dosg. from a
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desired dose was 36%. This is large and may have been due to poor
initial estimates or unrealistic desired doses at the interest
points. This was not a clinical exampie and all the desired doses
and point positions were hypothetical, and hence may have caused
poor conditioning of the problem. See fig. 5.6 for isodose

distributions before and after optimisation,
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5.4 CARCINOMA OF THE FLOOR OF MOUTH AND TONGUE

A clinical example was used to show the ease with which the
method <can be applied to clinical situations. The tumour to be
treated was a recurrence of a previously treated carcinoma of the,
floor of the mouth. The size of the nodule to be given a full
course of treatment to a TDF of 100 was 2 cm by 1 cm by 1 cm. The
radiotherapist wanted two tubes of sources 6 cm long to be placed
on either side of the nodule. The arcs described were easily
approximated by two ellipses lying in parallel planes 1 cm agart
(See fig. 5.7). The tumour volume was demaréated-by 12 1nteresﬁ
points. The available I-125 Seeds had an activity of 120 MBq and
6 Seeds were to be used in each tube. This gave an expected dose

rate in the desired range. fFor isodose distribution see fié. 5.8.

The optimisation proceduré followed was the same as that for the
U-Shaped implant. The entire procedure required 2.07 hrs of CPU
time. The optimisation program called the routine to calculate
the objective function 48128 times and performed 1361 iterations.
The objective function decreased from 0.6593 to 0.0259 and the
maximum deviation from the desired doses decreased from 51% to
12%. The time required to achieve a desired TDF of 100 was 103
hrs at an initial dose rate of 0.35 Gy/hr (0.53 GyEquiv./hr). The

total dose to the first interest point was 36.2 Gy (51.3 GyEquiv).

The 1implant could easily be loaded as the exact spacing of the
sources 1is known, but because of the situation of the tumour it
is difficult to achieve the exact positioning required.

Thus assessment of the suitability for optimisation must be done.
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DISCUSSION

The increasingly wide use of I-125 Seeds in the treatment of a
wide variety of tumours has been due to the many advantages of
the use of this isotope. The biological and physical attributes
of this isotope are very suitable for its use in small <tumours
where previously surgery would have been the treatment of choice.
The results have been very good thus far (Marchese et al, 198%5).
With the improved knowledge of the spatial dose distribution and
the improved methods for the calculation of dose in space, it has
become feasible to attempt to optimise the positions of 1-125
Seeds in the treatment of tumours. This has allowed the automatic
calculation of the best positions for seeds with constraints on
their relative position, and on absolute doses at certain desired

points. Certain problems still exist in this optimisation though

and these will be discussed here.

As shown in the examples of Chapter 5 the results of the
optimisation ©procedure are strongly dependent on the 1initial
positioning of the ellipses and the sources. The order in which
the optimisation subproblems are solved also greatly influences
the final result. The large number of variables required if all
the parameters were to be varied simultaneously by the
optimisation routine would cause the routine to take a
prohibitively long time to solve the problem. The subprobliems of
first varying one set of parameters and then varying the other

use much less time. The order in which the parameters are varied
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influences the final result. The decision to vary first one or
the other set is made depending on the specific clinical problem.
If the ellipse positions can be varied easily in the implant then
it may be chosen to use even initial spacing of the sources and
to vary the ellipse variables first. This wi]i give an easily
implementable result. If the ellipse positions are fixed as on

plaques then only the source variables need be varied to obtain

the best dose distribution.

Anatomical 1imits have not yet been app1jed to the optimisation
problem. The sequential augmented Lagrangian technique used here
to dimplement the optimisation allows for the use of general
constraint functions. These <constraint functions ~could be

applied to 1limiting the sources to 1ie within or outside some

defined anatomical space. The space could be defined as a
flagged volume inside which source variables may not 1lie. This
method of defining a function requires large amounts of

computation time and hence was not implemented here as the time
of calculation was already at the 1imit of practicability in most

cases, with the conventional computer facilities used.

The major difficulty encountered in implementing an optimisation
procedure on the type of problem considered here is that of the
definition and calculation of the objective functibn. The poor
behaviour of the objective function seems to be an inherent
problem 1in the definition of deviation from ideality of a
generalised dose distribution around several sources in or on a
tumour., By starting the optimisation procedure close to an

estimated minimum (optimal solution) an improvement in the
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positioning can be achieved without convergence problems (tﬁe
minimum achieved 1is not necessarily the global minimum). An
attempt was made in Chapter 5 to use good initial estimates. The
number of calculations of the objective function is not always
the wmwaximum number allowed, as a wminimum of the’objec“‘cuive
function 1is often achieved to the desired accuracy. By reducing
the number of variables by use of the parametrised elliptical

model, this maximum number is substantially reduced.

The calculation of the objective function is time consuming. (See
Chapter 5.4 for an'examp1e taking 2.07 hrs of CPU time). The
total time required for the optimisation procedure is dependent
on the number of sources cubed. The calculation time however
could be reduced by at least an order of magnitude by the use of
array processors. This would allow implementation of much larger
problems and more involved constraint <calculations could be
developed to include anatomical constraints. Array ©processors
and parallel computatjon techniques have been applied to many
large computation problems (Rodrigue, 1982). These computers-
and the specialised programming techniques required to operate
them could be applied to many aspects of the program developed
here,. Fast Fourier transforms using array processors have
already been wused to calculate the dose distribution around
radiocactive sources for use in implants (Boyer et al, 1986). If
an anisotropic dose distribution is to be used then interpolation
techniques can be facilitated by array processors. Multiple
calculations using the same function on many vectors of data

simultaneously, would reduce the time dependence on the number of
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sources to be proportional to the number of sources squared. The
constraint functions could all be calculated simulitaneously and
the series required to calculate the constraint functions could
be pipelined to reduce the time required for their calculation.
The optimisation procedure itself 1is dependent on array
reduction, and array manipulations are well suited to processing
by parallel processors. Future developments using these

relatively new techniques are thus very promising and may easily

yield very acceptable calculation times for larger optimisation

problems.

The large memory availability on most computers means that the
size of this program is not a major 1Timitation, requiring of the

order of 1 MByte of memory space at most (that is inclusive of

data'fi1es of variable size).

The problems with the description by the user of the ellipses in
space could be overcome by use of a computer 1inked to a graphics
planning system. Estimates of the positions of the souéces,
interest points, and the ellipses could be read directly as the
output of a sonic digitiser or graphic mouse. This would allow
direct input of data from computer tomography scans or from
radiographs. This data could be mathematically converted to
suitable estimates for the variables describing the ellipses and
the sources on each ellipse. These estimates could then be used
by the optimisation procedure to achieve an optimal solution of
vhere best to position the sources. This would greatly

facilitate the wuse of the optimisation procedure,. This would
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allow input of a great variety of problems which would have to be
automatically scaled so that all input is well conditioned before
it 1s used in the optimisation procedure. In its present form
the wuser is required to judge how best to enter the problem so
that the variables each 1ie in the ;ange (-1,+1) at the solution
point. This implies that the Hessian matrix is well conditioned

at the solution, and the optimisation takes less time.

The NAG library routines are widely available and can be used on
many computer systems. If a suitable hardware system was
available on which the NAG routines requ{red ‘ could be;
implemented, and which allowed implementation of +the above
mentioned 1improvements, a very widely useful and easily applied
optimisation method <could be developed. The parameterised

elliptical model is flexible.and could be appiied to much 1larger

and more intricate problems,.

The method of positioning the sources in the tumour (or on the
surface of the treated area), is by the conventional technigques
used and thus. no other‘ procedures need be adapted. The
clinically achieved positioning of the sources will need to be
compared to the theoretically defined optimal positions to
determine with what accuracy the optimised positions can be
clinically applied. Assuming such clinical reproducibility in
suitably selected cases this model should be a useful
contribution to the accuracy with which brachytherapy treatments
can be p1annéd. An understanding of the limitations and required
conditions for the use of the developed method is required for

its effective application to clinical problems. It is however
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even 1in its present form a practical method that can be used in
the planning of brachytherapy treatments to patients with small
volume tumours requiring accurately defined dose distributions

from a small number of I-125 Seeds.

83



CHAPTER 7
SUMMARY

The 1dincreased use of I-125 seeds in brachytherapy has led to an
increased need to accurately define the dose distribution around
these sources in space. The spatial dose distributions around two
types of 1I-125 Seeds (Models 6702 and 6711), (Medical Products
Division/3M, 1982) were measured using a Geiger-Muller chamber as
described 1in Chapter 2.2. The dose distribution of Model 6702
was found to be 10% less anisotropic than that of Model 6711. A
fast and accurate interpolative method was deve1opéd to calculate
the doses at points in space around I-125 Seeds. This method uséd
linear interpolation between points in a 101 by 101 array that
was created from the measured data points by fitting them to
bicubic spiines. A mathematical library routine, NAG*LIB.EO4UAF,

was used to do the fitting (Numerical Algorithms Group, 1983).

A parametrically represented elliptical model was developed to
define the spatial and orientational coordinates of radioactive
sources in 3~dimensional Euclidian space. The model constrained
the sources to 1ie at points on ellipses in space and to be
oriented along the tangent to the ellipse at those points. The
coordinates of each source were given by a single parameter
variable. Constraints were placed upon the relative positioning

of the sources 1in space. The model was then wused 1in the

optimisation of the positions of radioactive sources in
brachytherapy planning. The optimisation routine used was a
sequential augmented Lagrangian technique implemented by the
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FORTRAN 1library routine NAG*LIB.EO4UAF (Numerical Algorithms
Group, 1983). A least squares objective function that defined the
difference between the desired and achieved doses at interest
points 1in and around the tumour volume was minimised by varying

the parameters describing the source positions and the ellipses.

The model can best be applied to clinical situations where the
positioning of the sources is not immediately obvious, and where
accurate doses are required to be delivered at certain interest
points. The <calculation time 1is dependent on the number of
variables passed to the optimisation routine, cubed. This strong
time dependence on the number of variables at present allows
effective use of the model only in small problems requiring few
sources as otherwise the routine takes prohibitively 1long. ‘With
the use of array processors and graphics systems the optimisation
technique <could also be applied to many larger brachytherapy

probiems and could be widely used in the clinical setting.

~Examples of the use of the optimisation routine are given in

Chapter 5. The 1local minima that are achieved depend on the
initial estimates of the source positions and the suitability of

the interest points chosen to define the problems.

The model developed is easily generalised to many tumour shapes
and could be used with most radioactive source types. The modg1
allows easy app1§cation of the results of the optimisation by use
of documented techniques. With the appropriate improvements this

model should thus be very useful in brachytherapy planning.
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APPENDIX 1
SEQUENTIAL AUGMENTED LAGRANGIAN METHOD OF OPTIMISATION

This 1is a sequential method of iteratively solving non-linear,
equality and inequality constrained, multivariate optimisation
problems (Rockafellar, 1973). It was developed from the soTution

to the -equality constrained problem by the wuse of so-called

multiplier methods developed by Powell (1969).

The method is applicable to problems of the form:
n
Minimise f{(x) ; x € E (x is a vector in n dimensional

Euclidian Space)

Subject to g (x) > O for i = 1,...,m
i
h (x) =0 for j = 1,...,p
J n
where f, g , h are real valued functions in E ..1

i1..m 1..p
The augmented Lagrangian, M(x,u,w,q), for the above problem is

given by;
m i 2 i 2
M (x,u,w,q,) = f(x) + 1/4¢( E ({max[u -2qg (x),0]} =-(u ) ))
i=1 i
T T
+ w h{x) + @ h(x) h(x) L..2

where x € E

1 m
u € (u,...u ); Lagrange multipliers for inequality

constraints,
1 p .
w € (w ,...w ); Lagrange multipliers for equality .

constraints,

q > 0 ;is a scalar that is large enough but not so

large as to make M(x,u,w,q) i11 conditioned, and f,g,h, are as

given above.
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An iterative procedure is followed where M (x,u,w,q) is minimised
using a standard unconstrained minimisation technique where a

local minimum for a vector, x, is found for each step of the

procedure, The multipliers are updated from step k, és follows;

i i :

u = max[u - 29 g (X ), 0] for i=1,...m o3
k+1 k k 1 k+1
i i

w = W + 2 h (x ) q for j=1i,...p ... 4
k+1 k J k+1 Kk

q >q if Ith(x )11 is not sufficiently < 1th(x )i},
k+1 k k+1 "ok

or q = q if tih(x it is sufficiently < fth{(x )il1,

k+1 k k+1 k

by some rule such that q tends to infinity if the rule
k
is applied infinitely often,

where x
k+1
the problem at step k.

