Convergent finite element approximations for
problems of near-incompressible and
near-inextensible transversely isotropic linear
elasticity

presented by
Faraniaina Rasolofoson
Department of Mathematics and Applied Mathematics,

Centre for Research in Computational and Applied Mechanics

Supervisor: Prof. B.D. Reddy

Department of Mathematics and Applied Mathematics,

Centre for Research in Computational and Applied Mechanics

o Le]le]lr[[e]lc][a][m

Centre for Research in Computational and Applied Mechanics

Thesis is submitted in fulfillment of the requirements
for the award of the degree of Doctor of Philosophy
February 2019



The copyright of this thesis vests in the author. No
quotation from it or information derived from it is to be
published without full acknowledgement of the source.
The thesis is to be used for private study or non-
commercial research purposes only.

Published by the University of Cape Town (UCT) in terms
of the non-exclusive license granted to UCT by the author.



Abstract

This work comprises a detailed theoretical and computational study of the boundary value problem for
transversely isotropic linear elastic bodies. The main objective is the development and implementation of
low-order finite element methods that are uniformly convergent in the incompressible and inextensible limits.
The first step in the investigation is a study of the constitutive relation for transversely isotropic elasticity,
and establishment of conditions on the five material parameters under which the relation is pointwise stable.

This forms the basis for a study of well-posedness of the weak displacement-based formulation.

Conforming finite element approximations are studied. The error estimate indicates the possibility of ex-
tensional locking; on the other hand, anisotropy, measured as the ratio of Young’s moduli in the fibre and
transverse directions, plays a role in minimizing or even eliminating volumetric locking behaviour. Ex-
tensional locking is circumvented with the use of selective under-integration, in the context of low-order
quadrilateral elements. Its equivalence with mixed and perturbed Lagrangian methods are shown. A series

of numerical results illustrates the various features of the formulations considered.

In a second approach, interior penalty or discontinuous Galerkin (DG) formulations of the problem are
considered. Low-order approximations on triangles are adopted, with the use of three interior penalty
discontinuous Galerkin methods, viz. nonsymmetric, symmetric and incomplete. It is known that these
methods are uniformly convergent in the incompressible limit for the case of isotropy. This property carries
over to the transversely isotropic case for moderate anisotropy. An error estimate suggests the possibility
of extensional locking, and under-integration of the extensional edge terms is proposed as a remedy. This
modification is shown to lead to an error estimate that is consistent with locking-free behaviour. Numerical

tests confirm the uniformly convergent behaviour, at an optimal rate, of the under-integrated scheme.
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Chapter 1

Introduction

A vast range of natural phenomena and technological innovations can be modelled successfully through
systems of differential equations. These may be ordinary or partial differential equations (PDEs), and either
linear or nonlinear. While techniques exist for finding closed-form solutions of PDEs in some cases, this is not
generally possible. For this reason the development of approximate solution methods and their computational

solution are of great importance in the context of modelling.

The three most widely used methods for the numerical solution of systems of PDEs are the finite element
method, the finite difference method, and the finite volume method. For each of these approaches there
are varieties of special approaches: for example, for the finite element method, in addition to standard
approaches, mixed formulations are popular [9]. Likewise, p- and hp- finite element methods differ from
standard approaches in seeking convergent approximations by progressively increasing the polynomial order
p, or combining the latter with mesh refinement (see for example [5, 7]). More recently, popular variants of

the finite element method include isogeometric formulations [12] and the virtual element method [14].

Many significant developments of the finite element method have taken place in the context of solid mechanics,
with the earliest formulations being developed for problems of linear elasticity. The focus has traditionally
been on problems of isotropic elasticity. Anisotropic materials, however, arise in a variety of natural and
engineering situations, and are worthy of attention. For example, anisotropy is a feature of composite
materials, used in the aerospace, automotive, and other industries. It also occurs naturally in crystalline
structures, geotechnical materials, and in the mechanical properties of biological media such as muscles,
tendons, or bones (see for example [1, 17, 27, 32, 35, 39]). Transverse isotropy is a form of anisotropy
characterized by isotropic behaviour in a plane defined by a given normal vector or fibre direction. Fibrous
or fibre-reinforced structures are generally modelled as transversely isotropic materials. Important early
contributions to the mechanics of fibre-reinforced materials include the works [22, 33, 40]. The monograph
[42] gives a detailed presentation of the mechanics of anisotropic materials. This thesis will focus on finite

element formulations for boundary value problems of linear transversely isotropic elasticity.

There have been various contributions aimed at deriving general forms for the constitutive equations of
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transversely isotropic elasticity. Some examples include the work [30], which uses the representation theorems
in [41] to obtain the elasticity tensor and its inverse, the compliance tensor. In [17], the compliance matrix is
given in terms of engineering constants such as Young’s moduli, Poisson’s ratios, and shear moduli relative to
the fibre direction and plane of isotropy. Conditions for positive-definiteness of the compliance matrix, and
hence for pointwise stability, are derived. Corresponding results for various types of anisotropic materials,

that is, monoclinic, orthotropic, and transversely isotropic, are presented in [28].

In the context of hyperelasticity there has been extensive work aimed at deriving general conditions for con-
structing strain energy functions for transversely isotropic material models. The work [36] develops a form
for the strain energy function in terms of the invariants, such that the strain energy function is polyconvex,
a key criterion for well-posedness of the boundary value problem. The work of [37] presents mathematical
foundations of the derivation of the constitutive relations for transversely isotropic bodies at large strain:
materially stable transversely isotropic energies for soft tissues that satisfy the Legendre-Hadamard condi-
tion are constructed. The development of stable finite element approximations for transversely isotropic

hyperelastic has also received attention, an important early work being [44].

Early work on well-posedness for anisotropic materials has generally taken the form of studies of pointwise
stability and uniqueness of the boundary value problem for linear elasticity. These features are explored in

[23, 24] for materials with the constraint of inextensibility.

There has been little work on the well-posedness of boundary value problems for materials with internal
constraints such as inextensibility, in contrast to the many treatments of incompressibility. The investigation
[3] approaches the problem via a mixed formulation of Hellinger-Reissner type, and establishes conditions
on the elastic constants for the problem to be well-posed for inextensible materials, and also for the case
of orthotropy. Corresponding abstract results have been presented in [15] for the case of non-homogeneous

materials.

In the context of elasticity problems, low-order finite element numerical approximations often lead to locking
for small values of a parameter. Locking refers to a parameter-dependent inability of the finite element
approximation to converge to the exact solution. Some examples are volumetric locking in the incompressible
limit, extensional locking for near-inextensibility, and shear locking when the relevant parameter is the
thickness [26]. The work [6] analyses the strength of locking and robustness of various h-version schemes.
It is known that p- and hp-versions are free from locking when the polynomial degree p > 4 on triangular

meshes (see also [38, 43]).

The use of higher-order approximations generally avoids locking. Alternative approaches that circumvent
locking behaviour include the use of nonconforming methods [18]. A range of mixed methods have been
shown to be uniformly convergent for near-incompressibility (see for example [9] and the references therein),

while the works [16, 29] provide a unified treatment of uniformly convergent formulations using two- or



three-field approximations, and low-order (quadrilateral) approximations.

Discontinuous Galerkin (DG) finite element methods provide a further powerful example of a class of ap-
proaches to overcome locking behaviour. Important contributions include the works [20, 25]. With the use
of low-order triangles, the DG method for isotropic elasticity is uniformly convergent in the incompressible
limit [20, 45]. For conventional conforming bi- or trilinear approximations on quadrilaterals and hexahedra,
however, it is known [19] that locking occurs; this may be circumvented with the use of under-integration of

the edge terms in the formulation.

Near-inextensibility is studied computationally in the work [4], using Lagrange multiplier, perturbed La-
grangian, and penalty approaches. There have also been a number of computational investigations of trans-

versely isotropic and inextensible behaviour for large-displacement problems [46, 47, 48, 49].

There have not however been systematic analyses and corresponding computational studies of locking-free
behaviour for near-inextensible materials. This topic constitutes the main aim of this thesis: namely, to
investigate stable, locking-free approximations for problems of transversely isotropic linear elasticity. The
emphasis will be on low-order elements, and on conditions for uniformly convergent behaviour in the incom-

pressible and inextensible limits.

Related work has recently been reported in [34], on a virtual element formulation for transverse isotropy:
this formulation is shown computationally to be robust and locking-free in the inextensible limit, for both

constant and variable fibre directions.

After presenting the background material, the constitutive relations for transversely isotropic elastic materials
are formulated and investigated. In particular, conditions for pointwise stability are derived; these play an

important role in determining conditions for well-posedness of the displacement-based weak formulation.

With regard to finite element formulations, two avenues are explored. The first concerns low-order con-
forming finite element approximations. The discrete form of the displacement problem is formulated. The
error estimate reveals that anisotropy can play a role in minimizing or even eliminating locking behaviour,
for moderate values of the ratio of Young’s moduli in the fibre and transverse directions. In addition to
the standard conforming approximation, an alternative formulation, involving under-integration of the vol-
umetric and extensional terms in the weak formulation, is considered. The latter is equivalent to either a
mixed or a perturbed Lagrangian formulation, analogously to the well-known situation for the volumetric
term. A set of numerical examples confirms the locking-free behaviour in the near-incompressible limit of
the standard formulation with moderate anisotropy, with locking behaviour being clearly evident in the case
of near-inextensibility. On the other hand, under-integration of the extensional term leads to extensional

locking-free behaviour.

The second approach concerns low-order DG approximations. Low-order approximations on triangles are
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adopted, with the use of three interior penalty DG methods, viz. nonsymmetric, symmetric and incomplete.
It is known that these methods are uniformly convergent in the incompressible limit. This work focuses on
the behaviour in the inextensible limit. An error estimate suggests the possibility of extensional locking,
a feature that is confirmed by numerical experiments. Under-integration of the extensional edge terms is
proposed as a remedy. This modification is shown to lead to an error estimate that is consistent with the
locking-free behaviour. Numerical tests confirm the uniformly convergent behaviour, at an optimal rate, of

the under-integrated scheme.

The rest of the thesis is organised as follows. In Chapter 2, the constitutive equations for linear transversely
isotropic materials are presented. These are expressed in terms of a set of five primary material parame-
ters, and alternatively in terms of a corresponding set of physically meaningful constants. Conditions for
pointwise stability and strong ellipticity are presented. The weak form of the boundary value problem is
formulated in Chapter 3, and conditions for the existence of unique solutions established. Conforming finite
element approximations are analysed, and the potential for locking behaviour noted. Under-integration is
introduced as a remedy and its equivalence to perturbed Lagrangian and mixed formulations established.
Numerical results that illustrate the conforming and under-integrated formulations are presented in Chapter
4; these verify the extensional locking of the standard formulation and the locking-free behaviour of the
under-integrated formulation. Volumetric locking is shown to be absent for anisotropic materials, with the
usual locking behaviour observed in the isotropic limit. In Chapter 5, corresponding discontinuous Galerkin
formulations for the three interior penality methods are presented, and conditions for well-posedness estab-
lished. The a priori error estimate suggests the existence of extensional locking at the inextensible limit.
Under-integration of the extensional edge term is introduced as a remedy, and the new error estimate sug-
gests a convergent behaviour. A set of numerical examples to illustrate the theory on discontinuous Galerkin

formulations are presented in Chapter 6. Chapter 7 concludes the work.
Two publications are based on the work presented in this thesis. The article
e F. Rasolofoson, B.J. Grieshaber, B.D. Reddy, Finite element approximations for near-incompressible
and near-inextensible transversely isotropic bodies. International Journal for Numerical Methods in
Engineering, 117(6):693-712, 2018.

is based largely on the material in Chapters 2, 3 and 4, while the manuscript

e B.J. Grieshaber, F. Rasolofoson, B.D. Reddy, Discontinuous Galerkin approximations for near-incompressible

and near-inextensible transversely isotropic bodies. In review, available at arXiv:1810.13267.

is based on the material in Chapters 5 and 6.


arXiv:1810.13267
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1.1 General notation

Notation for scalars, vectors and tensors

We make use of a combination of direct (coordinate-free) and indicial notation for vectorial and tensorial

quantities.

Throughout this work, we denote:

Scalars (including, for example, material parameters) with lightface Roman or Greek letters
(a,b,...,A,B,...,«a,8,...)

Vectors with boldface letters (a, b, ¢, ...)

Second-order tensors with boldface uppercase Roman or lowercase Greek letters
(A,B,...,0,¢,...)

Fourth-order tensors with blackboard bold typeface: A;B,C, ...

Function spaces with calligraphic typeface: A, B,C,...

Subscripts ¢t and [ indicate that the parameter is defined in the transverse and longitudinal or fibre direction

respectively.

We also make use of a number of well-established symbols and conventions, for any second order tensor A,

such as the transpose AT, the inverse A~', the trace tr A, and the determinant det A.

Index notation

We make use of a cartesian coordinate system with associated orthonormal basis e; (¢ = 1,2, 3) and coordi-

nates x; (i = 1,2,3) of a point x.
The Kronecker delta is defined as follows:
1 ifi=y,

5ij =

0 otherwise.

We adopt the Einstein summation on repeated indices: that is, we write a;b; for Zz a;b;.

For any vectors a and b, and any second order tensors A and B, the scalar products are given by

a~b:aibi,

A:B= AijBija
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and the tensor products by

a® b = aibjei ® ej,

A®B=A;jBye;,@e; e, R e.

For any fourth order tensor A and any second order tensor T', we have

AT = Aijleklei X e;.

The gradient of a scalar function u(x1,...,xq) is defined by
ou
Vu=_— 5
the gradient of a vector u by
Ou;
Vu = Y e ®ej,
O0x;
and the divergence of a vector u by
Ou;
divu=V.u= “
6.131‘

Function spaces

Let © be an open subset of RY, with d € {1,2,3} the space dimension, with smooth boundary 9.

We denote by £2(£2) the set of all real-valued functions defined on €2 such that

/Q fu(z) 2 d < 0.

This is a Hilbert space when equipped with the inner product

(u,v) z2(0) ::/Qu(x)v(x)dx,

and corresponding norm

||u| |£2(Q) = (u, U)£2(Q)

— (/ﬂ |u(a:)|2dx)1/2.

(1.1)

(1.2)
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We define the Sobolev space

ou

HHQ) = {ueﬁQ() 5.

eL%)‘:L”q%, (1.3)

which is a Hilbert space when equipped with the inner product

ou 81}
(1, )31 (@) = (u, V) £2(0) / Z oz, 8:51 (1.4)
and the corresponding norm

ull#1 (@) = (w, )1 (a)

1/2
= (IlullZey + IVl ey - (1.5)

Here and henceforth norms of vector- and tensor-valued quantities are evaluated componentwise: that is,

2 —
9020 —ZZ )

We also define the H!-seminorm by

[l @) = [[Vullz2(e)- (1.6)
We define the Sobolev space
ou 0%u
2(Q 2 2(Q 2(Q =1,---,d 1
HAQ) 1= (u e £20) 1 € L), gt € L), i g = Lo d (17)
equipped with the inner product
u 0%
= E — 1.8
(U7U)H2(Q) (u7v)£2(9) + (u, U)'HI(Q) +~/Qij—1 axiaxj axiazj €z, ( )

and the corresponding norm

||u||?-L2(Q) = (va)wm)
1/2

d
82
_ 2
= | oo + 3 Igpgq e | (1.9)

1,j=1

and seminorm
1/2

[ul32(0) == Z H@x ||z:2 : (1.10)
Z

3,7=1
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We define the subspace
Ho(Q) == {ueH () :u=0o0n0Q}. (1.11)

The seminorm | - |g1(q) is a norm on H{(R2), equivalent to the standard H*-norm.

Throughout this work, the following notations are adopted:

I llos =1 lliezeenes I lliw =11 e, and |- flae = |- |24 (1.12a)

‘ : |1’* = | ' |[H1(*)]d, and ‘ . |2’* S ‘ . |[’H2(*)]d. (112b)

We use the same notation for vector- and tensor-valued functions whose components are members of £2(x)

or H™(x), with inner products and norms all defined componentwise.



Chapter 2

Transversely isotropic elasticity

In this chapter, we present the constitutive relations for transversely isotropic elastic materials, and analyse
conditions on the material parameters that are required for the corresponding boundary value problems to

be well-posed.

