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1 Introduction

1.1 Introduction

Let’s start by defining “Local Gravitational Microlensing™ (LGMI). It is a rel-
atively new field of Astronomy, related to Gravitational Lensing (GL) but with a
distinct literature and area of interest. Although the theory of Gravitational Lens-
ing has been understood since at least 1936 [4], observations only hecame possible
by the 1990s as the challenge posed to observers could only be met by the advent
of modern computing power and digital instruments such as the CCD chip. Al-
though pioneering observational groups overcame the original technical challenges
([5]. [6]. [7]). they were soon faced with the extraordinarily time-consuming task of
interpreting Microlensing light curves. As of this writing. LGM observations are
poised to enter a new era of abundant observations (see e.g. [8]) while the computa-
tional and theoretical interpretation of those observations is still a time-consuining,.
labour-intensive task.

The exponential increase in computing power since the 1980s [9] that allowed for
analysis of data intensive observations, also saw the re-emergence of unconventional
numerical techniques that are now known by umbrella terms such as “Evolutionary
Computation”™ and “Data Mining” (which has been referred to as “statistics plus
marketing”). Marketing or not, these techniques promised generality. case of im-
plementation and power and the urge to apply them to analvsis of LGN analysis
proved irresistible.

This work originated from both the real need in the LGN community to im-
prove or speed up the interpretation of observational data as well as to explore the

applicability of primarily data mining methods to the field.

1.2  Background
Before the aims of this project are laid out in detail. the next Section (1.2)
describes the relevant theory of Gravitational Lensing and the current state of affairs

in the field.



1.2.1 Gravitational Lensing
Gravity and Light

According to General Relativity [10], any massive body should distort the path
taken by a rayv of light. Although never observed in everydayv life. the scale of nass
and distance required for this effect to be observable are common in astronomy. A
natural consequence of the “bending” of light by massive bodies was to predict that
stars could affect light from background objects in this wav. Einstein made this
prediction in 1936 [4].

Einstein was not optimistic about this effect ever being observed. but the first
obscrvation of a similar gravitational lensing cffect was made by Walsh, Carswell
and Weymann [11] in 1979. In this case the lens was a foreground galaxy and the
background source of light was a quasar. The observation of such lensing phenomena
grew into the field of Gravitational Lensing during the 1980s and vielded a wealth
of literature on the subject.

Photometry of lensed sources reveal short deviations in flux on a time scale of
vears (e.g. [12]), believed to be due to individual sub-solar-mass bodies in the lTens
galaxy aligning precisely with the background source and so fortuitously leading to
additional amplification while the alignment lasts. This phenomenon was dubbed
“Microlensing™ because the angular radius of a single star’s lensing influence was of

the order of a micro arc second. See 2.1.1 for a definition of this size.

Galactic Microlensing as opposed to lensing

The form of Gravitational Lensing predicted by Einstein was to take place on a
completely different distance and mass scale: both the background source of light
and the lensing body would be stars or small systems of stars in our galaxy. It was
thought that lensing on this scale would be impossible to detect. as an observer
would have to monitor millions of background stars around the clock with great
precision to detect just one such an cevent wlien a foreground and background star

happen to line up precisely enough with the observer for a lensing effect to occur.



Astronomical technology advanced dramatically with the advent of accessible con-
puter power and Paczynski [13] suggested that the time had come for detecting
gravitational lensing in our own Galaxy (or in the Halo. at least), with stars acting
as the sources of light to be lensed. The “local” galactic scale involved here (as op-
posed to the cosmic scale lensing discussed in 1.2.1 meant that actual images of the
background star could typically not be resolved. only their combined flux and hence
the magnification caused by the lens. Paczynski's prediction led to the formation
of several observational groups dedicated to the detection of galactic lensing events
(notably MACHO [5], OGLE [6] and EROS [7]). The survey groups were spectac-
ularly successful and the first joint detection of a lensing event on the ~Galactic™.
“local”. scale was announced jointly by the MACHO and EROS collaborations in
1993 [14] and [15]. A new term was coined for this tvpe of lensing: Gravitational
Microlensing (GM). To make a distinction between this kind of lensing, where hoth
the source and lens are in or near our own galaxy and are of roughly stellar mass.
and the type of Microlensing that is seen when the constituents of a galaxy that is
acting as a single lens cause perturbations, we will use the term Local Gravitational

Microlensing (LGN) to describe the local galactic events.

Apart from confirming predictions that LGA could be observed. the survev ex-
periments had some grandiose scientific goals for this brand new branch of astronomy
and the new possibilitics it presented. Arguably the most important goal was to
determine the heretofore unknown constituents of dark matter. Survey group results
presented strong evidence [16] that the majority of this “missing mass™ was not to
be found in the form of brown dwarfs or other Massive Compact Halo Objects (MA-
CHOs). LGM has also yielded results in Galactic Structure, Stellar Atmospheres.

Variable Star Surveys and of course exo-planet rescarch (e.g. [17. 18, 19. 20]).

By 2000, more than 400 cvents had been detected. placing LGN finnly on the

scientific map as an observable phenomenon.



Binaries and planets

Microlensing events where the lens is a binary star system were essentially noise
to the dark matter experiments but these types of events hold the promise of vielding
detections in an entirely different field of astronomy. namely the scarch for extra-
solar plancts. In 1991, soon after suggesting the feasibility of detecting LGM events.
Mao & Paczynski [21] drew attention to the possibility of detecting the presence of
an extra-solar planet during LGM events. They pointed out that the magnification
caused by a binary lens can differ markedly from that of a single lens so that even a
secondary of very small mass compared with the primary lens can he detected if the
magnification is monitored closely over time. Detection of the sinall secondary lens
in a binaryv is subject to various geometrical factors, including the projected orbital
radius around its parent star, its mass ratio, the exact alignment of the source, lens
and observer, etc. Nonetheless, Mao & Paczynski estimated that a planet roughly
the size of Jupiter would stand a 5-10 per cent chance of being detected if its parent
star were acting as a lens in an LGM scenario. Even nearby planets are extremely
hard to detect by optical methods due to the overwhelming brightness of their parent
stars, but LGM relies on gravitational detection only and promises detections at
distances comparable to that of the Galactic Bulge. making it a potentially effective
alternative to other planet detection techniques.

Figures 1 and 2 show some theoretical binary LGN light curves. Generally
speaking. the smaller the planet, the smaller the disturbance to the normal single
lens light curve, although the shape of the curve is highly dependent on geometry
(l.e.. projected distance between primary and secondary, angle of transition of the
source, and the proximity of the transition path to ecither of the two lenses).

It is not known what proportion of lenses are single, binaries or even multiple
svstems. As shown in [22], a system with one star and scveral planctary bodies
can be approximated fairly well by assuming that the effect of each planet on the
light curve is independent of the others. Thus we can approximate a multi-planct

svstem by considering each planet with the star as a separate binary system. The
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Figure 1: Examples of binary LGM light curves with large mass ratio lenses. These
events all have mass ratios (g) larger than 0.2 and projected orbital separation («) to
place them within the lensing zone. Although the crossing angle (6) was chosen to
produce a dramatic curve, the impact parameter (b) is actually quite low (b = 0.5005
for all). The unit of b is Einstein angular radius. which will be defined and discussed

later in the thesis.
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Figure 2: Examples of small mass ratio binary LGM hght curves. These events all
have ¢ < 0.08 and were chosen with specific geometry to produce light curves with

large distortions.
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first practically uncontroversial detection of a planet by LGA was recently mnade
by Bend et al (2004) [2]. Prior to this landieck (he ouly candidates were fairly
confroversial, sueh as 23] which could be inlerpreted as either a planet orbiting a
binary star or a higher-mass-ratio binary with votation offects |24 Some spectacnlar
binary lens delections have yielded interesting results in a variety of fields such as
|25] and [26]. Fignres 3 and 4 show two impressive real binary light curves from Lhe

literature,
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1.2.2  Current LGN (Loecal Galactie Microlensing) research

This Scetion is o brief review of past and current LGM research and an editorial

view on somne new developiments in the held,




Past Local Galactic Microlensing observations

The initial Microlensing observations could be broadly categorized into “survevs”
and “follow-up” (see e.g. [27] for a review of observations and results during this
period). Survey groups generally observed millions of stars in dense ficlds such as
the Galactic Bulge, nearby globular clusters or the LMC and SMC and even N3l
using wide-field telescopes. The main purpose was detection of as many cvents
as possible, not detailed (high-frequency, low-noise) observations. Tvpical survey
group sampling rates were 1 or 2 points per event per night. Follow-up groups did
not in general detect any new events, but observed events that were detected by
the survey groups, at higher frequency and with lower noise, thanks to the greater
amount of time spent on each event. They were totally dependent on the survev
groups to provide the astronomical community with timely alerts on detection of an
event in progress. Thanks to the cooperation of the survey groups. follow-up groups
obtained some impressive results. although the uncontroversial detection of an extra-
solar planct was not among them during the first round of experiments. Despite
the negative result, PLANET was able to put some constraints on the existence of

planets around lenses in their detection range [3].

Future LGM observations

The initial experiments above not only proved that LGM was a viable new obser-
vational field but also obtained important results. Several new experiments which
can be described as “second phase” are planned or already under wayv (such as [28].
) building on the success and lessons of the first phase and some of these are re-
viewed in [29]. Plans for the medium-term future of Microlensing frequently involve

space-based missions (e.g. [30], [31], [32]).

Modelling and Interpretation
Past LGM experiments yielded a great many observed light curves and a good
proportion of these differed from the “vanilla™ single lens light curves defined by

Paczynski [13]. PLANET, the follow-up collaboration of which the author was a
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member between 1997 and 2000, observed more than 120 curves of which 11 per
cent were clearly anomalous by eye [3]. The bottleneck to obtaining scientific re-
sults from LGM obscrvations is due as much to the difficulty of interpreting the
curves as to observing them. Although the simple single lens curves are relatively
easy to model and to extract the relevant lens information from. interpretation of
anomalous events requires a lot of effort. Difficulties with extracting information
and attempts to overcome them form a major part of this thesis as well as the work
of the observational groups. The difficulty arises because even the simple situation
where a binary system is acting as the lens leads to a huge variety in theoretically
possible light curves. In addition, although the mathematics of a binary lens sce-
nario is simple enough to express in a few short equations, nuinerical computation
is required to calculate the magnification caused by the lens. Faster methods of
calenlating amplification were developed by Asada in 2002 [33] but the solution re-
mains nunerical. This computation time rules out the use of simple methods that
rely on approximations or the brute force of powerful computers and modellers are
required to come up with interactive and ingenious procedures to find solutions to
each specific curve. Section 3.2 describes in greater detail the difficulties in fitting
LGN curves.

At present each observational group is applying their own set of methods, al-
though successful attempts are obviously shared with the community. For example,
PLANET successfully applied a staged method to at least three events ([25]. [3], [1])
but it is only applicable to certain types of events and took of the order of months
to apply to some events. Multiple solution sets exist for cach obscrved light curve,
necessitating data that are excellent both in quality and quantity in order to exclude
all but one of these possible solutions. The problem is discussed further in Section
3.3.4 below.

Ambiguity is one of the hardest problems to solve when interpreting a light
curve, and the resolution thercol was one of the driving factors in the establishment

of follow-up observational groups. The problem is one of fundamental geometry
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because very different lensing system geometries can produce very similar curves.
A curve without sufficient data to distinguish between multiple possibilities is of
less benefit. Up to 2002, the survey groups did not in general have enough data
points in their light curves, necessitating a higher frequency of observation that
was only attainable by follow-up observations. The MACHO-97-BLG-11 cvent was
a good example of ambiguity of interpretation. The light curve had anomalons
features ascribed to a rotating binarv by PLANET [24] and a static triple system
by the MPS collaboration [23]. Both groups had independent. high-cuality data
covering different parts of the light curve. Modellers with different data sets can
verifv or exclude each others’ models. but no one can guarantee that they have the
best solution, as parameter space is too large to search exhaustively. The methods
introduced in this project do not solve these problems but attempt to provide an

alternative to current LGM fitting techniques which could facilitate modelers.

Recent developments in LGM modelling

The modelling of LGM events, and anomalous ones in particular. has advanced
since 2000 at which time the state of the art was probably the detailed analysis
of EROS-BLG-2000-5 [1]. Advancement is crucial if modellers are to meet the re-
quirements of ambitious detection missions such as the Microlensing Planet Finder
[32], as there will be an enormous number of good candidates to model! Yet, most
binary lens light curve fitting and exclusion analysis is still based on grid methods
(c.g. [34], [35]). These methods step through the model parameter space gener-
ating model curves at each grid point to compare with an observed event. If the
grid is fine enough, the results are reliable but the computation time to perform a
near-exhaustive search is often crippling. Dominik stimmarizes and further develops
the approach taken in [1] in [36], where the dimensionality of the binarv light curve
fitting problem is reduced by first performing a fit to specific regions of the curve.

Asada [33] took a large step towards decreasing fitting time for binary lens events in

11



2002 by reformulating an equation at the heart of point-mass Microlensing method-
ology. This equation relates the position of the light source to the nmage positions
for a given lens geometry and is a prerequisite for caleulating amplification. Before
that paper, the best formulation in use was a 5th-degree complex polynomial which
translates into two coupled 5th-degree real polynomials. More about this formula-
tion in 2.2.4. Asada [37] and Asada. Kasai and Kasai [38] then proceeded to use
their new formulation to derive an analytical expression for the caustic curves of a
binary lens system, in itself another great advance, immediately applicable to. for
example, planet detection studies that use caustic-crossing as their detection cri-
terion. A good example of single-lens finite source fitting is given in [39] for the
observation of OGLE-2003-BLG-262, and Smith, Mao and Paczynski [10] point out
vet another ambiguity caused by the modelling of parallax in single lens light curves.
Finally, the characteristics of binary lens hight curves in the vicinity of cusp caustics

were definitively discussed by Gaudi and Peters in [{1].

1.2.3 “Unconventional” Methods for Regression

The terms “regression” or “curve-fitting”, which will be used interchangeably in
the context of this project, refer to the process of extracting model parameters from
observations (although the problem is defined clearly in 3.2). Nethods used in this
project include various forms of Data Mining algorithms, Artificial Neural Networks
and Genetic Algorithms. So-called “conventional” methods as the term is used here
refers to algorithms that minimize Ax? by performing a brute force grid search for
the global minimum of the regression hyper-surface or by using local information
such as the Ay?-gradient. A discussion of conventional and unconventional methods

can be found in Chapter 5.

1.3 Thesis

My thesis is:
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e Unconventional fitting techniques such as those more often applied in the ficld
of Data Mining or Artificial Intelligence research can be successtully emploved

in the analysis of Microlensing light curves.

e These techniques are alternative and complementary to yZ-based LGM pho-

tometric light curve fitting.

e The use of these techniques provide a greater level of automation to the light
curve fitting process than is attainable with conventional techniques. Cur-
rently, interpretation of observations by means of guided. conventional Ay*-

minimisation is a burden on human modelers.
e The use of these techniques speeds up the fitting process.

Most current fitting methods do not at first attempt to find an exact paranme-
ter set to model a given data set, nor attempt to fit the most complicated model.
Instead. an iterative process is involved where certain parameters are determined
first by finding an initial model (c.g. [35]). The primary objective of the methods
explored in this thesis is to find these initial models much faster than what is cur-

rently the norm. If this stage could be speeded up, all the specific objectives set

above could be met.

1.4 Overview

Chapter 2 discusses current LGM models. from the elementary four parameter
single lens model to the simple seven parameter binary lens model and extensions
to it. Section 2.2 discusses the implementation of binary lens calculations and their
various complications. The challenges facing modelers who attempt to fit binary lens
events is explained in greater detail in Chapter 3. These include the non-linearity of
LGM binary lens events, model ambiguity, computation time aud the small radins
of convergence of a typical fit.

Chapter 4 introduces the concept of deriving and sclecting light curve features as

an aide to fitting. Various featurcs are discussed, calculated and evaluated. Chapter
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5 1s a short review of “conventional” methods of Ay?-minimisation and introduces a
cominon ground for comparison between these and the more unconventional methods
that follow in Chapter 6, which discusses and evaluates example-based regression.
This chapter forms the backbone of the exploration into fitting methodologics, es-
pecially those based on data mining techniques. Evaluation is based on simulated
data which is made more realistic by the introduction of simulated noise. Chapter
7 applies the best methods introduced in the previous Chapter to actual LGN ob-
servations and Section 8.1.5 discusses the future extension of this methodology to

imclude extensions to the standard binary lens model.

