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SYNOPSIS 

The study of topological concepts from a lattice theoretical viewpoint was first initiated by 

Wallman (1938) ; inspired by the work of Stone (1937). The actual term 'frame' was 

introduced by Dowker and Pa pert in the middle sixties to describe a 'local lattice', a 

concept which was studied in the seminar of Ehresmann in Paris, 1959, attended by 

Seymour and Dona Papert (Strauss). A local lattice is defined to be a complete lattice 

with the appropriate distributivity property (ie. finite meets distribute over arbitrary 

joins) and so corresponds to the notion of a generalized topological space. These concepts 

were pursued by Benabou (1957), Banaschewski (1969), Isbell (1972) and others. 

Johnstone's book 'Stone Spaces' [1982] gives a detailed background on the influence of 

Stone's work on mathematics in general, and is also a basic reference for the theory of 

frames (or locales). The 'Compendium of Continuous Lattices' [1980] is a useful reference 

for many standard lattice theoretical results. 

The generalizations of frames to ·those lattices closed under, at most, countable joins and 

satisfying the property that finite meets distribute over countable joins, namely ·sigma 

frames, was considered by Charalambous [1974] and has been explored in detail by 

Reynolds [1979] and Banaschewski [1980]. Gilmour [1985] shows that there exists a dual 

adjunction between the regular sigma frames (a full subcategory of sigma frames ) and the 

Alexandroff (or zero set) spaces. Madden and Vermeer [1985] obtain a countable version 

of the Stone duality for regular sigma frames and regular LindelOf frames. 

Isbell, [1972) first considered the notion of a 'uniformity' on a frame by means of covers. 

This was further explored by Pultr [1975] who also defined metric diameters, the analogs 

of pseudometrics in the spatial setting. Pultr shows that a frame is uniformizable if and 

111 



only if it is completely regular. Frith [1987] further develops results on uniform frames 

from a covering perspective, obtaining the same characterization as Pultr and an adjoint 

situation between'-this category and the category of uniform spaces using a structured 

version of the spectrum and 'open' functors. 

It is this characterization of completely regular frames, together with the result of 

Reynolds [1979] that the completely regular frames are those frames which are 'generated' 

by regular sigma frames, which gave additional motivation for considering the concept of a 

uniformity on a sigma frame. The idea arises quite naturally as the generalisation of a 

uniformity on an Alexandroff space. 

In this thesis some general results on uniform frames are established and then, after 

defining a 'uniform sigma frame', the correspondence between the two is explored via the 

'uniform cozero part' of a uniform frame. It is shown that the Lindel6f uniform frames and 

the uniform sigma frames are in fact equivalent as categories, and that properties of, and 

constructions using separable uniform frames can be obtained by considering the uniform 

cozero part. For example, the Samuel compactification of a separable uniform frame can 

be obtained via the Samuel compactification (in the sigma frame sense) of the underlying 

cozero part of the uniform frame. Throughout the thesis, choice principles such as the 
' 

axioms of choice and countably dependent choice, are used, and generally without 

mention. 

An outline of the thesis: 

Chapter 0 : This chapter gives some basic definitions and results on frames and sigma 

frames which will be used in subsequent chapters. Proofs of the results will usually be 

omitted. Most of these appear in Johnstone's book 'Stone Spaces' but other references are 

given for proofs which use techniques more appropriate in this context. 

IV 



Chapter 1 : The relationship between completely regular frames and regular sigma frames, 

as explored by Banaschewski [1980b], is dicussed and the notion of continuous and 

·coherent a-frames, the latter being a non-full subcategory of the· former Is introduced~ 

Regular continuous a-frames are shown to be 'Alexandroff' a-frames (ie. fixed objects of 

the adjunction between Alexandroff spaces and regular sigma frames) which generalizes 

the result of Banaschewski [1980b]. The full subcategory consisting of Stone a-frames is 

also introduced. 

Chapter 2 : Basic definitions of uniform frames (and the equivalence of the different 

definitions given by Pultr [1884 I] and Frith [1986]) . are given together with the description 

of some structures and coreflections in the category of uniform frames. This category is 

shown to be co-complete and to have products. The main result in this section shows that 

the uniform cozero part of a uniform frame is a regular a-frame which 'generates' the 

underlying frame. Moreover the uniform cozero elements are characterized in such a way 

that (as shown in the next chapter) it is possible to consider the uniformity restricted to 

the regular O"-frame of its uniform cozero p·art. This is accomplished once it is shown that 

· every uniformity has a basis of uniform cozero covers (that is, uniform covers consisting of 

uniform cozero elements). The simple proof of this latter result was pointed out by 

Professor Banaschewski. 

Chapter 3 : The category of uniform O"-frames is defined and some basic results are given, 

including the description of the Samuel compactification of a uniform O"-frame (which is, 

in some ways analogous to that of a uniform frame, but requires techniques introduced by 

Banaschewski and Gilmour (1989] for a construction of the Stone-Cech compactification of 

a regular o:-frame). Many of the results correspond to those in the frame setting, but 

often the proofs differ because of the possible lack of pseudo-complements in the setting of 

u-frames. Full use is made of the abundance of separating elements for regular O"-frames. 
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A structured version of the adjoint situation existing between frames and a-frames is given 

for uniform frames and uniform a-frames. This in fact leads to an equivalence between the 

subcategory o(Lindelof unlform frames and uiiiform a-frames. This interaction and the 

results in chapter 2 combine in such a way that the given canonical definition of a uniform 

a-frame is shown to be appropriate. It is also shown that the Samuel compactification of a 

separable uniform frame is in fact determined completely by its uniform cozero part. 

Finally, proximity a-frames are introduced via the notion of 'strong inclusions'. These 

are the natural generalizations of proximity frames, which Frith [1986] showed to be dual 

to the proximity spaces, and equivalent to the totally bounded (precompact) uniform 

frames. Similar results are obtained for a-frames and also for the correspondence between 

compactifications of a-frames and strong inlusions on them, as occurs in the setting of 

frames. (Banaschewski [1980a]). 
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Chapter 0. BACKGROUND. 

Frames. 

A frame ( = locale) is a complete lattice L satisfying the (arbitrary) distribution law : 

x .A Vxi = V x A Xi for binary meet A , and arbitrary join -V , and x, Xi E L . 
. I . 

A frame morphism h: L ,..-j M is a map between frames preserving finite meets 

(including the unit, or top, e) and arbitrary joins (including the zero, . or bqttom, 0) . 

The resulting category is denoted Frm . 

On any complete lattice L , a is rather below b , written a -< b , if there exists s E L , 

called a separating element, such that a As = 0 and b vs = e . 

a is completely below b , written a-<-< b , if there is a family { Xi I i E ~ n [0,1] } of 

elements in L satisfying x0 = a , . x 1 = b , i ~ j ::::::} Xi -< Xj . 

A frame L is regular if the relation -< is approximating. That is, for each a E L , 

a = V { x I x-< a } , and L is completely regular if the relation -<-< is approximating, 

that is, for each a€ L , a = V { x I x -<-< a } . Since frame morphisms preserve these 

relations, this gives the full subcategories denoted RegFrm and CrgFni:t respectively. 

An element c E L , a frame, is compact if for any X ~ L with c ~ VX there exists finite .., ' 
/ 

E ~ X with c ~ VE . L is compact as a frame if e is a compact element. (This is 

precisely saying that every arbitrary cover has a finite subcover, where C ~ L is a cover 

if VC = e . ) Let kL denote the collection of all compact elements of L . L is coherent if 

kL is a sublattice join...,generating L . That is, each a E L is the join of compact elements 

· below it. A frame morphism between coherent frames is proper if it preserves compact 

elements. These frames and special frame maps form the non-full subcategory denoted 

CohFrm. 

Associated with any distributive lattice with zero and unit, there is the frame J L of all 

the ideals of L , that is, all non-empty J ~ L such that a, b E J implies a v b E J , 

and x ~ a implies x E J . This correspondence is functorial, any lattice morphism 
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u-frames. 

A a-frame is a lattice L which has countable joins;· finite meets, a greafest elerneiiC e , 

a least element 0 and satisfies the (countable) distribution' law : x A Vxn = V x A xn 

(n E I, countable) for binary meet A , countable join V and x, Xn E 1 . 

A a-frame morphism h: 1 -1 M is a map between a-frames preserving countable joins, 

finite meets, the least element 0 and the greatest element e . The resulting category is 

denoted uFrm . 

A a-frame 1 is regular if the rather below relation is a-approximating, that is, for 

each a E L , there exists a sequence (an) in 1 with an -< a and a = Van . 1 is normal 

if for each pair a, b of elements of 1 with a v b = e , there exists u, v in 1 such that 

av u = e = b v v and u A v = 0 . Banaschewski (1980b] shows that every regular 

a--frame is normal, and hence the rather below relation -< interpolates. The full 

subcategory of regular a-frames is denoted ReguFrm, and is corefiective in uFrm with 

corefiection functor !Ji which assigns to any a-frame it's largest regular sub-a-frame . 

Any morphism h: 1 -1 M in Frm or uFrm is dense (respectively co dense ) if 

h(x) = 0 implies x = 0 (respectively h(x) = e implies x = e ). In RegFrm and 

ReguFrm, if h: L -1 M is dense then h is manic, and if h is codense then it is 

injective. The proof given here is for the result in ReguFrm : 

Assume h is dense. Consider any f, g: N -1 L such that h.f = h.g . Let a E N , 

then by regularity, a = V { Xn I Xn -< a } . Take x -< a with x A y = 0 and 

y v a = e. Then 0 = h.f (x) A h.f (y) == h.f (x) A h.g (y) = h (f (x) Ag (y)) , and 

since h is dense, it follows that f (x) Ag (y) = 0 . Now g (a) v g (y) = e , and 

consequently f (x) = f (x) A ( g (a) v g (y) ) = f (x) Ag (a) . Hence f (x) ~ g (a). 

This holds for any x-< a and thus f (a) = V { f (xn) I Xn -< a } ~ g (a) . By 

symmetry, g (a)~ f (a) , and so f = g. 
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Assume h is codense. Consider h(a) = h(b) for a, b E L . Since L is regular, 

a = V { an I an -< a } and b = { bn I bn -< b } . This implies that 

h(a) = v··{ h(an) I h(an) -< hTa) } = v-fh(bn) I h(b.n) -< h(b) } =· h(b) . - Take 

bn -{ b with Separating element Xn , then h(xn) separates h(bn) -{ h(b) . Since 

h(a) = h(b) , h(xn) separates h(bn) -< h(a) . This implies that e = h(xn) v h(a) = 

h(xn v a) . Since h is codense, Xn v a = e and therefore bn -< a . This holds for 

all the bn , thus b $ a and then the result follows by symmetry. 

The notion of compact elements and compact u-frames is defined as for frames restricted 

to considering countable joins, that is, an element c E L is compact if for any countable 

X £ L with c $ VX , there exists finite E £ X with c $ VE . 

An ideal J £ L is regular if for each x E J there exists y E J with x -< y , and J is 

countably generated if there exists a sequence (xn) in J such that for each a E J , a $ Xn · 

for some n. 

The full subcategory of compact regular u-frames, denoted KReguFrm , is coreflective in 

ReguFrm with the coreflection functor given by J'6;,.L , the u-frame consisting of all 

countably generated regular ideals, and the coreflection map given by join. This gives the 

Stone-Cech compactification of a u-frame as shown by Banaschewski and Gilmour [1989]. 

\ 
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The adjoint situation between regular a-frames and Alexandro££ spaces. 

An Xlexandroff space is a pair (X,Z) where x is a set and z ' the Alexandro ff 

structure on X, is a collection of subsets of X satisfying the following conditions : 

(Zl) Z is closed under finite unions and countable intersections. 

(Z2) If A, B E Z and A n B = ~ , then there exists C, D E Z with 

A n C = ~ = B n D and C u D = X . 

(Z3) If A E Z then there exists a sequence (An) in Z with X -A = LJ An . 

(Z4) For each pair of distinct points in X there is an A E Z containing just one 

of them. 

The sets in Z are called zero-sets and their complements with respect to X are 

cozero-sets. A map f : (X,Z) -+ (Y,Z') is called a coz-map if 1 1(A) E Z for each 

A E Z'. Alex denotes the category of Alexandroff spaces and coz-maps. The zero-sets of 

the continuous functions on a Tychonoff space satisfy the conditions (Zl) - (Z4) , and 

this defines a functor coz : Tych-+ Alex. (Gilmour [1974]). 

A filter P of a a-frame L is a-prime if for each countable X ~ L with VX E P then 

X n P :f ~ . The contravariant spectrum functor 'l': RegaFrm-+ Alex may be defined 

by letting 'l'L consist of all a-prime filters of L . The cozero sets of 'l'L are the sets of 

the form 'l1 a = { P E 'l'L I a E P } for each a E L . If h: L -+ M is a a-frame 

morphism then 'l'h: 'l'M -+ 'l'L is given by 'l'h (P) = h -i (P) for each P E 'l'M . 

The contravariant 'cozero' functor 2l: Alex -+ RegaFrm associates with an 

Alexandroff space the lattice of cozero sets which is a a-frame, and the cozero maps are 

taken to the associated inverse image lattice maps. 

'l1 and 2l are adjoint on the right (Gilmour [1984]) with the fixed subcategories 

consisting of the Alexandroff a-fram:es, that is, those a-frames for which EL: L -+ 2l 'l'L 

is an isomorphism, and the realcompact Alexandroff spaces. 
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The adjoint situation between Frm and aFrm. 

An ideal J ~ t is a a-ideal if it is closed under countable joins, th-at is, if for ·countable 

X ~ J then VX E J . 

The covariant functor cN: aFrm .-+ Frm is defined by letting cNL be the frame of all 

the a-ideals of L , and for h: L -+ M in aFrm , cNh: cNL -+ cNM takes a a-ideal J 

in L to the a-ideal [h ( J)] generated by h ( J) . Since every frame is a a-frame, this 

gives a forgetful functor U: Frm-+ aFrm taking a frame L to its underlying a-frame 

and, moreover cf{ is left adjoint to U (Banaschewski [1980b] ). 
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Chapter 1 FRAMES AND SIGMA FRAMES. 

Some relations between completely regular frames and regular a-frames. 