The structure of this chapter is as follows. In Section 2.1, the elasticity tensor for transversely isotropic
linear elastic materials is derived from the strain energy function for the general large deformation case.
The corresponding compliance tensor is then derived in Section 2.2. Expressions for the primary material
parameters are given in terms of physically meaningful alternatives in Section 2.3. Section 2.4 establishes
conditions on the material constants for pointwise stability. Finally, conditions for strong ellipticity of the

material constants are given in Section 2.5.

2.1 The elasticity tensor

Transversely isotropic (TI) materials are characterized by the existence of a single plane of isotropy and
a single axis of rotational symmetry, the normal to the isotropy plane. Let the unit vector a denote the

direction of the axis of rotational symmetry, and set M = a ® a.

The elasticity tensor for a linearly elastic transversely isotropic material may be derived by linearization of

the general expression for finite deformations.

Let us consider a body in a motion occupying a domain  C R? (d = 2,3) in its reference configuration. The

current configuration §2; of the body is given by the motion
r=p(X,t) =X +u(X,t),

where x and X parametrize the current and the reference configurations, respectively, and w is the displace-

ment vector (Figure 2.1). The deformation gradient is defined by
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WX, t)

z =X, 1)

Figure 2.1: Motion of a body from the reference configuration to the current configuration

F:=1+Vu,
with I the second-order identity tensor, and the right Cauchy-Green tensor by
C:=F"F.

To derive the elasticity tensor for transversely isotropic materials, we start with the hyperelastic formulation,
following Schroder et al. [36]. The strain energy function ¢ for a transversely isotropic material is most

generally given as a function of five invariants; that is,

where

L=tC, L=< (trC)>—trC?), I3=detC, I;=tr(CM), and I5=tr(C>M). (2.2)

N —

The derivatives of the invariants with respect to the right Cauchy-Green tensor C' are

oL oL,

ac T ac ~hI-C
oL; ) oL,

50 = RI-LC+C”, =M

Ol =CM + MC.

aC
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The second Piola-Kirchhoff stress S is given by

§:=200
We introduce the notation
Yy = g}/i and Vij 1= 8?2(;1)1 = ji,
so that
6o 25: oy O,
c JI;, 0C

= 2((¥1 + Lo + Ly)T — (b2 + Lig)C + $5C? + 64 M +145(CM + MC)).

The material tangent modulus or elasticity tensor is defined by

a8
Ci=252; (2.3)

therefore,

N M2 )
C= (80 ®1+<w2+11w3)1®1+1130 ®I+Izac @I

o o on 2G4 P o

oC
ac? o 0 9
+W®M+%®(CM+MC)+¢580(CM+MC)>.

0vs

C—yYsI®C-—-1
& Y3l @ 180

'H/Js

oC oC

The derivative of 1; with respect to the right Cauchy-Green tensor C is:

o; 0l ol3 oly 0
w = ql}zl + "/]12 + /(/)7,3 + wz4 + "/115

= (Yi1 + Lo + 121/%3)1 - (1/%2 + 1111%3)0 + 1/%302 + M + ;s (CM + MC).

I

In index notation, we have the following derivatives with respect to the right Cauchy-Green tensor C:

0C;;

80]1 = 61k6]l7

0C;pChj B
aCn 0iCji + Cirdj, (2.4)
0

ac (Clp + szCP]) - 6%19 gl + Mlkéjl
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Noting that the fourth-order identity tensor is defined by
I= 5ik5jlei X €; R e R ey,
and two other fourth-order tensors M and P are defined by

M = (i Mj + Mirdj)e; @ e; @ e, ® ey,

P = (6;xCji + Cindj1)e; @ e; @ ex, @ e,

we can write the derivatives given by (2.4) in tensor notation as follows:

aC oC*? 0]

We then have

C :4((¢11 + 200y + 2Lyt + P + Tibs + IPabag + 210 Ithas + 124hss) T @ T
— (Y12 + Iiprs + Dihoo + (I + Io)os + I1Iotpss) (C @ I+ I ® C) — 3 I @ C
+ (113 + Tiabas + Totpsz) (C? @ I + I ® C2) + (Y14 + Iitpoa + Iptpza) (M @ I + I @ M)
+ (Y15 + L1thos + Iotpss) (CM + MC) @ I + 1 ® (CM + MC)) + (122 + 2111pa3 + I71h33)C ® C
— (Yo3 + 19033)(C* @ C + C ® C?) — (o4 + I19h34) (M @ C + C @ M) — (Yo + I113)1
— (Y25 + I1335) ((CM + MC) ® C + C ®@ (CM + MC)) + 133C° @ C? + 1p34(M ® C* + C* @ M)
+¢35((CM + MC)® C* + C?>® (CM + MC)) + ¢3P + ¢puM @ M
+ 45 ((CM + MC)® M + M ® (CM + MC)) + ¢55((CM + MC) ® (CM + MC)) + %M).

We linearize about C' = I to obtain

C= 4((1/)11 + 412 + o + dag + 2013 + Aoz + 33 + 2903) T @ I — (P2 + 2¢3)1
+ (V14 + 2tp2s + 2015 + dhos + P3s 4 21P35) (I @ M + M @ 1) (2.6)

+ (4%ha5 + 4955 + Yaa) M @ M + 1/J5M>~
In index notation,

Cijri = 10550k + c20i051 + ¢3(85j My + M;jOx1) + caMij My + c5(63. My + M), (2.7)
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where

c1 = 4(11 + 412 + o + 4ihag + 2013 + d1das + 33 + 23),
c2 = —4(a + 2¢3),

3 = 4(114 + 2aq + 20015 + Aibos + Y3 + 2035),

c4 = 4(4045 + 455 + Yaa),

cs = 4.
We define an alternative set of five material constants A, u¢, 4, a and 8 according to
1 =X ca=—=2us, c3=a, ¢ =, and c5 =y 1= 2(; — pit).

Then for a transversely isotropic linearly elastic material with fibre direction given by the unit vector a, the

elasticity tensor is given by [30, 41]
C=MeoIl+2ul+aIOM+MI)+ M M + M. (2.8)

Here A\ denotes the first Lamé parameter, the shear modulus in the plane of isotropy is p¢, p; is the shear
modulus along the fibre direction. The further material constants o and 8 do not have a direct interpretation,

though it will be seen that 8 becomes unbounded in the inextensible limit.
The corresponding linear stress-strain relation for small deformations is then

o =Ce

= ANtre)I +2me +a((M :e)I + (tre)M) + B(M : e)M + v(eM + Me), (2.9)

in which o and e denote the stress and the infinitesimal strain tensors; tre denotes the trace of &, and

M : e =ea - a, obtained from the definition of M, gives the strain in the direction of a.

The special case of an isotropic material is recovered by setting o = § = 0 and u; = .
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For the particular case in which a = e3, the stress-strain relationship can be written in matrix form as

o11 A4 204 A A4« 0O 0 O €11
092 A A+ 2 A+« 0O 0 O €92
o33 | _ A« Ada A+2m+2a+5+2y 0 0 0 €33 (2.10)
093 0 0 0 w 0 0 2e93
013 0 0 0 0 m 0|2
012 0 0 0 0 0 2e19

2.2 The compliance tensor

It is also useful to have available the inverse of (2.9), and to find the compliance tensor S corresponding to
C; that is,
e =So. (2.11)

We derive here an explicit form for S, using an approach that is more direct than that in [30]. First, from
(2.9) we have
2ue =0 — (M +aM)(tre) — (ol + BM)(M :e) —v(eM + Me), (2.12)

tro = \tre)(trI) + 2u(tre) + (M : €)(tr I) + (tre)(tr M)) + (M : &)(tr M) + 7 (tr (eM) + tr (Me))
=3A(tre) + 2u(tre) + a(3(M : €) + (tre)) + B(M : €) + 2v(M : €)

=(BA+2u+a)tre+ Ba+ 8+27)(M : g), (2.13)
and

M :o =Xtre)(M : I)+2u,(M :e)+a((M:e)(M:I)+ (tre)(M : M)) + (M :€)(M : M)
+v(M :eM + M : Me)
=A(tre) + 2 (M :e) +a((M :€) + (tre)) + B(M : €) + 2v(M : €)

=(A+a)tre+ 2u +a+B+2y)(M :€). (2.14)
We also have

Mo =\(tre)M + 2;Me + o((M : €)M + (tre)M?) + B(M : e)M? +~(MeM + M Mze)
=A(tre)M + 2pu;Me + a((M : €)M + (tre)M) + (M : €)M + ~((M : €)M + Me)

=A+a)tre)M + 2u +v)Me+ (a+8+7)(M :e)M (2.15)
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and

oM =\(tre)M + 2jueM + o((M : €)M + (tre)M?) + B(M : e)M?* + v(eMM + MeM)
=A(tre)M +2ueM + o((M :e)M + (tre)M) + (M :e)M +~(eM + (M : &)M)

=N+ a)(tre)M + 2us +v)eM + (a+ B +7)(M : e)M. (2.16)

Using (2.13) and (2.14), we obtain

tro | [3A+2um+a 3a+ 5+ 2y tre
M:o Ao 2ut +a+ B+ 2y M :e

and its inverse

tre | 1 2us +a+ B +2y —3a—p—2y tro (2.17)
M :e K —“A—a 3N+ 2 + M:o) .
where
K=20A+a)(p — ) +2(A + ) (20 + o+ B+ 27). (2.18)
Adopting the notations
2ur +a+ B+ 2y 3a+ 8+ 2y A+« 3N+ 2u + «
A= B=—""—17"— C=- d D=——~—7— 2.19
K ’ [ [ o @19

we substitute into (2.12) the expressions for tre and M : e from (2.17):
2ue = o — ((AN+Ca)I+(Aa+CB)M)tro— ((BA+Da)I+(Ba+DB)M)(M : o)—y(eM+Me). (2.20)
From (2.15) and (2.16), we have

oM + Mo =2((A+ a)A+ (a+ B+7)C)(tra)M +2((A+&)B+ (a+ B+ 7)D)(M : o) M
+ (2p +7)(eM + Me)

=2\ +a) (2 + ) (tro)M +2((A+ a)B+ (a+ B+7)D) (M : 0)M + (2p1; +v)(eM + Me).

Assuming that 2u; + v = 2u; # 0, that is,
w#0, (2.21)

we obtain

eM+ Me = ((O'M+M0')—2()\+a)(2,ut +7)(tre)M —2((A+a)B+ (a+ B+7)D)(M : O')M)

20 +y
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Inserting into (2.20), we obtain

2me =0 — (A + Ca)(tro)I + (2y(A + @) — (Aa+ CB)) (tro)M — (BA+ Da)(M : o)1

+( et ((A+a)B+(a+ﬂ+v)D)(Ba+D5)> (M : o)M

2+
- 2,uj—|— 5 (oM + Mo);
assuming
pe # 0, (2.22)
we obtain the following strain-stress relation:
e :2% <0' — (AN + Ca)(tro)I — (BA + Da) ((M o)+ (tro-)M)

t <2j1 5 (A+a)B+(a+p+7)D) — (Ba+ DB)) (M :0)M — 2/%1 7(aM - MU)> . (2.23)

In simpler form, we can write this expression as

e=s1(tro) I+ s20 + 53((M co)l + (tro) M) +84(M :0)M + s5(cM + Mo). (2.24)
Here
. _AX+Ca 5 1
1— 2/lt ; 2 — 2Mt’
BX + Da 2y (2.25)
§S3=———, S4 = At a)B+ (a+pB+~v)D) — (Ba+ Dp), :
3 20 4 2Mt+’y(( ) ( B+) ) ( B)
. T,
2pe (2 + )
From (2.11) and (2.24), we have
S=51I@I+sl+s3s(I@M+M®I)+ s4M @ M + ssM. (2.26)

2.3 Material parameters

In this section, we express the five material parameters given in (2.9) in terms of the five independent
physically meaningful constants, F;: Young’s modulus in the transverse direction; F;: Young’s modulus in

the fibre direction; v; and v;: respectively Poisson’s ratios for the transverse strain with respect to the fibre
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direction and the plane normal to it; and the longitudinal shear modulus p;. One may further define the
transversal shear modulus p; by
Ey

TR (2.27)

He =

Choosing the fibre direction to coincide with the basis vector es, the compliance relation has the alternate

form [17]
1 Uy v 0 0 0
. E. B B ,
11 5 1 A 11
€99 £ E; L 0922
€33 | _ E E, K 1 7 (2.28)
2&‘23 0 0 0 — 0 0 023
i 1
2613 o 0 0 0 — o0f]os
12
2¢e 1 o
2 o 0o o0 o0 o —J\"

The nature of the Poisson’s ratios may be determined by considering some simple loading cases. For the

case of uniaxial stress in the x3-direction, with a = es, the strains are given by

. u o n d 033
€11 = ——77033, ¢&22= ——033 an €33 =

—. 2.29
E, E; E, ( )

Thus

€11 = €22 = —V|€33, (2-30)

so that v; determines the lateral contraction in the plane of isotropy, as a result of strain in the longitudinal

or fibre direction.
Similarly, considering the case of uniaxial stress in the (transverse) x;-direction, we have

011 Vi vi
€11 = —, €22 = 75011, and £33 = *Egll, (231)
t 1

so that

E;
33 = —U— €17 . 2.32
€33 iz Elsu (2.32)

Thus, lateral contraction in the fibre direction depends directly on the ratio of Young’s moduli in the fibre
and transverse directions. In the inextensible limit, when E;/F; — oo, there is no lateral contraction in the

fibre direction.
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Returning to the strain-stress relation given by (2.23), for the particular case of a = ez, we have

1—A\N—Cua _A)\—I—C'a _)\—i-a 0 0 0
2[145 QILLt K
€11 7A)\+C’o< 1—AN—Cu 7)\+a 0o 0 o o011
€22 2ut 2k K 092
Ata Ao 2(\ + pur)
€ — — 1
33 | _ e e e 0 0 O 33 (2.33)
2e93 1 023
%e1s 0 0 0 E 0 0 o1
1
2512 0 0 0 0 - 0 J12
i 1
0 0 0 0O 0 —
1243

Comparing (2.33) with (2.28), the expressions of the engineering constants are given in terms of the material

parameters by

2/Jt K
B=— Bl=—
. AN+ Ca o A«
1A -Co’ T oV )
From (2.10), we have
Crinn = A+ 2p,
Ciizz2 = A
Cuss =At+a, (2.35)
C3333 = A —2u; + 2a + B+ 4puy,
Cz131 = .
By inverting (2.28), we have
C _ (El — Z/IQEt)Et
T A+ u)((0 = ) B — 207E,)
(VP E: + vE)E;
Criz2 = R TR
(1 + I/t)((]. — I/t)El — 2Vl Et)
l/l(l + l/t)ElEt 2.36
C = (2.36)
BT A+ u)((1 = ) B — 27E,)
S (1-P)E?
BE T U4 u) (1= ) B — 22E,)
C3131 = .

By comparing (2.35) with (2.36), the material parameters A\, @ and 8 can be written in terms of the engi-
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neering constants as

My = M,
(V?Et + VtEl)Et
(1 + I/t)((l — Vt)El — 2Vl2Et)7
Ew(1+w) —vPE, —vnE)E
o = ( lyl( Vt) Vl i Vtg l) ta (237)
(1 + l/t)((]. — l/t)El — 2Vl Et)
 E}1—v})— E}v} 4+ EEy(1 — 2v — 2u,)
(1 + I/t)((l — Vt)El - 21/l2Et)

A=

5 - 4#1.

Henceforth, we set

Ey=pE; and = qu:. (2.38)

Thus p measures the stiffness in the fibre direction relative to that in the plane of isotropy, and ¢ is the ratio

of the two shear moduli. Using (2.38) the expressions (2.37) become

Hi q
= —, 2.39a
Et 2(1 + Vt) ( )
A wp + VP
AR , 2.39b
E, (1—|—Vt)((1 —l/t)p—21/l2) ( )
o _ _m-wtump - ”l22 , (2.39¢)
E; (1+Vt)((1—yt)p—21/l)
B A =v))p* + (=2vw +2qv = 2v + 1 = 2q)p — (1 — 4q)1} (2.30d)
E, (1+ve) (1 = ve)p — 20}) ' ’
Later, we will consider the special case in which
y=v,=v and pu; =p, thatis ¢g=1. (2.40)

In this way, we will focus on behaviour in relation to three independent parameters, viz. (A, «, ) or
(B4, Ep,v), rather than the full set of five parameters. The expressions given by equations (2.39) then

become

. 1

B~ 2(1+v) (2.41a)
A v(p+v)
B, (1+v)((1-v)p-—202) (2.41b)
a _ vi(p—1)
B, 1+v)((1—v)p—202)’ (2.41c)
B _ (p—1)((1—v?*p—3v?) 1)

FE, (1—1—1/)((1 —V)p—21/2) ’
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Throughout this work, our interest is in the behaviour of the material at near-incompressibility and at near-
inextensibility. Clearly, inextensibility corresponds to the case p — oo, or equivalently 8 — oo. Note that A

and « are bounded in the limit p — oc.