, is the Tocal unconstrained minimiser of

If x is sufficiently close, (this being any desired value), to
a 122;1 minimiser of the constrained problem then the iterations
are stopped, otherwise u s W , q , are inserted and k is
k+1 k+1 k+1
set to k+1 and the local minimiser x is sought. The
function, M (x,u,w,q), once u,w,q, are set?+§ecomes a function of
the vector x, the local minimum of which can be found using any
quasi-Newton method. See Appendix 2 . This should be well
behaved because of the choice of the Lagrénge Multipliers used
and should have a positive definite Hessian matrix (Appendix 2)
and thus a minimum can be found. It is not a necessary

requirement that an exact minimum be found at each <c¢ycle for

global convergence of the constrained function, Therefore
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depending on the speed at which the function value <can be
calculated it may be decided to use more iterations with poor
unconstrained minimisation between each iteration or, very
accurate minimisation with fewer iterations (Bertsekas, 1976).
The quasi-Newton methods require several function eva]uatidns to
create the Hessian matrix used and to update this matrix to find
the minimum. With slow calculation of the function values, it is
therefore more efficient to use more iterations and less function
calculations and the accuracy with which minimisations are done
is thus kept low (Rockafellar, 1973)

Essentially dinequality covstraints are only considered, dde to

A i
the updating formula for u 's if at the points x ,

k+1
i
g (x ) £ u /2q ... from equation 3.
i k+1 k k
Two sided inequalities can be considered to be two separate
inequality constraints thus necessitating the addition of two
slack = variables to the unconstrained minimisation problem. A

more efficient method is by using for the two sided problem given

by

the following problem
min f{x)
a < g (x)-u ¢<¢b
J J
u = 0; j=1, ...,r
J
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This 1is an equivalent problem 1involving additional variables

U ,..u . This problem once minimised yields the values of u ,..u
1 r 1 r

as functions of x, the Lagrange multipliers, and the scalar

penalty function. This allows direct updating of the Lagrange

multipliers by the iteration

J J J
W = y + qg'lg (x ) -b] if y + ¢ ¢'[g (x )-b ]>0
k+1 k k i k 3 J k i k
J J-
= y +aqag'[g (x) -a] if y +c g'[g (x )-a ]<0
k k J k 3 3 k i k3§

= 0 otherwise.
where ¢ 1is the penalty function used and is a function of t,
such that g(t) > 0 V¥ t, g(t) = 0 if and only if t=0
and g' 1is the first derivative of ¢ with respect to t
(Bertsekas, 1976).
The convergence properties of this method aré superior to penalty
function methods and it is the best method available for problems
with non-linear constraints in the absence of special structures.
It is not a necessary requirement for convergence- that the
function be strictly convex and hence it can be applied to a
great variety of functions with good results. Convergence 1is
super-linear in uniextremal functions with 1less stringent

assumptions placed upon the problem (Bertsekas, 1976).
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APPENDIX 2
QUASI-NEWTON METHODS OF OPTIMISATION

A quasi-Newton method is any algorithm that generates a sequence
of points which tend to find a 1ocal minimiser for f(x)‘in some
open set by means of the following general equation:

X =x -H Vf(x ) t k = 0,1,...
k+1 k  k kK  k

where x € R, an open set in E A space and where H is an
. ok

approximation to the inverse Hessian (See below) at a presumed

local wunconstrained minimiser and t 1is a step size scalar

k
(usually chosen using an optimal step size procedure).

This 1is a class of problems which use different algorithms to
compute H . Typical quasi-Newton methods do not replace old
informatioﬁ at every iteration but rather update the information.
Some methods which use this technique are the Rank 1 Method, the
Davidon-Fletcher-Powell Method, and the Broyden-Fletcher-
Goldfarb-Shanno Method. There are families of updating formulae,
but as a general rule the results are very much the same for all

the available methods. The updating formulae are usually of the

form of a function of H , 6 , y and I.
k k k

The general class of algorithms follows an iterative procedure to

estimate the Hessian matrix, H , and maintain the matrix in a
k
positive definite form. A Hessian matrix is the n x n matrix of

second partial derivatives of the function f such that the i, jth
2 Jj i
term at x , is d f(x )/dx dx assuming f is twice continuously
0 0
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differentiable in the open set defined, This matrix is said to
T
be positive definite if Z HZI > 0 for al1 2 # 0

Iterations are done to estimate H from H
k+1 k

-

&  =x -x and y = Vf(x )
K k+1 k Kk K

are defined and thus by definition;

Y = 66 L e 2
k k
1 2
where G =g V fix +(x -x )t)dt.
[ 0 k k+1 k
-1
Thus H must behave in a way that G does, thus satisfying
k+1 k
H ¥ = b e e 3
k+1 Kk k

2 -1
This 1s like trying to estimate (V f) using information from

points x and x
k k+1
can be accomplished by adding another matrix to H to satisfy 3.

k
The different methods use different updating schemes.

, if f(x) is a positive definite form, This

Generally the following steps are used:
Iteration k + 1, k > 0 : Use the information about the inverse
Hessian matrix (that is assumed to exist or to have an estimated
approximate at the isolated local unconstrained minimiser that is
being sought) that is gained by the difference in the gradient
vector, (given above as ¥y ), to get H from an upaating
faormula, so that H satis?ies 3. S8 k+:s then set: if this
k+1 k+1

is a decent direction then;

S = -H Vex )

k+1 k+1 k+1
or otherwise

S = +H Ve(x )
k+1 k+1 K+t
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x is obtained using a step-size procedure and if convergence
k+1

is not achieved then a further iteration is done, With most
estimating formulae, and f in a positive definite guadratic form,
the metheods converge to the global minimiser in, less than or

equal to, n steps 1f an optimal step-size procedure is used.

Optimal step-size procedures estimate the optimal value of the

¢

parameter t, say t . The parameter, t, defines a directed curve
K
y (t) with the properties that y (0) = x ., and for t pasitive
k k k
-and small, f(y (t)) ¢ f(x ). The value t 1is estimated to give;
k k '
x =y (t ).
k+1 k k
The curve y (t) 1s generally of the form y (t) = x + s t where
k k k K

s 1s an n dimensional vector direction of search, These step-
k

size procedures generally give the same answers if the probliem is

strictly c¢onvex and they all give the same rate of convergence

although some are more easily computed than others (McCormick,

1983) .,
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APPENDIX 3

PARAMETRIC REPRESENTATION AND TRANSFORMATION OF ELLIPSES IN

THREE DIMENSIONAL SPACE

The equation for an ellipse in a plane parallel to the x-y plane
in space can be given in Cartesian c¢oordinates as;
2 2 2 2
x fa + y fa =1 s Z =a S |
1 2 3
where a , a , a , are constants the first two of which define the
half ax;s 1:ngtﬁs in the x and y directions respectively.
This egquation can be given in the parameter variable t, where &t
is the angle of arc around the ellipse from some reference point,
in this case on the x-axis, as follows:
r = a sin(t)i + a cos(t)j +a k

1 2 3
where r is the vector to a point on the ellipse given by the
value of t and 1 ,3, k, are unit vectors in the direction of the
xX,¥,Z axes respectively (Kreyszig, 1979), This is the special

case of the generalised ellipse in three dimensional space given

by:

(o}
"

(a sin(t+b ) + ¢ )i + (a sin(t+b ) + ¢ )] +
1 1 1 2 2 2

(a sin(t+b ) + ¢ )k  ...... 2
3 3 3

where a , a , a , represent the amplitudes of oscillation in the

X,¥,2 d:rec§1on: respectively and b , b , b , represent the phase
shifts 1in the x,y,2 directions re;peczive?y and ¢ , ¢, ¢,
represent the centre shift of the ellipse in 1the zx,y,:,
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directions respectively, when

a=0,b=20,b=m/2, ¢c =0, ¢ = 0.
3 1 2 1 2

It is necessary to transform the generalised parametric eguation
to the standard form of the ellipse in the x-y plane so that
calculations to determine arc Tengths and positions on _the"
ellipse are simplified. Only the lengths of the half axes in the
x and y directions are required for the transformation. The angle
t at which the rate of change of the length of the vector r', is

m

zero will give one half axis (r ) where r' = r - ¢ and ¢ is the
m . ) .
vector to the centre of the ellipse from the origin. The otiher

half axis (r )} will be given by t + 77/2, The lengths of these

n m

half axes can then be used to give the required equation. The
value of t is required te transform the points on the

m
generalised ellipse given by t , t ,..t to the points on the
1 2 1
standardised ellipse by the following transformation;
t' =t + ¢t {(i=1, ...1})
1 i m
where there are 1 points and t' is the point on the standardised
i

ellipse corresponding.to the pofnt't on the generalised ellipse..
i
t 1is thus the relative phase shift in space from the one set of
m

coordinate axes to the other. Therefore with;

r=r"+c¢ .....3
where ¢ = ¢ 1 + ¢ J + ck
1 2 3 - 0.5
the length of r' will be given by f(r'}) = (r'.r") ... 4

and df(r')/dt

0 at the extrema,

Thus from 2, 3 and 4
2 2 2 2 2 2 0.5
f{r') = (a sin (t+b )Y+(a sin (t+b )+(a sin (t+b ))
1 1 2 2 3 3
and
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2 2
df(r')/dt = (a sin{t+b )cos{t+b )+(a sin(t+b )cos(t+b )+

1 1 1 2 2 2
2

{(a sin(t+db }Ycos(t+b ))/f(r')
3 3 3

therefore at extrema

2 2 2 _
a sin 2(t+b ) + a sin 2(t+b ) + a sin 2{(t+b )} = 0
1 1 2 2 3 3
Separating out +the variablie t the required condition for an

extremum is;

Msin2t + Ncos2t = 0 .. B
2 2 2
where M = a cosZb + a cos2b + a cos2b
1 1 2 2 3 3
2 2 2
and N = a sinz2b + a sin2b + a sin2b
1 1 2 2 3 3
2 2 0.5
This simplifies to (M +N ) .sin{2t+d) = 0 where d=atan(tN/M)
: 2 2
therefore, as M + N = 0 only in the trivial case,
2t +d =20 or t = =-0.5 atan{N/M) (Kreyszig, 1979)
m m
Thus having t , the vectors in the directions of the 2 half
m
axes, r and r , and their lengths, ir | and Ir I, <¢an .be
m n m n

calculated as follows;

I

=(a sin(t +b })1 +{(a sin(t +b })Jj +(a sin(t +b ))K
m 1 m 1 2 m 2 3 m 3 °

r =a sin(t +b + 1m/2)1 +a sin(t +b + n/2)J +a sin(t +b + T/2)k
n 1 n 1 2 n 2 - 3 n 3 -

Let the constant for the unit vectors in:the vector r be given

m
by
A = a sin{t +b ) (i=1,2,3)
i i m i
and in the vector r be
n
B = a sin(t + T/2+b ) (i=1,2,3)
i i m i
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thus
2 2 2 0.5

Ir 1 = (A +A +A ) = K
™ 1 2 3
2 2 2 0.5
~and Ilr + = (B +B +B ) = L
n 1 2 3

and finailly if K > L

v = Ksin(t+t )1 + Lsin(t+t + 11/2)
m m

is the parameterised equation of an ellipse with the long half

axis in the x direction and the short half axis 1n the ¥

direction,

If K < L then;
v = Lsin(t+t - n/2)1 + Ksin(t+t )3
m m
is the required equation in space,

From equation 2 the Cartesian coordinates of the n points given

by £ , .... t in space are simply;
1 n

Xx = a sin{t +b ) + ¢
i 1 i 1 1

Yy = a sin{t +b )} + ¢
i 2 i 2 2

zZ = a sin{t +b ) + ¢ for i=1l,...n.
i 3 i 3 3

The orientation of the tangent to the ellipse can be described by

two angles in spherical coordinates about the point x , ¥ , 2
i i i
The tangent at the point given by t is

i

s = (a cos(t +b ))i + (a cos(t +b ))J +(a cos(t +b ))k

1 i 1 2 i 2 3 i 3
Let s = (a cos{t +b )); j=1,2,3; s constant for each
ij i i i id
'. S =5 i +s J+s k
i 11 21~ 34
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thus
2 2 2 0.5

ir t = (A +A +A ) = K
m 1 2 3
2 2 2 0.5
~ and Ilr 1 = (B +B +B ) = L
n 1 2 3

and finally if K > L

¥ = Ksin(t+t )i + Lsin(t+t + n/2)1
m m

is the parameterised equation of an elliipse with the Tong half

axis in the x direction and the short half axis in the ¥

direction.

If K < L then;
¥ = Lsin(t+t - n/2)1 + Ksin(t+t }Jj
m m
is the required equaticon in space.

From egquation 2 the Cartesian coordinates of the n points given

by t , .... t in space are simply;

1 n
x = a sin{(t +b ) + ¢
i i i 1 1
y = a sin(t +b )} + ¢
i 2 i 2 2
z = a sin(t +b ) + ¢ for i=1,...n.
i 3 i 3 3

The orientation of the tangent to the ellipse can be described by

two angles in spherical coordinates about the point x , ¥ , 2z
i i i
The tangent at the point given by t is
i

s = (a cos(t +b ))1 + (a cos(t +b ))j +(a cos{t +b ))k

1 i 1 2 i 2 3 i 3
Let s = (a cos(t +b )}; Jj=1,2,3; s constant for each
ij i i i ij
.. 8 =5 1 +s j+s k
T4 1i7 217 31
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The unit vector in the direction of the tangent is thus

u = (s /s D1+ (s /is 1)3] + (s /is D)k
19 i 2i cR I

Thus the spherical angles 8 and § can be given by

8 = arccos(s /JlIs 1)
i 33 i

$ = arcsin{s /fsin(8 )
i 23 j

Thus a five dimensional vector (x ,y ,z ,8 ,$4 ) 1is defined,
A I R
giving the position of a point on a generalised ellipse (defined

by t ) as x , ¥y , z , and the orientation of the tangent at that
i i i i
point as &8 and g .
i i
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APPENDIX 4
THE LENGTH OF ARC OF AN ELLIPSE

-

The length of arc of a parameterised ellipse in the x - y plane

given by r = (a sin t)i + (a cos t)J

........ 1
1 1
from t1 to ¢t2 is given by the integral
t2 0.5
s =J\ (r.r) at ... 2
t1

(Kreyszig, 1979 pp 377)
) t2 0.5 t1 0.5
'=f (r.r) dt -f (r.r) dt

Te find +the distance between points on the ellipse given by
parameters ti it is necessary onlty to sclve
ti 0.5
s =f (r.r) ¢ ... 3
0
for each point ti and the differences follow,

from 1 and 3 we have

ti 2 2 2 2 0.5
5 =‘f {fa sin t+a cos t) dt
0 1. 2 o
ti 2 2 0.5 2 2 2 2
= a J\ {1 - e cos t) dt where e = {(a -a )/a
1 0 1 2 1
(Dolp et al, 1960)
2 2
Using the substitution 2z = e cos t we can expand
2 2 0.5
f{t) = (1 - e cos t) by a MaclLaurin series arocund zero
0.5
to give f(z) = (1 - 2Z)
' N {n) n
= > f (8).z /n! (Kreyszig, 1979 pp 694)
n=0

{n)
where f (D) is the nth derivative of f(z) evaluated at 0,
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and where the sum is to N terms,
2 2
Resubstituting e <¢os t = 2z we get

ti 2 2 4 4
s = a‘f (1 - (e cos t)}/2 - (e cos t)/2'4 -
b

4] &
(e cos £)3/318....) dt

This can be calculated to N terms with a remainder R({(z) which is

a measure of the error on the final result.

