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Abstract

Faculty of Science

Department of Physics
Master of Science

NLO Rutherford Scattering and the Kinoshita-Lee-Nauenberg Theorem

by Abdullah Khalil Hassan IBRAHIM

We calculate to next-to-leading order accuracy the high-energy elastic scattering cross
section for an electron off of a classical point source. We use the MS renormalization
scheme to tame the ultraviolet divergences while the infrared singularities are dealt with
using the well known Kinoshita-Lee-Nauenberg theorem.

We show for the first time how to correctly apply the Kinoshita-Lee-Nauenberg theorem
diagrammatically in a next-to-leading order scattering process. We improve on previous
works by including all initial and final state soft radiative processes, including absorp-
tion and an infinite sum of partially disconnected amplitudes. Crucially, we exploit the
Monotone Convergence Theorem to prove that our delicate rearrangement of this formally
divergent series is uniquely correct. This rearrangement yields a factorization of the in-
finite contribution from the initial state soft photons that then cancels in the physically
observable cross section.

Since we use the MS renormalization scheme, our result is valid up to arbitrarily large
momentum transfers between the source and the scattered electron as long as alog(1/d) <
1 and alog(1/0)log(A/E) < 1, where A and § are the experimental energy and angular
resolutions, respectively, and E is the energy of the scattered electron. Our work aims at
computing the NLO corrections to the energy loss of a high energetic parton propagating

in a quark-gluon plasma.



Acknowledgements

I would like to express my great gratitude to my supervisor, Dr. W. A. Horowitz for
his guidance and encouragement throughout this work which helped me to advance my
research abilities. Many thanks to the African Institute for Mathematical Sciences (AIMS)
and the University of Cape Town for their financial support. I would also like to thank
the South African National Research Foundation and the SA-CERN consortium for their
support to attend the workshops and conferences that helped me completing this research.
I am grateful to Raju Venugopalan, Larry McLerran, Robert de Mello Koch, and Stanley
Brodsky for useful discussions during my work. Finally, I would especially thank my wife

Hager Elboghdady, my parents, brothers, and sisters for their immense support and love.

ol lall £ Canl SV W el



Contents

Declaration of Authorship
Abstract
Acknowledgements
Contents

1 Introduction
1.1 Motivation and Objectives . . . . . . . . .. .. oL
1.2 Singularities in Perturbative Field Theories . . . . . . ... ... ... ...
1.2.1 Ultraviolet Divergences . . . . . .. .. .. . . .. .. ...
1.2.2 Infra-red Divergences . . . . . . . . . . . . .. . ... ...
1.3 Mathematical Tools in Removing the Infinities . . . . . .. ... ... ...
1.3.1 Regularization Schemes . . . . ... .. ... ... ... .. .....

1.3.2 Renormalization and Renormalization Schemes . . . . . .. ... ..

2 The General Formalism
2.1 External Field Approximation . . . . . . . ... ... .. ... ... .....
2.2 Leading Term Calculations . . . . . . ... ... ... ... ... ......
2.2.1 Tree Level Amplitude . . . . . . . ... ... ... ...
2.2.2  General Form of The Differential Cross Section . . . . ... ... ..
2.2.3 Leading Term of The Differential Cross Section . . . . . . .. .. ..

2.2.4  Non-Relativistic Approach . . . . . . . .. ... ... ... .. ....

3 NLO Rutherford Scattering
3.1 Renormalizing The Lagrangian . . . . .. .. .. ... .. ... ... ....
3.2 Vacuum Polarization Correction . . . . . . .. .. .. ...

3.3 Vertex Correction . . . . . . . . . .

v

ii

iii

iv

11
13
14



3.4 Electron Self-Energy Correction . . . . . . .. .. .. ... ...

3.5 Box Correction . . . . . . . . .

IR Cancellation

4.1 Bloch-Nordsieck Theorem . . . . . . ... ... .. ... ... .. ...,
4.1.1 Soft Bremsstrahlung Corrections . . . . ... .. .. ... ... ...

4.2 The Kinoshita-Lee-Nauenberg Theorem . . . . . . ... ... ... .....
4.2.1 Hard Collinear Final State Degeneracies . . . . . .. .. .. .. ...

4.2.2 Hard Collinear Initial State Degeneracies . . . . .. ... ... ...

A Self-Consistent Implementation of the KLN Theorem

5.1 The Role of Disconnected Diagrams . . . . . .. ... ... .. ... ....

5.2 The KLN Factorization Theorem (I-ASZ Treatment) . . . ... ... .. ..

5.3 An Alternative Rearrangement . . . . . . . . ... ... L.
5.3.1 Proof of Uniqueness . . . . . . . . . ... ... ... ... ...
5.3.2 Hard Collinear Contributions . . . . . . . .. ... ... ... ....
5.3.3 Physical Cross Section . . . . . .. .. ...

5.4 The Complete NLO Rutherford Cross Section . . . . .. ... ... .....
54.1 Size of LO Vs. NLO . . . . ... ... .

Renormalization Group

Remarks and Conclusions

Conventions and Integrals

Al Conventions . . . . . . . . . L
A.2 Properties of y-matrices . . . . . . .. .. e
A.3 Feynman Parameters . . . . . . . . . ...

A4 Integrals in d-dimensions . . . . . . . . . ... L

Feynman Rules
B.1 Feynman Rules for the Bare Lagrangian . . . . .. ... ... ... ... ...

B.2 Feynman Rules for the Renormalized Lagrangian . . . . . . ... ... ...

30
33

39
39
40
44
45
49

52
53
o7
63
66
67
68
69
70

72

74

76
76
7
7
7



C Contributions from Disconnected Diagrams
C.1 Absorption-emission contribution . . . . . . ... ... 0oL,

C.2 Emission with a disconnected photon . . . . . . . . ... ... ... ... ..

D Soft bremsstrahlung beyond eikonal approximation

Bibliography

vi

81
81
84

86

91



Chapter 1

Introduction

1.1 Motivation and Objectives

Hadrons are made up of quarks and anti-quarks bound together by the strong interaction
through exchanging gluons. Quantum chromodynamics (QCD) has been known for a long
time to be the accepted theory to describe this interaction [1-3]. QCD is an elegant and
self-consistent theory where the coupling strength becomes weaker as quarks approach one
another. A well-known behavior is known as the asymptotic freedom [4-7| opened the
road to defining the theory completely, at short distances, in terms of the fundamental
microscopic degrees of freedom: quarks and gluons.

Asymptotic freedom becomes more important at high temperatures, where one of the
fundamental results from QCD is the existence of a new state of matter called the quark-
gluon plasma (QGP) [8-10]. The QGP is predicted to be formed at very high energy
densities, exceeding the energy density inside the atomic nuclei by an order of magnitude
1-10 GeV/fm3, and at temperatures of order ~ 170 MeV [11, 12]. The transition from

Eary

| Critical Point

Crossover ./
transition .~

1
=

. ~2%,, | Quark-Gluon Plasma
First order
- phase transition
-
o
=
[+
é Hadron gas
[+}]
Color
= \ore e
Nude, Y

Baryon Chemical Potential (ug)

Figure 1.1: A schematic of the QCD phase diagram of nuclear matter [13].
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the deconfined state of quarks and gluons to the QGP state is described by the QCD
phase diagram as shown in Figure 1.1, which shows a phase transition happened above the
critical temperature (T¢). It is believed that the QGP was the state of the universe a few
microseconds after the Big Bang [10, 14|, which made the study of the QCD under these
extreme conditions very important.

One of the methods to study the QCD phase transition is on the lattice [11, 12]. The
numerical calculations of the lattice QCD predicted the temperature dependence of the
energy density € at zero baryon density pp. Stefan-Boltzmann law predicted that /T is
proportional to the number of degrees of freedom of a given thermal system. Figure 1.2
shows that this ratio, as predicted by the lattice QCD, experience a rapid change near the
critical temperature which has been interpreted as the change in the number of degrees
of freedom in the system. Well below T, there are three hadronic degrees of freedom due
to the three lightest hadrons: 7%, 7= and 7. Well above T, there are 2(N2 — 1) gluon
degrees of freedom and 2 x 2 X N. X N; quark degrees of freedom from the fundamental
gluons and quarks of the theory. One can also note from Figure 1.2 that there are about
~ 40 =~ 52 x 80 % degrees of freedom in the region of (1 — 3)7, predicted by lattice QCD,
with a 20 % reduction compared to the Stephan-Boltzmann limit of zero coupling ideal

gas.

16
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Figure 1.2: Dependence of the energy density as a function of the tempera-
ture of the hadronic matter at null baryonic potential given by lattice QCD
calculations at finite temperature [15].

There are two potentially analytically accessible limits for the dynamics of the QGP
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produced at RHIC and LHC. First is the strongly coupled limit, working in the strongly
coupled limit gives a good estimate for the dynamics of particles at low p |, where p, is the
component of the particle’s momentum transverse to the beam direction [16, 17]. Second
is the weakly coupled limit, which is due to the asymptotic freedom of QCD appears to
describe the physics associated with high p| particles. In particular, the study of high p |
particles falls under the term ‘jet quenching’ or ‘jet tomography,” which is one postulated
means of investigating the degrees of freedom in a QGP in detail [18-20].

The high p; data from the Relativistic Heavy Ion Collider (RHIC) at the Brookhaven
National Laboratory and the Large Hadron Collider (LHC) at CERN have been interpreted
as evidence that jet quenching is due to final state energy loss, which is qualitatively
well described by leading-order pQCD methods [18, 21-26]. We wish to check the self-
consistency of these pQCD results and to make the pQCD calculation more quantitative.
To accomplish these two goals, we must compute the next-to-leading order contribution to
the energy loss of partons in a QGP. As a first step towards this NLO pQCD calculation,
we compute the NLO corrections to the elastic scattering of an electron off of a static
source.

During the rest of this chapter, we give an introduction to the obstacles that faces
the NLO calculations such as the usual ultraviolet (UV) and infrared (IR) divergences
as well as the different methods to deal with these infinities. In chapter 2 we provide
the general formalism of the system by calculating a general formula for the differential
cross section in terms of the Feynman amplitudes. In chapter 3 we renormalize the QED
Lagrangian density in order to remove the UV divergences. In chapter 4 we give an overview
of the possible approaches that have been used to get rid of the IR divergences, while in
chapter 5 we give for the first time a complete diagrammatic way to tame the IR divergences
through the implementation of the Kinoshita-Lee-Nauenberg theorem and collect all the
contributions to the differential cross section at NLO. Furthermore, we provide in chapter 6
a non-trivial check of the validity of the final formula of the differential cross section through
the application of the Callan-Symanzik equation. Finally, we give our concluding remarks

in chapter 7.
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1.2 Singularities in Perturbative Field Theories

In perturbative quantum field theories, the tree-level contribution is finite while the next-
to-leading (NLO) order contributions diverge in the ultraviolet and infrared limits [27].
These divergences appear either from the momentum loop integrals or the emission or

absorption of soft particles at NLO corrections.

1.2.1 Ultraviolet Divergences

The leading term (tree level) of the perturbation theory consists of diagrams where all
momenta of the internal propagators are well defined in terms of the external momenta.
However, as we go further in the perturbation series, the Feynman diagrams become topo-
logically more complicated and may contain internal propagators whose momenta are not
defined in terms of the external momenta in the form of a loop propagator. In this case, the
Feynman amplitudes may lead to a divergence at very high energies (i.e. loop-momentum
— 00) [27|. This kind of divergence is called an ultraviolet divergence (UV) due to the con-
tribution of the very high energy particles in the process. The degree of the UV divergence
depends on the number of internal propagators whose momenta are not determined in
terms of the external lines momenta. In QED, the degree of divergence can be determined
in terms of the number of external lines (electrons or photons).

A physical interpretation of the UV divergences is that the fields and parameters defined
in the Lagrangian are not the physical ones. The UV divergences elimination require

matching between the Lagrangian fields and parameters and the observable ones.

1.2.2 Infra-red Divergences

Infrared divergences (IR) in gauge theories arise in two forms: soft, due to the massless
nature of the radiation (e.g. the massless photon in QED), and collinear, which comes
from treating the radiating particle as massless (e.g. the electron in QED) [27]. The
soft divergences appear when the radiation energy is less than some experimental energy
resolution A in such a way it escapes the detection. While the collinear singularities
appear when it is absorbed or emitted collinearly from the radiator so that it can not be

distinguished from the radiator.
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Figure 1.3: The electron bremsstrahlung process.

Figure 1.3 shows the emission of a photon from a fast moving electron, for kK — 0 the

electron propagator behaves as p%k and this causes the soft divergence discussed above.

B
1P |k| (1—cos )

angle between the electron and photon three momenta p and k respectively. There is now

However, if the electron is massless the propagator becomes where 0, is the
a double singularity, one as k — 0 and the other as 6, — 0. Which means that the
mass singularity happened when the photon is emitted or absorbed collinearly with the
electron even if the photon is hard (high-energy photon), we sometimes call this singularity
as the collinear divergence. Practically, this can be treated by considering only physically
observable cross sections. We give a detailed description of the different approaches made

to get rid of the IR divergences in chapter 4.

1.3 Mathematical Tools in Removing the Infinities

As discussed in the previous section, infinities in loop corrections are ubiquitous. In order
to eliminate these divergences, we follow two main steps. First, we render the divergent
integrals finite by introducing a regulator. Second, we apply a renormalization scheme to
remove the regulated UV divergences, and thus correct the desired quantities physically

observable cross sections.

1.3.1 Regularization Schemes

Regularization is a mathematical technique which renders divergent Feynman amplitudes
finite. The divergent integrals are then said to be regularized. We provide here an overview

of the most prevalent regularization schemes focusing on the ones we use in this thesis.

(a) Pauli-Villars Regularization:

Pauli and Villars [28] proposed one of the first regularization procedures. They
introduced an auxiliary mass as a regulator, which allowed them to rewrite Feynman

propagators in such a way that the Feynman amplitudes beyond the leading order
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were finite. This auxiliary mass has no physical meaning which means that the
method is only for defining the divergent integrals and the regulator must disappear

in the final result of the cross section.

(b) Analytic Regularization:

Analytic regularization is a procedure in which one replaces the Feynman propagator
Im of a particle of four-momentum p and mass m by m where o € C
is the regulator; the result then has a pole at a = 1. This procedure leads to a
convergent result of the Feynman amplitude as a well behaved analytic function of «.
Analytic regularization was first introduced by Bollini et al. in [29] and investigated

in further details by Speer [30[; this method has also been modified in such a way

that it gives a gauge invariant result to all orders in perturbation theory [31].

(¢) Dimensional Regularization:

G. 't Hooft and J. G. Veltman [32] came up with an elegant regularization procedure
based on the fact that the Ward identity holds without regard to the number of space
dimensions. The idea is to let the loop momentum variables have d-components and
then to calculate the loop integrals in d-dimensions which lead to well-defined S-
matrix elements in the limit d — 4. The power of using dimensional regularization

is that it preserves Lorentz invariance, gauge invariance, and the Ward identity.

In this project, we use two different procedures to regularize the UV and IR divergences.

We regularize the soft IR divergences by introducing a fictitious photon mass m~. We thus

—9uv
k2 tie

replace the photon propagator with %. We also keep the electron mass m,

—m2 tie

finite for the moment to regularize the expected collinear divergences. We regularize the
UV divergences using dimensional regularization in which we replace the loop momentum
. t t. . 4 d. . f Cl‘lip b . t 1 . d d. . f ﬂ

integration in 4-dimensions | 5257 by an integral in d-dimensions | 553

It is important to emphasize that in d-dimensions the electron charge e has the dimen-

sion of mass to the power (4;2d). We must then ensure that e remains dimensionless by

choosing an arbitrary mass scale p; notice that the physical observables should not depend

(4—d)/2

on this mass scale [33]. So we set e — e, and as d — 4 we write e? — pe?.
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1.3.2 Renormalization and Renormalization Schemes

Renormalization is the study of how a system changes under change of the observation
scale. Renormalization rescales the various parameters of the theory (e.g. masses, coupling
constant, etc.) in order to remove UV divergences. Renormalization theory then ensures
that the expressions for the Green functions are finite when expressed in terms of the
physical (observed) quantities [34].

In other words, one may set two different objectives for the renormalization process:
The first is a mathematical objective where it eliminates the UV divergences from the
loop integrals for a given theory in the higher orders in perturbation. The second is the
physical objective by matching the observed quantities and the parameters that appear
in that given theory. Dyson [35, 36] and Salam [37, 38| introduced the first successful
renormalization technique by matching the mass and charge in QED to their observed
values. In chapter 3, we give a brief comparison between the on-shell (OS) and the modified
minimal subtraction (MS) renormalization schemes as the most common schemes used in
perturbative field theories. We focus on the MS renormalization scheme because we are

interested in the very high energy limit (i.e. massless limit).



Chapter 2

The General Formalism

2.1 External Field Approximation

A well-known approximation in QED is the external field approximation in which we
expand the photon field A, around a non-zero value. We then are able to consider a
scattering process of, for example, an electron off of a classical current source J,. It is
shown that this is equivalent to scattering with a heavy charged particle [39]. We use this
approximation to construct the Lagrangian that describes the formalism of a QED system.

Consider an electron scattering off of a static point charge described by the current
Ji(z) = VEGB)(Z — VaP), where VF = (1,6)u is the unit time-like velocity vector. The
Lagrangian density then becomes the Lagrangian of the normal QED process with a mod-

ified interaction term, given by

L= _iFuqu + 1;(@3 - m) b — e A, + eJH Ay (2.1)

2.2 Leading Term Calculations

2.2.1 Tree Level Amplitude

Let |p’, ') and |p, s) be the final and the initial state with spins s’ and s respectively. Then
the elements of the scattering matrix are given in terms of the transition matrix elements
[40]

(", 8| S|P, s) = (0", s'|p,s) + (0", 8'[iT |pl.s) . (2:2)

However the elements of the scattering matrix are given also in terms of the interaction

Hamiltonian #Hy(x) as follows [40]
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.5 S|Fs) = (5| T {exp (—z- / d%wﬂ 7,9)

1
~ (p',s|p,s) — 3 (p',s'|T [/ d4w1/d4$27{1($1)7’11($2) Ip,s), (2.3)

where T is the time-ordered product while the odd terms of the expansion in Equation (2.3)
vanish because they contain an odd number of the field A, which contracts with each other
leaving one non-contracted field. We have also used the perturbation theory to neglect the
higher order in the series given in Equation (2.3) where these terms become higher order

in the electromagnetic coupling constant a.. From Equations (2.2) and (2.3) we find
@', 'iT |p, s) = —% (', s'|T [ / ' / d xoH (x1)Hi(z2) | |, ) - (2.4)
From the given Lagrangian in Equation (2.1), the interaction Hamiltonian is expressed by
Hi(z1) = e [Plz)y"Y(@1) Au(zr) — JH (1) Au(ar)] - (2.5)

In this section we are interested in the tree level amplitude which describes the scat-
tering process shown in Figure 2.1. Thus one may use Equation (2.5) to rewrite Equa-
tion (2.4), where the first term of Equation (2.5) squared describes a two-to-two scattering
process in which we are not interested in, while the interference between the first and the
second terms will leave one non-contracted field which becomes zero. Finally, one can find

a contribution only from the second term squared, then Equation (2.4) becomes

(7", 84T |7, s) = € (5", 8| T [/ d'zy /d4$2 Pz (1) A1) " (22) Ay (22) | |7, 5) -
(2.6)
Then we use Wick’s theorem to express the time ordering in terms of the contracted fields

[40]

T [ (z1)y" (1) Ap(@1) ] (22) Ay (22)]

=up(z1)y (1) Ap(21) " (22) Ay (22): + (@)Y (1) A1) T (22) Ay (22):

+ ()Y (z1)Ap(z1) Y (22) Ay (x2): + ... all other possible contractions, (2.7)

where the symbol :: describes the normal ordering of the contracted fields while the con-
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Figure 2.1: The tree level Feynman diagram of an electron scattered off of
an external source.

