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ABSTRACT

The Abelian Kroll-Lee-Zumino theory is a renormalizable quantum field theory
of charged pions and neutral rho-mesons. It provides the quantum field theory
platform for the vector meson dominance model, allowing for a systematic com-
putation of quantum corrections in perturbation theory (the p-7-7 coupling is
small enough for perturbation theory to make sense). At one-loop level, the the-
ory makes a prediction for the electromagnetic form factor of the pion in good
agreement with experiment, but there is room for improvement. This makes the
theory an attractive prospect for filling the gap between chiral perturbation the-
ory (which is valid for low-energy interactions) and perturbative QCD (which is
valid at high energies). In this thesis we perform a two-loop calculation of the
rho-propagator. This quantity is closely related to the pion’s electromagnetic

form factor, and will allow its calculation at this order.
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1. INTRODUCTION

1.1 Vector Meson Dominance and the KLZ Model

The electromagnetic form factor of the pion, F.(p?), is a quantity that is closely
related to the distribution of electric charge in a pion. One obtains F; by calcu-
lating the diagram shown in figure 1.1(a). Before the advent of Quantum Chro-
modynamics (QCD), the most popular model for the interaction at the y-n-n
vertex used the notion of vector meson dominance (VMD). VMD, proposed by
Sakurai, postulates that the photon turns into a neutral rho-meson which then
interacts strongly with the pions shown in figure 1.1(b) [1, 2, 3]. This model man-
ages to predict F;(p?) within about 20 percent of experiment. The trouble with
VMD, in its original formulation, is that it is a tree level model; it does not allow
a systematic computation of corrections to this result.

The problem is remedied by the renormalizable quantum field theory of
charged pions and a neutral rho-meson, proposed by Kroll, Lee and Zumino
(KLZ). In their 1967 paper, Kroll,Lee and Zumino showed that VMD could be
formulated as of a renormalizable quantum field theory [4] with the following

lagrangian.
Z=|D ¢>|2—m2¢"‘¢>—l Hy +1m2 p (1.1)
=P ™ 2P Puv TSP Pus :

where m, and m, are the masses of the pion and the rho-meson respec-
tively. g,rz ~ 5 is the coupling of the rho-mesons to pions. We also have the

field strength tensor
pt=0¥p" -3 pt
and the covariant derivative

D‘u:a‘u_igpﬂjﬂ'p‘u.
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Fig. 1.1: Interaction of a virtual photon with pions

This lagrangian is renormalizable even though there is an explicit p° mass
term. Kroll, Lee and Zumino, in their paper [4], show that this is follows from

coupling of the rho-field to the following conserved current:
Ju=9¢00—9¢o¢".

Renormalizability of KLZ has the advantage that no free parameters appear
at any order in perturbation theory, and this gives the theory great predictive
power. Also, in dimensional regularization, the expansion parameter turns out
to be gprr/47m ~ 0.4 which is less than unity and therefore allows for a sensi-
ble perturbative expansion. These properties make KLZ an ideal platform for
computing corrections to VMD.

It is very surprising that higher order corrections in the KLZ theory were not
carried out for a long time after its conception. In fact it was not until 1991, in a
paper by Gale and Kapusta [5], that one-loop corrections in the KLZ theory ap-
peared in the literature. The reason might be that the ideas of KLZ were pursued
at about the same time as the development of QCD. In the 1970’s, when QCD
was shown to be the theory of strong interactions, the pursuit of ideas such as
the KLZ theory seemed futile and so they were forgotten. It turns out that these
ideas were abandoned too soon since QCD turned out to be difficult to solve.
Atlow energies the strong coupling constant of QCD becomes so large that low-
energy phenomena are inaccessible to perturbation theory in QCD. This prob-
lem is (partially) solved by chiral perturbation theory (ChPT), which is an effec-
tive field theory of QCD at low energy with a lagrangian expressed through pion
degrees of freedom. ChPT describes experimental data reasonably well for ener-

gies below the rho-meson peak, but there’s no reason to expect it to hold beyond
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this point since the theory does not include rho-meson degrees of freedom. The
abelian theory of Kroll, Lee and Zumino (KLZ) - a quantum field theory of neu-
tral rho-mesons and pions - takes over (partially) from ChPT at energies near the
rho-meson pole.

In [6], KLZ was used compute corrections to this result; a brief summary of
their methods and results is given below. It is shown that the electromagnetic

form factor of the pion is given by

7 [G-(p*) - G(0)] , (1.2)

m?2 —TI(0) m?2
F(p*)=—5—F +—7
mz —p*+1(p?)  m>—p

where II(p?) is the self energy of the rho-meson (figure 1.2) and G,(g?) is

related to the p-7-7 vertex correction shown in figure 1.3. !

Fig. 1.2: Rho Self Energy Diagrams
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Fig. 1.3: 1-Loop correction to p-7-7 vertex

! The precise meaning of these Feynman diagrams will be made clearer in chapter 2, where the
KLZ Feynman rules are introduced.
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In the space-like region (p? < 0), the one-loop correction to the form fac-
tor gives good agreement with experiment. The theory fits the data with a chi-
squared-per-degree-of-freedom of y% ~ 1.1 [6], a vast improvement from naive

VMD which gives y% ~5.0.

1.0

——— One loop corrections
- - - - Naive tree level VMD

- (V)

Fig. 1.4: Space-like Form Factor at Zero Temperature [7]

In the time-like region, KLZ one-loop corrections give a momentum depen-
dent rho-width I', which is close to the Gounaris-Sakurai width near the peak
[6]. The Gounaris-Sakurai width is empirical so it is remarkable that the parameter-
free KLZ is in close agreement with this result. However, agreement with exper-
iment is not as good as in the case of the form factor in the space-like region
[7,8].

In this thesis we take steps towards an improvement of this result with two-
loop corrections. The result can be improved by calculating two-loop correc-
tions to I1(p?). Such a calculation involves two steps, viz.: regularization of Feyn-
man integrals and renormalization. The thesis will focus on regularization. 2 In
future, the two-loop results obtained here will be used to determine the elec-
tromagnetic form factor of the pion, by taking the imaginary part of the neutral

rho-meson’s self-energy.

2 Given the two-year time constraint to complete this thesis, the renormalization procedure
has been left out. It will be performed later (in the PhD thesis) as part of the two-loop calculation
of the pion form factor
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Fig. 1.5: Time-like Form Factor at Zero Temperature [7]

The Abelian KLZ theory has also been used to calculate the scalar radius of
the pion at one-loop order which is related to I, the low energy constant of chi-
ral perturbation theory [9], thereby providing an independent determination of
I, from other known methods [10, 11]. The extension of KLZ to a non-abelian
SU(2) theory will allow the inclusion of charged rho-mesons, and the theory can
be used to compute -7 scattering lengths [12]. Should the predictions of this
extended theory turn out to be as good as those of the abelian theory, it would
undoubtedly cement the role of the KLZ as the bridge between chiral perturba-
tion theory and perturbative QCD.

1.2 Outline

In chapter 2 we review properties of dimensionally regularized Feynman inte-
grals. We then evaluate the one-loop self energy in preparation for two-loop
renormalization. In chapter 3 we calculate two-loop corrections to the p? self-
energy followed by conclusions. Some of the detailed calculations required in

chapter 3 are given in the appendix.



2. ONE-LOOP SELF ENERGY

When calculating multi-loop Feynman diagrams it is very likely to obtain diver-
gent integrals. A regularization parameter is introduced in order to make the
integrals finite and to expose the source of the divergence. In dimensional reg-
ularization we regulate the divergence by extending the space-time dimension
away from n =4 to n = 4 — 2e where the integrals are convergent. This exten-
sion can only make sense if integration in n € C dimensions is a well defined
procedure. Such a definition is given in [13] such that the usual properties of

integration hold:

fd”k[af(k)—lrbg(k)] =aJd"kf(k)+de"kg(k) @.1)

1% . _ n.. 0h(k,p)
apfd kh(k,p)—fd k—ap . (2.2)

A change of variables may be done as in usual integration. The following

interesting properties also hold:

¢ Integration by parts

0
n —_— =
Jd kﬁkup“ﬂk) 0 (2.3)
d"kik fk)=0 (2.4)
3%, u =0. .
e Veltman’s formula
fd"k(kz)“:o VaeZ. (2.5)

e The metric tensor in n dimensions has the following property

gug" =n. (2.6)
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Similarly, we have

o kH

The KLZ lagrangian must have a mass dimension of —# in order to keep the
action dimensionless. This means the p and pion fields each have mass dimen-
sion n_—2 In order to keep the coupling constant dimensionless, we introduce
a constant ¢ with mass dimension equal to unity. This gives us the following

lagrangian in n-dimensional space-time!