14



2 Model

The LGAI scenario can be easily described by a few siinple equations. despite the
extreme diversity of light curves that are theoretically observable hased on a simple
point-mass binary lens model. Fairly simple equations relate the relative position of
the light source and the lens, with respect to an observer. to the image positions and
their magnification, although only some can he solved analytically. The remaining
equations have to solved by a variety of iterative. trial and error. numerical tech-
niques. This Section describes the basic theorv of LGN while 2.2 concentrates on

the effective solution of the equations presented here.

2.1 Theory of LGM
2.1.1 Geometry
Lens and source plane

Figure 5 shows the basic LGM scenario. A bright source in the hackground is
lensed by a massive object between it and the observer. Instead of observing the
flux of the actual source, the observer measures the total flux from one or more
lensed, distorted images of the source. Distorted images are not directly observable
in the LGM regime (with current technology) due to their small angular separation.
which is of the order of a milliarcsecond. Arguably the most important equation in
LGM, Eq. 1, maps the position of the un-lensed source on the sky to the positions
of its images (asswming a point-like source). Figure 6 shows some example images
and the un-lensed position of the source on the skv. The shape. size and position of
the images vary significantly as the source position changes.

The derivation of the equation that relates source to image position is hased on
simple geometrical arguments and can be found in e.g. [13]. [12]. In the next Section
we Introduce a convenient unit of distance that further simplifies it.

In Local Gravitational Microlensing, the typical distance between observer and
source s of the order of 30000 light years, or roughly the distance between us and

the centre of our galaxy. The lens can be anywhere in this range with exactly half
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Lensing Equation and Angular Einstein radius

We now introduce a general lensing equation that describes the relationship
between source position and image positions as projected onto a plane in the sky
perpendicular to the observer’s line of sight and located at the lens. valid for small
deflection angles. The equation is at the heart of many Microlensing calculations as
many observable quantities can be derived from it. including the total amplification
of the source.

The point mass lensing equation was first derived by Paczyunski [13] and Kayvser
et al. [42]. The version of the equation presented here uses complex coordinates, a
methodology introduced by Bourassa and Kantowski [43] and applied to LGN by
Witt [44]. The use of complex coordinates is a calculational convenience, introduced
by Bourassa and Kantowski "because it is almost always easier to sum over complex
functions than their components.” The real and imaginary parts of the complex
numbers map directly to real x- and y-coordinates, respectively. in the lens plane.

The relationship between the source’s position and the position of its ilages in

the LGN scenario is given by the dimensionless, normalized Equation 1

(=24 (1)

where m; is the mass of lens ¢, ( is the source position, the z; are the lens positions
and z is the image position(s), all unitless. = is the complex conjugate of z. The
sum is over the total number of lenses and the total lens mass is normalized to 1.

The normalization of Equation 1 requires the introduction of the ~angular Ein-
stein Radius™, an intuitive and convenient unit of angular radius applicable to LGN

given in Equation 2

where
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Dy is the distance to the lens, D, the distance to the source. (¢ is the Gravitational
Constant and A/ is the mass of the lens.

Apart from simplifying the formulae associated with LGN the angular Einstein
radius is of fundamental importance to gravitational lensing and has a clear phivsical
interpretation: the image of a point source that is exactly aligned with a point lens
appears to the observer as a perfect ring around the lens with an angular radius of
one angular Einstein radius. This is seen by putting ¢ = 0 in Eq. 1 for an i = 1
(single) lens. #g appears in various formulas and sets the angular distance scale
for LGN cevents. For example, as a source nears the position of the lens on the
sky its images move towards the Einstein ring. Images are normally found in the
proximity of the angular Einstein Radius whenever non-negligible lensing is taking
place. Extended (finite) sources cause extended images and these clongate along the

ring when significant lensing is taking place. Fig. 6 shows this effect.

Amplification

The angular Einstein diameter of a tvpical LGM event with a mass of 0.3/, is
slightly less than 1 milliarcsecond. making the angular scale of LGN effects too small
to be resolved by current telescopes. Observers thus have to deal with the overall
effect of lensing by measuring the combined flux from all images of the source. The
source is amplified because the combined flux from the images is greater than the
flux from an un-lensed source (again, sce Fig. 6 for an illustration). One simple
method of calculating the amplification when dealing with a finite source is in fact
exactly this: one simply divides the total image flux by the source flux to retrieve
the total amplification. Images of a point source are points themselves and do not
have an area to add up but their amplification can be calculated efficiently by taking
the determinant of the Jacobian of the source to image transformation in Eq. 1.

given by
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which is valid for each image i. The total amplification is the sum of Eq. 1 over

all images.

Nim ages 1

Atof,u,l = Z det . (5)

where Vinages is the total number of images, in other words the total number of

solutions to Eq. 1.

Caustics and critical curves

From Eq. 5 we see that detJ; = 0 for any of the images implics infinite amplifi-
cation of a given source. This unnatural prediction is a result of the assumption of a
point source and is obviously not attained in nature. The geometry where detJ; =0
does indeed occur during lensing events and can lead to extremely high amplifica-
tion, the exact height of which is determined by geometry and the size of the source.
These det.J; = 0 regions are therefore of utmost importance during a lensing cvent
and often completely dictate the structure of the light curve. Witt [dd] formulates

these regions as a parametric curve in the image plane by Equation 6.

with

¢ ¢ [0, 27] (7)

These regions are closed curves for any lensing svstem with more than one lens,
and a single point at the position of the lens in the case of a single lens. The curves
can be described as an implicit function of image position or source position. When
described as a function of image position they are called “critical curves™. The same

curves translated to the source plane gives source positions where magnification is
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infinite and are called “caustic curves”. Translation between critical and caustic
curves can be achieved via Eq. 1.

The caustic curve description is particularly useful when analyzing the strue-
ture of features in an LGM curve. Peaks correspond to caustic crossings or near
approaches by the source to a caustic curve. Generally. one is more interested in
caustic curves than critical curves as caustics are more closely related to the observed
light curve. There is a wealth of literature available on caustics and LGM curve anal-
vsis based on caustic crossings. One of the most successful eurrent methods of light
curve analysis relies on determining the angles at which the source path intersects

caustic curves as a starting point in determining the other LGN parameters [1].

2.1.2 Single lens

The simplest lensing geometry to analyze is that of a single lens. Single lens
systems are the onlv ones where lens amplification can be expressed analyvtically
and calculated by simply substituting the source position into the equation for am-
plification. Single lens events can be thought of as the “defaudt™ cvent in that an
event is considered to be caused by a single lens (by the principle of Occam’s razor)
unless proved otherwise. The majority of LGM events are classified as single ([45].

[31)-

Parameters

Figure 7 is similar to 5 but includes the parameters used to describe single and
binary lens geometry in this document. Several other parameterizations exist but
most are qualitatively similar. One point of note is that most othier parameteri-
zations differ from the one used in this thesis in their point of origin and units of
angular radius. In this piece the point of origin is always taken to be the position of
the primary. In most others, the origin is placed at the centre of mass of the binary.
Similarly, the unit of angular distance used here is the angular Einstein radius of
the primary. not the binary lens.

b is the impact parameter of the source path to the primary lens projected on
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image plane

tens plane

image

observer

Figure 7: Parameters of the simple binary model. b and @ fully describe the linear
path of the source. ¢ and a describe the secondary lens. Not m the diagram. /.,
tm and mg, respectively the angular Einstein Radius crossing time, time of closest
approach to the primary and un-lensed source magnitude, describe the translation
and scaling of the light curve in a time-magnitude plane.

the sky, assuming a lincar path. When the source path is not linear due to having
parallax and binarv lens rotation cffects projected onto the source’s movement,
for example. b no longer represents the impact parameter. but rather the distance
between source and primary lens at the time when a linear path would have had its
closest approach. tg is the time corresponding to the source being at point b, that is
the time when the source on a lincar path is closest to the primary lens if the source
path is linear. t. has the unit of Days and is also known as the angular Einstein
Radius crossing time. It sets the time scale for the LGM event and is typically
between 10 and 20 days. although events with much shorter and larger time scales
have been observed. mg is simply the un-lensed magnitude of the source.

Siting the origin at the position of the primary, unlike the standard parameter
svstem which sites it at the centre of mass of the binary lens. facilitates event com-
parison except in the case of close binaries, where a better point-lens approximation

is obtained by placing the origin at the centre of mass of the binary. Comparing
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binary lenses to single lens systems for low mass ratio systeins is easier if we site
the origin at the position of the primary, as the origin remains in the same position.
In the standard coordinate system the origin would move. which means the impact
parameter b would have to change in order to align the central peak of the two

curves in time.

The Single Lens Equation

Substituting n = 1 into Eq. 1 yields Eq. 8, the “single lens” equation. n =1 1is
the only case where an analytical solution for the image positions can be obtained
from the source position. The equation is second order in z and alwayvs yields two

physical immage positions for every source position.

(8)

0| =

To obtain the total amplification, we replace the two image positions in Lq. 5

vielding the simple single lens amplification equation.

2
2
. u” + (9)
uvu?+1 ‘

The caustic curve in the single lens case consists of a single point at the lens posi-
tion. while the corresponding critical curve is the Einstein ring. From the discussion
in Section 2.1.3 we expect the image positions to approach the critical curve(s) as
the source position approaches the caustics. Naturally this also holds true for the
single lens case, so that the image positions approach the Einstein ring ever more
closely as the source approaches the lens position. If the source covers the lens po-
sition completely, it iimplies that the immages must cover the critical curves and lorm

a continuous ring coinciding with the Einstein ring.
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2.1.3 Binary lens

Binary lenses take centre stage in this thesis. The binary lens svstem is only a
small physical step away from the single lens system in that the lensing svstem con-
stitutes two massive objects in relative proximity (within roughly 10 Finstein radii
of the primary body away from each other). If the two bodies are further separated.,
thev can generally be considered as two independent single lenses. However. the
introduction of the second body presents a step up in the complexity of amplitude
calculations and especially modelling and fitting light curves. Binary lens formalism
is of great importance to LGM theory as binary lens systems are used as an approx-
imation for planetary systems. It is commonly assued that a planetary system is
well described by considering each of its planets in turn with the central star as an
independent binary system. This can be shown to be a reasonable assumption in
the majority of cases but is investigated in [22]. The great majority of literature
on planet detection by LGM uses binary lens systems as the model for planctary
systewns. Binaries are also important due to the spectacular light curves observed
during caustic-crossing LGM events found with higher mass ratio binaries. If the
first caustic crossing is well observed, it is sometimes possible to predict subsequent
crossings leading to high quality data and frequent sampling of the crossings. These
highly detailed binary light curves have been used to do some novel stellar atimo-
sphere work (e.g. [18]) as well as allowing more lens information to be extracted
from the event than is possible with a single lens. More new original results have
been produced thanks to this extra information, e.g. [46]. Simple binary geometry
leads to an unbelievably large number of theoretically possible light curves and even
small changes in the binary geometry can change a given light curve completely.
This non-lincar dependence of the light curve on the binary geometry is discussed

in greater detail in Section 3.3.2.



Binary lens Parameters

In this thesis we will adopt the Einstein radius of the primary lens as the angular
distance scale when dealing with multiple lens systems. As mentioned above this
is a convention and is adopted partly for its ease in comparing binary svstenis to
single lens systems. For the same reason we put the origin of our axes on the sky at
the projected position of the primary lens. The secondary is placed on the positive
x-axis. There is no loss of generality by fixing the sccondary’s v-position. This
geometry is illustrated in Fig. 7.

With the above conventions, b remains the impact parameter of the source path
to the primary lens, ¢y is the time corresponding to the source at 3 and my is
the un-lensed magnitude of the source star, and thus single lens parameters remain
the same. Additional binary paramecters are required. ¢ is the angle between the
positive x-axis and the impact parameter vector b. Note that ’El = 0. «ais the
angular distance between the primary lens and the position of the secondary lens as

projected onto the sky. ¢ is the mass ratio of the secondary to the primary lens.

Binary lens equation

Setting m; = 1 and my = ¢ in Eq. 1 and using only two lenses. we have

q

a— =

+

(10)

TN
I
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where the primary lens is at the origin and the secondary lens is on the positive
x-axis at distance a. The equation is again normalized and unitless. but in the
version presented here there is a slight departure from the standard normalization:
the masses do not sum to 1. This convention is introduced so that the natural
unit of angular distance becomes the angular Einstein radius of the primary lens
mass, not the combined, binary lens mass. The author found this normalization to
be more convenient, with the side effect that direct comparison to angles used in
most other Microlensing works require conversion by a factor /1 4 ¢. derived by

comparing normalizations.



The amplification can no longer be written as an explicit function of source
position as was the case for single lenses. Instead the image positions z; need to
be calculated first from Eq. 10 and then replaced into 5. Unfortunately Eq. 10
cannot be solved analytically for the image position for a given source position. It
vields either 3 or 5 solutions, corresponding to image positions. There are a variety
of ways to solve this equation for the image positions to obtain amplification and
also a variety of ways to calculate amplification without solving it. Methods are

discussed in Seetion 2.2.

Caustics

The caustic curve for a single lens event consists of a single point at the origin,
while the critical curve is a perfect circle centred at the origin with radius 1 #g. In
stark contrast the caustics of binary lenses are complicated. jagged. closed curves,
sometimes merging into a single curve and sometimes divided into several disjoint
curves. Thev do not in general coincide with the lens positions. As shown above,
Witt has derived an elegant parametric description for the critical curves of any
binary lens geometry, Eq. 6. The binary lens equation 10 can then be used to map
points on the critical curves to positions on the corresponding caustic curve.

Figure 8 shows some sample binary lens caustics and their corresponding critical
curves. There is a variety of caustic curve morphologies (e.g. [47}) and light curves
arc parametric curves across such complicated caustic geometries. hence a large
number of light curves types arc allowed by the binary lens model. Some properties
of binary caustic geometry are discussed in e.g. [48] and [19] and we will briefly
discuss general and asymptotic behaviour of LGM caustic curves.

If the binary is widely separated, the critical curves approach perfect rings around
each lens of angular radius equal to the fg of each lens 1.e.. identical to two individual
single lenses. As a decreases, the critical curves are deformed until a point is reached
where the critical curves merge into a single curve. If we let @ = 0. the critical curve

approaches a perfect circle again, centred at the projected centre of mass of the two

20



Geometry no. 3. a=06.0=056 Geometryna. 4. a=06 ag=*
A
— .
Geometry no. 1.2 =06,q=0.1 Geomelry no. 2,a = 0.6, q =025
—i— 1.5—
< —
—
< — “ —_ .
3 05—
g °
] 0.5— _ 05— < i N
= ) EE I R o431 |
2 o H 45 1 05 0 @5 1 15 060 05 1 15
- N o U T T R - L I B E —
as B 0.5 0 03 1o s B 0.5 0 5 1 1|5
3 B =
05— 05— e
e
«
- —_ = .
4 =
4 o
X (efr\‘ﬁem radr) X (emglem radii) ¥ T8instem radn) x (elstenn radiy
Geometry no. 5, a = 0.9, g = 0.9 Geometry no. 8, a =09, ¢ =1
Geometry no, 6,2 =0.9, g = 0.25 Geomelryno 7,3=0.9.9=05 A4
— ; f
g = L~ ! e
E E 0.5% U o 05— (J ;
: | > 8 E \
g | o 9 v Lok
@5 1 05 05 1 ./gs [l l l I‘ 3 | | ) | v 05 0 (B;)s 115 P 5
gs 1 05 o 1 #5 4 05 0 ) '0/5\ . 05—
i T T\ 1 p— 1)
-
e “Z —
A
(e nStem radny Y temnstem radn Y fensten raan) A mnaTom A
Geomatry no. 12, a=12.g=1
Geometry no. 9,a=1.2,q= 0.1 Geometry no. 10,a = 1.2, = 0.25 — 7
e =t Geometryno 11,a=1.2.q=05 ;
T0E— 08— 3 05— \/
] 06— \ N 7 06— 0N g ‘ i
Tl 0.4— 3| / 0 = ‘ 0.6— B < SN
g o \/\ g / o K / 0.4mm E ol o <| ?l [
3 ] | Iy g | | |} ; 0.2— | Hs 1 05 0 a5’ 1 15 2 3
b o a | o g 1 [ I 0o
g5 1 05049 5 5 g5 4 o5 5 15/ 9 02— /
E . 04— E . -0 H5 1 05)50 ) 08 15 5 ;
06— / 06— B N 06— 7 Ram Ry
08— 08— o
x (einsten radin) x ('ems‘em radit) x {emnsten radu) “x (emstein radi)
Geometry no. 13,a=1.5,q= 0.1
— Geometry no. 14, 2= 1.5.9= 0.25 Geometry no. 15.a=1.5.q= 0.5
08— Geometry no. 16.a=15q=1
| 06—
g 04— = B i P
| - g I SN
&l - | : ga— [
4 | 1 E T 1 | s
2 0.2 3 E |
A5 1 05057 os 2 gs | [ |nﬁ<| |>| |
Y 0. § E R 4 0Bae 845 15 2 i
. / - !
08— 7 ,g SZA

* temsien radn)

Figure & Binary

austic and critical curves for lens

% (einstemn radn)

separations a and mass ratio g.