We now consider the case of incompressibility, that is, values of the material parameters for which tre = 0.

With the assumption (2.40), from (2.28), we have

1
tre<11/V>011+<1VV)0'22+(12V)J33'
FE D p p

t

Assuming o171, 092,033 # 0, we have tre = 0 if and only if

vV =
1
Tl o p=1 and v=3. (2.42)

p

1
v=_
2

Thus, incompressible behaviour is possible only for the isotropic case, and corresponds to Poisson’s ratio
v=1/2.

The same applies if o171 = 0 or o995 = 0. On the other hand, if 017 = 092 = 0, incompressible behaviour

occurs for v = 1/2, independent of p.

For the case in which o33 = 0, we have tre = 0 if and only if
v=——. (2.43)

Thus, for this case, incompressible behaviour occurs for any pair (v, p) that satisfies (2.43).

Under plane strain conditions, by setting €20 = 0 and eliminating o925, we have

1 v? v 1 v?
tre=—(1-12—-——-Z= — (1-v=—2?— = .
te Et< YT p) 011+pEt< v p>033

Assuming 011,033 # 0, we have
tre=0 <«

1
< p=1 and V=g (2.44)

So, as for the general case, the only possibility for incompressible behaviour is the isotropic case with Poisson’s

ratio v = 1/2.
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Assuming 017 = 0, we have

2

3 (2.45)

1
tre=0 <& <p+)1/2+u—1=0 & p=—7
P 1—v—v

Thus, for this case, incompressible behaviour occurs for any pair (v, p) that satisfies (2.45). If v = 1/2 then

incompressibility corresponds to the case when p = 1.

Assuming o33 = 0, we have
tre=0 & v=——7 2.46
p+1 ( )
as for the general case (2.43).
The following table summarizes the conditions on the material parameters for incompressibility. These are

of course pointwise or local conditions.

case values for v and p

011,022,033 # 0
011 =0o0r o90 =0 y:%7p:1

plane strain: oq1,033 # 0

g _1
o11 =022 =0 v=3,anyp

0'3320

plane strain: o33 =0

plane strain: o7 =0 D=1

Table 2.1: Conditions on v and p for incompressibility, for various stress states

2.4 Pointwise stability

The condition of pointwise stability is equivalent to the positive definiteness of the elasticity tensor C, that
is,

€:Ce >0 for any non-zero second order tensor €. (2.47)

We write (2.47) in matrix form, that is
ef'Ce >0,
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in which & = (e11, €29, €33, 2613, 2623, 2e33) 7 and C is a 6 x 6 -matrix. Then from (2.10), we have

A+ 20 A Ao 0 0 O

A A+ 20 Ao 0 0 O

C = Ada A+a A+2m+2a+8+2y 0 0 0

a 0 0 0 w 0 0

0 0 0 0 w O

0 0 0 0 0

A necessary and sufficient set of conditions for positive definiteness is
e >0, >0, (2.48)

and that the 1 x 1,2 x 2 and 3 x 3 upper left subdeterminants are all positive [28]. That is

A+ 24 >0, (2.49a)
A+2 A
e >0, (2.49D)
A4 2u A Ao
and by A+ 2, A+« > 0. (2.49¢)
Ata Ao A+2u 420+ 5+ 2y

From (2.49b),
A+ 2)% = X2 =4y (A + ) > 0.
From (2.49c¢),

A+ 20) [(A+ 20) A+ 20 + 20+ B+ 27) — (A + a)?] = A[AA+ 20 + 20+ B+ 27) — (A + a)?]
+ A+ a) [)\()\+ a)— (A+a) A+ QHt)]

=4p1e [(A + 1) (N + 200 + 200+ B+ 27) — (A +a)?] > 0.
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Therefore positive definiteness conditions (2.48) and (2.49) maybe rewritten as follows:

pe >0, pg >0, (2.50a)
At 2 > 0, (2.50b)
At pi > 0, (2.50¢)
and (A + )N+ 20 + 20+ B +2y) — (A +a)? > 0. (2.50d)

Using the expressions in (2.39), we now rewrite these conditions in terms of the engineering constants.

From condition (2.50a);, we have
Ey

=51 >0 (2.51)
From condition (2.50d), we have
2 P*Ef
()t 2+ 204 §420) = (At o) = 55 sy >0
(1 —v)p—207 >0. (2.52)
Condition (2.50b) gives
A+ 2 = (b — Vi) Er > 0.

(1+ve) (1 — ve)p — 20})
Using (2.51) and (2.52) yield
p> vl (2.53)

From condition (2.50c), we have

pE;
2((1 —u)p — 2Vl2)

A+ = >0= FE;, >0, (2.54)

using (2.52) and (2.53).

Conditions (2.51) and (2.54) then imply
Ve > —1. (2.55)

Conditions (2.52) and (2.53) imply
v < 1. (256)
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We summarize as follows: conditions for pointwise stability are

Ey >0, ug >0, g >0, (2.57a)
p> Vi, (2.57b)
(1 —v)p—2v¢ > 0. (2.57c)

We illustrate these conditions with some special cases.

(a) For the case of plane strain with non-zero strains €11, €33 and €13, we have

A+ 2p A a 0
C=| A+ta A+2um+2a+p+2y 0
0 0 i

Therefore necessary and sufficient conditions for pointwise stability are

/J't>0a
)\+2/.Lt>07

A+2 A«
and & = (A +2u) A+ 20 + 20+ B+27) — (A +a)® > 0.

Aa  A+2u 420+ 6+ 2y

which are (2.50a)1, (2.50b) and (2.52). Hence, conditions (2.57) are valid here.

(b) If we choose p = 1, then equation (2.57b) is equivalent to
|Vl| <1,

and (2.57c) becomes
—

1—v > 207 <= |y <

Then, for example, for v, = 0.5 we have —0.5 < v; < 0.5.

(¢) Assuming v; = v = v, the zones of admissible values of p and v corresponding to the inequalities

(2.57b) and (2.57¢c) are shown in the cross-hatched areas in Figure 2.2.
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3.0
2.5 1
2.0 A
1.5
o
1.0 A
0.5 1
0.0 B p>v?
(1-v)p-2v2>0
-0.5

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15

Figure 2.2: Admissible values for p and v, according to the inequalities (2.57b) and (2.57¢)

Remarks

1. From [17], positive definiteness of the compliance matrix is equivalent to

By >0, >0, >0, (2.59a)
plane stress: 17 < p, (2.59b)
1 —
plane strain: v < 2Vt (2.59¢)
In [28], general conditions for positive definiteness of the compliance matrix are given by
Ey>0,E >0,u: >0, >0, (2.60a)
—1l<y <1, (2.60b)
Vi < p, (2.60c)
2 2
1- 2 Sy, (2.60d)
p

It can be seen that these conditions are equivalent to (2.57).

2. For the special case v, = vy and p = 1, we have § + 2y = 0 and o = 0, so that A + %/it > 0 and
w > e > 0 would ensure pointwise stability, provided only that tre % 0. This includes the case of

isotropy, for which p; = .
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2.5 Strong ellipticity

From [31] the strong ellipticity condition which ensures that the governing differential equations for elasto-

statics problems are completely elliptic is
(mer):C(mer) >0,

for any real non-zero vectors m and .

Strong ellipticity conditions can be derived from pointwise stability conditions as can be seen by choosing

€ = m ® r. Thus conditions (2.57) are sufficient conditions for strong ellipticity.



Chapter 3

Standard Galerkin finite element

approximations

The conforming Galerkin method is a widely used numerical method for solving differential equations. Well
developed mathematical theory, demonstrated robustness, and simplicity of implementation have made it
the method of choice for many problems. For the case of linear elasticity, mostly studied for isotropic
materials, the method exhibits volumetric locking behaviour when low order elements are used, whereas
uniform convergence is obtained for higher order elements [26]. This chapter explores and presents a detailed
study of the behaviour of transversely isotropic linear elastic bodies with the use of low order conforming

finite elements.

The layout of this chapter is as follows. Conditions for well-posedness of the weak formulation are presented
in Section 3.1. For conforming finite element approximations in Section 3.2, an error estimate is established.
This standard error estimate reveals the role played by anisotropy in mitigating locking behaviour in the
incompressible limit, and it shows the circumstances under which extensional locking may be expected for
low-order elements. In Section 3.3, under-integration is proposed as a potential remedy, and its equivalence

to respectively mixed and perturbed Lagrangian approaches established.

3.1 Governing equations and weak formulation

3.1.1 Governing equations

Consider a transversely isotropic elastic body occupying a bounded domain 2 C R%,d = {2, 3}, with bound-
ary 0f) having outward unit normal n. The boundary is subdivided into a Dirichlet part I'p, and a Neumann
part 'y such that

MN=TpUly, and TpnNIy=0. (3.1)

27
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A displacement g € [£2(T'p)]? is prescribed on I'p, and a surface traction h € [£2(I'y)]? on T'y. The body
is subject to a body force f € [£2(Q)]%.

The body satisfies the following set of equations.

Equilibrium:
—dive = f; (3.2)
constitutive equation for linear elasticity:
o = Ce, (3.3)
where the elasticity tensor C is given by (2.9);
the strain-displacement relation
1
e(u) == 3 (Vu+ V). (3.4)

We consider the displacement-based problem obtained by substituting (3.3) and (3.4) in (3.2), with boundary

conditions

u=gonlp, (3.5a)
on=honTy. (3.5b)
3.1.2 Weak formulation
We set,
Vi={ue€ [HI(Q)]d; u=0o0nTp}, (3.6)
which is endowed with the norm
Ay =11l

Taking the inner product of (3.2) with a test function v € V, and integrating by parts, we obtain

/Qa(u):E('u)dx:/{ma(u)n~vds+/gf-vdat.

To take into account the homogeneous boundary condition (3.5a), we define the function u, € [H!(£2)]? such

that ug = g on I'p, and the bilinear form a(-,-) and linear functional I(-) by

a: [HY Q)Y x [HYQ)]? = R, a(u,v) = /Qa(u) :e(v) dux, (3.7a)

1 [HY Q) = R, l(v):/ﬂf-fvdz+/r h-vds — a(ug,v). (3.7b)
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The weak form of the problem is then as follows: given f € [£2(Q2)]? and h € [£2(T'x)]¢, find U € [H(Q)]?
such that U = u + ugy,u € V, and
a(u,v) =1(v) Yo e V. (3.8)

We write the bilinear form as

a(u,v) = a"*°(u,v) +a"(u,v),

where, from (2.9),

a’(u,v) = /\/Q(V ~u)(V-v) de + Qut/ﬂe(u) :e(v) du, (3.9a)
at(u,v) = oz/Q (M :e(u)(V-v)+ (V- -u)(M :e(v))) do + B/Q(M re(u)(M :e(v)) do

+ ’y/ﬂ (e(u)M : e(v) + Me(u) : e(v)) dx. (3.9b)

Note that a®*°(-,-) and a’*(-,-) are symmetric.

The well-posedness of the weak problem requires the bilinear form to be continuous and coercive, and the

linear functional to be continuous.

We assume that the coefficients in the elasticity tensor C satisfy the conditions (2.57) for pointwise stability.

Continuity. The bilinear form a(-,-) is uniformly continuous if there exists a constant positive C, such
that

la(u, v)| < Collully||v]ly, Yu,v e V.

For any u,v € V, we have

la(u, v)| < 0" (u,v)| + |a" (u, v)].

We start with the isotropic part:

+2

|aiso(uyv)| < ‘)\/{;(V ’U/)(V -'U) dzx ,Ut/QE(U) : E('U) dx

We bound each term on the right hand side, using the Cauchy-Schwarz inequality:

<AV -uloglV-v

0,02

‘)\/Q(V-u)(v-v)dx

< AlIVaullo.alVollo,.o

< Al [[o[lv
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and
2 / e(u) : €(v) de| < 2ulle(@)onlle®)lon
Q
< 2| Vullo.o Voo
< 2l vllo]ly-
Thus

|a™* (u, v)| < max (|A], 2p0)[Julv[[]l. (3.10)

Next, for the transversely isotropic part, we have

ja" (u, v)| < +

a/ (M :e(w)(V-v) dx
Q

a/ (V-u)(M : e(v)) de
Q

n '/3 [ w0 - e(0) o

+ ‘7/ e(u)M + Me(u) : e(v) dx
o

We bound each term on the right-hand side as follows:

< [el[M :e(u)]oalV-v

0,0

a/Q(M  e(w))(V - v) do

< la|Calle(@)o.allV - vlog
< |l CallVullo.ol[Vollo.o

< |a|Callullv||v]lv.

Similarly, we have

Oé/Q(VU)(M re(v)) dz| < o[V - ulool M :e(v)oo

< [a]|Cal[Vulloal Vv

0,0

< |a|Callul[v]v]v,

‘ﬂA(MZE(U))(MIG(U)) dz| <|B[|M : e(u)|o,all M : e(v)lo,0
< 181Cs|[VulloalVvloa

< |BICsllullv[lv]lv,
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’7/@6(U)M 1e(v) dz| < [7[lle(w)Mlo,olle(®)]og

< 1G5 lle(u)lo,alle(®)llo.0

< V|5 IVullo.al Voo

< WG lullvllolv,
and finally
’7 [ Metu) eto) ds| < bl fullv ol

Thus,
|a* (w, v)| < C(la] + 8]+ W) [ullv][v]v- (3.11)

Therefore, from equations (3.10) and (3.11), the bilinear form « is continuous with
la(u, v)| < Collullv]lv]lv, (3.12)

where

Ca = C(max (|A[, 2u) + || + [B] + [7])- (3.13)

Next, we have, using the trace theorem,

()] < || fllo.ellvllo.q + Ihllory lvllor + Callugllvvlly,

< [[fllo.ellv[lv + Collhllo,ry [[v]lv + Callug[v[[v]lv,

< Cljvlly. (3.14)

Coercivity. The bilinear form af(:,-) is coercive on V if there exists a constant positive K such that
a(v,v) > K|jv||3, Yve V.
Using the matrix notation in Section 2.4, we have
o(v):e(v) =¢'Ce.

Given that C is symmetric and positive definite, it has a set of six positive eigenvalues A;,1 <7 <6, and a

corresponding set of mutually orthogonal eigenvectors £€%,1 < 4 < 6. Thus, C can be written as

C=Q'DQ, (3.15)



32 Chapter 3. Standard Galerkin finite element approximations

in which D is a diagonal matrix whose diagonal components are the eigenvalues A;, and Q is an orthogonal

matrix whose columns are the eigenvectors &%; that is,

For any vector g, we define
then

Therefore,

= n;Di;m;

= anA 83
= Z A

= Amin|§|27

in which

Amin = min{Ai, 1 S ) S 6}

Hence, we have

dx

/ ()2 do

= Aninlle(®)I3 o

\

> CApinl|v| [ (Korn’s inequality).

Hence a is coercive with

K =CAnin.

(3.16)

(3.17)

(3.18)

(3.19)
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3.1.3 Theorem. The problem (3.8) has a unique solution w € V, which satisfies

C
< h = —
[lully < C, where C 7

where C; and K are defined by (3.14) and (3.19), respectively.

3.2 Conforming finite element approximations

Suppose that € is polygonal (in R?) or polyhedral (in R?), and partitioned into a shape-regular mesh
comprising n, disjoint subdomains Q. with boundary 99, and outward unit normal n.. Denote by 7; :=

{Q}e the set of all elements.

We define the discrete space V" C V by
Vi = {v, e VNC(Q) | vnla, € [R1(Q)]% v, =00onTp}. (3.20)

Here R1(Qe) = P1(2e) or Q1(Qe), where P;(2) is the space of polynomials on Q. of maximum total degree

1, and Q1(.) is the space of polynomials on 2. of degree 1 in each component.