In this section it will be shown that a completely regular frame is in fact join generated by 

by a regular a-frame, namely its 'cozero part'. This was shown by Reynolds [1979]. The 

description given below is due to Banaschewski [1980]. This result is useful when 

considering certain 'topological' conditions m the frame setting, 

pseudocompactness and realcompactness. 

for example 

1.1. DEFIIITIOI: For L E Frm, a E L is a cozero element if a = h (IR - {O}) for some 

h: D!R -1 L in Frm . 

Let Coz L denote the set of all cozero elements of L . 

If L is spatial then Frm (DR,L) rv Top (EL,IR), and therefore Coz L rv 2Lcoz EL . 

1.2. Pl.OPOSITIOI: a E Coz L {::::} a= h{{O)j) for some h: D{O,Jj-1 L in Frm. 

Proof: ( ==}) Define g: IR -1 [0,1] by g (a) = a2
" 1. Then g (a)> 0 iff a :f 0. 

Applying the functor D gives Dg: D[0,1] -1 D!R with Dg ((0,1]) = IR - {O} . 

Now take a E Coz L , then a = h(IR - {O}) for some frame morphism 

h: DIR -1 L . Hence a = h.Dg ((0,1]) and h.Dg: D[O,l] -1 L . 

(F) Let a= h((0,1]) for some h: D[0,1] -1 L. Applying the functor D 

to the inclusion map e: [0,1] -1 IR gives the frame morphism De: DIR -1 D[0,1] 

with D(IR - {O}) = (0,1] . Hence a = h.De(IR - {O}) and h.De: OR -1 L . 
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1.3. LEMMA: For LE CrgFrm, if .% L denotes the compact regular corejlection of L with 

corejlection map kL given by join, then Coz L = kL {Coz .% L} . 

Proof: Since kL is a frame morphism, and the image of a cozero elements are cozero 

elements, kL(Coz .%1) ~ Caz 1 . Take a E Caz 1 , say a = h((0,1]) for 

h: D(0,1] -+ 1 . Since D(O,l] is compact, there exists a unique 

h': D(0,1]-+ .%1 with kch' = h: 

.%1 
? 

1\ h' / 
/ 

/ 

D(0,1] h I 1 

Hence a= kch'((0,1]) and since h'((0,1]) E Caz .%1, a E kL(Coz .%1). 

1.4. COl.OLLAl.Y: Coz L is a regular sub-(l-frame of L as a (!-frame . 

Proof: .%1 is compact regular, and hence spatial. Therefore Caz .%1 ~ 2Lcoz.E .%1 . 

Since 2l is a functor to Reg(!Frm. , it follows that Caz .% 1 is a regular 

(!-frame. Now kL is a surjective frame morphism, so kL(Coz .%1) is a regular 

(!-frame, and thus by the previous lemma so is Caz 1 . 

1.5. LEMMA: J is a co zero element of .% L iff J is a countably generated completely 

regular ideal. 

Proof: (~) Since .%1 is spatial, each cozero element is a countable join of 'zero 

sets', which are closed and hence compact. Thus cozero elements have the 

8 



Lindel6f property. Let J E Coz XL . For each b E J , choose a sequence 

b = b1 -<-< b2 -<-< ba ... in J . Let Jb be the completely regular ideal generated by 

this sequence. Then J = V{ Jb I b E J } . Since J ·has the Lindel6f property, 

J is a countable join of such elements, and thus is countably generated. 

( ¢:::::) Let J E % L and be countably generated. By regularity of % L , 

J is the join of elements rather below it, and since countably generated, a 

countable join of such elements. Hence J corresponds to an open Fa in a 

compact regular space, and therefore to a cozero set. Hence J E Coz XL . 

1.6. COl.OLLJ.1.Y: For any frame L, a E Coz L iff a = Van for some sequence (an) 

with ai -<-< ai + 1 for all i . 

Proof: (~) Let- a E Coz L , then by lemma 1.3 , a = kL(J) for some 

J E Coz XL . But by lemma 1.5 , J is countably generated, say by ( cn) . 

Now define a sequence (an) by letting a 1 :::: c1 , and. choosing an+I such that 

an V Cn+I -<-< an+I. Then a= kL(J) = Van and ai -<-< ai+l. 

( ¢:::::) Suppose a = Van with ai -<-< ai+l Then 

J = { x E L I x ~ an , some n} is a countably generated completely regular 

ideal, and so J E Coz % L . But a= kL(J) and hence 

a E kL(Coz XL) = Coz L. 

1. 7. Col.OLLAl.Y: If flt, denotes the regular coreflection of a (!-frame and U the forgetful 

functor from Frm to uFrm , then for L E CrgFrm , Coz L ~ flt, UL . 

(ie. Coz L is the largest regular sub-(1-frame of L as a (!-frame.) 
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Proof: Since Coz L is regular, Coz L ~ .9e UL . Take a E .9e UL , then a = Van with 

ai -< ai+I in .9e UL , since .9e UL is regular. But -< interpolates in regular 

a-frames, so ai -<-< a·i-+1, and therefore a-E Coz L . (Corollary 1.6.) 

1.8. PiOPOSITIOI: For LE uFrm, the following are equivalent : 

(1) L is regular. 

(2) L ~ Coz M for some ME Frm. 

{3} L is the image of some compact regular u-frame. 

Proof: (1) ~ (2) Consider the unit TJ
1

: L -1 U:76'L defined by 11
1

(x) = lx. Since 

L is regular I 171 (L) ~ .9e U:76' L rv Coz J{ L . Take J in .9e U:76' L I then by 

regularity, J = V{ In I Ii-< Ii+t } . Hence for each n there exists Kn such that 

Inn Kn = {O} , and In+I V Kn = L . Thus for every x E In , there exists 

k E Kn and Xn E In+l such that x A k = 0 and k v Xn = e . This implies that 

In ~ lxn ~ J . Let a = ·vxn , then a E J and in fact la = J , since In ~ la for 

all n. Hence TJ
1

: L -1 .9eU:76'L is surjective. Since T/
1

. is always injective, 

L ~ .9e U:76'L ~ Coz d?L . 

(2) ~ (3) Suppose L rv Coz M for some frame 1 M . Then since 

k
1

: Coz .%M -1 Coz M is surjective and Coz .%M is compact as au-frame, L 

is the image of a compact regular u-frame. 

(3) ~ (1) This is trivial since the image of a regular u-frame is regular. 

1.9. P1.0POSITIOI: For L E CrgFrm, Coz L generates L as a frame. 

{ie. each element of L is a join of cozero elements.) 

Proof: Let a E L , then a = k1(J) for some J E .%L , since k
1 

is surjective. But 
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J = V{ Jb I b E J } with Jb E Coz XL (as in lemma 1.5.). Hence 

a= kL(V{ Jb I b E J } = V{ kL(Jb) I b E J } since kL is a frame morphism. 

The result follows since kL(Jb) E Coz L. for each--b E J . 

A Countable analogue of Stone duality 

The definitions and results 1.10 - 1.14 of this section are due to Madden and Vermeer 

[1985] , the proofs have been slightly adapted using observations of Reynolds [1979] and 

Johnstone [1982]. 

1.10. DEFIIITIOI: Let L E Frm, a E L is countable if for any set B ~ L with a ~ VB , 

there exists a countable X ~ B such that a~ VX . 

L is Lindelof if e is countable. 

Let <J (L) denote the collection of all countable elements of L . 

L is <J-coherent if ·<J (L) is a sub-lattice of L which generates L . 

For L, M <J-coherent frames, h: L -i M m Frm is <J-coherent if 

h(<J (L)] ~ <J (M) . 

uCohFrm is the category consisting of <J-coherent frames and <J-coherent frame 

morphisms. 

1.11. PlOPOSITIOI: uFrm and uCohFrm are equivalent as categories. 

Proof: Consider di: uFrm -i Frm which sends a <J-frame L to its frame of <J-ideals, 

cNL . The countable elements of cNL are precisely the principal ideals : 
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take lb~ V{ Ji I i EI} where Ji are u-ideals of L and b EL. b E VJi, and 

hence is a countable join of elements in the Ji , say b = V kin . It follows that 

lb~ VJ1~ . The-· converse follows since a countable element of cN L is a 

countable join of principal ideals and V(l bn) = l(Vbn) . 

Since L = le , la n lb = l(a A b) and for each u-ideal J , 

J = V{ la I a E J } , cNL is u-coherent. Now for each u-frame morphism f, 

d{f is u-coherent and hence cN: aFrm -i oCohFrm. 

Now if LE oCohFrm, then L ~ cNu (L): 

define <I>: L-i cNu (L) by <I>(a) = { s Eu (L) I s ~a} and V: cNu (L) -i L 

by taking joins. Then for IE cNu (L), if c Eu (L) with c ~VI, then there 

exists a countable X ~ I with c ~ VX and hence c E I since I is a u-ideal. 

Hence <I>(VI) = I . Conversely, for a E L , V( <I>(a)) = a since L is u-coherent. 

This isomorphism at object level extends to an equivalence of categories because 

<I> is clearly order preserving and functorial. 

1.12. Pi.OPOSITIOI: For a regular frame L1 L is Lindelof iff L is u-coherent. 

Proof: If L is a-coherent then, since u (L) is a sublattice, e is countable. 

Conversely, every regular Lindelof frame is normal, and hence --< interpolates. 

Thus L is completely regular. As sets u (L) = Coz L : u (L) ~ Coz L since 

u (L) is a regular sub-u-frame of L. Now take a E Coz L , then a = Van 

with a1 --<--< a1+i. Suppose that a ~ VB for some B ~ L. Then an--< VB for each 

n, and so for each n, there exists a seperating element Sn with Sn v VB = e . 

Since L is Lindelof, there exists a countable Xn ~ B with Sn v VXn = e and 

hence an --< VXn , for each n . It follows that a ~ VX where X is the union of 

the Xn and hence is countable. Therefore a E u (L) . 

Since Coz L generates L so does u (L) , and hence L is a-coherent. 
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1.13. Pl.OPOSITIOJI: RegLindFrm and ReguFrm are equivalent as categories. 

Proof: Since frame maps preserve cozero elements, and hence. countable elements -fo a 

regular LindelOf setting, RegLindFrm, or equivalently RegoCohFrm, is a full 

subcategory of Frm. Thus u acting on this subcategory is the same as Coz . 

To show that the functors di and Coz give this equivalence, it suffices to show 

that dlL is regular as a·frame if and only if L is regular as a u-frame : 

take a E L , then la is a countable, hence cozero, element of dlL. Thus la 

is a countable join of principal ideals rather below it, say la = V !an . It follows 

that a = Van and an -< a. Conversely for J in dlL , J = V{ la I a E J } and 

la = l Van = V !an with an -< a , hence !an -< la and thus J is the join of 

elements rather below it. 

1.14. Pl.OPOSITIOI: RegLindFrm is coreflective in CrgFrm with coreflection functor 

di Coz and coreflection map rL given by join: 

Proof: For L E CrgFrm, Coz L is a regular u-frame and thus di Coz L is a regular 

LindelOf frame. Now consider any f: M---+ L in Frm, with ME RegLindFrm. 

dlCoz L 
rL 

L 

dfCoz f l 
. rM 

r f 
dlCoz M M 

+- - - - -

Since M is regular LindelOf, M ~ di Coz M and the diagram commutes 

because rL.dlCoz f .4>M = f .rM.4>M = f. Hence f factors via rL . 
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Moreover this factorisation is unique : take any g: M ---+ d{ Coz L such that 

rL. g = f. For a E Coz M , g (a) is a cozero element of dfCoz L, and hence a 

principal ideal;- say g -(a) = ff> for sotiie b E Caz L . But ·then · 

f (a)= rL. g (a)= rL(lb) = b , hence g (a)= 1f (a)= dfCoz f .<I>L (a) . Since 

Coz M generates M , g = df Coz f . <I> M • 

This corr~sponds to the Hewitt realcompactification in the spatial setting. 

1.15. LElllil: The functor d{: oPrm---+ Frm preserves compactness. 

Proof: Let L be a compact er-frame and suppose V{ Ji I i E I } = L for Ji E d{L . 

This implies that e E VJ i , and hence e is a countable join of elements in the 

Ji . Since L is compact as a er-frame, e is a finite join of such elements, say 

e = a1 v ... v an with aj E J ij for j = 1, ... n . Then L = J it V ... VJ in and 

hence dfL is compact as a frame. 

Using this lemma and the previous results showing that a completely regular frame is 

determined by its cozero elements allows for an alternate description of the compact 

regular coreflection in Frm, via the compact regular coreflection in ReguFrm. 

Ll6. Pl.OPOSITIOI: For a completely regular frame L, d{ ~Caz L rv .% L. 

Proof: Let L E CrgFrm, then Coz L E ReguFrm and generates L as a frame. Take 

the compact regular coreflection of Coz L , namely kL: ~Coz L---+ Coz L , and 

apply the functor d{ to get df kL: d{ ~Coz L---+ dfCoz L. Composing this 

map with the regular Lindelof core:flection map rL: d{ Coz L ---+ L , gives a 

morphism from d{ ~Coz L to L . 
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Since di preserves compactness (lemma 1.15), di J!4,.Coz L is compact and 

hence this map factors via kL : 

.%1 - - - - -+ di.Ara Caz L 

l di kL 

di CozL 

L 

Consider h: M ---+ L in Frm with M E KRegFrm , then the corresponding 

situation in uFrm is as follows : 

M h L 

I 1 
Caz M h Caz L 

' I kL ' h'' 

' 'II .%a Caz L 

Since M is compact, Caz M is compact as a u-frame, and hence h restricted 

to Caz M which maps to Caz L , factors uniquely via the compact regular 

coreflection ~Caz L. Applying di gives dlh': di Caz M ---+ di ~Caz L . 
, 

Now since M is compact and hence Lindelof, dlCoz M ~ M . Together this 

gives the required unique factorization of h via di J!4,.Coz L---+ L . 
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Gilmour [1974] shows that a Tychonoff space is pseudocompact iff its u-frame of cozero 

sets, is compact. This leads to a natural definition of pseudocompactness for completely 

regular frames· in terms of the cozero elements. 

1.17. DEFIIITIOI: L E CrgFrm is pseudocompact if Coz L is compact as a u-frame. 

Obviously if L is compact, then L is pseudocompact. 