—
traction between two fields A and B is given by A B [40]. The second term of Equation (2.7)
gives the only contribution to the tree level of the interested process where the electron is

scattered with the source by exchanging a photon, then we have

8T |5, ) ~ ¢ / dy / Ay T (2) [i Dy (1 — 72)) (5, 8| Do)y ab(a) 17, 5)

(2.8)

where D, (z1 — x2) is the photon propagator in the position space. The remaining con-

tractions in Equation (2.8) are given by

—_ ! o/
(", 8] d(ar) = a” (pf) ™™,
R (2.9)

while u*(p) and @' (p') are the fields for the incoming and the outgoing electrons. We may
also use the Fourier transform of the photon propagator D, (¢) with momentum ¢ [40],

which when we substitute into Equation (2.8), gives

o . iR . d4 _s! s ix1-(p'— —iq-(x1—x v
@, s'iT |p, s) %162/ (27T(§4DMV<Q)U () u (p)/d4m1/d4x2e e mp) g mia(mme2) gv ()

~ ie? @ (p )y u® (p) / d*q Dy (q) " (q) 0D (0 —p — q)

~ ie2ﬂsl (p’)’}’“us (p) D;w(p/ - p) jy(p/ - p)

—i€2 ’

~ e W (p)J* (0 —p), (2.10)

given J,(q) to be the Fourier transform of the current .J”(z). However the current .J has
only a temporal component which is given by JO(z) = 6©)(Z). Then the Fourier transform
of the current produces 27 0(E, — E,). The delta functions in appeared in the previous

derivation ensures that the momentum transfer ¢ = p’ — p and the energy of the scattered
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electron is conserved (i.e B,y = E, = E). The transition matrix elements becomes

;52
—ie* g .
o & W) 2w (Ey — By)

~2n8(Ey — E,) x iMo, (2.11)

(", 84T D, ) =

where My is the Feynman scattering amplitude of the tree level of an electron scattered off
of a static point charge. The Feynman rules for the given process may now be extracted,
which become the same rules as for the normal QED process in addition to a new rule for

each source, where we write

For each external source: ~~r~r~n~n~x = —ieVH. (2.12)

The complete Feynman rules for the process are given in Appendix B.

2.2.2 General Form of The Differential Cross Section

The cross section is the most significant physical quantity for describing a scattering process
where it describes the effective area for collision giving an intuition for the probability of an
initial state |p, s) to scatter and become a final state |p/, s'). The differential cross section is
principally defined as the ratio of the number of particles scattered into a specific direction
per unit time per unit solid angle divided by the incident flux. In terms of the impact
parameter b [40], it is given by

o= /dzb W(b), (2.13)

where W is the probability of finding the system in the final state |p’, ') given by

- d3pl 1
dw(b) = (27)3 2B,

(B, [iT 1vin) | - (2.14)

Here we define the incoming state in the wave packet approach instead of the normal
plane wave description to avoid the singularities in the normalization of the incoming
state. Let the incoming electron wavepacket ¢(p) to be uniformly distributed in the impact

parameter b

B d3q 1 b~
im) = / Gy a0 T ). (2.15)
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Now we can relate the probability of scattering to the Feynman amplitudes in which we

can get all the interesting physics from the scattering process

—.

By 1 d*q 1 —ibe§ = S|
dW(b) - (271')3 2Ep’ / (277')3 \/E¢(®e <p yS ‘ZT|q7 S)

d*r 1 * (N b7 o T2 o\
X/W’m¢ (Me <p/731‘27-’7”73> , (2.16)

where the superscript * denotes the complex conjugate. Substituting Equation (2.11) into

Equation (2.16), the probability will be given by

. d3 / d3 dST . B (T
p / 4 $(@)6" (PPN §(B, — E,) 6(Ey — E,)

V() = (27)2 ] (2r)4\/4E,E,
X M(q— p)M*(r = p'). (2.17)

We then substitute Equation (2.17) into Equation (2.13) to calculate the differential cross

section

do =

3./ 3 3’!“
dp/ T9dT ) 6t (7) 6(Ey — By)

@rp ) (2 \/IE,E,

x 8(Ey — E)M(q — p)M*(r — p')/d% e~ (2.18)

The integral over the impact parameter yields (27)25®) (g, — r,) [40]. We use also
from the conservation of energy 6(E, — E,) = 06(FEq — E,) = %5(% —r.) ~ L6(g. — ),

where v; is the incoming velocity. The differential cross section is then given by

do — p'2dp’ dQ) 1 / d3qd3r
 (2m)? 2Epv ) (2n)2\/4E,E,
X 6(p- = 1:)0P (gL — 1 )M(g = P )M (r — p)

_ p2dp' dQY 1 / d3q
(2m)3 2Epv; ) (2m)%2E,

?(q) 9™ (7) 5(Ep’ - Eq)

(D" () (Ey — Eq) M(q — p')M* (¢ = p'), (2.19)

where we used the recombination of the delta functions 6(q, —r,)6® (¢, —r,) = 6@ (g —
7). Since the wavepacket ¢ is localized and peaked at p, we can approximate M(q —
p')M*(q — p') and E, with their values at the central external momentum p and pull them

out of the integral. We also use the normalization of the wave packet [ % p(P)]* = 1.
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Then we have

p'2dp’ dQ) 1

do —
77 T(2r)? 2E,0:2E,

S(Ey — Ep) |[M(p = p)|*. (2.20)

Integrating Equation (2.20) over p/, we find

do p'2dp' 1 9
— = 0By — FE . 2.21
ds) / (27)2 2E,v;2E, (Ep p) M (2:21)

E .
However 6(E, — E,) = 7 d(p' —p), we also sum over all spins s’ and s. We finally get the
general formula for the differential cross section of a process where an electron is scattered

by an external point charge

do 1 1
Q- 16w2§Z‘M‘2' 222)

2.2.3 Leading Term of The Differential Cross Section

To derive the differential cross section of the leading term in perturbation series from
the amplitude of the tree level given in Equation (2.11), we use the general formula for
the differential cross section given in Equation (2.22) beside the so-called Feynman trace
technology [40] which uses the algebraic properties of y-matrices. The differential cross

section for the leading term can be first written as following

(Z?)) 3272 422“ [0 g )us'(p')vo]abui(p). (2.23)

s,s’ a,b

The trace technology allows us to replace the sum over the parameters a and b in Equa-
tion (2.23) by the trace of a number of matrices. We also recall the identity ), u®(p) @*(p) =
p + m, and using the properties of the -matrices given in Appendix A, Equation (2.23)

becomes

do 64 /
(58) = syt S Il 0+ )7,
0 a,b

p—p
64

mTr ['yo(p’ + m)’yo(;yﬁ + m)]
! (22 —p - p+m?). (2.24)

~ 872 (p — p)?
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Defining the electromagnetic coupling constant o, = % and recall that ¢ = p’ — p. The
differential cross section for the leading term in perturbation of an electron scattered off

of a point charge is then given by

do a?
(dQ> = (4E% + ¢°). (2.25)
0

2.2.4 Non-Relativistic Approach

Now let us rewrite the differential cross section in terms of the scattering angle 6 given by

p-p’ = |p’||p] cosf. We choose the laboratory reference frame in which we define

P=1plZ
(2.26)

p' = |p’| (cosf 2 + sin 6 7).

Energy conservation implies E,y = E, = E from which it follows that [p”’| = |p]. Equa-

tion (2.26) then allows us to write
0
> =2|p* (1 — cos0)? = 4p}? sin? 5 (2.27)

Let %—'22 = /32, then Equation (2.25) becomes the well know Mott scattering formula [41]

<do’> _ a? (1 — % sin? g) (2.28)
a9 ), " 4l ent g

In the high energy limit —q¢? > m?, we can set 32 ~ 1 and Equation (2.28) becomes

do\ a? (1 — sin? g) (2.29)
aQ),  4F?sin'f '

while in the non-relativistic limit 3% << 1 (equivalently low energies), Equation (2.28)

reduces to the Rutherford formula [41]
do ) a?
il .~ S— (2.30)
() s, = T2
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Chapter 3

NLO Rutherford Scattering

In chapter 2 we calculated the first term of the perturbation series which is trivially in
O(a?). Corrections to the differential cross section at Next-to-leading order require in-
cluding diagrams such as the vertex, vacuum polarization, box, etc., which contain either
fermion or photon loops. In this chapter we face the UV divergences discussed in chapter 1
due to the high momentum scale which appears in the 4-dimensional loop integrals in the
NLO diagrams. We first use the dimensional regularization to render the UV divergences
finite. Then we imitate the systematic renormalization procedure to renormalize the La-

grangian of the system [40]. Finally, we apply the appropriate renormalization scheme to

omit these UV divergences.

3.1 Renormalizing The Lagrangian

Let us define the Lagrangian from Equation (2.1) in terms of the bare parameters and
fields, where we give them a subscript 0 to distinguish them from the physical ones, as

follows

1 . - . -
Lo = _ZF(# Fouw + 1o (id — mo)o — eothoy" o Aoy + €0 Jou Af - (3.1)

We first relate these bare fields Ay and g to the renormalized ones A and 3 by defining

the renormalization scales Z4 and Z respectively

1
QJZ)O :Ziz rlzz)v

1
Al = 72 Ar,
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We also need to match the bare parameters ey, mg and Jy to the renormalized ones e, m and J,

so we define

Zw mo = Zm m,
; 1
po2e0 ZypZ; = Zee, (3.3)

Ze
Ze g — 7, Jr,
Zy 7

Where Z,,, Z., and Z; are the renormalization scales for the mass, electron charge, and

the current source respectively. The Lagrangian density after is rescaling is then now
1 _ _ _ _ _
L= =3 ZaF" Fyy+ 2y i) b — Zo it - e’ T Doy A, +ep' s Zy T, AR (34)

Next we expand each renormalization scale Z in terms of a corresponding counter term &

Zy =1+ by,
Za=146a,
Ze =140, (3.5)
Zm =14 6m,
Zy=1+46.

Each of the previous counter terms must be fixed by the renormalization scheme to define
the renormalized fields and parameters. In terms of the renormalized parameters and the

counter terms the Lagrangian density becomes

4—d

1 _ _ —
L= = Fu P + () —m) = ep 2 v A, + en’s" S, A0

1 _ 4 - _
— JOAF W P 4 (8,3 — md ) - e’ T Sy A, +ep T 6,0, AR, (3.6)

The next step is to determine the Feynman diagrams whose amplitudes contain UV
divergences by defining the superficial degree of divergence D in terms of the number of
external electrons N, and external photons N, which characterize each diagram. Loop
momentum integrals in Feynman amplitudes diverge in the high momentum scale when
there are more powers of momentum in the denominator than in the numerator. Hence

diagrams with D > 0 are said to be divergent in the UV limit. One can show from the
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previous definition that D is given by [40]
3
D=4-3N,—N, (3.7)

The infinite diagrams for the given Lagrangian are shown in Figure 3.1, which do not
differ from that of the complete QED process. Here we excluded all the other divergent
diagrams because they either do not describe a scattering process or their contributions is
zero due to symmetries. The Feynman rules of the renormalized Lagrangian are described
in Appendix B. Each of these rules relates the renormalization of the fields and parameters
to the counter terms defined in Equation (3.5). We note that there is no need to renormalize

the external source J* because it does not contribute any divergences, this means Z; = 1.

(a) D =0 (b)D =1 () D = 2

Figure 3.1: Superficially Divergent 1PI diagrams in QED.

The dashed blob indicates that the graphs are one-particle irreducible (1PI). The 1PI
is any graph that can not be cut into two different propagators (i.e whose all internal lines
have loop momentum integrals). It is shown that all the UV divergences can be eliminated
by the counter terms defined in Equation (3.5) corresponding to each 1PI amplitude shown
in Figure 3.1, this is known as the BHPZ theorem where the complete proof can be found

in [42].

3.2 Vacuum Polarization Correction

The superficially 1PI diagram in Figure 3.1a includes the amplitude and the counter term

that describe the renormalization of the electromagnetic field A. The Feynman amplitude
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of the vacuum polarization diagram and its corresponding counter diagram is given by

T

l

= —iep e 'y D, ( D/gy —iep e V” , (3.8)

where II*? can be written using the Feynman rules defined in Table B.2 in d-dimension

k+q
q q
Z-Ha,é’(q): + f\/W\f@Jv\rW
k

24—d/<ddktr|:a (k+m) 4 (k+¢+m) ]

-k 2m)d K2 —m?+ie! (k+q)%—m?+ic

as

—i [gaﬁq2 — q“qﬁ} 54 (3.9)

The integral over k in d-dimensions can be calculated in several steps. First, we use
Feynman parameters trick defined in Equation (A.11) to combine the denominators of

Equation (3.9) and then complete the square, we write

1
[k2 — m? + i€] [(k + q)* — m? + i€]

/1 dx L

o A{x[(k+q)% —m2+ i€ + (1 — z) [k2 — m2 +ie]}?

= /1 dx !
o [(k+g)?+2(l—x)g® — m? + ie)?

! 1
By
o [02— M?+ i€

where we shifted the momentum to be ¢ = k + xq and defined M? = m? — z(1 — z)¢*

(3.10)

We can also simplify the numerator MVyp of equation Equation (3.9) in terms of the new

momentum ¢ by taking the trace and using the properties of the gamma matrices given in
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Equation (A.9), where we have

Nyp =4 [k“(k +¢) + kP (k+q)* — g (k- (k+q) + m2)}
=4 [[260%5 —22(1 — 2)¢%¢® — g*° (Z —z(l—2)@ + m2) + linear terms in E] .

(3.11)

The symmetry of the integral over £ shows that the integrals with linear terms in ¢ vanish
and allows us to replace (409 — 1 (28 as in Equations (A.13) and (A.14). This simplifies

the numerator Nyp to be written as

2
1-2

Nypp =4 [ A d)€2 —22(1 — 2)¢%¢" + g*° (z(1 — 2)¢* — m?)|. (3.12)

The full expression for Equation (3.9) becomes

d
Haﬁ( 24d/dl'/d£

{_9“5(1— D~ 201~ 2)g°" + 7 [2(1 — 2)¢ —m’] } —i(g°%¢?

—q%¢®) 64.
(22— M2 1 ie)?2 9" —d%d")

(3.13)

Now our main task is to perform the momentum integral in Equation (3.13). A trick
introduced by Wick can make this integral much easier to calculate, the trick called the
Wick rotation in which we rotate the contour counter-clockwise by 5 by defining a new

4-momentum variable £ such that {° = i¢%, and 7 = (g [40]. Equation (3.13) will be

iHaﬁ(q) = —die’pt d/ol dx { {—23&(1 —x)¢%¢" + g’ (ac(l — x)q2 — m2)]

X/ dg 1 - g) QB/ dg 3
(274 (2 + M? + ie)? 7 | @) (& + M2+ ie)?

—i(g*%¢* — ¢*¢%) 5a. (3.14)

Using the momentum integrals defined in Equation (A.12) and taking the limit d — 4

1
708 2 d-d(aB 2 _ a f z(1-2) [(2-d/2)
il (q) = —=8ie“p™ “(g*"¢" — ¢°q )/0 dzx (4m)d/2 (M2)2—d/2

;= i(97q" — q"¢%) o

=, 0770 = ¢*”) xill(g?), (3.15)
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where

—e2 1

2
(g% = 27 J, dr z(1 — x) <€ —log M? — vg + log 4w + log ji® + O(e)) —d4, (3.16)

and d = 4 — € is the number of space-time dimensions as defined in Equation (A.3).

Now it is time to choose the renormalization scheme in order to eliminate the divergence
in the form of % Since we used the dimensional regularization, every loop correction
takes almost the same form as in Equation (3.16) which makes it easier to apply the
renormalization scheme. In order to choose an appropriate scheme for our calculations

here, we first make a comparison between the most two common schemes in QFT.

On-Shell Vs. MS renormalization schemes

The counterterms defined in Equation (3.5) have divergent and finite pieces. One is free
to choose how to fix the finite piece [34]. Two common choices are momentum subtraction

(i.e. on-shell) and the generalized minimal subtraction schemes.

a) On-Shell Scheme:

The on-shell (OS) renormalization scheme is a most common scheme used in the
QED calculations, in which one fixes the counter terms such that they define the
renormalized parameters to be the physical ones. The OS scheme allows us to write
a set of renormalization conditions by which we can eliminate the UV divergences in

each diagram; these conditions are:

1. The Fourier transform of the electron propagator has a pole at the physical
mass, equivalently the renormalized mass, which ensures that electron self en-

ergy correction at the renormalized mass vanishes (i.e ¥a(m) = 0), where ¥

is the coefficient of the in the 1PI contribution from Figure 3.1b.

i
p—m
2. The pole of the electron propagator has a residue 1, which means that the first

derivative of the electron self-energy correction at the renormalized mass must

vanish (i.e ¥5(m) = 0).

3. The Fourier transform of the photon propagator has a pole at ¢ = 0, this

pole has a residue 1, which means that the vacuum polarization correction
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b)

must vanish at ¢ = 0 (i.e I[I(¢?> = 0) = 0), where II(¢?) is the coefficient of

q%(—gw, + ¢"¢") in the 1PI contribution from Figure 3.1a.

4. The electron charge is fixed to be the renormalized charge e, which ensure that
the amputated vertex correction gives back the normal vertex (i.e —iel' (q =
0) = —iey"), where I'* is the sum of all 1PI contribution to the 3-point function

in Figure 3.1c.

An important remark on the OS renormalization scheme is that the full formula
of the differential cross section is expected not to be finite as we send the mass of
the electron to zero, equivalently in the high energy limit —¢? > m?, which appear
as an extra log(m) from the vacuum polarization correction [43]. However, the OS
renormalization conditions defined above are not the only way to define the counter

terms.

Generalized Minimal Subtraction Scheme:

Dimensional regularization allows us to write the pole of Feynman diagrams beyond
the leading order, at the UV limit, in the form of the number of space-time dimensions
d. The generalized minimal subtraction scheme defines the counterterms to cancel

the 1/e pole at the original dimensionality (d = 4) [44].

One of the advantages of the generalized minimal subtraction scheme is that we
simply set the finite piece to a convenient value. Two common choices for the finite
pieces are: minimal subtraction (MS), in which we choose the finite piece to be
zero, and the modified minimal subtraction scheme, in which we choose the finite
piece to cancel the common term log(4m) — vg that arise from using the dimensional

regularization [45].

We note that in the MS scheme the position of the pole of the electron propagator
is no longer at the physical mass which means that the physical quantities are not
necessarily the renormalized ones and the residue of the pole is no longer 1 [43|. Aside
from the fact that the MS renormalization scheme does not have a physical meaning,
it can be considered as a very powerful scheme where it automatically cancels the
UV divergences through the counter terms with very convenient calculations. In

addition to the avoidance of the subdivergences that may appear from the vacuum
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polarization diagram which ensures in return a finite formula for the differential cross

section at NLO correction when the mass of the electron goes to zero [43].

Now we apply the MS renormalization scheme on Equation (3.16) which allows us to
choose 4 such that it removes the infinity and the term —vg 4 log4nw. From now and on
we identify the mass scale ugzg to specify that the scheme we used is the MS scheme, then

Equation (3.16) becomes

e? 1 m? —z(1 — x)¢?
H(q2):27r2/0 dr z(1 — x) log< (21 )q)

Piis
e

m? —z(1 — x)¢? m?
=53 log < - ) + log 7/12*
0 MS

2
o —q 5) 9
= — 1 _ — —
3 [og (M2 ) 3+C’)(m)

MS

2 1
dr z(1 — x)

,as —q° > m? (3.17)

The counter term for the photon field renormalization will be

) ——e2 2 + log 4 /ld (1—z)=— z_ + log 4 (3.18)
= - 7r T x x) = ). .
A= 53 p YE g ) 3 . VE g

Since V¥ contributes only with the temporal part, Equation (3.15) will also contribute
with I19 term. We also recall that ¢° = plo — p¥ = 0, the ¢®¢® term vanishes and the

vacuum polarization amplitude becomes

626

iMyp = q{;‘ @ (p')y"u (p) 1% (q)

— iMo (%) + O(e)

1 2
—imo® | Lrog (22 ) -2 L o] . (3.19)
|3 Hirs 9
The contribution to the differential cross section will be
do 1 " "
(d())vp == 327{'2 ; [MOMVP + MVPM()]
d 2 —q? 10
— (&) 2= log Tq — — +0(m? (3.20)
aQ ), m |3 Hits 9
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3.3 Vertex Correction

The vertex diagram is one of the diagrams that contribute to the differential cross section
at NLO corresponding to the superficially 1PI divergent diagram in Figure 3.1c. This
diagram gives the correction to the electron charge e where the amplitude corresponding

to such diagram is given by

(3.21)

where

| g [ A%, i —k+m ip—k+m
—ie T" = (—ie)’u’ d/ (2m)d [’Y (v Epk:)z - m2j)Li6’yH (p —(JZ:)? - m““lievﬁ
_iga,@

————— | —ie Y"d.. (3.22
B md i) o7 (322)

We emphasize here the use of the photon mass m. in the photon propagator to reg-
ularize the expected soft IR divergence due to the emission and absorption of the virtual

photon which might be soft. Using Feynman parameters, we write

1
z[(p—k)? —m?+iel +y[(p) — k)% —m? +ie] + 2(k? — m2 + ie)
/1 20(x +y+2z—1)drdydz
0 {zl(p— k)2 —m?+id +yl( — k)2 —m2+ie + 2(k2 — m2 +ie)}’

2
- /dF;», -, (3.23)
(02 — M? + ie)

/2

where we used the condition for the on shell momenta p? = p’> = m? to combine the

denominators and rewrite the whole denominator in terms of £ = k — (zp + yp') and
M? = m*(1 — 2)? — zyq® + zm2. We also defined [dF3 = [6(z+y+ 2z —1) dz dy dz

for simple writing. Let us now simplify the numerator ANy of equation Equation (3.22) by
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using the properties of the gamma matrices in d-dimensions

No =7 = 8) +my"[(p — F) + ml7a
= =20 — K" — F) +4m’ + p — 2k)" — 2m*y*
+@A=d)[p —k+mn"(p—k+m)]
= 2fy"f = 20p — ap— yp "W — ap — yp) - 2mP 4 Am(p¥ + p — 2ap — 2yp")
+@—df+ A =d)(p —xp—yp —m)V"(p — xp — yp’ — m) + linear terms in £.
(3.24)

Before simplifying the numerator even more we can put an expectation for what the
function 6I'* is going to look like which will help us to put a goal for every step in the
manipulation process. We recall the fact that 6I'* = ~* at leading order, this means that
OT* should include v* and some other functions of ¢>. We use the trick 2zp* + 2yp/” =
(x4 y)(p* 4+ p*) + (x — y)p* — p* such that we write the fourth term of Equation (3.24)

as

/

dm (p# + p — 2zp" — 2yp ™) = Am [(p* +p) — (x +y) (" + P+ (@ —y) (" — p))]

= dmz(p*" + p*) + da(z — y)g".

