

























































































































































































































































































































































































Equation 5-11

=
S
~—

To evaluate the propagated error, the geometry of the collision is drawn as illustrated in

Figure 5-46.

«—offset—

Figure 5-46 — Geometric Analysis of the collision

¥, can be rewritten as:

|u|-|¢| cos ex cos & Equation 5-12

|u|‘|n|cos[£+a] cos[£+aj
2 2

It is noted that unit vectors n and ¢ are equal to 1 and therefore y, is dominated by the

offset distance between the two particles.
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The error in the angle &, where D =# +r, and AD = Ar, +Ar,

X X
cosag=—" =" Equation 5-13
r+r, D

A, Y (ADY

Acosa=cosa ( ”f] +[5-j Equation 5-14
X

off
Thus,
| xy [(Ary ) (ADY
Acosa=-2 o +{ } Equation 5-15
D X D

The contributing error from AD is very small, therefore can be omitted from Equation S-

15. Therefore,

Acosa=—L w0 — _f Equation 5-16
D x,

Thus using equation 5-12, calculating the error in ¥/, :

Ax, Y [(Ax,Y Ax,
AWI:WIJ( oﬂ] +[ O"‘{f} =y 2 —4L Equation 5-17

Equation 5-18
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This is expanded using the relationships in Chapter 2 — literature review:

(-]

o (u-n)

Equation 5-19

. I . : . . .
Where, m = ————. Resolving for pre- velocity using the impulse equations:
m; +m,

WV == = Equation 5-20

Therefore:

(i)

Y, =~ Equation 5-21

(u-n)

|ua||¢| cos 05+z m' |J[|t|[cos ﬂ+£}
2 2

v, =-— Equation 5-22

||| cos ¥

The angle # is calculated geometrically as shown in Figure 547 and Figure 5-48. The

impulse is given by the post impact velocity vector minus the pre-impact velocity vector.

Figure 5-47 — Vector diagram of the Impulse
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In Figure 5-48 the relationship of J to the normal vector, n, is derived.

Figure 5-48 — Geometric analysis of the collision with Impulse

Thus the error the iny,,

e () L T (2 (3

Equation 5-23

Where:

; 2 2 i 2 | . 2
AL Y AL AL+
Af = |4 Aél =J| =% + J—% (First order Taylor series
6 L, L L L,

1 1 ly
estimation)

2 » N2 2

Am A C Am

Al =J Lo+ C." + ¢, (Note— is very small, therefore negligible)
m o & m

Au=AC,+AC,
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/ N Z 2
An_ -&—Cl +[¥ +(A—9) (First order Taylor series estimation)
n  C J
¥=u+ ( 7*}1 - 5* n(J-n)
\2m ) | 2m
- ,
W =ut 7*}1 _[ 53] (14]}n]cos )
_\2}7’[ | 2m

\/ (2] 2] [ o] Br ot ()
u J D Ly, 73

2 N2 2 2 ' 2 a . z
L Y * A, N (AL AL +
Au = i M) +3{A§1J +3[AC1] +2[ OﬂJ + 'U’ o+ y ‘A‘le
u / ,Cl Cl D L]y L}

LI+

Simplified:

zﬁx ) 2 2 /7 C N2 2 ' 2 ' +AL» 2
Ay, =y, 3| —£L +2[ACI+MQJ I AGH L, Al“ +2 AL, —
D u C C L, L

Equation 5-24

5.8.2 Error — Coefficient of Normal Restitution

Calculating the coefficient of normal restitution:

e=-2" Equation 5-25
n-u
/
i-i—(, - C2~J +[§m*J}—(§m*(n J)nj n

N ", 2 2 .

e=— Equation 5-26
u-n

e= _wntmJon Equation 5-27

u-n
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e:_la[[n'COT }ifi—;{: (J}l}n’cosz? Equation 5-28
u||n| cos

And its error is;

A)C 2 ’/AX 2 9 2 2 \:2 2
Ae=¢e o + o _}_(&J +[éﬁ{} +Lé}_} + .% + :‘éﬁ.
D D u u J 6 i

Equation 5-29

Simplified:

Ax 2 2 N 2 AL 2 AL 2
Ae=e 2{—2‘”—} +2[MJ +3[A—(ﬁ] +2(‘AC‘} +2] —2 0 42 L
D u Cl Cl ‘Lly Lx

Equation 5-30

5.8.3 Error — Coefficient of Friction

For collisions that involve sliding, the tangential and the normal components of the

impulse are related by the coefficient of friction p.

_ ] Equation 5-31
= M =tan ¢ Equation 5-32
|r| 7| cos 22
And it error is:
2 3 2
Atan ¥ =tan 19\/(91} + [M-‘—] + [MJ Equation 5-33
J 6 n
Simplified:
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232 \2 N ' vN2
+ AL
Atan = tan & 3(&]] +2(AC‘J +2 ﬂ +2 EA—L‘Y——‘W
Cl Cl Lly Ll

/

Equation 5-34

5.8.4 Error — Coefficient of Tangential Restitution

Coefficient of tangential restitution is defined as:
nxu =—f(nxu) Equation 5-35
Also,

'

po_ Bt

u-f

Equation 5-36

= Equation 5-37

|a]|g]cosa+1m*].;]]z;(ms mﬁj
2 2

Equation 5-38
|u| M cos &

And its error is defined as:

ol () () ()G ()

