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INTRODUCT ION

The study of approximation of continuous functions has
always evoked great interest., The classical result in the
theory of approximation is Weierstrass's theorem on the uni-
form approximation of éontinuous functions_on a bounded closed
interval by polynomials. This result was later extended to

compact Hausdorff topological spaces by M. H. Stone.

Approximation theorems were later also established for
almost compact spaces by Hewitt, and for Lindel8f and almost
Lindel8f spaces by Hager and Frolik, All the results above
were originally proved for real-valued functions. Indeed,
they do not generally extend to complex-valued functions; one
has to consider diffefent types of algebras and employ
different techniqueé. The theory of complex measures plays an

important part in this case.

In this‘thesis we discuss approximation theorems of the
Stone~Weierstrass type. We found it convenient to divide the
thesis into two parts. Part I concerns real-valued functions
and Part II dicusses the complex case. Atlthe end of each

part we have included short bibliographical notes.

Summary of contents

Part I - In Section 1 we introduce preliminary results and
definitions, In Section 2 we discuss approkimétion theorems

on compact spaces and prove a converse to the Stone-Weierstrass
theorem, We restrict ourselves to the topology of uniform

convergence on CR(X).

(1)



(i)

In Section 3 we introduce the concept of a S~topology
afnd give examples., A topology t oﬁ CR(X) is a S~topology for
a class S of spaces X if the following condition holds:
X belongs to the class § if and only if every subalgebra of
CR(X) which contains the constants and sepafates the points in

X is t-dense in CR(X).

In Section L we investigate S~topologies for algebras
which separate points and closed sets. The major portion of
the work is devoted to developing the machinery necessary to
prove the following result of Hager and Johnson: the only
Algebra on X is CR(X) itself if and only if X is either
Lindel8f or almost compact, where 'Algebra' denotes a sub-
algebra of CR(X) which is'uniformly cloged, separates points
and closed sets, contains the constants, and is closed under
inversion., It is also shown that the topology of pointwise
convergence of sequences in CR(X) is a S~topology for the

class of almost Lindeldf spaces.

Part II - In Section 1 we list preliminary results and defi-
nitions, and outline our aims for Part ITI.

In Section 2 we discuss restriction algebras: if the re-
strictions of an algebra A to certain compact subsets of X

satisfy suitable conditions, then A = C(X).

In Section 3 we investigate the approximation properties
of normal and approximately normal algebras. These are alge<
bras which, besides separating points or points and closed

sets, distinguish between disjoint closed sets.

In Section 4 the notion of e-normality is introduced. We

establish the following result: if A is a uniformly closed



(iii)
locally bounded e-normal subalgebra of C(X), then A = C(X).

Throughout Part II we restrict ourselves to compact spaces,

Notation

Throughout the thesis all tqpological spaces are assumed
to be completely regular Hausdorff.
| CR(X) (resp. C;(X)) denotes the space of all real-vaiued
continuous (resp., bounded continuous) functions on the space X.
C(X) denotes the space of all complex-valued continuous

functions on X.

If A is an algebra of functions, then c¢lA denotes the

uniform closure of A,
%
For a Banach space B, [B] denotes the space of all boun-

ded'linéar functionals on B.
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PART T
ALGEBRAS OF REAT~VALUED CONTINUQUS FUNCTIONS

l.l Preliminaries.

Let X be a completely regular Hausdorff space. Recall
([11]) that each x in X generates a fixed maximal ideal M, in

CR(X), viz, M, = if € CR(X) ¢ £(x) = 0}. It can be shown
that the quotient algcbra A/M is isomorphic to the real
X

field IR, Furthermore, X is compact if and only if the only
maximal ideals are the fixed maximal ideals. If X is not com-
pact, then the maximal ideal M is called real if A/ﬁ is_iso—
norphic to R., Thus every fixed maximal ideal is real,

If CR(X) contains unbounded functions,‘then it is'poss—
ible to find‘maximaliideals M such that A4ﬂ is isomorphic to
a field properly containing R, Such ideals are called hyper-
rezl, For example, if f is en unbounded function in Cp(X),
let H = (f), the ideal generated by f. Then A/ﬁ is a hyper-

real field,

We also note that every completely regular Hausdorff space
X can be homeomorphically embedded in a compact space Y,
Clearly C;(Y) C C;(X). We denote by PX the compact space Y
which contains X densely and such that every f € C;(X) éan
bec uniquely extended to a continuous function on Y (see [11],

] .
Ch., 6). Thus CR(ﬂX) = cR(x), and BX is ¥nown as the Stone-

% .
Cech compactification of X. If f € Cp(X), then £ denotes
its extension to BX.

A spece X is realcompact if every real maximal ideal i in;

GR(X) is fixed,i.e., N = M_ for some X € X, As above, we denote

1



by vX the realcompact space Y such that every function f in
CR(X) cen be uniquely extended to a function f° on Y, where
X C Y C BX. . We have that cR(x) = cR(vx) and vX is known

as the Hewitt realcompactification of the space X, vX is

the smallest realcompact space between X and pX ([11], Ch.8).

We shall generally be conccrned with subalgebras A of
CR(X) or C;(X) where the operations of addition, multiplica-
tion and scalar multiplication are defined pointwise, We
will primarily investigate under what conditions, either on
the space X or on the algebra ., A coincides with CR(X) or

Cp(X).

l,1,1 Definition, By a function algebra /i on X we mean a

subalgebra A of CR(X) or C;(X)vsatisfying the following con-
ditions:

(1) 4 separates the points in X, i.e. given x, y € X
with x # y, there exists a function f € A sﬁch
that f(x) * £(y)

(2) A contains the constant functions

(3) 4 is uniformly closed, i.e. A is closed with

respect to the supremum norm,

We say that a subalgebra 4 Strongly separates the points

in X, if for all x, y € X with x #*# y, and all a, B €IR

thcre exists a function f € A such f(x) =a and f(y) = B.

It follows immediately that a sufficient condition for
strong secparability is that the algebra contains constants

and separates points.



1,2 Stone-Weicrstrass theorems.

We briefly mention thevwell—known Stone-Weierstrass theo-
rcms for algebras of real- and complex-valued functions and
also discuss a converse to one of the rcsults (seec 1,2.4).

It is this characterization that will form the basis of our

discussions in Part I.

1.2.1 Theorem. If A is a function algebra on a compact

Hausdorff space X, then A = CR(X).
Proof. See e.g. [25], page 36

This theorem can be formulated slightly differently: if
a subalgebra A of CR(X) satisfies conditions (1) and (2)
above, then A is uniformly dense in CR(X).

Using this formulation, condition (2) is no longer a

ncecssary one, but Nel [32] proved the following rcsult.

1,2,2 Theorcm. TFor a subalgebra A of CR(X) to be uniformly

dense in CR(X), X compact, it is necessary and sufficient that

(1) A scparates points

(2) A contains a function u bounded away from zero.

Proof. Observe that, if X is compact, then every function u
which doc¢s not vanish on X is bounded away from zero. In

the proof of theorem 1.2.1 condition (1) of 1.l.1 is used.
esscntially only once, namcly to show that A separates the
points in X in the strong sense, But if (1) and (2) hold,
there is a g€ A with g(x1) # g(xz) for cvery pair of dis-
tinet points Xy X

2
Choosc a; B €IR and let

€ X, and u in A with u#* 0 on X.
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au(x) + pu(x) _ GU(X) ]. g(x) - g(X1) (x € X)

u(x) o oulx,)  u(x) " oe(x,) - elx)

f(X) =

Then f € A, f(x1) = a, and f(xz) = ?. Hence A strongly

separatecs the points in X.
Clearly conditions (1) and (2) are necessary.

If we consider complex-valued functions then Theorem

1.2.1 no longer holds. However, we have

1.2,3 Theorem, Let A be a function algebra on a compact

space X, where A C C(X). If A is closed under complex con-

jugation, then A = C(X).
Proof. B8ee [25], pagc 36

If we recstrict ourselves to bounded functions, then a

converse to Theorem 1.2,1 can be given.

% _
1.2, Theorem, If CR(X) is the only function algebra on X,

then X is compact.

Proof., Suppose X is not compact., Let p be any fixed point
of pX-X and q any fixed point of X.

Let 4 = {f € c;(x) : £(q) = £P(p)}. Then A is clearly a
uniformly closed subalgebra of C;(X) which contains the con-
stants., Sincc CR(BX) separatcs the points of 3X, there exists
a function g € CR(QX) for which g(q) # g(p). Hence

A ¥ C;(X). Pinally, given ahy two distinct points x, v € X,
there is a function h € c;(X) such that h(x) = 0 and

h(y) = h(q) = hﬁ(p) = 1 (this follows by applying Urysohn's
lemma to pX). Now h belongs to A and thus we have shown that

A dis a proper function algebra on X, This completes the proof.



1,3 The notion of S-topology and its application to

algcbras which separate points.

Let S denote a class of topeclogical.spaces, The above
characterization for compact spaces leads us to.the notion of
S-topologies on funotion spaces, in the oenso that appropriate.
conditions on subalgebras of such spaces characterize the ‘

space X as a member of the class S. Formally, we have

.
1,3.1 Definition. A topology t on CR(X) or CR(X) is called

a S-topology if the following condition holds:

X belongs to the class 8 if and only if every 'scpara-
ting' subqlgobra 4 of C (X) (or CR(X)) is t=-densc

in CR(X) (or C (X))

In this section 'separating' subalgebras will mean sub-

algebras which strohgly-separate the points in X,

Remark, For the class C of compact spaces, the C-topology

is the SW-topology introduced by Meyer in [28].

Examples of C-topologies.

(1) From 1l.2.2 and 1,2.4 it is immediéte that the topolo-
gy of uniform convergence (the u-topology) is a
C-topology |

(2) pB {(resp. p) : the topology on C*(X) of pointwise

convergence on BX (resp. X)
(3) m : the topology on Cp (x) which has as 1ts neigh-
bourhood base at O sets of the form
ir € CR(X): Je(x)] <€ u(x) for all x € X}

where u is a positive unit of CR(X)
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(L) u ¢ This denotes the topology on C;(X) of uniform

*
convergence on X of monotone sequences in CR(X)

It is clear that the following order relations hold:

(1) pv< p‘a$ u < o and

(2) u <m

Furthermore, u = m if and only if X is pseudocompact,

. . . % ,
i.e., if and only if CR(X) = CR(X) ([11],2N). We also obser-
ve that the 'pP ~topology' is meaningful as a topology on

¥ *
C;(X) since every function in CR(X) can be extended to a uni-~

que function on gX,

l.3,2 Proposition, The following are C-topologics:
(1) P® on o(x)
(2) m on CR(X)
. %
(3) u on CR(X).

Proof. (1) If X is compact then p5 = p, and the result
follows from Theorem 1.2,2, since p-cl A = u-cl A = CR(X).

If X is not compact, we can choose D € BX~-X.
Let 4L = {f€ C;(X) : f°(p) = 0}. Then & is a proper subal-
gebra of C;(X) which strongly separates the points in X. We
now show that A4 is pﬁ—closed. Iet f € C;(X) and assume
that every pB—neighbourhood of f meets A, We show that f
is in A, By assumption,

(s, fod,t) = {g e Cp(x) : [P(p) - P (p)] < &

meets 4 for all n, and for each n there exists a g, € &

such that lgﬁ(p) - f‘fo’(p)l < -;—1 . But gﬁ(p) = 0 for all n,

‘and hence If@(p)l < % » all n, Thercfore fa(p) = 0 and



hence f belongs to A.

(2) If X is compact, Cg(X) = CR(X) and hence u = m,
Result now follows by 1.2.2.
Conversely, if X is not compact, the result is immediate

since ug m and u is a C-~topology.

