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ABSTRACT 

This investigation, primarily experimental, examines the fail­

ure of circular plates subjected to impulsive velocities. The 

experiments are conducted on fully clamped circular steel 

plates subjected to a uniformly distributed impulse. 

The strain-rate-sensitive mild steel plates fail with mode I 

(large ductile deformation), mode II (tensile-tearing and 

deformation) and mode III (transverse-shear) failure modes. 

The impulse is measured by means of a ballistic pendulum upon 

which the test plates are attached. During mode II and mode 

III failure the complete circumferential tearing of the test 

plate produces a circular disc. The velocity of this disc is 

recorded. 

An energy analysis is performed on the test results and an 

energy balance equation is formulated. 

Einput = Edeformation + Etearing + Edisc 

The input and disc energies are obtained from the experimental 

measurements and the deformation energy is predicted by using 

the final deformed height and a shape function together with a 

rigid-plastic energy analysis adopted by Duffey [1]. Etearing 

refers to the energy for tensile-tearing in mode II failure or 

the energy for transverse-shear in mode III failure. Good 

correlation is found and the experiments show good 

repeatability. 
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The threshold velocities for the onset of failure modes II and 

III are given. 
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CHAPTER 1 - INTRODUCTION 

A primarily experimental investigation on the deformation and 

failure of clamped circular plates subjected to impulsive 

loading is presented in this study. The first found mention of 

different failure modes was by Menkes and Opat [ 2] on fully 

clamped beams loaded impulsively. The three damage modes are 

major inelastic deformation, tearing at the extreme fibre, and 

transverse shear at the support. These failure modes are 

identified in the experimental work performed in this thesis 

and an energy analysis is performed in order to determine the 

critical impulsive loads for the onset of these different 

failure modes. 

Chapter 2 gives an explanation of the experimental details, 

with the first section giving a summary of the previous experi­

mental work. Three types of impulsive loading are mentioned, 

namely when the structure is subjected to air pressure waves 

created by an air-blast, underwater explosive forming and 

direct impulsive loading using plastic sheet explosives. These 

investigations were concerned with the deformation of the 

structure and looked at the final deformed shape and the 

deflection-time history. The experiments are - described in 

detail and measurements are taken to determine the applied 

impulse, the deformed shape of the plate, the final mid-point 

deflection, and the velocity of the metal disc where necessary. 

The metal disc being defined as that portion of the test plate 

which leaves the clamping rig after complete tearing (mode II 
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and III failure) has taken place along the entire circumference 

of the clamped boundary. Deflections of up to 30mm ( .2.. = 18.75) 
' t 

are observed and where appropriate disc velocities of between 

100 and 425ms-1 are measured. 

The tests are carried out on mild steel plates which are 

assumed to be rigid-viscoplastic. The Cowper-Symonds relation 

is used for the computation of the dynamic and static yield 

stresses where required. 

Chapter 2 concludes by commenting on certain experimental 

observations. These include the nature of the deformation of 

the clamping holes during mode I and mode II failures and the 

presence of symmetrical wrinkling of the metal disc when the 

impulse is between the critical values associated with mode II 

and mode III failures. 

A theoretical investigation is presented in Chapter 3 with the 

study of the energy solution adopted by Duffey [1] using as his 

basis a rigid-plastic analysis procedure. The aim being to 

determine a way . of estimating the energy required for the 

deformation of the circular plate. The final solution involved 

the use of an appropriate shape function, a number of which are 

given at the end of the chapter. A method for determining the 

dynamic yield stress required for the energy calculations is 

also presented. 
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The experimental and theoretical results are presented in 

Chapter 4. The energy results are compared with previous work 

on the deformation of plates and the different shape functions 

are compared with experimentally measured shapes. From the 

analysis of the experimental results a relationship is devel­

oped between the deflection-thickness ratio and q, • An 

empirical relationship is also developed between energy and <P. 

q, is a function of impulse, plate geometry and dimensions and 

material properties. The threshold values for the onset of 

mode II and mode III failures are determined from observation 

of the experimental results. 

A discussion of the results is presented in Chapter 5. Good 

correlation is found between the experimental results with a 

reliable means of determining the energies of deformation and 

tearing. 

Chapter 6 concludes this thesis with recommendations for future 

work. 
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Pressure waves created by an air-blast is the second 

type that has been reported and Noble et al [ 4] in 

1964 used it in the determination of the efficiency of 

energy transfer in the explosive forming of sheet 

metal components. 

j.T 
Nurick [3] reported that the third type of impulsive ~ 

loading involving the detonation of sheet explosives 

and a ballistic pendulum was first investigated by 

Humphreys in 1965. Humphreys found that the burn rate 

of the explosive was 6700m.s-1 which is greater than 

the speed of sound in carbon steel of 5150m.s-1 (John-

son [5]) and it was therefore felt that the loading 

could be approximated to that of an instantaneous 

impulsive load. Nurick [3] found that the response 

time for the deformation of the mild steel plates was 

140-190µs and the natural period of the ballistic 

pendulum was 3,21 seconds. Thus all plastic 

deformation takes place before the pendulum has moved. 

Therefore the recorded deflection of the pendulum 

gives a direct indication of the maximum potential 

energy in plastic work. The deflection is used to 

calculate the velocity of the ballistic pendulum and 

thereby giving an accurate indication of the applied f 
:(.,_ 

impulsive load. 

The only found mention of a certain degree of tearing 

in a small portion (approximately one-tenth) of the 
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boundary perimeter has been by Nurick and Martin [6] 

who observed that this partial tearing along the 

clamped boundary occurred at an impulse of 15,6 Ns. 

Wierzbicki et al [7], Duffey [1 ], and Bodner et al [8] 

have all carried out successful work on the 

deformation of circular plates with a sheet explosive 

blast providing the impulsive load, but have only 

dealt with deflection-thickness ratio's which are less 

than the maximum of 12 observed by Nurick [3). 

Work has also been done on explosively loaded clamped 

beams and in 1973 Menkes et al [2] found that as the 

impulse increased, three distinctly different damage 

modes were noted: 

Mode I 

Mode II 

Mode III 

Large inelastic deformation 

Tearing (tensile failure) in outer fibres, 

at or over the support 

Transverse shear failure at the support. 

These three failure modes are shown schematically in 

Figure 2 .1 and a photograph of several tests plates 

showing the transition between the failure modes is 

shown in Figure 2.2. 

In mode I failure the extent of the damage is de­

scribed by the amount of residual central deflection, 

for mode II failure the threshold is taken as that 
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(a) 

(b) 

--1 

(c) 

FIGURE 2.1 PERMANENT PROFILES OF IMPULSIVELY LOADED PLATES SHOWING 
THE 3 FAILURE MODES: 
(a) MODE I, LARGE DEFORMATIONS 
(b) MODE 2, TENSILE TEARING AT SUPPORTS 
(c) MODE 3, TRANSVERSE SHEAR FAILURE AT SUPPORTS (Ref (17)) 
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I = 32,66 N.s I = 39,38 N.s I = 39,56 N.s I = 49,64 N.s 

FIGURE 2.2 PHOTOGRAPH OF TEST PLATES ILLUSTRATING THE TRANSITION 

BETWEEN THE FAILURE MODES 
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impulse intensity which first causes tearing and mode 

III is characterised by a well defined shear failure 

with no significant deformation in the severed central 

section. 

Jones [ 9] also mentions these failure modes and at­

tempts to estimate the threshold velocities at which 

failure due to either tensile tearing or shearing 

occurs at the supports of the beams. It should be 

noted that some of the beams in the experimental work 

by Menkes et al [2] exhibited failures which involved 

both the tearing and shearing modes when subjected to 

the impulsive velocities lying between the smallest 

velocities required for the onset of modes II and III 

failures. The simple .rigid-plastic methods used by 

Jones [9] simply define the lowest or threshold 

impulsive velocities which are necessary to cause 

tensile tearing and pure shear failures at the sup­

ports respectively. The threshold velocity found by 

Jones [9] to be necessary for the onset of a mode III 

response in beams with rectangular cross sections was 

found to be constant for a given material and there­

fore independent of its dimensions. The only two 

variables affecting this threshold velocity were the 

uniaxial yield stress and the density of the material. 

The approximate theoretical methods used by Jones [9] 

were found to give reasonable agreement with the 

experimental tests of Menkes [2] on aluminium beams. 
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In 1988 Duffey [10] during investigations of the 

dynamic rupture of shells found that particu larly for 

thin shells, considerable plasticity may occur before 

failure by material separation, so that the concepts 

of classical brittle fracture mechanics are not appli­

cable for failure prediction. Also the fact that the 

deformations were found to be so localised at the 

supports suggest that these mode III beam results may 

apply (approximately) to shear failure in other 

structures. 

2.2 EXPERIMENTAL MEASUREMENTS 

For each experiment three measurements are needed. 