1.18. PlOPOSITIOI: L E RegLindFrm is pseudocompact iff L is compact. 

Proof: If L is pseudocompact then Coz L is compact and hence, by lemma 1.15 , so 

is J'6'Coz L . But since L is regular Lindel6f, L ~ J"tCoz L . 

This is precisely the analogue to the spatial result that any realcompact space which is 

pseudocompact is compact. 
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Coherent and continuous a-frames. 

1.19. DEFIIITIOI: For L E aFrm, an element a E L is compact if for every countable 

X £ L such that a~ VX , there exists a finite E £ X with a~ VE . 

(Since L is a a-frame, only countable joins need exist, and hence only 

countable sets are considered. ) 

Let kL be the set of all compact elements of L . 

L is coherent if kL is a sublattice generating L , that is, kL is 

closed under finite meets and finite joins and each element of L is a 

countable join 9f compact elements. 

h: L -1 M is coherent if h preserves compact elements, that is, if 

c E kL then h( c) E kM . 

L is Stone if L is compact (ie. e is a compact element) and the 

complemented elements of L generate L . (ie. L is zero-dimensional.) 

Let CL denote all complemented elements of L . 

CohaFrm is the category consisting of coherent a-frames and coherent maps. Since every 

a-frame morphism between coherent a-frames is not necessarily coherent, this is not a 

full subcategory of aFrm. 

StaFrm is the full subcategory of aFrm consisting of all Stone a-frames. 
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1.20. P1.0POSITIOI: In a Stone CJ-frame, an element is compact iff it is complemented. 

Prool: ( ¢:=) -· -- Let a be· complemented, say by a . Take countable X ~ L with 

a ~ VX , then e = a v VX . Since L is Stone, hence compact, there exists 

finite E ~ X with e = av VE . Therefore a = a" e ~ VE , so a is compact. 

( ==}) Let a be compact. Since L is Stone, a is a countable join of 

complemented elements, hence a finite join, say a = x 1 v .. v Xn with Xi 

complemented by Xi . Then a v (x1 v ... v xn) = e and a A (x1 v ... v xn) = 0 , 

so a is complemented. 

1.21. Co1.0LLA.1.Y: StaFnn is a full subcategory of CohuFrm. 

Proof: By proposition 1.20. every Stone CJ-frame is coherent. Since CJ-frame morphisms 

preserve complemented, hence compact elements in a Stone setting, every 

morphism between Stone CJ-frames is coherent. 

1.22. Pl.OPOSITIOI: A coherent CJ-frame is Stone iff it is regular. 

Proof: If y is complemented then y -< y , thus y -< x for any x ~ y . Since 

each element of a Stone frame is a countable join of complemented elements, 

each element is a countable join of elements rather below it. 

( ¢:=) Take any compact element c . Since L is regular, c is a countable 

and hence finite join of elements rather below it. The rather-below relation is 

preserved by finite joins so c -< c , hence c is complemented. Since L is 

coherent, each element is a countable join of compact, and hence in this setting, 

complemented elements. 
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The functor Ja: 'D-+ uFrm assigns to any distributive lattice A the u-frame consisting 

of all countably generated ideals of A , d~noted Ja(A) , and any lattice morphism 

h: A-+ B to ·Jah: Ja-A ~ JaB which takes arty ideal in JaA to the ideal-generated -by-

its image under h . 

1.23. LEMMA.: For A E 'D , the principal ideals in Ja (A) are precisely the compact 

elements of Ja{A}. 

Proof: Let la£ VJn for some sequence (Jn) of countably generated ideals of A , then 

a E VJn , so a~ Xii v ... v Xin for Xij E Jj . Therefore la£ J ii V ... VJ in , and 

thus la is compact. 

Suppose J is compact . Since J is a countable join of principal elements, J is 

a finite join of principal elements and hence is itself principal. 
I 

1.24. P1.0POSITIOI: Ja (A) is coherent for each A E 'D . 

Proof: Since each J in Jcr(A) is countably generated, say by (an) , J = V lan , thus 

each CT-ideal is a countable join of principal, and hence compact elements. 

(Lemma 1.23.) Since la n lb = l(a Ab) , la U lb= l(a vb) and A = le is 

principal, hence compact, it follows that kJa(A) is a sublattice generating 

Madden [1988] shows that a CT-frame is coherent iff it is the free u-frame over a 

distributive lattice. 
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1.25. Pl.OPOSITIOI: If h: A ---+ B in 'D then J
0
h: J

0
A ---+ J

0
B is coherent. 

Hence J0 : 'D---+ CohuFrm is functorial. 

Proof: J0 h is a u-frame morphism since J0 is functorial, and h(la) = lh(a) so J
0
h 

is coherent. 

1.26. LElllil: If ME CohuFrm then V: J0 M---+ M has a right inverse. 

Proof: Define 'Y : M ---+ J0 M by letting 'Y (x) = ideal generated by (kM) n lx . 

Now 'Y (0) = 0, 'Y (e) = kM and 'Y (x A y) = 'Y (x) A 'Y (y). 

Also 'Y (xv y) = 'Y (x) v 'Y (y) : take any compact c 5 x v y , then c 5 a v b 

for some a 5 x , b 5 y with a, b E kM , and thus 

c = (c A a) v (c Ab) E 'Y (x) v 'Y (y) . And for any countable up-directed set 

X ~ M , 'Y (VX) ~ Vry (X) ~ 'Y (VX) . Hence 'Y is a u-frame morphism. For any 

c E kM , · 'Y (c) = le , which is compact, so 'Y is coherent. Further, 

V('Y (x)) = V (ideal generated by kM n lx) = x since x is a countable join of 

compact elements. Thus 'Y is right inverse to V . 

1.27. Pl.OPOSITIOI: CohuFrm is coreflective in uFrm, with coreflection functor J
0 

, and 

coreflection map V . 

Proof: Consider h: M ---+ L in uFrm, with M E CohuFrm. 
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J(Jh I r-h 

JM V M 
CJ +- - - - -

1 

For c E kM , V.Jcrh.1 (c) = V.Jcrh(!c) = V!h(c) = h(c) . Since kM generates 

M, the diagram commutes. 

Uniqueness : take any coherent g : M -+ JcrL such that V .g = h . For c E kM , 

g (c) = !a for some a E L , since g is coherent and the compact elements of 

JcrL are precisely the principal ideals. Therefore h(c) = V!a = a , but then 

g (c) = !h(c) = Jcrh.1 (c), so g and Jcrh.1 agree on the generating set, and 

hence are equal. 

1.28. Pl.OPOSITIOI: For any A E 'D, .Jcr{A} is regular iff A is a boolean algebra. 

Proof: ( :==:}) Jcr(A) is regular hence a Stone u-frame, so an element is 

complemented iff it is compact. Take a E A , then !a is compact, hence 

complemented. Moreover the complement is compact and hence a principal 

ideal, so there exists b E A such that !an !b = 0 and !a v !b = A = !e. 

This implies that a A b = 0 and a v b = e , and so every element of A is 

complemented. 

( ¢=) A is boolean so every element is complemented. The compact 

elements of Jcr(A) , which generate it, are the principal ideals which are thus 

complemented, hence Jcr(A) is in fact a Stone u-frame and therefore regular. 
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The functor C: aFrm ---1 Boo assigns to any a-frame L the collection, denoted C(L) , 

of all the complemented elements of L , and any a-frame morphism is restricted to this 

subset. 

1.29. COlOLLAlY: For LE aFrm, JaCL is a stone a-frame. 

Proof: This follows immediately from proposition 1.28. and proposition 1.22 . 

1.30. LEMllA: For a stone a-frame M, V: JaCM ---1 M is an isomorphism. 

Proof: V is onto since CM generates M and since V is codense and M is regular, V 

is injective. In fact the map 8 : M ---1 JaM defined by 8 (x) = CM n !x is 

(right) inverse to V. (The proof is as in lemma 1.26.) 

1.31~ PlOPOSITIO!: StaFrm is coreflective in aFrm, with coreflection functor Ja C and 

coreflection map V . 

Proof: Consider h: M ---1 L m aFrm with ME StaFrm. 

In fact h' (a) = JaC h(CM n !a) = U {CL n !h(x) I x E CM n !a} . 
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Uniqueness: Suppose f: M---+ J(JL such that V.f = h. For a E CM , f (a) is 

complemented in J(JL hence f (a) = CL n !b for some 

b E CL. But h(a) = Vf (a}·=-b, so f (a) = CL n !h(a) , thus 

f (a) = h'(a). Since CM generates M, f = h' . 

It is also possible to obtain the coreflection to StuFrm from the compact regular 

coreflection or the coherent coreflection, as in the frame set ting. 

1.32. Pl.OPOSITIOI: If ~L is the compact regular coreflection of LJ and let R.L be the 

sub-er-frame generated by C{ ~L)J then R.L gives the stone 

er- frame coreflection. (ie. R.L ~ J(J CL .) 

Proof: fil is a sub-er-frame of a compact frame, hence is compact, and is generated 

by complemented elements, thus R.L is a Stone er-frame. Consider f: M---+ L 

in uFrm with· M E StuFrm. Since M is Stone, it is .compact and regular and 

thus factors uniquely via kL: ~L---+ L , say by f'. 

Take a E CM , then f' (a) EC( ~L) £ R.L and since CM generates M ; 

f' [M] £ fil . 

M f 

~ 
R.L 
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1.33. Pl.OPOSITIOI: Let <t.L be the sub-<J-frame of jcrL ge'T].erated by the complemented 

elements of jcrL , then <t.L is the Stone <J-frame coreflection. 

· {ie. C!L-~ jcrCL }:·--

Proof: Since j
0
L is coherent, the compact elements form a sublattice and hence the 

top element, le , is compact. Thus J
0
L is compact as a <J-frame, and then so 

is C!L compact since it is a sub-<J-frame of J0 L . Consequently <t.L is a Stone 

<J-frame since it it generated by the complemented elements of J
0
L . Consider 

any f: M --1 1 in uFrm with ME StuFrm. Since StuFrm ~ CohuFrm, M 

is coherent and therefore, by the coreflection property of coherent <J-frames, f 

factors uniquely via Ja1 , say by f'. By the same argument as used in the 

previous proposition, f' [M] ~ C!L and hence C!L has the universal mapping 

property. 

1.34. DEFIUTIOI: For x, y in 1 E uFrm, x is <J-way below y , written x <a y , if 

for some countable X ~ 1 with y ~ VX there exists finite E ~ X with 

x ~ VE . In particular this means if y ~ VJ , for some countably 

generated ideal, then x E J . 

1 is continuous if <a is a u-approximating relation. That is, for 

each a E 1 there exists a sequence (an) such that an (
0 

a and 

a= Yan. 

1 is stably continuous if 1 is continuous and the relation (
0 

is closed 

under finite meets in 1 x 1 . 

h: 1 --1 M is a proper u-frame morphism if h preserves the u-way 

below relation. That is, x <a y => h(x) <0 h(y) . 
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ContuFrm is the full subcategory of uFrm consisting of all continuous a-frames. 

StContuFrm is the subcategory of stably continuou's a-frames and proper a-frame 

morphlsms. 

This terminology corresponds to that used in the more general set ting of continuous 

lattices. (Johnstone (1982] or the Compendium (1980].) In Madden (1988], a-way below 

corresponds to w--inside, and stably continuous to w--suitable. Banaschewski (1979] shows 

that RegContuFrm is dual to the a-compact locally compact Hausdorff spaces. 

1.35. DEFllITIOI: A subset U ~ L is a-Scott open if U is an upset and if for some 

countable X ~ L , VX E U then there exists finite E ~ X with VE E U . 

The following propositions and proofs about a-Scott open sets, some of which have been 

obtained by Banaschewski (1979], correspond to those about Scott open sets in the setting 

of frames. 

1.36. Pl.OPOSITIOI: In a continuous a-frame1 an upset U is a-Scott open iff for each x 

in U 1 there exists y <cr x in U . 

Proof: ( ==>) Assume an upset U is a-Scott open in a continuous a-frame L. Let 

x E U . Since L is continuous, x is a countable join of elements a-way below it 

and hence some finite join of elements a-way below x is in U. Let y be this 

finite join. 

( F) Assume the condition above holds for all x in some upset U of L . 

Suppose that VX E U for some countable X ~ L , then there exists y «,. VX m 

U . Hence there exists finite E ~ X with y ~ VE , but then VE E U since U 

is an upset. 
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1.37. Pl.OPOSITIOI: In a continuous u-frame, a filter is prime and u-Scott open if/ it is 

u-prime. 

Proof: ( {:===) Let P be a u-prime filter in a continuous u-frame L . Then P is 

prime and since L is continuous, each a E P is a countable join of elements 

u-way below it, and hence one such element is in P. (ie. there exists an x <u a 

in P.) By the proposition above, P is u-Scott open. 

( ==:::}) Let P be u-Scott open and a prime filter of any u-frame L . Suppose 

X £ L is countable with VX E P , then since P is u-Scott open, there exists 
I 

finite E £ X with VE E P . But then by the primeness of P , there exists 

x E E £ X with x E P . Hence P is u-prime. 

1.38. LEW!: In a continuous u-frame, any u-Scott open subset is the union of u-Scott 

open filters. 

Proof: Let U be u-Scott open. For each a in U , choose a = a 1 » u a2 » u a3 ... in 

U . Let Fa = { x E L I x ~ ak for some k } , a u-Scott open filter, then 

aEFa£U. 

1.39. Pl.OPOSITIOI: Any 'U-Scott open filter is the intersection of u-Scott open prime 

filters. 

Proof: Let F be a u-Scott open filter, and a ¢ F . Using the axiom of choice, there 

exists a u-Scott open filter G , maximal such that G ~ F and a¢ G . Take 

any b, c ¢ G with b v c E G , and let H = { x E L I b v x E G } . Now H is a 

filter and H is u-Scott open : suppose VX E H , for some countable set X , 
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then b v VX E G , hence V{ b v x I x E X } E G , and so, since G is O"-Scott 

open, there exists finite E ~ X such that V{ b v x I x E E } E .G . Hence 

VEE H . Siilce c E-H , and-· ·c i G , G . is a proper s·ubset of H . By 

maximality of G with respect to not containing a , it follows that a E H . 