(3) If X is not compact, the result is trivial, since
u < o and u is a C-topology. |

Suppose now that X is compact., If A is a strongly sepa-
rating subalgebra of C;(X), then u,-cl A 1is a sublattice of
C;(X) (by 1.3.3(1) below), Hence, by part (2) of 1.3.3,
y,~cl & is u-closed. The conclusion now follows by the usual

Stone~Weierstrass thcorem.

*
1,3,3 Proposition., (1) If A is a subalgebra of CR(X), then

. . %
u ~cl A is a sublattice of CR(X).

| 4 %
(2) If X is compact, A a sublattice of Cp(X), and t any
*® : ,
topology on CR(X) such that p< t< w, then t-cl A =

u -cl A, Here closures arc understood to be in cg(x).

Proof, For completeness we give the proof of (2). The proof
Of'(l)'is technical and we refer the reader to the paper by
Meyer ([28], Prop. 3.7).

To prove (2), it .suffices to show that p-cl A C u ~cl A
(clearly ‘uy~c¢l A C p-cl & since p < um), Since X is com=
pact, p-¢cl A = u~-cl A, Assume f is in u-~cl A, Then there
exists a sequence {gn} in A such that {gn} converges uniformly
to £ on X. Put gn# = 8,V ese \'zgn;k.. Then 8nx € A for all
k (A is a lattice). Clearly ignk;k is a uniformly bounded

monotone sequence which is uniformly Cauchy. Hence there
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exists, for each n, h € CQ(X) such that h 1is the uniform
limit of ighk}k' Thus h € y ~-cl A. But {hn} converges
uniformly and monotonically to £, Hence f € um-cl A, This

completes the proof,

Further examples of S-topologics.

We will now show that S~topologics exist Where S denotes
either the class of realcompact spaces or the élass of pseudo-
compact spacés.

Let p (resp. p') denote the topology on C;(X) bf point-
wise convergence on vX (resp. XU (PX-vX)). Note that p’ is
also meaningful as a topology on CR(X) since every function

in GR(X) can be extended to a function on vX.
We will now prove results similar to those in 1l.3.2.

1.3,  Theorem. Let S denote the class of realcompact spaces,

N |
Then p’ is a S-topology on Co(X) and on CL(X).

Proof. If X is rcalcompact, vX = X and hence Pv = p. We
show that e¢very strongly separating subalgcbra A of CR(X) is
p-dense in CR(X). The same argument holds also for subalgebras

£ .
of CR(X). Choose f in cR(x). Let

U= U(E,F,e) = {g € Cu(X) ¢ a(x) - £(x)| < e; v x € F]

‘be a basic p-neighbourhood of f, Where F is a finite subset
of X. Suppose F = {X;, ... ,x }. For 1<i<n construct

gs € A such that g,(x;) = £(x;) and gi(xj) = 0 for i#j.
(The construction of each g; requircs n applications of the
strong separation property and the fact that A is closed un-
der multiplication.) Let g = g+ ... +g.. Then g € A,

and since glF = fIF, g also belongs to U. Hence A is



p-dcnse in CR(X).
Tho conversec is proved along the lines of the proof of

1.3.,2(1).

Remark., We have in fact shown that every strongly separating
subalgebra A of CR(X), X a completely regular space, is

p-dcnse in CR(X).

1.,3,5 Theorem. Now let S denote the class of pseudocompact

»
spaces, Then p' is a S-topology on CR(X).

Proof, Anaiogous to proof of 1,3.4 above.

l.h S~topologies for algebras which separate points and

closed sets,

In discussing Sétopologies gbove we restricted ourselves
to algcbras which strongly separate thé points in X, vIn this
section we consider algebras which separate points and closed
sets, l.e. given any closed set F C X and sny point x § F,
there is a function f£ in the aigebra such that f£{x) = 1 and

f(F) = 0,

l.4,1 Definition. . A topological space X is @glmost compact

if PX can be obtained from X by adjoining at most one point,
i.e. card(px-X) < 1, |
A space X is said to be LindelBf if every open cover

admits a countable subcover,

l.,4..2 Proposition, .(1) A Lindeldf space is realcompact,

(2) An almost compact space is pseudo-

compact,

Proof. (1) see [11], Theorem 8,2
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£(2) = 0. But then fp(q) =1 and fp(p) = 0 since
D€ cle'Z. Hence AP separatcs the points in pX.
p

Since u is bounded away from zero, W does not vanish on BX

end W € A .

Necessity: Suppose pX-X contains two distinet points i
% 7
ond p,. Let A= [£€ Co(X) : £(p) = £ (p,)}. Then 4

contains the constants and separates points and closed sets.,
To sec this, let g€ X and F C X be such that q § F. Then
q 6 clyy F. Hencc there exists a function g€ CR(ﬁX) with
gla) =1 and g(F) = g(py) = e(p,) = 0. Then g, belongs to
A and separates q end F, |

But Avis not uniformly dense in C;(X). For let h € C;(X)

be such that hﬂ(p1) =1 and ‘hp(pz) = 0. Then clearly h
docs not belong to the uniform closure of A, Thus clA is a

“ v
proper subalgebra of CR(X) which satisfies (1) and (2) above.

l,4.,4 Definition. Let A be a subalgebra of CR(X). If A

(1) is closed under uniform convergence

(2) contains the constants

(3) separates points and closed sets |

(4) is closed under inversion, i.e. f € 4 and
2(f) = £ imply %.-e A

then 4 is_called an Llgebra on X,

Denote by A* the space of all bounded functions in A, Ir
A is an Algebra on X, then clearly A* is uniformly closed,
contains the constants and is closed under bounded inversion,
ie. £ EA and £> a > 0 imply % 3 A%. Furthermore, A¥

separates points and closed scts: let F be a closed set in X
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and choose x § F. Then there is a function £ € A such that
_ _ "
f(x) =1 and f(F) = 0. Put g = 2fl/f2+1. Then g € A

0.

i

and g(x) =1, g(F)

For unbounded functions Hager and Johnson [16] proved the

following interesting characterization.

lelte5 Theorem. For a completely regular space X the follow-

ing are cquivalent:

(1) The only Algebra on X is CR(X) itself

(2) The only realcompact space in which X is Gg-dense
is vX

(3) wX is LindelBf, card(vX-X) € 1, and vX is the
only space in which X is Gg~dense with these
two properties |

(4) PBither X is Lindell8f or X is almost compact

(5) Every embedding is a z-embedding.

Before we can prove this result we need some further
machinery. We note, however, that for almost compact spaces
(1) follows immediately from l.4.3 since almost compact spaces

are pseudocompact.

l,4,6 Preliminary results. Let £ € CR(X).' The zero-set of

£ is given by 2Z(f) = {x € X ¢ £(x) = 0}, and the cozero-set

il

of £ is defined by coz(f) = X-Z(f). Now lect X be a sub-

: %
space of Y, We say that X is C-cmbedded (resp. C —embedded)

. &
in Y if, given f € CR(X) (resp. CR(X)), there is a g in
Cr(Y) such that g|y = f.
.
If f € cR(X) has an cxtension g to Y, then it has a

bounded extension: let n be the bound of |f|. Then
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(nAg)v(-n) is a bounded function on Y which agrees with f on X.

X is said to be z-cmbedded in Y if, given any zero-set 2

in X, there is a zero-set 2' in Y such that 2 = Xn 2'.
*
(1) Bvery C -embedding is a z-embedding:-

Let Z be a zero-set in X. Hence 2 = Z(f) for some f in
% % .
CR(X). Now let £ be the extension of £ to Y. Then Z(f) =

Z = z(f*)n X.

& .
(2) If X is densc in Y, then X is C -cmbedded in Y if
and only if any two disjoint zero-sets in X have disjoint

closurcs in Y:-

For a proof of this result sec {11], Theorem 6.4

A subset G of X is a Gg=set 1if G =N Ui’ where each U
e i=1
is an open subset of X, Similarly , a subset F of X is a

ngset if F =181Fi’ where each Fi is closed in X,

Iet Y be an c¢xtension of X. Then CR(Y) may be regarded

a8 a subalgebrs of CR(X), consisting of those f in CR(X)
with continuous cxtension over Y. Since X is dense in Y,
these extensions are unigue.

e say X is Gg-dense in Y 1if each non-void Gg-set in Y
meets X. (This notion was first introduced by Mrowka [30] and

hc called it Q-densc.)

(3) CR(Y) is closed under inversion in CR(X) if and only

if X is Gﬁ-dense in Y:-

Suppose CR(Y) is not closed under inversion in CR(X).
Thus there is a function £ € CR(Y) such that Z(f)NnX = &

and Z(f) # g. But z(f) =n {yeY : |£(y)| < %} and honce
: n=1
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Z(f) is a Gg-set which does hot meet X.

Conversely, suppose G C Y is a non-void GG-set such that
GNX = . Then G contains a non-void zero-~set, say Z(g)([11],
3,11(b)). Thus g # O on X but % ¢ Cg(¥). Hence C(Y) is

not closed under inversion.

It follows that CR(Y) is an Algebra on X if and only if
X is Gy-dense in Y (the other conditions prevailing automati-

cally).
(L) X is Gg-dense in vX:-
This follows from (3), since CR(vX) is closed under inver-

sion in CR(X) (= CR(vX)).

The spaces H(A*) and H(A).

Let A be a subalgebra of CR(X) which contains the constants.,
‘We define a partial order on A by £ > g provided £(x) > g(x)
for all x € X, If a homomorphism m prcserves order, l.c. if
f > g then mn(f) > n(g), we say that m is isotone. Now each

¥ € X gencrates an isotone homomorphism m,, defined by
n (£) = £(x).

Dcnotc by H(A) the space of all isotone homomorphisms from
A intoIR (thus every eclement in H(A) generates a real méxi~
mel ideal), and define the map ¢:X = H(A) by
o(x) = m .
Now suppose that A separates points and closed sets in X.
Then ¢ is one-one: 1let X, and x, be two distinct points in X.
Thus there is a function f € 4 such that f£(x,) * £(x,).

But then mn_ (f) # m_ (f) and hence o(x,) ¥ o(x,).
X, X, 1 2
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Bach f in 4 defines a function f on H(4) by
f(n) = n(f).

Identifying £ with £, A generates a weak topology on H(4)

in which X is a dense subspace (since A separatcs points and
closcd sets).
We note that A separates the points in H(4): suppose

1 2 17 72
that m1(f) % mz(f). Hence %(m1) ¥ f(mz).

m #* m where m , m € H(A). Thus there is a f € A such

3
The above also holds for H(L ), the space of all isotone
%
homomorphisms from 4 intoIR., We recall that, if A is closed
under inversion and separates points and closecd sets, then

* .
i separates points and closed sets.

Proposition 1, If Aﬁ is uniformly closed and separates points

%
and closed sets in X, then H(4 ) is a compact Hausdorff space

# %
containing X as a dense subspace and A = Cp(H(A ))e

Proof. The weak topology may be defined by embedding H(A*)
in a product of real lines over A*. Since each functién in
A% is bounded, the image of H(A*) is contained in a product
of closed bounded intervals, which is compact Hausdorff,
Sincc H(A*) is weakly closed, H(A*) is itself compact Haus-
dorff,

Clearly A* separates ﬁhe points in H(A%) and contains the

constants, Thus by the Stone-Weierstrass theorem A* =
%
*
Lemma 2, Every homomorphism from A ontolIR is isotone.

Proof., Suppose f € 4 is such that f > O and let m be a

* %
homomorphism into IR, Since A = CR(H(A )), we can write f as
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®
gz where g€ 4L + Then n(f) = m(gz) =mn(g).n(g) =

[m(g)]2 > 0. Hence m is isotone,

‘ *
It now follows from Lemma 2 that H(A ) is the space of
%
all maximal ideals in 4 , denoted by MA* (every maximal

- . *
ideal in A is real).