Firstly the measurement of the impulse is required as 

from this the initial velocity of the plate as well as 

the total energy input is determined. For the tests 

where complete tearing occurs the velocity of the 

circular disc is 

kinetic energy 

required 

to be 

thus enabling the excess 

calculated. The third 

measurement to be made after deformation and tearing 

have taken place is the final mid-point deflection of 

the plate and the shape of the deformation. 
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There are different ways of determining the impulse 

measurements. One way used by Duffey [1] and Florence 

[11) is to determine the impulse delivered in separate 

calibration tests by using coupons the same diameter, 

thickness and material as the plate, and loaded with 

identical explosive and attenuator systems. Duffey 

[1) measures the coupon velocity by means of an array 

of contact pins. Duffey [ 1 ] found that this method 

was reported by RD Krieg in 1967. Since the mass of 

the coupon is known, and the explosive is weighed in 

each case, determination of the velocity of the coupon 

allows the impulse per unit mass of the explosive to 

be calculated. The explosive is then carefully 

weighed in each test and the impulse delivered found 

by multiplying the appropriate specific impulse by the 

explosive mass. Bodner et al [12) took direct impulse 

measurements for each test. Nurick [ 1 3] found this 

second option to be the most desirable and reported 

that during his experimental testing he observed that 

the impulse per unit mass of charge depends not only 

on the charge mass but also on the geometry of the 

charge and the 

specimen. 

configuration adjacent to the f 
"( 

In determining the velocity of the circular disc after 

complete tearing has taken place it is important to 

adopt a simple but accurate device. The first method 

considered, is a light interference method in which 
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two beams of light are placed at a known distance from 

each other and the test plate, as the disc passes 

through, the beams are broken and measurements taken. 

The second method deliberated is to use high speed 

photography and by determining the al.stance moved by 

the disc between successive frames the velocity can be 

determined. These two options although in theory 

appear to be highly desirable, are ruled out as in 

both cases the flash caused by the explosion would 

interfere with the light beams and also with the 

photographic equipment. The equipment would also have 

to be connected to the pendulum to obtain velocities 

relative to the motion of the pendulum and because of 

the extreme forces caused by the explosions, damage 

could possibly be caused to the expensive equipment. 

The method adopted in this experimentation is simple 

yet effective. The process involves the breaking . of 

two fuse wires with a small voltage applied across 

each one. As each wire is broken a signal is sent to 

a digital memoryscope where the time take for the disc 

to travel a certain distance is measured. 

Uniaxial yield properties of the plate material are 

measured by performing a number of tensile tests and 

obtaining stress-strain curves for different strain 

rates. 
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2.3 EXPERIMENTAL PROCEDURE 

2.3.1 

2.3.2 

Plates and Clamping Fixture 

All the test plates are 200mm square and are clamped 

between two 20mm thick heavy st~el plates by means of 

eight M12 bolts. Both the heavy clamping plates have 

a 100mm diameter circular hole in the centre through 

which the thin test plates can deform when loaded 

impulsively. Figure 2.3 shows the plate . and the 

clamping device with the position of the clamping 

bolts. 

The 1,6mm thick test plates are cut from two sheets of 

cold rolled mild steel and ten tensile specimens are 

cut from each sheet. 

Material Properties 

The tensile tests are performed on the two sets of 

mild steel specimens at strain rates between 3, 33 x 

1 o-4 sec-1 and 1, 33 x 1 o-1 sec-1. Typical stress­

strain curves for the two materials are given in 

Figures 2.4(a) and 2.4(b). In both cases a distinct 

yield stress can be identified and values of the 

dynamic yield stress and the ultimate tensile stress 

can be measured. The static yield stress is computed 

using the results of the tests and substituting into 

v 
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the Cowper-Symonds rigid viscoplastic constitutive 

equation 

• I;, 
= 1 + (~) n 

Eo 

Where a; is the static yield stress, E the uniaxial 

strain rate, aJ the dynamic yield stress while E0 and 

n are material constants. Jones [ 1 4] reported that 

Eo = 40 sec-1 and n = 5 give reasonable agreement with 

the average of the available experimental data on mild 

steel given by Symonds in 1967. 

The average static yield stress for the two sets of 

material are 264,30 MPa and 277,04 MPa. All the 

results for the tensile tests are given in Appendix A. 

The mild steel used is highly strain rate sensitive 

and shows considerable strain hardening during the 

experiments which result in a strain rate in excess of 

7400 sec-1 calculated by using the dynamic and static 

yield stresses in the Cowper-Symonds equation 

(Appendix A). The determination of the dynamic yield 

stress can be seen in Section 3. 3. The ef feet of 

strain hardening will be discussed in Section 3. 3. 

Table 2.1 gives a summary of the test plate dimensions 

and mechanical properties. 
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TABLE 2.1 TEST PLATE DIMENSIONS AND MATERIAL PROPERTIES 

2.3.3 

Test Material Cold-Rolled Mild Steel 

Radius (R) 

Thickness (t) 

Density (P) 

n 

Poisson's Ratio (v) 

50mm 

1, 6mm 

7850 kg.m-3 

40 sec-1 

5 

0,33 

Uniaxial Yield Stress 264,30 MPa 

277,04 MP-a 

Ultimate Tensile Stress 364,51 MPA 

368,05 MPa 

Sheet I 

Sheet II 

Sheet I 

Sheet II 

The two different values given for the yield stress 

and the UTS correspond to the test material which was 

taken from two different sheets of cold-rolled mild 

steel. Although both the yield stress and UTS values 

are given, only the values for the yield stress are 

used. 

Ballistic Pendulum 

Fig 2. 5 

employed 

illustrates the experimental 

in the investigation reported 

arrangement 

here. The 
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ballistic pendulum consists of an I-beam suspended 

from the concrete slab ceiling of the 2, Sm x 3, Sm 

blasting room by means of four strands of spring steel 

wire. Each of the four stands have adjustable screws 

to enable the pendulum to be levelled. At one end of 

the pendulum is attached the experimental rig. 

The rig includes two heavy steel plates which are used 

to rigidly clamp the test plate by means of eight 

fastening bolts, as well as a device for determining 

the velocity of the disc. The velocity of the metal 

disc necessitates some form of catching device which 

prevents the deformation of the disc during its 

deceleration. This is best perf armed by attaching a 

wooden box filled with an energy absorbent material to 

the experimental rig. At the other end of the 

pendulum is a fixture on which balancing masses can be 

placed. This ensures that each suspending wire 

carries approximately the same mass and that the 

impulse acts through the centroid of the pendulum. A 

pen for recording the pendulum oscillation on tracing 

paper is also attached at the back of the pendulum. 

The momentum imparted to a test specimen is related 

directly to the amplitude of the initial swing and 

this is recorded on the tracing paper. 

The pendulum geometry is shown in Fig 2.6. 
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The linearised equation of motion of the pendulum, 

assuming viscous damping, is 

where 

x + 28 x + w2 x = 0 n 

8 
c 

LH Wn = 2; and Wd 

( 2. 1 ) 

( w~ - 8 2 ) ~ 

and c is the damping coefficient, M is the total mass 

of the pendulum including the experimental rig, the 

balancing masses and explosives, and T is the natural 

period of the pendulum motion. 

i he solution of equation (2.1) is given by 

where 

Let x1 

-x2 

x = ( e -8 t ) x
0 

sin w d t 

wa 

*o is the initial velocity of the 

be the horizontal displacement at 

be the horizontal displacement at 

Substituting into (2.2) gives 

( 2 • 2 ) 

pendulum. 

T 
t = 4 and 

t 
3T = 4 



22 

I e\ I e\ 

I \ I \ 

I \ I \ 

I \ I \ 

R I \ I \R 

I \ I \ 

I \ I \ 

I \ I \ 

I 'X \ 

r L__ 

L L --l 

FIGURE 2.6 BALLISTIC PENDULUM GEOMETRY 
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( 2 • 3 ) 

x2 
x0 T -%ST (2.4) e 

2'1T 

Hence 

x1 e~ST 
x2 

which gives 

(2.5) 

8 = 2 x1 
T ln x2 

and 

The impulse can therefore be found from 

(2.6) 

The period T is determined by taking the average of a 

number of measured pendulum oscillations with the mass 

being the same as that during testing. The damping 

constant, 8, is calculated from equation (2.5) where 
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x1 and x2 are found from a number of pendulum oscilla-

tions in which the pendulum is held away from the 

vertical and released a number of times. 

It will be noticed from observation of the pendulum 

geometry, Figure 2.6, that the distance moved by the 

pendulum, x1 , and that measured by the pendulum, ~R, 

is not the same and this must be accounted for. By 

considering Figure 2.6 it is noticed that when the 

pendulum is stationary the horizontal distance from 

the end of the pendulum to the pen is given by 

(2.7) 

while at peak oscillations this distance decreases and 

is given by 

( 2 • 8 ) 

The small oscillations of the pendulum during testing 

ensure that e is very small and therefore the assump-

tion can be made that 

R82 
x1 "' R e and Y"' 2 

Therefore 

y = ( 2 • 9 ) 
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and (2.10) 

From Figure 2.6 

Substituting for d1 and d2 gives 

x 1 = t.R + ( z 2 
- a 2 

) ~ - [ z 2 
- ( a + x 1 

2 

) 
2 

] ~ ( 2 • 1 1 ) 
LR 

and x2 

t.L, t.R, z, a and R are measured and therefore x1 and 

x2 can be calculated Table 2.2 gives all the 

constants of the ballistic pendulum during the 

experiments. 

