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Abstract

Thesis title: Jordan homomorphisms and derivations on algebras of mea-
surable operators.

Name: Martin Weigt.

Date: 11 February 2008.

A few decades ago, Kaplansky raised the question whether unital linear
invertibility preserving maps between unital algebras are Jordan homomor-
phisms. This question is still unanswered, and the progress that has been
made has mainly been in the context of Banach algebras, including C*-
algebras and von Neumann algebras.

Let M be a von Neumann algebra with a faithful semifinite normal trace
7, and M the algebra of 7-measurable operators (measurable for short) affil-
iated with M. The algebra M can be endowed with a topology Vem, called
the topology of convergence in measure, such that M becomes a complete
metrizable topological *-algebra in which M is dense. One of the aims of
this thesis is to find answers to Kaplansky’s question in the context of alge-
bras of measurable operators. We prove, amongst other things, that every
self-adjoint Jordan homomorphism between algebras of measurable opera-
tors iS Yem — Yem continuous and can be expressed as a sum of a self-adjoint
algebra homomorphism and a self-adjoint algebra anti-homomorphism.

Derivations between algebras of measurable operators are also considered.
It is well known that every derivation on a C*-algebra is continuous and that
every derivation on a von Neumann algebra is inner. We investigate whether
these results carry over to algebras of measurable operators. Motivated by
the Singer-Wermer theorem for commutative Banach algebras as well as the
non-commutative Singer-Wermer conjecture for Banach algebras, we also ask
whether primitive ideals of M are invariant under derivations on M.

The thesis ends with finding answers to Kaplansky’s question when the
algebras involved are locally C*-algebras and locally W*-algebras. We also

investigate derivations on locally C*-algebras and locally W*-algebras.
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Introduction

Let A and B be unital algebras. A Jordan homomorphism ¢ : A — B is
a linear map with the property that ¢(zy + yz) = é(x)o(y) + ¢(y)o(x) for
every x,y € A. A derivation on A is a linear map D : A — A such that
D(xy) = zD(y) + D(z)y for every x,y € A. We say that the derivation D
is inner if there exists a € A such that D(z) = ax — xa for every z € A. In
this thesis, we investigate aspects of the theory of Jordan homomorphisms
and derivations, concentrating mainly on algebras of unbounded operators.

Jordan homomorphisms between C*-algebras have a special significance
in quantum mechanics ([28]) which we will briefly explain. The most suit-
able interpretation of the observables of a quantum mechanical system is that
they are self-adjoint operators in a von Neumann algebra A ([28]). In 1932-
1933, von Neumann and Jordan proposed that the observables of a quantum
mechanical system also form a Jordan algebra in A, i.e. a non-associative
algebra with multiplication defined as (z,y) — i(zy + yz) ([28]). Bijective
Jordan homomorphisms are algebra isomorphisms between Jordan algebras.
Hence bijective Jordan homomorphisms serve as “quantum mechanical iso-
morphisms” between quantum mechanical systems ([28]). Motivated by this,
one can ask the following question: If one knows all spectral values of the ob-
servables of a quantum mechanical system, can one determine the algebraic
model of our quantum mechanical system uniquely up to Jordan isomorphism
([75])? A satisfactory answer was given by Aupetit in [11]: If A and B are
von Neumann algebras and ¢ : A — B is a surjective spectrum preserving
linear map, then ¢ is a Jordan isomorphism.

We call a linear map ¢ : A — B invertibility preserving if ¢(x) is invertible
in B whenever x is invertible in 4. Motivated by a result of Marcus and
Purves as well as the famous Gleason-Kahane-Zelazko theorem, Kaplansky
asked when unital linear invertibility preserving maps between unital algebras
are Jordan homomorphisms ([29]). This problem is currently still open. Some
affirmative answers to this question include the above result of Aupetit as

well as the following result of Choi et al. ([32]): If A and B are C* algebras,
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then every unital surjective self-adjoint invertibility preserving linear map
¢ : A — B is a Jordan homomorphism.

It is known that every self-adjoint Jordan homomorphism between von
Neumann algebras is continuous ([62], [92]) and can be expressed as a sum of a
self-adjoint algebra homomorphism and a self-adjoint algebra anti-homomor-
phism ([9], [92]). By an algebra anti-homomorphism ¢ : A — B, we mean a
linear map ¢ : A — B satisfying ¢(xy) = ¢(y)¢(x) for every x,y € A.

The theory of non-commutative integration was initiated by Segal in [89].
The setting for this theory is the unital *-algebra S(M) consisting of all
measurable operators affiliated with a von Neumann algebra M. When
M is commutative, M = L, (X,%, u) for some localizable measure space
(X, %, 1), and S(M) = Lo(X, %, u). If M is a semifinite von Neumann al-
gebra, it can be equipped with a faithful semifinite normal trace 7. In this
context, we consider the algebra M of 7-measurable operators affiliated with
M. One can equip M with a topology Yem, called the topology of convergence
i measure, with respect to which M is a complete metrizable topological
*~algebra ([78]). When M = L. (X, 3, ) for some localizable measure space
(X, %, 1) and the trace 7 on M is defined by 7(f) = [, f du, M is the
algebra ZOO(X , 2, i) of all equivalence classes of complex-valued measurable
functions on X that are bounded except possibly on a subset of X having fi-
nite measure, and 7., is the usual measure theoretic topology of convergence
in measure.

It is natural to ask to what extent results for Jordan homomorphisms
between von Neumann algebras extend to algebras of measurable operators,
here “measurable” meaning measurable with respect to a faithful semifinite
normal trace on M. In chapter 3, we show, amongst other things, that every
self-adjoint Jordan homomorphism between algebras of measurable operators
1S Yem — Yem continuous and can be expressed as a sum of a self-adjoint
algebra homomorphism and a self-adjoint algebra anti-homomorphism. In
Section 3.3, we prove results for Jordan homomorphisms between locally

convex GB*-algebras. These are generalizations of C*-algebras. We also
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provide conditions under which a Jordan homomorphism between algebras
of measurable operators is an algebra homomorphism. In chapter 4, we give
conditions conditions under which unital invertibility preserving linear maps
between algebras of measurable operators are Jordan homomorphisms.

In the second part of the thesis, we look at derivations on algebras of 7-
measurable operators. Recall that the observables of a quantum mechanical
system are regarded as self-adjoint operators in a von Neumann algebra.
The symmetries of the given quantum mechanical system are realized as *-
automorphisms of A ([28]). We say that the derivation D is a generator of an
automorphism group {«; : t € R} if oy = exp(tD) for every t € R. If A is a
C*-algebra and D : A — A a linear map, then D is a self-adjoint derivation if
and only if D is the generator of a one-parameter group of *-automorphisms
of A ([28]). More generally, if A is a Banach algebra and D is a derivation
on A, then D is the generator of a one-parameter group of automorphisms of
A. In the early fifties, it was established that all automorphisms of a semi-
simple Banach algebra are continuous ([36]). The automatic continuity of
derivations on semi-simple Banach algebras was then conjectured and proved
([36)).

It is well known that every derivation on a C*-algebra is continuous and
that every derivation on a von Neumann algebra is inner. An interesting
problem is therefore whether these results can be extended to algebras of
T-measurable operators and even measurable operators (in Segal’s sense).
Recently, in [19] and [20], Ber, Chilin, and Sukochev proved that if M is
commutative, then S(M) admits only inner derivations if and only if the
projection lattice of M is atomic, i.e. every nonzero projection in M ma-
jorizes an atomic projection in M. Motivated by their result, we prove
generally in chapter 5 that if the projection lattice of M is atomic, then
M has the property that all its derivations are v, — Ve continuous. After
proving this result, the author collaborated briefly with Sh. A. Ayupov, who
then strengthened the last mentioned result in [2]. We also investigate the

problem of determining whether the projection lattice of M is atomic if all
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derivations on M are Yem — Yem cONtinuous.

It is still an open problem as to whether every 7., — Yem continuous
derivation on M is inner ([13]). In the commutative case, a derivation D is
Yem — Yem continuous if and only if D is the zero derivation. In chapter 5, we
give other results along these lines.

In chapter 6, we discuss issues related to the Singer-Wermer theorem for
commutative Banach algebras. Recall that this theorem states that the range
of any continuous derivation on a commutative Banach algebra is contained
in the (Jacobson) radical of A ([36]). Since this result appeared in 1955, it
has been conjectured that the continuity assumption can be dropped. That
this is the case was proved by Thomas in 1988 ([36]). A positive answer to
the following conjecture, known as the Singer-Wermer conjecture, would be
a non-commutative analogue of Thomas’s result ([36]): If D is a derivation
on a Banach algebra A, then D(Z) C I for every primitive ideal T of A. In
chapter 6, we ask when derivations on M have the property that D(Z) C Z
for all primitive ideals Z of M. We prove this in the separate cases where M
is commutative and 7(1) < co. Some results are also provided when neither
of the latter conditions are imposed.

Recall that M is a generally non-normed topological *-algebra and there-
fore, results which are known to hold for Banach algebras do not necessarily
remain valid for M. In proving some of our results about Jordan homomor-
phisms and derivations, we found it necessary to prove several results about
M as a topological *-algebra, and these are scattered throughout the thesis.
The most important is that Mis a generalized B*-algebra (GB*-algebra for
short), a class of topological *-algebras first studied by Allan ([6]) and later
by Dixon ([40], [41]).

An important example of a GB*-algebra is a locally C*-algebra, i.e. a
complete Hausdorff topological *-algebra A such that the topology of A is
defined by a family of seminorms (p,) on A satisfying p,(z*x) = p,(z)?* for
every « and every = € A. Notice that such seminorms automatically satisfy

the conditions p,(zy) < pa(x)pa(y) for every o and every z,y € A ([18],



Theorem 38.1). Such algebras are inverse limits of C*-algebras ([88]). A
locally W*-algebra, a class of algebras first studied in [49], is a locally C*-
algebra which is an inverse limit of W*-algebras. It is natural to ask if some
of the well known results about Jordan homomorphisms and derivations on
C*-algebras and von Neumann algebras carry over to locally C*-algebras and
locally W*-algebras. This is the subject of chapter 7. We investigate the
problem of Kaplansky mentioned earlier in the context of these algebras. We
also give an alternative proof of the known result that every derivation on
a locally C*-algebra is continuous ([16], Proposition 2). Next we provide
a sufficient condition that a derivation must have for it to be inner. The
chapter ends with the result that every derivation on a locally C*-subalgebra
A of L(H), with H a locally Hilbert space, can be extended to a derivation
on the locally von Neumann algebra generated by A.

The thesis starts with two chapters summarizing material that will be
needed in the remaining chapters. Chapter 1 is mainly a reminder of standard
results from measure theory, von Neumann algebras, unbounded operators
and topological algebras, which is dealt with in the first four sections. Section
1.5 is an introduction to the algebra M and it also contains some new results
about M as a topological *-algebra.

Chapter 2 is a summary of some of the well known results on invert-
ibility preserving linear maps, Jordan homomorphisms and derivations on
C*-algebras and von Neumann algebras, which will be needed throughout
the thesis.
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Chapter 1
Preliminaries

In this chapter, we present, without proofs, results from measure theory,
and the theory of von Neumann algebras, topological algebras, unbounded
operators and the algebra M. A familiarity with basic functional analysis,
including topological vector spaces and Banach algebras, as can be found in
[45], [70], [84], [69], [27] and [36], is assumed. All unexplained terms and
concepts in measure theory and von Neumann algebras can be found in [23],
[33], [52], [63], [86] and [95].

1.1 Measure theory

Lemma 1.1.1 (/99], Lemma 1.7) If (X, X, 1) is a semifinite measure space
which is not finite, then there exists a sequence of disjoint measurable subsets
(F,) of X such that 1 < u(F,) < oo for every n.

We say that a measure space (X, 3, i) is localizable if there exists a col-
lection (A,) of disjoint measurable subsets of X each having finite measure
and such that X = U,A,. If the above collection of sets can be chosen to
be countable, then we call (X, u) a o-finite measure space. It is clear
that every localizable measure space is semifinite. We call a measure space
(X, X%, u) atomic if for every nonempty A € 3, there exists an atom B € ¥
such that B C A and p(B) > 0. For a given measure space (X, X, i), we use

1



the notation Ly(X, 3, ) to denote the algebra of all equivalence classes of
complex-valued measurable functions on X. We denote the algebra of equiv-
alence classes of essentially bounded measurable functions by L. (X, X, u),
and the algebra of equivalence classes of measurable functions, which are

bounded except possibly on a subset of finite measure, will be denoted by

Loo(X, 2, ).

Proposition 1.1.2 (/99], Theorem 1.4) Let (X, %, ) be a measure space.
For every e€,0 > 0, let

N(e.8) = {f € Ll X, 5, ) : p({ € X : [ ()] > €}) < 6.

(1) The class of sets {N(€,d) : €,0 > 0} forms a basic neighbourhood system
at zero defining a vector topology Ve, on ZW(X, 3, 1), called the topology
of convergence in measure. The class of sets {N (e, €) : € > 0} is another

basic neighbourhood system at zero defining ... We write N(e) for
N(e,e€).

(ii) Let (f,) be a sequence in Loo(X, S, 1) and let f € Loo(X, S, ). Then
fn — [ with respect to 7., if and only if for every e > 0,

pfz e X |(fu = f)(@)] > €}) = 0

as n — Q.

(111) Equipped with the topology YVeu, Loo(X, %, 1) is a complete metrizable
topological algebra.

(iv) The completion of Las(X, %, 1) under Yoy is Loo(X, 3, 1) ([99], Theo-
rem 1.15).

Definition 1.1.3 ([17], Definition 1.1, p. 36) Let (X,%, u) be a measure
space and let f € Lo(X,X, u). Define the function

d:R —[0,00], t = p({z e X :|f(x)] > t}).

The function d is called the distribution function of f. The notation di(f) is

used to indicate the dependence on the function f.
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Proposition 1.1.4 (/99], Proposition 2.2) Let (X, %, 1) be a measure space
and f € Lo(X, X, 1). The following statements are equivalent.

(i) | € Lo X, 2. 1),
(i1) di(f) — 0 ast — oc.
(i1i) di(f) is eventually finite.

Definition 1.1.5 (/17], Definition 1.5, p. 39) Let (X,%,u) be a measure
space and f € EOO(X7 X, ). The decreasing rearrangement of f is defined by

the formula
p:(0,00) — [0,00] : t—inf{f > 0:dy(f) < t}.
We use the notation u(f) to indicate the dependence on the function f.

The rearrangement of f € EOO(X , 2, ) is decreasing and right continuous
([17], Proposition 1.7, p. 41).

1.2 Von Neumann algebras and traces

Let B(H) denote the algebra of all bounded linear operators from a Hilbert
space ‘H into itself, and B(H)" the set of self-adjoint elements in B(H).

A self-adjoint element = € B(H) is called positive if (x€,&) > 0 for all
¢ € H; we write x > 0. A partial order is defined on B(H)" by z < y if
and only if y — 2 > 0. We use the notation z, T x to mean that (z,) is an
increasing net in B(H)" with supremum = € B(H). The notation x, | = is
defined in a similar manner.

The strong-operator topology (respectively weak-operator topology ) on
B(H) is the locally convex topology on B(H) defined by the family of semi-
norms x — ||z€|| (respectively x — (z£,£)), where £ € H. The ultraweak
topology on B(H) is the o(B(H), B(H).) topology. A von Neumann algebra
M is a *-subalgebra of B(’H) which is closed under the strong-operator topol-

ogy and contains the identity operator of B(H). A factor is a von Neumann
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algebra with its centre consisting only of scalar multiples of the identity op-
erator. A *-subalgebra M of B(H) containing the identity operator of B(H)
is a von Neumann algebra if and only if M = M” ] the bicommutant of M
in B(H) ([63], Theorem 5.3.1). We denote by M" and M™* respectively the
set of self-adjoint and positive elements in a von Neumann algebra M. With
the partial order inherited from B(H), M" is a partially ordered set. We use
the symbol Z(M) to denote the centre of the von Neumann algebra M.

Theorem 1.2.1 (/86], Proposition 1.18.1; [39], Theorem 2, p. 132) Let
(X, 3, i) be a localizable measure space, let H = Lo(X, %, p) and, for a given
[ € Loo(X, X, 1), let My be the bounded linear operator on 'H defined by
M(g) = fg for all g € Loo(X,X, ). Then the mapping f — My is an
isometric *-isomorphism of Loo(X, %, ) onto the *-subalgebra {M; : f €
Loo(X, X, 1)} of B(H). If M is a commutative von Neumann algebra, there
is a localizable measure space (X, X, i) such that M is *-isomorphic to { M :
f € Loo(X, 2, 1)}, and hence to Loo(X, %, u).

We can think of von Neumann algebra theory as “non-commutative mea-
sure theory”, as Theorem 1.2.1 confirms. We refer to the operator M; in
Theorem 1.2.1 as the operator of multiplication by f.

Let M be a von Neumann algebra. Then the set of projections M,, in M
forms a complete lattice, i.e. the supremum and infimum of each family of
projections in M are projections and lie in M ([63], Proposition 5.1.8). An
atomic (or minimal) projection of M is a nonzero projection in M having
no nonzero proper subprojections in M. We say that M, is atomic if for
every nonzero p € M,, there exists an atom ¢ € M, such that ¢ <p.

Two projections p and ¢ are said to be equivalent, written p ~ ¢, if and
only if there exists a partial isometry v € M such that v*v = p and vv* = q.
We will write p < ¢ to mean that there exists py € M, withp ~p; <g¢. In
B(H), p ~ q if and only if the dimension of the range p is the same as the
dimension of the range of ¢ ([63], p. 402).

We say that a projection p € M is finite if p ~ ¢ < p implies p = ¢. A

projection p is called infinite if it is not finite. A von Neumann algebra is
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called finite (respectively semifinite ) if the identity operator in M is finite
(respectively, if for every nonzero ¢ € M,,, there exists a nonzero p € M, such
that p is finite and p < ¢). Every finite von Neumann algebra is semifinite
([63], Proposition 6.3.2).

For an explanation of types, type decomposition and tensor products of
von Neumann algebras, the reader is referred to [95], [63] and [86]. The

tensor product of two von Neumann algebras 4 and B will be denoted by

A®B.

Theorem 1.2.2 ([86], Theorem 2.3.2 and Theorem 2.3.3) If M is a type [
von Neumann algebra, then there exists a family of orthogonal central pro-
jections (pq) in M such that M = @,paMp,. For each «, there exists a
Hilbert space H,, such that poMps = Z(paMps) @ B(Hy). If M is finite,
then the above family of projections can be chosen to be countable and the

Hilbert spaces H,, finite-dimensional.

A trace on a von Neumann algebra M is a function 7 : M* — [0, 0]

such that
(i) 7(x +y) =7(x) + 7(y) for all x,y € M™,
(ii) 7(Azx) = A7(x) for every A € RT and for all z € MT,
(iii) 7(z*x) = 7(xx*) for all x € M.
A trace 7 on M is called
(i) faithful if 7(z) = 0,2 € M™, implies x = 0;

(ii) normal if x, T x, with (z,) a net in M* and = € M*, implies 7(z,) 1

7(7);

(iii) semifinite if for every x € M™, there exists 0 # y € M™ such that
y <z and 7(y) < o0;

(iv) finite if 7(1) < o0,



If p € M,, has the property that 7(p) < oo, then p is finite.
Motivated by Example 1.2.3(i) below, the trace may be thought of as a

“non-commutative integral” on a von Neumann algebra.
Example 1.2.3 ([99], Theorems 4:3.1 and 4:6.2)

(i) Let M = Loo(X,%, ). One can define a trace 7 on Lo (X, %, 1) as

follows:
= [
for every fin L. (X, 3, ). It can be shown that 7 is a faithful semifinite

normal trace on M.

(ii) Let M = B(H) and let (§,) be an orthonormal basis for H. The
diagonal trace 7 on B(H) is defined by the formula

7(7) = La(T€as &a)

for every # € B(H). One can prove that 7 is independent of the or-

thonormal basis (£,) and is a faithful semifinite normal trace on B(H).

Proposition 1.2.4 (/99], Proposition 3.2) Let T be a trace on a von Neu-
mann algebra M and let x,y € M.

(i) If 0 <z <y, then 7(x) < 7(y).
(i) If 0 <z <y and 7(x) < oo, then T(y — x) = 7(y) — 7(x).
(111) If p,g € M, and p A q=0, then 7(p) < 7(1 —q).

(iv) A trace T is semifinite if and only if for every x € M™, there exists a
net (zo) in MY with x, 1 x, where x € M™, and 7(x,) < 0o for every

Q.

A von Neumann algebra M is semifinite if and only if M admits a faithful
semifinite normal trace ([95], Theorem V.2.15). A von Neumann algebra M
is said to be countably decomposable if every family of mutually orthogonal

nonzero projections in M is at most countable.
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Theorem 1.2.5 ([39/, Proposition 9, p. 211) A von Neumann algebra M
admits a faithful finite normal trace if and only if M s finite and countably

decomposable.

Theorem 1.2.6 (/95], Corollary V.2.9) Any finite factor is countably de-

composable.

Theorem 1.2.7 (/63], Theorem 8.5.7) Any factor of type I or II admits a
faithful semifinite normal trace. A factor of type III does not admit a faithful

semifinite normal trace.

Proposition 1.2.8 (/95], Corollary V.2.32) Any two traces on a semifinite

factor are proportional.

Let M be a von Neumann algebra. A p-ideal of M, ([101], Definition
2.1) is a subset P of M,, having the following properties.

(i) p,q € P implies pV q € P.
(ii) p,q € P implies p A q € P.
(iii) If p € P and ¢ € M with ¢ ~ p, then ¢ € P.

Theorem 1.2.9 (/101], Theorem 2.4) The mapping T — T N MP is a one-
one correspondence between the norm closed two-sided ideals in M and the
p-ideals in MP.

Theorem 1.2.9 immediately implies that every norm closed two-sided ideal
of a von Neumann algebra M is the norm-closure of the two-sided ideal

generated by its projections.

Proposition 1.2.10 (/63/, Theorem 6.8.8) If M is a von Neumann algebra,
then every weak-operator closed left (respectively right) ideal T of M contains
a unique projection p such that T = Mp (respectively T = pM). If T is a
two-sided ideal of M, then p is a central projection in M.



Proposition 1.2.11 (/63/, Proposition 6.8.9) Every two-sided ideal of a von

Neumann algebra is self-adjoint.

Theorem 1.2.12 ([63], Theorem 6.8.3) The set T of operators in a von
Neumann algebra having finite range projections, is a two-sided ideal in M.

FEvery nonzero two-sided ideal in a factor contains this ideal.
Corollary 1.2.13 ([63], Corollary 6.8.4) Every finite factor is simple.

Theorem 1.2.14 ([63], Theorem 6.8.7) If A is a countably decomposable
factor of type I or I, then the norm-closure of the two-sided ideal of

operators with finite range projection is the only proper norm closed two-
sided ideal of A.

A W¥-algebra A is a C*-algebra for which there exists a faithful represen-
tation 7 : A — B(H), H a Hilbert space, such that 7(A) is a von Neumann
algebra on H ([95], Definition II1.3.1). A C*-algebra A is a W*-algebra if and
only if A is the dual of a Banach space A, called the predual of A, which is
uniquely determined by the C*-algebra structure of A4 ([95], Theorem II1.3.5
and Corollary I11.3.9).

Let 7 : A — B(H) be a representation of a W*-algebra .4 on a Hilbert
space H. We say that 7 is normal if for every increasing net (z,) in A% with

zo T x € AT, we have 7(z,) T 7(x).

Theorem 1.2.15 (/95], Proposition 111.3.12) If A is a W*-algebra and m :
A — B(H) is a normal representation of A on a Hilbert space H, then m(A)

15 a von Neumann algebra on H.

A representation 7 : A — B(H) of a C*-algebra A on a Hilbert space H
is called irreducible if and only if {0} and H are the only invariant subspaces
of H under 7(A).

Proposition 1.2.16 (/95/, Proposition 1.9.20) Let A be a C*-algebra and
m: A— B(H) a *-representation of A on a Hilbert space H. The following

statements are equivalent.



(i) 7 is irreducible.

(i) The only operators in B(H) commuting with all operators in w(A) are

scalar multiples of the identity operator on H.

Theorem 1.2.17 ([95], Theorem 1.9.23) If A is a C*-algebra and z € A
is monzero, then there exists an irreducible *-representation m of A on some
Hilbert space H such that w(x) # 0.

It is an obvious consequence of Theorem 1.2.17 that every C*-algebra A

is semi-simple ([37], Corollary 1.9.13).

1.3 Unbounded operators and the spectral

theorem

By an unbounded operator on ‘H, we mean a linear operator which is not
necessarily bounded and everywhere defined. We say that a linear operator
x from a Hilbert space H into itself is densely defined if the domain of z,
denoted by D(z), is a dense subspace of H. The operator is said to be closed
if the graph of z, i.e. the set

G(x) ={(&n) e HxH: & € D(x),n= ¢},

is a closed subspace of ‘H x H. If x and y are unbounded operators, we
write © C y (respectively z = y) to mean that G(z) C G(y) (respectively
G(z) = G(y)), and we say that the operator y is an extension of the operator
x (respectively, x and y are equal). The closure of x is defined to be the
smallest closed extension of z, if it exists, and is denoted by Z. Care must be
taken when defining sums and products of unbounded operators, since the
domains of unbounded operators generally differ.

Let z,y be unbounded operators from H into itself. Then the sum of x
and y is the operator z +y, where D(z+vy) = D(x) ND(y), and (z+y) (&) =
x€ + y& for all & € D(x) N D(y). If A € C, then Az is the operator with
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D(Ax) = D(x) and (Ax)(§) = A(z€) for every & € D(z). If A =0, we define
Az to be the everywhere defined zero operator in B(H). Lastly, we define the
product of x and y to be the operator xy, where D(zy) = {£ € D(y) : y§ €
D(x)}, and zy(§) = x(y&) for every & € D(y).

If z is a densely defined operator from H into itself, we define a linear

operator z*, the adjoint of x, as follows:

D(z*) = {n € H : there exists ¢» € H such that (£,v¢) = (€, n) for all £ €

For such n, *n = 1. We note that z* is well defined since D(z) is a dense
subspace of H ([84], p. 330). Therefore we only consider adjoints of densely
defined operators.

If + = x*, we say that = is self-adjoint. We say that an unbounded
operator x is normal if *xr = xzx*. An unbounded operator z is said to be
positive if x is self-adjoint and (z€, £) > 0 for all £ € D(x). In some references,
such as [93], positive operators are defined without the requirement of self-

adjointness. Every self-adjoint operator is closed ([84], Theorem 13.9).

Proposition 1.3.1 (/84], Theorem 13.13) Let x be a closed densely defined
operator on a Hilbert space H. Then x*x is self-adjoint and thus closed. Let
y = 1+ az*x. Then there exists z € B(H) such that zy C yz = 1 and such

that xz s bounded.

We say that a closed densely defined operator x is affiliated with a von
Neumann algebra M whenever u*zu = «x for all unitary operators u in the
commutant of M ([63], Definition 5.6.2). We write 2nM to indicate that
x is affiliated with M. We emphasize that the equality u*xu = x is to be
understood in the usual sense that w*zu and x have the same graphs, in

particular the same domains.

Proposition 1.3.2 (/93], Corollary 9:14 and p. 199) Let M be a von Neu-
mann algebra and let xnM be a positive operator. Then there exists a unique

positive operator y such that x = y?. Furthermore, ynM.
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We denote the element y in Proposition 1.3.2 by 3.