Equation 5-39

Simplified:

2 2 N2 2 s N2 , T2
Af=pJ3| B +2(M) alaaY (acY (AL, ) (AL +AL,
b u G G ) "\ L L

Equation 5-40
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It is noted that the error in £ and y,are similar, indicating that the Non dimensional

angle of reflection is dominated by the tangential restitution. Summarising the

contribution of errors on the material properties in Table 5-14:

Material property Formulae Error Contribution

Normal restitution et Ae Offset, Pre- and Post velocities,

Post ball image positions

Tangential restitution BEAS Offset, Pre- and Post velocities,

Post ball image positions

Friction HEtAu | Pre- and Post velocities, Post ball

image positions

Table 5-14 — Summary of error contribution

The error analysis calculations presented here will be a good measure of consistency of
the data. It was reported by previous authors that this experimental technique is difficult
to reproduce. Therefore if suitable measured material interaction properties are going to
be incorporated into DEM, statistical analysis of the data should be given. In the results
section that follows, the measured data is checked for inconsistency before proceeding to

test the models in DEM.

5.9 Discussion

The experimental procedure presented in this chapter follows a rigorous methodology to
minimise sources of error. Because the collisions of two particles are captured on
photographic film in a dark room, methods and techniques to capture images using
stroboscopic light were utilised. For Shiny materials such as steel ball bearings, the

specular reflection is unavoidable, therefore limiting the capture of the full image.
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An in depth analysis was conducted to quantify any possible sources of errors, and they

WETe!

» Specular reflections affecting the location of the centroid of highly polished
materials: This was calculated using the geometry and the position of the balls
prior to collision

® Angular offset angles from image plane to image plane, and selecting and
discarding images within the required angles: This was calculated from the impact
scatter plots on carbon paper.

¢ Importing images into ACAD and scaling and dimensioning: This was calculated
from the ACAD images.

e Accuracy of location of the centre of the image: This was derived from the drift

about the ideal vertical drop line.

Each of the listed sources of errors was calculated as percentages and will be applied in
the measured relative velocities and use the Foerster er al/ [35] rigid body theory to
calculate the pertinent material interaction properties and their effects when the error is

propagated.
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Chapter 6

Experimental Results and Discussions

Particle interactions of steel, ceramic, and Teflon ball bearings are measured. This
chapter shows the methodology of the rigid body calculations and derives relevant
material interaction properties. These will then be applied to testing Discrete Element

Method Models.

6.1 Summary of pertinent formulae

A summary of the pertinent formulae which are used to calculated the material
interaction properties are presented here. Figure 6-1 illustrates a schematic of the unit
vector n and the tangent vector ¢ at the contact point. The unit vector n is a function of the

centre to centre offset distance:

offset

h+n)

n=arc cos { Equation 6-1

Note that the directions of unit vectors # and ¢ are dependent on the angle theta as shown

in Figure 6-1 and they are orthogonal to each other.
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ffsel

Paricle 2

Figure 6-1— Calculating the normal and tangent at contact point

Recalling the equations from Chapter 2 — Evolution of the contact model, calculating the
total collisional impulse J, this represents the integral of force over the total collisional

time.
m (C,—C,)=-m,(C,-C,)=J Equation 6-2

Velocity has following vector components (x y z) in 3 dimensional space, where x is
positive when it is pointing to the right and y is positive when it is pointing up. The z
component is zero, as it is out of plane of the collision, so it is omitted. Therefore the

(x, y) velocities are:

¢, =(0,-v,)
C,=(0,-v,,)
C,=(-v—v,)
C,=(v,—v,,)
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The post angular velocities can be inferred from the impulse, pre- collision velocities. (In

this case m; and w; = 0, no spin prior to collision for the pre-collision angular velocities).

21 ‘ 21, : .

— -@ = —= @, ~-@ | =-nxJ Equation 6-3
(Di )(a)l i) [DQ J( ’ a)ZJ q
Where [ = mfg for homogenous spheres

Applying the measured pre- velocities to calculate the Pre- Relative velocity about the

contact point:

u=(C1—-C2)—K—%—a)l +%¢2}2an}=€1—€2 Equation 6-4

Applying the measure post- velocities and angular spin to calculate the Post- Relative

velocity about the contact point:

u'=(C -C, ) +BmJ}-Em (n.J)n] Equation 6-5

The normal coefficient of restitution e is defined as.

Equation 6-6

Friction ¢ between the two surfaces:

| .J|
(n-7)

Equation 6-7

The tangential restitution S is defined as:

nxu =—f(nxu) Equation 6-8
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Using Maw ef al [29] analysis, a plot of non dimensional angle of incidence ¥; vs. non
dimensional angle of reflection ¥, of the contact point is plotted, from which the

pertinent material interaction properties are derived.

