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INTRODUCT ION

The‘theory of function algebras has been an active field
of research over the past two decades and its coming of age
has been heralded by the appearance within the last twelve
months of three textbooks devoted entirely to them, namely
the books by Browder [6], Leibowitz [L] and Gamelin [9].

One of the attractive features of the‘theory of function
algebras is that it draws on diverse specialities like the
theory of Banach algebras, harmonic analysis and the thedry
of analytic functions of several compléx variables.

The last mentioned theory has led to some of the most
powerful results in the theory of function algébras. Not
surprisingly, many of these results, for example Rossi's 1oca1
maximum modulus principle theorem 2.2, were first provéd for
finitely generated and theﬁ extended to arbitrary function
algebras., This observation, together with the fact that there
has bheen no‘systematic study of finitely generated function
algebras, led to the writihg of this thesis. We have made
use of some of the results of the theory of analytic funcﬁions
of several complex variables, though we have not specifically
used the methods thereof. What we have looked for is ways
in which the functions of finitely generated function algebrés

behave like analytic functions and then tried to see if
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arbltrarily generated fuﬁction algebras behave in a similar
way,

This anéle of approach is justified in Chapter I.
C Pirstly it ié shown how every finitely generated function
algebra is metrically and algebraically equivalent to P(X),
the uniform closure of the algebra of polynomials on a certain
subset’Kg which depends on the generators, of mn, where n is
the number of generators. Moreover the maximalrideal space
of such a function algebra is homeomorphic to XK. What is
surprising is that P(K) is equal to the uniform closure of the
algebra éf 2ll functions holomorphic in a neighbourhood of X,
a deep result from the theory of analytic functions of several
complex variables., That the maximal ideal space of a finite-
ly generated function algebra is homeomorphic to a subset
of mn‘led us to the conclusion that every finitely generated
funection algebra must necessarily be defined on a metrizable
space, a fact which is made use of in Chaptef II;V in 1.20
an interesting example of a finitely generated function algebfa
is given. The remainder of Chapter I is devoted to a dis-
cussion of Rickert's recent paper [8] on holomorphic functions
of an infinite number of complex variables and use 1s made of |
his generalized Oka polynomial approximation theorem to extend
the equivalence of finitely generated function algebras and
algebras of holomorphic functions to the arbitrarily generated

case.,
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In Chapter II "boundary' phenomena of function algebras
are discussed, with the emphasis on boundaries of finitely
generated function algebras, There are certain subsets,
called boundaries, of the maximal ideal space of a function
algeﬁra on which every member achieves its maximum modulus.
This. is another "analytic" characteristic of function algebras.
We have also included an exposition of Rossi's local maximum
modulus principle, emphasizing the role of finitely ganerated
function algebras.

Chapter IIT is an attempt to explore the connection between
analytic functionltheory and finitely generated function algebrés'
from another direction. We fifst establish under what condi-
tions adjoining a continuous function to a function algebra
leaves its maximal ideal épace (and its Shilov boundary)
unaltered. We then apply these results to obtain a continuous
algebraic epimorphism from certain finitely generated function
algebras onto the uniform closure of the space of continuous
functions on a compact subset of the plane which are analytic
in the interior of this subset.

Chapter IV was inspired by Royden [16], whose treatment
of algebras as direct limits of their finitely generated
subalgebras led us to investigate what properties of function
algebras are inherited from their finitely generated sub-function
algebras. Unfortuhately we had to restrict ourselves to

function algebras containing a l:l'function, but with this
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restriction managed to obtain results relating direct syétems
of finitely generated sub-function algebras and the inverse
systems of their spectra to the corresponding objects in
analytic function theory. We also found that analyticity
(in the function algebraic sense of the word) is preserved
under the taking of direct limits and that function algebras
containing a 1:1 function which are defined on a connected
space imitate the behaviocur of analytic functions in that any
- member of such a function algebrs which vanishes on an open
subset, vanishes identically.

To keep the length of the thesis within reasonable bounds
we had to omit the proofs of some results, In every case‘
where this is done a reference is given to’a‘texthook in which
the result in question and its proof caﬁ be found. Thé reader
is referred to ihe bibliographical notes for a detailed account
of to whom the results contained in the thesis can be attributed.

In conclusion I wish ﬁo express my deep indebtedness to
my suéervisor, Dr. W. Kotzé, for his many valugble suggestions

and constant encouragement.



CHAPTER I.
FINITELY GENERATED FUNCTION ALGEBRAS AND

ANATIYTIC FUNCTIONS.

In general we shall be concerned with certain sub-
algebras of C(X), the space of all continuous complex-valued-
functions 6n a compact Hausdorff space X. If we define
addition, scalar multiplication and multiplication as these
| operations applied pointwise to the members of C(X), then the
latter is an algebra.' |
Putting

NHell=sup {19(x)1 ¢ x € X}
for each f in C(X), we furthermore obtain that C(X) is a
Banach algebré._

A subset A of C(X) is called a function algebra if A is
a subalgebra of C(X) satisfying:

1. If x, y are in X and x # y, then there is an f in A
such ﬁhat f(x) # £f(y) i.e. A separates the points of X.
2, The constant function 1, and hence every constant

- function, belongs to A. |

3. A is closed with respect to the uniform norm; thus A

itself is a Banach algebra.

A

‘Definition 1.1: Let B be any Banach algebra, A map




m: B *,E satisfying:
1. m is a non-zero linear functional.
2. m{xy) = m(x)m(y) for all x, y € B

ié called = complex homomorphism of B. We denote the set of

all complex homomorphisms of B by S8Spec B.

The foliowing proposition shows that every complex homo-
morphism of a Banach algebra with an identity is bounded and
has norm equal to one. (Note that we can assume that the

identity has norm equal to one).

Proposgition 1,2:

If B is a Banach algebra with idehtity e of norm one,
then m(e) = 1 and i mli= 1 for all m in Spec'B._
Proof: Let m belong te Spec B. Since m # o, there is an
X in'B guch that m(x)‘t 0. Now n(x) = m(xe) = m(x)m(e).

Therefore m(e) = 1 and IImil > 1. For any y € B we have

im(y)1® = 1[m(y)®] = tm(y™t < ml 1yt Umn Hyn®.
Therefore Im(y)! < I}mlﬂ/n Hyll , which implies that

Im(y)! < Ilyll . Hence limil € 1 and so limll= 1.

Note 1.3: It is well-known from the General Theory of Banach

algebras that if B is a commutative Banach algebra with an
identity (as is every function algebra) then there is a 1:1

correspondence between Spec B and the set of all maximal



ideals of B, usually denoted M This correspondence is ob-

B’
teined by mepping each complex hémomorphiém onto its kernel,

which is a maximal ideal.v See e.g. [23-

Theorem 1l.L:

Let A be a function algebra, Define for each f in A and each
m in Spec A Ar

£(n) = n(r).
Then there exists a unique Hausdorff topology on Spec A such
that Spec A 1s compact and éach 5 is continuous on Spec A.
Proof: The theorem is Just a restatement of the Well—known
‘theorem in the General Theory of Banach algebras dealing with
the Gelfand Representation of a commutative Banaeh algebra with
an identity. In that setting, for fixed m in Spec A énd f
in A, we have'the following commutative diagram yielding the

Gelfand Representation.

m

b - O
v gf//7;

/

A/M



where M is the kérnel of m, v is the canonical map from A

onto theAquotient LM and ¢ is the.isomorphism existing by virtue
of the Gelfand~Mazur'theorem.' Since we have identified m |
with M, %(m) = %(M) = m(f), and the result follows. Explicit~-
ylyg the topology for Spec A is the weakest one which makes

Ed

each f continuous.

A

In view of the previous theorem, we shall refer to f as

the Gelfand transform of f.

Theorem 1.5: - |

There is a map i:X - Spec A which embeds X homeomorphically

, .~ 1
as a closed subset of Spec A, For each £ € A, £ o 1 co-

incides with % on the image of X under i, Moreover, for each
f in A and each m in Spec 4

I%(m)! < supfIf(x)) @+ x € X} = supil%(i(x))f : x € X1}
and sollf Il = f I, |
Proof: For each x in X, define m_ in Spec A by mx(f) = F(x).
The required map is then given by i(k) = m,. Suppose X * y.
Then there is a function g in A such that g(x) #* g(y). Hence
m (g) # my(g) and so i is 1:t1. To show that i is continuous
as a map from X ontoli(xj (provided with the relative topology

induced by Spec 4A), consider the.open neighbourhood of mx°

in i(X) defined by



Ulmy 5 8 5 £yp0ee,f))
m, € 1(X): ifa(mk) - fi(mxo)} < g for i

H
bt
2
-

B

i1

= imx € i(X): lmx(fi) - mxo(fi)! < g for i

i}
=
-2
i

]
J
= fm_€ i(X): If;(x) - £;(%)! < e fori= lyeeest]
Since each fi is continuous there is a neighbourhood Vi of
for each 1 = 1,...,r such that

X € Vi = lfi(x) - fi(xo)l < & .

Clearl& V = Rvi is a neighbourhood of X, such that

X€EV ﬁ1i(x) € U(mxo; € 5 Tyyeearf)).
The subspace i(X) of Spec 4 is Hausdorff. Thus 1 is a 1:1
map from a conpact épace onto a Hausdorff space, and hence a
homeomorphism, Being the continuous image of the compact
space X, i(X) is itself compact and is thus a closed subset of
Spec 4.

For i(x) € Spec 4 we have

£(1(x)) = £m) = m (£) = £(x) = (17" (1(x)))

and hence foi~| coincides with % on i(X).

For £ in 4 and m in Spec A we have that

1£(m)1 = Im(£)! < Hmll HEN = Il £1I, by 1.2.
But IIfll = sup{if(x)i:x € X} = sup{If(m )I:x € X]
Hence f achieves its maximum modulus on i(X) and IfIl = £ .

If we let 4 = {f:f ¢ A}, then it follows from the two

&

previous theorems that A is isometrically isomorphic to A.



Definition 1.6:

For n a positive integer, " denotes the carfesian product of
n copies of the complex plane (.

i.e., 2z € Q" iff 2 = (219...,zn) where z, € € for i = 1,...,n.
We provide & with the metric Izl = max {lzit :i=1,...,n}.
It cen be shown that this metric is equivalent to the

Euclidean metric.

A polynomial on o” is simply a polynomial in n complex

veriables, Such a polynomial will be a finite sum of the
ry r

. n
Zy  eesZy where the Bl sos

form Zar ‘oo , r

. are complex
1 n

n
congtants.,

If X is a compact subset of & we denote by Po(K) the
algebra of polynomials on g" restricted to K. The unifiorm

closure of Po(K) will be denoted by P(K).

Definition 1,7: Let K be a compact subset of &". The set
hull (K) = {z € ¢ : Ip(z)! < lplly for each polynomial ol
where Il plly = sup {1p(z)1 ¢ 2z € K,

is called the polynomially convex hull of K.

We say that K is polynomially convex if hull (X) = K.

Proposition 1.8:

If X is 2 compact subset of &" then so is hull (K), and hull (X)

is the lergest set containing K to which every element of



P(K) can be extended with preservation of the norm.

Proof: Since hull (X) is an intersection of closed sets it

is a closed subset of the space i It is also bounded, for

if z, denotes the i-th coordinate function on C" and

‘a, = supflzgl : z € K§, then any point w = (Wyyese,W ) Which

is such that lw,| > a, for some i cannot lie in hull (K).

Hence hull (X) is‘a closed and bounded subset of &%, and

since the metric we have defined on C" is equivalent to the -

Buclideen metric, it follows that hull (X) is compact.
Suppose that £ € P(X). Then there is a sequence {pn§

of polynomials converging uniformly on K to f. By the defi-

- nition of hull (X), §pn} also converges uniformly on hull (X).

L)

Thus we can define an extension f of f to hull (X) by setting
%(z) = plim pn(z). It is a routine matter to check that %
is well~defined.

Hence hull (K) is the largest set containing ¥ to which
each member of P(K) can be continﬁously extended with §reser~
vation of the norm. We shall soon see that hull (K) =

Spec P(K) and that £ as we have just defined it corresponds

with the Gelfand transform of f for £ in P(K).

Definition 1.9: Let A be a2 function algebra,. If there is a

subset B C A such that 4 is the uniform closure of the set of

all polynomials in finitely many members of B then we say



that A is generated by B. If B = §f1y.°.,fn§ is a finite

subset of A then A is said to be finitely generated.

If {£1,000,0 3 generate A we write A = [f1,‘..9fn}.

Theorem 1,10:

Let 4 = [fy,...,f ]. Then there is a compact polynomially
convex subset K of G such that Spec A is homeomorphic to»K
end A is isometrically isomorphic to P(XK).

Proof: Definé the map ® : Spec A » C° Dby

F(m) = (%1(m)9...,%n(m)) for each m in Spéc A. F thus defined
is continuous since the composition of P with the fesPective
projéctions from &" into O simply yields the Gelfand transform
of esch of the generators of A, which are all continuous.

To show that ¥ is 1:1 let m and mf in Spec A be such that

m * mt, Theﬁ there exists an £ in A such that |

m(f) # m'(f). Since f is & uniform limit of polynomials in
the'fi, i=1l,.,.n, for some J, 1 < j € n, we must have that
m(fj) * m'(fj). Hence fj(m) * fj(m*) and so P(m) * #(m').

We denote the image of Spec A under F i.e. the set
h¢! .

'Trh(fi)g where R(f;) is the range of f,, by K.

1 , ‘

Since @" is Hausdorff, so is K and thus ¥ is a continuous
1:1 map from a compact space onto a Hausdorff space. Hence

¥ is a homeomorphism.