Theorem 1.3.3 (/63], Theorem 6.1.11) Suppose that = is a closed densely
defined operator on H. Then there exists a partial isometry v with initial
space the closure of the range of (x*:v)% and final space the closure of the

range of x such that

D=
N|=

r=uv(z'x)2 = (xz*)2v.

We write || = (¢*x)2. This decomposition is unique and is called the polar

decomposition of x. If znM, then v € M and |x|nM.

Proposition 1.3.4 ([65], Exercise 10.5.11, p. 562) Let A be a concrete C*-
algebra and let x € A. If x = v|z| is the polar decomposition of x, then
v|z|z € A (observe that v need not be in A).

Proposition 1.3.5 (/93], Corollary 9:31 and p. 230) Let M be a von Neu-
mann algebra and let xnM be self-adjoint. Then there exist positive operators

1 and xo such that x = x1 — xo. Furthermore, xynM and xonM.

Let x,y be closed densely defined operators. The operators x + y and Ty
are called the strong sum and strong product of x and y respectively.

If M is a von Neumann algebra, we use the notation U(M) to denote
the set of closed, densely defined operators affiliated with M. Under strong
sum, ordinary scalar multiplication and strong product, U(M) is a unital
*-algebra, provided that M is finite ([48], Theorem 2). If z € U(M) and M
is finite, then the spectrum of x relative to the algebra U (M) will be denoted
by Sp (z,U(M)).

Theorem 1.3.6 (/63], Theorem 5.6.15(iv)) If M is a commutative von Neu-

mann algebra and x,y nM, then Ty = yZ. Furthermore, v*x = xa* = x*x.

The following proposition was proved in [25] for the case where A is a
commutative von Neumann algebra ([25], Lemma 2) and n = 2. The same
proof as in [25] can be used to show that the result holds in the more general

case where A is a finite von Neumann algebra.
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Proposition 1.3.7 If A is a finite von Neumann algebra on a Hilbert space
H, then, for every n, M,(A) is a finite von Neumann algebra on the Hilbert
space ®_Hy, where Hy, = H for every 1 < k < n, and U(M,(A)) =
M, (U(A)), where M, (A) (respectively M, (U(A))) denotes the algebra of n x
n matrices over A (respectively U(A)).

The spectrum of a closed densely defined operator x on a Hilbert space
H, denoted by Sp (z), is defined to be the set of all A € C such that = — Al
is not an injective linear mapping from D(z) onto H ([63], p. 357). If
A ¢ Sp (x), then z — Al is an injective linear mapping from D(z) onto H
and has a bounded linear inverse y which maps H onto D(z) ([63], p. 357).
Conversely, if © — Al has a bounded (everywhere defined) inverse y, then
A ¢ Sp (z) ([63], p. 357).

If anM, where M is a commutative von Neumann algebra, and \ ¢
Sp (), then it can be shown that the bounded (everywhere defined) inverse
y of x— A1 lies in M ([63], p. 357). Since z — A1 is closed and y is bounded, it
follows that (z — Al)y is closed, and therefore it follows from Theorem 1.3.6
that 1 = (z — Al)y = (x — A1)y = y(z — A1) ([63], p. 357).

Lemma 1.3.8 ([63], p. 357) Suppose that xnM, where M is a commutative
von Neumann algebra. Then Sp (x,U(M)) coincides with the point spectrum

of x, i.e. the set of eigenvalues of x.

Theorem 1.3.9 (/63], Theorem 5.6.18) A linear operator x on a Hilbert
space H is normal if and only if x is affiliated with a commutative von Neu-
mann algebra. Furthermore, if x is normal, there is a smallest von Neumann

algebra A such that xnA. The von Neumann algebra A is commutative.

Theorem 1.3.10 (/63], Proposition 5.6.35) If xnM, where M is a commu-
tative von Neumann algebra, then > ._, \pa®, with A\, € C for every k, is a

closed linear operator.

Theorem 1.3.11 (Spectral theorem) ([45], Theorem XII.2.3; [63], Lem-
ma 5.6.7, Theorem 5.2.2) Let x be a self-adjoint (possibly unbounded) oper-
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ator on a Hilbert space H. Then there is a right continuous family of pro-
jections {e;(x) : t € R}, called the spectral resolution of x, which has the

following properties.
(i) If t <s, then e,(x) < ey ().
(ii) ex(z) 11 ast — co.
(iii) e/(x) | 0 as t — —oo.
(iv) zey(x) < te,(x) for all t € R.
(v) t(1 —ey(z)) < x(1 — ey(x)) for all t € R.

The family {e.(z) : t € R} is uniquely determined such that
D(x)={{€H: /S t2 dley(w)€,€) is finite}
D (z)

and

) = [ "t dle(@)En)

for all £ € D(x),n € H.
If x is a bounded self-adjoint operator on H, then e;(x) = 0 for all t <
—|lz||, and e;(x) =1 for all t > ||x||. In this case,

lll
xr = / t dey(x)
=l
in the sense of norm convergence of approrimating Riemann sums.
If x is a self-adjoint linear operator in a von Neumann algebra M, then

x can be expressed as a limit of a sequence of finite linear combinations of

mutually orthogonal projections in M.

Proposition 1.3.12 (/63], Lemma 6.8.1) Let x be a self-adjoint linear oper-
ator in a (not necessarily closed) two-sided ideal T of a von Neumann algebra
M. Also, let {e;(x) : t € R} be the spectral resolution of x, as defined in
Theorem 1.3.11. Then e;(x) € T for allt <0 and 1 —ei(x) € Z for allt > 0.
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1.4 Topological algebras

A topological algebra is an algebra A which is a topological vector space such
that multiplication is separately continuous in each variable. If, in addition,
A has continuous involution, then A is called a topological *-algebra. Let A
be a topological algebra with identity, denoted by 1. For = € A, we define
the spectrum of x in A, written Sp (z,.4), by

Sp (z, A) = {\ € C: x — Al is not invertible in A}.

Theorem 1.4.1 (/104], Theorem 7.2) If A is a complete metrizable topolog-

ical algebra, then the multiplication on A is jointly continuous.

We say that a topological algebra A is a Q-algebra if the group of invert-
ible elements of A is open. A topological algebra A is said to have continuous

inversion if the map x — 27!

is continuous on the group of invertible ele-
ments of A. For a *-algebra A, the notions of normal, self-adjoint and unitary
elements are defined in the same way as for (abstract) C*-algebras. An el-
ement x in a *-algebra A is called positive if there exits a y € A such that
xr = y*y. A positive linear form on a *-algebra A is a linear functional f on

A such that f(x) > 0 for every positive z € A.

Theorem 1.4.2 (/35], Theorem 11.1) Every positive linear form on a com-

plete metrizable topological *-algebra is continuous.

1.4.1 Locally C*-algebras

Definition 1.4.3 (/73], Definition 111.2.1) Let A be a directed set. An in-
verse system (Ey, fag) of topological algebras is a family of topological algebras
{Es : a € A} along with continuous algebra homomorphisms faz: Eg — E,,

with o < B, which satisfy fag o fay = fay (for @ < 5 < 7v) and foo = ia,
where i, : E, — FE, denotes the identity map of E,. The inverse limit

algebra E of (Ea, fap) is defined to be

E={z=(z,) € HEa : fap(xp) = x4 for every a < [}
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(it is easily verified that E is an algebra). The algebra E is further endowed
with the initial topology defined on it by the projection maps fo : E — E,,
i.e. the weakest topology making each f, continuous. This turns E into a

topological algebra. We write E = lim_ E,,.

In some references, such as [73], an inverse system (respectively inverse
limit) of topological algebras is called a projective system (respectively projec-
tive limit) of topological algebras. From here on, the algebra homomorphisms
fap in Definition 1.4.3 are called connecting maps of the inverse system. It is
easy to verify that the projection maps f, in Definition 1.4.3 are continuous

algebra homomorphisms.

Lemma 1.4.4 ([73], Lemma 111.3.2) Let E = lim. E, be the inverse limit
of topological algebras E,, and let B be a subalgebra of E. Then

B = ﬁf;l(fa<B)) = lgnfa(B

~—

)

where the maps f, are defined as in Definition 1.4.5. In particular, if B is

closed,

B =lim fo(B) = liinm.

We say that a topological algebra A is locally m-convez if its topology can
be defined by a family of sub-multiplicative seminorms {p,} which separate
the points of A. Observe that a locally m-convex topological algebra is always
locally convex. If, in addition, A is a complete *-algebra and p,(z*x) =
pa(x)? for every a and x € A, we refer to the seminorms p, as C*-seminorms
and we call A a locally C*-algebra. Obviously, all C*-algebras are locally
C*-algebras. An example of a non-commutative locally C*-algebra can be
found in Chapter 7.

Theorem 1.4.5 ([73], Proposition 1.1.6) If A is a locally m-convex topolog-

ical algebra, then the multiplication on A is jointly continuous.

Theorem 1.4.6 ([88], p. 169, Folgerung 5.4) Let A be a locally C*-algebra
with a family (p,) of C*-seminorms defining the topology of A. Then A =
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lim. (A/N,) within a topological-algebraic *-isomorphism, where N, = {x €
A : po(z) = 0} for each o, and the connecting map fos : A/Ng — A/N, is
defined by fo3(z+ Ng) = x+ N, whenever a < 3. Furthermore, every A/N,
is a C*-algebra with respect to the norm defined by po(x + Nu) = pa(x) for

every x.

The representation A = lim. (A/N,) of Theorem 1.4.6 is sometimes re-
ferred to as the Arens-Michael decomposition of A (for example, as in [49]
and [73]).

If (po) is a family of C*-seminorms defining the topology of a locally
C*-algebra A, then we put As = {z € A : sup, pa(z) < c0}.

Theorem 1.4.7 (/88], Satz 3.1) Let A be a locally C*-algebra and let (p,) be
a family of C*-seminorms defining the topology of A, and Ay the set defined

above. The following statements are equivalent:
(i) x € As,

(it) if vy = 3(x + x*) and vy = 5-(x — x*), then Sp (x;,A) is a bounded
subset of R forv=1,2.

Theorem 1.4.7 clearly implies that A is independent of the choice of
family of C*-seminorms defining the topology of A.

Theorem 1.4.8 ([8], Theorem 2.3, or [88], Satz 3.1) If A is a locally C*-
algebra with Ag as above, then Ag is a C*-algebra with norm ||.|| defined as

|z|| = sup, pa(z) for every x € A,. Furthermore, Ay is dense in A.

Proposition 1.4.9 (/81], Proposition 1.11(5)) If A is a locally C*-algebra,
then Sp (x, As) = Sp (z, A) for every x € As.

Theorem 1.4.10 (/81], Corollary 1.13) If A and B are *-isomorphic locally
C*-algebras, then As and By are *-isomorphic as C*-algebras.
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Recall that a character on a topological algebra A is a nonzero algebra
homomorphism of A into the complex field. Any commutative complete
locally m-convex topological algebra A has at least one continuous character:

Take a € A with a = 1. Since
p (z,A) = {f(z) : f a continuous character on A}

for every x € A ([15], 4:10-8), and Sp (a,.A) = {1}, it follows that A has at

least one continuous character.

1.4.2 GB*-algebras

The following definition appears in [40] and [41]. For a unital topological
*-algebra A, define C to be the collection of all subsets B of A such that

(i) B is closed and bounded, and
(ii) 1€ B, B*C B, B* = B.

Now let Cy denote the collection of all those B € C which are absolutely
convex ([5], [6]). If, for each B € Cy, A(B) = {\x : A € C,z € B} is a
Banach algebra with respect to the Minkowski functional of B, and A is
locally convex, we say that A is pseudo-complete ([5], Definition 2.5). An
element = of A is bounded if there exists a nonzero A € C such that the set
{(Ax)* :n =1,2,...} is a bounded subset of A ([5], Definition 2.1, and [40],
p. 694).

Definition 1.4.11 ([41], Definition 7.1) Let A be a topological *-algebra with
identity 1. Suppose that there is a subalgebra Ay, of A which is a C*-algebra
in some norm, and such that (1 + x*z)~1 € A, for every v € A. If the unit

ball By of Ay is the greatest member of C with respect to set inclusion, then
A is called a GB*-algebra.

Observe that the C*-algebra A, in Definition 1.4.11 is unique. For if A}
were another C*-algebra with the properties in Definition 1.4.11, then the
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largest member By of C is the unit ball of Aj. Hence A, = A} since every
Banach algebra is the linear span of its unit ball.

The C*-algebra A, in Definition 1.4.11 will often be called the underlying
C*-algebra of the GB*-algebra A.

Another notion of GB*-algebra is [40], Definition 2.5. It can be shown
that this definition coincides with that of Definition 1.4.11. A more restricted
type of GB*-algebra was considered by Allan in [6].

Since A, is the linear span of its unit ball By, ie. A, = A(By), the
Minkowski functional [.|] on A, defines a norm on A, in such a way that
(Ap, |I.]|) is a C*-algebra ([40], p. 694-695). Since By is a bounded subset of
A, it is easily seen that the GB*-topology restricted to A, is weaker than the
topology on A, defined by ||.||.

Lemma 1.4.12 (6], p. 95) Every locally C*-algebra A is a GB*-algebra
with Ay, = As.

Examples of GB*-algebras which are not locally C*-algebras is Example
3.3.3. Another example of a GB*-algebra which is not generally a locally C*
algebra can be found in Section 1.5 of this chapter (see Theorem 1.5.29).

We denote the one point compactification of C by C*. In [40], Defini-
tion 4.7, Dixon calls a collection F' of continuous C*-valued functions on a
topological space X a *-algebra of functions if the following conditions are
satisfied:

(i) each f € F takes the value co on at most a nowhere dense subset of
X.

Y

(ii) F is a *-algebra of functions under the operations Af, f + ¢, fg and f*
(f,g € F,A € C). These operations are defined pointwise on a dense
subset of X where all the values involved are finite, and extending to

obtain continuous C*-valued functions on M.

Theorem 1.4.13 ([40], Theorem 4.6) If A is a GB*-algebra and My is the
set of all characters on Ay, then the Gelfand isomorphism of Ay onto C(My)
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extends uniquely to an isomorphism of A onto a *-algebra of functions on
M.

Lemma 1.4.14 ([{0], Lemma 4.10) Let A be a GB*-algebra and x a normal
element of A. If C' is a mazimal commutative *-subalgebra of A containing

x, then C', with the induced subspace topology, is a GB*-algebra.
Lemma 1.4.15 If A is GB*-algebra and p is a projection in A, then p € A,.

Proof. Let p € A be a projection. Since p is normal, it follows from
Lemma 1.4.14 that p generates a commutative GB*-algebra B. Let M, de-
note the set of all characters on B,. By Theorem 1.4.13, B is *-isomorphic
to a *-algebra of functions on My and By is *-isomorphic to C'(M;). Since
(1+p)~t = (1+pp)~"' € By, it follows from standard arguments that
peEB, CA. V

The following proposition is known to hold for commutative locally convex
GB*-algebras ([6], Lemma 3.2), and, by Theorem 1.4.13, carries over to all

commutative GB*-algebras with exactly the same proof.

Proposition 1.4.16 If A is a commutative GB*-algebra, then x(1+z*z)™! €
Ay for every x € A.

Theorem 1.4.17 ([26], Theorem 2) If A is a GB*-algebra, then Ay is se-

quentially dense in A.

Theorem 1.4.18 (/26], Proposition 3) If A is a complete locally m-convex
algebra which is a GB*-algebra, then A is a locally C*-algebra.

Lemma 1.4.19 (/5], Proposition 2.6) If A is a sequentially complete locally

convex topological algebra, then A is pseudo-complete.

Lemma 1.4.20 (/5], Corollary 4.2) If A is a pseudo-complete locally convex
topological algebra with continuous inversion, then x € A is bounded if and
only if Sp (x, A) is a bounded subset of C.
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Proposition 1.4.21 (//0], Proposition 5.1) If x is a positive element of a
GB*-algebra A, then there exists a unique positive element y € A such that

x = y>

Proposition 1.4.22 ([40], Theorem 6.7 and Corollary 6.8) If x is a nonzero
positive element of a locally convex GB*-algebra A, then there exists a positive
linear form f on A such that f(x) > 0. If 0 # x € A is not positive, then
there is a positive linear form f on A such that f(z) < 0.

1.5 The algebra M

The study of non-commutative integration was initiated by Segal in [89].

Definition 1.5.1 (/89], Definition 2.1) Let H be a Hilbert space. A subspace
E of H is strongly dense in H if uE = E for all unitary operators u € M’,
and there exists a sequence of projections (p,) in M such that p,(H) C E
for every n, 1 — p, is finite for everyn, and 1 —p, | 0.

An (unbounded) operator x is called measurable if x is affiliated with M
and has a strongly dense domain. Let S(M) denote the set of measurable
operators affiliated with M.

Proposition 1.5.2 (/89], Corollary 5.2) S(M) is a *-algebra under strong
sum, strong product, the usual adjunction and scalar multiplication, except
that if A\ =0 and x € S(M), then Az is defined to be the everywhere defined

zero operator on the underlying Hilbert space H.

Theorem 1.5.3 (/89], Theorem 2) Let M be a commutative von Neumann
algebra. Then, by Theorem 1.2.1, M = L. (X,3,u) for some localizable
measure space (X, %, 1), and x € S(M) if and only if © can be identified
with a multiplication operator My for some f € Lo(X, X, p).

We now introduce the notion of measurability which is most important

to us in this thesis, namely that of measurability with respect to a trace.
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For the remainder of this section, M will denote a semifinite von Neu-
mann algebra equipped with a faithful semifinite normal trace T, and ‘H will

denote the underlying Hilbert space of M.

Definition 1.5.4 ([47], Definition 2.1) Let E be a subspace of H. We say
that E is T-dense in 'H if for every § > 0, there exists a projection p € M
such that pH C E and 7(1 — p) < 6.

An unbounded operator x is said to be T-measurable if v € U(M) and
D(x) is T-dense in H.

The set of T-measurable operators affiliated with M wnll be denoted by

M.

Proposition 1.5.5 ([47], p. 271; [89], Corollary 4.1) If 7(1) < oo, then
M = UM). For any finite von Neumann algebra M, one has S(M) =
UM).

Theorem 1.5.6 ([47], p. 272) Let €,6 > 0 and let M(e,8) denote the set
{x € M: thereisap € M, such that pH C D(z), ||zp|| <€, 7(1 —p) < d}

The sets {Mv(e, d) : €,0 > 0} form a system of basic neighbourhoods of

zero for a topology on /T/l/, called the topology of convergence in measure on

M.

Theorem 1.5.7 ([47], p. 272) M is a *~algebra under strong sum, strong
product, scalar multiplication and ordinary adjunction. Furthermore, when
equipped with the topology of convergence in measure, Misa complete metriz-
able topological *-algebra. Lastly, M is dense in M with respect to the topol-

0gy of convergence in measure.

It is now immediate from Theorem 1.4.1 that the multiplication on M is
jointly continuous.

Throughout this thesis, we will denote the topology of convergence in
measure on M by Yem- In the sequel, unless stated otherwise, if x,y € ./T/l/, we
will write x+y and xy to mean the strong sum and strong product respectively

of x and y.
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Example 1.5.8 Let M be a commutative von Neumann algebra. Then,
by Theorem 1.2.1, M = L. (X,%, u) for some localizable measure space
(X,%, ). One can easily verify that the restriction of the topology of con-
vergence in measure to M is the familiar topology of convergence in measure
on L (X, %, ). By taking completions, we find that M is topologically
*_isomorphic to EOO(X, ¥ou).

Example 1.5.9 ([47], p. 271) Let M = B(H), where H is a Hilbert space,
and let 7 denote the diagonal trace on B(H) (Example 1.2.3(ii)). Then

—~

M= M.

Another name for the topology of convergence in measure is the measure

topology. We will use these two terms interchangeably.

Theorem 1.5.10 (/94], Theorem 2.3(i)) Let p € M, and 7, = T|prp)+-
Then T, is a faithful semifinite normal trace on pMp. Furthermore, p//\\/l/p =

p//\/lvp, where p/./\% is the algebra of T,-measurable operators affiliated with
pMp.

Proposition 1.5.11 (/94], Examples 2.2(3)) The following statements are

equivalent.
(i) M =M.
(ii) inf{7(p) : 0 #p e M,} > 0.

(i1i) The topology of convergence in measure coincides with the norm topol-

0gqYy.

Proposition 1.5.12 (//3], Proposition 1.4) The set of positive elements in

M is closed with respect to the topology of convergence in measure.

The following concept is an extension of the decreasing rearrangement of

a measurable function (Definition 1.1.5).
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Definition 1.5.13 ([47], Definition 2.1) Let x € M and t > 0. The gener-
alized singular function of x, denoted by p;(x), is defined by

pe(z) = inf{||zp| :p € My, pH C D(z), and 7(1 —p) < t}
= inf{# > 0: dp(|z|) < t}.

Observe that p;(z) is decreasing as a function of ¢, so that lim;_ ()
exists, it is denoted by fioo(z) ([94], p. 74).

Proposition 1.5.14 ([47], Lemma 2.5) Let x,y,z € M. The following
statements hold for every t > 0.

(i) () < lle]l

(11) p(x) =0 if and only if x = 0.

(111) p(ax) = |a|w(x) for all a € C.

(iv) 0 <z <y implies that () < pe(y).

(v) py,(x +y) < pg, () + e, (y) for all ty,to > 0.
(vi) sty (2y) < pin, () by (y) for all 1,1 > 0.

(vit) pe(xyz) < ||z||ue(y)||z]|, where the cases ||z|| = oo and ||ly|| = oo are

allowed.
(viii) pu(*) = pu ().
The following result can be found in the proof of [94], Theorem 2.3.

Lemma 1.5.15 (/94], p. 77) Let x € M and p € M,. If we denote the
generalized singular function of pxp in pﬂp (respectively x in M} by 1 (pzp)
(respectively p(x)), then p(prp) = p(x) for every t > 0.

Lemma 1.5.16 (/47/, Lemma 3.1)
Mv(e, e)={x € M : pe(r) < €}

Consequently, if (z,) is a sequence in M and z € M, then x, — x(Vem) if

and only if for every t >0, u(x, —x) — 0 as n — oo.
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By Proposition 1.5.14(i) and Lemma 1.5.16, the measure topology of M
restricted to M is weaker than the norm topology of M.

Definition 1.5.17 ([94], p. 75) Let = € M. We say that = is T-compact if
foo(z) = limy—oo pie(z) = 0. The set of T-compact operators will be denoted

by //\;ljo.

If M = B(H), then M, is the ideal of compact operators of B(H) ([94],
Examples 2.2).

Lemma 1.5.18 (/94/, p. 75)
(i) The set My is a Yem-closed two-sided ideal of M.
(i1) If p e M, then p € M, if and only if T(p) < oco.

Theorem 1.5.19 (/94], Theorem 3.5) Let My = MoNM. Then, if M/ M,
is equipped with the quotient norm, it is a C*-algebra. If /\A/l////\% 15 equipped
with the norm fi defined by fio(x + ./\/;l/o) = loo(x),x € M, then .K\/l////\/l\lg is
isometrically *-isomorphic to M /My, and hence /T/l///f\;l/o is a C*-algebra.

Theorem 1.5.20 (/}4/, Theorem 1.1) The map = +— ERT Yem — Yem CONEIN-
uous on the positive cone of M. Consequently, the map x +— || 1S Yem — Yem

continuous on M.

Theorem 1.5.21 ([100], Theorem 2.1) Let Z be a ~Yem,-closed two-sided ideal
ofﬂ. Then TNM is a norm closed two-sided ideal of M andZ =T N M ",

Our discussion will now turn to M as a topological *-algebra.

Theorem 1.5.22 (/34], Theorem 1.5.1) If the measure topology on M is

locally convex, then M, is atomic.

Theorem 1.5.23 (/34], Corollary 1.5.7) Let (X, %, u) be a localizable mea-

sure space. The following statements are equivalent.
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(i) The topology of convergence in measure on ZOO(X, ¥, 1) is locally con-

veg.
(11) (X,%, 1) is an atomic measure space and
inf{u(A): Ae 3, ulA)#0} >0, or
(X, X, 1) is an atomic measure space,
inf{u(A) : A€ X, p(A)#0} =0,

and there exists K > 0 such that

> u(A) < oo,

where the summation is taken over all atoms A € ¥ with u(A) < K.

Let (X, 3, ) be a localizable atomic measure space with inf{u(A): A €
Y, u(A) # 0} = 0 such that there exists K > 0 with > u(A) < oo, where
the summation is taken over all atoms A with u(A) < K. There are at most
countably many atoms A with u(A) < K. The set of all such atoms can be
written as a sequence (A4,) with u(A,) | 0 ([34], p. 29). Let E = U2, A,.
Define ¥ = {A € X : u(A) < K} and pug = p|g. We define ¥x\g and px\g

is a similar manner ([34], p. 29).

Theorem 1.5.24 ([34], Theorem 1.7.1) Let (X, X, u) be a localizable atomic

measure space with
inf{u(A): AeX, plA)#0}=0

such that there exists K > 0 with Y u(A) < oo, where the summation is
taken over all atoms A with u(A) < K. Then

(Zoo(X,EaH),%m> = <L0(E, EE,ME),’Yp>@<Loo(X\E, EX\Ea,“X\E)» HHoo)a

where v, denotes the pointwise topology on Lo(E, Xk, pr) and ||.||« the es-

sential supremum norm.
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Theorem 1.5.25 ([34/, Theorem 4.5.1) If M,, is non-atomic, then the dual
ofﬁo 15 trivial.

Theorem 1.5.26 If M is commutative and locally convex with respect to the
measure topology, then M is a locally C*-algebra with respect to the measure

topology.

Proof. We can identity M with ZOO(X , 2, pu) for some localizable measure
space (X, X, u) (Example 1.5.8). If EOO(X,Z,M) = Loo(X,%, ), then it is
obvious that Lo (X, X, 1) is a (locally) C*-algebra.

Consider the case ZOO(X, Y1) # Loo(X, %, p). Then, since ZOO(X, X1
is locally convex, it follows from Proposition 1.5.11, Corollary 1.5.23 and
Theorem 1.5.24 that

(ZOO(X,Z,M),%m> = (LO(E7 EE::ME)v’)/p)@(LOO(X\Ev EX\E:MX\E)) ||HOO>

For each n, let p,(f) = |f(An)| + | fxx\&| for every f € Loo(X, 3, ). Tt
can be shown that the p,, are a family of C*-seminorms defining the measure
topology of EOO(X, Sop). V

Lemma 1.5.27 Ifz € Mv, then 1+ z*z is invertible in M.

Proof. For the purposes of this proof only, we distinguish between the
ordinary sum z + y, the strong sum x + y, the ordinary product xy and the
strong product Ty of x and y, where x,y € M.

Let y = 1+ z*z with x € M. Recall that z*z is self-adjoint and thus
closed (see Proposition 1.3.1). So z*z € M and y is closed, since the sum of
a bounded operator and a closed operator is closed. Therefore y € M since
z*r and 1 are in M. It is easily verified that y is self-adjoint.

By Proposition 1.3.1, there exists z € B(H) such that zy C yz = 1. Since
y is self-adjoint, there is a smallest von Neumann algebra A with which y
is affiliated, and A is commutative (Theorem 1.3.9). Hence A C M C M.
Therefore, by [63], p.357, z € A and thus z € M. Tt follows from Theorem
1.3.6 that 2y = 7z. So zy = yz = 1 = 1, and so y is invertible in M.V
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The next lemma is needed in the proof of Theorem 1.5.29 below, and

appears in the proof of [41], Theorem 7.3. We give the proof for completeness.