_ (w1)

W =- Equation 6-9
(u-m)

and
(v 2)

W, =— Equation 6-10

" (un)

6.2 Application of the theory - Example

The derived theory of the in-flight collision of two bodies is applied to the range of
materials that were tested. To apply the theory appropriately, firstly the data has to be
processed to pick out the pertinent measurement data. This is explained extensively in

Chapter 5.
Figure 6-2 illustrates an example of a captured image; here the material tested was

8.15mm diameter steel ball bearings. Figure 6-3 illustrates Teflon balls and their pre- and

post- relative measurements in ACAD.
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Scaled Ruler

Figure 6-2 — Steel ball colliding — glancing collision

The image features the bright spots of reflection or phongs. Detailed description of the

effects of specular reflection or phongs is described in Chapter 5 — Image Processing.
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Figure 6-3 — Teflon balls with markings, and relative measurements about the
contact point

The next stage in the procedure is to tally all the dimensions in EXCEL. This
experimental procedure is computed for the varying offset distances. To extract a good
set of data, the offset distances are incremented less than a millimetre (0.05 — 0.25mm);

this increment is determined by the size of the particle.
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6.2.1 Calculation Example

The methodology used to calculate the pre- and post- impact velocities are explained in
this section. Centre of mass calculations are conducted to extract velocities just prior to
and after impact. A step by step procedure of the calculation is presented below for one

set of data.

6.2.1.1 Data collection

The binary collision of 8.15mm diameter steel ball bearings with material designation
stainless steel X105 CrMol7 carbon chrome alloy, mass 2.424g, with offset increments
of 0.05mm, provide the data of 140 individual collision points. Table 6-1 presents some
of this data of the measured relative distances. This is for a centering block to release
mechanism drop height distance of 568 £ 1 mm and for ten separate drops for a range of

offsets.

Ln is the distance between the two images directly prior to collision and Lx and Ly are the
post relative distances in the X and Y directions of the 2 images directly after impact. The
measured length of the scaled ruler on the image is indicated as “Scale Measured”, this is
illustrated in Figure 6-2, and its actual length is indicated as “Scale Actual.” The Ratio is
calculated as: Scale Actual / Scale Measured. This is varied because the CAD package
automatically rescales the imported images, so the user cannot control the images to a
fixed pixel scale and resolution. From this scale the actual relative distance between the

image points can be determined as shown in the data set Table 6-2.
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No. Scale Scale Ball 1 Bali2
Measured
Actual (mm) {pixel} Pixellmm | Ln | {x | Ly [Offset| Ln | Lx | Ly

1 100 81.0 1.23 22910151189 | 041 [ 145|052 19.6
2 100 83.8 1.19 2441 07 |187 | 098 | 158 | 1.01 248
3 100 89.4 1.12 259036 185 058 [ 17.1 071 286
4 100 849.0 1.12 239,054 183 054 | 162|090 264
5 100 925 1.08 2611057 11811 070 1 16.1 045 239
6 100 50.0 111 2591036 177 ] 052 1671038228
7 100 91.8 1.09 2591035182 046 | 164089236
8 100 93.0 1.07 2711087 (180 0.88 | 174107275
9 100 927 1.08 26310821185 078 | 17.00.568 | 227
10 100 217.0 0.48 63.2 | 148 1437 182 406 | 258|623

Table 6-1 — Raw data points from CAD (all ACAD units)

Bali 1 Bali2
Ln Lx Ly Offset Ln Lx Ly
28.21 0.19 23.35 0.51 17.89 0.64 24.24
29.15 0.83 18.95 1.47 18.87 1.20 29.62
28.95 0.40 20.63 0.65 19.13 0.79 29.75
26.81 0.61 20.58 0.61 18.19 1.01 29.66
28.25 0.62 19.60 0.76 17.45 0.49 25.80
28.82 0.40 19.65 0.58 18.50 0.42 25.33
2823 0.38 19.79 0.50 17.85 0.97 25.75
29.16 0.94 20.46 0.95 18.66 1.15 29.59
28.41 0.88 19.92 0.84 18.29 0.60 24.47
29.17 0.68 20.17 0.84 18.73 1.19 28.75

Table 6-2 — Rescaled measured length (all dimensions in mm)

Once the actual distance are known, the relative pre- and post impact velocities can be

calculated. The following section looks at the centre of mass calculations where the

measured distances are used to calculate the velocities just before and after collisions.
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6.2.1.2 Relative velocity calculations

It is improbable that the position of the impact is captured on film, the nearest images
pre— and post— collision are used to calculate the velocities prior to and after collision as

shown in Figure 6-4.

i . Pre Collision

' .
®) % y
Post Collision

Figure 6-4— Centre of mass schematic

For the given strobe frequency, we capture subsequent images for the collision of two
balls. Ball positions B, and B, B¢ and B; pre- impact images for ball 1 and 2
respectively, and B; and Bs, By and Bjo yield the post- impact images. The relative
distances between these ball positions are demarcated by y; and y, for pre collision
images, y,, ¥,, X,, X, are post collision distances. We can determine the average pre-
and post- velocities from the measured relative distances between the images and strobe

time. The average velocities should not be used to calculate the material interaction
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properties. This is because the measured averages velocities will not be same as the
velocities of the particles at points By, B4, B4, Bg which give the velocities just before and
after the collision. Ideally the velocities should be calculated immediately prior to and
after the impact, but as the point of impact is not known, the closest known velocities are
used. Therefore we use relative velocity calculations to determine the velocities of these
ball images.

