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1 Introduction 

1.1 Introduction 

Let's st art by defining '"Local Gravit ational :\Iicrolensing" (LG:\I). It is a rel­

atively new field of Astronomy, related to Gravitatiomd Lensing (GL) lmt with <I 

distinct literature and area of interest. Although the theory of Grm'it<,tiowll LClls­

ing has been understood since at least 1936 H], obs('rYations ollh' l)('u)llH' ]lossi hIe 

by the 1990s as the challenge posed to observers c011ld (mh' lw met by the ar!wllt 

of modem computillg power alld digital illstnullcllts such as tIl(' CCD chip. Al­

t hough pioneering observational groups overcame the original technical dl<dlengcs 

([5]. [6]. [7]). they were soon faced with the extrC1ordilwril~' tilllc-C'onSllltlillg tnsk of 

interpreting r-1icrolensing light curves. As of this \\Titing. LG:\I observatiolls arc 

poised to enter a new era of abundant observations (see e.g. [8]) ,,'hile tlH' cOIll]luta­

tional and t hCOl'ctical intcrpretatioll of those observat ions is st ill i\ t illH'-UlllSllltlillg. 

labour-intensi\'e task. 

The cxpollcntial increasc in computing powcr sillce t he 19~()s [9] t hat allo\\'(~cl ['m 

analysis of data intensive observations, also SH\\' the re-emerge11cc of Hll(,()l1YClltiowd 

numerical techniques that are now known by umbrella terms such ns "Evolutioll<H\' 

Computation" and "Data f'.vIining" (which has been referred to (lS "statistics plus 

markE'ting"). iv1arketing or not, tllPse tE'clmiqlles promised ~(,ll('l'alit~,. ('ilS(' of illl­

plclllcutation and power and the urge tu apply thclll tu c\lwlysis ()f LG:\I aualysis 

proved irresistible. 

This work originated from both the real 11eed in thE' LG:\I COlllrtl1111il\' to llll­

prove or speed up the interpretation of obsE'rnttio11nl (bt(-, as well as tu explore the 

applicability of primarily data mining methods to the field. 

1.2 Background 

BeforE' the aims of this project arc laid out in detail. the next Section (1.2) 

describes thc relevant theory of Gravitational Lcnsiug and the ('HlT('ut S\clle' uf affairs 

iu the field. 
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1.2.1 Gravitational Lensing 

Gravity and Light 

Accoruing tu General Relativity [10]. any lttassivc buuy should disl urI 1 he pal II 

taken by a ray of light. Although never observed in everyclav life. 1 he scale of 1WISS 

anel distance required for this effect to be obselTa hIe are C0111mOll in ilstnmOJl1\'. r\ 

natural consequence of the "bending" of light by massive bodies \vas to predict 11mt 

stars could affect light from background objects in this wav. Einstein made this 

predicl ion in HJ30 H]. 

Einstein was not optimistic about this effect ever being obsern:d. l)1\t t he first 

ubsc1Tatiun of a silllilar gravitational lcnsing cft'cd was lllaue by \ Valsh, Cms\\'(~ll 

and \\'eY111o.nn [11] in 1979. In this case the lens was a foreground galax\' and the 

background source of light was a quasar. The obsen'ation of such lensing phellOlll('WI 

grew into the field of Gra\'itational Lensing during the 1980s and yielded a wealt h 

of literature on the subject. 

Photometry of lensed sources reveal short deviations in fiux 011 a lime scale of 

)'ears (e.g. [12]), believed to be dlle to individmd sllb-so]ar-n)()ss b()dies in the Jells 

galaxy aligning precisely with the background source and so fort ui 1 ousl~' leading (() 

additional amplification while the alignment lasts. This phenomenon was dubbed 

"J\Iicrolensillg" because the angular radius of a single star's lensing infillellce \V,IS of 

the order of a micro arc second. See 2.1.1 for a definition of this size. 

Galactic Microlensing as opposed to lensing 

The furlll uf Gravitational Lensing, predicted by Einstein was 10 tdke pla('(' Oil it 

completely different distance and mass scale: both the bHckgrmmci source of light 

and the lensing body would be stars or SlllClll systems of stHrs in our gHIHXY. It was 

thought that lensing on this scale would be impossible to detect. as an obseryer 

\mule! have to monitor millions of background stars around the dock \"it h great 

precision to detect just one such an cvcnt when a foregrouud dnd backgroulld st (\)' 

lwppen to line up precisely enough with the observer for ie) lensillg effect to 0('('111. 
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Astronomical technology advanced dralllaticaJly \vit h t he advent of accessible COIll­

puter l)(l\,,-er ane! Paczynski [13] suggested that the tillle had ('()] I l(' for det(,(·t illg 

gravitational lensing in our own Galaxy (or in the Halo. at least), with st.,\rs cHting 

as the sources of light to be lensed. The "local" galactic scale involved here (as op­

posed to t he cosmic scale lensing discussed in l. 2.1 meant t hilt HCt lwl iUlC1ges of t I\(' 

background star could typically not be resolved. onl~' their combined flux awl hellc(' 

the magnification caused by the lens. Paczynski's predictioll lee! to the f0l'111nti()ll 

of sew'l'al observational grollps dedicated to the ddection of galact jc lellsing ('V<'llt s 

(notHuly l\IACHO [5], OGLE [6] and EROS [7]). TIl(; S\ll"vey gruups \n'n~ spect ,(('­

Hladv successful and the first joint detection of a lensing ('vent Oil the "C,d,\ct jc". 

'·local". scale was announced jointly by the MACHO and EROS collnhmatiolls ill 

1993 [1-1] and [15]. A new term was coined for this type of lellsing: Gravitatiollal 

.\licrolensing (GNI). To make a distinction het\n'l'n this kind of lellsillf!,. \\'l!(']'(' bolll 

the source and lens are in or near our own galaxy and arc of roughly stellar lll,lSS. 

and the type of :vIicrolensing that is seen ",hen the constituents of a galilxy t IHit js 

acting as a single lens cause perturbations, we will Hse t he term Local Cravit a tioll,d 

l\licrolensing (LGl\I) to describe the local galactic events. 

Apart from confirming predictions that LG;\I could be observed. the S1\l'WY ex­

pcriments had some grandiose scientific goals for this brand lH'\Y brallch of nstroll()llIY 

and the new possibilities it presented. Arguably the lllost imjlort allt goal was t () 

determine the heretofore unknown constituents of dark matter. S1ll'Yey groujl ]'('sult:-: 

prcsented strong cvidcncc [IG] t.hat. the majority of this "missing lW)SS" WilS llo1 to 

be found in the form of brown dwarfs or other ;"Iassiw Compact Halo Object s (:\ IA­

CHOs). LG:\1 has also yielded results in Calactic Structure, Stellm AtlllosplH'),('s. 

Variable Star Surveys and of course exo-planet research (e.g. [17. 18. H). 20]). 

By :2000, lllUl'C than 100 cvcnts had lJcen detected. placing L8:\1 Linllly 011 t ht' 

scientific lllap as an observable phenomenoll. 
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Binaries and planets 

.\Iicrolensing events where the lens is a binary st(lr s)!stern were pssenti,dly llois(' 

to the dark matter experiments but these types of ('Ycnts hold the promise of yieldillg 

detections in an entirely different field of astronom)'. nClmeh' the search for ('xtnl­

solar planets. In 1001, SOOll after suggesting the f('asihility of d!'t('ding L(;.\1 ('WlltS . 

.\1(10 &= Paczynski [21] drew attention to the possibility of det ect ing the preSCIlC(' of 

(In extra-solar planet during LGM events. They pointed out thnt the magnificc,tioll 

caused by a binary lens can differ markedly from that of a single lens so that ('\,('11 il 

secondary of yery small mass compared with the primary lens call be detcctcd if the 

magnification is monitorcd closely over time. Detection of th(' small s('co11datT 1('IlS 

in a binary is subject to yarious geometrical factors. including the projected orbited 

radius around its parent star, its mass ratio, the exact alignnlPnt of the source. lCllS 

ane! obseryer, etc. Nonetheless, l\Iao & Paczynski estimated that a planet wughly 

the size of Jupiter would stand a 5-10 per cent chance of being detected if its parc]}t 

star \\'ere acting as a lens in an LGM scenario. Even nenrh\' platwts ar(' ('xtn'Ill(~h' 

hard to detect by optical methods clue to the overwhelming brightness of their parcnt 

stars, but LGM relies on gravitational detection only and prollliscs cletl'ct ions Ht 

distances comparable to that of the Galactic Bulge. making it a potentially dfectiw 

alternati\'e to other planet detection techniques. 

Figures 1 and 2 sho\\' some theoretical binary LG'\1 light curvcs. Cencrnlly 

speaking. the smaller the planet. the smaller the disturbnnce to the norlllal single 

lens light cun'e, although the shape of the curve is highl~' dependent 011 g('Oluctry 

(i .c .. projected dist ance between primary and secondary, angle of transi tiOll of thc 

sourcc, and the proximity of the transition path to ('itlwr of th(' t\\.() l(,l1S(,S). 

It is not kno\\'n \vhat proportion of lenses nre single, binaries ur even lllultiple 

systems. As shown in [22], a system with one star and se\'cral planet an' bodies 

can be approximated fairly well by assuming that the effect of each planet on the 

light curve is independent of the others. Thus \ve cCln approxilllat (' (\ nllllt i-plc\lwt 

system by considering each planet \vit h the star HS H sepHrHte binHr\' S~·stl'lll. The 
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Simulaled binary lens curve no 1 
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Figure 1: Examples of binary LGYI light curves with large lllass ratio lenses. These 
C'vents all have lllass ratios (q) larger than 0.2 and projC'ctC'd orbital separation (0) to 
place them ,,"it hin the lensing zone. Although the crossing c1llgle (e) \\"as ChOCiCll t () 

product' a dramatic curve, the impact parameter (b) is actualh- qllite low (b = OSO()S 
for all). The unit of b is Einstein angular radius. which will be defined and discussed 
later ill the thesis. 
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Simulated binary lens curve no 1 
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Figure 2: Exalllples of slllall lllass ratio biuary LG.t\I light curves. These ('Vl'uts all 
have q ::; 0.08 and were chosen with specific geometry to produce light ('mn~s wit h 
L1rge distortions. 
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first practkally \lnCOlltw'~r"jf,J udt'(;l,ion of a plane! hy LG/>.1 WWi H'(;'CIllh- HlJd" 

by fjonu et a.1 (2004) [2[. l'nO[ to lui , landmurk thl' ouly Ca[lflJr]l\1(" W{'r<' ["irl,1 

(flIlTr()'~roJaI, ,nth ,10 12JJ "hid! ('onld h" ill~('rl'r"I , ( 'd "" "it.he, a pland or]nlmg ,. 

binary ,I >I.r or a hi~]wI-l!laHh-ml io bill","Y wll h rot,ot,lOll cfkct" 12 I ~onw 'pcctfl.<'lIiar 

binary kll" d~l{'(;I.jOll" hdW yielded mterl-stilli\ rr;;nlt" ill a variN,y of lipid, 'Iwh ~, 

1251 ond 12~1 Fii\nre" ~l and -1 8hm\' twn impr('S.<iw r~ai binary light Cm",,, from lhl' 
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Past Local Galactic Microlensing observations 

The initiHI l\Iicrolensing observations could be broa(Il~T crltcgorizcd illto "Slll'\'('VS" 

and "follow-up" (see e.g. [27] for a review of obseryations and results during this 

period). Survey groups generally observed millions of stars in dense ficlds sucll as 

the Galactic Bulge. nearby globular dusters ur the 1.\IC awl S.\IC and ('\'('ll l\131 

using wicle-field telescopes. The main purpose \\'as detection of as lllallY ('ycut s 

c1S possible, not detailed (high-frequency, low-noise) obsen'atiolls. Tvpical smwy 

group sampling rates were 1 or 2 points per en'nt ]leI' night. Follow-up groups did 

not in general detect any new events, but obserwd cn:nts that werc c1ctcct('d 1)\· 

the survey groups, at higher frequency and with l()\\'(~r noise, thallks to the gn'rltcr 

amount of time spent on each event. They were totally dependent Oil the S1llT(,\' 

groups to provide the astronomica.! connlluuity with timely alerts on detectioll of ;-l11 

ewnt in progress. Thanks to the cooperation of the Sllrve~' groups. follow-up groups 

obtained some impressive results. although the uncontroversial detectioll of an ('xt l'Cl­

solar planet W"lS not among them during the first round of expcrinll'llt s. D('spit (' 

the negative result. PLA::\ET was able to put some constraints Oll th(' (~xist(,Il('(' of 

planets around lenses in their detection rnnge [3]. 

Future LGM observations 

The initial experiments above not only proved that LG'\I was a viable He\\' ohsc1'­

\'ationHI field but also obtained important results. Sen'ntl Ul'\Y experiml'nts which 

can be described as "secolld phase" are plallned or already under \\'ay (such as [281. 

) building on the success and lessons of the first phase and SOllle of t h('se a1'C l'('­

vicw(:d in [29]. Plans for the Illedium-term future of ~Ii('rol('nsillg hnllH'ntly inYolv(' 

space-based missions (e.g. [30], [31], [32]). 

Modelling and Interpretation 

Past LG J\I experiments yielded a great Illany obscrHxl light CutT('S and ,\ good 

p1'Op01't ion of these differed from the "vanilla" single lens light ('\ll'\'cs ddincd 1)\· 

Paczynski [13]. PLANET, the follow-up collaboration of \yhich the ,\\It hot \\'r1S r\ 
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member between 1997 and 2000, ob~erved more than 120 CUlTC~ of \yhich 11 p('r 

cent were clearly anomalous by eye [3]. The bottleneck to obtaining scicntific l"('­

suits from LG~l obse:rvRtiolls is due: as llluch to tl1<' difficulty of interpn'tillg tl)(' 

curves a~ to observing thelll. Although the simple single lens ("urn's are rclRtivcly 

easy to model and to extract the relevant lens information from. interpretcltion of 

anomalous e\"ents requires a lot of effort. Difficulties with extrRcting illfonnn t iOll 

and attempts to overcome them form a major part of this thesis as \\"('ll as the \\'()rk 

of the observational groups. The: difficulty arises because evel1 the simple situation 

\';here a binary system is acting as the lCllS leacb to (l huge w\ri(~t\" in t IH'()n~t intl!y 

possible light curves. In addition, although the mat henlCltics of a binar)" 1('lls SC('­

nario is simple cnough to express in a few short equations, lllunerical cOlllputatioll 

is required to calculate the magnification caused by the lens. Faster methods ()f 

calculating Rmplification were devdope:d by AS(l(b in 2()()2 [33] butt he solu lion rc­

mains numerical. This computation time rules out the use of simple met hods that 

rely on approximations or the brute force of powerful computers and lllodellcrs ilrc 

required to come up \vith interactive and ingenious procedures to finc! solutions to 

each ~pecific curw. Section 3.2 describes in greater detail the difficultic::; in fittillg 

LG~d cmws. 

At present each observational group is applying t heir own set of met huds, () 1-

though successful attempts are obviously shared with the cOlllmunity. For exmnplc, 

PLANET successfully applied a staged method to at least t hrce cwnts ([25]. [3], [1]) 

but it is only applicable to certain types of events and took of the order ()f JllOllt hs 

to apply to some events. ?-.Iultiple: solution sds exist for caeh obscnnl light cmV('. 

necessitating data that are excellent both in quality and quantity in order to l~xdudc 

all but one of these possible solutions. The problem is disc\lssed fmther in Sectioll 

3.3.4 bela\\". 

Ambiguity IS one of the hardest problems to ~olye wlwn intcrpreting a light 

curve, and the resolution thereof was one of the dri\'ing factors in the establishment 

of follow-up observational groups. The problem is one of fundamental geometry 

1() 
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because very different lensing system geometries um produce yery silllilar (1ll'\'es. 

A curye ,yithout sufficient data to distinguish between multiple possibilities is of 

less benefit. Up to 2002, tlw survey groups did not in general hay(' ('llough drILl 

points in their light curves. necessitating a higher frequcncy of ohserv,d i()1J that 

was only attainable by follow-up observations. The '\IACHO-97-BLG-·n (,Wllt \\'C1S 

a good example of ambiguity of interpretation. The light Cllrye had Hll()1Wtlous 

features ascribed to a rotating binary by PLA:;\ET [2-l] anel a stat ic triple svstelll 

hy the ;\lPS collahoration [23]. Both groups had independent. high-quality dat a 

cO\'ering diH"erent parts of the light curve. .\Iudellen; with diH'crcllt cIat (\ S(:t Ci ("(Ill 

yerify or exclude each others' models. hut no one can gllanllltce t lwt t he\' h,1\'(' (he 

best solution, as parameter space is too large to search exhaustiwl\-. The lllctho(b 

introduced in this project do not soh'e these problems but attempt to provide all 

alt('rnative to r1!rrent LGT,I fitting tedmiq1H;s which could facilitate lrlod<'l('l's. 

Recent developments in LGM modelling 

The modelling of LG;\I events, and anomalous ones in part icular. has ,ldvanced 

since 2U()() at which time the state of the art \"as prubabh' t he del ailed ,uwlysiCi 

of EROS-BLG-2000-5 [1]. Advancement is crucial if Ul()(!cllers cue to llleet the re­

quirements of ambitions detection missions such ciS the .\ Iicrolcnsing PLlIl('t Fi Jl( [('I' 

[32], as there \vill be an enormous number of good candidates to model' Yct, 1ll()c;t 

binarv lens light r1!rve fitting and f'xclusion anal~Tsis is still hased OIl grid methods 

(c .g. [3-1 L [JG]). The:-;e methods step through the lllodel panllllet ('l' space gC11<'1'­

ating model curves at each grid point to compare with an obscrwd eycnt. If the 

grid is fine enough, the results are reliable but the computation tiUlp to pel'f()1'1ll rl 

near-exhaustive search i:-; often crippling. Dominik sumlllarizes and f111thc1' dev('lops 

the approach taken in [1] in [36], where the dimensionality of the binary light CU1\'(' 

fitting problelll i:-; reduced by first performing a fit tu :-;pccific rcgiOllCi ()f the cm\'('. 

Asada [33] took a large step towards decreasing fitting timc for biwuT lellS (,Wilt s ill 
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2002 by reformulating an equation at the heart of point -mass :-Iicrolcnsing lllet hod­

ology. This equation relates the position of the light source to the illlag(; ]>osi t iOllS 

for a given lens gcomctr~r and is a prer<'C(11isitc for calculating amplificatioll. f3do]'(' 

t hat paper, t he best formulation in use was a 5th-degree complex polvnUlllial which 

translates into two coupled 5th-degree real polynomials. :-I01'e abo11t this fmllluL1-

tion in 2.2.4. Asada [37] and Asada. Kasai and Kasai [38] then proceeded to 11:-:(' 

t heir new formulation to derive an analytical expression for the ca 11s(ic clIrve's of a 

hinary lens systelll. in itself another great advance. illllllediately applicabl(' to. fo)' 

example, planet det ection studies that. 11se caustic-crossing as t hei)' del c('( ion ('1'i­

terion. A good example of single-lens finite source fitting is given in [39] fOl' the 

observation of OGLE-2003-BLG-262, and Smith, Ivlao and Pacz~rnski HO] poillt out 

vet another ambiguity caused by the modelling of parallax in single lens light C\ll'WS. 

Finallv, the characteristics of binary lens light ClUT(:S in the \'icillitv of cusp caustics 

were definiti\'ely discussed by Gaudi and Peters in HI]. 

1.2.3 "Unconventional" Methods for Regression 

The terms "regression" or "curve-fitting", which will be used interchangeablv ill 

thc context of this project, refer to the process of extracting lllodel panllll('(,~rs from 

obseryations (although the problem is definecl clearly in 3.2). :-lethods \lsed ill this 

project incl\lde vario\ls forms of Data Mining algorithms, Artiflcial :\e1ll'al :\(,tworks 

anel Genetic Algorithms. So-called "conventional" methods as the terlll is \lsed here 

refers to algorithms that minimize ~X2 by performing a brute forcc grid sCHrch for 

the global minim\lm of the regression hyper-surface 01' by using local iuformatioll 

such as the ~ ,(2-gradient. A discussion of conventiollal ancll111com'clltiollalll]('t hods 

can he fO\lnd in Chapter 5. 

1.3 Thesis 

My thesis IS: 
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• UncOlwentional fitting techniques such as those m(m~ oftell Clppliccl ill t he field 

of Data I'dining or Artificial Illtelligellce research call be sllC'cessf11ll\' clllplowcl 

in the analysis of l\1icrol(;r}sing light (,1ll'\,('S, 

• These techniques are alternative and complcmelltary to \2-bdspd LG:\l pl}()­

tometric light curve fitting, 

• The 11se of these techniques provide a greater l('wl of autolllatioll to tl)(' light 

('urn~ fitting prucess than is attaillable with CUllvelltiOllHl tcdllliqll(,s. Cm­

rently, interpretation of observations by means of guided, C'om'cntiUlldl .6..\ 2_ 

minimisation is a burden on human modelers. 

• TI1P 11se of these techniques speeds 11p the fitting process. 

:\lost current fitting methods do not at first attempt to filld ,lll ex,lCj paralll('­

tel' set to model a given data set, nor attempt to fit the most complicated Ill()(kl. 

Instead. an iterative process is involved where certain parameters are detcrmined 

first by finrling an initi::tl model (e.g. [35]). Th(' primary ohjc('ti\'e of the 1llct hods 

explored in this thesis is to find these initial models much faster t hall what is C\ll­

rently the norm. If this stage could be speeded up. ,dl the specific object in'S set 

abm'e could be met. 

1.4 Overview 

Chapter 2 discusses current LGl\1 models. from the element an' fom parameter 

single lens model to the simple seven p::trameter hinar~' lells model and extellsions 

t u it. Section 2.2 discusscs the implelllcntatiun uf billary lells calcula t iUlls all( I t l}(:ir 

\'arious complications. The challenges facing modelers who attempt t() fit hillelrV lel1s 

e\'ents is explained in greater detail in Chapter 3. These include the nOll-lillcarity of 

LG:V1 binary lens e\'ents, model ambiguity, computatioll tilllc allCl the sllwll l'iHlillS 

of convergence of a typical fit. 

Chapter 4 illtroduces the cuncept uf dcrivillg amI select iug ligllt CUl'W feid mcs ilS 

an aide to fitting. Various features are discussed. calculated ,mel cVHhwtccl. Chapt er 
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:) is a short review of "conventional"' methods of 6. X2
- minilllisation and int rod \lees (\ 

common ground for comparison between these and the more ullconvcnticmallllet hods 

that follow in Chapter G, which discllssc;s and evaluates example-hased regression. 