To show that K is polynomially convex it is sufficient



to show that hull (K) C K. Suppose that z € hull (X). The
mep m, P(ft"“’fn) + p(2z) which sends elements of A ex-
pressible as polynomials in the'fi onto T is a complex homomor-
phism on such elements., it is also bounded since

() <Dy gy = B(Egseee,T) Ugoes o= D500 f D1y,
and so can be extended by continuity to the whole of A to

become an element m € Spec A.

m(p(fyyeeesfy)) = p(nlfy),..,m(f,))

P(fg (m)eocosfn(m)) = p(z')

for some z' in K. Therefore z = z' and so z is in K.

Hence p(z)

i

H

Clearly there is an isomorphism between the set of all

3

uniform limits of polynomials in the f, and the set of all

uniform limits of polynomials in n complex variables on K.
This isomorphism is norm-preserving, since the norm on P(X)
- is the uniform norm. Since 4 is isometrically isomorphic to

E3

L, 1t follows that 4L is isometrically isomorphié to P(X).

¥

Proposition 1,11:

If X is & compact subset of €, then Spec P(K) ig homeomorphic
to hull (K);

Proof: Suppose z € hull (K). Then the map

m, ¢ Po(K) > C definea by mz(p) =p(z) 1is a complex homomor-

phism on Po(K), Also
Hm I = sup {Fp(z)i/l!pl(K :p € Po(K)} £ 1. In fact
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Mm !l =1 since 1 is in Po(K).
Conversely, if mz}is a complex homomorphism on Po(X) such that
im [l =1, then z € hull (x).
Hence z € hull (X) iff'{lmsz = 1, But i mzll =1 1iff m,
can be extended by continuity to P(X). Thus z € hull () iffr
there exists a complex homomorphism m, in 8pec P(K) such that
mé(p) = p(z) for every polynomial p on & .

The map F‘: Spec P(K) » hull (X) defined by

F(m,) =-(mz(zi),.;.,mz(zn)) = (Zg500052,)

is clearly a homeomorphism from Spec P{K) onto hull (X).

Corollary 1.12: If K is a compact polynomially convex subset
of ©", then Spec P(K) is homeomorphic to K.

Proof: Immediate from the previous proposition,

| Thus we have shown that a finitely generated function algebra

A = {f1,...,fn} is isometrically isomorphic to P(K) where
n

X QTrh(fi) and thatASpec A is homeomorphic to K which can be
i

identified with Spec P(X).

Definition 1.13:

Let D C " be open. L complex-valued function f defined

on D is said to be holomorphic in D if for each point w € D

there is an open neighbourhood U of w contained in D, such that

f has a power series expansion
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o r, r
1 i n
f(Z) =I‘ ,'.-Zr = o ar ...r (Z1"VV1) ...(Zn" Vkrn)
i n 1 n

which converges for all z € U

Definition 1,14: Let K be a compact polynomially convex sub-

set of . We denote by A(XK) the uniform closure of the

algebra of all functions holomorphic in a neighbourhood of K.

Theorem 1,15: (Oka's polynomial approximation theorem).

If X is a compact polynomially convex subset,of En, then \
A(R) = P(X). |

Proof: See e.g. [3]. p.56.

Corollary 1.16: A finitely generated function algebra

L = [fy,.0uf,] is isometrically isomorphic to A(K) where
n

K =] R(f;) and Spec 4 is homeomorphic to K.

Proof': The assertion follows from 1.10 and 1.15.

The fact that Spec A is homeomorphic to a subset of t” when A
is finitely generated forces us to the conclusion that Spec A,
and hence X, is metrizable. This can be proved independently,

as we now show.

Theorem 1.17: (Urysohn's metrization theorem).
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A T5 topological space whose topology has a countable base is
metrizable.

Proof: See e.g. [5] p.125

Proposition 1,18:

If A is a function algebra on the compact Héusdorff space X,
then the topology on X is the weakest topology for which
every funetion in A is continuous. |

Proof:Let J be the given topology on X and W the wea.k A
topology on X. Then the identity map (X,0) » (¥,8) is con-
tinuous by definition of the weak topology. Since A separates
the points of X, (X,¥) must be Hausdorff; Hence the identity
map is a continuous map from the compact space (X,J) onto the

Hausdorff space (X,u¥), and thus a homeomorphism.

Theorem 1.19: If A is a finitely generated function algebra
on a compact Hausdorff space X, then X is metrizable.
Proof: Let A = [f,,...,f .

Put B =
k my . mos

{ 3 af, J...f. "ia, € & and a, has rational real

j=1 9 n J J
and imaginary partsi. Clearly, B = A and so A is separable
since B is countable. By 1,17 it is sufficient for us to
show that the topology on X is countably based. We show in
fact that the sct

{f"1(U) :+ £ € Band U is an open disc in the complex plane
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with rational radius and centre} forms‘a countable base for
the topology on X. |

| Let® be the family of all open discs in ihe complex plane
with rational radius and with centre having rational real and
imaginary parts. GS forms a countable base for the topology
of the plane,. Since for any family qf subsets:39
U R e =u e (7)) s v eDY,
it is clear that the set {f”*(U):f'e A, U €@} forms a base
for the topology of X, as the latter topology‘consiﬁts in all
possible pre-images of open sets in the plane. We make the
even stéonger claim that the countable set
{(£7'(U):r € B, U €@} forms a base for the topology on X, in
which case the theorem‘is,proved.

Let £ € A and U €Q. Since B = A, there is a sequence
{nt‘C B such that fn converges to f uniformly on X.
Néw X € f’j(U) implies f(x) € U, FPor n large enough,
£ (x) €U i.e. x €1 " (V).
 Hence x € g fnﬁx(U)p and so f’f(U) cu fn”1(U).

n .

In view of the preceding theorem, we ask whether 1t is
possible to produce a metrﬁc for Spec A Wheﬁ A is a finitely
generated function algebra. We can do so, using the

homeonorphism
n

¥ : Spec A - TTR(fi) = K c a”.
A - :

%
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Two points m and m' in Spec A correspond to the points
(%1(m)y...,§n(m))'and'(%1(m'),...,% (m')) in K respectively.
The distance between the latter two points is given by
max{l%i(m) - %i(m’)izi = lyeeosnt}. |
We can define the metric 4 on Spec A by setting
a(mym') = max{%i(m) - éi{m’):i = 1,00, 0},

This metric will be consistent with the topology on Spec A,
since Spec 4 and K are homeomorphic. Since X is homeomor-
phically embedded in Spec 4,; d restricted to X is given by

d(x,y) = max{If,(x) - £,(y)I:i = 1,...n}.

Example of a finitely generated function algebra 1,20.

Definition: Let X be a compact subset of &", We denote by
R(X) the uniform closure of the set Ro(X) of all rational
functions on X i,e. the uniform closure on X of the set of all
quotients p/q where p and ¢ are polynomials and q does not
vanish on X.

The rationally convex hull of X is the set

R - hull (X) = {z € €":lg(z)] < liglly Tor all g rational on Xj.

P(X) = [21,...,zn}9 the function algebra generated by the
n coordinate functions. Clearly P(X) < R(X). It turns out

that R{X) is also finitely genersted.
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Lemma: If 4 is a Banach algebra with an identity e, then
I x-ell < 1 implies that x has an inverse.

Proof: See [7] p.l177.

Theorem:
Let ¥ be a compact set in mn. Then there is a function
£ in R(X) such that R(X) = [2,,...,2_,f].
Proof: Let Q1 be the family of all rational functions of the
form 1/p where p is a polynomial vanishing nowhere on X.
Then z;,...,2 and Q, generate R(X). Let P, be the famiiy
of all polynomials p on " such that p vanishes nowhere on X
and all the coefficients in p have rational real and imaginary
parts, 91 is countable. Enumerate i1ts members as |
DysPysee. » Since X is compact, the family Q = {1/p:p € P]
is dense in Q1; So R(X) is generated by ﬁhe countable set
RY Zz1,..;,zn}.
Choose a sequence {ai§ of positive numbers as follows:

Let a; =1 and v

gt = /25105 1 T nanga /i p 1 e/l 0

fol‘ l’; 3‘192300' ®

oo

ot 141 o §
Then 2 a.ll1l/p.H<a/llp 1l 2 /2 ny/p. 117 111/p. i
fokgl * i ¥ TR ik Ves =

< akfipkil
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oo oo A )
Put £ = 2 ai/p.. Since 2 a.lll/p;li <1/l pyll < = and
\ =1 * 7 o

e Im?
ai/pi-€ R(X) for each i, it follows that £ € R(X).
We prove that in fact R(X) = [2,,...,2_,f].
To do this it is sufficient to prove that
1/pi € [51,...,zn,f] = A for each 1 = 1, 2;.4. o

Since prjf—lllz¥¥i§1p1ai/p{-111:15i?zpiai/pilléizzp1¥fai/piII<l

it follows from the previous lemma that p,f is invertible in A,
But them,p{"1 = f’(p1:\i’)"1 € A. Now assume that

l/p13.-091/Pk € A, Then

, k o
- 2 a,/p.)= = /D=
ilpk+1ak+1(f ixial/pl) 11 1?pk+1ak+1izi+1a1/pl 11
=Hp, .a, . 3 a./p. 1l <1
. k+1 k+1i=k+2 i’ Fi
- . . .
and so pk+1ak+1(f - .E1ai/pi) is an invertible element of A,

-1 ‘ ,
Put g, = ak+1(f"iz1ai/pi)‘ - Then g, € A by hypothesis.

-1 -1
Therefore Py = gk(pk+jgk) € A,

By induction, evéry 'l/pi is in A, so the theorem is proved.

Zheoren:

Let X be a compact subset of @°. Then

(a) 2z € R - hull (X) iff p(z) € p(X) for every polynomial
P on mn. ~

(p) Speec R(X) = R - hull (X).

Proof: (a) If there is a polynomial p such that p(z) € p(X)
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then p - p(z) is a polynomial with no zeros on X, so the
rational function (p - p(z))"’ is finite on X, Since this
function has value « at z, z € R-hull (X). Conversely, if
z § R-hull (X), then there are polynomials p and ¢ such that
1 gl >0 on¥X and Ip(z)/a(z)] > Up/ql¥x. Multiplying by a
suitable constant we can assume that p(z)/a(z) = 1. Then
r =p - g is a polynomial, and r(z) = o € r(X).
(b) If z € R-hull (X), then g = g(z) is a continuous

algebra homomorphism from Ro(X) onto G, so it extends to 2
‘complex homomorphism m, of R(X).

Conversely, let m € Spec R(X). Then the restriction
of m to P(X) is a complex homomorphism of P(X), so there is
a point 2z € hull (X) such that m(p) = p(z) for every poly~—
nomial p. = Given g € Ro(X), & = p/q where p and ¢ are poly-
nomials and ¢ vanishes nowhere on X. Since g is an invevtiblé
element of R(X), q(z) # o{otherwise g would belong to the
maximal ideal M = {g € R{(X):g(z) = o}). Thus p = gg and so
p(z) = q(z)m(g) and m(g) = p(z)/a(z).
Note that condition (a) has the following equivalent form:
z € R(X) iff every polynomial which vanishes at z also vanish-
es somewhere on X. So we see that z € R-hull (X), and m

agrees with m, on a dense subalgebra, Hence m = m, .

Corollary: Let X be a compact subset of ¢". Then
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R(X) = {21,...,zn;f} is isometrically isomorphic to P(K), where

R-hull(X) x £(R-hull(x)) c ¢™*'.

=
i

We have shown that a finitely generated function algebra

A = [f1,...9fn] ig isometrically isomorphic to the uniform
closure of the algebra of all holomorphic functions about the
‘compact'polynomially convex set F(Spec A) C z?,

where F(m) = (gi(m),...,én(m)).~ The question arises whether
one can construct a similar equivalence for any function
algebra A. It is in fact possible to do this, but first we
‘havé to define the concept of a holomorphic function of an
infinite nunber of complex variahles, a notion due to

Rickart [8].

Holomorphic functions of an infinite number of complex variables.

Definition 1.,21:

o' =T €%, 92 any indexing set, provided with the usual pro-
wEell :

duct topology. Thus if w = {w :w€Q } is in e? then a basic
system of neighbourhoods for w consists in sets of the form

fz € mgilzw - w,l<e for wen} where e>o and % is & finite
subset offl . Hereafter = Will‘always denote a finite subset
of 11,

Tor each finite subset = C 1, we define the
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 projection pﬂ:mQ - o by

pﬂ{zw:m € Q] = {zw:m € ﬂ}f

A set X contained in mﬁ is said to be determined by =,

or simply finitely determined, if X = pﬂ”i(pﬁ(x)), which means
that z € mﬂ being in X depends only on the values of z, for

w € %,

Suppose that £ is a function with domain D in'mﬂ. We

say that £ is determined by = or is finitely determined if

D is determined by the finite subset = of 0 and £{z) = f(w)
for all z, w in D such that pﬂ(z) = pﬂ(w). 4

If £ is determined by ® we can unambiguously define the

iy

projection £ of f into O" by setting fﬂ(pﬂ(z)) = f{z) for

all z in D.

Definition 1.22: By a polynomial on mﬂ we mean an ordinary
polynomial in a finite number of the complex variables

z w € {1, Every polynomial on Eg‘is thus finitely deter-

w?
mined and continuous.

Let X be a compact subset of En. The set
hull (X) = {z € o' t1p(z)1 € 1iplly for all polynomials p on Eng

is called the polyvnomially convex hull of XK in Eﬂ.

K is 'said to be polynomially convex if X = hull (X).

48 in the finite case we let Po(K) be the algebra of all

“polynomials on K and P(K) the uniform closure of Po(X).
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Now let K be any compact polynomially convex set in &Q'and

let = be a finite subset of 1 . We denote by Kﬂ the set
hull (p K) € &".

