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Abstract

This dissertation is comprised of four essays. It develops statistical models of decision making
in the presence of risk with applications to economics and finance. The methodology draws upon
economics, finance, psychology, mathematics and statistics. Each essay contributes to the literature
by either introducing new theories and empirical predictions or extending old ones with novel
approaches.

The first essay (Chapter II) includes, to the best of our knowledge, the first known limit dis-
tribution of the myopic loss aversion (MLA) index derived from micro-foundations of behavioural
economics. That discovery predicts several new results. We prove that the MLA index is in the
class ofa-stable distributions. This striking prediction is upheld empirically with data from a
published meta-study on loss aversion; published data on cross-country loss aversion indexes; and
macroeconomic loss aversion index data for US and South Africa. The latter results provide con-
trast to Hofstede’s cross-cultural uncertainty avoidance index for risk perception. We apply the
theory to information based asset pricing and show how the MLA index mimics information flows
in credit risk models. We embed the MLA index in the pricing kernel of a behavioural consump-
tion based capital asset pricing model (B-CCAPM) and resolve the equity premium puzzle. Our
theory predicts: (1) stochastic dominance of good states in the B-CCAPM Markov matrix induce
excess volatility; and (2) a countercyclical fourfold pattern of risk attitudes.

The second essay (Chapter Ill) introduces a probability model of “irrational exuberance”
and financial market instability implied by index option prices. It is based on a behavioural em-
pirical local Lyapunov exponent (BELLE) process we construct from micro-foundations of be-
havioural finance. It characterizes stochastic stability of financial markets, with risk attitude fac-
tors, in fixed point neighbourhoods of the probability weighting functions implied by index option
prices. It provides a robust early warning system for market crash across different credit risk
sources. We show how the model would have predicted the Great Recession of 2008. The BELLE
process characterizes Minskys financial instability hypothesis that financial markets transit from

financial relations that make them stable to those that make them unstable.



The third essay (Chapter IV) introduces an outcome dependemidmic probability weight-
ing function (HPWF) based on an information theory of stochastic choice. We use the HPWF to
resolve the preference reversal (PR) puzzle—which is observed in economics and psychology ex-
periments when a decision makers (DMs) preferences over the same items change depending upon
how she is subsequently asked to construct a preference. We use the principle of maximum entropy
to synthesize information processing, probabilistic choice, and momentary fluctuation hypotheses
proposed by various researchers to explain intransitivity implied by PR phenomenon. The HPWF
theory is illustrated via simulation. Additionally, we show how the HPWF decomposes regret the-
ory, and rank dependent utility (RDU), into core expected utility theory (EUT) plus functionally
equivalent stochastic error addends. This theoretical prediction finds suppost/innd Orme
(1999 seminal experiments on the difference between generaliz&dand core EUT models.
We also prove that experimenter interference with the probability cycle of DMs HPWF causes
them to observe preference reversal in stochastic choice experiments even though the true state is
transitive and there is no violation of procedure invariance.

The fourth essay (Chapter V) shows thztrnoulli (1739 original utility function is alive
ard well. For example, several papers reexantirenoulli (1739 expected utility resolution of
the St Petersburg Paradox in the context of cumulative prospect theory (CPT). We go a step further.
We reexamine the geometry of Bernoulli's original sketch of his utility function. We prove that
contrary to received literature, which alleges that Bernoulli’s utility function is unable to generate
a loss aversion index (ULA), the geometry of Bernoulli’s original sketch accommodates a ULA
index with smooth reference dependent utility functions. In fact, it provides a solution to the open
problem of closed form global ULA index formula in prospect theory. Like in the first essay, the
ULA index predicted by Bernoulli’s utility function isr-stable. Under fairly mild assumptions,
we show how it supports a Fisher z-transform statistical test for the loss aversion index and we

show how the test can be applied.
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Chapter 1

Introduction

The Great Recession of 2008 highlighted a failure of neoclassical economic models, predicated on
rational economic theories, to anticipate the consequences of seemingly “irrational exuberance” as-
sociated with risk attitudes that precipitated the crisis. This led to a clarion call for new modelling
paradigms and creation of organizations such as the Institute for New Economic Thinking (INET),
and market monitoring research units in major central banks. For example, the International Mon-
etary Fund (IMF) publishes the biannual Global Financial Stability Report which “provides an
assessment of the global financial system and markets”. The Financial Policy Committee, Bank of
England; Financial Stability Committee, Federal Reserve Board, and Center for Financial Stability
in the US are some of the newly formed entities tasked with monitoring financial stability.

One approach to new economic thinking that has traction, and the one taken in this disserta-
tion, is the synthesis of neoclassical economics paradigms with behavioural assunigiiains)(
2014 20159. At its core this dissertation develops statistical mod¢ldecision making in the
presence of risk, and rigorous theoretical models that extend to several applications. Its highly
interdisciplinary nature draws upon the fields of economics, finance, psychology, mathematics and
statistics. It applies probability theory to microfoundations of behavioural economics and finance
in an ambient topological space, and it derives consequential structural models. This approach
contributes to the literature by extending the solution space of economics and finance with several
new results. Many of which are important in their own right as indicated in the chapters that follow.

In Chapter I, we introduce an asymptotic theory of and statistical distribution for the my-

opic loss aversion (MLA) index. To the best of our knowledge this theory is new to the litefature,

Iwe note thatStott (2006 conducted a metastudy on functional forms of CPT value fonstand probability weighting func-
tions. Zeisberger et a(2012 and references therein examined the stability of CPT paemestimates over time. Andaucells
ard Heukamp(2012) studied time varying probability weighting functions.ooij et al. (2010 study presents heterogeneity and
large disparities in loss aversion index estimates. However, none of those studies represented the MLA index as a random variable
drawn from a statistical distribution. Our novelty claim rests on representation of the loss aversion index as a random variable



and it leads to a groundswell of new results. The loss aversiaoapt in economics was intro-
duced inKahneman and Tversk{1979. Whereas the loss aversion index was first introduced
to behavioural economics byversky and Kahnema(1991) as a deterministic parameter under
riskless choice, subsequently presented in the context of risky choicesisky and Kahneman
(1999, and axiomatized byVakker and Tversk(1993. The MLA concept was popularized by
Benartzi and Thale(1999 in their simulated solution of the equity premium puzzle.

First, we prove that the loss aversion index is an independent and identically distributed
Cauchy random variable. This striking result implies that any positive value of the loss aversion
index is admissible. So the oft reported statement “loss aversion index median value around 2.0”
(e.g.,Bowman et al(1999; De Neve et al(2015) may be superfluous. We tested the theory
by fitting the distribution to four different data sets of loss aversion indexes estimated in different
contexts: a metastudy, loss aversion indexes estimated from hypothetical choices in survey based
experiments conducted in 45 countries, and our own cross-country macroeconomic loss aversion
index estimates for US and South Africa income and consumption data. The distribution theory
was upheld in each case.

Second, we introduce a simple empirical strategy for computing a macroeconomic loss
aversion index by a method of moments estimator which asymptotic distribution is in the Cauchy
class ofa-stable distributions. This permits cross-country risk attitude comparison. It provides
a “hard data” alternative téiofstede(1980 1983 survey driven cross-cultural anticipative un-
certainty avoidance index (UAI) of risk perception, popularized in the international business and
cross-cultural psychology literatures. For example, whereas Hofstede’s UAI posits that attitudes
towards uncertainty in the US and South Africa are similar, our macroeconomic loss aversion index
estimator shows that they are dissimilar. South Africans tend to be gain seeking relative to their
US counterparts. South Africa’s risk attitude is sensitive to political uncertainty, whereas US risk
attitude is sensitive to natural disasters and financial market instability.

Third, we show how the Cauchy random variable prediction for the MLA index performs
in asset pricing contexts. Specifically, we show that the MLA index mimics information flows in

a Cauchy bridge process in the credit risk model employeddyie (2010; Hoyle et al.(2011J);

drawn from a specific family of statistical distributions.



Ilkpe et al.(2014). Furthermore, we show thaiehra and Presco(l985 neoclassical consump-

tion based asset pricing model (CCAPM) is unable to explain the equity premium because risk
attitudes in their model are misspecified. Their model depends on risk aversion and volatility of
consumption growth to explain the equity premium puzglebberling and Wakke(2005 p. 128)
presented stylized arguments which show how risk aversion is tied to loss aversion by and through
a utility function they deviseCharles-Cadoga(2016h Appendix A.2) provides an explicit rela-
tionship between the loss aversion index and Arrow-Pratt risk aversion indexes over gain and loss
domains. We extend that result by deriving a cross-sectional specification for risk aversion as a
function of loss aversion. The Cauchy random variable MLA index in that specification is a miss-
ing variable in the Mehra-Prescott model. It accommodates the impact of rare disasters on asset
prices. And it admits large countercyclical swings in the equity premium that neoclassical models
do not pick up. Furthermore, our behavioural asset pricing approach also predicts that investor
response to stochastic dominance of preferred states induce excess volatility in equity prices.

Chapter 11l examines behavioural dynamics in fixed point neighbourhoods of probability
weighting functions (pwfs) with applications to financial markets. Even théuglhec(1999 and
subsequentlyluce (2001) axiomatized a fixed point probability for pwfs, their modetedised
on the stable (concave-convex) shape. We show that pwfs come in stable and unstable (convex-
concave) vintages that have the same fixed point probability. This implies that fixed point dynamics
inform pwfs shapes and phase transitions in pwfs.

First, we derive a behavioural empirical local Lyapunov exponent (BELLE) process from
neuronal noise in fixed point neighbourhoods. This introduces a behavioural stochastic differential
equation that is important in its own right. We examine stochastic stability criteria for the BELLE
process and verify how they control pwfs shapes in a simple Monte Carlo experiment.

Second, the theory is upheldfortiori by the pwfs implied by index option prices in
Polkovnichenko and Zha(®013. We find that the shapes of pwfs reflect probabilistic risk at-
titudes towards credit risk sources. This result lends credence to the source function theory of pwfs
in the Abdellaoui et al(2017) study. We calibrate our BELLE theory with parameter estimate
for the pwfs implied by index option prices Polkovnichenko and Zha(@013). We show how

that exercise supports an early warning system for financial market instability. In fact, we show



how our model would have anticipated the Great Recession &.2l0te shape of the pwf implied
by index option prices, when the market crashed in 2008, mimics the shapes of the pwf predicted
by our Monte Carlo experiment on market crash. Thus, we prove that the pwf source functions
predicted by the BELLE theory are sufficient statistics for Hyman Minskys financial instability
hypothesis: An economy has stable and unstable regimes, and it transits from financial relations
that make it stable to those that make it unstable.

Chapter IV employs the principle of maximum entropy to derive a coherent harmonic
probability weighting function (HPWF) that extendsgarth and Einhor(1990 descriptive ven-
ture theory probability weighting model. The HPWF resolves the preference reversal (PR) phe-
nomenon first observed in experiments conducted by psycholagistsnstein and Slovi¢l971)
ard Lindman(1971). The phenomenon is observed when the choice decision m&Kds fnake,
between two alternatives, are inconsistent with the price they are willing to accept (or pay) for the
given choice when it is presented later as part of the same two alternatives. Assuming preferences
are invariant to elicitation method, e.g., procedure invariance, PR presents a dilemma for deci-
sion theory because it implies intransitive preferences—even though axiomatic decision theories
in economics and psychology often feature transitive preferences as a building block. Preference
reversal implies cyclic behaviour that leaves decision makers vulnerable to money pumps. It has
policy implications for cost-benefit analysis and environment studies where the phenomenon has
been reported. For example, imputed values for non-tradeable items may be elicited from surveys
and policymakers may use the responses to inform resource allocation. If the preference rank-
ing extrapolated from survey responses do not reflect the choices that respondents would actually
make, then the survey elicited valuation is unreliable and policy is misinformed.

Seidl(2002) identified four determinants of PR in his literature revi€t) mode of elicita-
tion of certainty equivalents, (2) intransitivity of preferences, (3) overpricing and/or underpricing
of lotteries, and (4) nonlinear probabilities. We introduce an outcome dependent HPWF which
resolves the PR puzzle in the context of (2) and (4). We impose procedure invariance and transi-
tivity of choice on the model, and show how observers can still be misled into reporting PR when
there is none. According to our theory, the HPWF is controlled by probability cycles that are

disturbed or broken by observers who interpret the observation as PR. This is a manifestation of



the uncertainty principle or observer effect explained agiflenn \Von Neumanr(1955 Ch. VI).
However, the phenomenon vanishes when probability cycles are completed. In the neuroeconomics
and psychophysics literaturégkahash(2006 proposed a stylized outcome dependent probability
weighting function based on the difference between perceived probability and Claude Shannon’s
entropy measure of probability uncertainty. Several other authors have proposed outcome depen-
dent probability weighting functions, e.gzfanzagl(1967); Fellner(1961); Schneeweis¢1974);
Hogarth and Einhor(iL990); Dillenberger et al(2013 to name a few. To the best of our knowledge
our model is the first to employ maximum entropy analysis and identify behavioural harmonics in
outcome dependent probability weighting functions. Our model addresses the open issue of seem-
ingly intransitive preferences identified eidl (2002, p. 637). We reiterate here that our model
proves that PR can be reported by an observer even when procedure invariance is not violated, and
true preference is transitive, if the probability weighting function is harmonic. Specifically, we
identify an observer effect for PR. For application, we show how the HPWF decomposes regret
theory and rank dependent utility (RDU) into core expected utility theory (EUT) plus functionally
equivalent stochastic error addends. Thus, the HPWF provides a theoretical explanation for why
Hey and Orm&1994) found no statistically significant difference between cotElEand general-
ized EUT models in their seminal economic experiments.

Chapter V re-examinesernoulli (1739 original utility function, in the context of cumula-
tive prospect theory (CPT), to evaluate the claim made by some proponents of prospect theory that
Bernoulli’s utility function cannot accommodate a loss aversion index. This exercise is reminis-
cent ofBlavatskyy(2009; Rieger and Wan(2009; Pfiffelmann(2011) who reexamine@ernoulli
(1739 “resolution” of the St Petersburg Paradox in the context of G#e go one step further by
examining CPT loss aversion index in the contexgefnoulli (1739 sketch of his utility function.
Cursory inspection of the geometry of Bernoulli’s original utility function shows that it accommo-
dates relative wealth or a reference point where it cuts the horizontal axis. So that points to the
left of the reference point support “disutility of losses” and points to the right support “utility of
gains”. We show how a loss aversion index can be constructed from that observation. Further-
more, we show how one can develop a statistical test for the loss aversion index derived from that

process. Thus, we refute claims alleging that Bernoulli’s utility function is unable to accommodate



a loss aversion index. It should be noted in passinghatles-Cadoga(2016H) introduced an
EUT based model that also generates a loss aversion index.

In conclusion, the instant dissertation provides several new results that impact decision
theory, behavioural finance, and behavioural economics going forward. Perhaps the most promis-
ing areas for future research, motivated by the instant dissertation, lie in applications of (1) the
family of statistical distributions supported by MLA indexes, (2) the BELLE process identified
in fixed point neighbourhoods generated by probability weighting functions, and (3) the HPWF.
For example, there is a nascent asset pricing literature in which loss aversion is synthesized with
exotic preferences to (a) resolve the equity premium puzzle, and (b) account for excess volatility.
The results in this thesis imply that timestable feature of the MLA index makes the latter a suf-
ficient statistic that (1) resolves the equity premium puzzle, (2) explains excess volatility, and (3)
explains rare disaster effects on asset prices in the context of standard preferences. Future research
also includes axiomatization of financial structures identified in Minsky’s financial instability hy-
pothesis in the context of the BELLE process. The path properties of the BELLE process are
also important in their own right. For example, one can analyze the escape time of the BELLE
path from a set, and extend the BELLE process solution space with different background driving
stochastic processes. Another avenue for further research contemplates a matrix operator theory
of loss aversion motivated by the empirical gain-loss topology we introduce. That theory would
tie a time varying Arrow-Pratt risk aversion index to a CRRA index and the loss aversion index
generated by our gain-loss topological basis set. Finally, the HPWF decomposition of regret theory
and RDEU into core EUT plus functionally equivalent addends, introduced in this thesis, shows
promise as a methodology that can be axiomatized and applied to decompose other generalized

EUT specifications into a core EUT theory plus stochastic error.



Chapter 2

Asymptotic Theory Of Myopic Loss
Aversion with Applications To Asset Pricing

2.1 Introduction

This chapter contributes to the literature by introducing an asymptotic theory of the myopic loss
aversion (MLA) index which show that it is drawn from a specific familyoe§table distributions.
Thus, the MLA index is not constant or deterministic as is often portrayed in extant literature. One
implication of our result is that several papers that assume constant or deterministic MLA index
can now be reexamined to see if the results they reported are rolusttainle MLA.

The loss aversion concept, first introducedimhneman and TverskiL979 original ver-
sion of prospect theory (OPT), is a pillar of behavioural economics and finaeer(n 2009
Hirshleifer, 2019. It reflects investor psychology and risk perceptiohirgchleife; 2007). It
posits that losses loom larger than gains when a decision maker (DM) chooses in a mixed lottery
or gamble, i.e., one that is comprised of gains and losses. That is, a DM is more sensitive to losses
than she is to gains of the same absolute size. That risk attitude concept was subsequently refined
to include MLA which involves a decision maker’s (DM’s) response to and evaluation of losses in-
curred over short periods, together with a mental accounting proéessi(tzi and Thalen995.1
Moreover, the MLA phenomenon has been affirmed in economicrarpats, e.g.Gneezy and
Paters(1997); Thaler et al(1997); Benartzi and Thalefl999; Haigh and Lis{(2005.

Gneezy and Potte(d997) illustrated the MLA concept with the following example mo-
tivated by Gamuelson1963. Suppose a decision maker (DM) is faced with a simple gamble
L where she stands to win $200 with probability 1/2 or loose -$100 with probability 1/2, i.e.,
L = (200,1/2;-100,1/2). Suppose further that the DM is characterized by loss aversion and

has a utility functionu(z) = z for z > 0 andu(z) = 2.5z for z < 0, wherez is the change in

1The mental accounting concept introduced Byaler (1985 1990 deals with the frequency of transactions evaluation, and
how they are aggregated or segregated. However, it is not the subject matter of this paper.
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wealth due to the gamble. Then, tBgected utilityof a single play of the gamble is negative:
1/2(200) +1/2(—250) < 0. Hence, the DM will reject the single play gamble, and also two single
play gambles-if each is evaluated separately. However, the DM would accept two gambles

if (s)he evaluates them in combination/41400) + 1/2(100) +1/4(—500) > 0.2 Thus, rejecting

a sngle gamble while accepting two gambles is explained by the combined hypotheses of individ-
uals being more sensitive to losses than to gains and evaluating the outcomes of the sequence of
gambles in combination.

Benartzi and Thalef1995 p. 75) used the MLA paradigm to resolve the equity premium
puzzle. The latter is based on the notion that the historic equity premium in financial markets
is too large to be explained by predictions of neoclassical models. Myopic investors concentrate
on short-term price movements. They frame financial decision making such that loss aversion
is the predominant risk attitude that motivate them to overweight short term price movements.
Consequently, they tend to be more conservative investors who demand higher equity premia to
hold stocks.

Thus far, the literature is silent on the statistical properties of the MLA index estimator
derived from foundations of behavioural economics. This paper fills that gap in the literature and
provides several independently important applications impacted by our novel derivation of the
statistical distribution of the MLA index.

The modern foundations of behavioural economics specifications were establiShed-in
sky and Kahnemai(1992 who amended OPT with cumulative prospect theory (CPT) toesddr
inter alia, OPT'’s violation of stochastic dominance. “The key elements of [OPT] are 1) a value
function that is concave for gains, convex for losses, and steeper for losses than for gains, and
2) a nonlinear transformation of the probability scale, which overweighs small probabilities and
underweighs moderate and high probabilitiesy€rsky and Kahnemai992 pp. 297-298). “In

prospect theory, the carriers of value (meaning arguments of the utility function) are gains and

2Gneezy and Potte(d997) did not state which “mental accounting” rules were used. Hendt appears that two wins (200
+ 200) were assigned compound probabilifgk 1/2 = 1/4; two losse§—2.5 x 100+ —2.5 x 100= —500) assigned compound
probability /2 x 1/2 = 1/4; and “a win and a loss{200+ —100) assigned compound probability2dx 1/2 = 1/4 or “a loss
and a win” (—100+ 200) assigned compound probability2x 1/2 = 1/4 were aggregated to gé200+ —100) assigned the
probability 1/4+1/4=1/2. Evidently, the “loss factor” 2.5 was not consistently applied to the -100 loss in the aggregation in the
“mental accounting”.



losses relative to a pre-specified reference poiftigfring 2009 p. 17). Key CPT amendments
include (i) introduction of a loss aversion index, and (ii) the incorporation of rank dependent util-
ity (RDU) (Quiggin, 1982 and the nonadditive feature of Choquet expected utility (C&#dory
(Schmeilder1989.3

In the psychology literature, a set of paperstyibaum and Navarrei@999; Birnbaum
etal. (1999; Birnbaum(2004 2005 2009 introduce competing models such as transfer attention
exchange (TAX), among others, and produce evidence that falsify aspects of OPT and/CPT.
(1999 conducted a study which revealed violation of ordinal inchef@ce, i.e., the notion that
substitution of a common right tail should not affect decision makers rank ordered preferences
(an important component of the “rank and sign dependeénit¢ 2000 features of CPT)Vakker
etal. (1999 introduced a study which showed that comonotonic indeperelesas also violated.
Studies byWu and Markle(2009; Por and Budesc(2013 implicate the gain-loss separability
theory of CPT which is crucial for construction of the loss aversion index in CRErEky and
Kahneman 1992. However, no single model of decision making in the presericesk is a
panacea and CPT is no exception. Despite its shortcomings, a recent review pagebbys
(2013 p. 173) asserts that “prospect theory is still widely viewsdhe best available description
of how people evaluate risk in experimental settings”. Thus, our analysis in the sequel is motivated
by CPT.

More important for the subject matter of this papéversky and Kahnema(iL992) in-
troduced, specified, and estimated a utility based loss aversion index with data from controlled
experiment$. They reported a median value of 2.25 for the loss aversion iegtimated in their
study. However, they were silent on the characteristics of the underlying statistical distribution
that led to the median value 2.25. It is known that the median is a consistent estimator of central
tendency for double exponential (Laplace) and Cauchy distributions. The mean and variance of
such distributions may not exist because they are susceptible to extreme values and they do not

adhere to the central limit theoremio(nson et gl.1994 Kleiber and Kotz 2003. Somewhat

3CEU is based on the non-additive “capacity measure” of a set introduceézhbyuet(1954) as an alternative to probability
measure of a set.

4Schmidt and Zank2009) introduced the concept of probabilistic loss aversion baseclirvature properties of the probability
weighting function over gain domain, and the probability weighting function over loss domaiggin (1993 p. 83) introduced a
probabilistic risk aversion measure he called “probability weighting coefficient”.



surprisingly, the literature on decision theory is also sitamthe statistical distribution of the loss
aversion index.

This paper’s contribution to the literature lies in its intoation of an asymptotic theory of
the MLA index based on microfoundations of behavioural economics and finance. In particular,
microfoundations of the loss aversion index were axiomatizétldiker and Tversk(1993. We
exploit the Euclidean topology{ugundj, 1966 p. 63) induced by reference point(s) popularized
by Kahneman and Tversk{l979; Tversky and Kahnema(iL992); K6szegi and Rabii§2009,
and we identify a simple estimator for the MLA index from generating sets. Whereupon we derive
statistical properties of the estimator. We prove that the statistical distribution of the MLA index is
a-stable® In particular, it admits a generalized Cauchy distributioarelaterized by extreme val-
ues. Thus, the narrow range of values for the loss aversion index induced by controlled laboratory
experiments is misleading.

The Euclidean topology supports a new proof of the symbiotic relationship between utility
functions and probability weighting functions (pwfs), as carriers of risk attitudes like loss aversion
and risk aversion. The proof is based on the utility transform of mollifidis a neighbourhood
base of a reference point topology for ranked outcomes. This induces a skewed mixture distribution
which characterizes low ranked and high ranked outcomes that support inverted S-shaped pwfs for
risk aversion, and skewed S-shaped for risk seeking. This helps us to identify preference based
foundations of observed phenomena like stocks as lotteries, long shot bias, and preference for
skewness, and to interpret empirical results in this paper.

We tested the MLA index theory in a tournament by fitting and ranking a battery of dis-

5_opes(1987) makes the case for the median value as a measure of centrahtgrid evaluating a gamble outside the context
of loss aversion. But she did not specify a statistical distribution function that drives the estimator. In the econophysics literature
Jensen et a(2003 fitted statistical distributions for the first passage of me$wver a given threshold for the Dow Jones Industrial
Average that revealed “gain-loss asymmetry”. However, they did not develop a micro-foundation theory that predicted their choice
of fitted distribution as we do here.

6Stable distributions are characterized by an index of stalilityherein 0< a < 2. They are “stable” because they retain their
basic shape after certain transformations. For example, the well known normal distribution has am #a@exThe distribution
of a normalized sum of normal random variables is also normal. So it retains the shape of a normal distributiono“WBen
the tails of the distributions decay like a power function. This means that a stable random variable exhibits much more variability
than a Gaussian one: it is much more likely to take values far away from the median. Stable distributions have been used to model
such diverse phenomena as gravitational fields of stars, temperature distributions in nuclear reactors, stresses in crystalline lattices,
stock market prices and annual rainfattamoradnitsky and Taqqd994 pp. 1-2). This paper adds myopic loss aversion to the
pantheon of applications of stable distributions.

"The symbiotic relationship between utility and probability functions is known since atféastag(1967) who axiomatized
the relationship. See alsechneeweis€l974) who provides a review of this issue.

8These are also known as bump functions or test functions. Se&eldigui(2004 §5.4) for further details on test functions.
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tribution functions to MLA index estimates from the loss av@nandex data in thé-ishburn and
Kochenberge(1979 metastudy. We tested it on the distribution of loss aversiolexes around

the world reported in th&ieger et al(2011) study. We also tested the theory with income and
consumption time series data for the US and South Africa. In each case the theory is upheld. So it
is robust across domaifs.

A comparative analysis of MLA index estimates for intolerangalecline in standard
of living, based on income and consumption data for a developed economy like the US, and an
emerging economy like South Africa, show that the macroeconomic MLA index is leptokurtic. In
South Africa it is explosive during periods of political uncertainty. Vizly, the Soweto uprising in
1976, P.W. Bothas hardliner Rubicon speech in 1985, and transition to democracy talks with the
ANC in the early 1990s. However, in non-turbulent epochs the MLA index distribution for South
Africa data exhibit mostly gain seeking behaviour with only a couple years where the index was
not statistically different from the median value of 2.25 popularized by behavioural economics.

In contrast, for US data, the macroeconomic MLA index distribution has median value
close to 2.25, and it is less responsive to political uncertainty. It is explosive during periods of
financial market instability and natural disasters such as Hurricane Charlie and Ivan in 2004, and
Katrina in 2005, and financial disasters such the Great Recession of 2008. To the best of our
knowledge, the MLA index distributions for intolerance to decline in standard of living in the US
and South Africa are new to the literature. Moreover, our measure of macroeconomic uncertainty
implicates the Hofstede uncertainty avoidance index (UAI) which predicts similar risk attitudes in
the US and South Afric&?

One important implication of the findings in this paper is the Mibdex is stochastic. It
constitutes independent and identically distributed jumps of a subordinate Lévy process. There-
fore, it should be modelled accordingly. For example, a seminal pap&ehyirizi and Thaler
(1995 used a starting value of 2.25 in a simulation model to pretiat & MLA index value of
2.7 resolves the equity premium puzzle upon convergence of their algorithm. An important paper

by Bowman et al(1999 assumed a constant loss aversion index value of 2.0 in thieaviomural

9Details of the goodness of fit diagnostics for the statistical distribution are provided in App2iiix
10Technically, Hofstede's UAI is a riskless measure. It is based on questionnaire response and data reduction techniques like
cluster analysis and there are no probabilities involved.
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challenge to the permanent income hypothesis. More reenkle (2015 used a ratio of slopes
method to “infer loss aversion”, and a Wald test to draw inference, in his study of investor subjec-
tive well-being relative to anticipated portfolio returns. The results in those papers are implicated
by the a-stable MLA index finding in this paper. For example, since the index is a random vari-
able, it is perhaps better specified as a random coefficient that accommodates large values, instead
of extant specification as a nonstochastic parameter.

We provide an application which shows how our model contributes to emergent literature
on information based asset pricing of defaultable bonds. Recent wokkoble (2010); Hoyle
etal. (2011) model the filtration of information flow in binary bond pricivgth a Lévy random
bridge process. That model was recently extendetkby et al.(2014) to include more abstract
processes characterized by conditioning information. Our contribution extends the information
process with embedded myopic loss aversion to default. In our model the credit risk index is based
on a time changed Lévy process adapted to the natural filtration of a Cauchy bridge process to
default. Throughout the life of the default path each jump in the credit rate index mimics myopic
loss aversion to default. It signals market pessimism that is impounded in the price of the credit
instrument. The cumulative effect of market loss aversion coincides with the terminal default date.
We provide closed form expressions for the price of the defaultable credit instrument and examine
its ability to explain the results in a Monte Carlo experimentinyle (2010).

In an independently important application we resolve the equity premium puzzle with a
novel behavioural asset pricing approach which produced several new results. The “puzzle” in-
troduced byMVehra and Presco(fL985 stems from the unrealistically high risk aversion index
required by their neoclassical model to explain the observed equity premium. We introduce a
CCAPM which embeds the-stable MLA index in the pricing kernétt Griine and Semm-
ler (2009); Yogo (2008; Hung and Wang2011); Curatola(2019 also introduced behavioural
CCAPMs with loss aversion and consumption growth. An emerging class of modeélsdyes
(2019); Easley and Yan(2014 and Guo and Hg2015 combine exotid=pstein and Zir(1989
preferences with a MLA index in exposition of their asset pricing models. However, the loss aver-

sion index in the prior models is either constant or deterministic or it is based on past gains or

11we provide an illustration in Appendig.A.1.
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losses. Our behavioural pricing kernel with embeddestable MLA index does the following:

e predicts large equity premia;

explains why the equity premium is counter-cyclical to business cycle peaks and troughs;

identifies the source/cause of excess volatility in asset prices;

identifies an endogenous fourfold ranking of asset prices;

predicts large swings in the price of consumption risk.

According to our theory, the source of risk required to resolve the puzzle is not risk aversion
but loss aversion. However, unlikienartzi and Thale(1999; Barberis et al(2001) who used a
constant or deterministic loss aversion index to resolve equity premium issues in their models, the
MLA index in our model is an independent and identically distributed random variable. Since it is
in the domain of attraction of aa-stable distribution, it admits MLA index values that induce a
match with any observed equity premium. This feature of the model accommodates rare disaster
effects on the equity premium. CfR{etz 1988 Barrg, 2006 2009 Wachtey 2013. Whereas
the neoclassical pricing kernel is linear, our pricing kernel is nonlinear—a finding consistent with
financial econometricsHosenberg and Engl2002), and behavioural finances(iefrin 2009.
Furthermore, our model predicts large swings in the price of consumption risk—a result consistent
with findings inDuffee (2009 study.

We prove that loss averse decision makers (DMs) in a current gain state in income, but
who anticipate a loss state in income in the next period (GL states), place the highest value on
assets. Evidently, they hope the asset would make up the anticipated short fall in income. Those in
a current loss state in income, but who anticipate a gain in income in the next period (LG states),
had the second highest evaluation. We prove that DMs are risk seeking in each of those GL and
LG states.

The asset price valuation for lower ranked states LL (current loss, anticipated loss) and
GG (current gain, anticipated gain) is more complex. We find that there is a critical level of
consumption growth beyond which the equity premium predicted by the behavioural pricing kernel

is higher than that predicted by the neoclassical model for risk averse DMs in GG states. Itis lower
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otherwise. In LL states there is a small probability of riskrai@n at which point the risk premium
is negative. Otherwise DMs are risk seeking almost surely.

Our model predicts that DMs distort probabilities in the state transition probability matrix
for the CCAPM. Investors in a current state of loss anticipate gains and shift probability mass
from loss state to stochastically dominant gain states and this manifests itself as risk seeking over
losses. This causes average returns and variances to be uniformly higher than that predicted by
neoclassical models. In particular, this stochastic dominance feature of the model explains why
the equity premium is high at the trough of a business cycle—an empirical regularity of equity
premia Campbell and Cochran&999 Yogo, 2008. To the best of our knowledge, this stochastic
dominance explanation of counter-cyclicality of the equity premium is new to the literature. Refer
to Ludvigson(2013; Campbell(2019 for recent reviews of the literature.

Among the various pwf shapes implied by the permutation of ranked asset prices induced
by our behavioural pricing kernel, is an endogenous fourfold rankirana€ipated asset prices

PP < p2g < PP < PBL or p2g < pPL < P2, < pPs where superscripb stands for behavioural

risk aversion risk seeking
asset pricing, and subscripts denote the transition states in which the asset was priced. The antici-

pated price is what DMs act on. It is a disposition effect. So for example, they sell winners in GG
states too soon and hold on to losers in LG states too long. Risk aversion is supported by concave-
convex pwfs, and risk seeking by convex-concave pwfs. We characterize the ranking in the context
of Tversky and Kahnema(1992 fourfold pattern of risk attitudes. Perhaps more importauat,

model predicts the shape of the probability weighting function for relatively low income investors
because it predicts switching in the shape of lower and upper tail ranks based on whether income
growth crosses a certain threshold. This prediction of our theory finds supp&atinmark(2015

study where “[t]he [rank] effect indicates that trades in a given stock depend on how it compares

to other positions in an investors portfolio”.

2.1.1 Positioning the paper in context of related literature

Subsequent to the influential paper on CPTThyrsky and Kahnema(1992, the loss aver-

sion index is mostly estimated with data generated from controlled experiments in behavioural
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and experimental economié$ Refer toAbdellaoui et al(2007); Booij et al.(2010) for a review.
Moreover, loss aversion index estimates derived from economic experiments are used to calibrate
influential models in behavioural economics and finance, Begartzi and Thalg1999; Barberis

etal. (2001); Barberis and Huan2008. However, the conditions induced in controlled laboratory
experiments, with student subjects, do not capture the full range of experiences a decision maker
faces in the real economy.

To be sure, papers byox et al.(1999; Haigh and List(2009; Abdellaoui et al (2013
have shown that the behaviour of financial professionals mirror that of student subjects in con-
trolled laboratory experiments. However, the type of stress induced by extreme conditions of
market failure were not replicated in those studies. For instance, losing a job or a home in an
economic downturn should invoke a more visceral response than that observed from the relatively
small stakes in economic experiments or hypothetical choices in survey instruments.and
Mirzaie (2015 provide evidence that the stress levels in extreme condittma more sensitive
to uncollaterlized loans than collateralized loans. So one would expect the loss aversion index for
calamitous events like the Great Recession of 2008 to be different from that found under controlled
conditions.

Recently,De Neve et al(2015 examined myopic subjective well being response to eco-
nomic growth. They found that subjective well being is twice as sensitive to negative economic
growth as it is to positive economic growth. Their results are based on an “experienced utility” ap-
proach wherein survey response (as opposed to economic time series data) to questions pertaining
to life satisfaction is the dependent variable. However, our results show that estimates of the MLA
index derived from survey datadsstable!® So it is subject to large deviations which impact may
be muted by aggregation bias. Thus, our results implicate the “twice as sensitive” finding in the
De Neve et al(2015 study.

More on point, our model is based on a novel interpretatioDwésenberry(1949 rel-

ative income hypothesis (RIH) consumption function with a skewed S-shaped value function for

12Notable exceptions includelardie et al.(1993 who used supermarket scanner data to estimate a loss avardioni a
marketing context.

BCharles-Cadoga(20151) introduced an econometric theory of loss aversion indexvergan cross sectional regression mod-
els of subjective well-being that also predictstable distribution for loss aversion index.
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changes in consumptidfi. Duesenberry’s value function is functionally equivalentaneman
and Tversky(1979 original prospect theory (OPT) value function and precetleyg at least three
decades. The value function is related to the “surplus consumption” featureropbell and
Cochrang(1999 habit formation modelBreeden et al(2015 likened aspects of habit formation
paradigm to the RIH. They posit thatonstantinide¢1990 “formulation is an extreme version of
habit formation that implies aljuesenberr(1949] type racheting consumption demand that pre-
vents consumption from falling below the exponentially weighted average of past consumption.”
For instance, Dusenberry’s habitual consumption is a running maximum of past consumption over
a given sliding window® That is a robust estimator of the exponentially weighted ayeai past
consumption. However, our model is distinguished from the class of habit formation models be-
cause we embed a MLA index in the consumption function. That specification provides a nexus
for the joint distribution of the MLA index and consumption growth that drives the behavioural
pricing kernel in our exposition of the CCAPM.

The rest of the paper proceeds as followssétion 2.2ve provide the main results of our
ag/mptotic theory of the MLA index from foundations of behavioural economicsseletion 2.3
we embed the MLA index iDuesenberry 1949 RIH and identify its estimator. We provide
empirical evidence that risk attitudes in the RIH induce probability distortions which support
stable distributions. Irsection 2.4we introduce a new proof of the nexus between probability
weighting functions as outcome dependent transformations of utility functionsedtion 2.5ve
devise a strategy for estimating the MLA index from time series data. We apply and test the
asymptotic theory in different contexts to establish robustnessedtion 2.6we show how our
theory applies to information based asset pricing of defaultable binary bondsction 2. Ave
show how our theory resolves the equity premium puzzle. We concludedtion 5.4vith some

perspectives on avenues for further research.

140ur approach is distinguished fromybvig (1995 andRiedel(2009 who derived Duesenberry’s consumption ratcheting from
a mntinuous time model of habit formation.

15The running maximum as reference point is also popular in the behavioural finance literature under rubric of “52-week high”.
See e.g.George and Hwan(004); Huddart et al(2009; Baker et al(2019).
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2.2 Foundations of the myopic loss aversion index estimator

In this section we provide some preliminaries, and we present the microfoundations of our model
in a topological basis set in the Euclidean topology. Whereupon we derive an existence theorem
for the statistical distribution of the MLA index. This theorem is tested (and upheld) empirically
in subsequent sections.

Tversky and Kahnema(iL992 p. 32) introduced a robust ratio of slopes procedure for
edimating the loss aversion index. It amounts to a calibration exercise in which subjects were
presented with two simple mixed lotteries = (a,3; b,3) amd L, = (c, 3; X, 1), whereandc are
lossesp andx are gains, am% is the corresponding probability of occurrence for each outcome.

They reported the median valuexoivhich subjects used to establish equivalence between the two

lotteries , i.e.L.1 ~ Ly, for variousa, b,c combinations. They employed the ratio

X—b

as a robust estimator of the loss aversion indesersky and Kahnemaf1992 p. 310) noted that
“when the possible loss is increasedkiyie compensating gain must be increased by abidut 2
S0 g is a ratio of the slope of gains over the slope of losses in this “compensatory” framework.

This sets the stage for a ratio type estimator for the loss aversion index.

2.2.1 The empirical myopic loss aversion (MLA) index estimator

We start with microfoundations of behavioural economics to motivate the theory behind our MLA
index. Letvbe CPT’s value function bifurcated at a reference pginand separated by sub-utility
functionsvg andv, over gain and loss domains respectively. So thatisfchange in income then

we write the value function as

V(X) = Vg(X)]I{x>xr} - VE<_X)H{x<xr} (2.2.2)

wherel is an indicator function and points to the righte@fare gains and points to the left are loses.

Assume the existence of measurement egraith mean 0 and varianag?, i.e., € ~ (0, 07), for
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change of income.

Definition 2.2.1 (Reference point topologypefine a small open set centered at the reference point
X with radiuse, asBg (X ) = {X| [Xx—X/|< €}. The family.7 of such open sets forms a topology in
R. O

We make the following technical assumption which implies texise of convergent and approx-
imate probability distributions B¢ (X, ). Refer toGikhman and Skorokho(L969 p. 441) for

technical entails.

Assumption 2.2.1(Existence of approximation)Assume that there exist a compact sgt&

Be(Xr) such that P{x ¢ Be(x)\Ks} < €5 wheregs | O.

This assumption accommodates the existence of “bump functions” or mollifiersitas and

Shreve 1991, p. 206) on the compact sk that vanish on the s&; (X )\Ks.

Figure 2.1: Geometry of MLA estimator

Losses

MLA estimator in an oper disk B¢ (x;) for the bifurcated value function
introduced inKahneman and Tverski1979. It collapses to th&obberling and

Weakker (2009 ratio of slopes estimator wheig = X_ so thatA = %
G
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Definition 2.2.2(Mollifier or bump function) A mollifier or bump function is of type

1
_ Coexp(—m> le|l<a

0 ow

¢(€) (2.2.3)

whereCy is a normalizing constant such th@g [, ¢ (¢)de = 1. O

Remark2.2.1 Siddiqui (2004 §5.4.1) defines the space of mollifiers or test unctionsCGi¥d)
equipped with the topology induced through the convergence is called the space of test functions
and often denoted bp(Q). In other words, a test function is an infinitely differentiable function

onR" identically zero outside of some compact set.”

A first order Taylor expansion of the left hand side 14,2 around a reference poirt implies
V(X) = V(%) + V(X ) (X—X;) + Op(x°) (2.2.4)

whereQy, is a function that is bounded in probabilit§. This first order expansion is applied sep-
arately to each subutility function on the right hand side 22(3. The proof of Proposition 2
in Koszegi and Rabi(200§ p. 1160) used a similar argument. The utility based loss mrers

index measure for riskless choicéversky and Kahnemari991) implied by Tversky and Kah-

neman (1992 is A = % and the measure proposed Bybberling and Wakke(2009 is
9
\/ —
A= %.17 Blavatskyy(2017) introduced a generalized loss aversion index formula giyen b
9
A= (M) (2.2.5)
u(xy) —u(r)

wherer is a reference point and, andx_ are gains and losses respectively. Whena 0 his
formula collapses to the ones above. Refeviakker(2010 for a review of loss aversion index

formulae. Thus, our task is to establish a correspondence bet@&ef) Gnd those loss aversion

16We note that nondifferentiability at the reference poinimplies that limx V() # limygy V/(X) if V(X) is piecewise contin-
uous atx, i.e., it has no jump discontinuity. i = Op(xz), then by virtue of Assumptior2.2.1, for some constant, we have
Pr{|n|> Cex?} < 2¢. SeeChow and Teiche(1988 p. 255) for details.

1"The related concept of probabilistic loss aversion is presented as a ratio of slopes of gain and loss domain dependent probability
weighting functions irSchmidt and Zank2005 2008. However, that is outside the scope of the present paper.
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index formulae.

Kahneman and Tversk{1979 assumed a reference pomt= 0'® and we do the same
here. Lety =Vv(X), X =0, a = V(%) =0, B = V(x) andn = Op(x?). The piecewise linear
function inFigure 2.1has a kink at¢, = 0. Sincex, = 0 is “known” we can treatr and 8 as
parameters. Whereupan= 0 andf_. = V/(0~) over loss domain, anfig = V/(0") over gain

domain. Thus we rewrite2(2.4) as a simple linear model:
y=0+B(X—X%)+N=y=(a—Bx)+BX+N=PR+N (2.2.6)

This is the equation of a straight line that passes through the point, with intercepta = 0.
Sincev(x) = vg(Xx) over gain domain, andx) = v,(x) over loss domain, application a.2.4 and

(2.2.9 gives us the MLA index corresponding Ao= V\€/<(_1§)' So that
9

% BR+n

A=A !
Yo Be X + N

(2.2.7)

where the G and L subscripts pertain to gain and loss domains, amedla¢ive signs retained
so that—y_ > 0 and—x_ > 0 sinceA is positive. The line inZ%.2.6 passes through the origin
soy = B%. This procedure applies to gain and loss doméaindt is depicted inFigure 2.1for

B > 0. Under the identifying restrictior, = 0 we have the following empirical measure of the
v,(07)

loss aversion index which correspondsite=
P Vg(0T)

yo I _ B

Vo  BoXc (228)

We summarize the foregoing in the following:

Theorem 2.2.2(MLA estimator) The empirical MLA index estimator {i2.2.7) pertains toTver-
sky and Kahnemai(1992) utility ratio formula. Whereas the empirical MLA index esdtor in
(2.2.8 pertains toKobberling and Wakke(2005) ratio of marginal utility formula in a smalk-

18This was subsequently extended b§szegi and Rahi(2006 to include a generalized reference point.
191N their reference dependent modéljszegi and Rabi2006 p. 1146) write this relation ag(x) = nx, x > 0 andu(x) =
Anx, x < 0 where theim > 0 (ourB) is the weight a subject attaches to “gain-loss utility”.
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neighbourhood of the origin. O

Remark2.2.2 The linear approximation implies that the MLA index estimator should produce
reasonably close estimates for theersky and Kahnema(i1992 and Kobberling and Wakker
(2009 estimatorsinZ.2.7) and @.2.9, respectively. However, in economic experiments the values

produced by those estimators difféx{dellaoui et al, 2007, p. 1662).

2.2.2 The limit distribution of MLA index

Before we derive the distribution far we need the following preliminary definitions.

Preliminaries

Definition 2.2.3(Generalized Cauchy)A probability density functiorf is standard Cauchy, writ-
ten%(0,1) if f(x) =1/ m(1+x?), —0 < X < o0, If Y follows a standard Cauchy law, th&rhas a

generalized Cauchy la® (a,b) if Z=bY +a, wherebis a scale and is a location parameter.(]

Definition 2.2.4 (Stable distribution) Samoradnitsky and Taqqd994). A random variableX is
said to have a stable distribution if for any positive numbg&indB, there is a positive numb&r

and a real numbdD such that
AX +BX% 2CX+D (2.2.9)

whereX; andX; are independent copies xfand< denotes equality in distribution. O

Another popular definition ofr-stable is ifXy, . .., X, are independent and identically distributions
(iid) random variables, and there exist constaptsl, such thatX; + - - - + Xu dist cnX +dn where
X has the same distribution as tb(é, andc, = n%, O0< a <2, thenX is a-stable. Ana-stable
distribution (such as the normal distribution) retains its shape up tocaakshiftd after addition.

Refer toSamoradnitsky and Taqdq994) for further details.

Theorem 2.2.3(a-stable distribution) Samoradnitsky and Taqq®994). For any stable random
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variable X , there is a number € (0,2) such that the number C i{2.2.9 satisfies
C?=A"+B“ (2.2.10)

The numben is called the index of stability or characteristic exponent. A stable random variable

X with indexa is calleda-stable. O
Proof. Seefeller (1970 §VI.1, pp. 170-171). O

Definition 2.2.5 (Spherically symmetric vector)Arnold and Brocket(1992. A random vector
U is said to be spherically symmetriclif has the same distribution bs(i.e.,FU ~U) for all

orthogonal matriceE. O

Definition 2.2.6 (Elliptically symmetric) Arnold and Brocket(1992. A random vectoX is said
to be elliptically symmetric if there exists an invertible matAxsuch thalX = AU whereU has a

spherically symmetric distribution. O

Existence theorem for generalized Cauchy for MLA index

Assume that gains and losses are symmetric around the referencexpoisésumption 2.2.1
implies the existence of bump functions characterized by ansstmc elliptic distribution that
vanishes outside d€5.%° LetX = (X1,..., X,..., Xn)T be an x 1 vector of random variables for
gains and losses with an elliptically symmetric distribution around a referenceXqoiite state

the following theorems implied by the foregoing assessment, and provide proofs in the appendix.

Theorem 2.2.4(Standard Cauchy distribution)f U = (Uy,...,U,)", has a spherically symmetric
distribution, then, for i£ k U; /Uy has a standard Cauchy distribution.

Proof. See Appendi2.B.1 O

Theorem 2.2.5Generalized Cauchy distributionlf X = (Xg, ..., X,..., X,)T has an elliptically

symmetric distribution, then, for# k, X; /X has a general Cauchy distribution.