Proposition 3, Let A be a subalgebra of CR(X) which is clo-

sed under inversion., Then every homomorphism of A onto IR is

isotone, i.e. H(L) is the space of all real maximal ideals in

A
die

Proof., Suppose m: L IR is a non-isotone homomorphism.v
Choose f, g€ 4 with £ 2 g and m(f) < m(g). Thus
n(f ~g) =c <0 and m(f - g-1c) = 0,

Sinece f~-g-¢2 -¢c>» 0, f ~-g-c¢ 1is invertible., But

then m cannot be real-valued at T - contradiction,

g ~-c¢
Let A be an fLlgebra on X, Then A determines two exten-
sions of X: a compact oneg, H(A$), characterized by the
L% * .
property CR(H(A }) = A , and a realcompact one, H(.i). [The
former is a consequence of Proposition 1; the latter follows
from Proposition 3.]

Clcarly H(C;(X)) = fX and H(CR(X)) = vX.,

48 was pointed out before, H(A*) can be described as the
spacc of all maximal ideals in A* and H(4L) as the space of all
rcal meximal ideals in 4. In either case, the one-one
correspondence is defined by assigning to each non-zero

- homomorphism its kcrnel, which 1s a maximal ideal., Now

(5) 4 = CR(H(L)) if end only if H(4') = p(H(4)):-
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suppose H(L") = p(H(4)). Then 4% = Ch(H(L®)) = Ci(H(4))
Thus 4 = CR(H(A)). |

Conversely, LA = CR(H(A)) implies L =vC§(H(A)) =
Co(H(A™)). Thus p(H(:)) = H(L).

&
Hence it follows that H(4 ) = BX if and only if

L= CR(X).

.
We denote by coz(H(A ),X) the family of cozero-sets in

H(Aw) that contain X, We then have

%
(6) Every S € coz(H(A ),X) is C*-embedded in H(A*),

. #
and hence {8 = H(A )s-

This can be verified by appealing to results in Isbell's
papcr on uniform algebras [22], but Hager states in [15] that

this can be proved directly. We were able to do so. 8ee p. 31

Lemma L, A space X is Lindel8f if and only if it is Gy-

dense 1n no proper superspace,

Proof, Suppbse Y is a proper superspace of X and X is Linde-
18f, Choose y, € Y-X. For each x € X there is a neigh-
bourhood U_ of x such that y, ¢ ﬁx (closure in Y). Since

{Ux}xex is an open cover of X, there is a countable subcover,

say Ux 3 ess ’Ux 5 ees Put
1 n

U =n §{y-U_ }
3 =1 X3

Then Yo €U and U is a G5~set in Y which is disjoint from X.
Thus X is not G8~dense in Y,
Conversely, suppose X is not a LindelBf space. Then there

is a family {UG;GEA of sets in @X which covers X but no
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countable subfamily covers X. Let H = X - UEU& :a € A}
and lct bX be the compactification of X which is obtained
from gX by identifying H with a single point Xy

Suppose that there is a Gg-set G C bX which contains x, and
is disjoint from X. Put F = bX-G.

ThenA XCFC UEUA ta € Al, But F is a F.-set in a compact
space bX, and hence can be covered by countably many sets Uy »

This leads to a contradiction, Hence X is G6—dense in bX.
We are now able to prove Theorem l.4.5.

Proof of Theorem l.,L4.5., We have to prove that the following

are equivalent:

(1) The only Algebra on X is CR(X)

(2) The only realcompact space in which X is Gy —dense
is vX

(3) vX is LindelBf, card(vX-X) £ 1, and vX is the
only space in which X is Gé—dense wifh these two

- properties
(L) Bither X is Lindele or X is almost compact

(5) Every embedding is a z-cmbedding

L;) = (2): Suppose D is a realcompact space in which X is
Gy~dcnse and D # vX. Then by 1.4.6(3) CR(D) is an Algebra on

X that is different from cR(x) - contradiction.

{2) = (3): 4ssume (2). If vX is not Lindel8f, then
there is a space D, properly containing vX, in which vX is
GS—densc (by Lemma &1 above). Since X is Gg~dense in vX, it is
also Gg-dense in vD, Thus vX and vD are two different real-
compaét c¢xtensions of X in which X is Gs—dense. Hence (2) is

contradicted and thus vX is Lindel8f.
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If card(vX-X) > 1, choose two distinet points of yX-X, and
let D denotce the guotient of vX obtained by idontifying thenm,
Sincc each regular LindelBf space is normal ([23], page 112),
yX is normal and by a result in [ 6], VII 3.5, D is normal,
The quotient mapping is not onc-one, so that D and vX are
different, Since D is the continuous image of a Lindcl8f
space, it is itsclf Lindel8f and contaiﬁs X Gy -densely (since
vyX doecs). Again (2) is contradicted, so card{(vX-X) < 1.
Pinally, if X is Lindel8f, then the remaining statement of
(2) follows from Lemma L (for then X = vX by 1.4.2(1)).

If X is not LindelBf, it is Gs—dunsc in any Lindcl8f super-
space D with card(D-X) = 1 (otherwise X would be a'ET—set in

D and hence Lindel8f). By (2), vX = D,

(3) = (L)+ Supposc X is not Lindel8f. By assumption,
vX-X is a singleton, say {pO}. So BX =vX if and only if
X 1s almost compact. Suppose, thcrcforé, thét there is
p, € pX-vX. Consider the subspace X&le03p1f of X, and let
D denote the gquotient of this space obtained by identifying
p, and p, . Since vX is Lindel8f, so is XU {py,p;}. Thus D
is LindelBf, and since X is not LindeclBf, it is Gé—dense in
D‘by the same argument as above. Now vX and D are different
extensions of X3 e.g. X is clearly not C-embedded in D, Thus

(3) is contradicted.

(L) = (5): (i) Suppose X is Lindel8f and that X is em-
bedded in Y. Let Z(f) be a zero-set in X. Tor ecach
x € X-z(f) there is a g é CR(Y) such that g (x) =1,
8,(2(f)) =0 end ngﬂ < 1. (x ¢ Z(T), closure in Y)
Let U, = {y € X : g (y) > #}]. Then {U_ 2 x € X-2(f)} is

en opcn cover of X-Z(f). Since X-Z(f) is = F_-subset of the
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Lindcl8f space X it is itself a LindelBf space., So there

cxist countably many clements X, ;...3X 5+.. 0Of X such that
17 n

[~
X-2(f) C U fu_ 3. Put s Yile |. Then ge o (Y)
1=t X3 T2t Oy ' R

and Z(f) = Z(g)NnX.

(ii) Suppose X is almost compact and cmbedded in Y. We
show that (X C BY, for then the result follows,

[3
et f € CR(X)‘ Since 8X is compact, 2 has an extension

£ to pY. But then f£| . will be en extension of £ to Y.
. 5 .
Hence X is C —embedded in Y and by 1.4.6(1) X is z-embedded

in Y,

Without loss of gencrality Wevassume that Y is compact., To
show‘thét BX C Y, let i: X = Y be defined by 1i(x) =

Denote by'j the extension of i to BX = X\Jix;}. We show that
J is one-one, |

So suppose there is a x; € X such that j(xm) = J(x;) = x4
Let V be a neighbourhood of x; in X such that V is cbmpact (in
pX), and V € X. Choose a ncighbourhood W of X, in Y such |
that WNX = V.

Since J is continuous, there exists a neighbourhood U of X s

U C pX-7, so that j§(U) € W, Clearly UNX * g and

UnV = g, But J(UNX) = i(UNX) =UNX CWNX =V -
contradiction. |

Thus j is a homeomorphism from pX into Y, and hence X C Y.

5) = (1): Let A be an Algebra on X, We show that X is
C-cmbedded in H(A*). Thus BX = H(A&) and by 1l.L.6(5) it
follows that A = Cp(X).

By 1.4.6(2) it suffices to show that disjoint zcro-sets in X
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. - *
have disjoint closures in H(A ). Iet 2 Z, be two disjoint

1 ’
%
zero-sets in X. Since X is z-cmbedded in H(A ) (by hypothesis)

: %* %
therc exist f, € CR(H(.A. )) = A with Xnz(f;) = 2, for

i i
i = 1,2. '

Now a(f; + £2) = 2(f,)nz(f,) is disjoint from X, so by
. 2 2y . A F . * '
1.4.6(6) coz(fy + f,) is C -cmbedded in H(A ). Let Z] denote
2 2 2 . 2 2 .
the zero-set of fi/f1 + f, in coz(fy + f,). Since

2102 =9, 2{n%Z) = Dby l.4.6(2) (closures are taken in

But Z, € 2} for i =1,2, s0 Z,nZ,= § as well,

Pointwise convergence of sequences of functions.,

Finally we will show that the topology of pointwise
convergence of sequences of functions is a S-topology for the

class of almost LindelBf spaces.

l,4.7 Definition. A completely regular Hausdorff space X

will be called almost Lindel8f if and only if of any two

disjoint zero-sets Z1 and Z,, at least one is Lindeldf.

On replacing "LindelBf" with "compact", Hewitt's definition
of almost compact is obtained ([19]). Thus an almost compact
space is almdst Lindel8f. Furthermore, it can be shown that
the condition in l.4.7 above is equivalent to (see [16], Le3}:

(e) vX is LindelBf and card{vX-X) < 1.

Condition (c) does not imply condition (3) of Theorem
1l.4.5, since an almost LindelBf space need not be Lindeldf
nor almost compact: for example, rcmove one cluster point

from the space of countable ordinals,
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In a more general setting, denotc by F(X) the algebra of all
real-valued functions on X. . For each B C F(X) let uB be the
set of all pointwise limits of sequences in B, It may happen
that u(uB) # uB, but in any casc we let sB denote the small~
cst set P D B for which uP =P, Then s is a tobological
closure operator, and the'corresponding topology is called

the topology of pointwise sequential convergence, which we

will denote by Dy e
The following result is due to Hager [14]

1.4.8 Proposition. Let X be a LindelBf space and A a sub-

% _
algcbra of CR(X) which containg the constants and separates
points and closed sets. Then uwh D CR(X) (i.e. A is Dy~

dense in CR(X)).

Proof, We will only give an outline of Hager's proof.

Suppose X is an arbitrary space and let Al be the smallest
| subalgebra of CR(X) which contains A and is closed under uni-
form convergence and inversion, Thus Al i1s an Algebra on X,
If cli denotes thevcoliection of uniform limits of‘sequences
in A, then 4y = cl{f/g : £,g € cli and g has no. zerosi,

It can be shown that uA D> 4, ({141, Propositioﬁ 1.1). For
Lindel8f spaces the result now follows immediately from

Theorem l.4,5: for then Ay = CR(X) and hence uA D CR(X).,

One can, however, follow another line of proof: by a
result due to Isbell [22], 4, = CR(X) if the zero-sets of
functions in CR(X) and in A, coincide. Since zero-sets of
functions in Al and in clA coincide, one need only consider
clA and CR(X). For LindelBf spaces the following explains
why Ay = CR(X).U
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4

Proposition, Let X be a LindelBf space, and B a uniformly

. % ' ‘
closed subalgebra of CR(X) containing constants and separating
points and closed sets, Then zero-sets of functions in CR(X)

are zero-sets of functions in B.

Clearly clA is such an algebra, I thought that this
result could be Weakened té include almost Lindel8f spaces,
but this is; however, not possible, For suppose the Proposi-
tion were true for almost Lindcl¥f spaces, and suppose A4 is
any Algebra on X, Then clearly A* would be a candidate for
an algebra B, and hence A = CR(X) (since zero-sets in A and
A* coincidé). But then Theorem 1l.4.5 would imply that almost
Lindcl8f spaces are'either Lindel8f or almost compact, which

contradicts the remaprk after l.4.7.

