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Introduction ?

these discontinuities, rather than{ ure of intact material in the rock blocks.

Early attempts [Blake, 1969; Yu et al., 1968; Wang and Sun, 1970] to model the failure
of rock masses by the Finite Element Method of analysis (FEM) were made under the
assumption that the rock behaved as an isotropic elastic continuum. This type of
analysis is of limited usefulness,  :ause the presence of the discontinuities within the
rock mass cannot be modelled apt by using a general ‘representative stiffness’ to
define the stiffness of the rock n 5 as a whole. Apart from the difficulties associated
with estimating this representative stiffness, a weakness of the method is that the mode
of deformation is independent of the orientation of the joints, whereas jointed rock
masses are generally strongly an Htropic.

Elastic analyses determine stresses in a body, but do not model failure. An alternative
approach is to treat the material as an orthotropic elastoplastic solid in the way that
sand is typically modelled in FE analyses. When this method is applied to jointed
rock, it is based on the assumption that the blocks are relatively small, and that the
discontinuities are sufficiently reg ar in orientation that the rock mass as a whole has a
general anisotropic strength. Once again, this strength must be estimated in some
manner. In hard rock, the strei th of the intact rock is often one or two orders of
magnitude higher than that of the rock mass [Hoek and Bray, 1981]. A further problem
with this approach is that often the blocks are of a size comparable to the typical
lengths of the excavation or structure, and in such cases, the movement of a single
block will precipitate failure. This phenomenon cannot be simulated by manipulating
the material model.

In order to effectively model jointed rock masses it is therefore necessary to be able to
consider the effect of individual d :ontinuities on the strength and stiffness of the body
as a whole.

In simple problems involving only a few discontinuities, modes of failure and factors of
safety can be determined by r ‘@ans of hand calculations, and methods are well
developed for solving these types of problems [e.g. Goodman and Shi, 19885].
However, with more complex ( ometries involving many discontinuities, it rapidly
becomes impossible to find a solution by hand calculation, and a computer based
numerical method is necessary.

A direct approach to modelling discontinuities within the Finite Element method is the
use of joint and contact eleme s. Goodman et al. [1968] carried out pioneering
research into the development of joint elements to allow splitting and separating along
discontinuities within the Finite Element mesh. They were able to solve problems
containing several hundred discontinuities by this method.

At present, many Finite Element, Boundary Element and Finite Difference programs
have the capability to model disc itinuities by the use of interface elements. However,
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these programs, which are essentially designed for continuum modelling, often have
drawbacks in modelling disconti a. New contacts are often not recognised, large
displacements may not be allowed, and the number of discontinuities may be limited by
the logic of the solution proced e [Cundall and Hart, 1993]. The introduction of
discontinua is also computation: y expensive, increasing solution times or placing
limits on the complexity of solvable systems. Because of these limitations, the
development of a numerical tool specifically designed to model discontinuous systems
is desirable.

The Distinct Element Analysis method (DEA) was developed by Cundall [1971]. This
method represented a comple y new approach to the numerical modelling of
discontinuous systems. Whereas previous methods had modelled the rock mass as a
continuum, and treated discontinuities as a special case, Cundall's method modelled
deformation purely in terms of differential movements of blocks. The blocks
themselves were treated as rigid bodies, and internal stresses were not considered.
An explicit, time-marching schel : was used to solve the equations of motion and
balance of forces directly. Where blocks were in contact, they were prevented from
inter-penetrating (overlapping) by 1e imposition of contact forces.

Since the introduction of the original DEA method, it has been combined with FEM.
This mixed formulation allows blocks to be sub-divided into Finite Element meshes
which may deform, while the interaction of the blocks is in accordance with the DEA
theory. A fracture mechanism has also been incorporated so that blocks may split
along element boundaries.

Other methods have been develc ed specifically for modelling discontinua, also based
on the original DEA concept. These include Modal and Momentum Exchange methods
[see Williams et al., 1985] and collectively these different tools are called discrete
element methods.

The most recent discrete element method is Discontinuous Deformation Analysis
(DDA), introduced by Gen Hua Shi [Shi, 1988]. This method is based on similar
premises to DEA. The blocks are deformable, according to a simple first-order
displacement function, but the primary mode of deformation and failure is again the
relative displacement of blocks 2ng discontinuities. The most important difference
between DDA and other discrete element methods is that the DDA method uses the
principle of total potential energy minimisation to obtain a step-wise solution, whereas
other methods solve for equilibrium by balance of forces and the Newtonian laws of
motion. In this respect, DDA t irs a close similarity to FEM. Like DEA, the DDA
method uses an explicit time-stepping solution scheme, without iterative solving. DDA
can be used to obtain solutions for both static and dynamic systems, and it solves for
the stresses and strains within the rock blocks, as well as their displacements.







Chapter 2

OVERVIEW OF DISCONTINUOUS DEFORMATION
ANALYSIS

An example of a DDA analysis is shown in Figure 2.1. A strong compression wave is
introduced into a rock mass col iining three tunnels, by cyclic displacement of the
uppermost platten. The first view shows the rock mass early in the analysis, while the
second shows the final result, after tunnel collapse. It will be seen that the method
solves a problem not unlike a Finite Element type mesh in appearance. However, in
DDA, each element is a polygonal block bounded by discontinuities, and sliding and
separation can taken place along these discontinuities.

The DDA method adopts a time | :rement method of solution, generally arriving at the
final solution by using a large nu ber of small, progressive time-steps. Deformations
of blocks are assumed to be first-order, and linear-elastic. It is an assumption of the
method that the displacement of a block within a single time increment is small. With a
large number of increments, however, the cumulative displacement of a block is
effectively unlimited.

DDA can perform both static and dynamic analyses. In a static analysis, all forces on
the blocks must be equilibrated : the end of each time step, while dynamic analyses
take the velocity and momentu of the blocks into account to obtain a real-time
incremental solution. In both cases, an explicit solution procedure is used without
iterative solving. Iterative solving may be necessary, howe' | o] ' _
intervals so as to ensure that incremental displacements remain small. lterations may
also be necessary if new contacts are formed within an increment, if blocks which were
previously in contact separate, or to control inter-penetrations of blocks at contacts. In
Section 3.4 the method of modelling contacts is described in more detail.

The program recognises new ci tacts between blocks automatically as the analysis
progresses.

Only two-dimensional problems can be handled by existing software, but there are no
fundamental difficulties involved in extending the theory to three dimensions.

A computer program has been developed by Gen-Hua Shi to carry out DDA analyses.
The version of the program con lered throughout this report is DDA Version 96 [Shi
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1996], which incorporates some revisions to the original code, which was introduced in
1988.