Now let K = { x E L I xv a E G } . By repeating the argument above, it can 

be shown that K is O"-Scott open with G c K , G f. K and hence a E K . This 

implies that a v a = a E G , which is a contradiction. Hence G is a prime 

filter. 

1.40. Co1011A.1Y: Every regular continuous O"-frame is an Alexandro!! O"-frame. 

ie. L N mw L. 

Proof: It suffices to show that O"-prime filters separate elements of L. (Gilmour 

[1984]) Let a, b E L and without loss of generality, assume a ~ b and 

a f. b . This implies that b E { x E L I x i la } which is O"-Scott open. 

By lemma 1.38, there exists a O"-Scott open filter F with b E F ~ { x E 

L I x i la } , hence a i F . Now by the previous proposition, there 

exists a O"-Scott open prime filter P with a i P and F ~ P . So P is 

O"-prime and a i P , b E P . 

1.41. LEDA.: Every compact regular O"-frame is continuous. 

Proof: This follows since in a compact regular O"-frame, x <er y iff x -< y : 

Suppose x <er y . By regularity y = V { Yn I Yn -< y } , and thus x is 

less than a finite join of such Yi . From properties of the rather below 

relation, it follows that x -< y . 
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Now suppose x -< y , and let X be a countable set such that y ~ VX . 

Since x -< y , there exists a separating element s . Since y ~ VX and 

y v s = e ~ VX v ·s = e and so by compactness, there exists a finite E r· 
X with VE v s = e . Hence x ~ VE . 

This lemma in conjunction with the result in corollary 1.40. immediately give the following 

result obtained by Gilmour (1984]. 

1.42. Co1011A.1Y: For every compact regular (]-frame L, L rv 2!'11 L . 

1.43. PlOPOSITIOI: Every coherent (]-frame is continuous. 

Proof: In a coherent (]-frame, x <a y iff there exists a compact element z 

with x ~ z ~ y : Suppose x <a y . Since the (J-fram·e is coherent, y is 

a countable join of compact elements and hence x is less than a finite 

join of such elements. Put z equal to this finite join, then z is 

compact and z lies between x and y . Now take y ~ VX , for some 

countable set X . Since z is compact and z ~ y , there exists finite E 

£ X with z ~ VE , hence x ~ VE . 

1.44. PlOPOSITIOI: If M is a stably continuous (]-frame, then M is a retract of a 

coherent (]-frame, namely JaM. 

Proof: Define r : M -1 JaM by letting r (a) be { x E M I x (a a } . This is a 
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countably generated ideal of M since M is stably continuous. r is a 

morphism: since 0 <cr 0 and e ( 0 e , r (0) = {O} and r (e) = M . If 

x Er (a) n r (b) then x <cr·a. and x <~ b, andnence x (~-a Ab since· M is 

continuous. Thus r (a Ab) = r (a) n r (b). 

Now if x <cr a v b , x ~ u v v for some u (cra , v (cr b . (Since M is 

continuous a and b are countable joins of elements a-way below them, and 

this relation is preserved by finite joins.) But then x = (x A u) v (x A v) , and 

so x E r (a) U r (b) . Also, for a countable updirected set {an} in M , 

r(V{an}) = LJ{r (an)}. Since M is continuous, V.r (a)= a, and hence M 

is a retract of JcrM . Note that r is in fact proper : if a <cr b, then 

r (a)£ !a£ r (b). Since !a is compact, !a <cr !a and therefore r (a) (cr r (b). 

1.45. LEMJU: Any retract of a stably continuous a-frame is stably continuous. 

Proof: See Madden [1988]. 

From the above results it follows that as subcategories of uFrm: 

CohuFrm £ StContuFrm £ ContuFrm. 

1.46. Pl.OPOSITIOI: StContuFrm is coreflective in uFrm with coreflection functor JaL 

and coreflection map V . 

Proof: Consider h: M--+ L in uFrm with M stably continuous. 
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Let h' = J
11
h. r . This map is proper since both r and J

11
h are. Moreover the 

diagram commutes since VL.h' = VL.J11h.r = h.VM.r = h.idM = h. 

h' is unique : take any proper morphism f: M ___. J
11

L such that V.f = h . 

For a given a E M , if x ¢'.11 a then f (x) ¢'.11 f (a) and hence there exists b E L 

with f (x) £ !b £ f (a) . Thus h(x) = V.f (x) $ b E f (a) . This is true for all 

x <
11 

a, and therefore h'(a) £ f (a). Now consider t E f (a) , then !t <
11 

f (a). 

Since f (a) is a countable join of elements of the form f (x) where x (
11 

a, and 

hence f (x) <
11 

f (a) , it follows that !t ~ f (x) . for some x <
11 

a . Thus 

t $ V.f (x) = h(x), and so t E h'(a). This gives f = h' . 
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Chapter 2 UNIFORM FRAMES. 

Definition of a Uniform frame. 

2.1. DEFIIITIOI: For L E Frm, A ~ L is a cover of L if VA = e . 

2.2. DEFIIITIOI: 

Let Cov (L) denote the collection of all covers of L . 

For C, D E Cov (L) , 

C refines D , written C ~ D , if for each c E C , there exists 

d E D such that c ~ d . 

C meet D , written C A D , is { c A d I c E C , d E D } . 

For x EL, 

the star of x with respect to C is Cx = V { c E C I c Ax:/: 0 } . 

C star refines D , written C ~*D , if C* = { Cc I c E C } ~ D . 

(ie. for each c E C there exists d E D such that Cc ~ d . ) 

Let L E Frm, µ a non-empty subset of Cov (L) such that 

(Ul) µ is a filter with respect to A and ~ . 

(U2) For each A E µ, there exists B E µ such that B ~* A . 

then µ is a uniformity. 

For a, b E L , a is uniformly below b , written a <1 b , if there exists 

A E µ such that Aa ~ b . 
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µ is compatible on 1 if 

(U3) For each a E 1 , a = V { b E 1 I b <3 a} . 

I(µ is compatible on L then (L,µ) is called a uniform frame. 

If µ satisfies (U2) then µ is a subbasis for some uniformity, said to 

be generated by µ , which consists of all covers refined by a finite meet 

of covers in µ . If µ satisfies (U2) and is closed under finite meets, 

then µ is a basis for some uniformity, said to be generated by µ , 

which consists of a11 covers refined by some cover in µ . 

A frame morphism h: (L,µ) --+ (M,v) is uniform if h preserves 

uniform covers. That is, for each A E µ, h(A) E v. 

These are the objects and maps of the category UniFrm. 

The above definition is given by Frith [1986), A. Pultr [1984 I] gives a different definition 

for a uniformity : if A¢ =· { VB I B ~ A, (a, b E B ~ a Ab j 0) } (ie. elements of B 

have pairwise non-zero meet), then Pultr replaces the star-refinement condition (U2) 

with the con di ti on (U2)' : For each A E µ , there exists B E µ with B ¢ ~ A . 

The following sequence of lemmas shows the two definitions to be equivalent : 

2 3 L F A A* ~ A¢¢ . • • EMMA.: or any cover , 

Proof: Let a E A , then Aa = V { x E A I x A a j 0 } . For each x E A such that 

x A a j 0 , {x,a} ~ A and the elements have pairwise non-zero meet, . hence 

V{x,a} E A 0 
·. Thus { V{x,a} I x E A, x A a j 0 } ~ A¢ , and since 
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V{x,a} A V{y,a} ~ a , elements of this subset have pairwise non-zero meet, 

therefore { V{x,a} I x E A, x ·"a:/: 0 } E A 
00 

. 

Since Aa = V { V{x,a} I x EA, x A a:/: 0}, if follows tliat A* SA~~. 

2.4. LEIDl.A.: If X S Y then x° S ¥° . 

Proof: Take VB E x0 
, (ie. B ~ X such that the elements of B have pairwise non-zero 

meet.) For each b in B , b E X, so there exists Yb E Y with b S Yb. Thus 

VB S V{ Yb I b E B } . Now consider {Yb I b E B } ~ Y : 

Yb A Ya ~ b A a :/: 0 since a, b E B , hence the elements of this subset have 

pairwise non-zero meets, thus V{ Yb I b E B } E Y
0 

. 

2.5. Pi.OPOSITIOJ: If µ satisfies (Ul} and (U3} thenµ satisfies (U2}' if and only if µ 

satisfies (U2) . 

Proof: Assume µ satisfies (U2)' : let A E µ , then there exist B and D in µ such 
o· o . o o oo o 

that B SA and D S B. (1e. D SB SB SA.) But D SB (lemma 2.4) 

and D* S D00 (lemma 2.3 ), hence D* SA . 

Conversely, assume µ satisfies (U2) : let B S* A , take D ~ B such that 

( x,y E D ~ x A y :/: 0 ) . If D = ~ then VD = 0 S a for each a E A , else fix 

d ED , then VD S Dd S Bd S a , for some a E A , since B S* A . Hence 

B0 = { VD I D ~ B, ( x, y E D ~ x A y :/: 0 ) } S A . 
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2.6. Pl.OPOSITIO:X: For {L,µ) E UniFrm, the uniformly below relation <1 is a sublattice of 

L x L satisfying the following properties : 

i) for any. a, b, x; y in L, x ~ a <1 b ~ y ~ x <1 y . 

ii) a <1 b ~ a -< b . 

iii} <1 interpolates. 

iv) a <1 b then b* <1 a* where a* = V { x E L I x A a = 0 } . 

v) <1 is approximating. {ie. each element is a join of elements uniformly 

below it.) 

vi} <1 is preserved by uniform frame morphisms. 

Proof: The proofs of these properties, except (iv), is as for the a-frame case m 

proposition 3.4, considering arbitrary and not countable covers. 

iv) Let a <1 b , with A E µ such that Aa ~ b . Now consider 

Ab* = V { x E A I x A b* 'f 0 } : take x E A with x A b* 'f 0 , then x ! b 

hence x A a = 0 , and so x ~ a* . 

Structures in the category of Uniform frames. 

Product in U niFrm : 

Consider a family (Li,µi)iEI in UniFrm. 

Let L be the cartesian product of the underlying sets I Li I of the Li with ~ defined 

componentwise. Then L E Frm and the projections Pi: L -+ Li are frame 

homomorphisms. 

·Let µ be the uniformity generated by those A E Cov(L) with Pi(A) E µi V i E I, 

· (ie. Ai E µi V i E I ) then µ. is compatible with L : 

Take x E L , then x = (xi)
1 

with Xi E Li . Let xi E L be defined by xi = (zj) 

where Zj = 0 if j 'f i and Zi = Xi , then x = V { xi I i E I } . Now Xi E Li 
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implies that x = V { Yr I Yr <l Xi wrt µi , r E J } , for some index set J . For 

each r E J , Yr <l Xi wrt µi implies that there exists Ar E µi such that 

ArYr ~ Xi . Define A by. (A)j = e if j f i and (A)i = A~-, then A is a cover 

of L and A E µ ( by definition ofµ ), and define yr E L as xi is defined 

above. Also, (Ayr)j = 0 for all j -f i , and (Ayr)i = ArYr ~ Xi , hence 

Ayr ~ xi . That is, yr <l xi wrt µ . Thus xi = V { yr I yr <l xi } , and hence 

each element of L is a join of elements uniformly below it. 

Consider an arbitrary family of maps hi: (M,v) --1 (Li,µi) , i E I in UniFrm. Since L is 

the product of the Li in Frm, there exists a unique frame homomorphism h: M --1 L 

such that hi = Pi· h , 

(L,µ) 
I' 

h / 

~ / 
/ 

(M,v) hi ( Li,µi) 

In fact h is uniform : Let V E v , then hi(V) E µi for all i E I . Hence Pi·h (V) E µi for 

all i , which implies that h (V) E µ . 

Hence (L,µ) is the uniform product of (Li,µi)iEI . By construction, the underlying frame 

of the uniform product is the product of the underlying frames. This says the forgetful 

functor UniFrm --1 Frm preserves products. 

Coequalizers in UnH'rm : 

The method of . proof of the existence of coequalisers and coproducts in UniFrm · 

correspond to those used by Banaschewski [1980a] to show their existence in Frm. 

Consider two maps f,g: (L,µ)-+ (M,v) in UniFrm. 

Let S be a representative set of all surjections u: (M,v) -+ (Ku)u) m UniFrm 
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(ie u: M ---i Ku is onto and u( v) generates >.u.) such that u.f = u.g . Take the uniform 

product of { (Ku)u) I u E S } , then, by the universality of products there exists a map 

w: (M,v) ·---i II (Ku)u) .' Consider the factorization of w as follows : 

(M,v) W II (Ku)u) 

~ / 
(Im( w) , [ u( v)]) 

where [u(v)] is the uniformity generated by the image of v (which is easily seen to be 

compatible on Im( w) since uniform maps preserve the uniformly below relation.) and j is 

the inclusion map. Then v is the coequaliser : 

take any h: (M,v) ---i (N,w) in UniFrm with h.f = h.g , and let h' be h 

with codomain retricted to Im(h) and uniformity generated by h(v) . Since 

h' .f =h' .g, there exists u0 E S with I:. (Im(h),(h(v)]) ---i (Ku
0
)u

0
) an 

isomorphism. Let q be the restriction of the projection Pua to (Im( w),[u(v)]) , 

then h = i . l . q . v where i :(Im(h),(h(v)]) ---i (M,v) · is the inclusion map. 

Thus h factors via v , and uniqueness follows since v is surjective. 

Coproduct in UniFrm : 

Consider a family (L1,µ1)iEI in UniFrm. 

Let R be a represetative set for the family of maps u = (u1)
1 

, where 

u1: (L1,µ1) ---i (Ku,vu) are uniform frame maps, such that Ku is generated by 

U { Im(u1) I i EI} and Vu is generated by LJ { u1(µ1) I i E I } . 