X (emsten radi)

SVsTes

X (enstein rad)

with various angular



lenses and with angular radius equal to the fg of a single lens of the combined
mass. Schneider and Weiss [50] (for the equal-mass case) and Erdl and Schueider
(51] (for the general case) presented analytical derivations of the separation where
the merging of critical curves occurs, as well as the corresponding critical curve
behaviour.

There is a convention to scparate binary events into “strong lensing”™ binary light
curves and “weak lensing” binary events based on whether the source path actually
intersects a caustic curve or not. The distinction is uscful due to the different
conventional fitting techniques that apply to these two types of light curves. Caustics
are of central importance to binary light curve analysis and planet detection theory.
as all the major features of a binary light curve are generally a direet result of the

source’s proximity to a caustic curve.

Planet detection

This Section aims to provide a brief review of the theory of detecting extra-solar
planets (ESP's) by LGM. There is a possibility of detecting a low mass secondary
lens in a binary lens system if the source path happens to cross a caustic curve, which
would causc an observable peak in the light curve. Even planctary mass (1mass ratios
of ¢ < 0.01) secondaries are theoretically detectable in this wayv (e.g. [21]. [52], [53]).
The mass ratio “cutoft” of ¢ < 0.01 is somewhat traditional and in fact not quite
correct. A more realistic level is actuallv around ¢ < 0.03 as that would correspond
to a ten Jupiter mass planet orbiting a three solar mass star. Calculating planct
detection probability is beyond the scope of this thesis and is discussed onlyv briefly,
but as planetary LGM light curves are just binary light curves where the mass
ratio Is small, the techniques developed in this thesis to extract physical parameters
from binary light curves should be relevant to planet detection theory. A planctary
signature is expected to be a short time scale perturbation on an otherwise normeal
single lens light curve. The amplitude, shape and duration of the perturbation

depends on the binary geometry and mass ratio as well as the way in which the
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source path crosses a caustic curve. Planet detection utilizing LGM has seen some
remarkable recent results and successes. The first uncontroversial detection of a
planet by the OGLE and MOA collaborations occurred in 2003 [2]. A planet of a
remarkably low 5.5 Earth masses was detected during event OGLE 2005-BLG-290LD

[54).

If a lensing svstem does contain a planet, the probability of detecting it is most
sensitive to its projected orbital distance from its star. The most favourable such
distance is between 0.618 g and 1.618 0g from the primary lens. This distance band
is called the “lensing zone”. a term coined by Bennett and Rhic in [53]. Planets
in the mass ratio range from unity down to ¢ = 107 stand a reasonable chance of
being detected. The geometry of the lensing system determines the shape of the light
curve and hence the odds for distinguishing a planetary light curve from a normal
single lens light curve through the parameter set (b.6.q.a). Detection probability is

critically and non-linearly dependent on these parameters.

Many authors (e.g. [55], [52]) give detection probability as a function of pro-
jected orbital radius and mass ratio for a star with a single planet. This probability
is generally accepted to be between 10 and 20 per cent for a Jupiter-mass lens or-
biting a star like our sun (¢ ~ 107*). Note that the term “detection probability” is
used loosely here, as it refers only to detecting an anomaly in an otherwise normal
single lens light curve assuming that the svstem consists of a primary lens and sec-
ondary lens and is undergoing an observed LGN event. Most studies do not take
into account the chances of detecting the event in the first place or the difficulty
of extracting planet parameters from such a perturbation. Parameter extraction in
the form of curve fitting proves to be extremely difficult and is fraught with ambi-
guity. especially for an incomplete data set. Most of this thesis is dedicated to the
extraction of these parameters from binary light curves. although the mass ratio to
be considered is in the range 0.1 < g < 1.0, putting it outside of the planctary range

and into the range of larger binary perturbations.
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2.2 Binary lens Calculations

Binary LGN light curves are of particular interest, as most planetary systems
an be approximated as binaries in the LGN context ([22] calculate a1 to 15 per
cent probability of multiple planets inside the lensing zone for a multiple system)
and a lot of science information is potentially available from binary curves. The
study and analysis of binary light curves requires an effective means to calculate
them. This Section discusses some methods that are carrently in use, makes some
comparisons and motivates the use of the particular methods adopted for the rest

of this thesis.

2.2.1 From lens position to source amplification

LGAMI photometry measures the total flux as a function of time through an aper-
ture that contains the images of a background star that is being lensed by a fore-
ground object. The aperture also contains other “background™ sources of light that
dilute the amplification of the source star to some degree. The total flux as a function

of time forms a light curve.

Section 2.1 introduced the equations governing a sim ole Microlensing event '(1‘11(1
1 ] » I (]
Figure 7 iHUStl’ﬁtGd the seven parameters Of the Silll )16 BiIl‘dI’\' LQHS A\[Odel SBLAT).
o .

We recap in Table 1.

Source. lens and observer are in motion relative to each other, making amplifi-
cation a function of time. These dynamic effects are most easily dealt with if we
consider a static lens and observer and project all movement onto the source posi-
tion. By taking this approach we divide the calculation into a dynamic part that
calculates the source position relative to the lens as a function of time, and a binary
geometry part that calculates the amplification of the source as a function of the
lens system geometry. Geometrical parameters in the SBLA are a and ¢. while 0. 0.
te and f,, describe the path of the source. The final paramecter my is the un-lensed

magnitude of the source.



Table 1: The seven simple binary model parameters (SBLM)

Name

Symbol

Description

Angular Einstein radius crossing time £,

Time of closest approach

Un-lensed magnitude

Angular impact parameter

IR . -
Crossing angle

Mass ratio

Orbital separation

,’"]

g

b

B or “ang”
in some di-
agrams

q

a

The tune it takes for the sowrce to
cross an angular distance of one
Einstein radius

The point in time at which the
lincar path of source is closest (o
the primary.

The un-lensed magnitude of the
source star

The impact parameter between
source path to the primary lens in
terms of angular Einstein radius.
The angle between the nnpact pa-
rameter and the positive x-axis

The ratio of the secondary’s mass
to that of the primary

The projected orbital separation
between the primary and the see-
ondary in Einstein radii

2.2.2 Approaches to calculating amplification

For anyv time f. we first obtain the source position as a function of 8. [, b. {,, and

f.. An cxtension to this simple model is to include a terrestrial observer’s motion

by projecting it onto the source position, in which case we need to include four new

parallax parameters (¢, p, A and ) in the calculation of the source position relative

to the lens. This extension is discussed in Section 2.3.3.

For a lincar source movement model which neglects parallax effects. we define

(11)

where { is simply the observation time. The position of the source is subject only

to scaled linear motion

C=1tsin(0)+ beos () +i(—t cos(0) + bsin (6)) (12)

where we are keeping for now with the description of source position in the skyv
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in the complex formulation.

Binary rotation of the lenses could also be included into this equation but are not
considered in this thesis. In this simple linear model all movement is contained in
Eq. 12 and the lens binary geometry remains static. Including lens binary rotation
makes the secondary’s position a function of time, leading to dynamic geometry.

We now have source position as a function of time by combining Eqs. 1 and
12, Unfortunately amplification cannot be explicitly expressed as a function of
source position for systems with more than one lens. Mapping source position to
amplification presents the most challenging part of the amplification calenlation and
several approaches exist.

The first approach to calculating amplification is to obtain image positions for a
given source position and to calculate amplification from the image positions. This
is a relatively time-consuming numerical calculation. An alternative approach is to
calculate source position from image position which is a very efficient caleulation
as source position is explicitly stated in terms of image position and the model
parameters in Equation 1. The amplification contributed by a specific image position
1s also explicitly stated. The drawback is that the source position that matches a
given image position is not necessarily the source position that we are interested
in. This leads to a situation where many thousands of image positions need to he
calculated first, before we can map image positions to an arbitrary source position.

This method is described in the following Section 2.2.3.

2.2.3 Solving for the source position from an image position

The next Section describes one technique of calculating amplification by mapping,
from a grid of image positions to their corresponding source positions. Equation 10
maps each image position z onto a single source position . The kev to this particular
technique is to realise that the amplification of a source is directly related to the
ratio of the densities of source points to their corresponding image points. c.g. (F12].

[56],[57]). If we create a uniform grid of image positions and then map cach to their
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corvesponding sonree positions through substitation in WL the density of =ource
positions gives the amplification at any poind. Figure 9 shows an illustration of this

pravcess. called “Tlayv-shooting”
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Figure 9: An illustration of vay-shooting. The fignre on the lett contains a llat distri-
bution of lens systom image positions (and the binane lens geometry for illustration ).
On the right, the image posttions have been mapped 1o Lheir corresponding souree
positions. The density of source positions is divearly proportienal to the amphfica-
tion, as can be scen from the comeidence of caustic curves and ray-shoot maximm
thensity.

[ay-shooting s widely usel and ollers some particular adviantages and disal-

vanlages over other methods, discussed i the next Section.

Ray-shaoting

One of the pnmary advantages of ray-shooting is that it s an extremely simple
procediure, reauiring no more compulational trickery than that of evaluating a simple
function vepeatndly, Eo. 1. There i an wdditional advantage over solving for image
positions from s given souree position. Io the latter case, the equation to be solved
for image positions grows prehibitively in complexaty as additional lenses are added
to the system, Tn contrast, vav-shooting can deal with a large number of lenses (eg
LOOOU in [55] 5 A term is simply added to the bunction to be evaluated [or each lens in
the svstemi. Bay-shooting ampliflcation may also be caleulated to machine seomoes
Ly increasing the density of unage positions to be mapped to sowee positions, Thos

acenracy s limited by storage space and dala search constraints on the caleulating
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machine. These very requirements unfortunately greatly reduce the practical use of
ray-shooting as a modelling technique in GM. A ray-shoot map can be constructed
and reused for any source path through a lensing svstem. but a new map needs
to be constructed each time the secondary lens position or mass ratio changes.
These maps take a long time to calculate and consist of thousands of data poits.
depending on the precision required. In addition to the calculation time required.
maps also require a large amount of storage space. A modeller attempting to vary
the binary parameters a and ¢ for fitting a model to data then faces the choice of
either having a large amount of pre-calculated maps available, one for each {q.«)
pair at some sampling frequency in ¢ and a, or to calculate a new map each iteration
if (¢.a) is allowed to vary continuously. There is another disadvantage to the ray-
shooting technique: to obtain the actual amplification of a source at a given position.
the density of source points needs to be caleulated. There ave velatively efficient
means of computing this density, such as convolving the source’s brightness profile
with that of the density map by means of a fast Fourier transform. but this is an
additional computational burden. Simple ray-shooting was considered unsuitable for
the fitting procedures in this project for the above reasons as well as the following

considerations:

e Number of points in the map required for small source size R, is very high if

good precision is required.

e In this project [ was primarily concerned with binaries. where the source to

image method is effective.

e The number of (g.a) maps required to fit a general binary light curve was
enormous, leading to huge storage space requirements. Note that others have

lived with this restriction to produce good results. ¢.g. [3].
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2.2.4 Solving for image positions from the source position

Obtaining the projected positions of the images of a source on the sky leads
to a conceptually more direct route to overall amplification than the rav-shooting
technique. Image positions are related to that of the source by FEq. 100 and Eq.
5 gives amplification as a function of image positions. The central difficulty is in
mapping the source positions to image positions. Unfortunatelv. numerical methods
have to be used as there is no general analytical solution to the lens equation for
systems with two or more lenses. Most numerical methods for root-finding progress
from an initial guess to a given precision by iteration. if all goes well. There are fairly
cfficient methods available in the literature with various strengths and weaknesses
and this Section deals with selecting an appropriate method. The main criterion for
success is accuracy: amplification has to be correct to within at least 0.001 mag in
order to be used for fitting purposes, as the observational noise on LGM light curves
is of the order of 0.01 mag. Accuracy is also required due to the sensitivity of fitted
model parameters to the light curve. Robustiiess is anotlier criterion.

The “best” algorithm is then simply the fastest one that meets the above criteria.

Complex polynomial with Laguerre’s method and deflation

This method proved to be very eflective in solving the binaryv lens equation.
Following [44], Eq. 10 is rewritten as a fifth degree complex polvnomial and then
solved by any of a number of methods that apply specially to polvnomials. The
polynomial is obtained by multiplving the equation by its complex conjugate and

gathering cocfficients for powers of z, leading to

Zl,‘(‘,’ =0 (ld)

i=0

where

Cy = —C(L‘Z, (11}



o = 2Caq+ Ca® — 2¢Ca® — qa® + 2(a. (15)
co = 4(Ca— CZQQQ — (= C(q* +aq — 2qC + Ca?
—qa*¢ + 2¢Cqa + ¢*a + (Ca® — 2¢a* — Cqa*. (16)

c3 = Ca— 2(1,2<Z + an — 2(12 — 2(1(2

—2¢C + aqC + 22(12 + 2(1(22 — (a?, (17)
cy = g(+(— QZQ - 2(1,22 + 2(a* + (Ca — ug. (18)
o5 = —al + 22. (19)

Laguerre’s method (e.g. [59], first applied to Eq. 13 in [60]) is useful as it
does not require an accurate initial guess for the roots of the polvnomial: it starts
iterations from the origin and this turns out to be close enough for convergence. The
particular version of the algorithm used in this thesis (from Press [59]) implements
polynomial deflation so that cach root that is found is factored out of the polvnomial
in order to simplify the task of finding the remaining roots. Critically. deflation also
guarantees that the roots found will be unique, which avoids the enormous problem
of converging repeatedly to the same root or failure to find multiple. closely-spaced
roots. Laguerre can solve any polynomial. whether the coefficients are complex or
not. The method is actually fairly simple and a concise description can be found in
59].

I practice the roots found after using deflation often need “polishing™ by another
method as a small error is introduced into the remaining polynomial when each root
is factored out in turn. Laguerre’s method itself can be used for this. but Newton's
niethod works well in this case because it converges quadratically if a fairlyv accurate
starting point is already known.

A complication of the polynomial method is that it alwavs yields five solutions.
whereas the original binary lens equation has either three or five. depending on
geomietry and source position. That means that the polvnomial method yields two

spurious solutions under certain circumstances. The simplest wayv to eliminate the
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non-physical solutions is to test all polynomial roots in the original lens equation to

see whether thev are true solutions or merely solutions to the polvnomial equation.

Newton’s Method

Newton’s method, a.k.a. Newton-Raphson (N-R). is highly effective at finding
solutions to Eq. 10 when it has an initial guess in close proximity to the actual
solution. This is often the case when a small change in the parameters has been

made from the previous solution, such as a small increment of time added to .

It has the advantage that it can be applied directly and therefore the problem of
spurious solutions presented by turning the binary lens equation into a polynomial is
avoided. Unfortunately, the method is of little use by itself when no accurate initial
guesses for the roots are available, or when different roots are not widelv separated.
in which case Newton often converges to the same root from two different starting
positions. All is not lost as [59] (again) describes a variant of Newton's method
that converges to a root from an initial guess that can be much further away than
the accurate starting points required by the original version. This makes N-RR well-
suited to calculating additional points on a light curve where image positions from
the previous time point are available as initial guesses. If N-R fails. the previous
points can be discarded and the image positions found by the reliable but slower
Laguerre’'s method instead. Of course, the images belonging to the sowree at the
first time point of the light curve still have to be calculated by a different method

such as Laguerre.

