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SYNOPSIS

The study of topological concepts from a lattice theoretical viewpoint was first initiated by-
Wallman (1938) ; inspired by the work of Stone (1937). The actual term ‘frame’ was
introduced by Dowker and Papért in the middle sixties to describe a ‘local lattice’, a
concept which was studied in the seminar of Ehresmann in Paris, 1959, attendéd by
Seymour and Dona Papert (Strauss). A local lattice is defined to be a complete lattice
with the appropriate distributivity property (ie. finite meets distribute over arbitrary
joins) and so corresponds to the notion of a generalized topological sp‘ace. These concepts
were pursued by Benabou (1957), Banaschewski (1969), Isbell (1972) and others.
Johnstone’s book ‘Stone Spaces’ [1982] gives a detailed background on the influence of
Stone’s wbrk on mathematics in general, and is also a basic reference for the theory of
frames (or locales). The ‘Compendium of Continuous Lattices’ [1980] is a useful reference

for many standard lattice theoretical results.

The generalizations of frames to those lattices closed under, at most, countable joins and
satisfying the property that finite meets distribute over countable joins, namely sigma
ﬁames, was considered by Charalambous [1974] and has been explored in detail by
Reynolds [1979] and Banaschewski [1980]. Gilmour [1985] shows that there exists a dual
. adjunction between the regular sigina frames (a full subcategory of sigma frames ) and the
Alexandroff (or zero set) spaces. Madden and Vermeer [1985] obtain a countable version

of the Stone duality for regular sigma frames and regular Lindel&f frames.
Isbell, {1972] first considered the notion of a ‘uniformity’ on a frame by means of covers.

This was further explored by Pultr [1975] who also defined metric diameters, the analogs

of pseudometrics in the spatial setting. Pultr shows that a frame is uniformizable if and
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only if it is completely regular. Frith [1987] further develops results on uniform frames
from a covering perspective, obtaining the same characterization as Pultr and an adjoint
situation betweén this category and the category of uniform spaces using a structured

version of the spectrum and ‘open’ functors.

It is this characterization of completely regular frames, together with the result of
Reynolds [1979] that thé completely regular frames are those frames which are ‘generated’
by regular sigma frames, which gave additional motivation for considering the concept of a
uniformity on a sigma frame. The idea arises quite naturally as the generalisation of a

uniformity on an Alexandroff space.

In this thesis some géneral results on uniform frames are established and then, after
defining a ‘uniform sigma frame’, the correspondence between the two is explored via the
‘uniform cozero part’ of a uniform frame. It is shown that the Lindel6f uniform frames and
the uniform sigma frames are in fact equivalent as categories, and that properties of, and
constructions using separable uniform frames can be obtained by considering the imiforfn
cozero part. For example, the Samuel compactification of a separable uniform frame can
be obtained via the Samuel compactification (in the sigma frame sense) of the underlying
cozero part of the uniform frame. Throughout the thesis, choice principles such as the
axioms of choice and countably dependent choice, are used, and generally without

mention.
An outline of the thesis:

Chapter 0 : This chapter gives some basic definitions and results on frames and sigma
frames which will be used in subsequent chapters. Proofs of the results will usually be
omitted. Most of these appear in Johnstone’s book ‘Stone Spaces’ but other references are

’ given for proofs which use techniques more appropriate in this context.
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Chapter 1 : The relationship between completely regular frames and regular sigma frames,
as explored by Banaschewski [1980b], is dicussed and the notion of continuous and
coherent o—frames, the latter being a non—full subcategory of the former is introduced:
Regular continuous o—frames are shown to be ‘Alexandroff’ g—frames (ie. fixed objects of
the adjunction between Alexandroff spaces and regular sigma frames) which generalizes
the result of Banaschewski [1980b]. The full subcategory consisting of Stone o—frames is

also introduced.

Chapter 2 : Basic definitions of uniform frames (and the equivalence of the different
definitions given by Pultr [1884 I] and Frith [1986]) are given together with the description
of some structures and coreflections in the category of uniform frames. This category is
shown to be co—complete and to have products. The main result in this section shows that
the uniform cozero part of a uniform frame is a regular c—frame which ‘generates’ the
underlying frame. Moreover the uniform cozero elements are characterized in such a way
that (as shown in the next chapter) it is possible to consider the uniformity restricted to
the regﬁlar g—frame of its uniform cozero part. This is accomplished once it is shown that
“every uniformity has a basis of uniform cozero covers (that is, uniform covers consisting of
uniform cozero elements). The simple proof of this latter result was pointed oﬁt by

Professor Banaschewski.

Chapter 3 : The category of uniform o—frames is defined and some basic results are given,
including the description of the Samuel compactification of a uniform s—frame (which is,
in some ways analogous to that of a uniform frame, but requires techniques introduced by
Banaschewski and Gilmour {1989] for a construction of the Stone—Cech compactification of
a regular g—frame). Many of the results correspond to those in the frame setting, but
often the proofs differ because of the possible lack of pseudo—complements in the setting of

o—frames. Full use is made of the abundance of separating elements for regular o—frames.

v




A structured version of the adjoint situation existing between frames and o—frames is given
for uniform frames and uniform o—frames. This in fact leads to an equivalence between the
subcategory of Lindeléf uniform frames and uniform o—frames. This interaction and the
results in chapter 2 combine in such a way that the given canonical definition of a uniform
o—frame is shown to be appropriate. It is also shown that the Samuel compactification of a

separable uniform frame is in fact determined completely by its uniform cozero part.

Finally, proximity o—frames are introduced via the notion of ‘strong inclusions’. These
are the natural generalizations of proximity frames, which Frith [1986] showed to be dual
to the proximity spaces, and equivalent to the totally bounded (precompact) uniform
frames. Similar results are obtained for c—frames and also for the correspondence between
compactifications of o—frames and strong inlusions on them, as occurs in the setting of

frames. (Banaschewski [1980a}).
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Chapter 0. BACKGROUND.v
Frames. S : -

A frame (= locale) is a complete lattice L satisfying the (arbitrary) distribution law :
X AVxj=VxAx;j for binary meet A, and arbitrary join -V, and x,xj€ L.

A “frame morphism h: L — M is a map between frames preserving .ﬁm'te meets
: ,,(in,c'hiding the unit, or top, e) and arbitrary joins (including the zero, or bottom, 0) .
The resulting category is denoted Frm .

On any complete latticé L, a is rather below b, written a < b, if there exists s€ L,

.called a separating element, such that aAs =0 andbvs=ce.

. ais completely below b, written a << b, if thereis a family {x;|1€@Qn{0,1]} of

~ elements in L satisfying xo =a,. Xy = b, i{j= xi<x5. |

A frame L is regﬁla,r if the relation < is approximating. That is, for each a € L,
a= V{x|x<a}, and L is completely regular if the relation << is a._ppr_oximating,
that is, for each a€ L, a=V{x|x<<a}. Since frame morphi‘sms preserve these
r'eia.tions, this gives the full subcategories denoted RegFrm and CrgFrm respectively.

j An élement ceL, aframe, is compact ifforany X CL with ¢ (VX there exists finite
Eg X with ¢ < VE .. L is compact as a frame if e isa compact element. (This is
-precisely saying that every arbitrary cover has a finite subcover, where C C L is a cover
if VC=e.) Let kL denote the collection of all compact elements of L . L is coherent if
kL is a sublattice Join—generating L . Tha.t is, each a €L is the join of compact elements
* below it. A frame moﬁrphism between coherent fré.m_es 1s proper if it preserves compa.ét
elements. These frames and special‘fra.me, maps fo‘rm the non—full subcategory denoted
CohFrm . |

Ass_ociated with a.ﬁy distri_B_utive lattice with zero and unit, there is the frame JL of all
‘the ideals of L, thatis, all non—empty J CL such fha.t a, beJ implies avbel,

and x < a implies x € J . This correspondence is functorial, any lattice morphism
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o—frames.

A o-frame is alattice L which has countable joins, finite meets, a greatest element e,
a least element 0 and satisfies the (countable) distribution'law : x A Vxp = V x A x4
(n €L, countable) for binary meet A, countable join V and x,x, € L.
A o-frame morphism h: L — M is a map between o—frames preserving countable joins,
finite meets, the least element 0 and the greatest element e . The resulting category is
denoted oFrm .
A o—frame L is regular if the rather below relation is s—approximating, that is, for
~each a €L, there exists a sequence (ap) in L with ap,<a and a = Va,. L is normal
if for each pair a, b of elements of L with av b = e, thereexists u, v in L such that
avu=e =bvv and uAv = 0. Banaschewski [1980b] shows that every regular
o—~frame is normal, and hence fhe rather below relation < interpolates. The full
subcategory of regular c—frames is denoted RegoFrm , and is coreflective in oFrm with
kcoreﬂectior-l functor £ which assigns to any o—frame it’s largest regular sub—o-frame .
Any morphism h: L — M in Frm or oFrm is dense (respectively codense ) if
h(x) =0 implies x = 0 (respectively h(x) = e implies x = e ). Ih RegFrm and
‘RegoFrm, if h: L — M is dense then h is monic, and if h 1is codense then it is
injective. The proof given here is for the result in RegoFrm :
Assume h is dense. Consider any f, gt N— L such that hf = h.g. Let ae N,
then by regularity, a =V {xp | xn <a}. Take x<a with x Ay =0 and
yva=e. Then 0 =hf(x)Ahf(y) =hf(x)Ahg(y)=h({(x)rg(y)), and
since h is dense, it follows that f(x) Ag (y) =0. Now g(a)vg(y) =e, and
consequently £ (x) = £ (x) A (g (a) Vg (y) ) = f(x) A g (2) . Hencef(x)< g (a).
This holds for any x<a and thus f(a) =V {f(xn) | xn<2a} <g(a). By
symmetry, g (a)<f(a), andso f=g.




Assume h is codense. Consider h(a) = h(b) fora,be L. Since L is regular,
a=V{an|an<a} and b={by | by<b}. Thisimplies that

h(a) = V { h(an) | h(an) < h(a) } = V {h(bn) | h(bn) < h(b) } = h(b) . Take
by <b with separating element x,, then h(x,) separates h(b,) < h(b) . Since
h(a) = h(b) , h(x,) separates h(bs) < h(a) . This implies that e = h(xn) v h(a) =

h(xn v a). Since h is codense, X, va = e and therefore by < a. This holds for

all the bn, thus b < a and then the result follows by symmetry.

The notion of compact elements and compact o—frames is defined as for frames restricted
to considering countable joins, that is, an element c € L is compact if for any countable
X CL with ¢ <VX, there exists finite E C X with c < VE . ‘

Anideal J C L is regular if for each x € J thereexists y € J with x <y, and J is
countably generated if there exists a sequence (x,) in J such that foreach a€J, a<x,
for some n .

The full subcategory of compact regular c—frames, denoted KRegoFrm , is coreflective in
RegoFrm with the coreflection functor given by L , the a—frafne consisting of all

countably generated regular ideals, and the coreflection map given by join. This gives the

Stone—Cech compactification of a c—frame as shown by Banaschewski and Gilmour [1989)].




The adjoint situation between regular o—frames and Alexandroff spaces.

An  Alezandroff space is a pair (X,Z) where X is a set and Z , the Alezandroff
structure on X, is a collection of subsets of X éatisfying the following conditions :
(Z1) Z is closed under finite unions and countable intersections.
(Z2) f A,BeZ and ANB = ¢, then there exists C, D € Z with
AnC=¢=BnND and CUD =X.
(Z3) 1If A€ Z then there exists a sequence (Ap) in Z with X —A =[] A, .
(Z4) For each pair of distinct points in X thereis an A € Z containing just one

of them.

-‘The sets in Z are called zero—sets and their complements with respect to X are
cozero—sets. A map f: (X,2) — (Y,2’) is called a coz—-map if f (A) € Z for each
| A € Z'. Alex denotes the category of Alexandroff spaces and coz—maps. The zero—sets of
the continuous functions on a Tychonoff space satisfy the conditions (Z1) — (Z4) , and

this defines a functor coz : Tych — Alex . (Gilmour [1974]).

A filter P of a o—frame L is o—prime if for each countable X ¢ L with VX € P then
XNP#+¢. The contravariant spectrum functor ¥: RegoFrm — Alex may be defined
by letting WL consist of all o—prime filters of L . The cozero sets of WL are the sets of
the form ¥, ={Pe VYL | ae P} foreach aeL. If : L — M is a o—frame
morphism then ¥h: YM — VUL is girven by Wh (P) =h"!(P) foreach P e UM .

The contravariant ‘cozero’ functor 2A: Alex — RegoFrm associates with an
Alexandroff space the lattice of cozero sets which is a o—~frame, and the cozero maps are
taken to the associated inverse image lattice maps. '

¥ and A are adjoint on the right (Gilmour [1984]) with the fixed subcategories
v consistiné of the Alexandroff o—frames, that is, those c—frames for which €: L—2A YL

is an isomorphism, and the realcompact Alexandroff spaces.
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The adjoint situation between Frm and oFrm.