The proof of 1l.4.8 depends on the rather strong condition

that Al

a class of topological spaces X such that uA D CR(X), yet

= CR(X), thus it seems possible that one could get
where A1 need not necessarily be the whole of CR(X)‘ Indeed,
such a result was obtained by Frolik [8]., In fact, hc proved

the following charascterization for almost Lindcl8f spaces,

1,4L,9 Theorem. The following are equivalent:

(1) X is almost Lindell8f
(2) If an algebra A of bounded continuous functions
- contains the constants and separates points and
closed sets, then A is p ~dense in CR(X) (in
fact uA D (X)) -
(3) With the assumptions in (2), if A is a lattice,
then every non-negative function f in CR(X) is

the pointwise limit of an increasing sequence of
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2l
functions in A,

Proof, We need the notion of a 'measurablef function and

the lemmas below,

Let M be a o-algebra of subsets of X and let f € F(X),
Then f: (X,M) » R is said to be measurable if f-1(U) €M

for every open subset U of R (equivalently, f—I(F) € M for
every closed subset P of IR since M is closed under the taking

of complements).
We can now state the first lemma.

Lemma 1. Let A be a subset of F(X) and let M be the smallest
oc-algebra of subsets of X such that every f: (X,M) » IR, £€ A,
is measurable, (Thuer contains all zero-sets and cozero-sets
of functions in A.) Then every pointwise limit of a sequence
of functions in A is measurable, Furthermore, if P € M then
there exists a countable subset B C A such that if x € P
and y ¢ P then f(x) # f(y) for some f € B (we shall say

that B distinguishes P)..
Proof, Suppose {gn} is a sequence in A which converges
pointwise to g. We want to show that g is measurable. So let

1
F be a closed subset of R and let U = {a€R: d(a,F) < =}.

- Then g£1(Um) belongs to M for every k and every m. We claim

0

~1
N gk (Um) ’

-1
g (F) =
1 k=n

m

W>8

o0
()
1 n=

for then g—1(F) € M since M is a c-algebra.
"S'"s Choose X €ENU N g£1(Um) and fix m. Then there
m n k2n ;

exists an integer N such that x € n g;1(Um) , SO gk(x)e U,
' k=N
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for every k> N.  Since gk(x) + g(x) and U is open, we

have that g(x) € ﬁ;. This holds for every m, so

g(x) e NnT =7 and thus x ¢ g (F).
n=1 ™
"c'": Choose x € g-1(F) and fix m. So g(x) e FCU.
m

Since gn(x) + g(x) there exists an integer N such that
x y
gk(\) €U for k>N and hence X € kQN g (U ) <

U n g;1(U ). This holds for every m, 80 X € NU N g;1(U ).
n k»n m : mn kxn - O

To prove the second statement, observe that the collection
¥ of all 'distinguishable' sets is a o-algebra., We will

% v
show that every f: (X,M ) >R, f € A, is measurable. For
£

then M CM Dby the minimality of M.

So let F be a closed set inIR and choose f € A, Then

. a1 -1 *

clearly {f} distinguishes the set f (F) and so f (F) € M .

This completes the proof of the lemma.

Lemma 2. A space X is almost Lindel8f if and only if for
each continuous funection £ on X there exists a real number »r

such that the set B = {x: £(x) # r] is LindellBf.

Proof. If: ZLet Z(g), Z(f) be two disjoint zero—setsvin X,
By assumption, there is a number r such that B = {x: g(x)#* r}
is Lindeld8f.

If r =0, then E = X-Z(g) and hence Z(f) is Lindellr
(veing a closed subset of a Lindeldf set).

If r» # 0, then Z(g) CE and hence Z(g) is Lindellf.
In either case, at least one of Z(g), Z(f) is LindelBf and so

X is almost Lindellr,.
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- Only if: Let 8 be the sct of numbers s such that
{x : £(x) < s} is Lindel8f, Let r be the supremum of S,
Suppose that r is finite. Now E = {x: f(x)< r ~ %} is

Lindel8f for each n. Hence

UE = {x! £(x) < r}

is LindelBf, Similarly , EA = {x: £(x) 2 r+ %} is Linde-
18f for each n since it is disjoint from the zero-set

fx: £(x) < r+ 5=} and the latter is pot LindelSf (by defini-
tion of r), |

[~ ]
Hence U B! = {x: £(x) > r} is LindelBf and it follows
n=1

that B = {x: £(x) #+ r] 1is LindclBr.

If r is not finite, then X is LindelBf,

We are now in a position to prove the theoremnm.

522 = 122: Obvious

2) ® (1): Suppose X is not almost LindclBf. Thus there
¢xist two disjoint zero~se£s Zz, and Z, such ‘that neither Z1
nor Z, is Lindel8f. Take a countably additive open cover u
of X such that ncither Z, nor Z, is contained in an element
of U. Thus U is uncountable., (That such a cover exists can
be secn as follows: Let U1 and uz be covers of Z, and Z, re-
" spectively which do not admit cbuntable subcovers. Also
cgnsurc that no element of u1 intcersects with any element of

u For each point x € X-(Z1L}Z2) let U, be the collection

Z.
of all ncighbourhoods N_ of x which are subsets of X-(Z;UZ,).
Now let U be the cover generatcd by Uy, U, and {Uyt x € X-
(2,U%,)}, ensuring that, whencver x belongs to some clement

of u1 or uU,, all ncighbourhoods of x which are contained in
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this clement also belong to U, )

Let A be the spacc of all functions in C;(X) which are}
constant on the complemcnt of an clement of ¢, Clcarly A is
uniformly closed, contains the constants and separates points
and closed sets, Let M be defined es in Lemma 1 abofe. Then
Z, does not belong to M., For suppose 2, € M, then there
would cxist a countable subset F = {fy,...,fp,...} of A
which distinguishes 2y, Now each f; € F is constant on

X-Ui for some U, € U, Hencc cvery £y € F 1is constant on

r: (X=U; ) = X~{ 3 U.} = X-U
it it
where U € U,

Now X~U is non-empty ahd meets both Z; and Z, (by the
construction of U). 8o if we choose x € (X-U)N3Z; and
y € (X-U)nZ, then x € Z,, ¥ ¢ Zy s but F does not distin-
guish x and y -~ contradiction, Thus Z1 ¢ M.,

Consider the function £ € CR(X) which has 2Z(f) = Zg.
Thus Z(f) ¢ ¥ and by Lemma 1, £ is not in uA.

(1) = (3): Assume condition (1), Let A be an algchra of
bounded functions in C;(X) which contains the constants and
scp@rates points and closed sets. Denote by B the smallest
lattice algebra containing A., Sincc the smallcst uniformly
closed algebra C containing A is a lattice (see [11], 16.2),
we have ACBC CC uA, and hence it is obvious that it is
cnough to pirove that every nonncgative continuous.function is

the pointwise limit of an increasing sequence of nonnegative

functions in B.

Lemma 3: If U is an open LindelBf subspace of X, then therc

exists an increasing sequence {gn} of nonnegative functions in
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B which converges pointwise to the characteristic function

of U,

Proof, Following the argument in the proof of Thcorem l.4.5
[(4)*(5), (i)], there exists a scquence fhn} of nonnegative
functions in B such that h (X-U) = 0 for all n, and if

X € U, then 'hn(x) > 0 for some n., Put

g, =Vmin(l,n(h1+...+,hn)).

Then'{gn; satisfies the condition of the Lemma.

Now let T bé a nonnegative continuous function on X,
First assume that X is Lindel8f. Then all cozero-sc¢ts are
LindelBf (being F&—subsets), and we can proceed as follows,
Given an € > 0, put E = {x€X: £f(x) > ne} and let h De

the characteristic function of E , for n ='1,2,....‘>Define
th(Zh.)
Then h< f and ||~ hf < e.

By Lemma 3 above, each hn is the pointwise limit of an

incrcasing sequence {gnﬁ} of nonnegative functions in B,

X = 1,2,,.., let £, be the maximum of all

JOR

Yow, for e =
r e i i ; . ding t L £ k < i
N ¢ S P msi, 8, COrresponding to & = or ks 1,

Clcarly {f,}] is an increasing scquence of nonnegative functions

i
in B, and {fi} converges pointwise to f.

- This shows that conditions (2) and (3) hold if X is
Lindel&f; It should be remarked that this is Proposition

1l.4.8 above.

Finally assumc that X is almost LindelBf, This case is re-

duccd to the previous one as follows, By Lemma 2 there is a
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rcal number r such that E = {x: £(x) *+ r} is Lindel8f., We
nay assume that r = 0, Apply the previous case to the restr-
iction of £ to E, andvthe_resﬁriction of B to E, We thus ob-

tain a sequence {hnz in B such that {hnlE} is an increasing
scqucnee of nonnegative functions, which converges to flE.

By Lemma 3 we can choose {gn} in B such that {gnf converges

pointwise to the characteristic function of E. Put

Then‘{fni is an increasing sequence of nonnegative functions
in B whiich converges pointwise to f. ThisAcompletes the

proof,

We observe that the ps—topology is a S~topology for the
class of almost Lindel8f spaces, where we require the algebra
to separate points and cloéed_sets. This condition cannot be
rcplaccd with the hypothesis that A separates points. An
example is given in [14] (1.5(11)); We note, however, that

any subalgebra which srongly separates the points in X is

p-dense in CR(X) (sce proof of 1.3.&(1)).>

We conclude this part with a final observation. Let c
denotc the topology of uniform convergence on compact sets,

We have

1,4,10 Provosition: Let X be an almost Lindcl8f space., If

#
A is a lattice subalgebra of CR(X) which contains constants
and scparates points and closed sets, then A is secquentially

dcnse in CR(X) with the c-topology.

Proof. We will need Dini's theorem, which states that a
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pointwise convergent increasing sequence of continuéﬁs func~
tions with continuous limit converges uhiformly on compéact
scts ([23], 78) |

Lot £ € Cp(X) end write f = fvO - (-f)vo = £ -7,
‘ By'Thcorem 1.4.9(3) =nd the remerk above, therc are sequences

{gn} and {hn} in A such that {gn} converges to £ and {hn}
converges to £, uniformly on compact sets., |
Then {gn - hn} converges to £, uniformly on compact sets, and

hence in CR(X) with the c~topology.
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Appendix,

We will now give the direct proof of'l.u.6(6)‘promised
above., (It turned out to be '"rather easy", as Hager in fact

suggested.,) Recall that we have to show the following:

% *
Every S ¢ coz(H(A*),X) is C ~embedded in H(4A ).

% s
So suppose S = H(A )-Z(f), where f € CR(H(A )) and
*
Z(f)NX =gF. Let g€ CR(S). We want to show that g has an

%
extension to H(A ). Define k by

k:g.f on S
= 0 on Z(f)

’ ' %
Since g is bounded, k is continuous on H(A ). Now

% %* ' %
CR(H(AT)) = A7, so kly and £|y both belong to A", Also £ # 0
on X and since A is closed under inversion we have that

i . . 1 1
(?)!X € A, Since A is an algebra, (-f---k)lX (= (?)IX'RIX)

‘ : %
bclongs to A, In fact it belongs to A , since g is bounded

and i |
(-f"'k)lx = (?(g-f))lx = gix o

Again CR(H(A*)) = A*, s0 (%ok)]x has an extension b to
H(A*) with h]x = glx. But X is dense in S, so hls = 8o

%
Thus g has an extension to H(A ).
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Notes

The study of approximation of continuous fuhctions origi-
nated with Weiersfrass's well-known paper [35]. Theorem 1.2,1
is a generalization of this result to compact spaces and is
due to Stone (see Stone's expository article in [5]).

Theorem 1.2,4 is due to Hewitt [19], but the proof presented

here appears in [3].

