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Abstract

We demonstrate how a change of probability measure can be carried out based on the risk preference of a
representative investor. Using the stochastic discount factor and the Radon-Nikodym derivative, we are
able to obtain the risk-neutral measure given a real world measure and a preference structure defined by

a utility function. This methodology is then used to attribute the sources of skewness in the risk-neutral

measure.
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Chapter 1

Introduction

Understanding the relationship between the real world measure and the risk-neutral measure (martingale

measure) is fundamental to asset pricing theory. The relationship between these measures, implied by

the market, holds information regarding the risk aversion in the market dB_hsmnd_BamguLnglmJ, |29£)_4|)

We seek to investigate the link that exists between risk aversion, and the real world and risk-neutral

measures.

We briefly describe the probability measures discussed in this dissertation. Firstly, we note the
link between probability densities and probability measures. A probability density function uniquely
characterises a probability measure; this is shown in Chapter 2l Hence, if we have the density function,
we have the probability measure.

We now define a real world measure and a risk-neutral measure. The real world measure is the
subjective probability measure describing the distribution of an underlying asset at a point in time;
also known as the physical measure. This measure, and the corresponding distribution, are unknown.
We can, however, estimate the physical distribution. A time-series of historical asset prices is often
used to estimate the physical density. The estimated distribution is used as a proxy for the unknown
physical distribution. While this is a standard method for estimating the physical distribution, note that
this makes the implicit assumption that the physical distribution is stationary. The estimated physical
distribution obtained from a time-series of market data is referred to as the historical distribution or the
statistical distribution.

The risk-neutral measure is the probability measure under which the discounted asset price is a
martingale. This is also known as the equivalent martingale measure (EMM). In a complete market
model, this measure is unique m; @) The risk-neutral measure is the measure under which we
price options. Therefore, given the market price of options, we can derive the market implied estimate
of the risk-neutral density. The risk-neutral density can be derived from a cross-section of option prices
at a specific point in time dIE_tJ_e_fsmﬂ_a.]_J; |2_O_ld), where option prices can be obtained from an implied
volatility surface.

The risk-neutral distribution implied by option price data exhibits negative skewness ;
). This skewness translates directly to the Black-Scholes implied volatility smile (IMM; |24)Qj)

This dissertation aims to make the following specific contributions. Firstly, we seek to investigate

how to change probability measure using utility and risk aversion. We review the methodology for
obtaining a risk-neutral distribution of returns from the real world distribution of returns, changing
probability measure based on the risk aversion of a representative agent. We then aim to attribute
the sources of skewness in the risk-neutral distribution to specific theoretical components, following the
research of |B_a.ksh1_Qt_a.L| (|2_0Dj) We investigate the effect of risk aversion and the moments of the real
world distribution on the risk-neutral distribution, and thus illustrate how risk aversion and the higher
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order moments of the real world distribution contribute to a negatively skewed risk-neutral distribution.
The result shows that negative skewness in the risk-neutral distribution is a result of a combination of
negative skewness and fat-tails in the real world distribution. The extent to which the heavy tails affect
the risk-neutral skewness is related to the risk preference specification of the representative investor.

Using a change of measure based on the risk aversion of a representative agent, we can draw the
link amongst the physical distribution, the risk-neutral distribution and utility preference. The Radon-
Nikodym theorem is used to engineer a change of measure where we incorporate the risk aversion of a
representative agent via a specific utility function. The methodology here relies on the specification of a
stochastic discount factor, which is used to price contingent claims in a consumption-based equilibrium
model. The methodology to change probability measures using utility functions is engineered to preclude
arbitrage opportunities; the risk-neutral distribution obtained is an equivalent martingale measure.

The work in this dissertation is based largely on the research of |Bakshi et alJ (IQJ)Qj) In their paper
they make several significant contributions. Using a specific form for the utility function, they illustrate

how the physical distribution is exponentially tilted in order to obtain the risk-neutral distribution.

(lZDDfJ) characterise negative risk-neutral skewness in the risk-neutral distribution in a model-
free manner. By using their model-free framework, we ensure that the attribution of risk-neutral skewness
is not an artifact of the asset pricing model used. Bakshi et alJ (IM) attribute risk-neutral skewness to

three main components; skewness and kurtosis in the physical distribution, and risk aversion. They go

on to show how negative skewness in the risk-neutral measure contributes to the Black-Scholes implied
volatility smile, providing theoretical motivation and empirical evidence that a greater negative skew
in the risk-neutral distribution corresponds to a steeper implied volatility smile, and that fatter tailed
risk-neutral distributions contribute to flatter implied volatility smiles. The work in their paper is based
on the fundamental premise that we can change probability measure using the preference structure of
individuals, defined by utility functions. We explore this concept in this dissertation, and attempt to
motivate and describe the methodology for changing probability measures using utility functions.

The relationship between risk aversion, and the real world and risk-neutral measures is not a novel
concept. Despite the model’s restrictive assumptions, it is tractable, and its simplicity allows for broad
applications. Extant literature pertaining to this relationship displays its application to a variety of real
world market situations. The focus being mainly on deriving one specific component of the relationship
given the other two, and the interpretation and empirical testing thereof.

|Ait-Sahalia_and Lo (IZDQd) posit a relationship between the risk-neutral distribution, the real world

distribution and a specific risk preference implied by a utility function. The relationship derived shows

that, under certain conditions, any two of the three components will imply the third. Therefore a view
of the physical distribution of the underlying market return, and the risk-neutral distribution implied by
the options market, would imply a utility function for the market as a whole, and thus the risk preference
of the market.

Similarly, m&fsﬁnﬂ_aﬂ (IZD_ld) investigate empirical market utility functions implied by the market
data of the DAX and the DAX options market. The findings show that the empirical utility functions
illustrate a region where the representative investor is risk seeking, rather than being constantly risk

averse, as is suggested by classic economic utility theory. It is shown that individual investors are
heterogeneous, with utility functions that contain a point at which risk attitude switches between risk
aversion and risk-seeking. This study provides empirical evidence for risk-seeking investors, particularly
in bear markets.

There are also many studies seeking to take advantage of the information implicit in the risk-neutral

distribution implied by the market, and the risk aversion of the market. |Bhss_a.nd_Eamgungg]mJ (IZD_OAI)
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investigate the “risk premium implicit in option prices”, via a utility driven change of measure. Similarly,
|A11agmm_eﬁuiﬂ (lZD_Qj) investigate the future density forecast abilities of the market implied risk-neutral
distribution. In both papers the option-implied risk-neutral density and a hypothesized utility function

are used to estimate the physical density of the underlying index. The resulting density is then used to
forecast the distribution of future values of the underlying index.

) adopt a different approach in assessing the forecast abilities of an implied real world
distribution. In this study the real world distribution is derived from an assumed risk preference and
the risk-neutral distribution implied by the options market. This distribution is then compared with the
physical density obtained from a historical time series of the market. The results show that “parametric

densities derived from option prices have more explanatory power than historical densities” ;
2004).
Employing the same strategy, [Rosenberg and Englé (Il)ﬂj) compare the historical distribution of the

underlying market values to the physical distribution implied by the observed risk-neutral distribution

and an assumed preference structure. M) state that the investor’s preference
for payoffs is encapsulated in the relationship between the physical and risk-neutral measures.

These studies do present certain model limitations. These include the assumption of stationary
and symmetrical physical distributions, erroneous aggregation of consumption data, simplified utility
structures, and artifacts of parametric modeling.

The aggregation of consumption data proves to be problematic in empirical investigations. We il-
lustrate how we can use market index prices as a proxy for consumption in the utility driven change of

measure model. This alleviates the issue of erroneous or incomplete aggregate consumption data.

Following the methodology of |B_a.ksh1_eL_a.L| (|2D_O;4), we conduct our analysis in a model-free manner,
so as to remove the effect of any results being attributed to the form of the model used. We show
explicitly how |Baks_h1ﬂ_alj dZQD_{*i) extend the admissible class of utility functions to include a general
utility function.

Given that the proposed change of measure methodology is reliant on utility functions, we provide a
comprehensive treatment of utility theory in the appendix. We aim to motivate the use of utility functions
and risk aversion coefficients as adequate and suitable measures of an individual’s preferences and attitude
to risk. An important section of this chapter deals with the general form of the utility function; a utility
function implied by hyperbolic absolute risk aversion. This will be used in the generalisation of the utility
driven change of measure.

The structure of this dissertation is as follows; the Chapter 2] presents the mathematical preliminaries
for the subsequent chapters. Briefly, we show that, where it exists, a density function fully characterises
its corresponding probability measure. We also include a section on the Radon-Nikodym derivative.
Readers with the requisite knowledge of probability theory may skip this chapter.

In Chapter Bl we introduce the change of measure that incorporates the utility specification of a
representative agent. This specification allows us to derive the relationship amongst the risk-neutral
density, the physical density, and utility preferences. Some examples are provided in this chapter, based
on the Black-Scholes option pricing model. The first example derives the risk-neutral density given an
assumed form for the physical density and the utility function. The second example derives the utility
function implied by the Black-Scholes asset pricing model.

The sources of negative skewness in the risk-neutral measure are investigated in the Chapters @ and
(Bl In these chapters we relate the risk-neutral index skew to the higher order moments of the physical
distribution, based on the change of measure methodology developed in Chapter[3l The outcome observed

is that skewness in the risk-neutral distribution is a consequence of risk aversion and the magnitude of the
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higher order moments of the physical distribution. In Chapter B following the research of m
(@), this is done using power utility. We demonstrate how the change of measure alters the moments of
the physical distribution in order to obtain the risk-neutral moments. The sources of skewness in the risk-

neutral measure indicate that a negatively skewed risk-neutral distribution is possible even in the case of

a symmetrical physical distribution. |B_a.kshwj_al.| (IZO_Od) provide a general form for the utility function,
stating that the attribution of the risk-neutral skew extends to this general utility function. Chapter
illustrates how the general form of IBakshi et alJ (Il)ﬂj) can be used to develop a similar attribution of
the risk-neutral skew. Conclusions and further remarks are presented in Chapter [Gl




Chapter 2

Mathematical Preliminaries

This chapter provides the mathematical preliminaries required for use in the subsequent chapters of this
dissertation. We aim to state two main results in this chapter. The first is the relationship between a
probability measure and the corresponding density function. The second result is the Radon-Nikodym
theorem as it pertains to probability measures, and the application thereof. It is assumed that the reader
has a basic knowledge of probability theory. Appendix [B] provides an introduction into the probabil-
ity theory required for the understanding of this chapter. The reader with the requisite knowledge of
probability theory may skip this chapter.

The first section details the relationship between a probability measure and the corresponding density
function. The result here is that a probability distribution function uniquely characterises a probability
measure. This allows us, in the subsequent chapters, to change probability measures by altering the form
of the distribution function or, where it exists, the corresponding density function.

We consider the Radon-Nikodym theorem as the means to change probability measure. Chapter
will use this in order to derive a functional form for the risk-neutral density in terms of the real world

density.

2.1 Probability Measures and Density Functions

This section describes the link between probability measures and the functions used to describe them.

The work in this section is based on that of (IZDDA)
Consider a probability function as defined in Definition[B.12l Consider now the case where the sample
space is the set of real numbers; 2 = R. Let 9B be the Borel set of real numbers; that is, the o-algebra

generated by the open subsets of R.

Definition 2.1. Given the measurable space defined by (R,); let f : R — R be a real valued function,
such that f is measurable with respect to 8. This function is called Borel measurable and is known as a

Borel function.
Definition 2.2. The function defined as
F(z) = P((—o0,z])

for a probability measure P on the measure space (R,B), is called the distribution function induced by
P on (R, B).

Note that the arguments taken by the distribution function F are real numbers, while the arguments
taken by the probability function P are events, or subsets of the o-algebra F.
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Theorem 2.3. The distribution function induced by the probability measure P on the measure space
(R, B), uniquely characterizes the probability. That is, if there exists another probability measure Q such
that

G(z) = Q((—o0,z]), forallz € R,

and ' =G, then P = Q.

Proof. SeelJﬁmi_a.ud_Ergm,ﬂl dZQDj, Theorem 7.1, p. 39). O

The above theorem implies that we can determine a unique distribution function F' from a probability

measure P. Therefore, from the distribution function F, the probability of any Borel set A € 9B, P(A) can
be determined. See MM@I (Il(ﬂ)j, Theorem 7.2, p. 40) for a characterisation of distribution

functions.

Definition 2.4. Let the function f be a non-negative Borel measurable function, that is Riemann-
integrable with [*  f(z)dz = 1, defined by

Fa) = [ " )y, (2.1)

for a distribution function of a probability measure defined on the real numbers. The function f is known
as the density function of the probability measure IP; see Definition [B.44]

The following theorem relates the uniqueness of a probability measure to the Lebesgue measure of
the corresponding density function. It shows that where the density function for a probability measure

exists, it characterizes the probability measure entirely.

Theorem 2.5. A function f on the real numbers R, that is non-negative Borel measurable, is the density
function of a probability measure P on the measurable space (R,B) if and only if the function integrates
to one over its domain

/_O:O f(z)dxz = 1.

Where this function exists, it characterizes the probability measure P entirely. Any other function f'
which is non-negative and Borel measurable, where m(f" # f) = 0, is a density function for the same
probability measure. The function m is the Lebesque measure, defined in Section [B.4.

We also have the result that where a probability measure P on the measurable space (R,B) has a
density function, the density is determined up to a set of Lebesque measure zero; if f and f' are both
density functions for the probability measure P on (R,B), then we have m(f' # f) = 0.

Proof. See Jacod and Protterl (2003, Theorem 11.3, p. 78). O

Thus we have described in this section the unique relationship between a probability measure on the

measure space (R,%B) and the corresponding distribution function and density function.

2.2 Radon-Nikodym Change of Measure

The ability to change between absolutely continuous probability measures is closely linked to arbitrage
pricing m; ). The Radon-Nikodym theorem is the mechanism by which such a change of measure
is performed. The theorem is stated here in the context of probability measures as they pertain to asset

pricing.



2.2 Radon-Nikodym Change of Measure 7

Definition 2.6. Consider a measurable space (€2, F) that is equipped with two separate probability
measures P and Q, such that the triples (Q,F,P) and (2, F,Q) are probability spaces. The set of
possible states is given by €2, and F is a o-algebra on the subsets of ).

o If we have
P(A)=0 = QA)=0
for all A € F, then we say that Q is absolutely continuous with respect to P on F. We denote
absolute continuity as Q < P.

o [f Q < Pand P> Q, then P and Q are equivalent measures. We will denote equivalence between
measure as P ~ Q. Therefore, for P~ Q; P(A) =0 < Q(A4) =0, VA € F.

Equivalent probability measures agree on states that are impossible (i.e. states that occur with zero
probability). We state the Radon-Nikodym theorem for probability measures.

Theorem 2.7. (Radon-Nikodym) Let P be a probability measure defined on the measurable space (2, F),
and Q a finite measure on the same measurable space. If Q < P, then there exists a random variable

that is non-negative and integrable, where EF[¢] = 1, such that
Q[A] =EF[Ia¢], VA€ F,

where EF indicates the expectation with respect to the probability measure P, and 1 is the indicator function
as per definition (B13). ¢ is unique a.s.; that is, if we have another random variable (' satisfying the
properties of ¢, then ¢ = (" a.s. If we have Q ~ P, then ¢ > 0.