Anideal JCL isa o—ideal ifit is closed under countable joins, that is, if for Countable
XCJ then VX €.

The covariant functor &#: oFrm — Frm is defined by letting %L be the frame of all
the o—ideals of L, andfor h: L — M in oFrm, oJ%h: L — HM takes a o—ideal J
in L to the o—ideal [h (J)] generated by h (J). Since every frame is a g—frame, this
gives a forgetful functor %: Frm — oFrm taking a frame L to its underlying o—frame

and, moreover J% is left adjoint to % (Banaschewski [1980b] ).



Chapter 1 FRAMES AND SIGMA FRAMES.

Some relations between completely regular frames and regular o—frames.

In this section it will be shown that a completely regular frame is in fact join generated by
by a regular o—frame, namely its ‘cozero part’. This was shown by Reynolds [1979]. The
description given below is due to Banaschewski [1980]. This result is useful wh;en
considering certain ‘topological’ conditions in the frame setting, for example

pseudocompactness and realcompactness.

1.1. DeFinrTioN: For L e Frm, a € L isa cozero element if a = h (R— {0}) for some
h: OR— L in Frm.

Let Coz L denote the set of all cozero elements of L .

If L is spatial then Frm (OR,L) & Top (ZL,R), and therefore Coz L ~ 2.coz TL .

1.2. ProOPOSITIOR: a € CozL & a=h((0,1]) for some h:O[0,1]— L in Frm.

Proof: (=) Define g: R —[0,1] by g(a) = a®A 1. Then g(a)> 0 .iff at0.
Applying the functor O gives Og: O[0,1] — OR with Og ((0,1]) = R - {0} .
Now take a€ Coz L , then a = h(R — {0}) for some frame morphism
h: OR — L . Hence a = h.Og ((0,1]) and h.Og: O[0,1] — L.
(=) Let a = h((0,1]) for some h: O[0,1] — L . Applying the functor O
to the inclusion map e: [0,1] — R gives the frame morphism De: OR — 0[0,1]
with O(R — {0}) = (0,1] . Hence a = h.Oe(R - {0}) and h.Oe: OR— L .



1.3. LemMa: For L€ CrgFrm, if F L denotes the compact regular coreflection of L with
coreflection map k. given by join, then Coz L = k. (Coz ¥L) .

Proof:  Since kL is a frame morphism, and the image of a cozero elements are cozero

elements, k (Coz #L)C Coz L. Take a € CozL, say a = h((0,1]) for

h: O[0,1) — L . Since ©O[0,1] is compact, there exists a unique

h': 0[0,1] — JFL with kb’ =h:

HL
7
h' 7
7 . lkL
Ve

Hence a =k .h'((0,1]) and since h’((0,1]) € Coz KL, a€ k (Coz FL).

1.4. CoROLLARY: Coz L is a regular sub—o—frame of L as a o—frame.

Proof: &L is compact regular, and hence spatial. Therefore Coz &L & U.coz.X FL .
Since ® is a functor to RegoFrm , it follows that Coz FL is a regular
o—frame. Now k, 1is a surjective frame morphism, so kL(Coz JL) is a regular

o—frame, and thus by the previous lemma sois Coz L .

1.5. LEMMA: J is a cozero element of FL iff J is a countably generated cbmpletely

regular ideal.

Proof: (=) Since L is spatial, each cozero element is a countable join of ‘zero

- sets’, which are closed and hence compact. Thus cozero elements have the



Lindelof property. Let J € Coz KL . For each b e J, choose a sequence

b=Db;<<b2<<b3... inJ. Let va be the completely regular ideal .generated by

 this sequence. Then J = V{J, | beJ}. Since J has the Lindeldf property,

J is a countable join of such elements, and thus is countably generated.

(&) Let J € &L and be countably generated. By regularity of %L ,
J is the join of elements rather below it, and since countably generated, a
countable join of such elements. Hence J corresponds to an open F, in a

compact regular space, and therefore to a cozero set. Hence J € Coz JFL.

'1.6. COROLLARY: For any frame L, a€ CozL iff a =Van for some sequence (an)

- Proof:

with ai << ai,q foralli.

(=>) Let a € Coz L , then by lemma 1.3 , a = kL(J) for some
J € Coz L. But by lemma 1.5, J is countably generated, say by (cp) .
Now define a sequence (a,) by letting a; = ¢;, and choosing a,,; such that
an vV en+1 << ap,;. Then a = kL(J) = Vap, and aj << ai,;.

(=) Suppose a = Va, with ai << aig - Then
J={x€eLl|x<ay, somen} , is a countably generated completely regular
ideal, and so J € Coz & L . But a=k(J) and hence
a €k (Coz #L)=Coz L.

1.7. CoroLLARY: If R denotes the regular coreflection of a o—frame and % the forgetful '

functor from Frm to oFrm, then for L€ CrgFrm, Coz L ¥ R%L.

(ie. Coz L is the largest regular sub—o—frame of L as a o—frame.)



Proof:

Since Coz L is regular, Coz L C %L . Take a € £ %L, then a = Va, with
aj<aj, in %L, since A%L is regular. But < interpolates in regular

o—frames, s0 a; << ai,1, and therefore a'€¢ Coz L . {Corollary 1.6.)

1.8. ProrosiTioN: For L € oFrm, the following are equivalent :

Proof:

(1) L is regular.
(2) L~ CozM for some Me Frm.

(3) L is the image of some compact regqular o—frame.

(1) =2 (2) Consider the unit 7 : L — %¥1L defined by 7 (x) = |x. Since
L is regular, nL(L) C RuUXL ¥ Coz #L. Take J in Z%¥L, then by

regularity, J = V{I, | I;<Ii,; } . Hence for each n there exists K, such that

Inn Ky = {0}, and In,; VK, =L . Thus for every x € I, , there exists

ke Kpand x4 € In,; suchthat xAk =0 and kv x, = e. This implies that
InClxnCJ. Let a ="Vx, ,. then a €J andinfact Ja =J, since I, C |a for
all n. Hence U L— R%#%L is surjective. Since . is always injéctive,
L v RUKL v Coz KL . |

(2)=2(3) Suppose L & Coz M for some frame (M . Then since
kL: Coz &M — Coz M is surjective and Coz &M is compact as a o—frame, L
is the image of a compact regular c—frame.

(3)2 (1) This is trivial since the image of a regular g—frame is regular.

1.9. ProposiTiON: For L€ CrgFrm, Coz L generates L as a frame.

Proof:

(ie. each element of L 1is a join of cozero elements.)

Let a €L, then a =k (J) for some Je FL, since k. is surjective. But

10



J=V{J, | beJ} with J, € Coz FL (asin lemma 1.5.). Hence
a= kL(V{ Jo|belJ } = V{ kL(Jb) | beJ} since k is a frame morphism.

The result follows since k. (Jb) € Coz L foreach beJ.

A Countable analogue of Stone duality

The definitions and results 1.10 — 1.14 of this section are due to Madden and Vermeer
[1985]) , the proofs have been slightly adapted using observations of Reynolds [1979] and
Johnstone [1982].

1.10. DEFINITION: Let L € Frm, a € L is countable if for any set B CL with a < VB,
there exists a countable X C B such that a ¢ VX .
L is Lindelof if e is countable.
Let o (L) denote the collection of all countable elements of L .

L is o—coherent if o (L) is a sub—lattice of L which generates L .

For L, M o—coherent frames, h: L — M in Frm is o—coherent if

hlo (L)) € o (M)..
oCohFrm is the category comsisting of o—coherent frames and o—coherent frame
morphisms.
1.11. PrOPOSITION: oFrm and oCohFrm are equivalent as categories.

Proof:  Consider #: oFrm — Frm which sends a o—frame L to its frame of o—ideals,

#L . The countable elements of HL are precisely the principal ideals :

11



take |bCV{Ji|i€eI} where J; are o—idealsof L and beL. be VJ;, and

hence is a countable join of elements in the J;, say b =V k;, . It follows that

 lbC VI, . The converse follows since a countablé element of H L is a

countable join of principal ideals and V(]bn) = [(Vby) .

Since L = ]le, lan b= [(a Ab) and for each o—ideal J ,
J=V{la|aeJ}, HL is o—coherent. Now for éach o—frame morphism f,
#1 is o—coherent and hence #: oFrm — oCohFrm .

Now if L € oCohFrm, then L & o (L):

define ®: L — o (L) by ®(a)={seo(L)|s<a} and V: o (L) — L
by taking joins. Then for I € Ho (L), if c € o (L) with ¢ < VI, then there
exists a countable X CI with ¢ < VX and hence c € I since I is a o—ideal.
Hence ®(VI) = 1. Conversely, for a € L, V(®(a)) = a since L is o—coherent.

This isomorphism at object level extends to an equivalence of categories because

® is clearly order preserving and functorial.

1.12. PROPOSITIOR: For a regular frame L, L 1s Lindclof iff L is o—coherent.

Proof:

If L 1is o—coherent then, since o (L) 1is a sublattice, e is countable.
Conversely, every regular Lindel6f frame is normal, and hence < interpolates.
Thus L is completely regular. As sets o (L) = CozL: o (L) C Coz L since
o (L) is a regular sub—o—frame of L. Now take va € Coz L, then a = Va,
with aj << aj,;. Suppose that a < VB for some B C L. Then a, < VB for each
n, and so for each n, there exists a seperating element s, with s, vVB =e.
Since L‘ is Lindel6f, there exists a countable X, C B with s, v VX, =e and

hence an < VX, , for each n . It follows that ag VX where X is the union of

the X, and hence is countable. Therefore a € o (L) .

Since Coz L generates L so does o (L), and hence L is o—coherent.
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1.13. PrOPOSITION: RegLindFrm and RegoFrm are equivalent as categories.

Proof:

Since frame maps preserve cozero elements, and hence countable elements in a

regular Lindeldf setting, RegLindFrm, or equivalently RegoCohFrm, is a full
subcategory of Frm. Thus o acting on this subcategory is the same as Coz .
To show that the functors & and Coz give this equivalence, it suffices to show
that &L isregular as a-frame if and only if L is regular as a o—frame :

take a € L, then |a is a countable, hence cozero, element of HL. Thus |a
is a countable join of principal ideals rather below it, say la = V]a,. It foilows
that a = Va, and as <a. Converselyfor J in HL, J=V{|a|a€eJ} and
la = |Vap, = V]a, with a, <a, hence lap < |a and thus J is the join of

elements rather below it.

1.14. PrOPOSITIOR: 'RegLindFrm is cbrgﬂecti'ue in CrgFrm with coreflection functor

Proof:

7 Coz and coreflection map T, given by join.

For L € CrgFrm, Coz L is a regular o—frame and thus & Coz L is a regular
Lindelsf frame. Now consider any f: M — L in Frm, with M € RegLindFrm.

T,

 HCoz L — L,

#Coz f f

R TM
#Coz M —————

Since M is regular Lindelésf, M © J Coz M and the diagram commutes

because rL.Jé’Coz i .<I>M = f .1"M.<I>M ={. Hence { vfactors via T -
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Moreover this factorisation is uhique : take any g: M — # Coz L such that
I.8= f. Forae Coz M, g(a) is a cozero element of #Coz L, and hence a
principal ideal, say g (a) = [b for some b € Coz L . But ‘then
f(a)=1..8(a) = r,(Ib) = b, hence g (a) = {f(a) = #Cozf.® (a). Since
Coz M generates M, g = #Coz { Dy,

This corresponds to the Hewitt realcompactification in the spatial setting.

1.15. LEMMA:  The functor 7 : oFrm — Frm preserves compactness.

Proof:

Let L be a compact c—frame and suppose V{Jij|i€I} =L for Jje #L.
This implies that e € VJ; , and hence e is a countable join of elements in the
Ji. Since L is compact as a o—frame, e is a finite join of such elements, say
e=ayV..vay with ajeJy for j=1,..n. Then L =J;V..VJi and

hence &L is compact as a frame.

Using this lemma and the previous results showing that a completely regular frame is

determined by its cozero elements allows for an alternate description of the compact

regular coreflection in Frm, via the compact regular coreflection in RegoFrm.

1.16. PROPOSITION: For a completely regular frame L, 7 J%,CozL ¥ FL.

Proof:

Let L € CrgFrm, then Coz L € RegoFrm and generates L as a frame. Take
the compact regular coreflection of Coz L, namely k : %;Coz L — Coz L, and
apply the functor % to get Hk : H K, Coz L — #Coz L . Composing this
map with the regular Lindel6f coreflection map T 7 Coz L — L, gives a

morphism from # J#;CozL to L.

