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Abstract

The application of multivariate statistical process monitoring (MSPM) methods has

gained considerable momentum over the last couple of decades, especially in the process-

ing industry for achieving higher throughput at sustainable rates, reducing safety related

events and minimizing potential environmental impacts. Multivariate process deviations

occur when the relationships amongst many process characteristics are different from the

expected. The fault detection ability of methods such as principal component analysis

(PCA) and process monitoring has been reported in literature and demonstrated in selec-

tive practical applications. However, the methodologies employed to diagnose the reason

for the identified multivariate process faults have not gained the anticipated traction in

practice. One explanation for this might be that the current diagnostic approaches at-

tempt to rank process variables according to their individual contribution to process faults.

However, the lack of these approaches to correctly identify the variables responsible for

the process deviation is well researched and communicated in literature. Specifically, these

approaches suffer from a phenomenon known as fault smearing.

In this research it is argued, using several illustrations, that the objective of assigning

individual importance rankings to process variables is not appropriate in a multivariate

setting. A new methodology is introduced for performing fault diagnosis in multivariate

process monitoring. More specifically, a multivariate diagnostic method is proposed that

ranks variable pairs as opposed to individual variables. For PCA based MSPM, a novel

fault diagnosis method is developed that decomposes the fault identification statistics into

a sum of parts, with each part representing the contribution of a specific variable pair.

An approach is also developed to quantify the statistical significance of each pairwise

contribution.

In addition, it is illustrated how the pairwise contributions can be analysed further to

obtain an individual importance ranking of the process variables. Two methodologies are

developed that can be applied to calculate the individual ranking following the pairwise

contributions analysis. However, it is advised that the individual rankings should be

interpreted together with the pairwise contributions. The application of this new approach

to PCA based MSPM and fault diagnosis is illustrated using a simulated data set.

Due to the complexity of industrial chemical processes, it is often required that non-

linear methods such as kernel PCA be employed for MSPM. Existing fault diagnosis meth-

ods used for kernel PCA based MSPM follow the same approach of assigning individual

rankings to process variables. It is illustrated that this diagnosis approach is not ideal

for the non-linear setting. Therefore, a new fault diagnosis methodology is developed in



this research, which calculates pairwise variable contributions to diagnose non-linear mul-

tivariate process deviations. The pairwise contribution of variables i and j is defined as

the distance from the reference region to the new observation for these two variables. In

this approach each pair of variables is considered in isolation. However, this methodology

is dependent on specifying suitable distance measures. It is illustrated how techniques

such as kernel PCA, Support Vector Machine (SVM) classification and One-Class SVM

can be applied to specify appropriate distance measures for accurate fault diagnosis. Fur-

thermore, like PCA based MSPM, the pairwise contributions can be analysed further

to specify an individual ranking of process variables. The application of this new fault

diagnosis methodology for non-linear MSPM is demonstrated using simulated data.

The application and value of the newly developed fault diagnosis methods are illus-

trated using data from a benchmark simulation and a commercial chemical plant. The

practical application illustrates how the new methodology of diagnosing multivariate pro-

cess faults provides a multivariate answer. Furthermore, it is illustrated how the developed

methods assist engineers to interpret why the process is statistically identified as display-

ing behaviour that is multivariately different from ideal operating conditions. Therefore,

the improved interpretation of the statistical deviation will assist engineers to identify

the appropriate corrective approach required to guide the process back into multivariate

control.
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Chapter 1

Introduction

1.1 Background

The way in which manufacturing organisations create value has exponentially evolved for

the better in recent time. This evolutionary trajectory is characterised by the so-called

industrial revolutions. The first industrial revolution identifies the period when the usage

of human effort and animals as primary energy sources was replaced by the mechanical

power induced by the use of fossil fuels. Improvements in electricity distribution, the

identification of new power generating methods and the synthesis of ammonia describe the

second industrial revolution. The most recent evolution, the third industrial revolution,

characterises the advancements made in data generation, work-up and communication as

a result of the implementation of advanced digital infrastructure.

Currently we are at the advent of the fourth industrial revolution. This revolution

largely builds on the third, expanding the impact of digitalization on the manufacturing

process. This is made possible by the increased ability of computer infrastructure, both

physical (e.g. data storage, processing power) and virtual (e.g. software, algorithms), to

ingest and digest large data sources.

It is widely argued that in order to maximise the impact of the fourth industrial

revolution in the manufacturing process it is required that the process should have a

digital twin. A digital twin is defined by Bolton et al. (2018) as ‘a dynamic virtual

representation of a physical object or system across its life-cycle, using real-time data to

enable understanding, learning and reasoning’. In order to obtain this virtual replica of a

physical system, it is required that a larger array of process characteristics be measured

and digitized. Advances in sensory devices have made it possible to extend the reach of

the internet into physical devices. This extension of the internet, termed the Internet

of Things (IoT), will assist to enable the realisation of digital twin images of physical

processes.
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Given the digital twins of processes implies that large quantities of real time data will

be accumulated. Providing manufacturing engineers with an information rich data source.

A source of information that will dramatically change industrial processes to be more

efficient as a result of the improved process understanding that it enables.

The valuable process knowledge hidden inside the digital twin needs to be thoughtfully

extracted in order to attain an optimised factory. Recent advances in computing power

have made it possible to expand on and improve the statistical tools that can be used

to extract value from data. Specifically, significant advancements have been made to the

statistical tools required to analyse the large volumes of data generated by commercial

processes (see He and Wang (2018)).

An important subset of the library of statistical methods, called statistical process

monitoring (SPM), will be the area of focus of this research document. Statistical process

monitoring is a collection of data driven techniques used to monitor process characteristics

relative to the ideal operating conditions. Process conditions that are statistically different

from the targeted operating ranges are flagged as faulty operation. Processes that are

statistically similar to the ideal state are referred to as being statistically in-control while

those conditions that are not represents an out-of-control state. The identification of the

in-control and out-of-control data points is called fault detection. Given the out-of-control

condition, it is required that a diagnostic analysis be done to statistically quantify the

difference between the desirable and undesirable states. The objective is to assist process

engineers to identify, within the physical boundaries of the process, what needs to be done

in order to attain an in-control process. This analysis is often referred to as fault diagnosis.

Statistical process monitoring (SPM) can be grouped into two sets of analyses. Uni-

variate statistical process monitoring and multivariate statistical process monitoring. He

and Wang (2018) classify the development of SPM into a roadmap of three generations.

The first generation identifies the era when statistical process control (SPC) was intro-

duced as a method of quality control in manufacturing. Multivariate statistical process

monitoring (MSPM) defines the second generation, which addresses the shortcomings of

SPC. The definition of the third generation is a set of techniques that addresses the lim-

itations identified in the first two generations. He and Wang (2018), however, state that

there exists no specific name to label the third generation of SPM. A possible reason why

it is difficult to categorise the third generation is due to the variety of possible techniques

available that can be applied for SPM in this generation.
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1.2 Review of statistical process control

Statistical process control is a univariate analysis technique, first introduced in the early

1920’s by Walter Shewhart, a Bell Laboratories employee (Deming, 1968). The objective

of SPC charts is to provide a statistically objective tool to distinguish between ‘com-

mon cause’ variability and ‘assignable cause’ variability. Development of the SPC method

is based on the observation that any process operating under normal conditions exhibit

variability that can be considered to be common to the process. Any uncommon vari-

ability observed, in the quality characteristic being monitored, should be explainable by

an assignable cause. SPC control charts are characterised by control limits, a central line

and a set of decision rules that are used to visually identify when a process is operating

abnormally. The xbar chart and R chart are used most frequently in manufacturing appli-

cations (Leavenworth and Grant, 2000). Collectively these two charts are often referred to

as Shewart control charts. Analysis of the mean value of a process variable is done using

the xbar chart. The R chart is used to analyse the variability of the process characteristic

being monitored. Combined, these two charts can be used to identify if the process display

a ‘constant system of chance causes’ (Leavenworth and Grant, 2000).

Typical Shewhart chart examples are displayed by Figure 1.1 and Figure 1.2. Figure

1.1 is an example of a xbar chart and Figure 1.2 is an example of a R chart. This example

is taken from the qcc R package for statistical process control introduced in Scrucca (2004).

In this particular example the manufacturing process considered is a forging process that

produce piston rings for an automotive engine. The quality characteristic monitored is

the inside diameter of the piston rings produced.

In Figures 1.1 and 1.2, each circular point on the graph represents a statistic, e.g the

mean, calculated on a subgroup of five piston rings. In the construction of the Shewhart

chart it is therefore required that measurements be grouped into subgroups. The size

of which needs to be specified upfront. Leavenworth and Grant (2000) provide some

guidelines and industry norms for the selection of subgroup sizes. In Figure 1.1, the xbar

chart, each point represents the mean of five inside diameter piston ring measurements.

While in Figure 1.2, the R chart, each point represents the difference between the largest

and smallest value of five measurements i.e., the range of the subgroup of measurements.

The top horizontal broken line, in Figures 1.1 and 1.2, labelled UCL, represents the upper

control limit and the bottom broken line, labelled LCL, represents the lower control limit.

For practical considerations it can be assumed that the process is displaying a constant

source of variability, common to the process, if the subgroup means are observed inside

these bounds. The solid horizontal line in the center of the charts, labelled CL, is called

the center line. The CL line, in Figure 1.1, is the mean of all the subgroup means. In

3



Figure 1.2 the CL line is calculated as the mean of all the subgroup ranges.

In Figures 1.1 and 1.2 the first 25 subgroups are identified as calibration data while

the remaining 15 subgroups are referred to as the new data. The data in the calibra-

tion set are used, in this example, to statistically quantify the common cause variability

of the forging process i.e., to calculate the lines CL, LCL and UCL for each chart. A

normal distribution is assumed in specifying the lines on the control chart. Therefore,

the calibration information is used to approximate a normal distribution through the es-

timation of the mean and standard deviation. The mean constitutes the CL line in the

xbar chart, while, leveraging the assumption of normality, the standard deviation is es-

timated using the data range information of the calibration set. The control limits are

functions of the calibration mean and standard deviation e.g., the xbar chart limits are

UCL � CL� 3� pstandard deviationq and LCL � CL� 3� pstandard deviationq. The

Shewhart control charts can now be used to determine if the variability observed in future

diameter measurements exhibit variability that is indigenous to the forging process. In

this example the new data plays the role of future observed data. From Figure 1.1 it

can be observed that the penultimate three points of the new data set display uncommon

variability for which an assignable cause should be investigated. The R chart, Figure 1.2,

does not indicate any deviation from common cause variability.
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It should be noted that the decision rules, that accompany the Shewhart charts, which

are used to determine if the process is out-of-control are not limited to identifying if the

process is operating beyond the upper and lower control limits. Various other rules have

been developed to identify if assignable cause variability is present in a system. These

rules, first introduced by Nelson (1984) are referred to as ‘Nelson rules’ or ‘run rules’. A

central objective of these rules is to interrogate the point to point variability in the Shewart

charts to identify if the process is displaying non-random behaviour. Some example rules

are:

• A specified number (e.g. seven or more) of points is observed in succession on the

same side of the central line. This could indicate a bias in the measurements.

• Points are observed in sequence to continuously increase or decrease. If six or more

points have this behaviour then there is evidence of a undesirable trend.

• Values in the chart are observed to alternate in sequence between measurements that

are above the CL line and below the CL line. Fourteen or more such consecutive

points would indicate non-random oscillation.

An example of a run rule violation is indicated by the yellow point in Figure 1.1. This

specific violation has been triggered because seven consecutive points are observed above

the CL line.
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The information captured by the Shewhart chart is therefore numerous and valuable

to engineers for process optimisation and understanding.

1.2.1 Univariate fault diagnosis

It is required that an indication be given to the engineer as to which process characteristics

he or she needs to focus on, if the Shewhart charts indicate that the process is statistically

out-of-control i.e., that assignable cause variability is present. The answer is rather obvious

in SPC, since only one variable is monitored in the Shewhart charts. The engineer should

apply process understanding to determine how to get the deviating plant characteristic

back in-control.

It is often the case in practice that multiple process variables are monitored simulta-

neously using the SPC method. The possibility therefore exists that a situation might

arise where more than one of these charts will flag that the specific characteristic it is

monitoring is out-of-control. A plausible question that the engineer may ask is: which one

of the deviations is more severe? Alternatively, it might be of interest to know if there

is a ranking that can be specified in which the out-of-control variables should be consid-

ered. These type of questions have not been thoroughly addressed in the SPC literature.

A rather naive suggestion, if one of the control limits have been exceeded for a process

variable xi, would be to rank the variables according to their deviating percentage:

100 � |fspcpxiq � Lf |
UCLf � LCLf

, (1.1)

where fspcpxiq is the control chart evaluation of the specific measurement on process vari-

able xi and with UCLf and LCLf the upper and lower control limits of the chart respec-

tively. The variable Lf represents the control limit closest to fspcpxiq i.e., it is equal to

UCLf or LCLf depending on whether the observed value is greater than UCLf or smaller

than LCLf respectively.

Therefore, relative to the normal operating range, equation (1.1) quantifies the mag-

nitude of the deviation for each process variable xi. The engineer would need to combine

this ranking of variables with process understanding. He or she needs to be cognisant that

a small percent deviation in one process characteristic might be more important than a

larger percentage deviation in another. Weights may be applied to the variables in this

situation. The statistical ranking should only be used as a guide. It is not obvious how one

would rank the importance of variables when more than one control chart indicate a run

rule violation. Further research is therefore required to address the question of ranking

variables in univariate SPC for diagnostic analysis.
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The SPC methodology consists of a simple yet powerful set of statistical tools. It

should be emphasised that prior to its introduction, no model based approach existed

in manufacturing to objectively monitor the performance of processes. Many successful

contributions of SPC to the manufacturing process have been recorded previously, most

notably the big impact that SPC have had on the Japanese industrial sector (Leavenworth

and Grant, 2000). Regardless of the many successes, it is the opinion of the author that the

most important contribution made by Shewhart is the introduction of statistical thinking

in process monitoring.

1.3 Multivariate statistical process monitoring

Multivariate statistical process monitoring was introduced to address limitations in the

univariate SPC approach for SPM (MacGregor and Kourti, 1995). Due to the inter-

dependent nature of industrial processes, it is oftentimes required that multiple process

characteristics simultaneously adhere to certain conditions, in addition to their univariate

limits, to ensure that process optimality is achieved. This multivariate nature of manufac-

turing plants is not accounted for by univariate SPC as is highlighted by MacGregor and

Kourti (1995). It is therefore argued by MacGregor and Kourti (1995) that as a result of

deviations in the relationships between variables it is possible for the process to yield sub-

optimal results. Therefore, the limitations of univariate SPC together with the solutions

provided by the MSPM methodology will be presented in this section.

1.3.1 Simulation study setup

A simulation study, building on the motivation provided by MacGregor and Kourti (1995)

will now be discussed. In addition, computer code from the R programming language (R

Core Team, 2018) will be provided to illustrate the simulation. It should be noted that, it

is not known to the author, if a simulation study has explicitly been reported previously

which evaluates the performance of SPC in the multivariate setting. The motivation of

MacGregor and Kourti (1995) only provides an intuitive understanding of why it can be

expected that the fault detection ability of univariate SPC methods will be suboptimal.

Here the argument of MacGregor and Kourti (1995) is therefore extended to illustrate, in

no uncertain terms, the shortcomings of SPC.

In this simulation example a fictitious manufacturing process will be considered. It will

be assumed that, for this process, there exist two quality characteristics that need to be

monitored in order to ensure that the process is operating optimally. These two process

variables will be labelled var1 and var2 respectively. It is known from the fundamen-

tal process understanding that var1 and var2 are positively correlated. Using historical

7



process information, it is found that the magnitude of the correlation amounts to approx-

imately 0.9. Furthermore, the bivariate distribution of the process characteristics is a

multivariate normal (MVN) distribution,

MVN
�
µ �

�
0

0

�
,Σ �

�
2.00 2.26

2.26 4.00

�	
. (1.2)

The R code, used to simulate 250 observations, representing typical operational data

from this imaginary process is as follows:

library(MASS)

xmean1 <- c(0,0) #bivariate mean

p <- 0.9 #correlation between variables

s11 <- 2

s22 <- 4

s12 <- p * sqrt(s11)*sqrt(s22)

s21 <- s12

covmat <- matrix(c(s11 ,s21 ,s12 ,s22),2,2) #covariance matrix

N <- 250 #number of samples

#simulate from multivariate normal distribution

X1 <- mvrnorm(n=N,mu=xmean1 ,Sigma=covmat)

colnames(X1) <- c("var1","var2") #label variables

The data set, X1 : 250� 2, represents the reference operating conditions and therefore

captures the common cause variability inherent to the process. The black dots in Figure

1.3 depict the simulated data for var1 and var2. The vertical and horizontal broken

lines represent the univariate bounds in which each variable is expected to operate. Also

included in Figure 1.3 are contours representing the p1� αq% confidence ellipses of (1.2),

the distribution used to generate the typical operational data vectors. These contour

lines, therefore, give a general sense of where one can expect observations on var1 and

var2 to lie. It is clear that, while the process is operating inside the univariate limits, if an

observation is recorded in the ‘white-space’ surrounding the specified p1�αq% confidence

ellipse, it can be assumed that assignable cause variability is present. An example of an

atypical observation of the simulated plant is depicted in Figure 1.3 by the crossed red

circle `.

The objective of the current simulation is to generate new samples that are foreign to

the process and to evaluate the behaviour of the SPC charts. Various changes can be made

to the underlying mechanism (1.2) used to generate the normal operating characteristics

that will give rise to measurements on var1 and var2 to occupy the low density ‘white-

8



space’ regions.
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Figure 1.3: Bivariate scatter plot of var1 versus var2 under normal operating conditions (solid
black points). The crossed red circle represents an atypical observation.

Specifically, the following scenarios will be explored:

Scenario 1 In the multivariate normal distribution (1.2) random changes in its mean vector are

introduced. Observations from this modified distribution are made randomly over

time. The process therefore does not completely shift to the new distribution i.e.,

the assignable cause variation is not present continuously but occurs at random over

time.

Scenario 2 In the multivariate normal distribution (1.2) a sudden delta change in its mean vector

is introduced. Observations from this modified distribution are made consistently

over time. The process therefore completely shifts to the new distribution at a

specified point in time.

Scenario 3 In the multivariate normal distribution (1.2) random changes in its covariance matrix

are introduced. Observations from this modified distribution are made randomly over

time. The process therefore does not completely shift to the new distribution i.e.

the assignable cause variation is not present continuously but occurs at random over

time.
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Scenario 4 In the multivariate normal distribution (1.2) a sudden delta change in its covariance

matrix is introduced. Observations from this modified distribution are made consis-

tently over time. The process therefore completely shifts to the new distribution at

a specified point in time.
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(a) Scenario 1. (b) Scenario 2.
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(c) Scenario 3. (d) Scenario 4.

Figure 1.4: Data observed on var1 and var2 for the different simulated scenarios.
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1.3.2 Univariate SPC

In the first two scenarios the change in mean resulted from the following multivariate

normal distribution:

MVN
�
µ �

�
�1.02

2.08

�
,Σ �

�
2.00 2.26

2.26 4.00

�	
. (1.3)

For the first scenario the situation where the new samples are randomly observed from

distribution (1.3) is considered. However, the majority of the samples have variability

that is common to the process. To achieve this, 250 samples were drawn using both

the reference distribution (1.2) and the mean shifted distribution (1.3). Specifically, 245

samples were drawn from (1.2) and five from (1.3). The positions in time where the five

samples from (1.3) were observed in the sequence of 250 samples were selected at random

with the constraint that there should at least be a five time point separation between

them. This is to ensure that the observations from (1.3) are not recorded within the

same subgroup. The top left graph in Figure 1.4 is a bivariate plot of the simulated data

displayed as red circles for Scenario 1, together with the blue contours that specify the

common cause variability contained in the 95% confidence region. The five observations

drawn from (1.3) are represented as solid circles, while empty circles are used to identify

the samples produced using (1.2). As expected, it is clear that the samples simulated

randomly over time from the mean shifted distribution are located in the low density

white space region. The SPC results for this scenario are illustrated by the xbar and

R-chart graphs in Figure 1.5. Note the control limits are specified using the univariate

SPC rules for the data from (1.2). It is clear from these graphs that the SPC analysis did

not detect any measurement that can be considered to be different from normal operation

or common cause variability.

The second scenario is also based on the mean shifted distribution used in the first i.e.,

(1.3). It will be assumed, in this setting, that the process completely shifts and produce

data that are generated by (1.3) at a specified point in time. Therefore, the new 250 data

points are expected to have assignable cause variability. In Figure 1.4, the data simulated

for this case study are represented by the top right graph. Solid red circles are again used

to represent the new data simulated from (1.3). As constructed, it is observed that most of

the new samples are located in the assignable cause white space region. Figure 1.6 reports

the results of the SPC analysis. Although all of the new samples are drawn from (1.3),

very few samples are observed beyond the control limits on all of the univariate control

graphs.

11



Group

G
ro

up
 s

um
m

ar
y 

st
at

is
tic

s

1 6 12 19 26 33 40 47 54 61 68 75 82 89 96

−
1.

5
−

1.
0

−
0.

5
0.

0
0.

5
1.

0
1.

5
xbar Chart

for datv1_xbar[1:50, ] and datv1_xbar[51:100, ]

●

●

●

●
●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

LCL 

UCL

CL

Calibration data New data

Number of groups = 100
Center = −0.0015
StdDev = 1.3080

LCL = −1.7565
UCL = 1.7533

Number beyond limits = 0
Number violating runs = 0

Group

G
ro

up
 s

um
m

ar
y 

st
at

is
tic

s

1 6 12 19 26 33 40 47 54 61 68 75 82 89 96

−
2

−
1

0
1

2

xbar Chart
for datv2_xbar[1:50, ] and datv2_xbar[51:100, ]

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

LCL 

UCL

CL

Calibration data New data

Number of groups = 100
Center = 0.0345
StdDev = 1.8537

LCL = −2.4525
UCL = 2.5215

Number beyond limits = 0
Number violating runs = 0

(a) Xbar chart of var1. (b) Xbar chart of var2.
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Figure 1.5: SPC analysis of samples generated in Scenario 1. Vertical dotted lines indicate the
point in time when the new data are collected.
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Figure 1.6: SPC analysis of samples generated in Scenario 2. Vertical dotted lines indicate the
point in time when the new data are collected.

It is striking to note the characteristic change exhibited by the xbar charts for both of

the process variables. In both graphs the subgroup means are clustered on one side of the

central line. The xbar chart run rules are also triggered for most of those observations.

Therefore, even though few observations are found to violate the control limits, a clear

shift is observed in the xbar charts. The change in the grand mean of the distribution
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used to generate the process variability has therefore, to some degree, been detected by

the SPC analysis. Note the R-chart remains in-control since the variance did not change.
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Figure 1.7: SPC analysis of samples generated for Scenario 3. Vertical dotted lines indicate
the point in time when the new data are collected.
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(c) R chart of var1. (d) R chart of var2.

Figure 1.8: SPC analysis of samples generated for Scenario 4. Vertical dotted lines indicate
the point in time when the new data are collected.

In the third and fourth scenarios, the change in covariance matrix resulted from the

following multivariate normal distribution:
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MVN
�
µ �

�
0

0

�
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�
2.00 0.28

0.28 4.00

�	
. (1.4)

Similar to the first scenario, the third scenario attempts to mimic the situation when

the process produces samples from (1.4) at random over time. The specific procedure

used to achieve this is therefore the same as that used for the first scenario with the only

difference being that (1.4) is used instead of (1.3) to simulate the new observations. The

simulated example is displayed in the bottom left graph of Figure 1.4. It is again noted

that the five samples simulated from (1.4) do occupy the white space region. Figure 1.7

depicts the results of the SPC analysis. It is again clear that the univariate analysis does

not alert us that five of the samples were drawn from a distribution that is different to

the one used to simulate typical operation. It should be noted that in three of the graphs

some of the subgroups are identified as being different. However, the particular subgroups

are not representative of the simulated faulty samples.

For the fourth scenario the process in its entirety shifts to the covariance altered distri-

bution (1.4). The simulated 250 samples are displayed in the bottom right graph of Figure

1.4. Since (1.4) has the same mean as (1.2), it is observed that many of the observations

are contained inside the 95% confidence region of the training data. However, as a result

of the modified covariance between the variables, it is ensured that many of the samples

are recorded in the low density region. For this example it is important to note that the

SPC analysis graphs in Figure 1.8 did not identify that the process generating mechanism

has completely changed.

It is understood that although the simulation study presented here is very crude,

valuable information is gathered to improve the understanding of the limitations of SPC

in multivariate process monitoring. Therefore, a summary of the findings of the simulated

scenarios are:

• SPC predominantly fails to detect assignable cause variability when the observations

happened at random points in time. This holds true for each of the distributions

tested i.e., for both the mean altered and covariance altered distributions. Refer

back to scenarios 1 and 3.

• SPC was able to detect the multivariate change in the underlying mechanism when

the mean was shifted at a specified point in time. The xbar charts displayed drifting

behaviour inside the univariate control limits. Xbar chart run rules were triggered for

many of those samples. Refer back to scenario 2. Personal experience in the chemical

manufacturing industry informs us that the type of process change simulated here

16



is the most commonly observed.

• SPC was not capable of alerting us to the multivariate change in the process simu-

lating distribution when the covariance matrix was changed. Refer back to scenario

4.

By means of simulation it was clearly illustrated how, in some instances, the SPC

methodology might not be suitable to detect multivariate process deviations. It is in-

formative to note that the SPC approach is not completely void of usefulness in the

multivariate setting as was demonstrated by the second scenario. An improved method of

statistical process monitoring is therefore required to detect assignable cause variability

in the multivariate setting.

1.3.3 Multivariate statistics

Various statistical techniques have been proposed to account for the fault detection limita-

tions inherent to the SPC techniques when applied in the multivariate process environment.

The T 2 statistic developed by Hotelling (1947) is one method that can be employed as a

natural extension of Shewhart’s xbar chart. Suppose that for the manufacturing process

considered there are p process variables that need to be monitored. Let the observations

on these variables be recorded by the vector x : p� 1 �
�
x1 x2 . . . xp

�T
. Assume that

under common cause conditions the process variability can be described by a multivari-

ate normal distribution with mean µ : p � 1 and covariance Σ : p � p. The T 2 statistic

evaluation of a new observation, xnew : p� 1, from the process is then defined as

T 2pxnewq � pxnew � µqTΣ�1pxnew � µq. (1.5)

During normal operating conditions the T 2pxnewq evaluations will follow a central χ2 dis-

tribution with p degrees of freedom. Special or assignable cause variability will be present

when the T 2 values are calculated to lie in the tail areas of this distribution. In a similar

fashion to the xbar chart the T 2 control chart is presented as a graph showing the calcu-

lated T 2pxnewq values over time. Also included are horizontal control limit lines, where

the LCL = 0 and the UCL = χ2
αppq with α an appropriately selected significance level.

Note that in practical applications the parameters of the underlying multivariate normal

distribution i.e., µ and Σ would not be known and should be estimated using historical

data common to the process. This will result in the χ2ppq distribution used to describe T 2

values under normal conditions being replaced by an F-distribution. The data of Figure

1.4 that were simulated in the previous section will again be considered to illustrate the
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ability of the T 2 statistic to detect special cause variability. Figure 1.9 depicts the results

of the T 2 statistic analyses for all four scenarios.
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(c) Scenario 3. (d) Scenario 4.

Figure 1.9: T 2 statistic evaluations for the different simulated scenarios.

In each of the graphs the T 2 values of the newly generated samples can be read off

on the y-axis. The order in which the observations were made is indicated by the x-

axis. Solid points are again used to identify the observations that were generated by
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a distribution that is different from the one common to the process. Note that each

observation point represents a single observation and not a subgroup of points as in SPC.

A broken horizontal line is used to display the UCL, which is calculated as the 95th

percentile of the χ2
2 distribution. Examination of Figure 1.9 reveals that the points located

in the white space regions of Figure 1.4 are mostly located beyond the upper control limit

for scenarios one to four. The points that were simulated to represent samples that are

inherent to the process are predominantly located below the UCL line. Therefore, by

using the information that the process variables have a multivariate relationship, correct

detection is enabled, using the T 2 statistic, when deviations occurred inside the univariate

limits of the process. The T 2 statistic detects deviations in both the mean and covariance

matrix. The latter being very important to detect changes in the correlation structure

amongst many process variables.

In the above, the discussion of the T 2 statistic made use of an unusually small number

of variables. Due to large numbers of variables up for consideration in most manufacturing

applications, dimension reducing techniques are often utilized to reduce the variable count

to a manageable few. These newly statistically calculated variables are referred to as latent

or canonical variables and are calculated as weighted sums of the original process variables.

Principal component analysis (PCA) is a popular dimension reduction technique employed

in practice, see for example Qin (2012). Therefore, the latent variables are used instead

of the original process variables to calculate (1.5). A high level summary of PCA based

MSPM will now be provided. A more detailed discussion on PCA is given in Chapter 2.

Conveniently in the PCA setting, the T 2 calculation can be expressed, in a similar

fashion to (1.5), as a function of the original process variables as

T 2pxnewq � pxnew � µpcaqT pΣpcaq�1pxnew � µpcaq, (1.6)

with µpca : p � 1 and Σpca : p � p the PCA estimations of µ and Σ respectively. A

convention that is often followed for mathematical convenience is to pre-process the data

such that µpca �
�
0 . . . 0

�T
. This zero centering simplifies (1.6) to,

T 2pznewq � pznewqT pΣpcaq�1pznewq, (1.7)

where z : p � 1 represents the observation vector post preprocessing and Σpca is the

corresponding covariance matrix. It should be noted that when PCA is employed, there

exists another fault identification statistic called the Squared Prediction Error (SPE)

(Qin, 2012) which is popular amongst statistical process monitoring practitioners. This
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statistic is defined as the squared residual,

SPEpxnewq � pxnew � x̂pcaqT pxnew � x̂pcaq, (1.8)

where x̂pca : p � 1 is the PCA approximation of xnew : p � 1. An intuitive interpretation

of the SPE index is that the PCA model will be inaccurate in estimating samples that

are different from the data on which it was build, and will therefore reflect as a high

SPE value. The distributional properties of the SPE statistic is reported by Jackson and

Mudholkar (1979).

1.3.4 Multivariate fault diagnosis

As a result of their design, multivariate indices, such as the T 2 statistic, are ideally suited

to detect assignable cause variability when the relationship between process characteris-

tics are different from the norm. However, in contrast to univariate SPC, the multivariate

approach to SPM does not provide an obvious way of determining which characteristics

of the process caused the plant to drift away from the expected. A diagnostic analysis, in

addition to the multivariate fault detection step, is therefore required to assist in under-

standing as to why assignable cause variability is being detected. An ideal approach would

be to construct a fault classification statistical model that relates process measurements

to a library of previously observed fault classes. If a process deviation is observed, this

model can then be used to identify the relevant fault class. However, this approach is

highly dependent on having a history of all possible deviations that can occur. Developing

a fault classification model is therefore not feasible in most practical cases.

Diagnostic approaches that consider the deviating process observation in isolation is

therefore required. Contribution analysis, first introduced by Miller and Swanson (1998),

is a commonly employed diagnostic methodology that interrogates the fault identification

statistic of the violating sample in order to obtain an importance ranking of the process

variables. The calculated relative ranking, or contribution, of the variables indicates the

sequence in which the engineers should consider the variables in order to correct the

abnormal process behaviour observed. This specific interrogation entails decomposing the

fault identification statistic into a sum of parts. Each part of the decomposed statistic

represents the contribution of a specific process variable to the faulty condition. There

exist more than one way of factoring the T 2- and SPE statistics into different parts, as a

consequence of their quadratic form. The contribution analysis methodology is therefore

not uniquely defined for a specific statistic. A summary of the different methodologies can

be found in Alcala and Qin (2011). Three popular decompositions are identified:
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• Complete decomposition (CD) contributions (Miller and Swanson (1998) and Wise

et al. (2006)),

• Partial decomposition (PD) contributions (Nomikos, 1997) and

• Reconstruction-based (RB) contributions (Alcala and Qin, 2009).

A detailed exploration of the different decomposition strategies will be presented in

Chapter 2.

1.3.4.1 Contribution analysis simulation

A typical scenario will now be simulated to illustrate how contribution analysis can be

applied in practice. In this simulation a process will be considered with three process char-

acteristics var1, var2 and var3 that need to be monitored simultaneously. Furthermore,

it will be assumed that the common cause variability of the manufacturing process being

monitored is described by the following distribution,

MVN
�
µ �

�
��

0

0

0

�
�� ,Σ �

�
��

2.00 2.55 �0.14

2.55 4.00 0.60

�0.14 0.60 1.00

�
��	. (1.9)

A total of 500 observations was simulated to represent typical historical operational

measurements. It is difficult to visualise the data in three dimensions. Therefore, in

Figure 1.10, the data is represented using pairwise scatterplots. In each of the graphs in

Figure 1.10 the black circular points represent the historical common cause realisations.

Dotted lines are used to indicate the univariate control limits. The regions defined by the

black points are therefore where one would expect the process to operate. Following the

discussions in the earlier sections, it is expected that if a measurement is made in the white

space region, within the univariate control limits, of any of the pairwise plots that such an

observation would be identified as being different. The solid red dot in Figure 1.10 is an

example of one such observation. Visually, it clearly violates the common cause variability

that describes the relationship between process variables var1 and var2. Multivariate

fault detection statistics must be employed to determine if this observation statistically

resembles an observation that is uncommon to the process.
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(a) Process variable var1 versus var2. (b) Process variable var1 versus var3.
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(c) Process variable var2 versus var3.

Figure 1.10: Simulated three dimensional observations from a fictitious process. Empty black
circles represent observations made during normal operating conditions. Broken lines are used
to indicate the univariate operating control limits. The red solid dot represents the values of a
newly observed sample.
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(a) T 2 statistic evaluation. (b) PCA based T 2 statistic evaluation.

●

●

●

●●

●
●●●

●●

●

●

●●●●

●

●

●
●

●

●

●

●
●●

●
●

●●

●

●●
●●●

●
●

●

●●
●
●

●

●

●

●

●

●

●

●●
●

●

●

●

●●

●

●

●●

●

●●

●

●●●●
●
●●●

●

●●●

●

●
●●

●

●
●

●

●

●
●●

●

●●

●

●
●
●

●

●

●

●●●●●

●●●

●●

●

●

●
●
●●●

●

●

●

●

●
●
●

●

●

●

●●●
●
●
●
●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●●

●

●●

●

●

●

●●●
●

●

●

●

●●●
●

●
●

●

●

●
●

●

●

●●

●

●●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●●

●

●●

●

●

●

●●

●

●
●

●●

●

●

●

●

●

●●●

●

●

●

●

●

●

●●

●

●

●

●

●●●

●

●

●

●

●
●
●

●

●

●

●
●

●

●
●

●

●
●●●
●
●

●

●

●

●

●

●

●●●●●●

●

●

●

●

●

●

●●

●

●●●●●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●●
●●●

●

●

●

●

●

●
●
●●●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●
●

●
●
●●

●

●

●

●

●

●
●●

●●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●●

●

●
●

●
●

●

●

●
●
●

●

●

●

●

●●●

●

●
●●

●

●

●●●●●

●
●●
●

●●
●

●
●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●
●

●

●

●
●

●

●

●

●
●
●●

●

●

●

●
●●
●
●●

●

●●

●

●

●

●

●●●
●

●

●

0 100 200 300 400 500

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

1.
4

Index

S
P

E
pc

a

(c) PCA based SPE statistic evaluation.

Figure 1.11: Multivariate statistic evaluation of simulated data.
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Figure 1.12: Complete decomposition contribution analysis based on out-of-control statistics
of the simulated faulty observation.

The fault detection results are reported in Figure 1.11. Black points are used in each

graph of Figure 1.11 to represent the multivariate statistic evaluations of the common cause

variability observations. The corresponding evaluation of the solid red point observation

in Figure 1.10 is again represented by a solid red point in Figure 1.11. Horizontal broken

lines are used to specify the 95% upper control limit of each statistic. For this analysis

three fault detection statistics are considered. The first statistic is the T 2 measure in (1.5)

where the calculation is done in three dimensional space. The other two statistics, defined

by (1.7) and (1.8), are based on a PCA of the common cause data. The specifics of the

PCA results are beyond the scope of this chapter A detailed review of the PCA method

will be given in Chapter 2. Two PCA latent variables were constructed which accounted

for 99% of the common cause variability. Figure 1.11 indicates that the new observation is

identified as being different by two of the statistics i.e., the T 2 statistic and the PCA based

SPE statistic. Interestingly, the PCA based T 2 statistic does not identify the sample as

having foreign variability.

A complete decomposition contribution analysis was done, based on the statistics that

recorded an out-of-control evaluation of the new observation, to determine why the statis-

tics flagged assignable cause variability to be present. The results of the contribution

analysis are reported in Figure 1.12. A barplot is used to graphically represent the rela-

tive size of each process variable’s contribution to the out-of-control statistic. It is clear

from both graphs in Figure 1.12 that the contributions of var1 and var2 are the greatest.
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The engineers should therefore investigate process variables var1 and var2 to determine

what needs to done in order to get the process back in control. This result is in line with

what is expected, since the new observation was simulated to be in the white space region

of the var1 versus var2 scatterplot (see top left graph of Figure 1.10).

It has been argued in literature (see e.g., Van den Kerkhof, Vanlaer, Gins and Impe

(2013)) that the variable contribution analysis method is not the ideal solution for fault

diagnosis in multivariate statistical process monitoring. The most notable problem, first

highlighted by Westerhuis et al. (2000), is that of fault smearing. The fault smearing

phenomenon refers to the fact that individual variable contributions, as calculated by

existing methods, do not truly capture the contribution of a specific variable. In the

calculation of the contribution for a specific process variable information on other variables

are included. This will result in variables that will appear to be important when they may

not be. Fault smearing will be discussed in Chapter 2.

The specific problem of fault diagnosis in multivariate statistical process monitoring

will be the main focus of this research document.

1.4 Nonlinear multivariate statistical process moni-

toring

It has been illustrated in the preceding section that MSPM provides considerably more

information than univariate SPC when process monitoring requires that the multivariate

relationships between variables should be considered. The SPC approach should not be

ignored in favour of MSPM, since it may still provide valuable information. It should also

be remembered that MSPM adds additional value when measurements are made inside

the univariate bounds of the process variables (Kourti and Macgregor, 1995). The two

statistical process monitoring techniques should therefore be used in combination.

Building on SPC, the MSPM methodology has introduced an important way of thinking

about statistical process monitoring. Central to the methodology is the realisation that, if

normally distributed variables are correlated then the measurements will be contained in

an ellipsoidal region in p-dimensional space, see for example Figure 1.3. There is therefore

a region in the p-dimensional hypercube, defined by the univariate limits of the process,

where one would expect the observations to naturally cluster. Measurements that fall

outside of the ellipsoidal region can therefore be considered to be the result of assignable

cause variability being present. The MSPM fault detection statistics have therefore been

developed to summarise the behaviour of the measurements that fall inside the common

cause variability ellipsoidal region. If the MSPM fault identification statistic results in an

extreme value then the process is identified as being out-of-control.
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The assumptions made by the MSPM method restricts us to the consideration of data

that are independent and identically distributed measurements from a multivariate normal

distribution. This restriction implies that MSPM considers only common cause variability

clusters that have an ellipsoidal shape. However, it is common in practical cases that

the ideal operating region of the process is not ellipsoidal due to process characteristics

not being normally distributed. For example, consider the ideal operating measurements

on two simulated process variables, var1 and var2, which are represented by the circular

black points in the top left graph of Figure 1.13. The common cause variability displayed

by these two variables is therefore, visually, not shaped as an ellipse and therefore possibly

not distributed multivariate normal. Also included are red solid points, generated to lie

in the white space that do not conform to the shape that describes common variability.

The red points are therefore simulated to have variability that are uncommon to normal

or ideal operation.

The specific manner in which the two simulated variables are related is as follows

var2 � 10� 5pvar1q � 5pvar1q2 � 6pvar1q3 � ε, (1.10)

where var1 � Np0, 1q and ε � Np30, 10q. It should be emphasised that in practice, it

is mostly not known what the mathematical relationships are amongst process variables.

The assignable cause variability represented by the red points is simulated from

MVN
�� 0.50

85.00

�
,

�
0.02 0.00

0.00 20.00

�	
. (1.11)

As it has been illustrated earlier, it is clear that univariate SPC will not be ideal to

detect the deviations as simulated in this example, since the points are mostly contained

inside the univariate limits of the process. Therefore, considering only the techniques

discussed thus far, using a multivariate approach would be more appropriate. The T 2

statistic evaluations of the two dimensional observations in graph (a) of Figure 1.13 are

represented by graph (b) of the same figure. A notable observation from this analysis is

that none of the assignable cause samples, represented by the red solid circles, are detected

by the T 2 statistic as being simulated from a distribution different from the one that

governs normal operation. However, instead of basing the T 2 statistic calculation on the

two dimensional vectors, i.e.
�
var1 var2

�T
, consider the situation where information of

the non-linearity is included in the analysis. Specifically, if the higher dimensional vectors�
var2 var12 var13

�T
are considered, it is observed that the resulting T 2 values indicate
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(a) var1 versus var2. (b) T 2 statistic evaluation.
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(c) T 2 statistic evaluation of transformed data.

Figure 1.13: Nonlinear simulated data.
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that the red points are indeed different from the black points as should be expected, see

graph (c) of Figure 1.13. Therefore, by including information on the specific non-linearities

the observations that fall in the assignable cause white space region are correctly detected.

The shortcomings of the multivariate analysis are overcome if knowledge of the non-

linear relationship is incorporated. It is immediately clear that in practical cases it is not

always known to process engineers what the specific mathematical forms of the underlying

relationships between variables are. Different approaches have been proposed to account

for non-linear relationships in SPM. A list of the different approaches can be found in

He and Wang (2018). A popular methodology, that is of interest, uses kernel functions

(Schölkopf et al., 1998) which implicitly projects the process vectors into a higher dimen-

sional feature space. Multivariate statistical process monitoring is then performed in the

high dimensional space, similar to the idea portrayed by the simulated example of Fig-

ure 1.13. Kernel PCA refers to the principal component analysis of the high dimensional

vectors that were obtained using the kernel mapping. The MSPM techniques and method-

ologies used for fault identification and fault diagnosis are therefore also used in kernel

PCA, see Cho et al. (2005) . However, the shortcomings of the contribution analysis based

diagnostic techniques, highlighted by Van den Kerkhof, Vanlaer, Gins and Impe (2013),

are inherited by kernel PCA. A second focus of this research document is therefore to also

address fault diagnosis in kernel PCA based MSPM.

Note that the imperfections of multivariate process monitoring exposed by nonlinear

relationships are not the only ones observed in practice. For example, it can be illustrated

that MSPM will yield undesirable results when process characteristics change as a function

of time. See He and Wang (2018) for a comprehensive record of instances when methods

alternative to traditional MSPM should be used for SPM. In this document attention will

be restricted to the non-linear case.

1.5 Summary

In this Chapter the importance and relevance of statistical process monitoring in modern

manufacturing have been discussed. A broad overview was given of the techniques utilized

in statistical process monitoring.

The important contributions made by Walter Shewhart in the 1920’s have enlightened

the manufacturing environment of the importance of statistical thinking in the under-

standing and subsequent optimisation of their processes. As illustrated by the Shewhart

control charts, the idea that valuable information on process behaviour are locked away

inside manufacturing data have enticed modern plants to increase the amount of data

recorded. The large influx of measurements on process characteristics has introduced new
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ways in which the behaviour of common cause variability can be statistically defined.

Building on the ideas of Shewhart, new statistical methodologies have been developed

to address process monitoring challenges of current manufacturing factories. For the most

part, it has been illustrated that these newly developed techniques have exceptional ability

to detect when assignable cause variability is present. However, due to complex relation-

ships amongst process variables, it is often found that it is difficult to objectively determine

why process deviations occur.

1.6 Research focus and objectives

When utilising statistical methodologies for real life applications, it is often found that

there are unanticipated shortcomings inherent to the techniques. This was the experi-

ence of the author after applying multivariate statistical process monitoring techniques to

analyse data from chemical manufacturing plants. Specifically, it was identified for the

approaches used to diagnose multivariate faults that:

• The univariate ranking of process variables can lead to the interpretation of multi-

variate faults that are confusing. This ranking has the unintended consequence that

each variable will be considered on an individual basis, when all the variables should

be evaluated as a collective. No clear guidelines are given on how the ranked vari-

ables should be further explored in order to explain why the process is statistically

classified as being multivariately out-of-control.

• The effect of fault smearing is concerning. Variables that contain no information of

the observed multivariate fault are ranked as important contributors. This makes

the statistical interpretation of multivariate deviations more challenging.

Therefore, the shortcomings inherent to the diagnostic step of MSPM have led to the work

captured in this research.

Research focus

The main focus of this research document is on the diagnostic philosophies employed

to interpret multivariate process deviations that are identified using the PCA method.

It was purposely decided to investigate PCA based MSPM since it is the most popular

technique used by practitioners. Also, the detection and diagnostic principles utilised by

PCA based MSPM are present in other MSPM techniques. Therefore, the idea is that if

any improvements are made to the diagnostic step of PCA MSPM it will naturally extend,

in some way or form, to most of the other MSPM methodologies.
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It is known from the practical experience of the author and that of others (Lee et al.,

2004), that there exists a great need for non-linear MSPM in the chemical industry. Specif-

ically, it was decided to focus on kernel PCA based MSPM and the accompanying fault

diagnostic approaches. It is the author’s view, from a practical stance, that kernel PCA is

relatively easy to implement in practice due to its close relation to PCA, and holds great

potential value for industry.

It is noted that MSPM is but one aspect used in the operation of a complex manufacturing

process. The focus of this research will be on the mathematical and statistical develop-

ments of the analysis of multivariate process data. Other facets of process monitoring and

control, such as causality analysis, falls outside the scope of this research.

Research objectives

The objectives of the research are:

• Document the shortcomings of the traditional techniques used for fault diagnosis in

MSPM through a theoretical evaluation of the methods, as well as with simulation

studies.

• Develop new statistical analysis for fault diagnosis in PCA based MSPM.

• Extend the new statistical analysis for fault diagnosis in kernel PCA based MSPM.

• Illustrate the fault diagnosis performance of the newly developed methods using

published data and data from a commercial chemical process. The performance

will be evaluated based on the techniques ability to clearly communicate why the

process is statistically identified as being different from multivariate common cause

variability.

1.7 Layout of research

• The first chapter of this research document provides a broad overview of the popular

techniques used for statistical process monitoring.

• In Chapter 2 a detailed account of principal component analysis based monitoring is

provided. A comprehensive analysis of the diagnostic methods in PCA based MSPM

is given to clarify the shortcomings.

• In Chapter 3 a new methodology is developed for fault diagnosis in PCA. This

methodology introduces a new way of performing fault diagnosis that is fundamen-

tally different to the existing approaches.
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• In Chapter 4 non-linear MSPM is presented using the kernel PCA method. Short-

comings of the diagnostic methods employed for kernel PCA based fault interrogation

will be emphasised.

• Chapter 5 provides new diagnostic methods that are developed based on the fault

diagnosis methodology introduced in Chapter 3.

• A benchmark data set and data from the chemical industry is analysed in Chapter

6. It is illustrated how the new approach to diagnostic analysis assist engineers to

statistically interpret multivariate process deviations.
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Chapter 2

Principal Component Analysis based

Fault Diagnosis

2.1 Introduction

The Principal Component Analysis technique is commonly used for multivariate statistical

process monitoring of industrial chemical plants (MacGregor and Kourti, 1995). It can

be used to statistically quantify if the process, that is being monitored, is operating at a

condition that can be considered normal or otherwise. Additionally, principal component

analysis can also be utilised as a diagnostic tool to provide some degree of understanding

as to why the plant is operating at abnormal settings. Various techniques, based on

the contribution analysis methodology, are employed in practice for diagnostic purposes

(Alcala and Qin, 2011).

The objective of this chapter is to provide a review of multivariate statistical process

monitoring based on Principal Component Analysis. A specific focus will be to give

a detailed exploration i.e., theoretical and through simulation studies, of the different

techniques used for fault diagnosis and to identify areas for improvement.

2.2 Principal Component Analysis

The multivariate statistical process control methodology is well suited for the monitoring

of complex industrial processes, because it models the correlations that may exist between

the process performance variables. In the current study an industrial process refers to one

single process unit, such as a coal-fired boiler, a chemical reactor or a distillation unit. The

process unit can have many variables including controllable and observational variables,

and we are not limiting the discussions to any specific types or sets of variables. Fur-

thermore, the MSPM methods discussed are not necessarily developed for implementation
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within an advanced process control (APC) program since that requires specific knowledge

of the control variables of the unit, how those variables are and may be manipulated, and

what is feasible and practical within the APC program. Therefore, the MSPM methods

discussed and developed are for multivariate process monitoring in general, and the vari-

ables to be used depend on the problem which is formulated in collaboration with the

subject matter experts.

Most popular amongst the multitude of multivariate techniques employed in industry is

Principal Component Analysis (PCA) (Qin, 2012). PCA is a technique often employed

in areas such as chemometrics to analyse high dimensional data matrices. PCA creates

a smaller set of new uncorrelated variables called latent variables or principal compo-

nents. These variables, which are weighted linear combinations of the original variables,

are selected such that the covariance structure present in the original data matrix is well

approximated by the newly calculated latent variables. PCA is therefore a dimension

reduction technique since it reduces the study of many variables to the analysis of a few

representative latent variables.

PCA is usually introduced as an exploratory method that can be used to get a general

understanding of the data being analysed, which will then provide insight into which

other statistical techniques should be employed to analyse the data in more detail. PCA,

however, has proven in itself to be an adequate statistical technique with which meaningful

insights can be obtained. This is especially evident in areas such as statistical process

monitoring (see Jackson and Mudholkar (1979)).

For statistical process monitoring, using PCA, it is required that subject matter experts

(e.g. plant engineers) provide a dataset that consists of historical data describing the ideal

operating conditions (IOC) as well as the process variables to consider for the specific

process. Examples of IOC datasets might be the process conditions observed over time

when the process being monitored

• is operated at conditions which yield maximum production, or

• demonstrated process behaviour at the desired stability characteristics.

This IOC collection of process observations will act as a reference against which future

observations will be compared. The objective of PCA statistical process monitoring is

to specify an IOC null distribution, based on some statistic, that can be referenced to

determine if a new observation is similar or otherwise to ideal conditions.

Let X : n� p denote the IOC reference matrix, where n is the number of observations

and p the number of process variables to be monitored. Before PCA is performed, the ref-

erence matrix, X is preprocessed to have zero mean and unit variance i.e., mean centering
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and variance scaling is applied. The weights used to calculate the PCA latent variables are

then obtained by considering the eigen-decomposition of the sample covariance matrix,

Sp�p � 1

n� 1
XTX, (2.1)

as follows

S � V̄Λ̄V̄T , (2.2)

where Λ̄ : p� p is the diagonal matrix of eigenvalues i.e.,

Λ̄ �

�
�����
λ1 0 � � � 0

0 λ2 � � � 0
...

...
. . .

...

0 0 � � � λp

�
����� , (2.3)

with λi ¥ 0 for i � 1, . . . , p, and V̄ : p � p is the matrix of orthogonal eigenvectors. The

elements of these eigenvectors are used as weights to construct the principal component

latent variables. Usually only the first r   p latent variables, represented by V : p � r,

are used in the principal component analysis if it is found that the resulting estimating

covariance matrix

Ŝ � VΛVT , (2.4)

is a good approximation of S. More specifically, the covariance can be decomposed into

the estimate Ŝ and residual

S̃ � Ṽp�pp�rqΛ̃pp�rq�pp�rqṼ
T
pp�rq�pq, (2.5)

matrices as follows
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S �
�

Vp�r Ṽp�pp�rq

� � Λr�r 0r�pp�rq

0pp�rq�r Λ̃pp�rq�pp�rq

��
VT
r�p

ṼT
pp�rq�p

�

� VΛVT � ṼΛ̃ṼT

� Ŝ� S̃. (2.6)

The first r principal component latent variables are then defined by the n-dimensional

column vectors of

Tn�r � XV. (2.7)

This matrix, T, consisting of the n observations made on the r latent variabels, is often

referred to as the PCA score matrix. PCA therefore reduces the high dimensional IOC

matrix X : n� p to a more manageable low dimensional matrix T : n� r. The objective

of the PCA process monitoring methodology is to use the score matrix as a benchmark

against which future observations, xnew : p� 1, can be compared. The linear relationships

established in the construction of the IOC latent variables will be used to obtain an

equivalent representation of the new observations i.e.,

tnew : r � 1 � VTxnew, (2.8)

where the preprocessing applied to X has also been performed on xnew. The PCA monitor-

ing approach defines different statistical measures or indices that can be used to determine

whether the distribution that gave rise to tnew is similar to the one underlying the IOC

score matrix T.

2.3 Fault detection statistics

Performance statistics based on the PCA latent variables are used to generate null dis-

tributions against which new observations are compared to determine if current process

conditions are different from IOC. The performance statistics most often employed are

the squared prediction error (SPE) and Hotelling’s T-squared (T 2) statistic. Consider a

new observation xnew : p� 1 centered and scaled using the IOC matrix information. The

SPE fault detection statistic for this new observation is defined by Jackson and Mudholkar

(1979) as:
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SPEnew � t̃Tnewt̃new

� xTnewṼṼTxnew

� xTnewC̃xnew, (2.9)

where C̃ � ṼṼT . The process is considered different from IOC if SPEnew is an extreme

value of the set of SPE values calculated using the IOC data. Statistically the observed

SPEnew value is considered extreme, with confidence level p1�αq100%, if it is larger than

the following control limit

δ2 � kχ2
αpdfspeq, (2.10)

where dfspe � θ21
θ2

and k � θ2
θ1

with θ1 �
°p�r
i�1 λ̃i and θ2 �

°p�r
i�1 λ̃

2
i .

The T 2 fault detection statistic is defined in Westerhuis et al. (2000) as:

T 2
new � tTnewΛ�1tnew

� xTnewVΛ�1VTxnew

� xTnewDxnew, (2.11)

where D � Ŝ�1 � VΛ�1VT . The calculated T 2
new is an extreme value, with confidence

level p1� αq100%, if

T 2
new ¡ τ 2, (2.12)

where τ 2 � χ2
αprq.

These performance statistics can also be combined into one single index. Yue and Qin

(2001) defines the Combined performance statistic as follows:

ϕnew � xTnewΦxnew, (2.13)

where
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Φ � C̃

δ2
� D

τ 2
. (2.14)

The control limit for this statistic is calculated as

ζ2 � gϕχ2
αphϕq, (2.15)

with confidence p1� αq100% and where

gϕ � r{τ 4 � θ2{δ4
r{τ 2 � θ1{δ2 (2.16)

and

hϕ � pr{τ 2 � θ1{δ2q2
r{τ 4 � θ2{δ4 . (2.17)

All of the above performance statistics are quadratic forms. The statistics can therefore

be summarized in the following general form

Indexpxq � xTAx, (2.18)

where A depends on the specific fault index.

2.4 Fault identification methods

If any of the performance statistics for a new process observation is found to be extreme,

the process is considered to be out-of-control. It is therefore important to determine which

of the process variables are responsible for the drift in process conditions. In multivariate

statistical process control this is often referred as the diagnostic step. The use of contribu-

tion plots, first introduced by MacGregor and Kourti (1995), have become the method of

choice for out-of-control diagnosis in PCA monitoring applications. Variable contribution

analysis is the decomposition of the fault detection statistic into a sum of terms, such that

each term corresponds to one of the process variables. These terms are called variable

contributions. Variables with large contributions are considered responsible for the pro-

cess drift. Hence, suppose it is possible to decompose the fault index (2.18) as the sum of
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p parts as follows

Indexpxq �
p̧

i�1

contribi. (2.19)

If each part can be associated with a specific process variable, using some predefined crite-

rion, then contribi constitutes the contribution of variable i to the statistic. Consequently

the ith process variable that corresponds to the largest contribi is identified as the variable

most likely to be the cause of the process deviation.

Therefore, given an abnormal fault detection statistic, contribution analysis tries to

analyse this statistic to ascertain which variables caused this out-of-control behaviour.

A relative importance ranking, called variable contribution, is then provided. Process

engineers can therefore use this relative ranking of process variables in combination with

fundamental understanding to identify what needs to be done in order to again operate

within the IOC state.

When considering the quadratic nature of the fault identification statistic, as summa-

rized by the expression in (2.18), it is clear that there is no unique way of factorising the

fault statistic into a sum of independent terms, each related to a single process variable.

Hence, as a result, many different methods have been proposed for variable contribution

calculation. A detailed summary of these techniques is given by Alcala and Qin (2011).

Three popular variable contribution methodologies for consideration are

• complete decomposition contributions,

• partial decomposition contributions and

• reconstruction based contributions.

The complete decomposition (CD) contribution of the ith variable is given in Alcala

and Qin (2011) as

CDi �
�
ξTi A

1
2 x
	2

, (2.20)

where ξTi is the ith row of the identity matrix I : p� p. These contributions are therefore

always positive.

The definition of partial decomposition (PD) contribution is reported in Alcala and

Qin (2011) for the ith variable as

PDi � xTAξiξ
T
i x. (2.21)
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Different from CD contributions, PD contributions can take on negative values. Even

though different factorizing methodologies are employed by CD and PD contributions, it

can be shown that both add up to the value of the corresponding statistic (Alcala and

Qin, 2011).

The factorizations that define the complete and partial decomposition contributions

can be combined into a generalized decomposition (GD) contribution. The following def-

inition is provided by Alcala and Qin (2011),

GDi � xTA1�%ξiξ
T
i A%x (2.22)

for 0 ¤ % ¤ 1. Therefore if % � 1
2

then GD contribution equals CD contribution and when

% � 0 or % � 1 then PD contribution is obtained.

Reconstruction-based (RB) contributions are different from CD and PD contributions.

RB contributions determine how much each variable needs to be reconstructed in order to

minimize the value of the performance statistic. The RB method of calculating variable

contributions is therefore an optimization analysis of the statistic. It is therefore not

related to a specific decomposition of the fault identification statistic. RB contributions,

developed by Alcala and Qin (2011), considers, for each of the process variables i �
1, . . . , p, the reconstructed vector

zi � x� fiξi, (2.23)

with fi representing a real constant value. The corresponding fault identification index

value of the ith reconstruction zi equals

zTi Azi � px� fiξiqTApx� fiξiq (2.24)

� }x� fiξi}2A. (2.25)

The objective of RB contribution analysis is to find the value of fi such that (2.24) is as

small as possible. After differentiating (2.24) w.r.t fi and equating it to zero it is found

that the minimizing value of fi is

f̂i �
�
ξTi Aξi

	�1

ξTi Ax. (2.26)

Using equations (2.24) and (2.26), Alcala and Qin (2011) define the RB contribution of
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the ith variable as

RBi � }f̂iξi}2A
� }ξi

�
ξTi Aξi

	�1

ξTi Ax}2A
�

�
ξi

�
ξTi Aξi

	�1

ξTi Ax
�T

A
�
ξi

�
ξTi Aξi

	�1

ξTi Ax
�

� �
ξTi Aξi

��2
xTAξiξ

T
i Aξiξ

T
i Ax

�

�
ξTi Ax

	2

ξTi Aξi
. (2.27)

From (2.27) it is clear that RB contributions are always positive, but it does not neces-

sarily add up to the performance statistic.

2.5 Fault smearing

Westerhuis et al. (2000) were the first to point out the contamination that is present in

variable contributions based on the complete decomposition. The contamination refers

to the contribution of one variable that is present in the contributions of other variables.

Contributions of non-faulty variables therefore appear larger because of the influence of

faulty variables. The effect of the fault can therefore be seen as being smeared out across

all of the variables. Hence this contamination is often referred to as the smearing effect.

Consider again the CD contributions as defined in (2.20). Van den Kerkhof, Vanlaer, Gins

and Impe (2013) demonstrates that the CD contribution of the ith variable can be written

as a function of a linear combination of all the variables. The CD contribution based on

the T 2 statistic can be rewritten as

CDT 2

i �
�
βT

2

i xi �
p̧

j�1,j�i

ηT
2

ij xj

	2

, (2.28)

where

βT
2

i � °r
k�1 λ

� 1
2

k v2ik and ηT
2

ij � °r
k�1 λ

� 1
2

k vikvjk. (2.29)

Similarly the SPE based CD contribution can be rewritten as
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CDSPE
i �

�
βSPEi xi �

p̧

j�1,j�i

ηSPEij xj

	2

, (2.30)

with

βSPEi � 1�°r
k�1 v

2
ik and ηSPEij � �°r

k�1 vikvjk. (2.31)

The presence of variables xj, j � i in the CD contribution calculations, given in (2.28) and

(2.30), is a clear indication of fault smearing. The role of correlation in CD contribution

fault smearing can now be understood when looking at (2.28) and (2.30). Recall from

(2.4) that the PCA approximated correlation between the variables i and j can be written

as

ŗ

k�1

λkvikvjk. (2.32)

The coefficients ηT
2

ij and ηSPEij in the CD variable contribution calculation are therefore

closely related to the correlation between variables. Note that the coefficient of variable

j in the variable contribution calculation of variable i is the same as that of variable i

in the contribution calculation of variable j. Therefore, if the correlation is large it can

be expected that both variable i and j will have relatively large variable contributions.

Van den Kerkhof, Vanlaer, Gins and Impe (2013) also give expressions similar to (2.28)

and (2.30) for PD and RB contributions. The T 2 based PD variable contribution (2.21)

is rewritten as

PDT 2

i � xi

�
γT

2

i xi �
p̧

j�1,j�i

τT
2

ij xj

	
, (2.33)

with

γT
2

i � °r
k�1 λ

�1
k v2ik and τT

2

ij � °r
k�1 λ

�1
k vikvjk. (2.34)

The PD contribution based on the SPE statistic is rewritten as
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PDSPE
i � xi

�
βSPEi xi �

p̧

j�1,j�i

ηSPEij xj

	
. (2.35)

Contributions calculated using the reconstruction approach are rewritten as follows

RBT 2

i �
�
γT

2

i xi �
p̧

j�1,j�i

τT
2

ij xj

	2

{γT 2

i , (2.36)

RBSPE
i �

�
βSPEi xi �

p̧

j�1,j�i

ηSPEij xj

	2

{βSPEi . (2.37)

The reconstruction based contribution was originally introduced by Alcala and Qin (2009)

to address the smearing effect. However, from Van den Kerkhof, Vanlaer, Gins and Van

Impe (2013) and the above it is learned that the smearing effect is present in CD, PD

and RB contribution analysis. The smearing effect will therefore incorrectly inflate the

importance of variables that do not carry information on the process fault for all tradi-

tional fault diagnosis techniques. Fault smearing poses a serious obstacle in the correct

interpretation of multivariate process faults (Liu et al., 2014).

2.6 Process fault types

Given the complexity of the processes often monitored using PCA, it implies that the char-

acteristics of the faults encountered are not simplistic. As illustrated earlier, multivariate

statistical process control is employed as an analysis that is additional to univariate statis-

tical process control, with the objective of identifying process conditions that violate the

correlation structure in process variables. That is, the process drifts are observed when

the variables are univariately in-control. The deviations in process variables that give rise

to these multivariate out-of-control states can be classified into three general process vari-

able fault classes called single, multiple and multivariate sensor faults (Van den Kerkhof,

Vanlaer, Gins and Van Impe, 2013). Note that this terminology should not be confused

with terms often used in control engineering. A sensor in this setting refers to a process

variable that is considered in the PCA model. The three sensor faults are defined as follows:

1. Single sensor fault

Single sensor faults are observed as a result of a constant deviation in one of the
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process variables. This is the most elementary of fault types. Let xioc : p � 1

represent an observation recorded when the process being monitored had the IOC

characteristics. For a real value f P IR, the single sensor fault, induced by the ith

process variable, is defined as

x�single � xioc � fξi. (2.38)

Note that x�single : p� 1 can only be considered faulty if f is large enough such that

at least one of the fault detection statistics (2.9),(2.11) or (2.13) quantifies it to be

different from the IOC samples.

2. Multiple sensor fault

Multiple sensor faults are realised when more than one single sensor fault occurs

at the same time. To illustrate, consider the case when two single sensor faults

simultaneously cause a process upset. Let

x
�piq
single � xioc � f1ξi, (2.39)

represent the first single sensor fault where a constant f1 P IR has been added to the

ith position of xioc. Similarly let the second single sensor fault be given by

x
�pjq
single � xioc � f2ξj, (2.40)

with a fault size f2 P IR added to the j � ith variable. In isolation both x
�piq
single and

x
�pjq
single will be out-of-control according to the PCA monitoring. Notice that both

these single sensor faults have deviated from the same underlying IOC vector xioc.

The following vector,

x�multiple � xioc � f1ξi � f2ξj, (2.41)

is defined as a multiple sensor fault if it is out-of-control for at least one of the PCA

fault identification indices subject to the vectors xioc�f1ξi and xioc�f2ξj being single

sensor faults. This exact definition of multiple sensor faults has not been explicitly

defined previously in the MSPM literature. In previous discussions (e.g. Van den
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Kerkhof, Vanlaer, Gins and Impe (2013)) the authors ignored the requirement that

the single sensor faults should independently yield the faulty condition. They simply

define a multiple sensor fault as a sum of two constants fa P IR and fb P IR in positions

i and j,

x�multipleold � xioc � faξi � fbξj, (2.42)

for i � j. This definition will be referred to as the old multiple sensor fault definition.

Given this definition, the possibility exists that either

xioc � faξi, (2.43)

or

xioc � fbξj, (2.44)

will not result in a faulty condition. If one of these single sensor expressions is

in-control, then the specific single sensor’s role in (2.42) can be replaced with an

in-control vector x�ioc. Expression (2.42) can therefore, for example, be expressed as

x�multipleold � x�ioc � fbξj, (2.45)

where x�ioc � xioc � faξi. The old multiple sensor fault definition will therefore, in

some instances, actually take on the form of the single sensor fault.

3. Multivariate sensor fault

To the best of the author’s knowledge, no definition has previously been provided in

the MSPM literature to describe the following fault type. The multivariate sensor

fault is defined as the occurrence of multiple deviations, where if these deviations

happened independently, none of them would yield a single sensor fault. That is,

x�multivariate � xioc � fiξi � fjξj, (2.46)

44



with i � j and fi, fj P IR, is defined as a multivariate fault if x�multivariate is out-of-

control, subject to both

xioc � fiξi (2.47)

and

xioc � fjξj (2.48)

being in-control.

It is obvious that, in practice, it is not known what the fault type associated with an

out-of-control observation is. However, it is important to define these fault classes in order

to evaluate the fault diagnosis ability of the different fault identification methods. This is

usually quantified using mathematical or simulation analysis.

2.7 Mathematical fault diagnosis-ability

Alcala and Qin (2011) state that a diagnosis method can only be considered for application

in practice if it can correctly diagnose the most simplest of faults. The single sensor fault

xfaulty � xioc � fξj, (2.49)

with the IOC vector xioc equal to the mean of the IOC data. Recall that the mean of the

IOC dataset is equal to zero due to the preprocessing performed. The single sensor fault

can therefore be written as

xfaulty � x̄ioc � ξjf
� ξjf. (2.50)

The ability of the contribution techniques to diagnose this simple single sensor fault will

now be presented. Please refer to Alcala and Qin (2011) for a more comprehensive discus-

sion on the diagnosability requirement.
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2.7.1 Complete decomposition contribution

The CD contribution, defined by (2.20), of variable i for the fault vector xfaulty (2.50)

equals

CDi �
�
ξTi A

1
2 xfaulty

	2

(2.51)

� ξTj A
1
2ξiξ

T
i A

1
2ξjf

2, (2.52)

where xfaulty � ξjf for i � j and the contribution of the variable position where the fault

occurs is given by

CDj � ξTj A
1
2ξjξ

T
j A

1
2ξjf

2, (2.53)

for i � j. Correct fault identification is achieved when the contribution calculated in

position j is the largest amongst all i.e., when

CDj ¥ CDi�
ξTj A

1
2ξj

	2

¥
�
ξTi A

1
2ξj

	2

. (2.54)

@j � i. The above inequality does not always hold true. CD contribution analysis therefore

fails the simple single sensor fault diagnosis test.

2.7.2 Partial decomposition contribution

Variable i’s PD contribution for xfaulty is obtained by substituting (2.50) into (2.21)

PDi � ξTj Aξiξ
T
i ξjf

2

� 0, (2.55)

since ξTi ξj � 0 for i � j. The contribution of the faulty variable is obtained by setting

i � j

PDj � ξTj Aξjξ
T
j ξjf

2. (2.56)
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The correct identification of variable j as the faulty variable is realised when

PDj ¥ PDi

ξTj Aξj ¥ 0, (2.57)

@j � i. In other words correct faulty variable isolation is obtained when the matrix A is

positive definite. In the case of the T 2 and SPE statistics, the matrix A is known to be

positive definite. It can therefore be concluded that PD contributions will always identify

the correct variables in the simple one sensor fault case.

2.7.3 Reconstruction based contribution

Substituting (2.50) into (2.27) gives the RB contributions for xfaulty as

RBi �

$'''&
'''%

�
ξTi Aξj

	2

ξTi Aξi
f 2 for i � j�

ξTj Aξj

	2

ξTj Aξj
f 2 for i � j.

(2.58)

Correct fault isolation is achieved when

RBj ¥ RBi

ξTj Aξj ¥

�
ξTi Aξj

	2

ξTi Aξi
. (2.59)

It follows from the positive semidefinite properties of A that the above inequality is true.

Therefore, given the fault (2.50), it follows that RB contribution analysis will always detect

the correct fault.

Diagnosis-ability analysis is a quick analysis that can be done to determine if a certain

fault diagnosis technique is worth further investigation. The above analysis shows that only

partial decomposition and reconstruction based contribution analysis pass the diagnosis-

ability test.
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2.8 PCA fault diagnosis simulation study

2.8.1 Objective

In this section a simulation study will be formulated to evaluate the diagnosis abilities

of the methods described in Section 2.4. This will be done by defining an IOC dataset

that will represent the reference used to construct the PCA model. A large array of

fault examples will then be simulated from the three fault classes discussed in Section

2.6. The contribution analysis diagnosis techniques will then be used to scrutinise these

simulated faults to determine their ability to correctly identify the faulty sensors. Hence,

a general view of the impact of fault smearing using simulated data will be given. The

results obtained using this simulation only apply to the simulated data set. However, it

is envisioned that this simulation study will provide additional insight into the expected

performance of the different diagnosis techniques in practice.

2.8.2 Data definition

The process under consideration is identified by seven variables x7�1 �
�
x1 x2 . . . x7

�T
.

The following PCA model will be used to simulate example observations from this process

when operating under the ideal conditions:

�
�����
x1

x2
...

x7

�
����� � V7�4t4�1 � e7�1 (2.60)

�

�
������������

0.55 0.31 �0.02 �0.10

�0.22 0.43 0.61 0.13

0.24 �0.40 0.54 0.30

�0.47 �0.13 0.04 0.59

�0.36 0.30 0.37 �0.53

�0.22 0.53 �0.41 0.33

�0.44 �0.42 �0.17 �0.38

�
������������

�
�����
t1

t2

t3

t4

�
������

�
�����
e1

e2
...

e7

�
����� (2.61)
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where ti for i � 1, . . . , 4 is distributed normal as follows:

t1 � Np0, 1.54q (2.62)

t2 � Np0, 1.13q (2.63)

t3 � Np0, 1.08q (2.64)

t4 � Np0, 0.89q. (2.65)

The residual vector e : 7�1 �
�
e1 e2 . . . e7

�T
is distributed multivariate normal as

e � MNp0,Σeq, (2.66)

with 0 : 7� 1 a vector of zeros and

Σe : 7� 7 �

�
������������

0.15 �0.01 �0.01 0.11 0.03 �0.03 0.07

�0.01 0.20 �0.09 �0.08 �0.20 �0.05 0.11

�0.01 �0.09 0.25 �0.10 0.10 0.24 0.07

0.11 �0.08 �0.10 0.19 0.08 �0.14 �0.07

0.03 �0.20 0.10 0.08 0.20 0.06 �0.09

�0.03 �0.05 0.24 �0.14 0.06 0.25 0.09

0.07 0.11 0.07 �0.07 �0.09 0.09 0.17

�
������������
. (2.67)

This model structure has been derived from a PCA model applied to an actual data set

from a commercial process. Therefore, although the data are simulated, it is representative

of data observed on a real life process plant. Due to intellectual property constraints the

actual data cannot be provided. A similar simulation data model was provided by Alcala

and Qin (2011). It is the author’s opinion that their simulated data set is overly simplified.

For example, in Alcala and Qin (2011), it is assumed that the error vector can be replaced

by a normally distributed variable.

2.8.3 PCA results

Using this model, 2000 observations were simulated to construct the IOC matrix X :

2000�7. This matrix was then centered and scaled before calculating the PCA information.

Figure 2.1 give histograms to convey the distributional properties of the values observed

for the individual simulated variables.
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Figure 2.1: Distributions of simulated process variables.

The PCA model fitted is based on four principal component vectors. The amount of

variability captured by this model is equal to 80.45% which is considered sufficient given

the process of interest. The critical values of the three fault identification statistics are

listed in Table 2.1 for this PCA model.
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Table 2.1: Critical values of fault identification statistics for the PCA model fitted on simulated
data.

Statistic Critical value
SPE 3.73
T 2 9.49

Combined 1.62

2.8.4 Fault diagnosis results

Faulty vector examples will now be constructed using the definitions specified in Sec-

tion 2.6. The ability of the contribution analysis techniques to detect the process faults

correctly will now be evaluated.

2.8.4.1 Single sensor fault

The first fault type that will be considered is the single sensor fault type. That is, faulty

vectors were constructed based on the following expression

xfaulty � xioc � fξi, (2.68)

for a specific variable i, explained in Section 2.6. The fault free part in this expression

was established in three ways i.e., the vectors representing IOC were determined using

the three different fault detection statistics. Therefore, three sets of single sensor fault

examples were created, each corresponding to one of the fault identification statistics. For

each of these three sets of fault data the following was done:

1. For every fault size f in the set of fault magnitudes 0.1, 0.2, 0.3, . . . , 5,

2. generate 5000 IOC samples that are in-control based on a particular fault detection

statistic,

3. for each IOC sample randomly select a process variable j,

4. if the selected IOC sample is part of the first 2500 samples, then add f to the selected

process variable,

5. otherwise subtract f from the jth variable in the selected IOC sample.
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In doing this 250000 possible single sensor faulty examples are obtained, for each

statistic. These observation vectors were then filtered to identify only those that are out-

of-control based on the corresponding statistic’s critical value. Additionally, as motivated

in Section 2.6, the data were filtered and only those vectors that are univariately inside

the IOC ranges as given by Figure 2.1 are retained. The number of single sensor faulty

data vectors is reported in Table 2.2.

Table 2.2: The number of single sensor faults simulated.

Statistic # single sensor faults
SPE 47786
T 2 14283

Combined 49576

Figure 2.2 gives frequencies of the fault identification statistics observed for the simu-

lated single sensor faults. The fault statistic sizes are therefore skewed towards the smaller

magnitudes.

The contribution analysis techniques of Section 2.4 were then applied to these single sen-

sor vectors to identify the faulty variables. The results are summarised in Figures 2.3, 2.4

and 2.5. The percentage of variables that was correctly identified as being the cause of

the deviation, by the different variable contribution methods, is plotted for each of the

absolute fault magnitudes. As an example, in Figure 2.3 it is illustrated that for a fault

size of three the RB method correctly identified the faulty variable in 60% of the cases.

In comparison, the PD method achieves about 90% accuracy for the same fault size.

Even though single sensor faults are the simplest type of fault that can occur, it is clear

from Figure 2.3 that none of the variable contribution techniques, applied to the SPE

statistic, achieve 100% correct diagnosis across the range of fault sizes. Of the three vari-

able contribution techniques, PD contribution analysis is the only technique that attains

a correct diagnosis rate that is close to 100% for a fault size close to five. The highest

correct diagnosis is achieved at the larger fault magnitudes (¡ 4). The deductions that

can be made on the relative performance of the different contribution analyses in Figures

2.4 and 2.5, for the T 2 and Combined statistics respectively, are similar to those from

Figure 2.3.
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Figure 2.2: Distributions of fault identification statistic sizes observed for the simulated single
sensor faults.

It should be re-emphasised that all of the samples evaluated in Figures 2.3, 2.4 and 2.5

were out-of-control based on the corresponding 95% control limit. Therefore, it is equally

important across all fault sizes that the diagnosis results are acceptable. It is therefore

concerning to observe the poor behaviour of the different methods for the smaller fault

magnitudes. In most cases the reported correct diagnosis rate does not exceed 40% at

fault sizes smaller than 0.5. This is not acceptable for application in practice. The results

therefore suggest that the contribution analysis techniques are not ideal for the diagnosis

of the most simplistic fault type i.e., single sensor faults. Therefore, it is expected that

the performance of these techniques will be much worse when more complex fault types

are considered.
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Figure 2.3: Correct diagnosis of faulty variables expressed relative to the magnitude of the fault
induced. Contributions were calculated using the SPE index and corresponding PCA model.
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Figure 2.4: Correct diagnosis of faulty variables expressed relative to the magnitude of the
single sensor fault induced. Contributions were calculated using the T 2 index and corresponding
PCA model.
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Figure 2.5: Correct diagnosis of faulty variables expressed relative to the magnitude of the single
sensor fault induced. Contributions were calculated using the Combined index and corresponding
PCA model.

2.8.4.2 Multiple sensor fault

The diagnostic performance of the contribution analysis methodology for the multiple

sensor fault type is now evaluated. Two dimensional multiple sensor fault examples were

generated using the following expression

xfaulty � xioc � fξi � fξj, (2.69)

for i � j and with xioc�fξi and xioc�fξj larger than the control limit of the chosen fault

detection index. Note that this is a simplified version of the multiple sensor fault where

the faults added to the ith and jth process variables are identical. This simplification was

made in order to limit the number of potential multiple sensor faulty samples that can be

simulated. It will also make it easier to interpret the simulation results.

Potential multiple sensor faulty vectors were created as follows:

1. For every fault size f in the set of fault magnitudes 0.1, 0.2, 0.3, . . . , 5,

2. generate 20000 IOC samples, that are in-control based on a particular fault detection

index,
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3. for each IOC sample, xioc, randomly select two process variables i and j with i � j,

4. if the selected IOC sample is part of the first 10000, then add f to the selected

process variables,

5. otherwise subtract f from the ith and jth position in selected IOC sample,

6. check if the single sensors xioc � fξi and xioc � fξj are both out-of-control,

7. if the two single sensors are faulty then create a multiple sensor fault,

8. otherwise return to step 3.

The potential multiple sensor fault vectors were then filtered to identify only those

that are out-of-control based on the corresponding statistic’s critical value. The number of

faulty vectors identified for each of the fault detection indices is listed in Table 2.3. Figure

2.6 gives frequencies of the fault identification statistic sizes observed for the simulated

multiple sensor faults.

Table 2.3: The number of multiple sensor faults simulated.

Statistic # single sensor faults
SPE 55626
T 2 9010

Combined 62808

The diagnostic ability of the contribution analysis techniques introduced in Section 2.4

was evaluated using these multiple sensor fault vectors. The results are summarised in

Figures 2.7, 2.8 and 2.9. These graphs depict the percentage of the vectors for which the

correct variable pair was identified as being the cause of the multiple sensor fault, by the

different variable contribution methods.

For example, the contribution analysis results for the SPE statistic, in Figure 2.7,

shows that none of the techniques achieve a correct fault isolation rate higher than 80%.

The PD technique, relative to the other two methods, display the best results. It is

important to note the poor diagnostic performance at the smaller fault sizes in all three

graphs i.e., Figures 2.7, 2.8 and 2.9. In many of the cases the correct diagnosis rate does

not exceed 30% for fault sizes smaller than 0.5. The simulation results therefore suggest

that the contribution analysis techniques are not well suited for the diagnosis of multiple

sensor faults.
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Figure 2.6: Distributions of fault identification statistic sizes observed for the simulated multiple
sensor faults.
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Figure 2.7: Correct diagnosis of faulty variables expressed relative to the magnitude of the mul-
tiple sensor fault induced. Contributions were calculated using the SPE index and corresponding
PCA model.
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Figure 2.8: Correct diagnosis of faulty variables expressed relative to the magnitude of the mul-
tiple sensor fault induced. Contributions were calculated using the T 2 index and corresponding
PCA model.
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Figure 2.9: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multiple sensor fault induced. Contributions were calculated using the Combined index and
corresponding PCA model.

2.8.4.3 Multivariate sensor fault

The third fault type considered is the multivariate sensor fault. Potential multivariate

sensor faults, with deviations in two of the process variables, were generated using the

following equation

xfaulty � xioc � fξi � fξj, (2.70)

for i � j and with the vectors xioc�fξi and xioc�fξj both representing in-control vectors.

This represents a simplified version of the multivariate sensor fault where the faults added

to the ith and jth process variables are identical. This simplification was made in order to

limit the number of potential multivariate sensor faulty samples that can be simulated. It

will also make it easier to interpret the simulation results.

Potential multivariate sensor faulty vectors were created as follows:

1. For every fault size f in the set of fault magnitudes 0.1, 0.2, 0.3, . . . , 5,

2. generate 20000 IOC samples, that are in-control based on a particular fault detection

index,
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3. for each IOC sample, xioc, randomly select two process variables i and j with i � j,

4. if the selected IOC sample is part of the first 10000, then add f to the selected

process variables,

5. otherwise subtract f from the ith and jth position in selected IOC sample,

6. check if the single sensors xioc � fξi and xioc � fξj are both in-control,

7. if the two single sensors are not faulty then create a multivariate sensor fault,

8. otherwise return to step 3.