Asada’s Real Polynomial

The method of choice for solving the binary lens Eq. 10 up to about 2002
appears to have been the complex polvnomial method described above. Asada made
a breakthrough in binary lens modelling by rewriting the binary lens equation, i.c.
the relation between source position and image positions as a function of lensing

geometry, as a fifth-degree real polynomial with real coefficients [33].
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In Asada’s regime one solves for tan(¢;) as the roots to a fifth-degree real poly-
nomial, where ¢; is the angle between the position of image i and the positive x-axis.
with the coordinate origin on the position of the primary.

Asada defines the relationship between source and image angles B and 0 as

B-0 ( 0 N 0—¢
PR
op e ep

He defines

A, M, L

TN+ My T M+ My Do

vy and vy are the masses of the primary and secondary lenses, and ( is the binary

]

separation vector.

Note that Asada uses the Einstein radius of the total mass of primary plus
sccondary as his unit of angular radius, whercas this thesis uses the mass of the
primary onlv. Also, lens masses v, and v, are normalized to the total mass. In
practice the unit difference requires a minor conversion from the units of this thesis
to Asada’s, pre- and post-calculation of amplification.

FEqgs. 22 and 23 show Asada’s polynomial for tan{é) and its coefficients:

5 3 2
(as tan” ¢ + ay tan® ¢ + agtan® @ + ay tan® o

+aytan ¢ + ag) tan ¢ = 0,

—
[N
o

~—

where, if we define the coordinates for the source, image and separation vectors
as
(3:.3,) = (pcosy, psing). (0,,0,) = (rcoso,rsing) and (£,.(,) = ((.0). re-

spectively, with p, r and £ > 0 we have

ag = vip®S?, (23)

ay = prST+2p°CS* — (P(2p°S* - p?S?)
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=207 CS? 4 (*p*S?
—v(50p*CS? — 407 p*S?).
ay = —2p°CS —4bp*(C?S — S
+02(4p°CS — 20 CS) + 403 p°C?S = 204 p*C'S
+v [6(2[)5' +8p3C2S — 2p° 57
— 1022 CS + 205,
ag = prE2p3C — 10p°CS?)
FL2(=20°C? 4 20757 pt) = 2007 C + )
+u[(=2pC — 4p*C? + 6p°C'S?)
+662p°C% = 20pC
+22,
a; = —2p2CS+8(p*C%S — P(4p*CS + 2p*C'S)
+ACPCES = 20007 CS
+u[0(2p8 — 45°C2S + p*S?)
—2020*C'S + 2K3/)S}.
ay = pPC? —2p*CP  (F(2p°C* + piC?)
L2 P 4 (AR
o | U2pC + P OS?) + 2022 = 20

+1202

C' is simply cos(¢), S is sin(¢).

After obtaining all values of tan(¢;), each in turn is substituted into

) [{,1(1'(111 O)
reosp = =——r,
Ry (tan o)

where

—
N
et

-

(25)



Ri(tang) = (CpC = (p*C* — vl + pC)tan o
—pS(0* = 20pC + 1) tané — (p*S*. (30)

Ry(tang) = p(Ctang —9)

X [pS +2({ — pC) tan o — pS tan® (): (31)

in order to obtain the image 2 and y position on the skv from

(x,y) = (rcos(p),rcos(¢) tan(a)) (32)

The Jenkins-Traub algorithm is used to solve this polynomial. The procedure is
still not analytically tractable but Asada’s formulation provides nmumnerous advan-

tages over the complex polynomial method:

e A real polvnomial is much easier to solve than a complex one permitting the

use of efficient algorithms such as Jenkins-Traub.

e Real roots are all genuine solutions of the lens equation. There are three real
roots if the source is outside of a caustic region and five when inside, corre-
sponding to the munber of images present in cach case. This is in contrast
to the complex polynomial method which always provides five complex roots.
Some of those roots correspond to physical images wherecas two are spurious
side-effects of the conversion of the binary lens equation into a complex poly-
nomial. In practice all roots of the complex polynomial have to be substituted
back into the binary lens equation to check whether they correspond to genuine

images.

o Asada’s formulation does not require complex arithmetic. casing the coding

burden.



Table 2: Binary model parameter ranges for accuracy checks
Parameter Minimum Range

a(0g) 0.6 1.6
6(°) 0 360
b(0) 1010
q 1075 1.0

2.2.5 Quantitative Comparison

Several methods of obtaining amplification from source position were discussed
above and this Section compares them based on the speed and accuracy of the

method as implemented.

Internal consistency

The comparison data were obtained simply by calculating a set of 1000 random
binary lens LGM light curves, utilising cach method in turn. The set of event
parameters was generated once and thercafter reused, so that all methods calculated
light curves for the same set of random model parameters. Each light curve contained
100 data points. The first test was for “internal consistency”™ of cach calculation
method. 1.e. whether the same calculation always generates the same answer. To
mcasure cousistency, cach point on a light curve was calculated ten times. The
standard deviation of the magnitude for each curve point was calculated and the
maximum such standard deviation for the entire curve was saved. Event paramecters
were selected from a flat distribution over the ranges given in Table 2. The range
chosen mostly coincides with the ranges used for events throughout this thesis but
inchudes smaller ¢ and smaller b in order to challenge the algorithin.  Generally,
the ranges presented the region of maximum interest where binary effects are most

pronounced.

Point source calculations were considered, for which the most suitable methods

were the complex polynomial- and Asada-type calculations.
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Results [n the ranges specified in Table 2. both methods consistently returncd a
maximum standard deviation over any given light curve of 5.26836 x 10~7. a number
which is assumed to be machine accuracy for the caleulation performed. This was

sufficiently low to allay fears of internal inconsistency in point lens calculations.

Inter-method consistency

Algorithms could be compared with one another in a similar wav. The onlyv two
serious contenders for point source calculations were the complex polynomial and
Asada methods. Light curves were calculated for the same set of model parameters,
once by each algorithm. The absolute value of relative difference between these two
methods was calculated for cach point on a curve and the maximun difference over
an entire curve was recorded. The distribution of this measurement is plotted in

Figure 10.

Distribution of logarithm of maximum curve difference
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Figure 10: Distribution of absolute value of relative error between the complex
polynomial and Asada’s methods for point source binary lens magnitude calculations
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Figure 11: Ten sample plots of curves with identical parameters caleulated by
Asada’s method and the complex polynomial method. plotted on the same axes.
The sample counsists of curves that differed at least one data point by more than one
per cent. It appears from these plots that differences are only likely at extreme am-
plification during caustic crossings where the point source approximation will have

failed in any casc.
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Figure 10 shows that a small number of light curves contain at least one point
of difference of more than a per cent. These curves are re-plotted in Figure 11. In
cach and every sample case investigated, the difference occurred at the very peak
of a caustic crossing, where the point source approximation will have failed in any

case.

The above investigation instills a degree of confidence that single lens caleulations
are correct for either type of method used for binary lens calculations in this thesis.
Of course, it may be that both methods are incorrect or that a coding crror or
incorrect parameter translation causes a consistent svstematic error. This scenario
can be investigated further by consideration of yet another reference caleulation,

preferably from an external source.

Speed

If accuracy is one aspect of the calculation method choice. speed is the other,
Some care was taken to optimise both the complex and Asada algorithms and imple-
mentations. Figures 12 and 13 are two call-tree diagrams, produced by the excellent
open-source tool VALGRIND [61], that show the excention time in profiler “counts”

for both algorithins.

Call-tree diagrams simply plot the path taken through source code during the
execution of a program. The timing or “count” at cach node include the total count
of all nodes beneath it as well as its own. It is thus a simple graphical display of

how much time is spent in each part of a program and its subroutines.

To minimize dependency on hardware configuration, the numbers should be con-
sidered in a strictly relative sense. A simple comparison shows that this implemen-
tation of the Asada algorithm outperformed the implementation of the complex
polynomial method by almost a factor of ten in this case. The Asada source ampli-
fication calls (for a number of curves and source positions) take about 150 million

counts. Of these, about half are spent on peripheral calculations and half in the
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Jenkins-Traub root finder which calculates tan() in this implementation {~Jenk-
msTraub:rploy”). In the complex case, the total “CalAmp™ count is 1400 million,
25 per cent of exccution time is spent on finding the complex polynomial roots by
Laguerre’s algorithmm (“SourcetolmageApprox™ and children). and a further 75 per
cent on polishing these roots (“NewtonImages™). Clearly there is an argument for
using unpolished roots to save CPU time, but remember that the algorithms show

similar accuracy with the settings as tested.

pvBaseEvent::Cal(std::vector<d...
149 458 498

149 458 498

y

pvBaseEvent::Cal(double)
149 458 498

149 458 498

AsadaEvent::CalAmp
149 458 498

31 348 000 105 237 394

AsadaEvent::getAsadaParams
31348 000

_ZNKI10AsadaEventl4calAsadalmag...
105237 394

10016 400 9 608 400 8 241 600 78 863 072

std:: Rb_tree<std:string, std...
10 016 400

std::string:string(char const....
17 850 000

44 379 751

JenkinsTraub::fxshtr
44 379 751

9931520

9 738 595

JenkinsTraub:realit
10 138 K12

JenkinsTraub::calcse
9931 520

JenkinsTraub::quadit
9 738 595

Figure 12: Call-tree with “counts” for the Asada-based amplification calculation al-
gorithm. The call to calculate amplification for a given source position is “CalAmp™.
which is resposible for 150 million counts.



pvBaseEvent::Cal(std::vector<d...
1396 350810

1396 350810

h 4

pvBaseEvent::Cal(double)
1396 350810

1396 350 810

pvEvent:CalAmp
1396 350 810

1386226026

pvEvent::Sourcctolmage
1386226 026

1023534312

352550353

4

pvEvent::Newtonlmages

pvEvent::SourcetolmageApprox
1023534312

352550353

1021 308 905 338 461 070

504 621 579110 120 607 \208 278 912 321951832

ludemp
504 621 579

120 189 818 \ 101 041 339

dvector
120 189 818

free_dvector
101 041 339

97 856 437 89 340 671

malloc
97 856 437

free
89 340 671

Figure 13: Call-tree for the complex-based amplification algorithm. The call to
calculate amplification, “CalAmp” is responsible for 1400 million counts, an order
of magnitude more than the Asada method for the equivalent calculation.

46



Final choice of algorithm

The Asada implementation was thus chosen for all subsequent point source cal-

culations based on its comparable precision but faster execution time.

2.3 Extending the standard model

In Section 2.2 the foundations were laid for the binarv lens. point-source.
rectilinear-source-motion calculations, the "SBLM". The seven parameters in this
model are the minimum required to build a binary gravitational lens model, but
there is room for extending it to include additional effects. Indeed. there is little
motivation to stop at the seven parameters we have examined so far except for a bias
towards simpler calculations! The principle that drives the inclusion or otherwise of
any 1maginable effect should be Occam’s razor. Hence in 8.1.5 the consequences of
neglecting more complicated models is gauged.

Light curves that contain caustic crossings. or where the source approaches a
caustic. require extensions to the standard model to take the source’s finite size into
account. This is clearly a shortcoming of the standard model which predicts infinite
amplification for a point source.

Events with precise timing information or even just a particular geometry need
to take non-rectilinear source motion into account as well, whether this projected
movement is due to a rotating lens system or the Earth's movement. Some of
these effects are easy to include into the model and require only a small increase in
computation time above that required for the standard model. but some are not.
The challenge posed by the elfects to be discussed in this Chapter is that they are
often negligible but occasionally of utmost importance. so that including them can
lead to an entirely different light curve. Even when the extra effects are easv to
calculate, theyv are generally not independent. Each additional parameter added
therefore adds one dimension to the search space as far as fitting a model to the
curve is concerned. The nwnber of models to be tested in a grid-based scarch of the

parameter space rises rapidly with the number of dimensions when their effects on
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the model are dependent on each other.

The standard model consists of the minimum number of parameters required to
encompass the basic geometry and dvnamics of a binary lens svstem and source. In
this Section. we plan to address the issues raised here by considering a number of
“optional” extensions to the standard model. Extensions are assessed (in Section
8.1.5) and/or included in our fits based on their importance as an observable effect,
which we will attempt to measure (in a fairly crude way) using a AyZ-metric to
compare extended light curves with standard light curves for a variety of generated

events.

2.3.1 Resolved source cffect
The finite source effect unfortunately requires a tedious. numnerical calculation
which takes many times as long as the point source equivalent. In this Section the

basic theory is set out, as well as some methods of calculation.

Theory

This effect is conceptually simple: a real source is a disc of light (of varving
intensity across the disc) with finite area. Different parts of the source are amplified
by different factors and the total amplification is simply the integral of amplification
over the entire source. Even though the amplification of the parts of the source on
a caustic curve is infinite, the arca of the source that is exactly on top of the one-
dimensional caustic curve is an infinitesimal {raction of the total source hininosity.

The finite source scenario is illustrated in Figs. 14 and 15. in which three sources
of different sizes cross a caustic structure along the same source path to give three
different light curves. The basic effect of R, on light curves is to smooth peaks out,
making them broader and less pronounced with increasing source size. as one would
expeet through dilution of the caustic effect. A further 20 example R -affected light
curves are shown in Figure 52

An optimistic modeller might think that the cffect can be ignored except in re-

gions of high amplification, i.c., peaks in the light curve due to caustic crossings.
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The need to include finite source effects is mvestigated m Section %15 where it is
shown that the effect becomes significant from a Ay” point of view with resolverd
sonree sizes as small as B, = Q000 #z. While it is trie that areas of peak wnpli-
fication such as canstic crossings and approaches are the only regions affected by
resolved sourre size, these regions can constitute & major part of the light corve. Au
example of this scenario is given in Figs. 16 and 17 whete & source travels parallel to
a canstic enrve. A small somree does not eross it and s only nuldlv amplified, while

a resolved source covers the caustie and has s himb amplified by a large factor
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Figure 16: A hinary event where the finite souree afferts a large region of the light

curve.

The resolveed souweer offect (5 also detrimental to He use of LGA events Tor 1 Lo

detection of extra-solar planets, e.g. [6G2].
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Oceurrence

1t is possible toinodel the expeetod distribnrion of findte somree stzes atter making
varions asswmptions aboue the lens and source population, Galactic maodels and the
like, The purpose of looking at the distribation of finite sources, and bence the
distribution of K., o this thesis s to determine whether the parameter needs to be
inchnded in o realistic model. Tor this purpose it is arguably aufficient to look at
the distritbution ol £, as observed o actual events Lo date, One souree of such data
15 the PLANEL S5-year resulis which places constraints on the minmnber of planetary
compamions in the observed stellar population, Thi= study also provides Lhe meost
reliable fits for {f, dur to the high sanpling requency on PLANET light corves.

The distribution of upper limits to B, from [3] 15 shown n Figure 15,
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Figure 18: Distribution of upper limits to £, from PLANET [3. for cvents meeting
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could be fairly inaccurate. Qualitatively the answer to the question on inclusion
posed here remains the same, which is that effects of resolving the source need to be
taken into account in the majority of cases when modelling realistic light curves, A
large number of sources in the PLANET data have resolved angular source radius in

the region of 0.016g. placing them well to the right in the scatter plot shown in Fig.

- C 2 : : L :
53. which implies average values of %) well in excess of 1. Fig. 53 and those like
it in Section 8.1.5 compare light curves created by the simple 7-parameter bimary
lens model to those created from an extended model. The comparison is made by

way of the Ay2-measure.

Calculation methods

Methods of calculating amplification of a finite source can be divided into two
categories: those that integrate amplification over the source surface. which is the
direct application of Eq. 77 and those that integrate over the images instead.

Source integration seems a more direct method but care must be taken in the
handling of infinite amplification when the source profile intersects a caustic. This
complicates numerical methods attempting direct source integration. For example,
any finite suumation method that relies on sampling the source amplification in
the region of a caustic which does not take the caustic boundary into account.
introduces an unbounded error into the integration due to the infinite amplification
on the caustic curves.

