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INTRODUCTION 

The theory of' f'unction algebras has been an active f'ield 

of' research over the past tvm decades and its coming of' age 

has been heralded by the appea1"'ance within the last twelve 

months of' three textbooks devoted entirely to them, namely 

the books by Browder [6], Leibowitz [4] and Gainelin [9]. 

One of' the attl'"'active f'eatures of the theory of' f'unction 

algebras is that it draws on diverse specialities like the 

theoI'y of' Banach algebras, harmonic analysis and the theory 

of' analytic f'unctions of' several complex variables. 

(i) 

The last mentioned theory has led to some of' the most 

powerful results in the theory of' f'unction algebras. Not 

surprisingly, many of' these i-·esults ~ f'or example Rossi's local 

maximum modulus principle theorem 2.24, were f'irst proved f'or 

f'initely generated and then extended to arbitrary f'unction 

algebras. This observation, together with the f'act that there 

has been no systematic study of' f'initely generated f'unction 

algebras, led to the writing of' this thesis. We have made 

use of' some of' the results of' the theory of' analytic !'unctions 

of' sever•al complex variables, though we have not specif'ically 

used the methods thereof. What we have looked f'or is ways 

in which the f'unctions of' f'initely generated f'unction algebras 

behave like analytic f'unctions and then tr•ied to see if' 

INTRO:Q.tLQ.~ ION 

The theory of'function algebras has been an active field 

of research over the past two decades and its coming of age 

has been heralded by the appear'ance wi thin the last twelve 

months of three textbooks devoted entirely to them, namely 

the books by Browder [6] ~ Leibowitz [4] and Ga'11elin [9J. 

One of the attractive features of the theory of function 

algebras is that it draws on diverse specialities like the 

theory of Banach algebras~ harmonic analysis and the theory 

of analytic functions of several complex variables. 

(i) 

The last mentioned theory has led to some of the most 

powerful results in the theory of function algebras. Not 

surprisingly $ many of these l"'esults? for example Rossi I s local 

maximwn modulus principle theorem 2.24~ were first proved for 

finitely generated and then extended to arbitrary function 

algebras. This observation9 together ilvi th the fact that there 

has been no systematic study of finitely generated function 

algebras, led to the writing of this thesis. We have made 

use of some of the results of the theory of analytic functions 

of several complex variables 9 though we have not specifically 

used the methods thereof'. vVhat we have looked for is ways 

in which the functions of finitely generated function algebras 

behave like analytic functions and then tried to see if 
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(ii) 

arbitrarily generated function algebras behave in a similar 

way. 

This angle of approach is justified in Chapter I. 

Firstly it is shown how every finitely generated f'unction 

algebra is metrically and algebraically equivalent to P(K)9 

the uniform closure of the algebra of polynomials on a certain 
n 

subset K9 which depends on the generators, of a: ~ where n is 

the number of generators. Moreover the maximal ideal space 

of such a function algebra is homeomorphic to K. What is 

surprising is that P(K) is equal to the uniform closuroe of the 

algebra of all functions holomorp.hic in a neighbourhood of TC 9 

a deep result from the theory of analytic f'unctions of' several 

complex variables. That the maximal ideal space of' a finite-

ly generated f'unction algebra is homeomor'phic to a subset 

of mn led us to the conclusion that every finitely generated 

function algebra must necessarily be defined on a metrizable 

space 9 a fact which is made use of' in Chapter II. In 1.20 

an intepesting example of' a finitely generated f'unction algebra 

is given. The remainder of' Chapter I is devoted to a dis-

cuss ion of' Riclrn.rt 1 s recent paper [ 8] on holomorphic functions 

of' an infinite number of' complex variables and use is made of' 

his generalized Oka polynomial approximation theorem to extend 

the ec:tui valence of' f'ini tely genePated function algebras and 

algebras of' holomorphic functions to the arbitrarily generated 

case. 

(ii) 

ly function behave a 

s angle is just in Chapter Ie 

it is shown ever'y f'ini generated 

is e P(K) 51 

closure al polynomials on a 
n is on the , of' a: ~ n K, which 

of' Moreover maximal i ace 

is homeomorphic to K. is 

is K) is equal ClosuI"e the 

of' all runc holomorphic a 

a result f'l""om theory of' functions 

variables. the space 

to a 

us ion 

algebra necessari on a 

ace, a f'act vvhi is made use of' tel" II. 1. 

an sting a f'init fune on gebra 

is The of' Ch I is devoted to a s-

Ri paper [8J on c 

te complex and use is 

ized al ion theorem 

ence of' te1y genel"'at tion a1 and 
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case. 
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{iii) 

In Chapter II 11boundary11 phenomena of function algebras 

are discussed 9 with the emphasis on boundaries of finitely 

generated function algebras. There are certain subsetsj 

called boundaries 9 of the maximal ideal space of a function 

algebra on which every member achieves its maximum modulus. 

This.is another 11 analytic 11 characteristic of function algebras. 

We have also included an exposition of Rossi's local maximum 

modulus principle 9 emphasizing the role of finitely generated 

function algebras. 

Chapter III is an attempt to explore the connection between 

analytic function theory and finitely generated function algebras 

from another direction. We first establish under what condi-

tions adjoining a continuous function to a function algebra 

leaves its maximal ideal space (and its Shilov boundary) 

unaltered. We then apply these results to obtain a continuous 

algebraic epimorphism from certain finitely generated function 

algebras onto the uniform closure of the space of continuous 

functions on a compact subset of the plane which are analytic 

in the interior of this subset. 

Chapter IV was inspired by Royden [16] 9 whose treatment 

of' algebras as direct limits of their finitely generated 

subalgebras led us to investigate what properties of function 

algebras are inherited from their finitely generated sub-f.'unction 

algebras. Unfortunately we had to restrict ourselves to 

function algebras containing a 1:1 function, but with this 

(iii) 

In Chapter II "boundaryH phenomena of function algebras 

are discussed~ with the emphasis on boundaries of finitely 

generated function algebras. There are certain subsets~ 

called boundaries, of the maximal ideal space of a function 

algebra on which every member achieves its maximum modulus. 

This is another "analytic ll characteristic of function algebras. 

We have also included an exposition of Rossi's local maximum 

modulus principle~ emphasizing the role of finitely generated 

function algebras. 

Chapter III is an attempt to explore the connection between 

analytic function theory and finitely generated function algebras 

from another direction. We first establish under what condi-

tions adjoining a continuous function to a function algebra 

leaves its maximal ideal space (and its Shilov boundary) 

unaltered. We then apply these results to obtain a continuous 

algebraic epimorphism from certain finitely generated function 

algebras onto the uniform closure of the space of continuous 

functions on a compact subset of the plane which are analytic 

in the interior of this subset. 

Chapter IV was inspired by Royden [16]j whose treatment 

of algebras as direct limits of their finitely generated 

subalgebras led us to investigate what properties of function 

algebras are inherited from their finitely generated sub-function 

algebras. Unfortunately we had to restrict ourselves to 

function algebras containing a 1:1 function, but with this 
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(iv) 

restriction managed to obtain results relating direct systems 

of' f'initely generated sub-f'unction algebras and the inverse 

systems of' their spectra to the corresponding objects in 

analytic :function theory. We also f'ound that analyticity 

(in the function algebraic sense of' the word) is preserved 

under the taking of' direct limits and that £'unction algebras 

containing a 1:1 £'unction which are def'ined on a connected 

space imitate the behaviour of analytic functions in that any 

member of' such a function algebra which vanishes on an open 

subset, vanishes identically. 

•ro keep the length of' the thesis within reasonable bounds 

we had to omit the proof's of' some results. In every case 

whel"e this is done a ref'eI•ence .is given to a textbook in which 

the result in question and its proof' can be f'ound. The reader 

is l"ef'erred to the bibliographical notes f'or a detailed account 

of' to w·hom the results contained in the the.sis can be attributed. 

In conclusion I wish to express my deep indebtedness to 
,, 

my supervisor, Dr. W. Kotze~ f'or his many valuable suggestions 

and constant encouragement. 

(iv) 
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this is eis to a 
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conclusion I to s my s to 
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CHAPTER I. 

FINITELY GENERATED FUNCTION ALGEBRAS AND ............................... ---.--. ....... ,__.,,, -- . ~ 

ANALYTIC FUNCTIONS. 

In general we shall be concerned with certain sub­

algebras of C(X), the space of all continuous complex-valued 

functions on a compact Hausdorff' space X. If we define 

addition, scalar multiplication and multiplication as these 

operations applied pointwise to the members of C(X), then the 

latter is an algebra. 

Putting 

II fll =sup {1f(x)I : x € X} 

for each fin C(X)y we furthermore obtain that C(X) is a 

Banach algebra. 

A subset A of C(X) is called a function algebra if A is 

a subalgebra of C(X) satisfying: 

1. If x, y are in X and x * y 9 then there is an f in A 

such that f(x) * f(y)_i.e. A separates the points of X. 

2. The constant function l~ and hence every constant 

function 9 belongs to A. 

3. A is closed with respect to the uniform norm; thus A 

itself is a Banach algebra. 

De:tillj.Jion 1.1: Let B be any Banach algebra. A map 

1 

CHAPTER I. 

FINITELY GENERl~TED FUNCTION ALGEBRAS AND 
I _ .~~ • ~ 

ANALYTIC FUNCTIONS. 

In general we shall be concerned with certain sub­

algebras of C(X)? the space of all continuous complex-valued 

functions on a compact Hausdorff space X. If we def'ine 

addition, scalar multiplication and multiplication as these 

operations applied pointwise to the members of C(X), then the 

latter is an algebra. 

Putting 

II fll = sup {If(x)1 : x € xl 
for each f in C(X) y we furthermore obtain that C(X) is a 

Banach algebra. 

A subset A of C(X) is called a function algebra if' A is 

a subalgebra of C(X) satisfying: 

1. If x, yare in X and x * y~ then there is an f in A 

such that f(x) * f(Y).i.e. A separates the points of X. 

2. The constant function I, and hence every constant 

function? belongs to A. 

3. A is closed with respect to the uniform norm; thus A 

itself' is a Banach algebra. 

De~Jion 1.1: Let B be any Banach algebra. A map 

1 
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m : B ~ re satisfying~ 

1. m is a non-zero linear functional. 

2. m(xy) = m(x)m(y) for all x~ y € B 

is called a complex h~.momorphism of' B. We denote the set of' 

all complex homomorphisms of' B by Spec B • 

. The following proposition shows that every complex homo­

morphism of a Banach algebra with an identity is bounded and 

has norm equal to one. (Note that we can assume that the 

identity has norm equal to one). 

PWol?_i tion 1. 2: 

If' B is a Banach algebra with identity e o'f' norm one~ 

then m(e) = 1 and II mil= 1 for all m in Spec B. 

Proof'~ Let m belong to Spec B. Since m * o 9 there is an 

x in B such that m(x) * o. Now m(x) = m(xe) = m(x)m(e). 

Therefore m( e) = 1 and I I m I I ;;ll: 1. For any y € B we have 

lm(y) In = I [m(y)n] I = lni(yn) I ~ 11 mil II ynll ~ II mll II ylln. 

Theref'oi-•e lm(y)l ~ II m111/n II yll r which implies that 

lm(y) I ~ II yll • Hence II mil ~ 1 and .so II mll = 1. 

~te 1. 3: It is iivell-knovm from the General Theory of' Banach 

algebras that if' B is a commutative Banach algebra with an 

identity (as is every function algebra) then there is a 1:1 

correspondence between Spec B and the set o'f' all maximal 

2 2 

m : B .... a; sati ing~ 

1. m is a non-zero 1 f'unc 

2. m(xy) :::: m(x)m(y) f'or X 1 y € B 

is a of' B. the set 

complex homomorphisms B by B. 

.The f'ollowing proposition shows that 

morphism of' a Banach with an is bounded and 

norm to one. (Note we can assume 

ty norm equal to one). 

B is a th e of' norm one~ 

then m(e) :::: 1 II mil :::: 1 Spec B. 

m to B. S m * 0 9 is an 

x B m(x) * o. m(x) :::::: m(xe) :::: m(x)m(e). 

m{e) :::: 1 and 11m" > 1. For- any y € B we have 

Im(y)l n 
:::: I [m(y) I :::: lni(yn)I ~ II mil II II ~ II mil /I y lin • 

Im{y) J ~ II mll1/ n II yll , s that 

Im(y) I ~ II yll • Hence II mil ~ 1 end so "mil::: 1. 

It is 'Nell-known f'rom 

B is a commutative an 

(as is ion ) then there is a 1:1 

correspondence B and the set of' 
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3 

ideals of B, usually denoted MB. This correspondence is ob-

tained by mapping each complex homomorphism onto its kernel, 

which is a maximal ideal. See e.g. [ 2]. 

!.h_eqrem 1.4: 

. Let A be a function algebra. Define for each f in A and each 

m in Spec A 

f(m) = m(f'). 

Then there exists a unique Hausdorf'f topology on Spec A such 

that Spec A is compact and each f is continuous on Spec A. 

Pro2.f: The theorem is just a restatement of the well-known 

theorem in the General Theory of' Banach algebras dealing with 

the Gelfand Representation of' a commutative Banach algebra with 

an identity. In that setting, f'or fixed m in Spec A and f 

in A, we have the following commutative diagram yielding the 

Gelf'and Representation. 

v 

.A/M 

m 
Jr .. -----)- a: 

I /~ 
/' . 

i 

t 

which 

s of B usually deno , 
by mapp ing each 

a ideal. 

3 

s is ob-

homomorphism onto its kernel, 

e .. g. [2]. 

Let tion .. for each f A each 

m Spec 

f(m) :::: m(:f). 

Then sts a uni Hausdorf:f topology on such 

A is compact f is continuous on A. 

is t a rest well-known 

theorem Theory of B th 

Gel:fand Repres a commutative wi 

an identi In that setting, :for fixed m in Spec :f 

we the 

Gel:fand on. 

m 
en 

v //~ 
AIM 
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4 

where M is the kernel of' m, v is the canonical map f'rom A 

onto the quotient JV'M and~ is the.isomorphism existing by virtue 

of' the Gelfand-Mazur theorem. Since we have identified m 

with M, f'(m) = f'(M) = m(f'), and the result f'ollows. Explicit-

ly, the topology f'or Spec A is the weakest one which makes 

each f' continuous. 

In view of' the previous theorem, we shall ref'er to f' as 

the Gelf'and transf'orm of' f'. 

t:'heo~em 1.2: 

There is a map i :X -+ S.j?ec A which embeds X ,horneornorphically 

as a closed subset of' Spec A. F h .p ' f' .- 1 or eac i [ A, o 1 co-

incides with f' on the image of' X under i. 

f' in A and each m in Spec A 

M6reover, f'or each 

A A 

If' ( m) I ~ sup { If' ( x) I : x €. X j = sup { If' ( i ( x) ) I : x €. X} 

" and so 11 f' II = 11 f' 11. 

?r2~f': For each x in X, define rnx in Spec A by mx(f') ~f'(x). 

The required map is then given by i(x) = mx. Suppose x * y. 

Then there is a f'unction gin A such that g(x) * g(y). Hence 

To show that ·i is continuous 

as a map f'rom X onto i(X) (provided with the relative topology 

induced by Spec A), consider the open neighbourhood of' rn 
. Xo 

in i(X) defined by 

4 

where M is the m, v is f'rom A 

the ent and ~ is the.isomorphism exis by 

of' Gelf'and-Mazurtheorem. Since we have m 
" "-

th M, m) = f'(M) = m(f'), and result it-

ly~ the gy Spec A is the one which s 

each f' continuous. 

view the theorem, we shall ref'er f' as 

f'. 

There is a map i:X ... whi X.homeomorphi 

as a clo subs of' Spec For each f' £ A9 f' 0 
1 

00-

f' on image x i. Moreover, each 

f' in each m in A 
" 

m) I ~ [ I f' ( x) I : x € X j = sup { If' ( i (x) ) I : x € X J 
A 

and so J I f' II = II f' " • 

For x in X, in Aby (f') = f'(x) .. 

map is then by i(x) = • Suppose x =1= y • 

Then is a tion g such g(x) =1= g(y). Hence 

(g) =1= my(g) $0 i is 1:1. that·i is 

as a map i(X) ( with reI topolo 

AL consider open neighbourhood mxo 

i(X) by 
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U(Jl1xo; e . f'1,.· •• ,f'r) , 
" ,. 

1, ••• ,rj = {~ € i (x·): If'. (m ) f'.(mx 0 )l < e f'or i = l. x l. 

= {m € i(X): Im (f'.) m (f'.)I < e f'or i = l,o •• ,rJ x x l. Xo l. 

= {m € i(X): lf'.(x) - f'.(xo)I < e f'or i = lp •• ,rJ x l. l. 

Since each f'i is continuous there is a neighbourhood Vi of' Xo 

f'or each i = l, ••• ,r such that 

x € V~ => I f'. ( x) - f'. ( x0 ) I < e • 
l. J. l. 

r 
Clearly V' = nv. is a neighbourhood of' Xo such that 

1 l. 

x € v => i ( x) € u ( m ; € ; f'1 ~ • e • ' f' ) • x 0 r 

The subspace i(X) of' Spec A is Hausdorf'f'. Thus i is a 1:1 

map f'rom a compact space onto a Hausdorf'f' space, and hence a 

homeomorphism. Being the continuous image of' the compact 

space X, i(X) is itself' compact and is thus a closed subset of' 

Spec A. 

For i(x) € Spec A we have 

~(i(x)) = f(mx) = mx(f') = f'(x) = f'(i-
1
(i(x))) 

... 
and hence f'oi- 1 coincides with f' on i(X). 

For f' in A and min Spec A we have.that 
,.. 

If' ( m) I = Im ( f') I ~ 11 ml I fl f' 11 = 11 f' 11 , by 1. 2. 
,. 

But 11 f' II = sup{ lf'(x) I :x €. xJ = sup{lf'(m)l:x € xj 
x ,. ,., 

Hence f' achieves its maximum modulus on i(X) and llf'll = llf'll. 
,., "" 

If' we let A= {f':f' €. Aj, then it f'ollows f'rom the two 
,., 

previous theorems that A is isometrically isomorphic to A. 

5 

u(~o ; e . f'1,···,f'r) 1 

'" A 

19 ••• ~rJ ::: {~ E: i (X) : If', (m ) f'. (mXO ) I < e f'or i ::: 
~ X ~ 

::: {m E: i(X) : 1m (f'.) m (f'.)1 < e f'or i ::: 19" •• ,rj X X ~ Xo ~ 

::: {m E: i (X) : If'. (X) - f'.(xo)1 < e f'or i ::: l~ ••• ,rJ X ~ ~ 

Since each f'. is continuous there is a neighbourhood V. of' Xc 
~ ~ 

f'or each i ::: l, ••• ,r such that 

X E: V~ => If'. (x) - f'. (xo ) I < e • 
~ ~ ~ 

r 
Clearly V- ::: (IV. is a neighbourhood of' Xo such that 

1 ~ 

x E: V => i (x) E: U (m ; E: ; f'1,. .... '" f' ) .. Xo r 
'I'he subspace i (X) of' Spec A is Hausdorf'f'. Thus i is a 1: 1 

map f'rom a compact space onto a Hausdorf'f' space, and hence a 

homeomorphism. Being the continuous image of' the compact 

space X, i(X) is itself' compact and is thus a closed subset of' 

Spec A. 

For i(x) E: Spec A we have 

f(i(X)) ::: r(mx ) ::: mx(f') ::: f'(x) ::: f'(i-1 (i(X))) 
.... 

and hence f'oi-1 coincides with f' on i(X). 

For f' in i'.. and m in Spec A we have that 
"-

If' (m) I :::: 1m (f') I ~ II m If II f'1I :::: "f' II 9 by 1.2 • 
... 

But 11f'11 ::: sup! If'(x) I :x E: XJ ::: sup! If'(m ) I :x E: XJ 
x 

Hence f' achieves its maximum modulus on i (X) and II f' II ::: II f' If • 
'" 

If' we let A ::: {f':f' E: AJ9 then it f'ollows f'rom the two 
,. 

previous theorems that A is isometrically isomorphic to A. 

5 
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~n_i tiop.). 6: 

For n a positive integer 9 a:n denotes the cartesian product o:f 

n copies o:f the complex plane a:. 

i.e. z € a:n iff z (z z ) where z. € a: for i = 1 , ••• , n 1 = 1, ••• ,n. 

We pl'"'ovide a:n with the metric l z I = max f I z. I : i = 1, ••• ,nJ. 
1 

It can be shown that this metric is equivalent to the 

Euclidean metric. 

A £9.linomial_on mn is simply a polynomial in n complex 

variables. Such a polynomial will be a finite sum o:f the 

r1 r n 
:form ~a ••• z 1 ••• zn , whel'"'e the ar •••r are complex 

r1 rn 1 n 
constants. 

I:f K is a compact subset of a:n we denote by Po(K) the 
. n algebra of polynomials on a: restricted to K. The uniform 

closure of Po(K) will be denoted by P(K). 

n Let K be a compact subset of a: • The set 

hull (K) = { z € a:n : Ip( z) I :;;; II p I IK :for each polynomial p L 
where 11 p II K = sup { Ip ( z ) I : z € K J , 

is called the J20l~nqmia11,y: convex.;1}.ul~ of K. 

We say that K is polynomially convex if hull (K) = K. 

P:i;:opo~§J ti on ~. ~: 

6 

If K is a compact subset of a:n then so is hull (K), and hull (K) 

is the largest set containing K to which every element o:f 

6 

" 4 

9 
rnn the ian t 

n ies of' comp rna 

i.e. Z € run Z ::::: (zp •• .,zn) € ru i ::::: 1,.". ,no 

We run wi me I zl ::::: max f I i ::::: 1, ••• ,nJ. 
It c£ln be that s e the 

metric. 

a lynomi in n lex 

a f'ini sum of' 

a r ••• are complex 
1 

• 'Or z1 
1 n 

ants. 

is a compact set run we te by (K) 

als on C K. unif'orm 

sure of PoCK) wi dena by K) • 

t K a compact subset run. s 

(K) ::::: {z € rnn Ip(z)1 ~ II p 11K reach polynomi pL 

where II p 11K ::::: !lp(z)1 z € KJ, 

is called of' K. 

liVe say that K is convex (K) K. 

If' K is a set then so (K) , hull (K) 

is 1 t s K ch 
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P(K) can be extended with preservation of the norm. 

Etoo:{'. g Since hull (K) is an intersection of closed sets it 

n is a closed subset of the space a: • It is also bounded~ for 

n if z. denotes the i-th coordinate function on ill and 
1 

ai = sup{lzil : z € KJ, then any point w = (w1, ••• ,wn) which 

is such that I w. I > a. for some i cannot lie in hull (K). 
1 1 

Hence hull (K) is a closed and bounded subset of mn, and 

since the metric we have defined on a:n is equivalent to the 

Euclidean metric, it follows t.hat hull (K) is compact. 

Suppose that f € P(K). Then there is a senuence r-n 1 
':I. Lt'nl 

of polynomials converging uniformly on K to f. By the defi-

ni tion of hull (K) 9 fp j also converges uniformly on hull (K). 
n ,. 

Thus we can define an extension f of f to hull (K) by setting 
... 
f(z) = lim p (z). 

··n-+co n It is a routine matter to check that f 

is well-defined. 

Hence hull (K) is the largest set containing K to which 

each member of P(K) can be continuously extended with preser-

vation of the norm. We shall soon see that hull (K) = 
Spec P(K) and that f as we have just defined it corresponds 

with the Gelfand transform off for f in P(K). 

D~~fi!l.Lttq_,n 1. 2: Let A be a function algebra. If there is a 

subset B C A such that A is the uniform closure of the set of 

all polynomials in finitely many members of B then we say 

7 

P(K) can th ervat norm. 

s hull (K) is an tion 

is a closed It is also 

if' 

is 

th 

{ I zi I : Z € KJ ~ 

J W'. J > 
1. 

1 (K) is a clo 

the metric we 

idean , it 

that f' € p( 

po 

some i cannot 

bounded 

n on ill 

hull (K) is 

there is a se 

be a f'unction 

set B C is c sure 

lynomi B 

ed s it 

ch 

(K) • 

to the· 

t. 

is a 

the 

we say 

7 
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subset of A then A is said to be fi1:1-i ~ely__@.~~rat~. 

If (f 1 , ••• ,f'n) generate A we write A= [f1 , ••• ,f'n]. 

~or<:;;IJl . .l:.~ ;i..o: 

I,et A= [f'p••qfn]. Then thel"e is a compact polynomially 

convex subset 1£ of' a::n such that Spec A is homeomorphic to K 

and A is isometricall~l isomorphic to P(K). 

~f: Define the map F' : Spec A -+ a::n by 
;.. ;.. 

8 

F(m) = (f (M), .•• ,f (m)) for each min Spec A. F thus defined 
1 n 

is continuous since the composition of F with the respective 

projections f'rom a::n into a: simply yields the Gelfand transform 

of ea.ch of' the generators of' A, which are all continuous. 

To show that F is 1:1 let m and m' in Spec A be such that 

m * m
1

• Then there exists an f in A such that 

m(f') * m'(f). Since f' is a uniform limit of' polynomials in 

the fi, i = 1, •.• n, for some j,. 1 ~ j ~ n, we must have that 

m(fJ.) * m'(f'J.). Hence f'.(m) * f'.(m') and so F(m) * F(m 1
). 

J J . 

";Ve denote the image of' Spec A under F i.e. the set 
n 

;.. .... 

"TfR(fi), where R(fi) is the Pange of' fi, by K. 

Since a::n is Hausdorff, so is Kand thus F is a continuous 

1:1 map from a compact space onto a Hausdorff space. Hence 

P is a hori15ornorphism. 

'J'o show that K is polynomially convex it is sufficient 

8 

th 

If If" ••• , e A we 

Let A = [f" ••• , J. is a compact po ally 

convex is c to K 

A is is P(K) • 

Define t n .... m by 

F(m) = (f
1

(M), ••• , (m» m F 

is continuous s of F ive 

jec the transform 

of' e A, ch are all continuous. 

F is 1:1 m and m I A be 

m * m f • exi s an f A 

m(f) * m'(f). e f is a 1 t po in 

, i I, •.• 11., some j ,. 1 ~ j ~. n, we must that 

f j) * m'(f j ). Hence f j (m) * f.(m ' ) and so F(m) :;: F( m! ) • 
J 

the of F Le. the s 
n 

'" 
(fi ), R( ) is f. ~ by K. 

~ 

S mn is , so F is a 

1:1 map from a a space. 

Ii is a sm. 