The potential faulty vectors were then filtered, using the fault identification indices, to

identify only those which are multivariately out-of-control. The sample sizes of the faulty

vectors, for each of the fault indices, are summarised in Table 2.4. Figure 2.10 gives the

distributions of the fault statistic evaluations of these faulty observations.

Table 2.4: The number of multivariate sensor faults simulated.

Statistic # single sensor faults
SPE 12519
T 2 66232

Combined 21259

Similar to the simulation studies of the single and multiple sensor faults, the diagnos-

tic ability of the contribution analysis techniques will now be demonstrated using these

simulated multivariate sensor fault examples. The results are displayed in Figures 2.11,

2.12 and 2.13. Simulation results of the contribution analysis based on the SPE statistic,

in Figure 2.11, again show that the PD contribution is to be preferred as it achieves 100%

correct diagnosis at a fault size of about 3.5. Figure 2.12 illustrates, for the T 2 based

contribution analysis, that PD is the only method that attains 100% correct diagnosis.

The simulation outcome for the contribution analysis of the Combined statistic, in Figure

2.13, is much more favourable, compared to other two statistics. All three methods report

percentages that can be considered to be identical. A 100% correct diagnostic rate was

achieved for a fault magnitude of three and larger. It is again important to note that

for the smaller fault sizes the diagnostic performance is not acceptable. It can there-

fore be concluded that the contribution analysis approaches are not suitable to diagnose

multivariate sensor faults.
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Figure 2.10: Distributions of fault identification statistic sizes observed for the simulated mul-
tivariate sensor faults.
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Figure 2.11: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multivariate sensor fault induced. Contributions were calculated using the SPE index and
corresponding PCA model.
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Figure 2.12: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multivariate sensor fault induced. Contributions were calculated using the T 2 index and corre-
sponding PCA model.
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Figure 2.13: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multivariate sensor fault induced. Contributions were calculated using the Combined index and
corresponding PCA model.

2.9 Recent developments in fault diagnosis analysis

In this section interesting developments in fault diagnosis research will be listed. Many

researchers agree that fault smearing is an important shortcomming of the traditional

diagnostic methodologies that needs to be addressed. See for example Liu (2012), Liu

et al. (2014) and Ji et al. (2018). The RB contribution (Alcala and Qin, 2011) was

one of the first attempts to alleviate fault smearing. However, it is still present as was

demonstrated in the simulation study of the previous section. Shang et al. (2016) showed

that RB contributions give diagnosis results that are misleading. Ji et al. (2016) indicated

that RB contributions have diminished effect when the latent variable dimension equals

one. Liu et al. (2012) introduced the reconstruction based block (RBB) contribution to

quantify the importance of grouped process variables. Since RBB contributions are based

on the methodology of RB contribution it still suffers from the smearing effect.

Recently most of the published research is motivated by the use of sparse learning for

improved fault diagnosis. Examples are Yan and Yao (2015), Liu et al. (2019) and Shang

et al. (2019). It is theorised that only a few process variables are responsible for most

multivariate deviations (Dunia and Joe Qin, 1998). The fault reconstruction problem is

reformulated as the search for a constrained subset of reconstructed variables that will
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minimize the out-of-control fault detection index. Branch and bound (B&B) algorithms

have been implemented to solve this nonlinear optimization problem. See Kariwala et al.

(2010) and He et al. (2012). However, the high computational cost of the B&B algorithm

has made online implementation difficult (Yan and Yao, 2015). A fault isolation strategy

based on variable selection is put forward by Yan and Yao (2015) to address this limitation.

They transform the reconstruction problem into a quadratic programming problem that

can be solved using the least absolute shrinkage and selection operator (LASSO) (Hastie

et al., 2001).

In Shang et al. (2019) it is argued that the individual evaluation of process variables for

fault diagnosis makes plant-wide interpretation difficult. It is therefore motivated that

contribution analysis should be performed on groups of variables. Where the variables are

typically grouped according to their physical location in the plant. Shang et al. (2019)

extends the ideas of Yan and Yao (2015) by defining a generalised grouped contribution

that is based on the group Lasso (Yuan and Lin, 2006). This methodology will identify

a specific group of variables as being important to diagnose the multivariate deviation.

Additionally it also provides individual importance measures for the variables inside the

identified group. The proposed diagnosis methodology is therefore hierarchical.

Other interesting developments in fault diagnosis are:

• Liu (2012) proposed an approach that construct contribution plots without smearing

effect on non-faulty variables. In this method a subspace of variables is identified

that can be used to interpret the deviation. The subspace of variables is identified

using a missing variable approach (Qin et al., 1997). Each process variable in this

subset have individual importances assigned to them.

• Zhang et al. (2018) developed a new methodology for improved fault detection in

the residual subspace. An associated fault diagnosis strategy based on contribution

analysis is suggested. In this diagnosis strategy the extreme scores are identified.

Variable importances are then calculated as the total contribution across the devi-

ating scores.

All of the research referenced in this section are different ways of calculating individual

variable importance measures that can be used to interpret multivariate process deviations.

In Chapter 3 it will be motivated that individual variable contributions can potentially be

ineffective in explaining the nature of multivariate process deviations. A new methodology

based on pairwise variable contributions will be introduced.
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2.10 Summary

In this chapter the most popular method employed in industrial applications for multi-

variate statistical process monitoring i.e., Principal Component Analysis (PCA), has been

reviewed. It was illustrated how, based on historical data representing ideal operating

conditions (IOC), PCA can be used to identify if future process characteristics are sta-

tistically similar or otherwise to the IOC data. The formulation of the three statistical

measures commonly used to do this identification was discussed. Two fault types are

widely accepted as deviations that can occur in practice, single and multiple sensor faults.

It was determined that the formulation of the multiple sensor fault to be incomplete since

in the definition it allows for realisation of single sensor faults. The definition has there-

fore been updated to clearly distinguish between single and multiple sensor faults. A new

fault type referred to as a multivariate sensor fault was also specified. In addition to the

identification of the deviation, it is also important to diagnose the process abnormality.

In other words, it is critical to understand which variables convey meaningful information

that can be used to interpret the multivariate deviation. This diagnosis of process faults

was the main focus of this chapter.

The well established contribution analysis methodology for fault diagnosis was sum-

marised. A specific focus was on the three main contribution analysis methods i.e., Com-

plete decomposition (CD), Partial decomposition (PD) and Reconstruction-based (RB)

contribution analysis. The objective of these approaches is to calculate an individual im-

portance for each process variable that quantify how much each variable contribute to the

multivariate deviation. It is well documented in literature that contribution analysis suf-

fers from a condition known as fault smearing. This condition makes it difficult to isolate

the individual contribution of a process variable on the deviation observed.

A simulation study, similar to the one used in literature (Van den Kerkhof, Vanlaer,

Gins and Impe, 2013), was presented to illustrate the diagnostic performance of the contri-

bution analysis techniques. The formulation of the simulation study was made to be more

stringent compared to those found in literature which are too simplistic and not a good

representation of reality. The structure of the proposed simulation model has been derived

from a PCA model that was constructed using actual process data. A large number of

potential samples from the three fault classes was created for different fault sizes. Only

samples that are univariately inside the IOC bounds were considered in the specification

of these vectors. Note that this constraint is omitted in the definition of the simulation

studies found in literature (Alcala and Qin (2011)). A subset of the potential samples

is identified which are out-of-control based on the different fault identification statistics.

The contribution analysis techniques were then utilised to diagnose the faulty vectors.
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The diagnostic performance was reported as the number of samples correctly diagnosed

for a specific fault size. A fault was correctly diagnosed if the process variable on which

the sensor fault was induced attains a relatively high contribution value.

The results of this simulation study suggest that the PD contribution analysis method

should be preferred, since its diagnostic results consistently outperform the CD and RB

methods. Given that all of the samples used in the simulation study are multivariately out-

of-control at a specified confidence level, it is important that the diagnostic performance

is acceptable for all of the fault sizes considered. This is a sensible requirement since

in practice the size and dimension of the sensor fault induced is not known. For the

smaller fault sizes, poor diagnostic performance was consistently observed throughout the

simulation study i.e., for CD, PD and RB contribution analysis across all fault types

and fault detection statistics. From this observation it is concluded that the traditional

diagnostic techniques i.e., CD, PD and RB contribution analysis, are not suitable for

application in industry. A section that highlights recent research that aims to improve

on traditional contribution analysis is provided. Common to all of these techniques is

the attempt to assign an individual importance to process variables. In Chapter 3 it will

be demonstrated that the individual ranking of variables can lead to multivariate fault

interpretations that are misleading.

The information captured in this chapter act as the motivation that a new methodology

is required for the diagnosis of multivariate process faults.
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Chapter 3

New Methodology for PCA Fault

Diagnosis

3.1 Introduction

The fault identification step in multivariate statistical process monitoring is of little value

to plant engineers if it is not accompanied by a diagnostic analysis that provide a clear

interpretation of why the process is identified as being statistically different from multi-

variate common cause variability. In the previous chapter, PCA was introduced as the

most popular technique used for multi-variable process fault detection and diagnosis. The

discussion around the contribution analysis methodology, often employed for diagnostic

purposes, illustrated that a different method is required to assist in providing insight into

multivariate process faults.

The purpose, therefore, of this chapter is to present an alternative methodology for PCA

fault diagnosis. It will be argued that the question which traditional diagnostic approaches

attempt to answer is not appropriate. The new diagnostic method motivated is accompa-

nied with a new way of thinking when it comes to the diagnosis of PCA process faults.

3.2 Motivation

The common thread in the PCA fault diagnosis methodologies discussed so far is that

each of the techniques attempts to calculate an individual importance measure that can

be used to identify and rank the variables responsible for the process drift. It was learnt

from the underlying theory and simulation study that correlation has a noticeable effect

on the existing fault diagnosis methodologies. For example, in the simulation study pre-

sented in Chapter 2 it was observed that the current fault diagnosis techniques confound

variables with one another that are highly correlated. This is especially clear when the
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fault sizes were relatively small.

Another reason why these approaches are not appropriate for fault diagnosis can be illus-

trated when considering Figure 3.1. In this illustration two highly correlated variables, x1

and x2 are plotted. It will be assumed that these two variables fully describe the process

being monitored. The data points representing the IOC data are grey in color and are

bounded by the red 95% T 2 confidence ellipse. The blue point, xfaulty is an example of

an out-of-control observation. From previous discussions, the out-of-control point can be

decomposed as the sum of an in control point pxiocq plus some error vector pεq i.e.,

xfaulty � xioc � ε. (3.1)

In the bottom graph of Figure 3.1 it is observed that the faulty blue point is generated as

follows

xfaulty � xNioc �
�
f 0

�T
, (3.2)

where xNioc represents the in control point marked with a triangle (N) in the graph. The

size of the fault f is represented by the horizontal broken line for x1. Similarly the top

graph in Figure 3.1 shows that it is possible to arrive at the blue point using the following

configuration

xfaulty � x�ioc �
�
0 f�

�T
, (3.3)

with x�ioc representing the in control observation marked with a square (�) and f� repre-

sents the fault size given by the vertical broken line for x2. Therefore, Figure 3.1 illustrates

that it is possible to arrive at the same out-of-control point by inducing faults on different

variables. Hence, with information on the out-of-control point only, it is impossible to

attach high importance to either variable, x1 or x2, as being responsible for the process

deviation. The contribution and reconstruction methods discussed so far can therefore

never be expected to correctly identify the process variables that were the cause of the

out-of-control state. A new way of thinking and approach are therefore required in the

diagnosis part of PCA based multivariate statistical process monitoring.
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Figure 3.1: Illustration in two dimensions of why it is incorrect to attribute multivariate process
deviations to only one process variable.
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This motivational illustration is made in two dimensions. It can be demonstrated that it

holds true for higher dimensional spaces. An example will now be given to illustrate that

similar insight can be gained using the simulated seven dimensional IOC data of Chapter

2. The general process of identifying a single sensor fault example that can be generated

from two different in-control samples was:

1. Consider a single sensor fault,

x0f � x0 � f 0ξk, (3.4)

where x0 : p � 1 is a multivariate in-control vector and f 0 is the fault size that is

added in the kth position.

2. Search for a vector x� that is equal to x0 except for the kth and jth position, j � k.

The kth element of x� equals x0k � f 0. The jth element is selected such that x� is an

in-control vector.

3. Determine the magnitude f� that can be added to the jth element of x� such that

the result equals the jth element of x0f .

This implies that, if such an x� can be found, then the single sensor fault x0f can be

generated using both x0 and x�. Using this approach resulted in the following single

sensor fault vector based on the simulated IOC data of Chapter 2:

x0f �
�
�2.0895 0.0373 �2.1604 �1.1621 1.1006 0.7166 0.5563

�T
. (3.5)

This single sensor fault is identified as being out-of-control using the SPE statistic. The

in-control vectors that can be used to construct this single sensor fault are:

x0 �
�
�2.0895 0.0373 �2.1604 1.7379 1.1006 0.7166 0.5563

�T
(3.6)

and

x� �
�
0.8573 0.0373 �2.1604 �1.1621 1.1006 0.7166 0.5563

�T
. (3.7)

Adding f 0 � �2.9 to the fourth entry of the first in-control sample will yield the identified

single sensor fault. The single sensor fault is also obtained by adding f� � �2.9468 to

the first entry of the second in-control sample. The discussion around Figure 3.1 has
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therefore been demonstrated to hold true in this seven dimensional simulation data set. It

is therefore assumed that this problem will be present for any amount of process variables.
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Figure 3.2: Contribution analysis of the single sensor fault example in (3.5) that can be con-
structed by inducing single sensor faults in different process variables. Complete decomposition,
Partial decomposition and Reconstruction based contributions are presented.

The traditional contribution analysis techniques, that were discussed in Chapter 2, were

applied to diagnose the single sensor fault in (3.5). The results of this analysis is sum-

marised by the bar charts in Figure 3.2. In all of the graphs, for the three contribution

analysis techniques, it is observed that the contribution of the first process variable is

approximately double that of the second most important variable. Therefore, the contri-

bution analysis will yield confusing results if the single sensor fault (3.5) was constructed
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by inducing a deviation in the fourth variable of (3.6).

Ideally in this situation it is sensible to expect that the contribution analysis technique

should produce a result that considers the first and fourth variables as equally important.

Since it is impossible to deduce from the limited information which variable was altered

to induce the fault. Traditional contribution analysis techniques will always consider one

variable as being more important than the other. In the next section pairwise variable

contributions are introduced to address this shortcoming.

3.3 Pairwise variable contribution analysis

Motivated by the discussion around Figure 3.1 it is proposed, as an alternative diagnostic

approach, that the fault diagnosis methodologies should focus on ranking the importance

of pairs of variables instead of individual variables. Consider the following 3 dimensional

example. Let x �
�
x1 x2 x3

�T
represent an in-control or IOC sample and let z ��

z1 z2 z3

�T
be an out-of-control observation. Further suppose that the out-of-control

state was achieved by a fault of size f ¡ 0 in the first position of x i.e.,

z �
�
z1 z2 z3

�T
(3.8)

�
�
x1 � f x2 x3

�T
. (3.9)

The vector z is therefore a single sensor deviation from x. It will now be assumed that

the T 2 statistic, as an example, was used to identify that z was extreme. Therefore, from

equation (2.11), the extreme observed T 2 index value for z equals

T 2
z � zTVΛ�1VTz (3.10)

� zTDz (3.11)

¡ χ2
3, (3.12)

where

D � Ŝ�1 (3.13)

� VΛ�1VT , (3.14)

72



for notational convenience. In a fashion similar to the variable contribution techniques,

the T 2 value of z is decomposed into a sum of parts, each part uniquely associated with a

variable pair. This is achieved by using the quadratic form as follows:

T 2
z � zTDz (3.15)

�
�
z1 z2 z3

����
d11 d12 d13

d21 d22 d23

d31 d32 d33

�
��
�
��
z1

z2

z3

�
�� (3.16)

�
3̧

i�1

3̧

j�1

dijzizj (3.17)

�
3̧

i�1

�
di1ziz1 � di2ziz2 � di3ziz3

�
(3.18)

� d11z1z1 � d12z1z2 � d21z2z1 � d22z2z2 �
d11z1z1 � d13z1z3 � d31z3z1 � d33z3z3 �
d22z2z2 � d23z2z3 � d32z3z2 � d33z3z3 �
d11z1z1 � d22z2z2 � d33z3z3 (3.19)

�
�
z1 z2

� �d11 d12

d21 d22

��
z1

z2

�
�
�
z1 z3

� �d11 d13

d31 d33

��
z1

z3

�
�

�
z2 z3

� �d22 d23

d32 d33

��
z2

z3

�
�
�
z1 z2 z3

����
d11 0 0

0 d22 0

0 0 d33

�
��
�
��
z1

z2

z3

�
�� (3.20)

�
2̧ 3̧

i j

zTpi,jqDpi, jqzpi,jq � zTdiagpDqz, (3.21)

where zpi,jq �
�
zi zj

�T
with i � j and

Dpi, jq �
�
dii dij

dji djj

�
, (3.22)

is a 2� 2 sub matrix of the inverse of the PCA approximation of the covariance matrix S.

This decomposition therefore implies that each of the

�
3

2

�
variable pairs can be considered

separately. It can be assumed that each pair represents a newly created variable. An

intuitive way of defining the contribution of the variable pairs to the T 2
z is given by the

Mahalanobis-like distance
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T 2
zpi,jq

� zTpi,jqDpi, jqzpi,jq. (3.23)

Note, from (3.21) that the contribution of these newly created variables i.e., zpi,jq, is

not smeared with information on the other new variables.

On closer inspection of these contributions, it is observed that the term

T 2
zp2,3q � zTp2,3qDp2, 3qzp2,3q (3.24)

� xTp2,3qDp2, 3qxp2,3q, (3.25)

represents a contribution that contain only information of the non-faulty variables 2 and

3. This term will therefore contribute little to the size of the extreme T 2
z value. The size

of T 2
z will therefore largely be determined by the size of

T 2
zp1,2q � zTp1,2qDp1, 2qzp1,2q, (3.26)

and

T 2
zp1,3q � zTp1,3qDp1, 3qzp1,3q, (3.27)

i.e., the contributions that contain the faulty observation, z1, on variable 1. It is also

useful to note, from (3.21), that

T 2
z ¡ χ2

3 (3.28)
2̧ 3̧

i j

zTpi,jqDpi, jqzpi,jq � zTdiagpDqz ¡ χ2
3 (3.29)

ùñ
2̧ 3̧

i j

zTpi,jqDpi, jqzpi,jq ¡ χ2
3. (3.30)

Equation (3.30) follows from the fact that the diagonal entries of D � S�1 are positive,

which implies that the quadratic form zTdiagpDqz is greater than zero. Therefore, the

diagnosis can be performed by only focussing on the T 2
zpi,jq distances. The fault diagnosis

procedure is now similar to the fault detection phase which is an analysis of quadratic

form distance measures. Up till now the focus was on the three dimensional example for
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ease of illustration. The logic also holds true for the p-dimensional case e.g., in p ¡ 2

dimensions equation (3.21) becomes

T 2
z �

p�1̧ p̧

i j

zTpi,jqDpi, jqzpi,jq � pp� 2qzTdiagpDqz. (3.31)

It should also be noted that the T 2 statistic was used as an example, the decomposition

can be applied to any of the PCA fault detection indices described in Section 2.3.

To summarise, the following definition is developed to define pairwise contribution

analysis for PCA based MSPM.

Definition 3.1 The pairwise contribution of process variable i and j for j � i is defined

as

zTpi,jqApi, jqzpi,jq, (3.32)

where

• A � VΛ�1VT for the T 2 statistic (see (2.11)),

• A � ṼṼT for the SPE statistic (see (2.9)),

• A � Φ , as defined in (2.13), for the Combined statistic

and

Api, jq �
�
aii aij

aji ajj

�
, (3.33)

is the 2� 2 dimensional sub matrix of A. The value aij represents the ijth entry of A.

Using good process understanding together with the relative sizes of the pairwise dis-

tances associated with each pair of variables will guide the engineer to understand why the

process being monitored is out-of-control. This approach to fault diagnosis also addresses

an interpretation limitation that accompanies classical single variable PCA contribution

analysis. It was argued in Section 2 that multivariate statistical process control techniques

are applied to identify process characteristic changes when all the process variables are
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operating inside their univariate bounds. Hence, when diagnosing a multivariate fault it

should be assumed that univariately the process is in-control.

The results of the diagnostic analysis should therefore not provide a result that only

gives univariate importance to process variables. Practically a process engineer would not

be able to use this univariate ranking of process variables to fix a multivariate problem. The

pairwise contribution technique gives a multivariate answer to a multivariate diagnostic

problem that will make understanding the process deviation easier. In the 3-dimensional

toy illustration, the engineer would therefore consider the relationships within the larger

contributing process variable pairs p1, 2q and p1, 3q to identify what needs to be done,

inside the univariate limits of these variables, to aid the process in moving back to being

within control. In the next two sections guidance and statistical methods will be provided

on how these pairwise contributions can be utilised to enable an in-control process.

3.4 Pairwise contribution importance

Even though pairwise contribution analysis presents a more sensible way of performing

fault diagnostic investigation it still has some shortcomings. One obvious disadvantage is

that instead of analysing p variable contributions, it is now required that

�
p

2

�
contribu-

tions be analysed. Analysing these pairwise contributions therefore becomes impractical

when the number of variables monitored is large e.g., when p ¡ 4.

One way to simplify the interpretation of the result is to give importance only to the

contributions that are determined to be statistically significant. A quantification of what

constitute a significant contribution can be obtained by considering the fault detection

statistic evaluations of the IOC observations. Building on the discussion so far, the T 2

statistic will again be used as an example. Let

T 2
xk
pi,jq

� pxkpi,jqqTDpi, jqxkpi,jq, (3.34)

represent the contribution of the pi, jqth variable pair for the kth IOC sample. The in-

dividual contributions of the pi, jqth variable combination for all of the IOC samples can

therefore be collected into one vector. Density estimation can then be applied to this

vector of observed IOC contributions to summarise their distribution under ideal process

conditions. This distribution can then be used as reference against which the contributions

calculated for future observations are compared. This method will therefore greatly mini-

mize the number of variable pairs that need to be considered for a specific out-of-control

observation.
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3.5 Variable importance in pairwise contributions

It was illustrated earlier that it is impossible to isolate the faulty variable using the two

dimensional example in Figure 3.1. From this example it was concluded that providing a

univariate ranking of process variables is not appropriate or optimal in the multivariate

setting. However, a ranking of process variables might still prove useful in combination

with the important pairwise contributions to assist in the diagnosis step.

A relative ranking of process variables can be obtained when the complete set of pair-

wise contributions, for a specific out-of-control point, is analysed simultaneously. For the

moment again consider the three dimensional example discussed thus far. In this exam-

ple the problem was constructed so that variable one is faulty. It is therefore expected

that the variable combinations (1,2) and (1,3) have the largest contributions. From this

information, using the frequency of the number of times that variable one is present in the

significant pairwise variable combinations, it can be deduced that variable one most likely

played an important role in the process drift. Therefore, the correct diagnosis is made by

using the ‘interaction’ of variable one with a number of the other variables. It is again

obvious that analysing the multiple variable pairs in this manner becomes tedious when

the number of pairs is large and when the fault dimension is high.

The simultaneous analysis of all of these pairwise contributions can be achieved by real-

ising that this problem can be reformulated as the analysis of a distance matrix. Consider

the following symmetric matrix:

∆ : p� p �

�
��������

0 T 2
zp1,2q T 2

zp1,3q . . . T 2
zp1,pq

T 2
zp2,1q 0 T 2

zp2,3q . . . T 2
zp2,pq

T 2
zp3,1q T 2

zp3,2q 0 . . . T 2
zp3,pq

...
...

...
. . .

...

T 2
zpp,1q T 2

zpp,2q T 2
zpp,3q . . . 0

�
��������
, (3.35)

with T 2
zpi,jq, i � j the pairwise contribution calculated for the variable pair pi, jq, (3.23).

The diagonal entries of this matrix are zero. The process is therefore operating at the

ideal operating conditions if all of the entries in ∆ are relatively small in some way i.e.,

as identified using the pairwise contribution importance method described in the previous

section.

Given this matrix, assume now that it represents the dissimilarity matrix of a set

of pseudo variables 1�, 2�, . . . , p�. Each row/column identifies a specific pseudo variable

and each off-diagonal matrix entry specifies the dissimilarity between the corresponding

pseudo variables. That is, assume that the pairwise contribution of variable i and j i.e.,
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T 2
zpi,jq, i � j, represents the dissimilarity between pseudo variables i� and j�. If the dissim-

ilarities between these pseudo variables are small i.e., if the pseudo variables are similar

to each other, then the process will be operating at the IOC’s. A graphical exploration of

this matrix can now be performed by using the multidimensional scaling (MDS) method

(Cox and Cox, 2000) to observe the similarities between these pseudo measures. Specif-

ically, metric multidimensional scaling can be utilised to obtain a 2-dimensional display

consisting of a set of p� points, each representing one of the p� pseudo variables. The

MDS visualisation is optimally constructed such that the Euclidean distances between

the points closely resemble the original dissimilarities T 2
zpi,jq

, i � j. More precisely, the

distances between the points approximate the original dissimilarities as follows

di�,j� � fpT 2
zpi,jqq, (3.36)

where the function f is continuous, parametric and monotonic. Classical scaling is a

special case of metric multidimensional scaling where the function f is equal to the identity

function. Also the calculated Euclidean distances exactly equals the original dissimilarities.

Given a dissimilarity matrix ∆, (3.35), classical scaling treats the original dissimilarities

as if it is Euclidean. The coordinates of the points representing the pseudo variables are

obtained as follows:

• Double center the squared dissimilarity matrix

B∆ : p� � p� � �1

2
J∆J, (3.37)

where J : p� � p� � Ip� � 1
p�

11T . The double centering ensures that the final

multidimensional scaling display is centered about zero.

• Calculate the spectral decomposition of B∆ i.e.,

B∆ � Q∆Λ∆pQ∆qT . (3.38)

• Consider only the eigenvector eigenvalue pairs that correspond to the positive eigen-

values. Let Λ∆
� : m �m represent the positive diagonal eigenvalue matrix and let

Q∆
� : p��m represent the matrix with the corresponding eigenvectors. The classical

scaling coordinate matrix X∆ : p� � m representing the multidimensional scaling

points is then obtained as
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X∆ � Q∆
� pΛ∆

� q
1
2 . (3.39)

Note that since the dissimilarities captured in (3.35) are not Euclidean, it is not necessarily

ensured that the distances between the points in the display will be Euclidean. In order for

this to be guaranteed, it is required that B∆, in (3.37), should be positive semi-definite.

If this is not the case then it is required that the off-diagonal entries in (3.35) should be

appropriately altered using the method prescribed in Cox and Cox (2000). This will result

in a positive semi-definite matrix.

In the multidimensional scaling (MDS) display, the coordinates, representing the pseudo

variables, that are more remote from the center of the display are indicative of the corre-

sponding process variables that are part of the variable pairs that have significant pairwise

contributions. That is, if pseudo variable j� is far away from the center then process vari-

able j will be important in the understanding of the process fault. Therefore, by evaluating

the MDS representation of the dissimilarity matrix of a faulty process observation the ob-

server can visually determine a ranking of the process variables.

Another approach that can be used to obtain a ranking of the process variables, that

is more direct, is to simply consider the row (or column) sums of ∆, (3.35). It was argued

that the process being monitored is operating ideally if all of the pseudo variables can be

considered similar in some way. Therefore, if all pseudo variables are similar, the sum of

a specific variable’s dissimilarities over all other variables should also be relatively small.

A pseudo variable i� with a larger than expected row sum would therefore indicate that

process variable i should have a high ranking. Formally, a relative ranking of process

variables based on the row sums of the distance matrix (3.35) is defined as follows:

• Process variable i will achieve the highest ranking if its corresponding pseudo variable

i� solves

arg max
i�

T 2
zpi�,�q

, (3.40)

with T 2
zpi�,�q

� °p�

j��1 T
2
zpi�,j�q

for i� � 1, . . . , p the sum of the pi�qth row elements.

• To identify the second most important variable, it is required, for obvious reasons,

that the information on the previous identified process variable be removed from

(3.35). Therefore, after removing row i� and column i�, the second most impor-

tant variable is identified as the one that corresponds with the maximum row sum

calculated using the reduced matrix i.e., the pseudo variable k� � i� that solves
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arg max
k��i�

p̧

j��i�

T 2
zpk�,j�q

, (3.41)

will identify process variable k as the second most important.

• This logic is repeated until a ranking is obtained for p � 2 of the process variables.

Note that the final two process variables will attain the same ranking.

As in the case of the size quantification of the pairwise contributions, the IOC data

can be used to specify null distributions for each row of the distance matrix. The process

of identifying important variables could therefore be stopped, at any point, when no one

of the row sums in the matrix is significantly large.

It is important that these relative rankings are not reported in isolation. Interpre-

tation of the out-of-control condition should be done using both the significant pairwise

contributions and the relative rankings of the process variables.

3.6 Deployment

The following are some considerations when implementing the pairwise methodology in

practice:

• Model construction: The model construction step is performed off-line. This

typically involves:

– Specifying the process variables of interest to the problem.

– Reference set definition to capture IOC common cause variability using historic

data.

– PCA model specification. Information are captured that are required to specifiy

the fault detection statistics. The associated control limtis are also calculated.

– Calculation of pairwise control limits. For each observation vector in the IOC

reference data the corresponding distance matrix representation i.e., the matrix

with off diagonal entries equal to (3.32). The entries in all of the matrices that

correspond to a specific variable pair are collected into one set. Empirical

analysis is then performed to define the control limit for each pair of variables.

– Calculation of univariate control limits. For each of the reference distance

matrices calculate the row (or column) sums. Collect the row sum, from each

distance matrix, for a specific row into a combined vector. Use this vector to
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define the reference row sum distribution for each process variable. This can

be used to specify a control limit to identify the top contributing variable. It is

suggested that the specification of the control limits used to specify the second

and lower ranked variables be performed on-line. Since the reference row sum

distributions of the remaining variables are based on knowing which row and

column was removed in the previous step.

• On-line implementation: The on-line implementation of the diagnosis methodol-

ogy involves the following:

– PCA model information are used to evaluate new observations. Preprocessing

is performed and fault identification statistic values are calculated.

– If the fault identification statistic evaluation of a new observation is extreme

then the distance matrix representation of this observation is obtained.

– The entries of this matrix are compared to the pairwise control limits that were

calculated off-line.

– The pairs of variables that are identified to be significant are reported.

– Use the reference row sum information to identify an individual ranking of

process variables.

The pairwise fault diagnosis approach suggested boils down to the calculation of the sym-

metric p�p distance matrix, for each observation, with each entry defined by the quadratic

form given by equation (3.32). There is no obvious way of defining this matrix using matrix

multiplication. Therefore, the lower (or upper) off diagonal entries of this matrix needs to

be iteratively populated. The calculation of the quadratic form in (3.32) is not computa-

tionally demanding since it is constructed as a subset of known information. Therefore,

computation time is only effected by the number of entries in the matrix. Most of the

distance matrix creation will happen off-line during the model building step to determine

the reference matrices. Therefore, it is expected that this will also not be computation-

ally straining, since measures such as parallel computation is easily employed off-line. In

the on-line setting the calculation of the distance matrices is limited to the out-of-control

observations. The cost of computation is therefore not expected to be an obstacle to the

on-line implementation.
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3.7 PCA fault diagnosis simulation study continued

(Part 1)

3.7.1 Objective

The purpose of the discussion presented in this section is to showcase via simulation how

this new methodology of using pairwise contributions can be used to diagnose a multi-

variate out-of-control state. This simulation will again use the information constructed

in Section 2.8. The results in this section is limited to the simulation data used. It is

envisioned that the illustration will give a good understanding of how to implement the

methodology and demonstrate the potential value that it can add to multivariate fault

interpretation.

3.7.2 Pairwise contribution results

In the following a variable will be interchangeably referred to as variable i or xi. Consider

the following multivariate sensor fault vector,

xm �
�
2.95 �1.18 2.73 �0.02 �0.77 �0.68 �2.35

�T
, (3.42)

generated using the definition given in Section 2.6. The faulty variables for this example

are variables 1 and 4. To re-emphasize, please note that all of the variables in this vector

satisfy the univariate control limits of the IOC data, refer back to Figure 2.1. This vector

was identified by the SPE fault detection index as being different from the ideal conditions.

The SPE value for this observation was determined to be equal to 4.39, which is about

0.66 SPE units above the control limit. The SPE pairwise contributions of this faulty

observation,

SPExm
pi,jq

� pxmpi,jqqT C̃xmpi,jq, (3.43)

where C̃ � ṼṼT and i � j � 1, . . . , 7, was calculated and captured in the following

symmetric distance matrix
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�
������������

0.00 5.42 8.29 4.99 4.96 5.23 3.06

5.42 0.00 4.44 0.54 0.09 0.58 4.22

8.29 4.44 0.00 2.98 2.55 1.78 3.34

4.99 0.54 2.98 0.00 0.19 0.16 2.46

4.96 0.09 2.55 0.19 0.00 0.44 2.09

5.23 0.58 1.78 0.16 0.44 0.00 3.18

3.06 4.22 3.34 2.46 2.09 3.18 0.00

�
������������
, (3.44)

i.e., a construction similar to (3.35) for the SPE statistic. Each matrix element therefore

provides the pairwise contribution of the variable pair associated with the specific row and

column. In order to get an appreciation of the size of each element in the matrix, it is

required that the elements are compared to their reference distributions. In Section 3.4 it

was explained how the IOC data can be used to obtain a reference distribution for each of

the pairwise contributions. The pairwise reference contribution density estimates, for this

example, are displayed in Figure 3.3. By using the contribution reference distributions, an

empirically determined p-value can be associated with each of the off-diagonal elements

of this distance matrix. This occurrence probability information of the observed pairwise

contributions was calculated and is captured in the following matrix

�
������������

0.0000 0.0042 0.0005 0.0000 0.0058 0.0074 0.0068

0.0042 0.0000 0.0063 0.5005 0.6465 0.4489 0.0047

0.0005 0.0063 0.0000 0.0358 0.0263 0.0400 0.0111

0.0000 0.5005 0.0358 0.0000 0.7550 0.7861 0.0558

0.0058 0.6465 0.0263 0.7550 0.0000 0.5411 0.0638

0.0074 0.4489 0.0400 0.7861 0.5411 0.0000 0.0269

0.0068 0.0047 0.0111 0.0558 0.0638 0.0269 0.0000

�
������������
. (3.45)

The smaller the p-value of a specific contribution the higher its importance in diagnosing

the process deviation. The highest pairwise SPE contributions for this faulty observation

are summarized by Figure 3.4. These are the contributions which had a p-value less

than 0.01. These high ranking pairwise contributions should therefore form the basis of

the investigation to eventually understand why the process has deviated. Note that the

pairwise contribution of the two variables, 1 and 4, that were manipulated to induce the

multivariate fault has the highest importance. In order to correct the process fault, it is

suggested that the process engineer consider the pairwise scatter plot of these variables.

Figure 3.5 plots the IOC data of x1 and x4 against each other. From this graphical
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representation, it can visually be deduced that the new observation, represented by the

red dot, is different from most of the IOC data points. The engineer should therefore

determine, by using fundamental knowledge, how to interpret the pairwise deviations and

how the process conditions could be altered to enable x1 and x4 to operate within their

bivariate IOC reference region.
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Figure 3.3: Reference distributions for the pairwise SPE contributions.
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Figure 3.4: Relative importance of the pairwise SPE contributions calculated as p1�p-valueq�
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Figure 3.5: Scatter plot of x1 against x4. IOC data are represented by open circles. The solid
red circle represents the faulty observation.

To further assist in the fault diagnosis, a ranking of the individual process variables

has been determined. This was done in two ways. The first approach is by using the MDS

method. The 2-dimensional MDS display of the matrix in (3.44) is depicted in Figure 3.6.
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Figure 3.6: MDS display of the SPE distance matrix in (3.44)

In this MDS representation it is observed that pseudo variable 1� is the most remote

from the center of the display. Therefore, process variable 1 is the most important. Other

process variables that are identified using this approach are variables 3 and 7.

The second approach in specifying an individual variable importance ranking is by

using the row sums method. A step by step illustration will be given to illustrate exactly

how this is done. First, to identify the highest ranking process variable, the row sums of

the complete 7� 7 distance matrix (3.44) is calculated as

�
1� 2� 3� 4� 5� 6� 7�

31.95 15.30 23.37 11.32 10.33 11.37 18.35

�
. (3.46)

The observed row sums are then compared to the IOC row sum distributions. The IOC

row sum density estimates for the first iteration are displayed by Figure 3.7. The empirical

derived p-values were calculated and is equal to

�
1� 2� 3� 4� 5� 6� 7�

0.002 0.014 0.002 0.047 0.054 0.040 0.009

�
. (3.47)
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Figure 3.7: Reference row sum densities for the complete distance matrix.

The first and third process variables achieved a tie for the lowest p-value. In this

instance x1 is selected to have the highest rank since it was part of the most important

pairwise contribution. To identify the variable with the second highest ranking, the row

sums is calculated of the matrix (3.44) with the first row and column removed. Row sums

for this reduced matrix equalled

�
2� 3� 4� 5� 6� 7�

9.88 15.08 6.34 5.37 6.14 15.29

�
. (3.48)

Figure 3.8 depicts the corresponding IOC densities for the 6�6 distance matrix. P-values

for these row sums were calculated as

�
2� 3� 4� 5� 6� 7�

0.004 0.001 0.033 0.026 0.017 0.003

�
. (3.49)
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Figure 3.8: Reference row sum densities for the distance matrix with row and column 1 removed.

Process variable x3 is therefore the second most important. After repeating this process

for the remaining variables, the final ranking had the following order:

�
x1 x3 x7 x2 x6 x4 x5

�
, (3.50)

with the variable importance level decreasing from left to right. This relative ranking of the

process variables can now be combined with the importance ranking of the variable pairs

to better understand the drift in the plant conditions. Observe that the faulty variables

i.e., x1 and x4, are correctly identified by pairwise contribution analysis in Figure 3.4.

However, in the individual ranking only x1 obtain a high rank. This make sense, since the

pairwise contributions of x4 with the other variables i.e., px4, x2q, px4, x3q, px4, x5q, px4, x6q
and px4, x7q, are of acceptable magnitude.

It is informative to compare the classical contribution analysis results to the variable

ranking specified in (3.50). The rankings obtained using the variable contribution tech-

niques yielded the following importance orderings:

CD :
�
x5 x2 x1 x4 x3 x6 x7

�
, (3.51)
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PD :
�
x1 x3 x2 x5 x6 x7 x4

�
, (3.52)

and

RB :
�
x5 x2 x4 x1 x3 x6 x7

�
. (3.53)

Interestingly the top PD contributions closely resemble the ranking of the new method.

In contrast, the CD and RB rankings are completely different. From this example it is

observed that by simply selecting the top contributing variables and manually forming

variable pairs to identify the significant ones will be misleading. For example, the RB

contribution analysis identifies x5 and x2 as the top contributing variables. However, the

variable pair px2, x5q is not ranked amongst the significant pairs. Similarly, the pair px1, x4q
is identified as important by the pairwise approach, however the PD analysis ranked x4 as

the least important. It is therefore not clear how one would arrive at the identification of

px1, x4q as being important from the PD analysis ranking. To conclude, individual rankings

on their own lead to interpretations that do not clearly explain the multivariate deviation,

and it must be interpreted in combination with the significant pairwise rankings.

3.8 PCA fault diagnosis simulation study continued

(Part 2)

3.8.1 Objective

For comparison to the individual variable contribution ranking results of Section 2.8, the

univariate diagnosis performance of the new method will now be provided for all of the

fault samples generated in the simulation study in Chapter 2. This will be a superficial

performance illustration, where only the ranking of the variables as identified by the new

method will be considered. It is not recommended that the univariate importance ranking

of process variables be considered in isolation, in this manner, when performing fault

diagnosis, as motivated in this chapter.

3.8.2 Results

The results of this study are illustrated in Figures 3.9 to 3.17. The following is observed:
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• Single sensor faults. For the SPE statistic, in Figure 3.9, it is observed that the

performance of the pairwise method is similar to PD contribution analysis and better

than CD and RB contribution analysis. For the T 2 statistic, in Figure 3.10, a similar

observation is made when compared to that of the SPE statistic. For the Combined

statistic, in Figure 3.11, the pairwise technique outperforms the contribution analysis

techniques.

• Multiple sensor faults. For all the fault identification statistics i.e., SPE, T 2 and

Combined, it is observed, in Figures 3.12 to 3.14, that the new method outperforms

the traditional techniques.

• Multivariate sensor faults. For the SPE and Combined statistics, in Figures 3.15

and 3.17, the performance of the new technique is slightly inferior to that of the

best performing traditional method. Comparable performance, to that of the top

performing method, is observed for the T 2 statistic in Figure 3.16.

In summary, the new method either outperforms or yields comparable performance

to the best performing traditional technique i.e., partial decomposition contribution. Al-

though the PD method has the highest correct diagnosis rate for multivariate faults, the

pairwise contribution analysis developed provides a multivariate interpretation of multi-

variate deviations, in addition to the univariate ranking of the variables, which has reduced

fault smearing in most cases. It is interesting to note that in each of these graphs that the

correct diagnostic rate improves with an increase in fault magnitude for the new method.

Conceptually, this is expected. If the fault size increase than more variable pairs that

include the faulty variable will start to deviate. This will increase the row sum of the

faulty variable and increase the chance to detect the specific variable.
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3.8.3 Single sensor fault
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Figure 3.9: Ranking based on SPE pairwise decomposition correct diagnosis rate. Single sensor
fault.

0 1 2 3 4 5

0
20

40
60

80
10

0

absolute fault magnitude

co
rr

ec
t d

ia
gn

os
is

 r
at

e

●

●

●

●

●

● ●

●
●

●
●

●

●

●
●

●
●

● ●

●
● ●

●
●

● ●
● ● ●

●
● ● ●

●
●

●
●

● ●

●

●

● ● ●
●

●

●

●

●

●

●

pairwise
 contribution
cd

pd

rb

Figure 3.10: Ranking based on T 2 pairwise decomposition correct diagnosis rate. Single sensor
fault.
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Figure 3.11: Ranking based on Combined index pairwise decomposition correct diagnosis rate.
Single sensor fault.

3.8.4 Multiple sensor fault
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Figure 3.12: Ranking based on SPE pairwise decomposition correct diagnosis rate. Multiple
sensor fault.
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Figure 3.13: Ranking based on T 2 pairwise decomposition correct diagnosis rate. Multiple
sensor fault.
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Figure 3.14: Ranking based on Combined index pairwise decomposition correct diagnosis rate.
Multiple sensor fault.
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3.8.5 Multivariate sensor fault
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Figure 3.15: Ranking based on SPE pairwise decomposition correct diagnosis rate. Multivariate
sensor fault.
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Figure 3.16: Ranking based on T 2 pairwise decomposition correct diagnosis rate. Multivariate
sensor fault.
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Figure 3.17: Ranking based on Combined index pairwise decomposition correct diagnosis rate.
Multivariate sensor fault.

3.9 Summary

It has been illustrated in this chapter that the objective of traditional multivariate fault

diagnostic techniques to attach an individual importance ranking to process variables is

not achievable. Through illustration it was argued, in two dimensions, that it is possible

to attain the same faulty condition by inducing sensor faults in different variables. The

motivation provided can easily be extended to show that it holds true in any dimension

larger than two. An example from the seven-dimensional data set of Chapter 2 has been

given. In the illustration provided it was easy to demonstrate this observation for small

fault sizes. This is corroborated by the poor diagnostic performance exhibited by the

traditional contribution analysis techniques for the smaller fault magnitudes, in Chapter

2. Another shortcoming of the existing diagnostic techniques is that it is not clear how the

individual ranking of process variables can be used by an engineer to interpret why the

process variability is statistically different from multivariate common cause variability. It

is known from practical experience in the chemical industry that the univariate ranking

will naturally prompt the engineer to consider the process variables on an individual basis,

which in turn will not alert the engineer to the multivariate nature of the problem, since

univariately the process is in-control.

Multivariate statistical process monitoring seeks to identify process abnormalities in-

side the univariate bounds of the process variables. In PCA this is achieved using fault
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identification statistics that are based on the covariance structure of the data. It therefore

makes more sense, similar to multivariate fault detection, that the fault diagnosis step

should also provide a multivariate answer. Providing a multi-variable diagnostic solution

will let the engineer focus on the multivariate characteristics of the process deviation and

that the relationships amongst variables should be considered when attempting to correct

the process.

Therefore, the suggestion is to specify a ranking of the pairwise importances of the

process variables. This proposal is intuitive since the covariance matrix, on which PCA

is based, is build using bivariate information. A novel approach is introduced that can

be used to decompose the PCA fault identification statistics into a sum of terms, with

each term uniquely associated with a pair of variables. Therefore, by using a contribution

analysis approach the contribution of each variable pair to the out-of-control fault detection

statistic can be quantified. The pairwise contributions calculated in this manner was

mathematically motivated. Specifically, it was illustrated how the propagation of a single

sensor fault is only observed in a subset of the pairwise contributions. An approach has also

been developed that can be used to identify statistically significant pairwise contributions.

Novel methodologies, based on the pairwise contribution method, were also developed

that can be used to determine an individual ranking of process variables. Populating the

pairwise contributions into a symmetric matrix allowed for the identification of two new

approaches that can be used to achieve an individual variable ranking.

In the first approach the specified matrix is viewed as a dissimilarity matrix. This

enabled us to use MDS to obtain a two dimensional graphical representation consisting

of p points. Each point, indirectly referring to one of the p process variables. Variables

associated with points that are remote from the center of the display are identified to have

high individual importance for fault diagnosis. In the second approach the row sums of the

symmetric matrix are analysed. The process variable corresponding to the row with the

highest sum is identified as the highest contributor. Information containing the highest

contributor is then removed from the matrix. The second most important variable is then

identified as the one associated with the highest row sum in the reduced matrix. This

process is then repeated to obtain the final ranking of the variables. The significance level

of the ranked variables can be quantified by the empirical comparison to the reference row

sum information. The approach based on the row sums calculation is preferred since it is

more exact compared to the visual MDS approach.

For comparison, the univariate diagnostic performance of the new method was evalu-

ated using the simulation study of Chapter 2. Reduced fault smearing is observed in some

cases, for the new method, when compared to the results of the traditional contribution

techniques. However, this technique also exhibit poor performance at the smaller fault
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sizes, as expected for the multivariate problem. Fault smearing leading to confusing in-

terpretation is therefore also present, although to a much lesser extent, in the individual

ranking obtained using the pairwise approach. It is strongly advised that the individual

ranking of process variables should be analysed in addition to the information provided

by the pairwise contribution analysis. The value of the new approach is captured by the

interpretation value that is conveyed by the pairwise information.

The use of the newly developed methodology was illustrated using a simulated data

set. It was specifically demonstrated how a multivariate sensor fault can be correctly

diagnosed using pairwise contribution analysis. In Chapter 6 this methodology will be

further evaluated using benchmark data and data from a commercial chemical plant.
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Chapter 4

Kernel Principal Component

Analysis based Fault Diagnosis

4.1 Introduction

The discussion thus far has been centred around the application of principal component

analysis (PCA) for multivariate statistical process monitoring. Although being widely

used there are instances when PCA is not the appropriate tool to use. This is especially

true when the data representing ideal operating conditions (IOC’s) are nonlinear. One

popular technique used to account for nonlinearity in process data is kernel principal

component analysis (KPCA)(Lee et al., 2004). The KPCA approach is a generalisation

of the PCA approach with a close resemblance in both fault detection and diagnosis.

Although the computational burden of KPCA is known as the sample size increase, it

will be illustrated here that it works well for non-linear relationships. In the presence

of non-linearity, an approach such as PCA is suboptimal and necessitates the increased

complexity and computational burden which must be assessed and handled on a case-by-

case basis when applied to industrial processes.

In this chapter it will be illustrated how KPCA is employed for multivariate fault detection

and diagnosis.

4.2 Kernel principal component analysis

The general steps of how KPCA is utilised for multivariate statistical process monitoring

is identical to how PCA is used i.e.,

1. a reference data set representing IOC’s is analysed,

2. to develop fault identification statistics,
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3. which are analysed to identify the important process variables responsible for process

deviations.

The theory describing KPCA will now be summarised (Schölkopf et al., 1998). Let

x1,x2, . . . ,xn P Rp be the p-dimensional rows of the matrix X : n � p that represents

the IOC historical information. The IOC matrix is preprocessed using mean centering

and unit variance scaling. Consider the following nonlinear mapping function

φ : x P Rp ÝÑ φpxq P Rh, (4.1)

where p   h   8, which maps a p-dimensional vector into a higher dimensional space

Rh often referred to as the feature space. Note that the vectors in the feature space,

φpxq, can be of infinite dimensionality. An example of a feature mapping function is

φ : R2 Ñ R3, px1, x2q Ñ px21,
?

2x1x2, x
2
2q. The principal component analysis of these

high dimensional feature vectors was first introduced by Schölkopf et al. (1998) as kernel

PCA. Kernel PCA is therefore performed by calculating the eigenvectors of the sample

covariance matrix in feature space

Sφh�h �
1

n� 1

ņ

i�1

pφpxiq � φ̃pxqpφpxiq � φ̃pxqqT , (4.2)

with

φ̃pxqh�1 � 1

n

ņ

i�1

φpxiq, (4.3)

the sample mean in feature space. Note that Sφ : h�h is maybe of infinite dimensionality,

which makes it difficult to perform the feature space PCA using conventional methods.

Schölkopf et al. (1998) illustrate that it is possible to calculate the eigenvectors of Sφ by

making use of the so-called kernel trick. Let the mean centered feature vector be denoted

by

φ̄pxiq � φpxiq � φ̃pxq. (4.4)

The feature space principal components are then obtained by calculating all nonzero vec-

tors v : h� 1 such that
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λv � Sφv (4.5)

� 1

n� 1

ņ

i�1

φ̄pxiqφ̄pxiqTv

� 1

n� 1
pXφqTXφv, (4.6)

where Xφ : n� h �
�
φ̄px1qT φ̄px2qT . . . φ̄pxnqT

�T
. The presence of the infinite dimen-

sional vectors φ̄pxiq and v in this eigenvalue problem (4.5) makes it difficult to solve. It

is useful to observe that if both sides of (4.5) are multiplied by Xφ then the eigenvalue

problem is fully specified by finite dimensional matrices and vectors

λv � Sφv

λXφv � XφSφv

λXφv � 1

n� 1

�
XφpXφqT

�
Xφv

λw � Kw (4.7)

where

wn�1 � Xφv (4.8)

and

Kn�n � 1

n� 1
XφpXφqT (4.9)

� 1

n� 1

�
�����
φ̄px1qT
φ̄px2qT

...

φ̄pxnqT

�
�����
�
φ̄px1q φ̄px2q . . . φ̄pxnq

�
(4.10)

� 1

n� 1

�
�����
φ̄px1qT φ̄px1q φ̄px1qT φ̄px2q � � � φ̄px1qT φ̄pxnq
φ̄px2qT φ̄px1q φ̄px2qT φ̄px2q � � � φ̄px2qT φ̄pxnq

...
...

. . .
...

φ̄pxnqT φ̄px1q φ̄pxnqT φ̄px2q � � � φ̄pxnqT φ̄pxnq

�
����� (4.11)

The solution of the eigenvalue problem in feature space, represented by (4.5), can therefore
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be obtained by considering solutions to the equivalent eigen problem expressed by (4.7).

Notice that after calculating the n dimensional principal component weights w it is possible

to obtain the corresponding h dimensional vector v of the original problem. This is

achieved by multiplying equation (4.8) with pXφqT as follows

pXφqTw � pXφqTXφv, (4.12)

from equation (4.6) this then simplifies to

pXφqTw � pn� 1qλv, (4.13)

which implies that

v � 1

λpn� 1qpX
φqTw. (4.14)

In PCA the latent variable weight vectors are restricted to have unit length. That is,

vTv � 1 (4.15)� 1

λpn� 1q
�2

wTXφpXφqTw � 1 (4.16)

pn� 1q
� 1

λpn� 1q
�2

wTKw � 1 (4.17)

λpn� 1q
� 1

λpn� 1q
�2

wTw � 1, (4.18)

which implies that the eigenvectors w should be scaled such that

wTw � λpn� 1q. (4.19)

Let w̃ represent the scaled loading vectors i.e., set

w̃ �
a
λpn� 1qw, (4.20)

such that w̃T w̃ � λpn � 1q. As a result of this scaling the relationship between the two
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sets of loadings changes from (4.14) to

v � 1

λpn� 1qpX
φqT w̃. (4.21)

The main advantage to writing the eigenvalue problem as (4.7) is that the matrix K is

constructed using only the dot products between feature vectors i.e., the pi, jqth element

of K is

Ki,j � 1

n� 1
φ̄pxiqT φ̄pxjq. (4.22)

It is well known that the dot product between two vectors can be used as a measure to

quantify their similarity (Johnson and Wichern, 2002). The matrix K can therefore be

considered a similarity matrix. The different matrix entries Ki,j can therefore be calculated

if the pairwise similarities between the n feature space vectors are known. Hence negating

the need to know the feature mapping function. Schölkopf et al. (1998) illustrate how

the similarity between feature vector pairs can be estimated by using kernel functions.

Only the information on the original IOC data vectors x is required to evaluate the kernel

function. The elements of K are estimated as follows

pn� 1qKi,j � φ̄pxiqT φ̄pxjq (4.23)

� kpxi,xjq. (4.24)

The approximation of the dot products between feature space vectors using kernel func-

tions is known as the kernel trick. Let K̃ represent the approximating matrix containing

the kernel function evaluations. A large library of kernel functions exists that can be used

to estimate the similarities in this fashion (Schölkopf and Smola, 2002). The Gaussian

kernel function is a kernel that is popular amongst practitioners (Hastie et al., 2001). It

is defined as follows

kpxi,xjq � exp
�
� pxi � xjqT pxi � xjq

2σ2

�
, (4.25)

for i, j � 1, . . . , n and with σ ¡ 0 a hyperparameter that needs to be pre-specified.

In order for a kernel function to be used in the kernel trick it must adhere to Mercer’s

theorem (Schölkopf and Smola, 2002). It is required that for a selected kernel function that
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the resulting kernel matrix K̃ has the positive semidefinite property which characterizes

the original similarity matrix K. Another property that the approximating similarity

matrix K̃ should have is that the implied feature vectors comprising the inner products,

which are being estimated, should be centered around zero. Consider the inner product

of two zero mean feature vectors

φ̄pxiqT φ̄pxjq �
�
φpxiq � φ̃pxq

�T�
φpxjq � φ̃pxq

�
(4.26)

� φpxiqTφpxjq � φ̃pxqTφpxjq � φpxiqT φ̃pxq � φ̃pxqT φ̃pxq (4.27)

� φpxiqTφpxjq � 1

n

ņ

m�1

φpxmqTφpxjq � 1

n

ņ

m�1

φpxiqTφpxmq �

φ̃pxqT φ̃pxq. (4.28)

Therefore, if it can be assumed that the feature vectors inferred by the kernel function

entries in K̃ are uncentered i.e. Ki,j � 1
n�1

φpxiqTφpxjq then

1

n� 1
φ̄pxiqT φ̄pxjq � 1

n� 1

�
kpxi,xjq � 1

n

ņ

m�1

kpxm,xjq � 1

n

ņ

m�1

kpxi,xmq �

1

n2

ņ

l�1

ņ

u�1

kpxl,xuq
�
. (4.29)

This implies that in order to ensure that the feature vectors are centered, it is required that

each element of K̃ should be translated by 1
n2

°n
l�1

°n
u�1Kl,u� 1

n

°n
m�1Km,j� 1

n

°n
m�1Ki,m.

In matrix form the translation is achieved by the following expression

pIn � 1

n
1n1

T
n qK̃pIn � 1

n
1n1

T
n q, (4.30)

where In represents the n � n identity matrix and 1n : n � 1 is a vector equalling one in

every position.

Considering that kernel PCA is just a PCA analysis in feature space, only the first few

loading vectors vi for i � 1, . . . , h� with h�   h are required. Note that since only the

eigenvectors of K̃ are calculated, the ultimate dimension h� will be less than n. Let the

columns of V : h� h� contain the feature loading vectors i.e.
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V �
�
v1 v2 . . . vh�

�
(4.31)

�
�

1
λ1pn�1q

pXφqT w̃1
1

λ2pn�1q
pXφqT w̃2 . . . 1

λh� pn�1q
pXφqT w̃h�

�
, (4.32)

from (4.21). This equation can be written more compactly in matrix form as

V � 1

n� 1
pXφqTW̃Λ�1, (4.33)

with Λ : h� � h� � diagpλ1, λ2, . . . , λh�q and

W̃n�h� �
�
w̃1 w̃2 . . . w̃h�

�
, (4.34)

the matrix containing the scaled eigenvectors of K̃. The score representation, tφ : h� � 1,

of an appropriately centered feature vector φ̄pxq : h � 1 can therefore be calculated as

follows

tφ � VT φ̄pxq (4.35)

� 1

n� 1
Λ�1W̃TXφφ̄pxq (4.36)

� 1

n� 1
Λ�1W̃T

�
�����
φ̄px1qT
φ̄px2qT

...

φ̄pxnqT

�
����� φ̄pxq (4.37)

� Λ�1W̃T

�
�����

1
n�1

φ̄px1qT φ̄pxq
1

n�1
φ̄px2qT φ̄pxq

...
1

n�1
φ̄pxnqT φ̄pxq

�
����� . (4.38)

Notice that in the expression above it is also conveniently not required to know φ̄pxq for

calculating tφ. Information on the inner product similarity of φ̄pxq with the feature IOC

vectors are needed only i.e., φ̄pxiqT φ̄pxq for i � 1, . . . , n. The kernel function used to define

K̃ can therefore be used to approximate these inner products
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kpxi,xq � φ̄pxiqT φ̄pxq, (4.39)

i � 1, . . . , n. The score representation (4.36) therefore simplifies to

tφ � Λ�1W̃T

�
�����

1
n�1

kpx1,xq
1

n�1
kpx2,xq

...
1

n�1
kpxn,xq

�
����� . (4.40)

Note that it is again important to ensure that after applying the kernel function that

the implied feature vectors are centered. Each term in the vector containing the kernel

approximations in (4.40) should therefore be centered as follows

1

n� 1
kpxi,xq � 1

npn� 1q
ņ

m�1

kpxm,xq � 1

n

ņ

m�1

Ki,m � 1

n2

ņ

l�1

ņ

u�1

Kl,u. (4.41)

It can be illustrated that the final solution of kernel PCA is highly dependent on the

values chosen for the hyperparameters describing the shape of the kernel functions (Alam

and Fukumizu, 2014). This will therefore result in different interpretations for different

hyperparameter readings. A statistically sound and consistent methodology is therefore

required to select the ideal hyperparameter setting. In the paper by Alam and Fukumizu

(2014) it is proposed that the hyperparameters be selected in a manner which ensures that

the so-called pre-images of the IOC samples are close to their kernel PCA approximations.

Let the kernel PCA estimate of a feature vector φ̄pxq be represented by

ˆ̄φpxq � VVT φ̄pxq. (4.42)

A vector z : p� 1 is then identified as the pre-image of x if

ρpzq � } ˆ̄φpxq � φ̄pzq}2, (4.43)

is the smallest. The pre-image objective function ρpzq can equivalently be expressed as
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ρpzq � } ˆ̄φpxq � φ̄pzq}2 (4.44)

�
�

ˆ̄φpxq � φ̄pzq
�T� ˆ̄φpxq � φ̄pzq

�
(4.45)

� φ̄pzqT φ̄pzq � 2φ̄pzqT ˆ̄φpxq � ˆ̄φpxqT ˆ̄φpxq (4.46)

� φ̄pzqT φ̄pzq � 2φ̄pzqTVVT φ̄pxq � ˆ̄φpxqT ˆ̄φpxq (4.47)

� φ̄pzqT φ̄pzq � 2ptφpzqqT tφpxq � ˆ̄φpxqT ˆ̄φpxq, (4.48)

where tφpzq � VT φ̄pzq. Observe that the inner product term ˆ̄φpxqT ˆ̄φpxq does not include

z. Therefore the minimizing pre-image of ρpzq can be obtained by finding the vector z

which minimizes

kpz, zq � 2ptφpzqqT tφpxq, (4.49)

with kpz, zq � φ̄pzqT φ̄pzq, which needs to be appropriately centered as previously stated.

The equivalent form of the pre-image objective function is therefore fully expressible using

kernel approximations. Notice that when the Gaussian kernel is used the kernel similarity

of z with itself will be constant. Therefore when using the Gaussian kernel, the search for

a pre-image z can be reduced to the maximization of

ptφpzqqT tφpxq. (4.50)

A number of optimization searching strategies have been proposed in literature to solve

the pre-image problem. For example in Alam and Fukumizu (2014) it is suggested that

the fixed-point and gradient descent algorithms be used. It is also suggested by Alam and

Fukumizu (2014) that leave one out cross-validation be used to identify the hyperparameter

setting that optimises the pre-image problem. The method of identifying this optimum,

for kernel PCA based on the Gaussian kernel, is explained by Algorithm 1.
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Algorithm 1 Kernel PCA - Gaussian kernel hyperparemter selection.

Require: X : n � p the IOC data and pσ1, h�1q, . . . , pσS, h�Sq a list of S possible paired
hyperparameters and PCA dimension values.

1: Set s � 1 where s ¤ S
2: Set i � 1
3: while i   n do
4: Fit the pσs, h�s q kernel PCA model with ith sample xi : p� 1 removed.
5: Calculate the approximating pre-image zi of the removed sample xi.
6: Record the reconstruction error errsi � }zi � xi}2.
7: Set i � i� 1.
8: If i ¡ n go to 9 else go to 4.

9: Calculate the average error errs � 1
n

°n
i�1 errsi.

10: Set s � s� 1
11: If s ¡ S go to step 12 else go to step 2.
12: Identify the condition s � s� for which errs is the smallest.
13: Output: pσs� , h�s�q

4.3 Fault detection statistics

The methodologies developed for process deviation detection using PCA naturally extend

to kernel PCA. The PCA detection statistics discussed in Chapter 2 are directly applied

to the feature space vectors. Movements from ideal operating conditions will therefore

be identified by evaluating the score representations of new feature vectors to that of the

reference features.

From Westerhuis et al. (2000) the T 2-statistic of a new feature space observation φ̄pxq
is defined as

T 2 � φ̄pxqTVΛ�1VT φ̄pxq (4.51)

� ptφqTΛ�1tφ. (4.52)

Using the PCA definition for the SPE statistic as provided by Jackson and Mudholkar

(1979), yields the following definition in feature space

SPE � φ̄pxqT ṼṼT φ̄pxq, (4.53)

where Ṽ : h � ph � h�q �
�
vh��1 vh��2 . . . vh

�
is the matrix containing the residual

loading vectors. Notice that since Ṽ is potentially of infinite dimensionality it is difficult

to evaluate the above expression for the SPE statistic. This difficulty can be circumvented
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by using the orthogonality property of PCA loading vectors. Let V̄ : h� h represent the

full set of feature loading vectors. Orthogonality implies that

V̄V̄T � Ih�h (4.54)�
Vh�h� Ṽh�ph�h�q

� � VT
h�h�

ṼT
h�ph�h�q

�
� Ih�h (4.55)

Vh�h�VT
h�h� � Ṽh�ph�h�qṼ

T
h�ph�h�q � Ih�h (4.56)

ùñ Ṽh�ph�h�qṼ
T
h�ph�h�q � Ih�h �Vh�h�VT

h�h� . (4.57)

The feature space definition of SPE therefore becomes

SPE � φ̄pxqT pI�VVT qφ̄pxq (4.58)

� φ̄pxqT φ̄pxq � φ̄pxqTVVT φ̄pxq (4.59)

� φ̄pxqT φ̄pxq � ptφqT tφ (4.60)

� kpx,xq � ptφqT tφ, (4.61)

where the kernel approximation kpx,xq � φ̄pxqT φ̄pxq needs to be centered by adding the

following factor

n� 1

n2

ņ

l�1

ņ

u�1

Kl,u � 2

n

ņ

i�1

φpxiqTφpxq. (4.62)

This centering factor is obtained using the motivation presented for the derivation of

(4.30). The SPE definition is therefore now fully expressed using known matrices.

Similar to traditional PCA, the combined statistic defined by Yue and Qin (2001) can also

be calculated

ϕ � T 2

τ 2
� SPE

δ2
, (4.63)

with τ 2 and δ2 representing the control limits of the T 2 and SPE statistics. By using the

results of Box (1954), Alcala and Qin (2010) derived control limits for the aforementioned

feature space control statistics. These control limits are reported in Table 4.1. It is

important to note that these control limits are based on the assumption that the feature

vectors are normally distributed. Normality cannot always be guaranteed, we therefore
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Table 4.1: Kernel PCA control limit definitions.

Statistic T 2 SPE ϕ
Limit τ 2 δ2 ς2

Value χ2
αph�q

°h
i�h��1

λ2i
°h

i�h��1
λi
χ2
α

�
p
°h

i�h��1
λiq

2

°h
i�h��1

λ2i

	
h�{τ4�

°h
i�h��1

λ2i {δ
4

h�{τ2�
°h

i�h��1
λi{δ2

χ2
α

�
h�{τ2�

°h
i�h��1

λi{δ
2

h�{τ4
°h

i�h��1
λ2i {δ

4

	

suggest that these control limits be estimated using non-parametric density estimation

(Hastie et al., 2001). The practical relevance of theoretical control limits compared to

non-parametric determined limits will be illustrated in Section 4.5.

4.4 Fault diagnosis methods

If the kernel PCA fault detection statistics identify a new feature vector as being signifi-

cantly different from the IOC data set, the next step is then to identify the fault inducing

process variables. It is clear from the formulation of the detection indices that it is difficult

to use the PCA decomposition contribution methods discussed in Alcala and Qin (2011)

for fault diagnosis.

Cho et al. (2005) propose a variable contribution calculation methodology based on a

variable selection methodology used in machine learning to address this difficulty. They

consider the identification of a faulty variable as the process variable which has the great-

est influence on the out-of-control fault detection statistics. Their method is based on the

definition of the derivative of a kernel function proposed by Rakotomamonjy (2003). The

derivative definition makes use of an imaginary scaling vector ωT �
�
ω1, . . . ωp

�
such that

kpxi,xjq � kpω � xi,ω � xjq, (4.64)

where ω � x �
�
ω1x1, . . . ωpxp

�T
and ωi � 1 for i � 1, . . . , p. The kernel function gradient

with respect to the ith scaling variable, ωi, is then obtained as

Bkpxi,xjq
Bωi � Bkpω � xi,ω � xjq

Bωi

����
ωi�1

, (4.65)

for i � 1, . . . , p. The gradient is evaluated at ωi � 1 with the other ωj scaling values for

i � j set equal to one. Using this definition Cho et al. (2005) then define the contribution

of the ith variable to the T 2 and SPE statistics respectively as

109



CT 2

i �
����BT 2

Bωi

���� (4.66)

and

CSPE
i �

����BSPEBωi

���� . (4.67)

Similar to variable contributions calculated in PCA, large values indicate the variables

most likely to contain information on why the process was identified to have drifted from

IOC’s.

The reconstruction-based (RB) contribution methodology developed by Alcala and Qin

(2009) for PCA can be applied to kernel PCA to obtain variable contributions to process

deviations. As the name suggests, the RB method searches for the process variables that

need to be reconstructed the most in order to minimize a specific control statistic. The

following reconstructed vector

zi � x� fiξi, (4.68)

with fi P R and ξi a vector of zeros except with a 1 in the ith position, is considered for

each of the process variables. With the objective of finding, for each variable, the value of

fi that minimizes the detection statistic calculated for zi. The RB contribution of the ith

process variable is therefore defined as

RBi � arg min
fi

Indexpziq, (4.69)

with Index referencing a specific fault detection statistic.

The kernel PCA diagnostic techniques are therefore in principle the same as the contribu-

tion techniques employed in linear PCA based process monitoring. Both sets of approaches

seek to attach importance to individual variables. Therefore, this manner of thinking about

multivariate fault diagnosis is not ideal as illustrated in Chapter 3. An illustration will

be provided in Chapter 5 to demonstrate the inappropriateness of calculating individual

variable contributions in the non-linear setting.
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4.5 Kernel PCA Simulation Study

4.5.1 Objective

A simulation study will now be presented to illustrate how the different methodologies

summarized in Section 4.4 are typically applied for fault diagnosis in the non-linear setting.

A definition of a simulated data set will be provided to represent samples observed during

IOC’s. This will be a new definition that is a variant of well established simulation

strategies, see for example Cho et al. (2005). PCA and kernel PCA models will then

be fitted using the IOC data. A case study will then be used for illustration purposes

to motivate why kernel PCA would be preferred in this setting. Specifically, the fault

detection ability of PCA and kernel PCA will be discussed for one process fault example.

It will then be illustrated how this particular example would be diagnosed using the

methodologies introduced for kernel PCA by Cho et al. (2005) and Alcala and Qin (2009).

A larger array of process faults will then be simulated to evaluate the interpretation ability

of these fault diagnosis methods. That is, similar to the simulation that was presented in

Chapter 2, this evaluation will be done for different fault magnitudes and fault types. It is

envisioned that the results presented will give a good indication of the performance that

can be expected in real life applications, even though the results presented are specific to

this simulation study.

4.5.2 Data definition

The data set generated in this section to represent the IOC samples will form the basis

of all future discussions. In order to generate a data set that calls for the application of

kernel PCA instead of linear PCA, it is required that the p-dimensional data vectors are

optimally summarized by a non-linear surface instead of a linear one. Known examples,

see for example Cho et al. (2005), will be used as a guideline to construct such a simulated

data matrix. A common motif in these examples is to generate the simulation process

variables as non-linear functions of some shared underlying variable. Examples will also

be given to illustrate how the simulation strategy can be related to known process use

cases.

Therefore, based on the author’s experience in the chemical industry and the knowledge of

published simulation studies, the following four dimensional simulated data set is proposed

that will represent historic IOC data. It will be assumed that each of the simulated

process variables has some non-linear relationship with the same unobservable underlying

variable u. Many examples of this unobservable variable can be identified when considering

for example an industrial chemical process. Examples of these unobservable variables in
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practice might be catalyst age, catalyst activity and fluctuations in ambient temperature.

The definitions of the four simulated process variables are as follows:

x1 �

$'''&
'''%

1�Np1, 10q, if 1 ¤ u   30

�60� 2u�Np0, 10q, if 30 ¤ u   60

55�Np0, 10q, otherwise

, (4.70)

x2 �

$'''&
'''%

5� 0.2u�Np0, 0.5q, if 1 ¤ u   30

�8� 0.2u�Np0, 0.5q, if 30 ¤ u   60

28� 0.4u�Np0, 0.5q, otherwise

, (4.71)

x3 �

$'''&
'''%

80�Np0, 10q, if 1 ¤ u   30

20�Np0, 10q, if 30 ¤ u   60

50�Np0, 10q, otherwise

, (4.72)

and

x4 �
$&
%10� cosp0.5uq �Np0, .5q, if 1 ¤ u   60

34� 0.4u�Np0, 0.5q, otherwise
, (4.73)

where it is assumed that the underlying variable u is distributed uniformly in the interval

r1, 100s. The simulated data set of the four process variables was constructed using 2000

realizations of the unobservable variable u. The simulated variables are graphed against u

in Figure 4.1 to illustrate the nonlinear relationships. Motivational examples from practice

readily exist that can be used to illustrate how healthy process profiles similar to that of

these four variables might come about. Consider for example the first process variable

x1. A similar IOC profile can be constructed if x1 represents the vibration signal emitted

by an optimally operating wind turbine. In this example the unobservable variable that

is difficult to measure might be the effect of wind. Different vibration signals describing

a healthy wind turbine can be obtained as a function of wind speed, or the direction at

which the wind is hitting the wind turbine. Therefore, by evaluating the vibration signal

profile at different wind speeds, for example, a profile similar to the top left graph of

Figure 4.1 can possibly arise. It should be noted that the wind turbine example is just to
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explain how process variables can be influenced by unobservable variables, it was not used

to generate variable x1, and is not intended for generalisation to all industrial processes.

The scale of the simulated process variables is unit free.

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

● ●

●

●

●

●●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●
●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●●

● ●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

● ●

●

●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●●

●

●

●

●

●

●

●

●

●

●
●
● ●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●●

●

●
● ●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

● ●
●

●

●●

●

●

●

● ●

●
●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

● ●

●
●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●●
●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

● ●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

● ●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

● ●●

●●

●

●
●●

●

●

●
●

●

● ●●

●

●

●

●

●

●

●●

●

●●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

● ●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

● ●

●

● ●

●

● ●

●

●
●●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

●
●

●●

● ●

●

●

●

●

●●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

● ●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●● ● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

● ●

●
●

●

●

●
●

● ●

●

●
●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
● ●

●

●●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

0 20 40 60 80 100

−
20

0
20

40
60

80

u

x 1

●
●

●

●

●

● ●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

● ●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●●
●

●●

●
●

●

●

●
●

●

●
●

●

●

●

●

●
●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

● ●

●

●●

●

●

●
●

●

●●

●

●●

●
●

●

●

●

●

●

●●
●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●
●

●

● ●
●

●●

●●

●

●● ●

●
●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

● ●

●

●

●

●

●

● ●

●

●
● ●

●●

●

●

●

●

●●

●

●

●●
●●

●

●

●

●

●

●
●

●

●

●

●
●

●

●●

●●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

● ●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●●

●

●
●
●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●
●
●

●

●

●

●

●

●

●●

●
●

●
●

●

●●

●● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●
●●

●●

●

●

●●

●

●

●
●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●
●

●
●

●
●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●
●

●●

●
●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●●

●

●

●

●

●

● ●
●

● ●

●
●

●

●

●

●

●

●

●●

●

●

●
●

● ●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●
●

●

●

●

●

●
●

●
●

●

●
●

●

●●

● ●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●●

●

●●

●
●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

● ●

●

●

●

●

●

●

●

●
●

● ●
●

●

●

●

●

●

●

●

●

●●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●
●●●

●●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

● ●

●

●

●

●

●

●
●●

●

●

●●

●●
●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●
●

●

●

●●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●● ●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●●
● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

0 20 40 60 80 100

−
10

−
5

0
5

u

x 2

●

●

●

●
●

●

●

●

●●
●

●

●

●

●

●●

●

●

●
●

●●

●
●

●
●

●●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

● ●

●

●●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●
● ●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
● ●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

● ●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

● ●●

●

●●
●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●●●

●

●

●

●

●
●

●

●●

●

●

●

●
●

●

●

●
●●

●

●

●●

●

●

● ●

●

●

●

●

●
●

●

● ●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●

●

●

●

●

●

●

●

●

●

● ●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●●

●

●

●

● ●●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

● ●

●

●●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●
●

●

●

●

●

●

●
●

●

●●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●● ●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●● ●

●
● ●●

●

●

●

●●

● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●●

●

●

●

●

●

● ● ●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●●

●
●

●

● ●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●
●

●
●

●●

●

● ●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

● ●

●

●

●

●

●

●●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●●

●

● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●
●

● ●

●

●

●

●

●●
●

●

●

●

●●●
●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●
●

●

●

●

● ●

●
● ●

●

●
●

●

●

●

●

●

●

●

●

●

●
● ●

●●

●

●

●

●

● ●
●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

0 20 40 60 80 100

−
20

0
20

40
60

80

u

x 3

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●●

●

● ●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●
●

●
●

●
●

● ●
●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●
●●

●

●
●

●●

●

●

●

●
●

● ●
●

●

●

●
● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

● ●

●

●

● ●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●
●●

●

●
●

●
●

●

●
● ●

●

●●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ● ●
●

●
●

●

●●

●

●

●

●●
●

● ●●
●

●

●

●

● ●

●

●

●

●

●

●●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

● ●

●

● ● ●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●
●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

●●
●●

●

●

●

●

●

●

●

●

●●● ●

●

●●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●
●

●

● ●

●

●
●

●
●

●

●
●

●

●

● ●
●

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●

●

●

●
●

●

●

● ●●
●

●

●●

●

●

●●
●

●
●

●

●
●

●

●

●
●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

● ●

●

●
●

●

●

●

●
●

●

●●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●● ●

●

●

●●

●
●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

● ●

●

●

●

●
●

● ●

●

●

●

●

●
●

●
●●

●

●
●

● ●●●
●

●●

●
● ●

●

●

● ●

●

●

●

●●

●

●●

●

●●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

● ●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

● ●

●

●●

●

●

●
●

●●

●
●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●
●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

● ●●● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●
●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

● ●
●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

● ●
●

●

●

●
●

● ●

●

● ●

●

●

●

●●
●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●
●

● ●●

●

●

●
●

●

●●
●

●
●

●

●

● ●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●● ●●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

● ●●
●

●

●

●

●
● ●

●

●

●

●

●●

●●

●

●

●

●

●

●

●
●

●

●

●

●●
●

●

●

●

●

●

●●

●

●

●

●●
●●

●

●
●

●

●

●

●

●●●
●

●

●

●●●
●

●
●

●

●
● ●

●
●

●

●

● ●●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

● ●
●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●
●

●

●

●

●●

●
●

●

●

●

●

●●

●
●

●

●

●

●●
●

●

●
●

●

●

●
●●

●

● ●
●

●

●

●

●

●

●

●

●

●
●

●

●●● ●

●

●

●

●●

●

●
●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●●

●

●

●
●

●

●

●

●

●●

●

●

●
●

●

●
●

●

●

●

● ●
●

●

●

●

●

●

●●

●

●●
● ●

●
●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●●

●

●●

●

●
●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

● ●

●

●

●

●
●
●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

● ●

●

●

●

●
●

●

●
●●

●
●

●

●

●
●

●

●

●

●

●

● ●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

● ●

●

●
●

●

●

●

● ●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●●
●

●

●

●
●

●
●

●
●

●
●●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●

●
●

●●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●
●●

●

● ●●
●

● ●

●

●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

● ● ●

●

●

●

●
●

●
●

●

●
●

●

●

●●

●

● ●●
●●

●

●

●

●

●

●

●
●●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●● ●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

● ●
●

●

●

●
●

●

●

●

●

●

●

●●

●
●

●

●

● ●

●

●

●

●

●

●

●

●
●

● ●
●

●

●

●
●

●

●
●

●

●●

●

●

●

●

●

●
●

●

●

●

● ●

●

● ●

●

●

●● ●●●

●

●
●

●● ●

●

●

●

●
●●

●

●●

●●

●
●●

●

●●
●

●

●

●

●

●

●

●
●●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

● ●

●
●

●●
●

●

●
●

●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

● ●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

● ●

●●

●

●

● ●
●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●●
●

●

●

●●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

● ●
●

●
●

0 20 40 60 80 100

−
5

0
5

10

u

x 4

Figure 4.1: Simulated process variables plotted against the unobserved variable u.

Note that for the purposes of this simulation study it will be assumed that no knowl-

edge, or measurements, exists of the underlying variable that influences the process being

monitored. In the wind turbine example the speed at which the wind blows the moment

it hits the wind turbine might be difficult to measure. There is also no order in which the

u values are generated i.e., the process phases observed as a function of u are random.
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In other words, it is assumed, for example that when process variable x1 is observed, as

a function of time, it randomly takes on a value between �20 and 80. This is not an

unusual assumption. In the wind turbines case a gusting wind might have been observed

i.e., the speed of the wind can randomly fluctuate, which means that the vibration sig-

nal will correspondingly appear to be random. It is obvious that if measurements of the

underlying variable, which are not process specific, were available, the task of monitoring

and diagnosis would be considerably easier. In this simulation study, for example, the IOC

data can be grouped based on the range of u. Separate linear PCA models can therefore

be fitted and used to monitor new data relative to each subset of IOC samples.

4.5.3 PCA and kernel PCA results

Before giving a demonstration of the diagnostic application of the above mentioned estab-

lished methodologies, it will first be illustrated why PCA is not the appropriate tool to

use in this setting. Firstly, one can be nudged in the direction of using kernel PCA when

evaluating the scatter plot matrix in Figure 4.2. As previously mentioned, the objective of

PCA, in general, is to specify low dimensional surfaces, such that when the data vectors

are projected onto these surfaces the variance of the projections is optimal. If the simu-

lation study was only based on two process variables, for example x1 and x2, then clearly

from Figure 4.2, the surface which will visually result in the maximum sample projection

variance is non-linear. That is, linear PCA will not be optimal. The second approach to

illustrate the non-applicability of linear PCA is to observe its performance when evaluat-

ing a known process fault. Linear PCA will therefore be used to summarize the simulated

IOC data set and the resulting fault detection indices will be used to identify if the new

faulty sample is different from IOC conditions.

