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I NTRODUCTTION

This study initially set out to consider the possibility
of constructing an adaptive robust estimation procedure for
the standard linear regréssion model when the disturbance
vector deviated ffbm normality, however,after the initial
success in that field it seemed only appropriate that the
 approach be extended to robust location parameter estimation.
This is a particular case of the regression model and an area
in which a number of different estimators have been proposed
" and a great deal of comparative research work done.. Due to
the wider scope of such research the greater part of the
thesis is devoted to this field of researchywhich led to many

-interesting and -useful results and conclusions.

In order to follow the usual progression in the litera-
ture, i.e. from location parameter estimation to regression
vecfor parameter estimation,'the presentation will not be in
.the researched chronological order, but will hopefully lead

the reader through a more logical sequence of facts.

Part I comprises a survey of literature which is most
relevant to this topic - essentially the significant contri-
bUtionsin robust parameter estimation, excluding the non-

parametric methods.

In Part II the estimation of the 1ocation‘parameter is

considered, a new adaptive scheme proposed and a comparative



study undertaken whereby the performance of the new proposed
estimator is compared with that of several common]y used ro-
bust estimators. The distribution of this estimatdr is con-
~sidered and its relationship with a certain statistic exam-

ined. This in turn led to the statistic being considered as
a possible estimator in its.own rig%t.'

Part 111 comgfises the research into the development of
an adaptive robust estimation. procedure for the .regression
model. In addition an idea proposed by Lloyd (1952) for the
estimation of the location parameter is considered as a

-possibility for extension to the regression model.



PART 1
CHAPTER 1

SURVEY OF PARAMETRIC ROBUST ESTIMATION

1. INTRODUCTION

A great deal of research effort has been devoted to the
fundamental statistical problem of fitting equations to data.
The coefficients- of the fitted relationship may be of in-
terest in their own right, or the estimated equation may be

used for prediction purposes.

Basically the problem-is to estimate-the coefficients

Bb,eBa,,..,Bm~ in the relation:

+ e (1.1)

Y = Bo +Bix1 # 3252 +...+ Bm—]—)sm—'l e

where the- éils may be completely different variables or
may:-be polynomials or trigmometric functions of the same

variable.

e 1is generally referred to as the  random error or dis-
turbance, and the nature and distribution of this error are
of considerable importance as far as the estimation of the

above parameters is concerned.

The one case which is of particular interest is that

‘s enter into the model and B8 (the vector of B

where no x

coefficients) is simply a population location parameter viz.



y =16+ e

(By is usually denoted by 6 in the literature.)

Since there is no real concept of dependence or inde-

pendence in this model it is usually written as

x =16 + e | (1.2)

The most widely used method for estimating the coeffici-
ents of a functional re]ationship is undoubtedly the method
of least squares. Justification for the frequent use of this

method is provided by the following theorem:

Theorem Gauss-Markoff Theorem {Johnston (1972))

If we have y; = Bo + Bixgy,; + BaXxyz+...#B, . X, 7.7 €,

(L = 1,2,...,n), whene the e, have zero expectation, con-

stant variance 02  and zeno covariances, .and the X, are

non-stochastic, then the Leasit squanes estimatonr,

B = (X'Xx)7x'y
(where X 48 the nxm matrnix of observations on the m inde-
‘pendent vaniables and Y is the nx1 vecton of observations
. on Zhe dependeni variable), 448 the best Linear unbiased es-
- timaton (BLUE) of B with varlance-covariance mainix

voz(X'X)'l.
Note that for the model (1.2) the BLUE of & is:

6= (1) 1x =X
the sample mean,with variance:

! 2
c2(1I'D7 = &



The above theorem is of considerable importance as it
proves that under -the stipulated condition the 1eést~squares
estimator is the best 1inéar unbiased estimator. However, |
it is important to note firstly, that the estimator is only
best in the class of estimators which are linear functions of
the unordered data va]ues - thus estimators such as the med-
ian or mid-range are excluded as possibilities for the model
(1.2), and, secondly, that the result does not consider non-
linear alternatives. The attractiveness (from a statistical
pdiﬁt of view), of working with linear estimators has made
least squares the most popular method of estimation in

practice.

In fact, when e has a normal distribution least
squares provides the maximum Tikelihood estimator for g8,
'and for the model (112) - least squares provides the Minimum
Variance Bound (MVB) estimator (Kendall and Stuart, Vol II
(1973)) so that-no estimator, linear or non-linear has

smaller variance.

However, it has been shown in the'literature (e.qg.

' Andrews (1974)) that these estimators possess some un-
attractive properties.for certain non-normal (non-Gaussian)

- error distributions./ When outlying data points ("outliers")
~occur 1in data éets due to errors in observation or long
téi]ed error distributions, they have an unusually large in-
fluence on the, Teast squares estimator because they are
‘Weighfed éccording to the square of their distancé.to the

fitted parameter or line.



In addition, because outliers tend to pull the fitted
- Tine towards them, one might believe, through examination
of the estimated residuals that the actual residuals were in

fact normally distributed.

In order to circumvent this problem a number of robust
~(Box (1953) first coined the term "robustness") estimation
procedures have Heen developed. Such estimators are con-
struct?d so as to perform.wéll across a wide range of diff-

erent parent error distributions.

Seminal work on the robdst estimation of the location
parameter for a symmetric distribution was done by Hodges and
Lehmann (1963) and Huber (1964). Work was also done in the
~early 1960's on the robust estimation of the scale parameter.
However, since the interval (u-ko, p+ko) with k a con-
stant does not contain a constant proportion of the popula-
tion for different distributions, no natural measure of scale
exists, and thus research in fhis area has been relatively

restricted.

Parametric work on robust estimation, since that of
Huber's first study, can be broken up into three distinct
areas. First]y,there.is M-estimation which is based on max-
imum 1ikelihood considerations, secondly, L-estimation which
cbnsiders (in the location parameter case) estimation using
linear functions of the order statistics of the sample, and
- finally Lp-norm estimation (minimization of the pth powers
of tHe residuq]s),anmethod which has received some attention

in the regression situation but 1ittle in the case of location

parameter estimation.



CHAPTER.. 2

M-ESTIMATION

2.1 A BRIEF SURVEY OF SOME OF THE M-ESTIMATION

METHODS PROPOSED

Here we are to consider a symmetric probability density

.function f(x) wifhifinjte unique (through symmetry) loca-

tion parameter 6. For convenience we may write this den-

sity as f(x-96).

Letting X3, X2,...,X represent a random sample from

n

f(x), westimation of © may be carried out (for known

f(x)) using the method of maximum likelihood (Fisher (1921))

-denoted below -as M-estimation.

Denoting the natural logarithm of the likelihood

function- by L(6) we have:

an L Zn an f(x,-8)

In the notation of the literature this equals:

n
- Z-I'='| p(X_i—e)
We maximise the logarithm.of the likelihood by differentia-
tion with respect of 6 to yield:

n .

g n L(8) 21 P (x50

In the notation of the literature this equals:



?;1 w(xi_e)

C (e Hx) = 9(x))

The 6 that maximizes &n L(8) 1is the solution of

j21 V(xj=8) = 0

In order to c]arify'the use of M-estimation consider in

the first place the M-estimation of 6 for the normal

- ~(Gaussian)-and-Laplace (doubly-exponential) distributions

which yields the sample mean and median respectively.

1) Normal:

2
%T + ¢ ;3 ¢ a constant

p(y)

v(y) =y

1., ¥(x;-6) = 0 yields

~

5 = X

2) -Laplace:

"

p(y) kly| + ¢ 3 k,c - constants

v(y)

sign(y) .k

18,1 v(x;-8) =0 yields

8 = sample median

Clearly X tends to be much more influenced by outliers
" than the sample median. In robust estimation one is essen-
tially looking for an estimator that performs adequately over
‘the widest possible range of distributions. (The loss of
efficiency under a normal distribution for an estimator which

is efficient for another distribution.is often referreq to in



robust theory as the premium of that particular estimator.)

With this in mind, Huber (1964) proposed an M-estimator
that was asymptotically efficient for a distribution which
followed a normal in the central region and a Laplace in the
tails. [It should be noted, however, that while X is an
efficient estimapor.of é for normally distributed data with
; finite sample s{ze, the median is not an efficient estimator
of 8 din finite samples from a Laplace distribution.]

(See for exahp]e Sarhan (1954).)

Huber's ©p function was thus:

p(y) = %r |yl < a; a a constant
2
oyl -5 byl
lP(.Y):"a Yy < -a ’
=Y —a<y<a
=a y > a

‘The equatidn:
n' - —.
Loy ¥(x470) =0
is then solved for © by iterative means to yield the Huber

M-estimate of 9.

Since the scheme will not be scale invariant for any
predetermined constant a, the raw data values are scaled
in practice by some robust estimate of scale (d) and the

modified equation:

i1 w(fi%ﬁ) =0



10

solved by iterative means.

A robust scale.statistic which is often_used is: _

d = median{x; - median (x,)[/0.6745
i .

(The factor 0.6745 makes this an approximately unbiased es-
timate of scale when the data is distributed normally - see

Holland and Welsch (1977).)

Using the sca]e_invariént form with d above a ..can be
selected so as to give varying efficiencies for different
distributions. We know that in the 1imiting situation where
a » «  the estimator yields X, whereas if a is made very
small the estimator gets close to the sample median. If o
is known,then selection of a equal to 1.5 yields an esti-
mator with asymptotic efficiency greater than 95% (Huber
(1964)).. This estimator performedwwe11 fn theAPrincefoh Study
(Andrews ét-a1 (1972)), théib;eﬁium béiﬁé-sma]] with good_ﬁro-

tection provided against heavy tailed distributions.

~

Two possib1e iterative schemes for finding 6, given

th

some_starting value. 6* are given below.- For the..r iter-

ation they are:

X.-6
n i “r-1
+d 21:1 ¢( d )

r r-1

PR
My v (")
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A den %%y
2) 8y = 8yt g lia ‘*’(*—a‘—/ .
er'er-1
The scheme is continued until ——| < €
6
r

for some tolerance €.

The first scheme represents Newton's method and the
'second is attributed to Huber (1975). The Huber method is
simpler but tends to require more iterations than Newton's
method which tends, however, tq be more difficult to imple-
ment because it requires the first derivative df Y. Some
robust estimate of © is:taken for 6%, most'usua11y the
sample median. Huber's idea is thus, in essence, to "squash
in" points which 1ie greater than some predetermined dis-
tance away from an appropriate 6 so that they lie exactly
this distance away from 6. The chosen value of a may
-depend .on_some bribn,1nfﬂrmatianégrafxpectaijﬂn of .the.under-
lying distribution of X. If, for example, one suspected
that the data was drawn from a distribution with long tails,
the use of an a smaller than that for an approximately

~normal distribution would be appropriate.

An extension of Huber's idea is one due to Hampel (1974)

where:

r
ly|

;o 0< 1yl <a

s o ;. a < |yl < b,
W(ys a3 b3 ) = sign(y)4

Sl
0 ; c < |yl

for some predetermined a, b, c.

[

lyl < e
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Andrews has suggested (Andrews et al (1972))

sin(y/d) 3 |y| < dm,

v(y)
= 0 syl > dn.

This estimator with d = 2.1 was used in the Princeton
‘study (Andrews et al (1972)). However, more robust forms of
- this estimate with d = 1.5 or 1.8 have recently been pro-

.posed (Andrews (1974)).

An estimator which is very -similar to, and an adequate
substitute for,'the Andrews estimation,is the Tukey Biweight

(Beaton and Tukey (1974)) with

"

v (y) y[1 - (%)2}2 syl < e

0 s |y| > 2,

e 1is usually taken to be 5.0 or 6.0:

It is noted by Hogg {1979) that since the p functions
associated with the Andrews -and Tukey functions are:.not-con--
vex it is possible that there may be convergence problems in

the dterative scheme.

Other M-estimators include those due. to Dennis and

Welsch (1976) with:

P(y) = vy exp(— (%)2) 3 $ @ constant-

and Fair (1974) with:

b(y) = y(l RPN

3 a constant.-
g ) g stan

"The predetermined constants in the ¢ functions are known

as tuning constants in the literature.
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The following table, extracted from Holland and Welsch
(1977), gives values for the tuning constants for 95% effi-
ciency at the unit normal distribution for some of the M-

estimators described above.

Weight Function AT F H W
Tuning Constant = 1.339 4.685 1.400 1.345 2.985
where A %s the Andrews scheme
T s the Tukey biweight
F isythe‘Fair.scheme'
H dis the Hubér scheme

and W is_the Dennis and Welsch scheme .

2.2 ASYMPTOTIC DISTRIBUTION OF THE M-ESTIMATORS

Expansion of Z?z] w((Xi>§)/d =0

as-a Taylor serijes about @8, gives‘for‘the case d = o (the

population standard deviation):

X, -6 |
/R(6-0) = O[Z w<—§;t2J//ﬁ
[z v (=)

It-may-be 3hown*(Hbgg*(ﬂ979)) that this expression has a

limiting normal distribution with mean zero and variance °

o o[ (2)

()]

.This may be approximated by:
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o (31 w0 /d]%

(%2?=1 v [<X -6 ] :

Thus for large n:
£ (2&6 has an approximate N(0,1) distribution and
statistical inferencesmay be made about 6. Gross (1976) has

examined confidence .intervals based on this idea.

2.3 M-ESTIMATION OF THE B8 VECTOR IN THE REGRESSION MODEL

The problem of finding M-estimates of the B vector in
the regression model ‘is handled fn a-parallel manner to that
of .estimating the-location parameter 6. The essential dif-.
ference is meTeJy*that‘in the iterative scheme-it is the
residuals of the regression fit which are transformed accord-

ing to the particular 1y function at each iteration and not

- the raw data set.

~

The M-estimate of B8, B say, maximizes:

y.—x.é ‘ v

2?_1 D(_l__l_> 3 where x; s the'ith observation on
the set of m independent variables.

A necessary condition for maximization is that B satisfies

~

n , yi-X i
21=1 (——a— 0 ) yj—l,...,m

The solution of this system requires, as with the
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location parameter case, an initial estimate E* of B and
a robust estimate of scale d. In a parallel way to the
iterative scheme for éva]uating 8, the L; (minimization
of fhe sum of absolute deviations) estimate of 8 is'usua11y
taken as an adequate robust initial estimate of B. Using

this estimate, d 1is usually calculated from

d = [median](yi-x{é*) - median (yi-xié*)ll/(0.6745)
Defining the‘weight”functioﬁ:

w(z) = w(z)/2

and letting < > denote an nxn diagonal matrix, the
following three iterative schemes are commonly used to cal-
~culate M-estimates of B for some predetermined ¢ function

,énd tuning constant. For the rth~1teration they are:

o > ' .-Z-Xé - _ _Y"XE _
]) Er ='§r-.| + d(X- (w‘(___dL_]_) S X) 1X| w(-: r 1') )

A

A~ - Y-XB,_
r ._ﬁr-] + d(X'X) b wC- dr ])

N

o

| >
n

‘ -X8 -X8
+ /X' < W(Lg_r_.l);>x)-lxl < w/!___:_t:.l> >

w
o
joo >
=

i
Jm >

5
]

—

-

where X is the nxm matrix of the independent vari-

"ab1eS and y the nx1 vector of the dependent variable.

-The first method is Newton's, the second is due to Huber
(1975) and the third due to Beaton and Tukey (1974). 1In the

above schemes d‘ is usually calculated once before starting
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the iterations. Dutter (1977) has, however, proposed a modi-
fication of Huber's method with d being calculated at each

iteration using the scheme:

142 = 1 N [w(y1-x By 1)] q2
ro= o (n-m) E(w2)i=1Y\T d /) Tr-l
th iteration. for é is then

i - y XB
Loy W( Zr- 1)

The r

B, = 8.4+ aqd, (XX

“and (taking the Huber scheme as illustrative):

q = m‘"[¢za71¢(-a> ’ ]°9]

where ¢ 1is the standardised normal distribution function.

This procedure is continued until

y w()’ XBY‘ -|>

d. (x'x)7" < e d,/XX>]

for all . j = 1,2,..,,m
(<X'X>j is the jth diagonal element of X'X)
and

'dY‘-dY‘-] < ¢

- d

r

for some tolerance «.

For monotone y-functions (e.g. Huber and Fair) Huber
(1973) has shown that under certain conditions (one is a
- known spread d = o) iterated solutions derived from the Huber
‘scheme above have an asymptotically normal distribution with

variance-covarijance matrix:
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Ec(v?) N
02_5___~——; (X"X) ',
Ep(v') 1%
‘where F is the cumulative distribution function of the

underlying error distribution. An approximation to this

variance-covariance matrix is (Hogg (1979)):

(nd? ){L‘ 18 'y —d—-)} (X'%)"

wnfh i1 v (55}

In conclusion, it is seen that the M-estimation method
is, using any of a range of y-functions, equa11y applicable
to estimation of 6 and B. This flexibility, along with

the progress made'in the distribution theory, probably makes

" it the most commonly used robust procedure.



18

CHAPTER -3

ESTIMATION USING LINEAR COMBINATIONS
OF ORDER STATISTICS (L-ESTIMATION)

3.1 REVIEW OF WORK ON L-ESTIMATION OF 6 IN
SYMMETRIC DISTRIBUTION

Let X(1)’ X(z),...,X(n) ~denote the order statistics
for a sample of size n from a continuous symmetric density
with- Tocation parameter 6. Linear combinations of these
order statistics can be constructed to estimate 6 and.are
often known aS'i¥estimatorst*such an“estimatpr-ﬁS'denoted

| by:
Zne) = Tiay o5 X(4)

with the general conditions
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n -

=1 €4 7]
: _ s _ n
Coiel = C5° for i=1,2,...,[5]

The most common examples of such estimators are:
1) The sample mean, X where c, = %, i=1,2,...,n.

2) Sample median, where

C p.o=1

&y o Jif 0 odd
c, = ¢ = 3 o

% 4 1. } if n even
c. = 0, for all other i »

Cl = C = % s

C.

i 0, otherwise.

The pioneering work on the L-estimation of the location
parameter and the scale paramétervusing best (minimum vari-
ance) linear combinations of order statistics was_done by
Lloyd (1952). This work was closely followed by a serijes of
papers by Sarhan (1954, 1955a, 1955b) which explored the
applicability of such estimators to a variety of distribu-
"tions. Lloyd applied the method of generalized least squares
to the ordered sample of a known distribution (which depended
~on location and scale parameters only) to find estimators of
fhe location parameter and scale parameter. These estimétors
would be ]ine?r (in the ordered sample) and unbiased and have

minimum variance in the class of such estimators.
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Lloyd considered the ordered model:

| =<
n
—
@
+
c

where Y = X(])

and u dis the ordered disturbance term

with  E(uu') = o2V

where V is a positive definite matrix which is known if the

underlying disturbance is known.

Generalized least squares (Aitken (1935)) yields:

-1 -1 1

e= (' vi DT vty

e ~the BLUE (best linear unbiased estimator) for the ordered

sample or BLSS (best linear systemat{c'statistic) with

variance

c2(1' vt 1),

It can be shown that this estimator will have smaller
variance than the least squares estimator (X) 1if the re-
ciprocal of the smallest eigéenvalue of v™' is less than unity.

This will be expanded upon in Part III.

Sarhan published tables for the optimal weights of the
order statistics for a number of distributions up to a sample
size of 5. The distributions he considered were the Uniform s

Triangular, Normal, Laplace, (Doubly Exponentia]),Eprnentia],
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U-shaped (Beta (3,1))*, Parabolic (Beta (2,2)) and his so-

called "skewed distribution" (Beta (3,2)).

Apart from the Normal and Exponential distributions
which yield X as the BLSS (the Cramer-Rao lower bound), ex-
plicit forms of the matrix of covariances of the order stat-
istics as‘a function of n were attainable only for the
Uniform distribution. Numerical results for the covariance
matrices of the other distributions were published for sample
sizes up-to 5. Govindarajulu (1966) published order statistic
covariances for the Laplace for sample sizes of 2 to 20 (in-
crements of 1) and Barnett (1966) published those for the
Cauchy. for sample sizes of 5 to 16 (increments of 1) and 18

and--20.. .

Given ‘the distribution, it is.usually algebraically
feasible to derive the covariance structure of the order
statistics and thus-the BLSS if the sample size is not too -

large.

The general problem in robust estimation, as-pointed out
above, is to devise an estimator which-performs,weJ]'across
a range of distributions. If‘the>ciass of distributions in-
cludes the quma], Laplace.and the Cauchy (or any subset of
these three) and the Uniform distribution,it is impossible to

formulate -one estimator whose asymptotic efficiency to the

* where Beta (a,B) = xo"l(l—x)B'1 T'{a+B) 0 < x < 1

T(a)T(B) !
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Cramér-Rao lower bound is not zero for one alternative. This
follows from the fact that the efficient estimators for the
Normal, Laplace and Cauchy have variances of the order of

n"', whereas that of the Uniform (Rectangular) has variance

of the order of n~>. (This situation does of course give
considerable justification for the use of adaptive schemes

in robust estimation.)

Given such constraints, Crow and Siddiqui (1967) set
out to determine the L-estimator which maximizes the minimum
(over a class of distributions) of the re]ative efficiency
(in general with respect to the BLSS) for a range of sample

sizes. The class of distributions eXamined'included the

normal, double exponential, Cauchy,- parabolic,-triangular and: -

uniform.- Crow and Siddiqui discuss four-distinct-lL-

estimators - with the notation: -p = % — %, ~where -r s a.

non-negative integer less than .; :

a) - Winsorized mean (Tukey, 1962),

Hn(P) = n'l[(r+]xx(r+]) ¥ X(n-r)) * z?;i;;}x(ij]’
r < (n-1)/2

wn(?ﬁ) = X(u+]) if n = 20+1 (o a positive integer) .
b) . Trimmed means {Tukey (j962)),

-1yn-r
Tn(p-) = (n_zr) 1;1-_-'».1.] X(i)
c) Linearly weighted means,
(1) n = 2a

L, (p) = (%)(a-r)'z[x(r+])+X(n_r)+3(X(r+2)+X(n_r_]))+..



23

+ (2i—2r~1)(X(i)+X(n_i+])) +

¥ (2a—2r-])(X(a)+X(a+i))];

(2) n= 20 + 1
Lp(p) = Ka_r)2+(d-r+])zl—l[x(r+1fx(n-r)+ 3(X042)+X0Fr+1ﬂ

booat (ZES2r-T)(X 1y 4X gyqy) ¥

F(20-20-1) (X #X g ) (20 2r )X gl

d) Median and two other symmetric order statistics,

(1) n = 2a
Y, (psa) = a(X(r+])+X(n_r))+(%-a)(X(a)+X(a+]));
where a 1is a constant

(2) n = 20 + 1

Yn(p,a) = a(X(r+])+X(n_r))+(?—2a)X(a+]).

0f these a) and b) had received considerablé attention
in the Tliterature and c¢) and d) were tentative proposals.
The trimmed mean and winsorized mean have both been shown
under certain conditions to be asymptotically normal (Bickel

(1965)) .

Stigler (1973) showed that necessary and sufficient con-
ditions for the trimmed mean to be asympfotica]]y ndrma] could
be stated alternatively as follows: "... that the sample be
Inimmed at Zampﬂe perceniiles such that Ihe.conneAponding

population pencentiles are undiquely defined.”
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Clearly, the only situations in which the above would not hold
true, would be when sampling either from a discrete population
or from a continuous population with gaps in the sample space.
The standard deviation of the trimmed mean can be estimated

(Tukey and MclLaughlin (1963)) by:

STh(p) = /wﬁ(p)/h(h-]) ; h = n-2r

n- r]

where  42(p) = (re1) (1) =T (P)) 2y T (P FTTE 30X 4y Ty (PP -
Crowe and Siddiq&i established the asymptotic normality of c)
and d).. Although Crowe ahd Siddiqui hint at the use of a more
generalized weighting function than_that_in c) - "one might
considen wedlghits uanying as the hih powes o4 the.éabécnipt ",
they make the remark that weights derived from such a function
of bounded variation are asymptofica]]y unique as n becomes
jnfinite (this allows them to establish asymptotic normality).
_As might be expected, the linearly weighted mean of Crowe -
and Siddiqui, which always weights central order statistics
more than outlying ones, performs poorly with platykurtic
distributions. In a similar vein to Crowe and Siddiqui's
linearly weighted L-estimator,Stigler (1973).has proposed the

use of a "smooth]y_trimmed mean

-1¢n . .
n 21=]9}‘/(”+]))X(i)31 with

J(u) = (u-a)(0.5-a)7", @ <uc< 0.5

1

1]

»(1—a—u)@.5-a)’1, 0.5 < u < l-a,

0 s otherwise.’
(o a constant less than 0.5),
for the case when the conventiona] trimmed mean fails the

test of asymptotic normality.



25

It is worth noting incidentally that a mean of the trimmings
of some -trimmed mean (outmean)-is not—given serfdus consider-
ation in the literature despite its exce11ent performahce in
the Stigjer (1977) comparison. Similarly, the possibility of
a weighting function which gives greater weight to the ex-
trehe order statistics than other more central ones is not

given prominence.;

The choice of r .with L-estimators a) and b) is ob-
viously crucial. For example, in the case of the calculation
~of a Winsorized mean of a sémp]e with sﬁspected outliers, too
~Tittle Winsorization (too small an r) will result .in over-
weighting outlier observations, whilst too large an r will
résu]t in the neglect of non-contaminating observations with

consequent loss of information.

Crowe -and Siddiqui show that for the distribution they
sfudied (see abové) the maximin (or guaranteed) efficiencies
for estimators a), b) and c), (with p between 0.3 and 0.5)
Qeﬁe:fai+1y“3imi1ar;'the.trimmedwmean'being~the best on -

- average although as p varies (p = 3 - %) the efficiency
declines much less for Ln(p) than for Tn(p) or wn(p)

for the Laplace and Cauchy distributions. Crowe and Siddiqﬁi
calculate guarahteed efficiency for their proposed estimator
Yn(p,a) anq show that the best Yn(p,a) (across p and a)
R is approximately as efficient as the best wn(p);lTn(p) or
Ln(p) for the distributions they consider. Yn(p,a) does
however tend fo be somewhat sensitive to changes in the

values of p and a. Crowe and Siddiqui recommend, as a rule
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of thumb, for calculating a robust estimate of the location
parameter from a small sample (less than 20) with no prior
information on the sampled distribution, that one use either

Tn(p) with r = g, or Ln(p) with r = % or Yn(p,a)

with r =z and a = %. Estimated variance (in the finite
case) is then given by dividing a conventional sample esti-
mate of the variance by the product of n and the guaranteed

efficiency. Approximate confidence intervals are then easily

calculated using the asymptotic normality of the estimators.

In a similar vein Gastwirth (1966) has proposed an esti-
mator which is a linear sum of the 33%rd, 50N and @6§rds
percentiles. of the sample with weights 0.3, 0.4 and 0.3 re-
spectively.: Tukey in Andrews et al (1972) has proposed a
" weighted-average of the first, second and third quartiles

with weights 4, 3 and i respectively.

Chan and- Rhodin (1979) have extended the .work of Crow
-and Siddiqui and examined the class of asymptotically best
" linear estimators -based on -k symmetrica!]y-ranked order
statistics (symmetrical k-ABLES) where k < 5. The system
of distributions considered consists of Tukey's lambda family
and.the.normal, Laplace-and Cauchy distributions. Tables are
prdvﬁdedrso that-for any subset of this set of distributions
‘the'k—ABLE giving the highest guaranteed relative asymptotic
efficiency may be obtained. Chan and Rhodin show that the
optimal "k-ABLE (as descrfbed above) comparesfavourably with
optimal trimmed and Winsorized means for subsets of the

distributions considered.
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3.2 'L-ESTIMATION OF THE "LOCATION PARAMETER" FOR
UNSYMMETRICAL DISTRIBUTIONS - |

The. problem of estimating central values of skewed dis-
tributions has not received much attention.in the literature

since such a parameter is clearly non-unique.

Hogg (1974):-considers the possibility of an unsymmetrical
trimmed mean estimator:

n-ro

=1 y
Talprope) = (neraora) ™ I0T2 0 X4y
where pr =3 - I
r
p2 =% - %

‘and r; and r2 are non-negative integers less than n.

Statistical inferences can then be made about the ex-
. pected value of _sich.an estimator, say 6. (pi,p2), if some
approximate error structure can be derived. Hogg suggests

an unsymmetrical Winsorized sum of squares:

STn.('P 15 p2 ) - VW2 (passp2) [R(A=TY -

where' wﬁ(pl,pz) = (r1+1)(X(r1+]) - Tn(px,Pz))2

+ (ra¥ 1) (X Ly = Tp(prap2) ¥

+ Z?;:i;; (X(i) - Tn(plspz))2

- [rl(x(r1+]) - Tn(plspé))l+ r2(x(n—r2) ‘Tn(pl,Pz))]7n
and ‘h=n-7r1 -r
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of the parameters (such as a and p 1in the case of
Yn(p,a)) would be to make them a function of some measure

of tail stretch.

Hogg (1967) has done this for the trimmed mean; he

proposed:
fo](a,),f k < 2.0,
T.(%), 2.0 < k< 4.0,
T = 4 _ n (3.3.1)
T (1), 4.0 < k < 5.5,
{Tn(0) 5.5 < k ,
where Tﬁ(p) is the mean of the trimmings of Tn(p) and k

is an estimator of sample kurtosis.

Hogg (1972) then proposed a new indicator of tail
stretch, namely:

Q = [U(0.05) - T(0.05)1/10U(0.5 - L(0.5)]

where U(B) is the average of the largest ng order statistics
(fractional items are used if nB 1is not an integer) and

o f(B)h.has a similar definition using the smallest items.

Hogg (1974) then proposed:

(T°(3) - Q < 2.0

T3 . 2.0<Q <26 -
Ty = <

Tn({%), 2.6 < Q< 3.2

jzp(%) - 3.2 <Q

In comments: on Stigler (1977) Hogg raises the possibility of
having an adaptive symmetrically trimmed mean estimator based

on sample measures of skewness and kurtosis, and states that
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those based on sample skewness alone are probably better than

ones based on sample kurtosis alone. He suggested:

(- 1
TE(3) s (by)% < 1.0,
To = 41 (1) 1.0<(b1)? < 2.0,
l .
Tatd) 2.0 <(b1)? ,

where b; dis a sample estimate of PB;, the squared skewness.

Harter (1972) has proposed an estimator of location
based on classifying -the sample as coming from either a uni--

form, normal or Laplace distribution - the appropriate maxi-

- mum likelihood estimator is then used. He considers the

sCheme: - -
Xnﬁdrange ? k < 2.2,
X . 2.2 < k< 3.8,
Xnmﬁan k >-3.8°

This proposal "is examined in more detail in Harter (1979)
"and~severa1-c]ass%fication schemes based on sample kurtosis,
~Hogg's Q-statistic and sample likelihood are-considered. .Harter:
showed in this-study that for estimation of the location para=
meter, criteria based on Hogg's Q-statistic performed.best
(marginally better than those based on sample kurtosis).

Jaeckel {1971) has-considered an édapgive trimmed mean, select-
| - w,(p)
n

- (2p)*
“related- to the 'variance of Tn(p). This estimator performed

a statistic closely

1ng<that~;Tn(p). which minimizes -

well in the -Princeton study for large .(n > 20) samples. Chan
-and Rhodin {see above) consider an adaptive form of the k-ABLE.

By calculating:
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,AF;f(o,Qs) - F1(0.5)

-1 -1
F'(0.75) - Fl0.5)

where Fn(k) =‘(#'X{ < k)/n .

[Note the similarity to Hogg's Q-statistic.]

one may choose some subset from the class of distributions

~ they consider, the numbers included in such a subset re-
flecting "oun un;eniainiy about the shape of the distribution”
(Chan and Rhodin). When this subset of distributions has been
selected their tables yield guaranteed relative asymptotic
_efficiencies for each k-ABLE (2 i k < 5). The k-ABLE with
the highest:guaranteed re]ati?e asymptotic efficiency is
selected and tables reveal the relevant spacings and weights

for the selected k-ABLE.

Hogg (f974) cites the work of Fisher (1972) who-uses -
-an-adaptive asymmetrical trimmed meaﬁ estimation method for
-determining the distribution (out of a set of k) which has
“the largest mean. As her test statistic Fisher uses the

(Q , Q2) vector where Q s as defined above-and: -

Q, = [0(0.05) - T,(0.25)1/(T (0.25) -~ T(0.05)1 |

U and~.f as defined above.
Essehtia]Ty Fisher's conclusion for skewed data sets is that
‘as the distribution becomes more,skewed (to the right say),
as measured by Qz, the optimal value of p2 Dbecomes
smaller. This conclusion ties in with the results of Sarhan

above for his!beta distribution.

In conclusion it is worth noting that adaptive L-estimators
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of location have received relatively little attention, one

of their main_drawbacks being, as Tukey (Andrews et al (1972))
puts it, that they only "come into their own forn fainly Lanrge
Aampie&, probably beyond n = 50." It is argued that only
then are they testably representative of their parent popu-
lations. Hogg (1974) has, however, stated that "It is my
pernsonal opinion that these blatantly adaptive estimatonrs
can be constructed fo be monre effective than the nonadaptive
nobust estimatons at much smallen sample sizes, say n = 15
on 20." 'Qne area of the development of these adaptive L-
estimators of location to which attention-is-given-+in-this -

thesis is that in which the weights are made continuous

functions of the test statistic. Hogg (1974) has mentioned
that such a scheme could have appeal.

