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SUMJARY | X

A discussion of the non-linear, partial differential equations
encountered in the study of the self-heating of fishmeal and a review
of existing computer methods for their solution are given. A new
electronic analogue computer is described which was designed to overcome
certain disadvantages of the existing instruments when applied to these
equations. '

The computer uses an explicit finite difference method of solution
to minimize the amount of equipment required. Using analogue‘storége and
computation techniques, the advantages of the analogue method of ease of
non~linear function generation and graphical solution displaey are obtained.

The experimental computer consists of a single ;omputing section which
is used to perform all the calculations required on dsta held in a
capacitor store. A compensation technique is used to compensate for
charge leakage frqm the capacitor store and contributes to the accuracy
of the instrument.

Solutions of some linear and non-linesr partial differential
éqpations are calculated to illustrate the operation of the computer.

The possibility of extending these computing techniques to other

partial differential equations is discussed.
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MATHEMATICAL SYMBOLS

At

Ax

o()

it

i
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i

reduced temperature,‘non?dimEnsional‘
reduced time, non—ﬁimensional

reduced space dimension, non-dimensional
reduced time interval,

reduced space interval

nﬁmber of space intervals, integer
number of time intervals, integer

coefficient

' frectional error

notation indicating error of the order of the bracketed
quentity.

PRINCIPAL COMPONENT SYHBOLS

Rd,Re & Rf

it

auxiliary store capacitance

main store capacitance

integrator transfer capacitance

common-mode gain of the differential amplifier
differential gain of the differentisl amplifier

input resistance to the negative gain input of the
amplifier

feedback resistance of the amplifier
leskage compensation resistaence

voltage divider resistances connected to the positive
gain input of the amplifier.

voltage, a suffix indicates the component across which
the voltage is measured.



1 INTRODUCTION

1.1 MATHEMATICAL PROBLEMS IN THE STUDY OF SELF-HEATING

The analogue camputer described in this thesis was built to solve
non-linear partial differential equations, encountered in the study of
~ the self-heating of fishmeal. |

Self'-heating or-spohtaneous combustion can occur in large stacks
of fishmeal which has & low thermal conductivity and generates heat
within itself by oxidation of the residual oil.®

4 study of the self-heating of fishmeal has been atiempted using
2

a development of a method successfully used for coal by van Doornum.

With this method the problem is divided into two parts.

1 A study of the heat generation characteristics of the material
under idealized conditions. Here, the rate of heat generation
under fixed and abruptly changing temperature conditions are

measured using en isothermal calorimeter,ﬁ’4 and a single non-

linearAmathematical expression giving the rate of heat generation

. as a function of temperature and time is deducedus

2 A study of the physical environment of a particle in a stack
where it is apparent that at least three physical mechanisms
ave involved. These are :-

a The diffusion of heat generatéd by the material from
 the inside to the surface of the stack.

b The diffusion of water vapour, associated with the




constants are incorpofated in the constents relating the originsl and
reduced variablés. The simplest diffusion equation encountered in the

present study taekes the form :

2
S . L9
at - ox + f(‘?’t) . . B eve 111

This equation describes the temperature of a slsb with internsl heat
generation given by the reduced function f(¢;t)5 where ¢ = reduced
temperature rise, t = reduced time and x = reduced gpace dimension.

The solutions required are the veriation of tempersture with time
in the stack for a specified heat éeneratidn function end initial and
boundary conditions. Such solutions ére best presented grabhically as

sots of curves giving :=

a The spacial temperature distribution at successive

instants of tinme.

b The variation of temperature with time at different

points in the stack.

An accuracy of solution of the order of 5% is adequate as.the:accuracy
of the experimental dsta is limited to o similar figure.

The time required for the_solution’of the non-linear differen-
tial éqpations'by manual enalytical or mmerical methods may be
considérable. Replacing fhe noh~lin¢ar‘functions by simpler expressions,
to simplify the problem of solving the eqﬁétions,'is ﬁbt aeéirabie as
fﬁis may completely alter the character of the soluﬁioﬁﬁa As the resesrch

.

progresses and more insight into the non-linear problems is dbtéined, the

form of the equations being studied may have to be modified and new



solutions cobtained as a guide to further research. It is evident that a
method for the rapid solution of partial differential equations involving

arbitrary non-linear functions is required.

1.2 JETHODS AVAILABLE FOR THE SQOLUTION OF QUADRATIC PARTIAL DIFFERENTIAL
EQUATTO.NS ’ e '

The diffusion equation is a special case of the general class of
quadratic partial differential equations. General methods developed for
the solution of quadratic partial differential equations can be used to
solve equations encountered in the study of self-heating. For the
purpose of this thesis, the various metheds will be discussed with
reference to equation 1.1.

Analytical methods exist for the solution of linesr and certain
non-linear quadratic partial differentisl equations. Reviews of these
methods are given by Carslaw and Jaegefs and Morse and FeshbachV.
Unfortunately most non-linear bartial differential equations cannot be
solved using analytical methods.

Finlte difference methods have been developed for the solution cf
non=linesr partial differential equationsS’ 2’  In the finite
difference method one or more of the independent variables sare split
into a finite number of discrete intervals. In solvjng the problem
attention is limited to the points defining the intervals and solutions

are only obtained at these points. These methods may be classified into

cases vwhere :



1 One varisble is differenced while the other is contimcus

~ If the second order spsce derivative g;g is replaced 5y finite
differences, the partial differential equation is reduced to e set of
similtaneous, first order differential equations'wﬁicﬁ‘are functions
of ¢ and t only, These equations may be solved using a paraliel
method, where a separate computer is uged for ééch eqpafion éhd the
solution is produced by all the comPuters suitably coupled and'acting-
simulteneously. Alternatively, a serial method of solution may be used
where a single computer is used to solve the equations in sudceséion |
using previously computed information.11
If the first time derivative, %% is replaced by finite differences,
the partial differential equation is reduced to a set of simultaneous
second order differential equations which are functions of ¢ and =x
only. These equations may similarly be solved using either parallel
or serial methodsof calculation.
An enalysis of these four methods by MeKay and Fisher11 has shown
that errors due to noise tend to build up in solutions obtained using
the three last mentioned methods,; so that the first‘method, in which the
second space derivative is differenced and the equations solved in parallel,
is preferable.
The resistive-reactive analogues and differential analyser

techniques are based on this method (see section 1.4)

2 Both varisbles are differenced.

Using an explicit method, the value ¢ at the next time instant

% + At 1is calculeted directly from the known values at instant t.



The disadvanfage of the explicit method is that the calculations may
be unstsble because errors build up unless the choice of time and space.
intefvals is restricted.

Using an implicit method, such as tﬁe Crenk and Nicholson method’
the values of the function at time t + At for 2ll nodes in the =x
interval‘are_calculated from the valﬁes of the function at time ¢,
by solving a set of simultaneous equations. Although this method involves
a great deal of work, it has the advantage of being stable for all values
of the time and space intervals so that large time intervals can be used
and consequently less steps are required.

The implicit method is used in the resistance network anslogue
computer (see section 1.4), while both implicit and explict methods are
used for digitel calculations.

Manwal solution of partial differential equations by finite
difference methods is laborious and becomes impractical if more than one
or two solutions are required so that a digital or analogue computer must

be used.

1.3 COWPARISON OF DIGITAL AND AWALOGUE COMPUTERS

In the digital computer, information is handled as discrete
quantities. The instrument can perform simple arithmetic and logical
operations with great rapidity. DProvision is made for storing large
amounts of information, comprising the data being operated on and the
programmne of arithmetical operations to be performed. As a large amount

of basic equipment must be provided these instruments are necessarily large



and expensive and only large organisations can justify these instruments.

The digital computer has the advantages of versatility and almost
unlimited accuracy. Any problem can be solved if it can be broken down
into a succession of simple arithmetical steps, while the accuracy is_
determined by the number of digits carried. However, the speed of
solution decreases as the accuracy or complexity of a problem increases.

The digital computer is ideally suited for the solution of
problems which require the processing of large amounts of data involving
relatively simple operations. For the solution of parfial differential
equations, such as the diffusion problems encountered here, it is
necessary to discretize the problem using finite difference techniques.
A large number of arithmetical operations are required so that although
‘the individual machine operations are rapid the solution mey take a long
time, This'disadvantage is sggravated when non-linear functions are
encountered, as these must be calculated from tebulated values by
interpolation, or approximsted by mathemstical functions; which are
usually celculated from series expansions. In addition to the machine
time required considerable time may be required to write out the
programme of the operations to be performed. This aspect presents a
special problem when the nature of the non-linear functions are liable
to change. A further disadvantagé is that the solutions are p}oduced in
numerical form. If a graphical display is required either additionsl
equipment or lsbour is needed.

It is apparent that the digital computer is not ideally suited

for the solution of non=linear pertiel differential equations.



In the analogue com.puterlz’15

information is handled in a
continuous menner. This automatically limits the accuracy of the
solution to the accuracy of the components and measuring instruments
used. The maximum accuracy which cen be achieved in practice is 0.017
while‘the majority of instruments have a solution accuracy of the order
of 1.0%.

Analogue computers may be classified into two classes according
to their basic principle of opefation.,

In the first class, termed direct analogues, use is made of the
existence of a direct physical anzlogue between the analogue and the
system being studied. BSuch an analogy may be recognised by comparing .
the equations describing the two systems,

In the second class, termed indirect anslogues, the computer is
used to solve the mathematical equations of the system being studied by
intercommecting components, each performing a particular mathematical
operation in such a manner as to produce a solution of the equation.
Where the equations solved are differential equations, the instrument is
known as a differential snalyser. The electronic differential analyser,
popularly called the electronic analogue computer, is the most widely
used and versatile instrument in this class.14’15

One of the advantages of the analogue techniques is that com-
paratively simple devices can solve quite corplex problems. Vhile
these devices are simple and cheap, the range of problems solvable by

a particular type of instrument is usually limited to a particular

equation or class of equations. The versatile general purpose electronic



analogue computer loses the advantage of simplicity as the size of the
installation is incressed. Large installations of this type approach the
complexity and cost of digitel systems.

~ Analogue computers are inherently fast as each mathematical
operation is performed by a separate component or unit, with all units
operating simultaneously. The non-linear functions and other parameters
of the equation are readily adjusted. The introduction of non—linéarities,
using non~linear function generators, presentsno fundsmeutal problems
although the complexity and cost of the instrument may be increased. As
the information is handled in contimuous form within the compﬁter,“the
solutions are easily presented in the required graphical form.

A third type of computer, the digital differential analyser, come-
bines the ease of problem solution of the general purpose analogue
computer with the accuracy of the digital computer. This instrument is
designed to solve algebraic and differential equations by interconnecting
components, each performing a particular mathemetical operation, to
produce a solution as in the indirect analogue computer. However, within
these components the variables are handled by digital and not anslogue
methods so that greater accuracy may be obtained. The principle dis-
advantege of this type of instrument has been that, even when working to
the ssme sccursccy (0.17) as the electronic analogue computer, these
instruments were much slower in operation. Recently, instruments have
been reported which can exceed the performernce éf the electronic znalogue
computer;16 At present these instruments, which sre comparable in size

to a dipital computer, are not widely used. At present there is no such
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instrument in South Africa,

The choice between digital and amalogue computers is seen to be
determined by the type of problem to be solved. If the problem involves
the processing of large amount of data, the solution of a number of
completely different types of equations or a solution accuracy of
greater than 0,1%, the digital computer must be used. On the other hand,
if a solution accuracy of 1% is sufficient end a large mumber of solutions
for different parameter values of the same type of equation are required,
solutions can possibly be cobtained using a specisl purpose anslogue
computer. As the capitel and running cost of such an analogue computer
can be of the order of 1/100th to 1/1000th of the digital computer, it
is possible to justify the cost of a special purpose computer for use
with a perticular major research‘project;

The self-heating problem falls into the second category, and this
led to the investigation into the application of analogue techniques to

the solution of this type of problem.

1.4 ANALOGUE TECHNIQUES

This section is a review of electrical analogues déwloped for the
solution of the diffusion or the more general parsbolic partial
differential equation. All these instruments use finite difference
techniques and may conveniently be classified according to the particular
finite difference method used (see section 1.2). For convenience the
discussion will deal only with equations in one space dimension such

as equation 1.1.
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The first main class of instruments employ the technique where
one independant variable is continuous and the other is differenced.
As mentioned in section 1.2, the only method which is not subject to a
build=up of error is that in which the. space &ariable is differenced and
a parallel method of solution is used. The resulting equations are
similar to those describing én electrical line consisting of series
resistors and shunt capacitors, where temperature is anaslogous to voltiage
and heat flow is analogous to current. The simpie R.C.. line analogue has
been widely used in the study of tremsient heat conduction problems}z’ls’lv
The equation may also be set up on a general purpose differential analyser,
ﬁsing summing integrators employing operationel amplifiers, as described
by Karpluslz and Harbert,ls When the heat diffusion equation with
internal heat generation is sol&ed using these methods, currents mst be
injected into each node. If the heat generation is a non~linear function
of temperature and time, as in the present problems, a suitable non-
linear function generator must be commected to each node to inject a -
current which is analogous to the heat generation at the correspondi.g
point in material described by the equetion. The serial method with the
time variable differenced was useé.successfully‘by Hartree in the 1930's
in his classical work using 2 mechanicaldifferential analyser. He
minimized the build up of error by selecting the best solution afﬁer
each step, One of Hartree's solutions19 has been recalculated as an
example using the computer described in this thesis.

The second class of computers are characterized by having both the
time and space variables differenced, Here, the most important recent

contribution is the resistance network snalyser proposed by Leibman.zi‘
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The analyser uses the implicit method. It consists of & simple
resistance network to which potentisls are applied corresponding to
the values ofvdependant variable'for s given instant of time. Ths
network solves the set of simultanecus equations and the required values
for the next time instant appear as voltages at the nodes of the network.
These voltages ere recorded and introduced at the inputs to the network .
' .50 that the celculation proceeds in a stepwise fzshion. . Liebman sub-
sequently extended this treatment to include equations describing
situations with non-linear conductivity or internal sources.zz' The
technique was further developed by Klar;plus,25 who added active circuits
based on operational amplifiers, so that negative as well as positive
resistance velues could be used, msking possible the solution of wore
complicated forms of diffusion, wave and biharmonic eéuations. Forms
including first space derivatives are also handled by this instrument.

| In the solution of diffusion problems involving sources or sinks,
currents must be injected into each node of the network corresponding to
the source function. In the self-heating problem these currents would be
non=linear functiéns of the node potential.,. Because an implicit method
is used the node potentials are not known so that the node currents
cannot immediately be adjustéd to their correct values. The currents
into each node must be re-adjusted sequentially and the process repested
until the node currents dpo not change. This tedious iterative process
was eliminated by Karplus,24 who connected an analogue function penerator
t0 each node, so that the apparatus adjusts itself to a solution

instantaneously.



To reduce the number oflfungtion generators required to one,
Hutcheon25 and Alte526 built computers employing an sutomastic iterative
process., The single function generator is connected to successive nodes
setting the node currents to the requiréd values. After the function
generator has moved on, thé current at each node is maintained by a
separafe analogue storage device. The iteration process is continued
until a steady solution is produced. The only equations studied by
Hutcheon and Altes were of the elliptic type (Poissons equation), where
thé solution is obtained after one iteration process. It seems that this
system could be applied to the Liebman resistive network computer and
used for diffusion equations, where an iteration process would be required
at each step corresponding to the time intervals. Such a combination of
resistivé network, based on the implicit Crank-Nicholson method, and a |
single shared flunction generator with some form of analogue  storage for
the solution of diffusions equations, simil#r to equation 1.1 was suggested
by Dekker.21 No details or results have yet been published.