K is convex it is cient 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

9 

to show that hull (K) C K. Suppose that z € hull (K). The 

map m : p(f'1 , ••• ,f') ~ p(z) which sends elements of' A ex-z n 

pressible as polynomials in the !'. onto ID is a complex homomor-
1 

phism on such elements. It is also bounded since 
,., ,., 

lp(z)I ~ llp 11 hull (K) = llp(f'1,···•f'n) 11 spec A= llp(f'1,H•f'n)llx, 

and so can be extended by continuity to the whole of' A to 

become an element m € Spec A. 

Hence p(Z:) = m(p(f'1 , ••• ,f' ) ) = p(m(f'1 ), ••• ,m(f'n)) 
,., ~ 

= p(f'1 (m), ••• ,f'n(m)) = p(z') 

f'or some z' in K. Theref'ore z = z' and so z is in K. 

Clearly there is an isomorphism between the set of' all 

unif'orm limits of' polynomials in the f'. and the set of' all 
1 

unif'orm limits of' polynomials in n complex variables ·on K. 

This isomorphism is norm-preserving, since the norm on P(K) 

is the uniform norm. Since A is isometrically isomorphic to 

A.., it follows that A is isometr•ically isomorphic to P(K). 

P:£9.I?.Q§l.tio11_ .1! .. +1: 
If' K is a compact subset of' rnn, then Spec P(K) is homeomorphic 

to hull (K). 

J:.r .. Q52f: Suppose z € hull (K). Then the map 

mz : Po(K) ~ rn defined by mz(p) =P·(z) is a complex homomor­

phism on Po(K). Also 

II mz II =sup { l1p(z)l/ll pll K p € P0 (K)j ~ 1. In f'act 

9 

to that hull (K) C Suppose z € hull ( • The 

elements of ex-

ss e as polynomi in the :E'. 
l. 

m is a complex homomor-

sm on such s. It is since 
.... ... 

I p ( z) 1 ~ 1/ p "hull (X) 1/[>(f'1'·'" A;:: IIp( 'U. )"X' 

the whole so can be by continuity 

an element m € 

e p(z) ;:: m(p( ' ••• Jlf'~»;:: p(m( ), ••• ,m(f'n» 
... 

;:: p(f'1(m), ••• ,f'n(m» ;:: p(z') 

some z' in Z :::::: z' so z is 

is an isomorphism the 

limits of' polynomials in the set 

limits of' als in n variables 'on X .. 

s isomorphism is norm-preserving, s e the norm on p(X) 

is unif'orm norm .. S is i i to 

it f'ollows that is isometz'ically isomorphic p(X). 

K is a compact of' a:n , then pel{) is 

(X) .. 

Il Suppose z € (K) .. • 

1'11
21 

.. ( -+ a: by m (p) :::: p' (z) 1s a complex . 
21 

phism on (K) .. 

II H :::: sup f (z)f/IIPIIK P € (K)j ~ 1. 
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10 

If mz 11 = 1 since 1 is in Po (K). 

Conversely, if' m is a complex homomorphism. on Po(K) such that z 

llmzll = 1, then z €hull (K). 

Hence z € hull (K) if'f' ·II m 11 = 1. z But II mz II = 1 if'f' mz 

cb.n be extended by continuity to P(K). Thus z € hull (K) if'f' 

there exists a complex homomorphism m in Spec P(K) such that . z 

m (p) = p(z) f'or every polynomial p on rnn. z 

The map F : Spec P(K) ~ hull (K) def'ined by 

F(mz) =· (mz(z 1), ••• ,mz(zn)) = (z1 , ••• ,zn) 

is clearly a homeomorphism f'rom Spec P(K) onto hull (K) • 

. Q9.r9.!.!.?-1'X'"l· 12: If' K is a compact polynomially convex subset 

of' IDn, then Spec P(K) is homeomorphic to K. 

~: Immediate f'rom the previous proposition. 

Thus we have shown that a f'initely generated f'unction algebra 

A =n[f'1, ••• ,f'n] is isometrically isomorphic to P(K) where 

"" 
K ~R(f'.) and that Spec A is homeomorphic to K which can be 

1 1 

identif'ied with Spec P(K) • 

.P-~f~p)_tion 1. ;t.2,: 
n Let D C a: be open. J., complex-valued f'unction f' def'ined 

on D is said to be h2lslfil9r.I?.~n_D if' f'or each point w € D 

there is an open neighbourhood U of' w contained in D, such that 

f' has a power series expansion 

H mz If :;:; 1 since 1 is in Po(K). 

m is a z SIll'. on (K) such 

z e: hull (K) .. 

z e: hull (K) iff 11m If == 1. z 

be continuity to P(K). 

II mz II = 1 

z e: 

m z 

(K) 

there exists a complex homomorphism mz P(K) such that 

(p) :;:; p(z) for 1 i P on ~n .. po ynom w 

The map F : P(K) .... (K) 

F(mz ) =- (mz (z1), •• .,mz (Zn» == (zp ... ., ) 

is clearly a homeomorphism from Spec K) onto hull (K). 

If K is a compact ally convex 
n of m , then P(K) is homeomorphic to K. 

Immedi from the i • 

Thus we shown that a func 

== [1'1' ••• '1' ] is i 
n n 

i to P(K) where 

" K ;n!R() that is homeomorphic to K which can be 
1 

th P(K) • 

D C open. complex-valued tion l' 

on D is if for po w e: D 

there is an neighbourhood U w contained in D, such that 

l' has a s 
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I 

which converges for all z € U 

,;Q,,~:Lini~~on 1.14: Let K be a compact polynomially convex sub-
n 

set of a: • We denote by A(K) the uniform closure of the 

algebra of all fUnctions holomorphic in a neighbourhood of K. 

T~~0.1:~1Ll-e!],2: (Oka's polynomial approximation theorem). 

If K is a compact polynomially convex subset of' O::n, then 

A(K) = P(K). 

~: See e.g. [3]. p.56. 

Q.9.rollct_~y l_.1:._6: A finitely generated function algebra 

I .. = [f 1 , •• • t' n] is isometrically isomorphic to A(K) whe1"e 
n ,.. 

K =1T R( f i) and Spec A is homeomorphic to K. 
1 

~: The assertion follows from 1.10 and 1.15. 

Tho fact that Spec A is homeomorphic to a subset of a:n when A 

11 

is finitely generated forces us to the conclusion that Spec A, 

and hence X, is metrizable. This can be proved independently, 

8_s we now show. 

~4~orerg.~1! 17: (Urysohn vs metPization t.heorem). 

eo 

f'( z) == Z ... 
r 1,·· rn== 

r 1 r 
a r (z 1-w1) ••• (z - Vi ) n 

o r 1o •• n n n 

which converges f'or all z € U 

~e=t~lli ~~on l.l~: Let K be a compact polynomially convex sub-
n 

set of' ru • We denote by A(K) the unif'orm closure of' the 

algebl"a of' all functions holomorphic in a neighbourhood of' K. 

Th~o.£~~~!12: (aka's polynomial approximation theorem). 

If' Ie is a compact polynomially convex subset of' run, then 

A(K) ::: P(K). 

~: See e.g. [3]. p.56. 

Q.9.roll~a_~~~.16: A f'ini tely generated function algebra 

i;. ::: [f'1, .... ;f n J is isometrically isomorphic to A(K) where 
n 

" 
Ie :::1TR(f'i) and Spec A. is homeomorphic to K. 

1 

RT2of': The assertion f'ollows f'rom 1.10 and 1.15. 

Tho f'act that Spec A is homeomorphic to a subset of' run when A 

11 

is f'initely generated f'orces us to the conclusion that Spec A, 

and hence X, is metrizable. This can be proved independently, 

as we now show. 

r:r;11(3orei"Q.~1~ 1.1: (Urysohn v s metrization theorem). 
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A T 3 topological space whose topology has a countable base is 

metrizable. 

~: See e.g. [5] p.125 

If' A is a f'unction algebra on the compact Hausdorf'f' space X, 

then the topology on X is the weakest topology f'or which 

every function in A is continuous. 

Pl"<?_<?f' ~ Let 'J be the given topology on X and 'W' the weak A 

topology on X. Then the identity map (X,J) ..,. (X,1J) is con-

12 

tinuous by def'inition of' the weak topology. Since A separates 

the points of' X, (X,'ili!J) must be Hausdorf'f'. Hence the identity 

map is a continuous map f'rom the compact space (X/J) onto the 

Hausdorf'f' space (X,\J) ~ and thus a homeomorphism. 

~h~2rem ~~19~ If' A is a f'initely generated function algebra 

on a compact Hausdorf'f' space X, then X is metrizable. 

?:r:<?~()f' ~ Let A = [ f' 1 , ••• , f' n] • 

Put B = 
k mi . m . 

I Z a.f' 1 J .• ~f llJ:a. €ID and a. has rational real 
. 1 J n J J 
J= 

and imaginary parts]. Clearly, B = A and so A is separable 

since B is countable. By 1.17 it is suf'f'icient for us to 

shov-1 that the topology on X is countably based. We show in 

fact that the set 

[f'-
1 (u) : f' €Band U is an open disc in the complex plane 

space topolo a is 

me 

.;;;.,;;;;;".;:;..;;;.;;;;..: See e. g. [5] p. 

is a funct on the space X, 

on X is t which 

is continuous. 

topolo on X and tJ" 

topolo on X. i 

by def'init of' the weal{ 

the ints 

is a cont map 

1:1 e (X,lJ) ~ and 

on a 

Put B :::: 

Let 

k 
{ Z a 

j::::1 

A is a 

:::: [ 

mi j 
1 • • • 

the compact 

a 

X, then X is 

,;) ... (X ;4J) is con-

s 

Hence ty 

(X /0) onto the 

sm. 

tion 

parts J • ::: and so 

s 1. it is i us to 

show on X is countably show in 

f' € B U is an sc plane 
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13 

with rational radius and centr·e} f'orms a countable base for 

the topology on X. 

Let <3 be the family of all open discs in the complex plane 

with rational radius and with centre .havi.ng rational real and 

imaginary parts. e forms a countable base for the topology 

of the plane. Since for any ffu~ily of subsets :3, 
f- 1 (u fF : F € J}) = u f f'-

1 
(F) : F €3-"L 

it is clear that the set {f-
1 

(U) :f € A, U EG l forms a base 

fol"' the topology of X, as the latter topology consists in all 

possible pre-images of open sets in the plane. We make the 

even str•onger claim that the countable set 

ff-
1 (U) :f € B, U €6} forms a base for the topology on X, in 

which case the theorem is proved. 

Let f € A and U € ~ • Since B = A, there is a se~1ence 

{f'nl c B such that f'n converges to f' uniformly on X. 

Novv x E: f'- 1 
( U) implies f'(x) E: U. For n large enough, 

i.e. x €. f' - 1 (U). 
n 

Hence x €. u f'n- 1 (U)~ and so f- 1 (u) C U f' n-
1 

( U) • 
n n 

In view of' the :preceding theorem, we ask whet.her it is 

possible to produce a metric for Spec A when A is a f'initely 

generated function algebra. We can do so, using the 

F : 

n ,... 

Spec A ~ 1TR(f.) = Kc mn. 
i:1 1 

13 

ional radius and a 

topolo on X. 

LetG 01' open discs in plane 

th rational wi ional real 

parts. <3 a base 

s any ets 21, 
F £ 30 == u {1'-1 (F) : P. £ L 

it is s 1 1 CU):1' £ A, U £6 1 a base 

1'0l'" the X, as I tapa ists 

s sets We 

even s countable 
1 (U):1' E B~ U £ a base the gy on X, 

which case 

l' € A 

Je B such 

U € 

l' 

B A, there is a se~lence 

x € 

n 

1(U) implies 1'(x) € U. 

. -1 ( ) l.e. x € l' U. 
n 

to l' uniformly on X. 

For n 

-1 (uL so (U) e U 1'n-1 (U). 
n 

ew 

possible to C 1'01" 

on 

sm 
n 

F : Spec A ~ TrR( ) 
i:::1 

n 

, we 

eo A when 

can so, us 

n 
K em •. 

it is 
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Two points m and m' in Spec A correspond to the points 
" 

(f' 1 (m)~ ••• ,f'n(m)) and (f1 (m'), ••• ,f' (m')) in K respectively. 

The distance between the latter two points is given by 
,. ,. 

max{ If'. (m) - f'. (m') I :i = lp• •• ,nl. 
J. J. 

We can def'ine the metric d on Spec i'.. by setting 
,. ,. 

d ( m, m ' ) = max { f' . ( m ) - f' . ( m ' ) : i = l , ••• , n l . 
. 1 J. 

This metric will be consistent with the topology on Spec A, 

since Spec 11 and K are homeomorphic. Since X is homeomor-

phically embedded in Spec A, d restricted to X is given by 

d(x,y) = maxf lf'.(x) - f'.(y)l:i = l, ••• nl. 
J. J. 

n Let X be a compact subset of' m • We denote by 

R(X) the uniform closure of' the set Ro(X) of' all rational 

14 

functions on X i.e. the uniform closure on X of' the set of' all 

quotients p/q where p and q are polynomials and q does not 

vanish on X. 

The .ra"tJ.ona:i._~ ..£Q.:QY.~?f.J:1u~~ of' x· is the set 

R - hull (X) = ! z € IDn: I g( z) I ~ JI g l'x f'or all g rational on xJ. 

P(X) = [z1 , ••• ,zn]~ the function algebra generated by the 

n coordinate functions. Clearly P(X) C R(X). It turns out 

that R(X) is also finitely generated. 

Two m and m' to the points 
;,. " ... 

(f,(m), ••• ,fn(m» . (f,(m'), ••• ,f (mt» in K tively. 

dis the two is by 
" A 

max { I f 1 (m) - f 1 (m I ) I : i :::: 1 ~ .... $ n 1 • 
can the c d on Spec 1). by 

... "" 
::; maxI (m) - f.{m'):i ::; l, .... ,nl. 

J. 
d( m r ) 

This wi be. consistent th the topology on A, 

s K are homeomorphic. Since X is homeomor-

phic embedded Spec d res cted to X is 

d(x,y) ::; max! I (x)-

Let X be a compact subset ·n m • 
R ) the sure of (X) of 

functions on X i.e. closure on X of 

ti s p/q p q are 

sh on X. 

The is set 

We 

q 

by 

by 

of 

not 

14 

R - g on xl. 

algebra by 

n ions. Clearly P(X) C R(X). 

R(X) is t 
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Lemma: If A is a Banach algebra with an identity e 9 then 

II x-elf < 1 implies that x has an inverse. 

Proof: See [7] p.177. 

Theorem: 

Let X be a compact set in a:n. Then there is a function 

fin R(X) ~uch that R(X) = [z1, ••• ,zn,f]. 

Proof: Let Q1 be the family of all rational functions of the 

form l/p where p is a polynomial vanishing nowhere on X. 

Then z 1, ••• ,zn and Q1 generate R(X). Let P.1 be the family 
n of all polynomials p on 0:: such that p vanishes nowhere on X 

15 

and all the coefficients in p have rational real and imaginary 

parts. P1 is countable. Enumerate its members as 

Since X is compact 9 the family Q = {l/p:p €. P 1 j 

is dense in Q1• So R(X) is generated by the countable set 

Q U fz1 , •• .",znJ. 

Choose a sequence fa.J of positive numbers as follows: 
J. 

Iiet a 1 = 1 and 

I k+ 2 I k+ 1 -1 . f I ' I 1 ak+ 1 = 1 2 111 p II m1nia 1 11 p 1 II , ••• ,ak' If pkll .s 

fork= 1 9 2, •••. 

00 00 ·1 1 
Then Z a.111/p. ll ~ a /11 pkll .Z: 1/21 + lfJ/p.11- JI l/p.11 

·11 1 J. k' "k1 J. 1 
J.={+ 1= + 

a an ty e, then 

II x-ell < I implies that x an 

See [7] p.177. 

0 • 

Let X be a t set ron. Then is a funct 

f in R(X) such R(X) = (z1'."" ,zn,f]. 

• Q1 be • 

form p is a polynomi 

Then Z 1 ' ...... , zn Q1 

polynomials p on ron such 

and the s in p 

parts. P 1 is countable. 

Since X is 

is inQ1" So ) is 

Q U {z1' .... ,Zn1• 
Choose a se e {a. 1 

l. 

all 

vani 

R(X) .. 

that p 

of 

on X. 

vani 

and 

its members as 

family Q = flip 

the 

as fo 

family 

on X 

set 

. . 

2 / k+ 1 -1 . , / . I II 1 p . II mJ.n l a 1 II p 1 II , ...... , ak' I' II j 

k=I,2, •••• 

00 

Then Z a. JI 
i 1 l. 

. II ~ 
l. 

co 

+ 1 
I fJ/p . " -1 J I 1/ p. II 

l. l. 
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16 
co 00 

Since Z a. II l/p.11<1/11 p 1 II < oo and 
• 2 1 J. 
1= 

Put f = Z a./p .• 
. 1 1 1 
1= 

each i, it follows that f € R(X). a./p. € R(X) for 
J. 1 

We prove that in fact R(X) = [z 1 ,.o.,zn,f]. 

To do this it is sufficient to prove that 

l/p. 
1 

£ [z 1 , ••• ,zn,f] =A for each i = 1, 2p ... 
co w co 

II :p
1 

f-111 =II Z :p
1 
a./:p.-111 =II z; p 1 a./:p.11 ~ Z p

1 
II a./p. ll < 1 

·1J.1 ·2 J. 1 ·2 J. 1 
Since 

1= J.= 1_ 

it follows from 
-1 But then p 1 

the previous lemma that :p 1f is invertible in A. 

= f(p 1f)- 1 
€ A. Now assume that 

l/p1, ••• ,l/pk €A. Then 
k 00 

II p1 1ak 1(f - Z a./p.)-111 = {+ + . 1 J; 1 
1: 

11 p,,. 1 ak 1 Z a
1
./:p. -111 

.... + + . k 1 1 
1= + 
00 

·-1 k 

= 1-1 Pk 1 ak 1 Z a./ p . I I < 1 
+ + . k 2 1 1 

J.= + 
and so pk 1ak 1(f - Z a./p.) is an invertible element of A. + + . 1 1 J. 

k 1= 

J?ut gk= ak-1
1
(f- Z a./p.). Then gk €A by hypothesis. -+ . 1 1 1 >.. 

1= 

-1 ( )-1 Therefore pk+1 = gk :pk+1gk €A. 

By induction, every 1/pi is in A, so the theorem is proved. 

Theorem: 
~....-...-.~ 

n !Jet X be a compact subset of a: • Then 

(a) z € R - hull (X) iff :p(z) .€ p(X) for every polynomial 

p on mn. 
(b) Spec R(X) = R - hull (X). 

£2:'Q..9f: (a) If there is a polynomial p such that p(z) t£ p(X) 

16 
00 

Since i:Z a i III/Pi II < 1/ II p 1 II < 00 Put f' = Z a./p .• 
~ .~ 

i 

a./p .. € R(X) f'or 
~ ~ 

i ~ i t tha t f' € X) • 

We that R(X) = [z1,OGO,zn'f']. 

To s it is ent to 

i = 1, 2, ••• 

S 111=11 ~ 
co 

1J ~ L.: P1" a./p. 11< 1 
Z ~ ~ 

co 

" P 1 f'-1 J I ::: II . Z p 1 
~=1 

it f'rom previous 

P1- 1 = f'(P 1f')-1 € A. Now assume 

I/P1, ••• ,I/Pk € A. Then 
k 

(f' - Z 
1=1 

. 1 
so Pk+1 :1(f' -

-1( k 
)?lit +1 1 

Theref'ore 

induction~ 

IJet X be a 

k 
:z 

i)-III:::: II 

=FI 

) is an 
1 

i)· 

)
-1 

+1 gk € 

l/Pi is in A, so 

set mn. 

€ A 

( a) z € R - hull (X) p(z) € p(X) 

p on mn. 

(b) X) ::: R - (X). 

(a) . is a p such 

in 

II < 1 

of' A. 

s. 

is proved. 

po 

p{z) ~ p(X) 
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then p - p(z) is a polynomial with no zeros on X, so the 

rational function (p - p(z))-1 is f'inite on X. Since this 

function has value oo at z'., z Q: R-hull (X). Conversely, if' 

17 

z ¢ R-hull (X), then there are polynomials p and q such that 

·I q I > o on X and lp(z)/q(z) J > ll:p/qll x· Multiplying by a 

suitable constant v;e can assume that p(z.)/q(z) = 1. Then 

r = p - q is a polynomial, and r(z) = o ¢ r(X). 

(b) If' z € R-hull (x-), · then g -+ g( z) is a continuous 

algebra homomorphism f'rom Ro(X) onto en, so it extends to a 

complex homomorphism mz of' R(X) • 

Conversely$ let m € Spec R(X). Then the restriction 

of' m to P(X) is a complex homomorphism of' P{X), so there is 

a point z € hull (X) such that m(p) = p ( z) f'or every poly-

nomial.p. Given g € Ro(X), g = p/q where p and q are poly-

nomials and q vanishes nowhere on X. Since q is an invertible 

element of' R(X), q(z) * o(otherwise q would belong to the 

maximal ideal M = {g € R(X) :g(z) = ol ). 

p(z) = q(z)m(g) and m(g) = p(z)/q(z). 

Thus p = qg and so 

Note that condition (a) has the f'ollovdng equivalent f'orm: 

z € R(X) if'f' every polynomial which vanishes at z also vanish-

es somewhere on X. So we see that z € R-hull (x·), and m 

agrees with mz on a dense subalgebra. Hence m = m • 
z 

Qgpo!~ary: Let X be a compact subset of' mn. Then 

17 

p - p(z) is a wi no zeros on Xli so the 

ion (p - p(z))-1 is on s this 

z (£ ) . Conversely, 

z (£ (x) , are als p and q that 

. I q I > 0 on and /p(z)/q(z) j > Hp/'lll X. by a 

constant we can assume p(z.)/q(z.) =: 1. 

r :::: p - q a ~ r(z) :::: 0 (£ ). 

(b) . z €. R-hull (X·),· then g ... g( z) is a continuous 

algebra nOl[IlOI1tJ.OI''P sm 

complex homomorphism m z 

Convers t m €. 

Ro(X) onto e, so it 

R(X) • 

R(X) • Then 

to a 

res 

of.' m P(X) is a homomorphism p(X) , so is 

a point z € hull (X) such that m(p) == p(z) 

p. g €. (X), g == p/ q 

nomials and q shes nowhere on X. 

R(X), z) * o(otherwise q would 

M == {g € R{X): z):::: oD. 

p{z) == q(z)m(g) meg) ;:: p(z)/ z). 

poly-

q are 

q is an 

the 

p :::: 

that condition (a) the equivalent f'orm: 

z € R(X) every 

es on X. So we see 

s wi mz on a 

Let X be a compact 

which z also 

z € R-hull (X), and m 

• m ;:: m • 
z 

so 

sh-
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R(X) = [z 1, ••• ,zn1 f'] is isometrically isomorphic to P(K), where· 

K = R-hull(X) x ~(R-hull(X)) c mn+ 1• 

We have shown that a f'initely generated !'unction algebra 

A= [f'1, ••• ,f'n] is isometrically isomorphic to the unif'orm 

closure of' the algebra of' all holomorphic !'unctions about the 

compact polynomially convex set F(Spec A) C a::n, 
" ,, 

where F(m) = (f' 1(m), ••• ,f'n(m)). The question arises whether 

one can construct a similar equivalence f'or any f'unction 

algebra A. It is in f'act possible to do this, but f'irst we 

have to def'ine the concept of' a holomorphic f'unction of' an 

inf'inite number of' complex variables, a notion due to 

Rickart [8] • 

. JiC?.1.Q.ri1.9~ . .f.1d.I.l.9~t~.2.!l~~ .. £f ..... ®. ~!I1f i Qi.!e . .,J11l!Il 12..~,~-. .c?£_9.Q.~.P1 ~~ .. Y§.!'1~~1:?1~ s • 

.P-~.f..i11i:t..i.<2.!!~ : 

rr lT w m = . m , rr any indexing set, provided with the usual pro-
w€fl 

duct topology. Thus if' w = !w :w€fl l is in mn then a basic w 

system of' neighbourhoods f'or w consists in sets of' the f'orm 
n ! z € m : I zw - ww l<e f'or we?tJ where e>o and 7t is a f'ini te 

subset of'fl • Hereaf'ter 7t will always denote a f'inite subset 

of' rr. 

For each f'inite subset 7t c rr, we def'ine the 

18 

R(X) = (z1' ••• ~ ,fJ is i c isomorphic P(K) , 

(X» c mn+ 1 • 
'" 

K :: (X) x f( 

We shown a function 

= [f1, ••• , ] is isometric isomorphic the uniform 

sure the holomorphic fUnct about the 

compact polynomi convex set F(Spec A) 
" '" 

F(m) :: (f1(m)~ ••• ~ (m». ses 

one can cons a similar any function 

A. It is t poss do s, but t we 

define concept a holomorphic of an 

of vari ~ a notion due to 

[8J. 

r? :: IT moo, fL any set l provided the 
wEfL 

duct topology. Thus if w = { . 1 is then a basic . 
sys of ghbourhoods w consists in sets form 

{z € mfL: I - wwl<€ we'Jt j e>o and 'Jt is a te 

'Jt will' denote a fini sub 

fL. 

fini et 'Jt C fL, we 
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EJ'qj_ection p1t :IDn. -+ IT:71; by 

p1t{z
00

:w € n.j = fz
00

:w € 1t]. 

A set X contained in a::n. is said to be de~rmined bl 1t, 

19 

or simply finitely d~~~£_~ine~ 9 if X = p - 1 (p (X)), which means 
'Jt 'Jt 

that z € of being in X depends only on the values of z for 
w 

w € 1t. 

Suppose that f is a function with domain D in O:Sl. We 

say that f is deter~in~d™by 7t qr is f~ni~e~determined if 

D is determined by the finite subset 7t of Sl and f(z) = f(w) 

for all z, win D such that p (z) = p (w). 1t 1t 

If f is determined by ?t we can unambiguously define the 

pr~je~;io~of'_f ir:tt2._~1t by setting f
3

(p
3

(z)) = f(z) for 

all z in D. 

D~t~~~ tion l.?.,2 g By a E.2.~;z.nom~#?Ll on rrP we mean an ordinary 

polynomial in a finite number of the complex variables 

z
00

, w € Sl. Evel"'Y polynomial on O:Sl. is thus finitely deter­

mined and continuous. 
Sl 

Let X be a compact subset of a: • The set 
Sl Sl hull (K) = fz € a: : lp(z) I ~ JI plJK for all polynomials p on ID J 

is called the l?,,Oly_ggmially. con~ hull of K in aF. 
K is said to be 12.£.lynomi~1};:( C()nvex if K = hull (K). 