Proof. Seem (@, Radon-Nikodym Theorem, p. 377). O

Definition 2.8. For Q defined as a probability measure on (€, F), such that Q@ <« P, the random
variable ¢ described in Theorem [2.7] is known as the Radon-Nikodym derivative of Q with respect to P.
It is denoted

_dQ

= . 2.2
(=2 (22)
If Q is absolutely continuous with respect to P on F, then we have
Q[A] = E*[La(]
= C(w)P(w)dw.
w€eA

Now, for a probability measure Q on the measurable space (2, F), where Q ~ P and ( = % > 0, we

have

P[4] = EP[L4)
1 dQ
- [H“‘ 1Q/dP dﬂ]’}

:]EP[HA:IQ]

for all A € F. Given that ( is unique, we can write

@_ ! a.s
dP ~ dP/dQ
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Definition 2.9. d;la,g;od_a.n_d_EMIﬂl; |ZDD_Z4) Consider a measurable space (€2, F), equipped with a filtra-
tion (F3)¢>0. For Q defined as a probability measure on this space, where Q < P, the density process of
Q with respect to P is defined as

dQ
Zy=E|—
t |:d]P) ’]:t:| )
for all ¢ > 0. F; is the filtration generated up to time ¢, and Z; is an integrable martingale. We can think

of Z, as the Radon-Nikodym derivative for a change of measure conditional on the information available

up to time ¢.



Chapter 3

Utility Driven Change of Measure

This chapter presents the relationship between utility and the changing of probability measures. Using an
equilibrium asset pricing model, we show that there exists a relationship between the real world measure,
the risk-neutral measure, and risk aversion. This relationship allows us to change probability measure
using utility functions.

The chapter begins with a treatment of the stochastic discount factor. The aim is to relate the
stochastic discount factor, which prices the asset in equilibrium, to a no-arbitrage asset price, in order
to derive a relationship between risk aversion (utility) and probability measures. This will allow us to
incorporate utilities and risk aversion into the asset pricing procedure. The following section details how
we incorporate utility of asset prices rather than utility of consumption. The third section uses stochastic
discount factors together with equilibrium pricing in order to derive the relationship between the real
world measure, the risk-neutral measure, and risk aversion. We include simple examples illustrating the
application of the utility driven change of measure mechanism. These examples show the market risk
preference implied by the Black-Scholes model (even though the Black-Scholes model is specified in a
preference-free manner). The chapter concludes with a brief discussion of the pricing kernel puzzle, as

well as a summary of a method for obtaining an empirical estimate for the risk-neutral distribution.

3.1 Stochastic Discount Factors

This section is based on the asset pricing framework of ICochraned (IZMl].I) and bamp@ll&t_al] (IJ_QQ_d) The

purpose of this section is to derive the stochastic discount factor (hereafter SDF'). The SDF describes the

relationship between asset prices and investors’ preferences for consumption and saving.

Given a rational representative investor, seeking to maximise utility of consumption, we use an in-
tertemporal equilibrium model to determine the price of an asset given its payoff. We propose the
existence of an SDF, where the price of the asset at the current time is given by the expected value
of the product of an asset payoff at a future time and the SDF. This equilibrium asset pricing model,
incorporating a utility maximising investor, leads to a link between the SDF and the consumption prefer-
ences of investors. Thus we can use the stochastic discount factor to relate asset prices to the underlying

preferences of investors (IQa.m_pb_ellﬁ_t_a.lJ; |_L99d) We begin by defining the SDF.

Definition 3.1. The stochastic discount factor is the variable used to discount an asset’s payoff in order

to obtain its Erice. The asset price is equal to the expected value of the product of the asset’s payoff and

the SDF ; M)

The SDF provides a general methodology for asset pricing. It allows us to incorporate utility functions

(more specifically, marginal utility) into the pricing of assets. This is important as it allows us to draw
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the link between utility functions and changes of measure.

The framework for SDF is the basic asset pricing equation described by M (@) This
equation states that the price of any asset is equal to its expected discounted payoff, using marginal
utility to discount the asset payoff. We now define the marginal utility of consumption.

Definition 3.2. Marginal utility of consumption is the change in level of utility for an infinitesimal change

in the level of consumption. It is the rate of change of utility with respect to consumption and can be
_ 0U(0)

represented mathematically as the first derivative of utility with respect to consumption; U’ (C) TR

for consumption level C' and utility of consumption given by the function U(C').

In order to derive the SDF, consider the following discrete time model. Consider an economy that
has two discrete time periods, ¢ and T, where T' > t and consumption is only allowed at each of these
time points. Consider a representative investor who has to choose between consumption at times ¢ and
T. Assuming a market that is frictionless and complete, define an asset with a terminating payoff at time
T given by zp. The value xp is a random variable. If an investor has one unit of this asset at time ¢,
then at time T the value of that asset is zp. This model can be easily extended to allow for dividends at

the payoff date M; M) We omit the extension here for the sake of simplicity.

Definition 3.3. At intertemporal utility function is a function describing the utility preferences of an

investor over current consumption, and consumption at a future date.

The investor has an intertemporal utility of consumption U given by
U(Cy, Cr) =TU(Cy) + BEJU(Cr)],

where U(C') represents a subjective utility function of consumption and (3 is a subjective discount factor.
The expectation operator subscripted by t indicates that this is the expectation taken with respect to
information given up to time ¢. The curvature of U describes the investor’s aversion to risk, as well as
the investor’s impatience ; ) The degree of impatience is stated mathematically as (3,
the subjective discount factor. This impatience coefficient drives the level of intertemporal substitution.
Intertemporal substitution is described as the trade-off between consuming now (at time t), or delaying
consumption to time 7'; or, how the investor chooses to forgo consumption now in favour of consumption
later. The subjective utility function U(C) is increasing and concave, representing an investor that is
non-satiated and exhibits declining marginal utility of consumption; U’(C') > 0 and U”(C) < 0. This
implies a risk averse investor. Von Neumann-Morgenstern utility functions (described in Appendix [A])
are then viable choices for the utility function U(C'). The amount consumed at time step T, Cr, is a
random variable.

Assume now that the investor can trade in any amount of the asset at time ¢ at the prevailing price
pe. Assume further that this investor will act so as to maximise expected utility. We construct an
optimisation problem in order to determine the amount of the asset to be held. Let initial wealth at time

t be given by e;, and let £ be the portion invested in the asset. The optimisation problem is then
max (U(Cy) + Ex[8U(Or)) (3.1)
subject to the constraints

Cy = ey — &py,
Cr=er+ Exp.
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Substitute the constraints into Equation ([B1]) and set the derivative with respect to & equal to zero. This
results in the first-order conditions for the optimal level of consumption,

th/(Ct) = Et [ﬁU/(CT).’ET] . (32)

We interpret Equation ([B:2]) as the equilibrium conditions for an optimal consumption choice. The right
hand side of Equation (B:2)) is the loss in utility the investor experiences if another unit of the asset is
bought at time ¢. The left hand side of Equation (32]) shows the increase in expected utility the investor
will gain from an additional unit of the payoff at time 7. The investor will trade in the asset until this

equilibrium is reached ; ) This then leads to the central result of this section,

= [

= Et [Mt,TxT] .

Definition 3.4. M; M) The central asset pricing formula
Pt = Et [Mt’T.’ET] (33)

describes the asset price p; at time ¢, given an investor’s consumption preference over the period ¢, and
the asset payoff zp.

Definition 3.5. The term M, 7, defined as

U'(Cr)
U(Cy)’

is known as the stochastic discount factor w; M) Bgsfmﬂgm@gﬁ dﬂlﬁ) refer to this

term as the asset pricing kernel. We discuss the pricing kernel, with reference to the pricing kernel puzzle

Mt,T - ﬁ (34)

further on.

Definition 3.6. Consider an individual whose preference for consumption is described by the utility
function U(C'). The marginal rate of substitution of consumption for such an individual is defined as the

rate at which he is willing to replace consumption at time 7" with consumption at time ¢. This is stated
U'(Cr)

U'(Cy) "
and the subjective discount factor f.

mathematically as The SDF is the product of the marginal rate of substitution of consumption

The SDF is a representation of the preferences of an investor for various outcomes. The asset price is
computed as the expectation of the product of the SDF and the payoff of the asset. This asset price can
then be interpreted as a preference weighted average of the payoff. If we assume a probability density for

the states of the payoff outcome, the SDF describes in full the asset price as well as the expected returns

and risk premia involved (Rosenberg and Englé; M)
The following simple example illustrates the basic pricing equation for preferences defined by a power
utility function. The following section considers a SDF based on a market stock price rather than

consumption.

Example 3.7. Consider the individual with consumption preference at time ¢ and time 7' described by
the power utility function,
o=

U©e)= 1=
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For the marginal utility of consumption we then have U'(C) = C~7, leading to the SDF

_ LU (Cr)
Myr =5 U(Cy)
Cp

c;

-(5) -

where -y is the constant coefficient of relative risk aversion. The basic pricing equation can then be written

-
B (g) T

3.2 The SDF and Utility of Asset Prices

as

pr =y

The SDF specified above is based on a representative individual’s utility of consumption. If we consider
the representative individual to be the market, then the consumption is equal to the aggregate market
consumption at a point in time. However, it is exceedingly difficult to obtain a reliable estimate of

aggregate market consumption dRQ&inmrg_and_Englgl; |2_O_Qj)

It is impossible to obtain a measure of consumption at a point in time (instantaneous consump-

tion) (Brown and g}ibbgné; |L9§_Ei) The estimates for aggregate consumption will then most likely be

time-aggregated, rather than instantaneous. The bias introduced by using a time aggregated mea-

sure of consumption rather than instantaneous consumption is known as temporal aggregation bias

;[1983).

Temporal aggregation bias results in inaccurate measures of (instantaneous) consumption at discrete

time intervals. Inaccurate consumption estimates undermine the integrity of comparing consumption at
discrete intervals, Cy and C7p, since the measures will be imprecise. This diminishes the power of the
information contained in these variables.

In addition to this, erroneous estimates of aggregate consumption data arise as a result of sampling
error, data imputation, and the problem of defining an aggregate consumption bundle, amongst other
reasons (IBQEDI&Lg_a.I]d_EI]g]A; |21)_Qd)

Inaccurate estimation of consumption leads to unreliable estimates for the SDF dRQs_an_Qng_a.nd_Eng]A;

). In order to avoid intertemporal aggregation bias we use a proxy for instantaneous consumption.

The issue of measurement error in aggregate consumption data is circumvented by making the assump-
tions that, for a representative individual, we can use the measure of wealth as a proxy for the level of
consumption at a point in time M; M) Considering the derivation of the SDF in the previous
section, this assumption is tantamount to a representative investor who maximises the intertemporal
utility of wealth over the time period (¢,7). When we consider the representative investor to be the
market, then the level of wealth at time ¢ can be approximated by the market index S;. Thus the utility
derived from a level of consumption at a point in time can be represented by the utility of the market
index at that point in time,
U(Ct) = U(Sy).
By consequence, the marginal rate of substitution of consumption can then be approximated by the

marginal rate of substitution based on the asset portfolio price,

U'(Cr) _ U'(Sr)
U'(Cy) TSy
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Therefore, we now have the SDF defined in terms of an asset price,

U'(ST)
U'(St)

Myr=p (3.5)

In the following section we describe the link between the Radon-Nikodym derivative and the SDF defined
by Equation ([B3). The relationship derived will allow us to change probability measure using a utility

function.

3.3 Change of Measure Equation

In this section we describe a methodology for a utility driven change of probability measure within the
context of asset pricing. This section is based in large part on the derivation of the equation for a
utility driven change of measure in |Ait-Sahalia and Lo (Izmd) and Detlefsen et all (I2Dld) We seek to
link the Radon-Nikodym derivative for a change of measure from Equation ([2.2]) to the SDF described
by Equation ([B3]). This link is established by equating the price of a contingent claim priced under two

different methodologies; the no-arbitrage methodology used in the Black-Scholes model, and the SDF
method of (M), described in Section We begin by describing the asset price according
to the SDF equilibrium model.

Let S; be the price of an asset at time ¢, and V(t) be the price of a contingent claim at time ¢, the
value of which is derived from S;, the underlying asset price at that time. The contingent claim V()
will be referred to as the option, and S; the asset underlying the option. The payoff of the contingent
claim at maturity, time T where T' > t, is described by the function ¥ (Sr). The value of Sr is a
random variable, the density of which is given by the density function p(S), which has the corresponding
probability measure P.

Consider the representative investor with preferences described by a utility function U. This investor
may purchase any amount of the contingent claim V'(¢) with a single liquidating payoff of ¥(St) at time
T, where T is a future point in time and ¢ is the current time. The investor chooses a consumption
strategy in order to maximise expected utility of initial consumption and terminal consumption. Under
the assumptions stated in Section [3.I] and Section [3.2], the price of the contingent claim at time ¢ is given
by

V() = Ef [My.19(Sr), (3.6)
where the SDF M, r is defined over the underlying asset price, and for the subjective discount factor 3,
as
U'(Sr)
My = T >t 3.7
t, T B U,(St) ) > ( )

The expectation in Equation (B8] is taken with respect to the subjective real world probability measure
P, conditional on the information up to time ¢. Equation (1) is then used to define a measure change.
We have priced the contingent claim under the SDF methodology, we now price the contingent claim by
the no-arbitrage approach.

Consider a market consisting of a risky stock and a risk-free asset. Suppose we have the same
contingent claim in this market, where the payoff at time T is dependent on the terminal value of
the stock. If we assume that the market is complete and arbitrage-free, then by the first and second
fundamental theorems of asset pricing, we can represent the payoff of a contingent claim, discounted at
the risk-free rate, as a martingale under the risk-neutral measure (martingale measure) ; )
Thus for a risky stock S; and a contingent claim V'(¢) with payoff given by V(T') = ¢(Sr), the no-

arbitrage price of this contingent claim is simply the expectation of the payoff at maturity, discounted at
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the risk-free rate,

V(t) = e " TIEL [ (ST)), (3.8)
where the expectation is taken with respect to Q, the risk-neutral measure. Given the assumption of
a complete market, this measure is unique, by the second fundamental theorem of asset pricing ;

). Let the risk-neutral density ¢(S) be defined as the density function corresponding to the martingale
measure QQ. We then have

V(t) = e " TIER [ (S)]
=@ [ g(s)uis)is.

From Equation (8] we have the option price defined in terms of an expectation with respect to the
measure Q. We obtain this price under the measure P in order to derive the relationship between the
probability measures (or equivalently, the probability densities) and the SDF;

1dw=‘*”4m@wam
e "TOED [1h(Sr)]

T”/?/f )q(S)ds

G a(s)
- /ww%wgwms

— [ws)s)ms)as
=E; [¢(Sr)v(S7)],

where ((St) is the ratio of the densities at terminal time 7', multiplied by the deterministic discount
factor;

a(S1) _rr—y)
C(St) = e .
(5) p(ST)
This is similar to the price under the equilibrium model. Comparing ¢(St) to the SDF given by Equation
B0), we have My = ((St), implying

U'(Sr) Q(ST)efr(Tft)

PU(S) ~ psr) ’

giving us the link between the Radon-Nikodym derivative of a change of measure and utility functions

q(ST) efr(Tft) _ BU/(ST)
p(S7) U'(Se)

Equation (1) represents the fundamental relationship between the real-world density, the risk-neutral

(3.9)

density, and the utility (or risk aversion) of an agent. In equilibrium, assuming the absence of arbitrage,
and given any two of the risk-neutral density, real world density, and utility function, we are able to
obtain the third using the relationship stated in Equation [33]). It is highly important to note that by
design, any measure Q derived from this relationship will be a martingale measure, therefore ensuring
that arbitrage is precluded.

Using Equation [39]), we derive a formula for the risk-neutral density function ¢, based on a utility
function U,

q(S7) = ae" Tt ((‘Z,t)) (Sr), (3.10)
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where « is a constant ensuring that Equation ([BI0]) integrates to one. Stated more formally,

r(1=0 g A5 b (Sr)

fo er(™= tﬂU’,((g))p( )d
_ U'(St)p(St)
fooo U'(x)p(x)dx

Note that we integrate the denominator over the support of Sp. The terminal stock price Sp can only

q(St) =

(3.11)

take on positive real numbers. Equation ([BI1) is the main result of this section, and will be used in the
following chapter for an attribution of the risk-neutral skew. The denominator is a constant of integration,
ensuring that the density function integrates to one.

We have demonstrated the link between the probability measures involved in the pricing of assets,
and the preference structure of an agent. The following is a simple example that uses this relationship to
derive the risk-neutral distribution given a real-world distribution and an assumed form for the utility of

a representative investor.