114



x1

−10 −5 0 5

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●●

● ●

●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●

●

● ●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●●
●

●

●●

●

● ●

●
● ●●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●

●
●

●●

●●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●● ●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

● ●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●●

●

●
●●

●
●

●

●

●
●

●

●

●

●
● ●

●

●

● ●

●
● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●●

●

●

●

●

●

●
● ●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

● ●

●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
● ●

●

●

●

●

●

●

●

● ●

●
●

●●

●

●

●

●

●

●●

●

●

●

●●

●

●

●

● ●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●●

●

●●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●● ●
●

●●

●

●

●● ●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●
●

●

●

●

●

●

●

●●
●

●

●●

●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●
●●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●●
●

●

●●

●

●

● ●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●
●●

●

●

●
●

●

●

●

●●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●

●

●
●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●
●

●

●

● ● ●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●
●

●
●

●

●

●

●
●

●
●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●
●

●

●●
●

●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●●

●

●

●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●
●

●

●
●

● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●
●
●

●●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●●
●

●

●
●
●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●●●
●

●
●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●

●

●●
●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●●

●

●
●

●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●●

● ●

●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●

●

●●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●●
●

●

●●

●

●●

●
● ● ●

●
●

●

●

●

● ●

●

●

●

●
●

●

●

●

●
●

●●

● ●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

● ●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
● ●

●

●
● ●

●
●

●

●

●
●

●

●

●

●
●●

●

●

●●

●
● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

● ●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

● ●

●

●

●

●

●

●
●●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
● ●

●

●

●

●

●

●

●

●●

●
●

●●

●

●

●

●

●

● ●

●

●

●

● ●

●

●

●

●●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

● ●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●●
●

●●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●
●

●
● ●

●

●
●

●

●

●

●

●

●

● ●
●

●

● ●

●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●
● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

● ●
●

●

●●

●

●

● ●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●
●●

●

●

●
●

●

●

●

● ● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●

●

●
●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●
●

●

●

● ●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

● ●

●

●

●

●

●

●

● ●

●

●

●

●
●

●
●

●

●

●

●
●

●
●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●
●

●

● ●
●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

● ●

●

●

●

●
●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

● ●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

● ●

●

●

●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●
●

●

●
●

●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●●

●
●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

● ●
●

●

●
●

●
●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●●●
●

●
●

●

●

●

●

●

●

● ●
●
●

●

●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●

●

●●
●

●●
●

●

●

●

●

●

●

●

●

●

●

−5 0 5 10

−
20

20
60

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●●

●●

●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●

●

● ●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●●
●

●

●●

●

●●

●
● ●●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●

●
●

●●

● ●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●●
●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

● ●

●

●

●
●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●●

●

●
●●

●
●

●

●

●
●

●

●

●

●
● ●

●

●

● ●

●
●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●●

●

●

●

●

●

●
● ●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

● ●

●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●●

●

●

●

●

●

●

●

● ●

●
●

●●

●

●

●

●

●

●●

●

●

●

●●

●

●

●

● ●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●● ●
●

●●

●

●

●● ●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●
●

●

●

●

●

●

●

●●
●

●

●●

●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●
●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●●
●

●

●●

●

●

●●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●
●●

●

●

●
●

●

●

●

●●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●

●

●
●

●

●

●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●
●

●

●

●● ●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●
●

●
●

●

●

●

●
●

●
●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●
●

●

●●
●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

●●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●

●

●

●●

●

●
●
●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●●

●

●

●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●
●

●

●
●

● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

● ●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●●
●

●

●
●
●
●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●●●
●

●
●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●

●

●●
●

●●
●

●

●

●

●

●

●

●

●

●

●

−
10

−
5

0
5

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●
●

●

●
●

●

●

●

●

●

●

● ●

●

● ●
●

●
●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

● ●
●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●●
●

●●

●

●

●

●●
●

●

●

●

●

●

●

● ●

●

● ●

●

●

●

●

● ●

●

●

● ●
● ●

●

●

● ●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●

●

●

●●

●

●

●●

●

●
●

● ●

●

●
●

●

●

●

●

●

●

●
●

● ●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●
●●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●●●

●●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
● ●

●●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●
●

●
●

●

●

●

●

●●
●

●

●
●

●
●

●

●

●●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●
●

●

● ●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

● ●

●
●

●

●

●

●

●

●

●

●●
●●

●

●

●

●

● ●

●

●●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●
●●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

● ●

●

●

●

●

●
●

●

●

●

●●

● ●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

● ●● ●
●

●

● ●

●

●

●

●
●

●
●

● ●

●

●

●
●

●

●

●
●

●

●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

● ● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

●● ●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●●●●

●
●

●

●
●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

● ●
●

●

●

●

●

●

● ●

●

● ●

●
●

●

●

●

●

●

●

●●●●

●

●

● ●
●

●

●
●

●

●

●

● ●

●●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

● ●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●

● ●
●

●●

●

●

●●

●
●

●

●

●

●

● ●

●

●

●

●

●
●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

● ●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

● ●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●

●
●

●

●

●
● ● ● ●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●●

●

● ●

●
●

●
●

●
●

●

●●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●
● ●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●●
●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ● ●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

● ●●

●

●●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

● ●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●
●●

● ●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

x2
●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●●

●

● ●
●

●
●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●●
●

● ●

●

●

●

● ●
●

●

●

●

●

●

●

● ●

●

●●

●

●

●

●

●●

●

●

● ●
●●

●

●

●●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●

●

●

●●

●

●

●●

●

●
●

● ●

●

●
●

●

●

●

●

●

●

●
●

● ●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●
● ●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●●●

● ●

●

●

●

●

● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●●

● ●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

● ●
●

●

●
●

●
●

●

●

●●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●●
●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●
●

●

●●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●

● ●
●●

●

●

●

●

● ●

●

● ●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●
● ●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●●

●

●

●

●

●
●

●

●

●

●●

●●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●●●●
●

●

●●

●

●

●

●
●

●
●

● ●

●

●

●
●

●

●

●
●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

● ●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
● ● ●●

●
●

●

●
●

● ●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

● ●
●

●

●

●

●

●

●●

●

●●

●
●

●

●

●

●

●

●

● ●●●

●

●

●●
●

●

●
●

●

●

●

●●

●●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
● ●

●

● ●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

● ●
●

●

●

●

●●
●

● ●

●

●

● ●

●
●

●

●

●

●

● ●

●

●

●

●

●
●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

● ●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●

●
●
●

●

●
●●● ●

●

●

●
●

●

●

●

●
●

●

● ●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●●

●

● ●

●
●

●
●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●
●●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●
●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●●●

●

●●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●
●

● ●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●
● ●

●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●●

●

● ●
●

●
●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●●
●

●●

●

●

●

● ●
●
●

●

●

●

●

●

●●

●

●●

●

●

●

●

●●

●

●

●●
●●

●

●

●●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●
●

●

●

●

● ●

●

●

● ●

●

●
●

●●

●

●
●

●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●
●●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●● ●

●●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●●

● ●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

●●
●

●

●
●

●
●

●

●

●●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●
●

●

●●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●●
● ●

●

●

●

●

●●

●

●●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●
●

●
●●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●●

●

●

●

●

●
●

●

●

●

● ●

●●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●●
●

●

●●

●

●

●

●
●

●
●

●●

●

●

●
●

●

●

●
●

●

●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●
●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●●

●

●

●
●

●●●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●● ●●

●
●

●

●
●

● ●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●
●

●

●

●

●

●

● ●

●

● ●

●
●

●

●

●

●

●

●

●●●●

●

●

●●
●

●

●
●

●

●

●

●●

●●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●●

●

●

●
●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●

● ●
●

●●

●

●

●●

●
●

●

●

●

●

● ●

●

●

●

●

●
●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●

●
●
●

●

●
●● ●●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

● ●

●

●●

●
●

●
●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●
●●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●
●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●●●

●

● ●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

● ●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●
●●

●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●
●

●

●

●

●

●

●●
●

●

●

●

●
●

●

●

●

●

●
●●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

● ●
●

●●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
● ●●

●●

●

●

●

●

●

●

●

●●

●

●

● ●

●

●

●

●
●

● ●

●
●●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
● ●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●
●

●

●

●●
●

●

●

● ●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

● ●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●
●●

●
●

●●

●

●

●

●● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●●

●

●●

●
●

● ●

●

●

●

● ●

●

●

●

●

●●

●

●

●
●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●
●

●
●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●●

●

●

●

●

●
●

●

● ●

●

●

●

●

● ●

●

●

●●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

● ●

●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

● ●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●
●

●●

●
●●

●

●

●
●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●
●

●●

●

●

●

●

●
●●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●●

●

●

●

●

●●

●

● ●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

● ●

●

●

●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●
●

●●

●

●

●

●

●

●

●
●

●

●

●

●● ●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

● ● ●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●
●

●

●

●

●

●

● ●
●

●

●

●

●
●

●

●

●

●

●
●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●●
●

● ●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●● ●

●●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●
●

● ●

●
● ●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●●

●

●

●

●

●●
●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●
●

●

●

● ●
●

●

●

●●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

● ●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●
● ●

●
●

● ●

●

●

●

● ●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●●

●

●●

●
●

● ●

●

●

●

●●

●

●

●

●

● ●

●

●

●
●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●
●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

● ●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

● ●

●

●

●

●

●
●

●

●●

●

●

●

●

● ●

●

●

●●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

● ●

●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

● ●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●
●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●
●

● ●

●
●●

●

●

●
●

●

●

●

●

●

● ●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●
●

● ●

●

●

●

●

●
●●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●●

●

●

●

●

●●

●

● ●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●
●
●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●
●

● ●

●

●

●

●

●

●

●
●

●

●

●

●● ●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

● ●●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●
●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●
x3

0
20

60
10

0

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
● ●

●
●

●

●

●

●

●

● ●
●

●

●

●

●
●

●

●

●

●

●
●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●
●

● ●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●●●

●●

●

●

●

●

●

●

●

●●

●

●

● ●

●

●

●

●
●

●●

●
● ●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●●

●

●

●

●

●●
●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●
●

●

●

● ●
●

●

●

●●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

● ●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●
● ●

●
●

● ●

●

●

●

● ●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●

●●

●
●

● ●

●

●

●

●●

●

●

●

●

●●

●

●

●
●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●
●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

● ●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

● ●

●

●

●

●

●
●

●

●●

●

●

●

●

● ●

●

●

● ●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●●

●

●

●

●

●●

●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

● ●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●
●

●●

●
●●

●

●

●
●

●

●

●

●

●

● ●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●
●

● ●

●

●

●

●

●
●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●●

●

●

●

●

●●

●

●●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●
●
●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●
●
●●

●

●

●

●

●

●

●
●

●

●

●

●● ●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

● ●●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●
●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

−20 20 60

−
5

0
5

10 ●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

●●
● ●

●

●● ●

●

●●

●

●

●

●

●● ●

●

● ●
●

●
●

●

●

●

●

● ●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●● ●

●

●

●

●
●●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

● ●

●

●

●
●

●

●● ●

●

●

●

●

●

●
●

● ●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●

●

●
●

●
● ●●

●

●

●

●

●●
●

●●
●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

● ●●
● ●

●

● ●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●●
●

●

●

●

●

●●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●●

●

●●

●

●

● ●

●

●

●
●

●

●
●

●

●●
●

●

●

●●

●

● ●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

● ●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●
●

● ●
● ●

●●

●

●●
●●

●

●●
●

●

●
●

●

●

●
●

●

●

●

●

●

● ●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●●
●

●
●

●

●

●

●
●

●
●

● ●

●
●

●

●

●

●●
●●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●
●

● ●
●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●●●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●
●

●
●

●

●

●●

●

●

●

●

●

●

●●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
● ●
●

●

●●

●

●

●

●●
●

●

●

●
●

●
●

●

●

●

●
●● ●

●

●

●

●

●●
●

●

●

●

●
●

●
●●

●

●
●

●

●

●

●

●
●

●
●

●

●
●

●
●

●●

●

●●

●

●

●

●

●

●

●●

●
●

●

●

● ● ●

●

●
●●

● ●

●

●

●
●

●●

●

●

●

●

● ●

●

●

●

●
●

●

●

● ●●

●

●

●

●

●

●

●
●

●

● ● ●

●

● ●

●●

● ●● ●●

●

● ●

●

●

●

●

●

●●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●
●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●●

●

●

●

●● ●

●

●

●

●
●

●

●

●

●

●

●

●
●● ●
●

●
●

●

● ●
● ●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

● ●

●
●●

●
●

●

●

●●

●

●

●

●

●
●

●●
●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

● ●

●

●

●●

●

●

●

●

●

● ●●

●

●
● ●

●

●
●●

●●

●

●

●

●

●

●

●

●

● ●

●

● ●

●

●●

●
●

●

●

●

●

●

●

●
●

● ●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●
●

●●

● ●

●
●

●

●

●
●

● ●

●

●●
●

●
●

●

●●
●

●

●

●
●●●

●●

●

● ●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●
●● ●

●

●

●

●

●

●

●
●

●

●

●●

●●

●●

●

●

●

●

●

● ●
●

●

●

●

●

●

●●
●

●
●

●

●

●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●●● ●
●

●
●

●
●
●●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

● ●
●

●

●

●
● ●

●
●

●

●
●

●

●

●

●

●
● ●

●
●●●

●

●

●
●

● ●●
●

●●

●

●

●

●

●
●

●

●
●

● ●
●

● ●

●

●

●
●

●
●

●

●

●

●

●

●

●

●●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●
●

●●

●

● ●
●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
● ●

●

●
●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●●

●

●
●

●
●

●

●

●

●

● ● ●●

●

●

●

●

●●●
● ●

●
●

●

●

●
●●

●

●●

●

●

●

●

●

●
●

●

●

●

●●

●

●●●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●
●

●
●●

●●
●

●

●

● ●●

●●

●

●
●

●

●●
●

●

●

●

●

●● ●

●

●●

●

●

●

●
●

● ●

●

●

●

●
●

●

●

●

●

●

●
●● ●

●●●

●

●

●

●●●

●

● ●
●

●

●

●

●●
●

●

●●

●

●

●

●

●●

●

●

●
● ●

●

●

●
●

●

●

●

●

●

●
●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●
●●

●

● ●

●

●

●

●

●
●

●

●
●

●
● ●

●

●
●

●

●

●

●

● ●

●

●

●●

●

●

●

●

●

●

●

●

●●
●●●

●

●

●

●

● ●●●
●

●

● ●
●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●
●

● ●
●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●
● ●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●●● ●
●

●

●

●

●
●

●

●

●

●

●●

● ● ●

●●●

●

●

●

● ●

●

●

●

●
●●

●
●

●

●

●

●●●
●

●

●
●

●

●

●

●
● ●●

●
●

●

●

●
●

●

●

●

●
● ●

●

●

●

●

●

●

●

●
●●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
● ●
●

●

●

●●

●
●

●

●

●

●

● ●

●

●

●

●

●●

●●

●

●

●

●

●●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

● ●● ●

●

●
●

●

●

●

●●

●

●●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

●●
● ●

●

●● ●

●

●●

●

●

●

●

● ●●

●

● ●
●

●
●

●

●

●

●

●●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●● ●

●

●

●

●
● ●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●
●

●

●● ●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●

●

●
●

●
● ●●

●

●

●

●

● ●
●

●●
● ●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●● ●
● ●

●

● ●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●●
●

●

●

●

●

●●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
● ●

●

●●

●

●

●●

●

●

●
●

●

●
●

●

● ●
●

●

●

●●

●

● ●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

● ●
●

●●
●●

●●

●

● ●
●●

●

●● ●

●

●
●

●

●

●
●

●

●

●

●

●

●●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●●
●

●
●

●

●

●

●
●

●
●

● ●

●
●

●

●

●

●●
●●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●
●

●●
●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●● ●

●
●

●

●

●

●

●

●

●

●

●
●

●
●
●

●

●
●

●
●

●
●

●

●

●●

●

●

●

●

●

●

●●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●●

●

●

●

● ●
●

●

●

●
●

●
●

●

●

●

●
●● ●

●

●

●

●

●●
●

●

●

●

●
●

●
● ●

●

●
●

●

●

●

●

●
●

●
●

●

●
●

●
●

●●

●

●●

●

●

●

●

●

●

●●

●
●

●

●

●● ●

●

●
●●

● ●

●

●

●
●

●●

●

●

●

●

● ●

●

●

●

●
●

●

●

● ●●

●

●

●

●

●

●

●
●

●

●●
●

●

● ●

●●

●●●●●

●

● ●

●

●

●

●

●

●●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●
●

● ●

●

●

●

●

●
●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●●

●

●

●

●●●

●

●

●

●
●

●

●

●

●

●

●

●
●● ●

●
●

●

●

●●
● ●

●

●

●

●

●

●

●
●
●

●

●

●
●

●

●

● ●

●
●●

●
●

●

●

●●

●

●

●

●

●
●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

● ●

●

●

● ●

●

●

●

●

●

●●●

●

●
● ●

●

●
●●

● ●

●

●

●

●

●

●

●

●

●●

●

●●

●

●●

●
●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●

● ●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●
●

●●

● ●

●
●

●

●

●
●

● ●

●

● ●
●

●
●

●

● ●
●

●

●

●
●● ●

●●

●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●
●● ●

●

●

●

●

●

●

●
●

●

●

● ●

●●

●●

●

●

●

●

●

●●
●

●

●

●

●

●

●●
●

●
●

●

●

●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●● ● ●
●

●
●

●
●

●●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

● ●
●

●

●

●
●●
●

●

●

●
●

●

●

●

●

●
●●

●
● ●●

●

●

●
●

● ●●
●

● ●

●

●

●

●

●
●

●

●
●

● ●
●

●●

●

●

●
●

●
●

●

●

●

●

●

●

●

●●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●
●

●●

●

● ●
●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●●

●

●
●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●●

●

●
●

●
●

●

●

●

●

●● ●●

●

●

●

●

●●●
● ●

●
●

●

●

●
●●

●

●●

●

●

●

●

●

●
●

●

●

●

●●

●

●● ●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●
●

●
●●

●●
●

●

●

● ●●

● ●

●

●
●

●

●●
●

●

●

●

●

●●●

●

●●

●

●

●

●
●

●●

●

●

●

●
●

●

●

●

●

●

●
●● ●

● ●●

●

●

●

●● ●

●

●●
●

●

●

●

●●
●

●

●●

●

●

●

●

● ●

●

●

●
● ●

●

●

●
●

●

●

●

●

●

●
● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●
● ●

●

● ●

●

●

●

●

●
●

●

●
●

●
●●

●

●
●

●

●

●

●

● ●

●

●

●●

●

●

●

●

●

●

●

●

● ●
●●●

●

●

●

●

●● ●●
●

●

●●
●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●
●

● ●
●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●
●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●● ●●
●

●

●

●

●
●

●

●

●

●

● ●

●● ●

●● ●

●

●

●

● ●

●

●

●

●
●●

●
●

●

●

●

●● ●
●

●

●
●

●

●

●

●
● ●●

●
●

●

●

●
●

●

●

●

●
● ●

●

●

●

●

●

●

●

●
●● ●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●
●●
●

●

●

●●

●
●

●

●

●

●

●●

●

●

●

●

●●

● ●

●

●

●

●

●●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●● ●●

●

●
●

●

●

●

● ●

●

●●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

0 20 60 100

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

●●
●●

●

● ●●

●

● ●

●

●

●

●

●●●

●

●●
●

●
●

●

●

●

●

●●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●●●

●

●

●

●
●●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●
●

●

●●●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

● ●

●

●
●

●
●●●

●

●

●

●

●●
●

●●
● ●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●● ●
● ●

●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

● ●
●

●

●

●

●

● ●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
● ●

●

● ●

●

●

●●

●

●

●
●

●

●
●

●

● ●
●

●

●

●●

●

●●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

● ●

●

●

●

●
●

● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●
●

●●
●●

●●

●

● ●
● ●

●

●● ●

●

●
●

●

●

●
●

●

●

●

●

●

●●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

● ●
●

●
●

●

●

●

●
●

●
●

●●

●
●

●

●

●

● ●
● ●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●
●

● ●
●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

● ● ●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●
●

●
●

●

●

●●

●

●

●

●

●

●

● ●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

● ●

●

●

●

●●
●

●

●

●
●

●
●

●

●

●

●
● ●●
●

●

●

●

●●
●

●

●

●

●
●

●
● ●

●

●
●

●

●

●

●

●
●

●
●

●

●
●

●
●

● ●

●

● ●

●

●

●

●

●

●

● ●

●
●

●

●

●●●

●

●
● ●

● ●

●

●

●
●

●●

●

●

●

●

● ●

●

●

●

●
●

●

●

● ● ●

●

●

●

●

●

●

●
●

●

● ●●

●

●●

●●

● ● ●● ●

●

●●

●

●

●

●

●

●●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●
●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●●

●

●

●

● ●●

●

●

●

●
●

●

●

●

●

●

●

●
●●●

●
●

●

●

●●
● ●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●●

●
● ●

●
●

●

●

● ●

●

●

●

●

●
●

● ●
●

●

●

●

●

●

●
●
●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●●

●

●

● ●

●

●

●

●

●

●●●

●

●
●●

●

●
●●

●●

●

●

●

●

●

●

●

●

● ●

●

● ●

●

● ●

●
●

●

●

●

●

●

●

●
●

●●

●

●

●
●

●

● ●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●
●

● ●

●●

●
●

●

●

●
●

●●

●

● ●
●

●
●

●

● ●
●

●

●

●
●● ●

● ●

●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●
●● ●
●

●

●

●

●

●

●
●

●

●

● ●

● ●

●●

●

●

●

●

●

●●
●

●

●

●

●

●

●●
●

●
●

●

●

●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

● ●●●
●

●
●

●
●

●●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

● ●
●

●

●

●
● ●

●
●

●

●
●

●

●

●

●

●
●●

●
● ● ●

●

●

●
●

●●●
●

● ●

●

●

●

●

●
●

●

●
●

● ●
●

● ●

●

●

●
●

●
●

●

●

●

●

●

●

●

● ●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●
●

● ●

●

● ●
●

●●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●●

●

●
●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●●

●

●
●

●
●

●

●

●

●

●● ●●

●

●

●

●

● ●●
●●

●
●

●

●

●
●●

●

● ●

●

●

●

●

●

●
●

●

●

●

●●

●

● ● ●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●
●

●
●●

● ●
●

●

●

●● ●

● ●

●

●
●

●

● ●
●

●

●

●

●

●●●

●

●●

●

●

●

●
●

●●

●

●

●

●
●

●

●

●

●

●

●
●●●

● ● ●

●

●

●

● ●●

●

●●
●

●

●

●

● ●
●

●

●●

●

●

●

●

●●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●
● ●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●
● ●

●

● ●

●

●

●

●

●
●

●

●
●
●

●●

●

●
●

●

●

●

●

●●

●

●

● ●

●

●

●

●

●

●

●

●

● ●
●● ●

●

●

●

●

●● ●●
●

●

●●
●

●

●
●

● ●

●

●

●

●

●

●

●

● ●

●
●

●●
●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

● ●
●

●

●

●
●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●●●
●

●

●

●

●
●

●

●

●

●

●●

●● ●

●● ●

●

●

●

●●

●

●

●

●
●●

●
●

●

●

●

●● ●
●

●

●
●

●

●

●

●
●●●

●
●

●

●

●
●

●

●

●

●
● ●

●

●

●

●

●

●

●

●
● ● ●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●●

●
●

●

● ●

●
●

●

●

●

●

●●

●

●

●

●

●●

● ●

●

●

●

●

● ●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●● ● ●

●

●
●

●

●

●

● ●

●

●●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

x4

Figure 4.2: Scatter plot matrix of simulated process variables.

A known fault example can be realised by using information on the underlying variable

u. The fault that will be simulated is a single sensor fault induced on the first process

variable. Consider the IOC process conditions when the unobservable u is larger than

60. Process variable x1 would therefore be faulty if it does not produce a value that falls

within the range induced by 55�Np0, 10q. The following four dimensional vector,

�
x1 x2 x3 x4

�T
�

�
10.58 �4.97 50 2.29

�T
, (4.74)

can therefore be considered different from the IOC data. All of the process variables ex-
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cluding x1 fall within their respective ranges for u ¡ 60, see Figure 4.1. It should again

be emphasised that the variable u is not known in practice. In this simulation example it

is convenient to use the knowledge of u to simulate known faulty samples.
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Figure 4.3: Simulated process variables plotted against time. The horizontal lines display an
example of a faulty observation.

Consider a typical analysis performed by an engineer. In practice the engineer will

typically do a univariate analysis of these process variables on the control panel. Since

the engineer is not aware of u, he won’t be able to observe the deviation in the one

dimensional setting. Figure 4.3 displays time plots of the process variables with the values

of the faulty vector illustrated as horizontal red lines in each graph. It is clear from these
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graphs that it is difficult to deduce that the process has deviated and specifically that

x1 was the cause. Univariate fault detection and diagnosis would have been possible if u

was measured. This simulated example will therefore again reaffirm the importance and

relevance of multivariate statistical process monitoring, whether linear or non-linear.

The principal component analysis of this data set resulted in the 2-dimensional score

plot given by Figure 4.4. The first two principal components account for 87.04% of the

variability in the reference data set. The open circles in Figure 4.4 represent the IOC

samples and the solid triangle represents the model evaluation of the faulty sample.
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Figure 4.4: PCA score plot of first two principal components. Open circles represent the
IOC cases. The solid triangle is the projection of the faulty example. The ellipse identifies the
2-dimensional T 2 95% control region.

From visual inspection, it is clear from Figure 4.4 that the score representation of the

fault lies to the edge of the point cloud representing the IOC scores, suggesting that the

faulty score is different. When the PCA fault detection statistics are used to quantify the

difference it is found that there is not enough evidence to confirm the visual inclination.

Also included in Figure 4.4 is the 95% T 2 control ellipse. From this it is clear that the new

sample falls inside the control ellipse and can therefore not be considered to be different

from the IOC samples. In this example it is therefore illustrated that linear PCA is not

the optimal method to use.

In contrast to PCA, the fault detection performance of PCA applied in high dimensional

feature space, using kernel approximations, will now be presented for this example. The

117



Gaussian kernel function, as defined in (4.25), was used to estimate the feature space inner

products of the pairwise IOC samples. Optimal hyperparameter and dimension settings

for this kernel PCA model was calculated using the pre-image based methodology of Alam

and Fukumizu (2014). Using crossvalidation, as described by Algorithm 1 in Section 4.2,

the ideal value for σ was determined to equal 0.82 while the number of kernel principal

components selected h� was found to be 45. The likeness of the artificially generated

faulty sample to the IOC data vectors can now be calculated using (4.52), (4.61) and

(4.63) for the T 2, SPE and combined statistics respectively. It was stated earlier that the

control limits of these statistics are calculated under the assumption of normality. Since

normality is often violated in practice, it is proposed that the null distribution of the fault

indices be non-paramatically estimated using the IOC data. Specifically, the observed

value of the fault detection statistic can be calculated for each of the IOC data points.

The observed distribution of these IOC detection statistic values can then be used as the

null distribution against which future observations can be compared. In Figure 4.5 the

observed IOC densities of the respective fault identification statistics are displayed. The

vertical red lines in Figure 4.5 represent the theoretically calculated control limits of the

different fault indices. It is the opinion of the author that these limits are too stringent

and therefore suggests that the empirical percentiles of the IOC fault statistic values be

used as control limits. These data driven control limits are represented by the blue verti-

cal lines in Figure 4.5. The numerical values of the control limits are captured in Table 4.2.

Table 4.2: Observed kernel PCA control limits.

Fault Statistic Theoretical CL - 90% Theoretical CL - 95% 90% Percentile 95% Percentile
T 2 57.51 61.66 77.66 94.55
SPE 0.051 0.054 0.080 0.120

Combined 17.31 18.37 2.79 3.67

Table 4.3: Fault statistic values for faulty sample.

T 2 SPE Combined
92.83 0.74 15.02
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Figure 4.5: Observed distributions of the fault detection statistics together with the control
limits.

The fault statistic evaluations for the constructed faulty sample are reported in Table 4.3.

It can be observed that the faulty sample is correctly reported as being different from the

IOC samples by the SPE and Combined statistics using the non-parametric percentiles.

However, the T 2 statistic, based on the non-parametric control limit, identifies the sample

as not being different at the 95% confidence level. It should be noted that the T 2 value

of the faulty sample is relatively close to the control limit. The sample is identified as

being extreme when using the 90% CL. It can therefore be concluded in this example,

in comparison to PCA, that the kernel PCA process control method displays the desired

fault detection performance.
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Kernel PCA based fault diagnosis can therefore now be performed by applying the contri-

bution analysis strategies of Section 4.4 to the out-of-control statistic values. The recom-

mendations made by the different kernel PCA fault diagnosis methods are given in Figures

4.6 and 4.7. In Figure 4.6 the variable contributions as developed by Cho et al. (2005) are

displayed for the fault statistics of the faulty sample. Note that the contribution results

of the T 2 statistic has been included even though it was not out-of-control based on the

95% control limit. The relative contribution of variable x1 to all of the fault statistics is

correctly ranked as being the largest. The method of Cho et al. (2005) therefore correctly

diagnosed the single sensor fault in the first process variable.
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Figure 4.6: Kernel PCA variable contributions calculated for the simulated faulty sample using
the method of Cho et al. (2005).
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Figure 4.7: Kernel PCA variable contributions calculated for the simulated faulty sample using
the method of Alcala and Qin (2010).

The results of the reconstruction optimisation diagnostic approach developed by Alcala

and Qin (2010), see Section 4.4, are captured in Figure 4.7. This technique also correctly

identifies variable x1 as being responsible for the process deviation.

Although the fault diagnosis techniques correctly identified the process variable that was

altered to have assignable cause variability, it is not clear how an engineer would use this

information i.e., Figures 4.6 and 4.7 to correct the multivariate deviation. The univariate

ranking of the process variables will prompt the engineer to consider the graphs in Figure

4.3. Specifically, the engineer will look at the univariate graph for x1, in Figure 4.3, and

will not know why this process variable is supposedly important. The existing diagnostic
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techniques therefore do not give practical guidance as to what needs to be done in order

to achieve multivariate common cause variability.

4.5.4 Kernel PCA fault diagnosis simulation study

In this section the simulation study presented in the previous section will be extended in

order to evaluate the fault diagnostic ability of the methods introduced by Cho et al. (2005)

and Alcala and Qin (2010). The objective is to do a study similar to the one presented

in Chapter 2. That is, the correct diagnosis rates of single, multiple and multivariate

sensor faults will be presented for various fault magnitudes. Refer back to Section 2.6 for

the definition of these fault types. In this simulation the fault free part of the different

sensor faults was again determined using the three different fault detection statistics i.e.,

(4.52), (4.61) and (4.63). The results presented here will give a general indication of the

applicability of the diagnosis methods in practice.

4.5.4.1 Single sensor fault

Single sensor faulty vectors were constructed using the formulation given by (2.68). For

each of the fault free data sets the following were done to simulate the faulty vectors:

1. For each IOC sample select a process variable j in turn,

2. add the fault magnitude �f to the selected process variable,

3. where the fault size f is one of 9 equally spaced fault magnitudes between 0.3 and

three.

These observation vectors were then filtered to identify only those that are out-of-control

based on the corresponding statistic’s critical value. In addition the data were filtered

to retain only those vectors that are univariately inside the IOC ranges. Note that the

way in which the faulty vectors are obtained is slightly different to the approach that was

followed in Chapter 2. This was done to limit the number of possible single sensor faults,

due to the kernel PCA evaluations being computationally expensive. The fault diagnosis

techniques presented in Section 4.4 were applied to the final set of single sensor vectors to

identify the faulty variables.

The percentage of samples that were correctly diagnosed by the two diagnostic methods is

plotted for each of the absolute fault magnitudes. These results are presented in Figures

4.8, 4.9 and 4.10 for each of the three faults statistics respectively.

From Figure 4.8, the results for the SPE statistic, indicate that the gradient based method
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of Cho et al. (2005) resulted in a better correct diagnosis rate when compared to the re-

sults for the reconstruction based method of Alcala and Qin (2010). It is also observed

that the correct diagnosis rate never exceeds 80%.

The simulation results based on the T 2 index are displayed in Figure 4.9. It is observed

that for most of the fault sizes the methods of Cho et al. (2005) and Alcala and Qin (2010)

yield comparable results. However, for fault magnitudes larger than two, the reconstruc-

tion based method consistently outperforms the gradient based method. The best correct

diagnosis rate equals approximately 98% and is observed at a fault size equal to three.

For the Combined statistic, in Figure 4.10, it is observed that the gradient based method

yield better results as compared to the reconstruction based method for each fault size.

The maximum correct diagnosis rate equals 80% which is observed at a fault magnitude

that approximately equals 1.45.

Collectively the results presented in Figures 4.8, 4.9 and 4.10 suggest that the fault di-

agnosis methods of Cho et al. (2005) and Alcala and Qin (2010) would not be ideal to

diagnose single sensor faults in practice.
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Figure 4.8: Correct diagnosis of faulty variables expressed relative to the magnitude of the single
sensor fault induced. Contributions were calculated using the SPE index and corresponding
kernel PCA model. Solid squares are used to represent the results of the gradient based method
of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin (2010)
are indicated using solid circles.
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Figure 4.9: Correct diagnosis of faulty variables expressed relative to the magnitude of the
single sensor fault induced. Contributions were calculated using the T 2 index and corresponding
kernel PCA model. Solid squares are used to represent the results of the gradient based method
of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin (2010)
are indicated using solid circles.
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Figure 4.10: Correct diagnosis of faulty variables expressed relative to the magnitude of the
single sensor fault induced. Contributions were calculated using the Combined index and cor-
responding kernel PCA model. Solid squares are used to represent the results of the gradient
based method of Cho et al. (2005). The results of the reconstruction based method of Alcala
and Qin (2010) are indicated using solid circles.
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4.5.4.2 Multiple sensor fault

The performance of the faults diagnosis methods prescribed by Cho et al. (2005) and

Alcala and Qin (2010) will now be evaluated using multiple sensor faults. We will employ

the definition used in the simulation section of Chapter 2 i.e., equation (2.69), to construct

multiple sensor examples in this section. The following was done to simulate the multiple

sensor faulty vectors for each of the fault free data sets:

1. For each IOC sample select process variable pair pi, jq in turn,

2. add the fault magnitude �f to the selected process variable pair using the formula-

tion of (2.69),

3. where the fault size f is one of 9 equally spaced fault magnitudes between 0.3 and

1.5.

The collection of possible multiple sensor fault vectors obtained were then filtered to iden-

tify only the ones that are out-of-control based on the corresponding statistic’s critical

value. Note that the multiple sensor conditions that are specified in Chapter 2 i.e., that

the single sensor vectors that define a multiple sensor fault should also be out-of-control,

were also checked. Filtering was also applied to remove samples that violated the uni-

variate bounds of the IOC data. The fault diagnosis methodologies of Cho et al. (2005)

and Alcala and Qin (2010) were then utilised to analyse the final multiple sensor fault

vectors. The results of the analysis are depicted in Figures 4.11, 4.12 and 4.13 for each

of the respective fault detection indices. In each graph the percentage of variable pairs

that were correctly identified by the two diagnosis methods are plotted against each of the

corresponding absolute fault magnitudes.

In Figure 4.11 the results for the SPE statistic are reported. An holistic view of Figure

4.11 leads us to conclude that the fault diagnosis techniques yielded results that are com-

parable. The highest correct diagnosis rate, equalling 90%, is observed for the gradient

based method at a fault magnitude of 0.3. However, most of the correct diagnosis rates

recorded are below 50%.

In Figure 4.12 it is observed, for the T 2 statistic, that none of the techniques reported

results that exceeded a correct diagnosis rate of 40%. The performance of the gradient

based method is slightly better than the reconstruction based method.

For the Combined index, in Figure 4.13, it is observed that the results presented indicate

that the performance of the two methods are comparable. The highest correct diagnosis

rate of 90% is observed at a fault magnitude of 0.3. While the lowest correct diagnosis

rate equalled approximately 30% and was observed at a fault size of 1.38.

Collectively the results presented in Figures 4.11, 4.12 and 4.13 indicate that the fault
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diagnosis methods of Cho et al. (2005) and Alcala and Qin (2010) would not be ideal to

diagnose multiple sensor faults in practice.

It is interesting to observe the general downward trend of the correct diagnosis rates

in Figures 4.11 and 4.13. One would have expected that the correct diagnosis rate should

improve with increased fault magnitude. However, this behaviour can be expected due

to the non-linear characteristics of the data. Consider the two dimensional scatter plot

of the first two simulated variables, illustrated in Figure 4.14, as an example. The red

square represents an out-of-control observation, which is a single sensor deviation from

the blue square in the x1 direction. The horizontal broken line represents the magnitude

of the single sensor fault. The size of this deviation is relatively large when compared

to the range of x1. It is observed from Figure 4.14 that the out-of-control red square is

not remarkably different from the IOC data, even though the fault magnitude is large. A

contrasting observation is made when the out-of-control observation represented by the

red triangle in Figure 4.14 is considered. This observation is a single sensor deviation in

the x2 direction from the in-control blue triangle. The size of the deviation is represented

by the vertical broken blue line. It is observed from Figure 4.14 that even though the

vertical fault magnitude is smaller than the horizontal fault size, the red triangle is more

remote from the IOC data than the red square. Therefore, this conceptual illustration

argues that large fault sizes do not necessarily determine the severity of the out-of-control

deviation and the subsequent complexity of the fault diagnosis. The graphs representing

correct diagnosis rate as a function of fault size should therefore be interpreted with this

in mind for the non-linear case.
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Figure 4.11: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multiple sensor fault induced. Contributions were calculated using the SPE index and corre-
sponding kernel PCA model. Solid squares are used to represent the results of the gradient based
method of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin
(2010) are indicated using solid circles.
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Figure 4.12: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multiple sensor fault induced. Contributions were calculated using the T 2 index and correspond-
ing kernel PCA model. Solid squares are used to represent the results of the gradient based
method of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin
(2010) are indicated using solid circles.
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Figure 4.13: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multiple sensor fault induced. Contributions were calculated using the Combined index and
corresponding kernel PCA model. Solid squares are used to represent the results of the gradient
based method of Cho et al. (2005). The results of the reconstruction based method of Alcala
and Qin (2010) are indicated using solid circles.
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Figure 4.14: Scatter plot of x1 versus x2 used to demonstrate that a large fault size does not
necessarily imply a large multivariate deviation in the non-linear setting.

4.5.4.3 Multivariate sensor fault

The gradient based fault diagnosis method of Cho et al. (2005) and the reconstruction

based method of Alcala and Qin (2010) will now be evaluated using simulated multivariate
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sensor faults. The simplified definition of a multivariate sensor fault used in the simulation

study of Chapter 2 i.e., equation (2.70), will also be used in this simulation. The following

steps were followed to generate multivariate sensor faulty vectors for each of the three

fault free data sets:

1. For each IOC sample select process variable pair pi, jq in turn,

2. add the fault magnitude �f to the selected process variable pair using the formula-

tion of (2.70),

3. where the fault size f is one of 9 equally spaced fault magnitudes between 0.3 and

1.5.

The appropriate statistic’s critical value was now used to filter the collection of possible

multivariate sensor fault vectors in order to identify the out-of-control samples. Note that

the multivariate sensor conditions that are specified in Chapter 2 i.e., that the single sensor

vectors that define a multivariate sensor fault should be in-control, were also checked.

Filtering was also applied to remove samples that violated the univariate bounds of the

IOC data. Figures 4.15, 4.16 and 4.17 visualise a summary of the simulation results for

each fault detection index. For the SPE index, it is observed in Figure 4.15 that the

reconstruction based method mostly reported a correct diagnosis rate that is higher than

that of the gradient based method. The correct diagnosis rate for the reconstruction based

method are predominantly above 80% while the gradient based method recorded results

that for the most part fell below 60%.

In Figure 4.16 it is observed, for the T 2 index, that none of the diagnosis methods reported

results that exceeded a correct diagnosis rate of 70%. The reconstruction based method

recorded slightly better results when compared to the gradient based method. There are

instances where the gradient based method yielded correct diagnosis rates that equalled

0%.

The graph for the Combined index in Figure 4.17 indicate that the reconstruction based

method yielded results that are preferred to that of the gradient based approach. A correct

diagnosis rate greater than 80% is prevalent for the reconstruction based method while

the gradient based method report results that are predominantly below 60%.

Collectively the results presented in Figures 4.15, 4.16 and 4.17 indicate that the fault

diagnosis methods of Cho et al. (2005) and Alcala and Qin (2010) would not be ideal to

diagnose multivariate sensor faults in practice.
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Figure 4.15: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multivariate sensor fault induced. Contributions were calculated using the SPE index and
corresponding kernel PCA model. Solid squares are used to represent the results of the gradient
based method of Cho et al. (2005). The results of the reconstruction based method of Alcala
and Qin (2010) are indicated using solid circles.
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Figure 4.16: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multivariate sensor fault induced. Contributions were calculated using the T 2 index and corre-
sponding kernel PCA model. Solid squares are used to represent the results of the gradient based
method of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin
(2010) are indicated using solid circles.
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Figure 4.17: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multivariate sensor fault induced. Contributions were calculated using the Combined index and
corresponding kernel PCA model. Solid squares are used to represent the results of the gradient
based method of Cho et al. (2005). The results of the reconstruction based method of Alcala
and Qin (2010) are indicated using solid circles.

4.6 Summary

Modern process plants are fitted with equipment that record data on a large number of

performance characteristics. This growth in information on manufacturing processes has

made statisticians realise that the relationships that exist amongst process variables are

oftentimes highly non-linear (see Cho et al. (2005)). Many examples therefore exist where

multivariate process monitoring based on linear PCA is not suited to model non-linear

common cause variability. Alternative techniques have therefore been developed to ac-

count for the complex relationships between process characteristics.

In this chapter it was illustrated how kernel PCA is currently employed for multivariate

statistical process monitoring. Specifically, in addition to a summary of kernel PCA the-

ory, a new simulation example was constructed to illustrate how kernel PCA can be used

in practice for fault detection and diagnosis. A discussion was provided to motivate how a

data set similar to the simulated one might realise in practical situations. A typical fault

was constructed to illustrate the fault identification ability of kernel PCA compared to

linear PCA. In this example the fault identification statistics based on kernel PCA were

able to detect that the simulated faulty sample was statistically different from common

cause variability. The linear PCA based fault identification statistics did not identify that

the simulated faulty sample is foreign to the process. The need for non-linear techniques
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such as kernel PCA have therefore been motivated.

Fault diagnosis techniques employed for kernel PCA are in principle similar to the meth-

ods developed for PCA, as discussed in Chapter 2. Two fault diagnosis approaches are

reviewed. The first approach is the gradient based method of Cho et al. (2005) and the

second is the reconstruction based method of Alcala and Qin (2010). Similar to PCA

contribution analysis, the kernel PCA diagnosis techniques attempt to attach individual

importance to process variables. In the simulation example, it was illustrated how this

is typically done. Additionally, a simulation study, similar to that presented in Chap-

ter 2, was performed to evaluate the performance of the traditional diagnosis techniques

proposed for kernel PCA. The correct diagnosis rates for single, multiple and multivariate

sensor faults were evaluated. It is concluded from the results obtained that these diagnosis

approaches are not suitable for application in the practical setting.

The concerns that were highlighted for the PCA diagnosis techniques, in Chapter 3, extend

to the approaches used in kernel PCA. Individual importances of process variables do not

provide the engineer with an intuitive understanding of how to interpret the, statistically

identified, non-linear and multivariate deviation. A different approach to fault diagnosis

in kernel PCA based monitoring is therefore required.
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Chapter 5

New Methodology for Kernel PCA

Fault Diagnosis

5.1 Introduction

A novel way of performing the fault diagnosis step in kernel PCA based statistical process

control will be motivated in this chapter. The methodology that will be proposed is an

analysis that is completely independent from the kernel PCA model used to identify pro-

cess drift. A new contribution to fault diagnosis is therefore suggested which decouples

the diagnostic step from the fault identification step. That is, in contrast to the diagnostic

methods described in Section 4.4, the out-of-control fault identification statistics will not

be further analysed during the diagnostic process. The general principle that motivated

the development of the proposed analysis is an extension of the methods developed in

Chapter 3 for PCA fault diagnosis.

The reasons provided in Chapter 3, to motivate the change in diagnostic philosophy in

PCA fault investigations, hold true for the kernel PCA setting as well. As an illustra-

tion, consider the pairwise scatter plot in Figure 5.1. The IOC point cloud displayed

in Figure 5.1 represents a typical non-ellipsoidal shape that can be expected when non-

linear relationships are present. Similar to the discussion in Chapter 3 it is illustrated

that it is possible to simulate the same single sensor fault in different ways. In certain

settings the single sensor fault is caused by a deviation in the first process variable, while

in other settings abnormalities in the second process variable are the cause. The tradi-

tional methodology of attaching importance to individual process variables is therefore

not appropriate in the kernel PCA setting.
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Figure 5.1: Illustrative example, in two dimensions, of a single sensor fault, red square, sim-
ulated from two different IOC points. Using the first IOC point, the black circle, to derive the
out-of-control point means that only x1 is altered. For the second derivation, the fault is realised
by changing only x2 in the IOC point represented with the black triangle.

5.2 Pairwise variable importance analysis

In this new diagnosis methodology it is proposed that the pairwise relationships between

variables should be monitored and analysed in order to properly understand process de-

viations. That is, similar to Chapter 3, a method of calculating pairwise variable contri-

butions will be developed. Note that there is no method available of deriving the kernel

PCA equivalent of the pairwise variable contribution technique developed in Chapter 3.

A new method of ranking variable pairs is derived by considering the scatter plot matrix,

of the data simulated in Chapter 4, that is displayed in Figure 5.2.

134



x1

−10 −5 0 5

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

● ●

●
●

●

●

●
●

●

●
●

●

●
●

●
●

●

●
●

●

●

● ●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●●

●

●
●

●
●

●●

●
●

●

●

●

●●

●

●
●

●
●

●

●

●
●

●●

●●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

● ●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●●

●

●
●●

●
●

●

●

●

●

●

●

●

●
● ●

●

●

● ●

●
● ●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●
●

●

●
●

●

●
●
●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●●

● ●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
● ●

●

●

●

●

●

●

●

●
●

●
●

●●

●

●

●

●

●

●●

●

●

●

●●

●

●

●

● ●

●

●

●

●

●

●

●

●●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

● ●

●

●

●●

●

●●

●

●

● ●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●● ●
●

●●

●
●● ●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●
●

●

●

●

●

●

●●
●

●

●●

●

●

●

●
●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

● ●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●
●●

●

●

●

●

●

●

●

●●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●

●

●

● ● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●
●

●
●

●

●

●
●

●
●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●
●●

●
●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

● ●●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●●
●

●

●
●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●●
●

●
●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●

●
●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●

●●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●●

●

●
●

●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

● ●

●
●

●

●

●
●

●

●
●

●

●
●

●
●

●

●
●

●

●

●●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●●

●

●
●

●
●

● ●

●
●

●

●

●

● ●

●

●
●
●

●

●

●

●
●

●●

● ●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
● ●

●

●
● ●

●
●

●

●

●

●

●

●

●

●
●●

●

●

●●

●
● ●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●●

●●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
● ●

●

●

●

●

●

●

●

●
●

●
●

●●

●

●

●

●

●

● ●

●

●

●

● ●

●

●

●

●●

●

●

●

●

●

●

●

● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●●

●

●

●●

●

● ●

●

●

● ●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●●
●

●●

●
●●●

●

●

●

●

●

●

●

●

●

●

●
●

●
● ●

●

●
●

●

●

●

●

●

● ●
●

●

● ●

●

●

●

●
●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●●

●

●

● ●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●
●●

●

●

●

●

●

●

●

● ● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●

●

●

● ●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●
●

●
●

●

●

●
●

●
●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●●
●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●
●●

●
●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●●●

●

● ●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●●

●
●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

● ●
●

●

●
●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●●
●

●
●

●

●

●

●

●

●

● ●
●
●

●

●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●

●●
●

●
●

●

●

●

●

●

●

●

●

●

●

−5 0 5 10

−
20

0
20

40
60

80

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●

●
●

●

●

●
●

●

●
●

●

●
●

●
●

●

●
●

●

●

● ●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●●

●

●
●

●
●

●●

●
●

●

●

●

●●

●

●
●

●
●

●

●

●
●

●●

● ●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

● ●

●

●

●
●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●●

●

●
●●

●
●

●

●

●

●

●

●

●

●
● ●

●

●

● ●

●
●●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●
●

●

●
●

●

●
●
●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

● ●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

● ●

●●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●●

●

●

●

●

●

●

●

●
●

●
●

●●

●

●

●

●

●

●●

●

●

●

●●

●

●

●

● ●

●

●

●

●

●

●

●

●●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

● ●

●

●

●●

●

●●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●● ●
●

●●

●
●● ●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●
●

●

●

●

●

●

●●
●

●

●●

●

●

●

●
●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●
●●

●

●

●

●

●

●

●

●●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●

●

●

●● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●
●

●
●

●

●

●
●

●
●

●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●
●●

●
●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

● ●●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

● ●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●●
●

●

●
●
●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●●
●

●
●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●

●●
●

●
●

●

●

●

●

●

●

●

●

●

●

−
10

−
5

0
5

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●
●

●

●

●

●

●

●

●

●

● ●
●

●
●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

● ●
●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●

●
●

●

●

●

●

●●
●

●●

●

●

●

●●
●

●

●

●

●

● ●

●

● ●

●

●

●

●

● ●
●

● ●
● ●

●

●

● ●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●

●

●

●●

●

●

●●

●

●
●

● ●

●

●

●

●

●

●

●

●

●
●

● ●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●●●

●●●

●

●

●●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●
● ●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●
●

●

●
●

●
●

●

●

●

●

●●
●

●

●
●

●
●

●

●

●●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●●

●

●
●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

● ●

●
●

●

●

●

●

●

●

●●
●●

●

●

●

●

● ●

●

●●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●
●●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

● ●

●

●

●

●

●
●

●

●

●

●●

● ●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

● ●● ●
●

●

● ●

●

●

●

●
●

●
●

● ●

●

●

●
●

●

●

●
●

●

●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

● ● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●

●● ●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●●●●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●●

● ●
●

●

●

●

●

● ●

●

● ●

●
●

●

●

●●

●

●●●●

●

●

● ●
●

●

●
●

●

●

●

● ●

●●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

● ●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●

● ●
●

●●

●

●

●●

●

●

●

●

●

● ●

●

●

●●
●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

● ●
●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●
●

●

●

●●

●

●

●

●

●

●●●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●
● ● ● ●

●

●

●
●

●

●
●
●

●●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●
●

●
●

●

●●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●●
●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ● ●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

● ●●

●

●●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

● ●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●●
● ●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

x2
●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

● ●
●

●
●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●
●

●

●

●

●

●●
●

● ●

●

●

●

● ●
●

●

●

●

●

● ●

●

●●

●

●

●

●

●●
●

● ●
●●

●

●

●●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●

●

●

●●

●

●

●●

●

●
●

● ●

●

●

●

●

●

●

●

●

●
●

● ●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
● ●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●●●

● ● ●

●

●

● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●
● ●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●
●●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●
●

●

●
●

●
●

●

●

●

●

● ●
●

●

●
●

●
●

●

●

●●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●●
●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

● ●

●

●
●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

● ●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

● ●
●●

●

●

●

●

● ●

●

● ●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●
● ●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●●

●

●

●

●

●
●

●

●

●

●●

●●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●●●●
●

●

●●

●

●

●

●
●

●
●

● ●

●

●

●
●

●

●

●
●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●
●●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●

● ●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
● ● ●●

●
●

●

●

●

● ●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

● ●

● ●
●

●

●

●

●

●●

●

●●

●
●

●

●

● ●

●

● ●●●

●

●

●●
●

●

●
●

●

●

●

●●

●●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
● ●

●

● ●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

● ●
●

●

●

●

●●
●

● ●

●

●

● ●

●

●

●

●

●

● ●

●

●

● ●
●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

● ●
●

●

●

●

●

●

●●

●

●

●

●

●

●●

●
●

●

●

●●

●

●

●

●

●

● ● ●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●
●

●

●
●●● ●

●

●

●
●

●

●
●
●

● ●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●
●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●
●

●●

●

●

●

●

●

●
●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●●●

●

●●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●
●

● ●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

● ●
●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

● ●
●

●
●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●●
●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●
●

●

●

●

●

●●
●

●●

●

●

●

● ●
●
●

●

●

●

●●

●

●●

●

●

●

●

●●
●

●●
●●

●

●

●●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●
●

●

●

●

● ●

●

●

● ●

●

●
●

●●

●

●

●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●● ●

●●●

●

●

●●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●
● ●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●
●●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●
●

●

●
●

●
●

●

●

●

●

●●
●

●

●
●

●
●

●

●

●●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●●

●

●
●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

● ●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●●
● ●

●

●

●

●

●●

●

●●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●
●

●
●●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●●

●

●

●

●

●
●

●

●

●

● ●

●●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●●
●

●

●●

●

●

●

●
●

●
●

●●

●

●

●
●

●

●

●
●

●

●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●●●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●● ●●

●
●

●

●

●

● ●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●●
●

●

●

●

●

● ●

●

● ●

●
●

●

●

●●

●

●●●●

●

●

●●
●

●

●
●

●

●

●

●●

●●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●●

●

●

●
●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●

● ●
●

●●

●

●

●●

●

●

●

●

●

● ●

●

●

●●
●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●

●

●

●

●●

●

●

●

●

●

●●

●
●

●

●

●●

●

●

●

●

●

●●●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●
●

●

●
●● ●●

●

●

●
●

●

●
●
●

●●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●
●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●
●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●
●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●●●

●

● ●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●
●

● ●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●●
●● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●
●

●

●

●

●

●

●●
●

●

●

●

●
●

●

●

●

●

●
●●

●

●●

●

●

● ●

●

●

●

●

●

●

●●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●●

●

●

● ●

●

●

●

●
●

● ●

●●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●
● ●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●●

●

●●

●
●

● ●

●

●

● ●

●

●

●

●

●●

●

●

●
●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

● ●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●
●

●

●

●

●

●

●

●

●

●

●
●

●●

●
●

●
●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●●

●

●

●

●

●

●

● ●

●

●

●

●

● ●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●
●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●
●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●●

●
●●

●

●

●
●

●●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●
●

●●

●

●

●

●

●
●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●●

●

●

●

●●

● ●
●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●
●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

● ●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●
●

●●

●

●

●

●

●

●

●
●

●

●

●

●● ●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

●

●●

●

●

● ●

●

●

●

●
●

●

●

●

●
● ●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●
●

●

●

●

●

●

● ●
●

●

●

●

●
●

●

●

●

●

●
●●

●

● ●

●

●

●●

●

●

●

●

●

●

●●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●
●

● ●

● ●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●
●●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●●

●

●●

●
●

● ●

●

●

●●

●

●

●

●

● ●

●

●

●
●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●
●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●
●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

● ●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

● ●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

● ●●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●●

●
●
●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●
●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

● ●

●
●●

●

●

●
●

●●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●
●

● ●

●

●

●

●

●
●●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●●

●

●

●

●●

● ●
●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●

●
●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●
●
●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●
●

● ●

●

●

●

●

●

●

●
●

●

●

●

●● ●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

●

●●

●

●

●●

●

●

●

●
●

●

●

●

●
●●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●

●

●

●

●
●

●
x3

0
20

40
60

80

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
● ●

●
●

●

●

●

●

●

● ●
●

●

●

●

●
●

●

●

●

●

●
●●

●

●●

●

●

●●

●

●

●

●

●

●

●●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●●

●

●

● ●

●

●

●

●
●

●●

● ●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●
●

● ●

●

●

●

●
●●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●

●●

●
●

● ●

●

●

●●

●

●

●

●

●●

●

●

●
●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●●

●
●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

●
●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

● ●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

● ●

●

●

●

●

●

●

●●

●

●

●

●

● ●

●

●

● ●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

● ●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●
●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●
●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●●

●
●●

●

●

●
●

● ●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●
●

● ●

●

●

●

●

●
●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●●

●

●

●

●●

●●
●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●

●
●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●
●
●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●
●
●●

●

●

●

●

●

●

●
●

●

●

●

●● ●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

●

●●

●

●

●●

●

●

●

●
●

●

●

●

●
●●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

● ●●

●

●

●

●

●

●

●

●
●

●

−20 0 20 40 60 80

−
5

0
5

10 ●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●
●

●
●

●●
● ●

●

●● ●

●

●●

●

●

●

●

●● ●

●

● ●
●

●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●● ●

●

●

●

●
● ●

●

●
●

●●

●

●
●

●

●

●

●
●

●

● ●

●

●
●●● ●

●

●

●

●

●

●
●

● ●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●

●

●
●

●
● ●●

●

●
●●
●

●●
●●

●

●

●

●
●●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

● ●●
● ●

●

● ●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
● ●●

●
●

●

●

●

●●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●●

●

●●

●

●

● ●

●

●
●

●

●
●

●

●●
●

●

●

●●

● ●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

● ●

●
●

●

●

●

●

●

●●

●

●

●●

●
●

●●

●

●

●

●
●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●● ●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●●
●

● ●
● ●

●●

●

●●

●
●●●

●
●

●

●

●
●

●

●

●

●

●

● ●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●●
●

●
●

●

●

●

●
●

●
●

● ●

●
●

●

●

●

●●
●●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●
●

●
●

●
●

●
●

● ●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●
●

●
●

●

●

●●

●

●

●

●

●

●●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●
●●

●

●

●

●●
●

●

●

●
●

●
●

●

●

●

●
●● ●

●

●

●

●●
●

●

●

●

●
●

●
●●

●

●
●

●

●

●

●

●
●

●
●

●

●

●
●

●●

●

●●

●

●

●

●

●

●

●●

●
●

●

●

● ● ●●
●●

● ●

●

●

●
●

●●

●

●

●

●

● ●

●

●

●

●
●

●
● ●●

●

●

●

●

●

●

●
●

●

● ● ●

●

● ●

●●

● ●● ●●

●

● ●

●

●

●

●

●

●●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●
●

●

●●

●

●

●

●● ●

●

●
●

●

●

●

●

●

●
●● ●
●

●
●

●

● ●
● ●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

● ●

●
●●

●
●

●

●

●●

●

●

●

●

●
●

●●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

● ●●

●

●
● ●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●

● ●

●

●●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
● ●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●
●

●

●

●

●

●

●

●

●
●

●
●

●●

● ●

●
●

●

●

●
●

● ●

●

●●
●

●
●

●

●●
●

●

●

●
●●●

●●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●●●

●●

●●

●

●

●

●

●

● ●
●

●

●

●

●

●

●●
●

●
●

●

●

●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●●● ●
●

●
●

●
●
●●

●

●

●

●

●

●

●
● ●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

● ●
●

●

●

●
● ●

●
●

●

●
●

●

●

●

●

●
● ●

●
●●●

●

●

●
●

● ●●
●

●●

●

●

●

●
●

●

●
●

●
●

● ●

●

●

●
●

●
●

●

●

●

●

●

●

●

●●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

● ●
●

●
●

●●

●

●
●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
● ●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
● ●

●

●

●

●

●
●

●

●

●●

●
●

●
●

●

●

●

●

● ● ●●
●

●

●

●●
● ●

●
●

●

●

●
●●

●

●●

●

●

●

●

●

●
●

●

●
●●
●●●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●
●●

●
●

●

● ●●

●●

●

●
●

●

●●
●

●

●

●

●

●●

●

●●

●

●

●
●

● ●

●

●

●
●

●

●

●

●

●
●● ●

●●●

●

●

●

●●●

●

● ●
●

●

●

●

● ●

●

●●

●

●

●

●

●

●
● ●

●

●

●
●

●

●

●

●

●

●
●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●
●●

●

● ●

●

●

●

●
●

●

●
●

●
● ●

●

●
●

●

●

●

●

● ●

●

●

●●
●

●

●

●

●

●

●

●●
●●●

●

●

●

●

● ●●●
●

●

● ●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●
●

● ●
●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●
● ●
●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●●● ●
●

●

●

●

●
●

●

●

●

●

●●

● ● ●

●●●

●

●

●

● ●

●

●

●

●
●●

●
●

●

●

●

●●●
●

●

●
●

●

●

●

●
● ●●

●
●

●

●

●
●

●

●

●

●
● ●

●

●

●

●

●

●

●

●
●●●

●

●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●

●

●
● ●
●

●

●

●●

●

●
●

●

●

●

● ●

●

●

●

●

● ●

●●
●

●

●

●●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

● ●● ●

●

●
●

●

●

●

●●

●

●●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●
●

●
●

●●
● ●

●

●● ●

●

●●

●

●

●

●

● ●●

●

● ●
●

●
●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●● ●

●

●

●

●
● ●

●

●
●

●●

●

●
●

●

●

●

●
●

●

●●

●

●
● ●● ●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●

●

●
●

●
● ●●

●

●
● ●

●

●●
● ●

●

●

●

●
●●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●● ●
● ●

●

● ●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●
● ●●

●
●

●

●

●

●●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
● ●

●

●●

●

●

●●

●

●
●

●

●
●

●

● ●
●

●

●

●●

● ●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●

●

●●

●

●

●●

●
●

●●

●

●

●

●
●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●● ●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

● ●
●

●●
●●

●●

●

● ●

●
●● ●
●

●

●

●

●
●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●●
●

●
●

●

●

●

●
●

●
●

● ●

●
●

●

●

●

●●
●●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●
●

●
●

●
●

●
●

● ●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●● ●

●

●

●

●

●

●

●

●

●

●
●

●
●
●

●

●
●

●
●

●
●

●

●

●●

●

●

●

●

●

●●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●
●●

●

●

●

● ●
●

●

●

●
●

●
●

●

●

●

●
●● ●

●

●

●

●●
●

●

●

●

●
●

●
● ●

●

●
●

●

●

●

●

●
●

●
●

●

●

●
●

●●

●

●●

●

●

●

●

●

●

●●

●
●

●

●

●● ● ●
●●

● ●

●

●

●
●

●●

●

●

●

●

● ●

●

●

●

●
●

●
● ●●

●

●

●

●

●

●

●
●

●

●●
●

●

● ●

●●

●●●●●

●

● ●

●

●

●

●

●

●●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●
●

● ●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●●

●
●

●

●●

●

●

●

●●●

●

●
●

●

●

●

●

●

●
●● ●

●
●

●

●

●●
● ●

●

●

●

●

●

●

●
●
●

●

●

●
●

●

●

● ●

●
●●

●
●

●

●

●●

●

●

●

●

●
●
●●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●●●

●

●
● ●

●

●
●

● ●

●

●

●

●

●

●

●

●●

●

●●

●

●●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

● ●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●
●

●

●

●

●

●

●

●

●
●

●
●

●●

● ●

●
●

●

●

●
●

● ●

●

● ●
●

●
●

●

● ●
●

●

●

●
●● ●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●
●

●● ●

●●

●●

●

●

●

●

●

●●
●

●

●

●

●

●

●●
●

●
●

●

●

●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●● ● ●
●

●
●

●
●

●●

●

●

●

●

●

●

●
●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

● ●
●

●

●

●
●●
●

●

●

●
●

●

●

●

●

●
●●

●
● ●●

●

●

●
●

● ●●
●

● ●

●

●

●

●
●

●

●
●
●

●

●●

●

●

●
●

●
●

●

●

●

●

●

●

●

●●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●
●

●
●

●●

●

●
●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●
●●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
● ●

●

●

●

●

●
●

●

●

●●

●
●

●
●

●

●

●

●

●● ●●
●

●

●

●●
● ●

●
●

●

●

●
●●

●

●●

●

●

●

●

●

●
●

●

●
●●

●● ●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●
●●

●
●

●

● ●●

● ●

●

●
●

●

●●
●

●

●

●

●

●●

●

●●

●

●

●
●

●●

●

●

●
●

●

●

●

●

●
●● ●

● ●●

●

●

●

●● ●

●

●●
●

●

●

●

● ●

●

●●

●

●

●

●

●

●
● ●

●

●

●
●

●

●

●

●

●

●
● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●
● ●

●

● ●

●

●

●

●
●

●

●
●

●
●●

●

●
●

●

●

●

●

● ●

●

●

●●●

●

●

●

●

●

●

● ●
●●●

●

●

●

●

●● ●●
●

●

●●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●
●

● ●
●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●
●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●● ●●
●

●

●

●

●
●

●

●

●

●

● ●

●● ●

●● ●

●

●

●

● ●

●

●

●

●
●●

●
●

●

●

●

●● ●
●

●

●
●

●

●

●

●
● ●●

●
●

●

●

●
●

●

●

●

●
● ●

●

●

●

●

●

●

●

●
●● ●

●

●

●

●

●
●

●

● ●

●

●

●

●

●
●

●

●

●

●
●●
●

●

●

●●

●

●
●

●

●

●

●●

●

●

●

●

●●

● ●
●

●

●

●●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●● ●●

●

●
●

●

●

●

● ●

●

●●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

0 20 40 60 80

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●
●

●
●

●●
●●

●

● ●●

●

● ●

●

●

●

●

●●●

●

●●
●

●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●● ●

●

●

●

●

●●●

●

●

●

●
●●

●

●
●

● ●

●

●
●

●

●

●

●
●

●

●●

●

●
● ●●●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

● ●

●

●
●

●
●●●

●

●
●●

●

●●
● ●

●

●

●

●
● ●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●● ●
● ●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●● ●

●
●

●

●

●

● ●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
● ●

●

● ●

●

●

●●

●

●
●

●

●
●

●

● ●
●

●

●

●●

●●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●

●

●●

●

●

● ●

●
●

● ●

●

●

●

●
●

● ●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●●
●

●●
●●

●●

●

● ●

●
●● ●

●
●

●

●

●
●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●●

●

●

● ●
●

●
●

●

●

●

●
●

●
●

●●

●
●

●

●

●

● ●
● ●

●

●

●
●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●
●

●
●

●
●

●
●

● ●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

● ● ●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●
●

●
●

●

●

●●

●

●

●

●

●

● ●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●
● ●

●

●

●

●●
●

●

●

●
●

●
●

●

●

●

●
● ●●
●

●

●

●●
●

●

●

●

●
●

●
● ●

●

●
●

●

●

●

●

●
●

●
●

●

●

●
●

● ●

●

● ●

●

●

●

●

●

●

● ●

●
●

●

●

●●● ●
● ●

● ●

●

●

●
●

●●

●

●

●

●

● ●

●

●

●

●
●

●
● ● ●

●

●

●

●

●

●

●
●

●

● ●●

●

●●

●●

● ● ●● ●

●

●●

●

●

●

●

●

●●

●

●

●
● ●

●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

● ●

●
●

●

●●

●

●

●

● ●●

●

●
●

●

●

●

●

●

●
●●●

●
●

●

●

●●
● ●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●●

●
● ●

●
●

●

●

● ●

●

●

●

●

●
●

● ●
●

●

●

●

●

●
●
●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●●●

●

●
●●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●

● ●

●

● ●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

● ●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●

●

●

●

●
●

●
●

● ●

●●

●
●

●

●

●
●

●●

●

● ●
●

●
●

●

● ●
●

●

●

●
●● ●

● ●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●
● ●
●

●

●

●

●

●

●
●

● ● ●

● ●

●●

●

●

●

●

●

●●
●

●

●

●

●

●

●●
●

●
●

●

●

●
●

●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

● ●●●
●

●
●

●
●

●●

●

●

●

●

●

●

●
●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

● ●
●

●

●

●
● ●

●
●

●

●
●

●

●

●

●

●
●●

●
● ● ●

●

●

●
●

●●●
●

● ●

●

●

●

●
●

●

●
●

●
●

● ●

●

●

●
●

●
●

●

●

●

●

●

●

●

● ●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●
●

●
●

● ●

●

●
● ●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●●

●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●●

●

●

●

●

●
●

●

●

●●

●
●

●
●

●

●

●

●

●● ●●
●

●

●

● ●
●●

●
●

●

●

●
●●

●

● ●

●

●

●

●

●

●
●

●

●
●●

● ● ●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●
● ●

●
●

●

●● ●

● ●

●

●
●

●

● ●
●

●

●

●

●

●●

●

●●

●

●

●
●

●●

●

●

●
●

●

●

●

●

●
●●●

● ● ●

●

●

●

● ●●

●

●●
●

●

●

●

● ●

●

●●

●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●
● ●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●
● ●

●

● ●

●

●

●

●
●

●

●
●

●
●●

●

●
●

●

●

●

●

●●

●

●

● ● ●

●

●

●

●

●

●

● ●
●● ●

●

●

●

●

●● ●●
●

●

●●

●

●
●

● ●

●

●

●

●

●

●

●

● ●

●
●

●●
●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

● ●
●

●

●

●
●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●●●●
●

●

●

●

●
●

●

●

●

●

●●

●● ●

●● ●

●

●

●

●●

●

●

●

●
●●

●
●

●

●

●

●● ●
●

●

●
●

●

●

●

●
●●●

●
●

●

●

●
●

●

●

●

●
● ●

●

●

●

●

●

●

●

●
● ● ●

●

●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●

●

●
●●

●
●

●

● ●

●

●
●

●

●

●

●●

●

●

●

●

●●

● ●
●

●

●

● ●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●● ● ●

●

●
●

●

●

●

● ●

●

●●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

x4

Figure 5.2: Scatter plot matrix of the four simulated process variables of Section 4.5. Grey
points are used to display the IOC data. The blue triangle is an example of a process observation
that were determined by the kernel PCA T 2 statistic to be in-control. The red square is an
example of a sample that was identified to be out-of-control.

The grey circular points represent a subset of the ideal operating condition simulated data

set discussed in Section 4.5. The subset of points is those that were determined to be

in-control based on the T 2 kernel PCA fault detection statistic at the 95% confidence

level. It is therefore clear that during IOC periods that the pairwise relationships between

process variables take on a specific shape as described by the point clouds. The bivariate

relationships should then simultaneously be adhered to for the process to be considered

multivariately in-control. Consider the case where a new observation is determined by

kernel PCA to have common cause variability. If this observation is plotted on the IOC

scatter plot matrix, it can intuitively be expected that the new point will be ‘close’ to the

IOC points in each of the graphs. The blue triangular point in Figure 5.2 is an example
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of a observation that is considered to be in-control based on kernel PCA. Conversely,

consider the case where kernel PCA identifies that a new measurement was observed due

to assignable cause variability. It is logical to expect that when this observation is plotted

on the IOC scatter plot matrix that this point will be ‘remote’ from the IOC points in at

least one of the graphs. The red square shaped point in Figure 5.2 is an example of an

observation that was identified to be out-of-control based on kernel PCA.

Let x� : p � 1 �
�
x�1 , . . . , x�p

�T
represent the new observation from the process with

x�pi,jq �
�
x�i x�j

�T
the bivariate measurement on variables i and j where i � j � 1, . . . , p.

Define Xpi,jq : nc�2 as the matrix of nc data vectors describing the bivariate IOC samples

for variables i and j. In addition let dij ¥ 0 represent the value of a consistently applied

distance measure, f , used to quantify ‘closeness’ in each of the
�
p
2

�
scatter plots. This

distance measure is therefore a function of the IOC data and the new observation i.e.,

dpi,jq � fpXpi,jq,x
�
pi,jqq, (5.1)

for i � j � 1, . . . , p. The distance measure is selected such that it is small when the new

point is similar to the IOC cloud of points and large when it is dissimilar.

Definition 5.1 The distance (5.1) is defined as the contribution of the pi, jqth variable

pair to the process deviation.

Defining pairwise contributions in this manner provide us with a sense of what is expected

of any corrective intervention in order to achieve a process that is multivariately in-control.

That is, for the variable pairs with large contributions, the engineer should focus on im-

plementing appropriate process adjustments to the controllable variables that will yeild

measurements that are ’close’ to the corresponding point clouds. Note some variable pairs

may include uncontrollable or reponse variables, which although not controllable, may

provide additional process understanding and cause and effect relationships.

The significance of the size of a specific pairwise contribution can be quantified by com-

paring it to the empirical distribution of the distances observed under ideal conditions.

Specifically, let

dkpi,jq � fpXpi,jq,x
k
pi,jqq, (5.2)

for k � 1, . . . , nc, represent the distance of the pi, jqth variable pair for the kth in control

observation. The nc distances calculated for the pi, jqth variable pair can then be pooled

to represent the IOC conditions against which future distances can be compared. The
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distribution of these reference distances can be estimated using empirical strategies such

as kernel density estimation (Hastie et al., 2001). For new observations, the variable pairs

that correspond to distances that have a low probability of occurring, when compared to

their reference distribution, should be analysed further to diagnose process drifts. Us-

ing this method to identify only the variable pairs with significantly large distances allows

for the consideration of a few variable pairs instead of the complete set of
�
p
2

�
combinations.

5.3 Univariate variable ranking in pairwise impor-

tance

In addition to the importance ranking of the variable pairs, the method allows for the

ranking of individual variables. This is achieved, similar to the method employed in

Chapter 3, by considering a matrix of pairwise contributions. The pairwise distances (5.1)

of a specific observation can be captured in a symmetric distance matrix,

D �

�
�����

0 d1,2 � � � d1,p

d2,1 0 � � � d2,p
...

...
. . .

...

dp,1 dp,2 � � � 0

�
����� , (5.3)

with the diagonal elements dii � 0 and off-diagonal entries di,j ¥ 0 for i � j � 1, . . . , p.

The distance from the pi, jqth IOC point cloud calculated for the new observation can be

interpreted as a dissimilarity between process variables i and j if the following definition

is applied:

Definition 5.2 Process variables i and j are considered similar if the new observation

vector x�pi,jq is ‘close’ to the bivariate IOC point cloud Xpi,jq and dissimilar if the new point

is ‘remote’ from the IOC region.

When viewing the distance matrix in (5.3) as containing the dissimilarity measures between

process variables, a natural method of ranking individual variables for fault diagnosis is

identified. The variable that will rank high is the one that is the most dissimilar to

the other variables. The Multidimensional scaling method, described in Chapter 3, can

again be applied to the distance matrix in (5.3) to obtain a graphical representation of

the relative distances between variables. A relative ranking is obtained by observing the

distances of the points representing the variables to the center of the display. Variables

that are the furthest away from the the center, are the ones that are the most dissimilar
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to the rest, and will attain the highest contribution ranking.

Another approach that can be used to identify a ranking of the process variables, is to

evaluate the row sums of (5.3). The process variable with the highest ranking can be

identified as the variable that is the furthest away from the other variables by specifying

the variable that corresponds to the row in (5.3) with the largest sum i.e., where

p̧

j�1

di,j (5.4)

for i � 1, . . . , p, is the largest. The second most important variable to consider as the

likely cause for the drift in process conditions is the variable that is the most different in

the residual set of process variables. If variable i� was identified as the most important

then the distance matrix of the remaining variables is the one with row and column i�

removed. The variable with the largest row sum in the residual set

p�1̧

j�i�

di,j (5.5)

for i � i� and i � 1, . . . , pp� 1q, is the second most important. By employing this logic, a

relative importance ranking can be obtained for p� 2 of the variables. The importance of

the remaining two process variables can be quantified using a future process observation

after the fault in the initial set of faulty variables has been addressed. Note that empirical

distributions of the reference row sums can be calculated to identify row sums that are

significantly large. Refer back to Chapter 3.

As argued previously, it is important to use the individual ranking of process variables in

combination with the important contributing pairs to diagnose the faulty state. Notice

that this diagnostic procedure, using both pairwise and individual rankings, cannot be

used when the process that is being monitored is described by only two variables. These

processes are rare and should be easily diagnosable using fundamental process knowledge.

5.4 Distance measure definition

It is clear from the discussion up to this point that this distance based diagnostic method-

ology is highly dependent on the distance measure used to define the ‘closeness’ or ‘re-

moteness’ of a new observation x�pi,jq to its corresponding IOC samples Xpi,jq. An obvious

requirement is that the distance measure must be the same for all the variable pairs. The

way in which it is applied should be consistent to ensure that the resulting distances are
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comparable across the different point cloud comparisons.

The author is aware that a large number of strategies can be motivated for the selection of

a distance measure that is suitable for application in the new fault diagnosis methodology.

This discussion will be limited to examples of possible distance measures that are based

on three statistical method classes. The first method can be classified under unsupervised

statistical learning. Supervised statistical modelling can be used to classify the second

method, while the third method’s description is identified under novelty detection. The

three examples from these classes, that will be used to develop potential distance measures,

are

• Kernel PCA,

• Support vector machine classification and

• One-class support vector machine classification.

The development of distance measures using these methods will now be explored.

5.4.1 Kernel Principal Component Analysis

The distance measure promoted in this section for use in the diagnostic methodology

discussed will be based on the analysis used in the fault identification step i.e., kernel

principal component analysis. The theory describing kernel PCA was discussed in much

detail in Chapter 4. An understanding of kernel PCA is therefore assumed. Furthermore,

the notation of Chapter 4 will be used in this discussion.

As defined previously, let Xpi,jq : nc � 2 represent the cleaned bivariate IOC data set for

process variables i and j for i   j � 1, . . . , p. After modelling this data using kernel

PCA, it is suggested that the resulting fault identification statistics be used

as distance measures in the proposed diagnostic methodology. That is, three

possible distance measures are identified. The first distance measure is the T 2-statistic,

T 2px�pi,jqq � φ̄px�pi,jqqTVpi,jqΛ
�1
pi,jqV

T
pi,jqφ̄px�pi,jqq (5.6)

T 2px�pi,jqq � ptφpx�pi,jqqqTΛ�1
pi,jqt

φpx�pi,jqq, (5.7)

where
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tφpx�pi,jqqh��1 � 1

nc � 1
Λ�1
pi,jqW̃

T
pi,jq

�
�����
kpxpi,jq1 ,x�pi,jqq
kpxpi,jq2 ,x�pi,jqq

...

kpxpi,jqnc ,x
�
pi,jqq

�
����� (5.8)

is the kernel PCA score representation of x�pi,jq. The matrices Λpi,jq : h��h�, Vpi,jq : h�h�
and W̃pi,jq : nc � h� are those which define the h�-dimensional kernel PCA performed

on Xpi,jq and are based on the kernel function k. As discussed in Chapter 4, the kernel

function is assumed to have been appropriately centered.

Secondly, the SPE-statistic can be utilized as a candidate distance measure,

SPEpx�pi,jqq � kpx�pi,jq,x�pi,jqq � ptφpx�pi,jqqqT ptφpx�pi,jqqq, (5.9)

and a third possible measure that is identified is the Combined-statistic,

ϕpi,jqpx�pi,jqq � T 2px�pi,jqq
τ 2pi,jq

� SPEpx�pi,jqq
δ2pi,jq

, (5.10)

with τ 2pi,jq and δ2pi,jq the theoretical control limits of T 2
pi,jq and SPEpi,jq respectively.

Note that by employing this method
�
p
2

�
different kernel PCA models are fitted. Each

model is based on a different set of reference points Xpi,jq and can be fitted with different

kernel functions. The distances calculated of a new observation to the point clouds are

therefore not comparable between the different pairs of variables. In order to have distances

that are comparable it is suggested that the selected kernel PCA distance measure be

evaluated on a fine grid of points that cover the combined range of variables i and j. The

computed distances for the pi, jqth grid points can then be used to identify the smallest

and largest distances that are possible. Let fkpca denote the selected kernel PCA distance

measure and identify the minimum and maximum distance by

fkpcaminpi,jq
and fkpcamaxpi,jq

, (5.11)

for the pi, jqth pair. The distance evaluation of a new observation, fkpcapx�pi,jqq, can now

be scaled to a value in the interval r0, 1s as follows
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fkpcapx�pi,jqq � fkpcaminpi,jq

fkpcamaxpi,jq � fkpcaminpi,jq

. (5.12)

All of the distances calculated of the new sample to the pi, jqth point cloud is therefore

comparable after applying this scaling.

5.4.2 Support Vector Machine Discriminant Analysis

In this section it will be motivated how Support Vector Machine (SVM) discriminant

analysis can be used to define a distance measure suitable for the above fault diagnostic

methodology.

A short summary, based on the discussion in Hastie et al. (2001), will now be given to

explain the main ideas behind SVM for classification. As previously defined, let the row

vectors of Xpi,jq : nc � 2 be the IOC data points and let the rows of Xr
pi,jq : nr � 2 be

the complement bivariate vectors in the range of variables i and j that fall outside the

region occupied by the IOC samples. A multivariate density is fitted to the data set and

all variable combinations above a cut-off such as the 10�8th quantile is deemed to be IOC

data points. Throughout this section it will be assumed that i, j P r1, 2, . . . , ps and that

i   j. The kth element of the group indicator variable y : pnc�nrq�1 can now be defined

as

yk �
$&
%�1, if xk P Xpi,jq

�1, otherwise
(5.13)

for k � 1, . . . , pnc � nrq. Each of the observations in the rows of Xpi,jq and Xr
pi,jq can

therefore be associated with a value in y i.e., the following set of data pairs can be con-

structed: py1,x1q, py2,x2q, . . . , pypnc�nrq,xpnc�nrqq. This data set of paired observations,

often referred to as the training data, can now be analysed using SVM discriminant anal-

ysis to identify a function that can be used to model the difference in process conditions

that led to possitive and negative y values. Specifically, the objective of SVM is to find a

hyperplane

fpxq � β0 � xTβ � 0, (5.14)
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with β : 2� 1 �
�
β1 β2

�T
and β0, β1, β2 P R, that can be implemented as a classification

rule where an observation x is identified as being part of the IOC samples if fpxq ¡ 0

and different from IOC samples if fpxq   0. In order to obtain a decision boundary that

generalizes well for new data, the hyperplane is selected such that it has the largest margin

between the in-control and out-of-control data points. The Point-plane or signed distance

of the closest observation from either of the two data sets to the hyperplane defines the

margin. The Point-plane distance of each training sample xk for k � 1, . . . , pnc � nrq
equals

fpxkq
}f 1pxkq} � β0 � xTkβ

}β} (5.15)

� β0 � xTkβa
β2
1 � β2

2

. (5.16)

If it can be assumed for the moment that the two sets of data are linearly separable, then

if C is the distance from the plane to the nearest point, the search for the hyperplane with

maximum margin amounts to finding a solution for the constrained optimization problem

max
β0,β

C (5.17a)

subject to
yk
}β}pβ0 � xTkβq ¥ C, (5.17b)

where the constraint (5.17b) combine two conditions in one. With the first constraint

being that it is required that the model correctly classify the training data,

ykpβ0 � xTkβq ¡ 0, (5.18)

and secondly it is required that all of the signed distances must be at least C units from

the hyperplane,

1

}β}pβ0 � xTkβq ¥ C. (5.19)

Notice that the solution set of weights β0, β1, β2 that solves this maximization problem

can be multiplied by a constant yielding another possible solution i.e., the hyperplane is

not uniquely defined. In order to ensure that the solution is unique it will be required that
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the hyperplane should be canonical. The hyperplane is said to be canonical with respect

to the training input data x1, . . . ,xpnc�nrq if it is scaled such that

min
k�1,...,pnc�nrq

|β0 � xTkβ| � 1. (5.20)

Hence if this requirement is enforced the distance of the closest point to the hyperplane

simplifies to

C � 1

}β} , (5.21)

with the constraint (5.17b) becoming ykpβ0 � xTkβq ¥ 1. That is, the optimization prob-

lem can be rephrased as the search for a set of weights β with minimal length such that

ykpβ0 � xTkβq ¥ 1.