Although analogue computers for the solution of the diffusion
equation with internal sources have been devised, none of these satisfy
the requirements of simplicity, rapid operation and that the solutions
are prodﬁced in the graphical form required. As the non-linear function
generator is of'ten the most complex part of the analogue computer the
duplication of these items, required by the contimuous~discrete and
some discrete-discrete methods, must add considerably to the cost and
compiexity of the instrument.l The instruments using time shared function
generators appear to be unnecessarily time-consuming when applied to the

diffusion equations which is borne out by the fact that there sppears to
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be no published record of such an application.

1.5 PROPOSED ANALOGUE COMPUTER

A new, special purpose, analogue computer is proposed for the
solution of non-linear pertial differential equations such as the
diffusion equation with internal sources encountered in the study of
self'-hcating. It is an attempt to meet the requirements of a relatively
simple computer gble to handle non-~linesr functions, and produce_solutions
directly in graphical form.

The proposed computer should use a finite difference method in
which both time and space variables are differenced, It should consist
of a single computing section which performs all the calculations
required on data held in a store. The computing section can be time
shared between all the store positions while the non=shared equipment
should be kept as simple as possible to reduce the amount of equipment
required. By using electronic analogue storage and calculation techniqﬁes
the advantesges inherent in the analogue method of ease of non-linear
function generation and graphiéal solution display would be obtained.

It is‘proposed to use an explicit method in preference to an
implicit method of calculation, so that the amount of information read
from the store at any instant and hence the amount of computing equipment
is minimized, The attendant prdblem of computational instability can be
controlled by a proper choice of the space and time intervals used. With
this method the node volteges would be stored in the analogue store and
read when required. The node voltage for the following time instant would

be celculated in the computing section and the modified value written back
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into the store. The computing section would then be switched to the next
set of nodes énd the process repeated so that the solution proceeds in
.5 step-wise fashion. The required graphical solutién display cen be
obtained by recording the store voltage against time.

The computing section can be based on conventional operational
amplifier techniques, but because the calculations involve differences
it appears logical to use computing circuits baéed on differential rather
than single ended operational amplifiers.

These ideas form the basis of this thesis.
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2‘ EXPLICIT FPINITE DIFFERENCE METHOD

Before the psrtial differeritial equations can be handled on the
'computef, these eqﬁationsrmast be rewritten in terms of finite
differeﬂbes. ‘This section contains a brief review:of the finité
difference method sufficient to indicate the factors which must be’
taken into sccount in the design of a computér using the exﬁliéit
finite difference method. The finite difference expressions required
when éetting up partial differential equations on the computer are
quoted.

2.1 EXPRESSI.G PARTIAL DIFFERENTIAL EQUATIONS IN TERMS
OF FINITE DIFFERENCES '

If the values ¢~ of a function ¢(x) ere known at regular
intervals of its argument. X = mAx, where m = 0,1,2,5....., then the
finite difference method is based on the principle that a polynomial
can be found which passes through any specificd number of these points.
The coefficients of this polynomial can be expressed in terms of the
known values of ¢, ©OF their differences? Any operations such as
differentiation are then performed on this polynomial and the resulting
expressions will be in terms of the known function or its differences.
Thus the first derivative (%%)m implies the first derivative of the
interpolating polynomial'at the point mAx.

If the values of the function are known at the points mAx, a
large number‘of formulae are available which express ifs derivatives in
terms of the known‘function or its differences., The form of these

formula¢ depends on the type of difference expression (e.g forward,



backward, central or mean differencesﬁ) used for the interpolating
polynomial, The formulae consist of an infinite series of terms, If
only the first one orvtwo terms are used and the rest neglected a
truncation error is introduced. The truncation error is discussed in
Section 2.2.

Typicel expressions for the first and secon& derivatives are
given below. In these expressiong only one or two tefms have been used,
but the order of magnitude of the truncation error introduced is
indicated by the notation O0(Ax®) which implies that the error is of

the order of Ax°.

Pinite difference expressions for the first derivative

dp _ oGoy _ 1 _ N ”
(dx)x,..mx = (d'x)m it AX(CPID.-I-i (Pm) + O(AX) .o 2.1.1
- _E;{ o 2
= Shalm Opg *A0p. = Bo ) + 0(AF%) ... 2.1.1
= 1( - ) +0(AJ{2) .. 1 9.1.53
= oz %me1 ” Pped . e 1.

[

Finite difference expressions for the second derivative

%ﬁ}

a> ) , _
(5§§) = ) = E%r(¢m+2 - Z¢m+1 + @m) + 0(Ax) PRN 2.1.4
X=mAxX m

1 . v
= EEE{@mri = 29 + ¢m+1) + 0(ax%) N 2.1.5

If the function ¢(x,t) is a function of two variables, partial



differences may be defined in the same way. If>we’choose a -time interval
At in t and a space interval  Ax in x and write - P, for ﬁhe‘vglqe
of ¢(x,t) at the time +t = nAt at the point x = mAx, the space and
time defivatives in equation 1.1 may be replaced using equations 2.1.5 |

2

n 1 2. .
C-= - E ’ e e < 06
_(a§” s=mAx AE?(¢m+l,n 2¢m,n * @mrl,n) ¢ 0(8x°) 2.1
and
o9 ‘ :
m 1 o ,
(;‘{' )t=m.t = At ((Pm’n+1 - \pm’n) + O(At) s 2- 1v7

If equations 2.1.6 and 2.1.7 are substituted in equation 1;1 which was

2

.a_SP_ = o + £ . :
at u‘a‘:ﬁ‘ﬁ'“((p’t) . ) vos 1.1

this equation becomes (considering non-linear functions of ¢ only)

.A _ At . . oy »
¢Eyn§1‘¢%yn = A(Pml»,sm "'K§2(¢m+1,n Z?m,n * wmal,n) + At f((Pm,n)
' | 2.1.8

If an equation including a lst space derivative is counsidered such as

~2 : s
29 .89, &8, £(o) |
ot = tR e | 2.1.9

The first space derivative can be represented by finite differences to°
the same order of accuracy as the second spade derivative by using

equation 2.1.3. Using equations 2.1.3 and 2.1.8 equation 2.1:9 becomes -
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So = A —2 v o ) +or Kl = e o)
P, nel m,n © 'ZEE me1,n Pm,n m=1l,n 20% m+l,n m=1,n
+ At f(<pm n) 2,1-10
2
which may be simplified to
A = -n Bl + ~Ax) ) - 29 + (1 - E:aﬁx) o)
¢m,n Ax m+l,n m,n 2 m=1,1n
+ 4t £lo ) 2.1-11
3

Before these equations cen be solved the initial and boundary
conditions must be specified. For the problems in this thesis only
constant boundary conditions are considered corresponding to fixed surface
tenmperatures Pp1 and Ppo at the surfaces defined by x = 0 and
x = 2. In problems where the temperature distribution is symmetrical
sbout the central plane only half the slab need be considered. At the
central plane defined by x = chx = 1, g§v= O so that the centre

temperature is ®n n and the symmetry condition obtained using equation
C’
,~1,n = ¢m +1,n.

The 1n1t1a1 temperature dlstributlon is assumed to be uniform so

2.1-3, is ¢

that (Pm o = Q. at t =0 where m = 1’2,5.60-.
3

1

2.2 TRUNCATION ERRORS

Truncation errors arise when higher order terms of finite
difference expressions are neglected. The truncation error depends on
the grid spacing chosen and on the nature of the equation being

approximated. A knowledge of the nature of the truncation errors is
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essential so that an appropriste choice of grid. spacing and n}.}znber of
terms of thé finite diffefence exbressidns'reqpired to proauce alédiution
of a certain accurscy may be determined, The manner in which the grid .
spacing and nature of the equation effect the truncation error may be
found from a Taylor series exﬁansion of the function at a poin’c:}‘3

A Taylor series expression for a function at a point x in terms
of the function and its derivatives at a neighbouring point x_is

given by :-

o=t o@D L EeETEy L Gl Ee L

) s e é 20 2"‘1
Calculating the functions (Pm+1 and cpm_i at points xm+ 1= xm + Ax
and Xne 4 = x, - Ax in terms of the function and its derivatives at
point x ~glves i~
. 3 8
- gy, A9 42 3 ,
(Pm+1 (.pm + Ax(ax)m + 2.' (——a%)m + 3: (#)m + evase se e 2&2-2

and

= - ax(3®) 4 A2 . A2 & v
m_i ‘pm Ax(ax)m + 2 _ig') 5: (#)m + IR NN s e @ 202-5

S
)

Rewriting equation 2.2-2 to bring it into the same form as equation

2.1-1 gives t=

1 Ax a‘2 A S
( ) = Kx(¢ - (Pm) 2 (ax )m - 3"'— (#‘)m 4+ seven e 2~2"4

m+l

which shows that the truncation error is proportional to Ax and the sec-

ond derivative of the function at point x = mAx.



Similerly equation 2.1~5 msy be obtained by adding equations

2.2-2 and 2.2«3 giving :-

(%§§§u1= K%T (¢m+1 -2 + ¢m~1) - %g?(gégﬁm + higher order terms
cee 2.2=5

Here the truncation error is proportional to Ax® and the
fourth derivative. The errors in other finite difference expressions
may be similerly estimsated.

As the nature of function ¢(x) is not generally known before-
hand, exact calculation of the truncation error is not possible.. The
order of magnitude of the truncation error can be estimated from the
coefficients of the neglected terms when o(x) is a contimuous function.

In the special case where ¢(x) is a contimous function with a
shape such that all derivatives higher than third order sre jero then
equation 2.1-5 is completely accurate. In the example of a uniform slab
with internal heat generation given in section 4.2.1, the stéady state
temperature distribution is a gquadratic function§ of x and hence
§%$ = 0 in the steady state. As equation 2.1-5 was used tb_obtain this
solution the steady state solution has no truncation error and may be
used as a check on the computer accuracy.

For a given solution, the‘truncafion error mey be reduced by
reducing the grid spacing or by emplbying higher ordexr difference
expressions where the order of the terms neglected are much greater than
those neglected in equations 2.1«1 to 2.1-5. A disadvantage of
employing higher order difference_ expressions is that when the order

of the difference expression exceeds the order of the differential
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equation being solved, spurious solutions may be produced}ﬁ’p'iaa

To avoid any .-difficulty it is usual to restrict the order of the
difference expression used to the order of the differential equation
being.considefed; Récently it'has.béen shoﬁn'by Fiscﬁer}i'fhat by
appropriate choice of the higher order difference equations éQd the
additional boundary conditiohs required by their use, that solutions
méynbe dbtainéd where the spurious solutions are féduced to the saﬁe
order ofvmagnitude as the ihherent truncation errors of the method
used;

To calculate the higher order differences it is necessary to use
the values of féur or more nodes. The reading of this additional
information requires additional switch and computing section capacity.
As the object of the present computer is to keep the equipment as
simple as possible, it asppears preferable to use the simpler difference
expression and decrease the grid spacing (increase the number of nodes)
if ah increased ac¢curscy is required.

In addition to errors in the solution due to truncation errors,
additional errors also arise due to component tolerances in the

computer. These errors are discussed in section 2.7.
2.3 STABILITY

When both the time and space intervals are differenced and the
value of temperature for the next time interval is obtained by
extrapolation, situations may arise where small errors tend to build up

rapidly till the error terms completely overshadow the desired solution.
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This is termed computational instsbility. While some finite aifference
expansions are stable, critical valuss of the ratio %;‘ exist in the
case of other expsnsions. The simple explicit finite difference method
used for this computer is subject to such instability.

The stability of linear equations, such as eguations 2.1~8 and
2.1-11 when f£(¢,t) is a constant, has been extensively studieq, 910,13
Using general mathematical methods, such as the matrix method described
by Foxlo it is shown that the stability is influenced by the na.turé of the
initial and boundary co‘ndi‘bions. However when constant initial and |
boundary values are used, as in the present study, the simple method

developed by Karplus may be used. 13,28

Karplus uses the fact that the
finite difference expression may be represented by an electrical network.
Using electrie circuit theory developed by Bode, criteria for the stability

of the network and hence the finite difference expression may be derived.

Using these criteria, the conditions for stability of equations 2.1-8

and 2.1-11 when f£(¢,t) is a constant is given by %}%<é— .

Although the criteria for the stability of linear equations aré
known, little is known in the case of non-linear eguations in spite of

intensive study>?1O

Even in a recent Summer School hel in Oxford it was
concluded that the problem is largely unsolved. 10 Here it was also
reported that in the study of a particuler equation the general stability
criterion was repleced by a 'local' stability criterion. This indicated
that the stability depends on the solution and hence %;E;; may have to
be varied in different regions.

Even though a general answer to the stability problem has not been

obtained the method can still be used. If instsbility is encountered the
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. At ‘ '
mesh ratio v%zg‘ may be changed to determine whether the instability is
due to the finite difference method or whether it is inherent in the

solution itself.
2.4 CONVERGENCE

A finite difference expression is said to converge if the
approximate solution obtained using finite difference methods approaches
the exact solution of the partial differential equation as the grid
spacing is refined, while the ratio of the grid spacing along the various
co=ordinates is kept constant.

-Kﬁarplusl5 states that no genersal criteria for convergence have
yet béen developed but is is generally believed that if a finite
difference equation is stable it also converges. However, in a recent
analysis by Foxlo it is pointed out that convergence requires that :
equations be both stable and cohpatible. A finite difference equation
is compatible with the differential equation if the truncation errors
tend to zero as the grid spacing is re&uced.“ On this basis all the
finite differénce methods mentioned in this thesis, including the simple

explicit method used for the computer, will converge if they are stable.

*In particular an explicit expression suggested By Du Fort & Frankelio

which has the advantage of being unconditionally stable but is not
compatible and hence may be non-convergent if special precautions in the

choice of Ax and At are not taken.



- 25 -

2.5 CHOICE OF COWSTARTS

It has been shown in sections 2.1, 2.2 and 2.3 that the choice
of the space and time intervais Ax and At are restrictea.by acouracy
and stability considerations.'“in the present study a sdlution accuracy
of 5% is required so that it is necessary to restrict individual errors
to the order of 1% (0(0.01))s Choosing Ax = 0.2 and At = 0,01 the
corresponding errors in x and t are 0(0.64) and 0{0.01)
respectively., As the curve of ¢ against x tends to be parabolic
in shape in many of the solutions considered the actual error in x
will be smaller and even zero as mentioned in section 2.2.

The above choice of Ax and At satisfies the stabilily condition

At i_1

Using these constants, the equeations to be solved on the computer
become t~

From equation 2.1-8

) 1 : .
A('*\m,n = Pn,n4t T Pmyn T 4(@m+1,n - 2¢m,n + ¢m—1,n) + 0.01 f(me,n)
et e ) 205-1
From equation 2.1-11
by n=% (L4 01K =2 v (1~0.1 K)@m__i,n] +0.01 £(g, )

C ] 2-5"’2
When Ax = 0.2, the intervel O<x<1 mst be divided into § intervels

so that the boundary conditions for a symmetrical solution become (see

also section 2.1)
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¢O,n = ¢b1
| %, 5B
P4,n = %,n
and initisl conditions become :
?1,0 = 92,0 93,0 = 94,0 = 95,0 % ¥4 9. Gt

A different set of grid spacings were used for one problem
discussed in section 4.2.2. but as the treatment is similar it will not

be repeated.