Example 3.8. We derive the risk-neutral distribution, given a utility function and real world stock price
dynamics, using the relationship described by Equation (BIT]).
Assume that the stock price process follows a geometric Brownian motion (GBM) described by the

stochastic differential equation (SDE)

ds.
?: = pdt + cdWy, (3.12)

where W/ is a Brownian motion under the probability measure P, and the drift and diffusion are given
by the scalars p and o respectively. Solving this SDE we obtain a stock price process Sp that is a
log-normally distributed random variable; under the probability measure P we have

2

Sy XN Ku‘;> (Tt),aZ(Tt)]. (3.13)

Assume there exists a representative investor whose preferences can be described by a power utility

function

U(St) = ak (fl ) ; (3.14)

—c
for constants a, ¢, k, with k defined as
, e—r(T—t)
k=U"'(S:) 5
Note that S; denotes the initial stock price, which is a constant, while St is the terminal stock price,
which is a random variable. Define the power utility parameter ¢ as
w—r
o?

CcC =

By differentiating Equation ([BI4]) with respect to St and substituting k we obtain the marginal rate of

substitution
/
U (ST) — ae r(T—t) ST
UI(St) St
Based on the distribution of St under P given by Equation (BI3]), the physical density is of the form

n(2e)— _z - ’
P(S1) = ST\/27T012(7T15)6XP _(1 (S ) QG(leT —zt)) ! t>> » Sr>0. (3.15)
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Using Equation (8.10) and Equation ([B.I5) we are able to derive the risk-neutral distribution;

1) =m0V CD g

_ e'r'(T—t)ae—r(T—t) (ST)_ p(ST)
St

e sy [y
N =D)] (&) P

. o (3r) - ()= (=) 0)

= exp
St/ 2mc?(T —t)

o e sy (%) - (n-g)r-n)
 SrV2mA T ) ﬁ“()‘ -
. 2(r — u)(T — t) In (%T) - (1n (SSJ) - (H_ %) (T—t))2
T Se AT )
i (n(%)-(-3%))

= exp | —
Sty/2mc?(T —t)

The constant a = exp [(;ﬂ —po? —r? + 7"02) (T — t)ﬂ allows us to complete the square, to ensure that
this is a valid density function. This is the density of a log-normally distributed random variable, with
parameters u = (r — %)(T —t) and 0* = 0?(T — t). Therefore, under the risk-neutral measure Q, the
distribution of the stock price process is described as

2

Sy 2N Kr— ‘72) (T—t),aQ(T—t)} .

The stock price dynamics in the risk-neutral world are thus described by the SDE

L odW2. (3.16)
St

Our risk-neutral measure is consistent with the Black-Scholes model, whereby under the real world

measure the stock price process can be described by the GBM given in Equation ([BI2]) and under the

risk-neutral measure stock price process can be described by the GBM given in Equation (3I0). This

implies that the utility function implied by the Black-Scholes asset pricing model is the power utility (up

to additive and multiplicative constants) of the form

uisn = (3£

1—c

3.4 Implied Utility Functions

We extend the findings of the previous section to posit a form for the utility function based on given real

world and risk-neutral densities. The relationship described in Equation ([B.9]) allows us to derive a repre-
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sentative utility function from the real world distribution and the risk-neutral distribution. Rearranging
Equation (3], we obtain

! __—r(T—t 1 ! Q(ST)
U'(St)=e T )BU(St);D(ST)’

where, as before, p and ¢ are the real world and risk-neutral density functions respectively. Therefore,

the form of the utility function is given by

_ lefr(Tft) ! @ E
U(St) =U(S) + 3 U (St)/p(s)d )

with the integral taken over the range of admissible values of the asset, S7. We know from Appendix [Al

that the preferences implied by utility functions that are monotone increasing and concave are invariant

to linear transformations. Therefore, ignoring additive and multiplicative constants, we have

U(Sr) = /oo as) o (3.17)

—oo P(8)
for the general form of a utility function given the probability density functions p and ¢. This describes
the utility function, up to additive and multiplicative constants. Given the two probability densities, real

world and risk-neutral, we can now determine a utility function for a representative investor. We apply
Equation BIT) to the asset pricing framework described by the Black-Scholes model.

Example 3.9. Using Equation (BI7) for the form of the utility function, we seek to derive the utility
function implied by the Black-Scholes model. The underlying stock price dynamics are described by a

GBM,

5 = pdt + odWy,

St
where W/ is a Brownian motion under the real world probability measure P, and the drift and diffusion
are given by the scalars p and o respectively. The solution to this SDE results in the following dynamics
for the underlying stock price,

2

Sy XN [(u— C;) (T—t),o—Q(T—t)} ,

under the real world probability measure P. The resulting probability density function for the underlying

asset price with respect to the real world probability measure is then the log-normal probability density;

11 1 (lnz—pa\>
S - [ — >0
p(z) =~ %&exp< 2( = >> x>0,

with i = (p+ %2)(T —t)and 6 = 0/(T — t). Given that the Black-Scholes model represents a complete

market that exhibits no arbitrage opportunities, there exists a unique equivalent martingale measure, Q,

known as the risk-neutral measure ; ). Under the risk-neutral measure, the underlying stock

price dynamics are given by

95 _ + odW,

St
WtQ is a now Brownian motion under the risk-neutral probability measure Q. Note the drift of the asset
is now the risk-free rate r, while the asset diffusion remains unchanged. The resulting probability density
function for the underlying asset price with respect to the risk-neutral probability measure is a log-normal

probability density, given by
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with 7 = (r+ %2)(T —t)and 6 = o+/(T — t). We now determine the implied utility function. Considering
Example [3.8] we expect that the utility function derived in this case will be the power utility. Therefore

let us use the coefficient of risk aversion stated in Example Define the constants

b=e"TDU(S,).
Taking the ratio of the probability distributions, we have

153 (3) ()

S
= S ;
_ (p=r)(—r—o®)(T—t) Lo : ,
where a = exp . Substitution into Equation BI) yields

o0 [(3)

1 o0
= 7_/ s~ “ds.
s/

Therefore, ignoring additive and multiplicative constants, we have the following forms for the utility

function implied by the Black-Scholes model

U(Sy) = f%:c c#1 (3.18)
U(Sr) =In(S7), c=1. (3.19)

This excludes the trivial case where ¢ = 0, which would result in a constant utility U(St) = ySr, for
some constant y. We overlook this case as it is only possible if ¢ = r, which would imply that the risky
assets yield the risk-free rate, implying that pricing in the market is risk-neutral. Therefore it safe to

assume that the risk-free rate r is not equal to the expected return on the risky asset pu.

Equation (BI8]) represents a power utility function, and Equation (BJI9) represents a log utility
function. These both exhibit a constant relative risk aversion (CRRA) coefficient ; coefficients of risk
aversion are dealt with in Section [A.4l Hence we conclude that the Black-Scholes model implies an
investor with constant relative risk aversion, and a utility function that is either power utility or log
utility, monotonically increasing and concave in both cases. The constant CRRA in this case, given by

w—r

c =
0-2

, (3.20)

looks similar to the Sharpe ratio; noting that in this case the excess return is standardised by the variance

rather than the volatility. This implies that this model has a higher relative risk aversion than the market
price of risk, given by the Sharpe ratio £==.
The next section provides a brief explanation of the empirical finding known as the pricing kernel

puzzle.
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3.5 Pricing Kernel Puzzle

Equation (B3] defines that the stochastic discount factor, also known as the pricing kernel, we restate it
here as a function of the terminal asset price S,

U'(57)
U'(Se)

M r(St) =8 (3.21)

‘We have shown that this is equal to the ratio of the risk-neutral density to the real world density discounted
at the risk free rate,

M, 7(S7) = e—"<T—t)ZE§3. (3.22)

As we have shown above, this pricing kernel allows us to calculate the price of an option as the expected
value of the the pricing kernel multiplied by the payoff of the option.

We now prove that under the assumptions of a risk averse representative investor, the pricing kernel
is a decreasing function of the underlying asset price. Theorem [A.I(] states that an investor with utility
described by the utility function U(S) is risk averse if and only if the utility function U(S) is concave;

that is, the second derivative of the utility function is less than or equal to zero for all values of S,
U"(S) <0, forallS. (3.23)

We assume that the representative investor is risk averse. The gradient of the pricing kernel can be
described by looking at the first derivative of the pricing kernel function. From Equation ([B2I]) we have

50 = 58

which is negative for all Sz, given the result in Equation (8:23)), and remembering that a non-satiated
investor has a positive first derivative for all Sp (see Assumption[AF]). Given a positive 3, this formulation
indicates that M 7(S7) is negative for all St, implying that the pricing kernel is a decreasing function
of the terminal stock price. Given the assumption of non-satiated, risk averse investors, we would expect
to observe decreasing empirical pricing kernels.

Jackwerthl (2004), Detlefsen et. all (2010), Barone-Adesi, L. and Shefrinl (2012) and Rosenberg and Engld

) provide empirical evidence to the contrary, showing that the pricing kernel is increasing for certain

portions of the underlying price. This is contrary to expectations, and this finding is known as the pricing
kernel puzzle.

The pricing kernel puzzle is the term given to the occurrence where empirical pricing kernels exhibit
an upward sloping portion (Barone-Adesi, L.. and Shgfriﬂ; M) Given that our theory indicates that
the pricing kernel should be downward sloping, the occurrence of an upward sloping pricing kernel is

the subject of much study. Evidence from the S&P500 implies that investors are risk-seeking for certain
levels of the index, exhibiting an increasing pricing kernel in these portions, contrary to theory ;

2004).

Equation [B22]) allows us to estimate an empirical pricing kernel; the ratio of the empirically derived

risk-neutral and real world densities, discounted at the risk free rate. |Barone-Adesi, Dallo an vch
) demonstrate a method for estimating the risk-neutral and real world densities from historical
observations, ensuring that the risk-neutral distribution satisfies the no-arbitrage condition.
We find that empirical pricing kernels derived from market data before the crash of 1987 fit the
expectation of a decreasing function of wealth, while after the crash this does not hold M; )
The most probable cause of the increasing portion in the pricing kernel is mispricing in the market

;M).
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If our market assumptions hold, then we should expect to see a pricing kernel that is decreasing in

aiérega‘ce consumption, using the market price as a proxy for aggregate consumption ichlin;

). This means that we would expect a decreasing pricing kernel in a complete market, where investors

exhibit risk aversion and do not exhibit biased beliefs (IH@us_a.nd_Rgmhhd, |2_Q]_d) These assumptions do
not hold in practice, and as a result we cannot expect the pricing kernel to be a monotone decreasing

function. “Incomplete markets, risk-seeking behaviour and incorrect beliefs can induce increasing parts in

the pricing kernel and can be seen as potential solutions for the pricing kernel puzzle” (Hens and Bgighlid;
2012).

(IZD_lj) perform an empirical study in order to test these three possible explana-
tions, using the results from the tests to gauge the validity of each of the possible solutions for the pricing
kernel puzzle. Their study shows that risk-seeking behaviour is not a robust explanation. The explana-
tion of biased beliefs is consistent with the empirical results and is robust under various aggregations.

Incomplete markets allow for a pricing kernel that is increasing in certain parts, however in order for all

pricing kernels to have increasing portions, we require extreme assumptions for the distribution of wealth.

- i i (@) show that increasing portions of the pricing kernel relate strongly to
overconfidence on the part of market participants. [Detlefsen et alJ (Il)ﬂ) study empirical pricing kernels
based on the DAX in 2000, 2002, and 2004. Their findings show that risk-seeking behaviour of investors

may explain increasing in the pricing kernel observed in the market.

(|2_0_Q2) estimate a time-varying pricing kernel, and find evidence of time-varying
risk aversion of market participants, leading to a pricing kernel that is not decreasing in wealth. Their
study shows further that risk aversion in the market is strongly linked to the market cycle; “the level of

risk aversion is positively correlated with indicators of recession and negatively correlated with indicators
of expansion” dRQs_enb_erg_a‘nd_Eng]A; |2QQ£)

For a deeper discussion relating to the pricing kernel puzzle refer tolmﬂgfsfmﬂ_aﬂ (|2Q_1d) , |B‘Qs§nm_Lg_a‘mLE_ug]A
(@), and |Jackwerth M)

The following section describes the method for obtaining an empirical estimate of the risk-neutral

distribution.

3.6 An Empirical Risk-neutral Distribution

We now describe the development of a method for obtaining a risk-neutral distribution of returns from
a real world distribution of returns, based on information theory, where the real world distribution is
taken as the historical time-series of returns. The method to follow is adapted from M M) and

Derman and ZQ]]| (IM)

The method for obtaining a risk-neutral distribution from an empirical distribution employs results

from information theory; most notably, entropy and relative entropy. The relevant theory will be ex-
plained, with references provided to relevant texts.

A summary of the process for obtaining a risk-neutral distribution from an empirical distribution
follows. Firstly, we require an estimate of the real world distribution of returns. This is obtained by
observing the returns on a chosen underlying stock or index, for a relevant period in history. This
time-series of returns constitutes the empirical real world distribution of returns of the chosen stock or
index. The empirical real world distribution is then used to determine the risk-neutral distribution by
minimizing the relative entropy between the two distributions, subject to a constraint on the risk-neutral
distribution. It is required that the risk-neutral distribution be consistent with the forward price of the

underlying asset.
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The following sections describe, respectively, the required results from information theory and the

method for obtaining a risk-neutral distribution from a historical real world distribution.

Information and Entropy

The amount of information gained from the occurrence of an event should be related to the probability
of the occurrence of that event (IDezma.n_a.nd_ZmJ; |19_9_d) We quantify the information gained in the

occurrence of a specific event by an information function. We define a function I(p), that represents

the information gained by the observance of the event X = x, where X is a random variable, x is a
specific event, and p is the probability of the event x occurring. It is required that the function I(p)
is non-negative and decreasing in p dIErm_a.n_a.nd_ngl; |19_9_d) The function is non-negative because the

occurrence of the event must provide some information. The function is decreasing because more likely
the occurrence of the event is, the less information its occurrence provides. Mﬂi (h&{)_d) show
that the function that provides a measure of information is given by

I(p) = —In(p).

This function is used to measure entropy in a distribution.

We relate the concept of entropy to that of probability; probability provides a measure of the un-
certainty of the occurrence of a specific event, while entropy provides a measure of the uncertainty in a

distribution (Derman and ZQ]J; |L9_9_d)

The entropy of a random variable X, with the probability of event x; given by p;, is defined as the

expected value of the information given by the occurrence of an event in the distribution,

n
H(X) == (piIn(p:))
i
The probability p; is less than or equal to one, for all 7, therefore entropy is always positive. A large
entropy measure implies a broad distribution, with a wide spread of probable events, while a small entropy
measure implies a narrow distribution, where little information can be gained from the occurrence of an

expected event (Derman and ZQ]J; |LQ9_d)

Therefore H represents the uncertainty in the distribution; large expected information corresponds

to high uncertainty, and small expected information corresponds to low uncertainty.

Definition 3.10. Entropy is the mathematical function that measures the uncertainty of a distribution.
This is consistent with maximum entropy corresponding to maximum uncertainty. The lowest entropy of
a distribution occurs when one event X; occurs with certainty, p;, = 1. It can be shown that the highest
entropy of a distribution occurs when p; = %L for all events x;, then we have H = In(n), corresponding to

maximal uncertainty.

We now define relative entropy, which quantifies “the information gained upon changing the distri-

bution as a result of new information” (I]larmau@mLZmJ; [1_9_9_d) If we have a prior distribution P and a
posterior distribution ) based on new information, relative entropy tells us the reduction in uncertainty

as a result of the new information. Relative entropy between two distributions P and @ is defined as

S(P.Q) =Eq[mQ ~nP]

=(om3)

. (3
3

—Zi:(qilnp?).

qi
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By Jensen’s inequality, we have the result that the average of — In % is greater than the log of the average
of ’q’—?. We then have

S(P,Q) > —ln; (qZ)
=—In ;(Pi)

=—Inl
=0.
Therefore we conclude that the relative entropy function S(P, Q) is strictly non-negative, and is zero if

and only if the distributions P and @ are identical. We can think of S(P, @) as the distance between the

two distributions. We use the measure of relative entropy in the derivation of the risk-neutral distribution.