For mathematical convenience, the optimization problem is written in the following equiv-

alent form

min
β0,β

1

2
}β}2 (5.22a)

subject to ykpβ0 � xTkβq ¥ 1, (5.22b)

for all k � 1, . . . , pnc � nrq. (5.22c)

It has been assumed up till now that the two sets of points are linearly separable. Consider

now the case where there is overlap between the groups and that it is not possible to find a

hyperplane that perfectly separate the groups. This implies that there will be observations

that will be wrongly identified as being out-of-control when it is in-control and the other

way around i.e., in-control when it is out-of-control. The SVM algorithm accounts for

this by the introduction of so-called slack variables ξ �
�
ξ1, . . . , ξpnc�nrq

�T
. These slack

variables are introduced to allow some of the observations to be inside or on the opposite

side of the margin. This is achieved by making the constraint (5.22b) less stringent

ykpβ0 � xTkβq ¥ 1� ξk, (5.23)

for k � 1, . . . , pnc � nrq, ξk ¥ 0 and
°nc�nr

k�1 ξk ¤ τ . The sum constraint of size τ put on

the slack variables is introduced to avoid trivial solutions. The value of which needs to

be pre-specified. The SVM optimization problem can now be restated for the overlapping
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case as

min
β0,β

1

2
}β}2 � τ

nc�nr¸
k�1

ξk (5.24a)

subject to ξk ¥ 0, ykpβ0 � xTkβq ¥ 1� ξk, (5.24b)

for all k � 1, . . . , pnc � nrq. (5.24c)

This final form of the SVM minimization problem is in the shape of a convex optimization

problem. Lagrange (or Karush-Kuhn-Tucker) multipliers can therefore be used to obtain a

quadratic programming solution for this problem. The Lagrangian expression that needs

to be minimized with respect to β0,β and ξ equals

Lpβ0,β, ξq � 1

2
}β}2 � τ

nc�nr¸
k�1

ξk �
nc�nr¸
k�1

αk

�
ykpβ0 � xTkβq � p1� ξkq

	

�
nc�nr¸
k�1

α0
kξk, (5.25)

with Karush-Kuhn-Tucker conditions

αk

�
ykpβ0 � xTkβq � p1� ξkq

	
� 0, (5.26)

ykpβ0 � xTkβq � p1� ξkq ¥ 0, (5.27)

and α0ξk � 0, (5.28)

for k � 1, . . . , pnc � nrq. Setting each of the partial derivatives BLpβ0,β,ξq
Bβ0

, BLpβ0,β,ξq
Bβ

and
BLpβ0,β,ξq

Bξk
equal to zero result in the following set of equations

0 �
nc�nr¸
k�1

αkyk, (5.29)

β �
nc�nr¸
k�1

αkykxk, (5.30)

and αk � τ � α0
k, (5.31)

for αk, α
0
k ¥ 0. Substituting these results in (5.25) gives the following quadratic program-

ming optimization problem:
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max
α
Lpαq �

nc�nr¸
k�1

αk �
nc�nr¸
k�1

nc�nr¸
k1�1

αkαk1ykyk1x
T
k xk1 (5.32a)

subject to 0 ¤ αk ¤ τ for k � 1, . . . , pnc � nrq (5.32b)

and
nc�nr¸
k�1

αkyk � 0. (5.32c)

Writing the objective function of (5.25) into the form of the maximization problem (5.32a)

provides an easier optimization problem that can be solved using well known techniques.

The conditions at which this problem attains its maximum α̂ �
�
α̂1, . . . , α̂nc�nr

�
can now

be used to obtain the corresponding optimal values of β0,β and ξ. The optimal settings

for β can be obtained from (5.30) as

β̂ �
nc�nr¸
k�1

α̂kykxk. (5.33)

Notice that only a subset of the α̂ weights will be non-zero. These are the alpha values

for which the conditions of (5.26) and (5.27) are simultaneously met. The observations xk

which correspond to the non-zero αk values are referred to as the support vectors. Some

of these supporting vectors will define the margin i.e., when ξ̂k � 0 and 0   αk   τ . The

other support vectors will lie inside the margin, to the side of the hyperplane, when ξ̂k ¡ 0,

and correspond with α̂k � τ .

An estimate for the intercept, β0, can be derived when considering (5.26) for cases when

α̂k ¡ 0 and ξ̂k � 0 i.e., when the support vectors lie on the margin. Multiple support

vectors can lie on the margin therefore it is advised that an average be taken of the possible

β̂0 solutions.

For a given value of τ the optimal hyperplane parameters β̂0 and β̂ can be calculated.

This fitted hyperplane

f̂pxq � β̂0 � xT β̂, (5.34)

can therefore be used to determine if a new point x� is close to the IOC cloud of points

(f̂px�q ¡ 0) or whether it can be considered out-of-control (f̂px�q   0).

The application of the SVM model in its current linear form is limited, given the nonlinear

characteristics of the data considered in kernel PCA based statistical process monitoring.

Similar to the discussion in Chapter 4, this problem can be addressed by projecting the in-

put training data into a high dimensional feature space. Let φpxkq : h� 1 with 2   h ¤ 8
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represent the high, possibly infinite, dimensional feature vector versions of the input train-

ing data. The training data pairs therefore become py1, φpx1qq, . . . , pync�nr , φpxnc�nrqq.
The SVM algorithm discussed for finding the separating hyperplane can now directly be

applied to the feature vectors. This implies that the objective function of the SVM La-

grange maximization problem becomes

Lpαq �
nc�nr¸
k�1

αk �
nc�nr¸
k�1

n�nr¸
k1�1

αkαk1ykyk1φpxqTk φpxk1q. (5.35)

Using the solution to this redefined problem, the estimate of the hyperplane weights is

β̂ �
nc�nr¸
k�1

α̂kykφpxkq. (5.36)

The same principal of using the average information of the margin points can be used to

estimate β̂0. The SVM decision boundary is therefore defined by

f̂pxq � β̂0 � φpxqT β̂ (5.37)

� β̂0 �
nc�nr¸
k�1

α̂kykφpxqTφpxkq. (5.38)

It can be observed that both the feature space SVM problem definition (5.35) and the

solution (5.38) are functions of the inner product of the feature vectors. The kernel trick

(see Chapter 4), can therefore be applied to approximate these inner products using kernel

functions. Using kernel functions, the SVM formulation in feature space can therefore be

approximated as

Lpαq �
nc�nr¸
k�1

αk �
nc�nr¸
k�1

nc�nr¸
k1�1

αkαk1ykyk1kpxk,xk1q (5.39)

and

f̂pxq � β̂0 �
nc�nr¸
k�1

α̂kykkpx,xkq. (5.40)
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Note that by using kernel functions, additional hyperparameters, in addition to τ , are

introduced that need to be pre-specified before solving the SVM problem. In practice a

grid of possible values are considered for these parameters. Multiple models are fitted, for

each of the parameter combinations, using cross-validation. The model with the lowest

cross-validated misclassification rate is then selected as the final model.

As mentioned earlier, the final model can now be used to classify a new observation

as being similar to or different from the IOC samples by considering the sign of f̂pxq. It

would however be more informative to have the model prediction in the form of a posterior

probability

P px P IOC|f̂pxqq, (5.41)

which will add a degree of confidence to the final prediction. It is motivated by Platt

(1999) that these posterior probabilities should be modelled directly using the observed

distribution of the model predictions made on the training data. The sigmoidal function

of the form

P pyk � 1|f̂pxkqq � 1

1� exppA1f̂pxkq � A2q
, (5.42)

with A1 and A2 pre-selected constants, is identified as a good approximation of the distri-

bution of the observed predictions f̂pxkq for k � 1, . . . , pnc � nrq. The optimal values of

the constants A1 and A2 can be estimated from training data. Consider the training data

pairs py�1 , f̂px1qq, . . . , py�pnc�nrq, f̂pxpnc�nrqqq where the response variable has been rescaled

to be binary i.e., y�k P r0, 1s, as follows:

y�k � yk � 1

2
. (5.43)

The negative log likelihood of the training data can now be obtained as

�
nc�nr¸
k�1

�
y�k logppkq � p1� y�kq logp1� pkq

�
, (5.44)

with
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pk � 1

1� exppA1f̂pxkq � A2q
. (5.45)

Traditional optimization techniques can now be used to find the constants Â1 and Â2 that

define the minimum of this negative log likelihood function. A note of caution against the

over-fitting of these posterior probabilities is issued by Platt (1999), and it is therefore

suggested that cross-validation be used. More specifically, Platt (1999) proposes the use

of three fold cross-validation. The training data set is randomly divided into three parts

of approximately equal size. The SVM model is then fitted in turn on two of the data sets

and tested on the third. Each iteration therefore produce a set of predictions that can be

pooled into a combined set which is used to fit the posterior probability distribution.

To summarize, let the following define the SVM classification model fitted for pi, jqth
process variable pair. The model fitted using the two data sets Xpi,jq and Xr

pi,jq has the

following form

f̂pxq � β̂0 �
nc�nr¸
k�1

α̂kykkpx,xkq. (5.46)

The model predictions as class probabilities

P px P IOC|f̂pxqq � 1

1� exppÂ1f̂pxq � Â2q
, (5.47)

and

P px � P IOC|f̂pxqq � 1� 1

1� exppÂ1f̂pxq � Â2q
. (5.48)

The calculated probability of a new sample not being part of the IOC distribu-

tion i.e., (5.48), can be used as a distance measure in the new fault diagnosis

methodology. That is, the distance matrix of a new observation x� : p � 1 will have

pi, jqth off-diagonal element equal to

dij � P px�pi,jq � P IOC|f̂px�pi,jqqq. (5.49)
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This distance measure naturally adheres to the properties required of a distance measure

in the methodology developed. Specifically, it is always positive di,j ¥ 0 and will be small

when the sample is ‘close’ to the IOC cloud, and big when the sample is ‘remote’ from

the IOC region. The methodology used to calculate these distances can be consistently

applied across process variable pairs and since it is a probability, implies that the distances

are comparable for the different paired evaluations.

Support vector machine classification therefore provides a dissimilarity measure that ide-

ally fits the new fault diagnosis methodology. However, this discrimination technique is

supervised. In the training process it is required that samples representing ‘close’ and ‘re-

mote’ observations are included. The statistical process monitoring fault detection step,

based on kernel PCA, is unsupervised i.e. information is only available on the in-control

samples. Therefore, in order to use the SVM technique, it is required that information be

provided on the complementary data set Xr
pi,jq.

It is suggested that the point vectors defining the ‘empty white spaces’ in the combined

range of variables i and j be used to define Xr
pi,jq. This is a sensible choice since in multi-

variate statistical process monitoring out-of-control examples are univariately in-control.

The ‘remote’ points can therefore be limited to lie inside the range of the data. One

possible way to identify the points occupying the white spaces is to make use of density

estimation. An estimate of the bivariate density describing the IOC cloud of points can be

obtained with kernel density estimation (Duong, 2007). A fine grid of points can then be

constructed to cover all possible bivariate vectors in the range of variables i and j. Each

of these grid points can then be evaluated using the IOC kernel density estimate. All of

the points that have a very small density can then be used to define the out-of-control

region. In Figures 5.3 to 5.6 this proposed method of estimating the complementary data

set is illustrated. The data used in this illustration are again taken from the simulated

data set created in Chapter 4. The subset of the IOC cloud of points, for variable 1 and 2,

determined by the kernel PCA monitoring process to be in-control, using the T 2 statistic

at the 95% confidence level, is plotted in Figure 5.3. In Figure 5.4 the bivariate kernel

density estimate of these points is plotted. A grid of points were created to take on all

of the possible combined values of variable 1 and 2. This grid points were then evaluated

using the IOC density estimate. Figure 5.5 displays the grid points in grey which were

identified to have low density in the IOC region. The two data sets are simultaneously

displayed in Figure 5.6.

A novel strategy is therefore introduced of how to utilise SVM classification in order to

specify a distance measure that is suitable for the new fault diagnosis methodology.
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Figure 5.3: Scatter plot of variable 1 versus variable 2. The data are extracted from the four
dimensional vectors that were considered to be in-control from the kernel PCA model.
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Figure 5.4: Bivariate density estimate of variable 1 and variable 2.
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Figure 5.5: Grey points in the range of variable 1 and 2 determined by the density estimate to
have low density.

Figure 5.6: Grey points in the range of variable 1 and 2 determined by the density estimate to
have low density. In control circular data points included.
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5.4.3 One-Class Support Vector Machine Discriminant Analysis

The final potential distance measure, for use in the pairwise variable importance method-

ology, is developed using the one class classification (OCC) technique called One-class

support vector machine discriminant analysis (OCSVM).

In OCC problems the objective is to learn the characteristics of a specific class using his-

torical observations from that class. This collection of historical observations is referred

to as the target or reference set. The set of rules identified to summarise the properties

of the class is then applied to determine if new observations belong to that class or not.

Schölkopf et al. (2001) introduced an extended version of two class SVM classification as

an approach to model OCC problems. The strategy employed by Schölkopf et al. (2001)

is to project the target data vectors into a feature space and to maximally separate the

resulting vectors from the origin using a hyperplane. The target data lie on the side of the

hyperplane that is opposite to the side containing the origin. Similar to two class SVM,

the hyperplane is used to define a function f that predicts �1 if an observation is part of

the target class and �1 if it is not.

The objective of identifying if a new observation is ‘close’ or ‘remote’ from the correspond-

ing target point cloud for each of the variable pairs is therefore in-line with the solution

provided by OCSVM. Using previous notation, let the rows, xkpi,jq for k � 1, . . . , nc, of

Xpi,jq : nc � 2 represent the bivariate IOC data set of the process variable pair pi, jq for

i   j � 1, . . . , p. Furthermore assume that there exists a feature space mapping function

φ such that the inner product of the vectors in feature space can be approximated by a

kernel function k i.e., for any target vectors x�pi,jq and x�pi,jq

φpx�pi,jqqTφpx�pi,jqq � kpx�pi,jq,x�pi,jqq. (5.50)

Using most of the formulations established in Section 5.4.1 the realisation of the maximal

separating hyperplane function,

fpxq � φpxqTβ � β0, (5.51)

is achieved by solving the following quadratic programming problem,
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min
β0,β,ξ

1

2
}β}2 � 1

ncν

nc¸
k�1

ξk (5.52a)

subject to ξk ¥ 0, φpxqTkβ � β0 ¥ �ξk, (5.52b)

for all k � 1, . . . , nc, (5.52c)

with ν a regularisation constant that needs to be specified upfront. Similar to the methods

utilised in SVM, this optimisation problem can be reformulated using Lagrange multipliers

yielding the following minimization problem

min
α

1

2

nc¸
k�1

nc¸
k1�1

αkαk1kpxk,xk1q (5.53a)

subject to
nc¸
k

αk � 1 and 0 ¤ αk ¤ 1

νnc
, (5.53b)

where the kernel trick has been leveraged to approximate the feature vector inner products

using an appropriate kernel function. The optimal settings α̂ for this quadratic program-

ming problem are then used, in a similar fashion to SVM classification, to define the

hyperplane. Therefore with f̂ representing the fitted hyperplane for the pi, jqth variable

pair, the final functional evaluation of a new observation x�pi,jq is calculated as

f̂px�pi,jqq �
nc¸
k�1

α̂kkpx�pi,jq,xkq � β̂0. (5.54)

Note that again only a subset of the elements in α̂ will be non-zero, with the corresponding

target vectors representing the support vectors. The estimation of the offset β0 is calculated

as

β̂0 �
nc¸
k�1

α̂kkpxl,xkq, (5.55)

with xl any target sample that has a corresponding α̂l estimate which adheres to the

constraint 0   α̂l   1
νnc . This maximally fitted hyperplane function can now be used to

determine if a new observation is local or alien to the target data. An observation will

be classified as being ‘close’ to the specific IOC data cloud if f̂px�pi,jqq ¡ 0 and ‘remote’ if

f̂px�pi,jqq   0.
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In Section 5.4.1 the SVM derived distance measure suitable for the pairwise methodology

was naturally identified as the posterior probability

P px�pi,jq � P IOC|f̂px�pi,jqqq. (5.56)

The calculation of the posterior probability is attainable in SVM classification since it is

modelling well defined classes. However, in the OCC setting the class representing the

complement of the target class is not established. It is required that f̂ be evaluated over

samples from all classes in order to estimate the posterior probability. In most cases this

proves infeasible, since the class opposite to the target set is of infinite dimensionality. It

is still possible in this problem setting to obtain a good representation of both classes, due

to the constraint imposed by multivariate process monitoring, which limits the data for

consideration to the univariate ranges of the process variables. Hence, posterior probabili-

ties can be obtained from the model evaluations made on a fine grid of points in the range

of the ith and jth process variables. Let the fine grid of N points, for the pi, jqth variable

combination be represented by the vectors x1
pi,jq, . . . ,x

N
pi,jq. Note that a large enough N

should be selected in order to capture most of the possible values of variables i and j.

For each of these grid points, the OCSVM model evaluation is calculated as f̂pxkpi,jqq for

k � 1, . . . , N . The associated class membership prediction ŷk can then be determined as

ŷk �
$&
%�1, if f̂pxkpi,jqq ¥ 0

�1, otherwise,
(5.57)

for k � 1, . . . , N . The following pairs of grid data evaluations can therefore be created

pŷ�1 , f̂px1
pi,jqqq, . . . , pŷ�k , f̂pxNpi,jqqq with

ŷ�k � ŷk � 1

2
. (5.58)

Therefore, using the ideas of Platt (1999), the negative log likelihood of these data pairs

�
Ņ

k�1

�
ŷ�k logppkq � p1� ŷ�kq logp1� pkq

�
, (5.59)

with
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pk � 1

1� exppA1f̂pxkpi,jqq � A2q
, (5.60)

can be optimized to identify the settings Â1 and Â2. These optimal settings can therefore

now be used to specify the posterior complement class membership probability

P px�pi,jq � P IOC|f̂px�pi,jqqq � 1� 1

1� exppÂ1f̂px�pi,jqq � Â2q
. (5.61)

A complement class membership probability function for OCSVM is developed which is

analogous to the one used in the SVM setting. Therefore, (5.61) is identified as

a suitable distance measure for the new pairwise importance methodology.

A novel strategy is therefore introduced of how to utilise OCSVM in order to specify a

distance measure that is suitable for the new fault diagnosis methodology.

5.5 Kernel PCA Simulation Study continued (Part 1)

5.5.1 Objective

The fault diagnosis ability of the new pairwise diagnostic methodology for non-linear

MSPM will now be demonstrated. The simulation study that was introduced in Chapter

4 will again be considered. First, the methodology based on each of the proposed distance

measures will be implemented to diagnose the single fault example that was simulated in

Section 4.5. The objective is to demonstrate how the new methodologies can typically be

applied.

5.5.2 Kernel PCA

In this section the new fault diagnosis methodology will utilise the kernel PCA related

distance measure proposed in Section 5.4.1. Specifically, it will be demonstrated how the

distance calculated using the T 2 statistic (5.7) can be used in this methodology. The

methodology based on the other statistics i.e., (5.9) and (5.10), will follow a similar work

flow. The following steps will be followed:

1. Clean the IOC training data set using the kernel PCA model used in the fault

identification step i.e., remove all of the samples that are out-of-control based on

one of the fault detection statistics.
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2. Fit a kernel PCA model for each of the
�
4
2

�
process variable combinations.

3. Calculate the T 2 statistic value of the new sample.

4. Determine the range of possible T 2 statistic values i.e., evaluate kernel PCA model

over a grid of possible values for the two process variables. Here a 10� 10 grid was

used, but it can be adapted to the specific data set.

5. Scale the T 2 value of the new sample to be in the range r0, 1s using (5.12).

These steps will now be illustrated for the process variable combination px1, x2q. The

reference data for px1, x2q are displayed using the black points in Figure 5.7. The red

dot in Figure 5.7 represents the px1, x2q measurement that was recorded for the simulated

faulty sample. A kernel PCA model, using the Gaussian kernel function, was fitted on the

reference data of px1, x2q. The steps summarised by Algorithm 1, in Chapter 4, was utilised

to determine the optimal hyperparameter settings for the model. The number of kernel

principal components selected was 10 and the value of the Gaussian kernel parameter

i.e., σ equalled 0.1. The T 2 statistic value of the simulated faulty observation was then

calculated using the fitted model. In Figure 5.8, the distribution of the T 2 values for the

reference data are displayed. Also included in Figure 5.8 is the empirically determined

T 2 95% control limit, identified by the vertical broken red line, which equals 27.66. The

value of the T 2 statistic for the simulated faulty vector equalled 74.41 and is represented

by the vertical blue line in Figure 5.8. It can be concluded from Figure 5.8 that the new

observation is considered to be remote from the reference region for px1, x2q. A grid is now

constructed that contains all possible values that the vector
�
x1 x2

�T
can take on. The

kernel PCA model is then used to obtain the T 2 statistic evaluations of these grid vectors.

Figure 5.9 depicts the distribution of all possible T 2 values. It was determined that the

possible T 2 values are approximately in the range p2.99, 1234.40q. This information can

now be used to scale the observed T 2 value of the simulated faulty sample to be comparable

to the other T 2 distances calculated for the other variable combinations. Therefore, using

(5.12) the scaled T 2 value equals

p74.41� 2.99q
p1234.40� 2.99q � 0.05786311. (5.62)
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Figure 5.7: Black dots in scatter plot represent the reference data of px1, x2q. Red dot represent
the readings recorded for the simulated faulty sample.
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Figure 5.8: Distribution of the kernel PCA T 2 values for the reference data of px1, x2q.
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Figure 5.9: Distribution of the kernel PCA T 2 values for the grid values of px1, x2q.

The complete set of
�
4
2

�
scaled T 2 distances for the sample under consideration was calcu-

lated and are captured in the following matrix

�
�����

0.0000 0.0579 0.0360 0.0888

0.0579 0.0000 0.0030 0.0104

0.0360 0.0030 0.0000 0.0016

0.0888 0.0104 0.0016 0.0000

�
����� . (5.63)

It can, for example, be observed from (5.63) that the largest distance and therefore pair-

wise contribution is reported by px1, x4q. The scatter plot for this variable combination

is displayed by Figure 5.10. In this figure it can visually be confirmed that the new mea-

surement is remote from the IOC region. The calculated T 2 distance is therefore sensible.

Figure 5.11 displays the magnitude of the pairwise contributions in a bar plot.
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Figure 5.10: Black dots in scatter plot represent the reference data of px1, x4q. Red dot
represents the measurement recorded for the simulated faulty sample.
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Figure 5.11: Ranking of pairwise contributions that were calculated using the kernel PCA T 2

statistic as distance measure.
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Each of these calculated T 2 values has an associated quantification of its significance. For

example, as demonstrated above, it was found that the T 2 distance calculated for the new

observation on px1, x2q was significantly large. This information can therefore be used to

identify significant pairwise contributions. The variable combinations with significantly

large contributions are: px1, x2q, px1, x3q and px1, x4q. These variable pairs represent the

combinations on which the engineer should focus on in order to get the process back into

multivariate control.

The row sums method, discussed in Section 5.3, was used to identify an individual ranking

of the process variables that can be used to supplement the information portrayed by

the significant pairwise contributions. Only process variable x1 was determined to be

significant in the identified ranking. Recall from Section 4.5 that this is the process

variable that was altered to construct the simulated faulty observation.

5.5.3 SVM

The diagnostic methodology based on distances calculated using the SVM approach i.e.,

(5.49), will now be used to diagnose the fault simulated in Section 4.5. The following steps

will be followed:

1. Clean the IOC data set using the kernel PCA model used in the fault identification

step i.e., remove all of the samples that are out-of-control based on one of the fault

detection statistics.

2. For each of the
�
4
2

�
process variable combinations use the density estimation approach

to identify the complementary data set.

3. Fit a SVM model for each of the
�
4
2

�
process variable combinations.

4. Calculate the class membership probability (5.49) of the new sample.

It will now be illustrated how the SVM based pairwise contribution can be calculated

for one of the process variable pairs. Therefore, consider the scatter plot of px1, x3q in

Figure 5.12. The black dots again represent the reference region and the red dot the new

observation. Bivariate density estimation was used to specify the complementary data

set. This data set is identified by the points occupying the grey region in Figure 5.13.

A Gaussian kernel based SVM model was fitted using the reference and complementary

data sets. A grid search was performed to identify the optimal model settings for τ and σ,

the SVM hyperparameters. Model performance was evaluated based on the crossvalidated

misclassification rate. The optimal settings identified were τ � 188 and σ � 1.27. This

model was now used to predict the probability that the red dot in Figure 5.12 is part of
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the grey region in Figure 5.13. The predicted probability equalled 0.9889. It can therefore

be concluded that the new observation is statistically remote from the reference data for

px1, x3q. A visual confirmation is made when Figure 5.12 is considered.
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Figure 5.12: Black dots in scatter plot represent the reference data of px1, x3q. Red dot
represents the readings recorded for the simulated faulty sample.

The complete SVM based pairwise variable importance distance matrix for this faulty

vector was calculated to equal

�
�����

0.0000 1.0000 0.9889 1.0000

1.0000 0.0000 0.0000 0.0232

0.9889 0.0000 0.0000 0.0000

1.0000 0.0232 0.0000 0.0000

�
����� . (5.64)

Figure 5.14 displays the pairwise importances in order.
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Figure 5.13: Grey points in the range of variable x1 and x3 determined by the density estimate
to have low density.

(x1,x2) (x1,x4) (x1,x3) (x2,x4) (x2,x3) (x3,x4)

0.
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Figure 5.14: Ranking of pairwise importances calculated using SVM classification.

Note that since class probabilities are used to quantify distances, it is not required that

null distributions be calculated for each of the variable pairs in order to determine the
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significance of their observed distances. The natural class cut-off probability of 0.5 can

be used to identify distances that are significantly large. The pairwise importance of the

variable combinations px1, x2q, px1, x3q and px1, x4q is therefore identified to be significantly

large. These pairs of variables should therefore be the focus of the investigation to gain

insight into the process deviation. Figure 5.15 displays the pairwise information. In each

sub plot, black points are used to represent the reference data and a red dot is used to

identify the measurements made on the simulated fault. It is clear from Figure 5.15 why

the variable pairs px1, x2q, px1, x3q and px1, x4q were identified as important contributors.

The engineering team should therefore focus their efforts to get the red observation close

to the black points for the identified variable pairs.
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Figure 5.15: Scatterplot matrix of the reference data with the measurements of the simulated
faulty measurement included. Black points represent reference data and the red points are the
faulty data.

The individual ranking of the process variables using the pairwise distances was also

calculated. For the first iteration of the row sums method, the empirically calculated

p-values were

�
1 2 3 4

0.000000 0.000526 0.005783 0.000526

�
. (5.65)
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The first process variable therefore obtains the highest ranking. After removing row 1

and column 1 from (5.64) the empirical p-values of the resulting row sums were again

calculated

�
2 3 4

0.057308 0.936383 0.066246

�
. (5.66)

None of the remaining row sums are significantly large and the ranking procedure can

therefore be stopped. The first process variable is therefore the only one that needs to be

considered together with the high ranking variable pairs i.e., px1, x2q, px1, x3q and px1, x4q,
to understand the process fault.

5.5.4 One-Class SVM

In this section One-Class SVM discriminant analysis will form the basis of the new fault

diagnosis methodology. The diagnosis of the simulated fault in Section 4.5 will be demon-

strated using the following steps:

1. Clean the IOC data set using the kernel PCA model used in the fault identification

step i.e., remove all of the samples that are out-of-control based on one of the fault

detection statistics.

2. Fit a OCSVM model for each of the
�
4
2

�
process variable combinations.

3. For each of the variable combinations create a fine grid of points that cover all

bivariate combinations of values in the data.

4. Evaluate the bivariate grid vector using the fitted OCSVM model to obtain the

decision values (5.54).

5. Use the method of Platt (1999) to fit a model, based on the grid evaluations, that

can be used to convert a decision value (5.54) into a class membership probability

(5.61).

6. Obtain the model evaluations (5.54) of the simulated faulty sample.

7. Convert the model evaluation into a probability of not being part of the reference

region i.e., (5.61).

One process variable combination will be selected to illustrate these steps. In Figure 5.10

the reference data (black points) together with the measurements of the faulty sample (red
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dot) are displayed for px1, x4q. A OCSVM model, with regularisation parameter ν � 0.05,

was fitted using the reference data in Figure 5.10. The Gaussian kernel function, with

hyperparameter σ � 0.94, was used to approximate the inner products in feature space.

Note that crossvalidation was used to prevent overfitting. A fine grid was then created

over the combined range of px1, x4q. The model was then used to evaluate the bivariate

vectors specified in the grid. Figure 5.16 graphically summarises the result of the grid

evaluation. The grey area in Figure 5.16 is where the model evaluation is greater than

zero i.e., points in this region are predicted to be close to the reference data. Similarly

the points in the light blue area are predicted to be remote from the reference region

i.e., the model evaluations reported values that are less than zero for these points. The

method of Platt (1999) was now used to specify the posterior complement class probability

function (5.61) for these grid evaluations. In Figure 5.17 the calculated probabilities are

plotted against the model evaluations. The model evaluation (5.54) of the simulated faulty

sample equals �10.466. This is indicated by the vertical blue line in Figure 5.17. The

faulty observation is therefore considered to be remote from the reference region since it

has a zero probability of being close. Therefore, the pairwise contribution of px1, x4q for

the simulated faulty sample equals one.
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Figure 5.16: OCSVM model evaluation of grid vectors in the range of px1, x4q. Blue area is
where the model predicted that the corresponding bivariate vectors are remote from the reference
data. The vectors in the grey area are predicted to be close to the reference region.
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Figure 5.17: Estimated probability function of the OCSVM model fitted for px1, x4q. The
vertical blue line identifies the model prediction for the simulated faulty sample.

The matrix containing the full set of pairwise contributions, for the faulty sample, calcu-

lated using the OCSVM approach equals

�
�����

0.0000 1.0000 0.8802 1.0000

1.0000 0.0000 0.0000 0.0000

0.8802 0.0000 0.0000 0.0000

1.0000 0.0000 0.0000 0.0000

�
����� . (5.67)

The relative sizes of the pairwise contributions are depicted in Figure 5.18. A contribution

is considered significant if a value greater than 0.5 is recorded, similar to the approach

followed for the SVM method. Therefore, the pairwise contributions of px1, x2q, px1, x3q
and px1, x4q are significant. The row sums method was employed to identify an individual

importance ranking of the process variables. Similar to the previous results, only variable

x1 was determined to be important.
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Figure 5.18: Ranking of pairwise importances calculated using OCSVM classification method.

5.6 Kernel PCA Simulation Study continued (Part 2)

5.6.1 Objective

The kernel PCA simulation study will now be extended to evaluate the ability of the newly

developed techniques to diagnose single, multiple and multivariate process faults. A com-

parison will be done against the traditional kernel PCA diagnosis techniques, presented

in Chapter 4, using the fault data that was used in Section 4.5.4. Therefore, this Section

is a continuation of Section 4.5.4. Note that the results obtained in this simulation study

is for information purposes since it is an evaluation of the individual importances only. It

is advised that the pairwise ranking of process variables should accompany the individual

importances when interpreting multivariate process deviations. The purpose of this simu-

lation study is to give a general idea of how the different techniques would compare when

it is applied for the calculation of individual process variable rankings. It was decided

to only base the distance calculations on the SVM analysis for ease of illustration. For

single sensors the row sum approach was employed to identify the high ranking process

variables. The highest ranking variable pair based on the pairwise distances was used in

the multiple and multivariate sensor fault diagnosis.
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5.6.2 Results

The results of this study are illustrated in Figures 5.19 to 5.27. The following is observed:

• Single sensor faults. In Figure 5.19, for the SPE fault index, it is observed that

the new approach recorded relatively better correct diagnosis rates, for all fault

sizes, compared to the traditional methods. For the T 2 index, in Figure 5.20, it

is observed that the pairwise distance method showed improved performance for

fault magnitudes less than two. The reconstruction based method of Alcala and Qin

(2010) recorded better results for fault sizes greater than two. In Figure 5.21, the

results for the Combined index report that the pairwise distance approach was the

best performing method across the range of fault magnitudes.

• Multiple sensor faults. For the SPE fault index, in Figure 5.22, it is observed

that the new approach based on pairwise distances reported improved performance,

relative to the other methods, for all fault sizes. In Figure 5.23, for the T 2 statistic,

it is also observed that the pairwise method recorded better correct diagnosis rates

for all fault magnitudes. A similar observation is made for the Combined index in

Figure 5.24.

• Multivariate sensor faults. In Figure 5.25 the results for the SPE index indicate

that the new approach recorded correct fault diagnosis rates that are better than

the traditional techniques for all fault sizes. For the T 2 fault detection index, in

Figure 5.26, it is observed that the pairwise distance based approach outperformed

the reconstruction and gradient based methods. In Figure 5.27, a similar conclusion

is reached for the Combined index. More over, the new pairwise distance approach

yielded about 100% correct diagnosis rates over all fault sizes for all the fault detec-

tion indices.

It is noted that there are some interesting trends that are exhibited by the different

diagnosis techniques, as a function of the fault sizes. For example, in Figure 5.19, it

is observed that the correct diagnosis rate of the new approach increases as fault size

increases. However, an attempt to interpret these behaviours will not be made, since

individual importances are being evaluated. It has been motivated earlier that pairwise

information would do a better job of explaining multivariate deviation than the individual

ranking of variables. The individual information should be used to supplement the pairwise

analysis.
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5.6.2.1 Single sensor fault
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Figure 5.19: Correct diagnosis of faulty variables expressed relative to the magnitude of the
single sensor fault induced. Contributions were calculated using the SPE index and correspond-
ing kernel PCA model. Solid squares are used to represent the results of the gradient based
method of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin
(2010) are indicated using solid circles. Triangles are used to identify the results generated by the
new pairwise distance methodology. These distances are calculated using SVM based pairwise
models.
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Figure 5.20: Correct diagnosis of faulty variables expressed relative to the magnitude of the
single sensor fault induced. Contributions were calculated using the T 2 index and corresponding
kernel PCA model. Solid squares are used to represent the results of the gradient based method
of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin (2010)
are indicated using solid circles. Triangles are used to identify the results generated by the
new pairwise distance methodology. These distances are calculated using SVM based pairwise
models.
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Figure 5.21: Correct diagnosis of faulty variables expressed relative to the magnitude of the
single sensor fault induced. Contributions were calculated using the Combined index and cor-
responding kernel PCA model. Solid squares are used to represent the results of the gradient
based method of Cho et al. (2005). The results of the reconstruction based method of Alcala and
Qin (2010) are indicated using solid circles. Triangles are used to identify the results generated
by the new pairwise distance methodology. These distances are calculated using SVM based
pairwise models.
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5.6.2.2 Multiple sensor fault
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Figure 5.22: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multiple sensor fault induced. Contributions were calculated using the SPE index and corre-
sponding kernel PCA model. Solid squares are used to represent the results of the gradient based
method of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin
(2010) are indicated using solid circles. Triangles are used to identify the results generated by the
new pairwise distance methodology. These distances are calculated using SVM based pairwise
models.
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Figure 5.23: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multiple sensor fault induced. Contributions were calculated using the T 2 index and correspond-
ing kernel PCA model. Solid squares are used to represent the results of the gradient based
method of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin
(2010) are indicated using solid circles. Triangles are used to identify the results generated by the
new pairwise distance methodology. These distances are calculated using SVM based pairwise
models.
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Figure 5.24: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multiple sensor fault induced. Contributions were calculated using the Combined index and
corresponding kernel PCA model. Solid squares are used to represent the results of the gradient
based method of Cho et al. (2005). The results of the reconstruction based method of Alcala and
Qin (2010) are indicated using solid circles. Triangles are used to identify the results generated
by the new pairwise distance methodology. These distances are calculated using SVM based
pairwise models.
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5.6.2.3 Multivariate sensor fault
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Figure 5.25: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multivariate sensor fault induced. Contributions were calculated using the SPE index and
corresponding kernel PCA model. Solid squares are used to represent the results of the gradient
based method of Cho et al. (2005). The results of the reconstruction based method of Alcala and
Qin (2010) are indicated using solid circles. Triangles are used to identify the results generated
by the new pairwise distance methodology. These distances are calculated using SVM based
pairwise models.
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Figure 5.26: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multivariate sensor fault induced. Contributions were calculated using the T 2 index and corre-
sponding kernel PCA model. Solid squares are used to represent the results of the gradient based
method of Cho et al. (2005). The results of the reconstruction based method of Alcala and Qin
(2010) are indicated using solid circles. Triangles are used to identify the results generated by the
new pairwise distance methodology. These distances are calculated using SVM based pairwise
models.
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Figure 5.27: Correct diagnosis of faulty variables expressed relative to the magnitude of the
multivariate sensor fault induced. Contributions were calculated using the Combined index and
corresponding kernel PCA model. Solid squares are used to represent the results of the gradient
based method of Cho et al. (2005). The results of the reconstruction based method of Alcala and
Qin (2010) are indicated using solid circles. Triangles are used to identify the results generated
by the new pairwise distance methodology. These distances are calculated using SVM based
pairwise models.

5.7 Summary

Similar to the discussion in Chapter 3, it has been illustrated for kernel PCA that the

notion of attempting to assign an individual importance to process variables is not the

correct question that needs to be answered. Existing techniques employed to diagnose

process faults identified by kernel PCA attempt to assign individual importance rankings

to process variables. These diagnostic techniques are therefore fundamentally flawed. It

also does not provide practical guidance to engineers on what the required outcome should

be of any corrective measure in order to achieve a process that is multivariately in-control.

In addition, assigning individual importance to process variables provides limited insight

to engineers on corrective actions required to achieve a process that is multivariate in-

control. The new methodology proposed provides greater insight into fault diagnosis since

pairwise importance ranking or process variables is provided.

It is proposed that the methodology developed in Chapter 3 be leveraged to develop a

diagnostic method for kernel PCA, which produces a pairwise importance ranking of the
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process variables. It is not clear how one would go about decomposing the kernel PCA

fault identification statistics into a sum of parts with each part related to a specific variable

pair. Therefore, the approach developed in Chapter 3 cannot be applied in the kernel PCA

setting. In order to obtain a pairwise contribution for each process variable combination,

it was proposed to consider each variable pair in isolation. The pairwise contribution of a

specific variable combination is then defined as the distance which quantifies how remote

an observation is from the bivariate IOC point cloud for the two variables. This method

of calculating pairwise contributions is therefore not based on a decomposition of the fault

identification statistics. Significant pairwise contributions are identified using the reference

set density estimation approach introduced in Chapter 3. In a similar fashion to Chapter

3, the pairwise contributions can be analysed to obtain an individual importance ranking

of the process variables.

The applicability of this methodology is dependent on appropriately specifying a distance

function that can be used to quantify the similarity of a new observation to the IOC region.

Conditions have been specified that a distance measure must comply with in order for it

to be suitable for use in the diagnosis methodology. Three different approaches have been

discussed to demonstrate the process of specifying acceptable distance measures. The first

approach utilises the scaled kernel PCA fault identification statistics as suitable distance

measures. A distance measure based on SVM classification is employed in the second

example. In the third approach a distance measure based on OCSVM is developed.

The simulation study introduced in Chapter 4 was again considered to illustrate the ap-

plication of the new diagnosis methodology. Specifically, it was demonstrated how this

methodology, based on the three different distance measures proposed, can be used to

diagnose the fault simulated in Section 4.5. It is clear from the simulation results that

the calculated pairwise contributions are sensible i.e., it provides information that clearly

indicate to engineers why the process is classified as being multivariately out-of-control.

Any corrective process change, implemented by the engineer to remedy the multivariate

digression, should therefore address the deviations observed in the identified variable pairs.

It was also demonstrated how the individual ranking can be calculated using the pairwise

contributions. For this illustration the correct process variable was identified as the most

important. Recall from Section 4.5 that the first process variable was altered to induce

the faulty observation.

A more comprehensive evaluation of individual variable importance ranking, using the

pairwise approach, is presented in Section 5.6. Correct diagnosis rates are calculated us-

ing the single, multiple and multivariate sensor faults that were simulated in Section 4.5.4.

The performance of the new approach is therefore compared against the results obtained

for the traditional diagnosis techniques that are introduced in Chapter 4. It is observed,
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in most cases, that the new approach recorded correct diagnosis rates that were higher

than that of the gradient and reconstruction based methods. It is again emphasised that

individual importances will not sufficiently explain to engineers why the process is con-

sidered to be multivariately out-of-control. The bivariate diagnosis information should be

communicated together with the individual rankings. Therefore, the correct diagnosis rate

simulation results should only be viewed as an attempt to compare the new approach to

existing techniques.

The practical application of this methodology will be further evaluated in Chapter 6 using

a benchmark data set and data from a commercial chemical plant.

179



Chapter 6

Practical application

6.1 Introduction

The true value and applicability of the new fault diagnosis methodology motivated in this

research document can only be assessed by applying it to a real life manufacturing example.

Therefore, in this Chapter the multivariate monitoring and subsequent fault diagnosis of

two commercial chemical plants will be considered. The first case study will focus on the

diagnosis of faults simulated in the well known Tennessee Eastman process (Downs and

Vogel, 1993). In the second case study process data produced by a commercial coal fired

steam boiler will be analysed.

In this research a new methodology has been introduced for fault diagnosis in multivariate

statistical process monitoring. The objective here is to evaluate the behaviour of this

new methodology when observed in practice. New methods were developed for fault

diagnosis in PCA and kernel PCA based MSPM. Therefore, the commercial plants will be

statistically monitored using PCA and kernel PCA models. The newly developed methods

will then be applied to diagnose process faults identified by the two models. The pairwise

methodologies will be evaluated based on their ability to clearly communicate why the

process conditions are statistically identified as displaying behaviour that is different from

multivariate common cause variability.

In addition to quantifying the diagnostic value of the new methods in the practical

setting, the added objective of this Chapter is to practically illustrate, by means of R code

in Appendix A, how to operationalise the methodology in practice.
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6.2 Case study: The Tennessee Eastman Process

6.2.1 Background and Objective

The Eastman Chemical company introduced the Tennessee Eastman (TE) process (Downs

and Vogel, 1993) as a simulation of a realistic industrial process for the evaluation of pro-

cess monitoring methodologies. Therefore, many of the literature on fault diagnosis use

the TE process as a consistent benchmark to quantify the performance of new approaches.

Examples are Li et al. (2009), Jiang et al. (2015), Wang et al. (2017) and Gharahbagheri

et al. (2017). It is therefore appropriate that the methods introduced in this thesis are

also evaluated using the data simulated by the TE process. The TE process will be used

to evaluate the diagnosis ability of both the linear and non-linear pairwise contribution

methodologies introduced in this research. Diagnosis results will be reported in a statisti-

cal manner that follows the perspective of the research that was presented i.e., no attempt

will be made to interpret the results from an engineering viewpoint.

Five main operational units are used to describe the TE process. A reactor, a condenser,

a vapour-liquid separator, a recycle compressor and a product stripper identifies the dif-

ferent operations. The TE process flow diagram is depicted in Figure 6.1. A total of 52

process measurements are recorded. There are 22 continuous variables (Table 6.1), 19

compositional measurements (Table 6.2) and 11 manipulated variables (Table 6.3).

6.2.2 Variables and Data

Historical data representing ideal operating conditions were simulated and are provided by

Rieth et al. (2017). Process measurement data are conveniently made available as R data

frames. The IOC samples are recorded in the data frame called ‘fault free training’. A

total of 500 samples were taken at three minute intervals i.e., this data frame represents 25

hours of operation. Note that the ‘fault free training’ data set consists of 250000 rows, with

each of the 500 consecutive subsets of 500 rows representing one replicated simulation run.

In this illustration, it is assumed that three of the simulations are sufficiently representative

of the IOC conditions and will therefore only focus on the first 1500 measurements.

Rieth et al. (2017) also provide TE simulation measurements observed after specific process

faults were introduced. A list of the 20 different process faults that were explored are

recorded in Table 6.4. A separate simulation run is recorded for each of the faults, with

each fault being introduced into the simulation after 60 minutes from the start of the

run. Measurements are recorded every three minutes for a duration of 25 hours. The

faulty simulation run data are provided in the R data frame called ‘faulty training’. Note

that similar to the ‘fault free training’ data frame, ‘faulty training’ consists of multiple
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replicated simulation runs. For each of the 20 process faults 500 replicated runs are

performed. In this illustration we will only focus on the first replication, i.e., the first 500

observations, for a selected process fault.

Three simulated TE faults will be selected to demonstrate the diagnostic capability of the

methods presented in this research. These are fault one, 12 and 17 in Table 6.4. Downs

and Vogel (1993) provide a classification of the fault type that can be used to describe how

the different TE faults were simulated. These categorisation are also included in Table 6.4.

The different faults that will be examined are therefore from different fault type categories.

Table 6.1: The 22 continuous Tennessee Eastman process variables.

Process Variables Description Unit
x1 A feed (stream 1) km3h�1

x2 D feed (stream 1) kgh�1

x3 E feed (stream 1) kgh�1

x4 Total feed (stream 4) km3h�1

x5 Recycle flow (stream 8) km3h�1

x6 Reactor feed rate (stream 6) km3h�1

x7 Reactor pressure kPa
x8 Reactor level %
x9 Reactor temperature �C
x10 Purge rate (stream 9) km3h�1

x11 Product separator temperature �C
x12 Product separator level %
x13 Product separator pressure kPa
x14 Product separator underflow (stream 10) m3h�1

x14 Product separator underflow (stream 10) m3h�1

x15 Stripper level %
x16 Stripper pressure kPa
x17 Stripper underflow (stream 11) m3h�1

x18 Stripper temperature �C
x19 Stripper stream flow kgh�1

x20 Compressor work kW
x21 Reactor cooling water outlet temperature �C
x22 Condenser cooling water outlet temperature �C
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Figure 6.1: Tennessee Eastman process flow diagram (Downs and Vogel, 1993).
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Table 6.2: The 19 compositional Tennessee Eastman process measurements.

Process Variables Description Unit
x23 Component A (stream 6) mol%
x24 Component B (stream 6) mol%
x25 Component C (stream 6) mol%
x26 Component D (stream 6) mol%
x27 Component E (stream 6) mol%
x28 Component F (stream 6) mol%
x29 Component A (stream 9) mol%
x30 Component B (stream 9) mol%
x31 Component C (stream 9) mol%
x32 Component D (stream 9) mol%
x33 Component E (stream 9) mol%
x34 Component F (stream 9) mol%
x35 Component G (stream 9) mol%
x36 Component H (stream 9) mol%
x37 Component D (stream 11) mol%
x38 Component E (stream 11) mol%
x39 Component F (stream 11) mol%
x40 Component G (stream 11) mol%
x41 Component H (stream 11) mol%

Table 6.3: The 11 manipulated Tennessee Eastman process variables.

Process Variables Description Unit
x42 D feed flow (stream 2) %
x43 E feed flow (stream 3) %
x44 A feed flow (stream 1) %
x45 A and C feed flow (stream 4) %
x46 Compressor recycle valve %
x47 Purge valve (stream 9) %
x48 Separator pot liquid flow (stream 10) %
x49 Stripper liquid product flow (stream 11) %
x50 Stripper steam valve %
x51 Reactor cooling water flow %
x52 Condenser cooling water flow %
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Table 6.4: Process faults simulated in the Tennessee Eastman process.

Fault id Fault description Fault type
1 A/C feed ratio, B composition constant Step change
2 B composition, A/C feed ratio constant Step change
3 D feed temperature (stream 2) Step change
4 Reactor cooling water inlet temperature Step change
5 Condenser cooling water inlet temperature Step change
6 A feed loss (stream 1) Step change
7 C header pressure loss-reduced availability (stream 4) Step change
8 A, B, C feed composition (stream 4) Random fluctuation
9 D feed temperature (stream 2) Random fluctuation
10 C feed temperature (stream 4) Random fluctuation
11 Reactor cooling water inlet temperature Random fluctuation
12 Condenser cooling water inlet temperature Random fluctuation
13 Reaction kinetics Slow drift
14 Reactor cooling water valve Sticking
15 Condenser cooling water valve Sticking
16 Unknown Unknown fault type
17 Unknown Unknown fault type
18 Unknown Unknown fault type
19 Unknown Unknown fault type
20 Unknown Unknown fault type

6.2.3 PCA based fault diagnosis

In this section the fault detection and diagnosis will be based on PCA. Specifically, the

pairwise decomposition approach developed in Chapter 3 will be used to diagnose fault

one, 12 and 17. Diagnosis results pertaining to the traditional methodologies of Chapter

2 will also be reported.

6.2.3.1 Diagnosis of TE Fault 1.

In this section the ability of the PCA based methods to detect and diagnose the first

simulated TE process fault will be evaluated . The evaluation will be performed using the

R programming language. R code used to conduct the analysis is displayed in Appendix

A. The following can be used to summarise the steps used to fit the PCA model:

1. Selection of the IOC data samples from the ‘fault free training’ R data frame. Use

only three of the simulation replicates i.e., the first 1500 observations. Use all 52

variables in the analysis.

2. Zero mean centering and unit variance scaling of the IOC data set.
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3. Defining the covariance matrix and subsequent eigen-decomposition.

4. Selecting the appropriate number of principal components.

5. Calculate the matrices used to define the PCA fault identification statistics.

6. Determine the critical value for each of the fault identification statistics.
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Figure 6.2: PCA Scree plot. The eigenvalues are graphed as a function of the number of
principal components. A general rule is to select the number of components as the point on the
graph where the relative change in eigenvalues start to stabilise.

The number of principal components were selected by visual inspection of the PCA

scree plot displayed in Figure 6.2. From this representation it was determined that 15

components should be sufficient. Selecting 15 components imply that the PCA model

explains about 67% of the variability. It is noted that other techniques can be employed to

select the number of principal components (Josse and Husson, 2012). For this illustration

it was found that 15 components are adequate to detect the induced process faults that

will be presented.

The following describe the process that was followed to obtain the fault identification

statistic evaluations of the new faulty simulated data:

1. Identify the data that correspond to the first simulated process fault in the ‘faulty training’

data set. Select only one of the replicated simulations i.e., the first 500 observations.
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2. Center and scale the selected faulty data using the mean and variance information

of the IOC data.

3. Calculate the PCA fault identification statistic evaluations i.e., the T 2, SPE and

Combined values.
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(a) T 2 statistic evaluations. (b) SPE statistic evaluations.
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(c) Combined statistic evaluations.

Figure 6.3: PCA fault identification statistic evaluations of the TE Fault 1 simulation data.
Evaluations are displayed for the T 2, SPE and Comb statistics. Hollow black dots are used to
indicate the evaluations at specific time points. The red dots are specially selected points that
will be used for further investigation. Broken horizontal red lines identify the 95% control limits.
Vertical broken blue lines indicate the point after one hour when the specific fault was introduced
in the process.

The calculated fault identification statistic values for the faulty simulated data of the first

TE process fault are depicted in Figure 6.3. Horizontal red broken lines are used in Figure

6.3 to indicate the 95% control limit for each of the respective statistics. Observations

recorded above this line indicate that the process is statistically different from IOC’s. It
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can therefore be observed from Figure 6.3 that the data observed for the first simulated

fault are mostly above the control limit, for all of the statistics. The blue vertical broken

line in Figure 6.3 indicates the one hour point at which the fault was introduced in the

simulation. It can be observed from Figure 6.3 that all three fault identification statistics

displayed out-of-control evaluations directly after the fault was induced. In this example

the SPE statistic was the quickest to identify the change in simulation conditions. The

comparable shape of the observed fault statistic evaluations over time, for all statistics, is

informative. It can be observed in Figure 6.3 that for the initial period after the fault has

been introduced i.e., for the period prior to the 300th observation, that the three statistics

indicate erratic process behaviour. After this period the observations seem to become

less erratic, which indicate that the effect of the process fault on the TE simulation has

stabilised. In this illustration we will demonstrate the fault diagnostic analysis using the

faulty data observed during the stabilised period. Specifically, the PCA fault diagnosis

techniques will be used to diagnose the solid red points in Figure 6.3.

Before the diagnosis step is commenced it is noted for this specific fault i.e., the first

fault in Table 6.4, that it cannot be considered to be a multivariate process fault. It is

observed that a number of process variables have violated their univariate ranges, as is

specified by the normal operating data. Consider the scatter plot of x1 in Figure 6.4 as

an example. In this figure the IOC data (hollow black points) and the faulty data (hollow

green points) for x1 are plotted in sequence. It is clear that the univariate ideal operating

range, which approximately equals p0.16, 0.38q, is different from the range in which the

faulty data are recorded. This therefore indicates that the multivariate fault diagnosis

methods are not strictly required. The diagnosis can simply be performed by identifying

the process variables that violate the univariate IOC ranges.
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Figure 6.4: Measurements recorded for process variable x1 plotted in sequence. The black points
represent the values captured during the IOC simulations. Green points are used to indicate the
data measured during the Fault 1 simulation. The vertical broken blue line indicates the point
in time when the fault was introduced.

However, for illustration purposes and for comparison to published research e.g., Jiang

et al. (2015), the diagnostic methods discussed in this research will be applied to diagnose

the red points selected in Figure 6.3. Specifically, attention will be focussed on the diagno-

sis of the fault based on the SPE statistic. Note that a reasonable minimum requirement

would be that the various fault diagnosis techniques correctly identify the variables that

are univariately different from IOC’s. The process variables corresponding to the red dot

in graph (b) of Figure 6.3 that recorded measurements outside of the range observed during

IOC’s are:

�
x1 x4 x18 x19 x34 x44 x45 x50

�
. (6.1)

First the traditional PCA fault diagnosis techniques i.e., CD, PD and RB contribution

analysis will be used to diagnose the observation that correspond to the red dot in graph

(b) of Figure 6.3. The results of this analysis are depicted in Figure 6.5, where the top

10 contributing variables are displayed. It can be observed from graph (a) of Figure 6.5

that the CD contribution analysis only identified five of the eight process variables that

are considered to be univariately different. The PD approach identified six variables and
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the RB analysis five.

x38 x45 x36 x41 x25 x34 x44 x1 x35 x4

CD contribution

0
5

10
15

x44 x1 x45 x4 x34 x18 x25 x36 x8 x3

PD contribution

0
5

10
15

20
25

30
35

(a) Complete decomposition. (b) Partial decomposition.

x45 x38 x41 x44 x1 x36 x40 x14 x34 x4

RB contribution

0
5

10
15

20

(c) Reconstruction based decomposition.

Figure 6.5: Complete decomposition, Partial decomposition and Reconstruction based contri-
bution analysis results for the red sample selected in graph (b) of Figure 6.3. Bar graphs are
used to represent the SPE statistic based contribution of the top 10 ranked process variables
for each method.
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Figure 6.6: MDS display of the red SPE point selected in Figure 6.3. Each point on the graph
represents a row or column of the SPE based distance matrix calculated for the point selected.

The new methodology developed in Chapter 3 will now be employed to diagnose the

selected process fault. The corresponding R code that are listed in Appendix A follow the

next general steps:

1. Decompose the SPE evaluation of the selected out-of-control sample into a sum of

parts, as described in Chapter 3, and convert into the distance matrix representation.

2. Similarly obtain the distance matrix representation based on the SPE statistic for

each of the IOC samples. This will define the reference distance matrices.

3. For each process variable collect the corresponding row in each of the reference

distance matrices into a separate matrix.

4. Iteratively compare the row sums of the distance matrix calculated for the out-of-

control point to that of the reference row sums, as was illustrated in Chapter 3. It

was decided to label a specific row sum as abnormally large if it recorded a value that

is larger than the 95th percentile of the corresponding reference row sum distribution.

Chapter 3 also describes a graphical method based on MDS that can be used to visually

diagnose process faults. This representation for the selected out-of-control sample is dis-

played in Figure 6.6. Interpretation of Figure 6.6 concludes that variables x1 and x44 are
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important to the interpretation of the large SPE value that was recorded. These variables

were both identified to have univariate deviating measurements. It is clear from Figure

6.6 that the visual interpretation is not optimal to fully diagnose the fault. Therefore, the

more precise row sum method was utilised to identify the statistically significant variables

that define the large SPE value observed. The variables identified are,

�
x44 x1 x4 x18 x50 x45 x34 x19 x28

�
, (6.2)

ranked in the order of importance. The variables identified include all of the process vari-

ables that were identified to deviate univariately. One additional process variable, x28, was

also identified. In Figure 6.7 the scatterplot representation of x28 is given, similar to the

graph presented for x1 in Figure 6.4. Also included in Figure 6.7 is a horizontal broken

firebrick red line that indicate the 99th percentile of IOC data for x28. It can be observed

that the red solid dot is recorded beyond the 99th percentile. The general upward move-

ment of the green points in Figure 6.7 is also insightful. An argument can therefore be

made from a statistical view point that the identification of x28 is sensible. In the research

presented by Jiang et al. (2015) a fault diagnosis methodology based on Canonical variate

analysis is introduced. During the validation of the approach Jiang et al. (2015) listed

x1, x4, x18, x19, x34, x44, x45, x50 as variables that contribute to the first TE fault. These

correspond to variables that are identified to have univariate deviations. The pairwise

contribution approach therefore identifies x28 as an additional process variable that needs

to be considered.

The variable pairs with significant pairwise contributions were also identified. However,

in this setting the pairwise contribution analysis is not sensible, since each variable that

deviate univariately will have a deviating pairwise relationship with all of the other pro-

cess variables. See for example Figure 6.8. It is sensible that this relationship is identified

as deviating. However, the deviation is observed due to both x18 and x19 recording a

measurement outside the IOC univariate range.

Based on the results presented, it is concluded that the information provided by the pair-

wise diagnosis analysis can be used to supplement fundamental engineering understanding

in order to assist with the practical interpretation of the multivariate deviations observed

during the first TE process fault simulation. In this example the multivariate abnormality

was identified due to univariate changes in the identified process variables. Note that

in this analysis the univariate rankings obtained from the pairwise information captured

more information regarding the multivariate deviation since the process moved beyond its

univariate bounds.
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Figure 6.7: Measurements recorded for process variable x28 plotted in sequence. The black
points represent the values captured during the IOC simulations. Green points are used to
indicate the data measured during the Fault 1 simulation. The vertical broken blue line indicate
to the point in time when the fault was introduced.
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Figure 6.8: Scatter plot of x18 versus x19. Black points are used to identify the samples recorded
during the IOC simulations. Green points were observed during the simulation of Fault 1. The
red point corresponds to the red point selected in Figure 6.3.
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6.2.3.2 Diagnosis of TE Fault 12.

In this section the detection and diagnosis of the 12th TE process fault in Table 6.4 will be

considered. This will again be based on the PCA model that was established in the previ-

ous section. Therefore, the exact same steps discussed previously will be used to evaluate

the data observed from the 12th TE fault simulation. R code used in this illustration will

again be presented in Appendix A. The calculated fault identification statistic values for

the simulated data of the 12th TE fault are presented in Figure 6.9. It can be observed

from Figure 6.9 that all of the statistics were able to identify abnormal process behaviour

soon after the fault was introduced. In this example we will employ the different diagnostic

methods to interpret the process deviation identified by the red solid point in graph (c) of

Figure 6.9. That is, the diagnosis will be based on the Combined statistic.
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(a) T 2 statistic evaluations. (b) SPE statistic evaluations.
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(c) Combined statistic evaluations.

Figure 6.9: PCA fault identification statistic evaluations of the 12th TE simulated fault. Evalu-
ations are displayed for the T 2, SPE and Comb statistics. Hollow black dots are used to indicate
the evaluations at specific time points. The red dots are specially selected points that will be used
for further investigation. Broken horizontal red lines identify the 95% control limits. Vertical
broken blue lines indicate the point after one hour when the specific fault was introduced in the
process.
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It is again observed, similar to the first TE process fault, that this fault was simulated

by altering process variables such that measurements are recorded beyond the univariate

ranges established during normal operation. Fault diagnosis can therefore be performed by

identifying the variables that are univariately different from IOC’s. The following variables

are identified

�
x7 x9 x11 x13 x16 x18 x21 x22 x30 x51

�
. (6.3)

As with the analysis of Fault 1, it is required that the multivariate fault diagnosis analysis

should at least identify these variables as having high contributions.

The diagnosis results based on the traditional methodologies are summarised in Figure

6.10 for the red dot in graph (c) of Figure 6.9. It is observed that most of the univariate

deviating variables are listed in the top 10 contributions of the traditional techniques.

Only process variable x9 is not listed under the high contributing variables.

Univariate fault diagnosis based on the pairwise methodology introduced in Chapter 3

identified the following variables as having significantly high row sums:

�
x11 x22 x21 x16 x51 x13 x9 x7 x17 x30 x38 x18 x52

�
. (6.4)

This set of variables include all of the variables which were identified to deviate univari-

ately. Additionally, variables x17, x38 and x52 are also identified. In Figure 6.11 it can

be observed that these variables recorded measurements that were at the edge of the IOC

range. The identification of these variables is therefore sensible. In Figure 6.12 the corre-

sponding visual representation of the distance matrix is displayed. It is again difficult to

interpret due to the large number of variables. The more exact approach of analysing the

row sums is therefore preferred.

It is again concluded that the new pairwise fault diagnosis methodology is capable of

explaining why the observation that was selected is identified as being multivariately out-

of-control. In this example the multivariate abnormality was identified due to univariate

changes in the identified process variables.
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(a) Complete decomposition. (b) Partial decomposition.

x11 x22 x16 x21 x13 x7 x38 x30 x18 x1

RB contribution

0
1

2
3

4
5

6

(c) Reconstruction based decomposition.

Figure 6.10: PCA Complete decomposition, Partial decomposition and Reconstruction based
contribution analysis results for the red sample selected in graph (c) of Figure 6.9. Bar graphs
are used to represent the Combined statistic based contribution of the top 10 ranking process
variables for each method.
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Figure 6.11: Measurements recorded for process variables x17, x52 and x38 plotted in sequence.
The red dot represent the measurement that correspond to the deviating Combined statistic
observation that was selected in Figure 6.9. Horizontal broken red lines represent the 1st or 99th

percentile of the IOC data.
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Figure 6.12: PCA Combined pairwise contribution MDS display of the red Combined statistic
point selected in Figure 6.9.

6.2.3.3 Diagnosis of TE Fault 17.

Fault 17 in Table 6.4 will be considered in the final example. Using the PCA model fitted

in Section 6.2.3.1 to examine the simulated data recorded for Fault 17, resulted in the fault

identification statistic evaluations presented in Figure 6.13. In this set of graphs it can be

observed that the different fault identification statistics are capable in interpreting that the

data observed during the Fault 17 simulation are foreign to the normal TE process. The

out-of-control red point identified by the T 2 statistic in graph (a) of Figure 6.13 will be

selected to demonstrate the diagnostic step. Again we observe, for the selected point, that

the measurements of certain process variables are outside the ranges that were recorded

during IOC’s. These variables are:

�
x21 x51

�
. (6.5)

Therefore, a reasonable minimum requirement of the MSPM fault diagnosis would be that

it must identify these variables as high contributors.

PCA T 2 contribution analysis results for the red point selected in the T 2 graph of Figure

6.13 are given in Figure 6.14. It is observed, for all of the bar graphs in Figure 6.14, that

variables x21 and x51 are ranked in the top three contributors.
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(a) T 2 statistic evaluations. (b) SPE statistic evaluations.
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(c) Combined statistic evaluations.

Figure 6.13: PCA fault identification statistic evaluations of the 17th TE simulated fault.
Evaluations are displayed for the T 2, SPE and Comb statistics. Hollow black dots are used to
indicate the evaluations at specific time points. The red dots are specially selected points that
will be used for further investigation. Broken horizontal red lines identify the 95% control limits.
Vertical broken blue lines indicate the point after one hour when the specific fault was introduced
in the process.

Univariate contribution analysis based on the new distance based methodology, introduced

in Chapter 3, identified the following variables as having significant contributions:

�
x21 x51

�
, (6.6)

i.e., the variables that are univariately different from the IOC’s ranges. The MDS graph

of the T 2 distance matrix for the point selected in graph (a) of Figure 6.13 is displayed in

Figure 6.15. This visual representation also identifies x21 and x51 as the leading variables

that contribute to the faulty T 2 categorisation. It is again noted that the pairwise con-
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tribution analysis did not yield meaningful results for this example. All of the significant

contributing pairs that were identified can be attributed to the univariate violations ob-

served for x21 and x51. The R code used in this section are presented in Appendix A.The

results presented illustrate that the new methodology can be used to practically interpret

the selected multivariate process deviation.

x21 x2 x51 x42 x9 x12 x48 x1 x44 x41
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(a) Complete decomposition. (b) Partial decomposition.
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(c) Reconstruction based decomposition.

Figure 6.14: PCA T 2 contribution analysis results for the red sample selected in graph (a) of
Figure 6.13.
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Figure 6.15: PCA T 2 pairwise contribution MDS display of the red T 2 point selected in Figure
6.13

6.2.4 Kernel PCA based fault diagnosis

In this section faults detected using kernel PCA will be considered for diagnosis purposes.

Specifically, the pairwise contribution approach developed in Chapter 5 will be used to

diagnose fault one, 12 and 17. Results based on the traditional diagnosis approaches of

Chapter 4 will also be given.

6.2.4.1 Diagnosis of TE Fault 1

In this section the ability of kernel PCA based methods to detect and diagnose the first

TE process fault will be evaluated. The R programming language will again be used

to perform the analysis. Steps used to fit the kernel PCA model can be summarised as

follows:

1. Selection of the IOC data samples from the ‘fault free training’ R data frame. Use

only one of the simulation replicates i.e., the first 500 observations.

2. Zero mean centering and unit variance scaling of the IOC data set.
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3. Define the double centered Gaussian kernel matrix and subsequent eigen-decomposition.

4. Use the crossvalidation based algorithm of Alam and Fukumizu (2014) explained

in Algorithm 1 of Chapter 4 to select the optimal hyperparameter setting and the

dimension of the kernel PCA model.

5. Calculate the matrices used to define the kernel PCA fault identification statistics.

6. Empirically determine the critical value for each of the fault identification statistics.

The algorithm of Alam and Fukumizu (2014) identified that the optimal dimension of the

kernel PCA model should be 80 and that the Gaussian hyperparameter should be set to

0.003.

The fault identification statistic evaluations of the new faulty simulated data was obtained

as follows:

1. Identify the data that correspond to the first simulated process fault in the ‘faulty training’

data set. Select only one of the replicated simulations i.e., the first 500 observations.

2. Center and scale the selected faulty data using the mean and variance information

of the IOC data.

3. Calculate the PCA fault identification statistic evaluations i.e., T 2, SPE and Combined

values.

The fault identification statistic evaluations of the simulated data for the first TE process

fault are displayed in Figure 6.16. The 95% control limit for each of the respective statis-

tics is represented using a horizontal red broken line. If measurements are recorded above

this line then it indicates that the process is statistically different from IOC’s. It can be

observed from Figure 6.16 that the data observed for the first simulated fault are mostly

above the control limit, for all of the three fault identification indices. The blue vertical

broken line in Figure 6.16 indicates the one hour point at which the fault was introduced

in the simulation. It is observed from Figure 6.16 that all of the statistics displayed out-of-

control evaluations directly after the fault was introduced in the simulation. Similar to the

PCA results, it is observed that the SPE statistic was the quickest to identify the faulty

condition. In this illustration the fault diagnosis analysis will be demonstrated using the

solid red point in graph (b) of Figure 6.16. This is the exact same point that was used in

the diagnosis based on the PCA model. The results presented in this section can therefore

be compared to the PCA based diagnosis results of the first TE process fault. It was

established in Section 6.2.3.1 that a number of process variables violate their univariate

bounds for the first TE fault. Therefore, it is again expected that the diagnosis results
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should at least identify these variables.
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(a) T 2 statistic evaluations. (b) SPE statistic evaluations.
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(c) Combined statistic evaluations.

Figure 6.16: Kernel PCA fault identification statistic evaluations of the TE Fault 1 simulation
data. Evaluations are displayed for the T 2, SPE and Combined statistics. Hollow black dots
are used to indicate the evaluations at specific time points. The red dots are specially selected
points that will be used for further investigation. Broken horizontal red lines identify the 95%
control limits. Vertical broken blue lines indicate the point after one hour when the specific fault
was introduced in the process.

First the gradient based approach of Cho et al. (2005) and the reconstruction based ap-

proach of Alcala and Qin (2010) will be used to diagnose the solid red observation in the

SPE graph of Figure 6.16. Therefore, the diagnosis will be based on the SPE statis-

tic. Figure 6.17 display the results of the analysis. For each technique the contribution

of the top ten ranked variables are displayed. It is observed from Figure 6.17 that for

both techniques the relative importance of x44 and x1 greatly dwarf the contributions of

the remaining process variables. However, it is observed that both techniques identified

the univariate violating variables when all of the top ten ranked process variables are
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considered.

x44 x1 x18 x4 x50 x45 x19 x34 x15 x28

Gradient based contribution
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(a) Gradient based. (b) Reconstruction based.

Figure 6.17: Kernel PCA Gradient based (Cho et al., 2005) and Reconstruction based (Alcala
and Qin, 2010) contribution analysis results of the red sample selected in graph (b) of Figure
6.16. Bar graphs are used to represent the SPE statistic based contribution of the top 10 ranking
process variables for each method.

The pairwise distance methodology described in Chapter 5 will now be employed to

diagnose the selected red point in graph (b) of Figure 6.16. Note that the analysis will focus

mostly on the univariate rankings that are obtained from the pairwise contributions since

the data have univariate violations. Before the analysis can be performed it is required

that the pairwise models be constructed that will be used to quantify the distances. It was

decided to use the SVM approach to specify the pairwise distances. In this analysis there

are 50 process variables which implies that
�
50
2

� � 1225 SVM models had to be constructed.

Note that two process variables, x48 and x49, was removed from the analysis due them

having 100% correlation with two other variables. This once-off model construction was

completed in 98 minutes using parallel computing on a Windows 10 computer with 32

logical CPU cores and 32 gigabyte RAM.

The following steps were followed to identify the univariate ranking based on the pairwise

information:

• Use the pairwise SVM models to construct the distance matrix representation of the

out-of-control sample as described in Chapter 5.

• Iteratively compare the row sums of the distance matrix calculated for the out-of-

control point to that of the reference row sums, as was discussed in Chapter 5.
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The distance matrix representation of the out-of-control observation can be used to obtain

a MDS graphical representation that can be used to visually diagnose the process fault.

This representation for the selected out-of-control point is displayed in Figure 6.18. Visible

from Figure 6.18 is that the following samples,

�
x1 x44 x45 x34 x4 x18 x19 x50 x28

�
, (6.7)

are remote from the center of the display. These variables are the ones that were iden-

tified to violate the univariate bounds. Additionally x28 is also identified as important.

Therefore, the SVM based MDS analysis yield results that are similar to the PCA based

pairwise approach in Section 6.2.3.1.
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Figure 6.18: MDS display of the red SPE point selected in Figure 6.16. Each point on graph
repesent a row or column of the SVM based distance matrix calculated for the point selected.

Note that the row sums approach was simplified by setting pairwise distances that are

less than 0.5 equal to 0. This is possible since the distances calculated using SVM are

probabilities. Therefore, it was possible to determine the ranking of process variables

using only the maximum row sum during each iteration. The following univariate ranking
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is obtained, �
x1 x44 x45 x34 x19 x50 x4 x28 x18 x10 x47

�
, (6.8)

based on the SVM based pairwise distances. These include all of the variables that are

univariately different. Additionally, x28, x10 and x47 are also identified. It was already

explained in Section 6.2.3.1 why it is sensible to include x28. In Figure 6.19 graphs, similar

to that for x28 in Figure 6.7, are depicted for x10 and x47. The horizontal broken red line

in Figure 6.19 are used to indicate the 5th percentile of the IOC data. Therefore, it is

observed from Figure 6.19 for both variables that the red point, corresponding to the out-

of-control point, is recorded close to the 5th percentile. Additionally it is observed that

the green points close to the red point visually indicate a shift in the mean. Therefore,

it is concluded that the identification of x10 and x47 by the SVM based pairwise distance

method is sensible.

The results obtained using the SVM based pairwise distance method identified process

variables that can be used to interpret the multivariate process deviation. All of the

variables that were identified are measured beyond or close to the IOC process limits. It

is also noted that the non-linear pairwise approach identified additional process variables

i.e., x10 and x47, that were not identified by the PCA based pairwise approach.
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Figure 6.19: Measurements recorded for process variable x10 and x47 plotted in sequence. The
black points represent the values captured during the IOC simulation. Green points are used to
indicate the data measured during the Fault 1 simulation. The vertical broken blue line indicate
to point in time when the fault was introduced. The red dot represent the measurement that
correspond to the deviating SPE that were selected in Figure 6.16. Horizontal broken red lines
represent the 5th percentile of the IOC data.
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6.2.4.2 Diagnosis of TE Fault 12.

The detection and diagnosis of the 12th TE process fault will be considered in this section.

The kernel PCA model developed in the previous section will again form the basis of the

analysis. Therefore, the same detection and diagnosis steps will be followed to evaluate

the data observed from the 12th TE fault simulation. Also the results obtained in this

section will be comparable to the PCA based analysis in Section 6.2.3.2.

The kernel PCA based fault detection statistic values are presented in Figure 6.20. It is

observed from Figure 6.20 that the abnormal process behaviour is identified by all of the

statistics soon after the fault was introduced. In this example, the different diagnostic

methods will be employed to interpret the process deviation identified by the red solid

point in graph (c) of Figure 6.20. That is, the diagnosis will be based on the Combined

statistic.

The results based on the traditional kernel PCA based diagnosis methods are summarised

in Figure 6.21. It is observed that most of the univariate deviating variables are ranked

amongst the top ten contributors of the traditional techniques. Only process variable x30

is not listed under the high contributing variables.

The univariate variable ranking based on the pairwise row sum methodology introduced

in Chapter 5 is as follows:

�
x17 x52 x9 x11 x21 x35 x22 x30 x18 x16 x51 x7 x38 x13 x24 x14

�
. (6.9)

This set of variables include all of the variables that were identified to deviate univariately.

The process variables x17, x52, x35, x38, x24 and x14 are also identified. It has already been

indicated in Section 6.2.3.2 why the identification of x17, x52 and x38 is sensible. In Figure

6.23 representations of x35, x24 and x14 are given to motivate why the identification of

these variables is sensible. In Figure 6.22 the MDS visual representation of the SVM

based out-of-control distance matrix is displayed. It is observed in Figure 6.22 that all but

two of the variables, x24 and x14, identified by the row sum method are indicated by the

visual approximation. The more exact approach of analysing the row sums is preferred.

It is again observed that the univariate rankings obtained from the pairwise distance

information correspond to variables that deviated univariately or recorded values that are

close to the edge of the IOC range.

207



●●
●
●

●

●

●●

●
●

●●
●
●

●

●

●
●●●
●
●
●
●

●●

●●
●
●

●
●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●
●

●

●

●
●

●●

●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●●

●

●

●

●

●

●

●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●

●

●
●

●
●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●

●

●
●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●
●

●

●●

●

●

●
●

●

●

●

●

●

●
●●
●

●

●

●●

●

●

●
●

●
●

●

●●

●●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●
●●

●

●

●

●
●
●

●
●

●

●

●
●

●
●

●

●
●●●

●
●

●●

●●
●●
●

●

●

●●
●●●

●

●
●●●●
●●
●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●

●

●

●

●●

●

●

●

●

●

●
●●
●
●

●●

●

●
●
●●
●●

●●
●
●●

●

●
●●●

●
●●

●
●●

●

●
●

●

●

●
●

●

●
●●●●●●●●●

●●●●●●
●●●●●●●

●
●

●

●

●

●

●

●●
●

●
●
●
●
●

●●
●

●

●

●

●
●

●

●●●

●●
●
●●
●

●
●

●

●●
●
●

●

●

●

●

●●

●●

●
●
●

●
●
●
●●
●

T2 −v
alu

es

T2 95% control limit0
10

0
20

0
30

0
40

0
50

0
60

0
70

0

0 100 200 300 400 500

●●●●
●
●
●●●
●●●●●
●●
●●●●●●●●●

●●●
●
●

●

●

●
●
●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●●
●●
●

●
●

●

●

●

●

●

●

●

●

●
●
●
●
●

●●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●●

●

●
●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●
●

●●

●

●
●

●

●

●

●●

●

●

●

●●

●
●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●
●

●

●
●●

●

●
●

●
●

●
●

●

●

●
●●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●●●

●

●●

●

●●

●

●

●
●

●

●

●

●

●
●

●
●
●
●●●●

●
●
●
●
●●●

●
●

●

●

●
●

●

●

●●●

●●
●

●
●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●●

●

●
●●
●●
●●●
●●●

●

●

●●
●●

●

●

●●
●

●●

●

●

●
●

●
●●
●●●●●●●●●●●●●●●●●●

●
●
●

●

●

●

●

●

●

●●

●

●

●

●
●
●

●●●

●

●
●

●●
●
●
●
●●

●●

●

●
●●

●
●

●●

●●

●
●●

●

●
●●

●

●

●

●

●

●●

●

●
●●

SP
E−

va
lue

s

SPE 95% control limit0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

0 100 200 300 400 500

(a) T 2 statistic evaluations. (b) SPE statistic evaluations.
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Figure 6.20: Kernel PCA fault identification statistic evaluations of the TE Fault 12 simulation
data. Evaluations are displayed for the T 2, SPE and Combined statistics. Hollow black dots
are used to indicate the evaluations at specific time points. The red dots are specially selected
points that will be used for further investigation. Broken horizontal red lines identify the 95%
control limits. Vertical broken blue lines indicate the point after one hour when the specific fault
was introduced in the process.
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Figure 6.21: Kernel PCA Gradient (Cho et al., 2005) and Reconstruction based (Alcala and
Qin, 2010) contribution analysis results of the red sample selected in graph (b) of Figure 6.20.
Bar graphs are used to represent the Combined statistic based contribution of the top 10 ranking
process variables for each method.
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Figure 6.22: MDS display of the red Combined statistic point selected in Figure 6.20. Each
point on the graph represent a row or column of the SVM based distance matrix calculated for
the point selected.
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Figure 6.23: Measurements recorded for process variables x35, x24 and x14 plotted in sequence.
The red dot represent the measurement that correspond to the deviating Combined statistic
observation that was selected in Figure 6.20. Horizontal broken red lines represent the 5th or
95th percentile of the IOC data.

6.2.4.3 Diagnosis of TE Fault 17.

In the final example Fault 17 in Table 6.4 will be considered. Using the kernel PCA

model fitted in Section 6.2.4.1 to evaluate the simulation data of the 17th TE process fault

yielded the fault statistic evaluations presented in Figure 6.24. It can be observed from

Figure 6.24 that the different fault identification indices are able to recognise that the

data recorded during the 17th fault simulation are foreign to the normal TE process. The

out-of-control red point identified by the T 2 statistic in graph (a) of Figure 6.24 will be

selected to illustrate the diagnosis.
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(a) T 2 statistic evaluations. (b) SPE statistic evaluations.
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Figure 6.24: Kernel PCA fault identification statistic evaluations of the TE Fault 17 simulation
data. Evaluations are displayed for the T 2, SPE and Combined statistics. Hollow black dots
are used to indicate the evaluations at specific time points. The red dots are specially selected
points that will be used for further investigation. Broken horizontal red lines identify the 95%
control limits. Vertical broken blue lines indicate the point after one hour when the specific fault
was introduced in the process.

The traditional gradient and reconstruction based analysis results, for the selected out-

of-control observation, are given in Figure 6.25. It is observed for both methods that the

univariate deviating variables, x21 and x51, are ranked as the top two contributors.

The univariate ranking obtained from the pairwise SVM based distance matrix identified

x21 and x51 as the only meaningful contributors. The corresponding visual MDS repre-

sentation is given in Figure 6.26. This graphical display also identifies x21 and x51 as the

leading variables that contribute to the faulty T 2 categorisation.

All of the non-linear MSPM diagnosis techniques therefore identified that the univariate

deviating variables are key to the interpretation of the multivariate deviation detected by

the T 2 statistic during the simulation of the 17th TE process fault.
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Figure 6.25: Kernel PCA Gradient (Cho et al., 2005) and Reconstruction based (Alcala and
Qin, 2010) contribution analysis results of the red sample selected in graph (b) of Figure 6.20.
Bar graphs are used to represent the SPE statistic based contribution of the top 10 ranking
process variables for each method.
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Figure 6.26: MDS display of the red SPE point selected in Figure 6.20. Each point on graph
repesent a row or column of the SVM based distance matrix calculated for the point selected.
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6.3 Case study: Coal Fired Steam Boiler

6.3.1 Background and Objective

Sasol South Africa is an energy and chemicals company that operates a large coal to

liquids factory in the Mpumalanga province in the east of South Africa. A large array

of products is produced from natural feedstock, such as coal and natural gas, using the

Sasol proprietary Fischer-Tropsch related processes. The factory consists of a number of

complex processing plants, each performing an important task in the complete product

value chain. One of these processing plants will be the focus of this case study.

The steam processing plant is responsible for producing high pressured steam which is

required for the operation of the other downstream units in the value chain. Common

uses of steam are, for example,

• to assist in temperature regulating,

• to provide a driving force e.g., to drive turbines in electricity generation,

• to move product e.g., propelling liquid in pipes and

• to clean equipment.

The role of the steam plant is therefore important in the operation of the coal to liquids

facility. Therefore, this plant needs to operate optimally, since other processes are reliant

on the steam produced. The coal fired boiler is the primary steam generating equipment

in the steam plant. Inside the boiler, heat energy is applied to water to produce steam.

Specifically, coal is ground to a small particle size and mixed with air. This coal and air

mixture defines the fuel which is burned in the combustion zone of the boiler to generate

heat. A large network of tubes is used to transport water inside the boiler. The heat

energy generated during combustion is used to heat up the boiler tubes. Consequently the

fluids inside the tubes are heated and converted to steam.