TABLE 2.2 BALLISTIC PENDULUM DETAILS 

R 2 624 mm Mass of I-beam - 22,0 kg 

z 160 mm Mass of Test Rig - 39,73 kg 

a 46 mm Mass of Counter 

Balance - 27,0 kg 

T 3,22 seconds 

s 0,0235 Typical pen stroke ie. t.R 

25 - 290 mm 

M 88,73 kg 
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Explosive Material, Mass and Geometry 

Metabal sheet explosive was used throughout the ex­

perimental work. The plastic explosive was supplied 

with the following specifications, an average thick­

ness of 3,2mm, a density of 1,47 g.cm-3 and a deton­

ation velocity of 6500 7500 m.s-1. The speed of 

detonation being sufficiently large to assume that an 

ideal impulse is simultaneously applied over the whole 

plate. 

The two ring configuration used by Nurick [3] is also 

used during this study as it enables comparisons 

relating impulse and mass of explosive to be made 

between the two sets of experimental results. 

In all the experiments the Metabel is arranged as 

shown in Fig 2.7. The two rings are interconnected by 

a cross leader, which in turn is connected by a main 

leader at the centre to a shielded detonator. 
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In all the cases the e xplosive is placed on a 1 4mm 

thick polystyrene pad with . the same diameter as the 

circular plate. This attenuator is used to reduce the 

high peak pressure in the wave entering the plate, 

provide a uniform impulse and prevent spallation of 

the specimen. 

The advantages of being able to measure the impulse 

for each individual test from the deflection of the 

pendulum, avoid the necessity of : 

a) a separate series of calibration tests 

b) the possible variation in the specified specific 

impulse of the explosive 

c) the variation that might occur because of factors 

such as variable plate material, geometry and 

boundary conditions. 
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Total Mass of Explosive 

0,82 R 

0,41 R 

M 

Mass of Leader and detonator connector 2 g 

therefore j (M-2) g 

j (M-2) g 

FIGURE 2.7 EXPLOSIVE CONFIGURATION 
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The Metabel used in the experiments in this 

investigation has a very varied make-up. It is thus 

important to overcome these factors. This is done so 

by being able to measure the individual impulses for 

each test. 

Figure 2. 8 shows a plot of the mass of explosives 

versus the impulse. Although the correlation 

according to a least squares lines is good (r = 0,977) 

it can be seen that in some cases the variations are 

quite large. 

In previous experimentation by Nurick [ 3] using the 

same type of Metabel explosive and the corresponding 

2-ring explosive configuration during testing on the 

deformation of clamped circular plates, it was found 

that a plot of impulse against mass of explosive gave 

the following least squares line. 

I = 2,18M - 4,4 with r = 0,96 

In the present study the least squares line determined 

is 

I = 1 ,96M + 5,28 with r = 0,977 
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MASS OF EXLPOSIVE (g) 

Number of test points = 41 0 - Experimental Data 
Least Squares Line I l,96M + 5,28 I in N. s 

r = 0,977 M in g 

FIGURE 2.8 GRAPH OF MASS OF EXPLOSIVE vs IMPULSE 
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Figure 2.8 shows that the slopes of the equations are 

similar but the intercept points are different. The 

only explanation that can be given to explain these 

differences is that each set of tests were performed 

using different batches of Metabel and it could be 

that the constitutive components varied slightly 

between these two batches, thereby giving slightly 

different results. It is therefore once again seen 

how important it is to be able to measure the impulse 

from each individual test and not rely on separate 

calibration tests performed to determine the impulse 

per unit mass of explosive. 

Determination of Plate Velocity after Xearing 

The velocity of the disc is measured whe n two thin 

wires are broken in succession. Two five amp fuse 

wires are stretched, 

the intended path of 

a known distance apart, across 

the metal disc. Each wire is 

connected to a resister which is in turn connected to 

a nine volt power supply unit (Figure 2.9). When the 

wires are broken a voltage can be measured across each 

of the points. The voltage step is recorded in each 

case on a dual channel digital memoryscope. The 

oscilloscope is triggered by the breaking of the first 

wire which is connected to channel 1 , when the second 
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lOKrl lOK 

Power +9V:::::; 
Supply 
Unit 

0 ...... 
~ 

-9V tJ 

' >---

5 amp ~::. 5 amp , ~ 

Fuse wire Fuse wire 

) ) 

Channel 1 Channel 2 

x-axis X-output 

PLOTTER DIGITAL 
MEMORYSCOPE 

Y-axis Y-output 

FIGURE 2.9 ELECTRICAL CIRCUIT FOR VELOCITY MEASUREMENT 
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wire is broken a second step function is recorded on 

the screen (channel 2). The time between the two 

changes in voltage can be accurately measured and the 

velocity of the disc can therefore be determined by 

knowing the distance between the fuse wires. The x 

and y outputs from the oscilloscope are connected to a 

plotter and the image on the screen in its original or 

expanded form can be recorded on graph paper. 

2.4 CIRCULAR DISC ENTRAPMENT 

In order for work to be done on the transition from 

the mode II to the mode III type of failures, very 

large impulsive forces, need to be imposed on the 

circular plate. This means that once complete tearing 

has taken place the velocity of the circular disc 

attains values in the range of 100-425m.s-1. The 

shape of the deformation of the plate before tearing 

must be preserved and it is therefore necessary to 

stop the disc, and avoid any further deformation, over 

a distance of approximately four hundred millimetres. 

The small distance allowed to stop the disc is due to 

the nature of the experimental rig (Figure 2. 5) and 

the size of the blasting room. 
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A wooden catching box (Figure 2.5) is attached to the 

test rig and stuffed with a variety of different 

materials. High density foam rubber and polystyrene 

were both packed tightly in the box but proved unsat­

isfactory and did not have the required decelerating 

effect on the disc, which after recovery from the box 

was deformed to such an extent as to make the 

measurement of the mid-point deflection and shape of 

deformation impossible. 

It was found that by packing the catching box with 

aluminium filings (produced by the turning of alumin­

ium on a lathe), the disc could be caught with the 

original shape being preserved. 

TEST RESULTS 

Experimental Reliability 

Once the initial preliminary tests had been performed 

to obtain a basic idea of the nature of the work and 

after the experimental rig and ballistic pendulum had 

been modified and adjusted to give the desired read­

ings, a total of 45 tests are conducted over a period 

of 8 working days of which 40 tests are performed over 

7 days. The remaining 5 tests are conducted 

approximately one month later thereby showing that 

good repeatability is possible. 
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The experiments show an eighty percent success rate 

with 36 of the tests being completed in the following 

respect. 

a) The explosive detonates correctly. 

b) The initial deflection of the pendulum is re­

corded. 

c) In those tests involving complete tearing the 

velocity of the circular disc is recorded. 

d) There is little deformation in the catching box 

which enables the mid-point deflection to be 

measured. 

The following problems are encountered in the remain­

ing nine tests: 

a) In one test there is incomplete detonation of the 

explosive. 

b) In two tests there is a problem in the measurement 

of the pendulum movement. The pen fell off in one 

instance and in the other the tracing paper came 

loose. 

c) In one test the electrical plug of the oscillo­

scope fell out of the wall during the explosion. 

d) In three tests the metal disc did not come out 

straight and is either deformed to such an extent 

to prevent accurate deformations to be measured or 
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else both wires are not broken and therefore no 

velocity measurements could be made. 

e) Reasons for unsuccessful tests could not be deter­

mined in two cases. 

Apart from the last problem the previous four are 

typical of those associated with this type of experi­

mentation and can be expected. The fourth problem 

only occurs when the tests are performed in the 

transition phase from partial tearing to complete 

tegring around the circumference of the circular 

plate, and is possibly associated with the plate 

material not being entirely homogeneous around the 

circumference. 

2.5.2 Test Readings 

2. 5. 2. 1 Impulse 

The initial deflection of the pendulum is measured and 

the Impulse determined from equation (2.6) in section 

2.3.3. 

2.5.2.2 Velocity of Circular Disc 

In those tests involving complete tearing the time to 

travel the distance between the two 'break' wires is 
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recorded on the oscilloscope and the velocity is 

therefore determined. Typical oscilloscope outputs 

are shown in Figures 2.10 (a, b, c, d). 

2.5.2.3 Measured Deflection 

The final mid-point deflection is measured using two 

methods. A height vernier enables an accurate deter­

mination of the central height but proves inaccurate 

in determining the deformed shape along a particular 

cross-section. The second method involves the use of 

a ref lex metrograph. This technique involves the 

digitising of approximately three hundred points on 

each plate, these are then interpolated and plotted. 

Contour paths and three-dimensional images are pro­

duced for a number of test plates and from the contour 

paths the deformed shape across selected cross-sec­

tions can be shown. Typical contour plots of deformed 

plates are shown in Figures 2.11 (a, b, c, d, e, f) 

while the three-dimensional plots are shown in Figures 

2.12 (a, b, c). 