1
L =0u¢p"otp - mazf(p*gb - Zp'uvp,uv + mf)p‘up,u

4on o ek
+igonn (1) 2 pP9 i+ ()" 0 PP py. (2.8)

We will suppress the scale through the replacement

4-n
2

8pnnlh 2 =§. (2.9

With this lagrangian at hand, the following Feynman rules are obtained?:

k| i
,,,,,,,,,,,,,,,, Ak ———
> () k?—m2 +ie
k —i
— 8uv
Dy (k)=———7-—
K v Duv(k) k?—m? +ie
u .
k p .-
N ra
: (r(p();m)uv = Zigzg,uv
Tw
% 2N
y <
Pl/,’/
k 7
P’ T ¥ =ig(pr+p
Tw
p2~_

Fig. 2.1: KLZ feynman rules. The dashed lines represent pions and the double lines rep-
resent p° mesons.

! The quantities ¢,p#,m,,m; and g, are unrenormalized.
2 The ie term in the propagator will is often suppressed to simplify calculations.



2. One-loop self energy 8

k k
.- SO N
= Juv ,"l \\\ =Jw
— ! v —
— — P p
p p ,
k=p

Fig. 2.2: Diagrams that contribute to the one-loop vacuum polarization

The self-energy I1*V(p?) of the p? is the sum of all one-particle-irreducible
diagrams with two external p? lines both carrying momentum p. Lorentz co-

variance implies that the self energy must have the following form:

UV
P p’f M (p?) (2.10)

UV
1 (p?) = | g - 25— | m(p?)+
pZ

In the KLZ theory the Ward-Takahashi identities imply the vacuum polar-
ization is transverse [14]. So we expect the vacuum polarization to be of the

following form:

UV
" (p*) = (g’” - %) (p®). (2.11)

This is expected to hold to all orders of perturbation theory if we use di-
mensional regularization [15]. We now calculate the one-loop contribution to
[1*V(p?) as this will be necessary in two-loop renormalization. The diagrams in
figure 2.2 contribute to the vacuum polarization at one-loop order. The Feyn-

man rules give the following:

v "k g
"(p?)=—2g2 (2n)nk2—7ujnz (2.12)
v
n 2k — W2k — p)
()= g d"k  (2k—p)“2k —p) 2.13)

@m)" (k2 —m2)((p — k)* — mZ]’

where I#V and J#V are the tadpole and bubble diagrams of figure 2.2 respec-
tively. Summing these together, we get the following contribution to the vacuum

polarization at one-loop order
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UV UV
H’f”(pz)=(gW—"’p’f )HIT(pZH"’p’f M (p?)

=JH 4 ].UV X (2.14)

We deliberately assume a longitudinal part IT;;(p?) so that, in the end, we
may check the correctness of our computations by verifying that it vanishes. We
get the longitudinal part of H’f "(p?) by using the longitudinal projector as fol-

lows:

UV
%Huvl(pz) = HlL(pz)

p*p"¥ ptp¥
= p% Iy + pE Tuv - (2.15)

Using the longitudinal projector on 2.12 and 2.13 we obtain the following:

pHpY , [ d"k 1
P2 Iyy=-28 (2n)" k% — m2 (2.16)
T
and
P, el ark p-(2k—p)p-(2k—p)
pr T p? ) @y (kP = mA)l(p - k) - m]

,1 [ dnk [(k2—m2)—(p—k?-m2)]’

"8 ) ny (- mB)(p— kE—m2]
_ 1 drk  (k*—m2) drk (p—k)z—m,zf_2 drk
8 et —kP-ma ") G (P md) (2"

The third integral on the right above vanishes by (2.5), and we make the vari-

able change k — k + p on the first integral yielding

pupv'] :gZL drk (k+p)?—m2+(k—p)—m2
p2 TS p2 | @n) (k% —m2)
— ZL 2 d”k1+ ﬂi
&%) e T oy —md)
, [ drke 1
—2g - (2.17)

(2n)" k2 —m2’
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In going from the second line to the third, the first integral on the right van-
ishes by (2.5). Now using (2.16) and (2.17) we see that the longitudinal part of

the polarization indeed vanishes

UV UV
. (p?) = Ppl; Iy + Ppl; Juv

PPN UL SR L
Bt 2m)" k? —m2 & (2m)" k? —m?

=0.

Now that we have verified that the longitudinal part of H‘f "(p?) vanishes, we may

find its transverse part by projecting with g,,,. We have

amk 1

o = (2.18)

guvI* =-2ng?

and

, [ drk 2k — p)?
2m)" (k? — m2)[(p — k)* — m2]

- dnk;(4m—2) 4"k .
=8 2n)" k2 — @m)" (k*—=mZ)l(p— kP -mZ] |’

(2.19)

gl =g

So we get the following for the transverse part:

, drk 1 m dnk 1
@=n) | oy e —m2 +( ) @m)" (k2 =m2)(p— k¥ —mZ] |’

which may be written as

I 7(p* )_

i 2
gpmr

(4n)? n 1_ {2(2 n)Ao(m2)+(4m -p )Bo(P m )} (2.20)

r(p?) =

where we have used (2.9) together with the definitions

) ark 1
Ag(m?)= )i K= m? (2.21)
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d"k 1

2 2y _
Bo(p”,m*) = @ru)r—4in? (k2 —m?)[(k+p)?> —m?]

(2.22)
The above integrals are given in [16] but they have also been included in A.3

for completeness. Substituting the integrals Ay and By into (2.20) we get the

following result:

I r(p*) =

g,%m [ p? 1 ((4m2 —pz) (mi(rl—rz)(log(rl)—log(rz))

(4n2 | 3e + 3 2p?

2p? 1, 8L, m* 52\ , 8 m? n
——+ey| =L, t———=—— —=L m —I——r—r L lo
9 {( 6 m " 9 36 27)P "3tm (n=ro)Lm. |log|{ 7

B é (log(r) —1log(r2)) (r1 — r2) m — é (—Liz ( 1-1 ) —Li, (_w)

n—nr n—nr

—Lm, +2) +4m72erﬂ)

+Li, ( 1-n ) +Li» ( n(l rZ)) +2log(r1) —2log(r2)
1

I2—n I —
1—1n (1—r)r I-n r(l—r) )

“log [ —2 J1og [ -——12 ) 41 log [ -T2 _
Og(n—l‘z) og( n—rn )+Og(r2—r1) Og( ro—n ))(rl rZ)m”
64mz 1

5 +? —ng,(log(n)—log(rz))(n—rz)m += (log(n)—log(rz))(n—rz)m

2 1- -1 1-— 1
+ = (—Lig( 12 ) —Lip (—(71 )7’2) +Liz( d ) +Lip (71( 2 )) +2log (ﬁ)
3 rn—rn rn—rn I —11 p—n 1§
I-r (n—=1r 1-n rn(r,—1) 4
—1 1 1 1 —
og(rl_rz) Og( rn—r )+Og(r2—r1) og( ro—n (n=r)m,

+0(€?), (2.23)

where

m2
Lm,=7+In (47”’;2) (2.24)

with y = Euler’s constant. r; and r» are the roots of the following quadratic equa-

tion

1
m? (r+;) =2m2 —p*. (2.25)

We keep the order-€e term because it is necessary for performing renormal-

ization to two-loop order.



3. TWO-LOOP SELF ENERGY

The main goal of this thesis is the computation of the two-loop self-energy of the
rho-meson in the KLZ field theory. This means we have to evaluate the Feynman
diagrams appearing in figure 3.1. Each diagram comes with an associated sym-

metry factor; the table below shows the symmetry factor of each diagram.

Diagram | Symmetry weight

N > S D v un
— N R = = = N

A

These weights can be obtained by considering the number of diagrams with
the same topology. Alternatively one can look at the combinatorics of Wick con-
tractions in the perturbative expansion of the two-point function to obtain these
factors. The rho-self energy is obtained by summing the diagrams with the as-

sociated weights in the following way

1
" = Eg‘” + I QR WHY 4 4XHY 4271 APV 3.1)
A. X. w. Z.

Fig. 3.1: Two-Loop 1PI diagrams for the rho propagator
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Since the rho-meson is a vector particle, the integrals above carry tensor
indices. A direct evaluation of such integrals is not a trivial task, so the best
thing one could do is consult a reference for these. Unfortunately, there does
not seem to be a repository available anywhere where one can simply look-up
index-carrying integrals. However, there are a lot of results in the literature for
scalar two-loop integrals, so it would be wise to reduce the problem to that of
finding known scalar integrals. In this chapter we try to carry out such a reduc-
tion program in the most efficient way.

First we calculate the longitudinal part of the self-energy. This means finding
the longitudinal part of each diagram and then summing all contributions with
appropriate symmetry weights. This weighted sum will give a vanishing result,
implying that the rho meson’s self-energy is transverse at two-loop order. This

means that, at the two-loop level, the self-energy of the rho-meson is of the form

UV
n‘z‘”(pZF(g““‘pp—f )“z(pz)- 52

(3.3)
It is easy to see that the scalar factor above is given by

1 v
I, (p?) = 18w 1" (p?). (3.4)

In essence, determining the self-energy is reduced to the task of contracting
each of the integrals in figure 3.1 with g,,. These contractions will yield sums
of two-loop scalar integrals which one would hope are easier to handle. It turns
out that all two-loop self-energy diagrams can be reduced to a class of so-called
T-integrals [17]. The T-integrals have been well studied and there are known

methods to evaluate them either analytically or numerically [18, 19, 16].