3.4 L~ESIIMATION OF THE B8 VECTOR FOR THE--REGRESSTON "MODEL

The extension of L-estimation to the regressioh case
does not occur in an obvious way. Hogg (1979) has however
“cdnsidered the following scheme; since use of p(x) = |x|
(in the M-estimation case) as described above yieldsthe sample
medjanmﬁs_an_estfmatewof location and the median plane in
the regression=case;-extension=to other—percentiles -is made -

by taking:

o(y) = -(1-p)y y <0

= py ; | y >0
t
 th

|v

‘Thfs yields the (100p percentile in the location case and

thus the (100p)th'percenti1e plane in the regression sjtuation.
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A possible extension, using this idea, of an L-estimator
(proposed for the location case in Part II) to the re-

gression situation is made.in Part III.
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CHAPTEHR 4

Lp—NORM ESTIMATION

In general the coefficients of the functional relation-
ship (1.1) may be estimated by minimising the sum of the pth
powers of the deviationsAof the estimated values from the
observed values of the dependent variable (Lﬁ— approximation).
As discussed above situations do arise in practice for which
the use of ordinary least squares (L) is unrealistic. Al-
ternatives to least squares, uSing Lp methods, such as
minimising the sum of the absolute deviations (Li— approxi-
mation), can be traced back to Fourier in 1820 and Edgeworth
(1887; 1888). These earlier works did not engender much
'enthusiaém and although mild jnterest was revived again in
the 1920 to 1940 period by Edgeworth (1923), Rhodes (1930)
and Singleton (1940), it was only after the appearance of the
papers of Karst (1958) and Wagner (1959) and the development

of high speed computers that research in this field started

to gather momentum. -

4.1 Lp—'APPROXIMATION

Suppose our model is of the form (1.1). In practice

n >m observations are taken and B8' = (80,81,...,Bm_1) is

~ ~ v

: § estimated by ‘that particuTar'Qf = (bo,b1,...,bm_]).say B = (50,81,.;.,86_])

which minimizes the distance function:
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n m-1 :
i=1lyy - I3 byxgilP s (4.1)
where x_. =1 for i =1,2,...,n.

01

The above problem can be formulated as a mathematical

programming problem as fo]Tows. Let the ith error e be

written as e, = u,-v. where u; >0 and v, > 0; i.e.

the variables wu. and v. represent positive and negative

i j
deviations respectively for the 1th observation. Then the

Lp approximation problem keduces to (Kiountouzis (1972)):

minimize )0 . (uP_+ vB) (4.2)
iETVT g j
subject to
m-1 _ s -
U_I—V_i + j=0bjxji ""‘ ‘y.i (1 - ],2,-.-,")
u, >0, v. >0 (i = 1,2,...,n), and

b.>(j = 0,1,2,...,m-1) unrestricted -in -sign.

It should be noted that this formulation is extremely
flexible as it allows any observed constraint to be added
trLergT—ce?taémPGQefﬁécien%swmayabe:pﬁe~speeifiedxto*be“non;,
negative or weights can be given to various errors). In par--
ticular, for prediction purposes Narula and Wellington (1977)
have proposed the use of the minimization of the sum of the
absolute relative errors. (i.e. ZI;le;/y;[.) Although their
’ formulation is only for the case p =1 it can easily be ex-

' tended to other values of p.

‘Justification of Lp approximation comes from the

following theorem:
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Theorem 4.1.1 Kiountouzis (1971)

14 oun model for n observations takes the general form
y/(" = BO+ B]X1/(: + ... 1 Bm_1xm_1,(:+ Q/(: (/(-. = 1,2,...,".)
and the random errons e, satisfy the following conditions

(L) The ennons e, ane contained only in the nesults of

the measurements Y-

(LL):Thefenmenksﬁeiw~and-fej nedating -to-any -two-difperent -

obsenvations 4 and 4§ anre mutually Aindependent.

(iii) The ernons follow a distribution with p.d.§.

§le) = h exp{-k|e|P}, where h and *k are

constants and 1 < p < =,

{4iv) No—othern infommation concenning the coefficients, fBj
Ls-—avadllable.
Em-1

Then the "best" ~b- -is-a-vectorn - B-€ 5.1,

22=1|yi - Z?;; bjxjilp is a minimum.

Thus for example the "best" value of B when e has a Laplace,

normal .and .uniform distribution js.the L _~estimator with p equal to 1.0,

P
© 2,0 and « respectively. For the model 1.2 (m = 1) these.correspond to
-~ the-maximum=- ikelihood :L-estimators=median,-mean-and ‘midrange respectively.

There is thus an important link between Lpfegtimation and L:Estimatioﬁ

and this will be discussed at length in Part II.

It is impertant to stress here that only in the case

when p = 2 <can the Lp—estimator be written as an explicit
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function of the (unordered) y vector. Thus in general the

B vector in the models (1.1) and (1.2) must be found by
iterative methods. The problems involved in finding the 8
vector for the important cases of p =1; 1 < p < 2; =

are discussed below.

4.2 MINIMISATION OF THE SUM OF THE ABSOLUTE ERRORS
(MSAE) (p = 1)

For p =1 (4.2) becomes:

minimise JI_q(u; + vy) ' | (4.3)

subject to

o= yis (1= 1,2,..0,m)
u.'>.0, v: > 0, (i=1,2,...,n), and
b:s(j = 051,2,...,m=1) unfestricted in sign.

-It_therefore follows that. L;. approximation can be formulated
“as a linear programming problem in 2n+m variables of which

m variables (viz bo, bi,....b,_ ), are unrestricted in sign.

As with any linear programming problem a dual problem
exists and can be formulated as follows (Wagner (1959)).

Denote the dual -variables by ‘fi‘ The dual of (4.3) is

. . n-- '
maximise ). 5 f.y. (4.4)
subject to

n _

i=1 T4 =0

N f.x.. = 0 (j = 1,2 m-1)
i=1 "i73id > 2t )
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Wagner (1959) also showed that by transforming with Wi = fi+]
the dual problem may be formulated in terms of the non-
negative variables L This is computationally desirable
and results in the following formulation:

.. n
maximise Zi=] WY ’ (4.5)
subject to
Oi .W_i 52 )
n - -—
Z1=1-~w1 =n,
n ! n .
=1 W_-IXJ-_i = z]’-‘] XJ_‘ R (J = ]’2".‘.,"]_].)

Some properties of Li— estimation arising out of the linear . .
programming -formulation are now presented (Kiountouzis (1971),

'Appa.and Smith (3973), Gentle, Kennedy and Sposito.(1977)).

1. At least one -4i; _hyperplane giving minimum sum of-

absolute deviations passes through ~r of the n points,-

where ~r- is the rank of the observation matrix X. Usually

X is of:-fulll"rank and thus r = m, the number of coeffi-

cients.to.be estimated. -

2. The sodution-to (4.1)-is-a hyperplane-such that: .= .

+ -
fn™ =n7| <'m

: + : - X . '
where n and n  are the number of observations._above

and below the hyperplane respectively.™:

3. Mu]tip]e'optimal solutions can occur, i.e. two or.more. -
different hyperplanes give the same minimum sum of

absolute devijations.

*If there does not exist a hyperplane which passes through more -
than m data points. -
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4. Variations  in y do not change the optimal values of
the coefficients as long as no observation crosses the
optimal hyperplane. This property makes the L;— esti-

mator resistant to wild points.

5. Linear dependence among the independent variables will

not cause any failures in the estimation procedure.

6. The L, - hyperplane can be regarded as an estimate of the
median of the conditional distribution of the y given
the x's. This can be most easily seen by considering
the case m = 1. Here the model becomes y =18, + e, and
the Li estimator is the median of the set
Yis Y2s-u.sy,- For n odd it is equal to one of the y

values, and for n even it 1ies on the closed interval

between the two neighbouring middie values.

4.3 MINIMISATION OF THE MAXIMUM ABSOLUTE ERROR (p = =)

For p =« the L_ minimisation criterion is equiva-

lent to choosing the coefficients b = (bo, bi,....b 1) as
follows:
c e s . m-1
m1ngT1se {maX}mumei - Ej=o bjxjil} - (4.6)
J

In 1799 Laplace proposed the above procedure, which was sub-
sequently studied in detail by P.L. Chebychev and as a con-
sequence is usually referred to as Chebychev approximation.
A comprehensive account of the theory of Chebychev approxi-

mation is given in Rice (1964).
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Denoting the maximum absolute deviation by D, the

linear programming formulation of (4.1) is:

minimise D o " (4.7)
subject to
m-1 . a
D z ,Y.I - 2j=.0 bJXJ1 y ('I = 1,...,n)
m-1 ' .
D.> -y, + ijo b x5 , (i = 1,2,...,n)

where D > 0 and. by, (j = 0,1,2,...,m-1) are unrestricted

in sign.

The dual problem associated with the above can be for-

‘mulated-as follows (Wagner (1959)).

Let the-dual variables.corresponding to constraints.

m-1 ‘ m-1 -
D > y; - Zj=o byxy; and D > -y, + zj=o b;x;; be w; and

z; respectively... Then_the .dual linear :programming -problem ..

is:
maximise Y0 . y:{w:-2z.) -' (4.8)
BEE N RAs S R _ St -
subject to
n
'zi=l(wi+zi) = ]
n -
Li=y(Wi-2z5) = 0

?:1(W1“Zi)¥5§‘? 0 o= (15250..,m=1).

-wi >0, z; >0 (i=1,2,...,n)

Some properties of L_ approximation arising out of the
- lTinear programming formulation of the problem and its assoc-
jated dual are presented below (Kiountouzis (1971), Appa and

Smith (1973))
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1. There exists one optimal hyperplane which is vertically
equidistant from at least m+1 of the observations,

the distance given by the optimal value of D.

2. The m+1 observations determining the optimal hyperplane

must lie on the convex hull of the n observations.

3. The L_ hyperplane is a kind of mid-range estimate,
which is most easily seen by considering the special case
m = 1. Here the model is y =180 + e and the L esti-

mate becomes

Bo = 3(min(y;) + max(y;)).
1 1

4.4 OQTHER VALUES OF p. (i.e. values other than
' p=1; 2; or =)

The mdfhematica] programmingvfokmu1ation is given by
o

(4.2). 1In general any value of p > 1 «can be used but it

is only in the special cases of p = 1; 2 or « that an

unicue minimum for the Lp distance function can be found.*

For p"# 1; 2 or «, ijterative procedures and non-
linear programming methods must be used (Fletcher and Powell
(1963), Kiountouzis (1971), Forsythe (1972)). The inability
to find an exact solution should not be regarded as a major
disadvantagé but as an encouragement to the development of

"good" algorithms.

While theoretically any va1ue of p >0 <can be used,

in practice p < 1 1is not of interest (Rice (1964)).

*If X s of full rank.
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The traditional method is least squares (p = 2) and
in cases where this is not appropriate it is usually prefer-
able (so as to avoid giving too much weight to "wild points")
to use a value of p such that 1 < p < 2. Values of p> 2
other than the special case where p . are not usually

considered in the literature.

4.5 MAIN CONCLUSIONS OF LITERATURE ON -Lp*'ESTIMATION

Some of the main findings which have appeared in the
- Titerature.on the more general_properties_of Lp— estimation

are briefly summarised below.

(i) For a symmetric error distribution-the L_— estimates

p
of 8 = {Bo, B1s...5B,_ 1), -are unbiased:for all values - --
of p (Forsythe {1972); Kiountouzis.{1973), Harvey— . -

(1978)) .©

(ii) It appears that as the tails of the error-distribution
become ionger ("fatter')-thanfthose»bf-the normal:dis=-
tribution, values of p < 2 provide better estfmates-"
‘than Teast squares {(Blattberg and Sargent-{1971),

Forsythe {1972), Kiountouzis (1973), Harter-(1977))..

(iii) For distributions with- shorter tails than those .of the
normal-distribution, it appears.as if p = «» may be-
more--appropriate (Harter (1977)). However for all-

_ otherzvalues-of .p the problem of determining -the

distribution of the "8B's is extremely bomplex (being

a nonldinear-:combination of y) and dis perhaps mathema- - .-
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tically intractable (Ashar and Wallace (1963),
Havlicek (1968), Narula and Wellington (1977)).

(v) There are numerous algorithms for determining the
estimates for the cases p =1 and p =« (e.g.
Barrodale and Young (1966), Bloomfield and Steiger
(1977)) which are superior to the equivalent Linear’
Progfamming solution as far as computer storage re-

quirements and solution time are concerned.

4.6 -ADAPTIVE Lb—-ESIIMATION IN THE LOCATION PARAMETER
AND REGRESSION CASE

Lp— estimation of By(6), the location parameter, has
received very dittle-attention in-the 1diterature-in compari-
son to Lp- estimation“in'the'mnre‘genera]<regression-£ase.-
Harterfhas,%however,‘proposed:anzadaptiwe‘schemerusjng Lp; .
estimation:with p equal to 1.0, 2.0 or- «, which he .
applied to fhe location parameter as well as to the regression
situation. --[His -adaptive scheme for the ipcation parameter»:;
- case has already-been-discussed—in Chapter 3 but will. be

repeated-here for ctontinuity.]- For-the docation parameter

case he used:

L ; k< 2.2,
L2 ; 2.2 < k<3.8,
L) 5 k > 3.8 ,

>

where k 1is the sample kurtosis of the original sample.
Extrapolation.to the regression situatijon was more-compli-

cated as the kurtosis of the residual vector has to be
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estimated. Originally Harter proposed the fitting of an L2 =
regression line in-order to arrive at an—jinitial set of
residuals. [This method was in fact criticized by Hogg (1974)
who suggested a more robust initial fit such as an L;- regression
although in a rejoinder Harter states that "one would hope
that the {inal nesult will not be unduly influenced by the
initial estimate (of the kurtosis of the residuals) unfess

it 44 an extreme one."]

Once the set of residuals has been determined the sample
kurtosis is calculated and an Lp— regression computed
~according to the same scheme as that for the location para-

-~

meter.

‘For the regression case Hogg (1974) has advocated a
similar L,p adaptive.approach but suggests..the use of Q
(or Qi) [see Chapter 3].as a measure of tail stretch. .He
does not, however, restrict the values of p to three, but
- proposes that- p - "be ftaken somewhene between 1.0 and 1.5
don diéthibutioné with Long tails, around ? forn distrnibutions
- with moderate tails, and greater than 4-(pbbéib£y o) fon
shont-tailed distrnibutions.” 1In this respect, his ideas
follow those:of Forsythe (1972) who studied the estimation of
Bo and B3 in a one dimensional regression model by Lp-°
methods with p = 1.25, 1.50 and 1.75. In Forsythe's study
the distribution of the error vector was a standard normal
contaminated with a norma] with non-zero mean (u) and

standard deviation equal to 4.0 Forsythe found that for the

symmetric case (p = 0.0)) lower values of p became more
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suitable as the contamination increased; this was also true,
but to a greater extent,for the skewed case (p = 4.0).
Forsythe concluded that a value of p = 1.5 could be a
useful compromise for error distributions ranging from the

normal to the Laplace.

The Lp— estimation of B vectors using an adaptive
approach and the problem of such‘estimators distribution is
as Hogg (1974) states a "fruitful area for future reseanch.”
The main thrust of this thesis is in this field and provides,
hopefully, a body of research which is both useful in its
own right and provides a solid platform for further work in

‘this area.



PART II

INTRODUCTTION

This section covers the work done on robust procedures
for the estimatiﬁn of the location parameter for symmetric |,
and non-symmetric data sets. An adaptive Lp—-pfocedure first
~developed for the regression case is proposed as a new esti-
mator and the similarity of this method of estimation to L-
‘estimation is considered in a theoretical and practical sense
and an adaptive L-estimator is proposed. A study is then
undertaken in which the adaptive L_-— and L —procedures are

P
compared with a selected range of alternative robust estimators.

The problem of non-symmetric data sets is then examined
and modifiéations of the procedures mentioned above are con-
sidered. Finally the performance of such a procedure on the
data sets published by Stigler (1977) is examined and compared

to the performance of the set of estimators used in that paper.



CHAPTER 1*

ESTIMATION OF THE LOCATION
PARAMETER (6) FOR SYMMETRIC DISTRIBUTIONS

1.1 INTRODUCTION

As exemplified in Part I an impressive array of robust
estimators of location has been proposed in the literature.
These estimators are primarily constructed so as to have
superior statistical properties to the least squares estimator
X when the underlying distribution deviates from normality.
In particular, these estimators-usually exhibit the character-
jstic of being less sensitive than X to outliers or bad-data
points. - In other words, these estimators:are usually con---
structed to be "better" (according to some criterion) than X
when the underlying di;tribution is leptokurtic with respect
to the normal. Less attention has been given to the perfor-
mance-of estimators which outperform X when the -underlying -
distribution is either platykurtic or leptokurtic with .respect

to the normal.

1.2 MEASURES OF LOCATION

*A paper based on parts of sections 1.1 and 1.5 of this
chapter has been accepted for- publication by the South
African Journal of Statistics.



In the statistical literature numerous population para-
meters have been proposed as a measure of the location of the
distribution. In particular, the mean (E(X)), median and
midrange have received special attention. Hence, in estima-
ting the location parameter, the first problem is to establish
what one considers to be the most appropriate measure of
location for the particular data set under consideration.

Once the appropriate measure has been chosen the problem.of

estimation can then be tackled.

Initially, to avoid the subjective choice of the most
suitable location parameter consideration was limited to

symmetric populations so -that:.

E(X) = Xpedian = Xnidrange = 8-

1.3 THE Lp“‘METHOD.

Harter and Hogg (see Part I) have proposed stepwise
adaptive (according to tail stretch) procedures for the.

estimation of .6.

Fhere does, however, seem no theoretical- justification
for using these stepwise adaptive procedures jn place of a
scheme-in whick thére is a continuous trade off between-tail
- stretch and-estimator and such procedures have received
little attention iﬁ the 1iteratufe ~see Prescott (1978), how-
ever, for a proposed adaptive trimmed mean estimator based on

a continuous trade off between tail length and the estimator*.

*see also de Wet, T. and Van Wyk, J.W.J. (1979b)



Reconsideration of the Huber type approach (see Part I)

shows that minimisation of:

A A

(a) Z?=1|X1'9| yields 8 = X (the maximum likelihood

median
estimate of 6 for the Laplace distribution).
(b) ?z](xi-e)é yields 6 = X (the maximum likelihood

estimate of "8 for the normal distribution).

A

n | . " . . .
(c) zi=1lxi'e| . yields @ = Xnidrange (the maximum likelihood

estimate of © for the uniform distribution).

If we consider the minimisation of:
?_1lx;-01P . | (1.3.1)

where p is a continuous function of tail stretch, it would
appear that one may be able, at least 1in terms of maximi-
sing minimum efficiency,to improve on the blanket use of

A

either X or X

. and nt u - 2 nd
' median eVQ ) he use of M-estimators a

adaptive L-estimators.

It is clear that using a Qa]ue of p =2 assigns edua]
weight to a11 observations in the calculation of 6; use of
p =1 assigns all the weight to ‘the middle observation (in
the case of n° odd) and none to the others; wuse of p = «
assigns half weight to each of the end observations and none
to thé other. Use of 1 < p < « therefore assigns weighf to

all the observations; the closer p s to 1 the more the

weights shift towards the central values (see Figure 1).
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Such a procedure may have more intuitive appeal -than
the-truncatéd mean or Huber approach because in those pro-
cedures ihformation regarding the magnitude of data points

- falling in the tails is lost in the sense that the influence
éurves (Hampel (1974)) of such estimators are constant (non-
zero) past the relevant cuf off points. Thus although the
existence of out]ieré influence such estimatofs and in fact
as Hampel notes for the trimmed mean, exert "zthe maxLmum
possible influence on each side" the actual values of such

outliers in the tails is irrelevant.



The Lp-approach (exéept for p=1 and p = =)
assumes no cut off values and allocates weight to all the
data points.

’

1.3.1 Selection of a suitable p based on tail
stretch

In this section and throughout this part kurtosis

th

(EL ; where M. s the i moment about the meén)

2 1
H 2 s

‘is used to measure tail stretch. Various alternatives have
been proposed e.g. Hogg's Q statistic (Hogg (1974)) but
it éppears from the literature that none have any clear cut
advantage over kurtosis which would render it more useful in
‘the following studies. The use of alternative measures of

tail stretch is a fruitful area for future research.

A formula relating the value of p and kurtosis which
was based on a simulation study of the robust estimation of
the parameters of a regression model with a symmetrical error
distributioﬁ is established in Part III, Chapter~1. When the
kurtosis is known,this has been shown to be superior to either
L~ or L;—estimation in terms of maximin efficiency based
on empirical generalized variance (over a range of distribu-

tions). This formula

p=1+ 2 (1.3.2)
k2

proposes the use of least squares under a normal distribution,

and a continuous decrease in p for increasing k with a



lTimiting value of p = 1.

In the general case, when k is unknown, use of the
sample estimate of k, k dinstead of k has produced para-
11el comparative advantage over L, and L; regression

(Part TII, Chabter 2).

i

Estimation of the location parameter is merely a special
‘case of the kegressiqn problem ‘and hence the above procedure

could be used. This would lead to the following proceduré.

The LE; Method of Estimating the Location Parameter of a

Symmetric Distribution

Minimise E?zllxi-elp

| 9
where p=1+% i; (1.3.3)
‘ L - = Ko
and k =b_ =3+ —
2 ‘w2
k3
ki being the unbiased estimate of the ith cumulant.

‘The comparative performance of this estimator will be exami-

ned in detail in the study of section 1.5,

1.4 ADAPTIVE L~-ESTIMATION OF LOCATION WHEN THE UNDERLYING
' DISTRIBUTION IS SYMMETRIC

1.4.1 Introduction

It was noted above that Lp-norm estimates of the loca-

tion parameter are closely related to symmetrically weighted

*See Appendix A.



combinations of the order statistics of the underlying data.
Thus, for example, when p = 1 the éstimator is simply the
median (central ordgr statistic) ‘with all fhe other order
statistics weighted at zero. When p = 2, the estimator is
equal to the sum of the order statistics weighted by'.%-;
when p = o the estimator is equal to the sum of the first

and last order Statistic each weighted by %.

It was thought that consideration of such L-statistics
could serve as useful approximations to the Lp-norm esti-
mator and give insight ipto the properties of the L _-

P
estimator. This relationship will be developed in Chapter 2.

The possibility of discovering properties of the Lp-
estimator via their relationship with L-estimators led to a
second study, namely the use of adaptive L-estimation as an

estimation procedure in its own right.

Before considering a definite functional form for the
weighting function of an adaptive L-estimator of 6, it is

worth reiterating the required features of such an adaptive

~L-estimator. Essentially, that the optimal L-estimator of

8 for long tailed distributions will involve weighting the
centra]Aordered sample elements more than the extreme elements,
and vice-versa for short tailed distributions. When the
under]yihg data is normal, the best linear estimator weights

each element the same.



1.4.2 Establishment of the adaptive weighting
distribution function

In this-section the functional relationship between tail
stretch and the optimal L-estimator of locatjon is examined.
As before, in order that the measure of the location para-
meter is unambiguous, we first consider only data sets from
underlying distr}butions which are symmetric. A symmetric
distribution implies symmetry of the matrix of covariances
of the ordered sample and this will ensure that the minimum
variance L-estimator of the location parameter is symmetri-

cally weighted.

1.4.2.1 The beta weighting function

A weighting function which lent itself well to this
study was the beta function:
B(p,q) = xPTH(1-x)97 0 < x < 1.

With p put equal to ¢ three distinct forms of the function
are easily recognised each with different implications for
“the weighting of the L-estimator. |

(1) p=q="1

Weights

Ranked X

which implies equd] weights to all elements of the sample.
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(ii) p=¢q¢ > 1

Weights

Ranked X

which implies greater weight given to central elements

than extreme elements.

(iii1) p = g < 1

Weights *\\\\\\\\‘5————_——”’/’////’

Ranked X

which implies greater weight given to extreme elements

than to central elements.

(This function has the advantage that, if required, asymme-

trical weighting can be assigned with p # ¢ (see Chapter 3).)

1.4.2.2 The re]dtionship between the beta function
and sample kurtosis

The-problem of the relationship between tail stretch



11

and the optimal weighting function is very similar to the
problem of the relationship between the optimal choice of p
and tail stretch in Lp-norm estimation of the location paré-
meter; namely, that although the optimal value of p or
nature of the weighting function is known for certain distri-
butions e.g. the uniform and the normal, the problem, in
general, is to fﬁnd some workable relationship for the case
when noAprior information is available on the nature of the
distribution of the population. This relationship can really
only be found by using a«simu]atidn study to examine the per-

formance of certain relationships over a range of distribu-

tions.

Note that the case of negative weightings will not be
considered - the case where the optimal L-estimator would
have tail elements with negative weights would correspond to

the optimal L_-norm case with p < 1. Sarhan (1954) states,

P
regarding the existence of a distribution for which such a
weighting would be optimal: "The author does not know any
example at this time." The case with negative weights in

the middle and large positive weights in the tails presum-
ably has no pafa]]e] in the Lp-norm case. Although theore-
tical symmetric distributions do exist for which such a
weighting function would be optimal (which would have kur-=
tosjs greater than 1.0 and less than about 1.8 e.g. Sarhan's

"U-shaped" distribution), they would be rare in practice.

Three distributions for which information about the
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optimal weighting distribution is known,are the uniform,
normal and Laplace. The optimal parameters of the beta

function for these three distributions are as follows:

(i) Uniform Distribution - beta weighting function with

p = qg=- with a theoretical kurtosis of 1.8.

(i1) Normal Distribution - beta weighting function with

p=gq=1 with a theoretical kurtosis of 3.0.

(iii) Large kurtosis Distribution {e.g. Laplace) - beta .
weighting function with-p = ¢ » = (as- n»e inthe case
of Laplace)with a large theoretical kurtosis (6.0 -in

the case of Laplace).

These three distributions give us definite guide lines.~--
‘as -to the form of an adaptive L-estimator which utilizes the -
beta function to relate tail.stretch and distribution of the

weights. " As before, kurtosis-is used. to measure tail stretch.

From the above  the fo]lbwingwrelatibnshjpfbetween sampie,-
kurtosis:.and -p = q is proposed: . . |

p=q=1+Tog (&) . (1.4.1)
where~~§(bf)':is the sample~kurtosis {see Appendix—A) - of the
data set, and where -t 1is a constant, ihé,determination of

‘which is discussed-below. It is seen-that-the value of p
is less than 1 -for k ~ “less than 3s5equal to 1 when -k

equals 3 and greater than 1 when k is greater than 3.

Once the value of p = q has been calculated the beta

function is calculated at the pOintS%'ﬁ%T through ﬁgT'
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These weights are then scaled so as to sum to unity and

assigned to the ranked data set.

A simulation study was carried out to éstab]ishva value
of ¢ for which (1.4.1) would perform we]li A variety of
statistical distributions wére used to generate the rﬁw data
sets. A1l were gymmetric and were chosen to cover a wide
range of kurtosis. (For details, refer to Paft I11, Chapter
1). The sample size- n (for each iteration of the.simulation)
used was chosen as 10, 30 and 50; and 100 iterations were
preformed for each sample size and each distribution. The

>samp]e mean square error (MSE) was then computed over the 100

-iterations.v

Values of ¢ an@uhd 1.2 were found to yield minimum
sample MSE for the distributionswith high and Tow kurtosis,
and values of ¢ around 2.6 were best for those distribu--
tions with kurtosis close to that corresponding to a normal
distribution. Table 1.4.1 gives the results for ¢ = 1.2(1)

and ¢ = 2.6(11).
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TABLE- 1.4.1
SAMPLE  MEAN ERROR OF THE LOCATION
PARAMETER ESTIMATES
Sample Size

Distribution] Kurtosis o 30 5
‘ G O GO Gy (091
Uniform 1.8 0.920] 0.053 0.174] 0.024 0.116
Normal 3.0 0.891 0.349 0.301] 0.219 0.159
Con.Normal 3.5 0.918] 0.349 0.290} 0.224 - 0.182
Con .Normal 4.0 0.875| 0.308 0.287| 0.202 0.173
Con.Normal 4.5 0.767| 0.262 0.273} 0.179 0.186
Con .Normal 5.0 0.813] 0.174 0.213{ 0.123 0.157
Con.Normal 5.5 0.689| 0.110 0.159{ 0.095 0.1372
Laplace 6.0 0.988] 0.281 0.299] 0.147 0.173
Cauchy - 0.661] 0.022 0.050| 0.011 0.019

On the basis of these results the following relationship be-

tween the beta parameter

p:q_

P = q

P

log, ., (E%l) ;

logs .6

POl I

™~

> 4,0 or
< 2.0
0 < k<4.0

and kurtosis was proposed.

This estimator with weights calculated using (1.4.1)

and ¢

~culating the sémp]e MSE over the range of distributions con-

" sijdered above for 500 iterations.

this estimator are given below:

~ v

The simulated results for

‘calculated using (1.4.2), was then evaluated by cal-
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TABLE 1.4.2
SAMPLE MEAN SQUARE ERROR OF THE
LOCATION PARAMETER ESTIMATES

Sample Size

Distribution Kurtosis 10 30 20

Uniform ' 1.8 0.821 0.170 0.056
Normal - 3.0 0.889 0.313 0.180
Con.Normal 3.5 1.112 | 0.293 | 0.185
Con.Normal 4.0 0.983 0.307 0.165
Con.Normal 4.5 0.864 0.293 0.143
Con.Normal 5.0 0.839 0.227 0.127
Con.Normal 1 5.5 0.703 0.163 0.091
Laplace 6.0 0.870 0.236 0.122
Cauchy - 0.138 0.023 0.010

Since a rule which does not provide a continuous func-
tional relationship between ¢ and ; (only a piecewise
continuous relationship) may seem inappropriate, an attempt
was'made to derive such a function. Table 1.4.3 below gives
the ¢ for which sample MSE waé a minimum for a 100 itera-
tions for each of the set of distributions considered. A
grid of ¢ from 1.2 to 3.0 in increments of 0.2 was used.

TABLE 1.4.3
Sample Size
Distribution | Kurtosis 10 30 50
{Uniform 1.8 1.2 1.2 1.2
Normal . 3.0 3.0 3.0 3.0
Con.Normal 3.5 2.6 3.0 3.0
Con.Normal 4.0 3.0 2.8 2.8
Con.Normal 4.5 3.0 2.6 2.6
Con.Normal 5.0 1.2 1.2 1.2
Con.Normal 5.5 1.2 1.2 1.2
Laplace 6.0 1.4 1.2 1.2
Cauchy - 1.2 1.2 1.2
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Note that:

(i) There does not appear to be any marked difference in
the ¢ yielding minimum samp]e MSE for the different
sample sizes of each distribution. Thus it seems that

c may'be expressed independently of n.

(i1) In theory the optimal value of ¢ for the normal is
© yielding p = ¢ =1 1in the formula (1.4.1) relating
sample e1ementhei§hts to kurtosis, but in practice no
improvement in MSE in the third décima] place was

achieved for ¢ larger than 2.6 and up to 10.0.

~(iii) The decrease in the optimé] value of ¢ for a platy-
kurtic distribution appears sharper than the decrease
for a leptokurtic distribution with the same absolute

deviation in sample kurtosis from 3.0.

" [The reader is referred to Table 1.5.10 for an indication of
how sample kurtosis varies with population kurtosis for the

distributionsconsidered here.]

The relationship between ¢ and sample kdrtosis yield-

ing minimum MSE is thus in the following form:

c yielding
minimum
sample MSE

I
|
I
|
I
l
I
i
i

x>

1 3
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After some trials and adjustments the following functional

relationship was proposed:

¢ = 1.05 ; k < 1.75
c =0.4 + __;2_; 5 1.75 < ﬁ <3
(3-k)
c =1+ ,k_ln - : ﬁ > 3 (1.4.3)
(k -3)

Using such a relationship.the following results.were obtained.
(Table 1.4.4 below) for the sample MSE of the estimator.of

location using formula (1.4.3) in the same way as- for Table.: -

1.4.2.7
TABLE :1.4.4 = -
Sampﬂé:SSéef*;:
Distribution -j:- Kurtosis--| = 10 7 30 ¢ 50 |
lUniform - 1.8 0.804 = - 0.150 : { 0.041
Normal .- . 3.0 .4 0.887 4. 0.309---{ 0.178|..
ICon:Normal- 3.5 1.106 ° 0.295 - 0.184{ -
ICon.Normal . - 4.0 0.992 0.311 3> 0.167 |+~
Con.Normal- 4.5 0.870 .| 0.298.73}% 0.145 [
Con.Normai - 5.0 _0.853 A~ 0.234--3 0.132 =
Con.Normal - - 5.5 » 4 0.726 o|=r 0.171 | 0.101} ="
Laplace . 6.0 1 0.891 4 0.240 - 0.128 |-
Cauchy : - 0.143 0.022 0.010

It is.seen that such a formulation does not on average .
represent'an;improyement.over'thF origina]wadaptive-schemé_:“
(Table 1.4.2). 1Its large sample performanceris however com-.
parable and for this reason, and the superior appeal of.the

formulation, it is used in the comparative simulation study



18

|

below (section 1.5). Although there isino doubt that a
function exists for calculating a c whigh would repfesent
an improvement over this for all samp]é sizes,Lit.is con-
jectured that the effort involved in finding such an improve-

ment would not be adequately rewarded.

