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Abstract

We investigate the impact of correlated peculiar velocities on the accuracy of the estimated

cosmological parameters calculated using type Ia supernovae.

We use mock galaxy catalogues constructed from the Millennium Simulation, the largest
dark matter N-body simulation run to date. Supernovae are assigned to the galaxies in the
mock survey data according to supernova rates that define the probability of a supernova
occurring in a given time. The rates are based on the physical properties of the galaxies,
in particular their colour, which is linked to the rate of star formation, and their mass.
The peculiar velocities of each galaxy are provided and we assume that the supernovae
have the same peculiar velocities as their host galaxies. Therefore, each supernova has a
true cosmological redshift, and an observed redshift which is the redshift measured by an

observer and is subject to contamination by radial peculiar velocities.

We find that the correlations between the peculiar velocities can be reduced by combining

observational data from different survey fields that have large angular separations.

Using CosmoMC, the cosmological parameters are estimated, with the Markov-Chain
Monte Carlo technique, from the simulated supernova data, firstly using the true cosmolog-
ical redshifts, and subsequently, using the observed redshifts. We compare the estimated
values of the parameters €, and Hy that are obtained with the two different redshifts to get
a measure of the inaccuracies caused by correlated peculiar velocities. Our results provide

upper bounds on the effect.

The results suggest that a minimum redshift cut at z = 0.05 is the most effective at
reducing the effects of the correlated peculiar velocities without compromising the accuracy

of the parameter estimation.

In general, the shifts in parameter estimates due to correlations in the peculiar velocities
are around lo or less, with Hy slightly more biased than £2,,. In specific cases, where only
low redshift data is used (and therefore, which are not very relevant to reality) the shift
can be up to 30. Since Hj is determined by low redshift data, it is not surprising that it is
more affected by the correlations which occur primarily at low redshift. Combining the 1o

shift with standard sample variance means that, in general, peculiar velocity correlations



can cause a shift in the recovered cosmological parameters of up to 20. This suggests that
future surveys will have to take these correlations into account to ensure unbiased parameter

estimates.
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Chapter 1

Introduction

Cosmologists use type Ia supernovae as tools for studying the Universe. The peculiar ve-
locities of galaxies affect the accuracy of supernovae observations and therefore impact the
results determined by supernova cosmology. As we move towards precision cosmology, and
with future surveys expecting to discover thousands more supernovae, understanding this
effect will become increasingly important.

This chapter provides the background information necessary for investigating the effect
of peculiar velocities on cosmological studies using type Ia supernovae. It includes expla-
nations of the standard cosmological model, inhomogeneous cosmology, peculiar velocities,

definitions of distance measures, supernovae and supernova cosmology.

1.1 Cosmology

The study of cosmology is concerned with understanding and explaining the properties of the
Universe as a whole. We try to describe the contents, shape and behaviour of the Universe
using theory, observations and a number of parameters that represent its components or
states. This includes how the Universe began and how it might end. The standard model of
cosmology, as described below, is an excellent description of our observations of the Universe.
It is this model which underlies the data used in this work and the assumptions made during

analysis.

1.1.1 The Standard Model of Cosmology

The standard model is built on Einstein’s theory of General Relativity and the Cosmological
Principle. General Relativity describes the dynamics of matter and radiation in the presence
of gravity. The Cosmological Principle states that, on sufficiently large scales, the Universe
is homogeneous and isotropic. This means that the Universe is the same everywhere and
there are no special, or preferred places.

We know from observing the recession velocities of galaxies that the Universe is not
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static, but is continuously expanding. Initially, the Universe was in a hot, dense state where
its contents were dominated by thermal blackbody radiation and baryons (matter) were
coupled to photons (radiation). The Big Bang marks the start of expansion which resulted
in the contents of the Universe cooling down. Approximately 400,000 years after the Big
Bang the Universe had cooled sufficiently for photons to decouple from matter at what we
call the surface of last scattering. The signal from this last scattering surface is the Cosmic
Microwave Background (CMB) which we detect today. The temperature of the CMB signal
is the same across the entire sky to within 1 part in 10° which is evidence of the Universe’s
isotropy.

The expansion of the Universe is critical to all cosmological theories and models. We
define the rate of expansion using Hubble’s constant H. H is not actually constant but
varies with time. We denote the value of the Hubble constant today by Hy. We can then

define the rate of the increase today in the distance [ between any two points to be

% = Hyl (1.1)

A recent estimate of the Hubble constant is Hy = 70.54+1.3 which was derived using the 5
year data from the Wilkinson Microwave Anisotropy Probe (WMAP) combined with baryon
acoustic oscillation and high redshift supernova data and assuming the standard model with
a cosmological constant A and cold dark matter (see Komatsu et al. (2009) where the WMAP
experiment is explained fully and the cosmological parameters are derived). Hy is commonly
expressed using the dimensionless quantity h where h = Hy/ 100kms ™~ 'Mpc~ 1.

The comoving separation between two objects takes into account the Hubble expansion.
That is, the comoving separation is constant under expansion although the distance between
the objects increases with time. At low redshift Hubble’s Law relates this comoving separa-
tion r to the apparent recession velocity v. The recession velocity is the velocity at which

an object appears to be moving away from an observer due to expansion. Hubble’s Law is:
v = H’[" (1.2)

The scale factor a(t), is a dimensionless quantity that represents the expansion of the Uni-
verse relative to the size of the Universe today (i.e. ag = 1). It comes from the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric, which is an exact solution of Einstein’s Field
Equations of General Relativity for a homogeneous and isotropic universe (Peacock 1999).
The first and second derivatives of the scale factor with respect to time are denoted by a
and d, and represent the rate and acceleration of expansion. The Hubble parameter, H, can

be written in terms of the scale factor as:
a
H=- 1.3
° (13)

The Friedmann equations are derived from the FLRW metric and the Einstein Field
Equations (Weinberg 1972). They describe the acceleration (Equation 1.4) and the evolution
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(Equation 1.5) of the Universe. These equations are based on the assumption that the
Universe is homogeneous and isotropic and that the contents of the Universe behave as a

perfect fluid with density p and pressure p. The Friedmann equations are:

N 2
9 f[a 87Gp Kk A
a 4G A

where G is Newton’s gravitational constant and A is the cosmological constant. For sim-
plicity A can be set to zero, however, a non-zero cosmological constant is currently the most
popular candidate for explaining the accelerated expansion of the universe. x indicates the
curvature of spacetime. k = 0 represents a geometrically flat, or Euclidean, universe with
zero spatial curvature. A closed universe with elliptical geometry and positive spatial curva-
ture is represented by x = +1, and k = —1 indicates an open universe that is geometrically
hyperbolic and has negative spatial curvature. The sign of the curvature is not affected by

expansion, it is governed by matter and energy density.

The density for which the Universe is flat is known as the critical density

3H?

crit — 1.
Perit 81G (16)

The density parameter 2 represents the ratio of the density to the critical density and

thus gives a measure of curvature.

o=-" (1.7)

pcm’t

Q) =1 corresponds to a flat universe. Any deviation from unity indicates curvature: 2 > 1
results in a closed universe with positive curvature and €2 < 1 results in an open universe
with negative curvature. Current observations are consistent with a flat universe and flatness

is assumed in this work.

1.1.2 The Contents of the Universe

Although we often assume so for simplicity, the Universe is not a perfect fluid. Rather, it
appears to contain a number of independent components: radiation, baryonic matter, dark
matter and dark energy. The overall density p is the sum of the densities p; for each of these

components and the density parameter is defined as
Qtotal = Qm + Q’y + QA + Qk (18)

where (), accounts for the density of both baryonic matter and dark matter. €, is the
density parameter for radiation. (2 is the contribution to density from dark energy. € is

the curvature density parameter; in a flat universe, as is assumed in this work, ; = 0 and
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therefore we use the following simplified definition of the density parameter:
Qiotal = Qo + Q—y + Qp (19)

The continuity equation describes the conservation of energy in cosmology and how the

density of the components of the Universe expand:
p+3H(p+p) =0 (1.10)

When we consider the Universe as a perfect fluid, it can be represented by an equation
of state p = wp. In the simplest case where w is a constant the perfect fluid density evolves
as

p(t) oc g~ 30+w) (1.11)

Applying the continuity equation to the different components individually, we find that

they do not respond in the same way to expansion.

Matter

We consider matter to be collisionless and therefore pressure p is zero. Then the matter

density is inversely proportional to the expanding volume:
-3
Pm X a (1.12)

Using the Friedmann acceleration equation (Equation 1.4), for a matter dominated universe
we can write:
a o t?/3 (1.13)

The matter component comprises both dark matter, which accounts for about 25% of the
total universe, and baryonic matter, which is less than 5%. Baryonic matter couples via
the electromagnetic and strong forces, and this includes all matter that we can see. Dark
matter only interacts gravitationally, not electromagnetically and, as a result, we have thus
far been unable to directly detect it. Its existence is inferred from observed gravitational
effects that cannot be explained by baryonic matter such as the rotation curves of spiral
galaxies. A recent estimate for the matter density parameter is ,,, ~ 0.2748 +0.0151 made
up of dark matter Qg,, >~ 0.22940.015 and baryonic matter €, ~ 0.0458 +£0.0016 (Komatsu
et al. 2011).

Radiation

The radiation density expands as
p oca (1.14)
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due to the increasing volume (a=3) and the decrease in temperature due to the increased

volume (a~1). Again using Equation 1.4, for a radiation dominated universe we get:
a o t1/? (1.15)

The radiation density is related to the temperature. Observations of the CMB are well
represented by a blackbody spectrum with a temperature of approximately 2.7K. Since
p~ o< T* this results in a value of €, of the order of 107°. As this is insignificant compared

with the matter component today it is usually ignored.

Dark Energy

The dark energy component is the name given to the cause of the accelerated expansion
of the Universe. One of the leading candidates for dark energy is vacuum energy or the
cosmological constant, A. A cosmological constant has a constant density and an equation
of state parameter w = —1. At early times the Universe is dominated by the radiation
and matter components which get diluted as the Universe expands, so that at some point
the dark energy, which has a constant density that is not diluted by expansion, becomes

dominant. Using the acceleration equation for a cosmological constant we get
a o eflot (1.16)

which indicates that a universe dominated by dark energy will experience accelerated ex-
pansion. There are other possible explanations for dark energy such as modified gravity and
quintessence, however, in this work we assume the ACDM model with its use of a cosmolog-
ical constant. The value of 2, determined by Komatsu et al. (2011) is Q4 = 0.725 + 0.016.
Neglecting radiation because of its relatively insignificant contribution at late times,

Equation 1.9 becomes
Qiotal = Qm + Q4 (1.17)

In a flat universe Q;,¢q; = 1 and therefore, if we assume flatness, Qxy =1 — Q,,.

The Acceleration Parameter

The acceleration parameter ¢ is a dimensionless measure of the acceleration of cosmic ex-

pansion defined as

q=—— (1.18)
and using the Friedmann equations (Equations 1.4 and 1.5) it can also be expressed as

U,
4= 5"~ (1.19)

This parameter is sometimes called the deceleration parameter as it was thought until re-

cently that ¢ was negative, indicating decelerating expansion. However, in 1998, Perlmutter
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et al. (1998) and Riess et al. (1998) reported evidence from supernova observations that the

expansion is currently accelerating.

1.2 Cosmological Distances

An implication of the standard model of cosmology is that the Universe has a geometry
and is expanding. The expansion history of the Universe, which is key to understanding
its structure today, is encoded in the parameter H. Absolute distance measurements to
observed astronomical objects at a large range of redshifts are essential for measuring H.

Section 1.2.1 below defines the relevant distance measures and concepts.

1.2.1 Definitions

Redshift (z) is a consequence of the radial motion of the expansion which causes a Doppler
shift in the emitted light. The shift can be measured by comparing the wavelengths at which
specific spectral features appear with their known restframe wavelengths. Redshift relates
directly to the ratio of the scale factor at the time the light is observed and the time it was
emitted, it is a relative distance measure. It is defined as

14+ 2= Aobserved _ o (120)

)\emitted a(t)

Comoving distance (d¢) is measured using a coordinate system that is subject to the
Hubble expansion and thereby takes expansion into account. The comoving distance between

objects moving with the Hubble flow is constant.

Angular diameter distance (d4) gives the absolute distance to an object of a known size

D based on a purely geometric relationship. It is defined as

D
da = (1.21)

0 is the angle subtended by D from the point of view of the observer. Unfortunately, in

reality, the intrinsic size of an object is seldom known.