The notion of S-topology is based on Meyer's definition of
a SW-topology in [28]. Propositions 1.3.2 and 1.3.3 are due
to him and we have given his proofs of these results,

Theorem 1.3.4 and its proof is also due to Meyer. ([27], [28])

The proof of 1l.4.2(2) is our own, and is based on an exer-
cise in [11]. Theorem 1.4.3 is due to Hewitt [19]. The
probf presented here is our own. The sufficiency part uses
an idea of Nel [32]; the necessity is based on an idea of
Banaschewski [3]. Most of the proofs of the results under
l.4.,6 are our own, except Propositions.l and 3, which appear
. in Isbell's paper [22], and Lemma 4, the proof of which is in
" [29]. Theorem 1.4.5 is due to Hager and Johnson [16], and the
proof presented here is essentially theirs. The pfoof of
| part (1) of the implication (4) = (5) appears in [17]; the

proof of part (2) is our own.

Theorem l.4.9 is due to Frolik. We have in places elabo-
rated on his arguments and simplified his proof. The proofs

of Lemmas 1 and 2 are our own.

Finally, the proof of the result in the Appendix is our

owWn.



PART II
ALGEBRAS OF COMPIEX-VALUED CONTINUOUS FUNCTIONS

2,1 Preliminaries.

In.Part I we developed results concerning the approxi- )
mation properties of algebras of real-valued functions., These
results are no longer true if wé consider algebras of complex-
valued functions. 1In this chapter we will ihvestigate such

algebras, Henceforth X will dendte, unless otherwise stated,

a compact Hausdorff topological space, and C(X) will be en-
“dowed with the topology of uniférm convergence, We further-
moreiremérk that the definition bf a function algebra as
given in 1.1,1 can clearly be extended to complex-valued

functions.

Before we proceed, however, it is necessary to collect
some information on Borel measures, A Borel set B in X is a
member of the o-ring 8 generated by the closed subsets of X,

A complex Borel measure p on X is a countably additive

complex-valued set-function on ® such that u(f) = O, For

every complex Borel measure p we define a positive measure

ful by: o
] (E) = sup 2 [p(E,)]

izl
where the supremum is taken over all representations of E as
a countable union of disjoint Borel sets E;.. lul is called

the total variation of p. An important property of every

complex measure p is that |[u](X) < . ({33], Theorem 6.4)
This immediately implies that every complex measure g on any
o-algebra is bounded. A positive Borel measufe v on X is
regular if and only if

33
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v(E) = inf { v(U) : U open and U D &}

sup { v(F) : P closed and F C E}

]

for every E € 8.

We denote by M(X) the space of all regular complex Borel
measures on X. For each u € M(X) we define a norm for u

oy llull = [ul (%), The map

f - fxfdp

is a bounded linear functional on C(X) and the Riesz Repre-

sentation Theorem asserts that these are all the continuous

linear functionals on C(X). (For a detailed account of the
above the reader is referred to [33],' Ch. 6)
Furthermore, if u € M(X) and F is a Borel set in X, then

¢ is said to be concentrated on F if and only if |u|(X-F) = O.

If p € ¥(X), then there exists a smallest closed subset on
which p is concentrated., This can be shown as follows:

Let U =Y U, where lul(Ua),= 0 for each a, and every U,
is an open subset of X. We will show that |u|(U) = 0. So
suppose that |ul(U) > 0. Since |u| is regular, there is a

closed set FCU such that |u]|(F) > 0. Since F is compact

n
there exist Gygonost, such that F C UV Ua . But then
i=1 7i
n _
lul(F) < 2 Ip](UOb ) =0 = contradiction., Thus X-U is the

l::‘ i
desired set. We call this set the support of g and denote it

by supp u. Finally, a measure g is multiplicative on a sub-

algebra A of C(X) if and only if [fg de = ([fdu )(/ gdy )
for all f,g in A.

We. endow M(X) with the w*-topology. This is the weakest

topology on M(X) which mekes all the maps
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b j £ ap  (feC(X))

continuous.

. v
2,1,1 Proposition. _Let W be a w -closed linear subspace of

M(X), and let b(W) = fuew 3 ul] £ 1} (the unit sphere).
* _
Then b(W) is the w -closed hull of its set of extreme points,

denoted by b(Ww)® (seev[25], p. 9).

This follows from the Krein-Milman theorem ([24], p. 131),
which states that if A is a convex compact subset of a |
locally convex linear topological Hausdorff space E, then A
is the closed convex extension of the set of all its extreme
points, and the fact that b(W) is w*—closed and convex,

Thus any W*-continuoﬁs linear functional that vanishes on

(W)€ venishes on b(W).

2,1.,2 Definition. Let A C C(X). The annihilator of A is

1
the set A = {pu€ M(X) : [f du =0 , V F€ A},

Combining the Hahn-Banach theorem with Proposition 2,1.1

we obtain

2,1,3  Lemma. Let f € C(X) and V C C(X). Then £ belongs

to the closed subspace of C(X) spanned by V if and only if

]
ff dp = 0 for every u € b(V )E.

The following lemma is basic in establishing several of

the later results.

2.1, Lemma. Let £ € C(X) and V C C(X). Suppose that

(1) V'L + {0}

(2) w e (e
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(3) ].f.g du = 0 for every g € V.

If £ is real-valued on supp p, then £ is constant on supp u.

Proof. %.g. [25], p. 35

As mentioned earlier in Part I (see 1.2.3), if A is a
function algebra on a compact Hausdorff space X which is
closed under complex conjugation, then A = C(X). It is our
aim in this chapter to indicate.other'properties that ensure

that A = C(X).

~Let Re(A) denote the set of all u € CR(X) such that
(u+ iv) € A for some v € CR(X), i,e. Re(A) = {Re(f): fe€ A}

where Re(f) denotes the real part of f£(z).

2.1,5 Theorem. Let A be a function algebra on X, If either

Re(A) is uniformly closed in CQ(X) or a subalgebra of CR(X),

then A = C(X).

Proof, Both results are well-known and proofs can be found

in the papers by Wermer [36] and Hoffman and Wermer [21].

2.2 Restriction algebras.

Many results assert that A = C(X) if the restrictions
of the algebra A to certain subsets of X have suitable pro-
perties, We will now discuss some of these results in greater

detail.
The following theorem is a famous result due to Glicksberg

2.2l Theorem. Let A be a function algebra on X. Suppose

Al_ is closed in C(F) for every closed subset F of X.

F
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Then A = C(X).
Proof, See [13]

2422 Definition. Let X be a compact space and A a non-void

subset of C(X)., A set K in X is a set of antisymmetry for A

if and only if K is non-empty and if f € A is real-valued
on K, then f is constant on K,
If X is a set of antisymmetry for A, then A is called

antisymmetric,

Clearly every singleton set {x} is a set of antisymmetry.
If X is a set of antisymmetry, so is its closure X : for if

fe4A and f|g is real-valued, then f is constant on K and

hence, by continuity, f is constant on K. Furthermore, if
two sets of antisymmetry overlap, then their union is again a
set of antisymmetry, since the values assigned to any real-

valued function must be the_same on these two sets.,

2.2.3 Lemma. Let A be a non-void subset of C(X).

(1) If K is a set of antisymmetry for A and if K is
the union of all sets of antisymmetry for A which contain K,
then ¥ is also an antisymmetric set for A

(2) Every set of antisymmetry is contained in a maxi-
mal set of antisymmetry

(3) Let K, be the family of all maximal sets of anti-

symmetry for A., Then KA decomposes X into a union of pairwise

disjoint closed sets.

Proof. (1) Let f € A be real-valued on K. Choose
Lys X, € X anad antisymmetric'sets K1’ K2 containing X such-‘

€ K, and x

that xy 1 )

€ K,. Since XK;NK, DK * f, K UK,
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is a set of antisymmetry for 4. Since f]K1U g 1is real-
2
valued, f'K1L)K2 is constant; hence f(x1) = f(xz). This

shows that f is constant on X, as required,

(2) % is clearly a maximal antisymmetric set containing

K. (We note that no use is made of the axiom of choice.,)

(3) [x} is a set of antisymmetry for 4, and x € [x}.

So X is the union of the members of KA‘ Each K € KA is

closed since X is a set of antisymmetry, Distinct maximal
antisymnetric sets are disjoint, otherwise their union would
again be such a set properly containing both of them. Thus

X is the union of pairwise disjoint closed subsets,

2.2.4L Proposition. If A is a subalgebra of C(X), then A is

antisymmetric on the closed support of every extreme point of

[
the unit ball of A .

Proof. Follows immediately from Lemma 2.1l.4. Indeed, we only

require that A be closed under multiplication.
We are now able to state and prove Bishop's theorem.

2.2.5 Theorem, Let A be a closed subalgebra of C(X) and let

KA be the family of maximal sets of antisymmetry for A, Let

£ec(x). 1r £l e alg

for every K € KA , then f € A,

Proof'. Suppose that f ¢ A, Then by Lemma 2,1,3% there exists
|

u € ba )e with /f‘du *# 0. ©8ince supp 4 1s a set of anti-

symmétry for A, we have that supp # C KX for some K € KA

(by Lemma 2.2.3). By hypothesis, flK = gIK for some g € L.
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Now O#/fdp,: /fdp:ffdp:j[gdp =/'gd=p:0
. . X

supp u K

since u € A . This gives the desired contradiction.

48 an immediate corollary we have the following Stone-

Weierstrass type result.

2.2.6 Corollary., Let A be a closed subalgebra of C(X). If

A]K = C(K) for every K € K, » then 4 = c(x).

Before we can prove our next result, we need the following

2.,2,7 Lemma, Let A be a subset of C(X) that separates the

points in X, Suppose that ¥ is a closed subset of X such

that 'A{F = C(F), If p € X-F, then either f(p) = O for

every £ in A, or f(p) *#+ O for some f € 4 which vanishes

on ¥,

Proof, Suppose that f € A and f(F) = 0 imply that

f(p) = 0. If f, g €4 and fly =gly , then £(p) = g(p).
So if we set h(fiF) = f(p) for f € 4, then h is a well-
defined homomorphism from AIF (=6(F)) to ¢. Either f(p) =0
for 211 £ in 4, or h is non-zero., In the second case there
is a point q € P with h(¢) = ¢(q) for all ¢ € C(F). But
then f(p) = h(le) = (f]y)(a) = f(q) for all f € A. Since
P, q are distinct and A separates points‘this case cannot

arise,

) n
2.2.,8 Theorem. Suppose that X = U Fi where all Fi are
i=1

closed subsets of X. Let A be a closed subalgebra of C(X)

which separates the points in X. If A]F.z C(Fi) for each
1
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i =1,2,0.0,n , then 4 = C(X),

Proof, Let K€ KA' We shall show that XK is contained in

some F, , for then AIF = C(Fi) implies that AlK = C(X).
i

The result then follows by Corollary 2.2.6.

Let m be the smallest integer such that K C F1\J...L1Fm
where l€m<n, If m =1, then K C F1 and this would
give us the result. So suppose m > 1. Ciearly

K¢ ru ... UF__, =P, Choose p € K-F. Then p ¢ F, for
i=1,4s.,m-1, but p € F . Since AlF = C(F, ), £(p) * ©
2 |

for some f in A, Hence by Lemma 2.2.,7 above there exist

f; € & such that fi(Fi) =0 and fi(p) =1 for 1 =1ljeee,
m§1. Put f = f;.f,. «.. £ 4. Then f€ A and £(F) =0,
£(p) = 1. |

Py

There exists a function h € 4 such that h =0 on F,

h>0 onkK, and h(p) =1 : since AIF = G(Fm) there is a
m

g in A with gIF = FIF (complex conjugate of f). Now set
m m .

h = g.f € 4. Since h is real-valued on K it is constant on
XK. In fact h(X) = h(p) = 1. Hence FNK =g, and since

K C FUFm we have that K C Fm'

The corollary below follows immediately from above and the

compactness of X,

2.2,9 Corollary. Let A be a closed subalgebra of C(X) which

separates points., Suppose that for each x € X there is a
closed neighbourhood V, of x such that Alv = C(Vx).