14



Since % preserves compactness (lemma 1.15), & J% Coz L is compact and

" hence this map factors via kL :

HAL————+ #FX ;Coz L
lJ{kL
L 5 Coz L

|
Y

L

Consider h: M — L in Frm with M € KRegFrm , then the corresponding

situation in oFrm is as follows :

M —ho L
Coz M -—-—h——-o Coz L
AN
AN
h’N kL
AN

> %,Coz L

Since M is compact, Coz M is compact as a o—frame, and hence h restricted D
to Coz M which maps to Coz L, factors uniquely via the compact regular
coreflection & Coz L. Applying & gives H&h’: & Coz M —’ 7% J;Coz L .
Now since M is compact and hence Lindeléf, #Coz M ~ M . Together this

gives the required unique factorization of h via # % CozL — L.
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Gilmour [1974] shows that a Tychonoff space is pseudocompact iff its o—frame of cozero

sets, is compact. This leads to a natural definition of pseudocompactness for completely

regular frames in terms of the cozero elements. -
1.17. DEFINITION: L € CrgFrm is pseudocompact if Coz L is compact as a o—frame.

Obviously if L is compact, then L is pseudocompact.

1.18. ProrosSITION: L € RegLindFrm is pseudocompact iff L 1is compact.

Proof: If L is pseudocompact then Coz L is compact and hence, by lemma 1.15, so

is #Coz L. But since L is regular Lindel6f, L. ¥ ##Coz L .

This is precisely the analogue to the spatial result that any realcompact space which is

pseudocompact is compact.
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Coherent and continuous g—frames.

1.19. DeFixITION: For L € oFrm, anelement a € L is compact if for every countable
X CL suchthat a < VX, there exists a finite EC X with a<VE.
(Since L is a o—frame, only countable joins need exist, and hence only
countable sets are considered. )
Let kL be the set of all compact elements of L .
L is coherent if kL is a sublattice generating L , thatis, kL is
closed under finite meets and finite joins and each element of L is a

countable join of compact elements.

h: L — M is coherent if h preserves compact elements, that is, if

c € kL then h(c) € kM.

L is Stone if L is compact (ie. e is a compact element) and the
complemented elements of L generate L . (ie. Lis zefo—dimensional.)

Let CL denote all complemented elements of L .

CohoFrm is the category consisting of coherent o—frames and coherent maps. Since every
o—frame morphism between coherent o—frames is not necessarily coherent, this is not a
full subcategory of oFrm.

StoFrm is the full subcategory of oFrm consisting of all Stone o—frames.

17



1.20. PROPOSITION: In a Stone o—frame, an element is compact iff it is complemented.

Proof:

(=) " Let a be complemented, say by a . Take countable X ¢ L Wwith
a<VX, then e =3 v VX. Since L is Stone, hence compact, there exists
finite ECX with e =av VE. Therefore a=aAe<VE, so a is compact.

(=) Let a be compact. Since L is Stone, a is a countable join of

complemented elements, hence a finite join, say a = x;v .. Vv xp with x;

‘complemented by %X;. Then av (X;v..vXy) =€ and aA(X;V..V%,) =0,

so a is complemented.

1.21. COROLLARY: StoFrm is a full subcategory of CohoFrm.

Proof:

By proposition 1.20. every Stone c—frame is coherent. Since o—frame morphisms
preserve complemented, hence compact elements in a Stone setting, every

morphism between Stone oc—frames is coherent.

1.22. PROPOSITION: A coherent o—frame is Stone iff it is regular.

Proof:

(=) If y is complemented then y <y, thus y <x forany x> y. Since
each element of a Stone frame is a countable join of complemented elements,
each element is a countable join of elements rather below it.

(&) Take any compact element c . Since L is regular, c is a countable
and hence finite join of elements rather below it. The rather—below relation is
preserved by finite joins so ¢ < c, hencé ¢ is complemented. Since L is
coherent, each element is a countable join of compact, and hence in this setting,

complemented elements.
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The functor J,: © — oFrm assigns to any distributive lattice A the o—frame consisting
of all countably generated ideals of A , denoted J,(A), and any lattice morphism
h:A—B to Jgh: J;A — J,B which takes any ideal in J A to the ideal generated by

its image under h .

1.23. Lema: For A€ D , the principal ideals in J (A) are precisely the compact
elements of 3,(A) .

Proof: Let |a C VJ, for some sequence (J,) of countably generated ideals of A , then
a€Vn, s0 a<xyV..Vxi for xj €Jj. Therefore lacJ;y V.. V3, and
thus |a is compact. |
Suppose J is compact . Since J is a countable join of principal elements, J is

a finite join of principal elements and hence is itself principal.

1.24. PROPOSITION: J,(A) is coherent for each A €D .

Proof:  Since each J in J,(A) is countably generated, say by (an), J =V la,, thus
each o—ideal is a countable join of principal, and hence compact elements.
(Lemma 1.23.) Since lan b= [(aab), laulb=|(avb) and A = |e is
principal, hence compact, it follows that kJ,(A) is a sublattice generating

Js(A) -

Madden [1988] shows that a o—frame is coherent iff it is the free o—frame over a

distributive lattice.
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1.25. ProPOSITION: If h: A— B in D then J h: J,A — J,B is coherent.

Proof:

Hence J,: D — CohaFrm s functorial .

Joh is a o—frame morphism since J; is functorial, and h(la) = |h(a) so J,h

is coherent.

1.26. LemMa: If M€ CohoFrm then V:J3 .M — M has a right inverse.

Proof:

Define 7v: M — J,M by letting v (x) = ideal generated by (kM) n [x .
Now v(0) =0, v(e) =kM and v(xAy)=7x)A7(y)-

Also y(xvy)=7(x)vy(y): take any compact c < xvy, then c<avb
for some a < x b <y with a, b ¢ kM , ahd thus
c=(cara)v(cab)ey(x)vy (y) . And for any countable up—directed set
XcM, v(VX) ¢ Vy(X) C v(VX). Hence v is a c—frame morphism. For any
ce kM, v (c) = Jc, which is compact, so 4 is coherent. Further,
V(7 (x)) = V (ideal generated by kM N |x) = x since x is a countable join of

compact elements. Thus ¢ is right inverseto V.

1.27. ProPOSITION: CohoFrm is coreflective in ‘aFrm, with coreflection functor J, , and

Proof:

coreflection map V .

~Consider h: M — L in oFrm, with M € CohoFrm.
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JL—Y 1

Sy h

M= M
7

For ce kM, V.3h.v(c) = V.3,h(lc) = V|h(c) = h(c) . Since kM generates
M , the diagram commutes.

Uniqueness : take any coherent g: M — J L such that V.g=h. For c€ kM,
g (c) = la for some a € L, since g is coherent and the compact elements of
J,L are precisely the principal ideals. Therefore h(c) = V|a = a, but then
g (c) = |h(c) = J,h.yv (c), so g and J;h.y agree on the generating set, and

hence are equal.

1.28. PROPOSITION: Forany A €D, J,(A) is regular iff A is a boolean algebra.

Proof:

(=) J,(A) is regular hence a Stome o—frame, so an element is
complemented iff it is compact. Take a € A, then |a is compact, hence
complemented. Moreover the complement is compact and hence a principal
ideal, so there exists b € A such that |lan|b=0 and |avVv |[b= A = Je.
This implies that aAb =0 and avb =-e, and so every element of A is
complemented.

(=) A is boolean so every element is complemented. The compact
elements of J (A), Which generate it, are the principal ideals which are thus

complemented, hence J,(A) is in fact a Stone o—frame and therefore regular.
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The functor C: oFrm — Boo assigns to any o~frame L the collection, denoted C(L),
of all the complemented elements of L, and any o—frame morphism is restricted to this

subset. - : : - : -- e
1.29. CoROLLARY: For L€ aFrm, J CL is a stone a—frame.

Proof:  This follows immediately from proposition 1.28. and proposition 1.22 .

1.30. LEMMA:  For a stone o—frame M, V:J3 ,CM — M 1is an isomorphism.

- Proof: V is onto since CM generates M and since V is codense and M is regular, V
is injective. In fact the map §: M — J,M defined by 6 (x) = CM n [x is

(right) inverse to V. (The proof is as in lemma 1.26.)

1.31. PROPOSITION: StaFrm is coreflective in oFrm, with coreflection functor J_C and

coreflection map V .

Proof: Consider h: M — L in oFrm with M € StoFmm.

J,CL — L

N
3,CL Nh' |k
N
YERRN
J,CM ‘_—_7::-:' M

In fact h’(a) = J,Ch(CM n [a) = J{CL n |h(x) | xe CMn |a}.
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Uniqueness :  Suppose f: M — J L suchthat V.f=h. For ae CM, {(a)is
complemented in J,L hence f (a) = CL n |b for some
be CL. But h(g) = Vi(a)=b, so f(a) = CLn |h(a), thus.
f(a) =h’(a). Since CM generates M, f=h’.

It is also possible to obtain the coreflection to StoFrm from the compact regular

coreflection or the coherent coreflection, as in the frame setting.

1.32. ProrosiTioN: If & L is the compact regular coreflection of L, and let KL be the
sub—g—frame generated by C(X L) then KL gives the stone
o—frame coreflection. (ie. RL ¥ J,CL .)

- Proof: AL is a sub—os—frame of a compact frame, hence is compact, and is generatéd
by complemented elements, thus KL is a Stone o—frame. Consider f: M — L
in cFrm with" M € StoFrm. Since M is Stone, it is compact and regular and
thus factors uniquely via kL: HL— L, say by {'. _

Take a € CM, then f'(a) e C(Z,L) C AL and since CM generates M ;

£/[M] ¢ AL .
M f » L
£/ - [kL
fL = K_ L
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1.33. ProrosITION: Let €L be the sub—o—frame of J L generated by the complemented

Proof:

elements of J,L , then CL 1is the Stone o-—frame coreflection.

(ie. €L~y 3 CL )~

Since J,L is coherent, the compact elements form a sublattice and hence the
top element, |e, is compact. Thus J L is compact as a c—frame, and then so
is €L compact since it is a sub—o—frame of J,L . Consequently €L is a Stone
o—frame since it it generated by the complemented elements of J L . Consider
any f: M — L in oFrm with M € StoFrm. Since StoFrm C CohoFrm , M
is coherent and therefore, by the coreflection property of coherent c—frames, f
factors uniquely via J,L , say by f’. By the same argument as used in the

previous proposition, f’[M] C €L and hence €L has the universal mapping

property.

1.34. DeFmniTiON: For x,y in L € oFrm, x is o-way below y, written x ¢,y , if

s e eas .

for some countable X C L with y < VX there exists finite E ¢ X with
x<VE . In particular this means if y < VJ , for some countably

generated ideal, then x€J.

L is continuous if €, isa a—approidmating relation. That is, for
each a € L there exists a sequence (ap) such that ap €, a ‘and
a=Va,.

L is stably continuous if L is continuous and the relation ¢, is closed

under finite meetsin L x L .

h: L = M isa proper o—frame morphism if h preserves the o—way

below relation. Thatis, x €, y = h(x) ¢, h(y) -
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ContoFrm is the full subcategory of oFrm consisting of all continuous o—frames.
SthntaFrm is the subcategory of stably continuous o—frames and proper c—frame
morphisms. s

This terminology corresponds to that used in the more general setting of continuous
lattices. (Johnstone {1982] or the Compendium {1980].) In Madden [1988], o—way below
corresponds to w—inside, and stably continuous to w—suitable. Banaschewski [1979] shows

that RegContoFrm is dual to the c—compact locally compact Hausdorff spaces.

1.35. DEFIFITION: A subset U C L is o-Scott opeh if U isan upset and if for some

countable X C L, VX € U then there exists finite E C X with VE€ U.

The following propositions and proofs about o—Scott open sets, some of which have been
obtained by Banaschewski [1979], correspond to those about Scott open sets in the setting

of frames.

1.36. PROPOSITION: In o continuous o—frame, an upset U is c—Scott open iff for each z

in U, there erists y&, z in U.

Proof: (=) Assume an upset U is o—Scott open in a continuous oc—frame L. Let
x € U. Since L is continuous, x is a countable join of elements c—way below it
and hence some finite join of elements c—way below x isin U. Let y be this
finite join. |
(=) Assume the condition above holds for all x in some upset U of L.
Suppose that VX € U for some countable X C L, then there exists y ¢, VX in
U . Hence there exists finite EC X with y < VE, but then VE € U since U

is an upset.
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1.37. PrOPOSITION: In a continuvous o—frame, a filter is prime and o—Scott open iff it is
o—-prime. |
Proof: (&) Let P be a g—prime filter in a continuous o—frame L . Then P is
prime and since L is continuous, each a € P is a countable join of elements
o—way below it, and hence one such element isin P. (ie. there exists an x €, a
in P.) By the proposition above, P is c—Scott open.
(=) Let P be o—Scott open and a prime filter of any o—frame L . Suppose
X C L is countable with VX € P, then since P is o—Scott open, there exists
finite E € X with VE € P . But then by the primeness of P, there exists

x€ ECX with xe P. Hence P is o—prime.

| 1.38. LEmMA: In a continuous o—~frame, any g—Scott open subset is the union of o—Scott

open filters.

Proof: Let U be o—Scott open. Foreach a in U, choose a = a; »_ az» az.. in

U. Let Fa ={xeL | x>ax for somek }, a o—Scott open filter, then

aeF,CU.