To calculate the velocities of ball images B,, By, B4, By, we use the following equations:

e Deriving the ball velocity at B, (particle 1) pre- impact velocity:

If initial velocity » at B; is known and the time taken for the particle to travel to ball

image B,, then the distance traveled with the influence of gravitational acceleration a is:

i
N Euplt at’ Equation 6-11

. i ) . . .
Given that t = — , where ¢ is the time between the images in seconds for strobe

frequency f.
If the final velocity v is also given by:
v=u+at Equation 6-12

Then substituting Equation 6 - 12 into Equation 6 - 11 will yield the distance traveled
by the particle for the given final velocity vg; at B:

1
V= szz‘—-:-Z-azz Equation 6-13
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Therefore rearranging the Equation 6 - 13 to calculate the velocity at B;, given the

measured distance y; and strobe time #:

Vyy = Equation 6-14

=2 Equation 6-15

e Deriving ball velocity at B4 (particle 1) post- impact velocity:

Because the post impact velocities are a component of the y and x directional velocities,

we need to resolve them individually.

Calculating the Y —component velocity for B4 given that the distance traveled from By to

Bsis y, within time 7 under the influence of gravity:

o1
y, ——at®
2 .
Uy, (¥) = — Equation 6-16

Calculating the X —component velocity for B; given that the distance traveled from B4 to

Bsis x, within time 7 with no influence of gravity:

(%) = %— Equation 6-17
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Similarly we can calculate the post- impact Y and X velocities for ball image Bg:

|
v, ——at
Upe(¥) = p
.
U 3o (X) :72

Equation 6-18

Equation 6-19

Therefore summarising, Table 6-3, illustrates the calculations for the pre- and post-

impact velocities which are used to resolve velocities about the centre of mass.

Pre- impact vel.

Post- impact y vel.

Particle 1

1

Post- impact x vel.

1 ,
yl—l-gatz ) Y, ——at u84(x):%
Y T st H ==
B2 p paly p
Particle 2 1 - 1 x.
¥ +j2~at2 vy —at’ U po (%) =~t-2—
Vgy :T uBQ(y> - P

Table 6-3— centre of mass velocities

6.2.1.3 Data Calculations

The actual velocities of the particle can now be determined with information gathered
from the strobe frequency, for this particular experiment, the frequency of the strobe is
set at 150Hz. Therefore the time between each consecutive image is 1/150 second. Table

6-4 illustrates the velocities pre- and post- impact after centre of mass calculations for the

data presented in Table 6-1 .
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Balll Offset Bali2
No.| Vn Vx Vy (mm) vn Vx Vy
1 426 | 0.03 | 347 | 0.51 272 | 0.10 | 3.60
2 | 440 | 013 | 296 | 117 286 | 0.18 | 4.41
3 | 437 | 006 | 306 | 065 290 | 012 | 4.43
4 | 405 | 009 | 3.05 | 0.1 276 | 015 | 4.41
51 427 | 009 | 291 | 076 265 | 007 | 3.84
6 | 435 | 006 | 291 | 058 281 | 0.06 | 3.76
7| 427 | 006 | 293 | 050 271 | 015 | 3.83
8 | 440 | 014 | 3.03 | 085 283 | 017 | 4.40
9 | 420 | 013 | 295 | 084 277 | 0.09 | 3.64
10| 441 | 010 | 299 | 0.84 284 | 018 | 4.28

Table 6-4 — Actual velocities for steel ball bearings (velocities in ms™")

These results are now imported into Matlab software for post processing using the
Foerster et al [35] rigid body technique. Appendix C, illustrates the details of the Matlab
software to derive the pertinent characteristic plot of ¥; vs. ¥; non dimensional angles of
incidence vs. reflection, as proposed by Maw et a/ [29]. Velocity and Offset
measurements from Table 6-4 are then imported into the rigid body calculations for in-
flight binary collisions to quantify the pertinent Non-dimensional, restitution and friction

values. Calculated values of the relative velocities are presented in Appendix F — Binary

impact data.

The derived materials interactions are tabulated in Table 6-5. The calculated material

interaction properties are shown for all tested materials in Appendix G - Material

interaction property data.
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No. ¥, ¥, Normal Friction Tangential

Restitution Restitution
! 0.06 | -0.04 0.03 0.03 0.58
2 1014 | -024 0.90 0.06 1.64
3 0.08 | -0.13 0.79 0.03 1.65
41007 | 016 0.56 0.02 2.19
5 10.09 | -0.06 0.69 0.03 0.61
6 10.07]|-012 0.87 0.03 1.70
7 10.06 | -0.05 0.72 0.02 0.81
8 1012 003 0.76 0.01 0.24
9 10.10 | 0.07 0.78 0.00 0.72
01010 | -0.09 0.82 0.03 091

Table 6-5 — Results example for steel ball bearings

As shown in calculated data presented in Table 6-5, the material interaction properties of
normal and tangential restitution and friction exhibit scatter. This is observed in particular
in the tangential restitution values where there is significant fluctuation for different
offsets. This phenomenon will be discussed further in this chapter. The observed value of

the negative restitution is a result of experimental scatter.