X

Then 4 = C(X).

Remark. Theorem 2.2,8 generalizes a result in [7] (Th. 4.10)
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in two ways :
(i) our space X need not be a metric space
(ii) A need not contain the constants, i.e. A need not be

a function algebra,

Suppose now that the sets Fi in 2.2,8 are pairwise dis-
joint, Then A need not be closed for the theorem to hold.

Specifically, we have

2.2,10 Theorem. Let A be a subalgehra of C(X) which sepa-

rates the points in X, Suppose that X = F1U ...k)Fn where
the F, are disjoint closed subsets of X. If 4|y = C(F,)
i

1
for i =1l1,...,n , then A = C(X).

Proof, We prove it for the case n = 2, The general case can

then be proved as follows : suppose X = F1\J...kJFn and

r ,
that Al =C(F,) i =1,...,n. Let X_ =UTF,. It follows
. i r i

1 : i:1

that _Alxr= C(X.) for each r = 1,...,n.

So let X =F,UF, with F, NF, = g, By Lemma 2,2.7, if
p € F,, then there exiéts fp € A with fp(F1) = 0 and
fp(p) # O, Now for each p € F, find hp € A such that

hp|F =7 | Put g

2 P F,

gP(F1) = 0 and g, > 0 in a neighbourhood Vp of p.

p = hp.fp. Then gp belongs to A,

Cover F, by a finite number of these neighbourhoods, say

n
F,CUV . Put g=g + ...+ g . Then g(F,) =0 and
2 T Py Py Py |

g >0 on FZ. Clearly g belongs to A. Since é is continuous
on Fz’ there exists a function g' € A such that g.g' is the

characteristic function of Fz. So by symmetry there exist

Xqs %, in A with x,(F,;) =1, x,(F,) =0 and x,(F;) =0,
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XZ(F2> = 1, Given any ¢ in C(X), we choose ¢; € A such
that ¢1’F. = ¢!F‘ for 1 =1,2. But ¢ = ¢,X;+ 9,X,s SO
1 1

¢ belongs to A. Hence 4 = C(X).

2.2,11 Note, If A falls to separate points then the above

results need no longer be true. For example, let X = [-1,1]
and let A be the set of all even continuous functions on X,
i.ee £ € A if and only if f£(-x) = f£(x), 0<x<l. Let

r

1}

{UF, where F, = (-1,0] end F, = [0,1]. Clearly

A+ C(X), but Al = C(F,) for i =1,2,
ST

Tor the case that F1 and Fz are disjoint, consider

[-2,-1]1U[1,2] and let A be all the even functions on X.

it

X

Again AIF_= C(Fy) for i =1,2 but A * C(X).
s ' )

2.5 Normal and approximately normal function algebras

We now turn dur atténtion to separation properties of
function algebras, We will mainly consider normal and approx-—
imately normal algebras., Besides separating points or points
end closed sets, such algebras distinguish between disjoint

closed sets.,

2.,3,1 Definition. (1) A function algebra A is approximate-

1y hormal if, given any two disjoint closed sets Py and F,,
and any e > O, there is a function f € A such that

lf(F1)| < & and ‘lf(Fz) - 11 < e.

(2) A function algebra A is normal if, given any two
disjoint closed sets F, and ¥,, there is a function £ €A

with £(Fy;) =1 and f(F,) = O,

It was conjectured for some time that the only normal
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function algebra on a compact space X is C(X) itself, but
McKissick ([26]) succeeded in constructing a counter-example.
Briefly: 1let R(X) denote the uniforn closure of the set of
rational functions on X. In McKissick's example, X is a
compact subset of the unit disc in the complex plane such that
int X = g, It is proved that R(X) is normal, but that

R(X) # ¢(X).

Normal function algebras are difficult to construct, but
gpproximately normal function algebras exist in abundance.
For instance, the algebras R(X) where X is a compact set in
the plane with empty interior are approximately normal.
Another class of approximately normal function algebras are
the Dirichlet algebras. (A function algebra A is = Dirichlet

algebra if and only if Re(A) is uniformly dense in CR(X).)

We say a subset A of C(X) is boundedly approximately
normal_if there exists a constant M such that for each e > 0
and each pair of disjoint closed sets F1, F, » there is a
function £ in A such that ||f|| < W, |f(F1)ll< e and
le(F,) - 1] < e,

The following result shows that bounded approximate

normality is possible only for C(X).

2.%.,2 Theorem. Let A be a closed boundedly approximately

normal subspace of C(X). Then A = C(X).

|
Proof. Wec show that if p € A, then u = 0. It then follows

from Lemma 2.1.3 that, since A is closed, A = C(X).
So choose e > 0O and let F be any compact subset of X.
Choose V open in X with P c V and |upl(V-F) < e. By hy-

pothesis there exists f € A with ||f)l< M, |f -1l <e onF
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;o
and |[f| < e onX-V, Since £ € A and u € A, ffdp-.—O.

We have
Jeal <1 feal < Jeat o1 [ra
F X-F X=V V-F

< elu| (X=V) + M|y (V-F)

< (M + |[uf])
Mow u(F) = /fdp + /(1 - f£)du

F F

hence le(®)] < et + Jlull) + effull

H

e(M + 2]fulD.

Since & is arbitrary, u(F) = O, Since F is arbitrary, g = O.

|
Thus A = {0} and the proof is complete.

I

2.543 PPQpOSition. Let A be an approximately normal function

algebra on X and let {Ca} be the family of components of X.
If £ e C(X) satisfies flc € A]C for each a, then f be-
[¢)

_ o
longs to A,

Proof. For each a choose g, € A such that f[c = galc .
(¢} Q
et & > 0 and put

U, = {xex s |£(x) - gq(x)l < g} for all a.

Since Ua is an open neighbourhood of Ca and X is compact
Hausdorff, there exists an open—-closed subset F, of X with
c,CF, CU, (see [20], Theorem 2.15). Since X is compact, a
finite number of the Fa's cover X. Call them F,,...,F  and
the corresponding Ua's U1,...,Un. By taking finite unions
and complements, one can ensure that the Fi's, l<isn, are

pairwise disjoint. (Put P®| =¥y, F) = F,-Fy, F} = F;=(F{UF,)
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and so on,)

Since A is approximately normal and the Fi's are open-
closed, there exists h, € A with h (F,) =1 and |
hi(X-Fi) =0 for all i = l,.;;,nV: let m € IN, then there

: . 1 1
ex1§ts £ €A with lfm(Fi) -1} < = and _lfm(X~Fi)] <=

Thus the sequence {fm} converges uniformly to hi on X and

since A is closed, hi € A, Put

n
8 =ii1higi

where £l and F, C U, Then g€ A, We claim that

c.= &lg
3 3
it - &ll < &, for then, since ¢ is arbitrary, f belongs to A.

So let x € X. Then there is a unique i0 such that

X €F
)

Thus g(x) = g.
1o

leg(x) - £(x)] = |gi0(X) - £(x)| <&

. Hence h, (x) =1 and h,(x) =0 for i # i,
0 1

(x) and since x € F, C U,  we have

0 0

We immediately obtain

2.,3.4L Corollary. If X is compact totally disconnected, then

C{X) is the only approximately normal function algebra on X.

Proof, The components ic“} of X are points, hence

| € A = C(C_) for cach a, Thus f € A for every f in
: Ccc. a’

ICOL

C(X) (A as in 2,3.3 above).

Now let B be any Banach algebra., By a complex homomor-

vhism m of B we mean & map

m::B~>C
such that (a) m is a linear non-zero functional and

(v) m(xy) = m(x).m(y) for all x,y € B.
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The pertinent information in 1.4,6 regarding real-valued
linear functionals also applies to complex homomorphisms.
The necessary details for such homomorphisms are contained

in the following theorem.

2.3.5 Theorem, Let A be a sup norm algebra, Define

¢t X » M, by o (x) = m_ and put A= {f: feAl. Then

(1) ¢ is a continuous mapping from X onto a compact

subset of MA

L3 a

(2) Bach f € A assumes its maximum modulus on the

image of X in MA

(3) The Gelfand map f » £ is an isometric algebra

isomorphism -

~

(4) A is a function algebra on M,

(5) If 4 scparates points in X (i.e, if 4 is a
function algebra), then the mapping ¢ is a homo=-

morphism onto a compact subset of MA .

Proof. [25], p. L6

2,%3.6 Definition. (1) Let m € M,. A representing measure

form is a positive measure p satisfying
£(m) :/fdu (v £eA)
X
By the Riesz Representation Theorem (see also 2,1) every
complex homomorphism of A has a (not necessarily unique)

representing measure,

(2) Let A be a sup norm algebra. By a Dboundary 0 of A

we mean a subset of M, such that every f € A attains its
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maximum modulus at a point of 3.
By virtue of the Axiom of Choice there exists a unique

minimal boundary for A, called the Silov boundary and de-

noted by_aA.

If A 1s & function algebra on X, then it follows from

Theorem 2.3.5 that .3, C 2y C X C M, .

A i

2.5.7 Lemma, Let A be an approximately normal function

algebra on X, Then X is the §ilov boundary of A.

Proof, Let F be any proper closed subset of X and choose

XO € X-F'., By hypothesis there exists a function f in A with

[ £(®)] < % and |1 - f(xo)] < % . Hence
3
|£(x,) > 2 > [ 2] g
so ' is not a boundary for A.
For normal algebras we have

2.3.8 Proposition. Suppose A is a normal function algebra

on X, Then X = MA' and hence A =‘A.
Proof. [25], p. 183
We need the following result from the thesis by Sacks.

2.3,9 Proposition. Let A = [g] bDe a singly generated

function algebra on X. If 3, = M,, then A = C(X).
Proof, See [34], Proposition 3.22

We are now able to prove

2.3%410 Theorem, If A is a singly generated normal function
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algebra on X, then A4 = C(X).

Proof, By 2.3.7 and 2.3.8 we have that @
by 2.3.9, A = C(X).

A

Remark. We note that McKissick's example (see remark after.
2.3.1) has two generators., This follows from a result in [25]
(Ch. 5, Th. 7), which states that, if X is a compact subset of
@¢", then there is a function ¢ ¢ R(X) such that ZyseeesZ sf
generate R(X)., In McKissick's example X is a compact subset

of the plane, so R(X) has two generators.

We now introduce another separation property for function

algebras (see [38])

2.3411 Definition, A function algebra A on X is strongly

regular if for each f in A, each point x in X, and every
e > 0, there is a neighbourhood U of x and a function g in 4
with g(y) = f(x) for all y € U and |f(y) - g(y)| < ¢

for all y € X,

- Equivalently, each function f € A 1is uniformly approxi-
mable on X by functions in 4 which are constant near any point

of X, Clearly strong regularity implies regularity.
Before proceediﬁg, we need the notion of a Jensen
measurc, Let m € MA where A is a function algebra. Then a

Jensen measure for m is a positive measure up € M(X) such
that |
log |£(m)]| < /.log]fldp for all f in A.

Lemma, Every Jensen measure is a representing measure,
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Proof, See e.g. [25], p. 76

Leibowitz also shows that every m € MA has a Jensen

measure u on X ([25]). This was first proved by Bishop.

2,3,12 ILemma. If A is a strongly regular function algebra

:X.

on X,,then. MA

Proof, Let m € MA

and let p be a Jensen measure for m on X,
Suppose that x € supp p, with x #*# m. Let f e ﬁ, with

f(m) =1 and f£(x) = 0. Choose g in A satisfying

i

gly) = f(x) = 0 if y is in a neighbourhood U of x, and

le(y) = £f(y)] < & for all y in X. Then

i1

|&(m) - B(m)| = Ifgcm -ffdul < flg - £ an
< e . (hssume |p|(X) = 1)

Thus |[g(m)] > 1 - & (assume e< 1) and hence

~» < log | g(m)| < '[loglgldu = =

-~ which is impossible, The last equality follows from the
fact that g is identically zero in a neighbourhood of a point
in supp ¢ which has positive p~measure, It follows that

supp 4 = {m} and hence m € X,

2.%3,1%3 Corollary. If 4 is strongly regular on X, then A is

normal on X.