(Note that in general p K is not polynomially convex. )

Lemna 1;?3: ([81)

4 »
(1) If = ¢ =' then Pt (Kﬂr) C Py (K“)

(2) TFor arbitrary =_, K = N pﬂf?(Kﬂ)
* DReo

(3) Suppose K C G C mﬂ, G open, Then for arbitrary =,
there exists = D x, such that Kﬂ«C Py G.

Proof: (1) TFor = C =n' we have
x'-n ! -x
pﬁg K C pﬂK x 0 C Kﬁx i . '

¢
x &° " is clearly polynomially convex in z" we

Since Kﬂ
Kt -n

have thet X  C K x I . Hence

-1 -1 7t -1

Det (Ko) Cppe” (Ko x0° 77) =p " (K)
. -1 -

(2) since X € p,~ (p,K) Cp (K ) for all

finitex , K< n p~' (K ). To obtain the reverse in-
" DT :

clusion, suppose that z is in mﬂ— K. Since K is polynomially
convex there is & polynomial P on mﬂ such that‘}P(z)i > HPI .
Lét 7 be any finite subset of 1 which contains (I along with
all @ € 0 such that P involves the variables z . Then
P is determined by = and hence Pﬁy the projection of P into
", satisfies

1P (P (2))1 = 1P(2)1 > 1Pl = WP, g



21

Since Pﬂ is a polynomial on Cﬂ, it follows that
| . -1
p,(z) £ hull (p,K) = K , that is, =z £ p, (X ) and hence

-1
z £ n p. (K).
TN o % B
1

(3) Let L = {z € C tlz, | < suplw 1, w € Ki
' weSl
L is a Qompact polydisc containing XK. Since KC L N Gy
Kn(L-6) =g Butby (2), K= n p~ (K).
KOK

Hence (L - @) n [ N pﬂ"1(Kﬁ)] = 4.
TR o

By the compactness of K there are TyseonsTy with

Ty D Moy i=1l,..0.k, such that

i -1
LNy V(Kﬂ Y NewaD D, (Kﬁ ) C a.
1 1 -k k

Let = = =,U...Ux, .  Then by (1) we have that

-1 -t
p, (K)Cc Pr, (hﬂi).
1

¢
Hence pﬂ"1(K%) CNop, (Km } and so
i=t i i

Lnp '(X)cCG. This implies that

. . . i
pﬂL N Km C pﬂG. The set pﬂL, being a polydlsg in @,
. is polynomially convex. Since pﬂK - pﬁL it follows that

Ky € ppL, and hence that K  C p, G.

Definition 1.,24: A complex-valued function h is said to be
§1

qQ ;
holomorphic in I if it is defined in an open subset of U

and is locally a uniform limit of polynomials. Clearly, 1if
1 is finite, then a holomorphic function in mﬂ is an ordinary

holomorphic function of several complex variables.
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The following lemma enables us to reduce gquestions concerning

holomorphic functions in mﬂ to the finite dimensional case.

Lemma 1,25 ([8})

Iet h be a function which iskholomerphic in some neighbourhood
% of a compact set X in Eﬂ. Then there exists a neighbourhood
G, of K contained in G on which h is finitely determined.
Proof: For each w in K we can find a basic neighbourhood
U of w contained in G, such that h restricted toc U is bounded
and & uniform limit of polynomials, Since K is compact, it
is covered by & finite number of such neighbourhoods,
say Upseeolpe  Let G, = UjUssaUU .  Then
K C G, C G. '

To show that h is finitely determined on G, we note first
’that each Us s being a bésic neighﬁourhood, is finitely
determined. Supposé
U, = {z € il

N tw -z 1 < g;0 Eﬁi}.

, k ,
Then G, is determined by = = U =, and is hence also finitely

i=1 T
determined.

Now the function h is bounded on U, for each i, so the
polynomials which approximate h on U; are also bounded. But
since U; = pﬂaj(pxt}i)9 a polynomial which is bounded on U,
obviously cannot depend on any of the variables z, for w £ =,

It follows from this that the restriction of h to U, is deter~

mined by =,
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Finally, suppose z and w are any two points in G, such
: . . v -1 ;
that p w = p,z." For some i, w € U;. Then z € p_ (pin):Ui‘
But we have just shown that h restricted to Ui is determined

by =, hence h(z) = h(w). Thus on GO', h is finitely determined.

Theorem 1.26: ([8]) (Generalized Oka Polynomial Approximation

Theorem).
If £ is a function holombrphic in a neighbourhood of the compact
polynomially convex set K in mﬂg then £ is a uniform limit on
K of polynomials.
Proof's By the above lemma we may assume that there is an open
set & containing K in which £ is holomorphic and determined
by some finite supset n, of 1, By 1.23 (3) there exists a

0" S8ince f is

finite set mcontaining =  such that K, <p,G
finitely determined on G, we can define the projection fﬂ of T
into &" by fﬂ(pﬁ(z)); £(z), in which case f  is a holomorphic
function in the ordinary sense on the open set p, G, which
contains the compact polynomially convex set Kﬂ. Thus we can
apply Oka's Polynoﬁial Approximation Theorem for finite dimen-.
sions to obtain fﬂ as a uniform limit on K, of polynomials
in the variables Z,s © € T Hence £ is a uniform limit on

-1 2

K _ of polynomials on &', But K C pﬂ”1Kﬂ9 and so f is a

p?\'. )9

uniform limit alsoc on X of polynomials on mﬂ.
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The preceding results obtained oy Rickart on holomorphic
functions of an infinite number of complex variables enable
us to generalize certain of our earlier results to function

algebras which are not necessarily finitely generated.

Proposition 1,27: Let K be a compact polynomially convex

subset of mﬂ. Then Spec P(K) is homeamorphic to hull (X).
Proof: Suppose z € hull (K). Then the map

 mz:P°(K) » € defined by m_(p) = p(z) is a
complex homomorphism on Pe(K). (Note that p involves only
finitely many of the components of z). Also

sup {!p(z)l/llpl!K}p € P%(K)} < 1. In fact

H

1 mzfi

iimzn

i

1, since 1 is in Po(K).
Convefsely, if m, is a complex homomorphism on Po(K)

such that Iim [l = 1, then z € hull (X).

zl
Hence z € hull (K) if and only if llm Il = 1.
But i!mzﬂ = 1 if and only if there exists a complex homo-
morphism m_  in Spec P(X) such that mz(p) = p(z) for every
polynomial p on mﬂ.
The map ¥F:Spec P(X)» hull (X) defined by

F(mz) = {mz(zm):w €} = {z :0 € 0} is

clearly a homeomorphism from Spec ®(X) onto hull (X).

Corollary 1,28: If K is a compact polynomially convex subset

of T''then Spec P(X) is homeomorphic to K.



25

Theorem 1.29: Let A be a function algebra and suppose that

B C A is a set of generators for A. Then there is a compact
polynomially convex subset K C EB‘suéh that Spec A is homeo-
morphic to K and A is isometrically isomorphicto P(K) (and
hence to the uniform closure of the algebra of functions
holomorphic in a neighbourhood of K). moreovér, Spec P(K)
Iis homeomorphic to K.
Proof: Define the map F:iSpec A - ot by

F(m) = {%(m):f € B}. As before, Spec A is homeomorphic to

the set X = F(Spec A) = ] R(f) < @&,
PEB

Hence X is compeact. A is clearly isometrically isomorphic
to P(K) (and hence to the uniform closure of the algebra of
functions holomorphic in a neighbourhood of X, by the
Generalized Oka Polynomial Approximation Theorem).
To show that K is polynomially convex it is sufficient to show
that hull (K) € XK. Suppose that

z € hull (X). Then the map

vmz:p(f1g...,fk) » p{z) is a complex homomorphism of
P,(K), where {f;,...,f, } € B.
It is also bounded since ,
lp{z)! < el (x) = ! p(§1,...,§k)nspec A:ﬁlp(f§,.‘.3fk}llx
and so can be exten@ed‘by ;ontinuity to the whole of A to

become an element m € Spec A.



26

B(D(5seees i) = BIA(E), .00 pm(£y))
p(f (m),...flr(m)) =7p(z') for :some z' € K.

Hence p{z)

A

i

"Hence 7z = z' and 80 z € K.

Bvery function algebraihas, of course, at least one set of
generators, namely itself; so that 1.29 is always true for

B:-"Ao.
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CHAPTER 1II.

o g

BOUNDARTIES OF FINITELY GENERATED

FUNCTION ALGEBRAS.

We saw earlier (Chapter I, 1.5) that for any function
algebra A, if £ is a member of A then % achieves its maximum
modulus on X regarded as a subset of Spec A. In this sense
% behaves 1like an analytic function, if we cconsider X as a
"poundary' of Spec A. The questign arises, are there any other

Bubsets of Spec A which behave like "boundaries™; and if so,

is there & unique minimal one amongst them?

Definition 2.1: Let A be a function algebra on X. A

boundary of Spec A for A is a subset E of Spec A such that

for each £ in A there is a point m in E such that

If(m)l = 1 £l .

Clearly, according to this definition, X is a boundary of

Spec A for A.

Theorem 2.2: TFor every function algebra A there is a unique
minimal closed boundary of Spec A. |

Proof: See e.g. [9], p. 9.
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Definition 2,3%: The unique minimal closed boundary of Spec A

which exists by virtue of 2,2 is called the Shilov boundary of 4,

and is denoted by DbA.

Definition 2,4: A point m_, in Spec A is said to be a peak

point for A if there is an f in A such that

“ f.:(mo) = 1 and ;E‘(m)z < 1 for all m # mo;
Note that in general peak points for A need not exist, even if
A = C(X). However, in the case that X is compact metrizable;

Bishop proved the following.

Theorem 2,5: If A is a function algebra on a compact metrizable
epace X then the set of peak points for A is dense in bA,
Furthermore,; the set of peak points for A is the unique mini-
mal (not necesserily closed) boundary for A. o

Proof: see [10].

We denote the set of peak points of a function algebra A by
M(a). If 4 is defined on a metrizable space we shall refer

to M(A) as the minimal boundary for A.

Proposition 2.6: Let 4 be a function algebra on X. Then

M(4A) CDPACX C Spec A.

Corollary 2,7t If A is a finitely generated function algebra
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on X, then the 8hilov boundary of A is the closure in the weak
topology of the minimal boundary for A.
Proof: By 1.19, X is metrizable. Hence by 2.5, M(4) is

dense in bA and is the unique minimal boundary for A.
Thus when dealing with the Shilov boundary of a finitely
generated function algebra we need only essentially consider

‘the peak points for A.

In the same paper [10], Bishop also proved the following

characterization of the minimal boundary.

Theorem 2.8: Let A be a function algebra on the compact metri-

zeble gpace X, and let 4 be a metric on X. For each positive
integer n and each x in X let
Dn' (x)
Un

1£(x)1 > 3/ and 1£(y)] < /4 for all y in D_ (x)}.
Then U_ is open and nU. = M{A) .
n n B

H]

{y € X:d(x,y) » /n}. Let
{x € X:3 an £ in A with I £l < 1,

il

Proof': For each £ in A let
o, (f) = {x € X:1f(x)1 > 3/l and If(y)I < 1/L for all
y in D (x)}.
The set,ch(f) is open, for if x, € g(f), we can find a neigh=

bourhood of %, on which If} > 3/4 and which is contained in
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X -D, (x,) i.e. each point of such a neighbourhood also

belongs to ah(f). | |

Now U =ufo (£f):f € A and i1 f11<1}, andiis therefore open.

Let x € M(A) i.e. x is a peak point for some function £ in A,

We can assume that Il £1} = 1 and hence that if(x) = 1. For

each n, Dn(x) is a closed and therefdrekcompact set, But

If(y)! ¢ 1 for y € Dn(x) and thus for some positivé integer Py s
if(y)lpn < 1/4 for y € Dn(x);

Thus x € Gn(f?n)and so X € U_. Since this is true for each

n, it follows that x € N U . Therefore M(A) C N U
n n

To prove the reverse inclusion, let x be a fixed element éf
NU,. We construct by induction a sequence {gn} C A

- satisfying the following conditions.

(l) »jign+1
(2) g i< 3(1 - 277
(3) g (x) =3(1 -2
(W) gy 4 (v) =g (¥)1 <2

We start by constructing 8y Since x € 81, there is a function

- -1 41
gnils 2

0=t ror y € D (x)

f:in A such that IIfll< 1 and x € o, (f). Let
g, =3/2 [£(x0)]7" =,
Since If(x)! > 3/L4, it follows that
el = 3/2.4/3 11 £l < 3/2.4/3
so that g, satisfies (2). 4lso
gy(x) = 3/2 [£(0)]7'1(x) = 3/2

2 ¢ 3(1 - 27%)

H

3(1 - 277).

it
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Hence g, (x) satisfieékall the relevént conditions.

Assume now that Eisenesly have been chosen to satisfy
(1) - (4). since gk(x) = 3(1 - 27Ky ang g is continuous,
there exists an integer j > k such that

g (7)1 < 3(1 - 27F) + 2757 for a(x,y) < 1/3
i.e, for y € X = Dj(x). Since x € Uég there is an £ in A
such that 1Tl €1 and x € cj(f). Let

ho=3.27% T e(x)]"'r.  Then h(x) = 3.27%77,

Since Il £il €1 and I£(x)] > 3/L, Hhil =327 /5 o 2764,
Since also If(y)] < /L for y € Dj(x) it follows that
h(y)1 < 3.275 /3. = 27F for y ¢ D (x).

Let B = gk+4h.

