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Abstract

The objective of the dissertation is to compare various algorithms for rate-independent
single-crystal plasticity restricted to the infinitesimal case. The rate-independent case
presents significant numerical challenges such as ill-conditioning and non-smoothness. The
majority of the algorithms in the literature are heuristic and their accuracy, stability and
performance not immediately clear. Other algorithms are more mathematically sound but
computationally inefficient. This dissertations aims to provide a clear understanding of the
algorithms, their implementation within a non-linear finite element code, and a comparison

of the computational efficiency.

In order to compare the various algorithms, certain background material is presented; this
includes discussions on the derivation of the constitutive relations, mathematical treatments,

numerical techniques, and programing practices.

Once the background material for the various rate-independent algorithms has been intro-
duced, the focus turns to a series of numerical ”experiments”. The initial objective is to
establish if the various algorithms produce results that agree with one another and with
those available in the literature. The second objective is to qualitatively measure the perfor-
mance of the various algorithms for a challenging problem. The outcome of the numerical
experiments indicate that all algorithms produce essentially the same results but there is a

large variation in efficiency.

The algorithms are compared to those in the literature using an experiment presented in
[29]. This involves the shearing of a perfectly plastic cube. This experiment is repeated
for several orientations of the crystal structure. Results for the slip versus the strain are

indistinguishable from those in the literature.

A second experiment, also presented in [29], illustrates that the algorithms produce a similar
macroscopic phenomena known as slip bands. This experiment involves placing a rectan-
gular strip of isotropically hardening material in tension. To induce the development of slip
bands, an artificial weakness is introduced into the material. The results for the various

algorithms compare well with one another.

The second experiment quantifies the performance of the various algorithms. It is found that

the equivalent algorithm, as presented in [37], is the least efficient. The set search algorithm,



presented in [29], is the most efficient. These two algorithms share the same mathematical
formulation, yet the equivalent algorithm is approximately 18-20 times less efficient. The
augmented Lagrangian algorithm, as presented in [37], is the third most efficient algorithm.
This algorithm is more than twice as efficient as the equivalent algorithm, but approxi-
mately seven times less efficient than the set search algorithm. The modified augmented
Lagrangian, a modified version of the algorithm presented [37], performed slightly better
than augmented Lagrangian algorithm. The modification lead to an increase in efficiency
of approximately 17%, but it is approximately six times less efficient than the set search

algorithm.

Finally, a further analysis of the performance is conducted. The goal is to confirm that the
performance results are due to a generally better performing solution scheme, and not due
to anomalous events. It is found, in all cases, that the improvement in efficiency is indeed

due to a general increase in performance.
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Chapter 1

Introduction

The classical theory of elastoplasticity has been successful at describing a wide range of
behaviour for inelastic materials. The theory is well established and is widely used to
model the macroscopic behaviour of polycrystalline materials. However, the classical theory

is limited in describing behaviour in which microstructural effects are important.

It is well understood that the specific behaviour of a material is strongly related to its
underlying microstructure. In some cases the microstructural response can have a profound
effect on the macroscopic mechanical behaviour of the material. The material class we shall
focus on is that of metal single crystals. There are many reasons why the behaviour of
these materials is of interest. For instance, this theory is essential to understanding the
development of a phenomenon in polycrystals called texturing [33]. These materials have
also found their way into industrial applications which require large single crystals, most
notably for use as turbine blades in aircraft engines [4]. How these materials respond to

external loading is of practical importance and interest.

There are two major classifications for flow behaviour, viz. viscoplastic or rate-dependent,
and rate-independent. There exist many computational treatments of viscoplastic crystal
plasticity, see for example [33, 31, 6, 32, 40, 36, 27]. The rate-dependent treatment of rate-
independent problems is attractive because it negates many of the inherent computational
issues of rate-independent problems. However, it has been suggested by Miehe [28] that rate-
dependent methods have at times been applied in conditions under which rate-independence

is the more appropriate assumption. This treatment is justified by assuming that the

11



CHAPTER 1. INTRODUCTION 12

material is only marginally viscoplastic.

At the heart of rate-independent single-crystal plasticity are the inherent problems of non-
uniqueness, ill-conditioning, and non-smoothness. The problem of non-uniqueness results
in a non-unique choice of active sets, as illustrated by Taylor [41], and a potentially non-
invertible set of flow rules. The cause of this non-uniqueness can be traced back to the
crystal structure itself. Most notably, crystals having a face-centered cubic (f.c.c.) and

body centered cubic (b.c.c.) structure exhibit this feature.

Once formulated as an incremental problem, after time-discretisation has been introduced,
the flow relation can be cast as a constrained optimisation problem. This is immediately
evident from the principle of maximum plastic dissipation. Several classical treatments
of constrained optimisation problems can be found in Luenberger [26] including Lagrange
multipliers, penalty methods, and the augmented Lagrangian formulation. The application
of each treatment results in a different set of flow rules which leads to adopting different
algorithms to solve the problem. It should be noted that the treatments are equivalent

except for the penalty method which is an approximation.

Miehe [28] has approached the problem using Lagrange multipliers which leads to an active
set search. The active set search has its own set of problems. One problem is that the criteria
used in the search are not explicitly given by the constitutive relations. Over time Miehe
has modified and adapted the criteria, for instance compare [29, 30, 28]. The second issue is
that the system of equations remains potentially non-invertible. Miehe has addressed this
issue using standard methods, these include the methods of singular value decomposition,

pseudo-inverse, and Moore-Penrose pseudo-inverse [29, 28].

Schmidt-Baldassari [37] has approached the problem using an augmented Lagrangian for-
mulation which leads to a fixed point algorithm for the flow rules. This approach can be
seen as solving a series of rate-dependent problems that converge to the rate-independent
formulation in the limit. It negates the issues of non-uniqueness of the active set as well as

the non-invertibility of the flow rule.

The Lagrange multiplier treatment does not necessarily lead to a set search approach.
Instead, the complementarity conditions can be recast in an equation that enforces the
conditions, see [37]. This set of equations is then solved by the use of a Newton-Raphson

approach. This formulation remains non-unique, but can be solved using methods such as
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singular value decomposition, pseudo-inverse, and Moore—Penrose pseudo-inverse.

The topic of rate-independent single crystal plasticity is still under active discussion. Several

concerns remain regarding algorithm stability and computational efficiency [11, 12, 42, 44].

Objectives and layout of this thesis. The main objective of this thesis is to review,
implement and compare algorithms, based on those in Miehe and Schréder [29] and Schmidt-
Baldassari [37], for rate-independent single-crystal plasticity. The starting point is the
development of a mathematical model for single-crystal plasticity. This leads to the principle
of maximum plastic dissipation which is cast into a constrained optimisation problem. We
will discuss the general theory of constrained optimisation and apply these ideas to the
mathematical model, which will result in several formulations. From the formulations we
will develop algorithms to solve the problem. We will describe how one would develop the
software, in an object orientated framework, for solving these problems. Finally, we will
conduct numerical experiments to evaluate the level of agreement between the algorithms

and compare performance.

This thesis comprises three parts. Part 1 consists of Chapters 2 and 3. The central topic of
this part is to develop the theory of single-crystal plasticity. Chapter 2 provides a review of
continuum mechanics, where we discuss the topics of kinematics, balance laws and elastic
constitutive relations. Chapter 3 provides an overview of single-crystal plasticity. The
approach taken first discusses classical polycrystalline plasticity in a general framework.
We then focus on the physical theory of single-crystals which further specify the kinematics
and flow relations. In order to complete the constitutive relations it is necessary to look into
topic of constrained minimisation. Here we look into three methods: Lagrange multiplier,
penalty and augmented Lagrangian methods. From these three approaches we develop three

formulations of the flow rules.

Part 2 focuses on developing algorithms for the three sets of constitutive equations. This
part is divided into four chapters, viz. Chapters 4 — 7. Chapter 4 focuses on some the
numerical methods we shall be using to develop algorithms. These methods are the LU
decomposition, the singular value decomposition, a globally convergent Newton—Raphson
method, and a short section on fixed point mappings. In Chapter 5 we discuss the finite
element method. In Chapter 6 we apply the numerical methods to the three formulations

and develop algorithms. For the Lagrange multiplier method we develop two algorithms, so
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in total we develop four algorithms. Chapter 7 describes how these have been implemented
in an object-orientated paradigm. We discuss the finite element library used as well as
suggest a class structure for the implementation. In the final part, Part 3, we conduct
numerical examples. Here it is verified that the four algorithms produce results that agree
with one another as well as with results in the literature. Results are produced for two
experiments. The first experiment is intentionally constructed such that a uniform stress
state is induced. This allows for an easy analysis of results at the quadrature point level. The
second experiment is a comparatively more complex problem. The results are appropriate
for analysis at a macroscopic level. This experiment is also appropriate for a quantitative

analysis of the performance of the various algorithms.



Part 1

A theoretical discussion of
elasticity, classical plasticity and

single crystal plasticity

15



Chapter 2

Background in continuum

mechanics

In this section we set out a mathematical framework for continuum mechanics. Essential to
the constitutive relations of plasticity is the classical theory of elasticity. For our purposes we
only discuss linear elasticity as this will be required in crystal plasticity as this assumption
is commonly made due to the dominance of the plastic deformation. This discussion is done
in a standard manner by first considering the kinematics of a body (see [24, p. 66] and [18,
p. 16] amongst numerous others). This leads to the introduction of strain measures. For our
purposes a small strain assumption is sufficient. Next, we introduce the concept of stress
(see [17, p. 66] amongst numerous others). Once this framework has been established we
consider the balance of momentum and derive the equation of motion (see for example [18,
p. 24]). This section is followed by a discussion of laws of thermodynamics (see for example
[18, p. 33] and [9, p. 15]). Here an important result is the local dissipation inequality. This

equation will be a focus of many future discussions.

We introduce the idea of elasticity (and some ideas of plasticity) by considering tension
test results for a thin strip of material, see [24, p. 115]. This leads to a discussion of
linear elasticity, which is approached from two standpoints, see [18, p. 28|. The first
simply states the stress-strain relationship, but limited conclusions are drawn from this.
The second approach assumes a form of the Helmholtz free energy. Then the results from

thermodynamics are applied to the free energy function, from which further conclusions can

16
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Figure 2.1: Current and reference configurations of an arbitrary material body. dX and dx
are infinitesimal line elements in the reference and current configuration.

be made. This second approach stands as an example of how we will address the problem

of plasticity.

2.1 Kinematics

We consider a body in its initial undeformed state which occupies a domain 2 C R3. This
state of the body is known as the reference configuration. The position vector of a material
point of € is denoted by X. The displaced state of the body at time ¢ is denoted by {2,
and referred to as the current configuration, see Figure 2.1. The position at time ¢ of the

material point originally located at X is denoted by @, such that
x =x(X,t) with z(X,0) = X.

We introduce a displacement vector w, the norm of which is a measure of the distance

between the reference and current configurations: that is,
u(X,t) =x(X,t) - X. (2.1)

In order to describe not only the displacement of a body, but also the deformation, additional

quantities need to be introduced.

In order to describe deformation we consider infinitesimal line elements originating from

some point within €2, see Figure 2.1. We denote a line element as dX. This line element
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joins X to a neighbouring point X + dX.
We shall now consider the change of one line element after displacement has occurred. After

displacement the point X + dX has become x + dz. Using (2.1),

r+dr=X+dX +u(X +dX,t)
de =dX +u(X +dX,t)+ X —x
=dX +u(X +dX,t) —u(X,t)
=dX + VudX (to first order) (2.2)
= I +Vu)dX
=FdX.

Vu is a second-order tensor known as the displacement gradient, with respect to the refer-
ence placement. The second-order tensor F' is known as the deformation gradient, and maps
a line element in the reference configuration to the current configuration. The Jacobian of

this mapping is denoted as J = det(F') > 0.

The next important measure of deformation is derived by considering the relative change in
two line elements with origin at the same point. Using (2.2), the two infinitesimal vectors
dX; and dX 9 become

dr; =dX 1+ VudXy, dxry=dXs+ VudX,.
A measure of the relative change is given by the dot product of dxy and dxs:

dei-dry=dX; -dXo+dX - VudXs+ dXs-VudX; + (VudX,) - (VudXs).
Using the transpose on the last two terms we arrive at

dzy -dxy = dX1-dXo+ dX ;- [Vu+ (Vu)T + (Vu) VuldX,. (2.3)
We define the second-order tensor

e* = [Vu+ (Vu)! + (Vu)' Vul. (2.4)
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It is clear from (2.3) that e* captures a measure of deformation in the neighbourhood of a
point originally at X. This measure is known as the Lagrangian strain tensor. If it is the
case that the deformation of a body is small, in that the change in length of line elements
dr ~ dX or equivalently that |Vu| < 1, then the product terms in €* are considered
negligible and (2.4) becomes

e ~e=1(Vu+ (Vu)') =sym(Vu).

This is known as the small strain assumption'.

An important identity that allows one to transform areas in the current configuration to

the reference configuration is Nanson’s formula
nda = JF T NdA,

where da is an area of a region in the current configuration, dA is the area in the reference
configuration, and n is the outward normal to the area element in the current configuration
while IN is the outward normal in the reference configuration. Due to the effect of the small

strain assumption on the deformation gradient one finds that Nanson’s formula becomes
nda ~ NdA, (2.5)

implying that the change in area is small.

We are also interested in the effect of the small strain assumption on the rate of change of

an integral in the current configuration with an arbitrary integrand F

d

d
a .7:33

By use of the Jacobian, the integral can be transformed into one over the reference config-

uration:

d

fda:—/}"JdX
dt

~ 4 [ Fix.

'From this point on we make the small strain assumption.
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Figure 2.2: Euler’s cut principle.

Since the reference configuration has no dependence on time, it implies that

T Fae = / FdX. (2.6)
dt Qs O

This relationship will be useful later.

It can be shown that the change in the volume dV relative to the total volume V is given
by

ﬂ_aui

= divu.

Using the strain, this can be written as

av
v = tr(e). (2.7)
2.2 Stress

We assume the existence of an internal stress within a body. One can imagine this as
the force that an infinitesimal volume element within €2; applies to neighbouring volume
elements. A first-order tensor quantity would not suffice to describe this. In order to
elaborate on this we apply Fuler’s cut principle, see Figure 2.2. We cut a small region €,
with boundary 9, out of ;. We apply a traction force to 9, such that the region is in
the same state prior to its removal. This traction is represented by the vector ¢,,, which is

the traction on a surface with unit normal n. If we multiply the traction by an infinitesimal
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surface area da one gets the infinitesimal force
df =tyda

exerted on da. According to Cauchy’s theorem [17, p. T71], the surface traction is a linear

function of the surface normal n,
t, =on,
where the second-order tensor o is the Cauchy stress, which relates the internal force of the

cut region to the deformed area.

If one takes a small strain assumption we have that

df = onda
= o NdA, (2.8)

due to the effect of the small strain assumption on Nanson’s formula (2.5).

2.3 Balance of momentum

Next we would like to form a balance of linear and angular momentum. The rate of change
of momentum of an arbitrary part 2} of the body is equal to the total force applied to that
part. These external forces can be classified into two sources. One of these is the body force,
which has an effect per unit volume. A typical example of this is gravity. The second source
is the surface traction, applied to the surface of the body. A mathematical statement of the

balance of linear momentum is

d
— pud:zz/ pbd:lc—l—/ tds,
dt Joy 0 %,

/
t
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where p is the density of the material, b is the body force and t is the surface traction

experienced by the boundary of the part 9. Using the small strain assumption, by (2.6)

/ p'i'LdX:/ ,obdX+/ tdS
Q Q oY
:/ pbdX+/ oN dS. (2.9)
Q o

Using the divergence theorem on the third term of (2.9) we get
/ [pts — pb — dive] dX = 0.

Since € is an arbitrary part within €, the integrand must be zero. Thus we obtain the

local form of the equation of motion

dive + pb = pit. (2.10)

In processes where the inertial effects are small, so-called quasistatic systems, the term
% = 0 and (2.10) becomes

dive + pb = 0. (2.11)

One can also apply the principle of balance of angular momentum to our system. The
balance of angular momentum states the the total moment acting on € is equal to the rate
of change of the angular momentum of €2}. The mathematical definition is not given here,

but after a lengthly derivation one concludes that the Cauchy stress is symmetric: that is,

2.4 Boundary conditions and initial conditions for equation

of motion

In order for the equation of motion (2.10) to be well posed we require boundary conditions

on 0¢); and inital conditions on 2. We assume that 0€2; can be decomposed into two sets;
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Figure 2.3: A schematic of the body 2 with applied boundary conditions.

I'p and I'y. The decomposition is such that
o0 =T'pUly, I'pNI'y=0.
We use the over bar to indicate a set closure, for example:

Q=QuUonN.

Boundary conditions come in two forms, the Dirichlet boundary condition and the Neumann

boundary condition. The Dirichlet boundary condition is in terms of displacement, that is
u=gon ['p,

and Neumann boundary condition is in terms of an applied traction, that is
on=honly.

Here n is used to indicate the outward unit normal to 9€);. For an illustration of the

boundary conditions see Figure 2.3.

Initial conditions are prescribed conditions that describe the initial state of the body. The

initial conditions required for (2.10) involve specificaion of both displacement and velocities;
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that is

u(X,0) =p(X) in Q
u(X,0) =¢(X) in Q.

For the quasistatic system (2.11) inital conditions are not required.

2.5 Consequences of the laws of thermodynamics

For the sake of simplicity, i.e. restricting the discussion to plasticity, all processes are as-
sumed to be isothermal. Regardless of this assumption, it is beneficial to approach the topic
from a thermodynamic point of view, as it leads to several important conclusions. In what

follows, the first and second laws of thermodynamics are applied to the problem.

For isothermal processes the first law of thermodynamics states that for any part Q; of the
body €2, the rate of change of kinetic plus the internal energy is equal to the rate of work

done on that part of the body by mechanical forces. The mathematical statement of this is

d

= Lou? —
it Jo [pe—i—qu] dx /

pu-bda:+/ t, -t ds, (2.12)
o o9,

where e the internal energy per unit density. We use the divergence theorem to convert the

third term into a volume integral; that is,

/tn-uds:/ on-uds
0%, o5,
-,
-,

The last step is due to the symmetry of the stress. We use the notation € = e(w). Using

a’:Vﬂd:z:+/ dive -1 dz

? Q;

0':éd$+/ dive - u dx.
Q

/ /
t t

this result and (2.10), equation (2.12) simplifies to an expression for the rate of change of

the internal energy in the form

d
— ped:r:/ o:eédr.
dt Joy 0

/
t
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By using (2.6) this becomes
/ pedX = o:edX.
!/ Q/
Since €V is arbitrary we can express this in the local form

pé=o0:E. (2.13)

For isothermal processes the second law of thermodynamics states that the rate of increase

in entropy n is non-negative. This leads to a mathematical statement

d
— dz > 0.

By (2.6) this becomes
/ / ndX >0,
whose local statement is
n=>0. (2.14)

since € is arbitrary.

The usual practice in continuum solid mechanics is to work with the Helmholtz free energy

1, given by
¥ = pe—nf

where 6 is the absolute temperature. Substituting this and (2.13) in (2.14), leads to the

local dissipation inequality for constant 0

Yp—o:e<0. (2.15)
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Figure 2.4: A strip in uniaxial tension.
2.6 General examples of material behaviour

Materials behave differently depending on their composition. To illustrate some of the
different behaviours we consider a tension test on a thin strip of material. The strip has
length [ and the change in length, the elongation, is denoted by Al. A uniaxial load P is
applied. The relationship of applied load to elongation is shown in Figure 2.4.

It is observed that if the applied load ceases between O A the sample returns to its original
length, i.e. Al = 0. This behaviour within OA is called elasticity. In Figure 2.4 a linear
relationship between applied load and elongation is depicted. This is known as linear

elasticity and is discussed in a following section.