Broof., By 2.3.12 X = M,. Let 7,8 be disjoint closed sets in
X, and let I = kP, J = k8 be their kernels (e.g. I is the
sct of functions in A that venish on F)

Now let x € X. Then either f(x) # 0 for some f € I

or g(x) + 0 for some g €J : for if x € F, then x ¢ §,
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so there is ge¢ A with g(x) # 0, g(8) = 0 (by regularity)
while if x ¢ T, then there is f in A with f£(x) # 0, £(F) = 0
80 IUJ is contained in no meximal ideal of A, which are all

of the form MX, some X € X = MA . Hence the ideal generated

by IUJ is A, i.e. A =I+J., So there is f € I such that

(1 -f)eJ. Thus f£(F) =0 and f£(S) = 1. 8o A is normal.

2,3,14 Definition., We say that a point x, in X is a peak

0
point for the function algebra A if there is £ in A with

f(xo)»z 1 end |f(x)] <1 for x# x Similarly, a peak

0.
set for A is a non-void subset T of X such that there exists
a function £ in A with £(F) =1 end |f| <1 on X-F. We
note that finite unions and countable intersections of peak

sets are again peak sets,

2,3.15 Lemma, If F is an intersection of peak sets and A is

a function algebra on X, then AIF is closed in C(F).

Proof. Let XPF = {f€ A: £(F) = 0}. Then the quotient

algebra AﬁF is a Banach algebra under the norm
£+ xFll = intflle + gll : g € k¥

while |Ifloll = sup{lf(x)|: x € F} will denote the norm of

i, in AIF. Since multiplicative linear functionals on A/kF

F
are of norm < 1, le(x)l <l + xFll for x € m, and 80
Helgll < Ie + wrll

ILet & > 0 and let V be an open neighbourhood of F on

which |f| < HfIFH + €., By compactness of X-V, there exists

a finite intersection S of peak sets containing ¥ such that
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FCSCV, 8o S is a peak set for A and hence there is g € A

with g(S) =1 and |g(x)|] <1 for x € X-S.

But g € £ + kX and
lim sup || g”f|| < sup |£(V)]| < Nelgll + & &
Consequently |f + kP| = I£lgll - Thus Al , as a subalgebra

of C(F), is isometrically isomorphic with the complete algebra

A/iiF , and hence A[F is closed in C(F).

Let A be a function algebra on X. A function £ ¢ C(X)

is said to be loecally in A if there is a finite open cover

n
bz

{U,

5 of X such that for each i, there exists a function

g, € A with f[U = gi,U . A function algebra A is called
i i

local if every function locally belonging to A belongs to A.
For normal algebras we have

2.3,16 Proposition., If A is normal, then A is a local func-

tion algebra;
Proof. E.g. Ewer's thesis [7], Theorem 7.4

We also need a result due to Bishop ([4]). The proof can

‘be found in the same paper.

2.3.17 Proposition, If A is a function algebra on a compact

metrizable space X, then the set of peak points for A is

densc in the 8ilov boundary SA .
We are now able to prove the following theorem.

- 243418 Theorem., If A is a strongly'regular function algebra

on a closed Jordan arc I', then A = C(T).
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Proof. By 2.3.13 above, M, = I', Since A is normal (2,3.14),

A

= M

0 4

A =TI's Let J be a homeomorphism from {0,1] onto I', and

let x be a peak point of A, x * j(0),3(1). (By 2.3.17 the set
of peak points of A is dense in ') Let £ be a function in A
peaking at X. “Thus f(x) =1 and |f(y)] <1 for y * x.

Let {(an,bn)} be a sequence of open subarcs about x and
{fn} a sequence of functions in A such that £ =1 on
(an,bn) for each n and f > f uniformly onT (by strong re-
gularity). Define a sequence of functions {gn} by

1 for t such that j'1(t) > 3‘1(an)

5 (0) = £ (t) for t such that 7 (t) < 37 (b,)

Thus {gn} C A: Pix n. Then gnl[j(o) p ) = T, end
*“n
gn](a i(1)] = 1, Thus g belongs locally to A. But A is
n?Y

local (by 2.3.14 and 2,3.,16), so g, belongs to A for each n.

A

Now g8, 8 uniformly on I' where

1 for t such that 37 (t) > 37 (x)

5(t) =1 £(t) for t such that j ' (t) < 37 (x)

Clearly g € A, Hence [j(0),x], and similarly [x,j(1)], are
peak sets of A. Thus every closed subset F of I is a finite

union or an intersection of peak sets. Hence Alw is closed

in C(F) by Lemma 2.3.15 and so by Theorem 2.2.1 A = C(T).

We end this section with

Remark. Using Jensen measures one can obtain a generaliza-

tion of Theorem 2,2.8 to countable unions. Formally, we have:
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‘ (-]
Let A be a function algebra on X, Suppose that X = U Fi’
i=l

where F, is closed in X and A[g = C(F;) for each i.

Then A = C(X).

For a proof of this result the reader is referred to [25],
p. 185, A detailed discussion would be too lengthy, as
several auxiliary results are needed, The technique, however,
is similar to previous ones, Essentially, it is shown that
A is an approximately normal algebra on X and that the
essential set of A is empty. (The essential set of A is the
smallest closed sﬁbset E of X such that A contains all the
continuous functions that vanish on E. Equivalently, E is the

zero-set of the largest ideal of C(X) contained in A.)

2. e-Normal function algebras

In this section we mainly consider the work done by Curtis
and Bade in. their papers [1] and [2]. We have adapted some of
-their results to the case of uniformly closed subalgebras of
C(X). The methods used in this section differ markedly from
those empioyed in the preceeding ones. Throughout this sec-

tion, X denotes a compact Hausdorff space,
We have the following easy result,

2,.,1 Proposition. Let A be a subspace of C(X). Suppose

there exists a constant k < 1 such that for each f € C(X)
with ||f]] € 1, there is a g in A with |Jf - gl < k.

Then clA = C(X).

Proof. Suppose clA * C(X). Since clA is a closed proper

subspace of the Banach space C(X), there exists a continuous
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linear functional ¢, ¢ # 0, with ¢(ecla) = 0, ILet ||f|l < 1.

Choose g€ A with ||f - gl € k. Then

lo(£)] < lo(f - &) + |o(a)l

= lo(f - g)]
< lell.llf - gl
< kil o
' fo (£)]
But loll = sup w————— = sup |o(F)] and hence
££0 |l rl ri<l
£ %0

loll < xllell § lell - contradiction,

the unit ball {fec(x) : |[if]] < 1}.

Denote by SC(X)

2,142 Theorem. Let A be a uniformly closed subspace of C(X)

and T: A *.AIF be the linear map defined by T(f) = f]F ’

for some compact subset F of X and all f € A., Suppose there

exist constants Xk < 1 and M such that for each f € SC(F)’

there is a g in A with |lTg - £]l €< k¥ and Jlg||l < . Then
TA = Alp = C(F).

Proof., By 2.,4.,1 it is immediate that cl(AlF) = C(F). Hence
we need only show that AlF is in fact a closed subspace

of C(F). We will show that the adjoint T of T has closed
range, from which it follows that T has closed range (e.g.
[25], p. 16).

Clearly T is continuous. Let ¢ be a continuous lincar

functional on C(F) and let f € S Choose g € A with

c(F)*
firg - £l < x. Then

Bo(£)ll = lo(Tg - £) + o(Tg)l]
< Jlo(rg - )| + HHo(Tg) |l
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*
<loll.lx + MJ[ T ol
Taking sups over SC(F)’ we get that
' #
loll < kdlolf + Mf[T o

Hence ]jT*q,“ 2 M—1(1-k)n<p l|, a1l o€ [o(F)]". Now let {T*¢n}
be a.Cauchy sequence in [A]*. Sinece

HT*¢n - T*¢m” > M_1(l - kﬂ|¢n - ¢m“, {¢n} forms a Cauchy se-
quence in [C(F)]*. As the latter space is complete, {o¢,}
tends to a limit ¢, But then {T*¢n} > 1% as well. Thus

7" has closed range and so also has T.

2.L,3 Note. As we pointed out above, cl(AIF) = C(F) trivi-

ally. Indeed, this is true whether A is uniformly closed or
not. It is also clear that. the boundedness condition is not

a necessary one for cl(AiF) to coinecide with C(F). In 2.4.13,
however, we require that AIF = C(F) for certain compact sub-
sets F of X. It is for this reason that we have stated

Theorem 2,4,2 in this particular form. (See also 2.,4.14)

We are already familiar with the notion of approximate
normality. Bade and Curtis introduced a (apparently) weaker

form of this concept.

2.,4,4 Definition. A family A of functions in C(X) is

g-normal for some fixed e > 0, if, given any two disjoint
compact subsets F; and F, of X, there exists f € A with

|f(F1)| < e and 'f(FZ) - 1| < &,

We will show below that for subalgebras of C(X) e-normality
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(for e < %) and approximate normality are equivalent.
However, if we add a boundedness condition as outlined in
2.4.2, we are able to obtain a generalization of an earlier

result, We will need the following

2.lt¢5 Theorem. (Mergelyan) Suppose f € C(X) is analytis

on a compact set X in ¢. If @-X 1is connected, then f can be

uniformly approximated on X by polynomials in 2z,
Proof. See e.g. [33]

2.4.6 Proposition. If A is an e-normal subalgebra of C(X)

for some e < %, then A is e-normal for all such & (i.e. A is

approximately normal).

ggggg; Let 0 <n < €. Suppoée F1 and F, are two disjoint
compact subsets of X. We need to find an h € A with
In(@)] <m and |n(F,) - 1] <m,

By e-normality of A there is f € A with |f(F,)| < e
and |f£(F,) - 1| < e. Consider the two disjoint discs
D, = { z: |z|<el and D, = { z: |z -~ 1| < e}. There exists

0
a continuous function g such that

0 zZ € D0
g(z) = { '

1 z € D1
By Mergelyan's theorem (2.4.5) g can be uniformly approximated
on DOUD1 by polynomials in z. Let p(z) = 84Z + ses + anzn
be a polynomial without constant term such that.
lg(z) ~ p(z)] <m on DyUD,, i.e, |p(z)l <n on Dy and

lp(z) = 1] <m on D, .

In fact, lo(z)] <m on £(F,) C D,
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and ’ |1 - p(z)] <n on f(Fz) C Dy.

Thus I%fW)+...+anWHn[<n on F,
and .l%fwﬁ+ ".4-%ﬂﬁwﬂn-ﬂ <m onF,,

Now let h = a1f + azf2 + ees + anfn. Then h belongs to

A and satisfies the required separation property.

2,4.7 Remark. (1) It is clear that the polynomial p(z)

depends on m only,.

(2) We say that a subalgebra A of C(X) is boundedly
e-normal if there exist constants e > 0 and Mvsuch that,
given two disjoint compact subsets F, and ¥, of X, there is a

f € A with lf(F1)‘ < g, if(Fz) -1 < e and |l < M.

(3) Suppose A is boundedly e-normal for some & < %.
'‘hen A is boundedly e-normal for all such &, where the

t 3
constant M depends on €. For choose 0 < m < & and let
h = a4f + eoe + anfn,.where the function f depends on the pair

of compact sets under consideration. Since any such £ will
have ||f]l € M, we get that

Inlf < lagdu+ ladu® + oos + fa lu® = u*,

(4) We note, however, that we cannot say that A will be
boundedly approximately normal as we cannot determine a bound

for {a,lM + eee + |an|Mn (n and the coefficients 8qyeeesrly

depend on m - see (1) above).