Ls in the finite case we let.Po(K) be the algebra of all 

polynomials on Kand P(K) the uniform closure of Po(K). 

s 

D is 

is c 

p : 
']I; 

-+ m,]I: by 

! Z ·00 00· e nJ ::: {z '00 
00' 

e ']I;j. 

A X contained mn is said to 

x ::: 
on 

se :f is a with 

ni 

:f is by ']I; we can 

D 

z 
00 

means 

We 

and :fez) ::: :few) 

the 

by se :f ( (z))::: :fez) :for 
']I; 

z in D. 

we mean an 

o:f the s 

polynomi on is 

X be a compact m
n

" set 

(K) ::: {z .0. e m :Ip(z)/ :S; II pI :for p on 

the K mn .. 

K is said i:f K ::: hull (K). 

in the te case we let PoCK) be 

polynomi on K P(K) the sure Po ). 
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Now let K be any compact polynomially convex set in IDrr and 

let '1t be a finite subset of' rr . 

hull (p K) C CC?t. 
'1t 

We denote by K the set 
'1t 

(Note that in general p?tK is not polynomially convex.) 

b~.@111~.l. ~: ( [ 8]) 

(1) If' 1t C ?t' then p7.,- 1(K1t,) c p7t- 1(K1t) 

(2) For arbitrary ?t
0

j K = ~ p7t- 1 (K'1t) 
'1t :>?to 

(3) Suppose K C G C mrrj G open. Then for arbitrary 7t
0 

there exists '1t :> ?t
0 

such that K?t C p?t G • 

. :Pr?..9.f: ( 1) For '1t c ?t' we have 
f I 

p1C, K c p1CK :x: m1t -1C c Kn x O::'R -?t. 
' '1t f -'1t '1t I 

Since K?t x ID is clearly polynomially convex in ID we 
'1t t -'1t 

have that K?t , C K?t x a: • Hence 

-1( ) -1( '1t 1 -'1t) -1( ) :p'1t I K'1t' c p'1t I K'1t x a:: = p'1t K'1t 

(2) since KC p'1t- 1 (p'1tK) C p7t-1 (K'1t) f'or all 

f'inite?t, KC n p - 1 (K ). To obtain the reverse in-
'1t 1t 

20 

1t :::> 'Jlo rr 
clusion, suppose that z is in ID - K. Since K is polynomially 

convex there is a polynomial P on IDrr such that IP(z) I > llPll. 

Let '1t be any finite subset of' rr which contains 7t along with 
0 

all w € rr such that P involves the variables z • Then w 

P is determined by 7t and hence P?t, the projection of' P' into. 

(]'1t , Se.ti sf'ies 

Now 

(No 

(1) 

(2) 

K be 

11; be a 

in 

compact 

of' n . 

LC:;.L-a..L l' K is no t 
11; 

([8]) 

ally convex set 

denote 

convex. ) 

, ',-1( 
11; C 11; then !) C 1'11;-1 (K1I;) 

f1I -1( ) 
11; :>11;0 

20 

(3) Suppose KeG C mn~ G open. arbitrary 11;0 

there 11; :> 11; 
0 K1I; C 1'11; G. 

(1) For 11; C 11;' we have , 
-11; '_11; 

f KC l' K x C X 
11; 

! 11;' 
K1I; X 

CC1l; -1t is arly convex· CC we 

have 
-1 

(2) s 

11;'-11; 
K

1t
, C X CC • 

) -1( 11;'-11;) -1( 
! C 1'11;' x a: == ) 

K C 1'11;-1 (p1l;K) C 1'11;-1 (K1I;) 

K C ~ l' -1(K). To ob 
11; :> 110 11; 11; 

se z is in mn_ 

f'or 

Since K 

convex there is a polynomial P on mn that 

any f'ini 

all 00 € n such that P involves the abIes 

P is by 1t and , the proj 

, s 

reverse 

is ally 

IP( z) I >IIPII. 

11; with 
0 

• Then 

ion of' into. 
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Since P7t is a polynomial on C'}I;, it :follows that 

p'}l;(z) I- hull (p'}l;K) = K'R, that is, z I- p7t -
1 

(KT') and hence 

z /, 11 p - 1 (K ) • 
1C ::::nt 0 7t 7t 

(3) Let L = fz € mrr:lz I ~ suplw I, w € KJ 
w wE:rr w 

L is a compact polydisc containing K. Since K C L h G, 

K II (L - G) = ~. But by (2), K = 11 p7t-
1

(K1C). 
1C:,)1Co 

. . -1 
Hence (L - G) 11 [ II p1C (~)] = ~. 

1C:,)'Jt 0 

By the compactness o:f K there are 7t 1 , ••• ,7tk with 

'TC. ::.> 7t 0 , i = l, ••• k, such that 
J. 

L II p'}I; - 1 (K'R ) 11 ••• 11 p'JC -
1

(K1C ) c G. 
1 1 k k 

Let 7C = ?t 1u ••• u'}l;k. Then by (1) we have that 

p ?t -
1 

( K1C ) C p 7t • -
1 

( K1C . ) • 
J. l J. 

1 ( 
Hence p - (K ) c II p (K ) and so 

'}1; 7t . 1 ')';. 1t. 
1= J. l. 

L 11 p7t- 1(K7t) c G. ·This implies that 

p L II K C P~G. The set p~L., being a polydisc in m1C, 
1C 1C ,.. , .. 

is polynomially convex. Since p?tK c p7tL it :follows that 

De:fin~:t:!,9n l.!.?4: A complex-valued :function h is said to be 

hol91119!:J2.hic_in CCrr i:f it is de:fined in an open subset o:f CCrr 

and is locally a uni:form limit o:f polynomials. Clearly, i:f 

21 

rr is :finite~ then a holomorphic :function in CCrr is an ordinary 

holomorphic function of' several complex variables. 

on C~, it follows that Since p~ is a polynomial 

p~ (z) /.. hull (p~K) = K'jt' 

z t n p -1 (K ). 

that is~ z t p -'(K ) and hence 
~ ~ 

~::::m 0 ~ ~ 

L is a compact polydisc containing K. Since K C L h G, 

K n (L - G) =~. But by (2), K = n p~-1(K~). 
~~~o 

.' -1 
Hence (L - G) n [n p~ (~)J =~. 

~~~o 

By the compactness of K there are ~1 , ••• '~k with 

~. ~ ~o, i = l, ••• k, such that 
~ 

L n p~ -1 (K ) n ..• n p~ -1 (K?t ) C G. 
1 ~1 k k 

Let ~ = ~1U' •• U~k. Then by (1) we have that 

p ~ -1 (K~) C P ~ . - 1 (K~. ) • 
~ 1 ~ 

-1 ~ 
Hence p (K) C n p (Ie ) and so 

~ ~ • 1 ?1;. ~. 
~= ~ ~ 

L n p~-1(K~) C G. . This implies that 

P'RL n K~ C p~G. The set p L, being a polydisc in m~, 
~ 

is polynomially convex. Since p~K C P'RL it follows that 

pefinJ-t:h9n 1.!.?4: A complex-valued function h is said to be 

p~l2E.~£R~ic_in mil if it is defined in an open subset of mil 

ru1d is locally a uniform limit of polynomials. Clearly, if 

21 

il is finite;. then a holomorphic function in mil is an ordinary 

holomorphic function of several complex variables. 
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22 

The following lemma enables us to reduce ~uestions concerning 

holomorphic functions in mrr to the finite dimensional case. 

Let h be a function which is holomorphic in some neighbourhood 

G of a compact set K in mrr. Then there exists a neighbourhood 

G0 of K contained in G on which h is finitely determined. 

rF.2.£f: For each w in K we can find a basic neighbourhood 

U of w contained in G, such that h restricted to U is bounded 

and a uniform limit of polynomials. Since K is compacti it 

is covered by a finite number of such neighbourhoods, 

Then 

KC G C G. 
0 

To show that h is finitely determined on G0 we note first 

that each Ui, being a basic neighbourhood, is finitely 

determined. Suppose 

u i = { z € mrr: I w w - z w I < E • c.o € ~ • l . 
' k J. 

Then G
0 

is determined by ~ = · u ~. and is hence also finitely 
i:1 J. 

determined. 

Now the function h is bounded on Ui for each ii so the 

polynomials which approximate h on U. are also bounded. But 
. J. 

since U. = p - 1 (p U. )~ a polynomial which is bounded on U. 
J. ~ ~ J. J. 

obviously cannot depend on any of the variables z for w t ~. w 

It follows from this that the restriction of h to U. is deter:-
1 

mined by ~. 

following us to reduce stions 

holomorphic functions in mil the te dimensional case. 

~,-;;;;;;=",..;;;;..;:::..:;:;; : ( [ 8 J ) 
t h be a tion which is in some 

a compact K exis a neighbourhood 

Go of K contained G on which h is 

For w K we can find a basic 

U of' w in G, such h res ted 

a unif'orm I t of' polynomi • K is 

is covered a f'ini number of' such neighbourhoods R 

KC G. 

To that h is fini determined on 

that a b 

se 
il 

={zEID:lwoo-

Then is 

nei 

< e. 00 E'Jt. j. 
'k J. 

a is 

'Jt :::: . U and is hence 
2=1 

we no 

so 

9 it 

first 

function h is bounded on U
i 

f'or i, so the 

als ch approximate h on Ui are also bounded. 

since U. 
J. 

-1 ( 
P'Jt 

obviously cannot 

It follows 

mined 'Jt .. 

this the 

which is bounded on U. 

of h 

z 
00 

J. 

is 
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Finally 1 suppose z and w are any two points in G0 such 

that p?tw = p7tz. · For some i~ w £ U .• 
J. 

-1 ( ) . Then z € p p U. =U .• ?t 7t J. l. 

But we have just shown that h restricted to U. is determined 
J. 

by ?t~ hence h(z) = h(w). Thus on G , h is f'initely determined. 
0 

JJ!~o~em .l.~26: ( [ 8] ) 

Theorem). 

(Generalized Oka Polynomial Approximation 

If' f' is a f'unction holomorphic in a neighbourhood of' the compact 

polynomially convex set K in mn1 then f' is a unif'orm limit on 

K of' polynomials. 

PrQQf: By the above lemma we may assume that there is an open 

set G containing K in which f' is holomorphic and determined 

by some f'inite su~set 7t 0 of' n. By 1.23 (3) there exists a 

f'inite set 7tcontaining 7t
0 

such that K7t C p7\G
0

• Since.f' is 

f'initely determined on G
0

, we can def'ine the projection f'?t of' f' 

into m7t by f'7t(p7t(z))= f'(z), in which case f7t is a holomorphic 

f'unction in the or.dinary sense on the open set p G which r- 0 

contains the compact polynomially convex set K7t. Thus we can 

apply Oka's Polynomial Approximation Theorem for f'inite dimen-

sions to obtain f7t as a uniform limit on K?\ of' polynomials 

in the variables z w1 w £ ?t. Hence f' is a uniform limit on 
-1 of' polynomials a:n. But KC -1 

p7t K?t on p7t K?t' and so f' is a 

uniform limit also on K of' polynomials n on m • 

:i se z VI are any two ints Go such 

that p w For i~ w € Then z e -1 ) =:II •• ::: some P1t 'It ~ 

But we t shown h res ted U. is 
~ 

by 'It~ h(z) == h(w). on Go ~ h is tely 

([8]) ( zed Oka on 

• 

f' is a t holomorphic in a neighbourhood 

polynomially convex set K in f' is a unif'orm t on 

K polynomi s. 

By we may assume that is 

G in ch f' holomorphic 

by some f'inite 1t 
0 il. 1. (3) exists a 

1t 1t K1t C 
0 

f' 

on Go' we can 

into m1t by f'1t( (z»)= f'(z), in which case 

ection f'1t of' f' 

is a holomorphic 

in the ordinary sense on 

c the t 

se t .p G which r. 0 

Thus we can 

Okats Polynomial Approximation dimen-

sions to as a unif'orm 1 

II W € 1t. 

of' polynomials on mil. 

t on Kr. 

f' is a unif'orm limit on 

K C -1 P1); !J so f' is a 

unif'orm t on K of' lynomials on mil. 

t 

• 
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The preceding results obtained;~y Rickart on holomorphic 

f'unctions of' an inf'inite number of' complex variables enable 

us to generalize certain of' our earlier results to f'unction 

algebras which are not necessarily f'initely generated. 

proposition 1.27: Let K be a compact polynomially convex 
n subset of' CD • Then Spec P(K) is homeomorphic to hull (K). 

!!,r9of': Suppose z € hull (K)~ Then the map 

· m :Po(K) -+ m def'ined by m (p) = p(z) is a z z 

complex homomorphism on Po(K). (Note that p involves only 

f'initely many of' the components of' z). Also 

11 mz II= sup { lp(z) I/ II p II K :p € Pb(K) j ~ 1. 

II m JI = l» since 1 is in Po(K). z 

In f'act 

Conversely~ if' m is a complex homomorphism on Po(K) z 

such that Jim II= l~ then z €hull (K). z 

Hence z € hull (K) if' and only if' II m II = 1. z 

But II m 11 = 1 if' and only if' there exists a complex homo­z 

morphism m in Spec P(K) such that m (p) = p(z) f'or every z z 

polynomial p on mrr. 

The map F:Spec P(K)-+ hull (K) defined :by 

F(mz) = {mz(z
0
):w € ilJ = {zw:w € il} is 

clearly a homeomorphism f'rom Spec P(K) onto hull (K). 

24 

Q.9_r.qJJ:.ar;t h~~: If K is a compact polynomially convex subset 
rr . 

of m then Spec P(K) is homeomorphic to K. 

The results ained ckart on holomorphic 

number complex ab s enable 

us to c ain of' our er re to f'unc 

algebras which are not necess tely generated. 

Let be a compact polynomi 

subset Spec P(K) homeomorphic 

z € (K). map 

m o(K) ~ m def'ined by 
z 

) ::: p(z) is a 

complex homomorphism on (K). (No p 

f'ini the z) .. Also 

11 mz II ::: IIp(z) 1/11 p II K € (K) 1 ~ 1. 

II mil:::: 1 J 
Z 

1 is Po (K). 

convex 

hull (K). 

In 

Conversely, if' is a homomorphism on PoCK) 

" /1::::1, z € 

z € hull (K) and only 

But II m Ii :::: 1 if' and only 
z 

sm m P(K) z 

polynomi il p on m • 

The Spec P(K)~ (K) 

F(m ) :::: 1m (z ):00 € ilj :::: ! z Z 00 
a homeomorphism f'rom 

(K) • 

II II :::: 1. 

exis a 

that (p) == p(z) 

:.:by 

:00 € ill is 

P(K) (K) • 

24 

K is. a po convex set 

of' milthen Spec P(K) is homeomorphic K. 
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Theor:~Ill-J.~-~: Let A be a f'unction algebra and suppose that 

B c A is a set of' generators f'or A. Then there is a compact 

polynomially convex subset K c mB such that Spec A is homeo­

morphic to K and A is isometrically isomorphicto P(K) (and 

hence to the unif'orm closure of' the algebra of' f'unctions 

holomorphic in a neighbourhood of' K). 

is homeomorphic to K. 