The range for which the expansion is convergent is IzI< 1 which

is uniquely determined for 0 ¢ t ¢ T11/2

Thus s can be calculated over the range of t given, and multipies
of the length of the one guadrant must be added to any values of

t outside the range 0 < t ¢ T /2. The integral is solved by means
2

of the sum of integrals in cos t. To solve the integral of
2 n

(cos t) another expansion is used,.

t 2n n-1 t t 2n-2
Jﬁ cos t dt = {(sin{t))(cos (t))] + (n-1)/n L[ cos tdt
0 0 0
Thus in the first gquadrant of the ellipse the calculation is

) N {n) t 2n
s =al[ » (f (0)/n!}.[5 cos t dt]]
1 n 0

=1
where N is the number of terms in the Maclaurin expansion to be

used. Thus wusing the value of s for 1 quadrant, that is with
t = mM/2 the values of s can be calculated in other quadrants as
follows;

In odd numbered guadrants that is wem <t < (rm,m} + T7/2
where m is any integer

s = (n -1)s + s where s 1is the length of arc to angie ¢,
t 1 tx t
s 1is the length of 1 quadrant
i
and s is the length from 0 to t*,
t*
where t* = £t (n-1)., T /2 and n is the
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number of the guadrant and is odd.

In even numbered quadrants that is m/2.(2m-1)< t < 7m.m where

m is any integer

s = n.s = s where the symbols have the same weaning
t 1 t*

except that t* = n.yr - ¢t

and n is the number of the guadrant and is even.

Then finally the length of arc, s , between 2 angles, t1, and

12
t2, is given by;

s = 5 - 5 where t1 > t2 and s is the length from
12 t1 t2 t1
zero to angle t1,

and s 1s the length from zero to angle t2.
2
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APPENDIX 5
NUMERICAL ALGORITHMS GROUP FORTRAN LIBRARY ROUTINES

These are algorithms written in the programming language FORTRAN
'ff;m a 115rary that is available froﬁ the Numericﬁ1 Algorithms
Group {Numerical Algorithms Group, 1983). They are implemented
at the University of Cape Town on a Sperry 1100/81 mainframe
computer. The use of the subroutines is described 1in user's

manuals which are extensive and detailed.

The subroutines called during the development and 1mp1ementa£ion

of this work were, NAG*LIB.EO1ACE, NAG*LIB.ED2CAF,
NAG*L_IB . EQ2CBF, NAG*LIB.EOC4UAF,

NAG*LIB.EOIACE, is a routine to give function values at a desired
point given by two variables, This is done by fitting bicubic
splines to data points in the two variables. The data points
must be regularly spaced and at strictly increasing intervals in
both variables. The cubic spline is fitted first in one variable
and éhen a cubic spline is fitted through these splines in the
other variable to obtain desired function values. This process
is repeated starting with the second variable first and then
fitting a spline through these fitted values,. This then gives
the user the opportunity to check that the fitting is consistent
in both axes and gives the same function value irrespective of
the order of fitting. The values returned are reliable only
within the range of the data values and an error message is
returned if the value required 1ies outside the range of the data

values, (A single call, within a subroutine, of EO1ACE takes
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approximately 20 x 10_3 s).

NAG*LIB.EOQ2CAF, forms an approximaticon to the weighted least-
squares Chebyshev series surface fit to data arbitrarily
distributed on l1ines parallel to one independent coordinate axis.
It determines a bivariate polynomial approximation of user
defined degrees in both variables to a set of weighted data
points, The series 1is represented in double Chebyshev series
form with arguments XCAP and YCAP, related to the original
variables X and ¥ by the transformation.

XCAP

(2X-(XMAX+XMIN) )/ (XMAX-XMIN)

YCAP

(2Y-(YMAX+YMIN) )/ (YMAX-YMIN)
and 1lying in the range -1 to +1, {XMAX and XMIN, and YMAX and
YMIN, are the maxima and minimal desired in the X and Y axes).

The double Chebyshev series can be written as

K L
F(X,Y) =2 > A T (XCAP)T (YCAP)
i=0 j=0 13 i J
where T (XCAP) is the Chebyshev polynomial of the first kihd of
|
degree { up to a maximum of degree K and T is the Chebyshev

b

polynomial of +the first kind of degree j up to a maximum of

degree L, and A is the ij th coefficient.
13

The fit of the polynomial surface is poor at the edges and is
unreliable if K and L are toco large for the number of data points
supplied 1in both axes, The calculation of fitted values using
the coefficients supplied can be done wusing the subroutine

EQ2CBF. This allows easy and efficient calculiation of function

values with the fitted polynomials.
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NAG*LIB.EO4UAF, attempts to find a minimum of a function of
several variables subject to fixed bounds on the variables and to
general inequality and/or equality constraints. A sequential
augmented Lagrangian method (Appendix 1) is used, the
minimisation subproblems being solved by a quasi-Newton method
{Appendix 2 ). Nec derivatives are required although the functions
should be continuous with continuous first and second derivatives
although it will usually work even with occasional
discontinuities. It is applicable to problems of the form,
(using the NAG manuals variable names and conventions),

minimise FEX ..., X )

subject to fixed bounds

L ¢ X < U (J= 1,2

J- 3
equality constraints

C (X ..... X)) =0 (R= 1,2,
R 1 N .
inequality constraints

c (X .... XxX) >0 {8s= 1,2,
MEQ+S 1 - N
and/or range constraints

...... MINEQ),

LB < C (X ...X ) ¢ U8 (T= 1, ...MRNGE)
T MEQ+MINEQ+T 1 N T
where

(MEQ, MINEQ, MRNGE > 0 and M = MEQ + MINEQ + MRNGE 2 1),
and UB and LB are the upper and lower bounds of the Tth range

T T

constraints respectively, and U an L are the fixed upper and
J J

lower bounds of the variable X

J
The user is required to supply subroutines FUNCT1, to supply the
values of the function at any point X, CON1l, to supply the vailue

of +the <constraint at any point X, and AMONIT, to monitor the

103



progress of the minimisation. The solution 1is found as
follows: slack variables are added to convert inequality to
equality constraints, the augmented Lagrangian is constructed
using FUNCT! and CON1 and the penalty scaler RHO, and estimates -
of %the Lagrange Multipliers. This is minimised by a call eof
EO4JBF by EOQ4UAF subject to the fixed bounds on the variables.
This minimisation wusing a guasi-Newton method is done to an
accuracy of ETA, and using an initial step-size for the step-size
procedure of STEPMX. An iteration step follows completion of the
minimisation and better estimates are obtained of the Lagrangé
Muttipliers and the value of RHO, Tﬁen follows a sequence of
iterations and minimisations until termination conditions are met
and the values of GLNORM {(the Euclidean norm of the gradient of
the augmented Lagrangian) and CNORM (the Euclidean norm of the
residuatl of the active constraints) are small. The precise text
for convergence to the minimum is
GLNORM/ (1.+1F1) + 00 et < xToL

where D 1is a diagonal matrix whose elements are the diagonal
elements of (I + ATA) where A is the Jacobian, that 1is the
determinant of the matrix of first derivatives, of active
constraints, IFI = the absolute function value, r is the residual
of active constraints, and XTOL 1{is a preset desired value

prescribing the accuracy required.

Suggested values and conditioning of the problem are given in the

manual, The timing of the routine depends on the behaviour of
FUNCTYI and CON1. The number of calls of these routines is

2 -
roughly proportional to N . (N < N + MINEQ + MRNGE), where

FREE FREE

104



N is the number of variables of the augmented Lagrangian not
FREE :

on their bounds, plus each iteration makes N + 1 calls of FUNCTI1

Z
and CON1 where N is the number of variables not on their bounds
7 L

(0 ¢ N < N). The time taken by the routine is dominated by time
z

spent in FUNCT!1 and CON1,

The routines are portable to other computer systems as they are
written in FORTRAN, but they are large and compilation of +the
absolute elements to be executed may exceed generally available
computers' memory space. It 4s thus necessary £o run these
routines on large computer systems. They are stable routines and
are efficient in their computation with most time being used by

the user supplied programs.
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APPENDIX 6
THE COMPLEXITY AND EFFICIENCY OF THE OPTIMISATION PROBLEM

The efficiency of an optimisation method applied to a certain
class of problems can be characterised by its laboriousness and
errar, or rather, by the upper bounds (over the problems of a
class) for the number of steps in its work on the problem and by
the error of the results, The complexity of a class of problems
can be given as a function of the error. Thus methods which
achieve the estimated potential lower bound for laboriousness,
which is the complexity of a class of problems, are the 1least

laborious for that class.

The class from which the problem; min F(X)

2
(g (X)-c )
=1 J J
m 2
i

where F(X) =

[0 W =

where g (X) =

(d /(X =b ) )
j .

=1 i i

and ¢ ,d ,b , are constants and X is an arvay m x p-where p is
the ;ime;sio; of the space being used and m is the number of
points described in that space with X the ith point, 1s derived
is known as the multiextremail, non s;ooth, non convex problems,
The problem can be seen to be smooth except for occasional
asymptotic points. The lower bound of the function giving the
complexity of the problem behaves catastrophically when the
relative error tends to zero or when the number of variables
tends to infinity. This behaviour is so marked that sclutions of

problems of this class with only 3 extrema cannot be generaily

obtained within acceptable bounds on laboriousness (Nemirovsky et
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al, 1983).

The complexity of smooth, wuniextremal, c¢onvex problems with
constraints and dimensionality greater than 3 can thus be
considered, Bependent on the degree of smoothness of the c¢lass
of functions the upper and lower bounds to the complexity of
these problems can be defined. The Quasi-Newton methods of
optimisation when applied to a strongly c¢onvex problem do not
give with certainty a good solution to the problem, They are
dependent on the scale of the specific problem and thus 1f the
probliem is well scaled then a good solution that may approach the
optimal bound on complexity can be obtained. If Quasi-Newton
methods are applied to variable general functions in the same
class of strongly convex problem then the method used may become
excessively laborious due to this sensitivity +to scale,
Everything 1is not yet known about the least laborious method of
finding the minimum of a strongly convex problem. Quasi-Newton
methods are good and 1f wel]l constructed yield acceptably
laborious results, The solution of poorly convex, or non convex

problems is much more laborious.