2.5.2.4 Test Results of Uniaxial Yield Tests 

These are shown in Figure 2.4 with more detailed 

results given in Appendix A. 
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2.5.2.5 Table of Test Data 

Table 2. 3 lists the test readings with the mass of 

explosive, 

Deflection, 

applicable 

represented. 

corresponding impulse, Measured Mid-Point 

Deflection-Thickness Ratio and where 

the velocity of the circular disc being 

With the exception of the first test reading the data 

is listed in order of increasing mass of explosive. 

The values measured for the first test listed are 

those measured after incomplete detonation of the 

explosive charge. This test result is not used when 

plotting the graph in Figure 2. 8 but is used in all 

other respects. 
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Test No 041006 (Deformation only, no tearing) 

Impulse 13,28 N.s 
Mid-point Deflection 12,5 mm 

FIGURE 2.lla CONTOUR PLOT AND DEFORMATION PROFILES 
OF A DEFORMED PLATE 

.. 
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Test No 051005 (Deformation with signs of tearing along 5% of the circumference) 

Impulse 26,17 N.s 
Mid- point Deflection 26,2 mm 

FIGURE 2.llb CONTOUR PLOT AND DEFORMATION PROFILES 
OF A DEFORMED PLATE 
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Test No 051001 (Complete tearing, 100%) 

Impulse 
Mid-point Deflection 

FIGURE 2.llc 

30,31 N.s 
24,1 mm (4mm is the zero on the contour plot) 

CONTOUR PLOT AND DEFORMATION PROFILES 
OF A DEFORMED PLATE 

.. 
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Test No 250902 (Complete tearing, 100%) 

Impulse 
Mid-point Deflection 

FIGURE 2.lld 

37 ,57 N.s 
20 ,6 mm (2mm is taken as the zero line on the contour plot) 

CONTOUR PLOT AND DEFORMATION PROFILES 
OF A DEFORMED PLATE 
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Test No 061001 (Complete tearing, 100%) 

Impulse 39,56 N.s 
Mid-point Deflection 16,3 mm (2mm is taken as zero on the contour plot) 

FIGURE 2.lle CONTOUR PLOT AND DEFORMATION PROFILES 
OF A DEFORMED PLATE 
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Test No 061004 (Complete tearing, 100%) 

Impulse 
Mid-point Deflection 

FIGURE 2.llf 

49,64 N.s 
'' 

8,0 mm (3mm is taken as the zero on the contour plot) 

CONTOUR PLOT AND DEFORMATION PROFILES 
OF A DEFORMED PLATE 
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Test No 041006 
(Deformation Only) 

Test No 041007 
(Deformation Only) 

FIGURE 2.12a THREE DIMENSIONAL PLOTS OF DEFORMED PLATES 
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Test No 130402 
(Deformation with 
partial tearing) 

Test No 151001 
(Complete tearing) 

FIGURE 2.12b THREE DIMENSIONAL PLOTS OF DEFORM~D PLATES 



Test No 250902 
(Complete tearing) 

Test No 061004 
(Complete tearing) 
See photograph Fig 

51 

Test No 061001 
(Complete tearing) 
See photograph Fig 2.2 

FIGURE 2.12c THREE DIMENSIONAL PLOTS OF DEFORMED PLATES 
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TABLE 2.3 TEST DATA 

Test No Explosive Impulse Measaured Deflection- Velocity of 
Mass (g) (N.s) Mid-Point Thickness Disc (m.s-1) 

Deflect- Ratio 
ion (mm) 

210903 14,0 4,76 3,6 2,3 
041006 5,5 13, 28 12,5 7,8 
041005 6,0 16,85 16,5 10,3 
041004 7,0 17,75 18,2 11,4 
041003 7,5 18,65 18,9 11,8 
041002 8,0 17,75 19,0 11,9 
041001 9,0 21,69 22,7 14,2 
041007 10,0 24,56 25,3 15,8 
041008 11,0 29,24 30,1 18,8 
051002 11,5 26,34 27,3 17,1 partial tearing 
051005 11,6 26,17 26,2 16,4 partial tearing 
051008 11,65 25,63 24,4 15,3 partial tearing 
051009 11,65 28,15 25,3 15,8 partial tearing 
051010 11,65 28,86 29,7 18,6 partial tearing 
051003 11,75 29,77 26,8 16,8 104,3 
051004 11, 75 30,'67 24,1 15,1 172, 7 
041009 12,00 29,41 30,9 19,3 partial tearing 
051001 12,00 30,31 24,1 15,1 170,2 
061002 14,00 32,48 disc .squashed 242,4 
220901 14,00 32,66 25,0 15,6 no reading 
101101 14,00 34,29 disc squashed 271,7 
250901 15,00 36,65 21,2 13,3 250,0 
220902 15,00 40,48 20,6 12,9 292,7 
270902 16,00 36,65 20,3 12,7 210,5 
270901 16,00 37,37 19,2 12,0 230,8 
250902 16,00 35,57 20,6 12,9 247,4 
061001 16,00 39,56 16,3 10,2 300,0 
101102 17,00 37,75 16,3 10,2 324,7 
250903 17,00 41,37 20,0 12,5 266,7 
250904 18,00 39,38 15,9 9,9 285,7 
250905 19,00 42,12 14,8 9,3 no reading 
250906 20,00 42,66 15,4 9,6 315,8 
101103 20,00 43,58 11,7 7,3 362,3 
061004 20,60 49,64 8,0 5,0 342,9 
250907 21,00 49,46 10,2 6,5 375,0 
270903 22,00 47,25 12,6 7,9 393,4 
101104 23,00 46,88 10,9 6,8 no reading 
061005 23,00 48,53 8,9 5,6 375,0 
101105 26,00 52,05 5,0 3,1 423,7 
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2.6 EXPERIMENTAL OBSERVATIONS 

During mode II failure it is observed that as the 

impulse increases a certain amount of wrinkling oc­

currs around the circumference of the metal disc, 

clearly seen in Figure 2 .1 3a. It was noticed in all 

cases that six ears are present and they are 

approximately symmetrical. Figure (2.13b) shows a 

three dimensional plan view of the disc with the six 

ears clearly visible. Figure 2 .13b also shows that 

the circumference of the disc is not circular. As the 

threshold impulse for mode III is approached the 

circumference is observed to become more circular and 

the presence of the earing is less noticeable. Earing 

is also found to occur in deep drawing and is defined 

as the wavy edge on the top of a drawn cup. The 

earing present in the process of deep drawing is 

contributed to the directionality in the mechanical 

properties produced by rolling and other primary 

working processes. It is mentioned by Dieter [15] 

that usually two, four or six ears are formed during 

deep drawing depending on the preferred orientation in 

the plane of the sheet. It is not however the 

intention to give an explanation for this phenomena in 

this thesis but only to note that it is happening and 

recommend that further work be carried out on the 

reasons for its occurrence. 
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PLAN VIEW 

SIDE VIEW TEST NO 

IMPULSE 

061001 

39,56 N.s 

FIGURE 2.13a PHOTOGRAPH SHOWING THE WRINKLING OF THE METAL DISC 
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1 

6 

3 

4 PLAN VIEW 

Test No 061001 

IMPULSE - 39,56 Ns 

FIGURE 2.13b ILLUSTRATION OF THE SYMMETRICAL NATURE OF THE 

SIX EARS ASSOCIATED WITH THE WRINKLING OF THE 

METAL DISC 
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The second observation noted, again one which is not 

explained, is the nature of deformation of the clamp­

ing holes near the plate edge during the different 

modes of failure. It is noted that during mode I 

failure the deformation of the holes and associated 

metal 'stretching' increases as the impulse increases. 

Maximum stretching is noticed when partial tearing 

occurrs just before the onset of mode II failure. 

Once complete tearing has occurred the visible 

'stretching' is found to disappear. Figure 2.14 shows 

this phenomena and the difference in the deformation 

of the clamping holes during the upper limit of mode I 

failure and during mode II failure can be seen. 
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051005 220901 

I = 30,31 N.s I = 32,66 N.s 

FIGURE 2.14 PHOTOGRAPH COMPARING THE DEFORMATION 
OF THE CLAMPING HOLES 
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CHAPTER 3 - THEORETICAL INVESTIGATION 

3 • 1 INTRODUCTION 

No work has been found on the tearing of circular 

plates subjected to an impulsive load. However work 

has been done on the study of the dynamic response of 

clamped and simply supported beams subject to very 

high transverse pressures of extremely_ short duration. 

Menkes and Opat [2] conducted a set of experiments in 

1973 and observed that as the load on clamped beams is 

increased, three damage modes are identified. In an 

attempt to develop a suitable theory to correlate with 

the experiments Menkes and Opat found that the lumped 

parameter, finite-difference numerical methods 

described by Witmer in · 1963 are reasonable for the 

range of inelastic deformation but fall short in that 

they cannot provide a detailed presentation of stress 

or strain distribution through the beam thickness near 

the points of support. If a transverse shear failure 

occurs, it will take place long before there is any 

opportunity for significant plastic deformation to 

occur. Menkes et al [2] therefore suggested that it 

may be possible to develop a correlation between an 

experimentally observed shear threshold and a shear­

stress resultant obtained by a pseudoelastic analysis. 