20Anderson(2003 p. 47) provides analysis for spherical and elliptically syetric distributions Owen and Rabinovitc(i.983;
Landsman and Valdg2003 provide applications of symmetric elliptic distributiomséconomics and finance.
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Proof. See Appendi2.B.2 O

Theorem 2.2.6(Existence of Generalized Cauchy distribution for MLA estimatdrt U =
(XL X XG)T be a vector comprised of the sample mean of loss and gain values relative to a
reference point X Assume thad is elliptic symmetric, and definé = AU. There exist 8 x 3

invertible matrixA such thatk /X® ~ € (a,b).

Proof. See Appendi®.B.3 O

2.3 The relative income hypothesis with myopic loss aversion

The main purpose of this section is to establish a nexus between loss aversion to decline in the
standard of living and the relative income hypothesis (RIH). This provides a basis for the MLA
index theory to be tested. We derive the consumption function undesenberr¢1949 RIH, and

prove that it is a piecewise linear versiontofihneman and Tverski1979; Tversky and Kahne-

man (1992 value function over gain and loss of incorffeAccording toShea(1995 pp. 798-799)
“Under myopia, consumption tracks current income. Thus, the failure of the [Life Cycle Hypoth-
esis/Permanent Income Hypothesis] should be symmetric: consumption should respond equally to

predictable income increases and decreases.” We use that observation as a basis for the following
Axiom 1 (Myopia). Under myopia, consumption tracks income.

Figure 2.37in Appendix 2.C.2 illustrates “myopia” under the “consumption tracking incéme
postulate for US nondurable consumption and real disposable income series. The US and South
Africa data used in the sequel were taken from publicly available data at the Federal Reserve Bank-

St. Louis (FRED database) and the South African Reserve Bank (SARB database) weébsites.

21Benartzi and Thalef1999; Barberis et al(2007) used related value function specification in their behavibasset pricing
models.
22pyailable athttps:/research.stlouisfed.org/freddhttp://wwwrs.resbank.co.za/webindicators/EconFinDat&R.aspx
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2.3.1 Reference dependence and the relative income hypothsesi

LetY; be disposable incomé=1,...,T, § be savings an@; be consumption of an investor at
timet soG + S =Y. Let M; be the running maximum income measured at tirfag all periods
before t i.e.,M; = maxpst Ys.

The running maximunh; is critical to our analysis. It is the variable that captures retro-
spective standard of living and induce nonseparability of consumption. Moreover, itis an indepen-
dently important subordinate income process. As a practical matter, it is measured over a finite slid-
ing windowu so thatViy(u) = max_u<s<t Ys. FOr example, if the real income distribution of an in-
dividual over the last five years {20,000; 25000; 19000; 27 000; 22 000}, then her maximum is
27,000. As that 5-year window slides over time it retains the highest maxima attained in retrospect.
To see this, suppose we considered a 10-years period obtained by concatenating the five years
above with the following five years income distributipt8 000;21 000; 26 000; 23 000; 26 500}

The highestincome in the last set is 360. However, the 5-year rolling window over the 10-years

includes

max{25,000; 19000; 27 000; 22 000; 18 000} = 27,000;
max{19,000; 27 000; 22 000; 18 000; 21 000} = 27,000;
max{27,000; 22 000; 18 000; 21 000; 26 000} = 27,000;
max{22,000; 18 000; 21 000; 26 000; 23000} = 26, 000;

max{18,000; 21 000; 26 000; 23000; 26 500} = 26,500

So the highest standard of living attained remained fairly stable at 27,000 until income systemat-
ically dropped in the last 5-years period. If income did not systematically drop over any 5-year
period, it will have only upward jumps. Over the entire 10-years peMag= max-s-10Ys =
27,000. The five years period was arbitrarily chosen. However, it is consistent with empirical lit-
erature on consumption and income, eguker and Julliar(2009; Guvenen et al2014); Bandi

and Tamoni(2019, and evaluation of life satisfaction over a period of time ylapzed in the

subjective well being literature spawned Gyntril (1965. For example,
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Figure 2.2: US Relative Income Over 60-months Sliding Window
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Duesenberry’s monthly relative incorg =, max t{Ys} is a running maximum for
—u<s<

real disposable incon¢ over a select window taken here to be a 60-months or
5-years sliding window over the period 2000:10-2012:11. The first 5-years of data in
the monthly time series between 1995 and 2000 is used to derive the first maximum
value 8016.3 above.
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Guvenen et al(20149) studied the cyclical behaviour of 5-year average income pfib@ome

earners over the business cydizndi and Tamon(2015 studied aggregate consumption growth

over heterogenous durations that subsume 5-year cycles to explain equity premia in their model.

Figure 2.2depicts a plot of the highest standard of living attained forre/&@ disposable income

over a rolling 5-year window. More will be said about the construction of that plot in the sequel.
Duesenberr{1949 p. 4) described his relative income model as follows:

“I'fin periods of steadily rising income the savings ratio is constant while in depressions
the ratio depends on current income and previous peak income, we can explain saving
with the relationS /Yy, = 0.25Y; /Yy — 0.196, whereS, andY;, are current saving and
disposable income respectively avglis highest previous disposable income. When
fitted to the data, this relation yields a high correlation. Moreover, it accurately predicts
the savings rates of 1947 D(esenberryl949 p. 4).

We parameterize those statements as follows:

Y G Y
— =00+ 01—, Mt = ma&x{Ys}, ap>0,01 >0= —-=1—-ap—a1— 2.3.1
Y o+ e M Ogsgt{ st 0o>0,01 Y 0 iy (2.3.1)
. . Y;
Y; > My = income gain Mt = 1+th (2.3.2)
t
. \4
Y; = M; = reference mcomeivTt =1 (2.3.3)
t
. Yt
Y; < M{ = income loss ﬁt =1-¢ (2.3.4)
t

where g- > 0 and g® > 0 are relative-growth rates of income, armj is a savings
rate factor. Note thatM; does not include the current period in its evaluation. In
continuous time the evaluation is over 0s < t~. In discrete time it is O< s <
t—1. We can rewrite 2.3.)-(2.3.4 for change in consumptiom\°CP as follows:

Duesenberry’s reference dependent change in consumption
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Theorem 2.3.1(RIH consumption function with embedded MLA index)

;

a(d))Y; +A°PCP if gain in income

C = { a(d))% if reference income (2.3.5)

a(d))Y; — AAPCP, A >0 ifloss of income

L
A°CP = —a1g®Y;, M= E‘—G|, a(d)=1—ap—0a (2.3.6)
Remark2.3.1 Since) is constrained to be positive by definition, we use the absolute Vgitiie

instead ofg- < 0.
Proof. See Appendi®.B.4. O
We formalize the embedded myopic loss aversion index in theggfiong with the following

Theorem 2.3.2(MLA to decline in standard of living)Myopic loss aversion to decline in standard

of living induces asymmetric response to anticipated gains and losses in relative income.]

In (2.3.9 a gain in relative income signifies an increase in savings &uotine in consumption
in (2.3.1). Whereas a loss in relative income induces decreased saugasymmetric or “ir-
reversible” increase in consumption iA.8.1) (Duesenberrye.g.,1949 p. 101); and<omlos
(2019). A; is areference dependeldss aversion index, arikPC[D Is thepiecewise [linear] change
in consumptiorconsistent with that ifrigure 2.1 Benartzi and Thale1995 p. 83) and3arberis
etal. (2001, p. 12) used a functionally equivalent piecewise linear vlmetion specification for
stock returns in their analyses. In fact, the variable referred to as “historical benchmark;fevel
in Barberis and Huan(R001, p. 9) is ourM; in (2.3.7). In Campbell and Cochrar(@999 habit

formation model a quantity likA°CP is referred to as a consumption surplus.

2.3.2 Relative income dynamics for US and South Africa

Figure 2.2depicts a plot of the RIH for monthly real disposable incoménawS. The standard of
living M;(u) is measured over a 5-year or 60-months rolling window. It jumps only when there is

an increase in real income or it stays flat otherwise. H&m¢a) is a subordinate income process.
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Cursory inspection shows that there was a persistent deditieistandard of living for at least
5-years after the onset of the Great Recession of 2008.

Figure 2.3depicts US real income growth, and relative income growth. “paen” or
intolerance associated with a decline in standard of living is reflected by the exaggerated downward
growth. According to2.3.5 and @.3.9 this reflects loss aversion to decline in consumption and
intolerance to decline in standard of living. The negative growth implies that the level of happiness
or well-being in the economy has declined.

Figure 2.3: US Relative Income Growth Over 60-months Sliding Window
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US monthly relative income growth is computed frgm= In(Y;) — In(M)
whereM; =, m<as>it{Ys} is a running maximum for real disposable income
—-u

Y; over a select window taken here to be a 60-months or 5-years sliding
window over the period 2000:10-2012:11. The exaggerated negative
growth reflects the psychological pain associated with loss of income and
consequent intolerance for decline in standard of living.

Figure 2.4is the South Africa analog dfigure 2.2 By virtue of Axiom 1 on myopic
consumption tracking income, and without loss of generality, we used semi-durable personal con-
sumption expenditure in 2010 prices as an instrument for income since a suitable income series

was unavailable at the SARB website. Cursory inspection shows that with few exceptions, the
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“consumption ratchet” is persistent.

Figure 2.4: South Africa’s Relative PCE Over 20Q Sliding Window
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Semidurable personal consumption expenditure (PCE) in 2046ss
used as an instrument for South Africa’s quarterly relative income.

M =, maxt{Ys} is a running maximum for the income instrumé&hbver
—u<s<

a select windowu taken here to be a 20-quarters or 5-years sliding window
over the period 1960:1-2014:1. The first 20-quarters or 5-years of data in
the quarterly time series is used to derive the first maximum value. Under
the consumption tracking income myopia hypothesis, the exaggerated
negative growth reflects the psychological pain associated with loss of
income and consequent intolerance for decline in standard of living.

Figure 2.5depicts the growth rates in quarterly personal consumptigermrditure (ZA
PCE) for 2010 base year for South Africa. The shaded regions coincides with the Soweto uprisings
around 1976; P. W. Botha’s hardliner Rubicon speech in 1984, prelude to democracy talks with the
ANC in the early 1990s, and the Great Recession in 2008. Thus, political uncertainty drives the

MLA index implied byFigure 2.5 Loss aversion accentuates the decline in growth rates.
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Figure 2.5: South Africa’s Relative PCE Growth Over 20Q Shigiftindow

0.1

0.05 |

o
——
. —

1980/04 J g
—
1998/02

)
-l
&
&=
=
; HII " Q o [
-] < o N ~w. i o S ™ o < N S N
[ O O O O agd oywe o 0 O O P P O o O O O 0 o @dlo o o
0 S~ TS TS S~ .I!- S~ S S~ TS TS S S~
N © 0 © N0 un o ("o o)) < © O d N N ®© N <
O O© O N~ NI QUlce 0 W 0 O B A D O O ©O O O @ ¢ o o
[ O O OO OO O O O W o 0\0\0\"’0\0\0\ o O O O O A © o o
[ L I IR B B B B | — D B I B B | N N N N N N N
=
b~ Y
2 0.05
@ It
0
(]
S
-0.1
-0.15

= 7 A RoIling 5yrs Impact of Loss Aversion to Decline in Growth of Standard of Living

=7/ (Semidurable) Personal Consumption Expenditure Growth Rate in 2010 Prices

South Africa’s quarterly relative PCE growth in 2010 pricesdasputed from
o = In(Y;) — In(M;) whereM; = thgas)it{YS} is a running maximum for the PCE instrument for

incomeY; over a select window taken here to be a 20-quarters or 5-years sliding window over
the period 1960:1-2014:1.

2.4 Probability weighting functions induced by myopic loss aversion

In this section, we show how-stable distributions are induced by utility based loss aversion, and
risk aversion, towards outcomes by projection of mollifiers (test functions) in the base topology
Be (%) in Definition 2.2.1 One of the empirical regularities of prospect theory is risdsng over
losses, and risk aversion over gaifisi(ineman and Tversk1979 p. 268). These are typically
represented by convex and concave utility functions over loss and gain domains, respectively. An-
other empirical regularity is nonlinear transformation of probabilifegith a probability weight-

ing functionsw(P). The latter carries probabilistic risk attitudeslosteller and Noge€1957)

conducted one of the earliest experiments to elicit utility functions from a mixed gamble in which
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probabilities were fixed and a certainty equivalent payoff elasted. Preston and Baret(@ 949

were the first to publish a plot of an inverted S-shape probability weighting functions (pwf) from
experiment datalMosteller and Noge¢l1957) found that the utility functions of several subjects
were convex over small sums of money and concave over comparatively larger sums. Furthermore,
they found that subjects probabilistic risk attitudes coincided with the Preston-Baretta finding. This
implies that probabilistic risk attitudes and utility risk attitudes are related to each other. This rela-
tionship is formalized irfPfanzag(1967) andSchneeweis€L974).

The inverted S-shape probability weighting function was popularized in the economics
literature byQuiggin (1982 rank dependent utility (RDU) model, andrersky and Kahneman
(1992 CPT model. The literature often treats pwfs as carriers digdistic risk attitudes distinct
from the risk attitudes characterized by utility functions. For exampigymidt and Zank2005
2009 argue in favor of probabilistic loss aversion based on amalgEpwfs. In this section,
we establish a theory based nexus between utility and probabilistic risk attitudes below. We also
provide a new proof of the nexus and use it to explain a seemingly misinterpreted experiment

result.

2.4.1 Skewed mixture distributions induced by reference point topology

Figure 2.6andFigure 2.7depict projection of the distribution of ranked outcomes thgiport a
mollifier centered at reference outcome. CPT is a rank and sign dependent modgl2000

based on separate application of rank dependent utility (RDW)dgin, 1993 over gain and loss
domains. To the extent that RDU is a generalized expected utility model, is the extent to which
concepts like Arrow-Pratt risk measure is applicable to the underlying subutility functions in CPT
(Kobberling and Wakkg2005 p. 128). In the economics literature a concave utility fumelike

that inFigure 2.6is often associated with risk aversiGhA risk averter transforms the underlying
objective distribution of outcomes relative to a reference outcomxge Points to the left of the
reference poink; are treated as “losses”, and points to the right are treated as "gains”. This
distorts the distribution and induces a left tail skew that corresponds to a fear of losses, i.e., loss

aversion. ThusFigure 2.6illustrates the connection between risk aversion and loasiawn.

23Hanssor(1989 argues against this notion and provides alternative defirstof risk aversion.

31



Figure 2.6: Risk averter utility function Figure 2.7: Risk seeker utility function

W

Convex

I Concave
* preferences

Risk attitudes over mollifiers centered at reference pginteft tail skew distribution
projected by risk averter iRigure 2.6implies risk averter avoids losses from tail risk.
Right tailed skew distribution projected by risk seekeFigure 2.7implies risk

seeker attracted to gains from long shot bias.

Figure 2.7depicts a risk seeker’s transformation of outcomes relatitied same reference
outcomex;. In this case, the effect of losses is muted and the effect of gains are magnified. This
is a manifestation of long shot biag!(, 1977 Golec and Tamarkirl999, and stocks as lotteries
phenomenoniarberis and Huan@00§ Kumar, 2009. It shows how DMs transform probability
distributions based on their preference for certain outcomes, see emxps(1987); Lopes and
Oden (1999 security/potential, aspiration (S/P A) theory. The riskkeeds overly optimistic
about gains relative to losses. This gain seeking behaviour is reflected by right tail skew.

We present the following analytic framework in the topological basisBsét,) for the
geometry above. Let~ .4 (0, 0?). Consider a second order Taylor expansion of a utility function

u around a reference poirt with “measurement erroré.

2
u(X + &) ~ u(xr)+eu’(xr)+%u”(xr) (2.4.1)
— APU(X) = U(X + &) —U(X) = a1 € + ao€? (2.4.2)

whereag = u(x), a1 = U (X ), anday = U”’(x)/2 are parametersa, < 0 for concave utility
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functions ando, > 0 for convex utility functions. So the Arrow-Pratt risk measuregat given

by

_ U'(%) . 2az
ra(X) = — Tx) (2.4.3)

Itis known that ife ~ .#'(0,02), thene? ~ g2 x2, whereE[x?] = 1 and variancg?] = 2
are the mean and variance of a chi-squared distribution with 1-degree of freédbrrsfn et a.
1994). Therefore, the utility transformation ir2 4.2 is a mixture normal anck?-distribution
weighted bya; andas respectively. The skewness and long tail features oftheistribution are
evident inFigure 2.6andFigure 2.72* Furthermore, Z.4.9 is characterized by excess kurtosis
inherited from thex? component. Moreover, imposition of Inada conditionsaig 1963 on
u imply that lim,ou'(x) = ™. Thus, a; can become quite large and explosive under certain
conditions. In which case the mixture distribution portended by the transformatiomissgable

distribution. Thus we prove the following

Proposition 2.4.1 (Existence of utility inducedx-stable distribution of outcomesYhe utility
transformation of reference outcome with normally distributed measurement error in the base
topology B(X/) induces a skewed mixture distribution that admits an alpha-stable distribu-

tion. O

Proposition 2.4.1provides further proof of the existence of anstable distribution induced by

risk attitudes around a reference poxpt It differs from the proof inDillenberger et al(2013

stake dependent probability weighting function. Those authors assume monotonic transformation
of preferences to facilitate their representation theory of presences based on a “state dependent”

probability distribution theory.

245kewness is measured by the formyle: “T?z where, and g are second and third central moments, respectiyely- 0
Hy
for the normal distribution ang.. = 2./2/k for the x2-distribution withk-degrees of freedom. For kurtosis = 3 for the normal
andk,2 = 3+ (12/k) for the x2-distribution. (Johnson et 311994). For excess kurtosis we subtract 3 so its 0 for the normal and

12/k for x? distributions.
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2.4.2 Optimism, pessimism, and probabilistic risk attitudesover ranked outcomes
Preliminaries—Normal distribution mollifier

Assume that the outcomesfhingure 2.6andFigure 2.7are ranked from worst to best on outcome
spaceX C R. Furthermore, Assumptior2.2.1allows us to use a normal distribution as mollifier
atreference poink, . For purposes of exposition we assume that the mollifier vanishesfox; |.
Thus, in ane-neighbourhood () centered ax, with &€ ~ .4 (0, a?), for x € B¢(x;), we have

X = X + & whereE[x] = x, andV (x) = g2. This allows us to use A-transformation of outcome
— X
O¢

Z transform space. If we chooge= {x|0 < x < 2%}, then the mollifier condition is such that

X o : .
spaceX such thatZ = . So the reference poin is transformed to reference point O in
it has compact support onx, /0: < z < X, /0s and vanishes outside of that set. Thugg) —
u(0) andu(x) — u(z) = u((x—x;)/0e) where lower case is an observed-score. Moreover,
u(—X/0g) < u(z) < u(X/og). Note thatAfu(x ) = u(X, + €) —u(x ) = a1Z+ azx is the change
in utility measured on the vertical axis relative to reference utility ) wherey is ax? r.v. So the

change in utility is a mixture distribution.

Endogenous outcome dependent probability weighting functions

Claim: If subjects overweight low ranked outcomes, then we expect that if the probability
supported by X x < X is p, then the probability supported by the projected utility interval
0 < u(x) < u(x) will be larger thanp. We prove this claim as follows.

We consider the probabilistic relationships

X— Xy
O¢

Pr{nggxr}:Pr{—g <z= <0}=p (2.4.4)
&

Pr{x <Xx<o}=P{0<z<ow}=1-p (2.4.5)

Recall that the mollifier vanishes far> ||, i.e., it is zero ovex; /0, < Zz< e« in (2.4.9. Hence
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the relationship inZ.4.5 supports the corresponding probability relationships envertical axis:

Pr{u(x +€) > u(x)} =Pr{u(x + &) —u(x) > 0} (2.4.6)
= Pr{A%u(x;) > 0} = P{onZ+ azx > 0} (2.4.7)
—Pz> -y —1-Pz< -2y (2.4.8)
ag ag
az
=1- (0exco) Pr{z < —a—lx|x = X} fe(x)dx (2.4.9)
9 _®
=1 (0xcen) P ( ) ) fu(x)dx (2.4.10)

wherefy(x) is the probability density function for @?-distribution withk degrees of freedom. In
our casek = 1. For the sake of exposition we consider the case of a risk averter smythad. In
which case—%x >0 and® (—%

ag ag
is consistent with values to the right of the reference pgin&fter substitution of the Arrow-Pratt

x) > p. Recall thatx, — 0 in Z-space so the latter inequality

risk measure froma.4.3, the inequality in 2.4.1Q becomes

Pr{Afu(x) >0} = 1— / ® (—% ) fie(X)dx (2.4.11)
{0<x<o0} ap
1- ® (Mx) fe(x)dx< 1—p f(x)dx=1—p (2.4.12)
{0<x<eo} 2 {0<x<eo}

We are interested in the probabilistic relationshipdPe u(x) < u(x;)}. This is functionally equiv-

alentto PfA, €u(x) <0} =Pr{0<u(x—¢) <u(x)} for 0 < x< X, ase runs through the interval
[0,%]. By virtue of the symmetry of the mollifier around the reference pgintwe have from

(2.4.19

Pr{A; fu(x) <0} = 1—Pr{Afu(x) > 0} (2.4.13)

= Pr{A fu(x) <0} >1-(1-p)=p (2.4.14)

A similar argument to the ones above hold for risk seekers. In thatazaseO and the direction

of the inequalities above change. Singavas arbitrary, ag, runs througtX, andp runs through
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Figure 2.8: Pessimist probability weighting function
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Figure 2.9: Optimist probability weighting function
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Figure 2.8is a sketch of the probability weighting function induced by sk
averter inFigure 2.6 Figure 2.9is a sketch of the probability weighting function
induced by our risk seeker Figure 2.7 Our ranking of outcomes is from worst to
best. InWakker(201Q p. 174) the ranking of outcomes is from best to worse so
concavity implies optimism and convexity implies pessimism.
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the interval 01], the corresponding pwf that overweighs th4.12 and underweighs ir2(4.149 is
traced.

So according to4.4.19 low ranked outcomes less thgt are underweighted and high
ranked outcomes abowe are overweighted. Thus, our claim is proved. Interestingly, the Arrow-
Pratt risk measure for outcomes is embedded in the probabilistic statements above,Z&1d), (

Thus establishing a nexus between utility risk aversion and probabilistic risk aversion. So in addi-

tion to probability distortiorw(p), pwfs are outcome dependent. Thus, we established:

Proposition 2.4.2(Probability distortion) Risk averters overweight low ranked outcomes, and un-
derweight high ranked outcomes. Risk seekers underweight low ranked outcomes, and overweight
high ranked outcomes. Probability weighting functions are outcome dependent functions of type
w(p,x) where x is ranked outcome, and p is the cumulative probability that corresponds to the

ranked outcome. O

The predictions of Propositior2.4.2are depicted irFigure 2.8andFigure 2.9 This probability
weighting scenario lies at the heart of rank dependent utility theory (RDU) populariz@dioyin

(1982 1993. To the best of our knowledge, the proof of Propositid.2based on mollifiers cen-
tered at a reference point is new to the literature. Armed with Proposi2ofidand 2.4.2one can

see that probability weighting functions are useful devices for analyzing tail rigksker(2010
provides a review of the “likelihood insensitivity” induced by tail risk. That is, outcomes near rank
extremities are overweighted or underweighted accordingly, while outcomes in the “middle” ranks

are relatively flat compared to the linear probability associated with expected utility.

Explaining economic experiments results on skewness preferences

Kraus and Litsenberggi976 p. 1086) argued for a class of utility functions that accomatesl

risk averse investors while at the same time allowing for third moments. Their reason for doing so
is based on factors that support concave utility functiagaslec and Tamarki(1999 proposed a

cubic utility model in which they interpreted the coefficients of polynomial terms as risk attitude
parameters. They tested that specification with data on horse race track betting and found that

bettors were skewness loving but not risk loving.
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A recent experimental study bystebro et al. (2015 used a structural model, based on
constant relative risk aversion (CRRR)andPrelec(1999 model of probability weighting, to test
the skewness preference hypothesis. Prelec’s two-factor pmfps= exp(—B(—1In p)¥) where
B controls elevation, i.e., degree of optimism, and@ontrols curvature, i.e., degree of likelihood
insensitivity. For O< 3 < 1 the pwf captures optimism. F@r> 1 pessimism. If O< o < 1, then
the pwf is inverse S-shaped like iigure 2.8 Fora > 1 the shape is skewed S-shaped like that in
Figure 2.9 On the basis of those structurésitebro et al(2015 found that, among other things,
stbjects made riskier choices when lotteries displayed positive skew. They identified probabilistic
risk seeking, i.e., the shape of probability weighting functions is &sgare 2.9 as the explanatory
factor for this behaviour. However, they claimed that their study found no evidence of utility based
risk seeking.

According to Proposition2.4.1one can introduce skewness and kurtosis in preference
based models without resorting to third order expansion by virtue of inclusion offHactor.
This observation seems to have escaped analysts who use third order expansions. For example,
the probability relationships ir2(4.12 show that likelihood insensitivity or tail risk is controtie
by the presence of the Arrow-Pratt risk measigéx;) in the probabilistic statement. That risk
measure is negative for risk seekers and positive for risk averters. Ao et al (2015 mis-
interpreted their results when they claimed to have found evidence of optimism (from probabilistic
risk attitude factors) but not risk loving (from convex utility) among the subjects in their experi-
ments.Figure 2.7plainly shows that a convex utility function induces an opétiai pwf so the two
are substitutes for each other. A finding for one is equivalent to a finding for the other. The more
likely explanation is that théstebro et al(2015 econometric specification may have crowded out
the convex utility factor. This is all the more likely given their finding that “[t]here are significant

rates of decision errors” (p. 203) among subjects in their experiments.

2.4.3 Probabilistic preference for skewness in US and South Africa income growth

This section provides empirical evidence that support our theory of skewed distributions induced

by risk attitudes over mollifiers centered at reference points.

25Under CRRAu(X) = x1"A/(1—rp) wherer  is Arrow-Pratt risk measure.
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Figure 2.10represents the distribution of US real income growth fitted toatiery of
candidate probability density functions. Refer to Appendi®.3 for computer diagnostics on
fits. All the fitted distributions are leptokurtic—a characteristieedtable distributions, and they
are candidate mollifiers. The Cauchy distribution emerges as one of the best fitted distributions.
We applied the RIH procedure inhered in TheorelrB.2to generate a distribution of income
growth relative to a 5-years standard of living. Thi¥,is ade factoreference point. We fitted a
battery of probability distributions to the transformed distribution as showiigare 2.11 Refer
to Appendix2.D.4for computer diagnostics on fits. Cursory inspection showsttteageometry
of Figure 2.6and predictions of Propositior2.4.1are bourne out. Most important, tleestable
prediction in Theoren2.2.6for the MLA index also has currency.

Figure 2.1depicts the probability distribution functions fitted to Soifrica PCE growth
data. Again, the Cauchy distribution emerges as a fitted probability distribution function. Consis-
tent with Figure 2.6and Propositon2.4.1the underlying probability distribution is distorted by
risk attitudes about outcomes.

It should be noted that the analyses above apply equaiygtare 2.7 In Appendix2.C.3
and AppendixX.C.4 Figure 2.3&ndFigure 2.3%epict a “reflection effect’{ahneman and Tver-
sky, 1979 p. 268) for growth rates. That is, the signs of the growth ratesshanged. Substitution
of the reflection growth rates would reverse the direction of the skew in the analysis above to

characterize risk seeking behaviour depicteBigure 2.7

2.5 Application to income and consumption growth

In this section we provide a simple apparatus for estimating the MLA index with time series data
for income and consumption. We derive a “marked MLA index procésaiid introduce some
new results and econometric tests for MLA index behaviour.

Data on real income and consumption growth are characterized by runs. For example, in

26Data from a marked point process are representedtp(t;)) where the time-point; of observing the phenomenon is
generated by a process independent of the process geneXatifige idea behind the term “marked MLA index process” is that
some independent event in the economy causes a run of losses and gains in income, relative to a reference income, from which an
MLA index can be computed. This event is a “mark” that can be modelled as a random variable attagh&®ter toCox and
Isham(198Q p. 131) for illustrate examples of marked point process.Kdidpoint processes are outside the scope of this paper.
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periods of increasing income we can expect to see runs of yposélative income growtlg®.

For falling incomes, we would see runs of negative income gragth These runs are mani-
festations of information based economic activity. Assume that there are a td€ahoh-zero

runs each of lengthy generated by an arbitrary time series of lengthwherek=1,... ,K and

T =n1+---+nk. According to R.3.6 the loss aversion index is characterized by a gain-loss pair
(g%, 0F). De Neve et al(2015 p. 19) used the phrase “macroeconomic loss aversion” to recom
mend that “future research should consider positive and negative economic growth rates separately
in piecewise analyses in order to more accurately interpret the gradient for the general relation-
ship between economic growth rates and subjective well-being.” That statement is functionally
equivalent to Theoren®.2.2which contemplates the estimatbr= g-/g®. Thus, we propose the

following estimation strategy for the “macroeconomic loss aversion” index in our study.

2.5.1 An empirical strategy for constructing the MLA index process

We illustrate the procedure for implementing Theor2rf.2in discrete time with the following ex-

arple. Suppose tha' 5, g-,, g" 1, 0 . ¢%.05 is an observed sequence of losses
302,071 O 1,92

local refi i ;
block of losses 0cal reference poingock of gains

(g- < 0), and gaingg® > 0) adjacent to, and separated from, each other by the local reference point
0,i.e.,g-; <0< g¥. The negative subscript is used to highlight the fact that the runs are to the left
of 0. Each run of gains or losses constitutes a block. igere (g-;+9-,+d" ;) /3 is the average

over the run (or block) of losses; agll = (9§ + ¢5)/2 the average over the run (or block) of gains.
According to Theoren2.2.2 the MLA index estimator in correspondence with the joint klo€

gains and losses %= —g-/g®. We reiterate with a numerical example. Consider the sequence
of losses and gains:-0.04, —0.02, —0.03, 0, 0.01, 0.02. Hereg- = —(0.044-0.02+0.02)/3 =

—0.03 andg® = (0.01+0.02)/2 = 0.015. Hencel = — (—0.03/0.015) = 2.0. We abstract from

this procedure below.

Axiom 2 (Blocks of growth) Every economic time series generates a block or run of negative

(loss) growth rates followed by a block or run of positive (gain) growth rates.

Let gthk_l be the observation at tintgincluded in the R— 1 “marked block” of losses. For

example, the block is marked by some random event in the economy which generated the run of
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losses. For notational convenience we wifte * instead of-t%~1. It being understood that the
observed block of negative growth(< 0) is to the left of the local reference point 0. 6@_1 is

a random variable. It is the “marked observation” at tiffe where the latter should realld time

in the “marked block” R—1 fori =1,2,...,ny_1. Let ggjgk be the observation at tingincluded

in the adjacent®block (separated from the&k2- 1 block by local reference point 0) of gains where
j=1,2,...,nx. Here, the observed marked block of positive grovgh £ 0) are to the right of

the local reference point 0. Similarlgt?k is a random variable. We use even and odd subscripts

for blocks to emphasize their non-overlapping feature.

Definition 2.5.1 (Topology of gains and lossesl et @5,(_1 and %’?k be adjacent open sets or
marked blocks of growth rates for losses and gains, respectively, in a univariate time séries of
growth rates. Let# = {ny,...,nx_1,N«} be the set oK block lengths, and =n;+--- +

Nk _1 -+ Nok. Song_1 € 4 is the number of observations ;@'Z-k_l, andny € .4 is the number

of observations i85 . Thus, we have

‘@Iz_kfl - {gtl_fk_l,...,g%glzll}, @S(: {thfk”gt(r%k} (251)

- ~~ _J a/_/

block of losses block of gains
PBok-1,2k = {%"ik_l o{0} & %’Sk}, Br =P, Px1.x (2.5.2)

MLA index generator
K
#°={g=0/g€ %1} C (| Baw1,% (2.5.3)
k=1

whered is a concatenation operation defined so that

L G L L G G
PBok—1,2« = Bo_1D {0} By = Q215,021 ,0, Q2ks - - - Gpak
1 Nok—1 1 N2k

is the joint distribution of growth rates that generate ke 1)th MLA index. And@ is the global
concatenation operation that reconstructs the joint distribution of growth rates for the entire time
series%r in (2.5.9. Here # is the (closed) zero set comprised of the local reference point 0

common to all blocks. O
Lemma 2.5.1(MLA index operation) There exist an operatdfy_1 such thatly_1 : Box_1 ok —
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Ak-1. O

Remark2.5.1 After dropping the subscrit— 1, the “existence” operatiofl is decomposed into

the operations = £9V« £24d. |n matrix operator term&9V is a 1x 2 matrix, and¢2d9is a 2x n

matrix where the elements of each matrix are suitably defined fox & vectorv comprised of

gains and losses such that %y 1 . For example, one row o£29d contains 1's that pick up
gains, and the other row contains -1 that pick up losses, with zeros used as filler for non-gains and
non-losses in each row. Thusyif= [g1, 02,93, —da, —0s] " is 5x 1 then the 25 matrix for addition

is cadd — (111 0 0] The elements of th&dV = [o, 353 ,q] matrix are suitably defined to

compute the MLA index from the column(s) 8f9%. SoA = gev= (2 ,0/2)/(53 ,0;/3) O

Implicit in Definition 2.5.1is the presumably negligible event
#°={gn =00 gfj%k =0}, i=1,2....,Mac1, j=12,...,Nx (2.5.4)

Here,#° contains the event of zero growth included in a block of losses or gains where such zero
growthis not a reference poinfThat is, it does not separate gains and losses but is contaitied

a gain or loss block accordingly. The foregoing gain-loss topology set the stage for the following

Theorem 2.5.2(Empirical MLA index). Let %7 be an observed sequence of growth ratgsfor

income. Define the arithmetic mean growth for a block of gains (G) and losses (L) as follows:

Nok—1 AL
Yiz1 021
i

O = oy Y1 € P (2.5.5)
Nk ~G
o (P o e (2.5.6)
gn2k - Nok ’ gtj2k 2k .

The empirical myopic loss aversion index estimator generated by the opegatigron o1 o,

l.e., Ly 1 PBa_1,2 — A1, IS given by:

L
/\H:%, k=1,...,K, Ao=0 (2.5.7)
gn2k

In particular, the sequence of ordered pa(@;l,gﬁz), ey (thk_l,gﬁzk) generates the distribution
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{Xl, . ,XKfl} of MLA index estimates from the operatiodys. %12 — A1 ..., Lk-1: Bok—1,2« —

Ak_1. O

Remark2.5.2 In this setup, the sequence always starts with a block of losses followed by a block
of gains—the two blocks being separated by 0 and so on. One weakness of the procedure is that it is
sensitive to the starting block. So if we start with a block of gains followed by a block of losses, we
will generate different MLA index estimates compared to if we start with a block of loss followed

by a block of gains. So the estimates are not “ordinal independent”.
By virtue of the above, we claim thﬁt(,l is iid.
Proposition 2.5.3(MLA index independence)The distribution{ﬁl, e ,XK_l} of MLA index es-

timates, generated by the operatiofis: %12 — A1 ..., £k_1: Bok—1,2« — Ak—1, IS independent

and identically distributed.

Proof. See Appendi2.B.5 O

Functional implications of lognormally distributed income

In keeping with the literature on income and consumption, we assume that income is lognormally
distributed (see3attistin et al.(2009 for a recent review of the literature). Thus, we assume

Y ~ In¥ (ly,02) with probability density functionf (y) = (yo\/2n)_lexp<—{'”2ya_2“ ) See
y

e.g.,.Borowiak and Shapir(2014 p. 26) for details. Thus, ¥ =1 & the start of a given period, and
g is income growth over the period, then at the end of the péfiedl+gand InY =In(1+9) ~

g~ A (Hy, af). Accordingly, we make the following

Assumption 2.5.4(Lognormal income)Income Yis lognormally distributed, and income growth

gy is normally distributed. O

It is known that if the numerator and denominator2n5(7) are normally distributed then
Xk has a standard Cauchy distribution characterized by probability density furi¢fior= [r7(1+
(A —)?)]~%, wherep is a measure of location, and the sample medign- AN (7T.5, R) is an
asymptotically normal consistent estimator for sample si¢ecrfling 1980 p. 85). However, the

numerator and denominator are drawn from a truncated normal. Vizly, gains from the right half
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and losses from the left half. By symmetry, gains and lossedraken from the same law_(nlar,
2011, p. 331). So the ratio is actually a truncated or generalizatciBadistribution which lies
entirely in the positive quadrant. Thus, our estimator is consistent with the predictions of Theorem

2.2.6 We summarize this formally.

Proposition 2.5.5(Statistical test for MLA index)Let Y € %t be a lognormally distributed real-
ization of income with growth rateyg~ 4" (y, 05) in the reference point basis set @) under
assumption2.2.1 Let uy be a reference point, and defink g Loy <) and ¢ = Lrgy>p,y- We
claim thath ~ % (a,b) with sample mediams ~ AN <n5, %) .

Proof. See Theoren®.2.6andWalck (2007, Ch. 7, p. 31). O

A
Remark2.5.3 In practiceb is replaced by a maximum likelihood estimate (MLE) For robust

testsb = %(Qg — Q1) where Q3 — Qq is the interquartile range for. We setb = 1 for standard

CauchyX ~ % (0,1) soTis ~ AN (n5, 4—“2) . O

Motivated by Theoren®.2.6we introduce the following processes.

Definition 2.5.2 (Subordinator) (Cinlar, 2011, p. 279) LetS= (S);cr+ be an increasing right-
continuous stochastic process with state sfidteandS = 0. It is said to be an increasing Lévy

process (or subordinator) if

(a) the increment§, - S, S, —S,.--.,S, — S, , are independent far> 2 and 0<tp < t; <

.- < tp, and
(b) the distribution of the increme&, , — S is the same as that &, for everyt anduin R*.

The property (a) is called the independence of increments, and (b) the stationarity of the incre-

ments. |

Definition 2.5.3 (Cauchy process)(Cinlar, 2011). Let (Q,.#,P) be a probability space where
Q is a sample spac®, is a probability measure of2, and.# is the o-field of Borel measurable

subsets of2. Let T, be the first crossing time of levalfor the running maximum of a Brownian
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motionB, i.e.,Mi(w) = max<s<t Bs(w) for somew € Q. Thus, we have

Ta(w) = inf{t > 0; M;(w) > a} (2.5.8)

M (w) =inf{a> 0; Ta(w) >t} (2.5.9)

If W (w) is a Brownian motion independent Bf(w), thenC{(w) = W, (w) is a Cauchy process

that depends on the subordinalgr O

The next proposition follows readily from Theorer®.2.§ Proposition 2.5.3 and Proposition

255

Proposition 2.5.6 (MLA index as Cauchy r.v) The MLA index estimatod admits a Cauchy

random variable (r.v.).
Proof. See Appendi®.B.6. O

Assumption2.5.4implies thaty; admits a Geometric Brownian motion (GBM). Thus, the
Cauchy process induced by lognormally distributed income can be modelled as a subordinate or
time changed GBMCH(w) = \/\L}Z1 for some GBMW," (w). Refer toKaratzas and Shre @991,

p. 174) for details on time changed Brownian motion. Hence, Axiomplies that intolerance to
decline in standard of living can be modelled as the running maximum of a Cauchy process. We

state that formally as

Theorem 2.5.7(Intolerance to decline in standard of livindf C(w) is the Cauchy process
induced by myopic loss aversion, then the subordinate progeé$sC= max_s-t G (w) mimics

a decision maker’s intolerance to decline in standard of living. O

2.5.2 Statistical tests of MLA index estimator theory

In this subsection we provide the results of statistical tests ofoestable theory of the MLA
index. The tests are applied to published data from surveys, a meta study, and our own estimates

from applying Theorem2.5.2to income and consumption data from US and South Africa.
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Table 2.1: Diagnostics for MLA index around the world

Statistic Value | Percentile Value
Sample Size 45 Min 1

Range 4.5 5% 1.132
Mean 2.0731 | 10% 1.318
Variance 0.63346| 25% (Q1) 1.635
Std. Deviation 0.7959 | 50% (Median)| 2

Coef. of Variation| 0.38392| 75% (Q3) 2.06
Std. Error 0.11865| 90% 3.132
Skewness 2.2889 | 95% 3.832
Excess Kurtosis | 7.3994 | Max 5.5

Fitting the distribution of MLA indexes around the world

Summary statistics for a-stability of MLA indexes around the world

To illustrate the robustness of our theory, we analyze the MLA index estimates for loss aversion
around the world published iRieger et al(2011, Table 2, p. 7). The data is reproduced in Ap-
pendix 2.C.1 Those numbers were generated from hypothetical choices umvaysinstrument
administered to mostly university students in forty-five different countries. All the index values
are greater than or equal to 1.0 with a maximum of 5.5 reported for Georgia.

The descriptive statistics ifable 2.lindicate that the distribution of MLA index estimates
is skewed (skewness coeff.=2.2889) and leptokurtic (excess kurtosis = 7.85994e 2.14shows
the ten best distributions fitted to the world MLA index data. Refer to AppeBdix6 for details
ondistribution ranks and fits. All the distributions are members ofakstable class popularized
in the actuarial science and economics literatutest(oradnitsky and Tagp0994 Kleiber and
Kotz, 2003. In fact, the generalized Cauchy distribution with MLE soél& 0.21558, and MLE
Iocationﬁ = 1.9422), is ranked as the best fitting distribution by the Kolmogorov-Smirnov and
Chi-squared goodness of fit tests, and ranked as the fourth best fitted distribution by the Anderson-

Darling?’ goodness of fit test.

Fitting the Fishburn-Kochenberger MLA index metatstudy data

27This is a nonparametric goodness of fit test that is sensitive to tail behaviour in distributions. Réfefetwon and Darling
(1959.
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Kahneman and Tversi{1979 p. 280) referenced theishburn and Kochenberg€r979 metas-

tudy as one of many pieces of evidence which supports their loss aversion theory. The MLA index
estimates in that metastudy were generated from data points collected from eyeballing plots in
published papers. Thus, the data is quite noisy. Nonetheless, they employed a procedure, related to
Theorem?2.2.2in this paper, to estimate local piecewise linear (“two-pigaélity functions. The

majority of functions were concave over gains and convex over losses. The Fishburn-Kochenberger
procedure provides contrast to the distribution of MLA indexes obtained from hypothetical choice

data in survey instruments in thgeger et al(2017) study described above.

Table 2.2: Diagnostics for Fishurn-Kochenberger
MLA index metastudy data

Statistic Value | Percentile Value
Sample Size 30 Min 0.8
Range 164.4 | 5% 1.295
Mean 12.34 | 10% 1.83
Variance 876.65| 25% (Q1) 2.825

Std. Deviation 29.608 | 50% (Median)| 4.85
Coef. of Variation| 2.3994 | 75% (Q3) 7.725

Std. Error 5.4057 | 90% 22.96
Skewness 5.0684 | 95% 87.925
Excess Kurtosis | 26.809| Max 165.2

Summary statistics for a-stability of MLA index metastudy data
The descriptive statistics ifiable 5.3are for the loss aversion index estimates reportedidn-
burn and Kochenberggi 979 Tales 1A, 1B, pp. 508-509) for their two-piece linéar L) local
utility function. Conceptually, the “two-piecg.~ L™)” is functionally equivalent to the piecewise
linearized utility function depicted iRigure 2.1 The statistics show that the index is right skewed
and extremely leptokurtic. Th&ishburn and Kochenberg€r979 data were best fitted to a Log
Pearson Type Il distribution = 0.32514 for Anderson-Darling goodness of fit statistic). How-
ever, the data admits a generalized Cauchy distribu{t%)ﬁ 1.9938 ﬁ = 4.1153 which was not
rejected at thep = 0.20 level for the Kolmogorov-Smirnov and Chi-squared test statistic. Refer to

Appendix2.D.5or details on function ranks and fit§.

28 Fishburn and Kochenberg€r979 also reported extreme values for the loss aversion indexji= 3300,A = o for a two-
piece exponentialE~ E™) local utility function. However, that functional form is not part of the analysis depict&dguare 2.1
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US MLA index for intolerance to decline of standard of living

Figure 2.16depicts a plot of the empirical MLA index for US monthly real ame computed ac-
cording to Theorem2.5.2 The plot is based on a “marked time series” constructed byacen

the elements of eac%'z-k_l set with the loss aversion indax(_l generated from#y_1 2. The
observations in th@?k component of that block were “zeroed out”. In that way the MLA index

is restricted to loss domain. That procedure gave the plot a tableau look over losses. The explo-
sive values for the index, in or around 2004, coincides with Hurricanes Charlie and Ivan which
resulted in many deaths. Hurricane Katrina was even more devastating in 2005. In 2008, the Great

Recession 2008 with prolonged effect.

Figure 2.16: Pseudo time series plot of US MLA index

36
34

32 ﬁ
30
28
26
24
22
20
18
16
14
12
10

US MLA index

O N B O ®

2000-10-01 @
2008-04-01 @

2008-10-01
2009-04-01

2009-10-01
2010-04-01

2010-10-01
2011-04-01
2011-10-01
2012-04-01
2012-10-01

2005-04-01
2007-10-01

2001-04-01 =
2001-10-01
2002-04-01
2002-10-01
2003-04-01 =
2003-10-01 %
2004-04-01 &
2004-10-01 g
2005-10-01
2006-04-01
2006-10-01
2007-04-01

The MLA index in 2.3.5 is estimated over monthly real disposable income in US bydifigi the average
relative growth rate for loss of income by the average relative growth rate for gains in income for
60-months sliding windows between 2000:10 and 2012:11. The loss aversion index is time and state
dependent. Its value is backfilled and displayed in the plot over periods with loss of income.
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Summary statistics for a-stability of US MLA index

Table 2.3provides descriptive statistics for the US MLA index estindateaccord with The-
orem 2.5.2 The excess kurtosis of 6.3515 confirms that the MLA index isoleyrtic. Even
though the median MLA index value of 1.9163 is consistent with that reported in the behavioural
and experimental economics literature, the mean is over 3 times as large and the variance is quite

high. These are characteristics of@sstable distribution.

Table 2.3: Diagnostics for US MLA index

Statistic Value | Percentile Value
Sample Size 14 Min 0.13896
Range 33.862| 5% 0.13896
Mean 6.2046| 10% 0.14787
Variance 85.959| 25% (Q1) 0.90275
Std. Deviation 9.2714| 50% (Median)| 1.9163
Coef. of Variation| 1.4943| 75% (Q3) 8.2694
Std. Error 2.4779| 90% 25.349
Skewness 2.4209| 95% 34.001
Excess Kurtosis | 6.3515| Max 34.001

Figure 2.17is an empirical plot of the US MLA index series adjusted for thedmn
MLA index value of 2.25. So that (X) =1/[m(1+ (X —2.25)?)]. The plot provides a visual
image for the descriptive statistics Table 2.3 However, the MLE estimates for a generalized
Cauchy distribution returne(% = 1.4716 for the scale parameter, afwk 1.6182 for measure of
location. Three popular goodness of fit measures: Kolmogorov-Smirnov, Anderson-Darling, and

Chi-squared tests, upheld the generalized Cauchy fit gt 1€.05 level.
Statistical tests for US MLA index independence

Proposition 2.5.3posits that the MLA index is independent. Consequently, weilshioot
find autocorrelation between them. To test this hypothesis we ran a simple autoregression which

produced

~

Aaciz= 176 — 0.245 Az s 2 (2.5.10)
(p=0.048) (p=0.438
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where the subscripts fok emphasize that MLA indexes were estimated in accord with the set
PBx-1.2« k=1,...,K. The intercept term is statistically significant@t= 0.05 but the coefficient

on the autoregressive term is not statistically different from 0 apthe0.438 level, i.e., we could

not reject the null hypothesidp : B = 0. Hence, the proposition is upheld at the= .05 level.

Figure 2.40n Appendix2.C.5provides a plot of the relationship.