Lemma 1.5.28 Let & € M such that x*z is not in the unit ball of M.
Then there ezists k > 1 and ¢ € M, such that ||(z*x)" || > k"||¢|| for all
v € q(H) and for all n € N.

Proof. By the spectral theorem, we may write z*z = [ Adey. Let k > 0
and ¢ = 1 — eg, where ey, = ey(z*z) for every A > 0. If A < k, then
exqg = ex(1 —ex) = 0. Clearly, A" > k" if A\ > k. Therefore, if ¢ € q(H), it
follows that, for n € N,

ool = [ Xratead.v)

R

- /mxﬁﬂwmw>

k

Z an/ d(@ﬂﬁﬂﬂ)

= K", ¥) = (ext),¥))
i

Thus ||(z*x)"|| > k™||1|| for all b € q(H). Since xz*z is not in the unit ball
of M, we can choose k > 1. V

The proof of Theorem 1.5.29 below is a slight modification of part of the
proof of [41], Theorem 7.3, in that Dixon’s proof uses the dimension function

and we use the trace. We use the same notation as in Section 1.4.
Theorem 1.5.29 M is a GB*-algebra with (M), = M.

Proof. By Lemma 1.5.27, (1 +2*z)~' € M for every z € M. We will show
that the unit ball By of M is the greatest member of the corresponding class
of sets C defined in Section 1.4.

Let B € C. We show first that if x € B, then x € By. Suppose that
x ¢ By. Then, by considering the polar decomposition = = v(m*x)% of x, it

follows that *x ¢ Bj. By Lemma 1.5.28, there exists k£ > 1 and ¢ € M,, such
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that [|(z*x)"|| > E"™||¢|| for all ¢ € ¢(H) and for all n € N. Since 7 is faithful
and ¢ # 0, we have 7(q) > 0, say 7(¢q) > > 0. Let ¢ = §. Since z € B € C,
it follows that {(z*z)" : n = 1,2,...} C B. By the 7.,-boundedness of B,
there exists a > 0 such that {(z*z)" : n =1,2,...} C aM(e, €) = M(ae, ).
Hence, for each n = 1,2,..., there exists a projection p, € M such that
|(z*2)"p,|| < ae and 7(1 — p,,) < e.

Suppose that p,(H) N q(H) = {0} for some n. Then, by Proposition
1.2.4(iii), 7(¢) < 7(1 = pn) < € = § < r < 7(¢q). This is a contradiction.
Hence p,(H) Ng(H) # {0} for every n =1,2,.. ..

Therefore for each n, there exists 0 # v, € p,(H) N q(H). Without
loss of generality, ||¢,| = 1. Since ¥, € p,(H), ¥, = pn(¥,) and thus
[z )" (Wn)ll = [[(z"2)" (P (@)l < [[(z"2)"pall < ae for all n. Since
n € q(H), it follows that [|(z*x)"(¢y,)|| > k™. A contradiction results for
sufficiently large n. Hence = € By. Hence B C By for every B € C.

It remains to show that By € C. Certainly, By ™" is Yem-closed. Let
6 > 0. Then Mv(é, d) N M is a 7.pm-neighbourhood of 0 € M. Since the
restriction of the measure topology to M is weaker than the norm topology
on M, M((S, d) N M is a neighbourhood of zero with respect to the norm
topology on M. Since By is a bounded subset of M with respect to the
norm topology of M, it follows that there exists A > 0 such that By C
AM(8,8) N M) C A(M(6,8). Hence By, and thus By ™™, is Yem-bounded.
Since 1 € By, B C By and B = By, the same holds for By ™. Tt follows
that B, " € C. From what we have proved in the previous paragraph,
By ™ C By. Thus By ™ = By. Hence By €C. V

Theorem 1.5.30 M is semi-simple, i.c. the (Jacobson) radical Rad(ﬂ) of

M s zero.

Proof. Since Rad(M) N M is a two-sided ideal of M, it follows from

—

Proposition 1.2.11 that Rad(M) N M is self-adjoint. Assume that 0 # x €

—~ —

Rad(M) N M. Then 0 # 2* € Rad(M) N M. Therefore y, = 3(z + 2*) €

Rad(M) N M and y, = 5-(z — 2*) € Rad(M) N M. Since = # 0, it follows
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that at least one of y; and y, are nonzero, implying that Rad(M) N M has

at least one nonzero self-adjoint element.

Let a be a nonzero self-adjoint element of Rad(M) N M. Then, by the
spectral theorem, a has a spectral resolution {ey(a) : A € R}.

Suppose that ey (a) = 0 for every A < 0, and 1—e,(a) = 0 for every A > 0,
i.e. ex(a) =1 for every A > 0. By the spectral theorem, eg(a) = Axspex(a) =
1. Hence, for every A € R, ey(a) = 0 or ey(a) = 1. It follows from the
spectral theorem that a = 0 or a = Al for some 0 # A € R. But a # 0 by

assumption. So a = Al for some 0 # A € R. Since a € Rad(M) N M and

A # 0, it follows that 1 € Rad(M) N .M, which is a contradiction. Therefore,
either there exists A < 0 such that ey(a) # 0, or there exists A > 0 such that

1 —ex(a) #0.
By Proposition 1.3.12, it follows that e,(a) € Rad(M)NM for every A <

0 and 1 —ey(a) € Rad(M)NM for every A > 0. Thus Rad(M)NM contains

at least one nonzero projection. But Rad(M) has no nonzero projections.
This is a contradiction, implying that Rad(M) N M = {0}.

Now let x € Rad(M). By Proposition 1.3.1, x(1 4+ z*z)~! is a bounded
everywhere defined operator. Recall that (1+ z*z)~! € M. Therefore, since

z(1 + x*z)~! is affiliated with M, z(1 + z*z)~' € Rad(M) N M. Hence

z(1 + z*z)~' = 0 from what we have proved above. Thus z = 0, implying

that Rad(M) = {0}. V
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Chapter 2

Jordan homomorphisms and
derivations on operator

algebras

In this chapter, we give a brief survey of known results on Jordan homo-
morphisms and derivations on C*-algebras and von Neumann algebras. No
proofs will therefore be given. All algebras are assumed to have a unit element

unless otherwise stated.

2.1 Jordan homomorphisms and invertibility

preserving linear maps of algebras

Definition 2.1.1 Let A and B be algebras, and ¢ : A — B a linear map. We
say that ¢ is an algebra homomorphism (respectively algebra anti-homomor-
phism ) if p(wy) = d(x)@(y) (respectively p(xy) = ¢(y)d(x)) for every x,y €
A. The map ¢ is called a Jordan homomorphism if ¢(x?) = ¢(z)? for every
x e A

If ¢ is a bijective algebra homomorphism (respectively bijective algebra
anti-homomorphism), then ¢ will be called an algebra isomorphism (respec-

tiwely algebra anti-isomorphism). We call ¢ a Jordan isomorphism if ¢ is a
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bijective Jordan homomorphism.

Lemma 2.1.2 ([91], p. 13) Let A and B be algebras. Then a linear map
¢ A — Bis a Jordan homomorphism if and only if p(xy+yz) = () d(y)+
o(y)¢(x) for all z,y € A.

Proposition 2.1.3 (/59], p. 50) If Ry and Ry are rings and ¢ : R1 — Ro
2
is a Jordan homomorphism, then qb((xy - yx)2> = (qb(x)(b(y) - (b(y)gb(:c)> :

The proofs of the following two propositions are contained in the proof

of the corollary on p. 190 in [29].

Proposition 2.1.4 (/29], p. 190) Let A and B be algebras and suppose that
¢ A — B is an idempotent preserving linear map. If x = X7 \ip;, where \;
(i=1,...,n) are complex scalars and p; (i =1,...,n) are idempotents in A
such that p;p; = pipi = 0 for alli # j (i, =1,...,n), then ¢(z%) = ¢(x)?.

Proposition 2.1.5 (/29], p. 190) Let A be a *-algebra, B an algebra and
¢ : A— B alinear map. If ¢(x?) = ¢(x)? for all self-adjoint elements of A,

then ¢ is a Jordan homomorphism.

We say that a linear map ¢ : A — B between algebras A and B preserves
commutativity if we have that ¢(z)¢(y) = ¢(y)p(x) whenever xy = yx with
x,y € A. For example, every algebra homomorphism and algebra anti-

homomorphism between algebras preserves commutativity.

Theorem 2.1.6 (/59], Corollary 1) Let Ry and Rs be rings and ¢ : Ry —
Ry a Jordan homomorphism. Then ¢ preserves commutativity provided that

the ring generated by ¢(R1) has no nonzero nilpotent elements in its centre.

It should be emphasized that Jordan homomorphisms need not be algebra
homomorphisms nor algebra anti-homomorphisms. This will be illustrated

in the following example.
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Example 2.1.7 ([11], p. 918) Let A= B = M>(C)&M,(C) and ¢ : A — B
a linear map defined by ¢(x,y) = ¢(x,y") for every z,y € A, where y* de-
notes the transpose of y. Then it can be shown that ¢ is a Jordan homo-
morphism and that ¢ is neither an algebra homomorphism nor an algebra

anti-homomorphism.

Theorem 2.1.8 (/54], Theorem 3.1) Let Ry be a ring and Ro a prime ring.
Then every Jordan homomorphism of Ry onto Ry is an algebra homomor-

phism or an algebra anti-homomorphism.

We say that a nonzero linear functional f on an algebra A is a Jordan
functional if f is a Jordan homomorphism. A linear functional f on an
algebra A will be called a character if f is a nonzero multiplicative linear

functional on A, i.e. f(xy) = f(z)f(y) for every z,y € A.

Proposition 2.1.9 (/27], Proposition 16.6) Every Jordan functional on an

algebra 1s a character.

Definition 2.1.10 Let A and B be algebras with unit elements 1 and 1’
respectively. A linear map ¢ : A — B is called unital if p(1) = 1'.

Definition 2.1.11 If A and B are unital algebras, then a linear map ¢ :
A — B is said to be invertibility preserving if ¢(x) is an invertible element

of B whenever x is an invertible element of A.

Proposition 2.1.12 (/91], Proposition 1.3) Let A and B be algebras. If
¢ : A — B is a Jordan homomorphism whose range contains the unit element

of B, then ¢ is invertibility preserving.

In particular, any surjective Jordan homomorphism between algebras is

invertibility preserving.

Lemma 2.1.13 (/29], p. 187) Let A and B be algebras. A unital linear map
¢ A — B is invertibility preserving if and only if Sp (¢(x),B) C Sp (z,.A)
for all x € A.
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Definition 2.1.14 A linear map ¢ : A — B between algebras A and B is
spectrum preserving if and only if Sp (¢(x),B) = Sp (x, A) for every x € A.

Proposition 2.1.15 ([75], p. 266) Let ¢ : A — B be a surjective linear map

between Banach algebras A and B. The following statements are equivalent.
(i) ¢ is spectrum preserving.

(i1) ¢ is unital and ¢(x) is an invertible element of B if and only if x is an

invertible element of A.

2.2 Jordan homomorphisms of operator alge-

bras

It follows from Proposition 2.1.12 that every unital Jordan homomorphism
between algebras is invertibility preserving. This motivated 1. Kaplansky
to raise the question as to when unital linear invertibility preserving maps
between unital algebras are Jordan homomorphisms ([29]). Kaplansky’s orig-
inal question was also motivated by the following results of Gleason, Kahane

and Zelazko as well as of Marcus and Purves given below.

Theorem 2.2.1 (Gleason-Kahane-Zelazko) ([/10], Theorem 4.1.1, [64])
Let A be a Banach algebra and f a nonzero continuous linear functional on
A. Then f is a character on A if and only if f(x) € Sp (x,A) for each
rxe A

It follows from Theorem 2.2.1 and Lemma 2.1.13 that if f is a unital
invertibility preserving linear functional on a Banach algebra A, then f is a

character on A.

Theorem 2.2.2 (Marcus-Purves) ([7//, Theorem 2.1) Suppose that ¢ :
M, (C) — M, (C) is a unital invertibility preserving linear map. Then ¢ is
either of the form ¢(z) = axa™ or ¢(x) = axta™" for some invertible matriz

a, where xt denotes the transpose of the matriz x.
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With the additional help of all known counter examples, the following

conjecture seems to be reasonable ([29]):

Conjecture: Let ¢ : A — B be a unital bijective invertibility preserving
linear map between semi-simple Banach algebras A and B. Then ¢ is a Jor-

dan isomorphism.

One can ask an easier question than that which the conjecture raises: Let
A and B be semi-simple Banach algebras, and let ¢ : A — B be a surjective
unital linear map having the property that ¢(x) is an invertible element of B
exactly when x is an invertible element of A. Is it true that ¢ is a Jordan
isomorphism?

In light of Proposition 2.1.15, we can rephrase this question as follows: Let
A and B be semi-simple Banach algebras, and let ¢ : A — B be a surjective

spectrum preserving linear map. Is it true that ¢ is a Jordan isomorphism?

Theorem 2.2.3 (/64], Theorem 4) Let A be a Banach algebra and B a com-
mutative semi-simple Banach algebra. If ¢ : A — B is a unital linear invert-

wility preserving linear map, then ¢ s an algebra homomorphism.

The above conjecture can now be rephrased as asking whether the com-
mutativity assumption in Theorem 2.2.3 can be dropped if one makes the
additional assumption that A, in Theorem 2.2.3, be semi-simple.

We now give some affirmative answers to the above conjecture in the

context of C*-algebras and von Neumann algebras.

Theorem 2.2.4 (/32], Theorem 6) Let A and B be C*-algebras. Every unital
surjective self-adjoint invertibility preserving linear map ¢ : A — B is a

Jordan homomorphism.

In light of the conjecture, it would be interesting to know if the self-
adjointness of ¢ in Theorem 2.2.4 can be removed if one makes the additional

assumption that ¢ is injective. In 2000, B. Aupetit provided an answer to
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the above question regarding spectrum preserving linear mappings, which is

the following result.

Theorem 2.2.5 (/11], Theorem 1.8 and Remark 2.7) Let A be a von Neu-
mann algebra and B a semi-simple Banach algebra. If ¢ : A — B is a unital

bijective invertibility preserving linear map, then ¢ is a Jordan isomorphism.

Theorem 2.2.6 ([46], Corollory 2) Let ¢ be a unital linear map of a C*-
algebra A into another C*-algebra B such that ¢ maps unitary elements of A

to unitary elements of B. Then ¢ is a Jordan homomorphism.

There is an interesting link between Jordan homomorphisms and the
Banach-Stone theorem, as pointed out by R. V. Kadison in [62]. First, recall
a version of the classical Banach-Stone theorem which says that a linear map
¢ : C(X) — C(Y) is an isometry of C(X) onto C(Y) if and only if ¢ is a
self-adjoint algebra isomorphism of C'(X) onto C(Y'). Here, C'(X) and C(Y))
denote the algebras of complex-valued continuous functions on X and Y re-
spectively, where X and Y are compact Hausdorff spaces. In 1951, bearing
in mind that commutative C*-algebras are up to *-isomorphism simply just
the C'(X)’s, Kadison extended the Banach-Stone result to generally noncom-
mutative C*-algebras, thereby obtaining a "noncommutative Banach-Stone
theorem” ([62]). This is the following result.

Theorem 2.2.7 (/62], Theorem 5 and Theorem 7) Let A and B be C*-
algebras and ¢ : A — B a unital surjective self-adjoint linear map. Then

@ is a Jordan isomorphism if and only if ¢ is an isometry.

Later, it was shown more generally by E. St¢rmer that every injective self-
adjoint Jordan homomorphism of one C*-algebra into another is an isometry
([92], Corollary 3.5).

Theorem 2.2.8 (/92], Lemma 3.2) Let ¢ be a self-adjoint Jordan homo-
morphism of a von Neumann algebra A into a C*-algebra B. Then there

exist orthogonal projections p and q in B with p + q = 1 such that the map
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&1 A — ¢(A)p, defined by x — ¢(x)p, and the map ¢ : A — ¢(A)q, de-
fined by x — ¢(x)q, is a self-adjoint algebra homomorphism and a self-adjoint

algebra anti-homomorphism respectively. Furthermore, ¢ = ¢1 + ¢ps.

Theorem 2.2.9 (/92/, Corollary 3.6) Let A and B be C*-algebras and ¢ :
A — B a self-adjoint Jordan homomorphism. Then ¢ is an algebra homo-
morphism if and only if there exists a > 0 such that ¢p(a*a) > ap(a*)p(a)
for alla € A.

2.3 Derivations on operator algebras

We begin by defining the key concept of this section, namely that of a deriva-

tion.

Definition 2.3.1 Let A be an algebra. A linear map D : A — A is called
a deriwation on A if D(xy) = xD(y) + D(x)y for every z,y € A. If, in

addition, D is self-adjoint, we say that D is a *-derivation on A.

Lemma 2.3.2 (/28], p. 229) Let D : A — A be a derivation on a *-algebra
A. Then D = Dy + iDy, where Dy (respectively D) is defined to be Dy =
$(D(z) + D(z*)*) for every x € A (respectively Dy(x) = o-(D(x) — D(x*)¥)
for every x € A). Furthermore Dy and Dy are *-derivations on A.

Let A be an algebra and a € A. If a linear map D : A — A is defined by
D(x) = ax — xa for every z € A, then it can easily be verified that D is a
derivation on A ([36], p. 116). Such derivations are called inner derivations
([36], p. 116). Observe that in a commutative algebra, a derivation is inner

if and only if it is the zero derivation.

Proposition 2.3.3 (/36]) Let A be an algebra and let us replace the usual

multiplication on A® A with a different (non-associative) multiplication de-
fined as follows:
(a,b)(u,v) = (au, av + bu)
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for all a,b,u,v € A. Let D be a derivation on A and define a linear map
0: A— Ad A by
0(x) = (z, D(x))

for every x € A. Then 0 is an algebra homomorphism with respect to the
newly defined multiplication on A @ A.

If, in addition, A is a topological algebra and A & A is equipped with
the corresponding product topology, then D is continuous if and only if 0 is

continuous.

Proposition 2.3.4 (/86], Lemma 4.1.2) The only derivation on a commu-

tative C*-algebra is the zero derivation.

Theorem 2.3.5 (/83], Theorem 2;/86], Lemma 4.1.3) Every derivation on
a C*-algebra A into a Banach A-module is continuous. In particular, every

derivation on a C*-algebra is continuous.

Theorem 2.3.6 (/86], Theorem 4.1.6) Every derivation D of a von Neu-
mann algebra is inner, i.e. there exists a € A such that D(x) = ax — xa for

every v € A.

Theorem 2.3.7 (/86/, Corollary 4.1.7) Let A be a C*-algebra on a Hilbert
space H. If D is a deriwation on A, then D is ultraweakly continuous and
there exists an element a € A, the ultraweak closure of A in B(H), such that

D(z) = ax — za for every x € A.

Example 2.3.8 (/86], Ezample 4.1.8) Consider the C*-algebra K (H) of all
compact operators on a separable Hilbert space H. For a € B(H), let D(z) =
ax — xa for every x € K(H). Then, since K(H) is a two-sided ideal of B(H),
D is a derivation on K (H), but it is not inner if a ¢ K(H) + Cly.
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Chapter 3

Jordan homomorphisms
between algebras of measurable

operators

Recall that all self-adjoint Jordan homomorphisms between C*-algebras are
continuous (Theorem 2.2.7). In particular, self-adjoint algebra homomor-
phisms between C*-algebras are continuous, in fact, norm reducing. Also,
every self-adjoint Jordan homomorphism between von Neumann algebras is
expressible as a sum of a self-adjoint algebra homomorphism and a self-
adjoint algebra anti-isomorphism (Theorem 2.2.8). Motivated by these re-
sults, we explore in this chapter, amongst other things, the extent to which
these results carry over to Jordan homomorphisms between algebras of mea-
surable operators.

In Section 3.1,we prove the automatic continuity of characters on com-
plete metrizable GB*-algebras. In Section 3.2, we show, amongst other
things, that every Jordan homomorphism between algebras of measurable op-
erators is Yem — Vem continuous. Some results about Jordan homomorphisms
between locally convex GB*-algebras are collected in Section 3.3. The main
result of Section 3.4 is that every self-adjoint Jordan homomorphism between

algebras of measurable operators can be expressed as a sum of a self-adjoint
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algebra homomorphism and a self-adjoint algebra anti-homomorphism. Sec-
tion 3.5 gives conditions under which Jordan homomorphisms between alge-
bras of measurable operators are algebra homomorphisms.

Throughout this chapter, the notation A (respectively g) will always
stand for the algebra of 74— (respectively 75—) measurable operators affili-
ated with a von Neumann algebra A (respectively B) equipped with a faithful

semifinite normal trace 74 (respectively 75).

3.1 Continuity of characters on complete metriz-

able GB*-algebras

In this section, we prove that all characters on M are measure continuous

(Corollary 3.1.5 below). We first give an example of a character on M.

Example 3.1.1 Recall from Section 1.4.1 that any commutative complete
locally m-convex topological algebra A has at least one continuous character.
In particular, if A is a commutative M which is locally convex with respect
to the topology of convergence in measure, then A is locally m-convex with
respect to the topology of convergence in measure (Theorem 1.5.26), and
therefore A has at least one ~.,,-continuous character.

Let (X, X, p) be a localizable measure space and A € ¥ an atom. The map
Gt Loo(X, S, 1) — C, defined as ¢p4(f) = f(A) for every f € Loo(X, 5, 1),
is a character on L (X, X, ). This makes sense since measurable functions

are constant on atoms.

Lemma 3.1.2 Let A be a unital *-algebra and x € A. If 14+x*x is invertible

in A, then —z*x is quasi-invertible in A.

Proof. Let x € A be such that 1 + x*x is invertible in A and let y =
(1 + z*x)"Y(z*z). Then (1 + z*r)y = z*x, i.e. y+ (z*x)y = x*x. Thus
—z*x +y — (—z*x)y = 0. This implies that —x*x is right quasi-invertible.
Similarly, —z*z is left quasi-invertible (simply take z = (z*z)(1 + z*z)™1).

Hence —z*x is quasi-invertible. V
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Theorem 3.1.3 ([79], Theorem 3) If A is a complete metrizable topological
*~algebra such that —x*x is quasi-invertible for every x € A, then every

character on A is continuous.

Proposition 3.1.4 FEvery Jordan functional on a complete metrizable GB*-

algebra A is continuous.

Proof. Let v € A. Since A is a GB*-algebra, 1 + z*x is invertible in A
and therefore, by Lemma 3.1.2, —x*z is quasi-invertible in A. This holds
for each € A. Any Jordan functional on a complex algebra is a character

(Proposition 2.1.9). The result follows from Theorem 3.1.3. V

Since M is a GB*-algebra (Theorem 1.5.29), the following corollary is an

immediate consequence of Proposition 3.1.4.

Corollary 3.1.5 Fvery Jordan functional on M is measure continuous.

3.2 Automatic continuity of Jordan homomor-
phisms

We begin this section with some examples of algebra homomorphisms be-
tween algebras of measurable operators. Let A be a von Neumann algebra
with a faithful finite normal trace 74 and denote the algebra of 74-measurable
operators by A Let M = Ms(A). Then one can define a faithful finite nor-
mal trace 7o on M by Tam((245)) = Ta(z11) +7a(z22), (2:5) € M (i,j =1,2).
Denoting the algebra of 7),-measurable operators by Mv, it follows from
Proposition 1.3.7 that

M =UM) =U(My(A)) = My(U(A)) = M(A).

Example 3.2.1 Let A and M be as in the previous remark. Given a self-
adjoint algebra homomorphism 6 : A — .Z, define a map ¢ : M= M by
o((wi;)) = (0(xi;)) for every (x;;) € M (i,j = 1,2). It can easily be verified
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that ¢ is a self-adjoint algebra homomorphism. If 6 is injective or surjective,
then so is ¢.

Example 3.2.2 ([97]) Let A and M be as in Example 3.2.1. Let p € A,.
The map ¢ : A — M defined as

gb(x):( pp pa(1—p) )

(I=plzp (1 —p)z(1—p)

is a self-adjoint algebra homomorphism.

Example 3.2.3 (/97]) Let A and M be as in Example 3.2.1. The map
gb . M/ — ./Z defined by ¢(($13>> = X111 + T12 + To1 + Ta9 is a self—adjoint

algebra homomorphism.

Theorem 3.2.4 ([71], p. 951) Let (X1,%1, 1) and (Xo, X9, o) be finite
measure spaces, with Xy a separable complete metric space and p(X,) = 1.
A linear map T = Lo(Xy, 31, 1) — Lo(Xa, 2o, f12) 98 Yem — Yem continuous if
and only if T is of the form

T(f)(t) =32,0:(t) f(Pi(t)), for almost every t € Xy, where

(i) ¢; is a sequence of elements in Lo(Xa, Yo, o) such that po({t : ¢;(t) #
0 for infinitely many i}) = 0;

(1) ®; 1 Xo — X1 is a sequence of mappings such that for each i and for
each A € ¥y, ;1 (A) € Sy (the completion of ¥3) and ®;1(A) N {t :

¢i(t) # 0} is a set of po-measure zero whenever A is a set of j11-measure

ZET0.

Example 3.2.5 Let p and X denote the Lebesgue measure and the Lebesgue
sigma-algebra of [0, 1] respectively, and let (X, 2, A) be a finite measure space.
In this case, Loo(X,Q,A) = Lo(X, 2, \) and Loo([0,1]) = Lo([0,1]). Let (A;)
be a sequence of disjoint measurable subsets of X. Define a linear map
¢ Loo([0,1], 5, 1) — Loo(X, 2, \) as follows:

G(f)(t) = BZ, f(Pi(t))xa, (1)
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for every f € zoo([O, 1], %, u), where ®; : X — [0, 1] is a sequence of mappings
such that, for each i and for each measurable subset A of [0,1], ®;*(A) € Q,
and ®; '(A)N A; has A-measure zero whenever A has Lebesgue measure zero.

We show that ¢ is a Jordan homomorphism. Let f € Zoo([O, 1], %, 1) and
t € X. Then

S(f*)(t) = T2 4 (Pi(t))xa, (1)
Now, if x4,(t) = 1 for some i € N, then x4, (t) = 0 for all j # 7. Therefore

SU0) = (SZF @D 1)) = D2 (@0) ()

Hence ¢ is a Jordan homomorphism.
It is easily verified that the conditions of Theorem 3.2.4 are met, so that

@ 1S Ve — Yem CONtinuous.

If  : A — B is a linear map between metrizable topological vector spaces
A and B, we define the separating space S(¢, B) of ¢ to be the set

{b € B : there is a sequence (z,) in A with z,, — 0 and ¢(x,,) — b}.

Recall that the closed graph theorem is valid for any complete metrizable
topological vector space ([69], p. 101). Therefore, if A and B are complete
metrizable topological vector spaces, the linear map ¢ is continuous if and
only if S(¢, B) = {0}. It is easily verifiable that S(¢, B) is a vector subspace
of B.

We now show that every self-adjoint Jordan homomorphism ¢ : A—B
iS Yem — Yem continuous (Theorem 3.2.8). For this, we require the following
two lemmas, in which M denotes the set of positive operators in M. The

proof of the following lemma is modelled along the lines of [52], Corollary

25C.