Risk-neutralised Historical Distribution

Consider a stock with a spot price Sy, with the objective, real world distribution of future returns
described by the distribution function P(S7). We seek to derive a risk-neutral distribution of returns on
this asset, Q(S7), from the real world distribution of returns P(St), subject to certain constraints. We
have the constraint that the expectation of the stock price under the risk-neutral distribution must be

equal to the stock forward price, in order for the no-arbitrage principal to hold; that is
Eg (St) = /q(S)SdS = Spe™. (3.24)

where r is the market risk-free rate. We also have the constraint that the risk-neutral distribution @

should integrate to one, in order for @ to be a valid probability distribution;

/q(S)dS =1 (3.25)

The risk-neutral distribution is obtained by by minimizing the relative entropy between the real world
distribution P and a risk-neutral distribution @, subject to the constraints specified above (Derman and ZQ]]|;
). Therefore, to obtain the risk-neutral distribution Q(Sr), we have

A

subject to the constraints specified in Equation ([8:224) and Equation (B:25]).
The form for the risk-neutral distribution, given these equations, is given by

P(St) _
QSr) = TP(S)e>5ds© o
where the constant A is obtained by ensuring that the risk-neutral distribution satisfies the forward
condition given by Equation ([B24]). The risk-neutral distribution Q(Sr) will be positive for all St
because the real world distribution P(S7) is positive for all St.

(3.26)

Given a real world distribution obtained from historical market data, using a time series, we can
obtain a risk-neutral distribution in the manner described above. This can then be used to analyse
risk aversion and utility present in the market using the stochastic discount factor described earlier in
this chapter. The risk-neutral distribution obtained in this manner is referred to as the risk-neutralised

historical distribution (Derman and ZQ]J; M)

The focus of the next chapters will be the derivation of the risk-neutral density, given a utility function

and a real world density.



Chapter 4

Skew in the Risk-Neutral Measure:
Power Utility Function

It is widely known that market risk-neutral measures are not symmetrical, and exhibit negative skewness
(Bakshi et alJ; M) In this chapter we provide motivation for the sources of skewness observed in the
market implied risk-neutral measure. Using the framework provided in Chapter Bl utility driven changes

of measure allow us to show that risk aversion is a source of skewness in the risk-neutral measure. We
demonstrate other sources of skewness in the risk-neutral measure; namely the variance, skewness and
kurtosis of the corresponding physical measure.
Such a characterisation of risk-neutral skewness is provided in|Bakshi et alJ (IlODji), for a power utility
change of measure. We reproduce their argument here in greater detail. The subsequent chapter, following
the work of |Baksh1_e$_alj (IZDDj), extends this to a broader class of utility functions.
We begin by specifying the change of measure equation for preferences implied by a power utility

function. This change of measure is then specified in terms of the return on an asset rather than the asset
price. The final section of this chapter presents a theorem by which we can attribute the risk-neutral

skewness to risk aversion and moments of the physical distribution.

4.1 The Change of Measure Equation

We present an example of a change of measure in which the distributional form of either the physical
or the risk-neutral distribution is left unspecified, where the change of measure is based on the power
utility function. This example shows explicitly how risk aversion can be incorporated into the risk-neutral
distribution.

Recall the power utility function, based on the stock price St,

Sp77
U(Sr) = 1’1; v > 0.
The marginal utility function is then given as
U'(Sr) = Sp”

— ¢~ In(S7)
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From Equation (3I1]) we determine the risk-neutral density ¢ as

U'(St)p(S

o(S1) = o T

Jo U'(z)p(x)dx

S+ "p(S
T p(ST) : (4.1)
fo x~p(x)dx

where p is the physical density, and the integral in the denominator is taken over the admissible values
of the terminal stock price St, S € RT. This equation allows us to obtain the risk-neutral density ¢ of
the terminal price of the underlying stock Sp, from the physical distribution of Sr.

4.2 Probability of Returns

We now seek to obtain the risk-neutral density of the return on the underlying stock over the period,
from the physical density of the return.

Definition 4.1. The return of the underlying stock price over the period (¢,7') is defined as the loga-

rithmic return on the underlying stock price Sy between times ¢ and T,

rr(22), w

If we fix the time period under consideration, notice that the initial stock price is a constant. We
can therefore simplify the notation. Let the initial stock price be given by the constant k, and omit the

subscripts from the terminal stock price and the return variables. We rewrite the return on the stock as

S
=In(-]).
R n(k)
We then have S = ke'®.

The aim of this section is to determine the change of measure equation in terms of the return of the
underlying asset, R, rather than the asset price S. Let gg be the risk-neutral density and pg be the
physical density function of the underlying stock price at a specific date. Similarly, let gg and pgr be the
risk-neutral and physical density functions, respectively, of the return of the underlying stock price over
a set period of time, corresponding to the date of the stock S and the initial stock price k. Note, we omit

the T subscript for notational simplicity. We have, from Equation (@1]),

S ps(S)

QS(S) = fooo LL'*’YPS(.’L')dx.

(4.3)

The terminal stock price is a random variable. The return on this stock over the period considered is a
transformation of this random variable. From the density function of S we obtain the density function

of R. The probability of the return R being less than some constant r is

rinen-p(n () <)

=P (S <ke")

ke”
/ ps(x)dx,
o0
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where P(A) denotes the probability of some event A. The probability density function of the return
is calculated as the derivative of the probability distribution function, evaluated at the limits of the
probability integral. The density of R under the physical measure is then

pr(R) = ps (ke™) x ke’ (4.4)
By similar argument, we have for the density of R under the risk-neutral measure
ar(R) = qs (ke™) x ke'. (4.5)

We now determine the risk-neutral density of return ¢(R), from Equation ([£3]), subsituting in Equa-
tion (3] for the risk-neutral density of stock price, as follows

qr(R) = qs (k’eR) x kel
_ e ps(he)  yon
Jo 7 ps(x)dx
B k=Ye "Epr(R)

- Joxps(a)de”

The final equality follows from Equation ([4]). Note that the denominator is still specified with regard
to the physical density of stock prices, ps. In order to obtain the denominator in terms of the density of

returns, we make the following substitution to the variable of integration. Let y be defined as
x
v=1n ().

x=key = dr=ke'dy.

we then have

Substitution in the integral in the denominator, and changing the limits of integration accordingly, we
obtain

kfvef’prR(R)
ffooo(key)—Vps(key)keydy
ke pR(R)
T ke pR(y)dy
e pr(R)
[Zoe e vpr(y)dy

qr(R) =

Therefore, we have the following equation for the risk-neutral density of returns given a power utility
function,

(e ")pr(R)
Lo (e )pr(y)dy

Equation (£8) shows, in the form of density functions, the formula for a change of measure; how we

qr(R) = (4.6)

derive the risk-neutral density from the physical density. The physical density is exponentially tilted to
obtain the risk-neutral density. Essentially, at each point, an exponential weighting is applied to the
physical density. This weighting is a function of risk aversion (described by the CRRA coefficient v) and
the return R. This relationship shows how risk aversion determines the degree to which the risk-neutral
distribution is skewed. The denominator ensures that qp integrates to one, so that Equation ([0 is a
valid density function.
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From this point on, we will work with utility of returns, and the probability densities of returns;
therefore we will omit the subscript R with regard to the density functions for the remainder of this
chapter. We rewrite Equation (6] as

(= Pp(R)
[ (e )p(y)dy

The section to follow uses Equation ([@7) in order to relate skew in the risk-neutral distribution to the

q(R) =

(4.7)

risk-aversion coefficient ~.

4.3 Risk-Neutral Skewness

This section demonstrates the attribution of skewness in the risk-neutral distribution to the risk aversion
of a representative agent, as well as to the higher order moments of the corresponding physical distribution.
Risk-neutral skewness is defined as the third centered moment of the risk-neutral distribution. We will
denote the nt” centered moment of the risk-neutral distribution as m,,, and the n'”* centered moment of
the corresponding physical distribution as m,,. Thus ms3 and my4 represent, respectively, the skew and
kurtosis of the risk-neutral distribution, and m3 and 74 the skew and kurtosis of the physical distribution.

The following theorem is adapted from |B_aigsh1_e:(_a,]_,| (IZDDj)

Theorem 4.2. The skewness present in the risk-neutral distribution can be described, up to first order of

v, as a function of risk aversion and the higher order moments of the corresponding physical distribution;
ms(t,T) ~ mg(t,T) — v (ma(t,T) —3)a(t, T), (4.8)

where G is the standard deviation of the physical measure. The power utility change of measure leads to

negative skewness in the risk-neutral measure, given a sufficiently fat-tailed physical distribution.

Proof. We explore the link between the skewness in the risk-neutral distribution ¢(R) and that of the
physical distribution p(R). For ease of notation, we omit the time parameters. Without loss of generality,
assume that the physical distribution p(R) has a mean of zero (the first moment m; is equal to zero).

We define the first 3 uncentered higher order moments of the physical distribution as

Rg = R%*p(R)dR
Rz = / R*p(R)dR
Ry = / R*p(R)dR.

We define the moment generating function of p(R), up to order A\*, for all ), as

M\ = [ N e*p(R)dR

2 3 4

_ o 2oz o= 4
=1+ 2/{2+ 6m3+24f$4+0()\ ).
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From Equation ([7T) we have for M[)\], the moment generating function of the risk-neutral distribution
q(R)

M = / ~ ARy(R)AR

> eMeT  p(R)dR
ffooo e "Ep(R)dR

M\ =]

M[—]

Therefore M[)\] can be determined from the moment generating function of the physical distribution

p(R). We expand this form for the moment generating function, using the Taylor expansion of e,

M_[)\ -]
M[—7]
[ eBAMp(R)dR
fix;o e~ "Bp(R)dR
[ (14 RO =) + O RO B0 Y p(R)aR

[ (VR B CE R L) p(R)R

M) =

oo

47

2 3
1+ (A —y)Rs + O g, A g Ol

_ 2 _ 3 _ 4 _
1 =R+ L Re — T R34+ 37Ra + ...

Recall the formula for obtaining the n”* uncentered moment of a distribution from the moment generating

function,

_ M

Fn = —ovn (4.9)

A=0
We now calculate the uncentered moments of ¢(R), up to the first order of . Note that up to first order
of 7, the denominator becomes 1 + o(y). From Equation (£9) we have

OMIN
AN
A=0
2 3
Ri4 (A —)Re + O g, O
1+o(y) =0
Ri— ke + 5 Rz — HRa+...
1+o(y)

K1 — ks +o(7)

1+o(y)
K1 —Yka

The final equality follows from the properties of little-o notation. We then have the formula for the first

uncentered moment of ¢(R), up to the first order of -, as

K1 R Kl — ’}//{2.
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By a similar argument, we have the second and third moments as

Ko 2 Ko 7"}/123

K3 &~ K3 — YK4.

This shows how the risk-aversion coefficient, together with a change of measure based on a power utility,

alter the first three moments of the risk-neutral distribution. Therefore the centered moments of the

physical measure are as follows,

‘We now calculate the coefficient of skew for the risk-neutral measure:

ms3 —

Q

[7° (R —r1)%q(R)dR

— 00

(S (R = ma)2q(R)AR)
J75 (R® = 3R%k1 + 3Rk} — k})q(R)dR

(/25 (B2 = 2Rk + s)a(R)R)

K3 — 3K1Ko + 2&?

3
(k2 — K7)?

K3 — YKa — 3(/761 — ’71%2)(1232 — ’}/1233) + 2(/%1 — 7/%2)3

3
(R —yRg — (F1 — YkR2)?)?

fiz — (R4 — 3R3)
3

=2

Kg
Rs R K3
S V3 T3
-2 -2 -2
Kg %) Ko

mS - ’Y(mﬁl - 3)67

where 7 is the standard deviation of the physical measure.

O

This theorem provides mathematical and economic motivation to the existence of the observed risk-

neutral skew. From Equation (48], we see that even under symmetrical physical measure, skewness is

still possible in the risk-neutral measure. The negative skewness observed in the risk-neutral measure can

now be attributed to three sources: firstly, the negative skewness in the corresponding physical measure;

secondly, the excess kurtosis of the corresponding physical measure; and thirdly, the risk aversion implied

by a utility function.

Skew in the physical density leads to skew in the corresponding risk-neutral density even in the case

of a risk-neutral investor; that is, an investor with a coefficient of risk aversion equal to zero. In the

presence of a non-zero coefficient of risk aversion, it is only excess kurtosis that contributes to increasing

the magnitude of the skew in the risk-neutral density. Excess kurtosis increases the length of the left tail
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of the risk-neutral density. In this framework, a physical density with a kurtosis equal to three nullifies
the effect of the standard deviation of returns and, more importantly, the coefficient of risk aversion on
the skew in the risk-neutral density. The magnifying effect of risk aversion (and volatility of returns) on
the risk-neutral skew is diminished for levels of physical kurtosis less than three. Note that in the presence
of non-zero risk aversion and excess kurtosis, the standard deviation of the physical measure (volatility
of returns) contributes to the level of skew in the risk-neutral density. Greater levels of volatility in
the physical measure will not correspond to negative skewness in the risk-neutral density, unless the
representative agent is risk averse, and the physical density is sufficiently fat-tailed.

The following example illustrates how a physical density that is normally distributed (with no excess

kurtosis) induces no skew in the risk-neutral measure.

Example 4.3. Assume that the physical density of the underlying stock return is normally distributed
with mean and variance given by i and o2 respectively. Equation (7)) applied to this normally distributed

density p results in the following form for the risk-neutral density,

4(R) = Aexp (—yR) exp (_(RQ;“)Q>

= A*exp < (R —(u— 702))2) ,

202

for positive constants A and A*. This is the density of a mean shifted normally distributed variable. This
density exhibits no skew. It follows that in the case of exponential tilting of the physical density, excess
kurtosis is required to induce skew in the risk-neutral density.

Note, we have the risk-neutral density that is normally distributed, where the density depends on a
risk aversion parameter v. Given that the assumptions made conform to the Black-Scholes model, we
would assume that the risk aversion parameter would be defined as that satisfying the unique preference
structure of the Black-Scholes model (see Example[33]). We substitute the constant CRRA from Example
B3l specified in Equation [B20). The result confirms that the risk-neutral density of returns is that which
is implied in the Black-Scholes model. The CRRA derived in Example is given as

w—r
o2

Cc = 5

for r defined as the risk-free rate, and p and o defined as in this example. If we let v = ¢ we have

o(R) = A* exp <_ (R (-~ ca?>>2>

where A* is the constant of integration. The risk-neutral density is normally distributed with mean and

variance given by r and o respectively.

The level of risk aversion increases the level of negative skew in the risk-neutral density only in
the presence of excess kurtosis in the physical density. Physical densities estimated from the market
are commonly symmetric and fat-tailed (IB_a.ks“hi&L_a.]_J; |20_(ﬁ) Theorem then implies that the most

probable causes of negative skew in the risk-neutral are fat-tailed physical distributions and risk aversion
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in the representative investor. It is commonplace that the physical densities of index returns estimated

in practice exhibit excess kurtosis (hfiaigahj_@_a‘lj; |20£)j)

Such an analysis is of limited use if the attribution works only under the assumption of preferences

defined by the power utility. The following chapter determines whether such an attribution, based on a

utility driven change of measure, can be generalised to other utility functions.



Chapter 5

Skew in the Risk-Neutral Measure:
General Utility Function

Theorem [£.2] is contingent on a power utility driven change of measure. While the assumption of power
utility may result in tractable equations, it limits the framework, and by extension, the robustness of
the theory. We now seek to generalise this to include other forms for the utility function that drive the
change of measure. The aim is to describe a change of measure for a broader class of utility functions,
and then to derive a theorem such as Theorem[£.2], in order to attribute skew in the risk-neutral measure

to the risk aversion of a representative agent. The methodology to follow, as well as the general utility

function posited are based on the work of |Bakshi 1 (Ij_(ﬁ)

5.1 The Change of Measure Equation

We begin by describing the methodology to change probability measure based on a general utility function.
Firstly, we posit a general utility function. The intention is to describe a method for changing measure
based on this general function.