Figure 2.17: Empirical distribution of US MLA index
f(A) = :

T m1+(A-2.25)7

0.35

=2.25

Cauchy transform with median

| T
0 5 10

Table 2.4provides further diagnostic tests for the MLA index. We conegiatest results
for the median-value hypothedi : A = 2.25 vs. Hy : Hp not true, for three variations of the
asymptotic distribution for the sample median of a Cauchy distribution: standard Cauchy, robust
Cauchy, and generalized Cauchy. Keeping in mind that the tests statistics contemplate large sam-

ples while our sample size is smallrat= 14. At thep = 0.01 level the standard Cauchy failed to

rejectHp in five out of fourteen or 26% of the MLE index estimates. In contrast, the robust Cauchy
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Figure 2.18: Pseudo time series plot of South Africa MLA index
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South Africa’s numbers are generated from personal consamptipenditure
in 2010 prices.

and its MLE counterpart upheld nine out of fourteen or 64% of the estimated MLA index values.
In this case the standard Cauchy over reje¢tgd This may be because that test statistic
fails to take the scale parameter into account. The scale parameter is related to the interquartile

range for the robust Cauchy statistic, and it influences the MLE Cauchy statistic.

ZA MLA index for intolerance to decline of standard of living

Summary statistics for a-stability of South Africa MLA index

Figure 2.18depicts a plot of the empirical MLA index for South Africa quaty semidurable
PCE data computed according to Theoreh5.2 2° Cursory inspection of the plot shows that

it is explosive around the time of the Soweto uprisings in 1976, P. W. Botha’s hardliner Rubicon

2%e restate here the description usedsittion 2.5.2The plot is based on a pseudo time series which was construgted b
replacing the elements of eac%%hl with the loss aversion indeﬁk_l computed from concatenation blockKy_1 2. The
observations in théBgT( component of that block were “zeroed out”. In that way the MLA index only corresponds to losses. That
procedure gave the plot a tableau look over losses.

56



speech around 1985, and pre-democracy talks with the Africiohll Congress (ANC) in the

early 1990s. Thus, the index is sensitive to political uncertainty.

Table 2.5: Diagnostics for South Africa MLA index

Statistic Value | Percentile Value
Sample Size 16 Min 0.07807
Range 20.315| 5% 0.07807
Mean 2.4611| 10% 0.09636
Variance 26.705| 25% (Q1) 0.27523
Std. Deviation 5.1677 | 50% (Median)| 0.66892
Coef. of Variation| 2.0997 | 75% (Q3) 1.5212
Std. Error 1.2919| 90% 11.842
Skewness 3.2348| 95% 20.393
Excess Kurtosis | 10.911| Max 20.393

Statistical tests for South Africa MLA index independence

A weak form test of Propositior2.5.3for MLA index independence was conducted with a

simple autoregression which produced

~

o= 2300~ SRR @511
where the subscripts fok emphasize that MLA indexes were estimated in accord with the set
PBax-1,2 K=1,...,K. The intercept term is statistically significant at he- 0.10 level SOl is
independent. However, the coefficient on the autoregressive term is not statistically different from
0 at thep = 0.679 level. A plot of this relationship is presented in Apperelik.6

Figure 2.19is an empirical plot of the South Africa MLA index series adgadtor the
median MLA index value of 2.25. So theﬁ(ﬁ) =1/[m(1+ (X —2.25)2)]. The plot provides a
visual image for the descriptive statisticsliable 2.5 The MLE estimates for a generalized Cauchy
distribution for South Africa data aré = 0.36797 for the scale parameter, aﬁld: 0.57702 for
measure of location. Three popular goodness of fit measures: Kolmogorov-Smirnov, Anderson-

Darling, and Chi-squared tests, uniformly upheld the generalized Cauchy fit ptth05 level.

57



Figure 2.19: Empirical distribution of South Africa MLA index
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Table 2.6displays the results of statistical tests for whether SoutticAfMLE index values
are statistically equivalent to the median value of 2.25. The robust Cauchy test uniformly rejected
the South Africa MLA index values as being statistically equivalent to 2.25. The standard Cauchy
and MLE Cauchy upheld the null hypothesis in only two of the sixteen or 12.5% of the values at
p = 0.05. Most of the MLA index values were less than 1. This implies that South Africans tend
to be risk (gain) seeking/(akker, 2010. That is, their utility function is convex over gain domain
and steeper than that for loss domain. In the contex2d.§ this implies that the impact of loss
of income on consumption is much lower than it would be for a similar loss in the US. Here, the
standard Cauchy and MLE Cauchy upheld the same values pttH&05 level. For US data, the

two tests statistics did not agree on the same MLA index values.
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2.5.3 Macroeconomic loss aversion and cross-country uncertdy avoidance

The Hofstede uncertainty avoidance index (UAI is a popular measure of cross-cultural attitudes
towards uncertainty in the literature on international business. It is computed from survey item
response and data reduction techniques like cluster analysist¢de 1983.3° The survey is
typically given to employees in a sample of firms within a given country and the UAI score is
assigned to the country. For example, the US UAI score is 46 while that for South Africa is 49 and
the international business literature treats the two countries as if their attitudes towards uncertainty
is similar. Hofstede(1983 p. 53) provides details on the theory and credits the 1963oadif

Cyert and Marci(1992 with the phrase “uncertainty avoidance”.

Our cross-country analysis of loss aversion between the US and South Africa provides
contrast to UAI type survey item response, and use of incentivized experiments in measuring risk
attitudes.Anderson and Mello(2009 found that risk preferences were not stable across survey
response and incentivized experiments for the subjects in their experimierits(2012) finds that
risk preference is stable at the level of the individual but very heterogeneous among individuals
from the survey item responses in her study. Howevenpola(2014) finds that domain specific
suveys are more effective in eliciting risk preferences in some situations. The empirical evidence
in income and consumption data for US and South Africa in our study show that risk attitudes
in the two countries are markedly different from that reported in surveys and experiments. So
our empirical strategy provides a mechanism for measuring macroeconomic risk attitudes like loss
aversion with hard economic data. This allows for a more internally consistent method for cross-

country risk attitude comparison up to measurement error in macroeconomic data.

2.6 Application to information based asset pricing

In this section we show how the MLA index applies to information based asset pricing. It serves
double duty as jumps in a subordinate Cauchy process for information flows in asset pricing of

defaultable binary bonds, and as the source of loss aversion to default. Unless otherwise stated we

30Refer to Hofstede indexittp://www.clearlycultural.com/geert-hofstede-cultenlanensions/uncertainty-avoidance-indétie
index is computed from a formuldAl = 40 x (Q18 — Q15) +25x (Q21 — Q24) +C whereC is a constant, an@# is the average
item response for questi@¥ in the Values Survey 2013 Module availablengp://www.geerthofstede.nl/vsm2013
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make the standard assumption that uncertainty in the modehrsicterized by a probability space
(Q, #,F,P) whereQ is the underlying sample spac#, is ac-field of Borel measurable subsets

of Q, F is a filtration of information%s C .%#;, s<t, andP is a probability measure.

2.6.1 MLA and Cauchy information flow for defaultable binary bonds
Preliminaries

To fix ideas we define a defaultable binary bond over a finite dura@ioh| as one which has a
terminal cash flowHt € {hg, h1}. The creditor recoversy upon default with probabilitypg or she
receives the contracted amountwith probability p1 wherepg+ p1 = 1. SoHry is based on a
binary outcome: default or no-default. LBt be a discount factor, ari&it be the bond price at
timet < T. We assume that information flows with an “activity rate"The bond is thinly traded
whenc is small so the price moves only when there is new information that affects the beliefs of
traders. Refer t@lark (1973 for an early review of the activity rate or trading times cqotcéviore
recent models bizarr and Wu(2004) use the phrase “business time” to distinguish the activiy ra
from “clock time” in their option price model based on subordinate Lévy processegea and
Jamungal (2013 used marked point processes to model activity rate in a mamnl@bstructure

model of high frequency trading.

Defaultable binary bond pricing

The price of the bond is given by
Bir = RTEF[Hr| %] (2.6.1)

The goal of information based asset pricing is to characterize the informatignwith a suitable
stochastic process. For instantgyle (2010 §7) model information flow with a Cauchy random
bridge (CRB) among other candidate bridge processesle et al.(2011) model the information

flow as a Lévy random bridge (LRB) process. More reciémt; et al (2014 extended the model to

more abstract processes based on a conditioning information theory. Our contribution extends the

information process to myopic loss aversion to default that mimic jumps in a Cauchy information
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process.

Figure 2.20: A Cauchy process sample path
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Source:https://almostsure.wordpress.com/2011/02/25/proedidevy-processes/#more-1052

Figure 2.20depicts a simulated Cauchy proc&Sw). In Theorem 2.5.7, the process

CY" (w) is comprised solely of the positive jumps@Yf (w) and remains flat otherwise.

Figure 2.21: US MLA Subordinate Credit Figure 2.22: South Africa MLA
Risk Index Subordinate Credit Risk Index
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The subordinate “credit risk index” proceS¥’ (w) is comprised solely of the
independent (positive) jumps of the Cauchy pro&@S&w) and remains flat
otherwise. The positive jumps are the MLA index estimates for US and South Africa
constructed from the activity rate in the $8p¢_1 x defined in Definitior2.5.1, and
rationalized in Proposition®.5.3and 2.5.6
Figure 2.21andFigure 2.22depict theCY” (w) process for US and South Africa. In the context of
information based asset pricing (w) is functionally equivalent to a macroeconomic credit risk

index. Its jumps reflect fear of loss motivated by some “credit event” in the economy. By virtue of
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US MLA Credit Risk Index

Figure 2.23: US MLA synthetic Credit Figure 2.24: Lehman Brothers Credit
Risk Index and ENMA Asset Price Paths Default Swap Prices and Asset Price Paths

==US MLA Credit Risk Index  ====FNMA Price

N
5
FNMA Price

1999-12-06
2001-04-19
2002-09-01
2004-01-14
2005-05-28
2006-10-10
2008-02-22
2009-07-06
2010-11-18
2012-04-01
2013-08-14

Figure 2.23depicts a cross-plot of our synthetic credit risk index bagethe subordinate

Cauchy bridge proces®’” (w). The Federal National Mortgage Association (FNMA) had a lot

of mortgage default exposure leading up to the Great Recession of 2008. That information was
impounded in the asset price. Jump&ifi (w) coincide with credit events arising from natural
disasters and financial market instabiliBigure 2.24is a cross-plot of Lehman Brothers credit
default swap (CDS) risk premia, and Lehman Brothers asset price in the months leading up to the
financial crisis. Positive jumps in the CDS risk premium coincide with drops in the asset price.

Figure 2.25: Binary bond path process

v

v

The MLA index estimatoi mimics independenositive jumpof a
Cauchy bridgeit (w).
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Propositions2.5.3and 2.5.6 the MLA index estimatoA mimics independemnositive jumpof

the subordinate Cauchy proce®s (w). So that
M =Cl(w) - QY () (2.6.2)

Figure 2.23depict cross plots of the asset price for the Federal Natioratddge Association
(FNMA) which had a large exposure to mortgage default leading up to the financial crisis in 2008.
Figure 2.24is a similar plot for Lehman Brothers in the months precedir@rthankruptcy. In

each case the credit risk index jumps up when there is a credit event, and the asst price drops.
Thus, lending support to our claim that positive jumps in a suitable credit index process mimic
loss aversion to default. We provide a sketch of the binary bond pricing procésgure 2.25
Anticipated bad news increases trade activity. According to DefinRi&nl, bad news causes a

run of type,%"z-kf1 and induces an MLA index estimaefrom Po-1,2- The default path follows

a “bridge” or “tied down” process fronBgr until default athg. The non-default path ends at

h;. Throughout the life of the default path, each jump in the information process signals investor
pessimism and fear of loss.

Figure 2.26: Subordinate Cauchy Figure 2.27: Defaultable bond price paths
information processes far= 103 forc=103

Bir
1.0

&
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Information process when activity rate for Bond price when activity rate for
information arrivalc = 103 information arrivalc = 103

Source:Hoyle (2010 p. 112). Positive jumps in the Cauchy bridge process mimiétha index. As
default date approaches for the bond, the information flow is pessimistic with persistent loss aversion.

For example, the jumps &t k, t —r andt are represented by the MLA index random variables
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Xt_k, Xt_r andﬁt, respectively. The cumulative effect of this pessimism, (-/A\"Hk—f—/)\\t—r +Xt,

coincides with the default date &t

Figure 2.28: Subordinate Cauchy Figure 2.29: Non-defaultable bond price
information processes far= 1 paths forc =1
Bir
‘f!T 1.0
1.0 0.8
05 0.6
WE'TL] o 06 08 1o Time o
Time
-1.0+ 0.0 0.2 0.4 0.6 0.8 1.0
Information process when activity rate for Bond price when activity rate for
information arrivalc = 1 information arrivalc = 1

Source:Hoyle (2010 p. 113). Positive jumps in the Cauchy bridge process mimidthA index. As
terminal date approaches for the non-defaultable bond, the information flow is optimistic so loss aversion is
overcome.However, bond prices were decreasing for the most part when the Cauchy bridge process jumped

up.
We note in passing that inasmuch as the natural filtrat?aﬁY C % Is given by ,%CY =
a(C;(; 0< sgt), the information flow in the asset pricing paradigm above is equivalent to
' C 0(%2s 15 0< s<t), where%ys 1 is defied in Definitior2.5.1 The latter implies that,

in principle, we should be able to price binary bonds with the information we have about income
and consumption i1 s. In other words, there exist a consumption based capital asset pricing
approach to binary bond pricing. Chackus et al(1989. Moreover, in 2.6.2 Xt is independent

of the natural filtrationZS" .

Behavioural explanation of Hoyle (2010 simulation model

The following example is adapted frofoyle (2010 §7). It is effectively, a simulation of our
model sketch.Hoyle (2010 constructed an example of an information-based defaultabbry

bond for which the information flow follows a Cauchy random bridge (CRB) proéassThe
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binary bond price irHoyle (2010 p. 108) is given byt = A(t, &71) where

At &) = HT% (2.6.3)
Y1 = ao(t) + o1& + 0285 (2.6.4)
Yz = Bo(t) + Biéir + B2 (2.6.5)

whereap(t) and 3p(t) are functions ot and the other coefficients are relative constants that de-
pend on terminal dat& andhg, hi, po, p1 and activity ratec. The ratioY1/Y> is a pricing kernel

M: (&t |ho, h1, po, p1,€) which can be written as

LY (o) = Bolt) + (a1 — Brdir + (a2 — Bo)ER)
Mildrl) =g, =1+ Bo(t) + Bréer + Bo82

(2.6.6)

Cursory inspection show tha2.6.9 contains a stochastic trend driven by innovationginand
&%. These innovations include the MLA index for loss aversion to credit default. In principle,
given our knowledge about the behaviour of the MLA index we should be able to estimate the
probability of a market crash. We leave that for another day.

For our purposesit is subordinate to the Cauchy proc&q w), and its jumps reflect
loss aversion to decline in the bond price. According to Theo2m7Hoyle’s Cauchy bridge

process is related to our MLA index driven Cauchy process by

Y*
G = Orggéfg (2.6.7)
0<t<T

Thus, the positive jumps i&t mimic the MLA indexA as in @.6.2. Figure 2.26depicts Hoyle’s
simulated model of information flows for Cauchy bridge processes with activitgrate0 2 (rep-
resented by in our appendix?.B.13). Cursory inspection dfigure 2.27shows that when there

is an increase in information flow about the bond—presumably bad news, theéGRireases.
However, the bond pricB;t tends to decrease. So investor loss aversion is being mimicked by the
CRB.

The information flows and price patterns for non-defaultable bondsgare 2.28and
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Figure 2.29show that as long as the Cauchy bridge process is positive the face remains

fairly stable. Even though there are small jumps which may signal loss aversion. However, when
information flow is negative, i.e., the bridge process in negative, bond prices continue to decline.
It is only after the first crossing of the bridge into the positive quadrant does bond price paths jump

on this good news th;.

2.7 Application to the equity premium puzzle and behavioural pricing ker-
nel

The equity premium puzzle is one of the most actively researched areas in financial economics
and macro-financesampbel/ 2003 Ludvigson 2013 Campbel] 2015. Therefore, this section is
limited in scope to a theoretical characterization of the equity premium in the context of our relative
income model with embedded MLA index. In particular, our goal is to establish our behavioural

model’s ability to do the following:
e predict large equity premia;
e explain why equity premium is counter-cyclical to business cycles;

¢ identify the source/cause of excess volatility.

We do not address the issue of price/dividend ratio or Hansen-Jagannathan bounds Sharpe ratio
connection in the CCAPMHansen and Jagannathaf91). However, we note thatampbell and
Cochrang(1999 pp. 220-221) showed empirically that the price/dividendbretlinear in surplus
consumption ratio. And their surplus consumption rg@— X)/C, relative to habit formation
consumptiorX, is similar to our RIH consumption growtlgP —a(d))Y;) /CP, relative to reference
consumptiora(d))Y; in (2.3.6. Therefore, in principle our theoretical model should besébl

explain the behaviour of price/dividend ratio in a manner analogoustopbell and Cochrane

(1999 albeit with MLA index included in our growth formulation. Adtbnally, the a-stable

feature of the the MLA index embedded in the behavioural pricing kernel makes it (the kernel)
unmeasurable. So in order to apply the Hansen-Jagannathan bounds one needs a time change

transformation of ther-stable process which is subordinate to a Gaussian distribution. Whereupon
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a modified Sharpe ratio can be applied. See &garles-Cadoga(20169 for time changed
Sharpe ratio analysis.

In this section, we introduce a behavioural pricing kernel that depends on the joint distribu-
tion of consumption growth rates and MLA index. So it synthesizes aspects ofitigantinides
(1990 (habit formation) andBenartzi and Thale(1999 (myopic loss aversion) models resolu-
tion of the equity premium puzzleYogo (2009; Hung and Wang2011); Curatola(2015 also
introduced models with loss aversion and consumption. However, in their models loss aversion is
deterministic. Our model is distinguished because in it the MLA index is a random variable based
on thea-stable theory we introduce in this paper. Furthermore, we embed the MLA index in the

pricing kernel and show how its statistical distribution affects asset prices.

2.7.1 Myopic loss aversion and holding periods of stocks

The impact of myopic loss aversion is illustrated by the following example adapted from
Jensen et a(2003. Let S(t) be the levels price of a stock angl (t) = InS(t+ At) —InS(t) be the
short horizon return. We are interest in the first passagetjtte of returns to attain a leve, i.e.,
Tp(t) = inf{t > O| |rat(t)|> p}. Thus, an investor may implement a simple trading strategy based
on short selrp (t) < —p or hold forra (t) > p. They used wavelet analysis to filter out the long
term trend in the Dow Jones Industrial Average (DJIA) between May 1896 and June 2001 so that
S(t) =S(t) +d(t), wheres(t) = InS(t), d(t) is filtered trend andjt) is the gain or loss component
or returns around trendlensen et a(2003 fitted the following generalized Gamma probability

distribution function separately over gai®i$ (t) and losses ~ (t)

PO=_ (a) G eXp(‘ (f%)) &7

%

A cross plot of the fits is depicted iRigure 2.30 The probability density functiop™(t) for
losses has a much higher elevation for losses over a given time period compared to that for gains
p*(t) over a similar period. Thus, the probability of experiencing a loss or “draw down” is much

higher over a given period. However, as the length of the trading intervals increase the probability
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distributions cross such that the probability of gains exsebdt of losses in an interv},t ] =
{t>0p*(t)>p (1), t, <t <t,}. Whereafter the window of profitability disappears and the two
distributions coincide. The phenomenon of higher returns over less frequent evaluation periods
was confirmed in an economic experimentbyeezy and Potte(d997). We note in passing that

the generalized Gamma distribution is an admissébigtable probability distribution function for

the MLA index estimated for US and South Africa.

Figure 2.30: Gain loss asymmetry over
investment horizons on DJIA

0.015 —rry ———rry
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T, [days]

Source:Jensen et a(2003

According toJensen et a(2003 the fitting parameters used to obtain these fits are
for pt = 0.05: a = 0.50, 8 = 4.5days/2,v = 2.4, andty = 11.2 days; and for
p~ =0.05: a =0.50,8 =5.0days/2,v = 0.7, andtg = 0.6 days

Figure 2.31landFigure 2.32epict the distribution of the holding period of a stock on the
NY SE and JSE over the last 100 years and 50 years respectively. It shows that the holding period is
in steady decline. According toumontier(2012), for the US it bottomed out at 9-months in 2008
ard climbed back to 14-months in 2012. “In other words, investors are now roughly turning over
their entire portfolio on an annual basis. When you consider that the two fundamental components
of real equity returns are the dividend yield and real earnings growth, you quickly realize that
the current level of trading activity is impossible to justify in terms of economic fundamentals.”
Benartzi and Thalef1999 argue that myopic loss aversion is the cause of such behavibair

simulation show that a MLA index of around 2.77 coincided with a holding period of around
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Figure 2.31: Average holding period of a stock traded on US NYSE

14 4 Average holding period for a stock on the NYSE (years)
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Source: NYSE, Bloomberg, SG Global Asset Allocation

Source:Dumontier(2012), “Best Practices for Long-Term Investors in a Microsecondidt,
The Motley Fool

Figure 2.32: Average holding period of a stock traded on South Africa JSE

Source:Wesselg2010), “Dividends: The Major Source of Real Equity ReturnBRW Invest-
ment Research Report

The plots depict the average holding period of a stock on the New York Stock Exchange (NYSE)
and Johannesburg Stock Exchange (JSE) over the last 100 years, and 50 years respectively. The
holding period is in steady decline. An eyeball of the plots show that the most recent holding
period is below 12-months in each exchange. The exponential growth in the volume of stocks
traded on the JSE originated around 1998.

12-months. However, they used the “prospective utility” function

V(P) = zl V() (2.7.2)
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wherers is the decision weight obtained frofuiggin (1982 transformation procedure for prob-
ahlities associated with a gambk andv is Tversky and Kahnema(1992) value function over
gans and losses (in returns) relative to a reference point.

The equity premium puzzle introduced biehra and Presco(i985 posits that the ob-
saved equity premium in financial markets is too high to be explained by neoclassical equilibrium
models. In particular, an unrealistically high risk aversion index and covariance between con-
sumption growth and asset returns are required to match the observed equity prémiuphell
(2003 pp. 803-803) list 14-different empirical regularities obat market returns and consump-
tion growth that motivate research in consumption based capital asset pricing. Two important
models that predict large equity premia arenstantinide¢1990 continuous time habit formation
in consumption model, andenartzi and Thale(1995 simulation model with myopic loss aver-
sion and mental accounting in equity portfolioSampbell(2003 andLudvigson(2013 survey
the literature on alternative preference based theories that resolve aspects of the puzzle.

In this section we compare, and contrast, the asset pricing behaviour of investors under
our modified RIH with myopic loss aversion, to fundamental asset pricing under the neoclassical
model. As shown in Theoren2.3.1the RIH consumption function retains several aspects of the
CPT value functionv in (2.7.9 for linear utility. Furthermore, to the extent thgf' ; 75 = 1 in
(2.7.2, the transformed probability weights are functionally equivalent exchange of probability

distributions that admit an expectations operator of the type usédirg(below.

2.7.2 Asymmetric distribution of behavioural pricing kernel for RIH

The ensuing analysis is based on the pricing kernel approach to the consumption asset pricing
model (CCAPM) inCochrane(2005 pp. 15-17). p; is the ex-dividend price of an ass&}; is
consumption at time; 8 is a subjective discount factox;. 1 is a future payoff at time + 1; E;
iS an expectations operator based on information at timedU is a utility function; M;;1 is a

pricing kernelrelated to the intertemporal rate of substitution obtained from an Euler equation.
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The first order necessary conditions amount to:

U (G
Mit1 = Bﬁ, Pt = Et[Mi+1%+1] (2.7.3)
) L cltv | ) )
Assuming a CRRA specificatidd (C;) = v y with constant risk aversion parameterafter a

loglinear approximation, the pricing kernel is reduced to

Mtﬂzp(%)_%pevgﬁl (2.7.4)

wheregf ; is consumption growth. Under our myopia Axidimconsumption tracks income so the
growth rates of the two are approximately equal, igg,, ~ gtYH. According toWickens(2011,
p. 303) the equity premium puzzle arises becausé.{ fails empirically. The observed asset
price p; in (2.7.3 is much higher than that predicted 8/7.4. As will be shown below, our RIH
approach to asset pricing predicts a much larger asset price (and hence equity premium) than the
neoclassical model. So it is sufficient to resolve the equity premium puzzle.

According toKahneman and Tversk{1979; Tversky and Kahnema(il992 DMs do
nat formulate decisions on the basis of terminal wealth. Rather they formulate it on the basis
of changes in wealth relative to a reference poiatnartzi and Thale(1999 andBarberis and
Huang(2001) extended that concept to asset pricing in tandem with MLA deoto resolve the
equity premium puzzle. MLA reflects investor psychology and risk perception wherein losses
loom larger than gains. Myopic investors concentrate on short-term price movements. They frame
financial decision making such that loss aversion is the predominant risk attitude that motivate
them to overweight short term price movements. Consequently, they tend to be more conservative
investors who demand higher equity premia to hold equitiego (2009; Hung and Wang2017);
Curatola(2015 also extend the MLA concept to specification of preferencasGCAPM with loss

aversion. We extend that concept to the change in the RIH consumption function by substituting
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APCP in (2.3.5) for G in (2.7.4) to get thebehavioural pricing kernelt

AbcD N\ 7Y -
M1 =B ( Abc:Bl) =p <1+ $r+1(9,A )) (2.7.5)
where the growth raté 1(g,A) is a function of thgoint distribution of income and consumption
growth rates and MLA indexese.,g = (gt,ng,gtYH) andA = (A, Ay 1) Wheregy = —a1g® < 0.

In Campbell and Cochran@999 pp. 208-209) habit formation mod§ = C; — X; is referred

to as “surplus” consumption, whebg is the level of habitual consumption. In our model, the
equivalent of theirX; is a reference consumption lewv&ld)Y;, and loss aversion enters through
intolerance to decline below reference consumption as show2 3% The joint distributions
above are motivated by2(3.5 which induce four possible values for consumption growtk est
shown below.

The following state transitions play a prominent role in the rest of this section.
Definition 2.7.1(State transitions)

Let {G, L} be the possible states of income whéris gain and_is loss..# = {G,L} x {G, L} =

{GG, GL, LG, LL} is the index set for the possible state transitions for current and anticipated
states. For example, the consumption gaiPCP, AthDH} reflects current states at timeand
anticipated states at time- 1. The possible current and anticipated gain (G) and loss (L) states in
income are:

GG current gain state G and an anticipated gain state G for next period;
GL current gain state G and an anticipated loss state L for next period;
LL current loss state L and an anticipated loss state L for next period;
LG current loss state L and an anticipated gain state G for next period;

O

Assumption 2.7.1(Time dependent loss aversion)oss aversion is time dependent so that

iid € is substituted with\.

This assumption is motivated iyarberis and Huan(001); Barberis et al(2001) who used

time and state dependent loss aversion in their model. The RIH consumption functio8.8n (

31(shefrin 2009 provides a review of the literature on this issue.
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induce the following heterogenous consumption growth rates

Ab D v
o~ Lt ha@h), B = (52 (27.6)
6.1(9)—1 if GG state transitions
—At+16+1(9) —1  if GL state transitions
Pi+1(9,A) = 1 (2.7.7)
—/\—6[+1(g) —1  if LG state transitions
t
%aﬂ(g) —1 if LL state transitions
N At

We use a log growth rate relationship fiér.; = (1+ gy, ;)Y to constructé.1(g) in (2.7.6.%
According to @.7.7) GG is the only consumption state transition that is not aéfeédiy the loss
aversion index.

The behavioural pricing kernel depends on the CRRA parampeied the joint distribution
of growth rates and MLA indexes through.1(g,A).3® Log linear approximation oM? ; in

(2.7.5 implies the existence of such that we have a behavioural pricing kernel

MP.1(B,v.9.A) ~ Be 2@ oD = B [MP (B, V.0, )X 1] (2.7.8)

where pP is the price of the asset predicted by the RIH pricing kernel. We reiterate here that

the expectations operator i2.7.8 is admissible fon\/ItDH, defined in @.7.9, by virtue of the

exchangeability of probability measures implied by the “prospect utility” valuatioin.g.

2.7.3 Resolution of equity premium puzzle with behavioral pricing kernel

The pricing equation2(7.3 and @.7.9 can be rewritten as

1-E [Mm%} . 1=EF ll\/ﬁl%] (2.7.9)

32The common RHS factor is derived from(Bi1(@)) = In (%%) ~In (%) + g,

33Choi et al.(2007, pp. 1931-32) also found that the risk premium in their modeittifudes towards risk in insurance microdata
are driven jointly by loss aversion (o5, 1997) disappointment aversion) and risk aversion indexes.
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Let rtf be the risk free rate. The price of the risk free asse?.in.9) is such that the payoff 1-period
aheadisx.,1=1+ rtf so that

] -
X 1+r 1
1=FE {Mt+l—+l} =E (M1 ——" | = E [Mea] = — (2.7.10)
Pt I | 1+
- o
Xi4+1 p 141 D 1
1=FE [MD —} —E |M =E[MP | =—— (2.7.11)
t+1 o t+1 Pt [ t+1} l—f—l’tf

Letri,1 be the return on the asset in the next period. AssumingMhatand(1+r¢1) are jointly

lognormalWickens(2011, pp. 284-285) shows that under the no arbitrage hypothesis

1
Et[reva] — rtf = _évt(rt+l) + 1 (c)Cou (AINGey1, I141) (2.7.12)

1
- _évt(rt+1) +1(c)Cou (g1, Mt+1)

wherey (c) is Arrow-Pratt measure of relative risk aversidf(r 1) is conditional volatility of
asset returns, andoy (gf+1, rt+1) is theconditional covariancéetween asset returns and con-
sumption growt?* The equity premium puzzle arises empirically because therobddeft hand
side (LHS) of .7.12 is too large to be explained by asset price volatNitri 1), risk aversion
1t (c) and the covariancBowv (ng, rt+1) between consumption growth and asset returns.

In the context of our RIH specificatio(7.12) is rewritten as

E: [rtD+ﬂ — rtf = _:_ZLVt(rtD—i-l) +yP(c)Cou (Pr41(9,A), 10 1) (2.7.13)

where the superscriptimplies RIH. However, under Theoreth3.1DMs evaluate their consump-

tion stream relative to a reference consumption, and they have MLA and intolerance to decline in
consumption. So that €1,Cy,...,C_1,C,C41,...,Cr is aT-period consumption stream with
reference consumptidd}, thenn; = G —C; is the relative change in consumption. We assume that

Nt ~ (U, 07) whereE[ny] = up ando? is the variance ofy.3> On the basis of those prerequisites

34The quantity— E\/t(rt+1) is referred to as Jensen’s inequality correction factor. For exampRa, # y_,(1+r¢)/T —1is an

arithmetic mean return ariR = (I'ItT:1(1+ rt)) — 1 is the corresponding geometric mean, thenRg ~ €% ~ 14+ Ra — Rﬁ/z. So
thatRg ~ Ra — Rﬁ/z. SeeGrinblatt and Linnainmag2011); Becker(2012 for further details on this issue.
2 2
BIfW ~ A (w, 62) andC = InW, then consumption is lognormally distributed gumgl= exp(tw+ 3*), 05 = 2 exp( 3 —1).
So we treatp, andaﬁ as parameters.
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we claim

Proposition 2.7.2(MLA index and risk aversion nexusinder RIH the relationship between
Arrow-Pratt measure of relative risk aversion and myopic loss aversion to decline in consumption

is given by

V0 (Un) = Hn SN(Y(Hn)) V(Hn)A(Hy) (2.7.14)

where yP (u,) is Arrow-Pratt measure of relative risk aversiod;(u,) is a MLA index, and

Fibn) = —gr s

is a pseudo Arrow-Pratt risk measure for sub-utility functions (gain)

and U_ (loss) such that sqiy(un )) = +1 for risk aversion and sgiy( iy, )) = —1 for risk seeking.

Remark2.7.1 The right hand side ofX7.14 collapses to Arrow-Pratt risk measure when there are
noloss domains involved in the analysis. Sinfggu, ) is undefined over gain domains we cannot
say thatup A¢(un ) = 1. This proposition is a manifestation'\diakker and Tversk(1993 Thm 9.1)

and generalizes the example itbbberling and Wakke(2005 p. 128) relating Arrow-Pratt risk

measure to loss aversion.
Proof. See Appendi®.B.8 O

This proposition shows that time varying risk aversion, in atest where DMs are faced with
possible loss, is linked to the MLA index in our model. In particular,dhstable properties of the
MLA index implies that time varying risk aversion admits large values by and through the MLA

index.

Procedure invariance and the price of consumption risk

Theoretically, theobserved risk premiurﬁ[EH, and observed asset retums; should be invariant

to the RIH behavioural pricing kernel, and neoclassical pricing kernel, when the two models price
the same asset. However, the covariance between excess returns and consumption growth is dis-
positive of the price of consumption riskieeden(1979 pp. 275-276)Puffee (2005 p. 1674)).

Cursory inspection ofZ.7.129 and @.7.13 shows that the measure of covariance and risk aver-

sion differ between the two asset pricing paradigms. So that is a source of pricing differential.
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According to Propositior2.7.2under RIH behavioural asset pricing, risk aversion dependsen
MLA index. Furthermore, we proved in Propositi@n5.6that the MLA index is a Cauchy random
variable that admits large values. Thus, the RIH behavioural pricing kernel resolves the observed

equity premium according to:

Proposition 2.7.3(RIH resolution of equity premium puzzle)et ﬁEH be the observed equity
premium and \(f; 1) be the variance of observed asset returhg i, ) is the MLA index Cauchy
random variable under RIH for reference consumption leyelth average consumption devia-

tion from reference consumptiqnp,. Then we have

MGy = _%V(rwl) +c(Un) At(Un)Cou (r41(9,A ), re41) (2.7.15)

where ¢u,) = ty sgny(Un)) Y(Un ) is a relative constant scale andg, ) A:(Up ) is the price of

consumption risk.
Proof. Substitute value ok¢(uy) in Proposition2.7.2for A¢(c) in (2.7.13). O

According to .7.19 the empirical equity premium depends on a Cauchy randombtarso it
is susceptible to large swings. Howeveharles-Cadoga(20166) introduced a model which pre-
dicts that the loss aversion index is nonmeasurable—a prediction supported by the Cauchy random

variable. In which case the empirical equity premium above may be nonmeasurable.

Anticipative risk attitudes and the covariance of equity premia

In the analysis that follow, we assume that the equity premium is positivagi.e > 0 sory.1 > 0.
Our focus is on the impact of risk attitudes on conditional covariance and the equity premium. In
other words, we try to answer the question:

QUESTION:

What are therisk attitudes that support an investors’ anticipation of a positive risk premium
across states?

A more detailed analysis that accounts for statistical propertigs(bfised on a comparison of the

neoclassical and behavioural asset paradigms) is providadiection 2.7.4
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GG states

Here, our DMs is in a current “income gain state” and she anticipates income gain in the next
period. This scenario plays out entirely in gain domains. According.td?) ¢:.1(g,A) depends

on 61(g). Thus,Cou (¢t+1(9,A), re+1) > 0. This implies that in Propositio.7.3y° (i) > 0
andour DM is risk averse This inference is consistent with prospect theory’s prediction of risk

aversion over gain domain almost surely.

GL states

In this case, our DM in current state gain, and she anticipates a loss in income in the next period.
Now loss aversion kicks in andk1(g,A) depends on-A¢y16.1(g). Our DM will demand a
higher risk premium to buffer the shortfall in income and myopic consumption. If she expects
rer1 > 0, thenCovt (—As1t11(9,A), re41) < 0. In order for7g, 1 > O we must havegP (u,) < 0.

That is,DMs are risk seekingThey decrease myopic consumption tracking income under Agiom

and invest as much as possible in the stock market hoping tdkiise (Curatolg 2015 p. 106).

LG states

Like the GL state, loss aversion kicks in in this state. Our DM is in current loss state and she
anticipates a gain in income in the next period. N¢w1(g,A) depends ork)\—lt 6.1(9) and

Cowu <_)Tlt¢t+l(g7)\)’ rt+1> < 0. SoDMs are risk seekinfpr the same reasons above.

LL states

This is perhaps the most complicated state of all for the following reason. Our DM is in current
loss state, and she anticipates a loss in income in the next period. In thigstegg A ) depends
on Ai\—fl 6+1(9). However, the ratio of two Cauchy random variables has a probability distribution

function, f, say, i.e.,)‘i\fl ~ f. We show insection 2.7.4elow thatf is approximated by a symmet-

ric mollifier that admits negative values for the ratio relative to a central location. Nonetheless, our
hypothesis i€ov (%(btﬂ(g,)« ), rt+1) > 0 andyP(uy) > 0 so our DM is risk averse. According

t

to the fourfold pattern of risk attitudes inversky and Kahnema(1992 this is a low probability
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event. That is, even though DMs demand higher risk premia inthtes the probability that the
covariance is positive is low. This implies that the more likely hypothesis is that the covariance is
negative, andMs are risk seeking almost surelyhis would generate a positive counter-cyclical

risk premium at the trough of the business cycle for LL states that characterize falling income.

2.7.4 Behavioural asset pricing vs. Neoclassical asset pricing over business cycle

One of the empirical regularities of the equity premium is its counter-cyclical. It is highest at the
troughs and lower at the peaks of business cydles(pbell and Cochran2999 Campbel] 2003
Ludvigson 2013. In this sub-section we show how the regularity is explaingdir behavioural
pricing kernel. In particular, we identify the role of the statistical distribution of the MLA index
in affecting the process. We compare the asset prices predicted by the neoclassical pricing kernel
to the asset prices predicted by our behavioural pricing kernel. In that way we identify differences
between the two pricing paradigms.

Let pf be the price of the asset predicted by the neoclassical pricing keri2eti( Under
RIH preferences DMs price the assetggsin (2.7.9. So their risk premiunpP — by relative to a
risk free assely differs from the neoclassical risk premiygp—bx. A first order approximation of

the pricing kernel inZ.7.4 and @.7.5 leads to the following price differential in equity premia

M (P, p°) = pf —pp (2.7.16)
= E[B(1— vyt 1)%+1] — Et[B(1— y$i11(9,A))%+1] (2.7.17)
= —BYE[(911— Pt+1(9.A))Xe11] (2.7.18)

The sign of the quantity inside the brackets determines whether the difference in predicted prices
IS positive or negative.
Asset prices under GL, LG income state transitions

The growth rates¢;;1(g,A) are negative for GL and LG state transitions (2.7.7). Hence
e V9:1(04) — e/l#a@A) 5 &Y% andMP 4(g,A) > Mc.1 where the symbols reads “much

greater than”. To see this, under myopia Axidnsonsumption tracks income, we can wrife
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instead ofg®. Suppose that anticipated state dependent growth gifes: 0 andg)s > 0. In GL
states the Cauchy random variable compodent implies¢;1(9,A) = —A11641(9) — 1 < 9%,
which impliesA;;1611(9) + 1> gél_ almost surely, sincd;; is restricted to the positive real

. . : . 1 :
axis and its variance very large. A similar argument holdsa‘-%\FQ[H(g) — 1< g/ which
t

o1 . . . .
implies A—tet+1(g) +1> —g[G in LG states. The following lemma guarantees the inequality

M2 1(9,A) > My 1.

Lemma 2.7.4 (Necessary RIH consumption growth conditiofhe consumption growth rate
predicted by the neoclassical pricing kernel cannot exceed the growth rate predicted by the be-

havioural pricing kernel, i.e.,@ 1 # ¢t+1(9,A)

Proof. See AppendiR.B.7. O

Remark2.7.2 According to Lemma2.7.4the volatility of RIH consumption growth is uniformly
higher than that for neoclassical consumption growth. This observation is formally proven below
in Proposition2.7.1Q It is a necessary condition for RIH to predict a larger risknpiren than the

neoclassical hypothesis. Givickens(2011, p. 203).

In GL and LG stateg(-) < 0. So the quantity in4.7.1§ is negative, and investors with
RIH preferences price assets much higher than their neoclassical counterpapi$,3:ep;, when
either a gain in income is followed by an anticipated loss of income or a loss of income is followed
by an anticipated gain in income. For a given benchmark dssbé equity premium is such that
PP — by > p—hr.

Recall that Benartzi and Thaler take consumption as given in their model and focus solely
on equity portfolios. Their assumption is equivalent to neutralizing consumption growth. In our
model this can be achieved by settmpg; = g = constandgtY+1 = constso thatl\/ItD+1 only depends
on themarginal distribution forA. In which case the asset pripf and equity premiunpP — b
only depend on the CRRA paramejesind MLA vectorA. Thus, our theory derivestzenartzi and
Thaler(1999 type result, that under myopia the equity premium driven byAM& much greater
than that predicted by ehra and Prescqt1985 neoclassical model. According to Propositions

2.5.3and 2.5.6the MLA index is an independent and identically distributeal€hy random

variable that takes values in the rar(@e]. This implies the following scenarios.
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. 1
Scenario Ll A >1— — <1
Ati1

Recall that theid loss aversion index generated by thegb_1 o is used to replace and back fill
observations in#5, , for analytic convenience. So fdiA;, A1} € B, We haved, = Ar1

1 . .
whereupon; > 1 — < 1. This implies

t4+1

doL() < dLo(-) = PEL - Ple (2.7.19)

where the subscript on behavioural growth retelenotes its value in that state transition, and

p'jD, j € {GL, LG} is the correspondingnticipated price We interpret this scenario as one in
which decision makers in GL states engage in risk seeking behaviour in anticipation of losses. So
they require much larger equity premium to hold stocks. In which case they need stock prices to be
much higher than that predicted by the neoclassical model. We believe that this is plausible because
a recent experimental study byerrenberg et a(2015 found that subjects who anticipated a loss

of income held more risky assets.

. 1
Scenario 2: [ Ai<1l— —>1
t+1

- 1 o
Similarly, At < 1= —— > 1 implies
Att1

doL() > dLo(-) = Pls ~ PAL (2.7.20)

We interpret this scenario as one in which decision makers in LG states engage in risk averse
behaviourrelative to GL states in anticipation of gains. They demand a higher risk premium to

hold assets in order to compensate them for the recent lost they experienced.

Asset prices under GG income state transitions

Inspection of the GG state transitions 7.5 shows that;, 1(g,A ) does not depend on the MLA
index. Thus, for this relative income state with increasing income we Yiaye- Y; andgy’, ; > 0.

Only the CRRA factoly and growth rates for income affects the pricing keIMEIH. Substituting
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6.1(9) — 1 for ¢:11(9,A) in (2.7.18 gives us the difference between neoclassical and RIH asset

prices is(pf — pP) in GG state transitions:

A (p*, pP) = —YBE[(Gt1 — G+1(Q) + 1)%c41] (2.7.21)
— B[ (ool Bt s ) 2722)

sinceg; < 0, gi+1 < 0 by definition. In this case, the price differential is more nuanced.

Figure 2.33: Critical income growth for
GG state transitions

y

0 8l 1 Em

The critical growthgy ; implies if g1 > ¢, 1, thenpy < pP. If

G+1 < G, thenpt > pP.
Figure 2.33shows that in income states GG, under RIH, the equity premiwgrester than under
neoclassical if income growtly ;1 > ¢, ;. Itis lesser ifg;. 1 < g ;. We characterize this result

as follows.

Lemma 2.7.5(Critical income growth rate)There exist a critical income growth rate,g which,
if exceeded, then the equity premium predicted by RIH is much greater than that predicted by the

neoclassical model in states of rising income. O
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Asset prices under LL income state transitions

For this relative income group wittlecreasing incomeve haveY;.1 < Y; = gtYJrl < 0. The CRRA
factory, growth rateg for consumption, and growth rate for loss aversion index affect the pricing

kerneIMtD+1 Substitut t+19t+1( ) —1for ¢r11(9,A) in (2.7.19 to get

D (P, p°) = —YBE[(Gr 11— ‘—“ew( )+ L)% 41] (2.7.23)
= —YBE [ <(1— Aj\—fle: )gt+1+1> xt+1] (2.7.24)

The quantity inside the bracket is nuanced (rega# 0, g;,1 < 0) so the sign of\ (p*, p°) has to

be analyzed. We posit two cases.

| At Ap2k1.2¢
Scenario:| 22 s 2t

At Apac-32c-2

The analysis here pertains to loss followed by anticipated. logn the context of our loss
Ati1
M
At Aty1 ~iid €. Thus, the ratio behaves as if it was constructed from adjacent biggks; o«

Atr1 Agzk-1.2

and A3 2x-2. In which case, we have-— —
t t2k—3,2k—2

aversion generatafy_1 2 the ratio—— = 1 for LL states in,%"z-k_1 and @.7.7. However,

. Therefore, we will treat the ratio

A . . : . "
;\—” =1 as a given value for the ratio of two Cauchy random variables by virtue of Proposition
t

2.5.3 If A has a Cauchy p.d.f(x) = then the ratio of two Cauchy random vari-

_a
m(a2+x2)’
¥

2

ables is known to have a distribution of typéy) = m In (Q) , —00 <Yy <oo(Springey
1979 p. 158). According to Definitio.2.2 f(y) admits a candidate mollifier op-a2, a%] since
f(a?) = f(—a?) = 0. We consider two case€ase Awhere the neoclassical price is greater than

the behavioural price, andce versdor Case B
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Case A: |[p*>p

If pf > pP, then we have

Macrac €9
(1—M H) Ge1+1<0 (2.7.25)
Ak-322 O
Ap2k-1,2 1 oY ot oY
— " > (1+— |g.e %1= — |ot| | e % (2.7.26)
Aizk-32c-2 Ot+1 |Ot+1]

whereg: <0, g1 <0, |gt+1/|< 1 and the absolute values are used to distinguish the signs of values.

Case B: |p* < p°

In this case the inequality ir2(7.29 changes so that

Ag2k-1,2 < ( |G| —|gt|) e 01 (2.7.27)
Ark-32k-2 |Ot+1]

Impact of mollifier for ratio of two Cauchy random variables

Let (% - |gt|) e %1 =v. The relationship in.7.29 and @.7.27 implies that
+1

Ar2k-1.2

<v (2.7.28)

Ar2k-32k-2

We are only interested in the positive values of the ratio. So the foregoing relationships leads to
the following

Lemma 2.7.6 (Impact of ratio of two MLA indexes on risk premium)et f(y) =
a2 y2 Ap2k-12

————In|% ), —o<y<owand f(y) = 0otherwise, be the pdf for the ratiosy ———=

(y? —a%) <a4) oRYy<® ) P oy £2k—3,2k—2

of two independent MLA indexes, i.e., two independent Cauchy random variables. We consider the

mollifier for the restricted range-a® < y < a® and f(y) = o otherwise. If ¥ [v, a], then § < pP.

Ify € [v, @?], then § > pP. The latter condition fails empirically # < 0. In which case p< pP

almost surely. O

A . : .
Suppose;\il =1. According to Lemma2.7.6and the fourfold pattern of risk attitudesinersky
t

and Kahnemar(1992), if Pr{l ¢ [v, a?} is small, then DMs are risk averse over losses. In this
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casep; > pP and neoclassical prices are higher than RIH prices. So risk aversion is very high
under RIH in this case. On the other hand{P¢ [v, a?]} is large so DMs are risk seeking over
losses under the fourfold pattern of risk attitudes, ahek pP. The small probability associated

with risk aversion over losses implies that DMs are risk seeking over losses almost surely. So that

pr < pP almost surely.

Figure 2.34: PDF bump function truncated Figure 2.35: PDF bump function truncated
ata? = +1 for ratio of two MLA indexes ata? = +4 for ratio of two MLA indexes
05 05”
0:4 04
fly) > f(y) i
02 N
0

!

AW

-16151413-12-11-10-9-8-7-6-5-4-3-2-10 1 2 3 456 7 8 910111213141516

Plot depicts the probability distribution function for theicay = % where
t

a2 y2
0= o () oy

The curve has unbounded kurtosis, iFy) 1 «, y* | 0. The sharp peak was arbitrarily chosen
at f(0) = 0.5 which is 500 times a probability unit of@1 in order to satisfy software
requirements for the plot. We impose the mollifier conditéoa 1 in Figure 2.34anda = 2 in
Figure 2.35 That removes the tail probabilities fiyi> 1 and|y|> 4 as indicated.