1.4.3 Asymﬁfotic Variance of proposed:L-estimator.

' Crowé and Siddiqui (1967) examined the asymptotic dis-
tribution of their proposed L-estimators (see Part I) for a
‘range of distributions. Although they,proposed.weighting
distribution functions which took a Tinear form, their
"theoretical exposition of the distributional properties of
such estimators was more general with the weighting function
B(t) taking the following form:

BLt) - b(e) = 3(s+1) ™57 (34p-1)S | s >0

' B <t<itp (1.4.4)

" where p 1is the proportion truncated in the right tail.
In the case where no points are truncated (p = %) (1.4.4)

reduces to:
b(t) = 2%(s+1)(1-t)% , 1<t < ©(1.4.5)

As the proposed L-estimating procedure does not exclude points,

only functions with p = % will be considered.

As an introduction to the methodology the derivation of
the asymptotic distribution of the L-estimator using (1.4.5)
will be sketched and then extended to the more general weigh-

ting function used in the L-estimator proposed in section
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1.4.2. The case of the uniform distribution on [-3,3] is
used to illustraté the procedures throughout because of the
‘ease of algebraic-manipulation. Owing to the symmetry of the

distribution however we need only consider the rightvhand half.
"~ This has distribution function:
f(-z) = f(z) =1 ; 0 <z <3,
0 ; z > %,
and cumulative distribution function:

F(z) = 1 - F(-2)

N
op=
+
N
v
o
| A
N
| A

1

Define «z(t) = F " (t)
Thus: |
1 - ¢(1-t) = g(t) = t -3} ; P <t <.

We consider firstly the weighting function B(t) with
BLE) = b(t) = 25(s+1)(1-1)S 5 3 <t <

. s >0
(Beta (1, s+1) distribution which is monotonically de-
creasing over [3, 1] reflected about'%.)

)]

b(t)
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Note that the weightings decrease as one moves from the cent-

ral values to the tails.

- b(t) is continuous and symmetric about t =1 and as

before we consider only the right hand interval T3,1].

Crowe and Siddiqui demonstrate that for sﬁch a weighting

v

distribution therasymptotic variance:

X
o2 = 2 J” D (z)f(z) dz,

0
where

x = ¢(1) and,
z

D(z) - J b (F(y)) dy.

0

For the case in question (i.e. uniform) therefore:

r Z R
D(z) = b (F(y)) dy
‘o
2
2° (s+1)(3-y)° dy
Jo ' 0<z<1}
== 2°(-(3-2) S a5t
: _ 0 , otherwise
-Now: "
x =¢(1) = 3%,
r}
so  o? =2 D2(z) dz
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3 ) 1_,125+3 Sr1_,yS+t2 2. 2
2 3[2 (- A 70 BRG]

2[225((‘%)293 N _(Z%)i_;j_ %);2)]
(2 + f - ]

2s?2 + 45 + 2
4(2s+3) (s+2)

1}

The asympfotic vériance of this form of estimator is
thus at a minimum when s = 0 (flat Qeightingvfunction).
~Since B(t) (the anti-derivative of b(t)) and D(z) are
functions of bounded variation, this estimator will be
asymptotica]]y‘norma]]y distributed (see Crowe and Siddiqui
pp 366-376). Such a weighting function is c]éarIy restrictive,
s0 we consider one of fhe same family in which the outlying
values are weighted more than the central ones (Beta

(s+1,1) on [%,1])ref1ected about 5:)

b(t)]

-We have:
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b(t) = ——gi—— (s+1)tsv ; <t <1
25+ 1 -7

o
—
~N
~—
|
| A
A
oy

z .
- [CSts @t ay 5 o<
0 .

25((3+2)5*7-(3)%*)

o2 zvjéibé(z) dz
0

% S 2 2 | 2 2
2 Jo 531 {(%+ )T P (3 2) e (1) ]

_ 25t [-<§)S,—xé)25+3 . ()75
S

oS+l _y 2s+3| s+2 2s+3 +2
+ (%)ZS+3
_ 5S+1 [(%)s (25+2-]) P B (l)zs+3(25+2\]
T ps+1_qls+2 \L2s+2 2s+3 2 2s+3)/ |

Since each of these terms decreases as s increases the

minimum variance is obtained as s - « (midrange).

The proposed estimator (assuming s > -1) has the more
general weighting function with:

b(t) = LEQ=t))° (1 (25+2)) 5 3t
(T(s+1))? -

Thus:

D(z) - JZ (0(25%2)) ((34y)(3-y))Sdy s 0< z.< 3
0 (T(S+1))2 ’

- (T(s+2)) s 227+ 3)S°T
(r(2s+2))2 "~
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This problem thus becomes algebraically comb]icated
although in general it will be numerically tractable.
Asymptotic normality is dérived frém the bounded B(t) and
D(z). '

It is conjectured that the problem of finding the
asymptotic varianté of the proposed estimator for a cértain
s will in general be numerically tractable for any known
distribution. (See Cfowe and Siddiqui's examples for the
weighting function 25(5+1)(1-t)S - pp 369—376.) In a
1atef chapter the pfob]em of finding the distribution fdr
the finite case is tackled, essentia]]y»as.a‘meamsbf esfab—
1ishing the distribution of the L_-estimator, because of the

P
simi]arity between the two estimators.

1.5 A COMPARATIVE SIMULATION OF LOCATION PARAMETER
ESTIMATORS FOR SYMMETRIC DISTRIBUTIONS

1.5.1 Introduction

In order to test the performance of the two new adaptive
estimators proposed in this part, as against some well known
alternatives, a simulation was conducted. The model simulated

and estimated was the one dimensional model:

x =81+ e

,

with x = [X1] a random unordered sample of n from a
' known distribution with E(x) = o],
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e = e;] a random unordered sample of n from
a known distribution with
E( =0

- e) =0
e E(ee') = 0?1

n

1.5.2 Design-of the Simulation

A varijety of statistical distributions were used to
Agenerateuthe:raWrdata~setsi ;All'were-symmetrit and were
chosen to cover a wide range of kﬁrtosis. “The samplie sizes
n (for each  iteration .of the simulation) used .were chosen
as 10, 30 and 50; and 500 iterations were performed for each
sample size and each distribution. The basic criterion for
~evaluation of each estimator was sample MSE (the sample mean
of the - 500 squared deviationsof the calculated valuesfrom
the-true value). Efficiencies (relative to the best estimator
for each .n and-:distribution) then can be calculated and the
estimator may be evaluated "according to its.“besf—worst—

performance" or minimax efficiency.

Several distinct methods -were used in the estimation
of the -location parameter € all of which, except-those-dis-

cussed -above have been discussed in Part I.

~

A. Least-Absolute deviation (6 = sample median).

B. The adaptive L — method (1.3.3,Part.II)

~

C. Ordinary Least squares (6 = X).
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D. Huber method* (a = 1.5).

E. Hampel method* (a = .4 and q‘=‘8,5).

!
—
~J

-
o
1]

w

- F. Andrews method* (d 2.1).
G. Trimmed mean (using Hogg's criferion (3.3.1, Part I)).

H. The adaptive L —method (Formulation 1.4.3, Part II).

The é]gorithm used fof D, E and F was that due to Huber
(1975) with the median used as a starting value and all the
programs were written in UNIVAC (1100 series) DOUBLE PRE-

CISION ASCII FORTRAN.  Data sets were simulated from:

(a) Uniform distribution (kurtosis = 1.8).
(b) Normal distribution (kurtosis = 3.0).
b(c) Contaminated Normal distributions(kurtosis = 3.5, 4.0
4.5, 5.0 and 5.5).
(d) Laplace distribution (kurtosis = 6.0).

(e) Cauchy distribution (kurtosis undefined).

(For details of the above distributionsrefer to Part III.)

: Parameters were chosen so that each distribution (apart
from the Cauchy) had 6 = 0 and 62 = 9. [The Cauchy distri-
.bution with parameters a and 8 has no homents but is
symmetric about o which.was chosen to be zero. B was

h percentile of the

th

determined by specifying that the 95t
Cauchy distribution had to coincide with the 95 percentile

of the Normal (0,9) distribution.]

*D, E, and F were all applied using the scale invariant form due to
Hampel (Hogg (1974)), refer to Section 2.1, Part I.
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1.5.3 Experimental Results

!

As outlined above the aim of the simulation is to gain
insight into the use of the new proposed L- and Lp—estimators
of 6 vis-a-vis the use of some of the more conventional

- robust estimators.

i

A1l the estimators considered, with the‘possib1e ex-
ception of B, are well known to be unbiased. Harvey (1978)

has argued that the L _-norm estimates are unbijased if the

p
first moment exists and the underlying distribution is

symmetric.

By considering samp1e  MSE any conjecture on this point
is avoided as this statistic .gives us a joint measure of

bias and variance.

The performance of the two. proposed estimators, B and H,
will be discussed separately. Tables 1.5.3, 1.5.6 and 1.5.9
exclude estimator H,- which allows estimator B to be ex-
amined relative to the other estimators, excluding H. 1In
~considering estimator H separately it is not necessary to
constfuct new efficiency tables because estimator B s
nowhere 100% efficient. [Table 1.5.10 shows the average p

used in estimator B.]

(i) Estimétor B (excluding H).
Examination of the appropriate tables reveals that for
‘a sample size of 10, - B 1is, at worst, 48% efficient,

whereas D is, at worst, 57% efficient, and F, at
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fuﬂsample Mean Square Error of the Location Parameter Estimafes

N = 10 (500 iterations)

Distbn. Kurtosis A B C D E F G H
Uniform '1.8. | 2.134/0.810| 0.904| 1.200{1.154[1.093]0.891 |0.804
Normal 3.0 |1.168]0.865|0.798{0.862[0.857|0.834}0.876 |0.887

Con. Normall 3.5 1.172}1.076] 1.044['1.016}1.014{1.016|1.102}1.106
Con. Normal 4.0 -|1.051]0.954|0.938/0.917]0.921{0.916|0.966[0.992
| Con. Normal 4.5 |0.792|0.851]0.884]0.753]0.770}0.782]0.859 |0.870
Con. Normal 5.0 ©.616]0.827 0.910/0.693|0.716{0.737]0.840|0.853
Con. Normal 5.5 0.336{0.691/0.783]0.5240.560]0.600{0.676 |0.726
Laplace | 6.0 0.710(0.869| 1.005(0.769(0.783}0.800{0.859]0.891
Cauchy . jundefined | 0.068]|0.141010.270{0.1200.107(0.1220.116{0.143

-Average Sample :Mean 0.89410.787;{1.948]0.762]0.765{0.767}0.798{0.808
{ Square Error )

TABLE 1.5.2

i Efficiency of estimates (based on M.S.E.)

N = 10

Distbn. Kurtosis A B C D E F G H

Uniform 1.8 38 99 89 67 70 74 90 {100
Normal - 3.0 68. .92 1100 93 93 96 91 90

Con. Normal| 3.5 87 94 97 (100 {100 {100 92 92

Con. Normal| 4.0 87 96 98 (loo 99 [100 95 92

Con. Normall 4.5 | 95 88 85 |100 98 96 88 87

.Con. Normall 5.0 100 74 68 89 86 84 73 72
Con. Normal] 5.5 = }100 49 43 64 ] 60 56 50 46

Laplace 6.0 100 82 71 92 91 89 83 80

| cauchy - 100 48 1 57 64 56 59 48
Minimum Efficiency 38 48 1 57 60 56 50 46
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TABLE 1.5.3

" Efficiency of Estimates {(based on M.S.E.) but excluding H.

N 10
PDistbn. Kurtosis A B C D E F G
Uniform .8 38 | 100 90 68 . 70 | 74 | 91
INormal . 68 92 100 93 93 96 91
Con. Normal . 87 94 97 100 100 100 92
Con. Normal 4. 87 96 98" 100 .99 100 95
Con. Normal 95. 88 85 100 98 96 88
Con. Normal . 100 74 68 - 89 86- 84 73
Con. Normal . 100 49 43 64 60 56 50
fLaplace . 100 82 71 92 91- | 89 83
Cauchy - 100 48 1 57 64 56 59
Minimum Efficiency 38 48 1 57 60 56 50
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TABLE 1.5.4

f' vSample Mean Square Error of the Location Parameter Estimates
’ ' N = 30 (500 iterations)

Distbn. Kurtosis A B c D E F G ' H
Uniform 1.8 0.798|0.200| 0.312]0.355]/0.333]0.337/0.254{0.150
Normal 3.0 0.457]0.313] 0.297]0.318}0.312]0.304|0.3140.309
Con. Normal] 3.5 | 0.396|0.303|.0.294|0.294]0.295[0.289)0.291|0.295
Con. Normal] 4.0 0.354|0.310| 0.304[0.296|0.297{0.294{0.315[0.311

| con. Normall 4.5 '0.283{0.297 0.331]0.275} 0.283|0.290{0.300}0.298
Con. Normal] 5.0 0.205|0.227| 0.285|0.214}0.225{0.236|0.236{0.234
Con. Normal] 5.5 | 0.112{0.160|0.284/0.169/0.179/0.197|0.165{0.171
Laplace .| 6.0 0.183|0.227] 0.304[0.230] 0.237]0.243{0.236|0.240
Cauchy undefined | 0.021]|0.024] 2.590| 0.033] 0.029]|0.032|0.023|0.022
Average Sample Mean | g 373|0.229| 0.556(0.243]|0.243}0.247]0.237|0.226
Square Error

TABLE 1.5.5

Efficiency of estimates (based on M.S.E.)

N = 30
Distbn-+ Kurtosis A B C D E F G H
Uniform 1.8 19 75 48 42 45 45 59 |100
Normal 3.0 65 95 | 100 | 93 95 98 95 96
Con. Normall 3.5 .| 73 95 98 98 98 |100 |99 98
Con. Normall 4.0 83 95 97 99 99 | 100 93 95
Con. Normal 4.5 97 93 83 100 97 95. 92 92
Con. Normal 5.0 100 90 72 96 91 87 87 88
| con. Normal 5.5 100 | 70 39 66 63 | 57 68 . 65
Laplace 6.0 100 | 81 | 60 | 80 | 77 | 75 | 78 | 76
Cauchy - 100 88 N 64 72. 66. 91 95
Minimum Efficiency 19 70 1-| 42. | 45 45 59 65
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TABLE 1.5.6

"Efficiency of Estimates (based on M.S.E.) but‘excluding H.

N = 30

Ipistbn. Kurtosis | A B c D E F G
Uniform 1.8 25 100 64 56 60 59 79
Normal 3.0 65 95 100 93 95 98 95
Con. Normal 3.5 73 95 98 98 98 100 99
Con. Normal 4.0 83 95 97 99 99 100 .83
Con. Normal 4.5 . 97 93 83 100 97 95 92
Con. Normal 5.0 100 90 72 96 91 87 .87
Con. Normal 5.5 100 70 39 66 63 57 68
Laplace 6.0 100 81 60 80 77 75 | 78
Cauchy - 100 - 88 1 64. 72 66 91
inimum Efficiency 25 70 1 56 . 60 57 68
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TABLE 1.5.7
~ Sample Mean Square Error of the Location Parameter Estimates

N = 50 (500 jiterations)

Distbn. Kurtosis A B C D E F G H
| Uniform 1.8 0.487[0.096/0.173/0.185(0.176]|0.184|0.125}0.041
Normal 3.0 0.286(0.180|0.175(0.182{0.179[0.178|0.183}0.178
Con. Normall 3.5 0.241/0.183[0.185[0.179]0.179|0.179|0.186]0.184
Con. Normal] 4.0 .| 0.196/0.166[/0.183}0.164]0.166/0.168[0.170|0.167
Con. Normal]l 4.5 0.148[0.144|/0.177|0.136{0.141{0.148{0.148{0.145
.Con.. Normall 5.0 '0.110{0.122|0.173(0.1180.126|0.135{0.135|0.132
Con. Normall 5.5 0.075{0.095/0.211|0.1080.114}0.132{0.086/0.101
Laplace 6.0 | 0.104/0.120{0.183/0.133{0.137{0.142/0.126{0.128
Cauchy - jundefined 0.011}0.011{1.618}0.016{0.019]0.017{0.011}|0.010
’2;§;:geE§:2§le Mean | .184|0.124|0.342{0.1360.137|0.143|0.130|0.121

TABLE 1.5.8

Efficiency of estimates (based on M.S.E.)

N = 50

Distbn. Kurtosis A B c D E F G H
Uniform ‘1.8 8 43 24 . 22 23 22 33 {100
Normal 3.0 61 97 J100 | 96 | 98 98 96 .| 98
Con. Normall 3.5 74 |. 98 97 |100 |100 {100 96 97
Con. Normal 4.0 84 99 90 100 99 98 96 | 98
Con. Normall 4.5 92 94 77 (100 | 96 92 92 94

_ Con. Normal 5.0 100 90 64 .| 93 87 81 81 83
| Con. Normal 5.5 100 79 36 .| 69 66 57 87 74
Laplace 6.0 100 87 57 | 78 76 73 83 81

| cauchy - 91 . 91 1 63. | 53 59 91 |100
Minimum Efficiency 8 43 1 22 23 22 33 74
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Efficiency of Estimates (based on M.S.E.)'but excluding H.

}Minimum Efficiency

= 50

Distbn. Kurtosis A B C D E F G
luniform 1.8 20 | 100 55 52 55 52 77
‘INormal 3.0 61 97 100 96 98 98 96
Con. Normal 3.5 74 98 97 100 100 | 100 96
Con. Normal 4.0 84 99 90 100 99 98 96
Con. Normal 4.5 92 94 77 100 96 92 92
Con. Normal 5.0 100 90 64 93 - 87 81 81
Con. Normal 5.5 100 79 36 69 66 57 87
Laplace 6.0 100 87 57 78 76 73 83
Cauchy - 100 100 1 69 .58 65 { 100
20 79 1 | 52 55 52 74




TABLE 1.5.10

Average p

used in estimator B

With average sample kurtosis in italics
(500 iterations)

o Sample Size

Distbn. Kurtosis ,

10 30 50

. 3.97 3.61 3.73

Uniform 1.8 2.921 1.92 1.85

2.65 2.17 2.11

‘Normal 3.0 2.94 3.01. 3.02

2.47 1.96 1.91

Con. Normal 3.5 3.23 3.41 3.42

) _ 2.20 ... 1.82 1.73

Con. Normal 4.0 3.54 3.786 3.89

| 2.16 1.68 1.59

Con. Normal 4.5 3.77 4.18 4.25

| ‘ 1.90 1.57. 1.47

Con. Normal 5.0 4. 94 4.66 4.83
‘ 1.81 1.42 1.36

{ Con. Normal 5.5 4.56 5.38 5.48
. ‘ 2.07 1.56 1.46 -
| Laplace . 6.0 3.98 4.88 5.25 ..
Cauch N 1.46 1.10 1.04. ..
auchy . 7.33 6.91 26.46 ’

33
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_worst, 50% efficient. D and F thus marginally out-

perform B .in terms of a maximin efficiency criterion

. average '
for n equal 10. Using a/sample MSE criterion, B is
outperformed by D, E and F. For sample sizes of 30
and 50, B is the best performer in terms of a maximin,

efficiency criterion and an average sample MSE

criterion.

In addition B .is the best global (across sample size)
average o
performer in terms of/sample MSE. "It is seen that the
relative superiority of B increases as the sample size
increases. Tukey has commented (Princeton study) that
adaptive statistics "come into Lthein own forn fainly
Large samples, probably beyond 50" and although the
point is taken, it is seen that B's performance for

n 1is 30 is still excellent and for n 1is 10, at worst,

mediocre.

Estimator H (excluding B)

Estimator H stands out particularly for its good per-
formance for the uniform distribution especially - in

large samples (in fact apaft from the uniform distribu-
tion, the similarity with B s start]ing’for n equal

50) .

For a sample size of 10 it performs similarly to, but

slightly worse than, B with a minimax efficiency of

-46% and an average MSE of 0.808. For n equal to 30 and

50 it yields both the minimum average sample MSE value
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and. the minimax efficiency (excluding B).

1.5.4 Conclusions for the simulation study

It is seen that both B and H do excepfiona]]y.we]]
in this study in comparisoh to the class of estimators
studied. They perform adequately for n equal 10 and ex-
tremely well for sample size 30 and 50. Given the fact that
B and VH perform comparably, aﬁd since H 1is much easier
to compute, 'H will obviously be preferable if only limited

computational facilities are available.

It should be noted in this study that all the non-
normal distributions considered, except one, (the uniform)
had kurtosis greater than 3.0. Thds possibly disproportion-
ate weight has been given in this study to long tailed dis-
tributions. (This was in fact a criticism of the Princeton
study - see Wegman and Carroll (1977).) If this had not
been the case, one cou]d assume from the above results that
the re]étive performance of B and H would have been even
better (since B and H were better than any alternatives

for the uniform distribution in all three sample sizes

examined.)

It can be argued therefore, on the grounds of the re-
sults obtained, that for the distributions considered, the
adaptive Lp—norm or L-estimétion methods are superior to
blanket use of any of the alternative schemes for the esti-

mation of the location parameter except in the case when the
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samples are very small.

1..5.5 Skewness and kurtosis of Sample Estimates
for the 500 iterations

The tables provided are adequate emgirita] pointers
(at least for the case n is 50) to the distributional

properties of estimators B and H. (Tables 1.5.11 - 13.)

For the sma]1erlsamp1e sizes (10 and 30) it isrpro-
bably unwise to draw any definitive distributional conc]usiohs
from the results given, but it is worth noting that neither
B nor H exhibit deviations from normality which differ

significantly from the deviations exhibited by C (X).

.Concentrating on the case n 1is 50, it is again seen
that estimator B and H (apart from the uniform where it
performs best) do not exhibit greater deviations on average
~ from normality than does estimator C. As normality is in
.genera]-assumEd-for X in applied statistical studies, it
is felt that certainly no greater error would be made by
making.the same assumption for either B or H. If one
could assume asymptotic norma]ity,theh confidence intervals
could be constructed using the method of Crowe and Siddiqui,
viz. given a class of distribution from which the data might
possibly have been sampled, the va;iance of the estimator is
obtained by "dividing an estimate of the distribution variance
(such as the sample variance)" by the product of n. and the

guaranteed efficiency (minimax efficiency for the class of



TABLE 1.5.11

Kurtosis and Skewness

(in italics) of Estimators
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N = 10 (500 iterations)

Distbn. Kurtosig A B C D E F G H
ni form Lg |2-63] 4.10| 3.19| 3.33| 3.58| 3.61| 3.88| 4.43
: 0.00 |~0.01 | -0.02| 0.10| 0.25| 0.1¢4 |-0.04| -0.07
Normal 3.0 |3-16| 3.14| 3.10| 3.17| 3.19| 3.21| 3.05| 3.19
. 0.10 | -0.03 | 0.00| 0.03]| 0.03| 0.06 |-0.00| o0.02
con. Nommall 3.5 | 3-85| 3.52| 3.32| 3.49| 3.50| 3.42| 3.54| 3.54
- . -0.28 | ~0.05 | 0.00|-0.08|-0.07| -0.06 | -0.05 | -0.02
con. Normall 4.0 | 3-57| 3-81[ 3.52| 3.58| 3.57|° 3.57 | 3.81| 4.09
on. , : 0.11 | 0.13| 0.09| 0.07| o0.07{ 0.08 | 0.10| 0.16
con. Normall 4.5 | 3-58| 3.59| 3.15| 3.26| 3.22| 3.25| 3.47| 3.76
on. : 0.28 | ~0.08 | -0.08 | 0.01| -0.03| -0.05 |-0.02 | -0.11
. 4.02| 3.60| 3.21| 3.42] 3.40] 3.39] 3.77| 3.53
Con. Normali 5.0 1} 5'ps | o 70| 0.05|-0.01]-0.03| -0.06 | -0.09| 0.08
{o 4.39 | 4.50 | 3.19 ] 3.60| 3.46| 3.41 |-4.44| .61
Con. Normall 5.5 | 5 53| 0.06]| -0.01|-0.06|-0.06| -0.0¢4 | 0.01| -0.06
Laplace 60| 4-14].3.75.]" 3.05| 3.40| 3.43{-3.36 {-3.69 |~3.59
-Laplace.. . -0.29 | -0.19 | -0.11 | -0.19 | -0.18| -0.19 {=0.26 | -0.17
Cauchy - - _ 3.86 | 17.94{15.83| 4.82| 5.47| 6.85 |16.08 13.59
aunchy 0.02| 1.79| -0.40| 0.05| o0.07| ©0.33 | 1.80| 1.33




TABLE 1.5.12

Kurtosis and Skewness (in italics) of Estimators

N = 30 (500 iterations)

Distbn. Kurtosig A B C D E F G H
, 2.77 | 3.48 | 2.77| 2.95]| 2.88 | 2.79 | 3.45| 5.30
Uniform 1.8 o 03| -0.021-0.091-0.051-0.06"1-0.08 |-0.06|-0.11
Nofmal 3.0 3.14 | 3.22| 3.05| 3.29| 3.23 | 3.15 | 3.32| 3.28
, . 0.10| 0.23| o0.15| o0.2¢4 | 0.22 | 0.20 ] 0.19| o0.20
con. Normall 3.5 2.61| 2.80| 2.75| 2.64| 2.66 | 2.69 | 2.72| 2.98
. . -0.04.| -0.08 | -0.06 | -0.05 | -0.05 |-0.03 |-0.07 | -0.13
' : 3.25 | 3.92| 2.74| 2.88| 2.85 | 2.80 | 2.94| 2.86
Con. Normal}] 4.0 0.01| o0.08| o0.120 o0.12) 0.212 | 0.1212 | 0.07 | 0.08
con. Normall 4.5 2.69 | 3.20| 3.07| 3.11| 3.06 | 3.04 | 3.09 | 3.12
n. . 0.05 | -0.13 | -0.11| -0.04 | -0.04 |{-0.06 |-0.10 | -0.15
con. N 1 s.0 2.78 | 3.14 | 2.92] 2.74}| 2.77 | 2.78 | 3.37| 3.16
on. Norma . ~0.02 | —0.35 | -0.25| -0.29| -0.30 |-0.28 |-0.39 | -0. 36
c N 1l s 3.04| 3.96 ] 3.10| 3.471{ 3.a6 | 3.44 | 2.35| 3.96
- ~on. Horma : -0.05 | -0.30 | —0.02| -0.01{ 0.00 | 0.01 |-0.31|-0.25
'L i ' .0 3.18 | 3.62 | 3.18] 3.284 3.29 | 3.34 | 3.72| 3.65
ap-ace . 0.05| 0.09 |-0.06| -0.00]-0.08 |-0.02 |-0.05{ 0.03
cauch _ 3.21{ 3.27| 7.50| 3.37| 3.23| 3.15 | 3.75| 3.49
auchy 0.16 | 0.21 | -0.52| o0.09! 0.07 | 0.11 0.30 0.24
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1.5.13

Kurtosis and Skewness (in italics) of Estimators
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N = 50 (500 iterations)

Distbn. ‘Kurtosis A B C E F G H
" 2.78 3.37 2.99 3.16 3.05 3.02 3.79 9.96
Uniform 1.8 0.06 | 0.23| o0.11| o0.18| o0.14| o0.221 0.311 1.30
N 1 3.0 3.00.| 2.96| 2.80| 2.78 2.79| 2.78 2.97 2.81
orma . 1-0.02 0.089 0.06 0.07 0.081 0.07 0.11 0.08
c ‘ N 1 3.5 2.86.| -2.741 2.84 2.62] 2.65| 2.70] 2.82| 2.80
on..Norma 2. -0.09 | 0.071 0.08% ‘0.021 0.02} 0.04}| 0.09| 0.08
Con. N i 4.0 2.96.1 3.054 ~3.00] "3.141 ..3.12] .3.06J) . 3.02 3.05
on. . Norma . 0.08 0.18 0.20| 0.19 0.20) 0.21 0.15 0.18
| U as 3.20 | .3.09| 2.89{ 3.01! 3.01{ 2.98| 3.11| 3.14
Con. Norma . -0.01 | -0.06 0.02| -0.01 0.00 0.03| -0.04 | -0.04
5 3.11 3.44 3.031 3.09 3.12] 3.101] 3.55| 3.50
Con. Normal -0 0.21 | o0.22| o0.09| 0.01| 0.03| D.07| 0.16| 0.16
Con. N 1 5.5 3.19 2.804 2.39) .2.60 2.65] 2.60 3.14 2.91
on. Horma . -0.01.| 0.04} 0.04) 0.05} -0.01 0.01{ 0.02} 0.068
L f1v 6.0 3.55 3.634 .3.657 3.52{ 3.51} 3.56| 3.45 3.57
Laplace . . 0.18 0.068 0.07 | -0.01| ©0.02] . 0.08}] -0.03 0.01
f _ 2.82.2.97{ 5.90{ 2.92{ 2.77 2.78 | 2.81 2.83
Cauchy - -0.08 | -0.08| -0.10| -0.10]| -0.13] -0.15| -0.08 | -0.13
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distributions for as wide a class of estimators as possible).
"Approximate confidence intervals are then available from the

asymptotic normality of the estimators.”
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CHAPTER 2

RELATIONSHIP BETWEEN Lp- AND

L-ESTIMATORS 1IN FINITE SAMPLES

2.1 INTRODUCTION

The problem of determining the distribution.of Lp-norm
estimates of R parameters in the regression case, or 8
in the location parameter case has not been considered to

any great extent.

As was made clear in section 1.5 the motivation for the
study of L-estimation was primarily its similarity to Lp-
norm estimation which presented a way of at least approxi-
mating the distribution of the L_-estimates. It was noted

p
that an exact re]ationship between Lp-estimates and L-
estimates in the case of the estimation of 6 1is provided
when p - 1 (L-estimator the gamp]e-median), p =2 (L-
estimator the sum of the order statistics weighted by %)
and p = » (L-estimator the midrange). It is clear thé% for
values of p between 1 and <« (excluding 2), the Lp-v
estimator will be some non-linear combination of the order

statistics, weighted in such a way that the distribution of

the estimator is symmetrical.

2.2 DERIVATION OF THE ADAPTABLE L-ESTIMATOR
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The problem of relating the two estimators was first
considered with a sample size of three, because in'this case
it is clear that a symmetrically weighted function of the
order statistics can be constructed to coincide exactly with

the Lp—norm estimator for the caée of p=1.0, 2.0 and .

WOrking.wjth sample sizes greater than 3 will raise
questions as to the form of the weighting function (whether
linearly or geometrically dec]iniqg,for example) .. However
consideration of the problem for sample size equal 3 will
yield many valuable insights and test the feasibility of its

generalization.

Given observations X;, X2, X3 from a symmetrical dis-

tribution f(X)) define
Y1, Yo, Y35 to be the ordered values of X.
‘We consider the distribution of:

U= kY1 + (1-2k)Y2 + kY3 3 0< k< 3.
'k =0 , u is the median,

1 .
3 s U dis X >

when k

k =3 , u 1ds the midrange,
u 1is thus a symmetrical unbiased estimator of the E(X).

Defining

v = Yo
W=Y3

we.consider:

Case (i): X distributed as U(0,1) [uniform distribution on
' [0,1]1]
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The mapping from (Y1, Y2, Ys) » (u,v,w) s the mapping

from the subsection of the unit cube enclosed by

y1 = 0 w =1
Y2 = Y1 ,. V= w
Yo = v ‘to that enclosed by | _ (1-2K)v-kw = 0
ys = 1 i u - (1-k)v-kw = 0,

the Jacobian of the transformation is %
Therefore the joint density of u, v and w,

f(u,v,w) = %%

Case (ii): X distributed as a Laplace with parameter .
The mapping from (Y, Y2, Y3) » (u,v,w) 1dis the mapping

from the unbounded (positive and negative) region

y.2=y : VvV = W

il
<
=

y2 to’ u - (1- k)v-kw = 0

e-)\(|V|+lWl+lu-kw-|((]—2k)vl)

We establish that f(u,v,w) = %%

Case (iji): X distributed as a Normal distribution with

parameters u and o. The mapping is as in (ii) and,

(e ()Y

___'__3_e

k(2mg)Z

1l

f(u,v,w)

To derive the distribution of u the variables v and w

must be "integfated out".
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For case (i) the problem splits into 2 major cases:
(a) u > w(1-k)

W
FIGURE 2.1

fl
=

~
P
f—

1
B
~—

For this case we consider (see Figure 2.1)
(az) - 1 >u > 1-k, and (az) 0 < u < 1-k

For (ai),

1 w )
flu) = [ -Ju-kw 3T dvdw (2.1)
Ty JT-k '
For (az),
u
B % (" 5
fFluy =1 luckw T dvdw (2.2)
ju T-k

=
= =
3} 1
= -
~
o

FIGURE 2.2

=
i}
o
-~ .
=
i
>
~
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For (bl),-
. u-kw
_ r-2k 3! _ (2.3)
F({u) = ' dvdw
() u i-kw K
T-k |T-k
For (bz),
% U-.kw
fuy = | | 3% dvdw (2.4)
U ju-kw
Tk jJT=k~

For case (ii) the problem splits into 2 major cases as

'before:'

(a) u > w(1-K)
L

Considering both negative and positive sections

u .
- (¥ Vo u-kw=(1-2k) v,
A l {U—kw [%Z (.e )‘(V"'W*(_ k !