~

Figure 2.1: An example of a DDA analysis.
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2.1 DDA Version 96 Comput Package

DDA Version 96 [1996] is a softv re package for carrying out 2-dimensional analyses
of blocky systems using the DDA ethod. In this section, the DDA analysis procedure
using DDA Version 96 is described. This chapter is not intended as a complete
description either of the DDA method, or of the program. However, a step-wise
description of the solution method provides a useful introduction to the DDA method as
a whole.

The DDA Version 96 programs are written in the C programming language.
Executable files are provided, the programs having been compiled using the NDP
C|C++ compiler [1994] marketed ' Microway, Inc.

The package consists of four programs which are run consecutively, and these are
described separately below. Pro; ams DDA Lines and DDA Cut are pre-processors for
setting up the geometry of the problem. Program DDA Forward performs the actual
DDA analysis, and program DDA Graph is a post-processor for displaying the results of
the analysis. Data is input by the user in the form of data files, or input decks, and the
different programs pass informati 1 on to the next program in the sequence, also in the
form of data files. Figure 2.2 shows the manner in which the programs, input decks
and data files are inter-related.

2.1.1 Program DDA Lines

Program DDA Lines forms the first step in pre-processing a DDA problem. An input
deck will have been prepared by the user, and this is read by DDA Lines. This input
deck contains information on the problem boundary, the location and dimensions of
any tunnels, and on any rock bc , fixed lines, loading points and measured points in
the solution domain. An example of an initial problem set-up is shown
diagrammatically in Figure 2.3.

Fixed lines are a method of prescribing boundary conditions for a problem. Any block
through which a fixed line passes is assigned two points along the line. The user may
then specify that these points remain stationary during the analysis, thereby locking the
block in position, or that they mo'  in a specified manner.

A loading point is any position where point loads will be applied during the analysis. A
measured point is any position  the problem domain for which the user wishes to
obtain detailed information aboul isplacements and stresses.
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1, = [ [(fou+ £, v)dxdy (3.17)

where (u, v) is the displacement of a point (x, y) in the block.

.+ [ [y

The term ‘”l *(x, y).dx.dy is evaluated separately:

r =

S0
0o S
. -5, 5,

[T = st o (3.18)
0 s
5 s

L2 2 ]
where

' = [ [drdy

S = [ [xdxdy

S ; = J.J.}.dx.dy

The term S’ is simply the area of the block, and because (x,y) is relative to the

centroid of the block, Si = S; =0 ) that Equation 3.17 becomes

£S5
f,8

(3.19)

o O O O

Minimising the potential energy by taking the derivatives,
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(, v,)=d" T, p,)"

T .
(uz Vz)zdj Zl(xza,"z)T
and the change in length of the bolt, di, is

dl = [(u1 ~u, Jcos(@) + (v, - v, )sin(&)]

d=(u, v cos(6) (v cos(6)
" M sing8) 2 M sin(@)

= sin(6)
T T
di=d"e -d’ g
where
cos(6)
=T (x,y,)"
e=L () [sin(@)]

The force in the rock boit is

dl
f=-p, T

and hence the strain energy of the bolt is

1 Dy 2
M, =— fdl=2%4
b 2f 21

|

29

(3.35)
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Not only must it be determined v ich blocks are likely to inter-penetrate in the next
time-step, but the program must also make assumptions as to whether these blocks
will slide against each other. In the DDA method, the system is solved, and then a
check is performed to determine if the assumptions were correct. Any incorrect
assumptions are revised, and the system is solved again. This process is repeated
until all assumptions are found to be correct. The algorithm that controls this iterative
solution method is described in SI [1988], and it is not elaborated on here. However,
when two blocks are identified as being in contact, the contact forces between them
provide a component of the total potential energy of the system. The derivation and
minimisation of these terms is described in this section.

Wherever blocks are in contact, a normal spring is set up working against the direction
of inter-penetration.

To control sliding of blocks, Coulomb’s friction law is used in DDA. This law states that,
where @ is the angle of contact friction and C is the cohesion between blocks, there is
a relationship between the normal contact force, R,, and the shear force, R,, such that if

R, <R, tan®+C

then the blocks may not slide relative to each other. In the DDA method, a shear
spring is applied. However, if

R, >R, tan® +C

then sliding can occur. A friction force acts in the direction opposite to the
displacement.

The implementation of nc i ring, shear spring and friction for is
considered separately below.

For brevity, the derivation of penetration and sliding distances is not performed in this
section. These derivations may be found in Shi [1988].

Normal spring

When contact between blocks is established in DDA, a small amount of inter-
penetration, or overlap, of blocks is allowed. A normal spring is implemented between
the two blocks, working against the direction of penetration, and the extension of this
contact spring is equal to the dist 1ce of penetration. The contact spring is made very
stiff to ensure that penetration distances are small compared to block dimensions.
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Evaluation of DNA Version 96 41

The DDA method accurately mod s the motion of a block falling freely under gravity in
dynamic analyses. This simulation is concerned with the behaviour of block 1 when it
comes into contact with block 2.  1e only way to control energy damping in the DDA
method is to alter the dynamic r static control parameter, k01. If this is done,
however, the block will no longer accelerate as expected under gravity, because the
velocity is factored at the beginning of each time increment. Therefore, no energy
damping was specified for this simulation. It would be expected that the kinetic energy
of the block after collision shou be equal to that of the block immediately before
collision, less the energy that goes into setting up dynamic vibration in both blocks as a
result of the collision.

The control parameters that affect this analysis are the penalty value, g0, the maximum
time interval, g1, and the maximum displacement ratio, g2. The first test series was
conducted with varying values of the maximum displacement ratio, and with the contact
penalty value and time interval ¢ 1trolled automatically by the program. The impact
velocity of the block, v;, was 5 m/s. For each run, the kinetic energy of the block after
impact was calculated as a percentage of that before impact. The results of this series
are shown in Figure 4.3.

No clear pattern is apparent from this test series, and the results vary widely. It is
interesting to note that in most cases a large proportion of the kinetic energy is lost in
the collision, despite the lack of any damping mechanism. It was not possible to
determine the amount of energy i sorbed in dynamic vibration of the blocks, because
the time step interval is approximately the same as the period of vibration, so that
vibration was not well modelled by the program.
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Figure 4.3: Kinetic energy retention in collision, for various values of g2.
{ vi=5 m/s; g0 and g1 not specified.)
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the penetration spring is implem: ted, but because the penalty value is so low, the
velocity of the block is unaffected.