The discrete problem corresponding to conforming approximations is as follows: find uj, € V" that satisfies
a(up,vy) = 1(vy) Yoy, € VI (3.21)

Since the bilinear form a(-,-) is continuous and coercive and the linear functional [(-) is continuous, from

standard finite element convergence theory [11] we have
lw = unlly < Cih, (3.22)

in which, using (3.12) and (3.19), the constant C} is given by

C(max (|A[, 2p¢) + o] + 18] + |7])
Amin

C) = . (3.23)

For the special case of an isotropic material, with «, 8 and «y all equal to zero, one obtains the well-known

A-dependent bound, with A\ — oo in the incompressible limit.

From (2.39), all three parameters )\, o, and (3 have the same denominator 2 = (1 + v4)((1 — v;)p — 2v7).

Fixing v; = 1» = v and ¢ = 1 for example, we have

P(p,v) =1 +v)((1—v)p—207), (3.24)
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which becomes unbounded as
202
1—v

D —

The limit p = 1 corresponds to the case of isotropy, with the well-known limiting value v = 1/2, for which
A becomes unbounded, while & = 8 = 0. For anisotropic materials, though, for which p > 1, it is seen from
(3.23) and (3.24) that the constant C in the error bound (3.22) is bounded, so that in principle one has
uniform convergence. This is illustrated in Figure 3.1, which shows the behaviour of Cy as a function of p,

for near-incompressibility. This issue will be explored later numerically, in Chapter 4.

20.0
17.5 4
15.0

12.5 A

< 10.0 1

—

min

7.51

5.0 1

2.5 A

0.0

p

Figure 3.1: The error bound constant C; in (3.23) against p, with v, = v, = 0.49995 and ¢ = 1

3.3 Under-integration

Anticipating locking in particular circumstances, we may address this by under-integrating (i.e. using one-
point integration) the terms involving volumetric and extensional deformation. Throughout this section, we

consider only the case where R (€.) = Q1(f.) in the discrete space defined by (3.20).

Let & be the integration point and @ the corresponding weight on element ).. Here & is the centroidal

coordinate and the weight @ is the measure [(2| of the element.

Under-integration of the volumetric term

)\/Q (V-up)(V-vp) de

e

entails replacing it with

AV - un(2)(V - v (2))@. (3.25)

From (2.39), we see that « is bounded as p — oo (the inextensional limit), while 5 — oo as p — oo. Thus,
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it is likely that extensional locking may occur with Q7 elements. As a potential remedy, we will replace the

extensional term

Ié; A (M :e(up))(M : e(vy)) dx

with
B(M : s(uh(iz))> (M : s(vh(i)))w. (3.26)

One can easily show that one-point integration is equivalent to projection of the integrand onto the space
of constants. If we define by Il the £2-orthogonal projection onto constants, then under-integrating the

volumetric term, as in (3.25), is the same as replacing it with

)\/ Mo (V - up)Io(V - vp,) dex. (3.27)
Q

e

Similarly, (3.26) is equivalent to
B/Q Iy (M : e(up))o(M : e(vy)) de = Q| To(M : e(up))o(M : e(vy)). (3.28)

Defining the bilinear form a by

swn) A Y [ (T o Y [

e(u) : e(v) dx
Q.eT;, Q.eTy e

Q.eT;, /e
+8 Y. (M:e(un(@)(M:e(vn(@)))
QE€Th

the formulation with under-integration of the term involving S is given by

swn) A Y [ (T o Y [

e(u) : e(v) dx
Q.eT;, e QceTy e

+a Z /Qe (M :e(w)(V-v)+ (V- -u)(M :e(v))) dv

Q€T

+8 > Q| To(M : e(w))IIo(M : (v)) (3.29)
Qe€Th

+ Z / (e(u)M : e(v) + Me(u) : (v)) du,
Q.eT;, /e

The under-integrated formulation will be explored numerically in Chapter 4.
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3.3.1 Equivalence with perturbed Lagrangian formulation

In [4, 10], a perturbed Lagrangian formulation is proposed as a locking free method for the isotropic linear
elastic problem reinforced by a single family of inextensible fibres. The approach takes as a starting point a

strain energy of the form

W(e, T,B) = Wi (e) + Wi(e, T, p) (3.30)
in which the isotropic strain energy is
mﬁ*xs)zzéxuref-+ugm(s%
and the strain energy corresponding to the fibres is

1
Wie,T,p)=T(M :¢) — 2—T2.
P

Here p is the a penalty parameter, and T is the Lagrange multiplier.

The stress is obtained from

LW
T e
=Are+2u e+ TM. (3.31)
In addition we have the condition
ow_
oT ’
so that
T
M:e—— =0, (3.32)
p
or
T=p(M :e).

We assume that a = v = 0 in this section. For T' € £3(£2), where 3 plays the role of a penalty parameter,

the extensional term in the weak formulation (see (3.9b)) is
(T, v) = / T(M : e(v)) da. (3.33)
Q
With a test function ¥ € £2(£2), we can write the weak form of (3.32) as

/919(T —B(M : s(u))) dx = 0.
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The corresponding discrete form with uy, € [Q1(Q.)]? and Ty, 95, € Po(2e) at element level is

/Q ﬁh (Th — ﬁ(M : s(uh))) dx = 0.

Since ¥p, € Py(£2e), we have
/ (Th — B(M : e(uy,))) dz = 0.
Qe

Since T}, is piecewise constant, we have

7. |
Q

B |
T = /QC(M : e(up)) da.

do = ﬁ/ﬂ (M : e(un)) dz,

e

or

We substitute in the discrete form of (3.33) to obtain
/ Tu(M : e(op))de = 3
Q

> &(/gzeMzs(uh)dx) ( QeM:e(vh)dx)

= 5 o ([ s etw o) ([ ma(ar - eton) o)

Q.€Th
= 3 0 [ oM e To(M : (o) da, (330
QeeT, V%

Using the fact that M : e(uy) € P1(Qe), and is integrated exactly using one-point quadrature, the expression
(3.34) is therefore the same as (3.28), so that the perturbed Lagrangian approximation is equivalent to under-

integration of the extensional term.

3.4 An equivalent mixed finite element method

Here we show that the under-integrated formulation in Section 3.3 is also equivalent to a mixed displacement-
tension (u,t) finite element formulation. This is analogous to the well-known displacement-pressure or

Q1 — Py formulation for incompressibility. We focus here on near-inextensibility.

3.4.1 Governing equations and weak formulation

Returning to (2.9), we write the elasticity relation in the form

o=—-tM + &,



38 Chapter 3. Standard Galerkin finite element approximations

where

t=—-p0V: - Mu,

and

o (u) = Atre(w)I + 2me(u) + a((V - Mu)I + (tre(u)) M) + v(e(u)M + Me(u)).

We note that
M :e(u)=V- -Mu.

The governing equations are now

—div & (u) + div (tM) = £, (3.35a)

t=—-p0V- - Mu. (3.35b)
For convenience, we assume an homogeneous Dirichlet boundary condition:
u=0 on JN. (3.36)

Taking the inner product of the equilibrium equation (3.35a) with a sufficiently smooth function v, such

that v|go = 0, and integrating by parts, we obtain
a'(u,v) + V' (v,t) =l (v),
where d/(+,+) and (-, -) are defined respectively by
a'(u,v) = )\/Q(V ~u)(V-v) de+ Qut/QE(u) ce(v) dx + a/Q ((V - Mu)(V-v)+(V-u)(V- Mv)) dz

+ fy/Q (E(u)M ce(v) + Me(u) : s(’u)) dz, (3.37)

b (v,t) = — / (V- Mwo)tdz, (3.38)
Q
and [¢(-) is the linear functional defined by
lf(v) := / fvde. (3.39)
Q

Similarly, multiplying equation (3.35b) with a sufficiently smooth function ¢ and integrating over €2, we
obtain

= (t,q) +V'(u, q) =0,
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where the bilinear functional ¢/(+,-) is defined by

1
d(t,q) = 7/ tqdz. (3.40)
B Ja
We define the function spaces

X = [Hé(Q)}27 with norm || - ||x = | -

1,9,

and

M= L3(Q) = {q € L%(Q): / qdr = 0}, with norm || - |m =1 - Jo,0-
Q
The weak formulation of the problem is then as follows: find a pair of functions (u,t) € X x M such that

d(u,v) + bV (v,t) =lf(v) YveX, (3.41a)

—d(t,q) +V(u,q) =0 Vg € M. (3.41b)

The weak formulation (3.41) is clearly equivalent to (3.8), making allowances for the differences in boundary

conditions.

To obtain the corresponding discrete problem of (3.41), we suppose that X, C X and My C M are finite

dimensional linear subspaces of the Hilbert spaces X and M, respectively, and defined as follows:

Xh = {vh cX: 'vh|Qe S [Ql(Qe)]z VQe S 'Th, 'Uh|8Q = 0} R

My = {qn € M : qnla, € Po(Qe) Qe € Ta} .
Consider the following approximation of the problem (3.41): find (wp,tn) € X X My, such that

a'(uh,vh) + b’(vh,th) = lf('vh) Yo, € A, (3.42&)

—c(th, qn) + V' (un, qn) =0 Van € M. (3.42b)
From (3.42b), we have at element level

1
- = thqn dr — / (V- Muy)gp dx =0,
B Ja. Q.

1
é/ <th+V~Muh>th,
a. \f

1
é/ —tp + V- Mu, =0,
o B

o
B

=tp

/ V- - Muy, dzx.
Qe
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Thus, the discrete tension is given by

B

th = ———
SRRNTON

/ V- Muydz. (3.43)
Qe

We substitute into the discrete form o' (vy, t;,) to obtain

V(o th) =— Y (/QEV-Mvhdx> <—|;l|/QEV-Muhdx>

QCE,Y-}L

= Z Ifi|</QeV-Mvhdx) (/QSV-Muhdx>

Q€T

-y Ifi|(/QEHO(V-Mvh)dgc) (/Qeno(v-Muh)dx)

=y ﬂ/ﬂ (V- M) o(V - Muy,) da

Qe€Th

> BIQTIo(V - M)y (V - Muy,)
Qe€Th

which is the same as (3.28). The third line is obtained by recognizing that V - Mwy, is linear on the element,

so that the integral is integrated exactly using one-point integration.

Comparing with (3.30), we see that the mixed formulation (3.42) is equivalent to the selectively under-

integrated formulation.
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Numerical tests

In this chapter, we present a series of results to illustrate the various features discussed in the previous
chapters. For material parameters that satisfy the pointwise conditions (2.57), we first investigate the
behaviour of compressible and nearly incompressible materials with reference to Table 2.1. Next, we explore

the behaviour of nearly inextensible materials.

Two model problems are presented: Cook’s membrane and bending of a beam.

4.1 Material parameters

All examples are under conditions of plane strain and based on four- and nine-noded quadrilateral elements
with standard bilinear and biquadratic interpolation of the displacement field. We set v; = v; = v and v = 0,

and choose values of v and p that satisfy the conditions (2.57) for pointwise stability (see also Figure 2.2).

As summarized earlier in Table 2.1, for general states of stress in plane strain, incompressible behaviour
occurs only for the case p = 1 and v = 1/2. To investigate the behaviour at near-incompressibility, we

choose v = 0.49995. For conditions (2.57b) and (2.57¢) to be satisfied, we will require p > 1 for this case.

We are also interested in the behaviour for values of p < 1 and which satisfy (2.57). For this purpose, we
select two values of v, viz. —0.5 and +0.3, and in accordance with (2.57), consider values of p in the following

ranges:

2(0.3)?
v=03=p>(03?%*=0.09 and p> 1(7 0)3 ~ (.257,
v=-05= p>(-05)?=025 and >72(70'5>2 ~ 0.333
T r = P> 05 =000

Define a := (@), the angle between the z-axis and the fibre direction a. For each problem, the following

41
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range of values for a, also illustrated in Figure 4.1, will be considered:

Figure 4.1: Fibre directions at different angles

The results in the examples that follow are for the following element choices:

Ezxact The analytical solution
o CG The standard displacement formulation of order 1
Q2-CG The standard displacement formulation of order 2

Q1. CG.UI,  The standard displacement formulation with under-integration of the volumet-
ric (A-) term

Q1-CGUIg The standard displacement formulation with under-integration of the exten-
sional (B-) term

Q1-CG_UIgy The standard displacement formulation with under-integration of the volumet-

ric and the extensional terms

The diameter of an element €, is defined by h := diam{Q.}.

4.2 Cook’s membrane

The Cook’s membrane test consists of a tapered panel fixed along one edge and subject to a shearing load
at the opposite edge as depicted in Figure 4.2. The applied load is f = 100 and F; = 250. This test problem
has no analytical solution. A mesh of 32 elements per side is used. The vertical tip displacement at corner C'
is measured. To investigate locking of the proposed formulations, we compare the results with those obtained

using the standard @s-element.
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44

AR
r g0 1

Figure 4.2: Cook’s membrane geometry and boundary conditions

Figures 4.3 and 4.4 show semilog plots of the tip displacement vs p for various fibre directions for v = 0.3
and v = —0.5 respectively. For small values of p, (0.35 < p < 3) as shown in the left figures, the conforming
method Q1 _CG is uniformly convergent. For high values of p, (4 < p < 107), as shown in the right figures, the
conforming Q1 _C'G shows locking behaviour, which is avoided when the extensional term is under-integrated
(Q1-CG_UIg). Also shown are curves for the standard Q2-element, which appears to exhibit locking at

higher values of p, for particular fibre angles.

Figure 4.5 shows semilog plots of the tip displacement vs p for various fibre directions, and for the various
element choices. For moderate values of p (1 < p < 5), the Q1-CG formulation behaves well away from p = 1,
with evidence of locking behaviour as p — 1. This corresponds to the well-known volumetric locking, which
is avoided when the volumetric term is under-integrated (Q1-CG-UI). Notice that for Q1-CG_UlIg there is
still locking, as the locking is purely volumetric. For higher values of p (10 < p < 10°), the Q;_CG method
shows locking behaviour as p gets bigger, and convergent behaviour is seen with @1_-CG_UlIg. Notice that
under-integrating only the volumetric term (Q1_-CG_UI}) has no effect since the locking is purely extensional.

Q1-CG_Ulgy shows locking-free behaviour everywhere.

Figure 4.6 shows tip displacements for various fibre orientations, where the degree of anisotropy is fixed at
p = 105 (top) and p = 107 (bottom). Note the poor performance of Q2_CG. Similar behaviour is reported
in [34]. Whether this indicates mild locking would depend on further parameter-explicit analysis, which is

currently absent for the transversely isotropic problem at near-inextensibility.
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Figure 4.3: Tip displacement vs p for the Cook’s membrane problem, with v = 0.3
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4.3 Bending of a beam

dyB L fC

NS

NS

AN

D f

Figure 4.7: Beam geometry and boundary conditions

We consider the beam shown in Figure 4.7, subject to a linearly varying load along the edge CD. The
horizontal displacement w is constrained at node B, while the node A is constrained in both directions. The
beam has length L = 10 and height h = 2 and the applied load has a maximum value f = 3000. Here,

FE; = 1500. The boundary conditions are
u(0,y) = g(y),

where

2
9(y) = —£S31 (y2 - Z) .

The compliance coefficients S;; are given in Appendix A. The analytical solution is

2 1 h?
u(z,y) = *ff (Sllﬂlﬂy + 5831 (y2 - 4>) )

2
v(z,y) = —% (Sgl (y2 - Z) —S11x2) )

The linearly varying load f with maximum f is

fy=-2Ly

A mesh of 80 x 16 elements is used, and the vertical displacement at corner C' is measured. Locking behaviour

is investigated by comparison with the analytical solution.

Figures 4.8 and 4.9 show semilog plots of the tip displacement vs p for various directions fibre for v = 0.3
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Figure 4.8: Tip displacement vs p for the beam problem, with v = 0.3
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Figure 4.9: Tip displacement vs p for the beam problem, with v



Section 4.3. Bending of a beam 51

and v = —0.5 respectively. For small values of p, (0.35 < p < 3) as shown in the left figures, the conforming
method Q;_CG is convergent. For high values of p, (4 < p < 107), as shown in the right figures, the
conforming ()1 _-CG shows locking behaviour which is avoided when the extensional term is under-integrated

(Q1-CGUIy).