By using Timoshenko beam theory, the shear threshold 

appears to be dependent on the section velocity, 
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rather than upon the shear stress. Karunes et al 

(16] in 1960 suggested the probable incidence of shear 

failure at very high initial velocities. 

Jones [9] in 1976 examined the plastic failure of duc­

tile beams loaded dynamically and uses rigid-plastic 

methods to predict the large inelastic deformations of 

the fully clamped impulsively loaded beams, and to 

estimate the threshold velocities at which failure due 

to tensile tearing occurs. Jones (17] in 1989 showed 

how the rigid-plastic methods of analysis could be 

modified to predict the dynamic failure of beams. His 

theoretical predictions are however developed for 

beams made from a strain-rate-insensitive material 

while in this investigation strain-rate-sensitive 

material is used. A correction factor to take into 

account the work hardening of the material is 

therefore needed before comparison between thresh9ld 

velocities is made. Jones (9] however found that the 

threshold velocity for the onset of transverse shear 

failure .is dependent on only the yield stress and 

density of the test material. When making comparisons 

the correction factor is applied to the yield stress. 

Symonds and Wierzbicki (18] (1978) during their work 

on the impulsive loading of fully clamped circular 

plates of perfectly plastic or rate sensitive 

behaviour use a mode approximation technique, on large 
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deflections of a symmetrically loaded circular plate, 

with consideration of strain rate dependence in the 

plastic behaviour. It is this consideration of the 

variation of the dynamic yield stress with increasing 

strain rates that enables previous work done on strain 

rate insensitive materials and strain rate sensitive 

materials with small deflections to be used in this 

investigation. 

With the two different processes involveq in the 

failure of the impulsively loaded circular plates, 

namely deformation and tearing it seems appropriate to 

develop energy solutions which enable analysis 

procedures for predicting deformations in structural 

elements when transient behaviour· is of little inter­

est. By using the analysis of the energy required for 

a certain deformation in the region of pure deforma­

tion this can then be used to determine the energy 

required for a certain deformation after complete 

tearing has occurred. 

Cole [ 19] in 1948, by assuming a suitable deformed 

profile, found the energy of deformation by simply 

considering the work done in providing the increased 

surface area of the membrane. This method is further 

refined by Noble and Oxley [4] in 1964 who introduced 

a factor which takes into account the work-hardening 

of a particular material. The estimate without the 
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work-hardening correction gives very poor correlation 

with the required energy and although the work­

hardening factor improves the estimate it is still 

below that found during experimentation. Lippmann 

[20) in 1974 deals with the energy approximation in a 

more complicated manner, by starting from Tresca' s 

yield condition and the associated flow, it is 

possible to reduce the problem to one single-order 

partial differential equation which can be solved 

numerically in a straightforward manner. Lippmann 

uses this to derive an approximate analytical solution 

by assuming that the material of the membrane moves 

vertically downwards only. 

The dynamic rigid-plastic energy solutions began in 

the 1950's when Lee and Symonds [21) used the static 

plastic-hinge concept, considered beam inertia, and 

propagated a travelling hinge to analytically obtain 

the upper bound for permanent deformation in a beam 

under transverse load. Westine and Baker [22) (1974) 

then reported that SR Bodner, W Prager, N Jones, 

JB Martin, RM Haythornthwai te and others then added 

refinements. Westine and Baker go on to report that 

JE Greenspan in the 1960's pointed out that one could 

obtain solutions without going through the details of 

propagating a plastic hinge along structural members. 

Greenspan noted that the residual strain energy stored 

in a plastically deformed member could be calculated 
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by assuming a final deformed shape. This strain 

energy was then equated to the energy flux in an 

explosive blast wave. Westine and Baker [22] disagree 

with this last step, which made deformations 

independent of structural orientation relative to the 

enveloping blast wave, thus ignoring an important 

effect observed in many experiments. In addition, 

Greenspan's procedure makes pressures and impulses in 

the blast wave obey the relationship PI = constant, 

whose asymptotes for both pressure and impulse are P = 

O and I = 0. Westine and Baker however mention that 

the response of real targets is related to non-zero P 

and I limits, so this conclusion was found by them to 

be unacceptable. 

When durations are long relative to the structural 

response time, the strain energy is equated to the 

work performed when the peak load moves through the 

distance that the structure deforms. Hence Westine 

and Baker noted that two separate procedures are 

required, one to obtain the solution for the impulsive 

loading realm, and the other to obtain the solution 

for the quasi-static loading realm. 

that: 

They showed 

1 ) To estimate the impulsive loading realm structural 

deformation asymptote, estimate the strain energy 
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2) To obtain the quasi-static structural deformation 

asymptote, equate the strain energy to the work 

performed by the peak force deflecting with the 

structure. 

Duffey [ 1] uses a simplified energy method for rigid 

plastic material behaviour and equates the strain 

energy to the initial kinetic energy imparted to the 

circular plate. Several deformed shape profiles are 

assumed, including sinusoidal and various polynomial 

forms to find the best fit to the experimental 

results. 

ENERGY ANALYSIS 

Introduction 

Duffey' s energy method provides the best correlation 

with the experimental results (see Table 4.1) and 

therefore the energy analysis used is based on the 

rigid-plastic analysis adopted by Duffey [1] and 

predicts the energy required for the final deformat ion 

of a clamped circular plate. The analysis is 

relatively sensitive to the deflection shape assumed. 

The shape approximation function as well as the 

influence of the strain-rate sensi ti vi ty and strain 

hardening of the mild steel will be looked at in 

sections 3.3 and 3.4. 



64 

3.2.2 Rigid Plastic Analysis 

The detailed analysis is presented in Appendix B with 

the plastic strain energy being calculated by 

IR (aw,2 a 
Ep = Tit 0 Orr ar r r 

( 3. 1 ) 

The radial yield stress is 

( 3 • 2 ) 

By assuming a deflection shape of the form 

w = w0 ~(r) where ~(r) is the shape function 

the energy required for the deformation of a plate ~an 

be calculated from equation (3.1) and a modified 

version of equation (3.2) using the dynamic yield 

stress cr 0
1 as calculated in section 3.3. 

A simple energy balance can be set up. For mode I 

failure, with only deformation 

Einput = Edeformation (3.3a) 
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For mode II failure 

Einput = Edeformation + Etearing + Edisc ( 3. 3b) 

For mode III failure where there is no deformation the 

energy balance would be 

Einput = Etearing + Edisc ( 3. 3 G) 

The input Energy is simply related to th~ applied 

impulse and can be calculated as follows 

· Einput (3.4) 

The energy of deformation is calculated by combining 

equations (3.1) and (3.2) and using the dynamic yield 

stress in equation (3.2) we obtain 

Edeformation 

( 3 • 5 ) 

During mode I failure the values of equation (3.4) and 

(3.5) should be comparable. 

When mode II and mode III failures appear two extra 

terms come into effect in the energy balance equation, 

one term to describe the excess energy in the system 

ie. the energy of the circular deformed disc after 
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complete tearing has taken place, the other term is 

the energy required for the tearing of the disc. 

The energy of the disc is simple to measure from the 

velocity as 

Edisc = ~mvaisc ( 3. 6) 

By combining equations (3.4 ), (3.5) and (3.6) equation 

( 3. 3 b) becomes 

I z 

2pt1TR 2 JR 0 0 1 
1T t 

o ( 1-v +v 2 
) 

(dW) 2 rdr + ~mvaisc + Etearing ar (3.7) 

From this it is possible to determine the energy 

required for tearing of the plate. 

3.3 INFLUENCE OF MATERIAL STRAIN-RATE SENSITIVITY AND 

STRAIN HARDENING 

The mode approximation technique presented initially 

for small deflections of rigid perfectly plastic 

structures by Martin and Symonds [23] is used by 

Symonds and Wierzbicki [18] for l a rge deflections of a 

symmetrically loaded circular pla t e , with consider a-

tion of strain rate dependence in the plastic behavi-

our. It is this consideration that enables the use of 

the dynamic yield stress value in calculations for the 
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different strain rates in the various experimental 

tests. 

In previous similar analyses of impulsive loading, the 

appropriate dynamic yield stress 0 0
1 was obtained by 

estimating either empirically or analytically the 

maximum strain rates during an initial phase of res-

ponse. In the treatment by Symonds and Wierzbicki 

[18] the early response involving elastic-plastic 

bending is omitted. 

For the strain rate dependent structural mild steel 

the relation between the plastic strain rate E and 

axial stress 0 0
1 is 

0 1 
0 

E 1 
= 0 0 [ 1 + (-;-) n 

Eo 

and can be written as 

(3.8) 

( 3 • 9 ) 

Symonds and ~ierzbicki [18] found the average strain 

rate over the response time for circular plates loaded 

over their entire surface to be 
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(3.10) 

Equating equations (3.9) and (3.10), and using the 

following material properties 

r_ = 40 s-1 

n = 5 

p = 7850 kg m-3 

R = 50 mm 

t = 1 , 6 mm 

produces 

I 2 96421,8 

0 0 
(3.11) 

where I is the applied impulse, 0 0 is the uniaxial 

yield stress and 0 0
1 the required dynamic yield 

stress. 