Moreover, Spec P(K) 

~~~££: Def'ine the map F:Spec A ~ IDB by 
,.. 

F(m) = {f'(m):f' €BJ. As bef'ore, Spec A is homeomorphic to 
,. 

the set K = F(Spec A) =Tr R(f') c mB. 
f'€B 

Hence K is compact. A is clearly isometrically isomorphic 

to P(K) (and hence to the unif'orm closure of' the algebra of' 

f'unctions holomorphic in a neighbourhood of' K, by the 

Generalized Oka Polynomial Approximation Theorem). 

To show that K is polynomially convex it is suf'f'icient to show 

that hull (K) C K. Suppose that 

z € hull (K). Then the map 

mz:p(f'1 , ••• ,f'k) ~ p(z) is a complex homomorphism of' 

P 0 ( K) , where { f' 1 $ ••• , f'k 1 C B. 

It is also bounded since 
,. "' 

lp(z)l ~ II pllhull (K) =JI p(f'1,••qf'k)llSpec A =II p(f'1,_ • .,f'k)IJ X 

and so can be extended by continuity to the whole of' A to 

become an element m € Spec A. 

t be a ion se 

B C of' A. is a compact 

polynomi convex sub KC . such that homeo-

morphic to K A is isometrically isomorphicto P(K) (and 

to the 

holomorohic .... . a 

is to 

F{m) ::! m):f' E BL 

K) • 

F :Spec A -+ mB 

bef'ore, 

of' f'unct 

Moreover, Spec P{K) 

is 
.... 

s K :::: F(SpecA) == IT f') C mB • 
f'EB 

K is compact. is clearly isometrical isomorphic 

to P(K) ( closure the 

f'unctions holomorphic a neighbourhood of' K, by the 

i Po al ) . 

to 

K i s polynomiall~T convex it is suf'f'ic to show 

hull (K) C K. se th 

Z E (K) .. map 

:p( g· .. ·'f'k) -+ p{z) is a ism 

Po{K), where I :;o • .,f'k 1 C B. 

is s 
.... '" 

Ip(z)1 ~ II pllhull (K) == 11 p( ' .... 'f'k) II Spec A =11 P(f'1 .... ' )11 

and so can to the of' A 

become an element m € Spec A. 
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" - ... 
= :p(f'1(m)p •• :fk(m)) =·:p(z') r:ror::.same z' € K. 

Hence :zz = z' and so z € K. 

Every :function algebraLhas» o:f course 9 at least one set of' 

generators» namely itsel:f 9 so that 1.29 is always true :for 

B =A.· 

p.( z ) :::: m (p ( fj ~ ... ., f k » :::: p ( m ( f 1 ) t • 06 ,m ( ) ) 
A ..... 

:::::p( (m), ••• fk(m»;::: (z').osame z' E: K. 

2Z = z' and so z E: K. 

Every func on Ihas, of course, one s 

it , so that 1.29 is for 

B :::: 
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c~~RJ1· 

BOUNJ?...ARyp_f? __ QF __ ;fI~J~.filiL.Q]JJ~lERAT~D 

F_[NC!J;QJ~_M&:m.~Jy\S. 

We saw earlier (Chapter Ij 1.5) that f'or any :function 

algebra A$ if f' is a member of' A then f' achieves its maximum 

modulus on X regarded as a.subset of' Spec A. In this sense 

f behaves like an analytic function, if' we cconsider X ·as a 
( 

11boundaryn of' Spec A. The question arises$ are there any other 

subsets of Spec A which behave like 11boundaries 11
, and if so$ 

is there a unique minimal one amongst them? 

~~f'~n~J? .. ~.n.Jkl: Let A be a :function algebra on X. A 

:£.2_1¥1.iL_t:g'Jl.__9.,f' .. ~12..Et9~2.t: .A.: is a subset E of' Spec A such that 

f'or each f' in A there is a point m in E such that 
,., ,. 

If'( m) I = Tl f' II • 

Clearly, according to this def'inition~ X is a boundary of' 

Spec A f'or A. 

!h<?.Q.r.~I!L 2. g: For every f'unction algebra A there is a unique 

minimal closed boundary of' Spec A. 

Pr9.£f: See e.g. [9], p. 9. 

27 

We saw ( ter Is 1 .. 5) that f'or any function 

A, if f' is a member A its maximum 

modulus on X as a .sub of' this sense 

f behaves 1 an analytic function, we ccons X·as a 

of' Spec A. 

subsets of Spec A whi 

ses, are there any other 

tlboundaries u , and 

. i6 there a que minimal one amongst them? 

Let A be a function on .. A 

is a E 

is a m E 

m)l ::::: fI f'11 .. 

Clearly, to 6 def'ini ~ X is a boundary 

Spec A A. 

algebra is a unique 

minimal sed boundal"'Y Spec 
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~~j.nition ~: The unique minimal closed boundary of Spec A 

which exists by virtue of 2.2 is called the fillt~9y__g__~~n~~ of A, 

and is denoted by bA. 

]2,~t:~nt~i9.!l.~1=t: A point m0 in Spec .A is said to be a peak 

1?.£flli-:t~ if there is an f in A such that .. . .. 
f(m 0 ) = 1 and lf(m) I < l for all m * m0 • 

Note that in general peak points for A need not exist, even if 

A = C(X). However, in the case that X is compact metrizable, 

Bis.hop proved the following. 

,!he~~~J!L.£~: If A is a f'unction algebra on a compact metrizable 

space X then the set of peak points for A is dense in bA. 

Furthermore~ the set of peal< points for A is the unique mini­

mal (not necessarily closed) boundary for A. 

J:rq2.f: See [10]. 

We denote the set of peak points of a function algebra A by 

M(.A) • If A is defined on a metrizable space we shall refer 

Prouosition 2.6: Let A be a function algebra on X. 
.... ~ .... ,,..,k......,...-"' ........ - .... ...,.,...,_.....,,..~~-f 

Then 

M(A) C bA C X C Spec A. 

CQ..;t_"'~olJ.~rx.._?J.1: If A is a finitely generated function algebra 

I. 

28 

unique minimal clo boundary A 

which exists of 2.2 is called the ~,~~_~~~~~~~~= 

and is bA. 

A point mo in .A is said to be a __ ~ 

there is an f A such that 
.... 

:f(mo ) :::: 1 and If(m) I < 1 for 

Note that in peak A need not st p even 

A == C(X) .. the case that X is compact metrizable, 

Bishop :following. 

• If is a :function on a compact metr1zable • 

space the of peak po for A is in bAt 

J the s of' points f'or A is the unique mini-

mal (not necess ly clo f'or 

• See (10) • " 

We the set of' points a :function algebra A by 

M(A) .. If' is def'ined on a metrizable we shall ref'er 

M(A) as 

be a function on X. 

M(A) C bA C X C A. 

is a f'unct 
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on X, then the Shilov boundary of' A is the closure in the weak 

topology of' the minimal boundary f'or A. 

,!XQ.9_.!: By l.19i X is metrizable. Hence by 2.5, M(A) is 

dense in bA and is the unique minimal boundary f'or A. 

Thus when dealing with the S.hilov boundary of' a f'initely 

generated f'unction algebra we need only essentially consider 

the peak points f'or A. 

In the same paper (10], Bishop also proved the f'ollowing 

characterization of' the minimal boundary. 

'11heorem 2. 8: Let A be a f'unction algebra on the compact metri-

zable space X, and let d be a metric on X. 

integer n and each x in X let 

D. (x) == {y € X:d(xjy) ;?: l/n}. Let n 

Un = {x € X:3 an f' in A with II f'JI ~ 1, 

For each positive 

I f'(x) I > 3/4 and I f'(y) I < 1/4 f'or all y in Dn (x)}. 

Then Un is open and nun = M(A) • 
n 

~~92f': For each f' in A let 

<Jn (f') = {x € X: lf'(x) I > 3/4 and lf'(y) I < 1/4 f'or all 

y in D (x) j. 
n 

The set.<Jn(f') is open, f'or if' x0 € 'h,(f'), we can f'ind a neigh-

bourhood of' x0 on which lf'I > 3/4 and which is contained in 

29 

on X, then the A is sure in 

the boundary A. 

by 2 .. 5, M(A) is 

dense in uni minimal f'or A. 

Thus th boundary of' a tely 

generated function we only consider 

A. 

In the same [10]11 Bishop proved the 

z ion the 

A a al on the compact 

zable ace X, let d be a on X. For po tive 

n and each x in X let 

(x) :::: {y € X :d(x~y) ~ l/n}. 

Un == I x € X an f in wi th II f JI ~ III 

If(x)1 > 3/4 If(Y)1 < 1/4 f'or y Dn (x)}. 

Then is open and tlU _ ::::: M(A)·. 
n n 

,;:;; .. :::,.:_';;,.;;;.: For each f in let 

Y 

(f) :::: !x € X:I x)1 > 3/4 and I Y)I < 1/4 f'or 

Dn (x)}. 

s ,(in ( open~ a 

bourhood of Xo on ch 1f'1 > and which is contained 
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X - Dn (x
0

) i.e. each point of' such a neighbourhood also 

belongs to o-n(f'). 

30 

Now Un= u{o-n(f'):f' €A and II f'IJ~lL andiis there:f'ore open. 

Let x € M(.A) i.e. x is a peak point :f'or some :function :f' in A. 

We can assume that II :f' II = 1 and hence that If'( x) = 1. For 

each n, Dn(x) is a closed and there:f'ore compact set. But 

l:t'(y)I < 1 :f'or y € D (x) and thus :f'or some positive integer p , 
n n 

Pn 
lf'(y) I < 1/4 :f'or y € D (x). 

p n 

Thus x € a- (f' n) and so· x € U • Since this is true :for each n n 

There:f'ore M(.A) C ri U • 
n n 

To prove the reverse inclusion, let x be a :fixed element of' 

We construct by induction a sequence {~} C A 

satis:f'ying the :following conditions. 

(1) Ilg 1 -gll~2-n+1 

n+ n 
(2) Ilg II~ 3(1 - 2-n-1 ) 

n 

(3) gn(x) = 3(1 - 2-n) 

(4) lgn+1 (y) - gn(y)I < 2-n-1 :for y € Dn(x) 

We start by constructing g 1 • Since x € u
1

, there is a :function 

:f' in A such that II :f' JI ~ 1 and x € o-1 (f'). Let 

g 1 = 3/2 [:r(x)]-1 f'. 

Since I f'(x) I · > 3/4, it f'ollows that 

II g 1 II = 3/2.4/3 II f'll ~ 3/2.4/3 = 2 < 3(1 - 2-2
) 

so that g1 satisf'ies (2). JU.so 

g 1 ( x) = 3/ 2 ["f' ( x) ] - 1 :f' ( x) = 3/ 2 = 3 ( 1 - 2-1 
) • 

x - D ( ) i.e. each n of such a neighbourhood also 

belongs ~n(f). 

Now Un::: vI f):f e: and 1/ f Il ~ 11 , lis 

for some func 

We 

x E M(A) i~e_ x is a 

assume that If f II ;::: 1 hence that I x)::: 1. 

each n~ Dn(X) is a clo and therefore compact 

If(Y)1 < 1 for Y E Dn(X) thus for some posi 

y) n < 1/4 Y E (x). 
P 

Thus x E ~n( n) and so x E Un- Since this is for 

x E II Un' 
n 

M(A) C II 
n 

For 

To reverse inclusion p let x a element of 

II U. We n 
ruc t by i nduc 

s i the following 

(1) 

(2) 

(3) 

rig 1 -g II~ n+ n 

II gn II ~ 3 (1 -

() (_ 2-n ) en x ::: 3 1 

( 4) I gn +1 (y) - en (y) I < 

We st by construct 

:f in 1 .... that 11:f II ~ 1 

::: 3/2 [f(X)]-1 :f. 

Since l:r(x)l > 3/4g it 

II :fll ~ 

) 

(2) • 

(x)]-1 x)::: 

a sequence I I C 

1 :for y e: Dn (x) 

S xe:U1 , is a 

X € (f) • 

that 

.4/3 ::: 2 < 3(1 - ) 

::: 3(1 -

30 

tion 
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Hence g1 (x) _satisf'ies all the relevant conditions. 

Assume now that g 1 , ••• ,gk have been chosen to satisf'y 

(1) - (4). Since gk(x) = 3(1 - 2-k) and gkis c_ontinuous, 

there exists an integer j > k such that 

lgk(y) I < 3(1 - 2-k) + 2-k- 2 f'or d(x,y) < l/j 

i.e. f'ory€X-D.(x). Since x € u j' there is an f' in A 
J 

such that 11 f' 11 ~ 1 and x € o-j(f'). Let 

h -k-1( ( )J-1 = 3.2 f' x f'. Then h(x) 3 2-k-1 = • • 
Since 11 f' 11 ~ 1 and I f'(x) I > 3/4, -k-1 41. llhll::3.2 • 3 -k+1 = 2 • 

Since also Jf'(y)J < 1/4 f'or y € D.(x) it f'ollows that 
J 

lh(y) I < 3.2-k-1 .4/3.1/4 = 2-k-1 f'or y E. D .(x). 
J 

Let gk + 1 = gk +i h • 

31 

. ~~ 
Then 11 gk+1 - gk 1.1 = JI gk+ h - gkll = II hll" 2 . 

• • • ( 1) 

Now j > k ~ Dk(x) C Dj(x). Hence 

Jgk+1 (y) - gk(y) l = lh(y) 1<2-k-1 f'or y € Dk(x) 

Also, gk+1 (x) = gk(x) + h(x) = -3(1 - 2-k) + 3.2-k-1 

= 3 - 3(2-k - 2-k-1 ) 

If' y € D.(x), then 
J 

= 3(1 - 2-k-1) 

I gk +1 ( Y) I = I gk ( y) + h ( y) I ~ I gk ( y) I + J h ( y ) I 

< II gk II + 2-k-1 ~ 3(1 - 2-k-1 ) + 2-k-1 

= 3 - 2-k < 3(1 - 2-k- 2) 

since 2-k > 3.2-k- 2 • 

• • • (4) 

• • • (3) 

Hence g1(x) s isfiesa1l tions. 

Assume now that g1' ••• ' have been chosen to s isfy 

(1) - (4). s s continuous,9 

there exists an j > Ie that 

i.e .. y C X - D .(x). 
J 

is an f in A 

such that 11 f II " 1 x ( cr.(f). 
J 

h : 3. 1 ( x) ]-1 h(x): 3. 1 

s II f II " 1 and I f ( x) I > IIhll::3. ..413 : .. 

S also If(Y) I <: 1/4 y C D .(x) it 
J 

that 

Ih(Y)1 <: 3.. .. .1/4: Y e; Dj(X). 

Let 
+1 

II gk +1 -
Now' j > k "* 

n: "gk+ h- II == II hll" 
(x) C D.(X). Hence 

J 

+1(Y) - gk(Y) I == Ih(Y)1< y ( (x) 

Also ~ gk (x):::: (x) + hex) == (1 - 2-k ) + 3. 

y CD. ( x), then 
J 

:::: 3 - 3( 

== 3(1 -

I gk +1 (y) I :::: I gk (y) + h(y) I " I gk (y) I + I h(Y) I 

<: II gk II + 1 ~ 3( 1 _ 2-k - 1 ) + 

== 3 - <: 3(1 _ 2) 

> 3. 2 .. 

.. ... (1) 

.. ... (4) 

.... (3) 
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If' y € X - D .(x)g then 
J 

lgk+1 (y)l ~ Jgk(y)l + lh(y)I 

< 3 ( 1 - 2-k) + 2-k- 2 + 11 h JI 

~ 3(1 - 2-k) + 2-k;... 2 + 2-k+1 

= 3 ( 1 - 2-k- 2 ) • 

32 

Hence II gk+1 II~ 3(1 - 2-k- 2
) ••• (2) 

Thus gk+1 satisf'ies {1) - (4). We have thus constructed 

the sequence {gn} by induction. 

By condition (1), {gnJ converges unif'ormly on X to a f'unction 

g in A. 

By ( 2 ) , 11 g JI ~ 3 • 

By (3), gn(x) = 3. 

If' y € D (x), then 
n 

00 

I g ( y) I ~ 11 gn II + Z I gk +
1 

( y) - gk ( Y) I 
k=n 

< 3 ( 1 - 2-n- 1 ) + i 2 -k-1 , by ( 4) 
k:n 

< 3 

Hence x is a peak point f'or g and so x € M(A), as was to be 

proved. 

Recalling that if' A is the f'initely generated f'unction 

algebra [f'1 , ••• ,f'n]' then X must be metrizable and the metric 

on X can be taken to be 

d(x,y) = max! lf'i (x) - f'i (y) I :i = 1, ••• ,n}, we can rewrite 

Bishop's characterization of' the minimal boundary as f'ollows. 

If' y E X - D .(x), then 
J 

+1(Y)1 ~ I Y)l + Ih(y)1 

<3(1-2-k )+ 2+llhll 

2 
+ 

= 3( 1 _ 2)" 

II +1" ~ 3(1 - 2) ...... (2) 

Thus gk s i (1) - (4). We have thus constructed 

the sequence 19n } by induction. 

condit (l)~ {en} s unif'ormly on to a £'unction 

g 

By (2), If g II ~ 3 • 

(3), (x) =3. 

If' Y € Dn(X), then 
(1(1 

I g( y) I ~ II II + Z 

< 3(1 -

< 3 . 

X is a int f'or g 

A is 

L then X must 

on X can be to be 

(x) - (y) I: i 

's ion of' the 

(Y) I 

, by (4) 

so x E M(A)>> as was to 

f'unction 

metri and the c 

= ls."o,9nl, we can rewri 

boundary as f'ollows. 
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Qor9l.l~~.?..:,2: Let A= [f1, ••• fn]. 

integer n and each x € X let 

For each positive 

Dn(x) = {y € X:m~x lfi(x) - fi(y)I ~ l/nl. Let 
1 

Un = f x t X :3 f :in A with llfll ~lj 

and lf(y) I <. 1/4 for all y € 

Then Un is open and nun = M(A). 
n 

Dn(x)}. 

lf(x) I > 3/4 

. 33 

We can obtain a very similar result for arbitrary function 

algebras by applying some of the techniques developed by 

Rickart in his paper [ 8], which we discussed in Chapter I. 

~he~rem 2.10: Let A be a function algebra on a (not necessari­

ly metrizable) compact Hausdorff space X. 

Then m € Spec A is a peak point for A if there exists some 

finite subset ?t C A such that 

m € F-1 [n p~- 1 (un)], where 
n ~ 

F:Spec A~ K =lTR(f) and 

Un = {z € p~K:3 a function f in A(p~K) 

such that II fll ~ lj lf(z)I > 3/4, lf(w)I < 1/4 for 

w € Dn(z)l, where 

Dn(z) = fw € p K:lz - wl ~ l/nl 
~ . 

Proof: Suppose that m € Spec A is a peak point for A.. We 

showed in Chapter I that A is isometrically isomorphic to 

A(K). Therefore F(m) € K is a peak point for some function 

g which is holomorphic in a neighbourhood G of K. By 1.25 

.33 

A ::: [ , . . . J .. For each po tive 

n each x € X let 

(x) ::: {y € X:max I (x) - (y) I I/nI. 
i 

Un {x € X I'm th II I'll 'Ill If(X)1 > 3/4 

I f(Y) I ~ 1/4 all Y € Dn(X)}. 

Then is and nUn ::: M(A). 
n 

We can obtain a very s lar t for arbitrary 

by some techniques 

s paper [8], which we ed in tel' I. 

• Let A a function • on a (not necess 

ly me ) compact space .. 

Then m € Spec A is a point A there sts some 

'1t C A that 

m € (Un) ] , where 
n ,. 

F: A .... K =1TR{f) and 

::: {z € P'1tK:3 a tion f in A( ) 

such II f'II:1ii 1, l:f(z)! > 3/4, l:f(w) I < 1/4 

w € Dn (z)} , 

: I z - w I ~. lin} 

Suppose that m € Spec A is a point 

showed Chapter I that A is isomorphic to 

A(K) .. F(m) € K is a peak int some tion 

g v.rhich is c a ne G o:f By 1 .. 
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34 

there is an open set G0 containing K and contained J_in G on which 

g is determined by some finite subset ?t c A. Now g , the pro­
?t 

jection of g into m?t, is a holomorphic function of a finite 

number of complex variables on the open set p G • Since ?t 0 

g?t(p?t(z)) = g(z) for z € G0 , it follows that p?t(F(m)) is a peak 

point for A(p?tK), which is a function algebra on the compact 

metric space p?tK. Hence by Bishop's characterization, 

p'Jt(F(m)) €()Un. But 
n 

F(m) € p'Jt -
1 (n Un) = () p?t - 1 (Un), and hence 

m € F-1[() p?t-1(Un)] 
n 

Conversely, suppose that for some finite subset ?t c A, 

\ p'Jt(F(m)) €()Un. Then by Bishop's characterization 
n 

p?t(F(m)) is a peak point for A(p?tK). Hence there exists 
?t 'Jt an open set G ~ p?tK and a function g?tholomorphic in G such 

that p?t(F(m)) is a peak point for g?t. The function 

g € A(K) defined by 

g(z) = g?t(p?t(z)) for z € p?t- 1(G?t) is 

h 1 h .. h P,.,.-1 (G?t) t - 1( ) o omorp ic in t e open set ,. con aining p?t p?tK ~ K, 

and clearly F(m) is a peak point for A(K). Hence m is a peak 

point for A. 

The Locl?-1 M~xim'Um _Modul1:!.§.. Principle. 

H. Rossi in [11] proved his now famous local maximum- modulus 

principle for function algebras. G. Stolzenberg in [12] 

proved the same result for finitely generated function algebras. 

34 

is an K G on which 

g is 

jection 

by some 

g into (C'Jt, 

te set 'Jt A. 

a holomorphic function 

on 

NoW 

a te 

Since 

(P'Jt(z» ::::: g(z) for z € Go, it follows thatp'Jt(F(m» is a peak 

point algebra on compact 

ace p K .. . 'Jt Hence by Bi 's characteriz 

p1t(F(m» € () • But 

F(m) € 
1 n 

P'Jt- (n Un) :::::() -1 ( ) , hence 

m € 1[() P'Jt-1(Un)] 
n 

Conversely, se that for some te subset 'Jt C A, 

'\ P1t( m» € () Un· 
n 

Then by Bi 's characterization 

P'Jt (F(m» is a for A(p'JtK). e 

an set a function g'Jtholomorphic 

p'Jt(F(m» is a peak po The func on 

g € A(K) by 

g(z) = (P'Jt(z» z € -1 (G'Jt) is 

holomorphic the set -1 ( ) cont"" ... J.J. ... J..,e> P'Jt -1 (P'JtK) 

clearly F(m) is a po for A(K)" Hence m is a 

A. 

s 

K, 

H. si [ ] snow falJlous maximum. modulus 

princ for function G. Stolzenberg in [12] 

proved same :for function .. 
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We shall be taking Stolzenberg's path to Rossi's result. 

A result which we shall need, and which of'ten crops up in 

other contexts, is the f'ollowing theorem due to Shilov. 

Theorem 2.11: (Shilov's idempotent theorem) ([13]) 

Let A be a f'initely generated f'unction algebra on X. If' 

35 

Spec A = S u T where S and T are nonempty disjoint closed sub­

sets, then there is an f' in A such that 
,., ,., 
f' = o on S and f' = 1 on T. 

Proof': A is isometrically isomorphic to P(K), as was shown in 

Chapter I, 1.10, and Spec A is homeomorphic to K. 

and T1 be the subsets of' K corresponding to the S and T under 

the homeomorphism F. Thus s1 and T1 are nonempty disjoint 

closed subsets of' K whose union is K. Let w1 and w2 be dis­

joint neighbourhoods of' s1 and T1 in mn. Then W = W1 U W2 

is a neighbourhood of' K and the f'unction g def'ined as o in 

w1 and as 1 in w2 is holomorphic in W. By Oka's polynomial 

approximation theorem, the restriction of' g to K lies in 

P(K). The f'unction in A which corresponds to g is then the 

desired element f'. 

Tl}.e2£.em 2. 12: 

Let A be any f'unction algebra on X. If' Spec A = S U T where 

S and T are nonempty disjoint closed subsets, then there is an 

35 

shall 8to s p to s 's 

A which we shall which of'ten up 

other , is the following to • 

(Shilov's idempotent theorem) ([ ]) 

A a fini on on • If' 

Spec A :::: S U T S and Tare HUH~1UUty disjoint 

is an f in A that 
A A 

f' = 0 on S and f' = 1 on T. 

A is i isomorphic P(K), as was shown 

Chapter I, 1.10, and A is homeomorphic to 

the ts of' K corresponding to the S 

sm F. Thus 8 1 and T1 are ty disj 

cl0 K whose union K. W2 be s-

jo nei of' 81 
(tn. W ::::: W1 U W2 

is a neighbourhood K and g as 0 

W1 and as 1 in W2 is holomorphic w. aka's polynomi 

restrict of g K s in 

peE:) • tion A which corresponds to g is the 

des element f. 

Let any tion on X. ec A ::::: S U T 

S and Tare nonempty disjo subsets, then is an 
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'f: il A such that f' :::: o on S and f' = 1 on T. 

Proof': Using 1.29 and 1.26 we can repeat the proof' of' 2.11. 

An iinteresting consequence of' Shil.ov' s theorem is the f'ollowing 

porollary 2.12: Let A be a f'unction algeb~a on X. If' X is 

connected, then so is Spec A. In particular, i'f: X is a connect-

ed compact set· in a:n, then hull(X) is also connected. 
I 

_r,roof': If' Spec A is not connected, let S and T be nonempty 

disjoint closed subsets of' Spec A such that Spec A = S U T. 

By the preceding theorem, we can f'ind an f' in A such that 

'f: = o on S and f' = 1 on T. Thus f' restricted to X takes only 

the values o or 1. Since X is connected, either f' e o or f' = l. 
Neither possibility is consistent with the properties of' f'. 

Hence Spec A is connected. 

Def'inition 2.14: ([14]) 

Let D be an open set in a:n and z € D. Consider functions which 

are each def'ined in some neighbourhood of' z in D. Call two 

such f'unctions equivalent if' they coincide on a neighbourhood 

of' z. This def'ines an equivalence relation, and the equivalence 

class of' a f'unction f' at z, denoted by [f'] , is called the z 

£~.Pl!. o_f..J~a t z. 

If' f' is a holomorphic function, then [f']z amounts to a conver­

gent power series. 

t::h such f ::::: 0 on S f ::::: 1 on T. 

1. and 1.26 we can proof of 2 .. 11. 

An iinterest conse Shil.ov's theorem is following 

A be a function algeb~a on X. X is 

connec , then so is In cular, X is a connect-

ed compact in mn~ then hull(X) is also 

P,J'oof: It: is conne.c , let S T nonempty 

disjoint c subsets A such that Spec A ::::: S U T. 

By preceding , we can find an f A such that 
'" A 

f ::::: 0 on S f ::::: 1 on T. Thus f restricted to X 

the 0 or 1. S X is connected, ther t: liS o or f.' 
... 

is consis wi the propert s of.' f.'. 

Hence is connected. 

([14]) 

D be an mn and z € D. Consider f.'unctions 

are some neighbourhood z D. Call two 

such equivalent if they coincide on a ghbourhood 

of z. s an equivalence relation, and the 

a funct f atz~ ted by [fJ , is called the z 

lIi! 

It: f is a holomorphic function, amounts to a conver­z 

gent s. 

1. 
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Germs at z "'f'orm a ring with the obvixru.s dief'ini tion of' addition 

and multiplication. 

The ring~z of' germs of' holomorphic f'unctions is a commutative 

integral domain with identity and unique f'actorization. 

Topologize the space of' germs e = u 6 D tby def'ining the 
z€D z 

f'ollowing basis f'or thec:open sets: 

let k € 6, then k e: e> and so k = [t'] , where f' is def'ined 
Z 0 Zo 

in an e-neighbourhood N of' z
0 

in D. At each z € N .. take 
Zo Z 0 

that class in Oz containing the dire·ct analytic continuation 

of' f' i.e. take [ f'] • z Then def'ine u [f'] z to ,::ibe an open set 
z€N 

zo 

and the collection of' such sets to be the basis of' open sets. 

A holomorphic f'unction f' in D amounts to a continuous mapping 

f' : D -+ 6 which assigns to each point in D a holomorphic germ 

over that point. 

Now f'orm the quotient f'ield Mz of'6z f'or each z in D. 

Topologize M = u M as f'ollows: let 1 € M, then 11 € M and 
zE:D z zo 

1 = [a/ f'] z and is represented by [ f' 1 ] /[f' 2] , where 
0 zo zo 

f' 1 and f' 2 are holomorphic f'unctions at z
0

, and because of' 

unique f'actorization we may take f' 1 and f' 2 to be coprime at z
0

• 

Let Nz
0 

be a neighbourhood of' z
0 

in which f' 1 and f' 2 are defined 

and ar.e still coprime. At each w € N take that class in 
Zo 

The union over N of' these 
zo 

z.(f'orm a wi the tion addition 

cation. 

The f'unctions is a commutative 

integral domain th identi and que torizat 

Topologize germs ::: U (5 'Jlby 
zE:D t 

f'ollowing basis f'or the ,.......,...,:::.'1"\ • • 

k E: , then k E: and so k :;:; 

0 

in an e-neighbourhood N 
Zo Zo in D. 

that c s in containing the 

f' i.e. e z· Then def'ine 

and collect of' sets be 