We can also rewrite the second and last terms of Equation (3.24) in different forms, using

the identities g = p' —p and z +y + 2 = 1, to get

poap—yp = (L—a)p —g) -y =z — (1 -a)g,
P-ap—yp =1-y)p+d) —ap=zp+(1-y).
P—xp—yp =p —(@p =) —yp =2 + 4,
poap—yp =p—ap—y(p+d) =zp—yd

(3.25)

The numerator now becomes

Ny =2 —d)fy"f —2 [zp’ —(1- aj)g] ~H [zp +(1- y)g] —2m2yH + dmz(p' + p)*

+4dm(x —y)g" + (4 — d)(zp' +xd — m)y“(zp —yd — m). (3.26)

We note that the numerator Ay is sandwiched between @ (p') and u*(p), so we can use
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the on shell momenta conditions pu’(p) = mu’(p) and i )y =m @ (p') |40]. Using

this we can make more simplifications for the numerator, by noting

[2p = (L= a)g] " [p+ (1= w)g] = [2m = (1= 2)g] v [2m + (1 = y)g]
= 22m?y — (1 - 2)(1 - y)d"d
+mz (0", d] + zgr” — yy'q)
= 22m? = (1 —2)(1 - y)gr"g

+gma2 -z - )b g+ 5 - gl (3:27)

Above we used the following trick to write the last line of Equation (3.27)

gy — yyig = %(x —y) (" + ") + %(w +y) (v —+e)

— 5@ =D g = 5@+ nbr g (3.28)

We recall %[’y“,g] = —io"q, and %{’y”,g} = ¢*, where 0" is the generator of the
Lorentz group [40], the latter allows us to write ¢y'¢ = ¢(2¢" — ¢7*) = —¢%y*, where
we used Dirac equation to write @(p’) ¢ u(p) = u(p’) (p' — p) w(p) = 0. Then equation

Equation (3.27) becomes

[ — (L —2)g] v [p+ (1 = y)d] = 22m** + (1 = 2)(1 — ) ¢+ +ma(x — y)g"

—imz(1+ z)0"q,. (3.29)

Similarly for the last term of Equation (3.24), we write

(2p' + xg — m)V*(zp — yg — m) = m*(z — 1)’y + 2y ¢ — m(1 — 2)(z — y)q"

—aim(1l — z)(x +y)o"q,. (3.30)

The Gordon identity [40], which is given by

aate) = o) (e G ul), (3.31)
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allows us to write (p' + p)* ~ 2m~#* —io"”q,. Using this with Equations (3.29) and (3.30)

and recall that fy*f — @627“, the numerator becomes

(2-d)?
d

— 20— 2)(1 —y) — (4 = d)zy] + mg"(x —y) [4 - 22 — (4 = d)(1 — 2)°]

Ny = Al £ mPyk (82 —2(1+ 2?4+ (4—d)(1 - 2)2]

+imotq,(1—2) 22+ (4 —d)(1—2)]. (3.32)

The Ward identity: ¢,0I'* = 0, ensures that the term with coefficient ¢ vanishes [40].

Finally after a long journey of simplifications, the numerator can be written as

o
Ny = N{Ap — %N‘,@), (3.33)
where
N = M£2+m2(8z—2(1+z2)+(4—d)(1—z)2) — (201 —2)— (4—d)ay), (3.34
V= q x zy), (3.34)
while
NP =om? (1 —2) 22 + (4 — d)(1 — 2)]. (3.35)

From Equations (3.23) and (3.33) into Equation (3.22), the function I'* can be written as

440 N(l) o g dee N(2)
[H 92 4—d/F u./ ! - - : '
5 e dFs | v (2m)e (2 — M2)3 om (2m)d (2 — M?)3 + "0

10t q,

=YFi(q%) + Fo(q?). (3.36)

I'* has the form exactly as expected earlier in this section, where F;(q?) and Fy(¢?)
are called the form factors and can be evaluated by using first the Wick rotation trick, the

first integral in Equation (3.36) will be given by

e NV (2—d)? [ d 2 |
/ (2m)d (¢ —VM2)3 T / (27rfd (2 +EM2)3 —i[m? (82 = 2(1 + 2?)

d
LA—d)(1-2)?) - P20 - o)1 —y) — (4 day)] / éffd = +1M2)3. (3.37)
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With the help of Equation (A.12), we can evaluate the loop momentum integrals and take

the limit that d — 4. The first integral of Equation (3.36) becomes

— i [m?(8z — 2(1 + 2?)

die MY @2-d? 1 dT(2-d/2)
/ CmI(E—AP " d  (4m)¥2 4(M2)2-d2
(4—-d) 1 T(2-4d/2)
AM?2 (47r)d/2 (M2)2*d/2

21 —2)(1 —y) + (1 — 4z + 22)m? _2) '

HA—d)(1-2)*) = ¢*(2(1 — 2)(1 —y) — (4 — d)zy)]

' 2
= ! <—logM2—’yE+log47r+q
€

d—4 (4m)?2 M?2
(3.38)
Similarly for the second integral of Equation (3.36)
/ dde Na 1 —2im*2(1—z) (3.30)
(2m)® (€2 — M?)3 d—4 (4m)? M? ' '

The form factors will be given by

2¢e? 2
Fl(q2) = (47T)2'ue/dF3<e — logM2 —vg + logdnm

P(l—2)1—y)+ (1 —4z + 2%)m?
+ e

—2+ O(e)) + 6., (3.40)

o 2m2z(1 — 2

This is the point where we apply the MS renormalization scheme to remove the divergent

part of Equation (3.40), we choose the associated counter term to be

—2¢% (2 o (2
de = (4m)2 <6 —YE+ 10g47r> /dFS = T <€ —7E+ 10g4ﬂ'> . (3.42)

Finally, the first form factor will be

F(Q)—a/dF lo W
W =5 308 m?(1 — 2)? — xyq?® + 2m?2

£ =)l —g) + (1 - 4z + 2)d?
m2(1 — 2)2 — zyq® + zm?2

—2|. (3.43)
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Now we evaluate the integrals of Fj(¢?) and Fy(q?) where first integral of Equa-

tion (3.43) is given by

2
w
T = /dF3 log <m2(1 T Zm%) . (3.44)

We notice that Z; is finite as we set m, — 0, so we can safely take that limit in this step.

We change the variables from z, y, z to w = 1 — z and £ = mey, then we have z = w¢&,

y=w(l—¢) and dF3 = wdwd§. The first integral becomes

B 1 1 ,LLQ
h _/0 dg/o dww log (m2w2 — w2l —£>q2)

1 1 m2 “2
:/0 dg/o dww [log <m2w2 “wE(i - £>q2> +log (mZﬂ

3_1p - + O(m?) as —¢% > m? (3.45)

The second integral of Equation (3.43) is given by

21—2)(1— 1—4 2)m?

IQZ/ng,Q( D=y + (A —dzF 2T)jm” (3.46)
m2(1 — 2)2 — zyq® + zm2

This integral diverges when z — 1, We will use a trick to solve this tough integral where

we add and subtract the argument of the integral in the region where we set z = 1 and

2 =y = 0 in the numerator and z = 1 in the m,QY term in the denominator. Then we have

two integrals

21 —2)(1—y) + (1 — 4z + 22)m? 2 _2m?
jl:/dF?’ & 2)( yz) ( 2 2) ) qz 2 5 ), (3:47)
m?(1 — 2)? — xyq® + zm2 m?(1 — 2)* — xyq® + m3
2 2
q‘ —2m
= [ dF: . 3.48
7~ | S T sy T (3.48)

We see that 7 is finite as we set m, to be zero and the integral will be

_ A(Ql-2)(1-y)—1)+ (3 —4z+2H)m?
Ji= /dF3 m?(1 = 2)* — zyg?
2

—4q 1 2 2 2
=21 — |- =+ - . A4
og( 2) 3 O(m*) ,as —q¢~>m (3.49)
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To evaluate J> we Change the variables in the same way as in Z;, then J2 becomes

1 1 2 2
q° —2m
= d d
/0 5/0 W BT (- OF T2

! > — 2m? m® +m3 — ¢°¢(1 - )

5

we can safely neglect the m?2 in the numerator inside the logarithm, then we write equation

Y

(3.50) as follows

! q* —2m? m? — ¢26(1 - ¢€) ¢
_/0 ® o 21— ¢) <1°g< —? >+1°g<m%)

15 (=¢ 2 —q¢° —¢° 2 2
zilog (m2>+6—log Py log 7 + O(m*, m3). (3.51)

Y

The integral Zo becomes
¢ 2 2 2 2
- q Lo 5(—q —q L m 2 2
Iy = log( >log<mg)+2log <m?>+210g<m?>_2+6+0(m’m7)‘
(3.52)

While the third integral of equation (3.43) is given by T3 = —2 [ dF5 = —1. Substituting

the values of the three integrals Z;, o, and T3 into equation (3.43), F;(q?) simplifies to

a 2 qz 1 _qz _qz
Fi(?) = 1 1 “log? [ — | +2log [ —=
) = 5 | o (S o (S ) + 1o (S + 2000 ()
1 2 2
— —log (;) + 24 (’)(mg,mi)]. (3.53)

2 6

F»(q?) can be evaluated by doing the same change of variables as in Z; to find

Fa(q?) 2W/ dg/ dw _11”5 :i[in;log <;@q22>+(9(m4)} (3.54)

We see that Fy(¢?) is negligible in the limit m — 0. Finally, the amplitude of the vertex

correction is given by

ie?

iMy="5 @ (') 1" u* (p) Fi(q®) = i Mo Fi(q?). (3.55)



Chapter 3. NLO Rutherford Scattering 30

Consequently, the contribution of the vertex correction to the differential cross section at

NLO will be

do 1 N .
(dQ> = 39,2 Z (Mo My + My Mg
) 5,8

do (0] —q2 —q2 1 9 _q2 _q2
(97} M g (28 Y tog ([ 2L ) + L 1og? (2L ) 4 2108 (=L
<dQ>O7r[ Og(m2> Og(m?y Tolos (G ) T e

1 2 2
—5log (f) + % + O(m{mg)} . (3.56)
Hys

3.4 Electron Self-Energy Correction

Power counting implies that the electron self energy contains a UV divergent term corre-

sponding to the 1PI diagram in Figure 3.1b. The amplitude of the electron self energy is

given by
p—k
p p
_zzZ(p):—»ﬂ—»k + R
L aay [ d, i(ftm) ~igag o
= (ziep =) /(2@” [k:2—m2+ie]%‘[(p—k)2—m%+ie]—H(?% mom)-

(3.57)

As usual for the calculations of the loop integrals, we use Feynman parameters so that we

rewrite

1
[(p — k)2 — m2 +ie][k? — m? + ie]

1d 1
/0 ! (zl(p — k)2 —m2 +ic] + (1 — 2)[k2 — m? + ic])

1
1
:/0 i e (459

where £ = k — xp and M? = (1 — 2)’m? — 2(1 — 2)p* + xmg Let us now simplify the

numerator of Equation (3.57) using the properties of gamma matrices in d-dimensions to

find Ne = 1*(k+m)va = (2—d)zp—m d+linear terms in £. We also use the Wick rotation
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to evaluate the momentum integral. The amplitude of the electron self energy becomes

1 d
— ¥y (p) = —€? u4d/0 dz [(2 —d)zp +md] / (;lwid 2= ]\412 AP +i(pdy — Mo
o aea [ 1 T(2-d/2 )
= —ie? pt d/o dz [(2 — d)zp +md] - ((47r)d/2 (](\/12)2{[/2)) +i(poy, — mom)

_ip2 € 1 2)
e n / da:[—Qm)-(—logM2—7E+log47r—l—|—O(e)>
0

4 (47)? €

€

+4m <2 —log M? — v +logdr — 1/2 + O(e)) ] +i(poy — mdm). (3.59)

Now we apply the MS renormalization scheme by choosing the counter terms 0y and

dm to absorb the UV divergent term as well as the constant term (log(47) — vg):

—a (2

oy = yr (e —vE + log47r> , (3.60)
—a (2

Om = < —vE + log 47r> . (3.61)
m €

While the amplitude for the electron-self energy becomes

1 2
Eﬁw:i;[@—Qm%ﬁAdx@m—Qwﬂbg(U_xwﬂ_xé_xmz+mﬁ>}
(3.62)
Before evaluating the integral in Equation (3.62), one may find an easy way to obtain
the contribution from the electron self energy to the differential cross section. Based on
a previous discussion we saw that in the MS renormalziation scheme the renormalized

parameters are not necessarily the physical ones. The Fourier transform of the two point

correlation function of the electron self energy is given by [40]

/d% (Q T((x)i(0)) |Q) €7 = p_im + pfm (;_(pfn) + pfm (;_(mz teo

[

T p-m-3Sp)

(3.63)

Equation (3.63) means that the pole is shifted by Y(j), so the renormalized mass is
not the physical mass and the residue of this pole is no longer one [43]. Our goal now is to
find the correction to the residue and the relation between the renormalized mass m and

the physical mass m., where the pole should occur exactly at the physical mass. Then we
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have

(p—m=3P)|pe, =0 (3.64)

which implies me = m + X (m.). We note that Xo(p?) is in O(«), so the difference between
m. and m is O(a) and we can replace m, by m and set the error to be O(a?) [43]. Then
we have

me =m + L(m) + 0(a?). (3.65)

We also note that Yo(m) is finite as we set mg — 0, which means that there is no soft IR

divergences in X9 to worry about, which becomes

S N e

2
=m— |4 I .
m47r< + 3log — > (3.66)

Then the relation between the physical mass and the renormalized mass is given by
o W 2
Mme =m l—i-ﬂ 4 + 3log 3 +O(a”)| . (3.67)

Again the difference between m and m,. is O(a), so we can replace m? by m? in the

u2
m R [1—M<4+310g<n1fs>)+0(042)

Now it is time to find the correction to the residue R. One could add the contribution

logarithm

(3.68)

from the electron self energy directly by correcting the LSZ reduction formula [46] in which

the shifted pole with a non-unity residue exist. The inverse of the residue is given by

a ! 4z(1 — x)(2 — x)m? 12
=1-—11 d —9rl _
4”< +/0 ' [(1—55)2”12”’”% ’ Og<(1—x)2m2+xm%>b

(3.69)
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We note that the first integral contains an infrared divergence as m., — 0, while the second

integral is finite. Then we have as m, — 0

/01 d 43%;;;2 :2%2 = 2log (;) — 24 0(m? m?), (3.70)
/01 dx 2z log <(1_M;)2m2> log <7/;;> +3 (3.71)
Finally the inverse of the residue is given by
2 2
R1=1- % [2 log (Z%) — log <::L2) —4+ O(mzﬂng) . (3.72)

As we discussed above, the contribution from the electron self-energy can be encapsu-
lated as a correction to the LSZ formula in which we multiply the amplitude by the value
of R? for each external leg, which means that we directly multiply the differential cross
section by R? [43]. However the residue correction is in O(a), so all the NLO terms will
not be affected by this correction to stay in the same order of the perturbation and the

only affected term will be the leading order. Then the leading term will be corrected to

(3;>L:R2 <;lg>o _ (%)0 {1—1—70:[10g <Zg) - %log (”ﬂ%) —2]}. (3.73)

Now we can write the contribution from the tree level amplitude plus the vertex and the

self energy corrections in one single equation to give

().~ (), {o oo ) (v (52)) -2 (55)

3 _q2 7T2

3.5 Box Correction

In the last three sections, we calculated, at NLO, the contribution from the diagrams
corresponding to the three superficially divergent 1PI diagrams shown in Equation (3.7).
Hence we do not expect more divergent diagrams in the UV limit. One of the non-divergent
diagrams that contribute to the differential cross section at NLO is the box correction which

occurs when the incoming electron interacts twice with the external source. The amplitude
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of the box diagram is given by

u®(p), (3.75)

where

d*k YOk + m)yY

2m)* [(pf — k)2 —m2][(k — p)? — m2] [k? — m? +ie]

inoo(p, ') = Z'62/ ( (3.76)
It is clear that the box diagram does not contain any ultraviolet divergences. We also

note that Jo(p' — k) and Jo(k — p) yield two delta functions d(p'® — k%) and §(p° — £9),

which allow us to perform the integral over k¥ in Equation (3.76), where

—

¥ —k)? =~ —k)?,
(k —p)? = —(k - p)%, (3.77)

kQ—mzsz—p2:ﬁQ—E2.