In Figure 4.10, which shows semilog plots of tip displacement for different values of p, with various fibre
direction. The same behaviour as appears for the Cook’s example is seen, i.e. for moderate values of p away
from p = 1 (approximately, 1 < p < 5), there is locking-free behaviour with Q1_-CG_UI\ (left figures). For
high values of p, purely extensional locking with Q1_-CG is overcome by using Q1-CG_Uls (right figures).
Q1-CG_Ulgy shows locking-free behaviour for any value of p.

p =107

X Exact
— ) CG
————— @, CG
O @Q1-CG.UlIg)
A QLOG,UIg
o @ CGUI,

Vertical tip displacement

Figure 4.11: Tip displacement for the beam problem measured at different fibre orientations, for p = 107
and v = 0.49995

Figure 4.11 shows tip displacements for various fibre orientations where the degree of anisotropy is fixed at
p = 107. Extensional locking of Q;_CG is observed except for the angles 0 and 7/2. For the angle 7/2 no
locking is observed. This can be accounted for by two factors: first, with this orientation the property of
near-inextensibility in the vertical direction has a negligible effect on the bending-dominated deformation;

and secondly, as previously discussed, the presence of anisotropy serves to circumvent volumetric locking.
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Figure 4.10: Tip displacement vs p for the beam problem. Moderate (left) and high (right), with v = 0.49995
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The following set of results, Figures 4.12-4.13, show convergence plots of H!-relative error for the fibre
orientations considered, and for values of p = 1.0001 (left figures), 3 (middle figures) and 10 (right figures).

The H!-relative error is defined by
_ u—unflie (41)

Erelative Hu |1 o
»

For p = 1.0001, left figures, @1-CG_UI, and Q1-CG_Ulgy show optimal convergence for any fibre direction

at the superlinear rate 1.83.
For p = 3, middle figures, all formulations at any fibre direction are superlinearly convergent at rate 1.7.

For p = 10%, right figures, optimal convergence at the rate 1.86 for Q1_CG_UlIz and Q1-CG_Ulgy, and poor
convergence for @Q1_CG and Q1 _CG_UI, are shown. When the fibre direction is at an angle 7/2, the error

plots show convergence at the superlinear rate 1.64 for Q;_-CG.
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Figure 4.12: Comparison of relative H!-errors for conforming and under-integrated elements on quadrilater-
als, for fibres at angle 0 (left) and 7 /4 (right), with v = 0.49995. For p = 1.0001 (top), p = 3 (middle) and
p = 10*(bottom)
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Chapter 5

Discontinuous Galerkin methods

In this chapter, we investigate the use of interior penalty discontinuous Galerkin (IPDG) formulations for
transversely isotropic linear elasticity. The objective is to construct discontinuous Galerkin (DG) formula-
tions that are uniformly convergent in the incompressible and inextensible limits. The study focuses on the

use of low order triangles, though much of the analysis is valid in two and three dimensions.

The outline of this chapter is as follows. In Section 5.1, various notations and the DG space are presented.
The DG formulations are introduced in Section 5.2, their well-posedness established, and an a priori error
bound derived. The likelihood of extensional locking is deduced from the error estimate, and an alternative
formulation, based on selective under-integration, is introduced and analyzed in Section 5.3. The resulting
error bound has a structure similar to that for the bound corresponding to isotropic elasticity, suggesting

the locking-free behaviour of this formulation.

5.1 Notation

Discretization. The domain 2 is partitioned into a triangular /tetrahedral conforming mesh, comprising
N, disjoint subdomains €2.. The boundary 9. of each element consists of edges/faces E, with outward unit

normal n.. The set of all elements is denoted by Tp, := {Qc}e, e € {1,..., N}

We define the following diameters:
hg :=diam(FE), h.:=diam(Q.), and h:= max {h.},
Qe€Th

and boundaries on edges or sets of edges:

57
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T'p the set of all Dirichlet boundary edges

T'n the set of all Neumann boundary edges

T; the set of all interior boundary edges

Iip the union of all interior edges and all Dirichlet boundary edges

Tr the union of all interior edges, all Dirichlet boundary edges, and all Neumann boundary edges

0Q%  the set of all interior edges of a given element €,
9QP  the set of all Dirichlet boundary edges of a given element €,

OQP  the union of all interior edges and all Dirichlet boundary edges of a given element ),

Jumps and averages. Let Q;,€). € T, be two neighbouring elements, sharing an interior edge E =

0Q; N0, and let n be the outward normal to ;.

Define the following product space:

)" = (£202)]"

Qee7_h

dxd

For any vector quantity v € [T(T')]¢ and any second order tensor 7 € [T(I")]*9, we define the jumps

\_UJ = (vi - Ue) ®mn, [U} = (Ui - ve) ' n, LTJ = (Ti - Te)n7

and the averages

1 1
fo}=5@i+v),  {rh=5(n+m)
where subscripts ¢ and e denote values on the elements €2; and 2., respectively.
For an element at edge )., the jumps are

lv|]=v®n, [=v-n, |T]=71n,

and the averages
{v}=v, {r}=r7.

Note that we have

{H=0, [ =0, {{}} = {} and {[]} = [].

Discrete space and norm. We define the discrete space VI, by

Vi = {v € [L2(Q)]":v]a. € [P1(Q)]?, VQ €Th}, (5.1)
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where P1(€) is the space of polynomials on  of maximum total degree 1.

The space V!, is endowed with the norm (see for example [19, 45])

1 1
lullbe = D lle@lia, +5 D E”LUH%,E‘ (5:2)

Qe€Th Eelip

5.2 Discontinuous Galerkin finite element approximations

5.2.1 Discontinuous Galerkin formulation

The derivation of the DG formulation follows the idea proposed in [2]. We start by multiplying the equilibrium

equation (3.2) with a test function v, and by integrating over an elemental domain 2. to obtain

—/ divo(u) -vdr = fvdz.
Q.

By applying integration by parts, we get

| ot ewas= [ ot vendss [ fovan

Summing over all elements,

Z /CU(U):E(v)dx: Z /em o(u):v@nds+ Z / f-vdx.

Q.eTh 9 Q.€Th Q.ETh

Next, we use the "magic formula” (see [19]) to write

Z/ dx—Z/{a' ds+Z/ u)| -{v}ds+ Z / f-vde.

Q€T Eel Eel’; Q€T

We assume that the exact solution is smooth (u € [H2?(£2)]%) and the stress is continuous, giving

which leaves us with

Z/ d:v—Z/{o- ds+Z/fvdx

Q.eTh Eel Qe€Th
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We add a term to symmetrize the problem and get

Z/ d;v— /{0' ds—i—Z/{a’ ulds+ Z/f vdz,

Q€T EeT EeT QETh
noting that |v] = 0 from the smoothness of the exact solution.

We add a stabilization term to obtain the symmetric interior penalty formulation

Z/ d:c—l—Z/ dS—Z/{O’ ds+2/{0 )} luld

Qe€Th EeT EeT EeT

+Z/fvdx

Qe €Th

where k is a non-negative stabilization parameter.

Finally, to obtain the full IPDG formulations, we apply the boundary conditions given by (3.5), and introduce

a parameter # such that

Z/ v)dx — /{a‘ v]ds+0 Z/ H{o()lds+ Y /—cc lv] ds

Qe€Th Eclip Ecl'ip Eclip
Z / f-vdr+ Z h-vds—+6 Z / (g®n):o(v)ds+ Z /—(Cg@n ): (v®mn)ds.
Q.€Th, Eely Eelp Ecl'p

Here 6 is a switch that distinguishes the three methods, (§ = 1 for the Nonsymmetric Interior Penalty
Galerkin (NIPG) method, § = —1 for Symmetric Interior Penalty Galerkin (SIPG), and ¢ = 0 for Incomplete
Interior Penalty Galerkin (IIPG)).

The general IPDG weak formulation is as follows [19, 45]:

for all v € V2, find u;, € V2, such that

ap(up,v) = Ilp(v), (5.3)

where

(u,v) Z/ ) dx — Z /{o’ }ilv|ds+0 Z / lu] : {o(v)}ds

Qe€Th Eelip Eelip

+ > /—C [u] : [v]ds (5.4)

EcTl;p
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and

Ih(v) = Z /Qef-vd:v—}— Z /Eh-vds%-Q Z /E(g®n):a(v)ds

Qe€Th Eel'y Eeclp
k

+ Z / —C(g®mn): (ven)ds. (5.5)
Ecl'p E hE

Here the elasticity tensor C is as defined in (2.8), and the stress tensor o is as defined in (2.9).

We note that it is possible to assign different stabilization parameters to the different terms in the stabilisa-

tion. Thus alternatively, we can define the bilinear form and the linear functional

ap(u,v) = Z /Q o(u): e(v) dx — Z /E{a(u)}: lv|ds+0 Z /ELuJ :{o(v)}ds

*“EZJE ] el ds + b EZ,SE [ ) o) as
*’“‘EZ;E [E (M2 o] + [ul(M : [v))) ds (5.6)
+kﬂﬂE§D,;/E<M: [w))(M : [v]) ds

ke 3 o [ (M4 M) s o] ds

Eecl;p

and

h(v) =Y i frode+ /Eh-vds+e > /E(g®n):0'('u)ds

Qe€Th € Eel'n Eel'p
1 1
kExA — . ‘n)ds+k — ‘vd
—l—,\E;hE/E(gn)(vn) s+thEZhE/Egvs
D el'p
1
+ koo Z h—/ ((M:g@n)(v-n)—l—(g-n)(M:'u®n)) ds (5.7)
EJE
Eecl'p

1
+ kgf Z h—/(M:g@n)(M:v@n)ds
Eel'p EJE

1
+ kyy Z h7/ ((g@n)M+M(g®n)) v ®nds,
Eel'p EJE

where ky, ky, ko, kg and k, are non-negative stabilization parameters.

In what follows, we confine attention to homogeneous bodies, so that the fibre direction a is constant.
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5.2.2 Continuity

The bilinear form ay,(-, -) is continuous with respect to the DG-norm ||-||p¢ if there exists a positive constant
C such that
lan(w,v)| < Cllullpsllvllpe,  Yu,v € Vig.
We have
lan(u,v)| < Z/ Z/{a’ )} v ds| + Z/Lu {o(v)}ds
Qe €Th Eelip Eelip
Y / X clu) o) ds. (5.8)
FEel;p

We bound each term at the right hand side:

1/2 1/2
< ( > llo(u ||m> (Z le()I[3 )
Qe.€Th Qe €Th
1/2 1/2
C( > Ile<u>||%,ne> (Z |e<v>|3,ge>

Qe €Th Qe€Th

Z/ ) dx

Q.€Th

< Cllul[pellv|lpe

1/2 1 1/2
< < 3 hell{o ()} ) (Z el >
EecT;p Eelip
1/2 ] 1/2
( Z hel|lo(u ||0891D> ( Z hEHv“gE)

Z /{o’ 2w ds

Eecl;p

Q.€Th Eel;p
1/2 . 1/2
C( Z |€(U)|3,Q,_,> ( Z h||LvJ||3,E>
Q.ETh Eerip P

< Cllullpcl|v]|pe

Similarly,

< Cluflpallvllpe

DN ACIREICITE

Eel';p
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> /E%(CLuJ:ijds

Eel';p

1/2 1 1/2
(2)7E> ( Z EHLU“ (2)E>
Ecl;p Eelip
1 1/2 1 1/2
s0< > hEouH%,E) ( > hEIILlelﬁ,E>

EeTip Eel';p

Sk< > -liclul|

< Cllul|pellvlpe

Thus,

lan(u, v)| < Cl|ul|pel|v]|pe,

in which C' is a constant dependent on material parameters A, i, o, 8 and .

5.2.3 Consistency

Given the exact solution u € [H2(Q2)]¢, the problem (5.3) is consistent if for any v € V&,
ap(uw,v) — 1 (v) =0.
The proof of consistency is straightforward and may be carried out in a single argument for all three cases.
Let u € [H?(2)]¢ be the exact solution of the problem; then we have
[ul =0, and |u|=|o(u)]|,=0 VEeT,,

and

lu=g®n and [ul=g'n on I'p.

Therefore, we can write

an(,0) — hi(v) = 3 /Q o) ew)dr— 3 /E{a(u)}:Ldes— 3

/Q f-vdr—

> /Eh-vds.

Qe€Th Eel';p Qe€Th FEel'n
The exact solution u satisfies the weak form, so that
Z / o(u):e(v)der = Z / frvde+ Z / o(u):v®ndr
Q.eTy, e Q€T e Q€T ¥ ISk
-y / fovde+ Z/{U(u)}: wlds+ Y / o (w)] - {v} ds
Q.eT;, /e per”F Eer; 7P
= Z / f-vde+ Z /{a(u)}:[vjds—l— Z/h~vds.
QE E E

Qe€Th Eel;p Eel'y
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Hence, we can conclude that the problem is consistent.

5.2.4 Coercivity

The bilinear form ay, is coercive if, for any v € V%, there exists a positive constant K such that

an(v,v) > K||v|[q-

To prove coercivity, each IP method will be investigated separately, as different approaches are used for each

of them.

The bilinear form ay (-, ) define by (5.8) which uses a fixed stabilization parameter k for all stabilization

terms is used here.

NIPG (6 =1) For the non-symmetric IPDG case, for any v € V1, we have

ap(v,v) = Z /Qe o(v):e(v) doe + Z /E%(CLUJ s |v] ds.

QeEﬂL Eel;p

The proof of coercivity in Section 3.1.2 also holds for v € V!, so that
| o) e(0) do > A o)l

By choosing € = |v] in (3.18), we have for v € V%,

S [ Ectol: twds > K 3 i ll0 s

Eelip Eelip
Therefore,
1
an(v,0) > Apin > e@)[§ 0, + FAmin Y ,THLUJH%,E
Q.ETh Belip P
= Kl|v[|3g
with

K = A min{1,2k} > 0.

We conclude that the bilinear form is coercive for the NIPG case.

(5.10)

(5.11)

(5.12)
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SIPG (6 = —1) For the SIPG case, the bilinear form can be written as follows, for any v € VI .:

an (v /(Ce ydr—2 ) /{(Ce vds+ Y /—(C o] :

Qe €Th Ecl';p Eel';p

(5.13)

Note that since the elasticity tensor C possess major symmetries and is positive definite, then there exists a

unique square root C'/2 such that, for any second-order tensors A and B, we have:

CA:B=C"?A4:C'?B. (5.14)
We have
o =2 Z /{(Ce
EEF D
=-2 > /C1/2{€ )} CY2|v] ds.
Eel;p
Thus

)

1/2
|hy 2 C/? Lan%,E)

1/2
o >_2< 3 ||h}f<cl/2{s(v)}|3,E> ( >

Eelip Eelip
1/2 1/2
z - (Z he||C'2e(w ||oagm> (Z ||hE“2<C”2LvJ||%7E> (using (C.3d))
QETh Eel;p
1/2 1/2
2—2C< > lIC e ||m> (Z ||hE”2<cl/2LvJ|a,E> (using (C.3a))
Qe €Th EeTip
1 -
( > IC2e()E 0, ) —€< > ||h;/2cl/2LvJ||%,E)
Qc€Th EerD
=—¢eC Z / CY2%e(v) : CY?%e(v Z . /C1/2 | : CY?|v] ds
Q.eT;, /e € per,p "B
Z—GCZ/(CE dm—fzh/(CvJ
Q.ETh Ber,p F

Therefore, we have

ap(v,v) > (1 —e€C)

Q.€Th

ensure € > 0.

/ Ce(v dx+(k—)Ee§F: /(C

C

1—-m
We set the coefficient in the first term to a constant m > 0, let ¢ = ———, and restrict m to 0 <m < 1 to
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Then

With this choice of k, we have

ap(v <92€;h/ Ce(v dx+f Z hE/(C s ] ds)

EEF
1 1
i [ 3l + L T mnaE)
<Q cTh 2 Eelip he
= K|v||)e, (5.15)
with
K = mAin. (5.16)

Therefore, we can conclude that the bilinear form ay, is coercive for SIPG.

IIPG (0 =0) The corresponding bilinear form is written as follows, for any v € V1.

ap (v, / Ce(v ) dz — Z /{(Cs slvds + Z /—(CL’U s v ds.

Qc€Th Eel;p Eel;p

The only difference between this form and the SIPG bilinear form is the coefficient in the second term; thus

the proof of coercivity for IIPG case is identical to that for the SIPG case up to a constant.

We summarize these results.