This chapter forms the backbone of the cxplorat ion into fitting met hodologies. ('s­

pecially those based on data mining techniques. E\'aluation is based on silllulclted 

data \yhich is made more realistic by the introduction of silllulatecl noise. Chapter 

7 applies the best methods introduced in the preyious Chapter to actual LG:\I ob­

servatiollS ;:mel Section 8.1.S discusses the fut1ll'c: c:xtcllsic)]} of this llldhoC]()I()g\' to 

include extensions to the standard binary lens llludd. 
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2 Model 

The LG::\I scenario can be easily described by a fe\\- silllple equntions_ despit (' tIl(' 

extreme diversity of light curves that are t hcoreticallv obselTa ble based Oil (1 si III pIc 

point-lIlass binary lens morlc:l. Fctirly simple e([ucttions relate the relative positioIl of 

t he light source and t he lens, with respect to an obsen·pr. tot he image jlosi t iOlls and 

their magnification, although only some can be soh-ed analvticc,lly. The rcmnining 

equations have to solved by a variety of iterative. trial and enOL n1ll11erical tech­

niques. This Section describes the basic theory of LG\I while 2.2 C011('elltratcs on 

th(' df('ctiv(' solution of the equations pn'scllt(:d hen:. 

2.1 Theory of LGM 

2.1.1 Geometry 

Lens and source plane 

Figure 5 shows the basic LGr-.I scenario. A bright source III t he background is 

lensed by a TlHuisi,-e object between it and the obsCl"ver. Instead of obs('J"ving 111<' 

flux of the actual source, the observer llleasurcs the tot al flux froJll 011(' ()l" Jllort' 

lensed, distorted images of the source. Distorted images are not directly ohsclTahlc 

in the LGr-.l regime (with current technology) due to their SlllHl! Hngulnr S('pclrnt ion. 

v;hich is of the order of a milliarcsecond. Arguably the most import ant equation in 

LG\;I, Eq. 1, maps the position of the un-lensed source on the sky to the positiolls 

of its illlages (assullling a point-likc solll"cc). Figure G shm\·s S()lll(' ('Xillll pl(' illlag( 'S 

and the un-lensed position of the source on the sk\'. The shape. size and positioll ()f 

t he images vary significantly as the source position dlHngcs. 

The dcrivRtion of the equation that rclatcs source to image posit ion is hnc;cd 011 

silllple geOllletrical arguments and can be found ill l'.g. [13]. [-12]. III t he next Scct i011 

we introduce a convenient unit of distance that furt her simplifies it. 

In Local Gravitational Microlensillg, the typical distance 1whn'cll ohs(']"wr and 

source is of the order of 30000 light years, or roughly the distan("(' l)('t\\"('C11 \lS (\ltd 

t he centre of our galaxy. The lens call be Hllywhere ill this 1'(11112,(' \\-i t h ('X,1('t]y it,d f 
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- - ' --'-

ri~ure 5: G lm-itatiollal .'I liuolel"lll!~ t~e(}lJle l ly, LI '.1st ral ion 01 a billMj lpn, dpfi r.::-t­
in!'; light from " b~ckgWlllld som~l', l\[ult.iple il1l"~e,, me fol'nwzi (2 [or a sint~k lew, 
:.1 or 5 for a biwu-y Jell·d, 

l\ lud more import"nt thA" the l'X~n rlist.fLnre to the len" i8 its nli[,;lluwnt with 

t.he soure-<> " nrl obsprwr Frnm the oh8('rVl'r ', point of vi ,'w, t.he ic"" Jl('('rl, to he 

ttligllecl w11-h rhe WIHC~ ."-' t.1,><1 t.ll~\· HI-,' with i" n fE'''' ltlilli nl'c.'~(,Ol](I, of ""d , oth('1 

Oil (he sky, The prl'('i'1011 o[ dli '~IllJlPllt <1 ~lwnds on t Iw m"", 01 th~ len' ~nd di8t~ n{'(' 

to it and is of the ordel of 'Jlillial"""-"'onrl~ [01 [,Cl\1 ~v~nt,_ It is til i, strin,opll1 

requirement on "h!~IllJle nT I-Im t m"h.' dn I.C\ 1 eV~n1 " mre n~rllrr ~ncp t h"l- rc,qnir"" 

tb~ m(\nit.(\rin!~ or million, nl _,tar, tn rl~' , f'('l . .imt" Ipw rlmpn <'\I<'nt8_ This <'xutin!,; 

gL~)lllclri~,<.I requiremeut "lluw" UO T<J Us" "Ul lL~ "ppt(Jxlmlllion, tlJ~ t .,itl Jpli l\- til(' 

tbmly wJthout <1q~ld<1 ill t~ ih dc., ur,i.C). Fil.,t, tlw l ~n' Can he ~,,1hl "thin" Th" 

approximatioll require, "JeJhill!~ ,"-'eI1Mio whelc the SlZP of th~ l~n, I'rojp~tPd onto 

th~ Ob-;l'rYer-,-;()urce axi.-; i.-; nq~li,~iLle as cOlllp~rL' 1 with th~ ob."·rv'·r-,ourc~ d1 ,t ~nN' 

Thi" l'l,,!uiremenl is del..-Iy met l1l I.Gl\1. TllC :;cconel approxllu"linll is to C"DIlS1d~r 

I-h~ 1011- d.'" PUillt , or in t.h~ ca"'" 0[" j,in ~ r\' Ul llLllh iplp 1'·lL,ing '.Io t.r"" ~a('h 1,0<1\' 

i, ap l'roxilIMt wl "'" " 1'0i11t. , 
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Lensing Equation and Angular Einstein radius 

\Vp now introduce a ~eneml l<:nsin~ equation that dpscrilws the rcl(\tionship 

lwtween source position and image positions as projected onto a plane in Ihe sky 

peqwndicular to the observer's line of sight andlocClted at the lens. \"cllid fm sllWlJ 

deflection angles. The equation is at the heart of nH1.ll.V :\Iicrolensing c(\lculations as 

many obsen"able quantities can be derived from it. including the total aJnplifical ion 

of the source. 

The point mass lensing equation was first derived by Paczynski [13] awl Kayser 

ct al. [-12]. The vCl"sion of the equation presented here uses complex c()onlina\.cs. a 

methodology introduced by Bourassa and Kantowski [43] ane! applied to LGi-.1 by 

\\"itt [44]. The use of complex coordinates is a cnlculCltional conveniellce. introdw"C(1 

b)" Bourassa ane! Kantmvski "because it is almost alwa\"s easier to S11111 ow'r complex 

functions than their components." The real and imaginary parts of thp complex 

nUlllbers Illap directly to real x- and y-coordinates, respectively. in I he lellS pICll)(,. 

The relationship between tlw s()ur("(~'s positioll and the position ()f its inlilg('s in 

the LG:\1 scenario is given by the dimensionless, normalized Equal ion 1 

( 1 ) 

where m; is the lllass of lens i, ( is the source position, the 2; are t lw lens p()si t iOlls 

and z is the image position(s), all unitless. z is the complex conjugatp of z. The 

sum is over the total number of lenses and the total lens mass is llonllalizecl to 1. 

The normalization of Equation 1 requires the introduction of the "angnlar Eill-

stein Radius", an intuitive and convenient unit of angular radius applicable to LG:\I. 

gin~n ill Equation 2 

fh = 
4G J\I 

(2) 

where 
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1 1 1 
(3) 

D/ is the distance to the lens, Ds the distance to the source. (; is the Grnvitc,ti()wd 

Constant and JI is the mass of the lens. 

Apart from simplifying the formulae associated with LG.\I. the angular Einstein 

ntdius is uf fundamental iIllportance to g,ravitationallcllsillg, and has a clem phvsi(,t1 

interpretation: the image of a point source that is exactly aligned with a p()illt lells 

appears to the obseryer as a perfect ring nround the lens with em emguLu l'c,dills of 

one angular Einstein radius. This is seen by putting ( = 0 ill Eq. 1 for (\11 i = I 

(single) lens. eE appears m yarious formulas and sets the angular distance scal(' 

for LG'\l en~nts. For example, as a SOUl'{'C nears the pusition of the lens 011 til(' 

sky its images moye towards the Einstein ring. Images arE: n()nllall~' found ill the 

proximity of the angular Einstein Radius vvheneyer nOll-negligible Ipnsinp, is t aki Ilg 

place. Extended (finite) sources cause extended images and these elongate along the 

ring when significant lensing is taking place. Fig. () shows t his effect. 

Amplification 

The angular Einstein diallleter uf a typical LG~I cn~llt with a lllClSS of (J.3.H,,", is 

slightly less than Imilliarcseconcl. making the angular scctle of LG'\1 d!'c:c\s t ()() sllwll 

to be resolyed by current telescopes. Observers thus hHve to den I wi t h the o \'(')' ,d I 

effect of lensing by measuring the combined flux from all illlHges of the source. The 

S01ll'CP is amplified hec80use the combiIlf~d flux from the imap,es is grcater than tll{' 

flux frUlll dIl un-lensed source (again, sec Fig. (j for an illustration). One silllple 

method of calculating the amplification when dealing ",it h Cl finit e sourCr' is ill fcHt 

exactly this: one simply divides the total image flux by thc source fiux to r('\riev(' 

the total amplification. Images of a point source are point::; thclllscly('s awl do llot 

have an area to add up hut their amplification can be calculated efficiclltly by taking 

t he determinant of the Jacobian of the soun'(~ to 1111age t ransforlll(l t ion ill Eq. I. 

given by 
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(1 ) 

which is yalid for each image i. The total amplificatioll is the sum of Eq. 1 owr 

all imag('s. 

1 
(5) 

clet J i 

where .Virnagc8 is the total nUlllber of images, ill ut her words the tot (II lllllU1H'r of 

solutions to Eq. 1. 

Caustics and critical curves 

From Eq. 5 we sec that cletJi = 0 for any of the images implies infinite Ctlllplifi-

catioll of a giY(,ll SOlll·("(~. This unnatural predictioll is a r<~sult of t 11<' aSSll111pt iOll of a 

point source and is obviously not attained in nature. The geometry \\'here det Ji = () 

does indeed occur during lensing events and can lead to extremely high mllpliiicH-

tion, the exact height of which is determined by geometr~' and the size of the SOUlce. 

These cletJi = 0 regions are therefore of utmost importance durillg a Iensillg (,Wllt 

awl oftcn cOlllpletely dictate the structure of the light ('m\'('. \\'itt H-l] fonlllt!,tt ('S 

these regions as a parametric curve in the image plane b~' Equation 6, 

lnl 1112 

( Z 1 - 2")2 + (22 - 2") 2 
(G) 

with 

rP c [0,27f] (7) 

These regions are closed curves for any lensing system with more tblll 011(' ICllS. 

and a single point at the position of the lens in the case of a single lens. The (,111"\,(,S 

can be described as an implicit function of image position or source positioll. \\'hell 

described as a function of illlage positiun they arc called ··criticalcurvcs". The S,llllC 

curves translated to the source plane gives source positions \\'l1('re lllClgllificcltioIl is 
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infinite and are called "caustic curves 

curves can be achieved via Eq. 1. 

TnUlslation between critical and callstic 

The C<ll1stic Cllrve description 1S particll1arl~' llscfll1 ",hen analyzing t 11<' s11'1](,-

ture of feat llres in an LG IvI curve. Peaks correspund to callst ic crossings 01' lIcar 

approaches by the source to a caustic cun'e. Generally. one is more interested ill 

caustic curves than critical curves as caustics are more closely related to tIl(: observed 

light CUlTe, There is a wealth of literature available on caustics awl LC::-l emvc Hllal­

ysis based on callstic crossings. One: of the most sl1C'('cssfnl ('nrrcnt met hods of lif~hl 

cur\'{~ analysis relies on detennining the angles at \yhieh the SUlln'(' pat h illtersect s 

caustic curves as a starting point in determining the ut her LG::-l jlit],(lmeters [11. 

2.1.2 Single lens 

The simplest lensing geometry to analyze is that of it single lens. Single Iells 

s)'stems are the only ones where lens amplification can be expressed anah,t icalh' 

and calculated by simply substituting the source position into the equation f()]' Hlll­

plificatioll. Single l('ns (,V(~Ilts can he thought of as th(~ "defanlt" (,VCllt ill that ,Ill 

event is considered to be caused by a single lens (by the principle of Occcun's razor) 

unless prO\'ed otherwise. The majority of LG~\l ewnts me clnssifi('d as single' ([45]. 

[3]). 

Parameters 

Figure 7 is similar to 5 but includes the parameters nsed to clesnib(' sillgl(, alle! 

binar'\' lens geometrv in this document. Seyeral other Pclnlll1cteriz(( tiolls C'xist J)\\ t 

most arc CIUellit at iycly similar. One point of nute is t ha t lIlost ut her pmd.lllct cri­

zations differ from the one used in this thesis ill t heir point of origin ,me! Utl its ()f 

angular radius. In this piece the point of origin is always t akcn to be the posit i01l of 

the primary. III most others, the origin is placed at the centre of mHSS of the biw\l,\,. 

Similarly, the unit of angular distance used here is the angular Einstein radins of 

t he primary. nut the binary lens. 

b is the impact parameter of the source pelt h to t he primcU'~' lcns projcch'cl Oll 
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imagc planc 

lel1:-' plalll' 

" "pfIIlary 
observer 

Figure 7: Parameters of the simple binary model. band e fully describe t he lin(~m 
path of the source. q and a describe the secondary lens. :\ at in the diagram. Ie, 
tm and Ino, respectively the angular Einstein Radius crossing time, time of closest 
approach to the primary and un-lensed source magnitude, describe the translation 
and scaling of the light curve in a time-magnitude plane. 

parallax and binary lens rotation effects projected onto the sourcc' s lllOVClllent. 

for example. b no longer represents the impact parameter. but rather the distance 

between source and primary lens at the time when a linear path wOllld hmT had its 

closest approach. to is the time corresponding to the source being at point iJ, that is 

t he time whell till; source on a lincar path is closest to t he primary 1('lls if the some(' 

path is linear. te has the unit of Days and is also known as the angular Einstein 

Radius crossing time. It sets the time scale for the LG:\l event and is typic(llly 

bet\yeen 10 and 20 days. although events with much shorter awl larger time scales 

have been obsen'ed. mo is simply the un-lensed magnitude of the source. 

Siting the origin at the position of the primary, unlike the standard parameter 

system which sites it at the centre of mass of the binary lens. facilitates ewnt COYll-

parisUll except ill the case of close binaries, where a bet t cr point -lens approxilllat iou 

is obtainC'd by placing the origin at the centre of mass of the bin<UT. COIll[JcH'ing 
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binary lenses to single lens systems for low mass ratio systems IS caSH'!' if we site 

the origin at the position of the primary, as the origin remaills in the same position. 

In thl' standard cooroinatl' system the origin would \lIO\'('. which \lIeallS (1)(' illqlacl 

parameter b would have 10 change in order to align the ccntred p('ak of I h(' 1\\'0 

cun'es in time. 

The Single Lens Equation 

Substituting n = 1 into Eq. 1 yields Eq. 8, the "singlc lcns" equation. n = I is 

the only case where an analytical solution for the image positions UUl he obtailled 

from the source position. The equation is second order in z and always yields I\\'{) 

physical illlage positions for every source position. 

1 
(==z-~ (8) 

To obtain the total amplificatioll, we replace the t'H) image pusitions ill Eq. S 

yielding the simple single lens amplification equatioll, 

TI1P caustic C1UVC in the single lens case consists of a single poinl at the lells posi-

tion. while the cOlTespomling critical curye is the Einstein ring. FlOlll the discussioll 

in Section 2.1.3 \ve expect the image positions to apprm.c:h the criticc.1 Cllrvc(s) as 

t he source position approaches the caustics. 1\ Muralh' this (\lso holds (me for Ihe 

single lens case, so that the image positions approach the Einstein !'ing ('Y('r Illon' 

closely as the source approaches the lens position. If the source em'prs I he ICllS P()-

sit ion complct ely, it illlplies that the illlages lllUSt coyer the ni I i('al ('llrWS (ll]([ forlll 

a continuolls ring coinciding with the Einstein ring. 
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2.1.3 Binary lens 

Binary lenses take centre stage in this thesis. The binary lens Systelll is ollh' () 

slllall physical step mvay from the single lens system in that the leusing S\'stClll COll­

stitutes two mClssive ob.iects in relative proximity (\\'ithin roughh' 1 () Eillst ('ill l'C)(jii 

of the primary body away from each other). If the hvo bodies are {'m(ller c;cpnr'\lcd. 

t hey can generally be cousidered as two independent single lenses. IIu\\'eH'l'. the 

introduction of the second body presents a step up in the cOlnplexit~, of amplitude 

calculations and especially modelling and fitting light cur\'CS. Binar\' lells fOl'lnalism 

is of great importance to LG?d theory as binary lens systems are used ac; an flPpl'OX­

imatiun fur planetary systems. It is cummunly aSSUllH~d that a plallP( (\l'~' Systelll is 

well described by considering each of its planets in turn with the central stell' (lS HIl 

independent binary system. This can be shown to be a reasou(lble nssUlllptioll ill 

the majority of cases but is in\'estigated in [22]. The great majOl'it\, of literature 

on planet detection by LG'\I uses binary lens systems as the model for plHlwtnrv 

systems. Billaries arc also im]lOl'tallt clue to the spectacular light ('U1'\'('S oIJsc['wd 

cluring caustic-crossing LG TvI events found \\'ith higher mass rat io binnries. If the 

first caustic crossing is well observed, it is sometimes possible to predict subsequent 

crossings leading to high quality data and frequent sampling of the C'lOc;siugs. Thec;C' 

highl\' detailed binClry light curves have been used to do sOllle 1l00'cl steilii!' atlllo­

::;phcre \\'01'k (c.g. [l~]) as \vell as allmving more lens illi'ul'lllaticJll tu lw ('xtntctc'cl 

from the event than is possible with a single lells. ~Iore ll('\\' origiual results h()\'c' 

been produced thanks to this extra information, e.g. [46]. Simpic bilHll'\' gcolllC'tn' 

leads to an unbelievably large nUIuber of theoretically possible light C\ll'WS nue! PWll 

smClll changes in the binary geometry can change a given light CllI,\,C c'olllplet el\-. 

Thi::; nOll-linear dependence of the light curve un the billCll'Y geOluct l'\' is discllssed 

in greater detail in Section 3.3.2. 
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Binary lens Parameters 

In this thesis we will adopt the Einstein radius of the primcu\' lens as tllc rlllglllm 

distance scale v:hen dealing with multiple lells systems. )\S Illcntiol1cd abov(' this 

is a conycntion and is FLdopt('d partly for its ('as(~ in comparing bil1ary S\'st('111S t() 

single lens systems. For the seune reason we put the origin of our ({XCS on t he sky ,ll 

the projectcd position of the primary lens. The secondary is placed un thc pusitive 

x-axis. There is no loss of generality by fixing the sc('(mdnrY's v-position. This 

geometry is illustrated in Fig. 7. 

\\'ith the above conventions, b rema.ins the impact parc:ullcter of the S()llrc(' pelt h 

to the primary lens, to is the time corresponding to the source at /3 alld fIlo is 

the un-lensed magnitude of the source star, and thu::; single len::; parameters relllain 

t hC' same. J\ddi tional binary parameters arC' r(,C]llired. U is the angl(' 1 )('t\\'(~ell t 1)(' 

positive x-axi::; and the impact parameter vector h. :\ute that 161 = h. 1/ IS the 

angular distance behveen the primary lens and the position of thc secolld,uy jcns as 

projected onto the sky. q is the mass ratio of the secolldmy to the prilllar\' lells. 

Binary lens equation 

Setting Tn1 = 1 and m2 = q in Eq. 1 and using only two lenses. \\'C have 

( 1 ()) 

wherc t he primary lens is at the origin and the secclllclcuT lCllS is OJl t he' posi five 

x-axis at distance n. The equation is agilin normali~pd and ll11itless. hllt ill tIl<' 

version presented here there is a slight departlllc hOlll the st Clndard l1()nmtli~(lti()ll: 

the masses do not sum to 1. This convention is introduced so thnt the mlllll'al 

unit of angular distance becomes the angular Einstein rndius of the prilllm'Y JellS 

mass. not the combined, binary lens mass. The aut hoI' f01lnd t his n()nllali~(\t iOll to 

be more convenient, \vith the side effect that direct comparison to angles used ill 

IllO!)t ot her l\licroiellsing work::; requirc (,Ull\'Crsioll b~' a fad or JT+I!. deri \'Cd 1>" 

COIn paring normalizations. 
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The amplification can no longer be written as an explicit function of sourcc 

position as was the case for single lenses. Instead the image positions Zi nccd to 

1)(' ntlculatcd first from Eq. 10 and then n~plclc('d into::i. Cnfortll1latch' Eq. 10 

cannot be solved analytically for the image position for a given source position. It 

yields either 3 or 5 solutions, corresponding to image positions. There rUe' n \"cHictv 

of \\"ays to solve this equation for the image positions to obtain amplificatioll and 

also a variety of \\'ays to calculate amplification without soh'ing it. .\Icthods itre 

discussed in Section 2.2. 

Caustics 

The ccnlstic curve for a single lens event consists of a single point at the origin, 

while t he critical curve is a perfect circle centred at the origin \vi t h radius 1 f) F. In 

stark contrast the caustics of binary lenses are complicated. jagged. closed ClllT('S. 

s()lIH'tinws merging into a singl(~ ('lll'V(~ awl sometimes divid('d illt() s('\Tnd dis.ioint 

curves. They do not in general coincide with the lens posit ions. As sho\\'l] n hoY(', 

"·itt has deriwd an elegant parametric description for thl' critical curn'S of ,\llY 

binary lens geometry, Eq. G. The binary lens equation 10 can then be used to lllap 

points on the critical curves to positions on the corresponding cau:-;tic cmyp. 

Figure 8 shows smne sample binary lens caustics and their corresponding critical 

curves. There is a variety of caustic curye morphologies (e.g. H 7]) and light (,lllTPS 

arc parametric curves acr()ss sH('h (,01llplint1cd causti(' 1',<'0111('t ri('s. h('lJ("(' ,l Im!',(' 

number of light curves types are allowed by the binary lcns model. SOlll(, prupcrtics 

uf binary caustic geometry are discussed in e.g. H8] alld [-19] and \W ,,'ill bricfh 

discuss general and asymptotic behaviour of LG'\I caustic curves. 

If the binnry is widely separated, the cri tical curves approach perfect rings around 

each lens of angular radius equal to the (ho of each lCllS i.e .. identical to two iwliyidual 

single lenses. As a decreases, the critical curves are deformed ulltil a point is l"e,1Chcd 

where the critical curves lllerge into a single curve. If \n~ let n ==} (J. the critical cur\"(: 

npproaches a perfect circle Rgain, centred at the projected centre of lllHSS ()f t 1](' tW() 
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lenses and with allgular radius equal to the (h; of a sillgle lens of the combillcd 

lllass. Schneider and \Veiss [50] (for the equal-mass case) and Erdl and Sdlllcider 

[Sl] (for the gcneral celse) pn:sented arlctlyticell derivations of the separation wlwJ"(' 

t he merging of critical curves occurs, as well as the corresponding nit ical em\'(' 

behm'iour . 