2.6 TOR{ OF THE DIFFERENCE EQUATION

The computer must calculate the value of ¢ from the known

myn+L

values ¢

m+1,n’ Pm,n and ¢

. This calculation may be done in two
m~1l,n

ways.

1 By calculating . directly in the computer using the
¢

i

relationship obtained from equation 2.5-1,

e v

1 | |
Pmynet T 4(¢m+1,n * 2@m;n * ¢m—1,n) + 0.01 f(wm,n)

If the computer introduces an error 8, the computed value

becomes instead ;-

. 1 -
Q'm,n+1 - [Z(@m»i,n * 2¢m,n * ¢m—1,n) +0.01 f(wm,ni](i +8)

If & is smell the total error after n calculations will be

0{nb).
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2 By celculating A9 ., @nd adding it to the stored value of
e
Pon to obtein P el If the error in each celculation of
My I s .

Ay is & the total error in ¢ after n calculations
myn m,n .

: Apm,n = , tota
will be O(n555:§~) and es @ = O(nA¢m,n) the total error
will e 0(&).

It is apperent that it is more accurate to arrange the computer
to calculate the increment given by equation 2.5-1 and to add it to the
» ' t .
stored value of Pm,n to obtain Pmynel rather then calculating
directly.

wm,n+1

2.7 ERRORS INTRODUCED BY COMPUTING ELEMENTS

In addition to the truncation errors inherent in the finite
difference method additional errors are introduced by imperfections

in the cdmputing elements. Two forms of error can be distinguished.

1 Coefficient Errors

The finite gain of the operational amplifier$ and the
finite tolerances of the resistors and potentiometers used
in each computing element cause small departures from the
desired transfer function for the element. This has the effect
of producing slight alterations in the coefficients of the
equation being solved. The solutions produced are those of the
desiréd equation ﬁith slightly altered coefficients. These
coefficient errors are easily corrected ss the actual value of

the coefficients can be measured and corrected.
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2 Spurious Term Exrrors.

Store leskage and certain combinations of component
tolerance errors effectively introduce additional spurious terms
into the equation being solved.

The simplest form of spurious term arises due to
amplifier drift which takes the form of an additional constant
term, However as this type of erfor is readily detected and

corrected it will not be discussed in detail.

A general study of error is outside the scope of this thesis.

N 2
Instead the errors introduced into the basic eguation g%:= %Eg
by component and store imperfections are briefly considered to indicate

the precautions necessary in the design of the computer.

A Error due to store leakage

.2
Expressing %%-: %Eg- in terms of finite differences using

equations 2.1-1 and 2.1~5 gives :-

) 1 ‘ »
A(Pm,n = .A_X:? ((P - 2(P )At "o 2. 7"1

4
ml,n m,n ®

m"l’n

If the store holding the value ¢ loses an amount ~K ¢ due’
to leskage in the time required to calculate one increment in

n, the actual equation solved becomes :-

1
A(pml.n = Ax° (¢mr1,n - 2q’m,n + q’m.-pl,n)At + Ks¢m,n

ere 2-7"'2

which corresponds to the equation
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9 _ 8% '
ot ,#*’ (A't) P ) oo E 2473

Equation 2,7-5 shows that a spurious term proportional to ¢

has been introduced due to store leakage.

Error due to component tolerances in the circuit generating

the dif:f_‘erenﬁe (“Pm+1’n - 2‘Pm’n + (Pnl"'j..gn-j

Due to component tolerances the sctusl value of the

différence Poetin " 29
5]

Pm,n + mel,n obtained in the computer will

be modified so that equation 2.7-1 becowmes t-

i

. .
A(pm,n = AE [(1 * 61)(Pm.+1,n - @ a2)2¢m,n

+ (1 0+ 65)¢mpi,n].ﬁt | S 2. 74

Where 61, 52 and 65 are fractional error terms which have
the same order of magnitude as the component tolerznce of the

circuit used to generate the difference. Xquation 2.7«4 may be

rewritten as i~

B0 n = [+ 5+ DG g 0 = Wy * Oy )

Qm"l,n
& )
2. Ly - |
o 5 - 2@ on,n <pm.-1,n)
+ (8 = 28, + 55) () oy o |86

e 2. 7=5
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Using equations 2.1-4 and 2.1-3 it can be shown that equation
2.7«5 corresponds to the equation :-
5 S5, - 252 + 55

& 2 &, - &
B0 _ (4,1, 2P, 25" 1y,
;% =1+ 5 * 2) o T ( Ax ) ox ¥ ( Ax® ) @
[ N ] 207-6

It is evident that the component errors have introduced a
coefficient error and two spurious terms involving g% and

¢ respectively.

The cowefficients of the spurious terms introduced by store
leakage and component tolerance shown in equations 2.7-3 and 2'7_6.
increase as the grid spacings are decreased. As the truncation error
decresases with decreasing grid spacing it is evident that, for a given
computer and finite difflerence expansion, an optimum value of grid
spacing exists which gives the minimum solution error. Fischer11 has
shown that a similer optimum error exists when partial difference
equations are solved on>conventional analogue computers using fihite
difference methods.

The permissable store leaksge and component tolerance which will
produce a 1% error in the solution due to the spurious terms may be
estimated using equations 2.7-3 and 2.7-6 and the solutions of equationé
2.7=1 given in section 4.2 which show the effect of the spurious terms,

Fig. 4.2-6 shows that the error due to the §§ term when

%k(65 - 81).= 1 is of the order of 20/, For 1% error with Ax = 0.2,
(65 - 51) = 14, so that components with 1% tolerance can be used.

Fig. 4.2«5 shows that the error due to the ¢ term when



= 3] -

EJ%T(SIL - 262 + 65) = 0.5 is of the order of 30%. For 1% error with
Ax = 0.2, (61 - 252 + 55) = 0.2%. As only 1% tolerance resistors are
readily svailable specisl precautions are required to reduce the
5, - 252 - 8, error in the circuit generating the difference expression
if the spurious term error is to be limited to 17%.

Similerly the maximum allowable store leskage for 1% error due

to the ¢ term is K_= 1.5 x 107 or 1.55 for 100 calculations
(n=100).
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Fig. 3.1-1 Experimental Analogue Computer
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3 EXFERIMENTAL ANALOGUE COMPUTER

5.1 COMPUTER OUTLINE

The anslogue computer to solve partial differential equations by
the finite difference method discussed in section 2 consists of two

principal sections.

1  THE STORE which stores the vslues of O
. »
2  THE COJPUTING SECTION which

a Reads the stored values of ¢

m+1’n, (Pln,n and ‘Pm-i,n
b Calculates the increment A¢m,n from Yme1,n’ %m,n
and ¢m91,n'
c Adds the increment Ag to the stored value ¢
myn m,n

producing the new stored value Pl
»

The experimental analogue computer uses a passive capacitor store and an
active computing section based on differential operational amplifiers.
A photograph of this instrument appears in fig. 5.1-1.

The block diagram.of the experimental computer is shown in fig,

3,1=2. The principal functions of each block are :=-

i THE CAPACITCR STORE stores the velues of the variables

Pys Pyr Pg weees in analogue form as voltages on a set of

capacitors.
2 THE SWITCH connects the computing section buffer and
integrator circuits to the required store capacitors. The

buffers read the values of Poetn’ Pmn and ¢mp1vn and the
> 14 14
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10

11

integrator writes the calculated value of A¢m,n into the

store.

The switch 2lso supplies synchronising signals for the relay-
drive and start circuits.

THE BUFFERS are unity gain isolating esmplifiers which prevent
the discharge of the store capacitors by the computing circuits. .

THE DIFFERENCER generates the difference - 2¢

?msl,n m,n ¥ Pmet,n

corresponding to the second space derivative,

THE FUNCTION GEKERATOR generates the function f£(¢,t). (Only

an exponential function generator giving Ke® was studied.)

THE INTEGRATOR adds Mg, o to the contents of the ¢ . store
via the switch.

THE RELAY DRIVE CIRCUITS operate the relays in the integrator
required to affect the addition of A¢m,n in synchronism with the
switch.

THE START AND INITIAL CONDITIONS CIRCUITS set the store and
computer circuits to the initial and boundary values reQuired and
start the computation and the rccording devices at the correct
instant.

THE POTENTIIOMETRIC RECORDER records the poteﬁtial of a selected
store ¢  producing a solution of P against t.

THE STORAGE OSCILLOSCOPE displays the output of the ®n buffer
and using a linear sweep and intensity modulation produces a
solution of ¢, for all values of 'm, against x and t.

THE SWITCH POWER SUPPLY operates the switch motor synchronously

at mains frequency.



12 THE COMPUTING CIRCUIT POWER SUPPLIES supply the regulated d.c.

voltages required by the computing emplifier and reley circuits.

The modification of the stored value of P n to ¢ is
t]

_ myn+d
carried out in two steps as the switch wiper passes over the fixed contact

connected to the Py store capacitor.

1 During the first half of the period during which the switch wipers
are on the fixed contacts, termed the compute period, the store
capecitors holding the values of Pned,n’ Qm’n and Ppet,n

are connected to the computing section which calculates

A¢m o .and stores the result in a transfer capacitor in the
]

integrator.

2 During the second half of the period during which the switch
wipers are on the fixed contacts, termed the write period, the
calculated increment of charge corresponding to Agm n stored

H

in'thg transfer capacitor is added to the capacitor holding
?myn’

The switch wipers then move on to connect the store capacitors

holding o

myn’ Pmet,n and ®ms2,n is produced.

S0 th?t ¢m+1,n+1
This process is repeated until 21l the stored values are modified to
correspond to time (n + 1)At, when the switch will arrive back at the
capacitors hoiding ¢1,n+1 and proceed to caleulote the values for

time (n+2)At. The calculation continues in this fashion until sufficient

of the required solution is obtained, corresponding typically to n = 100

to 200.



- 35 =

3.2 SIORE

3.2.1 ANALOGUE STORAGE

Storage entails the sampling and holding of the instantaneous
velue of a function from one calculation to the next. A number of
electrostatic and magnetic storage devices have been developed for the
storage of analogue computer data.so The choice of device most suited
for a particuler applicatibn is determined by the accuracy (lihearity
and. 1eakage)vand the sampling speed required.

Electrostatic storage of charge on a capacitor hés the advantage
of being inherently lineer, but suffers from charge leskage. The
simplest storage device consists of a bank of capacitors connected to a
switch. The capacitors are cherged to definite voltage levels and the
voltage read off when required. K.c:zramk:56 using a rotating wheel of
capacitors with mechanical switching has achieved an accuracy of 1% at
a sempling rate of 30 cepacitors per second. A similer type of store
but using solid statevswitChing described by Wager29 offers a potentially
higher sampling rate. An'ultra-high speed store using charge storage
on the face of a cathode ray tube developed by Bergman57 has a
sampling rate of the order of 1 micro second. |

Magnetic storage devices utilize the high remanence and low
coercive force ofvcertain modern magnetic materialsﬁe'and have the
advéntage of excellent permanence but are inherently non linear.
Applications may be divided into contimuous and two state devices.,

The storage of analogue data as flux in multiaperture core

devices such as the Transfluxorso have been cornsidered and dismissed
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because of low accuraoy?9 The magnetic tape recorder has been
proposed as an enalogue storage device by‘WainwrightZO and attempted
| by Fujin032 who found that the computer accuracy was 1imitéd to the
order of 107% by the inherently unrelisble smplitude charécteristic of
the tape,

Accurate storage with magnetic devices is poésible using two
state techniques, A quasi-analogue store using two-state cores has been
described by‘Watanbe?5 Similarly, sccurate storage using tape recorders
may be obtsined by employing frequency or pulse modulation techniques.
Belck58 claims an accuracy of 0.1% from d.c. to 0.5 ¢/s for such a
technique. Although accurate, these techniques have the disadvantage
of digitel methods of requiring complicated suxiliary equipment,

In the experimantal enalogue computer & sblution time of the order
of 50 secconds was chosen so that a high speed potentiometric recorder, with
& response time of 0.5 seconds, could be used to record solutions with an
accuracy of the order of 1%. For a calculation involving 5 space and
200 time intervals a sampling rate of 20 store positions per second is
required. As modern,motor driven, multipole switches capable of scanning'
. 200 coﬁtacts per second are‘available%o the simple capacitor store and

mechanical switch was chosen.

3.2.2 GCAPACITOR STORE

The computer uses a store consisting of 5 polystyrene~dielectric
capacitors connected to a multipole, motor driven rotery switch. Ideally
‘each capacitor should hold the charge placed on it without change between

successive cslculations and should be unaffected by the cherge on
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adjacent store capacitors. The practicel store departs from these ideals
because of leakage, dielectric storage and cross-talk effects, The
éxperimental appfoach consists of an attempt to eliminate dielectric
storagé and cross-talk effects and to meke all forms of leakage
proportional to the store voliage and then to use a compensation technique
to reduce the effective stofe leakage to zero. The various causes of
store leakage areﬁdiscussed in section 3.2.8 and a method of store
leakage compensation is described in section 3.3:2. | |

Dielectric storage effects cause a capacitor to act as if it is
in paraliel with a number of series resistance-capacitance combinatiéns
with time constants ranging from the order of seconds to hundreds of
seconds.54 As the inteprator edds s calculated charge to the store
capacitor, the dielectric storage effect introduces an uncertainty in
the corresponding voltage increment. This uncertainty is equal to the
ratio of the additional 'aielectric storage' shunt capacitence to the
total capacitance of the store capecitor. The storage effect depends on
vthe type of dielectric employed. The ratio of 'dielectric storage' to
total capacitance is approximately 1% for paper as ageinst 0.1% for
polystyren.e.54

Dielectric storage also causes a form of leskage due to the charge
on the capacitor 'lesking' into the shunt 'dielectric storage' capacitors.
A; fhis leskage is not proportional to the éapacitor voltage simple
leakage compensation is impossible. These effects which were troublesome
when paper dielectric capacitors were tried, were negligible when

polystyrene dielectric cepacitors were used.
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Cross talk occurs between adjacent store capacitors due to charge
transferred on the switch wiper stray capscitance, Qw. Vhen the
switch wiper passes successive store capacitors charged to voltages

v V. andV
m+

1’ 'm the voltage increment at the middle capacitor AVﬁ is:

1‘
. w

where Cm is the store capacitence. This charge trensfer introduces a

spurious term error, called cross-talk error, into the equation being -
&2 '
d

The cross-talk error can be eliminated by connecting the store

solved of the form .
capacitors to alternate contacts on the switch and connecting discharge
resistors to thé intermediate contacts. As the gtray capacitance is
completely discharged af'ter being connected to each store capacitor
charge leakage proportional to the store capacitor voltasge results.
Measurements sﬂowed that the cross-~telk was not completely
eliminated in the experimental computer because of the action of the
integrator which becomes unstable on the intermediste contacté, charging
the wiper stray capacitance and also reducing the discherge time
available, The measured coeffiéient in equation 3.2-2 was 2.5 X 10—4.
This introduces s negligible error into the solution of the diffusion
equation and could be eliminated if necessary by slightly modifying the

integrator circuit.