Figure 2.34andFigure 2.35depict a plot of the probability distribution fdr(y) in Lemma
2.7.6whena= 1 anda = 2, respectively. Whea= 1, P{1 ¢ [v, @]} = 0 in Figure 2.34 How-
ewver, inFigure 2.35Pr{0 < y < 1} is much larger than Rd <y < 4} by virtue of the asymptote
at 0. Sopf < pP uniformly underFigure 2.34and DMs are risk seeking over losses. When 2,
pr < pP amost surely undeFigure 2.35since the associated probability of that event is much

larger than that for the eveqt > pP. Hence DMs are risk seeking almost surely in LL states.
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2.7.5 Probabilistic risk attitudes towards the Markov state ransition matrix

Letq;, j € . be thej-th transition probability such that, + g ¢ = 1 andgg. +des = 1. Recall
that in Definition2.7.1.# = {LL, LG, GG, GL} is an index set for the possible gain loss states
{G,L} x {G,L}. Furthermore, letv" (-) be the probability weight assigned over gain domains and
w (-) be the probability weighting function of loss domain.

We introduce two synthetic lotteriég = (rce, dee; FoL, doL) andL, = (rLL, duL; i, dic)
wherer; j € .# corresponds to thpth state dependent asset retullngis comprised oanticipated
returnswhen the current state is “gain”, ahdis comprised o&nticipated returnsvhen the current
state is “loss”. Assume that utility is linear in asset returns so that risk attitudes are driven by
probability weighting {aari, 1987). We assume that if a DM is in gain staBeand she anticipates
a gain stateG in the next period, then she weights probability accordingvtqggs). If she
anticipates a losk, then she employs (ggL). Similarly, if she is in loss state, and anticipates a
loss state then the assigned weighwigq.| ). If she anticipates a gain state from a loss state, then
the assigned weight is" (g.g). These assumptions are consistent with probability weighting in

two-outcomes lotteries{uiggin, 1993 p. 57). The state transition probabilities are given by

dee = PrIAPCY ) = gt 1Y 1| A°CP = gr¥] (2.7.29)
dLe = PIIA°CE 4 = Gry1Ye 1| A°CP = —Age¥i] (2.7.30)
JoL = Pr[AbCBrl = —M110 1% 42| A°CP = G Y] (2.7.31)
oL = PHAPCY, 1 = —Aep10t42 Y 2| AP = —Aarn¥i] (2.7.32)

These probabilities satisfy the requirements for a state transition probability matrix

Q= dec fet (2.7.33)

Oc duL

Q is ergodic because every state can be attained from any otherlstatea and Presco(iL985

pp. 150-151) assumed the existence of a symmetric Markov matrix, i.e., state transition probability
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matrix in their modeP® Here we show how it is a natural artefact of RIH preferences.hén t
simple synthetic lottery setup, we have the 2-states probability weighting relatiornghipo(n,
1993 p. 57)

W' (dee) +W (goL) =1 (2.7.34)

w(gue) +w (qu) =1 (2.7.35)

The 2x 2 nature ofQ implies the existence of a probability weighted transition matrix

W(Q) = (W+(qGG> W(QGL)) (2.7.36)
w(gLe) W (L)

We make the following

Assumption 2.7.7(Preference for good stated)ecision makers prefer good states over bad

states.

Under the hypothesis that DMs prefer good states to bad, welavé,. So that DMs evaluate

the lotteries such that

W (dee)rec+W (doL)reL > W' (gLe)riie+W (guu)riL (2.7.37)

Following Mehra and Presco(iL985, assume thd in (2.7.33 is symmetric so thafg. = gL =
1— @ andqeg = qLL = @. The relationship in4.7.37 is reduced to

W (@)reg+ (1-w"(@))roL > (1-W (@))ric+wW (@)riL (2.7.38)
= reL+W (@) (rec—raL) > e +W (@)(rLL—rig) (2.7.39)
_ W (9 reL—lee (2.7.40)

W (@) = rg—rw

Assuming that assets are priced under more lik2ly.(9 in Scenario 1, and more likel2(7.27

36 ucas(197§ p. 1431) also used a Markov transition function in his model.
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for Case B, we get the asset price rankigg - r g > r.L > ree- In which caseZ.7.40 implies

w (@)

W (o) >1l=w (@)=W"(@)+41;, W (l-@)=w (1—9)+A; (2.7.41)

whereA; andA, are equating values that remove the inequality. Substitution of these values in

(2.7.39 leads to

w(Q) = wi(9) w(l-9) (2.7.42)
WH(1—@)+A W (@) +A;

The identifying restriction inZ.7.39 and @.7.42 are such that

W (1—@)+82+W (@) +A1=1=Np+A; =0 (2.7.43)

Source of excess volatility and counter-cyclical equity premia

There are two scenarios implied 1.7.42 and @.7.43:

W (ge) =w (1—)+82, W (qw)=w (@) —A (Optimistic)

W (o) =W (1—@) —Aq, W (OuL) =w (@) +4g (Pessimistic)

To help interpret the results above we introduce the following

Definition 2.7.2(Stochastic dominance)ontes et al(2013. Given two cumulative distribution
functionsF andG, we say thaf stochastically dominateS, and denote iE =gsp G, if F(t) <
G(t) for everyt € [0, 1], and given two random variabl&sY taking values on0, 1], we say thaX
stochastically dominateé , and denote iX =rsp Y when its associated distribution functiér

stochastically dominatds,, whereFx (t) = P(X <t) andFRy(t) = P(Y <t) Vt € [0, 1]. O

In the optimistic scenario DMs shift probability mass from Ltates to LG states. Spg stochas-
tically dominates | (Maching 19873 p. 236). They underweight the probability of LL states and
overweight the probability of LG states. In the pessimistic scenario, they shift mass from LG state

to LL states. Sa | stochastically dominatesg in that case. Thus, we prove
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Lemma 2.7.8(Asymmetricw(Q)). The weighted transition probability matrix Q) is asymmet-
ric because DMs shift probability mass within good and bad states to reflect stochastic dominance

of anticipated state dependent probability distributions. O

The probabilistic risk attitude associated with pessimisnri@k aversion) is characterized by a
concave (or concave-convex ) probability weighting function. The probabilistic risk attitude asso-
ciated with optimism (or risk seeking) is characterized by a convex (or convex-concave) probability
weighting function. On the basis of our evaluationsArv(19, (2.7.20, andw(Q) in Lemma2.7.8

we posit the following

Proposition 2.7.9 (Endogenous rankings of anticipated asset pricd$)e behavioural

pricing kernel induces an endogenous ranking of assethL ~Pp2g < pEG<pCD;|; or

risk z;;ersion
P2 < pP. < p2, < pPs where the subscripts correspond to theticipated priceof the asset

risk seeking
generated by the growth rate §2.7.7). In particular, the rankings accommodate the outcome

dependent probability weighting functions sketche#igure 2.8andFigure 2.9 O

Remark2.7.3 The analyses above accommodate different permutations of prices and hence var-
ious shapes of the corresponding probability weighting functiénsv(art et al.2015. So in a
sense the proposition describes two of many possible sample function shapes. This proposition
and other results presented above show that the behavioural pricing kernel is nordimeain(

2009 p. 86).

The implications of probability mass shifting in the asymmetric transition probability mafi)

can be seen in how DMs evaluate state dependent average returns and volatility. Average returns
predicted by the behavioural pricing kernel are lower than that predicted by the neoclassical kernel
in good states. In contrast, in bad states average returns (and hence average equity premium)
predicted by the behavioural pricing kernel is higher than that predicted by the neoclassical pricing
kernel. Furthermore, volatility is uniformly higher under the behavioural pricing paradigm. Thus,
the behavioural model captures the counter-cyclical behaviour of equity premia. We summarise

these results in the following.
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Proposition 2.7.10(Stochastic dominance, probabilistic risk aversion, and excess volatifty)
suming that DMs prefer good states over bad states, if the transition probability matrix Q is sym-
metric, then the probability weighted transition matriX@) is asymmetric. In bad states, the
behavioural pricing kernel predicts large risk premia and excess volatility are caused by stochas-
tic dominance of anticipated good states. In good states, the behavioural pricing kernel predicts
lower average equity premium, and excess volatility due to probabilistic risk aversion. The equity

premium is counter-cyclical over the business cycle peak and troughs for good and bad states.

Proof. See AppendiR.B.9. O

2.8 Conclusion

This paper fills a gap in the literature by introducing an asymptotic theory of prospect theory’s
myopic loss aversion (MLA) index. It produces several new results that are important in their own
right. We prove that the MLA index ia-stable, and that it follows a generalized Cauchy law in
most cases. Because a Cauchy process belongs to the class of Lévy processes, our theory expand:
the solution space for loss aversion to include its embedding in Lévy type processes.

We provide a simple procedure for estimating the MLA index from economic time series
data. Whereupon we applied it to US and South Africa income and consumption data. A distribu-
tion of macroeconomic MLA indexes was computed for each country, and a battery of statistical
tests upheld the-stable law prediction of our theory. We checked for robustness of the theory by
applying it to different domains such as MLA index data from around the world, and MLA index
data from a meta study. In each case, the theory was upheld.

An independently important result of our theory is that the MLA index mimics positive
jumps of a Cauchy process. We show how this can be applied to information based asset pricing
when the information process is a Cauchy bridge. Jumps in the bridge process mimic bad news
and loss aversion and the asset price falls. Thus, we contribute to the strand of information based
asset pricing.

We employed a novel specification of the relative income hypothesis (RIH) to embed

the MLA index in a behavioural pricing kernel in the consumption based asset pricing model
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(CCAPM). We show how this resolves the equity premium puzzhecdFy predicts a much larger
equity premium than that obtained from the neoclassical pricing kernel. Consistent with the em-
pirical literature, our RIH behavioural pricing kernel is nonlinear. In what appears to be new to the
literature, our model predicts that the price of consumption risk includes myopic loss aversion to
decline in consumption. The Cauchy random variable attribute of the MLA index predicts wide
swings in the price of risk observed in the empirical literature. Moreover, we prove that the be-
havioural pricing kernel induces an endogenous ranking of assets supported by outcome dependent
probability weighting functions. In fact, we prove that DMs who prefer gain states to loss states
shift probability mass from loss states to gain states. This stochastic dominance behaviour distorts
the state transition probability matrix, and induces a uniformly higher risk premium and asset price
volatility than that predicted by neoclassical models.

Further research includes identifying the small sample properties of the MLA index esti-
mator to facilitate statistical inference in economic experiments. A natural extension of our results
is to cross-country data in order to identify and compare cross-cultural risk attitudes. In related
work, we show that cross sectional regressions of economic growth on subjective well being are
misspecified by virtue of simultaneity bias induced by the MLA index embedded in the growth
series. This result has implications for economic growth policies formulated on the basis of such
models. For if the parameter to be estimated in drawn fronwastable process, analysts are
likely to get a “policy surprise” when observed values of the purported parameter are much larger
than that predicted by their models. Preliminary results show that the model makes empirically
testable predictions about leverage effects that depend on risk aversion, loss aversion, and income

and consumption growth in cross-sectional asset pricing.

2.A  APPENDIX-EMBEDDING MLA INDEX IN PRICING KERNEL

2.A.1 State dependent pricing kernels and loss aversion embedding

This appendix provides the basic idea behind how we embed the MLA index in our behavioural
pricing kernel. We assume a single good pure exchange economy. In what follows “A state con-

tingent consumption claim is a security that pays one unit of the consumption good when one
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particular state of the world occurs and nothing otherwisetatescontingent claim is an elemen-
tary claim. Existing assets, however, may be viewed as complex bundles of elementary claims.”
(Huang and Litzenbergei98§ p. 119). For example, we consider a DM faced with a state con-

tingent claim on consumption over two periods: the present 0, and future 1, with the following

primitives:
Primitives
Q the set of all possible states of nature
an element of the s&
Co present period O certain consumption
C1(w) next period 1 uncertain consumption
€ present period certain endowment
e (w) next period’s uncertain endowment
Qo Arrow security state price of insurance per unit of consumption
B subjective discount factor

u(co, c1(w); B) utility over consumption plan over periods 0, 1

T DM’s subjective probability about the occurrence of state Q

The contingent claim pays 1 if state occurs in period 1 and 0 otherwise. So that d@fw)
units of state contingent consumption, the total pricei®;(w). Similarly, the total price for
state contingent endowmentgg e;(w). For the sake of exposition in what follows we assume
that utility is nonseparable. We relax that assumption later. We noté-tiwein and Zir(1989
introduced a class of flexible nonseparable utility functions that are used to derive pricing kernels.
Those functions admit separability as a special case with constant elasticity of substitution (CES).
The expected utility of the consumption planig,co T, U(Co,C1(w); B). So our DM faces the
optimization problem

max Z TwU(Co, C1(w); B)

Co,C]_((A)) weQ (2 A 1)

s.te+ H @b(w) =+ Y @uei(w)

weQ we
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The LangrangiaiiL) for this problem is given by

L= wgn TiwU(Co, C1(w); B) — U <00+ng PosC1(w) — & — wgﬂ cpwel(w)> (2.A.2)
= "wU(Coacl(w):B)—u(Co—eo)—u< Zﬂtpw(cl(w)—el(w))> (2.A.3)
we WE

The necessary first order conditions (FOCSs) for optimality2i\(3) is applied to each period. In
period O our DM does not know whichy state will occur so she takes the expected value over all
possible state® and the FOC is applied there. In period 1, the state is revealed so there is no need

for expected values and she takes the FOC there. That process is characterized by:

oL 0 o
a0 2 Twgg (0o Crl@)iB) = 1 (2.A.4)
oL 0 o
der(e) ~ 0 T, () (0 01 (@): B) = Ko (2.A.5)
T u(Co, c1(w); B)
— g, = — 2 (2.A.6)

ZwEQ %%u(%v Cl(w>! B)

Since the contingent claim is prices, per unit of consumption, and it pays 1 only if the state

occurs or 0 otherwise, the total price for consumption in a given state is a simple function given by

B @ _
CEPX LR ( nw) @)= 3 M@ @A)
— E[MoC1(@)], Mp= % (2.A.8)

whereM,, is the “pricing kernel” for state contingent consumption. Followingas(1979, an
asset is a claim to all the output in our simple exchange economf?(8pis a consumption based

asset price. Dividing the left hand and right hand sid2.éf.7 by P(c) we get

1= wgg %Mw% = wgg M1 (W) (2.A.9)
= E[MuXi(w)] (2.A.10)
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wherex; (w) is the total return on assets, i.&e.(w) = 1+r1(w). If the risk free rate is given by,
then @.A.10) also prices the risk free asset. Substitutingrk for x;(w), and using the definition

of covariance, gives Us[M| and the equity premium relationship

Elri(w)] —rf = (14r¢)CouMgy, X1 (w)) (2.A.11)

Thus, the equity premium is driven by the covariance structure of the pricing kerned éod
which serves double duty as a consumption growth relation2.l.) we proved that the Arrow
state price of insurance, is related to the intertemporal marginal rate of substitution (IMRS)
betweerncy andcy (w).

The problem is simplified by assuming that utility is separable with a subjective time dis-

count factorf such that

U(Co.C1(®); B) = (o) + BE[u(ca())] (2.A.12)

%u«:o,cl(w); Bl=U(c)  gorer(Co.ca(@); f) = PEM (@) (2A13)
M BE[U (cy(w))] g El(c(w)]

Qo = u’(co) , w= — = B—u/(CO) (2.A.14)

Thus, the pricing kernel in2(A.14) includes a time discount factor and DM’s subjective expecta-

tion about future consumption.
Embedding myopic loss aversion

UnderTversky and Kahnema(1992 CPT the arguments of the utility function are gains and
losses relative to a pre-specified reference paint(rin 2009 p. 17). So DMs care about changes
in consumption relative to a reference consumption level-not about terminal consumption. More-
over, they have “value functions” to distinguish this utility attitude from classic utility functions.
Furthermore, the value function is bifurcated into sub-utility functions over gains and loss relative
to a reference consumption lewvgl and its parameterizations includes a loss aversion iidex
Thus, we replace the utility functiamby a “carrier of value’v(:|A) for consumption, we replace
c1(w) with ¢1(w) — ¢, andcy with co — ¢;. Note that in our model thiess aversion index is inside

the utility functionas opposed to extant literature where it lies outside the utility function. So that
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we get the “relative consumption” pricing kernel

E[V((c(w) —cr)[A)]
V((co—¢r)|A)

MEA) = (2.A.15)

If (c1(w)—cr) <0, and(cop—cy) >0, then according tdX(2.7) —(c1(w) —¢r) = A (w)(Co—Cr) > 0.
Substitution in 2.A.15) gives us

)
V(—(c1(w) —cr))]
MP(A) = BE acl(“’)a : (2.A.16)
2 v~ <o)
_ REVMA(w)(co—cr))]
BERZCE) EALD

Thus, we embed the loss aversion index in a behavioural pricing keMf(A ) inherits thea-
stable property of the MLA index random varialdléw). So it is subject to large fluctuations. We
note in passing that the pricing kernel also depends on subjective probability asseggnvaith
admits a probability weighting function (pw#y(-). So that formation of expectations ia.A.17)
is amenable to pwf analysis. The result lA.17) extends readily teX0szegi and Rabii(2006

reference dependent preference model.
Anticipating Gain (G) and Loss (L) states

In order for loss aversion to affect our analysis, a DM must either be in a current loss state, i.e.,
Co— Cr < 0 or in an anticipating loss state, i.e;(w) — ¢; < 0 or both. To simplify the analysis,

we will assume @&urrentgain state G and aanticipatingloss state L.

A probabilisticapproach. Suppose th@t= {G,L}. In what follows an up-arrow signifies that

the associated quantity goes up, a down-arfasignifies that it goes down. Lei(-) be our DMs
probability weighting function. For a given pri¢¥c,A ) = E[M,(A) ¢1(w)], if our DM anticipates
state L so that;(w) |, then in order to maintaifP(c,A) we must haveM(A) T= % 1. The
latter condition is satisfied ift, | or @, 1 or both. That is, the Arrow security price of insurance,

i.e., risk premium, goes up in bad states or DMs revise their subjective probability downwards in
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bad states or both.

Suwpose thatp,, the Arrow security price of insurance goes up in bad states. P(en
goes up in2.A.7). If our DM revised her subjective probability downwards,,ive (1,) < T,
she is more optimistic about L state, then the anticipated given price of the asset goes up higher
than that predicted by, alone. We represent this with a double arr®\c) 1. Thus, our
DM is risk seeking in this state, and the risk premium associated R\ith is in excess of that
predicted by the Arrow security price of insurance alone. The complementary event is if our
DM anticipatesc; (w) 1. Then,M, | and eitherg, | or (1— 15,) 1 or both. Assuming both,
our DM revises her subjective probability upwards amd(1— 1,) > 1— 1. Thus, the risk
premium associated witR(c) || is much lower than that predicted Iy, alone. In this two-state
casew (1) +wW'(1— 1) = 1 and our DM is optimistic because she revises her probability
to underweight bad states, and overweight good states. This example is not exhaustive of the

taxonomy of behaviours that is accommodated by combinatiogg ahd g, in M,.

A utility basedapproach. In this casdd(A) 1 impliesE[V/ (A (w)(co —¢))] 1. This implies that

the argument inside the utility function is decreasing. Simce¢; is fixed, it implies thatA (w) |.

Our DM is becoming less loss averse as she anticigates | in L states. This is the utility analog

of risk seeking over losses. Singé¢w) is a-stable, its value can drop dramatically. According to
the fourfold pattern, if there is a high probability of a large drop in loss aversion when consumption
drops, then DMs will be risk seeking. F&fw) < 1 this behaviour is called gain-seekinggkker,

2010.

2B APPENDIX OF PROOFS

2.B.1 Proof of Theorem 2.2.4Standard Cauchy Spherically Symmetric

Proof. The following is a modified proof ofArnold and Brocketi(1992 Thm. 1). LetF(t) =
Pr{U;j/Ux <t}. By symmetry, we need only consider the first quadk&nt O, Uy > 0. Accord-
ingly, Pr{U; /Uy < t|U; > 0, Uy > 0} is the area under the joint density df, Ux)" in the region
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0 < Ui <tUy.
Figure 2.36: Geometry of distribution ifJ;, Ux) space

Y

By spherical symmetry this area depends only on the afgietan1(t), that the lineJ; = tU,
makes with th&J, axis as shown ifrigure 2.36 Thus,F (t) = F(tan(6)) = h(0) and P{U; /Uy <
t}, is considered as a functidi(8). For each point) = (U, Uy)T in IR? there corresponds a
homeomorphism (i.e., mappint): R? x © — R? of R? into itself such thal = H(U, 6;) € R2.

Thus, there exist a point

U=H(U,6)=H(H(U,6),6) (2.B.1)

—HU.6+ 6 2B2)

These operations are consistent with a transformation group with group operation addi®on on
Refer to Guggenheime(1977, p. 88) for further details. Since the erstwhile group mapse int
itself, there exist a group homomorphisr; + 62) = h(81) +h(62). The group isomorphism
implies that this must satisfy the Cauchy functional equakigh + 62) = h(61) + h(62). Aczel
(1966 pp. 31-32) proves thdt(0) = cO satisfies the Cauchy functional equation. Consequently,
the distribution functiorF (t) = Pr{U;j /Ui < t} = h(tan~1(t)) = ctan~%(t). This is the distribu-
tion function for a standard Cauchy. Thus, we prove that the t4tiby has a standard Cauchy

distribution. N

2.B.2 Proof of Theorem 2.2.5Generalized Cauchy Elliptically Symmetric

Proof. The proof is adapted fromrnold and Brocket(1992 Thm. 2) with slight modification to
fill gaps. The general idea of the proof is related to transformation greupsyenheimegrl977,
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pp. 88-90). By hypothesiX beang elliptically symmetric implies that it has a representatos:
AU whereAis invertible, andJ has a symmetrically symmetric distribution. Any two elements of

Xi, Xk, 1 # k of X can be written in matrix form as

% _pu (2.B.3)
Xk

whereB is a 2x n matrix. Under the Gram-Schmidt orthogonalization process, a set of independent
vectors (that comprise a matrix) can be mapped into a set of mutually orthogonal and orthonormal
vectors that constitute an orthonormal mattie(itle 2007, p. 27). Under th&U matrix trans-
formation methodGentlg 2007, p. 186), wherd. is a lower triangular matrix and is an upper
triangular matrix, there exist a22 matrixC and an orthonormal matri@ such thaQQ" =1 and

B =CQ. In which caseBU = (CQ)U =C(QU). By virtue of orthogonality oQQ, we induce the

symmetrically symmetric vect comprised of the pair of random variables

Y= — QU (2.B.4)
Y2

LetC = (& 2) for some non-zero constardsb, c. Thus

X oy |2 bl |Y1|  |avi+bY;
|  |oc||vnl | ov
~xe (20

. Y- Y, .
According to Theorem2.2.4 ?1 follows a standard Cauchy law, |e\\(—1 ~ %(0,1) by virtue of
2 2

the spherical symmetric relationship ia.B.4). Hence in 2.B.6), X /X = 2‘5(0, 1) +g which

X = (2.B.5)

follows a generalized Cauchy law by definition. O
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2.B.3 Proof of Theorem 2.2.60n existence of Generalized Cauchy for MLA index

Proof. The proof follows that for Theorer@.2.5in Appendix2.B.2 In this case we leX; = X- ard
. . b e

X = XC. Then substituta for c adbfor %. Thus we hav&X'/X® =b%'(0,1) +a~ %(a,b). O

2.B.4 Proof of Theorem 2.3.1Bifurcated RIH with Consumption Ratchet

Proof. For gain in income we have

%zl—ao—al%:l—ao—al(lqtg?) (2.B.7)

= G =Y(1-ao—a1) — 1% (2.B.8)

Similarly, for lossesC; = Y(1—ag— a1) + a1+ (2.B.9)

For no changeC; = Y;(1—ap— a1) (2.B.10)

Leta(d) =1—ap— a1, APCP = —a1g®Y andA; = ‘g:% ard the proof is done. O

2.B.5 Proof of Proposition 2.5.3MLA index iid

Proof. By Lemma 2.5.1and construction in4.5.7), the MLA index estimatoﬁk,l is put in cor-
respondence with8o,_1 . Soik,z is put in correspondence withy,_3 2—». Suppose that the
premise of the proposition is false. Th@ngl andXH are correlated, for they are in correspon-
dence with a common element, calkjtin %21 o« and %3 2«—2. The probability associated

with that event is given by

PI’{X € %2k73,2k72 N %ZKfl,Zk} = PI’{X € %O} (2.B.11)

= Pr{g=0}=0 (2.B.12)

Thus, the probability that two MLA index estimates are in correspondence with a common element

is zero. This contradicts our assumption. Hence the premise of the proposition stands. []
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2.B.6 Proof of Proposition 2.5.6MLA index is Cauchy rv

Proof. By definition a Cauchy proced€(w); %t} is comprised of independent increments(

cobsen 2006 p. 140). Hence

~ ~ ot
Pr{¢ =C¢, —C{ € (dy)|& >0} = )]I{et>o}dy (2.B.13)

This is the equation of a generalized Cauchy distribution with scale paraateténder Theorem
2.2.6the MLA index estimatoﬁt also has a generalized Cauchy distribution. Trﬁgandit

follow the same law so that |$\li -G |—p> 0. By Slutsky’s Theorem{how and Teichgrl 988 p. 254)

the two random variables converge to the same (Cauchy) distribution on the same probability

space. 0]

2.B.7 Proof of Lemma 2.7.4consumption growth condition

Proof. Suppose-gf. ; > —¢:+1(g,A) so the direction of the inequality is reversed. Hence
O

01 < Brv1(9,A) (2.B.14)

— Mot (%e‘fﬂ) _1 (2.B.15)

Under the myopia Axionl gf, ; = gtYH. A first order approximation o9 produces

14001 < —Aa (%) (1+a1) (2.B.16)
— 1< At (%) (2.B.17)

Since all the variables on the right hand side are positive, the inequality is impossible. So

—0r1 # —$t+1(9,A)

is not reversible. O
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2.B.8 Proof of Proposition 2.7.2MLA index and AP risk nexus

Proof. LetC, be a reference consumption ddde a twice differentiable utility function &;. In
an e-disk B¢(C;) centered aC; such that fore sufficiently largeu, < £ we have a MLA index

At (Cr, Uy ) and Arrow-Pratt relative risk measuyg 1y ) is derived from the following analysis.

_ V&) _ VLG — )
VP(Cr> =-C u'(c)’ /\r(Cr,Ilr]) U.’,.(Cr +I1n) (2.B.18)
UZ(Cr — pp) =V (Cr — ) UL(Cr + pp) =V (Cr + ) (2.B.19)

The convention inZ.B.19 is adapted fromWVakker(2010 p. 239) who, using different notation,
referred to the sub-utility functiond . andU_ as intrinsic utility andJ as overall utility. Substi-

tution of C; + iy, for C; andU/, (C; + ) in the equation foP (C;) leads, by abuse of notation,

to
UY(Cr + up)
VrD(Cr’“n) (Cr +“l’)) (Cr +“l’))
UG ) UG+ )
“ U/+(Cr+l-1'7) nU/+<Cr+IJrI> (2.8.20)
A UG+ ) A UT(C + )
COLC ) TSRO )
= lim y2(Cr, ki) = ¥ (0, Hin) = kin Ar (0, 1y )SGN(¥(kin))¥(kin) (2.B.21)
B " N +1  y(upy) >0
V(tn) = —%, sgny(Hy)) = ! (2.B.22)
—\Hn “1 ¥(uy) <O

Implicit in the analysis i9 /9 pp [-U_(—pp )] =U’ (—puy) to account for negative utilityl versky
and Kahneman(1992, p. 309) also use a negative argument in the parameterizatidgheir value
function. The sign of/(u,) depends on the sign &f! (uy). The latter is negative for risk averse
DMs and positive for risk seeking DMs. Heng®(0, ;) > O for risk aversion ang® (0, ;) < O

for risk seeking. O
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2.B.9 Proof of Proposition 2.7.10excess volatility from behavioural pricing kernel

Proof. The proof contains two parts. One for bad states, i.e., loss states L; and another for good
states, i.e., gain states G.

Bad states L

Let !V ands"” be the sample mean and variance in L states.

Y =W (1—)+)rc+ W (9) —Ar)re
=W (1-@)rig+w (@)rL+Ma(rig—riL) (2.B.23)
=T+ W (@) +41)(rL—rie)

V= (WH(1— @)+ A1) (rLe — L)%+ (W (@) —Ag) (rL — )2

(2.B.24)
=W (1= @) (re— L)+ W (@) (r —)?+D1(rfs —rfL — 2r (e — i)
In the neoclassical model the mean and variance fgoane given by
fL= (1—q))r|_G+(q))r|_|_:rLG—qo(rLG—rLL) (2.8.25)
S =1-9)(rie—r)?+ (@) (r—r)?
(2.B.26)
= (re— L)+ (r— )+ @(rfs —riL —2rL(rig —ruw))
The expected mean return under probability weighting is larger because
r\,f\’ =g+ (Wi((P) +A1)(I’|_|_ - rLG) >TfL=Ig— (p(rLG — I'|_|_) (2.B.27)

by virtue ofw~ (@) +A; > 0. The variance is larger under probability weighting‘L’Yf — qﬁ > 0.
This implies that

(@—D1)(rgg—rEL—2r(ric— 1) + (@—w (@) (rL — )2
2

W' (1—g@)+4q) > fia=t) (2.B.28)
_ 2
= (QD—Al)_%(W(@—AD (2.B.29)
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Let 0< 0 < 1 be the ratio expression i2.8.29 by virtue of preference for good states under

Assumption 2.7.7. Substituting - w~ (@) for w' (1 — @) we get

1-w (@) +81> (@—D1) — (W (9) — A1) (2.B.30)

— W (@) -B)(1-8) <1-(9-By) <1= W (@) —Ly)) <> (B3

The latter expression is true for0A; < 1 uniformly. Hence the probability weighted variance of

returns is larger than under the neoclassical model.
Good states G

The mearrg and variance? of returns in good states under the neoclassical model, and rffean

. 2 .
and variances” are given by

f'c =dceelcc +dcLlGL, S<2; = QGG<rGG—rG)2—|—qG|_(rG|_—r)2 (2.B.32)

rY = w(dee)fee+W(GeL)loL,  SY =W(qes)(fee—fe)?+W(gel) (reL—r)?  (2.B.33)
Sincew (ggL) < gL for probabilistic risk seeking, and™ (qes > gse for probabilistic risk aver-
sion, assuming thajgc = L. = @ andqg. = qLg = 1 — @ for symmetricQ under the neoclassical

model, ifrY > rg, then

W (@)rge+w (1—@)reL > ¢prec+ (1—@)reL (2.B.34)
= (W (@) — @)ree+ (L—W (@) + @)reL > reL (2.B.35)

= (W' (p) —@)ree— (W' (¢) — @)reL+reL > oL (2.B.36)

=TcG > TeL (2.B.37)

This result is contrary to the ranking predicted by the behavioral pricing kernel. Therefore, the

hypothesis > rg is false. Thus, we must havl’ < rg in G states.
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If ¥ > &, then
W (@) (ree—re)?+W (1— @) (reL —6)? > @(rea—e)? + (1— @) (reL — a)?
(2.B.38)

=W (9)[(ree—Tc)? — (reL—T6)?] + (reL — F)? > ¢[(rec — Fe)* — (reL — Fa)?] + (reL — Fa)?
(2.B.39)

=w' (@) > 0@ (2.B.40)

Since the latter inequality holds for probabilistic risk aversion characteristic of good states, the
hypothesiss‘é"2 > sé Is upheld. So in good states we have low average risk premia and excess

volatility relative to the neoclassical model. O
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2.C DATA APPENDIX

2.C.1 Loss aversion index estimate around the world

Table 2.7: Loss aversion indexes around the world

Country a B y 6 Country a B y 6
Angola 0.60| 1.00| 0.60| 1.45 Moldova 0.65| 0.95| 0.65| 3.44
Argentina 0.60| 1.00| 0.70| 1.09 New Zealand| 0.65| 0.95| 0.50 | 1.50
Australia 0.60| 0.95| 0.60| 1.24 Nigeria 0.75| 1.00 | 0.50 | 2.00
Austria 0.40| 0.95| 0.65| 1.62 Norway 0.55| 1.00| 0.55| 1.83
Azerbaijan 0.60| 1.00| 0.65| 1.23 Portugal 0.50 | 1.00 | 0.65| 1.83
Bosnia—Herzegoving 0.65 | 0.90 | 0.45 | 1.00 Romania 0.50 | 1.00| 0.60| 3.33
Canada 0.50| 1.00| 0.50| 2.00 Russia 0.53| 1.00 | 0.33| 3.00
Chile 0.55| 1.00| 0.65| 2.00 Slovenia 0.55| 1.00 | 0.40 | 2.12
China 0.60| 1.00| 0.60| 1.83 South Korea | 0.60 | 0.95| 0.70 | 1.37
Colombia 0.40| 1.00| 0.35| 2.00 Spain 0.45| 1.00 | 0.60 | 2.38
Croatia 0.60| 1.00| 0.45| 2.33 Sweden 0.50 | 1.00 | 0.65 | 2.00
Czech Republic 0.60| 1.00| 0.55| 2.00 Switzerland | 0.45| 1.00 | 0.50| 2.00
Denmark 0.50| 1.00| 0.65 | 2.00 Taiwan 0.55| 0.95| 0.53| 2.00
Estonia 0.50| 1.00| 0.35| 4.00 Thailand 0.65| 0.90| 0.55| 3.00
Georgia 0.55| 1.00| 0.60| 5.50 Turkey 0.60| 1.00 | 0.65| 1.80
Germany 0.45| 1.00| 0.50 | 2.00 UK 0.50| 1.00| 0.50| 1.38
Greece 0.65| 0.80| 0.50 | 2.00 USA 0.58| 1.00 | 0.43| 1.65
Hong Kong 0.40| 1.00| 0.30 | 2.43 Vietnam 0.60| 1.00| 0.55| 1.75
Hungary 0.50| 1.00| 0.45| 2.00

Ireland 0.50| 1.00| 0.45| 2.00

Israel 0.58| 0.95| 0.35| 1.99

Italy 0.45| 1.00| 0.50 | 2.46

Japan 0.45| 1.00| 0.60| 2.00

Lebanon 0.53| 0.95| 0.25| 1.74

Lithuania 0.55| 1.00| 0.35| 2.00

Malaysia 0.58 | 1.00| 0.60| 1.50

Mexico 0.40| 1.00| 0.35| 1.50

Source:Rieger et al(2011, Table 2, p. 7)

a, B are curvature parameter for power value function;

y is the curvature parameter for probability weighting function;

0 is Tversky and Kahnema(i992) robust ratio scale loss aversion index.
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2.C.2 Plot of US Myopic Consumption Tracking Income

Figure 2.37: US Myopic Consumption Tracking Income
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According toShea(1995 pp. 798-799) “Under myopia, consumption tracks currentrimeoThus, the
failure of the LCH/PIH should be symmetric: consumption should respond equally to predictable income
increases and decreases.”
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2.C3
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Plot of US Real Disposable Income Growth With MLA Reflecon

Figure 2.38: US Real Disposable Income Growth With MLA Effects and

Reflection
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2.C.4 Plot of South Africa PCE Growth With MLA Reflection
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Figure 2.39: South Africa PCE Growth With MLA Effects and Reflection
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2.C.5 Plots of US MLA index independence

Figure 2.40: US MLAAindex independence:
Atz 12 VS Agzk-3.2-2
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2.C.6 Plots of South Africa MLA index independence

Figure 2.41.: Sothh AfricaAMLA index independence:
Atz 12 VS Agzk-3.2-2
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Autoregression plots support the prediction of Propositibs.3that the MLA index is independent and
identically distributed.
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2.D0 APPENDIX OF FITTED STATISTICAL DISTRIBUTIONS

The distributions were fitted using the maximum likelihood option in Ea$yFiThe Anderson
ard Darling (1959 is a nonparametric test which did not provigevalues. Thex?-test and
Kolmogorov-Smirnov goodness of fit tests provigeralues as indicated. Additionally, the soft-

ware ranked the distributions in a tournament for goodness of it as indicated.
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2.D.1 Diagnostics for fitted US income growth data
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2.D.2 Diagnostics for fitted US standard of living growth data
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2.D.3 Diagnostics for fitted South Africa income growth data
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2.D.4 Diagnostics for fitted South Africa standard of living growth data
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2.D.5 Diagnostics for fittedFishburn and Kochenberger (1979 Metastudy data
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2.D.6 Diagnostics for fittedRieger et al.(2011) MLA index around the world
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2.D.7 Diagnostics for fitted US macroeconomic MLA index
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2.D.8 Diagnostics for fitted South Africa macroeconomic MLA irdex
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Chapter 3

A Probability Model of Irrational
Exuberance and Financial Market
Instability

“A source is a specific set of eventsakker(201Q pg. 318)

3.1 Introduction

This chapter contributes to the literature on behavioural finance by introducing a behavioral em-
pirical stochastic process based on probabilistic risk attitude factors that affect investor confidence.
We show how the process provides early warning for financial market instability and we calibrate
the empirical process with published parameter estimates.

Financial markets reflect activity in the real economy. For example, bond markets facili-
tate the allocation of credit to firms, and stock markets reflect the valuation of shareholder equity
in publicly traded firms. Events like the Great Recession of 2008 triggered by uncertainty about
credit risk from the US real estate and collateralized debt obligation (CDO) ctisésgor 2013,
and the Eurozone financial crisi§@stellacci and Chp2014), have eroded confidence in financial
markets! This has led to credit freeze, subsequent massive unemplaoysoeial unrest and calls
for market reform. Thus, it cannot be gainsaid that financial market stability, and confidence in
same, are of utmost importance to market participants, regulators, and policy rakengver,
asset pricing bubbles and market crashes are noth&a. they are likely to repeat themselves.

Refer to Kindleberger and Alibe(2011); Reinhart and Rogof(2014) for a detailed history of

IFor example, a March NBC News/Wall Street Journal poll showed 57 percent of surveyed American adults believed the
United States was still in a recession (although that is the lowest share of respondents under that impression since early 2008),
according to “5 Years After the Great Recession, Our Economy Still Far from Recovered, Huffington Post (updated August 26,
2014)http://www.huffingtonpost.com/andrew-fieldhouse/fivergeafter-the-grea b’ 5530597.html

2For example, the IMF Global Financial Stability Repofittps://www.imf.org/external/pubs/ft/gf§r/Financial Policy Com-
mittee, Bank of England; and Financial Stability Committee, Federal Reserve Board in the US are newly formed entities tasked
with monitoring financial stabilityl(icGrane and Da Costa014).

3See e.g.,Shefrin(20158) who draws parallels between the recent Chinese stock madstt and Minsky’s financial instability
hypothesis. But compateondon(2015 who questions whether the recent Chinese stock market tnashthat big”.
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such events. This paper provides some new tools, based on abgitytimodel of “irrational ex-
uberance” and financial instability motivated by behavioural finance. It provides an early warning
systems for bubbles and crashes predicated on market confidence factors.

Active research on financial market instability is conducted under rubric of market mi-
crostructure lfasley et al.2011; Aldridge, 2014), econophysicsJohnson et g/200G Zhou and
Sarnettg 2006 Quax et al, 2013, macrofinance@rasselli and Costa Lim2012 Keery 2013
Wigniolle, 2014), agent based modelsi{urner et al.2012 Poledna et 22013 Hommes2013),
experimental financegmith et al, 198§ Ashparouva et al2014) financial networksAllen and
Gde, 200G Acemoglu et al.2015, bank runsDiamond and Dybvigl1983, debt-deflation cycles
(Fisher 1933, revolving doors Charles-Cadogan and Cpl014 Shive and ForstgR014 Lucca
etal, 2014 Lamber; 2015 Charles-Cadogan and Cp2015, and creative destruction in finan-
cial markets [{linsky, 1986. However, none of the foregoing papers use probability weigh
functiong (pwfs)—which reflect pessimism and optimism in the presengeskfand uncertainty—
to characterize financial market instability. Yet investor optimism, pessimism and uncertainty are
common cores of all financial crisesi¢her; 1933 Kindleberger and Alibgr2011). A notable
exception isBhattacharya et a(2015 who model Minsky’s financial instability hypothesis in the
context of financial institutions’ optimism, leverage and portfolio risk as part of a debt-deflation
cycle. However, those authors did not use probability weighting functions to characterize financial
market expectations about future states of the economy.

This paper contributes to the literature with a novel behavioural empirical local Lyapunov
exponent (BELLE) process that characterizes financial market instghilith pwfs implied by
index option prices. The latter allow natural experiments on probabilistic risk attitudes because

they involve bets on future price movemeht$he shapes of pwfs for index option prices reflect

4A probability weighting function reflects the weight that decision makers give to an otherwise objective cumulative probability
measure over corresponding ranked outcomes.

5A Lyapunov exponent}) is a measure of the rate of convergence or divergence of a trajectory over time relative to two
nearby starting points. Refer Brsk(2010; Bask and Widerber(2012 for application of Lyapunov exponents to financial market
instability.

6The Black and Scholes(1973 p. 644) European style call option price at tinteis a pseudo-lotteryl =
{S(t),P; —€(T-YK,Py; 0,1— P, — P} for Py + P, < 1 with actuarial value€(S, a,t) = S(t)P, — € (T-UKP, whereSis the un-
derlying stock priceg is its volatility, K is strike pricer is a discount rate, and is expiry date; andP, are probabilities. The
pwf w implied by ranked outcomes inimpliesw(Py) # Py, w(P>) # P,. Refer toBoyer and Vorkink(2014) for details on stock
options as lotteries phenomenon.
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investors optimism and pessimism about different sourceeeditaisk in the market. So pwfs are
source functions. In the sequel “source function” refers to a pwf generated by a specific credit risk
source whereas “pwf” pertains to an abstract pif.

Time dependenbehavioural noisen the orbit of source functions induce a local empir-
ical proces$ for Lyapunov exponents in fixed point probability neighbowtis. This facilitates
estimation of critical values for investor probabilistic risk attitude factors from closed form ex-
pressions for the probability that a stable source function becomes unstablecandgdrsa We
calibrate the model with data fron?¢!kovnichenko and Zhg2013, and illustrate its robustness
aaoss credit risk sources for the 1997 Asian currency crisis, 2005 US real estate and CDO bubble,
and Great Recession of 2008. We prove that credit risk source functions implied by index option
prices provide early warning of financial market instability, and that they are sufficient statistics
for a behavioural version of Minsky’s financial instability hypothesis: An economy has stable and
unstable regimes, and it transits from financial relations that make it stable to those that make it

unstable [linsky (1986 pp. 173-174) andlinsky (1999).

Figure 3.1: Stable pwf Figure 3.2: Unstable pwf
1 2

a3

w(p)

[ rop 1 0 P 1
Phase diagrams for stable and unstable pwfs). The behavioral stochastic
Lyapunov exponent proce$a (t,w);t > 0} in fixed point(p*) probability
neighbourhoods(p*) predict the shape of pwfs.

Figure 3.1landFigure 3.2depict the topology of our model. The phase diagrarfion

"Refer to Wakker(201Q pp. 318-321) for a detailed exposition of the source fumationcept.
8A classic empirical process is one comprised of sums of independent and identically distril)texh(lom variables (in our
case noise) that converge to a limit processdqrack and Wellngid 986 pp. 1, 24).
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ure 3.1is stable because perturbed points contract to the restoxied) ffioint. In contrast, ifrig-

ure 3.2perturbed points diverge from the fixed point. See éxgyaney(1989 p. 21). Behavioural
dynamics in fixed point probability neighbourhooBig(p*) centered ap* with radiusd, control

the shape of pwfs, and determine phase transition of stable and unstable pwfs shapes. Specifically,
we introduce a local behavioural stochastic Lyapunov exponent (BELLE) préa¢ssv);t > 0}

in B5(p*) that characterizes stochastic stability of pwfs, and we calibrate it to different credit risk
source functions implied by index option prices to identify early warning signals for financial mar-
ket instability. According taViinsky (1986 new financial products increase leverage and risk in

the economy. Since the long term consequences of these financial innovations are unknown they
can cause a seemingly stable system to become unstable. We believe that the pwf implied by index
option prices is a sufficient statistic for the destabilizing effects of financial innovation since the

implied pwf summarizes investor confidence.

3.1.1 Positioning of the paper in context of related literature

A growing literature on behavioural finance features pwfs popularize@ygin (1982,
(Lopes 1987, 1990 and Tversky and Kahnema(iL992 in the evaluation of investor risk atti-
tudes towards financial decision makingo(kovnichenko and Zha@013 He and Zhoy2013
Kliger and Levy 201Q Wigniolle, 2014 Dierkes 2009 2013 Chabi-Yo and Song2013 Weigert
and Ruenzj 2013. A common theme in those papers is the impact of psycholofacédrs or
“sentiment” such as hope, fear, aspirations, underconfidence and overconfidence on investor risk
attitudes towards tail events and formation of asset pricing buSb®eseral of those papers use
rank dependent utility (RDU), in conjunction with stochastic discount factors or pricing kéfhels
to evaluate risky prospects. Under expected utility theoty Tk preference for lotteries are lin-
ear functionals over probabilities for given utility of outcomesi{ Neumann and Morgenstgrn
1953 p. 24, eq(3:1:b)). RDU generalizes EUT by replacing proli#slin the latter with decision

weights obtained by transforming a pwf, and it accommodates probabilistic risk attitudes via pwfs

9That strand of literature is distinguished from that spawnedkyeden and Litzenberg¢i978 pp. 627,630) formulae for
recovering state price density from option prices. Referitoton (1992 pp. 351-354) for a review.

10Roughly, the pricing kernel is the ratio of the price of an Arrow security and an investor's subjective probability about future
states of the econom(eeden et a)2015. Formally, the pricing kernel incorporate risk, intertesrgd substitution, and and time
discount factors. Refer toochrang(2005 p. 17) for details.
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(Quiggin, 1993 p. 76). Appendix3.B provides examples on how those attitudes are accommo-
dated.

In contrast, a subset of the neuroscience and by extension neuroeconomics literature study
probability distortions, and noise induced patterns, in fast and slow dynamical systems of neuronal
activity (Tobler et al, 2008 Zhang and Malongy2012 Berglund and Gen{Z2010. In particular,
the class of random accumulator models (RAMs) contemplate a decision maker's accumulation of
noise terms over time whereupon a decision is reached after it attains a given thrésiwldh(
etal, 2009. This implies thabehavioural noises inherent in the decision making process and it
should be accounted for in pwf dynamics. In the experimental economics literature, among others,
Hey (1995 2009; Blavatskky(2007); Loomes(2009; Loomes and Pogrebn@014) study the
impact of noise on measuring risk preferences.

Even though decision times are an important element of decision making, they seem to be
neglected in the behavioural economics and finance literatue®lf 2015. Our model fills that
gap in the literature. It synthesizes pwfs dynamics and behavioural noise to construct a behavioural
stochastic Lyapunov exponent process. Even though stochastic Lyapunov exponent processes are
known to the statistical theorylfychka et al, 1992 McCaffrey et al, 1992 and econometrics the-
ory (Whang and Linton1999 Shintani and Linton2004 Park and Whang012, BenSaida2014
literatures, they have not been extended to pwf dynamics. Thus, our model is new to behavioural

financel!

11The model is in the spirit ofshefrin (2014 p. 588) who reminds us that the highly interdisciplinaryunatof behavioural
finance combines aspects of psychology, economics, mathematics, and statistics.
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Figure 3.3: Credit risk sources and investor psychology
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Our study of pwf dynamics implied by S&P 500 index option pribes implications for
understanding global financial market instabifityFor instance, synergies between risk prefer-
ernces around the worldSgpirg 1986 Rieger et al. 2015, integrated global financial markets
(King and Wadhwani199Qq Bongaerts et /2014, and contagion from the Great Recession of
2008 triggered by U.S. real estate and CDO markéimply that market instability is transmitted
globally!* To be sure, credit spreads are also market indicators of imvéssr level'> How-
ever, the model introduced in this paper is based on a probability model of investor confidence in
financial markets.