An alternative is to integrate over the images themselves. as amplification can
be obtained by dividing the flux of the images by the flux of the source, which is
a simple numerical summation exercise. This method was adopted for this thesis.

mainly due to its simplicity, and is described further below.

Image integration
This Section describes the method of choice adopted for finite source calculations.
It is a version of image plane integration based on that of [53] but adapted to use a

recursive flood-fill algorithm described below.



The idea is to start with the set of all images that correspond to the centroid
of the source. In fact the images of anv point contained within the finite source
profile will do. These image points call cach surrounding pixel (also in the iimage
plane) recursively. When a pixel is called, it maps itself back to the source plane
to check whether it maps onto the source by Eq. 1. If so. it adds itself to the
integration, weighted by the brightness of the source at the mapped radius from the
source centroid and calls all surrounding pixels to perform the same check. If not.
the failed pixel does not call any other pixels.

Any source brightness profile can be accommodated in this wav at minimal
calculation cost. This is an extremely simple and quite efficient way to perform
image plane integrations, as the expensive source-to-image calculation is performed
only once to find pixels that are guaranteed to map back onto the source. Thereafter.
image-to-source mappings arc calculated which are computationally cheap.

The algorithm does suffer from some pitfalls. The size of an integration element
in the image plane needs to be calculated before the calculation commences. If the
adopted pixel size is too large, the calculation will be inaccurate, while a pixel size
that is too small leads to a long calculation time. Unfortunately the required pixel
size depends on the amplification, which is exactly what we arve tryving to caleulate
in the first place.

To avoid this chicken-and-egg scenario. various methods were tested to estimate
amplification in order to find a reasonable pixel size. The simplest and probably the
most reliable method was just to base the pixel size for the next point in a light curve
on the size of the previous point’s pixel size, adjusted to correct for the error in the
previous point’s size. Pixel size can also be based on a point source amplification
which Is available in any case as one source-to-image mapping is required to find
the first image positions for the recursive integration. This is not ideal. as resolved
source calculations are mostly required in regions of high amplification where the
point source amplification tends to infinity.

In all cases, a final check can be made to ensure that the pixel size, and thus

[
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the number of integration elements and the accuracy is within an acceptable range.
Calculations with too few pixels are rejected and recalculated with a smaller pixel
size. Caleulations that are taking too long can be terminated and restarted with a
larger pixel size.

Unfortunately, this method suffered an additional shortcoming that was not
taken into account during calculations in this thesis. Dominik [63] showed that
it is possible to miss the initial, seed pixel in a disconnected image altogether if the
source overlaps a caustic region but its centroid falls outside the caustic region. and
the source does not include a caustic cusp. In this case, the Hood-fill algorithm pre-
sented here would miscalculate the total amplification. Fortunatelyv. this error had
1o bearing on the results of this thesis as a point-source model was used throughout.
The plots and distributions in the Future Work Section 8.1.5 should be marginally

affected, but not the conclusions.

Alternative methods

(63] provides details of an efficient algorithm using Green's method to turn the
integral over the image surface into a one-dimensional integral around the borders
of the images.

Ray shooting calculations were discussed in Section 2.2.3 above. Rayv shoot maps
have the huge advantage that they can be used to produce light curves for resolved
sources simply by convolving by the source profile. Convolution can of comrse he
performed efficiently using the FFT algorithm. The drawback is the long calculation
time required to produce the maps, as well as the high precision required for small
source sizes: the smaller the source, the higher the density of points that are required

to maintain a given precision.

Effects on binary fitting
The resolved source effect presents a challenge to LG light curve modelling and
fitting. It introduces a new variable into amplification calculations which cannot in

general be fitted for independently and requires many times more calculation time



than the point source approximation requires. The most effective wav to approach
the problem. barring miraculously effective new calculation methods. is to try and
separate the resolved source effects from the caleulation of the other GAI variables.
For example. if the light curve is modeled in regions where the resolved source has
little effect on the light curve, this calculation could be done using the point source
approximation. For the majority of curves, a finite source affects onlv the caustic
crossing regions of the light curve, corresponding to the high amplification peaks.
There are notable exceptions, for example where a souree approaches or crosses a
caustic cusp or where asource’s path runs parallel to a caustic curve as demonstrated
in Figure 16. Given an observed light curve, it is not possible to exclude a resolved
source a priori, and the validity of fitting a model to an LGAI light curve by fivst
approximating the event by a point source and then including the effect in a final
fit is investigated in Section 8.1.5. Figure 53 in that Seetion shows the consequences
to Ax? of neglecting the resolved source effect over the parameter ranges described

in Table 4.

2.3.2 Blending

The standard scenario assumes that the background source of light that is lensed
1s the only source of light during a lensing event. This assumption is broken in
all lensing events to some degree. Background. un-lensed light is always present
in the crowded fields in which GM observations take place. This effect is known
as “blending”. A luminous lens can also contribute to blending and in fact some
workers estimate that the majority of lenses towards both the Galactic Bulge and

the Magellanic Clouds are stars in the Milky Way (e.g. [64]. [65]).

Occurrence

It is further argued in [65] that binary events that exhibit a blending factor
of f > 0.17 should be quite representative of blending for all LGN events. The
distribution of the blending paramecter f reported by MACHO in their 2000 results

[45] and plotted in [65] shows that the majority of events have / < 0.5, which means
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that moderate to serious blending can be assumed to be present in all realistic LGN
events.

It is difficult to determine to what degree a given event is affected by blending
unless a detailed fit is performed. Even if good data are available. it is hard to
determine f for a single lens event due to a serious degeneracy between [ and b, the

impact parameter (e.g. [66]).

Theory

A blended event contains a fraction of un-lensed light, diluting the signal from
the lensed light source. Figures 19 and 20 illustrate varving degrees of blending for
a typical caustic-crossing event and the event’s geometry, respectively.

If we assume that the total flux from a source of light in our aperture. 4,,,..
is due partly to Microlensing amplification A, of a source star with flux L, and
partly due to light from an un-lensed source L., the situation is as described in
Eq. 33 which is valid for any fraction and source of un-lensed light. whether from a
luminous source or a background star:

Ag'mL.s + L:l‘

Apiena = i L (33)

The blending parameter [ is then defined as

L,
. A 34
I=i5L (34)
and
‘4111(111(1 = ngm + (1 - ./) (35)

Equation 35 shows that the blending effect is easy to calculate. In cases where
the blending parameter f is the only parameter that changes from one light curve
calculation to the next, it is not necessary to recalculate the standard model binary
amplification. Instead the standard model amplification is merely modified by use

of Eq. 35.
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Effects on binary fitting

It is not possible in general to ignore blending while fitting for binary events.
so blending should ideally be fitted simultancously with other paramcters as one
cannot assume that it is possible to separate its effect. Unfortunatelyv the blending
effect introduces another variable into the LGN light curve model parameter search
space. (Figure 53 much later in Section 8.1.5 illustrates the consequences of ignoring

the resolved source effect during LGM binary lens fitting.)

2.3.3 Parallax

“Parallax” deals with the effect of the observer’'s movement on an LGM light
curve. It can be a complicated extension to the model. The simple form of parallax
was introduced by Gould [67] but has been considerably expanded upon. Although
these models are beyond the scope of this thesis. which sets out to prove that
unconventional methods can aid the fitting procedure, it must be noted that they
add additional degeneracies to a Microlensing fit. There are also events which could
not be explained without the introduction of higher-order parallax effects ([68].)

Nonetheless, the simple parallax which is referred to here as “annual parallax”
illustrates the effect well and is discussed below. This extension incorporates the
Earth’s movement into the equation for the source position. The effect caun be taken
into account by modifying our linear equations of relative source motion given in
Eq. 12.

The notion of parallax may also be extended to differences between light curves
measurcd at different obscrvatories, an effect which was modelled by PLANET in

[1].

Theory

Calculations are simplified by projecting all relative movement in the observer-
lens-source-gsystem onto the source. This holds true when we wish to include the
obscrver’s movenent, assumed to be the orbital motion of the Earth around the sun.

When this movement is projected onto the source. the source position is a function
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of the Earth’s orbital motion, as described below. The equations below ave stated
without proof but follow the derivation by Dominik in [69].

If we define

t—t, : [ =1, :
E(L) = 2m TI + 2csin <27TTI> (36)

and

l—x o
P = Ogemni ('3/)
Ty

where

tp is the time of Earth’s perihelion

T is the Earth’s orbital period

¢ is the Earth’s orbital eccentricity

x 1s the distance to the lens as a fraction of the distance to the source

(sem; 18 the Earth’s orbital semi-major axis,
and further use

e o, the longitude in the ecliptic plane from the perihelion towards the Farth's

motion
o y. the latitude measured from the ecliptic plane to the ecliptic north pole.

we can define

() =p (— sin x cos @ (cos () — €) — siny sinovV1 — ¢ sinf(/)) (38)

xa(ty =p (w sing (cos&(L) —€) + cosoV1 — €2 sinf(()) : (39)
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If

="t j . (10)

we finally have
plt) = 7(t) + cosys (1 () — w1 () + sine (oo (8) — (1) (1)
d(t) =b—siny (z(t) — 21({,,)) + cos v (ra(t) — a(l,,)) (12)

where p(t) is the movement of the source in a direction parvallel to the unper-
turbed source path, and d(t) is the source’s movement in a direction orthogonal
to the source path or in fact in the dircetion of the impact parameter vector b v
Is a rotation angle in the lens plane describing the relative orientation of b 1o the
sun-Earth system.

Two of the parameters 1 and p described in this Section are event properties
that have to be determined by fitting and I shall refer to them as “the parallax
parameters”. The remaining parameters like y and o can be directly deduced from
the source’s coordinates.

A further look at the above equations is in order. First. note that if p is zevo,
a1 (t) and xa(t) are zero as well, and Eqgs. 41 and 42 reduce to the simple rectilinear

motion of the standard model, where

and

d(t) =b. (-11)
Secondly, the physical interpretation of p is as the Earth’s semi-major axis pro-
jected onto the lens plane. This paramcter is a measure of the ~amount”™ of parallax

in a light curve. In general if p increases, parallax effects increase as well.
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This type of parallax begins to have a promoinced effect on LGM light curves for
events with longer time sealos: vemghly £, > G0 dages, however the “Jerk-payaliax”
eifect described in [68] afferts events with 4, < £

Three thearstical light carves with varving degrees of paratlax and underlving
geotnetry are showr in Figures 21 and 220 Twenty more parallax examples are sliown

in Figure 51,
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When all movermnent s projected onte the senrce, we can think of parallas as

impaosing a regular perturbation onto the otherwise roctlinear souree path,

Effects on binary fiting
Parallax mostly affecls singie lens cvents of longer time seale so it may be possible
to ignore this effect for short fime seale single lens events. The seatler plot

Figure 53 and the ancedotal example in [Figure 22 above show that the situation for
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binary lens events is very different, where a non-zero value of p causes considerable
perturbation to strong binary lens events (most of the events in our parameter range
arc strong or caustic crossing). Where parallax is modeled. it introduces at least
two new variables to be fitted, once again multiplving by a large factor the amount
of time required for a fit. As with the other extensions to the standard model. it
would be ideal if a given light curve could be approached by first fitting the standard
model and then refining the model by adding parallax parameters to the standard

parameters.
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3 LGM Light Curve Fitting Considerations

3.1 Introduction

We shall begin this Chapter by clearly defining the fitting problem in Section
3.2. In Section 3.3 it is attempted to explain why fitting LGN binary lens models
to observations presents a particular challenge and why “conventional™ fitting algo-
rithms often fail. Chapter 4 deals with the topic of feature selection which attempts
to pose the problem in a form that is more suitable for a particular purpose. whether

that be to promote understanding or improve fitting cfliciency.

Ideally. a modeller should attempt to fit the observations with the model that
has the highest a priori probability of correctly describing the physical situation. If
a model is insufficient to describe the observations, the model can be extended to
include more complicated or unlikely scenarios, following the principle of Occam’s
razor. The desired output is thus the set of the fewest model parameters that best
describe the observations. To qualify the term “best™ may present a challenge to
the modeller. It may well be that a model fits the obscervations extremely well
by standard modelling criteria. On the other hand, the modeller mav be aware
of additional constraints from data not included in the fit, such as spectroscopic
information that is not directly included in the light curve of an LGN event. A
particular set of parameters may also present a physically impossible situation. Any
additional information that the modeller has, such as a probability distribution for
a given parameter, should be taken into account when modelling. but in this thesis

we will focus exclusively on photometric data and modelling.

In the Sections to follow, we begin by fitting the standard model to artificial data
generated using the same model. This model is mathematically simple and captures
the essence and main difficulties inherent in fitting LGM observations, but it is not
complete and various crucial extensions are left out at first. The consequences of
ignoring extensions are investigated in Section 8.1.5 and real obscrvations ave finally

fitted in Chapter 7.
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3.2  Definition of the fitting problem

This Section aims to define the central thesis more clearlv. in other words what

is implied by “fitting a light curve”.

3.2.1 Input

In this thesis we focus entirely on the photometric light curves of LGM events.

“Reduced”™ or processed light curves are simple x-y plots of the flux measured
through an aperture that contains a background light source. also containing lesser
contributions from other light sources. vs. time.

There i1s quite a lot of additional information available from the telescope. of
which the most important is the photometric error estimate. The actual obscrva-
tional uncertainty or error is not trivial to obtain and is often in itself the result of
considerable data reduction and calculation.

In the resulting x-v plot, source brightness, plotted on the v-axis. can be in
magnitude or flux. The absolute value of the brightness is often unknown. primarily
because LGM modellers are not really concerned with this absolute value as we
deal with the ratio of lensed brightness to un-lensed brightness. or amplification.
Light curves can also be plotted with amplification on the y-axis. although this
may include a blending factor and is not neccessarily equivalent to Nicrolensing
amplification obtained from, c.g., Equation 9.

The time axis for a given event spans anything from an hour to several years.

Technically, survey groups require observations over several years to prove that
an cvent s really due to LGM and not another form of brightuess fluctuation.
Observations of the actual event need to include timme before and after amplification
in order to establish and confirm the un-lensed baseline. The unit of time is most
often days and typically given in Julian Date. Light curves to date consist of tens to
a few hundred data points. From the photometric point of view and for the purpose
of this thesis, that is the sun total of the input information available to the light

curve modeller. Of course additional data may well be available that could influence
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certain parameters in the fit. For example, the colour of the source known from
spectroscopy may be used to constrain the blending parameter or the likelihood of
a binary source. This information is often crucial and should be used whenever
available, but we focus here on photometric data only and will assume here that no

additional information is available to us.

3.2.2 Output

The desired output of any fitting procedure is the set of phvsical parameters
describing the lensing event. The only way to relate the observed light curve to
these physical parameters is by way of a model, such as those explored in Chapter

2.

3.2.3 Fitting as Mapping

In general fitting can be summarised as mapping from one vector space to an-
other.

In the LGM scenario the two spaces in question are the light curve space consist-
ing of time-brightness data points and the model parameter space which consists of
(in this case continuous) variables entered into a light curve-producing model. Map-
ping from model parameters to light curve is a simple operation as cach point on the
light curve is uniquely determined by the parameters and model. even though the
mapping is not mathematically explicit (see Section 2.2). During fitting we are un-
fortunately concerned with the inverse problem. that is mapping from light curve to
model parameters which is neither uniquely determined nor explicit nor analvtically
tractable.

Many methods exist for tackling this type of problem. Conventional ~fitting” is
perhaps the simplest of these. Faced with the lack of a unique mapping from light
curve to model parameters (which I shall call the “inverse” mapping). the fitter
attempts to find a model parameter set matching a given light curve by mapping a
number of paramecter scts to their corresponding light curves (the “lorward™ map-

ping ) until one of the generated light curves matches the observed light curve that
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1s being fitted.

Gradient-based algorithms attempt to use the improvement in a measure of prox-
imity between generated light curves and the target light curve to guide the next
choice of model parameters to map. Genetic Algorithms choose the next parameter
set to map to its light curve based on manipulations of the “best™ of a set of crurent
parameter set candidates, as judged by some measure of proximity. Artificial Neu-
ral Networks attempt to approximate the unknown inverse mapping itself hyv using

sammples from the known “forward” model mapping.

A statistical fitting method currently enjoving success as applied to binary lens
fitting is Markov Chain Monte Carlo (e.g. [70]). The method is particularly well
suited to finding all local minima around an initial sced location. and can also he

used to determine the covariance matrix at the minimum.