The Sasol steam station consists of a total of 16 boilers, grouped into two sets of eight.

Each set of boilers provides steam to the eastern and western side of the factory respec-

tively. It is important that each of these boilers is online and operate optimally i.e., to

ensure that steam is reliably produced to meet the demands of the downstream processes.

Significant amounts of money are lost due to unplanned boiler downtime. A common

reason for unplanned boiler downtime is the failure of boiler tubes. Early detection of

process movement from ideal operating region will assist in planning downtimes better. In

this study multivariate statistical process monitoring will be applied to one of the boilers
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to detect and diagnose performance deviation from ideal boiler operation.

The objective of considering the boiler example is to demonstrate, using actual process

data, how the various diagnosis techniques can be used to assist in interpreting multivari-

ate process deviations. This case study will mimic a real life situation where the statistical

information on the process deviation and corresponding diagnosis results are shared with

the engineer. The quality of the diagnosis information will be judged on its ability to

communicate why the statistical methods flagged the process to be multivariately differ-

ent from IOC common cause variability.

The boiler case study will be analysed using both the PCA and kernel PCA MSPM tech-

niques. Therefore, the diagnosis ability of the linear and non-linear pairwise methodologies

will be evaluated. Note that the focus will be solely on the interpretation value of the

diagnosis results. The objective is not to compare results of the two approaches i.e., PCA

versus kernel PCA.

6.3.2 Data

For the current application six key boiler process characteristics were identified to be

monitored in order to ensure the desired operating conditions. Information on the selected

process variables are captured in Table 6.5. Note that the process variables are referred

to in general terms, due to intellectual property constraints. Process engineers assisted in

identifying a historical data set that can be used to characterise IOC’s. The acceptable

univariate ranges for each of the six process variables were also provided. These ranges

are referred to as the operation within agreed parameter (OWAP) limits.

The specific approach of defining the IOC data set was:

1. Identify a boiler which had the least number of failures over its lifetime.

2. Collect ten minute aggregated data on the identified process variables for this boiler

over a six year period.

3. Filter out data that fall outside the univariate OWAP bounds for each variable. More

specifically, if, for a specific timestamp, one or more process conditions violate their

operational ranges then remove the data on all variables for the specific timestamp.

4. Omit data on all process variables collected in the three months prior to a boiler

failure. It is assumed that a boiler will start to exhibit unhealthy characteristics

three months prior to a tube failure.

Therefore, this IOC data set represents the reference operating region against which all

boilers can be compared for multivariate statistical process monitoring.
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Table 6.5: Boiler process variable information.

Process Variable Description
x1 Gas flow control.
x2 Feed pressure measurement.
x3 Outlet temperature measurement.
x4 Feed preheat temperature.
x5 Feed flow measurement.
x6 Gas feed flow.

6.3.3 PCA MSPM

Boiler operating fundamentals indicated that the multivariate statistical process moni-

toring (MSPM) methodology is required to adequately monitor process behaviour. The

motivation for a MSPM analysis can also be made by observing the complicated correla-

tion structure that exists amongst the process variables. The correlation matrix is given

in (6.10). For example, it can be observed from (6.10) that variables x1 and x2 are highly

correlated. Figure 6.27 displays a scatter plot of the historic IOC data for x1 and x2. A

visually strong relationship exists between x1 and x2. Also included in Figure 6.27 are

the univariate OWAP control limits for each process characteristic. Example multivariate

violations can therefore occur if measurements on x1 and x2 result in observations that are

located in the white space region of the inner most square of Figure 6.27. The relationship

in Figure 6.27 is one of many relationships that need to be adhered to for the process to

be multivariately in control. These relationships are visually captured by the IOC’s data

scatter plot matrix in Figure 6.28 for all process variables in Table 6.5.

�
����������

1.00 �0.94 0.68 0.52 0.58 0.56

�0.94 1.00 �0.74 �0.59 �0.58 �0.64

0.68 �0.74 1.00 0.88 0.32 0.68

0.52 �0.59 0.88 1.00 0.15 0.56

0.58 �0.58 0.32 0.15 1.00 0.37

0.56 �0.64 0.68 0.56 0.37 1.00

�
����������

(6.10)
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Figure 6.27: Scatter plot of the IOC data for boiler process variables x1 and x2. Dotted lines
are OWAP limits. (x1: Gas flow control, x2: Feed pressure measurement)

Considering the multivariate nature of the problem and the correlation structure of

the process variables, it was decided that PCA is suitable for the statistical monitoring of

boiler behaviour. The general steps followed to fit the PCA model were:

1. Zero mean centering and unit variance scaling of IOC data.

2. Eigendecomposition of covariance matrix.

3. PCA dimension selection using the scree plot approach.

4. Definition of fault detection matrices and critical values.

The PCA model that was fitted contains information on the first 4 principal components

and explains 97.8% of the variability. The boiler selected in this case study for performance

monitoring is different from the one used to define the IOC data set. It is acceptable to

compare the data of one boiler to the IOC data, because the boilers are considered to be

identical. Process data, aggregated to ten minute means, were collected over a five month

period from the plant historian for the specific boiler being monitored. This new data set

was cleaned by removing observations that violated the univariate bounds specified by the

OWAP limits. The resulting univariate acceptable behaviour for the process variables is

depicted by the graphs in Figure 6.29. The horizontal broken blue lines in Figure 6.29

represent the univariate IOC limits. It is therefore visually clear from Figure 6.29 that
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the measured process conditions mostly fall well inside the IOC univariate bounds. Figure

6.29 represents an example of a typical dashboard used by engineers to monitor boiler

operation. This representation of measurements from the process will therefore not alert

engineers to multivariate process deviations.

It should be reiterated that the objective of this study is to evaluate the new methodol-

ogy developed for the diagnosis of multivariate process faults identified using PCA based

MSPM. That is, only observations that were identified to have been observed as a result

of multivariate assignable cause variability will be diagnosed.

x1

−
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4
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●
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x6

Figure 6.28: Scatter plot matrix of the IOC data for boiler process variables. Dotted lines are
the OWAP limits.

217



●●●●●●●●●●
●●●●●
●●●●●●●●●●●
●
●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●

●●

●

●
●

●

●
●
●●
●●●
●●●
●●●
●●
●●●●●●●
●●●●●●●●●●●
●●●●
●●
●
●
●
●●●

●

●
●
●●●
●
●
●
●●●●●●●
●●●●●●●
●●●●●●●●
●●●●
●●●
●
●●●●
●

●

●●●
●
●
●
●●●
●●
●●
●●●●
●●●
●●●

●

●

●●
●●

●

●
●

●●●

●
●

●

●●●●●●●
●
●
●●
●●●●●●●●●●
●●●
●
●
●●

●
●
●●●
●●●

●
●
●●
●●●
●●●●●●
●●●
●
●●●●

●
●●
●

●

●
●●
●

●
●
●
●●●●

●

●

●●
●

●●●
●●●
●●●●●●●●●●●●
●●●●●●
●●●●●●●
●
●

●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●
●
●●●●
●
●●●
●
●●
●●
●●●
●●
●
●
●●●●●
●●●
●
●●●●●●●●●●
●●●●●●●
●
●●●
●●

●●
●●●
●●●●
●●●●●●●●
●●●●
●●●
●

●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●

●

●
●

●
●
●●●
●●
●●●●●●●●
●●●●●●
●●
●●●●●●●●
●●●
●●●●●
●●●●●●●
●●
●●●●
●●●●●●●●●
●●●●●●●●
●●●●●
●●●●●●
●●●●●●●
●●●●
●

●●●

●
●●●●
●●●●
●●●●●●●●
●●●●
●
●
●●●
●●
●●
●
●
●
●

●●●
●
●
●

●

●

●
●●
●●●
●●●●●●●●●●
●
●●●
●●●●●●●●●●
●●●●●
●●
●
●●
●●●●●●●●●●●●●●

●

●

●●●●●
●●●
●

●●●

●●●

●

●●

●●●●
●●●

●●
●●

●●●●

●
●●
●

●
●●●
●
●●
●
●
●
●●●●
●●●●

●

●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●

●●●
●●
●●●
●
●

●

●●

●
●●●●
●●●●●●●
●●●●●●

●

●

●
●
●●
●●

●

●●

●

●

●
●
●●●●
●●●

●
●●
●●●●
●
●
●●●
●●

●
●
●●●
●●

●●●●●●●●●●●
●●●
●●●●
●●
●
●
●●
●
●●

●
●
●●●
●●●
●
●●●●●
●●●●
●
●●
●

●●●
●
●
●●●
●●●●●●●●●●●
●●●●●●
●●●●●●●●
●●●
●●
●●●●●●
●●●
●●
●●●●●●
●●●
●●
●●●
●
●
●
●

●●
●●●
●●●
●●
●
●
●●
●●

●●

●●●●●●●●●●
●●
●
●●●
●

●●●
●●
●●●
●
●
●
●●
●●
●
●

●

●

●●●
●
●●●●●●
●●●
●●●●●●●

●

●
●

●●
●●●

●

●
●●●
●
●
●●●●●●
●●
●●●
●●
●●●
●
●
●●
●
●●●
●
●●
●●●●●
●

●

●

●

●

●
●●●
●●●●●
●●●●
●●
●●●
●●●●●
●
●●●●●
●●●●●●●
●●
●●●●●●●●
●●●●●●●
●●●
●●●●●
●●
●●●

●●●●●
●●●●●●●●●●●●
●

●

●

●●
●

●●●
●●

●
●●●●
●●

●

●
●

●

●

●
●●●
●●●●●●●●
●●●
●

●●●●●●●
●●●
●●●●●
●
●●●●●
●●●●●●●●●●●●●●●●●

●●●●
●●●

●●
●●
●

●
●
●

●

●

●●●●
●
●●●●●●●
●●●●●
●●●●●●●
●●●●●●
●●●●●●●
●●●●●
●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●
●
●●●●●●●●
●●
●●●●
●
●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●

●●

●

●●●●

●

●●●●●●●●
●●●●●●
●
●●●●●
●●●●●●●●●●●●
●●●●●●●
●●●●
●●●●
●●●●●●●●●●●●●
●●●
●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●
●●●●
●●●●
●●●
●●●●●●●
●●●●●

●

●
●●

●

●

●
●●●●●●●
●

●

●●

●

●

●

●

●

●

●

●●●●●●●●●●
●●●
●●
●●

●

●●

●

●

●
●
●●
●●●●●●
●

●
●
●●●●●●●●●●●●●
●●●●●
●●●
●●●●●●●●●●●●●
●●●●●●●
●●
●●●●●●●●●
●●●

●
●●●●●●●●●●●●●●
●●●●●●●
●●●●●●
●●
●●●●●
●●
●●●●●●
●
●●●
●
●●●●
●
●●●●●●●●
●
●
●●●●●●●●
●
●●●●●
●
●
●●●
●●●●●●●
●
●●●●●●
●●
●●●●●●●●●●●●●●●●●
●●
●●●●●
●●
●●●●●●
●
●●●●●●●●●●●●●●●●●●
●

●●

●
●
●
●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●

●

●
●

●●●●●●
●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●
●●●●●
●●●
●●●●

●

●
●
●●
●●●●
●●
●●
●●●
●●●●●●●●●●●●●●●●
●
●
●●●●●●●●●
●●
●●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●●
●

●
●
●●
●
●
●

●

●●

●

●●
●●

●●

●
●●

●

●●●●●●●●●●●●●●●●
●
●

●

●●
●

●●●●●●●●●●●
●●●●
●●●
●●●●●●
●●●●●●●●●●●●
●●●●●●●●●

●

●

●

●

●●●●●●●●
●●
●
●●●
●●●●●●●●
●●●
●●
●●●●●
●●●
●●●
●●
●●●●●
●●●●
●●●●●●●
●

●
●●●
●●●
●●
●
●
●

●

●
●●●●
●●

●●
●●
●
●●
●
●
●

●
●●●●●●●●
●
●●●●●●●●●●

●

●
●
●
●●
●●
●
●●
●●●●●
●●●
●●●

●●
●●
●
●●
●●
●
●
●●●
●
●●
●●●●●●●●●●●
●
●●●
●
●
●●●●
●
●
●●
●●
●●●
●●●
●●●●●
●●
●

●
●●
●●●●
●●
●
●●

●●
●
●●●●●●●●
●
●●
●
●
●●●
●●●●●
●
●●●
●
●●●
●●●
●●●●
●
●
●
●
●
●
●
●
●
●●
●
●●
●●●●●●
●●●●●●●●●●●
●●●●
●●
●
●●●●
●
●
●●●

●
●
●●●●
●●●
●●●●

●
●
●
●●●●●●
●●
●●●●●●●●●●●●●●●
●●
●●●●●●
●●
●●●
●●
●
●●●●●●●●
●●●●●●●●
●●●
●●
●●●●●●●●
●●
●●●●●●
●●●●●
●●●●●●●●
●●
●
●●●●
●
●●
●
●

●●
●
●●●●●●
●●●●●
●●●
●
●●●●●●●●●●●●●
●●●
●
●●●
●

●

●●●●●●●
●

●●●●●●
●●●●●●●●●●●●
●●●●●●●●
●
●
●
●●●●●●
●●●●●●●
●
●●
●●●●●●●●
●
●●●●●●●
●●●
●●●
●●●●●●●●●●●●●●●●

●
●●●●
●

●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●
●●●
●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●●●
●●●●
●●●●
●●●
●
●●●●
●
●●●●
●●●●●
●●●●●●
●●●
●●
●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●
●●●●●●●
●
●●
●●●●●●●●●●●●●●●●●
●●●
●●●●
●●●
●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●
●●●
●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●
●●
●●●●●●●
●●●●●
●●●●●●●
●
●●●●

●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●
●

●

●

●

●

●●●●

●
●●●

●

●
●
●●●●●●●●●●●●●●●

●

●

●

●

●●
●
●●●●
●●●
●●●●●●
●
●
●
●●●●●●●●
●
●●●
●
●●
●
●

●●●●●
●●●●
●●●●●●●●●●●●●●
●●
●
●
●

●●
●
●●●●●●
●

●
●
●●●●●●●●●●

●
●●●●●●●
●●●●
●●
●●
●●
●●●
●
●●●●●●●●●●
●●●●●

●●●
●
●
●

●●
●●●
●
●●●●●●●●●●●
●
●●●
●●
●●
●●
●●●●●
●
●●
●●
●●●●●●●●●●●●●●●●●
●

●●
●●●●●●●●●●
●●●●●●●
●●●●●

●

●●●●●●●●
●

●

●
●●
●●●●
●●●●●●
●●●
●●●
●●●
●●●●●

●●●●
●
●●
●
●

●●●●●●●●
●
●

●
●●
●
●
●
●●
●●●●●●●●●●●●●●●●
●●●●●
●●●●●
●
●●●●●●●●●●
●
●
●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●
●●●
●●
●●●
●●●
●●●●●●●●●●●●
●●●●●●●●
●●●●●●
●
●
●●●●
●
●●
●

●●
●●●
●●●●
●
●
●●●●
●
●
●●●●
●●
●●
●●●●●●●
●
●●
●●●●
●●●●
●
●
●●●●●●
●
●
●●●●●●
●●●
●●
●●●●
●●●●●●●
●●●●●
●●●●●●●●●
●
●●●

●

●●●
●●●●●
●●

●●
●●●
●●●●●●●●●●●●●

●●

●●●●●●●●●●●●
●●●●
●●●●●●●
●
●●●●●●●●●●●
●●●●●●●
●●●●
●●●●●●●●●●●●●●●
●●●●●●
●●●
●
●
●●●
●●●●●●●●●●●●●●●●●●●
●●●
●●
●●
●●●●●●●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●●
●●
●●●●●●●●●●
●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●
●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●
●●●●●●●●●●●●
●
●
●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●
●●●●●●
●●●
●●●●●
●
●●●●●
●
●
●●
●●●●●●
●

●●●●●
●

●
●
●
●●●
●●●●●●
●●●●●●●●●●●
●●●●
●●
●●●
●
●
●●●●●●●
●●●●●●●
●●

●●●
●●●●●
●●●●●●●
●
●●●
●●●●
●●●●●
●●●●●●●●●●●●●●●●
●●
●
●●●●●●
●●●●
●●●●●●●
●●●●●●
●
●●
●
●●
●
●
●●●●●●●
●
●●●
●●●●●●
●●

●●●
●
●●
●●●●●

●
●●●●●●●
●●●●●
●●●●●●●●●●

●

●
●●
●
●
●●●●
●●●●

●●
●

●
●●●
●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●
●●●
●●
●
●
●
●●●●●●●●●●
●
●
●
●
●●●

●●
●●●
●●●●●
●●●●●●
●●●

●

●●●
●●
●
●●
●
●●●●●●
●●
●●
●
●●●
●●●
●
●●
●

●

●
●●●
●●●

●●●●
●●●
●●●●●●
●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●
●●

●

●

●

●●●●●●●●●●●
●●●
●●●●●●
●●
●●●●
●
●●
●
●●●●
●●●●●
●

●●●●●
●●●●●●
●●●●●●●●●●●●●●●●
●●
●●●●●
●
●●
●●●
●
●●●
●
●●
●●●●●●●●

●
●●●●
●●●●●●●
●●●●●●●●●
●
●●●●●
●
●●
●●●●●●●●●
●●●●
●
●
●●●●●●●●●
●
●
●
●
●●●●
●
●
●
●●●●●●●●●
●●●●●●●
●●●●●●●●
●●
●●
●●●●●●●●
●●●●●●●●●●
●●●
●●●
●●●●●●●●●●
●●●●●●
●●●●●
●●●
●
●●●●●●
●●●●●
●●●●
●●●●●●●
●●●
●●●●
●●●●●●●●●
●●●
●●●●●
●●●●
●●●●
●●●
●
●●●●●●●
●●●●●●●
●●
●●●
●●●
●●●●

●
●●●●
●●
●
●
●●
●●●
●●●●●●
●●●●●
●
●●●●●●●●●●
●
●●●●●●●
●●●●
●●●
●●●
●
●●
●●●
●●●●●●
●●●●●●
●
●
●●●
●

●
●●●
●
●●
●●●●●●●
●
●

●●●●
●●●
●
●
●●●
●
●●●●
●●●●●●
●●●
●●
●●●
●
●
●●●●●
●●
●●
●●
●
●●●●●●●●●●
●●●●
●●●
●●●
●●●●●
●
●●
●●●
●●
●●
●
●
●
●●
●●●●●●●●
●●●●●●●●●
●●●●
●●
●●●
●●●●●●●●

●
●●
●
●●
●

●
●●●●●
●●●●●
●●
●
●●●
●●●
●●●
●●●
●●●●●
●●●●●
●●
●●
●●●

●●●
●●●●●
●●●●●●●●●

●
●●●●
●
●●●●●●●●
●
●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●

●
●●

●
●●●
●●●
●●●●●●●●●●●●●●●●●●●
●●●●●
●

●

●

●●

●
●●●
●●●
●●●

●

●●
●
●
●

●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●

●●●

●

●●●●●●●
●

●
●●
●
●●

●

●
●
●●●
●●●●●●
●●●●

●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●
●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●
●●
●●●●
●●
●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●
●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●
●
●●●
●●●●●●●●●●●●●●●
●●●●
●●●●●
●●●●●●●●●●●
●●●●●●
●
●●●●●●●●
●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●
●●●●●
●●

●

●
●
●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●

●
●●●●●●●●●●●●●●●●●●●●●
●

●

●●●●
●●●●

●

●

●

●

●
●●●●●●
●

●

●●●●●●●●●
●●●
●●●●●
●●●●
●●●●●
●●●●●●●●●●●●●●●
●●●
●
●●●●●
●
●●
●
●●●●●
●
●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●
●
●●

●

●●●●●

●

●

●●

●●
●●●●●●●●●
●●●●●●●●●●●●●
●●

●●
●●●●●
●●●●●●●●●●●●●●
●●●●
●
●●
●
●●
●●●●●●●●●
●●●
●●●●
●
●●
●●●●

●

●

●

●

●

●
●●
●
●●
●●●●
●
●

●●
●
●●
●●●
●●●
●●
●
●●●
●●●●●●●
●
●
●
●

●●●●●●
●
●
●●
●●●●●●●
●●
●●
●●●●●●●●●●●
●
●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●
●●
●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●
●
●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●

●

●●●

●

●

●

●

●

●
●

●

●●
●

●
●
●

●●●●●●●●

●

●

●

●●
●
●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●
●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●
●●
●●
●●
●●
●
●●●●●●●●●●
●●●●●●
●
●●●

●

●

●
●●●●●●●
●●●
●●●●
●●●●●●
●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●
●
●●
●●●●●
●●●●●●
●●●●●●●
●●
●●●
●●●●●●●

●

●

●

●

●●●
●●

●

●

●
●

●●
●●●

●
●●
●●●●●●●●
●
●●●
●●
●
●●●●●●●●●●
●●●●●
●●●
●●●●
●●●●●●
●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●
●●●●●
●
●●●●●
●●●●●●
●●●●
●
●

●

●
●
●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●
●●
●●●●●●
●●
●
●●●
●●●
●●●●●●
●●●●●●●●●●●

●

●●
●
●●●●●
●●
●●●●●
●●●
●●●●
●●
●●●●
●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●
●●●
●●
●●●●●●
●●●●●●
●
●●●
●●●●●●●●●●●●●●
●●●
●●
●●●●●●●●●●
●●●●●●●
●●●●●●●
●●
●●●●●
●●●●●
●
●●●●

●

●

●

●
●
●●●
●●●
●●●
●
●●●●●

●

●
●
●

●●
●
●
●

●●●●
●●●●●●●●
●

●

●●

●

●●
●●●●
●●●●●●●●●●
●●●●●
●●

●●●●●
●●

●
●●

●
●

●●

●●●●●
●●●●●●●●
●
●●●

●●

●

●
●●●●●●●●●●●
●●●●
●●●●●●●●●●●●
●
●●●●●
●●●●●●●●●●●●●●
●●●
●●●●●●
●●●
●●●●●●●●●●●
●●
●
●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●

●
●

●

●

●
●

●

●
●●●●●●

●

●

●●

●

●

●

●●●●●●●
●●
●●●●●●●
●
●●●●
●●
●●●●●
●●●●●
●●●●●●●●●●●●●●
●
●
●●
●
●●●●●
●●●●●
●●●●●●●●●
●●
●●●
●●●●
●●●
●
●
●●●●●
●●●●●●●●●●●
●●●●●●
●
●
●●
●
●

●
●●●●●
●
●
●
●●●●●●
●
●●●
●●
●
●●●●●●
●
●●●●●●●●●●
●●●●●●●●●
●●
●●
●●●●●●●●●●●●●●●
●●●●●●
●●
●
●
●●●●●
●●●●
●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●
●

●

●

●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●
●●●
●●●●●●●
●●●●●●
●●●●●
●●●●●●
●●●●●●●●●●
●●●●●
●●●●●
●●●●
●●●●●
●
●

●

●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●
●●
●
●●●●●
●●●●●●●
●●●
●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●

●

●●●
●●●●●●●
●
●●●●
●●●
●●
●●●●●●
●
●●
●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●

●●
●
●●●●
●●●
●●●

●●●●
●●
●●●●●●●
●●●
●●
●●
●●
●●●●●●
●

●●●
●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●
●●●●●●●●●●
●
●●●●

●●●●●
●●
●
●

●
●●●●
●●●●●●●●●
●●●●●●
●●●●●●
●

●●●●

●
●●
●●●●
●●
●●●
●
●●●
●●●●
●●●●●
●●●●
●●●●●●●●
●●●●●●
●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●●●
●●●●●
●
●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●
●●●●●●●●●●
●●●●

●

●●●●●

●

●

●●
●●●
●●

●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●
●●●●●●●●●
●●●●●●
●
●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●

●

●●
●●●●●●
●●●●●●●●●●●●
●●●●●●●
●

●●
●
●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●
●●●●●
●●
●
●●
●●
●●●●●●●●
●●●●●
●●

●
●

●
●
●
●●●●●●●●
●●●●●●●●●●●●●
●●
●●●●●●●
●●●
●
●●
●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●
●●●●
●
●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●
●
●●
●●●
●●●
●●●●●
●

●●
●●
●
●●●
●●●
●●●●
●●●●●
●●●
●
●●
●
●●●

●
●●●
●●●
●●
●
●
●●●
●●●●●
●●●●●●
●●
●●●●●●●
●
●●●
●●●●●●
●
●●
●●
●
●●
●
●●
●
●●
●
●●●
●●●
●●●●●
●●
●●
●
●●●
●
●●
●●●●●●●●●●●
●●●●
●●
●
●●●
●

●●●
●●●
●
●●●

●●●●
●●●●●
●●●●
●●●●●●●●
●●
●●
●
●●●●●●●
●

●
●●
●●
●●
●●
●●●●●
●
●●●●●●
●●●●●●
●
●●

●●
●
●

●

●●
●●●●●

●

●●●●●●●●●
●●●●
●●●●●●●●
●●●●●
●
●●●
●●●●●●●●●
●●●●●●
●●●●●●●
●●

●

●

●
●●●●●●
●●●●●
●●●●●

●

●
●●
●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●
●●

●

●

●●
●●●●●●●●
●●

●●●
●●
●●
●●●●●●●●●●●●

●●●●
●●●●●
●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●
●
●
●

●●●●
●●
●

●●●●●●●
●
●●●●●●●●●●

●
●●●●●●
●
●●●

●

●
●●●●●●●●●
●

●●
●●●●●●
●●●
●●●
●●●●
●
●●●●●●●●●●●●●●●●●●
●
●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●
●
●
●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●
●

●●●
●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●
●●●●●
●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●
●●●
●●
●●●●●●●●●●●●●●●

●

●

●●
●
●●●●

●

●

●
●●●
●●●
●●
●●●●●●
●●●●●
●●●●
●●●●
●●●
●●●●●●●●●●●
●●
●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●
●●
●●
●●●●

●
●

●●

●●●●●●
●●
●●●●●

●●●●●●●
●●●●●●●
●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●
●●

●
●
●●●

●

●●
●●●●●●●●
●●●●
●●●●●●●●●●●●●

●●

●

●

●

●
●
●
●●
●●

●

●
●
●

●
●●●
●

●●●●●●●

●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●
●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●
●●●●●●

●

●

●
●●●●
●●●

●●

●●●●

●

●

●●●●●●●●●●●●
●●●
●●●●●●
●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●
●
●●●●
●●●

●
●●

●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●
●

●

●
●●●
●
●●

●

●
●
●

●●●

●

●

●
●●●●●●●
●
●

●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●
●●●
●●●●●●●●●●●●●●●

●

●
●●●●●●●●●●●●●●●●●●●●●●
●●●
●
●
●●

●
●
●●●
●
●●●●●●●●●●●●●●●●●●●

●

●
●●●●●●●●●
●●
●●●●●●●●●●●●●
●
●●●●
●●●●
●●●●●●
●●
●●
●●●●●●●●●●
●●●●●●●
●
●
●●●●●●
●
●●●●●●●●
●●●●
●●●●●●
●
●●●●
●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●
●●●●
●●●●
●●
●
●●●●●●●
●●
●●●●

●●
●
●
●
●●●●●●
●
●●●●●
●
●●●●
●●

●●●●●
●●
●

●

●

●●

●●
●
●●
●●●●●

●

●
●
●●
●●●
●

●

●
●●●●●●

●
●●●
●●●●●●●●●●●●●●
●●●

●
●●●●●
●●●●●●●●●
●
●●
●●
●
●
●

●●●●●●
●●●●●●●●●●●●●
●●●
●●●●●
●●●●
●
●●●
●●
●●●
●●●●
●●
●●
●●
●●●●●●●●●●●
●●●
●

●

●●●●●
●●●●●●●●●●
●
●
●
●
●
●
●●●●●●●●●●●
●
●●●
●●
●●●●●
●●
●●
●
●●
●●●●
●
●●●
●
●●
●●
●●●●●●●
●
●
●
●●●●●●●●
●●●●●●●●●●●●●●●●

●
●●●●●
●●●●●
●●●●
●
●
●
●

●

●

●

●
●
●●●
●●●●●●●●●●●●
●●●
●●
●●●●
●
●
●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●
●●●●●●●●●●●●●
●●●
●●●●●
●●●●●●
●●●
●●●
●●●
●●●
●●●
●●●●●●●●
●●●●
●●●●●
●●●
●●●●
●●●●●●●●
●●●●●●
●●●●●●●
●●●●●●●●●●
●●
●●●●●●●●●
●●●●
●●●●●●●●
●●●●●●
●●●●
●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●●
●
●●
●●
●

●●●
●●●
●
●●●●
●
●
●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●
●●●●●●●
●●●●●
●●●●●●●
●●●●●●
●
●●
●●●●●●●●●●●
●●●
●
●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●
●●●●●
●●●
●●
●
●●●●
●●●●
●●●●●●●●●●●●
●●●●●
●●●●
●●●●●●●●
●●●
●●●
●●●●●
●
●
●●
●●●
●●●
●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●
●●●●●●
●●●●●●●●●●●
●
●●●●●
●●
●
●●●●●●●
●●●
●
●●
●
●
●●●●
●●●
●●●
●●●●●
●●
●●●●●●●
●●●●
●●●
●●●●●●●●●●●●●●●●●●●
●●
●●●
●●●●●●●●●●●
●●●●
●●●
●

●

●

●●

●

●

●

●
●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●
●
●
●●
●
●
●●

●
●

●●

●

●

●●

●

●

●
●●●
●●●●●●●●
●●●●●●●
●●●●●●
●●●●●●●●●●
●

●●●●
●
●●●●●●●●
●●●●●●
●
●●●●●●●●●●
●●●
●●●●●●●
●●●
●●●●●
●●●●●
●●●
●

●

●●
●
●
●●
●●●●●●●●●●●
●●●●●●●
●●●●
●●●
●●●
●
●●
●
●●
●
●●●●●●●●●
●●
●●●●●●●●●

●●●
●●●●●●
●●
●●●●●

●●

●●
●
●●●●
●●●

●●
●●●●
●●●●●●●●●●

●

●

●
●

●●
●●●●
●●●●●
●●●●●●●●●
●
●●●●
●●●●
●●
●
●●●●
●●●
●●●●●
●●●
●●●●
●
●●●●●●
●●●●
●●●
●
●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●
●●●●●●●●●●●●●●●●
●●●●
●●●●●●
●●●●●●
●●●●●●●●
●
●
●●●

●●
●
●●
●●●●●●●●
●●●●
●●●
●●
●●

●

●●●●●●●●●●
●●●●

●

●●●
●●●●●●●●●●●●●
●●●
●●
●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●
●●●●
●●●●●●●●
●
●●●●●
●
●

●

●●●●
●

●
●●
●●●
●●●●
●●

●

●
●●

●●●
●

●●●
●●●●●●●●●●
●●
●
●
●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●
●
●●●●●●●
●●●●
●●●●
●
●
●●●
●
●
●
●
●●●

●

●
●
●
●●

●●●●●●●

●

●●
●
●●●●●●
●

●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●
●●●●●
●●●●●●
●●●●●
●●●●●●●●●●●●

●●●●
●●
●●●●●●●●●
●

●●

●●●
●
●
●●

●
●

●●●●
●
●
●
●●●●
●●●●●●●●●●●●
●●●
●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●
●●●
●●●●●●●
●

●●●●●●
●●●●●●●●●
●●●●●●●●●●●
●●●●
●●●●●●●●●
●●●●●●●●●●
●●

●●●●

●

●●
●
●●●
●
●
●●
●
●●●●●
●●●
●
●
●●
●
●

●
●●●
●●●
●
●●●
●●●●
●
●●
●●●
●●
●●●●●
●
●●●●●●
●●
●●●
●●●●●
●
●●●●●
●●●
●●●
●●●
●●●
●
●●

●
●

●●
●●
●●●
●
●●
●
●
●●●
●
●●●●

●

●●●
●
●

●

●●
●

●●●
●●●
●●●
●●●●●●
●●●●
●●●
●●●●
●●●
●●●●●
●●●
●●●●
●
●
●
●
●
●●●●
●●
●●
●●●●
●
●

●●
●●●●
●●
●●
●
●●●●●●
●●●
●
●
●
●●

●●

●
●●●●
●
●●
●●
●●
●
●●●●●
●
●
●
●
●●
●●
●●
●
●●

●
●●
●●
●●●
●●●
●●
●●●●●●●●
●●
●●●●●●●●●●●
●●●
●
●●●●●●●
●
●●
●●
●●
●
●●
●●●
●●
●
●●●
●
●●●●●●
●
●●
●
●●●●
●●●●●●●●●
●
●
●
●
●
●●●●●●●●
●
●●●●●
●
●
●●●
●
●●
●
●
●
●●
●●●●●●●●
●●●
●●●●
●●

●
●●
●
●●●
●●●
●●●●●
●●●●●●●
●●●●●

●

●
●
●●●●●●●●
●●●
●
●●
●●●●
●
●●●●
●●●●
●
●●
●●
●●●●●●●●
●●●●●●
●●●
●●
●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●
●
●
●●●●●
●●
●●●●●
●●●●●●●●

●
●●●
●●●●●●●●●●●
●●●●●

●●●●●●●●●●●
●●●●
●●●
●●●●●●
●●●●●
●●●●●●●●●●●
●●●●●●
●●●●●●●●●
●●●●●
●●●●
●●●●●
●
●●●●●●●●
●●
●●●●●●●●
●●
●●●
●●●●●●●

●●
●●●●
●●●
●●●●
●
●●
●●●
●●●●●
●
●
●●
●
●●
●●●●●
●●●●

●
●●●●●
●●●
●●●
●●
●●●●●●
●●●●●●
●
●●●●●●
●●●●
●
●●●
●●
●●●●●●●●●●
●●●●
●●●●
●●●
●
●●
●●●●●●
●●●
●●●●●
●●
●
●●●●●●●●●●
●●
●●●●
●●●●●●●
●●
●●
●●●●●●
●●●●
●
●●
●●●●●●
●
●
●
●●●
●●
●●●●
●
●●●●●
●●●●
●●●●
●
●●●●
●●●
●

●
●
●●●●
●●●●●
●●●●●
●
●
●
●
●●●
●●●●●
●
●

●●
●●
●●●
●
●

●
●
●●●●
●●●
●
●
●
●●
●●

●●

●●●●
●●●
●●
●●●
●●
●●●●●●●●
●●

●●●
●

●●
●●
●●●●●●
●●●●●●●●●●●●

●

●
●●●
●●
●●

●

●
●●
●●
●●●●●
●●
●
●●●●
●

●

●

●

●

●
●●●●●
●
●
●
●●●●●●
●●
●●●
●●●●●
●●
●●●
●
●
●●●●●●●●●●●●●●●●
●●●●
●●
●●
●●●●●●●●●
●●●●●●

●
●
●●●
●
●●

●●
●

●
●

●
●

●
●●●●
●
●
●
●●
●●
●●●
●
●●
●●
●

●
●

●●
●●●●●●●●●●●●●●●●●
●●●
●
●
●

●●●●●
●

●●

●
●●

●

●●
●●
●

●

●●●●
●
●

●●
●●
●

●
●

●●●
●●
●
●
●●●●●
●●●
●●
●●
●●●●
●●●●●●●
●
●●●●●●
●
●●

●●●
●●
●●●
●●●●●●●
●●●●●
●●●●●●●●●
●●●●●●●●
●●●●
●●●
●●●●●●●●●●●●●●●
●●●●●●●●●
●
●●●●
●●●●
●●●●●
●
●
●
●●
●
●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●
●●
●●●
●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●

●
●
●●

●
●

●
●

●

●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●
●●●●
●●
●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●
●●●●●

●

●

●

●●●●

●

●

●●
●●
●●●●●●

●●
●

●
●●●●

●
●

●
●

●●
●
●●●●
●

●

●

●
●

●●●●
●●
●
●●
●
●
●
●●●●

●

●

●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●
●●●
●●
●●
●●
●●●●
●●
●
●●●●●●●●●●●●●●
●●●
●●●●●
●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●
●●●
●●
●
●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●
●

●

●●●
●●●●
●●●
●
●

●

●

●

●
●
●
●●
●●●●●●●●●●●●●●●●
●
●●

●●
●
●●
●●
●●
●●●●●
●
●●●●
●

●

●

●●●●
●●●●
●●●●
●●
●●
●
●●●●●●●●●●
●●●●●●●●●●●●●●
●●
●
●●●●●●●●●●
●●●●●
●

●
●
●●
●
●
●●●●●
●●●●●●●●●●●●●●●
●●●
●●●
●●●●●
●●●●●●●●
●●
●
●
●●●●●●
●
●
●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●●
●●●●
●
●
●●●●●●●●●
●●●●●
●●●●●●●

x 1

−4
−2

0
2

4

01
−M

ay
−1

9

15
−M

ay
−1

9

29
−M

ay
−1

9

13
−J

un
−1

9

27
−J

un
−1

9

12
−J

ul−
19

26
−J

ul−
19

10
−A

ug
−1

9

24
−A

ug
−1

9

08
−S

ep
−1

9

●

●●
●
●
●

●●

●●●●
●

●●●
●
●
●●
●●
●

●●

●●

●

●
●

●

●●●
●
●
●
●●●
●●
●●
●●●
●
●●
●
●
●●●

●●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●
●

●
●
●
●

●●●
●
●
●●
●●
●
●
●
●
●●●
●●●
●

●
●

●●●
●●
●
●

●
●

●

●

●●
●●●

●
●
●●
●●
●

●
●●

●

●
●●
●●
●

●●●
●●●
●

●●
●●●
●●●●

●
●
●

●●

●

●
●●
●●

●

●●●●

●
●
●

●
●●●

●
●●
●●

●

●

●

●●●●
●
●
●

●
●
●

●●

●●

●●●
●

●●
●

●
●●●
●
●
●●●
●
●
●●
●●●●●●●

●
●
●●
●●
●●

●
●

●
●●

●●
●●
●●
●
●
●
●●
●
●
●●●

●●
●
●

●●

●●
●

●●

●
●
●

●

●

●

●

●

●
●

●
●●

●●●●●●
●
●●

●
●
●

●
●●●
●●●●●●
●

●
●●
●
●●
●

●
●●●

●
●●

●●●
●●

●
●
●

●

●●●●●●●●●●●●●●
●
●●●●●●●
●
●
●
●●
●

●●●
●●
●
●

●●
●

●
●

●●
●
●
●●

●●
●●●

●

●●●
●
●●
●
●
●●●
●
●
●●
●
●●●●

●
●

●●

●●●
●
●
●

●
●●●
●●●
●●

●

●●
●

●

●●
●

●
●
●●●●
●
●
●
●
●●

●
●

●●●●●
●
●
●
●
●●
●●●●
●●
●
●●

●
●●

●●
●
●●
●●
●●
●●●●
●

●●●

●●●
●
●●●●

●●●●
●●
●
●

●●
●●
●●
●●
●●●●●●
●
●●●●
●●●
●●
●

●●●●●
●
●●●●●●
●●●●
●
●●

●
●
●●

●
●
●
●●
●●

●
●●●

●●
●

●●

●

●
●
●●●
●

●

●●

●
●●●●●
●●
●

●
●

●●
●
●●
●●

●
●
●
●●
●●●

●●

●

●

●

●●●●
●●
●
●●
●●●
●
●●
●●

●
●●
●●
●●
●
●●
●

●●●
●●
●
●●●●●●●●●

●
●●●●●●
●●●

●

●

●
●
●

●
●
●
●●
●

●

●
●

●
●
●●
●

●

●

●
●●
●
●

●●

●
●●

●
●
●

●

●

●

●
●

●
●
●

●

●
●●
●
●
●
●●●●●●
●●

●
●

●●●
●

●●●●●
●

●

●
●
●
●
●●
●

●

●

●

●

●●
●●●●
●●●●
●
●

●
●●
●

●

●
●

●

●

●

●

●

●●
●●
●
●
●
●
●●
●
●
●●
●

●

●

●

●

●●
●

●●●

●

●

●

●
●●
●
●

●
●●
●
●
●

●●

●

●●
●●●●●●●●●●
●●●●●
●

●

●
●

●●
●
●

●

●

●
●

●

●
●●
●●
●
●●●

●●●
●
●
●
●

●

●

●●
●
●

●

●
●

●●●
●●

●

●●

●

●●●

●
●●
●
●●
●

●●
●●●●
●

●
●
●
●

●
●

●

●●●
●

●
●
●●●
●
●●●
●
●

●
●
●
●

●

●

●

●●●
●
●
●●
●
●
●●●●
●●●●
●
●
●●●
●
●
●
●
●●
●●●
●●
●
●
●

●

●●
●●

●
●

●●●●●●●
●●●●
●●●●
●
●●
●●●
●
●●

●●

●
●●
●●

●
●
●
●

●
●●●

●●

●●●●

●
●
●

●

●
●

●●●
●●●
●●

●●●
●

●
●●
●
●●
●●
●●●
●

●

●
●
●●●

●●
●●
●●
●
●●●
●●
●●●●

●

●

●

●●

●
●
●

●

●●●
●●
●●
●
●

●

●●

●●●●●

●
●●

●

●
●●
●

●
●●
●

●
●
●

●

●●
●
●

●

●

●

●

●

●

●
●●●
●

●
●●
●

●

●●●●●●
●
●●●●●
●
●
●
●
●●●●

●
●●●

●●

●
●

●●
●●
●
●●●
●

●●
●
●●

●●
●●●

●
●●●

●

●
●●
●

●
●
●

●

●
●●●●●●●
●
●
●●
●●
●

●

●
●●

●

●●
●●

●

●

●
●
●
●●

●

●
●

●

●

●

●
●
●●
●●
●●●
●●
●
●
●

●

●
●
●●●
●
●●

●

●
●
●●●
●●

●
●●●
●
●
●

●
●
●
●●●
●
●
●

●
●
●

●
●
●

●●
●●●
●●

●

●

●●●

●
●
●
●

●

●
●
●●
●
●●●●●●●●
●
●●
●
●
●●
●●●
●●●
●●

●
●●●●●
●
●
●
●●●

●

●●●●
●

●
●
●

●●●●●●
●●
●●●
●
●●●●●
●
●●●●●●●
●
●
●●
●
●●●●
●

●
●●
●
●●●
●
●

●●●●

●
●●
●
●
●

●
●
●
●●
●
●
●
●
●●
●
●●●
●
●●●●●●
●●

●

●
●

●

●
●
●●
●●●
●●
●
●●●
●
●
●
●

●●●
●
●
●
●●
●●●●●
●
●●●
●

●●●●●

●●
●
●
●●●
●
●●●●
●
●●●●●●●
●●

●●
●
●●●
●
●
●

●
●
●●
●
●●●●●
●●
●●●●●●
●●

●
●
●●
●●

●
●●●
●●
●●
●●
●
●●●
●●●●

●●●●
●
●●
●
●●●
●●●●●●
●
●
●
●●
●●●●
●
●●●●
●●●

●

●●
●
●
●

●
●
●●●
●

●

●●
●
●●
●
●●
●●
●●
●●
●
●
●
●●●
●●●

●
●●●●
●
●
●
●
●
●
●●●
●
●●●
●
●
●●●
●●●
●●

●
●
●

●●●

●●
●●
●
●●
●

●

●
●
●●●●●●
●
●●
●
●●●●
●
●●●

●●
●
●●●
●●●●●●
●
●
●●●●
●

●●
●●●●
●
●
●

●●

●

●●
●
●

●
●

●

●
●●
●

●

●

●●●
●
●
●●

●

●

●
●

●

●

●

●

●●

●

●●

●
●●●●
●●
●
●
●●●
●●
●
●

●●

●

●

●

●

●●●
●
●●
●
●
●

●
●
●●●
●●
●●●●●●●
●
●
●
●
●

●
●
●●●
●●●●●
●
●●●
●

●

●
●
●
●●
●
●●
●

●

●
●●
●●●●●●●●●

●●

●
●
●●
●

●●●●●●
●
●
●●
●●●
●●●
●

●
●●
●
●
●
●●
●●
●
●
●●●●
●●●●
●●●

●●
●
●●●

●

●●●
●●●●●
●●
●
●●
●●●
●
●
●
●●●●

●
●●●●
●●
●
●
●
●
●
●●
●●●●
●●
●●
●
●●●

●
●●●
●

●
●●●
●●●
●

●●●●●
●
●
●
●●

●
●
●
●
●●●
●●●
●

●
●
●
●

●●
●

●

●●●
●

●

●
●

●
●●
●●

●●
●●
●
●
●

●
●●●●●
●●●●

●
●●●
●
●
●
●
●●
●●

●

●
●

●

●
●●
●
●●●●●●●
●
●●●
●●●●
●
●
●

●
●●

●●
●●●●
●
●
●●●
●
●
●●

●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●
●●●●

●●●
●●
●●●
●●●
●●
●●●

●

●●
●●●
●

●
●●●
●

●
●

●
●●●
●
●●●●●
●●●●
●●●●●●
●●

●
●●
●
●

●●●
●●●●●
●●●●●
●●●●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●
●

●
●●
●
●

●

●

●

●

●
●●●

●●

●●
●

●

●

●●●

●

●
●●●
●
●●●●
●●
●
●

●

●

●
●

●●●
●
●
●
●
●
●
●

●
●
●●●
●
●●●●●
●
●●
●●●●
●●●
●

●
●●
●

●

●
●
●●●●●●

●

●

●

●

●●
●
●
●
●
●
●
●
●

●

●●●●●

●●●
●●●●
●●
●●
●●
●

●●

●
●
●
●●●
●●
●
●
●
●●
●●
●

●
●●●
●●●●●

●

●●●●
●
●
●

●
●
●●

●

●
●●●●
●●

●

●

●

●●

●

●●
●
●

●

●●
●

●

●●●●

●

●●●
●
●
●●●●
●

●
●

●
●●
●
●
●
●

●●
●
●
●
●
●●
●
●

●
●
●●●●

●

●

●●●
●●
●
●●●

●
●●

●●
●●●
●●●●

●

●

●
●

●

●

●
●
●●●●
●
●
●
●●

●●
●

●●●●●
●
●●●●
●

●

●

●
●

●
●
●●
●●

●●●●
●
●
●
●●
●
●●●●●

●
●●

●●
●
●

●●●
●
●●

●●●
●

●●
●●

●
●
●
●
●●
●

●

●
●●
●●

●
●
●
●●

●

●

●●
●●●●

●●
●●●
●●●

●
●●
●

●
●●●
●●
●●
●●
●

●●
●
●
●
●●
●●●

●●●
●●
●●

●
●

●

●●
●●
●
●
●●

●
●
●●●
●●

●
●●●

●●
●●

●●●
●

●●●●●
●

●

●
●●

●
●

●
●
●●●●
●●
●●
●
●●●
●●
●
●

●
●●

●
●●●●
●●
●●●
●
●●●
●
●●●●●●●

●

●●●
●
●●
●
●
●
●●●●●
●

●●
●

●
●

●

●
●
●●

●

●●
●
●

●
●

●
●
●●

●●●●●
●
●
●

●●

●
●●●●

●●
●●
●

●

●

●
●●
●●

●

●
●

●●●●
●●
●●
●

●●
●

●
●●
●
●●●●
●
●●
●●●●
●

●

●

●
●●●
●
●

●●
●
●
●●
●●
●●●●●
●●●●●●
●
●
●
●
●●
●●●
●
●●●●●
●
●●
●
●
●●●
●●
●
●●

●
●

●
●
●●

●

●●●
●
●●●●●●●●
●●●
●
●●●
●
●●●●●
●
●

●
●
●●

●
●●●●●●●
●●●●●
●●●●●
●
●●
●
●●
●●●
●
●●
●●●●
●●●●●●

●●
●
●
●●
●●
●●●●

●●●●●●●
●
●
●

●●
●
●●

●●●

●●●●●●

●●●●●
●●
●
●●
●●

●

●●
●●●●●●●

●

●
●

●
●●●

●●
●●●●●●
●●
●
●
●
●
●●●
●●

●
●●●
●
●●●●●●●●
●

●
●●
●
●
●
●

●
●●●●●●●
●●

●●
●●●●●
●●●●
●
●●●
●●●●●●
●
●●●
●●●●●
●

●●
●
●

●
●●
●

●●
●●
●

●
●
●

●
●
●
●●●
●●●●●●●●●
●
●●
●●●●●●●●●
●
●
●
●●●
●●●
●
●●●●●●●
●
●
●
●●●
●
●●●
●●●
●

●
●●●●●●●●
●
●●●●●
●●●●●●
●●
●●●●●
●

●
●
●●●●
●
●●●●●●●
●●●●
●
●

●●●●
●
●●●
●
●
●●●

●
●
●
●●
●●

●

●
●
●●●●●●●
●
●●●●●
●●
●
●
●●
●
●●
●●

●●●●
●

●
●●●●●●●●●
●

●

●
●
●
●
●●
●●●
●
●
●
●

●

●

●

●

●
●
●●

●
●●
●

●

●

●●●
●
●●
●
●●●
●●●●
●
●

●
●●

●●●
●

●
●
●
●
●
●●●
●

●

●
●
●

●●

●
●●●
●
●●●

●●●
●
●●●●
●

●

●
●
●●●

●●
●●
●●
●
●
●

●●
●
●
●
●●●

●●●
●●
●
●
●
●●
●
●●
●
●

●
●

●

●
●

●●
●
●●●
●
●

●
●
●
●
●●

●

●
●●
●
●●
●

●
●●
●
●●●
●●●●
●
●●●●
●●●
●
●

●
●

●
●●●

●●

●●●●
●
●
●
●●●
●
●●●
●●

●
●●
●
●

●
●

●

●●●

●●●

●
●
●
●
●●●●●●●
●●
●●
●
●
●●
●●●●●
●
●

●
●●
●
●●
●
●
●●
●
●●●●
●

●●
●
●
●●
●

●

●

●●
●
●
●
●
●●

●

●
●

●●●
●●●
●
●
●●
●

●●●

●●
●

●
●●
●
●
●●
●

●●

●●

●

●●
●●

●
●●
●●●
●
●
●
●

●
●●●
●

●
●
●●
●
●●●●●●●●●●●

●●●●●●●
●

●●
●
●
●
●
●●
●●●●●

●
●
●
●
●●●●●●
●●●●
●●●●
●●●●
●●

●
●
●
●●●●●
●●
●●
●
●

●●●●●
●
●
●●●●
●
●●●
●●●
●
●
●
●
●●●
●●●●●●
●

●●
●●●●
●
●
●●
●
●

●

●
●
●●●

●

●

●

●

●●
●

●

●
●
●●●●

●●
●●●●●
●●●
●●
●
●
●
●●●
●
●●●

●●

●

●●
●
●●
●
●
●●
●
●●
●●●●
●
●
●●
●●
●●
●●
●
●●
●
●●
●

●

●

●●
●●●
●
●
●●●●

●

●

●●●

●●
●●●
●●

●●●
●●●
●
●●●●
●
●●
●●
●

●

●●

●●●●●●
●
●●●
●●●●●
●●●●
●●●
●
●
●
●
●●●
●
●●
●
●●●
●

●
●●
●●
●●●●●●●●
●
●
●●●
●●●

●

●

●●●
●
●●
●●

●●

●
●
●
●●●●●●●●●●●
●
●●●●●●●
●●
●
●
●●
●

●●●
●
●●
●●●●
●●
●
●
●●●●●
●●●●
●●●●
●●●●●●●
●●
●
●
●●●
●●
●●●
●●
●●●●
●
●●
●
●●●
●

●●●●
●●●●●●
●
●●●●
●
●●
●●
●●●
●●●●●●
●
●●●●
●
●●●

●
●
●
●

●●●

●●
●●
●
●●
●●●

●●●
●●●●●
●
●●●●●
●●●●
●
●●●●
●
●
●
●●●
●●
●
●

●●●●●
●●●●●●●●
●
●●●●
●●●
●●●●
●●●
●●●
●●●●●●
●●●
●
●
●●●
●
●
●●●
●●
●●●
●●
●●●●
●●
●
●●
●
●●
●●
●

●
●●●●●●
●●
●
●
●●●●
●
●●●●●●●
●
●
●●
●●●●
●●
●●
●●
●
●
●
●
●
●
●

●

●●●
●
●
●●●
●●
●●

●
●●●●
●
●●
●

●
●●●●●●●●●●
●
●

●
●

●

●●

●
●
●●
●

●

●

●●●●●●
●

●●
●●
●●

●
●
●
●

●●
●
●
●
●●
●
●●

●●●

●
●●
●●●
●●
●

●●
●
●●●●●
●●●●●●
●
●

●
●
●
●●●

●
●
●

●
●●●
●●
●●
●●●●●●
●
●●
●
●●
●●

●
●●●●●●
●●
●●●●●
●●
●●●●●●
●●

●
●

●●

●
●●

●●

●

●●
●●●●
●●
●
●

●

●

●●
●
●●●
●●
●

●●●
●
●●●

●
●●●
●●
●●●●
●
●

●
●●

●●
●

●●
●●●

●

●●●

●●●●●
●
●●
●

●
●●
●
●●●●●●

●

●
●●

●

●
●
●●●
●●
●
●

●●●

●

●
●●

●●
●●●
●
●
●●●●●●●
●●
●
●●
●●
●
●●●
●●
●●
●
●
●
●
●

●●
●●●
●●●●●
●
●
●●●●●
●●●
●●

●

●
●
●●●
●
●
●●●●●●
●●●●
●●
●

●

●

●
●
●

●●●

●●●
●
●●●●●●●●

●●
●
●●●●●

●
●
●●

●
●

●
●●●
●
●

●●
●●

●●●

●
●●●●●
●
●●
●
●

●
●●
●
●

●●●
●●●
●●●●
●●
●●
●
●●●
●
●●●
●
●●●●●
●
●●●●●
●●
●●●
●●●●
●●
●
●
●
●●
●
●●
●
●
●●
●●●●●
●
●●
●

●
●

●
●●●
●
●●
●
●●
●●

●

●●●●●●
●●●●●●●●●●
●●
●
●
●●●
●●

●

●●
●

●●

●

●

●

●

●●●
●●
●

●
●●●●●●●●
●
●●
●●
●●
●
●●
●

●●●●●●●●●
●
●
●●

●

●
●
●
●●
●
●
●●
●
●●

●
●
●
●

●

●

●
●●●●
●●
●
●●

●●
●●●
●
●●
●●
●
●
●
●
●

●

●●

●
●

●
●●●

●
●●

●

●●●
●
●●●●
●
●
●●●●●●●
●●●●●
●
●
●●●
●
●

●●
●
●●●●
●
●●●●●
●
●
●●
●●
●●●●●●

●

●
●●
●
●●
●

●

●●

●●
●
●
●

●
●●

●●●
●
●
●●
●
●

●
●●
●
●●

●

●●●●
●●●
●
●●●
●●
●
●●●

●

●
●
●●
●●
●●
●

●
●
●●●●
●●
●
●●

●●
●

●

●●
●●●●
●
●
●
●
●●
●

●●
●●●●
●●●●●●●
●●
●
●
●●
●
●●

●
●●●●●

●●●
●
●
●
●
●
●

●

●
●
●●●●
●
●
●
●

●●●●●●
●●

●●
●
●●●
●●●
●●
●
●

●
●●
●
●
●
●
●
●●●
●

●
●●
●●
●●

●

●

●

●

●●
●
●●
●●
●
●●
●
●
●
●

●
●

●●
●
●●
●●●●
●
●●●
●●●●●
●●
●●●●●
●●●●●
●●●●

●
●
●
●●
●●●
●
●●
●

●●●
●

●

●

●
●●

●
●
●

●●●●
●●●●
●

●
●
●
●
●●
●
●●
●
●●

●
●
●
●●

●●●
●●●●

●

●●
●
●
●●
●●

●
●
●
●

●

●
●●
●
●●●

●●
●●●●●
●

●

●●
●●
●●
●●●
●
●
●

●
●●

●
●

●
●

●●●
●●
●●●●
●●
●●
●●
●●
●
●
●
●
●
●●
●●
●

●●

●●●●

●
●
●
●
●●●
●
●●●●
●
●

●
●
●
●

●

●
●
●●
●●
●
●●●
●
●
●
●
●
●●
●●●

●●
●
●
●
●●
●
●●●●
●
●●
●●
●
●
●

●●
●●

●
●
●●●●
●●

●
●●
●●
●
●●●

●●
●
●

●●
●
●●●●
●
●●
●

●●●●

●
●●
●
●
●●●●●
●
●
●●●●
●●●●
●
●●
●●●●
●

●

●
●

●

●●●
●
●●●●●●●●
●●●●●●●
●
●
●
●
●●●
●●
●●

●

●

●

●●

●

●
●
●●●●●

●●

●

●
●●

●●

●

●●
●●
●●
●
●●
●
●●●
●
●●●●
●●
●●●●
●
●
●
●●●

●
●
●
●●●●
●
●●●●●●●
●●●●
●
●
●●●●
●●●●●
●●●
●
●●
●●

●
●●●●
●
●●●
●

●

●●

●●●

●
●

●●
●
●●●
●

●
●●●●●

●

●
●●
●●

●
●
●●
●●●●●
●

●
●
●
●
●
●
●●
●●
●
●●
●●●

●
●●
●●●
●●●
●●●●●●●●●
●●
●●●
●●●●●●●●
●●●●●●
●●●●●
●●●●●●●
●
●●
●
●
●●●
●●

●
●●
●●●●●
●●
●●●●●
●●
●
●●●
●
●

●●

●

●
●●

●
●●
●
●●
●●

●

●●●●
●●

●●
●

●
●
●●●●●
●●●

●●●●●●
●●●

●

●

●●●
●●
●
●
●
●●●●
●
●●●
●
●
●

●
●●
●●●●
●
●●●●
●●●●
●
●
●
●
●●●●●
●
●

●

●

●●
●
●●
●
●●●
●
●
●

●●●●●
●●●●●●●
●
●●●●●●●●
●
●
●●
●
●
●●

●●●●●●
●
●●
●
●●●●
●●●●●●●
●

●
●●●

●

●
●●

●

●
●
●●
●●●●
●
●●●●●
●●●●
●

●

●

●

●
●●●
●●●
●
●●●
●●●●●
●
●●
●●●●●

●
●
●
●●

●●●
●

●
●●
●

●
●

●
●

●

●
●
●

●●●
●
●●
●

●
●
●
●●
●
●●●
●
●
●●●●●●●●●●●●●●●
●
●●●●●
●●
●

●
●
●

●●
●

●
●
●
●●●●
●
●●

●

●
●
●●●●●●
●●

●

●

●●
●●
●
●
●●●●
●
●●
●●●
●

●●
●●
●
●●●
●●

●

●
●
●

●
●●●●
●
●
●●
●
●●●
●●●
●●●●●●
●

●

●

●
●●●●●●

●
●

●

●●
●
●●
●●●
●

●

●
●●
●●
●●●●
●●●
●

●

●

●

●
●
●●●●●
●●

●●
●
●●●●
●●●●●●
●●
●●
●●
●
●
●
●
●
●●●●

●
●●●●●

●
●●●●●●●●●
●
●●

●●●●
●
●●●●●
●
●
●●●●●●
●●●
●●
●●
●
●●

●

●
●●●●

●

●

●

●

●

●●●
●
●●
●
●
●●●●
●●●●
●
●
●●●
●●●
●
●●●
●
●●
●●
●
●
●●●●●●
●
●

●●
●
●

●●
●

●
●●
●
●●
●●

●
●●

●●

●

●

●●
●

●
●●
●
●●●●●●
●

●
●

●

●
●

●
●

●
●
●
●
●

●
●

●
●●

●

●
●

●●●●
●●
●
●●
●●

●●●
●
●

●●
●
●
●
●

●●●

●●●●

●

●●●

●●●
●●●●●●●
●●
●●●
●
●●●
●
●●●
●●●●●
●
●

●●●●●

●●●●
●●●

●
●
●

●
●
●●●●
●●●
●
●●●●●●●●●
●●●
●
●

●

●●
●
●

●●
●●●
●●●●
●●
●
●●●●
●●●
●●●●
●
●●
●●●
●
●●
●●

●
●●

●
●●●
●●●●
●●●
●
●
●
●
●
●
●
●●
●
●●●●●●
●

●
●●
●●
●
●
●●●●●
●●●●
●●●
●●●●
●
●
●
●
●
●
●●
●
●
●
●●
●
●●●●●
●●
●●●
●
●
●●
●●●
●●●●●●●●
●●●
●
●
●●●●
●
●
●
●●●●●●●
●●●
●

●●
●
●●●

●

●
●
●

●

●

●
●
●

●

●

●

●●
●

●

●●

●●●

●
●
●
●●

●

●

●

●
●●●
●●●
●●
●
●
●●●●
●
●●●●●
●●

●●
●
●●●●●●●●●●
●
●●●●
●
●
●●●
●

●
●●
●

●●
●
●●
●
●
●
●
●
●●●●●●
●●●
●
●
●
●●
●
●●●●●●●●●
●
●●

●●
●●●●●
●●
●
●●●●
●
●
●
●●
●●
●
●●●●
●
●

●
●●●●●
●
●●
●●●●●
●●
●●●●
●

●●●
●
●
●●

●

●●
●
●

●●
●●
●●●●●●
●
●
●
●
●●
●
●●
●●
●●●
●
●●
●●

●
●

●
●
●
●
●●
●●
●
●●●
●●●●●●
●
●
●●●●●●
●●●
●●
●
●●●
●
●
●
●●

●
●●●●●
●●
●●●
●
●●
●●●●
●●
●

●

●
●●●●
●●
●●●●
●
●●●●
●
●●
●
●
●
●
●●
●
●
●

●●
●●●
●●●
●●
●
●●
●
●●●●●
●●●●●●
●●●●●
●●●
●
●
●●
●
●
●●
●●●
●●
●
●
●●●●●●●●
●●●●●●
●●●●
●
●●
●●●●
●
●●●
●
●●
●
●
●●
●●●●●●●
●●

●

●●

●●

●●
●

●●

●

●
●

●

●●

●

●

●

●

●●●
●●●●●
●●●●●
●

●
●
●●●
●
●●●●●●

●
●●●●

●●●
●
●
●●
●
●●
●●●
●●
●
●●●●
●●
●
●●
●
●

●

●

●
●

●

●
●●
●
●
●
●

●
●●
●●
●
●
●
●●

●●

●
●●
●
●●

●
●●
●
●●

●●●
●●●●

●
●

●

●

●
●●●●●
●●
●●

●●●
●●●●
●
●●●
●
●
●
●●●●●●
●●
●●●
●
●●●●
●

●●●●●
●
●

●●●●
●
●●
●
●
●

●

●
●
●●

●

●

●
●●●●●●
●

●

●
●●●●●
●
●●
●●
●●
●●
●●●●

●●
●
●●●●●●●
●●
●

●

●
●●●
●●●●

●
●
●
●
●
●●
●●●●●●
●

●
●

●●
●
●●●●●●●●
●●●
●●●●
●●●
●

●
●
●
●
●●●●●●●●●●●●●

●●
●●●●
●
●
●
●●
●
●
●●●●
●
●
●
●
●●●
●
●
●●●

●
●

●
●

●

●

●

●
●

●
●
●●
●
●
●
●●●●
●
●
●●●●

●

●

●
●

●●●●

●

●●●
●●●●
●●
●●●
●

●

●
●

●

●●●●
●
●
●
●●●
●●●●●●

●●●●
●●
●

●
●●

●●
●●

●●
●

●
●

●

●

●●●
●●

●●●●●
●●

●

●
●●
●

●
●
●

●
●●
●
●●
●●
●●

●
●
●
●●●●
●●●●●●●
●

●●●●
●
●●

●

●
●

●●
●●
●
●●
●
●
●
●

●●●
●●
●
●
●
●●●●●●
●●
●●
●
●●
●
●
●●
●

●

●●

●●●●●●●
●●●●
●●●●●●
●●
●●●
●●
●●

●

●
●
●●
●
●
●●
●●
●
●●
●●●●●●
●●●●●●
●●●●
●●
●●
●
●●●
●
●
●●●●●
●●●●●●●
●
●●●●●
●●●●
●
●

●●
●
●●

●
●
●

●

●

●

●●

●
●●
●●●
●

●

●

●

●

●

●●

●
●●●
●
●●

●●●
●●●
●
●●

●
●
●

●
●

●●
●
●
●
●
●●●
●
●●●

●
●●●
●

●●●

●

●
●
●
●●
●
●●
●

●●●●●
●●
●●
●
●
●●●●
●●●●
●●●

●

●
●●●●

●
●
●

●

●
●

●●●
●●
●
●

●●

●
●
●●
●●●●●●●●
●

●●●
●
●
●

●●
●

●

●●
●

●
●●
●
●●
●●
●
●
●
●●

●

●●
●
●●
●●

●●●●●
●
●
●●●

●●
●●●●●
●●●●
●●●
●
●
●●●
●●
●
●
●

●●●
●
●
●
●●●●
●●●
●
●
●●
●

●
●●●
●

●
●
●
●●
●●●
●●
●
●

●●
●●
●●
●
●

●

●
●●●
●●●
●●
●
●
●
●
●●
●●
●●●
●●
●
●●
●●
●●●
●●●●
●
●
●
●
●●

●
●
●●
●

●

●

●

●
●●●
●
●●●●
●●●●●●
●●●●●●
●
●
●
●●●
●
●●●
●●
●
●●●
●

●
●●●
●
●

●●
●
●
●
●●
●●●●●
●
●
●●●
●
●
●
●●●
●●
●●●●●
●
●●
●●●●●●●●
●●
●●●●●●
●●
●●●●
●●●
●●
●
●

●●
●
●●●
●●●

●
●●●
●
●
●
●●●●
●

●●●●●●●●●
●
●●
●
●●
●
●●●
●
●●
●
●●
●
●

●

●

●●●

●●
●
●●●
●
●
●●●●
●
●
●
●
●●●
●●●
●
●●●●●●

●

●

●●●●
●
●●●
●●●
●●●●●●●●●●●
●
●●●●●

●
●●
●

●
●●●
●
●●●●●●●
●
●
●
●●●●
●●●●
●●●●
●●●●●●
●
●●●●
●●●●
●●
●
●
●
●●●●●●●●
●●●
●●
●●●

●

●●●

●●●

●
●●
●●
●●
●
●
●●
●
●●●●
●
●●
●
●
●●●
●●●
●
●●
●
●●●
●●●
●

●

●
●●
●●
●●●●
●
●

●●

●
●

●●●●
●●
●
●●
●
●

●●

●
●

●
●●●
●●●●
●
●●●●●●●●
●●

●
●

●
●
●●
●
●●
●●
●●●●●●●
●
●
●

●

●

●●●

●

●●

●

●●
●

●
●●●●●●

●
●
●
●
●●

●
●●●
●

●

●

●
●
●
●●
●●●●

●●●●●●●●●●●●●
●●
●●
●

●●●●
●
●
●●
●
●●●●●●●
●●●●●●●●
●
●●
●
●
●
●●
●

●●●
●
●●●●●
●
●●●●●●●
●●
●
●
●●
●
●
●●●●

●●●●
●●
●●
●
●
●
●●●●
●

●●●
●
●●●
●
●
●
●●●
●
●
●●
●●
●●●
●
●
●●●●
●●
●
●●●●●●●

●●
●●●●
●
●●●

●

●●
●●
●
●●●
●
●
●●●
●
●
●●●●●

●
●
●
●●
●
●

●●
●
●

●

●

●●

●●
●

●●
●●●
●
●
●

●●●
●●●●●●●●●
●
●●

●●
●
●
●
●
●
●●●●●
●●
●●●●
●●
●
●●
●●
●●
●
●●●●
●●
●
●●
●

●

●

●

●●
●●
●●●●
●●
●
●
●
●●●●●
●●●●●●
●●●●
●●●●
●
●
●
●●●●●●●●●●●
●●●●●
●●●
●●
●●●

●
●
●●
●●
●
●
●
●
●●
●
●●●●●●●●
●

●
●
●●
●●
●●●●
●

●●
●●●●
●
●●
●●

●
●●●●●●●●
●
●
●

●
●●
●●●●●

●

●●●
●
●

●
●
●

●●●●
●
●

●●
●

●
●●●
●
●●●●

●●
●●
●●
●●
●●●●
●

●●●●
●
●
●●
●
●●
●●
●●
●
●●●

●●●●●
●
●●
●●●
●●

●
●

●
●●●
●●●
●●
●

●
●●
●●
●
●●
●

●
●
●
●●
●●●
●
●●
●●●●
●

●
●
●●●
●●●●●●●
●●●●●●

●●

●

●
●●●●●●●●●
●
●●●●●

●●
●●●●●
●●●
●●●●
●

●

●●●

●
●
●
●
●
●
●
●
●●

●
●●●
●●●
●●●●
●●

●
●●
●

●

●
●

●●●
●●
●
●

●

●
●
●●
●
●●●●●
●●●
●●
●●●

●

●
●
●
●

●
●●
●
●
●●●
●●
●●
●
●●●●
●
●●●●
●●●
●●
●
●
●
●●
●●
●●●●
●
●
●
●
●●●
●●●
●●●●●
●●●●●
●●●●●
●●●●●●
●●●●●
●
●●●●
●●●●●
●●●●

●

●●●
●●●●●
●●
●●
●●●●
●●●
●
●●

●●●●
●

●
●
●
●●
●

●

●
●●
●

●

●
●

●
●
●

●

●●●
●

●

●
●
●●

●●
●
●
●
●
●●●●
●●●●

●

●

●
●●●●●●
●

●
●
●●
●
●

●
●
●
●
●
●
●●
●
●
●●
●●

●●●●●
●●●●●●●
●
●
●
●●●

●
●

●

●●●●●●●●
●●
●●●
●
●
●●●●●●●●
●
●

●●●
●●●●●●
●
●

●
●
●
●●●●
●
●
●
●●

●
●
●
●●
●●
●●●●
●●

●●●●●●
●
●●●●

●
●
●
●
●●

●

●
●●

●●
●

●
●

●
●

●

●●

●●●
●●●
●●●●

●●●
●
●
●
●
●
●●●
●
●●●●●●●●

●●
●●

●●
●
●

●●
●
●
●
●●●

●●●
●
●●
●●
●●

●●

●●
●
●●
●●●
●●●
●●
●●
●
●

●

●
●

●●●●●●

●

●
●●●

●●
●
●●
●
●●

●

●

●●
●
●
●●●●
●
●●

●
●

●
●●●●
●●
●
●

●

●
●
●

●
●
●●●●●
●

●
●

●

●●

●

●

●

●
●●
●

●
●

●●
●
●

●●●
●●●●
●●
●

●
●

●
●
●

●

●

●

●
●
●
●

●

●
●●
●●●
●●
●
●●●
●
●●●

●

●●●●●
●
●

●●●●
●●
●●●
●

●

●●●●●●●●●
●
●
●
●●●
●
●
●●●
●●

●

●

●●
●
●
●
●
●
●
●●
●●
●●
●

●

●

●
●●
●●●●●●●●●●●
●
●●●●
●
●
●●●●
●
●●●
●
●●
●●
●
●●
●●
●●●●
●●
●●
●

●
●
●●
●●●●●
●
●
●
●●●

●●●●●
●●●●
●●●●
●
●
●●●●●

●

●●
●
●●●●
●●●●
●

●●
●●●●●●
●
●●●●●●●
●
●●●●●
●
●●●●●●
●
●
●
●
●
●
●●

●●●●
●
●●
●
●
●

●

●
●●

●
●●●
●●
●
●

●
●

●●

●●
●●

●
●●●●●●
●●●

●●●●

●

●
●●
●

●●
●●●●●
●●●●●●●●●●●●●
●●●●
●
●●●●●●
●●●●
●●
●●●
●●
●

●●●
●
●
●●●●●●●
●●
●●
●●●●●●●●●●●
●
●
●
●
●

●
●
●●●

●

●
●

●
●●
●●

●●

●
●●●
●
●
●
●●●●●●
●
●
●●●

●●
●●●
●●●

●●
●

●●
●
●●●

●●●
●●●
●

●

●

●

●●
●●
●●
●●

●●

●●
●
●

●
●

●●
●●
●●●●
●
●
●●
●●
●
●
●

●
●
●●
●
●●●●●●●●●●●●
●●
●
●●●
●●
●

●●
●

●

●

●
●
●●●●●●●
●
●
●●●
●●
●●●●
●
●●●●●
●●●
●

●

●
●
●●●
●
●●●
●●●●●●
●

●
●

●
●●●
●
●●
●●●●
●
●
●
●●

●

●
●●●●●●
●
●
●●●●●
●
●
●
●●●●●●●●
●
●●●●●
●●●
●
●●●●●●●●
●

●
●●●
●●●
●
●●●●●●
●
●●●●●●●●●
●●
●
●●
●

●
●●●●
●●
●●●
●
●
●
●●●●
●●●●●
●●
●

●
●
●●
●
●
●●
●●
●
●●
●●●
●●●

●
●
●
●●
●
●

●●
●●
●
●
●●
●●●●
●
●
●●●●●
●
●●
●
●●●●
●●●●
●●
●●●●
●
●●●●●
●
●●●●●●●
●●

●
●●●
●
●●●●●

●
●
●●
●●●●●
●●●●●●
●
●

●
●
●●
●●●
●
●●●●
●
●●●●
●
●●
●●●●
●
●
●
●
●●
●
●
●●●
●
●

●

●

●

●
●●

●●●●

●

●

●

●
●

●●●●●
●

●●●●●
●
●
●●

●
●●

●●●●
●

●
●●
●●
●

●

●

●

●

●●
●
●

●
●

●

●
●
●●
●
●●
●●●
●
●
●●●●●●
●●●●
●
●●●●●●●
●●
●●
●●●
●●●
●
●
●●●
●
●●
●
●
●●●●
●
●
●