’ | o ""k+1 e o e (l)
Then ffgk+1 - gkaz Ilgk+ h gkilz Ithilg 2 1
Now j > k= D, (x) C Dj(x). Hence
- -k=1
lg 4 (V) - g, (y)1 = In(y)i<2 for y € D (x) eee (L)

3(1 - 278) 4 3,07F!
3 - 3(27F - 27
3(1 - 27k T (3)

4lso, g, (%) = g, (x) +h(x)

i

H

If y € Dé(x), then

ley (7)1 = 1 (v) +h(y)I<ig (y)l + Ih(y)
< el e 2757 g 3(1 - 27y o7k
=3 =27 ¢ 301 - 27k

since 27F 5 3,027E-Z,
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If y €X - Dj(x), then

ley 1 (9)1 < g (3)1 + In(y)!

< 3(1 - 27Ky L 27K % L yiny
< 3(1 - 27K) 4 o7k, ok
= 3(1 - 27K,
Hence Il g, /1< 3(1 - omk= 2y | cee (2)

Thus g, ., satisfies (1) - (4). We have thus constructed
the sequence {gn} by induction.

By condition (1), {gni converges uniformly on X to a function
‘g in A. |

By (2), lgll < 3.

By (3), g,(x) = 3.
If y € Dn(x), then

&
lg(y)t < Heg th+ 2

k=n . «
<31 -2 o o3 oy ()
< 3

Hence x is a peak point for g and so x € M(A), as was to be

lgy , (7) - g (¥)]

proved.

Recalling that if A is the finitely generated function
algebra [f;;...,f ], then X must be metrizable and the metric
on X can be taken tro be

a(x,y) = max{If (x) = £,(y)I:1 = 1,...,n}, we can rewrite

Bishop's characterization of the minimal boundary as follows.
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Corollary 2.9: Let A = {f1,...fn]' For each positive
integer n and each x € X let |

Dn(x)k 2 »
U, = {x € X:3fmA with I £1l €1, I£(x)l > 3/L
and IP(y)! < /I for all y € Dn(x)}.

i

{y € Ximax !fi(x) - fi(y)i'z 1/n}, Let

Then U, is open and NU_ = M(A).
n
We can obtain a very similar result for arbitrary function
algebras by applying some of the techniques developed by

Rickart in his paper [8], which we discussed in Chapter I.

Theorem 2,10: Let A be a function algebra on a (not necessari-

ly metrizable) compact Hausdorff space X.

Then m € Spec A is a’ﬁeak point for A if there exists some
finite subset =« C A such that

m € F"1[n pﬂ"1(Un)}, where

F:Spgc A~ K éTrR(%) aﬁd
U, = {z € p K:3 a function £ in A(p K)

such that £l < 1, if{z)l > 3/L4, If(w)! < 1/4 for

w € D (z)}, where

D,(z) = {w € pKiiz - wl > 1/n} |

Proof': Suppose that m € Spec A is a peak point for A. e
showed in Chapter I that A is isometrically isomorphic to

A(K). Therefore P(m) € K is a peak point for some function

- g which is holomorphic inva neighbourhbod G of K. | By 1.25
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there is an open set Go coﬁtaining K and contained.in G ontwhich
g is determined by some finite subset n C A, Now 8o the pro-
Jection of g into mﬂ, is a holomorphic function of a finite
nunmber of complex variables on the open set pﬁ G,e Since
gﬁ(pﬂ(z)) = g{z) for z € G,, it follows that pﬁ(:s'(m)) is a peak
point for A(pﬁK), which 1s a function algebra on the compact
metric space pﬂK. Hence by Bishop's characterization,

p (F(m)) € nU_. But |
F(m) € D, “1(0 g ) =N P *1(Un), and hence

m€F [n (U )]

Conversely, suppose that for some finite subset = C A,
pﬂ(F(m)) € NU_. Then by Bishop's characterization

pﬂ(F(m))nis a peak point for A(pﬂK).‘ Hence there exists
an open get g" > pﬂK and a function gﬂholomorphic in @" such
that p (F(m)) is a peak point for g . The function
g € A(X) defined by

g(z) = g (p,(2)) for z € p,,.\.”(G“) is
holomorphic in the open set pﬂnt(Gﬂ) containing pﬂ—1(pﬁK) > K,
and clearly F(m) is a peak point for A(K). Hence m is a peak

point for A.

The Local Maximum Modulus Prineciple,

H. Rossi in [11] proved his now famous local maximum modulus
principle for function algebras. G. Stolzenberg in [12]

proved the same result for finitely generated function algebras.
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We shall be taking Stolzenberg's path to Rossi's result.

A result which we shall need, and which often crops up in

other contexts, is the following theorem due to Shilov.

Theorem 2,11: (Shilov's idempotent theorem) ([13])
Let A be a finitely generated funétion algebra on X. ir
Spec A = 8 UT where S and T are nonempty disjoint closed sub=-
sets, then there is an f in A such that

% = 0 on S5 and % =1 onT, |
Proof: A is isometfically isomorphic to P(K), as was shown in
Chapter I, 1,10, and Spec A is homeomorphic to K. Let S1
and T1 be the subsets of X corresponding to the 8§ éﬁd T under
the homeomorphism F, Thus S1 and T1 are nonempty disjoint
closed subsets of K whose union is K, Let W, and W, be dis-
joint neighbourhoods of §, and T, in G". Then W = W, U W,
is a neighbonrhood of K and the function g defined as o in
'Wj and as 1 in W, is holomorphic in W. By Oka's polynomial
approximation theorem, the restriction of g to K lies in
P(X). The function in A which corresponds‘to g is then the

desired element .

Theorem 2,12:

Let A be any function algebra on X, If Spec A = 8 U T where .

S and T are nonempty disjoint closed subsets, then there is an
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.

f hA such that f =o on S and £ = 1 on T,

Proof: Using 1,29 and 1,26 we can repeat the proof of 2,11.
Aniinteresting consequence of Shilov's theorem is the following

Corollary 2,13: Let A be a function algebra on X. If X is

connected, then so is Spec A. In particular, if X is a connect-
ed compact set in €%, then hull(X) is also connected.

Proof': If Spec A is not conhected, let 8 and T be nonempty
disjoint closed subsets of Spec A such that Spec A = 8 U T,

By the preceding theorem, we can find an f in A such that

E =0 on S and % = 1 on T. Thus f restricted to X takes only‘
the values o or 1. Since X is éonnected9 egither f ® 0o or £ = 1.

Neither possibility is consistent with the properties of f.

Hence Spec A 1s connected.

Definition 2.14: ([14])

Let D be an open set in " and z € D. Consider functions which
are each defined in some neighbourhood of z in D. Call two

such functions equivaient if they coincide on a neighbourhood

of z. This defines an equivalence relation, and the equiValence
‘class of a function f at z, denoted by [f] is called the

germ of T at Z .

If £ is a holomorphic function, then [f] amounts to a conver-

gent power series.
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Germs at z“form a ring with‘the obvhbous definition of addition
and multiplication.

’The ring{&z of germs of holomorphic functions is a commutatiﬁe
integral domain with identity and unique factorization.

Topologize the space of germs (5 = U éggﬂby defining the
: zeD :

following basis for the copen sets:
let k €, then k €&, and so k = [f], , where £ is defined
o [+]

in an e-neighbourhocod Nzo of z_, in D. At each z € Nz ‘take
[+]

that class in (%, containing the direct analytic continuation

of £ ise, take [f] . Then define U [f] to:be an open set
ZEN
Z
[}

and the collection of such sets to be the basis of open sets.

A holomorphic function f in D amounts to a continuous mapping
f : D+ which assigns to each point in D a holomorphic germ
over that point.

Now form the quotient field M, af(bz for each z in D.

Topologize M = U M_ as follows: let % € M, then 1} € N and
zeD © | i,

1 o= [m/ﬁjza and is represented by [f1]z /[fz]z s Wwhere
[ Q

f‘1 and f2 are holomorphic functions at z_, and because of

unique factorization we may take f, and £, to be coprime at z,,

Let N, be a neighbourhood of z_ in which £, and f, are defined
Q . N .

and are still coprime. At each w € Nz take that class in
. o

M _ represented by [fi}w/[lew' The union over Nzo of these
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classes we define as an open set and the collection of all such
sets we take as tthe basis for the topology.

The elements of Mz‘are called the germs of meromorphic functions

Qver z.

A meromorphic function in D is a continuous mapping which

assigns to each point of D a meromorphic germ over that point.
At a point z, € D, a meromorphic function g is defined by the
gquotient of two functions f1 and f2 coprime and holomorphic

at z_.

(a) 1IPf £,(z,) ¥ 0o i.e. f, is a unit, then f1/f2 is holomorphic

there and hence g is holomorphic at z, and therefore in a

neighbourhood of z_ . The point z_  is called a regular point
of g.
(v) If r,(z,) = o and fT(za) + o, then g is said to have a

pole at =z .

(c). If fz(zo) = o and fi(zo) = 0, then z_ is called a point

of indeterminacy of g.

Definition 2,.15:

A polynomial polyhedron in " is a compact set XK of the form

K:‘:{ZEU: Ifj<2)l€kj, jmlgoooyr}’
where U is an open subset of mn, the fj are polynomials on U
and the kj are non-negative constants.

By an open polynomial polyhedron we mean the interior of a

polynomial polyhedron,
}
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Lemma 2,16: Let X be a compact subset of &,  Then hull(X)
can be represented as the intersection of a descehding chain

of open polynomial polyhedra Oi’ with Oi D'5i+1

Proof: Let p be any polynomial on z”. Let

0, = {z € &" : Ip(z)! < Mol + 1/}
A | hull(X) _

Theorem 2;12: (Solution of the Cousiﬁ 1 problem on an open .
polynomial polyhedron) |

Let O be an open polynomial polyhedron. 'Then every Cousin 1
problem on O admits a solution i.e, if {oi} is an open cover of
0 and wé assign meromorphic functions 8; on,Oi such that

g; - gj is holomorphic on Ui‘n~‘Uj for all i, Jj, then there
exists a function g meromorphic on O such that for each i,

g - 8 is holomorphic on Oi'

Broof: See [15]

Definition 2,18:

A point m, in Spec 4 is a local pesk point for the function
algebra A iff there is an open neighbourhood U of m, in Spec A
and a function £ in A such that |

f{m,) =1 and Ifl < 1 onU - fm 1.

Theorem 2,19: ([12])

Let X be a compact subset of z®. Then every local peak point
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for P(X) is actually a peak point for P(X).
Proof: Let m  be & local peak point for P(X). Then there
~is a neighbourhood U of m_  in hull(X) and an £ in P(X) such
that 1 = %(mo)‘> ;%(m)i for all m in U - {mo}. By shrinking
U, we can assume that in fact

1 g’%(mo) >Vsup{f§(m)l tmeET - {ﬁo§}.
Let F : hull(X) = €*'ve defined by

F(z19...,z ) = (z1,...z s£(2y 500052 )0
‘From the fact that hull(X) is the maximal ideal space of
P(X), it follows easily that F(hull(X)) = hull(®(X)).
Therefore we can assume that hull(X) C ™+ and that
£ -2z, 4, the (n4l)-st coordinate function. B& Bishop's
characﬁerization of the minimal boundary, it is sufficient
to show that for each neighbourhood V of m, in hull(X) there
is a g in P(X) sﬁch that I;! < 1 on hull (X),
iél < 1/l on hull(X) - V and g(m )1 > 3/, Bykeka's Poly~
nomial Approximation Theorem, it is sufficient to find such
a g which is holomorphic in a neighbourhood~of‘hu11(x).
Choose a compact subset C of ™ such that

Cn hll{X) =0, me € int ¢ N hull(X) € U, and %'is
holomorphic in a neighbourhoocd of C. Then £ is holomorphic
and non—constant’on the component of int C = U, containing
m, and so f(U,) contains a neighbourhood of 1 = ;(mo).

Hence for a sufficiently small e > o, £(U, ) contains the
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interval [1, 1 +e]. Let T be an open polynomial polyhedron
containing [1, 1 + e].
On T x U, define

H.t:{zeUOZZn+1~t=O}.

Express hull(X) as the intersection of a descending chain of

relatively compact open sets 0, i.e. open polynomial polyhedra

such that 0; D 61+1 (this is possible in view of 2.16). We

claim that if i is lerge enough, then‘every Hy N Oy is closed

in O;. Suppose not, Then for each i1 there exists a ti in

[1, 1 +&] and a point s; which belongé to the closure of

Hti N 0; in 03, but not to Ht.' Then s; belongs to the compact
1

set C, but not to its interior U,, because H, 1is closed in -
’ i

By passing to subse-

U Also, by continuity, f(s;) = t

0. i.

' : #® .
gquences we can arrange that ti converges to t in [1, 1 + €]

%
and 8; converges to s on the boundary of C, since [1, 1 + &]

and bdry C are compact. Then

% %

#*

s € N0, =hull(X).
i

i 4
ES %
Therefore s € hull(X) N bdry C = bdry U and f{(s ) > 1,
which contradicts the fact that f(m,) > sup{if(m)iim € T - {m,}}.
Hence for i large enough, every Ht N Oi is c¢losed in Oi’

Choose 1 = i, that large and let O = Oi .
o

Let W = {(t, z) €T xU, : f(z) -t =0}, ThenW

is closed in T x 0. Cover T x O by the open sets T x U,
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and (T x 0) - W and assign the meromorphic functions

l/zn+1 - tonTxU, and o on (T x 0) - W. Since T x O is‘

again an open polynomial polyhedron we can solve the Cousin 1

problem on it to obtain a meromorphic function G on all of

T x O such that G is holomorphic off W and on T x U_s
G = L/zn+f3:+IE, Where E is holomorphic on T x U,.