There is also a host of statistical techniques from the field of Data Mining which
attempt to infer the inverse mapping from samples of the forward mapping, some

of which are tested and applied in this thesis.

3.3 The Challenge

At first, the binary lens fitting problem does not seem particularly difficult to
solve. The average light curve consists of tens or even hundreds of data points and we
onlv need to extract a few parameters from this curve, e.g. 7 for the standard binary
lens model (SBLA) and about twice that amount, depending on which extensions are
included in the model, (i.e., finite source effects. lens system rotation. etc.) Problems
that look a lot worse than the LGM fitting problems often pose no challenge for
conventional fitting techniques. These may have many more parameters or far noisier
data than are generally available for LGM light curves yet are easier and less labour-
itensive to fit. What makes the LGM binary lens light curve fitting problem so

difficult? This Section discusses the complicating factors.
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3.3.1 Fitting considerations in general
This Section describes some aspects of fitting problems in general that combine

to determine their difficulty.

Output Dimensionality

One of the most important considerations in a fitting problem is the dimension-
alitv of the search space, or the number of model parameters in the case of LGM
light curve fitting. The number of model parameter sets that would need to be
tried randomly before the correct one is found scales exponentially with the output
dimension. The standard model has 7 output parameters. £,.. t,,, mg. b. 6. a and q.
This is enough to present a serious challenge to “brute force™ methods that simply
check sets of model parameters to see whether thev map reasonablyv well to a given
input light curve.

To illustrate this (simplistically), if we decide that a frequency of 100 steps
per parameter is sufficient to sample the output space. we have to compute 10"
light curves to check every model in our sample. Combined with the substantial
computation time and even denser sampling required of LGM binary lens light
curves. it is clear that brute force methods are impractical. As we shall sce, the
more successful fitting methods developed in this project rely on the reduction of

the dimensionality of the search space.

Analytical formulation or the lack thereof

LGM benefits from the existence of a powerful and simple model that approxi-
mates the photometry of events in just a few equations (see Section 2). This math-
ematical formulation enables us to extract phvsical parameters from a given light
curve by fitting. Unfortunately. the model equations cannot be solved analytically
for amplification from source position but have to be numerically approximated.

Analytically soluble problems are generally much faster to fit than numerical
ones thanks to the powerful mathematics that can be brought to bear on such

problems. If we had an analytical formulation for the mapping from light curve to
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model parameter space we would have solved the entire problem. as our formulae
would provide an explicit solution in the form of the model parameter vector for
any eiven light curve. No further fitting required. Unfortunately. not only do we
lack an analyvtical formulation for the inverse mapping but in fact for the forward
mapping as well. Light curves can be calculated by solving numerically for the
image positions corresponding to a given source position (Eq. 1) and image positions
can be substituted into Eq. 5 to obtain amplification, but the lack of an explicit
analytical formulation drives us to numerical analysis which introduces a huge cost

in calculation time as well as numerous uncertainties in precision and accuracy.

Data quality

LGAI photometry data are generally of good quality. by which we mean that
the signal to noise ratio of follow-up observations in particular is sufficiently high
to expose the required amount of information. The signal guality required in order
to produce accurate model parameters from light curve fitting is determined by the
properties of the inverse mapping. LGM data quality is in fact required to be of
rather high quality (low noise) and quantity (high sampling frequency) in ovder to
avoid serious ambiguities in the model (see Section 3.3.1 below). Data of exceptional

quality enable the modelling of subtle effects, for example those modelled in 1].

Non-linearity

The term “non-linear” is used somewhat loosely in this context to mean that the
inverse mapping (and hence the forward mapping, too) is complicated: a small
adjustment in model parameters may lead to a large change in the hght curve
generated by the model. In other words the amplification is a non-linear function
of model parameters. The term “non-lincar™ is often used colloquially to describe
badly behaved mappings. where a small change in input parameters can lead to an
entirely different set of output parameters, or vice versa.

Fitting problems with this quality require high sampling frequency when per-

forming any form of grid search of the output space. The problem is compounded
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in cases of high dimensionality, as a large number (samples per paraeter) will be
raised to the power of another large number (dimensions) to determine the num-
ber of parameter sets required to perform a brute force scarch of output space.
Non-linearity also brings about the problem of premature convergence. LGM non-

linearity is described in some detail below (Section 3.3.2).

Premature convergence

In general a modeller cannot know whether a successful fit is in fact the best
solution to the given problem. In the case of light curves an Levenberg-Marguardt
algorithm (section 5.1) may determine that a certain set of model parameters pro-
duces a light curve that fits the model with a low 2 and that the model is at a local
minimum in the x%-space. That is, any small change in y? procduces a model worse
than the current best, but the local minimum is not necessarily the global mininm.
Inn the case of Levenberg-Marquardt and other gradient-based algorithins it is merely
the first minimum that the algorithm has come across. traveling from its starting
position on the regression surface.

Premature convergence is common for highly non-linear mappings such as the
SBLAIL The more convoluted the mapping, the more local minima exist and the less
information about the global solution is available to a fitting algorithm operating in
the regression space.

It is important to note that y? remains simply a mecasure of the goodness of
fit given our iiperfect, observations and our error estimates. The y* measure also
assumes norntally distributed observational errors and a linear dependence on the
model parameters. In short, even if we did find the global \Z-minimum, we wonld

have no guarantee that we had the “true” solution to our fitting problen.

Ambiguity
An ambiguous input vector is defined here as an input vector that maps to more
than onc output vector, and thus a GM light curve is ambiguous if wore than one

model parameter set can produce it or a close match to it. The definition is used



loosely because it does not define how closely the two light curves need to resemble
each other before they are said to be “equal”, or how different model paramecters
need to be to qualify as “different”. We will use the term to mean that two curves are
similar enough so that they cannot be statistically distinguished from one another,
assuming tvpical observational errors and using the Ay\*-measure. As a rule of
thumb, models are taken to be different if they belong to different convergence wells
in the comparison space.

Ambiguities are always a hindrance to fitting algorithms. but their negative effect
can be minimized if they are known. Any one of an allowed set of solutions to a light
curve is of course a local minimum in y?-space, so a mapping that contains many
ambiguities also contains lots of local minima which presents the fitting challenge
discussed above in Section 3.3.1. From this perspective models with ambiguities can
be seen as an opportunity to find an entire set of good solutions if the relationship
between valid model parameter sets are known. For example. if an LGN hinary lens
solution is found to have low mass ratio and projected orbital separation a = 1.1 .,
then the modeller knows that there is another valid model with ¢ = 0.9 8 that is also
a good solution (see Section 3.3.4). Unfortunately ambiguity by definition makes
it hard to decide which of the solutions is the correct one. Various degeneracies of

LGMI light curves are discussed in Section 3.3.4.

3.3.2 Non-linearity in LGM
Section 3.3.1 introduced the complications that arise from a non-linear mapping.
This Section attempts to investigate, and where possible quantify, the severity of

non-linear effects in the mapping of model parameters to light curves in LGN

Small parameter adjustments

Figure 23 illustrates anecdotally the effect that a small model parameter adjust-
ment can have on a binary lens LGM light curve. Figures 19. 21 and 14 are also
good cxamples of this, although in these cases one extension paramecter is being

varied across its entire range.
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Large light curve changes caused by tiny changes in model parameters are the
defining characteristic of the non-linear LGM mapping. A small change in the
model parameters does not necessarily cause a correspondingly small change in the
light curve. Here we were defining “change” as a visible difference by eve. but the
more formal measure of Ax? between the original curve and the modified one also
registers an enormous change for the small adjustment. Regression surfaces other
than Ay? mayv not display this non-linear behaviour. i.e.. a small change in model
parameters may lead to a corresponding small change on this hyvpothetical regression

score {unction.

3.3.3 The convergence well

Another consequence of the non-linear mapping from model parameters to am-
plification is the "narrowness™ of the regression convergence well surrounding the
global minimum of the regression hyper surface when attemupting to extract model
parameters {rom an LGN light curve during fitting.

An analogy is in order here. Imagine that the regression hyvper surface is vepre-
sented by a table top. The solution we are looking for is represented by a pit in the
table and the aim of regression is to find this pit. The difficulty of this task arises
from the fact that the table top is verv bumpy. and every hollow represents a local
minimum. We are also blindfolded and can only examine the height of the table top
by touching one point on it at a time. Luckily we have some tools. Using a gradient
descent algorithm to find the global minimum is comparable to placing a marble
somewhere on the table and allowing it to roll around until it settles in a hollow,
which helps a bit. The problem of premature convergence to a local minimum still
fits this analogy: the marble will settle in the first hollow it finds. regardless of

whether this s the deepest one on the table.

The convergence well in this scenario corresponds to the size of the unique.
correct, deepest hollow that we are trying to find. In a simple problem. the entire

table top would slope gently towards the target hollow (solution), and we would find
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it easily by placing the marble anywhere on the table. Unfortunately the actual case
in LGMI fitting is a nightmare scenario. in which the table-top is contorted and the
size of the average convergence well is (comparing the convergence volume in seven
dimensions with the two-dimensional table top) just about 0.057 = 8 x 107 of the
surface of the table, or 1/50th of a millimetre across, much too small to see with

the naked eve!

Convergence well calculation

The previous Section used a rough estimate for the size of the convergence well
and in this Section it is attempted to justify this estimate by caleulation. Admit-
tedly, the “convergence well size” is a crude measure of the difficulty of a fitting
problem, as the well diameter actually varies widelv along the parameter axes of the
regression hyper surface and also varies with the location of the global minimum in
parameter space. Yet, it 1s a single number that provides a simple quantification
of this aspect of the fitting problem. One way to measure the mean size of the
convergence well i1s to use a fitting algorithm that simply runs downlill on the re-
gression hyper surface from its start position and stops at the first local minimum it
finds. If the solution found by the algorithm is correct, the initial starting position
of the fit must have been inside the convergence well of the solution. By recording
the success rate of fits to a large number of randomly generated heht enrves. the
distribution of the Ax2-convergence well size of binary lens fits to LGN light curves
can be determined. Note that during this investigation we will keep variables such
as the number of data points in the curve and the size of the observational errors

fixed at reasonable values of 100 data points with an “error” of 0.01 mag.

Figure 24 shows the results of such a simulation. 100 curves were fitted using
the Amoeba (Downhill Simplex) method (e.g. [59]). Each curve was randomly
generated from the standard parameter ranges in Table 4. The starting position
and the maximum model paramecter starting crror over all seven paramceters were

recorded. An example of how the “maximum error” for a given fit is calculated is
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Table 3: Sample of “maximum crror” calculation. Units are specified as a fraction
of the range in each parameter.

Parameter Actual Start Difference
a 0.19 0.22 0.03
0 0.56 049 0.07
b 0.82 0.91 0.09
mg 0.33 0.34 0.01
q 0.37 0.42 0.05
t, 0.02 0.07 0.05
tm 0.91 0.88 0.03
AMaximum Error 0.09

shown in Table 3. A fit was considered to be successful if the (%_f of the solution

model was less than 1.

The main result from this simulation is that the convergence well is small. The
distribution of convergence well sizes peaks at about 2 per cent of the allowed pa-
rameter range. All parameters mostly need to be within a few percent of the correct
value to have a reasonable chance of a successful fit with a simple gradient method!
This is a severe constraint that makes LGM binary lens fitting so intractable to
conventional fitting methods. Only 5 per cent of the events had a convergence well
that stretched out further than 20 per cent of the allowed parameter range. Note
that we do not mean 20 per cent of the parameter search volume. but instead that
all parameters need to be within 20 per cent (absolute) of their correet values.

The convergence radius is likely to vary for different model parameters. and
Figure 25 plots the success rate of Amoeba fits as a function of the start crror
for each parameter in turn. Note that these calculations were different from the
ones that produced Figure 24 in that all paramcters were set to their correet values
except the parameter under investigation, which was perturbed. As a result the
implied convergence well size by parameter represents the best case scenario. where
all parameters but one were spot on before commencing the fit. All parameters were
allowed to vary during a fit which explains the dismal convergence well size of an
“casy” paranicter such as mg. If all the other paramecters were fixed at their correct

values during the fit, it would be hard to imagine that the routine would not be able
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to recover the correct value for mg. What happens in practice is that the downhill
simplex method searches in all parameter directions and is attracted to and caught

up in local minima, despite starting out perturbed in only a single parameter,

Although a’s distribution peaks around 8 per cent. a fair number of events (20
per cent) can be fitted successtully even if a is initially perturbed by more than 10
per cent (absolute). 8 seems particularly hard to fit. Its distribution peaks around ¢
per cent and very few events (less than 5 per cent) that are perturbed by more than
40 per cent are successfully fit. b is a more forgiving parameter with a broad peak
at about 12 per cent. In addition, 23 per cent of events will be fitted successtully
even if b is initially perturbed by more than 40 per cent. g is also relatively casy
to fit. The peak is hard to discern on this sample but looks to be between 10 and
15 per cent, with 10 per cent of events fittable despite starting off more than 40 per
cent (absolute) from their target. ¢ is, perhaps surprisingly, a fairly casy fit and
distributed much like b. t, peaks around 10 per cent - harder than expected. Only
15 per cent of events can be successfully fitted if they start out perturbed by more
than 40 per cent. Finally, t,, is fairly hard to fit again, peaking around perhaps 8 per
cent. There are however a fairly large percentage of events (17 per cent) that can be

fitted correctly even if they start at more than 40 per cent (absolute) perturbation.

The figure shows that even if all six of the other standard model parameters
start out exactly correct, the parameter under investigation still needs to be known

fairly accurately to be fitted successtully.

3.3.4 Ambiguity in LGM

Ambiguity and its associated challenges were discussed in general in Section
3.3.1. This Section deals with ambiguities that are specific to LGM light curves
and the model used to describe them. Two ambiguous curves are shown in Figure
26. The caustic geometry and model parameters of the two curves differ completely,
vet their % is only 27. The two very different binary lens caustic geometries are

plotted in Figure 27.
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Chi-squared per degree of freedom = 28.168
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Figure 26: Two radically non-linear, but very similar-looking curves. Most binary
model parameters are nearly equal, but the orbital separation a for these two events
differ substantially.
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The known binary lens LGM model ambiguities are discussed helow.

Orbital separation

There is a well-known LGM binary lens ambiguity between light cuwves with
orbital separations a and 1/a (e.g. [71]. This is particularly severe for small values
of the mass ratio ¢ and is demonstrated as our example ambiguity in Figures 26
and 27. This type of ambiguity has been observed and resulted i the inability
to discriminate on photometric grounds alone between a wide binary and a close
binary solution in the case of event MACHO-99-BLG-47 [72]. Fortunately in that
case the physical implications of one of the two possible models excluded itself on

the grounds of plausibility.

Blending

The “blending” coffect was previously discussed in Seetion 2.3.2. Here we focus
on the serious ambiguity it introduces to LGM light curves. especially those caused
by single lenses. The ambiguity is well-described in [66].

I essence. a blended light source appears to be less amplified than it actually
is because a portion of the total flux in the aperture originates from an un-lensed
source. This additional un-lensed flux obscures the change in flux from the lensed
source. Blending works against amplification, which is dependent on impact param-
eter b for single lens light curves. This leads one to suspect that an cvent with a
small impact parameter and lots of blending can be mistaken for an event with a
large impact parameter and little blending, as is indeed the case.

Wozniak and Paczynski [66] quantify the ambiguity by noting that in the limit

of b> 1 0.

2 2
A1+ — = _—
+ i 1+ <b2 + (%>2>2

where u is the source-lens distance in this single-lens systeun.

If the quantities Fy and [I'(t) are defined as the un-lensed brightness of the
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aperture and the brightness as a function of time respectively then

. (16)

(17)

by substitution. Note that in these cquations [ corresponds to the blending

paranicter defined in Section 2.3.2. It is casy to verify that substituting

fl - f(’“lvbl - b(1 tml = {'m(—’y ! (18)

/

into Equation 48 viclds exactly the same equation! Thus any (/7. 0y.0,) set s
also a valid solution if (f, b.(,,) is a valid solution. Wozniak and Paczynski also show

that in the limit of b < 1,

F(t) ,
=l+ —. (/K1) (19)
FO 9 ; 2N\ 2
b + (r‘)
so that anv set (fC.bC,t,,C71) is a solution if (f.b.1,,) is a solution.
These ambiguities raise grave concerns for the accuracy of conclusions drawn
O .
from photometric data of single lens light curves if blending is ignored. The ambi-
o o
guity effect of blending on binary lens curves is less pronounced (c.g. [62]) but can
be expected to affect any weak binary event in a manner similar to the one discussed

here.