●
●
●●
●●

●

●

●

●

●
●●

●●●
●

●
●●●●●

●
●
●
●●
●

●●●

●●
●
●

●
●●●
●
●●
●
●

●●●●●●●●●●●●
●
●
●
●●●●●

●

●●●●
●●
●●●●
●
●●
●●
●

●
●●●

●

●●
●
●●
●

●
●
●●
●●●●●●
●●
●
●
●●●
●●

●
●
●●
●

●

●
●

●

●
●●●
●

●

●
●●●
●
●●
●
●
●●●
●
●●
●

●

●

●

●

●●

●

●●
●

●

●●●

●

●

●
●

●
●
●
●

●

●
●
●●●
●
●●●●
●
●●●●●●●
●
●
●●●●●
●●●●●●●
●●●●●●●
●●
●
●●
●
●●
●
●
●●
●
●
●

●●●
●

●
●●
●

●●
●●●
●
●●●
●
●●
●

●
●
●
●●
●●
●
●●●

●
●●

●
●●

●

●

●

●●●●●

●
●

●●

●

●●●

●

●

●●●
●
●●
●
●●●
●●
●

●
●●

●
●●
●

●
●●

●●
●●●
●

●●

●
●●●
●
●

●

●
●
●●●●
●●●
●
●●●●
●
●●
●
●

●●

●

●
●
●
●●●●●
●●●●●●●
●●●

●

●●
●●●●●
●
●
●●
●

●
●
●●●●
●
●

●

●

●
●

●●●

●

●
●
●

●
●
●
●
●●

●

●
●
●
●●
●
●

●

●

●●

●

●

●
●

●

●
●
●

●●●

●
●
●

●●

●

●

●●●
●●
●
●
●
●●

●
●●●●
●●
●●●
●●●
●●●●
●
●●
●●●
●●
●
●●●
●
●
●●●●
●

●●●●
●
●●
●
●●
●
●

●

●●
●

●

●
●●

●

●●
●

●●

●
●

●

●
●
●
●●
●

●●

●
●

●●●●●●
●●●●●●
●

●
●
●●
●●●●●

●

●
●●●●●●●●●●●
●●
●
●
●●
●
●
●
●
●●●●
●
●●●
●

●

●

●●●●●●●
●●●
●
●●●●●●●
●
●
●●

●
●
●●

●

●

●

●
●●●●●●
●●
●●●●●●●●
●●●●●●●●
●

●●
●
●
●
●

●●●
●●●●
●
●
●●
●
●

●

●
●●

●
●
●●

●

●

●●
●
●●
●
●●●●
●

●
●●
●●
●●●
●
●
●

●●
●●
●●
●
●

●
●

●

●

●●●
●
●
●●●
●
●
●●
●●●●
●
●●
●

●●●
●●
●

●

●
●
●

●●●
●
●●●

●
●
●
●
●

●●
●●
●

●
●
●●

●●●

●●

●
●●●
●

●
●

●

●

●
●●
●
●●●

●●●
●

●

●●
●

●

●
●
●
●●
●●

●●
●●

●

●●
●
●

●

●
●

●

●●●●

●●

●
●●
●
●●

●
●

●●
●●

●●

●

●●●
●

●

●

●

●

●

●
●●
●
●●
●
●●
●

●

●
●
●
●●

●●

●

●

●

●

●

●
●

●
●
●

●●●
●
●
●●●●
●
●
●●●●
●
●●
●●

●
●●●
●
●
●
●●●●
●●

●
●●
●●

●
●●

●
●

●●

●●
●

●●
●

●
●

●
●
●●
●
●●●
●●
●
●●●●
●
●
●●
●
●
●
●

●
●
●●

●
●

●●
●●●

●
●

●
●
●

●
●
●●
●
●●

●●
●●
●●
●●

●

●

●●
●●

●

●
●
●●
●●
●●
●●●

●
●

●

●

●
●
●
●●●●●
●
●
●
●●●
●●
●
●
●

●

●●
●

●

●

●

●●
●

●

●
●

●●
●●
●
●
●

●
●●●
●●●
●
●●●
●
●

●
●
●●

●●●●
●
●●
●●●

●●●
●

●
●
●
●●●
●

●

●●●
●
●●●
●
●
●
●●
●

●

●

●

●
●

●●

●

●
●
●
●

●
●

●
●
●
●
●
●●
●
●
●●

●
●●●●
●●
●●●●
●●●
●

●●
●●
●●
●
●●●
●

●
●●
●●●
●
●●●
●
●●●●●
●●
●
●●●●
●●
●
●●
●
●

●

●●
●●
●
●●
●●●●●●●

●
●
●●●●

●
●
●●
●●
●

●
●
●●

●
●
●
●●●
●●
●
●
●
●
●●
●

●

●●
●
●
●
●
●●●

●●

●

●●●
●●

●
●●●

●
●

●

●

●●
●
●●
●
●●

●
●

●●
●
●●
●
●
●
●
●
●●

●●●●
●
●●
●
●

●
●
●●●
●

●●
●
●

●

●

●●●
●
●●
●
●
●
●
●●●
●
●●●●
●●
●●●●

●

●●
●●
●●
●●●●
●
●

●●

●

●
●●

●●●
●

●
●
●

●

●

●

●●
●
●●
●●●●

●
●
●●
●
●●●
●
●●
●●
●

●
●
●

●

●

●
●
●

●●
●●
●●
●

●

●●
●
●
●

●●
●●●●
●
●

●
●
●

●●
●●●
●●
●●
●●
●●●●●
●

●

●
●
●
●●
●●

●●●

●●●

●
●●
●
●
●●
●
●
●●

●●●●●
●

●
●
●●●●●●
●
●●●●
●
●
●
●
●●
●

●●
●
●●●
●●●●●
●
●●

●
●
●

●
●●●
●●

●

●
●●●
●●●
●
●●●●
●
●

●

●
●
●●
●●●

●
●●●●●●
●●
●●●
●●

●
●
●
●
●
●
●●
●
●
●●
●
●●●
●●
●
●●●●
●●
●

●
●●
●
●●
●●

●●

●

●
●●

●

●●●
●●●
●
●

●
●●
●

●
●●

●
●●●●
●
●●●
●
●
●●●
●

●

●
●●●

●●
●●
●●

●

●●
●●●
●

●●
●

●●

●

●●
●●●●●

●●
●
●

●
●●●
●

●●
●

●
●●●
●
●●●
●
●●
●

●●
●

●
●●
●
●

●
●

●

●●●●●
●
●

●
●●
●●

●
●

●

●●●●●

●

●●
●●●

●
●●
●●●●●●
●●
●
●
●●

●
●●

●●
●●

●

●
●

●●
●

●●●●●
●
●
●
●
●

●
●
●

●

●●

●
●

●
●

●●●
●
●
●●●
●
●●●●
●
●
●●●●
●●
●●●●
●
●●●●
●
●●●●●
●●●●●●●●●●●●●
●●●

●

●

●●●
●●●
●
●
●●
●●

●
●●
●

●

●
●

●

●

●

●

●●
●

●

●

●

●●
●
●●
●
●●●●●●●●
●
●●●
●●●
●
●●●
●●●
●

●●●●●●

●

●
●●

●

●
●
●
●
●●●
●
●●●●

●●●●
●
●
●●
●
●●
●
●●
●

●●●●
●●
●

●
●●●
●●●●
●●
●

●●●●
●

●

●●

●

●
●●●

●
●●
●
●
●●●
●●●

●

●●
●
●●
●
●
●
●
●
●
●
●●●●●●
●
●
●●
●

●●
●
●●

●
●●
●●●
●

●
●●●
●
●●●
●
●

●●
●
●
●●●

●●

●●●●●●●

●

●

●
●
●

●
●●●
●●●

●

●

●●●●●

●●●
●
●
●
●●
●

●

●

●

●

●
●

●●
●
●
●
●●●●
●
●

●
●●
●
●
●
●

●●
●●●
●●●
●

●●
●●●●●

●●●●
●

●
●●
●

●
●

●

●

●
●●
●
●●
●
●●
●●
●

●●
●

●

●●

●●
●
●●
●●●●
●●●
●●●●●
●
●●
●
●●●●●
●●●
●●
●
●●
●●●

●●
●
●●●●●●
●
●
●
●●●●●
●

●
●

●
●●
●
●●●●●
●●●●●●
●●●●●●●●●●●●

●●
●●

●●
●
●●
●
●
●
●●
●●●●●●
●●●●●
●
●

●

●

●●
●●●●●
●●●●●●●
●
●●●●
●
●●
●
●●●
●
●●●
●●
●
●

●
●
●●●
●●
●
●●●●●
●
●
●●●
●
●●●
●
●●●
●●●
●●●●●●

●●
●

●
●
●●
●
●●●●●●
●
●●●
●
●●
●●●●●●●●●
●

●

●
●●●
●
●
●●●

●●●

●

●
●
●●
●

●●●

●
●
●
●

●
●
●
●●
●

●●●

●●●
●

●
●●

●●
●●●●●
●●●●

●
●
●

●
●

●●●●●
●●●
●●●
●
●
●
●

●●
●●
●
●●●
●●●●
●
●●●
●
●
●●

●
●●●●●
●
●●
●
●●●●●●●●●●●
●●
●
●●●●●
●
●●●●
●●●●●●●●●
●
●●
●●●
●

●
●
●●
●●●●

●●●●

●
●●●
●
●●●●
●●
●
●●●
●●●

●

●●

●●●
●
●
●
●
●●
●●
●
●●●

●

●
●
●
●●

●
●●

●

●

●

●

●●
●●

●
●●

●

●
●
●
●●●●
●
●●●●●●
●
●●
●●

●
●●●●●●●
●●●●●
●
●●
●●
●●●
●
●
●●
●●●●●●
●
●●●●●
●●●
●
●●●●
●●●●
●●

●

●●
●●●
●●●●●●
●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●●●

●●●●

●

●●
●●●●●●
●●●●
●●●●●●●●●●
●

●

●

●●
●
●●●
●●●●

●●●●●
●
●
●
●

●
●
●

●

●
●
●
●
●

●●●

●
●

●●●●●

●
●
●
●●●●
●●●●
●●
●

●
●
●●●●●●
●
●●
●●
●
●
●
●●●
●●●
●
●●●●

●

●
●●●
●●●●
●●●●
●●●
●
●●●●●
●
●●
●●

●●●●
●●
●●●●●
●●●
●●●●●●●●●
●●
●●●
●

●●●●●●
●
●
●●●●●●●●●
●●●●●
●●
●●●●
●

●
●●
●

●

●
●
●

●●●

●
●

●●●

●
●
●
●
●
●●
●●●

●●

●

●

●●●●
●●●
●●●
●
●●
●
●
●

●●
●
●

●●

●●●●

●
●
●
●●

●
●●●
●●●●
●●
●

●
●●
●●●●
●●

●

●
●●●

●

●●●

●

●
●●

●

●
●

●

●●●
●●●
●

●●●
●

●●
●
●
●
●
●●

●

●

●
●

●●
●

●

●
●●

●
●●
●●
●
●
●●
●
●●●
●●

●

●●●

●

●●●
●

●

●

●

●

●

●
●
●

●
●●●
●●
●
●
●

●

●
●
●●
●●
●
●

●
●●●●●
●
●

●

●

●

●

●●
●●●
●
●●
●
●
●●●

●

●●
●
●
●

●
●
●●
●●●
●
●●●
●

●

●

●

●

●

●●
●●●

●●
●

●
●

●
●
●●●●●

●

●●
●
●
●●

●●
●
●
●

●

●
●

●

●●●
●●
●●●
●

●
●
●●●
●
●
●●●
●

●

●

●●●
●
●●●●●●
●

●
●

●●
●●●

●●●

●
●
●●

●

●
●●
●
●
●
●●●●●●●

●

●●
●
●●●●●

●●
●●●

●

●
●
●
●
●
●
●●
●●
●
●
●
●
●
●●●
●
●
●●
●
●
●●●●

●

●●

●●
●
●●
●●
●●●
●
●●●●
●

●●●
●
●●●
●●
●●●
●●●●●●
●
●
●●●
●
●●●●

●

●

●

●●
●

●
●

●●●●
●
●●●
●
●●●
●●
●
●●
●●
●●
●
●●
●●●
●
●●●●●
●●●

●
●
●●●●
●

●
●
●
●●
●●●
●●●
●
●●●

●●
●
●●●●
●
●
●●●
●

●
●
●

●●●
●●●
●
●●
●
●

●
●

●●●

●

●
●●
●

●●

●●
●●
●
●●●
●●
●
●

●
●
●●
●●●

●
●●

●●

●

●
●

●●●
●●●
●●●●

●

●
●●
●
●●

●●●●●●●●●

●
●
●
●
●●●
●●●●●●●●●

●

●●
●●●
●●
●●●●●
●

●
●●
●
●
●●

●
●
●●●

●●
●●

●●●●●

●●
●

●
●
●●●
●●●●

●

●●
●●●

●
●●●
●
●●
●

●

●
●●
●●
●●
●●●●

●

●●●
●

●
●
●
●●
●
●
●●●

●

●
●●

●
●●
●
●
●●●●
●
●●

●
●

●
●●

●

●
●
●●●●
●

●●●●
●
●
●●●
●
●
●

●

●●●●
●●
●

●●●●
●
●●●●
●
●

●
●
●●●●
●
●●
●
●●
●

●●●
●
●●●
●
●●
●●
●●
●●●
●
●●●●
●
●●●●●●
●
●●●
●
●
●
●
●●
●
●●●●●

●
●
●

●
●

●●
●
●●
●
●
●
●

●
●●
●
●●
●
●●●
●●●
●●●●
●
●

●●
●
●

●

●●●●
●●
●
●
●●

●

●●
●
●●●●
●●●
●

●●
●
●
●
●●

●

●

●

●

●
●
●
●●
●
●
●
●●
●
●

●

●●

●●

●
●
●
●●
●
●●●●●
●●●
●●

●●
●●
●
●●
●●

●
●

●

●

●●
●
●
●●●
●●
●●
●
●

●●●
●

●
●
●●
●
●●
●●●
●●●
●
●
●
●
●
●●●
●

●

●

●●
●
●●
●●

●

●
●

●●●●
●
●●●

●

●●
●●●●●

●

●

●

●

●

●●●
●●
●●
●●
●

●
●●
●●●

●●

●

●
●●
●●●
●
●
●
●

●
●●
●●

●
●
●
●
●
●●●
●
●●●●

●
●
●
●
●●●
●●●●
●
●●

●
●●●
●
●●
●

●

●

●
●
●●

●●

●

●
●

●

●

●

●
●

●●

●
●●●
●
●●
●

●●
●●●●●
●
●

●
●
●

●

●
●

●

●●
●●
●
●
●
●●
●●●●
●●
●●●
●●

●
●
●
●
●

●

●
●
●
●
●

●
●
●
●
●●
●●

●

●●●
●

●

●

●
●●

●
●

●

●

●
●
●●●●●
●●●
●
●
●
●
●
●●
●●
●●
●
●
●
●●
●
●●
●
●

●●
●●●●●●
●●●●●●
●●●●●●
●●●●●
●●●●
●●●●
●●●●●
●
●
●●●
●●●●●●
●●●●●
●

●
●●
●
●

●
●●●●●●
●●●
●●
●
●●
●●
●
●
●●

●●

●
●●●●
●
●

●
●●
●
●

●

●

●
●
●
●●●●

●

●
●●
●●
●
●●●●
●●●
●●
●
●●●●

●
●

●●●●
●●●
●●●●
●●●●●
●●●●
●●●●
●
●●●
●●●

●

●

●
●
●

●

●

●

●

●●
●●
●●●●
●
●●
●
●
●●●●

●
●●●●
●
●●
●●●●
●
●

●
●
●
●●
●●
●
●●●●●●●●●
●●●●●●
●●
●●
●●●●●●●●
●●●
●●
●
●●●●

●●●
●

●
●
●
●
●●
●●
●●●
●●
●
●●●
●
●
●

●
●

●

●●
●

●●

●

●

●

●
●

●
●
●

●
●●

●
●●●

●●●
●●

●
●●

●
●●

●

●
●
●●●

●

●

●
●
●
●

●

●
●

●

●

●
●
●
●●●
●

●

●

●

●
●●●●●●●●●●●●

●●
●●●●
●
●●●●●
●
●●●●
●●●
●●●
●●●
●●
●●

●●
●●
●
●●●●
●
●●
●

●
●
●●●
●
●
●

●
●
●
●

●
●●●●●●
●●●●●
●

●
●
●
●●●●●●
●
●●●
●
●
●

●●
●
●●●
●
●●
●●
●
●●●
●●●
●
●

●
●
●●●●
●●
●●
●
●
●●●●

●

●●●●
●
●●●
●●●
●●●●
●●●
●●●
●
●
●
●●

●
●
●
●●●●●

●
●●
●
●

●

●

●

●●
●
●●
●●●●●
●
●●●●
●●●
●●
●
●●

●

●●

●●
●●
●
●
●●●
●
●
●
●
●
●
●●
●

●

●

●

●

●

●
●●
●●●●●
●
●●
●
●
●
●
●●●●
●●●●●●
●●●●
●●●●●●●●●●●●●●
●
●
●●●
●●
●
●
●●●●●
●●
●●●●
●●
●
●●●
●●●
●●●●●●
●●●●●
●
●●●●
●
●●●●●●●●●
●
●
●●●
●●●●
●●●●●●●
●●●
●
●●●●●
●
●●●●●
●●
●
●

●

●●●●
●
●
●●●
●●●
●
●●●●●●●
●●
●●●
●
●●●
●
●●●●
●●

x 2

−4
−2

0
2

4

01
−M

ay
−1

9

15
−M

ay
−1

9

29
−M

ay
−1

9

13
−J

un
−1

9

27
−J

un
−1

9

12
−J

ul−
19

26
−J

ul−
19

10
−A

ug
−1

9

24
−A

ug
−1

9

08
−S

ep
−1

9

●

(a) x1 (b) x2

●
●
●●
●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●
●●●
●●
●●●●●●
●●
●
●●●●
●●●
●●●

●
●●●●

●●
●

●●●
●●●●
●

●
●
●
●
●●●●●●
●●●
●●
●
●
●●●●●●
●●
●●

●
●

●●
●
●●●●●

●●
●●
●
●●●●●●●●●
●●●●●●
●

●●
●
●●●●●
●●●●●●
●●●●●●
●

●
●
●●●
●●
●●●●
●●●
●
●●●
●●
●
●●●

●

●

●●●●

●
●

●

●
●

●
●●
●●

●

●●
●

●●●●
●●●●
●
●●●
●●●●
●●
●
●●
●●

●●
●
●
●●
●●
●●
●
●
●

●●

●●●
●●●
●●●●●
●●●

●
●
●●
●
●●●
●
●●
●●●
●●

●

●

●
●●

●
●●
●●●●●
●●●●●●●●●●
●●
●●●●●
●
●●●●●

●

●

●●●●●●
●●●
●●●●●●●●●
●●
●●●●●
●●●●●●●
●●●●●
●●
●●●
●●●●●
●
●●
●
●●●●●●●●
●●●●●●●
●●
●●●●●●●●●●
●●●●
●●
●●●●●●
●●●●●
●●●●
●●●●●●●
●●●●
●
●●●
●
●
●●●●●●●●●●
●
●●
●●●●●●
●●
●●●●●●●●●
●●●

●●
●
●

●
●
●●
●●●●●●●●●●
●●
●
●
●●●●●
●
●●●
●
●●
●●●●
●●●●
●●●
●
●●●●●●●●●●●●●
●●●●●●
●●●●
●●●
●
●
●●●
●●●
●
●●●
●●●●
●●
●●
●●
●●●

●
●●●
●●
●●
●●●
●●●●

●●●●●●●

●
●
●
●
●
●●

●
●●●
●

●
●
●●●
●●

●

●

●
●●●
●●●
●
●●●●●●
●●●
●●●●●●●●●
●
●
●●
●●
●

●
●●●●
●●●
●●
●

●

●
●●●●●●●●
●
●

●

●
●●●
●●●
●

●
●
●

●
●●
●

●
●

●

●
●●●
●●

●

●

●

●

●
●
●●

●●●

●

●●

●
●
●
●

●●●●●
●

●●●●●
●

●
●
●
●●
●
●●●●●●
●
●●
●●
●●●●●●●●●●●
●●●●●
●●●
●●●●●●●
●●
●●●●●●●●
●●●●●●
●
●●●●●●●●●●●
●●●●●

●●●●●

●
●●●

●

●

●
●

●

●
●●●●●
●●●
●●●●
●
●●●
●

●

●

●

●
●●
●

●

●

●

●

●

●●

●●●
●●
●
●●●●●●
●●●●●●
●
●

●

●●

●●
●●●

●●●●●●●
●●●
●●
●●●●●
●●●●
●●●
●

●●

●

●

●
●●
●●
●
●
●
●●
●●●
●●●●●
●●
●
●●
●

●●

●●●●●●●●●●
●●
●●●●●●●
●●●●●●●
●
●●●●
●

●●●
●●●
●
●●
●
●●●●●●●
●●●●●●●
●●
●
●●

●●
●●●●
●●
●●
●
●
●●●
●
●●●●
●●
●●●●●●
●●
●●●
●
●
●●●●●
●●●
●

●
●
●
●
●
●
●●

●

●
●
●
●●
●
●●
●●

●
●
●●
●
●●
●●●●

●

●

●

●
●
●
●●
●
●●
●●●
●●
●●
●●●
●●
●
●
●●●
●●●●
●
●
●●●
●
●
●
●●●●●
●
●
●●

●

●

●
●
●●●
●●
●●●
●●●●●●
●
●●●
●●●●
●●
●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●
●
●●
●●●
●
●
●

●
●●●●●●●
●●●●●●●
●●●
●●●

●

●

●
●
●

●
●●●●

●●●●
●
●●

●

●●

●
●

●

●●●
●
●●●●
●●
●●●●
●

●●
●●●●●●●●●●●●●
●●
●●●●●●●●●●●●
●●●●
●●●●●

●
●
●
●●
●●

●
●

●

●

●

●

●●
●
●

●●●●●
●●●
●●
●●
●●
●●●●
●●●●●●
●●●●●●●
●●●●●●
●●●●●
●●●●●●
●●●●●●●
●
●
●●
●●●●●●●●●
●
●●●●●●
●
●●●
●●●●●●●●●●●
●●●●●●●●●
●●●●●●
●●●●●●●●
●●
●●●●
●●●●●●●●●●
●
●●●●●
●●●●●●●●●●●●
●●
●●●●●●●
●●●●●●●●
●●●●●●●●●
●●●●
●●●
●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●
●
●
●

●

●

●

●

●
●●●
●●
●●●●
●●
●●●
●●●●
●●●●
●●●●●●●
●●●●
●
●●●●
●●
●●●●●●
●●●●●
●●●●●●

●●
●●●
●●●

●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●
●●
●●●
●●
●●●●
●●●●
●●●●●
●●●
●●●●●●●●●●
●●

●
●

●●
●

●

●

●
●●●●●●
●

●
●

●

●●

●

●

●●

●

●
●●●
●●●●
●
●
●●●●
●
●●
●

●

●
●

●

●

●

●●●●●●●●●

●
●●
●●●●●
●●●●●●●
●
●●
●●
●●●●●
●
●●●●●
●●●●
●●●●●●
●●
●●●●●●●●●
●●●●
●
●●
●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●
●●●●
●
●●●
●●●●●
●●●
●
●●●●●
●
●
●●
●●●●●
●●
●●●●●●●●
●
●●●●
●
●●●●●●●
●●●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●
●
●●●
●●

●●●●
●●
●●
●

●
●●●●●●●●●●●●●●●●●
●

●
●

●
●

●●
●

●●●●
●●
●●●
●●●●●●●●●●●
●●●●●●●●●

●

●●

●

●
●●●●●
●●●●●●●
●
●
●●●●●●●●●●●●●
●●●
●
●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●
●●●●●
●●●●●●
●●●●●●
●●●●

●

●

●
●●
●●●●●●
●●
●●●●●●●●●
●●●●●
●
●●●
●●●●●
●●
●●
●●●●●●●

●

●
●

●●

●

●

●

●

●

●
●

●
●

●

●

●
●●

●●

●●●●

●

●
●
●

●●

●

●

●
●●
●●
●

●

●●●●●●●
●
●●●●●●●●
●●

●

●

●
●●●●●●
●●●
●●●●●
●
●●●●●●●●●●
●●●●●●●
●●●●●
●●●●●
●●●
●

●

●●

●

●
●●
●●●●●
●●
●●●●●
●
●●●
●●●
●●●●●
●●●
●●
●●●●●●●●
●●●●●
●●●
●●●●●●●●●

●
●●●●●●●●
●●
●

●

●●●●●●
●

●

●

●●
●
●●
●
●●

●
●●

●
●
●
●
●●

●
●
●●●●●●●
●●

●
●
●
●●●
●
●
●●●
●●●●●
●
●●
●●●
●

●
●
●

●

●
●
●●
●●●
●●
●
●
●●
●
●●
●●●●●●●
●●
●●
●●

●
●
●●
●●●●
●
●
●●●●●●●
●●
●●
●
●
●

●
●●

●●●
●
●●

●●
●

●
●
●
●●

●●●●
●●●

●
●●

●

●●●
●●●●●●

●
●●
●●●●●
●
●

●
●●

●
●
●●
●
●
●
●
●
●●
●●
●●
●●●
●●
●

●●●
●
●●
●
●
●●●●●●
●
●●
●
●●●●
●
●●●
●

●●●●●
●
●●●●●●
●●●

●

●●●●
●●●
●●●●●●
●●
●●
●●
●●●●
●●
●
●●●
●●
●
●
●●●
●
●

●●
●●●
●●●
●●●●●
●
●●●●●
●●●
●●●●●●●●●
●
●
●●●
●●
●●●●●
●
●
●
●●●●
●
●●●
●●
●●●
●●●
●
●
●

●

●
●●●
●●
●
●●●●
●●●●

●
●●●●●●●
●●●●
●●●●
●
●
●●●

●●●●●●●
●●
●●●
●●●●●●
●●●
●●●●●●●●●●
●●●
●

●●●●●●
●●
●●

●

●

●●
●●
●
●●●
●●
●●●●●
●
●●
●●●●●●
●●
●●●●
●●●●●●●●●●
●●●●●

●
●
●●●
●
●

●
●●●●●●●●●●●●
●●●●
●●●
●●●●●●
●●●●●
●●●●●●●●
●●
●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●
●●●●●
●●●
●●●
●●

●

●
●
●●
●●
●

●
●●●
●●●●
●●●
●●●●●●
●
●●
●●●●●●●●●●●●●●●●●
●●●●●●
●●●●
●●
●●●●●
●
●●
●●●●●●●●●●
●●●●●●
●●●●●●
●
●●
●●
●●●
●●
●●●●
●●●●●
●
●●●●●●●●●●●●●
●
●●●●
●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●
●●●●●●●●
●●●●●

●

●

●

●

●●
●●
●●
●●
●●●●
●
●●●
●●●●
●●●●
●●●
●●●
●
●

●●

●
●

●
●
●
●●

●

●

●

●
●●●
●●●
●●●●●●
●●●

●
●
●

●

●●
●●
●●●●●
●
●●
●
●●●
●
●
●
●●●●
●●●●
●●
●●●
●●
●
●
●

●●●●●●●
●●●●●●●●●
●●●●
●
●●●
●●●●
●●
●●
●●●

●

●

●

●

●
●
●
●●●●
●●
●

●●
●
●●
●
●●●●
●
●
●●
●●●●●
●●●
●●●
●●●
●●●●●●
●
●●
●●
●●
●
●

●●●
●●
●
●
●●
●
●●●●●●

●
●●
●●
●●
●●
●●
●
●●
●●●●●
●●●
●●●●●●●●●●●●●●●●
●●
●●●●●●●
●●●●●●●●●
●●●
●
●●●

●

●

●●●●●●
●●

●

●

●●
●●●●●●●●●●●●●

●
●●
●●●
●●
●
●●

●●
●●

●
●●●
●

●
●●●●●●●●

●

●

●
●
●●
●
●
●
●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●
●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●
●
●●
●●●●●●●
●●
●
●●
●●●●●●●
●●●●
●●●●●●●
●
●●●●●
●●●●●
●●●
●●●●●●

●●
●
●

●
●

●
●

●●

●●
●
●
●●
●
●●
●●
●
●●
●●●●
●
●
●●●
●●
●
●
●

●●●

●●●●●
●
●●
●
●●
●●●
●●

●●●●●
●
●●●

●
●
●●●
●
●
●
●●●●●
●●●●
●
●●●●●
●●●
●●●●

●
●

●
●●
●
●
●
●●●●

●●●●
●●●●
●
●●
●●●●●●●
●●

●●
●
●●
●●●●●●●●●●
●●●●●●●
●●●●●●●●●●
●●●●●●●●
●●●●●●
●●●●●●●●●●●
●●●●
●●●●●●●●●

●●
●
●●●
●●●●
●●●●●
●●●●●●●●●●
●●●●
●●●●●●
●●●●●●●
●●●●●●●
●●●●●
●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●
●●
●
●●●
●●●●
●●●●
●●●●
●●●●●●●●●●●
●●●●●●●●●●●●
●●●
●●●●●●●●●●
●●●●
●●●
●●●●●●●●●●●
●
●●●●●●●●●
●●●●●●●●●●●●●
●●
●●●●●●●
●●●●●●●●●●●●
●●
●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●
●●
●●●
●
●
●
●●●●●●●●
●●
●●
●●●●
●●●●●●●●●

●
●
●●●
●●
●
●

●
●
●
●●●
●
●

●
●

●

●

●

●
●
●●●●
●●●
●●●●
●
●
●●●●
●
●●●●
●
●●
●
●
●
●
●●●
●●
●●●●●●●●●●●●●●●●
●●●●●●
●●
●●●●●
●●●●●
●●●●
●●●
●●●
●●●●●●●●●●
●●●●●
●●●
●●●●
●●
●

●
●●
●
●
●●
●
●●●●●●●
●●
●

●●
●●●●

●
●●●
●●●
●
●
●
●●
●●●●
●●●
●●●
●
●
●
●
●●●●

●

●●
●●●●●●●●●●●●●●●
●●●
●●
●

●

●●
●
●
●●●●
●●●●

●
●●

●

●●●
●●
●●●●●●●●
●●●●●●●●●●●●
●●●●●●●
●
●●
●●●●
●●
●●●●●●●●●●●●●●
●
●●●●●●
●
●
●●●●●●●
●●●
●
●
●●
●●●

●

●
●

●

●
●

●

●

●
●●
●●
●
●●
●
●
●

●

●
●

●●
●
●●●
●
●
●
●
●

●●
●
●●●
●
●
●●●
●●
●●●●
●
●●●●●●
●
●
●●●●●
●●●●
●
●●
●●
●●●●●●
●●●●●●
●●●●●
●
●●●
●●●●●●●
●
●●●●●
●
●●●●●●●
●●
●●
●●●●●●
●●
●●●
●●
●●●●●●●
●
●●●
●●
●●●●
●●●
●
●●●●●●●●
●●●●●●
●●●
●●
●●●

●

●

●

●
●●●●●●●●●●
●●●●
●
●
●●●●
●●
●●●●
●●
●●
●
●●●●●●
●

●●
●●
●●
●
●●●●●●●●●●●●●●
●●●●●●●
●
●●●●●●●
●●
●●
●●●
●●●●●
●
●●●●●●
●

●

●●●
●
●●●●●●●●●
●●●
●●●
●●●
●●●●

●

●

●

●
●
●●
●
●
●
●
●●●●●●

●
●●●●●●●●
●
●

●●●●●●●
●
●●
●●●●●●●
●
●
●●●
●●
●●
●●●
●●●
●●
●●
●●
●
●●●
●●●●●●●
●●●
●●
●
●●
●●●●●●
●●●●●●●●●●
●●●
●●●●●●●●
●●
●●●●
●●
●●●●●●
●●
●●●●●●●
●●●
●●
●●●●●
●
●●
●
●
●●●
●
●●
●●●●●●
●
●●
●
●●
●●●●●●●●●●●●
●
●
●
●●●●
●
●
●
●●
●●●
●
●●●●●●●●●●●
●●●
●●●
●●●
●
●●
●●●●
●
●
●
●●●
●●●
●●●●
●●
●●
●
●●
●●●●
●●
●●
●●●●
●
●●●●
●●●
●●
●●●●●●
●
●
●●●

●

●

●●●
●

●●

●●●●●●●
●
●

●
●●
●●●●●
●●●●

●●●●●
●●
●
●●
●●●●
●●●●●●
●
●
●●●●●●●●●●
●

●●●●●●●
●
●●
●
●●●●
●
●●
●●
●●●●●
●
●●
●
●●●●●●
●
●●●●●●●
●●●●
●
●●●●●●●●
●●
●●●
●●
●●●●●
●●●●●●
●

●●

●

●
●

●

●
●
●
●●
●
●●
●
●●●●
●
●●●
●●
●●●●
●
●
●●●●●●
●●
●●●●
●
●

●
●
●●
●
●●
●●●●●
●
●●
●●●●●●

●
●
●
●●●
●●●
●●
●●●
●
●●

●
●
●●●●●
●
●●●●
●●
●
●●●●●●●●
●●●●
●●●●

●
●
●

●●●
●●●●●●●●●●●
●●●●●●●●●●●
●●●●●
●

●●
●
●

●

●
●
●●●●
●●●
●

●●●

●●

●

●
●●●●●●●●●●
●●●
●●●
●●●
●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●●
●●●●●●
●●●●●●●●●
●●
●
●
●
●●●
●●●●●●●●●

●
●●

●
●●
●●●●●
●
●
●●
●●●●
●
●●

●●●●●●
●●
●●●
●●
●
●●
●●●●●●●●●●●●
●●●●●●●

●
●●
●
●●●
●●
●●●●●●●●●●●
●●●
●●
●●●●●●●●
●●●●●
●●●●
●●●●●
●●●

●

●
●●●
●●●●●
●●●●●
●●●
●
●●
●●●
●●●●●●
●●
●●●●●
●
●
●●
●
●
●●●●
●●●●
●●●
●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●
●
●●●
●●●●●●●●
●●
●●●
●●
●●●●●●●
●●
●●●●●●
●●●●●●●●●●●
●
●
●●●●●●●●●
●●
●●●●●●●●
●
●●●
●●●●●●
●●●●
●●
●●●●●
●●●●●●●
●●●●●
●
●●●●●●●●
●
●
●
●

●●●●
●●●●●●●●
●●●●●●
●
●●●●
●●●●●
●●●●
●

●
●●
●●
●●●●
●●●
●

●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●
●
●●
●●●●●●
●●
●●●●●●●●●●●●●●●●●●●
●●●●●●

●

●

●
●●
●●
●
●●●●
●●
●●
●●●●●●●●●●●●
●●●●
●
●●
●●●
●●●●●●●
●●●●●●●●●●●
●

●

●
●
●●●●●

●●
●
●
●
●●●
●●●
●
●●●
●●●●●●
●●●●●●

●
●●●
●●●●●●●
●●●●●●
●●●●●●
●●●●●●●●●●
●●●●●

●

●●
●●
●
●●●●
●●
●●●
●●●
●●●●●●●●●●●●●
●●●●
●●●●●●
●●
●●
●●
●

●

●●●●●

●

●

●

●

●

●
●●●
●●●
●●
●●
●●●●●●●●●●●●●
●●●●●
●●●●●●
●●●●●●
●
●●●●●
●●●
●●●●
●●
●●
●●
●
●●
●
●
●●●
●●●
●
●●
●●
●
●

●

●

●●

●●

●

●

●
●●
●●●●●
●●

●

●
●

●
●●
●
●
●●
●●
●

●
●●●●●
●●
●
●●●

●●●

●●●
●

●●●
●
●●
●
●●●●●●●●
●●●●
●●●●●●
●●●●●
●●
●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●
●●●
●●●●
●
●●●
●
●●
●●●●●●●●●●●
●●
●●●●●●●●●
●●
●●●
●●●●●●●
●●●
●●●●●
●●●●●●●●●●●●●●
●●●●
●●●●
●●●●●●●●●
●●●●●●●●●
●
●
●
●
●●●●●●
●●●●●
●●●
●
●●●●●
●
●●●●
●●
●●●●●●●●●
●●
●
●
●●●●●●●●●
●●●
●●●

●

●●●

●

●

●●●
●●●

●●●

●

●
●

●
●●
●●●●
●

●

●

●

●

●
●●●●
●●●●●●●●
●●●
●●●●
●●●●●●●●●●●●●●●●●
●●●●●
●●●●
●●●
●
●●●
●
●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●
●●●
●●●●●
●●●●
●
●
●●●●●●●●
●●●
●●●
●
●●
●
●

●

●

●

●

●
●●
●
●●
●●
●
●●●●●
●●
●●●●
●●●●●
●●
●●●●●
●●●
●●●●
●●●●●●
●●●●●●●●
●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●
●●●●
●●●
●
●●●●●●●●
●●●●●●
●●●●●
●●●●●●
●●●●●●

●

●

●

●●

●
●●

●●

●

●●

●

●

●
●●●

●●●●●●●
●●
●●
●●
●●
●●●●●●●●
●
●
●●●
●
●
●●
●●●●
●●●
●
●●
●
●●●●●●●
●●●●●●●●
●●●●●●
●●●●●●●●●
●●●
●●●●●

●
●●

●●
●●●
●●●
●●●●●●
●●●●

●
●

●

●

●
●
●●●●
●●●●
●
●●●●●●●●●●●●●●●●●●●
●●
●●●●
●●●●
●
●●●●
●●
●●●●●●●●●●●●
●●●●

●

●
●
●
●
●●
●●
●●
●
●●●
●●●●●●●●
●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●
●●●
●
●●●
●●●●●●●●●●
●●●●●●●●●●●
●●●●
●●●●●●●
●●●●●●
●
●
●●●

●

●●

●
●
●●
●●●●
●●●
●
●
●●●●

●

●
●
●
●●
●●

●

●
●
●●●●●●●
●●●●

●

●

●●

●●
●●●
●●●●●●●●●●●●
●●●●●●

●●●●●●●
●
●●

●●●●
●●
●●●
●●
●●●●●●●●
●
●●●●

●

●
●●●●●●●●●
●●●●●●
●●●●
●●
●●●●●
●●
●●●●

●

●

●
●●
●●●●●●●
●●
●●
●●
●●●●●●
●●●
●

●●●●●
●
●●
●●
●●●●●●
●
●
●●●●●●●●●●●●●●●●●●●
●●●●
●●●●
●●●●●
●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●
●●●●●●●●●
●●●●●●
●●
●
●
●

●

●

●●●

●
●●●●●
●

●

●

●
●

●

●

●

●

●●
●●●●
●●
●●
●●●●●
●
●●●●
●●
●●●
●
●
●●●●
●●
●●
●●●
●●●
●●●
●●
●●

●●●●●●
●●●●
●●●
●
●●●●●●●●
●
●●
●●●
●●●

●●●
●
●●●
●
●●●
●
●●●
●●
●●●●●●●●
●●●
●
●●●
●

●
●●●●●
●
●

●
●●●●●
●●
●●●●●
●
●●●
●●●
●
●
●●●●●●●●●
●●●●●●●●●●●
●●●
●●●
●●●●●●●
●
●
●
●
●●
●●●
●
●●
●
●●●●
●
●
●●●●
●●●
●●
●●●●●
●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●

●

●
●
●
●●
●●●●●●●●
●●
●●●●
●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●
●●●●●●
●
●●
●●●●●●●●●●●
●●
●●●●●
●●●●●●●
●●
●●●●●●●●
●●●●●●
●●●●●
●●●●●●●●●
●●
●●●●●●●●●●●●●
●●●●●
●●●●●●●
●●●
●●●●●
●●●
●●●●●●●
●●

●

●

●
●●●●●
●●
●●●●●●●●●●
●
●●●●●●●●
●●●●●
●
●●●●●●●●●●●●●●
●●●●●
●●
●
●●●
●●●●●●
●●●●●●●●●●●
●
●●●●●●●●●●●●●●

●

●

●

●
●

●●●
●
●
●●
●●
●●●
●●●
●●●●
●●●
●●●
●●●●●
●●●
●●●
●●●
●●●●●

●

●●●●●●●
●●●●
●

●●
●
●
●●
●
●
●
●●
●
●●

●
●
●●
●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●
●●●●
●●●●
●●

●
●
●
●
●●●●
●●
●
●
●
●
●●●
●●●
●●
●●●
●
●●●
●
●
●●
●●●●
●
●●●
●

●
●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●

●

●

●
●

●

●
●
●
●
●
●
●

●

●
●

●
●
●
●●
●●
●●●
●●●●●●
●●●
●
●●●●
●●

●
●●●

●

●●
●
●●●
●
●
●●●●

●●●
●●
●●●
●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●
●
●●●
●●●●
●●●●
●●●●●●●●
●●
●●
●●●●●●●
●●●●●
●●●●
●●
●●●
●●●●●●●●
●●●●●
●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●
●●●
●●●●●
●●●
●●●●●●
●●●●●
●●●

●

●●
●●
●

●

●●

●●
●●
●●
●

●
●●●●●●
●
●●●●●●
●●●●●●●●●●●
●●●
●●
●●
●●●●
●
●●
●●●●●
●
●●●●

●●●●
●●●●●●●●
●●●●●●●
●
●●●●●
●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●
●●●

●

●

●●
●
●●
●
●
●●
●●●
●
●●
●●●●
●●
●●●●
●●●●●●●●●●●●●
●●●
●
●
●●●●●
●●●●●●●●
●●●●●●●●

●●

●●
●●
●●
●●●●●●●●●●●●●●●
●
●
●●
●

●
●
●

●●●
●●●●●●●●
●●●●
●●●●
●●●●●●
●●●
●●●
●
●●●●●●●●
●●●●●●
●●●
●●●
●●
●●●●●
●
●●●●●●●●●●●
●
●●●●
●●●●●●●●●
●●●●●●●●●●●●
●●

●
●●●●●●
●●
●
●●
●●

●

●
●

●

●●●
●

●
●●●●
●
●●

●

●
●
●
●
●
●
●●●
●●
●
●●●●●●●
●●●●●
●●●●●
●●
●●●●
●
●●●
●●
●●●●●●●●●●●
●
●
●●●
●●
●●●●●●●●●
●
●●●
●●●
●
●
●●●●
●●
●●
●●●●●●●●
●
●●●●
●●
●
●●
●●●●●●●
●●
●
●
●●●
●

●●
●
●

●●●

●

●

●
●
●

●
●●
●●
●

●
●●
●●

●●●
●●

●●
●●
●●
●●
●●●●

●
●●●●●●
●
●●●

●

●

●●
●●●●
●●●
●●●●●●
●●●●●●
●●●●●●●

●●
●●
●
●

●
●
●
●●
●

●
●
●●
●●●
●●●●●
●●
●
●●
●
●
●
●●

●
●
●●●●●
●●
●●
●●●
●
●●●●●
●●●
●
●
●●
●
●●●
●●●●

●

●

●

●

●●

●●

●
●●●
●
●●●
●●●
●●●●●
●●
●
●●
●●
●●●●
●●

●●

●
●

●

●
●

●
●●●●

●●
●

●●●●●●●
●●●
●●●●

●

●●
●
●●
●

●●
●●●●●●
●
●●●●●●●●●
●●●●
●
●●●●●●
●
●
●

●●●●
●●
●
●●●
●
●●●●●●●●●●
●●●●
●●●
●

●

●

●

●
●●●●●
●

●●●●●●
●●●
●

●●
●●
●●●●●●●●●
●●●●●●
●
●●●●●●●●●
●
●●
●
●●●●●●
●●●
●
●

●

●
●●●

●
●●●●
●●

●
●
●
●●●●
●
●●●●●●●●●●
●
●
●●●●●●●
●●
●●●●
●●
●●●
●●
●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●
●●

●

●
●

●

●
●
●●
●●●
●●
●●

●●●
●
●
●●
●●●●
●●●●●●●●

●
●
●
●●
●●
●●
●●
●●●●●●●
●●●●●●●●●●●
●●●●●
●●●●●●●
●●●
●
●●●
●●
●
●
●●●●●●●●●●●●●●
●●●
●●
●●●●●●
●●●
●●●●

●

●

●

●

●●●

●

●

●

●●●
●●●●
●●
●●●●●
●●●●●
●●
●
●●●
●
●●
●●
●
●
●●
●●●●●●●

●

●
●
●
●●
●
●
●
●●●●●
●●●●

●
●
●●●
●●●
●
●●●●●●●●●●●

●

●●●
●●
●●●●
●●●●●
●●●●●●●●●●●
●
●
●

●

●

●●
●●●●●●●
●
●●
●●
●
●●●

●●

●●
●
●
●
●●
●●
●●●●
●●●
●●●●●●●
●
●●
●

●

●
●
●
●●
●●●●
●●
●●●●●
●●●●
●●●●●
●●●

●
●●●●

●●●●●●●●
●
●●●●
●●●●●
●●●●
●
●●●
●●●●●●
●
●●

●
●●●●
●
●
●
●●
●●●●
●●●
●
●
●●
●●
●
●
●●●●●●●●●●●●●●●●●
●●●●●
●
●●●
●
●
●●●●●●●
●
●
●●
●●●
●●
●●●●●●●
●●●●●●●●
●●●
●●●●●
●
●●●●●●
●●●●●●
●●●●●●●●
●●
●
●
●●●●●●●●●●
●●●●●
●●●●●
●●●●
●
●
●●
●
●●●●●
●●●

●●●●
●●●●●
●●●●●●
●●

●

●
●
●

●●

●●
●
●●
●●
●
●●●
●●

●

●
●●

●
●
●

●●●●

●

●

●●●●
●●●●●

●●●●●●●
●●●●●

●●●●●●●
●
●●
●
●●●●●●●●●
●●●●●●●●●●●
●●●
●●●
●
●●
●●●●●
●●●●●●●●●●●●●●
●●●●
●●●●●
●●

●●●
●●●
●●●

●

●
●●
●●●

●

●

●

●
●●
●●●
●
●●
●●●●

●
●●●●●
●

●●●
●
●●●●
●
●●●
●●●●●
●●●●●
●●●●●●●
●●●
●
●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●
●●●●●●●
●●●

●

●

●
●●

●

●

●

●●●●
●●●●●●●●●
●●●●●●●●●●●●
●

●

●
●

●

●
●

●●
●

●●

●

●

●

●

●

●
●
●●
●●●●●●●●●●●●

●●●●
●●●●●●●
●●●●●
●●●●●●●
●●●●●●●
●●●●●
●●●●
●●●
●●●●●●●●●●●●
●
●●●
●●●
●●●●●●
●●●
●
●●●
●●●●●●

●
●●

●
●●●
●●●

●
●

●●●●

●

●

●
●
●●●●●●●●●
●●●

●
●●●●
●
●

●●
●●
●●●●●●
●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●

●●●
●●●

●
●
●●
●●●
●
●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●●●
●●
●
●

●

●●

●

●
●
●●●
●●●●●
●●●
●

●

●●
●
●●
●
●●●●
●
●●
●●●●
●●●●●
●
●
●●●●●
●●●●
●●●●●●●●●●●●●
●●●●●●●●
●

●
●
●
●●●●●●●
●●●●●●●
●●●●●
●●
●●●
●

●

●

●
●
●●●
●●●●●●●●
●●●●
●●
●
●●
●●
●
●

●

●
●●
●●
●●
●●
●●●●●●
●●●●●●●●
●
●
●
●●●
●●●●●
●●●●●●
●●●
●
●
●●●●
●●
●●●●
●●●
●
●●
●
●
●●●●●●
●●●
●●●●●●
●●●●●
●●●●●
●●
●
●
●
●●●●●●
●●●●
●
●●●●●●●●
●●●●
●●●●●●●●
●●
●
●●
●●
●
●
●●
●●●
●●●
●
●●
●
●●●
●
●●
●●●
●●
●
●

●

●●

●
●●
●
●●●
●
●
●●
●●●
●
●

●

●●
●

●●●
●●
●●●

●
●
●

●

●
●●
●●
●●●●●

●

●
●●●
●●●
●

●

●●

●●
●
●●

●●●
●●●
●●●●
●
●●●●●
●●
●●
●

●
●●
●
●●
●
●●●●●●●
●●

●●
●●
●
●
●

●●
●
●●
●●●
●●
●●
●●●●
●●●
●●●
●●●
●●
●●●●●
●
●●●●
●●
●●●●●
●
●●
●●●●●
●●
●●
●●
●●●●
●●
●

●

●

●
●●
●
●●●●●●
●
●●●
●

●

●

●

●
●●
●●●●●●●●●
●●●
●●●●●
●
●●●●
●
●
●●
●●●
●●●●
●●●
●
●
●●
●●●
●
●●●
●
●
●
●
●
●●●●●●●
●●●●●●●●●●●●
●
●●●

●
●●●●●
●
●●●●●
●●●
●

●
●●

●

●

●

●

●●

●●
●●
●●●
●●●●
●●●
●●●●
●●●●
●●●
●
●●
●
●
●●●●●●●●●
●●●●●●●●
●
●●●●●●
●●●●●●
●●
●
●●●
●●
●●●●●●●●
●●●●●●
●●
●●
●●●●
●
●●●
●●●●●
●
●●●
●

●●●●●
●●
●●●●●●
●
●●●●●
●
●
●●●
●
●
●●
●
●●
●●
●●
●●
●●●●
●
●
●
●●
●●
●●
●●●●
●●●●
●●●●
●●●
●●●
●
●
●●
●●●●●●●
●●●
●●●
●●●●●
●●●●●●●
●●
●●●
●
●
●●●
●●●●●●●●●●
●●
●●●●●
●●
●●
●●●
●●●
●●●●●
●●●
●●
●
●
●
●●●●●●●●●●
●

●●●
●

●

●
●
●
●●

●

●●●
●

●

●

●
●●

●
●
●●●
●●●●●●●
●●●●●
●
●●●●●●●
●●
●●
●●●
●●●
●●●●
●
●●●
●
●●
●
●
●●
●
●●●
●●●
●
●
●
●●●
●
●●
●●
●●●●●
●
●
●●●
●●●
●●●●
●●●
●●
●●●●●●●●●
●●
●
●●
●●●●
●●●●●●
●
●
●●●●
●
●●●●●●●

●●●●
●●
●●●●
●●●
●●●
●
●●
●●
●●●●●●●●●●●●●●●●●
●●●●
●●●●
●
●●●
●●

●

●●●●
●
●
●●
●
●

●●
●
●●
●●●
●
●●●
●
●
●●●●
●
●
●
●●●
●●●
●
●●
●
●
●●●●●
●●●●●●
●●
●
●
●●●●●●●

●

●
●●●●
●
●
●

●●●●
●●●
●
●●
●●
●
●
●

●●●●
●

●●●
●
●
●●●●●●
●
●

●
●●●●
●●●●●

●●
●●●●●●●●
●●●
●●
●●
●●●●●●
●
●●●●
●
●●●●●
●●●
●●
●
●
●●

●

●
●

●

●

●●

●
●

●

●

●
●●●●
●●
●
●●●●●●●

●
●

●●●●
●●●●
●●●●●
●●●
●
●
●●●●●
●●
●●●●●●
●●●
●
●●●
●●●●●●●●
●●●
●

●●
●●
●
●
●
●●
●

●

●
●
●

●

●

●
●●●●●●
●
●●●●●●
●●●●●
●●
●●●
●●●●●
●●●●
●●
●

●

●●
●●
●●
●
●●
●●●●●●●
●●●
●●●●●●●
●
●●
●
●
●
●●
●●●
●
●●●
●●●●●
●●
●●●
●●
●●
●

●

●
●●●
●●
●
●●●●●
●●
●●
●●
●●
●●●
●
●●
●●●
●
●●●●
●
●●●●
●
●
●●
●●●●
●
●●
●
●

●●
●●●●●●●

●●
●
●●
●●●●
●
●
●●
●●●
●

●

●

●●
●
●●
●●●●

●●

●●●
●
●●●
●●●●●●
●

●

●
●
●

●

●
●
●
●●
●●●
●
●●●●●●●●
●●●●●●●●●●●
●●●
●●●●

●
●●●
●●●
●
●
●●
●●●
●●●●●
●●●
●●●●●
●
●
●
●●●●●●●●●●●●●●●●●●
●●●
●●●●
●●●●●
●●●●●●●●
●●
●●
●●●
●●●●●
●
●
●

●
●●
●
●●●
●●
●●●●
●●●●●
●
●
●●●●●●●●
●●●●

●
●
●●
●
●●●
●●
●●
●
●●

●
●●
●●

●
●

●●
●●

●
●
●●

●

●●
●●●
●
●●●●
●
●●
●●
●●
●●●●●●
●●●●●●●
●●
●
●●●●●
●
●●●●

●
●
●
●●

●
●●
●●
●●

●●
●
●●
●●
●●

●
●●
●
●
●
●●

●●●●
●●●●●
●●●●●●●●
●●●
●●●
●
●●●●●●●
●
●●●●
●
●●
●

●●

●

●

●●

●
●●
●●●
●
●●
●
●●

●

●
●
●
●

●

●
●
●
●
●
●
●●
●
●●
●●
●●
●●●
●
●●
●●
●●
●
●
●●●
●●●
●
●
●●●
●
●●
●●
●●
●●

●●●
●
●
●

●●●

●●
●
●●●
●●●●●●●●
●●●
●●
●●●
●●●●●●●●●●●●●●●●●●●●●
●●●
●●
●●●●●
●●●●●●●●●●●●●●●●●●●
●●●
●
●
●●
●●
●●

●
●
●
●●●●
●

●●

●●
●●

●

●
●●
●●●●●
●

●

●

●

●
●
●

●●●●●●
●●
●●●●●●
●●●
●●●●●●●
●●●●●●●●
●
●
●●
●
●●●●●●●
●●●●●
●●●
●
●●●●●●●
●●
●●
●●●●●●●●●●●●
●●●●●●
●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●
●

●

●

●●●●
●●●
●
●●●●●●●
●●●
●●
●●
●●●●

●

●●●●
●●
●●
●●●●●●●●●●
●●●●●●●
●
●●●
●●●●●●●●●●
●●
●●●●●●●●
●●
●●●
●●●
●●●●●●
●●●●●●●●●●●●●●●●●
●
●●●●●●
●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●
●●
●
●●●●●●
●●
●
●●●
●
●●
●●●
●●●
●
●
●
●

●

●●
●
●

●

●

●

●
●
●

●●
●●●
●
●●
●●
●
●●●●
●●
●●
●●●
●
●

●

●●
●●●●
●
●●●●●●

●
●●
●●

●●
●

●
●

●
●

●●●●

●●
●●

●
●
●●
●
●

●●
●●●
●
●
●
●
●
●
●●●
●●●
●●
●

●●
●

●●
●
●●●●
●●●
●●●●
●●
●●
●●
●

●●
●
●

●

●
●
●

●
●
●●●
●●●●●
●
●●●●●●●
●●
●●●●
●●●

●●
●

●
●
●
●●●
●●
●●●
●

●●●
●●
●●
●●●●
●●●●
●●
●
●

●
●●●
●●
●●●●
●
●
●●●●●●●
●
●
●
●
●●

●●●●●●●●
●●

●
●
●
●●●
●●●●●
●
●
●●
●
●
●●
●

●●
●
●
●●●●
●●●
●
●●
●●●
●●●●●●●●
●●●
●●
●●
●●●●●●
●●●●
●●●●●●
●
●
●

●●
●●●
●●
●●
●
●●
●
●●●

●
●●●
●●●
●●●
●●
●●
●●●●●●●●●●
●●
●
●
●
●
●●●●●●●●
●●●●●
●
●
●●●●●●
●●

●●
●
●●●
●●●●
●●●
●
●●
●●●
●●
●●●●
●
●●●●●●●●
●
●●●●●●●●●●●
●

●

●

●

●
●
●
●
●
●●●●●●●●
●
●
●
●●●●●
●●●●●●●●
●●●

●●●●●●●
●
●●●●
●●
●●●
●●●
●●●
●
●●●
●●●●●
●
●
●●●●●●●
●●
●
●●●●
●●●
●●
●●
●
●
●●●
●
●
●●●●●●●
●

●
●●●
●
●
●●●●●●●●
●●●●●●●●●
●●●●

●●
●
●●
●

●●●●●
●●●●
●●
●●
●
●
●●

●●
●●
●●
●
●●●
●

●●
●
●●●●
●
●●
●

●●●●
●●
●
●
●●●
●

●●
●
●
●●

●●
●●●
●
●
●●●
●●
●●
●●●●
●●
●●
●●●●
●
●
●●
●●

●●●
●
●
●●●
●
●●
●
●●●●
●●●●●●●●●
●●●●●●●●
●
●●●

●●
●●●●●
●●
●●
●
●●
●
●
●
●●●
●●●●●●●
●●●●●
●

●●●●●
●●
●●●●
●●●●●●●●
●●
●●
●●
●●
●●●●
●
●●
●●●
●●●
●●
●●●●●●●●●●●
●

●●

●●●
●●
●
●●
●●
●●
●●●
●●●

●
●

●●
●
●
●●●●

●
●●
●●●
●●
●●
●●
●
●
●
●
●●
●●
●
●
●
●
●

●●●●
●●●
●●●
●
●●
●●●
●●●●●●●
●●●●●●●
●
●
●●
●●●
●●

●●
●
●
●

●
●●

●
●●

●●●
●
●●
●●●
●
●
●
●●●●●
●
●●●●●
●●●
●
●
●●●
●
●
●●
●●
●●
●●●
●●
●●●●●●●●●●
●●●●

●
●●
●●●
●●●●●●●●●●●●●●●●

●

●
●●●
●
●
●

●
●

●
●
●●●●
●●●●
●●●
●●●●
●

●

●
●

●

●

●●●●
●●
●
●
●●●●
●●●
●●●●
●●●●●●
●
●●●●
●
●●●●●●●●●●
●●●●●●●

●●●●●●
●●●
●
●●●
●●●●
●●●●
●

●

●●
●●
●●
●
●
●●

●

●
●●

●●
●●●
●
●
●●●
●●
●
●
●●
●●
●
●●●

●
●●

●●●
●
●●●●●●●●●●●●
●●●
●●
●●
●
●
●
●

●●●
●
●

●●

●

●

●
●

●

●●

●●●●
●
●
●

●
●
●
●

●
●
●●●●
●
●●●●●●●●●●●●
●●●●
●●●●●●●●
●●
●●
●●●●
●
●●
●●
●●●
●●●
●●●●●●●●●
●●●●●●●●●●●●
●●●●●
●●●
●●●
●●●●●●●●●●●●●●●●●●
●●
●
●●●●●
●●●●●●●●●●
●●●●●●●●●
●
●
●●●●●●●●●●
●●●
●●●●●●●●●●
●●●
●●●●●●
●●●●
●●
●
●●
●●●●●
●●●●
●●●●●●●●●●●●

●

●

●
●●

●

●

●

●

●●
●
●●●●
●●●●
●●●
●●●●●●●●●
●●●●
●●
●●●●●●
●●●●●●
●
●●●●
●●●●
●●
●●●
●●●●●
●●●●●●●
●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●
●

●

●●●●

●

●

●●
●
●●
●●
●●●
●●
●●

●●●●●
●
●●

●●

●●
●●●●
●

●

●●
●

●●●●●
●
●
●
●
●●
●●
●●

●

●

●

●●●●●
●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●
●●●●●●●
●●●●
●●●●●●●●
●
●●●
●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●
●●●●

●

●
●●●●●●●●●

●
●●●●●●
●●●
●
●●
●●
●

●

●●●●●●●
●
●●
●●
●

●

●

●
●●●●
●●●
●●
●●●
●●●●●●●●●
●
●
●
●●●●●●●●
●
●●
●
●
●●●
●
●●

●
●

●

●●
●●●●●●
●●●●●
●●
●

●●●
●
●
●●
●●●●●
●
●●●●
●●●●●●●●●

●●

●●●
●●●
●●
●
●●●●
●●

●
●
●●
●
●●●●●●●●●●●●
●
●

●
●●●●●
●●●●●●●
●●●
●●●●●●●●
●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●
●●
●●●●●●
●
●●
●●
●●●
●●●●●●

x 3

−4
−2

0
2

4

01
−M

ay
−1

9

15
−M

ay
−1

9

29
−M

ay
−1

9

13
−J

un
−1

9

27
−J

un
−1

9

12
−J

ul−
19

26
−J

ul−
19

10
−A

ug
−1

9

24
−A

ug
−1

9

08
−S

ep
−1

9

●

●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●
●
●●
●
●●●
●●●●●●
●●
●●●●●●●●●
●●●●●
●●●●●●
●●●●●●
●●●●
●
●●
●●●●●
●
●●●●
●●●●●●●●●●
●●●●●
●●
●●●●●●●●●●●●●●●
●●●●
●●
●●●●●●●●
●●●●●●
●●●●●●●●●●
●
●●●●

●

●

●
●

●

●

●
●
●

●●
●
●●
●
●●●●●
●●●
●●●●●●●●●
●●●●●
●
●
●
●
●●
●
●●●●●●●
●●●●●
●●●●
●
●●●●●●
●●●●●●●
●●●
●●
●●●

●

●

●

●●●
●●●●●●
●●●●●●●●●●●
●●●●
●●
●●
●●●●●●

●

●●
●●●●
●●
●●●●
●●●
●●●●
●●●●●●
●●●
●●●●
●●●●●
●●●
●●●●●●●●●●●●●
●●●●●●
●●●
●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●
●●●
●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●
●●●

●
●
●
●
●●
●●●●●●
●●●●●
●●
●●
●●
●●
●●●●●●
●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●
●●
●●●●
●●●●●●●
●●●●●
●●

●
●●●
●●
●●
●●●●
●●●
●●●●●●●
●●●
●●
●
●
●●●
●
●●●●●●●
●

●

●

●
●●
●●●
●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●

●

●

●

●
●●●●
●●
●
●
●

●

●
●●
●

●

●

●●
●●
●●●

●

●

●

●
●●●
●

●
●●
●
●
●
●●●
●●
●●●●●
●●●●●●

●
●
●●●
●●
●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●●●●
●●●

●
●●
●●
●
●
●●●
●

●
●

●
●●●
●●
●●●●
●●●●●●●●●
●
●

●

●
●
●●
●

●

●

●
●

●

●●●●●
●●
●●●●●●●●●
●
●
●●●

●

●
●●●
●●●
●
●●●●●
●●●●
●●●●
●●●●●●●
●●●●●
●
●

●

●●
●●
●
●
●
●
●
●
●●
●●
●●●
●●
●●
●●●●●●
●●●●
●●●●●●●●●●
●●●●●●
●●●●●●
●●●
●
●
●●●●
●●●●●●●●
●●●●●●●
●●●●
●●
●●
●●
●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●
●●
●
●●
●●●●●
●

●●●●●
●●●
●
●●●●●●●●
●●●●
●●

●●
●
●
●●
●●●●
●●●
●●●●●●
●●
●●●●
●●●●
●●
●●●
●●●●●●●
●●●●●●●
●

●

●●
●●
●●●
●●●
●●●●●●●●●●
●●●●●●●
●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●
●●
●
●

●
●
●●●●

●●●
●●●●●●●●●●●●
●

●

●
●
●
●
●
●●●
●●●
●●
●●
●
●●
●●
●●●
●
●●●●●●●●●●
●

●

●
●●
●●
●●●●●
●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●

●

●

●

●

●
●
●
●●●●●●●●●●●●●
●●
●●●●
●●●●
●●●
●●●●●●●●●●
●●●●●
●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●
●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●
●
●●

●
●

●

●
●●●●
●●
●●
●●
●●●
●●
●●●
●●●●
●●●●●●●
●●●●●●●
●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●
●●●
●●●●●●●
●●●●●●●●●●●●●●●
●●●●

●

●

●

●
●
●
●●●●
●●●
●

●

●●

●
●

●

●

●
●
●●●●●●●●●●●●●●●
●

●●
●
●

●

●
●
●●●●●
●
●
●
●
●
●
●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●
●●●●●●●
●●●●
●●●●
●●●●
●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●
●●
●●
●●●●
●●
●●●
●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●
●●●●●●●●●●●●
●●●
●●
●●●●●●●●●●●●●●●●●●
●
●
●●●
●●●●●●
●●●●●
●●●●●
●●
●
●●●
●
●●●●●●●●●

●●
●

●
●
●●
●●
●●●●●●●●●
●●
●●●●●●●●●●
●●●●●
●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●
●●
●●●
●●●
●●
●●●
●●●●●●

●

●
●●
●●●●●●●
●●●●
●●●●
●●●●●●●●●●●
●●●●
●●●
●●●●●
●●●●●●
●

●
●

●

●

●
●
●

●●
●

●●●●●●
●
●
●
●
●●

●

●
●
●●
●

●

●

●

●

●●●
●
●
●●●●●●●●
●●●
●●●●
●●
●●

●

●
●●
●
●
●
●●●
●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●
●●●●●●●
●●
●
●
●
●
●●
●●
●●●●●●●●
●●
●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●
●

●
●●
●●●●●
●●●
●

●
●●●●●●●
●●●●
●●●●●
●●●●●●●●●●●●
●●●●●●●●●
●
●●●●●●●
●●●●●●
●●
●●●●●●●
●●●●
●●●●
●●●●
●●
●●
●●●
●●●●●
●●●●●●●
●●●●●●●●●
●●●●●●●●●●
●●●
●●●●
●
●●●●●●●
●
●●●
●●
●●
●●●●
●●●
●
●●●●●
●●●●●●●
●
●●●●●●●●●●
●●●●●
●●●●
●
●●
●●
●●●●
●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●
●●
●●●●●
●●●
●●
●●●●●●●●
●
●●●
●●●●●●●●
●●
●●●●●●
●●●●●
●●●●●●●●●●●●●●
●●●●●
●
●●
●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●

●
●
●●●●●●●
●
●●
●●●●●●●●●●●●●●●●●●●●●●●
●
●●
●●●●●●●●

●
●●●
●●●●●
●●
●●●●
●●
●●
●●●
●●●●●●
●●●
●●●●●●●●●●●●●●●●
●
●
●●●●
●
●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●
●●●
●●●
●●
●●
●●

●

●

●●●●●
●
●
●●
●●
●●●●
●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●
●●●●●
●●●●
●●●●●●●●●●●●●●●●
●●
●●
●●●
●●●
●●●●●●
●●●●●●●●●●●●
●●
●●●●
●●●●●●●●●●●●●
●●●
●●●
●●●●●●●
●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●
●●●●●●●●●
●

●

●

●

●●
●●
●●
●●
●●
●●●
●●●
●●●●●●
●●●●
●●●●
●●

●●

●

●

●
●●●●●

●

●
●●●●●●●●●●●●●●●●●●●

●

●
●●●●●●
●
●●●●●●●●●
●●●
●●●●●
●●●
●●
●●
●●●●●
●●
●●●
●●●●●●●●●
●●●
●●●●●●●●●●●●●●
●●●●
●

●

●

●
●●●
●
●●
●●●
●●
●●●
●●●●●
●●
●●●●●●●●
●●●●●●
●●●●●●●●●●●●●
●●●
●●●●●●●●
●●
●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●
●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●
●

●

●
●
●●●●●●
●

●

●

●
●
●●
●●●●
●●●●●●●
●●●●●●
●●●●●●●●●●●●●
●
●●●
●●●●●●
●
●
●●●
●
●
●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●
●●●●●●●●●●●●●●●
●●●
●●●●
●●●
●●●●●●●●●
●
●
●
●●
●●
●
●
●●
●●
●●
●
●
●●●●
●●●●
●●●●●●●●●●●
●●●●●●●●●●●
●
●
●
●●●●●
●●
●
●●
●●●●●
●
●
●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●

●
●
●
●●●●●●●
●
●●●●
●●●●●●●
●●●●●●
●●
●●
●●●●
●●●●●●●
●●●●●●●●●●●
●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●
●●
●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●
●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●
●●
●●●●●●●●●●●●●●
●
●●
●

●

●

●
●
●●●
●●●
●
●
●●
●●
●●●
●●●●●
●●●●●
●●●
●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●
●●●●●●
●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●
●●●●●●●●●●●●
●●●
●●
●●●●●
●●●●
●
●●●●●●●
●
●
●
●●●
●●●●●●●●●●●●●●●●●
●

●

●●●
●●●●●
●●●●
●●●
●
●●
●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●

●

●

●

●
●●●●
●
●●
●●
●●●
●

●●●
●●
●●●
●●●●
●
●●
●●
●
●
●●●●●
●
●●●
●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●
●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●
●●●●●

●

●

●

●

●
●
●●●●●●●●●●
●●●●●●●●●●●●●●
●●
●●●
●●●●●●●●
●●
●●●
●
●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●
●
●
●●
●●●●
●●●●
●●●●●●●●●●●●
●

●

●

●
●●●●
●●
●
●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●
●●●
●●●●●●
●●●●●●●●●
●●
●●●●●●
●●●●●●
●●●●●●●●
●●●
●●●●●●●●
●●●
●●●●●●●●●●●
●●●
●●
●●●●●●
●●●●●●●●●
●●●●●●
●●●●
●●
●
●●
●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●
●●
●●●●●●●●●●●●
●●
●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●
●●●●
●
●●●●●●
●●●●●●●
●
●
●●
●●
●●●●●●●
●●●●●●●●●●
●●●●●●
●●●●●
●
●●●●●●●●●
●●●
●●●●●●●
●●●
●●●
●●
●●
●●●
●●
●●●●
●
●●
●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●
●●●●●●●●●●●●●
●
●
●

●
●

●

●●●●
●
●●
●●
●●
●●●
●
●●●●●●●●●
●●●
●●●●●●●●●●
●●
●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●
●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●
●
●●●●
●●●●●●●●●●●●●●●●●●●●
●●
●●●●●

●●●●●●●●
●●
●●●●●
●●●●
●
●
●
●●
●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●
●
●●
●

●
●●●●●●●
●
●
●●
●●
●●●●
●
●●●●●●●●●●●●
●
●●●●●●●
●●●●●
●●●
●●●●
●●●●●●●●●●
●●
●●●●●●
●●●●●●
●
●●●●●●●
●●●●●●●
●●●●
●●
●●●●●●
●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●
●●
●●
●●●
●●
●●
●
●●●●●●●●●●●●
●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●

●

●
●●●●●●●●

●

●●●●●●●●●●●●●
●
●●
●●●
●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●
●●●
●●●
●
●
●
●●
●●
●●●
●●●●●
●●●●●●●●●
●●●●●●
●●●●●●●●●●

●

●
●
●●
●

●

●

●
●●
●●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●
●●
●●●●●●●
●●●●●●●●●●●●●●
●●
●●
●●●●●●●●●●●●●●●●
●●
●

●

●

●

●

●
●

●

●
●
●
●
●
●●●
●●●●●
●●
●●●●●●
●●●●
●●●
●●●●●●●●●
●
●
●●
●●●●●
●
●
●●
●●●●●●
●●●●●●●●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●
●●●●●
●●●●●●●●●
●●●●●●●●●●
●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●
●●
●●●●
●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●
●
●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●

●

●

●
●●

●
●●●●●●

●●●
●

●●
●
●
●●●●●●●●

●

●

●

●
●
●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●●
●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●

●

●

●

●●●●
●●
●
●
●●●
●●●
●
●
●●●
●●
●●●●
●●
●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●
●●●●●
●●●●●●●●●
●●●●●●●●●●●
●●●●●

●

●

●●●

●●●●
●

●

●●
●

●●●
●●
●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●
●●
●●●
●●●●●
●●
●●●●●
●

●

●
●
●
●●●●
●●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●

●
●●
●●●●●●●●●●●●●●●
●●●●●●
●

●
●●●●●●
●●
●●
●●
●●
●●●●
●●●●●
●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●
●●●
●

●●
●
●
●
●●●●●
●●●●●●●●●

●

●●

●
●
●

●
●

●

●
●●
●●
●●●●●●●

●

●

●

●●●
●●●●●●
●●●●●●●●●●●●●●●●
●
●●●●●●●
●
●
●●
●●
●●
●●●
●
●●●●●●●●
●●
●

●

●

●

●
●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●
●●●
●

●●●●●●●●●
●●●●●●●●
●●●●●
●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●
●●
●

●

●●
●●●●●●●
●

●

●

●
●
●●
●

●
●
●●●●
●●
●●●
●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●
●●
●●●●●
●●●●●
●●●
●
●●●
●●●●●●●●
●●
●●●●●●●
●
●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●

●
●

●●
●
●●●●●●●
●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●
●●●
●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●

●
●
●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●
●
●●●
●●
●
●
●
●●●
●●
●●●
●●●
●●●●
●●●●
●●●●●●●●●●●
●●●●●

●
●●●●●●●●●●●
●●●●●
●●●
●●●
●●●●
●
●●
●
●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●
●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●
●●
●●
●●
●●●●●
●
●
●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●
●

●

●

●

●

●●●
●
●●
●●
●

●●●●
●
●
●●
●●
●●●
●●
●●●●●
●●●●●●●
●
●●●●

●

●●●●●
●
●
●
●●●
●●●
●
●●●●●
●●●●●
●●●●●●●●
●●●●●●
●●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●
●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●
●●●●●●
●●●●
●●●●●●●●

●

●

●
●●
●

●
●
●
●
●
●●●●
●
●
●●●●●●●●●
●●●●●●
●●●●●●●●●●●
●●
●
●●
●
●●●●●
●●●●●
●
●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●
●●●●
●
●●
●●
●
●●●
●●●●●●
●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●
●●●

●
●

●●●●●●●●●
●●●
●●●●●●●
●●●
●●●●
●

●
●
●
●●
●
●●●
●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●
●●●
●●●●
●
●●
●●●●●
●
●
●●
●●

●

●

●

●●●
●●
●
●●●
●
●●●●
●●
●●
●●●●●●
●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●
●●●
●●
●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●
●
●●
●●●●●●
●●
●

●

●

●●
●
●
●●●
●●
●●
●●
●●●
●●
●●●●●
●●●●
●●●
●

●
●●
●●●●●●
●●
●
●●●●●●●●
●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●
●●
●
●●●●●●●●●●
●●
●●●
●●
●●●
●●
●●●
●●●●●●●●●●●●●●●●●
●
●
●●
●●
●●
●●
●●
●

●

●

●●●
●●●
●
●
●●
●●
●●
●●●
●
●●
●●●●
●●
●
●●●●●
●●●●
●●●●
●●●
●●●
●●●●
●
●●●●●●●●●●
●
●
●●
●●●
●
●●
●●●●●●
●●●●●●●
●●●●●●●●●●●●●
●●●●
●●●●●
●●●●●●●●●●●●
●●●
●●
●●●●●
●●●●

●

●

●

●
●●●●●
●
●●●●●●●●
●
●
●
●
●●
●●●●●●●●●●●●
●●●●
●●●●●●
●●●●●
●
●●
●●
●●
●
●
●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●
●●●●
●●

●

●

●
●
●
●●
●●
●●
●●

●●●
●
●
●●
●●●
●●●●●●●●●
●●●
●●●
●●●●●●●●
●●●●●●●
●●●●●●●●●●
●●
●
●●
●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●
●
●●●●●

●
●●●●●●

●

●

●

●

●
●●
●

●

●
●●●●●●●●●●●●●●●
●●●●
●●
●●●●
●
●
●●
●●●
●●●●●●●●●
●●
●
●●●●●●●●●●●●●●●●●
●
●●●●
●●
●●●●●●●●●●
●
●●●●●
●
●●
●●●
●●
●●●●●●●●
●●●●●●
●●●
●●●●●●●●●
●
●●
●●●●●
●●●
●●●●●
●●●●
●●●
●●●
●●●
●●●●●●●●●
●

●

●
●
●
●
●●
●●●●●●
●●●
●

●
●●●●●●●●●●●
●

●
●●●

●
●●●●●●●
●

●
●●
●●●●●●●●●●
●●●●●
●●●●
●●●●●
●
●●
●●●
●
●●
●●●
●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●
●
●●
●
●●●●●●●●
●●●●●●●●●●●●●
●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●
●●●●●
●●●●●●
●●●●●●●●●●●●●●
●●●
●
●●●
●
●●●●●●●●●●●●●

●

●

●●

●●
●
●
●
●
●

●

●

●

●
●●
●●
●●
●●
●●●●●●●●●●●
●●●
●●●●●
●●
●
●
●●●●●●●●●●
●●
●●●●
●●
●●●●●●●●●●●●
●●
●●
●●●
●●●
●
●●
●●●●●●●●
●
●●●●●●●●
●●
●●●●●●
●
●●●
●

●

●
●

●
●●
●
●●
●●
●●
●●
●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●●●●●●●●
●●
●●●●
●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●

●

●
●●

●

●

●

●

●

●●
●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●
●
●
●
●●●●
●

●

●

●●
●●

●●●●
●●●

●●
●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●
●●●
●●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●
●

●●
●●
●●
●●
●
●●
●
●●
●

●

●

●

●
●
●●●●●●●●●
●
●
●●
●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●
●
●●
●●

●●
●
●●
●●●●
●●●●●
●●●●●●●
●●●●●●●●●●
●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●
●●●●

●

●●●●
●
●

●

●●●●●●●●
●
●

●

●●●●●●●●●●●●
●●●●●●●●●●
●●●
●●●
●●●●
●●●●●
●●●●
●●●●●●●●●●●●
●
●

●

●

●
●
●●●●●●●●●
●●●●●●●●●●●●
●●
●●

●●
●

●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●●
●●●●●●●●
●●●●●●●●●
●●●●●●
●●●
●●●
●●●
●●●●●
●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●
●●●●●●
●●●●●●
●●●
●●●●
●●●●●●●●●●
●
●●●
●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●●
●●●●●
●●
●
●●

●
●●
●●●
●●

●●●

●

●

●

●
●
●●●
●●●●

●

●

●
●
●●
●●
●

●

●●●●●●●●●●●●
●●●●●●●●●●●●●●
●
●
●●●●●●●●●●●●●●●
●
●
●
●
●●
●
●
●●●●●
●●●●
●●●●●●●●●●
●●●
●●●●●●●●●●
●●
●●
●●●
●●●●●●●
●●●
●●●●●●
●●●●
●●●●●●
●

●
●
●
●
●
●●●●●●●●●●
●
●
●

●
●
●
●●●●●●●●●●●●●
●●●●●
●●●●●●●●
●●●
●●●●●●●●●
●●●
●●
●●●●●●●
●
●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●
●●●
●

●

●

●
●
●
●
●●●●
●●●●●●●●●●
●●●
●●●●●●●
●
●●
●●
●●
●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●
●●●●
●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●
●●●●●
●●●
●
●●
●●●●●●●●●●●
●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●
●●
●●
●●●●●●●●●
●●●●
●
●●●
●
●
●●●
●

●

●
●●●

●

●
●●●●
●●●
●●●
●●●●
●●●●●●●●●●●●
●●●●
●●●●●
●●●●●●●●●●●●●●
●●
●●●●●●●●
●●●
●●●
●●●●●●●●●●
●●
●●
●●●●●●●●●
●●●
●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●
●●●
●●
●●●●●●●
●●●
●●●●●●
●●●●●●●●●●●●●
●
●●
●●●●●
●●●●
●●●●●
●●●●●●●●●●
●●●●●●●●
●●●●●●●
●●●●●●●●●●●
●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●
●●
●●●●●●●●●
●●●
●●●●
●●●●
●●
●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●

●

●

●

●

●

●●
●
●

●

●

●
●
●●●●
●●●●●●●●●●●●
●●●●●●●●
●●●
●●●●
●●●●●●
●●●●●●
●●●●●
●●●●●●●●●●●●●●●
●

●

●

●

●
●
●●●

●●●
●
●●

●
●

●

●
●
●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●●●●
●
●●●●●●●●●●●●●●●●
●●●●●●●●●
●

●
●●
●●●●●●●●●●●●●●●●
●●●●
●●●●●
●●●●●●●
●●●●●●
●●●●●●●●●●●
●
●●●●●●●●●
●●●●●●●●●●
●●●●●●

●

●

●●●
●●●●●●

●

●

●
●
●●●●●●●●●●●●
●

●

●
●

●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●
●●●
●●
●
●
●●●●●●●●
●●
●●
●●●●●●●●●●●
●●●●
●●
●
●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●
●●●
●●
●●●
●●●●●●●●●●●

●
●●●●●●●●●
●●
●●
●●●
●
●●●●
●●●●
●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●
●●●
●●●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●
●
●
●

●

●

●
●
●●
●●●
●●
●●
●●●
●
●

●●
●
●●●●●●●●●●
●●●●●
●●●
●●
●●
●●●
●●●●●●●●●
●●●●●●
●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●
●●●●●●●●
●●●●●
●●●
●●●●●●●
●●●●●
●

●

●
●●●●●●●
●●

●
●
●
●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●
●●●●●●●●●●●●
●●●

●●●●●●●●
●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●
●●●●●●●●●●
●●

●

●
●
●●
●
●
●

●●●●●●●●
●
●
●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●
●●
●●●
●●●●●●●●●●●
●●●
●●●●●●●
●●●
●●●
●●
●●
●●

●●●●●●●
●●●●●●●●●●●●●
●●●●●●●
●●●●●●
●●●
●●●
●●
●●
●
●●●●●●●●●●●●
●●
●●●●
●●●●●●●●●●
●●
●●
●●●●●●●
●
●
●
●●
●
●●●●●●●
●●●●●
●●
●●●●●●
●●●
●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●
●●
●●
●●
●●●●
●●●●●
●●●
●
●
●●●
●●●●●●●●
●●●●●●●●●●●●●●●
●
●
●●●●●●●●●●●●●●●
●●●●●●●●●●●
●
●●●●
●●●●
●●●●●●●
●●●●●
●●●
●●●●
●●●●
●●
●●●●●●●
●●●●

●

●

●

●●●
●●●●●●●●
●●
●
●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●●
●●
●
●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●
●●●
●●●●
●●●●●●●
●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●
●●
●●●●●●●●●●
●●●●●●●
●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●
●●
●●●
●●●●●●●●●●●●●●●●
●●●●●●●
●●●
●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●
●●
●●●●●●●●●●●●●●
●●●
●●●●
●●●●●●
●●
●●●●●●●
●●●●
●●●
●●●●●
●●●●
●●●●
●●●●●●●
●●●●●
●●●●●●●●●●●●●
●●●●●●●
●●●●
●
●
●●
●●●●●●●●●●●●●
●●
●●●●●●
●
●
●
●●●●●●●
●●●●●●●●●●●
●●
●

●
●●●●●●●●●●●●●●●●●●●●●

●

●
●●●●
●●
●
●
●
●
●
●●
●●●●
●●●●●●●●
●

●
●

●

●
●
●●●●●●●●●●●●●●
●●
●●●
●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●
●●●
●●●●
●●●●●●●●●●●●
●●●●●
●
●●
●
●●●●●●●●●●●●●●●●●●●●●
●●
●●
●
●
●●
●●●●●●
●●●

●

●

●●

●

●

●●
●●●
●
●
●
●●
●
●
●
●
●●
●●●●●
●●●●●●●●●●●●●●●
●●●●●●●
●●
●●●●●●
●●
●●●●●●●●●
●●●●●●●●●●●
●●●●●●●
●●●●
●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●
●●●●●●●●
●●●●●●●●●
●●●●●●●
●●●●●●●●●●
●

●

●

●●●●
●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●

●

●

●
●
●●

●●

●
●●●●●●●●
●
●●
●
●
●●●●●
●

●

●●
●
●●
●●●
●
●

●
●●
●●●●●●
●
●●●●●●●●●

●

●

●●●●●

●●
●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●
●●●

●

●

●
●
●
●●●●●●●
●
●●●●●●●●●●●●●●
●

●

●
●●
●●●●●●●●
●

●
●

●
●●
●●
●●●
●●●●●●●●●●●
●●●
●
●●
●●
●●●●●●●●●●●●●●●●●
●

●●
●
●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●
●●●
●●●●●●
●●●●●
●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●
●●●
●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

x 4

−4
−2

0
2

4

01
−M

ay
−1

9

15
−M

ay
−1

9

29
−M

ay
−1

9

13
−J

un
−1

9

27
−J

un
−1

9

12
−J

ul−
19

26
−J

ul−
19

10
−A

ug
−1

9

24
−A

ug
−1

9

08
−S

ep
−1

9

●

(c) x3 (d) x4

●●●●
●
●
●●
●●
●●
●●●●●●
●●●
●
●●
●●
●
●●

●
●●●●●●
●●
●
●●●●●●●●●
●
●●●●●
●●●
●

●

●●

●
●

●

●●
●

●

●
●●●
●
●

●
●
●●

●

●
●
●
●●
●●●

●
●●
●

●
●
●
●●
●

●
●

●●

●●

●
●

●
●
●
●●●
●
●●●●
●●
●●●●●
●●●

●
●●
●
●●
●●●●
●●●●
●●●●
●

●●●

●
●

●

●

●

●
●

●●●

●
●

●●
●
●
●
●
●●
●●
●
●
●
●●●●

●

●

●
●
●●●●●●
●●
●
●
●

●

●●
●●
●
●
●
●
●●
●
●
●
●●
●●
●●
●
●
●

●

●
●●
●

●●
●●●
●
●●

●
●
●●●

●●
●●
●

●
●●

●●
●●●
●
●●

●

●

●●
●●●
●●

●
●
●●
●
●●

●

●●

●
●

●

●
●
●●●
●
●●
●
●●
●
●●
●

●
●

●

●

●

●
●

●
●

●●
●
●
●

●
●
●

●●
●
●
●
●

●●●
●●

●
●
●
●
●
●

●
●

●
●
●●●●

●
●●●●
●●●
●
●
●●

●
●
●●
●

●

●●
●●●●●●

●
●
●●●●●●

●
●●
●

●
●
●●
●
●●
●
●●

●●
●●
●
●
●
●

●

●
●●●
●
●●
●
●
●●
●
●
●
●●●

●●●
●●●●●
●
●●
●●
●
●
●

●●

●
●

●
●

●
●●●

●
●

●●
●
●●●●●
●●●
●
●
●●●

●●●

●
●●

●

●
●

●

●
●●
●
●●
●●●●●
●

●
●
●●

●●
●
●
●
●

●

●●

●
●

●●
●●●
●●
●

●

●

●●
●●●●
●●
●●
●●●

●●
●●

●
●
●●
●

●
●
●
●●
●●●●
●●

●
●●
●●
●
●●
●●

●

●

●
●
●
●●
●●●●
●

●
●

●
●●
●●
●
●●●
●

●

●
●
●●
●
●
●
●
●●●

●
●●

●●
●
●
●
●●

●

●
●

●

●
●●
●
●

●

●

●●

●●●
●

●●
●●●●●
●●●
●
●
●●●
●●
●●
●
●●●●
●●
●

●●●●●
●●●
●

●

●●●
●
●

●
●●●●
●

●●

●
●
●●
●●
●●

●
●●●●●
●
●

●
●

●●●
●●
●

●●

●
●●●

●

●

●●●
●

●

●
●
●●
●●
●
●●●●●●●●

●

●

●

●

●●
●
●●●

●
●●
●●●

●

●

●●●●●
●●●●
●●
●●●
●●●
●●●
●●●

●
●
●
●

●

●
●●
●
●
●

●
●●●●●●●●
●

●

●●
●
●
●
●

●
●●
●●●
●
●
●
●●
●●
●

●

●

●
●
●

●
●
●●

●
●●●●●●●

●

●●
●●●●●●
●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●●
●

●
●●●
●
●
●
●
●
●

●

●●●●
●●

●

●
●

●●
●
●
●

●

●
●●●●●
●
●●

●●●
●●

●
●
●●
●

●

●●●
●

●●

●

●

●●●●●
●●●

●

●
●●●
●●
●●
●●

●●

●●

●

●●

●●
●
●
●
●
●●
●
●
●●●●
●●
●●
●

●●
●●●●
●●

●●●●

●
●
●
●

●●
●●●●
●●●●
●
●●●●●
●●
●●●●
●●
●●

●●●
●●
●●●
●●●●
●
●●
●
●
●
●
●
●
●●●
●●●●●●●●●
●
●
●
●●
●

●●●
●●

●
●
●
●●●●

●

●

●
●

●●●
●●●
●●●●●●●●●
●
●●●

●

●

●●

●
●
●
●
●
●●●●
●
●
●●
●●
●●●

●
●

●
●
●

●●
●●●●●
●
●●●●●
●●
●●●●●
●
●

●

●

●

●

●●●●
●●●●●●●●

●

●
●●●●●●●●●●●
●●●
●
●●●●
●
●●
●
●
●●

●
●●
●●

●

●●

●
●
●●
●●

●
●●
●●
●

●
●

●●●

●
●●●

●●
●
●●●●
●●
●
●
●●●

●

●

●
●●
●●
●●
●
●●●●
●
●●
●
●●
●
●

●●●
●
●
●●●●●●
●●
●●
●●●●●
●
●●
●●●
●
●
●

●

●
●
●

●●●
●●●
●●●●
●
●
●
●●●●
●●●●

●

●
●
●●

●●
●●
●●
●●

●
●
●●
●●●●
●
●
●
●●●●●●
●●
●●
●●●●●●

●

●●
●
●●●●●
●●
●

●
●●
●
●
●●●●●
●

●
●●
●●
●
●●●●
●●
●
●
●
●
●
●●●
●
●
●
●●●●●●●●●
●●●
●●●●
●
●
●
●
●●●●●●●●●●●
●
●
●●●●●●●
●
●●●
●●●●
●

●
●
●

●
●●●●
●
●●●●●
●
●
●
●
●●●●●●
●●
●

●

●●
●
●●●●●
●
●●●
●●●●●
●
●●
●
●
●
●●

●
●●
●●
●

●

●●●●●
●
●●●●●●
●
●●
●
●
●●●●
●
●●
●

●

●

●●●●●
●●●●●
●●●●●
●●●●●
●
●●
●●
●
●
●
●
●

●●
●●
●
●●
●
●●●●●●●
●●●●
●●●●
●●
●
●
●
●●●
●●
●
●
●

●

●
●●●●
●

●●

●●●●●

●
●
●●
●●
●

●

●●●●●●
●
●
●
●
●
●●●●●●●●●●
●●●
●●
●
●●●●●●
●●●●●●●●●
●●●●●●
●

●
●
●

●●
●●
●●

●
●●
●●
●
●●●
●●
●
●
●
●

●

●●
●●
●

●
●●●●
●
●
●
●●
●
●●●●●●
●●●●●●●
●
●●●●●
●●●●●●●●●

●
●●
●
●
●

●

●
●

●

●

●

●
●
●
●
●
●
●●

●

●

●

●

●

●

●

●

●

●

●
●●
●
●●●
●●
●
●●●●
●●
●●

●

●
●

●

●

●
●
●●●●
●●
●
●

●
●●
●
●●●
●●●●●●●
●
●
●●●
●●
●
●
●●
●
●
●
●●
●●
●●
●●●●●
●●●
●●
●
●●●
●
●●●●
●●
●●
●