In general therefore optimisation of problems of +the type
described 1in Chapter 3 is mathematically laborious and it is
meaningless to pose the question of  constructing universal
methods of solving such problems, This would alsoe heoeld for
uniextremal, but non convex probliems, thus the problem's

generalijty is severely limited (Nemirovsky et al, 1983)}.
The complexity of the general problem is thus excessive and the
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problem 1is limited to finding the nearest extremum from a
“reasonabie" guess at the correct answer, If in the region from
the "reasonable" guess, say X to the extremum X the function is

R E
smooth and convex then in general a solution can be found.
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FIGURE 2.4 EXPERIMENTAL RESULTS SHOWING THE RELATIVE SPATIAL DOSE

DISTRIBUTION IN ONE QUADRANT OF AN I-125 SEED MODEL 6702.
THE DATA POINTS GIVE THE RELATIVE DOSE RATE X DISTANCE
SQUARED AT THE DISTANCES SHOWN, AND ARE NORMALISED TO THE
VALUE AT 90° AND 1 CM. THE STANDARD ERROR ON MEAN IS SHOWN.
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FIGURE 2.5 a. THE ISODOSE DISTRIBUTION OF AN I-125 SEED NODEL 6702 AS INTERPOLATED

FRON THE WEASURED DATA USING THE LOOX UP TABLE DESCRIBED IN CHAPTER 2.4

b. THE ISODOSE DISTRIBUTION OBTAINED USING A POINT SOURCE OF I-125 AND
CALCULATED USING THE 3RD DEGREE POLYNOMIAL YALUES CALCULATED BY DALE (DALE 1982}

ISOBOSES GIVEN IN Gy/hr
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FIGURE 3.1 TwWQ ELLIPSES IN THE X Y PLANE DESCRIBED BY;
r{t) = (Scos t +6)L + (sin t + 9)F

o® £ t < 360°

and

q(t) = (2cos t + 6)I + (2sin t + 3)] ;
0° < t = 360°

THE ARC DESCRIBED FROM t; TO t, ON r(t) IS APPROXIMATELY
A STRAIGHT LINE SEGMENT, 4cm LONG, AND THE ARC DESCRIBED
FROM t3 TO t, IS APPROXTMATELY A PARABOLIC ARC.
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FIGURE 4.2

Fecord numbers

*¥%%%¥% TEST.CALC *EEX5
FE A AR R X

Do you wish to calculate optimal positions
for sources with old data records... (1)
with new data records... (2)
batch run {(uptao 3 recs).(3)
Modi+y dose distribution files ()
Or exit CALC2

HKHIMEMJEWE&HﬁEm BY CALC2 AS APPEARS
ON THE COMPUTER TERMINAL VDU DURING AN
INTERACTIVE PROGRAM EXECUTION

and titles so far used;

1 test 2 test.bench =z SD ELI 4% GF

4 S0URCE LD 3 SD ELI S5 4P & SHMiIddy, 2.9 ,RL,MCHCK
7 SMIGE.EOL R} 8 SOURCE 2D ¢ SOURCE SD MT3
18 TEM 11 TESTPNTINT 12 SCOURCE SD NT3 LOUACT
13 3D 15 1F MT3 14 2D ELI 2% ZFP NT4 1S SD 15 3P

16 203 3DFP 17 530 15 1P MT4 ELIREF 128 SD L31PNMTa ELI TRY

9 SD ISIFMT4 ELITRY 2¢ NEW TRY 21 SEVEN
22 S0OURCE SD MEW POS 3 2D TYPFPE 2 24 SMALL ETA MEVW START
S 23 NEW ETA SMALL 26 35 227 Concent. circ. .
28 Sd 4s 3p ntd ag . 29 SD 35 3P GOGD MT2 3@ U-3haped Ca Implan
31 SD 15 t{FP NEW FOS 32 2D 45 3P NT4 33 PARAZ

34 LIN COMSTRAIMT S LIM COM 2 Z2EG@ 346 para sources

37 para worlks 38 Planar Implant 3¢ FARA TEST

48 plane 2 41 Ca Bases Tongus. Rec.4Z plane

Enter rec. no. for calc. er (@) to end batch.

FIGURE 4.3 PRESENTATION OF THE TITLES OF THE

RECORDS USED,- ALLOWING CHOICE OF -

A RECORD TO BE OPTIMISED, UPDATED,

OR NOTED IN A FILE FOR LATER OPTIMISATION
IN BATCH MODE ’



Enter rec. no. for calc. or (B) to end batch.
)2;nter parameter MCHCK, (Unsure or none=g)
éﬁter 3lso title of record.
>DD you wish to change any values? Yes(l)
>l***INELLI***

XK ERXXXEE X%

Enter selection number only:
NTYP.. {1} NELLI. (2}
X est, (3) ACT, .. (4)
PNTINT(S) EXIT.. (&)

Title of 4$ile j3Concent. circ. Rec. noi27

NTYP = 9 There are 2 ellipses with

2, 6,

Estimates of parameters for ellipse 1

For source 1 T= ,157+891 Act= 159.308

For scource 2 T= .471+661 Act= 159. 2@

Ellipse 1 has Amplitudes ,d9g . SP8+388 . S00+898
Phase shitt .197+@8d1 . BE8g i 1%5s]
Center at . 1%51%] LG9a9e %3]

Estimates of parameters for ellipse 2

For source 1 T= .[¢ggp Act= 1S4, o9

For source 2 T= ,105+80g] Act= 159.6¢9

For source 2 T= ,289+¢@1 Act= i29. 64

For source 4 T= ,314+8@1 Act= 159.9@

For source S T= .419+@6¢1 Act= 159. 9&

For source & T= ,524+¢¢1 Act= 158.8%

Ellipse 2 has Amplitudes .19@+ggi .gag . 199+aa1
Phase shift 1574481 .Q00 . 151%]
Center at 3%1%] 5150 iy %15)%]

FIGURE 4.4 THE SCREEN DISPLAY OF THE CURRENT DATA STORED IN A
RECORD, AND THE OPTIONS AVAILABLE FOR CHANGING THE
DATA IF REQUIRED



FIGURE 5.1

e

THE INITYAL (a) AND FINAL (b) POSITIONS OF THE I-125 SEEDS USED
IN THE PLANAR IMPLANT, PROJECTED ONTO THE X Z PLANE. THE AXES
ARE GRADUATED IN 1 CM STEPS. THE ELLIPSES ON WHICH THE SOURCES
LIE HAVE NOT BEEN ALTERED. THE OBJECTIVE FUNCTION IMPROVED FROM
0.2658 TO 0.0675. THE CHANGES IN THE ISODOSE PATTERNS ARE SHOWN
IN FIGURE 5,2 ' AND THE MAXIMUM DEVIATION FROM THE DESIRED DOSES

DECREASED FROM 29% TO 19%.
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FIGURE 5.3 THE INITIAL (a) AND FINAL (b) SOURCE POSITIONS OF THE I-125 SEEDS
USED IN THE ELLIPSOID IMPLANT. THE CROSSES DENOTE SEEDS PERPEN-
DICULAR TO THE PLANE OF THE PROJECTION (THE X 7 PLANE). THE
POSITIONS OF THE ELLIPSES HAVE CHANGED DURING OPTIMISATION. THE
OBJECTIVE FUNCTION IMPROVED FROM 9,503 TO 0.145. THE ISODOSES
ARE SHOWN IN FIGURE 5.4. THE MAXIMUM DEVIATION FROM THE DESIRED
DOSES DECREASED FROM 550% TO 16%.



oo 0%

L\\ \\\\\‘\\\‘oqn*“—___,ﬂﬁuJn gf
g
X

.05 T

——C
e ]
o
o
P
"‘/\
':Qj
-
oy
0
‘-ﬂ‘i
=
=
-
2 s
()
I o
o
v
3

]
L Ou‘nu

[
& o

]
&
Ne—— - .
;Ehxh,//
0
o 2.2p

W,

I-12t SOURCES 150MBO CONCENT CiRC.

ZELL IPSEE

N

-12% S0dRCEN FEOMBO CURCIHT CIRC.

FId 2E1LIPSES

sb-o

LS

L-12% DOURLED 150M580 CONCENT CIRC.

2ELLIPSES

—~E oy

0.5
1.0 V.ng W
tz,.u\;‘l‘@,lj W4 }
op =’ g o

e 2

1-12% SOURCES 150M00 CONCENT CIRC.

ZELLIPSES

1-124% SQURCES 150nB0 CONCENT CIRC. FIN 2ELLIPSES

FIGURE 5.4

1
0 1 2
— = — cm

THE ISODOSE DISTRIBUTION IN THREE PERPENDICULAR PLANES BEFORE
{Lt) AND AFTER (Rt} OPTIMISATION.

ISODOSES GIVEN IN Gy/hr.



L

FIGURE 5.5 THE INITIAL (a) AND FINAL (b) SOURCE POSITIONS OF THE I-125 SEEDS
USED IN THE U-SHAPED IMPLANT. THE ELLIPSES AND SOURCE POSITIONS

HAVE BEEN VARIED TO ACHIEVE A REDUCTION IN MAXTMUM DEVIATION FROM
THE DESIRED DOSES FROM 230% TO 36%.
IS SHOWN IN FIGURE 5.6

LS

THE IMPROVEMENT IN THE ISODOSES
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FIGURE 5.7 THE INITIAL (a) AND FINAL (b) SOURCE POSITIONS OF THE CLINICAL
EXAMPLE. THE TWQ J-SHAPED ELLIPTIC ARCS ARE SUPERIMPOSED IN THE
INITIAL. CASE AS THE POSITIONS SHOWN ARE PROJECTIONS ONTO THE
Y X PLANE. THE MAXTMUM DEVIATION FROM THE DESIRED DOSES DECREASED
FROM 51% TO 12%. THE ISODOSES ACHIEVED ARE SHOWN IN FIGURE 5.8
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PROGRAM LISTING

An alphabetical 1listing of the subroutines used to compile the
executable element as described in Chapter 4 follows on the
subsequent pages, The developmental programs are included, along

with the final elliptical model implementation programs, On the

first page are the runstreams used in the cowmpilation of the

executable element.
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ULTINE AMONIT (N /oMo X,F,C NITER,NF,GLNORM,COND,POSOEF,
RLAM) .

is routine is called by EO&UﬂF

is a monitoring routine supp lied bx

lled with frequency dependent on value of IPRINT.

It monitors the progress of EQ4UAF in minimising the Fn,.
bky presenting controlling parameters § (NQORM, GLNCRM,

ALTHOR ;W1 .D.RAE
VERSICN:19/6/8¢

Th
I
C

Declaration of variables
CCND..wsasReflacts conditioning ¢f problersbetter small.
F.II.I-..Value of F(x)-
GLNORM..,.Norm. of est. grad. of augmented Lagrangia
RHOsassoLontains current value of rho if NITER==1,
C(M}.,....Lontains current valu2 of constraints,
RLAM(M) ,,Current set of Lagrange multipliers,
X{N) e eesalontains value of current vector points.
CLl Jeasslower bounds on Tth range constraint.
CLC JasaUpper bounds on Tth range constraint.
CNORM,CTEMP,DUM, temporary variables.
PCSDEF...ED4UAF calls AMCNIT with PCSODEF LTRUE. .
NITER....No. of iterations in current cail of EQ4JBF.
DESOQS...0esired dose at PNTINT,
ACT aaweanshictivity of sources.
SUMiewesaArray of doses at interest points.
NINTP....Number of interest points,
PNTINTe.eInterest points for calc,
NSRCE.oaaNumber of sources.
NTYPaawaaType of function used by FUNCT1,
PFowaswsesFile for gutput.
ETAseseaasdccuracy to which the subproblers are minimised.
TAhuaensaasLummy array to pass vector of current values.
NOUT awaweCutput unit number.
I,L,T,5,Rebocal counting integers.

Cemmen blocks passed from CALC,O0PTIM,OPTPAR,PAROPT,OPTELI.

CCMMON/ISQ/NTYP,PNTINT,NINTP,ACT,DESDOS, NSRCE,MTYPL,NDIM

CCMMON/MON/CL,CU-MEQAMINEQAMRNGE

CCMMONZDOS/SUM,TITLE

CCMMON/FPARCON/XC,NELLI,MELL,LL

DCUBLE PRECISICN CONC,F,GLNORM,RHOLC (M), RLAMIM) »X(N)

OCUBLE PRELCISION Cu(20),CLC(ZO

DCUBILE PRECISICN CNORM,CTEMP,LCUM

DCUBLE PRECISICN ETA,STEPMYX

DCUBLE PRECISICN TA(LQ)

DOUBLE PRECISICN XC(80)

LCGICAL PCSDEF

INTEGER I+NQUTALsRASAT/NSRCEAMTYPANTYP,NINTP

INTEGER M /N ,NF,NITER,MEQsMINEL - MRNGESNDIM

INTEGER NELLI(S),MELL,LL

REAL SUM(2Q),CESDOSC(20) »ACT(40) ,PNTINT(SD)

CRARACTZR*2(Q TITLE

P2
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def.”)

of 1ts’/

N No.

it

ditio
0%a2)
ed Hessian is not pos,

0UT,18C0)
PF,130C)

estimated con
F

N

M

t

Hesslan 1s

the projected Hessian is not pos.def.
Call of routine to give a tabulated output of the results.

This is included for generalisation for cases whera

Conditioning of Hessian.

CONTINUE
RETURN

END



PROGRAM (CALC/

This rcutine does the calculations and output for TEST.
It makes use of NAG*LIB. EQ4LUAF in rcutines
TTEST.OPTIM:.OPTP&R-and ~OPTELI .

rese call FUNCT1 which calculztes objectivae fn value.
Trese call CON? to calculate constraint funmction values,
Allows for various types of sources.

Allows optimisation of parameterised equations.

AULTHOR:W.1.D.RAE
VERSION:1/9/86
MAIN PROGRAM BLOCXK

ation ¢f variables as listaed here below..

esesesdpecities accurzscy of linear minimisation.
saeseslontains value of F(X} an exit.

sevnaslurrent value of parameter rho in Lagrangiar.
IX.0aEstimata of Euclidian distance to min.
eeashArray of dim >or= MRNGE,lower constraint bound.
sxssldpper bound on constraint.

assshrray of dim »or= M, constraint Fn value.
JawInitizal estimoates of Lagrange multipliers.
aaseddrray of dim >or= p ,for workspzce.

eeesArray of dim >or= N, has fixed lower bounds.
senesArray c¢ontains fixed upper bounds of X{ }.
aresfrray contains value of constrained minimum,
sssehCccuracy reguired for solution.

»sseEquality constraint numober,

esesslnequality constraint number.

asaseNumber of range constraints.

lo.oMEQ"'MINEC*MRN E. -

Leasalimits calls of FUNCTI1ECONT by EQ&4UAF,
«seeNumber of independent variables.
esssapecifies unit for output of data.
sasalfhtager,

B..aType of bounds used se2e notes.
«sewalndicator of type of failure 1in optim

T.a.Regulatas callirg of AMONIT by EQ4UAF
eswesfctual length of CL,CU declared in CC
...-ﬁc‘tual length Of IH.

sensfctual length of W.

seselnNteger array dim >aor= N+MINEQ+MRNGE+M+12,

TeeePoints of interest to calculate uniformity.
esssType of 1s0tope chosen to regulate function.
sesebctivity of sources in group.

Saeslbesired dosa2 of points of interest.