Tk A(v+w+(u_kw-£l:gk)v))
' + e ’ '

u

)] dvdw

-0 < Y < o

(b) u < w(T-k)

’d-kw-(thK)v))

P G N T G
flu) = {u [u—kw{ XE-(Q
T=k JT-% U-kw-(1-2k) v
s e A(vHw( K ))\ dvdu

-0 < | < oo °

Case (iii) §p1its up as case (ii); for (a) it will be

f(u) =

J 2 2 1
% (W | [ 5 (é_%((v;u) +(w;u)+((u-kwi(]—2kl!-u)/o)z
%:4?& k(Zno)%

)me‘

u
o< |y < oo /
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Only case (i) (the uniform distribution) was considered

in detail because of 1its relative algebraic tractability,.

The integrals (2.1) through to (2.4) are evaluated for

the relevant regions so that:

(I) For 0 < u < k, (2.4) yields

i

fluy = 301=2kK) 2
K(1-k) 3

and, (2.2)1yie1ds

flu) = —%_ 2

(1-k)°?

(I1) For k < u < 1-k, (2.3) yields

_k
IR T

and, (2.2) yie]dé .

Bk 2
(1-k)?

(ITI) For 1-k < u < 1, . (2.1) yields

3(1-u)?
K(T=K)

The density f(u) is thus (in the case

distribution):

o (2—3k! . uz)

of theiuniform



47

rk—(131—_k-)— ,Uz N 0 i u _<_ k ’
f(u) = J'fT?ET%T?ZEY (u(1-u)—%) , k< u< -k,
.%%F s u = 1-k s
3 2
(T-u) , 1-k < u < 1,
L0 |

or alternatively in hodu]us form,

3
ETT:?T(%_IU—%I)Z s 1 > 2ju-3| > 1-2k,
f(u) = ,%§F . 2lu-3] = 1-2k

@_k){@T_Zk) C(u(1-u)-5), 0 < 2|u-3| < 1-2k.

Note that this density is continuous and differentiable over
its domain except for the special case k = 0 when it is

not differentiable at u = 1.

For the boundary points we have:

, - v - _6

At v U - k [ f —.'l_k L]
- | . -6

and at u = ]fk s £ = % -

The cumulative distribution function of wu; F(u) 1is

evaluated as:



F(u) =

(-0

2.2.1 Shabe of the density function for various

(i) k=0

f(u)

L]k—.

values of

(the median)

48

», 0O<uc<k

> I-k<u<l1.

f(u) = 6u(1-u)

_ k + 6 (u _ku u) kK<uc<k
O-x)(1-2k)" (T-k)(1-2k)* 2 2 37> - 7=

ot

1

.0

-1
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(i1) k=3 (0 <k <})
f(u)
3
Ry 2 TS
oy -
] |
)
0 3 i
(k) (1-k) u
(iii) k = 3 (the midrange)
f(u)
Bl e e s
f(u) = 12(3-Ju-3])?
-2
1 ]
0 1 1
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Note that this family of curves is -
(1) symmétrica1 about u = %,

(ii) has ordinateA %%r at u= k, 1-k, and

(iii) reaches its maximum of 7?{2F7 at u= 1.

2.3 MOMENTS OF +THE DISTRIBUTION

The rth‘moment of the distribution about the origin is
defined as:
3 [f ‘ (X (1)
r 2 24r (1) -
M = K(T-K) [Jl-k x  (1-x)"dx + J X dx] )

40

=0 (=20 [Ji-k < ax ()

+

Q= NeEy U;k 1) ax))

Expanding 'in powers of k yields the following coefficients

of k'*s:

For squére bracket (1),

ﬁ:l)itr_"'l ’ 3
] 3 + r -] S -
“‘“jj{pq@41@‘;

R iy e
m) . - . i S B 2.

(_1)r+s+1((r+3 1

2 ,r+2 1 ,r+l
r+s) 713 T Fa2lrss) * FT(pag)) o r<s 20
0 | ‘ : s = -r

0 - ‘ otherwise
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As f(u)vvariesiﬁﬁm the .midrange to the median it is seen that

the kurtosis decreases from %Q to i%é

2.4 THE RELATIONSHIP BETWEEN k AND p

One important facet of this study was the way in which
the above distribution can be used as a viable approximation
to the distribution of the Lp-norm estimates of the Tocation

parameter of a uniform distribution with sample size 3.

A simulation exercisé was carried out whereby for each
of a grid of p values from 1.0 to 3.0 in increments of
0.01, 500 samples of sizé 3 from a uﬁiform distribution were
taken and the Lp-norm estimate of the location parameter of

each sample calculated.

The value of k 1implied by each Lp—norm estimate of
the location parameter was calculated for each-samp1e. For
any particular sample a plot of the implied weighting factor
k against p gives a smooth monotonically increasing
function. -(The implied weighting factor k for a particular
p 1is calculated by making -k the subject of the formula in.
u = ky, + kys + (1-2k)y2 where u is the Lp— estimate of
& and y; the ith order statistic.of the sample.) As ex-
pected, however, since the linear combination of order
statistics is only an approximation, different samples give

different weighting factors for the same p. The form of

the average weighting factor as a function of p 1is as below:
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0.5
" Average :
weighting FIGURE 2.5
factor
00 )
\samples
0.0
] .0 ;:’ : 2 .0

A plot of the standard deviation of the weighting factor for
the 500 samples against p 1is of the following form, exhibi-
ting the exact relationship for p= 1.0 and p = 2.0. As

p moves away fkom these values 'the linear approximation be-

comes less accurate in the way shown.

Standard
deviation
of weighting . '
factor < FIGURE 2.6

( 500
samples

1.0 2.0 : , p
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Unfortupate]y the issue jis clouded to some extent by
the fact that the algorithm producing the vanorm estimates
(Fletcher and Powell (1968)) does not yield exact values but
only iterates to a certain degree of accuracy. This makes it
difficu1t to disentangle the prob]eh of error in the algorithm
- from the éccuracy of the weighted sum of order statistics as

a proxy for the ip-norm estimates.

Since we know that the Lﬁ-norm estimates afe unbiased
(if the first moment exists and the underlying distribution
is symmetric) particular interest is focussed on the variance
of these estiﬁates. If the variance structure of the Lp—-
norm estimator can be approximated, it would be an important
step towards the construction of confidence intervals about

6 for the Lp-estimator.

The simulation exercise above was used to examine the
re]affonship between the variance strdcture of the two
estimators in the following way. 'A plot of the estimated
variancelbf the Lp—estimator agéinst the average implied
weighting factor fbr-the 500 iterations was made for each p
and if was foqnd that~fhis.p10t was almost identicé] to the
plot of variance agaiﬁst k in Figure 2.3 with less than
4% deviation at each point. In fact, it is worth noting
that the deviation between the two plots at k equal to
0 and 4 (where they should coincide) was also of the same

order. Since the deviation at these two points is due

solely to error in the computational approximation of the
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Lp-estimates, it is possible that the major part of the
deviation between the two plots above is also due to the
error in the Lp—estimation technique.

2.5 CONCLUSION

~

It seems feasible therefore, in the case of small
samples, to use approXimations.to Lp-estimators in the form
of linear functions of order statistics to give good esti-
mates :of variance for such estimators. The relationship
bethen p and the form of the weights is prpbably best
derived from a simulation. However, the derivation of the
distribution of linear functions of order statistics for
sample sizes -greater :than-3 is algebraically difficult and-
requires -some subjective decisions about the distribution- --
of weights. It is hypothesized however that certain weight-
ing .distributionswill exist for all _sample sizes which give
estimators»with very similar properties to those of the Lp-
norm estimates. In addition there-is tremendous scope for
the examination of the finite distributional properties of
weighted linear functions of order-statistics in their own
right, with the added»attraﬁtion that the derivation of the
distkibutiona1~propertﬁes. of these -estimators appears

tractable.
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CHAPTER 3

ESTIMATION OF LOCATION FOR
SKEWED DATA SETS

3.1 Ly APPROACH®
3.1.1 Introduction

This section considers the effect that skewed data seté
have on the selection of the optimal p in the ijﬁorm
estimation of the location parameter. It is Well known that
there is a downward sloping re]atidnship between tail-stretch
and optimal p for symmetric distributions, and in Chapter 1
a specific form of this relationship was tested which showed
it performed well vis-a-vis other conventional "robust esti-
mators" for certain sample sizes and certain symmetric dis-
tributions. The relationship between skewness and optimal

p in fhe.estimation of the'ldcation parameter has not
-~ received much attention in the literature. Central to this
lack 6f attention is tﬁéAfact that, when skewed data is con-
sidered, no unique population value of the location para-
meter exists, and in the absence of a prioni information on
the suitability of a barticu1ar one, vis-a-vis the others, it

is not clear which one should receive special attention.

"Hogg in Stigler (1977) proposes an estimator based upon

" a measure of skewness (B%) and suggests that kurtosis (B2)
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could also be incorporated, (The notation B2 is used ins~
tead of the formerly uéed k} to denote kurtosis to tie in
with the notation of Johnson.) He states that his investi-
gations lead him to believe that those based on skewness
alone are better than those based on kurtosis alone. How-
ever a high va]ug‘of (81)% is sufficienf for a high value
of B> since éz > B1 + 1 (Johnson (1949)). So in some
ways the form ofvthe estimators might be closely related for
skewed data sets. For symmetric distributions ranging from
small to high kurtosis an adaptive estimator based on skew-
ness alone would imply thé same estimation scheme,.and would
presumably perform poorly relative to others which incor-
porate the degree of tail stretch.

L]

3.1.2 Simulation Study

In order to gain insights into the influence of skewness
and kurtosis; a simulation was designed to look at a large
enough cross section of skewnesses and kurtoses to make

their influence on the selection of p apparent.

It was assumed in this study that the expected value of
the distrnibution nepresented the rnequirned measune of centrnal

tendency.

Use was made of the suite of programs written by Hill
(1976) and Hill et al (1976) which make use of the Johnson
SU-SB set ofhdistributions (Johnson (1949)). A grid of

skewnesses and kurtoses was - examined with skewness ranging
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from -2.0 to +2.0 in iﬁtervals of 1.0,and kurtosis from 2.5
to 6.0 in intervals of 0.5 and 12.0 to 30.0 in intervals of
6.0,with the restfiction that 82 > Bi + 1. (In the simula-
tions B> was chosen so that B> > B1 + 2.) The theoretical
mean and variance were set at. 0.0 and 9.0 respective]y;
‘Sample sizes of 10, 30 and 50 were examined. 500 iterations
for each true %;kewness and kurtosis combination were per-
formed for the sample size of 10, and 200 iterations for the
sample. sizes of 30 Snd 50. For each sample sizeland distri-
bution the Lp-norm estimate of location was calculated for

p in the range 1.0 to 3.0 at intervals of 0.1. Thevsquared
error was calculated for each iteration and the sample mean
of the squared errors (MSE) over the total number of itera-
tions was calculated. The values of p for which the MSE
was a minimum for'each case was observed and listed in
Tables 3.1.1, 3.1.2 and 3.1.3. If two adjacent values of

p gave very close values (differing in the third decimal
for samp]es of size 10 and in the fourth decimal for samples
of size'30 and 50) for the MSE, fhe average of the two p
values was taken. 1In any study of this type, wﬁere the aim
is td estab]i;h the refétionship between skewness ahd kur-

tosis and optimal p, it is important to be aware of how

close the sample estimates of these parameters are to the

true (theoretical) values. For each iteration of each dis-
tribution and sample size, a sample estimate of skewness and
kurtosis Was.ca1cu1ated. The average of these statistics

over the total number of iterations for each sample size are
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TABLE 3.1.1

VALUES OF P FOR WHICH SAMPLE MEAN SQUARE
ERROR IS A MINIMUM

N = 10 (500 samples)

True True Skewness
Rurtosis |'y 6 -1.0 0.0 1.0 2.0
2.5 7 T2.40..2.3077.2.40

3.0 2.25 2.00 2.25

3.5 '2.10 1.80 2.10

4.0 1.95 1.65 1.95

4.5 1.85 1.55 1.85

5.0 1 1.77 1.50 1.80

5.5 1.70° 1.45 1.70

6.0 1.90 1.50 1.45 1.65 1.85
12.0 1.65 1.35 1.20 1.35 1.65].
18.0 . | 1.40 1.15 1.15 1.20 1.45
24.0 1.35  1.10 1.10 1.10 1.35
30.0 1.15 1.05 1.00 1.05 1.15
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TABLE 3.1.2

VALUES OF P FOR WHICH SAMPLE

MEAN SQUARE

ERROR IS A MINIMUM
‘N = 30 (200 samples)
True True Skewness
Kurtosis| .0 -1.0 0.0 1.0 2.0
2.5 2.15 2.30 2.15
3.0 2.10 2.05 2.10
3.5 2.05 2.00 2.05
4.0 2.00 1.85 2.00
4.5 2.00 1.70 2.00
5.0 1.95 1.60 1.95
5.5 1.90 1.55 1.90
6.0 2.00 1.85 1.50 1.85 1.95
12.0 1.85 1.55 1.35 1.50 1.85
18.0 1.70  1.40 1.30 1.40 1.70
24.0 1.60 1.30 1.25 1.35 1.60
30.0 1.45 1.30 1.25.  1.30 1.40
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TABLE 3.1.3

‘‘‘‘‘

VALUES OF P FOR. WHICH SAMPLE ' MEAN SQUARE

ERROR. ‘IS A MINIMUM

N =.50 (200 samples)
True " True Skewness 8
Kurtosis |_, 6 -1.0 0.0 1.0 = 2.0
2.5 2.10 2.30 2.10
3.0 2.05 2.00 2.05
3.5 2.00 1.80 2.05
4.0 1.95 1.70 2.00
4.5 1.90 1.60 1.95
5.0 1.90 1.55 1.90
5.5 1.85 1.50 1.85
6.0 1.95 1.80 1.50 1.85. 2.00
1220 . 1.85 1.55. 1.35 1.55. 1.85
18.0 1.75 1.40 1.30 1.45 1.75
24.0 1.65 1.35 1.25 1.40 1.65
30.0 1.55 1.30 1.25. 1.35 1.60
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Tisted in Tables 3,1.4, 3,1.5 and 3.1.6,

The estimate of B> (bz) was calculated using:
b2v=3+—

where k. 1is an unbiased estimate of the ith‘cumq1ant.

i
Similarly the estimate of VB:1 wused was:

=

3

|

bt -

SRS

k

On referring to Tables 3.1.4, 3.1.5 and 3.1.6 it will
be noticed that for symmetric distributions with true
kurtosis less thaﬁ or equal to 3.0, on average the kurtosis
is over-estimated, while for distributions with true kur-
tosis in excess of 3.0, on average the kurtosis is under-
estimated with this being enchanced in small samples. For
the case of skewed data a similar situation exists, except
that the changes do not form such consistent patterns.
Note, especially for large skewness in small samples, that
there is a change in the pattern of skewness and kurtosis as
one moves from the Sp to the 5, distribution (the boun-
@ary.is the log normal line defined by the parametric.

equations:

1}

CB1 = (w-1)(we2)?

B = w* + 2w® + 3w? - 3,
(see Appendix B)and is indicated in Tables 3.1.4, 3.1.5 and
3.1.6 by the broken 1line). 1In practice, one obviousiy only

. - 1 .
has sample estimates of B> and BZ, and so cognizance must
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TABLE 3.1.4

OF

SKEWNESS

(IN ITALICS)

AND KURTOSIS

= 10 (500 samples)
True True Skewness
Kurtos:s | ».0 -1.0 0.0 1.0 2.0
2.5 -1.18 -0.03 1.16§
: 3.85  2.91 3.71
3.0 -1,01- —0,03?].0.9?
* 3.66 i 3.21 | 3.53
3.5 -0.87 T;0.04 1 0.82
: 3.62  3.42 ! 3.51
I | **
4.0 ~0.76 | =0.04 | 0.71
. 3.63., 3.57 1 3.53
\ {
4.5 -0.68 1=0.04  0.61
: 3.65 §°3.69 1 3.56
—_——d L
5.0 | —0.62 -0.04 . 0.55?]
Y | 3.70 "°3.80 ~"3.61 {
‘ ' B
i
5. 5 | -0.57 -0.04  0.50._{
: | 3.79 3.88- -3.71 |
| 1
6.0 -1.92.4,-0.54 -=0.04 -0.45 | 1.88
- 6.65; 3.87.- 3.96 - 3.80 ! 6.48
L *kk L
12.0 -0.83 =0.35 ~-0.05. 0.26 0.85
: 4.39  4.41- 4.45 4.37 4.25
18.0 -0.66 -0.29 -0.05. 0.20 0.57
: 32.58 4.65° 4.68  4.63 . 4.51
24.0 -0.55 =-0.26 .-0.05 0.17  0.46]
. 4.75 4.80 . 4.82 4.79  4.70
36.0 -0.48 -0.24 -0.04  -0.15 0.39
: 4.87 4.91  4.93 4.90 4.84
* Normal -
% %
B
* % % S
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TABLE 3.1.5

AVERAGE SAMPLE ESTIMATES OF SKEWNESS {IN TITALICS)

AND KURTOSIS

N = 30 (200 samples)
Tfue Skewness
True
Kurtosis
-2.0 -1.0 o) 1.0 2.0
2.5 -1.09 =-0.01 1.09
. 2.97 2.69 3.06 .
e
3.0 -1.05" -0.02, 1.04
. 3.39] 3.121 3.42
Fntadatidiadi 1
3.5 -1.01' -0.03 V 0.98
. 3.74) 3.48 ' 3.71
1
4.0 ~0.96"' -0.03 | 0.92 wx
. 4.01¢ 3.77 ' 3.91
1 ~
LS ~0.90 ) -0.04 1 0.85
: 4.18, 4.c2 ! 4.03
ye = ~-=1 . | R o
t -0.86. ~0.05 - 0.79 *
>0 ' 4.31  4.23  4.13
! ) '
- it -0.82 =-0.05 0.75 1
: bo4.49 4.42  4.29
' ’ * % % 1 :
6.0 -2.3¢4 v -0.79 -0.05 0.71 2.14
-9 7.46J« 4.65 4.58 4.43 - 7.60
12.0 -1.41 -0.62 -0.08 0.47 . 1.31| -
. 6.28 5.84 5.79 5.64 @ 5.86| -
18.0 |-1.13 =-0.54 -0.098 0.37 0.99
. 6. 60 6.47 6.42 6.29 6.22
24.0 -0.99 -0.50 -0.09 0.31 0.83
B 6.95 6.88 6.84 6.73 6.62
30.0 -0.81 —-0.47 =-0.10 0.27 0.72
. 7.25 7.19 7.15 7.06 .6.94
* Normal
% %
SB
* % X S
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be taken of the way the sample estimates‘perform for_various

theoretical values and different sample sizes.

3.1.3 Empirical relationship between optimal p
and skewness and kurtosis

In section 1.5 it was shown that use of the relationship:
9
(b2)?

gave good results over certain distributions and sample sizes

p =1+

: 1
with symmetric distributions (B2 = 0).

From examinafion'of Tables 3.1.1, 3.1.2 and 3.1.3 for
the case of B% = 0, it is clear that such a rule Qbu]d
work adequately with these distributions. In fact, it seems
that there is a sharper trade-off in smaller than larger
samples so that improvement (for this family of distribu-
tions) could probably be made'using:

. _
)

Pl (B (3.1.1)

with q a function of sample size. Examination of the

empirical results suggested that we might use;

o

_ 4
q - H)

4

2

which gives g ranging from 2.25 for N = 10 to 1.5 for
N = 50. |

Plots of sample MSE against p portrayed further inter-

esting features of the interrelationship between the sample
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and p. Firstly the above curves tended to be much steeper on
both sides of the minimum for smaller sample size than for

larger sample size. See Figure 3.1 below:

sample

MSE FIGURE 3.1

~

Theneforne it is seen that global use 05' g =24n (3.1.1)
({.e. Formula 1.3;3) wL Ll bevan adequdie proxy forn the optimal
p 4or the sample sizes consdidened, because Loss of MSE 4in
Lange samples (N = 50) will be small and q = 2 A4 nean

optimal in small samples.

In addition to the size of sample effect on the shape of
the curve, it was also evident that distributions with kur-
tosis close to the boundary B2 = 1 + B; also yielded steeper

curves for ‘a given sample size. (See Figure 3.2 below.)

vBy = 2.
sample .
MSE A B2

]
(o))

FIGURE 3.2

vm=2.
' Bz = 30.
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The results for the skewed data sets (Tables 3.1.1,
3.1.2 and 3.1.3 exhibit certain clearly defined effects.

7/

Namely:

(i) as skewness increases for any fixed kurtosis the

optimal p gets closer to 2.0;

e
pos

(ii) for any fixed skewness, increase in kurtosis yields

a smaller optimal p.

(iii) As above, in the symmetric case, these changes are

less marked in larger than in smaller data sets.

What does appear td be in evidence is that the excess
of kurtosis over skewness squared plus one is a significant
factor in the determination of anloptimal p. That is, the
excess of that amount by which kurtosis mus t necessarily

(mathematically) exceed skewness.

It appears, essentially, that given increases of kur-
tosis in excess of skewness squared plus one give similar

decreases in optimal p for given different skewnesses in

the same sample size.

It appears that a relationship of the form:
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1'+-(

©.
]

.3 o

i ) ] ° (3 r]wz)
bz-'p1 :

or s

.
'

1+ (égﬁgq (3.1.3)

2

could prove workable.

The optimal q appears to be a function of sample size
and sample kurtosis and possibly even Sample skewness in the

fo]]owihg way.

Larger sample size seems to effect q negatively in a
similar way to the symmetrical case. Lower sample kurtosis
distributions require higher values of gq and to‘some ex-
tent a higher‘value_of the absolute value of sample skewness

required smaller q.

3.1.4 The use of Lp—estimation to establish higher
moments of the underlying distribution

At this point, we consider an interesting application
of Lp—éstimation of skewed data sets to the_more.general
problem of the estimation of the moments of a distribution.
We cbnsider,\in the first case, the proBiem of calculating
an eétimate of the variance (V) of thé underlying distri-
bution from some random sample. If the data is from a normal
distribution the maximum likelihood estimate of V 1is ob-

tained by minimizing:
M l(x;-8)2-v]2 (3.1.4)

. . v _ 1 ¢n Ly a2
yielding Vv = - Zi=](xi—e)
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It might be conjectured that under deviations from nor-
mality, minimisation of

" (x5-8)%-vP, (3.1.5)

~

where 6 1is obtained from minimisation of ,?=]|Xi'e|p’
and p 1is some function of kurtosis in each case, may yield
superior estimates in terms of mean square error than

blanket use of (3.1.4).

However, even if the underlying X is from a symmetric
distribution the distribution of (X-6)2 (and all such even

powered transformations) will be non-symmetric and thus the

problem of the selection of p will probably involve the

skewness, as well as the kurtosis of .the transformed data

set. (It is worth noting here that gég of the variance is
~an often useifibut not unique, measuréiof dispersion. The

perfofmance,bf the L — approach with alternatives such as

P
the mean absolute deviation has howevér still to be investi-

gated.)

In the'ﬁ%nimisation of (3.1.5),§bme success was achieved

by using:
| 3.2 |
p=03+F) | (3.1.6)
as a crfterigi for the selection of p 1in the second stage
of the operdiﬁon (8 in (3.1.5) was still calculated
using the estimator B of Chapter 1) when compared with the
use of p equal to 2. It is noted that (3.1.6) is much less

sensitive to changes in b, than the sample equivalent of
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(1.4,1). Particularly encouraging results were .achieved for

the exponential distribution (which is non<symmetrical) and
these results, along with results for the distributions

studied in Chapter 1, are presented. The Cauchy distribution

was excluded because the variance is not defined. The simu-

lation study (100 iterations) conducted here only compared

P

£

the proposed estimator with the L. estimator.

TABLE 3.1.7
SAMPLE MEAN SQUARE ERROR OF ESTIMATES
OF VARIANCE (100 ITERATIONS)

n=10 n =30 n =50

Distbn. Kurtosi L : . L

is , sis b 2 D L2 . 2
l Uniform 1.8 8.416 6.1641 2.225 2.064{ 1.541 1.431
Normal 3.0 19.795 20.036f 6.294 6.155| 3.569 2.971
Con.Normal 3.5 15.646 15.409| 6.563 7.326( 4.111 4.304
Con.Normal 4.0 21.188 22.646[ 7.731 7.617}5.257 5.719
Con.Normal 4.5 | 22.117 22.533| 10.025 9.433} 6.924 5.238
Con.Norma1 5.0 25.142 31.670} 12.137 13.190| 7.777 , 7.354
Con.Normal 5.5 28.948 31.5791 11.715 11.831| 7.942 7.426
Laplace ‘ 6.0 51.386 68.489| 10.075 13.041} 8.332 8.907
Exponential 9.0 46 990 75.406| 13.927 19.871] 9.385 11.337
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TABLE - 3.1.8 :
EFFICIENCY OF ESTIMATORS (BASED ON MSE)

n = 10 n = 30 n =50
.|Distbn. .. |Kurtosis Lp. Lz Lp L2 .Lp4.._L2
Uniform 1.8 97 100} 93 100 93 100
Normal 330 100 99 | 98 100 83 100
Con.Normal 3.5 98 100} 100 90| 100 96
Con.Normal | 4.0 100 94{ 99 100]| 100 92
Con.Normal 4.5 100 98 94 100} 76 100
‘{Con.Norma1l 5.0 100 79| 100 92| 95 100
Con.Normal 5.5 100 921 100 99 94 100
Laplace 6.0 100 751 100 771 100 - 94
Exponential | - 9.0 100 62 100 701 100 83

The above indicates thatvthe estimator proposed seems to have
comparative advantage over blanket use of p = 2 with small

samples and certain distributions, viz. Laplace and Exponen-

tial.

CONCLUSIONS-

It is seen above that. improvement in variance estimation

'u;ing L — methods is certainly less dramatic than in esti-

Y

mating the location parameter 6 in symmetric distributions,
‘primari1y because the transformed data set is non-symmetric.
It is however tentatively suggested that an improvement over
the conVentiona] methods for the estimation of odd moments,

may, in general, be achieved by using the Lp—-method (or a

variation thereof) outlined above.
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+3.1.5 A comparative study utilising the data sets
published by Stigler (1977)

©3.1.5.1 Introduction and comments on the study

The data sets published by Stigler (and discussants)

(1977) constitutjng 24 sets of observations by scientists of

1

physical phenomena, and his comparison of a set of robust
estimators of location, provides a valuable testing ground

for any new location estimator.

Before describing the analysis, it is of some value to
discuss some of the salient problems associated with theres—
timation of location with such data sets, some of whiéh have
been raised by the discussants of Stigler's péper. Firstly,
since some of the data sets exhibit very significant skew-
ness, the whole problem of the uniqueness of the location
parameter has to be given cons{deration. It is not clear

which population measure of location in such sets is most

appropriate. A discussant of the paper (Eisenhart) demons-
trates the considerable bijas in some of the data sets; for
example he remarks that data sets 17, 23 and 24 have-"true
values" at apbroximate]y the 32nd, 88th and between"the 5th
and 8th percentiles respectively. He goes on to say: "Taue
vaZu24 Auch as these that Lie 'out in wings' are clearly un-
sultable gorn judging the nelative menits o4 a group of esti-
matorns that are 'arguing' over which value in a central
Yeone' 0f a set of data 'best' summarnizes the 'evidence' o4

Zhe set as a whole." Hoaglin (discussant) says in this
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connectijon, ".,,.., when a data set involves a shift on a

biab; L1 iéfnot.at.azzfczean.whethen‘that'biab.Ahbuﬂd.bg

" changed against the penformance of any estimator, To do.so

implies that the estimaton should be able to see beyond zhe

data to the 'true' value of the physical quantity ......

A second problem relates to that of compariné different
estimators of sets of data with vastly differing variabi]ity,>
necessarily giving rise to sets of estimates with widely
differing variances. Stigler uses a "robust" measure of var-
jability for the jth data set (sj) - the average of the ab-
solute deviations of the set of estimates obtained‘for that
data set. His relative error is then calculated as the
absolute deviation of the estimate divided by this measure
of spread. Small absolute errors may thus be associated with

large relative errors.

Given constraints imposed by the data at hand, it
appears, however, that the method of comparison adopted gives
an adequate portrayal of the relative performance of the es-

timators examined for a specific real life situation.

3.1.5.2 Results for the previously proposed Lp—estimators

This method of comparison (with the reservations out-
lined above) was thus appIied when evaluating the Lp-
estimators (3.1.3) as members of the class of robust estima-
tors. The same values for the mean absolute deviation of

the estimates for each data set were used; as Stigler says
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in connection with extrapolating the results to a new esti-
mator: "the fact that the new estimator does not contri-

should make Little difference.”

bute to zthe Aj

The adaptive estimators used draw from the work of
section 3.1 on the use of Lp-norm estimation with skewed

data. The more-general version of the formula is used, viz:
p=1+ (},——35‘—)-(] (3.1.2)
. 2-b1’
where bi1 1is a measure of squared skewness
b 1is a measure of kurtosis

and where values of gq varying from 0.5 to 2.0 are con-

sidered for comparison purposes.

The results are given in Table 3.1.10, with average re-
lative errors for the small data sets (1-20) and large data
sets (21-24) as defined by Stigler; standard deviations of
the relative errors are given in parentheses. For compari-

son purposes Stigler's results are also given in Table 3.1.9.

It 1s>seen that for all the values of gq. the estima-
tors perform adequately. It is seen however that the value
for data set 5 is inflating the results. Data set 5 has .in
fact a very low S5 of 0.078; thus although the relative
error for the q = 1 estimator (for example) in Table
3.1.10 is 1.29?, the value of the mean square error is
1 x 10°° which, relative to the true value (8:.798), is not

important enough to distort the results as it has. It is

seen that after data set 5 is excluded, the estimator pro-
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TABLE 3.1.9

‘

MEAN RELATIVE ERROR FOR STIGLER'S SELECTED ESTIMATORS
KSTANDARD DEVIATIONS IN PARENTHESES)

- Small - Large o
Samples . Samples
Mean 0.931 (.20) | 0.924 (.19)
Median - 1.149A(;28) 1.152 (.18)
Edgeworth S 1.018 (.08) 0.945 (.07)
Outmean . | - 1.038 (.58) . 0.774 (.50)
10% Trim | -0.916 (.20) 0.944 (.06)
15% Trim 0.938 (.10) |  0.991 (.04)
25% Trim | 1.039 (.08) 1.073 (.12)
Huber P15 0.922 (.20) 0.985 (.05)
Andrews AMT 0.966 (.14) 1.032 (.13) |,
Tukey Biweight 1.023 (.13) - 1.097 (.17)
Hogg T1 1.014 (.07) 1.084 (.13)
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TABLE 3.1.10

RELATIVE ERROR FOR STIGLER'S DATA SETS (FORMULA 3.1.2)'

(VALUES OF p USED 1IN

ITALICS)

Values of g

Data Set 0.5 1.0 1.5 2.0
1 0.836 0.868 0.900 0.933
1.845 1.604 1.848 1.799.
2 1.003 0.998 1.010 1,033
1.691 1.477 1.330 1.228
3 0.146 0.013 0.105 / 0.214
1.912 1.831 1.758 1.691
. 0.685 0.638 - 0.588 0.536
2,082 3.170 2.266 2.368
s . |1.104 1.297 1.499 1.711
. | 2.088 2.184 2.289 2.402
6 - 0.755 0.743 0:730 0.718
2.028 2.056 2.086 2.116
2 0.991 0.992 0.992 0.993
1.855 1.732 1.626 1.535
. 8 0.977 0.987 0.992 10.994
1.813 1.661 1.538 1.438
° 1.192 1.093 1.040 £ 0.998
1.817 1.668 1.545 1.446
1 0.968 0.957 0.946 0.937
: 2.182 2.398 2.652 2.953
1 0.981 0.995. . 1.607 1.022
1.813 1.660 1.557 1.436
12 0.929 0.920 0.912 0.903
2.065 2.135 2.209 2.289
<13 1.031 1.043 1.055 1.068
- 2.261 2.591 3.007 3.531
14 0.939 0.955 0.965 0.973
1.878 1.771 1.6727 1.594
18 1.013 1.015 1.017 1.019
: 2.273 2.621 3.063 3.627
16 1.058 1.061 1.064 1.067
2.026 2.053 2.081 2.108
17 0.985 1.024 1.067 1.114
1.821 1.673 1.552 1:453
18 0.847 0.813 0.783 0.755
) 2,112 2.237 2.575 2.529
19 1.092 1.087 1.083 1.079
1.978 1.957. 1.936 1.915
20 0.928 0.922 0.915 0.909
. 2.080 2.166 2.258 2.358
21 0.950 1.053 1.127 1.204
1.668 1.447 1.299 1.200
22 0.708 0.695 0.682 0.669
2.020 2.040 2.060 2.081
23 1.011 0.995 1.002 1.013
1.525 1.287 1.153 1.082
24 1.006 1.005 1.003 1.002
1.648 1.898 1.852 1.807
®
Mean for
cet 1-20 0.923(0.217) 0.9211025{) 0.934(0.262)] 0.948(0.273)
Mean for 0.913(0.218)| 0.901(0.245)] 0.904(0.234) 0.908(0.223)
set 1-20
with set
5 excluded
Mean for 0.918(0.143)| 0.937(0163)} 0.253({0190)| 0.272(0.222)
set 21-24
* Standard daviations in parentheses

- e
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TABLE 3.1.11

.~ RELATIVE ERROR FOR STIGLER'S DATA SETS (FORMULA 3.1.1)

(VALUES OF p USED IN ITALICS)

Values of gq

Data -

Set 4.0/N3% 0.5 1.0 1.5 2.0
1 1.033 0.863 0.922 0.981 1.040
1.670 1.902 1.814 1.734 1.662

5 1.072 . 0.998 1.005 1.034 1.075
1.142 1.609 1.371 1.226 1.137

'3 1.147 0.177 0.532 0.857 "1.185
1. 269 1.713 1.509 1.363 1.259

4 . 0.829 0.758 0.785 0.811 0.835
1.818, . 1.948 - | 1.898 1.851 1.806°

5 0.326 0.575 0.244 0.084: 0.412
1.548 1.851 1.725 1.617 1.525

6 0.898 0. 808 0.844 0.877 0.906
1. 686 . 1.904 1.818 1.739 1.668

. 0.993 0.991 0.992 0.992 |. 0.993

L 1,529 1.843 | 1.711 1.600 1.506

8 © 0.994 ' 0.979 0.988 0.992 0.994

, "1.431 1.798 1.637 1.508 1.406
o 0.3930 1.006 0.949 0.935 0.929
1.056 1.466 1.217 1. 101 1.047

10 0.940 0.969 0.958 0.947 0.938
_ 2,840 2.175 . | 2.380 2,621 2.905
1 1.016 . 0.981 0.995 1.009 1.022
1.477 1.812 1.659 ©1.535 1.434

12 0.977 0.947 0.958 0.968 0.979
1.718 1,916 1. 840 1.769 .1.705

13 1.058 1.029 1.039 1.050 1.060
3.106 2.218 2.483 2.805. 3.198

14 0.993 0.961 0.979 0.989 .294
1.287 1.719 1.516 1.371 1.267

15 1.019 1.013 1.015 1.017 1.019
_ 3,488 2.272 2.619°" 3.060 3.621
16I 1.034 1.050 1.044 ©1.039 1.033
‘ .1.822 1.949 1. 901 1,856 1.812

17 1.113 0.988 1.031 1.079 1.131
1.456 1.806 1.650 1.524 1.423

18 2.449 0.848 0.816 0.787 0.759
2.449 2.107 2.225 2. 356 2.501

16 1.061 '1.085 1.075 1.065 1.056
. 1.825 1. 946 1. 894 1.846 _1.800
2 0.913 0.928 0.922 | -0.915 * | 0.909
2.301 2.0789 2.165 2.258 2.357

2 1.131 0.954 1.059- 1.133 1.214
1.293 L 1.661 1.437 1.289 1.191

92 0.813 0.755 0.787 0.818 0.847
1. 859 1.948 1.898 1.852 1.807

23 1.015 0.955 1.011 1.015 1.015
' 1.037 1. 308 1.085 1.029 1.009

24 1.004 1.006 1.005 1.003 1.002
1.873 1.948 1.898 1.851 1.807

Mean for 0.968 0.899 0.905 0.921 0.963
Sets 1-20 | (0.169) (0.206) | {0.199) (0.213) (0.162)
Mean for 0.991 0.918 0.966 0.992 1.020
Sets 21-24 | (0.132) (0.111) | (0.121) | (0:130) {0.150)
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TABLE 3.1.12

Sample Skewness (in italics) and Sample Kurtosis

oara , ‘Data

Set ‘ _ sot
1 ks | 1 g:g;g
2 ié:ggj -’ | 14 ‘é:ggg
L > 21332 s | g;ggg
4 g:gii . 1§ | g:ggg
> ﬁ".fgg 17 Z:g-‘l?g
¢l o g
! iigii o 19 ’gzigi
8 Z:ié; - 20 g:gig
9 13810 a1 0408
1o g:igi | ,’ 22 g:ggg
S A B
12 580 20 90
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posed does well for the small sample size data sets.