The denominator of Equation (3.76) becomes

[ =02 =] [(h—p) =] (2 m? i = [~ =] [(F—p)? —m2] 72— 2]

(3.78)
We can also simplify the numerator of Equation (3.76) to be 12 (k4+m)7° = 1°E+5-k+m.
The amplitude of the box diagram can be now rewritten as

—

i _164@8/ / 3 (E’)/O—I—m) Y-k u®
Moo = oy (p)</dk[<ﬁ'_zz>2+mg][k @2+m][p2—E2+ie]> )

_ -2l US/(p,) [(E")’O +m)11 _|_;>; f]us(p)7 (379)
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where we define

d®k

I = / (5" = B)2 +m2] [(F — 9)2 + m2] [p% — k2 + ie] (3.80)
[ kdk

- q F : : 3.81

/[(ﬁ/_k)z—i_m’z}’}[(k_m2+m%][ﬁ2—k2+ie] (3.81)

Now we calculate the integrals I; and I, to do this we will use a trick introduced by

R. H. Dalitz in [47]. This trick makes use of the identity

1 1 2
— = / dx 55 (3.82)
AB J1 [A(l+2)+B(1-1)]
such that we can write
1
(7 = 12+ m2] [(F = 2 + m2]
1
_ / do ! (3.83)
-1

([(ﬁ’ SRR m2] () + [(F -9+ m2] (1 x))

Now we define a new vector £ = (1 +2)p' + (1 — z)p] and doing some manipulations
to the denominator of Equation (3.83), it becomes D = 2[(k — £)2 + M?] where M2 =

%(1 —22)(p? — § - p) + m2. Then the integral I; and the components of the integral I

y
become
1/t d®k
:/ d:c/ — = , (3.84)
(k—10)2 M2]2[172—k2+i6}
3
/ da:/ _ Rdk (3.85)
—0)2 + M?2[p? — k2 + i€]

The integrals in the form of Equations (3.84) and (3.91) can be solved by solving an

integral in the following form [47]

J_/ Bk
[(k — )2+ M?] - [ — k2 + i€]

= 77/1 d(cos ) /oo K2 dl (3.86)
I oo |k 02 —2kL cos O + M?] - [p? — k2 + ie] '
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Completing the contour in the upper half-plane and carrying out this integral, gives

3 ;2 R
J:/ S AL zmlog<W>. (3.87)
[(k— 02+ M2 - [p2 — k2 +1ie] £ p] + €+ iM

By differentiating Equation (3.87) with respect to M we find

/ 3k B 2 (3.89)
(F— P+ M — R +id M —C+2p M-

where (2 = 1[(1 + 22)p? + (1 — 2%)p- 7']. The denominator of the first integral can be
simplified to be M (2i |p] M—mg). Let us also define Q? = —¢% = —(p'—p)? =~ 2(E*—5-p"),

in the massless limit, which implies - " = E? — Q?/2. Then we have

72 [t 1
n=""1[ 4
=5 /_1 UM (20 |51 M —m2)
2 m2
= T 2itan~! i
Q\/E2(Q2 +4m2) +mi 2\/mg + E?m2(Q? + 4m2)
\/EZ(QZ +4m2) + m + EQ

\/EQ(Q2 +4m2) +mi — EQ

(3.89)

+ilog

We note that I diverges as m~, — 0. However we are not concerned with this divergent
part because we expect to use only the real part of I; which is exactly zero in the limit

m~ — 0. Let us now calculate I,. by differentiating Equation (3.87) with respect to ¢,

/ ky d3k
(k= )2 + M22[5? — k2 + ie]
:WQE[ 1 Lt <(|ﬁ|—£—i—iM)>
"IM(pl — €+ iM)(|p] + £+ iM) 2 (|p) + €+ iM)

23 %%

) 1 1
Tom <(|15|—€+iM) A _|_g+iM)>]' (3.90)

Substituting Equation (3.90) into Equation (3.91), I, becomes

T 1 (|71 = ¢ + i)
I = 2/_1d”’"[M(\ﬁ1 S VoY (R v +2£31°g<(|m +€—|—z’M)>

_l’_

{ 1 1
o (G o) | 00
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When we plug ¢, = 3[(p'+p), +z(p' — p),| into equation Equation (3.91), the second term

vanishes, giving us I, = %(p + p') Iz, where

72 [t |p| — 0+ iM i 1 1
L=IL+— [ d log (B — -7 )4~ .
2=ty /_1 x{%g <|ﬁ|+£+zM>+2£2 <(|ﬁ1—£+z‘M)+(|ﬁ|+€+iM)”

(3.92)

We recall that (2 = 3 [p?(1+2?)+ (1 —2?)p-p'] = [E2 (1-=z )QQ] and M? = (1 —
$2)%2 + mg. The Second integral in Equation (3.92) is finite in the limit m, — 0, so we

find

/ g |pl — £+ iM
2€3 Ipl + €+ iM
71.2

T EQ2(4AE? — Q2)3/2 {

(2Q* — 8E?*) tan™! (\/mfi_m) + Q\/4E? — 2 <log 12 277)

Similarly, the third integral of Equation (3.92) is given by

72 [l i 1 1 72 [l i 1 1
- [ dr o5 — + . =— | des5 | 5+
2 S22 \(Jp| — £+ iM) (|| + £ +iM) 2 )., 22 \uiM Pl

. -1 Q
, T+ 21 tan <\/m>

70 [2E\/4E2 Q2 —4E? + Qﬂ

+iQ (3.93)

EQ+\/AE? — Q2
(3.94)
The real part of Iy will be
3
Re(l) = — . (3.95)
QE (% +1)
One can now write the box amplitude in terms of I; and Is to be
. —2ia? _s' g 0 Lo n = s
iMgo = a* (p) |(By" +m)l+ S (F+p7) - 7 I2| w(p)- (3.96)
Using the on-shell conditions to write
7P ut(p) = (B7° —mus(p), ¥ (p) -7 =u () (B1° —m). (3.97)
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The box amplitude is now

—2ia?
2007 5 ) [(BAO(Th + Io) + m(Ty — )] (). (3.98)

iMBU ==

We can now omit the second term of Equation (3.98) in the limit m — 0 to finally find

o QE(Ii + Ip)
T 2T

iMgpo = —iMo . (3.99)

After evaluating all the required integrals for the box correction, we get back to Equa-
tion (3.79) where we calculate the contribution from the box correction to the differential
cross section from the interference between the leading term and the box amplitudes. This

interference is giving by

x _ 2 —a Q*E(Ii + D)
MiMpg = |[Mo - o 5
—a Q’B(If + I3)

T 2T

(3.100)
MioMo = |Mo|?

We recall the real value of Is from Equation (3.95). Finally, the contribution from the

box diagram to the differential cross section at NLO is given by

do 1 * *
<dQ> = 32? Z [MOMBU + MBOMO]

BO

do\ —a Q’FE
_<dQ>07r' )

d0> a —72

:< ) I (3.101)
df) 2F

o™ | (% +1)
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Chapter 4

IR Cancellation

The infrared problem in purely massless gauge theories has been understood and dealt
with in two different approaches, the first is the coherent state approach introduced by
Chung [48] and used later in QED by Curci and Greco [49] and QCD by Kibble [50] and
Nelson [51]; the main idea is to define a representation for the photon states other than
the usual Fock representation in which the S-matrix has no IR divergences. The second
is by applying quantum mechanical based theories in which we sum over the physically
indistinguishable degenerate states where this sum becomes free of any IR divergences. We

will follow the latter approach.

4.1 Bloch-Nordsieck Theorem

The Bloch-Nordsieck (BN) theorem was the first theoretical attempt to solve the IR prob-
lem. The BN theorem has been first introduced by Bloch and Nordsieck [52] and generalized
later by D. R. Yennie, S. C. Frautschi, and H. Suura [53] in which they showed that it
is impossible to specify exactly a final state with a charged particle or a charged particle
plus a photon soft enough to be below the detector resolution. In a modern language, BN
proved that summing over indistinguishable final states gives in return a formula which is
free of all IR divergences.

It has been known for long time that applying the BN theorem solves the soft IR
problem by adding the bremsstrahlung correction in which a soft photon is emitted from

either the incoming or the outgoing electron. Let us review the BN cancellation.
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4.1.1 Soft Bremsstrahlung Corrections

The scattering of any charged particle leads to the emission of radiation. This process is
known as bremsstrahlung radiation where such a process is important for the cancellation
of the soft IR divergences from the vertex correction according to the BN theorem. The
amplitude for the emission of a photon from both the incoming and the outgoing electrons,

as a final state f, is given by

= f k) e AP

(p—k2—m? L
N0 i re () (WM ST . G
+u® (p' —k) [—zevﬁ} €5 (k) p(g—mz) [—ievy] u®(p) [—ieV ]%
ied ) 0 _%+mﬁ B/+m0 . .
N ?as( —h) [7(1(;’?_ k)2 _niz 2 gz _mgv ] u®(p) €. (4.1)

We note that p and (p’ — k) are on shell which means that p? = m? and (p’ — k)? = m?

2

which implies p? = m? — mgl + 2p' - k. This allows us to rewrite the denominators of

Equation (4.1) as (p — k)? — m? ~ —2p - k and p'> — m? ~ 2p’ - k. The bremsstrahlung

amplitude becomes

.3
. e _y s %
z./\/lf; = q—Qu (' —k) 98 4, (p) €5, (4.2)

where

wg V@ —E+mNn" AP+ m)ye
§aB — C2p F) + k) (4.3)

The fact that the complete p’ — k is on shell means |p” — k| = V(B — wg)? — m2, solving

this equation for |p”’| implies

p’| = kcosb., + \/k2(cos 0y — 1) + (E — wg)? —m2, (4.4)
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where 6, is the angle between the vectors g’ and k.

The emission of a soft photon (k < A) from either the incoming or the outgoing
electrons can not be distinguished from these electrons, which causes an IR divergent part
from these processes. The eikonal approximation is applicable in this case by which the
photon momentum in the numerator of Equation (4.2) can be ignored, so we can write
(p — k+m) = (p+m) and u(p — k) = u(p). Using the identities p u(p) = m u(p) and

{p, "} = 2p* we note

(p — K +m)y*eg v’ (p) = 2p - €™ u’(p),

ﬂs’( /) ar*(p %+m)~u (,)ZP'ET*

(4.5)

Substituting Equation (4.5) into Equation (4.2) gives us the amplitude of the emission of

a soft photon from the incoming and the outgoing electrons as following

] /o Tx 7%
; f_ﬁ—s’ AN N p-e _p'5
. p/_é,r* p-e’;‘T*
= — . 4.6
ZeMO(p’Jc p~k> (4.6)

When we try to calculate the cross section, we need to integrate over the photon momentum

k, and sum over the polarization r. The cross section is now

di f B dl / d?’k' 1 €r* p LgT* (4 7)
aQ)s  \d/, )3 2k p-k '
The summation over all polarizations gives ) e.* €3 = —Yap —|— 2 , where wp =

\/k:2 + mg is the energy of the emitted photon. We note that the second term of the sum
over polarizations gives no contribution to the cross section as m. — 0 because of the Ward
identity [41]. We also note that the integral over k will be only up to the energy resolution
A as we interested in the emission of a soft photon in this section. Then Equation (4.7)

becomes

(fz)f:(%)i/f% dﬁk<<p-21cjg>£§/-k>‘<pn-i>2‘<p72>2>' 48)

We should emphasize here that the soft photon approximation allows to simplify Equa-

tion (4.4) to be |p’| = VE? —m?2. Now Let us divide the integral in Equation (4.8) into
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the following three integrals

k2 ko m2
_ L n_ 4.
A, /O i [ (4.9)
k2 4 m?

2 o
_/ k ko 2p-p (4.11)
0

dr (p-k)(p'- k)

The first integral A; can be evaluated as follows

2 2w 1 2
Alz—/ dkk— d¢ dcost mﬂ
0 Wk 2r J1 2 (Ewg — |pl|k| cosf)?

A ]{32 m2
:‘/ W <Ewk> (pks)

dk
/ /k2—|—m2 EQm2 m2 k2

;10g<E2> élog<ﬁw>+(’)( 2), (4.12)

where we used the relation m? = E? — |p]? to simplify the denominator. We find that As

is exactly the same as A;, then we have

A1+ Ay = log (f;) log (nAj) +O(m?). (4.13)

o

To evaluate A3 we first need to evaluate the following integral

i 2 9 % -
[ / e eGP
_ T ko 2p'p, . .
_/0 ‘ / An [Ewk—g~(xﬁ+(1—$)ﬁ/) i .

Evaluating the phase space integral and using the relations ¢> ~ 2m? — 2p - p’ and p? =
p'? ~ E? — m? to simplify the numerator and the denominator of Equation (4.14), the

integral in Equation (4.14) becomes

! 2p - p ! 2m? — q
dx = dx . 4.15
/0 E20? — k2 [ap+ (1 — z)p"? /0 EZm2 + k2 [m? — (1 — z)q?] (4.15)
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The integral A3 is now

m? — ¢

o 1 A ]{32 2
As = 7r/0 dx/o dkm EZm2 + k2 [m? — (1 — 2)¢?]’
0l

(4.16)

One can say that it is safe to set m., — 0 in the denominator of Equation (4.16) as it
does not diverge in this limit, but we will lose an important sub-leading collinear divergent
term in the form of logm. So it is very convenient to keep everything in that integral
which makes it harder to calculate. We use the following trick to calculate this integral by

first rewriting Equation (4.16) as

A aB/ld /Adk K (4.17)
3 = — T 5 .
e T T e (a2
where
m? — z(1 — x)¢?
A= 2 ,
(4.18)
2m? —q2

Then we evaluate the integral over k, where we have

/Adk e zl/Adkl —mg/A ah
o Remaem2) A eemz Ao (AR +m2) 2+ m2
:1/Adk 1 _1/°° dz

_ %bg <m> _ A\/11_ﬁ log (1 il \/\/?) o (419)

My

where we changed the variable z = W% then the upper limit of the integral over z will be

mA — 00 as m~y — 0. Then A3 becomes
Y

2A B 1+ mn . (4.20)

i e e () - s (7

In the high energy limit —¢? > m? the variable A becomes much less than 1 and Ajs

becomes

1 (' B AN?
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Substituting the values of A and B we get

1 1 22_2 2 _ 1— 2A2
ot
0 m

2 —z(1—x)q EZm2
2 2 2 2 2 2
—4q A —4q E L. o2(—4 ™ 2,2
(4.22)

From Equations (4.13) and (4.22), the differential cross section for the emission of soft

photons will be

do\’ do « —q? A? —q? E? 1 T

— ) =|l-=) =1 — 1 — ] =1 — 1 — —log? [ —

<dQ>S (dQ)o ™ [Og<m2 °8 m?2 s\ Tz ) e\ ) T e

E? A? 2
+ log <mQ> — log <m2> % + O(m%mi)} . (4.23)
¥

Equation (4.23) contains both soft and collinear IR divergences just like what we found
from the contribution of the vertex correction. As we discussed above, according to the BN
theorem, the contribution from the vertex and self energy corrections from Equation (3.74)
plus the emission of a soft photon from Equation (4.23) should be free of IR singularities.
The BN differential cross section summing the vertex correction and the soft photon emis-
sion, excluding the IR finite vacuum polarization Equation (3.20) and the box corrections

Equation (3.101) for now, is given by
do do « E? —q? 3 —q?
DY = (Y2) I P og (L) (1—1og [ ZL “og (L) —2
(&) = (@) 4o s () (e (5)) -2 (5) 2
(4.24)

We see that all the soft IR divergences have indeed been canceled. However, collinear terms
in the form of log m? remain. These collinear logs diverge in the limits of either m — 0 or
—q? — oo. Kinoshita, Lee, and Nauenberg generalizes the BN theorem in order to cancel

these collinear singularities.

4.2 The Kinoshita-Lee-Nauenberg Theorem

It was pointed out by T. Kinoshita [54] that taking the limit of the electron mass to zero

produces additional divergences now known as collinear divergences. Kinoshita realized
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that these additional divergences are similar to the soft IR divergences since both types
of divergences are associated with the vanishing of the mass of a particle. Kinoshita later
investigated the cancellation of these mass singularities using the detailed properties of
Feynman diagrams [55].

Lee and Nauenberg [56] proved a quantum mechanical theorem whereby all IR diver-
gences, including collinear singularities, cancel, which became known as the Kinoshita-
Lee-Nauenberg (KLN) theorem. The KLN theorem states that any physical observable for
which all indistinguishable initial and final degenerate states are summed over is free of any
IR divergences. According to the KLN theorem, collinear singularities are associated with
additional degeneracies. These degeneracies are due to the emission of a photon collinearly
with the electron as a final state or absorption of a photon collinearly in the initial state.

As a starting point, one should then sum over the full final state degeneracies.

4.2.1 Hard Collinear Final State Degeneracies

The emission of a hard photon collinearly (i.e. the angle 6, is less than some angular
resolution §) with the incoming or the outgoing electrons can also be indistinguishable, the
word hard here used for the photons with energies A < k < E. Such contribution from
these diagrams is very important for the cancellation of the remaining collinear divergences.

From Equation (4.2) we can write the amplitude squared of the final state bremsstrahlung

as follows
f2 66—5’ N\ Q08 , s —s a0, s (. I\ r+ 1
MY = 5 ) 8 (o) 7 () SO0 () < €, (4.25)
Now we sum over all spins and polarizations using the identities ) efel = —gap+ szﬁ

and ) u’(p)u®(p) = p + m keeping in mind that the emission of a hard photon does not
contain any soft IR divergences and it is finite as we send m, — 0. This ensures that the
second term of the first identity gives no contribution to the cross section so we can neglect

it. Then we have

2 _—¢f
= tr [(p' +m) S% (p+ m)Sﬂo} : (4.26)

B
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Substituting Equation (4.3) into Equation (4.26), we get

2 b 1
=i (e e [0 = ™ o a4 ']

B

_l’_

tr [(f = -+ mpy (@ +m) (g m) ( + m)s]

(- k

P k)
(p_k)l(p,,k) fr W —k+m)(p— K+ m) (p+mn(p + m)w}

1 , ,
DD tr {(}73 —k+m P+ m) (p+ m)va(p — K+ m)’yo]>

_ = ty tp  t3tly
Ag <(P' 2R R k)) : (4.27)

Let us calculate the traces of Equation (4.27) and simplify them by neglecting the terms
that are expected to give no contribution in the limits of m, — 0 and m — 0. We can also
ignore the terms that become in O(A, §) and do not contribute with any large logarithms.

The traces t1 and to become

t1 ~ 16 [m2(2E2 —p-p)—p-k(2Bwp —p' - k) + 2wi(p- k)|, (4.28)

ty ~ 16 [m*(2E* —p-p') —p' - k(2Ewy, —p - k)], (4.29)
while t3 and t4 are similar and given by

t3:t4;::16[p~p’(2E2—p~p’)—p’-k(2E2—p-p/)—p-p’(QEwk—p-k)

+wi(p-p) + Bup(p -k —p-k)].  (4.30)

In order to avoid the double counting from the soft emission contribution, the integral
limits over k£ becomes A < k < E and the integral over 6 should include only small angles
(i.e. 0 < 6, < 6), which implies 1 — % < cos B < 1. The reason that we are including only
hard photons with small angles is that we only include indistinguishable processes for the
IR cancellation to happen. We note that the emission of a hard photon collinearly from
the incoming electron can be easily distinguished. Thus we only consider the amplitude
squared from the emission of a hard photon collinearly with the outgoing electron and
the interference between the two diagrams. One can also see that the emission of a hard
photon from the incoming electron collinearly with the outgoing electron contributes with

terms in O(62) which makes them negligible. For the same reason, we can neglect the
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second term and the term Fwy(p'- k) of Equation (4.30). Furthermore, we replace wy with
k since there are no soft IR divergences from the emission of a hard photon. Finally, we

write the amplitude squared of the final state hard photon emission to be

ZZ)Mf 2 —4e% (m2(2E? —p-p)—p -kQRE k—p- k)

s's T § q4 (p,‘k>2

C2p-p' (2B —p-p) —2p pREk —p-k) +2k*(p-p) — 2E k(p - k)
(p- k)" k)

) . (4.31)

Then the contribution to the differential cross section from the final state for emission of

hard and collinear is given by

do\’ 2a%/a dp [-m2(2E2—p-p)+p - kQE k—p-k)
QN 22 (L | kdk deosd., 22
(dQ)H et (%)/ STy op W k)2

+2p-p’(2E2—p-p’)—2p-p/(2Ek—p-k)+2k2(p-p’)—2E k(p - k)

(p-k)P k)

(4.32)

Before we start evaluating the integrals in Equation (4.32), we should remember that
(p’ — k) is on shell which implies (2E% — p - p') = 2E% + % — (m? +p' - k). We also note

that Equation (4.4) can be expanded around 6, in the collinear limit (0 < 6, < ¢, with

2

d < 1) to become p' ~ E — % With these informations in hand we split the integral

in Equation (4.32) into three integrals, where the first integral is given by

—2a% [/ « dp m*(2E% —p-p')
Bi=— (7) /k dk deostys T

2 2, 4 2 /
942 E 1 m* 2B+ % — (m*+p' - k)
— o <a>/ kdk/ dcos 0, [ 2 ]
to\2n/ Ja 1-82
1

3

q (p' - k)2

da> a /E -1 / m? 2

= (=]  — ——dk dcos + O(m?). (4.33)
2 v , 2

<dQ o 2m/a EPE 18 [1 — %cos&y}

We now use the expansion of [p| around small angles to evaluate the integral over 6.,

which becomes

! m? 46°E*(E — k)?
g doosty - 2 = 30B(E — k) — (3% — 2)m?
7 1-— 1—m)cosc97}

=2E(E — k) + O(m?,6%). (4.34)
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The B; integral evaluation is now straightforward to finally give

do « A? 2A 9

The second integral of Equation (4.32) is given by

B 2E k—p-k)
Bg— q4 27T / kdk/_dcos@[ D

L2 VB —p-p)) — 2 pREk—p-k)
(p- k) k)

(4.36)

In the limit of m, 6, — 0, we can choose k to be a portion of p’ such that k — %p’.
It is trivial to check that the remaining terms if we use this approximation are in order
of m?. This approximation allows us to write (2E k —p - k) = %(QE2 —p-p') whilep-k

becomes %(p -p'). Then By can be written as

do a [F 1 1 k FE 9
8= (0) o fo # b [t (52 (7 )] o s

We recall the expansion of [p/| around 6, to evaluate the integral over the angle, where we

have

/1 1 ! 1
dcosf,——— :/ dcosf
17£ 7 (p/ : k) 1*% K |:1 — (]_ — ﬁim) COS 97:|

= log <52E(Tf_k)) + O(m?,6%). (4.38)

The Bs integral becomes

do\ a [F k2 2 82FE(E — k
8= () 5x [, [z 5 2o ()
- (f) e () e (5) 22
aQ ), 2r m2 A?2) 22T E 2
A2 2A w2 5

- - _ = 2 ¢2
s T 5 g Tt Om ,5)}. (4.39)

One can easily see that, using the collinear approximation used in Bs, the remaining
terms of Equation (4.32) vanishes where 2E k(p - k) — 2k?(p - p’). Then the contribution

to the differential cross section from the final state emission of a collinear hard photon is
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given by
do\' _(do\ a f (SEN[ (BN AP 24 3] (A7
i), \dQ),2r 5\ m2 ) |®\Aa2) T2m2 T E T 2] T\
—2E2—3+4+(9(m,5)}. (4.40)

We note that Equation (4.40) is not sufficient for the remaining collinear divergent terms
in Equation (4.24) to cancel. LN included the initial state hard collinear degeneracies. In

the next section, we give an overview of the remainder of the LN treatment.