[ Liu is compatible on Ku : 

If x E Ku then x = V{ u1(x1) I i E I } with Xi E L1 . Now Xi E L1 implies that 

Xi = V{ Yr I Yr <l Xi wrt µ1 , r E J } for some index set J . 
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Since Ui is uniform and Vu is generated by LJ Ui{µi) , it follows that 
I 

Ui{Xi) = V{ Ui{Yr) I Ui{Yr) <l Ui{xi) wrt Vu , r E J } and consequently 

x = V{ a I a <l x wrt vu} ] · · 

Take the uniform product of { {Ku,vu) I u E R }, and define Wi: {Li,µi) -+II {Ku,vu) by 

Wi{x) = {ui(x))uEB. , then Wi is a uniform frame map {by the definition of the uniform 

product). Let K be the subframe of II Ku which is generated by LJim{wi) with 

uniformity v generated by LJ Wi{µi) (v is compatible on K : the proof is as for Vu 

above), and let the uniform frame maps Wi restricted to (K,v) be Vi. 

Consider an arbitrary family of maps fi: {Li,µi) -+ (M,>.) in UniFrm. Let M' be the 

subframe of M generated by LJ Im{fi) with uniformity >.' ~ >. generated by LJ fi(µi) , 

{Li,µi) 
v i 

(K,v) II{Ku,JLu) 

f;l ~ ql /. 
{M, >.) z {M',A') N {Kuo' Vuo) 

l 

hence fi = i. l. q. Vi, thus fi factors via Vi . 

Suppose that f i = g . Vi for all i , then i . l . q and g coincide on LJ Im{ vi) , which 

generates K . Since two homomorphisms coinciding on generating sets are equal, 

g = i . l . q . Hence the factorization is unique. 

The 'Fine' uniformity : 

It has been shown that a frame is uniformizable iff it is completely regular. ( Pultr [1984 I] 

and Frith [1986] ) As in the spatial situation, it is natural to consider under what 

conditions the collection of all covers of a given frame form a uniformity, and if not, what 

the 'finest' uniformity on the frame is. 
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Let LE CrgFrm, and consider all uniformities µ ~ Cov(L) compatible on L. 

Let µF be the uniformity generated by µ = U { µ I (L,µ) E UniFrm } 

(ie. µF ·= {A E Cov(L) I 3 Ai, ... Ak E µ with A1 A ••• A Ak ~-A}) This.is a uniformity 

since µ is a subbasis : for each A E µ , A E µ for some (L,µ) E UniFrm , hence there 

* exists B ~ A m µ (by (U2) ), but then B E µ . ) 

Since each µ is compatible on L , so is µF , hence (L,µF) E UniFrm. Obviously any 

id 
uniformity µ compatible on L.is contained in µ, hence (L,µ) ~ (L,µF) is a uniform 

frame morphism. 

2.7. DEFIIITIOI: A sequence of covers A1, A2,··· is a normal sequence if An+l ~* An . 

A E Cov(L) is a normal cover if A = A 1 in some normal sequence. 

A family µ ~ Cov(L) is a normal family if for each A E µ , there 

exists B E µ , with B ~* A . (ie. µ satisfies (U2), hence is a subbase 

for a uniformity.) 

In Frm all covers correspond to 'open' covers in the spatial setting, hence a normal cover 

is 'normally open' in the sense of Willard [1968] . 

2.8. Pl.OPOSITIOI: The 'fine' uniformity µF on L is the uniformity on L consisting of 

all normal covers of L . 

Proof: Let µ be any uniformity on L and take any normal cover A , say with 

. A = A1 in some normal sequence {An} , then µ U {An} is a normal family, 

hence a subbase for some uniformity which is compatible with L since µ is. 

Hence A E µF • On the otherhand, by the star-refinement property for 

uniformities, each A E µF is a normal cover. 
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2.9 LEMMA: Let {M111) E UniFrm and h: M --1 L in CrgFrm, then h: {M
1
11) --1 {L,µF) 

is uniform. 

Proof: It suffices to show that h[11] is a normal family, (ie. that h[A] is a normal 

cover for each A E 11. ) Let A E 11 , that is h[ A] E h[ 11 ] • Since 11 is a 

uniformity, there exists B E 11 with B ~* A . Now take b E B , then there 

exists a E A with Bb ~ a , 

so h[B]h(b) = V { h(x) I h(x) A h(b) -f 0, x EB} 

5 V { h(x) I x Ab f 0, x E B } 

= h [ V { x I x A b -f 0, x E B } (h is a frame map) 

= h (Bb] ~ h(a) 

Hence h[B] 5* h[A] . 

Banaschewski [1988] shows directly that a compact regular frame has a unique uniformity, 

and the analogous result holds for the appropriate u-frames as will be shown in 

lemma 3.15 . This fact, in conjunction with the above lemma, yields the following 

corollary: 

2.10. COl.OLLAl.Y: If h: L --1 M in CrgFrm and ME KRe9Frm1 then for any uniformity 

µ on L, h: {L1µ) --1 M is uniform. 

This is precisely the frame analogue to the result that any continuous function from a 

compact space to a uniform space is uniformly continuous. ( Willard [1968] ) 
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2.11. DEFilfITIOI: L E Frm is paracompact if each cover has a locally finite refinement, 

where a cover B is locally finite if there is a cover C such that each 

element of B has non-zero meet with only finitely many elemenrs·-

of C. 

L E Frm is fully normal if each cover has a star refinement (ie. Cov (L) 

is a normal family.) 

Dowker and Strauss [1975] show that a frame is fully normal iff it is paracompact and 

normal. Since paracompact and normal imply complete regularity, (Dowker and Strauss 

. (1972] ) every fully normal frame is uniformizable. 

) 

2.12. P:a.oPOSITIOlf: In a paracompact1 normal frame L {ie. fully normal}, the fine 

uniformity consists of all covers. (ie. µF = Gov {L) ) 

Proof: By proposition 2.8. µF consists of all normal -covers of L . Since L is 

paracompact and normal, hence fully normal, every cover of L is normal, 

hence every cover is in µF . 

In the spatial case, paracompact implies normal in a Hausdorff setting, thus giving the 

classical result that in paracompact spaces, the fine uniformity is generated by all open 

covers. (Willard [1968]). 
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Some corefiections in UniFrm : 

2.13. DEFillTIOJ: (L,µ) , is precompact if µ has a basis of finite covers. 

separable if µ has a basis of countable covers. 

2.14. LElllil: a) In a uniform frame, every finite uniform cover has a finite uniform 

star-refinement. 

b) In a uniform frame, every countable uniform cover has a countable uniform 

star-refinement. 

Proof: a) For (L,µ) E UniFrm, let A E µ be any finite cover. Then there exists 

C ~* A in µ (by the star-refinement property (U2).) Define an equivalence 

relation on C as follows : x "' y if and only if i) x S a ¢:::} y ~ a for all a E A 

and ii) Cx ~ a ¢:::} Cy ~ a for all a E A. 

Since A is finite there are only finitely many equivalence classes. Let D be the 

cover consisting of the joins of the equivalence classes of C wrt "' 

(ie. D = { x I x = V{ z E C I z "' x } } ). Since C ~ D , D E µ . Take any 

x E D and a E A such that Cx S a (since C ~* A). Suppose that y Ax:/= 0 for 

y E D , then there exists zx, zy E C with zy A zx f 0 and zx ,.., x , zy ,.., y . Since 

zy,.., x and Cx ~ a , Czx ~ a , but zy ~ Czx , hence y ~ Czx (by definition of 

the equivalence). Hence y ~ a and moreover for each z ,.., y in C , z ~ a and 

so it follows that y S a . Since this holds for any element of D having non-zero 

meet with x , Dx ~ a , hence D ~* A . 

b) For (L µ) a uniform frame, let A be a countable uniform cover. There 

exist covers B, D E µ such that B ~* D ~* A. Suppose that A = {ai}, 
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B = {b al· Define three functions m, n and q as follows: 

m( a) = least i such that b * < a. 
Q - I 

. n(a) = feast i such that b ** < a. 
Q - I 

q( a) = set of all i such that b a~ ai and i ~ n( a). 

Then m( a) ~ n( a) and m( a), n( a) E q( a). 

For j ~ k and ¢ a set of integers ~ k, including both j and k, let 

cjk¢ = V{ba I m(a) = j, n(a) = k, q(a) = ¢}. 

Let the b a's· forming this join be called "parts of cjk¢". Clearl! C = { cjk¢} 

is countable and uniform since B < C. Take b part of c.k"'' b/3 part of c •1, - a J If' rs¥' 

with ba"bf3-f0. It follows that ba~b/3*, so ba*~b{3**~as, whence j~s. 

Moreover b {3 ~ b a* ~ aj, hence j E 'l/J. This implies that crs'l/J ~ aj" Since this 

holds for each such c •1, which has non-zero meet with c.k"'' c 'k"' <* a .. 
rs ¥' . . J If' J If' - J 

Therefore C ~*A. 

The above proofs for cases a) and b) are essentially those given by Ginsburg and Isbell 

(1959 (Theorems 1.1 and 1.2)] for the analogous results for spaces. 

2.15. LEKJJJ.: For {L,µ) E UniFrm, let 11tp be the uniformity generated by all finite uniform 

covers of µ. Then {L111tp) is a precompact uniform frame. 

Proof: By lemma 2.14 , the finite covers form a uniform base, hence 11tp is a 

uniformity and 11tp is precompact by definition. Suppose b <1 a wrt µ , then 

there exists A E µ with Ab ~ a . Let a1 = V { x E A I x A b -f 0 } 

(ie. a 1 = Ab) and a2 = V { x E A I x A b = 0 } , then A' = { ai,a2 } ~ A , 

hence A' E 11tp and A' b ~ a . Therefore b <1 a wrt 11tp • Since (L,µ) E 

UniFrm, for each a E L , a = V { b I b <1 a wrt µ } hence a = V { b I b <1 a 

wrt 11tp } • This shows that 11tp is compatible on L . 
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2.16. Pl.OPOSITIOI: Precompact uniform frames are coreflective in UniFrm, with 

coreflection map idL: (L,µp) -i {L,µ) . 

Proof: Let (L,µ) E UniFrm, then (L,µ,p) is a precompact uniform frame. Consider any 

uniform frame homomorphism h: (M,v) -i (L,µ) with (M,v) a precompact 

uniform frame. Since (M,v) is precompact, v has a basis of finite covers. Let 

V E v, then there exists a finite V' ~ V in v , which implies that h[V'] E µ is 

finite and hence in µp . Therefore h[V] E µp since h[V'] ~ h[V] , hence h 

factors via the identity on L : 

(L,µ,p) (L ,µ) 

lb 
'\. 

(M, v) 

'\ 

'\. 
'\. 

Uniqueness of the factorisation follows since idL is manic. 

2.17. LEMMA.: For {L,µ) E UniFrm, let J.Ls be the uniformity generated by all countable 

uniform covers of µ , then (L,J.Ls) is a separable uniform frame. 

Proof: As for lemma 2.15. above. 

2.18. Pl.OPOSITIOI: Separable uniform frames are coreflective in UniFrm, with coreflection 

Proof: As for proposition 2.16. above. 
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.I··,• 

I 
! 
I. 

l 

2.19. P1.0POSITIOI: For any cardinal K and uniform structureµ,· the following are 

equivalent: . 

1) Every uniform cover has a subcover of cardinality K. 

2) Every uniform cover is refined by a uniform cover of cardinality K. 

Proof: 2) ~ 1) is trivial. Assume condi,tion 1) : let A E µ , and since µ is a 

uniformity take E ~* D ~* A in µ . By assumption there exists a subcover 

F ~ E of cardinality "' . Put B = { Df I f E F } , a cover of cardinality "' , 

and now take f E F , then there exists d E D with f ~ d , hence Df ~ Dd ~ a 

for some a e A , since D ~* A . Thus. B refines. A . Moreover B is a 

uniform cover since it is refined by E : if f E F ·.~ E , then f ~ Df E B (since D 

is a cover), else . e E E and e i F , then there exists g E F with g A, e :f. 0 

(since F is a cover ). This implies that e ~ Eg ~ Dg E B . 

·. 2.20. Co1.0LLAl.Y: A Lindelof un·iform frame is separable. , 

The corero part of a uniform frame. 

2.21. DEFIIITIOI: An ideal J of L is uniformly regular if for each x E J , there exists 

y E J with 'x 4 y . 

Let ~L be the collection of all uniformly regular ideals of (L,µ). 

2.22. Pl.OPOSITIOI: KRegFrm is coreflective in UniFrm with coreflection functor ~ ' and 

coreflection map pL: ~L ___:. L given by join. 
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2.25. COl.OLL.U.Y: CoZu L is a regular sub-<J-frame of L as a <J-frame. 

Proof: ~L is compact regular arid hence spatial. Thus 

Coz ~L rv 21.coz E~L E Reg<JFrm . Since the image of a regular <J-frame is a 

regular <J-frame, pL(Coz ~L) is a regular <J-frame, and thus so is Cozu L. 

2.26. LEW!: Coz ~L consists of precisely the countably generated uniformly regular ideals. 

Proof: Let J E Coz ~L . For each b E J choose a sequence b <1 b1 <1 b2 <1 ••• in J. Let 

Jb be the uniformly regular ideal generated by this sequence, then J is the join 

of all the Jb'S . By the same argument as lemma 1.5. since ~L is compact, J 

is countably generated. Conversely, let J E ~L be a countably generated . 

Since ~L is regular, J is a join of ideals rather below it, and again using the 

same argument as lemma 1.5. it follows that J is a cozero element. 

2.27. COl.OLLAl.Y: For {L1µ) E UniFrm1 the uniform cozero elements are precisely those 

elements which are the join of a sequence of elements uniformly below 

each other. 

Proof: Let a E Cozu L , then a = pL(J) for some J E Coz ~L . Now J is countably 

generated, say by Ci, c2, C3, .... Define a sequence (an) by a1 = C1 and an+l 

such that an v Cn+l <1 an+l . Then a = VJ = Van and an <1 an+l . Conversely, 
/ 

suppose a = V an , with an <1 an+l . Let J = { x E L I x ~ an , for some n } . 

Then J is countably generated uniformly regular ideal and so is in Coz ~L . 

Since a = VJ , a E Cozu L . 
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2.28. COl.OLLAl.Y: For {L,µ) E UniFrm, each uniform cozero element is a countable join of 

uniform co zero elements uniformly below it. 

Proof: As above, let a E Cozu L with a= pL(J) and J generated by a 1 '° a2 '° a 3 '° ... 