Lemma 3.2.6 Let (x,) be a sequence in M with z,, — 0 in measure. Then
there is a subsequence (y,,) of (z,) and ay € M such that 2"y, <y for all

n.
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Proof. Since M is metrizable, there is a subsequence (y,) of (z,,) such that
zn = 4"y, — 0 (Yem). Indeed, the metrizability of M implies that there
exists a countable 7.,-neighbourhood base {Uj, : k € N} of zero in M. Let
k € N. Since x,, — 0 (Ve ), there exists Ny € N such that z,, € 47*U,, for all
n > Ni. Without loss of generality, the sequence (Ny) is increasing. Hence
4%z, € NF_ U, for all n > Ni. Let yp = zy, for every k. Then 4Ry € NE_LU;
for every k. Therefore 4"y, — 0 (7Vem)-

Since M is complete, it follows that the Cauchy sequence (w,,) of positive
elements, defined by w, = X7_,27%2, for every n, converges to y, say, in the
measure topology. By Proposition 1.5.12, y > 0. Finally, it is evident that
2"y, <y for every n. V

The proof of our next lemma is similar to that [52], Proposition 25D.

Lemma 3.2.7 Let ¢ : A—Bbea positive linear map. If (z,) is a sequence
in M with z,, — 0 in measure, then there exists a subsequence (yn) of ()

such that ¢(y,) — 0 in measure.

Proof. By Lemma 3.2.6, there is a subsequence (y,) of (z,,) and a y € M+
such that 2"y, <y for every n. Since ¢ is positive, ¢(y,) < 27"¢(y) for all
n. Therefore, for every n, 0 < 1 (d(yn)) < 27"ui(¢(y)) for all ¢ > 0. Since
27"0(y) — 0 (Yem), it follows from Lemma 1.5.16 that ¢(y,) — 0 (Yem). V.

The following theorem is the main result of this section. For this, observe
that every self-adjoint Jordan homomorphism ¢ : A — B between GB*-
algebras A and B is positive: Let x € A be positive. By Proposition 1.4.21,
there exists a positive element y € A such that x = y?. Therefore, since ¢ is
a Jordan homomorphism, ¢(z) = ¢(y?) = ¢(y)*. Now ¢(y) is a self-adjoint
element in B, since ¢ is self-adjoint. Hence ¢(x) is a positive element in 5.
Recall from Theorem 1.5.29 that M is a GB*-algebra.

Theorem 3.2.8 Fvery self-adjoint Jordan homomorphism ¢ A — Bis

Yem — Yem CONLINUOUS.
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Proof. Let y € S(¢,B). Then there exists a sequence (z,) in A such
that x, — 0 (Vem) and ¢(z,) — ¥ (Yem). For every n, let Re(z,) = a, =
t(z, + ). Let Re(y) = 2 = 3(y + y*). Then a, — 0 (Ym) and ¢(a,) —
2 (Yem) since ¢ is self-adjoint. By Theorem 1.5.20, b, = |a,| — 0 (Yem)
and |¢(a,)| — |z] (Yem). Since ¢ is a self-adjoint Jordan homomorphism,
[6(an)® = ¢(an) d(an) = dlan)* = ¢(a7) = d(ayan) = ¢(b}) for every n.
Observe now that b2 — 0 (Yer) and ¢(b2) = |¢(a,)|> — |2]? = 2% (Yem) since
z is self-adjoint. By Lemma 3.2.7, there exists a subsequence (c,) of (b?) such
that ¢(c,) — 0 (Yem). Since ¢(b2) — 2% (Yem), it follows that ¢(c,) — 22
(Yem)- By uniqueness of limits, 22 = 0. Since z is self-adjoint, it follows from
the polar decomposition of z that z = 0.

Similarly, Im(y) = 2%(3/ —y*) = 0. Hence y = 0, implying that ¢ is

Yem — Yem continuous. V.

Let (X1,%1, p1) and (Xa, Yo, p2) be finite measure spaces with py(X;) =
1. By Theorem 3.2.8, a self-adjoint Jordan homomorphism ¢ : ZOO(Xl, X1, 1)
— EOO(XQ, Yo, ti9) is a map of the type described in Theorem 3.2.4 with the
added condition that X2, 0,(t) = <E§’§1¢i(t))2 almost everywhere.

There is an interesting link between Jordan homomorphisms and com-
position operators which we will now describe ([72]). Let (X, 3;, p;) be
o-finite measure spaces for i = 1,2. A linear operator C' : L,(Xy, ¥, 1) —
L, (Xa, %o, pia), where 0 < p < o0, is called a (generalized) composition oper-
ator if there is a Y € 3, and a measurable transformation 7 : Y — X (i.e.
T~(E) € ¥y whenever E € %) such that

(fo T)(z) ifzxeY
C(f)(x) = .
0 if e Xy \Y,
where f € L,(X1,%4, 1), and we write C' = Cr ([72]). In this definition,

one could even replace the L,-spaces with ZOO and still call C' a composition
operator. We say that T' is non-singular if (T~ (E)) = 0 whenever u(E) =
0, E € Xy ([72)).

Proposition 3.2.9 (/72], Proposition 2.1) The operator Cr : Loo(X1, X1, f11)
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— Loo(Xo, 30, u2) is a well defined bounded linear operator if and only if

T:Y — Xy 1s non-singular.

Proposition 3.2.10 (/72], Proposition 2.2) The operator Cr : Loo(X1, 21, pi1)
— ZOO(XQ, Yo, p2) is a well defined e — Yem continuous linear operator if

and only if T is non-singular and for every e > 0, there exists 6 > 0 such
that p (E) < & (E € 31) implies (uz o T1)(E) < e.

Just as in Proposition 3.2.9, the non-singularity condition of 7" in Propo-
sition 3.2.10 is there to ensure that Cp is well defined. Let Lo (X, X4, p)®
be the (real) algebra of real-valued functions in L. (X;, 3, 1), i@ = 1,2.
Since a bounded linear operator ¢ : Lo (X1, X1, p11)® — Loo(Xa, X, u2)® is
a composition operator if and only if ¢ is a Jordan homomorphism ([72],
Proposition 2.6), the automatic continuity of self-adjoint Jordan homomor-
phisms from one von Neumann algebra into another can be thought of as
a non-commutative version of Proposition 3.2.9, i.e. self-adjoint Jordan ho-
momorphisms between von Neumann algebras can be considered to be non-
commutative composition operators ([72]). The following result is due to L.

E. Labuschagne.

Theorem 3.2.11 ([72], Proposition 4.7) Let ¢ be a self-adjoint Jordan ho-
momorphism from a *-subalgebra D(¢p) of fT, containing all projections of

finite trace, into B. The following statements are equivalent.

(1) @ iS Yem — Yem continuous.

(i) ¢(D(p) N A) C B and for every € > 0, there exists 6 > 0 such that
78(¢(p)) < € whenever p € A, with T4(p) < 6. Furthermore, ¢|(p(g)na)

1S NOTM-norm continuous.

By Theorems 3.2.8 and 3.2.11, every self-adjoint Jordan homomorphism
¢ : A — B satisfies (i) of Theorem 3.2.11. By Proposition 3.2.10, one can
therefore regard every self-adjoint Jordan homomorphism ¢ : A= Basa

non-commutative composition operator.
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3.3 Jordan homomorphisms between locally

convex GB*-algebras

Lemma 3.3.2 was proved in [72] for the case where A and B are algebras
of measurable operators. We give a proof that is different to the one given

there. For this, we need the following lemma.
Lemma 3.3.1 If u is a unitary element of a GB*-algebra A, then u € A,.

Proof. Since v is normal, u generates a maximal commutative *-subalgebra
B of A (]27], Proposition V.7). By Lemma 1.4.14, B is a GB*-algebra. It
follows from the fact that w is unitary and Proposition 1.4.16 that %u =
u(l +u*u)~t € By C Ay. Thus u € Ay. V

Lemma 3.3.2 If ¢ : A — B is a unital self-adjoint Jordan homomorphism
between GB*-algebras A and B, then ¢(A,) C By.

Proof. Let u be a unitary element in 4. By Lemma 3.3.1, u € A,. We
first show that ¢(u*)p(u) = ¢(u)e(u*). Since ¢ is self-adjoint, it follows that
r = ¢(u*)p(u) — d(u)p(u*) is self-adjoint. By Proposition 2.1.3, it follows
that ,

2 = (6(u")o(u) = o(w)o(u")) = o((u'u - uu')?) = 0.
By Theorem 1.4.13 and Lemma 1.4.14, it follows that x = 0.

It now follows from Lemma 2.1.2 that

20(u)p(u)” = 2¢(u)p(u”)
= ¢(u)o(u”) + o(u”)g(u)
= o(uu” + u'u)
= 2¢(uu”)
= 2¢(1)
= 21

Hence ¢(u)o(u)* = ¢(u)*¢(u) = 1 for all unitary elements u € A,. Therefore

¢ preserves unitary elements. Since A, is a C*-algebra, every element of A,
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is a linear combination of four unitary elements of A, and so we conclude
from Lemma 3.3.1 that ¢(A;) C By. V

If A is a *-algebra, we say that a linear map 7 is a *-representation (re-
spectively Jordan *-representation ) of A if 7 is a self-adjoint algebra homo-
morphism (respectively self-adjoint Jordan homomorphism) of A into B(H)
for some Hilbert space H. In [30], it is proved that every *-representation
of a complete metrizable locally m-convex *-algebra is continuous (see [30],
Lemma 3.1). This result is also true for every complete metrizable locally
convex *-algebra ([50], p. 60). The next proposition is an extension of this
result to Jordan *-representations of complete metrizable locally convex GB*-
algebras with nearly the same proof, so we only sketch the proof. Proposition
3.3.4 is also needed in the proof of Theorem 3.3.5 below. We first give the
following example to show that there are complete metrizable locally convex

GB*-algebras which are not locally C*-algebras.

Example 3.3.3 ([6/, Example /) Let A be the Arens algebra L“([0,1]) =
gozle([O, 1]). When equipped with the topology defined by the collection
of L,-norms, A is a complete metrizable locally convex GB*-algebra which

is not locally m-convex, and therefore not a locally C*-algebra.

Proposition 3.3.4 Let A be a complete metrizable locally convex GB*-algebra

and m: A — B(H) a Jordan *-representation. Then m is continuous.

Proof. Fix e > 0. Let V={a € A: |n(a)|| <€} and let V¢, = {a € A:
(m(@)€,m)| < e}, where £, € H. Then V = {Ve, : |igl, Inll < 1}. By
linearity of =, it follows that, for every &, n € H with [|£]], ||n]] < 1, the set
Ve is convex and balanced. Every positive linear functional on a complete
metrizable topological *-algebra, with continuous involution, is continuous
(Theorem 1.4.2).

Hence the linear functional a — (mw(a)i, ) is continuous: Let a € A

with @ > 0. Since A is a GB*-algebra, it follows from Proposition 1.4.21,
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that a = b? for some self-adjoint b € A. Therefore, since 7 is a self-adjoint

Jordan homomorphism, it follows that

(m(a)p,v) = (m(b"),v)

= (m(b)*¥, )
= (m(0)'m(b)y, )
= (m(b)y, m(b)y)
> 0.

Hence the functional is positive, and therefore continuous for every ¢ € H.
By the polarization formula, the linear functional a — (w(a)&,n) is con-
tinuous for every &,n € ‘H. Thus, every V¢, is closed. It follows immediately
that V is closed, convex and balanced. Also, by linearity of =, it is easily
verified that V' is absorbing. Therefore, since A is metrizable and locally

convex, V' is a neighbourhood of 0 € A. It follows that 7 is continuous. V

Theorem 3.3.5 Let A and B be complete metrizable locally conver GB*-

algebras. Suppose that B has a separating family of *-representations, i.e.
M{ Ker(r) : m a *-representation of B} = {0}.
Then every self-adjoint Jordan homomorphism ¢ : A — B is continuous.

Proof. By the closed graph theorem, it suffices to show that if x,, — 0 in
A and if ¢(z,) — y in B, then y = 0. For every n, let y, = ¢(x,) and
let m be a *-representation of B. It follows from Proposition 3.3.4 that = is
continuous. Since ¢ is a self-adjoint Jordan homomorphism, 7o ¢ is a Jordan
*-representation on A. By Proposition 3.3.4, we see that m o ¢ is continuous
on A. So

m(y) = lim (70 ¢)(xy)

= T(L;Zogzﬁ)ULm Tp,)
= 0.

48



Hence 7(y) = 0 for all *-representations 7 of B. By hypothesis, it follows
that y = 0. V.

If A is a metrizable locally C*-algebra, then A has a separating family
of irreducible *-representations ([30], p. 52). In light of Theorem 3.3.5, the
following question presents itself: Under what conditions will a GB*-algebra
have a separating family of *-representations? The following lemma is known
to hold for the case where A is a C*-algebra (Theorem 1.2.17). It is easily

seen that this lemma also holds without the assumption of completeness.

Lemma 3.3.6 Let (A, |.]]) be a *-normed algebra with ||z*x| = |z|* for
each x € A. Then A admits a family of *-representations which separate the
points of A.

Proposition 3.3.7 For a *-algebra A, the following statements are equiva-

lent.
(i) A admits a separating family of *-representations.
(i) A admits a separating family of C*-seminorms (pa).

Proof. (i) = (ii): Let (m,) be a separating family of *-representations which
separate the points of A. For each «, let p,(z) = ||7a(2)]| for every z € A.
It is easily verified that every p, is a C*-seminorm and that these seminorms
separate the points of A.

(i) = (i): Suppose that (p,) is a separating family of C*-seminorms
which separate the points of A. Let 0 # a € A. Then there exists p,
such that po(a) # 0. Let N, = {z € A : po(x) = 0}. Then A/N, is a
*-normed algebra with the standard quotient norm a C*-norm. By Lemma
3.3.6, there is a *-representation 7, of A/N, on some Hilbert space H such
that mo(a + N,) # 0 (since a ¢ N,, it is clear that a + N, # N,). Let
7(x) = mo(x + N,) for every x € A. Clearly, 7 is a *-representation of .A on
H, and 7(a) = ma(a + No) # 0. The proof is complete. V
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3.4 More results on Jordan homomorphisms
between algebras of measurable opera-

tors

We now give an analogue of Theorem 2.2.6 for algebras of measurable oper-

ators.

Proposition 3.4.1 Suppose that ¢ : A — B is a unital unitary preserving

Yem — Yem continuous linear map. Then ¢ is a Jordan homomorphism.

Proof. All unitary elements in A are in A. Similarly, all unitary elements
in B are in B. Recall that A and B are the linear span of unitary elements
of A and B respectively. Thus, since ¢ is unitary preserving, ¢(A) C B.
So, by Theorem 2.2.6, ¢| 4 is a Jordan homomorphism. Since ¢ iS Ve — Yem

continuous, ¢ is a Jordan homomorphism. V

The following example is a modification of Example 2.1.7.

Example 3.4.2 Let M = B(C?) & B(C?) = M(C) @ M(C), and let M; =
B(C?* ® C?). Now M C M,;. Since M, is the algebra of bounded linear
operators on C? @ C?, it follows that M, admits a faithful finite normal
trace 7. Thus 7 = 7| is a faithful finite normal trace on M.

We conclude that M = M. Indeed, since M; = .TVlvl, it follows from
Proposition 1.5.11 that

inf{7(p) : 0 £ p e M,} >inf{m(p) : 0 # p € (My),} > 0.

By Proposition 1.5.11, it follows that M = M.

Define a linear map ¢ : M — M by ¢(z,y) = (x,y"), where y* denotes the
transpose of the matrix y. By Example 2.1.7, ¢ is a Jordan homomorphism
but not an algebra homomorphism nor an algebra anti-homomorphism. So
a Jordan homomorphism between algebras of measurable operators need not

be an algebra homomorphism or an algebra anti-homomorphism.
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Proposition 3.4.3 Let A and B be GB*-algebras with underlying C*-algebras
Ay, and By, respectively, and suppose that Ay, is a W*-algebra. Suppose further
that the multiplications on A and B are jointly continuous. Let ¢ : A — B
be a continuous self-adjoint Jordan homomorphism such that ¢(A,) C By.
Then there exist orthogonal projections p and q in By with p+ q = 1 such
that the maps ¢1 : A — ¢(A)p, defined as x +— ¢(z)p, and ¢o : A — ¢(A)g,
defined as © — ¢(x)q, are self-adjoint homomorphisms and self-adjoint anti-

homomorphisms respectively. Furthermore ¢ = ¢1 + ¢s.

Proof. By hypothesis, ¢(A;) C By. Therefore, Theorem 2.2.8 can be applied
to obtain projections p and ¢ in By, with p+¢ = 1 such that ¢; : Ay, — ¢(Ap)p
and ¢9 : A, — ¢(Ap)q are self-adjoint homomorphisms and self-adjoint anti-
homomorphisms respectively, and ¢|4, = ¢1 + ¢2. Since ¢ is continuous
and A, is dense in A (Theorem 1.4.17), it follows that the maps ¢; and
¢, first defined on A,, can be extended by continuity to A. Therefore
¢1: A — ¢(A)pand ¢y : A — ¢(A)q is a self-adjoint algebra homomorphism
and a self-adjoint algebra anti-homomorphism respectively. Furthermore,

O=0¢1+¢2. V

Corollary 3.4.4 Suppose that ¢ : A — B is a unital self-adjoint Jordan
homomorphism. Then there exist orthogonal projections p and q in B with
p+q = 1 such that the maps ¢, : A — qb(.»Z)p, defined as x +— ¢(z)p, and ¢ :
A= ¢(/T)q, defined as x — ¢(x)q, are self-adjoint algebra homomorphisms

and self-adjoint algebra anti-homomorphisms respectively. Furthermore ¢ =

1+ 02.

Proof. First note that Theorem 1.5.29 and Lemma 3.3.2 implies that
#(A) € B. The claim now follows from Proposition 3.4.3 and Theorem
3.28. V

An automorphism ¢ on an algebra A is said to be inner if there exists

an invertible element a € A such that ¢(z) = axa™" for every z € A.
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Theorem 3.4.5 Let ¢ be a self-adjoint automorphism on ./f\;l/, where M s
of type I, such that ¢ keeps every element of Z(M) element-wise fized, i.e.
¢(x) =z for every x € Z(M). Then ¢ is inner.

Proof. Since ¢ and ¢! are unital, one can apply Lemma 3.3.2 to ¢ and ¢!
to obtain ¢(M) = M. Therefore, ¢, is an automorphism leaving Z (M)
element-wise fixed. Every automorphism on a type I AW*-algebra, leaving its
centre element-wise fixed, is inner ([66], Theorem 10. See also [65], Theorem
3). Hence there is an invertible element a € M such that ¢(z) = axa™' for
every x € M. Since M is 7.,,- dense in M and @ 1S Yem — Vem continuous
(Theorem 3.2.8), it follows that ¢(z) = axa™" for every z € M. V

3.5 Conditions under which a Jordan homo-

morphism is an algebra homomorphism

Proposition 3.5.1 Suppose that A is a commutative algebra and B is an
algebra with no nonzero nilpotent elements in its centre. If ¢ : A — B is a

surjective Jordan homomorphism, then ¢ is an algebra homomorphism.

Proof. By Theorem 2.1.6 and the surjectivity of ¢, it is immediate that
¢ preserves commutativity. Let x,y € A. Then, since xy = yx and ¢ is a

Jordan homomorphism, it follows from Lemma 2.1.2 that

20(zy) = ¢(2ry)
= ¢(xy +yx)
() (y) + o(y)o(x)
= 2¢(z)o(y)
Hence ¢(zy) = ¢(x)¢(y). This holds for every x,y € A. Thus ¢ is an algebra

homomorphism. V.

-

Let = be a closed normal (unbounded) linear operator on a Hilbert space.

By Theorem 1.3.9, z is affiliated with a commutative von Neumann algebra.
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It follows from Theorem 1.3.10 that, for every natural number n, x" is a

closed linear operator. This is important in the proof of our next lemma.

Lemma 3.5.2 The algebra M has no nonzero nilpotent elements in its cen-

tre.

Proof. Suppose that z is a nilpotent element in the centre of M. Then
xy = yx for every y € M. In particular, xa = ax for every a € M. Since x
is nilpotent, there exists a natural number n such that ™ = 0. As a result,
x™ is everywhere defined. Therefore, since D(z") C D(z), it follows that x is
everywhere defined. Hence, since z is a closed linear operator, x is a bounded
linear operator, implying that x € M. Therefore x € Z(M), the centre of
M. Since Z(M) is a commutative C*-algebra, Z(M) = C(X), where X is
the maximal ideal space of Z(M). Clearly, C(X) has no nonzero nilpotent
elements, so Z(M) does not either. Thus z =0. V

The next corollary follows immediately from Proposition 3.5.1 and Lemma
3.5.2.

Corollary 3.5.3 Suppose that A is commutative and that O : A= Bisa

surjective Jordan homomorphism, then ¢ is an algebra homomorphism.

Corollary 3.5.4 Suppose that ¢ : A — B is a unital self-adjoint Jordan
homomorphism. Then ¢ is an algebra homomorphism if and only if there
exists o > 0 such that ¢(a*a) > ad(a*)¢(a) for all a € A.

Proof. Assume that ¢ is an algebra homomorphism. Then, by taking a = 1,
it is trivial that ¢(a*a) > ag(a*)d(a) for all a € A.

Now assume that there exists a > 0 such that ¢(z*z) > ap(z*)p(x) for
all z € A. This inequality holds in particular for all x € A. By Theorem
1.5.29 and Lemma 3.3.2, ¢(A) C B. It follows from Theorem 2.2.9 that ¢| 4 is
an algebra homomorphism. By the 7, — Ve continuity of ¢ (Theorem 3.2.8)

and the denseness of A in JZ, it follows that ¢ is an algebra homomorphism. V
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Recall that the product of two nonzero two-sided ideals Z; and Z, of a
ring R is the two-sided ideal of R consisting of all finite sums of the form

T1%o, with 1 € Z; and x5 € I».

Lemma 3.5.5 (/54], p. 47) Let R be a ring. The following statements are

equivalent.
(1) If a,b € R and aRb = {0}, then a =0 or b= 0.
(i) The product of two non-zero two-sided ideals of R is nonzero.

We call a ring satisfying the equivalent conditions of Lemma 3.5.5 a prime

ring.

Theorem 3.5.6 Let M be a von Neumann algebra with a faithful semifinite

normal trace. Then M is prime if and only if M is prime.

Proof. Suppose that M is prime and let a,b € M with aMb = {0}. We
will show that @ = 0 or b = 0. Let € M. Then there is a sequence ()
in M with 2, — = (Yem). Therefore, since ax,b = 0 for all n, it follows
that axb = a(lim,_, ,)b = lim, ., ax,b = 0. This holds for every x € M.
Thus aMb = {0}. Since M is prime, a = 0 or b = 0, implying that M is
prime.

Suppose that M is prime. Let A and B be two-sided nonzero ideals in
M. We first show that AN M and BN M are nonzero two-sided ideals in
M, where the closures are taken with respect to the measure topology.

Since A and B are nonzero, A and B are nonzero two-sided ideals in
M. If AN M = {0}, then, by Theorem 1521, A = AN M = {0}. This
is a contradiction. Therefore, we conclude that AN M # {0}. Similarly
BN M #{0}.

Since M is prime, it follows from Lemma 3.5.5 that (AN M)(BN M) #
{0}. Hence (A)(B) # {0}. Therefore there exist elements r € A and y € B

such that zy # 0. Since z € A, there is a sequence (,,) in A such that x,, — x

(Vem)- Similarly, there is a sequence (y,,) in B such that y, — v (7). Hence

TnYn — TY (Yem). Therefore, since xy # 0, at least one of the terms of the

o4



sequence Z,y, is nonzero. This implies that AB # {0} since all z,, and y,

are in A and B respectively. It follows from Lemma 3.5.5 that M is prime. V

It is known that a von Neumann algebra is prime if and only if it is
a factor ([9], p. 47). Therefore we can deduce the following result from
Theorem 3.5.6.

Corollary 3.5.7 Let M be a von Neumann algebra with a faithful semifinite

normal trace. Then M is prime if and only if M is a factor.

By an application of Theorem 2.1.8 and Corollary 3.5.7, we obtain the

next result.

Corollary 3.5.8 If ¢ : A= Bisa surjective Jordan homomorphism,
with B a factor, then ¢ is an algebra homomorphism or an algebra anti-

homomorphism.
Corollary 3.5.8 is an analogue of the following result of Kadison.

Theorem 3.5.9 ([62], Corollary 11) If A and B are factors, then every self-
adjoint Jordan isomorphism ¢ : A — B is a self-adjoint algebra isomorphism

or a self-adjoint algebra anti-isomorphism.
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Chapter 4
A problem of Kaplansky

In Section 2.2, we explored affirmative answers to the following question,
raised by I. Kaplansky, in the context of C*-algebras, especially von Neumann
algebras:

When is a unital invertibility preserving linear map between unital alge-
bras a Jordan homomorphism?

In Section 4.5 of this chapter, we provide some answers in the case where
the unital algebras in question are algebras of measurable operators.

In Section 4.1, we show that every continuous projection preserving lin-
ear map between GB*-algebras is a Jordan homomorphism. In Section 4.2,
we give some results about positive operators in M which we need in the
sections that follow. Sections 4.3 and 4.4 deal with automatic continuity of
positive linear maps between algebras of measurable operators and projec-
tion preserving linear maps respectively. These will culminate in the main
results of this chapter.

Throughout this chapter, the notation A (respectively g) will always
stand for the algebra of 74— (respectively 73—) measurable operators affili-
ated with a von Neumann algebra A (respectively B) equipped with a faithful

semifinite normal trace 74 (respectively 73).
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4.1 Conditions under which a linear mapping

is a Jordan homomorphism

The proof of the following result is similar to the arguments given in [29].

Theorem 4.1.1 Let A be a GB*-algebra with the underlying C*-algebra A,
of A a W*-algebra, and let B be a topological *-algebra. Suppose further
that the multiplications on A and B are jointly continuous. If ¢ : A — B
1S a continuous linear mapping preserving projections, then ¢ is a Jordan

homomorphism.

Proof. Let s be a self-adjoint element in .4,. Then there is a sequence (s,,) of
finite linear combinations of mutually orthogonal projections in A, such that
$p — s in norm (Theorem 1.3.11), and hence also with respect to the original
topology on A, since the restriction of the original topology of A to A, is
weaker than the norm topology of A,. By Proposition 2.1.4, ¢(s2) = ¢(s,)?
for every n, and hence, since ¢ is continuous, we have ¢(s?) = ¢(lim,, o, s2) =
d(lim,, o 5,,)? = ¢(s)%. This holds for any self-adjoint element s € A;. By
Proposition 2.1.5, ¢| 4, is a Jordan homomorphism.

Let z € A. By Theorem 1.4.17, there is a sequence (x,,) in A, such that
T, — r. By using a similar argument as above, ¢(z?) = ¢(x)?. This holds

for every x € A. Thus ¢ is a Jordan homomorphism. V

4.2 Positivity in M

Let z € M. Recall that z is positive if and only if x is self-adjoint and
(x€,&) > 0 for all £ € D(x).

Lemma 4.2.1 Let x € M. The following statements are equivalent.
(i) x is positive.
(ii) There exists a unique self-adjoint y € M such that x = 2.
(11i) There exists y € M such that © = y*y.
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Proof. (i) = (ii) : Suppose that x € M is positive. By Proposition 1.3.2,
there is a unique self-adjoint (and thus closed) densely defined operator y
such that = = y2. Also, by Proposition 1.3.2, y is affiliated with M. We now
show that y € M. Let § > 0. Since z € /W, there is a projection p € M
such that pH C D(z) and 7(1 — p) < 4. It follows that pH C D(y?) C D(y).
Thus y € M. The implication (77) = (i77) is obvious.