Similarly, the luminosity distance (d;) gives the distance to an object of a known lumi-

nosity L by measuring the amount of received flux F' from an object where

I 1/2

As with angular diameter distance, the challenge in using this distance measure is in iden-

tifying the intrinsic luminosity of an object.
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Surface brightness, and therefore flux, decreases as (1 + z)* and angular size as (1 + 2)?2
as the object recedes. This creates a distance duality between the two distance measures
which is expressed as

dr, = (14 2)dc = (1 + 2)%da (1.23)

The luminosity distance can be written as (Clarkson et al. 2008):

di(z) = (1 + z)ﬁ sin (N/_Qk /0 iz ngl)) (1.24)

where, if we assume w is constant as a function of redshift, H(z) is related to the cosmological
parameters by (Peebles 1993):

H(z) = HO\/Qm(l +2)3 + Q1+ 2)* 4+ Qi (1 + 2)2 + Qa(1 + 2)30+w) (1.25)

Substituting this and assuming a negligible contribution from the radiation component and
a flat universe where Q; = 0 and w = —1 as in the ACDM standard model, the luminosity

distance formula can be written in its most common form:

dp = (1+ )i/z d= (1.26)
L=V H Jo (L + 28 + Qa2 '

Apparent magnitude (m) is a measurement of the brightness of an astronomical object
as seen by an observer on Earth in the absence of an atmosphere. The value is based on
comparison with a reference source in the same passband. A lower value represents a brighter
object.

m; = —2.510g;0(bi/bres.:) (1.27)

where i is a given photometric passband, b; is the flux of the source in passband i and bye ;
is the flux of a reference source in the same passband. Traditionally the star Vega is used as
a reference, however other systems exist such as the AB magnitude system which uses the
following formula (Oke and Gunn 1983):

m; = —2.5log, fi —48.60 (1.28)

where f; is the flux density of the source and the constant 48.60 sets the point of zero

apparent magnitude to be where F,, = 3631Jy.

The absolute magnitude (M) of an object is defined to be equal to the apparent magnitude

of the object for an observer a distance of 10 parsecs away from it.

An important quantity in supernova cosmology, is the distance modulus () which is the

difference between the apparent and absolute magnitudes of an object and is related to the
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luminosity distance by
dr,
=m-—-M =51 —_ 25 1.29
hem oo ity * 129

It is this quantity, u, that we use to plot Hubble diagrams for the constraining of cosmological

parameters using supernova observations.

1.2.2 Measuring Distances

Luminosity distance is a commonly used distance measure. It requires knowledge of an
object’s intrinsic luminosity. The term ‘standard candle’ refers to a fictitious object that
has constant luminosity throughout the Universe so that its apparent magnitude is a direct
measure of distance.

For Cepheid variable stars there is a tightly constrained relationship between the period
of the variations and the luminosity. This makes it possible to calibrate them for use as
standard candles. The luminosity L is approximately proportional to the period P raised
to the power of 1.3, i.e. L oc P'3. The period of these stars can be measured from their
light curves and used to infer their luminosities and ultimately their distance. The distance
to the Large Magellanic Cloud (LMC), which forms the first rung in the distance ladder,
is measured using Cepheids (Peacock 1999). This method is only possible within our local
environment since in more distant galaxies it is not possible to resolve individual objects
and thereby detect a population of Cepheid variable stars.

Relations between observable galaxy properties and galaxy luminosity can be used in a
similar way to estimate relative distances. One such relation is between the surface bright-
ness Iy and central dispersion velocity o, of elliptical galaxies which suggests that these
objects have a roughly constant mass-to-light ratio. The Faber-Jackson relation for ellipti-
cal galaxies and the Tully-Fisher relation for spiral galaxies relate luminosity to the central
velocity dispersion in ellipticals and rotational velocity in spirals which are observable quan-
tities. These methods cannot provide absolute distances due to the large scatter in galaxy
properties.

At cosmological distances, we use type Ia supernovae to measure distances. Their prop-
erties make them very good standard candles and allow us to calculate absolute distances at
significant redshifts. Section 1.4 explains the physics of type Ia supernovae as well as how

they are used in cosmology and some of the discoveries they have enabled.

1.3 Perturbations and Peculiar Velocities

The standard model and the associated equations presented in Section 1.1.1 are useful and
appear to be a good approximation to our observed reality. We find that on the largest scales
the assumptions of homogeneity and isotropy appear to hold true. However, on smaller scales
this is not the case; we observe distinct structure and density variation all around us in the

form of planets, galaxies and clusters.
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An important challenge for cosmologists is explaining how the uniformity of the CMB
could give rise to the richness of structure that we see on a wide range of scales. A generally
accepted explanation is that very small density fluctuations in the CMB (< 1075) are
amplified into deep potential wells and through gravitational interaction these trigger the
hierarchical formation of structure. To study this we use perturbation theory, assuming a
very small density perturbation p on top of a uniform mass density equal to the mean mass

density pg. We can then define a dimensionless density perturbation as

Pl (1.30)
Po
This represents the fractional departure or density contrast of the local density at a point
from the mean density.

Gravitational forces act to enhance the density contrasts in the distribution of matter as
areas of higher density attract more matter into their surrounds. All particles are subject to
the Hubble expansion and thus possess a recession velocity which is governed by Hubble’s
Law (Equation 1.2). Gravitational interaction in an environment of non-uniform matter
distribution induces an additional velocity in the direction of local overdensities which we
call peculiar velocity. Peculiar velocity is related to the density perturbation as follows:

96 D
V= —a— =ad= 1.31
v 5t D (1.31)
In Equation 1.31, D is the growing mode of the perturbations which is one of two solutions
to a second-order differential equation (Equation A.6). A derivation of the growing mode

and the above relation, using linear perturbation theory, is given in Appendix A.

Consequences of Peculiar Velocities

Peculiar velocities are caused by the inhomogeneities in the distribution of matter in the
Universe and, therefore, are not explained by Hubble expansion. They affect our observations
of the universe: our own peculiar velocity is visible in the CMB dipole which is the Doppler
effect of our movement relative to the comoving background of CMB radiation. They also
have other observational consequences which affect the accuracy of supernova cosmology
(Section 1.5).

From an observer’s point of view, a peculiar velocity can be decomposed into a transverse
component which is perpendicular to the line of sight and a radial component along the line
of sight.

The transverse component affects the position of an object on the sky. This is similar to
the proper motion of a star although we generally consider peculiar velocities as relating to
extragalactic objects. Proper motions of stars in the Milky Way can feasibly be measured
because they are nearby. However, due to the distances to most galaxies, measuring the
effect of transverse peculiar velocities requires extremely precise measurements of positions

which are currently impossible. This may change in the near future with telescopes such
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Figure 1.1: The Coma cluster, observed in 1985 as part of the CfA Redshift Survey and dis-
playing the typical ‘fingers of God’ elongation in redshift space caused by peculiar velocities
(Thorstensen et al. 1989).

as GATA and SKA which aim to reach resolutions of the order of microarcseconds. These
instruments may make it possible to measure the change in position of galaxies over a
period of ten to twenty years. Quercellini et al. (2010) propose this new approach and call

it real-time cosmology.

The radial component alters the apparent redshift of an object due to Doppler ef-
fects. Where the radial peculiar velocity is directed towards the observer the photons are
blueshifted and the object appears less redshifted than expected if the redshift is related
only to Hubble expansion. Conversely, where the radial component of the peculiar velocity
is directed away from the observer the object appears more redshifted than expected. The
‘fingers of God’ observed in galaxy clusters are caused by this. The Doppler shifting causes
galaxies falling in to the cluster from the far side to be blueshifted and those falling in from
the near side to be redshifted. As a result the cluster appears elongated (into ‘fingers of
God’) in redshift space along the line of sight as seen in Figure 1.1. In future, another
branch of real-time cosmology proposed by Quercellini et al. (2010) may be able to use very
high resolution spectrographs such as the CODEX instrument for the European Extremely
Large Telescope (E-ELT), to measure the change in redshift due to peculiar velocities over

a ten to twenty year period.

It is the radial component of the peculiar velocity and its effect on redshift that is of
interest in this work. For the remainder of this thesis the use of the term peculiar velocity
will refer specifically to the radial component of the peculiar velocity unless clearly stated

otherwise.
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We can get some estimate of peculiar velocities from studying large numbers of galaxies
in redshift surveys and averaging over their properties. This technique can provide some
insight into large bulk flows. However, our current inability to accurately specify these
velocities means that there is uncertainty in all redshift measurements. The impact of this

uncertainty on supernova cosmology is investigated in this work.

1.4 Type Ia Supernovae

A supernova is the name given to the explosion of a star at the end of its life. Supernovae can
be of various types. In cosmology we are interested in those of type Ia which are discussed
in detail in Sections 1.4.2, 1.4.3 and 1.4.4. Sections 1.4.1 discusses the classification of

supernovae into each of the four types.

1.4.1 Supernova Classification

Supernovae are classified based on features in their spectra into types. Type I supernovae
are hydrogen deficient and therefore the spectra show no hydrogen emission. There are three
subtypes of hydrogen deficient supernovae: type Ia, type Ib and type Ic. Type Ia spectra
display a characteristic feature of blueshifted silicon (Sill) in deep absorption. They also
usually show absorption of intermediate elements calcium and sulphur. Type Ib spectra
are distinct due to the presence of strong helium lines. Type Ic spectra are deficient in
helium as well as hydrogen and do not show the characteristic silicon features of type Ia.
Supernova spectra that show hydrogen emission are classified as type II. Figure 1.2 shows
typical spectra for supernovae of types Ia, Ib, Ic and II.

The focus of this work in on type Ia supernovae (hereafter, SNIa) because of their
importance in cosmology and the details of the physics behind them and how they are
used in cosmological studies are discussed in the following sections.

Unlike SNIa, the physical mechanism behind the explosion of type Ib/c and type II
supernovae is core-collapse of the progenitor star. There have been proposals for using core-
collapse supernovae as distance indicators. In particular, for type II supernovae there is a
correlation between the expansion velocity and luminosity during the plateau phase of the
explosion which is linked to the atmosphere of the supernova. Calculated values for the
Hubble constant using type II supernovae are between 65 and 70 kms~*Mpc~! (Leibundgut
2008). This method could possibly provide another independent probe into the Universe’s

expansion history which could be compared with the results derived from SNIa.

1.4.2 Type Ia Supernova Data

As mentioned previously, we use spectroscopy to identify supernovae of type Ia based on a
lack of hydrogen and the presence of silicon (SilI) and sometimes also intermediate elements
Calcium (Call) and Sulphur (SII). Figure 1.3 shows three typical type Ia spectra showing

the characteristic silicon feature at 6150 A.
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Figure 1.2: Typical spectra for supernovae of types Ia, II, Ic and Ib (Filippenko 1997). The
Ta spectrum is identified by the deep silicon absorption, Ib by helium features and the type
IT spectrum has clear hydrogen lines.
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Figure 1.3: Spectra of three different SNIa taken approximately one week after maximum
brightness (Filippenko 1997). The supernovae shown here are SN 1990N, SN 1987N and SN
1987D.
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Figure 1.4: Lightcurve evolution in B, V, R and I bands for a number of bright SNTIa, from
Filippenko (1997).

Photometric data, or light curves, of SNIa are also important. Light curves measure the
magnitude of the SNIa as a function of time. There is a remarkable homogeneity in the
time evolution of the light curves of SNIa which is central to their usefulness in cosmology.

Figure 1.4 shows the light curve data for a number of SNIa in four different filters.

1.4.3 Physics of Type Ia Supernovae

Unlike other types of supernovae which are attributed to core-collapse in massive stars,
SNIa are caused by thermonuclear explosions of compact white dwarf stars (Leibundgut
2008), however, there is still debate about some details of the model. We believe that
the progenitors for SNIa are binary systems which involve an electron-degenerate white
dwarf accreting material from a companion star. When the mass of a (non-rotating) white
dwarf approaches the Chandrasekhar limit of 1.4 solar masses (Mg) the gravity can no
longer be supported by the electron degeneracy pressure and the increases in temperature
and pressure set off explosive burning of carbon and oxygen. This process creates a large
instability and convection in the star which can continue for several hundred years (Goobar
and Leibundgut 2011). Eventually, the growing convective region triggers a runaway process
causing the entire star to be destroyed in a matter of seconds. The explosion is powered
by the radioactive nickel °°Ni as it decays to **Co and then %°Fe (Goobar and Leibundgut
2011). The °°Ni is formed during the centuries of convection. Silicon, calcium and sulphur
are intermediate elements in the formation of ®Ni. These are likely to be present at the
time of explosion and are generally prominent features in the SNIa spectra.

The homogeneity of SNIa stems from the fact that the disruption of the progenitors
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occurs at the Chandrasekhar limit and therefore at a common mass. This suggests that the
progenitors will contain similar levels of heavy elements. The peak brightness of the event
depends on the amount of ®6Ni. Different amounts of *®Ni result in the scatter of the peak
magnitudes as seen in the top panel of Figure 1.5. The relationship between peak magnitude
and decay time that allows us to standardise SNIa for use as standard candles can also be
explained using this model. SNIa with brighter peak magnitudes result from progenitors
with larger quantities of 6Ni, possibly due to longer periods of convection. This results in
explosions with higher temperatures and greater opacity which increases the photon diffusion
time and causes a slower decline in the lightcurve.

SNIa occur in a variety of environments. The local SNIa rate is approximately 3 x 107>
SNIa per cubic Mpc per year (Goobar and Leibundgut 2011) which makes these very rare
events. The rate in galaxies with active star formation is higher which suggests that a signif-
icant fraction of SNIa occur in young stellar populations (Mannucci et al. 2005). However,
SNIa are observed across a wide range of environments including red elliptical galaxies which
have no star formation, which implies that it is also possible for their progenitors to have

very long lifespans of the order of a few billion years.