An iterative calculation is used to solve equation 

(3.11) for each chosen impulse and oo, starting with 

an approximated value of 0 0
1

• Appendix C gives the 

values of the dynamic yield stress for all the experi-

mental tests. 
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3.4 SHAPE APPROXIMATION FUNCTIONS 

By predict.ing the deformed shape of the circular plate 

it is possible to determine the energy required from 

equation (3.5). Nurick [13] developed a mode approxi­

mation technique by the use of membrane analysis to 

predict the mode shape at five . evenly spaced mode 

points. By using these mode shapes and Stirling's 

Formula [24] (Appendix D) it is possible to fit a 

polynomial to a set of data points and thereby develop 

a shape function. This function is expected to 

correlate closely to current experimental work due to 

the close correlation between the experimental work 

conducted by Nurick and the experimental work 

performed in this investigation. 

Table 3.1 gives the shape function predicted here by 

using Stirling's Formulae as well as the sh~pe 

functions used by Westine et al [22], Wang (25] and 

Duffey [1]. 

A comparison between the predicted deformation shapes 

given and the experimentally determined shapes will be 

given in Chapter 4 where the simplest best fit shape 

function will be selected for use in the energy 

solution described earlier in Section 3.2. 
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TABLE 3.1 PREDICTED SHAPE FUNCTIONS 

Shape Function 
<P ( r) 

Polynomial from Stirling's w = w0 [O, 770-0, 2046 78-0, 3584 8 2 

formula, using Nurick's [13] +0,005170 3 + 0,0003304] 
mode shapes (appendix D) 

Westine and Baker [22] Wo ( 1 + COS lI..E. ) w= 2 R 

Wang [25] w = ~ (3 - ~ 

Duffey [l] W =Wo cos lI..E. 
2R 

W = w0 [l - (!:) ] 
R 

W = w0 [l - ( !: ) 21 
R 

W = w0 [l - (!:) 3) 
R 

Comment s 

clamped circular 
plates 

clamped circular 
plates 

simply supported 
circular plates 

clamped circular 
plates 
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CHAPTER 4 - RESULTS 

During testing two different sheets of mild steel are used. 

Tensile tests are performed on each sheet and the uniaxial 

yield stress is found to differ by 12,74 MPa. A dimensionless 

number is used to compare the individual results and compare 

results with previous work and is given by, 

R 
I (1 + ln R;;°) 

TI Rt 2 (po
0

) J1 ( 4. 1 ) 

where R0 is the radius of plate over which the impulse is 

imparted. For the case of uniform loading presented here R0 = 

Rand therefore equation 4.1 reduces to 

( 4 . 2 ) 

The ¢ value obtained in the current investigation of 47.2 

before visible tearing occurred is greater than the value of 

26. 07 found by Nurick [ 6]. This is probably due to the fact 

that different sheets of mild steel were used in the tests and 

also material defects could have an effect on the point of 

initiation of tearing. Although the tearing was clearly visi-

ble by Nurick, after closer study of the present test plates it 
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was found that a small amount of tearing could be seen under a 

microscope at an impulse of 23 N.s. 

A least squares correlation is performed on the data for both 

mode I failure and mode II failure (Figure 4.1). Mode III 

failure occurs with complete shearing without any deformation 

of the disc. The least squares line is bounded by + 1 

deflection-thickness ratio in each case. For the mode I 

failure it can be seen that all the data points lie inside 

these bounds but for the region of mode II failure the scatter 

is greater with a certain number of points falling outside this 

bound. The greater degree of inaccuracy in this region is due 

to the possibility that the circular discs are deformed 

slightly when caught and also the irregular shapes of some of 

them (see Figures 2.12 and the photograph in Figure 2.1.3aJ make 

it difficult to measure the mid-point deflection accurately. 

The least squares analysis yields from the plate experimental 

data for mode I failure 

(i) = 0,407~ - 0,957 
t 

and for mode II failure 

with r = 0,997 

( .2. ) = - 0 , 3 1 8¢ + 3 2 , 4 6 with r = - 0 , 9 3 7 
t 
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The least squares analysis performed by Nurick (6] for mode I 

failure gives 

(i) = 0,425¢ + 0,277 
t 

The correlation between these two lines is very good and shows 

good repeatability of experiments in the mode I failure range, 

with the experiments in this investigation being performed on 

the same ballistic pendulum used by Nurick [6]. 

The predicted shape functions given in Table 3.1 are shown in 

Figures 4. 2a and 4. 2b where a comparison is shown for two 

different test plates. For both shape functions it can be seen 

that the shape function used by Duffey [1] of 

( 4 • 3 ) 

corresponds very well with the experimental shape. This sh~pe 

function because of its simplicity is therefore used in 

equation (3.5) when the energy of deformation is calculated. 

Substituting equation (4.3) into equation (3.5) gives 

Edeformation 
1 = n3t0o wo2 

4 ( 1 -v + \) 2 
) ~ 

1 
(~ + --) 

1T 2 
( 4 . 4 ) 

where poisson's ratio (v) is taken as 0,33 in all applications 

[ 26]. The determination of the energy for deformation is the 

main area of concern and unlike the input energy and disc 
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CL 

SCALE 3:1 
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~~ 
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I 13.28 N.s 

~-------- Experimental shape Test no 041006 

------ -- Stirling's Forumula (Right of CL) (Nurick (13)) 

- - . - - · - - • Westine and Baker (Left of CL) 

-- - - - -- --- Wang (Right of CL) 

- - - - - - - - - Duffey - w 0 (1 - ~) (Left of CL) 

·················Duffey -w
0 

cos (1Tr/2R) (Left of CL) 

·--·--·Duffey -w 0 (1 - (r/R) 2 )(Right of CL) 

· · -- · · -- Duffey - w 0 ( 1 - (r/R) 3
) (Left of CL) 

FIGURE 4.2(a) COMPARISON BETWEEN EXPERIMENTAL AND 

PREDICTED SHAPE FUNCTIONS - TEST NO 041006 
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I = 24.56 N.s 

Experimental shape - Test No 041007 

-- - -- - - Stirling's Formula (Right of CL) ( Nurick (13 J) 

- - · - - · - - Westine and Baker (Left of CL) 

................. 
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Duffey - w0 cos (nr/2R) (Left of CL) 

Duffey - w0 (1 (r/R) 2 )(Right of CL) 
Duffey - WO (1 - (r/R) 3 )(Left of CL) 

FIGURE 4.2(b) COMPARISON BETWEEN EXPERIMENTAL AND 

PREDICTED Slll\PE FUNCTIONS - TEST NO 041007 
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energy, the energy of deformation is difficult to predict 

accurately. Table 4.1 compares the energy of deformation for a 

mode I type failure with the input energy for two tests. The 

energy methods of Duffey [1], Westine and Baker [22], Lippman 

[20] and Noble and Oxley [4] are all shown. 

During initial investigation it is expected that the energy of 

deformation and the input should be equal. However, the values 

of the energy of deformation predicted by the energy method of 

Duffey and using the dynamic yield stress show two quite 

contrasting results. From Table 4.1 it is observed that for 

the smaller deformation the energy of deformation value is only 

70% of the input energy whereas for the larger deformation the 

value predicted is approximately 97% of the input energy. 

Before analysing these two values it should be noted that the 

consideration of complete edge fixity, as assumed in the 

theories, was difficult to impose in the tests where the plate 

was clamped by bolts. At the large impulse loads . it was found 

that a small amount of radial slippage occurred. The 

photograph in Fig 2.14 shows a test plate having been subject 

to an impulse of 25 N. s and it can clearly be seen from the 

shape of the holes near the edge (previously circular) that a 

certain amount of 'slippage' has occurred. The final mid point 

deflection is sensitive to this condition, and thus for the 

tests involving large impulses the measured deflections could 

be slightly larger than they should be (mentioned by Perrone et 



TABLE 4.1 

Duffey [ l] 

Westine and Baker 

Lippman (20] 
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COMPARISON BETWEEN DEFORMATION ENERGY AND INPUT 
ENERGY FOR MODE 1 TYPE FAILURE 

ltO"yw 2 1 
Edef 'IT 0 (lv. + -) 

4 ( 1-v +v 2 ) ~ 4 'IT 2 

(22] Edef 
'IT 2G t 2w _l_ ('IT 3G tw 2 ) y 0 

+ 16 y 0 . 
4 

Edef 0,423PtR 2 ( w0 '1T/l,306 R(p /Gy)~) 2 

Noble and Oxley [4] 

Test No 041006 

Duffey 
Westine & Baker 
Lippman 
Noble & Oxley 

Test No 041007 

Duffey 
Westine & Baker 
Lippman 
Noble & Oxley 

Go= 277,04 MPa 

w0 = 12, 5mm 

INPUT ENERGY 829,15J 

Edef % of Einput Edef % of Einput 
Using G =G l Using Gy=G 0 y 0 

213 I 72 25,8 578,08 
156,09 18,8 422,22 
169,53 20,4 458,55 
200,53 24,2 542,4 

Go 277,04 MP a 

Go l 871, 95 MP a w = 25,3mm 0 

INPUT ENERGY 2835,00J 

Edef % of Einput Edef l Using Gy=0 0 

875,50 
594,11 
694,48 
603,99 

30,9 
20,9 
24,5 
21,3 

Using Gy=Go 

2 755,53 
1 869,89 
2 185,78 
1 900,99 

% 

69·, 7 
50,9 
55,3 
65,4 

of Einput 

97,2 
66,0 
77,1 
67,1 
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al (29] in connection with the experiments conducted by Bodner 

and Symonds). This means that the mid-point deflection used to 

calculate the values of the energy of deformation could be 

inf lated and therefore the predicted percentage could be lower 

than 97, 2%. This does not however, explain why there is a 

discrepancy between the input energy and the predicted 

deformation energy. 