Peasshumber of jinterest points,

eeeeelype of constraint functior used.
snseslimension of source variables.

asresLOs2 At intarest points from all scurces.
sawaslontrel variable for array LREC.

Ceenaahrray ¢containing rec, nos,. for batch uss2.

NSETaaasaslontrol variable allowing batchruns.

Tie &
=

' Tt

¢ D B ODHM—AAC T ~CT =T =7
s Yn AN [
Ciw a8 Zra 8 8 Z Zn v 3 Dop M) 8 8 iy Sl s

== A
"

i
N

B0 (L Xa Z2E0C0 A BoAsIOY B

OOy DH s s CHEHO

NrCO=H MmO~ ZF X HHOonrm

I
I
I
L
L
L
I
P
N
A
b
N
M
N
S
L
L

Mia THXZW——= A

Ceclzration of common blocks.

CCMMON/ISO/NTYF,PNTINT,NINTP,ACT,DESDOS/NSRCELMTYP,NDIM
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L& & & & B

sRLAM/MAXCALAXTCLA M, XUFXL
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Cecleration of variables usea

§QDDD);XL(BD);XU(80)

J B o
[ L N o)
L anRantecd
»{OE
W LMl
b |
o
0O % M
U e
| ool e o ]
v N0
L
[ R J s »
L WD
[s S N4 » 0

IBOUND,IFATIL,IPRINT,LCLU/LIW,LW

DESDOSCZ20),SUMC20)

A Tat) ~

ANODOXZ X0 N
A OO H T E o~
=~ NE % o oan
LUy (Y % 2t
O A0 = S T |
Z2ZZZW AEZIND A~ N F - ]
OOOOZ AT O I N b= W00
A R L 2 T e 1%t O T b =13
AT = % % N N O XX WD
HiAH AT -0 O s O s 00D
CILH LIS o=t ) ) di— Se=_Jndmg
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aoao = O F 00 Wkl
X EZOR ——
[SERTRRTNFTRTURVEN NPT RANIVERINE - o X LIS TS
- AL WD s - g
o0 O GO LT L ey Moy o
OO IDDOF it I < DA X
(SR GLE LS g S A A TVRTY LT3 RTEE 3 W
O (DO At O o OO O (X 34D

Ceclaration of logical variakles.Allous restzrt.

CATA declaration of output unit Pumbers.

LCGICAL LAMSET

LU VoW

S, ey
o M T
D=y
o P

- 2
o [ T )
OOV
22 Z

g
e o
o el =1
w]alaYs]

Set up of variables if patchrun.

Cpening of files used in CALC.

CALL CPENFL

VUL QLY

r
[
=
LY
[
w
[=
|
LN
-
ELI
v}
z Z
w
~ X
Lanli o
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L) s
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oy L]
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Pl 1 1]
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Title statement.

CALL PAG

LUV N
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L EEEEEEEEEEE LSS R R EEREEER,] [/[
De you uwish to calculate optimal positicon
for sources with old data records...
with new data records...
) batch run {upte 5 recs).
dify cdose distributiorn fileSaeavaacenssne
exit CQLC2.........-.-.........-......

FCRR=100) NOW

S.0R.NOWLLT.Q)Y GOTQ 100
Cirects contrcl to STOP if NCW=0.
IF(NOW.EQ.C) GCTO 1400

Allcws c2ll of MODOAT for modification of dose table date.
Blso interpolation on this data.

) =]
"

P SV P LY P
Yt tatalt'll

300

Fod T Xt ot e kb
T 3G e e et e D
AR % Y Y R R
a4 ou I URE T TR WL U B |
O~

T —{ e s
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GHHWO X
Mmoo
a wr D

IF(NOW.SQ2.4) THEN

CALL UPDAT
GCTO 103

END 1IF

Oy OOy OO0

Reads all recerds snd prints only those opccuried.
If NCw =2 ther only next emgty rec. ne. is given.
now not egual to an allowed choice rireated as =2.

WaNEeT o ANDANCWoNE L2 AND.NOW.NE.3) NOW=2
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L]
m
s

L

201

E-OE
~ Emile

I
new recerd is no, WS -YN
for new record.’

-sMNEZH
w332 FfdmFen
CmxC Orzx-—d

tn FOy Y MO0

200 i~ X O=—A

A A Z -
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Ew QM

o
B =20
N oW -
Lo
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ontrcl to read 2ll values sequentially.

[on TS 2
W

[ I |
Mz O Wt = —Him

(mlgly)
migy
O L]

s blark records or full records depending on NOW.
«D.CR.NCW.ZQ.2) GOTQ 5CC
§2=TITLE

esents in cclumn foerm the record numbers and titles uszd.

(NQUT,261)
T(1X,/»" Record numbers and titles so far used:;”)
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DC 501 I=1,IC,3
WRITECNOQUT ,260) (NQCOLCI+J),CCLTITCI+U),0=0,2)
FCRMAT(1X,2012,1%,A20))
CCNTINUE
£llows choice of record to be used.
If in batch run then file nurbers read from CONT. are usaec.
IF{NSET.EQJ«1) THEN
LL=LL+1
IF(LREC(LL) .LE.0.0RJLREC(LL) . GT.100) LREC{LLY=0
NREC=LRECC(LL)
MCHCK=MCH(LL)
IF(NREC.EC.O) GOTO 900
NYES=C(
GCTO 471
END IF
WRITE(NQUT,203 )
FCRMAT(1X,* Enter r2c. no. for calc, or (J) to end batcn.’)
READ(S,*,ERR=470) NREC
IF(NREC.LT+0.0R._NREC.GE.61) GCTO 470
IF(NREC.EQ.OLANDL.NOWL.NEL3) GCTO 470
Resets NSET tc 1 in CONT. and continues run.
%§5¥R$C.EQ.O.AND.NON.EQ.3) THEN .
WRITE(NCON,REC=1) NSET,LREC,MCH
NSET=0]
GCTO 190
END IF
A4llous entry of MCHCK which zllows iteration of EQA4UAF
every MCHCX calls of FUNCT1 i1f convergence not fast.
WRITE(NOQUT,22C)
FCRMAT(1X,° Enter parameter MCHCK, (Unsure or none=0)’)
READ(S,*,ERR=475) MCHCK
Writes values to CONT, after setting NSET to 1.
IF(NOW.NEL.3} GCTU 474
LL=LL*]
LrRECCLLY=NREL
MCH{LL) =MCHCK
IF(LLLEG.5) THEN
NSET=1
WRITE(NCON,REC=1) NSET,LREC,MCH
NSET=(
GCTO 1G3
ENC IF
GCTO 470
8llcws change of record title.
WRITE{NOQUT,204 ) )
FCRMAT(IX,"Enter also title of record.”)
READ(S5,305) TITL
FCRMATC(AZ2G)
If NOW=1 specific changes are alloued if desired.
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NSO O OO ¢ OO O

WAk koK CALLC?Z kg koK

76 WRITE{(NOUT,205 )
Q5 FCRMAT(1X," Do you wish to change any values? Ygs(1)")
REAC(S,*,ERR=4L76) NYES
File is read to give 2all values as at last usage.
71 READ(NCAT,REC=NREC,ERR=90D) NTYP;NSRCE;aCT:N,FEu,MINEC;MRhGE;
1 IPRINTASTEPMX,ETL,,CULCLAIBOUND A XUsXLARHC X,
P NINTP,PNTINT,DESCOSAIFAIL,TITLE,MTYP,NDIM,CENTEL,AXELS
3 NELLI,ELLI
Cirects centrol to just before call of EJAUAF.
IF{NYES.NE.T1) GOTO 401
Lllows for entry of parameterised data into neuw racords,
cS IF{(NOWJ.EQ.<) TFEN
WRITE(NQUT,207)
07 FCRMAT(1X,” Enter type of source to be used.1..9.7)
READCS,*,CRR=T05) NTYP
IF(NTYP.LTL1.CR.NTYP,GT.10) GCTO 105
ENC IF
IF(NTYP.LT.7) THEN
CALL IRDUT(TITL:TI LEANRECANOW/N,IPRINT,X,STEPMX,
1 AsIBOUND,RHO, XU XLAIFAIL)
ELSE
CALL INELLI(TITLE-NREC,X,NELLI)
N=NELLICT)
EnND IF
IF{NOW.2Q.1) TFKEN
Gives choice of file to be used for present dates.
writes to desired file.
&5 WRITE(NOUT,233) TITL N . _ .
33 FCRMAT(1X," Into which record must “,820,'be copied?”}
READ(S,*,ZRR=4&5) NREC
IF(NREC.LE,J.CR.NREC.GT.1GC) GCTO 465
TITLE=TITL
EnNC IF
432 WRITE{(NDAT,REC=NREL) NTYP,NSRCE,ACT N, MEQ,-MINEQ-MRNGE,IPRINT.,
1 STEPMX,ETALCU,CL,IBCUNDA XU, XL/sRHDZ X, .
P NINTP,PNTINT,DESDOS,IFAIL,TITLEAMTYPANCIMACENTCLAAXELS,
3 NELLI,ELLI
Allows repeat changes.
01 IF(NSET.ES.1)Y GOTO 405
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CCVCI00
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Setting of range constraint.
CCUNELLIC(LL*1)+1)=0DRATE

This section does the calc. for EQ4UAF of
function for the ellipse parameters.

ELSE
DC 81 J=1,9+~NELLI(Y)
X(J+40)=XC (J)
CCNTINUE
DC 80 I=1,NELLICT)
LL=1

IT=I*2
CALL TFORMC(A,3,PIBZ2,TTR)
CCCIT=1)=CBLE(B/A=RAT)
CCOIT)=DBLE(S~PIB2=3-NELLI(I+1})
CCNTINUE

Settirg of range constraint value.
CC(NELLIC1)*2+1)=DRATE
LL=0
EMC IF
RETURN
EMC

constraint
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SLBROUTINE DOSTAIVI(PNTINT NSRCEANINTP,NDIMAWAXCrIrJrs0STSR)

Tris is a routine to calculate distance between an
(Itn)interest point and a (Jth) Source position for FUNCTHY.
Only allcws Z—-dim in interest point and variable in NOIN,

ALTHOR:W.I.0.RAZ
VERSIONZ11/3/3¢

Ceclaraticn of variables. ) ) ]
XCasswswalontains point 2t which F(X) 1is raquire
EXs.etC.a.variables used for calculations of LIST

dI
BSTS2eawaSquare of distance DIST. )

IsdecewseContral variables. used in calculzation.
Ceclarations
DCLSLE PRECISICN XCINDIM=NSRCE)D
REAL WU(NDIMI,XP,YP,LP
RZAL CSTSSUNINTP2NSRCE)I APNTINT(NINTPx3)
First czlculates value for DS5TS54.
I3=1Ix3
XE=PNTINT(IZ=2)
YP=PNTINT(I3-1)
ZF=PNTINT(IZ
KJ={J=1)=NLCIM
CC 10 K=1,KDIM
WKY=XC(KJI+K)
CCNTINLE
IFINDIMLLELTY w(g)=0.
IF(NDIM.LZL2)Y W(3)=D.
L=(I=-1)=NSRCE+J
DSTSQLY=LXAP=W{ 1)) * (XP=W{ 1))+ (YP=W{2)Y*(YP=-W(2))*
(IP=-Ww(3))*x(IP=-w(3))
IF(DSTSICL)LT.0.C007) THEN
PRNTINT(I3Z-2)=PNTINT(I3-23+0.02
GCTO 2C
ENDS IF
RETURN
EnC
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SUBRQUTINE FIVE(LFLAG,N,XL,FCY

Tris is a user supplied rou
objective function for EQJ4-
Seme czlculaticn as in FTWO

ALTHCR:W.I.0.RAE
VERSICON:11/3/8¢

Ceclaration of variables.
AGaawaSet to Cr, 1if nmeg. then stops EJ4LUAF immediately.
¥l awsanaalOntalng point &t which F{(X) 1is required.
FCeanvasvasaValue af objective function at pcint XC.

tbge calculating valuas for
but a sum of squared diffs is used.

LU]

¢ commen block allowing control of scurce type,

ISO/NTYP,PNTINT,NINTP,ACT,DESDCSANSRCEAMTYP,NDIM
posS/s5umM
2

(ale)
mneo> O OO T
TXZ un
(S 1 o S ]
ZZ m
.

B~

==X

3]
i

ZC =m0
b
=

SANINTP,MTYPANDIM

o
owvIrnm
HeAame
=Z0ann -~
SO 0
—~ 4 s 3
Lo Y Y Y]
€3 s
~
[N e
- =
~
F a - ()

[ P
N
Z 0

C
bJ
r0DE

DX oH
rrowm
-z v
~

j

$20s5€207

Calculation of dose for point srce of I-125,
with same calc. as in NTYP=2, but using
Least Squares fit to many different GESDOS s.

LL FTWO(IFLAG/N#XC» FC)

I
Fra-a

P
SCOS(I)Ix=2

[alalere -

£ H
o

I=1,N
SUmM(I
B

=

Q
3
F
T
U

Fal bl
o

C
F
0
F
C
R
E

SLERQUTINE FTESTU(IFLAG,N,XC,FC)

Trkis is a user subplied routine calculating values for
chjective function for EQ4-UAF.

Thls is the test subroutine supplied in the user manual.
BLTHOR:WaI . .D.RAE
VERSICN:11/9/8¢

Declaraticen of variagbles.

IFLAG..sebet to 0, if neg. then terminates immediately.
XCunawseelontains point at which F(X) is reguired.