3.1 Notation

Before we give a definition of the T-integrals it is helpful to introduce some no-

tation. We will write:

klzk k2:k+p k3:6]—k
ki=q ks=q+p, 3.5
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where k and g are the loop momenta in our diagrams and p is the external
momentum. These definitions are consistent with [18, 19, 16, 17] from which we
will be taking various integration results and relations. With these definitions at

hand we proceed to define the T-integrals as follows:

dnk dnq 1

n n 2 2 2 2 2 2
@m)" (2m)" (k% — m2)(kZ —m2)...(k} —m?
(3.6)

T;

2.2 2
iiz.i, (P73 M, M5

J2’

2y _
...,m].r)—

The indices are used to indicate the momenta that appear in the T-integral. Here

are a few examples to clarify the notation:

np an
Tiaa(p" s i )= (Czln)k" (Czln)zl (kZ — m2)(k2 —1 m2)(k% — m2)
drk dnq 1
) @O @) (2= m2) [(k+ pP—m2] [(q— kP —m?]
A"k d"q 1

T, 2. m2 m2, m?, m2)=
2P M My e M) = | G oy (62 = 2 Y2 — )k — m2) (% — mi2)

We will often shorten the notation by omitting the masses and external mo-

mentum unless confusion may arise. For example, we will write:

drk dnq 1
2n)" (2m)" (k% — m3) (k3 — m3) (k3 — m3)(k3 — m3)(kZ — m2)

Ti2345 =

Massless propagators will be denoted by primed indices, for example:

drk dnq 1
2m)" (2m)" k2(k2 — m2)(k2 — m2)k2(k2 — m2)

Tiro345 =

In the reduction of Feynman integrals, we will come across Y-integrals. That

is, integrals of the form:

drk dnq klzlklzl...ki
(2n)" (2n)" (k2 — m? (k2 —m?)...(k} —m?)

Il 1

2
irio..ir i

]2’

2.2 24 _
(p,mjl,m ..,mjr)—

We will again omit the masses in this notation, for example:
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1 _
Y234_

drk dnq k?
2m)" 2n)" (k3 — m3)(k2 — m2)(k3 — m2)

Note that the numerator can’t be cancelled against the denominator by complet-
ing the square. However, the Y-integrals can, as will be shown later, be reduced
to T-integrals. So the T-integrals are all we need for two-loop corrections to the
propagator.

In order to adapt this notation to the KLZ model, we have to talk about

masses of rho-mesons and pions. In the sequel it will be understood that:
my=my=my=ms=my; and mz=m,. (3.7
For example:

drk dng 1
@ @ (k= mz) (k= m) (=2

Tr3a =

It can also be seen that the T and Y-integrals are invariant under the follow-

ing permutations of indices [17]:

(1—=2)4—5), @Q—=41—=5), [(@1—4)(2-5) (3.8)

Lastly, the following notation will help make for less cumbersome algebra:

Di=(ki-m2)  D=(B-m2)  Dy=(k5-m?)
Dy = (k- m?) Ds=(ki—m?2). (3.9)

With this notation in hand, we proceed to calculate the rho-self energy. Note

that in what follows we are only interested in two things:

1. Writing the longitudinal parts of each diagram in terms of T and Y-integrals.

2. Contracting each diagram with g, and expressing the result in terms of T

and Y-integrals.
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UV
2
guv- Only once these contractions have been done for all diagrams will we

and

This means we will be contracting each diagram with the tensors

demonstrate the transversal nature of the self-energy and, subsequently, com-

pute the regularized two-loop self energy of the rho-meson.

3.2 Reduction

Of the seven diagrams that appear in figure 3.1, two (i.e. diagrams & and ¢) are
reducible to one-loop integrals. We begin by calculating diagram &, for which

the Feynman rules yield:

drk dn uv
=g | G )q" o
T2 (k2 - m2) (k3—mf))
:—4ig4l’lT113g‘uv
= g =—4ig*n®Tis (3.10)
Uy B
%émz—%g“ﬂua. (3.11)

For the second one-loop-reducible diagram, ¢, the Feynman rules give the

following integral:

Ak dr k1 + ko) (ky + ko)v
I —2ighn T Cln ( 1:- 24 (k1 + k2)
(2m)" (2m) (kf—mfr) (kzz—mfr) (kg—mf))
. . v p‘p"
We project using the tensors g#¥ and e :
wpv , dnk dr (k1 + k2)]?
- 129 fur =21g"n (2m)" (271)6]" 2 (2 z[pz( 12 2)2] 2_ 2 (.12
p p? (k2 —m2)" (k3 —m2) (k3—mp)

Focusing on the numerator above we see the following:

[p- (k1 +k2)]* = [p- 2k +p)]°
= (kP k3P
= (D, — Dy’
=D} —-2D1D,+D; (3.13)
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Putting this into equation (3.12) gives:

p“p” .4 d"k d"q D?—2D\D,+ Ds;
— 3 Cw=2ig'n n o 2
p (2m)" (2m) p2D?D;,D;
2‘4-1T 2T+ d"k dhg D,
=2ig"’n|—=Tn——
M P BT BT | 2n) 2n)” p2D2Ds
2 _ 2
=2ig'n _L 13 d’k d%q (kz mﬂ)
p? (2n)" (2m)" p?DiDs
_ [ 1 d"k d"g Di+2p-k+p?
=2ig'n |-—Tis+
EM| T2 BT | @)y en)" p2D?Ds
2ig'n |~ Tis+ — Tig + dk d'q 2p k +T]
= — 75413 5 113 113
| p? p? (2m)" (27)" p?D?Ds

=2ig*nTi (3.14)

In the third line we used a variable shift to give Tj3 = T>3 and in the second last
line the integrand that appears is odd and therefore the integral vanishes.

We also have:

o dnk dq (k1 + k2)?
gm(“”zmg“nf Ty 2
(2n)" (27m) (k%—mi) (kzz—mfr) (k%—m‘i)
4 d"k d'q 2k%+2k5 — p?
=2ign 2m)" 2n)" (1.2 2\2 (1.2 2 2 2
(kl—mﬂ) (kz—mﬂ) (ks—mp)
- fd”k dnq 2D} 42D5+4m?2 — p?
=2ig*n n i 5
(2n)" (27m) (k%—mi) (kzz—mfr) (k%—m‘i)
:2ig4n [2T123 +2T113 +(4mi - pZ)THzg,] (3.15)

The above expression can be reduced using integration by parts relations as

follows:

dnk drg 0 k
f q U —0 (3.16)

()" )" O (k- m2) (k% - m2) (k5 - m )

The above relation is a well known property of dimensionally regularised inte-

grals. Carrying out the differentiation of the integrand yields:
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_ a'k d"q n 2](?% 2k1'k2
] em" @2n)" | DiD2Ds  D?DyDs  D3D,Djs
= 0=(n—3)Ti2s —(4m7 — p*)Ti123 — Th13
~.(4m?Z — p*)Thias = (n—3)Tiz3 — This. 3.17)
Putting (3.17) into (3.15) yields:
gmé’“VZZig4n [(n—l)T123+T113] . (3.18)

The remaining diagrams are pure two loop and we will evaluate them in what

follows. The sunset diagram, W, is easily seen to reduce to the following:

(3.19)

dnk dn p
W’”:—4ig4f(2 "2 q” 2 zg 2
)" (27) (kz—mi) (l@—m%) (k4—m72T)
=—4ig* Tz g™
tpv 3
PP Wy = —4ig* Traa.

p2
Contracting with the metric tensor we get
gl“’ W'LW = —4ig4l’lT234

Evaluating diagram (2, we get the following :

d"k dnq (k1 + ka)?

O =2igtgh” J

The numerator can be written as

(k1 + k) =k + k2 + ki — k2 + Kk}
=2D) — D3+2Dy+4m% - m? .
So that (3.21) becomes:

d"k dnq 2D, —D3+2D4+4m72r—m2

@r)" @) (i = m2)? (k& - m2) (k- m2)

Q¥ =2 4 uv P
§& | 2n) 2n)" D2D;D,

=2igtgh [27134— Ta+2Ts+(@ms - m,z,)Tl134] .

(3.20)

(3.21)

(3.22)
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k
N w k3P
/ — \ u — . — L — iy
LAtk p Loa—k p
4 < N .
c 3 ’V ~_<_—
p q
Fig. 3.2: Diagrams Q and W
ptpY L
So the 2 and g, projections are
ptp” : od [ 7 7 2 2
o =2ig (2751 = Fiaa +2Fia3 + (4m?% — m2) Firsa ] (3.23)
g =2ig'n [2T134 —Tiu+2T3+@ms - mf))T1134] (3.24)

The same reduction procedure as above can be carried out for diagrams Z,

A and X yielding:
prpY PP, A7k d'q (k1 + k(K1 + ka)y
2 uv 2 n n
’ ’ ) @ (it = mz) (16— m2) (15 = ) (K = m)
=2ig* Ty (3.25)

guwX" =ig! [51534 + Ti3a —2Th2a + Thog + Yy + (72 — 2’"3 - 2p2)T1234] ’
(3.26)

pﬂpVA :pﬂp" . 4| A"k d"q (k1 + k2)u(ka+ ks)y (k1 + ka) - (k2 + ks)
@A @ (5 mz) (- m2) (k6 ) (k- ) (K6 )

2 _ 2
4|_4 | 4"k d"q 2p-k 2(4mﬂ mp)(
p? | (2n)" (27)" DyD3Dy p?