- 59 -

3.2.3 CAPACITCOR STORE LEAKAGE

Leskage of stored cherge from the store capascitors occurs at
several points in the computer. It was shown in section 2.7 that this
lesksage introduces a spurious term into the equation being solved. It
was estimated that, to 1limit the solution error due to this spurious term
to 1%, the leakage error must be limited to 1.5% in the time required to
celculate 100 time intervals., This time corresponds to approximately 15
seconds in the experimentzal computer,

The principal sources of leaksge are :~-

1 Capacitor Leakege

Capacitor leakage occurs due to dieleétrié and surface
effects. Using paper capacitors with a decay time constent of
104 seconds the leskage after 15 seconds is 0.15%, For
polystyrene capacitors with a time constant of 5 x 106 seconds

the corresponding leakage is less than 0.001%.

2 Circuit Insulation lLeakage

Leakage occurs due to the imperfect insulation of the
switch and computing circuits. In the experimental computer,
each caﬁacitor.is connected to 16 fixed contects on the switch
bark having a total leskage rezistance of 1,500 megohms which
gives a leakage of 2% in 15 seconds. Each capacitor is also
connected via the switch wipers to the buffer, integrstor and

initiel condition circuits where additional leakage will cccur.



4 Leskage due to Switch Wiper Contact Overlap

The store capacitors are momenterily connected to earth
via the switch wiper discharge resistors if bridging switch
wipers are used, Bridging wipers were used in the experimental
computer to obtain bounce free contact operati&n. The leskage
depends on the time that the capacitor contact is bridged to
an intermediate contsct and the discharge resistance, The

measured leakage due to contact overlap after 15 seconds was
4%,

5 leakage due to Finite Integrator Amplifier Gain

It will be shown in section 3.3.2 that a loss of store,
charge, proportional to the store voltage, occurs each time the
integrator is switched from the 'compute' to the 'write' state,
due to the finite gain of the operational amplifier, The
leskage error for typicel values of the constants used in the

computer will be of the order of 1%.

The totel measured leakage after 15 seconds is of the order of 10,6
which is considerably in excess of the 1.5% required. Means for reducing
all the leskage errors mentioned exist but were not required as it is
possible to reduce the effective leakage by a factor of 10 using a simple
compensation circuit on the integrator. The leakage compensation circuit
is described in section 3.5.2. The resulis of tests on the capacitor

store used with the integrator employing leskage compensation are given.



3.2.4 AUXILTIARY STORE

The auxiliary store is a short term store which holds the value

of the varisble required for the input to the computing section

¢mﬂ1,n

for two calculation periods. The necessity for the additional store is
best explained with reference to fig. 3.2.4. Notice that the On
buffer BUF 2, and the Pt buffer BUF 3, are shown connected to the

main store capacitors sz and C 3 Assume that the computer is

m.
calculating the increments for the nth time interval, so that BUF 2
and BUF 3 are reading the values of ®.n and 3,0 from sz and

C Assume also that ® 0 is availasble at the output of BUF 1.
3

md*
The computing section calculates the increment A@m = A ®5 which
» 2

is added to ®2n so that the value storelin sz becomes ¢2,n+1'

The switch now moves on to the next contact position. BUF 2

resds @S,n and BUF 3 reads ¢4,n" Also required is mmrl,n = @2,n.

However, ®s. 5 no longer exists in the main store as the value in the
3

1 by the previous calculation.

It is thus necessary to store each value in tue main store for use in

¢, store (sz) was increased to 2, s

the calculation which follows that in which the main store value is
increased, This is the function of the auxiliary store.

Using the auxiliary store, BJF 3 now writes the Pred value
into an auxiliary capacitor vis the Di relay. This P value isg
stored until the switch moves on two steps when it is picked up by
BUF 1. In the situation described sbove, the ®.n velue in the main -
store capacitor C would have been written into the auxilisry store

m2

capacitor Ca2 directly below it while BUF 3 was connected to sz,
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Fige 3.2.4 Schematic diegram showing:-

Interconnection of the mein and suxiliary stores,
the switch and the buffers.

b. Initial and boundary conditions circuits.

c. Stert and integrstor relay circuits.

8.



- 37 -

adjacent store capacitors. The practical store departs from these ideals
because of lezkage, dielectric storage and cross-talk effects, The
éxperimental appfoach consists of an attempt to eliminate dielectric
storage.and cross-talk effects and to meke all forms of leakage
proportional to the store voltage and then to use a compensation technique
to reduce the effective store leakage to zero., The various causes of
store leskage are“discussed in section 3.2.3 and a method of store
leakage compensation is described in section 3.3.2. |

Dielectric storage effects cause a capacitor tc act as if it is
in paralliel with a number of series resistance-capacitance combinations
with time constants ranging from the order of seconds to hundreds of
seconds.54 As the integrator adds & calculated charge to the store
capacitor, the dielectric storage effect introduces an uncertainty in
the corresponding voltage increment. This uncertainty is equal to the
ratio of the additional"aielectric storage' shunt capacitance to the
total capacitance of the store capacitor. The storage effect depends on
Vthe type of dielectric employed. The ratio of 'dielectric storage' to
total capacitance is approximstely 1% for paper as against 0.17% for
poLystyrene-54

Dielectric storage also causes a form of leakage due to the charge
on the capacitor 'leaking' into the shunt 'dielectric storege' capacitors.
As this leakage is not proportional to the éapacitor voltage simple
leakage compensation is impossible. These effects which were troublesome
when paper dielectric capacitors were tried, were negligible when

polystyrene dielectric capacitors were used.



Cross talk occurs between adjacent store capscitors due to charge
transferred on the switch wiper stray capacitence, QW. When the
switch wiper passes successive store capacitors charged to voltages

Vﬁpl’ V& and Vh+1. the voltage increment at the middle capsacitor AVh is:

c
w .
AV = -C—n:(vm1 - 20+ V) | 3422

where Gm is the store capacitance. This charge transfer introduces a
spurious term_error, called cross-talk error, into the equation being -
solved of thg form %;ga
The cross-talk error can be eliminated by connecting the store
capacitors to altermate contacts on the switch and connecting discharge
resistors to the intermediate contacts. As the stray capacitance is
completely discharged after being comnected to each store cepacitor
charge leskage proportional to the store capacitor voltege results.
Measurements shﬁwed that the cross-talk was not completely
eliminated in the experimental computer becsuse of the action of the
integrator which becomes unstable on the intermediate contacté, charging
the wiper stray capacitance and also reducing the discharge time
available. The measured coeffiéient in equation 3.2«2 was 2.5 x 10‘4.
Thié introduces o negligible error into the solution of the diffusion
equation and could be eliminated if necessary by slightly modifying fhe

integrator circuit.



- 59 -

3.2.3 CAPACITOR STOKE LEAKAGE

Leskage of stored charge from the store capacitors occurs at
several points in the computer. It was shown in section 2.7 that this
leakage introduces e spurious term into the equation being solved. It
was estimated that, to limit the solution error due to this spuricus term
to 1%, the leakage error must be limited to 1.5% in the time required to
cslculate 100 time intervels. This time corresponds to approximately 15
seconds in the experimental computer,

The principal sources of leakage are =

i Capacitor Leskege

Capacitor leakage occurs due to dieleétrié.énd surface
effects. Using paper capacitors with a decay time constant of
104 seconds the leakage after 15 seconds is 0. 15%. Fdr
polystyrene capacitors with & time constant of 5 x 106 seconds

the corresponding leakage is less than d.OOﬂ%.

2 Circuit Insulation Leaskage

- Leskage occurs due to the imperfect insulation of the
switch and computing circuits. In the experimental computer,
each capacitor is connected to 16 fixed contacts on thg switch
bank having a total leakage resistance of 1,500 megohms which
gives-a leskage of 2% in 15 seconds. Each cepacitor is also
connected vis the switch wipers to the buffer, integrator and

initiel condition circuits where additionsl leskage will occur,



4 Leskege due to Switch Wiper Contact Overlap

The store capacitors are momenterily connected to earth
via the switch wiper discharge resistors if bridging switch
wipers are used., Bridging wipers were used in the experimental
camputer to obtazin bounce free contact operatién. The leskage
depends on the time that the capacitor contact is bridged to
an intermediate contact and the discharge resistance., The

measured leakage due to contact overlsp sfter 15 seconds was

4%,

5 Leakage due to Finite Integrator Amplifier Gein

It will be shown in section 3.3.2 that a loss of store.
charge, proportional to the store voltage, occurs each time the
integrator is switched from the 'compute' to the 'write' state,
due to the finite gain of the operational amplifier, The
leakage error for typical wvelues of the constants used in the

computer will be of the ordex of 1%.

The total measured leakage after 15 seconds is of the order of 10,5
which is considerably in excess of the 1.5% required. Means for reducing
all the leakage errors mentioned exist but were not required as it is
possible to reduce the effective leakage by a factor of 10 using a simple
compensation circuit on the integrator. The leakage compensation circuit
is described in section 3.3.2. The results of tests on the capacitor

store used with the integrator employing leaskage compensation are given.
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3.2.4 AUXILIARY STORE

The auxiliary store is a short term store which holds the value
of the varisble requirgd for the Ppet,n input to the computing section
for two calculation periods. The necessity for the additional store is
best explained with reference to fig. 3.2.4. Notice thét the ¢
buffer BUF 2, and the Pl buffer BUF 3, are shown connected to the
mein store capacitors C - and CmS' Assume that the computer is
calculating the increments for the nth time intervsl, so that BUF 2

and BUF 3 are reading the values of ®5.n and 95 o from sz and
> a4

c Aésume also that ?1.n is availeble at the output of BUF 1.
2

n3’

The computing section calculstes the increment Awm n = A P n which
» ]

‘is edded to ¢, = SO that the value storedin C
2

becomes P9 et
2

m2
The switch now moves on to the next contact position. BUF 2

reads ?3,n and BUF 3 reads Pg,nt Also required is Pped,n = P2,n°

However, P n no longer exists in the main store as the wvalue in the
b

9, store (sz) was increased to 2,4 by the previous calculation.

1

It is thus necessary to store each value in tue main store for use in
the calculation which follows that in which the main store value is
increased., This is the function of the suxiliary store.

Using the auxiliary store, BUF 3 now writes the Pt value
into an auxiliery capacitor via the D1 reley., This Pl value is
stored until the switch moves on two steps when it is picked up by

BUF 1. In the situation described sbove, the value in the main -

¢2,n
would have been written into the auxiliery store

store capacitor Gm2

capacitor Ca2 directly below it while BUF 3 was connected to sz,
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Fige 3.2.4 Schematic diagram showing:-

a. TInterconnection of the mein end auxiliary stores,
the switch and the buffers.

b. Initial and boundary conditions circuits.

c. Start and integrator relay circuits.



The value of 99 n will remein stored in this auxiliary capacitor after
’

¢y , has been modified to 99, nel in the main store (sz) and will thus

’
be available when regpired to calculate A¢5,n’ The value of ?,n will
remain in the auxiliary store until it is eventually overwritten.,

Only 3 auxiliary store capacitors are required regerdless of the
muber of main store capacitors in use. However because of the small
number of main.store capacitors used, 5, the wiring of the auxiliary
store was simplified if 4 auxiliary store capacitors are used as shown
in fig: 3.2.4. The requirements for suxiliary store'capacitors are not
stringent, The exact capacitence is unimportent as BUF 3 charges the
capacitor to the same voltage as the corresponding main store capacitor.
Because of the short storage time of approximately 40 milli-seconds and
because errors are not cuﬁulative, unlike the main store, the errors
introduced by the factors -considered in section 3.2.3 sre relatively
unimportant in the case of the suxiliary store.

The 350 ohm resistor placed between the output of BUF 3 and the
auxiliary store 'write' wiper is reguired to prevent high frequency
instability of the BUF 3 amplifier which results if the output is
~ shunted by a ipfd capacitor. It is important to keep the auxiliary store
cherging time constant (= 0.35 milliseconds) small compared to the 'write’
perioa (5‘milli;5econds) otherwise the auxiliary store does not exéctly |
duplicate the main store values when the latter are changing rapidly which
gives rise to transient errors in the computed solutions.

Relay D is provided to break the suxiliary store write-path before

either of the wipers leave the contacts to prevent errors arising from the
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partial discharge of the auxiliary capacitor which would occur if the

Pred contact is broken before the suxiliary store write contect.

3¢2.5 INITIAL AND BOUNDARY CONDITIONS

The voltages on the mein store capacitors at the stert of the
computation mist be set to values corresponding to the assumed initiel
conditions (see 2.1). |

Only uniform initial conditions are considered in the experimental

computer corresponding to =

?1,0 = 92,0 ® ®3,0 = 4,0 P5,0 % %3

These initlal voltages sre set by breaking the 'write' path between the
switch and the integrator and connecting it to the initial conditions
supply. This operation is performed by relsy E in figs. 5.2.4 and
B6. The calculation is started by operating relsy E which connects
the integrator to the switch. Relay ¥ must be operated in synchronism
with the switch so that the computation commences with the first store
capacitor.

Boundary conditions sre set by conmecting the contects on the
switch corresponding to the boundaries to boundary condition supplies.
In the experimental computer only two boan@ary conditions were used

corresponding to =

1 A sleb divided into 6 intervals with fixed boundary conditions
P and Ppoe Referring to fig. 3.2.4 it is seen that this

is achieved by connecting contact O on the awdliary store benk



to the Pp1. supply and contact 6 on the main store bank to
the ¢, supply via the boundery condition switch Sp (SB
in the ASYMmetrical position.)

2 A halfegleb dividéd into 5 intervels with e fixed boundery
condition Pp1 and with gymmetry about the central plane at
¢5,n' This symmetry condition is imposed by connecting the

auxiliary store capacitor C holding P4 n to contact 6
,

ad

on the main store bank. (SB in SY¥metrical position.)

3.2.6 SWITCH

The switch used is a high-speed motor-driven uniselector designed
for eutomatic telephone applications.40 It is connected as an 8 bank
104 contact switch. The switch connections are indicated schematically
in fig. 3.2.4 and described in appendix Bl.

Three banks equipped with bridging wipers, to ensure bounce free
operation, are used to connect the main and auxiliary store capacitors
to the computing section. A further twe banks are used to provide the
synchronising éignals for the relay drive end start circuits.

Only alternate contacts are used to aveoid short circuits between
stores by the bridging wipers. ' Stray capacitance discharge resistors
are comnected to the intermediste conmtacts where required. Twelve contact
pésitions are reéuired to accommodate 5 space intervals (see fig. B1/2)
and all the connections ere repeated 8 times. In one revolution of the
switch the computer can thﬁs calculate the 5 values corresponding to the

5 space intervals for 8 time intervals meking 40 calculations in 2ll,
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Fig, 5.2.6 Rear View of the experimental computer showing :

From top to bottom

a Auxiliary capacitor store

b  Buffer amplifiers

¢ Switch
(Stray cespacitance discharge resistences
and main store capacitors are connected
to the switch.)
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Note that the output veoltage is in phase with the input terminsl

marked (+) and in antiphase with input terminal marked (-).

2 The common<mode gein is zero., The common-mode gein Gc is

defined by :~

c : V + V . es e 5.,3&1"2

3 The input terminals are open circuits so that no current flows

into these terminals.

Practical differential operational emplifiers depart from the ideél
by having finite differential snd common mode gains and measursble grid
current.