1.4.4 Type Ia Supernovae as Standard Candles

SNIa are ideal standard candles for two reasons:

Firstly, their light curves are remarkably similar as seen in the top panel in Figure 1.5,
which shows the lightcurves of SNIa from the Calan/Tololo survey (Hamuy et al. 1996). The
lightcurves can be made even more homogeneous by normalising them according to a relation
between the peak magnitude and the rate of decay in luminosity after the peak discovered
by Phillips (1993). Using this relationship to apply a second order correction to the SNIa
data results in the lightcurves appearing almost indistinguishable from one another as shown
in the lower panel of Figure 1.5. The scatter in the peak magnitude after the correction is
reduced to ~ 0.15 magnitudes. This normalisation gives a peak magnitude in the B-band
of Mg ~ —19.5. This is the reference magnitude used in the luminosity distance formula
(Equation 1.22) to calculate the absolute distance to each SNIa.

Secondly, SNIa are very luminous. Their brightness often exceeds that of the host galaxy
in which they occur. The luminosity makes SNIa perfect for use as cosmological standard

candles because they can be seen out to cosmological distances.

1.4.5 Supernova Cosmology

The central theme in supernova cosmology is the measurement of the expansion history
of the Universe and determining quantities like the matter density €2, and the equation
of state parameter for dark energy w, to test against cosmological models. Using Hubble
diagrams which plot SNIa redshift against their distance modulus we calculate estimates
and constraints for these and other parameters. The best fit line to the supernova data

points defines the best fit cosmology and this is used to constrain the values of cosmological
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Figure 1.5: Top: Lightcurves for SNIa with no correction applied. Bottom: The same SNIa
lightcurves normalised using the relationship between maximum brightness and decay time.
After the correction is applied the scatter in the peak magnitudes is reduced to 0.15. This
figure is taken from Kim (1997) and uses supernova data from the Calan/Tololo Survey
(Hamuy et al. 1996).

parameters. Figure 1.6 shows a Hubble diagram from Kessler et al. (2009) which includes
a number of different SNIa datasets. In working towards the best possible constraints, we
combine the results from supernovae with estimates from other types of data. Figure 1.7
shows the parameter space for €2, and 24 with the constraints imposed by SNIa, baryon
acoustic oscillations and the CMB and also showing the line representing a flat universe (i.e.
Qn+Qa =1).

SNIa provide key evidence for the accelerated expansion of the Universe which is one of
the most important cosmological discoveries of the last twenty years. In 1998, using results
from the High-Z Supernova Survey and the Supernova Cosmology Project, both Riess et al.
(1998) and Perlmutter et al. (1998) presented evidence that the expansion of the Universe
is accelerating. The findings were based on observations of distant SNIa that appeared
fainter than they should in a massless, empty universe. The acceleration of expansion is
now widely accepted (Leibundgut 2008), and the 2011 Nobel Prize in Physics was awarded
jointly to Saul Perlmutter (Supernova Cosmology Project) and Brain Schmidt and Adam
Riess (High-Z Supernova Survey) for their discovery. Figure 1.8 shows the results of the
High-Z Supernova Survey in the 2, — Q, plane.

Several projects including the Supernova Legacy Survey (SNLS), ESSENCE and Sloane
Digital Sky Survey (SDSS) are using distant SNIa for measuring the value of w, the equation
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Figure 1.6: Hubble diagram by Kessler et al. (2009) showing 288 SNIa from the samples
listed on the plot.

of state parameter for dark energy. Other projects are gathering supernova data for various
purposes including to better understand the environments in which these events occur and

to attempt to reduce their observed scatter on the Hubble diagram.

1.5 Supernova Cosmology and Peculiar Velocities

As explained in Section 1.4.5, the key observables in supernova cosmology studies are red-
shifts and the magnitudes from which we calculate luminosity distances. However, as dis-
cussed in Section 1.3, the quality of the redshift data is compromised by the peculiar veloc-
ities that exist as a result of structure in the Universe.

The peculiar velocities cause a scatter in the redshift (x-axis of the Hubble diagram).
The cosmological redshift is the redshift of an object if it were to have zero peculiar velocity,
that is the redshift due only to expansion. The redshift that is measured by an observer,
and is therefore altered by the peculiar velocity of the object itself, is called the observed
or apparent redshift. The central aim of supernova cosmology is determining a best-fit
cosmology for the data and thereby constraining the values of the cosmological parameters.
The scatter in redshift may result in a different, and inaccurate, best-fit cosmology and
therefore lead to inaccurate parameter constraints.

In a random density and velocity field, the random directions of the peculiar velocities in
a supernova sample should result in a random scatter in the Hubble diagram around the true
cosmology. In this case, the effect can be accounted for by inflating the errors on the distance

modulus to include an additional error due to the velocities (this is explained in detail in
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Figure 1.7: Constraints in the ,, — Q, plane from the CMB, baryon acoustic oscillations
and SNIa (Kowalski et al. 2008).

Section 4.1.1). On the other hand, where there are correlations in the peculiar velocities,
there may be a coherent shift in the data which could bias the resultant cosmology. Such
correlations could be the result of large scale bulk flows.

The correlations due to peculiar velocities should be modeled using a data correlation
matrix. However, historically, this is translated into the velocity error added to the distance
modulus errors instead. This is done for ease of computation and is justified by the fact that
the errors on measured magnitudes are significantly larger than those on spectroscopically
confirmed redshifts. The velocity error oy, is added in quadrature to the errors caused by
the scatter in the peak magnitudes of SNIa and the fitting of the supernovae light curves.
The mathematical details of the errors are explained in more detail in Section 4.1.1.

The effect of peculiar velocities on SNIa is predominantly a low redshift effect. This is
because more distant objects with higher redshifts have larger recession velocities and so the
contribution to redshift from the peculiar velocity is proportionally much smaller, and also

because the correlations due to peculiar velocities decay rapidly with increased separation
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Figure 1.8: Cosmological constraints from the High-Z Supernova Survey with the region
corresponding to accelerated expansion indicated by the dashed lines (Riess et al. 1998).
The dotted contours are the constraints calculated when the unclassified supernova SN
1997ck is excluded from the dataset.

and redshift as seen in Figure 1.9. Some supernova cosmologists reduce the impact of peculiar
velocities on their results by implementing a low redshift cut and ignoring all supernova data
below a redshift of, for example, z = 0.02 (Davis et al. 2010).

1.6 In This Work

Future supernova surveys expect to discover many thousands of SNIa. This may result in
the reduction of the magnitude errors to the point where they are comparable to the redshift
errors and therefore increase the importance of understanding peculiar velocities. The new

surveys are also likely to obtain large amounts of low redshift data, which may need to be
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Figure 1.9: Figure taken from Gordon et al. (2007). The ratio of covariance from peculiar
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disregarded if the peculiar velocity effect is not better understood.

The purpose of this work is to create a simulated SNIa dataset and use it to quantify
the effects of peculiar velocities in various scenarios. The aim is to evaluate the significance
of the effect and the importance of addressing it in future supernova cosmology studies.

Chapter 2 explains the simulation and resulting galaxy catalogues used in this work and
Chapter 3 explains the analysis methodology. The results of simulating SNIa data, and the
parameter estimation are discussed in Chapter 4 and the conclusions are summarised in
Chapter 5.
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Figure 2.4: Relationships between the redshift data provided for mock survey F (Kitzbichler
and White 2007). Left: The relationship between the calculated cosmological redshifts and
the discrete snapshot redshifts associated with the Millennium Simulation. Right: The per-
centage change in cosmological redshift caused by peculiar velocities. The change decreases
with increasing redshift as the peculiar velocities become much smaller relative to the re-
cession velocities. A negative change indicates that the direction of the radial component of
the peculiar velocity is away from the observer.
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Table 2.1: Supernova rates by host galaxy colour in units of SNIa per century per 100 M,
(SNuM) from Mannucci et al. (2005).

B-K SNuM

<26 0.8610:32
2.6-33 0197003
3.3—4.1  0.08470058

>4.1  0.02715517

2.4 Supernova Rates

Supernova rates define the probability of a galaxy containing a supernova in a given time
period. We use them to assign supernovae to objects in galaxy catalogues such as those
of Kitzbichler and White (2007). The rates computed by Mannucci et al. (2005) take into
account the physical properties of the galaxies, in particular their B — K colour and stellar
mass. They are given in units of SNuM which represents the number of SNIa per century
per 101°M,.

Mannucci et al. (2005) calculated their SNIa rates using 136 observed SNIa collected
from the SNIa catalogues of five different groups. The original dataset was larger but
they retained only those SNIa where the luminosity, colour, morphology, inclination and
distance of the host galaxy could be identified. These selection criteria resulted in more
than 100 objects being discarded. The galaxy properties were collected by cross correlating
the 2MASS Extended Source Catalog, which gives the K-band near infrared magnitudes,
with optical galaxy catalogues.

The colour of a galaxy is related to its star formation rate (SFR). Young stars appear
bluer and therefore galaxies with active star formation appear bluer than those without star
formation. In analysing the host galaxies of the 136 SNIa Mannucci et al. (2005) found that
the rate of SNIa was noticeably different for galaxies of different colours. They define SNIa
rates for four different bands of B — K colour based on their findings as shown in Table 2.1.

In this work we use the rates of Mannucci et al. (2005) to generate simulated SNIa
datasets for studying the impact of peculiar velocities on cosmological parameter estimation.
Using the SNIa rates, and taking into consideration the colour and mass of each galaxy, we
assign a probability that the galaxy will contain a SNIa. We then generate a random
number and compare this to the probability in order to determine whether a galaxy has a
SNIa allocated to it or not. The details of the generated SNIa catalogues are explained in
Chapter 4.
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Chapter 3

Analysis Methodology

With our simulated set of SNIa it is now possible to estimate the cosmological parameters,
such as €, and Hy, and quantitatively evaluate the effect of peculiar velocities on the
results. The important quantities in the Hubble diagram are redshift and distance; sky
position (RA and Dec) is not taken into account because of isotropy. As a result, combining
SNIa from the six mock surveys is relatively simple. We simulate both a deep, narrow and
a shallow, wide SNIa survey and combine them into a single dataset. This mimics the set
up for modern SNIa surveys like the SN Legacy Survey combined with low redshift surveys
such as the SN Factory.

Using the simulated SNIa data, parameter estimation was performed using CosmoMC*
which is a Markov-Chain Monte Carlo engine designed specifically for exploring cosmological
parameter space. The CosmoMC runs took approximately 24 weeks (4000 hours) of CPU
time. The remainder of this chapter describes parameter estimation, the Markov-Chain

Monte Carlo method, CosmoMC and the analysis undertaken in this work.

3.1 Parameter Estimation

Equations such as Equation 1.26 allow us to parameterise our model of cosmology so that it
can be described using a number of parameters (Q,,, Qr, Ho etc). Parameter estimation is
the process whereby we attempt to constrain the range of possible values for each parameter
using observations of the Universe. This involves finding the values of each parameter that
result in the best possible fit of the parameterised equation to observed data. A widely used
test to evaluate the goodness of fit of a set of parameter values to uncorrelated data is the

X2, or Chi Squared, test. The x? test statistic is:

0y = S0 P HO0P (3.1)

i=1

*http://cosmologist.info/cosmomc/

33
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where N is the number of data points, D; is the data, o; is the uncertainty on the data,
and f; is the theoretical prediction of the model as a function of the parameters, 6;, that
we want to estimate. The statistic effectively sums the number of standard deviations o;
between the theoretical model and the data at each point. The best fit parameter values are
found by minimising the y? statistic while varying the values of the parameters (Heavens
2009).

The likelihood, usually written as £(D]#), can also be used to evaluate goodness of fit
and identify best fit parameter values through maximisation. In the case of uncorrelated

data, L is related to x? as:

(3.2)

L(D]f) o exp (‘XZ@>

2

Where we have some idea about the feasible ranges for parameters it can reduce the
computation time required for fitting by limiting the parameter space to be investigated.
This prior knowledge about parameters can be folded into the calculation of a posterior
probability using Bayes’ Theorem. Bayes’ Theorem defines the posterior in terms of the
likelihood and priors which are probability distribution functions for the parameters based

on our existing knowledge of a situation. Bayes’ Theorem is:

P(D]6)P(6)

P@ID) = =57

(3.3)
Here P(6|D) is the posterior probability that we are looking to calculate, the probability of
the theoretical model given the data. P(D|f) is the likelihood, the probability of the data
given the theory and we maximise this to estimate parameters. P(f) includes the informa-
tion about the priors and P(D) is the Bayesian evidence which normalises the expression.
The evidence is dependent only on the data so when maximising the posterior to estimate
parameters it is constant and therefore does not play a role (Heavens 2009). The prior
distributions, P(6), are chosen based on existing knowledge about the parameters. In this
work we use top-hat priors which define an allowable range for parameter values over which
they have equal probability of occurring and outside of which there is a zero probability.

The priors on parameters in this work are given in Section 3.2.2.

3.2 Markov-Chain Monte Carlo

Markov-Chain Monte Carlo (MCMC) is a sampling technique for exploring parameter spaces,
particularly where they are multidimensional. This parameter estimation technique has been
applied in astrophysics to analysis problems including estimating cosmologies from the CMB
power spectrum (Dunkley et al. 2004, Resolution et al. 2007) and the detection of Sunyaev-
Zel’dovich clusters in the primordial CMB (Slosar and Hobson 2003). MCMC has also been
used for the reconstruction of the real-space power spectrum from 2dFGRS (Percival 2005)
and investigations of primordial non-Gaussianity (Kim 2010).