Choose & neighbourhood V of mg in hull(X) such that

V C Uy N hull(X). Since the pole set of G intersects

(1, 1
[1, 1

hull (3

~ tends
there
IG(t,
there

1 A P
Ry

+&] x hull(X) only in {(1, m,)}, G| is bounded on
+e] x (hull(X) - v), and ¢(t, z) is holomorphic about

{) for each (fixed) t > 1.  4lso suplG(t, z)! on hull(X)

to infinity as t converges to 1 from sabove. Hence

is a 8, 0 < 8 ¢ ¢, such that for each t € (1,1 + 6],
z)l attains its maximum over hull(X) only on V. Also
igs a constant ¢ > o such that

¢con [1, 8] x ¥. Consider the ratio

= 16(t, mp )!1/supfiG(t, z)i : z € hull(X)} for each

t€ (1, 1 +8]., Then R, € 1, and -

Rt::

UL B(t, 2)

ul-w4+Eﬁ,%M&yw%ﬂ~w
v

> [t = 3) - el lowil 4 - £ )1+ c]

However on V, 12, 4 '€ 1 and Z, 4 = 1 precisely at m .

Therefore, for t € (1, 1 +8], suplg, =~ tl
- v
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Also, for t > 1, close enough to 1, we have (t - I}.)“1 > €,
Sol>Rt 2> [(t-1)"" —el/[(t-1)"" 4 el »1as t 1 from
above. Hence for t € (1, 1 + 6] sufficiently close to 1, if
we define

g(z) = G(tsz)/sup{ta(t,z)k : 7z € hull(X)} on O
then g will be holomorphic on O and we will have

&

lgl € 1 on hull (X), igl < 1/L4 on hull(X) - V and lg(m,)! > 3/k.

Remark: Stolzenberg proved his result for P(X), X a compact
subset of @". His result clearly implies the local peak point
theorem for finitely generated function algebras i.e, if A is

e finitely generated function algebra theh every locai peak
point for A is also a peakvpoint for A. We can extend Stolzen-
berg's result to the following, again using Rickart's basic |

lemma 1.25.

Theorem 2.20: Let A be any function algebra. If m, is a

local peak point for A, then m, is in fact a peak point‘for A.
Proof: By 1.29, A is isometrically isomorphic to the function
algebra A(K), K a compact’polynomially convex subset of E&.
Let w be a local peak point for A(K). Then there exists a
neighbourhood U of w and a'member f of A(K) such that‘

f(w) =1 and Iff <« 1 onU ~ {w}. ©Now f is holomorphic in a

- neighbourhood G of X and so by 1.25 there is ankbpen get G
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containing K and contained in G on which f is determined by some
finite subset ® C A, By 1.23(3) there is a finite sef

b ) Tq such that K7E - P G, e Now fﬂ, the projection of f

into Gﬂ, is a holomorphic function of a finite number of complex
varisbles on the open set p G .  Since f_ (pﬂ(z)) = f(2)

for z € G_ it follows that pﬁ(w) €ep KCK Cp G  is a local
peak point for A(Kﬁ) = P(Kﬂ). Now K, is a compact subset of

g* and so by 2.19 it follows that pﬂ(w) is in fact a peak point
for P(Kﬂ) i.e. 3 a function g on K_ such that

'g((pﬁ(w)) = 1 and fgi < lonX . Define the function h on
pﬁ-1(Kﬁ) by h{z) = g(pﬁ(z)) then h is finitely determined and

h_ =g, Since p (K ) contains K, it follows that h(w) = 1

=
and lh! < 1 on K, and hence that w is a peak point Ffor A(K).

Definition 2.21:

A compact set K C Spec A is called a local peak set for the

function algebra A if there is an open set U in Spec A contain-
ing K and an element f € A such that

fIK =1 and Ift <1 on U - K; K is a peak set for A if U can

be taken to be Spec A.
The next theorem generalizes 2.20 to local peak sets,

Theorem 2.22:

Let A De ahy function algebra, If K is a local peak set for A



L5

then K is in fact a peak set for A.

Proof: Choose an open set U containing K and an element £ in A
such that % =1 on X and t%! < lonU-~-K,

Let H = {m € Spec A : %(m) = 1}. By hypothesis
E=HNU=HNT and so K is open and closed in H.  Suppose

m is not a member of H. Then the function g = 1 - £, which is

in 4, is such that ;(m) * o but é = o on H. So'Hlis the set

of common zeroé in Spec A of its kernel I = {g € A:é = o on Hi.

Hence H is the maximal ideal space of the Banach algebra

B = 4/I, and the Gelfand map identifies é with A restricted to H.
Now K is an open-closed subset of H = Spec B. Therefore

by Shilov's theorem on idempotents, 3 x € B such that ; =0 on K

e

and x = 1 on H -~ XK. Thus K is the zero-set of its kernel
J =t{hea: h = o on Ki{. (Consider any m € Spec A - K,
If m£ H, then 3g € A such that g(m) * o but g = o on H, which
contains XK. If m € H, thenm € H - K and so ;(m)rs 1, ; = o on K
‘In either case m is not in the zero-set of J.j

Let Ay = feg € A :'é is constant on X}

= J +0 =fg +a : g€ T},

AvTheﬁ J 1s a2 closed ideal of A and AK is the closed subalgebrsa
of A which is just J with an identity adjoined. So Spec AK
is the one-point compactification of Spec J. Since J is a
closed ideal of A and K = zero-set (J), Spec J = Spec 4 - K.
ence Spec Ay is Spec A with X identified to a point

(If m € Spec Ay end m(J) = o}, then m(g + a) = a, so there is
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only one such homomorphism, If m(J) # {o}, extend m unique-
1y to a complex homomorphism m of A by setting '

‘E(h) = m(gh)/m(g), where g is any member of J such that
‘m(g) * 0, Thus we have Spec AK equal to the one-point compact-
ification’of Spec J). Since % =1 on K, f € Ag. If m, is
the point {K} in Spec Ay, then E(mo) = 1. Also, if
. m € Spec A, N U and f%(m)! = 1, then

f{m) =1 and so m€ HN U = K; hence m = m_.

i

Thus on Spec AK’ f peaks within U exactly at m, i.e. m, is a
local peak point for AK. Therefore by 2.20, m_  is & peak
point for AK. Thus 3 h € A such that h = 1 on K and |h! < .1

on Spec A -~ K, Hence K is a peak set for A.

Theorem 2.23:
(Local Maximum Modulusvfrinciple (Version 1))
Let U be an open set in Spec A. Suppose that for some
reA (1) l%! € 1 on U, (2)1%! < 1 on bdry U and (3) %(mo) = 1
for some m, € U. Then there is an element g € A éuch that
(a) lé{ € 1 on Spec A;
(p) {m € Spec A : fé(m)i =1} = {m : é(m) = 1}
= {m”ivg(m) 1} nu

i

Proof: Replace f by (1 + f). Then if m € U, If(m)I =1
iff f(m) = 1. Let X = {m € U : £f(m) = 1}, By hypothesis

(3), ¥ is nonempty and by (2), X = {m €T : £(m) = 11, so
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~

K is compact. Since f =1 on.K and If] ¢« 1 on U - K, K is a
local pesk set for A, By 2.22, K is a peak set for A, so there
is some g € A such that g = 1 on K and lgl <1 on Spec A - K,

Since g = 1 precisely on K, (a) and (b) hold.

Theorem 2,20

(Local Maximum Modulus Principle (Versién 11))

Let U be an open set in Spec A disjoint from the Shilov bound-
ary of A, Then |

| (a)  bdry U is nonempty.

(b) supif! = sup Ifl for every f € A.
U bdry U

If we let Ay denote the closure of AlIU in ¢(T) then bA, C vary U.
Proof's U is not closed in Spec A, for if U were open and closed
then Shilov's theorem would imply that there is an f in A such

that £ =1 on U, £ = o on 8pec A - U, which contains bA. This

is impossible. Hence bdry U is nonempty. -

Assume that suplfl. #* sup Ifl = max £l for
U bgry U bdgy U .
some f in A, If max ||l » a = suplfl, then If(m)l > a
bdry U \

>

Tor some m € bdry U. By continuity, If! > a on a neighbourhood

of m and this neighbourhood must contain & point of U, sBo we

have a contradiction. If  max Ifl ¢ a, we can multiply by
' bary U ]

a scalar to get If] ¢« 1 = supl!f! on bdry U, Since f is
. U :
continuous and U has compact closure, we have
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supiff = If(m,)] = 1 for some m, € U, Replace f by emlsf9

U . |
where f(m,) = e*®.  Then f satisfies the hypothesis of

e

Version 1, so there is a g in A with Igl € 1 on Spec A and

EN

fm ¢ 1g(m)t = 1] C U, Since U is disjoint from bA and g

*

attains its maximum modulus only within U, we have a contra-

diction once more, Hence suplf! = sup If].
U bdry U



CHAPTER XTI,

EXTENSIONS OF FINITELY GENERATED

FUNCTION ALGIBRAS.

‘Let A be a function algebra»on Spec A. If f € C(SpecA),
EA,f} will denote the function algebra generated by A and T.
vBy 2.6 it follows that b[A,f] C Spec A C Spec[A,f]. it is
natural to ask under what conditions Spec A = Spec[A,f] and
bA = b[A,f]. |

We firstly prove some theoremé describing conditions on T
which ensure that Spec A = Spec[A,f] and bA = b[4,f]. Many
of these results depend on the local maximum modulus princi-
ple, in particular those results in which * behaves inmg sense
. 1ike a holomorphic function. |

Having done this, we attempt to apply this theory of exten-.
gions of function algebras to the finitely generated case.
Again we find a close connection with the theory of analytic

functions,

Definition 3.1: Let A be a function algebra. We say that

f € C(Spec A) is A-holomorphic at a point m € Spec A if there

is a neighbourhood U of m such that f can be approximated
uniformly on U by functions in A. A function £ is A—holomofphic

on a subset 8 of Spec A if £ is Arholomorphic at every point of §,
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Lemna 3.2: Let A be a funétion algebra, U an open subset of
Spec A and f € C(Spec A) a function which is Arholomorphic
on U, Then | |
b[A,f] € PA U (Spec 4 - U).
Proof: Suppose m € U - DA. There is an open set V containing
m such that V and bA are disjoint, while £ can be approximated
uniformly on V by functions in A. Hence the closure of |
[4,f] in C(V) coincides with the closure (AIV)  of A in (V).
By the 1o¢al maximum modulus principle 2.24, the Shilov
boundary of (AIV)  is contained in bdry V. Thus b[A,f]

cannot meet V. Hence b[A,f] is disjoint from U - DbA.

Definition 3,3: Let A be a function algebra on X. The

A~convex hull of a closed subset § of ¥ is the set

A-hull (E) = {m € Spec & : If(m)! € ! £l for all f € Al.

E is said to be A-convex iff B = A-hull (E). Hquivalently

we can define A-hull (E) as the set of all complex homomorphisms
which extend continuously to (AIE) . Since every complex
homomorphism of (AIE)™ yields a member of Spec A, we have the

following

Theorem 3.4: Let A be a function algebra on X, and B a closed

subset of X. Then A-hull(E) = Spec (AIE) .
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Theorem 3.5: (Glicksberg's Lemma)

Let A be a function slgebra on X, and let U be = ﬁonempty open
subset of X, Every function f € A which vanishes on U also
vanishes on Spec A - A-hull(X - U). If X = bA, then

V = Spec A - Arhull(X‘~ U) is an.cpen subset of Spec A and
VNUis dense in U. |

Proof: See [9] p.39.

Theorem 3,6: Let A be a function algebra. Let £ € C(Spec A)

be such that £ is A-holomorphic on Spec A - f“1(o).

i

Then Spec[A,f] = Spec A and b[A,f] = DA.
Proof: Let B = [A,f]. By 3.2, bBCDAU £ (o).
Suppose DB # DbA. Then DB - bA is a nonempty félatively
open subset of BB on which £ vanishes; By Glicksberg's lemna,
f vanishes on an open subset U of Spec A which meets bB - bA.‘
But then AIU = BIU and therefore |

U N (bB - bA) € b(BIU)™ = b(AID)™ C bdry U U bA.
This is a contradiction and hence bB = DbA. ‘

Let r be the projection of Spec B onto Spec A i.e. if
m € Spec B then r(m) is the restriction of m to A. We must
show that every fiber r”i(m‘) consiéts of exactly one point
i.e. that every m' € Spec A extends uniquely to B.

et g = £ o » € C(Spec B). Theﬁ.g is constant on every

-1 -
fiver r (m'), ©Now g is B-holomorphic on Spec B - g ?(o).
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By the first part of the theorem; ©b[B,f] = bB = bA.  However,
g coincides with f on Spec A and, in paz*ticﬁlarp on bA.
'Therefore g =7, and f ig constant on e?ery fiber r"T(m’). |

It follows that r"1(m') consists of no more than one point,

Hence r is in fact a homeomorphism and Spec B = Spec A.

Corollary 3,7: Let A be a function algebra, Let B be a

function algebra on Spec A such that A C B and such that every
Qg € B is A~holomorphic on Spec A. Then

Spec B = Spec A and bB = bA.
Proof't By 3.2 every function in B attains itsAmaximum modulus
on bA. Therefore bB = bA. By 3.6, every m € Spec A extends

uniquely to each g € B. Hence Spec A = Spec B.

Theorem 3,8:

Let A be 2 function algebra. Suppose T € C(Spec A) satisfies

a relation of the form

n-1
where g ,...,8 _, € A,  Then Spec[A,f] = Spec A and

+ eoetg, T 4+ g, = 0

b}:Agf} = -bAa

Proof: We can assume, by induction, that the theorem is true

for all function algebras and all continuous roots of monic
polynomials of degree n - 1. Consider the formal derivative
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In a neighbourhood of a point m at which h(m) # o, the function
I can be expressed as a convergent power series in the coeffi~

cients Boorres8 Hence £ is A-holomorphic off the set

n=-1°
h-1(0). It follows that h is A~holomorphic off the set
n"'(0). By 3.6,
b[A,h] = bA and Spec[A,h] = Spec A.