(731) = (i) : Suppose that x = y*y for some y € M. Then D(x) C D(y).
Therefore (z€,&) = (y*y&, &) = (Y&, y&) > 0 for all £ € D(x). Also x is
self-adjoint. Thus x is positive. V

Lemma 4.2.2 Letx € M be self-adjoint. Then there exist positive operators

T and Ty in M such that v = T — To.

Proof. By Proposition 1.3.5, there exist positive operators z; and x5 such
that © = 21 — 2. It remains to show that z; and z5 are in M. By Proposi-
tion 1.3.5, it follows that x; and x5 are closed densely defined and affiliated
with M. Furthermore, by the proof of [93], Corollary 9:31, D(z) C D(x;)
and D(x) C D(xq). Let § > 0. Since x € M, there is a projection p € M
such that pH C D(z) and 7(1 — p) < . So we have that for every § > 0,
there is a projection p € M such that pH C D(x;) and pH C D(x2) as well
as 7(1 —p) < d. So z; and x5 are in M. V

If Ais a *-algebra, we say that b € A is positive if b = a*a for some
a € A. Observe that every positive element of A is self-adjoint. If A = M,
then it follows from Lemma 4.2.1 that this notion of positivity coincides with

the definition of positivity in M.

Lemma 4.2.3 Let A be a *-algebra such that for each self-adjoint x € A,
there exist positive a,b € A such that x = a—0b. Suppose that B is a *-algebra
and ¢ : A — B is a positive linear map. Then ¢ is self-adjoint.

Proof. Let z € A. Then there exist self-adjoint elements z and y in A such

that z = x 4+ iy. By hypothesis, there exist positive elements x; and x5 in
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A such that © = x1 — x5. Also, there exist positive elements y; and y, in A

such that y = y; — y». Thus x = 21 — x5 + 1y; — iy2. Hence

¢(z7) = d(x1) — P(w2) —id(y1) + 1d(y2)-

On the other hand,

¢(x)" = o(21)" — P(x2)" —id(y1)" + id(ya)".

Since ¢ is positive, ¢(z1), p(x2), p(x3) and ¢(z4) are positive and thus self-

adjoint. Hence

P(x)" = d(x1) — p(w2) — ip(y1) + i (ya).

Hence ¢(2*) = ¢(x)* for all z € A, implying that ¢ is self-adjoint. V

4.3 Automatic continuity of positive linear
mappings

Let A be a topological algebra. Recall that the radical of A, denoted by
Rad(A), is the intersection of all maximal left ideals of A. The strong radical
of A, denoted by Rads(A), is defined to be the intersection of all closed
maximal left ideals of A. If Rad(A) = {0} (respectively Rads(A) = {0}),
we say that A is semi-simple (respectively strongly semi-simple). If A is a
commutative complete locally m-convex topological algebra, then Rad(A) =
Rads(A) ([15], 4:11-1).

Theorem 4.3.1 ]f./T/l/ 1s commutative and locally convez, then M is strongly

semi-simple.

Proof. By Theorem 1.5.30, M is semi-simple. It follows from Theorem

1.5.26 and a preceding remark that Rads(M) = Rad(M) = {0}. V
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Let A and B be metrizable topological algebras and ¢ : A — B a linear
map. Recall that the separating space of ¢, denoted by S(¢, B), is defined
to be the set

{y € B : there is a sequence (z,) in A with x,, — 0 and ¢(z,) — y}.
Lemma 4.3.2 If ¢ : A= Bis positive, then
S(p,B) c N{Ker(f) : f a positive linear form on B}.

Proof. Let y € S(¢,g). Then there is a sequence (x,) in A such that
Zn — 0 (Yem) and ¢(2n) — ¥ (Yem). Let f be a positive linear form on B.
Then f is measure continuous by Theorem 1.4.2. So f(¢(z,)) — f(y) (Yem)-
Since ¢ is positive, fo¢ is a positive linear form on A. So, by Theorem 1.4.2,
f o ¢ is measure continuous on A. Therefore, since z,, — 0 (Yem), it follows
that (f o @)(xn) — 0 (Yem), 1-e. f(d(xn)) = 0 (Yem). Due to uniqueness of
limits, f(y) = 0. But f is an arbitrary positive linear form on B. Hence the

result follows. V

Theorem 4.3.3 If¢: A — B is positive and B is locally convex in measure,

then ¢ 1S Yem — Yem continuous.

Proof. Let 0 < z € B. By Theorem 1.5.29 and Proposition 1.4.22, there is
a positive linear form f on B such that flz)>0. If0#zx € B is self-adjoint,
but not positive, there exists a positive linear form g on B such that g(x) <0
(Proposition 1.4.22). To summarize, if 0 # = € B is self-adjoint, there is a
positive linear form f on B such that f(z) # 0.

Let y € S(¢,B). We show that a = s(y+y) € S(¢,B). Since y €
S(¢,B), there exists a sequence (z,,) in A such that 2, — 0 (Yam) and
&(zn) = Yy (Yem). Observe that ) — 0 (Yem). Since ¢ is positive and thus
self-adjoint (by Lemmas 4.2.2 and 4.2.3), ¢(x) = ¢(2n)* — y* (Yem). Thus
y* € S(o, g) Therefore, since S(¢, g) is a vector subspace of B, it follows
that a € S(¢, B).

Similarly, b = o-(y — y*) € S(¢, g) Observe that a and b are self-adjoint

elements of B. By Lemma 4.3.2 and the first paragraph, it is immediate that
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a=0and b =0. Hence y = a + ib = 0, implying that S(¢, B) = {0}. Thus

@ 18 Yem — Yem continuous. V

4.4 Projection preserving linear mappings

Recall that, for an unbounded linear operator x, we denote the spectrum of
x by Sp (z). For x € /T/l/, we denote the spectrum of x with respect to the
algebra M by Sp (z, Mv), as in Section 1.4.

Lemma 4.4.1 Let z € M be a normal operator. Then Sp (x,./\7) C Sp (x).

Proof. For the purposes of this proof only, we denote, for elements x and
y of M , the ordinary sum of x and y by = + y and the ordinary product by
xy. The strong sum and strong product of z and y will be denoted by = + ¥y
and Ty respectively.

Let A ¢ Sp (z). Then x — Al has a bounded inverse y. By Theorem
1.3.9, there is a smallest commutative von Neumann algebra A with which
x is affiliated. Therefore, A C M C M. Also y € A (sce [63], p. 357). Thus
y € M. Note that 1 = (x—=Al)y D y(z—AI). It follows from Theorem 1.3.6,
that

l=1=(z—Al)y=y(z— ).

This says that z — Al is invertible with respect to M, i.e. A & Sp (z, M).
Hence Sp (z, M) C Sp (). V

In general the inclusion in Lemma 4.4.1 is strict. We demonstrate this

with the following example.

Example 4.4.2 Let M be the commutative von Neumann algebra {M; :
f € Loo([0,1])}. Then M = U(M) = {M; : f € Ly([0,1])}. Let = € M.
By Lemma 1.3.8, it follows that Sp (z, M) = Sp (z,U(M)) = o,(x), where
o,(x) denotes the point spectrum of z.

We show that o,(z) may be empty. Let x = My, where f(t) = ¢ for all
t € [0,1]. It is well known that z is a bounded self-adjoint operator with
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no eigenvalues, i.e. o0,(z) is empty (see [70], excercise 9, p. 464). Hence

Sp (z, M) # Sp (z) since Sp (z) is non-empty (as  is bounded).

Sometimes, the inclusion of Lemma 4.4.1 is an equality, as the following

example confirms.

Example 4.4.3 Let M be as in Example 4.4.2. If p € M is a projection,

then Sp (p, M) = Sp (p): Observe that Sp (p) C {0,1}. Hence

Sp (p) € {0,1} = 0,(p) = Sp (p. M).

By Lemma 4.4.1, we know that Sp (p, M) C Sp (p). Thus Sp (p, M) =
Sp (p).

Theorem 4.4.4 Let A be a GB*-algebra and B a locally C*-algebra. If ¢ :
A — B is a unital invertibility preserving self-adjoint linear map, then ¢

preserves projections.

Proof. Let x € A, be self-adjoint. Then, since Ay is a C*-algebra, Sp (z, 4;)
is bounded. Since ¢ is unital, linear and invertibility preserving, we have
from Lemma 2.1.13 that Sp (¢(x),B) C Sp (z,.A4) C Sp (x,4;), and so
Sp (¢(z), B) is bounded. Since ¢ is self-adjoint, ¢(z) is self-adjoint. Thus,
by Theorem 1.4.7, ¢(z) € B,.

Let p € A be a projection. Since p € A, (Lemma 1.4.15), it follows
from the previous paragraph that ¢(p) € Bs. Since ¢ is unital, linear and
invertibility preserving, it follows from Lemma 2.1.13 that Sp (¢(p),B) C
Sp (p, A) C Sp (p, Ay) C {0,1}. Therefore, by Proposition 1.4.9, we see
that Sp (¢(p), Bs) = Sp (¢(p), B). Hence Sp (¢(p), Bs) € {0,1}. Since p is
self-adjoint, ¢(p) is self-adjoint. Since B; is a C*-algebra (Theorem 1.4.8), it
follows that ¢(p) is a projection in B;. V

4.5 The main results

Lemma 4.5.1 (i) A unital linear functional f on a unital algebra A is

invertibility preserving if and only if f(x) € Sp (z,.A) for every z € A.
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(i1) Every unital invertibility preserving linear functional on M isa positive

linear form.

Proof. (i). This is a direct consequence of Lemma 2.1.13.

(i1). Let f be a unital invertibility preserving linear functional on M , and let
0 <z € M. Then Sp (z) C [0,00). By Lemma 4.4.1, Sp (z, M) C Sp (z) C
[0, 00). It follows from (i) that f(z) € Sp (z, M). Hence f(z) > 0, implying
the result. V

Since all characters on unital algebras are unital and invertibility preserv-
ing, Corollary 3.1.5 also follows immediately from Lemma 4.5.1 and Theorem
1.4.2. Our next result is an analogue of the Gleason-Kahane- Zelazko theorem
(Theorem 2.2.1) for M.

Theorem 4.5.2 Let f be a linear functional on M. The following state-

ments are equivalent.

(i) f is a character on M.

(ii) f is unital and invertibility preserving.
(iii) f(x) € Sp (z, M) for every x € M.

Proof. The implication (i) = (1) is trivial. The implication (i) = (iii)
follows from Lemma 4.5.1(i).

(iii) = (ii): If (iii) holds, then f is unital since f(1) € Sp (1, M) = {1}.
Therefore, by Lemma 4.5.1, (ii) follows.

(i) = (i): Suppose that f is unital and invertibility preserving. In
particular, f|rs is unital, linear and invertibility preserving. Therefore, it
follows from Theorem 2.2.1 that f|u is a character. By Lemma 4.5.1(ii), f
is positive, and therefore, by Theorem 1.4.2, f is measure continuous. Con-

sequently, f is a character on M.V
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We are now ready to give the first main result of this section, namely
Theorem 4.5.3. The proof is nearly the same as that of [64], Theorem 4, and

we give the proof for completeness.

Theorem 4.5.3 Suppose that ¢ : A — B is a unital wnvertibility preserving

linear map and that B has a separating family of characters, i.e.
N{Ker(f) : f a character on B} = {0}.

Then ¢ is an algebra homomorphism, and thus a Jordan homomorphism.

Proof. Let f be a character on B and let F(z) = f(¢(x)) for all z € A. Then
F is a linear functional on A. By Theorem 4.5.2 and the fact that ¢ is unital
and invertibility preserving, F(z) = f(¢(x)) € Sp (¢(z),B) C Sp (z, A) for
all z € A By applying Theorem 4.5.2 again, we find that F' is a charac-
ter on A, i.e. F(zy) = F(z)F(y) for every z,y € A. Thus f(¢(zy)) =
f(6(2))f(6(y)) for every z,y € A. Therefore, f(¢(xy) — ¢(x)é(y)) = 0 for
every x,y € A. This holds for every character f on B, i.e. ¢(zy)—o(z)o(y) €
Ker(f) for every character f on B. By hypothesis, ¢ is an algebra homomor-

phism. V

We give an example of an M having a separating family of continuous

characters.

Example 4.5.4 Suppose that M is commutative and locally convex. By
Theorems 1.5.26 and 4.3.1, M is strongly semi-simple, i.e.

N{M : M a closed maximal two-sided ideal of M = {0}.

Since M is commutative and locally convex, a maximal two-sided ideal of
M is closed if and only if it is the kernel of a continuous character on M
(see Theorem 1.5.26 and [15], 4.10-4). Thus M has a separating family of

continuous characters.

In light of Theorem 4.5.3, it would also be interesting to know whether
every M has a separating family of characters. Proposition 4.5.5 below

answers this question in the negative.
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Proposition 4.5.5 If M,, is non-atomic, then M does not have a separating

family of (measure continuous) characters on M.

Proof. We first show that f(a) = 0 for every a € M, and for every
fe (M, Yem)®. Suppose that M, is non-atomic. Let f € (M, Yem)*. Then
f|/\70 € (X\/l/o,%m)* = {0}, by Theorem 1.5.25.

By Corollary 3.1.5, all characters on M are measure continuous. There-

fore, the result follows from the first paragraph. V

The following example shows that, in Theorem 4.5.3, the condition that
B have a separating family of characters cannot be dropped. This is based

on the example given in [85].

Example 4.5.6 Let A be a von Neumann algebra with a faithful finite nor-
mal trace 74. Let B = M5(.A), and define a faithful finite normal trace 75 on

B by m3((ij)) = Ta(x11) + Ta(z22) for every (z;;) € B. By Proposition 1.3.7,

B =U(B) = U(M(A)) = Ma(U(A)) = M(A).

Deﬁneamap¢:j—>gby

where ¢ is an automorphism of A. Tt can easily be shown that ¢ is unital,
linear and invertibility preserving. However, ¢ is not a Jordan homomor-
phism unless 1 is the identity automorphism of A. By Theorem 4.5.3, B has

no separating family of characters.
We now arrive at the second main result of this section.

Theorem 4.5.7 Suppose that ¢ : A — B is a unital wnvertibility preserving
positive linear map, with Ba locally C*-algebra with respect to the measure

topology. Then ¢ is a Jordan homomorphism.
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Proof. Recall that A is a GB*-algebra (Theorem 1.5.29). By Theorem 4.3.3,
¢ is continuous. Since ¢ is positive, it follows from Lemmas 4.2.2 and 4.2.3
that ¢ is self-adjoint. It is an immediate consequence of Theorem 4.4.4 that ¢

is projection preserving. By Theorem 4.1.1, ¢ is a Jordan homomorphism. V

The positivity assumption of ¢ in Theorem 4.5.7 cannot be dropped, as

shown by the following example.

Example 4.5.8 ([91], Ezample 2) Let H be a Hilbert space. There exists a
basis B of B(H) such that 1 € B. Let Z = span{1, b}, where A\1 # b € B for
every A € C. Let x € Z with x = a;1 + asb, where aq, as € C. Observe that
{1,b} is a basis for Z. Define a linear functional f: Z — C by f(z) = ax.
Clearly, f is well defined and f(1) = 0 and f(b) = 1. By the Hahn-Banach
theorem, f can be extended to a a nonzero linear functional g on B(H).

Define a map ¢ : B(H) — B(H @ H) by

o x og(a)l
o (51

It can be shown that ¢ is linear, unital and invertibility preserving but not a
Jordan homomorphism. Furthermore, ¢ is not positive. Let A = B(H) and
B =BMH&H). Then A = A and B = B (Example 1.5.9). Thus, B is a

locally C*-algebra with respect to the measure topology.
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Chapter 5
Derivations on .//\/lv

It is well known that all derivations on a C*-algebra are continuous (Theorem
2.3.5) and that every derivation on a von Neumann algebra is inner (Theo-
rem 2.3.6). One can therefore ask if these results also hold for algebras of
unbounded operators, such as M. A recent result of A. F. Ber, V. I. Chilin,
and F. A. Sukochev ([19] and [20]) states that the algebra of closed densely-
defined operators affiliated with a commutative von Neumann algebra can
have non-zero, and hence non-inner, derivations. We will give an outline of
their construction in Section 5.4 of this chapter. Motivated by their result,
we prove results which give sufficient conditions to ensure that all derivations
on a given M are Yem — Yem continuous. We also explore some affirmative
answers to the question raised by Sh. A. Ayupov in [13], as to whether all
Yem — Yem continuous derivations on M are inner. All of these issues are
explored in Section 5.3. Section 5.1 discusses the basics of non-commutative
L,-spaces which are needed in the proof of Theorem 5.3.20. Section 5.2 gives
a characterization of continuous derivations on complete metrizable topolog-

ical algebras.
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5.1 Non-commutative L,-spaces

For 0 < p < oo, we define L, (M, 7) to be the set of all z € M such that

el = ([ ey )’ < oo

(a special case of [42], Definition 4.1). In addition, we put L, (M, 7) = M
and denote by ||.||e the usual operator norm defined on M. It is well known
that L,(M,7) is a Banach space under ||.|[, whenever 1 < p < oo ([42],
Theorem 4.5). Also, whenever 1 < p < oo, L,(M, 7) is a Banach M-module
([102], Proposition 2.5). If 1 < p < oo, then L, is reflexive (this is a special
case of [43], Corollary 5.16).

Lemma 5.1.1 Let 1 < p < oo and let u € M be a unitary operator. Then
lw*zu|, = ||z||, for every x € L,(M,T).

Proof. We first show that pu(zxu) = pu(x) for every x € M and for every
t > 0. By Proposition 1.5.14, it follows that pu(zu) < ||1]|p(z)||u]| = we(x)
for every x € M and for every t > 0. Now, by similar reasoning, it follows
that 11(z) = p(zuu*) < p(zu) for every z € M and for every ¢ > 0 (since
u* is also a unitary operator in M). Therefore pi(xu) = pi(x) for every
2 € M and for every t > 0.

Hence, by Proposition 1.5.14,

m(uzu) =

for every € M and for every ¢ > 0. It is now immediate that |lu*zu|, =

||z||, for every x € L,(M,T). V
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There are other definitions of non-commutative L,-spaces which we will
not discuss, see for example [47], p. 271, and [102]. These definitions are

equivalent to the one given above.

5.2 Derivations on complete metrizable topo-

logical algebras

Let X and Y be metrizable topological vector spaces. Recall that the sepa-
rating space of a linear map ¢ : X — Y, denoted by S(¢,Y), is defined to
be the set

{y € Y : there is a sequence (z,) in X with z, — 0 and ¢(z,) — y}.

Recall that S(¢,Y) is closed ([36], Proposition 5.1.2) and that the closed
graph theorem is valid for complete metrizable topological vector spaces (see
[69],p. 101). Therefore ¢ is continuous if and only if S(¢,Y") = {0}, provided
X and Y are complete and metrizable. From here on, we shall denote the
separating space of a derivation D on a metrizable algebra A by S(D). Tt is
easy to verify, using the definition of a derivation, that S(D) is a two-sided
ideal of A.

The proof of the following theorem is modelled along the lines of that of
[90], Remark 12.3 and Corollary 12.5. Also, the main idea of the proof is
well known in the context of Banach algebras. See, for example, the proofs
of [36], Theorems 5.3.22 and 5.3.43, and [83], Theorem 2.

Theorem 5.2.1 Let A be a unital complete metrizable topological algebra

and D a derivation on A. The following are equivalent.

(i) D is continuous.

(i) The ideal T = {a € A:aS(D) = S(D)a = {0}} has finite codimension
in A, and any sequence (z,) in I with x, — 0 can be written as

Ty, = DPYn, with p a nonzero idempotent in T and (y,) a sequence in A.
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(i11)) T = A, where T is defined as in (ii).

Proof. (i) = (iii): Suppose that D is continuous. Then S(D) = {0},
implying that Z = A.

(i4i) = (i1): This is trivial since A is unital.

(i1) = (i): Consider the linear map 6 : A — A ® A defined as 6(a) =
(a, Da). Recall that when A@® A is equipped with the multiplication defined
as (a,b).(x,y) = (ax,ay + bx) for every a,b,z,y € A, then it is a complete
metrizable topological vector space in the product topology. Furthermore,

6 is an algebra homomorphism (Proposition 2.3.3). It is easy to verify that

S(0) = {0} ® S(D), where S(0) = S(0, A® A). Hence
IT={ac A:0(a)S(0)=3S5(0)0(a) ={(0,0)}}.

We show that Z is closed. Let (z,) be a sequence in Z with z,, — x.
Then z,S(D) = S(D)x,, = {0} for all n. But x,y — zy and yzx,, — yx for
every y € S(D). Hence xy = yx =0 for all y € S(D). Thus x € Z, implying
that Z is closed.

Since S(D) is a two-sided ideal of A, it follows that Z is a two-sided ideal
of A.

Let (z,) be a sequence in Z with x,, — 0. By hypothesis, there exists a
nonzero idempotent p € Z and a sequence (y,,) in A such that z,, = py, for
all n. Since p € Z, it follows that 6(p)S(#) = {(0,0)}.

We prove that the map x — 6(pzx) is continuous. Suppose that (z,) is a
sequence in A with z, — 0 and 6(pz,) — y. By the closed graph theorem,
it suffices to show that y = (0,0). Observe that pz, — 0. Thus y € S(0).
Since 0(p)S(#) = {(0,0)}, it follows that 6(p)y = (0,0). Now 6(pz,) =
0(p)0(2n) = 0(p*)0(z,) = 0(p)0(p)0(2.) = 0(p)0(pzs) — O(p)y = (0,0) since
6 is an algebra homomorphism. Therefore y = (0,0).

Since py, = x,, — 0, it follows from the previous paragraph that 0(x,) =
0(pyn) = 0(ppy,) — (0,0). Hence 6 is continuous on Z. Since Z is closed and
of finite codimension in A, it follows that € is continuous on the whole of A.

It follows from Proposition 2.3.3 that D is continuous. V
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5.3 Derivations on /T/l/

Recall that if D is a derivation on M, S (D) is Yem-closed.

Theorem 5.3.1 Let D be a derivation on M and T = {a € M : aS(D) =
S(D)a = {0}}. Then there exists a central projection p in I such that T =
pM.
Proof. Observe that 7 is a 7,.,-closed two-sided ideal of Mv . By Theorem
1.5.21, Zy = Z N M is a norm closed ideal of M.

We show that Zj is strong operator closed in M. Let (a,) be a net in
7y with a, — a € M with respect to the strong operator topology on M.
Then a,(n) — a(n) for all n € H, where H is the underlying Hilbert space
of M. Let x € S(D) N M. Then a, (:c(n)) — a(x(n)) for all n € H. So
(anx)(n) — (ax)(n) for all n € H. Since z € S(D) and a, € T for all a, it
follows that a,x = za, = 0 for all . Hence (a,z)(n) = 0 for all n € H. Thus
(az)(n) = 0 for all n € H. Thus ax = 0. This holds for every x € S(D)NM.

Let y € S(D). By Theorem 1.5.21,

S(D)yNnM ™ =8(D).

Hence there is a sequence (y,,) in S(D) N M with y,, — ¥ (Vem). It follows
from what we have proved above that ay, = 0 for every n. Thus ay = 0.

Also, ya = 0: Since (aq)(n) — a(n) for all n € H, (ynaa)(n) — (yna)(n)
for all n € 'H and for all n. Since y,a, = 0 for all o and for all n, y,a = 0
for all n. Hence ya = 0.

Therefore a € Z, implying that a € Z;. Hence Zj is strong operator closed
in M, and hence weak-operator closed ([63], Theorem 5.1.2).

Therefore there exists a central projection p € Zy such that Z, = pM
(Proposition 1.2.10). By Theorem 1.5.21,

I:IQM)cm :ﬁcm :ercm‘
By Theorem 1.5.10, it follows that pM ™™ = pM. Hence T = pM. V
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Corollary 5.3.2 Let D be a derivation on M. The following are equivalent.
(i) D S Yem — Yem continuous.

(ii) TheidealT = {a € M : aS(D) = 8(D)a = {0}} has finite codimension
in M.
(iii) T = M.
Proof. By Theorem 5.3.1, there exists a central projection p in Z such that
T = pM. Therefore, if (z,) is a sequence in T with z, — 0 (Yem ), there is

a sequence () in M such that x,, = py, for all n. The result now follows
from Theorem 5.2.1. V

Let M be a type Il factor and let D be a derivation on M. Corresponding
to D, consider the ideal Z of M as in Corollary 5.3.2. A trivial consequence
of Theorem 5.3.1 is then that Z = {0} or M. Therefore, for the case where
M is a type II factor, it follows from Corollary 5.3.2 that it is sufficient to
show that Z # {0} in order to prove that D is vun — Yem continuous.

Recall that all derivations on a C*-algebra are continuous (Theorem 2.3.5)
and that all derivations on a von Neumann algebra are inner (Theorem 2.3.6).
The following result is due to A. F. Ber, V. I. Chilin and F. A. Sukochev.

Theorem 5.3.3 ([19], Theorem 3, and [20], Theorem 3.4) Let M be a com-
mutative von Neumann algebra. Then S(M) admits a nonzero derivation if

and only if M, is not atomic.

By recalling that every commutative von Neumann algebra is finite, the

following corollary follows from Proposition 1.5.5.

Corollary 5.3.4 Let M be a commutative von Neumann algebra with a
faithful finite normal trace. Then M admits a nonzero derivation if and

only if M, is not atomic.

Note that if M is commutative, then a derivation on M is Yem — Vem

continuous if and only if it is zero ([2], p.11).
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Using Theorem 5.3.3 and the fact that every finite type I von Neumann
algebra is a direct sum of finite matrix algebras over commutative von Neu-

mann algebras (Theorem 1.2.2), one can prove the following result.

Theorem 5.3.5 (/21], Theorem 5) If M is a finite type I von Neumann
algebra and every derivation D : S(M) — S(M) is inner, then M, is

atomic.
The following corollary is an immediate consequence of Proposition 1.5.5.

Corollary 5.3.6 Let M be a finite type I von Neumann algebra with a faith-
ful finite normal trace T. If every derivation D : M — M is inner, then M,

15 atomic.

Our next result was motivated by Corollary 5.3.4 and the remark imme-

diately thereafter.

Theorem 5.3.7 If M, is atomic, then all derivations on M are Yem — Yem

continuous.

Proof. Let D be a derivation on M and q an atomic projection in M. Let
y € S(D). Then there exists a sequence z,, in M with 2, — 0 (Vem) and
D(x,) — y (Yem). Therefore

D(qrnq) = qD(znq) + D(q)7ng

= qr,D(q) + qD(zn)q + D(q)7nq
— qyq (Yem)-

By Theorem 1.5.10, it follows that qﬂq = q./\/l/\/q Since ¢ is an atomic
projection, gMq = Cq.
We show that g Mq = CM Since ¢ is an atomic projection, it is the

only nonzero projection in ¢Mgq. Hence
inf{7(p) : p a nonzero projection in ¢gMgq} = 7(q) > 0,

since ¢ # 0 and the trace 7 is faithful. Therefore, by Proposition 1.5.11,
gMq = qMq.
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Thus quq = M = gMgq = Cq. Since z,, = 0 (Yem), 42nq — 0 (Yem)-

Since qﬂq is finite-dimensional, D)| iS Ve —Yem continuous, implying that

M
D(qxnq) — 0 (Yem). Recall that Dq(q;nq) — qyq (Yem). Therefore qyq = 0.
This is true for every atomic projection ¢ in M and for every y € S(D).

We show next that S(D) contains no atomic projections of M. Suppose
that S(D) contains an atomic projection gy of M. Then, from what we have
proved above, qoqoqo = 0, i.e. qo = 0. This is a contradiction since gg # 0.
Therefore S(D) contains no atomic projections of M.