Figure 3.3provides aschemaof how investor beliefs about credit risk sources are trans-
mitted to the CBOE VIX and the pwf implied by S&P 500 index option prices. According to
Figure 3.3 the sources of credit risk are prepayment, bankruptcy oruttedh debt obligations

of sovereigns, corporations and households that interrupt the cash flow streams anticipated by in-

12The S&P 500 stock market index contains the stocks of 500 Large-Cap corporations, that comprise over 70% of the total market
cap of all stocks traded in the U.S. See effp://seekingalpha.com/article/1139431-u-s-as-aqueac)e-of-world-market-cap
andhttp://www.world-stock-exchanges.net/indices.htFurthermore, the US market cap makes up over a third of thelisatiock
market cap, ancblias?) (a measure of the implied volatility of the S&P 500 index) is Hisient statistic for investor psychology
(Whaley, 2000.

Bpymski (2010 extends Minsky's FIH to include contagion in a globalizedremmy and the consideration of subprime lending
in banks investment opportunity set.

14For example, shocks to the VIX are transmitted to the global economy via flight to quality wherein investors sell relatively
risky EME bonds and buy US treasuriesh@i, 2014).

15What is a credit spread, after all, but a measurement of the fear level associated with holding the underlying instrument? As
fear spikes, spreads widen. The worry is over a “tail” event. VIX itself moves via much the same dynamic, and often in reaction to
the exact same events. And the lion’s share of demand lies in hedging against the “tafighe VIX’s case, that translates into
out-of-the-money VIX calls.'Shaeffer Investment Research 4/2014
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vestors over a given time horizon. This is a manifestation efucertainty described iviinsky
(1994 p. 362) “Money Manager Capitalism”. It makes investors pholistic risk attitudes to-
wards credit events time and source (state) dependent. Referuteells and Heukam(@2012);
Savadori and Mitton€2015 for time varying probabilistic risk attitudes. The sourceeledence
of pwfs (Tversky and Wakker1995 Kilka and Webeyr 2001, Abdellaoui et al. 2011) provides
insight about probabilistic risk attitudes that is lacking in raw VIX scores.

The CBOE VIX provides a volatility score for credit risk; whereas a credit risk source
function, i.e., the pwf corresponding to the source of credit risk, reflects investors probabilistic risk
attitudes about the ranked index option prices that produce the VIX score. To see this, suppose
we are given a raw VIX score of 30 that correspond to an “objective probability” of 0.1 derived
from some forecast model. If the source of credit risk is sovereign default investors could assign a
pessimistic probability weight of 0.25 to that event. By the same token if the source of credit risk
is corporation default investors may assign to it a pessimistic probability weight of 0.15. Thus,
investors give greater weight to the sovereign default source than they do to the corporation default
source. Moreover, their assigned weight is controlled by curvature and elevation parameters of a
source functiort®

The rest of the paper proceeds as followsséation 3.2ve introduce the local empirical
process for the Lyapunov exponent which characterizes stochastic stability of pwfs. We provide
closed form expressions for tipping points in pwf shape reversasettion 3.3ve calibrate the
model to pwfs corresponding to the source of credit risk implied by S&P 500 index option prices,
and show how they predict market crash and provide early warning systems for market instability.

In section 5.4ve conclude.

16 Abdellaoui et al (2017, p. 704) interpret curvaturg) and elevatior{3) parameters for{releg 1999 2-parameter pwfs, and
Abdellaoui et al (2011, Fig. 9, p. 713) provide an example of source dependent pwfs.
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3.2 The behavioural empirical local Lyapunov exponent (BELLE process
for probability weighting functions

In this section, we consider ttimite-timebehaviour of the Lyapunov exponent for the noisy orbit

of deterministic subjective probability distributions for a large sample of heterogenous decision
makers (DMs) with a noisy addend. Specifically, we characterize stable and unstable pwfs and the
large sample probability estimate(s) tail event instabilityin a seemingly stable system of DMs
pwfs. And we apply it in the next section to detect market crash phenomenon in option price data.
Bs(p*) characterizes the stable and unstable pwfs for DMs in the dynamical system (see Appendix

Definition 3.C.1) for pwfs based on an invariant manifold theorem that follds.

Stable and unstable probability weighting functions

In nonlinear dynamics the stable manifold theorem (stated in Appendizection 3.C)2plays
a key role in identifying stable and unstable fixed points. It essentially decomposes an invariant
manifold into stable and unstable componenisi¢ong 1999 Ch. 4). This subsection applies the

stable manifold theorem in the context of pwfs.

174 nformally, a manifold is a subset &" such that, for some fixed integke> 0, each point in the subset has a neighborhood
that is essentially the same as the Euclidean swce .Points, lines, planes, arcs, spheres, and tori are examples of manifolds.”
(Chicong 1999 p. 28). Alternatively, a manifold implies that every pointn an abstract spacé can be mapped into a small ball
in R™. The small ball is an-manifold (VicLennan 2014 p. 10).
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Figure 3.4: Stable pwf fixed points Figure 3.5: Unstable pwf fixed points
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Figure 3.4depict stable fixed points for Prelec’s 2-factor pwf calibdate parameter estimates for

a = 0.56, 8 = 0.93 for monthly index option prices data for 1996-2008imkovnichenko and Zhao
(2013. The orbit generated by the iterated function system (i8) p),...,w"(p) for that plot converges
to the fixed pointp = 0.428292. This limiting value op is close to values reported in the experimental
economics literature<releg 1998 p. 506). This is a stable attractor because all starting péimtthe
trajectoriedFearFix FearFixl, FearFix2, FearFix3 converge tq*. This is an empirical realization of the
phase portrait ifFigure 3.1 By contrastFigure 3.5depicts an unstable fixed point far= 1.6, =1. A
small perturbation of the fixed point36 < p* = e ! ~ 0.3679< 0.37 causes the orbit to jump =0
(HopeFiO trajectory) which contains no information pr= 1 (HopeFixXl trajectory) which represents full
certainty. This is an empirical realization of the phase portratigure 3.2 Thus, iterative pwf dynamics
is dispositive of pwf [in]stability.

Proposition 3.2.1(Invariant manifold for probability weighting functions)
Let F be a cumulative probability distribution, and &) be a probability weighting functional.

Define the set

C(F)={F|—w(F)In(w(F))=F, 0<F <1} (3.2.2)
Then GF) is an invariant set of fixed point functions for probability weighting. Moreover, in the
restricted case when(%) = F we get GF) = {0, e, 1} where F= p* = e 1.
Proof. See Appendi8.D O

Remark3.2.1 MclLennar(2014 Fig. 1.2, pg. 8) identified sets lik& F ) asanessential sedf fixed
points. AlternativelyC(F) is an invariant subspace [ff, 1]. Thatis,w:C(F) — C(F) C [0,1] and
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C(F) is an invariant manifold.

Corollary 3.2.2 (Invariant manifold decompositioniC(F) is decomposable into stab(&) and

unstable(U ) submanifolds such that & S= C(F).
Proof. Apply the stable manifold theorem gection 3.Go C(F) in Propsition 3.2.1 O

Remark 3.2.2 Since w is defined onC(F) the invariance decomposition property implies

w(S(F)) Cc S(F) andw(U(F)) C U(F). Refer tosection 3.Cfor further details. O

Corollary 3.2.3 (Linear Probability Weighting OperatorThere exist a linear probability weight-

ing operatorf on O F) separating expected and nonexpected utility theories.
Proof. See AppendiB.E O

The phase diagrams Higure 3.1andFigure 3.2depict the stable manifold theorem’s decompo-
sition of the invariant manifold in Propositio3.2.1 Figure 3.4andFigure 3.5depict the stable
manifold theorem at work in the stable and unstable probability weighting functions implied by

index options.

Local Lyapunov exponent for probability weighting functions

In this subsection we formally define the Lyapunov exponent for pwfs. Intuitively, a Lyapunov
exponentA is a measure of the rate of system divergence or convergence when two nearby initial

conditions are compared.

Definition 3.2.1 (Lyapunov exponent)Jost(2005 pg. 31). Letw(p) be a probability weight-
ing function such that the first derivativg exist. The Lyapunov exponent of the orlgt =

W(pn-1), N€IN for pp = pis
L
A(p)i= lim = % Injw/(pj))] (3.2.2)
=1

provided the limit exist.
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This definition implies that the Lyapunov exponent is an irssatrof the Jacobiaw (p;j) = 5—3
that determines local stability of the points that satisfy2(2. It is the average rate of diver-

gence for theiterative function system, gv(p), wow(p),...,w o...c w(p) wherewow(p) =

(n—1)times

wW2(p), (Wowow)(p) =wow?(p) =w3(p) and so on.
For purposes of exposition, we consider the 2-parameter probability weighting function

introduced byPrelec(1998 Prop. 1, pg. 50338
w(p) = exp(—B(—In(p))?), 0<a <1, B>0 (3.2.3)

After log differentiation we get

Infw (p)] = a(piat. B) = In(aB) + (a — L)In(~In(p)) ~In(p) - B(~In(p)*  (3.2.4)

Monotonicity of w(p) guarantees that/(p) > 0 so the absolute value requirement 812(2) is
sdisfied. However, the true probability weighting functisp) is unknown, so the parametexs

andp are unobservable in phase space.

3.2.1 Stochastic Lyapunov exponent process in econometrics theory

The stochastic Lyapunov exponent concept was presented in nonlinear time series analysis in
the early 1990s via its estimation with nonparametric regressions. Refercto<a et al (1999;
McCaffrey et al.(1992 and references therein. Important papersbygerol and Picar(lL992);
Whang and Lintor(1999; Shintani and Lintor(2004) extended the concept to the econometrics
theory literature. Recently?ark and Whang201Z, p. 64) introduced a nonparametric test for
random walk against a chaos alternative. In their model the sample estimate for the Lyapunov

exponent process of interest is a Brownian functihal

Mot = [ Il /TB(9) ds, te 0.1 (3.25)

181n Appendix3.Fwe show how the robustness of Prelec’s model can be extendéfeiopmpular 2-parameter models like that
by Goldstein and Einhor(1987) (which is analyzed extensively imattimore et al(1992). We note in passing th&ttott (2006
found that Prelec’s 2-parameter pwf is “the best model” for pwfs in his metastudy of function forms in CPT.

19Refer toKaratzas and Shre\@997, p. 185) for technical details on this concept.
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wherem is the first derivative of a Nadaraya-Watson kernel estimator for the nonparametric non-
linear functionmy(-), defined on the space of continuous funct@, 1] on the closed unit in-
terval, endowed with the sup norm metric, a@gt) € C[0, 1] is approximate Brownian motion.
BenSaid42012); BenSaidq2014) applied the tests above to financial time series that incluele t
S&P 500 index and failed to find chaos in the data. In the sequel, our sample function for the
Lyapunov exponent process is also a Brownian function8h¢f) but its “kernel estimatorirg is

parametric.
3.2.2 Representation theorem for behavioural Lyapunov exponent process

Consider a large sample df heterogenous decision makers (DMs). kgti =1,...,N be the
measurement error associated with the choice made bytth®M. Furthermore, assume that
& ~ iid(0,0%). We assume a common core belief ;13,4 so heterogeneity in the model is

represented by appendirgto (3.2.4%° so that

al(p;a,B) =a(p;a,B) +&; (3.2.6)
Inw!(p,a,B)] =al(p;a,B) (3.2.7)

Let [0, T] be the finite time interval for which Lyapunov exponents are observed for each DM.
Without loss of generality we normalize the time interval to coincide Witt] and letn(™ =
o.M v . 7t|£n)7 ..., 1} partition[0, 1] into dyadic intervals such thqﬁm =k2",

Consider the cumulative effect of DMs measurement errors atttimha&”),tﬂ)l) defined

20Technically, this is more like measurement error. However, we could model heterogeniety as a random effeciogueh as
Li + &j wherep ~ (0,02) andg; is a “treatment effect” (e.gisutner et al (2005 pg. 1031);Shi et al (2012, p. 323)). Nonetheless,
in the sequel we provide interval estimates foand 3 which satisfy the heterogeneity criterianfortiori (e.g.,Hey and Orme
(1994 p. 1301);Loomes(2005 p. 305)).
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by the partial sunfs

=Y 6", Sy = kz gi(t") (3.2.8)
=1

where[nt] is the integer part afit. In the psychology and neuroscience literat®.€ @ is the basis
for a random accumulator model (RAM) of decision making over time. Most important, RAMs
admit “changes of mind” or reversal when the partial sums hit a given threskekli(aj et al.

2009. The random broken line connecting the poiﬁtﬁ],%jm]) and(nt,Sfjﬂ) is given by
W (t) = S + (nt - [nt]) g ([nt] + 1) (3.2.9)

By Donsker’s Theorem, i.e., functional central limit theorem, we assW;,ir(e) IS an approximate
Brownian motion in the space of continuous functi@ig, 1].>?> Let w(t; p,a,B) be the state of
the core pwf at time. According toGikhman and Skorokho(lL969 pp. 370-371), by virtue of

(3.2.9, the incremental change in time dependent pwf forjttie DM at timet can be written as
AlnWi(t;p,a,B)] =al(p;a, B)At + cAWI (t) (3.2.10)

This paves the way for the following behavioural empirical local Lyapunov exponent (BELLE)

process

Theorem 3.2.4(BELLE process) Assume that DMs probabilistic risk attitudes are characterized
by Prelec(1999 2-parameter pwf \ip) = exp(—B(—In(p))?). For a given sample size N of DMs

whose preferences are measured with behavioural reois@dN (0, 1), the behavioural stochastic

21The partial sums allow us to construct an approximate random function as follows. Suppadka?). Divide the interval
[0,1] intonequal parts/n, i =1,...,n. Define§ = &1+ -+ &n. LetWy(i/n) = ﬂs' Fort € [(i—1)/n,i/n] we interpolate to

VN

get

W) = L W (1 1) +

t—(-1/m
1/n

1
ENG

Wha(i/n) = S—1+n(t—(i-1)/n)

T
oyn”
Fort in the half open intervdl(i — 1) /n, t) we have — 1 = [nt]. So we get
1 1
Wh(t) = Tﬁs[nt] + (nt — ([nt]) Tﬁe[nt]ﬂ

22Thjs is a common assumption in econometrics thedri(e, 2001, Ch. 7) and probability theory (e.gserfling(198Q p. 41);
Knight (1962); Gikhman and Skorokho(lL969 pp. 452-453); aniaratzas and Shre\&991, pg. 66)).
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Lyapunov exponent proceag(t; p,a, ) has the following representation

dAn(t; p,a, B) = amn(p; a, B)dt+ adWp (1), (3.2.11)
whereamn(p; a, ) is a drift term, o is a volatility coefficient, andVn n(t) is an approximate
Brownian motion.

Proof. See Appendi8.G. O

Remark3.2.3 This is a behavioural manifestation of th&rk and Whandq2012 Brownian
functional result in 8.2.5. The existence and uniquene¢Sikhman and Skorokhqdl1969
Ch. VIII, §3) of An(t; p,a, B) is implied by Definition3.2.1

Stochastic stability condition

Definition 3.2.2(Stochastic stability)(Gihman and Skorohqd 972 p. 145). A stationary point
p* will be called stable if for ang > 0, there exisd > 0 such that foBs(p*) = {p: |p— p*|< d}

Pr{tlmfp(t) =p*&p(t) eBs(p*)} >1—¢ (3.2.12)

whereép(t) is a process (possibly stochastic) starting.at O

Remark3.2.4 In our model, the fixed point probabilify* is a stationary point.3.2.12 imply that

initial values foré(t) converge uniformly tq* over time (\rnold, 1984 p. 210). O

After integrating the stochastic differential equation inebhrem 3.2.4we get the behavioural

Brownian functional

- t t
)\N(t;p,a,B):/o am’N(p;a,B)dqua/O dWnn(u) (3.2.13)

= amn(p; a,B)t+0(Wnn(t) —Wnn(0)) (3.2.14)

The stochastic Lyapunov exponent stability condition implies negative eigenvaluesl(ecno(

and Kuznetsoy2007 Hommes and Manzg2006, andWiggins (2003 p. 7)) and it is given by
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the folowing

Lemma 3.2.5(Stochastic Lyapunov exponent stability condition)

S?pr(t; p,a,B)<0 = sinWn,N(t) <Whnn(0) — %amN(p;a,B)t, (3.2.15)

whereW, (0) = 0. O

Thus, in the context of Definitio.2.2the stochastic stability condition for pwfs is characterized

by (3.2.15.

3.2.3 Estimating the probability of tail event instability

To estimate the probability of stability we rewri#®, n(t) in Lemma 3.2.5as an approximate

Brownian motion

Win(t) zwn<%> (3.2.16)

If ¢(-) is the probability density function folV,n(t), then the probability density function for
sup Wi n(t) is proportional tog(-) (e.g.,Gikhman and Skorokho(lL969 pg. 286) andaratzas
and Shrevg(1997, pg. 96, Prob. 8.2)). So that the stochastic stability coowlith Lemma 3.2.5is
characterized by

Pr{ sthWn,N(t) < —%amN(p; a,B)t} = Pr{ sthWn<%> < —%amN(p; a,B)t} (3.2.17)

= oo - M\/N_Q (3.2.18)
= Pr{ stjp/_VmN(t) > —%am’N(p; a,B)t} = 1—co<D<— w\/ﬁ> (3.2.19)

wherecy is a constant of proportionality, are(-) is the cumulative normal distribution that con-
trols numerical probability. Her&Vn n(t) induces a Lyapunov-Perron efféttvith tail event large

deviation probability Dembo and Zeitounil 99§ of instability given by 8.2.19 in a seemingly

23This effect stems from the notion of hyperbolic fixed points and unstable manifaldsy(ns 2003 pp. 12, 50). Cursory
inspection ofFigure 3.1andFigure 3.2show thawv(F) is hyperbolic in a sufficiently large neighbourhoBg(p*) of the fixed point
p*. So it contains an invariant manifold IR?.
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stable systemieonov and Kuznetsg2007, p. 1079).

Theorem 3.2.6(Probability of tail event instability for a seemingly stable pwfssume that a
large sample size N of DMs have local stochastic Lyapunov exponent process represented by The-
orem 3.2.4 Then the large deviation probability of tail event instatyifior a seemingly stable pwf

is given by

Pr{ sngn,N(t) > —%am,N(p; a,B>t} =1- c0q>< - M\/'\'—t)

.1 YV, 1 amn(p;a,B)
—_ |\||| m N log Pr{ sthWn,N(t) amnN(p; a,B)t} Co t
where® is the cumulative normal andy¢s a constant of proportionality. U

Cursory inspection of3.2.19 shows that givera, 3,0 at timet the probability of instability
increases sinc®(-) gets smaller abl gets larger. The same also holds for fixéénd increasing
t. For technical details on large deviation analysisiSegibo and Zeitour(1999.

Chen and Xuefen(2003 pp. 420, 423) introduced a market microstructure model of liq
uidity in a stock market with fundamentalist and chartists who have different confidence levels in
prices reflected in their subjective probabilities. They show that the Lyapunov exponent, which
characterize chaotic dynamics in their paper, depends critically on the number of traders in the
system. Day and Huand199G Prop. 3, p. 319) refer to a critical mass of noise traders i suc
a system as “market sheep”. Thus, theralgerent heterogeneitgssociated withN in financial
markets. In this paper the Lyapunov exponent process also depends on the huofbeMs
and probabilistic risk attitude factors. Thus, we establish a nexus between behavioural Lyapunov

exponent and probabilistic risk attitudes.
3.2.4 Impact of the drift term on sign reversal of BELLE process

To evaluate the impact of the other control variables on Lyapunov-Perron type probability of
instability we turn to comparative statics. Rewrite the drift term in Theo@&4for givenp so

that
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f(a,B;p)=In(aB)+(a—1)In(-In(p)) —In(p) — B(—In(p))* (3.2.20)

2~ a (= In(p)) — B(~In(p)* ! (3:221)
1
of E+In(—|n(p))
5 > 0=0<B< Cin(p))e (3.2.22)
Similarly,
of 1 « Of B a
@_B—(—In(p)) T >0=0< B < (~In(p)) (3.2.23)

The first order effects for increasing drift (and hence increased probability of instabiliB.Rir29

and (3.2.23 is given by

al+In(—In(p))
(—In(p))a+t

0<B< max{ : (—In(p))“’} (3.2.24)

Sincea controls the curvature of/(p), it determines the degree of DM’s confidence. Whei@as

is an elevation parameter that controls (1) the location of fixed point probability in the underlying
probability distribution, and (2) degree of “cautiously hopeful” behaviaupes 1995 p. 187).

S0 (3.2.29 depicts the range of elevation that control the hyperboliedipoints for invariant
manifolds that support stability and instability. Refeibicone(1999 p. 28) and/Viggins (2003

Ch. 3) for details on hyperbolic fixed pointsChen and Xuefen2003 p. 423) used a similar
analytic apparatus to identify the conditions under which chaos appear in their model. In the case
of Prelec(1999 single factor model, i.eff = 1,0 < a < 1, we find that the set of feasible values

in (3.2.29 for curvaturea are solutions to the nonlinear equation

al+In(—In(p))
(=In(p))e+t
= (—=In(p)*t—at—In(—In(p)) <0 (3.2.26)

>1 (3.2.25)

We summarize the result above in

Proposition 3.2.7(Critical values of probabilistic risk factorsfsiven a large sample N of DMs
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with core Prelec (1999 2-parameter pwfsd and ) in a dynamical system with behavioural
stochastic Lyapunov exponent process in psychological space characterized by TBergthe

tail event probability of instability in Theoren3.2.6depends on either of the following
1. growth in sample size N or time t or both;

2. curvature(a) and elevation(3) of pwfs that induce the range of critical probabilistic risk

attitude factors

0<B(p) <max{¢s(a,p),d2(a,p)};

3. increased precision in the diffusion coefficienfor classifying measurement error or be-

havioural noise by DMs;

al+In(—In(p))
(—In(p))a+t

wheregs(a, p) = and ¢2(a, p) = (—In(p)) 7. O

3.3 Market instability identified by behavioural Lyapunov exponent process

In this section we plot and describe the source functions, i.e., pwfs, implied by option prices from
parameter estimates itolkovnichenko and Zha(@013. We calibrate analytic expressions from
our criterion function for market instability in PropositioB.2.7, and compare the predictions of

the theory to historic events in option price beha#biThe following definition is adapted from

Wakker(201Q p. 320) and it plays a key role below.

Definition 3.3.1 (Source function) Assume that all uncertainties can be quantified in terms of
probabilities, and that a source is a specific set of events. For each EevdgfineW(E) as
ws(Ps(E)) whereS is the source from whiclie obtains,Ps is a probability measure of, and

Wg is the pwf corresponding tB. We callwg a source function O

24Constantinide(1990Q and Abel (1990 used a similar calibration methodology for analytic expic@ss in their models to
illustrate their resolution of the equity premium puzzle.
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Figure 3.6: Duke/CFO Magazine Global Optimism Index
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Figure 3.7: Duke/CFO Magazine US Optimism Index
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Source: Duke/CFO Business Outlook Surveyi#p://www.cfosurvey.org/

Cursory inspection ofigure 3.7plotted from the Duke/ CFO Magazine Survey on optimism
shows that US CFOs optimism scores are uniformly higher for their firms’ prospects compared
to that for the economy. Evidently CFOs are more uncertain about the economy than they are for
their own firms. Therefore, we would expect CFO source function for the economy to be above that
for their firms. Cf. Hogarth and Einhor(1990. CFO Global optimism in Europe, Japan, Latin
America and Africa also show distinct patternsHigure 3.6 Therefore, the source functions for

those CFOs will be different.

3.3.1 Calibrating credit risk sources of pwfs implied by S&P 500 index option

Polkovnichenko and Zha(2013 pg. 595, Fig. 5) derived estimatesfoielec(1999 2-parameter

pwf for shape parameter and elevation parametg¢ assuming CRRA utilityu(x) = ’f%; and

y = 2.0, for S& P500 option price data over the sample period January 1996 to December 2008.
The source functions with thoseandf values are plotted iRigure 3.8or p=0top= 1in steps

of 0.01. We describe them as follows.

On June 19, 1997 there was pessimism in the option market depicted by the concave-
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convex inverted S-shape curye = 0.56, 3 = 0.93) in Figure 3.8 This was around the time of
the Asian currency crisis\(ishkin, 1999 Corsetti et al. 1999 so we label thatredit risk source
function WiSia ey = WiSE(p; o = 0.56, B = 0.93).

By April 21, 2005 the state changed to optimism depicted by the convex-concave skewed
S-shape curvéa = 1.6, B = 1) in Figure 3.8 This time there was a real estate bubble in the US
(Zhou and Sornet{€2006) driven by sub-prime loans and asset securitizatioSo we label that

credit risk source function W, c<iaecns™ Wasos(P; @ = 1.6, B = 1.0).

Early warning critical values of probabilistic risk factors

Undeniably, option market sentiment haglaase transition from pessimism to optimisa:

tween 1997 and 2005. TH& p)-instability distribution predicted by PropositioB.2.7is plotted

—1 .
in Figure 3.9for B(p) = min{max{¢s(a, p). $2(at, p)}. Be} wheregs (ar, p) = & (_ﬁ;?é»lanff))

and¢z2(a, p) = (—In(p))~ ¢ andf; is the observed pwf elevation parameter, i.e., fhgarame-

ter estimated by>olkovnichenko and Zha(2013 for WiHianey andWiey esiatecneo YW construe

B as the “true value”. The plot excludes valuesfifp) > B since they are inadmissible, so

it is truncated accordingly as depicted. A quadratic curve imas fitted for3(p) as indicated.
According toFigure 3.9 the region of instability for both curves irigure 3.8is supported by
probability values less than the fixed point probabiliy= 0.4. For example, < p < 0.4 for
WER ey @NAWES (Estateco TS is the probability support for low ranked option prices. It reflects
low quality assets, long shot bias, and high risk asdetgure 3.9shows that DMs withor = 1.6

and 026 < B(p) < 0.74 are prone to induce instability in states of optimism or overconfidence

whenf: = 1. In contrast, DMs

25adelson (2013 argues that sub prime loans and mortgages “may have senbe apark that ignited the powder keg” of
underlying causes of the Great Recession of 2008 but it was not the causein@heial Crisis Inquiry Comissio(2011, Ch. 10)
referred to this period as “The Madness”.
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Figure 3.8: Source functions implied by Figure 3.9:B(p)-instability distribution
S&P index option prices with tipping points at p=0.4

: </

' =
0.4 f
03
ol N
0.1 /
)

0.1 0.2 03 0.4 0.5 0. 0.7 0. 0.9 1 P

—0—W_Asia_1997(p; a=0.5 ,b=0.93) - W_US_2005(p; a=1. ,b=1)  =tr=P

Figure 3.10:3(p) instability (0.6, 0.2) for Figure 3.11:3(p)-instability (0.7, 0.5) for
1997 Asia and 2005 US risk sources 1997 Asia and 2005 US risk sources
— ' (7
| —1
/ 0.9
/ // 0.8 //'/ )/
i r /) 2l
/ ~ o 4
— _ A —
/ I/JI/ 9;"'05 /
/I 0.4 /
// /1 /)
/// wl ]

—o—w_Asia_crit_(P;0.56,0.7) ~m—w_US_crit_(P;1.6,0.5) ——p P

Figure 3.8is calibrated withPolkovnichenko and Zha@013 estimates foPrelec(1999 2-parameter
saurce functions for 1997 Asian currency crigs = 0.56, 3 = 0.93) and 2005 US real estate and CDO
bubble(a = 1.6,8 = 1) for CRRA parametey = 2. Figure 3.9depicts the distribution of critical values
for early warning and tipping point for market crash when p=0.4 for each source fun€tgure 3.10and
Figure 3.11depict source functions for market crash for 2005 US realestad CDOB(p) = 0.2 and 0.5
resp., and market instability for 1997 Asian curreififyp) = 0.6 and 0.7 resp.

with a = 0.56 and 063 < 3(p) < 0.93 are prone to induce instability in states of pessimism or

underconfidence when the tre = 0.93. According ta”olkovnichenko and Zha@013 p. 585)

B shifts the distribution and mainly affects the tails.
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3.3.2 Calibrated source functions predicted by tipping pointvalue

In the analysis that follows we reiterate that pwfs are identified with the source of credit risk so
they are source functions in accord with Definiti®3.1 Table 3.1presents parameter values used
in the analysis below.

Table 3.1: Parameter values for credit risk source functions

Parameter Asia 1997 Currency Crisi¢ US 2005 Real Estate & CDO Bubble
a-curvature 0.56 1.60
B-elevation 0.93 1.00
p*-fixed point 0.40 0.40
B(p)-instability 0.60 0.20
0.70 0.50
B(p)-tipping point 0.93 0.67

The plots corresponding to the parameter values above areteldjmFigure 3.8
Figure 3.9 Figure 3.10andFigure 3.11 Tipping point values fof3(p*) are depicted
in Figure 3.9

Saurce function for US real estate and CDO bubble circa 2005

To illustrate our theory for US real estate and CDO source functions, we $&{@gt
instability valueg3 = 0.25 andf = 0.5 from the distribution of critical values predicted by Propo-
sition 3.2.7to characterize dynamics of the underlying source functidriee orientation of the
skew S-shaped source functidf’> ....cpdor (a = 1.6, 8 = 1.0) in Figure 3.8switched to an
all concave shape iffigure 3.10depictingex ante ;{léﬁ;'{‘ew&p; crit(a = 1.6,3 = 0.2)) for
fixed a = 1.6, and critical valug8 = 0.2. So the relative strength of DMs confidence is such that
they are now uniformly fearful and pessimistic over the entire range of rank ordered option prices.
Similarly, in Figure 3.11the ex antesource function\fy 2ash (o crit(a = 1.6,8 = 0.5)) is
concave form = 1.6 and critical valug8 = 0.5. Cursory inspection dfigure 3.10andFigure 3.11
showWse Sash  (o: crit(a = 1.6,8 = 0.2)) > Wy €2 (p; crit(a = 1.6, = 0.5)). Ac-
cording toHogarth and Einhor(L990 Fig. 2, Fig. 4, pp. 786-787) the higher curve implies greater
ambiguity in the market. Nonetheless, each of those functions symbolize market crash since DMs

are uniformly pessimistic.
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Source function for Asian currency crisis circa 1997

The elevation of the inverse S-shaped source fundn i?( p; a = 0.56, B = 0.93) in Fig-
ure 3.8for a = 0.56, 8 = 0.93 has a fixed point probabilitg* = 0.4. However, wher8 = 0.6 the
fixed point probability jumped from 0.4 to abopt = 0.75 in Figure 3.10 According toHogarth
and Einhorn(199Q Fig. 2, pp. 785-786), this northeast movement of the fixedtgwis= 0.75, as-
sociated witlex antesource functiorvvf}g";( p; crit(a = 0.56, B = 0.6)), implies larger anticipated
losses. In this case the market was more cautious than hopeful. In contrastawherb6 and
B = 0.7 the fixed point probability foex antesource functioeré,Sgi‘%( p; crit(a = 0.56, 3 = 0.7))
falls to aboutp* = 0.7 in Figure 3.11 In this case, the market was less cautious and more hopeful
compared to whemp* = 0.75. Each one of the source function plotsrigure 3.10andFigure 3.11
depict probabilistic preference reversal relative to theesponding plots ifrigure 3.8 Evidently,

B(p) elevation shifts the underlying distribution for given sentiment reflected byrvature.

Out-of-sample prediction of 2008 Great Recession market crash

Figure 3.10and Figure 3.11show that DMs in the market are pessimistic over most or
all option prices. Financial market crash is predicted by ékeanteconcave source functions
Woer Cash & crit (a = 1.6, 8 = 0.2)) andWsoy ash . ¢p; crit (a = 1.6, 8 = 0.5)) for the crit-
ical B(p) values 02,0.5. In Figure 3.5those fixed points are unstable attractors. They coincide

with the case of fixed point probabilities 0 or 1 in Propositi®2.1 So we would
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Figure 3.12: AAIl weekly sentiment survey: June 1987-Junel201

80%

1990 Japanese Real 200 US Real Estate
Estate Crisis |

Crisis
70%

60%

50%

40%

30%

20%

10%

0%

= Reported Bullish = Reported Neutral === Reported Bearish

=== Poly. (Reported Bullish) === Poly. (Reported Neutral)

Poly. (Reported Bearish)

“The AAIl Investor Sentiment Survey measures the percentédgedividual investors who are bullish,
bearish, and neutral on the stock market for the next six months; individuals are polled from the ranks of
the AAIl membership on a weekly basis. Only one vote per member is accepted in each weekly voting
period.” Sourcehttp://www.aaii.com/SentimentSurvey?adv=yAsSth-degree polynomial smoother was
used to generate sentiment waves.

expect a small volume of trade or no trade at all, because the market breaks down since all traders
are uniformly pessimistic about asset quality (efgkerlof (1970; Harris and Ravi(1993 and
Stiglitz and Grossma(l97§ p. 250)). The uniform fear predicted by gBitp)-instability criterion
function is characteristic of market crashes of the type that led to the Great Recession of 2008. Al-
ternatively, it signifies heightened uncertainty in the mafRdor example, on or about September
13, 2008 just before Lehman Brothers filed for bankruptcy there was tremendous uncertainty about
whether the Federal Reserve Bank of New York would step in and bail them out and credit markets
froze to a haltlDe Haas and Van Horg2012).

Figure 3.12supports the market crash scenarios represented by our Sonot®n anal-

ysis. It depicts 5th-degree polynomial smoothers for weekly sentiment data for Bulls, Bears, and

26 Abdellaoui et al (2011, p. 706) depicted this phenomenon with a convex dashed line @wer gains whileHogarth and
Einhorn(199Q Fig. 4, p. 787) depicted this phenomenon as a concave funoti@nlosses. The latter depiction is consistent with
Wz%gscrit(a,ﬁ(p)) in Figure 3.10and Figure 3.11 Charles-Cadoga(2016h Appendix A.1) shows how the curvature of pwfs
reflect probabilistic risk attitudes like loss aversion for pessimists (concave) and risk seeking for optimists (convex).
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Risk neutral survey participants for American Associatiomnafividual Investors data for the pe-
riod June 1987 to June 2011. During the Great Recession of 2008, induced by the US Real Estate
market failure, there was very little difference of opinion between Bulls and Bears. In fact, the
Bears were slightly more bullish than the Bulls! Similarly, during the 1990 Japanese Real estate
crisis (Peek and Rosengre@000 there was no difference of opinion between Bulls and Bears
and markets crashed. O p)-instability analysis predicts that those scenarios are represented by
uniformly concave source functions like thoserigure 3.10andFigure 3.11

Polkovnichenko and Zha(?013 Fig. 6, p. 593) provide a time series plot of Prelec’s
(a, B) reproduced inFigure 3.13 By eyeballing the plot around when the market crashed in
2008, one finds thatr ~ 1.2 and3 ~ 0.93 for y = 0 which corresponds to risk neutrality over
outcomes. So the bulk of the risk preference load is carried by the shape of the underlying source
function(s). According to Propositior3.2.7, Figure 3.15predicts that the tipping point value for
B(p)-instability is B(p) = 0.904095 wheno = 1.2 andp = 0.4. Furthermore, the fixed point
probability p* = 0.4 in Figure 3.8moved South-West along the diagonal towapds 0. This is
consistent with the prediction for unstable pwfkigure 3.5where the fixed poinp* = 0.4 was
perturbed and the iterative function system converged to the South-West poen@r Our3(p)-
instability distribution makes the strikirmut-of-samplerediction that form = 1.2 the market will

crash at tipping poinB(p) = 0.9.27

2That tipping point value is different from the tipping point val@ép) = 0.65 whena = 1.6 in Figure 3.9since depends on
a as input in PropositiorB8.2.7.
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Figure 3.13: Time series plot féirelec(1999 (a, B)
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Figure 3.13s a reproduction oPolkovnichenko and Zha@013 Fig. 6, p. 593) time series plot féirelec
(1999 (a, B). The valuea = 1.2 in 2008 is for CRRA parametejs= 0, 1.

Figure 3.14: Source function for 2008 Figure 3.15:3(p)-instability for 2008
Great Recession Market Crash Great Recession Market Crash
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Figure 3.15depicts the predictefl( p)-instability out-of-sampleearly warning and tipping point market
crash value of3(p) = 0.9 at p=0.4 foMyeecrit(ar = 1.2, B = 1). Figure 3.14depicts the concave source
function for the crash value ¢@(p) = 0.9 for a = 1.2. The fixed point shifted to the left (CFigure 3.5.
Eyeballing the plot inFigure 3.13shows that when the market crashed in 2008athpostvalue was

B(p) =~ 0.93 fora = 1.2 andy = 0. So ourf3(p)-instability out-of-sampletipping point value 0.9 in 2005
predicted the crash value 0.93 realized in 2008.
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Theex-postvalue inFigure 3.13s 3 ~ 0.93 when the market crashed in 2068gure 3.14depicts

the source function fowsacrit(a = 1.2, B = 0.9). Qualitatively, the curve is almost uniformly
concave—a prerequisite for market crd8moreover, the market appears to be well calibrated for
low ranked option prices since the source function coincides with linear probability weighting for
p < 0.2. Cf. Corollary 3.2.3 We reiterate thatigure 3.13provides time series plots whereas our

B(p)-instability number was generated by the closed form expression in Propo8iton

34 Conclusion

We contribute to the literature on financial market instability with a behavioural Lyapunov expo-
nent process for stochastic stability of probability weighting functions (pwfs) implied by index
option prices. We show how the shape of pwfs depend on the prevailing source of credit risk in
the market so they are “source functions”. While our model cannot predict the precise date of a
market crash, it predicts critical out-of-sample tipping point values for a single output parameter
that predict market crash for given market sentiment input parameter(s). We illustrated the model’s
robustness across different credit risk sources, e.g., the Asian currency crisis in 1997, US real estate
and CDO bubble in 2005, and its striking out-of-sample performance which would have predicted
the Great Recession of 2008. Thus, we provide new tools for identifying early warning signals
for market instability. Further research includes calibrating the model to provide estimates for the

probability of market crash.

3.A APPENDIX

3.B Constructing probabilistic risk attitudes with pwfs: Example

LetU (x) = y/x be a concave utility function depictedkigure 3.16x = (4,9, 16) be a distribution
of outcomes ranked from worst to best, gne (1/2, 3/8, 1/8) be a probability distribution over
x. LetL = (4,1;9,3; 16, %) bea lottery constructed from the p&k, p).

280ur model is based on the assumption thiat 2. However,Polkovnichenko and Zha(2013 reports that there is very little
qualitative difference in their empirical pwfs forQ y < 2.
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Figure 3.16: Concave utility function Figure 3.17: Linear probability weighting
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Choice under expected utility theory

The von Neumann-Morgenstern utility/¢n Neumann and Morgenstgrh953 is the expected
utility over the linear probability distribution ifrigure 3.17and it is given by

3
V(P = 3 PU(X) = (1/2)(2) +(3/8)3)+ (1/8)(4) = 21/8 = 2625 (3B.1)

In this contrived example, the actuarial valud.a$ E[x] = 59/8 andU (E[x]) ~ 2.7. SoU (E[x]) >
E[U(X)] =V (p) andU (xcg) = 2.625=- Xcg ~ 6.89 wherexcg is certainty equivalent. Risk averse
decision makers (DMs) prefer to receive 6.89 for certain rather than play the |attemheir
required risk premium to play is @ = E[X] — Xcg = 0.485.

Choice under rank dependent utility

Rank dependent utility (RDU) byuiggin (1982 1993 posits the existence of a probability
weighting function (pwf) w(p) that does not sum to 1 and from whidecision weightst

are constructed as followsrg = w(1/2); ™ =w(1/2+ 3/8) —w(1/2) = w(7/8) —w(1/2);
andrs = 1—w(7/8). Wakker(201Q Ch. 5) provides details on the decision weight procedure.
The rank dependent expected utility is given by

3
RDU(p) = Zlnu(xi):nlx2+n2><3+rr3><4 (3.B.2)

i=
If we sum the decision weights we get+ o+ 153 =w(1/2) +w(7/8) —w(1/2)+1—w(7/8) = 1.

However nonlinearity ofvimpliesw(7/8) +w(1/8) # 1.

Assumption 3.B.1. Assume \W7/8) +w(1/8) > 1 and either (A) W1/8) < 1/8 or (B) w(1/8) >
1/8.

Under assumptior8.B.1(A) we have 1—w(7/8) < w(1/8) < 1/8 andw(7/8) > 7/8. Under
assumption3.B.1(B) we havew(1/8) > max{1/8,1—w(7/8)} =— w(1/8) > 1/8 andw(7/8) <
7/8.
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The inequality in assumptio8.B.1(B) implies that decision makers (DMs) gressimistic
about the lower ranked outcomes because they weight the cumulative probability of those outcomes
occurring as if they are greater than they really are. However, even thgUgB) weights the sum
of p; = 1/2 andp, = 3/8 it tells us nothing about the individual weight$1/2) andw(3/8). For
example, it is possible that even thougti7/8) > 7/8 in assumption3.B.1(A) we can still have
w(3/8) <3/8andw(1/2) >1/2 orw(3/8) > 3/8 andw(1/2) < 1/2. (Wakker, 2010 Ch. 7) refers
to related scenarios as pessimism and likelihood insensitivity. Substitutiari1gB) for 1 =
(1—w(7/8)) in (3.B.2) highlights the implication of nonlinearity. So ndrDU (p) = 2w(1/2) +
3(w(7/8) —w(1/2)) + 4w(1/8) implies RDU(p) > 3(w(7/8) +w(1/8)) + w(1/8) —w(1/2) >
3+1/8—w(1/2) under assumptior3.B.1(B). If RDU(p) < E[U (x)] =V (p) < U(E[X]), then we
must have the valuation81/8 —w(1/2) < 21/8 = w(1/2) > 1/2. Thus, DMs argessimistic
andrisk averseaboutx = 4. If RDU(p) > U (E[x]) > E[U (x)] =V (p), thenw(1/2) < 1/2. Thus,
DMs are

Figure 3.18: Empirical probability weighting functions
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optimisticandrisk seekingaboutx = 4 even though the underlying concave utility functld(x)
only supports risk averse preferences ovérhus, DMsentimenti.e., pessimism and or optimism,
is driven by the pwf which picks up convexity in preferences whetég@g in Figure 3.16does
not. Thus, formm = w(7/8) —w(1/2) we have either (aju < 3/8 or (b) 7 > 3/8. For scenario
(a) we havew(7/8) —w(1/2) < 3/8 = w(7/8) < 3/8+w(1/2). Recall thatw(7/8) > 7/8 under
assumption3.B.1(A). Thus, we get 78 <w(7/8) < 3/8+w(1/2) = w(1/2) >1/2. So now DMs
are pessimistic abouwt= 4 . However, by hypothesis(1/8) > 1 —w(7/8) satisfies assumption
3.B.1(A) whenw(1/8) < 1/8. So we havegw(1/8) <1/8, w(1/2) > 1/2, w(7/8) > 7/8}.

For scenaridb) we havew(7/8) —w(1/2) > 3/8 = w(7/8) > 3/8+w(1/2). Under as-
sumption 3.B.1(B) w(7/8) < 7/8 andw(1/8) > 1/8. So combining scenarit) with assumption
3.B.1(B) we get I8+w(1/2) < w(7/8) < 7/8. This implies thatw(1/2) < 1/2. So we have
{w(1/8) > 1/8, w(1/2) < 1/2,w(7/8) < 7/8}. The fixed point probabilityp* is the same for
each scenario above. Scenarios (a) and (b) imply that the underlying shape of the pwf is as fol-
lows:

(a) Concave-convex inverse S-shapgw(1/2) > 1/2; w(7/8) > 7/8; w(1/8) < 1/8}
(b) Convex-concave S-shape: {w(1/2) <1/2; w(7/8) < 7/8; w(1/8) > 1/8}

These pwfs shapes Figure 3.18re not exhaustive. They are simply two of many that reflect the
latent heterogeneity in probabilistic risk attitudes towards the lottdoy given utility functionU.
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3.C The stable manifold theorem and preliminaries

This appendix provides some preliminaries and an elementary statement of the stable manifold
theorem.

3.C.1 Preliminaries

Definition 3.C.1 (Qualities of a dynamical system)

A dynamical system is a system that evolves in time through the iterated application
of an underlying dynamical rule. That transition rule describes the change of the ac-
tual state in terms of itself and possibly also previous states. The dependence of the
state transitions on the states of the system itself means that the dynamics is recursive.
In particular, a dynamical system is not a simple input-output transformation, but the
actual states depend on the systems own history. In fact, an input need not even be
given to the system continuously, but rather it may be entirely sufficient if the input is
only given as an initial state and the system is then allowed to evolve according only
to its internal dynamical rule. This will represent the typical paradigm of a dynamical
system. {os} 2005 p. 1). O

Definition 3.C.2 (Dynamical system)(Rebaza2012 p. 327).

Let E be an open setiR", i.e.,E C R". The functionp: R x E — E defined byp(t,x) = exp(At)x

defines a dynamical system & Specifically, ifx = Ax with initial value X(tp) = Xo, then its
solutionx(t) = exp(At)xp defines how a statec E evolves over time. Ik = f(X) is a nonlinear
system, thelh = D f (X) is the Jacobian for a local linearization. O

Definition 3.C.3 (Invariant subspacejRebaza2012 p. 338).
A subsetSc R"is called invariant with respect to the syst&m Ax if exp(At)SC S. For instance,
for any initial valuex(tg) =X € S, the solutiorx(t) = exp(At)Xp stays inSfor all t > 0. O

Definition 3.C.4 (Eigenvalue criterion for stability)(Rebaza2012 p. 338).
Let Aj = aj +ibj, j=1,...,n be a complex valued eigenvalue Afin Definition 3.C.2 with
eigenvectorslj = vj + iwj. Then we define

E® = spar{vj,w; : aj < 0} (stable subspace)
EY = spar{vj,w; : aj > 0} (unstable subspace)
E® = spar{vj,w; : a; = 0} (center subspace)

All three subspaces are invariant with respect to the system. Furthermore, they induce the identity
ESQEYQEC=R" (3.C.1)

The® symbol means that for angc IR" we have the decomposition=u+v+wwithuec ES, ve
EY, we E°. O

Definition 3.C.5(Homeomorphism)A homeomorphismis a functidm: A — B that is a bijection,
is continuous and whose inverse is also continuous. O
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Definition 3.C.6 (Differentiable manifold) A differentiable manifold of dimension as a set that

is locally homeomorphic to the usual Euclidean spéite A differentiable manifold is in fact

a topological space that generalizes the intuitive and geometric notion of a curve or a surface.
Consider for example the one-dimensional spRcdsay, the usual x axis). Then a differentiable
manifold homeomorphic to it, is the cubic parabgla x3: It is a continuous deformation of the

axis. O

3.C.2 Statement of stable manifold theorem

In the case of pwfs in this paper the fixed point probabiptyis an equilibrium point and the
neighbourhoo®s(p*) is differentiable manifold. Without loss of generality, we consider the
equilibrium point to be the origin in the following.

Theorem 3.C.1(Stable manifold theorem)Rebaza2012 p. 343).

Let E C R" be open containing the origin, letd C(E), and letg be the flowk = f(x). Suppose
the origin is a hyperbolic equilibrium point and that-ADf(0) has k eigenvalues with negative
real part and the remaining & k eigenvalues have positive real part. Then,

(a) There exists a k-dimensional differentiable manifold S tangenftat Ehe origin, such that
@(S) c SVt > 0andlimi_., =0,¥x€ S.

(b) There exists &n — k)-dimensional differentiable manifold S tangent té & the origin, such
that@(U) C U, vt <0andlim{_,, =0,¥xeU.

O

3.D Proof of invariant manifold Proposition 3.2.1

Proof. By construction we can rewrit®(F) = exp(—%). The distribution function(slr which

solves that nonlinear equation represents fixed probability distributions that satisfy the equation.
By definition,F represents a continuum of probabilities. Specifically,

1. leté, be thep-quantile ofF. Define the set of probabilities(p) = {p| —w(p)In(w(p)) =
p, F(&p) =P(X < é&p) =p, F € C(F)}. By constructiorX(p) is a cluster set of probabilities
since it contains the accumulation or fixed poiptdhat satisfy the entropy equation, and by
constructionX(p) € C(F). HenceC(F) is a hereditary cluster set.