- The large sample data sets 23 and 24 (50 to 100 obser-
vations) have been shown to possess considerable bias, as
discussed above, and it therefore appears that it is diffi-
cult to form useful compar{sons.' One thing which is start-
ling is that the .sample mean does so well with sample set 21
which has a sample kurtosis of 6.867 (see Table 3.1.12) and
a low sample skewness (-0.403). Its very significant im-
provement over the median, which is normally far superior
with such a long tajled data set, contradicts any simulation

results the author has at hand.

The data was also analysed using Lp—norm estimation

with the formula:
3.9
p=1+ (57) (3.1.1)

that is, no adjustment made for skewness, with g varying
from 0.5 to 2.0 as before. These results are presented in
Table 3.1.11. 1In addition, the L_-norm estimate with p

p _
yielded by q calculated from the formula:

q = %ﬁf ;‘ (see 3.173),
is provided which gives an unique, easily computable value
of g. It is seen again how sensitive the results are to
set 5. If the results from data set 5_are excluded these
results will look rather worse (aparf from the g = 2.0 case).

In fact the improvemént over formula (3.1.1) by formula

(3.1.2) is not as great as expected. It is hypothesized
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that formula (3.1.2) will perform markedly better than for-
mula (3.1.1) when B2 = B1 + 1 (note that B8 will always
be greater than By + 1). If this is not the case, then the
two formq]ae will not differ that significantly - this is
borne out by the simulation of (3.1.5). Such cases, when
kurtosis is c]oge to squared skewness plus one, do not pre-

¥

dominate in this study.

3.1.5.3 Conclusions

It %s apparent, from examination of Tables 3.1.10 and
3.1.11, that for the smaller values of q (g =v1:0) the
adaptive Lp4e$timator, using either of the two propbsed
formulae, performs extremely well relative to the other
estimators. As. g increases the performance of both esti-
mators worsens and for these data sets there is no obvious
trade off between optimal p .and tail length. Since this
contradiéts both intuitive reasoning and simﬁ]ated results,
it is probably wise to take seribus note of the various
criticisms voiced against this study as a means of testing

robust estimators.

Overall, even given the limitations and problems assoc-
jated with this study, it is seen that of the "new fangled
estimators”" (Eisenhart (discussant)) the Lp—norm‘approach

outlined deserves serious consideration.
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3.2 L-ESTIMATION WHEN THE UNDERLYING DISTRIBUTION IS SKEWED
3.2.1 Introduction

As discussed below,when considering skewed distributions
one is faced with the problem of deciding which of a range
of population location parameters it is most desirable to
estimate. 1In géﬁéré] it was noted that of these the E(X)

is usually estimated.

It was noted in section 3.2, Part I,that Sarhan (1954)
had considered finding the BLSS for estimating the location
barameter of certain asymmetric distributions. No 'general
rule was however evident from this study regarding which
tail of the L-estimator should receive greater weight if
the distribution was asymmetric. For example he found that
the Beta (2,3) distribution (skewed to the left) had an
. asymmetric BLSS with less weight given to the left tail
while the exponential distribution (skewed to the right) had
X as the BLSS.

3.2.2 The simulation study

A simuiation study Qas set up to test whether a-
symmetrically weighted functions of the order statistics
could yield bettér estimates for the E(X) than X for
asymmetric distributions. Distributfons with skewnessés of
-1 and 1 and kurtoses of 4 and 24 as well as with skewness

of 12 and 2 and kurtoses of 6 and 24 were simulated using
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the suite of programs written by Hill et al (1976) and Hill
(1976) utilising the Sy-Sp distribution system of Johnson
(1949). Sample sizes of 10, 30 and 50 were selected and
2000 iterations were used for each distribution and each

sample size.

It was shown (section 1.4) that using p =gq =1 in
the beta function yielded a symmetric distribution of weights.
Deviations away from.this symmetrical weighting function were

considered in the following two forms:

nn

(i) g = 1; p>1 or p < 1 ie. xP!

(ii) p

, ¢>1 or g¢g<1 .. (1-x)q'1.

It was found that minimum sample MSE was reached with
the absolute value of' p-1 (or ¢-1) being less or equal to
0.4. The sample MSE for a grid of p-1 (or g-1) over
[-0.4, 0.4] in increments of 0:1 are given in the Tables
3.2.1 to 3.2.3 below. As it would appear not to add anything
of significance,for the case with kurtosis equal to 24.0

only the first weighting function was used.

The reader is referred to Tables 3.1.4 to 3.1.6 for an
indication of how sample skewness and kurtosis varies with

the theoretical values for the Sy-Spg family.

REMARKS

(i) For this family of distributions it is seen that

functions which weight the order statistics in the
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opposite direction to the skewness would appear to
give estimates of the location parameter which have
smaller sample MSE than X (a =0 or b =0 as the

case may be).

(ii) Sample size appears tb play a 1érge role in the
se1ection gf-some optimal function to determine the
weighting distribution. It is seen that smaller
sample sizes require much larger édjustment (i.e.
larger - p-l»xor g-1) than larger sample sizes. This "
is in some way strange because the smaller sample
sizes had lower average sample skewness - see Tables

3.1.4 to 3.1.6.

(iii) The optimal left hand tail weighting for the positi-
vely skewed distribution appeaf larger than the opti-
mal right hand tail weighting for the negatively |
skewed distributions for ihe weighting function

x2 (1-x)°® and vice versa for xo(]—x)b.

(iv) Increases of kurtosis for a fixed skewness did not

appear to have a very marked effect over the "a"
which would minimise sample MSE but if anyth{hg it
tended to'pull the optimal estimation towards that

of least squares (i.e.-when a = 0).

3.2.3 Conclusion

" The most important conclusion to be drawn from this

study is that although this simulation indicates that
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improvement in sample MSE is possible by adjusting for skew-
.ness, when estimating the E(X) the improvement is very
small. Given the ambiguity of a Jocation measure with~skewed
data sets it is doubtful whether an adjustment for skewness

is really worthwhile for this estimator.

CONCLUSION TO PART 1I

In conclusion it is worth noting that the studies com-
piled above indicate quite clearly that there are definite
advantages in using the adaptive Lp-estimator and L-estimator
of location proposed over conventional measures, and indeed
over the more sophisticated robust estimators which have

been more recently proposed.

On reflection of the variou§ results obtained above
it does appear that for the estimation of the location
parameter for symmetrical distributions, the use of Lp-
'estimation may not offer equivalent advantage to those of
L-estimation. In the first place the empirical results
- indicate that L-estimators can be constructed which are as
-”good (in the M§E sense) as Lp-estimators. In addition it is
k pertinent to remark that in terms of computer tjme the adap-
tive L-estimatbr used between 10% and 30% of the time re-
quired by the L_— method (note that for large p (p > 3.0)

P .

and p close to 1.0 Lp takes rather more time than when

p is close to 2.0.) Finally, the distributional properties
of such estimators are attainable when the underlying distri-

bution is known in the finite and asymptotic cases.



PART 111

INTRODUCTTION

As pointed out in Part I the first sectioh of this part
of the work which covers research into Lp- estimation in the
regression mode1‘was carried out before the work of Part II.
}t is, however, covered at this point because in that Qay the
thesis follows a more natural progression. In addition to
the work on Lp .estimation a proposal is made for the ex-~
-tension of the method of Lloyd (see Part I) to the regression
case as well as a tentative suggestion for the application of

L-estimation to the regression model.



where y dis an nx1 vector of observable random variables;

X dis an nxm matrix of the known regressor variables;

g is an mx1 vector of unknown parameters, and

e is an nxl unobservable error vector.
The ordinafy least squares estimator (OLS) of B is obtained
by minimizing the sum of the squares of the errors and is
given by:

B = (X'X)7'X'y.

If it is assumed that E(e) = 0 and E(ee') = o?1, then it
follows {(Gauss-Markov theorem) that é is the best {minimum
variance) linear (linear function of the y) unbiased estima-
tor (BLUE) of 8. This approach can be easily generalized so
as to minimize the sum of any power of the errors and is known
as the Lp - norm. More-formally, given- a sémp]e of size n
on both X and 7y, under fairly general conditions -
(Kiountouzis {(1971)) a "best" estimate-of B, B the particular

value of b which minimizes
N4 p
_Zi=]1yirxigi

where. b = bo,...,b .y and this estimator is known as the Lp—
norm estimator. As stressed before, the fact that the least
squares estimator (p = 2) is the BLUE does not.detract from
interest in values of p # 2 since the estimates obtained

using values other than 2 are not linear estimators and hence

"can have lower variance than those obtained using least squares.

Besides the least squares case of p = 2, two other
values of p have been of particular interest in the litera-

ture, namely p =1 and p = . The case of p =1 (that



is, minimization of the sum of the absolute erroré) corres-
ponds to some of the earliest approaches to curve fitting
(e.g. Fourier (1824) and Edgeworth (1888)). Wagner (1959)
showed that this problem could be formulated as a linear pro-
gnamming problem by considering the unrestricted error term
to be the difference between two non-negatijve variables.
Lett1ng e; = u{-vi nhere Uss Vi > B and 'ei = yi—Xig ;
\thé problem :becomes:

w Minimize X?=](u.+v.)

subject to +Uu; - v, o (i=1,2,...,n)

2J 0 J ij 1. 1

ve >0, (i=1,2,...,n).

- b. unrestricted in sign; Uss Vs

J
Since Wagner's paper, considerable interest has been shown in
-the case p = 1, and numerous researchers have produced re-
sults indicating that the Ll—-norm is more suitable than the

e

traditidna] Lz._norm 1n certa1n c:rcumstances, especially

-

when the error d1str1but1on has long tails (e.g. Blattberg

RN

_and Sargent (1971), Kiountouzis (1973), Harter (1977)).

The case p = « corresponds to minimization of the ma*i—
mum error and has become known as Chebychev estimation (in
addition to Lw estimation). MWagner (1959) showed that the
L, estimation prob]em cou]d be formulated as..a linear -pro-
gramming problem by letting D = Max{le |}. The problem can

3
then be stated as follows:



Minimize D
subject to D > B3 D >y, - Xib } .
E

D

fv

03 bj unrestricted in sign

Interest in Chebychev estimation has been Timited (e.g. Appa
and Smith (1973))although Harter (1977) has indicated that it
could be superior to both L;~ and L,— estimation when the

. (sample) kurtosis of the error term is lTess than 2.25.

There is no theoretical reason why values of p other
than 1,2 and © should not be considered. Forsythe (1972) has
suggested that p = 1.5 might be a good compromise value as
it provides estimates which are substantialily better than
least squares when fhe error disfribution has long tails, and
is not very bad when the errors have a Normal distribution

(when least squares is most appropriate).

In this chapter values of p = 1.00, 1.25, 1.50, 1.75,

2.00, and 2 are examined.- It should be noted that the cases -

of p = ];2, and « provide exact solutions,while the other
values of p give rise to a non]iﬁear programming problem,
whose solution can only be found to a given level of conver-
gence. The method used to obtain the Lp—~estimétes for
p=1.25, 1.50, and 1.75 was that described by Fletcher and
' PQWe]] (1963) and Forsythe (1972), which is part of the IBM
Scientific Subrputine Package (1968).

!

1.3 DESIGN OF THE SIMULATION STUDY



The simulation model examined was of the form:
Yi o= Bo o+ Bixqy + BaXpiot ey . i=1,2,...,n

and had the following specifications.

The sample size n (for each iteration) was chosen as(:i>
and 500 iterations were performed for each of the error dis-
tributions examihéd. Bo, By and B, were arbitrarily
'se1ected as 10, 8, and -6 respectively. The 25 values of X,
{fixed for all iterations) were chosen rahdom]y from a uni-

- form distribution on the range (0, 40). The 25 fixed values
of X2 were also randomly selected from a uniform {O, 40)
,distribution and it was checked that X; and X2 were un-
correlated (that is, 1pX1,X2l < 0.01). Finally, for each

iteration, 25 error terms were randomly generated such that:

E(e;) = 0 and Var(e;) =9 for i =1,2,...,25.

Thds the y; were generated usihg the model:

yi = 10 + 8 xq: - 6 Xpi + e i=1,2,...,25

-I ]
and the various -Lp estimates of By, B1 and B2 were

obtained.

A variety of statistical distributions were used to
generate the random errors. These distributions were all
symmetric and were chosen so as to cover a fairly wide range

of kurtosis. The distributions used are detailed below:

(i) Uniform Distribution: (Kurtosis = 1.8)

:
fx(xb=gm ) @< x<B



In order to have mean zero and standard deviation 3,

d and B8 must be selected as d = -8 -and .

B = /302 = V2T.

(ii) Normal Distribution: (Kurtosis = 3)

Obviously u =0 and ¢% = 9 were the parameters

selected.

(iii) Contaminated Normal Distribution: (Kurtosis = 3.5,
' 4.0, 4.5, 5.0, 5

oy 2 X - 2,2
-5 p HEED)

_fX(x) =Y /TnoT e RR (1—w),7¥6§ e

-0 < ¥ < @

0 <w<

" "For this study, w was selected as % (that is equal weight

was given to both distributions) and yp; = p2, = 0 (ensuring
symmetry). This fémi1y of contaminated normal distributions
was used to obtain error distributions with the required kur--
tosis coefficients by choosing. ¢ and o} appropriate1y,
while still ensuring that the overall variance remained 9.
For further details of the properties of the contaminated

normal distribution the reader is referred to Johnson and Kotz

- (1970) .

(iv) Laplace (or Double Exponential) Distribution:

(Kurtosis = 6)

] -
»fX(x) =ﬁexp(_ Xgoc) ) —0 < X < o .

- .
In order to have mean zero- and variance 9, o = 0 and

B =vVo¥2 = /YE.5 were selected.



(v) Cauchy Distribution: (Kurtosis undefined)

fy(x) = LI— o < x < @

g+ (x-0)/8]1%}

- The Cauchy distribution has no moments and hence no mean,
variance or kurtosis. However it is symmetric about the med-

- jan o and hence this was chosen to be zero. f was deter-

th percentile of the Cauchy

th

mined by specifying that the 95
distribufion had to'coincide_with the 95 percentile of the
Normal (0,9) distribution used in (ii). It should be noted

that the kurtosis of the Cauchy distribution (although unde-

fined) can be thought of as infinite.

Before concluding this section, mention must be made of
the manner in which the randomvobservations from the error
diétributions were generated. For the Uniform, Laplace and
Cauchy distributions the inverse cumulative distribution

f“functions—are~eaéiﬂy*obtained and hence theseerrors-tan be -
-easily generated using uniform (0,1) random numbers. These
uniform (Q,]) random numbers were obtained using shuffled

 *(Mac1aren and Marsaglia (1965)) values of the uniform random
‘numbers given by the UNIVAC routine RANDU. The normal and
contaminated normal errors were generated using the same
shuffled—uniform random numbers"as~ébove and.the Box-Miller

- (1958) transformation.

1.4 EXPERIMENTAL RESULTS

t

The aim of the empirical investigation (simulation) was

to gain insight into the properties of the Lp—-estimators of



the coefficients of a regression model, and to establish'guidé-
lines for a "suitable" choice of p. These findings are pre-

sented below.

1.4.1 Unbiasedness

It is stressed that the simulation study was only per-
formed for symmetric error distributions. It is well known
that the least squares estimates (p = 2) are unbiased, and
so far studies using symmetric error distributions have bro—
duced no evidence of bjas in the estimates obtained using
other values of p (Forsythe (1972), Kiountouzis (1973) and
Harvey (1978)). This more extensive study confirms these

findings.

Means of the 500 sample estimates of the regression co-
_efficients were computed and compared to the true parameter
values for values of p = 1.00, 1.25, 1.50, 1.75, 2.00, and
63; This was repeated for each of the error distributions ex-
amined and the results are presented in Table 1.1.1 below.
Under the- hypothes1s of unb1asedness of :the estimates, an
d:Zstt1m;té of the true coeff1c1ent is JUSt as likely as an
J;Eerest1mate Us1ng the norma] approximation to the binomial
d1str1but1on, it fo]]ows that for a sample of 500 est1mates
the 95% conf1dence interval for the number of est1mates
falling above the true parameter value is (228,272). For all
&hoices of: p ‘and for all error distributions examined, not

one count fell outside the above 1imits. Moreover, examina-

tion of Table 1.1.1 reveals that all of the means of the sample
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estimates are "close" to the true parameter values and there-
fore it is concluded that the Lp norm estimators are un-
biased for all p > 1 when the error distribution is symmetric.

1.4.2 Efficiency of the Individual estimates

The samp]ing‘yariances (based on the 500 individual sam-
ple estimates) of each of the three regression coefficients
“were computed for each choice of p, and for all the error
‘distributions considered and are presented in Table 1.1.2

below.

On examination of Table 1.1.2 it is apparent that for
p = 2 the sample variances are approximately the same for
all error distributions with the exception of the Cauchy.
This is.not surprising since--the truescovariance_matrix of
the L estimate is given by o2(X'X)~' which is indepen-
dent of the error distribution, provided E(g)i= 0 and
E(ee'). = 0?1 (Gauss-Markov theorem). The Cauchy distribu-
tioh wOu]d obviously provide an exception since o? is un-
defined (infinite) and hence E(ee') # o%1. 'Further examin-
ation of the table reveals that for p # 2 the sample var-
‘iances are not constant but vary according to the error dis-
tribution{ In addition, for any given error distribution
‘these variances are dependent on the choice of p. In fact,
it should be noted that as the kurtosis of the error distri-
bution increases, a choice of p < 2 results in estimates

with smaller sample variances than those obtained using Teast
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squares, This is especially noticeable when examining the

results obtained for the Cauchy distribution,

e

As yet ts has not been possible to derive a theoretical
expression fof the covariance matrix when p # 2 but it is
conjectured that the true covariance matrix for these Lp—

1)-2

estimators will be of the form (o?(X'X)"~ where £ s

a function of p and the kurtosis of the error distribution.
1.4.3 Generalised Variance and the Choice of p

The-empirical genera11zed var1ance of -the -regression co- -

s s 2 e e

efficients is defined as tﬁgmggtgrm1nant of the emp1r1ca] co-
variance matrix of these estimates, and can be considered as
é‘untvariate summary of the information present in the sample
covariance matrix. Since the estimates have been shown to
be-unbiased for all p, it is reasonable to base the choice

of p on the generaiized variance. C]ear]y, from a pract1aﬂ

-point of V1ew, 1t 1s des1rab1e that the genera11zed var1ance

— - - =

e 2 T

be as sma11 as pos§1b1e

T

The generalized variances of the 500 sample estimates are
presented in Table 1.1.3 below for all values of p and for
all error distributions considered. The chosen symmetric._
errors distributions had coefficients of kurtosis varying
from 1.8 (short tailed) through 3 (medium tailed)to <« (long
tailed; Cauchy). A plot of the kurtosis of the error dis-
“tribution aga%nst the p‘ which gives the sma]]eét empirical

generalized variance is presented in Fjgure 1. (It should
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- TABLE 1.1.1

Comparison. of -Average Values-of -the Estimated Regression----
Coefficients with Population Values (n = 25; 02 = 9)

. True : p
Distbn. Kurt. B Value 1.00 1.25 1.50 1.75 2.00| o
- Bo 10 9.98 | 9.99 }10.00 | 10.00 | 10.00| 9.95
Uniform 1.8 £ 8 8.00 | 8.01| 8.01| 8.01| 8.01| 8.00
' B2 -6 |-6.00 |-6.00 | ~6.00 | -6.00 | -6.00{-5.99
Bo 10 9.98 | 9.99 | 9.99 | 10.00 | 10.00| 9.99
Normal 3.0 B, 8 7.99 | 8.00| 8.00| 8.00| 8.00| 8.00
B, -6 -5.99 |-5.99 {-5.99 | -=5.99 | -6.00|~-6.00
Contam. Bo 10 9.99 [10.00 | 10.01 | 10.02 | 10.03|10.01]
Normal 3.5 £ 8 8.00 | 8.00{ 8.00{ 8.00| 8.00| 8.00
B -6 -6.00 | -6.00 }| -6.00 | -6.00 | ~6.00}|-6.00
Contam. Bo 10 10,04 |10.05 | 10.06 | 10.05 | 10.04}10.06
Normal 4.0 B; 8 8.00 | 8.00| 8.00| 8.00| 8.00| 8.00
B, -6 -6.01 [~-6.00 {~6.00 | ~6.01 | -6.01|-5.99
Contam. Bo 10 9.96 | 9.96 { 9.95{ 9.96 | 9.96{10.01
Normal 4.5 B, 8 8.01 { 8.01| 8.01| 8.01] 8.01] 7.99
B -6 -5.99 |-6.00 {-6.00 | -6.00 | -6.00}~6.01
Contam. Bo 101 9.99 [10.00}{ 9.99| 9.97 | 9.97|10.10
Normal 5.0 ~B; 8 8.00 | 8.00| 8.00| 8.00| 8.00{ 8.00
B, -6 ~6.00 |-6.00 |-6.00 | -6.00 | -6.00}{-6.01
Contam. Bo 10 9.98 | 9.99{ 9.99 | 10.01 | 10.02|10.13
Normal 5.5 8 8 8.00 | 8.00| 8.00| 8.00| 7.99| 7.97
B, -6 . |-6.00 |-6.00 |-6.00 | -6.00 | —6.00{-6.00
B -10 10.04 {10.05 |10.03 }{ 10.02 | 10.01| 9.89
Laplace 6.0 B, 8 8.00| 8.00| 8.00| 8.00| 8.00| 8.02
B, -6 -6.00 {-6.01 | -6.00 | -6,00 | -6,00{-5.99
Bo 10 10.01 {10.03 [ 10.07 { 10.25 | 10.39{ 9.74
Cauchy - Ba 8 8.00 | 8.00 | 7.97 | 7.98 | 7.97| 8.04
B, -6 -6.00 |-6.00 |-5.98 | -6.01 { -6.02|-6.04




13

29°L)669°0({961°0|0L1°0/£00°0|200°0( TE*TZ|H¥®L 0{S6T'0|€60°0 £00°0|Z00°0BZTT (96°22{16°9(2S"1{0€°0(0Z°0 - Ayonep

Z11°0/0Z0°0(£10°0{970°0| 9T0°0|8T10'0{£21'0|€20'0{0Z0'0|810°0|8T0"0|TZ0"O|EE ZI|86 T |€L T|L6 T|6S T{98°T| 0'9 @aderde]
€91°0/920'0({120°0|LT10°0| #10°0 %100 0910 |£€20°0|BTO0"0 mﬁo.o Z10°0(210°0|G9°€T( ST T |€8°T|6%°T1|LC T |92 1| G'G WION'uO]
L11°'0[€20°0|120°0|6T0°0|BTO0'0|0Z0'0|6€1'0820°0|%20°0{2T0'0(T120°0{TTO00(ZT CT(GH T |ET"T(88" T (%L'T|Z8'T| O0°'G WION°UOY
760'0|070°0}610°0|810'0)810°0|120°0|0TT"0920°0 %20°0|€Z0"0|%20"0 8Z0'0(€C 0T/ ST 2 [€0°C |26 T |S6° 15T 2| G'y WION'UOD
060°0(220°0(020°0 mao.o 0¢0'0|%20"0(T11°0#20°0220°0 HNo.o 220'0)|8¢0°0120°6|96°1 (28" T|9L"1 Wm.H he'Z| O0'y waoN‘uop
0L0°'0|€£20°0|€20°0{%20°0{920°0(¢t0'0|S80*0 |£20°0|€20°0%20°0£70'0}9€0'0|66°9(9€"T |SE*T W% C|0L°T ST €] G'€ WION'uUOD
090°0{¢?0°0|E£C0°0|%20°0|L20°0{9£0°0{9L0°0 {20°0|%Z0°0|SC0°0[6Z0'0|BEO'0 9T L iER"T [ER°TES"T NwLm 9¢'¢| 0°¢ TeuloN
610°0{770"0|ST0°0|0E0: 0| LEO'O|160'0 (8100 |%20°0|8Z0°0 ¢L0°010%0°095070{8S" TS0 Z [ZL ¢ 7L T |LR"E|L1°G] 8'T1 wiozrug
o | 00°C( SL T} OS"1j S¢°T( 00°1% w | 00°C] SL'T] 0G°1] 62°1] 00°T] o {00°Z{GL°T OmuH GZ°1100°1;™3any  *uqisig

- tg 203 d jo sanyep ﬁm 103 d jo sanfep om 103 d jo santep

(6 = ;0 fG7 = U) S3JBWIISY UOTSSIITay [enpPIATPUI dYyT JO saduelaep edrxrdug

Z°T°T 414vl -



14

be noted that the two points with a coordinate value of in-

finity are not shown,)

TABLE 1.1.3
. Generalized Variance of Regression Estimates (n = 25; o® = 9)
P

Distbn.  Kurt] 1.00 {1.25 |1.50] 1.75] 2.00 o

] Uniform 1.8 | 24.55 [8.85 | 4.52| 2.77 1.87 | 0.63
Normal . 3.0 | 8.35 |3.93 |3.64] 2.21| 2.09{ 39.00
Con.Normal 3.5 | 6.08 [3.24 | 2.37| 2.10| =2.20| 77.79
Con.Normal 4.0 2.86 {1.56 1.35 1.48 1.82 | 150.90
Con.Normal 4.5 2.14 {1.31 1.17 1.33 1.73 1193.00
Con.Normal 5.0 | 1.19 |0.93 | 1.10] 1.53| 2.30321.00
Con.Normal 5.5 | 0.31 |0.30 |0.53| 1.07] 2.12|591.00
Laplace - 6. 1.06 {0.63 0.66 0.90 1.36 | 286 .95
Cauchy » | 0.0018/0.005110.40] 416.30| 195000 | 5.8x10""

To obtain the true generalized variances, values in the above
table should be multiplied py__10~fj except for the Cauchy

row where the actual figures are recorded.

Assuming minimum generalized variance.to be a suitable
criterion for choosing p, this fiqure clearly shows that the
"best" p depends on the kurtbsis of the unde%]ying error
' distribution. The longer tailed the distribution (that is,
""the larger the kurtosis) the smaller the "optimal™ p, with

p =1 providing minimum empirical generalized variance when

- the kurtosis is "infinite". Also, the shorter the tail of

the distribution, the larger the "optimal" p, with p = «
being most app?opriate when the errors have a uniform distri-

~bution (lowest kurtosis of all the distributions considered).
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From consideration of Figure 1 it is proposed that the

, functional relationship:

| -2 4 4.1
p = ;; + (1.4.1)

fvhere k is the kurtosis of the error distribution) be used

in practice to determine a suitable p, provided the error

distribution is symmetric. In particular it should be noted

that for the Normal distribution (k 3), (1.4.1) suggests

7 the use of p = 2.

P . Key

X Observed p resulting in
minimum generalized variance

2.00 — p obtained from equation (1.4.1)

1.75]

1.504

1.25

~3 4 5 6 7 kurtosis

Figure 1
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TABLE 1.1.4
Efficiency (based on generalized variance) of
Regression Estimates (n = 25; o? = 9);(x10'?)

| Distbn. ~ Kurt. T00 | 1.25 1.50p T.75 7.00 %
Uniform 1.8 0.026 | 0.071 | 0.140 | 0.227 | 0.337 | 1.000
Normal 3.0 0.250 | 0.532 | 0.792 | 0.946 | 1.000 | 0.054
Con.Normal 3.5 0.345| 0.648 | 0.886 | 1.000 | 0.995 | 0.027
Con.Normal 4.0 0.472| 0.865 | 1.000 | 0.912 | 0.742 | 0.009
Con.Normal 4.5 0.547 | 0.893 | 1.000 | 0.880 | 0.676 | 0.006
Con.Normal 5.0 0.782 | 1.000 | 0.845 | 0.603 | 0.404 | 0.003
Con.Normal 5.5 0.968| 1.000 | 0.566 | 0.280 | 0.142 | 0.001
Laplace 6. 0.594 | 1.000 | 0.955 | 0.700 | 0.463 | 0.002
Cauchy o 1.000| 0.353 | 0.000 | 0.000 | 0.000 | 0.000

In the light of these results it is interesting to observe
how the criterion.suggested by Harter (1977) (that is, k < 2.2
use p = ®; 2.2< k< 3.8 use p=2; k>3.8 use p=1)
- performs in practice. The results presented in Table 1.1.4
indicate immediately that Harter's method provides a substan-
tial improvement over the universal use of least squares (or
any other p for that matter) regardless of the error dis-
tribution.- However, considerable improvemehts—can“st111 be

obtained over Harter's method by using equation (1.4.1). For

. .example,. if the kurtosis is 4.0 then use of Harter's method

(p = 1) ‘results in estimates which are only 47% efficient
‘relative to those obtained using p = 1.50, the closest of the

p's examined to the "optimum" p of 1.56.
!

‘The same type of analysis can be performed on the esti-

mates of the variances of the individual regression coeffici-



18

ents and these results are presented in Table 1.1.,5. Exam-
ination of this table yields conclusions analogous to'those
obtained from consideration of the generalized variance,
namely that equation (1.4.1) provides vastly superior re-
sults to the universal use of p = 2 (or any other value of

p) and a substantial improvement over Harter's method.

1.4.5 Further Simulation Studies

The results presented in Sections 1.4.1 to 1.4.4 above
were obtained using a simulation model with n (the sample

size) = 25, and o? (the variance) = 9.

In order to examine the general validity of the above
results it is obviously necessary to extend the simulation
~study. This has been done and tables analogous to Tables

1.1.1 to-1.1.5 are produced below as follows.

Tables 1.2.1 to 1.2.5 present results for the case where
n remains 25 but o® is 1 (instead of 9) while Tables 1.3.1
to 1.3.5 pfesents similar results for o = 100 (n still
25). Tables 1.4.1 to 1.4.5 and Tables 1.5.1 to 1.5.5 con-

sider the cases where o2 = 9 (as before) but the sample

sizes (n) are 10 and 50 respectively.