Parallax
The parallax extension to the 7-parameter model adds 2 parameters needed to
describe non-lincar relative motion of the lensing system. These (p and o) were

discussed in 2.3.3 above and are used to model the eflects of the Earthi's orbit on an



LGMI light curve. Smith, Mao and Paczynski [10] discussed a constant acceleration
model which serves as a good approximation to the normal parallax effect. Using
this model they discovered a degeneracy which affects weak parallax events, 1.
events with ¢, close to the bottom of the range of where parallax can be observed.
The degeneracy is in the two parallax parameters and ¢..

An extension to the parallax model made by Gould in [68] also introduced a new

form of parallax degencracy.

Weak parallax vs. planetary perturbations in long time scale, asymmetric
events

In about 1 per cent of planctary events, plancts can give rise to long time scale
perturbations [3]. These are highly degenerate with parallax events of the tyvpe
discussed in [67]. This degeneracy has also been observed, which led to the disqual-

ification of event OGLE-1999-BLG-36 as a planctary event.

Close and wide binaries vs. planetary events at high amplification

-

Extreme separation (¢ < 1 6g and « > 1 ), medinm mass ratio binaries
generate caustic patterns close to the primary lens that are almost indistinguishable
from those caused by medium separation, planetary companions (¢ < 1 dg). This
degeneracy is discussed in, e.g., [71]. It has also been observed. if that is the correct

term in so far as the degeneracy was an issue during analyvsis ([73]).

3.3.5 Sampling parameter space

Possibly the simplest (and most brutal) way of fitting a light curve is to decide
on a sampling frequency in parameter space and to simply step through all sample
models looking for one that generates a light curve that closely matches the data
curve. Assuming the sampled curves adequately cover the allowed parameter ranges.
the method has the advantage of being exhaustive. Of course. the problem with
LGM is that a vast number of sample models arve required. The author did attempt

a naive library-based fitting solution without success, to be compared to Mao & Di
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Stefano [74].

Storage restrictions

If the sampling requirements of this librarv are to be met. there is still the
restriction of storing the calculated light curve for each grid point as thev are needed
for comparing with obscrved light curves when fitting with a librarv-based method.
The number of data points per curve that need to be stored is a non-trivial issue, but
if we assume that 100 points are good enough to distinguish between light curves
to a level that produces a usefully sinall list of candidate models on comparison, we
are faced with the prospect of storing 200 points of data of size ~double”™ per curve,
A small test shows that gzip compresses 100 light curves of 100 x- and v-points cach
into about 70kB. For a library method that needs to fit. say. all 7 standard model
parameters and a sampling spacing of 5 per cent per parameter we are faced with

10007 ¢ ,
<T) x curves x 0.7kB = 1.28 x 10" x 0.7k 3 = 896G B (50)

of storage. Although this number is attainable on a personal computer one has

to wonder whether this is the right approach.

3.3.6 Computation time

Computation time is a limiting factor when fitting binary lens LGM hght curves
due to the iterative, non-analytical nature of the amplification calculation.  We
have seen several different methods of computing amplification as a function of time
described in Section 2.2.5. Regardless of the method used. amplification calculations
are non-trivial and take such a long time that brute force is excluded as an LGM

fitting operation.
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4 Feature Selection

4.1 Introduction

The input to our fitting problem is an observer LGN light curve. In this Section
we will simplify the actual problem by assuming that the observers have provided us
with a reduced. cleaned light curve. This may have required the removal of outliers.
the combination of data points {rom different observatories, rescaling of photometric
errors and the like.

We can now feed this light curve divectly into our regression algoritlins or process
it further. In fact, practitioners agree that regression performance often benefits
from further processing of the inputs, a.k.a. “pre-processing”™. One very important
form of pre-processing is feature selection or construction. This is the process of
constructing new input variables from the existing ones through transtormations,
driven by domain-specific knowledge or by removing redundant variables. The latter
is often referred to as subset selection but we will use the term “feature selection” to
refer to anv change made to the original input set. by either transforming. removing

or adding variables and their derivatives.

New inputs can be any set of numbers derived from or combined with the original
inputs. The aim is to find a transformation of input parameters that has more
predictive power than the parameters themselves, as measured against an unseen,
testing data set.

There are good reasons to reduce the number of inputs to fitting algorithms. The
vast majority of classifiers and regression algorithms function progressively better as
the number of inputs is reduced, provided that it is not reduced to the point where
critical information that could be used in the identification of a given light curve is
lost.

The somewhat counter-intuitive reduction in success rate with increasing input
information is mostly due to the “curse of dimensionality™ (i.c. [75]). There is a

point at which adding input parameters does not justify the enlargement of the input
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space that comes from increasing its dimension. In this way. feature selection is also
related to data compression and, risking a philosophical statement. "understanding .
in that the more compact the parameter sct used for a complete deseription of the
data is. the better we understand it.

The problem of finding the best input vector is that of maximising the amonnt
of relevant information in the input vector while minimising the dimension of the
input space. Using the correct input vector is absolutely crucial to successtul ap-
proximation or fitting, but the question is how to find this mput vector.

One can do so by trial and error, which consists of sclecting different combinations
of input vectors by intuition or at random, training a regression algorithm and
chiccking performance: a prohibitively slow process with no gnarantees offered on
finding the best solution. Fortunately, the next Sections describe a selection of more
realistic. formal methods that were investigated. applied and evaluated for LGN

binary lens light curve fitting with the standard model.

Goal The goal of this Chapter is to find a representation of an LGM light curve
that performs optimally at regression, presumably better than the light caave does
by itself. I shall divide the process of deriving an optimal feature set for fitting LG

binary lens light curves into three dependent Sections:
1. Construction. New features are created or derived from the light curve.

2. Evaluation. New and original features need to be evaluated for their predictive

utility.

3. Search. We require a feature-set scarching methodology to derive the optimal

set.

4.1.1 Know your data
Before we even start deriving new features, it is highly recommended to get to

know the raw input data (i.e. [76]). We need to know what the tvpical light curve
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Table 4: Standard Binary Lens Model (SBLAL) ranges used throughout.
Parameter Minimum Maximum

a(fg) 0.6 1.7
6(°) 0 360
b(65) 0.001 1.0
mo(may) 18 21
q 0.1 1.0
te(days) 5 25
L (days) -10 10

looks like, what the “typical” outlicr looks like, what kind of degeneracies can be
expected, etc. A knowledge of the data will improve our understanding of results to

follow.

There are many ways of looking at our data. We shall start with a visual inspec-
tion of a number of randomly sampled light curves before moving on to statistical
properties of the complete training sample. Figure 28 shows 50 light curves sclected
at random from the sample constructed from the parameter ranges shown in Table

4 using the standard model.

A few simple observations from the figure. First. almost all curves are indeed
visibly perturbed from the typical single lens light curves. Most are asvmmetrical.
Secondly, a lot of curves have only a single peak and of these it would seem that
many are fairly similar. This indicates large avcas of degencracy when attempting
to recover model parameters for curves with a single peak.

NMany curves seem to be crossing a largish caustic arca. showing the distinctive
caustic entry and exit spikes and an arca of increased amplification while within the
region. Many show peaks that are not due to actual caustic crossings and so nst

be a caustic cusp approach.

Statistical description of binary light curve data

In order to use a simulated light curve as an input vector. we take the step of
creating it from samples at 100 regularly spaced poiuts between a start and end

point at t,, —2t, £ 0.5 t, and t,, +2{, £ 0.5 t,. The uncertainty in the start and end
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Figurce 28: 50 randomly sclected light curves from the parameter ranges in Table |
using the standard model. This is our input space of choice for study of the standard
model.
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point reflects the fact that we do not know what ¢, and t,, are before fitting. Our raw
data thus consist of 100 evenly-sampled time points and 100 matching magnitude
points. As we shall sce below (in Section 4.2.1) we can discard all but two of the
time points with no loss of input information, leaving us with 100 magnifications
and the start and end times of the curve.

Figures 29 to 32 are distribution plots where the values on the x-axis are derived
from the extremes of the range and the y-axis is a count. As the actual value of the
count is not important (but the amplitude of the distribution is). the v-axis scale
was omitted.

Figure 29 shows the distribution of start times for a sample of 10000 random
events with parameters selected from Table 4. This distribution is a function of the
ranges chosen for ¢, and f,,, as well as an additional uncertainty of 0.5 {, for cach
curve’s starting point. There is not much else to learn from this distribution hut it

begins to place the light curves into context.

I i
-64.08 -31.78 0.52

Figure 29: The distribution of curve start times (in days) for 10000 standard model

events, randomly generated from the ranges in Table 4.

Figure 30 shows the distribution of start magnitude for all 10000 curves. This
distribution is technically a function of all model parameters. as well as our choice of

light curve start and end ranges, b, —2{, £ 0.5{, and ¢,, +2{, £0.5/.. Of conrse, the
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magnitude this far from the peak of amplification is almost directly related to the
flat distribution of start magnitudes chosen for the experiment. The distribution at

points closer to the centre of the curves are more interesting.

— I —, T
30
.
| [
17.57 19.26 20.94

Figure 30: The distribution of curve start magnitudes (mag) for 10000 standard
model events, randomly generated from the ranges in Table 4

Magnitude distributions at points deeper into the curves are plotted in Figures
31 and 32 which are at position 33 and 50 out of a hundred magnitude points. re-
spectively, Position 50 corresponds on average to the centre of each curve. Both
these distributions are complicated functions of the ranges chosen in Table 1. Both
arc highly asymmetrical as one would expect of a flat distribution in impact pa-
rameter b: single lens amplification scales approximately as the inverse of b at high
amplification, and we know that a large number of light curve will resemble single
lens curves.

The rather smooth, unimodal distributions discussed above suggest that there
is no clear discriminator for a classifier or regression routine when looking at any
given magnitude point in isolation. Relationships between points are likely to play

the largest role when discriminating between models.
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14.76 17.79 20.82

Figure 31: The distribution of curve magnitudes (mag) at point number 33 for 10000
standard model events, randomly generated from the ranges in Table 4

e |

i 1
13.85 17.29 20.74

Figure 32: The distribution of curve start magnitudes (inag) at point number 50,
which corresponds to the average peak position, for 10000 standard model events,
randomly generated from the ranges in Table 4



4.2 Construction: Creating new features by transforming the light curve

In this Section we shall derive many features from an existing light curve. cither
by transformation or by use of domain knowledge or by hunch. The vast majority
of these will then be mercilessly discarded in Section 4.3 when we evaluate their
actual worth in fitting. Nonetheless the prediction is that at least some useful new
features or transformations will be discovered which have the potential to facilitate

the fitting process greatly.

4.2.1 Domain-specific construction

This Section deals with features that are specific to light curves. Later Sections
will use generic feature construction methods in which the input vector is considered
to be just a vector of values. Here we will attempt to incorporate properties of the
standard model and its resulting light curves into features that should have high
information content or predictive power. The number and position of peaks. for
example. We know these numbers say something about model parameters. If we
have a large number of peaks, we must have multiple caustic crossings which put
constraints on the parameters a. ¢ and b and . Peak number is a generic concept
but we suspect it is significant due to our domain-specific knowledge.

The most obvious features of an LGM binary lens light curves are the peaks
and troughs of the curve, but any bit of information can potentiallv serve as a
feature. An infinite number of features may be extracted from a single curve, from
the obvious to the more obscure, such as the slope at start and end-point, moments
of the magnitude, ete. A good sclection requires an intuitive approach. based on
the modeller’s knowledge of the problem. When a large number of plausible feature
selections have been made, selection methods from Section 4.3 will be used to narrow
the candidates down formally to the optimal set. Figure 28 shows example binary
lens curves and the reader is invited to select a minimal set of features that carry
maximum information regarding the possible lens geometry that was responsible for

these curves.
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The curve itself

A first choice of a feature set is not to choose one at all and to use the entive

curve as input, thus retaining all information contained in the observations. This

type of input was used successfully in [77] to fit the standard model to simulated

light curves, although the sampled curve data were supplemented with their own

extremum data.

This type of input is unsatisfactory for several reasons:

1.

Even for this direct approach some pre-processing is required. A sampling
frequency, start- and end-point need to be chosen to ensure that all curves can
be turned into a uniform, evenly-spaced format for comparison by the fitting

algorithm.

LGM binary light curves are highly non-lincar and subsequentlv require a high
sampling frequency to enable a successful fit by Artificial Neural Network.
This leads to input vectors with very large dimensionality. In [77], input
vectors had up to 117 entries. Large dimensionality brings about the “curse
of dimensionality” whereby the success rate deteriorates with increasing input

dimeunsion despite the input of more information.

LGM light curves often contain gaps in coverage. for example due to bad
weather. Some algorithms require full input vectors and this raises the issue
of what to do where data are missing. The “Missing Data™ problem (c.g. [T8])
is a non-trivial drawback to the use of these algorithms. Other features, such

as pre-fitting by simple models, may be less sensitive to gaps in coverage.

Nonetheless, raw light curve data proved effective in the experiments in later Sec-

tions. Perhaps that is because they do not lose information and modern algorithimns

have become more robust against the problem of missing values?
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Extrema

LGM binary lens curves often have strong peaks and deep troughs. As discussed
in Section 2.1.1, these are closely related to geometrical features of the binary lens
system and the projected source path across the svstem. implying that features
based on the curve extrema should be rich in geometrical information which is
closely linked to model parameters. The (¢,mag)-coordinates of extrema were used as
additional input to the light curves themselves in Section 6. Higher-order extremum
data. such as the second derivative magnitude at a peak/trough, can also be used.
Unfortunately, extrema are often missed in practice due to bad weather or late alerts.

leading to missing inputs and potentially crippling fitting problems.

Statistics and Moments

A single light curve can be described by various statistics and it is easy to imagine
that some of these have a high information content. The mean. maximum and
winitmum of both time and magnitude values should prove useful.  Higher order
moments such as variance. skew and kurtosis could also be valuable as a rough
indication of the asymmetry or number of caustic crossings in a curve. All of the

above were calculated for both time and magnitude values.

Derivitaves

Derivatives of light curves may be useful as well. One could speculate that
these would show a clear signature of peaks and troughs and mav be used with
the magnitude at start and end points of the curve, perhaps to provide information
on the impact parameter, etc. Derivatives unfortunately cover a verv wide range
so in this thesis it was decided to use the tangent angle at each point as a more
smoothly-varying replacement for the first derivative. The sccond derivative was
used as calculated.

Several numerical schemes were considered for calculating derivatives. Local
approxinmation with smooth functions such as splines was a viable option but in

the end a simple difference method was used where the slope was simply the slope
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This simple form of smoothing has some potentially undesirable properties, such
as the dilution of peaks and troughs. However, this is not necessarily a handicap
as peak and trough information is alrcady available in abundance in other features.
[nstead, the point of the smoothed curves would be to accentuate longer-term trends

in the light curve.

Simple fits

An LGAT light curve may be well defined by the parameters of a model that is
simpler to calculate than the standard model. For example. fitting a 10th-deerce
polynomial to a light curve would yield 11 parameters and if the fit were good. these
parameters would contain most of the useful information that was contained in the
original curve. Fitting an alternative model to the data seems counter-intuitive. as
the aim of the entire fitting exercise including feature extraction is to fit the LGN
binary lens model to the light curve in the first place. The advantage is that siimple
models are much faster to calculate and may contain all the relevant information
implicit in the data in a much more compact form, e.g. a few parameters - provided
a suitable model can be found.

This is subject of course to the existence of a satisfactory simple model.