5.2.5 Theorem. The bilinear functional ap(-,-) defined in (5.3) is coercive if:

(a) when 6 =1, k > 0;

(b) when 0 € {0,—1},

where C' is a positive constant to be calculated, and 0 < m < 1.

5.2.6 Error bound

As shown in [45], one has uniform (A-independent) convergence for the isotropic problem when linear triangles

are used. We present here a corresponding bound for transversely isotropic materials, assuming a constant
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fibre direction a.

To establish the bound, we adopt the same approach as in [45]; that is, splitting the error using the linear

Crouzeix-Raviart interpolant ([13, 21]) . u € [Pl(ﬂe)]d7 for u € [’HQ(QQ)]d, which is defined by
_ 1
Mou(Zg) := —/ uds YV E €08, (5.17)
he Je

where g is the midpoint of edge E.

The corresponding global interpolant II : [7—[2 (Qe)]d — Yk is defined by
Huy, =Ilu V Q. €T

5.2.1 Proposition. The interpolant has the following properties:

/ (u—Tl.u) ds =0, (5.18a)

/ (u—T.u) - n. ds =0, (5.18b)
E

/ V- (u—Tu)de =0, (5.18c¢)
Qe

/ M :e(u —I.u) dz = 0. (5.18d)
Qe

Proof. The proofs of (5.18a), (5.18b) and (5.18c¢) are given in [45], and repeated here.
To prove (5.18a), by definition, for u € [H2(Qe)]d, we have

/ u ds = hgll.u(Zg),
E

thus it follows directly.

To prove (5.18b), we have

/(u—l‘[eu)'neds:ne~/(u—Heu)ds:O~ne:0.
E E

For (5.18c¢), using Green’s formula, we have

/V-(u—Heu)dx:/ (u—Tlu)  -n.ds = Z /(u—Heu)~neds:0.
Qe Qe E

EcoQ.
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For (5.18d), using integration by parts, we have

/QQM:E(U—HeU)dm:/me(U—HSU)@)ne:Mds—/ (V- M) - (u—Tw) ds = 0.

Qe
O
5.2.2 Proposition. The following interpolation error estimates hold:
|u — Meullo.q, + helu — Heulr o, < ChZ|ulsq, , (5.19a)
lu — eula,0, = |ul2,q,, (5.19b)
V- (u—T1u)lon < Che|V-uha,., (5.19¢)
V- (u—TIu)|10 =V -ulia., (5.19d)
|M : e(u—Iu)lon, < CheM :e(u)a., (5.19¢)
M :e(u—Iu)|i,0, = |M :e(u)i . (5.19f)
where C' > 0 is in each case a constant independent of h. and wu.
Proof. The proofs for (5.19a)-(5.19d) are given in [45] and repeated here.
Proof of (5.19a). From the standard interpolation estimate,
lu — Meulloo, < Chelul2.0,
and
lu —Ieulr 0, < [Ju—Ieull 0, < Chelul2q,,
which gives (5.19a).
Proof of (5.19f). Setting U = u — Il u, then since Il.u € [Py (Qe)]d, it follows that
Ul2.0. = ul20., (5.20a)
V- -Ulio =1V - uliq., (5.20b)
and |e(U)|1,0, = le(u)|1,0,- (5.20¢)
With a constant fibre direction a, it follows from (5.20c) that
M :e(U)|1,0, =M :e(u)iq.,. (5.21)
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Applying Proposition A.2.12 in [45] to U gives

/Uds
E

U3, <C (UI%,Qe + )

EcoQ,

)

Applying Proposition A.2.11 in [45] to V - U gives

1
Vl]———/‘VJIM
H €] Ja

0,90
and with (5.18¢) and (5.20)3 we obtain (5.19c¢).

Proof of (5.19e). Lemma A.3 in [45] applied to M : e(U) gives

< Che|M : e(U)|1.q,.
0,0

HMHde—ée/_MﬁdUﬁm

With (5.18d) and (5.21), we obtain (5.19¢). O

Let u € [7—[2 (Qe)] ¢ be the exact solution to the problem (5.3), and uy, € V1 its corresponding finite element

approximation. The approximation error is denoted by
e :=u—up.

Let us define
n:=u—1Iu, and §:=1u— uy,

so that in particular £, € [P1(Q)]"

Thus,
e=n+¢,

and the DG-norm of the error is

lellbe < lImllbe + l1€lIDe-
To obtain the error bound, each term is bounded separately.

Starting with ||n||%, since n € V} 5, we have, from (5.2),

1 1
Inlfbe = D llemllia. + 3 }:;EMMQ

Qe€Th EEFiD
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Using (C.3b) and (C.3d),

nlbe <C( 3 IvmlBa,+ > 3 o-lmlis)

QeE,Th QeETh EGE)Q@D

<> mBa+ Y (hlInlEe, +ke,))
Qc€Th Q. E€Th

<C > hulig, - (5.22)
Q€Th

Next, we bound ||£]|%,5. From consistency of the bilinear form ay,, we have

ah(67 5) =0.
Thus,
ah(Ev 6) = ah(e -n, E) = _ah(n, é)

From coercivity of the bilinear form aj, we have

lan(§.€)| > K|[€]|De-

Thus,
lan(n, )| = K|€][he- (5.23)

It then suffices to find an upper bound to |ap (7, £)|. For that, the technique is to extract a factor of ||£]||pa,
leaving some function in terms of 17 which will be bounded by norms of the exact solution w from each term

using the interpolant estimates given by (5.19).
It is also useful to note that & € [P;(£2)]? so that (€),V - €, and V& are constants.

We have
lan(n,€)| < lai’*(n, €)| + lai (n, )],

where the isotropic part is bounded as follows (see [19]):

1/2
|ai>°(n,€)] < Cll€lIpa ( > R (lul3 g, + NV u%,fk)) : (5.24)
Qe €Th
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For the transversely isotropic part, we have

(0. €)] <
|a\Q§T/ (V&) + (V- m)(M : (&) da| 13| QZT/ (M : (€)) da
+2|7|‘Q;/ nM :e(€ dm‘—i—@’E; /{atz )} ds’
D RCTEC) ST RERAEE DS /{M e(m)M} €] ds|
Eelip Eel;p
+h] 3 /{e M+ Me(o)) s €] o]+ al| 3 hE/ €1)+ (M - [n))e]) ds|
wMal| 3 g [ or e - &) as| + k1| vhlE/E(LnJM+MLnJ):L€J as|.

From the properties of the interpolants, we have

/Q (M :e(n)(V-&) de=(V- 5)/ (M :e(n)) de =0 (using (5.18d))

Qe

/ (V-n)(M :e(&)) de=(M : c—:(é’))/ (V-m)de =0 (using (5.18¢))
Qe Qe

/Q (M :e(n)(M :e(€)) de = (M : 6(5))/ (M :e(n)) de=0 (using (5.18d)).

Qe

Since

o' (&) = a((M : e(E)I + (V- &)M) + B(M : (€)M +7(e(§)M + Me(£)) € [Po(e)]™,

it follows that

/{U.tz st—{at’ IE /Ln (using (5.18a)).
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Therefore, we have

laf (n,€)| <
20 Z/ MM : €(€) da| +]ol| 3 /{M eI+ (V- m)M} : [&] ds
Qe€Th Eel'ip
I II
Py J A ey s €] ds]+ | > /{e )M 4 Me(n)} - €] ds|

I1I

tHol| 3 5 / 1)+ (M )ds‘+k|ﬁ|’ Z / M :€]) ds

E€l;p E€T;p
v VI
+km‘ Z / |M + M|n)): €] ds‘. (5.25)
Eel;p
VII
We now bound each term in (5.25).
First, a bound for I:
I—2|7\‘ Z / dm‘
Qe€Th
1/2 1/2
<ol ( 3 tetnnaii, ) (X @i
Q.ETh Q.ETh
1/2 1/2
< Ol ( Y llemliz e, ) ( > 11e@)ls 0. > (since [eM[* < Cle|?)
Q.eTh Q€T
1/2
< Chll€llne < > |V77||3,Qe)
Qe€Th
1/2
< Chll€llpe < > |77|%,Qe,>
Qe€Th

1/2
< Cy||I€llpe < Z hg|u|§,ﬂe> (using (5.19a)).

Q€T
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Next, a bound for I1, which we split into two terms I1, and II,. Using triangular inequality, we have:

M=ol 35 [0z enn s €] a

Eel';p
1/2 1/2
< |a|< > hEH{(M:S(n))I}H%,E) < > hlEHLEJll%,E)
Eel;p Ee€lip

1/2
< C|a|||£||DG< > hp|{M: S(W)}IIS,E>

Eel';p

1/2
< Clelliéllpe < D he|M: E(n)llg,aggn> (using (C.3d))

Qe€Th

1/2
< Callgllbe ( S IM :e(m)lfq, +h2IM e<n>|%,ﬂe> (using (C.3b))
Qe€Th

1/2
< Clall|€]lpa ( > h2M e(u)h) (using (5.19e) and (5.19f)).

9867_’1.

and

M=ol 35 [ {7 mM s 1) a

Eel;p

1/2 1/2
< al( > hEII{(Vn)M}II%,E) ( > };IIKJII%,E>

Eelip Eel;p

2<|V-v?)

1/2
< Clal||€llpe < Z hel|lV - ’7”3,69:}’) (using (C.3d) and |(V - v)M
Qe€Th

1/2
< Clol|€llpe < DAV nlia, +h2IV- nline> (using (C.3b))

QeE€Th

1/2
< Clal|l¢llpe < > h§|v-u|‘jge> (using (5.19¢) and (5.19d)).
Q.eTn



74 Chapter 5. Discontinuous Galerkin methods

Term 111 is bounded as follows:

=16 3 [ et)py g a

EcTl;p

1/2 1/2
slﬁl( > hE|{<M:s<n>>M}||3,E> (Z ;Eman%,E) (since (M : )M P <

Eelip Eeclip

1/2
< I6III£IIDG< > hp|{M: E(n)}Hg,E>

Eclip

1/2
< CI8lll¢lpe ( > heM: E(ﬂ)%,ag;p) (using (C.3d))

Qe€Th

1/2
< ClAl€l e ( > IM e(m)|§q, +h2M : 6(17)1@,) (using (C.3b)

Qe€Th

1/2
< C|Bll€lpe ( > nM e(u)ﬁﬂc) (using (5.19e) and (5.19f)).

QeeTh

The term IV is split into two terms, IV, and I'Vj:

bl X [ ey s g o

Eelip
1/2 ) 1/2
< |7|< > hE||{E(77)M}”(2),E> ( > }LEIIL&JII%,E>
EeTl;p Eel'ip

1/2
S |7|||£”DG ( Z hEH{E }”0 E) (Sill(‘(J

FEel;p

1/2
< Chlli€llpe Z helle(n Ho 39113) (using (C.3d))

Q.€Th

1/2
Z he ||V77||o awD)

Qe€Th

< Chlléllpe

Qe€Th

< Chlligllpe

1/2
Z 3 0. +h2|77|29>

Qe€Th

< Clli€lipe
Q.€Th

1/2
< Chllélpe ( > IValga, + 2Vl g, ) (using (C.3b))

1/2
h2|u|§798> .

T2 S (/V‘€‘2>
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(6]

Following similar steps, we have

IV = |7|‘ /{Ms

FEel';p

< Chlliglpe (

Q€T

Term V is split into two terms, V, and V.

Vo=Hal| 3 5 / €1) ds|

Eelip

1/2 1/2
gk|a|< > ol 1||0E> (Z ;E|M:L5J||%,E>

Eelip Eelip

< Clalll€llpa

Q€T E€OQLP

< Clallléllpa

2. 2 5

Q€Th EE@Q’D

1/2
SC@III&IIDG(Z > —HnHOE

< Clallélpe (
Qe€Th
1/2
< Cloll€lpe ( ) h|u> (using (5.19)).
Qeeﬂl

Following similar steps, we have

Vil 3 o [ e LnJ)ds]<0a||s||DG<

Eel;p

1/2

||0E> (since | M : LEHZ < CH&JF)
(using (C.3¢))

(using (C.3c))

1/2
> hmloo. + nuu) (using (C.3b))

Z hg\u@,sze
e
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To bound the term VI, we have

vi=kal| 3 o [ sl 1€)) a

Eel'ip
) 1/2 ) 1/2
smm( Sl LanaE) (Z |IM ) |3,E>
Eel;p B EcT;p B
) 1/2
< CIBl€l pe ( > hlanJll%,;;) (since |[M : [n][* < C|[n][*)
Eelip E
1/2
2 . , ‘
< ClAll&lpa Z Z EHU 0,E (using (C.3c¢))

Q.ETH E€OQiP

1/2
< A€l pe ( > w2 mlloa. + nll,szc> (using (C.3b))

Qe €Th

1/2
< C|B|||€llpe ( Z h2u|§Q> (using (5.19a)).

QeeTh

Finally, the term VITI is bounded as follows:

Vit = kbl 3 o [ lniare ) as

Eelip
) 1/2 ) 1/2
< kIvI( > hEIILnJM|3,E> ( > hE|H£J||(2),E>
EeTlip Ee€lp

< |nlP)

1/2
1
< Chlliélpe < > MIIL??JII%,;;) (since|[n| M

Eeclip

1/2
< C|€llpe ( Z hg|u|§,96> (similar to V).

Qc€Th
Following similar steps, we have
) 1/2
vityi=khl| Y5 oo [ Min):l¢) as| < Chlléloe ( > h§|u|§,ge> :
FEel';p EJE Q.€Th
We use these results to bound |a}(n, £)|, which leads to
1/2
lati (m,€)| < ClI€llpe ( > (02 + B+ A ufig, + IV ufig, + (a® + 5)|M : s<u>|%,ge)> .

Qc€Th
(5.26)
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Thus, with (5.24) and (5.26), we have

1/2
lati(n,€)] < CllélIpa ( ST R (s 4t + B2 D) ulba, + (O + )V - ulia, +(012+52)|M:€(U)|§,ne)> .
Q€T

(5.27)
Therefore, using (5.23), we obtain

C
l€lfbe < 1 30 B2+ + 52+ Dlula, + (0 +a))V ulin, + (2 + )M i), ), (5.28)

Qe €Ty

where K is the coercivity constant defined by (5.12) for NIPG case, and by (5.16) for SIPG and IIPG cases.
With (5.22) and (5.28), the full DG error bound is

C
lelibe < 75h? (5 + 02+ 82 + y)lull o + (A2 +a?)|V - ull g + (02 + )M ) o). (5:29)
Remark. For the case of isotropy, the error estimate is (see [19])
2 C oo 2 2 2
llellpe < ﬁh (Nt|“|2,9 + A5V - U|1Q) . (5.30)

Brenner & Sung in [8] have derived the following uniform estimate for the case of problems on polygonal

domain Q c R?:

[ullze + AV - uflLe < C ([ fllo.o+ gl

0Tp) - (5.31)

This allows the right-hand side of (5.30) to be bounded independent of A, thus confirming the locking-free

behaviour of the DG formulation in the incompressible limit.

A similar estimate for the transversely isotropic problem is not available; however, one would expect that

an analogous estimate would allow the terms of the form
(i + o + ) uls o + (\ +a®)|V-ufi g + (o + %)M :e(u)ff (5.32)

to be bounded independent of A and (.

The presence of 8 in the first term of (5.29) suggests that locking may occur in the inextensible limit.

Numerical experiments discussed in Chapter 6 will explore these features.

The term that leads to the undesirable S-dependence in the error bound is term VI in (5.25). To circumvent
the S-dependence, one would need to find a way to modify the formulation in such a way that this term is

eliminated. We do so in the following section by making use of selective under-integration.
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5.3 Under-integration

It has been shown in [19] that, for the case of isotropy and using bilinear elements, the undesirable -
dependency of the error bound in the incompressible limit may be circumvented by under-integrating the
problematic terms. The same approach is used here in order to overcome locking in the extensible limit: the

B-stabilization term VI will be under-integrated.

We will adopt a form of the formulation in which the bilinear form is given by (5.6) with k, replaced by

2k + k,, and all other stabilization parameters are equal to k, assuming £, %k, > 0.

The resulting bilinear form is then,

an(u,v) := ap(w,v) + 1 Z / :|v] ds. (5.33)

EEFLD
Note that this bilinear form is coercive, as is easily established using Theorem 5.2.5.