Then let Jn be the ideal generated by an = an 1 '° an 2 '° ..... an+l· (ie. repeated 

interpolation of an'° an+t ). Then J is the join of these Jn'S and Jn E Coz 91L 

for each n . Let an = pL (Jn) , then an E Cozu L . Moreover an '° a for each 

n. Now a= pL(J) = pL(V Jn)= V pL(Jn) =Van. 

2.29. LEMMA.: CoZu L generates L as a frame. 

Proof: In lemma 2.26. it was shown that each J in 91L is the join of cozero elements of 

91L , thus Coz 91L generates 91L as a frame. Now pL: 91L -+ L is onto : 

consider t(a) = { x E L I x '° a } for a E L. By the properties of the uniformly 

below relation this is a uniformly regular ideal, and since each element of L is 

the join of elements uniformly below it, a = pL (t(a)) . But t(a) is the join of 

cozero elements below it, say t(a) = V Ji with Ji E Coz 91L . Then 

a = PL (V Ji) = V PL (Ji) and PL (Ji) E Cozu L for each i . Hence each element of 

L is the join of uniform cozero elements. 

2.30. Pl.OPOSITIOI: Every uniform frame has a basis of cozero covers, that is, covers 

consisting of uniform cozero elements. 

Proof: This follows easily from the observation that if a '° b 

c E Cozu L such that a ~ c ~ b : Let a '° b in L 

then there exists 

then by repeated 

interpolation of the uniformly below relation, there exists a sequence 
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a = x1 <l x2 <l ••• <l b . Put c = V Xn , then by corollary 2.27. c is a uniform 

cozero element, ~d a~ c ~ b. 

Note that the result in lemma 2.29. follows directly from this proposition and 

corollary 2.27. 
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Chapter 3 UNIFORM u-FRAMES. 

Definition of a uniform u-frame. 

3.1. DEFIIITIOI: For L E uFrm, a cover of L is a sequence (an) in L such that 

Van= e. 

Let Cov (L) denote all the covers of L . 

A cover A = (an) refines B = (bn) , written A ~ B , if for each n , 

there exists m such that an ~ bm . 

Two covers A and B are equivalent if .A ~ B and B ~ A . 

For x E L and A E Cov(L) ,, 

the star of x with respect to A is Ax= V { a E A I a A x :f 0 } , 

and the star of A is A* = { Aa I a E A } , which is a cover of L 

since it is countable and refined by A . 

For A, BE Cov(L), 

the meet of A and B is defined by A A B = { aAb I a E A, b E B } , 

which is a countable set and a cover (by the distributivity property 

of L .) 

A star refines B , written A ~* B , if A* ~ B . That is, for each n , 

there exists m such that Aan ~ bm . 
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The statements of the following lemmas correspond to similar properties for frames 

( Pultr [1984 I] and Banaschewski [1988] ) 

3.2. LEMMA: For A, B, C, D E Cov(L) , 

i) x -< Ax for each x E L . 

ii) A ~* B ~ A( Ax) ~ Bx for each x E L . 

iii) A ~* B, C ~* D ~ A A C ~* B A D . 

Proof: i) Let A E Cov (L) with A= (an) and x EL, then 

e = Van = V { ai I ai A x = 0 } v V { ai I a1 A x 1 0 ) = s v Ax where 

s = V { ai I ai A x = 0 } and since s A x = 0 , s separates x and Ax . 

ii) Let A ~* B and x E L , then A(Ax) = V { an E A I an A Ax j 0 }. Take 

an E A such that an A Ax j 0, then an A V { ai E A I a1 A x 1 0 } 1 0 , and 

hence there exists ai such that an A ai j 0 and ai ·" x j 0 . It follows that 

an ~ Aai , and ai A x j 0 . Now since A ~* B , there exists bmi E B with 

Aai ~ bmi and thus bmi ~ Bx. Moreover an~ bmi, so an ~ Bx . This holds for 

all an which have non-zero meet with Ax, hence A(Ax) ~ Bx. 

iii) Let A ~* B and C ~* D . Take an E A , Cm E C , then 

(A A C)(an A Cm) = { ai A Cj I (ai A Cj) A (an A Cm) 1 0 } S Aan A Ccm . Since 

A ~* B, C ~* D there exists bn0 and dm 0 such that Aan S bn0 and 

Ccm ~ dm 0 • Hence (A A C)(an A Cm) ~ bn0 A dm 0 • 
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3.3. DEFIXIT~ox: A uniformity is a subset µ of Cov (L) such that 

(Ul) µ is a filter (with respect to~). 

(U2) For each A E µ, there exists BEµ such that B ~*-A.. 

For a, b E L , a is uniformly below b , written a <1 b , if there exists 

A E µ such that Aa ~ b . 

µ is compatible on L if 

(U3) For each a EL , there exists a sequence (an) in L with 

a = Van and an <1 a , for all n . 

If µ is compatible on L then (L,µ) is called a uniform (]-frame. 

If µ satisfies (U2) then µ is a subbasis for some uniformity, said to 

be generated by µ , which consists of all covers refined by a finite meet 

of covers in µ . If µ satisfies (U2) and is closed under finite meets, 

then µ is a basis for some uniformity, ·said to be generated by µ , 

which consists of all covers refined by some cover in µ . 

h: (L,µ) --i (M,v) in uFrm is uniform if for every A E µ, h[A] E v. · 

That is, h preserves uniform covers. 

UniuFrm is the category consisting of all uniform (]-frames and uniform (]-frame 

morphisms. 
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3.4. Pl.OPOSITIOI: For (L,µ} E UniuFrm1 the uniformly below relation <1 is a sublattice of 

L x L satisfying the following properties : 

. i) for any a, b, x, y in L I x 5 a <I b 5 y ~ x <I y . 

ii) a <1 b ~ a -< b . 

iii) <1 interpolates. 

iv) <1 is u-approximating. 

v) <1 is preserued by uniform (]-frame morphisms. 

Proof: <1 is a sublattice of L x L : Take a <1 b , c <1 d in (L,µ) , then there exists 

A, CEµ with Aa 5 b and Cc 5 d . Now consider A /\ CEµ , since 

(A/\ C)(a v c) 5 Aa v Cc 5 b v d , and (A /\ C)(a A c) 5 Aa A Cc 5 b Ad , 

it follows that a v c <1 b v d and a A c <1 b A d . For any cover A , AO 5 a and 

Aa 5 e for every. a E L , hence 0 <1 a and a <1 e . Thus 0 <1 0 and e <1 e so <1 

is a bounded sublattice of L x L . 

i) If x 5 a <1 b 5 y with Aa 5 b , then Ax 5 Aa 5 b 5 y , thus x <1 y . 

ii) By lemma 3.2, a -< Aa 5 b , hence a-< b . 

* iii) If a <1 b with Ba 5 b then, since µ is a uniformity, there exists A ~ B in 

µ, and then by lemma 3.2, A(Aa) 5 Ba , and so a <1 Aa <1 Ba~ b . This shows 

that <1 interpolates. 

iv) The compatibility of µ with L immediately gives that <1 is 

(]-approximating. 

v) Consider h: (L,µ) --1 (M,v) in UniuFrm, and a <1 b in L with Aa ~ b , 

then A E µ implies that h[A] E v (since his uniform). Now 

h[A]h(a) = V { h(x) E h[A] I h(a) A h(x) :f 0 } 

= V { h(x) I h(x A a) f 0 } 

5 V { h(x) l x A a f 0 } 

= h( V { x E A I x A a :f 0 } 

= h[Aa] ~ h(b). Hence h(a) <1 h(b) . 
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That every uniform frame is regular follow as a corollary to 3.4 . This is the a-frame 

counterpart of the result for spaces that every uniformizable space is completely regular. 

3.5. LEMMA: If a-< b in L E ReguFrm with separating element x, then there exists c in 

L such that a -< c -< b and x separates a -< c. Moreover there exists y 

separating c -< b such that y -<. x . 

Proof: In uFrm, regular implies normal (Banaschewski [1980]} and hence the rather 

below relation interpolates : take a -< b with separating element x . Since 

x v b = e , by normality there exists c, y in L such that c v x = e = y v b 

and c A y = 0 . Hence x separates a and c , y separates c and b , and c 

separates y and x. 

3.6. Pl.OPOSITIOI: Every regular a-frame has a compatible uniformity. 

Proof: Let L be a regular a~frame. · For each a -< b in L , there exists a separating 

element Sab , and thus { Sab,b} E Cov (L) . Let µ, be the collectiun of all covers · 

of the form { Sab,b} for a -< b in L , ranging over all possible separating 

elements. Let µ consist of all those covers which are finite meets of covers of µ,. 

Then to show that µ is a base for some uniformity it suffices, by 3.2 iii) to 

show that µ satisfies (U2) : take {sab,b} E µ, so a -< b in L with separating 

element Sab . By the lemma abov~ there exists c, y in L such that a -< c -< b, 

Sab separates a -< c, y separates c -< b and y -< Sab· 
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Applying this lemma again gives d, z in L such that c -< d -< b, y separates 

c-< d, z separates d -< b and z -< y. Let y = Scd, z = sdb· Then a-< c -< d -< b 

and sdb -< scd--< sab· Now let 

C = {sabi c} A {scdi d} A {sdb' b} E µ 

= {sdbi scd Ab, sab Ad, c} . 

Then C(sdb) ~ sdb v (scd Ab) ~ scd ~ sab , 

C(scd Ab) ~ (scd Ab) v sdb v (sab Ad) 

~ scd v (sab Ad) 

~ sab' 

C(sab Ad) ~ (sab Ad) v (scd Ab) v c 

~ (sab Ab) v c 

~ b' 

Cc ~ c v (sab A d) ~ d ~ b . 

Hence C ~* {sab,b} . Also if a -< b then {sab,b} E µ for some separating 

element Sab, and {sab,b}(a) = b, hence a <1 b. Thus the compatibility of the 

uniformity generated by µ follows as a consequence of the regularity of L . 

For any regular u-frame L , the uniformity generated as above will be denoted by µL . 

Since regularity implies' normality in uFrm, and norm~ity is equivalent to having each 

finite cover shrinkable (Banaschewski and Gilmour [1987]) , the above construction of µ 

gives the same uniformity as the one generated by all the finite covers. ( see proposition 

3.43.) 

3.7. Pl.OPOSITIOI: If f: L -1 M m ReguFrm, then f: {L,µL) -1 {M,µM) is uniform. 
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Proof: If a -< b in 1 th~n f (a) -< f (b) in M . Moreover, if Sab separates a -< b , 

then f (sab) separates f (a) -< f (b) , so if {sab,b} E µL then 

f ({s~b,b}).:;:; {f (sab),f (b)} E µM. Hence f is uniform. 

3.8. COl.OLLAl.Y: There is a functor from RegaFrm to UniaFrm which assigns to any 

regular a-frame L , the uniformity ,µL . 

The technicalities here are different to those employed in the proof of the corresponding 

result in Frm ( ie. every completely regular frame is shown to have a compatible 

uniformity. ( Frith (1986] ) ) where pseudocomplements exist and these obviate the 

necessity of considering all separating elements. Thus in the frame setting a coarser 

uniformity suffices. 

Structured version of the spectrum functor '11: RegaFrm -t Alex. 

For (1,µ) E UniaFrm, let '111 be the spectrum of all a-prime filters on 1 with cozero 

sets '11 a ~ '111 where '11 a = { P E '111 I a E P } . For each A E µ , let '11 A = { '11 a I a E 

A}. 

3.9. P1.0POSITIOI: { '11 A I A E µ } . is a basis for a separable uniformity '11 µ on '11 L. 

Proof: For each A E µ, LJ{ wan I an EA}= 'l!Van = 'l!e = 1, hence '11 A is a cover 

of '111 . If. A ~ B in µ then '11 A ~ wB and if A, B E µ then '11 AAB = 'l!A A 

'11 B , so since A A B E µ , this collection of covers is closed under finite meets. 

For each B E µ , there exists A ~* B in µ . Now take a E A , then 

55 



w A (w a) = U w x E w A I w a Aw x -f ~} = LJ { w x I w aAx -f ~} 

= LJ { 'It x I a A x -f 0 } = 'It Aa , and since Aa ~ b for some b E B , 

if follows that w Aa ~'lib. Hence w A~* "llrB. 

3.10. Pl.OPOSITIOI: The topology induced by w µ on w L is the topology associated with 

w L as Alexandro ff space. 

Proof: Take any open set X £ 'l'L , then X is an arbitrary union of cozero sets, say 

X = LJ { 'It ai I i E I } for some index set I . For each P E X , there exists i E I 

such that ai E P . Now ai is the countable join of elements uniformly below it, 

and since P is a-prime, there exists b <1 ai in L with b E P . Hence 

P E 'lib <1 w ai . It follows that X is open with respect to the topology induced 

by the uniformity. Now consider X £ WL , open with respect to the topology 

induced by the uniformity. For each P E X there exists w A E 'Itµ such that 

w A({P}) £ X . Choose any ap E A such that· P E wa £ X , then 
p 

X = LJ { w ap I P E X } . 

3.11. Pl.OPOSITIOI: If h: (L,µ)-1 (M,v) in UniaFnn, then 'Ith: (w M, 'ltv)---+ ('It L, w µ) 

defined by w h(P} = h - 1(P} for PE w M 1 is a uniformly continuous 

map. 

Proof: Since w : aFrm---+ Alex is a contravariant functor, it is only necessary to check 

that the map is uniformly continuous take w A E w µ , with 

w A = { wan I an E A } . Since (wh)-1('¥ a) = wh(a) , (wh)-1['¥ A] = wh[A] . 

Now since h is uniform, h(A] E v, and hence Wh(A] E Wv. 
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The Samuel compactification of a uniform u-frame. 

The details below, 3.12 - 3.19, are adapted in part from those presented by Bana::schewski 

[1988] for the analogous construction for frames. 

3.12. DEFIIITIOI: For (L,µ) E UniuFrm, an ideal J ~ L is uniformly regular if for each 

x E J there exists y E J with x <l y . Let 9l
0
L be the set of all 

countably generated uniformly regular ideals. ( Then each such ideal is 

generated by a sequence ai <l a2 <l ••• ) 

3.13. LEMlil: For a <l b <l c in (L,µ) , there exists x, y E L such that x separates 

a -< b , y v c = e and y <l x . 