1.39. PROPOSITION: Any o~Scott open ﬁltef is the intersection of o—Scott open prime

filters.

Proof: Let F be a o—Scott open filter, and a ¢ F. Using the axiom of choice, there
exists a o—Scott open filter G, maximal suchthat GO F and a ¢ G. Take
any b,c¢ G with bvce G, andlet H={xeL|bvxeG}. Now H isa

filter and H is o—Scott open : suppose VX € H, for some countable set X,

26



then bvVX e G, hence V{bvx | xeX}eG, andso, since G is o—Scott
open, there exists finite E C X such that V{bv x| x€e E} € G. Hence
VEeH . Since ce€H, and"¢C¢ G, G is a proper subset f H . By
maximality of G with respect to not containing a , it follows that a € H .
Nowlet K={xeL|xvaeG} . By repeating the argument above, it can
be shown that K is o—Scott open with GC K, G # K and hence a € K . This
implies that a va = a € G, whichis a contradiction. Hence G is a prime

filter.

1.40. COROLLARY: Ewery regular continuous o—frame is an Alezandroff o—frame.

Proof:

je. L 8 AVL.

It suffices to show that o—prime filters separate elements of L. (Gilmour
[1984]) Let a, b€ L and without loss of generality, assume a < b and
a#b. Thisimplies that be {xe L | x ¢ J]a} which is 0—Scott open.
By lemma 1.38, there exists a o—Scott open filter F with beF C{xe
L | x¢ la}, hence a¢ F. Now by the previous proposition, there
exists a o—Scott open prime filter P with a ¢ P and FCP. So P is

o—primeand agP, beP.

1.41. Lemua: FEvery compact regular o— frame is continuous.

Proof:

This follows since in a compact regular o—frame, x ¢,y iff x<y:
Suppose x €,y . By regularity y=V {yn| yn<y}, and thus x is
less than a finite join of such y; . From properties of the rather below

relation, it follows that x <y .
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Now suppose x <y, and let X be a countable set such that y SFVX .
Since x <y, there exists a separating element s. Since y < VX and
yvs=e, VX vs =e and so by compactness, there exists a finite E C~

X with VEvs=e. Hence x< VE.

‘This lemma in conjunction with the result in corollary 1.40. immediately give the following

result obtained by Gilmour [1984].

'1.42. CoroLLARY: For every compact regular c—frame L, L ~ AVL .

1.43. PROPOSITION: Ewvery coherent o—frame is continuous.

Proof:

In a coherent o—frame, x ¢, y iff there exists a compact element z

~withx<z<y: Suppose x<¢,y. Since the c—frame is coherent, y is

a countable join of compact elements and hence x is less than a finite
join of such elements. Put 2z equal to this finite join, then 2z is
compact and z lies between x and y . Now take y < VX, for some
countable set X . Since z is compact and z <y, there existé finite E

CX with z<VE, hence x< VE.

1.44. PrOPOSITION: If M is a stably continuvous o—frame, then M 1is a retract of a

Proof:

coherent g—frame, namely J .M.

Define 7: M — J,M by letting 7(a) be {xeM | x¢,a}. Thisisa
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Proof:

I

countably generated ideal of M since M is stably continuous. 7 is a

morphism : since 0¢, 0 and e¢ e, 7(0)= {0} and 7(e) =M. If

xeT(a)nr(b) then x¢,a and x¢, b, andhence x¢;"aAb since M is
continuous. Thus 7(aAb)=7(a)n 7(b).

Nowif x¢,avb, x<uvv forsome u¢,a, v¢,b. (Since M is
continuous a and b are countable joins of elements o—way below them, and
this relation is preserved by finite joins.) But then x = (x Au) v(x A v), and
so xer(a)ur(b). Also, for a countable updirected set {a,} in M,
7(V{an}) = {7 (an)} . Since M is continuous, V.r (a) = a, and hence M
is a retract of JM . Note that 7 is in fact proper : if a ¢, b, then

7(a)ClaC7(b). Since |a is compact, |a ¢, |a and therefore 7 (a) ¢, 7 (b) .

 1.45. LewMA:  Any retract of a stably continuous o—frame is stably continuous.

See Madden [1988].

From the above results it follows that as subcategories of oFrm :

CohoFrm C StContoFrm C ContoFrm.

1.46. PrOPOSITION: StContoFrm is coreflective in oFrm with coreflection functor J,L

Proof:

and coreflection map V . .

Consider h: M — L in oFrm with M stably continuous.
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3L —— L

N
J,h Nh' |h
\

N
M —— M

Let h’ = J/h.r. This map is proper since both 7 and J h are. Moreover the
diagram commutes since V, .h' =V, Jh.r=hV 7 =hid =h.

h’ is unique : take any proper morphism f: M — J L such that Vf=h.
Foragiven a€ M, if x¢,a then f(x)<¢, f(2) and hence there exists b e L
with f (x) C|bCf (a) . Thus h(x) = Vf(x) < b e f(a). This is true for all

x €, a, and therefore h’(a) C f(a). Now consider t € f(a), then |t¢,f(a).

a

Since f(a) is a countable join of elements of the form f(x) where x¢,a, and
hence f (x)¢, f (a), it follows that [t C f (x) for some x ¢, a . Thus

t < VL (x) = h(x),and so t € h’(a) . This gives f=h’ .
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Chapter 2 UNIFORM FRAMES.

Definition of a Uniform Frame.

2.1. DEFIKITION: For Le Frm, ACL isacoverof L if VA =e.

Let Cov (L) denote the collection of all covers of L .

For C,D € Cov (L),
C refines D, written C < D, if for each ¢ € C , there exists
deD suchthat c<d.
C meet D, written CAD, is {cAad|ceC, deD}.

For xeL,
the star of x with respect to C is Cx=V{ceC|cax#0}.
C star refines D, written C<*D, if C* = {Cc|ceC}<D.

(ie. for each c € C thereexists d € D such that Cc < d.)

2.2. DEFINITIOR: Let L € Frm, p a non—empty subset of Cov (L) such that
(U1) p is a filter with respect to A and <.
(U2) Foreach A € p, thereexists B € 4 such that B <* A.

then p isa wuniformity.

For a,be L, a is uniformly below b, written a « b, if there exists

A e p suchthat Aa<b.
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g is compatible on L if
(U3) Foreach aeL, a=V{beL|baea}.
If u is compatibleon L then (L,u) is called a uniform frame.
If p satisfies (U2)l then p is a subbasis for some uniformity, said to
be generated by p, which consists of all covers refined by a finite meet
~of covers in g . If p satisfies (U2) and is closed under finite meets,
then u is a basis for some uniformity, said to be generated by pu

which consists of all covers refined by some cover in g .

A frame morphism h: (L,g) — (M,v) is wuniform if h preserves

uniform covers. That is, foreach Aep, h(A)ev.
These are the objects and maps of the category UniFrm.
The above definition is given by Frith [1986], A. Pultr [1984 I] gives a different definition
for a uniformity L if A° =.{ VB | BCA,(a,beB=aab#0)} (ie. elementsof B
have pairwise non—zero meet), then Pultr replaces the star-refinement condition (U2)
with the condition (U2)’ : Foreach A € s, there exists B € o with B® <A .
The following sequence of lemmas shows the two definitions to be equivalent :
2.3. LEMMA: For any cover A, A* < A°°.
Proof: Let a€ A, then Aa=V {xeA|xaa#0}. Foreach x € A such that

xAatl, {x,a} C A and the elements have pairwise non—zero meet, - hence

V{x,a} € A®. Thus { V{x,a} | x € A, x A a# 0} C A%, and since
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V{x,a} A V{y,a} >a , elements of this subset have pairwise non—zero meet,
therefore { V{x,a} | x€ A, xna#0}¢€ A%,
Since Aa=V{V{x,a} | x€ A,x Aa#0},itfollows that A* ¢ A%,

24. Lewia: If X< Y then X°¢ Y°.

~ Proof:

Take VB € X°, (ie. B ¢ X such that the elements of B have pairwise non—zero
meet.) Foreach b in B, be X, sothereexists y, € Y with b <yp. Thus
VB<V{y,| beB}. Now consider {y, | beB}CY: |

Yo AYa2 baAaa#0 since a, b€ B, hence the elements of this subset have

pairwise non—zero meets, thus V{yp | be B }¢€ Y°.

2.5. PROPOSITION: If p satisfies (U1) and (U3) then p satisfies (U2)’ if and only if p

Proof:

satisfies (U2).

Assume p satisfies (U2)’ : let A € pu, then there exist B and D in p such
that B®< A and D° ¢ B. (ie. D°¢B ¢B®<A.) But D°° ¢ B°® (lemma2.4)
and D* ¢ D*° (lemma 2.3 ), hence D* ¢ A .

Conversely, assume u satisfies (U2): let B <* A, take D C B such that
(x,yeD=xAy#0). If D=¢ then VD=0<a foreach a€ A, else fix
deD, then VD ¢Dd ¢ Bd < a, for some a€ A, since B <* A . Hence
B®={VD|DCB,(x,yeD=xAy#0)}<A.
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2.6. PROPOSITION: For (L,u) € UniFrm, the uniformly below relation < is a sublattice of
L x L satisfying the following properties :
i) forany o, b,z,y in L, z<aab<ly = zay.
i)adbd = a<b.
i1i) « interpolates.
Ww)aab then b* a a* where a* =V{zeL|zaa=10}.
v) < 1s approzimating. (ie. each element is a join of elements unifovrmly
below it. )

vi) @ is preserved by uniform frame morphisms.

Proof: The proofs of these properties, excepi (iv), is as for the o—frame case in
proposition 3.4, considering arbitrary and not countable covers.
iv) Le¢ a <« b, with A € p such that Aa < b . Now consider
Ab*=V{xeA|xab*#0}: take x€ A with x Ab¥#0, then x{b

hencex Aa=0, andso x< a*.

Structures in the category of Uniform frames.

Product in UniFrm :

Consider a family (Li,,ui)iEI in UniFrm.

Let L be the cartesian product of the underlying sets |Li| of the L; with < defined
componentwise. Then L € Frm and the projections pi: L — L; are frame
homomorphisms.

‘Let p be the uniformity generated by those A € Cov(L) with pi(A) € p; Viel,
(ie. Aje g Viel) then p. is compatible with L :

Take x € L, then x = (x;), with x;€ Li. Let xi € L be defined by xi = (25)

I
where z; = 0 if j#i and z; =xj, then x =V {xi|ieI}. Now xjeL;
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implies that x =V { yr | yrax; wrt p;, reJ }, for some index set J . For
each reJ, yr<xij wrt p; implies that there exists Ay € p; such that
Aryr<xi. Define A by (A); —eif j#i and (A); = A7, then A isa cover
of L and A € p ( by definition of 1), and define yr e L as xi is defined
above. Also, (Ayr); = 0 forall j#i, and (Ay");= Aryr < xi, hence

Ayr <xi. Thatis, yraxi wrt pg. Thus xi=V{yr| yraxi}, and hence

each element of L is a join of elements uniformly below it.

Consider an arbitrary family of maps hs: (M,v) — (Ls,pi) , 1 € Iin UniFrm. Since L is
the product of the L; in Frm, there exists a unique frame homomorphism h: M — L

such that h; = p;. h,

Infact h is uniform: Let V € v, then hy(V) e p; forallieI. Hence pi.h (V) € p; for
alli, which implies that h (V) e p.

Hence (L,z) is the uniform product of (Li,u:) By construction, the underlying frame

iel
of the uniform product is the product of the underlying frames. This says the forgetful

functor UniFrm — Frm preserves products.

Coéqualizers in UniFrm :
The method of proof of the existence of coequalisers and coproducts in UniFrm -
correspond to those used by Banaschewski [1980a] to shbw their existence in Frm.
Consider two maps f,g : (L,z) — (M,v) in UniFrm.

Let S be a representative set of all surjections u: (M,v) — (Ky,Ay) in UniFrm
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(ie u: M — Ky is onto and u(v) generates ),.) such that u.f = u.g. Take the uniform
product of { (Ky,Ay) | u€ S}, then, by the universality of products there exists a map

w: (M,y) — I (Ky,\y) . Consider the factorization of w as follows :

(M, v) w v T (Ky,\u)

v j
(Im(w), [w(v)])

where [w(v)] is the uniformity generated by the image of v (which is easily seen to be
compatible on Im(w) since uniform maps preserve the uniformly below relation.) and j is
the inclusion map. Then v is the coequaliser :
take any h: (M,v) — (N,w) in UniFrm with hf="h.g, andlet h’ be h
with codomain retricted to Im(h) and uniformity generated by h(v) . Since
h’.f =h’.g, there exists u, € § with & (Im(h),[h(v)]) — (KygAu,) an
isomorphism. Let q be the restriction of the projection py, to (Im(w),[w(v)]),
then h=1.¢.q.v where 7:(Im(h)[h(¥)]) — (M,v)- is the inclusion map.

Thus h factors via v, and uniqueness follows since v is surjective.