The simplest and most common algorithm for constructing an MCMC sampler is the
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Metropolis-Hastings algorithm. The algorithm generates a chain of steps known as a Markov
chain. At step n, which corresponds to a state x,,, a candidate for the next state z’ is selected
according to proposal distributions for each parameter. The posterior is calculated for both
z, and z’. If the posterior at z’ is greater than the current posterior then the step is
accepted and z,4+; = 2’. Otherwise, the probability of the step being accepted is equal
to the ratio of the current and candidate posteriors. If the step is rejected then the chain
remains at the same place such that z,,41 = x,,. Consequently, any step yielding a greater
posterior probability is accepted. Where a step yields a lower posterior, the probability
of the step being accepted is defined by how much worse a solution it represents than the
current position. Allowing the chain to ‘move uphill’ helps to avoid becoming stuck in a
local minimum.

The Markov chain records the state at the completion of each step or iteration, including
when it remains unchanged (i.e. when x,,11 = x,,). This record of steps is called a Markov
chain. After sufficient iterations the chain converges on a stationary or equilibrium distri-
bution. This represents the posterior distribution of the quantity of interest. An infinite
chain will always converge on the true posterior. In practice, convergence criteria are set to
define the point at which to stop the chain. The distribution of the final chain indicates the
best fit solution by the position of its peak and the uncertainty of this result by the spread
around the peak.

In addition to the length of the chain, the proposal distributions for the parameters
that are set by the user impact the speed and efficiency of convergence. If the proposal
distributions are very wide then there will be a low rate of acceptance and the chain may
remain at a single point for a long period of time. Conversely, narrow proposal distributions
means that although acceptance rates are high, the movement around the parameter space
is slow. Despite these apparent shortcomings, MCMC remains a powerful tool in cosmology.
The CosmoMC tool (see Section 3.2.1) is a highly developed MCMC algorithm designed to
explore cosmological parameter space. It has a number of optimisations beyond the standard

Metropolis-Hastings algorithm which help to overcome the issues decribed above.

3.2.1 CosmoMC

CosmoMC is an MCMC sampler developed by Lewis and Bridle (2002) for cosmological
parameter estimation. By default, it uses CAMB* which is a code for computing anisotropies
in the microwave background (Lewis et al. 2000) and calculates theoretical CMB power
spectra. However, CosmoMC can also be set up as a generic MCMC sampler without using
CAMB. It also includes code for analysing the output chains to calculate result statistics
and create plots of the estimated parameters.

It is recommended to use the MPI option in CosmoMC so that multiple MCMC chains
can be run simultaneously until a stopping criterion is met. MPI, or Message Passing

Interface, is a platform that enables parallel computing using a distributed memory model

*http://camb.info/
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where communication is managed through the passing of messages between CPUs which
are running different processes in parallel. The stopping criterion used in CosmoMC is the
Gelman and Rubin R statistic; once this statistic reaches a user-defined value the chains are
halted. The R statistic is defined as:

R variance of chain means (3.4)

mean of chain variances

The default convergence criterion is R < 0.03.

The specifics of a CosmoMC run are defined in the params.ini file. In particular we set:

e Parameter ranges: For each parameter it is necessary to specify the proposal distri-
bution which defines the prior discussed in Section 3.1. This proposal distribution is
defined by setting the centre of the distribution, the minimum and maximum of the
allowed range, the starting width and the estimated standard deviation of the param-
eter. To fix a parameter the min, max and centre values are set to the desired value

and the starting width and standard deviation are set to zero.

e Input data and priors: There are a number of flags indicating which input data to
use in the parameter estimation. The available input data include CMB data, baryon
acoustic oscillation data, SNIa data as well as data from clusters, Lyman-« results and
HST results. There is also a flag to indicate whether or not to use a top-hat prior for

the age of the Universe which forces it to be between 10 and 20 gigayears.

3.2.2 Configuration

Since our focus is solely on constraints from SNla, we set up CosmoMC without CAMB.
In the parameter estimation we adopt the age prior (10 Gyr < age < 20 Gyr as explained
previously), and exclude all of the available input data except for SNIa, for which we use
our own simulated SNIa results. By configuring CosmoMC like this, we compute the cos-
mological parameters using only the SNIa data that we generate, containing information on
the redshift, distance modulus and its associated error for each SNIa.

In order to find the ‘best-fit’ normalisation of the Hubble diagram, and estimate the
offsets caused by the simulated SNIa datasets, we configure CosmoMC so that it does not
marginalise over Hy during the parameter estimation.

We use the following parameter ranges (top-hat priors) for the varied parameters:
e 0.005 < Qph? < 0.1

e 0.01 < Qg,,h% < 0.99

e 2<w<0

e 0.5< <10

O,h2 and Qg,, h? are the baryon and dark matter densities expressed in terms of h2. w is the

equation of state for dark energy. 6 is the ratio of the sound horizon to the angular diameter
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distance multiplied by 100; the default range is used for this parameter. We assume that
the Universe has a flat geometry, and therefore () is set to zero.

The CosmoMC output includes a file containing the best fit values for the parameters
and the standard deviation or error on the results. These values are given for the varied
parameters and also for additional inferred parameters. The inferred parameters included
in the output are the dark energy density parameter €25, the Hubble constant today Hy,
age in gigayears and $2,,.

We use MPI to run parallel MCMC chains and check for convergence. Each CosmoMC
run consists of three chains and the convergence criterion we set to the default setting of
0.03.

3.3 Approach

We use the results from the CosmoMC runs to calculate the effect of peculiar velocities on
each of the parameters we are interested in. This is achieved by running two supernova
datasets through the sampling engine. The redshift data in the first of these runs is the
observed redshift while in the second it is the true cosmological redshift with the peculiar
velocities removed. The two datasets use identical distance modulus information which
has error and scatter added as explained in section 4.1.1. Then the resulting parameter
estimates for the two CosmoMC runs are compared. The quantity of interest is the shift in
the parameter values as a result of peculiar velocities. This is measured by the difference
between the best fit estimate for a parameter using observed redshift and the estimate using
cosmological redshift. Also of interest is the comparison of the estimated parameter values
for both observed and cosmological redshifts with the fiducial values that underly in the

Millennium Simulation.
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Chapter 4

Results

This chapter presents the simulated SNIa data that were generated from the mock galaxy
catalogues of Kitzbichler and White (2007) and the Hubble diagrams constructed from these
data for the purpose of parameter estimation (Section 4.1). Also presented here are the
results for evaluating the correlation in the data using the Durbin-Watson statistic (Section
4.2), and the comparison of estimated parameter values calculated with and without peculiar

velocities (Section 4.3).

4.1 Simulated SNIa Data

We generate SNIa data by simulating a deep SNla survey taking place over 5 years with
six different pointings of a 2 square degree field of view. This is done by applying the SNIa
rates described in Section 2.4 to the mock galaxy surveys constructed by Kitzbichler and
White (2007).

As explained in Section 2.4 the SNIa rates are based on the colour of the host galaxy
which is an indicator of the star formation rate. Mannucci et al. (2005) provide a rate of SNIa
in each of four bands of B — K colour (B— K < 2.6,2.6 < B—K <3.3,3.3<B—-K <4.1,
B — K > 4.1). Figure 4.1 shows the colour-magnitude diagram of the galaxies in mock
survey A and with the colour bands shown, and with stars indicating a random realisation
of SNIa host galaxies generated using the Mannucci et al. (2005) SNIa rates. The bluer
galaxies in the colour band B — K < 2.6 which have higher rates of star formation have the
largest proportion of SNIa.

Figure 4.2 shows the simulated SNIa in the six mock galaxy surveys (A-F). The colours
denote the direction of the peculiar velocity of the host galaxy for each SNIa. The overall
motion of all the galaxies is away from the observer. However, the direction of the radial
component of the peculiar velocity may be towards the observer, in which case the galaxy
appears less redshifted than it should considering its distance, and is shown in the figure as
a blue point. Conversely, if the radial component of the peculiar velocity is pointing away

from the observer the galaxy appears more redshifted and is plotted in the figure as a red

39
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Figure 4.1: Colour-magnitude diagram of galaxies in mock survey A (Kitzbichler and White
2007) with those hosting SNIa indicated by stars. The SNIa host galaxies are determined
by the application of the SNIa rates by Mannucci et al. (2005) and the horizontal lines mark
the colour bands in which the rates are defined.

point.

In deep SNIa surveys, such as the SN Legacy Survey (Sullivan and Balland 2008), the
time and equipment necessary to achieve the high redshift observations restricts the size of
the field that can be observed. The narrow field of view and the cone shape of the observing
beam mean that at low redshift a very small physical volume is covered and therefore few
are SNIa observed.

In order to improve the coverage at low redshift, survey teams may conduct a wide
shallow survey, like the SNFactory (Aldering et al. 2002), in conjunction with the narrow
deep surveys. Observations out to redshift z = 0.1 can be undertaken by much smaller
telescopes with larger fields of view and in shorter times and therefore can cover a significant
area of the sky. We adopt this same approach since objects at low redshift, where peculiar
velocities are more significant and correlations between them are more likely, are important
in the study. We simulate an additional 5 year wide field survey out to redshift z = 0.1 by
extracting the low redshift galaxies and adding SNIa to them using the rates from Mannucci
et al. (2005) multiplied by 100. As in the deep survey, the SNIa come from the six mock

galaxy surveys. Based on the assumption that the Universe is isotropic, we translate the
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increase in the SNIa rates to an increase of the total field of view to 1200 square degrees
(due to multiplication by 100). The wide survey contributes approximately 1000 additional
SNIa which are shown in Figure 4.3. As in Figure 4.2, the colours of the datapoints indicate
the effect of the peculiar velocities on the observed redshifts.

In a typical wide and shallow survey, a large area of the sky is observed and therefore the
SNIa are spread out over large physical distances making their peculiar velocities less corre-
lated. Our wide SNIa survey was simulated from the mock galaxy catalogues of Kitzbichler
and White (2007) which comprise six pointings of a 2 square degree field. To simulate a
larger survey covering ~ 1200 square degrees we artificially increased the SNIa rates by a
factor of 100 based on the assumption that the universe is isotropic. This assumption is
reasonable in terms of the numbers of SNIa. However, although the six mock surveys can be
considered independent from each other, the SNIa from each one are all within the same 2
square degrees instead of being distributed over hundreds of degrees as they would be in an
actual wide survey. This means that the peculiar velocities will be more strongly correlated
than in actual wide survey SNIa observations. Whilst the effect of this has minimal impact
on our studies, the results should nevertheless be taken strictly as an upper bound on the
effect of peculiar velocities.

The top panel of Figure 4.4 shows the change in redshift due to peculiar velocities
computed as (z obs - z cos). A change of 0.01 in a nearby object may have a significant
effect on the observed redshift. On the other hand, observations of more distant objects, such
as those with a redshift close to z = 1 are less significantly affected by such a change in their
redshift. The bottom panel shows the percentage changes in redshifts. The histogram of
the percentage changes is much narrower due to the larger number of SNIa at high redshifts
and has longer tails due to the few low redshift SNIa that are affected more dramatically.
Although, in the plot, the range is restricted to +7%, there are objects where the change in
redshift is as much as 18%.

The simulated SNIa from the deep survey (Figure 4.2) are shown again in Figure 4.5
but here, where the change in redshift is less that 5%, the SNIa are shown as small black
points. As before, the colours denote the direction of the peculiar velocities. We see that

the impact of peculiar velocities is more significant at low redshift as expected.

Multiple SNIa Realisations

We created three different realisations of SNIa by applying the SNIa rates to the galaxy
catalogues three times, to simulate both deep and wide surveys. This means that there
are three different sets of simulated SNIa taken from the same set of galaxies for studying
the peculiar velocity effect. There are roughly the same number of SNIa in each realisation
(~ 8800) and while there are some repeats, most of the galaxies associated with the SNIa
vary across the realisations. Table 4.1 shows the number of SNIa from the deep and wide
surveys for each of the three realisations. Table 4.2 provides a breakdown of the number of
overlapping host galaxies in the three realisations. We expect many of the repeating galaxies
to be at low redshift where the SNIa rates are artificially inflated by a factor of 100.
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SNIla where z obs < z cos
SNla where z obs > z cos

Figure 4.2: Simulated SNIa generated from the mock galaxy surveys of Kitzbichler and
White (2007). The colours indicate the direction of the radial component of the host galaxy’s
peculiar velocity. The red points indicated reddened SNIa where the radial peculiar velocity
is directed away from the observer so that the observed redshift is larger than the true
redshift and similarly the blue points indicate blued SNIa.

Table 4.1: SNIa counts for the deep survey, wide survey and for the two surveys combined,
for each of the three realisations.

Number of SNIa

Realisation
Deep survey  Wide survey  Combined
1 7382 1351 8733
2 7496 1368 8864

3 7512 1346 8858
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Figure 4.3: Simulated SNIa for a shallow, wide survey in the redshift range z = 0 — 0.1 and
simulating an observed area of 1200 square degrees. As in Figure 4.2 the colours indicate
the direction of the radial component of the host galaxy’s peculiar velocity and thereby the
effect on the observed redshift.

Table 4.2: Number of unique and overlapping SNIa in each realisation. The bold numbers
in the diagonal represent the total number of SNIa in that realisation while the off-diagonal
numbers give the amount of SNIa that appear in the two corresponding realisations. The
unique row provides a count of SNIa that appear in only one realisation. (Note that the
unique count is not simply a subtraction of the numbers of overlapping SNTa in the other two
realisations since SNIa that appear in all three realisations need not be subtracted twice.)