Proof: For a <l b in (L,µ) , there exists A E µ with Aa $ b . Take B $* A in µ, 

then a <l Ba <l Aa $ b <l c . Now let x = V { z E B I z A a = 0 } , then x 

separates a -< Ba and hence also a -< b . And let y = V { z E B I z A Ba = 0 } 

then y v Ba= e and hence y v c = e . Suppose that d E B and d A y 'f 0 , 

then for some z E B with z A Ba = 0 , d A z 'f 0 . Since z A Ba = 0 implies 

that z A z' = 0 for all z' A a 'f 0 with z' EB , it follows that d A a= 0, and 

so d $ x, and hence By$ x. 

3.14. PlOPOSITIOI: 9l
0

L is a compact regular u-frame. 

Proof: By the properties of the uniformly below relation, it follows that if I, J E 9l
0
L 

then I n J E 9l0 L and I V J E 9l0 L . Any updirected countable join of ideals in 

9l0 L is clearly in 9l0 L , hence 9l0 L is closed under finite meets and joins. 

57 



Moreover 91crL £ .J6a.L , since uniformly below implies rather below, and hence 

91crL is a compact u-frame. Now take any J E 91crL with generating sequence 

a1 <1 a2 <1 •• • • For each n , · let Jn . ·be the ideal genera1·ed by the· sequence 

an = an0 <1 an 2 <1 ••••• <1 an+l , obtained by repeated interpolation of the uniformly 

below relation. Now Jn E 91crL and J = VJn . For each n , an <1 an+l <1 an+2 , 

and hence by the preceeding lemma, there exists bn, Cn such that bn separates 

an -< an+l , Cn v an+2 = e and Cn <1 bn . Define In as the ideal generated by the 

sequence Cn = Cno <I Cn1 <I Cn2 <I ••• <I bn . Then In E 910"L . Now In n Jn+l = 0 

since an A bn = 0 and In V Jn+2 = L since an+2 v Cn = e . Thus Jn+l-< Jn+2 £ J 

and hence 91crL is regular. 

(This proof of regularity uses the same method as used by Banaschewski and Gilmour 

[1989] to prove the regularity of .J6a.L . ) 

3.15. LEW!: A compact regular u-frame has a uni'fjue compatible uniformity generated by 

all the finite covers. 

Proof: The proof that each compact regular frame has such a unique compatible 

uniformity carries over to the u-frame setting. Let A be a finite cover, then 

for each a E A , a is a countable join of elements rather below it, and hence 

VA = V { V {xn I Xn -< a } I a E A } = e. By compactness there exists a finite 

subcover and by the finiteness of A , for each a in A take Xa -< a such that 

V { Xa I a E A } = e . Let Za separate Xa -< a , then Aza = 0 and 

B = A { { a,za} I a E A } ~ A . Thus in order to show that each finite cover has a 

finite star-refinement, it suffices to prove that each cover consisting of two 

elements has a finite star-refinement. 
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Consider a cover .{a, b} . By normality there exists x -< a , y -< b such that 

xv y = e .. ·Let s and t be the separating elements of x -< a and y -< b . Then 

{ s, a), { t, b} and { x, y} are covers .. Now let D be the-meet of tnese three 

covers, then D = { sAbAy, aAbAx, aAbAy, aAtAx} Since D(sAbAy) ~ b , 

D(aAbAx) ~a, D(aAbAy) ~ b and D(aAtAx) ~ a, D ~*{a, b} . Now x-< a 

implies that there exists a separating element s , and hence { s, a} is a finite 

cover and {s, a}(x) = a , thus it follows that x <1 a with respect to finite 

covers, and hence the compatibility of the uniformity generated by the finite 

covers comes directly from the regularity. 

Uniqueness : Let µ be any compatible uniformity on L E KReguFrm, and take 

any finite A E Cov (L) . For each a E A , take xa <1 a such that 

V { xa I a E A } = e . Since A is finite and xa <1 a , there exists B E µ with 

Bxa ~ a for all a E A . , Take t E B , then t A xa -f 0 for some a E A , since the 

x3 's form a cover. This implies that t ~ Bxa ~ a , hence B ~ A , and so A E µ. 

· 3.16. Col.OLLA.lY: KReguFrm is a full subcategory of UniuFrm. 

3.17. LEW!: 91cr: UniuFrm-+ KReguFrm is a functor. 

Proof: Let h: (L,µ) ---+ (M,v) in UniuFrm. Since h preserves the uniformly below 

relation, if J E 91crL then [h(J)] E 91crM where [h(J)] is the uniformly regular 

ideal generated by the sequence h( a 1) <1 h( a2) <1 ••• if a 1 <1 a2 <1 ••• generates J . 
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Note that [h(J)] does not depend on the particular choice of the sequence (an) : 

Let (bn) be any other such sequence generating J then Van = VJ = Vbn . Now 

take- any ai <1 ai+l with separating element Si . Then Si v Vbn = e and-hence by 

compactness Si v bj = e for some j , and therefore ai S bj . This shows that 

the ideal generated by the an is contained in the ideal generated by the bn . By 

symmetry, equality is obtained. 

Therefore, since h is a u-frame morphism, 91crh: 91crL -1 91crM defined by 

sending J to [h(J)] , is a u-frame morphism. 

3.18. LEMMA: For {L,µ) E UniuFrm, pL: 9'
0
L -1 {L,µ) given by join is a uniform 

u-frame morphism. 

Proof: pL is the restriction of kL to the countably generated uniformly regular ideals, 

a sub-u-frame of ~L , and hence pL is a u...:..frame morphism. Take any finite 

cover J 1, .... Jn of 91crL , then there exists ai E Ji such that a 1 v ... v an = e . 

Let Ci = pL (Ji) , then ai <1 Ci ( since the Ji are uniformly regular.) Since 

there are only finitely many relations, there exists B E µ such that Bai S Ci for 

all i . For any t e B , t A ai f. 0 for some i , since the ai's form a cover. 

Hence t S Bai S Ci , and thus it follows that B S { c1, ... Cn } . Therefore 

PL [{Ji,··· Jn}]= {ci, ... Cn} E µ. 

60 



3.19. LEIOU.: For ME KReguFrm, PM.: 91
0
M-+ M is an isomorphism. 

·Proof: pM is always · surjective (since each element of the -uniform a-frame is a 

countable join of elements uniforinly below it.) and dense, hence injective. (see 

Ch.O ) Since both M and 910 M are compact regular, each have a unique 

compatible uniformity generated by all the finite covers, and hence pM is an 

isomorphism. 

The following proposition establishes the existence of a Samuel compactification for 

uniform a-frames. 

3.20. Pi.OPOSITIOI: KReguFrm is coreflective in UniuFrm with coreflection functor 91
0 

and coreflection map PL: 910 L -+ {L,µ} . 

Proof: Consider any h: M-+ (L,µ) in UniuFrm with M E KReguFrm. 

91
0 

L 
PL 

(L 'µ) 

91 h I I h a 

91 M ~ M a PM 

The diagram commutes since h preserves countable joins. Since M is compact 

regular, pM is an isomorphism, hence pL.910 h.(pM)-1 = h , that is, h factors 

via pL . The uniqueness of this factorisation follows since pL is dense and hence 

monic. 
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The following results are reaclily established, with only .the necessary small changes to the 

·.proofs of 2.14 - 2.16 : 

3.21. LEMM!: Every finite uniform cover of a uniform a-frame is star~refined by a finite 

uniform cover. 

3.22. DEFIIITIOI: A uniform a-frame is precompact if it has a uniform base consisting of 

finite covers. 

3.23. LEMM!: For {L,µ) E UniuFrm, if JJ,p .denotes the uniformity generated by the finite 

uniform covers of µ, then {L,JJ,p) is a precompact uniform a-fr.ame. 

· · 3~24. Pl.OPOSITIOI: Pre compact uniform a~ frames are coreflective .in· UniuFrm :with 

idL: {L,JJ,p} --1 {L,µ). as the coreflection map. 

Structured versions of functors di and Coz. 

The same notation is used as for the unstructured functors, the context should prevent any 

confusion. 

· For (L,µ) E UniuFrm , let d6'L be the frame of all a-ideals of L , and let diµ be 

· · . generated by { l(A) I A E µ} where l(A) = { lan I an E A}. 
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3.25. LEMMA: diµ is a uniformity compatible with di L. 

Proof: For A E µ , --{-lan I an E A } is a cover of cNL since V (lan) = 1 (Van) = 
le= L. The·set { l(A) I A E µ} satisfies the star refinement property (U2) : 

For A E µ , there exists B ~* A in µ . Take bi E B , then there is ami E A 

with Bbi ~ ami . Now (lB)(lbi) = v { lbj I (lbi) n (lbj) :/: ~ , bj E B } 

= v { lbj I l(bj "bi) :/: ~ ' bj EB } = v { lbj I bi " bj :/: 0 ' bj E B } 

= 1 V { bj E B I bj A bi :/: 0 } = 1 (Bbi) £ lami . Hence (lB) ~* (lA) . 

For J E O'IL 
1 

J = V { la I a E J } . For each a E J , a is a countabl~ join of 

elements uniformly below it, say {an} , since (L,µ) is a uniform a-frame. 

Hence J = V 1 (Van) = V lan with an 4 a in J . Now an 4 a implies that 

lan 4 la £ J . Thus each element of di L is the join of elements uniformly 

below it. 

Hence ( O'IL, diµ) is a uniform frame and since diµ has a basis of countable covers, in 

fact countable cozero covers, it is separable. This also follows immediately from the fact 

that O'IL is LindelOf. 

3.26. Pi.OPOSITIOJ: di: Unio" Frm-+ UniFrm is functorial. 

Proof: Consider f: (L,µ) -+ (M,v) in UniaFrm. Then Jtf: ( O'IL, cNµ)-+ (JIM, cNv) 

is defined by sending any ideal J to the ideal generated by f ( J) , denoted 

[f (J)] , and a basis cover lA to lf (A) . dlf is a frame homomorphism and 

since f is uniform, f (A) is a uniform cover of M , and thus 1f (A) is a 

uniform cover of cNM, so dlf is a uniform frame morphism. 
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The underlying u-frame of a completely regular frame need not be regular (This can be 

seen by considering the topology of any completely regular space which is not perfectly 

-·normal.) and. in fact, since the c6zero part of a completely regular· ·frame is the largest-­

regular sub-u-frame, the underlying u-frame is only regular if it equals the cozero part of 

the frame. Thus it is appropriate to consider a structured version of the functor Coz . 

For (L,µ) E UniFrm, let Cozu L consist of all uniformly cozero elements and let Cozu µ 

be the collection of all the countable uniform covers consisting of uniformly cozero 

elements. 

3.27. Pl.OPOSITIOX: CoZu µ is a uniformity compatible with CoZu L. 

Proof: For any uniformity the collection of countable uniform covers is a uniform basis 

(see lemma 2.14 ) and any uniformity has a basis of uniformly cozero covers, 

thus it follows that Cozu µ contains a countable cozero basis and hence is a 

uniformity on a u-frame. By Corollary 2.27 each uniform cozero element of L 

is a countable join of uniform cozero elements uniform relative to µ and hence 

relative to Cozu µ. Thus Cozu µ is compatible with Cozu L . 

Hence (Cozu L,Cozu µ) is a uniform u-frame. 

3.28. Pl.OPOSITIOX: (CoZu L, CoZu µ) generates the separable coreflection of {L,µ}. 

Proof: Cozu L generates L as a frame. ( Lemma 2.29 ) Taking Cozu µ as the basis 

for a uniformity on L gives a separable uniformity which is compatible with L 

since each element of L is a join of uniform cozero elements, each of which is 

the countable join of elements uniformly below it. By the definition of Cozu µ, 

it follows that the frame uniformity generated by Cozu µ is precisely JJ.s • 
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3.29. Pl.OPOSITIOI: CoZu: UniFrm--+ UniuFrm is functorial. 

ProoT: Consfdef f: (L,µ)....:..... (M,v) in UniFrm. Since frame morphisms preserve cdzero 

elements, f restricted to Cozu L maps into Cozu M, so Cozu f = f obviously 

preserves composition and identities. 

3.30. LEDA: If (L,µ) E UniFrm with L E RegLindFrm ~ ReguCohFrm then 

u(L} = Coz L = CotuL . 

Proof: For all regular LindelOf frames u(L) = Caz L , and for all uniform frames 

CozuL ~ Caz L . Take a E u(L) , since a is countable and L is uniform, 

a = V { an I an 4 a}. By Corollary 2.27 it follows that a is a uniformly cozero 

element. 

3.31. Pl.OPOSITIOI: d{ is left adjoint to CoZu. 

Proof: For (L,µ) E UniuFrm , let the unit T/L: (L,µ) ---+ ,cozu ( J6"L, d6" µ) be the map 

defined by T/L(x) = !x . By lemma 3.30 , since J{L is regular Lindelof, the 

countable elements of J6"L are precisely the uniformly cozero ones, and thus 

T/L is a well-defined frame map. A uniform cover {an} of L is taken to {!an} 

which is a countable uniform cover of J{L , and consists of uniformly cozero 

elements and thus belongs to Cozu J6"L . Thus T/L is uniform. 

Naturality of T/ : If f: (L,µ) ---+ (M,v) is any uniform a-frame morphism and 

xEL, 
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. ~ ' -. -. 

(L ,µ) 
1/L 

Cozu ( cN L , cN µ~) x !x 

f l .. l C 0 Zuc1'f 1 -

(M, v) 
1/M 

Cozu ( cN M , cN v ) f ( x) !f(x) 

then Cozu cNf (lx) = Cozu (lf (x)) = !f (x) . 

For (L,µ). E UniFrm , the counit EL: cNCozu (L,µ) --1 (L,µ) is the map given 

by join. Any basic ,uniform cover of cNCozu L is of the form {!an} , with 

an E Cozu L , which is taken by EL to {an} which is a uniform cover of L . 

Herice EL is uniform. 

Naturality of EL : if g: (L,µ) --1 (M,v) is a uniform frame morphism and 

J E cNCozu L, 

EL 
cNCozu ( L ,µ)-----+ (~ ,µ) 

3Cozu g. l l g 

EM 
cNCozu (M,v) -----+ (M,v) 

J----VJ 

[g ( J)] i-----V[g (J)] 

then g (VJ) = V g (J) = V [g (J)] , since g is a frame map. 