4.2.2 Hard Collinear Initial State Degeneracies

The application of the KLN theorem requires now including the absorption of a hard
photon collinearly by the incoming and the outgoing electrons. We find that there is no
difference between these calculations and the calculations made for the final states where

, 2
we have ‘Mﬁf = ‘./\/lf; . The only difference would be from the fact that the absorption

of a hard photon collinearly by the outgoing electron can be easily distinguished from the
incoming electron. Therefore we only include the amplitude squared of the diagram in
Figure 4.1a and the interference between the two diagrams. Then the contribution from

both the initial and final state of a collinear hard photon will be

i), \d), 7\t \m2 ) |®\az) Tem2 T E 2] T\
A? w2 13

= & - 2 <2
o R +O(m,5)}. (4.41)

Figure 4.1: Absorption of a single photon.

LN [56] did not write down the terms O ((%)alog <5jnb;2>), a = 1,2, relying on
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the fact that A is very small. We note however that log (52E2> can be a large loga-

m2

rithm. The authors of [57] showed that if one goes beyond the eikonal approximation in

the soft emission calculations, then the new terms from non-eikonality cancel exactly the

O ((%)alog ( 52E2)) terms. We give explicitly the calculations for the differential cross

m2

section of the emission of a soft photon beyond eikonal approximation in Appendix D.

Equation (D.20) shows that the O ((%)alog (5222)) terms from the hard and collinear
emission and absorption cancel with the terms gained by removing the eikonal approxima-
tion leaving no finite pieces to affect the formula of the differential cross section. Adding the
collinear absorption and emission contributions from Equation (4.41) to the BN treatment,

given by Equation (4.24), yields

do do a4 —q’ A? 3 7 5 2 <2
a0 =\ 70 I+ — |1 log | = 2y .2
<dQ>KLN <dQ>o{ T [Og <5232> <Og <E2> N 2) g T oML

(4.42)

which is indeed free of collinear singularities. Note that Equation (4.42) represents the
final result of the original LN paper including for the first time in the extant literature the
O(1) terms; LN neglected these terms in their original treatment [56].

It is important to emphasize that the KLN theorem is a basic theorem of quantum
mechanics. LN did not describe in general how to implement it order by order in QFT.
However, LN gave an explicit example for Rutherford scattering, in which they included
only hard degenerate initial and final states as well as soft degenerate final states. We can
not emphasize enough that LN did not include the contribution from soft degen-
erate initial states. LN mistakenly relied on the fact that the IR soft divergences were
canceled with the application of the BN theorem; i.e. LN only summed over degenerate soft
final state photon emission. Here we quote from their original paper “In (20) the infrared
divergence has already been eliminated by including the contributions due to emissions of
soft photons.” (20) in [56] is equivalent to Equation (4.24). However, LN discussed the
degenerate soft-photon initial states, anticipating that these contributions are IR safe once
the whole power series is taken into account.

However, despite the KLN theorem requiring a sum over degenerate initial and final

states, Equation (4.42) neglects to sum over initial states with degenerate soft photons.
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Equation (4.42) is thus not a result of a correct application of the KLN theorem; addi-
tionally, by treating the initial and final states differently, we have broken time reversal
symmetry.

A naive attempt to treat the initial and final states symmetrically would be to add
a single soft photon absorption, the time reversed process, of the single final state soft
emission we have included. One can easily show that the contribution to the cross section
from a single soft photon absorption is identical to the contribution from a single soft

dg ! ( do ) ! contains

emission (m) = (3a)s

a-f
s )

within the same energy resolution A. Recall that ( )s
both soft and collinear divergences. Therefore simply adding this naive contribution to the

KLN cross section reintroduces uncancelled soft and collinear divergences. However, we

have neglected additional sources of a soft degenerate initial state.
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Chapter 5

A Self-Consistent Implementation of

the KLN Theorem

The KLN theorem connects IR divergences to degeneracies. KLN ensures that summing
all initial and final state degeneracies produces observables that are IR finite. We quote
from Sterman [34] on the KLN theorem: “For applications to high-energy scattering, its
importance has thus far been more conceptual than practical, but it is a fundamental theorem
of quantum mechanics and puts many specific results in perspective.” Even though KLN is
a basic theorem of quantum mechanics, it is not obvious how to implement it in QFT order
by order in perturbation. Our goal is to find a proper understanding of how to implement
the KLN theorem in QFT.

The non-cancelling IR divergences we found from the naive addition of (g—g); implies
that there are degenerate states we still need to sum over. The first type of diagrams that
come in mind are the processes where we have both emission and absorption shown in
Figure 5.1. Although the amplitude squared of these diagrams are higher order in pertur-
bation expansion, the amplitudes from these diagrams can interfere with the amplitudes
from the disconnected diagram shown in Figure 5.2 to produce a contribution in the same
order.

M. Lavelle and D. McMullan [57] showed that including contributions from the dis-
connected amplitudes raises another issue, where one can add an arbitrary number of dis-
connected photons and the amplitude remains degenerate with the original state. Adding
many disconnected photons forms a series that does not converge. In the next section, we
give an overview of how previous work used the disconnected diagrams in the cancellation

of IR divergences. We find that all of these previous attempts were incomplete.
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A
S S

Figure 5.1: Diagrams with both absorption and emission of a soft photon

5.1 The Role of Disconnected Diagrams

Peskin and Schroeder [40] claim that only fully connected

k1 ko
amplitudes contribute to the cross section; Peskin and ANANAANNAN
Schroeder claim that partially and fully disconnected am- ,
p—Fki p —ke
plitudes from part of the trivial 1 in the S-matrix. How-
q

ever, one finds that when the electron line is connected to

Figure 5.2: The disconnected dia-

the source p’ # p. Thus these diagrams do not contribute
gram at tree level.

to the trivial 1 in the S-matrix, in which p = p/. One

also finds that these disconnected diagrams may interfere

with other diagrams and form either a fully connected cut diagram in such a way that no
disconnected part will be left out or partially disconnected cut diagrams. The contribution
from these cut diagrams might provide the cancellation of the soft IR divergences from the
initial states we seek.

We first include the contributions from the interference between the disconnected dia-
gram shown in Figure 5.2 and absorption-emission diagrams in Figure 5.1. The Feynman
rule for the disconnected photon is (27)3 kalé(?’)(l;l — k3) 0cye, where wy, is the energy
of the photon of momentum kj, €1 and g5 are the polarization vectors for the incoming
photon of momentum k; and the outgoing photon of momentum ko respectively.

The amplitude due to the sum of the diagrams in Figure 5.1, taking into account

that k1 = ko due to the delta function from the disconnected amplitude, is given by (See
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Appendix C)

/ 2
p-er _p -52}
Y

5.1
p-k1 Pk (5.1)

iMAE = —i./\/lo 62 |:

then the contribution from the absorption-emission diagrams as derived in Equation (C.12)

(f@: B <3;>f‘ <3§'z> (5.2)

!
S?

is given by

Adding Equation (5.2) to Equation (4.42) plus (g—g); cancels the BN (492). and we still
have an IR unsafe result. Other degenerate states that may contribute to the cross sec-
tion are the processes where we have an emission or absorption of a soft photon with a

disconnected soft photon flying around as shown in Figure 5.3.

Figure 5.3: The absorption and emission with a disconnected photon.

Nonetheless, there are two possible contributions from the diagrams in Figure 5.3.
The first can be obtained when k; = ko = k (assuming that k is the momentum of
the photon that is attached to the electron line and k; and ko are the incoming and the
outgoing momenta, respectively, of the disconnected photon) and the cut diagram becomes
a fully connected diagram as shown in Figure 5.4a. The second can be constructed when
k1 = ko # k and the cut diagram is called a partially connected cut diagram as shown in
Figure 5.4b.

It can be easily verified that the contribution from the fully connected diagrams is
exactly the same as the emission or absorption of a soft photon without any disconnected
photons. We note that the delta function from the disconnected photon in the partially
connected cut diagram contribute with §3(0). One can check that by calculating the
amplitude squared from the diagram in Figure 5.2 where the contribution is proportional

to Mo multiplied by an infinite factor in the form of §2(0), this infinite factor should
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be eliminated by the S-matrix normalization. However, including the fully connected
contributions from the diagrams in Figure 5.3 is not sufficient for the IR cancellation, it is
also not clear how one could include the partially connected contributions. One can even
add more than one disconnected photon and the amplitude remains degenerate. With the

above as context, let us discuss some of the previous attempts to resolve the KLN crisis.

) o e
T
.

\

(a) (b)

Figure 5.4: (a) represents a fully connected cut diagram while (b) is the
partially connected cut diagram, both are produced from the amplitude
squared of the last diagram in Figure 5.3d.

50 Years of Confusion, Inconsistency, and Incompleteness

As was pointed out in the previous chapter, LN [56] did not include the soft degenerate
initial states. By treating the initial and final states differently, the LN treatment breaks
time reversal symmetry. C. De Calan and G. Valent [58] discussed the cancellation of the
IR divergences from the diagrams with incident photons. They included the disconnected
diagrams from Figure 5.1 as well as the contribution from Figures 5.3c and 5.3d. How-
ever, they ignored the initial state absorption with a disconnected soft photon shown in
Figures 5.3a and 5.3b leading to the same time reversal symmetry breaking. C. De Calan
and G. Valent also did not discuss the possibility of adding more than one disconnected
soft photon.

Doria, Frenkel, and Taylor [59] were the first to discover a non-cancelled soft IR di-
vergences at two loops in non-Abelian gauge theory. The same problem was reported by
Di’Lieto, Gendron, Halliday, and Sachrajda [60]. T. Muta and C. A. Nelson (MN) [61]
highlighted the role of disconnected diagrams in the cancellation of the IR divergences by
including the absorption-emission diagrams in Figure 5.1 and the contribution from dia-

grams in Figures 5.3a and 5.3b. MN relied on the fact that one can find the degenerate
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states by cutting the Kinoshita graphs in all possible ways: “Here we use the single-cut
version of the Kinoshita diagram where the cut line refers only to the initial state.” [61]
Clearly, they did not consider the case when the cut line refers to the final state, which
means that they did not consider, for example, contributions from amplitudes in Fig-
ures 5.3¢ and 5.3d. MN might object to the need to include these final state emission
amplitudes (with an additional disconnected photon) as MN claimed they were only con-
cerned with cancelling the IR divergences from initial state photons. The problem with
this argument is that MN separates the cancellation of IR divergences when one considers
initial or final states radiation. In particular, we have seen previously, and will see again
below, the importance of cut diagrams that include radiation in both the initial and final
states. Thus one can not consider the initial and final states radiation separately. MN see
this themselves, in fact, as some of the contributions to their initial states radiation include
cut Kinoshita diagrams with radiation in the initial and final states. Therefore by not con-
sidering the amplitudes in Figures 5.3c and 5.3d, MN do not treat the initial and final
states radiation symmetrically or fully; thus they do not fully or correctly implement the
KLN theorem. A. Axelrod and C. A. Nelson [62] followed the same treatment for a QCD
parton like model. Sterman [34] treated the initial and final states in a self-consistent way.
It is not clear that he considered fully connected cut diagrams where the photon passed
through either the initial state or final state cuts more than once. However, it is clear
that Sterman’s treatment does not include the partially connected cut diagrams like in
Figure 5.4b.

H. F. Contopanagos [63] showed a cancellation of both soft and collinear divergences
for the same process (one-loop corrections to electron scattering off an external poten-
tial) using different regularization schemes (massive and dimensional regularization). He
followed exactly the LN treatment and thus did not include any soft initial state photon
contributions. B. Mirza and M. Zarei [64] also followed the LN treatment to show the
cancellation of the soft and collinear divergences in noncommutative QED; they therefore
also did not include soft initial state photon contributions

M. Lavelle and D. McMullan [57] gave a very good review of the problem of inconsistent
treatment of the soft and collinear divergences. In their own work, they included the con-

tribution from diagrams in Figure 5.1 and the fully connected contribution from diagrams
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in Figures 5.3a and 5.3b. However, they did not consider the partially connected contri-
butions, where they said “The disconnected contraction is ignored by Lee-Nauenberg and
we will follow their lead.” However, they raised the issue of inconsistency by not including
the contribution from diagrams in Figures 5.3c and 5.3d as well as ignoring the possibility
of having many disconnected photons. They concluded that urgent work is required to
find a full systematic and consistent way to implement the KLN theorem. The authors
found the same problem in asymptotically free theories such as the massless ¢> theory in
six dimensions [65].

The previous discussion leads us to the fact that the application of the KLN theorem
requires including all the initial and final degenerate states to avoid the confusion, incon-
sistency, and the incompleteness. Including all of these degeneracies forms an infinite series

of diagrams with an arbitrary number of soft photons.

5.2 The KLN Factorization Theorem (I-ASZ Treatment)

Ito [66] and Akhoury, Sotiropoulos, and Zakharov [67] (I-ASZ) constructed a series in an
elegant way which includes all possible degenerate states with an arbitrary number of soft
photons. Their series included the contributions from both partially and fully connected
cut diagrams on the level of the transition probability. I-ASZ were able to rearrange the
series in such a way that the disconnected contributions factorize and the total probability
becomes free of any IR divergences. However, as it was pointed out by M. Lavelle and
D. McMullan [57|, the I-ASZ final result leads to an identically zero contribution from
both the tree level and NLO. In this section, we will briefly follow I-ASZ for the series
construction. We will then show how to correct their treatment, leading to the fully
correct implementation of the KLN theorem.

We consider a general form of our process with m incoming soft photons and n outgoing

soft photons:

e~ +m-y (soft) — e~ +n-~y (soft), (5.3)
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olf e ol

Figure 5.5: A generic cut diagram of Pyg on the L.H.S and its full expansion
on the R.H.S

with an amplitude M, then the transition probability for the process becomes

11
Pmn = Z ‘an‘2 ) (5'4)
if

~ mlin! 4

where P,,, contains contributions from both fully and partially connected cut diagrams
and the sum over initial (¢) and final (f) states exist. The total Lee-Nauenberg probability
will be

P= i Proms (5.5)

m,n=0

where the KLN theorem ensures that the quantity P is free of the IR (soft or collinear)
divergences [56].

It is shown in [66, 67| that any cut diagram from P,,,, at NLO can be constructed from
four essential probabilities: Py, which is the cut diagram with no photons in the initial

and final states (this may include the leading term, the vertex correction, the vacuum
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Figure 5.6: A generic cut diagram with m incoming and n outgoing photons
where the upper part describe the disconnected function D(m — i,n — j)
while the lower part describe the connected function C(4, j, «, 3).

polarization, etc.); P1p and Pp; which includes all cut diagrams with one soft photon in
the initial and final states respectively; and P11 which includes all cut diagrams from the
absorption-emission diagrams. Figure 5.5 shows a generic cut diagram for Pyg and its
expansion as an example of these essential probabilities. The fully connected cut diagrams
are given by any of the previous basic probabilities while the partially connected ones
are these probabilities multiplied by a number of § functions according to the number of
disconnected photons in the cut diagram level, so we can construct P, by splitting each

cut diagram up into connected and disconnected parts. Then the quantity P,,, will be

Prn = Ej: s i)i(n 5 D(m —i,n — 5)C(i,j,a, B), (5.6)
where the factor (m —i)!(n — 7)! is the number of ways to draw the equivalent cut diagram
and the upper limit of the sum over i and j is the minimum of m and n.

For a general cut diagram at any order in perturbation shown in Figure 5.6, we define
the function C(i,j,«, ) to describe the whole connected part, where a and /3 are the
numbers of photons that are connected directly to the hard part in the initial and the
final states respectively, while 7 and j are the number photons in the initial and the final
states that can be joined to a and § to form a fully connected cut diagram. Notice that
the little blobs within the photon and electron lines in Figure 5.6 describe the correction
from the LSZ formula. The medium sized blobs show the possibility of two gauge bosons

to be joined together on the same side of the unitarity cut, e.g. for gluons in QCD. The



Chapter 5. A Self-Consistent Implementation of the KLN Theorem 60

possibility that we can get a fully connected cut diagram by adding more ¢ and j photons
can be understood as the photon passing through the unitarity cut more than once.

It is useful to draw circular cut diagrams to avoid the diagrammatic ambiguity; in
particular to see how a disconnected amplitude with more than one disconnected photon
can form a fully connected cut diagram. Figure 5.7 shows the cut diagrams that describe
the probability Pas in which we specify the disconnected photons in red and the connected
ones in blue. Figure 5.7a describes the amplitude squared of an emission of a soft photon
from the incoming electron with two disconnected soft photons and its corresponding pos-
sible cut diagrams. Figure 5.7b is the final state cut diagram when all the disconnected
photons remain disconnected from the hard part, while its corresponding circular cut dia-
gram is shown in Figure 5.7e. Figure 5.7c is the final state cut diagram when one of the
disconnected photons is joined to the photon emitted from the incoming electron to form
a partially connected cut with only one disconnected photon, which corresponds to the
circular diagram in Figure 5.7f in which one can see that the photon line passes the uni-
tarity cut one more time. Figure 5.7d is the fully connected final state cut diagram, which
happens when the photon passes the unitarity cut two more times leaving no disconnected
photons as shown in the corresponding circular cut in Figure 5.7g.

We also define the function D(m — i,n — j) which describes the disconnected part in
terms of m — ¢ incoming and n — j outgoing soft photons joined together on the level of the
amplitude squared. It is straightforward to see that D(0,0) = 1 always and D(m,n) = 0
for m # n by definition.

For the contributions at NLO we need to consider only the following four cases:
(1) @ = p =0, which implies i = j = 0 and C = Pyp and then contributes with

p() _ D(m,n)

mn m!n!

Poo, (5.7)

(2) a«=p =1, involving j =i+ 1 and C = Py, this set of cut diagrams contributes with

min(m,n—1) . .
Dim—i,n—i—1
737(7%7)1 = Z (m< - ; ) Po1, (5.8)
i=0 )
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Figure 5.7: (a) is the amplitude squared of an emission of a soft photon

from the incoming electron with two disconnected soft photons. (b), (c),

and (d) are the usual final state cut diagrams, while (e), (f), and (g) are
their corresponding circular cut diagrams.

(3) a = p =1, this suggests that i = j+1 and C = Py while their contribution becomes

min(m—1,n)

Dim—i—1,n—1)
(2) — E ’
Pnn — (m—i—1)! (n—1)! Pio, (5.9)

(4) a=2, =0o0r a=0, =0, which ensure that i = j and C = Pi; and the

contributing term will be

min(m—1,n—1)

Dim—i—1n—1—1) ~
3 _ :
Prnn ; m—i— 1) (n—i—1) (5.10)
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Now we put everything together and the transition probability at NLO of m incoming and

n outgoing soft photons becomes

_ D(m,n) D(m —i,n—i—1)
P = = POO*; (m—z’)!(n—z’—l)!POl

) 1,n— m—i—1ln—i—1) ~
+Z —z—l'(n 7?10+Z i) (n—z—l)Pn (5.11)

[-ASZ rearranged the series in Equation (5.5) in such a way that the disconnected

piece factors out and the sum becomes IR finite. We will show that the I-ASZ result is not
physically acceptable. In order to understand their result and to motivate our correction,

we will show in detail their rearrangement. I-ASZ made a use of the following identity

D(m,n) :ZD(m—i,n—i) _ZD(m—i—l,n—i—l)

m!n! — (m—il(n—i)! (m—i—1!(n—i—-1)

(5.12)

which allows them to rewrite Equation (5.11) to obtain

Py wz . L2

mOzO 0 =
=0

—1,n—1) Dim—i—1n—i—1)
+Z1; —z—l n—z)!P10+Z_ (m—i—1)!(n—i-1)! (P = Poo).
n=0 n=1

(5.13)

Shifting the indices over n in the second term, m in the third term and both in the last

term of Equation (5.13) gives

i)!

[7700 +Po1 + Pio + (P11 — Poo ] Z Z

P = Z Z ZZ,En_l Z_,Z’:;__ .Z‘) [7700 + Po1 + Pio + (P11 — 7700)}

m—i,n—1)

— i)l (n—i)!