=ig Tozs — T134)

(3.27)

gAY =igt [—47}34 — 4T3 — 4Ti25 +8Ti04 — 4Yy.

o345 —H7TmM; — 3mi —3p*)Ti2s4

2
T
+(8m721 - me) —4p2)T1245 — (477’17%r —me) — pz) (477’17%r — mf) — sz) T12345] .

(3.28)

We also have
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d"k d"q (k1 + ko) (ky + k2)" (k1 + k4)?
@) @7)" (k2 = m2)° (k6 m2) (13— m3) (k% = m2)

2 d k d q 2p . k2 ( 1m2 m2 ) ~ ~ ~ ~
: 54 s P

ptp” ptp"
T T

—ig4

—2Ti3+ Tia — (4m?% — mf,)T1134] (3.29)
guZH = ig [—47334 —2(8"’172r - mf) — p*)Ti2sa —4Ti3a —2((n — 1) Tias + Ti13)

+((n— D) Ti2a+ Th1a) —2(4m2 - m;)T1134 —(4m?2 —p*)am? — mi)T11234] .
(3.30)

The algebra required to get the above results is lengthy and so the full cal-
culation has been relegated to the appendix. Now that the reduction of each
diagram is complete, we are in a position to verify that H‘;V(pz) is transverse.

From equation 3.1 we have:

p'p” 2y_ 1 ptpY p'p* p'p* ptp”
pz quv(P )—E pz g,uv"‘f' pz guv‘*‘ pz qu+ pz Vv,uv
UV upv upv
+4pp’f XW+2pp’f Z,W+pp’f Ay

(3.31)

This gives a vanishing result. This follows immediately from making sub-
stitutions of equations (3.11),(3.14),(3.23),(3.19),(3.25),(3.27) and (3.29) into the
right hand side of the first line above. Thus we see that HZ V(pz) is indeed trans-
verse. As it was discussed above, object of interest becomes the scalar quantity

II5(p?) in equation (3.4). Using (3.1) we get the following:

1 1
Iy(p*) = ] {Eguvim + g T + gun O

+ g WHY + 48 X + 28,0 2" + g APV} (3.32)
Substituting (3.10),(3.18),(3.24),(3.20),(3.26),(3.28) and (3.30) into the equation

above gives:
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igt - - - - -
M(p*) = %{2(’1 —-2) [2T134 — 234+ (4m — mf))T1134 +(n-1) (T123 - T113)]
+2(n—-1) [T124 - T114} - 8(47”’172r - mi —p*)Ti23a —|—2(4m72T - mi — pH)Tiss

—2(4mZ — p*)(4m? - mi)T11234 —(4mZ - sz, —p*)dm? — mf) —2p*)Tiz345}

(3.33)

With this result the problem has been reduced to finding scalar integrals. In
the next section we evaluate the scalar integrals that appear in the above equa-

tion.

3.3 Evaluation of T-Integrals

We will be using results on T-integrals from [16, 19], and so we must make our
notation consistent with that of the those references. The T-integrals in refer-
n

ences [16, 19] are defined using the integration measure 2"k = ———
[ ] g g (Zﬂu)n_4 l 7_[2

n
instead of the measure we have been using so far, —)n.We write down, explic-

@2r

itly, the scale u using (2.9) and then we relate the above-mentioned measures as

follows

2k o, K
ry  8emtt oy
8  d"k
 (4n)? 2rp)rtin?
ig?”m n
= k
e’

There are two factors of integration measure in our two-loop T-integrals,

therefore the following replacement may be made

. 2
_ ig>
g4Tabc - (ﬁ) Tabc

g 4
= ( :;ﬂ) Tabe.

This allows us to write (3.33) in the following way:
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8prr\* i
y(p*)=— ( :;n) m{z(n —2) [2T134 —2Tp34 +(4m? — mf))T1134 +(n—1)(Ti23 — T113)]

+2(n—1)[Tio4 — Th1a] — 8(4””,21 - mi — pH)Tizza + 2(4m72T - mi — p*)Ti2as
— 2(47’)’172_[ — pz)(4m72r — m?))T11234 — (4m721, — .?.I’I’lf7 — pz)(4m72T — m; — 2p2)T12345} .
(3.34)

The integrals Ti23,T113,T124, T114 and T1245 that appear above may be written

as products of one loop integrals. For example:

T — dank d"q 1
ET) i (2ru)"* in? (2mu)" (kZ 2) (k2 — m2) (k2 — m2
1—mﬂ) (kz—mﬂ) (k3—mp)
dnk 1 d'q 1

—q+k
@ruy T ir? (= m2)l(k+pP —mZ] | @i (g — kP - amar

k 1 q 1
- J (@ru)y—tin? (k2 — m2)[(k+p)? —m2] | ru)"=*in? q* —m?

= Bo(szmi)Ao(mf,),

where
dk 1
2
Ao(m?) = f (2ﬂu)” I e (3.35)
1
2
Bo(p",m*)= J e o= W—mdlk+pr—ma O

Order € expressions for integrals Ay and By can be found in [16, 20] and they

have also been written down in the appendix.Similarly, we have

Ti24 = Bo(p®, m2)Ao(m?) (3.37)
Tizas = B(p®, m2). (3.38)

Consider the following integration by parts relation:

[ ak 8 ke
| @ru)rtin? 0kH k2 —m?

n—2
(2mu)r- 4z7r2 (kz—mz)2 2m?

Ao(m ). (3.39)
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This means we may write

ark g 1
Tis=| - > -
i

o T () ()

B dnk 1 d"q 1
) @rp)rtin? (k2 - mi)z @ru)"~*in? g —m?
n—2

2
mﬂ

Ao(mi)Ao(le)). (3.40)
Similarly,

n-2., .,
T114 = WAO(mTE) (3.41)

T

Analytical expressions for Tijs4 and Ti134 are well-known [21] but we have
put them in the appendix for ease of reference. The remainder of the scalar
integrals that appear in equation 3.34 (i.e. T»34, T1234, T11234 and Tj2345) have been
treated in [19, 22, 16]. We will shortly give an illustration of the methods in [19,
22] used to evaluate these. Integrals Ti12345 and Tj2345 are finite so they may be
evaluated numerically.On the other hand T>34 and Tj»34 are evaluated using the
semi-numerical approach of [19]. We treat the case of T»34 as a way of illustrating

the methods of [18, 22].

3.4 A demonstration of the semi-numerical method

The example given in this section can be found in [19]. We include it again here,
with a lot of detail fleshed out, for completeness. We consider the scalar sunset
diagram with arbitrary masses Tps4(p?; m5, m3, m3). The idea is to write down
the integral as a sum of two pieces; one that is known analytically, and the other
to be evaluated numerically. Thatis T = Ty + Ty . Where T4 has a known analyt-
ical representation and Ty is finite, and therefore has no dependence on € from

dimensional regularisation. It is useful to note the following:

1 k?

1

ki —mi - ki(ki —my)

k% —m?+m?
- 2(1-2 2

K2(kZ — m?)
1 m?

_ 1

==t
k2 k2(kZ—m?)
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This formula may be applied to the integrand in Tp34(p?; m5, m3, m3) in the fol-

lowing way

1

Tosa(p®;m35, m5, mj) = f 7k 37—
20 M3, 1My (k2—m?)

Lyoom (L, mi
kg k(s —m3) ) ki Ki(ki —m3)
1

2 2
m? N m3
)

=\|2"k2"q [ + +
f (k5 —mi) [ k3ki  kgki(ki —my )
2.2

mgm, ]

ks k(s — m3)(kg — my)

ks kg (ks — m3

— | 9"kamq 1 N mi—ki+k? mi-ki+k:
(k3 —m}) | K3k KSKG(kS —m3)  kSki(ks —m3)
L mim
k3ki (k3 — m3)(ki — mj)
1 1 1
=\ 2"k2"q [— + +
f (ki—m%) | kiki Kki(ki—m3)  ki(ki—m3)

. mim
k2ki(kz —m2)(ki—m3)

= _T234(p2; m§)0)0)+ T234(p2;m§)0) mi)-i_ T234(P2§m§, mg,O)

+ Toszaa(p?; m5, m3,0,mZ,0) (3.42)

The first three terms in the expression above are known analytically [16, 19].
The fourth term, by power counting, is convergent in four dimensions and will
be treated numerically. The analytical and numerical parts of the sunset dia-

gram are respectively:

Tozan = —Trza(p®;m3,0,0)+ Trsa(p®; m3,0,mi)+ Tosa(p®; m3, m3,0)  (3.43)

Tosan = Dossaa(p?; m3, m5,0,mj,0) (3.44)

The convergent integral, Tr3344(p?; m3, m3,0, mg,0) can be given a two-dimensional
integral representation[19]. The analytical terms Tr34(p?; m3,0, m§)+Doaa(p?; m3, m3,0)
are given in the appendix of [19], and T34(p?; mg, 0,0) may be found in [16].