Examination of these results reveals that for each of
the cases examined, the results obtained are essentially the
same as those'discussed in Sections 1.4.1 to 1.4.4 above. It
is therefore concluded that the results and conclusions pre-

sented in these Sections (1.4.1 to 1.4.4) are valid for all



.TABLE 1.1.5

irical Variances) of the

1cie

EFF

ncy (based on the Emp
Individual Regression Estimates (n

(x107%)

255 02=9);

Values of p for B)
1.00(1:25{1.50[1.75{2.00

L7

Values of p for B2
1.00§1.25{1.50/1.75]2.00] =

~

Values of p for Bo
1.00{1.25{1.50|1.75|2.00

i

o
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[ o}

.95{1.00/0.95/0.88|0.19{/0.79]{0.95/1.00{0.95{0.86|0.21

B )

0.72/0.87/0.96/1.00{1.00|0.34{0.64|0.85|0.96/1.00|1.00{0.27[0.72|0.88/0.96|1.00|1.00[0.33

0.75{0.96|1.00{0.97{0.90{0.20{0.75|0

0.85/0.98{1.00/0.95{0.85|0.19{0.82{0.96{1.00{0.96/0.88({0.21|{0.86|1.00(1.00/0.95/0.90(0.19

0.96(1.00/0.93]0.82(0.71{0.14|0.95|1.00{0.95{0.88 0.75'0}15 0.90{1.00/0.95/0.86(0.78(0.15
1.00/0.99,0.85/0.69|0.56{0.09{1.00{1.00(0.80{0.67{0.52|0.08{1.00/1.00/0.82!0.67(0.540.10

0.83{1.00{0.99,0.90{0.78{0.13{0.86}1.00{1.00{0.90{0.78(0.14/0.89|1.00{1.00/0.94{0.80(0.14

1.00/0.67(0.13/0.03)0.01|0.00|1.00{0.67{0.02(0.01|0.00{0.00{1.00(0.67(0.01{0.01{0.00 O.QO

Kurt.

Distbn,

!

|

Uniform
Normal

3.5
4.0

4.5
Con.Normal 5.0
Con.Normal

Laplace

Con.Normal
Con.Normal

1

Con.Normal

5.5

v

6.0

Cauchy
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TABLE 1.2.1

Comparison of Average Values

of the Beta

Estimates with True Values (n = 25; o? = 1)
True P
Distn. Kurt. R Value 1.00 1.25 1.50 1.75 2.00 o
Bo 10 10.00 10.00 10.00 10.00 10.01 10.01
Uniform 1.8 81 8 8.00 8.00 8.00 8.00 8.00 8.00
B> -6 -6.00 -6.00 -6.00 -6.00 -~6.00 -6.00
Bo 10 10.00° 9.99 9.99 -9.99 9.99 9.97
Normal 3.0 B1 8 8.00 8.00 8.00 8.00 8.00 8.00
B2 -6 -6.00 -6.00 -6.00 -6.00 -6.00 -6.00
Contam. Bo 10 10.00 9.99 9.98 9.98 9.98 9.95
Normal 3.5 81 8 8.00 8.00 8.00 8.00 8.00 8.01
B> -6 -6.00 -6.00 -6.00 =-6.00 -6.00 -6.00
Contam. Bo 10 10.00 10.02 10.02 10.03 10.03 10.10
Normal 4.0 B1 8 8.00 8.00 8.00 8.00 8.00 7.99
B> -6 -6.00 -6.00 -6.00 -6.00 -6.00 =-6.01
Contam. Bo .10 10.01 10.02  10.03 10.03 10.04 -10.01
Normal 4.5 B1 8 8.00 8.00 8.00 8.00 8.00 8.00
Bo -6 -6.00 -6.00 -6.00 -6.00 -6.00  -6.00
Contam. Bo 10 10.01 10.01 .10.01. 10.01 10.01 -10.04 -
Normal 5.0 B1 8 --8.00 -8.00  8.00- 8.00 8.00 8.00
Bo -6 -6.00 -6.00 -6.00 -6.00 -6.00 -6.00
Contam. - B¢ - 10  10.02 10.02 10.02 10.03 --10.03 ~10:12
Normal 5.5 B1 8 - 8.00—8.00 8.00 8.00 8.00 7.99-
B, -- =6 -6.:00-6.00 -——6.00 =-6.00 —6.00" —-6.00
Bo 10 9.99 9.99 9.99 10.00 10.00 10.08
Laplace 6.0 81 8 8.00 8.00 8.00 8.00 8.00 7,99
Bo -6 -6.00 -6.00 -6.00 -6.00 -6.00 -6.00
Bo 10 9.99 9.99 9.93  9.65 9.37 2.57
. Cauchy <& B 8 8.00 8.00 7.99 7.98 7.98 8.07
’ B -6 - =600 -6.00 -5.987-5.94 -5.95 -5.93
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TABLE 1.2.3

Generalized Variance of Regression Estimates (n = 25; 0% =1)
P
Distbn. Kurt 1.00 1.25 1.50 1.75 2.00 ©
Uniform 1.8 36.0 14.0 7.0 4.4 3.0 0.9
Normal 3.0 10.7 5.1 3.6 3.0 2.9 63.5
Con. Normal 3.5 8.3 4,2 3.2 2.9 3.0 100.8
Con. Normal 4.0 5.3 3.1 2.7 2.8 3.4 237.0
Con. Normal 4.5 3.2 1.9 1.7 2.0 2.6 306.9
Con. Normal 5.0 1.4 1.0 1.2 1.8 2.9 504.9
“Con. Normal 5.5° 0.4 0.4 0.7 1.3 2.5 721.5
Laplace 6.0 1.8 1.3 1.5 s 2.1 3.1 561.4
Cauchy =1 -0 0 1.6x10 2x10' 9x10% 7x10*

*To obtain the true generglized variances, values in the above table
must be multiplied by 10 ', except-for the “Cauchy" row, where the
_actual figures are recorded.

TABLE 1.2.4

Efficiency (based on Generalized Variance). of Regression
Estimates (n = 25; 6% = 1); (x10~2)

p

Distbn. Kurt 1.00 7°1.25 ~ 1.50 ~1.75 ~2.00 & ®
Uniform 1.8 0.03. 0.06 0.13- 0.20. 0.30. 1.00.
Normal 3.0 0.27 ~0.57 0.81 0.97 1.00 0.05
Con.Normal 3.5 0.35 0.69 0.91 1.00 0.97 0.03
Con.Normal 4.0 0.51 0.87° 1.00 - '0.96 "~ 0.79 —0.01
Con.Normal 4.5 0.53 0.89 ---1.00 0.85 0.65 0.01
Con.Normal 5.0 0.71 1.00 0.83 0.56 0.34 0.00°"
Con.Normal ‘5.5 1.00 "1.00 0.57 0.31 0.16 0.00
Laplace 6.0 0.72 1.00 0.87 0.62 0.42 0.00
Cauchy =3 1.00 1.00- 0.00 0.00.-0.00 0.00 -
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TABLE 1.3.1

Comparison of Average Values of the Beta Estimates

with True Values (n = 25; 02 = 100)
True P
Distbn. Kurt. £ Value 1.00 71.25 —1.50 1,75 '2.00--
_ Bo 10 10.27 10.14 10.16 10.16 10.17 10.07
Uniform 1.8 B1 8 8.00 8.02 8.01 8.01 8.00 7.99
B, -6 -6.02 -6.01 -6.01 -6.01 -6.00 -5.99
Bo 10 10.49 10.39 10.36 10.33 10.32 " 10.74
Normal 3.0 B1- 8 7.97 7.96 7.98 7.98 7.99 7.97
B -6 -6.04 =-6.03 -6.04 =-6.03 -6.04 —-6.09
Contam. By ' 10 9.48 9.45 9.49 9,52 9,51 9.23
Normal 3.5 B, 8 8.03 8.03 8.03 8.03 8.03 8.09
B, -6 -5.95 -5.96 -5.96 ~5.97 -5.97 -6.00
Contam. Bo 10 9.84 9.82 9.81 9.79 9.77 9.53
Normal 4.0 B1 8 8.02 8.02 8.01 8.01 8.01 7.99
B, -6 -6.00 -6.00 -6.00 -5.99 -5.99° -5.90
Contam. Bo 10 9.95 10.03 10.02 10.00 9.98 9.43
Normal 4.5 B, ‘8 8.01 ° 8.00 8.00 8.00 8.00 8.06
Bs -6 -6.03 -6.03 -6.02 -6.02 -6.02 -6.00
Contam. Bo 10 10.24 10.21 10.20 10.19 10.19 9.85
Normal 5.0 By 8 7.97 7.98 7.98 7.98 7.98 8.01
By -6 -6.03 -6.03 -6.03 =-6.03 -6.03 -6.00
Contam. Bo 10 10.10 10.12 10.13 "10.13 °10.12 9.60
Normal 5.5 B1 8 8.02 8.02 8.02 8.02 8.02 8.07
B, - -6 =-6.02 =6.03 -6.03 -6.04 =6.04 ---6.05
Bo 10 9.91 9.88 9.90 9.89 9.86 9.67
Laplace 6.0 B, 8 8.0 8.02 8.02 8.02 8.02 7.97
B -6 -6.00 -6.01 -6.02 -6.02 -6.03 —-6.02
' Bo 10 10.01 9.97 8.03 =-2.21 -18.95 -148.0
Cauchy =i B1 8 8.00 8.01 8.19 -9.16 10.67 9.24
B -6 -6.00 -6.01 -5.97 -5.96 =-5.99 -4.66
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TABLE 1.3.3

Generalized Variance of Regression
Estimates (n = 25; o? = 100)

P

- .Distbn. Kurt.- 1.00- 1.25 --1.50 1.75 2.00- ©°
Uniform 1.8 4.173 1.498 0.759 0.452 0.298 0.072
Normal 3.0 1.178 0.581 0.393 0.324 0.303 5.81
Con.Normal 3.5 0.726 0.385 0.294 0.275 0.287 11.20
Con.Normal 4.0 0.433 0.226 0.182 0.186 0.219 20.73
Con.Normal 4.5 0.277 0.170.0.174 0.217 0.296 28.56
Con.Normal 5.0 0.137 0.105 0.128 0.187 0.297 39.91
Con.Normal 5.5 0.057 0.058 0.097 0.187 0.358 79.29
.Laplace 6.0 0.145 0.094 0.100 0.140 0.227 69.10

" Cauchy = 0.0003 0.0019 8.909 = o ©

To obtain the true generalized variances, values in
the above table must be multiplied by 1072, except
for the "Cauchy" row, where the actual figures are
recorded.

TABLE 1.3.4
Efficiency (based on Generalized Variance) of
Regression Estimates (n = 25; ¢2 = 100); (x10~2)

P
Distbn. Kurt. 1.00 -1.25 “1.50 1.75 2.00 .
-Uniform 1.8 . 0.02_0.05" 0.09-0.16 —0.24 - 1.00 -
Normal 3.0 0.26 0.52 0.77 0.94 1.00 0.05
Con.Normal 3.5 0.38 0.71 0.94 1.00 0.96 0.02
Con.Normal _ 4.0 0.42 0.81 1.00 0.98 0.83 0.01
Con.Normal 4.5 0.61 1.00 0.98 0.78 0.57 0.01
Con.Normal - 5.0 0.77 1.00 0.82 0.56 0.35 0.00
- Con.Normal - 5.5 1.00 0.98 .0.59 0.30 0.16 0.00
Laplace 6.0 0.65 1.00 0.94 0.67 0.41 0.00
Cauchy = 1.00 0.16 0.00 0.00 0.00 0.00
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TABLE 1.4.1

Comparison of Average Values of the }23eta Estimates
with True Values (n = 10; 0° = 9)

True P

Distbn. Kurt. B Value 1.00 1.25 1.50 1.75 2.00 ©
Bo 10 9.88 9.96 9.97 9.97 9.97 9.95
Uniform 1.8 B 8 8.01 8.00 8.00 8.01 8.01 8.01
B, -6 -6.00 -6.01 -6.01 -6.01 -6.01 -6.01
Bo 10 10.16 10.14 10.12 10.11 10.10 10.10
Normal 3.0 B, 8 8.02 8.02 8.02 8.02 8.02 8.02
B, -6 —-6.03 -6.02 -6.02 =-6.02 —6.02 =6.02
Contam. Bo 10 10.00 10.02 9.99 9.96 9.96 9.95
Normal 3.5 B, 8 8.00 8.00 8.00 8.00 8.00 7.99
B, -6 '=-5.99 -5.99 =-5.99 -5.99 -5.,99 -5.98
' Contam. Bo 10 9.98 9.94 9.92 9,91 9.91 9.82
Normal 4.0 B 8 8.0l 8.00 8.00 8.00 8.00 7.99
g, -6 =-5.99 -5.99 -5.99 -5.99 -5.99 -5.,98
Contam. Bo 10 9.94 9.92 9.92 9.91 9.90 9.78
‘Normal 4.5 B 8 8.00 8.00 8.00 8.00 8.00 8.01
B, -6 -5.99 -5.99 -5.99 -5.99 -5.99 -5.98
Contam. By 10 9.95 9.97 9.98 9.98 9.98 9.99
Normal 5.0 B 8 8.01 8.00 8.00 8.00  8.00 7.99
B, -6 -6.00 -6.00 -6.00 =-6.00 -6.00 -6.01
Contam. By 10 9.98 9.98 9.95 9.92 9.89 9.80
Normal 5.5 B 8 7.99 7.99 7.99 8.00 -8.00 -8.01
B, -6 -5.99 -5.99 -5.99 -5.99 -5,98 "-=5.98
. By, 10 9.93 9.94 9.94 9.95 9.96 10.03
Laplace 6.0 B 8 8.02 8.01 8.01 8.01 8.01 8.00
B, -6 =-6.01 -6.01 -6.01 -6.01 -6.01 -6.01
"B, 10 10.04 9.78 8.33 7.89 5.51 19.21
Cauchy = B 8 8.00 7.86 7.25  6.73 . 6.64 - 4.96
B, =6 —6.00 -5.90 -5.39 =-4.92 -4.55 -4.05
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TABLE 1.4.3*

Generalized Variance of Regression

""" IR C ‘Estimates (n = 10: G6° ='9)
a P
Distbn. ~ Kurt. 1.00 1.25 1.50 1.75 2.00 oo
- Uniform — 1.8 1.453 0.626-0.372-0.268 ~ 0.215 0.278
Normal 3.0 0.807 0.411 0.303 0.270 0.266 1.463
Con.Normal 3.5 0.644 0.327 0.240 0.212 0.211 1.229
Con.Normal 4.0 0.479 0.253 0.213 0.221 0.249 1.999
Con.Normal 4.5 0.323 ‘0.201 0.185 0.200 0.233 2.185
Con.Normal 5.0 0.328 0.203 0.184 0.206 0.249 2.470
Con.Normal 5.5 0.184 0.122 0.131 0.170 0.232 3.454
Laplace 6.0 0.184 0.130 0.136 0.168 0.220 2.753
- Cauchy & 0.000029 1.564 9864 w w

*To obtain the true generalized variances, values in the above table
. should be multiplied by 1072, except for the "Cauchy" row, where the
actual figures are recorded.

TABLE 1.4.4
Efficiency (based on Generalized Variance) of
Regression Estimates (n = 10; o2 = 9); (x10~2)
p
Distbn, Kurt. 1.00 1.25 1.50 1.75 2.00 -
Uniform- 1.8 0.15 0.34 0.58 -0.80 1.00 0.77
Normal 3.0 0.33 0.65 0.88 0.99 1.00 0.18
Con.Normal 3.5 0.33 0.65 0.88 1.00 1.00 0.17
Con.Normal 4.0 0.44 0.84 1.00 0.96 0.86 0.11
Con.Normal 4.5- 0.57 0.92 1.00 0.93 0.79 0.08
Con.Normal 5.0 0.56 0.91 1.00 0.89 0.74 0.07
Con.Normal 5.5 0.66 1.00 0.93 0.72 0.53 0.04
Laplace 6.0 ~ 0.71 1.00 0.9 0.77 0.59 0.05
Cauchy f~% 1.00 0.00 0.00 0.00 0.00 0.00
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TABLE 1.5.1

Comparison of Average Values of the Beta Estimates with

True Values (n = 50; 0% = 9)
True P )

‘Distbn. Kurt. B Value 1.00 1.25 1.50 1.75 2.00 o
Bo 10  10.02 10.03 10.03 10.02 10.02 10.00
Uniform 1.8 B, 8 7.99 7.99 7.99 7.99 7.99  8.00
B2 -6  -5.99 -5.99 -5.99 -5.99 -6.00 ~6.00
: By - 10 9.88 9.88 9.89 9.98 9.90 10.07
Normal 3.0 B 8 8.00 8.00 8.00 8.00 8.00 7.99
B -6. =5.99 -5.99 -5.99 -5.99 -5.99 —6.00
Contam. By 10 9.99 10.01 10.02 10.04 10.05 10.04
Normal 3.5 B, 8 7.99 8.00 8.00 8.00 8.00 . 8.00
B, -6  -6.00 -6.00 -6.00 -6.00 =6.00 —6.00
Contam. Bo 10 9.90 9.93 9.94 9.95 9.96  9.89
Normal 4.0 B, 8 8.01 8.00 8.00 8.00 8.00 8.03
B, -6  -5.99 -5.99 -6.00 -6.00 -6.00 -6.01
Contam. Bo 10 9.98 9.96 9.95 9.94 9.93 9,92
Normal 4.5 B, 8 8.00 8.00 8.00 8.00 8.00 8.0l
B, - -6 —6.00.-5.99. -5.99 -5.99 -5.99 —6.00
- Contam. Bo 10  10.02 10.01 10.00 9.99 -9.98 ° 9.85
Normal 5.0 B, 8 8.00 8.00 8.00 8.00 8.00 8.00
B, -6  -6.00 =-6.00 -6.00 -6.00 ~6.00 -5.97
Contam. Bo 10 9.97 9.98 9.97 9.98 9.98 10.09
““Normal 5.5 B 8 8.00 - 8.00 - 8.00 " 8.00 8.00 7.98
"By -6 -6.00 =-6.00 =6.00 —6.00 =5.99 ~ —6.00
B 10 9.99 10.01 10.00 10.01 10.01 10.08
.~ laplace 6.0 B, 8 8.01 8.01 8.01 8.01 8.01. 8.02
: . By -6  -6.00 =-6.00 “=6.00 -6.00 -6.00 —6.01
By 10  10.00 13.61 18.13 90.54 257.3 2272.8
Cauchy §=%, B, 8 8.00 7.81 7.37 2.08 -9.23  7.95
B, -6 -6.00 -6.24 -6.21 -8.39 -14.08 -6.02
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TABLE 1.5.3%

Generalized Variance of Regression
Estimates (n = 50;.0? = 9)

b
Distbn. =~ 'Kurt. '1.00 . 1.25 1.50 1.75 2.00 =~ o
Uniform 1.8 5.630 1.877 0.838 0.446 0.272 0.025

~ Normal 3.0 1.305 0.625 0.428 0.348 0.322 31.83
Con.Norm. 3.5 0.836 0.419 0.324 0.306 0.328 75.21
Con.Norm. 4.0 0.448 0.279 0.247 0.265 0.321 136.17
Con.Norm. 4.5 0.322 0.218 0.220 0.269 0.368 220.40
- ComvNorm. 5.0 ~-- 0.137- 0.106 0.131-0.203—0.343 - 299.38
‘Con.Norm. 5.5 0.028 0.034 0.064 0.145 0.325 443.29
. Laplace 6.0 0.121e 0.096 0.119 0.183 0.316 511.29

- Cauchy (=5 1x100 0.0235 0.966 37491 o

=
iy

#To obtain the true generalised va jances, values in the above
table should be multiplied by 10~ except for the '"Cauchy”
row, where the actual figures are recorded.

TABLE 1.5.4

Efficiency..(based. on.Generalized Variance)

of Regression Estimates (n = 50; o2-= 9); (x1072)~
p
Distbn. Kurt. 1.00 1.25 1.50 1.75 2.00 o
Uniform 1.8 0.00 0.01 0.03 0.06 0.09 1.00
Normal ... 3.0. 0.25..0.52 _.0.75...0.93 .1.00 0.01
Con.Norm. 3.5 "0.37 " 0.73 0.94  1.00° 0.9377°0.00
Con.Norm. 4.0 0.55 0.89 1.00 0.93 0.77 0.00
Con.Norm. 4.5 0.68 1.00 0.99 0.81 0.59 0.00
Con.Norm. 5.0 0.77 1.00 0.81 0.52 0.31 0.00
‘ConTNorm. 5.5 1.00 0.82 - *0.4% 0.19 0.09 0.00
Laplace - 6.0 0.79 1.00 0.81 0.52 0.30 0.00
Cauchy - (Y  1.00 0.00 0.00 0.00 0.00 0.00




35

00°0

00°0

00°0 00°0 00°0 00°0 00°T 00*0 00°0 00°0 00°0 00°0 00°T 00°0 00*0 00*0 00°0 001 mw &yone)

90°0 £9°0 08°0 68°0 00°T 08°0 90°0 £9'0 €8°0 00T 00°T 00°T SO0 €9°0 LL°0 16°0 00°1 #6°0 0'9 aoerdel
0°0 9%°0 09°0 98°0 00°T 00°T %0°0 €7°0 §5°0 SL*0 00°T 00'T ¥0°0 T¥'0 §5*0 €£°0 06°0 00°T G*G ‘WION'uo)
Nﬂ.o 69°0 78°0 06°0 00'T 00°T LO0'0 69°0 780 06°0 00°T 780 LO'0 wo.o ow.o 26°0 00°T 760 0'G ‘WIOoN'uo)
T1°0 £8°0 €6°0 00°T 00°T €60 OT*0 $8°0 00°T 00°T 00°T $8°0 OT°0 18°0 1670 66°0 0p'T 88°0 G'H °WION‘uo)
Z1°0 870 2670 00°T 2670 6£°0 #1°0 00°T1 00°T 00°T 00°T 18°p €1°0 #6°0 66°0 00°T $6°0 180 0'# ‘wioN'uo)
G1°0 €6°0 00°T mm.omhw.o 89°0 8T1°0 00°T 00T 00°T €6°0 quo 91°0 96°0 00°1 66'0 ﬂ@.m ZL°0 G*¢ ‘WION‘uod
€2°0 00°T 00°T 00°T 88°0 OL*0 7Z°0 00°T €6°0 L8°0 970 790 770 00°1 L6°0 06°0 64°0 19°0 0°¢_  TewIoN
00°T 8€*0 €€°0 82'0 €70 9170 00°T 8€°0 €€°0 92°0 0Z'0 71°0 00°T S%*0 8€'0 T€°0 NW.QHNH.O g'1 wiogTup
w 00°C 6L°T 06°T1 SZ'T1 00°T e« 00°T SL°'T1 06°1 Sz°1 om.H = 00'Z ST 06T WN.HMoo.H *3amy  "uq3IsIg

g g . 0g -
: (- 0Tx) ‘(6 = ,0 {05 = u)

S$93PWT}ST UOTSSOIHIY HMS@ﬂ>w@cH @

Y3z 3o (ssou

§°G°T d18VL

!

eTIRA Teotatdug @y} uo paseq) AOUSTOTIIH



36

sample sizes and variances considered.

To examine the effect of the sample size on the relative
efficiency (based on generalized variance) of the least squares
estimates (relative to the generalized variance of the opti-

‘mum p) Table 1.1.6 below was constructed.

TABLE 1.1.6
Relative Efficiency (based on Generalized
Variance) ®f Least Squares (x 107%)

Distbn. Kurtosis 10 '22 50

Uniform . 1.8 1.00 0.34 0.09
Norma 3.0 1.00 | 1.00 | 1.00
Con.Normal 3.5 1.00 1.00 0.93
Con.Normal 4.0 0.86 0.74 0.77
Con.Normal - 4.5 0.79 0.68 0.59
Con.Normal- 5.0 0.74. 0.40 | 0.31
Con.Normal 5. 0.53 0.14 0.09
Laplace 6.0 0.59 0.46 0.30

Examinatfonvof the above table shows that for all distribu-
tions_.considered,the relative efficiency of .the .least--squares
estimates is greater for n = 10 than for n = 50. It is
clear that as the sample size increases least squares becomes
~—progressively less efficient if the error“distribution is
non-normal. It appears therefore that the larger the sample

size, the more critical is the choice of p.
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1.4,6 Empirical Distributijon of the Lp— Estimate
for the Regression Model

Tables 1.1.7 and 1.1.8 give estimates of skewness and
kurtosis for the regression coefficients for the study with
sample size n = 25 and o% = 9. It is seen that, apart
from the case of Fhe Cauchy, the skewness and kurtosis esti-
mates dd not exh;bit excessive deviations from nofma]ity.

In fact, of the class of distributions (excluding the Cauchy)
'.studied;the p =« estimator for the uniform distribution
haé the largest deviations in skewness and kurtosis from
those associated with normality. AsAthis estimator. is the
" maximum likelihood estimator for the regression model with
~disturbances following a uniform distfibution,the estimator
is asymptotically normal, but clearly an assumption of nor- -
mality in the finite sample sizes studied .is unreasonable.
However,-it is worth-noting-that the existence of‘norma1ity'
(asymptotica$1y)f ~is often extended to the finite case al-
though ip practite the costs of such an assumption are pro-

bably small.

The Lp—-estimétors for other distributions do not appear
| tbfexhibitmsignifﬁcant,deviation from normality and if one is
to make the assumption of normality in the case p =2 for:
these distributioné,it is quite tenab]e; on the basis of these
results, to extend this assumption to other values of p. For

the case of the Cauchy, it is clear that if one were to use a

value of p which was close to optimal for that distribution

\b an aésumption of normality would be reasonable.
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In conclusion, this study suggests that if one were to
usé a p close to that which is thima} for the distribu-
'tion (something which appears possible using formula 1.4.1
with sample kurtosis substituted for population kurtosis))an
assumption that the estimates of the B vector in the re-
gression model are normally distributed is not unreasonable.
In addition, thejéssumption of normality for the estimate of
the B wvector in OLS is no more reasonable than an assump-
fion of normality for the Lp— estimates with p ~calculated

from formula 1.4.1.

1.5 CONCLUSIONS

The empirical results of the simulation study suggest
~the following main conclusions. Firstly, the Lp— estimates
of the coefficients in the regression model are unbiased for
-all p > 1 {(when the error distribution is symmetric).

Secondly, a suitable p <can be chosen by using the formula:

-~ The advantage -of such a formula is that it will preclude any
ambiguity in the choice of the Lp—-norm. Thirdly, the choice
of a suitable p becomes more important as the sample size

increases.

Finally it is noted that no large deviation from norma-
lity is evident in the regression estimates when a suitable
p is chosen (except for the extreme case of the Cauchy

distribdtion).
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CHAPTER 2

Lp— NORM ESTIMATION AND THE CHOICE
OF p : A PRACTICAL APPROACH

2.1 INTRODUCTION

In practical applications it is unlikely that .the true
kurtosis of the error distribution will be known. 1In
this chapter a similar simulation to the one above is under-
-taken except that a sample estimate of kurtosis-is used as a
'pr0xy for fheAtrue kurtosis. If the experimental data con-.
tains outlier points,then the sample kurtoéis will be large
and hence use of,thg,bnpposedwequatipn,(l.A,l)hwj]l result
in a low value of P, causing less weight to be given to
these outlier observations. In Chapter 1 it was suggested
that in the case of symmethic error distributions p be
selected'according to the functional fe]ationship:

p = 2 4

k2
(where k dis the kurtosis of the error distribution).

In general, of course, the kurtosis of the error distri-
bution is unknown and must be estimated from the data. Harter
(1977) has proposed that an OLS regression be performed on the
sample data and that the residuals from this regression be

used to qstimate the kurtosis of the error distribution.
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In this chapter it is suggested that the true 'kurtosis
can be reptaced-in-the-above formula by-a sample-—-estimate
based on an ordinary least squarésfitIhe value of p ob-
tained ¢an then be used to determine the Lp- estimates of
the regression coefficients. This procedure is compared to
OLS and Harter;s adaptive procedure. Alternatives to the
suggestfon of us{ng OLS to obtain éstimatés of the residuals
-are also considered. . On. the _basis of a simulation.study. a

final proposal is made for the case where no prior inform-

ation is available on the distribution of the errors.

2.2 DESIGN OF THE SIMULATION STUDY

A simulation study was performed to examine whether use
of-a sample estimatevqf the true kurtosis, rather .than the
theoretical kurtosis, results -in_similar comparative ad- -
‘vantages-over -OLS (where-the sample-estimate-of -the -kurtosis

is calculated from the residuals of an initial OLS regression).

The simulation model examined is of the-form:
Yi = Bo + Bixys + BaXy. + es, 0= 1,2,...,n

and had similar specifications to that used in Chapter 1 with
three sample sizes (n) being chosen as 10,25 and 50. - As
before 500 iterations were performed for each of the distri-
butions examined. A new set of values for the independent
variables was used in this study, randomly selected on the
closed interval [0,10] and as with Chapter 1 a set with

|9X1,X2+ < 0.01 was chosen for each sample size. The errors
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were drawn from the same set of distributions used in Chapter
1 with the popu1ation-variance-being3set at-9,0, These dis-
tributions were all symmetric and were chosen so as to cover
a fairly wide range of kurtosis. For details of the proper-
ties of the distributions considered the reader is referred

to Chapter 1.

A problem was encountered in the simulation for the

Cauchy distribution,where 1 or 2 data sets for each sample

J
size did not yield feasible results (estimates of g1 or B,
gréater than 50% from true paraméter va]ue))thereby tending
to swamp any qomparisons between the different methbds.
-.This was overcome by transforming the set of uniformly dis-
tributed numbers-on- {0,1] —used -to generate -this distribu-
‘tion to a set uniformly distributed on [0.00T, 0.999].

" This distribution is denoted’by'CauchyT:

For each iteration an OLS regression was performed. An
~estimate of .the kurtosis of the residuals from this regression

was then calculated-as: -

*
b2=3+—|sl+—b

k3

<

- where k2 and ks are unbiased esfimates of the second and
_fourth cumulants-respectively (Kendall and Stuart Vol. II

(1966)). Using b2 asan-estimate of the kurtosis --(k -say)

p was calculated as:

|

* See Apbendix A
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D= 2 + 1 (2.1)
(k)?
The various L_- estimates of Bo, B1 and B2 were then ob-

P _
tained using the method described by Fletcher and Powell (1963)

which is part of the IBM Scientific Subroutine Package (1968) .

2.3 EXPERIMENTAL RESULTS
2.3.7° Comparison with Ordinary Least Squares

The results are summarised in Tables 2.1, 2.2 and 2.3
for the -three different sample sizes used. (As in Chapter 1
the value of the empirical generalized variance of the re-
éression coefficients is used as a yard-stick for comparison

purposes.)

TABLE ~ 2.1* (sample size n = 10)

Distribution| Kurtosis| Generalized Generalized | Efficiency of
variance of variance of | OLS relative to
OLS estimates Lﬁ-estimates Lp-estimates
Uniform -- 1.8 3.92 3.88 99
Normal 3.0° 4 .43 , 5.30 120
Con.Normal 3.5 4 84 5.25 108
__|Con.Normal 4.0 4 .89 5.45- 1T
Con.Normal 4.5 4 34 4 .31 99 -
Con.Normal 5.0 4 .92 5.06 103
Con.Normal 5.5 3.99 3.78 95
Laplace 6.0 '5.06 4 .73 - 93
Cauchy ' - 7.75 8.23x10™° 0

*To obtain the actual estimates of the generalized variances,



values in the above tab]e:shou1d.be.mu1tiplied by

_except for the "Cauchy" .row where the actual figures are re-

corded.
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TABLE 2.2* (Sample size n = 25)

Distribution| Kurtosis| Generalized Generalized | Efficiency of

variance of variance of | OLS relative to

OLS estimates Eﬁ estimates Lﬁ estimates
Uniform 1.8 4.61 2.50 54
Normal 3.0 4.38 4.73 108
Con.Normal 3.5 4 32 4 .82 112
Con.Normal 4.0 3.74 3.86 103
Con.Normal 4.5 4 .15 3.62 87
Con.Normal .0 4 .50 2.88 64
Con.Normal 5.5 4 .45 1.91 43
Laplace . 6.0. _ 4 .67 2.90. 62
Cauchy' - 2.2x107" 7.8x1077 0

*To obtain the actual estimates of the generalized variances,

values in the above table should be multiplied by

y

107,

"~ except fdr the "Cauchy" row where the actual figures are

recorded -
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TABLE 2.3* (Sample size n = 50)

Distribution | Kurtosis| Generalized Generalized | Efficiency of
variance of variance of | OLS relative to
OLS estimatgs Lp estimates Lp estimates
Uniform 1.8 6.99 1.99 28
Norma 3.0 7.7 7.72 108
Con.Norma1 3.5 .| 6.83 6.61 97
- |con.Normal 4.0 7.16 6 .56 92
Con.Normal 4.5 6.31 4.79 76
Con.Normal 5.0 8.06 3.01 37
Con.Normal 5.5 7.79 1.72 22
Laplace .0 7.02 2.73 A 39
Cauchy’ - 6.49x1072 4.00x10™° 0

*To obtain the actual estimates of the generalized variances,
-5

values of the above table should be multiplied by - 10 ~, ex-

cept for the -"Cauchy" row where the actual figures are recorded; -

It becomes apparent from examination of these tables that
the advantages of the Lp—-estimation procedure proposed be-
comes more pronounced as one increases sample size from 10 to

50. For the nine distributions examined, the OLS estimates

" -are superior (in terms of generalized variance) in four cases

when n = 1Q, three cases when n = 25 and only one case

when n = 50. Across the sample sizes considered it is seen
that the efficiency of the Lp~ estimates relative to the OLS
estimate is at worst 83%. On the other hand, the efficiency
of the OLS estimates relative to the Lp— estimates is often

much lower, the magnitude of this decrease in efficiency in-

creasing“ with sample size. The efficiencies for sample
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sizes of 10, 25 and 50 are, for example, 99%, 54% and 28%
for the Uniform and 93%, 62% and 39% for the Laplace distri-
butions. For the distributions and sample sizes considered

it can, therefore, be argued that the Lp-estimation method

is superjor to the OLS method (at least in terms of the gener-

alized variance) and that this superiority increases with

sample size.