Consider the general utility function described by its marginal utility as
U'(R) = / e *Ry(2)dz, (5.1)
0

for a scalar parameter ¢, and a probability measure v defined on the set of positive real numbers. This
general marginal utility function nests a wide range of utility functions.

Firstly, note that for all continuous positive probability measures v, the utility function implied by
the marginal utility in Equation (B1) is increasing and concave. We confirm this by examining the first
and second derivatives of the utility function specified by this marginal utility. The first derivative of
the implied utility function is given by Equation (&1l). This is positive for all ¢, R € R, and v a positive

probability measure. The second derivative is given as
U"(R) = 4 /OO e *" y(2)dz
dR \ Jo
9 SR
= — (e7**") v(z)dz
| g
= / —z2pe "Ry (2)dz
0

= _(j)/ ze * Ry (2)dz,
0
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which is negative for all ¢, R € R, and v a positive probability measure. Due to the fundamental theorem
of calculus (second form), we can interchange the integration and differentiation operators, since the
integrand is continuous in both R and z. Thus the utility function U(R) implied by Equation (&1 is a
monotone increasing utility function. This implies a representative investor that exhibits non-satiation
and risk aversion, (see Remark (A12)).

We now demonstrate a powerful result for this general utility function. We find that all utility
functions belonging to the hyperbolic absolute risk aversion (HARA) family of utility functions are nested
in Equation (&), if we take the probability measure v to have a density characterised by the gamma
density function. The HARA family of utility functions is described in Section [A.H]in the Utility Theory
appendix. Recall the gamma density function

v(z) = F’fz)zo‘_le_ﬁz for z > 0, (5.2)

where «, 8 > 0 are constants, and I'(z) = (x — 1)! is known as the gamma function. We demonstrate that
the choice of the gamma density for the measure v in Equation (&) results in HARA utility. In order

to show this, we need to demonstrate that for v given by the gamma density function, the absolute risk
U// (R)

aversion A(R) = —T7(wj is a hyperbolic function of R, of the form

A(w) = TR (5.3)
B

,_.
|
2

given in Equation (A0). Let v be specified by the gamma density given in Equation (52]). Equation
(EI) then becomes

U'(R) = /000 e Ry (2)dz

o0 BO{
= / e PR L a-lo=82g,
0

I'(«)
_ BT a1 —aR+8)
_F(a)/o z e 5 dz
B C(PR+D0)" o1 —a(oris)
0 e e e
(PR + )™’

Notice that the integral in the fourth step integrates to one since it is the integral of the density function
of a gamma distribution, integrated over its domain. Thus we have for the first derivative of the general
utility function, with v defined as the gamma density,
ﬁ()(
U(R)= ————. (5.4)
(PR + B)"

To calculate absolute risk aversion we require the second derivative of the utility function U, with respect
to return R. Differentiating Equation (B4]) with respect to R we have

agp”

T R
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Therefore, the absolute risk aversion is determined as

U//(R)
CU'(R)

—agf” (SR +p)"
(OR + f)ot1 e
__ad
~ GR+p
- 1
£+ L

A(R) =

This is a hyperbola in the variable R, specified with three parameters, as is required for the HARA class
of utility functions. Thus we have proved that the utility functions belonging to the HARA family are
nested within the general utility function specified by the marginal utility in Equation (G.1I).
This specification of the marginal utility then results in a variable for the coefficient of relative risk
aversion that is stochastic in R,
11
V(R) = —RUU,(%%)
R
+
1

2=

B
ag
B

,+aq§R

Q=

5.2 Probability of Returns

As in the previous chapter, we require the change of measure formula in terms of the utility and density
of stock returns R rather than stock prices S. In this section we derive the formula for the change of
measure formula in terms of returns.

We simplify the notation by fixing the time period under consideration, thereby omitting the time
subscripts, and letting the initial stock price be given by the positive constant k, as was done in Section
We have for the return over the fixed period

n(3)

Recall the physical density of stock prices from Equation ([BIT), subscripted in order to avoid ambiguity,

U'(S)ps(S)
Jo U (@)ps (w)da
We have, from Equations (£4]) and (£I) in Section [£2] the physical and risk-neutral density functions
of asset return,

qs(S5) = (5.5)

pr(R) = ps (keR) x kel (5.6)
qr(R) = qs (keR) x ke®, (5.7)

where the subscript R indicates the density with respect to the asset return. A substitution of Equation
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(E3) into Equation (51) allows us to derive the risk-neutral density of asset returns,

ar(R) = qs (ke™) x ke
U (kef)pg(ke™)
fo U'(z)ps(z)dz
_ Uk e")pr(R)
U @)ps(w)da

The final equality follows from a substitution of Equation (G.0)).

x kelt

At this point, define another utility function U as
~ R
O(R) = / U’ (ke?)dz,

where U is the current utility function. We want to demonstrate that this is a valid utility function of
a risk averse, non-satiated individual; satisfying the criteria of being twice differentiable and having a

positive and decreasing marginal utility function, for all R. For the first derivative of U, we have

U'(R) = U (ke™)
>0 forall R€R,

since U'(x) > 0 for all z € RT, and the term ke’ will be positive for all R € R and positive k. For the

second derivative of U we have

U"(R) = U" (ke™) x kel
<0 forall ReR,

since U”(z) < 0 for all z € R*. Therefore we have shown that U is a valid utility function, satisfying the
conditions for the preference structure of an investor who is risk averse and non-satiated.

We substitute this new utility function into our formula for the risk-neutral density of returns,
U'(kef ) r(R

Jo U (@)ps(x)

_ U(R oal)
Jo  U'(@)ps(a)da’

Similarly to the previous chapter, we do a change of the variable of integration in the denominator in

qr(R) =

)
dx

order to specify the integral in terms of the density of returns rather than the density of asset prices. Let
y =1In (%£). We then have,
x=key = dr=ke’dy.

Substituting this into the denominator of the physical density of returns, and appropriately changing the

limits of integration, we have
U'(R)pr(R)
ffooo U’ (ke¥)ps(kev)kevdy
_ U'(Rpa(®)
S0 U (ke)pr(y)dy
_ U'(Rpa(®)
S22 U'w)pr(y)dy

qr(R) =
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This is similar to the form of Equation (£]), the formula for the change of measure between the physical
density of stock prices and the risk-neutral density of stock prices. From this point forward we will use
the form for asset returns rather than stock price, and the subscripts for returns and stock prices will be

omitted. We have U'(R)p(R)
_ p
1) = =)y Y

5.3 Risk-Neutral Skewness

We extend Theorem to the case where utility is given by the general utility function implied by
Equation (&.1J).

Theorem 5.1. For a general utility function, with marginal utility specified by Equation (&1l), we have

as the equation for the skewness in the risk-neutral distribution
ms ~ g — <¢ / zv(z)dz) (s — 3)5, (5.9)
0

where mg, ms, My, 7,v(z) are defined as before.

Proof. The proof follows largely from the proof of the previous theorem. Again, for ease of notation,
we will omit the time parameters. From Equation (0.8) we have the density function of the risk-neutral

distribution of asset returns ,/( \o(R)
U(R)p(R

G(R) = Gy

S22 U (y)p(y)dy

Substitution of the marginal utility of the general utility equation, given in Equation (51I), yields

_ Rz¢ [ e Ry (z)dz

q(R) = R (3)d

Without loss of generality we can assume that the physical distribution p(R) has a mean of zero (the
first moment m4 is equal to zero). The proof begins by defining the first three uncentered moments of

the risk-neutral distribution, with density function ¢(R). The first moment of the risk-neutral density is
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obtained as follows, up to first order in z,

K1 E/ Rq(R)dR

_ 75 J° Re Ry (2)p(R)dzdR
- ffooo fooo e **Ry(z)p(R)dzdR

> [ u(z)p(R)R 1—z¢R+7(Z¢R)2 — GORE ) dzdR

oo JO 3!

- > Oousz Z¢R+(Z¢R)2 M—&— dzdR
oo JO 3!

f°° I v( R(I—Z(bR—i—o( )) dzdR

1=, fo (1 —20R+ o(z)) dzdR

oy OIOL (1 — 2¢R) dzdR

f fo (1 = 2z¢R)dzdR
B [Zop Rfo z)dzdR — % [ 2v(2)pR*p(R)dzdR
B f fo z)dzdR — [7 [ zv(2)¢Rp(R)dzdR
N ¢f0 dZHQ

1—FkKy

a0 [ o) m

where the probability measures v(z) and p(R) both integrate to one over their respective domains, and
the final equality follows on from the assumption that the physical distribution has a mean of zero. By

similar argument, we have for the second and third moments of the risk-neutral distribution,

Ko = / h R%*q(R)dR
A Rg — (qb /00 zu(z)dz) R3,
0

K3 = / b R3*q(R)dR
A Ry — ((j) /OO zu(z)dz) Ra
0

This shows how the first three moments of the risk-neutral distribution are altered by the risk-aversion
coefficient of the general utility function implied by Equation (&.]). The centered moments of the physical

measure are

Ko 2
mo = —5 = g

K3

K3
m3 = —3

R3

Ky
my = —x
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Now we calculate the coefficient of skew for the risk-neutral measure:
7 (R = k1)%q(R)dR

3
(S22 (R = m)2a(R)dR)
JZoo(R? = 3R%ky + 3RKT — w})q(R)dR
3

ms =

: (fi";o(R2 — 2Rk + li%)q(R)dR)

K3 — 3K1Kgo + 2/{%

(k2 — #7)?
I [ v(z)p(R)R (1 — 2¢R) dzdR
I X v(z)p(R) (1 — 26R) d=dR

kg — v(R4 — 3R3)
3

Q

=2

&)
K3 K4 K3
=3 73t
-2 -2 -2
) ) )

where v = ((;S fooo zu(z)dz) for ease of notation, and & is the standard deviation of the physical measure.
This completes the proof. ]

Theorem (.l demonstrates that the utility function defining risk preferences, together with the higher
order moments of the physical distribution will affect the level of skewness in the risk-neutral distribution.
We see, from Equation (B9]), that although the risk-neutral skew is no longer dependent on the risk
aversion coeflicient directly, it is still dependent on the functional form of the utility function. This
ensures that the preferences of a representative investor will always influence the effect of the second and
fourth moments of the physical distribution on the risk-neutral skew.

Through the general form of the utility function, implied by the marginal utility of Equation (G&.1I),
we are able to incorporate different features of an investor’s preferences, such as non-stationary utility
or areas of risk-seeking behaviour, based on the selected functional form of v (IB_algahiﬂ_aJ_J; lZDDj) We
provide examples to demonstrate this.

Example 5.2. We demonstrate that for a certain specification of v, as specified in Equation (&), we
are able to obtain a utility function that exhibits risk-seeking behaviour.

Theorem states that risk aversion is defined by a utility function whereby the second derivative
of the utility function is less than or equal to zero, implying that risk-seeking behaviour is categorised by
a utility function whereby the second derivative of the utility function is greater than or equal to zero.

Recall that v is a probability measure defined on the set of positive real numbers. Let v be defined as
a gamma distribution, as is demonstrated in Section (Il We then have v ~ I'(«, ). We then have the
marginal utility defined as in Equation (5.4)), leading to the general utility function U(R) calculated as,

U(R) = / U'(R)dR

_ B
= / @R+ "
_ B ~(a-1)
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where C' is a constant. We now let o = 2. We then have

g1
UR)= —————,
W= R+
which results in the first and second derivatives of the utility function U,
52
UR)=———=
®) (¢R + B)?
203°
U'(R) = —"——.
) (6R+ )
If we let 3 =1 and ¢ = —1 we have for the second derivative of U,
" -2
U"(R) = (5.10)

- —R34+3R2—-3R+1’

We know that the utility function U implies risk seeking behaviour if the second derivative of the utility
function is greater than or equal to zero. The function defined by Equation (&I0) is positive only when
its denominator is negative. It can be shown that the denominator of Equation (5I0) has only one root,
R = 1; for all R > 1 the denominator is negative, therefore the function of the second derivative is positive.
Therefore we can conclude that this formulation of the utility function implies investor behaviour that is
risk-seeking for R > 1.

Example 5.3. In this example we demonstrate the case where a certain specification of v results in a
utility that is non-stationary.

Recall the marginal utility given by Equation (&]). Let ¢ denote time-steps, where ¢t € N, and let v
be characterised by the gamma distribution, with parameters t and 3, where ¢, 5 > 0. We then have that
U’'(R) is a discrete, time-varying marginal utility function;

/ Bt
VD= GRy Ay
As is shown in Equation (&4]). Note that U’(R,t) and by implication U(R,t) are a random variables in
R.

Our aim is now to demonstrate that U(R,t), for some probability measure v, is non-stationary; that
is, that inter-temporal variation is implied in the process U(R,t).

We have that

U(R,t) = U'(R,t)dR
ReR

_ Bt
_/R<¢R+ﬁ)th
_ B(eR+ B
T S-n

If we consider a Taylor expansion of U(R,t), it is clear that the expectation of U(R,t) is a function of

both time and a function of the expectation of R,
E[U(R,t)] = f (g (E[R]),t).

This indicates that the mean of U(R,t) varies with time, hence we have shown that the process U(R,t)

is not wide-sense stationary, for E[R™] # 0, m < t.
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Conclusion

We have introduced the concept of changing probability measure using the risk aversion of a representative
agent. Within a specialized market model, the risk preferences of an agent are fully characterised by a
utility function. The risk-neutral measure obtained by the utility function driven change of measure is a
martingale measure by design.

The concept of a utility driven change of measure is not new. The central contribution of this
research is firstly an exploration into the utility driven change of measure, used by |B_al§h1£1_a.]_.| (IZD_(H) to
attribute skewness in the risk-neutral distribution. We then use this framework to review the attribution

of skewness in the risk-neutral measure for the power utility function, and the extension to a general
utility function (as is illustrated in their paper).

We have summarised the main findings of utility theory, and have provided motivation for measures
of risk aversion, as well as describing the conditions for a valid utility function of a rational individual.
To aid the case of the general utility function, we have demonstrated how the family of HARA utility
functions lead to a class of commonly used utility functions.

The stochastic discount factor was used, in conjunction with no-arbitrage asset pricing, to derive a
utility driven change of measure.

Using the power utility function, we have described a closed-form specification of the risk-neutral
density based on the constant coefficient of risk aversion and the physical density. We see that, in this
case, the risk-neutral density is obtained by exponentially tilting the physical density. This formula for
the risk-neutral density was then used to demonstrate how negative skewness in the risk-neutral measure
is a result of volatility, negative skew, and kurtosis in the physical measure, and the representative agent’s
constant coefficient of relative risk aversion.

We then extended this to a more general set of utility functions. A general utility function was posited,
and it was shown how this general function houses a wide variety of forms for the utility function. We
demonstrated how this general utility function is used to change probability measure, ensuring that the
probability measure obtained (risk-neutral) is an equivalent martingale measure. Following a similar
methodology to the previous case of power utility, we described a closed-form specification for the risk-
neutral density based on risk aversion and the physical density. This formula was then used to attribute
skewness in the risk-neutral measure to the volatility, skew, and kurtosis of the physical measure, and the
risk aversion of a representative agent. An attractive feature of the model presented is that the underlying
distribution does not need to be specified; we simply rely on estimated moments of the unknown physical
distribution.

The utility driven change of measure framework has a number of practical applications. Using the

model, we are able to derive the risk aversion implied by the market (IIEA;insm_Qt_a]_J; |2Q1d) The model

also allows us to obtain a physical distribution from the options market implied risk-neutral distribution
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and a market implied utility (Iﬂgsgnlmgj.nd_Eng]_d; |201ﬁ) Another usage is the testing of the predictive

power of the physical distribution against the underlying index (see ).