Applied loads greater than A result in plastic behaviour. As depicted in Figure 2.4, applied
loads greater than A follow a path similar to OABC. There are several important properties
of this type of behaviour. Firstly, once the external force is removed the elongation is not
zero, i.e. at C, P =0 and Al # 0. Secondly, if one were to reload the strip from the point
C' the material would behave elastically to point B. In this case the slope of C'B would be
the same as OA. Finally, when loading from C' plastic deformation will only occur for loads

exceeding B.

Other types of behaviour beyond the point of initial yield, the point A, exist. This behaviour
is called the elostoplastic behaviour. Some notable examples are perfect plasticity where AB
has a zero slope, hardening where AB has a positive non-zero slope, and softening where

AB has a negative non-zero slope.
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2.7 Linear elasticity

Many materials experience deformations that are elastic. This behaviour can be described
as a body returning to its initial configuration when external loads cease. The regime of this
behaviour varies from material to material. In linear elasticity the stress is related linearly

to the strain; that is,
o = (%,

or in index notation
Oij = CiejklEk:l,

where C¢ is a fourth-order tensor of elastic moduli. This equation can be thought of as a
generalised form of Hooke’s law. Due to the symmetries of o and e it can be shown that

C¢ has minor symmetries

Ciitt = Chir = Cljun- (2.16)

An alternative, but equivalent, view on elasticity is that one assumes that the Helmholtz

free energy is only functions of strain, that is

¥ =1v(e).

The dissipation inequality (2.15) implies

<g—f—a>:é§0.

Since the dissipation inequality holds for all € it follows that

0-—8_/11)
Qe

If we assume that the free energy function has a quadratic dependence on the strain, so
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that

Y(e) = 1e: Ce, (2.17)
then the stress is given by?

o =3(C+C"e =sym(Ce. (2.18)

If in (2.17) we replace C with sym(C) the free energy of any state will remain unaffected
as € is symmetric. Thus, in (2.17) we are free to replace C with its symmetric part. If we
do so, and regard C° as having major symmetries (Cf;;; = Cfy;;), then (2.17) and (2.18) are
given by

Y(e)=1e:C% and o =CC.

The symetries of C¢ can also be shown from (2.17) as:

_
 Qede’

e

In index form this is

N A .
ikl — C{)EijaEkl N aEkla€ij B 8€ji8€”€'

Thus, C® exhibits major and minor symmetries. In summary C¢ is required to have the

following symmetries:

(5 h N (& _ e . e
Ciikt = Cirr = Cijie = Chaij-

2For a fourth-order tensor C, we define the transpose (CT);;x1 = Crii; and the symetric operator sym(C) =
1/2(C +c™).



Chapter 3

Polycrystal plasticity and
single-crystal plasticity

Having introduced a mathematical framework of mechanics and discussed a simple model
for elasticity, we move on to plasticity. We shall first introduce a general framework for
plasticity and set out the relationships that any plastic theory must satisfy. Once these are
clear, we discuss crystal structures from a physical point of view. Here we wish to obtain a
better understanding of how the microscopic structure of a material has a significant effect
on the way in which materials plastically deform. Next we apply the observations to specify
the relationships in a theory of plasticity for single crystals. A very important result of
classical plasticity is the classical principle of maximum plastic dissipation, which results
from thermodynamical considerations. This statement can be presented in alternative forms
using results from the constrained minimisation of functions. We discuss the relevant results,
and then apply these to the classical principle of maximum plastic dissipation. The result

of each such treatment is a set of flow rules which can be used as constitutive equations.

29
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3.1 Classical plasticity

3.1.1 Discussion of plastic deformation

We turn our attention back to Section 2.6 and the tension test described in Figure 2.4.
In general every material that behaves plastically, initially behaves elastically. We call
the regime within which a material behaves elastically, the elastic domain. As Figure 2.4
illustrates a material has a point of initial yield, that is at the point A. Once plastic
deformation has occurred and the external forces cease, one notices that the point of yield
has changed. This is illustrated by the elastic behaviour between points C' and B. The
elastic domain and the point of yield have changed and are dependent on the plastic history

of the material.

The behaviour that occurs beyond the point of yield is known as elasto-plastic behaviour.
This change in behaviour is due to an internal force (or stress like quantity) developing in
the material as a result of movement of crystal defects. This internal responce is known
as hardening, and it differs from material to material. Plastic behaviour can be classed as

perfect plasticity, kinematic hardening, isotropic hardening, and softening, amongst others.

We introduce a new strain measure. This is the strain that has accumulated due to plastic
deformation. To justify this, consider a point like C' in Figure 2.4 where the applied load is
zero and plastic deformation has already occurred. At this point the sample is in a stress-
free state, but the strain is nonzero. This permanent strain is due to plastic deformation,

and called the plastic strain.

Clearly the extent of the elastic domain, the point at which yield occurs and the amount
of hardening depend on the plastic history. In the next sections we cast these ideas into
a mathematical framework. We shall introduce a new internal variable that keeps track of
the plastic history of a material point. From this variable one will be able to determine
the extent of the hardening, the point at which yield will occur, and the size of the elastic

domain.
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3.1.2 Classical plasticity

As an earlier section suggested, we introduce a set of internal kinematic variables &; which
account for the plastic deformation history. These internal variables may be scalars or
tensors. The theory of thermodynamics does not allow internal variables that are vectors

(see references within [18, p. 48]). We represent the set of these internal variables collectively
as &.

We also introduce the total strain € which comprises of an elastic part €, which is due to
reversible deformations of the lattice, and a plastic part €? which arises from permanent
deformations due to the flow of dislocations. The strain is assumed to be related to its

elastic and plastic parts additively, so that
e =¢e+eb. (3.1)

This can be shown to be a physically feasible assumption for small deformations, see [18, p.
50] or [25]. One can show that the additive decomposition of the strain leads an additive

decomposition in the Helmholtz free energy function

¢(€7£) = we(se) + wp(ﬁ) = ¢(5675)7 (32)

see [18, p. 51].

The thermodynamical considerations from Section 2.5 apply. The important result from
that section was the dissipation inequality (2.15). Substitution of (3.1) and (3.2) into (2.15)
yields

—(a—?ﬁ):ée+<88—dép-é—a:ép>§0. (3.3)

Because this must hold for any elastic strain rate €€ it follows from a classical Coleman-Noll

that

o o
0_856 =0 = a_ae@
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and

oyYr . .
—&—0:EP 0. 3.4
g ST (3.4)
The second of these is known as the reduced dissipation inequality. We define the force
quantity conjugate to the internal variable & as
_ oy
=%

We identify the elements of x with hardening. Now (3.4) becomes
X-€E+0:eP>0. (3.5)

One can write this in a more concise manner by introducing the generalised plastic strain
Q = {eP, &} and the generalised stress ¥ = {o,x}. The double contraction of these
quantities is defined by

S:Q=0:"+x-£>0. (3.6)

Next we consider the set of admissible stresses. One can see from Figure 2.4 that given a
state of a material, there are only certain values that the stress can reach without further
plastic deformation. There are also values which once reached, with the appropriate loading
conditions, plastic deformation will begin to occur. We call this set the set of admissible
stress £, and its boundary B the yield surface. One can also see from Figure 2.4 that once
plastic deformation has occurred this set of values has changed. This suggests that this set
depends on the x. This set and its boundary can be expressed in terms of a function ¢;

that is

B={X]¢(%)=0} £={%]¢(X) <0}.

Next we elaborate on the types of behaviour that occur. Plastic materials exhibit elastic
behaviour under two loading conditions: firstly, when the applied load is not sufficient for the
onset of plastic behaviour i.e. the generalised stress state is not on B; and secondly, when

plastic loading is occurring and the loading conditions are such that plastic deformation
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ceases, i.e. the generalised stress state is on B but qZ) < 0. Plastic materials illustrate plastic

behaviour only when on the yield surface B. A mathematical statement of this is

g=oi "0
#(X) =0 and ¢ <0,
Q # 0 only if $(X) =0 and ¢ = 0.

These conditions will be shown to be the case in the following section.

We require a final postulate, which is the postulate of maximum plastic work. It can be
justified by physical arguments, see [25]. This postulate states: given a state of generalised
stress 3, for which ¢(¥) = 0 and a generalised plastic strain rate Q associated with X,
then

2:Q>T:Q, VTek. (3.7)
The implication of this inequality will be discussed in the following section, but it is clear
from (3.6) that we seek to maximise dissipation during plastic deformation.

If one uses (3.1) in (2.7) one can write

av

= tr(e” + ) = tr(e”) + tr(e?).

“In metal plasticity it is observed that volume changes are almost exclusively of an elastic

nature” [18, p. 53]. So it follows that

tr(e?) = 0 (3.8)
and
% — tr(e?)

That is, plastic flow is incompresible.



CHAPTER 3. POLY. PLASTICITY AND SINGLE-CRYSTAL PLASTICITY 34
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Figure 3.1: The set of admissible generalised stress used for illustrating the normality of
the generalised strain.

3.1.3 Normality laws

In this section we follow the argument presented in [18], for smooth yield functions. Let
3 = {0, x} be the set of generalised stresses and Q = {eP, £} the set of generalised plastic
strains. We assume the existence of a yield function ¢(X) from which a set of admissible
generalised stress £ = {3 | ¢(X) < 0} and a yield surface B = {X | ¢(X) = 0} can be
defined. A requirement on any yield function is that 0 € £. The evolution of the internal
variable Q is governed by the maximum plastic dissipation inequality (3.7). We shall now
prove that @ lies in the direction of the normal to yield surface at 3. Figure 3.1 serves as an
illustration for this proof. Let X’ be a unit tangent vector lying in the tangent hyperplane
of the yield surface at 3. Now consider a sequence of generalised stress T = 3 + X/ that
have the properties X, — 0 and
2
|12l

— 3> as e—0.
Using (3.7),

E:QZ(Z—FEQ):Q
=3 :Q<0

> .
= :Q<0.
[1=2]]
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Taking the limit as € — 0,
>:Q<o. (3.9)
This can be repeated for a similar sequence of generalised stresses with the property

€. 53 as e—0.

This will lead to

Q>0 (3.10)
It is clear from (3.9) and (3.10) that

>.Q=0.

This is true for any tangent vector 3 at . Thus Q is normal to B at . This implies that

when plastic flow occurs, Q) can be written as

where the plastic multiplier A (a rate) is a scalar.

A further conclusion about the direction of Q can be made. Equation (3.7) holds for any
T € &£. If we choose T' = 0 then

¥:Q >0,
A Vso(2) > 0. (3.11)

We can argue that because ¢ is convex and contains 3 = 0, it implies that the “sign” of 3
and V¢ are equal, thus ¥ : Vs (2) > 0. If we use this in (3.11), it follows that A > 0.
This implies that not only is Q normal to B at X, but it is in the same direction as the

outward normal of B.

The expression for ) can be separated into the components corresponding to € and £ by
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writing

._.% ._.%
61’—)\80 and E—)\ax. (3.12)

Plastic strain can only occur when on the yield surface. This gives rise to constraints on A
and ¢ known as the Karush—-Kuhn—Tucker (KKT) conditions:

A>0, ¢<0 and ¢ =0.

This first condition constrains the sign of A\. The second condition comes from the definition
of the yield condition. The third condition implies that either A>0and ¢ = 0 associated

with plastic deformation, or A =0 and ¢ < 0 associated with no plastic deformation.

Consider a generalised stress state 3 such that gi)(f)) = 0. Due to the constraint ¢ < 0, we
must have ¢(2) < 0. If $(X) < 0 we are moving off the yield surface and re-entering the
elastic domain. This is know as elastic unloading, and has associated A\ = 0. If qb(ﬁ]) =0
then we are staying on the yield surface, thus plastic deformation is occurring. This is
called plastic loading, and has associated A > 0. This behaviour can be summarised by the

conditions:
when ¢ = 0, then)\ZO, q5§0 and }\QB:O.

The third condition is know as the consistency condition. When the KKT are taken into

consideration, the consistency condition is valid not only at 3 but rather for all X.

3.2 Crystal plasticity

In this section the constitutive relations for single crystal plasticity are given. The physical
microstructure is discussed in order to justify many of the concepts, for further reading on
this topic see Barrett [8, p. 2]. Lastly, the appropriate use of microstructural information,

usually given in terms of a unit cell, is demonstrated.
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(a) (b) (c)

Figure 3.3: Non-uniqueness of the space lattice.

3.2.1 Crystal structures

At a microscopic level crystalline solids consist of atoms arranged in a pattern that repeats
periodically in three dimensions. As we shall see, this microscopic ordering is very impor-
tant in the plastic deformation of crystalline solids. In this section we briefly discuss this

microscopic phenomenon.

In order to describe the crystal structure we introduce the space lattice. A representation
of a space lattice is shown in Figure 3.2. It consists of straight lines connected together in
a similar manner such that space is subdivided into equal prisms. Notice that the space is
covered by the prisms with no voids or gaps. The points where the lines intersect are called
lattice points, and are very important for the description of crystal structures. Atoms or
clusters of atoms are placed at lattice points, depending on the material. Often in the case
of metals, single atoms are placed at the lattice points. The lines drawn between lattice
points are not unique; for this reason the space lattice is not unique (see Figure 3.3 for an
illustration). It is also possible for a space lattice to have lattice points that are not at

the vertices of the prisms (Figure 3.3(c)). These lattice points may lie at the centre of the
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Figure 3.4: A space lattice’s coordinate system.

prism, or at the centre of one of the faces of the prism. This is often done because it leads

to a better illustrations of the possible behaviour.

An important idea to understand is that at every lattice point the surrounding lattice points
have the same orientation. If an observer where placed at a lattice point and then moved
to another lattice point, he would see the exact same structure and be unaware that he is

at a new lattice point.

All possible arrangements of lattice points can be classified into one of 14 different spaces
lattices. That is to say that there are no more than 14 ways that points can be arranged in
space such that each point has identical surroundings. This does not imply that there are
only 14 different crystal structures, but rather that the crystal structure consists of some

fundamental pattern at each point.

One can define a coordinate system for a space lattice where one of the lattice points is
chosen as the origin. Then the three vectors a, b and ¢ that point to the closest vertex of
the prism are chosen as the basis vectors. Here we shall refer to the axes described by these
vectors as X, Y and Z. The vectors a, b and c have lengths a, b and ¢ and are separated
by angles «, § and 7 (see Figure 3.4). The axes X, Y and Z are not necessarily orthogonal.
In general the vectors fall into one of seven classes of crystal system. These are summarised

in Figure 3.5.

Each space lattice can be broken down to its simplest building block, a parallelepiped called
a unit cell. Each unit cell within a space lattice has exactly the same size and orientation.
A unit cell that contains only lattice points at its vertices is called primitive. As previously
mentioned, a unit cell can have lattice points at other points within them. See Figure 3.5

for all the unit cells associated with the 14 different lattice spaces.

It is necessary to develop a way to classify different planes that contain lattice points. We
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Symmetry Primitive C-centered B-centered F-centered

triclinic:
a,b, ¢ arbitrary,
«, 3,y arbitrary
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Figure 3.5: The seven classes of crystal system and the associated 14 unit cells [9].
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are more interested in the orientation of the plane than its position. A plane is classified
by its Miller indices. Every plane of lattice points intersects the XY Z coordinate system.
The plane A’B’C’ has intersects @’ = ma, b’ = nb and ¢ = pc; where a, b and c are
the basis vectors for the space lattice. The Miller index (h k [) is computed from the
intercepts by taking the reciprocals of the coefficients and then multiplying them by a
common denominator

(hkl)= (ﬁ N E)

n om p

N is chosen such that h, k and [ are the smallest possible integers. A plane that intersects
on the negative side of a axis (say the X axis) is denoted by using an over bar, i.e. (h k I).
If a plane is parallel to the X axis it is taken to have the intercept n = oo, thus h = 0. This

also applies to planes parallel to the Y and Z axes.

One can also define a family of planes that are equivalent in a crystal. For instance the
planes (1 00), (010), (001), (100), (010) and (00 1) form a family of planes because
they are identical (apart from their orientation). A family of planes is indicated by curly
braces, here that is {1 0 0}.

We also wish to construct an index system that gives the directions from one lattice point
to another. Suppose the desired motion can be achieved by going w times a, v times b
and w times ¢. If u, v and w are the smallest integers that could be used to describe the
direction, then the direction is indicated as [u v w]. If one of the integers is negative this is
indicated by an over bar, e.g. [t v w]. An example of this is a direction along the X axis,
given by [1 0 0].

At this point one may ask what this has to do with crystal plasticity. “Plastic deformation
in a crystal occurs by movement of laminae of the crystal over one another” [8, p. 288|.
This movement occurs along a crystallographic plane called the slip plane and in a direction
called the slip direction. A given space lattice, at a given temperature and consisting of a
given compound, has predefined planes along which slip may occur. The preferred plane of
slip is highly dependent on the compound composition and temperature. A good example
is a metal with a face-centered cubic (f.c.c.) unit cell at room temperature. For these
materials slip usually happens in the plane that is most densely packed {1 1 1}. At higher

temperatures other planes can become active. Another example is a metal with a body-
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1 [011 (111) 5 (101 (11 9 [x10 (111
2 [To1] (111) 6 [110 (I11) 10 [011 (111
3 110 (11 7 Jo11 (111) 11 [110 (111)
4 011 (11 8 [101 (111) 12 [101 (111)

Table 3.1: The slip planes and slip directions of the face-centered cubic unit cell, [19, p.
54].

(a) (111) (b) 11 1) (c) (111) (d) (111)

Figure 3.6: A representation of four of the slip planes of a metal with a f.c.c. unit cell at
room temperature.

centered cubic (b.c.c.) unit cell at temperatures higher than room temperature. For these
materials slip usually happens on the planes {1 10}, {12 3} and {1 1 2}. The slip directions
show strong dependence on the type of unit cell only, not the compound or the temperature.
For a given slip plane, the slip direction is always the direction of the closest packed row
of lattice points within that plane. A slip plane may have more than one slip direction
because the rows are equivalently dense. The slip plane, along with a slip direction within
the plane, is known as a slip system. This has great implications for plasticity, because
now the direction of the plastic deformation is confined in specific planes along specific
directions. A good example is that of metals with a f.c.c. unit cell at room temperature.
This material has 12 slip systems, given in Table 3.1; a visual representation of some of the
the slip planes is given in Figure 3.6. In Table 3.1 the slip dirrection and slip plane normal
of the at? slip system is denoted s® and m®, respectively. Metals with a b.c.c. unit cell at

temperatures higher than room temperature have 48 slip systems.

Analogous to classical plasticity, slip systems also have a yield stress and experience hard-
ening. A slip system will only yield and begin to slip when the magnitude of the critical
resolved shear stress is reached. The resolved shear stress is the magnitude of the stress

along the slip direction on the slip plane. The value of the critical resolved shear stress can
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change as a result of prior deformation of the crystal. Thus, hardening occurs on the slip
plane itself. In crystalline structures the phenomenon of latent hardening or cross hardening
refers to an increase in the critical resolved shear stress of a slip system induced by slip on

other slip systems.

For stresses below those that produce slip, a crystal experiences elastic deformations. These
deformations are associated with a distortion of the crystal structure or space lattice. The
distortions are small, and as a result a linear elastic relationship between the stress and the
strain is acceptable for deformation in the elastic range. Due to the underlying order of the
crystal structure, the elastic response differs depending on the orientation crystal structure
relative to the axis of applied load. For this reason the elastic response is considered to be

anisotropic.

Many engineering materials have a polycrystalline structure. This includes most common
metals and ceramics. This means that the material consists of grains. Each of the grains
has the same ordering, or unit cell, but the orientation of the unit cell differs from grain to
grain. A single crystal is a material that contains a single grain, which means the ordering

can be described entirely by one unit cell.

3.2.2 Single crystal plasticity
We intend to incorporate many of the ideas in Section 3.2.1 into a mathematical framework.
Some of the fundamental ideas from that discussion are:

e A single crystal is a material which, at microscopic level, has a perfectly ordered

crystal structure. This microstructure can be described by a unit cell.

e Depending on the type of compound and unit cell (we assume a constant temperature),

there are preferred slip planes.
e There are also preferred directions on these planes in which plastic slip will occur.
e A pair of slip plane and slip direction is called a slip system.
e Slip is directly linked to the plastic deformation of the material.

e A slip system will begin to experience slip when a critical resolved shear stress is

reached.
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e A slip system also experiences strain hardening as a result of prior slip.

e The crystal structure behaves elastically for stresses less than the critical resolved

shear stress.
e This elastic deformation is anisotropic in nature.