FCausnanaeValue of objective function at point XC.
araticns

*2+(XC(2)=XC(3))»*3

P16
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SL3RCUTINE FOURCIFLAG/N,XC,FL)

TFis i¢ a user supplied routine calculating values for
& weighted least sguares objective function fer EC4-ULF.
Dces cezlculation for point source of I-125.

ALTHOR:wW.I.D.RAE
VERSION:11/3/3¢

[
[
2}
’-J
1]

P

ticn of variahles.

AGsava5et to O, if neg. then terminates immediately.

essassLontains point 2t which F(X) is rasquired.

seresValue of objective function at point XC.

-sssPasses to sgcticn of FUNCTT for source type,

eexsGives value of dose at point from source.

etc.Variables used for calculations of DIST.

IK}.Cistance from PNTINT(I) to sourcas {(J).

sesaaSquare of distanrce 0IST.

tc...Constants for RCF calculation,

amesedpec dose const for I125 in HZ20.(G cm2/hr.MBq)
Reference:Dales,Med. Phys.10(2)aMarT 8

«esRadial dlstrlbutlon function.

eesssum of all doses for each peint.

Sevalesired dose passed from CELC.

¢
{

N VB VOMODIZ X
—— O MCO (OO0 -OOTY
WET O AWV —Xe o« T

« D L—HNAMOe

Cla »
s e

mon block allowing contrel of source type.

m
;NTYP:PNTINT;NINTP:ﬂCT;DESDOS:NSRCE:MTYP:NDiM

9]
w OM
wno O

=z
n-—{

ENINTPAMTYP,NDIM

ro -
»EHANDmMm M
[ o S P - ] tﬂ
s A
Zn
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U
=
OZ
L
=X
Nt (T3

TO0D wiw
P~ OF
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Z 6D
o0
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LY
=00
e
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“ O

)
DESDCS(20)

P
Fom o Y

s e O
-~

DX TIH
~TEZXNT

{0 1 = ~SDMXoe 4 O 0
owvinH M e

i1}

alculation of RDF,.

¢
$7987/,81/0.079621/,82/-0,079133/,43/70.C08326/
~636E-4/

int sources of I-125 with DESDCS{(I) equal at all NINTP.
ver 21l sources for eack point.
calculates value for DIST and SQDST.

I=1/,NINTP -

e [ mMMmMmMMmmMmorz 0
e o I 11 PEPERPRC - @
P> A+ O rom

O -« =DCCO o x 9

[Veln | I wiw
i~ O
(WYL}

B lale)
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= —HO AN eanN 0
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Hin COrHCin~- ) ~+00 1k
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CE/NINTPANDIM XX, XCrI,J -05TSG)
STSQCIK)
K}

Owv OHOWNGO
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—-“Xx ZXZ

O A0
I~ =k I HME
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ing data and DIST values,
$TS Q(IK)+A3*DIST(IK)**1
SQ(l

OOnox
2TV L
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2P0 C
mmwn— o
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HXxr4 I
AL
+0D—4 o
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RO 3 N
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aticn of FC the objective function,

DESDOS(II=SUMCI)) **2
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SUBROUTINE FREE(IFLAGAN#XC,FC)

Tris is a user supplied routine calculating values for
a8 least_squares objective function for EQ4-UAF,
Fer I=-125 seeds in 3-dim.

AUTHCR:W, I.0.RAE
VERSICN:11/9/3¢

Ceclaration of variablas.

IFLAG.as-3et to O, if neg. then terminates immediately.
sexwssslONtains point a3t which F{X) is required.

anaseaV¥alue of objective function at peint XC.

essassF3asses to saction of FUNCT1T for source type,

aeeelGives value of dose at point from scurce,

tc.Variables used for caleculations of DIST.

rd).Distance from PNTINT(I) to sources {(J).

eeadgquare of distance DIST.

sesdum of all doses for each point.

«ssl@sired dose passed from CALC.

«seshrray containing dose distribution values,

2e=Scaling factors for values passed to LINPOL.

2..S5caling factors as above 1in Y-axis.
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SUBROUTINE FSEV(IFLAG,N,T,FC)

Tris is a user supplied routine calculating values for
okbjective function for EO4~UAF.
This uses parameter variables for the optimisation.
and variables in 3-dim with two spericsl coordinate
an?les describe the spatial positiond orientsticn of the
25 seeds » thus creating 2 5-=dim vector.

ALTHOR:W.I.D.RAE
VERSION:Z21/10/86

Ceclaration of variables. . .

sessdet to Or if nec. then terminates immediately.

eessslirray of parameters being cptimised.

«esss¥alue of objective function at point XC.~-

enessP3asses to section of FUNCT1 for source type.
aasazives value of dose at point from source.

tc.Variables used for calculations of JIST.

IJ) Distance from PNTINT(I) to sources (J).

svedauare of distance DIST.

esedum of all deses for each point.

esaslesired dose passed from C2LC.

«sasArray containing dose distribution values.

2esScaling factors for values passed to LIN OL.

asScaling factors as above in Y-axis.

swseslnverse distance used as array caunter.

avesnsin of relative seed inclinaticen.

wenssThe resultant function value,
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sesalL@sired dose if uniform over all NINTP,
seasathe activity of the seeds used.

assaaldnlt vector in the direction of seed.
esses¥ector from seed to interest point.
SessDummy dose arrcy to hold component doses.
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IFCLLLEQ.O) THEN
Setting of dummy arrays.

IF(MELL.EC.~1) GOTO 112
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Calc of sin of relative inclination of source to Intpnt.
WI=SQORrRT{(1.=F4)

Linear interpolation to cebtain function value required,
CALL LINPOL(CX1,CX2,CY1,LYC, MM,EX,WIARES)

QCSE=ACT(J+LJI*RES
SLMCI)=SUM(I)+COSE

CCNTINUE
OLMOOSCLALIY=SUML]I)
CONTINUE
GCTO 116
Calc of deses delivered by one ellipse of sources.
ELSEIF(LL.GT.0) THEN

=(LT=1)*=10
TANELLI(LL+*1)
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SLBROUTINE FSIX{(IFLAG,N,XC,FC)

Thris is a user supplied routine calculatinz velues for
a least sguares obhjective function for EQJ4-UAF,

AUTHOR:W.I.D.RAE
VERSION:11/9/8¢

Ceclaraticn of variables.
LAGewssSet to 0, if neg. then terminates immeciately.
sarssselOntalns point 2t which F{X) is reguired,
sasaseeV¥alue of objective funciticon at point XC.
SEeerealives value of dose at point from scurce.
TSHeeesSguare of distance from PNTINT(I) tco SOQURCE
CaeasseSpec dose const for I125 in HZO.(G;.cmZIhr.MBq)
Reference:Dale,Med.Phys.10¢(2), Mari%83.,
esssesRBdial distribution function, assumed 1. here.
asussesum of 3ll doses for each point.
D0Saseslesired dose passed from CALC.

X OO H

F
C
C
]
S
C
CF
UM
ES
Fassed common block allowing control of source type.

CCMMON/ISC/NTYP,PNTINT,NINTP,ACT,OESOOS,NSRCEAMTYP,NDIM
CCMMON/J0S/SUM

Ceclaration
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SLBROUTINE FTWC(IFLAG,N,XC,FC)

Tris is a8 user supplied routine calculating values for

otjective function for EQ4-UAF.

Bees czleculaticn for point source of I=-125.

ALTHCOR:W.TI.D.RAE

VERSION:z11/9/3¢

Cecl ticn of variables.

AGawes5Set to Csr 1f neg. then terminates irmediately.

suseselontains point at which F(X) is required.

«»s=esValue of objective function at point XC.

wsesPasses to section of FUNCT1 for scurce tyre.

snesbives value of dose at point from scurce.

etc.Variables used for calculations of DIST.

IKY.Cistance from PNTINT(I) to sources {J).

avsssquare of distance DIST.

Caeeslonstants for ROF calculatian. :

saeeSpec dose const for 1125 in H20.(G;.cm2/hr.ﬂeq)
rReferanceiDalesMed.Phys.10{(2);Mar1923.

sesssaRadial distribution functiona.

saneessum of all doses for each paint.

COS...Cesired dosz passed from CALC.

SeesselCesired dose if uniform over all NINTP.

« DV O
& b=~ 2 »

DA NHBEMODMOZ M0
OmcCOD QOO0 —ACCOmY
CHAZXZT ON QDnmn=<s v [T

Pessac comrmon block allowing control of source type.

CCMMON/ISO/NTYP,PNTINTANINTP,ACT,OESOOS/NSRCE,MTYP,NDIM
COMMON/DOS/SUM : .

Ceclaraticns
INTEGER IFLAG/N,NTYP,NSRCE,NINTP,MTYP,NDIM
OCLB3LE PRECISICN FL,XCON)

REAL CCSt

REAL SUM{2C),SSTSQC1GQ),0ISTCI0D)

REAL RUF,SOC,PNTINT(60)Y,ACTCL40),DESDODS(20)
REAL Xxx{(1C)

Cata for calculation of RDF.

DATA AC/0,97587/,841/0.079621/,82/-0.079128/,43/0.C08326/
DATA RCF/T./
DATA SCC/3.532e-4/
Fer point sources of I-125 with DESOOS(I) equzl at all NINTP,.
S.ms ovar all scurces for eack point.
First calculates value for DIST and SLDST.
BC 21CC I=1,NINTP
SUM(I)=0
DC 2201 J=1,NSRCE
IK=((I=1)Y*NSRCE)+J
CALL DST3V(PNTINT:NSRCEININTPINDIMIXXIXCIIIJrGSTSQ)
DIST(IK)=SGRT(CSTSGI(IXK))

Calculaticn of ROF using datz and DIST values.
RCF=AU+A1*CIST(IK)+A2*DSTS“(IK)*ﬂ 0
OCSE=ACT(J)#3DC*RIF/DSTIQ LK) S*OISTCIKI »+3
SLM{I}=SUMC(I)+LQSE
CCNTINUE
COCNTINUE
IF(NTYP.EQ.S) GOTO 5001

Calculaticn of FUNC the objectiva function,
DCOS=CESDQOS (1)

SMAL=SUM{T)

BIG=SUM(1)

DC 2500 I=1,NINTP

TFCSmat et s eusty],BLGsumeD)

CCNTINUé . ! =SUMCI)
FUNC=((BIG-DDOS)**2+(SNQL-DDOS)**2)

FC=FUNC

RETURN P24
END
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SUBRCUTINE FUNCT1(IFLAG,N,XC,FC)

Tris is a user supplied routine calculating values for
objective function for EO4-UAF.
Aliocws many choices of function calculation.

AUTHOR:W.I.0,RAE
VERSICN:11/3/73¢

Ceclaration of variables.
IFLAG.oea52t to O, 1if nmeg. then terminates irmediately.
XCeasanoeeolontains point at which F(X) is required.
asssesValue of objective function at peint XC.
sssasPasses to section of FUNCT1 for source type.
LEeo..Integer array with sups wusad in 200e-és units.
Ge-w=lnteger flag tc control c¢cycling of ECQ4UAF,
LeecasThe dummy number of total agregate calls dene.
eseasFuUunction convergence monitor,
wsesssPrevious initial functicn value.
ERuu..8gregate number of iterations dane.
CXewoeoThe number of czlls allowea in ez2ch cycle.
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e a O e TOOT— O
T e Ol X<
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mmen blocks allowing control of source type.

PNTINTANINTP,ACT,DESOOS,NSRCE,MTYP,NDIM
FMOCALLAMFLAGAMITERAMCHCK,XCD
MDIS,OUMDOS

OO
TEZX w
LZZ O
oM
OOHHOH + COoOnn 0
T= O

mmmazZ ™1 On; 0
T

N
M
D

L1}

0
-
==
m
b

FMTYPANDIM
FMON,F1

oo = O0o0
ny

F W ol T Vo ault v B ¥

w % DT ™

(RSN Ll e P g
oOon =
-0 =<
Fah ]
L
=]
e AN
w5z
O
M
[ P44

N == O
- OON Z~4N

X T Ok
» P C-— ©
ZNFEZ e o omm 0
ocooommim
[ ol wil= A + .= S |
=D
OoOHZm-T K
—_em—y D FaTatay V1l = T |
e}
[a )
cCrhbr=— =M
s ot T -t

OoFmI

Y]
<
v D
=%

Erol of ¢calls with re—-starts 1if desireds,

49 a#

TMEE I HI N = +0
O=-{wm X

O™
m=—-Ctb &
s A
~omoa
—Ar- ~in
a MHe
PP T
Cor

HRZEZEHZ TN M Z O
T —AAZ N OB DT~
| 3 ol o T
- m

M NAH N2 T T TNOI T
GO DEWLO U000 =0l

ZHEEMN-ANMZZEEPI
=i

MIZTITFET ==rrTOO

» N—=s O
- Mm=-{— Cunmr Z

- -rZ s s

P25

at



409

L%, ]
[

['Y)

&Y O Oy o O 0O 0 Gy O 0 oy O 0 O O O OvaoCIn
o
o o

oy
wn

]

AV

[

o2

* e de U K ke FUNCT1 W e oo

mmMm G MC O

AEFOZOO0)
ooOoOHAQZEICO

[ T PO

Hit O

T T N~ O
[ T ool | |

s ) (B2 9

O ]

ey

—

—r 2T

Selects type c¢f function to be used.