6.2.2 Propagating the error

The corresponding errors are now calculated for the two particle experiment, as derived

in Chapter 5 — Error propagation calculation. Relative Error in the measured distances:

For X — direction components (pre- collision):

AL, =(L,, *[Asf +Adng])+ (Iag}“ +[ 1, Ay ]) Equation 6-20
For X — direction components (post- collision):

AL, = (L] *[Asf + Adng )+ (1] +[1, * Asf]) Equation 6-21
For Y — direction components (pre- collision):

AL, =(L, *[Asf +AS])+(1, +[ 1, * Ay |) Equation 6-22

Y
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ForY

— direction components (post- collision):

AL :(L;*[Aéf+AS])+(]_:+[[,’»*A5fD Equation 6-23
The individual error contributions:
Table of Errors
y S [gSls2|¥88 | o | 2[4 _|§L.
Steel +0383 | 07% | 0.14% 0.2% +039 | +0376 +0.390 +0.376
Ceramic | +0338 [ 0.5% | 1.51% 0.2% +0344 | 20330 [ £0.344 +0.330
Teflon | 453817 nil 0.14% 0.2% +2322 | +3312 +2.322 +3312

Table 6-6 — Table of Errors in the appropriate X and Y directions

Now adding all the errors;

Calculating the actual L (for shiny materials — Steel ball bearings):

For X — direction components (pre- collision):

AL, = (L, %[0.002+0.0014])+(0.383+[0.3830.002]) = (L, *0.0034)+(0.3838)

For X — direction components (post- collision Py):

AL, = (L *[0.002+0.0014])+(0.390+[0.390%0.002]) = (L] #0.0034)+(0.3901)

Il

For X — direction components (post- collision P,):

AL, =(L,#[0.002+0.0014])+(0.376+[0.376%0.002]) = (L] #0.0034)+(0.3768)

For Y — direction components (pre- collision P)):

AL, = (L, *[0.002+0.007])+(0.390+[0.390+0.002])

(£, %0.0034)+(0.3901)

For Y — direction components (pre- collision P;):

AL, =(L,*[0.002+0.007])+(0.376+[0.376+0.002]) = (L, %0.0034)+(0.3768)

For Y — direction components (post- collision P,):
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AL = (L #[0.002+0.007])+(0.390+[0.390%0.002]) = (L, *0.009)+(0.3901)
For Y — direction components (post- collision Py):
AL, = (L, *[0.002+0.007])+(0.376+[0.376 0.002]) = ( L, *0.009)+(0.3768)

¥

Calculating the actual L (for shiny materigls — Ceramic ball bearings):

For X — direction components (pre- collision):

AL, =(L,, #[0.002+0.0151])+ (0.338+[0.338%0.002]) = (L, *0.0171)+(0.3387)

For X — direction components (post- collision P):

AL, = (L] *[0.002+0.0151])+(0.344+[0.344+0.002]) = (L *0.0171) +(0.3447)

For X — direction components (post- collision P3):

AL, = (L, *[0.002+0.0151])+(0.330+[0.330+0.002]) = (L, *0.0171)+(0.3307)
For Y — direction components (pre- collision Py):

AL, =(L,*[0.002+0.005])+(0.344+[0.344 % 0.002]) =( L, #0.007 ) +(0.3447)

For Y - direction components (pre- collision Pj):

AL, =(L, *[0.002+0.005])+(0.330+[0.330%0.002]} =( L, *0.007)+(0.3307)

For Y — direction components (post- collision Py):
AL, = (L, #[0.002+0.005])+(0.344 +[0.344%0.002]) =( L, *0.007)+(0.3447)
For Y — direction components (post- collision P,):

AL, = (L, #[0.002+0.005])+(0.330+[0.330%0.002]) = (L, *0.007)+(0.3307)

Calculating the actual L (for shiny materials — Teflon ball bearings):

For X — direction components (pre- collision):

AL, =(L,, #[0.002+0.0014])+(2.817+[2.817%0.002]) = (L, *0.0034) +(2.8226)

G,

For X - direction components (post- collision Py):
AL, = (L] *[0.002+0.0014])+(2.322+[2.322%0.002]) = (L, *0.0034) +(2.3266)

For X — direction components (post- collision Py):
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AL, =(L; #[0.002+0.0014])+(3.312+[3.312%0.002]) = (L. #0.0034)+(3.3186)

o For Y - direction components (pre- collision Py):
AL, =(L, #[0.002])+(2.322+[2.322%0.002]) = (L, *0.002)+(2.3266)
¢ For Y —direction components (pre- collision Py):

AL, =(L,#[0.002])+(3.312+[3.312%0.002]) = (L, *0.002)+(3.3186)

y

o For Y - direction components (post- collision P):

AL, =(L, #[0.002]) +(2.322+[2.322#0.002]) = ( Z; *0.002)+(2.3266)

Y

e For Y —direction components (post- collision P;):

AL =(L, #[0.002])+(3.312+[3.312%0.002]) = (L, #0.002)+(3.3186)

Table 6-7 presents the total error for the data presented earlier in this chapter in Table
6-1, and Table 6-8 illustrates the error for the relative velocities of the colliding steel
balls. As shown in Table 6-7, the contributions of errors on the pre- impact relative
distance have maximum difference of +0.70mm and £0.60mm for ball 1 and 2
respectively and their corresponding effect on the velocities have maximum errors of
+0.10ms™ and +0.09 ms™ as shown in Table 6-8. Table 6-9 tabulates the velocities and

the uncertainties.