2.3.2 Comparison with Harter's method

It is also.of _interest to contrast.the practical. .per-
‘formance of the general Lp method proposed in this paper
with that of Harter's adaptive procedure (using the sample
kurtosis). Harter (1977) has.shggested that the p be se-

lected as a function-of kurtosis according to the scheme:

p =1 ; k> 3.8,
p=23 2.2<k<3.8,
p = ; k< 2.2

The results .of a simulation study using the same model and -

- sample -sizes as before‘a.arerreSented in Tables 2.4, 2.5 __

and 2.6.
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TABLE 2.4* (sample size n = 10)

Distribution| Kurtosis| Generalized | Generalized | Efficiency of
Variance of | Variance of | Harter's esti-
Harter's L_estimates| mates relative to
estimate P the_Lp_estimates
Uniform 1.8 5.92 3.88 66
Norma1l 3.0 7.04 - 5.30 75
“{Con:Normal - | 3.5 7.75 5.25 68
Con.Normal 4.0 6.63 5.45 82
1Con .Normal 4.5 5.46 4.31 , 79
Con.Normal 5.0 6.10 5.06 83
Con.Normal 5.5 4.53 3.78 83
Laplace 6.0 6.19 4.73 76
Cauchy’ - | 7.9x107 | 8.23x107° 1140

*To obtain the actual estimates -of -the generalized variances,
- values in the-above table should be:mulxip1iedfby,»10’3
-except_for--the "Cauchy" row where -the-actual figures are re-

“corded.
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. TABLE . 2,5* (sample size  n = 25)

Distribution| Kurtosis| Generalized| Generalized | Efficiency of
variance of | variance of -| Harter's esti-
Harter's L_ estimates| mates relative to
-estimate. P A.the.Lp.estimates
Uniform 1.8 3.32 2.50 75
Norma 3.0 | 7.55 4.73 63
Con.Normal 3.5 6.27 - 4 .82 77
Con.Normal 4.0 5.52 3.86 70
Con.Normal 4.5 4 .95 3.62 73
‘Con.Normal 5.0 3.34 2.88 86
| Con.Normal . 5.5 1.87 - 1.91 102 -
Laplace 6.0 3.42 2.90 85
Cauchy’ - 4.9x10”7 7.8x7077 ~ 159 -

*To-obtain-the-actual-estimates of the .generalized variances-
- values-dn-the-above .tables shouldbeEmuliip]Jedkby::lo_ﬁ,«f
-except for_the_ "Cauchy" row where the actual_figures are.
recorded. o

TABLE 2.6*':Ksamp1e size- n = 50) -

{Distribution |Kurtosis |Generalized: Generalized . Effféienqy>6f
= . variance-of }variance—of- |Harter's—-esti-
- o - {Harteris——= }L - estimates—jmates-relative=to|==:"
- estimate - P. théilb;e§timates;;;,f
Uniform--= | G167 ¢ 1.8 | .99 = T 5
" INormal ~3.0 -1 9.79 ° 7.72 79
Con.Normal 3.5 8.28 6.61 j 80
~ Jcon.Normal | 4.0 8.69 6.56 : 75
Con.Normal 4.5 6.26 4.79 77 .
Con.Normal 5.0 3.18 3.01 95
Con.Normal 5.5 1.43 1.72 120
Laplace 6.0 3.27 2.73 83
Cauchy - ]3.00x107°  |4.00x107% 133




. values in the above table should be multiplied by 10

50

" *To obtain. the actual estimates of the generalized variances,
-5
- expect for the "Cauchy" row where the actual figures are

recorded.

The Lp——estimates are seen to be superior to the esti-

mates using Harter's method except in the following cases:

(a) the Cauchy distribution, for all sample sizes. The Cauchy
is however rather an extreme case and not of considerab]e

interest.

(b) The Uniform distribution when n = 50. This result may
imply that a larger p should be used for distributions with

kurtosis smaller than that of the normal when n 1is large.

‘In both (a) and (b) it is worth noting that the differ-

-ence-in efficiency between -the ;gp%vestjmaies;eﬁd'Hafter's

“~estimates.-is -small when compared with the -efficiency of the

OLS estimates.

‘(c),The contaminated normal (kurtosis 5.5) when n is 25

- and 50.

- The=difference in-efficiency- when-—mn -isf25:ﬁmdﬁfates-ne-
practical-difference between the-methods. —Whéﬂ<~n-.isé50?the~w
difference is presumably related in some way to the special
characteristics of this specific distributiqn and not tail

stretch as Lp outperforms Harter in the case of the Laplace

’ . i
distribution and the Contaminated Normal (kurtosis 5.0) for

each sample size.
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Thus, for the distributions considered, it can be argued
that apart from the Cauchy, .the Lp—-estimation method yields
on average superior estimates to those of Harter's method, as

regards the generalized variance of the regression estimates.

2.4 THE PROBLEM OF THE ESTIMATION OF>THE ERROR DISTRIBUTION

The method for estimating the regression coefficients
as described above hinges on the calculation of the kurtosis
of the error distribution; the proﬁedure adopted being that
due to HarterA(1977) where an OLS regression is performed
initially and the kurtosis of the residuals used as 'a proxy

for -the ‘kurtosis of -the error distribution.

Application_of OLS for estimation of the regression co-

.efficients can result-in poor -estimates of the regression co-

) { po—y

efficients should "outliers" or "inliers"-be present.in the
dependent variable. The chances of obtaining such "outliers"
or-"inliers" in a finite sample from symmetrical distribu-
tions wifh tails longer or shorter than those of the-normal-

~ _are high; _and_application.of OLS. criterion in these cases .
wilt yield -estimates with -high mean square:error i{(MSE):-com= -
pared with therestimatorsawith minimum MSEL . In such cases:zthe—
appropriateness of the residuals from the oLS fitted. line is

. .1in doubt.

Essentially then,the problem is a circular one. Good
(MSE.criterion) B's yield good residuals but if one needs

. n .
the residuals to .get the B!s what does one do without any
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prior information? If one knew for example, that on the average
one's data would be normally distributed one could then use

OLS to get one's initial residual set and if one knew it would
be leptokurtic then one could use L;--regression to get one's

initial residuals.

Given no prior information, it makes sense to use a
criterion which is identical to that used for the g's to
obtain the residuals, i.e. select a p using the kurtosis
of the residuals obtained from an Lp—-regression with p
estimated from some'ihitial set of residuals using the same
p selection criterion throughout. One immediately has the
problem of how to calculate these initial residuals but it is
hypothesized that this 2 step procedure will be insensitive
to the calculation of the estimates -of the initial residuals.
Harter,in comments on Hogg (1974), has already stated that
there is some justification for assuming that the final esti-
mate will not be unduly influenced by the estimation proce-
dure for the residuals on which the choice of p is based,
when a one step procedure is used. The applicability of this
statement will, of course, depend on the criterion for the
choice of p and is probab]y truer in the case of the Harter
criterion than in the case of the p proposed in Chapter 1.
It was therefore considered of value to investigate this
problem, and to use the Lp- procedure adopted in Section 2.2
to obtain estimates using residuals from three distinct

initial fits,viz:
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(i) an OLS fit,
(ii) an Li-fit,
(iii) an Lp..fit where p is obtained from the Kurtosis of

a prior OLS fit using formula (2.1)

A simulation study was performed with identical specifi-

cations to those -of Section 2.2 As in that study, the value
of the empirical generalized variance--of the regression co-
efficients is used as a yardstick for comparison purposes.

The results are summarized in the following three tables.

10)

TABLE 2.7* (sample size n =
Distribution| Kurtosis| Generalized | Generalized | Generalized
variance of | variance of | variance of
Lﬁ-estimates Lﬁ'estimates Lﬁ-estimates
under (4) under.(4i) - | under (iii)
Uniform==. 1.8- -.3.88— 6.72 4.3 ..
Normal 3.0 5.30 6.12 5.87
Con.Normal 3.5 5.25 5.82 5.75
Con .Normal 4.0 5.45 5.16 5.92
Con.Normal 4.5 4.31 3.88 4 .54
Con.Normat_.] - 5.0 5.06 . 3.82 5.48 =
Con.Normal 5.5 3.78 2.49 3.96
Laplace=.. 6.0 ] ~4.73 -23.87 - 503 "
Ncauchy! - |8723x107°% | 3.56x10"" | 8.44x10"7

*To obtain the actual estimates of the generalized variance,

values in the above table must be md]tip]ied by 1077, ex-

cept in the "Cauchy" row where the actual figures are

recorded .,
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*To obtain the actual estimates of the generaljzed variance,
~values “in the above table must be multiplied by 107° ex-

‘cept in the "Cauchy" row where the actual figures are recorded.

One ndtices that the results using the Lﬁ_ estimation
procedures under the conditions (i) and (ii) (henceforth
known as Lp (i) and Lp(ii)) bear some relation to the pro-
perties of the straight-forward L,- and L; -estimates.. Li
and’ Lp(ii) perform better with leptokurtic distributions and
L, and Lp(i) do better with near-normal distributions.

L (iii) gives much better results than L (ii) for near-

P P
normal distribution with sample sizes 25 and 50 and: js not
much worse (in terms of efficiency) in the cases when Lpﬁi)

performs best.

- For the. case of a sample size of 10, Lp(i) performs
-best fordistributions—with-kurtosis—equal to-or—less than
3.5 and Lp(ii) "best for higher kurtosis distributions. If
one excludes the case of the Cauchy then a maximin criterion
-wou ld suggest_the use of. Lp(i). However,-its»performance
may. be-considered so bad in the case_of the Cauchy that
~Llj.(iii__)_.,rnayweven.of.fer..the most._acceptable alternative. . In—-.

CTTSUMMary- it 4s noted -that the applicability -of the various -
alternative methods considered does depend to some extent on
sample size. In terms of a maximin relative efficiency cri-
terion Lp(iii) would be considered superior for sample sizes
of 25 and 50.. For the case of a sample sizeAequa1 to 10 a

clear cut choice is more difficult but again the use of

Lp(iii) presents no serious disadvantages.
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2.5 CONCLUSTONS

In the first section of thiséhaptm' it was found that a

suitable p <could be chosen using the formula

where ﬁ was an estimate of the kurtosis of the error dis-
tribution. Based on the empirical generalized variance of
the estimates, the results obtained using this formula were-
found to be generally superiér to those which used either
ordinary least squares or Harter's adaptive procedure. The
procedure giving rise to the most appfopriate sét of resi-
duals from which E is estimated was then considered. On
the basis of this study it wés proposed that an initial OLS
~fit to obtain a set of residuals, fq]]owedAby an L _—fit fo

P

- obtain.a furthér-set-of-residuals,._and-finaldy-another Lpf
‘thEtOtobtain:the:coefficients;wou]dfgiyeiihE%beSi—perfnrm—
ance, at least .in terms of a maximin efficiency criterion.
When there is no prior information about the distribution of
the errors ft is therefore believed that the above method will

“provide good.regression.estimates-for -a wide variety of un--

knownzerror distributions=-
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CHAPTER 3

PERFORMANCE OF A GENERALIZED ALGORITHM

FOR Lp-NORM REGRESSION ESTIMATES

B

3.1 INTRODUCTION

In Chapter 2 a method was suggested whereby p s
selected as a function of the sample estimate of the kurtosis
of the residuals ffom some initial fit. Among the methods
which have been proposed to obtain these Lp regreésion fits
are those due to Fletcher and Powell (1963) and a one dimen-

.sional solution by Sposito, Kennedy .and Gentle (1977) based

...on an extension of Schlossmacher (1973).

In this chapter the algorithm of Sposito, Kennedy and
‘Gentle is extended to the ~m - dimensional case and a compari-
son is made between the method (hence known as WLS (weighted
least squares)) and that of Fletcher and Powell (hence known

as -FP) .

3.2 -THE:PROBLEM --

The algorithm is designed to obtain estimates for the B

parameters in the model:
v =g et e | (3.2.1)

for some m and some error distribution e. This involves
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minimizing the Lp-norm.
1]

_en m-1y, - P | 3.2.2
= Lisalyi - 1j-o®%45] (3.2.2)

for n observations on y and the x's and for some p.

2 1is the ordinary least squares case.

The case p

For values of p =1 and p = « exact linear programming

solutions for the bj may be found.

In the field of research into robust regression, values
of p not equal to those above have been shown to be import-

ant; in particular 1 < p < 3,

The algorithm of Sposito et al considers minimizing:

where the ‘Ri ~arethe residuals and - wi are weighting
factors. C]earlytif:the*mwi are put equal—to1,0_theleast .

squares solution is obtained.

Using the iterative process of Schlossmacher:

I(k+1) = F0 1 (R(k+1).)2.
(ke1) = 30, R T R
If = = |R(K)5 - REk#1) 5 =0 ~for~i = 1,...,n -

then 1(g+1) ~ T IR(Kk1) 1P )

~

and the scheme has converged yielding B8's which minimize
3.2.2 to some predetermined level of accuracy. The suggestion
of Schlossmacher regarding observations close (i.e. less than

some predetermined error barameter) to the fitted line has
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been implemented viz, that these are deleted but may be re-

“introduced if the residual increases at a.later stage.

3.3 CONTROL RETURNS

Control is returned to the main program if

(i) the scheme converges (the Sposito el al convergence

criterion was used)

(ii) the norm increases from one iteration to the next.
(Note that the suggestion of Porter and Winstanley
(1979) has been implemented which tests for two

successive .increases in the norm when observations

have been-deleted)before control is returned.)
(iii) The number of iterations exceeds 50.

(iv)=The correlation-matrix—-of -the—x's - -is singular:-

3.4 COMPARISON BETWEEN WLS AND FP

In order to compare these two methods a simulation study

"was conducted. The regression model examined was of the form:

yid:' BO + BIX.I{A:"_ BZX-Z«-_iA—'i'. e]- ) . ]' = .I,.,-..,n (3.4.])
and had the following specificatidns:

(i) 3 sample sizes were considered; n = 10; 25 and 50.

(ii) Bos By and B, were selected to be 10.0; 8.0 and

-6.0 respectively.

(iii) The values of x1 and x2 were chosen randomly from



(vii)

3.5

(1)

(i)

(iii)
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a uniform distribution on the range (0; 10) and X

and X, were uncorrelated ([pxlle < 0,01).

e, were randomly drawn from a N(O; 9) distribution.

A range of p was used from p = 1.0 through

p=3.0 with interval 0.2.

For each sample size 100 data sets were generated using
3.4.1(the x's being fixed in each iteration) and WLS

and FP estimates computed for each data set and each p.

‘For. the case p = 1.0 "exact'estimates were obtained

using the method of Barrodale and Young (1S€6).

RESULTS OF THE STuDY

It was found that WLS=and FP used approximatedy the - -
same CPU time. -WLS tended to use more {15% on average)
for- p close-to 1.0 and 3.0 and FP more {20% on aver-

age) for p <close to 2.0.

The storage-required by FP was about double that-re---

quired by WLS.

Performance when ~p = 1.0

FP was- found not to be viable as an estimation procedure
when p = 1.0 as approximately 15% of cases for all-

sample sizes did not converge to feasible results (esti-
mates of B1 or B2 greater than 80% from true para-
meter value). The results fdr the WLS were more satis-

factory. 1 out of 100 estimates in the cases N = 10



and N = 25 not converging to feasible results (same
criterion as abovej and 2 out of 100 for N = 50 not
yielding feasible results. When these particular cases
were omitted for the WLS estimations the following re-

sults were obtained.‘

Bo B1 B2

N =10
Average absolute 1,351 0,471 0,319
% error
Worst absolute __ 15,427 3,702 1,891
% error :
N = 25
Average absolute 2,421 0,519 0,544
% error
Worst absolute 16,111 3,450 4,785
% error

—N =-50
Average absolute 1,073 0,188 0,177
% error .
Worst absolute 4,700 0,723 0,878
% error '

3.6~ -COMPARATIVE PERFORMANCE FOR—1 < p < 3,0

For the cases p = 1.2 to h = 3.0 no exact results
were available for comparison. The WLS and FP methods gave
the same estimates (to 4 decimal places) for each iteration
of each samp]e for p in the range 1.4 to 2.6. 1In the case
p is 1.2 ah average of 12% (across sample size) of the WLS

/
coefficient sets did not equal the FP coefficient sets but in
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each case the difference between the two was less than 1%.
No—evidence-was-available which~suggested»that~eithenfofuthe~-
two methods ‘was more reliable for p = 1.2 but based on‘the
superior WLS results for the case p = ].0 it is rational

to conjecture_that WLS is best for p = 1.2. For the case

p = 2.8 approximately 22% of WLS coefficient sets did not
equal the FP est{mates. In each of these cases WLS terminated
due-to an .increase.in the norm and simply yie]ded‘the'OLS
estimates, indicating that the WLS algorithm did not manage

. to move away from the-initial (OLS) estimate, the norm in-
treasing,(by:mofe,than‘EPS)“atwthe second'iteration: - Note
-that even though WLS did, on some occasions terminate in this
"way for p.= 1.0 and p = 1.2 (but not for 1.4 < p < 2.6)
jt-never yielded—-OLS estihateS'in these-cases. For-_-p =.3.0
"WLS yielded -OLS estimates—for-each -iteration—of—each-sample-.
~sjze {in-the way-explained above). For values of p = 2.8
and...p = 3.0 _FP did not_exhibit lack of convergence in . any .
of the cases examinéd,,the values of the Beta coefficients .
,obtaiﬁea“moving consistently in the same direction as p

moyedifrﬁm:4.Ofihpoughxiofthe—abeye_valueST:

3.7 CONCEUSIONST-

This.chapter suggests in the first place that WLS is a
useful algorithm for Lp-norm regression fits in the range
1.0 <p< 2-?. However as it offers no dramatic time or
storage advantages over the exact solution in the case

p = 1.d jt is suggested that it is only used for
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SAMPLE DATA SET (N = 10) WITH WLS ~AND
FP COEFFICIENT ESTIMATES "~ FOR VARIQUS P

X1 X2 Y
9,5879 8,0301 39,1870
1,9237 . 5,3014 -0,9137
5,7588 N 2,1639 41,3892
2,6606 " 9,8429 -30,1510

10,0000 1,2005 83,2386
5,2518 10,0000 - -10,3460
6,3277 7,9704 9,8553
0,0000 4,5362 -17,2696
9,0393 2,3101 71,1160
0,2391 0,0000 12,8679

(Y simulated from.model
e, N(O0,0; 9,0)
where Bo-=-10,0, B1 = 8,0, B> = -6,0)-

p Bo ' B1 . B2
1,0 FP 10,9537 8,0561 -6,1442
~WLS 10,9582 7,9875 -6,3252
*"Egact" 10,9581 7,9874 -6,3252
1,2 FP _ 1150115 .. 7,9988._.. .-6,3322
WLS - 11507115 7.,9988_ -6,3322 .
1,4 FP— - 11;1724 - 8,0168~ ~-6,3287
- WES .. 114517-24—  -85;0168- .. -6,3287
1.6 FP 11,3114 8,0168 -6,3215
WLS 11,3114 8,0168 -6,32156
1,8 FP 11,4706 8,0050 -6,3159
WLS 11,4706 8,0050 ~-6,3159

*'"Exact" values for p = 1.0 were computed using the algorithm
due to Barrodale and Young (1966) - see Appendix C.



2,0

2,2

2,4

2,6

2,8

3,0

FP
WLS

FP
WLS

FP

WLS

FP

WLS

FP
WLS

FP
WLS

* OLS estimates

Bo

»7480

11
11,7480

12,0134

12,0134

12,2382
12,2382

12,4228

12,4228

12,5737
11.7480

12,6978
11,7480
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B1

7,9745
7,9745

7,9427
7,9427

7,9133
7,9133

7,8869
7,8869

7,8630
7,9745

7,8416
7,9745

B2

-6,3120
-6,3120

-6,3089
-6,3089

-6,3052
-6,3052

-6,3006
~-6,3006

-6,2953
-6,3120*

-6,2896
-6,3120%



WEIGHTED LEAST SQUARES PROGRAM (1)

SUEROUTINE WLS(Z,B,0RJ,F,NVE,N, IFAULT,R,SD, RATE,NFO,IT)
DOUBLE PRECISION ASCII FORTRAN

EXTENSION OF SFOSITO,V.A. GENTLE,J.E. & KENNEDY,W.J.(1%77)
ALGORITHH AS110

LP-NORM FIT OF A STRAIGHT LIRE. AFFL.STATIST. 26 114-118
DINENSIONED TO HANDLE UF TO 10 X-S :

OMmOOOCeoa™

IMPLICIT REAL#8(A-H,0-Z)
REAL#8 Z(N,11),20(10,10),XC(10,10),YC(10,1),R(1)
REAL#8 V(3),JC(10),B(10,1),VHEAN(10),IMROU(10) ,A(10)

DEFINITIONS OF VARIABLES
N = SAMFLE SIZE
P = F IN LF-NORMW
Z = AUGMENTED MATRIX (X,Y) OF OBSERVATIONS
I1C = AUGMENTED MOMENT MATRIX
XC = X MOMENT MATRIX
YC = YX MOMENT VECTOR
Sb = LFP-NORM
R = VECTOR OF RESIDUALS
RATE = RATE OF CHANGE OF MNORM AT TIME OF CONTROL RETURN
IT = NUMBER OF ITERATIDNS
NFO = NUMBER OF FOINTS OMITTED
IFAULT ] CONVERGENCE
1 NORM INCREASED
1 MAXIMUM ITERATIONS EXCEEDED
] XC NON -SINGULAR

o on

g oou

Gl = O

INITIALIZATION OF PARAMETERS

COOOOOODOO0O0O00000eCa000

--DATA-EPS/1.00-6/ ;HAXIT/S0/
V(1)=3
IFAULT=0
EFS2=2,%EFS
SD=0.
§04=-10.
Wp=p-2,

D0 1 I=1,N
1 R(I)=1.
: 00 11 IT=1,MAXIT
© NPO=0 -

c INITIALIZATION OF ARRAYS

SUMUT=0.
D0 13 I=1,NVE
UHEAN(1)=0.
00 13 J=1,NVE
13 ZL(J,1)=0.
I ol .



Temeoo0o 0t

15

BRI

18
.14

WEIGHTED LEAST SQUARES PROGRAM

COMPUTE MATRIX OF SUMS OF SOUARES AND CROSS-FROIUCTS
USING HERRAMAN ALGORITHM

SEE HERRAMAN,C.(1968) ALGORITHM AS12

SUMS OF SBUARES & CROSS FRODUCTS

APPL. STATIST. 17,289-292

00 14 NN=1,N

D0 15 I=1,NVE

DMROW(T) =Z (NN, T)

ABSRI=ARS (R(NN)) . ;

IF (ABSRI.LE.EFS) GOTO 18

WEIGHT=ABSRI#:+UP -

SUMWT=SUMWT + WEIGHT

DIV=UEIGHT/SUNWT

D0 16 I=1,NVE

DMROW (I )=DMROW (I ) ~UMEAN(T)
- DI=DMROWCT) '

0o 17 J=1,1

DIJ=DI+0MROW(J ) #WE IGHT

ZC(1, )=2C(1,)+DIJ-DIJ+DIV

1C(J4,1)=2C(1,d)

CONTINUE
CUMEANCT ) =VMEAN (1 Y+DI+DIV

CONTINUE

GOTO 14

NFO=NPO+1

CONTINUE

. . .NVE1=NVE-1

]
t

b

DEOOO00ON -

B x

21

)
13

a

- IB 2 1=1,NVE1

YCT,1)=2C (1, NVE)
102 J=1,NVET
~XCHT,=2C(T, )

COMPUTE REGRESSION COEFFICIENTS

UNIVAC HAfHPQCH DOUBLE -FRECISION MATRIX INVERSION ROUTINE.
(ANY SUITABLE ROUTINE #AY BE USED (NOTE XC DESTROYED HERE))

CALL DBJRIXC,10,10,NVE1;NVET,$98,4C,\)

~ CALL DHULT(XC,YC,E,NVE1,NVE1,1,10,10,1)

SXM=0.
Do 21 J=1,NVE1
SXM=5XM+E(J, 1) *UMEAN (J)
© D0 22 I=1,N
R(I)=0.
T D0 22 J=1,NVEY
R(I=R(1)4Z(1, N ¢R{J,1)
B(NVE, 1) =UMEAN(NVE ) -SXM

(ii)



WEIGHTED LEAST SQUARES PROGRAM

. c CALCULATE RESIDUALS AND TEST CONVERGENCE
C
' SO2=0.
I1SW=0
Do 4 I=1,N

RES=Z(I,NVE)-B(NVE,1)-R(I)

AESRI=ABS (RES)

IF (ARS (ABSRI-ARS(R(I))).GT.EPS2) ISUW=1
SD2=SI2+ABSRI#4F

R{I)=RES

. 4 CONTINUE

RATE=ABS(SL2-5D ) /SU2
" IFC(ISW.EQ.O) GOTOD 99
IFCIT.EQ.1) GOTO S e

c
C TEST FOR INCREASE IN NORM
c
C - SEE FORTER,M.A. & WINSTANLEY,D.J.(1979) AS K29 ON AS110
C. APPL. STATIST.,28,112-113
c .
 8D3=SL2-SU
IF(NPO.EQ.0)GOTO 41 ,
. IF(SD3.GT.EFS.AND.SD4.GT.EFS)GOTO 7
SD4=S013 )
GOTO 5
A1 IF(SD3.GT.EPS)GOTO 7
. 804=-10.
c
5 SD=5D2

“.. B0 51 J=1,NVE
51— AD=B(J,1)
11"7> CONTINUE

4,-2-43?AIEEB-TOvCONUERGE IN MAXIMUM ITERATIONS
£ i"IFAULT:zi*.
- GOTO 99
g‘-*NORN?INCREASED;"RESTORE BETAS AND R, THEN STOF
qu: IFAULT=1

D071 J=1,NVE:
717 - BUI; =AM
' 00 81=I=1 N -
CR(IY=0.
. DO 81 J=1,NVE1—
81~ R(I=R(IIHZ(I,)*#E(J,1)

. p0 8 I=1,N
8 - R(I)=I(I,NVE)-B(NVE,1)-R(I}
‘ GOT0 99
C 4
C - XC NON-SINGULAR
c . o 3
98 IFAULT=3
Cc . ‘
99 RETURN

END

(i11)
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WEIGHTED LEAST SQUARES PROGRAM " (iv)

SUBROUTINE DMULT(A,E,C,N,K,M, IHAX, JHAX ,KMAX) -
ASCII FORTRAN DOUELE FRECISION

REAL+8 ACIMAX,JHAX) B (JMAX ,KMAX) ,C(IMAX,KHAX)

MULTIFLIES BATRIX A BY MATRIX B TO YIELDN HATRIX C

D0 1 J=1,M

oo 1 I=1,N

C(I,d)=0.

00 1 KK=1,K
C(I,d)=C (I, 0+ACI, KK)#B(KK, J)
RETURN

"END
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CHAPTER 4

L-ESTIMATION IN THE REGRESSION CASE:

4.1 INTRODUCTION

As was discussed in Part II of this thesis, L-estimation
has two possible applications in the context of location para-
meter estimation. The first is the possibility of relating
L-estimators to L _— estimators as one.approach to deter-

P
mining distributional properties of L _— estimators. This

p
‘appeared possible for the location parameter case because,
in the first place, the distribution of L - estimators was
at least algebrajcally feasible in finite samples and re-
‘,M1afﬁVeiyiﬁxraight‘forward—fof‘the4asymptotic case and3=in-
the. second place, one;ﬁay”construct L-estimators which are
useful approximations to L_—estimators. The second reason -

A P N
for studying L-estimators was the more obvious one of its use .

jhés;églgégijoﬁvparametenxeétimator:ﬁﬂ:its;own right=
The=application-of-L-estimation -to-the regression model-"
is® however--less—=straightforward-as awill-become+rclear below =
A tentative scheme is proposed on the basis of theoretical
work done for the uniform distribution. Due to the difficult
theoretical problems involved in extending L-estimation to
the regressién situation, the scheme is incomplete as far as

practical applications are concerned. The theoretical re-
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sults below indicate, however, that further work done in

this area could be rewarding.

4.2 OPTIMAL L-ESTIMATION FOR THE ESTIMATION OF THE
LOCATION PARAMETER

Lloyd (1952) has shown that by considering a random

sample X1, X25...,X from a known distribution (which

n
depends on scale and location parameters aTone)‘as an

ordered sampTe X(1)’ X(z),...,X(n), then generalized least
squares applied to this dependent ordered sample yields an
estimate of location which is at least as efficient as the
'Gauss—Markoy BLUE. estimator applied to the unordered sample.
.EquaJitym#ﬂJfffieﬁency»wi]ﬂ—be obtained-when—-the row-totals-
of the covariance matrix of the ordered sample are all equal.

In general this will. not be the case; +two .cases-for which

it is-true-are-the normal-and exponential distributions.

_ As an example of his methodology L]oyd-ekamines the
case of the uniform:distribution.... (The-treatment-for.other -
~distributions ris.-cexactly-sthe—=same.)
"The one dimensional model.which.LToyd_ examines is _thus-
x = 18 + e
where x is an nxl vector of the form

X1
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e is a vector of independently distributed error terms
with :
E(e) = 0

0?1

E(ee')
and each component of e has a uniform distribution. ©
‘represents the location parameter. Transformation to an

ordered (vector form) yields:
Y=16 +u

where

#

and.__u the _vector of ordered-disturbance terms.

uu') = o2V--(V_ known, positive definite).

As-discussed.-in Part 1, genera]ized Jleast. squares

applied to the ordered sample yields

6 = (1vT')TTVTY)

the-best--l-inear (in.theordered-sample)-unbidsed-estimator

“ - of B.

4.2.1- Efficiency of ordinary least squares in relation
to Lloyd's estimator

The most general measure of the efficiency of the OLS

”~

estimator, say eOLS’ in relation to another estimator, say

6*s is the ratio of the determinants of the covariance
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matrices:
|Cov 8*]
|Cov &

OLSI

For this particular case this expression equals:

(4.2.1.1)

LToyd has shown .that for the particular.case of the.uniform -
distribution the inverse of V may be written as:

(2 -1 0 0 ... 0 0

_ y-l _ (n+1)(n+2)
@ =V = "P{hl 1.2 <1 .0 ....0 0

f(4:2.1;1)fcan-thUSrbetwritten;as :

am .

_ é6n
T (n+1)(n+2)

-For=Z:n =:2 :thezestimators-are-:-the_ssamezand-therefore. ..
. the_efficiency_of OLS is equal to-+.0.— However-for--n > 2
. _‘the-efficiency-of OLS-is Tess—-than:1.0 and-decreases=as—-n -

increases.

4.3 EXTENSION OF LLOYD'S METHOD TO THE REGRESSION CASE
(OPTIMAL,L-REGRESSION)

In‘'the location parameter estimation case, there is a
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1-1 relationship between the ranked vectors Y and u. If
one is to attempt to extend these procedures.to the regres-
sion situation, one iskfaced with the problem that no such
relationship holds between the vectors Y and u. Since
the ranking of the true error vector will always be unknown
one is faced with the problem of establishing this ranking
in some way. Th%é prob]em will be dealt with below; 1in
fact it is not unlike the circular problem of estimating the
kurtosis of the residuals in Lp-norm regression (Chapter 2

above), where the residuals are a function of p, with p

itself_being .a function of the kurtosis of these residuals.

4.3.1 The efficiency of OLS for the regression case

To motivate this study the efficiency of such a method, .
~ if--the:true ranking of the error_vector was known, will.be
~established for -theuniform—distribution for which -an_explij- -
cit form for - @ (theinverse-of -the covariance matrix of the-
ranked sample) has been derived (see above). Sarhan (1954) -

»hasda1so-dér+ved~¢he?exp4icit form—of ~Q - for the exponential

‘distribution but this-case:-wild not=be-dealt-with because the

exponential Ts .asymmetric. Sarhan also treats—the—case of -
fhe%iapﬂace but, although _he -evalduates - for smatl-values

of n, he gives no explicit formulation of @ as a function
of n and one may assume that there is a problem of alge-

braic tractability.
{

Before the efficiency of OLS vis-a-vis the proposed es-

timator is established we need the following theorem. The
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theorem draws from the ideas of Watson (1967) who was tack-

‘1ing a similar problem, that of establishing a lower bound

for the efficiency of OLS in the case where the disturbances

- are autocorrelated.

if the

"Theorem 4.1 The uppenr and Lowenr bounds of the expression

X'X

XTOXT? where X 4s an nxk wmatnix of rank k and

Q 4Ls an nxn posditive definite matrix, anre given by

XiXz. .. %, Xpohot-Ap_1h,

nespectively, whene AL ; A=1,...,n anre the nanked (smalt -

est to Langest) edgenvalues of 9.