Before we proceed we need some further definitions and

results, A subset B of a Banach space Y is balanced if
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y € B and |a|] < 1 imply ay € B. Denote by co(B) the
smallest convex set containing B and by coe(B) the smallest
convex balanced set containing B, Their respective closures
are denoted by co(B) and coe(B). Note that coe(B) consists

n n
of all sums 3 a,y, where y, € B and 3 la, | < 1.
i=1 i=

Also S+ denotes the real-valued nonnegative functions in SC(X)'

We say that a family B of functions is bounded if

sup § |]f]l ¢+ FE€E} < ». We now come to

2,4,8 Lemma. If E is a bounded normal family in C(X), then

co(E) contains S, and hence coa(L4E) contains SC(X)’

Proof., See [2], Lemma 1.4

The following results will lecad us to a generalization of
Theorem 2,3,2. We will show that 2.3.2 holds if the uniform-
ly closed algebra A is boundedly e-normal for some & < %
(see Corollary 2.4.11). In fact it holds if A is e-normal
locally bounded, The meaning of 'locally bounded' will be

made clear later,

2.1149 Theorem. Let F be a compact subset of X, A a unifprm—

ly closed algebra on X and T: A - AIF the restriction map.
Suppose there exist constants M and O <€ < % such that,
whenever F, and ¥, are disjoint compact subsets of F, there
is a g in A with Ig(F1)l < e, ig(Fz) -1l €& and

l]gﬂx < M. Then AIF = ¢(F),

Proof., By 2.L.7(3) A is boundedly e-normal on ¥ for some

e < %. Let & < g% < %. Ir F1 and FZ are two disjoint
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compact subsets of F, choose g € A with lg(F1)! < e,

[g(Fz)v— 1l € & ana Hg”x < M". Also choose T € SC(X)

with f(F,) = 0 and £(F,) = 1. Thus ljr - gHF1L)F2 < €.
Since C(F1kJF2) is isometrically isomorphic with the

quotient of C(F) by the closed ideal of all functions vanish-

ing on F1LJFév(i.e. .G(F1;IF2) = C(F)/k(F1kJF2))’ it follows

that

]

Ie - ey g, = 2 - &) + K2 UF,)l

int{ (£ - g) + hHF: h e k(F1LJF2)}

N
m

Hence we can select g, € C(F) with
gp(Fy UF,) = 0 and llg - (£ + gf)HF < g% R §
Let S = {f + gp :.f € SC(F); = {f}. Clearly S is normal

~

on F., Also S is boundedé et T € S. Then there exists

ge A with |lg - Fly < e* (by I). Thus [Flly < e* + Jlelly <

R

% -— ~
+ M . By Lemma 2.4.8 it follows that co (S) D s, » and

hence coe(LS) > SC(F)‘

kg

. - n
Now choqse f e SC(F)' By above there exists ¢ ;.i1aifi

| n |
with £, € 4§ anda 3 la;] < 1 such that
i=1

x 1
IE - fliy < T-e% = n.

For each 1 there exists g, € A with |lg, - fi”F < Le*

i=1

v * n
and Hgi“X < LM. Let g=23%a,g . Then g€ A (since 4 is

n- o
an algebra) and lgll, < 2 la, |4 < L,
X =
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Now g~ lp = llg - ¥+ 7 - sl

N

“g - ﬂIF + H% - f“F

A

oy ] g, - B, llp + m

N

Ia,i] JLe* + ¢

e
HMpB M3

H-
—

< be* + 11 <1,

Thus we can find k < 1 such that ||f - gHF < k and
| . ,
llelly < Lu". since f € Sg(p) Wes chosen arbitrary, result

follows by Theorem 2.,4.2.

2,.,10 Note, (1) If we only assume that HgHF is bounded

by M, then one can show that cl(AIF) = C(F) (see Note 2,4.3)

Indeed, in the proof above it would still be true that S is
bounded and that the constant k < 1 satisfying the condition

in Theorem 2.4.2 exists.

(2) However, the assumption that ”g“x < M guarantees

that AIF is closed in C(F) if A is closed in C(X).

2.4,11 Corollary., If A is a boundedly e-normal subalgebra

of C(X) for some & < %, then clA = C(X).

This corollary is a generalization of Theorem 2.3.2. We

note however that we do require A to be a subalgebra of c(x).

2.4,12 Corollary. Let X be a compact totally disconnected

space. Suppose B is an e-normal subalgebra of C(X) for some

€ < £. Then B is uniformly dense in C(X).

Proof, We show that B is boundedly e-normal. So let F1 and
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FZ be two disjoiht compact subsets 5f X. 8ince X is totally
disconnected, there exist closed-open disjoint sets ﬁ} and ﬁz
containing F1 and FZ réspectively such that. §1k1§2 = X,
Since B is e-normal there is a function f in B with

| £(F, )| < e and |£(F,) - 1] < &, i.e. |ifll< 1 + . Choose

M=14+¢e, By 2.4.11 the uniform closure of B coincides

with C(X).

We now turn our attention to locally bounded algebras.,

We say that an e-normal family B in C(X) is locally bounded

if for each point x € X there exist a compact neighbourhood
N# of x and a constant Kx such that the conditions in

Theorem 2.4.9 are satisfied with F = N, eand M =K.
For Banach algebras we have

2.4,13 Theorem., Let A be an e-normal locally bounded uni-

formly closed algebra on X (e<t). Then A = C(X).

Proof, For each x € X find a compact neighbourhood Ny, of x
and a constant Kk satisfying the conditions in 2.4.9 with

F=N and M= Kx; By Theorem 2.4.9 it is immediate that

Aly = o)

N

X
for each x € X, Since A is e~normal on X, A separates the
points in X (in the weak sense). Hence the result follows

by Corollary 2.2.9.

2.,14 Note. (1) We have thus shown that the condition of

boundedness in Corollary 2.4.11 can be weakened to that of

local boundedness, although we must then ensure that the
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algebra A is uniformly closecd. (This latter condition

guarantees that A‘N = C(Ni) for each x € X - see 2.4.3)
x _

(2) We will show that neither the condition that A be
uniformly closed nor the condition that A be locally bounded

is superfluous.

Example. We say that a function algebra A is pervasive if
cl(AlF) = 0(F) for every proper closed subset F of X. We

will now show that proper pervasive algebras exist,

Let A be the unit disc and bA the unit circle in the
complex plane (bA is the boundary of A), ILet

A = {fec(a): £ is holomorphic in A and continuous on A} and
be the restriction algebra of A to bA, Then

A is a uniformly closed (proper) subalgebra of C(A) and A? is
& uniformly closed (proper) subalgebra of C(bA),

Now A, aﬁd hence also A1, is essential (i.e, A contains
no non-trivial closed ideal of C(4)): Let D be a proper
closed set in A. Then there exists f € C(4) which vanishes
on D but is not holomorphic in A. Thus {0} is the only ideal
contained in A.

Also A1 is maximal (i.e. if a closed subalgebra B is such
that A' C B C vC(bA), then either A' =B or B = C(bA)):
This follows from Wermer's maximality theorem. _For a detailed
proof the recader is referred to Gamelin's book [10], p. 38.

By a result in [25] (Ch. 7, Th. 25) A1 is pervasive on
bA, It is clear however that A is not pervasive on 4,

Now A and A1 are also both approximately normal algebras.,

In the case of.the algebra A this follows from Mergelyan's
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theorem - see 2.4.5 and the proof of 2.4.,6. In the case of
the algebra A1 this can be scen as foliows: Let F1 and Fz»be
two disjoint closed sets in bA. Since bA is connected,
F1LJF2 is a8 proper closed set in DA, Thus, since Aﬁ is per-

vasive, cl(Aﬂ}F UF ) = C(F, VF,). 8o, given any & > O,
1 2

there is a function f in A with l£(7,)] <e and

{f(Fz) - 1] < e. Thus Al s épproximately normal on bA.

To.illustrate remark (2) above suppose that

(i) A is not uniformly closed in C(X), but satisfies the
local bpoundedness condition, Then it is true that

cl(AIN ) = 6(N_) for each x € X, but the example shows that
X

this condition is not sufficient to ensure that cla = C(X).

(A1 is pervasive but Al s c(bA).)

(ii) Suppose now that A is uniformly closed but fails to
be locally bounded. Let F be any compact subset of X. Then
the example shows that AIF need not be closed‘in c(®), nor
need it be uniformly dense in C(F). (See Note 2.4.3) (The
algebra A as defined in the example is a proper closed sub-

algebra of C(A) which is not pervasive on A.)

From the discussion above it is apparent that some sort
of boundedness condition is reguired to ensure that e-normal
closed subalgebras of C(X) coincide with C(X).

Finally, we will briefly outline a class of spaces Which
will ensure that e-normal subalgebras (e<%) do in fact satisfy

the local boundedness property.
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F-spaces

2.4.,15 Definition, A compact Hausdorff space X is called a

F-space if disjoint'FU—sets in X have disjoint closures.

This class of.spaces was introduced by Gillman and Hen-
riksen in [39]. It includes stonian and o-stonian spaces,
Connected examples exist, such as BR; - R, where R; denotes
the nonnegative reals ([11], 6.10).

Seever in [LO] haé shovn that the support of any measure
on & compact F-space is totally disconnected, This result

allows us to prove the following theorem,

2¢4.16 Theorem. Let X be a F-space and A an g-normal  sub-

algebra of C(X), for some & < 3., Then A is uniformly dense

in C(X).

Proof, It suffices to show that A restricted to the support
of any measure on X is uniformly dense in the space of all
.continuous functions on this support. But by the remark above
every support is totally disconnected. Thus Dby Corolléry

2.4.12 Alsupp;i is uniformly dense in C(supp u), where y is

any Borel measure on X,
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Notes

- To obtain Lemma 2.,1.3 we have used the following version
of the Hahn-Banach theorem: if I is a c¢losed subspace of a
locally convex vector space E and if f is in E, then £ 4 F
if and only if there is a continuous linear functional ¢ on E
such that o(f) =1 and 7¢(F) = 0, Lemmas 2,1.3 and 2,1.4
both appear in [25] (Ch. 3, 3.2). Lemma 2.2.3 is also known
as the Bishop Antisymmetric Decomposition theoreﬁ. The proof
given here is in [10]. Theorem 2.2.5 appears in [25],‘as does
- Lemma 2.2.7 and Theorem 2.2.8. In the proof of 2.2,8 we have
simplified the argument as given in [25]. Theoren 2.2,10 is

- due to Leibowitz [25].

The proof of Theorem 2.3.,2 also appears in [25]. Propo-

. sition 2,3.3 is in Wilken's paper [37]. In our opinion

Wilken's proof is not complete. We have given a corrected
version, Theorem 2.3.10 appears as a problem in [25]. Lemma
2,3,13 is due to Wilken [38] and we have used his proof. The
proof of Corollary 2.3.14 is in [25], as is the proof of v
Lemma 2.3}15.' Theorem 2,%.18 is an extension of the main

result of [38], the proof being our own.

The results in Section 2.L are based on a paper by Bade
end Curtis [2]. The proof of Proposition 2.L,6 is our own.
Regarding this, I wish to thank Dr, Walker for his effort in

trying to find an approximation to

i

0 on D, {z: |zl < i}

(z) = {

1 on D, fz: |z - 1] < »}

i}

for r < 3, by a function analytic in a region containin
g

DOkJD1. Our efforts together finally succeeded. 'However,
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the mapping z"

fn(z) = Zn - (Z - l)n

did ndt find a place in this thesis as we found later that the
desired approximation was a consequence of Mergelyan's theorem
as given in Rudin, The observations in Remarks 2.4.7 and
2.4.1L are our own.. In particular, Bade and Curtis restrict

e < % in Theorem 2.4.9. This is unnecessary, in view of

2.4+7(3). Theorem 2.4.13 is also our own.
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