Ball1 Ball2
No. Ln Lx Ly Offset Ln Lx Ly
1 0.64 0.39 0.60 0.39 0.54 0.38 0.59
2 0.65 0.39 0.57 0.39 0.55 0.38 0.64
3 0.65 0.39 0.58 0.39 0.55 (.38 0.64
4 0.83 0.39 0.58 0.39 0.54 0.38 0.64
5 0.64 0.39 0.57 0.39 0.53 (.38 0.61
6 0.65 0.39 0.57 0.39 0.54 0.38 0.60
7 0.64 0.39 0.57 0.39 0.54 0.38 0.61
8 0.65 0.39 0.57 0.39 0.54 0.38 0.64
g 0.65 0.39 0.57 0.39 0.54 0.38 0.60
10 0.85 0.39 0.57 0.39 0.565 0.38 0.64

Table 6-7 — Error propagation on relative distances for steel balls (= mm)
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Ball1 Bali2
No. vn Vx Vy Offset Vn Vx Vy
1 0.097 0.059 0.089 0.388 0.082 0.057 0.088
2 0.099 0.059 0.084 0.388 0.083 0.057 0.096
3 0.098 0.059 0.085 0.386 0.083 0.057 0.096
4 0.095 0.059 0.085 0.386 0.082 0.057 0.096
5 0.097 0.059 0.084 0.386 0.081 0.057 0.091
8 0.088 0.059 0.084 0.386 0.082 0.057 0.090
7 0.097 0.059 0.084 (.386 0.082 0.057 0.080
8 0.099 0.059 0.085 0.387 0.083 0.057 0.096
9 0.098 0.059 0.084 0.387 0.082 0.057 0.089
10 0.098 0.059 0.085 0.387 0.083 0.057 0.095

Table 6-8 — Error propagation on the relative velocities of steel balls (+ ms™)

Balil Offset Ball2

No. | Vn Vx Wy (mm) Vi Vix Vy

1 | 426+£010 |003+0.06 |3.47+009 |051+039|272%008 |0.10£0.06 |3.60+0.09
2 | 440+t010 |013+0.06 |296+0.08 |1.17£039|286+0.08 |0.18+£0.06 | 441+0.10
3 |437+0.10 |0.06+0.06 |3.06£009 |065+0.39 |290+0.08 |0.12+0.06 |443+0.10
4 | 405+010 |0.09+0.06 |3.05+0.09 |0.61£039|276+0.08 |0.15%0.06 |441+0.10
5 |427+0.10 |0.09+006 |291+008 |0.76+0.39 | 2.65+0.08 | 0.07+£0.06 | 3.84+0.09
6 |435+0.10 |0.06£006 |291+008 |058+0.39|281£0.08 |0.06+0.06 |3.76+0.09
7 |427+010 | 0.06£0.06 | 293+008 |050+039|271+008 |0.15£0.06 |3.83+0.09
8 |440+0.10 |014£0.06 |3.03£009 |095%039 |2.83+0.08 |0.17+0.06 |4.40+0.10
9 |429+010 | 0131006 |295+008 |084+039| 277008 |0.09+0.06 |3.64+0.09
10 | 441£0.10 | 0.10£0.06 |299+0.09 |084+0.39 | 2.84+0.08 | 0.18+0.06 | 4.28%0.10

Table 6-9 — Relative velocities and their uncertainties (ms™)
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Ball1 Ball2
No. Vn Vx Vy Offset Vn Vx Vy
1 2.28 211.07 2.57 76.19 3.01 59.06 2.45
2 2.24 47.06 2.85 33.17 2.90 31.62 217
3 2.25 97.26 2.79 59.52 2.87 47.81 217
4 2.36 64.63 2.80 63.60 2.97 37.60 217
5 2.28 63.63 2.89 51.04 3.06 77.77 2.36
6 2.25 97.88 2.88 66.77 2.94 89.59 2.39
7 2.28 102.64 2.87 76.92 3.01 39.20 2.36
8 2.24 42.05 2.81 40.91 2.92 33.10 2.17
9 2.27 44.45 2.86 45.97 2.96 62.73 244
10 2.24 57.46 2.83 46.04 2.91 31.99 2.21

Table 6-10 — Percentage error contribution for velocities and offset

Table 6-10, tabulates the percentage error contribution on the pre- and post- velocities

and offset. It is noted in Table 6-10, that the X velocity percentage error components for

both particle 1 and 2 are not consistent, whereas the Y velocity components and the offset

are consistent. This data is for small offsets, less than 15%, the full data is given in

Appendix F — Binary impact data, and illustrated in Figure 6-5.

% Error X vel vs. Offset
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Figure 6-5 - % Propagated error comparison for X velocity component for P, and P,

129




The percentages propagated X velocity error for both particles follow a non linear trend.
This indicates that the measured X velocity percentage error components closer to 0%
offset are very sensitive. Therefore it can be concluded that measuring the relative X

velocities for direct impacts should be carefully controlled.
Material interaction property errors are now calculated using the contributed measured
experimental error. As given in Equation 6-24 to Equation 6-28 we calculate the error

in pre- and post- velocities about the contact point, and the calculated errors are shown in

Table 6-11. Table 6-12 shows the calculated material properties and their uncertainties.

o Au=AC +AC, Equation 6-24

bl L N2 2 2 . 2 . . 2
. Ax AL + A
A =u AC”LACZ) +3 ‘“’F 13 BG | o B | 4 2 | AL, , b
u C, C D L, L