To show that D iS Yen — Yem continuous, it suffices to show that S(D) =
{0}. Suppose that S(D) # {0}. By Theorem 1.5.21, and the fact that
S(D) is a Yem-closed two-sided ideal of M, it follows that S(D) N M is a
norm closed two-sided ideal of M. Furthermore, S(D) N M # {0} since, by
Theorem 1.5.21,

S(D)NM'™ = §(D) #{0}.

Therefore, by Theorem 1.2.9, S(D) N M has at least one nonzero projection
p. Since M, is atomic, there exists an atomic projection ¢y of M such that
0<qo<p Soq=qp€ SD)NM because ¢y € M, pis in S(D), and
S(D)N M is a two-sided ideal of M. This is a contradiction since S(D) has

no atomic projections of M. V

In light of Corollary 5.3.4 and the remark thereafter, it would be inter-
esting to know if the converse of Theorem 5.3.7 holds. We now solve this
problem in the affirmative for finite type I von Neumann algebras (Theorem
5.3.14), thereby extending Corollary 5.3.6. For this, we need the follow-
ing four lemmas. The proof of [21], Theorem 5 (i.e. Theorem 5.3.5), relies
strongly on Proposition 1.3.7, which itself depends on the fact that S(M) is
a regular algebra whenever M is finite. In general, M is not regular even if
M is commutative (see Corollary 6.5.9). We postpone the discussion on the

regularity of M until Section 6.5.

Lemma 5.3.8 Let p be a central projection of M and D a derivation on
m. Then D can be extended to a derivation D on M.
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Proof. Let D(z) = D(pxp) for every € M. Since p is a central projec-
tion, D(p) = 0. Using this, it is easily verified that D is a derivation on M
extending D. V

For p € M,,, we denote by ¢(p) the least central projection majorizing p,
and we call ¢(p) the central support of p. If p,q € M, then gxp = 0 for every
x € M if and only if ¢(p)c(q) = 0 ([95], Corollary V.1.7). This is needed in

the proof of the following known result, which we give for completeness.

Lemma 5.3.9 (/56/, Theorem 2.1) If q is an atom in a von Neumann algebra
M, then the central support c(q) of q is an atom in Z(M).

Proof. Let p be a central projection of M such that 0 < p < ¢(q). Then
qgp € M, and ¢gp < q. Since ¢ is an atom, it follows that ¢gp = 0 or ¢gp = gq.

We show that qp # 0. Suppose that ¢gp = 0. Then gzp = gqpx = 0 for
every x € M, and so ¢(q)c(p) = 0, i.e. pe(q) = ¢(q)p = 0. Since p < ¢(q), it
follows that p = 0. This is a contradiction since 0 # p. Thus ¢p # 0.

Therefore gp = ¢, implying that ¢ = gp < p. Hence ¢(q) < p, since p is a
central projection majorizing ¢, and thus ¢(q) = p, implying that ¢(q) is an
atom in Z(M). V

Lemma 5.3.10 Let (p,) be a family of central orthogonal projections in M
such that ) pa = 1. If (paMpa)p is atomic for every o, then M, is atomic.

Proof. Suppose (poMpas), is atomic for every a. Let 0 < p € M,,. Since
Do is a central projection for every «, it follows that pp, € M, for every a.
By hypothesis, > po = 1, and so ) pps = p. Since p # 0, we have that
ppa # 0 for some «. It is easily verified that p > pp, and that pp, < pa.
Therefore, pp, is a projection in p,Mp, and, by hypothesis, there exists an
atom ¢, in p,Mp, such that p > pp, > q.. Clearly, ¢, is also an atom in
M. This completes the proof. V

For the next lemma, we recall the notion of a direct sum of von Neumann

algebras ([39], p. 20-21). For each a, let A, be a von Neumann algebra on
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the Hilbert space H,, and let || - ||, denote the norm on A,. If z, € A,
for each «a, and sup, ||za|la < o0, define a bounded linear operator z on
the direct sum H of the family of Hilbert spaces (H,) by z(§) = (z4(&)),
where & = (&,) € H. The direct sum A of the von Neumann algebras A, is
defined to be the set of all such operators x, and we write A = ®,A,. It
can be verified that A is a von Neumann algebra on H with coordinate-wise

operations, and norm z +— sup,, ||Z4]|a-

Lemma 5.3.11 Let M = A ® B(H), where A is a commutative von Neu-
mann algebra and H a finite-dimensional Hilbert space (so M is a type I von

Neumann algebra). If A, is atomic, so is M,,.

Proof. Since A is commutative and A, is atomic, A = L, (X, X, 1) for some
localizable atomic measure space (X, %, ). Therefore we can find a disjoint
family of atoms (A, : A € A) satisfying X = UA,. Recall that measurable
functions on atoms are constant. Hence A = [ (A), where I, (A) is the space
of all bounded nets in C indexed by A. Hence, by [39], p. 29,
M = AR B(H)

= Io(A) ® B(H)

= ®aer(Ca ® B(H))
DaerB(Ha),

where H, = H and C, = C for every a € A. Every (B(H,)), is atomic, and
one can find a family of central orthogonal projections (p,) in M such that
Y uba = 1 and p,Mp, = B(H,), namely p, = 1,, where 1, denotes the
identity operator on ‘H,, for every o € A. By Lemma 5.3.10, M,, is atomic. V

If M is a finite von Neumann algebra, then M can be imbedded into the
maximal ring of right quotients Qq of M ([25]). Furthermore, U(M) = Q
([25]). Therefore, if A and B are *-isomorphic finite von Neumann algebras,
then U(A) = U(B). In particular, if A and B are equipped with faithful
finite normal traces, then A = U(A) = U(B) = B. This is needed in the

proof of our next proposition.
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If A is a von Neumann algebra with a faithful finite normal trace, then

—~— —~

M, (A) = M,(A) for every n € N (Proposition 1.3.7). Let (a}";) be a sequence
in M,(A) and (a; ;) € M, (A). Then (ay) — (a;;) in measure as m — o0
if and only if a]"; — a;; as m — oo for every i, (this is an immediate
consequence of [44], Lemma 2.1).

The proof of the following proposition is a slight modification of the proof
[21], Theorem 5, and we give the proof for completeness. It is a special case

of Theorem 5.3.14.

Proposition 5.3.12 Suppose that M is a type I von Neumann algebra with
a faithful finite normal trace. If all derivations on M are Yem — Yem cOntin-

uous, then My, is atomic.

Proof. Since M is a finite type I von Neumann algebra, there exists
a sequence of central projections (p,) such that M = @22 ,p,Mp,, and
PnMpn = My, (A,), where A,, is a commutative von Neumann algebra for
every n (Theorem 1.2.2), and the k, are integers. Assume that M, is not
atomic. Then, by Lemmas 5.3.10 and 5.3.11, it follows that (A,), is not
atomic for some r € N. By Corollary 5.3.4, there exists a derivation ¢ on .ZT
which is not ¥, — Yem continuous.

We show that there exists a derivation D, on Mmr) = Mk,(-;(z) which
is not Yem — Yem continuous. Define D, to be the linear map defined by
D, ((a;;)) = (§(ai;)) for every (a; ;) € My, (.ZT) It is easily verified that D, is
a derivation. Since 0 i8S Not e, —Yem continuous, there exists a sequence (a,,)
in :45; such that a,, — 0 in measure and §(a,,) does not converge to zero in
measure. Let (a";) be the sequence in My, (A,) defined as af"; = a,, for every
m and for all i, j. By the preceding remarks, (aj) — (b; ;) as m — oo, where
bij = 0 for all 7,j. Also, by the preceding remarks, D,((a7})) = (d(a))
does not converge to D,((b;;)) = (6(b;;)) in measure. Therefore, D, is not
Yem — Yem cONtinuous.

Since p, Mp, = My, (A,) and the tracfi()ipTMpr and My, (A,) are finite,

it follows that the algebra My, (A,) = My, (A,) is isomorphic to pT//\\/l—;T, and
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this isomorphism is also Ve, — Yem bicontinuous (by Theorem 3.2.8). There-
fore, the derivation D, can be identified with a derivation on pr/./\\/l/pr which
is not Yem — Yem continuous. By Lemma 5.3.8, D, can be extended to a
derivation D on M. It follows from Lemmas 1.5.15 and 1.5.16 that D is not
Yem — Yem continuous. This contradicts the hypothesis, implying that M, is

atomic. V

The following proposition is the first part of the proof of Theorem 5.3.14.

Proposition 5.3.13 Let M be a finite type I von Neumann algebra. If all

derivations on Mv are Yem — Yem continuous, then (Z(M)), is atomic.

Proof. Suppose that M is a finite type I von Neumann algebra such that
all derivations on M are Yem — Yem CONtinuUoOUS.

Let g be nonzero central projection such that 7(¢) < co. Let D be a
derivation on q./\/l/\/q By Lemma 5.3.8, D can be extended to a derivation D
on M. By hypothesis, D is Yem — Yem continuous, and thus, D is Yem — Yem
continuous (this follows from Lemmas 1.5.15 and 1.5.16). Therefore, all
derivations on (m are Yem — Yem continuous. Since gMygq is a type I von
Neumann algebra with finite trace, it follows from Proposition 5.3.12 that
(gMgq), is atomic. Therefore there exists an atom ¢y in ¢Mgq such that
q > qo. It is clear that ¢q is also an atom in M.

Let p € Z(M),. Since M is finite, it follows that that 7|z is semifinite
([39], Proposition 10, p. 12). Therefore, there exists a nonzero p; € Z(M),
such that 7(p;) < oo and p > p;. By the previous paragraph, there is an
atom ps in M such that p; > p,. Hence every central projection majorizes an
atom of M. By Lemma 5.3.9, ¢(p2) is an atom in Z(M). Since p € Z(M),,
it follows that p > ¢(p2). Thus Z(M), is atomic. V

Theorem 5.3.14 Let M be a finite type I von Neumann algebra with a
faithful semifinite normal trace 7. If all derivations on M are Yem — Vem

continuous, then M, is atomic.
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Proof. Since M is a finite type I von Neumann algebra, we can write
M = @2 M, where every M,, is a finite type I von Neumann algebra
such that M,, = Z(M,,) ® B(H,), where H,, is a finite-dimensional Hilbert
space for every n. There is a sequence of central projections (p,) in M such
that, for every n, M,, = p,Mp, and > ° p, = 1 (Theorem 1.2.2). By
Theorem 1.5.10, .7\/1\; = pnﬂpn for every n.

Consider now a fixed n and let D,, be a derivation on /\f/\l; It follows
from Lemma 5.3.8 that D, can be extended to a derivation D,, on M. By
hypothesis, D, iS Vem — Yem continuous, and so the same holds for D,, (this
follows from Lemmas 1.5.15 and 1.5.16). Hence all derivations on M, are
Yem — Yem continuous. This holds for every n. Since M,, is a finite von Neu-

mann algebra, 7|z, is semifinite ([39], Proposition 10, p. 12), and hence,

n

by Proposition 5.3.13, Z(M,,), is atomic for every n. It is an immediate
consequence of Lemma 5.3.11, and the fact that M, = Z(M,) @ B(H,)
for every n, that every (M,,), is atomic. Finally, by Lemma 5.3.10, M,, is

atomic. V
The following example demonstrates that the converse of Theorem 5.3.7
does in general not hold.

Example 5.3.15 Let A = L([0,1]), H an infinite dimensional Hilbert
space, and M = A ® B(H). Then M is a type I, von Neumann algebra.

Now

Z(M) = Z(A® B(H))

Therefore Z (M) has no atoms. Therefore, by Lemma 5.3.9, M has no atoms,
implying that M, is not atomic. However, F. A. Sukochev, A. F. Ber and B.
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de Pagter recently proved that all derivations on M are Yem — VYem continuous
([22)).

We have already seen that derivations on M need not be continuous, nor

inner. Therefore, the following problem presents itself.

Problem ([13], Problem 5) Is every 7un — Yem continuous derivation on

M inner?

Recall that if M is commutative, then every v, —Ven continuous deriva-
tion on M is inner, i.e. the zero derivation is the only Y., — Yem continuous
derivation on M. We now give other results which provide some affirmative

answers to this question. One such result is Theorem 5.3.20 below.

Lemma 5.3.16 Let A be a GB*-algebra such that the underlying C*-algebra
Ay of A is a W*-algebra. If D is a continuous derivation on A such that
D(Ay) C Ay, then there exists a € Ay such that D(x) = ax — xa for all

x €A, i.e. D isinner.

Proof. Let D be a derivation as in the hypothesis. Then, since D(A;) C A,
there exists a € Ay, such that D(z) = ax — za for every z € A, (Theorem
2.3.6). Since D is continuous and A, is dense in A (Theorem 1.4.17), it

follows that D(z) = ax — za for every z € A, i.e. D is inner. V

Corollary 5.3.17 ([13]) If D is a Yem — Yem continuous derivation on M
such that D(M) C M, then there exists a € M such that D(z) = ax — xa
for all x € M, i.e. D is inner.

Proof. By Theorem 1.5.29, M is a GB*-algebra with M as underlying C*-
algebra. The result follows from Lemma 5.3.16. V

Corollary 5.3.24 below demonstrates that not every 7., — vVem continuous
derivation on M maps M into itself.

In 2006, the author presented Theorem 5.3.7 at the conference “Great
Plains Operator Theory Symposium” in Iowa City, USA ([98]). He then
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communicated with Sh. A. Ayupov, who, with S. Albeverio and K. K. Ku-

daybergenov, gave an extension of Theorem 5.3.7 in [2].

Proposition 5.3.18 Let D : M — M be a derivation. If D|pm 1S Yem — Yem

continuous, then D s Ven — Yem continuous.

Proof. By Lemma 2.3.2, we may assume without loss of generality that D
is a *-derivation. It suffices to show that S(D) = {0}. Let y € S(D). Then
there is a sequence (z,) in M such that Ty, — 0 (Yem) and D(z,) — y (Yem)-
Since z,(1 + z}w,)~" is affiliated with M for every n (Lemma 1.5.27), it
follows from Proposition 1.3.1 that x,(1 + z}z,)”' € M for every n. Since
inversion is continuous on M in the measure topology ([96]) and 1+a%x, — 1

(Yem), it is immediate that z,(1 + z%z,)™" — 0 (Yem). Observe that

D(mn(l + :L“Zl‘n)_1> =x,D ((1 + mflxn)_1> + D(z,) (1 + xk2,) 7,

0=D(1) = D((l ot (14 men)’1>
= (1+ xe,JD((l + x;xn)’l) +D(1+ 2z x,)(1 + xflxn)’l.
Therefore
(1+ a:;::pn)D<(1 + :L‘an)_1> =—D(1+zyx,)(1+ x;xn)_l,

implying that
D((l + xZ:cn)”) = —(1+ :r;;xn)’lD(l +arx,) (1 + a:j;:cn)’l

= —(1+ x;xn)_lD(x2$n)(1 + x;xn)_l

= —(1+ x;xn)_l (foD(xn) + D(In)*xn> (1+ x:;xn)_l

— =170y +y*.0)17!
= 0

by continuity of inversion in the measure topology. Hence D (xn(l—ka:;xn)*l) —

Y (Yem). Let y, = z,(1 + z72,)"" for every n. Then (y,) is a sequence in
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M such that y, — 0 (Vem) and D(y,) — v (Yem). By hypothesis, y = 0,
implying that S(D) = {0}. V

In what follows, we will need the following result.

Theorem 5.3.19 (Ryll-Nardzewski fixed point theorem) (/77], p. 444)
Suppose that X is a locally convexr Hausdorff space and ) # K C X a
weakly compact conver subset of X. Let F : K — K be a non-contracting
semigroup of weakly continuous affine maps (here, non-contracting means
that for every x,y € K with x # y, there exists a seminorm p such that
infser p(p(z) — ¢(y)) > 0). Then there exists v € K such that x is a fized
point of F.

The proof of our next result is similar to that of [58], Lemma 4.1, and
[55], Theorem 1. Recall from Section 5.1 the notion of the non-commutative
L,-spaces L,(M, 1), 0 < p < oo, and that every L,(M,7), p > 1, is a Banach

M-module with the norm ||.||, as defined in that section.

Theorem 5.3.20 Let D be a derivation on M such that D(Mv) C L,(M,T)
for some 1 < p < co. Then there exists an a € L,(M,T) such that D(z) =

ax — xa for every x € M.

Proof. We denote the unitary group of M by M,,. Let K ={u*D(u) : u €
M., } and L be the o(L,, (L,)*)-closed convex hull of IC (here L, = L,(M, 1)).
Let Dy = D|p. Then Dy is a derivation on M into L,. By Theorem 2.3.5,
D, is norm continuous.

Therefore £ is a bounded subset of (the Banach space) L,: |[u*D(u)l], <
lu || D(w)|l, = ||D(w)||,- Now M, is a norm bounded subset of M. Since
D, is (norm) continuous, {D(u) : u € M,} is a norm bounded subset of L,,.
So sup,epq, |D(u)|l, < co. Hence sup,cpy, ||u*D(u)|, < 0o, meaning that
IC, and thus £, is a norm bounded subset of L,,.

Since L, is reflexive, it follows from the Banach-Alaoglu theorem that £
is o(Ly, (Ly)*)-compact. For each v € M,, define the affine map A,(z) =
w*ru+u*D(u) for all x € L,. Since L, is a Banach M-module, A,(L,) C L,
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for every u € M,,. Since ||u*zul|, = ||z||, for every u € M, and every x € L,
(Lemma 5.1.1), it follows easily that A, : L, — L, is norm continuous for
every u € M,. A standard result tells us that A, is o(L,, (L,)*)-continuous
for every u € M,,. Let u,v € M,. Then an easy computation shows that
Ay(u*D(u)) = (uv)*D(uv). Now uv € M,. Thus A,(K) C K. Therefore,
since A, is o(L,, (L,)*)-continuous, A,(L) C L. Since A, A,(z) = Ay (z) for
every x € L, it follows that {A, : v € M, } is a semigroup.
Now let x,y € £ with  # y. Then, by Lemma 5.1.1,

[Au(z) — Au(y)ll, = [u"zu+ " D(u) — uyu—u"D(u)]],
= |Ju'zu —uyull,
= |Ju"(z — y)ull,
= |lz—yll,

for all u € M, and for all 1 < p < co. Hence

nf [ A() — Ayl = 7~ ol > 0
for every 1 < p < co. Hence {4, : u € M, } is non-contracting. By the Ryll-
Nardzewski fixed point theorem, there exists ag € £ such that A,(ag) = ao
for every u € M,. Therefore u*agu + u*D(u) = ag for every u € M,. Let
a = —agp. It follows that D(u) = au — ua for every u € M,.

Let £ € M. Then it is well known that x = Zle Aiu;, where \; € C
and u; € M, for all 1 <i < 4. Once again, an easy calculation shows that
D(z) = ax — xa. This holds for every x € M. Thus D|x 1S Vem — Yem
continuous. By Proposition 5.3.18, D is Y., — Yem continuous. Therefore,
since M is dense in M with respect to the measure topology, it follows that

D(z) = ax — xa for every = € M, implying that D is inner. V

In the proof of [86], Theorem 4.1.6, a similar argument was used for the
case where M is a countably decomposable finite von Neumann algebra:
Sakai introduced the maps T, (x) = uzu* + D(u)u* for all x € M and for all
u € M,. He showed, by using Zorn’s Lemma, instead of the Ryll-Nardzewski
fixed point theorem, that the maps T, have a fixed point.
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It would be interesting to know if all inner derivations on M are neces-
sarily defined by bounded operators. We answer this question in the negative
(Proposition 5.3.23). First, we give the following lemmas, of which the first

is straight-forward, and so we omit the proof.

Lemma 5.3.21 If A is a unital algebra and a € A is an invertible element
in Z(A), the centre of A, then a™' € Z(A).

The next result was brought to the author’s attention by Sh. A. Ayupov.

We give a proof for completeness.

Lemma 5.3.22 ([14]) If M is a factor, then Z(M) = Z(M) = CL1.

Proof. By the fact that M is dense M with respect to the measure topol-

ogy, it follows easily that Z(M) C Z(M). It remains to show that Z(M) C

—~ —~ —

Z(M). Let © € Z(M). Then z* € Z(M) and hence 1 + z*z € Z(M). It

follows from Lemma 5.3.21 that (1 +z*z)~' € Z(M). But (1+z*z)"' e M
(Lemma 1.5.27). Hence (1 4 z*z)™* € Z(M)N M C Z(M). Since M is a
factor, there exists a nonzero A € C such that (1 + z*z)~! = Al. Therefore
14+z%xr = %1. Hence 1+x*x € M. So z*x € M. By the polar decomposition

of x, it follows that z € M. Thus x € Z(M)NM C Z(M). V

The following result was communicated to the author by Sh. A. Ayupov.

We give a proof for completeness.

Proposition 5.3.23 (/14]) Suppose that M is a factor and D is an inner
derivation on /\7, i.e. there exists a € M such that D(z) = ax—za for every
z € M. Suppose b € M is also such that D(z) = bz — xb for every z € M.
Then a € M if and only if b € M.

Proof. By hypothesis, ax — xa = bx — b for all x € M. Hence az — bz =
za — xb for all z € M, ie. (a —b)xr = x(a —b) for all x € M. Hence

a—b e Z(M). Since M is a factor, it follows from Lemma 5.3.22 that
a — b= Al for some A € C. Therefore a € M if and only if b € M. V
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Corollary 5.3.24 If M is a factor with M % M, there exists @ Yem — Vem

continuous derivation D on M such that D(M) is not contained in M.

Proof. Let a € M with a ¢ M. Define the inner derivation D(z) = ax —za
for every x € M. Then D is a Yem — Yem continuous derivation on M. By
Proposition 5.3.23, there is no b € M such that D(z) = bx — zb for very
T e ./\7

If D(M) C M, then the restriction of D to M is a derivation on M, and
hence there exits b € M such that D(z) = bx —xb for every © € M (Theorem
2.3.6). Since D iS Yem — Yem continuous, it follows that D(x) = bx — zb for
very € M. This is a contradiction. Therefore D(M) is not contained in

M.V

5.4 Examples of non-inner derivations on M

In this section, we examine the construction of a non-inner derivation on a
commutative M , where M,, is not atomic. This construction can be found
in the proof of [20], Theorem 5.3.3.

Theorem 5.4.1 (/20/, Remark 3.1) Let A = Lo(X, %, 1), where X = [a,b],
and let B = P([a,b]), the subalgebra of all polynomials in A. Then every

dertvation D : B — A can be extended to a derivation on A.

Example 5.4.2 (/20], Remark 3.1) Let A = Lo(X, %, u), where X = [a, b],
1 the Lebesque measure on X, and X the Lebesque o-algebra of X. Since u
is a finite measure, we see that A = EOO(X, ¥, ). Let B as in Theorem 5.4.1,
and D(p) = p' the standard (differentiation) derivation on B. By Theorem
5.4.1, the derivation D defined on B extends to a derivation Dy : A — A.
Since D is a nonzero derivation, it follows that Dy is a nonzero derivation on

A. Hence Dy is non-inner, since A is commutative.

Example 5.4.3 ([2], Ezample 4.6) Let A = L,([0,1]) and M = My(A).

Recall that one can define a faithful finite normal trace 744 on M as the sum
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of the traces of the diagonal elements of (z;;) for every (x;;) € M. Denoting
the algebra of 7\,-measurable operators by M , it follows from Proposition
1.3.7 that

M =UM) = U(My(A)) = My(U(A)) = Ma(A).

Let Dy be the nonzero derivation on A = Ly([0,1]) as in Example 5.4.2.
Then the map D : M — M : (wij) — (Dalxi;)) (4,5 = 1,2) defines a

derivation on M. It can easily be verified that D is not inner.
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Chapter 6

Derivations and primitive
ideals of M

In 1955, Singer and Wermer proved that every continuous derivation D on
a commutative Banach algebra .4 maps into the (Jacobson) radical Rad(.A)
of A ([36], Corollary 2.7.20). At the same time, they conjectured that the
continuity assumption on D can be dropped. This conjecture remained open
until 1988, when M. P. Thomas settled this conjecture in the affirmative, i.e.
he proved that every derivation on a commutative Banach algebra A maps
into the radical of A ([36], Theorem 5.2.36).

The non-commutative Singer-Wermer conjecture states that if D is a
derivation on a (not necessarily commutative) Banach algebra A with D (x)—
(Dz)x € Rad(A) for every z € A, then D maps into the radical of A ([36],
p. 272). This problem is still open. An equivalent formulation of the non-
commutative Singer-Wermer conjecture is the following: If D is a derivation
on a Banach algebra A, then D(Z) C Z for every primitive ideal Z of A ([36],
p. 272).

This conjecture is already known to hold when D is continuous ([36],
Proposition 2.7.22). In this chapter, we explore the Singer-Wermer theorem
as well as the non-commutative Singer-Wermer conjecture for the algebra

—~

M. In particular, we show that primitive ideals of M are invariant under
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derivations on M in the cases where M is commutative (Section 6.3) and
where the trace on M is finite (Section 6.5). Section 6.4 looks at the invari-
ance problem for certain ideals of M. In Section 6.2, we show that primitive
ideals of M are in general not v.,,-closed and for this, we appeal to some

results in Section 6.1, some of which are of independent interest.

6.1 Measure bounded elements of J/\/lv and fur-

ther properties of M

Recall from Section 1.4 that an element x in a topological algebra A is
bounded if there there is a nonzero A € C such that the set {(A\z)" : n =
1,2,...} is a bounded subset of A.

Proposition 6.1.1 Let x € M. The following statements are equivalent.
(i) T 8 Yem-bounded.

(i1) For every § > 0, there exist M > 0 and o > 0, depending on x, such

that ps(z™) < Ma™ for every natural number n.

Proof. (i) = (ii): Suppose that z is Yepn-bounded. Then there exists a
nonzero A € C such that the set {(Az)" : n = 1,2,...} is Yepn-bounded. Let
€,0 > 0. Then there exits v > 0 such that

{(O2)" :n=1,2,...} CyM(e,5), ie.
{%x” n=1,2,...} C Mle,6).

Therefore, by Lemma 1.5.16, ,u(;(%x") < e for all n. Thus @,u(;(x”) < ¢ for
all n (Proposition 1.5.14). Hence ps(z") < % Let M = ey and o = ﬁ
Then ps(2™) < Ma™ for all n.

(it) = (i): Suppose that (ii) holds and take ¢ > 0. Let v = % and let
A € C be such that [A\| = 1. Then M = ey and a = ‘—}\' Applying the proof
of (i) = (ii) in reverse, it follows that z is ye,-bounded. V
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Recall that M is a GB*-algebra (Theorem 1.5.29). The next corollary
is known to hold for all GB*-algebras ([40], p. 695). We give a more direct
proof for M using Proposition 6.1.1.

Corollary 6.1.2 If x € M, then x is a e -bounded element of M.

Proof. If z € M, then, by Proposition 1.5.14(i), ps(z™) < ||z™]| < ||z
This holds for every n and for every 6 > 0. Let M = 1 and o = ||=||. Hence
ps(x™) < Ma™ for every n and for every § > 0. By Proposition 6.1.1, the

result follows. V.

Lemma 6.1.3 ([40/, Lemma 2.6) Let A be a GB*-algebra with A, being
the underlying C*-algebra. If x € A is a self-adjoint bounded element, then
S Ab.

The following result is known for locally convex GB*-algebras ([6], p. 94).
Proposition 6.1.4 Ifz € M is Yem-bounded and normal, then x € M.

Proof. If y € M is ~Yem-bounded and self-adjoint, then y € M (by Theorem
1.5.29 and Lemma 6.1.3).