Assume that a material has IV slip systems. For a given slip plane and direction we define
two slip systems for each plane normal, but with opposing directions. This means we can
number the N slip systems in an ordered fashion o = 1, ...,2N. The a'" slip system’s slip
plane and slip direction are denoted m® and s®. The reason why we have 2N slip systems
is because we have doubly defined the slip systems. We illustrate this by example; if slip is
experienced on the plane with Miller index (1 0 0) and along the direction [1 0 0], then we
define two slip systems both with Miller index (1 0 0), but one with slip direction [1 0 0]
and the other with slip direction [1 0 0]. The reason for this is because it affects the choice
of yield function (this will be discussed later). It will also lead to a situation where the
plastic multipiers can only be positive, which has parallels with classical plasticity. For

convenience, we define the geometric tensor of the o slip system as
P =sym(s® ® m“).

We define two sets; active set A, and the potentially active set P. The active set is the set
of slip systems that are experiencing slip at a given time. The potentially active set is the

set of all slip systems P ={a | a=1,...,2N}.

As we have said, slip (or yield) will only occur when the critical resolved shear stress is
reached. The resolved shear stress is the magnitude of the stress along the slip direction
on the slip plane. The resolved shear stress is also called the Schmid stress. It is not
an unreasonable assumption that the Schmid stress will enter the yield function for a slip
system. Using Cauchy’s formula (2.8), one can find the traction caused by the stress on the
plane described by the normal m®; that is t,, = om®. We now orthogonally project the
traction vector onto s to find the magnitude of the projection. Thus the Schmid stress 7

is given by
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In index notation this is
Ta = Jijsf‘m?‘.

This can also be writen as

T =0 : P~

We will introduce a new internal variable £€% to capture the accumulated amount of slip that
has occurred on slip system «. In contrast to classical plasticity this variable need only be
a scalar as we know the direction of plastic flow but not its magnitude. We represent the
set of these internal variables collectively as & € R?N. The amount of elastic and plastic
deformation the crystal structure has undergone is represented by the elastic strain €° and

plastic strain P, respectively. Thus the generalised strain is
E = {e°, " &}
We define the generalised plastic strain

Q= {e" &}

As in Section 3.1.2 we use the additive decomposition assumption for the strain (3.1)

€ =€+ €, (3.13)
and a small strain assumption

e = sym(Vu).
As discussed this leads to an additive decomposition of the Helmholtz free energy

b(e &) = v(e) + ¥ (&)

As previously mentioned the elastic deformations of a crystalline material are due to small

distortion of the crystal structure. Since these deformations are small, it follows that an
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appropriate assumption is that ¢ has a quadratic dependence on the elastic strain,

e®: Ce".

Ve (e) =

N[

This leads, in the absence of plastic deformation, to a linear relationship between the stress

and the strain, i.e. linear elastic material,

=00 _ O _ e,

= = = 3.14

77 9et T e (8:14)
Through the use of (3.13), (3.14) can be writen as

o =C%e—¢€P). (3.15)

The choice of the plastic contribution to the free energy depends on the type of hardening
exhibited by the material. The material may exhibit kinematic hardening, isotropic hard-
ening, or a perfectly plastic behaviour. For each of these cases a different form for " is
chosen. In crystal plasticity the hardening rule is often not given as an explicit function,

but rather it is defined via an evolution equation of the form
XHAE) =) nP (AP, (3.16)
B

where A = ) & is the equivalent plastic strain and h®? a component of the matrix
of hardening moduli. There are many proposed forms of hardening moduli, for example
isotropic hardening h*?(A) = h(A) proposed by Taylor [41] and independent hardening
h*P(A) = h(A)s*? proposed by Koiter [22] to name a few. Here we choose the latent
hardening law propossed by Hutchinson [21] and Asaro [5],

h(A) = h(A)[g + (1 — )6

where the function h(A) is chosen according to type of hardening that is exhibited and
g € [1, 1.4] is a parameter. The introduction of the additional parameter ¢ allows for latent

hardening. The following expression of h(A), as well as the types of hardening they result
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in, are relavent

.
ho cosh ™2 (%) sech hardening
o0 —Tp
h1 linear hardening
h(A) = (3.17)
hg cosh ™2 (%) + hy  sech+linear hardening
S 0
0 perfect plastic.

\

The set of admissible generalised stresses X is defined as the non-smooth convex set
£={B]¢*(%) <0,V aeP},
where ¢ is the yield function associated with slip system «. It is defined by

¢%(o,x") =7%0) = (15 —X") V @€ P, (3.18)

where 7¢

:= o : P® is the resolved Schmid stress and 73 is the critical resolved shear
stress. The set of admissible generalised stresses places a non-positive restriction on the

yield function, that is ¢ < 0.

As suggested earlier, if we do not doubly define the slip systems then we use the yield

function
¢%(o,x") =) = (10 = x") YV a € Q,

where Q = {aja = 1,...,m}. One can see from the normality conditions (3.12) that the
modulus sign introduces its own complications. Doubly defining slip systems also introduces
its own set of problems, in that this treatment has twice the number of equations to be

solved.

The evolution of the internal variable @ is governed by the maximum plastic dissipation in-
equality (3.7). From this we get the normality, complementarity and consistency conditions;
see section 3.1.3. The normality conditions are given by

0™

. 'aa(ba \ O DO e \ \
spzz/\a—a:Z)\P and ¢ :)\8—XQ:)\, (3.19)
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where A\ is the plastic multiplier or, equivalently, the slip rate. The KKT conditions state
that

AN >0, ¢* <0and \%¢* =0, a€P (3.20)
and the consistency condition states that
AP = 0.

In order for (3.19) to be well posed, they require a initial condition. We choose this to be
eP(0,X) =0.

An equivalent statement of the maximum plastic dissipation inequality (3.7) is the classical
principle of maximum plastic dissipation: the plastic dissipation DP = 3 : Q is maximised

for a fixed Q; for all admissible generalised stresses

¥ = arg max [T : Q] . (3.21)
TeE
This statement can be approached from a nonlinear programing point of view. The following

section gives a brief overview of this topic before we apply the principles to the problem.

The variables and equations relevant to crystal plasticity are summarised in Table 3.2.

3.2.3 A mathematical description of the unit cell

We have already mentioned many of the properties of the unit cell. Here we will describe
a general unit cell in a mathematical framework. The unit cell is described by two objects:
the slip systems and the constitutive tensor. The slip systems give us information that is
useful when plastic deformation is occurring. The constitutive tensor describes how the
crystal structure behaves under elastic deformations. As we have mentioned, the elastic
deformations are of an anisotropic nature. This implies that the constitutive tensor that
describes these deformations is required to be anisotropic. We define the unit cell basis e;

and the fixed Cartesian basis e;. The unit cell information is defined in terms of the unit
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Kinematic variables:
displacement

strain

elastic strain

internal variables
generalised plastic strain

Dynamic variables:
stress

hardening

generalised stress

Scalar equations:
free energy

elastic free energy
yield function

Equilibrium equation:

boundary conditions

Constitutive equations:

stress
equivilent plastic strain
hardening rate

normality conditions

complementarity conditions

consistency condition

u
e =sym(Vu)
e =g —¢gP

AL A2 . )N

dive 4+ pb =0
u=gonlpandon=honly

o = 0Y°/0e® = Ce°®
A=Y\

XA, A) = 35 heB(A)NP
h*P(A) = h(A)[g + (1 — q)6°7]
e.g. h(A) = hgcosh™ (%)
el =3, AP eP(0,X) =0
A >0, ¢* < 0 and A\%* =0
Age =0

Table 3.2: Summary of crystal plasticity equations.

48
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cell basis:
s* =sle; = sie;
« AOLA «
m® =mie; = mje;
Ce = Ciej'kléi & éj R e R e = ijklei Ke;®ere.

The slip system information is given in terms of the Miller indices and crystal structure
directions. These are easily converted to vector form. A general Miller index (u v w) is

converted to the vector form by

1
CEE= A

Similarly, a general crystal structure direction [u v w] is converted to the vector form by

cn n 1
[’U,U'U)] = Sa*S?GZ‘, a:m{u,v,w}.

For our purposes, we shall use either an isotopic or an anisotropic constitutive tensor. An
isotropic tensor can be described by a set of two scalars. Here we choose A and p, Lamé’s
first parameter and shear modulus, respectively. The expression for an isotropic constitutive

tensor is given by

Ciint = AijOr + p(Girjr + 6udjn).-

A conversion table is given in Table 3.3 to convert from the material parameters of k, F
and v (the bulk modulus, Young’s modulus and Poisson’s ratio, respectively) to those of A

and pu.

An anisotropic constitutive tensor with cubic symmetries can be described by an additional
set of three scalars, C11, C12, Cy4. The anisotropic constitutive tensor with cubic symmetries
is given by [14]:

3
Ciir = C120i50k + Cua(0ir 051 + dudjr) + (C11 — Cog — 2C44) Z Oir0irOkrOpr.  (3.22)

r=1

We wish to represent the unit cell at various orientations. The problem is most easily
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—_
ENES
==
= =

i
S

(1,v) 2y
()\’ I/) )\(12—2V)
E 15
(B, v) I+ (1—2v) 2%1+u)
(F[/ l/) 3,4;_y 2K 1721/)
) 1+v 2(1+V)

3k(3k—FE K

(k, E) 9(me ) 9:2@7EE

Table 3.3: Conversion table for material parameters.

solved if we transform all the information to a single basis; we choose the fixed basis. The
orientation of the unit cell relative to the fixed Cartesian basis e; can be represented by the

orthogonal matrix R: that is,
e; = Re;,

The rotation matrix R can be broken down into three transformations about the z-, y- and

z-axis @1, @9 and O3 respectively. These rotations are given by

cosf)y —sinf; O cosfly 0 sinfy cosfly —sinfs 0
®; = |sinf; cosfh; 0] O= 0 1 0 ®3=|sinf3; cosfs O
0 0 1 —ginfy 0 cosfy 0 0 1

where 61, 5 and 63 are the rotation angles about the z-, y- and z-axis. Thus, R = ©30,0;.

The transformation from the unit cell basis to the fixed basis is given by !
éa = Rea = Riaei.

So a vector v = 0,6, given in the unit cell basis is transformed to the fixed basis v = v;e;

via

V= Uq€q = Vo Rine; = Rin0, €;.
——

CH

lHere we use Te]- = (Tikei ® ek)e]- = ikeiékj = Tijei.
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This transformation must be applied to the vectors s and m® defined in the unit cell basis.

Similarly a fourth-order tensor C¢, must be represented in the fixed basis as:

~

Cc=Chopy €a®esQ €, R €5
= CAEB,W; Rine; ® Rjg e; ® Rkﬂ,ek ® Rise;
= éﬁﬁw RinRjsRi Ris e @ ej ® e e.

~
e
Cijkl

3.3 Constrained minimisation problems

In this section we consider methods for solving the constrained minimisation problem:

minimise f(x) (3.23)
subject to ¢g;(x) <0, z €S, S CR"

where f,g; : & — R are continuous functions on the set S. We focus on three optimi-
sation methods for solving this problem. These are the penalty, Lagrange multiplier and

augmented Lagrangian methods. Details on these methods can be found in [26].

3.3.1 Penalty method

One of the easiest methods to apply to constrained minimisation problems is the penalty

method. We define a penalty function P;(x) : S — R with the following properties:
1. Pi(x) > 0 for all g;(x) > 0,
2. Pi(x) =0 for all g;(x) <0.

Now problem (3.23) can be written as the unconstrained optimisation problem

minimise £(x) = f(x) + ZnPZ-(:B) (3.24)

where 71 is a positive constant scalar penalty parameter.
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A common example of a penalty function is

P;(x) = max [0, gl-(w)]2 .

It is important to note that a solution to (3.24) is not a solution to (3.23); rather it is
an approximate solution to (3.23). One can show that as the penalty parameter increases,
resulting in the constraint being more strongly imposed, the solution to (3.24) tends to the
solution for (3.23); see [26, p. 367].

3.3.2 Lagrange multipliers
Lagrange multipliers for equality constraints
In order to understand how to solve problem (3.23) let us consider a simpler problem:

minimise f(x) (3.25)
subject to h;(x) = 0.

This problem can be solved using Lagrange multipliers. A well known condition of a point
x*, which is a solution to the problem, is the first-order necessary condition (see [26, p.
326]) at x*, the gradient of f is equal to the linear combination of the gradients of h; and
h; = 0; that is,

V(") = — Z GiVhi(x*), (3.26a)
hi(a*) = 0, (3.26b)

where (; are scalars called Lagrange multipliers. This leads to the Lagrange multiplier

statement of problem (3.25)

minimise L(x,(;) = f + Z Cihi, (3.27)
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where the Lagrange multipliers are introduced as additional variables. One can see that a

solution to (3.27) will also be a solution to (3.25), since at a solution to (3.27) we must have

oL
oL

which are the requirements in (3.26). The problem statement (3.27) is said to be the dual
problem of (3.25) in that a solution to the Lagrange multiplier problem is equivalent to a

solution to the original problem.

Lagrange multipliers for inequality constraints

To solve problem (3.23) using the idea of Lagrange multipliers we need to add some further
requirements on the multipliers. We start by defining active and inactive constraints. The

ith constraint is said to be active if the solution to the problem x* satisfies g;(*) = 0. The

ith constraint is said to be inactive if g;(x*) < 0.

If we knew the set of active constraints a priori, then we would ignore the inactive constraints

and simply solve the problem only considering the active constraints:

minimise f(x)

subject to g;(x) = 0, for 7 in the active set.

Here we would simply apply Lagrange multipliers, as discussed in the previous section.
Another way to achieve this is to associate Lagrange multiplier values ¢; = 0 with the
inactive constraints. This renders the constraint inactive in that it has no effect on the

minimisation. So we can say, if g;(x) < 0 then ¢; = 0.

Now we turn our attention towards the active constraints. We lay out an argument for
a single active constraint. Imagine at a* the k'™ constraint is the only active constraint,
and has (; < 0. The first order-necessary condition implies that the gradient of f and the
gradient of g are in the same direction. The gradient of g always points into the region
where g < 0. Since the gradient of f also points in this direction, f could be further

minimised in that direction. Hence, there is a point in the feasible region that further
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minimises f. Thus the assumption that (; < 0 was incorrect. One can go further than this
and show that this is true for multiple active constraints, see [26, pg 342]. Thus, if the kth

constraint is active, its associated Lagrange multiplier must be (; > 0.

This leads us to the KKT conditions. If we wish to solve problem (3.23) using a Lagrange

multiplier approach, the following conditions apply:

¢G>0
gi <0
9iG; = 0.

Thus problem (3.23) can be written as

minimise £(2,¢) = f + Y Cigi

where C’L > 07 i < 07 CZg’L = 0.

3.3.3 Augmented Lagrangian
Augmented Lagrangian for equality constraints

This method can be seen as a combination of a penalty method and a dual method (or

Lagrange multiplier method). The augmented Lagrangian function for (3.25) is given by
Lo(@,G) = f(x)+ ) Ghi(z) + 31 ) _ |hi(z)[? (3.28)
i i

for some some positive constant 7. One can argue, see [26, pg 451], that this can be viewed

as a special penalty function or as the basis for a dual problem.

From the view of a penalty function, we are simply using a standard quadratic penalty

function on the problem

minimise f(x)+ Z Gihi (3.29)

subject to h;(x) = 0,
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with fixed ¢;. This problem has the same solution as (3.25) because adding a combination
of the constraints will have no effect on the minima. If one were to select the values for
¢; that correspond to the Lagrange multipliers at «*, then the gradient of £, (x,(;) would

vanish at *. This can be seen by differentiating £, (x, (;), and setting it to zero, to obtain
VL(x, ) =V @)+ > GVhi(x) + 30> 2hi(@)Vhi(z) =0

which would be satisfied by Vf(x) + >, (;Vhi(x) = 0 and hi(x) = 0. This is what is
enforced by (3.29) if ; = (/.

An algorithm to find the minimum of (3.28) is given in [26, pg 452]. For a fixed value of (¥
one finds the minimum of (3.28). Then (¥ is updated using

¢ = ¢F 4 nhi(2h), (3.30)

and (3.28) is minimised again with the updated Cf“, and so on until convergence. One can
also adjust the value of the penalty parameter 1 during the process. The way in which 7 is

adjusted is usually predetermined and set to increase with more iterations.

It can be shown, in the context of the penalty method see Section 3.3.1, that the penalty
function is an approximation of the Lagrange multiplier [26, pg 410]. In the context of
this problem it is seen as the change in the Lagrange multiplier between iterations of prob-

lem (3.29). This serves as a justification for the form that the update formula (3.30) takes.

From the viewpoint of a dual problem, we are simply applying the method of Lagrange

multipliers to
minimise f(x)+ %nz \hi(z)]?
subject to hi(x) = 0.

Once again this problem has the same solution as (3.25) because the addition of the term

>, |hi()]? has no effect on the minima, nor the Lagrange multipliers.



CHAPTER 3. POLY. PLASTICITY AND SINGLE-CRYSTAL PLASTICITY 56

Augmented Lagrangian for inequality constraints

We now apply this approach to (3.23). We do this by converting the inequality constraints

into equality constraints by introducing a slack variable z;

minimise f(x),

subject to g;(z) + 22 = 0.

1

Since the problem has been converted into one with only equality constraints, we can apply
the same approach as in the previous section. We write the augmented Lagrangian function

as before; that is,

£y(@.Goz) = (@) + 3 [Gilou(@) + 22) + dn (@) + D] (3:31)

P;

One can eliminate the dependence of £, (x, (;, 2;) on z;. The only dependence of (3.31) on

z; is in the terms P;. The derivative of P; with respect to z; is given by

oF;

Zq

We note that 22 > 0. If one is not on the it constraint then one must have 22 > 0, and
the derivative of P; must vanish. For this case it implies 22 = —(;/n — g;(x). Thus one can

write 2:2-2 as

5 —Gi/n—gi(x) if —G/n—gi(x) >0,

0 otherwise,

N
<.

or equivalently as
% =max [0, —(i/n—gi(x)].
We now substitute this back into P;. If 22-2 = 0, the expression for P; can be written as

P; = o [2Gngi(2) + 1P g*(2)] = o [(Gi +ngi(x))* = ¢7] .
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If 22 = —(;/n — gi(x), the expression for P; can be written as
P, = —5,¢
These can be combined into a single statement:

P, = % {maX [0, ¢+ ngi(x)]” — CZQ} .

Thus, the augmented Lagrangian function can be written as
Lof@.G) = J(@) + 3 3; { (max G + ngi(@)))? ~ ¢}

The minimiser of this Lagrangian is equivalent to a solution to (3.23).

o7

3.4 Alternative representations of the flow rule for crystal

plasticity

In Section 3.2.2 the flow rule was derived from the maximum plastic dissipation inequal-

ity. Here an alternative derivation of the flow rule is presented, based on the nonlinear

programming methods discussed in Section 3.3. We present the results of the augmented

Lagrangian, Lagrange multiplier and penalty methods applied to the principle of maximum

plastic dissipation (3.21).

3.4.1 Lagrange multiplier method

The theory of Lagrange multipliers applied to the statement of maximum plastic dissipation

(3.21) leads to the following problem:

Minimise: L, (o, X%, (%) = — (a (el + Z }\axa> + Z Yo
(0% «

subject to the KKT conditions

Ca Z 0) gba S 0, ¢a<—a =0.
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Here we have introduced Lagrange multipliers (“. Requiring stationarity of the Lagrangian

with respect to the stress and hardening yields

oL, , .
WZ()?E]):%CP,
oLy, .