If we define by IIy the £2-orthogonal projection onto the space of constants, the new DG formulation with
under-integration is:

' (u,v) = 1" (v)

where
! (w,0) = @ (u,0) + K5 Y o /  w))(TTy — T)(M : [v]) ds, (5.34)
Eel;p
and
B w) = (o) + 85 Y /M g@n)(Ily— I)(M : v ®n) ds. (5.35)
FEel'p

Note that under-integration of the edge term [ |-] : {&'(:)} ds is not necessary since for any u € [Py (2)]%,

the integrand is linear, so that one-point integration is exact.

The effect of the formulation (5.34) is to replace the term VI in (5.25) with

VI =KADY /Ho F[n)Ho(M = [£]) ds
EEFD
—klpl| 3 pma(h s €)a s [ (] d
Eelip
= 0.

Thus these terms will also have no contribution to the error bound, as desired.

However, this has involved modification of the DG formulation itself, so that it is necessary to show coercivity
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and consistency of the modified bilinear form.

5.3.1 Consistency

With the continuous exact solution u € [H?(2)]? satisfying properties given in Section 5.2.3, we have

ay! (u,v) — Z/ d:C—Z/{O’

Qe€Th FEel';p

fZ/h'vds

Eel'n

Since u satisfies the weak form,

Z/ d:c—Z/fvdx+Z/

Qe €Th Qc€Th Qe €Th
= Z / f-vde+ Z/{O’
Qe€Th EeT
= / f-vde+ Z /{0'
Qe€Th FEel';p
Therefore,
ay,' (u,v) = 1" (v) =0
as desired.

5.3.2 Coercivity

Each IP method will be investigated separately.

NIPG (6 =1) We have

ay!(v,v) /(Ce d:c—l—z /(CLU:

Qe€Th EeTl;p

+ B Z / M, — I LvJ)(MLvD ds

Ecl;p

ds—Z/fvdx

QcE€Th
v nds
ds—l—Z/ |- {v} ds
Eel;
| ds+ Z /h v ds.
EelN

| ds+ e Z /|vJ|2d5

EcTip

=ap(v,v) + Z /| 11> ds+ 3 Z /HO— :v]) (M : |v]) ds, (5.36)

EcT;p Eelip

note that ap(v,v) is defined as in (5.9).
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We define

B = Z /| |12 ds+ 3 Z /Ho— L |v)) (M : |v]) ds. (5.37)

Eel;p Eel'ip

For ease, we set m = v; — v, and denote by n the outward unit normal vector, giving

v = Im @ n|* =m.m,

M:|v]=(a®a): (m®n)=(a-m)(a-n).

Then
B =y /m m ds+ 3 Z / Iy — I)(a- m))Q(a n)? ds. (5.38)

EEF Eel;p

We have

m-m > (a-m)?

> (a-m)?*(a-n)? (since (a - m)?

~(@n? (jla-mp + Ja-m)?).

<1)

Noting that

/E<H0(o))2ds§/Eost,

/Em -mds > /E(a -n)? (;(a -m)? + %(Ho(a . m))2> ds. (5.39)

Going back to (5.38), using (5.39), we obtain

B > Z / K uht kﬂ) (a-m)?+ <k“2“t +kﬂ) (Ho(wm)ﬂ ds.

Eel';p

then we have

The term on the right-hand-side is non-negative if

ul
Bult 5> 0
— Yy 2k
2 o Ml (5.40)

kg >0, He

Going back to (5.36), by choosing k and k,, as in (5.40), we have

ay!(v,v) > ap(v,v).
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From (5.11), we have

@' (v,v) = Kol |3

with
K = Apinmin {1,2k}. (5.41)

Thus, the under-integrated NIPG formulation is coercive.

al' (v /cs ydz—2 / - {Ce(v)} ds + Z /(C’UJ

Qc€Th E€l;p EeT;p
+ Z /|v“2d3-|-5 Z /HO— Lj)(MLvJ)ds
E€T;p EcTip
=ap(v,v) + B,

note that ap(v,v) is defined as in (5.13), and Z as in (5.37).

From the NIPG coercivity proof above, for k and k, that satisfy (5.40), we have
ay ' (v,v) > ap(v,v).

From (5.15), we have:

' (v,v) > K| |3,

with

such that 0 <m < 1 and k > % + %, for a positive constant C' to be determined.

ITPG (6 =0) The proof of coercivity for IIPG with under-integration case is identical to that for the SIPG

with under-integration case up to a constant.

5.3.3 Theorem. The bilinear functional @y’ (-,-) defined in (5.34) is coercive if, for k,k, >0

(a) when 6 =1,
2k|B|
Ht

< ku?

(b) when 0 € {—1,0},

2k| 8| C
<k d k> 1 2
[t w G0 2 1 om
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where C' is a positive constant to be calculated, and 0 < m < 1.

Error bound The approximation error is now bounded as follows:
2 C ool 2 2Y1, 12 2 2 2 2 2 2
lelBe < 22 (( + o+ O + )|V ultg + (0 + P)M :ew)g),  (5.43)

where K is the coercivity constant defined by (5.41) for NIPG case, and by (5.42) for SIPG and IIPG cases.

The first term on the right-hand side is independent of 5. The bound (5.43) is now in a form that would
be expected to lead to a uniform estimate, by analogy with the bound (5.31). The behaviour of the under-

integrated DG formulation will be explored further in the next chapter.



Chapter 6

Numerical tests for discontinuous Galerkin

approximations

In this chapter, we present a series of results to illustrate the various features discussed in Chapter 5.
For material parameters that satisfy the pointwise conditions (2.57), we first investigate the behaviour of
compressible and nearly incompressible materials with reference to Table 2.1. Next, we explore the behaviour

of nearly inextensible materials.

We reconsider here the examples described in Chapter 4, that is, the Cook’s membrane problem and the

beam problem.

All examples are under conditions of plane strain and based on three- and six-noded triangular elements

with standard linear and quadratic interpolation of the displacement field.

6.1 Material parameters

The choice for the values of the parameters are the same as those used in Chapter 4: that is, weset v = vy = v
and 7 = 0. Furthermore, we investigate behaviour for v = —0.5 and 0.3, and for the range of values of p
that comply with the pointwise stability conditions (2.57). We also study the response for v = 0.49995 and
p > 1, noting that standard approaches lead to volumetric locking behaviour in the limiting case of isotropy,

with p = 1.

The conditions for coercivity in Chapter 5 assume equal values of the stabilization parameter for all terms
except that involving us. These are sufficient conditions that do not account, for example, for situations in
which some or all of the other material parameters are positive. In such situations there is greater flexibility
in the choice of the stabilization parameters. We have adopted the following choices, which are found to lead

to stable approximations:

For v = 0.49995 and v = 0.3, we choose k,, = ko = ky = 10, and k) = kg = 100.
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For v = —0.5, we choose k, = kx = kg = k, = 10, and k, = 100.

The results in the examples that follow are for the following element choices:

Ezact The analytical solution

pP_CG The standard displacement formulation of order 1

P, CG The standard displacement formulation of order 2

P, _NIPG The non-symmetric interior penalty method of order 1
P, _SIPG The symmetric interior penalty method of order 1

P _IIPG The incomplete interior penalty method of order 1

P,_NIPG.Ulg The non-symmetric interior penalty method of order 1 with under-integration
of the - stabilization term

P,_SIPG.UIg The symmetric interior penalty method of order 1 with under-integration of
the (- stabilization term

P, ITPG.Ulg  The incomplete interior penalty method of order 1 with under-integration of

the (- stabilization term

6.2 Cook’s membrane
The problem is defined as in Section 4.2. A mesh of 32 x 32 elements is used.

To investigate locking of the proposed formulations, we compare the results with those obtained using the

standard Ps-element.

Figures 6.1 and 6.2 show semilog plots of the tip displacement vs p for various fibre directions for v = 0.3 and
v = —0.5 . For small values of p, (0.35 < p < 3) as shown in the left figures, the conforming method P,_CG
is locking-free. For high values of p, (4 < p < 107), as shown in the right figures, the conforming P;_CG and
all three IPDG methods show locking behaviour which is avoided when the extensional stabilization terms

are under-integrated. We note the extensional locking behaviour of the P-element.

Figure 6.3 shows semilog plots of the tip displacement vs p for a range of fibre angles, for the various element
choices, and for moderate and high values of p. For moderate values of p (1 < p < 5), all three IPDG
methods show no locking. For higher values of p (10 < p < 10°), all three IPDG methods show locking
behaviour with an increase in p. On the other hand, locking is avoided for the under-integrated formulations,
for larger values of p. Figure 6.4 shows tip displacements for various fibre orientations, where the degree of
anisotropy is fixed at p = 10° (left) and at p = 107 (right). Some deterioration in accuracy is observed for

the conforming P,-element as in the case of the (J2-element in Section 4.2.
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6.3 Bending of a beam

The problem is defined as in Section 4.3. A mesh of 80 x 16 is used. Locking behaviour is investigated by

comparison with the analytical solution.

Figures 6.1 and 6.2 show semilog plots of the tip displacement vs p for various directions fibre for v = 0.3
and v = —0.5 respectively. Similar behaviour as in the case of Cook’s membrane is depicted; that is, uniform
convergence of the conforming method for small values of p, (0.35 < p < 3) as shown in the left figures, and
locking of P;_CG and all three IPDG methods for high values of p, (4 < p < 107), which is overcome by
under-integrating the extensional stabilization terms. For small values of p, (0.35 < p < 3) as shown in the

left figures, the conforming method P, _CG is locking-free.

In Figure 6.7, which shows semilog plots of tip displacement for different values of p, with various fibre
directions. The same behaviour as appears for the Cook’s example is seen, i.e. the expected locking of
P, _CG as p approaches 1 is overcome by using IPDG methods (left figures). For high values of p there
is a purely extensional locking with all IPDG methods, which is overcome by using under-integration of

B-stabilization terms (right figures).

Figure 6.8 shows tip displacements for various fibre orientations where the degree of anisotropy is fixed at
p = 107. We recall the same behaviour as stated in Section 4.3, that is, extensional locking for P,_C'G except

for the angles 0, where the material is very stiff, and 7/2, where the extensional term is bounded.



o P IIPGUI,

OP,.NIPG [OP_NIPGUI,
P, IIPG

0T 1 0T 20T

/4

P
= <IN < R - R - -

=3

40T 1 40T 1 S0T

a=m/4
a=m/2

a

0T

©-0--0-0-0

(0T

N

B
- -

--P CG o P_SIPG DPl,SIPG,Ujﬂ

X Exact

H
8
0
01 1 m @ 01 1
%\

--%- Exact

Chapter 6. Numerical tests for discontinuous Galerkin approximations
-—---- P CG

90

20T 1 \©\ 01
05 1 0¢ 1 @ 0¢ 1 j€) 0%
K \\ ot H \\\
B o1 % 01 A 01 A \%\ o1
SN -  W—— — B F] : — 5] — §
=1 f=3 =1 (=3 f=} (=] f=} = j=3 =3 (=1 f=} (=] =3 = f=3 (=3 f=} (=] =1 =1 f=1 =3 (=3 f=} (=]
Juotueor[dsip diy [esryIon Juotuoor[dsip diy [edr)IoA Juotuoor[dsip diy [edr)IoA Juotuoor[dsip diy [edr)Ion
1 £ £ £
1 W 8¢ 1 W 8¢ 1 W 8¢
1 = ¢ N m ¢ Sy I
- £l e £ T S
Y o
1 I X o I X Z 1 i X z
| 3 % 21 3 x 2T « * 1
] X ot X ol X o
’ [ I
A
] X o % o v.n Tl
’ i U
1 X I X I X 1
{ = X 60{ = X 60{ = X 60
1 X 80 1 X 80 1 X 80
1 X 20 1 X 20 1 v.ﬂ L0
1 X 9°0 X 9°0 X 90
4 ; 1
] X 0 X 0 X 0
J ] H
| ¥ o | e o | X o
" n n
1 n "
1" n U
’ GE°0 X Ge°0 A X GE°0 A X ¢e0
S oo s oo oo c S oocscooscoosoo SSCcoosSososoo S So0oos oo o oo
REEEEZSERSS RBREFZESEESZIZISESSS O BRFIESEEESSISESSS RBRIESESEESZSESS
Juotueor[dsip dry [esr)Ion Juotueor[dsip diy [eo13IoA Juotueor[dsip diy [eo13IoA Juotueor[dsip diy [eor3IoA

10

Figure 6.5: Tip displacement vs p for the beam problem, with v = 0.3, for moderate (left) and high (right)

values of p



91

Section 6.3. Bending of a beam

f
S 0T 0T 1 0T 1 0T 1
Sos ¥ X oo m N W o
, U_ o o i <t i 1 ™ = i !
SRS I _ = _ _ LS = _ _
SEg © o ; H © wp o H . s M o
N M = “ 3 “ _“ "“ 3 : “ “
i I j 1 1 | i 3 1 !
Snlsol e B on | i o wr{ |M 01 1 I Q .o
I 1 1 I 1 !
m] 1
o ” “ ! i “ :
01 1 0T 1 0T 1 0T 1
Co M. I R ol S
L i i / H i /
~ /
Zz 0 ﬂ ﬁ (01 1 E o (01 1 i (01 1 E (01 1
1
Ll | m ! P
7’ 1 ’
oo 01 1 o 01 1 01 1 o 01 1
06 1 (@4 05 1 05 1 05 1
tG / ! i 1/
S0 H o 0T 1 0T 1 0T 1
N ] (7’ - | | |
Ao B 1 £ 1 £ 1 1
X ! =2 =3 (=1 =3 (= f=3 = =1 (=} =3 =3 = =1 (=} f=3 =3 = =1
o0 R=} < N 0 o = ™ o0 =] = ™ 0 =] = ™
Juotede[dstp diy [ROTLIOA quotuedR[dsip diy [RoT)IOA quotuedR[dsip diy [RoT)IOA quotuedRdsip diy [RoTLIOA
O £ £ £ £
k3] 8¢ 1 8¢ 1 & 8¢ 1 & 8¢ 1
O ;
R = Gz N <z g X <7 N4 ﬁ 67
ST I €T 1 = €7 1 e X €7 1 = €7 1
/ Iap) !
“ “ 3 X C Il WA [ Il \\X G Il x ¢
U
v“A | 2T < P4 N < X I < X 2T 1
o X ol X ol X o
4 4 i /0
X o1 A X T X T X T
VA\\ v / //
T T 14 T4
V\A\ 60 A V\AX 50 { = XV\ANA 50 { = 4 60
X 80 1 X 80 1 X 80 1 X 80 1
o 4 oy oy d oy d
X L0 WA L0 WA L0 p; L0
X 90 A NA 90 1 b4 90 1 Nn 90 1
\ 1 \\ X s\ .
{ @0 X 0 1 ] @0 1 b @0 1
AN Y [ 1 7
N . __ / . 1, . \.\ .
s 70 N, 70 X 70 1 X! 70 A
//I/ AY —— // _— ——
SN \ N (DN [
X a0 1 X ™ ¢'0 1 X N cg'0 1 X o0 1
o S S o o s = o S o o s o o S o o s = o S o o

Juotueor[dsip dry [eor}Ion

Juoteor[dsip dry [eo13IoA

Juotueor[dsip diy [eo13IoA

Juotueor[dsip diy [eo13IoA

Figure 6.6: Tip displacement vs p for the beam problem, with ¥ = —0.5, for moderate (left) and high (right)

values of p



Chapter 6. Numerical tests for discontinuous Galerkin approximations

92

o P IIPG .Ul

OP.NIPG [OP, NIPGUI,
P, IIPG

O P, NIPG
- P.CG o P SIPG

X Exact
— B CG

X Exact
--P.CG oP.SIPG pP SIPGUI

— P CG

P _IIPG

RS

B

]
a=m/4

B

T @@

e

01

70T

<01

201

o’ 08

0t

a=m/2

:

0T

70T

(0T

01

04

0t

a=3m/4

@@

01

70T

<01

201

(U

0t

100

T T T
=3 = =
53} =] =

Juotooe[dsip dry [eor}Ion

—20

=3
=
—

T T T
0 0 0
4 n/.