Realisation 1 2 3
1 8733
2 1232 8864
3 1216 1226 8858
Unique 7186 7311 7280
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Figure 4.4: Histograms of the effects on redshift, from peculiar velocities, for SNIa from the
simulated deep survey. A positive change indicates that the object appears more redshifted
than it truly is and the peculiar velocity is directed away from the observer. Top: Change
in redshift, which is computed as (z obs - z cos). Bottom: Percentage change in redshift,
computed (z obs - z cos)/z cos.



4.1 Simulated SNIa Data 45

Az < 5%
Az > 5% and z obs < z cos
Az > 5% and z obs > z cos

Figure 4.5: SNIa from the simulated deep survey (see Figure 4.2). Where the percentage
change in redshift is greater than 5% the SNIa are shown in red and blue as in Figure 4.2,
SNIa where the change in redshift is less than 5% are shown as small black points.

4.1.1 Constructing Hubble diagrams

SNIa data are used to construct Hubble diagrams from which we can calculate estimates
of cosmological parameters. A Hubble diagram plots the redshifts of SNIa against their

distance modulus which is calculated as:
u=>5log(dr) + 25 (4.1)

where dy, is the luminosity distance as defined in Section 1.2, Equation 1.22. The luminosity
distance is calculated using CosmoloPy*, a cosmology package for Python (Kramer 2011),
which takes in the redshift and values for h, .,,, Qs and Q. To calculate the distance
modulus, we use the cosmological redshift and the parameter values corresponding to the
Millennium Simulation for the other input variables (i.e. h = 0.73, Q,, = 0.25, Q) = 0.75
and Q = 0).

Figure 4.6 zooms in on the low redshift region of the Hubble diagram plotted using the

*http://roban.github.com/CosmoloPy/
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Figure 4.6: Hubble diagram in the range z = 0.02 — 0.1 for simulated SNIa data using
cosmological redshift (left) and observed redshift (right). In this range the smudging of the
redshift data as a result of peculiar velocities is evident in the observed redshift plot.

simulated SNTa with exact distance modulus data. In the left panel, where p is plotted
against cosmological redshift, we see a perfect representation of the relationship we used to
calculate the distance modulus. In the right panel, we see the smudging of the observed

redshifts as a result of peculiar velocities.

Since our galaxy data are simulated, the data is exact and, therefore, so are the calcu-
lated distance modulus values. However, in reality, SNIa observations have uncertainties
associated with them. To make our Hubble diagrams more representative of observations
we add typical error bars to the distance modulus and then scatter the calculated values

within the range defined by these error bars.

We expect that SNIa peculiar velocity correlations will only be significant for future sur-
veys. To consider the most extreme case, which maximises the effect of the correlations, we
consider perfect photometric data and hence only consider errors corresponding to intrinsic
scatter, uncorrelated peculiar velocities and redshift errors from spectroscopy. As such, we

define the error on the distance modulus as:

2 int)2 2

oy = (0,") + (7)) (4.2)
int
N
after the second order correction is applied as discussed in Section 1.4. This error is taken

to be Uf]” = 0.16 as in Kessler et al. (2009). The redshift error, o7, is made up of a

spectroscopic component and a peculiar velocity component. For the spectroscopic error

The intrinsic error, ¢!, is due to the scatter in the peak magnitudes of SNIa that remains

Kessler et al. (2009) use 0spec = 0.0005 where redshifts are based on host galaxy spectra

and ospec = 0.005 for redshifts based on SNIa spectra. The peculiar velocity error is set to
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Opec = 0.0012. This value is calculated by assuming typical peculiar velocities of 300km/s
and typical internal motions of 200km/s. The redshift error should technically be an error
in the x direction of the Hubble diagram, but it is generally projected onto the y axis as a

distance modulus error using

5 142
A 4.
u=7 <1n10> 2(1+2/2) (43)

Kessler et al. (2009) include an additional error component, O’iit, to account for the statistical
uncertainty of the fitting software MLCS2K2 used to calculate their distance modulus. This
component is not included in this work since we assume perfect photometric data.

Figure 4.7 shows the SNIa data plotted with both the cosmological redshifts and the
observed redshifts. The distance modulus data is scattered around the true values according
to the error bars, and the error bars are shown. The shift in the Hubble diagram between
the two redshifts is visible in places where the red points (observed) can be seen from
behind the blue points (cosmological). The Hubble diagram bears a strong resemblance to
that of Kessler et al. (2009) (Figure 1.6). The similarity of the shapes indicates that the
cosmology underlying the Millennium Simulation is a good description of observations. More
importantly, the similarity in the scatter on the data suggests that the simulated SNIa data
is realistic when compared with actual observations. Appendix B shows a Hubble diagram
of the simulated SNIa plotted over the same range as the one from Kessler et al. (2009) for
comparison purposes.

Figure 4.8 shows the simulated SNIa on a Hubble diagram with arrows representing
proportional change in redshift as a result of the peculiar velocities of the host galaxies. The
scale of the arrows is vastly increased relative to the redshift axis, so they do not indicate
numerical change in redshift, but rather give a qualitative indication of the peculiar velocity

impact.
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Figure 4.7: Hubble diagram constructed using simulated SNIa data with error bars and
scattered distance modulus data. Each SNIa is plotted using its cosmological redshift (blue)
and observed redshift (red) which is affected by the host galaxy’s peculiar velocity. A random
sample of the full SNIa dataset is shown here.
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Figure 4.8: Hubble diagram of a random sample of SNIa, with arrows representing the
proportional change in redshift as a result of peculiar velocities. Blue arrows are used where
the SNIa appears less redshifted than expected and the red arrows where it appears more
redshifted. The lengths of the arrows correspond to an arbitrary scale and only indicate the
relative significance of the effects of the peculiar velocities. Their scale is not related to that
of the redshift axis and they do not represent numerical changes in redshift.
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4.2 Correlation

As discussed in Section 1.5, it is the correlations between peculiar velocities that determine
their impact on cosmological calculations. The Durbin-Watson (DW) statistic provides a
measure of autocorrelation in residuals of time series data (Durbin and Watson 1950a;b;
1971). The test statistic d is defined as:

So(er —e1)?

d p—
T 2
Y€

(4.4)
where T is the number of data points, and e represents the residuals. In general, a residual
is the difference between the data value and the estimated value. In the case of our SNIa
data, this is the difference between the distance modulus calculated using the true cosmo-
logical redshift, p..s, and the distance modulus calculated using the redshift measured by

an observer, fips, Which is subject to error due to peculiar velocities:

€ = [lobs — Mcos (45)

The galaxy and SNIa catalogues are not time series data, therefore, we order the residuals
in ascending order by their observed redshift for the computation of the DW statistic.

The DW statistic is always between 0 and 4. It is approximately equal to 2(1—r) where r
is the autocorrelation between residuals. Therefore, a value of d = 2 indicates no correlation,
d < 2 represents positive correlation and d > 2 represents anticorrelation.

The correlation for each of the six mock galaxy surveys is computed and shown in Figure
4.9 along with the correlation statistic for a sample of 5000 galaxies randomly drawn from
all six mock surveys. Each mock survey A-F represents the observed galaxies from one
pointing in the sky. Each pointing shows a high degree of correlation in peculiar velocities
which is due to the relatively small volume probed by an observing beam of 2 square degrees,
particularly at low redshift. By contrast, the peculiar velocities in the random galaxy sample
are much less correlated. By combining observations taken in different parts of the sky, the
correlation of the peculiar velocities is reduced.

In Figure 4.10, we compare the correlation of the three realisations of simulated SNTIa from
the deep survey with three random samples of galaxies containing approximately the same
number of objects (7500). The simulated SNIa come from all six mock surveys combined
and therefore they have a similar correlation to random samples of galaxies. We can use this
result to reduce the effect of peculiar velocities on SNIa by combining data from observations

in different parts of the sky.
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Figure 4.9: Correlation results for the full set of galaxies from each of the six mock surveys
(A-F), and for a sample of 5000 galaxies drawn randomly from all six mock surveys. By
combining the six different pointings and extracting a random sample the correlation of the
peculiar velocities is significantly reduced.
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Figure 4.10: Durbin-Watson correlation statistic for the three realisations of simulated SNIa
from the deep survey compared with the correlation of three random galaxy samples con-
taining roughly the same numbers of objects. The SNIa show a similar level of correlation

to the random galaxy samples.
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When the SNIa from the simulated wide survey are added the correlation increases as
seen in Figure 4.11, which shows the correlation of the combined deep and wide surveys
for each of the three SNIa realisations and of three random samples of galaxies containing
roughly the same numbers of objects and with a similar redshift distribution (i.e. 7500 from
the full redshift range and an additional 1300 from redshifts z = 0 — 0.1). The increased
correlation is solely due to the addition of SNIa from the simulated wide, shallow survey. At
low redshift SNIa are more likely to be correlated since they are physically closer together.
However, as explained in detail in Section 4.1, the simulated SNIa from the wide survey are
overcorrelated because the galaxies used in generating them are from narrow mock survey
catalogues. We see the effect of this overcorrelation if we compare the DW statistic in
the range z = 0 to z = 0.1 in Figures 4.10 and 4.11. As a result of this overcorrelation,
the subsequent results should be considered as an upper bound on the significance of the

contamination effect of peculiar velocities.
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Figure 4.11: Durbin-Watson correlation statistic for simulated SNIa data from the combined
deep and wide surveys, and compared with the correlation of three random galaxy samples
containing the same numbers of objects. The addition of the low redshift SNIa increases the
correlation substantially and since the correlation is computed cumulatively, this affects the
DW statistic of the full SNIa sample.
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4.3 Inaccuracies in Estimated Parameters

The peculiar velocity effect is measured by comparing the parameter estimates obtained
using cosmological redshifts with those obtained using observed redshifts of the SNIa. The
estimated parameters are also compared with the fiducial parameter values that underly the
Millennium Simulation. We vary the maximum allowed redshift in the SNIa data to see the
effect it has on the impact of peculiar velocities. We impose redshift cuts at z = 0.05, 0.08,
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1. A redshift cut of 1 corresponds to using the
full SNIa dataset since that is the limit of the mock galaxy surveys.

For each scenario, we use the three realisations of simulated SNIa and apply two different
random scatters to the distance modulus data to create six different datasets. The distance
modulus data is scattered around the true value based on the (Gaussian) error bars on
the points. We estimate the cosmological parameters for all six datasets and, therefore, we
get an indication of the range of outcomes. The computation involves running CosmoMC
parameter estimation using cosmological redshifts and again using observed redshifts for
each dataset so that the resulting parameter values can be compared. The comparison gives
the shift in the parameter values due solely to the correlated peculiar velocities of SNIa host
galaxies. The uncorrelated peculiar velocity effects are already folded into the SNIa error

bars.

In the top panels of Figures 4.12 to 4.18 (and both panels of Figure 4.16), we show the
average shift due to peculiar velocities, which is the average shift for the CosmoMC runs of
the six different versions of the dataset (two scatters for each of the three SNIa realisations).
The shaded bars do not represent individual error bars, they simply indicate the range of
shifts computed for the six CosmoMC runs. The top and bottom of the shaded bar coincide
with the maximum and minimum of the calculated shifts and the shifts calculated from the
rest of the six runs lie inside the bar. Zero corresponds to the situation where the estimated
parameter value calculated using observed redshifts is exactly equal to the estimated value

calculated using cosmological redshifts.

In the bottom panels of Figures 4.12 to 4.18 (excluding Figure 4.16, the actual calculated
values of the parameters are shown. The shaded and hatched bars represent the range of
values computed for the six runs. The average estimated parameter values are shown as
right or left pointing triangles, and the fiducial parameter value underlying the Millennium
Simulation is indicated by the solid line. The difference between the average parameter
estimates (left and right pointing triangles) corresponds to the average shifts plotted in the
shift plots.

In order to assess the significance of the shifts and the accuracy of the calculated values,
we compare them to the errors on the parameters given in the CosmoMC output. To make
this comparison, the average size of the 1o errors on the estimated parameters is indicated by
the stepped contours. The average errors are shown around the zero line (shift plots, e.g. top
panel of Figure 4.12) or the fiducial value (estimated value plots, e.g. bottom panel of Figure

4.12) to provide context to the results. The errors should strictly be shown individually
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around each data point, however, this would make the figures extremely cluttered.

4.3.1 The Peculiar Velocity Effect on (2,

The top panel of Figure 4.12 shows the shifts in €, for the different maximum redshift
cuts. The shifts represent the change in the value of the parameter because of peculiar
velocities, however, the accuracy of the parameter estimates compared to the fiducial value
is not considered. In the bottom panel of Figure 4.12 the estimated €2,,, values are compared
with the fiducial value of €2,, = 0.25.

The shift in 2, caused by peculiar velocities is almost exclusively less than the 1o error
on the estimated value. This makes the shifts statistically insignificant.

The ranges of estimated €2, values (bottom panel of Figure 4.12) for the two different
redshifts are very similar. In some cases the average parameter estimate using observed
redshifts is nearer to the fiducial value than when cosmological redshifts are used.