f' D amounts 

f' • D ... 6 which as to • 

over po 

Now f'orm the f'ield Mz of'6 z 

]zo' f' is 

At each z E: N 
Zo 

<take 

t c 

U [ to ,~be an open set z 

0 

basis open. 

to a mapp 

in D a holomorphic germ 

f'or z D. 

Topologize M :: U M as f'ollows: 1, E: M, then E: Mz and 
zE:D Z 0 

7" :;:; [a/~] is [ f' 1] /[ f' z ] ,where 
Zo Zo Zo 

f'1 f'z are c f'unctions at zo' and because 

unique tori ion we take and to be coprime .. 

N a neighbourhood z ch f'z are 
Zo 0 

and are still At w E: N tal-ce 
Zo 

class in 

M [f'tJ/[f'z]w· union over of' w 
Q 
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class~s we define as an open set and the collection of' all such 

se·ts we take as (.the basis f'or the topology. 

The elements of' M are called the .s_ernis of' Illeromor_.E.hic f'unctions 
z 

A me~omorphic f'unctiou in D is a continuous mapping which 

assigns to each point of' D a meromorphic germ over that point. 

At a point z 0 € D9 a meromorphic f'unction g is def'ined by the 

quotient of' two f'unctions f'1 and f' 2 coprime and holomorphic 

at z • 
0 

(a) If' f' 2(z
0

) * o 1i.e. f'
2 

is a unit, then f'1/f'2 is holomorphic 

there and hence g is holomorphic at z
0 

and theref'ore in a 

neighbourhood of' z
0

• 

of' g. 

The point z
0 

is called a ~lar £21.~ 

(b) If' f' 2(z
0

) = o and f' 1 (z
0

) * q, then g is said to have a 

(c) o, then z is called a point 
0 

of' indeterminacy of' g. 

D..s_fiI.lJ-tio~ 2 .1;2: 

A 12.~l~<i!!!~~~...J?..~±zhe~ro~ in mn is a compact set K of' the form 

K = {z € U: lf'j(z)I ~ kj, j = l,. •• ,rL 
n where U is an open subset of' m , the f'. are polynomials on U 

J 

and the kj are non-negative constants. 

By an ..'2J2~XLJ2.__0l;yngJili~~-....I?.21Y,;h.§.dron we mean the interior of' a 

polynomial polyhedron. 

38 

we define as an set the t all 

asc,the logy. 

The . are c 

is a cont mapping 

assi to each int D a germ over that 

At a po Zo € Dj a meromorphic tion g is by 

quot functions 1'1 holomorphic 

Zo • 

( a) If' (zo) * 0 .e. is a 9 then If' 2 is holomorphic 

and g is 

ghbourhood 

g. 

(b) f' 2 ( ) :::: 0 

of' of' g. 

U is an open 

and k j are 

polynomi 

c at 

point is c a 

(zo) * q, g is to 

zis c 
o 

in rnn is a compact 

set 

, j :::: l~ ••• ,rl~ 

f. are 
J 

constants. 

we mean 

K of' 

in a 

a 

a point 

f'orm 

on U 

of' a 
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Lemma ~.!J::_6: Let X be a compact subset of' mn. Then hull(X) 

can be represented as the intersection of' a descending chain 

of' open polynomial polyhedra 0. 1 with 0. ~ 0. 1 J. J. J.+ • 

~~9~f': Let p be any polynomial on mn. Let 

0. = { z E: a:n : Ip ( z) I < 1'1 p II + 1/ i J 
1 hull(X) 

!h,e~~m _ _.?.~: (Solution of' the Cousin 1 problem on an open 

polynomial polyhedron) 

Let 0 be an open polynomial polyhedron. Then every Cousin 1 

problem on O admits a solution i.e. if' {o.J is an open cover of' 
J. 

0 and we assign meromorphic ~unctions gi on Oi such that 

g. - g. is holomorphic on U. (\ U. f'or all i, j, then there 
J. J 1 J 

exists a f'unction g meromorphic on O such that f'or each i, 

g - gi is holomorphic on oi. 

!2:2.2.f: See [ 15 J 

~iniJ.ion 2J8: 

A point m
0 

in Spec A is a 1£9-~l Ee?]:c_ :QOint f'or the f'unction 

algebra A if'f' there is an open neighbourhood U of' m
0 

in Spec A 

and a function f' in A such that 
A A 

f'(m 0 ) = 1 and lf'I < 1 on U - {m0 j. 

T~eo,~r.-=em =2-~ 19: ( [ 12 J) 

Let X be a compact subset of' a:n. Then every local peak point 

Let X a 

can represented as 

of polynomi 

p be 

act Then 

intersect a descending 

-0., wi th 0 i :> O. 1 
~ ~ + • 

n 
al on CC " 

(X) 

== {z € a:n : fp( z) I < 1'1 p II + 
hull(X) 

the Cousin 1 problem on an 

al polyhedron) 

an open polyhedron. every 

on 0 admi i.e .. { 1 is an open cover 

f'unctions on O. such that 
~ 

o we assign 

gj is holomorphic on II' Uj for i, j , then 

s a :function g on 0 each i, 

g - is holomorphic on 

[15] 

( [12]) 

x a compact Then peak 

1 
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f'or P(X) is actually a peak point f'or P(X). 

Let m be a local ·peak point f'or P(X). 
0 

Then thelffi 

i~ a neighbourhood U of' m in hull(X) and an f' in P(X) such 
0 ,., ,., 

that 1 = f'(m) > lf(m)I f'or all min U - {m }. 
0 . 0 

By shrinking 

U, we can assume that in f'act 
A A 

1 = f'(m
0

) > sup{lf'(m)I : m E: U - [m
0

}}. 

Let F : hull(X) ~ mn+1be def'ined by 

F(z19 ••• ,zn) = (z1 , ••• zn,:r(z1 , ••• ,zn)). 

From the f'act that hull(X) is the maximal ideal space of' 

P(X), it f'ollows easily that F(hull(X)) = hull(F(X)). 

Theref'ore we can assume that hull(X) c mn+1 and that 

f' ::c zn+1 ' the (n+1)-st coordinate £'unction. By Bishop's 

characterization of' the minimal boundary 9 it is suf'f'icient 

to show that f'or each neighbourhood V of' m
0 

in hull(X) there 

is a gin P(X) such that lg! ~ 1 on hull (X) 9 
A A 

I g I < 1/4 on hull(X)' - V and I g(m0 ) I > 3/4. By Oka's Poly-

nomial Approximation Theorem, it is suf'f'icient to f'ind such 

a g which is holomorphic in a neighbourhood of' hull(X). 

Choose a compact subset C of a:n such that 

C n hull(X) - u, mo € int C n hull(X) C U, and f is 

holomorphic in a neighbourhood of C. Then f is holomorphic 

and non-constant on the component of' int C = U0 containing 

m0 and so f'(U
0

) contains a neighbourhood of' l = f'(m0 ). 

Hence f'or a suf'ficiently small e > o 9 f'(U ) contains the 
0 

40 

p(x) is a point p ) .. 

(X) It Let m 
o 

C]?eak po 

a neighbourhood U of mo in hull(X) an f in P(X) such 
" 

I :: f(m ) > o . 

U, we can assume 
" 

I ::: f(mo ) > 

F : hull(X) 

fact 

p ), 

A 

If(m) I all m in U - {m }. 
0 

t 
... 

{ I m) I • m e: - {mo j j .. .. 

... mn 

eas 

defined by 

(x) is the 

F( 

ideal 

» :: hull( 

we can assume that hull(X) C a:n +1 and 

f 
+1 ' 

the (n )-st coordinate t By 

zation minimal ~ it is 

ace 

». 

c 

neighbourhood mo in hull(X) 
'" 

is a g p(x) Igi :::;; I on ), 
A ,.. 

Igi < 1/4 on hull(X) - V and Ig(mo)1 > By IS 

Approximation , it is ent to 

a g which is holomorphic in a neighbourhood of hull(X). 

se a compact 

C n (x) - c ) C U:I and f is 

in a f is 

non-constant on component 

a neighbourhood 

a i small e > 0:1 Uo) cont 

fS 

there 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

41 

intei--val [l, 1 + e:J. 
containing [l, 1 + e]. 

Let •r be an open polynomial polyhedPon 

On T x U
0 

def'ine 

Ht = { z € U 
0 

Express hull(X) as the intersection of' a descending chain of' 

relatively compact open sets o. i.e. open polynomial polyhedra 
J. . 

such that o. ~ o. 1 (this is possible in view of' 2.16). We 
J. J. + 

claim that if' i is large enough, then every Ht n Oi is closed 

Suppose not. Then f'or each i there exists a ti in 

[ 1, 1 + e ] and a point si which belongs to the closure of' 

Ht. 
J. 

n Oi in Oi, but not to Ht.• 
J. 

Then si belongs to the compact 

set c, but not to its interior U0 , because Ht. is closed in 
J. 

By passing to subse-
* . ,. , quences we can arrange that ti converges to t in L 1, 1 + e .i 

* and si converges to s on the boundary of' C, since [l, 1 + e] 

and bdry C are compact. Then 

Also, 

* s £ 0 oi = hull (X) • 
J. 

* * Theref'ore s € hull(X) n bdry C = bdry U and f'(s ) ~ 1, 
;.. A 

which contradicts the f'act that f'(m 0 ) > sµp f I f'(m) I :m € U - { m0 j j. 

Hence f'or i large enough, every Ht n Oi is closed in oi. 

Choose i = 1
0 

that large and let 0 = o .• 
10 

Let W = {(t, z) £ T x u
0 

: f'(z) - t = oJ. Then W 

is closed in T x o. Cover T x O by the open sets T x U
0 

[1, 1 + e]. 

[19 1 + e ]. 

T x Uo define 

'r be an 

:::::: {z E: U 0 +1 - t .::: 0 j • 

s hull(X) as 

atively compact 

that if i is 1 

-0 
Suppose not. 

[ I, 1 + e] and a 

sets 0i i.e .. 

s is poss 

enough, 

Then for 

which 

n 0i in 0i' not to Ht .• 
~ 

set C, but not to its interior U01 

Uo • so, by c ty, f( si) ::::: t i -

we can that ti 

* s on the 

Care t .. Then 

f(s*) ::::: t* ~ 1. , 
S * € n 0i = 

i 
(X) • 

* s € (X) n bdry C :::::: 
". 

that 

for i , 
se i ::: i 

0 
and t ° :::: 

t \fIT ::::: { ( t, z) E: T x Uo f(z) -
is in T x 0. Covel" T x ° by 

n 

t 

41 

polynomi 

a of 

0 

polynomial 

view of 2. ) .. 

Ht n 0i is 

the 

belongs 

Ht . is 
~ 

By pass 

sts a 

sure 

sed 

in 

compact 

.in 

se-

* ~ , to t in L 1, 1 + e.J 

C, s [1, 1 + e] 

:I: 
U and f( s ) ~ 1 Jl 

A 

fi f(m) I:m € 

°i is clo .. 

::::OJ. Then W 

open sets T x 
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and (T x 0) - W and assign the meromorphic functions 

l/zn+1 - ton T x U0 and o on (T x 0) - W. Since T x O is 

again an open polynomial polyhedron we can solve the Cousin 1 

problem on it to obtain a meromorphic function G on all of 

T x 0 such that G is holomorphic off W and on T x U , 
0 

G = l/zn+ft + E, where E is holomorphic on T x U 0 • 

Choose a neighbourhood V of m0 in hull(X) such that 

V C U 0 n hull(X). Since the pols set of G intersects 

[l, 1 + e] x hull(X) only in {(l, m0 )}, IGI is bounded on 

[l, 1 + e] x (hull(X) -V), and G(t, z) is holomorphic about 

hull(X) for each (fixed) t > 1. Also suplG(t, z)l on hull(X) 

tends to infinity as t converges to l from above. Hence 

there is a 5, o < 5 < e, such that for each t E (l~l + 5], 

!G(t, z)I attains its maximum over hull(X) only on V. 1Uso 

ther•e is a constant c > o such that 

!El <,con (1, 6] xv. Consider the ratio 

Rt; = IG(t, Il1o) 1/supf IG(t, z) I : z E hull(X)} for each 

t€ (1, 1 +6]. Then Rt; ~ 1, and 

Rt= 1(1 - t)-
1 

+E(t, ffio)l/s~l(z :I -t)-1 +E(t, z)I 
V n + 

~ [(t - 1) - c]/[s_l!PI(~ .J - t-1
) I + c] 

v . 

However- on V 9 I ~ -il I ~ 1 

Therefore, for t E (1, 1 

and ~ .jl = 1 precisely at m
0 

• 

] -1 ( )-1 + 5 , sup I z 1 - t I = t - 1 • 
V n + 

42 

(T x 0) - W ass the tions 

1/ Z n+ 1 - t on T x U 0 and 0 on (T x 0) - T x 0 is 

an polyhedron we can Cousin 1 

on it to ob a 

ho 

c f'unction G on 

c of'f' W on T xU, 
o 

T x 0 such that G 

G ::: l/zn+rt + E, E is holomorphic on T x Uo. 

Choose a neighbourhood V (x) such that 

cuon (X). s G s 

[l~ 1 + s] x (X) only in HI, mo )}, IGI is on 

[1, 1 + e] x ( (X) - V); G(t, z) is holomorphic about 

hull(X) ( ) t > Also IG(t:1 z) I on hull(X) 

to as t to 1 above. 

is a 0!l 0 < a < e,l that for each t € (1~1 

IG(t, z)1 i maximum over hull ) only on V. 

is a cons c > 0 such 

< ,c on [ 1, 0] x .. Cons the rat 

::: t)l mo)l/sup{IG(t, z)1 : z € hull(X)j for e 

t € (1~ 1 + 0].. Rt ~ 1, 

1 . 
=1(l-t)- +E(t,mo) I ( 

~ [(t - 1) - c]/[ 

on V, I ~.fJ I ~ 1 and 2h ~ :::: 1 

)-1 +E(t, z)1 

i at m .. 
o 

+ oJ!I 

Also 
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Also, for t > 1, close enough to 1, we have (t - 1)-1 > c, 

So 1 ~ Rt ~ [(t - 1)~ 1 
- c]/[(t - 1)-1 + c] • 1 as t • 1 from 

above. Hence for t E (1, 1 ~· 5] sufficiently close to 1, if 

we define 

g(z) = G(t,z)/sup{IG(t,z)I z E hull(X)} on 0 

then g will be holomorphic on O and we will have 
,. ,., 

I gl ~ 1 on hull (X), I gl < 1/4 on hull(X) - V and I g(m 0 ) I > 3/4. 

Remark: Stolzenberg proved his result for P(X), X a compact 
. n 

subset of' a: • His result clearly implies the local peak point 

theorem for finitely generated function algebras i.e. if A is 

a finitely generated function algebra then every local peak 

point f'or A is also a peak point f'or A. We can extend Stolzen-

berg's result to the following, again using Rickart's basic 

lemma 1.25. 

Theorem 2. 20: Let' A be any f'unction algebra. If' m
0 

is a 

local peak point f'or A, then m0 is in f'act a peak point for A. 

Proof': By 1.29, A is isometrically isomorphic to the f'unction 

algebra A(K), Ka compact polynomially convex subset of mA. 
Let w be a local peak point for A(K). Then there exists a 

neighbourhood U of w and a member f' of' A(K) such that 

f(w) = 1 and If! < 1 on U - fw}. Now f' is holomorphic in a 

neighbourhood G of' K and so by 1.25 there is an open set G 

, for t > 1, se tal, we have (t - 1)-1 > c, 

So 1 ~ Rt ~. [(t _1)~1 - cJ/[(t - 1)-1 + cJ • 1 as t • 1 from 

above. Hence t € (1, 1 ~. 5] sufficiently to 1, 

we define 

z) ::: G( t 9 z)1 sup { I G( t, z) I z € (x)} on 0 

then g will be holomorphic on 0 we have 
A h 

I g I ~ 1 on hull (X), I g I < 1/4 on leX) - V and ) I >3/4 .. 

Stolzenberg ......... ',..,.",.."'n his p(X), X a 

s result c local 

£'unction algebras i.e. is 

a fini £'unction local 

for A is a peak int A. can 

b 's result the 1 again using Rickart's 

lemma 1. • 

Let' A any 

local po A. 

1.29, is i cally i c to 

al A(K), K a polynomially convex 

Let w a peak for A(K). sts a 

ghbourhood U wand a f A(K) 

f(w) ::: 1 and If 1 < 1 on U - {w}. Now f is holomo c a 

ghbourhood G K so by 1. there is an set G 
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containing K and contained in G on which f is determined by some 

finite subset 1C c A. 
0 

By 1.23(3) there is a finite set 

~ ~ ?t 0 such that K C n G • 
1C ..t''lC 0 

Now f?t, the projection of f 

into m?t, is a holomorphic function of a finite number of complex 

variables on the open set p?t G
0

• Since f (p (z)) = f(z) 
1C 1C 

for z € G it follows that p (w) € p Kc K c p G is a local 
0 1C 1C ?t 1C 0 

peak point for A(K ) = P(K ). Now K is a compact subset of 
1C 1C ?t 

m'lC and so by 2.19 it follows that p (w) is in fact a peak point 
1C 

for P(K ) 
1C 

·g((pr-(w)) 

P 1t -1 ( K?t ) 

h = g. 
1C 

and lhl 

i.e. 3 a function .g on K?t such that 

= 1 and lgl < 1 on K • Define the function hon 
1C 

by h(z) = g(p?t(z)) then h is finitely determined and 

Since p - 1(K) contains K, it follows that h(w) = 1 
?t 7t 

< 1 on K, and hence that w is a peak point for A(K). 

Definition 2.21: 

A compact set K C Spec A is called a local peak set for the 

function algebra A if there is an open set U in Spec A contain-

ing K and an element f € A such that 

f' I K = 1 and If I < 1 on U - K; K is a peak set fol" A if U can 

be tal·rnn to be Spec A. 

The next theorem generalizes 2.20 to local peak sets. 

Let A be any function algebra. If K is a local peak set for A 

44 

containing K and cont in G on which f is some 

1. (3) there is a finite f'ini set ~ C A. 
o 

.. Now f' ~9 the project f' 
0 

?C :> ~o such C 

m~~ is a holomorphic a number of' 

G • S e f' (p~(z)) :::: fez) 
0 ~ 

s on set 

f'or Z € Go it that p~(w) € Go is a local 

p f'or A(K ) ::: P(K). 
~ ')I; 

is a compact 

so by 2.19 it 110ws that p (w) is 
'l1; 

a peak point 

f'or P(K ) i.e. 3 a 
~ 

(P'R(w)) ::: 1 

-1 (K'R) by h ( z ) ::: 

tion g on 

J g! < 1 on • 

that 

the h on 

h is tely 

h -1 ( 'R ::.:: g. P')l; 

(z)) 

) K, it f'ollows that hew) ::: 1 

Ihl < 1 on e w is a int f'or A(K). 

. 
.;:;;;..;;.;;;..;;;.;;;;;.;;;;;.,,;;.;;;;.;;;;.:;.;....;;;;.:..;;;.;:;;. . 
A act set K C Spec A is c 

A there is an open u 

K an f' € A such that 

f'IK ::: 1 and 1f'1 < 1 on U - K; K is a .s.;;;.;;;.;;;.--;;.;......;;;;..,;;;.;;;. A Ucan 

be t to be A. 

The theorem izes 2.20 to s. 

Let A any function If' K is a pe A 
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then K is in f'act a peak set f'or A. 

Proof': Choose an open set U containing K and an element f' in A 
,. 

such that f' = 1 on K and If' I < 1 on u - K. 
,. 

Let H = {m € Spec A • f'( m) = l}. By hypothesis • 

K = H () U = H () U and so K is open and closed in H. Suppose 

m is not a member of' H. Then the f'unction & = 1 - f', which is 
"' 

in A, is such that g(m) * o but g = o on H. So H is the set 
,,. 

of' common zeros in Spec A of' its kernel I = {g € A:g = o on Hj. 

Hence H is the maximal ideal space of' the Banach algebra 
,,. ,,. 

B - A/I - ' and the Gelf'and map identif'ies B with A restricted to H. 

Now K is an open-closed subset of' H = Spec B. Theref'ore 
"' 

by Shilov's theorem on idempotents, 3 x € B such that x = o on K 

and x = 1 on H - K. Thus K is the zero-set of' its kernel 

J = {h €A : h = o on K}. (Consider any m € Spec A - K. 
"' 

If mi H, then 3g € A such that g(m) * o but g = o on H, which 
,,. 

contains K. If' m € H, then m € H - K and so x(m) = 1, x = o on K 

In either case mis not in the zero-set of J.) 

Let l'K = { g € A : g is constant on K} 

= J +a:= {g +a.: g € J}. 

·Then J is a closed ideal of' A and Ai( is the closed subalgebra 

of' A which is just J with an identity adjoined. So Spec J'K 

is the one-point compactif'ication of Spec J. Since J is a 

closed ideal of A and K =zero-set (J), Spec J =Spec A - K. 

Hence Spec Ax is Spec A with K identif'ied to a point 

(If' m .€ Spec .L~ and m(J) = {oL then m(g +a.) = a., so there is 

45 

K is in t a set A. 

• an U K an f' • 

that f' :::: 1 on K I f' I < 1 on U - K. 
'" 

Let H :::: 1m € Spec f'(m) :::: lL hypo is 

K :::: HnU:::HnU and so K open and closed in H .. se 

m is not a H. Then the f'unction a ::::: 1 - f', which is 
... ... 

in A, is that gem) * 0 g ::::: 0 on H. H is s 

common zeros in Spec of' I ::: Ig € :g ::: 0 on Hl. 

H is maximal ideal 
" 

B ::: lVI, and map B with A restricted to H. 

Now K is an open-c of' H :::: B. 
" 

Shilov's , 3 x € B such that x :::: o on K 

and x ::: 1 on H - K. K the zero- of.' s 

J :::: {h € A : h :::: 0 on Kl. (Consider m € Spec 
... 

If' m i H, then € A that m) * 0 but g :::: 0 on H, which 
... ... 

K. If' m € H, then m € H - K so x(m) ::: 1, x ::: 0 on K 

case m not the zero-set of' J.) 

1~ ::: {g € A g is const on Ie} 

:::: J + a: ::: ig + a. • g € J} • • 

J is a al of' and is clo sub 

which is t J with an identity adjoined. , 
.t~ 

is one-point compactif'ic ion J. J is a 

K ::::: zero- J ::::: - K. 

A wi K i to a po 

( m(J) ::::: {Oj1 then meg + a.) ::::: a., so there is 
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only one such homomorphism. If' m(J) * {oJ, extend m unique-

ly to a complex homomorphism m of' A by setting 

m(h) = m(gh)/m(g), where g is any member of' J such that 

m(g) * o. Thus we have Spec~ equal to the one-point compact-
,., 

if'ication of' Spec J). Since f' = 1 on K, f' €Ax· If' m 
0 

is 
,,.. 

the point {KJ in Spec Ar{' then f'(m
0

) = 1. Also, if' 
,., 

m €Spec~ n U and Jf'(m)J = 1, then 
,,.. 

f'(m) = 1 and so m € H n U = K; hence m = m
0

• 

Thus on Spec Ax' f' peaks within U exactly at m
0 

i.e. m0 is a 

local peak point f'or Ar{· Therefore by 2.20, m
0 

is a peak 

point f'or A:K· 
on Spec A - IL 

Thus 3 h € A such that h = 1 on K and I.hi < .1 

Hence K is a peal{ set f'or A. 

Ti}.~ore~ 2. 2,2,: 

(Local Maximum Modulus Principle (Vex•sion 1)) 

Let U be an open set in Spec A. Suppose that f'or some 
A A A 

f' € A ( 1) If' I ~ 1 on U, ( 2) If' I < 1 on bdry U and ( 3) f'( m.0 ) = 1 

f'or some m0 € U. Then there is an element g € A such that 
,.. 

( ~) lgl ~ 1 on Spec A; 
,. 

(b) {m € Spec A . I g(m) I = l} = {m . g(m) = lJ . . 
... 

= {Ill. : f'(m) = l} nu 
,.. 

Proof: Replace f' by t(l + f'). Then if' m e: u, lf'(m)I = 1 
,,.. 

if'f' f'(m) = 1. Let K = [m € U: f'(m) = lJ. By hypothesis 
,., 

(3), K is nonempty and by (2), K ={me: TI: f'(m) = lL so 

one such homomorphism. m(J) * {oL· 

ly to a complex 110rnOIIlO 
...... 
In A by 

m(h) :: m( )/m(g), g is member of' J 

m( g) * o. Thus we Axe to the 
'" 

Spec J). Since f' ::::: 1 on K.I' f' E: ~. 
'" 
f'(m ) :;:: 1. so!, 

0 
point {K} in 

m E: ~(\ U :::: 11/ then' 
,. 

m) ::: 1 so m E: H (\ U :::::: K; m :::::; 

m 

46 

que-

that 

compac 

m is 
o 

Thus on f' th U exactly m i.e. mc is a 
0 

local • 2. ~ m is a ak 
0 

'" int ~. Thus 3 h E: A h ::::: 1 on K Ihl < .1 

on ec A - K is a s 1'" • 

(Local Maximum Modulus Principle (Vex's 1) ) 

U be an op set Spec some 
,.. 

" A 

f! E: A ( I f'1 " 1 on U, (2) 1f'1 < 1 on U (3) f'(mo) ::::: 1 

some E: U. is an g E: such that 
" 

( a) Igi " 1 on 

(b) fm E: A • m) I ::::: I} = {m . m) ::::: 13 • • 
A 

::::: {nt. : m} == 13 n U 
"-

ace f' by !(l + f'). Then m E: U!I m) I == 1 
,.. ... 

if'f' f'(m) ::::: 1. I{ :::::: fm E: U : f'(m) ::::: 11- hypothesis 
.... 

(3L Ie is nonemp by (2) l/ K :::; {m E: f'(m) ::: lL so 
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K is compact. Since f' = 1 on K and lf'I < 1 on U - K, K is a 

local peak set f'or A. By 2. 22, K is a peak set f'or A, so there 

is some g €A such that g = 1 on Kand lgl <l on Spec A - K. 
,.. 

Since g = 1 precisely on K, (a) and (b) hold. 

!h,eOs£.EiJP. :£_. 2!±: 

(Local Maximum Modulus Principle (Version 11)) 

Let U be an open set in Spec A disjoint f'rom the Shilov bound-

ary of' A. Then 

(a) 

(b) 

bdry U is nonempty. 

sup If' I = 
u 

sup lf'I f'or every f' € A. 
bdry U 

If' we let Au denote the closure of' AIU in C(U) ~hen bAu C bdry U. 

~: U is not closed in Spec A, f'or if' U were open and closed 

then Shilov's theorem would imply that there is an f' in A such 

that f = 1 on U, f' = o on Spec A - U, which contains bA. This 

is impossible. Hence bdry U is nonempty. 

Assume that suplf'l * sup lfl = max lf'l f'or 
U bdry U bdry U ,. ,. ,.. 

some f' in A. If' max lf'I >a= suplf'I, then lf'(m)I >a 
bdry U U 

f'or some m € bdry U. By continuity, If I > a on a neighbourhood 

of m and this neighbourhood must contain a point of' U, so we 

have a contradiction. If max If I < a, we can multiply by 
bdry U ,.. ,.. 

a scalar to get If I < 1 = sup If' I on bdry u. Since f' is 
u 

continuous and U has compact closure, we have 

K is compact. Since f' :::: 1 on K 1f'1 < I on U - K is a 

set A. 2. 9 K is a s 

is some g € such that g :::: 1 on K I gl <Ion 

e g :::: 1 isely on (a) and (b) hold. 

( Maximum ( ion 11» 

t u an open in A disj 

of' A. 

bdry U is nonemp ( a) 

(b) sup I f' I :::: I f'1 f'or every f' € A. 
U bdry U ... 

f'or A, so 

ec A - K. 

47 

If' we Au denote the closure of' AIU C(U) C bdry U. 

Proof': U is not in Spec A, if' U were 

lov's theorem would imply that there is an f' A 

f' :::: 1 on U, f' :::: 0 on A - U, which contains This 

is s 

Assume 

some f' in 

f'or some m € 

of' m and 

a 

a 

U 

bdry U is nonemp 

1f'1· '* 1f'1 :::: 
bdry U 

'" 
max 1f'1 > a :::: 

bdry U 

max I f'1 
bdry U 

" 
I f' I , 

U 

" 
1f'(m)1 > a 

U. i ty 9 I f'1 > a on a 

s ne j. ghbourhood mus t apo of' U, so we 
" 

ction. max I f' I < a, we can mult by 
U ... '" 

t I f' I < 1 :::: suplf'l on bdry U .. S f' is 
U 

U t c sure, we have 
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sup If' I = I f'(m
0

) I = 1 f'or some m0 E U. -ie Replace f' by e f', 
u ,.. 

where f'(m
0

) = eie Then f' satisf'ies the hypothesis of' 

Version 1, so there is a g in A with lgl ~ 1 on Spec A and 
,.. 

fm: lg(m)I = lJ Cu. Since U is disjoint f'rom bA and g 

attains its maximum modulus only within U, we have a contra-

diction once more. Hence suplf'I = sup lf'I. 
U bdry U 

48 

supJfl 
U 

:::: 

1, so 

1 for some ma 

f sati 

is a g in 

E: U. f by e 

s hypothesis of 
"" 

wi Igl ~ 1 on 

{m : Ig(m)1 :::: 11 C u. Since U is disjoint from bA 

ef~ 

and 

g 

its maximum modulus only thin U, we a contra-

di once more. 
u 

If I :::: I fl. 
u 

48 
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CHAPTER III. 

EXTENSIONS OF _EI.NITEL:,{_Q:.ENERATED 

FUNCTION ALGil\BRAS. 

Let A be a function algebra on Spec A. If f € C( SpecA), 