60

T
=3
53}

Juoteor[dstp di [eorjaoA

—20

=]
S
=

T T T
0 0 0
4

T T
=3 =3
] =) xQ

Juotooe[dstp diy [eorIon

—20

T T
0 0
2

801
60
404

—20

MEEETEET

n

p

n

n

— e

—omn

0T +1
e 0T +1T
p-0T+ 1T
0T +T
00T+

L0T+T

p

100

T T T T
=1 = = =1 (=]
0 =] <+ N

Juataoedsip diy [eorIoN

=1
]
|

=3
S
—_

T T T T T
=1 =3 =1 =1 (=]
@0 =) =+ N

yuaweoe[dstp dig [eorgIoA

—20

T T T T
(=3 =3 =3 =3 (=]
0 =) <+ N

Juateoedsip driy [esrjep

=3
]
|

=3
S
=1

20 1
0

T
=1
0

60 -
404

yuaweoe[dstp diy [eor)IoA

—20

Figure 6.7: Tip displacement vs p for the beam problem, with v = 0.49995. Moderate (left), and high (right)

values of p



Section 6.3. Bending of a beam

93

100 X
+~

a

5 ——
2 80-

(ab) —_—
Q

<

'% 60 1 @)
73 o)
(o

= 401

E

2 904 O
5]

= O

07 o

wo = o
WO F s
EE & &

3m/8

N o0 T 00
~ T~ T T
S Ek kE Ekk

0O ™M o=

a

Exact

P _CG

P, CG

P _NIPG

P _SIPG

P _IIPG

P _NIPG Ul
P _SIPG Uljg
P IIPG UIg

Figure 6.8: Tip displacement for the beam problem measured at different fibre orientations, for p = 107 and

v = 0.49995

The following set of results, Figure 6.9-6.10, show behaviour for various fibre orientations, and for values of

p. The H!-relative error as defined by (4.1) is mesured.

The left figures show the H' relative error convergence plots for all three IPDG formulations and P;_CG,

for p = 1.0001. Here all three IPDG formulations show slightly better than optimal (linear) convergence for

any fibre direction. P;_C'G shows poor convergence, indicative of volumetric locking.

The middle figures show the H! relative error convergence plots for all three IPDG formulations and P;_CG,

for p = 3. Here, all formulations at any fibre direction are linearly convergent.

The right figures show the H! relative error convergence plots for all three IPDG formulations and P;_CG,

for p = 10*. P,_CG and the full IPDG methods show poor convergence, indicative of extensional locking.

All three IPDG methods with under-integration show convergence at rate 1.6.
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Chapter 7

Conclusions

This work has been concerned with the development, analysis and implementation of finite element ap-
proximations of the boundary value problem for transversely isotropic elastic bodies. Of particular interest
have been the conditions under which volumetric and/or extensional locking occur with the use of low-order

elements, and the construction of approximations that circumvent locking.

It has first been necessary to undertake a study of the constitutive relations: these have been formulated in
terms of five material parameters, beginning with a basic set, and then, a corresponding set of parameters
that are largely interpretable physically. Conditions on these parameters for pointwise stability have been
established. These conditions have been essential in showing well-posedness of the weak formulation, and of

the various discrete formulations considered.

Conforming finite element approximations have been formulated and implemented with the use of low-order
(bilinear) quadrilaterals. For moderate values of the parameter that quantifies the degree of anisotropy (that
is, the ratio of Young’s modulus in the fibre direction to that in the plane of isotropy), behaviour is locking
free, as suggested also by an a priori error estimate. As the isotropic limit is approached, the well-known
locking behaviour is evident. Locking occurs int the near-inextensible limit. Under-integration of the terms
corresponding to volumetric and extensional behaviour leads to locking-free behaviour. The under-integrated
formulation is shown to be equivalent to perturbed Lagrangian and mixed formulations. A range of results,

for various anisotropy parameters and fibre angles, have been presented to illustrate the behaviour.

The second discrete formulation studied is that of discontinuous Galerkin (DG) approximations. Three
interior penalty (IP) approaches: symmetric, nonsymmetric, and incomplete, have been considered. It is
well known that, for isotropic materials, behaviour is uniformly convergent in the incompressible limit,
with the use of linear triangles. The objective here has been to determine conditions under which locking-
free behaviour is achieved for the transversely isotropic case. The volumetric locking-free behaviour of the
isotropic case is also evident for the transversely isotropic model. A complete analysis is carried out: the
dependence of an error bound on the parameter characterizing high anisotropy suggests locking behaviour,

which is indeed observed numerically with the use of standard IP approaches. Under-integration of the edge
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terms removes this dependence, and computational results for a range of measures of anisotropy and of fibre

directions illustrate the locking-free behaviour.

The work presented here has advanced understanding of the mathematical models of transversely isotropic
bodies. The extension to the use of a variable fibre direction would bring various challenges, theoretically
and numerically. Furthermore, application to other forms of anisotropy, for example to two families of fibres
or to orthotropic materials, and extension to the three-dimensional case would also be of high interest,

particularly from the computational perspective.

It would be useful to extend the analyses using various formulations. Analyses of the mixed Q; — Py
(displacement-tension) formulation would complete the numerical approach proposed in Chapter 3. Further
investigation on the transversely isotropic problems with other type of mixed formulations, and extension
of the DG analyses using lower-order quadrilateral elements would be welcome extension. This work is also
intended to be used in exploring theoretically and computationally the large-strain deformation. It is seen
in the numerical chapters that the use of P»- and Q2- elements might suggest existence of locking in the

inextensible limit. Further analytical investigations are required to confirm this.

An a priori estimate analogous to that of Brenner & Sung [8] for the isotropic case was assumed with the

DG formulations. The extension to the transversely isotropic case is an open problem.

Finally, when there has been much work on the large-displacement problem, the results in this work present
questions that should be posed for large-displacement problems for example, conditions for locking-free

behaviour in both displacement-based and mixed formulations.



Appendix A. Closed-form solution for the

beam problem

For the beam problem described in Section 4.3, let the exact solution be of the following form

u(z,y) = A+ Bz + Cy+ Dxy+ Ex® + Fy?,

v(z,y) = G+ Ha+ Iy+ Joy + Ko + Ly?.

Recall that the boundary conditions are

where

h2
9(y) = *%Sm (y2 - 4> ;

and the linearly varying load f with maximum value f is

~ 2f
fly) = _?Zﬁ
Let us first give the expression of each component of the compliance tensor in terms of the components of

the elasticity tensor. In Voigt notation, when the fibre direction is aligned with one the axes, we have

Cin G2 Ci3 0 0

Ciz C2 Co3 O 0

Ciz Cy3 C33 0 O
0 0 0 Cy4 O
0 0 0 0 GCss
0 0 0 0 0 Ces

o O O o O
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Therefore, since S = C~!

1 1 1
S11 = —(Ca2C33 — C3,), Sa2 = —(C11C33 — C2,), Sy = —,
11 |(C\( 22033 33) 22 |(C|( 11L33 13) “ =
S —i((C(C — C15Cs3) S —L(C(C — C11Cs3) S -1
12 C] 13023 12L33), 23 C] 13C12 11C23), 55 = Con’
S —i((C(C — C135Cy2) S —L(C(C - C%,) See = 1
13 C] 12C23 13C22), 33 C] 1G22 12)s 66 = Co”
(A1)
with
|C| = C11(C32C33 — C33) — C12(C12C33 — C13Ca3) + C13(C12Ca3 — C13Ca2).
From the boundary conditions, we have
h2
u(0,y) = A+ Cy + Fy? = _£S31 (y2 - 4> :
By identification, we obtain
A= f4hS31, (AZa)
C =0, (A.2b)
F= —%Sgl. (AQC)
We also have
h h?
g2+ L= =0. A.
v(0,-5)=G 5 + 1 0 (A.3)

The strains and stresses are obtained from

0
€ll(xay) = 87:; = B+Dy+2E.’B,
0
522(xay) = 87: = I+ Jz + 2Lya
1/0 1o} 1
ea(a,y) = 5 (62 + a;) = S[H+(D+2K)z+ (] +2F)y],
and

oij(x,y) = Cijrien + 2Cij12e12 + Cjjo0e22

= (Cijll(B + Dy + QEIE) + CijQQ(I + Jxr + 2Ly) + (Cijlg [H + (D + QK)I’ + (J + QF)y] .
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From the traction boundary conditions, we have

= C11(B + Dy + 2El) + Cio(I + Jl + 2Ly) 4+ Ci3[H + (D + 2K)l + (J + 2F)y| =
= C31(B+ Dy) + C3o(L +2Ly) + C33[H + (J + 2F)y] =0

= C31(B + Dy + 2El) + Csa(I + Jl + 2Ly) 4 Cs3[H + (D + 2K)l + (J + 2F)y| =
J+2F
(C21 2B — Dh+ 4Fx +2(CQQ I+ Jx—Lh +(C23 2H +2(D 4 2K)x —

o92(x,- J+2F

_ — — — S

(
(
(
= C31(2B — Dh + 4Ex) + 2Cgo(I + Jx — Lh) + Cy3[2H + 2(D + 2K)x —
(
(
(

Q
-
[\v]
—~
&
w\:* M\t NS M\m <

) ( ) [ ( )z — (
= C31(2B + Dh + 4Ex) + 2Cs5(I + Jx + Lh) + C33[2H + 2(D + 2K)z + (J + 2F
) ( ) [ ( )z — (
) ( ) [ ( )z + (

—_ — ~—  ~—

=C21(2B 4+ Dh + 4Ex) 4+ 2Cos(I + Jx + Lh) + Co3|2H + 2(D + 2K)x + (J + 2F

Q
[\v)
[\v}
=

The equilibrium equations are:
do1y Jo12

. _ | ox dy | _
dive = 9015 . D09y | = 0.
or dy
We have
60‘11
e 2C11 E + CyoJ + Cy3(D + 2K),
0
g; = C31D + 2Cs5 L + Ca3(J + 2F),
(90’12
e 2C31E + C32J + C33(D + 2K),
0
g;z = Cg1 D + 2Co L + Cos(J + 2F),
so that

2(CuE + ((Clg + (Cd?;)J + 2@13D + 2@13K + 2@32.[/ + 2@33F = 0,

2C31 E + 2Co3J + ((C:gg + (Czl)D + 2C33K + 2Cos L + 2Co3F = 0.

(A.11)
(A.12)
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By identification and combination of equations (A.3)-(A.12), we obtain the following system of 10 equations

with 9 unknowns:

4G —2Ih + Lh?* =0, (A.13a)
C11B + Cy3Dl + 2C1, El + Cy3H 4 Cyo] + CiaJ1 + 2C13K1 = 0, (A.13D)
C11D + Cy3J +2CoL = —% —2Cy3F, (A.13c)
C13B + C33H + Co3l = 0, (A.13d)
C13D + C33J + 2Co3L = —2Cq3F, (A.13e)
C33D + 2C13E + Co3J + 2C33K = 0, (A.13f)
CiaD + Co3J + 2Cg L = —2Cy3F, (A.13g)
C12B + CozH + Cyol =0, (A.13h)
Cg3D + 2C12E + CoaJ + 2C3K = 0, (A.13i)
Ci3D + 2Cy1 E + C1aJ + 2C13K = 0. (A.13))

We start with equations (A.13c), (A.13e), and (A.13g) to determine the value of D, J and L.

2
CiuD + Cy3J +2C12L = *Ff —2C3F,

Ci3D + C33J + 2Co3L = —2C43F,
C12D + Co3J + 2Co L = —2Co3F.

The last equation gives

1
J - - (*2((:23]*—' - ClgD - QCQQL) .
Cas

The system is then reduced to

Cas Cos h
<(C13 B C12C33> D42 <(C23 _ (C33<C22> L—0
Cos Cos
We then obtain
2
DZ—%SH, L——%Slg and J =

Next, we use equations (A.13f), (A.13i), and (A.13j) to determine the value of E and K. The system is

reduced to
2@13E + 2@33]( = —(C33D,

2((:12E + 2((:23.[( = ngD,
2C11E +2C3K = Cy3D,
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which gives

f

E= 0, and K = ESII.

Equations (A.13b), (A.13d), and (A.13h) are reduced to

C11B+ Cy3H 4+ C12I =0,
C13B + C33H + Co31 =0,

Ci2B + C23H + Cqol = 0.

Using the positive definiteness of C, the determinant of the system is strictly positive; thus
B=H=1=0.

Finally, with equation (A.13a), we obtain

fh

G= S12

We conclude that the exact solution of the beam problem stated in Section 4.3 is

2
u(l’,y) = _% <Sllxy + 1831 <y - Z)) ’
2
v(z,y) = —g (Szl (?J - Z) - S1151U2> .

The coefficients S;; in (A.14) are given below. For plane strain, the strain-stress relationship for a transversely

(A.14)

isotropic material, with fibre direction a = (g} ), is

€11 S11 Si12 Sy o11
€22 = | Si2 Sz So3 022 | >
2e12 Siz Sz Sa3 o012

where, from (A.1),

S11 = det cl (/\ + 2 + 2(7 + a)a3 + Ba3) (e + + Ba%a3) — ((a+7v)araz + 5a1a§)2}

Sip = det & [(@+ s + fatan) (o + aras + Barad) — (A +a+ fatad) (ue + 3 + padad)]

S13 = det cl <>‘ +a+ fajez)((a+aras + Balag) — ((a+y)araz + Balaz) (A + 2, + 2(y + @)a3 + 5a§)]
Soo = det(C (A +2u +2(7 + a)ai + Ba) (e + + Bala?) — ((a+y)aias + 5a§a2)2}

Sz = dei sl (A + a + Ba2ad) ((a + 7)aras + Balag) — (A2 + 2(y + a)a? + Bal) ((a+7)aras + 5a1a§>]
Saa = det(C [@ + 241 + 2(y + @)af + Bay) (A + 2p + 2(y + @)a3 + Baz) — (A + a + faia3) ]
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with

ﬁ =(A + 20 + 2(y + a)a? + Ba?) {()\ + 21 4 2(y + @)ad + Bad) (ue + % + BaZa2)
— ((a +7)aras + 5a1a§)2}
— (At a+ Baja3) [(A + o+ Bafa3) (u + % + Baia3)
~ ((a+7)araz + Balas) ((a +7)araz + farad) |
+ ((a+7)aras + Baias) [(A + a+ Baia3) ((a + y)araz + Bara3)

— ((a+7)araz + Bataz) (A + 2, +2(y + )aj + faf) |



Appendix B. Properties of the structural

tensor M

Let a € R? be a unit vector and set M = a ® a. For any second order tensor A, and any scalar C, the

following statements hold:

(i) MT = M? = M,

(i) tr M =1,

(i) M : I =1,

(iv) M: M =1,

(v) tr(AM) =tr (MA)=M : A,

(vij M: MA=M:AM =M : A,

(vii) MAM = (M : A)M,

(viii) [CMJ? < |CPIM|* = |C]?,

(i) [M: A2 < ?|AP,

(x) [AM[* < d|AJ?
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Proof. To prove (ix), we have

|M : 14|2 = (aia]—Aij) (akalAkl)
1 1
< <2Aij<a§ +a§>> (QAM@% +a12)>

S Z AijAkl ((l%. S l VA)
i,5,k,1

1
<3 Z (47 + A7)
i,5,k,1

d 2 2
=5 [ A+ >4k
i k.l
=d*) A
%]
- P|AP
To prove (x),

|AM|* = (AM);;(AM);;
= (Aiwaka;)(Auaway)

= A Ajara (since Z uf =1)

J

| =

IN
s

Mw

wAa(ai +af)

A Ay (af <1, VEk)

IN
DO =

Z(Alzk + A7)

(Z A+ Z A?z)
k 1
=d Z A?k

ik

— d|AJ?

x>
~

|



Appendix C. Useful bounds for the DG

formulation and analysis

Refer to Chapter 5 for relevant notation.

We have

oy / ds—QZ/ -ds. (C.1)

Qc€Th E€ON} Eel;

By definition of standard interpolant error estimate, we have:
|u — T .0 < CREI"™ |y 0. (C.2)

For v € [H*(Q)]? and ¢ € [£L23(Q.)]?, we have

[vllo,s < ChZ Y |[wllog. (C.3a)
v]lo,00. < C (h71/2||’UH052 + hl/2|v\1 Q. ) ; (C.3b)

Z 7” ||0E = Z Z |'U||0 BE» (C.3¢)
EcT;p Q€T E€OQLP

> hel{dHlee <C D helllf paiv (C.3d)
Eelip Qe€Th

Z ||{<l5}||0 E = Z Z |¢H0 E- (C.3e)
EGF«;D Qe €Th EcoQt iD
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