The numerical part of Trs,

It turns out the numerical piece can be expressed as follows[19]:

00 00

(LUz+LU3+LU4)(LU2+Ll73+u74))
Tozyn = dxdy —4p*1 , 3.45
23N Jf xay P Og((wZ+LD3+LU4)(LU2+LU3+u74) ( )
—00 —00
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where
r m2 3 2 3
w; = xz——zl—l-is , Wy = (x+1)2——2+l£ ,
] 1 1
m§ N E , 2 2
w3 = (x+y)2—?+zs , yi——+ie| ,
_ 1
2 mi . |? 2 3
ws=|(y—1) —?‘HE , wg—[(x—i—y) —I—w}z

Wy = [y + zs]% (3.46)

with ¢ infinitesimal. In order to facilitate numerical integration, we map the
above integration region to the a unit square in the first quadrant of the x-y
plane. This is done in two steps; the first is to express Tr34n as an integral over

the first quadrant using the simple relation that follows

f f dxdyF(x,y):ffdxdy [F(x,y)+ F(—x,y)+ F(x,—y)+ F(—x,—y)]

Then one may change the integration region to a unit square through the map

x(u,v) = £, y(u,v) = ;. It follows that the numerical part of the sunset

diagram is expressible as:

Tosan = deudv )2(1 {M[x(u v),y(u,v)]+ M[—x(u,v),y(u,v))

+M(x(u,v),—yu,v)]+M[—x(u,v),—y(u,v)}

(3.47)

(wo + 3+ wa)(wo + w3+ 1)

MIx,y] :log((w2+ w3+ wy)(wo + s+ ,[,4))

After fixing the values of the parameters m,, ms and m, a suitable numerical
integration algorithm can be used to determine this Tr34y as a function of p?
with arbitrary precision. In order to make a comparison with [19], the masses
are given the values m, = 3, ms =5, my =7 a table is made on which are shown
values of p? against values of #Im(ngz;N). The numerical integration was done
on Mathematica using the package Suave from the CUBA library and the values
are compared to those of [19]. There is good agreement with [19] for values of p?

not close to 15, where convergence of the algorithm was slow.
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1
_zlm(T234N)
p

-0.2r

-08

x 50

X

Suave

Berends

Fig. 3.3: Graph of #Im( Tysan) vs p?. Results of the Suave integration are compared to
Berends and Tausk [19]

Tab. 3.1: #ImT234N at different values of p2. A = Suave integration result, B = Berends
and Tausk results [19], C = relative difference between A and B in percentage

terms

p? A B C

15 | —0.037674 | —0.0417649 | 9.8
30 | —0.280545 | —0.2942085 | 4.6
45 | —0.491801 | —0.4967213 1

60 | —0.636653 | —0.6411420 | 0.7
75 | —0.736474 | —0.7418943 | 0.73
90 | —0.786393 | —0.7915522 | 0.65
105 | —0.804537 | —0.8086538 | 0.51
120 | —0.796005 | —0.7991393 | 0.39
135 | —0.76496 | —0.7691024 | 0.54
150 | —0.723223 | —0.7264257 | 0.44
165 | —0.676853 | —0.6766883 | 0.02
180 | —0.622943 | —0.6235912 | 0.10
195 | —0.565457 | —0.5692483 | 0.67
210 | —0.514348 | —0.5151574 | 0.16
225 | —0.461229 | —0.4619533 | 0.16
240 | —0.413092 | —0.4138414 | 0.18

This concludes the example of the semi-numerical method of [19]. We will

use this method to evaluate IT,(p?).
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3.5 Evaluating the analytical and numerical parts of TI(p?)

II,(p?) will be separated into an analytical part and a numerical part using T»34

and Tj»34. Consider the following:

Trss = Toaa(p®s my, m, m?)

:J@”k@”q !
[+ pP—m2] [(g— kP —m3] (g2 — m2)

Zf@”k@”q 1 (k——k+q—p)
G+ pP—m2] [(a— kP = m2] (4> = m2)

— 2. ,.,2 2 2
- T234(P » mpymﬂy mﬂ)~

We may then use equations 3.43 and 3.44 with m, = m, and m3z =m4=m;

to separate T»34 into a numerical and an analytical piece as follows

Tosan = 2 Doz (p?; m ,m2,0)— Ty (p?; m ,0,0) (3.48)

Tysan = my, Tyszaw (p*; m%, m2,0,m2,0). (3.49)

p’

In a similar fashion we can decompose Ti234 as Ti2344 + T1234n, Where

Ti2344 = Thoz 4 (P m,zr, mi,0,0) (3.50)
Tazan =m,, ® Tasya(p*; m2, m2, m ,0,0)+ mZ Tipyaa (Mm%, m2,0,m2,0)
+mﬂmp Ti23340/(p? ;mﬂ,mﬂ,mp,O, mﬂyo)- (3.51)

This allows for II(p?) to be separated into an analytical and a numerical

piece as follows
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Ilx(p?) =a(p?) + N (p?)

4
a(p®)=— (%) Py [2(71 —-2) (2T134 —2Tosun +(4mZ — mlz))T1134 +(n—1)(Ti2s — T113))

+2(n = 1)(Tiza = Tuaa)+2 (4m2 = m2 = p?) Tuzas — 8 (4m?% — m? = p?) Tiosan
(3.52)
In(p?)=- (%)4 ﬁ [—4(71 —2)Toaan — 8 (47",21 - mlz) - PZ) Ta3an
—2 (4m7ZT _ pz) (4m -m ) Ti1234 — (4m7ZT — ZmIZ) _ pZ) (4m7ZT - mIZJ —2p2) T12345] .
(3.53)

3.5.1 The analytical part of T1(p?)

One gets the following result:

II4(p? )_(4 )4{T( A=+ +T(°)+O(6)}

2
7(-2) = —§(p2 ~3mZ —6m?) (3.54)
1
7D = 9—2{ —46;94 +6p2mi 21—=(r—r)BInn +lnr2))+3m;41(r1 —1)(21lnr +111ln7r)

—12m? (3p (3 —I—me) +m (r1 —1)(3Inr; —In rg)) + 12p2Lmﬂ (p2 - 3m72r —3mf)) },
(3.55)

and the finite piece is given by the following lengthy expression

27
—2p2 (7]92 + (22+6me) mlz)) —2m721 (pz(—19 +3(n—r)lnn+(n—r)lnr)

1 6
7O = — { 8(p*—3m2—m )+p—(m (n—r)(21lnr —Inr)+4p® (p2—3mi—3mf,)

+2mf)(r1 —1r)(Inr —In rz)))

m2
+18{p? —+—4m72r - SmiLmﬂ pﬂ (Zp +4p*Ly. +m (r1 —r)(Inr —In rg))

m2 ) 1 m2
_T( 12 — 1372 +36L,,, — 42Lmﬂ)+g 2—Lmﬂ+2—p2(r1—rz)(lnrl—lnrz)

X (mer(l ~Ln)+m2(1 =L, ))
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1 2 m2 n—1 rn—1r rn—1
+ = 8+_+L§n +—g(r1—rg) L12 L —Lig g —Liz 2

2 6 Tp n—r n—r ro—n
ro—1)r n—1 n—1r mn—1

+Li, (w)+2(lnrl—lnr2)+ln( ! )ln(g)—ln( 2 )
I2—n n—rnr n—rnr I2—n

- — _ 2
xIn (—(rz l)rl)) +2L,,, (—2— (n=r)inn ~n rﬂm”)] (2}92 - 11m72r —4m§)

p—n 2p2

5m?
P (Zp2 +2p2Lmﬂ + 2p2me + mi(n —r)(nr —In rg))

2 2
+3mp +2mmeﬂ

m2
P
) (12+7‘c2 —12Ly, +6L%, = 4(6+ 7% +3L3, +6(~1+ L, )Lm, — 6L, +3L§np))

2
2 2 2 (r1—r)(Inr —Inr))?
_(—p +4mﬂ—mp) (—2+Lmn— 27

—Z(F(m m2)+14m? + 3 m2 —12mZL,,, +4m? Lm,7m + 5 m —6m? 2L,

272 2 102 m/2) 2 2 2 1 6F(m2 m2 m)
+2mmep—m In ) +(4mn—mp) —Lm.+L;, +— 6+ 7
Y

p 12 Ak(mi,mp,mi)

1 2
7 [ 13p° +4p?Ln, +2m?(12+7%) +8m> le(p
m

4 p?
+—(p*—m?)n (1 - —)

2 2

p P mg

)-I-Sm (=3+Lu, )L,
P

13 m?2 m?
_4{p2 (_?-f-ln(—p—zﬂ)+ln(—p—p))+2p2Lp+4m2( 3+Lm,)Lm,
p? m
m2 m?2 1
2 2 . P 2
2(mﬂ—mp)(—L12 (l—m—p) +Li, (l—m—i))—kg(mﬂ—km
2 m2 2
+(—p? —I—4m -m )(38+7r +2L12(p )—i—4L2 +4(—1+—;)ln l—p—2
mﬂ.’ p mz