For adjointness it only remains to verify the identities : 

E cN(L,µ)· cN17L = id cN(L,µ) and Cozu.E(M,v)·T/cozu(M,v) = idCozu(M,v)· 

Take J E cN(L,µ) where (L,µ) E UniuFrm,. 

cN17L(J) = { I E Cozu cN(L,µ) I I ~ J } and then since cNL is a completely 

regular frame, the join of this set is J ie. E cN(L,µ). cN 1/(L,µ) ( J) = J . 

Take a E Cozu (M,v) where (M,v) E UniFrm , 

TJc (M )(a) = { x E Cozu M I x ~ a} and the join of ,this set is a , hence 
OZu 111 

Cozu E(M,v)·T/cbzu(M,v)(a) = a. 
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3.32. LEW.A.: For a Lindelof uniform frame d{ CoZu {L,µ) "' (L,µ) . 

-- Proof: ··.consider maps V: d{Cozu L -+ L. (ie. the counit EL.) and t.p: L .....:.+- d{Cozu L ~ 

defined by 'P (a) = { x e Cozu L I x ~ a } . These are well-defined frame 

morphisms. Since Cozu L generates L , V( cp (a)) = a. Now let J e d{Cozu L , 

and take x e Cozu L with x ~ VJ , ie. x e 'P (VJ). Since L is regular and 

LindelOf, Cozu L = a{L )- , and thus x is countable, so x ~ Vbn with bn E J , 

and hence x e J since J is a a-ideal. Therefore cp (VJ) = J . This shows that 

d{Cozu L ~ L as frames. By the definition of d{, V extends to a uniform 

frame map V: d{Cozu (L,µ)-+ (L,µ) . Since (L,µ) is LindelOf, hence separable, 

it has a basis of countable uniformly cozero covers. Take any such basic cover 

A, then A E Cov (Cozu L) and so l.{J (A) = { l.{J (a) I a E A} is in d{Cozu µ. 

Hence cp is also a uniform frame map, and the isomorphism extends to the 

objects considered as uniform frames. 

3.33. LEW.A.: For any {L,µ) E UniuFnn, {L,µ) "' CoZu d{ {L,µ) . 

Proof: Let (L,µ) e UniuFrm. Consider the uniform a-frame maps 

V: Cozu d{(L,µ)-+ (L,µ) and TJL: (L,µ) -+ Cozu d{ (L,µ) . Since d{ L is 

regular LindelOf, Cozu d{L = a ( d{L) and the countable elements are precisely 

the principal ideals. (Proposition 1.11.) From this follows that the two maps are 

inverse to each other, and so (L,µ) ~ Cozu d{(L,µ) . That the uniformities are 

isomorphic follows easily since d{(L,µ) is separable. 

3.34. Pi.OPOSITIOI: Lindelof uniform frames and uniform a-frames are the fixed objects of 

the adjunction described above. 
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These interactions between uniform u-frames and uniform frames allow for an alternate 

description of the Samuel compactification ~ L of a separable uniform frame L via the 

corresjfonding com"pactification of a uniform u-frame, similar to that. done for the 

Stone-Cech compactification. Thus the following propositions shows that ~ L is 

completely determined by the cozero part of L. 

3.35. Pi.OPOSITIOI: For any separable uniform frame {L,µ) , Coz ~L ~ ~cr CoZu L . 

Proof: (Cozu L,Cozu µ) E UnierFrm and since ~LE KRegFrm, Coz ~L is a compact 

regular er-frame and hence has a unique uniformity. Now pL: ~L -1 (L,µ) 

restricts to au-frame morphism, say p
1

: Caz ~L -1 Cozu L. Take any finite, 

and thus uniform, cover A of Caz ~L , then A is a finite , hence uniform 

cover of ~L, and thus pL(A) E µ. But pL(A) is countable and consists of 

uniformly cozero elements, so pL(A) E Cozu µ . Thus the restriction 

pL: Caz ~L ---1 (Cozu L,Cozu µ) is a uniform er-frame morphism. ·Thus by the 

coreflection property of KReguFrm , this map factors via the Samuel 

compactification of the codomain : 

Coz~L 
PL 

-+ Cozu (L,µ) 

' l PcozuL 
h' 

' '\. 
RcrCozu (L, µ) 

Now define f: Cozu L -1 Caz ~L by f (a)= { x E Cozu L I x ~a}. Since each 

element of Cozu L is a countable join of elements of Cozu L uniformly below it, 

this is a countably generated uniformly regular ideal, hence this is a well-defined 

er-frame morphism and moreover, since Coz ~L is compact, 
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f: (Cozu L,Cozu µ) -+ Coz 9lL is uniform. Also f.pL = idcozu L and so it 

follows that f.pCozuL : 9laCozu L -+ Coz 9lL is inverse to h Hence 

9laCozu L ~ Coz fRL . 

3.36. Pl.OPOSITIOI: For a separable uniform frame {L,µ) , J'6'9laCoZu {L,µ) ~ 9l {L,µ) . 

Proof: Since 9lL is compact, it is obviously Lindel6f and hence, by Lemma 3.32, 

J'6'Coz 9lL ~ 9lL . Now applying the functor J'6' to the result in Proposition 

3.35 gives that J'6'Coz 9l (L,µ) ~ J'6'9laCozu (L,µ) . These combine to give 

J'6'9laCozu (L,µ) ~ 9l (L,µ). 

3.37. Pl.OPOSITIOI: For a separable uniform frame, pseudocompactness implies 

precompactness. 

Proof: Let (L,µ) be a separable uniform frame, which is pseudocompact. Take any 

A E µ , then, by separability, there exists B ~ A in µ such that B is a 

countable cozero cover. Each cover of Cozu L has a finite subcover, since 

Cozu L ~ Coz L , and Coz L is compact, and thus by lemma 3.15 each uniform 

cover is refined by a finite uniform cover. From this it follows that there exists a 

finite uniform cover of Cozu (L,µ) refining B and hence A . Thus (L,µ) is 

precompact. 
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,' ·-

Proximity u-fram.es and strong inclusions. 

3.38. DEFIIIITIOI: For L E uFrm, a binary rela~ion <1 on L is a strong inclusion i( 

(Sil) x ~ a <1 b ~ y =:} x <1 y . 

(SI2) <1 ~ L x L is a sublattice 

ie. 0 <1 0, e <1 e, x, Y. <1 a, b =:} x <1 a A b, x v y <1 a . 

(S13) x <1 a =:} x -< a . 

(SI4) <1 interpolates. 

(SI5) x <1 y =:} there exists a, b E L with b <1 a , b v y = e 

and a Ax= 0. 

(L,<1 ) is called a proximal u-frame if 

(S16) for each a E L, there exists a sequence (an) with a = Van 

and an <1 a . That is, <1 is a u-approximating relation. 

h: (M,<1') ---1 (L,<1) in uFrm is proximal if h x h [<1'] ~ <1. Tha;t is, 

h preserves strong inclusions. 

These are the objects and morphisms of the category ProxuFrm. 

. . This is analogous to the definition of proximal frames and ProxFrm in the setting of 

frames. Condition (SI5) is the approprfate replacement for the frame condition 

, i· ' x <1 y =:} y* <1 x* '. Frith [1986] shows that a du_ality exists between the categories of 

·proximal frames and proximity spaces. He .also shows that the category of proximity 

frames is equivalent to the subcategory of UniFrm consisting of the totally bounded · 

. (precompact) uniform frames. 
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3.39. P1.0POSITIOI: Every proximal (J-frame is regular. 

-·Proof: This follows easily since· <l implies -< and then (SI6)" gives the required· 

condition for regularity. 

3.40. P1.0POSITIOX: For LE ReguFrm, the rather below relation -< is a strong inclusion, 

and hence {L,<. ) is a proximal (J-frame. 

Proof: It is well known that the rather below relation always satisfies the conditions 

(Sil) to (SI3). (SI4) and (SI5) follow immediately from lemma 3.5. and the 

compatibility condition (SI6) is just the definition of a regular a-frame. 

3.41. COl.OLLU.Y: The rather below relation is the 'finest' strong inclusion compatible 

with a a-frame. 

Proof: As sublattices of L >< L , since <l implies -< for any strong inclusion <i , <i ~ -< . 

3.42. Pl.OPOSITIOI: For {L,µ) E Uni<TFrm, the uniformly below relation <i is a strong 

inclusion such that {L,<i ) E ProxuFrm. 

Proof: The properties of the uniformly below relation dicussed in propositon 3.4. give 

precisely conditions (Sil) to (SI4) . Lemma 3.13. gives (SI5) , and the 

compatability follows immediately from the definition of a uniform (J-frame. 
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Moreover, since uniform u-frame morphisms preserve the uniformly below relation 

(proposition 3.4.) this assignment is in fact functorial. 

3.43. Pi.OPOSITIOI: If {L,<1) E ProxuFrm then there exists a uniformity compatible on L 

such that the uniformly below relation is precisely <1 . 

Proof: Let µ be the uniformity generated by the collection of all those finite covers of 
<I 

L which are <1-refined by some finite cover, say µ . Then 

µ = { A E Cov(L) I A is finite and there exists finite B E Cov(L) with B <1 A } is 

a uniform basis : it suffices to check that any cover in µ consisting of two 

elements is star-refined by a member of µ. Take {a,b} E µ with {c,d} <1 {a,b} 

ie. c <1 a and d <1 b. By (SI4) , this relation interpolates to give c <1 c1 <1 c2 <1 a 

and d <1 d1 <1 d2 <1 b . Now applying (SIS) to c1 <1 c2 and d1 <1 d2 there exists 

y <1 x with y v c2 = e and x A c1 = 0 and there exists t <1 s with t v d2 = e 

and s A d1 = 0. Hence {y,c2} <1 {x,a} and {t,d2} <1 {s,b} ·aiso {c,d} <1 {ci,d1}. 

Then C = {x,a} A {s,b} A {ci,d1} = {x A d1, c1 As, c1 Ab, a A di}. Moreover 

C(xAd 1)~b, C(c 1 As)~a, C(c 1 Ab)~aAb and C(aAd 1)~aAb and 

hence C ~* {a,b} . 

If a <1 b in (L,<1 ) then for a <1 c <1 b there exists y <1 x with y v c = e and 

x A a = 0 , hence {x,b} E µ and {x,b}a = b, thus a is uniformly below b 

and consequently µ<1 is compatible on L .· Conversely if a is uniformly below 

b then there exists A in µ with Aa ~ b . Take a finite cover B <1 A , then 

since B is a cover and by (SI2) , a~ Ba <1 Aa ~ b hence by (SU) , a <1 b. 
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3.44. ColOLLJ.1.Y: Let (L,<J } E ProxuFrm. Suppose that. v is a precompact uniformity 

compat.ible on L which induces <J , then v ~ µ <J • 

3.45. Pl.OPOSITIOlf: Let h: {M,<J' )--+ {L,<J) in ProxuFrm then h.' {M1 v<J 1 )-+ (L,µ<J) is 

uniform. 

Proof: Take any finite A E v <J, , then there exists a finite cover B <J' A . Since h 

. preserves strong inclusions, h[B] <J h[A] and hence h[A] E µ<J . 

) 

3.46. COl.OLLJ.1.Y: The assignment of a uniformity to a proximity (]-frame described above 

is a functor from Proxu Frm to Uniu Frm . 

3.47. Pl.OPOSITIOlf: Supp.ose (L,<J ) E ProxuFrm and ii is any compatible 

I · uni/ orm structure on L which induces <J • Then µ <J ~ v . 

Proof: It suffices to show that each two element cover of µ <J is in v. Take { a,b} E µ <J , 

then there exists a cover { c,d} <J {a, b}. Since v induces . <J , there exists covers 

A, B in v with Ac~ a and Bd ~ b , moreover if C = A AB then Cc~ a , 

Cd ~ b and C E v. For any x E C , either x Ac -f 0 and then x ~ Cc~ a, or 

x Ac = 0 and then since '{ c,d} is a cover, x A d -f 0 so x ~ Cd ~ b . Therefore 

C ~ {a,b} and so {a,b} Ev. 
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3.52. PlOPOSITIOI: Given any compactification h: M-+ L in uFrm, then the binary 

relation defined by x <1 y if and only if there exists a,b E M with 

a~· b ana h{a) = X I h(b) = y J. is a strong inclusidn Compatible 

on L. 

Proof: (Sil) Take x' 5 x <1 y 5 y' in L , then since h is surjective and by the 

definition of <1 , there exists a, a', b, b' E M with a ~ b and h(a) = x , 

h(a') = x' , h(b) = y and h(b') = y' . Now x' = x' Ax= h(a') A h(a) = 

h(a' A a) and similarly y' = h(b' vb). Since a' A a 5 a~ b 5 b vb' , it 

follows that x' <1 y'. 

(SI2) 0 <1 0 and e <1 e since 0 ~ 0 , e ~ e and h preserves the top and 

bottom. Take x, x' <1 y , then there exists a, a', b E M with a, a' ~ b and 

h(a) = x, h(a') = x' and h(b) = y. Now xv x' = h(a v a') and av a' ~ b, 

hence xv x' <1 y . A similar argument shows that if x <1 y, y' then x <1 y A y' . 

(SI3) If x <1 y with x = h(a) , y = h(b) and a~ b in M , then since h 

preserves the rather below relation, x ~ y . 

(SI4) Take x <1 y as above. Since the rather below relation interpolates in 

ReguFrm there exists c with a ~ c ~ b and hence x <1 h( c) <1 y . 

(SI5) Take x <1 y as above. Since a ~ b in M , there exists c ~ d with 

d A a =0 and c v b = e . Now h(c) <1 h(d) and since h is dense 

h(d) Ax= h(d) A h(a) = 0. Also h(c) v y = h(c) v h(b) = e. 

(SI6) Since h is surjective, for each a E L , a = h(x) for some x E M . By 

the regularity of M , x = Vxn with Xn ~ x . Hence h(xn) <1 h(x) and so 

a= V h(xn). 

These two results show that there is a one-one correspondence between compactifications 

and strong inclusions. 
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