The methodology of using utility functions to change measure allows us to incorporate investor be-
haviour into the prices of assets. The framework above is based on the equilibrium consumption as-
sumptions of M M), as well as the canonical assumptions regarding utility and preferences

(see Ingﬂ:sg]j (IlQﬁﬂ) and |Rm1;ﬂ (Il%AI)) A possible extension to this research would be to challenge these

assumptions and perhaps posit (and test) a different framework for pricing a contingent claim based

on intertemporal utility. This framework could allow for more realistic investor behaviour at discrete
time points. It should be noted that this would lead to a different relationship between preferences and
changing probability measure.

Further extensions of this research could include an investigation into the possible utility structures
that are implied by the general utility function; specifically time-varying utility and utility that allows
for risk-seeking behaviour. This will allow for a more complex model, albeit at the cost of simplicity and
tractability.

A further extension to this research could be the application of the utility driven change of measure to
market data from the JSE. One could use the methodology described in MMLI dﬂMj) to obtain
the risk aversion implied by the JSE market data. The impact of market and economic conditions on this

market implied risk aversion could then be studied. One could further estimate the risk-neutral distribu-
tion implied by the JSE option market data, and, given an assumed form for the market utility function,
derive the implied physical distribution. The forecasting power of this implied physical distribution could
then be tested.



Appendix A

Utility Theory

Utility theory is a framework for understanding the decisions made by individuals given their available
choices ; ). We make assumptions about the preferences of an individual. Utility theory
allows us to represent these preferences numerically. This in turn allows inferences to be drawn regarding
the decision making habits of individuals.

Utility theory is useful in a variety of areas within mathematics of finance; the most notable of which
deals with the pricing of assets in incomplete markets. The application of utility theory in this dissertation
involves insight into risk aversion and, in particular, the attribution of skew in the risk-neutral measure
to the risk aversion of a representative investor.

This chapter will serve to illustrate the key components of utility theory that will be required for
application in this dissertation. The research in this chapter is based predominantly on the works of

hzidﬁlﬁmnl (1968), Pratd (1964), Ingersoll (1987), [LeRoy and Werned (200d) and [Cyitanic and Zapaterd
).

A.1 Preferences Orderings and Utility Functions

This section provides the mechanisms by which we can numerically represent preferences, and thus
describe a utility function for an individual. Note that we are concerned here with preferences between
alternatives, rather than absolute measures of worth or satisfaction.

Utility theory is based on a preference operator <. This operator indicates the preferred alternative
between two choices. Consider the alternative choices, x, y; the statement = < y, means that y is preferred
at least as much as x. Similarly, not x =< y means that it is not true that y is preferred as least as much
as x. Using this operator, we can infer an indifference relationship, and a strict preference relationship,

between alternatives.

Definition A.1. If we have y < x and not = y, then we say that there is strict preference for y over
x. Strict preference means that y is preferred to x, and is denoted x < y. If we have y < = and = < y,
then we say that there is indifference between x and y. This is denoted as x ~ y; an individual would be

equally satisfied with either alternative.

Utility theory is based on the following components; a set of alternatives, assumptions regarding how
the preference operator relates the set of alternatives, and the theorems that the resulting preference
relationships lead to (m; M) We use preference ordering to develop properties for preferences
between alternatives. Let (x1,z2,...,2,) € X be a set of available alternatives, satisfying the following

axioms:
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Axiom 1. (Completeness) Preferences are fully defined on all available alternatives. For all alternatives

xi, T € X, either one or both of the following must hold: z; = xj, x; = x;.

Axiom 2. (Transitivity) Preferences remain consistent across available alternatives. If an investor

prefers x; to x;, and prefers x; to xy, then he must prefer x; to xy,. Formally, x; = xj,x; = x5, = T; = Tj.

Axiom 3. (Continuity) For all alternatives x € X, the subset of all alternatives strictly preferred is an

open set, and the subset of all alternatives x is strictly preferred to is an open set.

Definition A.2. A utility function is a map from a set of alternatives onto the real number line, U :
X — R, with the property

U(x;) > U(z;) &z = (A.1)
Ulz;) > U(z;) &z = (A.2)

Utility functions provide an abstract, unobservable measure of satisfaction, given an observable level of

input, such as level of consumption or a level of wealth.
The existence of such a utility function is based on the axioms stated above.

Theorem A.3. (Ezistence of a Utility Function) For a preference relationship satisfying the axioms of
completeness, transitivity and continuity, over a closed and convex set X, with x1,x2 € X, there exists

a continuous function U that maps the set of alternatives onto the real line, U : X — R, satisfying the

equations (A1), (A2) and (A3).
Proof. Seem (@, Proposition, p. 982). O

The ordinal nature of utility functions, as described above, results in an important property; the
preference ordering of a utility function is invariant to positive linear transformations of the utility function
; ) This means that a utility function U; (x) and another utlht functlon Us(z) = a + bU; (x)
will have an identical preference ordering, for a and b constants, b > 0

Definition A.4. (@; M) FEquivalent utility functions are utility functions which exhibit the same
preference ordering on the domain of x. The operator ~ will indicate equivalence between utility functions.
For two utility functions Uj(z) and Us(z), where Uj(x) is a positive linear transformation of Us(z),
Ui(z) = a + bUx(x) for all z, where a and b are constants and b > 0, we have Uy (x) ~ Ua(x).

Individuals make decisions so as to maximise their utility M; M) This maximisation may
be subject to constraints; in the case of maximising utility of consumption, the constraint would be the
budget of the individual.

Assumption A.5. We assume non-satiation; increased consumption (or wealth) corresponds to greater
satisfaction (utility). This implies a utility function U(z) that increases monotonically in z. A monoton-

ically increasing utility function means that more is preferred to less;

m_a‘m_c_&milammd (IZQD_ZJ) state that the assumption of non-satiation conforms to the general expec-

tation of human preference. Mathematically, this implies that the first derivative of the utility function,

with respect to the variable of interest, is always positive,

U'(x) >0, forallzeX. (A.4)
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It is common to use consumption choices as the set of alternatives (IQulz_anm_and_Z@paLﬂd, |2£)D_4|)

Given that utility functions are ordinal, rather than absolute measures of satisfaction, we can then use
utility of wealth as a reliable proxy for an individual’s utility of consumption ; ) We now

consider choices based on uncertain outcomes.

A.2 Expected Utility

Definition A.6. A risky gamble y is defined by the vector double (y, p), with y representing the set of
uncertain payoffs (y1,...,yn), and p representing the respective probabilities of the occurrence of each
of these payoffs (p1,...,pn), with 0 < p; < 1, ¢ = (1,...,n). The set of probabilities p sum to one,
n
Z p; = 1, indicating that we are certain that one of the outcomes of y will occur.
i=1
The axioms stated in the previous section also apply to risky gambles. To describe a utility function
that applies to uncertain outcomes, we require the following two axioms, in addition to those stated

above.

Axiom 4. (Independence) Suppose we have two risky gambles L1 and Lo, where L1 = [(y1,y2,Y3), P)] and
Lo = [(y1,2,93),p)]. If the individual is indifferent between yo and z, that is ys ~ z, then the individual

is indifferent between the two gambles Ly and Lo.

Axiom 5. (Dominance) Suppose we have two risky gambles Ly and Lo, where Ly = [(y1,y2), (p1,1—p1)]
and Lo = [(y1,92), (p2, 1 — p2)]. If we have y1 > ya2, then we have Ly = Lo if and only if (p1 > p2).

Axioms [ to [l allow us to describe choice in the presence of uncertainty (M; M) Utility
functions derived from these axioms, in the presence of uncertain outcomes, are known as von Neumann-
Morgenstern utility functions. We omit ‘von Neumann-Morgenstern’, assuming from this point forward

that all utility functions used satisfy these axioms.

Theorem A.7. (Ezxpected Utility Theorem) Under the above axioms, investors will choose between a set
of risky gambles y by choosing the gamble that results in the highest expected wutility. Fxpected utility is

glven as

ElUW)] =p1Uys) + - +palU(yn) = Y 0:iU (),
=1

for a valid utility function U(y).

Proof. Seem (@, Theorem 3, p. 10). O

Expected utility is used to order preferences involving uncertain outcomes (risky gambles). The
axioms of preferences lead to ‘expected utility’ as a framework for analysing choice under uncertainty.

The theory of decision making in the presence of uncertainty allows us to understand risk appetite.

A.3 Risk Aversion

An individual’s risk appetite is determined by the preference between a risky gamble and a deterministic
amount equal to the expected outcome of the gamble. Individuals have a specific, identifiable attitude to

risk; they are either risk-averse, risk-neutral, or risk seeking.

Definition A.8. A fair gamble is a risky gamble y, with the expected outcome of zero; E[y] = 0.
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A risk-averse individual would require a premium to enter into a fair gamble; a risk-neutral individual
would not require a premium to enter a fair gamble; and a risk-seeking individual would pay a premium
to enter a fair gamble.

The risk attitude of an individual is described by their utility function, illustrating their choice under

uncertainty. By comparing the utility derived from a certain outcome to the expected utility that would

be gained by partaking in a risky gamble, we determine an individual’s risk appetite dLQB@MLDﬂI;

Definition A.9. Consider an individual with a utility function U : Y — R, where ) is the set of
available uncertain alternatives. We compare the individual’s preference between a risky gamble and a

certain (deterministic) outcome equal to the average outcome of the risky gamble.

e An individual is risk-averse if the utility derived from the average outcome of a gamble is greater
than the expected utility of the gamble, E[U(y)] < U[E(y)], with strict inequality for at least one
yey.

e An individual is risk-neutral if there is indifference between a gamble and the certain outcome
E[U(y)] = U[E(y)], for all y € Y.

e An individual is risk-secking if there is a preference for the risky gamble over the deterministic
outcome; E[U(y)] > U[E(y)] for all y € Y, with strict inequality for at least one y € ).

The following theorem describes the relationship between risk aversion and the concavity of a utility

function. The theorem states concavity of the utility function implies risk-aversion ;

200d).

Theorem A.10. (Risk Aversion) An individual is termed ‘risk-averse’ if and only if the utility function
describing his preferences exhibits concavity, that is, the second derivative of the utility function is less

than or equal to zero,

U"(y) <0, foralye). (A.5)

An individual is termed ‘strictly risk-averse’ if and only if the utility function describing his preferences

is concave, for all levels of wealth; that is, the second derivative of the utility function is less than zero,
U’(y) <0, forallye). (A.6)

An individual is termed ‘risk-neutral’ if and only if the utility function describing his preferences is linear,
for all levels of wealth.
U'(y) =0, forallye).

Proof. See ILeRoy and Werngﬂ (Iﬁ)iﬁ, Theorem 9.3.1, p. 84). O

Assumption A.11. Individuals are strictly risk-averse, or equivalently, individuals preferences are de-

scribed fully by a utility function that is concave over all levels of wealth. Given this assumption, the

utility functions used to describe preferences will satisfy Equation (AJG]).

The assumption of a strictly risk-averse representative investor is common in financial economics
; @) For this reason, many of the commonly used utility functions exhibit properties that

correspond to risk aversion in the representative agent.
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Remark A.12. The assumptions of non-satiation and risk-aversion provide natural restrictions on the
mathematical form of the utility function. Firstly, the utility function is required to be twice differentiable.
Furthermore, we require that the utility function be monotone increasing and concave. Mathematically,
this translates to a utility function with the first derivative greater than or equal to zero, for all levels of

wealth (see Equation (A-4), and the second derivative less than or equal to zero, for all levels of wealth

(see Equation (A:G])).

A.4 Measures of Risk Aversion

An investor’s attitude to risk will affect their decisions, and in turn, their valuation of risky securities
(ILﬁBQ;L&Dd_%rn.QIJ; |2_Oj)d) We are interested in providing a measure of an individual’s degree of aversion
to risk. @ (@) provides objective measures of risk aversion, based on utility functions. In this section
we work with a utility function of wealth, U(w), where w represents an individual’s level of wealth. The
derivations of these measures of risk aversion can be found in (@)

Definition A.13. Absolute risk aversion is defined as
B U//(w)
U'(w)’

for an individual with preferences characterised by the utility function U (w).

Aw) = (A.7)

We require that equivalent utility functions should exhibit the same risk aversion. The measure of risk
aversion should therefore be invariant to positive linear transformations of the utility function. Suppose

there are two equivalent utility functions Uy (w) and Us(w), Uy (w) ~ Us(w), such that
Ur(w) = a+ bUs(w), b>0.

Uy (w) and Usz(w) will have the same preference ordering, and therefore the same risk aversion. The

absolute risk aversion measures of both of these utility functions, A;(w) and As(w), are equal

WU (w) Ui (w)
Ui (w) — Uj(w)

Thus the absolute risk aversion measure preserves the preference ordering, and satisfies our requirements

Ar(w) = = Az (w).

for a valid measure of an individual’s level of aversion to risk.

Definition A.14. An individual’s level of risk aversion relative to the current level of wealth is known

as relative risk aversion (ILQRQ;Land_Wan_QIJ; |2L)Dd) The relative risk aversion measure is defined as
U//

U w)
U'(w)

= wA(w).

R(w) =

This measure is useful for the analysis of risks that are presented as a proportion of wealth rather than
an absolute size M; ). Relative risk aversion shows how an investor’s attitude to risk changes

as his level of wealth changes.

The fundamental difference between absolute and relative risk aversion is illustrated in the case of
an agent holding a portfolio that consists of a risk-free asset and a risky asset. If the agent exhibits
decreasing absolute risk aversion, an increase in the agent’s level of wealth will result in an increase the
absolute amount of the risky asset in the portfolio. If the agent exhibits decreasing relative risk aversion,
an increase in the agent’s level of wealth will result in an increase the proportional amount of the risky

asset in the portfolio.



A.5 Hyperbolic Absolute Risk Aversion 46

A.5 Hyperbolic Absolute Risk Aversion

Hyperbolic absolute risk aversion (HARA) is an important property in utility theory. This section
describes the form and properties of HARA utility functions. HARA utility functions represent a broad

family utility functions commonly used in financial economics. The utility functions in this family are of

Uw) = 1_77 (15“)7 +77)7, (A.8)

where 3, v and n are constants, n > 0, and w € RT. Equation ([A.) is then defined on the domain

the form

1,8_71117 +n > 0, in order to ensure positive utility. For v < 1 this is a lower bound on the domain and for

v > 1 it is an upper bound. Absolute risk aversion (defined by Equation (A7) is

Aw) = o (A.9)

—
|
=2

We have decreasing absolute risk aversion for v < 1, and increasing absolute risk aversion for v > 1.
For 3, v and 7 constants, with b > 0, it is clear that Equation (AX)), as a function of w : w € RT, is a
hyperbola.

Common Utility Functions Derived from HARA Utility

The HARA utility function specification is a general form. We can form a number of commonly used
utility functions by selecting specific values for 3, 7 and . We now show specific utility functions obtained
from the general HARA specification given in Equation (A-8). While the general form of HARA utility
functions exhibit hyperbolic absolute risk aversion, the specific examples to follow are special cases and
may exhibit increasing, decreasing or constant absolute risk aversion, depending on the specification.

Linear utility

Linear utility is obtained by letting v — 1;
Uw)=pw+n, S>0.

While the first derivative of this utility functions is positive, indicating monotonicity and satisfying the
property of non-satiation, the second derivative is zero. Linear utility therefore corresponds to a risk-

neutral individual.

Quadratic Utility

We obtain quadratic utility by setting v = 2,

1
Uw) = = (n = puw)’

= —% (n2 — 2Bnw + 52w2)

__1 2 _1 2,2

=50 +Bnw — oW (A.10)

for constants n and 8. The constant term in Equation (ATQ), —%7)27 does not change the preference

ordering (and therefore the risk aversion). Therefore we can simplify this equation to

Ulw) = aw — bw?, (A.11)
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with a = fn and b = %/32, b > 0, for all 5 € R. The first and second derivatives of this utility function
(as given in Equation (A1) are U'(w) = a — 2bw and U” (w) = —2b respectively. The second derivative
is negative over its domain, satisfying the property of risk aversion. The first derivative is positive only
for w < gp; this utility function exhibits decreasing utility for increasing wealth when w > 7. Thus the
property of monotonicity is not satisfied for all values of w for this utility function.