(5.14)

The result in Equation (5.14) is very interesting since the quantity in the square bracket
is IR finite and the disconnected piece has factored out and can be eliminated by the
normalization of the S-matrix as the authors claimed. However, if one looks closely at
Equation (5.14), we see that the contribution from Pyy disappears! Py includes the tree
level contribution, in addition to other radiative corrections, and we are only left with the

NLO corrections of Py1 + P1o + 7511. It is also worth emphasizing that our calculations for
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the probabilities in Appendix C show that
Po1 + Pro = —Pu, (5.15)

which makes Equation (5.14) precisely 0 at LO and NLO! The result in Equation (5.15)
was also obtained in [58, 61], and Equation (5.15) holds even if we have different energy
resolutions for the initial and final states (i.e. A; and Ay) as we show in Appendix C.

Clearly Equation (5.14) is a complete disaster.

5.3 An Alternative Rearrangement

The problem that the I-ASZ rearrangement leads to an identically 0 probability for the
process e~ + m~ — e~ + n-y shown in the previous section leads us to look for another
rearrangement for the series in Equation (5.5). We are looking for a rearrangement with
special features: physically sensible, IR safe, and retains the tree level contribution. We

first perform an index shift on ¢ for the last term in Equation (5.11) such that

m 1 =1
Note that we can only apply an index shift on ¢ for the previous term to ensure that we
get something in common from all the terms in such a way that the disconnected piece

factors out. For the second term, we are only able to make an index shift on n and then

pull the ¢ = 0 term out of the series so that we can write

PILHE zz L ;pm

m 0 = 0
n—l
D(m —1)
- Z ") Py + +)° Z —i o (5.17)
m=0 m 1i=1 ’
n=0 =1

Now, we need to think about a rearrangement for the third term with a similar discon-

nected part as the previous two terms. The only way to do that is to perform a reverse
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index shift on n followed by an index shift on ¢ to obtain

@ —z—ln t—1
P I B L

mle

— Z Z " n_z)) Pio- (5.18)

n70

ﬁS
i

Finally, we put everything together and the result becomes

P = Z m n 7300 + 7301 + Z Z )) (7310 + Po1 + 7311) (5-19)

m=1 =1
n=1

Equation (5.15) allows us to omit the second term in Equation (5.19), we end up with the

following result

P = ZW (Poo + Po1)

m,n

= (Poo+ Po1) )

m,n

D(m, n)

min (5.20)

With Equation (5.20) we have accomplished our goals of finding a physically sensible
rearrangement. We have factorized the infinite soft IR contributions and retained the LO
contribution plus the NLO corrections. In fact, Equation (5.20) is precisely the original BN
result which means that, with this rearrangement, the more general KLN theorem reduces
to the BN theorem.

How did two rearrangements of the same series yield two completely different results?
is a crucial question. If we think carefully about Equation (5.11), we realize that the series
formally diverges. In particular, for large m and n the series just keeps adding terms to
the partial sum over ¢ producing an infinite number either partially or fully connected cut
diagrams.

Now what we need to do is to rigorously prove mathematically that Equation (5.20) is
the unique and correct rearrangement of Equation (5.11). In order to make such a proof,

=

we force Equation (5.11) to converge and perform the manipulations under control. We

introduce a convergence factor that becomes small for large i: we take

D(m—i,n—j) — Dlm—in—j)e 0HI/A (5.21)
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with A > 1, this allows us to sum over m and n up to a finite value N. Note that we will
ultimately take our convergence factor A — oo instead of the usual ¢ — 0; the reason for
dividing by a large number instead of multiplying by a small convergence factor will be
obvious in a moment. We can also simplify Equations (5.14) and (5.19) by replacing the
double sum over m and n by a single sum over n since D(m,n) is zero for m # n. Then

we rewrite the original series to be

N

—in—i—1) _u
omgmal Z m n Poo + ZZ 1,m —1 )e_zf\ilpm
— = 0 (n—i—1)!
N
D(m 1,m—1) _2i41 —1l,n—i—1) _2it2 ~
+nz_;)zz;(mzl nfi)e * 1O+nz;”z; m—i—1)! nfzfl)le P
(5.22)
Equation (5.19) also becomes
N
D(n,n)
KH o )
PN (A) - HE:‘:) (n|)2 |:7D00 +e AP01:|
Y& D(n —i,n —1) 2i-1 2i ~
+>> — [ X Pio+ e—fpn} , (5.23)
oo (=)
while Equation (5.14) becomes
N "~ D(?’L—Z TL—Z) 21 2i+1 2142  ~
Py A =D W e APy +e A (P +Piwo)+e & (Pu— Poo)] :
n=0 i=0 ’
(5.24)
The total probability can now be written in terms of the general Py(A) as
P = lim lim Py(A). (5.25)

A—oo N—oo

If we can swap the limits in Equation (5.25), with Py (A) = PEH (A) then we proved that
Equation (5.20) is the unique and correct rearrangement.

Before we proceed with the proof, let us develop an intuition regarding the different
rearrangements. We choose the disconnected function to be D(m,n) = mn 0y, and the
values for the basic probabilities to be Pyg = 0.5, Pp1 = 0.15, P1g = 0.25, and P =04

(Note that the choice of D(m,n) has no physical significance while the choice of Pp1, Pio,
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Figure 5.8: The behavior of the total Lee-Nauenberg probability for the
original series, I-ASZ rearrangement and our rearrangement at different
values of the convergent factor A.

and Py; must satisfy Equation (5.15)). Thus we are able to calculate the total probability
‘P and check its behavior for the different rearrangements.

Figure 5.8 shows the convergence properties of the original series, [-ASZ rearrangement,
and our rearrangement. First, see that all the rearrangements converge to the same value,
as they must. However, we see that the original series and the I-ASZ rearrangement
converges very slowly as we increase the value of A, especially I-ASZ rearrangement is
driven to 0; if we swap the order of limits, we find P/=49Z = 0. On the other hand, the
number of terms needed for our rearrangement to converge is essentially independent of

the convergent factor A.

5.3.1 Proof of Uniqueness

Swapping limits in an infinite series is a delicate procedure. We are guaranteed from the

Monotone Convergence Theorem that Py(A) converges to the same result independent of
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the order of limits taken should our partial sum 1) monotonically increase in N for each
A and 2) monotonically increase in A for each N [68].
Let us show 1) first. For simplicity we choose A; = Ay = A which allows the identity

in Equation (5.15) to be Py; = P1p = —%7511. Then we simplify Equation (5.23) to become

N
PrI(A) = Z D(:, 2) [POO + 6_%7301]

n zN:Z D "n__Z Z”f D 9Py e~ % [cosh <11x> . 1} . (5.26)

n=1i=1

Expanding cosh + = 1 + 5 A2 + 0 (%) equation Equation (5.26) becomes

N
P (A):Z_% (n ) 1) [7300+e AP01}+2:121 nn—_’LZn‘2 )A12 e 3 Por. (5.27)

Since Pyo, Po1, A, and D(n,n) are all strictly positive, Equation (5.27) clearly increases
monotonically in N for fixed A.

=

To show 2), we take the derivative of Equation (5.24) with respect to A:

dPEH (A N p nn) | 1 _1
JZZA( ) :n; ((n!)Q) [1\26 Apm] +O(A4) (5.28)

Although one finds that the higher order in 1/A correction term is negative, for any N we

can find a A large enough such that the first term, which is strictly positive, dominates.
We have thus proved that we may exchange limits for our rearranged formula Equa-

tion (5.24), and we may evaluate the A — oo limit first, yielding our main result in

Equation (5.20)

P=lim lim PEAA)= lim lim PEA(A)

A0 N—oo N—oo A—soo
D(n,n)
= . 2
(Poo + Po1) nEO ()2 (5.29)

5.3.2 Hard Collinear Contributions

We note that the contribution from the emission or absorption of a hard collinear photon
discussed in chapter 4 may also have an arbitrary number of disconnected soft photons and

remains degenerate with our original state, in such a way that none of the disconnected
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photons can be attached to the hard photon. Let us call the probabilities from the contri-

bution of the absorption of hard and collinear photon Pﬁf and the contribution from the
emission of hard and collinear photon 736‘10. Then the contribution from the diagrams where

a hard photon is taking part with an infinite number of disconnected photons becomes

. . . = D(n,n
P = (Pi§ +Poi) ) ((n!)g)

n=0

(5.30)

Finally, the total probability contributions from all the initial and final degenerate states
is

=D n,n
Piot = (Poo + Po1 + 'P{L(S: ,P(?lc) Z (<n|)2)

n=0
Equation (5.31) is an infinite transition probability, one may think this is counter to

(5.31)

KLN, where KLN ensures that the total transition probability is free of IR divergences.
However, the infinity is not related to m, or me: if we had m, < A, then infinity from
D(n,n), with n > 0, would remain even though (Poo + Po1 + Ph§ + Pf) is IR finite.
The infinity from D is from on-shell photons unrelated to the on-shell electrons, so the
infinity from D should not be absorbed through the application of LLSZ to the electron or
through re-interpreting the electron with a QED version of parton distribution functions
(PDFs). Additionally, LSZ or PDFs are applied at the amplitude level, but D is an infinity
at the level of the amplitude squared; as shown earlier, some amplitudes with disconnected
photons can yield fully connected cut diagrams that are finite. The infinity from D must

therefore be cancelled in the physical observable, in this case the cross section.

5.3.3 Physical Cross Section

The factorization of the disconnected parts from the initial states is very important for the
cancellation of these pieces through the normalization of the S-matrix. One can write the
differential cross section in terms of the incoming state |p), outgoing state (p/|, and the
vacuum states |0) without degenerate soft photons as

2
|2 . |out<p/|p>in‘

— ot Pinl_ (5.32)
lout (0]0),, 1

do ~ Jout (P'P) 1,
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where |yt (p’ ]p)m\Q ~ Poo and |ou(0|0),,|* = 1. Including contributions from degenerate

initial and final soft photon states, we have

D(n,n)
2 )

i = ’out<p/|p>m’2 Z (n!)
? = ’0ut<0|0>in‘2 Z D(Z?’);l),

out,deg <p, ‘p>in,deg
(5.33)

out,deg <0‘0>in,deg

where |out (p'|p) m‘z ~ Poo + Po1 + P + Pl¢. Therefore the cross section including sum
over all initial and final degenerate states is given by
2

o |out<p/‘p>in
2 2
‘out<0‘0>m|

out,deg <p, |p> in,deg

| 2

(5.34)

do ~

OUt7d€9<0|0>in,deg
Thus the disconnected part D cancels through the normalization process of the S-matrix
in order to produce a physical cross section. Equations (5.31) and (5.34) are the main

results of this thesis.

5.4 The Complete NLO Rutherford Cross Section

Using our above results we may report the first calculation of NLO Rutherford scattering
including the O(1) contribution. We combine the KLN result Equation (4.42) with the
vacuum polarization and the box diagram contributions, Equations (3.20) and (3.101),
respectively. Putting all the pieces together, we find that Rutherford scattering complete

complete to NLO is given by

doy _(do) )y, @
ds2 NLD_ a2/, T

Q2 A? 3 9 Q2
log <52E2> <10g <E2> + 2> + 3 log <M12\TS>

1 1 5
2 )+3 +36+(’)(m2,52)”. (5.35)

-7 2E
(@—Fl

Equation (5.35) is the second main result of this thesis.
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5.4.1 Size of LO Vs. NLO
We wish to examine the magnitude of the NLO correction compared to the LO contribution.
Since Q2 = 2FE?(1 — cosf), where § < 6 < 7, we have

6?E? < Q? < 4E2. (5.36)

We will take as representative the angular and energy resolutions from the CMS detector

[69]. We take 6 = 50 mrad, while A can be determined by

B-G @) e

where S is the stochastic term, N the noise term and C the constant term. The values of the
three parameters were determined by a electron test beam measurement to be S = 0.028

GeVz, N = 0.12 GeV, and C = 0.003 [69].
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Figure 5.9: The ratio of the NLO to the LO differential cross section of

Rutherford scattering as function of the momentum transfer Q2 at energies

E = 100, 200, and 300 GeV plotted from Q2. to Q2 .. given by Equa-

tion (5.36).

Figure 5.9 shows the effect of the NLO corrections to the differential cross section of
Rutherford scattering at high energies. The plot shows that these corrections significantly
affect the ratio of the NLO to the LO differential cross section at higher electron energies

while it becomes less relevant at very high momentum transfer. One can also see that the
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O(1) ~ —3.15 which is relatively small compared to the contributions from the logarithmic

terms which become in order of 110 — 120 at very high momentum transfer Q2.
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Chapter 6

Renormalization Group

For the NLO corrections to Rutherford scattering cross section, we used dimensional reg-
ularization and the MS renormalization scheme to eliminate the UV divergences. Con-
sequently, we introduced an arbitrary mass scale p in order to ensure that the electron
charge e remains dimensionless in d-dimensions. In fact, the physical observables must be
independent of this unphysical parameter u.

Equation (5.35) shows that the differential cross section at NLO is a function of p which
means that the renormalized quantities such as e and m are implicitly p dependent. One
can thus write for any physical observable S(p,p’, mg, €g), in terms of the bare parameters

and the physical particle momenta p and p’ [34]
L S(p,p/,mo, e0) = 0 (6.1)
— mo, ep) = .
#d,u, b,p, Mo, €o )
while in terms of the renormalized parameters Equation (6.1) becomes
S (p,pf ) = 0 (62
— m,e, n) = 0. .
:U’d'u p,p,m,e, [
We can now use the chain rule to rewrite Equation (6.2) as
9
o

where the dependence of the renormalized quantities on p can be found from the derivatives

0 0
FBO) 5|~ Amlem) mo

/ —
oel, .. ] S(p,p’,m,e,u) =0, (6.3)

e,m e

given by

(6.4)
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Equation (6.3) is known as the renormalization group equation where it gives the
change in the renormalized quantities e and m as a function of p [34]. The dimensionless
coefficients in the renormalization group equation depend on e and m. However, using a
mass independent scheme (MS) allows us to drop the mass dependence.

To find the dependence of the coupling v on p from the £ function, we use first the fact
that (d/du)[bare quantities] = 0. We then recall from Equation (3.3) the relation between

the bare charge ey and the renormalized charge e, where the Ward identity ensures that

Ze = Zy, then we have eg = pe/? ZZI/Q e. We now differentiate eg with respect to p to
find
de € 1 _,dZy
—p—=——e+ - puZt =2 6.5
We can neglect the term —vg + log(4m) in Z4 compared to the % term to find
dZ 4 1 de e
—_— = — = . 6.6
du 3n2e © du 3m2ep ble) (6.6)
Substituting Equation (6.6) into Equation (6.5) and solving for 3, we find
B(e) ——Ee—l—ﬁ—i-O(eS) = i—i—(’)(e‘r’) (6.7)
2 122 e—0 1272 ' '
We can easily find the S-function in terms of the coupling constant « to be
20/
Bla) = 3. + O0(a?). (6.8)
T

It is straightforward now, using the u dependence of the coupling constant given in Equa-
tion (6.8), to see that Equation (5.35) satisfies the renormalization group equation given

in Equation (6.3) at NLO where we have

% do =0(a). (6.9)
dpinrs (dQ>NL0

Equation (6.9) is a non-trivial check of our final complete NLO cross section formula

Equation (5.35).
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Chapter 7

Remarks and Conclusions

We calculated the first complete next-to-leading order, high-energy Rutherford elastic scat-
tering cross section in the MS renormalization scheme. We included all one loop contri-
butions: the vertex, vacuum polarization, electron self-energy, and the box correction. We
used dimensional regularization, the fictitious photon mass, and the electron mass to ren-
der the UV and IR (soft and collinear) divergences respectively finite. The regularized UV
divergences were eliminated by the application of the MS renormalization scheme.

We gave an overview of the BN and KLN theorems. The BN theorem states that
summing over degenerate final states yields a result free of soft divergences. The KLN
theorem states that summing over degenerate initial and final states yields a result free
of all IR divergences. We described how all previous attempts to implement the KLN
theorem were either incorrect or incomplete.

A self-consistent application of the KLN theorem requires a sum over all degenerate
initial and final states to arrive at an IR safe cross section. We included the full summa-
tion over all degenerate initial and final states including disconnected cut diagrams. This
summation is formally divergent; after introducing a convergence factor, we proved that
our rearrangement of this summation allows one to safely exchange taking the limit of the
convergence factor to infinity prior to the infinite sum limit. After taking the convergence
factor to infinity, there was a complete cancellation of the IR divergences, and the infinite
contribution from disconnected soft photons factored out. The infinite factor is not related
to the absence of particle masses; hence, although infinite, we found the total transition
probability is free of any IR divergence. Consistent with intuitive reasoning, the infinite
factor from the soft initial state radiation will cancel in the physically observable cross

section through the normalization of the S-matrix.
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As was noted by Weinberg [70], “no one has given a complete demonstration that the
sums of tramsition rates that are free of infrared divergences are the only ones that are
experimentally measurable.” We believe that our work here can be expanded in the future
to provide such a proof, especially for non-Abelian gauge theories. Additional possible
future work includes investigating the application of the KLN theorem to the study of the
electron mass singularity in the electron loop light-by-light contribution to the anomalous
muon magnetic moment at order o [71, 72].

In the application of the KLN theorem to NLO Rutherford scattering, we arrived at
the extremely nontrivial result that the summation over all indistinguishable initial and
final states is equivalent to the summation over only the initial hard collinear and final
soft, hard collinear, and soft and collinear degenerate states.

Using the MS renormalization scheme and the correct implementation of the KLN
theorem gives us the complete NLO Rutherford scattering in Equation (5.35), which is finite
as we send the mass of the electron to zero; equivalently, our result is valid up to arbitrarily
large momentum exchange as long as alog(1/0) < 1 and alog(1/6)log(A/E) < 1. A non-
trivial check of our result is that Equation (5.35) satisfies the Callan-Symanzik equation.

Future work will extend these calculations to derive a formula for the energy lost by
high momentum particles propagating through weakly coupled plasmas in thermal field
theory, including the next-to-leading-order corrections due to the emission of very high
energy particles. This work will lead towards new insights in the dynamics of the QGP,
in particular into the nature of the degrees of freedom at energy densities (1 — 3)7. from

lattice QCD seen in Figure 1.2.
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Conventions and Integrals

A.1 Conventions

Natural units:

Electromagnetic coupling constant:

Number of space-time dimensions:

Bjorken-Drell metric:

gp,u = dlag(L _]-a _L _1)a

h=c=1

o2
e = 4r2
d=4—¢e.

where in d-dimensions we have g, g"" = 5‘; =d.

Dirac slash momentum:

Clifford Algebra:

Euler-Mascheroni constant:

P=""pu

72"} = 29"

vE ~ 0.5772.

76

(A.4)

(A.5)
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A.2 Properties of v-matrices

The traces of y-matrices are given by [40]

tr(1) = 4,
tr(any odd # of 4’s) =0,
(A.8)
tr(y"9") = 49",
tr(Y'y"y"y7) = 4(9" ¢ — 9" 9" + "7 g""].
The contraction of y-matrices in d-dimensions are given by [40]
Y = d,
VY = (d=2)7", (A.9)

VA Y = 49" — (4 = d)y"".
A.3 Feynman Parameters

The Feynman parameters trick used to combine the propagator denominators, the general

identity is given by [40]

1 ! (n —1)!
= doy...dzn i1 (A1
DiDs...D, /0 R (Zm ) [21D1 + 22Da + ... 2 D] (A.10)

A special case when we have only two denominators will be

1 1 1
= dx . A1l
DDy /0 [.%’Dl =+ (1 — x)D2]2 ( )

A.4 Integrals in d-dimensions

a) Scalar Integrals:

The standard scalar integrals are given by [40]

de 1 (=DM (n—9) . i
/ (2m)d (62 — M2 +ie)”  (4m)@/2  T'(n) (M) (A1)
ddy /2 B (_1)71—12' dar (n - g — 1) e 1+%—n .
/(zw)d (02— M2 +ie)"  (4m)¥2 2 T(n) (M) '
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b) Tensor Integrals:

The standard tensor integrals are given by [40]

de o
/ (2m)d (02 — M2 4ie)" 0, (A-13)

which implies that the contribution from ¢ terms in the numerator vanishes.

ddg oy (_1)71—12' gw/ T (n o d _ 1) 1+%—n
| Gy - iz 2 Ty M) (A

The following expansions may be done for I'-function around ¢ = 0 as d — 4 which are
very useful in special cases where n = 2 or 3

() = = 95 +0(), .

(M?)™¢ =1 — elog M? + O(€%).