However, the DDA program monitors penetration, and does not allow the value to
increase beyond a ratio of 0.001 of the domain half-length. In increment 207 of the
analysis, the penetration exceed this ratio, and so the DDA program tries further
iterations, increasing the penalty value by a factor of 3.0 on each attempt. On the 37"
iteration, the penalty value has increased to a level sufficient to limit the penetration,
and the analysis continues. Once again, the penalty value is recalculated for each
increment, and at first it incree :s. When the contact opens, the penalty value
progressively decreases, as befol

An anomaly appears to occur when block 1 is re-exiting block 2. Although the block is
accelerating, the penetration distance remains almost constant for three increments.
This is because the blocks are b h elastic, and, having been initially compressed by
the impact, they are rebounding. This extends the period in which the block and the
surface are in contact, and is pos »oly the reason why the kinetic energy of the system
increases.

The control of the penalty value by the DDA program is not satisfactory. As a final
step in modelling dynamic con :t, therefore, a realistic contact value has to be
specified.

The next test series was conducted with a range of different values for the penalty
value. The time step interval was specified as 1 x 10™s, with the other values
remaining the same as in the previous series.

If the penalty value is too low, inter-block penetration cannot be maintained within the
allowable limit, and the program will not complete the run. In the results shown in
Figure 4.10, the first value of the penalty value is close to the minimum value. This
value of 2.0 x 10" is comparable to the recommended value of the product of the
Young’'s modulus and the average block diameter. In this analysis, this recommended
value would equal 6.0 x 10'°. The kinetic energy retention is plotted against the right
hand axis, and the number of increments for which contact is maintained is plotted in
column format against the left hand axis.

As the stiffness of the contact spring is increased, the contact period reduces, and the
energy loss increases. In Figure 4.11, a detail of the penetration and velocity of the
contact is plotted. It can be see that, although there is still some energy loss in this
simulation, the contact is reasoni |y accurately modelled.
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In this analysis, it is to be expected that the applied loads would be transferred through
block 1 into block 2. As a check on this, a third analysis was run, with the loads applied
to block 2, at the points where the corners of block 1 were previously in contact with it.
In Figure 4.13, the displacement of the top surface of block 2 is compared with that of
the previous analysis with auton tic control of the penalty function, and again, the
strains in the lower block are com red. The two analyses yield very similar results.

01 0.E+400

£ D02 AN TS dispiacements, | 25
E block 2
T 004 e N - 4E05 ¢
o =
£ S
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g Q0B e strains, T BED5
g_ block 2
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01 } . T T -1.E-04
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Figure 4.13: Displacement he top surface and strain in block 2 against time.

The modelling of soft contacts is artificial in the sense that in reality bodies do not

overlap. What happens, in fact, is that local deformation of the material occurs in the

region of the contact, and so the geometric effect is similar. The DDA method does

therefore appear to model static contacts effectively, and is suitable for simulation of

rock masses, wt /ide-spread, static, and in general
n | by no t v Y “tlon

4.2.4 Stress determination

The first order displacement func n used by DDA is not sufficiently accurate to model
the displaced shapes of blocks nder complex loading. However, it does make it
possible to obtain general values for the stresses in a rock block, which would not be
possible if the blocks were asst. ed to be rigid. To test the accuracy of this stress
determination, a simulation was performed of a rock mass loaded by a foundation
footing resting at ground level. In order to simulate an elastic continuum, the frictional
values of the joints in the rock m is were made high (C=500 kPa, ®=50°) to minimise
sliding of the blocks relative to ach other, and the ends of the blocks were also
bevelled in order to lock the blocl together. The outer boundary of the rock mass was
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Figure 4.16: DDA solution for stress oy in a rock mass below a footing.

The stresses obtained in the D \ analysis are in reasonable agreement with the
theoretical solution, although the stress distribution is not smooth. It should be noted
that the irregularity of the stress distribution increases markedly if the blocks are of
random, irregular shapes.

4.2.5 Recommendations

The results of the tests set out in this section indicate that the values specified for the
control parameters do have an ¢ :ct on the quality of the solution obtained. A user
should be aware of this, and : »uld 1 2rstand the )lications of each control
parameter. Further, the user should be prepared to conduct a series of runs so as to
optimise the analysis.

Any analysis is a trade-off between computational accuracy and computational cost, so
that it is difficult to make general recommendations as to what parameters should be
specified. However, some points do emerge from the tests set out above:

e DDA should not be used whe block velocities are large. Other analysis methods
are more suitable in these situations, in particular momentum exchange methods
[Hahn, 1988].

e Because the incremental time step is calculated based upon block velocities, time
increments can become very irge if block velocities are small. This may reduce
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If the block of Figure 4.17 rotate by an angle of r,, then point A1 should move to
position A2. Because a first order displacement function is used, it actually moves to
position A2’. This error applies { all the boundary nodes, and the cumulative effect
over many increments can lead tc  onsiderable increases in block size.

A simple method of avoiding d tion is described by Ke [1996]. The first order
displacement function is used for e equilibrium calculations, but when calculating the
displaced position of the block, an augmented function is used:

ul_ x(cos(ry) — D = y(¢ (1)) +Ti(x )di (4.4)
v) " &Gsin(r, )+ eos(r,) - 1)) = o PE |

This method eliminates the dilation effect. Because the energy calculations are based
on the first order displacement fu tion, incremental rotations should still be limited to
less than 0.1 radians.

4.3.3 Stress Detrminntinm

The DDA method does not allc ' more than a very general determination of the
stresses in a rock mass. It is sometimes desirable to obtain a more detailed
description of the stresses in blo s within the system. Three approaches have been
taken to allow this, and these are described separately below.

Higher order blocks.

Blocks can be created that are of higher order than the first-order blocks found in the
basic DDA code. Second-, and vsen third-order blocks have t 1 incorporated into
the original DDA code [Chern et al., 1995; Koo and Chem, 1996]. With a greater
number of degrees of freedom, the strains in a block may vary in a linear or quadratic
manner across its area.

In both of the formulations mentioned above, a general form of polynomial
displacement function was used. For the second order block, this is

= = =2 = —2
u=a, +ax+a,y+a,x" +a,xy+a;y

v=b, +bX+b,y+bX* +b,Xy+b.y’

where ay,.., as and by,.., bs are the twelve degrees of freedom of the block.
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4.3.5 Material non-linearity

The only context in which non-linear materials have been modelled in DDA is in the
mixed formulation of Chang [18 }]. The Finite Element Method is well suited to
incorporating non-linearity, and Chang was able to introduce elastic-plastic behaviour
into the local Finite Element mest  of his method.
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Chapter 5

MESHING IN DDA USING 1°" ORDER ELEMENTS

5.1 Introduction

A numerical modelling program must make certain simplifications in order to arrive at
an approximate solution to a real problem, which effectively has an infinite number of
degrees of freedom.