In general it appears that for samples with lower maximum redshifts, the observed red-
shifts result in a higher value for €, than the cosmological redshifts. Conversely, for those
that contain SNIa to higher redshifts, the observed redshifts produce a lower €,, than the
cosmological redshifts. When we exclude SNIa above z = 0.4, the estimated value for €2,
is higher than the fiducial value, in some cases of the order of 1o. In contrast, once SNIa
above z = 0.4 are included the calculated values tend to underestimate the fiducial value of
Q.. which may be the result of CosmoMC overcompensating for the low redshift effect by
changing the shape of the Hubble diagram at higher redshifts.

4.3.2 The Peculiar Velocity Effect on H,

The top panel of Figure 4.13 displays the shifts in Hy due to correlated peculiar velocities,
and the bottom panel shows the estimated Hy values compared with the fiducial value of
Hy = 73 that underlies the Millennium Simulation.

The sizes of the shifts in Hy are approximately equal to the 1o error bars on the pa-
rameter estimation. The value of Hy is determined by low redshift SNIa and therefore it
is more sensitive to the effect of correlated peculiar velocities, and adding large numbers of
(uncorrelated) high redshift SNIa will have little impact on correcting for the low redshift
inaccuracies. We see this in the top panel of Figure 4.13 where, for a maximum redshift cut
of z = 0.5 and above the shift in Hy is constant.

The calculations using observed redshifts consistently underestimate the value of Hy.
The values computed using the cosmological redshifts fall just inside the 1o error bars from
the parameter estimation, while those computed using observed redshifts are generally about
20 away from the fiducial Hy value.

The effect on Hj is greater than it is on §2,,. This is expected, since Hy estimates are
based on low redshift SNIa data and, therefore, are more sensitive to correlations at low

redshifts. The 20 impact on the accuracy of Hy is strictly an upper bound.
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Figure 4.12: Top: Shifts in values of £2,,, calculated using observed and cosmological redshifts
for various maximum redshift cuts. The change in 2, due to correlated peculiar velocities
is not statistically significant as it is generally less than the 1o error from the CosmoMC
parameter estimation. Bottom: The ranges of estimated values for 2, calculated using
observed redshifts (red, shaded bars) and cosmological redshifts (blue, hatched bars). The
estimated values are, on average, within 1o of the fiducial value. In some cases the estimates
differ by up to 20 from €2, = 0.25, however, this is consistent with the expected rate from
sample variance and hence not significant.
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Figure 4.13: Top: Shifts in values of Hy calculated using observed and cosmological redshifts
for various maximum redshift cuts. The correlated peculiar velocities result in shifts of
~ lo when using observed redshifts compared with cosmological redshifts. Bottom: The
ranges of estimated values for Hy calculated using observed redshifts (red, shaded bars) and
cosmological redshifts (blue, hatched bars). Using the observed redshifts the calculated Hy
consistently underestimates the fiducial value (Hy = 73) by ~ 20.
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4.3.3 The Effect of Imposing a Minimum Redshift Cut

Since we know that the effect of peculiar velocities is most significant at low redshifts, we
can try to reduce the effect by excluding low redshift SNIa from our analysis. As previously
mentioned, it is common to exclude SNIa below z = 0.02 with this in mind (Davis et al.
2010). There is a trade off in this because we lose data at low redshifts which will affect the
fitting of the low redshift end of the Hubble diagram.

To investigate how much this technique actually improves our parameter estimates and
the appropriate minimum redshift cut to impose, we calculate the effect of the peculiar
velocities on €, and Hy using minimum redshift cuts at z = 0.02, 0.05, 0.08, 0.1 and 0.2.
Parameter estimation with the full SNIa datasets, which corresponds to a minimum redshift
cut at z = 0 is also included for comparison, and this corresponds to a maximum redshift
of z =1 in Figure 4.12 and 4.13.

Figures 4.14 and 4.15 show the shifts in the estimates and the actual parameter estimates
compared to the fiducial values for €, and H, respectively.

Most of the shifts and parameter estimates in these results are within the 1o errors.
At worst, there are some parameter estimates that are out by 20. Statistically we expect
variations of this nature, therefore, the relationships observed may simply be the result of
intrinsic uncertainties in the parameter estimation process.

It is nevertheless interesting to note that, with the exception of the cut at z = 0.02
which seems to have little effect, the minimum redshift cuts noticeably reduce the shifts
of both parameters to lie comfortably within the 1o range (top panels of Figures 4.14 and
4.15). The lower panels of the figures suggest that minimum redshifts cuts at z = 0.1 and
higher will compromise the accuracy of the parameter estimation, and therefore should be
avoided. Comparing the shifts and the estimated values of the two parameters, we see
possible evidence of the trade off between reducing the peculiar velocity effect and losing
valuable input data. Based on these data and results, a cut of z = 0.05 appears to be the best
choice for a minimum redshift cut. At this minimum redshift the effect of the correlated
peculiar velocities are is very small without causing a loss of accuracy in the parameter

estimation.

4.3.4 Investigating a Possible Bias in the Observed Redshift Data

We would expect the average shift in a parameter to approach zero as the number of SNIa
increases. However, this is not what we see in the top panels of Figures 4.12 and 4.13, where
the average shifts in both Q,, and Hy appear to stabilise at a constant negative value (i.e.
where the parameter calculated using observed redshifts is less than when using cosmological
redshifts).

A possible explanation is the presence of a global bias in the observed redshift data.
We investigate this possibility by calculating the average difference between observed and
cosmological redshifts and subtracting this from the observed redshift. Figure 4.16 shows

the shifts in €2,,, and Hy when these normalised observed redshifts are used.
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Figure 4.14: Top: Shifts in values of {2,,, calculated using observed and cosmological redshifts
for various minimum redshift cuts. The cuts reduce the shift in the parameter value caused
by peculiar velocities. Bottom: Estimated values for €, calculated using observed redshifts
(red, shaded bars) and cosmological redshifts (blue, hatched bars) for different minimum
redshift cuts. The results are generally consistent with the fiducial value but appear to
become less accurate as the minimum allowed redshift increases to z = 0.1 and above.
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Figure 4.15: Top: Shifts in values of Hy calculated using observed and cosmological redshifts
for various minimum redshift cuts. Cuts at z = 0.05 and above noticeably improve the
average shift in Hy. Bottom: Estimated values for Hy calculated using observed redshifts
(red, shaded bars) and cosmological redshifts (blue, hatched bars). Once again, it appears
that as the minimum allowed redshift increases, the accuracy of the estimated values is
negatively affected.
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Figure 4.16: Shifts in calculated values of Q,, (top) and Hy (bottom) for various maximum
redshift cuts and using normalised observed redshifts (i.e. where the difference between
observed and cosmological redshifts is reduced by the average difference in the dataset).
The normalising of the observed redshifts has very little effect on €2, and does not improve
the shifts in H significantly, which suggests that the data is not biased.
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As calculated when using the standard observed redshifts, the shifts in the parameters
still do not appear to approach zero. In fact, for 2, the shifts look remarkably similar
to the ones in Figure 4.12. The shifts in Hy are different to those in Figure 4.13 but not
systematically so, and there is still a shift of ~ 1o out to redshift z = 1. From this we can
conclude that there is not a global bias in the observed redshift data.

A more likely explanation for the apparent bias in the shifts of 2,,, and Hy is that the low
redshift SNIa, which are most correlated, result in an incorrect estimate of Hy. The value of
Hj is determined by the low redshift objects and therefore increasing the maximum redshift
and adding more high redshift SNIa does not remove the bias created by the correlations in
the peculiar velocities. The bias in Hy then propagates to €2, and results in a bias on this

parameter too.
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4.3.5 Parameter Estimation using Exact Distance Modulus

In addition to the peculiar velocities affecting the resulting cosmology, the scatter that is
added to the distance modulus data will cause variations in the estimated parameters from
one CosmoMC run to the next. To isolate the impact of the peculiar velocities we compute
the parameters using exact distance modulus data calculated from cosmological redshifts
of the SNIa. The errors on the distance modulus data are kept the same as before. The
resulting shifts and estimated values for €2, and Hy are shown in Figures 4.17 and 4.18.

Removing the scatter from the distance modulus data has almost no effect on the shifts
in the estimated values of 2,, and Hy when calculated using observed redshifts compared
with cosmological redshifts. This is expected since the shifts are due to the differences in
the observed and cosmological redshifts resulting from peculiar velocities.

The effect of removing the scatter is clearly visible in the bottom panels of Figures
4.17 and 4.18 which plot the estimated values of €2,, and Hy calculated using observed
and cosmological redshifts. There is much less spread in the estimated parameter values,
particularly when using cosmological redshifts. Using only very nearby SNIa (up to z = 0.1),
Q,, is overestimated by about 1o as before, and H is underestimated as before although
to a lesser degree. For both parameters, once the maximum redshift reaches z = 0.5 the
estimated values are almost exact when using cosmological redshift. The estimates using
observed redshifts are shifted as before: for €2, to higher values initially and then to lower
values from a maximum redshift of z = 0.3 upwards, and for Hy to lower parameter values
even for the full SNIa datasets.
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Figure 4.17: Shifts (top) and estimated values (bottom) for 2, for SNIa with exact distance
modulus data and various maximum redshift cuts. The shifts are almost unchanged com-
pared with the case where there is scatter on the distance modulus. The estimated values
using cosmological redshifts are close to exact for maximum redshifts above z = 0.5 Using
only low redshift SNIa, €2, is ~ 1o from the fiducial value even when using perfect redshift
data.
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Figure 4.18: Shifts (top) and estimated values (bottomn) for Hy for SNTa with exact distance
modulus data and various maximum redshift cuts. As for ,,, the shifts in Hy are unchanged.
The estimated values are improved by about 1o in all cases, making the estimates using
cosmological redshifts almost exact for redshifts above z = 0.5 and estimates using observed
redshifts approximately 1o from the fiducial values.
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Chapter 5

Conclusion

In this work we investigated the impact of peculiar velocities on the estimation of cosmologi-
cal parameters using SNIa. We first created simulated SNIa data which includes information
about the peculiar velocities of the host galaxies. SNIa were painted onto mock galaxy sur-
veys, created by Kitzbichler and White (2007), using the supernova rates from Mannucci
et al. (2005) that are based on the colour and mass of galaxies. For the mock galaxy surveys,
Kitzbichler and White (2007) defined an observer and created a catalogue of the galaxies
on that observer’s backwards light cone for a field of view of 2 square degrees. The galaxies
themselves were simulated by De Lucia and Blaizot (2007) using a semi-analytic model for

galaxy formation applied to the output of the Millennium (N-body) Dark Matter Simulation.

Running CosmoMC for approximately 24 weeks (4000 hours) of CPU time, we estimated
the cosmological parameters using our simulated SNIa, first fitting the data using the true
cosmological redshifts and then with the observed redshifts. The redshifts differ because
of the radial components of the host galaxy peculiar velocities which contaminate the ob-
served redshifts. The comparison of the parameter estimates from the two different redshifts

provides a measure of the impact of peculiar velocities.

Where the peculiar velocities are random and uncorrelated they have little effect on the
parameters, and an uncertainty was added to the distance modulus error bars to account
for these. However, where peculiar velocities are correlated, they may introduce a bias to
the Hubble diagram and consequently bias the estimated parameters. It is the effects of
the correlated peculiar velocities that we investigated. Since the peculiar velocities are due
to gravitational interactions of SNIa host galaxies with their local environments, SNIa that
are close together are more likely to be correlated. As a result, observations of SNIa at low
redshift, which probe a smaller volume, are likely to be more correlated than observations
at higher redshifts.

This chapter summarises the key findings of this work and possible extensions to it that

could be explored in future.
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5.1 Simulating SNIa Data

We successfully generated SNIa data for a simulated deep survey (similar to the SNLegacy
Survey) with six different pointings of a 2 square degree field out to redshift z = 1. We also
created a simulated wide survey (like SNFactory) which approximates a shallow survey up
to z = 0.1 and spans 1200 square degrees in the sky. Because of the small field of view of the
mock galaxy surveys, peculiar velocities of the SNIa in the wide survey are overcorrelated
and therefore the results provide upper bounds on the effect of peculiar velocity correlations.
However, plotting the simulated SNIa on the Hubble diagram shows them to be a good ap-
proximation of observed SNIa, in terms of redshift distribution and scatter, by the similarity
of the Hubble diagrams. We considered the most optimistic case in terms of the error on
1, by assuming perfect photometric data, which also corresponds to an upper bound of the
effects of the peculiar velocities. These simulated data can be used in investigating how

actual SNIa observations would be impacted by effects such as peculiar velocities.

5.2 Reducing Correlations

We showed (in Section 4.2) that combining observations from different parts of the sky
significantly reduces the correlations in the peculiar velocities of galaxies and therefore, of
SNIa. This is expected since the peculiar velocities are related to local environments and
therefore SNIa with large angular separations are unlikely to be correlated.

In future SNIa surveys this should be an important consideration when designing ob-
serving strategies as multiple observations from spatially separate regions will reduce the
correlations in peculiar velocities and therefore their effect on cosmological parameter esti-

mation.

5.3 The Impact of Peculiar Velocities

Even as an upper bound, due to overcorrelation in the low redshift SNIa data, the shifts
in parameter estimates that are caused by peculiar velocities are not generally statistically
significant. For Q,, the values calculated using observed redshifts are less than 1o from
those obtained using cosmological redshifts, and for Hy the shifts are approximately equal
to the 1o errors.