— 0= ho = o
xo 0= ¢

Thus, this treatment of the maximum plastic dissipation (3.21) leads to the flow rule
e =Y AP, (3.32a)
03
with conditions A* >0, ¢* <0, ¢*A\*=0. (3.32b)

As we can see by comparing the conditions (3.32) with (3.19)—(3.20), this treatment of the

problem has a strict fulfillment of the complementarity conditions.

3.4.2 Penalty method

By directly applying the theory of the penalty method to the statement of maximum plastic
dissipation (3.21) the following problem is obtained:

Minimise L,(o, x%) = — (0 (el + Z}\axa) + nZP(¢>O‘).

Here we have introduced the penalty parameter 1, and an arbitrary penalty function P(¢®)
that meets the requirements (see Section 3.3.1). Requiring stationarity of the Lagrangian

with respect to the stress and hardening parameters yields

P 9¢* P
8£p:0:>ép:nza ¢ :nza—P“,
« [e%

Do 2™ Do s
oL, ‘o OP0¢* 0P
8)(0‘_0:>)\ —n8¢aaxa—na¢a.

This result is substantially different to the Lagrange multiplier counterpart. Here there is

no strict fulfillment of the yield criterion nor the complementarity conditions (3.20). A slip
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system is considered active if

opr

Essentially what this method allows is for the yield criterion to be violated, which activates
plastic flow and encourages the yield function to relax towards the yield surface. Due to
the nature of penalty functions, the stronger the violation the stronger the encouragement.
A choice of penalty function can be chosen such that a viscoplastic formulation is obtained
[37]. If one chose

a o o o Lo\ ptl a L«
p(g) = B0 (ORI XN o, o - B (3)
p+1 o — X“ p+1

where p is a positive scalar parameter the strain-rate-sensitivity , it leads to

oP max|0, ¢%] >p
= +1) —1.
ol ( & — X

This is a constitutive relationship of a well known viscoplastic formulation; see references
within [29]. For this reason this treatment of the problem is considered a rate-dependent

formulation. The general form of these flow rules are:

e =) AP, (3.34a)
: oP

R iy 3.34b
A "oga ( )

As stated in Section 3.3.1, the larger the choice of n the more strictly the constraint is
imposed. Thus, as  — oo the penalty method tends to exhibit behavior that is rate-

independent.
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3.4.3 Augmented Lagrangian method

By directly applying the theory of augmented Lagrangian to the statement of maximum

plastic dissipation (3.21) the following problem is obtained:
Minimise: £,(o,x%, (%) = — (cr el 4+ Z }\axa> +% Z {max [0,¢% 4+ n¢®)* — (CO‘)Q} .
(0% (0%

Here we have introduced Lagrange multipliers (%, and penalty parameter 1. Requiring
stationarity of the Lagrangian with respect to the stress, Lagrange multipliers and hardening

parameter yields

oL, . a o pa
o :0:>sp:za:ma><[0,€ +n¢®| P?,
oL, o a a
8CQ_OZ>C = max [0, (“ +7n¢°],

0Ly = 0= A% =max [0, + 1¢°].

ox®

By comparing the above equations it is seen that (¢ = A%, Thus this treatment of maximum

plastic dissipation leads to the flow rule

e =) AP, (3.35a)

A% = max [0, A + 77¢O‘] . (3.35b)
A slip system is considered active if

max[0, A% + 7¢*] > 0. (3.36)

Considering equation (3.35b) we note that if A® > 0, we must have ¢@ = 0 for the equation
to be satisfied. The equation also implies that when ¢% < 0 we have A* = (. This means
that this approach satisfies the complementarity conditions (3.20) exactly. For this reason

this treatment of the problem is considered a rate-independent formulation.
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Chapter 4

Numerical methods

In this chapter we focus on numerical methods that are used throughout the remainder of
this presentation. These methods are often used as tools, but it is necessary to be familiar
with their details. We will discus two decomposition, the LU factorisation and the singular
value decomposition (SVD), and how they are applied to solve systems of equations. The
LU decomposition (with pivoting) is extensively used on systems of equations that are
well-conditioned. However, the SVD is extensively used on systems of equations that are
ill-conditioned. In addition to these decomposition, we discuss a Newton—-Raphson method
that includes line search. This is know as a globally convergent Newton-Raphson method.
Finaly, we briefly discus fixed point mapping. This topic is briefly discussed so as to

familiarise the reader with the topic, and is not seen as a complete dicussion.

4.1 LU factorisation

Let A € R™*™ be a square matrix. A series of Gaussian elimination operations L1, Lo, ... Ly, 1

can be applied to A such that an upper triangular matrix U is formed:

Lpy—q..LoL1 A=U.
| ———

-1
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This can be expressed as
A=LU,

where L is unit lower triangular and U is upper triangular. This is known as the LU
decomposition. Variations of this decomposition exist, such as the LDU decomposition

where D is diagonal, L is unit lower triangular and U is unit upper triangular.

L can be shown to be lower triangular as follows. Consider the k' Gaussian elimination
operation L. Let a; be the k™ column of A before Ly, is applied. Lj; must be chosen such
that

a1k a1k
akk L akk
ap = —k> Lkak =
Ak+1,k 0
Ak 0

This is done by subtracting l;;, times row k from row j, where [;; is given by

ajk ‘
L = - kE<j<m.
agk

The matrix Ly is then given by
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from which we define

Iy =

Ly, can be expressed as Ly = I — lkez where e, is a vector with 1 in position k£ and zero
elsewhere. Now consider (I—lkef) . (I+lke£) =I—lQep - lp@ep=1—(lx-ex)lx@er, =1,
since (I - ex) = 0. This implies that L,:l =1+ ; ® e.. Next, consider
LLidy = (I+hk®er) (I + g1 © eppr)
= T+ @ep+ 1 ®epp1 + (e @eg)  (lt1 @ eg41)
= I+l ®er+ k1 ®epr + (e - ler1) Ik ® egy1)
= I+l ®ek+ g1 @ epyq

since (eg - lgy+1) = 0. Thus

L=Li'Ly' L =T+ h@e+ -+l 1®epo1 = |l Iz 1

lml lm2 lm,m—l 1

Therefore, L is in fact unit lower triangular.

4.1.1 Remarks on using LU decomposition to solve the system Az = b.

LU decomposition is often used to solve the system of equations Az = b. This is done by
factorising A = LU, and solving the systems Ly = b and Uz = y. As illustrated in [43, pg
153], this form of the LU decomposition does not solve Az = b stably. In general, Gaussian

elimination plus pivoting is necessary for a LU decomposition that is stable in solving the
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problem Az = b, see [43, pg 155]. The expansion of this to include pivoting is implemented

here.

4.2 Singular value decomposition

Singular value decomposition can be illustrated by the following geometric fact [43]: The
image of the unit sphere under any m X n matriz is a hyperellipse. Let the unit sphere
of dimension n be represented by the orthonormal set {v;}. Then under the action of
A (an m x n matrix) {v;} is mapped to {o;u;}, where {u;} are the directions of the
principal semiaxes of the hyperellipse, and o; are the lengths of the principal semiaxis of
the hyperellipse. Since the principal semiaxes are orthogonal, {u;} form an othonormal set
of vectors. The mapping of one of the vectors in {v;} can be represented by A;,vy, = oju;.
The mapping of the entire set {v;} can be represented by A;pvy; = 0jurdk;. This leads to

the matrix representation
AV =UX.

Since V consists of orthonormal columns it is orthogonal and V! = V1. So,
A=UxVT.

This is known as the reduced singular value decomposition, and is sufficient for our purposes.
The inverse of A can easily be determined. Since U and V are unitary, their inverses are
equal to their transposes. 3 is diagonal (3 = 0,0;; = diag(0;)) so its inverse is a diagonal

matrix with diagonal components equal to the reciprocals of o;:
A7 = (UsVT) ! = Vidiag(1/0;)U”.
Consider the problem
Ax =b. (4.1)

A problem arises in finding solutions @ to this equation when A is singular. If A is singular

then there are solutions to a Ax = 0 other than = 0. The set of these solutions is called
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the null space of A. The dimension of the null space is called the nullity of A. The subspace
of b that can reached by A is called the range of A. The dimension of the range is called
the rank of A. In SVD we explicitly construct an orthonormal basis of the null space and
the range of A. The columns of U that have associated non-zero singular values span the
range of A. The columns of V' that have associated singular values that are zero span the
null space of A. Using this last statement we can solve (4.1) when A is singular and b zero,
since the solution to this problem is given immediately by SVD - the columns of V' with

associated zero singular values.

Now we discuss solving equation (4.1) when A is singular and b is in the range of A. This
problem has more than one solution @, being a linear combination of  and any other vector
in the null space. If we want to produce a single vector that is a solution, we might choose
the one that has the smallest length |x|. We achieve this by replacing 1/0; by 0 if o; = 0.

Hence
x=VE U, (4.2)

where ﬁ]_l is the modified inverse of X.

When b is not in the range of A then equation (4.1) has no solution. But by using equation
(4.2) we can still find a “solution”. This “solution” will not satisfy equation (4.1) exactly,
instead it will do the best possible job in a least squares sense. In other words it is the

solution to

« which minimises |Ax — b|.

Above we considered a solution scheme when A is singular. This scheme also works for A

when it is ill-conditioned.

4.3 Newton—Raphson method

The Newton-Raphson method is a root-finding technique, see [34, pg 379]. The problem

can be stated as follows:

Find @ € R" such that F(x) =0, where F : R" — R".
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In the neighbourhood of a solution to this problem, F' can be expanded in the truncated

Taylor series

OF (x)

F(x + éx) = F(x) + 5

sz + O(6x?).

The term J := alg—a(f) is called the Jacobian. By setting F(x+dx) = 0 and neglecting terms

of O(6x?), an expression for dz is obtained in the direction of the root

When solving this system of equations the nature of J should be considered. If J is well

behaved then a solution can be found using LU decomposition!. However, if J is ill-

conditioned then a solution can be found using singular value decomposition?. Once the
system of equations is solved the correction dx is added to the previous approximation to

obtain
Tpew = Told T+ ox

and the process is iterated until convergence. In practice two checks for convergence are
used: one criterion checks that a root is sufficiently close, ||F'||o < tol, another checks that

the change in the position of the root is significant, ||dx||~ < tol.

This Newton—Raphson method works very well provided F' and J are well defined and the
starting point is sufficiently close to the root. However, in many cases we require a root-
finding technique that is more robust: one that is globally convergent, and that can handle

irregularities in F'.

4.3.1 Globally convergent Newton—Raphson method: Newton—Raphson

combined with line search

In this Section we discuss a root-finding technique that combines the rapid local convergence
of a Newton—Raphson method with a strategy that ensures some progression is made in the

direction of the root. The argument presented here can be found in [34, pg 387]. A strategy

lsee Section 4.1
2gee Section 4.2
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to achieve a globally convergent Newton—-Raphson is to add an additional constraint. This
constraint says that the Newton step dz must reduce f = 1/2|F|?> = 1/2F - F. What must
be done if the Newton step does not reduce f? We note that dx is in the direction that

reduces f in the vicinity of the current position; that is
Vf-dx=(F-J) - (-J ' F)=-F-F<O. (4.3)

Thus, there exists a A € (0,1] such that the update @new = To1q + Ao reduces f.

The next question is how do we find a A that reduces f? This can be done by the using
the line search technique. The idea is to approximate the function g(\) = f(xyq + Adx) by
successive polynomials and find the minimum of these until a criterion is met. In practice

the following criterion is normally used:

f(@org + Aox) < f(®o1q) + aV f(Tota) - [(Tota + A0T) — To1a), (4.4)

where o € (0,1) is a parameter. Within the context of a Newton-Raphson with line search
if F' is of order unity then a value of & = 10™% is appropriate. This criterion is better than
the criterion f(x,q+ Nox) < f(xyq), as this criterion can fail to converge to the minimum
of f.

The first polynomial approximation of g(\) is the quadratic function

g(\) = [g(1) = g(0) = g'(0)] N> + ¢'(0)A + g(0), (4.5)

where ¢'(\) = Vf - d2. The minimum of this polynomial is a good appropriation for the A
that satisfies (4.4), and is given by

\ —4'(0)
2[g(1) — g(0) = ¢'(0)]

Now we can change the second and successive polynomial approximations to a cubic ap-
proximation. In this approximation we use the previous values g(A1) and g(A2), where A\
and Ay are the previous two approximations of the minimum (A; being the most recent

approximation). That is,

g(\) = aX® + A% + ¢'(0) + g(0),
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where a and b are given by

H 1 [ /% —1/A%] | [gul)—g'(om—g(m
bl A=Az [=x/A2 A /A2 [g(Xa) — g (0)A2 — g(0)

The minimum of this cubic equation is given by

\ o —b+ /b? — 3ag’'(0)
— = .

In practice a constraint that 0.5A; < A < 0.1)\; is placed on A. This ensures that the system

remains stable.

This process is continued until a A that satisfies the criterion (4.4) is found, from which it

is concluded that the next Newton step is taken to the point ®,e, = Tog + Ao,

4.4 Fixed point mappings

Let the set X be a normed space. A fixed point of a mapping T': X — X is a point z € X,
such that Tx = x. Of course not every mapping of this kind possesses a fixed point. There
are certain criteria that a mapping must meet, one such theorm that state the criteria is
the Banach fized point theorem. This theorem states that if T' is a contraction mapping on

X, then T has precisely one fixed point, see [23].

The definition of contraction map is as follows: the mapping T : X — X is called a

contraction mapping if there exists a positive scalar o < 1 such that for any =,y € X
1Tz = Ty|| < aflz —yll.

A geometrical interpretation of this is that the image of the points x and y are closer

together than x and y.

The Banach fixed point theorem also provides a means of finding the fixed point of a
contraction map. This is done by starting at an arbitrary point xyg € X. Then by the

iterative procedure

T 4— x,
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the fixed point of T can be found.
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Chapter 5

Finite element method

Here we focus on applying the finite element method to the equations developed in Chapter 3
that govern the response of a continuum. The finite element method is a well established
numerical method, and it is widely used in engineering applications. The topic is very
mature and many different approaches to understanding this topic can be found in the
literature, see for example Hughes [20], Reddy [35], Belytschko [10]. The application of the

finite element method to elastoplastic materials can be found in Simo and Hughes [39].

5.1 The strong formulation

Here we consider the result of balance of linear momentum in the absence internal forces: the
equilibrium condition (2.10). This equation along with the boundary conditions discussed
in Section 2.4 make up what is known as the strong form of the problem: Given b : Q — R3,

g:I'p—=R3and h: Ty — R3, find u : Q — R? such that

div(e) + pb =0 in €,
on=honIy,

u =g on I'p,

where o(u) = C¢(e(u) — €P) together with the equations for plastic flow in Table 3.2. Here

eP is not an explicit function, but is dependent on the dispacement and the history of the
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plastic strain. This also applies to o.

5.2 The weak formulation

Let S denote the trial solution space, the set of candidate solutions. Let V denote the test
space, a function space used to test candidate solutions. Each member u; € S must satisfy
u; = g; on I'p. We define that each w; € V must satisfy w; = 0 on I'p. We use these test
functions to construct the weak formulation. This is done by multiplying the equilibrium

condition by w and integrating over the domain €2:
/ [w- div(e) + pw - b] de = 0.
Q

Using the divergence theorem on the first term we obtain

/w'a'nds—/Vw:a'd:):—l—/pw-bdac—o.
r Q Q

Naturally the integral over the boundary can be separated into two boundary integrals, one

over the Neumann boundary and one over the Dirichlet boundary:

w-onds+ 'w-crnds—/Vw:a'dQ+/pw-bdx:0.
I'ny I'p Q Q

We have defined the test function to be zero on the Dirichlet boundary (I'p), so the second
term is eliminated. We also know that on the Neumann boundary I'y we have on = h;

thus
/Vw:crdx: w-hds+/pw~bd:z. (5.1)
Q I'n Q
Since o is symmetric, we can write the first term of (5.1) as !

Vw: o =sym(Vw) : o.

et Ai;j be symmetric and B;; be decomposed into a symmetric and anti-symmetric parts B(;; and
Bjiji = wkeijr , where e is the perturbation tensor. Then A;;Bi; = Aij(B(j) + Byiji) = AijBuj) +
Asjwreije = AijBij).-
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Thus the weak formulation can be stated as: Given b : @ — R3?, g : I'p — R? and
h:Txy — R3, find w € S such that for all w € V

/sym(V'w) rodr = 'w-hds+/ pw-bdx (5.2)
Q Ty Q

where o = o(u).

We note at this point that limitations must be placed on the spaces S and V. Equation
(5.1) requires that the members and their gradients are square integrable on 2; thus by

definition of the Sobolev space H!,

S={ulu=gonTp, ue[L*Q), Vue [L*(Q)]>°}
={ulu=gonTp,uec[H Q)},

V={w|w=0onTp, we [L}Q), Vw € [L}(Q)]*°}
= {w|w e [HH(Q)’}.

where g is a given smooth function. One can also infer from V = [H}(Q)]? and S = [H}(Q)]3
that V C &, with the restriction that it is zero on the Dirichlet boundary.

It can be shown that if all functions are smooth enough, a solution to the weak form is also
a solution to the strong form [20]. This implies that the strong form is equivalent to the

weak form. For convenience we define the notation
alw,u) = /sym(V'w) co(u)de, (5.3)
Q
(w,b) = /pw-bd:c,
Q
(w,h)r = w - hds.

I'n

The weak form in this notation is then

a(w,u) = (w,b) + (w, h)r.
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5.3 The Galerkin approximation

Next we construct the Galerkin approximation from the weak formulation. Let S* and V"
be finite-dimensional approximations of S and V. In particular w" € V" satisfies w" = 0

on I'p. We assume that the members of S* can be decomposed into

u = o + g",

where v € V" and g" satisfies the boundary condition u” = g on I'p. This allows for the

expansion of the term a(w", u") = a(w", v" 4 g") = a(w", v") + a(w", g").

Then the Galerkin formulation of the problem is: Given b : Q — R3, g" : Tp — R3 and
h:Ty — R3, find u" = v" + g" € S" such that for all w € V"

a(w”,v") = (w",b) + (w", h)r — a(w", g") (5.4)

where S and V" are finite-dimensional sets and o = o (u”).

Looking at (5.4), we realise that due to the decomposition of u”, the “unknowns® of the
problem have been reduced to being in the space V*. From this point on we shall only

discuss the space V.

If = is a finite-dimensional space, then there exists a basis ¥ 4(«) such that any member
& € = can be represented as the linear combination
dim(Z) n dim(E)
€= > D> asval@e; = > aapu(@), (5.5)

A=1 j=1 A=1

where a4 are scalars.

5.4 The finite element approximation

Next we focus our attention on the choice of basis for the finite-dimensional space V*. Here

we will choose a standard conforming finite element basis.

Essential to this idea is that of partitioning Q. We partition the domain Q into sub-domains
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Q¢ called elements, such that
UQG:Q and ﬂQe:(Z).

Next we introduce special points called nodes within the partitioned domain. These points
are placed at least at the vertices of the elements. In addition they can, in general, be placed
on element boundaries, and within an element. We number the nodes 1,..., n_-nodes and
denote node A as x 4. These nodes form the set v. We denote the points that lie on I" as

vg, thus those that lie in 2 are in v/vg.

Now we focus on the basis functions themselves. In a finite element context these are called
finite element functions or shape functions. We choose the following properties for our basis

functions:

1. V" to be in C%(Q), this complies with the earlier conclusion that V" € H}(2). We

choose 1 4(x) to be continuous, piecewise polynomials such that

Ya(z)|ae = lbﬁf)’ wﬁf) € P"(Q°), (5.6)

where P" is the space of all polynomial of order less than or equal to n.

2. Each 14 is associated with a node x4, such that

Ya(x)ge =0if £4 ¢ Q°. (5.7)

3. That they possess a Kronecker delta property, i.e. the function is zero at all nodes

other than the node it is associated with and one at the associated node;

0 ifA+B
Ya(zp) = (5.8)
1 if A=B.

Many of the assumptions we make above will lead to a system that has beneficial properties
in the context of implementation. See Figure 5.1 for a visual representation of an example

basis function.