The absolute risk aversion for the quadratic utility is

CU"w) 2
Alw) == Ulw) a-—2bw’

4b?
(a—2bw)?

which is greater than zero for all positive w. Thus the quadratic utility function has increasing absolute

The first derivative of the absolute risk aversion function, with respect to wealth, is A'(w) =

risk aversion. This implies unrealistic behaviour as increasing absolute risk aversion does not fit empirical

evidence of investor behaviour (Ile;anmnd_Z_a,pa,Lﬂd, |20D_4|) However, the quadratic utility function

is tractable for use in portfolio selection or asset pricing (e.g. CAPM). Quadratic utility allows for

mean-variance optimisation itanic and 7 ra; 2004).

Exponential Utility

In Equation (AJ), let n = 1, and let v — —oo. Taking the limit of this equation results in a negative
exponential utility function,
Uw) = —e Pv, (A.12)

for all positive w. We have
U'(w) =BePw>0 forallweR"
U’ (w) = —B%Pw <0 forall weRT.
This utility function is monotone increasing and concave over its domain, therefore satisfying the require-

ments of non-satiation and risk-aversion. The absolute risk aversion function is constant and the relative

risk aversion increases linearly with wealth;

Bt
Aw) =57y =P
_ (32,8
R(w) = fw?ﬂi_ﬂz = fw

Thus the exponential utility has the property of constant absolute risk aversion; the absolute aversion to
risk is independent of the investor’s level of wealth. Investors are willing to gamble the same absolute
amount regardless of their current level of wealth. This utility function exhibits relative risk aversion

that increases linearly with wealth.

Power Utility

We obtain the power utility function from Equation (AZ)) by setting n =0 and v < 1,

-2 (1)

7 \l=2

A=y w

(1=9) «v
aw”

=" (A.13)
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where a = ((117_13)677 is a constant. The first derivative of Equation (AI3) is U'(w) = aw¥~Y), which
is positive for all ¥ when a and w are positive. The second derivative of Equation (AI3) is U”(w) =
(v — Daw=2), which is negative for v < 1, positive a and positive w. This indicates that U(w) is
increasing and concave for v < 1, positive a and positive w, satisfying the requirements for non-satiation
and risk-aversion.

The absolute and relative risk aversion functions are then

R(’LU) = (7 - 1)a

indicating decreasing absolute risk aversion, and constant relative risk aversion (CRRA). This implies that
an individual’s level of relative risk aversion is not dependent on his current level of wealth. The individual
is willing to forgo the same proportion of wealth to avoid a risky gamble, at all levels of wealth. However,
as wealth increases, the amount the individual would pay to forgo a risky gamble decreases. A powerful
property of power utility is that it allows for the aggregation of utility of individuals with different wealth
levels. Thus we can represent the aggregation of utility as a single representative individual (@;
). Another feature of the power utility function is that the coefficient of relative risk aversion is
constant.

Logarithmic Utility

Logarithmic utility is obtained from the power utility function, by taking the limit as v — 0. Since
Equation ([A.g) is not defined for v = 0, we apply 'Hopital’s rule to a utility function equivalent to the
power utility given in Equation (AI3) in order to derive the logarithmic utility function. Consider the

utility function given by U(w) = ‘“”jy_l, and let a = 1. Clearly this is a form of the power utility function,

and is equivalent to that of Equation (A13]). Applying 'Hopital’s rule we have

owY =1 w¥In(w)
lim = lim ————=
=0y ¥—0 1
= In(w). (A.14)
Equation (AId) is a logarithmic utility function. We have U’(w) = 1 and U”(w) = —-15, which are

positive and negative respectively, for all positive w. This indicates that this utility function is monotone
increasing and concave, satisfying the conditions of non-satiation and risk-aversion.

The absolute and relative risk aversion functions are then
1 1 1
A = — _—= —
(w) w? / woow
R(w) =1,

indicating decreasing absolute risk aversion, and constant relative risk aversion, for all positive w. Loga-

rithmic utility results in the same risk aversion characteristics as power utility.
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Probability Theory

This appendix is a summary of results from probability theory, which supplement the work in this disserta-

tion. The results in this section are taken from|B,jiitk| M),L}.&ﬁﬂjﬂdﬁrﬁiﬁﬂ (IZD_O_d), lS.hl]:;L&fAL&l]d.fﬁ&ﬁl
(1993), and [Ross and Pekod (2007).

B.1 Measurable Space

Let © be a non-empty set. Denote the collection of all subsets of Q as 22. This is known as the power
set of . Let () denote the null set.

Definition B.1. A o-algebra is a collection of subsets of €2, denoted F, which has the properties
L0eF
2. VAc F= A°c F
3. A1, Ay, e F=> U Ai € F.

A o-algebra F must contain the empty set, be closed under complement and closed under countable

union. This implies that F will be closed under countable intersection as well.

Example B.2. F = {(),} is the smallest g-algebra, and F = 2% is the largest o-algebra on a non-empty
set €.

Definition B.3. Let E be a collection of subsets on a sample space 2. The o-algebras obtained by the
intersection of all o-algebras that contain E, is the smallest o-algebra on €2 containing £. This is known
as the o-algebra generated by F, and is denoted o(FE). Stated more formally, for any o-algebra D on 2
containing F, o(E) C D.

Definition B.4. Consider an infinite set. If the items in this set can be arranged sequentially, then the
set is termed countably infinite. If, however, the items in this set cannot be arranged in sequence, then

the set is termed uncountably infinite.

Example B.5. The set of integers Z is countably infinite, since the integers can be arranged sequentially.
The set of real numbers on the interval (0, 1) is uncountably infinite, since in is impossible to arrange

these real numbers sequentially.

Definition B.6. A measurable space is the double (2, F) where €2 is a non-empty set and F is a o-
algebra on the set €). Define F-measurable sets as the subsets of 2 which are present in the o-algebra

F).
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Definition B.7. A filtration {F;};>0 is defined as a sequence of increasing o-algebras on the set €;
FoC FL C...C F, C...CF. We assume that the set Fy contains all sets of measure zero, while
Foo =0 (U,, Fn) € F. The set F,, can be thought of as the information that is available at time n.

B.2 Probability Measures

Definition B.8. Let A and B be two sets. If the intersection of these two sets is the empty set, ANB = (),
then these sets are pairwise disjoint.

Definition B.9. Let A and B be two sets. The disjoint union of A and B combines the elements of A
and B, while indexing these elements by their original set. This binary operator will be denoted as UJ;

i.e. the disjoint union of these sets is denoted A U B.

Example B.10. Let A = {1,2,3,4} and let B = {2,4,6,8}. The disjoint union of A and B is equal to
the union of A* = {(1,0),(2,0),(3,0),(4,0)} and B* = {(2,1),(4,1),(6,1),(8,1)}. We then have

AUB=A"UB" ={(1,0),(2,0),(3,0), (4,0),(2,1), (4,1), (6,1), (8, 1)}.

Definition B.11. Let (2, F) be a measurable space. Let P be a function on this space such that
P: F — R, where R is the set of real numbers. The function P is countably additive if and only if

P <U Ai> = Z]P’(Ai).
i=1 i=1
This means that the function P applied to the union of pairwise disjoint elements of the o-algebra F, is

equal to the sum of the function P, applied to each of the elements.

Definition B.12. Let (Q,F) be a measurable space. The elements A of o-algebra F are known as

events. A probability measure is a function P : F — [0, 1] defined on a o-algebra, satisfying
1. P(Q)=1

2. P is countably additive on F for all pairwise disjoint, countable sets A;, ¢ > 1; that is
P (U Ai> => P(4).
i=1 i=1

P(A) is defined as the probability of the event A. P(A) = 1 means that the event A will almost surely
occur. The triple (2, F,P) is called a probability space; with € known as the sample space.

Definition B.13. Let (2, F) be a measurable space. Let P be a function on this space such that
P: F — R, where R is the set of real numbers. P is called a finitely additive measure if P(Q?) < oo, and
a finitely additive probability measure if P(2) = 1.

Lemma B.14. For a probability space defined by (Q, F,P), we have

1. P(A) >0 for all A € F.
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4. P is countably additive; for all pairwise disjoint sets Ay, Ao, ... € F, we have

[

i=1 i=1

6. For AC B, A,B € F, we have
P(B\A) =P(B) —P(A).

In general
P(A) = P(Q\A°) =P(Q) — P(A).

7. For AC B, A,B € F, we have

In general, for all A € F

8. For all A, B € F, we have

P(AU B) = P(A) + P(B) — P(AN B).

9. For all increasing sequences Ay, Ag,--- € F, we have continuity from below

P (' |Az> = lim P(4,).
n—oo
i=1

10. For all decreasing sequences Ay, As,--- € F, we have continuity from above

P (ﬂ Ai> = lim P(A4,).
n—oo
1=1

Proof. (1), (2) and (4) follow from the definition of a probability measure.

. P s finitely additive; for all pairwise disjoint sets Ay, Ao, ... A, € F, we have

(4) To determine P((), the probability of the empty set, notice that from the definition of probability

measures we have P(0) € [0,1] and P(0) = ZIP(@); hence P(0) = 0.
i=1

(5) If we choose a sequence A,,n > 1 such that Apyi =0 for i > 1, then (5) follows directly from (4)

and (2).

(6) For A a subset of B, we have B = (B\A) U A, where U is the disjoint union operator. Therefore,

it follows from (5) that P(B) = P(B\A) + P(A), and thus we have the result.

(7) Given A C B, we have P(B\A) = P(B) —P(A) from (5), with each of these terms greater or equal

to zero by definition. The result follows, and the general case holds by similar argument.

(8) We can decompose the union of A and B as follows

AUB = (A\(ANB))U(ANB) U (B\(AN B)).
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Hence we have

P(AUB)=P(A) —P(ANB)+P(ANB)+P(B)-P(AN B)
=P(A) +P(B) -P(AN B).

(9) Consider an increasing sequence with Ag = (), A1 C Ay C ... € F. The probability measure of

the union of the elements of this sequence is

() - (Qno

the final equality following by a telescopic sum.
(10) Consider a sequence (Aj, Ag,...) that is decreasing; A; O Ay O ... € F. The sequence con-
structed as (A1\A4;), ¢ € (1,2,...) is an increasing sequence. Therefore by (9) we have

i=1
By (5) we have

lim P(A,) = P(A;) — lim P(4;\A,)

=MAﬂ—P<U@%vm>

i=1

=P(A) - P <A1\ G Ai)

—B(A)) - (MAl) -F <Q Ai))
—P (Q Az‘) :

B.3 Integration

For a probability space (2, F,P), let f :  — R be a function. The aim of this section is to provide a

definition for the expression

ANMWW)

Definition B.15. Define the indicator function 14 as
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Ly (w) 1 if wis an element of A
Alw) =
0 if w is not an element of A,

for any A € Q.

Definition B.16. For a probability space (2, F,P), define a simple function f : Q — R as a function

that can be expressed as
Fw) =3 e La,(w),
i=1
forci,...,cp € Rand Ay,..., A, € F.

Definition B.17. For a probability space (€2, F,P) and a simple function f : Q@ — R, the integral of f
over the space €2 is defined

/Qf(w)d]P’(w) = ;ci/Q]IAidIP

It is easy to see that the following holds for all simple measurable functions f and ¢ defined on the

probability space,
/(af—Fﬂg)dP:oz/fdP—Fﬂ/gdP,
for o, 8 > 0.

We extend this definition of the integral to a class of functions called measurable functions. These

are functions which we can approximate using simple functions.

Definition B.18. For a probability space (2, F,P), a function f : Q@ — R is defined as F-measurable if
the following holds
{lweQ flw)yelteF, VICR.

This means that for every interval I C R, we have f~!(I) € F. Thus the function f is a measurable
function on this probability space. A non-negative measurable function on this probability space is a
function g : Q — RT.

Definition B.19. Consider a non-negative measurable function g on the probability space (Q, F,P). Let
@ be a class of simple functions on this space such that 0 < ¢ < f. The integral of the function f with
respect to the probability measure P is defined by

/Q ) B(w) = sup /Q () dP(w).

Definition B.20. Given a probability space (2, F,P) with an F-measurable function f; the function f
is integrable if the integral of the absolute value of the function over the space € is finite; i.e.

/ | (@) dP(w) < oo.
Q

This is written mathematically as f € £1(Q, F,P); or f € £L! when the probability space is not ambiguous.
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The following properties are stated without proof. They are a result of the manner in which the
integration with respect to a probability measure is defined, together with the Monotone Convergence

Theorem.

Proposition B.21. Consider the probability space (Q,F,P) with non-negative measurable functions
f,g € LYQ, F,P). We have the following properties of the integral with respect to the probability measure
P.

1. For all o, p € R, we have
[ @)+ 9 abw) = a [ f()abw) + 5 [ gtw)apw)
2. If f(w) < g(w), for all w, then

[ rpe) < [ )

Q

3. For all integrable functions on this probability space, we have

/ f(w)dP(W)‘ - [1rwa).

Definition B.22. For any measurable set A in the probability space (2, F,P) with an integrable function
f, define the integral of f over A as

/ f(w)dP(w) = / L4 (@) f(w)dP(w).
A Q

The following terms are represent the same integral, and may be used interchangeably;

/A J@)dPW) = | f(@)P(dw)

A
= /A FdP.

This defines integration for non-negative measurable functions on probability measures. Integration
over functions which are not necessarily non-negative is outside of the scope of this work and therefore

will not be included here.

B.4 Random Variables

Let the sample space €2 be the set of real numbers R.

Definition B.23. The Borel o-algebra is the smallest og-algebra containing R. It is the o-algebra gener-
ated by open sets on R. This is the same as the o-algebra generated by closed sets on R, since o-algebras
are closed under complement. The Borel o-algebra is denoted B(R). Define Borel sets as the sets within
B(R). A Borel measure is a measure that is defined on a o-algebra of Borel sets.

Proposition B.24. Consider the measurable space ), F and the function f : Q) — R. The function f is
F-measurable if and only if f~1(B) € F for all Borel sets B C R.

Proof. Seem (M, Proposition A.43, p. 475). O
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Definition B.25. Consider the measurable space defined by (R, B(R)). Let f : R — R be a real valued
function, such that f is measurable with respect to B(R). This function is called Borel measurable and

is known as a Borel function.

Definition B.26. A random variable is a function X : (Q, F) — (R, B(R)) such that
VB e B(R), X '(B)cF.
A random variable is then a function X : @ — R which assigns to every event w €  a real number.

A random variable is therefore a mapping from the state space 2 to the real number line R. It is not

known what value X will take; it represents the outcome of an unknown event.

Definition B.27. Consider a probability space (2, F,P), equipped with a random variable X : (Q, F) —
(R,B(R)). The probability distribution of the random variable X on (R,B(R)) is defined by

Px(A) =P(jw: X(w) € 4))
=P(X7'(4))
for all A € B(R).

Definition B.28. A distribution function is a function F' : R — [0, 1] that satisfies the following condi-

tions
1. F is a non-decreasing function,
2. F(—o0) =limy,_ o F(x) =0 and F(c0) = lim, 0 F(z) =1,
3. F is right-continuous and has a left limit for all z € R.

Definition B.29. The distribution function of a random variable X defined on the probability space
(Q, F,P) if a function Fx : R — (0, 1) defined by

We refer to the function F'x as the distribution function that corresponds to the probability measure P.

Theorem B.30. For a probability space (Q, F,P) and random variable X : (Q, F) — (R, B(R)), define
a function Fx : R — [0,1] as

Fx(z) =P(X!(—o0,z]).
This function Fx is a distribution function on the set of real numbers, also known as the cumulative

distribution function of X.

Proof. We prove F is a non-decreasing function by noting that for s < ¢, it holds that (—oo, s] C (—o0, ],
therefore is must hold that X !(—oco,s] € X 1(—oco,t]. By the properties of probability measures

(Lemma (B.I4), (7))
Fx(a) =P(X ' (—00,s]) <P(X *(~o00,s]) = Fx(b).