Coproduct in UniFrm :
Consider a family (Li,pi)iEI in UniFrm.
Let R be a represetative set for the family of maps u = (ui)I , where

ui: (Ls,pi) — (Ky,vu) are uniform frame maps, such that XK, is generated by
U{Im(u;s) |i€I} and vy isgenerated by [J{ ui(ui) |i€el}.
[ vy is compatible on K, : \

If xeK, then x=V{uj(x;)|]iel} with xj€ L;. Now x; € L; implies that

xi=V{yr| yreaxi wrt gi, r€J} for someindex set J.
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Since u; is uniform and vy is generated by [Jus(ui) , it follows that

ui(xi) = V{ ui(yr) | ui(yr) <ui(x;) wrtvy, , r € J }  and consequently

x=V alaax wrt vy} |
Take the uniform product of { (Ky,»u) | u€ R}, and define wi: (Li,pi) — I (Ky,vu) by
wi(x) = (ui(x))uen , then w; is a uniform frame map (by the definition of the uniform
produét). Let K be the subframe of I K, which is generated by |JIm(w;) with
uniformity v generated by |Jwi(ui) (v is compatible on K : the proof is as for vy
above), and let the uniform frame maps w; restricted to (K,v) be v;.
Consider an arbitrary family of maps fi: (Li,zi) — (M,A) in UniFrm. Let M’ be the
| subframe of M generated by [JIm(f;) with uniformity A’ C A generated by [Jfi(u) ,

then (M’,A\’) ¥ (Kug,Vu,) for someu€ R,

(Li,pi) > (K, v) — I(Kuy,p)

f; fi q Pug

(M7A) ‘—;—— (M/)‘/) (Kuo,l/uo)

~all2

hence f;=4.£.q.vi, thus f; factors via v;.
Suppose that f; = g.v; foralli, then i.£.q and g coincide on |JIm(v;), which
generates K . Since two homomorphisms coinciding on generating sets are equal,

g =1.£{.q. Hence the factorization is unique.

The ‘Fine’ uniformity : -

. It has been shown that a frame is uniformizable iff it is completely regular. ( Pultr [1984 I]
and Frith [1986] ) As in the spatial situation, it is natural to consider under what
conditions the collection of all covers of a given frame form a uniformity, and if not, what

the “finest’ uniformity on the frame is.
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Let L € CrgFrm, and consider all uniformities p C Cov(L) compatible on L .

Let p, Dbe the uniformity generated by £ = U { p | (Ly) € UniFm }

(ie. pg ={A€Cov(L) | 3A, ... Ak € & with AjA ... A A <A }) Thisis a uniformity

since [ is a subbasis : foreach A €7, A€ p for some (L,x) € UniFrm , hence there
exists B S*A inyg (by (U2)), butthen Bep.)

Since each pu is compatible on L, so is [T hence (L,,uF) € UniFrm. Obviously any

uniformity j ~(§6fhpatible on L is contained in &, hence (L,u) —id—L’ (L,,uF) is a uniform

frame morphism.

2.7. DEFIRITIOR: A sequence of covers Ay, A,,... is a normal sequence if An, <* Ag.
A € Cov(L) is a normal cover if A = A, in some normal sequence.
A family g C Cov(L) is a normai family if for each A € p, thére
exists B € p, with B <* A. (ie. p satisfies (U2), hence is a subbase

for a uniformity .)

In Frm all covers correspond to ‘open’ covers in the spatial setting, hence a normal cover

is ‘normally open’ in the sense of Willard [1968] .

2.8. PROPOSITIOR: The ‘fine ' uniformity pp on L is the uniformity on L consisting of

all normal covers of L .

Proof: Let p be any uniformity on L and take any normal cover A , say with

A = A, in some normal sequence {An}, then pU {A,} is a normal family,

hence a subbase for some uniformity which is compatible with L since pu is.

Hence A€ P On the otherhand, by the star—refinement property for
uniformities, each A € [T is a normal cover.
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2.9 LEmmr: Let (M,v) € UniFrm and h: M — L in CrgFrm, then h: (M,v) — ey

18 uniform.

Proof: It suffices to show that h[v ] is a normal family, (ie. that h[A] is a normal
cover foreach A €v. ) Let A€ v, thatis h[A] e h[r]. Since v isa
uniformity, there exists B € v with B <* A. Now take b€ B, then there
exists a € A with Bb<a,
so h[BJh(b) = V { h(x) | h(x) Ah(b) # 0,x € B }
<V{h(x) | xAb#0,x€eB}
=h[V{x]|xAb#0,xe B} (hisaframe map)
= h [Bb] < h(a)

Hence h[B] <* h[A] .

Banaschewski [1988] shows directly that a compact regular frame has a unique uniformity,
and the analogous result holds for the appropriate o—frames as will be shown in
lemma 3.15. This fact, in conjunction with the above lemma, yields the follovﬁng

corollary :

2.10. CorOLLARY: If h: L — M in CrgFrm and M € KRegFrm, then for any uniformity
poon L, h: (L,p)— M is uniform.

This is precisely the frame analogue to the result that any continuous function from a

compact space to a uniform space is uniformly continuous. ( Willard [1968] )
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2.11. DEFINITION: L € Frm is paracompact if each cover has a locally finite réﬁnement,
where a cover B is locally finite if there is a cover C such that each
element of B has non—zero meet with only finitely maiy elements™
of C.

L € Frmis fully normal if each cover has a star refinement (ie. Cov (L)

is a normal family.)

Dowker and Strauss [1975] show that a frame is fully normal iff it is paracompact and
‘normal. Since paracompact and normal imply complete regularity, (Dowker and Strauss

' '-[.1972] ) every fully normal frame is uniformizable.

7/

2.12. PROPOSITION: In a paracompact, normal frame L (ie. fully normal), the fine

uniformity consists of all covers. (ie. pp = Cov (L))

Proof: By proposition 2.8. P consists of all normal covers of L . Since L is
.paracompa.ct and normal, hence fully normal, every cover of L is normal,

hence every cover is in B -
In the spatial case, paracompact implies normal in a Hausdorff setting, thus giving the

classical result that in paracompact spaces, the fine uniformity is generated by all open

“covers. (Willard [1968]).
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Some coreflections in UniFrm :

2.13. DeriniTION: (L,u) -is precompact if p has a basis of finite covers.

| separable if p has a basis of countable covers.

2.14. LEMMA: @) In a uniform frame, every finite uniform cover has a finite uniform

Proof:

star—refinement.
b) In a uniform frame, every countable uniform cover has a countable uniform

star—refinement.

a) For (L,u) € UniFrm, let A € p be any finite cover. Then there exists
C<*A in p (by the star—refinement property (U2).) Define an equivalence
relation on C as follows: x~y ifandonlyif i)x<a & y<a forallae A
and ii)Cx<a & Cy<a forall a € A.

Since A is finite there are only finitely many equivalence classes. Let D be the
cover consisting of the joins of the equivalence classes of C wrt «~ .
(ieeD={x|x=V{z€eC|z~x}}) Since C<D, De€p. Takeany
xeDand a€e A suchthat Cx<a (since C <* A). Suppose that §Ax # 0 for
¥ € D, then there exists zx, zy € C with zy Azx# 0 and zxy~x, zy~y. Since
zy~x and Cx<a, Czx <a, butzy < Czx, hence y < Czx (by definition of
the equivalence). Hence y < a and moreover for each z~y in C, z<a and
so it follows that ¥ < a . Since this holds for any element of D having non—zero

meet with X, Dx<a, hence D<¢*A.

b) For (L g) a uniform frame, let A be a countable uniform cover. There

exist covers B, D € g such that B <* D <* A, Suppose that A = {2.},
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B = {b_}. Define three functions m, n and q as follows:
m(a) = least i such that b *<a
‘n(e) =least i such that b ** <a, - ' " T
q(a) = set of all i such that b, <a; and i<n(a)

Then m(e) < n(a) and m(a), n(a) € q(a).

For j<k and ¢ asetofintegers <k, including both j and k, let

Cig = Viby | m(a) =, n(a) = k, q(e) = ¢}.
Let the b ’s forming this join be called "parts of Cik ¢". ClearI‘y C = {cjk ¢}
is countable and uniform since B < C. Take ba part of cjk & b ; part of Cro "
with ba A bﬁ# 0. It follows that bag bﬂ*’ SO ba* < bﬁ** <a, whence j<s.
Moreover b ﬁg ba* < aj, hence j € 9. This implies that C g ¥ < a.j. Since this

holds for each such Crs ¥ which has_non—zero meet with cjk & cjk é <* aj.

Therefore C <* A.

The above proofs for cases a) and b) are essentially those given by Ginsburg and Isbell

(1959 (Theorems 1.1 and 1.2)] for the analogous results for spaces.

'2.15. LemMa:  For (L,u) € UniFrm, let pp be the uniformity generated by all finite uniform
covers of u. Then (L,up) is a precompact uniform frame.
j
Proof: By lemma 2.14 , the finite covers form a uniform base, hence p, is a
uniformity and pp is precompact by definition. Suppose b < a wrt g, then
there exists A € p with Ab<a. Let a, =V {x€eA | xAab#0}
(le.aj=Ab)anday=V{xeA | xab=0}, then A’ ={aja}2 A,
hence A’ € yp and A’b< a. Therefore b «a wrt pp . Since (L) €
UniFrm, foreach a€L, a=V{b|b<a wrt p} hence a=V{b | baa

wrt pp } . This shows that pp is compatible on L .
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2.16. PROPOSITION: Precompact uniform frames are coreflective in UniFrm, with
| coreflection map id, : (L,pp) — (L,u) .

Proof:  Let (L,u) € UniFrm, then (L,up) is a precompact uniform frame. Consider any
uniform frame homomorphism h: (M,v) — (L,u) with (M,v) a precompact
uniform frame. Since (M,v) is precompact, v has a basis of finite covers. Let
V € v, then there exists a finite V’ <V in v, which implies that h[V’] € x is
finite and hence in p, . Therefore h[V] € p, since h[V’] < h[V], hence h

factors via the identity on L :

idL
(L7/"’p) - (L ,u)
N
N h
AN
™ (M, )

Uniqueness of the factorisation follows since idL is monic.

2.17. Lemma:  For (L,u) € UniFrm, let pus be the uniformity generated by all countable

uniform covers of u, then (L,us) is a separable uniform frame.

Proof:  As for lemma 2.15. above.

2.18. PRrOPOSITION: Separable uniform frames are coreflective in UntFrm, with coreflection

map idL: (L.us) — (L,p).

Proof:  As for proposition 2.16. above.
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2.19. PROPOSITION:  For any cardinal k and uniform structure p, the following are
equivalent: |
1) Every uniform cover has a subcover of cardinality k.

2) Every uniform cover is refined by a uniform cover of cardinality k.

L bProof: 2) = 1) is trivial. = Assume condition 1) : let A € g, and since g isa
| uniformity take E <* D <* A in p . By assumption there exists a subcover
FCE of cardinality . Put B={Df | feF }, acover of cardinality x,

and now take Vf € F, then there exists deD with f<d, hence Df<Dd<a

for some a € A, since D <* A. Thus B refines. A . Moreover B isa

uniform covér- since it is refined by E: if fe FCE, then f<Dfe B (since D

is a cover), else .e ¢ E and e ¢ F, then there exists g € F with gae#0

(since F is a cover ). This implies that e ¢ Eg < Dge B.
ok 2.20. CoROLLARY: A Lindelof uniform frame is separable.

C ‘The cozero part of a uniform frame.

2.21. DEFINITION: Anideal J of L is uniformly regular if for each x € J, there exists
yeJ with xay.
Let RL be the collection of all uniformly regular ideals of (L,p).

" 2.22. PROPOSITIOK: »KRegFﬁn is coreflective in UniFrm with coreflection functbr R, and

coreflection map P SRL — L given by join.
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2.25. CorOLLARY: Coz, L is a regular sub—o—frame of L as a o—frame.

Proof: AL is  compact regular and  hence  spatiil. Thus
| Coz RL v 2U.coz &AL € RegoFrm . Since the image of a regular o—frame is a

regular o—frame, pL(Coz RL) is a regular o—frame, and thus sois Coz, L.

2.26. LEMMA: CozRL consists of precisely the countably generated uniformly regular ideals.

Proof: Let J e CozRL . Foreach b e J choose a sequence b ab;absa...inJ. Let
Jb Dbe the uniformly regulér ideal generated by this sequence,. then J is the join
of all the Jp’s . By the same argument as lemma 1.5. since RL is compact, J
is countably generated. Conversely, let J € RL be a countably generated .
Since ML is regular, J is a join of ideals rather below it, and again using the

same argument as lemma 1.5. it follows that J is a cozero element.

| 2.27. CorOLLARY: For (L,u)€ UniFrm, the uniform cozero elements are precisely those
elements which are the join of a sequence of elements uniformly below

each other.