There is a COllventioll to separate binary events intu "stnmg lensing" biwu'\' light 

curves ,md :'weak lensing" binary events basecl on \yhct her t he source PCI t h nctuc,llv 

intersects a caustic curve or not. The distillction is useful due to the diHcrent 

conventional fitting techniques that apply to these two types of light curws. ('<lust ics 

are of central irnportmlcc to binary light curve analysis and planet detectioll t llCory. 

as all the lllajor features of a binary light curve arc generally a dircct result ()f the 

source's proximity to a caustic curve. 

Planet detection 

This Section aims to provide a brief review of the t hco1'\' uf detecting ext l'ii-soiar 

planets (ESP's) by LGld. There is a possibility of detecting a low lllass s(,(,(llldar:v 

lens in a binary lens system if the source path happens to (,l'OSS a caustic cur\'('. \dlieh 

wuuld cause an observable peak in the light curn~. Even planet ary lllass (lllass rat ius 

uf Cj < 0.(1) secondaries are theoreticc:dly detectable ill this WC1\' (e.g. [21]. [.32]. [S3]). 

The mass ratio ;'cutoff" of q < 0.01 is somewhat traditional and in fact not quite 

correct. A more realistic level is actually around q < 0.03 as that would correspond 

to a ten .Jupiter mass planet orbiting; a three; solar mass star. Caklllating; plilnl't 

dct eet ion probability is beyond the scupe of this thesis dnd is discllss('d mdy 1 nidh'. 

bllt as planetary LG1'vI light curves are just binary light curws where till' IllHSS 

rCltio is small, the techniques developed in this thesis to extract phy'siccd paU\lllcters 

from binary light curves should be relevant to planet detect ion t lwm)'. A planet my 

signature is expected to be a short time scale perturbation on an otherwise norllla] 

single lens light Cllrve. The alllplitude, shape awl d ma t iun uf t hc pert mba t i()n 

depends on the binary geometry and lllass rntio as \\'ell as the Wc\\' in which the 
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source path crosses a caustic curve. Planet detection utilizing LG)'1 has St~ell SOlllC 

remarkable recent results and successes. The first llllcontrm'('rsial detecti()n of ,\ 

planc:t by the OGLE and 1\10A collaborations o('clllTcd in 200:) [2]. A plallet of a 

remarkably Imv 5.5 Earth masses was detected during event OGLE 200.S-BLG-2DOLh 

[54]. 

If a lensing system does cont ain ct planet. I he probability of del C('1 ing i I is l1l()sl 

sensitiye to its projected orbital distance from its stelr. The most f<1yol\l'dblc sllch 

distance is between 0.618 (Je and 1.618 8E from the primal'\' lens. This distml('c hand 

is called the "lensing zone". a term coined b~; Bennett and Rhie in [S:3]. Plancts 

ill the lIletSS ratio range froIll unity down to q = lO<l stand (\ l'l'as(lllablc d)(ul('c uf 

being detected. The geometry of the lensing system del ermincs I he shape uf I he lighl 

C'un'e and hence the odds for distinguishing 1:1 planetary light curn' from a IlOl'lllCd 

single lens light curye through the parameter set (b. (). q. (J). Detection probability is 

critically and non-linearly dependent on these parameters. 

)'1any authors (e.g. [55], [52]) giYe detection pl'Obabilit\, as a f1lnction of pro­

jected orbital radius and mass ratio for a star with a single planet. This pl'Olmbilih' 

is generally accepted to be hetween 10 and 20 per cent fm a .Jupiler-lwlss 1<'llS ())'­

biting a star like our sun (q ~ 10-:1). I\ote that the term "detectiun probabilih'" is 

llsed loosely here, as it refers only to detecting e111 e1110111aly in all ot hcrwise nOllllrd 

single lens light curve assuming that the system consists of a primal'\' lens awl sC('­

onrieny lens and is undergoing em ohserved LGl\1 event. :VIost stwlies do not tak(' 

int 0 account the chances of detecting the c\'cnt in the firsl place m I he difIic1l1 I v 

of extracting pla.net parameters from such a perturbation. Parameter ('XlnlC'tiull ill 

the form of curve fitting proves to be extremely difficult and is fnlught "'ith cunbi­

guity. especially for an incomplete data set. 1\1ost of this thesis is dedi('ated to th(' 

extraction of these parameters from binary light curves. although thl' mass rati() to 

bc considered is in the range 0.1 < q < 1.0. putting it o1ltside of' the plandrll'\' rallge 

and into the range of larger binary perturbations. 
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2.2 Binary lens Calculations 

Binary LG:\1 light curves are of particular interest, as lllost pliUletan' S.\'stcllls 

can be approximated as binaries in the LG:\I context ([22] calculate a 1 to 1,~ ]leI' 

('cnt pro ba bili ty of lllul ti pIc planets inside the lcnsillg ZUllC for (l lllul t i pIc syst ('lll) 

and a lot of science information is potentially ayailable from bimtr.\' cm\'t's, The 

study and analysis of binary light curves requires em eHectiyc llleans to (,(llcul,ltC 

t hem. This Section discusses some met hods that arc ('urrent 1,\, in usc, makes sonl(' 

comparisons ami rnotiyates the use of the particular Hlet hods adopted for t hc rest 

uf this thesis. 

2.2.1 From lens position to source amplification 

LG""l photometry measures the total flux as a function of time through an ap{'r­

tme that contains the images of a background st ar t hat is being lensed by (1 fore­

ground object. The aperture also contains other "background" sources of light that 

dilute the amplification of the source star to some degree. The total flux as a func1i()]1 

of tillle forms a light curye. 

Section 2.1 introduced the equations governing a silllple :\Iicrolensing {'\'('nt and 

Figure 7 illustrated the seven parameters of the Simple Binan' Lens :'docl<:,1 (S13L:\ f). 

\\'{~ l'<'Ul]l in Table l. 

Source, lens and obseryer are in motion rclatiye to each other. making alllplifi­

ciltion 8. function of time. These dynamic effects me most easily dealt wit h if \H' 

consider a static lens and observer and project all lllU\'Clllcnt unto the SUllH'C pusi­

tion. By taking this approach we divide the calculation into el dnlr1lllic IlClrt t helt 

calculates the source position relative to the lens as a function of timC'. ,mel a bill(\\'V 

geollletry part that calculates the amplification of the source (1:-:; n runct ion of the 

lens system geometry. Geometrical parameters in the SBL:\l are a allel q. ,,'hile {y. (). 

Ie allel I III elcscri ue t he pat h of the source. The final paralllct cr III () is the l111-lcll:-;ed 

magnitude of the source. 
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Table 1: The seven simple binary model parameters (SBL'\l) 
:';ame Symbol Descnption 
Angular Einstem radius crossmg time t" 'I he tUlle It takes tor the sour("(, to 

Time of closest approach 

Un-l(,llsed llwgnitudc 

Angular impact parameter 

Crossing angle 

'\Iass ratio 

Orbital separation 

tm 

cross all allgular disL\ll('c of (J1l(' 

Einstcin radius 
The point ill time at which til(' 

lincar pat It of SO\ll"('(' is dosest t () 
the primmy. 

!lIO The 1lI1-kllS('d lllilgllit l1<1t' d til<' 

source star 
b The impact paralllct('r lwt\\Tt'll 

source path to the prilllm'Y l(,llS ill 
terIllS of allgular Eillstein riHlillci. 

e 01' "0 nq" The angle bet \\'c('n the illl paC't Pil-
in some di- rarnder alld th(' pociitiw x-axi:; 
agrams 
q 

() 

The ratio of the SeC()])(!clIY'::; Illil.";::; 

to that of til<' prilWll'\' 
The projected orbit al scpim1t i()t! 
lwt\\'(,(,ll the primmv and t 1)(' :;('c­

ondclrY in Einstein rndii 

2.2.2 Approaches to calculating amplification 

For any time t. \\'e first obtain the source position as a function of e. I. /J. I/(I (lnd 

I". An ext cnsion to this sim pic modd is to inc! udc a t cnest rial 0 1>:;c)'v(')" smut iOll 

by projecting it onto the source position, in which case we need to include folll' Ill'\\' 

parallax par81neters (1/), p, A and /3) in the calculat ion of the sourc(' pu:;it iOll rclat i V(' 

to the lens. This extension is discussed in Section 2.3.3. 

For a lincal' source movcmcnt model which neglects parallax dl'ccts. \\'(' ddillC 

, 1- t,n 
t =-­

I, 
(11 ) 

\\'here t is simply the observation time. The position of the SCHUTt' i:; subjcct ollk 

to scaled linear motion 

( = t' sin (e) + beos (e) + i (-[' cos (e) + /Jsin ((,i)) ( 1:2) 

where we are keeping for now with the description of source ]lu:;itiull ill the sb' 
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in the complex formulation. 

Binar~' rotation of the lenses could also be included into this equation but arc not 

considered in this thesis. In this simple linear model all mOYCllH'llt is contaillcd in 

Eq. 12 and t he lens binar\' gcometry remains static. Ind ueling lells biwllT rot at iun 

makes the secondary's position a function of time, leading to dynamic gClllllctr)'. 

\Ve now have source position as a function of time by combinillg Eqs. 1 nlld 

12. Unfortunately amplification cannot be explicit I)' expressed as a fUllctioll of 

source position for systems \vi th more than one lens. i\Iapping source posi tiOll t () 

alllplification presents the most chall(~nging part of the altlplificatioll (',dcuIat ion mid 

sc\'eral approaches exist. 

The first approach to cnlculating amplification is to obtain irnnge pusitiollS for ,) 

giyen source position and to calculate amplification from the image posit ions. This 

is a relatiYcly time-consuming numerical calculation. An alternatiyC' approach is to 

caJculatc source position from image position which is a yery efficient cak1lla! ion 

as source position is explicitly stated in terms of image positioll ,mel the lIludd 

parameters in Equatioll 1. The amplification contributed by ~) specific imnge positi()ll 

is also explicitly stated. The drawback is that the source position t hnt llwtciH'S il 

giwn image position is not necessarily the source position that \\'e are illt ('r(~st ('d 

in. This leads to a situation where many thousawl::; of image positiolls n('('d to 1)(' 

calculated first, before we can map image positions to an arbit ran' sourcc posit iOll. 

This method is described in the following Section 2.2.3. 

2.2.3 Solving for the source position from an image position 

The next Section describes one technique of calc\llating mnplificntiull by mapping 

from C1 grid of image positions to their corresponding SO\lrce positions. Equntion 10 

lllaps each image position z onto a single source position (. The key to this partic\llar 

technique is to realise that the amplification of a source is directly related to the 

ratio of the densities of sourcc point::; to their corrcsponding illlagc p(Jints. c.g. ([121. 

[56], [57]). If we create a uniform grid of image positions and t hell mC1 P ('dch t() t ll<'i r 
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011 the ri ght, the illl ap;~ f'O"itious h ",,~ b'~'ll llH'PIWd to l heir WlTl"'t>0uding SOJlTr~ 
positions_ The de""it" of Wur .. e p""ition.~ b dil'Pct.\y proport.lOmu t,o t.)J(' tUllplifim­
t)on, "'" .:an lw SCf'n from tlw COilll'idcn~e of l'all"tir r Une" onu ray-,hoot mnxinnllO 
tlensit.,-, 

nay_,ho<Jting is ,,;ddy \1 ,",,1 dnd " Irers ""me particHllir udv.mt«!\es "l1d <ii,,,,]­

v>j,ntagc'" Over othN lllA\horls, .-li sell,.;",l in the ncxt S,,,'t1OIl, 

[ t[\y-~hoot i ng 

One of Ill(' primary a(hautages of r«y_" hooting i8 t hat it ;,; ato pxtrPllld,- simple 

pl'O{~,,-j m'\ r<~lllirinb\ nO mOre l'ompuIMio!laJ hi, 'kery I han thaI of ~mln nl in,; R sim) k 

fn nct.ion l'Pp eJl.I ".-llv, Eq_ t _ Th"f(' i" an wldi (ionai f\j I ViU,l H.i-:-" nvpr snh-ing fnr imnl';P 

I-'{)bit i on~ fro'" a giWll SOl"'" I~>sit.ion_ [n tl", lntter l'"-"e, th~ C'I 'MlLon to ""-, 0<)1\',,1 

for image p()I\i\ion" gl'O,,"S prohihitively in colllplexity 'l.'< a.ddi tiollal lel"~l"; 'tIe ",Jdpu 

10 \Jw "ysl~"', Tn contrAAt, Iay-shomill;', um d",u with a Iar~{' lll lmher of lell""" (~_g_ 

the s.'-,t.·", _ Ray_shootin i'\ a",p lili"" t i()n Ulay ,ili;o b{' wkulat.'d to llla~h i n~ ,u , mo, ,'­

hy inn,,"';i,,!; th~ ,lenslty of inlage I"", iti"ns t() Lw mapped to ,o\ll , 't' po"it io'''' ' Thi" 

Rr{,lIfa"y ~ limik d by "tOnlb',c ' I'dce and dal" ,",~,,'h ~o"~tl'. ,illt" on th~ .. 'aklll~lillg 
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machine. These very requirements unfortunately greatly reduce the pract ical us(' of 

ray-shooting as a modelling technique in GM. A ray-shoot map can be constructed 

and H'usC'd for anv SOllrcc; path through a lC'nsing svstC'm. Imt a ucw 1l1clp !l('c'cls 

to lw constructed each time the secondary lells posit ion or mass rat io changes. 

These lllaps take a long time to calculate and consist of thousands of ddta p()ints. 

depending on the precision required. In addition to the calculation tilllc required. 

lllaps also require a large amount of storage space. A lllodeller at t pmpt illg t () V<ll'\, 

til<' binary paramdC'rs u and 11 for fitting it lllodd to data then faccs the choi('c of 

either het\'illg a large amount of pre-calculated lllet])S available, one f()J' t'eWh (1/.0) 

pair at some sampling frequency in q and 0, or to calculate H 11(,\\' IllH]) ('cH'h it('rHti(m 

if (q. 0) is allowed to vary continuously. There is another disad\'C1lltnge tu the ray­

shooting technique: to obtain the actual amplification of a source at a giY(,ll positioll. 

til<' d(;nsitv of SOllrcC' points nceds to he calculated. ThcrC' arC' r('lativdy efficiellt 

means of computing this density, such as convolving t he source's brightnC'ss profile 

'with that of the density map by means of a fHst Fomier transform. but this is elll 

additional computational burden. Simple ray-shooting was considered unsuitable for 

the fitting procedures in this project for the above reasons as \\'ell as the following 

considC'rations: 

• ~umber of points in the map required for small source size 11.s is V(,lY high if 

gooe! precision is required. 

• In this project I was primarily concerned with binaries. where the S()1ll,(,(' to 

image met hod is dI'C'ctive. 

• The ll111ubcr of ((J. a) lllaps n'C[uircd to fit a gellcral binarv light (lllY(' \\'ilS 

enormous, leading to huge storage space requirement s . .'\ ot e that ot her::; ha\'(' 

lived \"ith this restriction to produce good results. e.g. [3]. 
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2.2.4 Solving for image positions from the source position 

Obtaining the projected potiitionti of the images of it SOUlce on the sky le(\cl:; 

to a conceptually more direct route to oH'rall amplification than the rav-sllOotillg 

technique. Image positions are related to that of the source by Eq. 10. alld Eq. 

5 giYCs amplification ati a function of image pusi t iUllS. The C(,ll\ ral di1liclllt v is in 

mapping the source positions to image positions. Unfortunately. llUlllcricalllle\ hods 

have to be used as there is no general analytical solution to the It'n:-; eCjuHl iOll for 

systems with t\VO or more lenses. 1\lost numerical methods for root-finding progre:-;:-; 

from an initial guess to a given precitiion by iteration. if all goes \\"{~ll. There are fairly 

efficient mcthodti available in the literatme '""ith nlriolls strcngths awl \\'('akJl(~sses 

and this Section deals with selecting an appropriate method. The llwin criterion for 

sllccess is accuracy: amplification has to be correct to within at lee.st CJ.O()l llHlg ill 

order to be utied for fitting purposes, as the ohselTational noise 011 LC:"llight C'1ll"\'('S 

is of the order of 0.01 mag. Accuracy is also required due to tht' s('nsitivit~· of fil1('d 

model parameters to the light C\lrv(~. Ii ohllslncss is allot hel" nil (Tioll. 

The "best"' algorithm is then simply the fastest one that meets the abow criteri,\. 

Complex polynomial with Laguerre's method and deflation 

This method proved to be very elIect i ve in solving the binary lens ('qual iOll. 

Follmyillg [44], Eq. 10 is rewritten as Cl fifth degree complex polnlOlllinl imel tllC'll 

tiolved by any of a number of methods that apply speciallY to polnlOllliak The 

polynomial is obtained by multiplying the equation by its C'Olllplcx ('onjllgatc <Illd 

gat hering coefficients for powers of z, leading to 

where 

2 -(a, 

5 

L ;;iCi = 0 
i=() 

35 
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(:2 4((a - (C 0 2 - (- ((/ + aq - 2q( + ~(? 

_qa2
( + 2«(qa + q2a + «(0

3 
- 2(0 2 

- (CJ(J2. 

(0 - 20 2«( + qa2 
- 2(1( - 2CJ«( 

-2«( + aq( + (2(12 + 20«(2 - (n:l , 

- ----:2 -') ---: 2 -
q( + ( - « - 2uC + 2(0 + «a - ([(1. 

- -2 
-(l( + ( . 

(15) 

(Hi) 

(17) 

(ltl) 

( I ~)) 

Laguerre's method (e.g. [59], first applied to Eq. 13 in [GO]) is useful (\s it 

docs not require an accurate initial guess for the roots of the polnwmi(1l: it stmts 

iterations from t he origin and this turns out to be close enough for COllyergcllcc. The 

particular yersion of the algorithm used in this thesis (horn Press U,)9]) iltlplellH'llts 

polynomial defiation so that each root that is found is fact Ul'cd out of the p()IYllolllial 

in order to simplify the task of finding the remaining roots. Critically. dcfiC1tion also 

guarC1ntees that the roots found will be unique, 'which avoids the enormous problelll 

of conyerging repeatedly to the same root or failure to find multiple. closely-spaced 

roots. Laguerre can solye any polynomial. whether the coefficients are complex or 

nut. The met hud is actually fairly simple and a concisc dcsnipt ion can he found in 

[59]. 

In pract i('c t he routs fuund aftcr using defiatiun uften Hccd "pulishing" l)~' ((Ilotlier 

method as a small error is introduced into the remaining polynOlnirll ,\"I1('n each root 

is factored out in turn. Laguerre's method itself can be used for this. but ~C\\'t()Jl's 

method \Yorks well in this case because it corwerges quadraticall~' if a fairh' accmate 

starting point is already known. 

A complication of the polynomial method is that it al\\'a~'s yields five solutiolls. 

\\'lwrC'as the original binary lens equation has either three or five. depcnding on 

geollletry and sourcc positiun. That means that the pol~'llulllial lllet hod yields t \Y() 

spurious solutions under certain circmnstances. The simplest \\'<1\' to elillliwltc tlj(' 
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non-physical solutions is to test all polynomial roots in the original lens equat iOIl to 

see whether they are true solutions or merely solutions to the poh'llomial equation. 

Newton's Method 

:\ewton's method, a.k.a. Newton-Raphson C\J-R), is highly effectivc at fillding 

solutions to Eq. 10 when it has an initial gucss in close proxilllitv to the al"lmd 

solution. This is often the case when a snlClll change in the pclrmnctcrs hns 1)('('11 

made from the previous solution, such as a small increment of tillle ,Hlded to I. 

It has t he advantage that it can be applied direct Iy anel t hcrdore t he problem of 

spurious solutions presented by turning the binary lens equation into a polynomial is 

avoided. Unfortunately, the method is of little use bv itself when no accurate initial 

guesses for t he roots arc avaiL:\ ble, or when different roots are not widelv sepnra t('(1. 

in which case :\e\vton often converges to the same root from t\\'o different start in[2, 

positiolls. All is not lost as [59] (again) describes a variant of ;\'('\\'ton's m('\!tod 

that convergcs to a root from an initial guess that can he nmch further mVitV than 

the accurate starting points requircu by the original \'crsion. This lllak('s :\-H m~ll­

suiteu to calculating auditional points on a light Clll'\'C where imn[2,(' posit iOlls from 

t he previous time point arc available as initial guesses. If:\-R fails, the previolls 

points can be discarded and thc image positions founel bv the l'eJi<tble but sl()\wr 

Laguerrc's method instcCtd, Of course, the irml.gcs j)('IClllgillf!; tot lw SOlU"('(' at tIl(' 

first timc point of thc light curve still havc to be calclliated by a differcnt 1I)('t h()d 

such as Laguerre. 

Asada's Real Polynomial 

The method of choice for solving the binary lens Eq. 1() up to Hbout 2()()2 

appears to haye been the complex polynomial method described ahc)\'('. Asada 111(1<1(' 

a breakthrough in binmy lens modelling by rewriting the biliary lells ('cpmtion, i.C'. 

t he relation between source posi liOll aud image pusitious as a fund iOll of lcnsillg 

geometry, as a fifth-degree real polynomial with rectI coefficient s [33]. 
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In Asada's regime one solves for tan(¢i) as the (oots to a fifth-degree real pol\"-

nOlllial, \vhere Oi is the angle between the position of image i Hnd the positiyp x-Clxi:.;. 

wit h t h(' coordirmte origin on the po:.;ition of the prirnano

• 

Asada defines the relationship bet\veen sourcc anel image angles (3 and e a:.; 

( e e-£) 
(3 = e - VI 1 e 12 + V2 1 e _ £ 12 . (20 ) 

He defines 

(21 ) 

VI and V2 are the masses of the primary and secondary lenses, allel { i:.; thl' billelry 

separation vector. 

;'\ote that Asacla uses the Einstein radius of the total lllHS:'; of prlmary pIll:'; 

sccondary as his unit of angular radius, whereas this t hcsi:.; \1:';(':'; t he lila:.;:.; ()f t]l(' 

primary only. Also, lens masses VI and V'2 are normalized to the total mi1SS. III 

practice the unit difference requires a minor conversion from the units of this t he:.;i:.; 

to Asada 's, pre- and post-calculation of amplificatioll. 