Now f satisfies a monic polynomial of degree n - 1 with
coefficients in [A,h], namely
| 1 L (n - l)/n;gn”1fn"2 ++++ + (g, - h)/n =o.
By the induction assumption, Spec[A,h,f} = Spec A and
v[A,h,f] = bA. But [A,h,f] = [A,f] and hence
Spec[A,f] = Spec A and b[A,f] = DbA.

Corollary 3.9: Let A be a function algebra, and let

£ € CG{Spec A).

Let Sjg 1l < j < n, be subsets of Spec A such that
n

fij € Aisj, 1l <€ 3J< n, while v Sj = Spec A, . Then
j::'i ’

Spec[A,f] = 8pec A and b[A,f] = DA,
Proofs  If g. € A coincides with £ on S , then
——— J J

.Tr(f - gj) = 0. The result follows on application of 3.8.
g

‘Theorem 3,10: {Baire Category Theorem)

TLet X be a compact topological spsace. Ir {Ej} f’ is any
‘ 31

countable closed covering of X then for at least one n,
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int Em is nonempty.

Proof: See [17], p. 250.

Note: The above theorem due to R. Baire is in fact true for

a wider class of spaces called Baire spaces.

Theorem 3,11: Let A be a function algebra on X and let

BRI

d j:::'l
If £ € C(Spec A) satisfies f‘IE'j € AiEj, 1< j< o, then

be a countable closed cover of Spec A.

‘Spec [A,f] = Spec A and b[A,f] = DA.
Proof: We show first that b[A,f] = bA. Suppose not. Then by
the Baire~catégory theorem 3.10, there is an index m and a
nonempty relatively open subset U of b[A,f] ~ bA such that
U c Em. - Choose fme A such that £ = fm on Em. By Glicks-
berg's lemma 3.5, £ - fm vanishes on an open subset V of Spec A
Such that VN U is dense in U. By the local maximum modulus
principle 2.2hy P[A,f] cannot meet V - bA. This contradicts
the fact that V=-bA contains the nonempty subset U NV of
b[A,f]. Hence blA,f] = bA. '

To show that Spec[A,;f] = Spec A, we employ an argument due
to Quigley (unpublished). ILet 1r : Spec[A,f] = Spec A be
the natural projéction which restricts the members‘of
Spec[A,f] to A. If g € A, then é = g o r. Now 1:* o r € [A,F]
on each set of the closed cover {r”1(Ej)}jZ1 of Spec [A,f].

Applying what we have already proved to the algebras
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[4&, f] and [A, f forl, conszdeped as function algebras on

Spec [A £], we find that b[A, f for] = b[ﬁ f] = DA.

Since f - £ o r vanishes on b[A, f o r], f - T o r must vanish
on Spec {A,f,f o. ] D Specl[A,f]. Consequently,kf =f o,

and % is constant on each fiber r“1(m). It follows that

r is 1:1, and hence that Spec[A,f] = Spec A.

Theorem 3.,12: Let A be a function algebra on Spec A and let

f € C(Spec A). Let B = [A,f]. TFor z € R(f), let
T, = {m € Sspec A ¢ F£(m) = z}. Then

Spec B' = Spec 4 = T _ is A-convex for each er R(f).
Proof: Put M = A-hull (Tz) (taken in Spec A).
Let K C Spec A x € be defined by

K = {(m,f(m)) : m € Spec &}. Then K is an imbedding of
Spec A in Spec A x I, Let

= {(m,w) € Spec AXEC :mé MW}.
H can be imbedded in Spec B. Let r denote the natural pro-
jection of Spec B onto Spec A i.e.
m=r(mn') iff g(m) = é(m*) for all g € A. (Since A'C B, the
functions in A extend continuously to functions on Spec B).
Define a mapping s : Spec B » Spec A x & by s(m)=(r(m),f(m)).
He éhow that s is an imbedding of Spec B into Spec A x & such

that H C s(Spec B).
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(i) s is 1:1, If s(my) = s(m,), then r(m,) = r(m,),
so that g(m,) = g(r(m,)) = g(r(mz)) = g(m,) for all g € A,
h(m,) for all h € B and

H

Also, f(mi) = f(mz). Hence h(m1)
SO my = m,.

(ii) H C s(Spec B). TFor (m,w) € H we define a complex
homomorphism m'(m,w) on B as follows.  Let B' be the dense
éubalgebra of B consgisting of ail polynomials in f with co-
efficients from A, Define m'(mgﬁ) on B' by
o' (m,w) (2g;eY) = 3g (m)w, g, € A.

Then m'(m,w) is clearly a complex homomorphism on B'. To
extend it to B it is sufficient to show that m'(m,w) is

bounded on B',  Now. |

im' (a,w) (2e;£5)1 = 13g (m)w'l < llEgﬁWiHT%§ r;z:gifizr,l,W

since Zgiﬁi € A and (mg w) € Hi.e. m € M_. Thus m' (m,w)
extends to a complex homomorphism on B., Also,

for g € A, m'(m,w) (g) = g{m), which implies that

r(m'(m,w)) = m; and mn'(m,w) (£f) = w. Therefore

s(m'(m,w)) = (m,w) and H C s(Spec B).

(i1ii) s(Spec 4) = K. TFor m € Spec A C Spec B, r(m) = m.

Hence s{(m) = (m,f(m)) € K.
vawe now identify Spec A and Spec B with thelr imbeddings

under s in Spec A x T we have

Spec A C H C 8pec B.
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Lemna 3,13: Let A, £ and B be as in the previous theorem.

If f(Spec B) properly contains f(Spec A), then each point
w € £(Spec B) - f£(Spec A) lies in a bounded component of
T - f(Spec A). Moreover, f(Spec B) is the union of f(Spec A)
with those bounded components of & -~ f(Speé A) which meet
f(Spec B) (i.e. f(Spec A) can only be enlarged to f(Spec B)
by completely fillihg in seme holes).
Proof: Let m € Spec B be such that f£(m) is not in f(Spec A).
If £(m) lies in the unbounded component of @ - f(Spec A), then
there is a polynomial p in one complex variable such that
Ip(£(m))! » Iip‘%TSpecfA)' Since g = p(f) € B, we have
ig(m)i > txg{lSpec(A)‘ This contradiéts the fact that B as
a function algebra on Spec A has its Shilov boundary contained
in Spec A. | |

Alternately, suppose that f(m) lies in some bounded compo-
nent C of & - f£(Spec A). If C is not contained in f(Spec B),
there is a point w on the boundary of f(Spec B) and contained
in C - f(Spec A). Let w = f(m,). |
Choose a € C - f(Spec B) such that

la - wil < inf{lﬁ - f(m')!l : m' € Spec A},
Then g(z) = 1/(z - a) is analytic on a neighbourhood
of f(Spec B), so that g(f) € B. But

tg(£(m ) ) > lIg(f)IfSpec A+ Which, as above, is impossible.



Theorem 3,1h: (Lavrentiev)

Let K be a compact subset of the complex plane.
The conditions

(1) int X is empty

(2) the complement of X is connected

are necessary and sufficient for P(X) = C(K)

Proof: See [L4] p. 10L.

Theorem 3.15: Let H be as in 3.12 i.e.

H={ (mw) € Spec A x €: m€ M }J. If f(Spec A) is a compact
’subset of the plane with connected complement and empty interior,
then Spec B = H. |
Proof: By 3.13, f(Spec B) = f(Spec A). As in 3.12 consider
the imbedding 8 ¢ Spec B~ Spec A x I given by
s(m) = {r(m), £(m)), where r is the hatural projection of
Spec B onto Spec A, Then

s(Spec A) € H C s(Spec B) C Spec A x f(Spec A)
and we wish to show that H = s(Spec B). If
s(m) € s(Spec B) ~ H, from the definition of H there exists a
function g in A such that

1 = lg(r(m))l > ikgllmf( ). Since s(m) is not in
, m '

s(Spec A), we can choose a neighbourhood V of f(m) in @ such that
(m',2') € s(Spec)A n [Spec A x (V n f£(Spec A)] =

lg{m') 1 < | g(r(m))!.
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élso, since f(Spec A) is a compact subéét of the plane with
connected complement and empty interior, by Lavrentiev's
theorem 3.ll, every continuous function on f(Spec A) can be
uniformly approximated on f(Spec A) by polynomials. In parti-
cular, if h is a function which peaks at f{m) i.e.

h(f(m))=1, 1h{(z)! < 1 for z € £{Spec A), z *# £{m),

then h can be uniformly approximated by polynomials.

But f(Spec A) = f(S8pec B) = h(f) € B. Choose an inteésr

N such that eI pgiee 4) - v < VIl

Let h' = h(f)g. Then h' € B, Ih'(m)l = 1 and

It h'il 4 < 1, a contradiction as in 3.13.

Spec

Corollary 3,16: Let A be a function algebra on Spec A. Let

H={(mw) € Spec Ax & :m €M }. If f(Spec A) is a compact
subset of the plane with connected complement and empty interior,
and in addition T = M for each w € f(Spec A) i.e. the Sef
f"1(w) is A-convex for cach w € f(Spec A), then Spec A = H

" and hence Spec A = Spec B,

Proof': We had previously that Spec A C H if we identify

‘Spec A with X = {(m,f(m)) : m € Spec A}]. But

H=U {M_ x fw] : w € £(Spec 4)}

w

=u {7 x {w} : w € £(Spec A)}

s

Hence Spec A = H. By 3.15, H = Spec B and so Spec A = Spec B.
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Remark: There is an interesting interpretation of the condition
in 3,16 that TW‘: f_1(w) be A-convex for each w € f(Spec A).
It has been shown earlier (see 3.4) that if B is any closed
subset of Spec A, then Spec(AlE)” = A-hull(E).
Since f is constant on each ng

([a,£]1T,)7 = (A[T_)7. = Hence |
spec([A,f]IT )7 = Spec(giTW)f = A~hull(T_ ) = T_
for each w € f(Spec A). Thus Spec{[A,f] = Spee A if this is
true for the restrictions of [A,f] and A to each T

Theorem 3.12 stated that .
Spec A = Spec[A,f] = T, is A-convex for all w € f{Spec A).
What we have just proved in 3.16 is & partial converse to this
i.e. if T_ is Aycoﬁvex for all w € f(Spec A) and in addition
f(Spec 4) is a compact subset of the plane with connected
complement and empty interior, then Spec A = Spec[4,f].

Gamelin aﬁd Wilken in [18] have'produCed the following

counter-example to show that TWAis A~-convex for esch w é\Spec A
does not necessarily imply that Spec[A,f] = Spec A :
let £(z) = z°Z, z € A, where A is the unit disc. The function
f is a homeomorphism of A and Spec[P(4A),f] is strictly larger
than A = Spec P(A). Notice that f(Spec P(A)) does not have

enpty interior.

Remark: We can extend 3.12, 3.13, 3.15 and 3.16 to the more
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general situation in which a finite number of functionsAare
adjoined to A. Then the statements of thesé results have to
be formulated in terms of interscctions of the level sets of
"the functions. The statements are the same except that in-
stead of adjoining f € C(Spec A) to A, we adjoin

{fip...,fn} C C(Spec A) and replace

TW by T(‘Wipoocpv?n) - {m € Spec .A. H fi(m) - \Wiy i = l)ottyn}Q

M‘_‘? by Pﬁ(W1 3% 8 9Wn) A*hUll(T(VJ1 I ] 9Wn)) and

Hby #' = {(m,w,,..5,w ) € Spec A x et s moe M(w1g...,wn)}.
We now come to the application of the forcgoing to finitely
generated function algebras, but firstvwe need to state a

couple of theorems,

Definition %3.17: Por K 2 compact subset of the complex plane,

Ao(X) will denote the set of all £ € C(X) which are analytic

in the interior of K.

Theorem 3.18: (Mergelyan).

Let ¥ be a compact subset of the plane. If X has connected
complement, then P(K) = Ao(K).

Proggé See [9] p.L8.

Theorem 3,19: A compact subset K of the plane is polynomially

convex iff its complement is connected.
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Proof: See [9] p.68.

Now leﬁ A = [g]’be a singly generated function algebra on
Spec A, Then A is isometrically isomorphic to P(K), where
K = R(é) c ©. But X is compact and polynomially convex and
hence by Mergelyan's theorem 3,18 and the characterization of
polynomial convexity in the plane 3.19, A is in fact isometri-
cally isomorphic to Ao(X). Suppose we adjoin to A a function
£ € C(Spec A) which is such that Spec A = Spec[4,f]. Notice
that [A,f] is isometrically isombrphic‘to P(X'), where
K' =:R(§) x R(%). Since K is homeomorphic to Spec A and K'
is homeomorphic to Spec [A,f], it follows that XK is homeomorphic
to K'. In particular, the homeomorphism ¢ : K » K' is given by

o(z) = (z,w).

Theorem 3.20: Let A = [g] be a singly generated function

algebra on Spec A and let £ € C(8pec A) be such that

Spec A = Spec[k,f]. Then there exists a continuous algebraic
epimorphism ¥ : [4,F] + Ao(K).

Proof: Define the map @ : Po(K') » Po(XK) by

¢ (p(z,w)) = plo” ' (z,w)), where p € Po(K')

) m : i3 o S
ie, (2 2 oay.zw Y= 3 ( 2 ai.)z
~ k=0 i+4j=k Y k=0 i+j=k -9

thus defined is clearly onto, but not necessarily 1:1.