2 4mg 2 2y 15 1 . 1 . m2
+4mp(—3+me)me+ P (p°—m3) ng(l—f—l)—l-le(l—f—z)—le l—m—g
o)
2 mh — m4 m2
”(p +mZ+m )(rl—rg)(lnrg—lnrl)—¥ln(—p)
p
2m2(ri—n)inr 2m2
— 4L, (5+ xn=r2) 1)+ - (n=n)

m2 m?
+—(p —m )(ng(l—rl)—l-le(l—rz) Li, (1——’2’))
m
2
(36+7‘c 31n2(m—‘2’))
mﬂ
; }
pZ

1
. s i 2 i i
X [—ng(l—rl)—Zle( ) +Liz (11— 1) +Lia (1= 72) +2Lip (1+r2)

14+n

2
—Lip (ra—rZ) +8Inr —In® (14 ) +1In° (14 12) +7 (1—%,r1)

T

)

p?
—In((1—=r)r)n (1 - W»rz)

T
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where

n(a,b)=In(ab)—(In(a)+In(b))
=27mi{0(—Ima)8(—Imb)8(Im(ab))— 0(Ima)f(Imb)0(Im(—ab))}

m;
Lmi =YE + In 47_[“2

_p2
Lp =’}’E+h’l (47_[:”2)

and yg is Euler’s constant. We also have r; and r» representing the roots of the
following quadratic equation
2 1 _ 2 2
m; r—I—; =2m; —p°.

71 and 7, are the roots of the equation

m2
2 T2 2 2
mpr+ . mﬂ—i-mp p

Axla,b,c)=(a—b—c)*—4bc.

;
where
O(x) = ﬁ {%2 —2Li (7_1@); s 2) —2Li (x _;(x))
oln (—A(x)—x+2) " (x —)t(x))}
2 2
and

Alx)=+x%—4x.
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We have also used the following notation for the dilogarithm

1
Liz(z):—fdtw.

0

T© may also be represented graphically as shown in figures 3.4 and 3.5. In

the graphical representation, we arbitrarily set the scale u equal to 1 GeV.

Re(T?) (Gev?)
9+
80
70F

60

50

40

L L L L L L “pZ(GeVZ)
0.2 0.3 0.4 0.5 0.6 0.7 0.8

Fig. 3.4: The real part of T as a function of p?

IM(T@) (GeVv?)

—40 -

-80+
—100+

-120 -

‘\““\“"\““\““\““\““\pz(GeVZ)
0.2 0.3 0.4 0.5 0.6 0.7 0.8

Fig. 3.5: The imaginary part of T as a function of p?
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3.5.2 The numerical part of I1,(p?)

Given below are double integral representations of the T-integrals appearing in
Mn(p?).

o.¢] o0
(LU2+LU3+LU4)(LU2+U~/3+U~/4))
Tosany =—4p® | dx | dylo ,
= pf f Y g((W2+w3+w4)(w2+w3+u74)
o0 o0

o0 o0

1 (W1+W3+W4)(WZ+LD3+II}4))
T =4 d d | , 3.57
e f xf Y wi — w3 Og((w2+w3+w4)(w1+w3+w4) (8:57
d*k d*
T11234=f q

im? im? (k2 ) (kz—m )(kz_mz) (ki_mi’)

(w1 4+ w3+ wa)(wo + 3+ 4)

o0 o0
4
o K K L )
p w —w? (w2 + w3 + wa)(wr + W3 + W4)
S 1 2

B (w$ — w3 + W4 — w3 — ws)
2w (wr + ws + wy)(wr + W3+ 1y)

00 00
4 1 1 (w1 + w3+ wy)(wo + w3+ ws)
T12345 = - dx dy 5 5 5 5 lOg .
p w? — wi wi— w? (w2 + ws + wa)(wr + w3 + ws)

(3.58)

(3.59)

These integral representations are derived in [22, 19]. The w'’s above are de-
fined in equation 3.46 with m; = my, = mg4 = ms = m,; = 0.13957 GeV? and
ms = mp = 0.77549 GeV? for all the above integrals except T34, for which the
values m, and mgs are swapped. These integrals are treated numerically in the
same manner as was shown in the earlier example. We give plots of the results
for 0.1 <p? <1 GeV2.
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Fig. 3.6: The real and imaginary parts of Tr34y as functions of p?
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Fig. 3.8: The real and imaginary parts of Tj;»34 as functions of p?
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Re T12345 N (GeVA—Z)

°r
p? (GeV/2)
.
-10
Im Tyo345n (GEVA-2)
! ! L ! w p? (GeV~2)
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Fig. 3.9: The real and imaginary parts of Tj,345 as functions of p?

We collect all the above numerical results to get I1y(p?). We begin by writing

[In(p?) as follows

Ty (p?)=i (ir Fan(p?), (3.60)
4n

where (3.61)

1
En(p*)= 3 [8 Tyzan +8(4m? — m,z, — p*)Tizzan
+2(4m72r — mf))(4m72r — pz)T11234 + (4m721 — me) — pz)(4m72r — m?) — 2p2)T12345] .

(3.62)
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Fy(p?) was evaluated numerically and the results are collected in table 3.2

below.

p? (GeV?) | ReFy (GeV?) | ImFy (GeV?)
0.1 1.35534 3.33582
0.12 0.571648 1.74946
0.14 0.320112 0.586499
0.16 0.292828 -0.330386
0.2 0.553265 -1.71824
0.22 0.769936 -2.26056
0.24 1.02142 -2.72816
0.26 1.29836 -3.13316
0.3 1.9055 -3.78858
0.34 2.55804 -4.27518
0.36 2.89493 -4.46488
0.4 3.5817 -4.75271
0.42 3.92873 -4.85486
0.46 4.62581 -4.98472
0.5 5.32153 -5.02537
0.52 5.66736 -5.01522
0.54 6.01119 -4.98632
0.56 6.35265 -4.93963
0.6 7.02647 -4.79566
0.62 7.35834 -4.70049
0.64 7.68656 -4.59065
0.66 8.01119 -4.46689
0.7 8.64805 -4.17992
0.74 9.26794 -3.84405
0.76 9.57144 -3.65918
0.8 10.1644 -3.25742
0.82 10.4542 -3.04149
0.84 10.7395 -2.81594
0.86 11.0206 -2.58095
0.9 11.5685 -2.08281
0.92 11.836 -1.81968
0.94 12.0977 -1.5482
0.96 12.3544 -1.26835
0.98 12.6055 -0.980132
1. 12.8506 -0.683888
1.02 13.0897 -0.380037
1.04 13.323 -0.0681988
1.06 13.5499 0.249931
1.08 13.7704 0.575117

Tab. 3.2: The numerical part of the self energy at values of p? in the range [0.1GeV? —

1.08GeV?]
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Fig. 3.10: The real and imaginary parts of Fy as functions of p?



4. CONCLUSION

We set out on a program to calculate two-loop corrections to the pion form fac-
tor using the KLZ theory. This involves regularization and renormalization of the
p? self-energy at the two-loop level. In this thesis, using dimensional regulariza-
tion, we calculated the 1/€2, 1/¢ terms of the self-energy. We also calculated the
constant term using analytical and numerical techniques thereby completing
the regularization of the p° self-energy. The exact final result is summarised by

the following

igt

My(p?) = an)

1 1
{T(_z)—z +TCV=+ 7O+ Fy(p?)+ O(e)} :
€ €
where T(-=2) and T(-Y are given by (3.54) and (3.55) respectively. The terms
T and Fy(p?) are represented graphically in figure 3.4 and figure 3.10 respec-
tively. It was not possible to complete the two-loop renormalization due to the
time constraints on an MSc project. Renormalization, followed by comparison

to experiment, will be carried out as part of my PhD thesis.
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A.1 Reduction of two-loop integrals

6,”/‘ —k ‘\k
‘U, e ! q ' e v
p p
k¥ p
Fig. A.1: X®

Given below are detailed calculations needed to get to the results given in equa-
tions (3.25),(3.26),(3.27),(3.28),(3.29) and (3.30) of the third chapter. We start
with the reduction of the integral represented by figure A.1

d"k d"q (k1 + kg (ky + k)"
@) @) (1~ m2) (18— m2) (k3 — m2) (3~ m2)

X =2ig* (A.1)

v

We have to project using the operators g, and . In order compute

P2



these projections, it is useful to note the following:

(1 + k) (K + ko) = = { (k2 =m2)+ (k2 = m2) 2 (k2 = m2) + (k3 - m2)
+k2+5m2 —2m? —2p?}
:%{3D1+D2—2D3+D4+ K2+5m2—2m? —2p*}
A.2)
p-(k1+k4)p-(k1+k2):%{kg(kg—mi) + k7 (k2 —m2) + k2 (k5 —m2)
—kg (ki —mZ) —2(kf = mZ2) (k3 - m2) - (k} - m2) (ki - m2)
—2(m%+ p?) (k3 — m2) +2p* (ki —m2)}
= % {k2Dy+ kIDy + k2D, — k2Dy — 2Dy Dy
—Dy Dy —2(m?% + p*)Dy +2p*Ds } A.3)