Eqs. 22 and 23 show Asacla's polynomial for tan(cb) and its coefficicllt:.;: 

• 4 J . ~ (n5 tan" ¢ + (/4 tan ¢ + (f;j tan' G) + (/2 tme 0 

+ a 1 t an ¢ + CLu) tan ¢ = 0, (22) 

where, if we define the coordinates for the source, image and separation wctors 

as 

(3:r .!3y ) = (pcOSy,PSill Y ). We,By) = (rcosQ,1"Sino) anel (C.ry) 

spectively. with p, ,. and L 2': 0 we have 

00 

( r. 0), r('-

(23) 
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-2e:lr/'cs2 + C"p2S'2 

-v(5erics2 
- 4ep2S2). 

(12 -2p2CS - 4Cri( C 2S - 5':1) 

a:l 

+f2(4p2CS - 2p"CS) + 4("lc2 s - 2C"r/CS 

+v[f(2pS' + 8r}C2S - 2(}Sd) 

- lOe /CS' + 2£:l p,S']. 

p2 + C(2p:lC:l _ lOp:lCS2) 

+t2( -2r}C2 + 2ris,2 + p") - 2Cl p:lC + c"r/ 

+v [C( -2pC - 4p:lCl + GpY:SL) 

+ G(! p2C2 
- 2(l pC] 

+v2 [2. 

0.. -2p2CS + 8Cp3C2S - (2C±r/CS + 2p"CS') 

+4(1 p:1C2 S - 2e4 (lcs 

+v[C(2p8 - 4p:lC2 S' + p:lS<l) 

- 2e2 p2cs + 2(l pS]. 

as (lC2 
- 2CpY>l + e(2(?e2 + (/'C 2

) 

-2("(}C3 + c"rie2 

+v[-e(2pC + pY,'S2) + 2(Lfl2('2 - 2(lpC1 

+v2 f2 

C is simply cos( ¢), S is sin( 1». 

After obtaining all values of tan( <Pi), each ill turn is substituted int () 

. Hdtall 0) 
r cos (IJ = - . 

R2 ( tan 0) . 

\\"here 

(2 1) 

( 27) 

(2D) 
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(
f2 (Y (. 2C2 ( (') .) 
t p . -.p . - /h + P . tHll- 0 

Q(e2 2(: C~ 1) , (2c2 - pc) . - .p .. + tHll (j) - P ,) . (3() ) 

p( C tan (p - 8) 

x [p8 + 2( ( - pC) tan 0 - p8 tanL 01. (31) 

in order to obtain the image :r and y position on the sIn' fwm 

(.r,y) = (rcm;(¢),rcos(c,»)tan(m)) 

The Jenkins-Traub algorithm is used to solve this polynolllinl. The procedure is 

still not analytically tractable but Asada's formulation provides nunwnl\lS adviHl­

tnges over the complex polynomial method: 

• A real polynomial is much easier to solve than a complex one permitting t hl' 

use of efficient algorithms such as Jenkills-Traub. 

• Real roots are all genuine solutions of the lens equation. There arc three rcnl 

roots if the source is outside of a caustic region and five ,,·hCll illside, ('()IT('-

spowling to the ll111uher of images present in each cas(~. This is ill cout nlst 

to the complex polynomial method which always prm'ides five complex wots. 

Some of those roots correspond to physical images whercas two ,\)'(' spurious 

side-effects of the conversion of the binary lens equation into a cOlnpl('x jloh'-

nOInial. In practice all roots of the complex polynomial havc to be substituted 

back into t lw binary lens equatioll to check wlwt lwr they COlT('SPOlld to g('1l11il)(, 

IIllages. 

• Asada's formulatioll docs not require complex mit llllld ic. caslllg t he coding 

burden. 
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Tabk 2: I3irmry modd param<:1er ranges for a('('urilcy checks 
Parameter ;\IlIlllllUm Range 
n(RE) O.G 1.G 
8(°) 0 360 
b(8E ) 10-:3 1.0 
q 10-5 1.0 

2.2.5 Quantitative Comparison 

Several methods of obtaining amplification from source positiOIl \ycrt' discuss('d 

above and this Section compares them based on the speed and a("("U1"<I("\" of the 

method as implemented. 

Internal consistency 

The comparison data were obtained simply by calculating a set of lOOO randoYll 

billar~" lcns LGIvI lig;bt curv(~s, utilising; cach mdhod in tUnl. Th(' sd ()f (,Wilt 

parameters was generated once and thereafter reused. so that all methods caku]cctcd 

light curves for the same set ofrandom model pcuameters. Each light curvc containcd 

--100 data points. The first test was for "internal consistew'Y" of ('cHI! cnJeuled iolt 

method. i.e. \vhether the same calculation always generates the SCUllC answcr. To 

measure consistency. cHch point on a light CUl,\,C was cakula( cd tcn (imcs. TIl(' 

standard deviation of (he magnitude for each curve point ,,"as calculated and t]l<' 

maximum such standard deviation for the entire curve was Sewed. En~nt param('t ('rs 

were selected from a flat distribution over the ranges given ill Table 2. The rangc 

chosen mostly coincides with the ranges used for events throughout this thesis but 

incluelcs smaller q anel smaller Ii ill order to challenge the alg;urit 11m. GCllc1"<llly. 

the ranges presented the region of maximum interest where binary eHeel s (\1'(' most 

pronounced. 

Puiut source cakulatious were considered. for which the lll()st suit ((hie tllct llO( b 

were the complex polynomial- and Asacla-type C'alculat ions. 
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Results In the ranges specified in Table 2. both methods consistcntly rctulllcd a 

maximum standard deviation oyer any given light curve of 5.26836 x lO~(). el nUllllH']" 

which is assumed to be machiIl(~ accuracy for the calculatiol1 perfontwd. This ,,"as 

sufficient ly low to allay fears of internal inconsistency in point lens C"ellcula I ions. 

Inter-method consistency 

AJgorithlllS could be compared with one another in el similar ""elY. The (Jllly 1m) 

serious contenders for point source calculations were the complex POI~"I1Ol11ial Cllld 

Asada methods. Light curves were calculated for the same set of model par'll11eters. 

once b~" each algorithm. The absolute value of relatin; difFerencc betweel1 t hcs(' two 

lllethuds was calculated for each point OIl a curve awl the maxilllulll diffclClll"l' ovcr 

elIl entire curve was recorded. The distribution of this measurelllent is plot t ed ill 

Figure 10. 

Distribution of logarithm of maximum curve difference 
0.06 ,----,.-----,.-----,.-----,------,,-----,,-----,,-----, 

10000 events --~~~ 

0.05 

0.04 

c 
a 
U 0.03 

C1l .... 
'+-

0.02 

0.01 

0 
-16 -14 -12 -10 -8 -6 -4 -2 0 

log(ldifferencel) 

Fii!,ure 10: Distribution of absolute value of n~latiYc error 1)('t,,"c('11 tl)(' complex 
polynomicd and Asada's methods for point source binary lens lllelgnit ud(~ C"Cllculat iOIlS 
( mag(b)-mag(a) ) 

ma9(a) 
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Figure 11: Ten sample plots of curves v;ith identical parameters ('alc111at cd lJ\' 
Asada's met hod and the complex pol:vnomiRI met hod, plot ted Oil the salllC nxcs. 
The sample consists of curves that differed at least one dat a point b~' lllore t hall ()ll(' 

per cent. It appears from these plots that differences ,up ollly likdv at pxt rPIllt' alll­

plification during caustic crossings where the poillt source approximatioll will haw 
failed ill any case. 
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Figure 10 shows that a small number of light cnnTS cont ain at least Oll(' point 

of difference of more than a per cent. These curves arc re-plottcd in Figure 1l. III 

each and every sample case investigated. the diffc)'cnc(' ()('cnrrcd at til<' Y('ry pcak 

of a caustic crossing, where the point source approximat ion will haw failed ill all\, 

case. 

The above investigation instills a degree of confidcllC(' t h,lt sillgl!, lells ('«kulat iOlls 

are correct for either type of methodnsed for binary lens u\lcuiatiolls in this thesis. 

Of course, it Ulay be that both methods arc incorrect or tlHlt H coding ('nor or 

incorrect parameter translation causes a consistent systematic errOl'. This s('cnMio 

can lw inycstigat(~d further by consideration of yet another rcfel'!'nc(' calc1llation. 

preferably fruUl all external source. 

Speed 

If accuracy is one aspect of the calculation lllet hod choice. specd is the ()t h(,!. 

Some care was taken to optimise both the complex and Asacla algurit hms and im plc­

mentations. Figures 12 ancl13 are two call-tree diagrams, produced lw the excellellt 

open-source tool VALGRI:\TD [Gl], that show tlw exec1ltioll time in profikr "C01lnts" 

for both algorithms. 

('al1- tree diagrams simply plot the path tak<~n t hrongh sonrce mde d 1lI'i llg t 1)(' 

('xccution of a program. The timing or "count" at each node include the totalcullllt 

of all nodes beneath it as well as its own. It is thus a siltlple grnphiull display of 

how much time is spent in each pnrt of a progralll and its subroutines. 

To minimize dependency on hardware configuration. the numbers should be COll­

sielercd in i:l strictly relMive sense. A simple comparisoll shu\\'s that this illlplclllCll­

t a tion of the Asada algorithm outperformed the implcment ation of the com plex 

polynomiallllcthod by almost a factor of ten ill this case. The Asada source aJllpli­

fication calls (for C\ nUlllber uf curve::; and source posit iUllS) t ak!' ,ll)()ll t 1 S() lllilli()11 

counts. Of these, about half are spent on peripheral calculations nne! hnlf ill the 
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Jenkins-Traub root finder which calculates tan(c;)) in this implelllentation ("-.Jellk­

insTraub::rploy"). In the complex case. the total "CalAmp" count is I-HJO lllilliOll, 

25 per c('nt of c:x('cntion time is sp('nt on finding the complex polnlOlIlial ro()ts hy 

Laguerre's algorithm ("SourcetoImageApprox" and children). and a fmt her 75 pcr 

cent on polishing these roots ("N ewtonlmages" ). Clectr!y t here is nn nrg\llIH'llt fur 

using unpolished roots to save CPU time, but remember that the algorithllls sl!m\' 

similar accuracy with the settings as tested. 

pv13aseE vent: :Cal( std: :vector<d ... 
149458498 

1494584n 

pv BaseE vent: :Cal( double) 
149458498 

149458498 

AsadaEvent::CaIAmp 
149458498 

31348000 105237394 

AsadaEvent: :getAsadaParams _ Zl\K I OAsadaEvent 14caIAsadalmag ... 
31 348 000 105 23 7 394 

10016400 

std::_ Rb _ tree<std: :string. std ... 
10016400 

9608400 

sId: :string: :string(char cons1. .. 
17850000 

1cnkinsTraub: :calcsc 
9931 520 

78863 on 

1enkinsT rauo: :rpoly 
78863 on 

44379751 

1 enkins T rauo:: rxsh fr 
44379751 

lcnkinsTraub: :quocht 
9738 595 

10 118 812 

.fcnkHlsTrduh. :realll 
I II 138 X 12 

Figure 12: Call-tree with "counts" for the Asada-based alllplification ('"kula! ion al­
gorithm. The call to calculate amplification for a given source position is "CaL\lllp". 
which is rcspusiblc for ISO lllilliull counts. 
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pv BaseE vent::C a1( std:: vector<d .. 
1396350810 

1396350810 

pv BaseEvent::Ca1( double) 
1396350810 

1396350810 

pvEvent::Ca1A1l1p 
1396350810 

1 386 226 026 

pv Event: :Sourceto11l1age 
1 386226026 

1 023 534 312 352550353 

pvEvent: :Newton11l1ages 
1 023 534 312 

pvEvent :Sourceto11l1ageApprox 
352550353 

1 021 308 905 

mnewt 
1 021 308 905 

50462157 110120607 208278912 

1udcmp usrfun 
504621579 208278912 

dvector 
120189818 

97856437 89 340 671 

338461070 

zroots 

338461 070 

321 951 832 

laguer 
321 951 832 

Figure 13: Call-tree for the complex-based amplification algorithm. The enll to 
calculate amplification, "CaIAmp" is responsible for 1400 millioll COUllt:-:. all order 
of magnitude more than the Asada method for the cquiyalent ealcnlclticJll. 
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Final choice of algorithm 

Thc Asada implemcntation was thus chosen for all subsequent point SOlll'C'C (',d­

culat ions based on its comparable precisioll but faster exeC'u t ion I illle. 

2.3 Extending the standard model 

In Se:ction 2.2 the: fOllndations \\'('re laid for tl)(' binary I('n:->. point-s()\lJ'('. 

rectilinear-source-rnotion calculations, the "SBLl\!". The sewn pauunel <'rs in I his 

model are the minimulll required to build a binary gn)yitatiowt! lens model, but 

t here is room for extending it to include additional effects. Inclepcl. I here is litt 1(' 

motivation to stop at the seven parameters we haye exaltlined so far ('x('(~pt for (l bias 

towards simpler calclliations! The principle that driy('s the inclusion or otl)(,l'wisc' of 

any imaginable effect should be Occam's ra:wr. Hence in 8.1. 5 the CUlls<'queIlC('S ()f 

neglecting more complicated models is gauged. 

Light curves that cont.ain caustic crossings. or where the sourc(' nppr()(H'h('s el 

caustic. require extensions to the standard model to take the source's finite size' illt () 

account. This is clearly a shortcoming of the standar<illlodel which predicts infinitc 

aItlplification for a point source. 

EYcnb with prccise timing information or evcn just a particular gccJllH'lrv nc('d 

to take non-rectilinear source motion into account as \wll, whet her this projccl cd 

movement is due to a rotating lens system or the Earth's lllovelllcnt. SOl1IC of 

these effects are easy to include into the lllodel and require only (\ small illCTC(lSC ill 

computation tin1P above that required for the standard model. huI SOllie aj'(' lIot. 

The challenge poscd by tlw dfects tu be discussed in this Chapter is thaI tllC)-' arc 

often negligible but occasionally of utmost importance'. so t hat inc! ueliug I helll (',111 

lead to an entirely different light curve. Even when the extra effects ,U'e ('elS\' I () 

calculate, they are generally not independent. Each additiollal pilrallwtcr adcl('d 

therefore adels one dimension to the search space as far as fitting a 11lodel 10 the 

C1U\'C is concerned. The number of models to be tested in a grid-based s('Clldl or til(' 

parameter space rises rapidly with the number of dimensiolls ,,(hen their cfi'e'd s Oil 
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t he model arc dependent on each other. 

The standard model consists of the minimulll number of panmlPtcrs required to 

enCOltlpaSS the basic geometry and dynamics of a binary lens system and som(c. III 

this Section, we plan to address the issues raised here by considering a 1ll1l111H'r of 

"optional" extensions to the standard model. Extensions arc as:-;cs::;('d (in Sect iun 

8.1.5) and/or included in our fits based on their import ance as an obsernlblc df('ct , 

which we will attempt to measure (in a fairly crude way) using d ~.\ 2-11H'tric 1 () 

compare extended light curves with standard light curves for a \'(lrictv of generCltcd 

en'nt::;. 

2.3.1 Resolved source effect 

The finite source ciJect unfortunately requires H tedious, numerical ccdculMion 

\\'hich tClkes many times as long as the point source equivalent. In this S('ction the 

basic theory is set out, as well as some methods of calculation. 

Theory 

This effect IS conceptually simple: a reed source is a disc of light (of v(lrving 

intensity across the disc) with finite area. Different parts of the source cHe rlI11plified 

by different factors and t he total amplification is sirnpl~' t he integral of <llllplifica 1 iOll 

over the entire source. Even though the amplification of the parts of the source' Oil 

a canstic curve is infinite, the area of the SOlUTe that is exactly OIl top of the OU('­

dilllensional CClustic curve is Cln infinitesimal f{"(1clion of tlw tot <11 source IUlllillosit v. 

The finite SOllI'Ce scenario is illustrated in Figs. 14 and 15. in which tlm'(' SOltn'('S 

of different sizes cross a caustic struct.ure along the same source pat h to gin' t hre(' 

different light curves. The basic effect of Rs on light curves is to smuot h peaks 011 t . 

making them broader and less pronounced with increasing source size. as OllC would 

expect t hwugh dilution of th<: caustic eff<:ct. A furtlwr 20 example Hs-aH"cd('d light 

curves are shown in Figure 52 

An upt illlist ic llluddler lllight think t hat the effect ('an be ignored exccpt iu l"('­

glUns of high amplificatioll, i.e., peaks in the light cun'e due to CMlstic crossmgs. 
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Occurrence 

It i" pussib]" to ,nocld 1 hn "'xpod nd ,li,triL1l1 ion of fini t" "l1n ,'~ silO'" aft (" 'Jl<Lkinl'( 

'-,,"io\ls fL.9Snln ptions a.i)(}m tlw l~l\s "'1(1 "<lurr~ populm.ion, Gala~t i~ 1n0< Ipl, and 1110' 

lil;p, The pIUpO';P or iookJIl~ "t the di~trihution nf finite :;nurcp" ~nd henc~ til<' 

distrilmtic)jj nf R" II, tillS thfois IS to det erm;[le wh~lh~r th,' panl.lnN.er ll ff(b tL) 1,.-. 

;wlndc,j 1Il 11 je~list.ic mod~l FL)l' this pllrpOL:;f' it is "rg\lol,ly _' uffici{'llt 1.0 look at 

10 the PL\.\'ET 5-YCl1l' rr-sult" whirll plares !YJILstmims OIL th~ IL\I1ulwr nf I'I ~ TLet~l'\' 

comp"ILion, in t.hr "",crvcd "t.dla!' popuil1c;un, Thi, sludy 111so provides the In""t 

r~liahle fits for II , dllr to thr high SHlILpllIlg trc<jut'llc\' un PLAXET light cur,,"" 

Th~ distnllllt.ion of upper liHlits to H. from PI is showll in Figure 1~ 

, 
"lM£T WOe'",," '-'--'--.J 

--
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, 
; ~ 0.1 

> 

, 

'l.0 ; 
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, I 
- --2., 

Fi~nrc lR: Di,tribntioll uf "pper 11mit" (.() n" from PLANET P_ for r Wllts mN'I.iug 
PLA\'FT rritpria._ 

PLANET point-s out t,h,,\. el ,,,, to" "dr--ct,i()n effect the actual dl,triIJllti()n of H, 
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could be fairly inaccurate. Qualitatively the anS\\'cr to t IlP qU('stion 011 inc] USiOll 

posed here remains the same, which is that effects of resoh'ing the source nced to \)(' 

Ulken into account in the majority of cascs when modelling realistic- light cmws. 1\ 

large number of sources in the PLANET data han~ resoln~d auguhu SOUlU' radius ill 

the region of O.GleE . placing them well to the right in the scatter plot shown in Fig. 
2 

53. which implies average values of L':.l \/) well in exccss of 1. Fig. 53 anel those like 
( .0. 

it in Section 8.1. 5 compare light curves created by t he simple 7 -paraJllcter bin <ll''\' 

lens model to those created from an extended model. The comparison is Illade hy 

way of t he ~ ~ 2 -measure. 

Calculation methods 

:-Iet hods of calculating amplification of a finite source can be di.\'iclecl into tW() 

categories: those that integrate amplification over the source surfC1C'c. which is t Iw 

direct application of Eq. ??, and those that integrate over the images instead. 

Source integration seems a more direct method but care must be taken in the 

handling of infinite amplification wh(~n tlw SOIlr(,(' profile iuters('ct s a caustic. This 

complicates numerical methods attempting direct source iutegratioll. For excullp]c. 

any finite smnrnation method that relics on sampling the source C1lnplificat ion in 

the region of a caustic which does not take the caustic bound(u~' into 'l(,(,OUllt. 

introduces an unbounded error into the integration due to the infinite alnplificnti()ll 

on t J1(; c a lIstic curves. 

An alternative is to integrat.e over the images themseh'es. as amplificatioll call 

be obtained by dividing the flux of the images by the flux of the SO\ll'ce, which is 

it simple llumerical sUIllmation exercise. This method was adopted for this thesis. 

mainly due to its simplicity, and is describeel further helem'. 

Image integration 

This Section describes the method of choice adopted for finite source calculatiolls. 

It is a version of image plane integratioll uased Oll that of [53] but aclclPtcd to usc (\ 

recursive flood-fill algorithm described below. 
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The idea is to start \vit h the set of all images t hctt correspolld to the (,(,llt mid 

of the source. In fact the images of any point cont ained \vit hin the iinit c som('(' 

profil(' will do. These image points call carh SIllTOIllHling pixd (also in t 1)(' illlClgc' 

plane) recursively. \Vhen a pixel is called, it maps itself back to the som('(' planc 

to check whether it maps onto the source by Eq. 1. If so. it adds itself to th(' 

integration, weighted by the brightness of the source at the mapped radius frollt t ll(' 

source centroid and calls all surrounding pixels to perforlll the smlle chcck If not. 

t h(' failed pixel do('s not call <'lIly oth('r pixels. 

Any source brightness profile can be accommodated III this \\"elY at lllillilwll 

calculation cost. This is an extremely simple and quite cfficicnt W()y to p('rform 

image plane integrations, as the expensive source-to-illlage calculation is perfol'1llcd 

only once to find pixels that are guaranteed to lllap back onto the sourcc'. Tl)(']'eaft e:1'. 

image-to-source mappings arc calculated 'which an: computationally ('hc'ap. 

The algorithm does suffer from some pitfalls. The size of an intcgr<1tion ele1ll(,llt 

in the image plane needs to be calculated before the calculation (,OlllllH'n('cs. If thc' 

adopted pixel size is too large, the calculation will be irwcc1ll'ate. while a pixel sii,(' 

that is too smallieacls to a long calculation time. Cnfortunately the required pixel 

sizc' depends on the: alllplification, which is exactly what W(' arc' tn'illf,'; t() calcul,tI(, 

in the first place. 

To avoid this chicken-and-egg scenC1rio. various met hods were t csteel to cst i III n t (' 

amplification in order to find a reasonable pixel size. The sill1plc'st and pwbabh' the 

most reliable method was just to base the pixel size for the next point ill a light CUI,\,(' 

on the size uf the previous point's pixel size, adjusted to CUlTect for the elTOl' ill tIl(' 

preyious point's size. Pixel size can also be based on a point source H.lllplitic(l( i01l 

which is available in any case as one source-to-inwgc lllr1pping is required to find 

the first image positions for the recursiYe integration. This is not ideal. as resolwd 

source calculations are mostly required in regions of high alllplificcl1 ion \\'hel'C' til(' 

]loint source amplification tends to infinity. 

In all cases, a fina'! check cau be made to ensure t he,t t he pixel SIze. ,\lid thus 
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the number of integration elements and the accuracy is within an acceptable ['ClIlgc. 

Calculations \vith too few pixels are rejected and recalculated with it smaller pix<'i 

sizt'o Calculations that arc taking too long can he terminated and restartl'd with a 

larger pixel size. 