The impulse measurement calculated from the deflection of the 

pendulum is used in the calculation of the total in~ut energy 

imposed on the plate. This means that a very important assump­

tion has been made, namely that the high intensity gas 

pressures from the explosion act only on the specimen surface; 

thus the pendulum itself is assumed to have no external forces 

other than those exerted by the specimen. through its support 

reactions. There is however, the possibility that unwanted 

impulsive pressures might have imparted additional momentum to 

the pendulum block, so resulting in a slightly inflated impulse 

measurement (mentioned previously by Symonds et al (30]). This 

could in some way explain the discrepancies between the energy 

of deformation and input energy in mode I failure. 

Once the input energy, deformation energy and energy of the 

disc have been determined the energy of tearing can be found 

from equation (4.5). 

Etearing = Einput - (Edeformation + Edisc) ( 4 • 5 ) 
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Figure 4.3 shows a plot of the energy versus the dimensionless 

number ¢ . Least squares correlation [28) has been performed on 

the relevant sets of data, and equations for these curves with 

the boundary conditions for ¢ are given below: 

Einput = 1 ,822 ¢1 ,991 ¢f; O 

Edisc = 175,96 ¢ - 7962,0 ¢ ~ 47 

Edeformation = 32 4835,34 - 3350 47 ~¢~ 97 
¢ 

Etearing = 124,22 ¢ - 5896,9 ¢f; 47 

( 4 • 6 ) 

( 4 • 7 ) 

(4.8) 

( 4. 9) 

The limits of ¢ in the energy equations are only approximate 

and have been determined purely by observation. 

The ¢ value of 47 indicated in the limits indicate the 

threshold value for the onset of mode II failure. The 

threshold value for the onset of mode III failure is difficult 

to determine because of the lack of experimental data in the 

region involving very high impulsive loads. It is however 

predicted that this value occurs between the ¢ values of 

85 and 95 (Figure 4.4). 

The corresponding threshold impulses and initial deformation 

velocities, assuming 0 0 = 277,04 MPa, are: 
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Using I = <t>TIRt:z (po0 ) 

and V 0 = I /p t 1T R :z 

<P = 47 I = 27,9 N.s Vo = 282,8 m. s-1 

<P = 85 I = 50,4 N.s Vo = 511 t 0 m. s-1 

<P = 95 I = 56,3N.s Vo = 570,7 m. s-1 

The threshold velocity predicted by Jones (8) for the onset of 

mode 3 behaviour in the failure of ductile beams was 

= 212' (00)~ (4.10) 
3 p 

In equation ( 4 .10) we replace o o with o1o to take into account 

the strain rate sensitive behaviour of the mild steel 

the ref ore 

For I = 50,4 N.s 

2fi 0 1 
- (-0-)~ 

3 p 

0 d = 1066,2 MPa 

therefore V0 = 347,5 m.s-1 

This is much lower than the value found in experimentation and 

therefore for the case of the circular plates the assumption 

cannot be made that the value of the threshold velocity for 

mode III failure is independent of the geometry of the test 

plate. 
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A statistical analysis was performed on the experimental data 

(Appendix E [ 27]) and Figure 4. 5 shows a plot of the energy 

versus dimensionless number with a 90% confidence range of 

correlation. 
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CHAPTER 5 - DISCUSSION AND CONCLUSIONS 

This thesis presents an experimental study on the failure of 

impulsively loaded circular plates. Three failure modes are 

identified, inelastic deformation, tearing at the supports and 

transverse shear at the supports. 

The experimental procedure described in Chapter 2 describes how 

by using a ballistic pendulum and loading a clamped circular 

plate with an impulse load the impulse imparted on the plate 

is measured~ The loading is produced by the detonation of 

plastic explosive and it is found that correlation between the 

mass of explosive used and the impulse measured is not suff i­

ciently good to allow the use of a separate set of calibration 

tests to calculate a specific impulse giving the impulse per 

unit mass of explosive. The experimental technique used is 

shown to be reproducible and consistent providing the velocity 

of the metal disc (when necessary) while simultaneously 

measuring the impulse. 

Analysis of the experimental data produced equations to deter-

mine the deflection-thickness ratio for a certain impulse. 

These two terms were related using a dimensionless number ¢ . 

For mode I failure the least squares line produces 

0 
(t") = 0,407¢ - 0,957 where ¢;;;; 47 
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The least squares line for mode II failure yields 

( % ) = -0, 31 8 <P + 3 2, 4 6 where 4 7 ;;:; <P ;;:; 9 7 

The equation for mode I failure compares very favourably with 

that determined by Nurick [6] showing the very good repeatabi­

lity of the experiments in this range. The equation for mode 

II failure is less accurate as it is difficult to measure 

accurate mid- point deflections of the circular discs. No work 

was found on the failure of circular plates by tearing and 

therefore no comparisons are made. 

An energy balance is developed for the range of experimental 

testing and the following equations apply to the three differ­

ent modes of failure. 

Mode I 

Einput = Edeformation 

Mode II 

Einput = Edeformation + Etearing + Edisc 

Mode III 

Einput = Etearing + Edisc 

By measuring the mid-point deflection of the deformed plate and 

using a predicted shape function the deformation energy can be 

found. The disc energy is determined by measuring the velocity 

of the disc and calculating its kinetic energy. The impulse 

imparted on the plate is used to measure the input energy. 
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Figure 4. 4 shows a plot of the different energies and also 

shows the boundaries of the dif fe:!'.ent mode failures. Figure 

4.5 gives a graph . of energy versus the dimensionless number ¢ 

with boundaries showing a 90% confidence range of correlation. 

The threshold velocities for the onset of failure modes II and 

III were found to be 

Mode II V0 = 282,8 m.s-1 

Mode III V0 "' 511,0 m~s-1 

No work was found on these two failure modes on circular plates 

and therefore comparisons have not been made. 



90 

CHAPTER 6 - RECOMMENDATIONS 

The experimental observations mentioned in Chapter 2 were 

beyond the limits of the present study and therefore no 

explanation was given. It is therefore recommended that future 

work be done in order to explain the following two phenomena. 

1. The presence of wrinkling along the circumference of the 

metal disc during mode II failure and why when mode III 

failure begins this wrinkling disappears. Also why the 

wrinkling showed itself in the form of six symmetrical 

ears in each case. 

2. Radial stretching of the plate during mode I failure with 

no noticeable, radial stretching occ.urring during mode II 

and mode III failure. 
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APPIHJIX A 'llHiIIE '1ml'S 

Si:ecinen size was selectErl fran ASIM designaticn EB-4ar v..here standard sizes are givffl. 

(J • l; 
Go 

= 1 + [ ~] n 
E: 0 

(J = F E = CHS 1 L = gauge length = 2 ~ indi.es x 
A L 60 

Test D.ineis:ia1s Crrss Cllart Yield strain rate lhiaxi.al 
(mn) lfirl ~ £ Yieldo0 

~ 
0 

Sb:ess 
(llxrns/ (llxrns/ (Ka) (Ka) g-1 (Ka) 

min) min) 

24118801 12,5 x 1,6 0,05 0,5 278,00 352,50 3,33 x 10-4 253,56 
25118802 12,5 x 1,6 0,05 0,5 266,88 360,29 3,33 x 10-4 243,41 
25118803 12,4 x 1,6 0,2 2 286,97 362,07 1,33 x 10-3 254,60 
25118804 12,5 x 1,6 0,2 2 284,67 353,62 1,33 x i.o-3 252,55 
25118805 12,6 x 1,6 1 10 296,75 367,36 6,67 x 10-3 252,43 
25118fni 12,3 x 1,6 1 10 305,12 357,11 6,67 x 10-3 259,55 
25118807 12,7 x 1,6 5 50 295,51 365,56 3,33 x 10-2 237,90 
25118800 12,7 x 1,6 5 50 305,36 374,31 3,33 x 10-2 245,83 
25118809 12,5 x 1,6 5 50 378,08 378,08 1,33 x 10-l 314,66 
25118810 12,5 x 1,6 20 50 . 344,19 370,67 1,33 x 10-l 286,46 
25118811 12,5 x 1,6 20 50 368,07 368,07 1,33 x 10-l 306,33 