One important simplification that the DDA method makes is that of constant strain
within each block. This assumption is reasonable where relative movement along
discontinuities is the primary factor in deformation and failure of the rock mass, rather
than stresses and strains in the intact material. However, it is often desirable to make
a more accurate determination of the stresses in the blocks, or in one or more critical
blocks.

This is particularly the case in en¢ eering applications where it is often necessary that
a structural element interact with e rock mass. Examples of such applications are
concrete tunnel linings, supports in mine excavations, rockfall barriers at road cuttings,
etc. In designing these structures, some form of assessment of the stresses that are
likely to develop is necessary.

yproaches have been  jgested and implemented to allow tr d
were described in Section 4.3.3.

The use of higher order elements, as implemented by Chern ef al. [1995] and Koo and
Chern [1996] does allow for a more accurate determination of strains, and thence
stresses. However, the strains cross the block are only allowed to vary in the
specified manner. Localised stres concentrations, in particular, are not well modelled.
The advantage of using a sub-meshing method is that the accuracy of the strain
determination can be controlled by adjusting the refinement of the mesh, either locally
or as a whole.

A new method of sub-meshing is proposed here. The method results in a Finite
Element mesh within blocks, but the stiffness matrices and load vectors for the sub-
block elements are determined in an identical manner to those for other, single-element
blocks, using the standard DDA code. Only where the DDA code is required to
assemble these separate matrices into a global stiffness matrix does the meshing
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Minimising this function in terms «
solving for these unknowns yields

(5.4)

the individual block deformation variables and then

(5.5)

The total potential energy terms for elastic strain, initial stress, point and volume loads,
applied displacements and inertia of a block are summarised in Table 5.1.

By substituting Equation 5.3 into Equation 5.4, a determination of the total potential

energy in terms of the nodal degr:

s of freedom is arrived at;

T

H:% g £g gz (5.6)
Minimising with respect to ',
51_[ iT
g g - f =0
E ol s)
y_l :-K___'ii_lil (57)
where
£11 ___QiT];ﬁ—Q_z
i — gini (58)

Minimisation of the potential energy in terms of the nodal displacements yields the
expressions for the stiffness and force arrays given in Table 5.2.
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(5.10)
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fz :_an — _pc_S 6 T 1)_ pc e
’ od; ! od -~ ’
S i
p; e>f (5.21)
- dlI S 0 (T ) S _
PR P :___pc J :___pc J
S _
_E;_gﬂg:f (5.22)

The sub-matrices of Equations 5.17 to 5.22 are added to their respective positions in
the global solution equations.

5.6 Formation of the Global ¢ |ution Equations

From the above derivations, a sin 2 transformation procedure may be formulated. In
a problem with a total of » blocks and sub-blocks, there will be »° block stiffness
matrices, K’ where i=1..n and j=1.n. These are formulated by the standard DDA
method. Then for each sub-block , all block stiffness matrices K™ are pre-multiplied
by matrix Q" 7. Similarly, all block stiffness matrices K™ are post-multiplied by matrix
Q". The diagonal term K™ will be e- and post-multiplied in this process. Finally, the
block force vector (™ is pre-multiplied by matrix 0™

K™ =0" K"
£|im — £im Qm
ym ml pm
=07
where i=1,.n j=1,.,n

The procedure is repeated for each sub-block element.
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Fini , the original solution equations were transformed so that they were in terms of
the nodal displacements of both acks. Again, the solution obtained was identical to
those of the other analyses.

Details of all of these analyses and the Mathcad Plus 6.0 codes are contained in
lix A.

Similar analyses were conducted on two triangular blocks connected by a rock bolt. All
of these tests verify that the sub- eshing transformation procedure is mathematically
correct, and that the solution equations for a block system may be converted to solve
for different combinations of DDA blocks and sub-block elements, without affecting the
results obtained.

A separate code was then develo} 1on Mathcad Plus 6.0, loosely based upon the first
code. This code was designed to analyse a single sub-meshed block, without
interaction with other blocks. Because only a single time increment can be modelled,
tests were practically limited to static analyses, and so inertia effects were not
considered. The code was used to analyse the problems described in Section 5.8.

This second code is reproduced in Appendix B.

5.8 Performance of 1%t Order Element Meshes

All of the tests in this section were performed using the code described in Section 5.7,
and printed in Appendix B. For all tests, the Young’s modulus and Poisson’s ratio of
the material were set at 40 GPa and 0.3, respectively.

5.8.1 Converge~~~ ~-*~-i~ 9nd the patch test

A Finite Element simulation is in general an approximate solution to a real problem. It
is required that as a mesh is refined by decreasing the size of the elements, the Finite
Element solution will converge on a correct solution. There are two criteria which
guarantee that this will be the ¢ ie. These are the continuity condition and the
completeness condition.

The continuity condition requires { it the displacement solution should be continuous
at element boundaries. This me s, in effect, that neighbouring elements may not
separate or overlap along their common edges.

The 1% order elements described in this chapter have linear displacement functions.
As a result of this, a straight II : between two points will remain straight after
displacement. If the elements are meshed comer-to-corner, then neighbouring
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elements will share two common 1 des, and their common edge will be the straight line
between these two nodes. With correct meshing, therefore, the elements conform to
the continuity condition.

T~ ~2mpleteness condition states that the displacement function of an element and its
first derivatives should be able to assume any constant value.

If the displacement function is constant, then this corresponds to a rigid body motion of
the element. It is necessary that the element remains free of strains when such a
displacement is applied.

Rigid body motions were among the original deformation degrees of freedom of the
DDA element. It would be expe 2d, therefore, that strains would be zero when a
constant displacement function is ¢ plied. Tests show that this is the case.

The strains in an element are fu :tions of the first derivatives of the displacement
function. If a uniform, linear displacement function is imposed upon an element, it is
required that the strains are constant throughout the element. The justification for this
is that, in the limit of mesh refinement, the elements become infinitesimally small.
Therefore, the strain throughout a particular element is approximately constant. If an
element is able to assume this constant strain, then, in the limit, a correct solution will
be obtained.

The standard test for this condition is the patch test. A simple mesh, or patch, of
elements is formulated, the elemel ; being irregularly shaped. At least one node must
lie within the boundary of the patch. A uniform displacement function is then applied to
all boundary nodes of the patch. The requirements of the test are that the internal
nodes displace in conformity with the general displacement function, and that the
derived strains everywhere in the patch are constant.

For more information on convergence criteria and the patch test, the reader is referred
to de Arantes and Oliviera [1977].

A patch test was performed on the 1% order element, as depicted in Figure 5.4. The
element passed the patch test.

The convergence criteria are therefore satisfied, and the element will converge to a
correct solution. However the convergence criteria do not give any indication of the
performance of the element in coarse meshes, and further tests are necessary to
evaluate this.
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Figure 5.5: Stre esin a mesh loaded by self-weight.