Using (A.2) and then cancelling terms in the numerator against the denom-

inator we get

dnk drq (kiy+kq)-(ki+kz)
(2n)" (2m)" Dy1D>D3Dy

guwX* =2ig*

=ig! [3T234+T134_2T124+T123+ Voysu+(5m? —2m —2p )T1234]'

(A.4)
We can shuffle the indices of ¥;3,, above by (3.8), giving
= lg4 |:3T234 + T134 — 2T124 + leg + Y21345 + (Smi — me) — sz)T1234:| . (A.5)

Similarly with the help of (A.3) we get

pﬂpv . |: 2 1 1 5 1 5 2 ~ 1 ~
— Xy =18 Yigut =Yt ——Ta——Ts
pz uv pz 134 pz 234 pz 134 p2 234 pz pz
+iT —3( 2 4 p)Tiga +2T: A6
52 28T m; +p°)Tiza+ 21534 (A.6)
—igh [ gy tg oy lge Lo g 1g
P2 134T pz 234 pz 1347 2 23T o P2
ERYE PR
5 hs——(m +p~)sa+2T3s (A7)
p p
2 - - -
=ig [p {Y1234 T34—(m721+p2)T134}+2T234] (A.8)

=Toza. (A.9)
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In going from (A.6) to (A.7) we used the symmetry of the Y and T-integrals

under the permutations of indices (3.8). In the last step follows from the equality

72, = Ba+(m2 + p*) Tiza (A.10)

which can be proved in the following way

2 _1[ d'k d"q k3
1347 ] (2m)" (2m)" D1D3D,
d"k d"q (k+p)?
~ ) @n)" 20)" DiDsDs
d'"k d"q k*—m2+m24+p24+2k-p
~ | e o)y D1 DsD,

d"k d"q D d*k d"q mZz+p? d"k d"q 2k-p
(27'[)” (27'[)” D1D3D, (27'[)" (271')” DyDsD, (271')” (271')” DyDsD,
- - d"k d"q 2k-p

=T 2+ pAT :
3¢ +(m2+p°) 134+f 27" (27)" DiDaDs

The last integral above vanishes. This is because the inner integral (i.e the inte-

gral with respect to g) is an odd function of k.

Pl
PPN
k¢ q-k ik
—_ / —_
—
p \ / p
\\\\ ////
k+p
Fig. A.2: ZW

The following is the amplitude represented by the diagram in figure A.2:

_ | 4k d'q (k1 + k)" (ki + k2)" (1 + ka)? A
)" (it - m2)” (k5 - m2) (k5 = m3 ) (k= m2)

A

ptp”
We now project with —— as follows
p




pro, . a4k d'q [p - Ck1 + k2)]” (K1 + Ka)?
v @RI R i (k- me )" (k= mz) (k5 - m2 ) (k5 - m2)

(A.12)

We focus on the numerator of the integrand above. To avoid unwieldy alge-

bra, we do the computation on small pieces of the numerator at a time.

(ki+ka)> =k +k2+2k; - kq
=ki+ki+ki—ki+kZ
=2k} +2ki -k
=2 (k2= m2) +2 (k2= m2) - (k2= m2) +4m? — m?

=2Dy+2D,— D3 +4m72r—mf), (A.13)

[p- (ki +k2))* = [p-(k+ K+ p)]°

2
1
= (k2= m2)"+ k2 (k% — m2) — m2 (k2 — m2) =2 (k2 = m?) (k2 —m

Multiplying (A.13) and (A.14) together we get:

[p . (kl + kz)] 2 (k1 + k4)2 = 2k22D1D2 +2k§D2D4 — k22D2D3 + (4m721, - m;)kzzDg
+(-10mZ —|—2me )D1 D3 —2m2 Dy Dy + m2D;,Ds
—mi(4m’ — mli )D; —4D{D, —4D1D, Dy +2D1 D, Dy

+2k{D} +2D{ Dy — D{ D3 +(2m3 — m7)D} (A.15)

We now substitute (A.15) into the numerator in (A.12), and after cancelling

terms against the denominator we get



pipY .
72 lg p |:2Y1234+2Y1213 114+(4m —m ) 1134+(—10m72r+2m;27)T134

—2m2 Tz + miTlM - mﬁ(‘lmi - mf,)T1134 —4T3 —4Ti5+2T

+2Y,

234+2T23 - T24+(2m72.[ - m?))TZIM:I .

We reduce some of the Y-integrals above in a way similar to (A.10). We also

use the invariance of the integrals under permutations (3.8) yielding

ptp"
pz

Zw=-ig"'= 2 [2(T34+(P +m2)T134)+2(T13+(p +m2)T113) (Tha+(p? +m2)T114)

(4m?2 — mf))(T134 +(p*+ m2)Th134) +(—10m?2 + 2mi)Tl34 —2mZTis+m2 T

—mi(4m72r — mi)THgA —4T13 —4T13 +2T14+2Y234 +2T13 — T14+(2m721 - mé)ngA]

_ 2 . —4mZ+m’+2p?
—ig —PTB‘F 2 Tisa+2Ts— Tia+(@4m2 —m )T1134
) 2m2 — mlz)
+_Y234+—T234 (A.16)
p? p?

We now project with g#¥ and find

, drk d» ki+ k2)?(kq + ka)?
g Zyy =—i f q (k1 + k2)* (k1 + ka)

B G (- (65~ m2) (6 ) (- )

The numerator above can be rewritten as follows

(k1 + k2)* (k1 + ka)* = (2k% + 2k5 — p*)(2k? +2k; — k3)
=(2D1 42D, +4m?2 — p*)(2D1 + 2Dy — D3 +4m? — mf))
=4D?+4D1Dy— 2D D5 +2(8m? — mf) —p*)Dy +4D,D,
+4D, Dy — 2D, D3+ 2(4mZ — mf))Dz +2(4mZ — p*)Dy

—(4m2 — p*)D3 + (4m> — p*)(4m? — mf)).



We can then use this form to cancel terms against the denominator, yielding

g'UVZ‘LW = —ig4 |:4T234 +4T123 — 2T124 +2(8m72_[ - mf) — pZ)T1234 +4T134
+4T3— 2T +2(4m?2 — mlz,)T1134 +2(4mZ — p*)Tizs
—(4mZ — p*)Th124 +(AmZ — p*)(4mZ — mlz))T11234:| .

The terms Ti123 and 723 can be reduced using the integration-by-parts relation

(3.17) and this allows us to rewrite the above expression as follows

gzt =ig* [—4T234 —2(8m2 — mf) —p*)Ti23a —4Ti3a —2((n — 1) Thas + Ti13)

+((n =D Ti2a+ Thra) —2(4m2 - mf,)T1134 —(4mZ—p*)4am? — mf,)T11234]

UV
We reduce the diagram in figure A.3. Projecting with sz we get
prpY . _ igt[ d"k d"q [p- (k1 + k2)p - (kg + ks)l(k1 + ky) - (k2 + ks)
T2 T T n n :
P p* ) Cm) 2m)" (k2 — m2) (k3 - m2) (k3= m2) (k= m2) (k2= m2)

Focusing on the numerator and multiplying it out gives

[p - (k14 k2)p - (ka+ ks)I(k1 + ka) - (k2 + ks) = D1 D2 D5 + k5D D5 — 2D, D3 D5 + D2 Dy Ds
+kZD2Ds+(2m2 — 2m§ —p?)DyDs — Dy Dy Dy
— k2D»Dy+2D2D3Dy — k3D Dy — D2 D4 Ds
—(2mZ —2m2)D2 Dy — kD1 Ds — D1 D2 Ds+
— D1DyD5 — kD1 Ds — (2m? —me) —pY)D1Ds
+ k?D1Dy+ D1D2 Dy —2D1D3 Dy + k2D1 Dy

2D1D3Ds + D1DyDs +(2m? —me) —p*)D1Dy.

Substituting this back into the numerator we get

ptp¥ ig'r oo &1 2 2 24 A 2 2 24
—p2 AW:_—pZ [41/134—41/234+2(2mn—2mp—p )T134—2(2mﬂ—2mp—p )T234]
ighr - 1 2 2 24 2 22
=__p2 [4T13—4Y234+(8mﬂ—4mp+2p )T134—2(2mﬂ—2mp—p )T234] .