. A . et _ i3 - i3
® is linear: 1et4 Py = EZaﬁjz W D, = Ezbijg W |
(we can assume for the sake of gimplicity that 2z and w occur
to the same powers). Then

2 (py +D,) = ®(23 aijziwj * EZbijzle)

il

. i.d
@(Zz(aij + bij)z wY)

k
Z(Eaij + bij)z

I

k
k ' k
= 3(2a, ,)z= + 2(3Zb, .}z
x *Y x

i

| &(p,) + &(p,)

gimilarly &(ap) =a® (p) for p € Po(K'), a € @,

end 2(pyp,) = ®(p,)®(p,). |

% is continuous : let e > o be given and let py = ZZaijzin.

Choose p, = Zzbijziwj such that

-3 Iai.~ bili = 2 Ici.i <-a/2k!zlk. Then
RS Y |

\ . A k : k
1.¢ (py) - @ (pz)} = IZEcijz | < Zztcijl lz1™ < 8.

Thus far we have shown that ¢ is a continuous algebraic

epimorphism from Po(K') onto Po.(K). It can be extended by

continuity to @ : P(K') » P(K) as follows: if p € P(X'),

g P

define @ (p) to be the uniform limit of ®(p ), where p - D
uniformly. We now showvfhat‘; thus defined has the same
properties as &. | ’

Let £ € P(K). We want to show that f ¢ g(P(K’)) i.e.
that ; is onto. Now V e > o If, € Po(K) such that

e - £,11 < e. Since & is onto, 3 g, € Po(X') such that
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®(gy) = £y. Hence [T - ®(g1)rr < e. Therefore

T € ®(Po(K')) = @(P (X')) = ®(P(K )).

~

® has the same alpebraic properties as &. Let

Ty, £, € P(K') and a,8 € B. We must show that

O(afy + Bf,) = a®(fy) + B®(f,), or equivalently that for any
€ > 0 we can get
Now '

le (af, + BT,)

i

ad(f,) - ﬁ@(fz)ﬂ

= 1@ (af, + Bf,) - @(af;+ﬁf;) + @(qf;+ﬁf;) - a@(f1) - p@(fz)n

l!@(af1+@f ) - @(af;;ﬁfry +'@(af;+@f') - a®(f, ) - Be(f, )

@(af +Bf, )-‘P(af +ﬁf )+a«(®(f )-—®(f ))+6(@(f )- ®(f )1l

< f@(af +Bf, )= @(af1+ﬁf ) + lal l@(f )ui(f YH + 181 H@(f }@(g)!
< e’ 4+ Jale' + 1Bl &' < &

1 f
for © and £

1 2
f1 and f2 respectively.

€ Po(K') chosen suitably close to

Similarly, ;(f1f2) = ;(f1) 5 (fg).
| Thus we have a continuous algebraic epimorphism
; : P(K') » P(X) = Ao(X).
But [4,f] is isometrically isomorphic to P(X') and hence

there is a continous algebraic epimorphism

[4,£] » £o(X).
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We can strengthen 3%.20 if, in addition b[A,f] = DA.

To do so,; we need a couple of further results.

Theorem 3,213 Let K be a compact subset of the plane. Then

the Shilov boundary of P(K) is the topological boundary of
hull(K).
Proof: See [L4] 1p.85.

Proposition 3.22: Let A = [g] be a singly generated function
algebra. Then DA = Spec A = 4 = C(X).
Proof': We prove the equivalent assertion that

P(X)

H

C(K), where K = R(g).

Now bA = Spec 4 = bdry K = K, by 3.21
| o <% - int K = K
= int X is empty, since K = K
= XK is a'compact subset of the plane

with empty interior and connected complement, by 3.19.

Corollary 3%,23%: Let A = [g] be a singly generated function

algebra on Spec A such that bA = Spec A. Let £ € C(Spec A)
be such that Spec[A,f] = Spec 4 and bA = b[A,f]. Then there
exists a continuous algebraic epimorphism

¥ : [A,£] » C(K).

Proof: The result follows immediately from 3.20 and 3.22,
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Remarks: (i) The function £ € C(Spec i) in 3.20 could be
such that it satisfies the conditions of any one of 3.6 - 3.9,
3.11 and 3.16. The function £ € C{Spec 4) in 3.23 could be
suéh that it satisfies the conditions of any one of 3.6 - 3.9
and 3,11,

(ii) Theorem 3,20 can be extended to tﬁe case where
a finite number of functions, say §f1,...,fn§9 are adjoined
to 4, provided that Spec {Agf1;...,fn] = Spec A. e.g.
if {f1,...,fn} are A~holomorphic on Spec 4 (by corollary 3.7)
cor if {f1¢...,fn} satisfy the conditions oficorollary 3,16
(see remark preceding definition 3.17).‘

(1iii) The definition of an A-holomorphic function

{see Definition 3.1) 4is identical to that of a function which
is locally approximable by the funciions of a function algebra
A . Moreover, functions locally approximable by the functions
of A are also locally in A . Thus all results flowing from
theorem 3.6 are true for functions locally approximable by
functions in A and functions locally in A . For a discussion
of the adjunction of such functions to a function algebra see
the M.S8c. thesis éf J.P.G. Ewer, '"Approximation Properties of

Function Algebras® [35] , done at the University of Cape Town.
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CHAPTER IV,

FUNCTION ALGEBRAS AS DIRECT LIMITS

or THEIR

In the case that a function algebra A contains a 1 :1
function, we can express it as the direct limit of its finitely
generated Sub»function‘algebras. The value of this procedure
will be seen later on when we shall shéw how information sbout
such a function algebra can be obtained from the characteristics

of its finitely generated sub-function algebras and vice versa.

Definition L.1l: A directed set D is a set with a partial order
relation € such that for e, BE€ D there is a ¥ € D with
“ <Y and B < ¥,

A direct system of algebras and algebra homomorphisms
o

fAT, hi} consists in a collection {A%] of algebras indexed by

g directed set D, and a collection of algébra homomorphisms
hg': 2% » Aﬁ for every a, B € D with a € 8 such fhat

(a) hg = identity of A%

(v) nf = hgahg : A% > 4P for o < g € ¥ in D.

A direct limit of a direet system of algebras and algebra

homomorphisms {A@, hi} is an algebra A together with a family

e

of algebra homomorphisms h  : A% » A(a in D) satisfying the



68

conditions .

(1) hy o b’ =h_if o < in D, and

B
(2) for any algebra A' and any collection of algebra homomor-

1
ohf =n_if a < p in D, there

t

. § : t
phisms h\:L ¢ A% » A' such that hﬁ
exists a unique isomorphism h' : A - A' such that h' , h = h

o1

for all o € D. The situation is summed up in the following

diagrams in which all the triangles commute.

AC&
hT / hlB
L o
4
AP

A is also denoted by lim.dir. A%,

The direct limit of a direct system [A%, hi} has a canonical
form, which can be constructed as follows.

Let S A% be the direct sum of the A% i.e, 3 A% consists of
a€D

all f € T[] A“ such that only a finite number of coordinates
«ED :

of £ are not zero., For each a € D there is an embedding
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i, ¢ A% » EA“; given £ in A%, ia(f“) is the element of

A% with a-th coordinate £* and all others zero.

’Let S be the submodule of 3A® generated by the ranges
(iﬁohg ~ia)(Aa) for all (a, B) € D x D with « < B.

Then 3 A%/S is a direct limit for {A%, hP} where

="

h @ A" =~ $A%/S is the composite of the canonical map from

A% onto 34A%/s and i, {see [L]. p.211.)

Definition L,2: An inverse system of topological spaces and

continuous maps {X _, ri} consists in a collection {X_} of

topological spaces indexed by a directed set D, and a collection

of continuous functions ri s X, ° Xa for a € p in D such that

B
(a) r: = identity of X
(b) =¥ = 'riorg X, » X, fora<g<ry inD.

An inverse limit of an inverse system of topological spaces
and continuous maps is a topological space X together with a
femily of continuous maps ot X = X& ; @ € D, satisfying the
following conditions

5 ,
(1) rgeTy = Ty |
(2) for any topological space X' and any family of continuous

. .
- maps  r: X' » X such that
) ] :

rgorﬁ = r  for {(ay, B) € D x D with a € 8,

there exists a unique continuous map r : X' = X such that
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' v
ool = I, for all a € D, We can sum up by saying that all

triangles in the following diagrams commute.

X &

The inverse limit is slso denoted by lim.inv. ix_, =0},
We can construct an inverse limit of an inverse system of
topblogical spaces and continuous maps as follows:
Define a thread to be an element x of the topological

pﬂoduct T X, such that rﬁ(x ) = X, wherever a < B.
aeD

Let X be the set of all threads provided with the relative
topology induced by’TTXas and let PQ(X).: x, for x € X.

i.e.kra is the restriction to X of the projection from TTXQ

onto Xa. " Then {X, rai is an inverse limit of the inverse

B : t vy s RN - B
o Tole For if (X', r!l is such that r!= TooTh

for all (a,B) € D x D such that o € B, then each element

system  {X

x' of X' defines a thread (rj(x')) a €D, The map r : X' = X
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which sends x' € X' onto its correspoﬁding thread is easily
verified to be a commuting homeomorphism and is unique by
definition. Henceforth we shall refer to .88 rdi as‘just

defined as the inverse limit of the inverse system.

Proposition L4.%:

Let {Xa, fi} be an inverse system of compact Hausdorff spaces
and continuous maps. Then the inverse limit of the system
is also compact.

 Proof: See e.g. [4]. p.210.

Now suppose we are given & function algebra A containing a
1:1 function g. Let D be the family of finite subsets of A
which include g as a member i.e. « € D iff o = {g, f1,..3,fk}
where the fi and g belong to A. If we direct D by inclusion,

then D is clearly a directed set. Put A% = [e, f1,...,fk].

Clearly, A = U A%, Let ig s A% -~ Aﬁ be the inclusioh'map for
; " a€D ‘ o

@ € B. Then {A%, ig} forms a direct system of algebras and

algebra homomorphisms, having as direct limit A = U A%, with
€D

% 5 A taken as the inclusion map. For suppose

the ia : A
T oat) s ‘b
fAT, 1a} is such that ig

o € B, We can define an algebra homomorphism i : A - A’

oif = i for all (a,p) € (D x D) with

as follows: if £ € A then there is an o € D such that £ € A“.

Let i(f) = 1'(i_ " (£)), which is well defined since i_ is the
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inclusion map. It is easy to show that i has the required

properties,

Note that if we were to define D simply as the family of all
finite subsets‘of A we would have no guarantee that the subalge-
brag generated by thesenfinite subsets would in faet be function
algebras, gince they may fail to separate points, even though

A does so, Purely as an algebra, however, a function algebra
is the direct limit of its finitely generated subalgebras.
Indeed, if A did not contain a 1:1 function we could not even
vuse our somewhat artificial tactic to ensure that A is the
direct limit of certain of its finitely generated sub-function
algebras, That A contains a 1:1 fﬁnction is a sufficient
condition for A to be so expressed. We do not know if it is
necessary. Henceforth, whenever we discuss.functioh algebras
as dircct limits we shall tacitly assume that A contains a

1:1 function.

Now let A be a function algebra containg a 1:1 function g
and let D be the directed set described above. |
Define ri ¢ Spec Aﬁ -» Spec A%® for a < £ in D as follows:

if m € Spec Aﬁ, then ri(m) = m restricted to A%,
Then {Spec A%, Pi} is an inverse system of compact Hausdorff
Aspaces and continuous maps. Let

r; : Spec A - Spec A% ve the map sending eéeh element of

Spec A onto its restriction to A%,
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Theorem li.L: (Royden, [16])

{ 8pec A, r&} is an inverse limit of the inverse system

{ spec A%, PB}

Proof: Clearly, lim.inv. {Spec A%, ri} = T Spec A%, since the
- a€D

rB are simply restriction maps, and

th

PO TTSpec A% » gpec A% is simply the a” °" projection map.
[« . .

TTspec A® «

Definé r ! Spec A - TTSpec A% py letting the a"th coordinate
of r(m) be the restpgbtion of m to A%, for each m in Spec A.
This mep is easily seen to be a homeomorphism which makes the
abdve diagram commutative. Since the inverse limit of an
inverse system of topological spaces and continuous maps is

unigue up to commuting homeomorphisam, we can consider

{Spec 4, r;} as the inversc limit of {Spec &%, ri}.



We now show how we can replace the scheme

A% Spec A%
.-ﬂ
AN
o [+
‘ A Spec Aﬁ
_ “//// “ //xjﬁjfa
13 Spec{A)
A
by the eguivalent scheme
. &
. K
‘L(KC&)
v

A(Kﬁ)
A(K) /

K

f

Where X, = P(Spec A%), X = F(spec A)

A(E@) = uniform closure of the algebra of functions holo-

morphiec in & neighbourhood of K and

A{X) = uniform closure of the algebra of functions holo-

merphic in & neighbourhood of K.

7h
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Definition L.5:

« hi} and {Ba,'ki§ be two direct systems of function

Let {A
algebras and algebra homomorphisms with the same directed set D.

An isomorphism {La} from [A%, hi} onto {BY, ki} is a collec~—

tion of iscmorphisms

V. : A% » B% such that for {«,B) € (D x D) with a < B

“Ad

the‘following diagram is commutative

L& .
LY ) B
) B B
ha k
iF - > BP

B

Proposition L.6: Let A%, hi} be a direct system of algebras

and algebra homomorphisms with direct limit {A, h®§.
Suppose that £ € A% ana P ¢ Ag. Then hd(fa) = hﬁ(fﬁ)
iff hg(fa) = hg(fﬁ) for some Y in D such that
& ¥ and B £ v, |

Proof: See [L]. p.2l2.

Proposition L.7:

Let {A%, hi} anda {B%, ki} be two direct systems of algebras
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and algebra homomgrphismé‘with the same directed set D such that
the hi and the ki are monomorphisms.