5.8 7 T~~~ ~antilever test

A common test for elements is described by Cook et al. {[1989]. This consists of a
short, tapered cantilever which is subjected to a uniformly distributed load at its free
end. The geometry of the problem is shown in Figure 5.6. Also shown is the displaced
shape as modelled by a 32-elemr 1t mesh. The displacements are exaggerated for
clarity.

oA

jos)
—_—

>

—— R ——e

Figure 5.6 Geometry and meshing of the Cook cantilever test.
A variety of meshes of increasing refinement were tested using this problem.

The results of this test series are plotted in Figure 5.7. The vertical displacement of the
midpoint of the free face, vy, is compared for the various meshes. No closed-form
solution exists for this problem. Tl results were therefore compared to a ‘best known
value’, vgo, which is the result obtained from a Finite Element analysis, using 100 8-




Machina in DDA 1sinn 13 arder elements 74

noc d reduced integration elements. Also plotted in Figure 5.7 are results obtained
using Finite Element analysis, with 3-noded ‘constant strain triangle’ (CST) elements.
The Finite Element analyses v e performed using the ABAQUS Finite Element
program [1996].

—9—DDA —-FEM

100

VBIVEQ 80 i

) R "

40 1 ‘_‘/‘/

20 T

0 T T T T T
2 4 8 18 32 &0 72

No. of elements

Figure 5.7: Results of the Cook cantilever test for a series of meshes.

It can be seen that the performance of both methods is poor in this test. CST elements
are the simplest 2-dimensional e nents available in the FE method, and they have
long been noted for their poor performance in bending. This is because, as their name
suggests, they make the assumption of constant strain across the element. In a
member under pure bending, the strain in the longitudinal direction varies linearly
across the section, and is zero at the neutral axis. The element cannot model this
strain gradient, and as a result it is o stiff in coarse meshes.

Because DDA also makes the assumption of constant strain, the two elements are
identical, both being 1 order elements with six degrees of freedom.

5.8.4 Uniaxial compression test

This test models a block under uniaxial compression between two loading plattens.
Only one quarter of the plate is modelled, taking advantage of symmetry. The mesh is
shown in Figure 5.8. The displ :ed shape of the block is also shown after the
prescribed displacement has been applied. This displacement is exaggerated in the
diagram for clarity.

The mesh has 38 nodes, and hence 76 degrees of freedom, and is composed of 54 1
order elements. The original number of block deformation variables for the sub-block
elements is therefore 324. This illustrates the considerable reduction in the total
number of degrees of freedom of mesh when its displacement is described in terms
of nodal displacements, rather th:  block deformation parameters. It can be shown
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Chapter 6

MESHING USING 2"° ORDER ELEMENTS

The 1% order linear triangle developed in the previous chapter is the most two-
dimensional element available for 1eshing. While this element satisfies the conditions
for completeness, it often does not provide accurate results when used in coarse
meshes.

In this chapter, meshing using 2™ order elements is discussed. 2" order blocks have
been developed and incorporated into the DDA method previously [Chern et al., 1995].

These blocks may be transformed into 2" order elements.

The general form of a complete qi  iratic polynomial displacement function would be:

u(x,y)=a, +a,x+a,y+a,x’ +a,xy+asy’ (6.1)
v(x,y) =b, +b,x +b,y +b,x* + b,xy + by’ '

Although neither the Finite Element quadratic element nor the 2" order DDA block
developed here use this form, it may be demonstrated that the functions used by both
methods are equivalent to Equation 6.1.

6.1 The DDA Formulation of 2" Order Element.

6.1.1 Element degrees of freedom

It was an assumption of the first order block that strains were constant throughout the
area of the block. The second order displacement function allows strains to vary
linearly across the block. The « formation parameters chosen for each block are
therefore:

¢ the block rigid body motions al e centroid (uO v, ro),

e the strains measured at the ce roid (gf &) yf},), and

¢ the rates of variation of the stri 1s, (gx,x Eey E,x &,y T y*_w,).
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6.3 Performance of 2" Order Element Meshes

In order to test the performance of the 2™ order element, a further code was written
using Mathcad Plus 6.0 [1995]. This code was designed to test the performance of a
single block, sub-meshed using 2" order elements, without interaction with other
blocks. The code is printed in Appendix C.

sre performed on the 2™ order element, using this code. The patch test is
a preliminary test to ensure that the element conforms to the completeness criterion.
The Cook cantilever test, and the uniaxial compression problem were analysed using
2" order elements as a comparison with the 1% order element tests of Chapter 5.
Finally, tests were performed on a beam in bending. An important motivation for
developing the more complicated 2™ order element is the poor performance of the 1°
order element in bending. Therefore, it is necessary to obtain a measure of the
accuracy with which bending is m lelled by the 2™ order element.

These tests are described in this: ction.

6.3.1 Convergen~- ~-iteria

In order to guarantee convergence, the element must conform to the compatibility and
completeness criteria (see Section 5.8.1). The compatibility criterion has already been
discussed in Section 6.2. In order to test the completeness criterion, a patch test was
performed on the element. Details of the test may be found in Appendix C.

The 2" order element passed the atch test.

6.3.2 The Cook cantilever test

The Cook cantilever test was described in Section 5.7.3. Various meshes of increasing
refinement were tested to establish convergence, using 1%t and 2" order elements.
These meshes are depicted in Figure 6.2. Table 6.1 compares the resuits of the
different analyses. The program code was unable to analyse meshes (e) to (g) using
2" order elements due to memory constraints.

In Figure 6.3, the results are plotted against the total number of degrees of freedom of
the meshes. It can be seen that the 2™ order element converges toward the ‘best
known value’ considerably more rapidly than the 1% order element.
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Figure 6.2: Mesh :ometries for the Cook cantilever test.
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Chapter 7

POTENTIAL EXTENS JNS TO THE MESHING METHOD

In order to fully exploit the advantages of a meshing capability within the DDA method,
some further developments are ¢ iirable. Three possible developments are discussed
in this chapter:

¢ Further element types. Two elements have been investigated and applied to DDA
in the preceding chapters. The possibility of developing other elements, for ease of
meshing and improved mesh performance, is discussed.

e Material non-linearity. Most engineering materials have a non-linear response to
loading. The question of incorporating more accurate material models than the
linear-elastic model into the DDA method needs to be addressed.

e Fracture. On the one hand, 1e more accurate stress determination provided by
meshing allows the predictior. f fracture in a body, while on the other hand, DDA is
designed to investigate the interaction of separate bodies in a discontinuous
system. The DDA method therefore has excellent potential for predicting the onset
of fracture and failure of engineering materials, and thereafter modelling the
consequences of that failure. It would be very useful to incorporate a fracture
mechanism whereby bodies can fracture into a number of separate bodies, with the
analysis automatically continuing under the new configuration.