In order to show Fx(co) = limg, o Fx(z) = 1, consider a sequence of real numbers diverging to

infinity, (2;)ien, (where N is the set of natural numbers)

vSeN, ITeNsuchthati>T = x; > S.
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Create a new sequence from (z;);en by taking, for each S € N the first elements of (z;);en, the first value
x; greater than or equal to S. The resulting set (z;,)sen is non-decreasing and divergent to infinity. We
now have

IA
O N
(@
g
n
3
8
~_

the first inequality holds because P is an increasing probability measure and
o0 (o]
U XY —o0,2;,] C U X (o0, ).
s=1 s=1

The prove of Fx(—o00) = limy,_, o, Fx(x) = 0 is done similarly.

We now prove that the function Fx is right continuous. Let (z;);eny be a sequence of numbers on
the real number line that is non-increasing, such that the sequence converges to some z € R. Given
that the sequence ((—oo,;]ien) is non-increasing and is a sequence of Borel sets, it must hold that
(X~1(—00,xi])ien is sequence in F that is non-increasing. Therefore we have

lim Fx(z;) = lim P(X ! (=00, z;])

i—00 i—00

=P (ﬁ Xl(—oo,xi]>

()

=P (Xfl(—oo, x])
= FX (.CE)
This proves that F'x is continuous from the right.
To prove that Fy has a limit on the left, construct the sequence of real numbers (z;);cn, such that
this sequence is non-decreasing and converges to some x € R. We then have (z;);en as a sequence of

Borel sets that is non-decreasing, such that the sequence (X ~!(—o00, z;])ien is also non-decreasing in F.
Therefore we have

lim Fx(z;) = lim [P’(X_l(—()O’xi])

1—>00 i—>00

=P <U X_l(OO,SCi]>

)

=P (X '(—o0,2)).

Thus we have proved that F'x has a limit from the left, and we can conclude that the function Fx is a

distribution function for a random variable X. O
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Remark B.31. Consider the probability space (€2, F,P), equipped with a random variable X : (Q, F) —
(R,B(R)). We know that the probability measure P is a function of events in the o-algebra on the sample
space (2, that is, P is a function of events in F. Clearly, by the definition of a random variable, the event
A = X~1(—c0, 1] is an element of F, for some 2 € R. Let the event represented by X < x denote the

same event. Therefore X ~!(—o0, ) and (X < ) are the same event, and
P(X ! (—o00,z]) = P(X < z),

for all z € R.

Note that the arguments taken by the distribution function F are real numbers, while the arguments

taken by the probability function P are events, or subsets of the o-algebra F.

Theorem B.32. The distribution function induced by the probability measure P on the measure space
(R,B), uniquely characterizes the probability. That is, if there exists another probability measure Q such
that

G(z) = Q((—o0,x]), forall z € R,

and ' =G, then P = Q.

Proof. SeeLLamd_and_Bm_tLgﬂ (IZM, Theorem 7.1, p. 39). O

The above theorem implies that we can determine a unique distribution function F' from a probability
measure P. Therefore, from the distribution function f, the probability of any Borel set A € 9B, P(A)
can be determined. We now characterize all distribution functions.

Theorem B.33. A function F, satisfying the following criteria, is the distribution function of a proba-

bility measure on the measurable space (R,B);
1. F is a non-decreasing function,
2. F is continuous from the right,
3. we have lim, o F(z) =0 and lim,_,~ F(z) = 1.

Proof. See \Jacod and PrQLLﬁll (Imﬁ, Theorem 7.2, p. 40). O

Definition B.34. The density function of a probability measure P on the measurable space (R, B(R))

is a positive function f : R — [0, 1], that is Borel measurable, and satisfies

P(X (=00, a]) = /_x F(2)dz.

Where P is the probability measure of a random variable X, then f is the density of X. From the theorem

(B30) we have

FX(J" _1(_Oovx])

) = P(X

this relates the distribution function of a random variable to the density function. It is natural then, due
to the fact that F' is right continuous, that the following holds

b
/ Fx(@)dz = Fx(b) — Fx(a)
= P(X_l[_ooa b)) - ]P)(X_l[_oov a))v
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and for the density at a point
fx(a) = Fx(a) — lim Fx(x).

r—a~

This is equal to zero since the distribution function is continuous at all a € R.

Therefore, on the probability space (2, F,P), equipped with a random variable X : (,F) —
(R, B(R)), the following holds for the probability measure P

Fx(z) =P(X <ux)

where F'(x) is the cumulative density function for the random variable X, and f(z) is the corresponding
probability density function for X. When we have F' differentiable, then f is the derivative of F. If f
is Riemann integrable, then by definition ffooo f(x)dx = 1. Note, not all distribution functions allow for
a density function. Equation (B implies that the distribution function F' is a continuous function. In
fact there are non-continuous distribution functions that do not permit a density. We demonstrate below

that where this density function exists it characterizes the probability measure entirely.

Definition B.35. A continuous random variable X is a random variable for which such a density function

exists.

B.5 Expected Value

The aim in this section is to define, for a random variable, the conditional expectation, as well as the
expectation with respect to a specific probability measure. We begin with the definitions for the expected
value of a continuous random variable, finite expectations and integrability, and a theorem regarding the

properties of expectations of random variables.

Definition B.36. Consider a probability space (2, F,P), equipped with a random variable X : (Q, F) —
(R,B(R)). The expectation or expected value of X is defined as

EIX) = | X(@)P(w)de (B.2)

This definition is also referred to as the expectation of X with respect to probability measure P. Equation
(B2) is often written as [, XP(dw), or [, XdP. If the random variable X was similarly defined on a space
(Q,F,Q), where Q) was a probability measure different to P), then we could substitute this new measure
Q) into equation (B2)). In the presence of another probability measure the expectation in equation (B:2)

is often denoted as Ep[X] in order to remove all ambiguity.

Given a random variable X, let X = max(0, X) and X~ = —min(0, X). Then we have X, X~ > 0,
and the following holds

X=Xx"-Xx"~
IX|=XT+X".

Definition B.37. If both E[X ] and E[X ] are finite, then the random variable X has a finite expecta-
tion. We also say that X is integrable. The expectation of X is given as

E[X] = E[X*] — E[X]. (B.3)

The set of all integrable random variables is denoted as L', or £(€, F,P) to remove all ambiguity.
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Definition B.38. For a random variable X, if E[X "] and E[X ~] are not both equal to infinity, then we
say that X admits an expectation. In this case the expectation is still given by equation (B.3]).

Theorem B.39. Let X and Y be two random variables.

1. The expectation operator is a linear map on the vector space L. The expectation operator is positive,
that is
X >0=E[X]>0.

If we have two random variables X and Y such that Y € L' and 0 < X <Y, then X € L' and
E[X] < E[Y].

2. Any random variable that is bounded is integrable. We have X € L' if and only if | X| € L, and
[E[X]| < E[X]].

3. If we have X =Y almost surely (a.s.), then E[X] = E[Y]. X =Y as. ifP(X =Y) = P(w :
X(w)=Y(w)]) =1.

4. (Monotone convergence theorem): If we have a sequence of random variables (X, )nen that are

positive and increasing a.s. to X, then we have

lim E[X,] = E[X].

n— oo

5. (Lebesgue’s dominated convergence theorem): If we have a sequence of random variables (X, )nen
that converge a.s. to X and |X,, <Y a.s. € L' for all n, then X,, € L}, X € L', and E[X,,] —
E[X]

Proof. See (Jacod and Protter; 2003, Thm. 9.1, p. 52). 0

Theorem B.40. (Expectation Rule) Consider the random variable X on the probability space (2, F,P),
that takes on values in (E,€). Let g: (E,e) — (R,"B(R)) be a measurable function.

1. WMX) € LYQ,F,P) if and only if h(X) € LY(E,e,P).

2. If the function h is positive, or if the function h satisfies the condition in (1), then we have
E[h(X)] = / h(z)P(dz). (B.4)

Proof. We have defined the distribution measure P as P(A) = P(X ~!(A)). Therefore we have

E[L4(X)] = P(X~'(A)) (B.5)
= P(A) (B.6)

_ / La (2)P(dz). (B.7)

If h is a simple function, then equation (B4]) holds by (B3] and linearity. If the function h is positive, we
use the Monotone Convergence Theorem to prove the expectation of the function of the random variable.

Let h be positive, and let {h, }nen be a sequence of simple, positive functions converging to h. We then
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have

This proves the second part of the theorem; when the function A is positive. If we apply this to the
absolute value of the function |h|, and recall that a random variable is in £! if and only if it has a finite
expectation of its absolute value, then we have proved (1).

For a function h that is not positive, take the expansion of h, h = h™ — h~. The result can then be
obtained by subtraction. O

Corollary B.41. (Ezpectation Rule) Consider the random variable X with a density function f, such
that

F(z) = /OO flu)du, —oo <z <00
Fz) = p&o < 1)
IFE[(X)[] < oo or if h is a positive function, then we have
BR(X)) = [ ha)f(a)da.
Proof. See (lacod and Protterl; 2003, Corollary. 11.1, p. 80). 0

B.6 Lebesgue Measures and Probability Distributions

Consider a probability measure P defined on the space R, B(R). This probability measure is fully char-
acterised by its distribution function F;

F(z) = P((—oc,]).

Definition B.42. We define the Lebesgue measure as the set function m : B — [0, 0c], satisfying the
following conditions;

1. for the sequence of pairwise disjoint Borel sets A1, Ao, ..., we have countable additivity;
(oo}
m (U2 4) = ) m(Ay),
i=1

2. if we have a,b € R, and a < b, then the Lebesgue measure m((a,b]) = b — a.

Theorem B.43. The Lebesgue measure exists, and is unique.

Proof. SeeLlagmi_a.nd_Erm;L_eﬂ dZOD_d, Theorem 11.1 and Theorem 11.2, pp. 77, 78). O




B.6 Lebesgue Measures and Probability Distributions 61

The integration theory given above holds for Lebesgue measures. For a Borel measurable function f,
if f is integrable for Lebesgue measure, we write the integral as [ f(z)dz. The function f is integrable
if [fT(z)dx < 0o and [ f~(z)dz < oo, with f = fT — f~. The Lebesgue integral is more general than
the Riemann integral, and exists more generally. There integrals are equal when they both exist.

Definition B.44. For a probability measure P defined on the space (R, B(R)), the density function is a

Borel measurable function f that is positive, satisfying

P«ﬂmwszff@Myz/f@mﬂw@wy (B8)

If the distribution measure of a random variable X is given by the probability measure P, then f is the
density function of X.

Remark B.45. It is worth noting that not all probability measures P that are defined on R,B(R) have
densities. Equation (B.Y) is contingent on the continuity of the distribution function F'; F is not always
continuous. Even so, there are distribution functions which are continuous, for which no density exists
for the corresponding probability measure.

Theorem B.46. A function [ on the real numbers R that is non-negative Borel measurable is the density
Junction of a probability measure P on the measurable space (R, B(R)) if and only if the function integrates

to one over its domain

/_0; F@)de = 1.

Where this function exists, it characterizes the probability measure P entirely. Any other function f’
which is non-negative and Borel measurable, where m(f' # f) = 0, is a density function for the same
probability measure.

We also have the result that where a probability measure P on the measurable space (R, B(R)) has a
density function, the density is determined up to a set of Lebesque measure zero; if [ and f' are both
density functions for the probability measure P on (R, B(R)), then we have m(f' # f) = 0.

Proof. SeeLlagmi_and_ErmmmJ dZDDj, Theorem 11.3, p. 78). O

Remark B.47. We have F(z) = ffoc f(y)dy for the density function and the distribution function. At
every point 2 where the density function f(z) is continuous, the distribution function is differentiable,
and the distribution function and the distribution function satisfy F’(z) = f(z). If it is the case that F

is piecewise differentiable, then we have f(x) = %gf) where this exists, and f(x) = 0 everywhere else.

We now state the expectation rule defined with respect to Lebesgue measures.

Corollary B.48. (Expectation Rule) Consider a random variable X that takes on values in R, with a
density function f. Define a Borel measurable function g that is positive. The function g admits an
integral with respect to the probability measure P if and only if the product of this function and the density

function is integrable with respect to a Lebesque measure. The following then holds
Blo(X)] = [ o()Bdr) = [ gla)f(e)da.
Proof. See dlam_d_and_Brﬂjgd; |2£)_Q§i, Corollary. 11.1, p. 80). O
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B.7 Conditional Expectations

This section describes the mathematics relating to the expectation of a random variable defined on
a probability space, given that we know that some other event has occurred. This section is not an
exhaustive treatment of the topic, but rather covers enough information as is required for the purpose of
this dissertation.

Definition B.49. Counsider the probability space (2, F,P), where the event A € F such that P(A) > 0.
The conditional probability of an event B € F with respect to A is denoted as P(B|A), and is defined as

P(AN B)

P(BIA) = =55

Now consider the probability space (2, F,P), with the o-algebra G € F; that is, G is a sub o-algebra
of the o-algebra F. We now define conditional expectations with respect to a o-algebra.

Definition B.50. For a non-negative random variable X, the conditional expectation of X with respect

to the o-algebra G is a random variable that satisfies
1. E[X|G] is G-measurable,
2. for all events A € G,

/AXP(w)dw:/lAE[X\Q]P(w)dw.

We can extend the definition of the conditional expectation from non-negative random variables to all
random variables. If we have
min(E[X T|G], E[X~|G]) < oo,

almost surely, for a random variable X, then the conditional expectation E[X|G] exists. It is then given
by
E[X|G] = E[XT|g] - E[X"|]].

The derivation of the formulae stated rely on results from the Radon-Nikodym theorem, and are outside

the scope of this document. The interested reader is referred to [Shiryaev and BQ@gJ 1995, Definition 1,
p. 213) for the derivation of the conditional expectation.

Definition B.51. The conditional probability of an event B € F with respect to a o-algebra G, G € F,
is defined as the conditional expectation E[l5|G] and is denoted P(B|G).

We now state properties of conditional expectations. Consider the probability space (2, F,P). Let
X and Y be random variables on this space, and let k be a constant. Let the conditional expectation be

defined for all random variables considered, and let o-algebra G be a subset of o-algebra F.
1. If X =k as., then E[X|G] =k a.s.
2. If X <Y a.s., then E[X|G] < E[Y]F] a.s.
3. [E[X|g]| < E[X]|d] as.
4. For the constants a,b € R, we have

ElaX +bY|G] = aE[X|G] + bE[Y|G], as.
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5. For the trivial o-algebra F* = {0,Q}, we have

E[X|F] = E[X], as.
6. E[X|F] =X, as.
7. E[E[X|6] = E{X]

8. If we have G; C Gs, then
E [E[X]|G2]|G1] = E[X|G], a.s.

9. If we have G; D Ga, then
E[E[X]G2]|G1] = E[X|G], as.

10. If the random variable X is independent of the o-algebra G, then

E[X|G] = E[X], as.

11. If Y is a G-measurable random variable, and we have E[|X|] < co and E[|XY|] < oo, then

E[XY|G] = YE[X|]], as.

Proof. SeeShiryaev and BQa:] (IL‘?})j, Properties of conditional expectations, p. 215). O

Theorem B.52. (Monotone Convergence Theorem) Consider a sequence of random variables {Yy }nen
on the probability space (U, F,P). Let G be a sub o-algebra of F. If we have Y,, > 0, for all Y,,n € N,

and {Y,} converges to'Y a.s., then

lim E[Y,[¢] = E[Y|g], as.

Proof. See lacod and Protter (IZDDj, Theorem 23.8 (a), p. 204). O

Theorem B.53. (Jensen’s Inequality) Consider the convex function ¢ : R — R. Let X and ¢(X) be

random variables that are integrable, and let G be a o-algebra. We then have

e([X19]) < [e(X)|G].

Proof. SeelJacod and PI“QLLQLI dl)_(li Theorem 23.9, p. 205). O
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