79

Appendix B

Feynman Rules

B.1 Feynman Rules for the Bare Lagrangian

We provide in Table B.1 the Feynman rules for the system described by the Lagrangian
density given by equation (2.1). These are similar to the rules for the normal QED La-

grangian defined in [40]

For each vertex: iz —iey!
For each internal photon: o ey ;;i*;z
q
For each incoming external photon: H e~~~ en(q)
q —
For each outgoing external photon: ANnANANANe [ £},
going p et ()
For each internal electron: H o—;—o v o Tf; e
For each incoming external fermion: ——e u(p)
p
. . p
For each outgoing external fermion: —p a(p)
For each external source: ANNNANNX [ —ie V#

Table B.1: Feynman rules of the bare Lagrangian.
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B.2 Feynman Rules for the Renormalized Lagrangian

Table B.2 shows the complete Feynman rules as result of the renormalzation procedure [40].
We see that the rule in the top gives an insight to the photon field renormalization, while
the middle rule shows the renormalization of both the electron field and the mass. The last
rule is related directly to the remaining counter term which describes the renormalization

of the electric charge.

U A~~~ U ;;i’;‘e’ B A~AAARDAANAA Y _i(gHVQQ —q"q”) 64

© > v p_niﬂ.e f——@—— v || i(pdy — mipy)

Y -iey” \?/'/ —teyHoe

Table B.2: Feynman rules for the renormalized QED Lagrangian.
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Appendix C

Contributions from Disconnected

Diagrams

C.1 Absorption-emission contribution

We consider here the contribution from the absorption-emission diagrams when they in-
terfere with the tree level amplitude with a disconnected soft photon. We first write the
amplitude of each pair of diagrams shown in Figure 5.1. The first pair of diagrams ampli-

tude is given by

In the soft photon limit, using the Eikonal approximation, we can write p — %/ +m =
p+m, p—}é—}él-i-m R pt+m, a* (p — k') = @ (p'), and u®(p—k) ~ u*(p) which allow us to

rewrite the numerators of Equation (C.1) in the form of either (p+m)¢ u®(p) =~ 2(p-¢) u*(p)
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and (p + m)¢* u*(p) ~ 2(p - £*) u*(p). Then BEquation (C.1) becomes

1
G FP w7 ]
1 C.2)
((p — k)2 —m?] [(p—k—k’)Z—mQ]) (©

4
ngzqgw@%%WMp@@éﬂ<

_|_

Since p — k is on-shell momenta, we can write p? =~ 2p - k + m?. Then we can simplify the

denominators of Equation (C.2), where we write the denominator of the first term as

[(p=#)? =m’] [p* =] = [p* =2 - K =] [p* —’]

~2p-k[2p- (k—K)], (C.3)
while the denominator of the second term will be

[((p— k) =m?] [(p—k—K) =m?] = [p* = 2p- K —m?] [-2k- (p— k)]

~=2p-K [2p- (k- k). (C.4)

We note that the denominators in Equations (C.3) and (C.4) diverge separately as we
send & — k' which come out from the delta function in the amplitude of the diagram
in Figure 5.2. However, these divergences disappear in each pair of diagrams where they
describe a physical process together. We then write the amplitude given in Equation (C.2)

to be

iM{) = _;264 u (97"’ (p) [(p ',6)(]9 - *)] : (C.5)

The calculations of the amplitude for each pair is very similar to what we have done
here, where we can easily find in the soft limit and using the on-shell conditions that
k

iMB) = P
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Similarly, we also find the amplitude of the last pair is given by

k k'
k K
iM® = p—k Pk p—k
-k
q q
_ et g ogsy | @O EM) (- e)(pe”)
T [<p'-k><p-kf> : (p/-k)(p-k'>]' 0

Let us now collect all the amplitudes that contain both an absorption and emission of
a soft photon by adding Equations (C.5) to (C.7), where we keep in mind that the delta

functions from the disconnected photon ensure that k&' — k and ¢’ — &, we find

(p-e)? N ' -2)? 20p-9)0 -9
(' -k)?  (p-k)-k)

]2. (C.8)

/

. _i64 s N0, s
iMae = 2z (p")y"u’(p) {

= — 62 (p‘é‘)_(p,-é‘)
= Mo [(p-k) ¥ k)

We recall the amplitude of the diagram in Figure 5.2
iMY = iMo(27)3 206 (k — ) 6., (C.9)

where the superscript (1) refers that there is only one disconnected photon. The interfer-
ence between the tree amplitude with a disconnected photon and the absorption-emission

diagrams is given by

. /. 2 B B
|MAE’2 — 2M:eM((il) — —262 ‘M0|2 |:(§ z; _ Eﬁ/ : z§:| (27_(,)5 2wk5(5)<k _ k/) 555’-

(C.10)

Summing over all the polarizations and integrating over the photon momenta k and &’ to
find the contribution to the differential cross section where the delta function will absorb

the integral over k' leaving only
do do 9 d®k (p-e) (p-e)]?
i) @) 2| G = oo ok
AE 0 (27)3 2wy, (p-k) (k)

=2 (;lg)l (C.11)

S
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We note that, for simplicity, we assumed that the energy resolution for the initial and
final states are the same. In case of different energy resolutions, A; and Ay for the initial

and final states respectively, we can easily find that

d 1|1 & Bk A B
C9) - |- / / Z| Myg|?
A ), 3272 |2 )y (2m)32wi Sy (2m)32wy

1 Af d3k/ Ai
- M
+2/0 (27)32wyy /0 27r 32% Z' sl

do\" do\’
— _ | (== - C.12
[EIRE) @12
We can also write from Equation (C.10) the probability Py to be
~ 1 (2 dBk o 1 [Br dBK
P = 2/0 m ; | Maue|” + 2/0 on 320%, Z \MAE|
— [P10 + Po1] - (C.13)

One can easily show that the choice we made for the equivalent initial and final energy
resolutions is reasonable and the result in Equation (5.20) will not be affected by choosing

different values.

C.2 Emission with a disconnected photon

Now we consider the contribution from the fully connected cut diagram for a process of an
emission of a soft photon with one disconnected soft photon, where the amplitude of such

a process in the soft limit photon is given by

(C.14)
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In order to get the fully connected contribution from these diagrams, one should write
the complex conjugate of the amplitude in Equation (C.14) such that k is replaced by k;
and vice versa and so the polarizations of the two photons, then the complex conjugate of

the amplitude becomes

M1* . e |per P e 3 3
[Mm] = ieM [p o kl] (273206 (k — ko) 6y (C.15)

The delta functions in Equations (C.14) and (C.15) ensure that k = k; = ke and e = &1 =

g9 to get the fully connected contributions. Squaring the amplitude, we get

/

2
p-e p-e

Th (2m)8 2wy, 2w, 64 (k1 — ko) 6O (k — k). (C.16)

[|M01y“)r — ¢ | Mo|?

k- p ok

Then the contribution to the differential cross section is given by
do W _ 1 / d’k / d*ky / d>ks Z [[M |(1)}2
i) oy 3202 ) (@m)P2wy ) (@2m) 2w [ (21)32, ot
d 3 2
_ 70' / d>k Z 62 _
1)) e 2= [0 k)~ R

_ (%)f (C.17)

S

(p-e) (P-¢)

We note that all the fully connected contributions from the diagrams that have an
emission of a soft photon with a number of disconnected soft photons can be given by
Equation (C.17). Similarly, the fully connected contributions from the absorption of a soft
photon with a number of disconnected soft photons are given by the absorption of a soft

photon contributions.



86

Appendix D

Soft bremsstrahlung beyond eikonal

approximation

In order to make sure that the (%)a log <%), o = 1,2, from the emission and absorption
of a hard and collinear photon contributions cancels, we redo the calculations of the soft
bremsstrahlung contribution without the eikonal approximation. We can start from equa-
tion Equation (4.27), where we have not used the eikonal approximation for simplifying
the scattering amplitude. However, we perform the integrals over all scattering angles 0
and only soft photons (i.e. 0 < k < A). From Equations (4.28) to (4.30), we can rewrite

the differential cross section for the final state soft bremsstrahlung

(da)f_ —2a? (OZ)/]{QdkdcosH dp [m?2E2 —p-p') (QEwr—p -k) 2w’
27 W

©),” ¢ T [ R k) (k)
m?(2E* —p-p') (2Ewp—p-k) 2p-p'(2E*—p-p) 2(E>—p-p)
(p' - k)? (- k) (p- k)@ k) (p-k)
2p-p'REwg —p-k) 2wi(p-p') 2E w,  2E wy
R 1 R P T I S R el R

Let us now rewrite Equation (D.1) by labelling the integrals to be I1 + Is + ...+ I;;. The
integrals in I; and I are similar to the integrals calculated in A; and A3 in Equation (4.13).

Then we have
do o E? A? 9 9

The second integral of Equation (D.1) is given by

202 / « k2 dp2E wy, —p' - k
ILh=—(— — dk dcosf, ———————. D.
2 qt (27T>/wk OSUy ox p-k (D-3)
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We note that I is finite as m, — 0. So we can safely replace wy by k. In order to solve
the I integral, we choose a reference frame in which p* = (E,0,0,p), p* = (E,0, py, p-),
and kH = (wg, k sin 6., cos ¢, k sin 0, sin ¢, k cos 6.,). Then we have |p]* ~ [p’|? ~ VE?2 —m?2
which implies that pi—kpﬁ ~ p?. We also have ¢> = (p'—p)? = —pg—(pz —p)? = —2p>+2pp.

which implies that p, = % +p. With all of the previous tools in our hands we can rewrite

p-k=FEk —pkcost, = Ek {1—%60897}, .4
D.4

p' -k = Ek — pyksinf,sin¢ — p.kcosb, = Ek [1 — (% sin 6., sin ¢ + %00897)] .

Substituting Equation (D.4) into Equation (D.3), we also not that the term with sin ¢ will

disappear due to the ¢ integral. Then we find

2/2
. _2a2<a>/kdkd , do 28k - Bk (1 - 52 cosg, )|
27 \og ST or E k(1 — £ cosb,)
202 / « do 2 7 cos
=—(5=) [ kdkdcost, — 2 —1/. (D5
g (2%)/ ST or {(1— L cost,) T ope £(1—£cosh,) ] (D-5)

The last term in the previous equation will be in O(A?) with no expected large logs in front,

so it can be neglected. The angular integrals in Equation (D.5) can be easily evaluated as

following
! 1 4E? )

m= [ dcos 6 - = log gy + O(m*), (D.6)
1 1—4/1— %5 cosb,
2 1 0 2 4F2

N2 = q/ dcos b, ke 4 [log < 3 > — 2] + O(m?).

2 ~ 92
285 \/ —755[1—\/1—7;5@%7} 2B

(D.7)

Again, we can neglect the —2 term in 7 as it will produce a term in O(A?2). Substituting

Equations (D.6) and (D.7) into Equation (D.5) and perform the & integral we get

do a [ A? 4E? 9 9
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Similarly, for I5 by choosing the appropriate reference frame, we will get exactly the same

result as in Is. Then we have

do
Ltls= (cm)
0

We can combine I and I7 and recall that p - p’ = m? — ¢%/2 + p - k; and we find

[QAEZl og (4E2> +O(m?, mi)] . (D.9)

20 a g 102000 — 1/ - F)2E* —p-p)
Ig + I =— (5 — dk dco
6T 27r / 0 o (p k)@ k)
) 2 2 _ 2 2E2 2 9 _ 2 _ .
:a<a)/kdkdcose(m qY)2E" +¢°/2 —m* —p' - K]
gt \2n) | wy (p-k)p k)
do k2 2m? — ¢*
= dQ>0'27T/0 dk/ dcosf, 7@ Bk
- k dk d 0 D.1
(@) [ f e ZE

The integral in the first term of Equation (D.10) is similar to the A3 integral given by
Equation (4.22), while the second term can be found be evaluating the following integral

1 9m? — ¢2 1 1
dcos Oy ——F—— = — 2/ dcosfy—— + O(m?
/_1 o8 [1 — ECOSQ } a 1 costy [1 — %COSQW] +0(m’)

= —¢’log (4752> + O(m?) (D.11)

Substituting Equations (4.22) and (D.11) into Equation (D.10) and performing the & in-

tegral, we find

2 A2 2 E2 1 2
@ [log <q2> log <> log < q ) log ( ) + - log2 ( q2 )
T m m,y m?2 2 m

2] [ ()] oot

(1)

We now split the Ig integral into two parts I3’ and IéQ) to be easy to calculate, where

we have

 —2a% /a d<b2(p P)Y2Ek —p-k)
o= (55) [ ok aeoe, SRS

(2m — ¢ +20 - k)2Ek —p-k)
(p- k)@ - k)

i)+ 1Y, (D.13)

= _252 (%) /k; dk dcos 0,
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where

1 —2a% [« / 2m? — ¢ 2
7D el
( = (%) k‘dk‘dcos@w[(p_k)(p,.k)—I—p.k
—o? dk 7> k 4E?
= 2F> 2log [ —5 ) + =1lo
Tree? M e () + poe (3] -0
2 2 2 2
_ 2, & dk 4E —-q k 4E*
= (2E)7r/0 E{2log< +2log 152 +Elog — + O(m?)

202 4E2> [m A2

- a
— T2 o) Y og 2
gt ( )TI' Og<m2 E 282

] +O(m2, A). (D.14)

Up to a correction of O(A), we may replace log(—¢?) by log(4E?) as we did in the last

line of Equation (D.14). The second part of Ig is given by

1§2)=2q0f12(j) /Akdk/_lldcosevw
— ja(2/2) [Alog(f2>]+0( 2). (D.15)

We can now recombine Ig, I7, and Ig, which gives

do « —q? A2 —q2 E? 1 —q2
Ig+1;+1g = (dQ) p [log <ﬂ;12> log (m) log ( q ) log ( > + 5 log2 <7r?2>
0 y

The integral integrals I3 and Ig are finite as m. — 0. Then we can write I as follows

a? s /
Igzi(ﬂ)/ k:3d,k/ dcosf, 7@ g)(p 5

20,2 —q2/2 -k
= i a / kgdk/ dcos@ /24y
q* 7T (p- k‘)( k)
2(12 a / 2m? — ¢?
= kddk/ dcose —I3. (D.17
7 R )

We can simplify the integral in the first term of Equation (D.17) in the same way we did

for simplifying A3 in Equation (4.15). Then we have

2m? — ¢?
I [77 kdk d
e =2 () [ [

20‘ (2E2)7r [log(nj >/OAE’“ dk] +0(m?). (D.18)

q*
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Again, the numerator inside the logarithm is not important as we are only interested for
terms that becomes logarithmically large as m — 0. So we can replace —q¢? by 4E2, we

finally find

202 o oa [ A? 4E? 5

We note that Equation (D.19) will cancel with the last term of Equation (D.16). One
can easily see that the I;g and I7; terms give the same contribution with a relative sign
difference, which means that Io + 11 = 0. Finally, we substitute Equations (D.2), (D.9),

(D.16) and (D.19) into Equation (D.1), and we find

dif_digl;qzlﬁl;(fllz+112;q2
), \dv), = B\ 2 )8 m2 B\ mz )\ 2 2% 2

2A 4E? A? 4E? 2 9 o
—flog <m2> + @log <m2> - ] +O(m*,m3). (D.20)



91

Bibliography

1]

2]

13l

4]

[5]

(6]

7]

8]

9]

[10]

[11]

H. Fritzsch and M. Gell-Mann, “Current algebra: Quarks and what else?”, eConf, vol.

C720906V2, pp. 135-165, 1972. arXiv: hep-ph/0208010 [hep-phl].

S. Weinberg, “Nonabelian Gauge Theories of the Strong Interactions”, Phys. Rewv.

Lett., vol. 31, pp. 494-497, 1973. DOI: 10.1103/PhysRevLett.31.494.

W. J. Marciano and H. Pagels, “Quantum Chromodynamics: A Review”, Phys. Rept.,

vol. 36, p. 137, 1978. DOIL: 10.1016/0370-1573(78)90208-9.

H. D. Politzer, “Reliable Perturbative Results for Strong Interactions?”’, Phys. Rewv.

Lett., vol. 30, pp. 1346-1349, 1973. DOI: 10.1103/PhysRevLett.30.1346.

D. J. Gross and F. Wilczek, “Ultraviolet Behavior of Nonabelian Gauge Theories”,

Phys. Rev. Lett., vol. 30, pp. 1343-1346, 1973. DOI: 10.1103/PhysRevLett.30.1343.

D. J. Gross and F. Wilczek, “Asymptotically Free Gauge Theories. 1”7, Phys. Reuv.,

vol. D8, pp. 3633-3652, 1973. DOL: 10.1103/PhysRevD. 8. 3633.

D. J. Gross and F. Wilczek, “Asymptotically Free Gauge Theories. 2.”, Phys. Rewv.,

vol. D9, pp. 980-993, 1974. DOIL: 10.1103/PhysRevD.9.980.

J. C. Collins and M. J. Perry, “Superdense Matter: Neutrons Or Asymptotically Free
Quarks?”, Phys. Rev. Lett., vol. 34, p. 1353, 1975. DOI: 10.1103/PhysRevLett.34.

13563.

G. Baym and S. A. Chin, “Can a Neutron Star Be a Giant MIT Bag?”, Phys. Lett.,

vol. B62, pp. 241-244, 1976. DOL: 10.1016/0370-2693 (76)90517-7.

E. V. Shuryak, “Quantum Chromodynamics and the Theory of Superdense Matter”,

Phys. Rept., vol. 61, pp. 71-158, 1980. DOI: 10.1016/0370-1573(80)90105-2.

F. Karsch, “Lattice QCD at high temperature and density”, Lect. Notes Phys., vol.
583, pp. 209-249, 2002. DOL: 10.1007/3-540-45792-5_6. arXiv: hep-1at/0106019

[hep-lat].


http://arxiv.org/abs/hep-ph/0208010
http://dx.doi.org/10.1103/PhysRevLett.31.494
http://dx.doi.org/10.1016/0370-1573(78)90208-9
http://dx.doi.org/10.1103/PhysRevLett.30.1346
http://dx.doi.org/10.1103/PhysRevLett.30.1343
http://dx.doi.org/10.1103/PhysRevD.8.3633
http://dx.doi.org/10.1103/PhysRevD.9.980
http://dx.doi.org/10.1103/PhysRevLett.34.1353
http://dx.doi.org/10.1103/PhysRevLett.34.1353
http://dx.doi.org/10.1016/0370-2693(76)90517-7
http://dx.doi.org/10.1016/0370-1573(80)90105-2
http://dx.doi.org/10.1007/3-540-45792-5_6
http://arxiv.org/abs/hep-lat/0106019
http://arxiv.org/abs/hep-lat/0106019

BIBLIOGRAPHY 92

[12] F. Karsch and E. Laermann, “Thermodynamics and in medium hadron properties

from lattice QCD”, 2003. arXiv: hep-1at/0305025 [hep-lat].

[13] T. Nayak and B. Sinha, “Search and study of Quark Gluon Plasma at the CERN-
LHC”, in Physics at the Large Hadron Collider, A. Datta, B. Mukhopadhyaya, A.
Raychaudhuri, A. K. Gupta, C. L. Khetrapal, T. Padmanabhan, and M. Vijayan,
Eds., 2009, pp. 131-144. DOIL: 10.1007/978-81-8489-295-6_9. arXiv: 0904 .3428
[nucl-ex]. [Online]. Available: http://inspirehep.net/record/818516/files/

arXiv:0904.3428.pdf.

[14] R. Stock, “The Physics of Dense Nuclear Matter From Supernovae to Quark Gluon

Plasma”, Nature, vol. 337, pp. 319-324, 1989. DOI: 10.1038/337319a0.

[15] A. Bazavov et al., “Equation of state and QCD transition at finite temperature”,
Phys. Rev., vol. D80, p. 014504, 2009. Do1: 10.1103/PhysRevD.80.014504. arXiv:

0903.4379 [hep-lat].

[16] C. Gale, S. Jeon, B. Schenke, P. Tribedy, and R. Venugopalan, “Event-by-event
anisotropic flow in heavy-ion collisions from combined Yang-Mills and viscous fluid
dynamics”, Phys. Rev. Lett., vol. 110, no. 1, p. 012 302, 2013. DO1: 10.1103/PhysRevLett.

110.012302. arXiv: 1209.6330 [nucl-th].

[17] P. Kovtun, D. T. Son, and A. O. Starinets, “Viscosity in strongly interacting quantum
field theories from black hole physics”, Phys. Rev. Lett., vol. 94, p. 111601, 2005. DOI:

10.1103/PhysRevLett.94.111601. arXiv: hep-th/0405231 [hep-th].