7.1 Further Element Types

Much of the discussion in this section is derived from “Finite Element Analysis, from
Concepts to Applications”, by D.S. Burnett [1987].

In considering two-dimensional ¢ ment displacement functions, it is useful to display

the polynomial terms in a triangular form, known as Pascal’s triangle, the first 7 rows of
which are depicted in Figure 7.1.

All terms have the form x"y* and a term is of degree p if r+s=p.

A polynomial function is said to be complete to degree p if it contains all terms up to
and including those of degree p.
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Conclusions a7

The sub-meshing method can model non-linear material behaviour in the same way

that it is modelled in Finite Element analyses. Fracture of blocks can also be
conveniently introduced.

In general, the method proposed here greatly enhances the scope of the DDA method
in modelling rock masses, while remaining efficient and simple to implement.
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Appendix A

In this appendix, the analysis of a simple
dynamic contact problem is set out. The aim of
the analysis is to ensure that the
transformation procedure set out Chapter 5
is mathematically correct.

The geometry of the problem shown in
Figure A1. Block 1 is fixed at poi : A and B,
and a point load acts at point C.  >h bodies
are subject to gravity loading in ! negative
y-direction, and block 2 has an initial velocity of
-5 m/s in the y-direction. The details of loading
and material properties are set out in the
analysis files that follow. A single time
increment of 0.01 seconds is considered.

block 2

X

C

block 1

xX A xB
L X

Figure A1: Schematic of the
dynamic contact problem.

The two triangular blocks shown in Figure A1 can be modelled either as DDA blocks or
as single triangular finite elements, and the results obtained should be the same in
either case. To show that this is the case, a series of analyses are set out, and these
are labelled A to D. Analyses A to C are sequential, being a single document written
on Mathcad Plus 6.0 [1995], so that they draw on calculations from previous analyses.

Analysis A (pages A2 to A10) is y the standard DDA method.

A==t~i~ B (pages A11 to A13) uses the solution equations from Analysis A as a
starting point. These solution  1ations are now transformed so as to solve for the
nodal displacements of block 1, and the deformation parameters of block 2.

Analysis C (pages A14 to A15) again starts with the solution equations from
Analysis A. In this case, however, the solution equations are transformed in order
to solve for the nodal displacements of both blocks.

Analysis D is performed using DDA Version 96 [1996]. The data file produced by
program DDA Forward is reproduced (pages A16 to A17). This analysis is
equivalent to Analysis A. Relev it results are found at the end of the data file, and
are in bold text for emphasis.

It can be seen that the deformation parameters and block stresses obtained in all four
analyses are identical.
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3. Simplexes
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S=|8 0 23684810 ©° 533333 7.11111 0
8 0 23684810 ° 533333 7.11111 O

4, "o " 7 rmulation

4 1 Initialise stiffness matrix and load vector

m:=ne6-1

1:=0.m
3:=0..m

4.2 Inertia term

[s. 0 0 0 0 0
1,0
0 S 0 0 0 0
1,0
S..-~S.
i,3 i,4
0 0 5,3+8, -5, 5, 2
oy S. 5
Km@):=| o o0 S, S, 0 L3
1, 1, 2
S. s
0 0 S. s 0 S 4 L
1, 1, 2
0 0 Sl 3_814 —ig Si,5 Sl3+Sl4
2 2 2 4
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1:=1.ne
):=0.5
Vi ; =0

1:=1..ne

V; o =init; 5

Vl 1 =miti,4
j:=0.5
k:=0.5
i"n'it: n .
K(i-— 1)-6 +j,(i— l)-6+k'-K(i—l)-6+j,(i—-l)-6+k+2 A Km(l)j,k
mit; .
Fioiy6ei “Fionerit? P Km(i); Vi
4.3 Prescribed displacement
n:=1.nfp
1:=0.5
j:=0.5
fpn,«t_ 1
K(fpn’o— 1)-6+i, (g o= 1)-6-+i ::K(fpn,o— 1)6-+i, (g o= 1)-6+i T 100-p- Z T(fpn,
k=fpn,3— 1
fpn,4_ 1

F<fpn,0' l)'6+i ::F(fpn,o_ l)'6+i+ 100-p Z T<fpn,0’fpn,l’fpn,2>k,i.fpn,k+5
k=fp -1
n,3
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4.4 Elastic strain matrix

00000 o0 ]
00000 O
00000 O
... E
Ke(x).—1 10001 v 0 o
“Viooowv1 o
00000 12V
2_
i:=1..ne
j=0.5
k:=0.5

Kiimv6 iz nsrk “Kio 164, 6o nepxt K0

4.5 Point load
n:=1.nlp

5
1

1

0.
0.

J

¥ ra,0- 1541 =F (g o= yeri T(lpn,O’lpn,l’lpn,2>j,{lpn,j+3

4.6 Volume Loading

j:=1l.ne

Fii-1re =FGo et S0l

-6 TF G 1yepn + S it 5
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5. Solve Solution E----“ons

d:=K'LF

6. Derive Element Deformations, N Displacements and Stresses

ul, = Z T[1,nset(elml,i),o,nset(elml’i)’l}0 '.dlj

j=0 !

5
ul, = Z [1 nset, )O’HSCt(elsetl’i),x} -dl

1,j

(=]

5
Z T[Z nset (clcty ;). 0 nset(clsetz ) L,j.de

(=]

5
12+1 Z T[Z nset clset2 ) 0’nset(clset2’i),l]l "d2j

=0 -
1:=0.5
oli:=0
°2i':0
j:=0.5
Ke(1), |
ol Jdl +ol,
Sl,O
Ke(2), .
62, = 3 d2 +02,
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7. Results:

dl

[0
~5.58823+10
0
2.20738-10"

—6.70308-10 *
L 0 J

[0

-2.498:10 °
0

3.0645-10 °
-1.02249-10 *

| 0 J

ul

~4.41476°1077 |

3.34921-10 ¢
4.41476°10 '

3.34921-10 *
0

1-2.34631410° |

[—6.12899-10

-2.36167-10 °
6.12899:10 °

-2.36167-10 °
0

-2.77067-10 > |

cl

[0
0
0

~8.82952+10°

~2.94612+10’
|0

o
0
0
-1.30752-10°

-4.09035+10°
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ANALYSIS B

e Matts

Q:=for me 1..ne
for 1€0..1
for je0..5

R. i T[ m, nset (clset,, ),0° nset (elsety, o) 1}

, i
R. . .« Tim,nse ,hset

i42,j lsetm, 1),0 (clsetm’ 1),1 i
R — T[m,nset(

i+4,j clsctm’ 2) ,0° nset (e]sctm, 2) S l:l

ij
QmeR
for 1€0..5

for je0..5

Qi (m— 1):64+57 Ay ;