●●
●
●●●●●
●
●●●
●●●●
●
●●●●●●●●●●
●●●
●
●●●
●
●

●●
●●●●
●
●●
●
●

●●
●
●●
●
●

●
●
●
●
●●●
●●
●●●●●
●●●
●●

●

●
●●
●
●●●
●
●
●
●●●

●
●
●●
●
●●●●●●
●
●●
●
●●●●●
●●●●
●
●
●
●
●●
●●●
●

●●●●●●

●●
●●

●
●●●●●●●●
●
●

●●
●●
●●
●

●●

●●●

●
●

●

●●

●●
●
●
●

●

●●●●●●●

●●●●
●●●●●●●
●
●

●

●
●

●

●
●●
●●●
●●●●●
●●●
●●
●●
●
●●●●
●●
●

●
●●
●
●●●●●●
●●
●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●
●●
●●●●●
●

●
●
●
●●●
●●
●●●
●
●●

●

●

●

●●●●●●●●

●

●●●●●●●●
●●●●
●●●
●●●●●
●
●
●
●●
●
●●●●●
●●
●●
●●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●
●
●
●
●

●

●

●
●

●

●

●

●

●

●

●

●●●
●

●●
●●●

●●●●
●●●●●
●●
●●
●

●

●●

●
●

●
●●●
●
●●●
●

●

●
●
●

●

●●●●●●
●●
●

●
●●●●●●
●●●●
●●●●●●●●●●

●
●

●

●●●●
●

●
●
●●
●●
●●
●

●●●
●
●
●
●
●
●●●
●●
●
●●
●
●●●
●
●
●
●
●●
●
●
●

●
●
●
●●
●
●●●●●●●●●

●
●●●●●●●
●●●●

●

●
●
●
●●●

●

●

●

●
●●
●●
●
●
●

●●
●●●
●

●
●
●

●
●●●●
●●●●
●●

●
●

●
●

●●
●
●●●●●

●

●
●●

●●●●●●●
●●●●
●●●

●
●●●
●
●

●
●●
●●●
●●●●●●●●

●
●●●
●
●

●●●●

●

●
●●

●

●●
●●●
●
●
●
●●●
●●●●
●

●
●

●●
●●
●●

●●
●
●●

●
●●
●●●●●
●●
●

●
●

●
●
●
●
●●
●●●●

●●●

●

●●
●●
●

●

●●
●

●

●●
●
●

●●

●
●

●

●
●
●●●●

●

●

●

●
●

●●
●●
●

●●
●
●●●
●
●●

●●●●●

●
●●

●
●
●
●
●

●

●

●

●●
●
●●●
●●

●●●
●

●
●
●
●●●●●

●

●●●
●
●
●●
●

●
●●

●●●
●●●
●
●
●
●
●
●

●●
●●●●

●
●
●
●

●

●

●●●●
●●●●

●
●
●
●
●●●
●●●●
●
●●●
●●
●

●●●●
●
●
●●

●
●●●
●
●
●
●

●●●
●
●●●
●●
●●●●
●
●
●
●

●

●

●
●
●
●
●●●
●
●●●
●

●
●●

●

●●
●●
●●
●
●●
●●●●
●●●
●
●●
●

●

●●
●●
●

●
●
●●●●
●
●●●●●●
●

●

●
●●●●
●
●●●●●
●
●
●
●●●
●

●
●●
●●●●

●
●●●
●

●●
●●●
●
●●●
●
●
●●●

●●
●
●●●

●
●
●
●●●
●●●
●

●
●●●●●
●●●●●

●
●

●●
●

●●

●●●
●
●●●●●
●●●●●
●●●
●●●
●●●●●●
●
●●●
●
●
●●
●●●
●
●●
●●●
●●●●●●●
●●
●

●●
●●●●●●
●

●
●●
●●●●
●

●
●●●●●
●
●●
●●
●
●
●●●●
●●
●●
●●
●
●
●
●●

●
●
●●
●●●
●
●
●●
●
●●●●
●●●
●●●
●
●
●
●
●●
●●●●●●
●●
●●●
●●●●●●
●
●
●●●
●●●
●●
●●
●●●●
●

●
●●
●●●●
●
●●

●

●
●

●
●
●●
●●●
●
●●
●●
●●●
●
●
●
●●
●●
●
●
●
●
●●
●
●
●
●
●
●●●●
●

●●
●●●
●
●

●●
●
●●
●●●
●
●●●●●●●●
●●●●●
●

●
●●●●
●●
●●
●●
●●●
●
●●●
●●

●
●●●●●●●●●●●
●●●
●
●●●●●●
●
●●●
●

●●●●
●●●
●●●●●●
●●
●●●●●
●

●
●●●●●
●
●
●
●
●●

●●●●●●●●●
●●●●●●
●●
●
●
●
●●●
●
●●●●●●●
●
●
●
●
●
●●●

●
●
●
●●
●
●●●●●
●●●
●
●●●●●●
●
●
●●

●
●●●●●●
●●●
●
●●●●
●●●
●●●●●
●
●

●
●●
●●●●●

●
●

●

●
●●

●

●

●
●

●
●

●

●

●

●
●●●●●
●
●●●●
●●
●
●

●
●

●

●
●

●

●
●●

●

●
●●
●
●●
●●
●●
●
●

●●●●●●
●●●
●
●
●●
●
●
●●●
●
●●●

●
●●●●●●●●●
●
●●●
●

●
●●
●●
●
●●●
●
●●
●

●●●●●

●

●

●●

●
●●●●●●
●

●●●●
●●●
●
●
●

●●
●●
●
●

●

●●
●

●●●

●
●

●
●●
●●
●
●
●
●
●
●●
●●
●
●●

●

●●●●●

●
●
●●●●●●
●

●●
●

●●●●●●
●
●
●●
●
●●
●
●●●●
●●
●
●●●●
●●●●●●
●
●
●●
●
●●

●●●
●●●●
●●●●
●●●●●●●●
●●●
●●

●

●

●●
●
●●
●
●●

●

●●
●●●
●●●●●●
●●

●
●
●●

●●●
●
●●
●●
●
●

●●
●
●

●●

●

●●

●●
●●
●●
●●

●●
●

●

●

●
●

●
●●
●●●●
●●
●
●
●
●●●●●●
●●●
●●

●
●
●●●●
●

●
●●●●●
●●●●

●●
●●●●●●●●●●●●●●●●●●
●●
●●●
●
●
●

●
●●

●
●●●
●
●●●●●●
●
●●●●

●
●
●
●●●

●

●●
●●●
●●●●●
●●●

●
●●●●●●

●

●●●

●●●
●
●●
●●
●
●●
●

●
●●
●●

●●
●●●●●
●●●●
●●●●
●
●

●●●●

●
●
●
●●
●
●

●
●●●
●
●●
●

●●●

●●●●●●●

●
●●●●
●●●●●●
●●●
●
●
●●
●●
●

●●
●●●●●

●

●●

●

●

●
●●●
●
●
●●
●●
●
●
●●
●
●●
●●
●
●
●●●●●●
●

●●
●

●
●●
●
●

●
●
●
●●●●
●
●

●
●
●●●●
●
●

●
●●
●
●●●

●

●●
●●
●●●
●●
●●

●●●●●●
●
●●●●●●
●
●
●

●
●●
●
●
●
●●

●●●●
●
●●●●●●●●●●
●●
●●
●●
●●●●
●
●
●
●●●●●●●●
●●●●●●●
●●
●●●●
●

●
●●●
●●●●●●
●
●
●●
●●●●●●
●
●●●●●●●
●
●●●●●●
●
●
●
●●
●●
●
●
●●●

●

●●●●●●●●●●
●
●●●●●●●●
●●

●

●●●●●●●●●
●●●●●●●
●●●●●●●●●●●
●●●●●

●
●●
●
●●●●
●●●●●●●●
●●●
●
●
●●●●●●
●●●●
●●
●●
●
●●●
●
●●●●
●
●●
●
●●●●
●
●
●
●●●
●●●
●●●●●●●●
●

●●
●●
●
●●●
●●●●●●●
●
●●●●
●
●●●●●●●
●●
●
●●●●●●
●
●
●●●

●

●
●
●
●
●●●●
●●●●●●
●
●
●●
●●●
●

●●
●●
●
●●●●●●●
●
●●
●
●
●

●
●
●
●
●●●●●●●
●●●●●●●●
●●●●
●●
●●

●

●

●
●
●

●●
●●

●
●
●
●
●
●●

●

●

●

●
●

●
●

●
●●
●
●
●
●●●
●

●●
●●●
●●●●●●
●
●●●
●
●
●
●●
●●●
●
●●●
●
●
●●●
●
●●
●
●●
●
●●
●●●●
●●●
●●●●●●
●●
●
●●●●
●●
●●●
●
●●●
●
●●●
●●●●●
●
●●
●●●
●●

●
●●

●●●
●

●●●
●
●●●●●
●
●●
●

●●

●●

●
●●●●
●
●
●
●
●●
●●●
●
●●

●
●●●
●●
●
●●

●

●●
●

●
●

●
●●●
●●

●

●

●
●●
●
●
●
●●
●●
●
●●●●●●
●
●●

●

●

●
●

●
●●

●●●

●●●●
●
●●

●
●●●

●●●
●
●
●
●●●
●
●●
●●●●

●
●●●●●●
●
●
●●●●●●●●●●
●●
●●
●
●●
●●
●
●●●
●
●

●
●●●

●●●
●
●●
●●●●●●●
●

●
●
●●●

●●●
●
●
●

●●
●●

●
●

●
●●
●
●
●
●
●●
●

●
●
●●

●●
●●●●
●

●
●●

●
●

●●●
●●
●
●

●

●

●

●

●
●

●
●●●
●
●●●●●●●●
●●●●●
●
●
●
●
●
●

●
●●●●
●
●
●●
●
●●●●●●●
●
●
●●
●●●●
●●●●●●
●
●●●
●●●
●●●●
●
●
●●
●
●●●●
●
●
●
●
●

●●
●
●
●
●●●
●
●●

●
●●●
●
●

●
●

●
●●
●●●●●●
●
●
●●●●●●●●
●●●●●
●●
●
●●

●

●

●

●

●
●
●

●
●●
●●
●
●●

●●
●●●●●●●
●●●

●
●●●
●●
●●●●
●
●
●●●●
●
●
●●●●
●●●
●

●
●●
●●
●
●●
●
●●
●●●●
●●
●●
●
●

●
●●
●●

●
●

●
●

●

●
●●
●●●●●●●
●●●
●●

●

●

●

●●●
●●
●
●●●●●●●●●●●●
●
●

●
●●●
●●
●

●
●●●●
●

●●
●●●●
●●

●●
●●●●
●●●
●
●
●
●
●
●
●
●●●●
●●
●

●
●●
●
●

●●
●●●●●
●●

●●●

●●
●

●

●
●
●

●
●●●●●
●
●●●●
●●
●●
●●●
●

●
●
●●
●

●●●●●●
●●
●
●
●
●
●
●●
●●
●●●
●
●●●●●●
●●●●●
●
●
●
●●

●
●●●●
●●●●●

●
●
●●
●
●
●
●
●●
●
●
●
●

●●
●
●●
●
●●●
●
●●
●
●●●●
●●
●●●●●●●●
●●●●
●

●
●●●●●
●●●●●
●●
●
●
●●●●
●

●
●
●●
●
●
●
●
●
●
●●
●●●
●●●●
●
●
●
●●

●●●●
●●●●●●●
●●●●
●

●
●●●
●●
●●●
●●●●●
●

●●●●
●●
●
●●

●●
●
●

●●
●●

●●●
●
●

●●●
●

●

●

●●●●●●●●

●

●

●
●
●●●●
●
●●●●

●
●●
●●
●

●

●●●●●
●●
●
●
●●
●
●●

●
●●
●●●●●●●

●

●●
●
●
●
●●●●

●●
●●●●●
●●●●●
●

●
●
●

●
●●
●●
●●●

●●●
●

●●●

●
●
●●●
●●●
●

●
●●●●
●
●●●
●
●●●
●
●
●

●●●●●
●
●
●●
●

●

●●
●
●

●
●
●
●
●●
●
●●
●●
●
●●●●
●●
●
●●
●●●
●●
●●
●●●●●
●●
●●
●●
●
●
●
●
●
●

●

●●
●●●●
●
●
●●
●
●●●●
●●

●
●●
●
●●
●●●●
●●●

●

●●
●
●●
●●●
●●●

●
●
●●●●
●●
●
●●●
●●
●
●●●
●
●●●

●●
●

●●
●
●
●
●
●●●●●●
●●
●●●●●
●●
●●
●●●●●●
●

●

●

●
●●●
●
●
●
●●●●

●●
●

●●

●

●
●
●

●
●●●●
●
●
●
●●●
●●●●●
●●●●
●●
●
●●●●●●
●

●
●

●

●
●●●
●●
●●●
●
●●
●●●●●●●●●
●●●●
●●
●●
●
●●
●

●●
●

●
●●●
●●
●
●●●●
●●
●●

●

●●
●●
●
●●●●●●●●●●●●
●

●
●●
●
●

●
●

●●
●●●
●
●●
●
●●
●
●●●●●●

●

●●
●
●●
●
●
●

●
●
●●
●
●●●●●

●
●
●

●

●
●
●●
●
●
●
●
●
●
●
●●
●●●●●●
●
●●●●
●
●●●

●
●●●
●
●●●

●●

●●

●
●●●●●●
●

●

●●●

●●●
●
●●●●●
●

●
●
●●●
●
●●
●●
●
●●
●●●
●●
●
●●●●
●
●●●
●●●●
●
●●●●
●●
●●●●●
●●●
●●●●
●
●●●●
●
●

●

●

●
●●●
●
●●
●
●
●●
●
●
●●●●
●
●●●
●●●●●●
●●●●●●
●
●
●
●●
●
●●●●●●●
●●●●●●●
●
●●●●●●●●
●●●
●
●
●●
●
●
●●●
●
●●●●●
●
●●●●●
●
●●●●
●●●●
●●
●●●●●
●●
●●●●
●

●

●
●
●●
●●●●●●
●
●●●●●

●
●●
●●
●●●
●●●●●●
●
●
●●
●
●●●●

●●●

●
●●●●●
●●●

●

●●●
●
●
●
●●●●
●
●

●

●●●
●
●●
●

●
●●●
●

●●
●
●
●
●●●
●
●
●●
●
●●
●
●
●
●●●
●
●●●●●●●●
●●●●●
●
●
●●
●
●●●●●●●●●●
●●●●
●

●

●

●

●
●●

●

●●
●
●●
●

●

●
●
●●●●●●●
●

●
●
●●●●●●
●

●

●
●●
●
●●●●
●
●

●
●●
●
●●●
●●●●
●
●
●
●
●
●●

●
●
●

●

●●

●

●●●
●
●
●
●
●

●
●

●
●

●●
●●
●

●
●●●
●●
●
●●●
●●
●
●●●●

●
●●●
●●●
●●●●●●
●●●●●●
●●●●
●
●●●
●

●●

●

●
●
●
●●
●●●●●●
●

●●●
●●●●
●
●●●●●
●
●●●

●
●
●●●●●●●●●
●
●●

●

●

●

●●●

●

●

●

●
●
●

●●
●●●
●

●●
●●
●●
●●●●●●●●
●●●●●
●●

●●●
●
●●●
●●●●●
●
●●
●
●
●
●●

●●
●●●●●
●●
●●●
●
●
●
●●●●●●●●●
●●
●●
●
●●

●

●

●
●

●

●

●

●●●

●
●●●
●●●

●

●

●

●

●●
●●●

●●●
●
●

●●
●
●

●
●●●●●●●
●
●
●

●
●●●
●●

●

●

●●●
●
●●

●
●●●
●
●●
●

●
●
●
●
●
●
●

●
●
●●●●
●
●●
●
●
●
●

●
●
●

●
●
●
●
●
●
●
●●●
●
●
●
●●●●
●
●●●●●●●●
●●●●
●
●
●
●●●●
●
●●
●●●●●●
●
●●●●●

●●
●
●

●●
●●●
●

●

●
●
●●
●
●
●

●
●●●●
●

●●●
●●●
●●
●●●●
●
●
●●●●
●
●
●●●●
●
●
●●●●●
●●●●●
●●
●
●●●●●●●●●
●
●
●●●●●
●●
●
●

●●
●
●

●
●●●●●●●●●●●●
●●●
●●●●●●●●●●●●
●●●
●●●●●●●●●●
●
●
●
●●●
●●●
●
●●

●●

●

●
●
●●
●

●●●
●

●

●
●●

●●●

●●

●

●●
●●●

●

●

●●

●

●
●
●
●
●
●
●●
●
●
●
●●●●
●
●●●
●
●●●
●
●●●●●
●
●●
●
●
●
●
●●●●●●●●
●●●

●

●●●

●

●●
●●●●●●●●
●●●●●●
●

●●●
●
●

●
●●●●●●
●●
●●●

●

●
●
●●●
●

●

●

●●●
●
●
●
●
●●
●
●
●
●
●●
●

●
●
●●
●●●●
●
●●●●●●●
●●●
●

●
●
●●●●●●●●●●
●●●

●

●

●●
●
●●●●
●
●
●
●●●
●●●
●●●●
●●●●
●

●●
●

●

●

●

●●
●
●●
●
●
●●●●
●●
●●●
●
●●●●●

●●
●

●●●●●
●●
●
●
●
●●
●●●●●
●
●
●●
●●●●
●
●
●
●
●
●
●●
●
●●
●

●●
●●●●●
●
●●●

●

●●
●
●
●●
●
●
●●●●●
●
●

●
●●●●●
●●●●●●●●●●●
●●●
●●●●●●●●
●●●●●●
●

●●●
●
●●●●●●●●●●
●
●●
●
●
●●●
●
●●●●
●
●●
●●●●●●●●
●

●
●●●●
●
●
●●●●●●
●●●●●●

●

●

●

●●

●●●

●

●
●

●●

●

●
●

●●●

●
●●
●
●
●
●
●●●●
●●
●●●
●●●●
●
●
●●
●
●
●
●
●●
●●

●●●
●●●●●
●●
●●●●
●

●

●●●●●
●
●
●●
●●●
●
●●
●●
●

●
●●
●
●
●●
●

●

●
●
●●●●
●

●
●
●●
●●
●●
●

●
●

●●●●
●●●
●
●
●
●

●

●
●
●
●●●●●●●●●●●
●●
●
●●●
●
●

●
●
●●●
●
●●

●

●
●

●

●
●
●
●●●
●

●
●●●●
●

●●

●
●
●
●
●●●
●●●

●

●●
●●

●

●●

●●

●●
●●●●

●●●
●●
●
●●●●
●
●
●●
●
●

●
●

●●
●

●●●●●
●
●
●●●
●●●
●
●●●●
●●●●●
●●●●●●
●
●●●●●
●●
●

●●●●
●●
●●●●●●
●
●●●
●
●●●●
●●
●
●●●
●●●

●
●●●●●
●●●●●●●
●
●
●●

●
●

●●
●●●●●
●
●●●●
●●●

●
●

●

●

●●
●●●

●
●

●

●
●●●●
●●●
●
●●●
●●●●

●

●

●

●

●●

●
●
●

●●
●●●●
●●●●
●
●

●

●

●
●

●

●
●●●●●
●●●●●
●●●●●●●●
●

●
●●●
●●●●●●

●●●
●
●●
●
●●●●●
●
●●
●

●

●
●
●●●

●

●

●●

●

●

●
●●
●

●●
●
●●
●●●●
●
●
●
●●
●●
●●
●●
●
●●

●
●●●●
●●

●●●

●
●●
●●●●
●

●
●
●
●

●
●●●

●●●●●
●●
●
●
●●
●●
●●
●
●●

●
●●●●●●●●
●●
●●●●
●●
●●

●
●
●●
●
●
●●
●
●●●
●
●
●●
●
●
●●●●●
●
●●●●
●
●●
●
●
●
●
●●●●

●

●

●

●●●●
●
●●●●●●
●
●●
●●

●
●●●
●
●
●
●●●
●
●●●●●
●
●
●
●●
●●
●

●

●

●

●●●●
●

●

●●●

●●
●●●

●

●

●
●●●

●

●●

●
●
●
●
●
●
●●
●●●
●
●●●
●●
●●●
●●●●
●
●●

●
●
●
●●
●●
●●●
●●
●●
●
●
●●●●●●●

●

●
●●
●●
●

●●●●●●

●

●
●

●●●
●●●●

●
●●●

●●●

●●●
●●●●●●●
●●●●●●
●●
●●●
●●●
●
●

●
●●●●
●●●
●●
●●
●
●

●●
●●●●●
●●
●●●●●●

●●
●
●
●
●●
●●●
●●
●
●
●●●
●
●

●
●
●
●
●●
●●●●●●●●●
●
●

●
●
●●●●
●●
●●●

●●
●●
●●
●
●

●

●
●
●●
●●●
●●●●
●
●
●●
●●●●
●
●●
●●●●
●●●●
●●●
●●●●●●●●
●●
●●●●●●●
●●●
●
●●●●●
●
●

●●
●
●
●●

●

●

●
●●●

●●●●●●●●
●●
●
●●●
●
●●●●●●
●
●●
●
●
●
●
●
●●●
●

●

●
●
●
●
●●●●●
●
●
●●
●
●●●
●
●●●
●

●
●
●
●●●●
●
●
●●●●●●

●●●
●●
●
●
●

●

●●●
●

●●
●●●
●
●●●
●●●●●●●
●
●●●
●●
●
●●
●●●
●
●●●●●●●
●●●●●●
●
●
●

●●
●●
●
●
●●●●
●●●
●

●
●●
●
●
●●
●●●
●
●●●
●
●●●
●●
●
●●
●
●
●●●●
●
●

●●
●
●●
●
●
●●●●
●

●

●

●
●
●
●●
●●

●
●●●●
●
●
●
●●●
●●
●
●●
●●
●
●
●●●
●
●●●●●
●●
●
●●
●

●●●●●●●●
●
●●●●

●
●●
●●●
●
●●●●
●
●●

●

●

●●
●

●
●●

●
●●
●●●●●
●
●
●●
●●
●
●
●●●●
●
●

●
●
●●
●●●●
●●●●●●●
●●●
●●●
●
●
●●●●●●●
●
●
●●●●●●●
●
●

●●●
●
●●●
●
●
●
●●
●●

●●
●●●

●●●
●●
●
●

●
●

●
●

●
●
●●
●●
●●●

●
●
●●●●●●
●●●●
●
●●●●
●
●●
●

●
●●

●
●
●
●
●●

●●
●
●
●●
●●●●
●●
●

●
●●
●
●

●
●
●
●

●●

●●
●●
●●

●●●
●●
●
●●

●
●
●●

●●
●●
●●
●●●
●
●
●

●
●
●
●●●●●●●●
●●
●
●●●●●●
●●●●●●●●●●●●●
●●
●

●●
●●●
●●
●
●●●●
●●
●
●
●●●●●
●●●●●●●
●●
●
●
●

●

●
●●●●●●●
●
●
●
●
●●●
●●

●

●●
●

●●
●
●●●
●●
●●●●
●
●●●●

●
●
●
●●●●●
●●
●●
●

●

●

●●●●●
●●

●
●●
●
●●●
●
●
●
●
●

●
●●●
●
●●●
●●●●

●●
●●
●

●

●

●

●

●

●

●

●

●●

●●

●
●

●●
●
●
●●●●
●
●
●●●
●●●
●●●
●
●
●
●
●●●●●●
●●
●
●
●●
●
●●●
●●
●
●
●
●
●●●●
●

●
●●●
●

●●●●
●●

●
●●●●●●●●
●
●
●●●
●●
●
●
●●●
●
●●●
●●
●
●
●●
●●
●●●●●●
●

●
●
●
●●●●
●●●
●
●●●
●
●●●●
●●●●●●
●
●●●
●●●●●●
●
●
●
●
●
●

●
●●
●
●
●
●
●●●●
●
●
●
●●●●

●

●

●
●
●
●
●
●●●●●●
●●●
●●●●
●
●●●●

●

●
●
●

●

●

●

●

●
●
●●●
●●

●

●●●●●
●●●
●

●●●●
●●●●●●●
●●
●●●
●
●
●

●
●
●●●●●
●

●

●
●

●
●●
●●●
●
●●
●
●●
●

●

●
●●
●
●
●
●●●
●
●
●

●

●
●
●
●
●
●●●
●●●
●
●
●
●●●
●●
●●
●
●
●
●●
●
●
●●●
●
●●●●
●
●
●
●●
●●
●●

●

●
●●
●
●
●
●●●●●
●●●●●
●
●●●
●
●
●
●●●●●●
●●●●●●
●●●
●
●
●
●

●
●●
●
●●●●
●●●●●
●

●
●●●●
●●
●

●●

●

●●●●●
●
●●●●●●
●
●
●
●●
●●●●
●●●

●●

●

●

●

●●

●
●●●●
●
●●●●●
●●●●
●
●●●
●●●●
●●
●
●
●

●
●●●●●●●
●
●
●
●●
●
●
●●
●

●
●●●●●●●●●●●●●●●●●●●●●●
●
●●
●
●●●●
●
●●
●●●
●
●●●
●
●●●
●
●●
●●●
●

●
●●
●●
●
●●●

●
●

●
●

●
●●
●●●●
●●
●
●
●●
●
●

●

●

●
●

●

●●

●
●
●●
●●
●
●
●
●
●
●
●
●
●
●

●
●●●
●●●●●

●●
●●●●●●●●

●●●●
●●●●●
●
●●●●

●●
●●●
●
●
●●●●
●
●
●

●
●
●
●
●
●●●
●
●●●●
●●●●

●
●●●
●
●●●
●●●●●●
●

●

●●●●
●●
●●
●
●
●
●●

●
●

●●

●
●●●
●
●
●

●●
●

●

●●
●
●●●●●
●
●
●●
●

●

●
●●●●●●

●●
●
●
●
●
●●

●
●●●●●
●
●
●

●●

●●

●●
●●
●●
●
●●
●
●
●
●●
●
●●

●

●●
●●●●
●●●●
●
●●●●
●
●
●
●●●

●●●
●●●●●
●●●
●
●●

●

●●
●●
●●

●

●
●

●
●
●●
●●●●●●
●
●
●●●
●●●
●●●●

●
●●
●●
●

●●
●●●
●●
●

●

●

●
●

●●●
●
●
●●●●●●●●

●
●●
●
●

●
●
●

●
●

●●●●
●●●●

●●

●

●

●

●

●

●
●●●
●

●
●●

●
●
●●
●

●
●
●●
●

●
●
●

●

●
●
●

●

●

●

●

●●
●
●●
●

●

●

●●●●
●●
●●
●
●●●●
●
●
●
●●
●
●●●●

●

●

●

●●●
●
●
●●●●
●
●●
●●●●●●

●
●
●
●
●
●●●●

●
●

●

●●●
●●

●

●

●
●
●

●
●
●
●●●●●

●

●
●
●●
●●
●●●●●

●

●●●●
●
●
●●●●●
●●●●

●

●

●

●●●●●●
●
●●●●●●
●
●●

●

●●
●
●
●●●
●●●●●●
●●
●
●●
●
●
●●●●●
●
●

●●
●
●
●

●

●

●●●
●●
●●
●●
●●●
●
●
●●
●
●●●●
●
●●
●●●

●●●
●

●
●●●●●
●
●
●●●●
●
●
●

●

●
●●●
●●
●
●●
●
●●●
●

●●●
●

●

●
●●●
●
●●
●
●
●

●●
●
●●
●

●
●●●●

●

●●●●●
●●
●

●●●
●
●
●●●●●
●
●●●
●●●
●
●●
●

●●●●●
●
●
●●●●
●

●

●●●●●●●●●●●
●
●●
●
●
●
●
●●●
●●
●
●
●
●
●
●●●●
●

●

●●
●
●●●●●●●●
●●
●
●

●

●
●

●●●

●

●

●
●●●●
●
●
●

●

●
●

●
●

●

●●
●
●●●

●

●
●
●
●
●●●●
●
●

●

●
●
●●●
●
●●
●

●
●

●

●●●●
●
●

●

●
●●
●●
●
●●●
●
●

●

●●

●

●●
●●
●
●●
●●●●
●●
●

●

●

●●
●
●
●●
●

●●
●
●

●
●

●
●
●

●
●
●●
●

●
●
●
●

●●●
●

●

●
●●●
●●

●
●

●
●
●
●
●●●●
●●
●
●●
●
●

●

●●●●

●●●●●●●●●
●●●●
●●●

●
●
●

●

●

●

●●

●●
●●
●●●●
●
●●

●

●
●
●
●●●
●●●●●●

●
●●
●●●
●●●

●
●●●●

●
●●●●●●●
●

●●
●●●

●

●●●●●
●●●●
●●●
●
●
●
●
●●
●
●●
●●●
●
●●●●●
●●●
●
●●●
●
●
●
●●●

●
●●
●●●
●

●

●

●
●
●●
●
●
●●
●

●
●●●●
●
●
●
●
●
●

●●
●●●●
●●
●
●●
●

●
●●

●
●●●
●

●

●

●●●
●

●

●
●

●
●
●●●

●

●
●
●●●●
●●●

●

●
●
●
●
●
●●
●
●

●●
●●
●
●●●
●●●
●
●●●
●
●●●
●
●●●●
●●
●
●●
●●●●●
●

●●
●●
●

●

●

●

●
●
●●●●
●
●●
●

●

●●

●

●

●

●●●
●
●●●●
●
●●●
●
●

●

●
●

●

●

●
●
●

●

●
●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●
●●
●
●
●●●●

●●●
●
●
●
●
●
●
●

●●
●●
●●
●●●●
●●●
●
●●
●●●
●
●
●●●●●
●
●●●
●●●●●
●
●●●●●
●
●
●●●
●
●
●●

●
●●●●●
●●●●●
●●

●●●●
●

●

●
●
●
●
●
●

●●●

●

●
●

●

●●
●

●
●
●
●●●

●

●
●●●●●

●

●●●
●
●

●

●

●

●
●●
●

●
●
●
●

●●
●●
●
●●

●●●●●
●
●●●
●
●
●●●
●●●●
●●
●
●●
●
●
●

●
●●●●
●●
●
●●●
●●
●
●

●●

●
●●
●

●
●●●●●
●
●●
●

●

●

●
●

●
●

●

●

●

●

●●

●
●
●●●
●
●●●●
●

●
●●●●
●

●●●
●
●

●

●

●

●

●

●●
●

●
●
●

●●●
●

●
●

●

●
●●●

●●
●●●●

●

●●●●
●●
●●●
●●●
●
●
●●●●●
●
●
●
●●
●

●

●

●
●
●●●●●
●
●●●
●●
●●●●●●
●●●●●●●●●●
●●

●
●

●
●●●●
●●
●
●●●●●●●●
●
●●
●
●●●
●

●

●
●

●

●

●●
●●●
●

●●

●
●●●

●

●
●
●
●
●●
●●●
●

●●●
●
●
●●
●
●●●●●
●
●●
●●●●●●●●●●●●●●
●
●●●●●
●
●
●●
●
●●●●●
●●●●●
●

●
●●●●●
●●
●●●
●●●
●
●●
●

●
●
●●●
●●●
●●
●●●●●●●●
●
●●●●●
●
●
●
●●
●
●●●●●●
●●●●
●

●●
●●
●●
●●●●●●
●●●
●
●
●
●

●
●
●●
●●
●●
●●●●●
●
●
●
●●●●●●●●●
●●
●●●
●

●
●●
●
●●●●
●●●
●●●●
●
●
●●●●
●
●
●●
●
●●
●●
●
●●●●

●●

●

●

●●
●

●

●

●

●●
●
●

●

●

●

●●
●

●
●●●

●

●

●●●
●●●
●●●●●●●●
●●●●●●●●●●●●●
●

●
●●●●●
●
●
●●●●
●
●
●

●
●●●●●●●●●●
●

●

●
●
●
●
●
●●
●●●
●●

●●●
●●●●
●
●
●
●

●
●
●

●

●

●

●●●
●
●●
●●●
●

●
●●●
●
●
●
●●
●
●●
●
●●

●

●

●●
●

●
●●●●
●

●
●●●
●●
●
●●●●●●●●
●
●

●

●
●
●●●
●

●

●●●●●
●
●
●
●

●●●●●●

●
●●●
●
●●
●●
●

●●
●●

●

●

●●
●●
●
●●●●
●
●●●●

●

●●●
●●
●
●

●
●

●●

●●
●●●
●●

●
●●●
●
●
●●●●
●●●●
●●●●
●●●●●●●
●●●●

●●
●
●●●●●

●●
●
●●●

●
●●
●
●●
●
●●●
●●●
●●
●

●

●
●
●

●
●
●●
●
●
●

●
●
●
●
●
●
●

●
●
●
●●
●

●●●
●
●
●●●

●
●

●

●
●●
●
●

●
●
●
●
●
●
●
●
●

●●

●
●
●
●

●

●
●

●●

●●
●
●●
●
●●
●

●●●●
●
●●
●
●●
●

●●

●●
●●
●
●
●●
●●
●●●
●●●●
●
●

●
●
●●●

●

●●

●●
●●●
●●
●

●
●
●
●●●●
●
●

●
●
●
●●
●
●●●
●●●
●●

●●●●
●
●●●
●
●
●

●

●
●
●●●
●●
●
●●●●
●
●●
●
●●●

●

●

●

●●
●
●●
●●
●●●●●●●●

●

●
●

●
●
●●●●●●●●

●●
●
●●
●
●

●●
●
●

●●
●●●●●
●●●●
●
●●●
●●●●
●

●●●●
●●
●●
●
●●

●

●
●

●●

●●●●
●
●●●
●

●●●
●
●

●
●
●●●●
●

●●●
●
●●●

●●
●

●
●
●
●
●●

●

●
●

●●
●
●

●●
●
●

●
●●●●

●●
●
●●●●
●●
●●
●●
●
●
●
●●

●

●●
●

●●●
●
●●
●
●

●
●●●

●●
●●●●
●
●●●●
●●●●●
●●
●●●
●●
●●
●●
●
●
●●●●●
●●●●●●●●
●

●
●●
●●●
●

●●●
●●●●●
●

●
●
●●

●
●
●

●
●●

●
●
●●
●

●
●●●
●
●●
●
●●●
●●●●●
●●
●●●●
●

●
●●
●
●
●

●●

●

●
●
●●
●
●

●
●
●
●
●●●

●●●

●

●
●

●●●
●
●●●●

●
●
●●

●
●●
●
●●●
●
●●
●●●●●●●

●●●●
●●
●
●●●●
●●

●●
●
●●
●
●
●●
●●
●●

●
●●●●
●
●

●●
●

●
●
●
●
●●
●

●
●●●
●●●●●
●
●
●
●●●●●
●

●
●●
●
●
●

●
●

●

●
●

●
●●●
●
●

●●
●●●●

●

●

●
●●
●
●●●●●●●
●
●
●●
●●
●
●●
●
●
●●

●●
●
●●●●●
●
●
●
●
●
●●●●
●●●
●
●

●
●●
●●●
●●●●
●●●
●

●
●●●
●
●●●●●●
●
●
●
●
●●
●●
●●●●●●●

●●●
●●●
●●
●●●●●●●●
●
●●●●
●●●●●●●●●
●
●●●●
●
●
●

●
●●
●
●
●●
●●●●●●●
●

●●
●
●●●●●●●●●●●●
●●●●●
●●●
●●
●●●
●●
●
●

●●●
●●
●
●●●●
●

●
●●●
●
●●●●●
●●●
●●
●●
●●
●●
●
●●
●●●●●●●●●●●
●●●
●●●
●

●●●
●
●

●●●
●
●●
●
●●●●
●
●
●
●●●

●

●●●
●
●
●

●
●

●●
●●●
●●●
●●

●●●

●
●
●●
●
●
●
●
●
●
●

●
●●
●●●●
●
●
●●●
●
●
●
●●●●

●
●●●
●
●
●

●
●●
●●●
●●

●
●●●
●
●●●●

●
●●

●●●●
●●●●
●●●

●
●
●
●●●
●
●

●
●

●
●●

●

●

●

●●
●
●
●
●
●●●●

●
●●
●●
●●●●

●

●●●
●
●

●●●●●●●●●●●
●

●

●
●●
●

●
●

●
●
●
●
●

●●●
●
●

●
●●●
●
●
●
●●●●

●

●

●
●●●

●
●●
●
●
●

●

●
●●

●

●●

●●
●●●●●●
●●●
●
●
●

●●
●

●

●
●
●●●
●

●
●
●●●●●●●●●

●
●●
●●

●

●

●●●
●●
●
●

●

●●
●●●●

●
●●
●●●
●
●●
●

●●●
●●●
●
●●●●
●
●
●●●●●●
●●

●

●

●●●

●

●●
●
●
●
●
●
●

●●
●●
●●
●●●
●
●
●
●●●
●
●●
●●
●
●
●●
●●
●
●●
●

●●
●●

●●●●
●

●●●

●●

●
●

●
●

●
●●●●

●
●
●
●

●●●
●

●

●●
●●●●
●

●

●

●

●

●

●●
●

●

●
●●

●●

●
●
●●●●●●●●●
●●●

●

●

●

●

●
●
●●
●
●
●
●

●●●
●
●
●
●●

●

●
●●
●
●●●●

●

●

●
●

●
●●●
●●

●

●●●
●●
●●
●
●
●●
●●●
●●●●
●●

●●●●●●
●●●
●
●

●
●
●●
●
●●●
●
●
●●
●
●●
●
●

●

●●
●●●
●
●●●●

●
●
●●

●
●
●
●
●
●

●●●●●●●
●
●●
●●●
●●
●
●
●●
●
●●●
●
●
●
●
●
●●
●●●●

●
●●●●●●●●●●
●

●●●

●

●●
●●●●●
●
●
●●●●
●
●

●
●●●
●
●●●●●●●
●
●●
●●

●

●
●
●●
●●●●
●
●●
●●●
●●
●
●
●

●

●
●

●
●●

●

●
●
●●
●
●●
●●●●●●●●
●●●
●
●
●
●

●

●

●
●●●●●
●
●●●

●
●
●
●●●●●●
●
●
●
●
●
●●●
●●●
●
●●●
●

●

●
●●●●●●●●●●●

●●●●
●●●

●●
●

●
●●●

●
●●●●
●
●●●
●●
●

●

●●
●

●
●●

●
●

●

●

●

●
●
●

●

●

●
●

●

●
●
●●

●
●

●

●
●
●●●●●●●●
●●●●●
●●●●●
●
●●

●

●
●

●●
●
●
●●●●●●●●
●●●●●●●●●●●●●
●●

●
●
●

●

●●●
●●
●●●●●●●
●●●
●●
●
●●
●●●●●
●●●
●

●
●●
●
●
●●●
●●●
●●
●
●
●
●
●
●
●
●●●
●
●●●
●

●
●

●

●●●●●●
●

●●
●●●●●

●●

●
●●
●●●●

●
●

●

●

●●
●●●
●
●
●
●
●
●
●●●●

●
●●●●●●
●
●●
●
●
●
●
●●●
●
●●
●
●
●
●●●
●
●●
●
●
●
●
●●●
●●●●●
●
●●●●
●
●●
●●●
●
●●●
●
●
●●●
●
●●

●
●●●●●

●
●
●

●●
●●
●

●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●

●

●

●●●●●●

●
●
●

●
●
●
●●
●
●●●
●●●
●
●
●
●
●
●

●

●

●
●●●●
●
●

●
●●●●●●
●●●●●●●
●●●
●●
●●
●
●●●●●
●●●●
●●●

●

●●●●●●
●●●●
●
●●

●
●●
●●
●
●
●●
●●●
●
●

●
●
●

●
●●●●●●●●
●
●
●●●●●
●
●
●●●●
●
●●●●●●●
●●●●
●

●
●●●●●●●●
●●●●●●●●●
●●
●

●

●
●
●
●●●●●●●●
●

●

●●
●●
●●
●●●●
●●●
●●
●●●●●●
●
●●

●

●
●●

●

●
●●

●

●
●

●
●

●●●

●●●●●

●●●●
●

●●

●●●

●
●●

●●●
●●
●
●●●●●●
●●●●
●●
●●

●●

●●
●
●●

●●●●
●●●●●
●●
●●●
●●
●●●●
●●●
●●
●●●●●●
●●
●●

●

●

●

●

●
●●●●●
●●
●●●
●●
●
●●

●

●●

●
●
●
●

●

●

●

●●●●

●

●●
●

●●●●●●●●●
●●

●

●●●●
●●●●

●●
●

●

●●
●●
●

●

●

●●●●

●●
●
●●

●●●

●●●●
●●●●●
●

●
●

●
●
●●
●
●●●●

●●

●●
●
●●
●
●●

●
●●●
●●●
●

●●●●●

●
●

●●●
●●●

●

●●
●
●
●●
●

●●

●●●
●
●
●●

●●

●

●●

●

●

●●●●

●●●
●●●
●
●●●●
●●●
●●●●
●
●●●●●
●
●
●

●●●●●●
●
●

●
●
●●
●●
●●
●●
●●

●●

●
●●●
●

●
●●●●

●●●
●
●●
●
●●●●●●●●
●●
●
●●

●
●●
●
●
●●
●
●
●●●
●●●
●●
●●

●●●●●●
●●

●
●

●●
●●●
●
●●
●●
●
●
●

●
●
●●

●
●●
●●●
●●
●
●●●●
●●●
●●
●
●
●●
●●●●●●

●

●

●
●

●

●●●
●
●●●●
●●

●

●
●
●●●●
●
●
●
●

●●●●●●
●●●
●●●●●
●
●●
●
●●
●●●
●●●●
●●
●
●●●
●
●
●●
●●
●●
●
●
●
●●●
●●
●
●●●
●●●
●●●●
●●●●●

●
●●●
●
●●●●●
●●
●
●

●
●
●●●
●
●●●●●
●

●●
●
●●
●
●

●●●●
●
●●●
●●●●●●●
●●

●

●●●●
●●●
●
●●●●●●●●●
●
●●●
●
●●●
●●
●
●●●●●●●●●●
●●
●●●●
●●
●●●

●●
●●
●●
●
●●●●

●●
●●
●●●●
●
●●
●●●●
●
●
●
●
●●
●●
●
●●
●●●
●●●
●●●●
●
●●
●●

●
●●
●
●
●
●

●
●
●●
●●
●●
●
●
●●●●
●●●●●●
●
●
●●●●
●
●
●●
●●
●
●
●●●●●
●
●
●●
●

●
●

●

●●●●●

●●●●
●●●
●

●●●
●
●●●
●●●●●
●●

●●
●●

●●
●
●
●
●
●●
●●
●●●
●●●●●
●
●

●
●●●
●
●●
●●
●●
●●
●
●●●
●
●●●●●●
●●

●●●●
●
●
●●
●●
●●●●
●●●●●
●
●
●
●
●
●
●

●●

●

●

●●●●●●
●
●●
●●
●

●
●●
●●●
●●
●
●
●●●

●●●
●●●●
●●
●
●
●●
●

●●
●●●●●
●●
●●
●●●
●
●
●●
●
●
●
●●
●
●

●
●●●
●
●
●●●●●●●
●
●
●●
●●●●●●
●●●
●
●●●
●●●●●●
●
●
●●●
●●
●●●

●

●

●

●●
●●●●●
●
●
●●
●●●●●●●●

●

●●●
●
●
●

●
●
●

●
●●
●●
●●●●●
●●●

●●
●
●
●

●

●
●

●

●

●●●
●
●
●
●●
●●●●●
●●
●●
●
●
●●
●
●●●
●

●

●●
●
●

●●●●●
●
●●
●●●
●●
●●
●
●
●●
●
●●●
●●●

●
●
●
●
●●●●●
●●
●

●

●

●
●●
●

●●●●
●
●

●

●

●●

●
●
●●●●
●●
●●
●●
●

●
●●
●●
●
●●
●
●
●●
●
●●●
●
●●
●●
●●●●●
●
●

●●●
●●
●●
●
●
●
●

●

●

●

●

●

●
●
●

●
●
●●
●●

●●●

●

●●

●

●

●
●●

●

●
●
●●●●
●
●
●
●
●●
●
●●
●
●●
●●●●●●●
●●●
●
●
●
●
●●
●

●
●●●●
●●●●●●
●
●●●
●
●
●●●●
●
●●
●
●●●●
●
●●
●●
●
●●
●

●●

●●●●●
●

●
●
●
●●●●
●
●●●●
●●
●●●●●●
●
●
●
●●●

●●●

●
●
●●
●

●

●
●
●
●
●

●●
●●●●●●

●

●
●●
●
●●●●
●
●●●●●●●●●●●●●●●●●●●●●
●●●
●●●
●
●●●●
●
●
●●●●
●

●
●●●
●●
●

●
●
●●

●

●

●

●

●

●

●
●

●
●

●

●●●
●
●
●●●
●
●
●●●●●●●●●
●●
●●
●●
●
●
●
●
●●●
●
●●●●
●●●
●●●
●●●
●
●●
●
●
●●

●

●
●●●●●●●●●●●
●
●●●●●
●●●●●●●●●●●●
●
●●
●●●
●●
●
●●●●●●

●

●

●

●●●●●

●

●●
●●
●●●●●●●●
●
●
●●●●●
●

●●

●
●
●

●
●●
●●
●

●

●
●●

●●
●
●●
●

●

●

●

●●●●●●●

●

●

●●
●
●●

●●●●
●●
●●
●
●
●
●
●●
●●●
●●●●●
●●●●●●●
●●●●●●●●●
●●●
●●●
●
●●●●●●
●●
●
●
●●●
●
●
●●●●●●●●●●●●
●●●
●
●●
●
●
●●●●
●
●●●●●●●
●
●
●
●●●
●
●
●
●
●
●●●
●●●●●●●●●
●
●●●●●●●
●●●●

●
●●
●
●●
●
●
●●
●

●

●
●●
●●●●
●

●
●
●●
●
●●

●

●

●●

●●
●
●
●●●●
●

●

●

●

●●●●

●

●●
●●●●●●●●
●●●●
●
●

●

●

●●

●
●

●

●

●

●
●●
●
●
●
●●

●

●

●
●
●●

●

●

●
●●
●●●●●●●●●●●
●
●

●●

●●●
●●●
●●●
●●●●●
●●●●●●●●●
●●

●
●
●
●●●
●●
●
●
●
●●
●
●●●

●

●
●●●
●
●●●
●
●
●
●
●●
●●
●●●●
●●●
●
●●●●●
●

●
●●●
●●●●●
●●●
●●●
●
●
●●●●●
●

●
●
●

●
●●
●●

●●●
●●●●●
●
●●●●●●●
●
●●●
●●●●●
●
●
●●●●
●●●●●●
●
●●●●
●●●●
●●●●●

x 5

−4
−2

0
2

4

01
−M

ay
−1

9

15
−M

ay
−1

9

29
−M

ay
−1

9

13
−J

un
−1

9

27
−J

un
−1

9

12
−J

ul−
19

26
−J

ul−
19

10
−A

ug
−1

9

24
−A

ug
−1

9

08
−S

ep
−1

9

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●

●
●●

●

●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●
●
●●●●
●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●
●●●
●●●
●●●
●●●
●●●
●●

●●●●●
●
●●
●●●
●●●●●●●●●●

●

●●●●●●●●●●●●●●●●●●

●
●●
●●
●●●●
●
●●●●●●●●●
●●●●●
●
●
●
●
●
●●
●
●●
●
●●
●
●●●●●●●
●

●

●●

●
●
●
●
●
●
●
●●
●
●●
●●●
●●●
●●●

●
●●●●●
●●●
●●●●●

●●●●
●●
●
●●●●
●
●
●
●
●●
●
●
●
●
●
●

●●
●●
●●●●●●
●●
●●
●●●●●●●●●●
●●●●
●
●●●●●●●●●
●●●●
●●●
●●●●●●●●●●●
●
●

●
●
●●
●●
●
●●
●
●
●
●
●

●
●
●
●
●
●
●
●
●●
●
●
●
●●●
●
●
●●
●

●●
●
●

●●
●●●●
●
●
●
●
●

●
●
●
●
●●●
●
●●●●

●
●●

●●●

●
●

●

●

●●
●

●●●
●
●
●●●
●
●●

●●●●●●●

●
●●●●●●●●
●
●
●●●
●●●●
●
●
●
●
●
●
●
●●
●
●●
●
●

●
●●●●●●●●●●●●●●
●●●●●●●●●
●
●
●

●
●●●●●●●●
●

●
●

●●●
●
●●●
●●●●●●●●●●●●●●
●
●●●●●●●
●
●
●
●

●●●●●
●
●
●
●
●
●
●
●
●
●●●
●
●●●●
●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●

●

●●

●●●●●●

●
●●
●

●
●●●

●
●

●
●●●●●●●●●●●●●
●

●
●
●
●

●●●●●●●●●●●●●●
●
●
●
●
●
●
●
●●●●●●●●
●
●●
●
●●●●●●●●●●●●●●●●●
●
●
●
●

●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●
●
●

●
●
●

●
●●●●●●●●●●●●●
●
●
●
●

●
●

●●
●

●
●
●
●●●
●

●

●
●
●
●●●
●
●
●●●●●●●
●
●
●●
●
●

●

●●
●
●●
●
●
●
●●●●●●●●●●●
●
●
●●●●
●
●●●
●●●●●●●
●
●●●●

●
●●●●●●●●●
●
●●●●●●●●●●●●●●●●
●
●●
●●●
●●
●

●
●●
●●●●●●●●
●●
●
●●
●●●●●●●●●●●●●●●●●
●

●●●●●●●●
●

●
●
●●
●●●●
●
●●●●●●●●●●
●

●●●●●●●●
●●
●
●●●●●●●
●
●
●●●●●●
●●●●
●
●●●●

●

●
●●●●●●●●●●●●●●●
●●●
●

●

●●

●

●

●
●
●●
●
●●
●
●
●●●●●●●●●
●●●
●●●
●●●●●
●●●●●●●●●●●●●●●
●

●

●

●

●

●
●
●●
●
●
●●

●●
●●
●
●

●●●●●●●
●
●
●●●●●●●
●●●
●●●
●
●
●●●
●

●●●●●
●
●
●●
●●●

●●

●●●●●●●
●●●
●●

●
●
●●●●●

●●
●
●●
●●
●●
●

●

●
●
●
●●
●
●●

●
●●
●
●

●

●

●

●

●

●

●

●

●●●●●●●●●●●●●
●●●●●●●●●●
●●●●
●●●●●
●●●●
●●●
●●●●●●●●●●●●
●

●
●●
●●
●●
●

●

●
●●●●●●
●

●
●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●
●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●
●●●●●●●●●●●●●●●●●●
●●●
●●●
●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●
●
●
●
●●
●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●
●●●
●●●●●●●●●

●
●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●
●
●●
●

●
●
●
●●

●

●
●
●
●
●
●
●
●●●
●
●●●●
●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●

●

●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●●●●
●●●
●●●●
●●●
●
●
●
●
●
●

●

●
●●

●

●

●
●●
●●
●●
●

●

●
●

●

●

●

●

●

●

●

●
●●●●●●●
●
●
●●
●●
●●●

●

●

●
●
●

●

●
●●
●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●

●
●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●
●●
●●
●●●●●●
●●●●●●●●
●●
●●●●●●●●
●
●
●
●●●
●
●
●●●●●●●●●
●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●
●●
●●
●●
●●●
●●●●●●●●●●●●
●
●
●
●●●●●
●●●
●
●
●
●
●
●

●

●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●
●
●
●
●
●●
●
●●
●
●
●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●
●
●●●●●
●●

●●

●
●

●

●
●

●●

●

●●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●
●
●
●●●●

●
●●●●●●●●●●●●
●
●●

●
●

●

●
●●

●

●●●●●●●
●
●
●●
●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●

●

●

●

●

●●●
●●●●

●
●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●

●
●

●

●●
●
●●●
●●
●●
●●
●●●
●●●●●●●
●
●
●
●
●
●

●
●
●
●

●●●●●●●●
●

●
●●●●●●●
●
●●●●
●●●
●
●
●
●

●

●
●

●
●
●
●●
●
●●●●
●
●
●
●●●
●●
●
●
●●●●●●●
●
●
●●

●●
●
●
●
●●
●●

●

●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●
●●●●
●
●
●
●
●●●●●●●●●
●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●
●
●●●
●●
●●
●●●
●
●
●●

●
●
●
●
●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●
●

●●●
●●●●●●●●
●●●●●●●
●●
●
●
●
●
●●●●
●
●
●

●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●
●
●
●●●●●●

●●●●●●●
●●
●●
●●●●●●
●
●
●

●
●●●●●
●
●
●
●
●
●●●●
●
●
●●
●
●
●
●●●●●●●●
●●●●●●
●

●●

●●●●
●●●
●●●
●●●●●●●●
●
●
●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●
●
●
●
●●●
●●
●●
●●●●●●●●●●●●●●
●●●
●
●
●
●●●●●●●●●
●●●
●●●●●●●●
●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●●●
●●
●●
●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●
●●●●●●●●●●
●
●
●
●●

●●●
●●●
●●●●●●●●
●●●●●●●●●●●●●●●●

●

●●●●●●●●●●●●●
●
●●

●
●●●●●●●●●●●●●●
●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●
●●●●●●●●●
●●●●●●●●●●●●●●●
●●●
●
●
●
●
●●●
●●
●●
●
●
●●●●
●●●●●●●●●●●●
●●●
●●●●●●●
●
●●●●●●●●●●
●●●●●●●●
●
●
●
●
●●
●
●

●
●
●
●
●
●
●

●

●

●

●●●●●●●●●●●●
●

●

●

●
●●
●

●

●
●
●●●●
●
●
●●
●
●
●●
●
●●●●●●●●●
●

●
●●
●●
●●●●
●●●●●●●●●●●●●●●

●
●●●●●●
●
●

●●●●●●●
●●●
●
●●●●
●
●
●
●
●
●●●●
●
●●●●
●●
●
●●●●●●●●●●

●

●●

●●●●●●

●
●●●●●
●
●
●●●●
●●●
●

●
●
●

●●
●
●
●
●●●
●●●●●●●●
●
●
●
●●
●

●●●●●
●
●●

●
●●
●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●
●
●
●

●
●●●●●●●●

●

●

●●●●●●●●●●●●●●
●
●
●●
●
●
●
●●
●
●
●
●●●●
●●
●●●●
●
●●●●●●●●
●
●●
●
●
●
●
●
●●●●●●●●●●●●●●●●●●●
●
●
●
●●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●
●
●

●●●●●●
●●●
●●●●●●●●
●
●●●●●●●●●●●●
●
●●●●●●●
●
●
●●●
●
●
●
●
●●●●●●
●

●●●●●
●
●
●
●
●●
●
●
●●●●●
●
●
●
●
●●
●
●
●●●●●●●●●●
●●●●
●

●●●●●●●●●●●●●●
●●
●

●●●●●●
●
●
●
●●●
●

●●
●●●●
●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●
●●
●●●●●
●●●●
●
●
●●●●●●●●●●●●●●
●
●●
●●
●●
●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●
●●●
●●●
●●
●
●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●
●
●●●●●●●●●
●
●
●●●●
●
●
●●●●●●●
●
●
●●
●
●●●●●●●●●●●●●●●●●●●●●●●
●
●●●
●●
●●●
●●●●●●●●●●●
●
●
●●●●
●●●
●●●
●●●●●●●●●●●●●
●●●
●●●
●
●●
●●●
●●●●●
●●
●
●

●●●●●
●
●
●●●●●●●

●
●●●●●●●●●
●●●●●●●●●●●●●●●
●
●
●
●●●●●●●●●●●●●●●●●
●
●
●●●●●
●●●●●●●●●●●●●

●●

●
●●●
●●
●●
●●
●●●●●●●●●●●●●●●●
●
●
●

●
●●●●●●●●
●
●
●
●●●●●●●●●
●

●
●
●

●●●●●●●●●
●●●

●●
●
●
●
●
●
●●
●
●
●

●
●●●●●●●
●●●●
●
●●●●●●●
●
●
●
●
●●
●●
●●
●●●
●
●
●
●

●
●
●
●

●
●
●
●
●●●
●
●●
●
●
●
●
●
●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●
●●
●
●
●
●
●●●●●
●●●●●●●●●●●●●●●●
●

●●
●
●
●
●●
●
●
●●

●●●●●●●●
●
●

●

●●
●●●●●●●●●

●
●
●●●
●●
●●

●●●●●
●●●
●
●
●

●

●●
●
●
●●
●●
●●
●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●
●●●
●
●●
●
●●

●●●●●●●●●
●●●
●●●●●●
●●●●●●●●●●●●●●●
●●
●●●

●
●
●

●
●
●
●●●●
●●●●
●●●●●●●●●●●●●●●●●●
●
●
●
●●●●●●●
●
●

●
●
●
●
●
●●●●●●
●
●
●
●●

●●●●●●●●●●●●●●●●●●●
●
●●

●●
●
●●
●●●●●●●●●●
●

●●
●
●

●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●
●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●
●
●
●●●
●
●
●●●●
●
●
●●
●●●●●●●●●●●●●
●●●●●●●●●●●
●
●●●●
●●
●●●●●●●●●●●●●
●●
●●●●

●
●●●●●●●●
●●
●●●●●●
●
●●●
●
●●●●●●●●●●●●
●●●●●●●●
●
●
●●

●
●
●
●
●●
●
●
●●●●●●●
●
●●●●●●●
●
●

●●
●●
●●
●●

●●●●●

●
●
●●●●
●
●●
●
●
●●

●●●
●●
●
●
●
●
●●●●●●●●●
●
●
●
●
●●●●●
●●●●●●●●●●●
●

●
●●
●●
●●
●●

●
●
●
●●
●
●
●●●
●
●●●●

●●●
●
●●●●●●●●●●
●

●

●●●●●●●●●●●●●
●
●
●
●●●●●●●●●
●
●●●●●●
●
●●●●
●
●
●●
●
●
●

●●●●●
●
●
●●

●●●●●●●●
●
●
●
●
●
●●

●
●●●●●●●
●
●
●
●●●●●●●●●●
●●
●
●
●
●●●●●
●
●●●●
●
●
●

●
●
●●
●●●●●●
●●
●
●
●
●
●●
●
●
●●●●●●●●●●●●
●●

●

●
●
●●●●
●
●
●
●●●●●●●
●●
●●
●
●
●●●
●
●●●●
●●●
●●●●●●●●●●
●
●●●●
●●●
●
●
●
●

●
●
●
●
●●●
●●●
●●●
●●●●●
●●
●●
●●
●●●●●●
●
●●●●

●

●●
●
●
●●●●
●●
●●
●●●●●●
●
●
●●●●●●●●●
●●●●
●

●
●●

●
●

●●●●●
●
●●
●●

●

●
●
●
●

●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●
●
●
●
●
●
●
●
●●●

●

●
●●●
●●●●
●
●
●
●
●
●
●●●●

●

●●●
●
●
●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●
●
●
●●

●●
●
●
●
●
●●
●
●
●
●●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●

●●
●
●●●
●●
●●●●●●●●●●●●●
●
●●●
●●●●
●●●●●●
●
●
●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●
●
●
●●

●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●
●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●
●●
●●
●●

●
●●
●●
●●●
●
●
●

●
●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●
●
●
●
●
●
●
●

●●●●●●●●●●●
●
●●●●●●●
●

●
●

●
●

●●
●
●●
●
●●●●●●●●●●●●●●●
●●●
●●●
●●●
●●●●●●●●●●●●●●●●
●●●●
●●●

●

●
●●●
●●●

●

●

●

●
●
●●●●●●●●

●

●●●●●●●●●●●
●●
●●
●
●●●●●●
●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●
●
●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●●●●●●
●
●●

●●
●●
●●

●●

●

●

●
●●●●●●●●●●●●●
●●●●●
●
●
●
●●●●
●
●
●●

●
●
●
●●●●●●●●●●●●●●●●●●●
●

●
●
●
●●

●
●●●●●●●●●
●

●
●
●
●●
●
●
●

●
●●

●
●●

●●

●
●
●
●

●●
●
●●●●

●
●●
●
●
●●

●
●●●●●●●●●●
●●●●
●
●
●●●●

●●
●
●
●

●●●●
●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●
●●●●●●●●●●●
●
●●
●
●●
●
●●●●●●●●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●
●
●
●●●●●●●●●●●●
●
●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●
●
●
●
●●
●●
●●
●●
●
●

●●

●●●
●●●●
●●●
●●
●●
●
●
●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●
●
●
●
●●●●

●

●
●●

●

●●

●
●
●
●●

●
●
●

●●●

●●●●●
●●
●

●

●

●

●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●
●

●●●●●
●
●
●
●
●●
●
●●●●●●●●●●●
●●●●
●●●
●●●
●

●●●●●●●●●●●
●
●●●●●●●●●●●●●
●
●
●
●
●
●●
●●
●

●●●
●●
●
●●
●
●●●●
●
●
●
●
●

●
●
●
●
●

●
●
●●●
●
●
●
●●●●●
●
●●●●
●

●
●●●●
●
●
●

●●
●
●
●
●●●●●
●●●●●●●●
●●●●●●●●●●●●
●●●●●●
●
●●●●●●●●●●●●●●●●
●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●
●●●●
●●●●
●●●●●●●●●●●●●●
●●●●●●

●
●●●●●●●
●●
●●●●●●●●●
●●●●●●●●●●●
●
●●●
●●●●●●●●●●●●●

●
●●●●●●●
●●
●●
●
●

●●●●●

●

●

●

●

●

●
●●

●

●

●

●

●

●●
●
●●
●
●●

●●
●
●
●●

●
●●●●
●
●
●●
●
●●●●●●●●●●●
●●●
●
●
●●
●●
●●
●●●
●
●
●●●●●●
●●
●
●●●●●●
●●●
●●

●●●
●●●●●●●●●
●●
●●●
●●●●
●●●●●●●●●●●
●
●
●
●
●

●

●

●
●●●●●
●●●●●●●●●●●
●●●
●●●●●●●●
●
●●

●●●●●●
●●●●●

●●

●●●●●●●●●●●●●●●●
●
●
●
●

●●

●●●●●●●●
●
●
●●●●●●●●●●●
●
●●

●●●●●●●●●●●●●●●●●●●●●
●●●
●●●
●
●●●
●●
●●●
●
●●
●
●●●●●●●●●●●●●
●●
●●
●
●

●
●
●●●●●●●●
●
●
●●●●●●●●●●●
●●●
●
●
●●●●●
●
●●

●●●●●●●●●
●●●●●●●●●●●●

●

●

●

●●
●●
●●
●
●
●●●●
●
●
●
●
●

●

●

●

●
●●

●

●
●
●●
●●
●●●●
●●●

●

●

●
●
●●

●
●●
●●
●●●●●●●●●
●
●
●●●●●●●

●
●●●●●●●●●
●●●●●●●●●●●●●●●
●
●
●
●
●

●

●
●

●

●

●●●●●●●●●●●●●
●

●●●●●●●●
●
●
●●●
●
●
●●●●●
●●●●●
●●●●●●●●●●
●●●●●●●
●●●●●●
●
●●
●
●
●
●●●●●●●●●●●●●●●
●●●
●●

●●●●●●●●●●
●●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●
●●●●
●
●
●●●

●

●

●

●

●

●●●●●●
●

●

●

●

●

●

●

●

●
●
●
●●●●
●●●●●●●●●●●●●●●●
●
●●
●
●●
●
●
●
●●●●●●●●●●
●●
●●
●
●
●
●●●●●●
●●●●●●●●●●●●
●
●
●●

●●●
●●●
●
●
●●
●●
●
●●●●●●●●●●●●●●●●●
●●
●●
●●●
●●●
●
●

●●●
●●●
●●●
●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●
●●
●●●●●●●●●
●
●
●●●
●●
●
●
●
●
●
●

●
●●●●●●●●
●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●●●●●

●●●●●●●●
●
●

●

●

●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●
●●●●●●●●●
●●●●
●●●
●●●●●●●
●●
●●
●●●●●●●●
●
●●●
●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●

●

●
●●●●●●●●●
●●●
●●●●●●
●
●●●
●●●●●●●●●●●●●●●
●●●
●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●●●●
●●●
●●●●●●●●
●
●
●
●
●
●
●●●
●
●
●●●
●
●
●●●●●●●

●

●●●●●●
●

●
●
●
●
●●

●
●
●
●
●●●●●●
●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●
●
●
●●●●●●●●●
●●●●●●●●●●●
●●
●
●
●●●●●●●●●●●●●
●

●
●●●●●●●●●
●●●
●●●●●●●●●
●●●●
●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●●●
●
●
●
●
●
●
●
●●
●
●●

●
●●●
●
●●●●●●
●
●
●●
●
●●

●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●
●
●
●
●
●
●
●●●●
●
●
●

●
●

●

●

●

●

●
●●
●●
●●
●●
●●
●●●●●●
●●●●●●●●●●●
●●●●●
●●●
●
●●

●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●

●●●
●●●●●●
●
●
●●●●●●●●●
●
●
●●

●

●
●
●
●●

●
●●●●●●●●●●●
●
●
●●●
●
●
●●●●●●●
●

●
●●●●●●●●●●●
●●●●
●●●●●●●
●
●
●
●

●
●●●●
●

●

●
●
●
●●●
●●

●
●
●●●●●●●
●●●●●
●●●●●●●
●●●●●
●●●●●●●●●●●●●●
●
●
●

●
●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●
●●
●●●
●
●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●

●

●●●
●
●
●
●
●
●●●●●●●
●

●
●
●
●●●●

●

●●●●●●
●●●
●●●●●●●
●

●●●●●●●●
●●

●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●
●
●●●●●●●●●●●●●●
●
●
●
●●
●
●●●●
●●●●●●●●●●●●●●●●
●
●
●●
●
●
●●
●
●
●●●●●

●
●
●
●
●●

●

●

●
●
●
●●●●●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●
●●
●●●●
●
●●●
●
●
●

●
●●●
●
●●●●●●●●●●●●●
●
●
●
●
●●●●
●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●
●●
●
●●
●●
●●
●
●
●
●●●●●

●

●●
●
●●●
●●●●
●
●●●●●
●●
●●●●●●●●●●●●●●●●
●
●●●●●●●●
●
●
●
●●●●●●
●●●●●●●●●●
●●●●●●
●●●●●●●●
●
●
●
●

●●●●●
●
●
●●●●●●●●

●
●●●●●●●●
●●
●●

●●●●
●●●●
●●●●●●●●●
●
●
●●●●●●●
●

●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●●●
●●●
●●●
●●

●

●
●●●
●
●
●
●
●
●
●

●
●●
●●
●●
●
●

●
●
●
●●●●●●
●●
●●
●●
●●

●

●

●●●●

●

●●
●
●
●●●●●
●●
●●
●●●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●
●
●●●●
●
●
●●●●●●
●●●●
●
●
●

●

●●●●●●●●
●
●
●●
●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●
●●
●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●
●

●●●●
●
●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●
●●●
●●●●●●●●●●
●●●
●●●
●●●
●●●
●●●●

●

●
●
●

●●●●●●
●
●
●
●●●●
●

●●●●●●●●●●●
●●●●
●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●

●

●

●●●●●

●

●●●●●●●●●●●●●●●●●

●
●
●

●
●●●●●●
●
●
●
●
●

●
●
●
●
●
●
●
●
●

●

●
●

●
●●●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●
●●
●●
●●
●
●

●●●●●●●●●●●●●●●●●●●●●●
●●
●●
●●

●●●●●●●●●●●●●●●●●●●●

●

●●●●
●●●●●
●●●●●●●●●●●●
●●●●
●
●
●
●
●
●●●●●●●●●●●●●
●●●●●●●●●●
●
●
●●
●
●
●●
●
●
●●●●●●●●
●●●●●
●●●●●●
●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●
●
●
●
●
●●●●●●●●●●
●●●
●●●●

●
●●●●
●
●
●
●

●
●●●
●●●
●●●●●
●
●
●●
●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●
●●●●
●●●●●●●●●●●●
●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●
●●●●●●●
●
●
●

●
●
●

●
●●

●●●●
●

●

●

●

●●●●●●●●●●●●

●●●●
●●●●●
●
●●
●●
●
●
●
●●●●●●●●●
●●●
●●●●
●●●●●●●●●●●●●
●●
●●
●●
●●●●●●●
●

●●
●
●●
●
●●●●●●●●
●
●
●
●
●
●●
●
●
●●
●
●
●
●

●●●●
●

●
●

●

●
●
●
●●
●●
●●●
●
●
●●●●●●●
●
●
●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●

●

●●

●

●

●
●
●●●●●●
●●●
●●●●●●●●●●●●
●●●●

●●

●

●

●
●

●

●
●
●
●
●
●

●

●
●
●●●●●

●●●●●

●
●

●●●●●●●●●●●●●●
●●●●●●
●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●
●●●
●●●●
●●●●●●
●●●●●
●
●
●
●
●●●●
●●●

●

●●

●●●●●●

●

●
●

●●●●

●

●

●●●●●●●●●●●●●●●●●●
●

●●●
●●
●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●

●

●

●

●
●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●
●●●●●●
●●●●
●●
●

●

●●●
●●
●

●

●●

●

●
●
●
●

●

●

●
●
●●
●
●
●
●
●●

●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●●●●●●●●●
●●●●●●●●●●
●
●
●●●
●●●

●

●

●

●
●

●●●●●
●●
●●●●●●●●●●●●●●●●
●

●

●●●●
●
●
●
●
●
●●
●
●●

●
●●●●
●●●
●●●

●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●
●●●
●●●●

●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●
●
●
●
●●●●●●
●
●●●●●
●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●●●
●●●●●●●●
●
●
●
●
●●●●
●
●●●●●
●
●
●
●
●
●●
●●
●●
●●●●
●●●●●●●●

●

●

●

●

●

●●●●●●●●●●

●

●●●
●●●

●

●

●

●

●●
●
●
●
●
●
●
●
●●●●●●●●●●
●●●●●
●●●
●●●●●●●●●●
●
●
●●●●
●
●●●
●

●

●●

●●●●●●●●●●●●●●●
●●●
●●●●●●●
●●

●●
●
●
●●
●
●

●
●●●
●●●

●
●
●
●●●●●
●●●
●

●●
●●●
●
●
●
●
●

●

●
●
●
●
●●●●●
●●●
●●
●●
●
●

●
●●●
●●●●●
●
●
●
●
●●●●●●●●●●●●
●
●
●

●●●●●
●
●
●
●●
●
●
●
●
●
●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●
●●●
●
●
●

●
●●
●●●●●●●●●●●●●●●●
●

●

●

●

●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●
●
●
●
●

●●●●●●●●●●
●●●●
●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●
●●●●
●●●●●

●
●
●
●
●●●●●●●●●●
●●●
●●
●●
●●●●●●●●●
●●
●●●
●●●●
●●●●●●●●●●●●●
●
●
●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●
●
●
●
●
●
●●●●●●
●●
●●
●●
●●
●
●
●
●●●●●●
●
●
●●

●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●

●
●
●
●
●

●●●●●●●
●
●
●
●
●
●●●●●●●●●●●
●●
●
●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●
●●●●●●●
●●●●
●●●●●●●●●●●●●●
●
●
●●●●●●●●
●●
●●
●●●●●●●●●●●●●●●●●●●●
●●
●
●
●●●
●●
●●●●●●●●
●
●●
●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●
●
●●●●●
●●●
●●
●●
●●●●
●
●●●●●●●●●●●●●
●●●
●●●
●●●●●

●

●●
●
●●●●●●●●●●●●●●●●●●●
●●●●
●●●
●
●●●●●●●●●●●●●

●●●●●●
●

●●●●●●●●●●●●●
●●●●●●●
●●
●●
●●
●
●●
●
●●●●●●●●●●●●●●●●●
●
●
●
●●●●●●●●
●
●
●●●●●●●●●●●●●●
●
●●●
●
●
●
●
●

●

●

●

●

●
●

●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●

●●
●
●
●●
●
●

●
●
●

●
●
●

●

●

●

●●
●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●
●●●●●●
●●●●●●●●●●●
●●●●
●●●●●
●●●
●●
●●
●●●●●
●
●●●●●
●●●●●
●●●
●
●●
●
●
●

●

●●●●●●●●●●●●
●
●
●
●

●●●●●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●●●●
●●●●●●●●●●●●
●

●●●●●●

●
●●●
●●●
●

●

●

●
●

●●

●
●
●●●●

●
●●●●●●●●●●●●●
●
●

●

●

●

●
●●

●
●
●
●●●●●

●
●●●●●●●
●
●

●●●●●●●
●●
●●
●●●
●
●
●●●●●●

●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●
●●
●●●●●●●
●●●●●

●
●
●
●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●●
●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●
●
●
●
●●●●
●●●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●
●●
●

●

●

●●●●●

●●●●●●●●●●
●
●

●
●

●
●

●
●
●
●●●●●●●●●●●●●●●●●
●●
●
●
●
●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●
●●●●
●●●●
●●
●
●
●●
●
●●●●●●●
●
●
●●●●●●●●●●●●●●●

●

●
●
●
●
●
●●
●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●

●●●●●●●
●
●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●
●●
●●●●●
●●
●●
●●●●●●●●●●●●●●●●●

●●●●

●●●●●●●●●●●●●
●●
●●
●

●
●●●●●●●●●●●●●●●●●●●●

●
●●●●●●●●●●
●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●
●●
●●
●●●●●●
●●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●

●●
●

●

●

●

●

●

●●●●●●●●●●●
●●●●●●●●
●
●
●●
●
●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●

●

●●●●●●●●
●
●
●●
●
●●●●
●
●
●
●
●●

●●
●
●
●
●●●●●●●
●
●
●●●●●●
●

●●
●●●
●

●

●
●●●●●●
●
●
●
●
●●●
●●
●●
●●

●
●
●
●
●●●
●
●
●
●●
●●●●
●
●
●●●
●
●
●
●
●
●
●●●●●
●
●
●
●●●●●●●●●●●

●
●●
●
●
●
●
●
●
●
●●
●
●
●●
●●
●●
●●
●●●
●

●●●
●●●●●●●●●●●●
●
●●
●●
●●
●●
●
●●●●●●
●●●●●●●
●

●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●
●

●
●●
●●
●●
●●
●●●●●●●●●
●●●●●●●●●●●
●
●
●●●●●●●
●
●
●
●●●●

●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●

●

●
●●●●●●●●●
●
●
●●
●
●●●●●●
●

●●●●●●
●
●
●●●
●●●
●●●●●●●●●

●

●
●●●●●●●●●●
●
●●

●●●●●●●●

●●●●●●●●●●●●●●●●
●●
●●
●●●●●●
●
●

●●●●
●●●●●●
●●●

●
●●●●●
●●
●●●●
●
●●●●●●●●●●●●
●●●●●●●●●
●
●
●
●●●●●●●●●●●●
●
●●●
●
●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●
●
●
●
●●●●●
●●●
●●●●●●●●●●●●
●
●
●

●●●●●
●
●
●
●
●●
●
●
●●●
●
●
●
●●●●
●
●●●●●●●●

●●●●●●●●●●●●●
●
●
●
●●

●●●●●●●●
●●
●
●●●●●●●●●●●●●●●●
●
●
●
●
●●
●
●
●●●
●●●●●●
●

●
●●●●●●
●
●
●
●
●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●
●●●●
●●●●
●
●
●
●
●
●
●●●●●●●●●●●●●●●
●●●●●
●●●●●●●●●●

●●
●
●
●
●

●●●●●
●
●
●
●●
●
●
●●●
●●
●●●●●●●●●●●●●●●●●●●
●●●
●●
●●
●●●●●
●
●
●●
●●●●●●●●●●●●●●●
●
●
●●●
●
●
●●●●●●●●●●●●●
●
●
●
●●
●
●
●●●●●●
●
●
●●●●●●●●
●●●●
●●●●
●
●
●

●●●●●●
●
●●●●●●
●●●●●●●
●
●

●●●
●●
●
●
●
●
●●●●●●●●●●●●●●●●●●

●

●
●
●
●

●●●●●●●●●●
●●●●
●●●●●●●●
●●●●
●●
●●
●
●
●
●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●

●

●●
●●
●●
●●●

●●●●
●
●
●
●

●

●●
●●●●●●●
●
●●●●●●●●●●
●
●●

●
●
●
●
●●●●●●●●●●●●●
●
●
●
●●
●●●
●●
●
●
●●●●●

●●
●
●
●
●
●●
●
●
●●
●

●

●●●●●

●
●
●
●
●
●
●●●●●●●●●●●●●●
●●
●●●●

●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●

●●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●
●●
●●
●●●●●●●●●●●●●●●●●●●
●●
●
●

●●

●●
●
●

●

●

●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●
●

●
●●
●
●
●
●
●

●

●●
●●
●●
●●
●●●●●
●●●●●●
●
●

●

●●
●

●
●●●●
●

●
●
●

●
●●●●●
●
●●
●
●●●●●
●

●

●

●

●●●●●●●
●●●●
●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●
●
●
●●●●●

●
●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●

●
●●●●
●●●●●●●●●●●●
●●●●●●●●
●
●
●
●●●●●●●●●●●●

●●

●●●●●●●●●
●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●

●

●

●

●
●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●
●●●●●●●
●●●●●●●●●

●

●
●●●●

●●●●●●●
●●●●
●●●●●●●
●●●●●●
●
●
●

●

●

●
●

●●●●●●●
●●●●●●●

●
●●●
●●
●●●
●●●●●●●●●●●●●●
●
●
●
●
●

●●●●●●●●●●●●
●
●●●●●●●●
●●●
●
●
●●●●●●●●●

x 6

−4
−2

0
2

4

01
−M

ay
−1

9

15
−M

ay
−1

9

29
−M

ay
−1

9

13
−J

un
−1

9

27
−J

un
−1

9

12
−J

ul−
19

26
−J

ul−
19

10
−A

ug
−1

9

24
−A

ug
−1

9

08
−S

ep
−1

9

●

(c) x5 (d) x6

Figure 6.29: Univariate observations on the six boiler process variables. Black points represent
measurements over time. Horizontal broken blue lines represent univariate OWAP control limits.
The red and blue dots are specific examples selected that correspond to multivariate process
deviations.
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PCA based multivariate fault identification statistics were therefore employed to identify

possible multivariate process abnormalities. Refer back to Chapter 2. For the moment

only the T 2 statistic will be considered. The result of the T 2 evaluations over the selected

time period are captured by Figure 6.30. Each hollow circular black point represents a

T 2 statistic value for a specific point in time. The horizontal red broken line in Figure

6.30 represents the T 2 control limit. It can be observed from Figure 6.30 that for the

majority of the time the performance of the boiler was multivariately in-control, based

on the T 2 statistic. However, there is a large number of instances where the performance

was multivariately out-of-control as is indicated by the points that are recorded above the

control limit. The T 2 multivariate monitoring therefore provides additional information

on boiler process conditions which are not highlighted by the univariate graphs in Figure

6.29.
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Figure 6.30: T 2-statistic evaluation of new data over time. Red broken horizontal line repre-
sents the 95% control limit.

However, multivariate control charts, in isolation, do not assist engineers much from a

practical viewpoint. It only provides them with an indication of whether assignable cause

variability is present or not. Diagnostic analysis is required to help engineers to interpret

the instances when there are statistically defined deviations from multivariate common

cause variability. The diagnostic process will be illustrated by focusing on specific samples

that are out-of-control. It is interesting to observe, from Figure 6.30, that the boiler was

operating mostly in-control for approximately a month from middle June 2019 to middle

219



July 2019. After this period there was a relatively big movement from common cause

variability. It would therefore be informative to understand what caused the significant

deviation after operating ideally for a relatively long period. One of these points will

therefore be selected to demonstrate the diagnostic step. The specific sample selected is

indicated by a solid red dot in Figure 6.31. Also included in Figure 6.31 are vertical broken

black lines to identify the month of relative stable operation prior to observing the large

deviation.
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Figure 6.31: T 2 statistic evaluation of new data over time. Red and blue points indicate
samples selected for diagnosis illustration. Vertical black broken lines identify the stable period
before the deviation.

6.3.3.1 Traditional fault diagnosis

It will again be illustrated, in this practical setting, how traditional contribution diag-

nostic analysis do not intuitively assist engineers to interpret the statistically identified

process deviation. Please consult Chapter 2 for a review of the traditional diagnostic

approaches. The various traditional contribution analysis techniques discussed in this re-

search document were calculated in R. The code is given in Appendix A. The results of

the contribution analysis are captured by the bar graphs in Figure 6.32. The traditional

approach to multivariate process monitoring would therefore provide the plant engineer

with graphs similar to the ones in Figures 6.31 and 6.32. Given this information, the engi-

neer is tasked to combine the statistical results with fundamental process understanding in
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order to get the process back into multivariate statistical control. However, the statistical

results provided do not practically give the engineer an intuitive understanding of why the

process is flagged by the statistical tools as being multivariately out-of-control. Given the

individual variable rankings provided in Figure 6.32 forces the engineer, to some extent,

to think univariately i.e., to consider the boiler characteristics in isolation. The engineer

would therefore, most likely, combine the information of Figure 6.32 with the univariate

dashboard in Figure 6.29. The corresponding process data related to the red out-of-control

point selected in Figure 6.31 are indicated as red points in Figure 6.29. It would then not

be clear why the multivariate fault detection statistic is flagging, since univariately all of

the process variables are inside their univariate IOC ranges.
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Figure 6.32: PCA T 2 contribution analysis results of the process fault indicated by the red
point in Figure 6.31.
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6.3.3.2 Pairwise fault diagnosis

The diagnostic approach will now be performed using the new pairwise contribution

method developed in this research document. Please consult Chapter 3 for the defini-

tion of this method. The objective here is to only give information on how to practically

implement and use the pairwise contribution method.