The action of circuits employing the differentisl operational
amplifier are reedily understood if‘the following property is recognized.
The differential gein of the amplifier is very large so that the full
output voltage can be produced by a very smsll voltage difference between
the input terminals. If a negative feedback path is provided between the
output shd the (=) input terminal the amplifier will act to reduce the
voltage difference between the input terminals to a minimum. As +the
amplifier gain is increased to infinity this voltage difference will tend
to zero. The differential amplifier which has such a negative feedback
péth thus acts to produce a 'virtual short circuit' between the input

terminals. This virtual short circuit is analogous to the 'virtual earth'
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produced in the conventional operational amplifier circuit.

A description of the differential operstionsal amplifier desiénéd
for the experimental computer is given in appendix B2. This amplifier
has a differential‘gain of 2,000 a common-mode gain of less than unity
and negligible grid current. The effect of the finite differentisl and
comionsmode gains on the integrator, buffer end differencer circuits are

considered in Appendix A.
3.3.2 INIEGRATOR

A, Action of the integrator

The integrator mmst add the calculated increment of charge
dorresponding to AQm,n to the ¢ store capacitor regerdless of the
value of the charge, gorresponding to ¢m,n’ already on the capacitor.
The basic circuit of the integrator based on the differential operational
‘emplifier is shown in fig. 3.3.2~1.

To simplify the explanstion of the integrator action assume that
the differentisl operational amplifier is ideal, The integrator injecté
the calculated chafge into the store capacitor Cm in two steps called
the 'compute' and ‘write' periods.

During the compute period the integrator A,B and C relays are in
position 'a'4as shown. The differential amplifier is now connected as a
normal single input operational amplifier with the transfef capacitor Ct
connected from the amplifier output to earthf The amplifier charges Ct
to thg calculated voltage Vbt(a) = - ﬁ; Vi. thus storing a certain
cherge. The bracketed suffix (a) indicates thet this is the voltage on
while the relays are in position ‘'at'.

capacitof Cy
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during normal computer operation.

where .
T, = compute period ' a = relay A,'atcontact breaks
- ‘ sy b = relay B & C 'a' contacts break

Tt = relay transition period c = relay B & C 'b' contects make

T = write period d = Switch wiper leaves store

w capacitor contact. Note resultin
I.C = intermediate contact capacLor o ) ‘ -VAng

instebility.
e = relays return to position 'a'
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During the write period, the relays are switched to-position 'b’.

The transfer capacitor C, and the store capacitof Cm are connected in

t
series by relay VA'. If the voltage across c % could- be reduc_ed to zero
all the chgrge on C & would-be transferred to Cm which is the desired
result. This‘ is achieved using the differential amplifier in the following
manner. Ignoring the presence of R, it can be seen that the (=) input
of the differential operational amplifier is connected directly to the
ogtput via Ry making Vn = Vo, Ra having been disconnected by relay

B. The (+) input is connected to the junction between C , and C_ by

relay C. As the differential amplifier acts to produce a virtual short

circuit between the input terminals it acts to moke Vo=V, =V, thus

it

reducing the voltage across the transfer capacitor VC £ Vo - Vp to
zero. As no current flows into the input terminals of the amplifier all
the charge on C % is transferred to Cm.

An expression for the increment in store voltage AVCm taking into

account the finite differential gain Gd and common mode gain Gc of

the amplifier is derived in sppendix Al and is :

AV = ?..E...bv [-3’.(1 ) Ei....C.EC) ..C_t._.b:'
Cm C_R ‘i G YR YT TCe Y YT R
m-a a a m m ¢

C CtRb

1 7t '
- "'"’(1 "‘G’ ) V 4 +'_"'"'"_V see 515'2"‘1
Gz Cp ¢/ “Cm(a) C, R, cm(a)
leakage term compensation term

The first term of the expression shows the normal reduction in the
voltege increment due to the finite gein of the amplifier. The error

introduced is of the order %— .
a



The second term, indicates that due to the finite gain a negative
voltage increment results which is proportional to the voltage on the
. store capacitor and occurs every time the integrator circuit is switched
from compute to write. This is the effect which resemSies simple charge
leakagevand was mentioned in section 3.2.3 dealing with charge leakage
from the capacitor store. | o

The third ferm will be discussed later.

Relieble operation of the integrator circuit requires the A relay
to operate before the B and C relays. This is necessary to prevent an
alteration in the charge on the tremsfer capacitor which may occur if the
B or C relays operate first, altering conditions at the inputs to the
amplifier. Prior operation of the A relay is schieved by delsying the
operation of the B and C relays by shunting the relays coils with smell
capacitors as shown in figs. 3.2.4 and B~6, Additional practical details
of the integrator are given in appendix BS. |

A typical waveform of the voltage occuring at the ocutput of
integrator amplifier during normal computer operation is shown in fig.
3.3.2=2, The waveform shows the compute, relay trsnsition and write
periods which occur while the switch connects the integrator to a store
capacitor. When the switch moves off a store capecitor contact on to an
“intermediate contact the integrator which is still in the write state
becomes unsteble., The instability does not affect the store voltage as
it only occurs when the integrator is not connected to a store capacitor.
This instability occurs because a direct positive feedback path ffom the
output to the (+) input of the emplifier via the tfansfer capacitor occurs

when the store capacitor is disconnected by the switch. This instebility



causes the amplifier output voltage to increase until it is limited by
-the voltage'swing limits of the operationsl amplifier at approximately
1 150 volts and persists until the relays are returned to their compute
state (position a). The amplifier is d.c. coupled end recovers almost

- instantsneously when the pesitive feedback path is removed.

B. Compensation for charge leakage

The third term in equation 3.3.2-1 for the store voltagé increment
érises when R is connected from the (~) input of the amplifier to earth.
This has the effect of producing a positive voltage increment, which is
proportional to the voltage across the store capscitor, each time the
integrator circuit is switched from 'compute' to ‘write'. As all the
stored charge leakage effects, discussed in seétion 3.2.3, produce
negative voltage increments whicb are proportional to the store capacitor
voltage, an appropriate choice of Rc provides a means of compensating
for all forms of charge leakage.

The reduction in charge leakage achieved using lezkage compensation
on the integrator is shown in fig. 3,3.2-3. This chart record shows the
reduction in leskage from a capacitor initially charged to a fixed
voltage which results when the leakage compensation_resistor Rc is.
connecfed. It is evident that the leskage is reduced from the order of
10% for n = 100 to the order of 1.0%

'The remaining cherge leskage on the 5 store capacitors le to
Cm5’ connected as shown in the circuit given in fig. 3.2.4, after
adjusting the leakage compengsation to reduce the leaksage on Cmﬁ to zero

is shown in fig. 3.3.2-4. Unselected components were used. These curves
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Pig. 3.3.2-3 Reduction in charge leaskage using leskage compensation

PARTICULARS

The figure is an originsl chert recording showing the variation with
time of the voltage across store capacitor which is connected to the
integrator via the switch, with both switch and integrator operating. Each
curve was produced by comnecting a d.c. supply to the capacitor, charging
it to the supply voltage, before discommecting the supply at time
t = n=0 and allowing the capacitor to discharge due to leaksge. The
chart was reset and a second curve obtained but with the leakage compensation
resistor Re connected. The process was repeated for initial store voltages
of approximately - 100, ¥ 50 and 0 volts.
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Fig. 3.53:2-¢ Reduction of charge leakage using leskage compensation

PARTICULARS

The figure shows the variation with time end number of calculations
- of the voltage ecross the 5 mein store capacitors, Cpq to Cpg which were

initially charged to + 100 V. The curves were produced using the method

described under Fig. 3.3.2-3. The compensation was adjusted to reduce the
charge leakage on Cps - to zero.
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show that the leskage corresponding to n = 100 has been reduced from the

n3? Cm4 and Cm5 and

Inebility to compensate perfectly for the leskage occuring

order of 11% to lesé than 1% for capscitors Cogs ©C
to 2% for Cog?
6n egll the store capacitors is due to small vériations of the leakage in
-the components associated with each store capacitor. Perfect compensation
is possible if all the components are selected to have identical leskage,
or alternatively, additional leskage may be introduced and adjusted to
make the leakage from each store capacitor identical.

The accuracy and linearity of the integrator cen be verifieé by
comparing the actuel and calculated performance. ZEquation 3.3.2-1 gives
the voltage increment per calculétion of an ideal integrator as t

+ o
Nem = TR

o}

Vi

=4

a

For a fixed input voltage V, end zero initial stored charge (ch = 0)

at n = 0, after n calculations the store voltage me should be :-

Old-O

V seo 5 515.2-2

<}
1
=

Cm

o

|

A chart record of the variation of ch with various fixed input
voltages is shown in fig. 3.5.2=5. The step nature of the store voltage
is readily observed on the curves corresponding to Vi =210 end :

I 30 volts. Points calculated using equation 3.3.2-2 are plotted in
fig. 3.3.2-5 and show that the overall error of the integrator and

potentiometric recorder is of the order of 1%. The recorder accurscy

is essentially eliminated as the recorder was used to set the input



= 5la =

S A
V=43 \ ?L'— 0 y L-.-+ VOLTSH
/ 7 ol
S~y [ /7
© /
s JAK
/
. , 4/
) 0 ’ y pd
E r' /’ '
4
[ /
/ ) 4 »
pd V] y
1/ y A o1 1A Il
| . ]
=0 =
5 J L~ I
17 el
pd 1 :
PN S I
9 \\ ™~ S
0 (X4 ~ I
e ] ) \\ S !’
LTSN h
ENTT AN
pAY o
L \ J - = 1
\ K 1 ]
D N ™
< N1 1\ NS ~
. ‘ 3 / ]
1 )
\ \ / CALCULTATIEID;
0. | \’ I)I l'r,
O \ { AN b
! W10 Vs ~
\ h N ]
\ /
S \ / 1)
WVE=30" 1\ N ;
| / L
&Y \ i/ 0 . TS ECS)
ST 11 L1z
] 59, 100 10 200 n )
_ lf—_l:_u_ H_T_su K" NPER ¢ _,LI'?'\I'»‘U VN L) LS9 “q ..."U*H Lt ‘P R P a1

Fig. 3.3.2=5 Chart record showing variation with time of store
capacitor voltage Vems,; with verious constent
voltages V; opplied to the input of the integrator

(using leskage compensatiomn).

PARTICULARS

. The curves were obtalned by connecting the integrator with a
fixed input voltage to the switch and store capacitor at a time
corresponding to n = 0. The set of curves were obtained by resetting
the chart, discharging the store capacitor and repeating the process for
the different input voltages.

Hereg Cms = 1.00 }ifd, Ct = 0.080 u.fd, +Ra = 300 K, % = 750 K
All components values and voltages measured to - 1% giving ideally

ch £ 0.2 n Vi
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FPig., 3.3.2«6 Oscillograph showing the increase of the 5 store voltages
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PARTICULARS

This photographic record was produced using the intensity
modulstion technique for recording the store voltages described in
section 3.5.2. The 5§ dots represent the volteges of the 5 store capacitors.
The step remp is produced by adding a fixed voltage increment AV to
the store capacitors in turn, so that the steps of the ramp correspond to
the values nAV'cm

(cm = 1.00 pfd, C, = 0.08 ufd, R = 300K, R_= 750K, and
V, = 50V so that AV = 10V.)



voltagss Vi'
The accuracy of the integrator with store capascitors other than
that used to obtain fig. 3.3.2-5, depends on the capacitance of these
capacitors. In the computer the store capacitors were trimmed using
small fixed capacitors to 1.00 Z0.01 pfd. Fig. 3.3.2-6 shows the
increase of the 5 store voltages with a fixed voltage applied to the
input of the integrator. The voltage differences between the stores are

of the order of 1,; of the store voltage indiceting that the integrator

accuracy is essentially the same for all the stores.
3.3.3 BUFFER

The function of the buffer is to isolate the store capacitors from
the computing circuits to prevent the discharge of the stored charge.
Ideally the buffer should have an infinite input resistence, zero input
current and should reproduce the stored voltage exactly et its output.

The differentisl operational amplifier may be used as an accurate
buffer by connecting the output to the negative gain input terminal and
applying the input signal to the positive gein input terminal as shown

in fig. 3.3.3.

%0

| 333

Fig.3.3.3. Buffer based on the differential operational amplifier
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The input to the buffer is applied directly to the grid of the
input valve which has been designed to have negligible grid current so
that the buffer effectively has an infinite input resistsnce.

An expression for the output voltage of the buffer iving the error
introduced by the finite differential and commone~mode gains, G, and

d
Gc’ of the differential operational amplifier is derived in Appendix A2

U ke U ll (1 - G )I oo 5.5.5“1

d

This expression indicates that the buffer repeats the input voltage
Vb with an error of the order of 1/Gd when the common-mode gain Gc

is less than unity. For G, = 2000 the error is of the order of 0. 155,

3.5.4 DIFFERENCER

The differencer is the circuit used to generate the voltage

difference corresponding to the first or second space derivetives. When

.2

%EQ- and gﬁ» are repleced by the finite difference expressions

(1/Ax?)(¢m*1 - 29 + ¢mrl) and (1/2Ax)(¢m*1 - ¢m—1)’ the differencer

must generate the corresponding wvoltege dlfferences‘ 31(Vﬁ+1 - 2Vm + Vﬁ»i)

and KZ(Vm+1 - vm_i), where K,, K, end V ere related to the originsl
variables by scale factors as explained in section 4.1. If both first
and second space derivatives are present the differencer must produce an

output voltage Vo given by i«

v, = (K1 ¥ KZ)le - 2K,V + (1«:1 - zsz)vm_1 3.3.4=1

A single differential emplifier may be used to obtain the sum or
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difference of a number of inputs by using tie two input terminals
availeable,
The circuit of a differencer based on the differential operational

amplifier is given in fig. 3.35.4,

334

|
| ] |

Fig. 3.3.4 Differencer based on the differential operational amplifier

The expression for the output voltage in terms of the input
voltage Vh applied to Ra and the voltage Vb applied to the positive

gain input is derived in the appendix A3 and is :-

VO=(1+§R§) Vp l:l-‘é‘d(1+§b:'c-c)] "‘;Z‘Vm [1“’1"'&(1‘*%)]

oes 3.3.4-2
This expression shows that the cutput voltage Vo due to Vh
applied to R, is '(Rb/Ra)Vh as in a normel operational amplifier
and is independent of the voltage applied to the positive gain input.

The component of the output voltage due to Vb applied to the
positive gain input is in phase with the input but the gein is determined
by Ra "end Rb' This gain may be adjusted by inserting a resistive
divider between the signal and the positive gain input terminsl. Using

the resistive divider circuit shown in fig. 3.3.4 and neglecting the error



terms the output voltage becomes i1~

Rbr Be

Py - . L . - meees es s - !5.4"’5
Ra) & VBV + By K 3

V. = (1 o+ a— N

9 dRe+ de+heRf d m=-
The values of the resistors required were found using the

following method. Equating the coefficients of equations 3.3.4~1 and

© 343.4=3 gives i=

E—am{ éna-z-{Q~K1-K2
Ra i Re Ki + K2

Having determined these ratios the velue of Rf may be found

experimentally by noting from equation 3.3.4-1 that applying a fixed
voltage V "to all three inputs should produce no output voltage. The
correct value of Rf

inputs end adjusting R

is then found by applying + 100V to all three
£ to give zero output voltage.