Proof: Let a€ Cozy L, then a = pL(J) for some Jv € Coz RL . Now J is countably
generated, say by cy, ¢g, C3, ... . Define a sequence ('a,,) by a; = c¢; and an,
such that an vcn,y <9 an,;. Then a =VJ = Va, and ap 9 ap,;. Conversely,
suppose a=Vay, with an<an,; . Let J={xeL|x<an, for somen } .
Then J is countably generated uniformly 'reg'ular ideal and so is in Coz RL .

Since a=VJ, a€ Cozy L.
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2.28. COROLLARY: For .(L,u) € UniFrm, each uniform cozero element is a countable join of

Proof:

uniform cozero elements uniformly below it.

As above, let a € Cozy L with a = pL(J) and J generated by ajdazgaz<...
Then let J, be the ideal generated by anp = an; 9 any < ..... an,: (ie. repeated
interpolation of an < an,; ). Then J is the join of these Jn’s and Jn € Coz RL
for each n. Let a, = pL(Jn) , then a, € Cozy L . Moreover a, < a for each

n. Now a= pL(J) =p (¥ Jn) =V pt(Jn) =Va,.

2.29. LEmMA: Coz, L generates L as a frame.

Proof:

In lemma 2.26. it was shown that each J in RL is the join of cozero elements of
ML, thus Coz RL generates RL as a frame. Now p : RL — L is onto :
consider t(a) = {x€L |x<a} for a €L By the properties of the uniformly
below relation this is a uniformly regular ideal, and since each element of L is
the join of elements uniformly below it, a = p (.t(a)) . But t(a) is the join of
cozero elements below it, say t(a) = V J3 with J; € Coz RL . Then
a=p (VI;)=V p (J1) and p (J1) € Cozy L for eachi. Hence each element of

L is the join of uniform cozero elements.

2.30. PROPOSITION: Every uniform frame has a basis of cozero covers, thatis, covers

Proof:

consisting of uniform cozero elements.

This follows easily from the observation that if a <« b, then there exists
ceCozyL suchthat a<c<b: Let a<b in L, then by repeated

interpolation of the uniformly below relation, there exists a sequence
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a=X;4X24 ...

ab. Put ¢ =Vx,, then by corollary 2.27. ¢ is a uniform

cozero element, and a<c<b.

Note that the result in lemma 2.29. follows directly from this proposition and

‘corolla.ry 2.27.
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Chapter 3 U_NIFOBM c—FRAMES.

Definition of a uniform o—frame.

3.1. DEFINITION:  For L € oFrm, a cover of L is a sequence (ap) in L such that
Va, = e.
Let Cov (L) denote all theu.covers of L.
A cover A = (an) refines B = (bn) , written A < B , if for each n ,
there exists m such that an < bn . |

Two covers A and B are equivalent if A<B and B<A.

For x€ L and A € Cov(L),
the star of z with respect to A is Ax=V{a€eA|aArx#0},
and the star of A is A* = { Aa | a€ A}, whichisa cover of L

since it is countable and refined by A .

For A, B € Cov(L), |

the meet of A and B isdefinedby AAB={arb|acA,beB} .
which is a countable set and a cover (by the distributivity property
of L.)

‘A star refines B, written A <* B, if A*<B. Thatis, for each n,

there exists m such that Aa, € by .
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The statements of the following lemmas correspond to similar properties for frames

( Pultr [1984 1] and Banaschewski [1988] )

3.2. Lemma: For A, B, C, D € Cov(L),
i) x< Ax foreach x€L.
ii) A¢*B = A(Ax)<Bx foreach xeL.
iii) A¢*B, C<*D = AACS*BAD.

- Proof: i) Let A € Cov (L) with A =(ap) and x €L, then

| e = Vapb, = V{ai|ajax=0}vV{ai|aiax#0) = sv Ax where
s=V{aj|ajax=0} andsince sAx =0, s separates x and Ax.

ii)Let A<*B and x€L, then A(Ax) =V {aneA|anAAx#0} Take
an € A such that a, AAx#0, then a,AV{ajeA|ajax#0}+#0, and
hence there exists aj; such that ap Aaj#0 and a; Ax # 0. It follows that
an<Aaj, and ajAx#0. Now since A <* B, there exists bp; € B with
Aa; { by; and thus bgy; < Bx. Moreover an € bm;, so an < Bx . This Aholds for
all a, which have non—zero meet with Ax, hence A(Ax) < Bx.

iii) Let A<*B and C<*D. Take an€ A, cp€ C, then
(AAC)(anAacn) = {aiacj| (aiAac;)A(anAca)#0} < Aap A Cen . Since
A ¢*B, C<* D there exists bn, and dm, such that Aap < by, and
Ccp < dn, Hence (A AC)(anAcm) < bngAdnmg.
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3.3. DEFINITION: A uniformity is a subset p of Cov (L) such that

UnioFrm

morphisms.

(U1) p is afilter (with respect to <).

(U2) Foreach A €y, thereexists B € p suchthat B <*A .

For a,beL, a is uniformly below b, written a «a b, if there exists

A € p suchthat Aa<b.

u is compatible on L if
(U3) Foreach a € L, there exists-asequence (ap) in L  with
a=Va, and aj<a,foralln.

If u is compatibleon L then (L,u) is called a uniform o—frame.

If 4 satisfies (U2) then g isa subbasis for some uniformity, said to
be generated by x, which consists of all covers refined by a finite meet
of covers in p . If p satisfies (U2) and is closed under finite meets,
then p is a basis for some uniformity, said to be generated by u,

which consists of all covers refined by some cover in .

h: (L,g) — (M,v) in oFrm is uniform if for every A€ p, h[AlJev.

That is, h preserves uniform covers.

is the category consisting of all uniform o—frames and uniform o—frame
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3.4. PROPOSITION: For (L,u) € UnioFrm, the uniformly below relation < s a sublattice of
L x L satisfying the following properties :
i) forany a,b,z,y in L, z<a<ab<y = zay.
i)aqab = a<b.
iii) « interpolates.
i) < is o—approzimating.

v) @ 13 preserved by uniform o—frame morphisms.

Proof: < is a sublatticeof L x L : Take a<b, c<ad in (L,u), then there exists
A, Cep with Aa < b and Cc<d . Now considler A A Cep , since
(AAC)avc) < AavCc < bvd, and (AAC)(anc) ¢ AaaCc < baAd,
it follows that avcabvd and aAceabad. Forany cover A, A0<a and
Aa<e forevery a€L, hence 0<«a and a<e. Thus 640 and e<e so «
is a bounded sublattice of L x L .

i)If x<a<ab<y with Aa<b, then Ax<Aa<b(y, thus xay.
ii) By lemma 3.2, a<Aa<b, hence a<b.
iii) I a< b with Ba<b then, since p is a uniformity, there exists A 5* B in
i, and then by lemma 3.2, A(Aa) <Ba, andso a < Aa<Ba<b. Thisshows
that <« interpolates. |
iv) The compatibility of p with L  immediately gives that < is
g—approximating. | -
v) Consider h: (L,u) — (M,¥) in UnioFrm, and a <b in L with Aa<b,
then A € p implies that h[A] € v (since h is uniform). Now
h[AJh(a) = V{h(x) € h[A] | h(a) Ah(x)#0}
= V{h(x) | h(xra)#0}
< V{h(x) | xAat0}
h(V{xeA|xaat0}
h[Aa] < h(b).  Hence h(a) <« h(b).
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That every uniform frame is regular follow as a corollary to 3.4 . This >is the o—frame

* - counterpart of the result for spaces that every uniformizable space is completely regular.

3.5. LemmA: If a< b in L€ RegoFrm with separating element =, then there ezists c¢ in
L such that. a<c<b and z separates a < c. Moreover there erists y

separating c< b such that y< z.

Proof: In oFrm, regular implies normal (Banaschewski [1980]) and hence the rather
below  relation interpolates : take a < b with separating element x . Since
xvb=e, by normality there exists ¢,y in L such that cvx=e=yvb
and cAy =0. Hence x separates a and c, y separates ¢ and b, and ¢

separates y and x.

~ 3.6. PrOPOSITION: Every regular o—frame has a compatible uniformity.

- ‘Proof: Let L be aregular o—frame. Foreach a<b in L, there exists a separating
element s,p, and thus {sap,b} € Cov (L). Let & be the collection of all covers -
of the form {sap,b}- for a < b in L , ranging over all possible separating
elements. . Let. x consist of all those covers which are finite meets of covers of .
Then to show that g is a base for some uniformity it suffices, by 3.2 iii) to

- show that p satisfies (U2): take {sab,b}€p, so a<b in L with separating

element sz, . By the lemma above there exists ¢,y in L such that a<c<Db,

* sap separates a < c, y separates ¢<b and y < sap.
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Applying this lemma again gives d, z in L such that ¢ <d < b, y separates

c<d, z separates d<b and z<y. Let y =Scq, z =85, Then a<c<d<b

and Sy, < Sq < S, Now let
C = {saps ¢} A {5cg, d} A {3gp, B} € 1
= {Sqp Scg A b, SapAd, C}.
Then C(sgp) € sap V (Sca A D) € 8cq € Sap s
C(seg AD) < (sq AD) V sd;) v (s, A d)
$Seq V (5ap A D)
$Sab s
Clsy, Ad) < (s Ad) v(sggAb)ve

<(sypAb)ve

I

b,

Cc<cv(s,yad) <d<b.
"Hence C <* {sap,b} . Alsoif a <b then {sab,b} € p for some separating
element sap, and {sab,b}(a) = b, hence a «b. Thus the compatibility of the

uniformity generated by p follows as a consequence of the regularity of L.

For any regular c—frame L, the uniformity generated as above will be denoted by by

_Sihce regularity implies' normality in oFrm, and normality is equivalent to having each
finite cover shrinkable (Banaschewski and Gilmour [1987]) , the above construction of u
gives the same unifor_mity as the one generated by all the finite covers. ( see proposition

3.43.)

3.7. ProPoSITION: If f: L — M in RegoFrm, then f: (L,uL)——o (M,uM) is uniform.
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Proof: If a<b in L then f(a) <f(b) in M. Moreover, if sap separates a<b,
then f (sap) separates f (a) < f (b) , so if {sab,b} € p  then
f [{sab,b}] = {f (5av),f (b)} € p,, . Hence f is uniform. R

3.8. COROLLARY: There is a functor from RegoFrm to UnigFrm which assigns to any

regular o—frame L, the uniformity p, .

The technicalities here are different to those employéd in the proof of the corresponding
result in Frm ( ie. every completely regular frame is shown to have a compatible
uniformity. ( Frith [1986] ) ) where pseudocomplements exist and these obviate the
.r_lecessity of considering all separating elements. Thus in the frame setting a coarser

uniformity suffices.

Structured version of the spectrum functor ¥: RegoFrm — Alex.

For (L,u) € UniocFrm, let YL be the spectrum of all o—prime filters on L with cozero:
sets ¥, C YL where \Ilaz{PE\IJLIaGP}. Foreach Aep, let ¥, ={V¥, | a €
"A}.

3.9. ProposiTioN: { ¥ A | A€pY isabasis for a separable uniformity Uy on VL.

Proof: Foreach A€y, LI{\IIan |an€A} = ‘pVan =¥,=L, hence ¥, isa cover
of YL. If A<B in p then ‘IIAS\IIB and if A, B € p then ‘IJAAB = \IJ.AA
¥Yg, 80 since A A B € p, this collection of covers is closed under finite meets.

For each B € p, there exists A <* B in p . Now take a € A, then
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Va(¥) = U¥ el [V, AV #¢} = U {¥ | Vo 0}
= [J{Yx]aax#0} = Yy, » andsince Aa<b forsome beB,

. . * . e e
it follows that ¥ Aas \Ilb . Hence ¥ A S \IfB .

3.10. ProrosiTiON: The topology tnduced by Yu on YL is the topology associated with

Proof:

VL as Alezandroff space.

Take any open set X C YL, then X is an arbitrary union of cozero sets, say
X={ \Ilai| iel} for someindexset I. Foreach P € X, thereexists i€l
such that aj € P. Now a;j is the countable join of elements uniformly below it,
and since P is o—prime, there exists b <a; in L with b e P. Hence
Pe \Ilb < \Ilai . 1t follows that X is open with respect to the topology induced
by the uniformity. Now consider X C YL, open with respect to the topology
induced by the uniformity. For each P € X there exists ¥ A€ Yu such that
¥,({PHCX . Choose any ap € A such that P € \Ilap C X, then
X:U{\IlaplPeX}..

3.11. ProposITION: If h: (L) — (M,v) in UnioFrm, then $h: (YM,%v)— (VL ¥p)

Proof:

defined by Wh(P) = h" }(P) for Pe Y M, is a uniformly continuous

map.

Since ¥ : oFrm — Alex is a contravariant functor, it is only necessary to check
that the map is uniformly continuous : take ¥ A Yp , with
Yy = { \Ilan | an e A} . Since (\Ilh)_l(\Ila) = ‘ph(a) , (\Ilh)_l[\IlA] = ‘ph[A] .
Now since h is uniform, h[A] € v, and hence \Ilh[ Al € Yv.
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The Samuel compactification of a uniform s—frame.