2. Supposé& € C(F), andp ¢ X(p). The latter relation implies thatw(F (&p)) In(W(F (&p))) #
F(&p) andF (¢ép) ¢ C(F). This contradicts our incipient hypothesis= C(F). In which case
F(&p) = p € X(p) andC(F) < X(p).

The results of 1and 2 imply thatC(F ) = X(p). In which cas€(F) is a cluster set of probabilities.
The restrictionW(F (&p)) = F(&p) = p produces the fixed point solutiohl(F) = F = exp(—1).
U
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3.E Proof of linear probability weighting operator Corollary 3.2.3

Proof. Let C(F) be the domain of definition of an operatdrthat map<C(F) into itself. Vizly,
2(T)=C(F) andT : C(F) — C(F). Lethy, hy, € C(F) and choose constanig and 6, such that
01h; + Bhy € C(F). Thus6;h; + 62h, has a fixed point representation so by hypothesis

T (61hy + B2hp) = O1hy + Bohp = 61T (hy) + 62T (hy) (3.E.1)
SinceB1hy + 6>hy € @(f), the relationship in3.E.1) implies thatT is a linear operator by defini-
tion. O

3.F Robustness ofPrelec (1999 2-parameter pwf and other 2-parameter
pwfs

In this appendix we provide a simple first order correspondence exercise between(1999
2-parameter pwf and other popular 2-parameter pwfsbydstein and Einhor(1987 (GE) and
its functional equivalent byattimore et al(1992 (LBW).

-1

Tph 1 P\ o
W(Pm) = Tp?{mL Som p|¥ = <1+ = k;m (p—r';) > (Goldstein Einhorn)
w(p) = exp(—B(=Inp)?) (Prelec)

For a given probabilityp = pm, a first order expansion o5pldstein Einhorhand Preleg speci-
fications produces:

y
W(Pm) ~ l—% ; <%) (3.F.1)
kZm \ Fm
W(pm) ~1—B(—Inpm)® (3.F.2)
a_ 1 pe )Y
— 1-B(—Inpm)=1- < ; (p_) (3.F.3)
kZm \ Fm
The relationship in%.F.1) and @.F.2 imply that
y
1 n (Sim(3:))
B=;, a= (TN pm) (3.F.4)

wheref3 anda are elevation and curvature parametégsiimore et al(1992, Figure l1a, pp. 380-

381) provide examples of how the shapes generated3mydstein Einhorjhmodel correspond to
those inPrelec(199§ Figure 2).al Nowaihi and Dham(2006 show how 8.F.4 can be modified

to find o values for what they call “higher order Prelec” pwfs that cut the diagond! ((48)

more than once.Cavagnaro et al(2013 provide a mechanism for selecting among competing
pwfs. Additionally, Blavatskyy(2013 p. 15) conducted robustness checks between a 2-parameter
cubic pwf he introduced, a 1-parameter Prelec pwf, power function for pwf, Goldstein-Einhorn
pwf, and Tversky-Kahneman pwf. He found that “[flor a great majority of subjects the goodness
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of fit” between between his cubic function “is not significandifferent from that of [the other]
functions”. Thus, we conclude thatelec(1999 2-parameter specification is robust.

3.G Proof of representation theorem for behavioural stochastic Lyapunov
exponent process Theoren3.2.4

Proof. The aggregate change in pwf for heterogeneous DMs in the sampl szgiven by

=z

N N
nwit;p)= S al(p;a,B)at+ AW (t 3.G.1
Z p)l jzla (pia,B) szl (t) 3.G.1

SubstitutingA In[w/ (t; p, a, B)] for Injw/(pj)| in (3.2.9, and by virtue of the continuous mapping
theorem {Vhite, 2001, Thm. 7.20, p. 178) replacinty and AW, with dt anddW,, respectively, we
get in the limig®

% ZdAJ (t;p,a,B) =

Dividing left hand side (LHS) and right hand side (RHS)Nand using “bar” to represent sample
average, we get the stochastic Lyapunov exponent process

3

N m 1
' dt+— d J 3.G.2
Z Z (pr; a1, B) m 2 1rZ Wa (t ( )

BII—\
BIH

dAn(t; p, @, B) = amn(p; a, B)dt+ adWi (1), (3.G.3)
1 118 m - 1 X
SR 2N a0 =[S 5 AP, Want) =53 W) (364

j=1r=1

O

29There is nop; term on the LHS by definition.
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Chapter 4

Harmonic Probability Weighting Functions
And The Preference Reversal Puzzle

“The gamble has been to decision research what the fruit fly has been to biology - a
vehicle for examining fundamental processes with presumably important implications
outside the laboratory”. Paul Slovic.

4.1 Introduction

The contributions of this chapter are threefold. First, we extendarth and Einhorr{1990
saninal descriptive probability weighting function to a coherent harmonic probability weighting
function (HPWF) via maximum entropy methods. Second, we show how that probability model
theoretically resolves the preference reversal puzzle by identifying an observer effect in the prefer-
ence reversal phenomenon. That is, observers report preference reversal even when the true state
is procedure invariancand transitive preferences because their (observers) very act of measure-
ment disturbs subjects probability cycles before they are complete. This is a manifestation of the
“uncertainty principle” or “observer effect” explained at lengthvimn Neuman(1955 Ch. VI).
Third, we show how the HPWF decomposes regret theory and rank dependent utility theory into
core expected utility theory (EUT) plus functionally equivalent stochastic error addends.
Preference reversal (PR) is a phenomenon which arises when subjects in an experiment are
asked to choose between pairs of bets with similar expected values, one bet has a high probability
of winning a relatively small sum of money (tlebet), and the other has a low probability of
winning a large amount of money (the $-bet). Subjects typically choose-tiet but when they
are shown each bet in insolation and asked to state a reservation price if they were to sell each bet,

they typically choose to sell the $-bet for mdre.

1The PR phenomenon is not exclusive to binary choice over betsn et al. (1993 find PR in environmental choices, and
Amiel, Cowell, Davidovitz, and Polovi(Amiel et al) find it in policy decisions involving income inequalitylinvest et al (2014
cdlects references to non economics contexts where the PR phenomenon is observed.
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The following example is taken fromoldstein and Einhor(L987, pp. 236-237). Suppose
subjects choose between the following bets, one of which has a high probability of winning a small
amount of moneyR-bet) and the other, which has a low probability of winning a large amount of

money ($-Bet):
P-bet: Win $4 withp =0.97, Lose $l withp=0.03
$-bet: Win $16 withp = 0.31, Lose $1.5 witlp = 0.69

When subjects are asked to choose which gamble they prefer to play, approximately half choose
the P-bet over the $-bet. When each gamble is presented singly and subjects are asked to state
the lowest selling price for the gamble if they owned it, the $-bet receives a higher price than the
P-bet. If selling prices reflect preferences, then preference reverses depending on whether subjects
chooses or states selling prices.

The PR phenomenon is of concern because of its implication for policy and resource al-
location. For example, imputed values for non-tradeable items may be elicited from surveys and
policymakers may use the responses to inform resource allocation. If the preference ranking ex-
trapolated from survey responses do not reflect the choices that respondents would actually make,
then the survey elicited valuation is unreliable and policy is misinformed. Accordirige o

(2002 the literature identifies four causes of preference reversa
¢ elicitation mode of certainty equivalent (CE);
e intransitivity of preferences;
e overpricing of $-bet and/or underpricing Bfbet;
e nonlinear probabilities.

In this paper our focus in on (1) intransitivity of preferences, and (2) nonlinear probabilities. We

do not consider elicitation mode such as probability equivalent, and pricing issues, and we know
of no single model that addresses all four causes of PR simultaneously. Specifically, we prove that
even if preferences are transitive, and procedure invariance is not violated, an observer may still

observe preference reversal if she measures choice behaviour before subjects’ probability cycles
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are completed. This theoretical result is in contrastitersky et al(1990 who find that violation
of procedure invariance is the leading cause of observed preference reversal.

PR was first published byichtenstein and Slovi¢1l971); Lindman(1971) and confirmed
in an “artefactual field study” with casino players in real betting situationsiéghtenstein and
Slovic (1979. It has proven to be quite robuslpvic, 1999.2 Interest in the phenomenon lies
in its relation to intransitivity of preferences. The latter implicates the transitivity axiom—a cor-
nerstone of decision theory and preference based economic tieqarticular (Tversky (1969,
p.31), Tversky et al(1990), Loomes et al(1991, p. 430) and/ilcox (200§ pp. 198-200)).

In the [in]transitivity context, PR implies that given a binary preference relatigwhere
> means strictly preferred and means indifferent to), a set of outcomegy, zsuch that a decision
maker (DM) expresses > y andy > z, if she is prepared to pay a feeto acquirex, and if her
elicited preferences ave- y > z > X, then that DM is vulnerable to a money pump or Dutch book
that extracts an amoumtat the end of each cyclé-chbury 198§ p. 44). Evidently, violation
of the transitivity axiom involves some kind of cyclic behavi6uEor example,Tversky (1969
p. 31) surmised that the observed inconsistencies reflect inherent variability or momentary fluc-
tuation in the evaluative process. This consideration suggests that preference should be defined
in a probabilistic fashiori (emphasis added).oomes and Sugdg(i982); Bell (1982); Loomes
and Sugden(1983 introduced regret theory which accommodatesie intransitive preferences
(Loomes et a}.1991). Lichtenstein and Slovi¢1971) proffered aninformation processingdny-
pothesis as the cause of PR. Even though several other hypotheses have been offered to explain the
PR phenomenon (seechtenstein and Slovi¢2006 for a review), to the best of our knowledge,
the “information processing” hypothesis has not been explored in “a probabilistic fashion” in the
context of information theory.

This paper fills a gap in the literature by presenting a new agbrtoSeid! (2002, p. 637)

2The opening paragraph of the oft cited papertyther and Plot{1979 states that that “paper reports the results of a series
of experiments designed to discredit the psychologists’ works as applied to economics.”. Instead, their experiments reaffirmed
preference reversal.

3For instance, if extant preference based economic theory is unable to resolve personal equilibriumifiiiciagi@and Rabin
2006 within a DM, how much more likely is it to resolve the indifferee pricing puzzle among DMs? Qflataramvurg2015.

4Rubinstein and Seg2012 p. 2485) claim the maximal probability that a random samptiragedure yields such cycle%.

5In cognitive science, Jerome Busemeyer and his co-workers resolve the preference reversal puzzle in the context of quantum
information processing which employs quantum probability tools borrowed from quantum mechiariesngyer and Diederich
2002 Busemeyer and Wang007 Pothos and Busemey&009 Busemeyer et gl2017).
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observation that “it seems that the explanation of preferemeersals by intransitive preferences

is still an open issue.” It introduces an information theory of preference reversal by an through a
coherent harmonic probability weighting function (HPWF) derived from applymgie1969
principle of maximum entropy to a distribution of outconfeConceptually, it synthesizes the
information processing, probabilistic choice, and momentary fluctuation hypotheses of preference
reversal and intransitive preferences. The HPWF extemdsarth and Einhor(990 descriptive
outcome dependent pwf as indicated in the sequel. We use simulation to confirm that a simple
affine transformation of our maximum entropy induced HPWF produces a sinusoidal inverted S-
shaped probability weighting functional consistent with likelihood insensitivigported inTver-

sky and Wakker(1999, and in recent source function theory of uncertainty/yiellaoui et al.
(2011).8 However, to the best of our knowledge the inherent HPWF resettipted by maximum
entropy is new.

We assume two procedurally invariant experiments with theesBivls are temporally
spaced. Preference functions are the same in each experiment. Thus the preference reversal burden
is carried by probability distributions over outcomes. In that way, “preferences are defined in
a probabilistic fashion”. We prove that DMs appear to violate the transitivity axiom when the
probability cycled® of their HPWF are incomplete. To the best of our knowledge, todability
cycles resolution of the PR puzzle is new. We prove that experimenters interfere wininénent
HPWEF induced by a statistical ensemble of outcomes in a lottery, when they assign probabilities to
outcomesex ante The interference causes them to observe PR in the lab when the true state is no

PR. This is a manifestation of the “uncertainty principle” or “observer effect” explained at length

8In the neuroeconomics and psychophysics literatareahash(2006) introduced a stylized pwf based on the difference be-
tween perceived probability and Claude Shannon’s entropy measure of uncertainty for probabilities. The pwf is maximized when
entropy is minimum.

"Geometrically, this concept refers to flatness in the central portion of a pwf relative to its extremes.

8Harrison(2011) derived maximum likelihood estimates of parameters frormaciral model with normally distributed mea-
surement error which rejected the findings in this paper.

9 al Nowaihi and Dhan{2010 introducedcomposite cumulative prospect theof@CP), andcomposite Prelec probability
weighting function§CPF) to "address events close to the boundary of the probability intgn&l. Their Figure 5.1 depicts a
piecewise harmonic probability weighting function based on heuristics of observed beh&timuaneroni et al(2006 pg. 1448)
used the concept ofelative entropyto address issues related to variational utility representation of probabilistic preferences. A
paper with tangentially related results like that reported hefriisemeyer et a(2006 who used a quantum “superposition state”
with respect to basis functions to analyze their quantum wave functions.

10A probability cycle is the greatest common divisor of the set of periods for a periodic phase function.
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in Von Neumanr(1955 Ch. VI).11

Loomes and Pogrebn@015 conducted experiments which seem to support aspects of
our model. Their model involved Weak Stochastic Transit#4tyWST) by eliciting certainty
equivalents (CEs) from a set of candidate CEs for given bets. Thus, subjects underlying preferences
were modeled as a probability distribution over the set of CEs. They find that “when certainty
equivalent values are inferred from repeated binary choices, the classic PR phenomenon largely
disappears”. In other words, subjects eventually complete their inherent probability cycles in a
repeated choice context over a distribution of certainty equivalents.

The intuition behind our model is depicted kigure 4.1landFigure 4.2 The latter fig-
ure depicts plots of pwfs, in a unit squd® 1] x [0, 1], observed in an experiment conducted by
Wilcox (2017) to compare the predictive performance of three probalaldtoice models: two
context depender® and one context free. One of his main results is that contexremnt prob-
abilistic choice models explains “switching behavior” among subjel€igure 4.1depicts string
harmonics in a unit squarf®, 1] x [0,1]. One can imagine a dense function space of pwisiga
ure 4.2mimicking the string harmonics iRigure 4.1 So probability weighting functions admit
hamonics. This paper provides a coherent model that supports that observation and its implication

for preference reversal.

4.1.1 Positioning the paper in the literature on probabilistic preferences

The literature on preference reversal is huge (see 8lgyic and Lichtensteir(1983; Slovic
(1999); Seidl (2002); Lichtenstein and Slovi€2006 for reviews, and-invest et al.(2014) for

a auccinct collection of the literature). Thus, as a practical matter we review select papers to put
the instant paper in the perspective of probabilistic preferences.

Karni and Safrg1987 p. 679) introduced an EUT based model that predicts preferenc

Ustewart et al(2015 conducted a set of experiments which confirm the experimesffect on the instability of subjects’
choices. They did not proffer an information theory.

12| et - be a preference order relation afalb, c}. WST implies that if Pfa:- b) > 0.5 and P¢b > ¢) > 0.5, then Pfa - ¢) > 0.5.

13«Context dependence” implies that “the relative attractivenesscoimpared ty often depends on the presence or absence of
a third optionz’ For example, an individual who prefersovery in a binary choice cannot selecfrom the sef{x,y,z}. But even
if each individual satisfies [value maximization] we could obtRitx;y) > P(y;x) andP(x;y,z) < P(y;X,2) if those who prefex
overy also prefez overx.” whereP(x, S) is the proportion of subjects choosirdrom a setS(Tversky and Simonsqri993. This
contextual influence on preferences implies that DMs construct preferences during an experiment @, 1993 p. 6).
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reversal. They used a piecewise linear probability weigHtimgtion (PWF), and piecewise linear
utility function to estimate the maximum rank dependent expected utility (RDEU) dueiteyin

(1982 for several lotteries. They showed that the maximum RDEU &yr Isttery B exceeded

that of lotteryA even though the certainty equivalent (CE) or selling pricé& efxceeded that of

B in the Becker et al (1964 (BDM) auction mechanism for selling-bets (highp low x) and
$-bets (lowp and highx).}* Tversky et al.(199Q pp. 207, 210) criticized th&arni and Safra
(1987 model on grounds that experiments that employ elicitatigvesees which do not depend

on the independence axiom also find preference reversal. They argue that violation of procedure
invariancé® is the source of PR.oomes et al(1991, p. 430) show that regret theory can explain
samePR patterns but not all. They made the grim conclusion that the results of their experiments
“raise serious doubts about the descriptive validity of the transitivity axidod’at 438.

Regenwetter et a(2011) dispute reported findings of preference reversal in laboyato
experiments. They conducted a meta study of the PR literature and re-examined several data sets.
They found that PR reported in the papers they examined disappeared up to a Type | error rate of
5% when a mixture model was used to analyze the data. In fact, they state (p. 43):

The mixture model assumes that choices vary because the decision maker is in different
mental states * * * at different points in time. That is, the decision maker has some
probability distribution over mental states and choosesery if and only if her or his
current mental state is one in which she or he prefecsy.

The authors’ statement is motivated by the following model. €die a set of choice alternatives,
(A, ) be a strict partially ordered $éton ¢ which binary relation is a strict partial order, and

7 be the collection of all binary preference relations@nDefineP,y to be the probability that

is strictly preferred tg, andP. is the probability that a person is in transition state of preference

>~ in 7. Additionally, P need not be a homogenous probability measure for it admits mixture

14The overlapping endpoints in Karni-Safra piecewise PWF and utility function induce bias in estimates of their criterion func-
tions. Furthermoredarrison(1986 p. 8) shows that DMs could strategically game the sequentigihg feature of the BDM in
early rounds and bias experimental results.

15Roughly, “equivalent procedures for assessing preference should yield the same choicest et al(2014).

16gection 4.Bprovides a brief review of the concepts associated with pigrtedered sets.
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measures. Thus

By= 3 P (4.1.1)

-7
Xy

Regenwetter et al(2011, p. 47) points out “that7 includes, for example, transitive, but in-
complete, partial orders”. Furthermore, “[a] mixture model of transitivity states that an axiom-
consistent person’s response at any time point originates from a transitive preference but that
responses at different times need not be generated by the same transitive preferendecstate,”
genwetter et al(2011, p. 47)1 In other words, transitive preference orders include incetepl
partial orders. They did not provide a parametric form for the probability distribution over mental
statest®

Cubitt et al.(2009) modified the “standard” PR experiment based on a monetaratiaiu
(MV) task by adding a probabilistic valuation (PV) task. They used an ordinal payoff scheme
in their experimental design, and subjects were randomly assigned to MV and PV. In the latter,
subjects choose the probability to be associated with a fixed monetary value such that it is the
certainty equivalent of a gamble. They found that subjects in the PV task experiment exhibited
“marked difference” in PR patterns compared to those in the MV task. Furthermore reversals
were found within the PV group compared to within the MV grobjone of the psychology or
economic hypotheses they reviewed could explain the phenom@riaintler and Loome£2007)
proposed a model of “probability equivalent” (PE) that extendedGheitt et al.(2004) study.
Theirs is a “model of imprecision” that “provides a framework that can accomodate the “strong”
[certainty equivalent] reversals observed in many studies” (p. 293).

Blavatskky (2009 extendedButler and Loomeg2007) with a model that accounts for

PE and CE. In his model certainty equivalents are random variables. For example, the certainty

17 oomes and Sugde(i995 p. 643) introduce a tangentially related model, which thdy“candom preference model” that
contains “core theory” (i.e., an axiom-consistent response) plus a stochastic addend.

18Theorem4.H.1in section 4.Hshows how our model applies to mental states by its extensiguetotum information processing
and quantum probability models championedtmyhos and Busemey009 andBusemeyer et a(2011).

19A recent study byviechnicki (2019 use eye-tracking experiments which confirm that prefereacersals are accompanied
by differential attention to gamble attributes (probability of winning versus amount to win).

20strong preference reversal occurs “when an individual chooseB-bet over the $-bet in a direct binary choice even though
the certainty equivalent of the $-bet is strictly greater than the highest possible outcome of the Behet’5kky 2009 p. 238).
See also,Fishburn(1988§ §2.8 p. 46).
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equivalent (CE) of a bet is distributed over the maximal rarfges@rize. The certainty equivalent
of the $-bet is positively skewed but the certainty equivalent ofRHEet is negatively skewed.
Hence, a DM always values the $-bet more frequently tharPtbet. The diametric skewness
allows the model to explain overpricing of the $-bet.

Hogarth and Einhori(1990 developed a descriptive model of probability weighting that
depends on the sign and size of payoffs. They assumed that DMs first anchor on a stated probability

pa, and then adjust by mentally simulating other values. In their model (p. 783) the pwf is:
W(pa) = pa+Kk, wherek=kg—ks 4.1.2)

Kq represents the weights given to possible decision weights (in this case probability weights) above
pa, andks represents weighted values belpw, andk is the net adjustment factor. Hogarth and
Einhorn surmised:

For decisions involving good or positive payoffs, values greater than the anchor are
given less weight than those below; moreover, the degree of differential weighting
increases with the size of the payoffs. Conversely, bad or negative payoffs imply that
greater weight is accorded to values above rather than below the anchor, and the extent
of differential weighting increases with the absolute size of the negative payoffs.

They describe the weight functions as follows:

kg=(0,6,paV(X),  ks=0(0,6,pa,V(X)) (4.1.3)
kg AKs kg ks
0—0>0, 0—0>0, 0—6>0’ 0.,—9>0 (4.1.4)
kg AKs kg AKs
9.0, 22>0 -9 50 -—2°_>0 415
aon <% 3pa o]~ B (*4-1.9)

whereco is a measure of uncertainty, i.e., standard deviation of outcofhiesa measure of ambi-
guity; pa is anchor probability; ang(x) is a value function preferred byahneman and Tversky
(1979. Hogarth and Einhorn state that “[tlhe absolute size(@f increases botkg andks and
together with its sign, determines the extent to which more weight is given in imagination to values
above or below the anchor”. Thus, iA.1.2 w(pa) is a pwf that depends on the distribution of

outcomes, its first and second moments throughand for whichk fluctuatesaroundpa.
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Our HPWEF is a coherent version of th&garth and Einhor{1990 model because it
was derived from maximum entropy analysis of the distribution of outcomé%or instance, we
derive the following outcome dependent HP¥#/By employing the maximum entropy principié,
popularized bylayneq1969), to a distribution of outcomes construed as a realizationrahdom

field or statistical ensemble.

W(X, p) = Nop+ N1 tan(y(2)) (4.1.6)

wherengy andn; are elevation and curvature parametérsdellaoui et al. 2010, X = [Xq, ..., Xn]
is a vector valued rank ordered statistical ensemble or random field of outcpneeshe cor-
responding set or probability distributiop,€ p, andz= {z,...,z,} is a corresponding set of
Z-scores fox, Xj = Uy +zj0x, andy(2) is a phase function. Imposing the identifying restriction
0 <w(x,p) <1on@.1.9 guarantees that tagy(z)) does not blow up even though the function is
not well behaved at the endpoints, i.e., it fluctuates—an empirical regularity oPp\lfise fixed
point probability in our model i9* = e 1-the same fixed point derived ifrelec(1999 axioma-
tized modef* So our model is admissible.

In (4.1.9 p corresponds to the anchor probabilgyin Hogarth and Einhor(.990 model
in (4.1.2. The fluctuations irk in the latter model is captured by the phase function relation
W(2) ~ (2k—1) 11+ (2) in our model® Moreover, the distribution of outcomes and their variance,
represented by(x) and o in (4.1.2), are incorporated iz ard (z) in (4.1.6§. Our model is
distinguished fromHogarth and Einhori(1990 by its identification of probability cycles in so

cded “mental simulation”. A probability cycle is the greatest common diviid) of the set’z

21pjllenberger et al(2013 also introduced outcome dependent probability weightimgtions but theirs are not harmonic.
22G00d(1963 pg. 911) asserts:

PRINCIPLE OF MAXIMUM ENTROPY. LetX be a random variable whose distribution is subject to some set of
restraints. Then entertain the null hypothesis that the distribution is the one of maximum entropy, subject to these
restraints.

28Kahneman and Tversk(1979 pp. 282-283) characterized this as follows: “Because peapdimited in their ability to
comprehend and evaluate extreme probabilities, highly unlikely events are either ignored or overweighted, and the difference
between high probability and certainty is either neglected or exaggerated. Consequently, [the pwf] is not well-behaved near the
end-points.” (emphasis added).

241 attimore et al(1992 also introduced a flexible 2-parameter pwf. However, the fp@idt probability in their model seems
to bep = 0.5 (pp. 381, 382) and it does not fluctuate near the end point (p. 382).

25Herek is a number different from the adjustment factor4mi(2.
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of valuesk on which the phase function relation holds. The intuition behind our model is that if
preferences are observed before a cycle is complete, i.e., at times othefkhahen probabilistic
preferences will be intransitive. For exampléacCrimmon(1969 found that a sample of business
executives exhibited preference reversal in experiments he designed to test several postulates of
Savage(1972) subjective expected utility (SEU) theory. When confrontathwheir behaviour
in a post-experimeninterview, the executives attributed their behaviour to carelessness or not
reading the instructions carefully, and most indicated that they wawiersetheir behaviour. In
other words, their probability cycles were completed duringpibst-experimerinterview?2°

We use the RDEU transformation scheme frémiggin (1982 to compute decision

weights
moxp) =nopj+me¥Gy). Ymlxp =1 4.1.7)
J

wherep;j is the probability associated with theth ranked outcome, ary is a vector of Z-scores
for the firstj ranked outcomes, anpf® (3j) is @ harmonioutcome weighting functiocontrolled
by jumps sifiA@(2)) in the phase function. The identifying restriction h.1.7) implies that
5 9% (3;) = (1—no)/n1. In that setup,RDEU = § | rrj<k)(x, p)U (xj) = EU ®WU. When DMs
focus only on linear probabilities, i.e., probability cycles are complete, thefzdrenaximizers.
When they focus only on outcome weighting they are weighted utility (WU) maximiz&rs\
and Waller (1986 p. 59)). Jointly, they are RDU maximizers$igure 4.3provides a sketch of
a decision weight in 4.1.7). It depicts fluctuations op*(3;) around an “observed” probability
pj. The former is based on probability cycles that vanish when a cycle is complete at which point
7Tj<k) (X, p) = pj (whennoe = 1) at the fixed points where DMs haven Neumann and Morgenstern
(1953 type preferences. See also,Nowaihi and Dham(2006 pp. 5-7) who propose a higher

order Prelec pwf that also fluctuates around the diagonal.

26Resulaj et al(2009 study on bounded accumulation time mimics this processr filve as a subject accumulates information
in a stochastic choice experiment. She may change her mind from the initial decision when the accumulation of noisy evidence
reaches a certain threshold. SEebb(2015 for a review of the literature.
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Figure 4.3: Harmonic decision weights

1 2

®

0 1

Sketch of Quiggin-type decision weights” (x, p) = nopj + 19 (3;) assuming
no = 1 for a HPWF. The fixed point probabilities (enclosed by circles) coincide with
EUT. Preference reversal is supported by incomplete probability cycles (dark regions)
of decision weights.
According to theBecker et al(1964) (BDM) auction mechanism, under EUT the expected
value of a bet should be the same in the choice pki@3seand bid phaséB), i.e.,EUTc = EUTg.

We prove that experimenters induce the decision weight relationship

Tl?l(k) _ H?Z(@ + r’l<¢1(-k) (3(13> _ ¢§k) (3(13)> (4.1.8)

where the superscripts 1 and 2 correspond smdB respectively, and is for “observation”. The

decision weight relationship induce the measurement

EUTe = EUTs +AFWU (4.1.9)

WhereA((,,k)

WU is a quantity that vanishes when probability cycles are compljéféwu consti-
tutes theinherent variability or momentary fluctuation in the evaluative protesgicipated by

Tversky (1969 p. 31)?7 It also mimicsRegenwetter et a(2011, p. 47) “incomplete partial or-

de” hypothesis because the DM’s response originates from a transitive preference state before the

experimenter broke her probability cycle and observed a different state.

27Tversky (1969 p. 43) introduced a theorem based on an “additive differemmgel” which shows that the transitivity axiom is
satisfied for a multidimensional utility function if the difference in utility for each component part is lirkar9(implies some of
those features.
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Our analysis of<arni and Safr4199Q p. 491) (KS1990) show that their preference rever-
sd model contains a harmonic function {arf') — tan(a’), where taia”) = (1 —w(p”)/(1— p’)
and tarfa’) = (1 —w(p')/(1—p') andw(-) is a “standard” PWF. Since tam”) —tan(a’) =
sin(a” — a’)secda”)seca’), preference reversal is controlled by thegular jump(a” — a’) in
sin(a” —a’), which is similar to sifAg(z)) in our model. The KS1990 model is distinguished
from ours in several ways.

First, the underlying PWF in their model is not harmonic. The harmonic feature of their
result is based on our interpretation of their analysis. Second, they restrict the fixe@ potheir
model to the interva% < 8 < 1 and assume that “a typical probability transformation function” is
inverted S-shape. Refer tQ(iggin, 1993 pp. 60-61) for pwf shapes. The interval f@rimplies
that DMs in their model may be inordinately pessimistic. If so, then the selling price in the BDM
auction mechanism used in their model maybe inflated due to probabilistic loss aversionidt
and Zank 2008. Third, the KS1990 model resolves preference reversal irBlb®l auction
framework. In contrast, our model resolves it in the context of choice over at least three outcomes
when the same experiment is repeated with the same DMs. So our result is robust to experimental
procedures. Moreover, we make no assumptions about the shape of the PWF or the location of
the fixed point. The fixed point in our model depends on curvature and elevation parameters of
the underlying PWF. Finally, our HPWF is a bivariate function of outcomes and ititegrent
probabilities.

There is a burgeoning literature on quantum cognition in which methods of quantum
physics are applied to addres#er alia, preference reversaf. For example] rueblood and Buse-
meyer(2011) use a quantum probability paradigm to show how order effattsduce a dimension

of uncertainty because they influence the computed probability of an event. Seélalso)eyer

28The problem addressed in this paper was described thus:

Interference is the effect that is typical of all those phenomena which are described by wave equations. Following
the Bohrs idea [] of describing mental processes in terms of quantum mechanics, one is immediately confronted
with the interference effect, since the physical states in quantum mechanics are characterized by wave functions.
The possible occurrence of interference in the problems of decision making has been discussed before on different
grounds []. Howevemo general theory has been suggested, which would explain why and when such a kind of effect
would appear, how to predict it, and how to give a quantitative analysis of it that can be compared with empirical
observations In our approach, interference in decision making arises only when one takes a decision involving
composite intentions. The corresponding mathematical treatment of these interferences within QDT is presented

[Citations omitted, emphasis added].kalov and Sornett€2009 pp. 1088-1089). | thank Jerome Busemeyer for directing me to
this reference. See alsshrennikov and Have([2009.
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et al. (2011, pg. 198). This is similar to our “experimenter interferencesult described above.

In fact, Theorem4.H.1in section 4.Hcharacterizes DMs preference states in a HPWF setting.

However, the results produced in this paper are distinguished because they were derived from mi-

crofoundations of prospect theory using a bottom-up appréads opposed to extant literature

which use a top down approach by fitting quantum mechanics models to behavioural phenomena.
The rest of the paper proceeds as followsséation 4.2ve set up the maximum entropy

problem of probabilistic preferences over probability distributions. There, we derive an abstract

harmonic probability weighting function (HPWFs) under rubric of representation Thedr&ra

That is followed bysection 4.3vhere we identify the HPWF by identifying restrictions and use

it in section 4.4to resolve preference reversal phenomenasdcation 4.5we provide a simple

cdibration and simulation exercise to provide a rough estimate of our HPWF modsdction 4.6

we conclude with perspectives for further research.

42 Maximum entropy and the inherent distribution of outcomes

This section provides preliminary motivationsabsection 4.2.for our use of the entropy device
to characterize the degree of uncertainty associated with a gamble or tsetbdaction 4.2.%e
enploy the canonical principle of maximum entropy to derive an abstract HPWF. In subsequent

sections identifying restrictions allow us to provide applications.

4.2.1 Preliminaries

In this paper, entropy is comprised of the expected value (average) of the information contained in
a sample drawn from a distribution or data stream. Entropy thus characterizes our unc®rtainty
about our source of information, and increases for more sewfagreater randomness. The source

is also characterized by the probability distribution of the samples drawn from it. The idea here is

that the less likely an event is, the more information it provides when it occurs.

29stutzer(1996 also used a bottoms up maximum entropy approach to asseigthzory. However, he did not posit asset
prices as random fields nor did he identify a behavioural quantum wave as we do here.

30we use the term “uncertainty” in its most general sense. The economics literature distinguishes between risk and uncertainty.
The former pertains to the case when the underlying probability distribution is known. The latter, when it is unkmogri,
1927).
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Consider the following example adapted fratnincin (1957 p. 3). LetL; and L, be two
bets comprised of common evertsandA, but with separate probability distribution3) 0.5 and
0.999 0.001, such that; = (A, 0.5; Ay, 0.5) andL, = (A1, 0.999 0.001). In L, the outcome
of the bet is almost surely eveAy while the outcome irL; is less certain. A third bet; =
(A1,0.3; A2, 0.7) contains an intermediate level of uncertainty about outcomes. In information
theory, “entropy” is a measure of the uncertainty in each bet. Itis an “inverse probability” measure.
That is, the lower the probability, the more uncertain the event.

The principle of maximum entropy popularized bgyneq1968 provides a mechanism
for deriving a coherent prior probability distribution for a distribution of outcomes when the cor-
responding probability distribution is unknown. The mechanism is characterized by identifying
restrictions based on what information, if any, is known about the unknown probability distribu-
tion. This typically involves assumptions about moment conditions. The position taken in this
paper is that a decision maker has a subjective probability distribution that she associates with a
given distribution of outcomes. And that she uses a computation mechanism, in this case maxi-
mum entropy, to arrive at that distribution. This hypothesis finds some support in the neuroeco-
nomics literature wherelinvest et al (2014 surmised that “[t{jhe combination of behavioral and
neuroimaging data may suggest that participants used a mathematical approach to formation of
valuations but choices were subject to emotional influence. These findings may provide support
for a biological procedural invariance view of gambling preference”. Moreover, since outcomes
a measured with respect to some scale, the inherent probability distribution can be derived from
maximum entropy considerationsrGnk and Smith2010).

Motivated by the above, we provide a formal definition for entropy.

Definition 4.2.1(Entropy) Cover and Thomagl99], pg. 13)
The entropyH (X) of a discrete random variab}is defined by

H(X) = - % P(X)In(p(x))

Remark4.2.1 H(X) = 0 implies either certainty, i.g(x) = 1 for all x, or null event, i.ep(x) =0

for all x. So largeH implies uncertainty, and small implies more certainty. O
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Go0d(1963 pg. 911) also gives an implicit definition where he states A &t a random variable
whose (physical) probability distribution is not completely given. Of all the available distributions

there will usually be one of maximum entropy, i.e. maximum uncertainty”.

4.2.2 Maximum entropy with partial information about distribution of outcomes

Let X be a space of outcomes ahde an unknown continuous probability distribution over
X. Sincef is unknown, it admits complex values. The canonical constrained maximum entropy

problem over probability densities is stated as foll6is:

H(f) = —fIn(f)

mfaxH (f)

(4.2.1)
s.t f(x) >0, /K f(x)dx=1

/Kri(x)f(x)dx:ai, 1<i<m

whereK is a compact subset &f such thatf (x) vanishes orX /K. (4.2.1) representn noment
conditionsimposed on the optimality problem. llayneq1968 pg. 234) moment conditions are
used to establish aorrespondence principl®r maximum entropy distributions and “frequency
distributions”. To account for the probability weighting phenomenomiarsky and Kahneman
(1992 cumulative prospect theory, followingochner(1955 pg. 12), and by abuse of notation,

for random variableX, we define a set functiofi(A) as follows

F(A) = P(X < x| X€A) = /{X€A} £ (x)dx 4.2.2)
{x<x)
(WoP)(X <x|xeA) = (woF)(A) (4.2.3)

31See Cover and Thomagl991, Ch. 11, pp. 266-267) andvellaneda(1999 for further details on constrained maximum en-
tropy. Stutzer(1996 credited Josiah Willard Gibbs and Edwin T. Jaynes with iripformulation and subsequent popularization,
respectively, of the optimality approach. Seebas(2006) for applications to utility theory.
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Furthermore, on the whole space of all gamb#swve write symbolically

F—F(X)=P(X <X xeZ)= /{m} F(x)dx (4.2.4)
{xe?%”}

Assume that the composite relation holds under the integral so that we assign the functional re-

stricted toA the value
(WoF)(A) = (WoP)(X < x| X € A) :/A(WO £)(x)dx (4.2.5)
Thus we write the entropy function over some compacKset 2" as
H(F) = —w(F)In(w(F)) (4.2.6)

In the sequel we writev(F) for w(F(x)) and so on, unless indicated otherwise. The optimality
problem is one of maximum entropy with respect to probability weightingJlbet the Lagrangian
or criterion function and\; be the Lagrange parameters coresponding) taoments restrictions

on f. So that forK compact inX
N m
IW(F)) =FI(F)+Ao [ T(x)cx+ Zl)\i/ () (x)dx (4.2.7)
K = K
Let u be a measure of information on some measureablé set4(X). So that for integration

over the seA we have

Lemma 4.2.1(Functional Gateaux derivative)

F(A) = /Afu(dx) = g—ﬁ — ) = M) wE ) (4.2.8)

Proof. See Appendixd.C. O

Remark4.2.2 Kullback (196§ pg. 5) uses measures likgA) = ﬁfAf(x)u(dx) to represent

“averages” over the given sétin his information theory models.

By abuse of notation, to find the inherent probability weighting functioX eve solve the problem
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w(F) = argmax J(w(F)). The results are formalized in the following:

Theorem 4.2.2(Maximum Entropy Harmonic Probability Weighting Functional Representation)

Let X be an outcome spac&(X) be theo-field of Borel measureable subsets of X, antte
o-finite measure. Let F be the distribution function for the underlying probability density in the
maximum entropy problem,(®) be the corresponding maximum entropy probability weighting
functional, E be an expectation operator, afii[ri(x)]}", be a moment generating sequence
defined on X. Then for arbitrary & %(X), the maximum entropy probability weighting functional

wW(F) € L2(X, %(X), 1) has representation

X
—~
M
~—

_ Wm
wF)=e lEXp(_w’i(F)u(AQ

with first order approximation
m .
WF)=et-e H{w(F)} Yy g
j=1

where el is the fixed point probabilitym(F) = ern:]_ ajei‘”ix, andd;j is a scaled coordinate with

respect to the measurg A) and the orthogonal basi@eiwix}‘j;l in L2(X, B(X), u).

Proof. See Appendix.D. O

Remarkd4.2.3 The functional form fow(F ) is well defined. Notice that it includes the fixed point
probabilitye~! axiomatized by’rele(1999; the harmonic or sinusoidal componeny(F ) which
approximates the moment conditions imposed on the underlying nonparametric probability density
function; thegivenslope or rate at whiclw(F) changes with respect to underlying probabilities;
and the information scalg(A) for “spreading information mass” over the getThis suggests that

the analysis extends to Lebesgue-Stieltjes measures.

Corollary 4.2.3 (Phase functional representation)

There exist phase functiona¥sF ) such that

Wim(F) = [[Wim(F )|z exp(=i8 (F))
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and

L ( IWm(F)lexp—i8(F))
WF) =e teP| = e

Proof. Substitute the De Moivre representationvia(F) in the exponent fow(F) in Theorem

4.2.2 U

4.3 ldentifying restrictions for harmonic probability weigh ting function

In this section we show how the abstract theorysettion 4.2applies to theZ-transformation of
the joint distribution of outcomes,...,X, in a lottery. Whereupon we derived the parametric

representation of the HPWF employed later in the paper.

4.3.1 HPWF andZ-transformation of outcomes

Consider the following application. Without making aaypriori assumptions about func-
tional form, letX be a random variable with meanand variances? and unknown distribution
function F. Among several other exampleSpver and Thomagl99], pg. 268) shows that the
normal distribution has maximum entropy for probability density functions with finite first and
second moment. However, under auspice of the Central Limit Theorem, we can always construct
a standard normal random varialle: (X— Lix) / 0y for any distribution with finite first and second
moments, and extend the problem to the distribution fund&ioithus, our constrained optimiza-
tion problem in 4.2.1) turns to characterizing maximum entropy probability weiiggptfunctions
w(F) when the underlying outcome distribution has finite mean and variaticen that case,
conditionedonw (F) and the inherent probability distribution gfwe can write 4.D.3) as

Y
W(F) = e%xp(-%) (4.3.1)

325tutzer(1996 used maximum entropy methods to show th@thy, ... are the market price of risk in a mean-variance efficient
portfolio.
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Application of the inequality 6< w(F) < 1 to (4.3.1) gives us

W(F)> - <X2_0L2'> -3 (43.2)

where; = (x— u)/o is the standard normal random variable d&d- ®(3) is the cumulative
normal distribution’> So ®(3) mimics rank ordered probability quantiles. For some constant
added to equalize the right hand side 6f3.2, after substitution and integration of both sides of

the equality we get

dw(®(3)] =W (@) (5)ds = [ dw(@()] = [WOE)IP()ds (439

= [ awiom) = [ k=)o may (@.3.4)
= w(®(3) ~wi0) = ko)~ 5 [y y)dy (435

Even though the domain of definition of the probability weighting functigid®(3)) is [0,1] in
(4.3.95, the righthand side equation idunctionalin 3. So we have to transform theaxis isomor-
phically into the unit intervalO, 1] in order for @.3.5 to be a harmonic pwf.

To make that transformation, we impose the following restrictions. By virtue of Linde-
berg’s conditiof* applied to the tails of a normal distribution, we use an arbjtcartoff 3-score of

-4 to approximate-oo; and +4 to approximate co,

Assumption 4.3.1(Lindberg normal approximation)Me assume the normal distribution is a mol-

Xj—%n n-2)
—_

33As a practical matter th&-statistic can be replaced by tiestatisticT; = ~ t((, , >3 in small samples of size

vn-2
wherex, is sample mearsis sample standard deviation, afrd— 2) is the degrees of freedom (df), atiﬂfz) is thet-distribution
with (n—2) df for a one-sidedr level test. Refer té-rank and Smiti{2010 for a rationalization of this result.
34This is a uniform integrability condition that characterizes the tail of a distribution. Accordifgktoman and Skorokhod
(1969 pg. 452), lef;(x) denote the distribution function of a random variable Then, if for everye > 0

Kn
lim / UPdRi(u) =0
nﬁmi; |u‘>€ m( )

the random variablé; is said to satisfy Lindeberg’s condition.
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lifier or bump function on the compact get4, 4] C [—o, +] such that

®@4) =1, ®(-4=0, wl) =1 and W0)=0 (4.3.6)
15)= [ Powdy [s1<4 @3.7)
®(;)=0, [3/>4 (4.3.8)

U

Since the variance of a standard normal distribution is 1, dyeiof Assumption4.3.1

+4
» y2d' (y)dy~ 1 (4.3.9)
After substitutingy = 4 in (4.3.9 we get
3 1
k=3 W(®() = 5(39()~1()) (4.3.10)

Assumption4.3.1“calibrates” the HPWF to a fixed range of values fpend that led to 4.3.10.
However, @.3.10 should extend to values gfthat are not restricted by Assumptiof.3.1 We

rectify that in the following

Assumption 4.3.2(Generalized Lindberg normal approximatiolle assume that the normal dis-

tribution is a mollifier or bump function on the intervg| < 3, < » so that

®PGhr) =1, P(—3n)=0, w(l)=1, and w0)=0 (4.3.11)
3 +3h

@)=/ yoWdy | yoydy~1 (4.3.12)

®(3) =0, [31>3n (4.3.13)

O

On the basis of Assumptior.3.2we generalize4.3.1Q which process is summarized in the

following
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Theorem 4.3.3(HPWF-Harmonic Probability Weighting Functior)etx= [x,...,nn] be a vec-
tor valued statistical ensemle of ranked outcomes, zbd the corresponding vector of Z-scores
for the ranked outcomes such that=x Lix + zjox wherep, and sigmg are the mean and standard

deviation of respectively. The inherent HPWF of a DM is given by

w(p,X) = nop -+ Nitan(y(3)) (4.3.14)

wherey(3) is a phase function and% <tan(y(3)) < 1fn'7lop_

Proof. See AppendixX.E O

4.3.2 Reconciling HPWF fixed point and endpoints

The phase functiony() is a realization of the phase functidhF) in Corollary 4.2.3on page
170 According to Theorem4.3.3 for fixed point probabilityw(p*) = p* we have

* _ 1_'70 _
pr=el=tany;)) = (T>e 1 (4.3.15)

Thus, the fixed point depends on elevatiprand curvature)1. Restrictions imposed on the HPWF

in Theorem4.3.3imply that it fluctuates near its end points. That is,

p=0=nitan(Y(3)) =0= y(3) =nm, n=0,1,... (4.3.16)

p=1=tany() =~ = y() = (- Dyl =tan (T ) @43.17)
n n

So we provide a theoretical explanation for the observation that probability weighting is not well
behaved near the end points.
Additionally, tar(g/(3)) is an outcome oprize weighting functionthat overweighs out-

comes over suitably defined “small probabilities”; and underweighs outcomes over “large proba-

35
Because people are limited in their ability to comprehend and evaluate extreme probabilities, highly unlikely events
are either ignored or overweighted, and the difference between high probability and certainty is either neglected or
exaggerated. Consequently] is not well behaved near the end points.

Kahneman and TversiL979 pp. 282-283).
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bilities”. In other words, taf(3)) is a “quantal effecf® that captures diminishing sensitivity (in
the middle part of the curve) reportedTiversky and Wakke(1995 pg. 1257).Figure 4.5depicts
the impact of taf(3)) in a calibration of our HPWF. Substitution of the relationships

tan(y(3)) = —itanh(iy(3)) (4.3.18)
W(p,X) = Nop—instanhiy(3)) (4.3.19)

show thatw(p, x) has the form of a complex valued trigonometric polynomial consistent with the

prediction of Theorerd.2.2

44 Rank dependent utility and preference reversal over probability cycles

In this section we emplo®uiggin(1993 §5.2, p. 57) RDEU model and our HPWF to resolve the

PR puzzle. We provide some preliminaries that include definition of the probability cycle concept.
In subsection 4.4..ve decompose the decision weights obtained from the HPWF by Gsiiggin

(1989 transformation procedure. Isubsection 4.4.%ve introduce a model in which procedure
invariance is imposed on an experiment and show how the HPWF resolves PR in that context. In
subsection 4.4.8ve provide analytics which show that experimenters intenfegewith a DM’s

probability cycle lead them to misperceive PR.

Preliminaries

Consider the probabilistic rank dependent expected utility (RDEU) specifiéation/\/akker
(1994 pg. 10) for a simple rank ordered lottepy, X1;...,Xn, Pn. For utility U(x;) of outcome

36Kahneman and Tversk{L979 pg. 282)
37In order not to overload the paper with issues pertaining to framing effects in decision weights, we did not employ cumulative
prospect theory (CPT). Compareersky and Wakke(1995 pg. 1259).
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Xj we have

n
RDEU (p1,X1;---,%n, Pn) = Z U (Xj) (4.4.1)
=1
G =W(p1+...+pj) —W(PL+...+Pj_1) (4.4.2)
m=wp1), Hm=1 (4.4.3)
]

wherew : [0,1] — [0,1] is a probability transform function, arm is a decision weight In this
case, we letv be our inherent HPWF. Since ta(3)) is cyclic in Theorem4.3.3 we have the

periodic relationship

tan(y®(3)) = tany(s), k=1.2,...