We consider the application of the bilinear form to Z?:l Yopa(vaer, apype;). We rep-
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Vi

Figure 5.1: An example basis function associated with node i at position ;.

resent the spacial dimension of the problem by n_dim, in our case n_dim = 3. Due to the
summation properties of integration, an integral over 2 can be broken up into integrals over

Q°. Let F represent the integrand, then

&

n-dim im

> a(vaer, apibper) =
=1 B

3

- F(¢aeg, apppe;)dQ

N
I
—

= =[]
S—

I
=
WM

/ F(aer, apppe;)dQ

Qe

[0}

I

I
3

—
&
3 -

I
M=

/Q F wj)ek, aBllbg)el)dQ,

o
I
—
o~
Il
—

for which the notation

N n_dim N n_dim
> Z © @ er, apye) => Y Z/_ F e, apyye)d  (5.9)
e=1 1=1 e=1 =1 B 7

n_dim

= > ) a(vaer, aptper)
B

=1
is defined.

We can also consider the application of the inner product of a basis function and a function
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h; that is (¢4, h) = (Yaex, h). Let G represent the integrand, then

(Yaer, h / G(Yaer)d

where

0 ifx¢QF
h ifx e Q°.

h() (x) =

For this the notation

N N
Z(lbﬁf)ek,h(e)) = Z/ﬁ Q(wff)ek)dﬁ = (Yaeg, h) (5.10)
e=1 e=1 ¢

is defined.

It is possible, through the use of an appropriate index renumbering operator, to write (5.9)
and (5.10) in vector form. This operator ID(i, A), maps a pair of nodal and spatial indices

A and i respectively, to a unique number. Thus (5.9) and (5.10) can be written as

N N
:Zk(e) F = [Fp] :Zh(e)
n_dim
KO =k = 5" S a9 @ er, amye) he) = 1) = e, B©)
=1 B
P =1D(k, A)

An important result is that due to (5.7), (5.9) and (5.10) will only evaluate to non-zero if
x4, zp € Q° This implies that K is sparce.
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5.5 The approximate solution

We have successfully constructed a basis for V", given by the function described in the

previous section. Thus any v € V" can be represented by
n_dim
v(@) =Y Y asta(ae;. (5.11)
A=1 j=1

This applies to v, g" and w" in (5.4). Applying this to v", g" and w" we get

n_dim

vh(af:) = Z Z dajva(x)e;, (5.12)
A€v/vg ]
n_dim
g"@) =D > Bajbalx)e;, (5.13)
Acvg  j
n-dim
wh(@)= Y Y yapal@e;. (5.14)
A€v/vg ]

Substituting these functions back into the Garlerkin formulation and factorising, we obtain

n_dim n_dim
Yo > alWaer dptper) = (Yaek, b)+(aer, h)r— > > a(Yaer, Spivper).
=1 Bev/vy =1 Bevy
(5.15)
The Bp; can easily be determined since g(z) = g"(x) when xp € I'p; that is,
n_dim
g(@p)= > > Bajtalzple;, (5.16)
Acvg  j
n_dim
g(xp) = Z Bejvs(Tp)e;, (5.17)
J
n-dim
g(zp) =Y Bsje;, (5.18)
J

9;(xB) = Bp;. (5.19)
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A similar process can be applied to the approximation of the displacement u” = v* + g"
when considering a node g ¢ I'p. This results is ulh = dp;. Thus, dp; are interpreted

directly as the displacements associated with nodes p ¢ I'p.

Now the primary objective is to determine the dp; in problem (5.15). Using the results
from (5.9) and (5.10), and in particular how we got their vector representation, we can

write (5.15) as

Fint — Fext (520a)
where
[Fp'] = X%“ (5.20D)
(5] Zh(e (5.20¢)
n_dim
[ ] S Y a9 e dpvye) (5.20d)
=1 Bev/vg
n_dim
(1] = @ er, )+ 6 ex ke = 37 3T a@ler vfle)  (5.200)
I=1 Bewvy
=ID(k, A) (5.20f)

If the stress-strain relationship is linear, as it is in linear elasticity, then (5.15) can be written

as
n_dim n_dim
> D alvaer,vpe)dp = (Yaer,b) + (baer, h)r— > > a(taer, Brper).
=1 Bev/vg =1 Becuvy

In this case the problem can be written as a matrix-vector form

Kd=F,
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where

[Kpg] = Z al (aey, Ype;)

n_dim
[Fp] = ZW 80 + @ e, hO)p — S a( e v e) B
=1 Bevy

=ID(k,4A)  Q=1ID(l,B).

5.6 Solving the system of governing equations

Now we will give a brief discussion of how to solve equation (5.20a). Since the applied forces
are time-dependent, the problem and its variables are time-dependent. We write (5.20a) in

terms of its independent variables as
Frint (o) — Frext (t) = 0. (5.21)

We discretise time into increments At = t,41 — t,. Equation (5.21) must hold for each

instant of time ¢,. The time increament form of (5.21) is thus given by
F™ (g,) — F™ (t,) = 0. (5.22)

This results in the time-dependent applied forces (given by the boundary condition) being
stated as incremental applied forces. Thus, F®' is known at every time step and denoted
by F®*'(t,) ;= F™'. We assume that the displacements and the stress are known at some
time t,,, such that (5.22) is satisfied. The value of the displacements and the stress at ¢,
are denoted by d,, and o, respectively. The increment in the displacemnet is denoted by

Ad, = d,;1 — d,. The question now remains to obtain Ad,, and ,.1 such that

F" (0,1) = F3y = 0.
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We linearise this problem and implement a Newton-Raphson scheme to solve for 6d¥, the

Newton iteration of Ad,,:

n ex annt U) g
[F‘t(a£+1)—an$1}4—[——7i§——] od* 1l =0 (5.23)
n+1
N’
,R Jk
JksdF = R
Ad, =Y, 6dF
=
dt =3 Ad,
ok =Ce(d)) — eP(d)))

where the superscripts refer to increments in the Newton-Raphson scheme and subscripts

refer to increments in time. The tangent OF™ /9d is as follows: in index form

oFi 5 ok
adg

(e) n_dim
Op _ 0 >y a© (Y er, dp'ser)
odg — 9dg; QB

=1 Bev/vy
n_dim
0 e e
= Z Z Ta(e)(¢f4)ek7d31¢§9)el)
I=1 Beuvju, I
n_dim
9 e
= Z Z 5 / sym(ng)ek):ad:n
=1 Bev/vy Ci Jae
n_dim © do
X Z Z - sym(Vy ek):ad -dx
=1 Bev/vy e i
n_dim

_ (©)g,). 00 . 0O
= Z Z /Qesym(V@/JA e : R .adcjdx

=1 Bev/vy
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(applying the chain rule)

n_dim
0 e
= Z Z / sym V¢A er): (’*)d sym(Vanw}))en)dm
=1 Bev/uvy Ci
n_dim 80' ©
= Z Z sym V¢A ek) o csym(Vapy'ej)dx. (5.24)
=1 Bew/vyg

The term do /Je requires an exact form of the stress relationship, and it is known as the

algorithmic tangent modulus. Its time-discrete form is written as

k
ck. - do, 14
n+1 a k
€n+1

This will be the subject of discussion in a subsequent chapter.

This is by no means a complete discussion of finite elements. Numerous issues still remain.
For instance, how to perform the integration in (5.20). In brief, one uses Gauss quadrature
and isoparametric mapping. Given any function g(x) that needs to be integrated over the
element Q¢, one uses isoparametric mapping to map the element to the reference element
Q)". On the reference element, one can integrate the function using Gauss quadrature, with

Gauss points and weights «; and v; respectively. Therefore,
| ot = [ a€yaet(a)ie ~ 3 viglos) det() (5.25)

where £ € Q" and J is the Jacobian for the isoparametric mapping form Q¢ to .

The use of Gauss quadrature has an important implication for our problem as Simo and
Hughes [39] point out. The implication is that that the stress within an element is required
only at discrete points, typically the quadrature points of the element. This means that it
is only necessary to calculate the stress at specific points. Later this will lead to additional

algorithms that need to be solved at the quadrature points.

An outline of an algorithm for finite elements is given in Algorithm 1. We refer a single

Newton-Raphson iteration of this algorithm as a global Newton—Raphson iteration.
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Algorithm 1: A single time step of a finite element algorithm (a global Newton—
Raphson)

Data: Boundary conditions for the time step: applied tractions h; w on I'p; body
forces b. Data from previous time step: displacements w,,; stress o,;
consistent tangent C,

Result: w,1; 0115 Cryr

Calculate: dp; from w, and 8p; from w on I'p;

k=0;

Thil = On; sz-i—l =Chy;

(t)Assemble: R = F™' — F™™ (g _,);

if £ >0 and |R| < tol then

| Move to next time step

end

Assemble: J using C¥ ;;

Solve: Jdéd = R;

Update: Ad = Ad +dd; d,,+1 = d,, + Ad;

Calculate o% | and ck 41 at the quadrature points (this may require running
additional algorithms);

k=k+1;

return to (1);




Chapter 6

Algorithms for single crystal
plasticity

6.1 Time and spatial discretisation

The time domain [0,77] is subdivided into N equal intervals of duration At = T//N. The
time at step n is denoted t, = nAt. We set a(t,) = an, for any variable a. The complete
state of the system is assumed known at t,,; as is the external loading at t,,11. The objective

is to determine the increment in total and plastic strain over the time step.

The discrete form of the yield function, obtained using (3.13) and (3.14), is

¢a(si+1an+1) = [Ce (En-i—l - EZH)} P — (Toa - X%+1) : (6.1)

The discrete form of the hardening law is obtained by applying, for example, a backward

Euler approximation to the hardening law (3.16): that is,

Xop 1 (AX) = X + > h* (Ap1) AN, (6.2)
5

where we represent the entire set of AA* collectively as AX and Ap1 =, (AT + AXY).

In a straightforward manner we apply the backward Euler method to the time derivatives

84
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in equations (3.32), (3.34) and (3.35), resulting in the following set of flow equations:
b ((AX) =eb + > ANP° (6.3a)

Lagrange multiplier [KKT] P (AX) <0, AXY >0, ¢*(AXN)AN* =0 (6.3b)

Penalty AXY = Aty Kmix[ ¢ + 1> - 1} (6.3c)
5 — X“
Augmented Lagrangian AN = max [0, AN + Atne®(eh 1, X%H)]

Equation (6.3a) and (6.2) only depends on AA®, which implies that the discrete yield

condition, equation (6.1), can be reduced to a function of A\*:

¢ (AN) = |C° | enp1—eh =Y ANPI | i P = [ 78 —x0 = > hP(Ap41)AN
B B

The spatial domain is partitioned in a similar way to that described in Section 5.4. We
employ a finite element approximation to the equilibrium equation. This results in the
Newton—Raphson procedure described in (5.23) for the displacement. Here we need an
expression for the stress. From the constitutive relationships for single crystal plasticity we

can write the stress, using (3.13) and (3.14), as

n+1 Ce( n+1 (Ep)ﬁ+1)>

where k is the Newton iteration counter. Using the discrete flow rule (6.3a) this becomes

k
ok =c ek~ (aﬁ + Z A)\aPa> =C° (;;-QH e — Z AA”‘P"‘)
(0% 6]
= (sym(Vun 1 Z A)\C“Pa) (6.4)

since el and A\Y are in some sense independent of the global Newton-Raphson iteration,

as we shall see in the following section.
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6.2 Algorithm outline

This section present a strategy to solve the problem. We shall implement what is known as

a predictor-corrector method for this problem. We introduce the trial elastic strain’

e =¢e— el =sym(Vu) — €. (6.5)

Using €° = € — €P and substituting for € from the flow law (6.3a), we get

ef=e—el=e—¢eb — g AN P?,
[e%

which can be written using the trial elastic strain (6.5) as

ef=eg—eP =¢" — ZA)\QPQ.
(e}

Using the trial elastic strain we can calculate the trial stress, trial Schmid stress and the

trial yield function as

o =C%"" (6.6a)
% =0": P (6.6b)
Y =7 — (1§ = x9). (6.6¢)

At the beginning of every time step we assume that the first global Newton—Raphson itera-
tion is elastic, i.e. AA* =0 and Ax% =0, and o = o,. The Dirichlet boundary conditions
are applied to the body and Ffﬁl is assembled. Based on these assumptions we initiate a
Newton step in (5.23) to determine the change in displacement du!. Using this we calculate
the trial elastic strain €®* by (6.5) and the other trial quantities (6.6) at the quadrature
points. One then considers ¢®* at the each quadrature point. If ¢** < 0 at a quadrature
points, then for that quadrature point the global Newton—Raphson iteration is considered
elastic with AX* = 0, Ax® = 0 and o = C%°*. If ¢** > 0 at a quadrature points, then

for that quadrature point plastic deformation potentially occurred over the global Newton—

'In what follows, all variables without subscripts are assumed to be evaluated at t,1.
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Raphson iteration and the values of AX*, Ax® and o = C%(e®* — > AAN*P“) need to
be determined. How this is done will be discussed later. Once this has been done for all
quadrature points the next global Newton—Raphson iteration of (5.23) is initiated. We use
this stress, and keep the assumptions AA* = 0 and Ax$% = 0. This process is then repeated
until convergence of the Newton—Raphson scheme (5.23) has been reached. The procedure
is set out in Algorithm 2. The process of determining AA* at a quadrature point is called

a local iteration.

Algorithm 2: General solution scheme

Data: e}, u,, x&, An
Result: €} |, Uni1, X541
Determine the stress from the previous time step o = C¢[sym(Vu,) — &h].
(1) Solve one iteration of the Newton-Raphson scheme (5.23) to determine the du*.
if Newton—Raphson scheme (5.23) satisfied. then
e =€en+ > AN P?
Xnt1 = Xn + AXq-
A=A, +> A\ Start next time step.
end
Update u¥ and calculate e°* and other trial variable by (6.5) and (6.6) at the
quadrature points.

if ¢** > 0 at some quadrature points then
Solve for AA* and Ax® at those quadrature points (This process depends on the

choice on flow rule formulation. This will be discussed in a following section).
Calculate resulting stress o = C¢[e®* — > A AN*P?].
nd
Ise
Set AAY =0 and Ax® = 0 at those quadratures points.
Calculate resulting stress o = Ce°*.
end
Return the (¥)

o O

6.3 Calculating AX) and Ax%

The objective of this section is to present the algorithms for the Lagrange multiplier, penalty,
and augmented Lagrangian formulations. Two distinct methodologies, based upon the
Lagrange multiplier method, are discussed here. The first is the set search algorithm (SSA),

and the second is an equivalent formulation algorithm (EA) due to Schmidt-Baldassari [37].
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The augmented Lagrangian algorithm (ALA) is based on a fixed point algorithm.

6.3.1 The Lagrange multiplier approach by the set search algorithm (SSA)

The SSA is discussed in an abstract context in [26]. We define the active set of slip systems

as
A:={a € P|JAXY > 0}. (6.7)
We denote the collection of incremental slip that are an element of the active set as
AX = {AXY|a € A}.

Now we can write the KKT constraints in equation (6.3b) in terms of the active set as

P*(AX) =0 and AXN*>0 for a€A, (6.8a)
P*(AX) <0 and AXN*=0 for a€P/A. (6.8b)

If we can determine an active set that satisfies both equation (6.8a) and (6.8b), then we

have solved the problem. A solution algorithm is as follows:
1. Assume an active set.

2. Solve the equation ¢*(AX) = 0 for o € A, using a Newton-Raphson scheme, see
Section 4.3.

3. Check that ¢*(AX) < 0 for a € P/A and AX* > 0 for a € A. If one of these

requirements is violated, update A and start again.

This approach has two fundamental difficulties. Firstly the Jacobian, required to solve

#*(AX) = 0 for o € A in the Newton—Raphson formulation, defined as

o™ (AX)

aff _
K = —5Axs

oheP
=-P:C°P° + ) (AN +15% ) a,Be A (6.9)
0A
dcA
has the potential to be singular or ill-conditioned. Secondly, the active set is not known
a priori, so a heuristic algorithm for determining the active set must be used. One such

algorithm, presented in [29], is summarised in Algorithm 3.
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6.3.2 Source of the singular system

We first assume all the slip systems are independent, which is not always the case see [19, p.
50]. It is clear from equation (3.32a) that the set {P“} form a basis for €. The symmetry
and incompressibility? requirements on e” also apply to &P, implying that there are only
five independent entries in éP. The case when the proposed active set A contains more
than five slip systems presents a problem. This is because we are trying to find the scalars
(the proposed AM), of a now overdetermined problem. This will manifest in a singular
Jacobian. Of course, for the case where the slip systems are not independent the problem
is then compounded. A solution to problems of this kind can be solved using singular value
decomposition (SVD), see Section 4.2. As we shall see the viscoplastic approach and the

ALA do not suffer from this issue as they solve a regularised problem.

This independence problem also causes issues with the set search. To illustrate: imagine
a problem where there are only three slip systems, and slip system o = 1 is a linear
combination of a = 2 and o = 3. For some set of loading condition the active set A = {1}
is a solution to the set search problem. Since v = 1 can be made of a linear combination of
a = 2 and a = 3, this means for the same set of loading conditions the active set A = {2, 3}
as well as the active set A = {1,2,3} are also solutions to the active set search problem.
As a result, the process that we use to find the active set (or more specifically update the

active set) is critical in representing the correct behaviour of the system.

6.3.3 The Lagrange multiplier approach by the ”equivalent” formulation
algorithm (EA).

Another approach, presented by [37], is to replace the KKT constraints (6.3b) with?

V(67 (AX)” + (AA9)2 4 67 (AX) — AN =0, Va € P. (6.10)

It should be emphasise that the set of inequlity and equality constrains in (6.3b) have been

replaced by an equation.

Equation (6.10) can be shown to be equivalent to the KKT constraints. By squaring the

Zsee (3.8).
3We omit the subscript n + 1 for convenience.
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Algorithm 3: Set search algorithm (SSA)

Data: €, A,, X, A,

Result: P, A)\“

i=1, A=A,

(t) AX* =0

if i = 2 then

| A=10

end

1=1i+1

while First iteration or max M< < tol do

Construct residual for a € A:

M= ¢ (AX) = [C® (ept1 — €h — S 5e 4 AN PO)] : P — (15 — x* (AN))

Construct Jacobian for «, 8 € A:

Ko = — P COPP 4 T (5 AN + 17659

Update: AXY = AX\* — (K“ﬁ)fl Me, if K is ill-conditioned use SVD.
A=A+, AN
X = X0+ 25 h*P(A) AN

end
if for some a € A: AX* < 0 then
| A< A/{a =arg[min AN*],a € A} and return to ()
end
if for some o€ P/A: ¢“ > 0 then

| A<= AU{al¢p* >0,a € P/A} and return to ()
end
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equation, we find
¢% (AX) AX* = 0. (6.11)

This implies that equation (6.10) satisfies the third KKT condition. If we assume ¢ (AX)
is non-zero then equation (6.11) implies AA* = 0. Now, using this in equation (6.10) we

get

\ % (AX)? + 6% (AX) =0

or
6% (AX) [+ 0% (AN)) = 0.
This is only true if,
¢ (AXN) <0 (6.12)

which implies that (6.10) satisfies the second KKT condition. If we assume AX* is non-zero

then (6.11) implies ¢ (AX) = 0. Now using this in equation(6.10) we get
(AXY)2 — AN =0
or
|[AXY] — AX* = 0.
This is only true if
AN > 0. (6.13)

This implies that (6.10) satisfies the first KKT condition. Thus, (6.10) serves as a replace-
ment for the KKT condition.

This equation is valid for all slip systems a € P, irrespective of their “activity”. By

solving equation (6.10), we will determine the incremental slip AX* and the active set.
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The active set is determined simply by satisfying equation (6.10), since it will be given by
A = {a|AX* > 0}.

Equation (6.10) can be solved using a Newton—Raphson strategy, see Section 4.3, where the

Jacobian is given by

K8 =, il —1|+
T\ om0+ (dey
09" (AN & (AN
+1]. (6.14)
IR\ Ylom () (axe?