In order to determine the pairwise contributions, it is first required that additional infor-

mation be calculated from the fitted PCA model. Therefore, the next step in setting up the

PCA modelling infrastructure is to calculate the information required for the diagnostic

part. First, the IOC distributions of the elements of the T 2 pairwise contribution matrix

are calculated. The R code are presented in Appendix A. Note that in the R code it is

only illustrated how the distributional information are collected for the T 2 statistic. The

approach would be the same for the SPE and Combined statistics. All that is required

is to appropriately replace the distance matrix D. The R function used to calculate the

pairwise contributions for a specific control statistic and out-of-control observation is also

given in Appendix A.
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Figure 6.33: PCA pairwise contribution analysis based on the T 2-statistic for out-of-control
sample selected in Figure 6.31. The top 10 contributing process variable pairs are listed.
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The results of the pairwise diagnosis of the deviating red point selected in Figure 6.31

are reported by the bar chart in Figure 6.33. Each bar represents one minus the prob-

ability of observing the distance measured for a specific variable pair. In other words,

for each variable pair the following question is asked: what is the probability of not ob-

serving the measured distance given the distribution specified using the reference set of

distances? The deviation identified by Figure 6.31 is multivariate. Therefore, by provid-

ing information on the important variable pairs forces engineers to think multivariately

about the boiler operation. In Figure 6.33 it is indicated, for example, that the variable

pairs px2, x3q, px2, x4q, px2, x3q and px1, x4q each reported distances that have a zero prob-

ability of being part of their reference distribution. Although many pairwise plots are to

be considered, here one of these pairs illustrate the methodology. Focusing on the pair,

e.g. px2, x3q, will prompt the engineer to visualise the relationship between the process

variables. One advisable way of viewing the pairwise relationship is to construct a scatter-

plot using the IOC data together with the newly measured data point. Figure 6.34 is an

example of such a graph for px2, x3q. The black points in Figure 6.34 represent the IOC

data for px2, x3q. A blue point is used to represent the observed measurement on x2 and

x3 for the T 2 observation selected in Figure 6.31. The process engineer, when looking at

this graph, would understand, based on the relationship between x2 and x3, why the sta-

tistical analysis indicated that the process has deviated from multivariate common cause

variability. Any corrective engineering solution should therefore adjust boiler operation in

some way such that the px2, x3q measurements are recorded inside or close to the point

cloud i.e., the black points, which describes common cause variability in Figure 6.34.

The deviation identified in variables x2 and x3 has practical meaning to process engineers

in this case. Thermodynamic fundamentals indicate that optimal pressure regulation in

the boiler is indirectly reflected by the IOC relationship observed for px2, x3q in Figure

6.34. Therefore, the multivariate deviation in this instance points to suboptimal pressure

regulation in the boiler. Reasons for abnormalities in boiler pressure regulation are nu-

merous. One possibility might be that water has been introduced into the boiler’s burning

zone due to small tube leakages. Therefore, the diagnostic results produced by the pairwise

contribution analysis provide information that practically indicate why the multivariate

out-of-control state is detected. An example is also given of how the statistical diagnosis

information can be related to fundamental boiler understanding.
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Figure 6.34: Evaluation of high T 2-statistic contributing pair px2, x3q to out-of-control sample
selected in Figure 6.31. This pair was identified using the PCA based pairwise contribution
approach. Black points represent IOC data for x2 and x3. The blue point is the observed
px2, x3q data for the deviating point selected in Figure 6.31 according to the T 2 statistic. (x2:
Feed pressure measurement, x3: Outlet temperature measurement)

It is observed in Figure 6.31 that a large number of observations close to the red point

also display relatively large T 2 values. It would be informative to assess if these points

consistently yield the same diagnostic information. Specifically, the additional points

that will be diagnostically analysed are the 86 blue points in Figure 6.31. The selected

points are also highlighted on the univariate dashboard in Figure 6.29. For each of these

samples, variable pairs were isolated that reported a contribution which was significant at

a 5% significance level. The frequency table of the variable pairs identified are reported in

Table 6.6. It is observed from Table 6.6 that the variable pairs px2, x3q and px2, x4q were

consistently identified to be important for all of the 86 samples analysed. Therefore, the

pairwise contribution analysis of the out-of-control blue points in Figure 6.31 consistently

identify the same variables as being problematic.

The observed pairwise data together with the IOC measurements for these variable pairs

are displayed by Figures 6.35 and 6.36. It is clear from these graphs that the blue points,

representing the new data, forms point clusters that are visually different from the regions

which define the IOC observations i.e., the black points.
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Table 6.6: PCA T 2 based pairwise contribution frequency analysis for the blue point samples
selected in Figure 6.31.

Variable pair Frequency
px2, x3q 86
px1, x4q 86
px2, x4q 86
px3, x4q 58
px4, x5q 39
px1, x3q 12
px2, x5q 8
px3, x5q 1
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Figure 6.35: Evaluation of high T 2-statistic contributing pair px2, x3q to the out-of-control
samples selected in Figure 6.31. This pair was identified using the PCA based pairwise contribu-
tion approach. Black points represent IOC data for x2 and x3. Blue points are the corresponding
px2, x3q data for the out-of-control samples selected. (x2: Feed pressure measurement, x3: Outlet
temperature measurement)
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Figure 6.36: Evaluation of high T 2-statistic contributing pair px2, x4q to the out-of-control
samples selected in Figure 6.31. This pair was identified using the PCA based pairwise contribu-
tion approach. Black points represent IOC data for x2 and x4. Blue points are the corresponding
px2, x4q data for the out-of-control samples selected. (x2: Feed pressure measurement, x4: Feed
preheat temperature)

It is informative to note that for the violating samples selected in Figure 6.31 that

the SPE statistic also flagged the same data points as being out-of-control. The pairwise

contribution analysis based on the SPE information was also performed. Results of the

analysis are reported by Table 6.7 and Figure 6.37. It is striking to observe the similar-

ities and dissimilarities between the T 2 and SPE pairwise contribution analysis results.

Both analysis identified that px2, x3q needs to be considered when attempting to correct

the process deviation. However, the SPE analysis identified px1, x2q as being important,

which was not flagged by the T 2 analysis. The validity of the identification of the variable

pair px1, x2q is justified when one observe the scatterplot in Figure 6.37, displaying the

observed data against the reference data. There is visually a clear separation between

the observed and reference data. Similarly the variable pair px2, x4q is identified by the

T 2 based analysis as important but not by the SPE analysis. Therefore, this analysis

illustrate that it is important to collectively use the information from the various fault

detection indices to correctly diagnose process faults.
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Table 6.7: PCA SPE based pairwise contribution frequency analysis for the blue point samples
selected in Figure 6.31.

Variable pair Frequency
px1, x2q 86
px2, x3q 86
px3, x6q 75
px3, x5q 60
px4, x5q 51
px4, x6q 41
px2, x6q 34
px1, x3q 28
px2, x4q 7
px2, x5q 5
px3, x4q 1

The blue points selected in Figure 6.31 were also identified by the Combined statistic

as being abnormal based on the 95% control limit. Pairwise contribution analysis based

on the Combined statistic for these samples is summarised in Table 6.8. The frequen-

cies agree, to a large extent, with the contributions calculated using the SPE statistic

in Table 6.7. Interestingly, the Combined statistic reports a relatively high pairwise con-

tribution frequency for px2, x4q, which was identified by the T 2 statistic, Table 6.6, as

being important but not by the SPE statistic, Table 6.7. However, the Combined statis-

tic contribution results do not agree with that of the T 2 statistic in identifying that the

variable pair px1, x4q is important. Therefore, this analysis illustrates that it is important

to collectively use the information from the various fault detection indices on the pairwise

contributions to correctly diagnose process faults.

Table 6.8: PCA Combined statistic based pairwise contribution frequency analysis for the blue
point samples selected in Figure 6.31.

Variable pair Frequency
px1, x2q 86
px2, x3q 86
px3, x6q 74
px2, x4q 70
px3, x5q 65
px4, x5q 63
px3, x4q 43
px4, x6q 40
px1, x3q 31
px2, x6q 29
px2, x5q 27
px1, x4q 1
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Figure 6.37: Evaluation of high SPE-statistic contributing pair px1, x2q identified using PCA
based pairwise contribution approach. Black points represent IOC data for x1 and x2. Blue
points are the corresponding px1, x2q data for the out-of-control samples selected. (x1: Gas flow
control, x2: Feed pressure measurement)

Further research is required to better understand why the pairwise contribution anal-

ysis based on the different fault identification indices will yield different results. On an

intuitive level it can be expected that the various indices will give different interpretations.

This intuition comes from the fact that the T 2 statistic quantifies variability observed in

the PCA scores and that the SPE statistic summarises variability in the residual space.

Following from the discussion of PCA in Chapter 2, it is possible to decompose the IOC

data set X : n� p as follows,

X � X̂� X̃, (6.11)

where X̂ � XVp�rV
T
r�p is the PCA approximation of X and X̃ � XṼp�pp�rqṼ

T
pp�rq�p

is the residual matrix. This decomposition is similar to that of the covariance matrix as

presented in Chapter 2.

A possible reason for the discrepancy of px1, x2q being identified as important by the

SPE based analysis and not by the T 2 based analysis can be obtained when the PCA

based decomposition of px1, x2q is considered. The decomposition of the px1, x2q data in

Figure 6.37 is given by Figures 6.38 and 6.39 respectively. In both graphs black points are
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used to represent the reference data and blue points are used to indicate the out-of-control

points selected in Figure 6.31. The PCA approximation, Figure 6.38, can be considered a

view of how the PCA model summarises the variability between x1 and x2. It is therefore

reasonable to deduce that any analysis based on the PCA model will, in this instance,

conclude that the variability displayed by the blue points are likely to be common to the

process, since there is no visual separation between the two groups of data. Using this

thought process, it can therefore be expected that the T 2 based pairwise contribution

results for px1, x2q will therefore not be significant, since the T 2 statistic uses information

generated from the PCA model.

A similar explanation can be given for the SPE based pairwise contribution results ob-

tained in relation to px1, x2q. The variability in the PCA residuals are visually represented

by Figure 6.39. There is clear separation between the blue points, representing the out-of-

control points, and the black points, representing the reference conditions. It is therefore

plausible that statistical analyses, based on the residual information, that quantifies the

variability as displayed in Figure 6.39 will conclude that the blue points are statistically

different from the reference data. The identification of px1, x2q as being important by the

SPE based pairwise contribution analysis, is therefore sensible, since the SPE statistic is

based on the residual information.
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Figure 6.38: PCA approximation of the data for px1, x2q represented in Figure 6.37. Black
points represent the approximation of the IOC data for x1 and x2. Blue points are the corre-
sponding estimation of px1, x2q for the out-of-control samples selected. (x1: Gas flow control, x2:
Feed pressure measurement)
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Figure 6.39: PCA residuals of the data for px1, x2q represented in Figure 6.37. Black points
represent the residuals of the IOC data for x1 and x2. Blue points are the corresponding residuals
of px1, x2q for the out-of-control samples selected. (x1: Gas flow control, x2: Feed pressure
measurement)

It was illustrated in Chapter 3 that it is possible to identify an individual ranking of

process variables. The following ranking was identified:

�
x4 x3 x5 x1 x2 x6

�
. (6.12)

Therefore, variable x4 is an important characteristic that should be considered in diag-

nosing the process fault. The engineer should use this ranking together with the pairwise

contributions to diagnose the multivariate process deviation. It is interesting to note that

all of the traditional variable contribution results in Figure 6.32 identify that process

variable x4 is the most important. However, the order of the other process variables is

different. The ranking identified by the partial decomposition contribution method is the

closest to the one identified by the new method.

A useful property of the new diagnostic method developed in Chapter 5, for the analysis

of non-linear multivariate process faults, is that it can also be applied for the linear case.

In the non-linear setting the IOC point cloud for each variable pair is irregularly shaped.

For the linear case the IOC points clouds have a simpler ellipsoidal form when compared

to the non-linear IOC regions. Therefore, the methodologies of Chapter 5 can be applied
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for the diagnosis of process faults detected using linear PCA. It will now be illustrated

how this method can be applied to diagnose the highlighted faults displayed by Figure

6.31. The same IOC data set that was used to construct the reference distributions of the

T 2 pairwise contributions will be used i.e., the IOC samples that are in-control according

to the 95% T 2 control limit. It was decided to employ the SVM class membership proba-

bilities (5.49) to define the distance measures to be used in this illustration. The R code

used to do the analysis are again presented in Appendix A. Note that the R function is

highly reliant on the R library developed by Karatzoglou et al. (2004). The SVM based

distance matrix can now be calculated for the red point in Figure 6.31. This yielded the

distance matrix displayed by (6.13). It can, for example, be observed from (6.13) that

there is only a six percent chance that the new bivariate measurement made on variable

1 and 3 is part of the corresponding IOC point cloud.

�
����������

0.00 1.00 0.94 1.00 0.00 0.00

1.00 0.00 1.00 1.00 0.93 1.00

0.94 1.00 0.00 1.00 0.91 1.00

1.00 1.00 1.00 0.00 1.00 1.00

0.00 0.93 0.91 1.00 0.00 0.00

0.00 1.00 1.00 1.00 0.00 0.00

�
����������

(6.13)

An individual ranking of process variables can also be identified using (6.13). The following

individual ranking of process variables was identified:

�
x4 x2 x3 x1 x5 x6

�
. (6.14)

Process variable x4 is again identified to have the highest importance. If the fourth row of

(6.13) is examined, it is observed that all of the pairwise contributions that include x4 is

significant. The engineer should therefore investigate if there is something specific to x4

that causes its relationship with the other process variables to be abnormal.

A frequency analysis was also performed to evaluate the pairwise contributions for the

blue points in Figure 6.31. The results are captured in Table 6.9. It is clear, from Table

6.9, that the information from Tables 6.6, 6.7 and 6.8 are combined by the SVM based

pairwise contribution analysis. For example, the variable pair px1, x4q was identified by the

T 2 based analysis, Table 6.6, as important but not by the SPE and Combined statistic

pairwise analysis. Also, the variable combination px1, x2q was identified by the pairwise

contribution analysis based on the SPE and Combined statistics i.e., Tables 6.7 and 6.8,
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but was not identified by the T 2 analysis. However, both sets of variables i.e., px1, x4q
and px1, x2q are identified by the SVM based pairwise contribution analysis. Additional

variable pairs are also identified in Table 6.9 which were not highlighted by the other

pairwise contribution techniques. One such example is px2, x6q. The IOC data together

with the new data points for px2, x6q are displayed in Figure 6.40. It is clear that there is

a visual difference between the IOC black points and the blue points representing the new

data. Therefore, the identification of px2, x6q is sensible.

Table 6.9: SVM based pairwise contribution frequency analysis for the PCA T 2 out-of-control
blue point samples selected in Figure 6.31.

Variable pair Frequency
px1, x2q 86
px1, x3q 86
px2, x3q 86
px2, x4q 86
px2, x5q 86
px3, x6q 86
px2, x6q 85
px4, x6q 85
px1, x4q 55
px4, x5q 44
px3, x5q 42
px3, x4q 22
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Figure 6.40: Evaluation of high contributing pair px2, x6q identified using SVM based pair-
wise distance approach. Black points represent IOC data for x2 and x6. Blue points are the
corresponding px2, x6q data for the out-of-control PCA T 2 samples selected. (x2: Feed pressure
measurement, x6: Gas feed flow)

6.3.3.3 PCA results summary

The PCA based diagnosis results presented in this section for the boiler data can be

summarised as follows:

1. The pairwise contribution analysis results clearly communicate the reason why the

process is classified as being multivariately out-of-control.

2. The results are fairly consistent for deviating observations that are recorded close to

each other in time.

3. It is important that the pairwise diagnosis results based on the different fault iden-

tification statistics are collectively considered.

4. Non-linear pairwise contribution analysis can be applied to diagnose deviations iden-

tified using PCA. It is observed from this example that the non-linear diagnosis re-

sults combine the diagnosis results obtained from the various PCA based pairwise

analyses.
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6.3.4 Kernel PCA MSPM

The reader will observe from Figure 6.40 that the shape of the black point cloud, rep-

resenting IOC’s, can be grouped into two distinct clusters. This is clearly different from

the ellipsoidal shape that is expected when the relationship between process variables are

linear. Fundamental boiler understanding indicate that the reason for the two point clus-

ters is due to soot blowing. The larger cluster represent the IOC relationship of x2 and

x6 during normal operation. The smaller cluster is the IOC region when soot blowing is

performed. Therefore, soot blowing has an effect on the characteristics of the process.

Soot is a byproduct of the combustion process that deposits on the furnace tubes. The

presence of soot in the boiler can influence the efficiency of steam production. Therefore,

soot blowing is performed to remove the unwanted deposits. In this specific case study

the timestamps that identify periods of soot blowing are not electronically captured and

stored on the plant historian. The soot blowing dates are currently hand written into the

control room log books. These dates are also not available for the complete historical data

set that is used to describe IOC’s. Therefore, in the statistical monitoring of the boiler, the

periods when soot blowing occur represent an unobservable process variable that influence

the behaviour of the process. Based on this information and the discussions of Chapter

4, it is clear that a method such as kernel PCA is better suited to multivariately monitor

boiler operation. In this section it will be illustrated, using R code, how kernel PCA based

fault detection and diagnosis perform when applied to the boiler data.

One practical limitation, that was encountered, is that kernel PCA model development

can be computationally slow when data sets are large. It was decided to work with a

reduced data set to speed up the modelling step. The reduced data set was obtained by

selecting 2000 samples using the k-means clustering method (Hastie et al. (2001)). Other

techniques exist that can be used to address the computational expense associated with

kernel PCA, see for example Bencheikh et al. (2020). Although downsampling will impact

on the estimates based on the reduced sample, it was found that the approach of using

clustering provided satisfactory results.

The Gaussian kernel was again used in the kernel PCA model definition. In Appendix

A the R function used to fit the model is defined. Algorithm 1, in Chapter 4, was used

to identify the optimal hyperparamters for the model. Optimal settings for the Gaussian

kernel hyperparameter and kernel PCA dimension equalled 0.15 and 120 respectively.

New observations of the boiler being monitored will now be evaluated using the kernel

PCA model. The kernel PCA T 2 statistic will be used as an example to illustrate the

non-linear MSPM fault detection and diagnosis. The kernel PCA T 2 statistic values of

the new observations are depicted in Figure 6.41. The dots represent the T 2 values over

time and the horizontal red broken line is used to display the 95% control limit. The
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control limit is empirically determined using the T 2 statistic values of the IOC data.
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Figure 6.41: Kernel PCA T 2 statistic values over time for the new observations in Figure 6.29.
The red and blue points indicate samples that will be used to demonstrate fault diagnosis.
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Figure 6.42: PCA T 2 statistic values over time for the new observations in Figure 6.29. Blue
points are the corresponding points selected in Figure 6.41.
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Figure 6.43: Gradient based (Cho et al., 2005) and Reconstruction based (Alcala and Qin,
2010) contribution analysis results of the red sample selected in Figure 6.41. Bar graphs are used
to represent the T 2 statistic based contributions.
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Figure 6.44: Evaluation of px1, x3q identified using gradient and reconstruction based approach.
Black points represent IOC data for x1 and x3. The red point is the corresponding px1, x3q
data for the out-of-control sample selected in Figure 6.41. (x1: Gas flow control, x3: Outlet
temperature measurement)

It can be observed from Figure 6.41 that for the majority of the period under consideration

the T 2 values are above the 95% control limit. Therefore, the boiler is considered to be

out-of-control most of the time. The samples corresponding to the extreme T 2 values need

to be analysed in order to diagnose why assignable cause variability is considered to be

present. Diagnosis of the red point in Figure 6.41 will first be considered.

6.3.4.1 Traditional fault diagnosis

Results obtained by using the traditional diagnosis methods i.e., gradient and reconstruc-

tion based contribution analysis, are depicted in Figure 6.43. Both methodologies identify

x3 and x1 as the top two contributors. It is not clear why these two variables are being

highlighted. Given that the process is univariately inside the OWAP bounds, it was de-

cided to collectively consider x3 and x1 in Figure 6.44. This representation also does not

assist in interpreting the multivariate deviation since the new observation is located in the

IOC point cloud. Therefore, in this example it proofs difficult to interpret the information

produced by the traditional approaches.
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6.3.4.2 Pairwise fault diagnosis

The set of SVM based pairwise models constructed in the previous subsection was now

used to identify the variables with significant pairwise distances. The following distance

matrix is obtained:

�
����������

0.00 1.00 0.00 0.00 0.00 0.00

1.00 0.00 0.00 0.00 0.00 0.91

0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.91 0.00 0.00 0.00 0.00

�
����������

(6.15)

Therefore, variable pairs px2, x6q and px1, x2q were identified to have SVM based distances

that are larger than normal. In Figures 6.45 and 6.46 the pairwise scatter plots are given

for px2, x6q and px1, x2q respectively. It is clear from these figures that the identification of

px2, x6q and px1, x2q is sensible. For example, in Figure 6.45 the reason for the multivariate

out-of-control categorisation can be interpreted by observing that the measurement is

recorded between the two IOC point clusters.
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Figure 6.45: Evaluation of high contributing pair px2, x6q identified using SVM based pairwise
distance approach. Black points represent IOC data for x2 and x6. The red point is the corre-
sponding px2, x6q data for the out-of-control sample selected in Figure 6.41. (x2: Feed pressure
measurement, x6: Gas feed flow)
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Figure 6.46: Evaluation of high contributing pair px1, x2q identified using SVM based pair-
wise distance approach. Black points represent IOC data for x1 and x2. The red point is the
corresponding px1, x2q data for the out-of-control sample selected in Figure 6.41. (x1: Gas flow
control, x2: Feed pressure measurement)

A few of these samples will now be considered, similar to the approach in Section 6.3.3.

The 395 selected blue points in Figure 6.41 will be used to evaluate the frequency of the

identified variable pairs. It should be noted that the selected blue points were not identified

by the linear PCA T 2 statistic as being out-of-control, see Figure 6.42. The result of the

diagnostic analysis is summarised by the frequencies captured in Table 6.10.

Table 6.10: SVM based pairwise contribution frequency analysis for the blue point samples
selected in Figure 6.41.

Variable pair Frequency
px2, x6q 276
px1, x2q 271
px2, x3q 141
px3, x4q 75
px3, x6q 74
px5, x6q 20
px2, x5q 18
px1, x3q 7
px1, x5q 5
px3, x5q 5
px4, x5q 3

It can be observed from Table 6.10 that px2, x6q was identified as an important variable
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pair for 276 out of the 395 samples for diagnostic purposes. The IOC data together

with the measurements of the blue samples selected in Figure 6.41 are depicted in Figure

6.47. It can be observed from Figure 6.47 that a large number of the new observations is

located between the two clusters. Therefore, the identification of px2, x6q as having high

contribution is sensible. A possible interpretation might be that during soot blowing the

process did not exhibit the ideal relationship between x2 and x6. The engineering team

should investigate why this deviation is observed and appropriately implement measures to

correct the process. Therefore, the methodology of Chapter 5 provides a clear indication

of how to interpret the multivariate process deviation. Given a good understanding of

why the kernel PCA based model is flagging will assist engineers to come up with the

appropriate corrective action required to correct the deviation.
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Figure 6.47: Evaluation of high contributing pair px2, x6q identified using SVM based pairwise
distance approach. Black points represent IOC data for x2 and x6. Blue points are the corre-
sponding px2, x6q data for the out-of-control samples selected in Figure 6.41. (x2: Feed pressure
measurement, x6: Gas feed flow)

6.3.4.3 KPCA results summary

The kernel PCA based diagnosis results presented in this section for the boiler data can

be summarised as follows:

1. The pairwise contribution analysis results clearly communicate the reason why the

process is classified as being multivariately out-of-control.
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2. The results are fairly consistent for deviating observations that are recorded close to

each other in time.

3. It was demonstrated that traditional approaches does not clearly communicate why

the multivariate out-of-control categorisation occurred.

6.4 Summary

In this chapter the value and applicability of the new fault diagnosis methodologies pro-

posed in Chapters 3 and 5 were quantified. To this end, data from actual chemical process

plants were analysed. The first case study focussed on diagnosing faults simulated in the

well known Tennessee Eastman process. In the second case study process data produced

by a coal fired steam boiler were analysed. Throughout the chapter, R code were also pro-

vided to illustrate how to implement the new methodologies in R. Using these case studies

has again illustrated how common multivariate deviations are in practice. These type of

process abnormalities are not identified when considering only the univariate graphs of

process variables over time. The proper diagnosis of these assignable cause deviations is

therefore important to ensure optimal process operation.

The Tennessee Eastman (TE) simulation (Downs and Vogel, 1993) produce data that rep-

resent an actual chemical process. This data are often utilised in literature to benchmark

new MSPM methodologies. In this chapter the Tennessee Eastman dataset was used to

evaluate the performance of the new fault diagnosis methodology introduced in Chapter

3. Data representing normal operating conditions were used to fit a PCA model and a

kernel PCA model. The TE data include simulations of various faults that are common

to the process. Observations selected from three of these fault simulations were used to

demonstrate the diagnosis ability of the new method. It was observed for the selected

faults that it is possible to perform the diagnosis by comparing the IOC OWAP ranges

to the ranges observed during the fault simulation. However, the multivariate diagnosis

techniques were still applied to evaluate the faults. A sensible minimum requirement of

the MSPM diagnosis is that it must produce results that correspond with the univariate

analysis. Note that due to the univariate differences the fault diagnosis mostly focussed

on the univariate rankings obtained from the pairwise information.

The PCA diagnosis results based on the row sum method of Chapter 3 was observed to

correspond with the univariate analysis for all of the selected faults. Additional variables

were also identified that were found to be sensible identifications. However, the graphical

approach, based on the MDS analysis, produced results that were difficult to visually in-

terpret due to a large number of points on the MDS display. The method based on the

analysis of the row sums were therefore preferred. It is concluded that the new methodol-
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ogy of Chapter 3 is capable of statistically diagnosing the selected TE simulated faults.

Process faults that were identified using kernel PCA was diagnosed using the SVM based

pairwise distance approach. For each of the three faults it was observed that the MDS ap-

proach was able to visually indicate the variables that are univariately different. However,

the row sums method identified additional variables that were found to operate close to

OWAP bounds of the process. It is concluded that the non-linear pairwise methodology

provided sensible diagnosis results for the selected TE simulated faults.

The section that discuss the coal fired steam boiler case study was predominantly di-

vided into two parts. In the first part the focus was on MSPM using linear PCA. The

second part was used to illustrated fault detection and diagnosis in the non-linear setting

using kernel PCA.

For linear PCA, specific multivariate process faults were analysed to illustrate that the

diagnosis approaches will practically assist engineers to statistically interpret the identified

multivariate excursions.

The impracticality of traditional contribution analysis was briefly highlighted. Traditional

individual ranking of process variables does not give the engineer a practical indication

as to why the process is statistically categorised as displaying behaviour that is different

from multivariate common cause variability.

The pairwise contributions identified by the new methodology of Chapter 3 provided prac-

tical information that can be used to supplement fundamental process understanding in

order to better interpret the process deviation. For example, the diagnosis results might

indicate that the relationship that exists between two variables are statistically different

when compared to IOC observations. The engineer can then use fundamental understand-

ing of the plant to interpret why the specific deviation might occur. An individual ranking

of process variables was also calculated, based on the row sum approach, that can be

interpreted in combination with the pairwise contributions.

It was also observed that the application of the new diagnosis method to real process data

indicated that there exist instances when the fault identification statistics will collectively

identify the same process conditions as being abnormal but will not necessarily provide

the same reasons for the deviation. For example, the pairwise contributions calculated

based on the T 2 statistic differed from those calculated using the SPE statistic. The

contributions calculated based on the Combined statistic, to some extend, combined the

results obtained from the T 2 and SPE statistic. However, there were still variable com-

binations identified by the T 2 statistic that were not identified by the Combined statistic.

An attempt has been made to explain why this is happening. This explanation is based on

the fact that the T 2 statistic is based on the PCA model data and that the SPE statistic
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is based on the residual model data. However, further research is needed to better under-

stand the diagnostic differences. Crucially, this observation illustrates that it is important

to use all of the information provided by the PCA monitoring methods to attain optimal

process fault detection and diagnosis.

It was illustrated that the new methodology developed in Chapter 5 for the diagnosis of

non-linear multivariate process faults can also be used to evaluate process faults identified

by linear PCA. It was informative to observe that the significant pairwise contributions

calculated for the T 2, SPE and Combined statistic by the method of Chapter 3 were also

identified by the technique of Chapter 5. The non-linear diagnostic method also identified

additional significant pairwise contributions not identified by the pairwise decomposition

method of Chapter 3.

In the second part, of the boiler case study, a process specific reasoning was provided to

motivate that the relationship between the process variables is non-linear. Therefore, a

kernel PCA model was fitted to model the non-linear common cause variability of the

process. Specific faulty observations that were identified using the kernel PCA T 2 statistic

were selected to demonstrate the diagnostic ability of the new method developed in Chap-

ter 5. The high ranking pairwise contributions identified by this method proved to be

sensible when comparing the IOC data to the new measurements. Results of this method

succeed in specifying to plant engineers why the observations were identified as being mul-

tivariately out-of-control. The real life coal fired steam boiler case study presented in this

chapter clearly demonstrate that the methods developed in Chapters 3 and 5 are capable

to diagnose multivariate process faults.

The results of the TE and boiler analysis suggest that the non-linear pairwise approach

should be the preferred diagnosis methodology. In the boiler example it was observed

that the non-linear pairwise approach identified more deviating pairs compared to the

PCA based pairwise approach. Also for the univariate rankings in the TE example, the

non-linear pairwise approach identified more variables that could be interpreted on an

individual basis.
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Chapter 7

Conclusions and Future Research

Modern chemical process plants are equipped with sensors that measure a vast amount

of operational characteristics. This has led to an increase in the amount of process re-

lated data generated. Valuable information is therefore recorded that can assist engineers

to better understand and ultimately optimise their processes. Statistical techniques are

required to appropriately convert the high dimensional data sets into information that is

practically interpretable by engineers. The statistical process monitoring (SPM) method-

ology is a popular set of techniques used to identify and diagnose when a process displays

characteristics that are uncommon to the process. In this research linear and non-linear

multivariate statistical process monitoring (MSPM) were considered. The main objective

was to evaluate and improve on the methods used in Principal component analysis (PCA)

and kernel PCA to diagnose process deviations accurately. The research objectives were:

• Document the shortcomings of the traditional techniques used for fault diagnosis in

PCA and kernel PCA based MSPM through a theoretical evaluation of the methods,

as well as with simulation studies.

• Develop a new methodology for fault diagnosis in PCA based MSPM.

• Develop a new methodology for fault diagnosis in kernel PCA based MSPM.

• Illustrate the fault diagnosis performance of the newly developed methods using data

from a benchmark data set and a commercial chemical process.

7.1 Conclusions

A review was given of how PCA is typically utilised for MSPM. Definitions were provided

for three different sensor fault types that can occur in practice. These are single, multiple

and multivariate sensor faults. The specific definitions for multiple and multivariate sensor
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faults have not previously been defined. It was demonstrated how PCA based MSPM can

detect process deviations which are observed as a result of these fault types. It is impor-

tant in multivariate MSPM that a fault diagnosis analysis is performed when an abnormal

process behaviour is detected. The objective of the fault diagnosis analysis is to provide

information that the process engineers can use to interpret the multivariate deviation. A

detailed account of the traditional contribution analysis methodology for fault diagnosis

was provided. The three main contribution analysis methods i.e., Complete decomposition

(CD), Partial decomposition (PD) and Reconstruction-based (RB) contribution analysis

were of interest. The objective of these approaches is to calculate an individual impor-

tance for each process variable that quantifies how much each variable contributes to the

multivariate deviation. It is well documented in literature that contribution analysis suf-

fers from a condition known as fault smearing. This condition makes it difficult to isolate

the individual contribution of a process variable on the deviation observed. A simulation

study, derived from a PCA model fitted on an actual chemical process, was performed to

evaluate the fault diagnosis ability of the contribution analysis methodology. Based on

the results of the simulation study and the mathematical results provided, it is concluded

that traditional contribution analysis is not a suitable fault diagnosis methodology in a

multivariate setting due to fault smearing.

For PCA based MSPM, it was argued, by means of an illustration, that the objective

of traditional contribution analysis i.e., to assign individual importance to process vari-

ables, is not sensible. It was demonstrated that it is possible to arrive at the same faulty

observation by inducing single sensor faults in different variables. The objective of ranking

one process variable as being more important than another is therefore inappropriate.

Additionally, from a practical viewpoint, an individual ranking of process variables

does not provide engineers with a clear explanation of why the process is identified by

the statistical methods as being multivariately out-of-control. It is motivated that the

diagnosis of multivariate faults should provide a multivariate answer to enable improved

interpretation. To this end, it is proposed that a ranking should be determined that

quantifies the importance of variable pairs. A novel methodology was developed that

is used to obtain a pairwise variable importance ranking for faults detected using PCA

based MSPM. Accompanying this methodology is an approach that can be used to identify

statistically significant pairwise contributions. This methodology is also extended in order

to obtain an individual ranking of process variables. It is advised that the pairwise and

individual ranking of process variables should be collectively analysed. The diagnosis

ability of this new methodology was demonstrated using a simulation example.

Chemical process plants that would benefit from non-linear MSPM are numerous. A

review was provided to illustrate how kernel PCA is employed for MSPM. The practical
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implementation of kernel PCA for fault detection and diagnosis was demonstrated using

a simulated data set. The fault diagnosis techniques employed for kernel PCA are in

principle similar to those methods employed for PCA. The kernel PCA diagnosis techniques

attempt to attach individual importance to process variables. Therefore, the concerns

raised for PCA based MSPM extends to kernel PCA. Individual importances of process

variables do not provide the engineer with a clear understanding of why the statistical fault

identification statistic classified the process as being different from multivariate common

cause variability. A different approach to fault diagnosis in kernel PCA based monitoring

is therefore required.

Similar to the discussion provided to promote the new methodology for fault diagnosis

in PCA, it was illustrated for kernel PCA that the notion of attempting to assign an

individual importance to process variables is not the correct question that needs to be

addressed. It was therefore proposed that pairwise contributions should be calculated

in kernel PCA based fault diagnosis. A new methodology was developed that can be

used to calculate pairwise contributions in the non-linear setting. This methodology is

dependent on the appropriate specification of distance measures. Different strategies were

discussed on how to specify suitable distance measures. Specifically, distance measures

were developed using kernel PCA, Support Vector Machine (SVM) classification and One-

Class SVM classification. The implementation of the new diagnosis methodology for kernel

PCA based fault diagnosis was illustrated using simulated data. It was demonstrated how

this methodology can indicate to engineers why the process is statistically classified as

being multivariately out-of-control.

The value and applicability of the new fault diagnosis methods were evaluated using

data from the Tennessee Eastman benchmark simulation and from an actual chemical

process plant. These case studies clearly demonstrate that the new fault diagnosis methods

provide information that effectively assist with the statistical interpretation of multivariate

process deviations.

7.2 Future Research

The following future research areas are identified:

• Investigate if the new fault diagnosis methodologies can be implemented for tech-

niques other than PCA and kernel PCA based MSPM. The possible areas that should

be explored are:

1. Partial Least Squares (PLS) and kernel PLS.

PLS (Wold et al., 1984) is a dimension reduction technique often employed for
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MSPM (MacGregor et al., 1994). In Li et al. (2009) a total PLS based con-

tribution plot is introduced for fault diagnosis. This contribution methodology

is based on the decomposition of a fault detection index that assign individual

importance values to process variables. In Van den Kerkhof, Vanlaer, Gins and

Van Impe (2013) it is pointed out that the PLS based contribution analysis

techniques also suffer from fault smearing. Kernel PLS (Rosipal and Trejo,

2002) the non-linear variant of PLS can be employed for non-linear statistical

process monitoring (Wang and Shi, 2014). In Godoy et al. (2014) a gradient

based approach is used for kernel PLS fault diagnosis.

2. Independent component analysis (ICA). ICA (Kano et al., 2003) is a technique

that decomposes the data into statistically independent components (IC’s).

In Lee et al. (2006) a modified ICA approach is utilised for fault detection

and diagnosis in MSPM. Contribution decomposition of the ICA T 2 and SPE

statistics are used to rank process variables for fault diagnosis.

• The diagnostic methodology developed for the non-linear case can be applied to

diagnose PCA based faults. It should be investigated if the new method developed

for the diagnosis of non-linear process faults can be used as a generalisation of the

new method used to diagnose linear PCA faults.

• In both the linear and non-linear pairwise diagnosis methodologies the possibility

exist that a large number of process variable pairs can be identified as containing

information on a specific fault. The consideration of many deviating pairs can po-

tentially confuse interpretation. Strategies should be investigated to assist in the

simultaneous interpretation of numerous significant pairwise contributions.

• In the pairwise contribution analysis method developed for the non-linear fault di-

agnosis, it is required that
�
p
2

�
models should be fitted in order to determine the

distance evaluations. Therefore, a large number of models need to be fitted when

the number process variable p is large. The development of efficiently automated

strategies are therefore required to optimally fit the models.
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Appendix A

R code

The R code used in the analysis of the Tennessee Eastman (TE) data and boiler data is

presented in this appendix. Note that code illustrating the detection and diagnosis of the

first TE process fault will only be provided. The code can easily be adapted for the boiler

data analysis and the other TE process faults.

A.1 R code for PCA based MSPM

TE PCA model definition.

#load IOC data

load(’TEP_FaultFree_Training.RData’)

#Define IOC data set

xmat <- fault_free_training [1:1500 ,4:55]

#IOC data dimensions

n <- nrow(xmat)

p <- ncol(xmat)

#Center and scale preprocessing

xmean <- apply(xmat ,2,mean)

xsd <- apply(xmat ,2,sd)

zmat <- scale(xmat ,xmean ,xsd)

#Covariance matrix

smat <- (1/(n-1))*t(zmat)%*%zmat

#Eigen decompositions
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smat_eig <- eigen(smat)

lambda <- smat_eig$values

#PCA model dimension selection

#Scree plot

plot(lambda ,type=’l’,ylab="eigen values",

xlab = "number of principal components",axes=FALSE)

points(x = 1: length(lambda),y=lambda ,pch =19)

axis (2)

axis(1,at = seq (0,50,5))

grid()

box()

pca_dim <- 15

var_exp <- sum(smat_eig$values [1:pca_dim])/sum(smat_eig$values)

#"Variance explained: 66.57 %"

#model loading vectors

vmat <- smat_eig$vectors [,1:pca_dim]

#residual loading vectors

vrmat <- smat_eig$vectors[,-c(1:pca_dim)]

#diagonal matrix of model eigenvalues

Lmat <- diag(lambda [1: pca_dim])

# 95 % Control limits of statistical control

# indices (T2, SPE and Combined)

#t2 critical value

t2_crit <- qchisq(p = 0.95,df = pca_dim)

#spe critical value

theta1 <- sum(lambda[-c(1: pca_dim )])

theta2 <- sum(lambda[-c(1: pca_dim )]^2)

k <- theta2/theta1

df_spe <- theta1 ^2/theta2

spe_crit <- k*qchisq(p = 0.95,df = df_spe)

#combined critical value

gcomb <- (pca_dim/t2_crit^2 + theta2/spe_crit ^2)/

(pca_dim/t2_crit + theta1/spe_crit)

hcomb <- (pca_dim/t2_crit + theta1/spe_crit )^2/

(pca_dim/t2_crit^2 + theta2/spe_crit ^2)

comb_crit <- gcomb*qchisq(p=0.95,df=hcomb)
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#Square matrices of statistical control indices

T2mat <- vmat%*%solve(diag(lambda [1:pca_dim]))%*%t(vmat)

SPEmat <- vrmat%*%t(vrmat)

COMBmat <- T2mat/t2_crit + SPEmat/spe_crit

#Store results

pca_mod_obj <- list()

length(pca_mod_obj) <- 14

names(pca_mod_obj) <- c("xdat","xmean","xsd","zdat",

"cov_eig","pca_dim","vmat",

"vrmat","T2mat","SPEmat","COMBmat",

"t2_crit","spe_crit","comb_crit")

pca_mod_obj[["xdat"]] <- xmat

pca_mod_obj[["xmean"]] <- apply(xmat ,2,mean)

pca_mod_obj[["xsd"]] <- apply(xmat ,2,sd)

pca_mod_obj[["zdat"]] <- zmat

pca_mod_obj[["cov_eig"]] <- smat_eig

pca_mod_obj[["pca_dim"]] <- pca_dim

pca_mod_obj[["vmat"]] <- vmat

pca_mod_obj[["vrmat"]] <- vrmat

pca_mod_obj[["T2mat"]] <- T2mat

pca_mod_obj[["SPEmat"]] <- SPEmat

pca_mod_obj[["COMBmat"]] <- COMBmat

pca_mod_obj[["t2_crit"]] <- t2_crit

pca_mod_obj[["spe_crit"]] <- spe_crit

pca_mod_obj[["comb_crit"]] <- comb_crit

rm(list=setdiff(ls(), "pca_mod_obj"))

Evaluation of TE process fault one.

library(latex2exp)

#PCA model information

pca_mod_obj[["xdat"]] -> xmat

pca_mod_obj[["xmean"]] -> xmean

pca_mod_obj[["xsd"]] -> xsd

pca_mod_obj[["zdat"]] -> zmat

pca_mod_obj[["T2mat"]] -> T2mat

pca_mod_obj[["SPEmat"]] -> SPEmat

pca_mod_obj[["COMBmat"]] -> COMBmat

pca_mod_obj[["t2_crit"]] -> t2_crit

pca_mod_obj[["spe_crit"]] -> spe_crit
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pca_mod_obj[["comb_crit"]] -> comb_crit

#Reference data information

n <- nrow(xmat)

p <- ncol(xmat)

vnmes <- colnames(xmat)

#variable names used in thesis

vnmes_xnmes <- data.frame(vnmes = vnmes ,

xnmes =

paste0(paste(’x’ ,1:p,sep=’_{’),’}’),

stringsAsFactors = FALSE)

rownames(vnmes_xnmes) <- vnmes_xnmes$vnmes

#load new data

load(’TEP_Faulty_Training.RData’)

#Select data corresponding to the first

#process fault

FAULT_ID <- 1

FAULT_ID_ind <- faulty_training$faultNumber == FAULT_ID

xnew <- faulty_training[FAULT_ID_ind ,4:55][1:500 ,]

#Preprocess new data

znew <- scale(xnew ,xmean ,xsd)

#Calculate fault identification statistic

#values

#T2 index values

t2vals <- apply(znew ,1,function(x,P){

t(x)%*%P%*%x

},P=T2mat)

#SPE index values

spevals <- apply(znew ,1,function(x,P){

t(x)%*%P%*%x
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},P=SPEmat)

#Combined index values

combvals <- apply(znew ,1,function(x,P){

t(x)%*%P%*%x

},P=COMBmat)

#Plot fault identification statistic

#evaluations

pchs <- c(rep (1 ,499) ,19)

cols <- c(rep(’black’ ,499),’red’)

plot(t2vals ,xlab="",axes = FALSE ,

ylab=TeX("$T^2$-values"),pch=pchs ,col=cols)

abline(h=t2_crit ,col="red",lwd=2,lty =2)

legend("topright",legend=TeX("$T^2$ 95% control limit"),

col="red",lwd=2,cex=0.8,lty=2)

grid()

axis (2)

axis (1)

box()

abline(v = 20,lwd=2,col=’blue’,lty =2)

plot(spevals ,xlab="",axes = FALSE ,

ylab="SPE -values",pch=pchs ,col=cols)

abline(h=spe_crit ,col="red",lwd=2,lty =2)

legend("topright",legend="SPE 95% control limit",

col="red",lwd=2,cex=0.8,lty=2)

grid()

axis (2)

axis (1)

box()

abline(v = 20,lwd=2,col=’blue’,lty =2)

plot(combvals ,xlab="",axes = FALSE ,

ylab="COMB -values",pch=pchs ,col=cols)

abline(h=comb_crit ,col="red",lwd=2,lty =2)

legend("topright",legend="COMB 95% control limit",

col="red",lwd=2,cex=0.8,lty=2)
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grid()

axis (2)

axis (1)

box()

abline(v = 20,lwd=2,col=’blue’,lty =2)

#Id of sample that will be diagnosed

SAMPLE_ID <- 500

znvec <- znew[SAMPLE_ID ,]

#Identify variables that are observed

#beyond the range of the data

outvars <- NULL

for (varii in vnmes){

qvalsi <- range(xmat[,varii])

if (xnew[SAMPLE_ID ,varii] < qvalsi [1] |

xnew[SAMPLE_ID,varii] > qvalsi [2]){

outvars <- c(outvars ,varii)

}

}

univ_out_vars <- vnmes_xnmes[outvars ,’xnmes’]

#Traditional contribution analysis

#Complete decomposition

o_cd <- CD_func(Amat=SPEmat ,znvec)

o_cd_out <- order(o_cd,decreasing=TRUE)

#Partial decomposition

o_pd <- PD_func(Amat=SPEmat ,znvec)

o_pd_out <- order(o_pd,decreasing=TRUE)

#Reconstruction based decomposition

o_rb <- RB_func(Amat=SPEmat ,znvec)

o_rb_out <- order(o_rb,decreasing=TRUE)

#Select top 10 variables
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cd_10 names <- vnmes_xnmes$xnmes[o_cd_out [1:10]]

cd_10 graphs_nms <- paste0(’$’,cd_10names ,’$’)

pd_10 names <- vnmes_xnmes$xnmes[o_pd_out [1:10]]

pd_10 graphs_nms <- paste0(’$’,pd_10names ,’$’)

rb_10 names <- vnmes_xnmes$xnmes[o_rb_out [1:10]]

rb_10 graphs_nms <- paste0(’$’,rb_10names ,’$’)

#Plot contribution analysis results

barplot(height = o_cd[o_cd_out [1:10]] ,

names.arg = TeX(cd_10 graphs_nms),

cex.names = 1.5,main = "CD contribution")

box()

grid()

barplot(height = o_pd[o_pd_out [1:10]] ,

names.arg = TeX(pd_10 graphs_nms),

cex.names = 1.5,main = "PD contribution")

box()

grid()

barplot(height = o_rb[o_rb_out [1:10]] ,

names.arg = TeX(rb_10 graphs_nms),

cex.names = 1.5,main = "RB contribution")

box()

grid()

# Univariate contribution analysis using the new method

# row sums distributional analysis

#get distance matrix representation of new observation

#based on the SPE statistic

zndist <- dist_calc(x = znvec ,varnames = colnames(znew),

Dmat = SPEmat)

#MDS analysis of distance matrix

loc0 <- cmdscale(zndist)
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lbls <- paste0("$x_{" ,1:p,"}^*$")

plot(loc0 ,xlim=c(-150,150), ylim=c(-150,150),pch=19,

xlab="MDS dimension 1",ylab="MDS dimension 2")

text(x=loc0[,1],y=loc0[,2],labels=TeX(lbls),pos =2)

abline(v=0,h=0,lty =2)

grid()

#identify row sums that are significantly high when compared

# to the reference information

#First we need to collect the reference distance matrix

# information

ref_dist_list <- ref_dist_matrices(xref = zmat ,

varnames = colnames(zmat),Dmat = SPEmat)

#iteratively calculate row sums and compare to corresponding

#reference rowsum

#remove row and column from new dist after identifying a

#significantly large rowsum

#remove corresponding column in reference data

#At each step check if the maximum row sum is significantly large

#when compared to the reference distribution

#Univariate ranking

vars_identified <- identify_univ_vars(xnew_dist = zndist ,

xref_dist = ref_dist_list)

#pairwise contribution analysis

#Pairwise IOC information based on SPE statistic

pairwise_ref_ecdf <- pairwise_ref_info(pca_mod_list = pca_mod_obj ,

statistic=’SPE’)

#Pairwise contribution based on SPE statistic

out <- get_pairwise_contrib_stat(xvec=znvec ,

varnames=vnmes ,

pca_mod=pca_mod_obj ,

reference_dists=pairwise_ref_ecdf ,
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stat = "SPE")

contrib_vec <- c(contrib_vec ,colnames(out)[ which(out < 0.01)])

Definition of functions used in the above code listing.

#Complete decomposition

CD_func <- function(Amat ,x_vek){

#Amat: positive definite matrix of fault stat

#x_vek: observed sample

x_vek <- matrix(x_vek ,ncol=1,byrow=FALSE)

p <- nrow(Amat)

Imat <- diag(p)

svdAmat <- svd(Amat)

Amat05 <- svdAmat$u%*%(diag(svdAmat$d)^0.5)%*%t(svdAmat$v)

CDi <- matrix(NA ,ncol=1,nrow=p)

for(i in 1:p){

xi_vek <- as.matrix(Imat[,i])

CDi[i] <- (t(xi_vek)%*%Amat05%*%x_vek)^2

}

return(CDi)

}

#Partial decomposition

PD_func <- function(Amat ,x_vek){

#Amat: positive definite matrix of fault stat

#x_vek: observed sample

x_vek <- matrix(x_vek ,ncol=1,byrow=FALSE)

p <- nrow(Amat)

Imat <- diag(p)

PDi <- matrix(NA ,ncol=1,nrow=p)

for(i in 1:p){

xi_vek <- as.matrix(Imat[,i])

PDi[i] <- t(x_vek)%*%Amat%*%xi_vek%*%t(xi_vek)%*%x_vek

}

return(PDi)

}

#Reconstruction based contribution

RB_func <- function(Amat ,x_vek){

#Amat: positive definite matrix of fault stat

#x_vek: observed sample

x_vek <- matrix(x_vek ,ncol=1,byrow=FALSE)
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p <- nrow(Amat)

Imat <- diag(p)

RBi <- matrix(NA ,ncol=1,nrow=p)

for(i in 1:p){

xi_vek <- as.matrix(Imat[,i])

RB1 <- (t(xi_vek)%*%Amat%*%x_vek)^2

RB2 <- t(xi_vek)%*%Amat%*%xi_vek

RBi[i] <- RB1/RB2

}

return(RBi)

}

#Pairwise distance matrix

dist_calc <- function(x,varnames ,Dmat){

#x: vector input data (appropriately scaled)

#varnames: vector variable names

#Dmat: PCA statistic matrix

p <- length(varnames)

#variable combinations

var_combs <- t(combn(x = 1:p,m = 2))

#distance for each variable pair

dist_pairs <- apply(var_combs ,1,function(xvar ,xvec ,D0){

ii <- xvar [1]

jj <- xvar [2]

Dij <- sub_D(D = D0 ,i = ii ,j = jj)

return( t(xvec[c(ii ,jj)])%*%Dij%*%xvec[c(ii ,jj)] )

},xvec = x,D0 = Dmat)

var_dist_pairs <- cbind(var_combs ,dist_pairs)

#convert to a distance matrix

out_dist <- to_dist_matrix_func(var_dist_pairs)

colnames(out_dist) <- rownames(out_dist) <- varnames

return(out_dist)

}

#get 2x2 submatrix

sub_D <- function(D,i,j){

Dii <- D[i,i]

Djj <- D[j,j]

Dij <- D[i,j]

out <- matrix(c(Dii ,Dij ,Dij ,Djj),ncol=2,nrow=2,byrow = TRUE)

return(out)
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}

#convert pairwise distances to distance matrix

to_dist_matrix_func <- function(X){

#X: contains all distances of all possible pairwise

#variable combinations

p <- max(X[ ,1:2])

Dmat <- matrix(0,ncol = p,nrow = p)

m <- nrow(X)

for(i in 1:m){

ii <- X[i,1]

jj <- X[i,2]

Dmat[ii ,jj] <- X[i,3]

}

Dmat <- Dmat + t(Dmat)

return(Dmat)

}

#Calculate distance matrix for each reference sample

#store each row of each calculated in a separate matrix

#i.e. collect variable i’s information separately

ref_dist_matrices <- function(xref ,varnames ,Dmat){

#xref: reference matrix

#varnames: vector variable names

#Dmat: PCA statistic matrix

n <- nrow(xref)

p <- ncol(xref)

outlist <- list()

length(outlist) <- p

#assign empty matrix to each list position

outlist <- lapply(X = outlist ,FUN = function(x,vnms){

o <- matrix(0,ncol=p,nrow =0)

colnames(o) <- vnms

return(o)

},vnms = varnames)

for(i in 1:n){

disti <- dist_calc(x = xref[i,],varnames = varnames ,Dmat = Dmat)

for(k in 1:p){

outlist [[k]] <- rbind(outlist [[k]],disti[k,])

}

}
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names(outlist) <- varnames

return(outlist)

}

#Calculate univariate ranking

identify_univ_vars <- function(xnew_dist ,xref_dist){

#xnew_dist: distance matrix of new observation

#xref_dist: reference distance information

vars_identified <- NULL

VARS_FOUND <- FALSE

while(!VARS_FOUND ){

if(is.null(vars_identified )){

initial_row_sum <- rowSums(xnew_dist)

initial_vars <- rownames(xnew_dist)

}else{

znnames <- colnames(xnew_dist)

id <- !(znnames %in% vars_identified)

initial_row_sum <- rowSums(xnew_dist[id ,id])

initial_vars <- rownames(xnew_dist[id ,id])

}

max_name <- names(which.max(initial_row_sum))

max_value <- max(initial_row_sum)

#reference row sums for the selected process variable

refrowsum_max_name <- apply(xref_dist[[max_name]],1,sum)

if (1-ecdf(refrowsum_max_name)(max_value) < 0.05){

vars_identified <- c(vars_identified ,max_name)

}else{

VARS_FOUND <- TRUE

}

}

return(vars_identified)

}

#Pairwise reference information

pairwise_ref_info <- function(pca_mod_list ,statistic=’T2’){

#pca_mod_list: pca model information

xmat <- pca_mod_list[["xdat"]]

zmat <- pca_mod_list[["zdat"]]

vnmes <- colnames(xmat)

p <- ncol(xmat)

n <- nrow(xmat)
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if(statistic == ’T2’){

Dmat <- pca_mod_list[["T2mat"]]

critical_value <- pca_mod_list[["t2_crit"]]

}else if(statistic == ’SPE’){

Dmat <- pca_mod_list[["SPEmat"]]

critical_value <- pca_mod_list[["spe_crit"]]

}else if(statistic == ’COMB’){

Dmat <- pca_mod_list[["COMBmat"]]

critical_value <- pca_mod_list[["comb_crit"]]

}

statvals_ref <- apply(zmat ,1,function(x,Pmat){

t(x)%*%Pmat%*%x

},Pmat=Dmat)

incontrol_ids <- statvals_ref <= critical_value

zref <- zmat[incontrol_ids ,] #scaled reference data

xref <- xmat[incontrol_ids ,]

ref_dists <- list()

length(ref_dists) <- nrow(zref)

varid_combs <- t(combn (1:p,2))

var_combs <- t(combn(vnmes ,2))

for(ii in 1:nrow(zref )){

zfii <- zref[ii ,]

dd <- apply(varid_combs ,1,function(x,D,zfvec){

ii <- x[1]

jj <- x[2]

Dij <- sub_D(D = D,i = ii ,j = jj)

t(zfvec[c(ii,jj)])%*%Dij%*%zfvec[c(ii,jj)]

},D=Dmat ,zfvec=zfii)

out_dist <- to_dist_matrix_func(cbind(varid_combs ,dd))

colnames(out_dist) <- rownames(out_dist) <- vnmes

ref_dists[[ii]] <- out_dist

}

#Calculate empirical distributions

pos_name <- apply(var_combs ,1,function(x){

paste0("(",paste0(x,collapse=","),")")

})

rownames(var_combs) <- pos_name
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rownames(varid_combs) <- pos_name

varij_comb_list <- list()

length(varij_comb_list) <- length(pos_name)

names(varij_comb_list) <- pos_name

for(ij in pos_name){

k <- varid_combs[ij ,1]

l <- varid_combs[ij ,2]

varij_comb_list[[ij]] <- unlist(lapply(X=ref_dists ,

FUN=function(x,k,l){x[k,l]},k=k,l=l))

}

pair_ij_ecdf <- lapply(X=varij_comb_list ,FUN=function(x){

o <- ecdf(x)

return(o)

}

)

return(pair_ij_ecdf)

}

#Calculate pairwise contributions

get_pairwise_contrib_stat <- function(xvec ,varnames ,pca_mod ,

reference_dists ,stat="T2"){

#xvec: new observation on the original scale (vector)

#varnames: variable names

#pca_mod: list object containing pca model

#information required for process monitoring

#containing objects: "xdat","xmean","xsd","zdat","cov_eig",

# "pca_dim","vmat","vrmat","T2mat","SPEmat",

# "COMBmat","t2_crit","spe_crit","comb_crit"

#reference_dists: empirical distribution

#function of in-control distances for each index.

#stat: fault identification statistic selected.

p <- length(xvec)

varid_combs <- t(combn (1:p,2))

var_combs <- t(combn(varnames ,2))

#dist matrix position names

pos_name <- apply(var_combs ,1,function(x){

paste0("(",paste0(x,collapse=","),")")
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})

#preprocessing

xvec <- matrix(xvec ,ncol=1,nrow=p)

zvec <- t(scale(x=t(xvec),center=pca_mod$xmean ,

scale=pca_mod$xsd))

#Calculate contributions

#based on out -of-control index

if(stat == "T2"){

DMAT <- pca_mod$T2mat

}else if(stat == "SPE"){

DMAT <- pca_mod$SPEmat

}else if(stat == "COMB"){

DMAT <- pca_mod$COMBmat

}

contrib_by_stat <- matrix(0,ncol=choose(n=p,k=2),nrow =1)

colnames(contrib_by_stat) <- pos_name

#Calculate distance matrix

dd <- apply(varid_combs ,1,function(x,D,zf){

ii <- x[1]

jj <- x[2]

Dij <- sub_D(D = D,i = ii ,j = jj)

t(zf[c(ii,jj)])%*%Dij%*%zf[c(ii,jj)]

},D=DMAT ,zf = zvec)

out_dist <- to_dist_matrix_func(cbind(varid_combs ,dd))

colnames(out_dist) <- rownames(out_dist) <- varnames

#Calculate occurance probabilities

contribs <- eval_ecdfs(dmat=out_dist ,ecdf_mods=reference_dists)

contrib_by_stat[1,] <- contribs[lower.tri(contribs )]

return(contrib_by_stat)

}

A.2 R code for kernel PCA based MSPM.

KPCA hyperparameter selection.

library(kernlab)

library(Rsolnp)
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library(snowfall)

#load data

load(’TEP_data/dataverse_files/TEP_FaultFree_Training.RData’)

#specify IOC data

xdat <- fault_free_training [1:500 ,4:55]

xdat <- xdat[,!(colnames(xdat) %in% c("xmv_7","xmv_8"))]

n <- nrow(xdat)

p <- ncol(xdat)

#specify search grid

sigma_seq <- c(0.001 ,0.002 ,0.003 ,0.004 ,0.008)

dim_seq <- c(5 ,15 ,50 ,80 ,100)

sigma_dim_grid <- expand.grid(sigma_seq ,dim_seq)

#samples that will be used to evaluate error

kmout <- kmeans(x=xdat ,centers =5)

kmdat <- kmout$centers

#function to optimize

ff <- function(zpre ,tz ,zdat_i,Wtilde_i,L_i,ss_i){

zpre_score <- pred_new_score(zpre ,zdat_i,Wtilde_i,L_i,ss_i)

o <- t(tz)%*%zpre_score

return(-1*o[1,1])

}

sfInit(parallel=TRUE ,cpus=25,type = ’SOCK’)

sfLibrary("snowfall", character.only=TRUE)

sfLibrary("kernlab", character.only=TRUE)

sfLibrary("Rsolnp", character.only=TRUE)

sfExport(list = c(’sigma_dim_grid’,’kmdat ’,’xdat’,

’kpca_model’,’pred_new_score’,’ff’))

cv_values <- NULL

for(i in 1:nrow(sigma_dim_grid )){

hh_i <- sigma_dim_grid[i,1]
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dim_i <- sigma_dim_grid[i,2]

cvout <- sfApply(x = kmdat ,margin=1,fun = function(xi,hh,dim){

p <- ncol(xdat)

xi <- matrix(xi ,ncol=p,nrow =1)

zdat <- scale(xdat)

o <- kpca_model(x = xdat ,hp = hh,dim=dim)

zi <- scale(xi ,center = o$xmean ,scale = o$xsd)

tzi <- pred_new_score(zi ,zdat ,o$Wtilde ,o$Lmat ,o$hp)

out <- solnp(pars = rep(0,p),fun = ff ,LB = apply(zdat ,2,min),

UB = apply(zdat ,2,max),tz = tzi ,zdat_i = zdat ,

Wtilde_i = o$Wtilde , L_i = o$Lmat , ss_i = o$hp)

optval <- tail(out$values ,1)

optval <- sum((zi - out$pars )^2)

return(optval)

},hh=hh_i,dim=dim_i)

cv_values <- c(cv_values ,mean(cvout))

}

sfStop ()

#combine results

dat <- data.frame(sigma_dim_grid ,cv=cv_values)

Fit KPCA model.

library(kernlab)

library(snowfall)

source("kpca_funcs.R")

#load data

load(’TEP_data/dataverse_files/TEP_FaultFree_Training.RData’)

xdat <- fault_free_training [1:500 ,4:55]

xdat <- xdat[,!(colnames(xdat) %in% c("xmv_7","xmv_8"))]

n <- nrow(xdat)

p <- ncol(xdat)
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#preprocessing

xmean <- apply(xdat ,2,mean)

xsd <- apply(xdat ,2,sd)

zdat <- scale(xdat ,xmean ,xsd)

#kernel matrix and eigen -decomposition

SS <- 0.003

Kmat <- kernelMatrix(rbfdot(sigma = SS), zdat)

Kmat <- (1/(n-1))*Kmat

Kbar <- (diag(n) - (1/n)*onevec%*%t(onevec ))%*%Kmat%*%(diag(n) -

(1/n)*onevec%*%t(onevec ))

Ksvd <- svd(Kbar)

#Loading matrix information

kpca_dim <- 80

Lmat <- diag(Ksvd$d[1: kpca_dim])

Lhalf <- diag(Ksvd$d[1: kpca_dim ]^(.5))

Wmat <- Ksvd$v[,1:kpca_dim]

Wmat <- sqrt(n-1)*Wmat%*%Lhalf

Tmat <- t(solve(Lmat)%*%t(Wmat)%*%Kbar)

#Calculate critical values

#T2 statistic

t2vals <- apply(Tmat ,1,function(x){

x <- (as.matrix(x))

t(x)%*%solve(Lmat)%*%x

})

t2_crit <- quantile(t2vals ,0.95)

#SPE statistic

fInit(parallel=TRUE ,cpus=30,type = ’SOCK’)

sfLibrary("snowfall", character.only=TRUE)

sfLibrary("kernlab", character.only=TRUE)

sfExport(list=c(’zdat’,’SS’,’pred_new_score ’,

’spe_value’,’Wmat’,’Kmat’,’Lmat’))

SPEvals <- sfApply(x=zdat ,margin=1,fun=spe_value ,zdat = zdat ,

Kmat = Kmat ,SS = SS ,W_tilde = Wmat ,L = Lmat)

sfStop ()
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spe_crit <- quantile(SPEvals ,0.95)

#Combined statistic

cmb_vals <- t2vals/t2_crit + SPEvals/spe_crit

cmb_crit <- quantile(cmb_vals ,0.95)

#Save model information

save(xdat ,xmean ,xsd ,zdat ,SS ,Kmat ,Kbar ,

kpca_dim ,Lmat ,Lhalf ,Wmat ,Tmat ,t2_crit ,

spe_crit ,cmb_crit ,

file=’tep_kpca_model_information.Rdata’)

Fit SVM pairwise models.

library(ks)

library(kernlab)

library(snowfall)

source(’fit_svm.R’)

#Reference data

load(’TEP_data/dataverse_files/TEP_FaultFree_Training.RData’)

xdat <- fault_free_training [1:500 ,4:55]

xdat <- xdat[,!(colnames(xdat) %in% c("xmv_7","xmv_8"))]

#Fit models

tep_pairwise_svm_models <- fit_pairwise_svm_models(xdat=xdat)

save(tep_pairwise_svm_models ,file=’tep_pairwise_svm_models.Rdata’)

TE Fault 1 evaluation.

library(xtable)

library(latex2exp)

library(kernlab)

library(numDeriv)

source(’kpca_funcs.R’)

#load model info

load(’tep_kpca_model_information.Rdata’)

#load pairwise model info

load(’tep_pairwise_svm_models.Rdata’)
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#load fault data

load(’TEP_data/dataverse_files/TEP_Faulty_Training.RData’)

FAULT_ID <- 1

FAULT_IND <- faulty_training$faultNumber == FAULT_ID

xnew <- faulty_training[FAULT_IND ,4:55][1:500 ,]

xnew <- xnew[,!(colnames(xnew) %in% c("xmv_7","xmv_8"))]

znew <- scale(xnew ,center=xmean ,scale=xsd)

#sample that will be diagnosed

SAMPLE_ID <- 500

#Fault detection index evaluations

#T2

sfInit(parallel=TRUE ,cpus=30,type = ’SOCK’)

sfLibrary("snowfall", character.only=TRUE)

sfLibrary("kernlab", character.only=TRUE)

sfExport(list=c(’znew’,’zdat’,’Wmat’,’Lmat’,’SS’,’t2_value ’))

t2vals_new <- t(sfApply(znew ,1,function(x){

xj <- t2_value(znew = x,zdat = zdat ,W_tilde = Wmat ,

L = Lmat ,ss = SS)

xj

}))

sfStop ()

#SPE

sfInit(parallel=TRUE ,cpus=30,type = ’SOCK’)

sfLibrary("snowfall", character.only=TRUE)

sfLibrary("kernlab", character.only=TRUE)

sfExport(list=c(’znew’,’zdat’,’Wmat’,’Lmat’,’SS’,

’pred_new_score’,’Kmat’,’spe_value’))

spe_evals <- t(sfApply(znew ,1,function(x){

xj <- spe_value(znew = x,

zdat = zdat ,

Kmat = Kmat ,
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W_tilde = Wmat ,

L = Lmat ,

SS = SS)

xj

}))

sfStop ()

#Combined

sfInit(parallel=TRUE ,cpus=30,type = ’SOCK’)

sfLibrary("snowfall", character.only=TRUE)

sfLibrary("kernlab", character.only=TRUE)

sfExport(list=c(’znew’,’zdat’,’Wmat’,’Lmat’,’SS’,

’spe_crit’,’t2_crit’,’COMB_value’,

’pred_new_score’,’Kmat’))

comb_evals <- t(sfApply(znew ,1,function(x){

xj <- COMB_value(znew = x,

zdat = zdat ,

Kmat = Kmat ,

W_tilde = Wmat ,

L = Lmat ,

th_t2_crit = t2_crit ,

th_spe_crit = spe_crit ,

SS = SS)

xj

}))

sfStop ()

#Plot fault identification statistic

#evaluations

pchs <- c(rep (1 ,499) ,19)

cols <- c(rep(’black’ ,499),’red’)

#Combined

plot(comb_evals[1,],xlab="",axes = FALSE ,

ylab="COMB -values",pch=pchs ,col=cols)

abline(h=cmb_crit ,col="red",lwd=2,lty =2)

legend("bottomright",legend="COMB 95% control limit",

col="red",lwd=2,cex=0.8,lty=2)

grid()

268



axis (2)

axis (1)

box()

abline(v = 20,lwd=2,col=’blue’,lty =2)

#SPE

plot(spe_evals[1,],xlab="",axes = FALSE ,

ylab="SPE -values",pch=pchs ,col=cols)

abline(h=spe_crit ,col="red",lwd=2,lty =2)

legend("bottomright",legend="SPE 95% control limit",

col="red",lwd=2,cex=0.8,lty=2)

grid()

axis (2)

axis (1)

box()

abline(v = 20,lwd=2,col=’blue’,lty =2)

#T2

plot(t2vals_new[1,],xlab="",axes = FALSE ,

ylab=TeX("$T^2$-values"),pch=pchs ,col=cols)

abline(h=t2_crit ,col="red",lwd=2,lty =2)

legend("bottomright",legend=TeX("$T^2$ 95% control limit"),

col="red",lwd=2,cex=0.8,lty=2)

grid()

axis (2)

axis (1)

box()

abline(v = 20,lwd=2,col=’blue’,lty =2)

#Traditional fault diagnosis

#Gradient based approach

cho_t2_contrib <- NULL

cho_spe_contrib <- NULL

cho_comb_contrib <- NULL

for(i in 1:ncol(znew )){

ot2 <- grad(func = t2func ,x = 1,ind=i,xnew=znew[SAMPLE_ID ,],

zdat=zdat ,Wmat=Wmat ,Lmat=Lmat ,SS=SS ,

method = "simple")

ospe <- grad(func = spefunc ,ind = i,x = 1,xnew=znew[SAMPLE_ID ,],
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zdat=zdat ,Wmat=Wmat ,Lmat=Lmat ,SS=SS ,

method = "simple")

ocomb <- grad(func = cmbfunc ,ind = i,x = 1,xnew=znew[SAMPLE_ID ,],

zdat=zdat ,Wmat=Wmat ,Lmat=Lmat ,SS=SS ,t2lim=t2_crit ,

spelim=spe_crit ,method = "simple")[1 ,1]

cho_t2_contrib <- c(cho_t2_contrib ,ot2)

cho_spe_contrib <- c(cho_spe_contrib ,ospe)

cho_comb_contrib <- c(cho_comb_contrib ,ocomb)

}

cho_t2_contrib <- abs(cho_t2_contrib)

cho_spe_contrib <- abs(cho_spe_contrib)

cho_comb_contrib <- abs(cho_comb_contrib)

names(cho_t2_contrib) <- colnames(xdat)

names(cho_spe_contrib) <- colnames(xdat)

names(cho_comb_contrib) <- colnames(xdat)

vnames <- sapply(c(1:47 ,50 ,51 ,52) , function(i){

xi <- paste0("x[",i,"]")

xi <- parse(text = xi)

})

#Plot top ten contributors

barplot(cho_spe_contrib[order(cho_spe_contrib ,decreasing=TRUE)],

names.arg = vnames[order(cho_spe_contrib ,decreasing=TRUE)],

ylab="",main= ’Gradient based contribution ’)

grid()

box()

#Reconstruction based approach

out <- NULL

recon_t2_out <- NULL

recon_spe_out <- NULL

recon_comb_out <- NULL

for(i in 1:ncol(xnew )){

ot2 <- optimise(f = reconT2func ,
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interval = apply(zdat ,2,range)[,i],

ind = i,xnew=znew[SAMPLE_ID ,],

zdat=zdat ,Wmat=Wmat ,Lmat=Lmat ,SS=SS)

ospe <- optimise(f = reconSPEfunc ,

interval = apply(zdat ,2,range)[,i],

ind = i,xnew=znew[SAMPLE_ID ,],

zdat=zdat ,Wmat=Wmat ,Lmat=Lmat ,SS=SS)

ocomb <- optimise(f = reconcmbfunc ,

interval = apply(zdat ,2,range)[,i],

ind = i,xnew=znew[SAMPLE_ID ,],

zdat=zdat ,Wmat=Wmat ,Lmat=Lmat ,SS=SS ,

t2lim=t2_crit ,spelim=spe_crit)

ot2 <- round(ot2$minimum ,4)

ospe <- round(ospe$minimum ,4)

ocomb <- round(ocomb$minimum ,4)

if(ot2 %in% vari_range){

ot2 <- znew[SAMPLE_ID ,i]

}

if(ospe %in% vari_range){

ospe <- znew[SAMPLE_ID ,i]

}

if(ocomb %in% vari_range){

ocomb <- znew[SAMPLE_ID,i]

}

recon_t2_out <- c(recon_t2_out ,ot2)

recon_spe_out <- c(recon_spe_out ,ospe)

recon_comb_out <- c(recon_comb_out ,ocomb)

}

alcala_t2_contrib <- abs(recon_t2_out - znew[SAMPLE_ID ,])

alcala_spe_contrib <- abs(recon_spe_out - znew[SAMPLE_ID ,])

alcala_comb_contrib <- abs(recon_comb_out - znew[SAMPLE_ID ,])

#Plot top ten contributors

barplot(alcala_spe_contrib[order(alcala_spe_contrib ,decreasing=TRUE)],

names.arg = vnames[order(alcala_spe_contrib ,decreasing=TRUE)],

ylab="",main=’Reconstruction based contribution ’)
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box()

grid()

#Pairwise fault diagnosis

#calculate distance matrix

dd <- calc_dist_matrix_svm(znew=xnew[SAMPLE_ID ,],

pairwise_models = tep_pairwise_svm_models)

rownames(dd) <- colnames(dd) <- c(1:47 ,50 ,51 ,52)

dd[dd < 0.5] <- 0

#MDS display

loc0 <- cmdscale(dd)

lbls <- paste0("$x_{",rownames(dd),"}^*$")

plot(loc0 ,xlim=c(-1,1),ylim=c(-1,1),pch=19,

xlab="MDS dimension 1",

ylab="MDS dimension 2")

text(x=loc0[,1],y=loc0[,2],labels=TeX(lbls),pos =2)

abline(v=0,h=0,lty =2)

grid()

#Individual rankings based on pairwise information

mm <- dd

univ_contrib <- NULL

while(nrow(mm) > 2 & any(mm > 0) & max(rowSums(mm)) > 1){

univ_contrib_mm <- apply(mm ,1,sum)

xi <- names(which.max(univ_contrib_mm))

univ_contrib <- c(univ_contrib ,xi)

sub_var_ids <- !(rownames(dd) %in% univ_contrib)

mm <- dd[sub_var_ids ,sub_var_ids]

}

print(univ_contrib)

Definition of functions used in the above code listing.

#KPCA T2 statistic values

t2_value <- function(znew ,zdat ,W_tilde ,L,ss){

#znew: new data vector centered and scaled

#zdat: ioc data centered and scaled

#W_tilde: scaled kpca eigen vectors
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#ss: gaussian kernel hyperparameter

n <- nrow(zdat)

z <- rbind(znew ,zdat)

Kmat <- kernelMatrix(rbfdot(sigma = ss), z)

kz <- (as.matrix(Kmat [,1]))

kz <- kz[-1,]

kz <- (1/(n-1))*kz

K <- kernelMatrix(rbfdot(sigma = ss), zdat)

K <- (1/(n-1))*K

onevec <- as.matrix(rep(1,n))

kzbar <- (diag(n) - (1/n)*onevec%*%t(onevec ))%*%

(kz - (1/n)*K%*%onevec)

tnew <- solve(L)%*%t(W_tilde)%*%kzbar

tnew <- (as.matrix(tnew))

t2val <- t(tnew)%*%solve(L)%*%tnew

return(t2val [1,1])

}

#KPCA score calculation

pred_new_score <- function(znew ,zdat ,W_tilde ,L,ss){

#znew: new data vector centered and scaled

#zdat: ioc data centered and scaled

#W_tilde: scaled kpca eigen vectors

#L: diagonal eigenvalue matrix

#ss: gaussian kernel hyperparameter

n <- nrow(zdat)

z <- rbind(znew ,zdat)

Kmat <- kernelMatrix(rbfdot(sigma = ss), z)

kz <- (as.matrix(Kmat [,1]))

kz <- kz[-1,]

kz <- (1/(n-1))*kz

K <- kernelMatrix(rbfdot(sigma = ss), zdat)

K <- (1/(n-1))*K

onevec <- as.matrix(rep(1,n))

kzbar <- (diag(n) - (1/n)*onevec%*%t(onevec ))%*%

(kz - (1/n)*K%*%onevec)

tnew <- solve(L)%*%t(W_tilde)%*%kzbar

return(tnew)

}

#KPCA SPE statistic values
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spe_value <- function(znew ,zdat ,Kmat ,W_tilde ,L,SS){

#znew: new data vector centered and scaled

#zdat: ioc data centered and scaled

#W_tilde: scaled kpca eigen vectors

#L: diagonal eigenvalue matrix

#ss: gaussian kernel hyperparameter

#Kmat: kernel matrix

tvec <- pred_new_score(znew = znew ,zdat = zdat ,

W_tilde = W_tilde ,L = L,ss=SS)

n <- nrow(zdat)

x <- rbind(znew ,zdat)

K <- kernelMatrix(rbfdot(sigma = SS), x)

kz <- (as.matrix(K[,1]))

kz <- kz[-1,]

spe_val <-1+(( -2/n)*sum(kz)+((n-1)/(n^2))*sum(Kmat))-t(tvec)%*%tvec

return(spe_val [1,1])

}

#KPCA Combined statistic values

COMB_value <- function(znew ,zdat ,Kmat ,W_tilde ,L,SS ,

th_t2_crit ,th_spe_crit){

#znew: new data vector centered and scaled

#zdat: ioc data centered and scaled

#W_tilde: scaled kpca eigen vectors

#L: diagonal eigenvalue matrix

#ss: gaussian kernel hyperparameter

#th_t2_crit: T2 critical value

#th_spe_crit: SPE critical value

#Kmat: kernel matrix

tvec <- pred_new_score(znew = znew ,zdat = zdat ,

W_tilde = W_tilde ,L = L,ss=SS)

t2val <- t(tvec)%*%solve(L)%*%tvec

n <- nrow(zdat)

x <- rbind(znew ,zdat)

K <- kernelMatrix(rbfdot(sigma = SS), x)

kz <- (as.matrix(K[,1]))

kz <- kz[-1,]

spe_val <-1+(( -2/n)*sum(kz)+((n-1)/(n^2))*sum(Kmat))-t(tvec)%*%tvec

comb_val <- t2val/th_t2_crit + spe_val/th_spe_crit

return(comb_val)

}
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#T2 function used to in gradient based contributions

t2func <- function(x,ind ,xnew ,zdat ,Wmat ,Lmat ,SS){

p <- length(xnew)

v <- rep(1,p)

v[ind] <- x

xs <- v*xnew

#Calc the score representation

ts <- pred_new_score(znew = xs ,zdat = zdat ,

W_tilde = Wmat ,L = Lmat ,ss = SS)

ts <- matrix(ts ,ncol =1)

o <- t(ts)%*%solve(Lmat)%*%ts

return(o[1,1])

}

#SPE function used to in gradient based contributions

spefunc <- function(x,ind ,xnew ,zdat ,Wmat ,Lmat ,SS){

p <- length(xnew)

v <- rep(1,p)

v[ind] <- x

xs <- v*xnew

o <- spe_value(znew = xs,zdat = zdat ,

W_tilde=Wmat ,Kmat = Kmat ,L=Lmat ,SS = SS)

return(o)

}

#Combined function used to in gradient based contributions

cmbfunc <- function(x,ind ,xnew ,zdat ,Wmat ,Lmat ,SS ,t2lim ,spelim ){

p <- length(xnew)

v <- rep(1,p)

v[ind] <- x

xs <- v*xnew

speval <- spe_value(znew = xs ,zdat = zdat ,Kmat = Kmat ,

W_tilde=Wmat ,L=Lmat ,SS = SS)

ts <- pred_new_score(znew = xs ,zdat = zdat ,

W_tilde = Wmat ,L = Lmat ,ss = SS)

ts <- matrix(ts ,ncol =1)

t2val <- t(ts)%*%solve(Lmat)%*%ts

o <- speval/spelim + t2val/t2lim

return(o)

}

#T2 function used in the reconstruction contributions

reconT2func <- function(k,ind ,xnew ,zdat ,Wmat ,Lmat ,SS){
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xs <- xnew

xs[ind] <- k

#Calc the score representation

ts <- pred_new_score(znew = xs ,zdat = zdat ,

W_tilde = Wmat ,L = Lmat ,ss = SS)

ts <- matrix(ts ,ncol =1)

o <- t(ts)%*%solve(Lmat)%*%ts

return(o[1,1])

}

#SPE function used in the reconstruction contributions

reconSPEfunc <- function(k,ind ,xnew ,L,zdat ,Wmat ,Lmat ,SS){

xs <- xnew

xs[ind] <- k

o <- spe_value(znew = xs,zdat = zdat ,Kmat = Kmat ,

W_tilde=Wmat ,L=Lmat ,SS = SS)

return(o)

}

#Combined function used in the reconstruction contributions

reconcmbfunc <- function(k,ind ,xnew ,zdat ,Wmat ,Lmat ,SS ,t2lim ,spelim ){

xs <- xnew

xs[ind] <- k

speval <- spe_value(znew = xnew ,zdat = zdat ,Kmat = Kmat ,

W_tilde=Wmat ,L=Lmat ,SS = SS)

ts <- pred_new_score(znew = xs ,zdat = zdat ,

W_tilde = Wmat ,L = Lmat ,ss = SS)

ts <- matrix(ts ,ncol =1)

t2val <- t(ts)%*%solve(Lmat)%*%ts

o <- speval/spelim + t2val/t2lim

return(o)

}

#SVM distance matrix calculation

calc_dist_matrix_svm <- function(znew ,pairwise_models ){

#znew: new observation

#pairwise_models: list of svm models

p <- length(znew)

pair_ids <- t(combn (1:p,2))

Dmat <- matrix(0,ncol=p,nrow=p)

#for each variable combination calculate

#distance to IOC point cloud for new observation
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for(k in 1:nrow(pair_ids)){

varij <- pair_ids[k,]#variable combination

ii <- varij [1]

jj <- varij [2]

#select appropriate model

modij <- pairwise_models [[ paste0(ii,’,’,jj)]]

dat <- data.frame(znew[varij])

rownames(dat) <- NULL

#evaluate new observation

oo <- predict(modij ,dat ,type="probabilities")

#store in matrix the probability of

#being in the residual region

Dmat[ii ,jj] <- Dmat[jj ,ii] <- oo[,2]

}

return(Dmat)

}
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