(4.4.4)
where ¢ (3) = (2k— 1)1+ Y (3)

Unless otherwise stated in the seqmes 18® in radians.T with subscripts (or superscripts) is a

decision weight. This leads to the following

Definition 4.4.1 (Probability cycle) Kemeny et al(1976 p. 144). Letw(p,x) beas in Theo-
rem 4.3.3and.# = {k| ¢ (3) = (2k—1)m+ @(3)} be a set of periodic phase functions. The
probability cycle forw(p,x) is the greatest common denominadigk) of .7 . O

The identitypj = ®(z;) implies that there exis}; such thatzl"(:1 pj = ®(3j). It follows from

Theorem 4.3.3that for some pair of value&3;_1,3j) to be determined, we have the decision

weight
Y = m(3i-1.35 k) =
W<p1+ p2+...p,-)—w<p1+p2+...+pj,1> - s
'70<p1+ P2+...P —pl—pz—---—Pj—1)>+
m (tan(®(3) —tan(w(3-1)))
= nopy o (tan( ¥ (3)) —tany® (3, 1)) (4.4.6)

harmonic component of decision weight
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Thus, the decision Weighfjk) is cyclic by virtue of ¢.4.4 and the harmonic term im(4.6.38
Even if it was not cyclic, it depends nonlinearly 6er1 and 3,- as indicated. Additionally, ik

is not an integer in4.4.4), i.e. the cycle is incomplete, equality does not hold so podissic
choice is different for the same set of stimuli. The results above extend naturallyteky and
Kahnemar(1992 cumulative prospect theory (CPT) because the latter empih@ysame decision
weight scheme as RDU. We note that #4.6 the harmonic component of decision weights
vanishes Wherﬁj = ijl SO nj(k) = m; and RDU collapses to EUT due tpp;. We say more on

that next.

4.4.1 Decomposition of decision weights obtained from HPWF

By virtue of 4.4.9, we decomposef'q as follows. Let

j

W3 = w350 +apk(3)), 3= <Z )= (Y o)) @4
tan(y®(3))) — tan(y(3j_1))
(4.4.8)
= tan( 8y (3))) |1+ tan(yM(3))) tan( ¥ (3;-1))|
= sin(Ay™®(3)) secy (3))) seq (3;-1)) (4.4.9)
7 = nop; + musin(ay ™ (3))) seqy (3;)) sec ¥ (3;-1)) (4.4.10)

In (4.4.1Q the decision weight is decomposed into a g&gp;) that reflects DM confidence
(due to elevatiomg) about the inherent probability; associated with outcome, and a harmonic
partn ¢ ® (3;) (defined next) controlled by the curvature paramggesind jump in phase function
AWM (3)) atx; based on the Z-scoreg, ..., 3; that comprise3; . Because sidy®(3))) is

cyclic, the decision weight is cyclic. Let

91 (xj| 1k, o) = 9 M (3)) = sin(ay (3;)) seqy™ (3)) sed ™ (3;-1)) (4.4.11)

38Karni and Safr199Q p. 491, eq(5)) also depends on a harmonic component likeréaind4.4.6.

177



wherexj = (Xg,...,Xj) ands; = (31,-..,3j). Rewrite ¢.4.1) and @.4.10, respectively, as

9 = nopy + N1 ™ (x|, o) (4.4.12)

k)
RDEU(X, p) = z U (x;) = NoEU (x, p) + naWU™® (x, p) (4.4.13)
where EU (X, p) = Z p;U(xj) and wuk Z ™ (Xj | x, ox)U (Xj) (4.4.14)

whereEU is Von Neumann and Morgenste(h959 utility functional andWU® is a weighted

utility expression Chew and Walle(1986 pg. 59, eq (2.6))) that depends on tkeycle for
) (x| iy, 0%) in (4.4.1). WhenAyp® (3;) =0, WU® = 0 so there is no weight given to the

inherent distribution of outcomes aDEU is reduced t€EU. Thus, we have just proven the

following

Theorem 4.4.1(Inconsistent probabilistic preferencespt xj, j=1,2,...,nforn> 3 be a statis-
tical ensemble of outcomes, a#d-) be the inherent cumulative normal distribution function pre-
dicted by the Good-Jaynes Max-Ent principieof/er and Thomagl991, p. 268)). Let; = X‘ “X

be a standardized score apg and oy be the mean and standard deviation of the dlstrlbutlpsn.x

Let
wW(p) = nop+ nitan(y(3))

be a representation of theherentHPWF predicted by Theorerd.2.2and Corollary 4.2.3for
standardized scorg and monotone phase functiap(3), wheretan(((3)) is a weighting function
for outcomes satisfying Theoreth3.3 So that w-) operates on a “k-cycle” fortan((2k — 1) T+
Y(3) =tan(y(3)), k=1,2,.... Asin(4.4.12, definedecision weights

) = nop; + o™ Zﬂ“‘

Suppose thgprobabilistic preferencesre represented by rank dependent utility (RDU) so that for

von-Neuman utility Ux;j) and inherenprior probabilityp; = ®(3;), we have, for the correspond-
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ing gamble or lottery,
n k) n n K
RDEU(X.P) = 3 mU(x)=no 3 pU(g)+m S oM (U (x)
=1 =1 =1

Then subjects will make different probabilistic choices when faced with the same stimuli because
decision weights are cyclic unless their choices coincide with a probability k-cycle. Furthermore,

we have the decomposition RDBUp) = EU(p) ®WU(X). O

Remark4.4.1 The RDU decomposition result above was anticipated\ayker (1994 who ax-
iomatized decomposition of RDU preferences into probabilistic risk attitude and utility based com-
ponents. In Appendi®.| we show how the decomposition analysis extends to regretytlasaorell
(Loomes and Sugderid983. Thus, the HPWF decomposes RDEU and regret theory into core

EUT plus functionally equivalent addends.

Theorem 4.4.2(Almost sure inconsistent probabilistic preferencdxpbabilistic preferences in-
duced by non-expected utility decision weights are different for the same stimuli almost surely.
0

Proof. According to Theoremd.4.1probabilistic preferences are consistenﬁj(i‘f) = 1 for every
j in a “k-cycle”. However, for fixedj the Lebesgue measure of the ket nfk> =1,Vke Ry}
is zero. Thus, for each probabilistic preferences are inconsistent except on a set with Lebesgue

measure zero. |

If probabilistic preferences are cyclic, then subjects wilka different choices with different
probabilities when repeatedly presented with the same or similar stimuli over time by breaking
the cycle. In which case, choice depends on subjects’ location in the probability cycle and not
so much on stimuli. This point was made Bygenwetter et a(2011, pg. 43) who introduce a
mixture model in which choice vary because DMs are in different mental states. Our result has
implications for the “probabilistic loss aversion” concept, introduceddnmidt and Zank2008§

pg. 213), based on a ratio of decision weights.
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4.4.2 Resolution of preference reversal phenomenon in exparents

In this section we show how PR is characterized and resolved in an abstract experiment. Let
x={Xx,y,z} be a set of non negative outcomés;) be a utility function that satisfieson Neumann
ard Morgensterr(1953 axioms, ang = { px, py, Pz} bethe corresponding probability distribution

of X. We make the following assumptions.

Assumption 4.4.3(Experimental tasks)E1 and E2 are two temporally spaced experimental pro-

cedures that elicit preferences. Subjects chooseliaid bid in E2 over the same lotteries. [

Assumption 4.4.4(Procedure invariance)The expected value of a lottery under a choice or bid

procedure is the same. O

Assumption 4.4.5Observed preference reversdl) E1 our DM expresses the preference ¥ >~

z, and in B she reverses preference such that y > x. O

Let n}, I =1,2; ] =XY,zbe the decision weights computed via Quiggin’s transformation
procedure in each experiment. For exampieand 72 are a DM’s decision weights forin E1
andE2, respectively. In principle, DMs choose undet and bid undeE2 from each of three

lotteries which can be displayed as follows:

L1 = (% Px; ¥,Py; 0,1— px—py) (4.4.15)
L= (Y,Py; Z Pz 0,1—py—p2) (4.4.16)
Ls=(X,Px; Z Pz 0,1—px—py) (4.4.17)

There are 3! ways in which the lotteries can be ordered. A simple experiment Hefigour

purposes may be to choose a compound binary choice experifiesd a baseline such that

El={A,0; L,1-6} (4.4.18)

whereAs is a conveniently selected reward with probabilityandL = {L1,L,,L3} is a lottery

to be played out if selected with probability-16. We assume that if is chosen, then DMs

39See Harrison and Rutstror(200§ for a comprehensive survey and taxonomy of experimentafdsesand econometric ap-
proaches.
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choosex > yin L1; choosey > zin Lp; choosex - zin L. This choice pattern is consistent with

transitivity. LetA, = xpx+Yypy + zp, be the actuarial value of the lottery so that the probability

6= AVﬁVAS equalizes the expected value of DMs choices betw&eand the lotten.
In the second experiment proced®, the rewards can be scaled by a common factor

and subjects can be randomly assigned to any of the following experiments:

E2={cA,0; cL,1—6}, where (4.4.19)
Le {{L17L27L3}7 {L1,L3,L2}, {Lo, L1, L3},

(4.4.20)
{L27 L17 L3}7 {L37 L17 L2}7 {L37 L27 Ll}}

cL means that the outcomes are scaledchySince a constant scale does not affect transitivity
E2 will be effectively “identical” toE1 up to randomizatiofi® For the purpose of exposition we
assume that for a giveE in E2 DMs reverse the choices they madd.inn L3, i.e., they bid such
thatz > x. The analysis that follow applies only to those DMs that chdoseE1 andL in E2. In
principle, preference reversal is also manifest if a DM chdase E; andcL in E; or vice versa.

We address that imd(4.22 and @.4.23 below.

Preference reversal in E2

(i) The simple lottery representatiorin E2 DMs weigh probilities byw(0) and (1 —w(1— 0))
(Quiggin 1993 p. 57). Since we assumed thi, cAs} ~ {1— 6,cL}, under EUT we expect
U (cAs) = (1— 6)U(CE). In particular, according to RDU (a generalization of EUTu(ggin,
1993) under the experimental designki2

wW(8)U (cAs) = (1—w(1—8))U(cL) (4.4.21)
In the context of our HPWW/(8) = no6 + n1 +tan(y(3)). So @.4.29 reduces to

Mftan(y(Zea,))U (cAs) —tan(@(Zea,))U (cL)] = no[6U (cAs) — (1—0)U (L)) (4.4.22)

40Holt and Laury(2002) report an increase in risk aversion when stake size is scaled
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After applying EUT toE2 in (4.4.19, the RHS in 4.4.22 vanishes. So we are left with

tan(y(Zea,) U (CAS) = tan(((Zea,))U (cL) = tan(P(Zea,)) = cutan((Zea,))  (4.4.23)

wherec, =U (c[)/U (cAs). The harmonic relationship i (4.23 holds only for complete proba-
bility cycles. That isk € 2# must be divisible byl(k) according to Definitiort.4.1 If that cycle
is broken, then we would expect PR HR for those DMs who chosk in E1 and bidAs in E2.
However, that type of PR does not address Assumpfigns Thus, our interest lies in those DMs
who bidcL in E2 and satisfy Assumptiod.4.5

(i) Compound lottery representatiorlnder the transitivity axiom hypothesis, DMs ordinal
selection inL; should be preserved iD. So we can set = 1 without loss of generality. We
assume that the decision weights for the rank ordered outcontekim -y > zin (4.4.19 and

E2:y>z>xin (4.4.19 are computed as follows:

T =W(py); TC=w(p,+py) —W(p); 15 =1—wW(p,+py) (4.4.24)
E=wW(p); TE=W(Pz+Px) —W(Px); T&=1—W(pz+px) (4.4.25)

According to received theory, under the principle of procedure invariaheerg¢ky et al, 1990
p.204) RDEU should be the same 6. andE2 by virtue of Assumptiord.4.3 LetRDEU, and

RDEUW; be the valuation for rank ordered choicesih andE2 respectively. Thus, we have

RDEUL(x, p) = 15U (x) + 15:(U (y) + 15U (2) (4.4.26)
RDEU(x, p) = 12U (x) + T2(U (y) + 12U (2) (4.4.27)

Under Assumptiord.4.5 preference reversal impli@&DEU; # RDEUW,, In which case
(7 — T (%) + (15 = U (y) + (1 — 1)U (2) # 0 (4.4.28)

SinceU preserves ordinality, undétl we can normaliz&) by settingU (y) =0 andU (x) =1

to simplify the analysisAnscombe and Auman{l963 p. 201),Karni and Safrd199Q p. 493),
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Quiggin(1993 p. 63)). Thus,4.4.28 reduces to
1
(k@) + U(2) £0=U(2) # — (”5‘17_"*2)>o (4.4.29)
Z
Since the underlying probabilitigs and p; do not change i1 andE2, we have for

(m<m and >m)or(mt>m and 7 <) and giverk from (4.4.19 (4.4.30)

Mt = NoPx+ 915 (3x) < T2 = NoPx+ B35 (3x) = B15(3x) < P55 (3%) (4.4.31)
T = NoPz+ 919 (32) > T2 = NoPz+ 959 (32) = 019(32) > 959 (32) (4.4.32)

Where¢§'2 (3x), ¢£kz) (3x), ¢£kz) (32), ¢§kz) (32) are the cyclic components af in Theorem 4.4.1,
and PR is driven by those components. #4.10, the decision weight is controlled by
through the jump sy ® (3j)). Sounder Theorem.4.2and the inequalities (4.3, (4.4.32

we have
sinAyY (3))) # sinag (k- 1)+ 3))), i =12; j=xy,2 (4.4.33)

According to @.4.33 d(Kk) is not a gcd ok € 7" in Definition4.4.1, i.e., probability cycles are
broken. Because we assumed procedure invariance befteamndE?2, the preference reversal

in (4.4.30 is due to incomplete probability cycles. Moreover, for snmathps sir{ALpi(f? (3,-)) ~

All’i(l? (3-) Sothe PR phenomenon is a momentary fluctuation in the evaluative process. Thus, PR

is eventually resolved zmp, | (3 ) — 0. We summarize this result in

Theorem 4.4.6(Temporal PR) Preference reversal is due to momentary fluctuations of the evalu-
ative process and it is resolved when probability cycles are complete. O
4.4.3 Experimenter interference of HPWF and misperception of preference reversal

In practice, the experimentessignsan observedprobability distribution tox. Call it p°. In
which case we hava? = Pj +e§’. So the inherent probability; is unobserved and disturbed by

e?. Cf. Busemeyer et a(2011, p. 193)(“drawing a conclusion from one judgment changes the
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context, which disturbs the state of the cognitive systemiiosStution of the observed values in
the equations above do not alter the analysis since we simply subp’qittttp‘]? — e‘j). However, the
inherent probability distribution idisturbedand that may cause experimenters to report PR when

there is noneegenwetter et gl2011, p. 44). To evaluate that hypothesis we make the following
Assumption 4.4.7(Transitivity). The transitivity axiom holds.

The choice ofp{ induces aZ-score different frony;. That is, p} = ®(;7) for someZ-score
3? # 3j. Thus, the HPWF in Theorem.3.3is altered by imposition oéxanteprobabilitiesp‘j) as

follows (with X suppressed)

W(pj) = nopj + nitan(y(z;)) (4.4.34)
w(p}) = no(p} — &) + nitan(y(37)) (4.4.35)

Let nlo be the observed decision weight, amdbe the true decision weight. In the sequel super-
script (k) implies thatk-cycles are in play for a given variable. According to Theordm.1and

(4.4.395 we have

i = nop; + o™ ;) (4.4.36)
" = no(p? — ) + 19 (39) (4.4.37)
= 1" =+ m(8YG5) - %)) (4.4.38)

Let i, %2, j = x,y,z be the observed decision weightsE1 andE2 respectively. Under

Assumption 4.4.7 for a givenk we have njl(k) = nf“‘) so there is no preference reversal. By

(4.4.38, the corresponding relationship for observed decision eits

® K K (k) k k
e — 101969 — 619 (63)) = 2 — (95 69) - 957 6)) (4.4.39)
where¢, and¢, are the corresponding phase function&ihandE2. Under Assumptior4.4.7

" =" = oG = 0596y (4.4.40)
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After n1¢§k) (3;) terms cancel,4.4.39 reduces to
) )
e = 2 41 (9099) - 92969)) (4.4.41)

Because of experimenter interference, there is no guarantee that the expression in brackets in the
right hand side 0f4.4.4]) is 0. In fact, Theorem4.4.2implies that more often than n¢l§k> (3?) #*

¢£k) (3?). Thus, our experimenter will report preference reversal because she observes
(k) (k)
I (4.4.42)

even though the true but unobserved relationshipid.4Q is based on the transitivity axiom

Assumption4.4.7. Thus we conclude with

Theorem 4.4.8 Observer effect of experimenter misperception of PRYperimenter assignment
of ex ante probabilities to the elements of a statistical ensemble or random field of outcomes inter-
feres with the inherent PWF for those outcomes, and induces observed PR when the true state is

no PR. |

Theorem 4.4.8manifests the “uncertainty principle” or “observer effecttieulated in\on Neu-

mann (1955 pp. 418-420). Specifically, “we must always divide the worltbitwo parts, the one
being the observed system, the other the observer. In the former, we can follow up all physical pro-
cesses (in principle at least) arbitrarily precisely. In the latter, this is meaningless. The boundary

between the two is arbitrary to a very large exteifid p. 420.

45 Model simulations and estimates

In this section we provide a simple calibration exercise and simulation of the HPWF, and report on
observed characteristics including but not limited to likelihood insensitivity, and fix point probabil-
ity dynamics. Insubsection 4.5.fve show how our model accommodates likelihood insensitivity.

In subsection 4.5.%e analyze the entropy implications of fixed point probalagti
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4.5.1 Likelihood insensitivity of HPWF

For the purpose of exposition we calibratg¢®(3)) in (4.3.10. As shown in 4.E.9 in the ap-

pendix, for |3|< 4, we derive the form

3p 3 3 7 4 608

w(p,X) = —+ tan(6 — — + 45.1

(P2 =5 gy N0 g o~ 2avar T 1svn (451)

where; = (x— )/ 0x. The equivalent HPWF representation consistent with Theodkei?2is

given by

3d(3) 3 3 7 5 608

w(®P R + ta — — + 4.5.2

PO~ 5 T ™ e aavae 1svem (P

A plot of the probability weighting function in4(5.2 is depicted inFigure 4.4on pagel99
To convert theZ-axis to apsuedo-probability axis Zwe make the following scale and affine

transformations:

45.

5 (4.5.3)
1z

Zr=Z+= 4.5.4
>3 (4.5.4)

Y =max3.7x Z%, 1) (4.5.5)

We use; to denote given values @ The last equatiord(5.9 is a ray from the origin or probability
adustment that cuts through the fixed po@t'. The inverted S-shape is retained so thgt*) in
(4.5.3 is indeed a probability weighting function over thguedo-probability axis Zin (4.5.4-as
depicted inFigure 4.50n page200. The estimated HPWF has the following characteristics.

e The shape of the curve is similar torersky and Fox 1995 Fig. 5), andAbdellaoui et al.
(2011, Fig. 1c) likelihood insensitivity source function. Spediy, the relatively flat portion
of the HPWF (less than 45ncline from horizontal) compared to the4line for linear proba-
bilities, suggests that prospect theory is insensitive, in this case very insensitive, to changes in
uncertainty compared to expected utility theofy¢rsky and FoxX1995 pg. 276)). Thereby

suggesting that entropy methods can be used to derive probability weighting functions in
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ambiguous situations that include unobserved inherent piiitlyalistributions.

e The probability weighting plots indicate that the process is slow varying in roughly the
middle third, and heavily weighted in each of the two other thirds that correspond to over
weighting low ranked outcomes and underweighting high ranked outcomes. This depicts
“the principle of bounded subadditivity” introduced Tiversky and FoX1995 pg. 270) and
Tversky and Wakke(1995. In this case, the lower third “possibility gap”, and upperdh
“possibility gap”, are consistent with empirical researchersky and FoX1995 pg. 276)).

We note that the class of flexible two-parameter pwfs introduceddaymore et al(1992 p. 382)

is also able to generate likelihood insensitivity.

4.5.2 Fixed point probability of pwfs has maximum entropy

The maximum entropy associated with the underlying unobserved probability distribution is de-
picted inFigure 4.6on page201 The value forP = e 1 ~ 0.38 depicts maximum entropy. This
is the fixed point probability that separates over weighting and under weighting regimes in cu-
mulative prospect theory. By comparison, the maximum entropy for the affine transformation of
probability weighted functionals is as indicatedrigure 4.7on page202 Here the maximum
ertropy pointP = 0.38 is the same as before. The fact that maximum entropy occurs at the fixed
pointe~1 is puzzling. Because it implies that that invariant point axiomatizedyl¢c 1999 is
the point of highest uncertainty or least information in a given distribution.

Nonetheless, we superimpose entropy and probability weighting functionals on the
psuedo-probability axi@s depicted irFigure 4.8on page203 There, thepuedo-probability
Z* has to be adjusted as indicated th5.5 so that it cuts the probability weighting functional
at the fixed pointe~!. Otherwise, the fixed point for the psuedo-probability is derived from
w(3*) = 3*. This suggests that the psuedo-probability fixed point occurs argurd0.5125
with entropy around @4, which corresponds t@ = 0.1 and —pIn(p) = 0.33 in Table 4.1
This result is still consistent with prospect theory because there exist “a more general form,

w(p) = exp(—B(—Inp)?) due to Preleg 1998 pg. 499), which is not constrained to th¢el

187



fixed point value™! It should be noted that “[a]n inverse S-shaped weighting fonctan be
completely below the 45-degree line depicting non-transformed probabilities, or it can be com-
pletely above it,’Abdellaoui et al.(2010 pg. 41). Also, “a linear weighting function is seen as
the benchmark for measuring optimism and pessimisbig at p. 49. So the linear probability
weighting function in 4.5.9 is that of a pessimist. To see this consider a subject withagde

utility E[U] and probability weighting function

w(p) =maXxap, 1}, O0<p<l a>1 (4.5.6)

The transformed expected utili{U] along the line above the diagonal is given by

E[U] = aE[U] > E[U] (4.5.7)

This shows that under EUT, for a given probability distributida subject with utility functior

and weighting functionv(P) > P will have more probabilistic risk aversioi\akke; 1994 p. 10),

i.e., the pwfin 4.5.5 and @.5.9 is piecewise concave. Sd8.6.9 is the weighting function for a
pessimist. Even so, thesuedo-probabilityveighting function is slightly greater than the pessimist
weighting function over low ranked outcomes, and they coincide at the point of maximum entropy
as indicated irFigure 4.8 Evidently, maximum entropy provides a robust estimate offitied

point probability in cumulative prospect theory. This result is not surprising because our model
predicted that maximum entropy of unconstrained unobserved inherent probability distributions
yields Von Neuman-Morgenstern preferences which are linear in probabilities—in this case even by

a constant scale factor. Thus, we close with the following

Proposition 4.5.1(Maximum entropy and cluster set of fixed points)
Let F be a cumulative probability distribution, and M) be a probability weighting functional.

Define the set

C(F) = {F| ~w(F)In(w(F)) =F, 0< F < 1} (4.5.8)

4IRefer to Abdellaoui et al.(201Q pg. 49) (“Empirical studies, using more general weightingctions, suggests that this
intersection is around 1/3").
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Then QF) is a cluster set of fixed point functions for probability weighting. Moreover, in the
restricted case when(k ) = F the set GF ) is a singleton comprised of theversky and Kahneman

(1999 fixed point e?.
Proof. See Appendisection 4.F O

Remark4.5.1 McLennan(2012) identified sets likeC(F) asanessential seof fixed points. Al-

ternatively,C(F) is an invariant subspace {ff,1]. Thatis,w: C(F) — C(F) C [0, 1].

Corollary 4.5.2 (Linear probability weighting on essential set of fixed pointBjie probability
weighting function w is éinear operatoon the essential cluster set of fixed point§Cseparating

expected and nonexpected utility theories.
Proof. See Appendisection 4.G O

This result suggests that there is an invariant linear segmierevery probability weighting
scheme which separates “optimists” from “pessimists” in the senseatky and Wakke(1995

pg. 1264) andAbdellaoui et al (2010 pg. 41). Perhaps more important, it provides a theoretical
foundation for mixture preference modelsz(rison and Rutstror(2009). For the cluster set of
fixed point probabilities is a linear subspace that support von-Neuman-Morgenstern (VNM) utility,
seeVon Neumann and Morgenste(h953. Whereas the complementary subspace is nonlinear so

it supports nonexpected utility theories.

4.6 Conclusions

This paper treats the outcome dimension of a gamble or lottery as an underlying statistical
ensemble. Whereupon it employs the principle of maximum entropy to identify the probability
weighting function (pwf) based on a DM’s information about the moments of the outcome. By
so doing, it characterizes a DM’s inherent pwf for a distribution of outcomes. We find that prob-
abilistic preference is explained by an inherent harmonic probability weighting function (HPWF).
Furthermore, we introduce an abstract representation theorem for HPWF that has implications for

the quantum probability strand of decision theory literature outside the scope of this paper. Our
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theory also shows how decision weights, obtained from Quiggank dependent utility trans-
formation procedure, can be decomposed into a part due to linear probabilities and a part due to
harmonic weighting of outcomes. That sets the stage for the ideRibty = EU s WU. RDU
collapses t&eU when probability cycles are completed.

The HPWF theory is applied to resolve the preference reversal puzzle. We find that experi-
menters interfere with the inherent HPWF when they assign probabilities to outexraase and
that that interference breaks the probability cycles of subjects in the experiment. This causes exper-
imenters to misreport intransitivity of preferences, i.e., preference reversal, when the true state is
no preference reversal. Because subjects behaviours are transitive once their probability cycles are
completed. We show that the HPWF fixed point probabilitgis—the same value axiomatized in
the literature. However, that fixed point has maximum entropy. Our preliminary analysis suggests
that that result is explained by the existence of a cluster set of fixed points or fixed probability
distribution. And, preferences over the cluster set of fixed points are linear in probabilities. In
other words, every point on the diagonal of a unit square is an admissible fixed point probability.
Thus casting doubt on the axiomatized fixed poineof. The HPWF in this paper is limited to
concave-convex shape. However, for further research, in principle one should be able to derive
convex-concave shape by imposition of suitable identifying restrictions on the HPWF. This pa-
per adds to the literature by virtue of extending probability weighting functionals to the complex
domain by and through harmonics in probability weighting. It provides “new” analytic tools that

portend further research on the issue of probability cycles and intransitivity of preferences.

4.A  APPENDIX

4.B Order relations

The material in this section is drawn frowiillard (1970 p. 5). A binary relationZ on a setA is
any subset oA x A. The relation(a,b) € # is denotedaZb. A relationZ is reflexiveiff aZa for
ac A symmetridff aZb impliesbZa for all a,b € A, antisymmetriaff aZb andbZa implies
a=Dbforall a,b € A, and transitive iffa#zb andbZc impliesaZc for all a,b,c € A.

Partial order. A relation% on A is a partial order provided? is reflexive, antisymmetric and
transitive. Thusg- is a partial order orR.
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4.C Proof of Lemma 4.2.1functional Gateaux derivative

Proof. Technically, we are using a Gateaux type derivativel{iqui 2004 §5.2). LetT,(f) =
Jp fdmudx) be a linear operatof, || be a norm defined of,, andDT(f)h be the value of the
Gateaux derivative 4t in directionh.

Tu(f+gh) —Tyu(f)h
g
impliesDT,(f) =Ty foreveryf (Siddiqui 2004 Rem. 5.2.1). Choodeto be the identity function

direction so thafmu(h) = [ahu(dx) = u(A). Thus,DT,(f) = u(A) Whereg—i =DTy(f). O

lim
g—0

4.D Proof of Theorem 4.2.2HWPF existence

The proof of the theorem rests on first and second order optimality criteria and transformation of
the underlying moment problem.

Proof. The first order necessary conditions for a maximum for criterion fundjeriF )) requires

9] =0 and oH(F) =W (F)U(A)[1+In(w(F))] (4.D.1)
of of
which impliesw (F)u(A)[1+ In(wW(F))] + Aout (A Z)\ iri( (4.D.2)
w(F) = e’leXD(—{W(F)u(A)}’l{/\ou(A) +;Am(x)}> (4.D.3)
A first order approximation expansion of the latter equation reveals
ol o1 AoHA) 5T Ti(X)
wF)=el-gt W(Fw(Al) (4.D.4)

Undeniably, the quantitg— constitutes the fixed point for compound invarianc@irlec(1998
pp. 503-504). Furthermore\ou(A) + S, Airi(X) represents an affine transformation of the mo-
ment conditions imposed on the nonparametric probability density fundtion(4.2.7). And
W (F) and u(A) are scale parameters. The shape/ @ characterized by sign/(F)).

It is known that forp(A) < o, the moments 1x, x2,... can be orthogonalized to form
a basis for the canonical Hilbert spdcé A) with norm || HLz And that the harmonic sequence

{€@X}®_, is a canonical basis for that spaéelieizer and Glazma(11961, pp. 27-28)). There-

fore We can replac@ou(A) + 3", Airi(X) with some complex valued functiofi(F) induced by
orthogonalized moments defined over that basis. More relevant heneoitder approximation

m .
F)= % aje™” (4.D.5)
wherea; is the coordinate ofi(F) with respect to the orthogonal basis. It is a so called abstract
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Fourier coefficient derived from the canonical inner prodociLf (Dunford and Schwart¢l1957,
p. 858)) given by

< W(F),ewi*>
<fg> :/ngu(dF), )= = o g (4.D.6)
So the first order approximation is given by
wF)~e l—e YW (F)u(A)} Win(F) (4.D.7)
m .
—elt-e W (F)} Y g9 (4.D.8)
=1
whered; = % is the scaled coordinate with respect to the meagyfe. O

4.E Proof of Theorem 4.3.3HPWF identification

The proof of the theorem is organized as follows. We calibrate a HPWF with numerical values and
then generalize the result.

Proof. The restriction O< w(®(3)) < 1 implies that4.3.10 reduces to

(BP(3) —2) < 1(3) < 39(3) (4.E.1)

Cursory inspection indicates that fBr= ®(3) = % in (4.E.]) we have—1 <1(3) < 1. Moreover,

P= % is near to the fixed poingé~! so equation4.3.1Q is well defined. Negative values gf
swggests that the cubic term in the evaluated intelggglis dominant negative, and vice versa for
positive value$? So in 4.3.10 w tends to be higher for small negatiye For positive values
of 3 the cubic term is dominant positive amdtends to be lower. So the weighting function in
(4.3.10 [weakly] retains inverted S-shape characteristics of thabgility weighting function
(Prelec(1998 andTversky and Kahnemaf1992).

We turn now to evaluate4(3.10. We begin with a very rough linear approximation for the
normal densityd®’(y) in (4.3.4 to evaluatd (3) in (4.3.7) as follows.

iy~ (1Y

P(y) ~ @<1 2) (4.E.2)

1 3 Yoo 1oy Y
0~ = [P 5)0v= =51/, (4E3)
Substitution of these expressions in and algebraic manipulatich®fl() leads to
3%(3) 1 3_ a5

w(®P = — 103° — 33> — 243 4.E.4

() = =57 — 5 5m (107 - %7 - 2432 (4.E.4)

(4.E.5)

42BJavatskyy(2013 p. 15) introduced a 2-parameter cubic pwf which performsgssiell as several other popular pwfs.
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The cubic and quintic terms i (E.4 suggest expansion of tg) to 3 terms to get

3 20 15 3
tan(z) ~ 3+ 53 +% =5 S (tan(5> —3- %) (4.E.6)
30(3) 3 7 5 608
= WP(G) ~ + tan(z) — - + 4E.7
QW)= ) s e e e UED
(4.E.8)

Writing p = @(3), 3 = @ (p), and replacing with a “residual’monotone phase functic(3)
predicted by Corollary4.2.3 we replacex with = to get

3p 3 3 7 5 608

W(p,X):?+ﬁtan(9(5))—8\/ﬁ5—24\/ﬁ3 +15\/ZT

Recall thatx = uy + ox3 so @.E.9 is a bivariate function of p andx. A more parsimonious
representation based on some [hereditary monotone] phase fugiggipwould be

(4.E.9)

w(p,x) = 3—;+tan(w(3)), where (4.E.10)
3 608
tan(y(s)) = - rtar<e< N-+ @3—24;%5%15 . (4.E.11)

Since the choice af = 4 in Assumption4.3.1is arbitrary, in its most general forrd E.1Q can
berewritten to accomodate all valuespés follows

W(p,X) = Nop+ N1tan(y(3)) (4.E.12)

wheren andn; are elevation and curvature parameters respectively. In the sequel we use this
more general form. The term taf(3)) dominates the harmonic PWF id.E.10Q. It is known

that that term is cyclic, and that it has an inverse S-shape consistent with the probability weighting
function popularized by versky and Kahnema(iL992 cumulative prospect theory (CPT). For
(4.E.12 to be a pwf we impose the following identifying restrictions:

No —Nop

0<nop+nitan(y(z)) <1= . S tan(y(3)) < n (4.E.13)
p=0=nitan(yY(3)) =0= y(3) =nm, n=0,1,... (4.E.14)

_ _ a1 (110
p=1=tan(y(s)) = = (3) = tan 1<T> (4.E.15)
O

4.F Proof of Proposition 4.5.1maximum entropy of fixed pt cluster set

Proof. By construction we can rewrite(F ) = exp(—%). The distribution function(sfF which

solves that nonlinear equation represents fixed probability distributions that satisfy the equation.
By definition,F represents a continuum of probabilities. Specifically,

1. leté, be thep-quantile ofF. Define the set of probabilities(p) = {p| —w(p)In(w(p)) =
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p, F(&p) =P(X < &p) =p, F € C(F)}. By constructiorX(p) is a cluster set of probabilities
since it contains the accumulation or fixed poiptthat satisfy the entropy equation, and by
constructionX(p) C C(F). HenceC(F) is a hereditary cluster set.

2. Suppos& € C(F), andp ¢ X(p). The latter relation implies thatw(F (&p)) In(W(F (ép))) #
F(&p) andF (¢p) ¢ C(F). This contradicts our incipient hypothesis= C(F). In which case
F(&p) = p € X(p) andC(F) € X(p).

The results of 1land 2 imply thatC(F) = X(p). In which cas€(F) is a cluster set of probabilities.
The restrictionW(F (&p)) = F(&p) = p produces the fixed point solutiohl(F) = F = exp(—1).
U

4.G Proofor Corollary 4.5.2linear weighting on essential cluster set of fixed
points

Proof. Let hy, h, € C(F) and choose constantsand 8 such thatah; + Bhy € C(F). Thus by
hypothesisxh; + Bh; is a fixed point if

w(ah1+[3h2) = ah1+[3h2 = GW(hl) —I—BW(hz)

In which casew is a linear operator by definition. O

4.H Harmonic pwf and quantum probability models of decision

In this appendix we briefly digress from the main theme in the paper to show how our HPWF
theory extends to the quantum probability models popularized by Jerome Busemeyer and his co-
workers. See e.gBusemeyer and Wan@007); Pothos and Busemey&009; Busemeyer et al.
(2011). Cursory inspection of the functional formwfF ) in Theorem4.2.2indicates that we can

write

_ Wm(F)
S CTESET

Sincewn(F ) is complex valued, for internal consistency of réale) and imaginary.# m) parts,
we must have for the numerator above

(4.H.1)

H(A) = Ze(Wm(F)) > 0, IMWn(F))=0 (4.H.2)
Iog(ﬁ) —1=—(1+log(w(F)))>0 (4.H.3)
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However, there is a quantum probability interpretation ad.velt ¢(x) be a wave equation such
that in accord with Corollarg.2.3

W) = ~{ A+ In(WEN)WE) ) Wil F) g x—i8 (F)) (4.H.4)
[WO0lZ, = [ [W00PPu(d) = A= [ IAGF)Pu(dF), where (4H5)
A(F) = {1+ In(w(F } Wi (F) (4.H.6)

Specifically, there exist some unit state functipwhich satisfies the Schrodinger equatitnhos
and Busemeygr2009 §2.). Namely

O ~ N ~
| ‘g)((x) _ 5(F)q( ) — B(X) = exp(—iS (F) (4.H.7)
. LP
P(x) = PX)||5pu(dx) =1 (4.H.8)
0= e mar P
The underlying “Born rule” probability density is given by
p(x) = ||LT!(X)||E§ (4.H.9)

In which case the probability of finding the wave function in someBsstgiven by

P(B) = P{P € B} = [ p(u(x) = [ 8092 (e (4.H.10)
The foregoing analysis gives rise to the following

Theorem 4.H.1(Quantum preference states)

Let (X,%(X), 1) be outcome measure space, F be an unknown probabilistic distribution, and
Wm(F) be a complex valued functional of F. For some B4(X), let y(X) represent the state of
uncertainty about outcomesB, and WF) represent the maximum entropy probability weighting
functional (MaxEnt-HPWF) for F over X. Then the state dependent MaxEnt-HPWF is given by

W) = ~{ (A In(WF))W(E) L [Wan(F) g x—i8 (F))

Furthermore, the probability that uncertain outcome x is in B is given by

PB) = e i Jy AP PH(EF)

where AF) = —{ (L+-InW(F)W(F)}  [Wn(F),3.

U

Remark4.H.1 The simplest time separable Schrodinger wave equation is typically written as
Y(xt)=Y(x)f(t) whereHWY = iﬁ%—‘t” for some [Hamiltonian] operatdt (Szekeres2004 p. 383).
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And the general solution is writteai(x,t) = (X) exp(—}TEt) WhereHw"E%) = =E. Soeven
though our equation does not include time it can be extended to do so. O

Remark4.H.2 The “information” restrictions imposed id(H.2) implies that we can replace
Wm(F) with ¢ (B) in the theorem. In that casg(B) is a measure of the information content of the
setB € #(X). Thus,P(B) is a subjective probability estimate based on the perceived information
content ofu(B). O

4.1 Harmonic pwf, regret theory, and core theory plus noise

This appendix sketches the relationship between regret theory and the HPWF. To fix ideas we
sketch the Regret Theory (RT) model describedanomes and Sugde(1983. Let A andAy be
two actionsavailable in éinary choicesituation. Theconsequencef choosingA if statej occurs

is xj, and thestate dependent probability p;. LetC(-) be achoicelessitility function such that
C(xij) = cij. Thatis,cj is the utility a DM would experience if she did not have to make any
choices. Assume that our DM is faced with the choice of either acceptiagdsimultaneously
rejectingAy or else accepfy and simultaneously rejeéj. According to this model, should the
j-th statee occur, our DM experiences but she misses out of;. Recall thalC(x;j) = ¢jj and
C(xj) = Ckj, so relative tazjj she derives an incremental increase in utilitg;jf> ¢,; and rejoices

or she experiences a decrement in utility;if < ¢ ; and regrets. Let the rejoice-regret function
beR(-). We can think ofR(cij — ¢;j) as a function whose argumeswitchesbetween positive (if
rejoice) and negative (if regret). In other word;) is aweak rejoice-regret switching-function
whereR(0) = 0. We write the modified utility function that accounts for rejoice or regret as:

n’ﬁ- = Gjj + R(cij — ;) (4.1.1)
The expected utility associated with.[.1) over the set of all possible statgs=1,...,nis given
by:

n n n
EURT =S pimf{= S piaj + 5 PiR(Gj — &) (4.1.2)
= = =

N—— —-
EUT Component  Switch Component

The following assumptions are required for internal consistency, and for reconciling empirical
reality with our theoretical specifications.

Assumption 4.1.1 (Exchangeability) Let Q be a probability measure which characterizes rank
dependent utility and P be a probability measure that characterize other generalized expected
utility models. We assume that there exist a probability weighting funct{@) which generates
Quiggin (1982 type decision weightd = {77 }1<j<n such thafl coincides with P. O

This exchangeability assumption is technical. It allows usat@ expectations with respect to
the same probability measure under rank dependent utility and other generalized expected utility
theory specifications. Refer erger(1985 p. 105) for further details on exchangeability concept.
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In Theorem4.4.1we proved that

ROEUM(x.p) =Y mU () =no 3 pjU) +m T oM GU(x), Y m¥=1 (4.13)
=1 =1 =1 ]

N——— ~
EUT Component Harmonic Component

wherek controls the period of the harmonic component of the decision weight(s). The follow-
ing lemma states a known relationship between harmonic analysisiaay (e.g. rejoice-regret)
switching functions. It is the essential ingredient that ties the addends in the decomposed general-
ized EUT functions above together.

Lemma 4.1.2 (Switching Functions and Harmonic Analysidet Q(X) = exp(2mikx/2) =
(—1)* = +1 for k = 0,1 and integer values of x, be a Fourier kernel or harmonic basis func-
tion. For binary choice, the abstract Fourier expansion of the switching functioh iR given

by
RX) =2"% RjQj(x) (4.1.4)
=1

where R = 3, R(x)Qj(X) is an abstract Fourier coefficient.
Proof. Seelechner(1971, pp. 130-131) O

According to Lemma4.1.2, and exchangeability Assumptiahl.1, the harmonic component in
(4.1.3) is related to the switching component #l(2) up to a constant. Thus, we prove the follow-

ing:
Proposition 4.1.3 (HPWF and Rejoice-RegretHarmonic addend for HPWF decomposition of
RDEU is functionally equivalent to weak switching function addend for RT decompositionl

The question arises as to whether or not any of the represamaibove are consistent with a
“core theory” plus stochastic error. Cf.oomes and Sugde(1999; Hey (2005. For example,

(4.1.2) and @.1.3) are examples of “generalizations of the expected utilitfygyesce functional”

tested inHey and Ormg1994). They find that there is not much statistical difference betwihne
performance of those models and classic EUT in economic experiments. Thus, we embark on a
theoretical explanation of their results. That is, we claim that if EUT is a core theory in all of the
above, i.e., RDEU and RT, then the switching addend component for RT decomposition, and the
harmonic component addend for RDEU decomposition, are functionally equivalent to stochastic
error terms. To support this claim we introduce the following

Definition 4.1.1 (Radamacher function)Katznelson2004 p. 276). Radamacher functiongsare
a sequence of independent random variables taking the values-1lanath probability 1/2 for
each. O

By definition, a Radamacher function (1) is a binary switchungction so it satisfies Lemnaal.2;

(2) has a harmonic representation; and (3) is a random variable, i.e., it can be treated as a stochastic
error. Refere tve Guzmarn(1981, pp. 23-24) androlland(1992 p. 201) for technical details. For

the sake of exposition one can assume that the stochastic error term inesaf009, has a
Radamacher function representation. In which case the next proposition follows from Proposition
4.1.3
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Proposition 4.1.4(EUT core plus stochastic errorfhe harmonic addend of HPWF decomposition
of RDEU, and the switching function addend for RT decomposition, satisfy a core expected utility
theory (EUT) plus stochastic error decompaosition. O

This proposition shows that the HPWF produces a theoretigdapation for whyHey and Orme

(1994 p. 1301) failed to find statistically significant differencetlween core EUT and generalized
EUT models in their study. According to our HPWF analysis, the difference between core EUT and
generalized EUT models is functionally equivalent to stochastic error. A result verified empirically
by the Hey-Orme experiments. The HPWF is axiomatizedtiarles-Cadoga(?0159 where the
generalized EUT decomposition result is further illustrated with prospect reference theary<,

1989, disappointment aversiors(l, 1991), reference dependent preferencess{zegi and Rabin

2006 and weighted expected utilityC(ew; 1983 Chew and Wallgr1986. Cox et al.(2013

also decomposed generalized EUT in the context of stake and probability calibration exercises
to examineRabin (2000 calibration critique of EUTFehr-Duda and Eppg2012 decomposed
disappointment aversion and prospect reference theory. However, none of those authors considered
probability harmonics.
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4. APPENDIX OF PLOTS AND SIMULATED HPWF DATA

Figure 4.4: Maximum Entropy PW-Functional drtransform space

¢=cum_normal_dist

Plot ofw(¢(3)) vs 3 with respect tZ-transform of outcome spacé Negative values o corresponds to
points below the mean 0. Those points are over weighted. Values above the mean are under weighted.
Likelihood insensitivity is depicted by the relatively flat portion of the plot.
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Figure 4.5: Affine Transform of Max Ent PW-Functional

Harmonic PWF

W(P)=W((Z"))
°© © o o o o
W ' a o ~ -]

0.1

0 0.2 0.4 0.6 0.8 1
Probability (P)

a—V((Z*)) emm—)

This is a scale and affine transformation of the pldtigure 4.4 The horizontal axis is a
pssudo-probability measure from that transformation.
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Figure 4.6: Entropy Distribution faZ-transform of Prize Distribution

H(P) = -Plog(P)
—_p|og(P)
04 MaxtEn
0.35
0.3
0.25

0.2

H(P)

0.15
0.1

0.05

0 0.2 0.4 0.6 0.8 1
Probability P

This is a plot of the maximum entropy associated with the prifibalveighting functional inFigure 4.4
Maximum entropy occurs at the poiat?®. This corresponds to the fixed point probabiliy= e,
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Figure 4.7: Entropy Distribution for Affine Transformation oftransform of Prize Distribution

This is a plot of the maximum entropy associated with the pritibalveighting functional inFigure 4.5
Maximum entropy occurs at the poiat®. This corresponds to the fixed point probabiljty= e~1.
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Figure 4.8: Entropy and fixed point probability relationship

r nd fixed point pr li
max (3.7

E

-—--"“"#ixeﬂ oints

entr o]e)

This is a cross plot of the maximum entropy associated with tbegbility transformation in4.5.4 and
(4.5.5. Maximum entropy occurs at the poiat®. This corresponds to the fixed point probabiljiy= e~
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Table 4.1: Table of Simulated Vales and Estimates
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Table 4.2: Table of Simulated Vales and Estimates (cont'd)

(continued)

W(b(2)) Y z* W(b(z*) Y* P -Plog(P) W(S(Z¥))  W(S(Z*))In(W(b(Z*)

0.6 17.24626992 18.4 0.575 0.538945935 0.575 0.725746882 0.232641046  0.538945935 0.333144051
0.7 17.28806127 18.8  0.5875 0.540251915 0.5875 0.758036348 0.209994217  0.540251915 0.332643768
0.8 17.32517053 19.2 0.6 0.541411579 0.6 0.788144601 0.187636503  0.541411579 0.332196888
0.9 17.35767733 19.6  0.6125 0.542427417 0.6125 0.815939875 0.165974091  0.542427417 0.331803391
1 17.38593429 20 0.625 0.543310446 0.625 0.841344746 0.145345484  0.543310446 0.331459793
1.1 17.41058767 20.4 0.6375 0.544080865 0.6375 0.864333939 0.126016501  0.544080865 0.331158842
1.2 17.43259535 20.8 0.65 0.544768605 0.65 0.88493033 0.108179512  0.544768605 0.330889265
1.3 17.45324258 21.2  0.6625 0.545413831 0.6625 0.903199515 0.091956371  0.545413831 0.330635564
1.4 17.47415621 21.6 0.675 0.546067381 0.675 0.919243341 0.077404337  0.546067381 0.330377811
1.5 17.49731799 22 0.6875 0.546791187 0.6875 0.933192799 0.064524175  0.546791187 0.330091437
1.6 17.52507755 224 0.7 0.547658673 0.7 0.945200708 0.053269607  0.547658673 0.329746955
1.7 17.5601655 22.8 0.7125 0.548755172 0.7125 0.955434537 0.043557333  0.548755172 0.329309564
1.8 17.60570734 23.2 0.725 0.550178354 0.725 0.964069681 0.035276952  0.550178354 0.328738594
19 17.66523837 236 0.7375 0.552038699 0.7375 0.97128344 0.028300235  0.552038699 0.327986687
2 17.74271984 24 0.75 0.554459995 0.75 0.977249868 0.022489363  0.554459995 0.326998671
2.1 17.84255667 244 0.7625 0.557579896 0.7625 0.982135579 0.017703893  0.557579896 0.325710003
2.2 17.96961655 24.8 0.775 0.561550517 0.775 0.986096552 0.013806344  0.561550517 0.324044714
2.3 18.12925049 25.2 0.7875 0.566539078 0.7875 0.98927589 0.0106664  0.566539078 0.321912727
2.4 18.3273148 25.6 0.8 0.572728588 0.8  0.991802464 0.008163844  0.572728588 0.319206466
25 18.5701941 26 0.8125 0.580318566 0.8125 0.993790335 0.006190345  0.580318566 0.31579664
2.6 18.86482535 26.4 0.825 0.589525792 0.825 0.995338812 0.004650308  0.589525792 0.311527127
2.7 19.21872266 26.8 0.8375 0.600585083 0.8375 0.996533026 0.003460957  0.600585083 0.306208881
2.8 19.64000264 27.2 0.85 0.613750083 0.85 0.99744487 0.002551863  0.613750083 0.299612822
2.9 20.13741011 27.6  0.8625 0.629294066 0.8625 0.998134187 0.001864072  0.629294066 0.291461711
3 20.72034403 28 0.875 0.647510751 0.875 0.998650102 0.001348987  0.647510751 0.281421046
3.1 21.39888351 284 0.8875 0.66871511 0.8875 0.999032397 0.000967135 0.66871511 0.269089057
3.2 22.18381376 28.8 0.9 0.69324418 0.9 0.999312862 0.000686902 0.69324418 0.253985943
3.3 23.08665197 29.2 09125 0.721457874 0.9125 0.999516576 0.000483307  0.721457874 0.235542497
3.4 24.11967297 29.6 0.925  0.75373978 0.925 0.999663071 0.000336872 0.75373978 0.213088333
3.5 25.29593474 30 0.9375  0.79049796 0.9375 0.999767371 0.000232602 0.79049796 0.185839907
3.6 26.62930367 30.4 0.95 0.83216574 0.95 0.999840891 0.000159096 0.83216574 0.152888529
3.7 28.13447968 30.8 0.9625 0.87920249 0.9625 0.9998922 0.000107794 0.87920249 0.113188567
3.8 29.82702108 31.2 0.975 0.932094409 0.975 0.999927652 7.23454E-05  0.932094409 0.065545972
3.9 31.72336928 316 09875 0.99135529 0.9875 0.999951904 4.80952E-05 0.99135529 0.008607236
4 33.84087336 32 1 1.057527292 1 0.999968329 3.16707E-05  1.057527292 -0.059151139
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Chapter 5

Prospect Theory’s Cognitive Error About
Bernoulli’s Utility Function

5.1 Introduction

A recent survey byarberis(2013 p. 173) describesahneman and TverskL979 original ver-
sion of prospect theory (OPT), and its amendment, cumulative prospect theory (CRT9Ky and
Kahneman1992 thusly. “Prospect theory is still widely viewed as the bestikable description of
how people evaluate risk in experimental settings”, while duly noting that “there are relatively few
well-known and broadly accepted applications of prospect theory in economics”. Prospect theory
was proposed in response to purported anomalies from experiments in psychology and behavioral
economics which led to revisions @bn Neumann and Morgenste(h953 expected utility theory
(EUT) model, and utility theory more generally.