UnfortunMely, this method suffered an additionC11 shortcoming t hC1t \nlS not 

taken into account during calculations in this thesis. Dominik [03] shmyecl t helt 

it is possible to miss the initial, seed pixel in a disconnected image a\together if tl)(' 

source overlaps a caustic region but its centroid falls outside tht' caustic regioll. (llld 

the source does not include a caustic cusp. In this casc, the flood-fill algorithm prc­

sented here would miscalculate the total ClIllplification. Fortunately. this errOl" lind 

no bearing on the results of this thesis as a point-source model was used throughout. 

The plots and distributions in the Future Work Section 8.1.0 should be margimdly 

affected, hut not the conclusions. 

Alternative methods 

[G3] provides details of Hll efficient algorithm using Grecll's llH'thod to tum t]l(' 

int egral over t he image surface into a one-dimensional int egral around the bord('l"s 

of the images. 

Ray shooting calculations were discussed in Section 2.2.3 abow. Rm" shoot maps 

have the huge ach"antage that they can be used to producc light ClllTes for r('so]wd 

sOlll,("('S simpl~" bv cOIlvolving by the SOllrce profile. COll\'O]lltioll (',Ul ()f «)urs(' ]J(' 

performed efficicnt ly using the FFT algorithm. The dra,,"back is the loni', calculclt i()ll 

time required to produce the maps, as well as the high precisioll required for slllidl 

source sizes: the smaller the source, the higher the density of poillts that arc l"('Cjuil"('(l 

to maintaill a given precision. 

Effects on binary fitting 

The resolved source effect presents a challenge to LG:\I light curw lllociplling alld 

fittillg. It illtroduces a llew variable illto amplificatioll calculatiolls which call1lot ill 

general be fitted for independently and requires many times more CHiculntioll till[(' 
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than the point source approximation requires. The most effect i vc wa\" t () a pproa('h 

t he problem. barring miraculously effective new calculation Ilwt hods. is t () t IT and 

s('parat(' the resolved source~ effects from the: calculatioll of the other C;\I \"i1riahlcs. 

For example. if the light curve is modeled in regions where the resuln'cl somcc hns 

little effect on the light curve, this calcula.tion could be clone using the point s()mn' 

approximation. For the majority of curves, a finite sourcc affects Ollh" t h(' caust ic 

crossing regions of the light curvc, corresponding to the high amplification ])('(\ks. 

The:l"C: are notabl<: exceptions, for cxample \vllC're a SOlUTC approaches or n()ss('s ,\ 

caustic cusp or where a source's path nUlS paralld to a caustic curv(, as dClllullstrc\l('d 

in Figure 16. Given an observed light curve, it is not possible to exclude ,1 resolved 

source a priori, and the validity of fitting a model to an LG::\I light cm\'(' h~" first 

approximating the event by a point source and then including t he effect in a final 

fit is irm:stigaterl in Section 8.l.5. Figure 53 in that Section shem"s the consC'CjuC'llces 

to ~\2 of neglecting t.he resolved sourcc effcct OWl' the paranwter rangc's d(,sCTih(~d 

in Table 4. 

2.3.2 Blending 

The st andard scenario assumes that the backgro\lnd SU11lU' of light t hilt is lCllsC'd 

IS the only source of light during a lensing cwnt. This assumptioll is brokell ill 

all lensing events to some degree. Background, ull-lellsed light is always prC'c;('nt 

in the crmwiC'ci fields in which GM observations takC' placc. This effect is kn()Wll 

as ··blending'·. A luminous lens can alsu contribute to blending and ill fact S()lll(' 

\Yorkers estimate thnt the majority of lenses towards both the Galnctic Bulgc <mel 

the .\Iagellanic Clouds are stars in the Milky Way (e.g. [64]. [65]). 

Occurrence 

It is further argued in [65] that binar~" events that exhibit a blenciing factor 

of f > 0.17 should be quite representative of blending for all LG\[ C'vcnts. Th(' 

distribut ion of the blellding paralllcler I report cd !J\" .\IACH () ill their 2{)()() rcslll t s 

H5] and plotted in [65] shows that the majority of c\"(;nts have I < 0.5. which llJ(',lllS 
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that moderate to serious blending can be assumed to be present in all recllistic LG'\1 

('\·ents. 

It is difliclllt to determine to what dcgn;e: a given C\'e:nt is affected by bl(,lldilll2, 

unless a detailed fit is performed. Even if good data arc available. it is hard tu 

cletermine f for a single lens event due to a serious degeneracy between f Clnd b. tIl(' 

impact parameter (e.g. [66]). 

Theory 

A blended event contains a fraction of un-lensed light. elil u ting the signal from 

the lensed light source. Figures 19 and 20 illustrate nlrying degrees of blclldilll2, for 

a t~'pical caustic-crossing event and the cvcnt's geometry, respcct i\·ch·. 

If we assume that the total flux from a source of light in onr aped nn'. A/i/c"rI. 

is due partly to Microlensing amplification Agm of a source st ar with flux L" and 

partly due to light from an un-lensed source Lrl the situation is as elcsc:ril)('d ill 

Eq. 33 which is valid for any fraction and source of un-lensed light. \ylwt her hOIll a 

11lluiuoLls source or a background star: 

AgmLs + Lr 
Ali/end = L 1 

s + ~:r 
(:33) 

The blending parameter f is then defined as 

(31) 

and 

Ali/end = fAgm + (1 - f). (35) 

Equation 3·5 shows that the blending effect is easy to ccllculate. In Celses wIH'l"(, 

t he blending parameter f is the only parameter that changes from one light ("urn' 

calculation to the next, it is not necessary to recalculate: the standard lllodel billm)' 

alllplification. Instcad thc standard model amplification is ttlcrch· modifi('d lJy llS(' 

of Eq. 35. 
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Effects on binary fitting 

It is not possible in gener8l to ignore blending \"hile fitting for billar)' ('WIltS. 

so blending sh()uld ideally bc fi tkd silllllltallC()uslv with ot l)('\' ]lH],(llll('t('l'S as ()Il(' 

cannot assume that it is possible (0 separate its ('ffect. Unfortunately the blelldillg 

effect introduces another variable into the LG r..1 light CUlTe lllodel pcl rei lllct ('\' s(,(1tch 

space. (Figure 53 much later in Section 8.1.5 illustrates the consequences ()f ignoring 

the resolved source effect during LG M binary lells fitting.) 

2.3.3 Parallax 

"Parallax" deals with the effect of the obselTer's lllovelll('nt on ,m LG)'1 light 

curve. It can be a complicated extension to the lllodeL The simple form of jl,ll'Cl11ClX 

\\'as introduced by Gould [67] but has been considerabl)' expandl'd upon. Although 

these models are beyond the scope of this thesis. which sets out to p1'OYe that 

unconventional methods c::tn ::tid the fitting procedm<'. it must he lIot ed t ha t t ll<'y 

add additional degeneracies to a r..Iicrolensing fit. There arc also ('wnt s \\' hich ('()uld 

not be explained without the introduction of higher-order pnrnlLix effects ([Gi:S].) 

:.\onetheless , the simple parallax which is referred to here as "clllnUet] parallax" 

illustrates the effect well and is discussed below. This cxtension incorp()nll es t l}(' 

Earth's movement into the equation for the source position. The effect um b(' tnkr'll 

into account by modifying our linear equations of relative s()un'(' lIlotioll giv('Tl ill 

Eq. 12. 

The notion of p::trallax may also be extended to differences 1)('t\\'(,(,11 light ('11\,WS 

llleasurcd at different observatories, an effect which was lllmklll'd bv PLA;\'ET ill 

[1]. 

Theory 

Calculations are simplified by projecting all relatiye mm'PIll<'nt III the ohS('rWl­

lens-source-system onto the sourcc. This holds true \"hen \\'(~ wish to illclude tIl<' 

obsCl'vcr's lllOVClllCllt , assumed to be the orbit allllotioll of the Emt 11 mound the Sllll. 

\\'hen this movement is projected onto the source. t he source posit ion is (\ fUllCtioll 
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of the Earth's orbital motion, as described below. The eqnations below arc ~tat('d 

,,-ithout proof but follmv the derivation by Dominik in [60]. 

If we define 

awl 

1-:1' 
f! = (t8cmi.-­

TF 

where 

• tp is the time of Earth's perihelion 

• T is the Earth's orbital period 

• ( is the Earth's orbital eccentricity 

• .T is the distance to the lens as a fraction of the distance to the sourc(' 

• (/8cmi is the Earth's orbital semi-lllajor axis, 

and furt her use 

(3()) 

( :37) 

• 9, the longitude in the ecliptic plane from the perihelion t()wards thl' Em-th's 

motion 

• '\. the latitude mcaslllnl from the ecliptic pIalI(' t() the ('dipti(' llorth ]lolc'. 

we can define 

:ld t.) = P ( - sirup (cos ~(t.) - f) + cos 9\11 - (2 sill ~(t)) . (3~» 
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If 

(I ()) 

\YC finally ha\"e 

\yherc p( t) is the movement of the source in a direct ion parallel to the 111l]H'l'­

tllrbed source path, and d(t.) is the source' s lllOVelllPnt in a dir('ct ion urt hO).',OllClI 

to the S()IllT(, path or in fact in the dircction of th(' impact parnllH'te)" Y('ct ()]" I). I.' 

is a rotation angle in the lens plane describing the relative ori('ntatioll of h to til\' 

sun-Eart h Systelll. 

T,,"o of the parameters 'ljJ and p described in this S('ction are ('y('ut properties 

that have to be determined by fitting and I shall refer to thelll as ··t lw jlmalhx 

pmarncters". The rcmaining; paramctcrs like '< and 6 call h(' direct ly (kdl1("('(1 fmm 

the source's coordinates. 

A further look at the above equations is in ordcr. First. note that if p is Zl,["O, 

1'1(t) ancl.r.·2(t) are zero as well, and Eqs. 41 amI 42 reduce to thc simple )"cctiliu('m 

motion of the standard model, where 

I - till 
p(t) = T(t) = --

t,. 

and 

cl(t) = b. (Il) 

Secondly, the physical interpretation of p is as the Earth's SCllli-lllajor axis jJm-

jected onto the lcns plane. This paralllc\er is a llleasure of till' "(\llWIlIlC' of palallax 

ill a light curye. In genera.! if p increases, parClllax efleets iUCTeclse cIS wcll. 
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Tllis !yre ofp".rn.ll~x hegins to h"v~ n pronO\ll\ced d l,'ct on 1.C,"\lligh! cur",", for 

pifr<'! Qf'b<'l'ilwQ in 1(j~1 ,,!fprt" ~wnb with I, < f.: 
Thr~~ th ~l'I'!' li ('allight ('lll','''>< "'ith ""tying d~gl''"'''l of IMI'"ll ~., And undC1'I"ing 

gpnlIl~t.ry ar~ ~hown in I'i gu l'f';; 21 lind 12. T W~!ltv 1ll0i ~ pllrnll"x ~XarIl pi,,, ap' ~h"w " 

in rigul'!' ~l. 

.'" , 

- ' " 5 : 

-1 7 5 ' 

- ' 8 ' / 
---

·2: 

"'0'; -­
,r.o - 0.25 

'1C _ 0.5 

Fig1lrc ~1: Thn ", li ght emve;;. cnrh bused on the s.~m~ st~nd"rd mod~1 p"r"m~t~r;; 
hut with tlw nddl!ion of diff'·,Ynl nmoun1", nF ]'lanul"., (1-') 

\\'h~Il all mnvcm"n1 18 pF>Jcdcd on1o dw HJll[CC, WC can chink o[ parall'L" '-'-~ 

llllPooing ~ rq"ulm pcr!urb"tion ont·o t.lw otherwi"c ff'<-tilinc1l-[ ~Olll~r' path 

EfTl'd~ 011 Linary iitti"g 

I 'nrnllnx most I)' "lTcCl.i; oini" ICI~~ ""cllb oI lon;',c r timc H'll.lc so it Ulav bc ro;;.~' hl~ 

t·o ignoTt' th is df~"t fm , hott. tit"~ :;('r.le :;iHgle lells "\'~Ilts 1'h~ :>catl~r plot Ul 

Figure 3;1 ~nrl the anr<'d()t~l ,'xmnple in l,'ig'll'e 22 ~bov(' "how th ,,! th~ ~itual-inn for 
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binary lens eyents is Ycry different, where a non-zero yalue of p causes ('ollsidcr(\hl(' 

perturbation to strong binary lens events (most of tllP events in our parallleter range 

are stron~ or ca1lstic crossin~). vVlwn~ pantlhx is mod"l"d. it introduc('s at l('C)st. 

two new variables to be fitted, once again multipl~'illg by a large factor the alll()llllj 

of time required for a fit. As with the other extensions to the stHllclHnl modd. it 

\HlUld be ideal if a giYen light curve could be approached by first fitting the st dndard 

model and then refining the model by adding parallax parallleters to the st andard 

parameters. 
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3 LGM Light Curve Fitting Considerations 

3.1 Introduction 

We shall uegin this Chapter by dearly defining the fit t illg pm Llclll ill S('('t ion 

3.2. In Section 3.3 it is attempted to explain why fitting LG:-I billet!'\' lells lllodels 

to obseryations presents a particular challellge alld "'hv "com'elltiolletl" fit t illg ;dgo­

rithms often fail. Chapter 4 deals with the topiC' of feature splcctioll "'hid} Htlc}11]>ts 

to pose the problem in a form that is more suitable for a particular ]l1ll'pose. \\']lCt ]Wl' 

tlwt be to prolllote undcrst.anding or improvc fit tiug dlicicll(,Y. 

Ideally. a modeller shonkl at.tpmpt to fit the observatiolls with the rnodd the)t 

hilS thc highcst a priori probability of cOlTedly dcsnibiug the physical sit uatioll. U 

a model is insufficient to describe the observations, the model call be extended to 

include more complicated or unlikely scenarios. followillg the P!'illCi pIe of Occm 11 's 

razor. The desired output is thus the set. of the fc\\'cst model parallleters that best 

describe the observations. To qualify the term "best" may present a challellge to 

the llloddler. It Illay well ue that a lllOdd fits the observed iOllS ('xt ['('lll('\V \\'<'11 

by standard modelling criteria. On the other hand. the moddler lllCl\' 1)(' CI\\',1}'(' 

of additional constraillts from data not included in t hc fit. such as spect l'oscopic 

informa tion t hat is not directly included in t he light curw of all LG:- I (,\,(,l1t. 1\ 

particular set of parameters may also present a physically irnpossiblc "it uatioll. 1\11\' 

additiunal information that the muddler has, such as a pruhabiJit\, distributioll fm 

a givell parameter, should be taken into ac('oullt whcn lllodelling. but in this t hc"is 

we will focus exclusively on photometric clata and modelling. 

In t he Sections to follow, we begin by fitting the st cmdard mociel to m"tificial de,t n 

generated using the same model. This model is mathelllMic:all~' "imple Cllld CHpt 1ll'CS 

the essence and main difficulties inherent in fitting LG:-I obscl'\'ations, but it is llot 

complete and various crucial extensions arc left out at first. The cOllsequcnccs of 

ignoring extellsions are investigated in Section 1).1.5 aud reed obscn'atious m(' finally 

fitted in Chapter 7. 
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3.2 Definition of the fitting problem 

This Section aims to dpfine the central thesis more clearl~'. in oj her WOl'ds \\'h C\ 1 

is implied by "fitting a light curvP". 

3.2.1 Input 

In this thesis we focus entirely on the photometric light ClllTes of LG'\f ('\'('lItS. 

"Reduced" or processed light curves are simple x-y plots of the flux 1lH'i\s1ll'cd 

throl1~h an <lj)('rturc that ('ontains a \Jad:~l'Ou!l(lli~ht S()Ul'l·('. also (,Ollt ailling I('ss('r 

('ontribul ions from ot her light sources. vs. time. 

There is quite a lot of additional informal ion available frOlll the t eles('u]lc. uf 

\yhich the most important is the photometric error estimate. The HctuHl OilS('l'Vcl­

tional uncertainty or error is not trivial to obtain ane! is oftcn in it::;elf thc result of 

considerable data reduction ane! calculation. 

In the resulting x-y plot, source brightness, plotted 011 thc v-axIs. (',m \)(' ill 

magnitude or flux. The absolute value of thc hrightIH'ss is oft('ll ullknowll. jlrilllarily 

because LG'\1 lIluddlers are not really COIlccl'lwd with t his a ilsolu t (' nd ll(' (lS Wl' 

deal with the ratio of lensed brightness to un-lensed brightness. or CIlllplificHti()ll. 

Light curn's can also be plotted with amplification 011 the y-axis. Hltlwugll this 

lllav include a blending factor and is not necessarily equivalcnt to .\Iicl'Olcnsing 

amplification obtaincd from, (o.g., Equation D. 

The time axis for a given event spans anything from an hour to sC\Tral ~'(,(\),o;. 

Te('hni('all~', S1llTeV groups require observations oypr several y('ars to jll'Ove that 

an cvent is rcally clue to LG1\1 and llot allot her fUl'lll of iJrightll(,so; fillct natiOll. 

Obsel'Yations of the actual event need to include time before aml nne!' mllplifiC'<1tioll 

in order to establish alld confirm the ull-Iensed baseline. The unit of tilll<' is IUc)::;\ 

often e!ays and typically giYeIl in Julian Date. Light curves to date consist of 1('110; to 

a few hundred data points. From the photometric point of \'ie,,' alld for t Iw P11lPOS(' 

()f this thesis, that is the sum total of the input infol'lllatiull avctilabk to th(' light 

curve lllodcller. Of course additional data may well be HvailHble that could illflu(,ll(,(, 
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certain parameters in the fit. For example. the colour of the sourCe' kllO\\'ll [mill 

spectroscopy may be used to constrain the blending paralllcter or the likelihood of 

a hinarv S011rce. This inforrrmtion is often c\'1lcial and should he l1sed \\,11(,11('\'('1' 

available, but we focus here on photometric data only and will aSSl1me hert' thnt llO 

additional information is availahle to us. 

3.2.2 Output 

The desired output of any fitting procedure is the set of phvsicnl P,1ri1llH'tcrs 

describing the lensing event. The only way to relate the observcd light elllY<' to 

these physical parameters is by way of a model, such as those explored ill Chapter 

2. 

3.2.3 Fitting as Mapping 

In general fitting CClIl be sUIllmarised as lllapping fnllll one vedOl' spacc to ((ll­

other. 

In the LG:,I scenario the two spaces in question are the light (,U1've space ('ollsist­

ing of time-brightness data points and the lllociel parameter space which consists of 

(in this cas<: continuous) variables ent<:r<:d into a light cl1rn~-prodl1('ing Inodel. :vlap­

ping frolll Illodd parallleters to light curve is a SiIllple operation as each P()illt ()ll 11[(' 

light CUlTe is uniquely determined by the parameters and lllodel. ('ven t hOl1gh the 

mapping is not mathematically explicit (see Section 2.2). During fittillg wp arc 1111-

fortunately concerned with the inverse problem. that is mapping from light elllW to 

model parameters which is neither uniquely determined nor cxplicit nor allalvtieallv 

tractable. 

:,Iany met hods exist for tackling this type of problelll. C()nvcnti()wl1 "fit tillg" is 

perhaps the simplest of these. Faced with the lack of a unique mappiug frolll ligltt 

cur\'C to model parameters (which I shall call the "illycrse" mapping), the fittc] 

attelllPts to find a moclel parameter set matching a given light em\"(' 1n' lllapping () 

llUllluer of parametcr sets to their corrcspunding light l'lU'\'('S (the "fOlward" llldp­

ping") until one of the generated light curves matches the obserwd liiSht cur\'(' thr1t 
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is being fitted. 

Gradient-based algorithms ntt.empt to nse the imprm'C'mC'nt in it mcasnJ"(' of prox­

imity between generated light curves and the target light cur\'(' t () gnide t he next 

choice of model parameters to map. Genetic Algorithms choose the next pi1nllllet ('1 

set to map to its light curve based on manipulations of the "!Jcst" of it set of C111"1"('nt 

parameter set candidates, as judged by some measure uf proxilllity. Artificial ::\('11-

ral ~ctworks attcmpt to approximate the nnknown im'crsc mapping itsdf hv 11sillg 

samples from the known "[orward" model mapping. 

A st atistical fitting method currently enjoying success as applied to billan' lells 

fitting is :'Iarkov Chain l\Ionte Carlo (e.g. [70]). The method is particularly well 

sl1itcd to finding all locctl minima aronnd an initial s('ed location. and can also 1)(' 

llsed to determine the covariance matrix at the minimum. 

There is also a host of stntistical techniques from the fidd of Data :"Iining \yhich 

attempt to infer the inverse mapping from samples of t hc fonninl mappmg. ::;onl(' 

of which me tc::;tcd and applied in this tlwsis. 

3.3 The Challenge 

At first, the binary lens fitting problem docs not seem pilrticularly difficnlt t () 

soh"e. The cwemge light curve consists of tens or ew'n hnndreds of dat a point::; alld \\"(' 

on Iv llf~ed to extmct ct few pmamctcrs from this CllITe, e.g. 7 for the standard hillaJ")' 

lens lllodel (S13L:"l) and about twice that cUllount, dcpending, Oll which ext cllsiollS iln' 

included in t he model, (i.e., finite source effects. lens system rot Htiull. etc.) Problcllls 

that look a lot worse than the LGl\I fitting problems often po::;e no ChilllclIg<, for 

conwntional fitting techniques. These may have many more parameters or far lloisier 

data than are generally available for LGM light curves yet are easier alld less labour­

iutcllsive to fit. \Vhat. makes the LG?\I binary !ellS light cmw fit tillg, problelll ::;0 

difficult? This Section discusses the complicating factors. 
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3.3.1 Fitting considerations in general 

This Section describes some aspects of fitting problems in general t helt combille 

to ddcnllilH~ their diHiculty. 

Output Dimensionality 

One of the most important considerations in a fitting problem is the dimension­

ality of the search space, or the number of model parameters ill the case of LC:\ [ 

light curve fitting. The number of model parameter sets that \nmlcl llccd to 1)(' 

tried randomly bdon~ tlw corrcct OtiC is fOlllHl s('al('s (~xjloll('lltiaJly with tIl<' output 

dimension. The standard model has 7 output parameters. I.e. /1/1' mo. I). O. (J 2\]](1 (f. 

This is enough to present a serious challenge to "brute furcc" mcthods th,d siltlph' 

check sets of model parameters to see whet her the\' lllap reaSOlla bl\' ,,'ell to a giV<'1l 

input light curve. 