fA,f] will denote the function algebra generated by A and f. 

By 2~6 it follows.that b[A,f] c Spec Ac Spec[A,f]. It is 

natural to ask under what conditions Spec A = Spec[A,f] and 

bA = b[A,f]. 

49 

We firstly prove some theorems describing conditions on f 

which ensure that Spec A == Spec[A,f] and bA = b[A,f]. Many 

of' these results depend on the local maximum modulus princi-:­

ple, in particular those results in which f' behaves in a sense 

like a holomorphic function. 

Having done this~ we attempt to apply this theory of exten­

sions o"f' function algebras to the finitely generated case. 

Again we find a close connection with the theory of analytic 

functions. 

Jlef'in_t.tion 3.1: Let A be a function algebra. We say that 

f € C( Spec A) is A-ho~om.££Ehic at a point m € Spec A if' there 

is a neighbourhood U of m such that f' can be approximated 

uniformly on U by functions in A. A function f' is A-holomorphic 

on a subset S of Spec A if f' is A-holomorphic at every point or.s. 

49 

FUNCTION ALGEBRA~. 

Let A a tion on Spec A .. :f € C( 

~A~:f] will denote the generated by and :f. 

2.6 it :follows that b[A,:f] C Spec C f] . It is 

natural to 

bA = brA, 

what condit Spec A = [A,f] 

firstly prove some theorems condi 

which ensure 

these 

A = [A,:f] and = b[A,:f]. 

on :f 

Many 

ts depend on the local maximum modulus princi--:-

, in particular those which f' behaves in a sense 

1 a c :function. 

Having this, we to this o:f 

o:f case .. 

we a close with the theory of' 

-;;.:;:;.,;;;;;;;:;.;;:~:;;.;;;;..;;;.;:,::;.......;:..::..;;;. 
: Let A a function al that 

:f € C( A) is 
--.;;;;;;.;;;;.;;:;...;;;=~=.;;;;. 

a po m € 

is a neighbourhood U 

uniformly on U by 

:f can be approximated 

A. A tion :f is 

on a 8 :f is A-holomorphic int of'S. 
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~~ 3.2: Let A be a function algebra, U an open subset of' 

Spec A and f € C(Spec A) a function which is A-holomorphic 

on u. Then 

b[A,f'] c bA u (Spec A - u). 

50 

Proof: Suppose m € U - bA. There is an open set V containing 

m such that V and bA are disjoint, while f can be approximated 

uniformly on V by functions in A. Hence the closure of' 

[A,f'] in C(V) coincides with the closure (AIV)- of A in C(V). 

By the local maximum modulus principle 2.24, the Shilov 

boundary of (AIV)- is contained in bdry V. 

cannot meet V. Hence b[A,f] is disjoint from U - bA. 

D~~~ni:!J.2..~3-: Let A be a function algebra on X. The 

!:.£.onvex hul_~ of a closed subset E of X is the set 

A-hull (E) = fm € Spec A : lf(m) I ~ 11 f'lk for all f € Aj. 

-
E is said to be A-convex iff E =A-hull (E). Equivalently 

we can define A-hull (E) as the set of all complex homomorphisms 

which extend continuously to (AIE)-. Since every complex 

homomorphism of (AIE)- yields a member of Spec A, we have the 

following 

!ll§.orem.....J..:1±: Let A be a function algebra on X, and E a closed 

subset of X. Then A-hull(E) = Spec (AIE)-. 

50 

Let be a tion , U an open subset 

and f' € c( a tion which is A-holomorphic 

on U. Then 

b[A~ C bA U ( A - U). 

m € U - bA. is an open s V containing 

m such V and bA are jo !I while f' can 

on V f'unctions A. Hence the closure 

[A,f'] c{v) co des with the closure ( IV)- of' in C(V). 

By the 10 maximum modulus 2 .. 24, the Shi 

boundary of' ( IV)- is bdry V. 

cannot meet V. Hence brA, is disj f'rom U - bA. 

a on X. 

a E X is s 

(E) == {m € A • 1f'(m)1 ~ II f'lk all f' € Al. • 

is to E :::: E 

we can A-hull (E) as the set of' homomorphisms 

which (AlE Since complex 

sm ( IE)- a member of' A, we have 

Let A a ion on X, E a 

x. Then (E) == 
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Theorem 3.2: (Glicksberg's Lemma) 

Let A be a function algebra on X, and let U be a nonempty open 

subset of' X. Every function f'. € A which vanishes on U also 

vanishes on Spec A - A-hull(X - u). If' X = bA, then 

V = Spec A - A-hull(X - U) is an open subset of' Spec A and 

v n u is dense in u. 
f_,roof': See [9] p.39. 

Theorem 2 :,.6: Let A be a f'unction algebra. Let f' € C(Spec A) 

be such that f' is A-holomorphic on Spec A - f'-1 ( 0). 

Then Spec[A,f'] = Spec A and b[A,f'] = bA. 

Proof': Let B = (A, f'] • By 3.2, bB C bA U f'-1 ( 0). 

Suppose bB * bA. Then bB - bA is a nonempty rel.a ti vely 

open subset of' bB on which f' vanishes. By Glicksberg's lemma, 

f' vanishes on an open subset U of' Spec A which meets bB - bA. 

But then AIU = BIU and theref'ore 

u n (bB - bA) c b(BIU)- = b(AIU)- c bdry u u bA. 

This is a contradiction and hence bB = bA. 

Let r be the projection of' Spec B onto Spec A i.e. if' 

m € Spec B then r(m) is the restriction of' m to A. We must 

show that every f'iber r-
1

(m') consists of' exactly one point 

i.e. that every m' € Spec A extends uniquely to B. 

Let g = f' o r € C(Spec B). Then g is constant on every 

f'iber r-
1 

(m' ). Now g is B-holomorphic on Spec B - g- 1 (o). 

(Gli fS Lemma) 

Let A a 

subset of: X. 

tion algebra on X, and 

function ( A whi 

u a nonempty open 

on U 

shes on - A-hull(X - U). x then 

V :::: A - A-hull(X - U) is an sub Spec A and 

v () U is U. 

[9] p.39. 

• A be a tion :f € c( A) • • 

that :f is A-holomorphic on A - :f- 1 (0) • 

Then [A, ::: A b[A,f:] :::: bA. 

B :::: :f]. 3.2, C bA U :f- 1 (0) • 

Suppose bB * bA. Then - bA is a ively 

open et o:f bB on IS 

f: vani on an open U A which meets bB - bA. 

But then AIU :::: BIU and there:fore 

U n (bB - bA) C b(BIU)- :::: b(ArU C U U 

is is a ion and bB :::: bAa 

r be the j ion B onto A e. 

m € B then rem) is the res ct We must 

that fiber r-1 (m') consists one point 

i.e. that every mt (Spec A uni B. 

g ::: f: 0 r € c( B) • Then g is constant on 

_1 ( ') r m • Now g is on Spec B - g-1(o). 
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By the f'irst part of' the theoremj b[Bjf'] = bB = bA. However, 

g coincides with f' on Spec A and, in particular 9 on bA. 

Theref'ore g = f', and f' is constant on every f'iber r- 1(m'). 

It follows that r- 1(m') consists of no more than one point. 

Hence r is in f'act a homeomorphism and Spec B = Spec A. 

porq_l~~X- J..:_7: Let A be a function algeb1"a. Let B be a 

function algebra on Spec A such that A c B and such that every 

g € B is A-holomorphic on Spec A. Then 

Spec B = Spec A and bB = bA. 

Proof: By 3.2 every f'unction in B attains its maximum modulus 
t .._ 

on bA. Therefore bB = bA. By 3.6, every m € Spec A extends 

uniquely to each g € B. Hence Spec A = Spec B. 

!_1l_eo__rern .2.· §.: 

Let A be a function algebra. Suppose f € C(Spec A) satisf'ies 

a relation of' the f'orm 
n n-1 

f + gn-1f' + •••+g1f' +go = o, 

where g , ••• ,g 1 €A. o n- Then Spec[A,f] = Spec A and 

~~!= We can assume, by induction, that the theorem is true 

for all function algebras and all continuous roots of' manic 

polynomials of degree n - 1. Consider the formal derivative 

h = nfn-1 + (n - l)gn-1fn-2 + ••• + g1. 

the of' the theorem~ b[B,f'] :::: :::: bA. However 9 

g coinc th f' on , !iI on bA. 

g ::::: f', andf' is on -1 ( ') r m .. 

110ws r- 1(m') of' no more one pOint. 

Hence r is in f'act a sm and Spec :;:: A. 

A be a tunct B a 

ion algebra on A that A C B that 

g € B is A-holomorphicon A. 

B :::: A ::: bA. 

By 3.2 every f'unct B at s maximum modulus 

on bAa bB :: bA. € A 

to g € B. :::: B. 

t Suppose f' € c( A) sati 

a f'orm 

+ + """ f' + :::: o~ 

1 € A. [A,f'] ::: and 

b[Agf'J ::: 

We can assume,? by induction, is true 

f'unct all inuous roots of' c 

polynomi 

h ::: 

n - 1. 

t + (n - 1) 

the 
2 

• 
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In a neighbourhood of a point m at which h(m) * o, the f'unction 

f can be ex.pressed as a convergent povrnr series in the coef'fi-

cients 

h-1 (o). 

g , ••• ,g 1· o n-

It f'ollows 

Hence f is A-holomor:phic of'f' the set 

that h is A-holomorphl.c of'f the set 

h- 1 (o). By 3.6, 

b[A,h] = bA and Spec[A,h] = Spec A. 

Now f satisf'ies a monic polynomial of' degree n - 1 with 

coeff'icients in [A,h], namely 

n-1 ( )/ n- 2 ( )/ f + n - 1 n~gn_ 1 f' + ••• + g1 - h n = o. 

By the induction assumption, Spec[A,h,f'] = Spec A and 

b [A,h,f] = bA. But [A,h,f'] = [A,f] and hence 

Spec[A,f] = Spec A and b[A,f] = bA. 

Qoro}.larz 2,_t.2_: Let A be a function algebra, and let 

f' €. C(Spec A). 

Let S., 1 ~ j ~ n, be subsets of Spec A such that 
J 

flS. € AIS., 1 ~ j ~ n, while 
J J 

Spec[A,f'] = Spec A and b[A,f] 

n 
us. 
. 1 J J= 

= bA. 

= Spec A. 

Proof': If' g J. 
n 

€A coincides with f' on S., then 
J 

. Then 

lT(f - g .) 
j=1 J 

= o. The result follows on application of 3.8. 

(Baire Category Theorem) 

Let X be a compact topological space. If' {E .j 00
' is any 

J j=1 

countable closed covering of X then for at least one m, 

a ne a In 

f can be as a convergent es 

ci s 
1 • 

f is set 

h-1 (o). that h A-holomorphic off the 

h- 1(o). By 3 .. 6, 

b[A,h] :::: bA and ec[A,h] = 

Now f s a of n - 1 with 

ients [A,h], 

+ (n - 1 )/n. Sn-1 
2 

+ (g1 h)/n o. + ..... - :::: 

ion as Spec[A,h,f] :::: A 

b h,f] = bAt [A,h,f] = [Asf] 

and b[ f] = 
hence 

Spec[A,f] :::: Spec 

Let A a runct 1/ and 

f e: C( Spec A). 

Let S j' 1 ~ j ~ n, subsets of Spec A that 
n 

fiS. e: AIS., 1 " 
j ~ n, U S. :::: c A. Then 

J J j J 

[A,f] :::: c b[A,f] :::: • 

gj e: coincides th f on S j' 

53 

tion 

IT(r g) :::: o. The on ion 3.8. 
j::::1 

( Theorem) 

a compact topological ace. !E.1 0); 

J j=1 
is any 

cl0 of X at tone m, 
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int Em is nonempty. 

E_roof': See [17], p. 250. 

ID?_~~: The above theorem due to R. Baire is in fact true for 

a wider class of spaces called Baire spaces. 

!h.eo1"em_ l• li: Let A be a function algebra on X and let 
00 

fE.j. 1 be a countable closed cover of Spec A. 
. J J= 

If' f' E C(Spec A) satisfies f'IEj € AIEj, 1 ~ j < oo , then 

Spec [A,f] = Spec A and b[A,f'] = bA. 
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~: We show first that b[A,f] = bA. Suppose not. Then by 

the Baire category theorem 3.10, there is an index m and a 

nonempty relatively open subset U of b[A,f'] - bA such that 

UCE m• Choose fmE A such that f = fm on Em. By Glicks-

berg's lemma 3.5, f' - f' vanishes on an open subset V of' Spec A m 

Such that V n U is dense in U. By the local maximum modulus 

principle 2.24, b[A,f] cannot meet V - bA. This contradicts 

the f'act that V- bA contains the nonempty subset U n V of' 

Hence.b[A,f'] = bA. 

To show that Spec[A,f'] = Spec A, we employ an argument due 

to Quigley (unpublished). Let r : Spec[A,f'] ~ Spec A be 

the natural projection which raestricts the memoers of' 

If' g € A, then g = g o r. Now f' o r E [A,f] 
1 00 

on each set of' the closed cover { r- (E . ) 1 . 1 of Spec [A, f']. 
J J= 

Applyin&; what we have all"'eady pI'oved to the algebras 

a. 

iE . j 
. J 

ue 
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[ L p. 250. 

The above to R. re is true for 

c of 

A a. on X let 

a countab ·closed cover Spec 

) isfies fIE. € AlE., 1 ~ j 
J J 

A and b[A,f] ::: bA. 

We show that brA, ::: bA. ae not. Then by 

c is an m a 

atively open subset U b[A,f] - bA such 

Choose A such 

·a lemma 3.5, f - f vani 
m 

v n U is u. 

f ::: Glicks-

s on an open subset of 

By the maximum modulus 

2. 9 b[A,f] cannot meet V - bA. s 

the fact that nonempty unv 

b 

show that Spec ,f] ::: A, we employ an argument due 

to (unpublished) . Let r [A, -+ A 

ject which res cts 
;. 

to g E: g == g r. Novi .p r € [A, 0 .L 0 

lr- 1 (N .)1 
co 

on set the clos cover 
J 

what we to 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

55 

,.. ... 
[A,f] and [A,f,f o r], considered as f'unction algebras on 

,.. ,.. 
Spec [A,f], we find that b[A,f ,f o r] = b[A,f] = bA. 

,.. ,.. ,.. 
Since f - f 0 r vanishes on b[A,f,f or], f - f' or must vanish 

,.. ,.. 
on Spec [A,f,f or]~ Spec[A,f]. ConseQuently, f =for, 

and f is constant on each fiber r- 1 (m). It f'ollows that 

i .. is 1:1, and hence that SpecrA,f] = Spec A. 

!h..eg~~m.3 .. ! .. J2: Let A be a function algebra on Spec A and let 

f' € C(Spec A). Let B = [A,f]. For z € R(f)~ let 

T = fm €Spec A: f(m) = zJ. Then z 

Spec B = Spec A~ T z is A-convex for each z € R(f). 

F£.2.9f: Put M =A-hull (T ) (taken in Spec A). z z 

Let K C Spec A x ill be defined by 

K = f (m,f(m)) m € Spec AJ. Then K is an imbedding of 

Spec A in Spec A x re. Let 

H = ((m,w) E Spec Ax ill : m E Mw). 

H can be imbedded in Spec B. Let r denote the natural pro-

jection of Spec B onto Spec A i.e. 
,.. 

m = r(m') iff g(m) = g(m') for all g €A. (Since A·c B, the 

functions in A extend continuously to functions on Spec B). 

Define a mapping s : Spec B ~Spec Ax ill by s(m)=(r(m),f(m)). 

VVe show that s is an imbedcling of Spec B into Spec A x CC such 

that HCs(SpecB). 

" ... 
[A, !';t: 0 rL cons as on 

A " [A,!'], we that b[A,f'~f' 0 r] :::::: b f'] :::::: 

'" A '" 
f' - f' 0 r on b[A,f',f' 0 r], f' - f' 0 r must 

... '" 
on [A,f',f' 0 r] ::> [Atf'} • Consequently, f' :::::: f' 0 r, 

" r- 1(m). f' is on that 

1" is 1:1, and that [A, :::::: A. 

A be a t on A 

f' e: C( Spec A). Let B == [A~ z e: f') ~ 

T :::::: {m € A • f'(m) :::::: zj. . z 

B :::::: Spec =* T is z e: R( f'). z 

M :::::: A-hull (T ) ( in A) • z z 

KC 1 .... x (t be 

K ::: {(m,f'(m» : m €. L K is of' 

Spec x (t. 

H :::::: {(m,w) €. x CI.! • m e: MJ. . w 

H can in B. r denote the 

jection B i.e. 

m ::: r(m f) m) :::::: g €. A. ( ·C B, 

in A to t on B) • 

a mapp s : A x CI.! by s(m) ==( mLf'(m» .. 

s is an of' B into x CI.! 

HC s( B) • 
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(i) sis 1:1. If' s(m 1 ) = s(m 2), then r(m 1 ) = r(m 2), 

so that g(m 1) = g(r(m 1)) = g(r(m 2)) = g(m 2) for all g EA. 

so m1 = m2• 

(ii) H c s(Spec B). For (m,w) E H we define a complex 

homomorphism m'(m,w) on Bas :follows. Let B' be the dense 

subalgebra o:f B consisting o:f all polynomials in :f with co-

efficients from Ai Define m'(m,w) on B' by 

m'(m,w) (Zg.f'i) = Zg.(m)wi, g. £A. 
1 1 1 

Then m'(m,w) is clearly a complex homomorphism on B'. To 

extend it to B it is sufficient to show that m'(m,w) is 

bounded on B' • Now . 

lm'(m,w) (Zgi:fi)I = IZgi(m)wil ~ llZgiwillT:: llZgifillT 
w w 

since Zg.wi E A and (m, w) £ H i.e. m £ M • 
1 w 

extends to a complex homomorphism on B. Also, 

for g EA, m'(m,w) (g) = g(m), which implLes that 

r(m'·(m,w)) = m; and m'(m,w) (:f) = w. 

s(m'(m,w)) = (m,w) and H c s(Spec B). 

'11heref'ore 

(iii) s(Spec A) = K. For m f Spec Ac Spec B, r(m) = rn. 

Hence s(rn) = (m,f'(m)) EK. 

56 

If' we now identify Spec A and Spec B with their irnbeddings 

under s in Spec A x ill we have 

Spec A C H C Spec B. 

(i) s is I If s(m1) =:: sCm,) ~ then r(m 1 ) == r(mzL 

so m1 ) == g(r(m 1» :::: g( r(m 2» == m 2) all g e: A. 

Also~ f(m 1) =::f(m,). h(m 1 ) == h(m 2 ) h e: B and 

so m1 :::: m," 

(ii) . H C s( B) • For (m~w) e: H we 

homomorphism m'(m,w) on B as llows. B' be the 

sub B consis f with co-

Then m' (m,w) is homomorphism on B'. To 

it ci that m' (m,w) is 

b on B'. Now· 

Im'(m 9 w) (Z ) I == IZ (m)w i , ~ liZ liT := r IZ II T 
w w 

s e: A (m, w) e: H i.e. m € M w· Thus m' (m~w) 

a complex homomorphism on B. Also, 

g e: A~ ml(m,w) (g) == g(m), which that 

r(m'"(m,w» == m; mt (m,w) (f) ::::; w. 

s(m!(m,w» :::: (m,w) H C s( B) • 

(iii) s( A) ::: K. m € Spec A C Spec Bs rem) ::::; m. 

sCm) ::::; (m,f(m» e: K. 

we now A Spec B imbeddings 

s 

Spec A C HC B. 
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.~.13: Let A$ f and B be as in the previous theorem. 

If f(Spec B) properly contains f(Spec A) 9 then each point 

w € f(Spec B) - f(Spec A) lies in a bounded component of 

57 

m - f(Spec A). Moreover, f(Spec B) is the union of f(Spec A) 

with those bounded components of m -· f( Spec A) which meet 

f(Spec B) (i.e. f(Spec A) can only be enlarged to f(Spec B) 

by completely filling in some holes). 

Proof: Let m € Spec B be such that f(m) is not in f(Spec A). 

If f'(m) lies in the unbounded component of' m - f'(Spec A), then 

there is a polynomial p in one complex variable such that 

lp(f(m)) I > II pllf'(Spec A)• Since g = p(f) € B$ we .have 

I g(m) I > 11 g 11 Spec(A). This contradicts the f'act that B as 

a function algebra on Spec Ahas its Shilov boundary contained 

in Spec A. 

Alternately, suppose that f'(m) lies in some bounded compo-

nent C of m - f(Spec A). If C is not contained in f'(Spec B)$ 

there is a point w on the boundary of f(Spec B) and contained 

in C - f(Spec A). Let w = f(m
0

). 

Choose a E C - f(Spec B) such that 

I a - w I < inf f I w - f( m' ) I : m' E Spec AJ. 

11'.hen g(z) = l/(z - a) is analytic on a neighbourhood 

of f'(Spec B), so that g(f) c B. But 

lg(f(m0 ))l > II g(f') II Spec A' which, as above, is impossible. 

t A, f' Bbe as the previous 

If' f'( eo B) properly contains f'( A), then 

B) - f'( A) lies w € f'( 

ill - f'( • Moreover, f'(Spec B) is the union of' f'(Spec A) 

wi e s a: -" A) wh 

B) (i.e. f'(Spec A) can only to f'( B) 

by some holes). 

m € Spec B be that m) is not in A) • 

f'(m) lies the unbounded component ill - f'( A), . 

is a one that 

I p ( m) ) I > II p 11f'( A) • S g :::: pCf') € B, we have 

Ig(m)1 > II gil This contradicts f'act that B as 

a function on Spec A has its boundary contained 

A. 

A..l se that f'(m) es some bounded compo-

C of' (C - f'( A) • If' C is not f'( B) , 

is a int w on the f'( B) 

C - f'( A) • W :::: mo) • 

Choose a € C - B) that 

la - wi < inf'r I Vi - f'(m')1 m' € AI. 
g(z) ::: (z - a) is io on a ne 

B), so that f') € B. 

Ig(f'( »)1> 1/ f') 1/ A' ~ as ~ is imposs 
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Theorem 3.14: (Lavrentiev) 

Let K be a compact subset of the complex plan~~ 

The conditions 

(1) int K is empty 

(2) the complement of K is connected 

are necessary and sufficient for P(K) = C(K) 

P-:r:>oof: See [4] p. 104. 

Theor~m 3.15: Let H be as in 3.12 i.e. 

H = { (m,w) € Spec Ax CV: m € ~J. If f(Spec A) is a compact 

subset of the plane with connected complement and empty interior, 

then Spec B = H. 

Proof: By 3.13, f(Spec B) = f(Spec A). As in 3.12 consider 

the imbedding s : Spec B'-+ Spec A x ID given by 

s(m) = (r(m), f(m)), where r is the natural projection of 

Spec B onto Spec A. Then 

s( Spec A) c H C s( Spec B) C Spec A x f( Spec A) 

and we wish to show that H = s(Spec B). If 

s(m) € s(Spec B) - H, from the def'inition of' H there exists a 

function g in A such that 

1 = lg(r(m)) I > II gll M Since s(m) is not in 
f'( m) 

a(Spec A), we can choose a neighbourhood V of' f(m) in m such that 

(m',z') € s(Spec)A n [Spec Ax (V n f'(Spec A)]~ 

I g(m' ) I < I g('r(m)) I • 

) 

complex pI 

The 

(1) int K is empty 

(2) the complement of K is connected 

are neceaa ient ::: C(K) 

See [4] p. 104. 

H as 3. i.e. 

H= [ (m,w) € xID: m€ Mw}. 
th connected 

f( A) i a a compact 

sub the and empty interior f 

B = H. 

f( Spec B) :::: f( A) • 

the imbedding s : Spec .... Spec x m given by 

sCm) :::: (r(m), f(m», where r is natural proj 

Spec B onto Spec A. 

a(Spec ) C He a(Spec B) C A x f(Spec A) 

we wish show B) • If' 

a(m) € a( Spec B) - Hg from the of H there 

ion g in A such 

1:::: Ig(r(m»1 > IlgII M • 
f(m) 

Since sCm) is not 

a(Spec A)g we can 

(m' ,z') € a(Spec) 

se a ghbourhood V f(rn) 

A)] '* ~ [Spec A x (V n f( 

ml) I < I gfr(rn»I. 

cons 

s a 

m such· that 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

Also 9 since f(Spec A) is a compact subset of' the plane with 

connected complement and empty interior, by I.avrentiev' s 

theorem 3.14, every continuous function on f'(Spec A) can be 

59 

unif'ormly approximated on f'(Spec A) by polynomials. 

cular 9 if' h is a function which peaks at f'(rn) i.e. 

h(f'(m))=l, lh(z)I < 1 f'or z € f(Spec A), z * f'(rn), 

In parti-

then h can be uniformly approximated by polynomials. 

But f'( Spec A) = f'( Spec B) => h( f') € B. Choose an integer 
- . N 

N such that II h II f'(Spec A) _ V < 1/11 gll • 

Let h' = hN(f')g. Then h' £ B, lh'(m)I = 1 and 

11 h' II Spec A < 1, a contradiction as in 3.13. 

~~y 3.16~ Let A be a function algebra on Spec A. Let 

If' f'(Spec A) is a compact 

subset of' the plane with connected complement and empty interior, 

and in addition Tw = Mw f'or each w € f'(Spec A) i.e. the set 

f'-
1 (w) is A-convex f'or each w € f(Spec A), then Spec A= H 

and hence Spec A = Spec B. 

Proof': We had previously that Spec A c H if' we identify 

Spec A with K .= { (m,f'(m)) : m €. Spec Aj. But 

H = U {Mw X f wj 

= U {Tv.r x {wJ 

= K. 
Hence Spec A·= H. 

w € f( Spec A)} 

w € f'( Spec A)} 

By 3.15, H = Spec B and so Spec A = Spec B. 

80 9 since f(Spec A) is a t set of pI wi 

connected cornp , by 

theorem 3.14, every continuous ~unction on ~( 

uni~ormly on ~( ) 

ar 9 if h is a tion which f(m) i.e. 

h(f'(m»::::l, Ih(z)1 < 1 Z E: f(Spec ), Z * fern), 

h can uniformly by polynorni 

f( Spec A) ::: ~( B) .. h(:f) € B. Choose an 

N II ) - V < II gil • 

h' € B ~ I h ' (rn) I :::: 1 and 

II hIli < l~ a as in 3.13. 

A a f'unct on 

H ::: !(m~w) € x a: m € M 1. w 
If A) 

of the p complement 

iev's 

) can be 

In p 

is a 

ty 

and ion Tw ::: Mw w E: f( A) i. e. 

1 (w) is w E: f( Spec then ::: H 

B. 

We C 11 if' we i 

Spec A wi K::: Urn, m) ) : rn E: Spec A J • But 

H :::: U tMw x {w f w € Spec A) j 

:::: U x {vd w € f'(Spec A) j 

::: 1\. 

Spec A ::: H. 3. 9 H ::: B so Spec A ::: 

59 

or, 

B. 
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Remark: There is an interesting interpretation of' the condition 
. 1 

in 3.16 that Tw = f'- (v.r) be A-convex f'or each w € f'(Spec A). 

It has been shown earlier (see 3.4) that if' E is any closed 

subset of' Spec A~ then Spec(AIE)- = A-hull(E). 

Since f' is constant on each T , w 

( [A,r] IT_)- = (AIT )- • w . w Hence 

Spec([A,r]ITW)- = Spec(AlTW)- = A~hull(Tw) = Tw 

for each w € r( Spec A). Thus Spec [A, f'] = Spec A if this is 

true f'or the restrictions oi [A,f'] and A to each Tw. 

Theorem 3.12 stated that 

Spec A= Spec[A,f'] ~ T is A-convex f'or all w € f'(Spec A). . w 

What we have just proved in 3.16 is a partial converse to this 
. 

i.e. if Tw is A-convex ror all w € f'(Spec A) and in addition 

f'(Spec A) is a compact subset of' the plane with connected 

complement and empty interior 9 then Spec A= Spec[A,f']. 

Gamelin and Wilken in [18] have produced the f'ollowing 

counter-example to show that T, is A-convex f'or each w € Spec A 
w 

does not necessarily imply that Spec[A,f'] = Spec A : 

let f'(z) ::: z 2z, z € 6. 9 where b. is the unit disc. The f'unction 

f' is a homeomorphism of' b. and Spec[P(b.),f'] is strictly larger 

than 6 =Spec P(b.). Notice that f'(Spec P(6)) does not have 

empty interior. 

~apk: We can extend 3.12, 3.13, 3.15 and 3.16 to the more 

.~~.!!:: There is an int ting 

3. Tw :::: f'-1 (w) A-convex 

It has ier (see 3.4) 

subset of' Ay ( IE)- :::: 

Since f' is constant on each T ~ 
.. W 

([A,f']I )-:::: (AI )-. 

( f'] I )- :::: Spec(AIT )- :::: 
w . 

tat 

w 

E is 

(E) • 

(T ) :::: 
W 

w € Spec A). Thus Spec[A,f']:::: 

true f'or the restrictions oi [A, and each 

3. that. 

A 

Spec [A~ f'] ,*T is f'or w € f'( 
w 