In the context of applications3lavatskyy(2009; Rieger and Wang2006); Pfiffelmann
(2011 reexamined the St. Petersburg Paradox (first featurétemoulli (1739 EUT setting)
in a CPT framework. This paper goes a step further. It arguesBthatoulli (1739 original
utility function, which “resolved” the St Petersburg Paradox and which falls under rubric of EUT,
explicitly satisfies several characteristics of CPT’s value function. In a recent paperies-
Cadogan(2016h) provides a more sophisticated analysis which shows how ameleave a loss
aversion index in an EUT framework. We claim “cognitive erfoa’s the cause of some analysts'’
misperception of Bernoulli’'s utility function specification. We also provide evidence that under
mild assumptions Bernoulli’s utility function accommodates global loss aversion, and a Eisher
transformation test for loss aversion index. Moreover, the index follows-atable law. These

findings are important in their own right.

1 Also known as a cognitive bias, a cognitive error is a pattern of deviation in judgment that occurs in particular situations, which
may sometimes lead to perceptual distortion, inaccurate judgment, illogical interpretation, or what is broadly called irrationality.
See e.g.http://en.wikipedia.org/wiki/Cognitivéias
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This paper is motivated by Daniel Kahneman Nobel Prize lectargignificant part of

which is devoted to what he deemed “Bernoulli’'s error”. He states in relevant part:

Perception igeference-dependenthe perceived attributes of a focal stimulus reflect
the contrast between that stimulus and a context of prior and concurrent stimuli.

kkkkkkh k%

[Amos Tversky and I] noted, however, that reference-dependence is incompatible with
the standard interpretation of Expected Utility Theory, the prevailing theoretical model
in this area. This deficiency can be traced to the brilliant essay that introduced the first
version of expected utility theory (Bernoulli, 1738).

One of Bernoulli's aims was to formalize the intuition that it makes sense for the
poor to buy insurance and for the rich to sell it. He argued that the increment of utility
associated with an increment of wealth is inversely proportional to initial wealth, and
from this plausible psychological assumption he derived thatutility function for
wealth is logarithmic He then proposed that a sensible decision rule for choices that
involve risk is to maximize the expected utility of wealth (the moral expectation). This
proposition accomplished what Bernoulli had set out to do: it explained risk aversion,
as well as the different risk attitudes of the rich and of the poor. The theory of expected
utility that he introduced is still the dominant model of risky choice. The language of
Bernoulli's essay is prescriptive it speaks of what is sensible or reasonable to do but
the theory is also intended to describe the choices of reasonable men (Gigerenzer et al.,
1989). As in most modern treatments of decision making, there is no acknowledgment
of any tension between prescription and description in Bernoulli’'s essay. The idea
that decision makers evaluate outcomes by the utility of final asset positions has been
retained in economic analyses for almost 300 years. This is rather remarkable, because
the idea is easily shown to be wrong; | calBiernoulli’s error.

Bernoulli's model is flawed because it is reference-independent: it assumes that
the value that is assigned to a given state of wealth does not vary with the decision mak-
ers initial state of wealtfirootnote in original][What varies with wealth in Bernoulli’s
theory is the response to a given change of wealth. This variation is represented by
the curvature of the utility function for wealth. Such a function cannot be drawn if the
utility of wealth is reference-dependent, because utility then depends not only on cur-
rent wealth but also on the reference level of wealth.]. This assumption flies against a
basic principle of perception, where the effective stimulus is not the new level of stim-
ulation, but the difference between it and the existing adaptation [€hel.analogy to
perception suggests that the carriers of utility are likely to be gains and losses rather
than states of wealth, and this suggestion is amply supported by the evidence of both
experimental and observational studies of chdieee Kahneman & Tversky, 2000).
[Emphasis added] K@hneman2002 pp. 460-461).

This paper provides a critical review of thieernoulli (1739 model, and compares it to the claims

made against it in the Kahneman lecture above. séttion 5.2we compare the geometry of
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Figure 5.1: Bernoulli Utility of Wealth Function

Reproduction of utility function sketched Bernoulli (1738 p. 26).

Bernoulli’s utility function to that of Kahneman-Tversky skew S-shape value function. For ex-
ample, Bernoulli’s sketch of his log concave utility function cuts the horizontal axis at an incipient
wealth level B inFigure 5.1 He analyzed log ratios of wealth relative to the incipient kvekevel

AB, i.e., Iogﬁ—g,log% ard so on. Thus, generating log growth in wealth relative to AB where-
upon the log concave utility function cuts the horizontal at relative wealth level eql%gt@ 1.

It is known that the logarithm of 1 is zero. So the log of points to the left of 1 is negative, and log

of points to the right of 1 is positive. Thus, 1 (the relative wealth level point B)de &ctoref-

erence point. So loss aversion is latent in Bernoulli's specification. Approximation of Bernoulli’s
specification also accommodates higher order risk attitudes that include a preference for skewness.
In section 5.3ve show how Bernoulli's specification supports a closed forabal loss aversion

index, that the index isr-stable, and we characterize its relation to Fishetimnsformation test.

We conclude irsection 5.4

5.2 Prospect theory value function vs Bernoulli utility function

In this section we emphasize the geometric propertiésofioulli (1739 utility function, identify
itsde factareference point, and contrasts it to the qualitative and geometric properties ot man

and Tversky(1979 value function.
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5.2.1 Thedefacto reference point in Bernoulli’'s log concave utility function

We begin this subsection withernoulli (1738 pg. 26) description of thgeometryof his

utility of wealth function reproduced iRigure 5.1

“[L]et AB represent the quantity of goods initially possessed. Then after extending
AB, a curve BGLS must be constructed, whose ordin@®<DH,EL,FM, etc., desig-
nate utilities corresponding to the abscisB&BD, BE, BF, etc., designatingains in
wealth Further, letm,n, p,q, etc., be the numbers which indicate the number of ways
in whichgains in wealth BCBD, BE, BF, etc., can occur”. [Emphasis added]

The pointB in Figure 5.1is Daniel Bernoulli's de facto reference poiagainst which other wealth

levels are compared. Furthermoiesrnoulli (1738 pg. 29) states:

First, it appears that in many games, even those that are absolutely fair, both of the
players may expect to suffer a loss; indeed this is Nature’s admonition to avoid the dice
altogether... This follows from theconcavity of curve sB® BR For in making the
stake Bp, equal to theexpected gaifBP, it is clear that thalisutility powhich results

from aloss will always exceed the expected gain in utiR®. [Emphasis added]

It is indisputable that the italicized text in Bernoulli’'s analysis above involves gains and losses
relative to thede factoreference poinB. Furthermore, he compared “utility” of expected gBiR

to the “disutility” of a loss of an equal amouBtp, and plainly concludes that “loss will always
exceed the expected gain in utility”. In other words, “losses loom larger than g&inshéman

ard Tversky 1979 p. 279) in Bernoulli’s utility function specification. NorretlessKahneman

ard Tversky(1979 pg. 276) states:

“[ Markowitz(1952)] was the first to propose that utility be defined on gains ansdes
rather than on final asset positions, an assumption which has been implicitly accepted
in most experimental measurements of utility”.

5.2.2 Bernoulli's forgotten numeraire wealth level and risk-return tradeoff

Given Bernoulli’s log-concave specification, the reference wealth level can only cut the horizontal
axis atx = 1. In other words, Bernoulli normalized wealth levels so that a given wealth level
W, say, isnumeraire-the reference wealth. In which case, any other wealth level\\says
represented by\’%. Thus, the points in his graph ackanges in wealthelative to thenumeraire

This fact may have been obscured by his use of “analytic geometry” as opposed to “algebraic
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geometry” to represent the geometric meéstigler (1950 pg. 374) also analyzed Bernoulli’s

utility function by introducing the notion of a “subsistence levetaivhere
U(c) =kIn(c) +a= 0= a= —kIn(c) = U(x) = kin (ié) (5.2.1)

Using Stigler’s interpretatiorl) (c) = O at precisely where “subsistence wealth levet- ¢ and
relative wealth = 1. Ironically, there is evidence that those at “subsistence levels” of income are
more prone to purchasing lottery ticketsiiedman and Savag&94§ Light, 1977 Beckert and
Lutter, 2012, Scott and Barr2012. More on pointBernoulli (1738 pg. 28) writes:

AP mblog4§ + nblog4g + pblog4g + ablogig + . . (5.2.2)

blog g m+n+p+q+...

That equation can be rewritten as

m n p q m
AC AD AE AF
() (8) () (%)

which is aweighted geometric meaelative to thereference wealth level ABee e.g.,Stearng

AP
AB

2000 p. 221)(“Bernoulli taught us how to measure risk with the getsit mean”). SincéP < AB

in Figure 5.1 Q—E < lifand only if at least one or all of the fractions on the right hand sidB.ix 8

is much smaller than 1< 1). Let {Wp, W, W, Wb, WE,WE, ...} be aranking of nominal wealth
where the subscripts coincide with the corresponding letters in Bernoulli's model. So that we have
the strict partial preference orddb < Ws < We < .... ChooséMg asnumeraireso thatrelative

wealth

W AR g ag e ac Y aD
Wa Wa Ws

Y

(5.2.4)
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This is an implicit assumption in Bernouli’'s model. LBt=m+n+p+qg+ ... and&,.—f =

(1+rc) ard so on. We rewrite5.2.3 as

Zl-

14+rp= [(1+ re)™(L+rp)"(1+1p)P(1+ rE)p(1+rF)q...] (5.2.5)
1
= rp:exp<— Z In(1+rj)k> -1 (5.2.6)
N je{C,D,EF,...}
ke{mn,p,q,...}
2
mrN:E k(rj—}rjz):wpz IimrN:r*::ur—ﬁ<oo (5.2.7)
je{CDEF,..} 2 N—eo 2
ke{mn,p,q,...}

up to a second order approximatiofitearn200Q p. 224) provides applications of Bernoulli's
utility model to genetics and posits that = i, — 2“—5 is the most widely used approximation of
the geometric mean irb(2.7 wherep, andg? are the mean and variance of the distribution of

rj, j € {C,D,E,F,...}.

Lemma 5.2.1(Bernoulli’s reference dependent change in wealth)

Bernoulli normalized his wealth levels with a numeraire so that reference wea#H xvhere

his log-concave utility cuts the horizontal at the de facto numeraire. All other points on the axis
represent percent changes in wealth relative te X. So that points to the left of=x 1 correspond

to percent loss in wealth and points to the right correspond to percent gain in wealth. [

Lemma 5.2.2(Bernoulli’s risk-return tradeoff)
The numeraire wealth level in Bernoulli utility function induces a geometric méedinat is ap-

proximated by risk-return tradeoffs ({%.2.7). O

Remarks.2.1 This seemingly over looked result has implications for asset pricing models as well

(Campbell et al.1997, §1.4).

5.2.3 Bernoulli utility function vs. Kahneman-Tversky latent skew S-shaped utility function
with loss aversion

Next we examine the shapeléfihneman and TversiL1979 pg. 279) value function sketched
in Figure 5.2 and the specification imversky and Kahnema(1992 and its implication for the

ubiquitous loss aversion index. Accordingitehneman and TverskiL979 pg. 279) (KT79)
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In summary, we have proposed that the value functidi) defined on deviations from

the reference point; (ii) generally concave for gains and commonly convex for losses;
(iii) steeper for losses than for gainé value function which satisfies these properties

is displayed in Figure 3. Note that the proposed S-shaped value function is steepest at
the reference point, in marked contrast to the utility function postulated by Markowitz
which is relatively shallow in that region. [Emphasis added]

Figure 5.2: Prospect theory’s value function

V(x) A
value function
V, (x)
Reference point
Neigbourood
U™ .

a '~
x<0 Loss L/ Gains x>0

Vi(x)

Sketch of Prospect Theory’s bifurcated utility function wkink at reference point at the origin, and value
functionsVy concave over gain domain akf@convex and steeper over loss domain.

We now show that Bernoulli utility function satisfi€g — (iii ) in the KT79 quote above.

Case (i): Deviations from the reference point

From the outset, we note thiigure 5.3depicts Bernoulli’'s utility function with reference point

B. TheBernoulli(1738 pg. 29) quote above satisfies KT79 condition Bernoulli conducted his
analysis over positive valuesB and beyond irFigure 5.3 However, if we shift (i.e. translate)
Bernoulli's axis Qg in Figure 5.1so that it passes throudd then his losBq is negative while

his gainBQis positive. Ironically, this change of axes involves a translatifrrelative wealth by

—1 0 that the reference poiltis now O—the same as Kahneman and Tversky’s reference point—

as shown inFigure 5.3 To see this, note that according $oigler (195G pg. 374) Bernoulli’'s

2Eeckhoudt et al(1995 Fig. 1, p. 335) shows that Bernoulli type utility is a concéaction of translation in wealth.

212



specification forelative wealthis of type

00 = In(1+4x) for gain (5.2.8)

In(1—x) forloss
Figure 5.3: Bernoulli Utility Function With Reference Point

Sketch of Bernoulli’'s original utility functiorSsfor In(1+ x) for changex in reference wealth at reference
point B and sub-utilityVy over gain domainBQ is a translation of axis so th&coincides with Prospect
Theory’s reference point at the origin. N&L is a loss relative t® andBL' is a gain.VgB is Bernoulli's
negative sub-utility function (steeper theg) over loss domain represented by the Bsor In(1— x)

without kink at the origin.\/fKT is Prospect Theory’s negative sub-utility (value function) over loss domain
represented by the dashed &< which is Bernoulli's arBsinduced by multiplying Bernoulli'8 with a

loss aversion index to induce a kinkBwand convexity over loss domain.

In the sequek is change in relative wealthReplacingx by X = x— 1 generatesi(X) = In(X)

for gains. However, that change of axis induces undefined concepts like the logarithm of negative
terms wherK < 0 for losses. So in Bernoulli’'s model, a “pure utility” of loss is undefined under the
translation scheme and theflection effects unobservablender that transformatiofiKahneman

and Tversky 1979. Tversky and Kahnema(1992) “resolved” this problem by writing-X when

X < 0 and they “hardcoded” a loss aversion indeto account for the skew. However, thélity

of loss can be recovered in Bernoulli's specificatisithout resort to “hardcoding” as evidenced
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by the following approximations whemeturn on [reference] wealth x- O:

XX X .
Ug(Xx) = In(1+x) zx—5+§—z, for gains (5.2.9)
X X3
u(x) =In(1—x) ~ —X+E—§+Z, for loss (5.2.10)

In each casayq(0) = u,(0) = 0 when the reference point is zero. This is semantics because under
the original specification {1+ 0) = 0. However, we introducé(2.9 and 6.2.10 for comparison

with Tversky and Kahnema1992 model of loss aversiof.Note that the curve isnoothat the
reference point Gthere is no kinkcontrary to Kahneman and Tversky’s specification, infra. The
translation does not affect the [absolute] magnit@deof Bernoulli’'s relative gains or losses in
wealth. But it does change the orientation of his curve from the solid concave pBgimnthe
dottedconvex portion Bsas shown irFigure 5.3to accommodate the fact that now points to the

left of B are negative, and so the curve is in the negative quadrant with a longer tail because of the
asymmetric response to gains and losses. This point is explained in detail later in the paper. For

the purpose of illustration, we provide a numerical exampl€ahble 5.1which brings us to Case

(ii).
Case(ii): Generally concave for gains and commonly convex for losses

The asymptotic expansion of Bernoulli’s utility function i8.2.9 and 6.2.10 to higher moments
introduces risk attitude concepts like prudence, temperance, etc{ecghoudt et a)1995. For
example,uy”(x) < 0 implies that a decision maker (DM) with Bernoulli utility over gains is tem-
perate Eeckhoudt et ) 1995 Cor. 2). Applying an expectation operatto (5.2.9 and 6.2.10
implies the following higher risk attitude$lpussair et a).2014 p. 326, fn.1). For example, the
higher order terms are analogized to measures of dispersiop entieated as an abstract conjoint

operation.

3Kelly (1956 used a product specificatiafy = u‘évuéLVO involving (5.2.9 and 6.2.10 which relates/y to Shannon’s entropy,
whereVy is a gambler’s capital aftéd bets,\ is initial capital andV andL signify numbers of wins and losses.
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Table 5.1: Hierarchical risk attitudes:
Prospect value vs. Bernoulli utility

x| Yi¥) | Ya(x) | Ya(X) | Ya(x) | Ypr(%)?
-1.0| -1.0| -1.500| -1.833| -2.083| -2.250
-09| -09)-1.305| -1.548 | -1.712| -2.051
-0.8| -0.8|-1.120| -1.291| -1.393| -1.849
-0.7| -0.7|-0.945| -1.059 | -1.119| -1.644
-06| -0.6|-0.780| -0.852| -0.884| -1.435
-0.5| -0.5| -0.625| -0.667 | -0.682| -1.223
-04| -0.4) -0.480| -0.501 | -0.508| -1.005
-0.3| -0.3| -0.345| -0.354| -0.356| -0.780
-0.2| -0.2 | -0.220| -0.223 | -0.223| -0.546
-0.1| -0.1|-0.105  -0.105| -0.105| -0.297

0 0 0 0 0 0
0.1| 0.1] 0.095 0.095| 0.095| 0.132
0.2 0.2 0.180| 0.183| 0.183| 0.243
0.3| 0.3| 0.255| 0.264| 0.266| 0.347
0.4 0.4 0.320| 0.341| 0.348| 0.446
05| 05| 0375 0.417| 0.432| 0.543
0.6 0.6| 0.420| 0.492| 0.524| 0.638
0.7| 0.7| 0.455 0.569| 0.629| 0.731
0.8 0.8| 0.480| 0.651| 0.753| 0.822
0.9 09| 0.495| 0.738| 0.902| 0.911
1.0 1.0| 0.500| 0.833| 1.083| 1.000

aYpy = X088 x> 0; Ypy = —2.25(—x)%88 x < 0.

Higher order risk attitudes implied by approximation of Bernoulii’'s sub-utility functions
Ug(X) =In(1+X) =~ x— x_22 + X—; — % over gain domain, and,(x) =In(1—x) ~ —x+ x_22 - X—; +§ over loss
domain, forreturn on wealth xelative to a reference wealth levglin Figure 5.3

Hierarchical higher order risk attitudes
e E[Y1(X)] = mean— “risk neutrality”;
¢ E[Y2(x)] = meansd variancg = “risk aversion”;
e E[Y3(x)] = meansd varianced skewness=- “prudence”,

e E[Y4(X)] = mean® varianced skewness kurtosis— “temperance”

Table 5.1contains the distribution of those values for equally spa@ddes ofx. The underlying

premise is that the range of wealth is normalized by its maximum value. A plot of Bernoulli's value
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Figure 5.4: Bernoulli vs. Kahnemen-Tversky Value Function
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Plot of higher order risk attitudes implied by approximatidasBernoulli’s sub-utility functions/gB over
gain domain an(Si/eB over loss domain relative to reference point O for return on weal@ompared to
Prospect Theory’s value functiaff’™ over gain domain and”"™ over loss domainy; is risk neutral V2 is
steeper thal¥; in loss domain even though®" is uniformly steeper tha%?. In contrastV_’ is less steeper
thanY; andVv; ™ over gain domain.

function with hierarchical higher order risk attitudes, and the Kahneman-Tversky value function

(in red) is superimposed iRigure 5.4

Prospect theory’s artificial kink at the origin is due to experimenter bias

Kahneman-Tversky value function is a power functi@nwhich is concave over gains and convex
over losses. Sbigure 5.4is aqualitativecomparison. Each of the curvesiable 5.1represent hi-
erarchical risk attitudes, and they are subset$d.9 and 6.2.10. The “loss tail” for Bernoulli’s
construct is depicted by2(x) in Figure 5.4 Whereas the value function over lossé5T (x), is
obtained by pre-multiplying the loss componenthy: 2.25—-the median value of the loss aversion
index reported infversky and Kahnema(1992. That introduces aatrtificial kink at the origin

where there is no kink in the Bernoulli construct. Undeniablyxfer 0 we haveE[x] > V2 (E[X)).
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Thus, a DM would prefer to take risk over losses rather thanvedbe sure payment/faching
19874 p. 538). This implies thaweB should be convex over losses despite its appearance in the
sketch. This is depicted bBS in Figure 5.3 Because Kahneman-Tversky hard codeti25 or

—A if you will in their (loss) tail specification their model is confounded.

Preference for skewness

In gain domains Bernoulli preferences are strictly risk averse. The schema for that is depicted in
Figure 5.5 However, the exception &, (with kurtosis) which exceeds the expected value near
the tall, i.e., for 09 < x < 1 as indicated in the last row dable 5.1and the black curve ifig-
ure 5.4 This suggests the existence afavexsegment of the curve consistent with gambling over
gain domain depicted iRigure 5.6* So an otherwise risk averse DM faced with the prospect of
doubling her wealth is willing to take risks if she has kurtosis preferences. géngly,E[Y4(x)]
implies that a DM presented with a high kurtosis gamble would be gain seeking in gain domains for
a sufficiently large increase in relative wealth. [S]he is less temperate when given an opportunity
to double her wealth.

According to Menezes and Wan(2005 DMs with skewness preference (like Fig-
ure 5.9 take probability mass from the mean and transfers it to theft#ine distribution. Recent
experiments by=bert and Wiese(2012 confirms the existence of the behaviours characterized
above for higher moments. In particular, Bernoulli's DMs are risk seeking over gain and loss
domains in this veritable “preference for skewness” setting that has implications for asset pric-
ing outside the scope of this papétrfus and Litsenbergeil976 Harvey and Siddique200Q
Dittmar, 2002 Barberis and Huan@008 Polkovnichenko and Zha@013.

4Markowitz (1952, p. 155) extendedrriedman and Savag@d 949 utility function to include a convex-concave segment in
gain domain to account for insurance (concave) and gambling (convex) choices of DMs. Our analysis is more primitive since the
Bernoulli approximations iffable 5.1do not generate convex-concave curves.

SRecall that the numeraire wealth level is 1.0 s8 & x < 1 in (5.2.9 almost doubles or doubles the numeraire wealth level.
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Figure 5.5: Risk averter utility function Figure 5.6: Risk seeker utility function

Left tail skew distribution projected by risk averterkigure 5.5 It implies risk averter avoids losses from
tail risk. Right tailed skew distribution projected by risk seekeFigure 5.6 It implies risk seeker
atiracted to gains from long shot bias.

Case(iii): Steeper for losses than for gains

According toHospital's rule fpostol, 1967, pp. 292-293) Bernoulli’s loss aversion index at

the origin is
£ =1 (5.2.11)

When we imposé versky and Kahnema(1992 reported median loss aversion index estimate of
2.25we introduce a kink at the “reference point” where there was none before. The tails are now
longer and the loss aversion index is a lot larger than it is under Bernoulli’s specification. Perhaps
most important,Tversky and Kahnema(i1992 “interference” with the value function induced

a kink at 0 so local loss aversion is now undefined there. Insteadfaibove, we now get the

Kobberling and Wakke(2005 estimate

PG (5.2.12)

which spawned a whole literature around estimation of the loss aversion ivdas¢;, 2010).

In the sequel we show how a simple global loss aversion index can be derived and provide some
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estimates.

More on point, inFigure 5.3 Bernoulli’s analysis is invariant to the orientation of Bs or
BS since wealth levels are not affected by the orientatidm a nutshell, the curv8s is latent
in Bernoulli’'s analysis because he did not placereigrence point for changes in wealdh the
origin. Ironically, Tversky and Kahnema(1992 p. 309) proffered the following specification for
their value function:

X2, x>0
V(X) = (5.2.13)

~A(—x)B, x<o0

There,a and 3 are shape parameters ahds the celebrated loss aversion index that captures
asymmetric responses to symmetric gain and loss. More on poirt<iD then—x > 0. So

the value function segmerit-x)? is positive and concave for @ g < 1 (8 = 0.5 is Gabriel
Cramer’s specification) and functionally equivalent to Bernoulis Thus, Bernoulli satisfied
KT79 condition(ii). By pre-multiplying the concave segmeis) by —A (for A > 1), Tversky

and Kahneman in effect reorient@d so that it is convex (saBs). In the context obehavioural
operator theorythat is a “spin”—no pun intended. Thus, but for the power law specification, the
value function in §.2.13 is qualitatively the same as Bernoulli’s utility functiom that case, if

a sufficiently small gain and loss are equidistant from the reference Bpirg., BL' andBL in

Figure 5.3 we would expect to findr ~ (3.

Lemma 5.2.3(Equality of shape parameterdjor a sufficiently small symmetric gain and loss
equidistant from the reference point B in Bernoulli’s utility function shape parameters are approx-

imately equal. O

Thus, itis no surprise thatversky and Kahnema(@d992 pg. 311) upholds Lemma&.2.3when

they report in the italicized text below:

[l]t is common to assume a parametric form (e.g., a power utility function), but this
approach confounds the general test of the theory with that of the specific parametric
form. For this reason, we focused here on the qualitative properties of the data rather
than onparameter estimates and measures of fit. However, in order to obtain a parsi-
monious description of the present data, we used a nonlinear regression procedure to
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estimate the parameters of equations (5) and (6), separatedath subjectThe me-
dian exponent of the value function was 0.88 for both gains and losses, in accord with
diminishing sensitivity[Emphasis added]

Perhaps more important, one need not premultiply the curveXyo capture the effect of
the loss aversion parametersince the reoriented curve represented by the dottedBknalready
captures asymmetric skew evidenced(—x) > VgB(x), where the former is Bernoulli’'s value
for loss(¢) and the later is value for gaiiy). Thatis,A is a latent parameter in Bernoulli’'s model.
Thereby, causing Bernoulii's latent analysisBg under auspice oBsto satisfy KT79(iii). In
fact, a cursory inspection dlable 5.1shows that at points equidistant from the origin 0, Bernoulli
utility is larger in loss domain compared to gain domain. This is eviderEigure 5.2where
Vi(—X) > Vy(x). By virtue of satisfying(i) — (iii ) in Kahneman and Tversk1979 pg. 279) we

proved

Proposition 5.2.4(Bernoulli’'s value function) Bernoulli (1738 value function igqualitatively

equivalento Kahneman and Tvers979 value function. l

The geometry of Propositiorb.2.4is depicted inFigure 5.7and Figure 5.8 It is based on
juxtaposition ofFishburn and Kochenberg€t979 Fig. 1, pg. 504), and an annotated sketch of

Bernoulli (1738 pg. 26) representation in the context of our prior analysis.
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Figure 5.7: Fishburn-Kochenberger utility Figure 5.8: Bernoulli Utility with
with reference point reference wealth

Figure 5.7is a reproduction ofishburn and Kochenberg€r979 Fig. 1, p. 504) juxtaposed téigure 5.8
which reproduces§igure 5.3for convenience and comparisaashburn and Kochenberg€r979

conducted a metastudy based on “changes in wealth or return on investment” (similaxio {5e2.9) by
fitting separate utility functions in loss and gain domains using linear, power and exponential
specifications. In the context &igure 5.8 they multipliedBsby —1 to getBs and concluded thds was
convex and steeper th&8& However, they noticed that regardless of specification “below-target utility ...
is almost always steeper than above-target utility”. This is consistentBgitieing steeper thaBSin
Bernoulli's specification.

5.3 Aggloballoss aversion index formula from Bernoulli utility

In this section, we use the geometry of Bernoulli’s utility function to derive a global utility loss
aversion index and establish its relation to Fishesteansform statisti€. Cursory inspection of

Figure 5.8shows that the vaIU‘@KT for Kahneman and Tversky’s skew is such that

VKT VB
VAT S VES V= L > L5 (5.3.1)
Vg Vg

Thus, the “disutility” of loss in either case is such that it is greater than the “utility” of an equal
nominal gain. LeA/éKT,A\/gKT,AVKB,A\/éB be theimpact of an incremental change in wealjhunder

the Kahneman-Tversky (KT) and Bernoulli (B) value functions. Thus, frér3.§ and 6.2.13,

6Cohen(2014 Fig. 1, p. 9) introduced a “state dependent loss aversiondg#initility” function that is kinked at the reference
point. However, he usedié&dszegi and Rahi(2006 type specification to characterize his loss aversion index.
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for asymmetric deviation from the “reference point” we get the impacts:

0 _n)\B+1
AveKT = /_n(—)\(—x)ﬂ)dx: —/\{%}, n>o0 (5.3.2)
B n o B r’CH—l
A _/O Xdx= 1 (5.3.3)
AWB = Xxn d—yydy: InX—In(x—n) (5.3.4)
Avg = /XXH’ d—yydy: In(X+n)—Inx (5.3.5)

Inasmuch as Lemmé&.2.3suggests that shape parameters are equal for sufficientlysmal
metric gain and loss, the loss aversion indéX derived from the impact of a change in wealth in

(5.3.9 and 6.3.3; andA B derived from the same change H3.4 and 6.3.5 are given by

_A (—=n)P+t
:| B+1 ‘—)\a+l‘n‘BaN)\

na+l - ~
T B+l

_Inx—=In(x—n)
~In(x+n)—Inx

AKT , whena = (5.3.6)

(5.3.7)

AB(x.n)

Our ratio-of-areas approach to deriving the loss aversion index differs from that in the literature
which favors first derivatives and ratio of utilitiesVakker, 2010 p. 239). Nonetheless, it is a
valid measure as shown b$.8.6.” Undeniably, the loss aversion index H.8.7) depends on the
reference wealth level (depicted byB in Figure 5.3 and the amount of losg (depicted by BL in
Figure 5.3. Thus we proved

Theorem 5.3.1(A reference dependent loss aversion index for Bernoulle loss aversion index
AB(x,n) in (5.3.7) computed from Bernoulli’s value function is reference dependent. In particular,
AB(x,n) is a global loss aversion index over the distribution of change in relative wealth x and

lossn. O

5.3.1 Global loss aversion index, its conjugate, and Fisherstransform

Without loss of generality, in the sequel we replat@nge in relative wealth with the corre-

sponding gain and loss amount Given the relationships irb(3.1), (5.3.9 and 6.3.7) we have

"Wakker(201Q p. 268) addresses the effect on local utility loss aversidexmeasures whem £ f3.
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numeraire or reference point driven loss aversion indexiogighips:

g Inl1—In(l-n) —In(l—-n)
In(+n)—In1  In(1+n)

=In(1-n?) <0=|n|<1 (5.3.9)

)\KT

>AB>1= 2 >1 (5.3.8)

Sincen > 0, the operational inequality is€Q n < 1. That inequality implies that the absolute
nominal change in wealth must be less than the reference wealth level for loss aversion to be
upheld. Beyond that point, the formula breaks down. It is an open question as to what happens
when wealth increases by a factor of 2 or more. Perhaps most important, Kahneman and Tversky’s
loss aversion indexXT in (5.3.6 is uniformly distributed over their value function for allahges

in wealth. So in theory, there is no bound on the magnitude of changes relative to the reference
point—it is irrelevant. By contrast, the loss aversion indéxin (5.3.7 and 6.3.9 is reference
dependent and responsive to all changes in wealth less than the reference wealth level. To wit, itis

“global”. Thus, we proved

Theorem 5.3.2(A Global Loss Aversion Index Formula)
A global loss aversion index formula for a laggexpressed as a percent change in wealth relative

to a numeraire), when utility is log concave, is given by

where0<n <1, 0<AB<o, O

The conjugate loss aversion index formula is derived when utility is not logconcave but when it is
the “antilog”. That is Bernoulli's logconcave function is now transformetd ty) = exp(y). See
Figure 5.11infra. Recall that ify; is numeraire wealth thep= (1+n)y;. In which case for a
nominal symmetric gaiflossn in a neighbourhood of reference wealth leyelthe conjugate loss

aversion index formula is

B _ eXp(l—n)Yr _ .
AT (n) = O 1Ty exp(—2nyr) (5.3.10)
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B . . . .
Here, O< A* < 1for0<y; < . Inthis case, for Bernoulli’s canonical reference point 1 we have

Corollary 5.3.3 (Conjugate global loss aversion index formula)
The conjugate global loss aversion index formula for a Igdgxpressed as a percent change in
wealth relative to a numeraire) is given by

B, . expll-n)

AT (n)= explin) exp(—2n)

whereO<n <1 O

The literature shows th&toszegi and Rabi(200g 2007) formulated stylized models of reference
dependent preferences, based on concave utility functions, but failed to proffer a closed form loss
aversion index formula. Thus, the loss aversion index is robust to criticism against the application
of logconcave utility to all wealth levels. Because a log concave utility function is just a special case
of the abstract concave utility ii0szegi and Rabii(200§. Perhaps more important, assuming
bivariate normality between reference wealth Theo®® 2suggests that B is related to Fisher’s
z-transformatiofi if we treat symmetric gain and logg) as a pseudo correlation coefficient, i.e.,
In|< 12 That is, it transforms the (truncated) interval, normalizgd‘teference wealth”, from

[0, 1] for n to [0, ], so that 0< AB < 0. We summarize this artefact in the following

Theorem 5.3.4(Fisherz-transform test for loss aversiarhssume thatyy. .. ,\W, are rank ordered
independent identically distributed wealth levels for-18. Let W be a reference wealth level
1 <r <n. Assume that YW\ are iid bivariate lognormaland that\% =141, j#r. Let
n=4%3"_,7?—1bearandom variable, z be Fisher's z-transform, &m{k 1 be agiven truncated

symmetric gain and logelative to W. It is known that if Ef] = 0, then the population parameter

n with sample estimatg is such that z is normally distributed with meém <fj—g> and variance
(n—3)~L i.e., z~N (% In (}j—” (n— 3)—1> (Andersop2003 p. 134). Then from Theore.3.2
~ 1 TB
Z= §(1+/\ )In(1+n)

8Refer to Cramer(1962, p. 241).
9(Tversky and Kahnemarn 992, Table 5) provides means of the correlations between higtiamgrobability gains and losses
after transformation to Fishersstatistic.
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whereZ is the sample Fisher z-transform for sample estimafeand n with test statistic

~N(0,1)

Z= ((1+XB)In(1+n)—In<1+n>> /n-3

1-n 2
Proof. See Appendi¥%.B. O

Remark5.3.1 Berry and Mielke J(2000 show that the Fishez-transform test would be valid

here only wherE[n] = 0. That condition is satisfied heagfortiori.

Example—Fisherz-transform test for utility loss aversion index

According to Theorenb.3.4we would reject an observed valﬁeatn percentage points from the
reference point if it was statistically significant different from th® expected irfable 5.2 For
example, at sample size= 30 if we observed a loss aversion estimaite 0.9 located an =0.8,
i.e. 80% distance away from the reference point, then the test statigtie is2.807. So we would
rejectX = 0.9 as being too small since we would exp&Et=2.738 inTable 5.1whenn = 0.8. For
small samples we useé dest withn— 2 degrees of freedom, and sample variagce [n(n—3)] L.
We obtain the sampl&-statistic by substituting, for v/n— 3 in the formula forZ. For thex,n
pair above, suppose= 10. We get the sample statisfic=-4.520 which is statistically significant
at p= 0.005 atv = 10— 2 = 8 degrees of freedorft {32 = —3.355). Again, we would reject
A =09 as being too small, compared A& = 2.738 in the table, for location distanee= 0.8

from the reference point. O
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Table 5.2: Sample Distribution of Loss Aversion Index
for Bernoulli Utility

Loss Loss Aver. Index| Conj. Loss Aver. Index
n AB(n) A% (n)

0 0 1
0.00001| 1.000010000 0.999980
0.05 1.051303993 0.904837
0.1 1.105448714 0.818731
0.2 1.223901086 0.67032
0.3 1.359464654 0.548812
0.4 1.518180605 0.449329
0.5 1.709511291 0.367879
0.6 1.949539695 0.301194
0.7 2.268957226 0.246597
0.8 2.738132742 0.201897
0.9 3.587397603 0.165299
0.99 6.692251671 0.138069
0.99999| 16.60976029 0.135338
1.0 00 0.135335
Mean 2.18367494* 0.433408308
STDev 1.617554778 0.317314522

* This value is for 0< AB(n) < 0.99.

Loss columm represents relative loss as a fraction of Bernoulli's reference wealth k¥f.) is the
global loss aversion index we would expect to find for a subject with Bernoulli preferenBds) is the
corresponding global gain seeking index for conjugate utility for that subject.

Figure 5.95s an unscaled plot of Fisher z-transform for the loss dataTable 5.2 The z-
transform is approximately linear fer0.5 < z< 0.5 and it steepens fairly rapidly after that. It has
asymptotes aj = +1. Table 5.2rovides a sample distribution fa(n) and its conjugata® (n)
based on equally spaced intervals betwednaid 09. The points (0001, 0.05, 0.99, 0.99999

were inserted to highlight the behavior of the distribution near
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Figure 5.10: Distribution of Global Loss

Figure 5.9: Distribution of Fisher ) e
Aversion Index for Bernoulli Utility

z-transform
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Amt of loss (n)

] = Fisher-z

In Figure 5.9/n|1 1 = Fisherz— o. In Figure 5.10n — 1 = AB — o, Intuitively, this implies that as an

agent approaches losing it all her loss aversion becomes quite high and explosive upon losing it all. In
contrastA B" exhibits gain seeking. The smaller the number, the higher the gain seeking. So gain seeking is
highest when an agent is faced with losing it all, and it approaches the limiting Mlue 0.135335 for

relative wealth. In%.3.1Q as reference weal — o , we haveAB — 0.

Figure 5.11: Conjugate Bernoulli Utility Function

=y

Conjugate utility functiord *(y) = exp(y) for risk seeking is the inverse of Bernoulli utility function

U (y) = In(y) for risk aversion. For numeraire wealgh relative wealthisy\y, = 1+n,y > y;;

Y\\r =1-1n,y <V, 0<n < 1. Without loss of generality, ifigure 5.11we assume is relative wealth.
A change of axes to “reference poir(tl, e) inducesY =y — 1, andU*(Y) = U*(y) — efor gainsY >0,
U*(Y) = e—U*(y) for lossesY < 0. SoU*(n) =U*(1+n) —efor gains andJ*(—n) =e—U*(1—n)
for losses with no kink at the reference pojtte) ~ (0,0).
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the edge. A plot oA B(n) is depicted irFigure 5.10 In Figure 5.11a conjugate Bernoulli function

is plotted to depict convex utility and risk seeking over gaifi€bberling and Wakke(2005

p. 128) also constructed a normalizedncaveutility function with a convex conjugaté show

how Arrow-Pratt risk aversion index relates to the loss aversion index. Here, we are only interested
in the loss aversion index. The plot shows that> 1= AB(n) — « and thatAB(n) is slowly

varying asn approaches 1.

Theory and evidence ofa-stable loss aversion
Definition 5.3.1(Regularly varying) AB(n) is regularly varying (RV) with index if

L AB(tn) _
% 28 "

(5.3.11)

We use the notatioA® € RV, to represent this phenomenon. The inverse funckidn e RVi\ ¢

forn%. O

The following representation theorem implies tA&(n) is a-stable. It is a restatement bf:

Haan and Ferreirg2007, Thm. B.1.6).

Theorem 5.3.5(a-stable loss aversion)f AB € R\, then there exist measurable functions a

Ry — R andc: R; — R with

limc(t)=c*, 0<c* <o, andlima(t) =a (5.3.12)
t—o0 t—o0

and p € R, such that for t> tg

t

AB(t) = c(t) exp(/ i:)ds) (5.3.13)
to

Conversely, if(5.3.13 holds with a and c satisfying.3.12), thenA € RV;.

Proof. SeeDe Haan and Ferrei @007 Thm. B.1.6, p. 365) oreller (197G p. 282). O

We use sample data for the loss aversion indexéssnburn and Kochenberg€r979 metas-

tudy to test the efficacy of Theorem 3.5 Table 5.3presents the descriptive statistics. It shows that
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the underlying distribution has excess kurtosis (right skeith large variance, relatively narrow
interquartile rang®1 — Q3 and a long tail betwee®3 — Q4. Table 5.12depicts a Log Pearson
Type Il (Log Gamma) distribution which was fitted to the data. Refefltaber and KotA2003

§5.3 Log—Gamma Distribution) for details on Log Pearson Type Il distributions. The specific

parameterization fitted via maximum likelihood estimation (MLE) is

1 InNA—y InA —y
— A :
p(A) = MB|F(G>< B )eXp<< B )) <A <exy) F<0 (5.3.14)
exply) <A <o >0

Table 5.3: Diagnostics for Fishurn-Kochenberger loss Figure 5.12: Fitted Log Pearson 3
aversion index data
Statistic Value | Percentile Value
Sample Size 30 Min 0.8
Range 164.4 | 5% 1.295
Mean 12.34 | 10% 1.83
Variance 876.65| 25% (Q1) 2.825

Std. Deviation 29.608 | 50% (Median)| 4.85
Coef. of Variation| 2.3994| 75% (Q3) 7.725

Std. Error 5.4057 | 90% 22.96
Skewness 5.0684 | 95% 87.925
Excess Kurtosis | 26.809| Max 165.2

The descriptive statistics ifable 5.3are for the loss aversion index estimates for two-piece lifieat. ™)
local utility function inFishburn and Kochenberg€r979 Tales 1A, 1B, pp. 508-509). They show that the
index is leptokurtic and right skewed. The data were fitted to a Log Pearson Type Il distribution

(p = 0.32514 for Anderson-Darling goodness of fit statistic) plottedable 5.12 Fishburn and
Kochenberge(1979 also reported extreme values for the loss aversion indexdi 3300,A = « for a
two-piece exponentiglE~ E™) local utility function.

A
The fitted values are = 2,B=1, andf/: 0 wherea andf are shape parameters. The distribution

is characterized by its mode which has the form(ésp- 1)\ (B8 +1)). Perhaps most important, if
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we put 6.3.19 in correspondence with Theoret3.5we find that

_ 1 Int—y
U= tpIr @ ( B ) 5319

exp(/tot iss)ds) =exp (— (WT_V)) (5.3.16)

Thus, empirical evidence shows that tinestable feature of the loss aversion index extends to its

probability distribution. Vizly, the composite functidpo A )(n) € [0,1] implies(poA)(n)=n €
[0,1], andA (n) = p~1(n). So thatp is an inverse function in the clagd), q. See e.g.De Haan
and Ferreira(2007, p. 368).

Curiously,AB(n)+AB(n) ~ 2.0, 0< n <0.5. Perhaps more important, theean value
forAB(n)~2.18 0<n <0.99inTable 5.4s close to the median valueiiversky and Kahneman
(1992 pg. 311)(“[t]he mediaA was 225, indicating pronounced loss aversion”). Unlike=rsky
and Kahnemar(1992 who posit a constant local loss aversion indexhe Bernoulli loss aversion
indexAB(n) is monotone increasing in the amount of lggsOne major restriction of the Fisher
z-transform test is that it does not accommodate- 1. So it only addresses gains or loss which
size is less that one hundred percent (100%) of the numeraire reference level.

The conjugate loss aversidrTB(n) in Corollary 5.3.3depicts the case in when the slope
of the curve inFigure 5.11at pointsy > 1 is greater than the slope at poigts 1. That is, when the
utility curve is convex—the conjugate of concave—over gains and losses. This is an important result
because<ahneman and Tversk{@979 only accounts for those cases when the utility curve is
concave ovel > 1 and convex wheg < 1. However, laboratory results often report loss aversion
index estimates & A < 1 which connotes gain seeking/gkke;, 2010 p. 239) and convexity over
gans and losse¥? It implies that low income are more prone to gamble since th#dityfunction

is convex near reference wealthdht, 1977 Scott and Bagr2012 Beckert and Luttgr2012).
54 Conclusion

Close inspection of the geometry BErnoulli (1739 original utility function specification show

that it accommodates gains and losses relative a reference point. Furthermore, it has a reference

10Refer to Harrison and Rutstror200§ Fig. 14, pg. 97) for a a distribution f with values greater than and less than 1.
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dependent feature that supports a global loss aversion im@x}st monotone increasing in the
magnitude of loss. Moreover, we introduce theory and evidence that this loss aversion index is
slowly varying so it isar-stable. So we extend the solution space for loss aversiarstable laws.

We show how Fisher'g-transform test can be used in econometric tests of the loss aversion index.
According to our analysis, many of the results explained by prospect theory’s skew S-shaped value
function are explicable with Bernoulli’s incipient utility function specification or at least a suitable
high order approximation of it. Further research is needed to see whether results in this paper

extend to utility functions in general.

5.A APPENDIX

5.B Proof of Fisher z-transform test for loss aversion Theorem5.3.4

Proof. By hypothesis ifW;, W; are bivariate iid lognormal, then is a truncated random variable
(Greeng 2003 p. 757). To see this, |&; = exp(Xj) andW, = exp(X;) whereX;, X; are nor-
mally distributed. Writej =W, (1+ 1)) so that In(‘%) =In(14+N;j) = Nj = X; — X, and the
latter difference is iid normally distributed such tH&f;] = E[Xj] — E[X;] = 0. By hypothesis,
£y 1A?=1+40n. Thusk [% Sioa ﬁj] — 1= E[f] = 0. Recall thatn|< 1 is a truncated ran-
dom variable by hypothesis. In which case, accordingrtaméer(1962, eq(18.3.3), p. 242) we can

1+n

write thez-transforme? = 1 for the population parametgrwith sample estimatg. However

from Theorem5.3.2we get—In(1—n) = XBIn(lJr n). After taking log ofe?? and substituting

the foregoing expression for(h— n) in the formula we get the desired result. O
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