IF(NTYP.EQ.1) THEN

CALL FTEZST(IFLAG,N+XC,FC)

ELSEIF(NTYP.LEJ.2) THEN
CALL FTWO(IFLAG,N,XC,FC)
ELSEIF(NTYPLEZ.3) THEN
CALL FREE(IFLAG,N,XC,FC)
ELSEIFINTYP.ES.4) THEN
CALL FCURCIFLAG/N,XC,FC)
ELSEIF(NTYP.EQ.S5) THEN
CALL FIVECIFLAG,N,XC,FC)
ELSEIF(NTYP.EQ.6) THEN
CALL FSIXCIFLAG,N,XC,FC)
ELSEIF(NTYP.GT.&) THEN
CALL FSEV(IFLAG/N,XC,FC)
ENG IF

CONTINUE

FORMAT(1X," POSTFUNCT FC=,D012.4)

RETURN
END
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SLBROUTINE IGRATE(T,A,EZ,RLEN)

This routine does integration over arcs of an ellipse for CON1.

It uses @ Maclaurin series expansion summed to NSUM terms.
AUTHOR:W.I.D.RAE
VERSICN:6/11/86
Ceclaration of variables,

LE PRECISICN T
2,RLEN
ENASTACTAHACT2,CT1

o0
e ©
3

A=t litn L MmO
- DNl NzZoc ®

em

~
18]

ur of variavles for integration.
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the Maclaurin expansion of
L 4

[ ]
—
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~ 33
v ~O
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+r =z Z
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1.07(I=2)

HZ2 0O
+ %
M=
(ST, L T 1]+
L
=0

IO MTHIEO
H-=TrITh (2

s falaly
W =
CINIM Tie =
-~ ¥ Pa=mm

the integral from G to T of (Cos(t))xx{(2x])
?é §J)*CT1
Summing of terms of Maclaurin series.
G=G-H*EZN%FAC
CCNTINUE
RLEN=A*{T+C)
RETURN
END
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SLBROUTINE INELLI(TITLE,NREC,X,NELLID

25 this problem

y be changed as
previous optirisations.

dly defined thzn

kes the variables that ma
WeI.D.RAE

4711726
Ceclaration of common block,.

is more rigi

This routine 2llouwus entry of data for porameterised problenm.
AUTHOR

It only s
VERSICN

VOO OO0

NTP,ACT,DESDOS/NSRCE,MTYP,NDIM
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Presentation cof variable values on the screen.

Ceclaraticn of unit number for gutput.
CALL PAG

Ceclaraticn of variables
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VERSICN:IT/G/86
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SUBROUTINE INTROLUX,YsFF,F aA,B, VALLNFAIL,- MT/BM XX sWORK,DANT1,IGTD)

Calling subroutine for NAG*LIB.EQ1ACE, which yses bicubic
splines to interpolate bheteeen data points in 3 plane.

This Reutine sets up arrays and array sizes tec allow the call.

AUTHCR:W.I.0.RAE
VERSICN:T3/712/86
Laclaraticn of wvariables.

REAL X{N1)Y,Y{M1),FINT-M1),FF{1SDY,AM(IT
WCRK{IG1),D{(IG1Y,0,B,VAL,VALL

INTEGER NFAIL,IFAILANT,M1,IGH
IFAIL=1

G1),XXCIG1),

Conversion of 1 dim array to twe dim array.

BC 60 I=1,N1
oCc 60 J=1.M1
K=({I=-1)*M1+)
F{I,J)=FF(K)}
CCNTINUE

Call c¢f bi=-cubic spline intergolation routine.
CALL ECT1ACECA,2 /X s YrFe VAL VALLAIFATIL XX, WORK,

AMLD,IGT MT,NT) .
Calc, of X difference between values calc”ed using 1st
X direction #nd using 1st Y diraction.

NFAIL=TIFAIL
IF{VAL.EQG.VALL) THEN
DIF=0

ELSE
DIF=2C0C*(VAL-VALLY/{(VAL+VALL)

EnNG IF

Sets IFAIL if the rcutine fails in the calculation or if

I
tne % difference between the axes values is greater than .5
IF(DIF.GT.1) NFAIL=NFAIL+S

RETURN
END
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SUBROUTINE LINFOLLCX1,CX2,CY1,CY2, MM, EX,WI,RES)

This routine c¢oes linear interpolation to give interpolated
values from Array MM for routine FUNCT1.

AUTHCR: W.I.C.RAE
VERSION: 4/9/86

Ceclaration c¢f variables used.

assewe¥=value at yhich function value needed.
eeasneX-value at uhich functien value needed.
ssaece~Dimr array of function values to be interpolated.
X2.5cale factors for conversion to used step size.
Y2.Scale factors as abecve in Y—axis.,.

tec.Function values at points AA,AB,etc.

«ssScaled input values to nearest previous integer.
«eaPassing integer value for PQOLINT.

sesScaled input variables to matrix sczle.
T..lLinear interpolation function for 1-dim.
«saScaling function for input conversian.

essThe function value at the desired pcint

13,C0XV,C%X2,CY¥1,CY2/EX s WIL,POLINT,SCALE
AB,FBA,FBB,XS,YS,0,H
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ENDIF
RETURN

END
REAL FLNCTION SCALEC(E,F,G)

Real function to scale G using F and E.
REAL E,F,G

SCALE=G*E+F
RETURN

END
REAL FUNCTION POLINT(NN,B,F1,F2)

Real function to do linear interpolationr in 1-Jim,
between values F134FZ2 where B8 {(betueen NNENN+1) is

the point at wnhich a functien is required anrd NN is

the integer array peint at which F1 occcurs.

REAL F1,F2.8
INTEGER NN

PCLINT=(F2=F1)»(B=NN)+F1
RETURN
EAND

MM for values to use when interpolating.

ation in 1=Dim betw2en two points,

P41



algle)

)

OO0 O 0O 000

slalnlalsisialslsizinisinieigialele!

SUBROUTINE OPENFL

Tkis rcutine opens files for CALCZ2.
AUTHOR:W.I.D.RAE

VERSICN:1/6/785%

Cecl ticn of variables as listed here
Teeesahumber of data file, DATAZ.
eesseNumber of print fils, MYPT.
esseosNumber of control file, CONT.

essesshumber of data file used in UPDAT.
escsesNumber of data file for tabular output.

eseseNumber of file used for interpolation tables.

[g] Ne —AZs
~ |-‘

(AN SsSS~RN)

tion of ocutput unit numbers.
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TATUS="CLD",ACCESS="DIRECT" .,
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mEe O+ O

»Z

—Nx O+4 OU»r OO0 -~
mYu or

ATUS="CLO” ,ACCESS="SEGQUENTIAL',
ANK=" 0°)

T a

or
Rewind of sequential
REWINC (MPF)
REWINDUNPF)

RETURN

END
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SUBRCOUTINE
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Setting of parameters for call of EOQ4LUAF

Program callea by
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SLBROUTINE OPTIM(N,X,C,F)

Tris rcutine dces the calculations and optimisation for TEST.
It makes use of NAG*LIB. EQ4UAF

It uses FUNCT?1 which calculates objective fn value.

It uses CON1 tc calculate constraint function values.

Allows for various types of sources.

ALTHOR:W.I.D.RAE
VERSION:1/G5/85

Ceclea ion of variables as listed here belouwa..

essesdpecifies accurzcy of linear minimisaticn.
sesaseloOntains value of F(X) on exit.

esessluUrrent value of parameter rho 1in Lagrangianr
'XeeseEstimate of Euclidian distance to min,

Ve o 8 +

«sssLpper bound on constraint.

ceseirray of dim >or= M, contains constraint value.
)e.olnitial estimates of Lagrange multipliers.
esssArray of dim >or= p ,for workspace

~r T N

«e.sArray contains fixed upper bounds of X( ).

esessArray contains value of constrained mipnimum,

eassfccuracy required for solution.

essstquality constraint number.

eesslnequality constraint number.

ssesshumber of range constraints.

.l..MCQ+MIN:C+MRNG‘- .

Leeolimits calls of FUNCT1&CCNT by EOAUAF.

esesNumber of independent variables.

eeselnteger =N+MINEC+MRNGE.

eeeslnNteger.,

CaeeType of bounds used s

eseslndicator of type of

TeesRegulates calling of
’

MEIs & 8 i re o o T

2200 ~~
Giyme [~

ZICZe a s« oo

sesabctual length of CL
sesesActual length of IW
enesActual length of W.
esseslnteger array dim >or= N+MINEQ+MRNGE+M+12.
TeeaPoints of interest to calculate uniformity.
sseelype of isotope chosen to regulate function.
eessbhctivity of sources in group.

Seselesired dose of points of interest.
eseeNumber of interest points.

eseelype of constraint function used.
sesslimension of source variables.

eseel0se at interest points from all sources.
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sesshArray of dim >or= MRNGE,lower bound on constraint.

esscdrray of dim >or= N, contains flxed lower bcunds.
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SUBRCUTINE OPTPAR(F,XTOL)
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FAIL,IPRINT,LCLU,LIW,LW

P,ACT,DESDOS,NSRCZ/MTYP,NDIM
0S(4,20)

N [ P N 20

X~ O N

o~ O D00

> W o s~ OwZ

w2 e~ -2
N X OO ~AZ0~
e F Vit~ OO0

parareters used_in calling EQ4UAF

when optimisation of parameters on ellipse 1is being dcne.
It sets centrol variables and selects variables to optimise.

etting of cortrol parameters for call of

raslblele e OD9G NZ N .
(12] o NOW 1 TOd A w
~ ZwunNnz Z QM XN ~ NN <1
o] NS XD 4 NN AW - J
| & (SN ] & -2 O U OO NN Kg —~
+ ZrH N NN ] NNOOQS Z>X o -
[= H A=Y o A~OSITEwxZ wi +
o [l B o JVE ) L =D N o~ >
O 200X M WOXFOO NZXE > B Y an ] P
W O aZ NN > N3O NN Eal ~ ~ oW X
o < 00 \NANEDD Z2Z2Z2~ N — X - D W
| S Y ~N OAXIELDOU Y OO0 ~Zaun o > A~ + <  On
ot 8 e DNNNN O HHRF=ROOHON - o a e 4 o Z+ (] en} .
+ O « —-ZZTX 4 NNV E X HW —~ X sy ~ | ¥ xzZ + + 19]
3 P N ZO0ODW € M N NI ) e 2 Z .4 —“ OO+ T o )
O H N NOOUINS 0 QLU WNJIZ 3T [V S+ - 4+ 4+ 4+ XxO VO p |
« e — OXZIEZ A WO Nu<a Qo w «—~ _) -4 QO O+ LI <X
s = e NAHHIDO ¥ XXX~ ZTEZTZ_J "+ - -4 MNoOZ 1O O0ONN wo
J e 2 H40 JOFE M aand v £ I ot~ VN ] ¢ HOZ e N AL E o
n [» ZEEN & B [ & Swoaxn Jd i <« ~ I Z ZeeOOE NHHBOB L +O w101 ODOOO0O
O H ZZ2ZZZ2 G WIS OtuL <t - Z I>x=Z1 HHNH+ZE _JOXI NI A 00
" I v O0O000 — JdJddd DOVLVL O X ONHAWOUAAATZ4+ T ¢ T~ il JZWec—O
d | gnd (s 4 SZZTETX L MM O _J _Jini—e o w A WO N UL HHZO I Qe 220 HDW, nmino
L D W ZITEFE O DDODODAdrkHD | S MHZZXIZZw X X AW D> AO0OZTOX
[ d a > OOUOU U VOV LZLLO O XU O~ON VI N0 O A S IO X
(ST X T LW OOQOAN I E ) w OFUOUZZESTOUESHZIWMX X JEZHH . I

QULLLLOLVLOV LV VOLL LU —

P47

RETURN
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SUBROUTINE OUTPUT(IFAIL,TITLE,F,M/N,X,C,NOUT,¥PF,RHO,RLAM)
Ttis routine writes the final cutput for test when NTYPL?7,
ALTHOR:W.I.D.RAE '

VERSION:1/9/386

Cecl icn of variables as listed here below..
essselOntains value of F{(X) on exit.

sesseCurrent value of parameter rho in Lagrangian.
XeesEstimate of Euclidian distance to min.
essshArray of dim >or= MRNGE,lower bound on constraint,
eesslpper bound on constraint.

esesbrray of dim >or= M, contains constraint value.
«eelnitial estimates of Lagrange multipliers.
«sdrray of dim >or= N, contains fixed lower bounds.
eehArray contains value of constrained minimum.
«sfccuracy requirec for sclution.

«sfquality constraint number,

eslnequality constraint number,

«esNumber of range constraints.

e« MEUFMINEC+MRNGE .

«eeNumber of independent variables

«sInteger =N+MINCL+MRNGE.

seSpecifies unit for output of data.

eslnteger,

eelndicator of type of failure in optimisatior.
«eFoints of interest to calculate uniformity.
«.«Type of isotope chosen to regulate functxon.
esesfctivity of sources in group.

S-..DGSIFPd dose of points of interest.

sssehumber of interest points.

PeossseType of constraint function used.

Measselimension cf scurce variables.

eesssel0Se@ at interast points from all sources.
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"SL3ROUTINE PARACXW,T,NSRCE,NDIM)

This subroutine sets variables XC from parameterised
variable T.