Equation 6-25

And their corresponding errors yield errors in the material interaction properties,

coefficients of normal and tangential restitution and friction:

e (Coefficient of normal restitution:

Ax Y 2 N/ (ALY (AL +ALY
Ae=e |2| —4 +2[—AC’+AC2) +3 A(,j‘ +2 AC, $2] 2| 42| =2 ‘ALI‘
D u C N C, Ln L

Equation 6-26

e Coefficient of tangential restitution:

’/Qx 2 2 v N2 2 AL z /AL, P AL 2
AR =B, 3| —Z +2[gc}+ac2j w3 A6l AG T L D | BT ,AL‘*
D u C C, L, L

Equation 6-27
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e Coefficient of friction:

N2 2 ¢ N2 . - N2
Atan = tan 2 3([&(’,'1 J +2(A—C‘} +2[Mf1y ] +2[ALUfAL1X W
G Cl Lly ‘ ‘ L} J
Equation 6-28
Psil | Psi2 Normal Tangential
No. Friction
¥, v, Restitution Restitution
1 +£0.004 | £0.008 T 0.006 +0.003 *0.122
2 +0.010 | £0.052 1 0.193 +0.007 1 0.361
3 +0.005 | +£0.030 +0.174 +0.004 +0.371
4 +0.005 | £0.039 *+0.132 1 0.002 +0.528
5 £0.006 | 0012 +0.145 +0.003 +0.130
6 +0.005 | £0.026 +0.186 +0.004 £0.373
7 +0.004 | £0.011 +£0.152 +0.002 +0.177
8 +0.008 | £0.008 +0.161 +0.002 +0.052
9 *0.007 | £0.017 +{Q.169 +0.001 +0.160
10 £0.007 | £0.021 +0.175 +0.004 +0.198

Table 6-11 — Error propagation for the material properties

No. v, v, Normal Eriction Tangential
Restitution Restitution

1 0.06£0.004 | -0.04+0.01 | 0.03£0.01 | 0.027£0.003 | 058+£0.12
2 0.14%0.010 | -0.24£005 | 090019 | 0.058L0.007 | 1868410.36
3 0.08:£0.005 | -0.13+0.03 | 0.79x£0.17 | 0.034+0.004 | 1.6510.37
4 0.07+0.005| 0.16X+0.04 | 0.561£0.13 | 0.016::0.002 | -2.19:£0.53
5 0.091£0.006 | -0.06+0.01 | 0.691£0.15 | 0.025::0.003 | 0.61L£0.13
6 0.07+0.005 | -0.12£0.03 | 0.87X£0.19 | 0.0201+0.004 | 1.70X+0.37
7 0.06+0.004 | -0.05:001 | 0.72+0.15 | 0.019+£0.002 | 0.811+0.18
8 01240008 | 0031001 | 0.761£0.16 | 0.014£0.002 | -0.241+0.05
9 0.10£0.007 | 0072002 | 0.78+£0.17 | 0.005£0.001 | -0.7210.18
10 0.10+£0.004 | -0.089+£0.02 | 0.8240.18 | 0.031£0.004 | 0911020

Table 6-12 — Material properties and their uncertainties
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No. W, w, Normal Friction Tangential

Restitution Restitution
1 6.7 21.1 208 10.8 21.1
2 8.7 22.1 21.8 11.9 221
3 6.7 225 220 11.6 22.5
4 8.7 24.1 236 1.7 241
5 6.7 21.3 20.8 12.0 21.3
6 6.7 22.0 215 12.0 22.0
7 6.7 21.8 212 11.9 218
8 6.7 21.7 211 11.7 21.7
g 6.7 221 218 11.9 22.1
10 6.7 218 213 11.8 21.8

Table 6-13 — % Error propagation for the material properties

As shown in Table 6-12, the calculated errors in they, andy,, coefficients of normal

and tangential restitution and friction values exhibit the reasonable propagation from the
measured errors. The percentage error contributions about the mean values are tabulated

in Table 6-13. As shown in Table 6-13,y,, and the restitution values are affected close

to 22%, indicating that the these values are affected considerably by small propagations

in the error. The ¥, and friction values are affected by 7% and 12% respectively. The

calculated error propagation data is shown in Appendix H — Error propagation data.

For the purpose of DEM comparisons presented in Chapter 7, the propagated X velocity
percentage error components are averaged, and the percentage error is approximately
20%. For the Y velocity components the maximum percentage error is less than 5%.
These average percentages will be added in the DEM comparison sections as the

percentage error bars for the various experimental velocity comparisons.
It has been demonstrated that the contribution of various errors in the data can have an

influence on the overall acquired raw data. The error calculations presented here are good

measures of error contributions which may affect the interpretation of the data. A factor
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which may hinder the experimental results is the effect of air drag and contribution of

gravity in the calculations. We will test this phenomenon in the following section.

6.2.3 Testing for the effect of air drag and gravity

In this section, we will test the effects of gravity and air drag on the measured data.
Because the impact event is not captured on the images, the measured relative velocities
from the images are estimated pre- and post- impact. Therefore, the effect of gravity and

air drag now has a significant contribution to the velocities.