This alternative form obviates the need to determine an active set, but at the expense of
solving a system of 2N equations once. In the case of a face-centered cubic crystal (f.c.c.)
structure, this implies 24 (12 doubly defined slip systems) equations. It can be shown
though geometric arguments that solving the same problem using the SSA will at worst
involve solving a final system of 8 equations. However, one may solve a significant number
of smaller systems in the active set iterations to get to the final system. An attractive
quality of the EA is that it has a mathematical foundation while the set search process in
the SSA is heuristic. In this formulation, the Jacobian retains the possibility of becoming
singular or ill-conditioned and should be inverted using SVD (see Section 4.2) or similar

techniques. An algorithm for this formulation is summarised in Algorithm 4.

6.3.4 Penalty method algorithm for the viscoplastic formulation

The algorithm presented here is very similar to that presented in the SSA, Section 6.3.1.

We define the active set of slip systems as
A= {a € P|p” > 0}.
We denote the collection of incremental slips that are an element of the active set as

AX = {AXa € A},
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Algorithm 4: Equivalent formulation algorithm (EA)
Data: €, A, x©
Result: P, A\
ANY = 0;
Construct residual:
M = /(6% (AN))? + (AA)? + 6% (AX) — AX
Construct Jacobian:

AN Y (A > (A
K = §,5 A -1 +8q;A(A;‘) Gl +1
2
V(07 (AN)? + (Are)2 V(07 (AN)? + (Are)2
Update: AAY = AN — (Ko‘ﬁ)f1 M®, if K is ill-conditioned use SVD.
A=A+ A\
XY = x5+ 2 hP (A)AN
Using equation (6.3c) we can conclude that
AX*>0 for acA, (6.15a)
¢*(AX) <0 for acP/A. (6.15b)

If we can determine an active set that satisfies both equation (6.15a) and equation (6.15b),
then we have solved the problem. In the case of the viscoplastic formulation, see (3.33), we

can now write equation (6.3c) as

Atn ij’%w + 1)p - 1] a €A,
0 ae€P/A.

AN =

Given an active set this can be written as

A\ 1/p
MO‘:J:PO‘—(T{)X—X“)<AM+1> =0, ac A, (6.16)

AN =0, a¢ A
A solution algorithm for the viscoplastic formulation is as follows:

1. Assume an active set.

2. Set AN* =0 for all « € P/ A.
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a 1/p
3. Solve the equation o : P* — (15* — x%) <AAi‘n + 1) = 0, using a Newton—Raphson

scheme, see Section 4.3.

4. Check that ¢*(AX) < 0 for a« € P/A and AN* > 0 for o € A. If at least one of these

requirements is violated, update A and start again.

Unlike the SSA, the penalty method algorithm does not suffer from the difficulties associated
with a singular problem. This is because the penalty method does not enforce a solution
that satisfies the normality conditions exactly. As stated, for the viscoplastic formulation

one is required to solve (6.16) using a Newton—Raphson method, where the Jacobian is

AN 1 1/p
Atn

L AN\ @/
a . aysaf
(15" — x“)0 onA (nAt + 1) (6.17)

given by

Ohes
af _ _ pa . ePﬁ A d af 08
K Pe:C + JEEA <—8A A° 4+ hYP§ >

An outline of the viscoplastic algorithm (VA) is given in Algorithm 5.

6.3.5 Fixed point algorithm for the augmented Lagrangian algorithm
(ALA).

For this algorithm one can state the relevant set of equations as:

AN = max [0, AX® + Atne®™ (e?, x*)]
e’ = &b + ) max [0, AX* + Aty (e, x)] P

A=A, + Y max[0, AN + Atng® (e, x)]

X=X+ > h%(A) max [0, AN + AtngP (e, Xﬁ)} .
B

One can apply a fixed point approach to the equation for A\Y; that is,

AN, ;) = max [o, AN + Atng® (el xfi-))] with AN, =0, (6.18)
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Algorithm 5: Viscoplastic algorithm (VA)

Data: €, A,, x%, A,
Result: &P, A\
i=1, A=A,
(t) AX* =0 for all « € P
if i = 2 then
| A=10
end
i=1i+1
while First iteration or max M“ < tol do
Construct residual for a € A:

Y
M=o P = (rg =) (R +1)

Construct Jacobian a, 8 € A:

anes AN \UP
K% = _p~.cepP — AN 4 pB598 1) -
+ g‘ ( oA SN T NI

1 A\ (1/p)-1
a . a\saf 1
T =X A (nAt i )

Update: AX = AX® — (K°8) ™! M@, if Ko8,
A=A, + 3, A
X* =3+ g hP(A)AN

end
if for some o € A: AA* < 0 then
| A< A/{a = arg[min AX*],a € A} and return to ()
end
if for some a € P/ A: ¢* > 0 then
| A<= AU{al¢p® >0,a € P/A} and return to ()

end
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where the iteration counter ¢ denotes iterations within the fixed point algorithm at time

step n + 1. The intermediate states of the plastic strain s’()i), accumulated slip A(;) and
hardening X(()%) are given implicitly as

ef (A = b + > max [0, AN + Atne® (] xG)| P,

A(z‘)(A)\(z‘)) =A, + Z max {0, A)\(O;) + Atnqbo‘(e](oi), X‘(’;))] ,

X%)(A}‘(i)) = X"+ Z he? (A(i)) max [O, A)\(Bi) + Atngi)ﬂ(s](oi),x(ﬁi))} .
B
Using (6.18) we can write the intermediate states as
el (AXitn) = eh+ > AN ) P,
A (AXin) = An+ D AN,

X3y (A1) = xi + DB (Ag) ANy,

B
eliminating equation (6.18) dependence on r-:l(oi) and X?i)' This gives the reduced iterative
scheme
AN, ) = max [0, A + Atnw(mw))] with AX,) = 0. (6.20)

Equation (3.36) can be written as the time-discrete expression
A ={a € Plmax [0, AX* + Atn¢*] # 0} .

The state of the active set can be determined at any stage of the fixed point algorithm by
A = {a € P| max [0, AN + Atnqsa(mg;))} ] o} : (6.21)

As apposed to the SSA, this plays little role in the actual algorithm and the active set can
be determined by a function evaluation. The active set can be monitored at any iteration
of the fixed point algorithm. One may notice that the active set can only attain additional

members as the fixed point algorithm progresses; this will be important later.
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Note that the term Atn¢®(AA(41)) in equation (6.20) uses the update A)‘%H)' The fixed
point algorithm will only converge if this term is sufficiently small - that is if ¢* < €/Atn
for some tolerance €. This implies that we have control over the satisfaction of the yield
criterion through the choice of the penalty n. This formulation allows us to accelerate the
convergence process by varying 1. We adopt the strategy of increasing n between the fixed

point steps:

N(i+1) = M0y, M) = 10, m>1. (6.22)

This allows us to solve the first iteration of (6.20) with a small penalty factor 79, thereby
generating a well-conditioned problem (recall the interpretation of the penalty method as a
form of viscoplastic regularisation). Thereafter, we increase 7 to allow for rapid convergence
to the fixed point. We solve the fixed point problem (6.20) using a globally convergent

Newton-Raphson method?, with a residual defined as 3
@ . @ @ el B
M (AXiy1)) = ANy — max [0, AN + Aty 67 (AN, )] (6.23)

and Jacobian

@ 0 if max [0, AXY + Atnio©| =0

M P2 (@) ’

8A8>\5 =00 A 3‘1’0‘[ tl(l) i } (624
i NG 7p — otherwise.
() RIS

The algorithm is summarised in Algorithm 6.

Why is it essential to use a globally convergent Newton—Raphson method for
this problem? The Jacobian, equation (6.23), used in this algorithm has a nasty step-
like behavior. The usual assumption of the Newton—Raphson method is that the function is
convex and smooth in the vicinity of the root. However, in this case the Jacobian becomes
ineffective (in a Newton—Raphson context) in the vicinity of the root, thus the quadratic
assumption is invalid. If the Newton—Raphson process wanders into this region convergence

will cease. A damped Newton—Raphson will assure that the Jacobian remains effective, and

“see Section 4.3.1
SWe are solving for AN(;4+1) that satisfies the fixed point problem (6.20), so AAf;) remains constant
throughout the Newton—Raphson iterations.



CHAPTER 6. ALGORITHMS FOR SINGLE CRYSTAL PLASTICITY 98

Algorithm 6: Augmented Lagrangian algorithm (ALA)
Data: €, A, x©
Result: P, A)\“
A)‘?l) = Oa 77(1) = 7o, 1=1
while max ¢% < tol do

while First iteration or max M® < tol do
Construct residual:

(0% B — (0% [0 (03 5

M (AN ) ) = AN ) — max [0, A + Atné*(AN], )]
Construct Jacobian:

0 i max [0, AN + Atry)0°] =0
KB = (Sag - Hgp® .

Atn PNV otherwise

(i+1) .

Update: AXG, ) = AN, ) — (K*7) " M@

A=A+, A)\giﬂ)
X = X0 + 25 hP(A)AN

end

NG+1) = MNG)
i=1+1

end

ultimately converges to the root.

Due to the close vicinity of the root and the region where the Jacobian becomes ineffetctive,
there is an unfortunate risk that the line search will dominate the root finding algorithm.
This will maintain convergence, but have the undesirable effect of reducing the order of

convergence.

6.3.6 Considering using an initial guess for A\

All the algorithms presented thus far are based on the initial guess AX = 0 at the start
of the local algorithm. However, there appears to be no fundamental reason why this
should be the case. For these algorithms the initial guess plays an important role, because
central to each of these algorithms is a Newton—Raphson method. It is well-known that
the convergence rate of the Newton-Raphson method is dependent on the initial guess [34,
pg 362]. In this section we will consider alternative initial guesses for AX and discuss their

effects.
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An important consideration is whether the local problem is ill-conditioned. In the case that
the local problem is not ill-conditioned, the problem has a unique solution. Any initial
guess will ultimately lead to this solution, so when choosing an initial guess one would
be concerned with the convergence rate. As we have discussed in Section 6.3.2, an ill-
conditioned problem could have multiple solutions, and two different initial guesses could
converge to two different solutions. It is important to note that from the perspective of the
global algorithm that these two solutions are exactly the same, as they have the same stress
state. Therefore, from the point of view of the global algorithm it seems fair to accept any

solution provided by the local problem.

For many scenarios, the initial guess AX = 0 seems an overly conservative approach. To
illustrate, we shall consider the case of linear hardening with applied loading conditions
that do not vary between time steps. Such loading conditions could be a constant applied
displacement. Under these conditions, it is often the case that the solution for AX will
have no variation between consecutive time steps. The only variation will occur at discrete
times, when the active set changes. Taking this into consideration it is reasonable to expect
that the initial guess AX = A\, would improve convergence. This approach does not apply
only to the limited case we have considered above. If the harding rule is nonlinear, then the
initial guess AX = A, could be seen as a linear approximation of the behaviour. If the
loading conditions are fairly varied, then it is fair to assume that the time steps would be
small enough such that the boundary conditions appear constant. Using this initial guess
is not as straightforward as one would like. We shall show that the initial guess comes with

its own set of constraints.

An important consideration is whether the structure of the algorithm can effectively accom-
modate an initial guess. Consider for instance the SSA and the VA. These algorithms utilise
a set search method which involves solving a series of problems, each building on the last
attempt. The information of the current solution is used to propose a new active set, but
that is all. No other information is transfered between consecutive active set steps. This is
done for all set search iterations except the first, where an initial guess for the active set (i.e.
A = A,,) is used. If the guess for the active set is not successful, the search restarts from an
empty set. Therefore, if any initial guess for AA® is proposed for this algorithm, it will only
be effective in the first iteration. If it is not successful in the first iteration, the information

is erased and the effect of the initial guess would be minimal in the greater scheme of the
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local algorithm. So by their nature, set search methods do not lead themselves to an initial
guess of A,

Now we consider algorithms that do not use an active set search approach. These are the
ALA and the EA. These algorithms are not restricted by the set search process, and thus
could benefit from the use of an initial guess. One would still have the problem associated
with ill-conditioning and initial guess, but as we have stated there is no reason to claim
that one solution is more correct than another. So, it seems that there is potential to use
an initial guess AX* = AXQ for the ALA and the EA.

Another consideration is that the solution from time step to time step is not the only
important state of the solution method. For each time step there are several intermediate
global iterations, and associated with each is a local iteration. The converged local solution
for one of these global steps could be different from the converged solution of the time step.
This means that using an initial guess AA* = AAY may not be entirely relevant for some
of the intermediate local iterations. This acts as motivation for the algorithm to be flexible
enough in moving from the initial guess to the solution, even if the initial guess is fairly

different from the solution.

Basic precautions can be taken to ensure that the initial guess AA* = AXY is beneficial.
Firstly, an initial guess is only beneficial if it reduces the residual. So, before implementing
the initial guess it would be wise to compare residuals of the two cases, AA* = A\ and
AX* = 0. Naturally, whichever leads to the smaller residual is used. Secondly, the initial

guess is not used if p*(AAXY) < 0 and AAS > 0 for some a.

In the following section we further discuss how the ALA can be used along with the initial
guess AXY = AN,

6.3.7 A modified algorithm

Here we shall discuss how we can modify the ALA solution scheme, using the initial guess
AXY = AN, such that the solution for AA* is comparable to solution schemes that use the
initial guess AA* = 0. There are scenarios where the initial guess AX* = A could be
seen to favour certain slip systems. Here we will propose a method for rectifying this. As we

shall illustrate, this method is not foolproof, and there are conditions that will result in a
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solution for AX® that is different from solution schemes that use the initial guess AX* = 0.

This method addresses the situation where the time step is small and there are constant
loading conditions. As we have stated, we generally expect the initial guess AA* = AXY
to be close to the solution. An implicit assumption when using this initial guess is that
A = A, however this is not necessarily true. When this is not the case, and the slip systems
being added to the active set are not a linear combination of those in A,,, the initial guess is
fine®. When the slip systems being added to the active set are a linear combination of those
in A, essentially that slip system is not necessarily needed, and the initial guess favours
those in A,. In order to rectify this we decide to disregard the initial guess AA* = AXY,
and use the initial guess AX* = 0. A prerequisite of this is an algorithm that has a robust
definition of an active set. The ALA active set definition (6.21) meets this requirement.
Its definition can be readily used at any step of the algorithm. One would try to use the
initial guess AX* = AXY, then monitor the development of the active set throughout the
local algorithm. If any slip system not in 4, wants to become active, the local algorithm
is restarted with the initial guess AA* = 0. Using this strategy we can develop a modified
algorithm. This is presented in Algorithm 7.

The problem with this modification is that it only uses the initial guess AX® = 0 if it detects
a change in the active set. There are situations where you have multiple solutions within
the same active set. In these situations, depending on the initial guess, one can converge

onto different roots. This modification does not address this problem.

One may consider applying this approach to the EA. However, on a practical level this
treatment does not have a robust definition of an active set. The active set can theoretically
be determined in a postprocessing manner, by considering the values of AX®. Those greater
than zero can be defined as active, but this only works if the problem is solved exactly.
Through the Newton-Raphson procedure the problem is never solved exactly, so this strict
requirement cannot be implemented. One could use a softer requirement by stating that
slip systems with AA* > tol are considered active. However, this only raises more questions
about how this tolerance should be determined. This tolerance should depend on the level
of convergence of the Newton—Raphson method, which itself is not easly to determine, and

more questions arise about the details of the dependence. Therefore, because this treatment

5In this section when we describe the initial guess as being “fine”, we mean that there will be no
discrepancy between the result for AA® for this method, and methods using the initial guess A\* =0
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lacks a practical usable definition of the active set, we choose not to modify this algorithm.

Algorithm 7: Modified augmented Lagrangian algorithm (MALA)
Data: e, A,, X%, A\, A,
Result: P, A\
if A, #0 and max M® (A)\ﬁ - AAQ) < max M® (AN = 0) and (¢°(AX2) > 0

when AX) > 0 Vo) then
‘ A)\(O‘l) =AM, nay=m,t=1,j=1

end
else
‘ A)\?l)zo, 77(1):77077;:17].:0
end

while max ¢® < tol do
(t) while First iteration or max M* < tol do

Construct residual:
M (AN ) ) = AN ) — max [0, A0 + Aty é(AN], )]
Construct Jacobian:
L i max [0, AN + Atry)0°] =0
— Jab Atn(i)ﬁ otherwise
(i+1)

Update: AN, ) = AN ) — (K°P) 7 pe

A=A+, A)\giﬂ)

X =X + 25 h*P(A)AN

end

if j==1 and A, # () then

Agisr) = {a & P|max [o, AN + Atnqba(mg“))} ” o}
if -A(i—i—l) ¢ .An then

‘ A)‘?l):07 ) =mno,t=1,75=0

go to (1)
end

end
N(i+1) = M@y, t =1+ 1
end
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6.4 Algorithmic elastoplastic moduli

An important ingredient for an efficient finite element implementation is the algorithmic

elastoplastic moduli. This was illustrated in (5.24). Here we are interested in calculating

oo oo

e Oe®*

where €% is the elastic trial strain. We use the stress relationship

o =C%"— Y AN (C°P?),
acA

Taking the derivative of this expression with respect to e,

Jo OANY
€ep _ __ e e pa
CP = =C P (e s e
acA
We now require an expression for 88Aeé*a . At this point the numerical method by which we

calculate AA* becomes important.

6.4.1 Rate-independent approach: SSA, EA, ALA, and MALA

All rate independent approaches enforce ¢*(AN*) =0V «a € A exactly. We use this to find

DA
Oege*

an expression for by using the chain rule

OAN* 2 AN 9¢P
o T 22 98 Deer
Oe ) 0¢P Oe

The term aﬁqg is just the inverse of (6.9). The term gﬁi is determined using (6.6), that is

O’

_ B . pe
856*_(13 :C).

So the expression for the algorithmic elastoplastic moduli is given by

o

ep _
C 856*

=C =) > (KPP @ (POCY) (6.25)

acA BeA
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6.4.2 Rate-dependent approach: VA

In this formulation we found AX® that satisfy (6.16). Once again we use this to find an

expression for %Asi‘f by using the chain rule

OANY OAN* OM©
Jec* e oM™ Qee*

The term %%/j\f is just the inverse of (6.17). The term %]g: is determined simply by

differentiation of (6.16):

oM*“

= (PP . o).
Oee* ( )

So the expression for the algorithmic elastoplastic moduli is given by

oo

ep _
C ase*

=C° = N (KPP @ (PP i) (6.26)
acApBeA



Chapter 7

Implementation in an object

orientated framework

In recent years there has been interest in developing finite element software using an object-
orientated framework. There has been much developement in this with several open source
options being developed, for instance fem++-, fenics, deal.Il, to name a few [2]. There has
also been some intrest in the development object-orientated programs for plasticity, see
for example [45, 16, 15, 13]. In this chapter we will driefly discuss the object-orientated
paradigm, the open souce finite element library deal.Il, and suggest a program layout for

the problem of crystal plasticity.

7.1 What is object-orientated programming?

The two major programming paradigms that are used today are the procedural and object-

orientated paradigms. They are loosely defined as:

e Procedural: The problem is decomposed into individual procedures or subroutines.
This decomposition is usually done in a top-down manner. In a top-down approach,
once a section of the problem has been identified as being implementable by a pro-
cedure, it too is broken down into individual procedures. The data however, is not

usually part of this decomposition.

105
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e Object-orientated: The problem is decomposed into interacting objects. Each ob-
ject encapsulates and hides methods that manipulate the hidden state of the object.
A message sent to an object invokes the encapsulated method that then performs the

requested task.

The object-orientated paradigm was developed as a result of an increase in computational
capacity of hardware. Programmers could now construct significantly larger programs. In
an attempt to organise these large programs the object-orientated paradigm was developed.
The key feature of this paradigm has been that of a class, an instance of which is called
an object. An object is seen as a pseudo-self sufficient entity, which contains all data and
procedures to perform its specific task. This emphasis on keeping data within the object
is what contrasts it from a procedural language, where this is not done. This kind of data
is referred to as private. One interacts with an object through its public methods, which

operate on the private data. A well structured object encapsulates its data.