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condi on 

• 

s is 

) . 
What we proved 3.16 is a parti converse to s 

i. e •. if' T is 
Vi 

Spec A) is a compact 

complement and empty 

Gamelin 

to 

w € f'( 

does not necessarily imp that 

:r(z) 2-
== z Z 9 Z € 6. 9 

:r is a homeomorphism 

than /::" :::: p( 6.) • ce that f'( 

empty erior. 

We can 

A) and tion 

plane connec 

f'] • 

w € A 

t sc. f'unction 

c 

/::,,) ) have 

3. more 
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general situation in which a :finite number of' :functions are 

adjoined to A. Then the statements of' these results have to 

be :formulated in terms o:r intersections of' the level sets of' 

the functions. The statements are the same except that in-

stead of' adjoining :r € C(Spec A) to A 9 we adjoin 

{f';,•••9:rnJ C C(Spec A) and replace 

Tw by T(w19 ••• 9wn) = {m €Spec A: f'i(m) = wi 1 i = l9•••9nj, 

Mw by M(w1, ••• ,wn) = A-hull(T(w11 ••• 9 wn)) and 

H by H' = {(m,w19 ••• 1 w) €Spec Ax Q!n: m € M(w1 ,_. 09 W )J. . n n 

We norr come to the application of' the :foregoing to f'ini tely 

genepated function algebras, but :first we need to state a 

couple of' theorems. 

61 

~f'in~~i~: For K a compact subset of' the complex plane9 

Ao(K) will denote the set of' all f' € C(K) which are analytic 

in the interior of' K. 

T1l£or~I_l1. 3.18: (Mergelyan). 

J..Jet K be a compact subset of' the plane. 

complement, then P(K) = Ao (K). 

P~o9J:: See [9] p.48. 

If' K has connected 

'I'-!1~.~m",,l~: .A compact subset K o:r the plane is polynomially 

convex iff' its complement is connected. 

adjo 

be 

of' 

si 

to Then the 

in terms 

f' €: 

{f'" •.• ,f'nJ C C{Spec ) 

T. by T(W1~"'~ ) {m 

M. by M(W" .•• ,wn ) = 

a f'inite number 

s 

ect 

are 

e 

(m) = 

(T(W1 , ••• ,Wn» 

t are 

ts have 

s 

that in-

H by Ht = {(m,w1 ' •• "w ) €: . n A x ron : m €: M (w 1 ? ••• j ) J • 

now come to ication of' the to tely 

t we to state a 

couple of' 

K a act set complex ane, 

Ao(K) will deno f' €: C( ch are ic 

K. 

(Mergelyan) . 

t be a compact subset of' If' K connec 

complement, then P(K) = (In. 
[9] p. 

t subset K is 

convex its connec 
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Pr .. £g.f: See [9] p.68. 

Now let A = (g] be a singly generated function algebra on 

Spec A. Then A is isometrically isomorphic to P(K) 9 where 

K = R(g) C CC. But K is compact and polynomially convex and 

hence by Mergelyan's theorem 3.18 and the characterization of' 

polynomial convexity in the plane.3.19 9 A is in f'act isometri-

cally isomorphic to Ao(K). Suppose we adjoin to A a f'unction 

f' € C(Spec A) which is such that Spec A·= Spec[A 9 f']. 

that [A 9 f'] is isometrically isomorphic to P(K 1
) 9 where 

" " 

Notice 

K' :cR(g) x R(f'). Since K is homeomorphic to Spec A and K' 

is homeomorphic to Spec [A,f'] 9 it f'ollows that K is homeomorphic 

to K'. In particular 9 the homeomorphism <P : K -+ K' is given by 

cp(z) = (z 1 w). 

lh£g~em 3:..£.Q: Let A = [g] be a singly generated function 

algebra on Spec A and let f' € C(Spcc A) be such that 

Spec A= Spec[A,f']. Then there exists a continuous algebraic 

epimorphism i' : [A,f'] -+ Ao(K) • 

Proof': Def'ine the map ~ : Po(K') -+ Po(K) by 

w ( p ( z, w)) - p ( <P -
1 

( z 9 w)) 9 where p € Po ( K' ) 

m i.j m k 
i.e. qi ( L.: :Z a .. z w ) = :Z ( :Z a .. ) z 

k:O i+j:k iJ k:O i+j:k iJ 

thus def'i~ed is clearly onto 9 but not necessarily 1:1. 
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[9] :po 

Now ::: [ be a s t on 

Then is i isomorphic P(K) 1 

... 
K ::: g) C CC. K is act convex and 

by Mergelyan's theorem 3.18 and the ion of 

the p t isometri-

c isomorphic to Ao(K). Suppose we oin to A a t 

f € C(Spec A) which is such Spec .::: Spec[A~ Not 

that [A,:r] is i i to P(K') 9 where 

K' :::oR(g) x R{f). Since K is homeomorphic to A and K' 

is homeomorphic to [A,fJ, it follows K is 

to K~. sm ~ K ~ K' is given by 

~(z) ::: (z,w). 

Let A ::: [g] a s 

on A and f € C(Spec A) that 

A ::: Spec[A~ sts a 

epimorphism :r (A,f] "'" Ao(K) •. 

. the map <1i . o(K' ) .... Po(K) by • • 

w (p(z,w» ::: p(q>-1(z,w», p € Po(I{I) 

m 
a .. z 1w j

) 
m 

i.e. ~( ~ ~ ::: .z ( .z a 1 j) 
1+j:::k J.J 

1+ 

is onto, but not necessarily 1:1. 
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i j i j 
cI> is linear: let ·p 1 = ZZa~ .z w , p 2 = ZZb .. z w 

~J J.J 

(we can assume for the sake of simplicity that z and w occur 

to the same powers). Then 

( i j i j) = <!> Z.l: a .. z w + ZZb .. z w 
J.J l.J 

= 1?(.ZZ(a .. + b .. )ziwj) 
1 J 1 J 

= Z ( Za .. + b .. ) zk 
k 1.J 1 J 

= Z(Za .. )zk + Z(Zb .. )zk 
k J.J k iJ 

= qi(p1) + ~(p2) 

Similarly qi(ap) =a<P (p) for p € Po(K') 9 a€ m9 

qi is continuous : let e > o be given and let p 1 
i j = zza . . z w • 

l.J 

Choose p 2 

Z la .. -
i+j=k 1 

J 

I . qi (p1 ) -

i j = ZZb .. z w such that 
J.J 

I k k b .. I = Z le .. I <·e 2 lzl • 
1 J . . _,~. 1 J 

1 +J ::.t\. 
Then 

q, (p 2)l = IZZc .. zkl ~ ZZlc .. I lzlk < e. 
J.J J.J 

Thus far we have shown that cI> is a continuous algebraic 

epimorphism from Po(K') onto Po(K). It can be extended by 

continuity to 1? : P(K') ~ P(K) as follows: if p € P(K'), 

define ·w (p) to be the uniform limit of cI>(p ), where p ~ p 
n n 

uniformly. We now show that cI> thus defined has the same 

properties as <P. 

Let f € P(K). We want to show that f € <P(P(K')) i.e. 

that <P is onto. Now "1 e > o 3f1 €. Po(K) such that 

Since <Pis onto, 3 g1 € P 0 (K') such that 

63 

qi is j , ij 

(we can assume of' simpli ty z and w occur 

to same ). 

j 

== ZZ(a .. + .) 
~ J J 

== Z ( Z . + b. .) zk 
k J ~ J 

== Z(Za .. ) + Z( 
k ~J k 

== qi(1'1) + Cb(P2) 

qi(a.p) (1') f'or 

iII(P1 P 2) == iII(p,) t3} (P2)' 

qi is continuous e: > o be P1 ZZ j 
j • 

Choose P 2 == j 
that 

1: I a. b i j I Z . I k 
== < 

i 
~ 

i+j J 

I . Ii> (1'1) - iII (1' 2) " == IZZ .zk I 
J 

::e;; j J Izl k < e. 

Thus f'ar we have shovm that Ii> is a continuous a1 

sm (K I ) Pc (K). can by 
..... --

to <P P(K') .. P(K) as f'o if' P € P(K' ), - ..... -{!? (p) to be the I'm limit of' Ii>(p ), where l' .. l' 
...... n n 

We now show iII thus the same 

as iII. 
..... 

Let f' € P(K). We show f' € iII(P(K'» i.e. 

that Ii> is onto. Now 'i/ e > 0 € Pc(K) such 

II f' - 1',11 < e. Since Ii> is onto, 3 € (K' ) 
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Hence II f' - <P( g 1 ) 11 < e:. Theref'ore 

f € <P(Po(K')) = 4?(P (K')) = <I>(P(K')). 

<I> has the same algebraic properties as \I>. Let 

We must show that 

i,P(a.f1 + f3f' 2 ) =-a.<I>(f1 ) + (34?(f 2), or equivalently that for any 

e > o we can get 

Now 

...... - ' ' - '' - ....., 

64 

= JJ4?(a.f'1 -+1·f3f'z) - <P(a.f'1+f3f'z) + q)(a.f'1+f3f'z) - a.<I>(f'1) - f3<I>(fz)11 
....., "' ·,. I f f ....., ....,. 

= ll<P(a.f'1+f3f'z) - 4?(a.f'1+f3f'2)' +·4?(a.f'1+f3f'2) - a.<I>(f'1) - f3<I>(fz)ll 

....., ..... ' ' ...... ,..... ....., '"' 
= II <I> ( a.f 1 +(3 f' Z ) ~ ( a.f' 1 +(3 f z ) +a. ( <I> ( f 1 )-<I> ( f 1 ) ) +(3 ( <I> ( f' 2 )-4? ( f 2 ) ) I I 

"' "" ' ' "V ' "" """ "" 

~ ll\l>(a.f'1+(3f 2)-<I>(a.f'1+(3f' 2)11 +la.I JI 4?(f1 )-4i(f'1 )11 + 1(31 llqi(f~}4>(:fi)ll 

< e' +la.le:" + 1(31 e:'" < e: 

' ' f'or f' 1 and f' 2 € Po(K') chosen suitably close to 

f'1 and f 2 respectively. 

Similarly~ qi(f' 1f 2) = <I>(f1 ) qi (f' 2). 

Thus we have a continuous algebraic epimorphism 

qi : P(Kv) 'P(K) = Ao(K). 

But [A$f] is isometrically isomorphic to P(IC) and hence 

there is a continous algebraic epimorphism 

64 

II l' - g1)11 < e. 

---- -. 
f € ~( (K'»:::::: ~(p (K'» :::::: ~(P(K'». 

the same c as~. Let 

, fz € P(K') 0. 9 /3 € !.n. We must that 
...... ..... ..... 
<.p(a.1'1 + 2) =- a.~( ) + !3~( f 2) , or that 

e > 0 we can 
...... ..... -

/I 4? ( 1 + 2) - a.4?( 1'1) - (1'2) II < e. 

Now - .... ..... 

/I iJ> ( 0.1' 1 + 131'2) - (f 1 ) - j3~(1'2)11 

"" I t "" , ..... .... 
:::::: II~ ( off, 2 ) - \P(a.1'1 +j3f 2 ) + w( 2) - a.~(f1) - !34?(1' 2)II 

....... ..... t I , t "'" 
:::::: II ~ ( 0.1' 1 +(3 f 2) - ~ ( +/3f 2 ) +'<.P(a.f1 2) - (f1 ) - (fz)1I 

..... "" , ..... 
t 

...... ..... , ..... 
II 4? ( 2 )-4> ( 2)+a.(~(1'1) ( 1'1 ) ) +(3 ( ~ (f Z ) ( ) ) 1/ 

..... ..... t I ' ....... , ..... ...... ...... 

~ II ~ ( +(31' 2 ) +{31' 2) 1/ + I 0.1 II <i>(1'1 ) (f1 )lI + 1131 1l\P( f 2 }4i 

< e' + Io.le" + 1/31 eft' < e 
I 

f2 € (K') chosen suit 

and f 2 

we 

~ : P(K') ... P(K):::::: (1\:). 

~f] is i is 

there is a cont 

(K) • 

close 

ep sm 

to P(K') and e 

sm 

/I 
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We can strengthen 3.20 if, in addition b[A;f] = bA. 

To do so~ we need a couple of further results. 

Theorem 3.2~: Let K be a compact subset of the plane. Then 

the Shilov boundary of P(K) is the topological boundary of 

hull(K). 

Proof: See [4] p.85. 

proposition 3.22: Let A = [g] be a singly generated function 

algebra. Then bA = Spec A .,. A = C(X). 

!X..~<?.f: We prove the equivalent assertion that 

P(K) = C(KL where K = R( g). 

Nov-IT bA = Spec A .,. bdry K = K~ by 3. 21 

.,. K - int K = K 

.. int K is empty~ since K = K 

.. K is a compact subset of the plane 

with empty interior and connected complement, by 3.19. 

Qs>r2)1S£~2·?2: Let A = (g] be a singly generated function 

algebra on Spec A such that bA = Spec A. Let f € C(Spec A) 

be such that Spec[A,f] =Spec A and bA = b[A,f]. Then there 

exists a continuous algebraic epimorphism 

~ : [A, f] -+ C(K). 

Pr2.2f: The result follows immediately from 3.20 and 3.22. 

65 65 

We can 3.20 t 

To do so~ we a couple of' results. 

K be a compact subset the plane. 

the Shi of' p( ) is of' 

(K) • 

;;,.;;;,.;;;.;;;.;;;.: See [ p.8S. 

• A [g] a • :::: tion 

Then bA ::: A'* ::: C(X). 

We prove the ass that 

p( :::: C(K), K ::: R(g). 

Now .- Spec A '* bdry K ::: by 3. 

'* - int K == K 

'* int K is empty~ s K ::: 

10} K is a act the 

with complement~ by 3. 

Let A:::: [g] a s tion 

algebra on A that bA::: Spec t f' e: C(Spec A) 

be that [A,f'] :::: bA ::: b [A, f' J • 
exis a continuous imorphism 

i' : [A, f'J -l> C(K). 

f'rom 3.20 and 3. 
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Remarks: (i) The function f € C(Spec A) in 3.20 could be 

such that it satisfies the conditions of any one of 3.6 - 3.9, 

3.11 and 3.16. The runction f € C(Spec A) in 3.23 could be 

such that it satisfies the conditions of any one of 3.6 - 3.9 

and 3.11. 

(ii) Theorem 3.20 c~n be extended to the case where 

a finite number of functions~ say {f1 , ••• ,fn}, are adjoined 

to A, provided that Spec [A, f 1 , ••• , f n] = Spec A. e.g. 

if {f1 , ••• ,fn} are A-holomorphic on Spec A (by corollary 3.7) 

or if {fp •• .,fn} satisfy the conditions of corollary 3.16 

(see remark preceding definition 3.17). 

(iii) The definition of an A-holomorphic function 

(see Definition 3.1) is identical to that of a function which 

is locally approximable by the functions of a function algebra 

A • Moreover, functions l.ocally approximable by the functions 

of A are also locally in A • Thus all results flowing from 

theorem 3.6 are true for functions locally approximable by 

functions in A and functions locally in A • For a discussion 

of the adjunction of such functions to a function algebra see 

the M.Sc. thesis of J.P.G. Ewer, i;Approximation Properties of 

Function Algebrasn [ 35] , done at the University of Cape Town. 

66 

(i) The f' € C(Spec .lA.) 3. 

such it condit any one 3.6 - 3.9, 

3.11 and 3. f € c( J:"') 3. 

that it sati es the tions any one of 3.6 - 3.9 

3. 

a fini 

( ) Theorem 3.20 C?l1 

f'unctions~ s 

the case where 

{f1 , ••• ,fn19 are adjoined 

to A, provided that [A,f1 ,···9 ] = e.g. 

{ , . . . , J are on (by co 1"'0 1 3.7) 

or { j satisfy tions of corollary 3.16 

(see on 3. ) . 
(iii) definition an A-holomorphic ion 

(see 3.1 ) is ident to that of a tion which 

oximable by the functions of a function algebra 

A. Moreover, functions locally the functions 

A are o locally in A • Thus results from 

3.6 are true for functions approximable 

functions in A funct locally in A • a 

of e of to a function algebra see 

M. • thesis of J.P.G .. Ewer, liApproximation s of 

Funct :i· [ , done at the Universi of Town. 
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QliAPTER N. 

FUNCTION A~~BRA§.._AS DIRECT LIMITS 

OF THEIR 

FINITELY GENERATED SUB-FUNCTION ALGEBRAS. 

67 

In the case that.a function algebra A contains a 1: 1 

function, we can express it as the direct limit of its finitely 

generated sub-function algebras. The value of this procedure 

will be seen later on when we shall show how information about 

such a function algebra can be obtained from the characteristics 

of' its finitely generated sub-function algebras and vice versa. 

Q_efj.ni tion 4.1: A .§;ir~c!~.£3et D is a set with a partial order 

relation.~ such that for a., {3€ D there is a y € D with 

a. ~ Y and {3 E:; Y. 

A q_irect system of algebras~~d algebr~ h~momorphisms 

{Aa., h~} consists in a collection {A°'} of' algebras indexed by 

a directed set D, and a collection of' algebra homomorphisms 

h~ : A°' ~ A{3 f'or every a., ~ € D with a.~ {3 such that 

(a) 

(b) 

ha = identity of' A°' a. 

h~ = h~oh~ : Aa ~ A{3 f'or a. ~ {3 ' Y in D. 

A dir~ct l~ of' a direct system of' algebras and algebra 

homomor·phisms {,A a., h~} is an algebra A together with a f'amily 

of' algebra homomorphisms ha : A°' ~ A(a. in D) satisfying the 

67 

In case that a A contains a 1: 1 

tion, we can direct t of' itsf'ini 

generated sub-fUnct value of this procedure 

11 seen we show how information 

a function can be obt the teristicB 

of i fini sub-funct gebras ce versa. 

A D is a th a ial 

that a., ~€ D is a Y € D wi 

a. ~ Y ~ ~ Y. 

A 

{Ao" h~j sts a collect fAa.} by 

a set D, and a co of homomorphisms 

h~· a. • .... A~ every 0. ,1 (3 € D th a. ~ ~ such that 

(a) ha. ::: ity Aa. 
a. 

(b) ::: hY h~ • Aa. .... for 0, ~ (3 (,; Y D . ~o a. • 

A ~.£..t.m!i.mi t a 

homomol"'phi sms f,A a. , is an algebra together with a family 

of' sms h". : Aa. .... A(a. 
u. 

D) sfying 
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conditions 

h hp = h if' a. ~ A in D. and j3 0 a. a. I-' , (1) 

(2) f'or any algebra A' and any collection of' algebra homomor-

' a. ' l3 ' :phisms ho:. : A -+ A 1 such that hl3 o ha. = ha. if' a. ~ f3 in D, there 

' exists a unique isomorphism h' : A -+ A' such that h' o h = h 
0:. a. 

" 

f'or all a. e: D. The situation is summed u:p in the f'ollowing 

diagrams in which all the triangles commute. 

Aa. 

/ I \ 

h' 

A is also denoted by lim.dir. Aa.. 

The direct limit of' a direct system fAa., hl3j has a canonical 
a. 

f'orm, which can be constructed as f'ollows. 

I,et .Z Aa. be the direct sum of' the Aa. i.e • .Z A°' consists of' 
a.E:D 

all f' £Tr Aa. such that only a f'inite number of' coordinates 
a.E:D 

of' f' are not zero. For each a. e: D there is an· embedding 

68 

tions 

(1) h h P ::::: h 0. ~ 13 D, 13 0 a. 0. 

(2) f'or any al At and any homomor-
t t f3 

, 
sms h -to A' such h13 0 ho. ::::: h a. ~ p 

0. a. 

ets a uni isomorphism h' : A -to At such that h' 

is 

a. £ D. 

in which 

so 

f' £ 1T Aa. 
a.E:D 

t 

of' f' are not zero. 

. 
si is summed up the 

lim. 

a 

hf.' 
a. 

A 

a. 
• A • 

only a 

For each a. E: D 

commute. 

h' 

i.e. Z Aa. consis 

number of' coordinates 

is an 
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A a, _. ZA a.; given f°' in A 0', i (fa.) is the element of' a. 
-th a, with a. coordinate f and all others zer•o. 

Let S be the submodule of "ZA°' generated by the ranges 

(iAoh~ -i )(Aa.) f'or all (a., [3) € D x D with a.~ [3. 
I-' a. a. 

1'.hen Z A a. /S is a direct limit for {A a,, hf3 J where 
a. 

h : A a. _. "ZA a.;s is the com:posi te of the canonical map from 
a, 

"ZA°'/s and i . a. (see [td. p.211.) 

p~finition 4.2: An inverse system of topoloJlica1-_sp_aces and 

£Qni~nuous maps {X , rf3J consists in a collection {X J of' a. a. a. 

69 

topological spaces indexed by a directed set D, and a collection 

of continuous f'unctions r[3 : X _. X for a ~ [3 in D such that 
a. 13 a. 

(a) 

(b) 

identity of' xa. 

r~or~ : xy ... xa. f'or a. ~ 13 ~ y in D • 

.An inverse limit of' an inverse system of' topological spaces 

and continuous maps is a topological space X together with a 

family of continuous maps r : X _. X , a, € D, satisfying the 
a. a. 

following conditions 
B 

r~or13 = ra, (1) 

(2) for any topological space X' and any f'amily of' continuous 
t 

maps r • X ' _. X such that a. • 

(:l ' ' r orA = r for (a,, ~) € D x D with a, ~ [3, 
a. t"' a. 

there exists a unique continuous map r X' _. X such that 

i a. 

Let 

th a. 

S 

(i~oh~ -

coordinate 

submodule 

)(A a.) f'or 

, i ( ) is a. 
elemen.t of' 

zero. 

by 

(a., ~) € D x D with a. ~ ~. 

Then 1: Aa./S is a rect t {A a., h~} 
a. 

11 Aa. ... 2Aa./S is 
a. c si canonical map f'rom 

a. i 
a. . (see [4]. p. .) 

An tem 

Ix , r!3J consists a t Ix 1 a. a. a. 

es by a rec D, and a 

of' tions r~ : X!3 -I> X :COl'" a. ~ !3 D a. a. 

( a) ::: identity of' 

(b) = r!3 r Y • v 
-I> X f'or a. ~ !3 ~ Y D. 

a. 0 !3 • Ay a. 

An of' an tem of' topological 

69 

that 

is a X together with a 

ly continuous maps X ... , a. € D9 i 

f'ollowing conditions 

(1) 8 r' 0 = a. 

(2) any Xt and any ly 

s : X I "'X such that 
!3 I f 

ra.or!3 = r f'or (a., 13) € D x D th a. ~ /3, a. 

there sts a continuous map r X, ... X such that 
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r or = r for all a. € D. a. a. We. can sum up by saying that all 

t1"iangles in the following diagrams commute. 

r1' 
a. 

X13 

70 

x y 

./ yx~(~ \ 
X ~ ~ X' 

r 

The inverse limit is also denoted by lim.inv. 

We can construct an inverse limit of an inverse system of 

topological spaces and continuous maps as follows: 

Def'ine a thread to be an element x of the topological 

product Tr X such that 
a.ED a. 

= x wherever a. ~ (3. a. 

Let X be the set of all threads provided with the relative 

topology induced by lTx 9 and let r (x) = x for x € X. a. a. . a. 

i.e. r is the restriction to X of the projection from 1Tx a. a. 

onto x a.. Then {X, r J a. is an inverse limit of the inverse 

system {X 
a.' 

j3 J r a. • For if {X' ' r' J a. is such that r'= rl3 r' a. a.o (3 

for• all (a.,j3) € D x D such that a. ~ j3 ' then each element 

x' of X' defines a thread (r'(x')) a. €D. a. The map r : X' ~ X 

r = r :for a. a €. D. We can sum saying 

in the diagrams 

X~ 

x 

inverse limit is denoted by inv. [X , rf'l 
a. a. • 

can cons t t an inverse 

spaces continuous s as :follows: 

a an element x 

t '"IT X such r!<x(3) = x a. :;;.; {3 • 
aE:D a. a. 

the set threads th the 

, :: X f'or x €. X. a. 

i.e. is the re jection 

.. Then fx, is an t of' the 

{xrJ3 j a. 9 a.. {X' , I j is that 

(a.~(3) €. D x D such that a. :;;.; (3, then each 

x' X' a (r'(x'» a. The r a. . 

X' 

o:f 

r' 
j3 

X' "'X 
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which sends x' f X' onto its corresponding thread is easily 

verified to be a commuting homeomorphism and is unique by 

definition. Henceforth we shall refer to (X, ra.} as just 

defined as the inverse limit of the inverse system. 

rJ'O,E.2_~ ti on 4. 3: 

Let {X , rl3l be an inverse system of compact Hausdorff spaces 
a. a. 

and continuous maps. Then the inverse limit of the system 

is also compact. 

~ro_9f: See e.g. [4]. p.210. 

Now suppose we are given a function algebra A containing a 

1:1 function g. Let D be the family of finite subsets of A 

which include gas a member i.e. a f D iff a= {g, f 1 , ••• ,fk1 

where the f. and g belong to A. If we direct D by inclusion, 
J. 

then Dis clearly a directed set. Put Aa. = [g, f 1, ••• ,fk]. 

Clearly, A = u A a.. Let i ~ Ao. -+ Al3 be the inclusion. map for 
a.fD a. 

Then (A°', il3} forms a direct system of algebras and a. 
algebra homomorphisms, having as direct limit A= U A'\ with 

a.fD 
the i a. A°' -+A taken as the inclusion map. For suppose 

(A', i~) is such that i~oi~ = i~ for all (a.,13) f (D x D) with 

a. ~ 13. We can define an alt;ebi-•a homomorphism i : A -+ A' 

as follows: if f f A then thePe is an a. f D such that :r €. Aa.. 

Let i(f) = i'(i - 1(f)), which is well defined since i is the a. a. . a. 

whi x' € X' onto its corre is easily 

verified to be a commuting homeomorphism is uni by 

t we shall 

as of the 

an e 

cont Then 

is also compact. 

to {X 9 r l as ex. 

sys 

1 t 

t 

spaces 

See e.g. [4]. p.210 .. 

Now suppose we are a funct A containing a 

1:1 function g. te s of A 

which g as a i.e. ~ € D ~ = {g, f1, •••• fkl 

g belong to we direct .D by ion, 

then D is a rected set. A ex. = [ g, fl' .... ,fk]· 

01 i~ Aex. .... A~ the J ex. 

a. ~ ~. J i f3 1 forms a and ex. 

sms, as rect limit A ::::: V J with 

i . Aa. .... A t as inclus map. se a. . 
{ I I J is such that • r • f3 i ' for ( 0., ~) € (D x D) with , lf301~ ::::: ex. 

a. ~ (3. We can an homomorphism i . A .... A' • 

as f € then there is an 0. € D that f € 

t ief') 
. , i -1(f», is is ::::: 1 ex. 
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inclusion map. It is easy to show that i has the required 

properties. 

Note that if we were to define D simply as the fan1ily of all 

f'inite subsets of A we would have no guarantee that the subalge­

bras generated by these finite subsets would in fact be function 

a].gebras~ since they.may fail to separate points, even though 

A does so. Purely as an algebra 9 however, a function algebra 

is the direct limit of its finitely generated subalgebras. 

Indeed, if .i-1.. did not contain a 1: 1 function we could not even 

use our somewhat artificial tactic to ensure that A is the 

direct limit of certain of its finitely generated sub-function 

algebras. That A contains a 1:1 function is a sufficient 

condition for A to be so expressed. We do not knm-.r if it is 

necessary. Henceforth 9 vvhenever we discuss function algebras 

as direct limits we shall tacitly assume that A contains a 

1:1 function. 

Now let A be a function algebra containg a 1:1 function g 

and let D be the directed set described above. 

Define f3 . Spec Af3 ~ Spec A°' for a. ~ f3 in D as follows: r 0 a. 

if m € Spec r~i3 then r~(m) = m l"'estricted to \a. 
J; ' 

Ji.. • 

Then rspec A°'. r~ 2 • • t f' t H d f'f t , 5 is an inverse sys em o compac aus or 
a. 

spaces and continuous maps. I,et 

r' : Spec A ~ Spec A a. be the map sending each element of a. 

Spec A onto its restriction to A°'. 

72 

ion map. It is easy to show i has the 

properties. 

No we were to D simp as 1y of' 

subsets of' 

9 S 

A does so. 

is rect 

, if' not contain a 1:1 t not even 

use our s ci 1c ensure A is 

t 1 of' s t 

A contains a 1:1 f'unct ient 

condition f'or to be so sed. do is 

necessal"Y. we scuss f'unct 

as t ts we t assume contains a 

1:1 f'unct 

Now A be a t a1 a 1:1 g 

let D s 

Def'ine r f3 Aa. 
a. a. ~ (3 D as :follows: 

if' m € J r~(m) In x'es 

{ a. 1 is A , an e 

s t 

~ Spec Aa. be map 

onto its res 
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Spec 

Spec 

A, r' J is an invc;;rse limit of' the· inverse system 
a. 

a. f3 1 
A, ra.l• 

73 