Single lens fits to binary curves The most effective way to reduce the difficulty
of a fit is to reduce the number of parameters that neced to be fitted. One way
partially to achieve this is by first fitting a single-lens model to a light cirve to
obtain an estimate for t,, t,,, mg and b, dramatically reducing the regression scarch
space. The single lens model provides a very poor description of the majority of
binary lens light curves. Figure 34 provides a quantification of the nunber of binary

lens curves with parameters in the ranges specified in Table 4 that ave successtully

2
fitted by a single lens model. The criteria for success are f{i‘f < 2.0and [,,,, < 0.1,
where [4,0, 1s the maximun error after fitting of any fit parameter. The combined

success rate of less than 4 per cent exposes the limitations of the single lens fit.
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Single lens fits to binary light curves
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Figure 34: The distribution of %7 for single lens fits to standard model binary
events with parameters in the range specified in Table 4.
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A visual Wllustration of single lens fits to binarv events was considered uscful
and is shown in Figure 35. Most seem reasonable. There appears to he a small
percentage that one feels the fitting routine could have done better at and some are
clearly too ambiguous to fit as a single lens.

Single lens fits may be used in this way to reduce the parameter space by assum-
ing that these parameters carry over to the binary lens problem in question. and
then subsequently varying binary parameters. Alteruatively. the single lens param-
eters may be varied in a subsequent binary fit that used the single lens values as a
starting point. Finally, single lens parameters may be used as features in a binavy
lens regression but that was not attempted here due to the low combined success

rate of just 1 per cent.

4.2.2 Generic Models

One can make the distinction between domain-specific models such as the single
lens fit from Scetion 4.2.1, and ~generic” models such as those obtained from spectral
analysis or general linear regression, which will fit any observation given enough
terms in the expansion. Both methods can be used during feature construction.
If a light curve is fitted by, e.g., a Fourier expansion, the finite number of Fourier
coefficients in an approximating expansion can be used as features for a regression
algorithm. It is possible to achieve significant dimension rednetion with this process,
provided that the Fourier fit is good, which means that high approximation accuracy
is achieved with a small number of coefficients. Unfortunatelv we shall sce that inost

light curves are not well approximated by generic models.

Polynomials and Chebyshev Polynomials

All smooth functions can be approximated by polynomials. The aim in this Sec-
tion was to replace an entire light curve with a polvnomial approximation to reduce
the input dimension. The simulated light curves that are to be fitted contain 100
points. If we could approximate the light curve well with a Sth-degree polvnomial

to use as a proxy we would reduce the input dimension from 100 parammeters to just
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Figure 35: Single lens fits to 50 random binary events.
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Various polynomial approximation algorithms exist, e.g. [59].  Chebyshev's
method was chosen because it is highly efficient and arbitrarily accurate. although
the polynomials produced by the method are not the “Best Fit™ or ~MinidMax”
polvnomials. An example of a Chebyshev polvnomial fit to a binary light curve is
shown in Figure 33. The light curve in this figure is not well-approximated by the
Chebyshev polynomial. A 5-coefficient polynomial is little more than an asvinmet-
rical hump, whereas a 20-cocfficient polynomial did not resolve the cwrve’s multiple
peaks. A 200-coeflicient polynomial began to approximate the light curve as judged
by eye. but at that stage the polynomial expansion had too many coeflicients to
achieve dimension reduction.

Figure 36 shows 20 more 20-coefficient Chebyshev polynomial approximations
to randomly generated light curves. By eye, the figure indicates that smooth curves
are approximated well. Unfortunately curves with discontinuities are very poorly
approximated. Based on the passable performance of the Chebyshev polvnomials.
it was decided to add the 20 coeflicients of a Chebyhev approximation to the feature

set.

4.2.3 Linear Transformations
Linear transformation of a dataset is a fairly cfficient operation and can lead to

a transformed set with desirable properties as far as regression is concerned.

PCA

Perhaps the most famous of these is Principal Component Analysis [79]. where
an input set is transformed linearly to a new coordinate system where cach axis
1s chosen in turn so-as to maximize the variance of the data along that axis. The
direction of each new axis (component) of the transformation often vields insight
into the data. Used in combination with the proportion of total variance of the data
sct along cach new axis, we have a powerful tool for understanding our data as well

as reducing its dimension. Understanding follows from analysis of the direction of
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Figure 36: Chebyshev polynomial approximation of order 20 to 20 random binary
lens fits.
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new axes. Are they mostly along the axes of the original coordinate system? If so.
the original data set is probably the most compact wayv of describing the data and
we can skip the transformation. If the new axes point into directions in parameter
space that are quite different to the original axes, the data are better described by
a linear combination of the original input variables.

PCA was performed on our input data set of light curves with the WERA soft-
warc package [76]. The relative strength of the lincar contribution of cach light
curve point by index for the first 4 principal components of our data set is shown in
Figure 37. The first 10 principal components were added to our set of features for

subsequent selection or rejection.

Principal components of random light curves
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Figure 37: PCA results for binary light curves generated from Table 4. The first 4
components are shown, accounting for more than 96 per cent of the total variance.

One could interpret the figure in a straight-forward manner. The principal com-

ponent, responsible for 88.4 per cent of the total variance, is alimost the same as
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Table 5: PCA of standard model data set, showing components covering more than
98 per cent of variance.
Component Covered Variance Cumulative

I 0.88413 0.88413
2 0.04257 0.9267

3 0.02819 0.95489
4 0.00601 0.9609

5 0.00574 0.96664
6 0.00331 0.96995
7 0.00291 0.97286
8 0.00225 0.97511
9 0.00204 0.97716
10 (.00155 0.9787

11 0.00146 0.98016

the mean of magnitudes for the light curve. The points closer towards the average
peak position of the entire data set are slightly less important than the outlving
points. This would appear to correspond to the variance introduced to all points by
the un-lensed magnitude mg which simply parallel shifts the carve up or down. The
second component appears to be symmetrical around the centre of the average of
light curves in our sample. Curves that are asymmetrical with increased magnitude
on the right will have a high value for the second component. Those skewed towards
the left will have a negative value, and perfectly symimetrical curves will have a

second component value close to zero.

The third component appears to be measuring the central magnitude against the
magnitude in the wings. as the wings contributions are positive whereas contribu-
tions from the centre are negative. We could speculate that the third component

should be correlated with impact parameter b.

Additional components become harder to interpret. The fourth component ap-
pears to be another indication of asymmetry althougli more pronounced than the

asyminetry measurement of the second component.
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4.2.4 Genetic Programming

Feature construction by Genetic Programming is a fairlv new technique (c.g.
80]). Genetic Programining is a versatile technique for evolving an analytical solu-
tion to any problem that can be written as a function. based on example data [81].
In its simplest form it is a straight-forward application of the Genetic Algorithm
where individuals of the population are function trees that are evolved to approxi-
mate best the functional mapping implied by the example data. It should be noted
that the simple Genetic Algorithm has been successtully applied to NMicrolensing
problems in e.g. [82], and in fact also later in this thesis as a fine-tuning technique.
Genetic Programming is a different technique, in that a function is evolved nstead
of a model parameter set for a pre-determined function.

This Section would be equally at home in the final regression Chapter, but
Genetic Programming is applied here as a feature construction technique. The idea
was to evolve an analytical, functional mapping between the input light curve and
each standard model parameter in turn. The Genetic Programming algorithm was
adapted from [83] to allow the use of mathematical functions. A population size of
2000 functions. to a maxinuun of 100 generations, was chosen. The fitness function
was a standard Ay? over the training set which consisted of 10000 random cvents.

To avoid running out of memory and evolving down complicated cul-de-sacs, the
maximum depth of any formula tree was set to 6. Apart from the Genetic Program-
ming parameters, our input consisted of the set of input Microlensing variables and
a set of operators that the algorithm chooses from to insert at branch nodes in the
formula tree. The input to these runs was simply a single vector consisting of the
magnitude values of a given light curve. Table 6 shows the list of operators used in
the runs. These were selected ad-hoc based on past experience.

Figure 38 shows the result of a single Genetic Programming run for the four
“difficult™ parameters of the standard model. The plots are of the distribution of
relative error for the data set of the predicted model paramcter vs.  the actual

parameter value.
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Table 6: Genetic Programming operators used for Feature Construction.
Operator  Description

Add simple addition

Subtract  simple subtraction

Divide protected division: check for zero denominator

Multiply  simple multiplication

Ln protected logarithm: In of absolute value. check for zero

Constant a random constant within set range

The actual formulae generated by the run are not reproduced here as they ran
over several pages and are not really hunan-readable despite being restricted to a
maximum tree depth of 6. Analytical yes. elegant. no.

In this single run, Genetic Programming was largely unsuccessful at fitting the
parameters a, . b and ¢g. Not too much can be read into the results of just one such
Genetie Programming run. For example, we don’t know whether the algorithm failed
to produce a formula for b because this was intrinsically difficult or just because we
were unfortunate enough to choose a “bad” random sced. This type of uncertainty is
a consequence of the stochastic nature of Genetic algorithms. The evolved formulae
for the four model parameters were not added to our feature set because thev failed
to do much hetter than just choosing the centre of the model parameter range as a

fit value.

Conclusions Genetic Programming is an exciting new technique with application
in many ficlds. Unfortunately they were found wanting in the LGM binary lens
model feature selection problem. The negative result was probably due to a com-
bination of the genuine difficulty of the problem and the unsophisticated version of
Genetic Programming applied. Sources like [81] suggest a variety of complicated

techniques that may enjoy more success.

4.3 Feature Evaluation
The worth of a feature can be simply defined. The ultimate measure of its
success is its predictive ability on an unscen test set. However. predictive success is

a function of the set of features used, not any individual feature in isolation.
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traction

Figure 38: Relative error distribution for standard model parameters where Genetic
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Programming has provided a functional mapping as feature for subsequent regres-
sion. The results are discouraging as the crror distribution encompass the entirve

range of the model parameters.
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Many different feature selection algorithms exist. The most reliable evaluation
method is exhaustivelv to train a classifier for each feature subsct. something which
is more than likely prohibitively time-consuming. Fortunately. alternative measures
of feature sets” predictive power exist. These are discussed and applied with various

search algorithms in the following Sections.

4.3.1 Filters and Wrappers

Feature selection algorithms can be divided into two categories: wrappers and
filters. “Wrapper” methods train regression algorithins and use the classification
accuracy of the trained regressor on an unseen test set as the measure of success,
“Filter” methods use an alternative measure of predictive ability than the training
of a regressor. The measure of predictive ability in the abscuce of actual evaluation
on a test set Is an approximation, but the relative efficiency of filter methods makes
them vastly preferable to wrapper methods on real world problems with many po-
tential features to select. Wrappers and filters may share the same feature selection
search techniques, the distinction is solely in the way candidate feature subsets are

cvaluated.

4.3.2 Benchmark Computation time

Computation time and hence efficiency of the methods of evaluation and scarch
were major factors in the selection of a feature set from the 600+ candidate features
constructed from each light curve in Section 4.2. A few simple tests with small data
sets and feature subsets indicated that some search and evaluation methods were
much more efficient than others. There was little point in applving an incfficient
method to the large feature set constructed in Seetion 1.2 so it was decided to
perform a study to determine the relative running thme and efliciency of various
feature evaluation and search methods.

The timing study used a wrapper around the feature evaluation and scarch al-
gorithms from the Weka data mining library [76] on a set of light curves consisting

of different numbers of attributes in the form of evenly sampled magnitude points.
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Table 7: Evaluation and Scarch algorithms in Speed Test.

Evaluation Scarch
CisSubsetEval BestFirst
CtsSubsctEval GeneticSearch
CfsSubsetEval GreedyStepwise
C‘hiSquaredAttributeEval Ranker
GamnRatioAttributeEval Ranker
InfoGainAttributeEval Ranker
OneRAttributeEval Ranker
ReliefFAttributeEval Ranker

SvinmectricalUncert AttributeEval - Ranker

Event parameters were selected from Table 4 as usual. The idea was not to find
a subset of magnitude points to form a genuine feature set. but merely to test for
computation time and consistency as a function of the number of both instances
(light curves) and attributes. The full data set was reduced in turn to sets with 10,
20, 40 and 80 attributes and 50, 100, 200 and 400 instances and all combinations

from these two ranges.

This left the choice of feature evaluation and search algorithms. Some feature
sclection algorithms were rejected outright on performance considerations. In par-
ticular. Weka’s Support Vector Machine algorithm ~“SVNAttributeEval™ was too
slow on the test set so it would not he feasible to seleet features on our real data set
of 600+ attributes and 5000 instances.

Some feature evaluation methods only work for nominal or discretized class vari-
ables. In other words, these are not really regression feature selectors but classifica-
tion feature selectors. A large number of evaluators fell into this category so instead
of rejecting them the variable we were attempting to recover was discretized into 10
categories on an equal-frequency basis.

The evaluation and search algorithm combinations chosen are shown in Table 7.
The entries at the bottom the table all require the use of the Ranker algorithm for
their search. CfsSubsetEval was given a choice of three search methods.

Table 8 shows timing results for a single run of the candidates in Table 7 for

the smallest data set which contained only 50 instances and 10 attributes cach.
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Table 8: Ranked performance on small data set. 50 instances. 10 attributes. The
time units are machine-dependent. Numbers should be interpreted by using their

ratios.
Evaluation Search Time
ClsSubsctIsval GreedyStepwise 31
SymmetricalUncertAttributeEval  Ranker 33
InfoGainAttributeEval Ranker 145
GainRatioAttributeEval Ranker 150
ReliefFAttributeEval Ranker 208
ChiSquarcd AttributceEval Ranker 315
CfsSubsetEval GeneticSearch 345
CfsSubsetEval BestFirst 102
OneRAttributeEval Ranker 1583

These runs were fast in general but there was a lot of variation in running time.
CtsSubsetEval with GreedyStepwise scarch was more than twice as fast as its nearest
rival. SymmetricalUncert AttributeEval with Ranker. which was in turn twice as
fast as its necarest rival InfoGainAttributeEval with Ranker. The Ranker search
method appears to be effective for small data sets. OneRAttributeEval with Ranker
is considerably slower than any other method and almost 50 times slower than the
winner. Finally, the speed of CfSubsetEval depends strongly on the search algorithm
it is used with; it ranked fastest using GreedyStepwise and sccond slowest using
BestFirst.

Next are results for the largest data set under test, with 400 instances and 80
attributes. Comparison with Table 8 should provide us with a crude estimate as to
how evaluation and search time scales with the number of attributes and instances.
CfsSubset Eval with GreedyStepwise is still the fastest. CfsSubsetEval with BestFirst
makes a dramatic move up the table from sccond slowest to second fastest. It is only
about twice as slow on the large data set than it is on the small oue. indicating that
this method scales very well to large data sets. ReliefFAttributeEval with Ranker
drops dramatically down the table to the last spot and a speed more than three
times as slow as the nearest method, indicating very bad scaling for this method.
The rest of the methods are all roughly 5-10 times as slow on the large data set as

theyv are on the small one.
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Table 9: Ranked performance on large data set. 100 instances. 80 attributes.

Evaluation Scarch Tine
CisSubsetEval GreedyStepwise 201
CisSubsctEval BestFirst 912
SymmetricalUncert AttributeEval  Ranker 1170
InfoGainAttributeEval Ranker 1192
GainRatioAttributeEval Ranker 1303
ChiSquaredAttributeEval Ranker 1108
CfsSubsetEval GeneticSearch 2504
OneRAttributeEval Ranker 6893
ReliefFAttributeEval Ranker 220675

This very crude speed test has at least raised doubts on grounds of execution time
about a single contender from our choice of evaluation and search algorithm. namely
ReliefFA AttributeEval with Ranker. Theoretical performance numbers are available
for most of these algorithms, but it was decided to test the Weka implementation

that would be used 1 the final feature sclection.

4.3.3 Benchmark Accuracy

Section 4.3.2 provided crude timings of the various candidate algorithms to be
used for feature selection in Section 4.4. Another cquallv important consideration
1s the effectiveness of the candidate feature selection methods.

This Section attempts to benchmark the accuracy of the candidate methods
against a test data set for which the attributes with most merit as predictors arve
known in advance. The candidate that fares well in this Section as well as the timing
Section is chosen to perform feature selection on the full light curve data set.

One could expect the various evaluation and search algorithms to have different
degrees of success based on the difficulty of the selection problem.  Three data
schemes of increasing difficulty were created as benchmarks. Each set consisted of
500 instances of 100 attributes each. 20 of the 100 attributes were relevant to the
regression and the remaining 80 were simply random numbers between 0 and 1.0.
Nominal evaluators split the target value into four categories on an equal-frequency
basis.

In the three different data schemes, the targets were
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