It gives spatial positions and orientations.
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Xw(5)=CBLECASINC(YTS))

IF(XALTL04) XW(5)=3.14159265235=-XW(5)
RETURN

END

"SUBROUTINE PAG

This rcutine moves cursor to top of screen and clea
It is for ICL terminals (catalogue serial number

It contains only CHAR functions.
AUTHOR:W.I.D.RAE
VERSION:132/12/786

"WRITE(&,140)CHAR(30),CHAR(27)//CHARC(89)

FCRMAT(1X,A1,42)
RETURN

[~ YN oY

he spatial coordinates at a pboint T.

n from x=axis of prcjection
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SUBROQUTINE PARCPT(N,C,F)

Tris routine uses parametric equations for optimisaticn.

Tris rocutine dces the calculations and optimisation for TEST.
It makes use of NAG*xLIB. EOQ4UAF

CLUAF uses FUNCT1!1 which calculates objective fn value.

C4UAF uses CON1 to calculate constraint function values,

¢y allow for various types of sources.

LTHOR:WeI.0.RAE
VERSION:5/11/8¢

E
E
M
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Cecl ticn of variables as listed here below..
eeescedSpecifies accuracy of linear minimisaticne.
esasesloOntains value of F(X) on exit. _
aeseseslUrrent value of parameter rho in Lagrangian,
PMXeooEstimate of Euclidian distance to min.

«eselpper bound on constraint.

essshrray of dim >or= M, contains constraint value.
JeoInitial estimates of Lagrange multipliers.
eveelrray of dim >or= p ,for workspace.

eseseArray contains fixed upper bounds of X( J.
esesArray contains value of constrained minimum.
esssfccuracy required for solution,

seessbfquality constraint number.

eesslnequality constraint number,

essshumber of range constraintse.

cees MEQTMINEQ+MRNGE.

Leeoblimits calls of FUNCTT1R&CONT by EQ4UAF.
eseshNumber of independent variables.
esselnNteger,

DeesType of bounds used see notes. )
esselndicator of tyre of failure in optimisatior.
T...Reﬁulates calling of AMONIT by EQ4UAF.
esessfActual length of CL,CU declared in CON1.
essshActual length of IW.

sesshctual length of W.

esselnNteger array dim >or= N+MINEQ+MRNGE+M+12,
TeesPoints of interest to calculate uniformity.
«eseType of isotcpe chosen toc regulate function.
eseslCtivity of sources in group.

Seeelesired dose of points of interest.
PeeaeshNumber of interest points.

esseslype of constraint function used.
Muceaafimension of source variables.

seseesalO0S@ at interest points from all sourcese.
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eessArray of dim >or= MRNGE,lower bcund on constraint,

eeesehrray of dim >or= N, contains fixed lower bcunds.
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PAROPT

Je %k gk Kk Kk

ELSEIF(NTYP.EQ.9) THEN

This calls a routine to do optimisation of ellipse variables

LL=0
CALL OPTELIC(XTCL)
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RETURN
END

P54



lalslalalnisinislsizininisisinisinigsinialielg]

alnle]

[alelg]

ol alelel

SLBROUTINE PHISIN(XC,PNTINT,NSRCE,NINTP,I,J,DSTSQ,SINPHI)

This subroutine calculates the value of sine phi, the
angle between the Jth seeds axis and the perpendicular
bisector of that axis from the Ith point of interest.

AUTHCR:W.I.D.RAE

VERSION:24/8/86
Ceclaration of variables as belows
XC-.-...CUPPent Value Of X.’
PNTINT..Point of current interest.
I/Jeesaelontrol variables used in calculation.
DSTSReeeDistance between source and interest point.
SINPHI..Sine-of relative angle of seeds axis.
UReeeoseesDCct product of UVEC and RVEC.
UVECeewednit vector in direction of seed axis.
RVECeeeeVector between source and interest point.
J5,J4,J0.Dummy counters.
C4,C5,CQ.Cummy cos variables.
S4,55,50.0ummy sin variables.
REAL SINPHI,DSTSGQCNINTP*NSRCE),PNTINT(NINTP=x3)
REAL UR,UVEC(3),RVEC(3)
INTEGER I,J
DCUBLE PRECISICN XC(NSRCE*S5)
Ji=Jx*x5
J4=J5-1
IC=I*x3-3
JC=J4s5-5
C4=COSCSNGL(XC(J4)))
C5=COS{SNGL(XC(J5)))
S4=SIN(SNGL{XC(J&)))
S3=SINC(SNGL(XC(J5)))
Calc. of the unit vector in the direction of the seeds axis.
UVEC(1)=C5%54
UVEC{2)=S4%55
UVEC(3)=C4
Calculation of the dot product of UVECRRVEC.
DC 20 k=1,3
RVEC(KI=XC(JO+K)I=PNTINTC(IO+K)
UR=UVEC(K)*RVEC(K)+UR
CCNTINUE
FASUR*UR/DSTSQ({(I-1)XNSRCE+Y)
IF(FA.GE.T1) FA=1. '

Calculation ¢f the SIN of PRI by a cross prcduct propertye.
SINPHI=SQRT(1.=-FA)
RETURN

END
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SUBRCUTINE SUBLIN

This subroutine accepts new data for UPDAT and allous
linear interpolation at a point around a source
defined by X in cm and Y in degrees.,

by LINPOL .

VERSION :13/12/86

Ceclezraticn of variables.

SeecaessResult of linear interpolation by LINPCL.
essssslnput variable in X axis, 1/r2.

easeeelnput variable in Y axiss radians.
sretc..Scale factors passed to LINPOL.

FILe.oFile for interpolated matrix from €01ACE.
FessusesloOnversion factor from degrees to radicens.
easseefFile for array of cubic spline fitted values.
ECeoseNumber of file to use.

Seeeaeelontrol variable allowing interpoleztion.
TeeoesosNumber of output unit.

TeesaaNumber of lnterpolated data file for output.
E
D

Gl BCmMmXs O=—{=e o

NYES,NOQREC,NOUT,M

PpPd TZZZTZOXOIMXD

CF'MM(1C1I1O1)ICX1ICX21CY1/CYZIRCSIEXIHI

E
X
I
X
A’
R
M
0
Y
0
D
EGER

L DR

ta for I/0 units.
A D

A

oo
P> OO mZ~A2
- o

Cata for CEGREES to RADIANS conversione.
DATA DRCF/C.01745329252/

Asks for and receives data from the keyboard.

CALL PAG
WRITE(NOUT13O )
FCRMAT(1X,/,° Do you wish to interpolate linearly from’.,/
1X,° an already created table? Yes(1)’)
READ(S5,*) NYES
Allows exit.
IF(NYES.NEL.T) GOTO 10
WRITE{(NQUT,4Q )
FCRMAT(1X,/+,° Which record made the table for use nou?’)
READ(5,*x) NOREC
READ(MCAT,REC=NOREC) MM,CX1,CX2,CY1,CY2,SPECDC
WRITE(NOUT,S5Q ) '
FCRMAT(1X,/,° Enter value in cm. for interpolaticn in X.°)
READ(5,%) EX
EX=1/EX
WRITE(NCUT,S55 )
FCRMAT(IX,/,° Enter value in deg. for interpol. in Y.’)
READ(S,*) WI
WI=SIN(WI*LCRCF)
Call cf LINPOL to do the linear lnterpolatlon off table
for values of 1/(d) and SIN{(PHI).
CALL LINPOLC(CX1,CX2,CY1,CY2, MM,EX,WI,RES)

Writes output to the screen

WRITE(NOUT,60 ) EX,WI,RES
FCRMAT(1X,/7,° At EX=",Fb.2,"/cm & WI=",F6.2,°rad »,F=",E10.4)

PAUSE °“PRESS RETURN TC CONTINUE”
Allows restart.
GCTO 2C
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This routine prints a table of current values to file NEWPF.

AUTHCR

W.1.D.RAE

-
.

:22/9/86

VERSICN
Ceclar
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—~ Oy o o0
OO0V XTDUT
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FC,CC(M) ,RHC,RLAM(M)

(50) ,CONCOL(50),PNTCCL(5Q)
0
N

LCSCH, x(8O)

GLCCL(SO
rMANTYP,MTYP,NITER/NF

AZ SN AZ
Or4~D O N
QLo o~

(20),SUMC20) ,ACT (40)
R
)

O W~ - Zit N
~ \Qw 3 JdZu (8] L 4
O ~AA~ANUO OHO A SN A X
N OOoOWOUW LVLZM ONOQO OO N
“ NNTOLUG WL \NTg QAOwZaAIIIT
b WA HE ) 2 NAOFNIL

tzZ S | e Js 4 NJH WO W Z= -
Hd4E OO N\ ~ad « OX o
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Initizlisation of variable column heading.

DATA NPF/23/

L VOV

G
R
“CNORM?

it i

~“x il e d

Initialisation of all data cclumns.

VOV

=1,50

DC 10 1
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The specific dose constant used was=’,F8.3)
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Writing of input values of the ellipse and socurces.
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TABLE *x*xkxx

d % K Kk kK

LL=1I
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END IF
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Setting of comrment column.

Ee7 . AND.KFLAG.EQ.1.AND.LL.EQ.O) THEN
- ’

G L] .A
I=1,40
0

o ) bt
Q ~2
> Z
O
Z M -
~ ZZ
wLoOoOoo
HOOOW

END IF
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Setting of all column variables used.
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TABLE Axxkxx
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GLC(GLNORM)

IF(NTYP.GE.7) GLCOL(2)

RHOCCL (1)
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’

1X,08.2/

Run card Time

ITABLE(4)
sSups

SNGL(CKNORM)

SNGL (RHO)

IF(NTYP.GE.7) THEN
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TABLE * ok k kK
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ENC IF

IF(KFLAG.EQ.T.CR.KFLAG.GE.4) THEN

£ 0o

of the time required_ tc ac
of total dose equivalent t

Calc.
Calc.

AM))/(1.35%HLAM)

Q0*DRATE)**1.35))
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OZO0 sxx
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Convertion to dose equivalent for I-125 photons.
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Xr12,2X%

FCRMAT (1
CCNTINUE

END IF
RETURN

END IF
LL=LT
END
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SUBROUTINE TFORM(A,B,PIB2,TTR)

This routine calculates the long and short hzlf axes of the
parameterised ellipse No.LL and the angle of transformation
of T to a cocrdinate system with axis A in X directions
and axis B8 in the Y direction. '

AUTHCR: W..I.C.RAE

VERSICN: £/11/86

Declarztion of variables:,

DCUBLE PRECISICN Xx(80)

REAL A,B,PIB2,TTR,TEMP

INTEGER NELLI(S),MELL,LL

REAL AD,AE

REAL A1,A2,A3

Common bl TPAR:OPTELI:TABLE,TFCRM,

cck used 1in CALCZ;P ROPT
A,CON1,FS

CCMMON/PARCON/X,NELLI-MELL,LL

m\

Calculation of the parameter giving a vector in the direction
of maximum change of the tangent vector to the ellipse.
This is in the direction of the half axis.

NV=4C0+(LL=1)*9
X1=SNGL(X(NV*1))
Xe=SNGL(X(NV+2))
X3=SNGL(X{NV+3))
X4=SNGL(X(NV+4))
XS=SNGL(X{NV+5))
XE=SNGL(X(NV+6))
AT=X1%X1
A2=X2*X?2
A2=X3%xX3
AC=AT*SIN(2.*X4)+
A2*SIN(2.*X5)+
A3*SINC(Z2.*XE)
AE=AT*COS(2.*X4)+
AZ2*COS(2.*X5)+
A3xCOS(2.*X¢)
IF(AD.LT.C.00017) THEN
TMAX=C.0
ELSE

IF(AE.EQ.C) AE=0.0001
TVMAX=.S5S*ATANCAD/AE)

END IF

Calc. of hal w ellipse using above result.

-
0
~
-
=
b~
> no
+
0
[aa}
o8]
A~ D) N

M=—A00 4=

=(TMAX) P62
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SUBROUTINE UPDAT

This subroutine accepts new raw data for
interpolation by EJ1ACE to create the table MM(101,101)
using bicubic splines.

It also allouws lnterpolatlon on these tables and updating
of the values presently in the data file.

AUTHCR :W.I.D.RAE

VERSICN :28/7/786

t

(]

icn of variables.

eeTitle of data array for dose data.l-dim,

File for interpolated matrix from £01ACE.

L..aFile for original data input.

esseesValue for interpolation by E01ACE in X-axis.
eessseValue for interpolation as above in Y—-axis.
esssesArray for distance,(CIS) values stored for INTPCL.
Teseeslntermediate array for use when calculations use X.
essanssArray for PST values stored for interpolation.
LeesoeseValue returned as interpolated by EQ1ACE.
evesseel=01im Array for input function values.
eseesassNumber of PSI values.

eesscsseNurber of DIS values input.

esssedize of working array

esseel=0im array to pass to INTPCOL

CCeeaSpecific dose constant to use in calc.
esseslonversion factor from degrees to radians.
eeesesdtep size between successive points for matrix MM,
CaaeseNumber of file to use.

esssCoOnverted NAG error indicator.

eseeNumber of data file input.(DATFL.)

seseNumber of interpolated data file fcr output. (MTFL.)
D,WORKa.sWorking arrays used by EC1ACE.

«eArrzy for storage and lookup of interpolated values.
seMax and min values on X axis.

eeSteg size on X axis.

ara
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F
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SUBRCQUTINE WRITE(CTITLE,STEPMX,ETA,IBOUND,IFAIL,RHO,IPRINT,
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This routine writes initial values for OPTIM in TEST.
AUTHCR:W.I.D.RAE
VERSION:1/9/86
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