This method of adjusting R, has the important adventage that it

f
eliminates the spurious ¢ term error introduced by component tolerances
which was discussed in section 2.7. This mey readily be verified by

applying the criterion of zero output voltage for identical non-zero

input voltages to equation 2,7-4

3.53.5 EXPONENTIAL FUNCTION GENERATOR

A diode function generator14’15

based on a differential operational
amplifier was built. It has an output voltage which is an exponential
function of the input voltage. The basic circuit is shown in fig. 3.3.5

and additional details ere given in Appendix B4.
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EXP —\,=Vge

3.8 '

Fig., 3.3.5 KExponential function generator based on the differential
operational amplifier

The function generator has a non-linear resistor connected from the
negative gein input of the amplifier to ground. The input signsl is
applied directly to the positive gain input so that the output of the
function generator is in phase with the input.

A simple shunt diode network was used for the nonelinear resistor.
Four strsight line segments were used to represent the exponential function
with a root-mesn-square error of 2.0/ over the output voltage range of

+ 10 to +100 volts.

3.4 AULILIARY CIRCUITS

The auxiliary circuits provide the power and switching signals
necessary for proper operation of the computing elements. These circuits
are briefly discussed below while additionsl deteils and circuit diagrams

sppear in the appendices.
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3.4,1 INTEGRATOR RELAY DRIVE CIRCUITS

The integrator relay drive circuits control the switching of the
integrator A,B and C relays from the ‘compute' to the 'write"states,
and also reley D in the auxiliary store circuit.

The relay and switch Operatiohs are synchronized by pulses
obtained from a separate bank of céntacts on the switch. These pulses
are shaped by a pulse=-shaping circuit to remove spurious signals caused
by &on%act bounce. The shaped pulse triggers the compute-delay-monostable
circuit which defermines the 'compute' period. This circuit in turn
triggers the reléy—drive monosteble circuit which operates the relays
and determines the 'write' period.

A pulse obtained from the relay-drive-~monosteble circuit is used
to intensity modulate the oscilloscope (see section 3.5.2) Additional

details are given in Appendix BS5.

544.2 START AND INITIAL CO.DITIONS CIRCUIT

7 The start circuit sterts the calculatibn by discénnecting the
initial conditions circuit and comnecting the integrator to the switch.
This circuit also starts the solution recorders.
These operations are performed by relay E which is interlocked
with the switch to ensure that the calculation alwsys commences at a
specified boundasry point.

Additional details are given in Appendix B6.



Se4ed. D.C. POWER SUPPLIES

Two electronically sﬁabilized power supplies described and
constructed by Powell™? supply * 300 volts d.c. at up to = 200 mA for
the computing énd auxilisry circuits, The circuit is given in eppendix
B7. |

J.4,4. SWITCH MOTOR POWER SUPPLY

vThe switch motor power supply energises the existing d.c. impulse
motor of the switch forcing it to run as a synchronous motor. As the
solution recorder uses a synchronous motor for the chert drive, the
fixed relationship between switch and chart speed alldmsthe‘superposition
of different solutions against the same time scale on the recorder.

Additional deteils are given in appendix Bi.

3.5 SOLUTION RECORDERS

Graphical solutions to the problems which involve 3 varisbles

(95 t = nAt, x = mAx) were recorded by plotting :=-

a ¢ ageinst n for various valuesof m (Correspohds to the

temperature against time at various distances from the surface
of a slab.)

b ¢ against m for various n (Corresponds to the temperature

distribution in the slaeb at successive instants of time)

The third combination of n sgainst m for various ¢ cannot be
obtained as n and m are intepers with only ¢ continuous.

Two forms of display are used :=
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3.5.1 . CHART. RECORDER

A high-speed potentiometric chart recorder may be connécted to
ény of the store capacitors, via a buffer smplifier or cathode follower,
to plot the variation of the store voltage against time. The solution
time scele corresponding to fixed values of n is similtaneously recorded
using an event merker. The time scale accuracy is then independent of
the switch and chart speeds.

Using synchronous switch and chart drive motors, a numbef of
different solutions mey be superimposed against the same time scale.
Fig, 4.2.4 is an example of this form of display.

The chert recorder used has an accuracy of 0.5,% of full scale
with a full scale response time of 0.5 seconds. With a solution time

of 30 seconds the recording accuracy will be of the order of 1%.

3.5.2 OSCILLOSCOPE

' The variation of all the store voltages with time may be displayed
using an oséilloscope. This is‘achieved by displaying the waveform at
the output of the P buffer using a linear sweep. The waveforn consists
of a fixed voltage portion when the wiperis comnnected to a store
capacitor and a random voltage portion when the wiper is on an interﬁediate
contact: The undesired portioné of the waveform may be suppressed by
applying brightness modulation to brighten up the trace momentarily each‘
time the buffer is connected to a store capacitor. The store cépacitor
voltages then appesr as a series of dots.

If the sweep period is chosen equal to the solution time a dotted
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outline of the solution 9 against t for the various values of n

is produced. Fig. 4.2-2b is an exemple of such a display. If the sweep
period is chosen equal to the time taken to scan ail the capacitors, the
- dots trace the outline of the ¢ against x profile for sucbessiVe

time intervels, Fig. 4.2-2s is an example of this displey. Using'a
storage oscilloscope the amplitude and time scale markers moy be super-
imposed and the complete display'photographed fof future reference. The
amplitude msrkers sre produced by integrating a fixed voltage as shown
in fig. 3.3.2-6 while the time markers ere obtained from the event merker

signal.
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4,0 COMPUTER SOLUTIO.NS OF SO.E DIFFUSION EQUATIONS

The analogue computer was used to calculate some solutions of the

diffusion equations =

2

‘6_9. - a . ov » 4.'-0-1
o= 5E KKy

2 .
é& = a 3 _6'2' oo 4. Ld
T etk 0-2
o . Lo 9 ' ;
rrl 3§$.+ K,e | ces 4,0=3

Equations 4.0-1 and 4.0-2 are linear while equation 4.0-3 is
non=linear. All the equations include terms which represent internal
heat generation in a slab and are typical of equations encountered in the
study of self-heating.

The linear equations 4.0-1 and 4.0-2 have known analytical
solutions and are used to check the accuracy of the complete computer
with the exception of non~linear elements which are checked separately.
These equations include terms similar to the spurious terms introduced
into the equation due to store leskage and component tolerances as
discussed in section 2.7 so that these solutions may be used to estimste
the error due to these spurious terms.

The non<linear equation 4.0~3 has no analytical solution. A few
solutions, calculated by Copple using a differential analyserlg, are used
to indicate the relative accuracy of the methods. A further set of

solutions are given for different boundary conditions typical of

situations encountered in practical self-heating problems.
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4.1 SETTING-UP EQUATIO.LS OW THE COMPUTER

Before an equation can be solved on the computer it is necessary

1 Rewrite equation in terms of finite differences using the

methods described in section 2,

2 Introduce scaling factors into the difference equation

The finite difference equations must be written so that a signal
voltage in the computer representing a term in the—equatiog AOes not
exceed the maximum voltage limits of the equipment. This menipulation
known as scaling consists of inserting coefficients known as scale
factors, which relate the voltages in the computer with the terms they
represent.“‘ Methods of scaling equations for solution on general

purpose analogue computers have been described14’15

end may be applied
to this computer.

The scaling calculation for equation.4.0-=3 is given in Appendix
C. The same scaling is used for equations 4.0-1 and 4.0-2 where these
reprgsented simple cases of equations 4.0-3 and are used as preliminary
computer checks. Equation 4.0~2 was also solved for different boundary

conditions and was rescaled and the scaled equation and component values

are given in table 4.2.

. The dimensions of the scale factor are voits for a non-dimensional

equation such es is considered here. If the equation is written in terms
of physicel verisbles e.g. temperature (°C) the scale factor will have

the dimension volts/C.
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4.2 SOLUTIONS

Several solutions of equations 4.0-1, £.0-2 and 4.0-3 were
computed for the various coefficient values and boundsry conditions
deteiled in teble 4.2. The‘éorresponding scaled equations, and
computer set-ups and solutions are given in teble 4.2, fig. 4.2-1 and
figs.4.2a2 to 4.2—é respectively. ’ |

The solutions are primsrily intended to illustrate the operation
of the computer and to sllow an assessment-of §verall accuracy of the
instrument to‘be made. However theée equations also have practical
applications and a brief discussion of their physical sigﬁificance in
~ the study of self-heating is given in the following paragraphs.

Unless specifically mentioned in the following discussions, it
is assumed that the boundary conditions define one half of a slab which

has a symmetrical temperature distribution, zero surface temperature

and & uniform zero initial temperature distribution.
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'" GO SOLUTION
PARTIAL DIFFERENTIAL EQUATION OLPUTER SOLUTIO <
CONDITIONS | EXISTINGI GRID - CONDITIONS | CIRCUTT| ~COMPONENT VALUES ~[SOLUTIO
CASE |PARTIAL DIFFERENTIAL EQN SOt ‘ SOLUTION SCAIED EQUATION ; - Fig = fy— in
~EICTENT [ oyrraRy | INTTIAL |Ref & Pg|ax | at BOUNDARY] INITIAL 4.2-1 | Ra| Re | Rg| Vg| C4| Fig
volts volts K|K | M volﬁ ufa
Egn 4.0«1]
qzbi! 0 at - STN ,
=0 |2 29 - * =0l g = 2.5| 6, 101 f0.2]0.01 [408e ={[l40p 809 +405, ,)6.25]0.5}0.08 |5 o, =100 & [300[300| - | - |0.cH 4.2-2
Kg=0 | % 9 | 2 - 0 at Pg=0
x = }
7 4089, ={[l40g__ ,~800 409 6.25]0,5
K, =0 |20 _ 9 5 G |, =0 |6, 15 | ao| ao ol L O 1 do gy =0 a o | do f0.75|25 | o | 4.2-¢
K, = 5 it 1 , +[28 1.0}0.08 |
o o | 4m¢m={[(4o¢m+1-80¢m+40¢m.1)6.35] 0.5
2 : * gt . - b do 1.50[10 | do | 4.25
K40 2 - LPige+1 |Lo, L5| a o |6, 404 | do| a0 + [l409, ) k1/4] 0.5 do do | a+D ldo 0 [do
Ky =1 2.0, 4.0 ; + [1d o.5}0.08
" s0nq_={{(20¢ 1.ao¢ +40p _)6.25 300 |367
3 - . . d 4- 2«6
K, = 4 92853+K3§%+4 o do a0 o uTl—m, 1nq)0635 KglOo5 | do do a |50 300 [1.50{40 | do
Ky A0 |0 @ - + [d 0.5}0.08 | 367 |300
8 —3 ~ - o a=>
K, =4 g_% . _g# . K % La| 2 x=0 Jousslo. oo + (5o¢m1 509 1)1. K4 0.5 %= O do I 200 0.75| BA5|00144 4, 2~3
Ky £ 0 ‘ O [Ppg= 0 2F + [69.5]1.0}0.0144 #,5 O
X =43 + ;
Eqn 4.0-3 !
0050,007 = 0 ‘t _
9 _ & 9 0-95.1,00?" Yx=0 2009, ={[(409,,,,-80,+409, ;) 6.25]0.5 Bg= ST 45 | a4 c (300|300 - |- [0.08| %27
K, A0 |5F = F K e 1.05,1.50d8 _ o .| % |*° 0.01 400;,/40 g O 4.2-9
2.00 & =0 *F +[(10 e J0.5 K4]1.0}0.08f |
2 O’ 005 . 4. 2.8
S _ 9 ® . i do do 9. =40 a2+ 0 |do |d0 | = |- |do
K, Ao |<2 -558- +K, o g.gs.i o| 4o ;=1 do i 4.2-9
Note 1 : Velues of the coefficient tebulated in the third column, | ¢ b .
2 : Rp adjusted to produce zero output voltege from the differenddr with +100 volts applied to the three inpu ‘ 8.
3 1 Refers to the position of the boundsry condition switch Sy sm in  fig. 35.2-4.

TABLE 4.2 DETAILS OF PARTIAL DIFFERENTIAL EQUATIONS SOLVED ON THE cm@m

!
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TO SWITCH &

CAPACITOR STORE :

-SEE FiG. 3-2-4 -A] ADDITIONAL
: ELEMENTS

9, ——PoK]

42-1e

(a) =~ Differencer and integrator circuit.

() K o_term circuit (c) Exponential function generator

Fig. 4.2=1 Computer set-up used to obtain solutions

(Interconnections and component values
given in table 4.2.)
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2

. 3 9
£2.1 Sp = T+ Ko+ K

When Kl = K2 = 0 the solution of the equation for a
non-zero uniform initial tempe:ature shown in fig., 4,2~2 gives(the'cooling
curves of a slsb with a fixed surface temperature. _The solution when
Kl = O. buth2 % 0 given in fig, 4.2-4 describes the variation of
temperature with time in a slab with uniform intermal heat generation
and a fixed surface teﬁperature. A comparison of the computed curves
and published values provide a check on the accuracy of the completé
computer with the exception of the non-linear units. The caléulated
points superimposed on fig. 4.2-4 indicate that‘the solution accurscy
is of the order of 1%. »

When K, £ 0, 2nd Ky £ 0 the solution given in fig. 4.2-5 describes
the temperature in the centre of a slab with internal heat generation
which increases linearly with temperature. The case K, =K =A1

1 2

represents a linesr approximation of K4<a(P when K4 = 1. Comparison of
the corresponding curves in figs. 4.2-5 and 4,.2-7 shows that solutions
are appreciably different indicating the danger of using linear
approximations to non-linear equations.

As explained in section 2, store leskage and component tolerances
give rise to spurious terms of the form Ky. From fig. 4.2-5 it appears
that K = 0.5 givés en error of the order of 30%. This figure was used

to estimate the permissable store leakage and component tolerances for a

specified error in section 2.7.



42-2a

80
, t=oo

04 06
X = mix

0 02

-4

08 . 10

4§-i [ I

..":"2::;;:‘1‘0
., a—0e8
t ndt

(a) o v8 X for various t

; ‘ ¢ é‘cp . .
Fig, 4.2«2 Solution of =—= = -6—3? with boundary conditions ¢ = O at

¢ =2.58tt=0
(Photograph of oscillographic display)

et

x=0 %:0 at x =1

42t a

x4

2:0

'fo

0 033 067. 10
X:H\AX_

133 167 20

(a) ¢ vs x for verious t for K =+2 (b) ovs x for t = 0.4,0.8 and

(b) 9 vs t for various x

and initial condition

o '4-2-35
-
t= nAt=0-8
o Ksu-é
[-Y; . . . . . h
0 033 067 +0 133 167 20
} x=mlx J

2
L*

2{_5 =0, + 2,

A 2
o A o tion op 20 _ P9 . o 20 X = y
Fig, 4.2«3 Solution of 3t —(gp-at + K5 =t 4 for K5 0, + 2 with
boundary conditions ¢ =0 at x=0 and x =2 and

initial condition ¢ =0 at t = O.

(Photograph of oscillographic display. )
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vhen K, ;é 0, XK, £ O these solutions describe the temperature
within a slab with uniform intermal heat generat»ion with additional heat
trensfer due to wind blowing through the slab. (4ssumes thermal
equilibrium between gas and solid and negligible density changes in gas.)
This ceuges the temperature distribution to become unsymmetrical as shown
in figs. 4.2-3 (2) and (b). These solutions demonstrate the ease with
which first order space derivative may be included.