We first show that x* is 7.,-bounded. Let 6 > 0. Since x is Yep-
bounded, it follows from Proposition 6.1.1 that there exist M, > 0 such
that ps(z™) < Ma" for all n. Therefore, by Proposition 1.5.14(viii), it follows
that ps((z*)") = ps((z™)*) = ps(z™) < Ma™ for all n. Hence, by Proposition
6.1.1, * is 7y.p-bounded.

Next, we illustrate that x*z is ~.,-bounded. Let 6 > 0 and 0; =
09 = %5. Then 6 = 67 + d3. Since x and z* are 7.,-bounded, there ex-
ist My, My, aq, ap > 0 such that ps, (2™) < Myab for all n, and s, ((z*)") <
Msaly for all n. Hence, since x is normal, it follows from Proposition 1.5.14(vi)
that

ps((@*2)") = psyis,((272)")
)

u51+52((:v*) Zz

pan ((27)") s (")

89

IN



< (Miay)(Maog)
= (MiMs)(enas)"
for all n. Thus z*x is 7.n-bounded by Proposition 6.1.1.

Now, since z*x is self-adjoint, it follows that x*z € M. By the polar
decomposition of z, it follows that € M. V

The following corollary is already known for locally convex GB*-algebras
([6], p- 94, and [40], p. 695).

Corollary 6.1.5 If M is commutative, then x € M s Yem-bounded if and
only if vt € M.

Proof. By hypothesis, every element of M is normal. By Proposition 6.1.4
and Corollary 6.1.2, the result follows. V.

Lemma 6.1.6 (/6/, Corollary 2.8) Let A be a barrelled pseudocomplete lo-
cally convexr GB*-algebra such that every element of A is bounded. Then A
is a C*-algebra.

Theorem 6.1.7 Suppose that M is locally convex with respect to the mea-

sure topology. The following statements are equivalent.
(i) M =M.

(i1) M isa Q-algebra, i.e. the group of invertible elements ofj/\\/l/ 1S open

with respect to the measure topology.
(111) M is a C*-algebra in the measure topology.

(iv) Every element of M is measure bounded.

Proof. (i) = (iv): By Corollary 6.1.2, every element of M is a v.,,-bounded
element of M. But M = M. Hence every element of M is Yem-bounded.
(tv) = (di7): Recall that M is a GB*-algebra (Theorem 1.5.29). By

Lemma 1.4.19, M is pseudocomplete. Since M is complete and metrizable,
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M is barrelled. It follows from Lemma 6.1.6 that M is a C*-algebra with
respect to the measure topology.

(74i) = (¢4): This is trivial since every Banach algebra is a Q-algebra.

(17) = (i): Suppose that M is a Q-algebra with respect to the measure
topology. Assume that M # M. Then there exists a self-adjoint element
z € M with z ¢ M. Since M is a Q-algebra, Sp (z, M) is a bounded subset
of C (by [15], 4.8-3, p. 206, the spectrum of every element in a Q-algebra is
bounded). By Proposition 6.1.4, every measure bounded self-adjoint element
of M is in M. Therefore, since © ¢ M, x is not a measure bounded element
of M. By Lemma 1.4.19, M is pseudocomplete. It follows from Lemma
1.4.20 that M does not have continuous inversion. By [104], Theorem 7.4,
every complete metrizable Q-algebra has continuous inversion. Since Mis a

complete metrizable Q-algebra, we have a contradiction. Hence M=M.V

After the author proved Theorem 6.1.7, I. Tembo proved that, in general,
M is a Q-algebra if and only if M = M ([96]).

6.2 Non-closed primitive ideals of M

Definition 6.2.1 If A is an algebra, then we say that a two-sided ideal P
of A is a primitive ideal of A if there exists a maximal left ideal Z of A such
that P = {a € A:aA C I}. An algebra is said to be primitive if {0} is a
primitive ideal of A.

Every algebra has at least one primitive ideal, since every algebra has at
least one maximal left ideal. It is well known that every primitive ideal of
a Banach algebra is closed ([36], Proposition 2.28(iii)). In this section, we
show that this is not true in general for the algebra M , not even when M is
commutative. The motivation for this becomes clear later on. The following

theorem is due to W. Zelazko.

Theorem 6.2.2 (/105], Corollary 3, [36], p. 594) Let A be a commuta-

tive complete metrizable locally m-convex topological algebra. The following
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statements are equivalent.
(1) All mazimal two-sided ideals of A are closed.
(i) A is a Q-algebra.

Recall that a two-sided ideal of a unital commutative algebra is maximal
if and only if it is primitive ([36], Proposition 1.4.36). We now come to the
main result of this section which is an immediate consequence of Theorems
1.5.26, 6.1.7 and 6.2.2.

Corollary 6.2.3 Suppose that M is commutative and locally convex with re-
spect to the measure topology. [fﬂ # M, then M has at least one primitive

1deal which 1s not Yem-closed.

We now give an example of a maximal two-sided (hence primitive) ideal
in M which is not closed with respect to the measure topology. For this, we

first give the following lemma.

Lemma 6.2.4 Let (X, 3, ) be a localizable measure space, f € ZOO(X, Y,u) =
Lo and N € C. If p({z € X : f(x) =A}) >0, then A € Sp (f, Loo).

Proof. Suppose that A ¢ Sp (f, Zoo) Then f — Al is invertible in Lo, i.e.
there exists g € L., such that (f — Al)g = 1 almost everywhere. Therefore
p{re X : f(x)=A})=0. V

The following example is modelled along the lines of an argument in the
proof of Theorem, p. 293 in [105].

Example 6.2.5 Suppose that M # M and that M is commutative and
locally convex in the measure topology. We know from Example 1.5.8 that
M can be identified with EOO(X , 2, i) for some localizable measure space
(X, %, u). By Proposition 1.5.11 and Theorems 1.5.23 and 1.5.24, there is a

sequence of atoms (A,) such that

Loo(X, %, 1) = Lo(E, X5, tp) ® Loo(X \ E, Xx\E, x\E),

92



where B = U A, and u(E) < co. Let f € Loo(X, %, 1) be defined by
f(A,) =n for every n > 0, and f(z) =0 for every x € X \ E.

We show that n € Sp (f, Ls) for every n > 0, where Loo = Loo(X, 3, ).
For every n, {x € X : f(z) = n} = A,,, and p(A,) > 0. By Lemma 6.2.4,
n € Sp (f, L) for every n > 0.

For every n, let

o) = T10 = oo (T4 57 4 (™),
where (my) is a sequence of positive integers. It follows from a theorem of
Weierstrass ([1], Theorem 7, p. 194) that every ¢, is an entire function. By
Theorem 1.5.26, M is locally m-convex. Using the holomorphic functional
calculus for complete metrizable locally m-convex topological algebras ([104],
Theorem 11.8), define a sequence (z,) in M by z, = on(f) for every n.

Let Z be the smallest ideal of A containing the sequence (z,,). As in the
proof of Theorem, p. 293 in [105], it can be shown that Z is properly con-
tained in A, and therefore there is at least one maximal ideal of A containing
Z. One can also prove, as in the proof of Theorem, p. 293 in [105], that any

such maximal ideal is not closed, and thus dense in A.

In 2006, W. Zelazko extended Theorem 6.2.2 by proving that a unital
complete metrizable topological algebra A is a Q-algebra if and only if all
maximal one-sided ideals of A are closed ([106]).

We now give a property of primitive ideals of von Neumann algebras,
which is of independent interest and does not seem to have appeared in the

literature.

Proposition 6.2.6 If 7 is a primitive ideal of a von Neumann algebra M,

then T is strong-operator closed or strong-operator dense in M.

=50t . .
Proof. We denote by 7 % the strong-operator closure of Z in M. Since 7
is a primitive ideal, Z is the kernel of an irreducible *-representation 7w of M.
—sot
Furthermore, by Proposition 1.2.10, Z C 7 0t pM for some central pro-

jection p of TSOt. Since p is central, 7(p)w(x) = 7w(px) = w(xp) = w(x)w(p)

93



for every x € M. Thus 7(p) commutes with 7(M). Hence 7(p) = Al for
some A € C (Proposition 1.2.16). Since p is a projection, so is 7(p). Thus
A =0or A =1, implying that 7(p) = 0 or 7w(p) = 1.

If 7(p) = 0, then p € Z, implying that Z is strong-operator closed. If
w(p) = 1 and © € M is arbitrary, then x = xp + (1 — p), implying that
m(z(l —p)) = 0 for every x € M, i.e. (1 —p) € T for every z € M. In
particular, for x =1, 1 —p e Z C TSOt. Therefore 1 = p+ (1 —p) € TSOt.

Hence 7 is strong-operator dense in M. V.

6.3 The invariance of primitive ideals under

derivations on a commutative M

In this section, we show that if M is commutative, then every primitive ideal
of M is invariant under derivations on M (Corollary 6.3.6). First we review
some well-known terminology.

Let R be a unital ring. If Z is a two-sided ideal of R, then we call 7
a semiprime (respectively prime ) ideal if whenever a € R and aRa C T
(respectively aRb € Z with b € R), then a € T (respectively a € Z or
b € 7). Observe that every prime ideal of R is semiprime and recall that
every primitive ideal of R is prime ([36], Proposition 1.4.34(iii)). Thus every

primitive ideal of R is semiprime.

Lemma 6.3.1 Let R be a unital ring with centre Z(R), and Z a semiprime
ideal of R. If a* € T with a € Z(R), then a € L.

Proof. By hypothesis, it follows that aRa = a?*R C Z. Since R is

semiprime, a € Z. V

The following lemma is a special case of [103], p. 63, and we give a proof

for completeness.

Lemma 6.3.2 If & € M, then |z| € {x*z}", the bicommutant of z*z in M.
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Proof. Let y € {z*z} be self-adjoint. Then (z*z)y = y(z*z). Therefore
2*z and y generate a maximal commutative *-subalgebra A of M ([27],
Proposition V.35.7). By Theorem 1.5.29 and Lemma 1.4.14, A is a GB*-
algebra. Therefore, by Proposition 1.4.21, |z| = (a:*x)% € A. Since A is
commutative and |z|,y € A, we have |z|y = y|z|. This holds for every
self-adjoint y € {z*z}'.

Let z € {z*x}" (not necessarily self-adjoint). Then z = a + ib, where
a = 35(z+2%) and b = 5(z — 2*). Recall that a and b are self-adjoint. It
is easily verified that z* € {z*z}’, and hence a,b € {z*z}’. By the previous
paragraph, |z|a = a|x| and |z|b = b|z|. It follows that |z|z = z|z|. This holds
for every z € {z*z}'. Hence |z| € {z*z}". V

Theorem 6.3.3 Let 7 be a semiprime ideal of M. Ifx€1n Z(Mv), then
r=abwitha €l andbeT.

Proof. Let x € TN Z(M) and = = v|z| the polar decomposition of . Then
v € M and, since Z is an ideal, |z|*> = 2*x € Z. Also, since = € Z(ﬂ),
r* € Z(M) Hence z*z € Z(Mv), implying that {z*z}’ = M. Therefore, by
Lemma 6.3.2, |z| € {z*z}" = (M)'. Hence |z| € (M) N M = Z(M).

By Lemma 6.3.1, || € Z. Observe that || > 0. Once again, |z|2 € {|z|}”
(Lemma 6.3.2). Therefore, since |z| € Z(M), it follows that |z|z € Z(M).
Now (|#]2)? = |z| € Z. By Lemma 6.3.1, |z|z2 € Z. Since v € M C M, it
follows that v|z|z € Z. Let a = v|z|2 € Z and b = |z|2. Then a,b € Z and

r=v|z| =ab. V

Our next result is the main result of this section.

Theorem 6.3.4 Let T be a semiprime ideal Ova and D a derivation on
M. Then D(TN Z(M)) C T.

Proof. Let z € TN Z(M). By Theorem 6.3.3, x = ab with a € Z and
b € Z. Therefore D(z) = D(ab) = aD(b) + D(a)b € Z, implying that

—~

D(INZM))CI.V
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Proposition 6.3.5 Let A an algebra, T a two-sided ideal of A, and D a
derivation on A. If for every x € I, there exist a,b € T such that x = ab,
then D(T) C T.

Proof. Let x € Z. By hypothesis, there exist a,b € Z such that x = ab.
Hence D(z) = D(ab) = aD(b) + D(a)b. Therefore, since Z is a two-sided
ideal of A, D(Z) CZ. V

The next corollary follows immediately from Theorem 6.3.4 and Propo-
sition 6.3.5.

Corollary 6.3.6 Suppose that M is commutative and let D be a derivation
on M. Then D(I) C I for every semiprime, and hence primitive, ideal I of
M.

6.4 The invariance of ideals under derivations

on a general M

Recall that the zero derivation is the only 7., — Yem continuous derivation
on a commutative M. Therefore, if M is commutative, then every v, — Yem
continuous derivation on M maps into Rad(//\/lv). Observe that this is an ana-
logue of the Singer-Wermer theorem for commutative Banach algebras ([36],
Corollary 2.7.20). The following result follows immediately from Theorem
1.5.30 and Corollary 5.3.4.

Corollary 6.4.1 If M is commutative with finite trace, and M, is not

atomic, then there is a derivation on M which does not map into the radical
of M.

Recall that, in contrast, every derivation on a commutative Banach alge-
bra A maps into the radical of A ([36], Theorem 5.2.36).

Theorem 6.4.2 If D is a derivation on M, then D(Z) C I for every Yem-
closed two-sided ideal T of M.
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Proof. Let Z be a 7.,-closed two-sided ideal of M. By Theorem 1.5.21,
ZN M is anorm closed two-sided ideal of M. Let x € Z. Then, by Theorem
1.5.21, there is a sequence (z,) in Z N M such that x, — = (7). Since
Z N M is norm closed, it follows from [95], p. 19, that |z,| € ZNM for every
n. By Theorem 1.5.20, |z,| — |z| (Yem). Hence |z| € Z since T is ~y.,-closed.
By a similar argument to that given above, |z|2 € Z. Therefore v|z|2 € Z,
where z = v|z| is the polar decomposition of x € M. Soz = v|z|2|z]2 = ab,
where a = v|z|2 and b = |z|2. The result now follows from Proposition 6.3.5.

\Y

The above result shows that .,,-closed primitive ideals of M are invariant
under derivations on M. By Corollary 6.2.3, primitive ideals of M need not
be Yem-closed. Sometimes {0} is a primitive ideal of M. We now characterize
the case where M has {0} as the only primitive ideal. We first prove the

following lemma.

Lemma 6.4.3 An algebra A is simple if and only if {0} is the only primitive
ideal of A.

Proof. Suppose that A is simple. Then {0} is the only proper two-sided
ideal of A and, since primitive ideals are always proper, it is the only primitive
ideal of A.

Conversely, suppose that {0} is the only primitive ideal of A. Assume that
A is not simple. Then A has a nonzero proper two-sided ideal Z. Therefore
there exists a maximal two-sided ideal Z, of A with Z C Z,. Since every max-
imal two-sided ideal of an algebra is primitive ([36], Proposition 1.4.34(iv)),

we have a contradiction, implying that A is simple. V
Theorem 6.4.4 The following statements are equivalent.
(i) {0} is the only primitive ideal of M.
(ii) M is simple.
(i1i) M is simple.
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(iv) M is a finite factor.

Proof. The equivalence of statements (i) and (ii) follows from Lemma 6.4.3.

(17) = (iv): Assume that M is simple. By Lemma 6.4.3, M is primitive
and thus prime. By Theorem 3.5.6, M is prime, and hence a factor ([9],
p. 47). Also, since the trace T on M is semifinite, My # {0}. Therefore
/\70 = M because M is simple and /\76 is a two-sided ideal of M. By Lemma
1.5.18, this implies that 1 € M has finite trace. So the identity element of
M is finite, implying that M is a finite factor.

(tv) = (4i7): This is a restatement of Corollary 1.2.13.

(13i) = (i7): Let Z be a two-sided ideal of M. Then ZN M is an ideal of
M. Since M is simple, Z N M is {0} or M.

Suppose that Z N M = {0}. Let € Z. Then, since z € M, it follows
from Lemma 1.5.27 that (1+z*z)! € M. By Proposition 1.3.1, r(l+z*x)!
is a bounded operator. Therefore z(1+z*z)™! € M, since z(1+z*x)™' € M,
and thus affiliated with M. Hence, since x € Z, we have that (1 +x*z)~! €
Z N M ={0}. This implies that x = 0. Thus Z = {0}.

Now suppose that ZN M = M. Then 1 € Z, and so Z = M. Therefore
T is {0} or M. This implies that M is simple. V

Let A be an algebra. By an irreducible *-representation of A on a Hilbert
space ‘H, we mean a self-adjoint algebra homomorphism 7 : A — B(H) such
that the only subspaces of H invariant under 7(A) are {0} and H.

It is well known that if A is a C*-algebra, then a two-sided ideal Z of A
is primitive if and only if Z is the kernel of an irreducible *-representation of
A on a Hilbert space ([27], Proposition 24.12, and [38], p. 57). This is often
taken to be the definition of a primitive ideal of a C*-algebra.

If A is a metrizable locally C*-algebra, then it is known that A ad-
mits irreducible *-representations on a Hilbert space ([30]). Also, every *-
representation of A is continuous ([30], Lemma 3.1).

Suppose that M is commutative and locally convex with respect to the

measure topology (thus locally C* with respect to the measure topology by
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Theorem 1.5.26), and that M # M. By Corollary 6.2.3, M has at least one
primitive ideal which is not ~.,-closed. It follows from the previous para-
graph that M admits irreducible *-representations which are all continuous.
It follows that the kernels of the irreducible *-representations of M are all
Yem-closed. Hence primitive ideals of M need not be kernels of irreducible

*-representations on a Hilbert space.

Example 6.4.5 We give an example of an irreducible *-representation of
M on a Hilbert space, when the trace on M is not finite. By Theorem
1.5.19, M /Mvo is a non-trivial C*-algebra when equipped with the norm
floo- Let ¢ : M — /W/Mo be the canonical homomorphism of M onto
M /M,. Since M/ M, is a non-trivial C*-algebra, M /M, admits an irre-
ducible *-representation 7 on a Hilbert space H (Theorem 1.2.17). Define a
*_representation m : M — B(H) by my = 7 0 ¢, i.e. mo(x) = w(x + M,) for
every r € /\7 .

We show that 7y is irreducible. Let K be subspace of H such that
mo(z)K C K for every x € M. Then m(x + MO)IC C K for every z € M.
Hence 7(a)K C K for every a € M/My. Since 7 is irreducible, it follows

that I = {0} or H. Hence 7y is an irreducible *-representation of M.

Proposition 6.4.6 Suppose that M admits an irreducible “-representation
7 on a Hilbert space. If D is a derivation on M, then D(Ker(m)) C Ker(r).

Proof. By Example 1.5.9, Proposition 1.5.11 and Theorem 3.2.8, 7 is
Yem — Yem continuous when B(H) admits the diagonal trace in Example
1.2.3(ii), and hence Ker(m) is yem-closed. The result follows from Theorem
6.4.2. V

We now give an example of a primitive ideal of M.

Example 6.4.7 Let M be a countably decomposable factor of type I, or
II,.. By Theorem 1.2.14, M, is a maximal ideal of M, and hence M /M, is
simple. By Theorem 1.5.19, it follows that M / J/\;l/o is simple. Therefore Ho
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is a maximal ideal, and hence a primitive ideal of M. If M is of type I,
then M # M ([76], Remark 1(v)).

The next example shows that /\/;l/o is not always a primitive ideal of M.

Example 6.4.8 Let M = L, (R) have the trace 7(f) = [, f dp and let
A = (0,00) C R. Let ¢ = xa. Let Z, be the p-ideal generated by P =
{p e M, :7(p) < o}U{q¢}. By Theorem 1.2.9, 7, generates a norm-closed
two-sided ideal Z of M. Clearly, M is properly contained in Z. Let F' € X
such that p(F) < oo and let pg = xp. Then 1 # py A g and 1 # po V q.
Therefore 1 ¢ Z, implying that M is not a maximal ideal of M. Hence
M /M, is not simple, and hence, by Theorem 1.5.19, M / M, is not simple,

implying that .//\\/1/0 is not a maximal, and hence not a primitive ideal of M.

6.5 Derivations on a regular M

A ring R is called regular if for any a € R, there exists x € R such that

a = axa.

Lemma 6.5.1 (/53], Corollary 1.2(a)) Every left or right ideal T of a regular
ring has the property that Z°> = T.

The next corollary is an immediate consequence of Lemma 6.5.1 and

Proposition 6.3.5.

Corollary 6.5.2 [va is reqular and D is a derivation on Mv, then D(Z) C
7L for every two-sided ideal I of M.

In light of Corollary 6.5.2, it would be interesting to know when M is
regular. Recall that U (M) stands for the set of closed, densely defined
operators affiliated with M, and if M is finite, then U(M) is a unital *-

algebra. The following result is well known.

Theorem 6.5.3 ([48/, Theorem 2) If M is a finite von Neumann algebra,
then U(M) is regular.
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Corollary 6.5.4 Let M be a von Neumann algebra with a faithful finite

normal trace 7. Then the following statements hold.
(1) M is regular.

(i1) If D is a derivation on /\7, then D(Z) C I for every two-sided ideal T
of M.

Proof. (i) If 7(1) < oo, then, by Proposition 1.5.5, M = U(M). By
Theorem 6.5.3, M is regular.
(71) This follows from (i) and Corollary 6.5.2. V

Let M be a von Neumann algebra. In [67], an equivalence relation < on
the lattice of projections of M is defined in the following manner: Let p and
g be projections in M. We write p < ¢ if there exist elements x € pMgq and
y € gMp such that xy = p and yx = q.

Lemma 6.5.5 ([24], Proposition 1.4) If p and q are projections in M and
p~q, thenp < q.

We say that a *-algebra A is *-reqular if A is a regular algebra and
x*r = 0, with x € A, implies x = 0 ([67]). Also, A is called complete *-
reqular if A is *-regular and the projections in A form a complete lattice

([67]).

Theorem 6.5.6 ([67], Theorem 2) If p and q are projections in a complete
“-reqular algebra with p < q < p, then p = q.

Corollary 6.5.7 [va is reqular, then M 1is finite.

Proof. Let € M with 2%z = 0. By the polar decomposition of z; it follows
that z = 0. Hence M is a complete *-regular algebra. Let p,q € M, such
that p ~ ¢ < p. Then, by Lemma 6.5.5, p < ¢ < p. It follows from Theorem
6.5.6 that p = ¢, implying that M is finite. V
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Theorem 6.5.8 Let (X, 3, i) be a localizable measure space. The following

statements are equivalent.
(i) ZOO(X, Y, 1) is a reqular algebra.
(i1) (X,%, ) is a finite measure space.
(iii) Loo(X,%, 1) = Lo(X, 3, ).

Proof. (i) = (ii): Suppose that Lo (X, ¥, z1) is a regular algebra and that p
is not finite. Since (X, X, i) is localizable, it is semifinite. By Lemma 1.1.1,
there exists a disjoint sequence (F},) of measurable subsets of X such that

1 < p(F,) < oo for every n. Let

ifxeF,

fle) = { 1 ifz ¢ U2 F,.

3=

Then f € ZOO(X,E,M). Since ZOO(X,E,M) is regular, there exists g €

Loo(X, %, p) such that f = f2g. Clearly, g = % almost everywhere.
Observe that p(U'=°F),,) = co. Also, note that

n ifzelk,
g(x)z{

1 ifa¢ U2, F,

We show that g & Lo (X, 3, 1), thereby obtaining a contradiction. Let t € R.

Choose a natural number ng such that ¢ < ng and ng > 1. Then

g
I

H(UZO:nOHFn)

p({zr € X : g(z) > no})
p{r € X 1 g(z) > t})
di(g)-

IA A

Hence d;(g) = oo for every t € R. Therefore, by Proposition 1.1.4, it follows
that ¢ ¢ Loo(X,%, u), a contradiction. Thus (X,, x) is a finite measure
space.

(74) = (i77): This is immediate.
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(iii) = (i): Assume that Loo(X, 3, 1) = Lo(X, %, 11). Since Lo(X, 2, ) is
regular (by Proposition 1.5.5 and Theorems 6.5.3 and 1.5.3), it follows that

Loo(X, 3, p) is regular. V.

Our next result is now immediate.

Corollary 6.5.9 Let M be a commutative von Neumann algebra with a

faithful semifinite normal trace 7. The following statements are equivalent.
(i) M is a reqular algebra.
(ii) The trace T is finite.

(iii) M =UM).

For the case where M is not necessarily commutative, we now show that
statements (i) and (ii) of Corollary 6.5.9 are equivalent when M is a factor.
Recall that all factors of type I and II admit faithful semifinite normal traces,

while type III factors have no faithful semifinite normal traces (Theorem
1.2.7).

Theorem 6.5.10 Suppose that M is a factor with a faithful semifinite nor-

mal trace T. The following statements are equivalent.
(i) M is a reqular algebra.
(i) The trace T is finite.

Proof. The implication (ii) = (i) follows from Corollary 6.5.4. We now show
that the implication (i) = (ii) holds. Suppose that M is a regular algebra.
By Corollary 6.5.7, M is a finite factor. Therefore, by Theorem 1.2.6, M
is countably decomposable, and so M admits a faithful finite normal trace
7o (Theorem 1.2.5). It follows from Proposition 1.2.8 that 7 = k7 for some

k> 0. Hence 7(1) = k19(1) < oco. Thus 7 is finite. V
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We now show that in the equivalence of statements (i) and (iii) of Corol-
lary 6.5.9, the commutativity assumption of M can be replaced with the
more general assumption of finiteness of M.

Let M be a finite von Neumann algebra. Then M can be enlarged to a
regular ring U(M), the algebra of closed densely defined operators affiliated
with M (Theorem 6.5.3). By [24], p. 211, U (M) is also the smallest regular
ring to contain M, in the sense that the only regular subring of U(M) to
contain M is U (M) itself.

Corollary 6.5.11 Let M be a finite von Neumann algebra with a faithful
semifinite normal trace T. Then M is a reqular algebra if and only z'fMV =

UM).

Proof. Suppose that M is finite and M = U(M). By Theorem 6.5.3,
U(M), and thus M, is regular.

Suppose that M is regular. Since U(M) is the smallest regular ring to
contain M and M C M C U(M), it follows that M = U(M). V

In light of Corollary 6.5.9 and Corollary 6.5.11, it would be interesting to
know if M = U (M) implies that the corresponding trace on M is finite. We
do not know if there is an M having a ven — Yem continuous derivation D
and a primitive ideal P such that D(P) is not contained in P. The existence
of such an example implies the existence of an M with a non-inner Yem — Yem
continuous derivation.

We end with a characterization of regular C*-algebras, which is of inde-

pendent interest.

Theorem 6.5.12 A C*-algebra A is reqular if and only if A is finite-dimen-

stonal.

Proof. Suppose that A is regular. Since every regular Banach algebra is
finite-dimensional ([68], p. 111), A is finite-dimensional.

Suppose that A is finite-dimensional. Then A = @®!=}A;, where A; =
M,,(C) for some n; € N for every ¢ ([95], Theorem 1.11.9). Since C is
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regular, M, (C) is regular ([68], Theorem 24, p. 114) for every i. Therefore,
since any direct sum of regular rings is regular ([68], p. 110), A is regular.