One can define relationships between classes depending on the object-orientated languages
used. Typical relationships found in most object-orientated languages are inheritance and
polymorphism. An inherited relationship is when one class inherits all the members (data
and methods) from another class. It is often seen as an “is a” relationship. Typical examples
would be “a bull-mastiff is a dog”. The class Dog would set out all the attributes every dog
should have, things like bark or run. The class Bull-mastiff would inherit these attributes
either directly or redefine some of them. The Bull-mastiff class would also be free to add
additional attributes that not all dogs have, for example drool. Loosely put polymorphism
is getting an object of a certain type to behave as an instance of a derived class. A typical
object-orientated program consists of multiple objects interacting with one another through

their public interfaces.

One of the biggest advantages of the object-orientated paradigm is that it leads itself to
creating routines that can be easily be re-used. It is considered by many to be the standard
paradigm for implementing large scale projects, though it does have its critics. Many of
the criticisms are focused on the programmer having to create overly complicated data
structures as a result of the restrictions the paradigm imposes on data: “The problem with
object-oriented languages is they’ve got all this implicit environment that they carry around
with them. You wanted a banana but what you got was a gorilla holding the banana and

the entire jungle.” [38]
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In most popular object-orientated languages one can find a large amount of 3rd party
software. This 3rd party software is often in the form of a library, consisting of many

classes.

For our purposes, we are interested in a library that will perform the finite element analysis.
For our purposes the open-source finite element library deal.Il [7], which is implemented in
C++, is used. A brief introduction to deal.Il that highlights the relevant aspects is given

in the following section.

7.2 Open-source finite element library deal.ll

Deal Il (Differential Equations Analysis Library) is a tool for solving differential equations
using finite element method. It is a very large library written in C4++ that is still actively
being developed. In this section we will discuss the program flow and class collaboration
that is required for a problem to be solved using finite elements in deal.Il. We discus the
concept behind each class or step in order to understand the role that it plays in the final
solution. A general overview of the program flow, relationships between classes and the

dependence of these classes is shown in Figure 7.1.

We start our discussion with the Unit cell. We referred to this as the reference element in
Section 5.6. In deal.Il the only possible reference element is the unit hypercube [0, 1]™. For
problems in mechanics this would typically be the unit line [0, 1] in 1D, the unit square [0, 1]?
in 2D and the unit cube [0, 1] in 3D. Deal.Il has no support for other reference elements
such as triangles, tetrahedra, pyramids or prisms. This restricts the user when partitioning
the domain, as described in section 5.4, since now the partitioned domain must consist of
elements that can be mapped to a hypercube. The desired dimension of the problem, which
defines the hypercube dimension, is stipulated by the user. The user can access various
geometric properties about the Unit cell though the Geometrylnfo class, which contains
information about the number of vertices per cell, the ordering of faces and the direction

of edges to name a few.

Next we discuss the Triangulation class. Essentially this class contains information about
the domain, or rather the partitioned domain, over which the problem is stated. For example

if the problem was to find the resulting displacement of a copper bar with length 0.3m and
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Unit cell

v III*—¢

Triangulation Finite Element Quadrature

| | 1 I

¢ Mapping

DoFHandler * *
| FEValues

I —
Y

Linear System

v

Linear Solver

v

Output

Figure 7.1: Collaboration diagram of the most important steps and classes in a deal.ll finite
element implementation [1].

radius 0.01m for some applied load, then the triangulation class would contain the geometric
information of the partitioned domain, being the mesh of the bar. This class would not have
any information on the material type, applied loads or the shape function that is used. It
knows the position and the connectivity of the vertices for the mesh. Once the triangulation
class is set up, the user will often use it to iterate over cells or faces. For instance if one
wished to construct F®* in (5.20c) then one iterates over the N elements and construct
h(©). Iterating over the elements is done by cell iterators; a pointer like object, supplied by

the Triangulation class.

The Finite element classes contain all the properties of the desired shape function. This
class is defined relative to the dimension of the problem or the Unit cell. The Finite element
classes know nothing about the domain of the problem, the boundary conditions, etc. It
specifies the position of nodes on the reference element, the form of the shape function
1, (x) and gradient of the shape function specified relative to the reference element. The
user seldom uses the Finite element classes apart from declaring the desired shape function.
It can be used to access information about the number of degrees of freedom associated with

each cell, node or line. It can also provide the user with information about the value and
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gradient of individual shape functions at any point within the element.

The Quadrature class contains all information necessary to perform the numerical quadra-
ture on the reference element. This is information such as the quadrature point positions

on the reference element and its associated weight.

The DoFHandler brings together information provided by the Triangulation class and as-
pects of the Finite element class. From the Triangulation class information is utilised about
the domain or mesh; in fact the DoFHandler class derives from Triangulation class so it
inherits all its data and methods. From the Finite element class information is utilised
about the chosen shape function; such as the position of nodes on the reference element
and number of nodes per element. It uses this to distribute the nodes over the partitioned
domain or mesh and gives them a global numbering. This class does not know anything
about how the elements relate to the reference element or anything about the shape func-
tions themselves. Interaction with this class is done in a similar way to the Triangulation
class. The DoFHandler class provides a cell iterator through which one accesses informa-
tion about each cell, face or line, etc. One can access all information of a topological and
geometric nature of the partitioned domain, in addition to things like the global numbers

of the degrees of freedom on the present cell.

The object that handles the transfer of information from the reference element to an element
is the Mapping class and its derived classes. The two classes that are defined with respect
to the reference element; the Quadrature and Finite Element classes utilise the Mapping
class to map points to and from the reference element and the elements. For instance, if
one wishes to find the value of a shape function at a point on the mesh, then that point
is mapped to the reference element where the shape function value is determined. The

Mapping classes also provided information about the Jacobian for a particular mapping.

In the implementation of finite elements, one is often interested in integrating the basis
function over an elements domain, for example (5.20e). As we eluded to in (5.25) we use
Gauss quadrature to evaluate these integrals. The FFEValues class provides the functionality
to achieve this by bringing together aspects of the Finite Element and Quadrature classes. It
provides the value of the shape function and shape function gradients at quadrature points,
as well as Jacobian and quadrature weights. The Finite Element and Quadrature classes

are defined on the reference element, and we need these values on the actual elements, so
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the FEValues class uses the Mapping class to achieve this.

With the tools provided above one can construct the linear system described by (5.23). The
DoFHandler class allows us to iterate over cells and the degrees of freedom. The FFEValues
class facilitates the calculation of the elements contribution to the global system matrices
and vectors. Then the DoFHandler knows where the elements contributions belong in the

system matrices and vectors.

Once the entire linear system is constructed the user then needs to solve for the systems
unknowns. This often requires the use of a Linear Solver. Deal.Il provides a great number
of direct and iterative solvers. There are also a great number of third party solvers that

deal.IT can utilise.

Once a solution has been found one may want to post process it, using visualisation software.
Deal Il is capable of outputting data in many output formats, which can be viewed using
third party visualisation software such as Paraview [3] (an open source scientific visualization
tool).

One can find extensive documentation of this library at www.dealii.org.

7.3 Program layout and data structures

Now that we have discussed the implementation of a finite element code we turn towards the
implementation of the crystal plasticity formulation. As we have started in Section 5.6 it is
only necessary to know the stress at the Gauss points. The algorithms we have developed
in section 6 are valid at any point. All that these algorithms need to know is a limited set
of information at a point, the result of which is a stress at that point; for this reason these
algorithms are referred to as local algorithms. Here we shall discuss the data structures we

used for there implementation.

The first class we shall discuss is the SlpSystem class. This class’ main purpose is to
manage all data that is relevant to a slip system. The relevant data differs slightly from
formulation to formulation. For instance, all algorithms have data A%, AXY, x& and P°.
The augmented Lagrangian algorithm requires an additional data member A/\E‘i) and minor

additional functionality. It makes sense that we have a base class SlipSystem that most
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SlipSystem

-total_slip: double

-delta_slip: double

-hardening_n: double

-delta_hardening: double

-yield: double

-p_alpha: SymmetricTensor < 2, deal II dimension >
-tau_0: unsigned double

-C_e_p_alpha: SymmetricTensor < 2, deal_II_dimension >

+set_yield(stress:SymmetricTensor < 2, deal II dimension > &)
+update_data_n()

+get_delta_slip(): double

+get_hardening_n(): double

+update_delta_hardening()

+get_yield(): double

+get_p_alpha(): SymmetricTensor < 2, deal_II_dimension > &
+update_delta_slip()

+get_tau _0(): double

+zero_deltas()

SSAugmented

-delta_slip_i: double
+set_delta_slip_i()
+get_delta_slip_i(): double
+zero_deltas()

Figure 7.2: Proposed data structure for the SlipSystem class.

of the algorithms use, and a derived class SSAugmented that the augmented Lagrangian

algorithm uses. The data structure is illustrated in Figure 7.2.

The next class is the SetHandler classes. The purpose of these classes is to manage the
SlipSystem objects; in a similar manner as the Triangulation and DoFHandler manages
cells. The main member is a collection of the SlipSystem objects, in this case a std: :vector
of SlipSystem objects. The different algorithms have different requirements on this class,
but much of the functionality is similar. A central idea in the the penalty algorithm and
the set search algorithm is the active set search. For this reason, we would like to have
an additional data type that contains indices of the set of all SlipSystem objects that are
considered active at that moment. This introduces additional methods to interact with
the active set. For this reason, we derive a class SHSetSearch from SetHandler to add the
additional functionality. As a result of the augmented algorithm using the SSAugmented
class, which has more functionality, we need a derived class SHAugmented of SetHandler to

utilise these functions. The user can iterate over the SlipSystem objects and interact with



CHAPTER 7. IMPLEM. IN AN OBJ. ORIENTATED FRAMEWORK 112

SetHandler

-slip_system_set: std::vector<SlipSystem*>

-num_slip_systems: unsigned int

+SetHandeler(type:string)

+~SetHandeler()

+is_set_active(stress:SymmetricTensor < 2,

deal_II_dimension >): bool

+set_yields(stress:SymmetricTensor < 2, deal_II_dimension >)

+get_delta_slip(alpha:unsigned int): double

+get_tau_O(alpha:unsigned int): unsigned double

+get_p_alpha(alpha:unsigned int): SymmetricTensor < 2,
deal_II_dimension >

+get_hardening(alpha:unsigned int): unsigned double

+update_delta_slip(change_delta_slip:std::vector<double>)

+get_accumulated_slip(): double

+get_accumulated_slip_at_n(): double

+reset_data_to_n()

+update_data_at_n()

+get_plastic_strain_at_n(): SymmetricTensor < 2,
deal_II_dimension >
+get_plastic_strain(): SymmetricTensor < 2,

deal_II_dimension >

+get_yield(): double

— 1

SHSetSearch

-active_set: std::vector<SlipSystems*> SHAugmented
-num_active_slip_systems: unsigned int
-active_set_n: std::vector<SlipSystems*>
+SHSetSearch(type:string)
+~SHSetSearch()

+add_to_active(): bool

+set_delta_slip_i()
+get_delta_slip_i(alpha:unsigned int): double
+reset_data_to_n()

+drop_from_active(): bool
+clear_active()
+get_num_active(): unsigned int

+get_active_delta_slip(alpha:unsigned int): double
+get_active_tau_0O(alpha:unsigned int): unsigned double
+get_active_p_alpha(alpha:unsigned int): SymmetricTensor < 2,

deal_II_dimension >
+get_active_hardening(alpha:unsigned int): unsigned double
+update_delta_slip(change_delta_slip:std::vector<double>)
+get_active_yield(): double

Figure 7.3: Proposed data structure for the SetHandler class.

a SlipSystem through its methods. Where possible the SetHandler can perform tasks on

an entire set. The data structure is illustrated in Figure 7.3.

The HardeningModel classes are responsible for providing information about the hardening
model. The class should provide information about the hardening moduli 2% and as well as
the update to the hardening term in (6.2). This functionality is provided by the base class.
The derived classes define the hardening type, i.e. provide a specific form for h(A). The data
structure is illustrated in Figure 7.4. Here we provided, as an example, the derived classes
for the hardening laws described in (3.17). If required, additional hardening laws could

easily be implemented by deriving additional classes from the base class HardeningModel.
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HardeningModel

-q: double

+get_h_alpha_beta(A:double): double

+update_for_hardening(alpha:int,beta:int,
A:double,delta_slips:std::vector<double>): double

-h_hat(A:double): double

-h_hat_dash(A:double): double

-kronecker_delta(alpha:double,beta:double): int

ModelSechLinear
ModelSech
-h_0: double
-h_0: double -tau_0: double
-tau_0: double -tau s: double
-tau_s: double -h 1: double
-h_hat(A:double): double -h_hat(A:double): double
-h_hat_dash(A:double): double -h_hat_dash(A:double): double
- - I
ModelPerfectPlasticity ModelLinear
-h_hat(A:double): double -h_1: double
-h_hat_dash(A:double): double -h_hat(A:double): double

-h_hat_dash(A:double): double

Figure 7.4: Proposed data structure for the HardeningModel class.

MathFunctions

+Newton_Raphson(residual:Vector<double> &,
jacobian: FullMatrix<double> &,
ill_cond:bool)
+calc_inv(inout matrix:FullMatrix <double> &,
ill_cond:bool)
-construct_residual (out residual:Vector<double> &)
-construct_jacobian(out jacobian:FullMatrix <double> &)
-update_Newton_step(in delta_x:Vector<double> &)
-check_residual(delta_x:Vector <double> & ): double

Figure 7.5: Proposed data structure for the MathFunctions class.

All the algorithms that have been discussed utilise a Newton—Raphson method, and require
the inversion of a matrix to construct the algorithmic elastoplastic moduli (6.25)-(6.26).
The class that provides this functionality is the MathFunctions class. The numerical meth-
ods discussed in Section 4 are implemented in the MathFunctions class. The data structure
is illustrated in Figure 7.5. The Newton Raphson method, performs a globally conver-
gent algorithm described in Section 4.3.1. The solver utilised in the Newton—Raphson
scheme is notified that the system is potentially ill-conditioned or singular though the
boolean i1l cond. In the case of an ill-conditioned system, the Newton—Raphson uses an

SVD solver described in Section 4.2. If one wishes to use the Newton—Raphson capabili-
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QuadraturePoint

-hardening_model: HardeningModel*

-accumuated_slip: unsigned double

-stress: SymmetricTensor < 2, deal II dimension >
-total_strain: SymmetricTensor < 2, deal_II_dimension >
-equiv_plastic_strain: double

-C_e: SymmetricTensor < 4, deal II dimension >

-C_ep: SymmetricTensor < 4, deal_II_dimension >
-was_active_at_n: bool

+solve(total_strain:SymmetricTensor < 2,
deal_II dimension >)
+time_step_converged()
+get_stress(): SymmetricTensor < 2, deal_II dimension >
+get_C_ep(): SymmetricTensor < 4, deal II dimension >

Figure 7.6: Proposed data structure for the QuadraturePoint base class.

ties of this class, one must derive a class that defines the functions construct_residual,

construct_jacobian, update Newton_step and check residual.

The final classes to be discussed here are the QuadraturePoint classes. These classes im-
plement the desired algorithm. They contain a HardeningModel and a SetHandler and
utilise these in the implementation. The base data structure is illustrated in Figure 7.6.

Interaction with these classes is though the methods:

e solve which, for a given trial strain, calculates the stress by a predetermined algo-

rithm.

e time_step_converged sends a message to the SlipSystem that a new time step has

converged so that it can store it’s data appropriately.
e get_stress returns the stress at the quadrature point.
e get _C_ep returns the algorithmic elastoplastic moduli.

A data structure that finds the stress by the algorithms given in Section 6.3 is given in
Figure 7.7.

One may ask the question how does this data structure interact with the data structure
available in deal.IT? We use the void user pointer available to every cell in the DoFHandler
class. In short, sets of QuadraturePoint objects (having a size equal to the number of
quadrature points in that cell) are allocated to a cell’s user pointer. Each quadrature point

is then automatically associated with a QuadraturePoint object.
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QuadraturePoint

-hardening_model: HardeningModel*

-accumuated_slip: unsigned double

-stress: SymmetricTensor < 2, deal_II_dimension >
-total_strain: SymmetricTensor < 2, deal_II_dimension >
-equiv_plastic_strain: double

-C_e: SymmetricTensor < 4, deal _II dimension >

-C_ep: SymmetricTensor < 4, deal_II_dimension >
-was_active_at_n: bool

+solve(total_strain:SymmetricTensor < 2,
deal_II dimension >)
+time_step_converged()
+get_stress(): SymmetricTensor < 2, deal_II_dimension >
+get_C_ep(): SymmetricTensor < 4, deal IT_dimension >

iy

QPIntermediateOne

-num_slip_systems: unsigned int

deal_II_dimension >)
+time_step_converged()

+solve(total_strain:SymmetricTensor < 2,

MathFunctions

QPIntermediateTwo

+Newton_Raphson(residual:Vector<double> &,
jacobian: FullMatrix<double> &,
ill_cond:bool)
+calc_inv(inout matrix:FullMatrix <double> &,
il1l_cond:bool)
-construct_residual (out residual:Vector<double> &)

-update_Newton_step(in delta_x:Vector<double> &)
-check_residual (delta_x:Vector <double> & ): double

-construct_jacobian(out jacobian:FullMatrix <double> &)

-set_handeler: SHSetSearch
-num_active_slip_systems: unsigned int
+solve(total_strain:SymmetricTensor < 2,
deal_II_dimension >)
+time_step_converged()

———————— ]
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QPSetSearch

QPAugmented

-penalty_0: unsigned double
-ramp_penalty: unsigned double
-set_handeler: SHAugmented

+solve(total_strain:SymmetricTensor < 2,
deal_II_dimension >)

+solve(total_strain:SymmetricTensor < 2,
deal_II_dimension >)

-construct_residual(out residual:Vector <double> & )
-construct_jacobian(out jacodian:FullMatrix <double> &)
-update_Newton_step(in delta_x:Vector <double> & )

+time_step_converged()
-set_C_ep()

-check_residual(delta_x:Vector <double> & ):

double

+time_step_converged()
-set_C_ep()

-check_residual(delta_x:Vector <double> & ):

-construct_residual(out residual:Vector <double> & )
-construct_jacobian(out jacodian:FullMatrix <double> &)
-update_Newton_step(in delta_x:Vector <double> & )

double

QPViscoPlasticity

-penalty_factor: unsigned double
-p: unsigned double

+solve(total_strain:SymmetricTensor < 2,
deal_II dimension >)
-construct_residual(out residual:Vector <double> & )

QPEquiv

-set_handeler: SetHandler

+solve(total_strain:SymmetricTensor < 2,
deal_II_dimension >)

-construct_residual(out residual:Vector <double> & )

-construct_jacobian(out jacodian:FullMatrix <double> &)

-update_Newton_step(in delta_x:Vector <double> & )

+time_step_converged()

-set_C_ep()

-check_residual(delta_x:Vector <double> & ):

double

-construct_jacobian(out jacodian:FullMatrix <double> &)
-update_Newton_step(in delta_x:Vector <double> & )
+time_step_converged()

-set_C_ep()

-check_residual(delta_x:Vector <double> & ):

double

Figure 7.7: Proposed data structure for the MathFunctions class.
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Chapter 8
Numerical examples

In this chapter, we present results based on the algorithms presented in Chapter 6. We
present two experiments. The first is a small-scale problem of the shearing of a cube. This
is an idealised example, but still significantly challenging. It is intentionally implemented
in such a way that there is uniform stress throughout the cube, thus the results are easily
analysed at the quadrature point level. The main objective of this numerical experiment is
to compare and contrast the quadrature point results of the various algorithms. We also
compare the results to those found in the literature. The second is a computationally larger
and more complex problem of a tension test. An intentional weakness is introduced into
the strip such that a strongly localised bands of slip are induced. Here there are several
objectives. The first is to compare these results with those found in the literature. The
second is to compare the agreement between the algorithms. For this purpose, several results
are prepared. Lastly, we compare the computational efficiency of the various algorithms.
This is done to establish, in a quantitative manner, which of the rate-independent algorithms
is computationally superior. In addition, we establish if the modification to the ALA is

effective.