[18] A.Majumder and M. Van Leeuwen, “The Theory and Phenomenology of Perturbative
CD Based Jet Quenching”, Prog. Part. Nucl. Phys., vol. 66 . 41-92, 2011. DoTI:
Q g", Prog ys., ;PP

10.1016/3.ppnp.2010.09.001. arXiv: 1002.2206 [hep-ph].

[19] J. Collins, Foundations of perturbative QCD. Cambridge University Press, 2013, ISBN:
9781107645257, 9781107645257, 9780521855334, 9781139097826. |Online|. Available:

http://www.cambridge.org/de/knowledge/isbn/itemb756723.

[20] J. Rak and M. J. Tannenbaum, High pp physics in the heavy ion era. Cambridge
University Press, 2013, vol. 34, 1SBN: 9780521190299, 9781107351943, 9780521190299.
[Online]. Available: http://www.cambridge.org/de/academic/subjects/physics/

particle-physics-and-nuclear-physics/high-pt-physics-heavy-ion-era.


http://arxiv.org/abs/hep-lat/0305025
http://dx.doi.org/10.1007/978-81-8489-295-6_9
http://arxiv.org/abs/0904.3428
http://arxiv.org/abs/0904.3428
http://inspirehep.net/record/818516/files/arXiv:0904.3428.pdf
http://inspirehep.net/record/818516/files/arXiv:0904.3428.pdf
http://dx.doi.org/10.1038/337319a0
http://dx.doi.org/10.1103/PhysRevD.80.014504
http://arxiv.org/abs/0903.4379
http://dx.doi.org/10.1103/PhysRevLett.110.012302
http://dx.doi.org/10.1103/PhysRevLett.110.012302
http://arxiv.org/abs/1209.6330
http://dx.doi.org/10.1103/PhysRevLett.94.111601
http://arxiv.org/abs/hep-th/0405231
http://dx.doi.org/10.1016/j.ppnp.2010.09.001
http://arxiv.org/abs/1002.2206
http://www.cambridge.org/de/knowledge/isbn/item5756723
http://www.cambridge.org/de/academic/subjects/physics/particle-physics-and-nuclear-physics/high-pt-physics-heavy-ion-era
http://www.cambridge.org/de/academic/subjects/physics/particle-physics-and-nuclear-physics/high-pt-physics-heavy-ion-era

BIBLIOGRAPHY 93

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

R. Baier, D. Schiff, and B. G. Zakharov, “Energy loss in perturbative QCD”, Ann.
Rev. Nucl. Part. Sci., vol. 50, pp. 37-69, 2000. pDor: 10.1146/annurev.nucl.50.1.

37. arXiv: hep-ph/0002198 [hep-ph].

M. Gyulassy, P. Levai, and 1. Vitev, “Reaction operator approach to nonAbelian
energy loss”, Nucl. Phys., vol. B594, pp. 371-419, 2001. por: 10 . 1016 /S0550 -

3213(00)00652-0. arXiv: nucl-th/0006010 [nucl-th].

M. Djordjevic and M. Gyulassy, “Heavy quark radiative energy loss in QCD matter”,
Nucl. Phys., vol. A733, pp. 265-298, 2004. DOI: 10.1016/j.nuclphysa.2003.12.020.

arXiv: nucl-th/0310076 [nucl-th].

M. Djordjevic and U. Heinz, “Radiative heavy quark energy loss in a dynamical QCD
medium”, Phys. Rev., vol. C77, p. 024 905, 2008. DOI: 10.1103/PhysRevC.77.024905.

arXiv: 0705.3439 [nucl-th].

M. Djordjevic, “Theoretical formalism of radiative jet energy loss in a finite size
dynamical QCD medium”, Phys. Rev., vol. C80, p. 064909, 2009. por: 10.1103/

PhysRevC.80.064909. arXiv: 0903.4591 [nucl-th].

M. van Leeuwen, “Comparing parton energy loss models”, Nucl. Phys., vol. A855,
pp. 67-72, 2011. por: 10.1016/j . nuclphysa.2011.02.020. arXiv: 1012 . 2261

[nucl-th].
J. D. Bjorken and S. D. Drell, “Relativistic quantum fields”, 1965.

W. Pauli and F. Villars, “On the Invariant regularization in relativistic quantum
theory”, Rev. Mod. Phys., vol. 21, pp. 434-444, 1949. DOI1: 10.1103/RevModPhys.21.

434.

C. G. Bollini, J. J. Giambiagi, and A. G. Dominguez, “Analytic regularization and
the divergences of quantum field theories”, Il Nuovo Cimento (1955-1965), vol. 31,

no. 3, pp. 550-561, 1964.

E. R. Speer, “Analytic renormalization”, Journal of Mathematical Physics, vol. 9, no.

9, pp. 1404-1410, 1968.

P. Breitenlohner and H. Mitter, “ Analytic regularization and gauge invariance”, Nucl.

Phys., vol. B7, pp. 443-458, 1968. DOI: 10.1016/0550-3213(68)90095-3.


http://dx.doi.org/10.1146/annurev.nucl.50.1.37
http://dx.doi.org/10.1146/annurev.nucl.50.1.37
http://arxiv.org/abs/hep-ph/0002198
http://dx.doi.org/10.1016/S0550-3213(00)00652-0
http://dx.doi.org/10.1016/S0550-3213(00)00652-0
http://arxiv.org/abs/nucl-th/0006010
http://dx.doi.org/10.1016/j.nuclphysa.2003.12.020
http://arxiv.org/abs/nucl-th/0310076
http://dx.doi.org/10.1103/PhysRevC.77.024905
http://arxiv.org/abs/0705.3439
http://dx.doi.org/10.1103/PhysRevC.80.064909
http://dx.doi.org/10.1103/PhysRevC.80.064909
http://arxiv.org/abs/0903.4591
http://dx.doi.org/10.1016/j.nuclphysa.2011.02.020
http://arxiv.org/abs/1012.2261
http://arxiv.org/abs/1012.2261
http://dx.doi.org/10.1103/RevModPhys.21.434
http://dx.doi.org/10.1103/RevModPhys.21.434
http://dx.doi.org/10.1016/0550-3213(68)90095-3

BIBLIOGRAPHY 94

[32] G.’t Hooft and M. J. G. Veltman, “Regularization and Renormalization of Gauge
Fields”, Nucl. Phys., vol. B44, pp. 189-213, 1972. DOI: 10.1016/0550-3213(72)

90279-9.
[33] C. Itzykson and J.-B. Zuber, Quantum field theory. Courier Corporation, 2006.

[34] G. F. Sterman, An Introduction to quantum field theory. Cambridge University Press,
1993, 1SBN: 9780521311328.

[35] F. J. Dyson, “The Radiation theories of Tomonaga, Schwinger, and Feynman”, Phys.

Rew., vol. 75, pp. 486-502, 1949. DOI: 10.1103/PhysRev.75.486.

[36] F.J.Dyson, “The s-matrix in quantum electrodynamics”, Phys. Rev., vol. 75, pp. 1736—

1755, 11 1949. por1: 10.1103/PhysRev.75.1736.

[37] A. Salam, “Overlapping divergences and the S matrix”, Phys. Rev., vol. 82, pp. 217—

227, 1951. poOL: 10.1103/PhysRev.82.217.

[38] A. Salam, “Divergent integrals in renormalizable field theories”, Phys. Rev., vol. 84,

pp- 426-431, 1951. DOI: 10.1103/PhysRev.84.426.

[39] J. S. Schwinger, “Quantum electrodynamics. III: The electromagnetic properties of
the electron: Radiative corrections to scattering”, Phys. Rewv., vol. 76, pp. 790-817,

1949. por1: 10.1103/PhysRev.76.790.

[40] M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory. 1995,
ISBN: 9780201503975, 0201503972. [Online|. Available: http://www.slac.stanford.

edu/spires/find/books/www?cl=QC174.45%3AP4.

[41] F. Mandl and G. Shaw, QUANTUM FIELD THEORY. 1985. [Online|. Available:

http://eu.wiley.com/WileyCDA/WileyTitle/productCd-0471496839.html.

[42] K. Hepp, “Proof of the Bogolyubov-Parasiuk theorem on renormalization”, Commun.

Math. Phys., vol. 2, pp. 301-326, 1966. po1: 10.1007/BF01773358.

[43] M. Srednicki, Quantum field theory. Cambridge University Press, 2007, 1ISBN: 9780521864497,
9780511267208.

[44] G. t Hooft, “Dimensional regularization and the renormalization group”, Nucl. Phys.

B, vol. 61, no. CERN-TH-1666, pp. 45568, 1973.


http://dx.doi.org/10.1016/0550-3213(72)90279-9
http://dx.doi.org/10.1016/0550-3213(72)90279-9
http://dx.doi.org/10.1103/PhysRev.75.486
http://dx.doi.org/10.1103/PhysRev.75.1736
http://dx.doi.org/10.1103/PhysRev.82.217
http://dx.doi.org/10.1103/PhysRev.84.426
http://dx.doi.org/10.1103/PhysRev.76.790
http://www.slac.stanford.edu/spires/find/books/www?cl=QC174.45%3AP4
http://www.slac.stanford.edu/spires/find/books/www?cl=QC174.45%3AP4
http://eu.wiley.com/WileyCDA/WileyTitle/productCd-0471496839.html
http://dx.doi.org/10.1007/BF01773358

BIBLIOGRAPHY 95

[45]

[46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

W. A. Bardeen, A. J. Buras, D. W. Duke, and T. Muta, “Deep Inelastic Scattering
Beyond the Leading Order in Asymptotically Free Gauge Theories”, Phys. Rev., vol.

D18, p. 3998, 1978. DOI: 10.1103/PhysRevD.18.3998.

M. D. Schwartz, Quantum Field Theory and the Standard Model. Cambridge Uni-
versity Press, 2014, 1sBN: 1107034736, 9781107034730. |Online|. Available: http :
//www .cambridge .org/us/academic/subjects/physics/theoretical-physics-

and-mathematical-physics/quantum-field-theory-and-standard-model.

R. H. Dalitz, “On higher Born approximations in potential scattering”, Proc. Roy.

Soc. Lond., vol. A206, pp. 509520, 1951. DOI: 10.1098/rspa.1951.0085.

V. Chung, “Infrared Divergence in Quantum Electrodynamics”, Phys. Rev., vol. 140,

B1110-B1122, 1965. po1: 10.1103/PhysRev.140.B1110.

G. Curci and M. Greco, “Mass Singularities and Coherent States in Gauge Theories”,

Phys. Lett., vol. B79, pp. 406-410, 1978. DOI: 10.1016/0370-2693(78)90393-3.

T. W. B. Kibble, “Coherent soft-photon states and infrared divergences. iv. the scat-
tering operator”, Phys. Rewv., vol. 175, pp. 1624-1640, 1968. DOI: 10.1103/PhysRev.

175.1624.

C. A. Nelson, “Avoidance of Counter Example to Nonabelian Bloch-Nordsieck Con-
jecture by Using Coherent State Approach”, Nucl. Phys., vol. B186, pp. 187-204,

1981. por1: 10.1016/0550-3213(81)90099-7.

F. Bloch and A. Nordsieck, “Note on the Radiation Field of the electron”, Phys. Reuv.,

vol. 52, pp. 54-59, 1937. DOIL: 10.1103/PhysRev.52.54.

D. R. Yennie, S. C. Frautschi, and H. Suura, “The infrared divergence phenomena and
high-energy processes”, Annals Phys., vol. 13, pp. 379-452, 1961. DOI: 10.1016/0003-

4916(61)90151-8.

T. Kinoshita and A. Sirlin, “Radiative corrections to Fermi interactions”, Phys. Reuv.,

vol. 113, pp. 1652-1660, 1959. DOI: 10.1103/PhysRev.113.1652.

T. Kinoshita, “Mass singularities of Feynman amplitudes”’, J. Math. Phys., vol. 3,

pp. 650-677, 1962. DOL: 10.1063/1.1724268.

T. D. Lee and M. Nauenberg, “Degenerate Systems and Mass Singularities”, Phys.

Rew., vol. 133, B1549-B1562, 1964. DOI: 10.1103/PhysRev.133.B15409.


http://dx.doi.org/10.1103/PhysRevD.18.3998
http://www.cambridge.org/us/academic/subjects/physics/theoretical-physics-and-mathematical-physics/quantum-field-theory-and-standard-model
http://www.cambridge.org/us/academic/subjects/physics/theoretical-physics-and-mathematical-physics/quantum-field-theory-and-standard-model
http://www.cambridge.org/us/academic/subjects/physics/theoretical-physics-and-mathematical-physics/quantum-field-theory-and-standard-model
http://dx.doi.org/10.1098/rspa.1951.0085
http://dx.doi.org/10.1103/PhysRev.140.B1110
http://dx.doi.org/10.1016/0370-2693(78)90393-3
http://dx.doi.org/10.1103/PhysRev.175.1624
http://dx.doi.org/10.1103/PhysRev.175.1624
http://dx.doi.org/10.1016/0550-3213(81)90099-7
http://dx.doi.org/10.1103/PhysRev.52.54
http://dx.doi.org/10.1016/0003-4916(61)90151-8
http://dx.doi.org/10.1016/0003-4916(61)90151-8
http://dx.doi.org/10.1103/PhysRev.113.1652
http://dx.doi.org/10.1063/1.1724268
http://dx.doi.org/10.1103/PhysRev.133.B1549

BIBLIOGRAPHY 96

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

|68]

M. Lavelle and D. McMullan, “Collinearity, convergence and cancelling infrared di-
vergences’, JHEP, vol. 03, p. 026, 2006. DOI: 10.1088/1126-6708/2006/03/026.

arXiv: hep-ph/0511314 [hep-ph].

C. De Calan and G. Valent, “Infra-red divergence and incident photons”, Nucl. Phys.,

vol. B42, pp. 268-280, 1972. por: 10.1016/0550-3213(72)90479-8.

R. Doria, J. Frenkel, and J. C. Taylor, “Counter Example to Nonabelian Bloch-
Nordsieck Theorem”, Nucl. Phys., vol. B168, pp. 93-110, 1980. DOI: 10.1016/0550-

3213(80)90278-3.

C. Di’Lieto, S. Gendron, I. G. Halliday, and C. T. Sachrajda, “A Counter Example
to the Bloch-Nordsieck Theorem in Nonabelian Gauge Theories”, Nucl. Phys., vol.

B183, pp. 223-250, 1981. DOI: 10.1016/0550-3213(81)90554-X.

T. Muta and C. A. Nelson, “Role of Quark - Gluon Degenerate States in Perturbative

QCD”, Phys. Rev., vol. D25, p. 2222, 1982. DOI: 10.1103/PhysRevD.25.2222.

A. Axelrod and C. A. Nelson, “Degenerate States and the Kinoshita-lee-nauenberg
Theorem in Deep Inelastic Scattering”, Phys. Rev., vol. D32, p. 2385, 1985. DOI:

10.1103/PhysRevD.32.2385.

H. F. Contopanagos, “Smooth Massless Limit of QED”, Nucl. Phys., vol. B343,

pp. 571-596, 1990. DOI: 10.1016/0550-3213(90) 90581 1.

B. Mirza and M. Zarei, “Cancellation of soft and collinear divergences in noncom-
mutative QED”, Phys. Rev., vol. D74, p. 065019, 2006. DOI: 10.1103/PhysRevD.74.

065019. arXiv: hep-th/0609181 [hep-th].

M. Lavelle, D. McMullan, and T. Steele, “Soft Collinear Degeneracies in an Asymp-
totically Free Theory”, Adv. High Energy Phys., vol. 2012, p. 379736, 2012. DOI:

10.1155/2012/379736. arXiv: 1008.3949 [hep-ph].

L. Ito, “Infrared Divergences in QCD and Kinoshita-Lee-Nauenberg Theorem”, Prog.

Theor. Phys., vol. 67, p. 1216, 1982. DOI: 10.1143/PTP.67.1216.

R. Akhoury, M. G. Sotiropoulos, and V. I. Zakharov, “The KLN theorem and soft
radiation in gauge theories: Abelian case”, Phys. Rev., vol. D56, pp. 377-387, 1997.

DOI: 10.1103/PhysRevD.56.377. arXiv: hep-ph/9702270 [hep-ph].

A. W. Knapp, Basic real analysis. Springer Science & Business Media, 2005.


http://dx.doi.org/10.1088/1126-6708/2006/03/026
http://arxiv.org/abs/hep-ph/0511314
http://dx.doi.org/10.1016/0550-3213(72)90479-8
http://dx.doi.org/10.1016/0550-3213(80)90278-3
http://dx.doi.org/10.1016/0550-3213(80)90278-3
http://dx.doi.org/10.1016/0550-3213(81)90554-X
http://dx.doi.org/10.1103/PhysRevD.25.2222
http://dx.doi.org/10.1103/PhysRevD.32.2385
http://dx.doi.org/10.1016/0550-3213(90)90581-W
http://dx.doi.org/10.1103/PhysRevD.74.065019
http://dx.doi.org/10.1103/PhysRevD.74.065019
http://arxiv.org/abs/hep-th/0609181
http://dx.doi.org/10.1155/2012/379736
http://arxiv.org/abs/1008.3949
http://dx.doi.org/10.1143/PTP.67.1216
http://dx.doi.org/10.1103/PhysRevD.56.377
http://arxiv.org/abs/hep-ph/9702270

BIBLIOGRAPHY 97

[69] D Barney, “A pedagogical introduction to the cms electromagnetic calorimeter”, Tech.

Rep., 1998.

[70] S. Weinberg, The Quantum theory of fields. Vol. 1: Foundations. Cambridge Univer-
sity Press, 2005, 1SBN: 9780521670531, 9780511252044.

[71] J. Aldins, T. Kinoshita, S. J. Brodsky, and A. J. Dufner, “Photon-Photon Scattering
Contribution to the Sixth Order Magnetic Moment of the Muon”, Phys. Rev. Lett.,

vol. 23, pp. 441-443, 1969. DOI: 10.1103/PhysRevLett.23.441.

[72] J. Aldins, T. Kinoshita, S. J. Brodsky, and A. J. Dufner, “Photon-Photon Scattering
Contribution to the Sixth Order Magnetic Moment of the Muon and Electron”, Phys.

Rew., vol. D1, p. 2378, 1970. DOI: 10.1103/PhysRevD.1.2378.



http://dx.doi.org/10.1103/PhysRevLett.23.441
http://dx.doi.org/10.1103/PhysRevD.1.2378

	Declaration of Authorship
	Abstract
	Acknowledgements
	Contents
	1 Introduction
	1.1 Motivation and Objectives
	1.2 Singularities in Perturbative Field Theories
	1.2.1 Ultraviolet Divergences
	1.2.2 Infra-red Divergences

	1.3 Mathematical Tools in Removing the Infinities
	1.3.1 Regularization Schemes
	1.3.2 Renormalization and Renormalization Schemes


	2 The General Formalism
	2.1 External Field Approximation
	2.2 Leading Term Calculations
	2.2.1 Tree Level Amplitude
	2.2.2 General Form of The Differential Cross Section
	2.2.3 Leading Term of The Differential Cross Section
	2.2.4 Non-Relativistic Approach


	3 NLO Rutherford Scattering
	3.1 Renormalizing The Lagrangian
	3.2 Vacuum Polarization Correction
	3.3 Vertex Correction
	3.4 Electron Self-Energy Correction
	3.5 Box Correction

	4 IR Cancellation
	4.1 Bloch-Nordsieck Theorem
	4.1.1 Soft Bremsstrahlung Corrections

	4.2 The Kinoshita-Lee-Nauenberg Theorem
	4.2.1 Hard Collinear Final State Degeneracies
	4.2.2 Hard Collinear Initial State Degeneracies


	5 A Self-Consistent Implementation of the KLN Theorem
	5.1 The Role of Disconnected Diagrams
	5.2 The KLN Factorization Theorem (I-ASZ Treatment)
	5.3 An Alternative Rearrangement
	5.3.1 Proof of Uniqueness
	5.3.2 Hard Collinear Contributions
	5.3.3 Physical Cross Section

	5.4 The Complete NLO Rutherford Cross Section
	5.4.1 Size of LO Vs. NLO


	6 Renormalization Group
	7 Remarks and Conclusions
	A Conventions and Integrals
	A.1 Conventions
	A.2 Properties of -matrices
	A.3 Feynman Parameters
	A.4 Integrals in d-dimensions

	B Feynman Rules
	B.1 Feynman Rules for the Bare Lagrangian
	B.2 Feynman Rules for the Renormalized Lagrangian

	C Contributions from Disconnected Diagrams
	C.1 Absorption-emission contribution
	C.2 Emission with a disconnected photon

	D Soft bremsstrahlung beyond eikonal approximation
	Bibliography