The details below, 3.12 - 3.19, are adapted in part from thosé presentéd by Banaschewski

[1988] for the analogous construction for frames.

*3.12. DEFINITION:  For (L,u) € UnioFrm, anideal J CL is uniformly regular if for each
"x €J there exists y € J with x «y. Let B L be the set of all
countably generated uniformly regular ideals. ( Then each such ideal is
generated by a sequence aj<az«<...)
)
3.13. LemmA: For a<bac in (L,u), there exists x, y € L such that x separates

a{b, yvc=e and yax.

Proof: For a<b in (L,u), thereexists A ey with Aa<b. Take B<* A in g,
then a<Ba<dAa<bac. Nowlet x=V{zeB|zaa=0}, then x
separates a < Ba and hencealso a<b. Andlet y=V{zeB|zAaBa=10}
then yvBa=e¢ and hence yvc =e. Supposethat de B and dAay#0,
then for some z € B with zABa=0, dAaz#0. Since z A Ba = 0 implies
that zAz’ =0 forall z’Aa#OVWith z’ € B, it follows that ‘dAa=0,and

so d < x, and hence By < x.

- 3.14. PropoSITIOR: R_L is a compact regular o—frame.
Proof: By the properties of the uniformly below relation, it follows that if I, J € R L

then InJeR,L and IVJeR L. Any updirected countable join of ideals in

R,L is clearly in R L , hence R L is closed under finite meets and joins.
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Moreover R L C &L, since uniformly below implies rather below, and hence
R,;L is a compact o—frame. Now take any J € ‘R, L with generating sequence
a14ds < ... . For each n , let Jn be the ideal generated by the sequence

an = ang 4 8ny 9 ..... < an,;, obtained by repeated interpolation of the uniformly

“below relation. Now Jn € R;L and J =VJ,. Foreach n, a; <9an,9an,2,

and hence by the preceeding lemma, there exists by, ¢, such that b, separates
an<an,, CanVan,a=¢e and cp 9 b, . Define I, asthe ideal generated by the
sequence Cp = Cpy 9 Cny 9 Cny<9 ... <bn. Then I, € R,L. Now IyNJy, =0
since anAby, =0 and I,V J,, =1L since an,aven=e. Thus Ju,1<Jn,2CJ

and hence R L is regular.

(This proof of regularity uses the same method as used by Banaschewski and Gilmour

[1989] to prove the regularity of ¥ L .)

3.15. LEmMA: A compact regular o—frame has a unique compatible uniformity generated by

Proof:

all the finite covers.

The proof that each compact regular frame has such a unique compatible
uniformity carries over to ';he o—frame setting. Let A be a finite cover, then
for each a € A, a is a countable join of elements rather below it, and hence
v A =V{V{xn | xn<a}|aeA}=e Bycompactness there exists a finite
subcover and by the finiteness of A, foreach a in A take x; < a such that
V{xala € A} = e. Let 2z, separate x5 < a , then Azz = 0 and
B=A{{a,za} | a€ A} <A. Thusin order to show that each finite cover has a
finite star—refinement, it suffices to prove that each cover consisting of two

elements has a finite star—refinement.
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Consider a cdver {a, b} . By nofmality there exists x < a, y < b such that
xvy=-e. Let s and t bethe separating elements of x <a and y <b. Then \

- {s,a}, {t, b}. and {x, y} are covers. Now let D be the meet of these three
covers, then D = {sAbay, aabax, aAbAy, aatax} . Since D(sabay) <'b ,
D(aAbax) < a ,- D(a)\b/\y) <b and D(aAtax) < a, D<*{a,b}. Now x<a
implies that there exists a separating element s, and hence {s, a} is a finite
cover and {s,a}(x) = a , thus it follows that x\<1 a. with respect to finite
cofzers, and hence the compatibility of the uniformity generated by the finite
covers comes directly from the regularity.

Uniqueness : Let p be any compatible uniformity on L € KRegoFrm, and take

any finite A € Cov (L) . For each .a € A, take x, <« a such that

V{xalaeA} =e. Since A is finite and x, «a, thereexists B € u with
BxagaforallaEA.rTaketEB, thentAxa#OfOISOme a € A, since the

Xa's form a cover. This implies that t < Bxa<a, hence BCA, andso Aep

3.16. CoroLLARY: KRegoFrm is a full subcategory of UnioFrm.

3.17. LemMa: R : UnioFrm — KRegoFrm is a functor.

Proof: Let h: (L,s) — (M,v) in UnigFrm. Since h preserves the uniformly below
relation, if J ¢ R L then [h(J)] € R, M where [h(J)] is the uniformly regular

ideal generated by the sequence h(a;) <« h(ag) « ... if a; < a; < ... generates J .
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Note that [h(J)] does not depend on the particular choice of the sequence (an) :
Let (by) be any other such sequence generating J then Van = VJ = Vb, . Now
také any a; < aj,; with separating element s;. Then s; v Vb, = e and’hence by
compactness s; v b; = e for some j, and therefore aj < bj. This shows that
the ideal generated by the ap is contained in the ideal generated by the b, . By
symmetry, equality is obtained. ‘

Therefore, since h is a o—frame morphism, R h: R L — R M defined by

sending J to [h(J)], is a o—frame morphism.

- 3.18. LemMa: For (L,p) € UnioFrm, p : R,L— (L,i) given by join is a uniform

Proof:

o—frame morphism.

oL is the restriction of kL to the countably generated uniformly regular ideals,
a sub—o—frame of J L, and hence p, is a o—frame morphism. Take any finite
cover Ji,.... Jo of R L, then there exists aj € J; such that a;v...vap=e.
Let c; = p (J5), then aj<c ( since the J; are uniformly regular.) Since
there are only finitely many relations, there exists B € p such that Baj < c; for

alli. Forany teB, t Aa;#0 for some i, since the ay’s form a cover.

Hence t < Baj < ¢;, and thus it follows that B < { ¢y, ... cn } . Therefore

pL [{ Ji, .- dn }] = {Cl, Cn} ELn.
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3.19. Lemma: For M€ KRegoFrm, [ R, M — M 15 an isomorphism.

“Proof: Py is always surjective (since each element of the-uniform o—frame is a
countable join of elements uniformly below it.) and dense, hence injective. (see
Ch.0 ) Since both M and R ,M are compact regular, each have a unique
compatible uniformity generated by all the finite covers, and hence Py is an

isomorphism.
The following proposition establishes the existence of a Samuel compactification for
uniform o—frames.

3.20. ProrosiTION: KRegoFrm is coreflective in UnioFrm with coreflection functor R,

and coreflection map p, : Ry L — (L,n) .

Proof:  Consider any h: M — (L,s) in UnioFrm with M € KRegoFrm.

Py,
Ry L ———— (L, )

The diagram commutes since h preserves countable joins. Since M is compact
regular, p, is an isomorphism, hence p R, h.(,oM)—1 = h, thatis, h factors
via oy - The uniqueness of this factorisation follows since L is dense and hence

monic.
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" The .foltlowing results are readily established, with on_ly the necessary small changes to the

" proofs of 2.14 — 2.16 :

3.21. LEma: Every finite uniform cover of a uniform o—frame is star—refined by a finite

uniform cover.

3.22. DEFINITIOR: A uniform g—frame is precompact if it has a uniform base consisting of

finite covers.

323 LemMs:  For (L,u)€ UnigFrm, if p, denotes the uniformity generated by the finite

uniform covers of u, then (L,up) is.a precompact uniform o—frame.

~'3.24. PROPOSITION: Precompact uniform o—frames are coreflective in:UnioFrm with

id, : (L,up) — (L,1). as the coreflection.map.

 Structured versions of functors # and Coz.

The sa.me.not_a.tion is used as for the unstructured functors, the context should prevent any
i?’ :Confusic.)n. _
 1~"_ :Eor- (L,u) € UnioFrm , let L be the frame of all o—ideals of L, and let 'y be
- generated by {1(A)| Aep} where [(A)={lan|an€A}. "
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3.95. LEMMA: J¥pu is a uniformity compatible with H L.

Proof:

For- Aep,flan| an € A} isacoverof HL since V(lan) = | (Van) =
le=L. Theset { {(A)| Aep} satisfies the star refinement property (U2):
For A€ p, there exists B <* A in p. Take b; € B, then thereis ap; € A
with Bby<ang . Now (IB)(Ib) = V{lbj| (1) n(Ib) #¢,bjeB)
= V{lbj| l(bjabi)#¢, bjeB} =V {1bj| biAabj#0,bjeB}

= |V{bjeB |bjabi#0} = L(Bb;) C lan;. Hence (IB) <* (1A).

For Je #L, J=V{la|aeJ}. Foreach a€J, a is a countable join of
elements uniformly below it, say {an}, since (L,u) is a uniform o—frame.
Hence J = V| (Van) = V lan with an<a inJ. Now an<a implies that
lan< laCJ . Thus each element of &L is the join of elements uniformly

below it.

Hence (H#L,#y) is a uniform frame and since Ju has a basis of countable covers, in

fact countable cozero covers, it is separable. This also follows immediately from the fact

{hat J¥L is Lindeldf.

3.96. PROPOSITION: o%: UnigFrm — UniFrm is functorial.

Proof:

Consider f: (L) — (M,v) in UnioFrm. Then o1 : (J¥L,Hu)— (FM,HV)
is defined by sending any ideal J to the ideal generated by f (J), denoted
[f(3)], and a basis cover |A to lf (A) . J%f is a frame homomorphism and
since f is uniform, f (A) is a uniform cover of M, and thu§ H(A) isa

uniform cover of J#M , so Jf is a uniform frame morphism.
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The underlying o—frame of a completely regular frame need not be regular (This can be
seen by considering the topology of any completely regular space which is not perfectly
“fiormal.) and in fact, sincé the cézero part of a completely regular frame is the largest-
regular sub—o—frame, the underlying o—frame is oniy regular if it equals the cozero part of

the frame. Thus it is appropriate to consider a structured version of the functor Coz .

For (L,u) € UniFrm, let Coz, L consist of all uniformly cozero elements and let Cozy p
be the collection of all the countable uniform covers consisting of uniformly cozero

~ elements.
3.27. PropOSITIOR: Coz, i s a uniformity compatible with Coz, L.

Proof:  For any uniformity the collection of countable uniform covers is a uniform basis
(see lemma 2.14 ) and any uniformity has a basis of uniformly cozero covers,
thus it follows that Coz, p contains a countable cozero basis and hence is a
uniformity on a o—frame. By Corollary 2.27 each uniform cozero element of L
is a countaLble join of uniform cozero elements uniform relative to p and hence

relative to Cozy . Thus Cozy g is compatible with Cozy L .
"Hence (Cozy L,Cozy p) is a uniform o—frame.
v' 3.98. ProPOSITION: (Cozy L,Cozy 1) generates the separable coreflection of (L,u).

Proof: Cozy L generates L as a frame. ( Lemma 2.29 ) Taking Cozy g as the basis
for a uniformity on L gives a separable uniformity which is compétible with L
since each element of L is a join of uniform cozero elements, each of which is
the countable join of elements uniformly below it. By the definition of Cozy p,

it follows that the frame uniformity generated by Cozy p is precisely us .
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3.29. ProproSITION: Coz,: UntFrm — UnioFrm is functorial.

Prool:  Considér f: (L,x) — (M,v) in UniFrm. Since frame morphisms preserve cozero
elements, f restricted to Cozy L mapsinto Cozy M, so Coz, f = f obviously

preserves composition and identities.

3.30. Lemma: If (L,u) € UniFrm with L € RegLindFrm Y RegoCohFrm then
o(L) = Coz L = Coz L .

Proof: For all regular Lindeldf frames o(L) = Coz L, and for all uniform frames
Cozy,L C Coz L. . Take a € o(L), since a is countable and L is uniform,
a=V{ay|ap<a}. By Corollary 2.27 it follows that a is a uniformly cozero

element.

3.31. PROPOSITION: ¥ is left adjoint to Cozy.

Proof:  For (L,x) € UnioFrm , let the unit 5 : (L) — Cozy (H#L,7#u) bethe map
defined by nL(x) = |x . By lemma 3.30, since #L is regular Lindel6f, the
countable elements of L are precisely the uniformly cozero ones, and thus
n, is a well—defined frame map. A uniform cover {an} of L is taken to {lan}

- which is a countable uniform cover of 'L, and consists of uniformly cozero
elements and thus belongs to Cozy H#L . Thus 7, is uniform.
Naturality of n: If f:(L,z) — (M,v) is any uniform o—frame morphism and

xeLl,
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(L ,p) L L Cozy (#L,Hu) X —_— |x

f . ‘c‘ozu;ﬁ I

(M, 1) ——H% ., Coz, (# M, #v) 1(x) —— 11()

then Cozy o%f (|x) = Cozy (If (x)) = [f(x).
For (L,u) € UniFrm , the counit e : H Cozy (L) — (L,p) is the map given |
by join. Any basic uniform cover of % Cozy L is of the form {lan} , with

an € Cozy L, which is taken by €. to {an} which is a uniform coverof L.