8.1 Cube in shear

A perfectly plastic cube composed of an f.c.c. material is subjected to perfect shear. The

boundary conditions are chosen to replicate a state of plane strain. This problem has been
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u, = 0.00023
N

Yy r z=-1
(Ua:auyauz) = (03070)

Figure 8.1: The displacement boundary conditions for the shearing of a cube.

Hardening model

perfect plasticity h=0

critical resolved shear stress 7§ =19 = 1.0 N/ mm?
Elastic tensor isotropic

bulk modulus % = 1500.0 N/mm?
shear modulus 1= 562.5 N/mm?
VA

strain-rate sensitivity p =200

penalty (viscosity) n = 2000
ALA/MALA

initial penalty Ny = 0.5

Table 8.1: Shearing of a cube model parameters.

investigated in [29] using the SSA and VA . For simplicity, we assume an elastically isotropic
crystal with a bulk modulus £ = 1500.0 N/mm2 and shear modulus p = 562.5 N/mm2.
The initial resistance to plastic flow is chosen to be the same for all slip systems 7§ = 79 =
1.0N/ mm?. In a deformation-driven process the cube’s top surface (z = 1) is deformed in
100 equal time steps in the x-direction. The displacement of the top surface relative to the
initial configuration is give by u = 0.0002/3, where (8 is the load parameter. The bottom
surface (z = —1) is fixed. The boundary conditions are given in Figure 8.1. This test is
performed for several orientations of the crystal structure. The initial orientation is chosen
to be {61, 602,03} = {0°,0°,0°}. This configuration is then rotated about the z- and y-axes,
in increments of 18°. For each orientation the problem is solved, and the final shear stress
state and slip history recorded. This entire set of experiments is solved using the SSA,
VA, EA, ALA and MALA approaches. A list of parameters can be found in Table 8.1.
The choice for 1 in the VA is motivated by choosing a large enough penalty that a near
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Figure 8.2: Results for crystal orientation {61,6,,03} = {0°,0°,0°}. (a) The equivalent
plastic strain versus total lateral displacement, (b) the accumulated slip versus total lateral
displacement for slip systems with non-zero accumulated slip. These were produced using
the ALA. The final stress was recorded to be 2.44949. Near-identical results were attained
for all other algorithms (i.e. the SSA, EA, VA and MALA).

rate-independent solution is obtained, but not so large that the problem becomes singular.

For all the local algorithms, the final shear stress state and the history of plastic slip agrees

with those presented in [29]. An example of the slip history is shown in Figure 8.2 and 8.3.

Figure 8.2(b) shows a set of eight slip systems experiencing the same amount of slip at each
time step. This can be expected due to the orientation of the crystal structure and the
nature of the total strain e state. The initial total strain state (while still in the elastic
regime) produces a stress that only has non-zero components at 012 = 091, bearing in
mind that the stress is symmetric. We are interested in the decomposition of this stress
onto the slip systems, i.e.7® = o : P®, as this is an indication of which slip systems will
experience slip first, see (3.18). Initially, at least, we are interested in which a have the
largest Pf%, component. These will have the greatest Schmidt stress, and will experience
plastic deformation first. For this orientation, P, = 0V {a]a = 3, 6, 9, 11, 15, 18, 21, 23},
P, = —0.20412 V {a|la = 2, 4, 7, 13, 17, 20, 22, 24} and Pp = 020412 V a € H =
{ala = 1, 5, 8, 10, 12, 14, 16, 19} 1. Thus the set H will experience plastic slip first

under these loading conditions. Consider the first time step where one needs to calculate

'Here we have numbered the slip systems 1-12 according to Table 3.1, numbers 13-24 are the doubly
defined pairs of Table 3.1, i.e. slip system 1 has the doubly defined pair 13 and so on.
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Figure 8.3: The accumulated slip versus total lateral displacement for the ALA with crystal
orientation {61, 6,,03} = {—18°,—54°,0°}. Here we only only show the slip systems with
non-zero accumulated slip. The data has been split into Figure 8.3(a) and 8.3(b) due to a
scale change in the data. The final stress was recorded to be 1.46913. Near-identical were
attained for all other algorithms (i.e. the SSA, EA, VA and MALA).

the slip for H. The problem will be exactly the same on each slip system in H, so we expect

the solution to be the same on each slip system; let that be A\,.

The next consideration is how the stress will be affected by the plastic deformation. In gen-
eral a slip system which experiences slip in the current time step could have a considerable
influence on the stress in future time steps. The matrix P® form a basis for AeP (see for
example (6.3a)). The scalars that form the linear combinations of these basis tensors are the
A)X*; so a change in AX* causes a change in the composition of Ae? (and hence a change
in eP). For instance a considerable change in € can occur when a slip system becomes
active for the first time, i.e. a A% goes from being zero to a positive scalar. A change of
the plastic strain ultimately effect the stress due to (3.15). The change that this can cause
in the stress can have a drastic effect on other slip system’s yield criterion values, allowing
them to experience slip in future time steps. Thus a slip system experiencing plastic slip
can encourage slip systems to experience slip in a future time step. The plastic strain for

the first plastic iteration will be given by

e’ =) ANP°
aEH
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for this problem this would be

0 1.63299316 0
= A\, | 1.63299316 0 0
0 0 0

Since o = C¢(e — €P), we can conclude that the non-zero components of the stress will
remain so in the following time steps. So for future time steps we expect the same slip

systems to experience plastic slip. This in some way explains the result in Figure 8.2.

The result in Figure 8.3 shows the complex and coupled behaviour of the slip history for the
crystal orientation {61, 603,03} = {—54°, —18°,0°}. Notice how slip systems become active
at later stages of the experiment and how multiple slip systems can become active in one
time step. This kind of behaviour can be difficult to capture, and serves as motivation for

a robust algorithm.

Some interesting deductions can be made from the fact that we are using a perfectly plastic
model and proportional loading conditions. Imagine a set of time steps where the active
set remains unchanged. Due to the proportional loading conditions, we can expect that the
initial violation of the yield function is identical for these time steps. In fact, one is solving
exactly the same problem in these time steps, thus we expect the solution to be exactly the
same. Therefore, AN* will be exactly the same for these two time steps. This means the
change in gradient of A\“ is zero, implying a straight line in this situation. When the active
set changes between time steps, we can expect a considerable change in the solution for
AN, Thus a change in the gradient of A% is expected at these points. Since the change in
active set is a discrete occurrence, one can expect the A% to consist of continuous piecewise
straight lines. This is noticed in Figure 8.3. Changes in gradients of A* correspond to

changes in the active set.

8.2 Strip in tension

We next look at an example where localisation of plastic slip occurs. This is an example
of a strip of material in tension. The strip has dimensions 6mm x 15.4mm x 0.3mm. A

partitioned domain is generated for the strip consisting of 384 (12 x 32 x 1) triquadratic
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Figure 8.4: Schematic of a 6mm x 15.4mm x 0.3mm strip partitioned into 384 quadrilateral
elements.

elements, see Figure 8.4. Here we used quadratic polynomial shape functions in order to

circumvent the effect of locking associated with low-order trilinear elements.

Once again a displacement-driven process is used. A positive and negative displacement
relative to the initial configuration of u = 315.4 x 10~°mm are applied to the top and
bottom surface respectively, where (3 is the load parameter. We stagger the elongation of
the sample into nine equal load steps up to § = 90 followed by 110 equal load steps until
a final load parameter of 5 = 200 is achieved. The initial steps are all elastic steps, where
the history of the material is irrelevant. The displacement of the front and back walls are
constrained to impose a state of plane strain. The side walls are allowed to contract in the
z-direction. The z-displacement of the set of points in the bottom left corner are fixed. See

Figure 8.5 for a visual representation of these boundary conditions.

We choose to model a f.c.c. crystal structure. The elastic response of the material is chosen
to be anisotropic with cubic symmetries (see (3.22)). The hardening model is a sech+linear
type, see (3.17), with a hardening parameter ¢ = 1.4. The full set of material parameters
is given in Table 8.2. Again, the choice for 1 in the VA is motivated by choosing a large
enough penalty that a near rate-independent solution is obtained, but not so large that the

problem becomes singular.
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Figure 8.5: Loading and boundary conditions: (a) apply a positive and negative displace-
ment of u = 315.4 x 107> mm in the y-direction to the top and bottom surfaces. (b) Fix
the z-displacement on the front and back surfaces. (c¢) Left and right surfaces are free. (d)
Fix the z-displacement of the points in the bottom left corner. Here, the orientation is the

same as Figure 8.4.

Hardening model
sech+linear

initial hardening
linear hardening
critical resolved shear stress
Saturation stress
Hardening parameter
Elastic tensor
moduli

moduli

moduli

VA
strain-rate-sensitivity
penalty (viscosity)
ALA/MALA
initial penalty

h(A) = ho cosh™2 (TO’;O—AQ) i

7o
ho = 0.533 GPa
hi = 0.001 GPa
75¢ = 10 = 0.060 GPa
7. = 0.108 GPa
q=14

anisotropic with cubic symmetries
C11 =107.300 GPa

012 = 60.900 GPa

Cyq = 28.300 GPa

p =200
n = 2000
77(1) =0.5

Table 8.2: Tension test model parameters.
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Figure 8.6: The equivalent plastic strain for the crystal orientation {6, 602,03} = {0°,0°,0°}
at loading parameter (a) § = 101 (b) 5 = 102 (c¢) 8 = 110. Here, the orientation is the
same as Figure 8.4.

In order to trigger the onset of localisation of the slip, a imperfection is placed in the
material at the point illustrated in Figure 8.4. Within this cell we have reduced the yield
stress by 10%.

8.2.1 Comparing the results for the various formulations to those found

in literature

The first test that we run is to establish that the various formulations give the same results.
The orientation of the crystal is chosen to be {61, 62,03} = {0°,0°,0°}. The result displaying
the distribution of the equivalent plastic strain A = ) A* over the domain is shown in
Figure 8.6. This particular set of results were found using the EA. The other algorithms
gave comparatively indistinguishable results. It can be seen in Figure 8.6 that there is a
localisation of the equivalent plastic strain into two bands. These bands are called slip

bands. The same phenomenon is present in the tension test simulated in [29].

In the next test we rotated the orientation of the crystal structure. Here, as in [29], we

hope to observe the change in orientation of the slip bands. In Figure 8.7 we display results
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Figure 8.7: The equivalent plastic strains for the loading parameter 5 = 120 and crystal
orientation 0 = 63 = 0° (a) #; = 0° (b) 6; = —15° (c) 6; = 15°. Here, the orientation is
the same as Figure 8.4.

at the same loading parameter, but with different crystal orientations. Here we choose to
display the crystal orientations {61,62,65} = {0°,0°,0°}, {15°,0°,0°}, {—15°,0°,0°}. In
Figure 8.7 a strong correlation between the change in slip band angle and the change in

orientation of the crystal structure is observed.

The numerical values given in a similar test conducted in [29], could not be reproduced. This
could be due to two reasons. Firstly, we may have used a different hardening rule as details
of the rule used in [29] are absent. Secondly, the interpolation used in the visualisation of
results plays a large role in the displayed numerical values. If the interpolation of the results
is different then the displayed numerical values could differ significantly. Despite this, the
agreement of the results in Section 8.2 with those in [29] and the agreement in general
behaviour (the development of slip bands, and the dependence of the slip band orientation
on the crystal orientation) with those presented in [29], serve as motivation for confidence

in our results.
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8.2.2 A further comparison of the results of the various formulation

We wish to make a closer comparison of the various formulations by comparison with the
visocoplastic solution. To do this, the cell averaged equivalent plastic strain has been plotted
along a line. The position of this line must be such that it maximises the discrepancy in the
solutions produced by the various formulations. To choose the position of this line we will
conduct a small thought experiment. Consider a point P experiencing plastic deformation.
The neighbouring point to P will be influenced by P because the plastic deformation of P
has a nonlocal effect expressed though the stress field. The hardening of point P also plays
a role in stimulating the neighbouring points to experience plastic deformation. So, plastic
deformation should spread along the domain to neighbouring points. If there is an “error”?
associated with calculating the slip then this “error” will be compounded as the plastic
deformation spreads over the domain. In our case we know that the plastic deformation

will start at the imperfection and then spread over the domain, thus we choose to plot the

equivalent plastic strain over the line defined by = = 2.7, z = 0.0 (see Figure 8.4).

For simplicity we present and discuss results for crystal orientation {61, 62,65} = {0°,0°,0°}.
The result is shown in Figure 8.8. Figure 8.8(a) is chosen to be the first loading parameter
for which these cells experience plastic slip. As one can see there is a significant discrep-
ancy between the ALA/MALA solution and the other formulations at this load parameter.
However, this discrepancy becomes small within a few time steps. By 5 = 110 the results
are near identical (see Figure 8.8(f)). One interesting characteristic of the ALA/MALA
solution is that it shows a much more pronounced localisation at earlier time steps. Similar
behaviour was noted in crystal orientations {61, 62,65} = {15°,0°,0°}, {—15°,0°,0°}.

Another comparison that can be done is to compare the applied load versus displacement.
This is only done for the top surface of the strip. The results can be seen in Figure 8.9.

Here too we see a high degree of correlation between all the algorithms.

8.2.3 Efficiency test

The last test compares the computational times taken by the various rate-independent

algorithms. We compare these times relative to the VA. This is done by dividing the

2By “error” we mean a discrepancy relative to the visocoplastic solution.
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01 =0° 6, =-15° 6; =-30°

SSA 0.993 0.989 0.990
EA 18.165  18.059 22.263
ALA 7.719 7.700 7.458
MALA 5.960 6.340 6.194

Table 8.3: The total CPU times relative to the VA’s total CPU time.

rate-independent algorithm run times by the visocoplastic algorithm time. We use the
same setup, boundary conditions and material parameter as described above, except that
we set the hardening parameter ¢ = 1. This choice of hardening parameter causes an
increase in the likelihood of an ill-conditioned system. As in the previous case, the sample
is elongated to a load parameter of S = 200. We choose three different crystal orientations
{01,09,05} = {0°,0°,0°}, {—15°,0°,0°}, {—30°,0°,0°}. The results are given in Table 8.3.
It is clear from this table that the SSA is superior in that it takes much less time than the
other rate-independent algorithms, and that it takes slightly less time than the visocoplastic
algorithms. We also note that the ALA and MALA performed comparatively better than
the EA, but not better than the SSA. The modification to the ALA caused approximately

a 17% increase in the efficiency of the algorithm.

For the MALA the success and type of initial guess was recorded, see Table 8.4. Here,
AN = A)XY,0 means that the initial guess AX* = AX was used, but later changed to
AX* = 0 due to the active set changing. As can be seen the success of the initial guess

is prominent, but more importantly scenario where the initial guess is abandoned is low.
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Initial guess 61 =0° 60y =-15° 6; =-30°

AN = AN 0.546 0.394 0.452
AN =0 0.454 0.606 0.533
AN =AXY,0 0 < 0.01 0.015

Table 8.4: The prevalence of succesful inital guesses for the MALA.

This is a positive result as these scenarios are computationally more expensive than the

alternatives.

Various questions are raised by Table 8.3. For instance, what is the cause of the EA time
being so much larger? Is it caused by the slow convergence of a few local iterations or
in general does the EA take longer to solve each local iteration. In order to get better
insight into the reason for the significant difference in the times in Table 8.3 we investigate
the time per local iteration. For each quadrature point, we record the time taken for the
quadrature point to converge, in other words the time for the local iteration to converge.
This is done irrespective of the location of the quadrature point and irrespective of the
global Newton—Raphson iteration. In Figure 8.10 we present histograms of the CPU time
per local iteration for the various formulations. The histograms in Figures 8.10(a)-8.10(e)
clearly indicate that the extended run times are caused by longer local iteration run times.
This implies that the EA, ALA, and MALA converge more slowly than the SSA in general.
Figures 8.10(c) and 8.10(d) also provided further evidence for the efficiency improvement of
the modified ALA (MALA). Figure 8.10(d) illustrates that, as a results of the modification,

a large number large number of local iteration run times have become significantly faster.
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Chapter 9

Conclusions and recommendations

9.1 Conclusions

The main objective of this thesis was to review and implement various algorithms in rate-
independent single-crystal plasticity. The starting point was to justify the mathematical
model for single-crystal plasticity. After this was done, various constrained optimisation
techniques were applied to the principle of maximum plastic dissipation. Depending on the
constrained optimisation technique used, different flow rules were generated. After space
and time discretisation, numerical techniques were applied to governing sets of equations.
These ultimately resulted in a variety of local algorithms. Finally, these algorithms were

applied to two numerical examples to compare agreement and performance.

The first goal was to develop a mathematical model for single crystal plasticity. This
involved discussing the relevant theories from continuum mechanics. As a basis for the
theory it was relevant to discuss classical plasticity. After this, the response of crystal
structures at a microscopic level was discussed to justify further relationships. Adding

these relationships to classical plasticity gives rise to single crystal plasticity.

Out of the theory of classical plasticity came the principle of maximum plastic work. This
principle can be treated as a constrained maximisation problem. Here it was necessary to
give a background of the various mathematical treatments. These were: Lagrange multi-

plier, penalty, and the augmented Lagrangian formulations. Each application of a formula-
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tion to the maximisation problem results to its own set of flow rules.

At this point it was appropriate to discuss the various numerical techniques to be used in
the treatment of the problem. This included the numerical linear algebra techniques of LU
and singular value decompositions. It is was also relevant to discuss globally convergent

Newton—Raphson techniques and the finite element method.

After these numerical methods where introduced, the relevant equations where discretised
in space and time. After this, algorithms were developed to solve the various flow rules. In
total five algorithms where developed: the SSA, VA, EA, ALA, and MALA. The VA is a
rate-dependent algorithm while all the other are rate-independent algorithms. The SSA and
the EA were developed from the flow rules derived from the Lagrange multiplier’s treatment
of the principle of maximum plastic dissipation. The SSA utilises a set search while the
EA casts the KKT conditions into a set of equations which is solved for using a Newton—
Raphson approach. The ALA and the MALA were developed from the flow rules derived
from the augmented Lagrangian treatment of the principle of maximum plastic dissipation.
These both apply a fixed point method to the flow rules. The MALA was a modification

of the ALA to allow a initial guess based on the previous time iteration.

The implementation of the algorithm in an object orientated frame-work was discussed.
Here a sensible class structure was proposed. This class structure serves as a guide and is

by no means the only option.

Finally, the algorithms were applied to two problems. The first problem is the shearing of
a perfectly plastic single crystal cube. This problem is small, but useful in illustrating the
complex behaviour that develops at a quadrature point. Here the slip history results and
final shear stress were recorded. The results from the various algorithms compared well

with one another and well with results presented in the literature.

The second problem was a tension test. This is a much larger problem, with far more
local problems to be solved. The results where compared at macroscopic level, here a good
agreement was found for the various algorithms results for the equivalent plastic strain. A
more detailed comparison of the equivalent plastic strain was done by plotting the results
along the right most boundary of the tension strip. It was found that the results for
the algorithms using the augmented Lagrange treatment gave slightly different solutions.

The difference in the solution was only prominent in early time steps, and this difference
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became small rapidly. It was also noted that at these early time steps the algorithms using

an augmented Lagrange treatment had a more localised and pronounced solution.

The tension problem was then used to compare the performance of the various rate-
independent algorithms. Here it was found that the SSA greatly out-performed the other
algorithms. It was also found that the poorest performing algorithm was the EA, taking
approximately twenty times longer than the SSA. The second and third best performing
algorithms where the MALA and the ALA. These took approximately 6 and 7.5 times
longer than the SSA. The modification to the ALA, found in the MALA, increased the

performance by approximately 17%.

Further analysis of the performance results was conducted by monitoring the run times
for each quadrature point. This revealed that the increased in performance was related to
generally better performance of the local algorithms. In addition, it also shows that poor
performance was not caused by an isolated event, but rather by a generally poor performing

local algorithm.
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