To illustrate this (simplistically), if we decide that a fn'CjlH'llC\, of lOO steps 

per parameter is sufficient to sample the output space. \\'C h(1\'(' to COlll]Jlltc lOll 

light (,l1rv('s to chc('k CV<TY lllOdd in our sample. C()]llhill<'d wit h tIl(' Sllbstdllt ial 

computation time and even denser sampling reqllired of LG:\1 biwu\' lCllS light 

CUl'\'es. it is clear that brute force methods are impractical. As we slwll see. the 

more successful fitting methods developed in this project rc1\' Oll t hc recillctioll of 

the dimensionality of the search space. 

Analytical formulation or the lack thereof 

LG:\1 benefits from the existence of a powerful and simple model tl1<1t nppl'OXl­

mates the photometry of events in just a few equations (see Sectiun 2). This 11121lh­

ematical formulation enables us to extract physical parallleters frolll n giv('n ligh1 

curve by fitting. Unfortunately. the model equations cannot be soh'cd alla1\'!icalh' 

for aIllplificatioll frolll source positiou but ha\,(' to b(' llI111H'l'ically appmxiulat('d. 

Analytically soluble problems are generally much faster to fit thelll ll1\ll]('rical 

ones thauks to the puwerful mathematics that CClll be \mmght to bcm (JU such 

problems. If we had an analytical formulatioll for the lllapping from light ('urv(' to 

71 

Univ
ers

ity
 of

 C
ap

e T
ow

n



model parameter space ,ve would have solved the entire problem, as onr fontllllCl(, 

wendd provide an explicit solution in the form of the model pClrameter H'ctor fOl' 

any r;iwn lir;ht Cllrve. No fllrther fitting reqnircd, Unfortllnatelv, Ilot oilly d() \w 

lack em analytical formulation for the inverse mapping but in fact for the fmmm\ 

mapping as well. Light curves can be calculated by soh'ing llllmcricnllv for t hc' 

image positions corresponding to a given source position (Eq. 1) and image positious 

can be substituted into Eq, .5 to obtain amplification, but the lack of nil explicit 

analytical formnlation drives ns to nllmerical aIlC1lysis which introducc's a ll1lgc' ("ost 

in calculation time as well as lllunerous uncertaint ies in precisioll Hnd H("Cllr,\Cv. 

Data quality 

LGC\I photometry dat a are generally of guod quality, bv which we ll)(',Ul that 

t he signal to noise ratio of follow-up observations in particular iCi sufficiently high 

to expose the required amount of information. The signal quality reqnircd in cm\cl" 

to produce accurate model parmneters from light curve fitting is determincd bv the 

properties of the inverse mapping. LGM data quality is in fact required to \w of 

ratlH'r high quality (low noise) and qnHntity (high sampling fn~qll('lj('Y) ill mder 1 () 

avoid serious ambiguities in the model (see Section 3.3.1 beluw). Data of exccplicJllal 

quality enable the modelling of subtle effects, for example those lllodelled ill ~11. 

Non-linearity 

The term "non-linear" is used somewhat loosely in this context to meall tlwt the 

inverse mapping (and hence the forward mapping, too) is complicc,ted: (\ sltlc,ll 

adjustment in model parameters may lead to a large change iu the light cm\'(' 

genera.ted by the model. In other words the amplification is a 1l0n-lillear fllllctioll 

uf mudd paraIlleters, The terlll "nOll-linear" iCi OftcIl \lCicd colloq\lially to cksni\)(' 

badly behaved mappings, where a small change in input parameters can lead to nil 

entirely different set of output parameters, or vice versa. 

Fitting prublemCi with this q\lality req\lire high salllpliug frequeucy wheu 1)('1-

forming any form of grid search of the output space. The problelll is (,()llljlUlllH\C'd 
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ill cases of high dimensionality, as a large number (samples per jlClrallll't ('r) wi II 1)(' 

raised to the power of another large number (dirnensirllls) to determillc t hc 1111111-

bcr of parame'ter sets re'qllircd to pcrform a brute' force scarch of output spac(' . 

.'\on-linearity abo brings about the problem of premature CCJl1VcrgcllCC. LGJ\1 IlO\J­

linearity is described in some detail below (Section 3.3.2). 

Premature convergence 

In general a modeller cannot know whether a successful fit is in fetct t 11<' 1)('sl 

solution to the given problem. In the case of light cun'ps all Lcv('ll!Jcrg-).Imqllarcll 

algorithm (section 5.1) may determine that a certain set of model panmll'tCl'S ]lj'()­

duces a light (,lll'VC that fils Uw modd with a low \2 awl that Ill<' lll()del is at a loud 

minimum in the x2-space. That is, any small change in .\ 2 produces a model worse 

than the current best, but the local minimum is not llt'cess,uih' the glubnl millimlllll. 

In the case of Levenberg-l\Iarquardt and other gradient-based algorithllls it is lllen'h' 

the first minimum that the algorithm has corne across. trm'ding fl'Olll its startillg 

jlositioll OIl the rcgressioll surfa(,c. 

Premature convergence is common for highly lloll-lillear lllappings such ns the 

SBL.\l. The more convoluted the mapping. the more local lllinilllil exist emel the I(~ss 

information about the global solution is available to a fitting algorithm operating ill 

the regression space. 

It is important to note that X2 l'ClllHlllS simplY a ll)('aS1ll'C' of t 1)(' g()()clll(~SS of 

fit given our imperfect observations and our error est illlal es. The \. 2 1ll('aSmC ,1Iso 

assumes normally distributed observational errors and e\ linpn)' cll'l)(,lldc'll(,c Ull the 

model parameters. In short, even if we did find the global \ 2-111ininllllll. \n' wOllld 

have no guarantee that we had the "true" solution to our fitting problclll. 

Ambiguity 

An ambiguous input vector is defined here as an input n~ctor that maps to lllore 

than Olle output vector, awl thus a GJ\I light curve is CllllbiguUW:i if lll(Jn~ lhall u!l(' 

model parameter set can produce it or a close lllMc:h 10 it. The defillitioll is used 
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loosely because it does not define how closely the two light curn's need to reselllble 

e8,('h other before they 8,re said to be "equ8,r', or how different model panullet('rs 

lleed to he to qnalify as ·'different". \V(, willnsc the term to meitH that two cnrves are 

similar enough so th8,t they cannot be statistically distingnishecl frolll Ollr' allot her. 

assuming typical observational error::; and using the ...::.\ 2-111eC1Snl't'. As ie\ rull' ()f 

thumb, models are taken to be different if they belong to different COll\'(:rgencp wells 

in the comparison space. 

Ambiguities are always a hindrance to fitting (dgorithms. but their nl'gC1tiw effl'ct 

call be minimized if they are known. Anyone of an allowed set of s()lutiolls to <1 light 

curve i::; of course a local minimum in x2-space. so a lIlapping that contains 1llany 

ambignities also contains lots of local minima which prescnts the fittinl2, challcnge 

discnssed abm'e in Section 3.3.1. From this perspective models with mnbigllitics can 

be seen as an opportunity to find an entire set of good solutions if the relatiollship 

bct\\'een valid model parameter sets are knmvn. For example. if an LG~I billie\rV lells 

solution is found to have low mass ratio and projected orbital separation (J = 1.1 (1/:. 

then the modPller knmvs thaJ there is mlOther valid model with (} = 0.9 fh that is cds() 

a good solution (see Section 3.3.4). Unfortunately ambil2,uitv jw defillitioll 111(\k('s 

it hard to decide which of the solutions is the correct OllC. Various dcgC'npl'Ctcics ()f 

LGi\I light curve::; are discussed in Section 3.3.4. 

3.3.2 Non-linearity in LGM 

Section 3.3.1 introduced the complications that arise frolll H 1l01l-lill('c1r IlWppillg. 

This Section attcmpts to investigate, and where po::;::;iblc quantih', tIl<: sl'wlit" of 

lion-linear effects in the mapping of model parameters to light curves ill LC:'d. 

Small parameter adjustments 

Figure 23 illustrates anecdotally the effect that a ::;lllall model parallldel adjust­

ment can have on a binar:\' lens LGJ\I light curve. Figures 19. 21 and 14 are also 

goocl examples of this, although ill these cases olle cxtcllsiull parcullct cr is bcilll2, 

vmied across its entire range. 
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Largc light CUl'\'C changes caused by tiny changes in model paramet ers Me tIl(' 

defining characteristic of the non-linear LG T\1 mapping. A small change in the 

model parameters docs not ncccssmily canse a COlTcspondingh' small challge ill t]l(' 

light cur\'e. Here we were defining "change" as a visible differcnce b\' eye. Imt the 

lllore formal measure of ~X2 between the original curve and the lllodified one Hlso 

registers Rn enormous change for the small adjustment. Regression surfaces other 

than ~X2 may not display this non-linear behaviour. i.e., a small change in lllodel 

parameters mer\, lead to a corresponding small change on this Il\'pot hetical regressioll 

score fU11d iOll. 

3.3.3 The convergence well 

Anot her consequence of the non-linear mapping frolll model paramcters t() am­

plification is the :'narrowness" of the regression convergence well S1llTOlllH ling t h(~ 

glolml lllininllllll of the n~gressiOll hyper sllrface wll('11 aU('lllpting t() ('xtrrwj Illode] 

parameters from an LGT\I light curve during fitting. 

An Cl11alogy is in order here. Imagine that the regression h~'pcr surface is repre­

sented by a table top. The solution we are looking for is represented iJy a pit in the 

table and the ailll of regression is to find this pit. The difficultv of this tHsk arises 

from the fact that the table top is very bumpy. and every hollow repreSl'11ts a local 

minimum. \Ve arc also blindfolded and can only examinc the heig,ht of the table top 

!J\' to\lchin~ one point OIl it at a time. Lllckily we have SOlll<' tools. Usillf!; <I gnldi(,llt 

descent algorithm to find the global minimum is comparablc to placing a lllarble 

somewhere on the table and allowing it to roll around until it scttll's in H hollow, 

\vhich helps a bit. The problem of premature c011verge11ce to a local minimulll st ill 

fits this analogy: the marble will settle in the first hollow it finds. rcgmdk:-;s of 

,yjwtlwr this is the deep(~st one 011 the tal lIe. 

The com'ergence well in this scenario corresponds to the sIze of the unique. 

correct, deepest hollow that we are trying to filld. III c\ silllplc prubll'lll. t hl~ ('11t in' 

table top would slope gently towards the target holluw (solution), nnd ,w mmld find 
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it easily by placing the marble anywhere on the table. Unfortunately the adual c"S(~ 

in LG:\I fitting is a nightmare scenario. in \vhich the table-top is contorted <Inc! the 

size of the average convergence well is (comparing the convergence VOI1l111C' ill seVC'll 

dimensions with the two-dimensional table top) just about O.()S' - ::s x 1 () - 10 of t h(' 

surface of the table, or 1/5Gth of a millimetre Heross. llluch too snwIl to S('(' wit h 

the naked eye l 

Convergence well calculation 

The previous Section used a rough estimate for the size of t he conv(~rgCIlC(' \ycIl 

and in this Section it is attempted to .iustifv this estimate \)\' calculatioll. Adlllit­

tedly, the "convergence well size" is a crude measure of the difficulh' of (\ fitting 

problem, as the well diameter actually varies widely along the piU<lllleter <lX('S of the 

regressioll hyper surface and also varies with the location of the global lllinilllulll in 

parameter space. Yet. it is a single number that provides a simple qmmtificatioll 

of this aspcct of the fitting problem. Or18 way to nwasll!'C tl](' lllC'an si:;,(' of the 

COll\'ergence well is to use a fitting algorit hm t hat simply runs dO\\'llhill Oil the l('­

gression hyper surface from its start position allCl stops Ht the first loc<lllllillilllll111 it 

finds. If the solution found by the algorithm is corrcct, the initial st <lrting posit iOll 

of the fit must have been inside the convergence \\'ell of the solutioll. By recording 

the SHccess rate; of fits to a larp;c IlllIllhcr of randomly generat (,d light C1ll'VC'S. t 1](' 

distrilmtion of the Llx2-convcrgcllcc well siz(~ of binary lens fits to LC:\llight. ('IUTes 

can be determined. Note that during this investigation \w will kecp vcuinllI('s s\lch 

as the number of data points in the curve and the size of the obsel'\'at iOlln] ('I'1OI'S 

fixed at reasonable values of lOO data points \\'ith an "C'1'1'0r" of 0.01 mag. 

Figure 2-1 shows the results of such a simulation. lOG curves W('1'e fitted uSlllg 

the Amoeba (Downhill Simplex) method (e.g. [59]). Enc·h curve \\'its ntnd{)mh' 

generated from the standard parameter ranges ill Table -1. The starting position 

and the lllaximulll lllodel paramc1er st.art ing elTOl' o\'( '1' all s('\'en pal'rllll('t ('1'S W( '1'(' 

recorded. An example of how the "maximum error" fur a p;i\'('11 fit is C'nlcuLl1('d is 

77 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Table 3: Sample of "maxim1lm error" calc1llation. Units an: specifi(:d ,IS a fractioll 

of the range in each parameter. 
Parameter Actual Start 
a 0.19 0.22 
e 0.56 0.49 
h 0.132 (J.91 
mu 0.33 0.34 
q 0.37 0.42 
tf' 0.02 0.07 
tm 0.91 0.88 
:;!aXlmum Error 

Difference 
0.03 
0.07 
(). (J9 
0.01 
0.05 
0.05 
0.03 
0.00 

shown in Table 3. A fit \vas considered to be successful if the k of the sol1ltion 
d.o·f 

model was less than 1. 

The main result from this simulation is that the COllyergcnc(: \Yell is slllC111. The 

distribution of convergence well sizes peaks at about 2 per cellt of the allowcd pa-

rameter range. All parameters mostly need to be \Yithin a few percent of the correct 

value to haye a reasonable chance of a successf1l1 fit with a simple: gradiellt nwthod' 

This is a severe constraint that makes LGM binary lens fitting so int rae! able t () 

conwntional fitting methods. Only 5 per cent of the events had a CCJllwrgence \yell 

that stretched out further than 20 per cent of the allowed parallleter range. l\ute 

t hat we do not mean 20 per cent of the parameter search \'UIUlllP. but illst PHd t h,1l 

all parameters need to be within 20 per cent (absol1lte) of their COlTect VrlhH's. 

The convergence radius is likely to vary for different model pHl"Cl1Ilet ers. and 

Figure 25 plots the success rate of Amoeba fits as a function of the start ('nOl' 

for each paramder in tUfn. Note that these calculations ,\'ere different from til(' 

ones that proclucecl Figure 2~ in that all parameters \\'(~rc set to thcir correct valncs 

except the parameter under investigation, which WHS perturbed. As H reSlllt t hl' 

implied conyergence well size by parameter reprctients the best c(\se sccnmi(). ",here 

all parameters but one were spot on before commcncing the fit. All parameters Wl'rC 

allowed to "ary during a fit which explains the dismal conwrgence \yell size of all 

"casy" panuucter tiuch as rno. If all the ot her pi:\ramcl crs \\'tTl' fixed at their ('OlTce! 

values during the fit, it would be hard to imagine that the rOlltinc wunld not bc ~lbll' 
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to recoyer the correct vC'tlue for mo. ~'hat happens in practice is t hat the downhill 

simplex method searches in all parameter directions and is attracted to and ca\lght 

11p in local minima, despite startin!l; out prrtnrlwd in only a sillgle parartl('t('l". 

Although a's distribution peaks around 8 per CCllt. a fair llullllwr of (,\"Cllts (2() 

per cent) can 1)(' fittcd succcssfully CV<'ll if (/ is initially pert mlwd hy llWr(' th<lll l() 

per cent (absolute). () seems particularly hard to fit. Its clistrilmtioll peaks moulld (j 

per cent and very few events (less than 5 per cent) that cue perturlwd by lllor(' t he1ll 

-to per cent arc successfully fit. b is a rnore forgiving parameter \\'ith " blO,H] peak 

at about 12 per cent. In additiclll, 23 per cent of ewnts will lw fit ted succ('ssf\llh' 

eV<'n if b is initially pcrtur1)(~d by more than cHJ per C('llt. 1110 is also relatiV<'ly ('<lSY 

to fit. Thc peak is hard to discern on this scullplc but looks to be betweell 10 nnd 

15 per cent, with 10 per cent of events fittable despite starting off lllore th,lT! /10 per 

cent (absolute) from their target. q is, perhaps surprisingly, " fairly easy lit and 

distributed much like b. tc peaks around 10 per cent - harder t h"n cxpected. Onh' 

15 per cent of events can be successf\llly fitted if they start out pertnrl)('d hy Ilion' 

than -10 per cent. Finally, trn is fairly hard to fit agC'tin, peaking around perhaps (oS per 

cent. There are however a fairly large percentage of events (17 pcr cent) tlwt can 1)(' 

fitted correctly even if they start at more than -to per cent (absolute) p(,ltmlmtioll. 

The figure shows that even if all six of the other st andard lllodel peUCllIl('t crs 

st art out exactly correct, the parameter under inyestigaticlll ::;till neecls to 1)(' kllown 

fairly accurately to be fitted successfully. 

3.3.4 Ambiguity in LGM 

Ambiguity and its associated clwllenges were discussed in general in S('ct ion 

3.3.1. This Section deals with ambiguities that are specific to LG:-I light curves 

and t he model used to describe them. Two ambiguous cun'ps arc shown ill Figure 

26. The caustic geometry anclmodel parameters of the t\',;o curves cliffer cOlllplctcl\·. 
~ 2 

\"(~t their -Y- is uIlly 27. The two very differcnt bimlry lew; cau::;tic gCOlll('( ries ,\1(' 
d.o.] " 

plotted in Figure 27. 
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Distribution of convergence well size when perturbing all parameters 
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Figure 2~: Distribution of convergence well size for multiple fits to 100 rawlmll 
(','ellts. The convergence well was defined as the absolute diHerellce bet We'ell the 
correct parameter and the random starting parameter for \yhichever parall1et cr this 
was the largest. Note that the final bar at 0.2 ill fact represents ('wnts thnt ('(Ill ]J(' 

fitted at 20 per cent absolute perturbation or more. 
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The known binary lens LG:~v1 model ambiguities are discussed helm\'. 

Orbital separation 

There is a well-known LG 1\1 binary lens ambiguity behYccn light C1ll'YCS \\'i t h 

orbital separations a and l/a (e.g. [71]. This is particularl~T sewre fOl' small \'a111('s 

of tIl(' mass ratio (J <lnd is dc:monstrated as om c:xample ambiguity ill Figlll'(,s 2(j 

ami 27. This type of ambiguity ha::; been obserwd and rc::;ultcd ill 11)(' illclhilily 

to discriminate on photometric grounds alone between n wielc hilliu'\' cmel c1 clo:-;c 

binary solution in the case of cvent MACHO-99-BLG-47 [72]. Fortllll(1tel~' ill t 11<11 

case the physical implications of one of the two possible lllodels excluded itself Oil 

the groullds of plausibility. 

Blending 

TIl<' "hknding" dfc:ct was previously discussc:d in Section 2.3.2. Here \\T focus 

on the serious ambiguity it introduces to LGl\llight. Clll'WS. especiaJ1\' tlm,(~ ('(,lLc;ed 

by single lenses. The ambiguity is well-described in [66]. 

III CSS('ll(,C. a blcll(l(~d light source appears to ]w l('ss amplified thell\ it ad 1lalIy 

is because a pOl'tion of the total flux in the aperture Ol'iginales from an llll-lcnscd 

source. This adclitiomd un-lensed flux obscures t he change in flux hom the ICllScd 

source. Blending WOl'ks against amplification, which is depenclent Oil impact parillll-

eter b for single lens light curves. This leaels one to suspect that all (,Wilt wit h (\ 

small impact parmneter FlIld lots of blendinp; can rw mistakell for all ('\'('111 with d 

large impact parameter ancllittle blending, as is indeed the case. 

Wozniak and Paczynski [66] quantify the amhiguity by notillg that ill 1 h(' lilllit 

()f!J» 1 (h. 

(15 ) 

where 11 is the source-lens distance in this single-lens system. 

If the quantities Fa and F(t) are defined as the un-lensed brip;htlless of the 
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aperture and the brightness as 1-1 function of time resp{'cti\'d~' then 

FU) 
Fo 

(If) ) 

by sullstitution. Nott: that in these eqnations I correspollds to the 111('lHlinf.', 

parallleter ucfillCU in Section 2.3.2. It is easy to ycrify that snbstituting 

into Equation 48 yields (:xactly the same cq11atioll' Th11s all)' (II. Ii). 111 ,1) set is 

also a yalid solution if (I, b. lm) is a valid solution. \Yozlliak Hlld P,1('zulski also show 

that in the limit of b « 1, 

F(t) 
--= 1+ 

Fo 

so that any set (Ie, be, trnC~)) is a solution if (f. h. t,l/) is n solutioll. 

These ambiguities raise grave concerns for the accuracy of conclusiolls drawll 

from phot ometric data of single lens light curyes if blending is ignol'(·d. The alllbi­

guity effect of blending on binary lens curws is less pronoullced (e.g. [G2]) but (',m 

be expected to affect any weak binary evellt in a marmer similar to the OllC di:'iCnss('d 

here. 

Parallax 

The parallax extension to the 7-pararneter model adds 2 paraJlletcrs ll('cdcd to 

uesni bc !loll-lillear rclat i vc lllot.ioll of the lCllsing syst elll. These ((i all( 1 ti') \\Tn' 

discllssed in 2.3.3 above and are used to model the effccts of tIll' EClrth's orlJit ()ll ,lll 
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LG:\I light CUlTe. Smith, ivlao and Paczynski [-10] discussed a constallt nccTlcratioll 

model which serves as a good approximation to the normal parallax effect. Usillg 

this modd t.lwy discovered a degeneracy which affects \H'nk parallax evcllts. i.c .. 

events with te dose to the bottom of t.he range of where parallax can 1)(' ulJserwd. 

The degeneracv is in the two parallax parameters and tc' 

An extension to the parallax model made by Gould in [68] also introduced a W'W 

form of parallax degeneracy. 

Weak parallax vs. planetary perturbations in long time scale, asymmetric 

events 

III aho1lt 1 per cent of planetary events, planets can gi\'(' rise to IOllg tilllc scal(, 

perturbat ions [3]. These are highly degenerate wit h parallax ('\'ents of the t Vj)C 

discussed in [67]. This degenera.cy has also been observed, \yhich led to the disq1lc11-

ification of event OG LE-1999-BLG-36 as a planct ary ewnt. 

Close and wide binaries vs. planetary events at high amplification 

Extrcnw separation ((J « 1 fJ E and (/ » 1 fh), rncdiml1 mass ratio hillmi('s 

generate caustic pattcrns close to the primary lells that arc allllost illdistillguishalJl(' 

from those caused by medium separatioll, planetary compcmions (q « 1 fJ E ). This 

degeneracy is discussed in, e.g., [71]. It has also been obserwcL if that is tllP c()rrcct 

term in so far as the degeneracy was an issue during analysis ([73]). 