\Y
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Chapter 7

Jordan homomorphisms and

derivations on locally
W*-algebras

Inverse limits of W*-algebras, called locally W*-algebras, were first studied
by M. Fragoulopoulou in [49]. More than a decade later, M. Joita continued
this study in the papers [60] and [61]. Derivations on locally C*-algebras
were first studied in [49], [16] and [82]. In this chapter, we extend some
results on Jordan homomorphisms and derivations for operator algebras to
locally C*-algebras and locally W*-algebras. In particular, in Section 7.4,
we investigate a problem raised in [49]: Is every derivation on a locally W*-
algebra inner? A sufficient condition on a derivation on a locally W*-algebra
is given to ensure that it is inner. The automatic continuity of derivations on
locally C*-algebras is proved by Becker in [16], and we give an independent
proof of his result which differs significantly to that provided by him (The-
orem 7.4.1). We give, in Section 7.2, a characterization of those M having
the property that the measure topology is a locally W*-topology (Corollary
7.2.2). At the same time, we establish another characterization of locally
Wr-algebras amongst the class of locally C*-algebras (Theorem 7.2.1). Sec-

tion 7.3 deals with Jordan homomorphisms of locally C*-algebras and locally
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W+-algebras. We concern ourselves mainly with the problem as to when
invertibility preserving linear maps between locally W*-algebras are Jordan

homomorphisms.

7.1 Locally W*-algebras

In this section, we gather some basic concepts and results, mainly from [49],
[60] and [61], regarding locally W*-algebras and locally C*-algebras which are
not so well known and are needed in this chapter. No proofs will therefore

be given since they can all be found in the above mentioned references.

7.1.1 Locally Hilbert spaces and locally C*-algebras

Definition 7.1.1 ([60], Definition 1.1) Let A be a directed set and {H, :
a € A} a family of Hilbert spaces such that for o, 8 € A, § < a, Hg C Haq
and (-,-)g = (-,")aln,;, where (-,-)o denotes the inner product of H,. Let
H =Ilim_, H, = U, H, be equipped with the inductive limit topology, i.e. the
finest topology on 'H making the inclusion maps Hg — Ho continuous when
every Hy is equipped with the norm topology. Then H is called a locally
Hilbert space.

Then if £, € H, there is an o € A such that {,n € H,. Put (&,n) =
(€,1m)a. This defines an inner product on H ([60], Definition 2.1 and Proposi-
tion 2.2). The completion of H under the norm induced by the inner product
is denoted by H. The norm topology on ‘H is weaker than the inductive limit
topology on H ([60], Corollary 2.5).

As promised in chapter 1, we give an example of a non-commutative

locally C*-algebra, namely the algebra described in the next proposition.

Proposition 7.1.2 (/57], Proposition 5.1; [49], Example 3) Let H = lim_, H,,
be a locally Hilbert space. Denote the algebra of all continuous linear opera-
tors on H by L(H). Let

L(H)={z € L(H) : for every a < 8, Tg0igs = 1ga © Ta},
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where xo, = x|y, € B(Ha), and ig, the canonical injection of H, into Hg
(it is shown in [57] that ©(Ha) C Ha for every a). The algebra L(H)
is a locally C*-algebra. The topology of L(H), making L(H) a locally C*-
algebra, is defined by the family of C*-seminorms {p, : o € A}, where, for
every a € A, po(x) = ||xalla, and ||.||a is the norm on B(H,). Moreover,
L(H) = lim. B(H,), where the connecting maps faz, a« < 3, are defined by
the formulas fo3(zg) = 4.

Definition 7.1.3 If'H is a locally Hilbert space, then a locally C*-subalgebra
of L(H) is a closed *-subalgebra of L(H).

The proof of the following lemma is part of the proof of [49], Scholium
1.2.

Lemma 7.1.4 Let B be a locally C*-subalgebra of L(H), where H is a lo-
cally Hilbert space, and let (p,) be the family of C*-seminorms on L(H) in
Proposition 7.1.2 defining the topology on L(H). For every a, let ¢, = pals;
and put N, = {x € B : qo(x) = 0}. For every «, denote the projection
map of L(H) into B(Ha) by fo. Then, for every o, we have that B/N,, with
norm q, defined as §o(r + No) = quo(x) for every x € B, is isometrically
*~isomorphic to f.(B), equipped with the norm ||.||a on B(H,) restricted to
fa(B). Furthermore, fo(B) is a C*-subalgebra of B(H,) for every a.

Proof. For every a, the map ¢, : B/N, — fo(B), defined as ¢,(z + N,) =
fa(z), is a self-adjoint algebra isomorphism. Furthermore, ¢,(x + N,) =
Go(x) = || fa(®)]|a for every x € B. Since B/N, is a C*-algebra for every «
(Theorem 1.4.6), it follows that f,(B) is a C*-subalgebra of B(H,) for every
a. V

*

It is a well known fact that every abstract C*-algebra is *-isomorphic
to a C*-algebra of operators on some Hilbert space. The next result is an

extension of this fact to locally C*-algebras.
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Theorem 7.1.5 ([57], Theorem 5.1) If A is a locally C*-algebra, then there
exists a locally Hilbert space H such that A is topologically *-isomorphic to a
locally C*-subalgebra of L(H).

We say that a locally C*-subalgebra A of L(H), where H is a locally
Hilbert space, acts non-degenerately on H if for each 0 # & € H, there exists
x € A such that z€ # 0 ([60], Definition 3.9).

Proposition 7.1.6 (/60], Proposition 3.10) Let A be a locally C*-algebra.
Then there is a locally Hilbert space H and an injective homomorphism of
locally C*-algebras m: A — L(H) such that the locally C*-algebra w(A) acts

non-degenerately on H.

Lemma 7.1.7 ([61], p. 91) Let A be a locally C*-algebra which acts non-
degenerately on a locally Hilbert space H. Then Ay can be identified with a
C*-subalgebra of B(ﬁ) which acts non-degenerately on H.

Proposition 7.1.8 ([61], Proposition 3.4) If A is a locally C*-algebra which
acts non-degenerately on a locally Hilbert space H, then (A")s = (Ay)”, where

(Ay)" is the bicommutant of As in B(H).

7.1.2 Locally W*-algebras and locally von Neumann

algebras

We now come to generalizations of W*-algebras and von Neumann algebras.

Definition 7.1.9 (/49], Definition 1.1) An algebra A is said to be a locally
W¥-algebra if it is an inverse limit of W*-algebras, i.e. A =lim._ A,, where
each A, is a W*-algebra.

Before we continue, we give an example of a locally W*-algebra, which is
a generalization of the algebra of all bounded linear operators on a Hilbert

space.
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Example 7.1.10 (/49], Ezample 3) Consider the locally C*-algebra L(H)
in Proposition 7.1.2, where ‘H = lim_, ‘H, is a locally Hilbert space. By
Proposition 7.1.2, L(H) = lim._ B(H,), proving that L(H) is a locally W*-
algebra. Recall that the connecting maps f,3, @ < 3, are defined by the
formulas fu3(zs) = x,. One can also show that these connecting maps
are og — 0, continuous, where, for every a, o, is the o(B(H,), (B(Ha))+)

topology.

Theorem 7.1.13 below gives an abundance of examples of locally W*-
algebras. Another example of a locally W*-algebra is given in the next sec-

tion.

Theorem 7.1.11 (/49], Scholium 1.2) Every locally W*-algebra A = lim._ A,,
where each A, is a W*-algebra, is a locally C*-algebra equipped with the in-
verse limit topology T induced on it by the norm topologies of the A, ’s. Fur-
thermore, the Arens-Michael decomposition of A is given by the *-subalgebras
fa(A) of the A,’s, and a family (pa) of C*-seminorms defining the topology
of A is given by pa(z) = || fo(2)||a for every z € A.

Theorem 7.1.12 (/49], Proposition 1.3) Let A =lim._ A, be a locally W*-
algebra in such a way that the connecting maps fo3, o < 3, of the inverse
system (A,) are o3 — 0, continuous, where, for each «, o, denotes the
0(Aa, (Aa)s«) topology of A,. Then A can be equipped with the inverse limit
topology o defined by equipping each A, with its o, topology. This topology

15 coarser than the inverse limit locally C*-topology T of Theorem 7.1.11.

Theorem 7.1.13 ([49], Proposition, p. 38) Let A be a locally W*-algebra
admitting the inverse limit topology o. Then every o-closed *-subalgebra of

A is a locally W*-algebra.

Theorem 7.1.14 ([61], Corollary 3.3) If A is a locally W*-algebra admitting
the inverse limit topology o, then As is a W*-algebra.

The next definition is a generalization of the notion of strong-operator
topology on B(H), the algebra of bounded linear operators on a Hilbert

space.
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Definition 7.1.15 (/60], Definition 3.1(ii)) Let L(H) be defined as in Propo-
sition 7.1.2. The strong topology of L(H), denoted by st, is the locally convex
topology defined by the family of seminorms (pe)eer, where

pe(w) = [lz€]|
for every x € L(H).
We now come to a generalization of von Neumann algebras.

Definition 7.1.16 (/60], Definition 3.7) A locally von Neumann algebra is
a strongly closed locally C*-subalgebra of L(H), where H is a locally Hilbert

space.

We remark that the strong topology on L(H) is the inverse limit of the
strong topologies on the B(H,)’s ([60], Remark 1). The following result is

now an immediate consequence of Lemma 1.4.4.

Proposition 7.1.17 Let H = lim. H, be a locally Hilbert space and A a
locally C*-subalgebra of L(H) such that A = lim_ A,, where A, is a C*-
subalgebra of B(H,). Then A" = lim._ A where s, denotes the strong-
operator topology on B(H,,) for every a.

The next result is a generalization of the well known fact that a W*-
algebra can be represented faithfully as a von Neumann algebra on some

Hilbert space.

Theorem 7.1.18 (/60], Corollary 3.17) Let A be a locally W*-algebra ad-
mitting the inverse limit topology . Then there exists a locally Hilbert space
H and an injective self-adjoint algebra homomorphism m : A — L(H) such
that w(A) is a locally von Neumann algebra on H containing the identity

operator on 'H.

It follows from the proof of [60], Corollary 3.17, that the *-homomorphism
7 in Theorem 7.1.18 is a topological-algebraic isomorphism. By [60], Propo-
sition 3.14 and its proof, every locally von Neumann algebra is a locally

Wr*-algebra which admits the inverse limit topology o.
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The following proposition is an extension of the bicommutant theorem

for von Neumann algebras to locally von Neumann algebras.

Proposition 7.1.19 (/60], Corollary 3.12) Let A be a locally C*-subalgebra
of L(H) with strong closure M, where H is a locally Hilbert space. If A acts
non-degenerately on H, then M = A" (the bicommutant of A in L(H)).

For a locally von Neumann algebra M, we say that v € M is a par-
tial 1sometry if v*v and vv* are projections in M. Since every locally von
Neumann algebra is a locally C*-algebra, and hence a GB*-algebra, it follows
from Proposition 1.4.21 that every positive element in a locally von Neumann

algebra has a positve square root. This is of importance in the next theorem.

Theorem 7.1.20 (Polar decomposition) (/61], Theorem 4.5) Let M be
a locally von Neumann algebra. For every x € M, there exists a unique

partial isometry v € M such that x = v(z*z)2.

7.2 Characterizations of locally W*-algebras

We already know from Theorem 7.1.14 that, if A is a locally W*-algebra
admitting the inverse limit topology o, then A, is a W*-algebra. In Theo-
rem 7.2.1 below, we prove the converse, thereby characterizing locally W*-
algebras among the locally C*-algebras.

First we make a remark which will be of importance in the proof of this
theorem. If A and B are W*-algebras such that A C B, then they can both
be represented as von Neumann algebras on the same Hilbert space. Indeed,
since B is a W*-algebra, there exists a Hilbert space ‘H and a faithful normal
representation 7w of B on H such that 7(B) is a von Neumann algebra on
H. Let mg = m|4. Then 7 is a faithful normal representation of .4 on H.
By Theorem 1.2.15, my(A) is a von Neumann algebra on H, implying that
A and B can both be represented as von Neumann algebras on the same

Hilbert space.
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Theorem 7.2.1 Let A be a locally C*-algebra such that Ay is a W*-algebra.
Then A is a locally W*-algebra admitting the inverse limit topology o.

Proof. Since A is a locally C*-algebra, it follows from Proposition 7.1.6
that there exists a locally Hilbert space H such that A is isomorphic to a
locally C*-subalgebra B of L(H) which acts non-degenerately on H. There-
fore there exists a family of Hilbert spaces H, such that H = lim_, H,
and L(H) = lim._ B(H,). For each «a, let B, = f,(B). Then, by Lemma
7.1.4, every B, is a C*-subalgebra of B(H,) and, by Lemma 1.4.4, A =
B = lim_B, C lim_B,” = B, say, where, for each «, s, denotes the
strong-operator topology of B(H,). By Proposition 7.1.17, By is a locally
von Neumann algebra.

We prove that B = By. By Theorem 7.1.14, it follows that (Bp)s is a
Wr-algebra. Since A is isomorphic to B, we get from Theorem 1.4.10 that
A and B are (isometrically) *-isomorphic C*-algebras. Therefore, since A
is a W*-algebra, B is also a W*-algebra. Clearly, By C (By)s. By Lemma
7.1.7, By and (By)s can both be represented as von Neumann algebras on
the Hilbert space 7:2, since By acts non-degenerately on H. By Proposition
7.1.19, it follows that B, = B = B" Therefore, by Proposition 7.1.8,
(Bo)s = (B")s = (B,)", where (B,)" is the bicommutant of B, in B(H). Since
B, is a von Neumann algebra with underlying Hilbert space ﬁ, it follows
that (Bs)"” = Bs. Hence (By)s = Bs. By Theorem 1.4.8, it now follows that
By = B, implying that By is a locally von Neumann algebra. Hence A is a

locally W*-algebra with the inverse limit topology 0. V

Corollary 7.2.2 The following statements are equivalent.
(i) M is locally m-convex with respect to the measure topology.
(11) M is a locally C*-algebra with respect to the measure topology.

(111) M is a locally W*-algebra with respect to the measure topology, admait-

ting the inverse limit topology o.
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Proof. Since M is a GB*-algebra (Theorem 1.5.29), the equivalence of
statements (i) and (ii) follows from Theorem 1.4.18. The implication (iii) =
(ii) is obvious in light of Theorem 7.1.11.

(17) = (i7i) : Suppose that M is a locally C*-algebra with respect to the
measure topology. In that case, we know from Theorem 1.5.29 and Lemma

1.4.12 that M = (M), implying that (M), is a W*-algebra. By Theorem
7.2.1, M is a locally W*-algebra. V

Definition 7.2.3 ([41], Definition 1.2) Let A be a set of closed, densely

*

defined operators on a Hilbert space H which is a *-algebra under strong

sum, strong product, adjunction and scalar multiplication (it is understood
that \x = 0, the zero operator on the whole of H, if A =0). We call A an
EW*-algebra if the following conditions are met:

(i) (14 x*x)"! exists for every x € A,
(i1) the subalgebra A. of bounded operators in A is a W*-algebra.

By [41], Proposition 2.4, the condition (i) of Definition 7.2.3 is equivalent
to the condition that xnA. for every z € A.

Theorem 7.2.4 ([103], Theorem 3) Every GB*-algebra with underlying C*-
algebra a W*-algebra is algebraically *-isomorphic to an EW*-algebra.

Corollary 7.2.5 The locally W*-algebras admitting the inverse limit topol-
oqy o are, up to self-adjoint algebra isomorphism, precisely the EW*-algebras

admitting complete locally m-convex GB* topologies.

Proof. Suppose that A is a locally W*-algebra admitting the inverse limit
topology . Then, by Theorem 7.1.11, A is a locally C*-algebra with a family
of C*-seminorms (p,) defining the topology of A. By Theorem 7.1.14, A, is
a W*-algebra. It follows from Lemma 1.4.12 that A is a GB*-algebra with
underlying C*-algebra A, a W*-algebra. By Theorem 7.2.4, there is a self-
adjoint algebra isomorphism ¢ of A onto an EW*-algebra B. For every «,
let ¢o(p(x)) = pa(x) for every x € A. Since ¢ is a *-algebra isomorphism,
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every ¢, is a C*-seminorm on B, and the topology defined on B by the family
of C*-seminorms (q,) is a locally C*-algebra, and hence a complete locally
m-convex GB*-algebra.

Now suppose that A is an EW*-algebra admitting a complete locally
m-convex GB*-topology. By Theorem 1.4.18, A is a locally C*-algebra.

We show that A, = A., where A, is the W*-algebra in Definition 7.2.3,
and A, the underlying C*-algebra of A as in Definition 1.4.11. Since all
unitary elements in A are bounded operators, it is clear that every unitary
element of A, is a unitary element in A.. Conversely, it follows from Lemma
3.3.1 that every unitary element of A, is contained in A;. Since every C*-
algebra is the span of its unitary elements, it follows that A, = A..

By Lemma 1.4.12, A, = A, implying that A, is a W*-algebra. It follows
from Theorem 7.2.1 that A is a locally W*-algebra which admits the inverse
limit topology o. V

7.3 Jordan homomorphisms of locally W*-algebras

Proposition 7.3.1 Let A be locally W*-algebra admitting the inverse limit
topology o and let B a locally C*-algebra. If ¢ : A — B is a continuous unital
self-adjoint invertibility preserving linear map, then ¢ is a Jordan homomor-

phism.

Proof. Recall that every locally C*-algebra is a GB*-algebra and therefore,
by Theorem 7.1.14 and Lemma 1.4.12, A is a GB*-algebra with underlying
C*-algebra a W*-algebra. The result is now an immediate consequence of
Theorem 4.4.4 and Theorem 4.1.1. V

The following example demonstrates that not all unital self-adjoint invert-

ibility preserving linear maps between locally C*-algebras are continuous.

Example 7.3.2 (/81], p. 172) Let F' be the family of countable closed
subsets of [0, 1] having only finitely many cluster points, and let A = C([0, 1])
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be equipped with the topology of uniform convergence on the members of F'.
Then A is a locally C*-algebra. Consider the identity map i : A — C([0,1]),
where the codomain of 7 is equipped with the usual topology. Then it can be
shown that ¢ is a discontinuous self-adjoint algebra isomorphism, and hence

a discontinuous unital self-adjoint invertibility preserving linear map.

Recall that if A is a locally C*-algebra, then A is a GB*-algebra with
A, = A,. With this in mind, the following result is an immediate consequence
of Theorem 3.3.5, Lemma 3.3.2, Proposition 3.4.3 and Theorem 7.1.14.

Corollary 7.3.3 Let A and B be metrizable locally C*-algebras, with A a
locally W*-algebra admitting the inverse limit topology o. Then every self-
adjoint Jordan homomorphism is continuous and is a sum of a self-adjoint

algebra homomorphism and a self-adjoint algebra anti-homomorphism.

7.4 Derivations on locally C*-algebras and lo-

cally W*-algebras

In [49], it is mentioned that it would be of interest to know whether every
derivation on a locally W*-algebra is inner. In this section, we give a sufficient
condition under which this is the case (Theorem 7.4.2). It is well known
that every derivation on a C*-algebra is continuous (Theorem 2.3.5). In [16],
Becker proved that every derivation on a locally C*-algebra is continuous. His
proof is entirely algebraic. Below, we give another proof of this result using
the same strategy as that of Becker, but our proof relies on the fact that every
locally C*-algebra can be represented on a locally Hilbert space (Theorem

7.1.5) as well as on some results about locally von Neumann algebras.

Theorem 7.4.1 ([16], Proposition 2) Every derivation on a locally C*-algebra

1S continuous.

Proof. Let A be a locally C*-algebra and D a derivation defined on it. By
Theorem 7.1.5, A can be identified with a locally C*-subalgebra B of L(H),
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where H is a locally Hilbert space, say ‘H = lim_, H,. Therefore we can
identify the derivation D with a derivation Dy on B. It suffices to show that
Dy is continuous.

Let (po) be the family of C*-seminorms defining the topology of L(H),
as in Proposition 7.1.2. Now B is a locally C*-algebra with (¢.) = (pa|s)
being a family of C*-seminorms defining its topology. Recall that L(H) &
lim. B(H,). By Lemmas 1.4.4 and 7.1.4, B = lim. B, with every B, a
C*-subalgebra of B(H,,), namely, B, = f.(B), where f, is the restriction to
B of the projection map of [], B, onto B, for every a. Let N, = {x € B:
¢o(x) = 0} for each a.

If 0 < x € N,, then there exists a unique y € N, such that z = 3%. To
see this, note that, by Proposition 1.4.21, there already exists 0 < y € B
such that = = y*. Now 0 = ¢a(7) = ¢a(y*) = @ (y*y) = da(y)?, implying
that y € N,.

Let © € N, and consider the polar decomposition = v|z| of x, where
v € B" (Theorem 7.1.20). Hence z = (v|z|2)(|z|2). Since x € N, it follows
that *x € N,. Hence, by what was proved above, || € N, because z*z > 0.
Therefore, once again by what was proved above, |x\% € N,.

We aim to show that v|x]% € N,, so that = ab with a,b € N,. Since
z|2 € N,, it follows that p,(|z|2) = 0. Hence pa(v|2|2) < pa(v)pa(|z]z) = 0.
So it remains to prove that v|z|2 € B, thereby showing that v|z|2 € N,. By
Lemma 1.4.4, B = lim._ B, C lim_B," = B" and v|z|z = (Va]Tal?)a,
where v,|z,| is the polar decomposition of z, in B, " for every a ([61],
Remark 4.6). Therefore, by Proposition 1.3.4, it follows that va]a:aﬁ € B,
for every «.. Hence v|z|2 € B.

Since every N, is a two-sided ideal of B, it follows from Proposition 6.3.5
that D(N,) C N, for every «, and therefore the map D, : B/N, — B/N, :
T+ Ny — (Do(z)) + N, is well defined for every a. One can also easily verify
that every D, is a derivation on B/N,. By Theorem 1.4.6, every B/N,

is a C*-algebra, and therefore, by Theorem 2.3.5, every D, is continuous.
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Suppose that (xy) is a net in B with x) — = € B. Then
liinq'a((xA + N,) —(x+ N,)) = liin Go(zy—2) =0

for all a.. It follows that, for each a, limy(z) + N,) = x + N, in B/N,,. Since
every D, is continuous, it follows that limy(Dy(zx + N,)) = Do(x + N,,) for
each a. Hence limy((Do(zy)) + No) = (Do(z)) + N, for each a. Therefore
Dy(z)) — Do(x). Hence Dy, and thus D, is continuous. V

The zero derivation is the only derivation on a commutative locally C*-
algebra ([16], Corollary 3), i.e. every derivation on a commutative locally

C*-algebra is inner. In general, one at least has the following result.

Theorem 7.4.2 Let A be a locally W*-algebra admitting the inverse limit
topology o. If D is a derivation on A such that D(A) C As, then D is

mner.

Proof. Let D be a derivation on A. Since A is a locally W*-algebra, it
follows from Theorem 7.1.11 that A is a locally C*-algebra. It follows from
Theorem 1.4.8 that A, is a C*-algebra which is dense in 4. By Theorem
7.4.1, D is continuous. By hypothesis, D(A;) C A, i.e. D|4, is a derivation
on A;. Now A, is a W*-algebra (Theorem 7.1.14), and hence, by Lemma
5.3.16, D is inner. V

A derivation D on a locally W*-algebra A does not always have the
property that D(As) C A, as demonstrated in the following example.

Example 7.4.3 Let (H,) be a (countable) family of Hilbert spaces, and
let H = lim_, H,. Consider the locally W*-algebra A = L(H) in Example
7.1.10.

We show that Z(A) = C1, where Z(A) denotes the centre of A. Indeed,
A =lim_ B(H,). Now Z(A) = lim_ Z(B(H,)) (this is a special case of [49],
Corollary 2.2), implying that Z(A) = lim. C1,,, where 1, is the identity
operator on H,, for every n. Therefore, if x € Z(A), then x = (\,1,,) for
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scalars \,,. If n < m, then H,, C H,,, and so, \,1, = A\plnln, = Anla,
implying that A\, = \,,. This holds for every n < m. Thus A, = A, say, for
every n. Hence x = Al.

Let a € A with a ¢ A,. Consider the inner derivation D on 4 defined by
D(z) = ax — xa for every x € A.

We show that D(A;) is not contained in A,. Assume that D(A) C As.
Then, since A, is a W*-algebra, it follows from Theorem 2.3.6 that there
exists b € A, such that D(x) = bx — xb for every x € A,. Since A, is dense
in A and D is continuous, it follows that D(z) = bz — zb for every x € A.
Hence ax — za = bx — xb for every v € A. Therefore (a — b)z = x(a — b)
for every z € A, ie. a—be Z(A) = Cl C A,. Since b € Ay, we have that

a € A, a contradiction.

Our next result was motivated by Theorem 2.3.7. For the proof of this,
recall that the von Neumann algebra generated by a C*-subalgebra A of
B(H), where H is a Hilbert space, is the closure of A in the ultraweak and
the strong-operator topologies on B(H) ([39], Corollary 1, p. 45).

Proposition 7.4.4 Let D be a derivation on a locally C*-subalgebra B of
L(H), where H is a locally Hilbert space, say H = lim_, H,. Then D can be

extended to a derivation on ES .

Proof. Let (p,) be the family of C*-seminorms defining the topology of
L(H), as in Proposition 7.1.2. Then B is a locally C*-subalgebra of L(H)
with (¢o) = (pa|s) defining the topology of B. Let N, = {x € B: q,(z) = 0}
for each . Furthermore, by Lemmas 1.4.4 and 7.1.4, B = lim._ B,,, where, for
every a, B, is a C*-subalgebra of B(H, ), namely, B, = f,(B) for each a. For
every «, let o, denote the topology on B(H,) as defined in Example 7.1.10.
In the proof of Theorem 7.4.1, we have shown that D(N,,) C N, for all o, and
that, consequently, the derivations D,, : B/N, — B/N, : z+ N, — D(z)+N,
are well defined. Let the maps f,3 be defined as in Theorem 1.4.6. It follows
from Theorem 1.4.6 that

fap(Dg(x + Ng)) = fap(D(x) + Np)
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= D(x)+ N,
= Dy(z+ N,),

where o < 3.

For every «, it follows from Lemma 7.1.4 that the derivation D, can be
identified with a derivation on B,, which we also denote by D,. If z € B,
then x = (z,) € lim B(H,), and z, = x|y, for every a. We may therefore
identify the connecting maps associated with B by the restrictions of the
connecting maps of B(H,) to B, for every a. We use the same notation f.z
for these connecting maps, and so fog(Dg(xs)) = Da(z4) for every a < 3,
and for every x = (z,) € B.

By Theorem 2.3.7, every D,, extends to a derivation D, on B, = B, .,
where, for each «, s, denotes the strong-operator topology on B,.

Therefore D extends to a derivation D on B = lim._ B, (Proposition
7.1.17). To see this, let D(z) = (D4(z4)), where z = (z4) € B and
T € By " for every a.

We show that D(z) € B” for every z € B”. By Example 7.1.10 and
Theorem 2.3.7, the connecting maps f.g of B are og — 0, continuous and
D, is oo-continuous. By Theorem 7.1.12 and Lemma 1.4.4, lim. B,”* = B’,
where o is the inverse limit topology defined by the o,’s.

It follows that fu3(Ds(25)) = Da(z4) for every (z,) € lim_ B, ". Indeed,
let © = (x,) € B’. Then one can find a net ((z4.)) € B = lim_ B, such that
limy(za,)) = (o) in the o topology. Therefore, for every a, limy z, ) = 24

in the o, topology. Hence

fap(Ds(xs)) = faﬁ( Dj(lim(z,)))
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where a < 3.
Therefore (Do(z4)) € lim_ B,"" = lim_ B,™, i.e. D(z) € B for every
zeB” Ttis easily verified that D is a derivation on B v
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