Next we will contract Ay, with g#V. The following identity is helpful for reduc-



ing this contraction

(k14 k2)- (ks + ks)(k1 + ka)- (k2 + ks) = k2 Dy + k2 D2 + 2k D3 + ki Dy + ki D5
+(=mZ+co+c1)Dy+(—mZ+co+c1)D2
+ (—me) —2¢p— ¢1)D3+(—m2 + c2+¢1)Dy
+(—mZ+co+c1)Ds+2D1 D, —3D1 D3 +2D1 Dy
+2D1 D5 —3D,D3+ 2Dy Dy + 2Dy D5 —3D3Dy

—3D3D5+2DyDs+cc2, (A.17)
where
c1 =4m72r —2mf7 - p2
cz=4m72r— ;—sz.
Using (A.17) we get
d"k d"q (k14 ka) - (ks + ks)(k1 + k4) - (k2 + ks)

g,uVA‘uV:_ig4 n n
RV R (i = m2) (k3 = m2) (If = m3 ) (k5 = m2) (k% - mi2)

= lg4 [—4T234 —4T134 —4T123 +8T124 —4Y21345 —4(7m2 - 3mf) —3p2)T1234

T
+(8m721 - 2mi —4p2)T1245 - (4m72r —.?.I’)’lf7 - pz) (4m72r — mi — 2[92) T12345] .

k+pr” | Ag+p
/ \
i

S Tk

kw_ e

Fig. A.3: Master Diagram
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The following are tables of the scalar integrals that were done numerically.

A.2 Numerics

p?(GeV?)

Re T234N (GeV2)

Im T34y (GeV?)

0.1
0.14
0.18
0.22
0.26

0.3
0.34
0.38
0.42
0.46

0.5
0.54
0.58
0.62
0.66

0.7
0.74
0.78
0.82
0.86

0.9
0.94
0.98
1.02
1.06

-0.00187221
-0.00245499
-0.00300638
-0.00355044
-0.00410375
-0.0046799
-0.00529195
-0.00595391
-0.00668233
-0.00749824
-0.00843022
-0.00952035
-0.010838
-0.0124655
-0.0141836
-0.0159589
-0.0176433
-0.0190347
-0.0198859
-0.019758
-0.018439
-0.0163499
-0.0138283
-0.0111372
-0.00850382

0.00318803
0.00354155
0.00382778
0.00407539
0.00429831
0.00450386
0.0046957
0.0048749
0.00504007
0.00518676
0.00530545
0.00537657
0.00535387
0.0050404
0.00430464
0.00311058
0.00135266
-0.00100759
-0.00396489
-0.00740054
-0.0105762
-0.0130818
-0.0148162
-0.0157662
-0.0159543

Tab. A.1: The real and imaginary parts of Tps4n
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p? (GeV?) | ReTizzan | ImTiozan
0.1 -13.2771 -9.52907
0.14 -9.2883 -10.2388
0.18 -7.11177 -10.0576
0.22 -5.68025 -9.71197
0.26 -4.64958 -9.34013
0.3 -3.86481 -8.97932
0.34 -3.24385 -8.63994
0.38 -2.73851 -8.32393
0.42 -2.31836 -8.03029
0.46 -1.96313 -7.75717
0.5 -1.65873 -7.50253
0.54 -1.39498 -7.26441
0.58 -1.1644 -7.04108
0.62 -0.961277 -6.83097
0.66 -0.781218 -6.63275
0.7 -0.620758 -6.44523
0.74 -0.477141 -6.26739
0.78 -0.348133 -6.09832
0.82 -0.231921 -5.93726
0.86 -0.127007 -5.7835
0.9 -0.0321549 | -5.63645
0.94 0.053665 -5.49556
0.98 0.131296 -5.36036
1.02 0.201427 -5.23041
1.06 0.264588 -5.10534

Tab. A.2: The real and imaginary parts of Tiz3an
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p?(GeV?) | ReTiiz34 (GeV2) | ImTip234 (GeV2)

0.1 -222.132 173.315
0.14 -115.338 63.6668
0.18 -80.4392 35.616

0.22 -62.1037 23.1519
0.26 -50.6163 16.3142
0.3 -42.6913 12.0994
0.34 -36.8759 9.29929
0.38 -32.4199 7.33873
0.42 -28.8939 5.91156
0.46 -26.0333 4.8413

0.5 -23.6662 4.01938
0.54 -21.6753 3.37599
0.58 -19.978 2.86446
0.62 -18.5144 2.45236
0.66 -17.2398 2.11671
0.7 -16.1204 1.84084
0.74 -15.1299 1.61231
0.78 -14.2478 1.42173
0.82 -13.4577 1.26196
0.86 -12.7463 1.12737
0.9 -12.1029 1.01359
0.94 -11.5186 0.917091
0.98 -10.9859 0.835134
1.02 -10.499 0.765357
1.06 -10.0526 0.705946

Tab. A.3: The real and imaginary parts of Tj;234
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p?(GeV?) | ReTizza5 (GeV™2) | ImTi2345(GeV2)
0.1 -26.7717 -19.5749
0.14 -15.6834 -23.0696
0.18 -9.47554 -22.4731
0.22 -5.56087 -21.104
0.26 -2.90959 -19.6218
0.3 -1.02689 -18.2047
0.34 0.354593 -16.9002
0.38 1.39253 -15.7148
0.42 2.18559 -14.6422
0.46 2.79908 -13.6707
0.5 3.27748 -12.7895
0.54 3.65224 -11.9877
0.58 3.9462 -11.256
0.62 4.17623 -10.5861
0.66 4.35507 -9.97094
0.7 4.4925 -9.40441
0.74 4.59615 -8.88114
0.78 4.67192 -8.39664
0.82 4.72457 -7.94683
0.86 4.75785 -7.52831
0.9 4.77466 -7.13804
0.94 4.77795 -6.77325
0.98 4.76928 -6.43187
1.02 4.74999 -6.11159
1.06 4.7216 -5.8106

Tab. A.4: The real and imaginary parts of Tj2345



A.3 Scalar integrals

In this section we give all the scalar integrals that are required to evaluate the
one-loop and two-loop self energies that appear in the main text. The integrals

defined in equations (2.21) and (2.22) are given by the following expressions to

order €
m?2 m?2 m?2
Ap(m?) = — +m?(1— Lm)+e{7§(2)+ TL?" —m?L, + mz}
1 1 m2(r— 1) €
Bo(p?, m*)=~ {Lm -2- 5# (ln(rl)—ln(rg))} +3 {t@+8+12,
T 2(p _
42, (—2 - —%W (ln(rl)—ln(rz))) + W [2In(ry) — 2In(ry)

1-— —-rn(1- 1-— —1r(1—
+ln( n )In( ri( rz)) —ln( r )In( ra( 71))
p—n p—n rn—rn rn—rn
—n(1- —r2(1— 1-— 1-—
+Lip (—“( rz)) ~Lip (—rZ( rl)) ~Lip ( L ) +Lip ( L )] } .
rp—rn n—rnr n—rn rn—n

The following are the analytical parts of the T-integrals which are reduced




using the semi-numerical method of [19]:

1 (m} 1
Tin = — (7 + mi) o (—4mf,me —8m2 Ly, +6m? +12m? pz)

257 o () ) 5557

11 ( mfrrgln(rl)_i_ m2rIn(r) 5)
2

Th234n = 22 +— 2 2 M

1 1
+2—pz (mi(rl—rg) (—Lig(l—r1)+Li2((1—r1)r1)—2Liz (r1+1)

1 2

+L12(1—7‘2) L12((1—r2)r2)+2L12( )+n( pz,rl)
ro+1 mg

2

—In?(r,+1)+8In(r)—n (1 — rz) In((1—r)r)+1In?(r + 1)))

2m2(r; —r)In(r 1 2 m?2 2
_Lmﬂ( 717(1 22) (1)+5)+_L12(p_2)+(_;T_l)ln(l_p_z)
p 2 mz p m:

) w2 19
L,

where

n(a,b)=In(ab)—(In(a)+In(b))
=21i{0(—Ima)0(—Imb)O(Im(ab))— 0(Ima)d(Imb)0(Im(—ab))} .



2 2 02 2
1 171 mpF(mﬂ,mﬂ,mp)
Tiza(p®, mZ, mi,mz,mi): pys) +- (5 - Lmn) -
€ € 22k (mfr,mlz),mfr)
FI2 L 44 -
L )

1 1(3
T134(p2,mfr,m12),m721):E(Zmi-i-mlz))-i-g{E(Zmi-i-mlz))—ZmiLm,,—mszp}
7 1
2 2 2 2
+ (5 + 55(2)) (Zmﬂ+mp) +2m? (L2, —3Lp,)
+m? (L2 —3L —llzm—fszerzz
m, m, m, 2n mf) mz, mg, m;

We have used the following notation:

m
Lm, =yp+In r (A.19)

and r; and r» are the roots of the following quadratic equation
2 1 2 2
m; r—I—; =2mﬂ—p . (A.20)

71 and 7» are the roots of the equation

2

2 mﬂ_ 2 2 2
mpr+T—mﬂ+mp—p (A.21)
Ax(a,b,c)=(a—b—c)*—4bc (A.22)

m? m?
F(mZ,m?, m2)=m;2* (m—g) o (—”) : (A.23)



where
1 o =Ax)—x+2 [ x—Ax)
@(X)—m{?—ZLIZ (f)_ZLIZ( 2 )
+21n (—k(x)—x—i—Z) In (x—)t(x))}
2 2
and

Ax)=+vx%—4x.
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