3.3.5 Sampling parameter space 

Possibly the simplest (and most. brutal) way of fitting (\ light C\uTe is to decide 

on a sampling frequency in parameter space and to sill1pl~' step through HII sr1Illplc' 

models looking for one that generates a light curw that closely matches t he ddt i1 

curve. Assuming the sampled curves adequately coyer the allo\YC'd parameter ranges. 

the method has the advantage of being exhaustive. Of coursC'. the problclll \\'itll 

L(;:\l is that a vast llUlllber of salllple lllodels arc required. The author did dtt('Illpt 

a naive library-based fitting solution without success, to be comp<ued t() :\L-w L\: Di 
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Stefano [7~l. 

Storage restrictions 

If the sampling requirements of this library are to be lllet. there i:-; e;till til(' 

restriction of storing the calculatecllight curve for each grid point ae; they are Ilceded 

for ("0111 paring with () 1>e;crvcd light ("urv(~e; wll<'n Ii 11 illg with i\ iiI llCUY-l me;( 'd ltwt J \()d. 

The number of data points per curve that need to be storcd is a nUll-trivicll is"llc, lm\ 

if we assume that 100 points are good enough to distinguish behn'Cll light (1l!"\,ce; 

to a level that produces a usefully small list of canclidat C lllodel" 011 (Oll! P') rie;oll, \\"(' 

are faced with the prospect of storing 200 points of data of size "double" J)('r emY<'. 

A slllall test shows that gzip compresses lOU light CUl"WS of l()() x- illld y-poillts ciwh 

into about 70kB. For a library method that needs to fit. say. all 7 st alldard ltlodel 

parameters and a sampling spacing of 5 per cellt per pc\l"(unctcr \\"C ilrl' fc\c('d with 

C~O) 7 X curVf:S x O.7kB = 1.28 x 10'1 x O.7UJ = xD(i(;13 (fl()) 

of storage. Although this number is attainable on a personal COlllputel" OIlC hilS 

to wonder whet her this is the right approach. 

3.3.6 Computation time 

COlllPutatiun tillle is a limiting factor when fitting binHrY lens LG'\I light ClllVl'S 

due to the iteratiyl', non-analytical nature of the amplifiCHtioll cillc\llntioll. \Vc 

have seen s(:'\"eral different methods of computing alllplificCltioll CIS () functioll of t illlc 

described ill Section 2.2.5. Regardless of the method used. amplificatioll caiculaticll}e; 

[tre non-trivial and t[tke such a long time that brute force is excluded ae; all LCi\[ 

fitt iIlg operatiull. 
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4 Feature Selection 

4.1 Introduction 

The input to our fitting problem is an observer LG:'-I light curw. In thi:; Section 

we will simplify the actual problem by assuming that the ob;-;prv('l"s ha\'(~ pj"()vid(~d 11:; 

with a rcdu("(xL clcancd light curvc. This lllay have required the relll()\"cd of ()utlic'l:;. 

t he combination of data points frum different obst'rnltmies, reseedillg of photolllPt ric 

errors and the like. 

\\'c can now feed this light curve directly into our rq!,rcssiun nlgori t hlll:; or pr()c'( ':;:; 

it furt her. In fact, praeti tioners agree t hat regression perfonw1llc(' oft en 1 )(,lIdi t;-; 

from fnrther processing of the inputs, a.k.a. ··pre-proccssing". One wry illlpmtmtt 

form of pre-processing is feature selection or construction. Thi:; i:; the Pl"()("(':;:; of 

constructing new input variables from the existing (HlPS through trDn:;fo1"111a1 io)):;. 

dri ven by dOlllaill-spccific knowledge or by relllO\"illg reel unelant varia hIe:;. The In t t C'l 

is often referred to as subset selection but we will use the term "feat ure sclect ion" t () 

refer to any change made to the original in])u t set. by eit her tnm:;fmlllillg. n'11l()vi ng 

or adding variables and their derivatives. 

~e\\" inputs can be any set ofmllnbers derived from or combined with the origin()1 

inputs. The aim is to find a transformation of input parameters thnt ha:; lllUl"(' 

predictive power than the parameters theIllselyes. as measurecl again:;t all \l11:;('e11. 

testing data set. 

There are good reasons to reduce the number of inputs to fitting C1lgoritll1n:;. The 

yast majority of classifiers and regression algorithms function progrp:;:;i\'CI~' \)('11('1" a:; 

the number of inputs is reduced, provided that it is !lot reduced to t h(' point wIH']"(' 

critical inforlllation that cuuld be usecl in the idc!ltifil'ntiun uf d gi\"l'n light (:1\1\"(' i:; 

lost. 

The somewhat counter-intuitive reduction in success rate \\'ith i!lCTpn:;illg input 

inforlllation is lllustly duc to the "curse of dilllensionality" (i.e. [7S]). Th('l"l' i:; (\ 

point at which adding input parameters docs nut justify the clllmgclllellt uf the il1put 
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space that comes from increasing its dimension. In this \Yay. feature selection is nlso 

related to data compression and, risking a philosophical statement. "underst anding". 

in that the more compact. the' pmarrlC'ter set used for a cOlllpll'te d('scriptioll of the 

data is. the better \Ye understand it. 

The problelll of finding the Lest input vector is tllCtt of maxilJlising the ,1l1HJ\lllt 

of relcycmt information in the input vector while minimising the dimension of (he 

input space. Using the correct input vector is Hbsolutel~' crncicd to successful ('p­

proximation or fitting, but the question is how to find this input wctor. 

One can do so by trial and error, which consists of selecting different combillcl t iOlls 

of input yectors by intuition or at random, training a regression algorithm awl 

cl}('cking performance: a prohibitively slow process \\'ith no gw\rantecs offercd Oil 

finding the best solution. Fortunately, the next Sections describe a selection of nlOrc 

realistic. formal methods that were investigated. applied Hnd en.luHtcd for LGi\1 

binary lens light curve fitting with the standard model. 

Goal The goal of this Chapter is to find a represcntation of an L(;\1 light ('\lIT(' 

that pcri'onns optimally at rq,;rcssion, presllmablv bdh~r than the light (,lUV(' d()('s 

by itself. I shall diyide the process of deriving an optimal fea ( me set fur f1 t t ing LG:\ I 

binary lens light curves into three dependent Scctions: 

1. Constructiun. l\'ew fcatmes are created or derived frolll the light ('\11'\'('. 

2. Evaluation. ~e\V and original features need to lw (:,\'Hludtcd for their predictin' 

utility. 

3. Sean-h. \Ve require a feature-set searching Illethodology to clerin' t he optimal 

set. 

4.1.1 Know your data 

Defore we even st art deriving new features, it is highly rccollllll('Jl(kd to get t () 

knO\\' the re.", input data (i.e. [76]). Vle need tu know what tIl(' t\'piccl1light cm\'(' 

!)() 
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Table -1: Standard Binary Lens Model (SBL~I) nmges used throughout. 
Parameter :;Ill1unmn l'VIaXlll1UIll 
0.(8E ) 0.6 1.7 
8(°) a 360 
b(8E ) 0.001 1.0 
III 0 (n Ul Y ) 18 21 
q 0.1 1.0 
tc(doys) 5 25 
lrn(duys) -10 10 

looks like, ,yhat the "typical" outlier looks like. what kind of degeucnlci('s ('(Ill he 

expected, etc. A knowledge of the data will illlproye our understanding of results to 

follow. 

There are Illany ways of looking at our data. \'"e shall start with a visual inspec­

tion of a number of randomly sampled light curves before mO\'iug on to stell ist iCel1 

properties of the complete training sample. Figure 28 shows 50 light curws selected 

at random from the sample constructed from the parameter ranges s11o\\,11 in Tah1e 

-± using 1 he st auelard model. 

A few simple observations from the figure. First. Hlmost e111 c:urws arc ind('ecl 

yisihly perturbed from the typical single lens light curn:s. ~I()st are aS~'lmlletrical. 

Secondly. a lot of curves have ouly a single peak and of t hest' it \\'ould SP('Ill tll()1 

mHlly arc fairly similar. This indicates large areas of dcgcncntcy WhCll all l'lllptillg 

to recover model parameters for curves with a single peak. 

~Iany curves seem to be crossing a largish caustic area. shmyillg 1 hl' distinct iw 

caustic entry and exit spikes and an area of increased amplificatioll ",hil(, \\'ithill t 1)(' 

region. ~lany show peaks that arc not due tu ad ual caustic crossiugs and so llmst 

be a caustic cusp approach. 

Statistical description of binary light curve data 

In order to use a simulated light. curve as an input \'('ctor. we takl' t hl' st ('jl of 

(Teatitlg it fl'Olll samples at 100 regularly spaced points bd\\u'll a sl cuI and ('1)(\ 

puint CIt t1ll - 2tc ± 0.5 tf' and tm + 2tc ± 0.5 if" The uncertainty ill the stetrl (\ltd l'nd 
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Figure 2~: 50 randumly ::;clected light curvc::; from the pantlllct('r l'((llgC::; III Tahle 
using the standard model. This is our input space of choice for stud\" of the stctlldard 
model. 
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point reflects the fact that we do not know what tr and t TrI are before fitt iug. Om rel\\' 

data thus consist of 100 evenly-sampled time points and 100 matchillg, llIagllit \ldl' 

points. As we shall sce below (in Section 4.2.1) \\T can discard all hut two of tIl(' 

time points with no loss of input information. lei-wing llS with 100 nlClgnificat iOlls 

and the start and end times of the curve. 

Figures 29 to 32 are distribution plots where the values on the x-nxis arc dcriv('d 

from the extremes of the range and the y-axis is a count. As the actual n\lue of t 1)(' 

COUllt is not inll)(Htant (but the amplitude of (he dist ribut ion is). t he v-axis s('(\I(' 

was omitted. 

Figure 29 shows the distribution of start times for a sample of WOOO rand()]ll 

events with parameters selected from Table -1. This distribution is () fUllctiOll of the 

ranges chosen for f r. and t m , as well as an additional 1lllCcrtaillh' of (J.S I( for ('(jch 

CU1Te's starting poiut. There is uot much else tu leal'll £'r0111 this distrilmtiou lJ\lt it 

begins to place the light curves into context. 

- .--- -- t--
t--t--

t--
-- --

-,..--

-
- -- -

~ rh 
-64.08 -31.78 0.57 

Figure 29: The distribution of curve start times (in dnys) for 10()O() sLmclimlltl(J(kl 
events. randomly generated from the ranges in Table 4. 

Figure ~30 shows the distribution of start magnitude for all lOO()() CUlTes. This 

distriuution is technically a function of allmodd parameters. as well as om chui«' of 

light curve start and end ranges, 1m - 21,. ± 0.51,. and 1m + 2/.,. ± Cl.S/,. Of ('()ms\', tIl(' 
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magnitude this far from the peak of amplification is almost direct I~' related to the 

fiat distribution of start magnitudes chosen for the experiment. The distributioll at 

points closer to the centre of the curves arc m01'e intcn:stin!2,. 

-r---
r--- - r---

r---

- f--

9~ 

17.57 19.26 20.91) 

Figure 30: The distribution of curve start magnitudes (mag) for] (lOOO stalldard 
modd events. randomly generated from the ranges in Table -1 

:\Iagnitude distributions at points deeper into the curn's are plotted in Fi!2,u1'('s 

31 and 32 which are at position 33 a.nd 50 out of a hundred magnitude points. 1'('-

spectively. Position 50 corresponds on average to the ('cntre of each cur\'('. Both 

these distributions are complicated functions of the ranges chosen in Table L Doth 

arc highly asymmetrical as one would expect of a fiat distrihution ill iIllpc\('j pa-

rameter b: single lens amplification scales approximately as the inwl's(' of b ,)t high 

amplification. and we know that a large number of light (,111'\"e \\'ill resemble single 

The rather smooth, unimodal distributions discussed abow suggest th,)t (lw1'<­

IS no clear discriminator for a classifier or regression routine ,,·hell looking at ,\ll~' 

given lllagnitude point ill isolation. Relationships betwccll points arc likely to play 

t he largest role when discriminating between models. 
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r--
r-

1--- r- -
t--r- - t--r-

r- f--

- t--r-

r- -

r-

~rrrrf n 
14.76 17.79 20.8;/ 

Figure 31: The distribution of curve magnitudes (mag) at point lllllllbcr:U for 100()() 
standard model events, randomly generated from the ranges in Tclble -J 

r-r- - r-
- I- -

r- I- t--r-
I-- -

t--
r-

I-
r- -

-
r-

r- I-

rfff !] 
13.85 17.29 20./4 

Figure 32: The distribution of curve start magnitudes (lllag) at point lllllllhcr 50. 
which corn;spunds tu the average peak pusition. for WOOO standard lllod,,1 cwnts. 
randomly generated from the ranges ill Table ·1 
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4.2 Construction: Creating new features by transforming the light curve 

In this Section we shall derive many features from an existing light curw. ei t 1]('1 

h)" transformation or by us(' of domain knowledge or hv 111111Ch. The \"ilst lllilj mi ty 

of these will then be mercilessly discarded in Section cl.3 ","hen we eyal \lrl (c their 

actual worth in fitting. ;":onetheless the prediction is that C1t least some useful nc\\" 

features or transformations will be discowred v;hich haw the pot(,lltial to Lwilit cdc' 

the fitting process greatly. 

4.2.1 Domain-specific construction 

This Section deals with ff,Rtures that are specific to light (,111"\"(,S. Latcr Sectiolls 

willusi' generic feature construction methods in which the input wctor is consici('l"ed 

to be .iust a vector of values. Here we will attempt to incorporate properties of the 

standard model and its resulting light curves into features that should hilw high 

information content or predictive power. The number awl position of peaks. for 

example. \V(' know these numbers say something Rhout rnod(~1 parnnH't('J"s. If \\T 

haw' a large nlUuber of peaks, we must have lllultiple caustic crossillgs whidl P\lt 

constraints on the parameters a.. q and b and e. Peak number is (\ gelleric ('Ullccpt 

but we suspect it is significant due to our domain-specific knowledge. 

The most obvious features of an LG:'I billary lens light CUlTes CU"e the ]lCelks 

cmd troughs of the curve, but any hit of information can potentialh" SN\"(' c1S i\ 

feature. An infinite number of features may be extracted froltl a single c:urn~. hOll! 

the obvious to the more obscure, such as the slope at stmt awl end-p()illt, lllOIlH'llts 

of thc nlClgnitudc, dc. A good selection requires an iutuitivc approach. based Oll 

the modeller's knowledge of the problem. v\'hen a large number of plausible f('e1tme 

selections have heen ma.de, selection methods from Section 4.3 will be us(~d to lHUTo\\" 

t he candidates clmvn formally to the optimal set. Figure 28 sho\\"s eXRlllple binan" 

lens curves and the reader is invited to select a minimal set of features that (";11"]"\" 

ltlaximulll inforlllation regarding the possible lens geometry t bat WelS n~s]J()llsil)1c for 

these cun"es. 

Univ
ers

ity
 of

 C
ap

e T
ow

n



The curve itself 

A first choicc of a featurc set is not to choose one at all and to us(' the ('Ilt ire 

CUlTe as input, thus retaining all infonllatiun cont ained in t hl' obs(,lTat iOlls. This 

type of input was used successfully in [77] to fit thc stcmdard Illodel to silllulatl'd 

light curves, although the sampled curyc data ""cn' supplclllcnted ,,"ith their OWl! 

extremum data. 

This t)"pe of input is unsatisfactory for several reasons: 

l. EYcn for this direct approach SOllle pre-processlllg IS required. A saJl1plil!i!, 

frequency, start- a_nd end-point need to he choscn to ensurc thnt all C1U-V('S C,lIl 

be turned into a uniform, evenly-spaced format for comparison by t hc fit tini!, 

algorithm. 

2. LG~l binary light curves are highly non-lineal' and subsequent h" requirl' it hii!,h 

sampling frequency to enable a successful fit by Artificial :\"eural ;'\ctwork. 

This leads to input vectors with yery large dimcnsionalit)". III [77], input 

wctors had up to 117 entries. Large dimensionality brings about thl' "CllrSl' 

of dinwnsiomtlity" whereby the success rate deteriorates with increClsini!, illp1lt 

dimension despite the input of more inforlllation. 

3_ LG::,r light curves often contain gaps ill coverage. for cXHlllplc due to h,HI 

weather. Some algorithms require full input vectors and this raises the iss1ll' 

of wlwt to do where data are missing. The ":\Iissing Data" problelll (c.g. 17KI) 

is a nOll-trivial drawback to the 1IS(' of th('s(' ali!:orithllis. Otll<'[" f('Htlll·('S. s1I(h 

as pre-fitting by simple models, lIlay be less sl'nsitiw to gaps ill coven'g!'. 

:\" onet heless, raw light curve data proved effective ill the eXlwrilllcIlts ill I([t e]" Sec­

tiUllS. Perhaps t hat is because they do 110t lose iufonllClt iU11 elml lllodent Hli!:uri t lUllS 

have becollle more robust against the problem of lllissing nllues'! 
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Extrema 

LG'\l binary lens curves often have strong peaks and deep t1'Oul:',hs. l\S discussed 

in Section 2.1.1, these are closely related to geometricc11 fe<ttures of the billC1r\' lens 

systcm and the projected source path across the system. implying t hat feMmes 

based on the CUlTe extrema should be rich in gconlPtrical informC1 lion wll ich is 

closely linked to model parameters. The (t,mag)-coordinates of ('xtrprna \\'('n~ used ilS 

additional input to the light curves thelllseives in Section 0. Higher-ordcr c'xtl'CIllUltl 

data. such as the second derivative magnitude at a peak/trough, can abo 1)(' used. 

Unfortunately, extrema are often missed in practice due to bad weather or late alerts. 

leading to missing inputs and potentially crippling fitting problems. 

Statistics and Moments 

A single light curve can be described by various statistics and it is casy to imaginc 

that some of these have a high information content. The mean. maxillllllll and 

lIliniltlultl of both tilllc and lIlagnitudc values should proV(' useful. IIigll<'r order 

moments such as variance. skew and kurtosis could also be valuable as a rough 

indication of the asymmetry or number of caustic crossings in c1 curn'. All ()f till' 

aboH' were calculated for both time and magnitude ntiues. 

Derivitaves 

Derinttives of light curves may be useful as \vell. One could specui<lte that 

these would show a dear signature of peaks and troughs and lnH\' be llsed "'it It 

th(' m:1gnituric at start and (~nd points of the curve. p(~rltaps to pl'O\'idc illforlllatio1l 

un t he impact parameter, etc. Derivatives unfortunat ely CO\'Pl' a \'en' wide l'Cmge 

so in this thesis it was decided to use the tangent angle at each point as a lllOl'<' 

smoot hI y-varying replacement for the first cieri vati YC. The second deri vat i Y(, \\'itS 

used as calculated. 

Several numerical schemes were considered for calculating cicri\'ativ('s. Loedl 

approxilllat iOll with smooth fUIlctiolls such as splines was a \'in hIe opt iOll 1m t ill 

t he end a simple difference method was used where t he slope WilS silllplY t l)(~ slope 
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of the linearly in!l'rpoldt.<."<.llighl ell""'_ Ie w,." illtl'n,»eiHg t·" llL\t~ th~ difliwler uj 

appwximaciIlg a VO e('Illid lly Iluisy lighe CUlV(' 11l it;, ~Ilti[~h- with a ~l1npl~ ~lllnClth 

fUll("liuH. Fig11H' .13 ilh, slmH'" 1.1", pmh!"m. TIl<' li!(hl- curve' iH th" fi1'.l1[('" nClt 

wdl approximatoo hy C]wby, ]wv pCllynomials, eYPll ll sillg poh'Tlomi81, wit h 200 

oofficipnt ' _ Th i8 '-sup i, dis~us"pd further in SC'<:tioll 4.~.~ 

Statiotics on thc "lope wel'C HI"" inclndpd 

-15 5 - ---- ---.-

i 
_1 G 

_h~ 

" , _1H 

" 
·W5 

0 

. . 
_ '. J .~ 

_00 

J,," '" 

: ... -17.5 '0100 
OreO!' 5 

Oreor10 
0 ,.,0,. 20 
(X, ,,,.!IO ---­

OrJ",. 1fJO -
OrJ ",2rlO 

':<1 

Figure 33 Chl'by:;hey >tpproxillmlion of a IlUIl-lill~'" bue b idy tYPlca] binary I,'n" 
light cnrv~. T hp HPPl"(}ximat.l(111 is poor , PWH at 200 poh:llomial copflkicnts. ;':olP ill 
particu];u t.he di'lllal f~ ilure of the ~O-wl'l[kicne VOlyuulllhl Wllll·h is slill in~"pahk 
of rc:;olviIlg the lIlullipl(' p~aks ill till" cwnl. 

Smoothing 

i\Jl(}thIT ~a",li,"'l p f~al 11rp ""I. COHsist ' of th ~ mo"i llg awrage of \' light emw 

points T wo sud, cnrv,,,, we're add,~1 into Ih,' Ii,! ot f" >ltUl"" the ti l',t \\'it li ,," 

averaging length of 5 lh ta PU;Ilt.,;. the next with an Hvpraginf', lpnf',th of 20 poinT'_ 

n!J 

Univ
ers

ity
 of

 C
ap

e T
ow

n



This simple form of smoothing has some potentially undesirable propcrti(~:-" sllch 

as the dilution of peaks and troughs. Hmvever, this is not necessarily a handicap 

as p(:ak and trollgh information is already etvailetblc in all1lndarwc in ot her features. 

Instead. t he point of t he smoothed curves would be to accent U<'1.1 e longcr- terln 1 n~nds 

in the light curve. 

Simple fits 

An LG'\1 light curve may be well defined by the parameters of a lllodel 1 h,lt is 

simpler to calculate than the standard lIlodel. For exmnple. fittillg a 101 h-<icgrce 

polynolllial to a lighl curve would yield 11 paralllcfers Clud if 1 he fit \\"('n~ good. 1 hes(' 

parameters would contain most of the useful information that \Y(1S conl ained ill the 

original curve. Fitting an alternative model to the data seems c01.111tcr-intuitiw. HS 

the aim of the entire fitting exercise including feature extraction is to fit the LG~I 

binary lens model to the light curve in the first placc. The advantage is thal simpl(> 

lllodels are much faster to calculate and lllay contain all the relevant infonllati()ll 

implicit in the data in a much more compact form, e.g. a few parameters - pwyided 

a suit able model can be found. 

This is subject of course to the existence of a satisfactory simple Illodel. 