Despite the shifts being small, the results do show a systematic and marginally mea-
surable effect caused by the peculiar velocities and they suggest interesting relationships

between the SNIa data and the estimated parameters.

e Removing the low redshift SNIa, which are likely to be the most correlated, from the
data is effective in reducing the shifts in parameters, however, if the cutoff redshift is
too high then the accuracy of the estimated values may be compromised. From these

data the optimal minimum redshift cut appears to be at z = 0.05.
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e Even in the case of perfect distance modulus measurements, when using observed
redshifts, the parameter estimates can be out by more than 1o when only SNIa at low

redshifts are used.

e In the case of Hy, where there is scatter on the distance modulus data, the estimates
consistently underestimate the fiducial value, by ~ 20 in the case of observed redshifts

and ~ 1o in the case of cosmological redshifts.

In general the shifts in parameter estimates due to correlations in the peculiar velocities
are typically around 1o or less, with Hj slightly more biased than €),,. In specific cases,
where only low redshift (below z = 0.08) data is used the shift can be up to 3o. Since
Hy is determined by low redshift data, it is not surprising that it is more affected by the
correlations which occur primarily at low redshift. Actual SNIa surveys, both existing and
planned, will have SNIa data to redshifts of least z = 0.1 and in almost all cases to much
higher redshifts, therefore the extreme case of parameter estimation with only very low
redshifts is not very relevant to reality.

Combining the 1o shift with standard sample variance, means that, in general, peculiar
velocity correlations can cause a shift in the recovered cosmological parameters of up to 2o.
This suggests that future surveys will have to deal with the correlations in SNIa peculiar

velocities in order to ensure unbiased parameter estimates.

5.4 Future Work

In future, there are a number of things that could be done to extend this work. Perhaps the
most important one would be to create simulated data for a wide shallow SNIa survey with
the appropriate correlations in the peculiar velocities. This would give a more accurate idea
of the peculiar velocity effect and not just an upper bound as in this case. For this it would
be necessary to construct a wide mock galaxy survey looking back along an observer’s past
light cone for a large area in the sky. The supernova could then be painted onto this new
mock galaxy survey according to SNIa rates. The field of view achievable without causing
overcorrelation of peculiar velocities may be limited by the size of the simulation box.

In addition to simulating a more accurate low redshift survey, another possible extension
would be to simulate a SNIa survey to intermediate redshifts like SDSS.

It would also be interesting to generate SNIa data using different SNIa rates for compar-
ison. The various simulated datasets could also be compared to observational data, partic-
ularly from future surveys which will be comparable in number, to evaluate the accuracy of
the rates and help to refine them.

The CosmoMC parameter estimation could be done with additional parameters varied,
such as Qj, and perhaps also including the other cosmological datasets available in CosmoMC
(e.g. CMB data, baryon acoustic oscillations, data from clusters, HST etc).

There will be substantially more observational SNIa data available from future SNIa sur-
veys such as the Dark Energy Survey (DES), Pan Starrs and LSST. This work suggests that
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in future the effects of correlated peculiar velocities will need to be considered, particularly
as we collect more and more SNIa data and refine our understanding of these standardisable
candles.

With knowledge of the galaxy distribution, we could map the density field of the dark
matter and use it to estimate the peculiar velocities of the galaxies (Eisenstein et al. 2007).
Then, using these, the SNIa redshifts could be corrected prior to running the parameter
estimation to improve the accuracy. Using simulated SNIa we could test the level of accuracy
possible in recovering the peculiar velocities and evaluate the effect of correcting the SNIa

on the accuracy of the estimated parameters.



Appendix A

Derivation: An Expression for
the Peculiar Velocity Field

To compute the density perturbation ¢ defined in section 1.3 and the peculiar velocity field
v we use linear perturbation theory.
Using comoving coordinates and assuming negligible pressure so that pg = —3ppa/a, the
mass conservation equation can be written as (Peebles 1993):
o)

T (140 =0 (A1)

We can remove the unperturbed part of Poisson’s equation to get:
V2 = 4nGpoa*s (A.2)

and using this and the Euler equation of motion, and removing the background where
v =0= ¢ we get:
ov a 1 1
v,z (v - =_Z A3
e TGVt (v vlv=—2ve (A.3)
Then we use linear perturbation theory. Perturbations are assumed to be small in com-
parison to the background and therefore terms of second order and higher are negligible and

can be ignored. Under these assumptions equations A.1 and A.3 become:

06 1

L oy — A4

5 TV v=0 (A.4)
ov a 1
v, e z - A.
5 + aVJr . vo=0 (A.5)

Taking the time derivative of equation A.4, subtracting it from the divergence of equation

A.5 and substituting Poisson’s equation (equation A.2) we get:

0?6 2006
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which describes the time evolution of the density perturbation § in the mass distribution.

The solution to this equation is of the form:
§ = A(x)D1(t) + B(x)D2(t) (A7)

where x is comoving position.

Assuming that one of the solutions representing the growing mode dominates the expres-
sion becomes (Peebles 1993):
0 = A(x)D(t) (A.8)

and then equation A.4 can be written as:

96 D
V= —a— = ad—= A.
Vv = el =i (4.9)
Solving this we get:
JTH / y—X 3
_ A1l
v(x) = a7 |y_X|35(Y)d Y (A.10)
where f is the dimensionless velocity factor:
aD 1D
= = _= A1l
/ aD HD ( )

This velocity equation is in comoving coordinates, as indicated by the presence of a on the
right hand side. This means that Hubble expansion is accounted for and the velocity v
refers to the peculiar velocity only

Taking it a step further we can use Poisson’s equation and using g = — 7 ¢/a we can

write the peculiar velocity as:

fH 2 f

v = 47er0g_ 308 (A.12)
where g is the peculiar gravitational acceleration (Peebles 1993).
Note on the growing mode
The growing mode D; or D is given by (Strauss and Willick 1995) as:
D (t) = g / a~3da (A.13)

The solutions for the growing mode D7 depend on the total density parameter. A large value
of Q gives rise to faster growth and where 2 < 1 expansion dominates over gravitational
attraction and clustering freezes out. For the special case of a flat, matter dominated universe
where Q = 1 and a(t) « t?/3 we get:

Dy (t) = t¥/3 (A.14)



Appendix B

Comparison of Observed and

Simulated Hubble diagrams

Figures B.1 and B.2 show respectively a Hubble diagram from Kessler et al. (2009) and a
Hubble diagram constructed using simulated SNIa over the same scale for comparison pur-
poses. These two Hubble diagrams display comparable scatter and a similar shape which
confirms that the simulated SNIa are realistic and that the cosmology underlying the Mil-

lennium Simulation is close to what we observe.
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74 Comparison of Observed and Simulated Hubble diagrams B
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Figure B.1: Hubble diagram by Kessler et al. (2009) showing 288 SNIa from the samples
listed on the plot. This plot is a reproduction of Figure 1.6
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Figure B.2: Hubble diagram constructed using a random sample of simulated SNIa plotted
over the same redshift and distance modulus ranges as Figure B.1 to facilitate comparison
of the plots.



Appendix C

Additional Figures for
Parameter Estimation with
Normalised Observed Redshifts

The figures in this Appendix correspond to parameter estimation using normalised observed
redshifts, as explained in Section 4.3.4.

In addition to the shifts in €2,, and Hy that can be seen in Figure 4.16, we compared the
estimated values of the parameters for these CosmoMC runs with the fiducial values. Figure
C.1 shows the ranges of estimated values for the €2, and Hy calculated using normalised
observed redshifts and various maximum redshift cuts.

We also performed the parameter estimation for SNIa datasets with various minimum
redshifts and using the normalised observed redshift data. Figures C.2 and C.3 show the
calculated shifts in €2, and Hy respectively (top panels) and the estimated values for these
parameters (bottom panels).

As discussed in Section 4.3.4, the normalised redshifts do not result in a significant
improvement in the parameter estimates or in the shifts which indicates that the observed

redshifts do not contain a global bias.
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Figure C.1: Range of Q,, (top) and Hy (bottom) estimates calculated using observed redshifts
(red, shaded bars) and cosmological redshifts (blue, hatched bars) for various maximum
redshift cuts in the SNIa data using normalised observed redshifts.
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Figure C.2: Shifts (top) and estimated values (bottom) for ), using normalised observed
redshifts for various minimum redshift cuts. The results do not show a marked improvement
on those calculated with the unaltered observed redshifts, suggesting that there is no bias
in the data.
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Appendix D

Additional Figures for
Parameter Estimation with
Exact Distance Modulus Data

In Section 4.3.5, the results of the parameter estimation using exact distance modulus data
are shown for SNIa datasets with varying maximum redshift cuts imposed. Here, in this
Appendix, we provide the results for SNIa datasets with various minimum redshifts and
using the exact distance modulus data.

Figure D.1 shows the results of the calculated shifts and estimated values for §2,,, and
those for Hy are shown in Figure D.2. In both cases, the results are computed using exact
distance modulus data with no scatter applied.

As seen and discussed in Section 4.3.5, removing the scatter on the distance modulus data
has no effect on the size of the shifts in €2, and Hy that are due to the correlated peculiar
velocities. It does, however, result in estimated parameter values, particularly when using

cosmological redshifts, that are closer to the fiducial values.
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Figure D.1: Shifts (top) and estimated values (bottom) for €, for SNIa datasets with
accurate distance modulus data and various minimum redshift cuts imposed. The shifts are
not affected by the removal of the scatter on the distance modulus, however, the estimated
values appear to be closer to the fiducial value.
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Appendix E

Parameter Estimation Using

SNIa Samples of Various Sizes

To investigate the impact of the number of supernovae on the peculiar velocity effect, we
generate SNIa datasets containing 200, 600, 1000, 2000 and 4000 SNIa. They are randomly
drawn from the full SNIa catalogues which are also used and represent the upper bound on
the size of SNIa samples that we can study. The number of SNIa in the three realisations
varies slightly (see Section 4.1) but is approximated to 8800 in all cases for plotting purposes.

This appendix contains the results for the calculated shifts in €2,, and Hy as well as the
estimated values of these parameters. We also computed the shifts and estimated values
for these datasets with normalised observed redshifts, as in Section 4.3.4, and with exact
distance modulus data as in Section 4.3.5.

These SNIa datasets are constructed by randomly selecting the given number of SNIa
from the full catalogue of SNIa in each realisation. As a result of the shape of the mock
galaxy surveys, there are many more objects at high redshift than at low redshift since
the volume probed at high redshift is much greater. The smaller random samples are,
therefore, likely to contain predominantly high redshift supernova where the peculiar velocity
correlations are substantially reduced. This means that the peculiar velocity effect is likely
to be underestimated when using the small samples of SNIa.

Figures E.1 and E.2 show the shifts and estimated values for the parameters for SNIa
datasets of various sizes. The shifts for the SNIa datasets containing 200, 600 and 1000
SNIa are small, which is probably due to the selection effect explained above. As expected,
the estimates values of 2, and Hy approach the fiducial value as more SNIa are added.

The shifts in the parameters do not approach zero for the larger datasets, and therefore,
as discussed in Section 4.3.4 we investigated the possibility of a global bias in the observed
redshift data. We normalised the observed redshifts according to the average change in
redshift for each SNIa sample. The results of the parameter estimation using the normalised
observed redshifts are shown in Figures E.3 and E.4. As in Section 4.3.4 the results suggest

that the observed redshift data is not biased since there is very little change from Figures
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E.1 and E.2.

Finally, as in Section 4.3.5, we estimated the parameters using the exact distance modulus
data with no scatter applied for the SNIa datasets containing different numbers of SNIa.
The results are presented in Figure E.5 and E.6. These results show the same relationship
as discussed in Section 4.3.5 where the shifts in parameters are unaffected by removing
the scatter but the estimated values, particularly those calculated using the cosmological
redshifts, are closer to the fiducial values.

All of the results we obtain by estimating the parameters for SNIa samples of different

sizes support the conclusions laid out in Chapter 5.
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Figure E.4: Shifts (top) due to correlated peculiar velocities and estimated values (bottom)
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Figure E.5: Shifts (top) due to correlated peculiar velocities and estimated values (bottom)
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Appendix F

Results Tables

This appendix contains the data presented in the figures in Section 4.3 and in Appendices
C, D and E in table format. The data are based on the results for the parameter estimation
using CosmoMC for various scenarios and SNIa datasets. We calculated the shifts in €,
and Hy caused by peculiar velocities, and compare the estimated values of these parameters
to the fiducial values of 2,,, = 0.25 and Hy = 73 that underly the Millennium Simulation.

The results are shown for parameter estimation using;:

e simulated SNIa data with no alterations,

e simulated SNIa with normalised observed redshifts (see Section 4.3.4), and
e simulated SNIa with exact distance modulus data (see Section 4.3.5).

For each of these types of data, the parameter estimation results are shown for various
maximum and minimum redshifts, which are discussed in the main results section (Section
4.3), and for SNIa samples of different sizes (see Appendix E). Where the exact distance
modulus data is used, there are only three versions of each scenario as opposed to the six
in the other cases. This is because in the other cases, the six version are created by adding
two different random scatters to the distance modulus data for each SNIa realisation, which
is not possible when no scatter is added. There are no shifts that are exactly equal to zero,
however, due to rounding, shifts less that 0.0005 appear in the tables as 0.0.