6.2.3.1 Effect of the air drag — Calculated comparison

For the in-flight impact of two particles, as depicted in Figure 6-4, the red ball is the
impacting ball and the blue ball is released from the quick release mechanism. Because
the impact event is very quick, the illuminating frequency of the strobe does not capture
the collision. This is due to the limitation of the overlap of the ball image between the
exposure intervals. If the frequency is set high, the images will merge into one path and

the individual position will not be distinguished.

To calculate the influence of air drag, we use the conservation of energy to determine the
velocity prior to impact. From experimental measurements, the relative heights of ball
release nozzles distances are known, therefore we can then calculate the velocity of the

impacting ball (released from the centering mechanism) just prior to impact.

Calculating the velocity for each ball position:

1 .
o Given that K.F =§mv2 and P.E =mgh, we can calculate the velocity of each

ball position for a given height.
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If energy is conserved

at the time of impact, that is K.£ = P.E, due to the fact that for

falling objects in freefall, conserve potential energy with respect to initial height, then all

that energy is transferred to kinetic when they fall.

e Therefore resolving for velocity at impact, v=4/2ghms”, where g is the

acceleration due to gravity and 4 is the height prior to impact.

Centering

Release Nozzle to nozzle
mechanism distance

Nozzle to scaling
ruler

ruler

Figure 6-6 — Measuring height to impact

This height is measured from the schematic described in Figure 6-6, where the total

height 4 is calculated

from: nozzle to nozzle distance, nozzle to top of scaling ruler

distance, and finally measured from the image, the height of the pre- impact. Because the

impact of the two balls is not captured, we measure ball position prior to impact.

134



Material | Heights (m) Calculated Measured AVelocity | Error %"
velocity (ms™) | velocity (ms™)

. Steel 0.968 4.36 4.28 0.08 1.8 |
[ 0.488 3.09 3.05 0.04 1.3
[ 0.427 2.89 2.84 0.05 1.7
Ceramic 0.488 3.09 3.07 0.02 0.6
0.427 2.89 2.87 0.02 0.7
Teflon 0.832 4.04 3.97 0.07 1.7
0.705 372 3.69 0.03 0.8

Table 6-14 - % Error comparison between measured and calculated velocity for
balll

Comparisons of the calculated velocities with measured velocities from the data for ball 1
are shown in Table 6-14. The comparisons show that for the highest height setting, the
error is less than 2% for all materials, therefore it can be concluded that calculating
velocities from the two ball images and ignoring air drag, contributes little error to the

particle velocity at impact. The average error is less than 1.2%.

6.2.3.2 Effect of the air drag — Measured comparison

Velocity vs time for Steel for Ball1
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Figure 6-7 — Effect of gravity on Steel
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Velocity vs time for Ceramic for ball1
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Figure 6-8— Effect of gravity on Ceramic
Velocity vs. time for teflon ball1
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Figure 6-9 — Effect of gravity on Teflon

The effect of gravity and air drag was tested on drop tests for all the materials for the

associated drop heights. From the graphs presented in Figure 6-7, Figure 6-8, Figure

6-9, the gradients of each line indicates the acceleration of the falling particle, which is
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also referred the net effect of gravitational acceleration and drag, g is 9.81m/s*. The R-
squared values are the correlation coefficients of the data points. This determines how
well the data fits the trend line. The height designations for the corresponding velocities

are shown in Table 6-15.

Material Height (m) | Designation Measured g (ms™) | % Error
Steel 0.568 High 9.79 0.2
0.248 Intermediate 9.73 0.8
0.127 low 9.74 0.7
Ceramic 0.248 Intermediate 9.75 0.6
0.127 low 9.73 0.8
Teflon 0.632 High 9.80 0.1
0.505 Intermediate 9.79 0.2
Average 0.5

Table 6-15 — Error in g due to drag & experimental error

From the illustrations in Figure 6-7 - Figure 6-9, the gradients of the corresponding
graphs of the various materials yield the overall acceleration. It is noted that air drag can
affect the calculated the gravitational acceleration of the graphs, here it is clearly noticed
for the ceramic ball in Figure 6-8. From the graphs, the gravitational acceleration is
calculated to be slightly less than g = 9.81m/s* (approximate value — varies at sea level),

indicates that the particles experience drag.

Because the full image of the colliding shiny balls are not captured, the relative positions
of the particles are determined by the specular reflections. The effects of specular
reflections were mentioned in Chapter 5 — Experimental Procedure. The corresponding
error in the positions of the specular reflections is less than 1% for steel and ceramic
respectively; therefore the effect of these offset positions was tested and the calculated

acceleration was found to be unchanged.
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6.2.4 Summary

Summarising the Section 6.2, the methodology of analysing the experimental data shows
that it is possible to test key phenomenon such as the effect of gravity and air drag on the
particles. The tests show, that the measured average acceleration derived from relative

velocities gathered from the images deviated by an average 0.5% from gravity.

The error propagation in the calculated material interaction properties was carefully

derived.

6.3 Material interaction results

The material interaction properties of the binary collision of four different materials are
obtained. Namely: steel, ceramic, Teflon ball bearing. Table 6-16 presents the material

density and size tested for the range of heights given in Table 6-15.

Material Diameter (mm) | Density (Kg/m’)
Steel 8.15 7800

Ceramic 6.30 3284
Teflon 19.0 2122

Table 6-16 — Material types

6.3.1 Extracting the properties from the data

Extracting the pertinent material properties from the measured relative velocities is the

next step in experimental procedure.
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