_ A L
Hernce g, is uniform.
Naturality of éL :if g (L) — (M) is a uniform frame morphism and

J € %Cozu L,
' € ,
% Cozy (L ,p) : + (L ,p) J — V]
#Coz, g l g -‘V
. €, - v
% Cozy (M, ) 1 (M,) 5 (3)] ——— Vg (D]

then g (VJ) =Vg(J) =V[g(J)], since g is a frame map.
For adjointness it only remains to verify the identities :

€ (L) ML = Mg, 229 COPueng 1) MCozy(M,v) = 1Cozy (M)
Take J € #(L,u) where (L,z) € UnioFrm , .
H#n (J) = {1€ Cozu (L) | 1CJ} and then since L isa completely
regular frame; the join of this set is J ie. EJ{(L,[L)';{U(L,;L)(J) =7J.
Take a € Cozy (M,v) where (M,v) € UniFrm ,

nCozu(M,u)(a) =>{ x€Cozy M | x<a} and the ’join of this set is a , hence

Coz, E(M,V)incbzu(M’V)(a) =a.
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3.:;2. LemMA: For a Lindelof uniform frame % Coz, (L,u) & (L,u) .

~” Proof:

" Consider maps V: 7 Cozy L — L~ (ie. the counit € .) and ¢: L — H#Cozy L

defined by ¢ (a) = {x€Cozy L | x ¢ a } . These are well-defined frame
morphisms. Since Cozy L generates L, V(p (a)) = a. Now let J € #Cozy L,
and take x € Cozy L with x < VI, ie. x € ¢ (VJ). Since L is regular and
Lindeléf, Cozy L = o(L)., and thus x is countable, so x £ Vb, with by € J,
and hence x € J since J is a o—ideal. Therefore ¢ (VJ) = J. This shows that
H#Cozy L ¥ L as frames. By the definition of #, V extends to a uniform
frame map V: ##Cozy (L,u) — (L,p) . Since (L,z) is Lindeldf, hence separable,
it has a basis of countable uniformly cozero covers. Take any such basic cover
A, then A€ Cov (Cozy L) andso ¢ (A)={¢(a) |a€cA} isin #Cozyp.
Hence ¢ is also a uniform frame map, and the isomorphism extends to the

objects considered as uniform frames.

3.33. LEmua: For any (L,p) € UnicFrm, (L) © Coz, J(L,u) .

Proof:

Let (Lp) € UnioFrm. Consider the uniform o¢—frame maps
V: Cozy H(L,p) — (L,p) and 7n.: (L) — Cozy # (L,u) . Since HL | is
regular Lindeldf, Coz, L = o (L) and the countable elements are precisely
the principal ideals. (Propositioﬁ 1.11.) From this follows that the two maps are
inverse to each other, and so (L,x) & Cozy J(L,z). That the uniformities are

isomorphic follows easily since (L,s) is separable.

3.34. PROPOSITION: - Lindelof uniform frames and uniform o—frames are the fized objects of

the adjunction described above.
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These interactions between uniform o—frames and uniform frames allow for an alternate
description of the Samuel compactification R L of a separable uniform frame L via the
corrésponding compactification of a uniform o—frame, similar to that done for the
Stone—Cech compactification. Thus the following propositions shows that R L is

completely determined by the cozero part of L.

3.35. PROPOSITION: For any separable uniform frame (L,u), CozRL Y R, Coz L .

Proof: (Cozy L,Cozy p) € UnioFrm and since RL € KRegFrm , Coz RL is a compact
regular o—frame and hence has a unique uniformity. Now p : RL — (L,,u)\
restricts to a o—frame morphism, say pL: Coz RL — Cozy L. Take any finite,
and thus uniform, cover A of Coz RL, then A is a finite , hence uniform
cover of L, and thus p (A) € p. But p (A) is countable and consists of
uniformly cozero elements, so pL(A) € Cozy 4 . Thus the restriction
p : Coz RL — (Cozy L,Cozy p) is a uniform o—frame morphism. ~Thus by the
coreflection propérty of KRegoFrm , this map factors via thé Samuel

compactification of the codomain :

p
Coz RL —— 2 Cozy (L, )

p CozyL
- RyCozy (L, )

Now define f: Cozy L — Coz RL by f(a) = {x€ Cozy L | x < a}. Sinceeach
element of Cozy L is a countable join of elements of Coz, L unifo.rmly below it,
this is a countably generated uniformly regular ideal, hence this is a well-defined

o—frame morphism and moreover, since Coz ‘RL iIs compact,
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f:(Cozy L,Cozy ) — Coz RL is uniform. Also f.pL = idCozu I and so it

follows that f.pC ozl R,Cozy L — Coz RL is inverse to h . Hence
u

iR;Cozu L~ Coz$RL . N ‘ o

3.36. PROPOSITION: For a separable uniform frame (L,p), HR, Coz (L) ¥R (Ly).

Proof:

Since RL is compact, it is obviously Lindeléf and hence, by Lemma 3.32,
#Coz RL & RL . Now applying the functor &% to the result in Proposition
3.35 gives that H#Coz R (L) ¢ HR,Cozy (L,u) . These cbmbine to give
HR,Cozy (L,p) ¢ R (L,p).

3.37. PROPOSITION: For a separable uniform frame, pseudocompactness implies

Proof:

precompactness.

Let (L,u)v be a separable uniform frame, which is pseudocompact. Take any
A€ p, then, by separability, there exists B ¢ A in p such that B isa
countable cozero cover. Each cover of Coz, L has a finite subcover, since
Cozy L C Coz L, and Coz L is compact, and thus by lemma 3.15 each uniform
cover is refined by a ﬁnite uniform cover. From this it follows that there exists a
finite uniform cover of Cozy (L,s) refining B and hence A . Thus (L,u) is

precompact.
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- Proximity o—frames and strong inclusions.

) B v3'.38. DEFIHITIOvN:‘ For L € oFrm, a binary relation « on L isa sirong ihclust'on if
| (SI1) x<aab<y = xay.
(SI2) « CL x L is a sublattice
ie. 040, ede, x,y<a,b = x<aab, xvyaqa.
(SI3) x9«a = x<a. |
(SI4) <« interpolates.
(SI5) x ay = thereexists a,beL with baa, bvy=e

and aax=0.

(L,a) is called a prozimal o—frame if
- (SI6) for each a € L, there exists a sequence (an) with a = Va, o

and ap<a. Thatis, <« is a o—approximating relation.

h:(M,«’) — (L,q) in oFm is prozimal if h x h [«’] C <. That is,

h preserves strong inclusions.

' These are the objects and morphisms of the category ProxsFrm.

~ This is analogous to the definition of prox:irhal_ frames and ProxFrm in the setting of

frames. Condition (SI5) is the appropriate replacement for the frame -condition

Cotfxay = y* a x* . Frith [1986] shows that a duality exists between the categones of

R proxxmal frames and prox1m1ty spaces. He a.lso shows that the category of prox1m1ty

- frames is equlvalent to the subcategory of UmFrm cons1st1ng of the totally bounded~

- (precompact) umform frames
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3.39. ProPOSITIOR: Ewvery prozimal o—frame is regular.

""Proof:  This follows easily since’ <« implies < and then (SI6) gives the required”

condition for regularity.

i
3.40. ProrosSITION: For L € RegoFrm, the rather below relation < 1is a strong inclusion,

and hence (L,< ) is a prozimal oc—frame.
Proof: It is well known that the rather below relation always satisfies the conditions

(SI1) to (SI3). (SI4) and (SI5) follow immediately from lemma 3.5. and the

compatibility condition (SI6) is just the definition of a regular o—frame.
3.41. CorOLLARY: The rather below relation is the ¢ finest’ strong inclusion compatible
with a o—frame.
Proof:  As sublattices of L x L , since « implies < for any strong inclusion «, «C<.
3.42. ProrosiTioR: For (L,u) € UniocFrm, the uniformly below relation < is a strong
inclusion such that (L,« ) € ProzaFrm.
Proof: The properties of the uniformly below relation dicussed in propositon 3.4. give

precisely conditions (SI1) to (SI4) . Lemma 3.13. gives (SI5) , and the

compatability follows immediately from the definition of a uniform s—frame.
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Moreover, since uniform o—frame morphisms preserve the uniformly below relation

(proposition 3.4.) this assignment is in fact functorial.

3.43. PrOPOSITION: If (L,a) € ProzoFrm then there ezists a uniformity compatible on L

Proof:

such that the uniformly below relation ts precisely < .

Let p  be the uniformity generated by the collection of all those finite covers of
L  which are <—refined by some finite cover, say [ . Then
L= { A € Cov(L) | Ais finite and there exists finite B € Cov(L) with B< A } is
a uniform basis : it suffices to check that any cover in [ consisting of two
elements is star—refined by a member of 7. Take {a,b} € & with {c,d} « {a,b}
je.caa and d «b. By (SI4), this relation interpolates to give c<cyacy<a
and d «d; «dy «b. Now applying (SI5) to ¢y <c; and d; < ds there exists
yax with yvey;=e andxAc; =0 and thereexists t «s with tvdy=e
and sAd;=0. Hence {y,co} < {x,a} and {t,ds} < {s,b} ‘also {c,d} < {cp,d{} .
Then C = {x,a} A {s,b} A {c,di} = {x Ady,ciAs,cAb,aAd}. Moreover
C(xAad)¢b, Clecyas)<a, Clegab)<anb and Cland)<anab and
hence C <* {a,b}.

If a<b in (L,«) thenfor a<c<b thereexists y «x with yvc=-e and
xAa =0, hence {x,b} €z and {x,b}a =b, thus a is uniformly below b
and consequently g is compatible on L. Conversely if a is uniformly below
b then there exists A in 7 with Aa < b. Take a finite cover B « A, then

since B is a cover and by (S12), a<Ba<Aa<b henceby (SI1), a<b.
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i 344 CoxoLLARY: Let (L,a ) € ProzoFrm. Suppose that v is a precompact uniformity

compatible on L whichinduces <, then v C by -

3.45. ProposITION: Let h: (M,a’) — (L,a ) in ProzoFrm then h: (My_,)— (L) is

uniform.

. Proof:  Take any finite A€v_, , then there exists a finite cover B <’ A . Since h

. preserves strong inclusions; h[B] < h[A] and hence h[A] € 4 ..

T 3:46. CoROLLARY: The assignment of a uniformity to a prozimity o—frame described above

is ¢ functor from ProzoFrm to UnioFrm .

"' 3.47. PROPOSITION: Suppose (L, ) € ProzoFrm and v is any compatible

uniform structure on L which induces <. Then p Cv.

Proof: It suffices to show that each two element cover of g, isin v Take {a,b} € By
then there exists a cover {c,d} « {a,b}. Since v induces. <, there exists covers
A, B in v with Ac<a and Bd < b, moreoverif C=AAB then Cc<a,
Cd<b and Cev. Forany x€ C, either xAc#0 and then x<{Cc<ad, or
x Ac¢ =0 and then since {c,d} is a cover, x Ad # 0 so x < Cd < b. Therefore

C< {a,b} andso {ab}ev.
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3.52. PrOPOSITIOR: Given any compactification h: M — L in oFrm, then the binary

* Proof:

relation defined by z « y if and only if there exists a,b € M with
a<b and h(a)=z, h(b) =y, is a strong inclusion compatible

on L.

(SI1) Take x’ < x<4y <y’ in L, then since h is surjective and by the
definition of <, there exists a, a’, b, b’ € M with a<b and h(a) = x
h(a’) =x’, h(b) =y and h(b’)=y’. Now x’ =x’ Ax =h(a’) Ah(a) =
h(a’ A a) and similarly y’ = h(b’ v b). Since a’ Aa<a<b<bvb', it
follows that x’ «ay’.

(SI2) 0<0 and eae since 0<0, e<e and h preserves the top and
bottom. Take x, x’ «y, then there exists a, a’, be M with a,a’ <b and
h(a) =x, h(a’) =x’ and h(b) =y. Now xvx’ =h(ava’) and ava’<b,
hence x vx’ ay. A similar argument shows thatif x<y,y’ then xayAy’.
(SI3) If x<«y with x=h(a), y="h(b) and a<b in M, then since h
preserves the rather below relation, x <y .

(SI4) Take x <y as above. Since the rather below relation interpolates in
RegoFrm there exists ¢ with a <c<b and hence x «h(c) ay.

(SI5) Take x <y as above. Since a<b in M, there exists ¢ < d with
daa=0 and cvb==¢e. Now h(c) « h(d) and since h is dense
h(d) Ax =h(d) Ah(a) =0. Also h(c)vy =h(c) vh(b) =e.

(SI6) Since h is éurjective, for each a€ L, a = h(x) for some xe€ M. By
the regularity of M, x = Vx, with x5 < x . Hence h(xy) < h(x) and so

a= Vh(xH) .

These two results show that there is a one—one correspondence between compactifications

and strong inclusions.
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