*~ Transform Solutior ~—uations

(for convenience the stiffness matrix and load vectors are first split up
into their individual elements) '
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F1.:=F

1 1
F2,=F,
QL;=Q;
Q750

KT11:=Q17K11-Ql

KT12 :=Q1TKI12

KT21:=K21.Q1
KT22 :=K22
FT1:=QI1 " Fl
FT2 =F2
1:=0..5
1:=0.5

KT. . :=KTI1. .
1) L)

2,

KT.. _:=KTI2. .
1,j+6 i,)

KT. _.:=KT2I..
i+6,) 1,]

KT, 6j16 KT221.’.i

FT, =FT1,

FT. =FT2.
i+6 1

7b. Solve Solution Equations

w=KT FT
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ne

dl :=Ql-ul

w2 =Q2 ld2

ol I=-—1—-~Ke(l)-dl
1,0

02 I=—1—~Ke(2)-d2
2,0

9b. Results

o
-5.58823-10 ¢

0
dl

n

2.20738:10 '

-6.70308:10 *
0

0
2498107
. \
3.0645+10 °

-1.02249+10 *
|0

ul

3.34921-10 *
4.41476+10 '

3.34921-10
0

|-2.34631-10°

-6.12899-107
-2.36167-10 °
6.12899+10 °

-2.36167-10 °
0

-2.77067-10 >

Derive element d-<- -mation varial-*-- _nodal displacements and stresses

—4.41476-107 |

cl =

K

0

0
-8.82952-10°

-2.94612:107

| 1.34177-10 °

0

0

0
-1.30752-10°

-4.09035-10°

| 0
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ANALYSIS C

6c. 7 wertSc’ “"n Equations

KT11 :=Q1TK11.Q1
KT12:=Q1TK12.Q2
KT21:=Q2TK21-Q1

KT22 :=Q2TK22.Q2

FT1:=Q1"-Fl

FT2 = Q2" F2

KT. . :=KTI11. .
i,j 1,)
KT.. =KTi2..
1,)+6 1,)
KT. _.:=KT21..
i+6,j i,J
KTH_6’j+6 :=KT22i,j

FT. :=FT1.
1 1

1+6 1

7c. Solve Solution Equations

uw:=KT LFT

8c. Derive element deformation variables, nodal displacements and stresses

1:=0..5
ul. =u
1 1
u2. =u
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[0

0

dl

| O

[0

0

0

L

~5.58823+10 4

2.20738:10
-6.70308+10

-2.49810 3

3.0645+10 °
-1.02249+10 4

dl :=Ql-ul
d2 :=Q2-u2
1
ol :=——Ke(1)-dl
Sl,O

02 = —-I—'Ke(2)-d2
SZ,O

1

ul =

[4.41476-107 |
3.34921-10 4
4.41476°10 "

3.34921-10 *
0

~2.34631-10 ° |

[ -5
~6.12899-10° |

-2.3616710 >
6.12899:10

~2.36167-10 °
0

-2.77067-10 > |

it

ol

02 =

K¢

0

0
-8.82952-10°

-2.94612-107

[0
0
0
-1.30752-10°

-4.09035-10°

| -4.89145-10 ° |

~2.90289-10 ° |
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Appendix B

In this appendix, a Mathcad Plus 6.0 [1995] file is reproduced. The file is designed to
perform static, single time-step analyses on single blocks sub-meshed using 1st order
elements. The sub-meshing meth: is that described in Chapter 5, and interaction with
other blocks is not considered.

The example file shown is an analysis of the Cook cantilever test (Section 5.8.3),
where the cantilever is composed of 8 1* order elements. The geometry and meshing
of the problem is shown in Figure B1.

The file is a general file, however, and other problems can be solved by altering the
input in Section 1.

Figure B1: ¢ 'metry 1dn iingoftl Cook i




de
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3. Simplexes

i:=1l.ne

S. =
1

ISHIES

3

k=1

B4

LTC TIPEE TR

8
Z S, =1.44:10°
i=1

4. DDA Stiffness Matrix - —"1tion

4.1 Initialise
m:=ne6-1
ii=1l.m
J:=1l.ne
k:=0..5

Kk. =0
o
Fk,j =0

4 2 Elastic strain matrix

o © © o o
o o o o o
o o o o o

oS O O
o O O

—

<

© o o o o

t
<

[ 8]










AR Lt







l°

ATT



A3



TF






Appendix C C3
0 0 0]
0 8 1
02 8 2
04 8 3
07 8 4
1 8 5 0000 0 0°
0 55 6 1112 0 0
02 55 7 4312 -1 0
5 65 8 4412 -1 .
07 6 5 00000 00 cs12 1 0s
1 6 10 2122 23 17 11 16 1} 8212 -.1 .06
0 3 11 23 18 13 12 11 17 2| 8312 -1 .08
3 4 12 23 191514 113 18 34 8412 -07 .08
mset =) elset '=|23 24 25 20 15 19 41 = o 1y os 08
8 45 14 73 2165 5412 -.02 .08
1 4 15 1271383 7.6 5512 0 .08
0 .15 16 13- 159387| 1611 0 0
25 15 17 A5 5 43 9 8 1511 0 0
55 25 18 5611 0 0
75 2 19 1222 0 0
1 2 20 1322 0 0|
0 0 21
25 0 22
5 0 23
75 0 24 ~ 002200
1 0 25 fp=(0000) P2l 22200

2. Mesh Formulation

i

‘=1..ne

Xi 1 ::nset<elseti’0),0

Xi,2 = 1'1set<elseti 1) ,0

Xi,9 = nset(e]seti 0) ,1

X 10 ::nset<elseti,1),l
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Xi,3 7 15 elser, )0 Xi, 11 TP elser, ). 1

X 4 ::nset(elseti 3):0 X 12 ::nset(elseti 3!