SHEEI' I AVE UI'S = 364,51 MPa AVE cr 0 = 264,30 MPa 

28098901 12,5 x 1,6 0,05 0,5 302,46 358,06 3,33 x 10-4 275,81 
28098902 12,3 x 1,6 0,05 0,5 290,43 363,89 3,33 x 10-4 264,89 
28098903 12,3 x 1,6 0,2 2 303,99 365,02 1,33 x 10-3 281,41 
28098904 12,3 x 1,6 0,2 2 305,12 365,02 1,33 x 10-3 282,46 
28098905 12,3 x 1,6 1 10 342,41 367,28 6,67 x 10-3 291,28 
2ffm906 12,3 x 1,6 1 10 353,72 369,54 6,67 x 10-3 300,90 
28098907 12,3 x 1,6 5 50 309,64 372,93 3,33 x 10-2 249,28 
200389Cl3 12,3 x 1,6 5 50 316,42 367 ,28 . 3,33 x 10-2 254,74 
28098909 12,2 x 1,6 20 50 375,19 375,19 1,33 x 10-l 284,36 
2!l:l98910 12,2 x 1,6 20 50 376,32 376,32 1,33 x 10-l 285,22 

SHEEI' II AVE UIS = 368,05 AVE cr 0 = 277 ,04 
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APPENDIX B 

Rigid Plastic Analysis (DUFFEY [l]) 

Assuming a permanent deflection shape (Figure B.1), 

the maximum deflection of a clamped circular plate 

subject to a uniform impulsive load is calculated by 

means of a simplified energy method for a rigid­

plastic material behaviour. 
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FIGURE B.l CLAMPED CIRCULAR PLATE AFTER DEFORMATION 
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The strain energy is calculated as follows: 

Ep ( B. 1 ) 

From the Kirchoff assumption, E: 13 ahd E23 are zero. 

In addition, using the plane stress assumption, 033 = 

0. Since 0 ij = 0 j i, the integrand in ( 3. 1 ) reduces 

to 

Due to symmetry, the shear stress in cylindrical 

coordinates is zero, 

01 2 = ore = 0 

leaving 

Evaluating (B.1), assuming rigid-plastic material 

behaviour and a proportional stress state, 

Ep 

t;2 2 'JT 

Jt;
2 

f
0 

JOR ( 0 66 E66 ± Orr Err] rdrd6d z ( B. 2) 
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Strains in the meridional and circumferential direct-

ions, respectively, are 

Err Err 0 (r,8) + zxr (r,8) ( B. 3) 

and 

i::ee 0 (r,8) + zx (r,8) ( B. 3) 

For axisymmetric deformations, the terms in equations 

(B.3) become functions of r only. 

Equations (B.2) and (B.3) therefore give 

E = p 

t;2 
f ay [ Err0 (r)+zxr(r)+i::99 0 (r)+zx9(r)] rdzdrd8 

-t;2 
(B.4) 

Integrating (B.4) over e and z, and assuming oee and 

Orr are constant, 

(B. 5) 

Since the cross-section of the plate is assumed to be 

at constant yield state, and since the stretching 

strain is the average strain across the thickness of 
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the plate, the bending contribution to the plastic 

energy is ignored. 

For very large deflections 

(B.6) 

and 

( B. 6) 

For simplicity it is assumed that there is no dis-

placement in the radial direction, ie. u = O which 

gives: 

( B. 7) 

and 

= 0 ( B. 7) 

Substituting equations (B.7) back into equation (B.5) 

the plastic strain energy becomes 

( B. 8) 
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Utilising the Hencky deformation theory of plasticity 

that there is a one to one correspondence between 

stress and strain, the location of the yield surf ace 

in stress space can be determined as the intersection 

of the elastic radial line from the origin of stress 

space and yield surface. 

In the elastic region, 

From equation (B.7) 

which gives from equation (B.9) that 

066 = VO"rr 

Invoking the Von Mises yield condition that 

0 2 y 

( B. 9) 

(B.10) 

(B.11) 

Where 0 y is the yield stress in simple tension, and 

substituting (8101 ), the radial yield stress is 

0 

( 1-v +v 2 )~ 
(B.12) 
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APPENDIX C 
DYNAMIC YIELD STRESS VALUES 

1 2 96421,8 
(J 1 

1) 5 40 
0 

(--

~ Oo 

Test No Static Yield Stress Impulse Dynamic Yield Stress 
Oo (MPa) (N.s) 0 1 

0 
(MPa) 

210903 264,30 4,76 571 ,84 
041006 277,04 13,28 749,37 
041005 277,04 16'85 793,61 
041004 277,04 17,75 803,73 
041003 277,04 18,65 813,63 
041002 277,04 17,75 803 ,_73 
041001 277,04 21 '69 844,82 
041007 277,04 24,56 871 '95 
041008 277,04 24,24 912,0l 
051002 277,04 26,34 887,79 
051005 277,04 26,17 886,27 
051008 277,04 25,63 881 '52 
051009 277,04 28,15 903,05 
051010 277,04 28,86 909,05 
051003 277,04 29,77 916,29 
051004 277,04 30,67 923,48 
041009 277,04 29,41 913,45 
051001 277,04 30,31 920,69 
061002 277,04 32,48 932,54 
220901 264,30 32,66 898,49 
101101 277,04 34,29 950,96 
250901 264,30 36,65 927,37 
220902 264,30 40,48 951,37 
270902 264,30 36,65 927,37 
270901 264,30 37,37 931,17 
250902 264,30 37,57 932,48 
061001 277,04 39,56 987,95 
101102 277,04 37,75 975,58 
250903 264,30 41 '37 957,02 
250904 264.30 39,38 944,37 
250905 264,30 42,12 961 '60 
250906 264,30 42,46 964,98 
101103 277,04 43,58 1 014,08 
061004 277,04 49,64 1 050,71 
250907 264,30 49,46 1 004,65 
270903 264,30 47,25 992,91 
101104 277,04 46,88 1 034,43 
061005 277,04 48,53 1 044,27 
1 011 05 277,04 52,05 1 064,49 
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APPENDIX D 

PREDICTIOO OP A POLYNafiAL USING STIRLING'S FORMULA 

Using node shape functions predicted by Nurick [13) 

x 

0 

10 

20 

30 

40 

50 

Let 

Therefore 

y 

1 -0,066 

0,934 L~ -0, 164 

fo 0,770 -0,235 f 2 
f~ 0 

0,535 -0, 271 

0,264 -0,264 

0 

f( x ) of order 4 

x
0 

= 20 e x - 20 
10 

fl 3 

-0,098 fl 
-~ 

0,027 

-0,071 f~ 0,035 f~ 

-0,036 0,043 

0,007 

e = 

0,008 

0,008 

f(x) = 0,770 - 0,20467 ex- 20) - 0,03583 
10 

(X - 20):2 + 0,00517 0- 20 )3 
10 10 

+ 0,00033 (x- 20 ) 4 
10 

0 
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Therefore the shape function is 

w =Wo (f(x)) 
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APPENDIX E 

CONFIDENCE LIMITS OF SLOPE AND LEAST-SQUARES LINE [27] 

Input Energy: correlation coefficient r = 0,9989 

Equation of straight line log Einput = 0,3230 + 1 ,955 log¢ 

[log Einput vs log ¢] 

90% confidence range of log Einput = 3,816 + 0,003 

90% confidence range of slope = 1,955 + 0,029 

Deformation Energy: correlation coefficient r = 0,9310 

Equation of straight line Edef = -3349,74 + 324813,5 

1 
[Edef vs - l 

¢ 

90% confidence range of Edef = 1462,12 + 70,23 

¢ 

90% confidence range of slope = 324813,5 + 28477,3 

Tearing Energy: correlation coefficient r = 0,889 

Equation of straight line Etear = 124,22~ - 5896,9 

90% confidence range of Etear = 2707,09 + 298,98 

90% confidence range of slope = 124,22 + 27,07 
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Disc Energy: correlation coefficient r = 0,912 

Equation of straight line Edisc = 175,96 O - 7692,0 

90% confidence range of Edisc = 4278,3 + 352,0 

90% confidence range of slope= 175,96 + 31,47 
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APPENDIX F : CALCULATION OF MAXIMUM STRAIN RATE 

Using the Cowper-Symonds equation: 

with n = 5 

Eo = 40 sec-1 

Oo = 277 ,04 MPa 

The Dynamic yield stress is determined by using the relation 

given in equation 3 .11, and is 

Therefore 

1064,49 
277,04 

.E = 7421 sec-1 
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APPENDIX G. 

COURSES COMPLETED FOR PARTIAL FULFILMENT OF THE 

REQUIREMENTS FOR THE DEGREE OF MASTER OF SCIENCE 

588F APPLIED MECHANICS I 3 credits 

589F - APPLIED MECHANICS II 3 credits 

540F - FINITE ELEMENT ANALYSIS 4 credits 

363F - NUMERICAL ANALYSIS 3 credits 

367F - CONTINUUM MECHANICS 3 credits 

525S - CONTRACT LAW . 2 credits 

5202 - PROJECT MANAGEMENT 2 credits 

TOTAL 20 credits 