The tables presented here are:

e Table F.1: Shifts in Q,,

e Table F.2: Estimated values of Q,,
e Table F.3: Shifts in Hy

e Table F.4: Estimated values of Hy
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Table F.1: Shifts in €, caused by correlated peculiar velocities calculated from simulated
SNIa data with various maximum and minimum redshift cuts and for SNIa samples of
different sizes. The shifts are calculated with the standard simulated data, with normalised
observed redshifts and with exact distance modulus data.

Shifts in €2, for each run
Data Cut zorN Ave
1 2 3 4 5 6
0.05 | -0.003 0.012 0.005 0.012 0.033 0.023 | 0.014
0.08 0.008 0.011 0.026 0.029 -0.001 0.055 | 0.022
0.1 -0.02 0.026 0.044 0.014 0.033 0.011 | 0.018
0.2 0.024 -0.008 0.06 0.015 -0.005 0.016 | 0.017
?‘E 0.3 -0.014 -0.001 -0.016 -0.017 -0.021 -0.054 | -0.02
'08_) 0.4 -0.025 -0.011 -0.028 0.023 -0.072 -0.062 | -0.029
% 0.5 -0.029 -0.007 -0.016 -0.045 -0.043 -0.003 | -0.024
= 0.6 -0.024 -0.009 -0.024 -0.006 0.004 -0.061 | -0.02
0.7 -0.017 -0.024 -0.013 -0.021 -0.014 -0.01 | -0.017
<§ 0.8 -0.008 -0.019 -0.017 -0.011 -0.009 -0.017 | -0.014
E 0.9 -0.009 -0.013 -0.017 -0.012 -0.016 -0.013 | -0.013
% 1.0 -0.009 -0.014 -0.008 -0.009 -0.01 -0.009 | -0.01
Fﬂ% 0.0 -0.004 -0.007 -0.018 -0.005 -0.008 -0.018 | -0.01
Fﬂ% ‘E 0.02 | -0.006 -0.007 -0.01 -0.006 -0.007 -0.007 | -0.007
) ?‘éj 0.05 -0.0  -0.003 0.002 0.001 0.001 0.0 0.0
g
= 0.08 | -0.002 -0.005 -0.002 -0.001 -0.012 -0.005 | -0.005
= 0.1 0.006 0.007 0.012 -0.003 0.002 0.004 | 0.005
0.2 0.003 -0.002 0.002 0.003 -0.002 -0.002 0.0
200 -0.006 -0.003 -0.004 0.001 0.007 0.024 | 0.003
S 600 0.005 -0.008 -0.007 0.027 0.007 -0.009 | 0.002
; 1000 | -0.008 -0.018 0.008 0.031 0.001 0.026 | 0.007
% 2000 | -0.006 -0.008 -0.008 0.01 -0.032 -0.009 | -0.009
n 4000 | -0.007 -0.011 -0.008 -0.014 -0.017 -0.008 | -0.011
8800 | -0.009 -0.014 -0.008 -0.009 -0.01 -0.009 | -0.01
0.05 0.01 0.01  -0.006 0.051 -0.013 0.039 | 0.015
< 0.08 | -0.044 0.004 0.052 0.002 -0.019 0.019 | 0.002
< 0.1 -0.042 -0.01 -0.006 -0.012 0.015 0.014 | -0.007
% 0.2 0.071 -0.002 0.032 -0.023 -0.011 -0.007 | 0.01
3 “E 0.3 -0.012  -0.02 -0.029 -0.026 -0.047 -0.061 | -0.033
Fﬂfg "§ 0.4 -0.007 -0.02 -0.016 -0.019 -0.038 -0.051 | -0.025
Eﬁ ;:é 0.5 -0.032 -0.015 -0.025 -0.007 -0.024 -0.022 | -0.021
é = 0.6 0.001 -0.003 0.003 -0.008 -0.002 -0.068 | -0.013
& 0.7 -0.012 -0.006 -0.006 -0.014 -0.005 -0.013 | -0.009
= 0.8 -0.005 -0.018 -0.014 -0.009 -0.016 -0.017 | -0.013
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0.9 |-0.008 -0.012 -0.017 -0.007 -0.007 -0.015 | -0.011
1.0 | -0007 -0.01 -0.011 -0.007 -0.01 -0.007 | -0.008
0.0 |-0.003 -0.006 -0.012 -0.009 -0.01 -0.012 | -0.009
« £ 002 |-0005 0001 -0.006 -0.005 -0.003 -0.006 | -0.004
T £ 005 | 0002 -0.005 -0.001 0.002 0.001 0.001 | -0.0
5 Z 008 |-0.001 -0002 0.0 0002 -0.003 -0.006 | -0.001
S 2 01 | 0006 0004 0009 0012 -0.001 0.006 | 0.006
i 0.2 |-0.00 -0.001 0.0 -0.001 -0.003 0.004 | -0.0
'T;s 200 | 0.0 0008 00 -0.008 -0.019 0.035 | 0.003
S8 600 | 0008 -0.009 -0.0 0006 -0.007 -0.017 | -0.003
® oz 1000 | -0.008 -0.01 -0.016 -0.009 0017 -0.005 | -0.005
2 E 2000 | -0.006 -0.008 -0.011 -0.01 -0.022 -0.004 | -0.01
4000 | -0.008 -0.005 0.002 -0.018 -0.014 -0.007 | -0.008
8300 | -0.01  0.025 0.2 -0.011 -0.011 -0.008 | 0.001
0.05 | 008 0017 0033 0.043
0.08 | 0.021 0.008 0.013 0.014
0.1 | 0021 0028 0012 0.02
0.2 | 0.006 0.019 -0.007 0.006
£ 03 |-0006 -0.051 -0.02 -0.026
< 04 |-0041 -0.038 -0.051 -0.043
. % 05 |-0035 -0014 -0.064 -0.038
2 06 |-0018 -0.022 -0.028 -0.023
2 0.7 |-0.019 -0.022 -0.031 -0.024
E 0.8 |-0.011 -0.007 -0.018 -0.012
g 0.9 |-0.011 -0.009 -0.015 -0.012
g 1.0 | -0.009 -0.009 -0.01 -0.009
g 0.0 | -0.01 -0.009 -0.013 -0.01
T £ 002 [-0001 -0.002 -0.009 -0.004
5 é 0.05 |-0.002 0.001  0.004 0.001
© 2 008 |-0.003 -0.006 0.004 -0.002
Z 2 01 | 0014 -0.001 0.001 0.005
0.2 | 0.003 0.008 -0.005 0.002
200 | 0.019 -0.013 -0.001 0.002
& 600 | 0.001 0.007 -0.013 -0.002
© 1000 |-0.021 0.002 -0.015 -0.012
g 2000 | -0.01  -0.0  -0.008 -0.006
B 4000 | -0.01 -0.014 -0.008 -0.011
8800 | -0.008 -0.011 -0.01 -0.009
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Table F.3: Shifts in Hy caused by correlated peculiar velocities calculated from simulated
SNIa data with various maximum and minimum redshift cuts and for SNIa samples of
different sizes. The shifts are calculated with the standard simulated data, with normalised
observed redshifts and with exact distance modulus data.

Shifts in Hj for each run
Data Cut zor N Ave
1 2 3 4 5 6

0.05 | -0.966 -0.945 -1.011 -0.953 -0.842 -1.029 | -0.958

0.08 | -0.63 -0.579 -0.948 -0.612 -0.527 -0.732 | -0.671

0.1 |-0408 -0.54 -0.74 -0.37 -0.31 -0.815 | -0.531

0.2 |-0492 -0.532 -0.597 -0.55 -0.47 -0.601 | -0.54

?‘E 0.3 |-0.331 -0.266 -0.42 -0.287 -0.328 -0.416 | -0.341

9 0.4 |-0244 -0.218 -0.311 -0.173 -0.305 -0.375 | -0.271

% 0.5 |-0.222 -0.188 -0.228 -0.212 -0.198 -0.238 | -0.215

= 0.6 |-0251 -0.19 -0.252 -0.166 -0.154 -0.353 | -0.228

0.7 |-0213 -0.223 -0.299 -0.221 -0.22 -0.261 | -0.239

z 0.8 |-0.203 -0.214 -0.257 -0.218 -0.21 -0.262 | -0.227

E 0.9 | -0.23 -0.203 -0.274 -0.217 -0.232 -0.289 | -0.241

z 1.0 |-0.233 -0.237 -0.224 -0.181 -0.205 -0.252 | -0.222

g 0.0 |-0.176 -0.201 -0.306 -0.161 -0.212 -0.287 | -0.224

g j:;’ 0.02 | -0.195 -0.177 -0.211 -0.189 -0.22 -0.243 | -0.206

A € 005 [-0.043 -0.003 0026 -0.045 -0.012 -0.02 |-0.016
£

= 008 | -0.02 -0.067 -0.031 -0.004 -0.26 -0.097 | -0.08

= 0.1 | 0.324 0311 0.348 0.058 0.193 0.069 | 0.217

0.2 | 0126 -0.053 -0.033 0.073 -0.307 -0.203 | -0.066

200 |-0.426 -0.292 0.033 0.151 -0.357 -0.103 | -0.165

IS 600 | 0.139 -0.039 -0.39  0.27 -0.137 -0.402 | -0.093

< 1000 | -0.33 -0.158 -0.027 0.028 0.095 -0.065 | -0.076

% 2000 | -0.144 -0.303 -0.168 -0.07 -0.444 -0.218 | -0.224

© 4000 | -0.163 -0.16 -0.223 -0.261 -0.327 -0.214 | -0.225

8800 | -0.233 -0.237 -0.224 -0.181 -0.205 -0.252 | -0.222

0.05 |-0.121 0.007 -0.068 0.024 -0.142 0.105 | -0.032

“ 0.08 |-0.169 -0.051 -0.33 -0.142 -0.153 -0.275 | -0.187

5 0.1 0.01 -0.053 -0.374 -0.025 -0.124 -0.23 | -0.133

% 0.2 |-0.319 -0.394 -0.51 -0.401 -0.4 -0.517 | -0.423

S ‘E 0.3 |-0.237 -0.152 -0.222 -0.218 -0.172 -0.29 | -0.215

b 9 0.4 |-0.095 -0.11 -0.163 -0.103 -0.172 -0.237 | -0.147

'T;@ % 0.5 |-0.087 -0.076 -0.118 -0.077 -0.103 -0.128 | -0.098

g = 0.6 |-0.081 -0.121 -0.097 -0.067 -0.116 -0.268 | -0.125

0 0.7 |-0.126 -0.115 -0.172 -0.132 -0.112 -0.178 | -0.139

2 0.8 |-0.179 -0.181 -0.217 -0.196 -0.215 -0.24 | -0.205
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09 | -0.18 -0.153 -0.211 -0.159 -0.153 -0.239 | -0.182
1.0 | -0.157 -0.135 -0.212 -0.129 -0.133 -0.156 | -0.154
0.0 | -0.12 -0.121 -0.217 -0.142 -0.161 -0.202 | -0.161

. £ 002 |-009% -004 -0123 -012 -012 -0.16 | -0.11
T € 005 | 003 0012 0039 00 0041 0.027 | 0.025
% ; 0.08 | 0.027 -0.01 0.064 0.063 -0.048 -0.046 | 0.008
3 = 0.1 | 0.367 0214 0274 0423 0.084 0.159 | 0.253
g 0.2 |-0.032 0.056 -0.036 -0.016 -0.125 0.055 | -0.016
'T;s 200 |-0.047 0.017 0.166 0.457 -0.498 0.179 | 0.046

g Gé 600 | 0.041 -0.016 -0.202 0.096 -0.252 -0.263 | -0.1
2 g 1000 | -0.205 -0.024 -0.122 -0.017 0.207 -0.006 | -0.028
2 = 2000 | 006 -0239 -024 -0178 -0261 -0.149 | -0.188
@ 4000 | -0.166 -0.032 -0.071 -0.282 -0.217 -0.195 | -0.161
8800 | -0.29 0.031 -0.1 -0.127 -0.136 -0.167 | -0.132
0.05 | -0.812 -0.864 -1.244 -0.973
0.08 | -0.529 -0.519 -1.004 -0.684
0.1 |-0.503 -0.513 -0.735 -0.584
0.2 |-0.517 -0.487 -0.628 -0.544

;= 0.3 |-0.327 -0.35 -0.404 -0.36

=

. 04 |-0272 -0.28 -0.354 -0.302
; ;é 0.5 |-0244 -0.247 -0.361 -0.284
5 = 0.6 |-0.198 -0.25 -0.287 -0.245
% 0.7 |-0.237 -0.233 -0.313 -0.261
E 0.8 |-0.202 -0.181 -0.29 0.224
g 0.9 |-0.202 -0.213 -0.272 -0.229
g 1.0 |-0.202 -0.201 -0.257 -0.22
Z 0.0 |-0232 -0213 -0.236 -0.227
I‘; £ 002 |-0138 -0.136 -0.216 -0.163
5 ?2 0.05 | -0.046 -0.002 0.006 -0.014
@ o 008 |-0.049 -0.141 0048 -0.047
2 = 0.1 | 0.349 0.023 0.082 0.151
0.2 | 0.022 0191 -0.098 0.039
200 | 0.046 -0.62 -0.119 -0.231
8 600 | 0.097 0.037 -0.286 -0.051
< 1000 |-0.303 -0.04 -0.413 -0.252
g 2000 | -0.295 -0.117 -0.142 -0.185
@ 4000 | -0.246 -0.257 -0.227 0.244
8800 | -0.208 -0.21  -0.252 -0.223
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