froof': Clearly, lim.inv. !Spec Aa., r~J =Tr Spec Aa., since the 
a. a.€.D 

rl3 are simply restriction maps, and 
a. 

r a. 
TT a. a. -th 
ti Spec A ... Spec A is simply the a. projection map. 

TTspec Aa. 
a. 

a. Spec A 

l r 

\ 
\ 

r(3 
a. 

r 

r' a. 

Spec A 

Define r : Spec A ... TfSpcc Aa. by letting the a.-th coordinate 
a. 

of' r(m) be the restriction of' m to A°', f'or each min Spec A. 

'J:.1his map is easily seen to be a homeomorphism which makes the 

a·bove di a gram commutative. Since the inverse limit of' an 

inverse system of' topological spaces and continuous maps is 

unique up to commuting homeomorphis::·11, we can consider 

{Spec A, r'J as the inverse limit of' {Spec Aa., rl3J. 
a. a. 

11Le~reJli-~.4: (Royden~ [16]) 

Spec 

Spec 

A, r I 1 is an inv(;;rse limi t of' the' inverse system 
a. 

a. 131 
A 9 ra. J ' 

73 

Clearly, lim.inv. fSpec Aa. 9 r~l = Tr Spec Aa., since the 
a. a.E:n 

r~ are simply restriction mapS9 and 
a. 

r a. 
ITspec Aa. -I> Spec Aa. is simply the a.- th projection map. 
a. 

r' a. 

TTSpec Aa. ~( __________________________________ ~ 

a. r 

Spec A 

Define r : Spec A -I> TTSpec Aa. by letting the a.- th coordinate 
ex, 

of' r( m) be the restI'iction of m to Aa., :for each m in Spec A. 

'J'his map is easily seen to be a homeomorphism 1;"lhich makes the 

above dil.;).E,ram commutative. Since the inverse limit of an 

inverse system of topological spaces and continuous maps is 

unique up to comiiluting homeomorphisr,1 9 we can consider 

fSpec .1\9 r I 1 as the inverse limit of' l Spec A a. 9 r f3 1. 
a. a. 
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We now show how we can replace the scheme 

/ 

by the equivalent scheme 

A(Ka.) 

/ 
/ 

K°' 

r 
I 
I 
I 

~A(K~) 
il..(K) v~ 

K 

Nhei"e Ka. = "P( S:pec A a.) 9 K = F( Spec A) 

A(I< ) = uniform closure of' the algebra of functions holo­a. 

mor:phic in a neighbourhood of' K and a. 

A(K) = uniform closure of' the algebra of functions holo-

morphic in a neighbourhood of K.. 

74 

We now how we can· ace 

Spec A 
a. 

113 
a. 

by the ent scheme 

r 
I 
I 

A( V~ 
K 

K. :::: F( 
c;.. ) , K:::: ( A) 

A( ) :::: rm sure t 

c a neighbourhood 

A(K) :::: t holo-

c in a nei K. 
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Definl ti£!,!,ll:2: 

Let {A°', hi3} and fB°', kf3J be two direct systems of function a. a. 

algebras and algebra. homomorphisms with the same directed set D. 

Jui is~morphism f ia.j from {A°', h~} onto {B°', k~} is a collec­

tion of isomorphisms 

i : A°'~ Ba. such that for (~,f3) € (D x D) with a.~ i3 
:.;, 

the. following diagram is commutative 

ia. 
a. ...... ~ B'a. A -

I 

hl3 t~ a. 

Af3 
. !3 

1!3 
.B 

P~~~'?.~i_t~~· 6: Let {A°', h~j be a direct system of algebras 

and algebra homomorphisms with direct limit [A, ha.} • 
a, a, A 6 a, A 

Suppose· that f € A and f'f-' € A' • Then ha.(f ) = hi3(f,...) 

iff h~(fa) = hi(ff3) for some y in D such that 

::i, ~ y and f3 ~ y • 

pro9r; See [4]. p.212. 

PX:.QJ?OSi~io:p. 4._7: 

Let {Aa., h!l and {Ba., le~} -oe two direct systems of algebras 

75 

. {A a. , h/3} f k/3} 
' a. 

two rect ems f'unction 
a. 

and homomo th the same ted 

Jill f1 1 f'rom fA a. ~ h/31 onto I II k~} is a a. a a 

tion of' i sms 

1 .... such that (0.,/3) € (D x D) th a. ~ ~ 
w 

f'ollowing di is commutat 

1 a. a. B,'lr 

I 

h~ J{~ a. 

.~ 
B 

fAa, 1 a of' 

homomorphisms with direct and t {A, h 1. 
(I, 

::,:, 

t 

hY( ) = 0:. 

~ Y /3 ~ 

[ 

h/3} and 
a. 

€ Aa. € AI? 11o:.(f'o.) ::: h~(f'/3) 
h Y( 
~ 

) some Y D that 

Y. 

p.212. 

two rect tems 

set D. 
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and algebPa homomQrphisms with the same directed set D such that 

the hp and the k~ are monomo1.:.phisms. a. a. 

Then any isomorphism 

isomorphism i : lim. dir. 

: {Aa., h~j ~ fBa., k~J induces an 

{Aa., h!J ~ lim. dir. [Ba., k~] 

which makes the following diagram commutative for all a. € D. 

i 
a. Aa. _____ _ 

h a. 

lim.dir. {A°'J 

Pro£_f: Clearly, the h and 
a. 

Let a € lim. dir. {A a.' h!3 J a. • 

Define i (a) = (ka.01.a.oha,-
1

) 

the k 
a. 

Then 

(a). 

are 

for 

Such 

k 
a. 

lim.dir.fB°'} 

monomorphisms. 

some a,~ h - 1 (a) a. € A a.• 

a definition clearly 

makes the diagram of the statement commutative. We must show, 

however, that i is well-defined i.e. that 1(a) is independent 

of the choice of a.. 

the 

Then any i 

i sm 

which 

1 (a) 

homomQrphisms 
6 

k' are a. 

am {1o.1 

1 1 

th same 

sms. 

fAa', h!l -+ 

{A.'\ h~l -+ 1 a. 

agram commutat 

1 
a. 

1 1 

1 ... a. ______ . ____ .~ BOo 

=: 

h a. 

h a. 

• !Aa., h~l. 
a. 

( 1 h 1) 
0.0 a. 

t 

1 is 

of' a.. 

lim. 

are 

Then some o.~ 

(a) • Such a t 

i.e. that 1(a) is 

set D such that 

an 

J 
a. € D. 

• I 1 

sms. 

-1 (a) € A a.. 

clearly 

We must show~ 
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"-
1 im. dir. {Aa. l 

Suppose ha.- 1 (a) 

(le o 1 oh - 1 
) 

a. a. a. 

~ 1 f3 
€A and hf3- (a) €A • 

(a) = (kf3o1f3ohf3-
1

) (a). 

lim.dir.{Ba.J 

We must show that 

By 4.6, there is a y € D with a.~ y and~~ y such that 

(h~oha.- 1 ) (a) = (h;oh
13

- 1
) (a). 

Therefore (1 ohyoh - 1 ) {a) = (1 ohXohA-1 ) (a) 
y a. a. . y I" I"' 

and so (kyo1 oh - 1
) (a)= (kXot ohA-1

) (a). 
_a. a. a. I-' B '"' 

Hence (1a. 0 ha.- 1
) (a) € Ba. and (1 130h

13
- 1

) € Bl3 

have a co;nmon successor in BY, and therefore 

(k o1 oh -
1

) (a) = (kAot,.
3
ohA-

1
) (a)j 

a. a. a. I"' i I-' 

which was to be shovm. 

77 

'The map 1 is thus well-defined and is clearly an isomorphism. 

• f "a. l 
•. H. l 

Ii 
I 

B(h 

Suppose h(h-1(a) € Aa. and -1(a) € A(3. must show that 

( ta,oha,-1) (a) :::: ( o1{3oh(3_1) (a). 

4. 6 , is a y € D (h E;; Y and {3 E;; Y 

(h~oha,-1) (a) :::: (h~oh(3-1) (a). 

(1 ohYoh -1) (a) :::: (1 ohXoha - 1 ) (a) 
y a, a. ,Y I-' I-' 

so (~~ot -1) (a) :::: (k~o1Boh(3-1) (a). 

(ta,oha.-1 ) (a) € Ba. (1(3ohf3-1) € BP 

a COillIDon successor in BY
9 

(l{ 0 t oh -1) (a) :::: (kg 0 t '3 ahA -1) (a), 
a. . a. a. I-' I I-' 

vlhich was to be 

1 is thus is an i 

77 

Bl' 

sm. 
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C~__£olla~ 4.~: Let A be a function algebra containing a 1:1 

function g and let [Aa., i~J be the direct system of subfunction 

algebras described earlier. Then {P(Ka.), i~} is also a 

direct system (i~ denotes inclusion in both cases) and A is 

isometrically isomorphic to lim. dir. {P(Ka.)}. 

Proof: The collection A°' ~ P(K ) is an isomorphism~ in fact a. 

an isometric isomorphism. 

previous proposition. 

,.. 

If we set K = TTR(f) 
f €A 

cally isomorphic to P(K), 

The result then follows from the 

then lim. dir. {P(K ), i~J is isometri-a. a. 

so that 4.8 agrees with our general 

result that any function algebra A is isometrically isomorphic 

to P(K.). 

We novr turn to the dual situation of the inverse system 

Spec A°' 

Spec A 

78 

Let a 1:1 

g and 

a f'unction 

~ i~j be the of' subfunc on 

i 

ani 

we 

c is 

ere 

isomorph 

rrhe collect 

c i ism. 

proposit 

... 
K = TrR(f') 

f'E:A 
P(K), so 

that :fune 

to P(K). 

si 

Then 

lim. 

The 

Ka,L i~j is 

th cases) 

lim. 1". {p( 

4 .. 8 with our' 

is is i 

of' the 

so a 

is 

t 

e 

em 
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fx , r~j and {Y , sf3J be two systems of 
a. a. ~ a 

compact Hausdorff spaces and continuous maps vvi th the same 

directed set D. A homeomornhism f g l from {X rf3J onto 
-"""""·---- a. a' a. 

{Y , s~} is a collection of homeomorphisms g : X ~ Y such 
a. a. a. a. a. 

that the following diagram is commutative for all 

(a., ~) € D x D with a. ~ f3. 

xa. Y: a. 
ga. 

r{3 sf3 
a. a. 

X(3 y 

g{3 
(3 

The proof's on direct systems are easily dualized to yield the 

following assertions, whose proof's we omit. 

Pr9120'.3i t_io11J±.LlQ.: Let {Xa., r~J and {Ya, s~J be two inverse sys­

tems of compact Hausctorff spaces such that the r{3 and the sj3 a. a. 

are homeomorphisms. Then any homeomorphism 

{ga.} : {Xa, r~J -+ {Ya., s~l induces a homeomorphism 

g : lim. inv. {X J -+ lim. inv. {Y J which makes the following a. a. 

diagram commutative f'or all a. € D. 

lim.inv. {X l a. g 

79 

Let {X rf:iJ , sfj t'vvo 
a.' a. 

compact aces and cont maps srune 

set D. Ix 0.' 
rl'j onto a. 

{Y , si3} is a collection homeomorphisms -+ such 
CI, CI, 

that di is commutat for 

( CI, , ~) € D x D with CI, :;;; fj. 

Xa, 
ga. 

rl' 
a. 

X" gfj 
Yfj 

The on systems are easily i to eld the 

ions, whose we t. 

{x , ri3 J , s!3j two sys-
CI, CI, a. 

compact Haus r" and stl 
CI, a. 

are sms. sm 

J • {x , 1 .... {Y , sfjJ sm • CI, a. CI, 

g : 1 • 1 ...,. lim. J ch 

a. € D. 

X 
CI, 

18~ r~ I 
1 inv" {Xa. J .inv.{ya.} g 
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The:.£1. .. ~~4 .• J ·1 : · Let Ka. = F (Spec A a.) and l .. ~ : Kf3 ~ Ka. be the 

projection onto K for a. ~ [3. Then {K , i-.f3 J is an inverse 
a. a. a. . 

system of' compact HausdoPf'f' spaces and continuous maps 9 and 

lim. inv. {K j rf3 j is homeomorphic to Spec A. 
a. a. 

:t£>p()+.,~gies 9~ th€1, SP._~ctr~_o:f a . ..9JF-.~q,:~"_§Xst~m. 

We started off' with a function algebra A containing a 1:1 

80 

function g on a compact Hausdorff' space X, and then formed the 

direct system of finitely generated sub-function algebras con-

Since A°' is defined on X, Spec Aa. con-

tains X f'or each a. € D. a. However 9 we know that Spec A has the 
,,.. 

weak topology induced on it by A°', and so the relative topolo-

gy on X changes as a. changes. Since the topology on Spec A, 

which is homeomorphic to lim. inv. {Spec A°'} 9 is the weak 

topology induced by A, which is the direct limit of' the system 
,,.. 

{Aa., if3}~ and the latter equals u A'\ it follows that the open 
~ a.€D 

sets of' Spec A determine the topology of X in such a way that 

the topology on X is just the union of all the topologies in-

a. duced on X by the Spec A , a. € D. 

~~fi~}ti9n ~.1?: Let A be a function algebra on a compact 

Hausdorff space X. 

A is a:u..~is3m~~~ric iff f' is in A and f is real-valued imply 

that f is constant. 

jection onto K 
a. 

system compact 

::: F( Aa.) 

a. ~ 13· 

spaces 

[Ie 9 rf'l is 
a. a. 

1 

We 

runction g on a t 

t sys 

t g, {Aa.
9 

.fjJ 1. • a. S is 

tains X a. € D. However~ 
"-

on it .a. A , 

on X changes as a. 

which is homeomorphic lim. 
.... 

topo gy by wh is the 

80 

and 1,,13 • Kfj -:+ I{ . 
a. a. 

7 1 is an 

and continuous S9 and 

c A. 

a 1:1 

tion con-

on X,· Spec Aa. con-

we has the 

and so the relat 

the 10 on 

A 0.1 ~ is weak 

or the sys 
A 

.I'j fA a., 1. , and e s U Aa., rollows o. 

or determine 

the topol0 on X is just 

on X by 

. 
.;;;;...;;;;=",;;;::;;;.;;;.;::;....;-~"-;;J,~_. 

space X. 

Spec 

a.€D 

the topology or X 

, a. € D. 

a 

is l' is A r is 

l' is 

in such away 

the es 

on a compact 

imply 
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A is l?_ervasiY!:_ iff (AIF)- = C(F) for every proper closed 

subset. F of' X. 

A is ail§..lyt=b.£ iff the only element of A which vanishes on a 

nonvoid open set in X is the zero function. 

A is ~senti~ iff A contains no non~zero ideal of' C(X) 

(this is eg_uivalent to the assertion that there is no proper 

closed subset F of X such that every continuous function 

vanishing on F belongs to A). 

81 

A is a m..ax~mal subalg:e~ra of C(X) iff A * C(X) and A is contain­

ed properly in no proper closed subalgebra of C(X). 

We have the f'ollowing theorem relating the above properties of 

a function. algebra • 

.Tl! e o r~ig__J.:b .. :p : 
Fol" a maximal subalgebra A of' C(X), the :following are equiva-

lent. 

(1) A is pervasive 

(2) A is analytic 

(3) A is an integral domain 

(4) A is essential. 

~= See [4] p.175. 

T~e2._ren,i._~.1l;i.: Let A be a function algebi-•a on X containing 

A is (AIF = C(F) er s 

sub . F of' X. 

A is the only of' which s on a 

nonvo set X is zero . 
is if'f' A no non .... zero of' C(X) 

( is no 

F of' X f'unction 

to A) • 

A is a of' C(X) if'f' A '* C(X) A is 

ed no cIa C ) . 

We the 110\/lTing ies of' 

a ion 

A are e 

(1) A is ive 

(2) is c 

(3) is an domain 

(4) is es al. 

[4] p. • 

be a f'unct on X 
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a 1:1 function g. Then A is analytic iff each of its sub-

function algeb1 ... as of the :Corm A°' = [g 9 f
19 

••• 9 f'k] is analytic. 

£>r2.2.f: Suppose that A is analytic and that f E: A°" vanishes on 

the open set U9 which is open in the weak topology on X induced 

by Aa.. By the above discussion on the topologies on the 

spectra of the direct system {Aa 9 i~J it follows that U is also 

open with respect to the topology on X induced by A. Hence 

f vanishes on X. 

Conversely 9 suppose that A°' is analytic for each a. E: D. 

Let f E: A vanish on the set U open in the weak A-topology. 

Then for some a. E: D, U is open in the weak Aa.-topology on X 

and hence f vanishes identically on X . 

.Q.9..£9.lla~ 4._l5: 

If A is a maximal subalgebra of C(X) containing a 1:1 function 

g, then the following al"'e equivalent. 

(1) A is pervasive 

(2) A is analytic 

(3) A is an integral domain 

(4) A is essential 

( 5) Aa. is analytic for each a. E: D. 

Pg29f: The assex•tion follows from 4.13 and 4.14. 

TJ:le~'l.r~J!14.16: (Identity theorem) 

If f(z) a.'1.d g(z) are holomorphic functions in a connected open 

82 

a 1:1 g. is c each s 

function the Aa. = [g? , it 1) 41 , ] is c. 

. se A is E: s on . 
U, which is on X induced 

by Aa. .. above discuss topolo es on 

of system {A a. ~ ~} it follows U is so 

th t topolo on X A. Hence 

:f s on X. 

se that is analyt a. E: D. 

on the set U en 

some a. E: D, U is open in weak on X 

f vani ic lyon X. 

A is a maximal subal C(X) a 1:1 on 

g, al"'e 

(1) is pervas 

(2) A is 

(3) A is an 

(4) is ess 

( 5) a. A is ic each a. E: D. 

ass ion from 13 and 4 .. 14. 

( ) 

f'(z) z) are c a connected open 
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set D contained in mn and if' f'(z) = g(z) f'or all points z in 

a nonempty subset U contained in D, then f'(z) = g(z) f'or all 

points z in D. 

Proof: See [3] p.6. 

83 

n Let D be an open connected subset of' m , and 

let f'(z) be holomorphic in D. · If' f' vanishes on an open subset 

U of' D then f' vanishes identically on D. 

~hep~~I!l.~4.l_~: Let X be any topological space. The union of' 

any family of' connected subsets having at least one point in 

common is also connected. 

Pr2pf: . See [17] p.108. 

b~m~~4.19: Let A= [f' 1, ••• ,f'n] be a f'initely generated func­

tion algebra on a connected compact Hausdorf'f' space X. 

Then K = F(Spec A) is contained in a connected neighbourhood 

of mn. 

!Z_o().f': By 2 .13 we saw that K its elf' is a connected subset of' 

run. We can cover the topological boundary of' K with over-

lapping connected neighbourhoods whose union, say L, will be 

connected by 4.18. By the same theor•em K U L will be a connect-

ed neighbourhood of' IL 

83 

set D and f'(z) :: g(z) all ints z 

a ty u D, then f'( z) g(z) f'or 

s z in D. 

[3J p.6. 

D an connec et 

f'(Z) holomorphic f' vani on an sub 

U of' D then f' s i on D .. 

x topologic union 

any sub having t one po in 

common is so connec 

[ J p .. 

A be a 

tion on a connect space X. 

A) is a connec nei 

2. we saw K i is·e. of' 

We can cover the gic boundary with over-

connected ghbourhoods whose , say L, will be 

by 4. By same theorem K U L will be a connec 

nc 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

84 

!h.~<2!'el!1 __ 4.20: If' A is a fini tel;Jr generated function algebra 

on a connected compact Hausdorff spo.ce X 9 then A is analytic. 

Then A is isometrically 

isomorphic to A(K), the uniform closure of all functions holo-
n ,. 

morphic in a neighbourhood of K = TfR( f. ) • 
i=1 . 1 

By the previous 

lemma K. is contained in a connected open set L. Suppose f in 

A vanishes on the open set U in X. To f in A there corresponds 

a holomorphic function h in A(K) which vanishes on the corres-

ponding set U' = F(U) in K. By choosing a suitable V open 

in a:n and intersecting it with K we can assume that U' is a],.so 

open in L and that by continuity, h vanishes on U1
• Hence by 

the Identity theoremy h vanishes on L and hence on K. Thus 

f vanishes on X. 

The previous theorem can be generalized to function algebras 

containing a 1:1 function. 

Th_.9g_rem}±·2-.1: Let A be a function algebrn containing a 1 :1 

function g on the compact Hausdorff space X. If X is also 

connected, then A is analytic. 

Pro~~: A is the direct limit of its finitely generated sub­

function algebras A°'= [g,f1 , ••• 9 fk], and Spec A is the inverse 

limit of the Spec Aa.. We claim that for every a., Spec Ao, is 

connected. Suppose not. Then for some a. there exists an 

84 

A is a t 

on a connec act is ic. 

se ;::: [£'1' •• q ] . c 

isomorphic to A(K), the uniform sure all 
n A 

a neighbourhood K ;::: lTR( ) . the 
i::.:1 

l€;mma Ie is a s L. Suppose f' 

vani on set U in X. f' A corre 

a holomorphic f'unct h A( whi on corres-

Ut 
;::: F(U) a table 

intersec it we c assume Ut 

in L that continui 9 h s on U f 
• by 

ity on L on K. 

f vani on X. 

can to ion 

a 1:1 

A a tion a 1:1 

g on the t e X. X is also 

? 

. A is the di 1 of' its ed . 
t Ao, 

;::: [ g, , . .. . , ] 9 inverse 

1 t ec A 0,. We Ao, is 

connec se not. Then f'or some 0, exis an 
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set u a. such that Spec A°' u (S:pec A°' ua.). o:pen c Spec A = u -a. a. 

By Shilov's theorem on idempotents~ the Pe exists an f' € A°' 
a. ,.. ,.. 

such that f' = 0 on u and f' = 1 on Spec A°' - u a.. But f' a. a. a. a. 

also belongs to A and U is also a member of' the topology on a. 

Spec A. This would imply that Spec· A is disconnected, a 

contradiction to the.f's.ct that by 2.13 Spec A must be connected. 

By L~.20 we have that A°' is anc;.lytic f'or each a. and by 4.14 it 

f'ollo1lifs that A itself' is analytic. 

85 

u C Spec Ao. Spec ::.:: U U ( 
0. a. - U ). ex. 

open 

By r S on s~ thel"e s an € Aa. 

" A A 

f: ::.:: a on U a1'ld l' ::.:: 1 on Aa. - Ua." 0. ct ex. 
f' 

ex. 
such 

so A U 
0. 

is c:. gy on 

Spec This would imply that dis 1 a 

ion to by 2. conne 

we Act is c a. it 

A i elf' is 
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.13.JBLIQ.GB£4:HIC.AL N01TI,S 

Ch~fil_er .. J.: Gelf'and in [19] and [20] originated the study of' 

Banach algebras. Proposition 1.2 and theorems 1.4 and 1.5 

are ultimately due to him~ though we have f'ollowed Wermer's 

p1"'esentation of' them in [ 1). The early work on the corres­

pondence between function algebras and algebras of' polynomials 

in 1.8 - 1.12 was done by Shilov. See (13] and [l]. Poly­

nomial and rational convexity were f'irst thoroughly investigated 

by Stolzenber~ in [12]. Oka's polynomial approximation 

theorem 1.15 is actually due to Shilov (13]. Proposition 

1.18 is a bit of' folklore - the proof' we have given is to be 

f'ound in [ 6 J - and we hmre used it to prove theorem 1.19. 

The example of' a f'initely generated f'unction algebra discussed 

in 1.20 is to be f'ound in [4]~ though it appears to be based 

on a similar example in a more abstract setting due to 

Rossi [ 21]. 

Rickart in [8] recently def'ined the concept of' a 

holomorphic f'unction of' an inf'inite number of' complex variables 

and generalized many f'inite-dimensional results to the inf'inite-

dimensional case. I.emmas 1. 23 and 1. 25 are due to him and he 

used them to prove his gene1 .. alized Oka polynomial approximation 

theorem 1.26. We have used Rickart's results to obtain in 

proposition 1.279 corollary 1.28 and theorem 1.29 extensions 

in [19] 
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of' earlier results on f'initely generated f'unction algebras 

to the arbitrarily generated case. 

~h~J2.~er J~2 Theorem 2.2 was proved by Shilov in [22]. 

87 

PeeJ.c points were f'irst investigated by Bishop [10] and theorem 

2.5 was the outcome. In the same paper' Bishop gave an elegant 

constructive proof' of' his chart:~cterization of' the minimal 

boundaryy theorem 2.8 9 which we have rewritten in a dif'f'erent 

form fol" finitely gene:eated function algebras in corollary 

2.9. Using Bishopfs characterization of the minimal boundary 

and RickaPt's lemma 1.25 we have obtained theorem 2.10. 

Shilov's idempotent theorem 2.11 is another result from [13]. 

The solution of the Cousin 1 problem on an open 

polynomial polyhedron (theorem 2.17) is due to Oka [23] who 

based his work on the earlie1" efforts of Cousin [ 24] • The 

local peak point theorem 2.19 was first proved by Rossi in 

[11]$ though we have given Stolzenberg 1 s proof of the same 

result for the finitely generated case in [12]. Theorem 2.20 

is an extension to arbitrary function algebras of theorem 2.19 

and was also first proved by Rossi in [:I-1]. However 9 the 

proof we have given is based on Rickart's lemma 1.25. 

Theorems 2.22 9 2.23 and 2.24 ar•e the climax of :Rossi 1 s seminal 

paper 9 [11].We have presented them as in [4]. 
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~.!' III~ Lemma 3. 2 is one of the p1,..inciple applications 

of the local maximum modulus principle, which is often invoked 

in the investigation of extensions of f'unction algebras. 

Many authors have studied such extensions. Gliclrnberg in 

[25] provided another very useful tool 9 theorem 3.5. The 

statements about the Shilov boundaries in theorems 3.6 and 

3.8 are also due to him. See [26]. The statement about the 

maximal ideal space in theorem 3.6 is due to Rickart [27], 

though the pPoo[ given here is an unpublished ci.rgument of 

Quigley. The statement about the.maximal ideal space in 

theorem 3. 8 appears to have been discovered first by Bjl:h•k 

[28]. Corollary 3.9 is due to Stolzenberg [29]. We have 

followed Gamelin [9] in our presentation of the above-mentioned 

results. In a recent paper [18] Gamelin and Wilken extended 

Stolzenberg's corollary 3.9 to obtain theorem 3.11. 

Wilken in [30] investigated under what conditions 

the maximal ideal space of an extended f'unction algebra is 

strictly larger than the maximal ideal space of the original 

algebra and pr·oduced theorem 3.12, lemma 3.13 and theorem 3.15. 

Theorem 3.14 was proved by LavPentiev [31]. Corollary 3.16 

is a partial converse that we have obtained to theorem 3.12. 

Theorem 3.18 is an approximation theorem due to 

Mergelyan [32] and theorem 3.19 was essentially proved by 

Runge [33]. We have used all the foret,oing results o:f this 

88 



Univ
ers

ity
 of

 C
ap

e T
ow

n 

89 

chaptei- to obtain theorem 3.20 9 much of' which was suggested 

by our supervisor Dr. 1N. Kotze. Proposition 3.22 appears 

as problem 5.4 no. 5 in [4] and we have used· it to obtain 

corollary 3.23. 

~hapt,fil" IV. Except :ro1 .. proposition 4. 3, theorem 4. 4j proposi-

·tion 4.6 9 theorem 4.13j theoi--ern 4.16 9 corollary 4.17 and 

theorem 4.10~ the results in this chapter are apparently new. 

Theorem 4.4 was essentially proved by Royden in [16] and 

theorem 4.13 is to be f'ound in the pape1 .. by Hof'f'man and 

Singer [34]. 
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