The first derivative term is introduced bybmodifying the sadder
input resistor values. Small modifications due to resistor tolerances
similarly introduce unwanted derivative termé as explained in section
2.7. Fig, 4.2-6 shows that an unwonted term of 1.0 %3 would introduce
an error into the solution given in fig. 4.2=4 of the order of 20%.

This figure was used to estimate the permissable component tolerance

for a specified error in section 2.7.
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4.2.5

Oalgz
"’-

8 )
= 3;3 +.K48

The solutions given in figs, '4,2-7 end 4,29 (2) and (b) describe
the temperature in the centre of a slab of material with internsl heat
generation which increases exponentially with temperature, Earlier
solutions, obtained by Copple using a differential analys_er19 for the
case of zero initial temperature are plotted in fig. 4,2-7. Correspondence
is good except for the K4‘= 1 cese where some difference is spparent.
However also shown in Fig. 4.2«7 are the curves for Kﬁ = 0.95 and 1,05.
These curves indicate that the K4 = 1.00 curve falls in a critical region
and that & change 6f the order of 3% in K, is required to explain the
differcnce between the earlier and present resulis.

A second set of solutions for a non-zero initial temperature case
are shown in figs, 4.2-8 and 4.2-9 (c) and (d). These solutions are
typical examples of solutions required in selfﬁheating work. They represent
a stack built with materiol which has o temperature sbove ambient. A
point of interest is that although shape of curves are different <he

critical case still occurs between K4 = 0.75 and K4 = 1.00.
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5 DISCUSSION

.
*

"'

.

An anslogue computer for the solution of certain partisl differential
equations based on the principles outlined in the introduction has been
successfully constructed and tested. The mein features of this instrument
are that (i) it utilises the finite difference method of solution ;

(ii) 21l computations are performed in a single computing block which is
fime*sharea with all the nodes, resulting in an economicel use of the
equipment; (iii) 211 computations are performed using anslogue techniques
to retain the advantages of .ease of non-linesr function generstion and
graphical solution display.

By basing the computiné:elements on a differential operational
amplifier ell the computing elements could be realized using relatively
simple circuits. In particular the choice of this type,bf emplifier for
the inteprator circuit made possible the use of a simple compensation
circuit which compensates fqr,the loss of charge, due to leskage, from
the capacitor store. This‘c§mpensation is en importent factor contributing
to the accurscy of ‘the computer.

. It is shown that the effor in the solution passes through & minimum
8s the finite difference\gri& spacing is varied. This occurs because the
truncation errors decresse while the errors due to spurious. terms
introduced into the equationsby component tolerances increase as the
grid spacing is decressed. A similer property has been dbserved wvhen
pertial ‘differential equations are solved using finite difference methods
‘on the electronic differential analyser. Spurious terms ere introduced by

store leakage and component tolerances in the differencer circuit. Using
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store leakage increases becsuse the amount of information read from the
sfofe at any instant is increased so that each store capscitor must be
connected to more switch contacts, Also & greater number of points must
be calculated the time taken to compute a time interval is increased.

It elso appears practical to use the computer to solve certain
elliptic partial differential equations iﬁ addition to the quadratic
partial differential equations considered here. This could be done by
replacing first time derivaﬁive by a second time derivative in which case
a2 second auxiliary store will be required.

The speed of the computer is limited by the electro-mechenical

components, switch, integrator relays and solution recorders, so that a
single solution takes approximately 30 seconds.

._During the course of this investigaetion, a similar equation with
the non-linear function giﬁen in reference § was solved, using a similer
grid spacing and to a similar accuracy, on a Ferraﬁti Perseus digital
computer'?1 The solution time was of the order of 10 minutes for
solutions in the form of tsbles of co-ordinates. A large amount of the
solution time was occupiéd by the calculation, using series expansions,
of the relatively complicated non~linear function. In the analogue com=-
puter the solufion time is not affected by the complexity of the non-
linear function as all the terms are calculated by separate computing
elements worxing in parallel. It is appsrent that when working to the
same accuracy the speedvof the analo,ue computer compares favourably with
available digital computers with the further advantage that the solutions

are produced directly in graphical form.
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A characteristic of the computer'is that the type of.partial
differential equation, geometry and grid spacing used, detefmine tﬁe'
pattern of switch connections and are not readily changed, whiie ﬁhé“
non-linear functions, coefficients, initial and boundary qonéifions m@f
be easily adjusted. . Using the convenient storage‘bscillo;cope.form 6f
solution display the computer is well suited for rapid investigations of
the effect of parameter variations in a2 given type of equetion. As such
the computer supplements existing analogue techniques for the sélution
of‘non-linear-partial differential equations and should find applications
in fields other than that for which it was originally designed = the

solution of equations enécuntered in the self-heating of fishmeal.
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APPENDIX A ¢ ERROR DUE TO THE FINITE DIFFERENTTAL AND COMMON-MODE GAINS
OF THE DIFFERE TIAL AMPLIFIER

T

INTEGRATOR ERROR

Consider the integrator circuit shom in fig. 5.5.2«1.

1. Relays in position ‘'a!

The sum of the currents flowing into (<) terminel of emplifier must’
equal zero. As ideslly grid current is zero we get :
V,«Vv. V. =~V

‘i 'n. o n vn ’
I ‘ﬁ“ =0 s Al=l
[

The cutput voltege V_ due to inpat volteges V, end v, may be

expressed in terms of the d:.fferent:nul ga:.n Gy and the cormon-mode‘
gein G, as ¢

)

| Va4V
Vv = G(V -v)+G -—---—3

U vee Ale2
0

combining equations Al.1 and Al.2 and eliminating Vn gives ¢

Rb N
(1 + 2c;) R 'p -eg)y | ()
V = . o cco.‘ Al"‘s a.
© 1+E(gb__§2)
da D 2 .
L R ‘
RER, .
where R Rb+RR " RbR

If Qd>_> 1 equation £1-3(a) may be written by neglecting secomd

order terms as

v, o= [(1+;-%)§RP- (1---‘ g‘i ][1__(.13?1-__,)]

a "p d

P
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or

, 1 Rb R 1 B Ry

v = [1_.‘,...(@ _J....... ..(1 = —)"—"V. eve  Al=3Db
o Gd c RP RP P GdRP Ra i

With relays in position 'a! ‘VQ =0 and vo = vo(a) wiich is voltege applied

across € so that ¢

¢
Ry 1 Ry
v = V = - — (1 - —-) oo A1-5C
o(a) ct(a) R, f_x Cq RP ,

where the suffix (a) indicates that this is the voltage with the relays in

position 'a’

2, Relays in position 'b’

Capacitors C, and Cm are now connected in series by relay A so that

t
VC ' = VC B % ) s Al=d ‘
m(b) m(a) m
Q
/ /ctcm
4 V o ——— 20 ' A1‘5

v = V .
o{b) cm(a)\ .c%(a) C, +C,

where Q 4is the charge flowing into C % and Cm, when the relays go from

positions fa'! to b1,

Eliminating ¢ from equations Al-4 and Al-5 and solving for VC giveé

m(b)
CmVC + C V ('b) - CtVG
v - m(a) ‘c(a) 216
C - c, »C - : te :
m(b) t m
With the relays in position 'b! V = V snd R = oo (effect:.v’ely as relay

B is open.) Substituting these values ( ) in equatlon A3=3b gives ¢
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B 1 Ry |
vo(b) = (1 + ﬁc-)vcm(b) [1 - Ed(l + -ﬁ;- - Gc)] eee  A1=7

Substituting equations Al~3 and A1-~7 in equation Al-6 gives

| C, R
V. (1) -7 = v, -2 3 X C e B8
m(b) m(a) m ¢ d p
where
c. . C, I . |
S g By St [ 1 B '
X2 == Z(1~-CG 4+ o= l=-5(1=~¢C +---)] ees  Al-S
Cm Gd ] Rc CmRC Gd c RC

_ -1
Ir Ga>>_1 and Rc>>Rb then X<<1 and ER

, X
1 « X with an error of the order of 1/Gd or Rt/ so that equation
Al«8 may be written as-

may be replaced by

R + |
;i v, { "é?d aRRb)(i"X)

1) -V (:l.-.'l‘():-c-.E
a,

C:m(b) | Gm(a.)

or solving for the change in voltage on Cm, AVG

m
R +
M, =V, =V, = '('}-Ei_b' v, (1 % Rb)(i-x)“{v
m m(b) m{a) a R Cm(a)

. e Al-lo
Substituting equation A1-9 in A1-10 and neglecting second order terms gives
AV -Eﬁi‘iv [1-3(1+E'i+3'2»?—§c)+§-t-3‘i]

¢, C R 1 TG TR TC "G "o/ VT E
-error term
O = L. ¢ ) v, Ct ?’ cer Al-11
d 'm m{a) m(a)

leskage term _ compensat:.on term
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A2  BUFFER FRROR

the error in the buffer circuit shown in fig, 3,3.3 may be obtained
using equation Al-3b in Appendix Al by noting that for the buffer

R =0 end Rb/Rp =1 giving =

i 1 .
v,o= T, [1-G (1-@0)] ees A2-1

' A3  DIFFERENCER ERROR

The error in the differencer circuit shown in fig, 3.3.4 may be
obtained using equation Al-3b in appendix Al by noting that for the

differencer Rc = o 80 that lg'b/R;p = (Ra + Rb)/Ra giving t=

R +l ' VR ‘ '
ety fidaatae] -2y fota.)
8, P d a 8 d a



APPENDIX B DETAILS OF EXPERIMENTAL COMPUTER

Bl SWITCH

The switch used in an A.E.I. motor driven un:‘i.selecto'r.% It has-
- 16 barks of 52 contacts and'is equipped with 16 single‘ended wipers.
arranged so that 8 are in, while 8 are out of the bank, producing in effect
an 8 bank 104 contacf switch.

The switch connections are shown in fig. Bil-1.

1

x
"

-
4

1 MAN STORE P2

e e e e e 9

%‘\L

- ps

o e

CONNECTIONS

BUF 3 ie2

BUF 2 MU3+4 '?9\
0Q 0D

C o
e olo o

RELAY E4+— :
BUF 1 &5_*8__1__2 : ° °
MUG+9 0000 0O g000000 000’ o

RELA  a—— .
: Y D1 N b AUXILIARY

2. 5 aI STORE

1uf

RELAY MUt 00900000000 000d

CONNECTION PATTERN 3413 REPEATED ON 15-25
CONNECTION PAT TERN 1-26 REPEATED ON 27-52

DRIVE

TRIGGER
START ] } ONLY ON MUTS

COUNTER 6 6 6 25,26,27

- 00

MUIS 0000000000 000 o]
C___ONTAC_T_NQ’EH'-Nm-.monbo?-::‘.“-':-’:."-""'_‘“nc‘ﬁk """ i
Fig: B 1=-1 Disgram of switch connections

Note: 1 Benks numbered MUl to MU16 from bottom upwards. ,
92 Contacts numbered 1 to 52 in direction of switch rotation.
3 Wipers of banks MU 1,2,3,4,5,8,13 and 16 are bridging type
and MU 11 and 14 are non-bridging.



The wipers are driven by & d,é. motor which consists of an
unwound rotor mounted between two coils disposed at 90 to each other,
and a set of contocts operated by & cem on the rotor to control the
energisation of the éoils. The motor is geered to tﬁe wiper so that a
90° movement of the rotor causes the wipef to advance by one step. When
the motor runs at 1500 r.p.m, the wipers scan‘iooicbntacts per second,
and the motor coils are effectively energized by two 50 c¢/s pulseting
decCs supplieS‘whi§h<are 9 out of phase.

The motor was synchronised to the mains frequency by using a
| special power‘suﬁply shown in fig. B 12 which supplies d.c. t0 one coil

vie its contact and holf wave rectified d.c. t6 the other coil vie its

contact.
50vdec.
812 DA .
7 "R O zahens swTcH
MO °-1> ! + g“—'-/\_ MOTOR
I I & - 107 A
~N -
A (R
. O A
- .
R > > - e \MCA1 i E
. [ 2 .
1 I i o il il s
Fig. B 12 Switch ilotor Power Supply.

The switch contects were treated with o contoct lubricéting snd

cleaning agenfﬁ‘ to obtain clean and relieble contact operation.

* Corrosion Resction Consultents - CRC Formala 2,26,
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B2 DIFFERE TTAL OPERATIONAL AMPLIFIER

The differential operational amplifier required for the experi-

mental computer was designed to meet the following requirements

1 Differential gain Ga;$1000 Calculated using equation Al-11 to

give 1% error with a voltage gain of 10 x

2 Common-mode gain GC‘< 1 kquation A2-1 shows that reducing Gc below

unity does not reduce the error apprecisbly.

3 Cut~off frequency>30 kc¢/s The cut=-off frequency is that at which

Ga = 1. This ensures that the calculation is within 0.01% of the steady
state value after a compute period of 3 milli-seconds with a stage ,ain
of 10 x.

4 Stability. The amplifier must be stable with its output connected to
(~) gein input terminal.

5 Qutput Voltape = = 100 V ot * 5 ma,

6 Comnon=mode input voltage swing = + 100 V

7 Grid current<:10°8A This current produces a 1 volt change in
voltage across a 1 pufd capecitor in 100 seconds end a 10 mV d.c.

offset in an amplifier with 1 M ohm input resistence.

The differentiel operational amplifier resembles a conventional

14'. 15,20 55,45

operational amplifiex with a special differential input stage.

The ratio of the differential to the common-mode gain, known as the

common-mode rejection factoroo 4

is & meesure of quality of the
differential stage. Zaalberg45-has shown that a double-triode long;tail~
pair stage with an infinite cathode resistor has a rejection factor of

approximately 2u/8 where p is the amplification factor of the triddes



and & d4s the fractional difference between the valve parameters.

Assuming 6 = 0,1 and a rejection factor of 1000 the required amplification
Afactor for the input stage is 50, Thus the present‘specificétion can be |

© realized using a2 simple double triode input stage. Although not required

in this application, rejection factors as high as 106 ‘can be obtaineda46

N

Fig. B 2-1 Circuit of differential operstional amplifier

The circuit of fhe d.c. differential operational smplifier is shown
in Fig. B 2<1. The amplifie; has an ECCBlldouble-triodé long~teil«pair
input stage. Balanced push=pull coupling is used between the first and
second stages. The second stage consists of a triode~pentode long=taile
péir combination consisting of an EF86 and 3 ECC31 with a single ended

output. The output from the EF86 second stage is applied to the grid of
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amplifier stages and the divider network, The breakpoint due to the
divider network is eliminsted by by-passing tﬁe 4.7 .l.ohm divider chain
resistors giving the response shown in curve 'b'. The addition of the
2.2 K ohm, and 1250 pfd. lag~lead stebilizing network modifies the
frequency response to that shown in curve 'c', wﬁere the gain drops at

a constant rate of 20 d3/deczde, The amplifier has a cutoff frequency of

2 mc/s.

!' +80 [ 51
-‘__-b— -§\
+60 = 4
PR

. G4 440
. (d8)
| +20
: 0

~-20

*: 102 103 4 5 e
| ® rrequency (c/s)106 o |

Fig., B 2=3 ,easured frequency response of differential operational
amplifier
a) without additional capacitors or stabilizing networks.
b) with divider network compensated for 2nd stege input
capacitance.
¢) complete amplifier with stabilizing network.