Single lens fits to binary curves The most effcctin: \\"ay to reducc thc difficulh" 

of a fit is to reduce the number of parameters that need to be fitted. 011(' \\"ilY 

partiall~' to etchiew this is by first fitting a singlp-lpns model to a light emw to 

ubt (lin an estimate for t e, t 1110 rno and Ii, dramaticCllh' reducing the regressiull se(\)"eh 

space. The single lens model provides a very poor description of the llldjorit\, of 

binary lens light curves. Figure 34 provides a. quantification of the lHllllber ()f billmy 

lens CUlTes wit h parameters in the ranges specified in Table -! that mc sucCPssfulh" 

fitted by a single lens model. The criteria for success are ;::.(~~ < 2.0 etllel Fn1o ,· < n.l. 

where Fm(l:r is the mHxilll11111 eITor after fitting of dlly fit panullc1 ('1". The eOllllJincd 

success rate of less than 4 per cent exposes the limit<1tiolls of the single lcns fit. 
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Single lens fits to hlnary light curves 
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Figure 3-t The distribution of ~ for single lens fits to stalldard model billaJT <i.oJ 
events with parameters in the range specified in Table 4. 
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A visual illustration of single lens fits to binary en'nts \yas considered useful 

and is shmvn in Figure 35. l\Iost seem reasonable. There appears t () ])(' d slll,d] 

percentage: that one feels the fitting routine could have done hetter at and C;Olll(' (l]"(' 

clearly too ambiguous to fit as a single lens. 

Single lens fits may be used in this way to reduce the parameter space b\' aSS1ll11-

ing that these parameters carryover to the hinary Icns prohlem in question. and 

t hen subsequent Iy varying binary parameters. Altcntatively. t he single IClls pmmll­

eters may be varied in a subsequent binary fit that used the single lens \";dues ,1S ,t 

starting point. Finally, single lens parameters rrla~' be used as features ill 21 bindl"," 

lens regression but that was not attempted here due to the lo\\" combined S11CC('SS 

rate of.i11stl per cent. 

4.2.2 Generic Models 

One can make the distinction between domain-specific models such as t Iw single 

lens fit froltl Scctiollt2.1, and "generic" models such as those oht aill<'d frmtl s1>('("t ral 

analysis or general linear regression, which will fit any obscl"\'21tion giwll ellough 

terms in the expansion. Both methods can be used during feature cOllstruct ion. 

If a light curve is fitted by, e.g., a Fourier expansion, the fiuite number of Fomicr 

cocfficients in an approximating expansion can be used as fcatures for a ]"('g,rc:-;:-;ioll 

algorithm. It is possible to achieve significant dimension rcdllctioll with this proc('ss, 

prm"ided that the Fonrier fit is good, which means that high approximatioll c1ccm21CY 

is c1chievcd \yith a small number of coefficients. U ufortuna tely \w shHll sec t 1121 t ItlUst 

light curves are not well approximated by gcueric models. 

Polynomials and Chebyshev Polynomials 

All smoot h functions can be approximated by pol)"uOllli21ls. Th(: ,tilll ill t I!is Scc­

tion was to replace an entire light curve with a polynomial approximatiou to reduce 

the input dimension. The simulated light curves that are to Iw fitted cont (lin 100 

points. If we could approximate the light curve well wit h Cl ot h-dcg]"('c ]l()lYlHJltlial 

to use as a proxy we \vcmld reduce the input dimension from IOO parmneters to .illst 
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Figure 35: Single lens fits to 50 nmdoltl bilHll'Y PWllts. 
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G. 

Various polynomial approximation algorithms exist, (
) (J' 
~ '0' [5D]. 

met hod \Yas chos['n 1)['cause it is highly efficient and arbitrarily accunll ('. ill t houl!,h 

the polynomials produced by the method are not the "Best Fit" or "\Iilli\L-,x" 

polynomials. An example of a Chebyshev polynomial fit to Cl biwuv light curve is 

ShO\Yll in Figure 33. The light curve in this figure is not \wll-approximnt(·d b\' t 1)(, 

Chebyshev polynomial. A 5-coefficient polynomial is little more t hall all asnllllld­

rical hump, \Yhereas a 20-cocfficicnt polynomial did not r['solw the C1llTC'S lllultiple 

peaks. A 200-coefficient polynomial began to approximat e t he light curn' as .iudged 

by eye. but at that stage the polynomial expallsion had too lllCm~' coefficicnts to 

achicw dimension reduction. 

Figure 36 shows 20 more 20-coefficient Chebyshev polynomial approximatiolls 

to randomly generated light curves. By eye, the figure indicates that smoot h CUlTes 

arc approximated \vell. Unfortunately curves with discontinuities arc yerv poorly 

approximated. Based on the pass8,ble performance of the Cheb~'shev polnlOminls. 

it \Yas decided to add the 20 coefficients of 8, Chcbyhe\' approximation to the f('clture 

set. 

4.2.3 Linear Transformations 

Linear transformation of a dataset is a fairly efficiellt operatioll awl can lead t() 

a trallsfonl)('d sl't with desirable prop(~rti('s as far as rCI!,l'<'ssioll is (,Oll<'(Tll('d. 

peA 

Pcrhaps the most famous of these is Principal CmllpOlll'nt Analysis [7!J]. where 

an input set is transformed linearly to a llew coordinate system where (,deh "XIS 

is chosell in turn so-as to maximize the variance of the data alollg tlwt ()xis. The 

direction of each new axis (component) of the transformation often \'iclds illsight 

into the data. Used in combination with the proportion of total variallce of the data 

set alollg each llC\\! axis, we have a powerful toul for understanding U\lr dat a as wdl 

as red Ilcing its dimension. U llderstanding follows from cuwlysis uf t he direct ion ()f 
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Figure 30: Chebyshev polYllolllial approxilllatioll of order :2() t() :2() randolll billmy 
lells fits. 
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ncw axes. Are t hey mostly along the axes of the original coordinate svst e1ll! If so, 

tllP original data set is probabl~r the most compact wm' of describing the datel and 

\\T can skip til<: tnmsforrnatioIl. If the new axes point into directions in p,mlllH'tcr 

space that are quite different to the original axes, the data are better described by 

a lineal' combination of the original input varia bles. 

PCA was performed on our input data set of light C1ll'WS \vith the \\'EKA soft­

\n\l'(~ package [7G]. The relative strength of t he linear cont ri bu tion of eClch light 

curve point by index for the first 4 principal components of our cln t n set is shown ill 

Figure 37. The first 10 principal components were addcd to our set of featmcs f()J 

subsequent selection or rejection. 
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Figme 37: PC A results for binary light curves generated from Table 4. The first 4 
('olllpOlwnts CIl,(, shmvn, a('c()unting for ltlon~ thall !)(5 pCI' ('('nt of til<' t()ted \'<Il'i,lll<'('. 

One could interprct the iiglll'c ill a straight-fol\vmd lllelllner. The principal (())ll-

poncnl, respollsible for 88.4 per cent of the totnl vnrinllce, is nlmost the SC1l11C CIS 
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Table S: PCA of standard model data set, showin~ components cm'('rinf'-, moJ'(' than 
98 per cent of vClriance. 

Component Covered Variance 
1 0.88413 
2 0.04257 
3 0.02819 
4 0.00601 
5 0.00574 
6 0.00331 
7 0.00291 
8 0.00225 
9 0.00204 
10 O.OOlSS 
11 0.00146 

Cumulative 
0.88413 
0.92G7 
0.95489 
0.9609 
0.96664 
0.96995 
0.97286 
0.97511 
0.97716 
().97~7 
0.98016 

the mean of magnitudes for the light curH'. The points closer towards the m'Cnl~(' 

peak position of the entire data set are slightly less important than the outhin~ 

points. This \vould appear to correspond to the variance introduced to all poillts by 

the uIl-lensed magnitude Ina which :;imply parallel shifts the cmY(' up or dmnl. Tlw 

second component appears to be symmet rical around the ccnt re of the m'craf'-,c of 

light cur\'l~S in our sClm pie. Curves t hat are asymmetricell \\'it h increclscd nHlf'-,lli t uell' 

on t he right will have a high value for the second component. Those skewcd t owmds 

the left will have a negative value, and perfedly :;)'rnrnetrical CUI'Y(,S \yill hclW a 

sl'cond COlllPOllCllt vahw dosc to her(). 

The third component appears to be rnea:;uring the centntilllagllit uele' agaillst the 

magnitude in the \viugs. as the wings' contributions are positiye \\'hereHs cOlltrihu-

tions from the centre are negative. \\Te could spcclllMc that the third COlllPOllcllt 

should be correlated with impact parameter b. 

Additional components become harder to interpret. The fourth COlllPOllCll1 ap-

pear:; to be allut her indication of a:;YlIlltldry although lllore Pl"OllOl lIlcc'd t hall t lJ(' 

asymmetry me<1surement of the secund compOllellt. 
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4.2.4 Genetic Programming 

Feature construction by Genetic Programming is a fairly new 1 pchniquc (c.g. 

[80]). Genetic Programming is a versatile technique for cH)l\'ing an analytiC'nl solu­

ticm to all)' problem that can be written as a function. based on c'xample data [i'\lj. 

In its simplest form it is a straight-forward application of the Genetic Algorithm 

where individuals of the population are function trees t hat are evohul to approxi­

lllatc best t he functional mapping illlplicu by the cxcullplc cIal a. 11 shuuld be l)()\('d 

that the simple Genetic Algorithm has been successfully applied to :-Iicrolensing 

problems in e.g. [82], and in fact also 18ter in this thesis as a finc-tuning techniquc. 

Genetic Programming is a different technique, in that a fUllction is c\'olycd instead 

of a model parameter set for a pre-determined functioll. 

This S('ct ion wOllle! he equally at howe in t he final 1'l'gl'l'ssj()n Chapl ('1. hilt 

Genetic Programming is applied here as a feature constrnction technique. The idea 

\"as to cvolye an analytical, functiona.l mapping betm'cn the input light CUlY(' and 

each st andard model parameter in turn. The Genetic Prognmlllling algorithm vms 

adapted from [83] to allow the use of mathematical functions. A population size of 

2000 functions. to a maxilllulll of IO() gellcrations, was chosl'll. 'I'll(' fitn('ss bUl('t iOll 

was a standard ~X2 over the training set which consisted of 10000 randoIll c\"Cnts. 

To avoid running out of memory and evolving down complicated cnl-de-sHcs. t hl' 

maximum depth of any formula tree was set to 6. Apcut from the Genetic Program­

ming parameters, our input consisted of the set of input ~Ii(,l'Olcnsing ntria blcs Hnd 

a sC't of operators that the: algorithm chooses from to insert at hl'anc'h node's ill tIl(' 

formula tree. The input to these nms was simplv a single we-tm cOllsisting of lJ](' 

magnitude yalues of a given light curve. Table 6 shm,'s the list of opcrntors used in 

the runs. These were selected ad-hoc based on past experience. 

Figure 38 shows the result of a single Genetic Programming nUl for the fom 

"difficult" parameters of the standard model. The plots are of the distrihutioll of 

rdativc enOl' for the data set of the predicted lllOUe! panullctcr vs. lhe Cll·tual 

parallleter valne. 
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Table' G: Gc:netic Programming opc:rators uSe'd for Fe'atme COllstl'1lction. 
Operator DescnptlOn 
AcId simple addition 
Subtract simple subtraction 
Divide protected division: check for zero denominator 
;"lult.iply simple multiplicatioll 
Ln protected logarithm: In of absolute n1lue. chC'ck for Z(,l'O 

Constant a random constant within set range 

The actual formulae gc:neratc:d by the I'1m are not reproduced here as thl'\' 1'<111 

over several pages awl are not really hlllllClll-readablc dcspil e bt~illg nest ri('\ ('<I t() a 

maximum tree depth of G. Analytical yes. elegant. no. 

In this single rUll, Genetic Programming was largely ullsucccssful at fitting the 

parameters (1, e. band q. Not too much can be read into the rcsults of just one such 

Genctic Programming r1m. For example, \\T dOld kno\\' ,dwt lwr the algori t hill failed 

to produce a formula for b because this was intrinsically difficult or just becHusc we 

were unfortunate enough to choose a "bad" random seed. This type of Ullccrt (lillty is 

a consequence of the stochastic nature of Genetic algorithms. The cyolwcl fOl'ltluLH' 

for the four model parameters were not added to our feature set beccllv..;e thev ('ctill'd 

to do much better than .iust choosing thc centre of the model panlllH'ter rallge as (\ 

fit ,'alue. 

Conclusions Genetic Programming is all exciting new technique with applicatioll 

in many ficlds. Unfortunately thc:y w(~n~ found wanting in th(' LC:\I binary l('lls 

model feature selection problem. The negative result was probabl.\' dllC to () (,Olll­

bination of the genuine difficulty of the problem and the unsophistici1t('d versiun ()f 

Genetic Programming applied. Sources like [81] suggest a variety of cOlllplicnt('d 

techniques that may enjoy more success. 

4.3 Feature Evaluation 

The worth of a feature can be simply defined. The ultimate m('asur<~ of ils 

SU(,Cl~Ss is its predictive ability on an unseen tcst sd. Huwev('r. predict in' SlllC(,SS i" 

a function of the set of features used, not (Uly incli,'idual f('at m(' in isolfltiun. 
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Figlll'C 3S: Relative cnOl' distrilmtio11 fur standard lllodel panllllct ('rs wh('r(' C(,l1('t i(' 
Programming has provided a functional mapping as feature for subseqUt'llt regres­
sion. The rcsults an: disconraging as the error distri hn tioll CllCOIllpass til(' ('II ti n' 
range of the model parameters. llO 
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.\Iany different feature selection algorithms exist. The lllost l"elia ble (,\"ednat iOIl 

method is exhaustively to train a classifier for each feature subset. somethillg which 

is more than likely prohibitively timc-consnming. Fortnnatelv. alternative llleClS1lr('S 

of feat ure set s' predictive power exist. These arc discussed and applied wit h vario\ls 

search algorithms in the following Sections. 

4.3.1 Filters and Wrappers 

Feature selection algorithms can be di \'ided int 0 t \\"() cat egories: Wrcl ppcrs and 

filters. "\\'rapper" methods tra.in regression algoritlnlls Hnd nsc the CLlssitic,lti(Jll 

accurac~' of the trained regressor on an unseen test set as the rneClsnH' of sncc('ss. 

"Filter" methods use an alternative measure of predictive ability (han (he (raining 

of a regressor. The measure of prcuictivc ability in the absencc of act Hal ('yahl<l( ion 

on a test set is an approximation, but the relative dfici(;ncy of filter methods llwk(:s 

t hem vastly preferable to wrapper met hods on real world problems wit h lllnm' po­

tential features to select. \Vrappers and filters may share the sallle featnrp splect iOIl 

search techniques, the distinction is solely in the ,\'ay calldidate featnl"e subsets me 

evaluated. 

4.3.2 Benchmark Computation time 

Computation time and hence efficiency of the methods of c,'aluatioll and search 

were maj or factors in the selection of a feature set froIll the 6()()+ candida t (' fea t nrcs 

constructed from each light curve in Section 4.2. A few simple tests with sm,lll elM,) 

sets and feature subsets indicated that some search and c\'alllHtion IIlct hods w(,1"e 

much lllore efficient than others. There \vas little point in apph'ing an incHici(,llt 

method to the large feature set constmcted in Spction1.2 so it was d('('id('d t () 

perform a stuJy to Jeterminc the rdatin: running timc and dliciclWV of yarious 

feature evaluation and search methods. 

The timing stud~' used a wrapper around the feature e\'aluation and scarch (\1-

gorit Inns from the \\'eka Jata mining library [76] Ull a set of light ('\ll"VCS cOllsist illg 

of different numbers of attributes in thc form of lCycnly smnplcd lWlgnitlldc ]Joints. 
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Table: 7: Eval1lation and Search algori t hIllS in Speed Test. 

CfsSubsetEval 
CfsSubsdEval 
CfsSubsetEval 
C'hiScj11alwlA ttri III 1 teEval 
GainRatioAttributeEval 
InfoGainAttributeEval 
OneHAttributeEval 
ReliefFAttributeEval 
Snllluctrical U nccrtAttri III 1 tcEval 

Search 
BestFirst 
GCllcticScan'h 
GreedyStepwise 
Ranker 
Ranker 
Ranker 
Ranker 
Ranker 
Rank<T 

Ewnt parameters were selected from Table 4 as usual. The idea was lIot to find 

a s1lbsd of llmgllitnd(~ points to form a gCll1lilH~ feat nrc sd. hnt llH'l"<'lv to t ('st fm 

com]lut at ion time and consistency as a functioll of the n1ll11ber of bot h inst allCCS 

(light curves) and attributes. The full data set was reduced in tum to sets with 10. 

20. 40 and 80 attributes and 50. 100. 200 and 400 instances anel all combinations 

from these two ranges. 

This left the choice of feature evaluation and search algorithms. SOlllC fCclt 11\'(' 

selection algorithms were rejected outright on performance considerations. III pClI'­

ticular. \Veka's Support Vector l\Iachinc algorithm "SV:,IAttributcEval" \\'as too 

slow Oil the test set so it w01lld Ilot be f(~asiblc to s(~lcd f(~atnres ()Il onr lntl (Lltd s<'l 

of ()OO+ attributes and 5000 instances. 

Some feature evaluation methods only work for nominal or discretiz<,d cldSS vilri-

ahles. In otl1(:r words, tl1(:se: arc not re:ally regression featnre selectors b11t classificrt-

tion feat me selectors. A large number of evaluators fell into this category so instcad 

of rejecting them the variable we were attempting to reCOHT WetS discretizcd int() 10 

categories on an equal-frequency basis. 

The evaluation amI search algorithm cUlubirmtiulls ChO::;Cll are Sh()Wll in Table 7. 

The entries at the bottom the table all require the use of the R,mker c,lgoritlull for 

their search. CfsSubsetEval was given a choice of three sectrch methods. 

Table 15 shmv::; tillling result::; for a single nUl of the ccUldidatcs ill '1'2Ibl(' 7 fur 

the smallest data set which conta.ined only 50 instances 2mel 10 attrib\ltes cctch. 
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Tablc 8: Bankcd pcrformann: on small data set. SO illstall(,(,S. 10 attrillllt(,s. 'I'll<' 
time units are machine-dependent. :\ umbers should be interpret eel 1)\· usi ng t Il<'i I' 
ratios. 

Eyaluation 
ClsSubsdEval 
SYIllmetrical U ncertAttri bu teEval 
IIlfoGainAttributeEyal 
GainRatioAttributeEval 
ReliefFAttributeEval 
ChiSq uHrcdAtt ri 1m tcEval 
CfsSubsetEval 
CfsSllbsetEval 
OneRAttributeEval 

Search 
GrccdySt CpW1SC 

Hanker 
Ranker 
Betnker 
Ranker 
Rankcr 
Genet icSearch 
BestFirst 
Ranker 

TUllc 
31 
83 
145 
150 
208 
315 
343 
·l()2 
1583 

These runs were fast in general but there was a lot of variatioll ill l'111l1llllg tilll<'. 

CfsSllhsdEval with GrcedyStc]lwisc S('ardl was lll()),(' thall t,,'i('(' as fast as its llcarc'st 

rival. SymmetricalUncertAttributeEval with Ranker. \\'hich WHS in t111'11 twice clS 

fast as its nearest rival InfoGainAttributeEvrd with H,mker. The Hank(')' semel! 

method appears to be effective for small data sets. OneBAttributeEval ",ith Hanker 

is considerably slower than any other method and almost 50 times slower t 1lC\1l tll(' 

winner. Finally, the speed of CfSuhsdEvaJ depends strongly on t lw sear(,h algorit hill 

it is 11sed with: it ranked fastest using GreeclySt epwise and second slowest USlllg 

BestFirst. 

:\ ext are results for the largest ciat a set under test, with 400 inst (\JJ('('S ,111<1 i)() 

attributes. Comparison with Table 8 should proyide us with a crude cst illlClt e as t () 

hm;; evaluation and search time scales \;;ith the number of attributes and illst (\11<:('S. 

CfsS11bsetEval ,vith GreedyStepwise is still the fastest. CfsS11hsetEv;11 with DestFirst 

lllakes a dralllatic llluve up the table frolll sccond sluwest to secund fastc's!. It is ()llh-

about twice as slow on the large data set than it is on the slll()l1 (Jlle. indic<1ting t hilt 

this method scales very well to large data sets. ReliefFAttributeE"cd with H<1llkcr 

drops dramatically down the table to the last spot and a speed IIlme t hilll t 111'<~(' 

times as slow as the nearest method, indicating yery bad scaling fOl' this lllet h()d. 

The rest of the lllethuds arc all roughly 0-10 tillles as sluw un t he large clat <1 s('\ ilS 

t hey are on the small one. 
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T:1hle 9: TIankeQ performance on large dat:1 set. ·WO instances. K{) at trihut(,s. 
Eva1uatlOll Search Tlllle 
CfsSu bset E\,:11 G reedyStepWls(' 201 
CfsSubsetEval 13estFirst 912 
SnmnetricalUncertAttributeEval Ranker 1170 
Ir'lfoGainAttrilmteEval Ranker 1192 
GainRatioAttributeEval Ranker 1303 
ChiSquaredAttributeEval TIanker 1-!08 
CfsSubsetEval GeneticSearch 2504 
OneRAttribllteEval Ranker G893 
TIdidFAttrilmtcEntl TIankcr 22075 

This very crude speed test has at least raised duubts on grounds of executioll time 

about a single contender from uur choice of evaluation and search algorithm. IlClmdy 

TIeliefFAAttributeE,"al with Ranker. Theoretical perforlllance mUllbers are ayaihlhle 

for most of these algorithms, but it was decided to test the \Vcka illlplementatioll 

that \yuuld be used in the final feature selection. 

4.3.3 Benchmark Accuracy 

Section .1.3.2 provided crude timings of the various candidate algorit hms to 1)(' 

used for feature selection in Section 4.4. Another equally import ant cunsiclerati()Jl 

is the effectiveness of the candidate feature selection methods. 

This Section attempts to henchmilrk the accnran' of the candidate llH't llOds 

against a test data set for which the attributes \vith 1110st lllerit as predictors are 

known in advance. The candidate that fares well in this Sectioll as \\'cll as the tillling 

Section is chosen to perform feature selection on the full light curve elnt a set. 

One could expect the various evaluation and search algorithrns to have; differcllt 

dq2;rees of succ('ss has('d on the difficulty of thc sc:l('cti()n prohlem. Thrce' dat a 

schemes of increasing difficulty were created as benchmarks. Each set c()nsist cd ()f 

SOO instances of 100 attributes each. 20 of the 100 attributes \\"('1"(' relevant to the 

regression and the remaining 80 were simply random numbers betm'cn 0 <md I.D. 

:'\ominal evaluators split the target value into four categories on all equal-frequC'ncy 

hasis. 

In the three different data schemes, the targets ,,"ere 
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