Then any isomorphism {1} @ A%, hig.* {B%, ki} induces an
isomorphism 1 : lim, dir, {4&%, hi} + 1lim. air. {B%, ki}

which makes the following diagram commutative for all a € D.

‘i' . 1 . v

lim.dir. {£%] lim.dir, {B%]

A 4

Proof: Clearly, the h  and the k are monomorphisms.

Let a € lim. dir. {A%, hi}. Then for some a, ha—j(a) € A%,
Define 1(a) = (kaolaoha"i) (a). Such a definition clearly
makes the disgram of the statement cOmmutative. We must show,
however, that T is well-defined i.e. that 1(a) is independent

of the choice of a,
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lim.dir, {4%} vlim.dir.{Baf

Suppose ha‘i(a) ¢ A% and h,”'(a) € AP, We must show that

g
- w1 ,
(kaozraoha ) (a) = (kﬁOLBOhB ) (a). ’
By L.6, there is a ¥ € D with « € ¥ and 8 € y such that
-1y -1

(nYon,™") (a) = (hgohy™") (a). |

Therefore (LYohzoh ) (a) = (1 ohﬁohﬁ"‘) (a)

and so (kzolaoha—1) (a) = (kYQL oh ) (a).

Hence (L;oha-i} (a) € B* ana (b ) e 8P

ﬁ° 6
have a common successor in BY9 and therefore
Kyobgehy™') (8) = (gelgen, ™) (a),

which was to be shown.

“The map 1 is thus well-defined and is clearly an isomorphism,
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Corollary L.8: Lét A be a function algebra containing a 1:1

function g and let {A®

, ii} be the direct system of subfunction
algebras described earlier. Then {P(K,), ii} ig also a
direct system (ii denotes inclusion in both ceses) and A is
isometrically isomorphic to lim. dir. {P(X_)}.

Proof: The collection A% - P(X,) is an isomorphism, in fact

an isometric isomorphism.  The résult then follows from the

prrevious proposition.

If we set K = JIR(f) then lim. dir. {P(K ), if} is isometri-
fEA v
cally isomorphic to P(X), so that 4.8 agrees with our general
result that any function algebra A is isometrically isomorphic

to P(X).

We now turn to the dual situation of the inverse system

- Spec A%




79

Definition 4.9: Let fXdp ri} and {Ya, si} be two systems of

compact Hausdorff spaces and continuous maps with the same

directed set D, A homedmgrphism {ga} from ZX@, ri} onto

ﬁ 3 -~ 3 . I} -
{YQ, sa} is a collectlog of homeomorphisms g, * Xa ,Y& such
that the following diagram is commutative for all

(ay BY € D x D with o € B.

X& ¥ Y;
Ea
p P
Ta Sq
o
p

The proofs on direct systems are easily dualized to yield the

following assertions, whose proofs we omit,

Proposition 4.10: Let {XQ, Pi} end {Y_, si} be two inverse sys-

tems of compact Hausdorff spaces such that the ri and the si

are homeomorphisms. Then any homeomorphism

{g !

&

se

(X, s rg} ~ {Y_, si} induces a homeomorphism

g : lim. inv, {XQ} » lim. inv. {Y@} which mekes the following

disgram commutative Ffor all a € D,

X, . » > Y,
r, | s,
lim,inv. {X_} v ¥ lim.inv.{Y_]

& g
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Theorem U, 11: Let X = F(Spec A%) and ri : Ky » K, be the

projection onto K for o < g, Then {K , ri} is an inverse
systemn of compact Hausdorff spaces and continuous maps, and

lim,. inv, {Ka, ri} is homeomorphic to Spec A.

Topologies on the spectra of a direct system.

We started off with a function algebra A containing a 1:1
function g on a compact Hausdorff space X, and then formed the
direct system of finitely generated sub-function algebras con-
teining g, 4%, ii}. Since A% is defined on X, Spec A% con-
tains X for each o € D. However, we know that Speec A% has the
weelr topology induced on it by ;a, and so the relative topolo-
gy on X changes as o changes. Since the topology on Spec A,
which is(homeomorphic to lim. inv. {Spec A%}, is the weak
topology induced ﬁy A, which is the direct limit of the system

fa%, i§§9 and the latter eguals uU A%, it follows that the open
! atDd

sets of Spec A determine the topology of X in such a way that
the topology on X is Jjust the union of all the topologies in-

duced on X by the SpeckAa, o € D,

Definition L,12: Let A be a function algebra on a compact

Hausdorff space X.

A is antisymmetric iff £ is in A and f is real-valued imply

that £ is constant.
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A is pervasive iff (AIF) = C(7) for every proper closed
subset ¥ of X. |

A is analytic iff the only element of A Whiéh'vanishes on a
nonvoid open set in X is the zero function,

A is essential iff A contains no non-zero ideal of C(X)
(this is equivalent to the assertion that there is no proper
closed subset F of X such that every continuous function
vanishing on F belongs to A).

A is a maximal subalgebra of C(X) iff A ¥ C(X) and A is contain-

ed properly in no proper closed subalgebra of c(x).

We heve the following theorem relating the above properties of

a function_algébra.

Theorem L,13¢

For a maximal subalgebra A of C(X), the following are equiva-
lent,

(1) A is pervasive

(2) A is analytic

(3) A is én integral domain

(L) A is essential.

Proof: See [4] p.175.

Theorem L,14: TLet A be a function algebra on X containing
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a2 1:1 function g. Then A is analytic iff each of its sub-
function algebras of the form A% = [g,f1,.,.,fk} is analytic.
Proof: Suppose that A is analytic and that £ € A® venishes on
the open set U, which is open in the weak topology on X indﬁced
by A%, By the above discussion on the topologies on the
spectra of the direct system {Agy ii}Ait‘féllows that U is élsé
open with respect to the topoleogy on X induced by A. Hence
£ vanishes on X. ‘ ,

Conversely, suppose that A“»is analytic for each a € D.
Let £ € A vanish on the set U open in the weak A~topology.
Then for some a € D, U is open in the weak A%-topology on X

and hence f vanishes identically on X.

Corollary L.15:

If A is a maximal subalgebra of C(X) containing a 1l:1 function
g, then the following are equivalént;

(1) A is pervasive

(2) A is analytic

(3) A is an integral domain

(L) A is essential

(5) A% is analytic for each a € D.

Proof: The assertion follows from L,13 and 4.1k.

Theorem 4,16: (Identity theorem)

If £(z) and g(z) are holomorphic functions in a connected open



83

set D contained in " and if f(z) = g(z) for all points z in
a nonempty subset U contained in D, then £(z) = g(z) for all
points z in D.

Proof: See [3] p.6.

Corollery L,17: Let D be an open connected subset of ¢”, and

let £(2z) be holomorphic in D, If f vanishes on an open subset

U of D then f vanishes identically on D.

Theorem L.18: ALet X be any topological space. The union of
any fanily of connected subsets having at least 6ne point in
common 1s also.connected. |

Proof: .See [17] p.108.

me—

Lemma L.19: Let A = [f,,...,f ] be a finitely generated func-

tion algebra on a connected compact Hausdorff space X.

Then K = F(Spec A) is contained in a connected_neighbourhood

of T,

Proof: By 2.13 we saw that K itself is a connected subset of

z®, We caen cover the topelogical boundary of K with over-
lépping connected neighbourhoods whose union, say L; will be
connected by L4.18. By the same theorem K U L will be a connect-

ed neighbourhood of X.
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Theorem L.,20: If A is a finitely generated function algebra

on a connected compact Hausdorff space X, then A is analytic.
Proof: Suppose that A = [fT"”’fn]’ Then A is isometrically
isomorphic to A(K), the uniform closure of all functions holo-

n ~
morphic in a neighbourhood of K = TTR(fi). . By the previous
i=1 : :

lemma K is contained in a connected open set L. Suppose T in
A vanishes on the opeh set U in X. To £ in A ﬁhere corresponds
a holomorphic function h in A(K) which vanishes on the corres-
ponding set U' = F(U) in K. By choosing a suitable V open

in ¢" and intersecting it with X we can assume that U' is also
open in L and that by continuity, h vanishes on U', Hence by

- the Identity theorem, h vanishes on L and hence on K. Thus

f vanishes on X.

The previous theorem can be generalized to function slgebras

containing a 1:1 function.

Theorem“h.21f Let A be a function algebra containing é 1:1
function g on the compact Hausdorff space X, If X is also
connected, then A is anslytie.

Proof': A is the direct limit of its finitely generated sub-
function slgebras A% = [g,f{g...gfk]g and Spec A is the inverse

limit of the Spec 4%, We claim that for every a, Spec A% is

connected, Suppose not. Then for some a there exists an
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open set U, C Spec A% such that Spec A% = Ud U (Spec A% - u, ).
By Shilov's theorem on idempotents, there exists an fq € A%

such that %a = 0O én‘U@ and %@ = 1 on S8pec Ad - Ua. But ;a

21lso belongs to ; and Ua is also =2 member of the topology on‘
Spec A, This would imply that Spec A is disconnected, a
contradiction to the fact that by 2.13 Spec A must be connected.
By L.20 we have that A% is anelytic for each o and by L.1lh it

follows that A itself is analytic.
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BIBLIOGRAPHICAL NOTES

Chapter I: Gelfand in [19] and [20] originated the study of
Banach algebras. Proposition 1.2 and theorems 1.4 and 1.5
are ultimateiy due to him, though Wé have followed Wermer's
presentation of them in [1]. The early‘work on the corres—
pondence between‘function algebras and slgebras of polynomials
in 1,8 - 1,12 was done by Shilov. See [13] and [1]. Poly-
,nomial and rational convexity were first thoroughly investigated
by Stolzenberg in [12]. Oka's polynomial approximation
theorem 1.15 is actually due to Shilov [13]. ?roposition
1.18 is a3 bit of folXlore -~ the proof we have‘given is to be
found in [6] - and we have used it to prove theorem 1.19.

The example of a finitely generated function algebra discussed
in 1.20 is to be found in [4], though it appears to be vased
on a similar example in a more abétract setting due to

Rossi [21].

Rickart in [&] recently defined the concept of a
holomorﬁhic function of an infinite number of complex variables
and generalized many finite-dimensionel results to the infinite~
dimensional case.‘ Temmas 1.23 and 1.25 are due to him and he
used them to provevhis generalized Oka polynomial approximation
theorem 1.26. We have used Rickart's resﬁlts to obtain in

proposition 1.27, corollary 1.28 and theorem 1.29 extensions
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of earlier results on finitely generate& function algebras

to the arbitrarily generated case.

Chapter II: Theorem 2.2 was proved by‘Shilov in [22].

Pesk points were first investigated by Bishop [10] and theorem
2.5 was thé outcome. In the same paper Bishop gave an elegant
constructive proof of his charécteriéation of the minimal
boundary, théorem 2.8, which we have rewritten in a different
form for finitely generated function algebras in corollary
2.9. Using Bishop's characterization of the minimal boundary
and Rickert's lemma 1.25 we have obtained theorem 2,10.
Shilov's idempotent theorem 2,11 is another result from [13].

‘ The solution of the Cousin 1 problem on an open
polynomial polyhedron (theorem 2.17) is due to Oka [23] who
based his work on the earlier efforts of Cousin [Zu}. The
local peak point theorem 2.19 was first proved by Rossi in
[11], though we have given Stolzenberg's proof of the same
result for the finitely generated case in [12]. Theorem 2.20
is an extension to érbitrary function algebras of theorem 2,19
and was also first proved by Rossi in [11]. kHOwever; the
proof we have given 1s based on Rickart's lemma 1.25.

‘ Theqrems 2.22, 2.23 andAé.2u are the climax of Roési*s seminal

paper, [11].We have presented them as in [L].
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Chapter IIT: Lemma 3.2 is one of the principle applications

of the local maxinum modulﬁs principle, which is often invoked
in the investigation of extensions of function algebras,

Many authors have studied such extensions. _ Glicksberg in
'{25] provided another very useful tool, theorem 3.5. The
statements about the Shilov boundaries in theorems 3.6 and

3.8 are also due to him. See [26]. The statement about the
maximal ideal space in theorem 3.6 is due to Rickart [27]9
though the proof giveﬁ here is ah unpublished argument of

" Quigley. The statement about the.ﬁaximal ideal space in
theorem 3.8 appears to have been discovered first by Bidrk
[28]. Corollary 3.9 is due to Stolzemberg [29]. We have
followed Gamelin [9] in our presentation of the above-mentioned
results. In a recent peper [18] Gamelin and Wilken extended
Stolzenberg's corollary 3.9 to obtain theorem 3.11.

Wilken in [30] investigated under what conditions
the maximal ideal space of an extended function algebra is
strictly larger than the maximal ideal space of the original
" algebra and produced theorem 3.12, iemma 3,13 and theorem 3.15.
Theorem 3.1 was proved by Lavrentiev {31]. Corollary 3.16
is a partial converse that we have obtained to theorem 3.12.

Theorem 3,18 is an approximation theorem due to
Mergelyan [32] and theorem 3,19 Waé essentially proved by

Runge [33]. We have used all the foregoing results of this
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chapter to obtain theorem 3.20, much of which was suggested
by our supervisor Dr. W, Kotzé, Proposition %.22 appears
as problem 5.4 no. 5 in {4] and we have used it to obtain

corollary 3.23.

Chapter 1V. Except for proposition L.3, theorem L.L, proposi-

“tion L.6; theorem 4,13, theorem L.15, corollary L4.1l7 and

theorem L4.18, the results in this chapter are apparently new.
Theorem L.l was essentially proved by Royden in [16] and
theorem 4.13 is to be found in the paper by Hoffman and

Singer [34].
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