When the emplifier is used with a feedback resistor a smell
bypass capacitor must be connected in parellel ‘o provide a high frequency
path. Also when the smplifier is used to drive capacitive léads (eege
integrator, buffer 2) a resistor ( > 200 ohms) must be placed in ;eries
with the capacitors. These precautions prevent the introduction of

additional phase shifts at high frequencies which can cesuse instability.



The grid current was measured with common-inode voltages of O
and X 100 volts spplied to the amplifier. The current was measured by
connectingl the amplifier as a buffer with its input conﬁected to a 0.1
ufd capacitor and observing the charging rate of the capacitor. The grid
current was found to be less than 5 x 10 0 Amps.

D.C. offset due to drift was meagsured by recording the output
voltage of the amplifier with both input terminals grounded. The referred
drift consisted of random veriations of ¥ 10 mV with long term drift
rates of less than 50 mV/hour. Before using the couputer all amplifiers
were allowed to worm up for a half hour before the smplifiers were zero
balanced. During & set of solutions smell drift errors were corrected by

adjusting the differencer circuit balasnce only.
B3 INTEGRATCR

The complete circuit diagrem of the practical integrator circuit
used in the experimental computer is shown in fig. B3-1
, - : ) __‘W

COMPENSATION
ADJUST

100pf.
FROM -
DIFFERE NCER <t
& FUNCTION A
GENERATORS

q L‘l
b—n-TO RLY, E4

B3

Pig. B 3-1 Practical Integrator Circuit
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The following additions and alterations have been made to the

basic circuit given in fig. 3.3.2«1.,

1 A 100 pfd cepacitor is connected from the positive gsin input
terminal to ground to hold the input voltage during the
- transition peried of relay C. The 100 K resistor is included

to limit the charging current through the relay contécts.

2 A 5.6 K resistor is placed in series with the tremsfer capacitor
to prevent high frequency instability of the amplifier which may
result when the output is shunted by = large capacitance. :This'
resistor also limits the capacitor charging current to avoid
overloading the emplifier. The cherging time constent of transfer
capacitor (0.5 milliSecs.) must be small compared to the compute
and write periods (3.5 millisecs each) so that the charging and
discharging of the transfer capacitor will be completed within

these periods,

3 Because of the small smount of leakage coﬁpensation required &
compensating resistance (Rc in Fig. 3.3.2<1) of approximately
100 M.ohm is required. As a stable adjustable 100 if.ohm resistor
is difficult to realize the simple resistor was replaced by e
40 l.ohm resistor and a 2 M.ohm compensation potentiometer from
the amplifier output to earth. With the wiper at the output-end
of the potentiometer no leakage compensation is produced while
with the wiper at the ground-end full compensation results. The
leakage compensation potentiometer is adjusted so that leakage is

eliminated as described in fig. 3.33-5.
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4 A 20 pfd capacitor is placed in perallel with the feedback

network to prevent high frequency instsbility of the amplifier,

B4 EXPONENTIAL FUNCTION GENERATOR

The circuit of an exponential function generator based .on a
differential operational emplifier is shown in fig. B 4-1. The function
generator has a non-linear resistance approximeted by a biased diode
network frém the negative gsin input to eerth. The input is applied to

the positive gain input.

Fig. B 4=-1 Circuit of diode exponential function
' generator.

The exponential function generator mist generate an output
KV, .
Vo<= Vke L where Vk is output voltage when Vi = 0 and k is a scale

fzetor, If we choose the resistance of the non~linear resistor Ravz ®

when_vi = 0 4t can be shown using equation A3-1 that :-
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(essuming =® sothat V = Vb)

d
Vn
| Vk .?; -1 -1 - o
.Ra = -:vr;e -1 Rb - eos 134-1

. The output voltage as a function of the voltage Vé then becomes.

.}.{E ,

The exponential function generator was built to generate én
output voltage V_ = 261 yhere kV, = 0 to + 3.9, The non-linear
resistor was generated using 6 segments equally spaced albng the input
axis. Equal spacing was chosen as 1ift1e improvement results from using
the opfimum unéqual spacing.47 The resistence values were celculated to
correspond to equation B4=1 at the midpoints of the'ségmentég The
calculated values are shown in brackets in fig. B4-1.

The exponential function generator required for the solutibn of

equation 4.0-3 must generate i~

V. = 10e , oas B4=3

Equating equations B4-3 and Bé~2 gives vp = 5.222 + vi/zo. This is
generated by the voltage divider and d.c. supply shown connected to the
positive gain input in Fig. B4=-1. The calculated and measured performance

of the function generator is given in table B4.
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Vs

v, |v =10 Meassred Error | % Error

i o 0

0 10.0 10.0 0.0 0.0
10 12,8 12,5 -~ 0.3 | =~ 2.4
20 16.5 17,1 +0.6 | +3.5
30 21.2 ‘o1.8 £0.6 | +2.8
40 27,2 26.7 -0.5 | =-1.8
50 54,9 35.3 £ 004 | + 1.1
60 44.8 45.0 +0.2 | +o0.
70 57.5 56,7 -0.8 | =1.4
80 74,0 74,5 + 0.5 | +0.7
% | o9 92,5 “-24 | -2.5

Root-mean~

‘Square error

= 2.0%

Table B4 - Calculated and measured performance'of:tﬁe eipOnential

function generator

The roote-mecan-square error of the function generator is 2%.

This low accuracy results mainly because the full dynamic renge of the

diode network is not used as the curve is generated by only 4 of the 6

available segments.

B5 INTEGRATOR RELAY DRIVE CIRCUIT

The integrator relay drive circuit is shown in Fig, BS.
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FROM y — ¢ 1 4 #3300
MUR14 -

TO OSC.INTENSITY
MODULATION CCT,

0 O2ut

— 0020

ks
o0]

BS

Pig, BS ‘ Integrator-relay drive circuit.

The circuit operates as follows :=

1 A negative synchronizing pulse is obtained by applying - 300 V
via a 100 K resistor to the wipers of banks U 11 & 14 of the

switch, Alternate contacts on these banks are grounded.

2 This pulse is pased through a pulse ghaper winich differentiates
the square pulse from the switch producing a sharp positive going
pulse which triggers the calculation-delay monostable. Spurious
pglses produced by contact bounce occuring as the wipers leave
the contact are suppressed by the diode (3 ECC83) and 1 M resistor
which sre inserted in series with the differentiating circuit to
prevent the 250 pfd capacitor recharging in the interval between

the main and ‘bounce' pulse.
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3~ The calculation delay monosteble returns to its stable state after
5.5 millisecs. The output is differentiated and used to trigger

the relay-drive menostable,

4 The relsy-drive monostable has two functions. Itvproviaes H
a) Switch pulses to the integrator end auxilisry store
A,B,C &.D relays; | |
~b) A pulse for intenéity modulafing thé oéciiloaraph.
(see appendix B9). | |
This monostable returns to itg steble state after approximstely
8 millisecé by which time the switch wipers have left the store

capacitor contacts.

5 Polarized high-speed 'Carpenter' relays were used for the A,B,C
& D relays (Telephone Manufacturing Co. Type 5i324). The relays
were bi-stable. The output of the relay-drive monostable was
diffefentiated aﬁd used to change the state of these relays. The
contact spacing and friction demping on each relay was adjusted
to‘ensurevbounce‘free operation which is absolutely essential
for reliable computer operation. These relays required re-adjustiment

af'ter approximately a million operations.

B6 START AND IJIT.AL COuDITIONS CIRCUIT

The circuit diagram of the stert and initial conditions circuit

is shown in Fig. B6. This circuit consists of :=-

1 Counter which is an suxiliary stepping switch used to count the
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mumber of calculations and produce morker pulses corresponding
, JAth . ' . .

to every 10" time intervel., The counter is stepped by pulses
dbtalned from banks MU 43 & 16 which operate relay ¥ which in

turn energizes the solenozd Us/2 of the stepplng switch,

2 Start Relay E The calculatlon is sterted by operatlng relay E
| vwhich dlsconnects the 1n1tlal conditions suppLy and connects the
integrator to the switch wipers MU 3 snd 4 via the relay E4 contacts.
Relay E is interlocked via the counter (bank US 2) and the switch
(1 16 coﬁtact 2) so that calculation éan only stért with both the

switch and counter in the correct positions.

3  Initiel conditions supply. The initial conditions supply is
obtained from a potentiometer via en isolating cathode follower,
A 22K dhm'resistor is placed in sériés with the supply to prevent
shgrt circuits when the switch wiper passes over contacts which

are grounded,

0-25uf

FROM MU13A8
'COUN

FROM MU16.
'START"’

FROM INTEGRATOR
RELAYS A+ C

Fig. B6. ’ Stert and initial conditions circuit
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B7 D.C. POVER SUPPLIES

220v

Circuit of 3500 V, 200 mA stebilized d.c. power supply 2

B8 CHART RECORDER

All chert recordings were made using a high~-speed potentiometric

recordsr.

1

The msin specifications were :

Make: Moseley Autograph - Model 680

‘Pen: Servo actuated with reumote pen 1lift

Balance time: £ second.

Range: adjustable 0-1 mV to 0~100 V. (100 V range used for

solution records.)

Accurscy and Resolution: 0.2% F.S with 0.1% resetability.

Event marker: Solenoid operated.

Chart drive: Synchronoug motor giving chart speeds of 1%
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2",4",8" per mimate, (8"/minute speed used for solution

records. )

For the present application the recorder was equipped with a relay
(relay G) to allow the motor to be sterted remotely, The motor reaches
full speed in 2 cycles., A diagream of circuits associated with the

recorder is given in Fig. B8,

TIME MARKER
FOR MOSE LEY

OsC, DISPLAY AUTOGRAPH
RECORDER
MODEL 680

PEN 0-100v

EVENT MARKH-‘

&,

I220v,'

89

Fig. B8 Chart recorder circuits

Four separate circuits are used :

i Pen circuit As the recorder had an input resistance of 2 M.ohm a
cathode follower was used to isolate the recorder from the test
circuit. The cathode follower hed a gain of 0.96 but as this

recorder was used for all voltage measurements made on the computer
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the exact voltage unit employed is unimportant.

2 Time marker The event marker solenoid was actusted by merker
step-switch contacts US1 via the E1 relay contact. A mark wos

produced corresponding every 10th time interval.

3 Chart Drive The chart drive was energized at the start of
solution bty relay contact E2 which de-energizes relay G which
in turn energizes the chart drive motor. A chart 'inch' switch
was installed to allow the chaert to be moved to the required

position before starting the solution.

4 Pen Solenoid The E2 relay also energizes the pen solenoid,

dropping the pens onto the chart, at the start of the solution.

B2 OSCILLOSCOPE

Several oscilloscopes were used during the course of the
invegtigation but it was found that the storage oscilloscope described
below was superior from the standpoint of quality of display and

convenience.

Main_Specificationé of Oscilloscope

1 Make: Tektronix Type 564, Storage Oscilloscope
with Type 2B67 Time bese
and Type 63 Differential Amplifier

2 Display: Storage time approximately 1 hour.
' writing speed 40 psec./cm.

intensity modulation requires 75V negative pulse.

3 Accuracy: I s
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Settings
1 Y Amplifier

All measurements using 10x probe
a) All solutions recorded on 2V/div position.

b) Time merkers recorded on 5V/div position.

2 Time Base
a) ¢ ageinst t sweep speed used 2 secs/div (trigger: single shot)
b) ¢ egeinst x sweep speed used 02 secs/div (trigger: repetitive)
Note: 1 div = } inch approximately..
The associated circuits are shown in fig. B9, Three se?a;ate

circuits are involved -

1 Y deflection The Y deflection input is connected to the Pm buf'fer,

BUF 2, via a diode clipping network. This network clips the applied
waveform at - 10 and + 110 volté. Such processing does not affect the
solution being recorded but removes the large voltages which occur
when the buffer is on the intermediate contacts which are not

displayed but can overload the Y amplifier.

2 Intensity Modulation The display is produced by brightening the

trace only when BUF 2 is connected to a store capacitor. The required
intensity-modulation pulse is obtained by differentiating the waveform
from the anode of the relay-drive monostsble. The intensity
modulation is suppressed until the start of a solution by the El

relay contacts.

3 Time-base Trigger The time bése is triggered by & pulse obtained from

the MU16 bank of the uniselector. A trigger selector switch is’



- 20B ~

provided so that the oscilloscope can be trigpered ahesd of any
group of connections to 2llow the operation of any bank contact to be
examined. All oscillographic solution records were pfoduced with the
trig. er pulse obtesined from the Mﬂiﬁ contact 3 connection

—

+300v

FROM BUF 2 -
3
' ' 300 .
;ERE:Y- d *. #INTENSITY
MONO-STABLE ' Q_T MODULATION
11 TEKTRONIX
‘ STORAGE
do—— +300v. O5CILLOSCOPE
FROM J28—0 > g TYPE 564
MU 14 14— giEcToRISH |
12—o ——1 Jf TRIGGER
o I
FROM -
Muts 12—, §
L3 88

sy

Fig. B9 Auxilisry Oscilioscope Circuits.
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COMPUTER SCALING FOR BQUATION: < = 'a'ﬁ + Ko

Scaling the computer involves the following operations :

1 Estimating the maximum value attained by each term of the

equation during the solution.

2 Choosing & scale factor for each term so that the corresponding
voltage in the computer is as close to meximum designed machine

voltage (% 100 V) as possible.

3 I«ﬁlltiplying.thé difference equation through by constant factors
so that each term has a coefficient corresponding to the scale

factor chosen.

4 Choosing the computer components to correspond to the coefficients

of the scaled difference equation.

The scaled equations in this thesis are written in a form suggested
by Rogers and Connolly;15 They are written using the original veriables,
rather than introducing new veriables so that actual value of the

variables in the equation are readily apparent.

The maximum value of the variocus terms were measured on the
computer which had been scaled using estimated values. These measured
maximum values, the points at which they ocour snd the corresponding

scaled verisble are given in table C.
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Heasured :
Term | maximum Occurs at : Scaled
value . output of variable
¢ 245 store and buffer 40¢
%% 15 integrator 5%%

o° 2
3§$ 75 differencer _10%é?

9
;ng¢ 20 exponential 5 K4e¢
funetion Lo
generator

Teble C « Determination of scaled variables

The difference equation to be computed is :~

A = [ L (o - 29 + ¢ ) +K e?m,n ]At ses C-1
Pmyn T [AF “met,n - “myn T Ymei,n 4

Substituting Ax = 0.2 and At = 0.01 and rewriting equation C-1 to
adjust the coeffigients of the terms to correspond to the values in the

table we get :-

- @gm,n
40Aq>m’ n® {[6"25(40(?1114-1,:1 - 80(%,11 + 4Om~1,n)] 0.5 + ELO K ,© :]1. oo} 0.08
ss e C‘2

ﬁriting equation C=2 in terms of voltages and component ratios gives :=-

(The symbols refer to components shown in fig. C)

Rb Rb C
, gl L . < m n] L (.t
4OA = [ ] + Ej K ? - 0-5
m,n = { o | Roprep 4° Rozxe) G
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The corresponding computer circuit showing only the relevant

component ratios is given in Fig. C.

_ >t L .
1: - —1 12:5 C
(‘ 40 '.__E \ .
; DIFF 10 bbx
[ " RaDIFF . _Rp

‘Pig. C Component ratios required for the solution of
.2
% _ g9 | 9
ot = ot Ke

The scaled equetions for the other expressions given in table

4,2 are written in the seame form as equation C~2
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