Xi5~ nset(elsetiA) ,0 X 13 ::nset(elseti’l‘) 1
Xi,6 ::nset(elseti'5> ,0 X 14 ::“S“(elseti’ﬁ N
X7 7%,1 Xi 15 " Xi,9
i =1.ne
6
1
Si0 7 Z (X4 0% ,k49 ™ ik 1%i,k+8)
k=1 :
) 6
Si,1 g Z Kok Xi k9™ Xk 1750k +8) (X kT X 1)
k=1

6
1
Si,2 7§ kzl Ki X k9™ Xikr 1%,k +8) (X k8T Xkt 9)

o i
L0 S, 9 8 S0
i=1l.ne
j=1.7
xb; ;=X 7 X0
xb; iy g T Xij 8 Xig
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10 -(xb o) (xb, . L LI
T(l,_]) = l)J'f‘S) ( I,_]) 0 2 (Xbl,jrg) 2 (Xbl,j) (Xbl,j)‘(Xbl,j-f-S) 0

1
01 (xbi,j) 0 (Xbi,j+8) 7-(xb‘.’j) 0 0 (Xbi,j)'(Xbi,j+8) %.(x

1
0 —. . 1
7' (xb, ) (xb; ;  g) Z'(Xbi,j+s)2

ij+8) 7 (xb; ;) 77 (Xb; )(xb; ;o)

3._Simplexes

i’=l..ne
6 1
1
Si0 77 Z (xb; 1 xb; 9= Xb; Xy 4 g)
k=1 |
6
1
Si1g kzl (xb; o xb; y g™ Xby Xy e o) (XD xby L)
6
1 .
Si2 7% Z (xb; o xby 9= Xb; XDy g) (XD g XDy L g)
k=1
. 6
= r 2, 21
Sis 13 Z (Xbi,k'Xbi,k+9‘"bi,k+1"‘bi,k+8)'L("bi,k) +xby exby o (xby )7
k=1
. 6
_ ' 2 ‘ 21
Sis T3 Z ("bi,k"‘bi.kM‘"bi,k+1"‘bi.k+8)'[("bi,k..-8) XD g Xby o T (XD o) |
k=1
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6

1
Si5s 37" kZI (xb; o xb; 4 g Xbi,k-|—I'Xbi,k+8)'(2’Xbi,k'Xbi,k+8+Xbi,k'Xbi,k+9+).(bi,k+1'Xbi,k+8+

[0
0.075
0.14
0.105

0 0 0
104210 3.75:10 * -3.125°10 *
2411°10 > 147810 ° 7.77810 °
122510 ° 122510 ° 6.125°10 *
1.389°10 ° 8.889°10 * 5.556°10 *
8.889-10 ¢ 1.389°10° 5.556°10 *
1.711°10 > 1.161°10 > 7.944°10 *
7778107% 3.611°107% ~4.722°10
24°10°  1.067°10 > -8-10*

0.1
0.1
0.05
| 0.12

7]

1

(=]

Ll
O O O O O o o o o
S O O O O O O©O o o

4. DDA Stiffness Matrix Formulation

4 1 Initialise

m =nel2-1

i'=1l.m
j =l.ne
k=0..11

K ;=0
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Appendix C

4.2 Elastic strain matrix

=S
(53 1
p—
<
o
O O O O o > OO O O O O
I e
p—
S o
o OO vy - O OO O O O O
Q 5]
=S
o =
S O O ..hSl O O O O O O O
w3

KPI1(i) :

—
—_—— .
" - ) -
A 178 v 73
o O o (=] > >
o N b e [ (a\]
— —
Lae] vy Lae] -\J..
73 73 73 7}
o O (=] (=4 > >
o 2 I e I jeN
— — —
“ A " < o
oo A 17,8 oy L o
K 3 B »
A
%) v -
S e -
“ b ~ " ] 2]
o o 7 B 7, o >
S = + i | e
— —
i
Lae]
v - =
S - -
) ~ b A %] »
o o i woow > >
+ > > (o] [ ()]
— —
s
Lag] v
< b i— —- o o
[T ) v - [75] [72]
[75] [75] Ky 3
L
"
~—~
-
N’
5
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1 =1l..ne
ji=3.5

k=0.11

K G- 112+ " K iz 1)12+ F KPL(Dy -3

i=1l.ne
ji=6..11

k:=0..11

K Gim )12+ K, (i-1)12+ T KP2()y j_¢

4.3 Point load

n:=1.nlp

0..11
0.1

i:
j:

Fi,(lp 0) ::Fi,(lpn’o) + T(lpn,o’lpn,1)j,i'lpn,j+2

[ index out of bounds |

44 P ribed displacement

n:=1.nfp
i=0..11
j=0..11
fpn,3_ 1
Ki,(fpn 0~ 1)~12-+—j ::Ki,(fpn 0~ ])-12+j+ p Z T(fpn,o’ fp“’l)k,i.T(fp“'o’fp"")k,j
| | k=fp ;1
fpn,3— 1
Fim o "Fm 7P 2, Tuofy 1), P
SRS e ’
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n'=1.nf2
i:=0..11
ji=0.11
fp2n’3— 1
(20,0 1245~ K0, 2, o~ 1)-1245 P D, T2, 0.2, ), (2, g Dy
’ : k=fp2 -1 ’ ’
fp2n’3 1
Fip2, o “Figz TP T(f02,, 0, 92,,1), P20 k14
’ 0 k=2 ,- 1 ’
5. Derive Q- Matrices
Ql :=for me 1..ne
for i€ 0..1
for j€ 0..11
Qi,j"'T(m.al)i’j
Qi.,_z,j"'T(m:z)i,j

Qi+4,j‘—T(m’3)i,j
Qi+6,j'—T(m’4)i,j
Qi+8,j'—T(m’5)i,j
Qi 10, T(m,6); 5
QIT-Q'!
for ie 0..11

for je 0..11

QL (m=1y124j~ AT
QI
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6. Transform K- and F-matrices into FE format

m =1.ne
i=0.11
j=0..11
11 5’11
KTi,(m—1)~12+j = kz {Z (Qlk,(m—l)~12+i'Kk,(m~l)~12+1'QII,(m—l)~12+j)
=0{1=0

11
FT, ., = Z QL (m—-1)12+iFj,m
3j=0

7. Initialise and Assemble Global Stiffness Matrix

1=0.mn2-1
j=0.m2-1
KF,.,J. =0 FF, =0
m:=1.ne
1:=0..1
ji=0.1

) RE

KF[ (elsety, o= 1) 2+, (elsety, o= 1)2+] (elsety, o= 1):2+i, (elsery o= 125 T

KF[(elsetm’O— 1>'2+i, (elsetm,l— 1)-2+j] = F(elsetm 0~ 1)-2+i, (elsetm,l— 1)-2+j +

KFr relset = 1\-24i, felset o— 12451 T felset o 1\-24i, (elset . = 1y2+j
[(Clsetm, o= 1) 21 (elsetyy o= 1):25] 7 (elsetyy o= 1)-2+1, (elsety, 5= 1)

KF( = F

L(elsetm,o- 1)-2+i, (elsetm’:;— 1)-2-+—j] (elsetm’o— 1)-2+i, (elseth— 1)-2-+—j t

KT (m-1)12+]

KTi,(m— 1)-12+-2+j

KT, (m-1)124+4+j

KT (m-1)12+6+j
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