" Prood* In onden to prove this theonem the notion of the

hzh compound 0§ an arbitrary matrix, A say, 4is Aintroduced.

1§ A L8 an mxn maitrnix then the pth ‘compound 05‘ A,

denoted by ARl whene ke <m and k < n 4s Zhe (Q)X(Z>

- matnix -of -all possible kxk--minons of A arnanged An Lexi-

)

. cographical-ondes- - CLearly A 2 x and.

| FAL [A] ~4if - m=n.
.IZ;Can'be-5hown;{Macauﬁﬁae’45946?ﬂ'ihai~:
(AB)(h) - (A)(h)B(k)

pth compounds anre defined.

*Professor D Nel '(UOVS) has remarked that an alternative proof
provided by Khatri, C.G. (1978) can be modified to obtain the
.above result. o :
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-1
AX'X) "1, where o =V Y
lo?(x 'x) ™|
_o XX
XX
and by our theorem,
1 < X 'X < - 1
}\nAn']...)\n‘ﬂk‘f] - X QX - }\1}\2...}\k

4.3.2 Attainment:of the bounds for: the-maximum.and -.

minimum efficiency of OLS

Considering our ratio of.determinants

we :det:=Q -be :orthogonadswsuch.<that=.. .

Q'9Q =" A _{diagonal-matrix.of -eicenvalues--of Q)

CLetting—L = Q'X: "X
X=QL.;_

x|l s
s TR TUALE T

- The upperzbound:wi 1 be :attained-when -

L=(1"0.0 ...0]"
0;1 0 ...0J 7]
0“0 1 ‘
1{< kth position
(0 0 0 ... O]
onxk -

(assume the elements of the diagonal of A are ranked -
smallest to largest).
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connection, ".,,.., when a data set involves a shift or a
biaé; it £5fnot.at.aﬂﬂﬂcﬂean.whethenAthat-bLaA.AhOuﬂd.bg

" changed against the penformance of any ebtimaton;' To do 40
implies that the estimaton should be able to see beyond the

data to the 'true' value of the physical quantity ......

A second problem relates to that of compariné different
estimators of sets of data with vastly differing variability,
necessarily giving rise to sets of estimates with widely
differing variances. Stigler uses a "robust" measure of var-
jability for the jth data set (sj) - the average of the ab-
solute deviations of the set of estimates obtained for that
data set. His relative error is then calculated as the
absolute deviation of the estimate divided by this measure
of spread. Small absolute errors may thus be associated with

large relative errors.

Given constraints imposed by the data at hand, it
appears, however, that the method of comparison adopted gives
an adequate portrayal of the relative performance of the es-

timators examined for a specific real life situation.

3.1.5.2 Results for the previously proposed Lp—estimators

This method of comparison (with the reservations out-
lined above) was thus appIied when evaluating the Lp-
estimators (3.1.3) as members of the class of robust estima-
tors. The same values for the mean absolute deviation of

the estimates for each data set were used; as Stigler says
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4.3.4 Practical implementation of optimal
L-regression

As was pointed out earlier there is a real problem re-
gardihg the ranking of the y to correspond with the true
ranked disturbance term even if one knew the form of the @
matrix. Two possible schemes are suggested for the practical

implementation of L-regression:

(i) Initially perform an OLS (or L,;) fit and rank the
y's in the order of the residuals from this fit and
then perform an L-regression. In fact some sort of
iterative scheme could probably be used after the
initial fit with successive L-regressions being per-

formed until a B 14s obtained for which the residuals.

are ranked.

(ii) Perform L-regressions for all possible permutations-of
y and select the -8 for which the residuais are

ranked (if one exists).

It was stressed before that no explicit form-of an Q
matrix has been-derived. for-any symmetric-distribution with
kurtosis larger than-3.0. If one could be derived for the
Laplace, for example, this method would lend itself well to
an adaptive scheme.  For example; perform-an initial OLS
(or L) .fit - if the kurtosis of the residuals is below say
2.0 use the above uniform adjustment, if above say 4.0 use

the Laplace adjustment, otherwise stick to OLS.

Such a study would of course demand a large simulation
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for a range of distributions before any definite views can
~be taken on its practical app]icabi]ity. The theoretical
results seem encouraging but the establishment of © matri-
ces for distributions other than the uniform appears to be
algebraically difficult.

-

4.4 EXTENSION OF L-ESTIMATION TO THE REGRESSION CASE
USING THE METHOD OF PERCENTILE FLANES

-

An alternative extension of L-estimation to the re-.
gression_case of Hogg 4J979))out]ined,jn Part I)is proposed
- here. Hogg has remarked that percentile planes defined by
certain M-estimators represent regression estimators whfch

‘are-analogous- to straightforward percentile L-estimators -
h
)

in the location parameter case. One obtains the (100pt

. ..percentile plane by using the p function:

-{(1-p)x, X < 0

o (x)
= Px s x>0 .

Denoting~ the= Bg--vector ?epresentﬁngfthevestﬁmate;of_the100plm*:

~

- - “percentile plane by — B it is suggested "that a simple ex--

p*
- tension—of -the method of L-estimation with-some--adaptive
-weight distribution-—could -be-used-=for--the-regression-situation.-

The estimator, BL' say, would then be in the form of:
BL - Xp_—_] wp_s_.p
The wp could be determined in a manner similar to the
' {

adaptive scheme.of Part II where the weights are determined

from a beta function in a way determined by the kurtosis of
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the sample. The same problem - found in Chapter 2, namely

finding the kurtosis of the residuals is,encountered and pro-

)

'posed solutions to the problems for Lp-estimation, such as
using the residuals from an initial robust L, -fit, could

be implemented here.

CONCLUSION TO PART TIII

The robust methods for the esfimation 6f the location
parameter are more obvious and straightforward to implement
than those for the estimation of B  in the regression
model. In addition, for the regression case, one hés to
. consider a number of problems, such as multicollinearity,

and model specificafion, which dd not relate to the existence
of wild=points—im the ‘error.vector: --For-examplei; -the.greater---
.wproponiian ofAthe-workrdone,in:$hi3“§é&¢ionw%bbszhéiiorm=@f__
‘simu1ation studies and conclusions drawn from these studies

are limited by the constraints necessarily imposed on these
~studﬁeS“Suchfa3<the:2 dimeméﬁnnaﬂtregresséﬁn,modeﬂﬁﬁonsidered* -

‘ J
and the particular sample sizes=studied. -

It is, however, hoped that the work done in this area
. awrepnesentsih—eontribd%%en—%nwa“thalieng¢ﬂg—ﬂreamﬂfTtheoret1=~

cal and methodological research.
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SUMMING UP AND THE DIRECTION
OF FUTURE RESEARCH

The simuTated results for the various procedures proposed
for the estimation of 6, the location parameter, indicate
that these procedures merit serious consideration in this field
of robust estimation. The results for the estimation of g
in the regression model are also good but the number of alter-
native estimators considered in the comparative studies was
rather limited. The evaluation of the usefulness of robust
procedures in the regression case is, however, more time con-
suming and one has to make a number of restrictive assumptions
(such as the number of independent variables in the model)
which are not necessary to make in the case of location para-
meter estimation. The bulk of one's research effort in such d
.field is thus often directed to the case of location parameter
estimation. One direction of future research is thus to under-
take a much more extensijve comparative simulation study for
the regression model similar to that_undertaken for the loca-

tion parameter in section 1.5, Part II.

As discussed above, alternative measures of tail stretch
(other than kurtosis) have been proposed in the literature e.g.
Hogg's Q-statistic. The inclusion of such alternatives in the
simulation studies alongside kurtosis would certainly make the
research more complete. However the results as they stood

were so encouraging that it was thought unncessary to
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investigate alternative measures of tail stretch until other
seemingly more important areas of research had been given
attention. Quite clearly, though, it is an important area for

future research.

Fina]]y}a‘point which has been stressed before. Namely,
that although the problem of obtaining the exact distribu-
tional properties of the Lp-norm estimator of the location
parameter may well be intractable, the work of Part Il implies
that approximation by L-estimators is a feasible approach and
worth pursuing. However .as stated above, since the proposed
L-estimator performs as well as the Lp-estimator for the-
‘location case and since so much more is known about the dis-
tributional properties of L-estimators, it may well-be a-
better idea to direct one's attention towards L-estimators-to

the ‘exclusion-of Lb-estimation for the location case.- ~

No obvious*para]iel'to LE-estimation exists ‘for-the re-
gression_case and the problem of deriving the distributional
properties of the Lp—estimateS'of the B vector cannot be
approximated in the same way as for the location case:. More-
over, the distributional properties of the,Lp—estimateS'of B8
may well increase in complexity as theﬂdimension-of the model
increases.- This -area-of research is certainly. a very

challenging one.
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APPENDTIX A

A NOTE ON THE MEASUREMENT
OF -SKEWNESS AND KURTOSIS

For some random variable X with cumulative distri-

bution function F(X) we define in the normal way:

My = E(X-E())T

- (@) [ros men ]|

where Mx(t) = E(eXt)

~
|

t =0

u,. is known as the rth population moment about the mean and
K. as the rth cumulant.
Define . B, .= Hi =3 4 K4 o ‘ C (AL
T (k)7
VB = Ei? = _53_! (A.2)
P27 (k2)?

8>~ and VBi are known as the._coefficients of .skewness_and

-~ kurtosis respectively. _

The two estimators of skewness and kurtosis used

'throughout this thesis are:

b, = 3 + Ko (A.3)
K3
/BT = Koy (A.4)
ko2 .

th \ _ctatistic and k. is an

where kr is known as the r r

unbiased estimator of Ky



More explicitly:

kz-’--(—n—r_]-l—)—mz

2

ks = TEmTyReEy ™

= Tyt (mm - 3(ns1)ng)
(Xi‘Y)r

where m. = )i —F—

r

Thus the numerator terms in formulas (A.3) and (A.4) (ks

and k3) are unbiased estimators of k, and k3 but this is

not true of the denominator terms since

E(k2) # «2

2

3 3
E(kz2) # ka2

An unbiased estimator of K;[(k;)z = %i}(kg-%%>]

can~bé‘de913ed~bu{w~ku- and—k> —(k*)? are- only-independent—

if X has a normal distribution. In that case:

(k)27 E(k5)?

- so both are unbiased and there is no clear advantage in

E( ks N _ _E(ks) _ 5; -0

~and- -

using k¥ . In general however ku and kz are not inde-

pendent and b, will not be an unbiased estimator of B,.

Common alternative estimators for B8, and VB: are

the ratios of sample moments



(mz)?

Results are tiven

and--

_ms_
(m2)2

-~respectively

(A-:5)

below of a study for-which the

average MSE of the 2 estimators of kurtosis cited above was

calculated for a range of distributions and sample sizes.

500 samples of size 10, 30, 50 were simulated and the kurtosis

“using the two formulas calculated for each sample along with

the mean square error of this estimate.

AVERAGE ESTIMATED KURTOSIS
bold face ‘
italics
True_kurtosis Sample Size
10 30 [~ 50

Uniform. 1.8 0.302-| 0.073 0.038
- _ 09777 70,1037 0.047
“INormal-—- 3.0 0.830_ 0-.682—-§ -—0=357 ..
1544 4 --0.940- | - 0.413

Con.Normal 3.5 1.574 1.093 0.713

- 2.242 1.320 0.806

Con.Normal 4.0 2.341 1.372 1.035
. 2.746. | --12525 1.096-

Con.Normal 4.5 3.545 1.900 1.344

' A : 3,421 - 2.337 = 1.467

Con.Normal-|- 5.0 4.720 | 2.380 | 1.6712

4.786. 2.611. 1.746

{Con.Normal 5.5 5813 1 -3.025° | 2.214

. 5.621 3.384 2.434

Laplace 6.0 10.012 6.247 5.674

' 7.549 6.359 6.049

‘The table indicates that over

an estimator of kurtosis

(A.

5).

¥

the distributions studied, as

(A.3) has clear cut advantages over
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APPENDTIXKX B

This appendix describes the S;-Sp system of distribution
porposed by Johnson (1949) and follows the preamble to the
article of Hill, Hill and Holder (1976).

Johnson (1949) has described a system of fregquency

“curves which-cover all feasible.combination of skewness ((81)%)
and kurtosis (Bz). The system is broken into three important
.types viz. SB (or bpunded system), SU» (or unbounded system)

and S (or lognormal system). The regions of '(B:1,B2) which

L
give rise to these systems are shown -in-the figure below.-:

Note that attainable distributions comprise those with the re-

striction B2 > B1 + 1.

FIGURE B.1

0 1 2 3 B

For any (Bi1,B2) combination the parameters of the
system may be set so as to generate distributionswith any

mean and variance.



The distributions are generated using the following

~transformations:

1) Sp -z =Y+ 6/n((x;§)/(g+A:x))jgn§~x < E X, -
2) Syt z =y + § sinh™  ((x-£)/2A ©(B.1)
3) SL z = y'+ 8 zn(x-g))g < X,

where 2z dis a standardized normal variable in each case.

The parameters vy,8, X and & are then derived by
matching the first four moments of x with the desired dis-

tribution moments in the way outlined below.

Hill et al also included the case of the so called
St distribution, the case of the Sp curve on the
B2 = By .+ 1 boundary."'(in the section of this thesis that
"utiJiseﬁihiSfsystemtoﬁ;disiributions—the.conditione
Ba> By -+ 2w1wasT~however,—adhened:to;somthe%faminrof'~ST
distributions was never used.)

Numerical Method (Hill et -al)

As Fis-illustrated in Eigwne'B;F;fhei~SL!gcunMes 1iéf0n_

a-"Tine <in*the ~(B1,B2) --plane. .- .
Letting w = exp(8~?)

the B, value for the S, curve is found by solving
Br1 = (w-1)(wt2)?

for w, and ;hen evaluating

B, = w' + 2w? + 3w?Z -3.



If the required value of g, 1is less than this calculated
value then an SB curve is appropriate, if greater than this

calculated value an SU _curve s appropriate..__

1) SL curves:

Using the w value calculated above the values of the

parameters are computed using,

§ = (zn}w)'%

my
1

(sign(us))u; - exp((1/26-v)/6)

Y = 3 8 an(w(w-1)/uz),

A = sign(usz).
2) SU curves:
For the case B; =0
W= ((285-2)2-1)% -
-1
§ = (&n w) 2
y = 0
For By # 0

1
Wi = ((2B2-2.88,-2)%-1)%

is taken as -a first estimate of w -and=w,§ and -y found —
by Johnson's iterative method (Elderton and Johnson (1969))

g and X are then computed from
Wz = IX?(w-1)(w cosh(-2 sign(us y/6) + 1)

E-A w2 sinh(-sign(us)y/s)

Hy



3) SB curves:

In the words of Hi]] et al - Approaching the St
boundary, & - 0; approaching the‘ SL boundary & tends to
the same value as for an SL curve. A first approximation
to & can then be found by interpolating between these two
values. The intérpolation is made by assuming the shape of
the function to be the same at the required B8: value as it
is between the same two & values when B; = 0. This is

well approximated by

§ = (0.626B, - 0.408)/(3.0-B2)°"*7° if B, > 1.8

and by & = 0.8(B,-1) otherwise.

For "a given g3 and first approximation to &, a first
_appreximation to y is found using formulae due to Draper
(1951)~. “Evaluation.of _the first Six moments_ at-theTgiven §
and y values using Draper's (1952) form of Goodwin's (1949)
integrals then enables a two-dimensional Newton-Raphson -
process torconverge~oh the reqUired values. Since the first

_ si&_momentémare"eva1uajed at each stage,_when the required .6
~and - v have been. found, the first two moments are available

to determine=2A and- E. -

When the appropriate values of y, 6, £ and A have
been calculated the relevant distribution is simulated using

(B.1). The routine used was that due to Hill (1976).
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APPENDTIZX C

Program 1ﬁstihgs for the Lp—routines used in this thesis

are given below."

A11 programs were written .in UNIVAC 1100 DOUBLE PRECISION .

ASCII FORTRAN.

They are respectively (with their daughter subroutines)

Subroutine MSPE - cd]cu]ates'Lp-norm (1 < p < =)

-estimates .of the B vector in the regression model. .

Subroutine MMAE - calculates L_-estimates of the B8 vector

in the-regression-model- -

Subroutine MABSE~= calculates 4 -estimates of -the=8" -vector —

in the regression model. .
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SUBROUTINE MSFE(X,Y,M,N,ORJ,SUHSQ,BETA,P,
+NRS ,NC,XI,X1,X2,X3,H,6,52RES)

FLETCHER & POWELL(19463):#* ROUTINE TO CALCULATE LP-NORM
ESTIMATES FOR THE REGRESSION HODEL IN THE PARTCULAR
CASE WHEN THERE ARE THREE EXPLANATORY VARIAELES
##FLETCHER,R. AND FOUELL,M.J.D.(19463)

A RAPIDLY-CONVERGENT HETHOD FOR MINIMIZATION
COMPUTER J. 6,163-148

INPUT:

1) Y = VECTOR OF OBSERVATIONS ON DEPENDENT VARIABLE

2) X - NXM MARIX OF OBSERVATION ON THE INDEFENDENT VARIABLES
NOTE ™=3 HERE

3) P - ValLUE OF P IN LP-NORM

OUTPUT:

1) BETA ~ VECTOR OF LP-NORM REGRESSION ESTIMATES

2) OBJ - SUM OF THE ABSOLUTE VALUES OF THE RESINUALS
3) SUMSQ - SUM OF SQUARES OF THE RESIDUALS

4) S2RES - VECTOR OF RESIDUALS

sebketckik € DOUBLE  PRECTSTON:#:k# kbt

IMPLICIT REAL#8(A-H,0-7)
DIMENSION X(NRS,NC),Y(NRS),XI(NC),X1(NRS),X2(NRS),X3(NRS),H(NRS),
+ G(NC) ,S2RES(50) ,BETA(NC)
LINIT = 20
EST = OBJ#+P
 EPS = 0.0001
00100 J=15H
CXIGJ) = BETA(D)
100-==CONTINUE - _
D0 110 I=1;N -
X = XTI, 1)
X201 7= X(1,2) -
X3(I) "= X(I,3)

]

- 110 .-~ CONTINUE

CALL FMFP (M, XI,F,G,EST,EPS, LINIT; IER, H,N;F, Y, XT,X2,X3) -

P D0 120 J=1,M

BETA(J) = XIt(J)-
120~ CONTINUE

OBJ:=.0.0
SUKSG-= 0.0
D0 140 I=1,N

 ERR-=-0.0
00 230 J=1,M: .
ERR = ERR + BETA(J)*X(I,J)

430 “="CONTINUE .-

" ERR = ERR - Y(I)
S2RES(I)=ERR
- 0BJ = OBJ + ARS(ERR)
- SUMSQ = SUMSQ + ERR##2

140  CONTINUE

RETURN ’
END



SURROUTINE FHFP(N,X,F,G,EST,EFS,LIMIT,IER,H,NOBS,P,Y,X1,X2,X3)

INPLICIT REAL#*#8(A-H,0-7)

DIMENSION H(1),X(1),6(1),Y(1),X1(1),X2(1),X3(1)

CALL FUNCT (NOBS,N,P,Y,X1,X2,X3,X,F,6)
IER=0 :
KOUNT=0

- N2=N+N

(= S T

0 0N

N3=N2+N
N31=N3+1
K=N31
B0 4 J=1,N
H(K)=1.00
NJ=N-J
IF( NJ )5,5,2
00 3 L=1,NJ
KL=K+L
H(KL)=0.00
K=KL+1
{OUNT=KOUNT+1
OLOF=F
00 9 J=1,N
(=N+J
HK)=6(J)
K=K+N

CHCGK) =X(J)

K=J+N3
T=0.

00 8 L=1,N
=T-G(L)#H(K)
IF(L-0)6,7,7
K = Ke-L

GO TO 8

K=K+1
CONTINUE
H(J)=T
DY=0:00 —

HNRHM = 0.0

- GNRM=0.00 -

10
1

4

13
14
15
16

D0 10 J=1,N
HNRM=HNRM+ABS{H(J) )
GNRM=GNRM+ABS(G(J))
BY=DY+H{D)+6 (D)
IF(DY211,51,31 -

IF (HNRM/GNRM-EFS)31,51,12
FY=F .

ALFA=2 % (EST-F)/DY

AMBDA=1C" .

IF (ALFA)15,15,13
IF (ALFA-AMEDA) 14,15,15
AMBDA=ALFA

ALFa=0.

FX=FY

DX=DY

DO 17 I=1,N ,
X(I1)=X{1)+AMBDA+H(I)



CALL FUNCT (NORS,N,P,Y,X1,X2,X3,X,F,6)
Fy=F
DY=0.
D0 18 I=1,N
18 DY=DY+G(I)+H(I)
- IF(DY)19,36,22
19 IF(FY-FX)20,22,22
20 AMBDA=AMRDA+ALFA
© ALFA=AMBDA T " °
- IF(HNRM+AMBDA-1 .E10)16,16,21
21 IER=2
"~ RETURN
22 1=0.
. 23 IF(AMBDA)24,36,24
24 Z=3.#(FX-FY)/AMEDA+DX+DY |
ALFA=AMAX1 (ABS(1) ,ABS(DX) ,ABS(DY))
DALFA=2/AlFA
DALFA=DALFA+DALFA~DX/ALFA+DY/ALFA
IF(DALFA)S1,25,25
25 U=ALFA+SART (DALFA)
© ALFA=(DY+U-Z)+AMBDA/ (DY+2. 00+U-DX)
© . DO 26 I=1,N
26 X(D)=X(I1)+(T-ALFA)+H(I)
- CALL FUNCT (NOBS,N,P,Y,X1,X2,X3,X,F,G)
IF(F-FX)27,27,28 '
27 IF(F-FY)36,36,28
28 DALFA=Q.
Do 29 I=1,N
29 DALFA=DALFA+G(I)+H(I)
' IF(DALFA)30,33,33
30 IF(F-FX)32,31,33
31 _IF(DX-DALFA)32,36,32
32 FX=F -
© DX=DALFA
T=ALFA
AMBDA=ALFA
. . G0 T023
33 IF(FY-F)33,34,33
34 IF(DY-DALFA)33,36,35
35-Fy=f -
DY=DALFA
- AMBDA=AMBDA-ALFA
. GO TO 22
36 D037 J=1,N
KNI
S HRKLE G -HIKY
K=N+K
37 HK)=X(J)=H (KD
IF(OLDF-F+EFS)51,38,38
38 IER=0 ‘
IF (KOUNT-N)42,39,39



-39

40
41
42
43

T=0..
Z=0.

D0 40 J=1,N
=N+

W=H(K)

=K+N
T=T+ABS(H(K))
Z=Z+HUIHH(K)

© IF (HNRM-EPS)41,41,42
IRCT-EPS)56 ;56742 .=-

IF (KOUNT-LIMIT)43,50,50
ALFA=0.

D0 47 J=1,N

K=J+N3

W=0.

D0 46 L=1,N

- KiL=NtL

a4

45
44

48

49

50
31
92
.53
54

59

56

W=U+H (KL)#H(K)

"IF(L=J)44,45,45

K=K+N-L

G0 TO 46

K=K+1

CONTINUE

K=N+.J ‘
ALFA=ALFA+W+H(K) .
H(D =Y~
IF(Z+ALFA)48,1,48
K=N31

D0 49 L=1,N

KL=N2+L

DO 49 J=L,N

NJ=N2+J :
H) =HK ) +H (KLY #HINJD) /Z-H(L Y +H(J) /ALFA
K=H41 7 ¢ :
GO 705

JER=1.

RETURN

D0 52 J=1,N
K=N2+J

X () =H(K)

CALL FUNCT (NOEBS,N,F,Y,X1,X2,X3,X,F,G)
" IF(GNRK-EPS)55,55,53

JF(IER)S6,54,54

CIER=-1"-
60 10-1—
IER=Q 7

RETURN =

END T



SUBROUTINE FUNCT(NOES,N,P,Y,Xt,X2,X3,X,F,G)
IMPLICIT REAL+8(A-H,0-1)
DIMENSION X(1),G(1),Y(1),X1(1),X2(1),X3(1)
Do 101 I=1,N
6(I1)=0.
101 CONTINUE
‘ F=0.0
DO 100 I=1,NOBS
YX=YLI) =X (124XT (D)=X(2)#X2(II=X{T)4XI(1)7 7>
 F=F+DABS (YX):#:4P
CIF ( DABS(YX) .GT. 0.0 ) GO TO 400
YXX= 0.0
_ GO TO 410
400  YXX=(DABS (YX))#:k(P-2.0)
410 GO1)=G(1)4YXHYXX#P#(~1,0)
©B(2)=6(2)4X2 (1Y XHYXX+P(~1.0)
T G(3)=6(3) XTIV EYXHYXX:HP# (- 1.0)
100 - CONTINUE
RETURN
END
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SUBROUTINE MMAE(X,Y,M,N,OBRJ,SUMSG,EBETA, IK)

THIS ROUTINE EVALUATES THE CHERYCHEV REGRESSION ESTIMATES
FOR THE GENERAL REGRESSION MODEL Y = XB + E

. USING THE METHOD OF WAGNER(1959) =

WAGNER ,H.H. (1959 )LINEAR FROGRAMMING TECHNIGQUES FOR

" REGRESSION ANALYSIS. J.AMER.STAT.ASSOC. 54 , 206-212

FOR THE DETAILS OF THE SIMPLX SUEROUTINE THE READER

IS REFERRED TO THE MANUAL " SIMPUX/SIMPLX LINEAR PROGRAMMING SUBROUTINES
REFERENCE MANUAL FOR THE UNIVAC 1108, UNIVERSITY OF
WISCONSIN COMPUTER CENTRE, MAY 1970" FOR ANY FURTHER DETAILS.

INPUT: .
1)Y - VECTOR OF N OBSERVATIONS ON THE DEFPENDENT VARIARLE
2) X - NXM MATRIX OF OBSERVATIONS ON THE INDEFENDENT VARIABLES

-OUTPUT
1) BETA ~ L™ ESTIMATES OF BETA VECTOR

2) IK ~ IF.IK.EQ.1 THEN OPTIMAL SOLUTION HAS NGT BEEN FOUNU
OTHERUWISE SOLUTION IS OFTIHAL
3) 0BJ - SUM OF ABSOLUTE VALUES OF RESIDUALS

4) SUMSO ~.SUM OF. SQUARES OF RESIDUALS . .

DIMENSION A(100,11),RHS(100),COST(11),T(100),

+IFIX(20),TOL(4) ,XX(102), JX(100),F1(100) ,E(102,102) ,ERR(4) , IOUT(4),
+YY(102),5(111),S0L(111)

REAL#8 X(50,5),Y(50),BETA(5),0kJ,SUMSA

DATA T1,72,T3/1H , 1H+,1H-/

10 70 I=1,11

COST(I) = 0.0

00 80 J=1,100 -

A, 1) = 0.0

= CONTINUE +:..

707 TCONTINUE —~

90

D0 90 I=1,17
IFIX(I) = ©
CONTINUE
- COST(1) = 1.0
DO 100 I=1,N-
RHS(I) = Y(I)
RHSU+N) =Y (IV=* (~1.0) =

il

- 100 “*CUNTiNUE":~

110

120

T MM =oN o 2
NN =2 4+ 1
DO 120 I=1,N
A(I,1) = 1.0
'A(I+N 1) = 1
no 110 J=1,M
JJ = 2¢J + 1
A(I,JJ— 1)

CA(ILI)) =
ACTHN, JJ-1
ACTHN, JJ)
"CONTINUE
CONTINUE

IO

(Ui

J)
* (~=1.0)

= X(I,
X(1 J)
) = (=1.0) * X(I,J)
= X(I

1
(1,J)



DO 130 I=1,MM
T(I) = T3

130  CONTINUE

COIFIX(T)

IFIX(2)
IFIX(3)
IFIX(4)
IFIX(?)
IFIX(15)
IFIX(14)
IFIX(9) = 1
CALL SIMPLX(A,T,RHS,COST,IFIX,TOL,00BJ,XX,JX,FI,E,ERR,IOUT,YY,S)
0BJ=00BJ ' .
IF ¢ 10UT(1) .EQ. 1) GO TO 150
WRITE(S,140) (IOUT(I),I=1,N)

100
1
MM
NN
MM
102
NN

oW onu

KU

140 FORMAT(1H1," ERROR IN IN SIMPLX ROUTINE MMAE ~,418)

IK = I0UT¢(1)

RETURN
150 DO 160 J=1,NN
SOL(d) = 0.0

140  CONTINUE

00 170 I=1,MM

JJ = JXD

SOL(JJ) = XXCI)
170 CONTINUE

D0 180 J=2,NN,2

J = (1-2)/2 + 1

BETA(JJ) = SOL(J) - SOL(J+1)
180  CONTINUE

SUKSQ = 0.0

0BJ = 0.0

D0 200 I=1,N

SUM = 0.0

00 190 J=1,M

SUM =-SUM + -BETA(I#X(I,J)- ..
© 190 = CONTINUE ____

EI = Y(I)-— SUM - -

0BJ = OBJ + ABS(EID)

SUMSR = SUKSR + ETl##2
200  CONTINUE

IK = 0

RETURN

DEBUG SUBCHK

END _
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SUBROUTINE MAESE(X,Y,M,N,QBJ,SUMSQ,RETA, IK,NROVS,
+ NCOLS,NR,NC,Q,ALPHA,R)

THIS ROUTINE CALCULATES AN L1 REGRESSION ESTIMATE
FOR THE STANDARD REGRESSION MODEL Y=XB + E

USING THE WETHOD OF :

BARRODALE, I. AND YOUNG,A.(1964)

. AN ALGORITHM FOR BEST L1 AND L* LINEAR APPRGXIMATIONS

ON A DISCRETE SET

© NUNERICAL MATH 8, 295-306 _-.

INFUT:
1) Y - VECTOR OF N OBSERUATIDNS ON THE DEPENDENT VARIABLE
2) X - NXM MATRIX OF OBSERVATIONS ON THE INLEFENDENT VARIABLES

OUTPUT:

1) BETA - L1 ESTIMATES OF BETA VECTOR

2) IK - IF.IK.EQ.1 THEN OPTIMAL SDLUTION HAS NOT BEEN FOUND
- OTHERWISE SOLUTION IS OFTIMAL

3) O0BJ - SUM DF ABSOLUTE VALUES OF RESIDUALS

4) SUMSE - SUM OF SQUARES OF RESIDUALS

' 5) R -~ VECTOR OF RESIDUALS

etk IOUBLE PRECISION: ¥ dbefotepcd:

""IMPLICIT REAL:#8{(A-H,0-2)
REAL#8 Q(NROWS,NCOLS),X(30,5),Y(30),BETA(NC) ,ALPHA(40) ,R(50)

. DO 140 I=1,N

a(I+1,1) = Y(I)

DO 130 J=1,H

GCIHT, J41) = X(T, 0
4 CONTINUE -

7140T71:CONTINUEza"



CALL MSMOD(M,N,Q,NROWS,NCOLS)
IDUM = B(N+2,M+3)40.2
CIF ¢ IDUN .EQ. 1 ) GO TO 140
© . WRITE(5,150)
150  FORMAT(1H1,” OPTIMAL SOLLUTION NOT FOUND’)
: LI =1
RETURN
160 DO 170 I=1,N
ALPHA(I) = 0.0
170  CONTINUE
DO 180 I=1,N
INDIC = Q(I+1,M+3) + 0.5
IF ¢ INDIC .LE. N ) .GO TO 180
INDIC = INDIC - N =
, ALPHACINDIC) = Q(I+1,1)
180 — CONTINUE -
00 190 I=1,H
BETACI) = ALPHACI) = ALPHA(M+1)
190  CONTINUE
0BJ = 0.0
SUMSA = 0.0
D0 210 I=1,N
ERR = Y(I)
. DO 200 J=1,M
ERR = ERR - BETA(J)#X(I,J)
200  CONTINUE
R(I)=ERR
0BJ = OBJ + ABS(ERR)
- SUMSQ = SUMSA + ERRHERR
2107=:: CONTINUE =7
IH=.0
. RETURN- -
" DERUGSUBCHEK .
END



100 ..

110

- 120

130

~ SUBROUTINE MSMOD(M,N,Q,NROWS,NCOLS)
IMPLICIT REAL#8(A-H,0-2)
REAL#8 Q(NROUS,NCOLS)
INTEGER T,0UT
MME = MO+ 1
DO 100 J=1,MHM
a(1,J+1) = 0.0
QIN+2,J41) = N+J
CONTINUE
@¢1,1) = 0.0
Q(N#2,1) = 0.0
00 120 I=1, N
QCI+1,M+3) =
A= 0.0
JOUM = 0
IF ( Q(I+1,1) .LT. 0.0 ) JDUM
00 110 J=0,M
IF ¢ JOUM .EQ. 1) QCI+1,J+1)
A=A~ QUI+H,J41)
QC1,J41) = QC1,041) + BCI+1,0+1)
 CONTINUE
IF ( JDUM .EQ. 1) QCI+1,K+3) = ~1.02Q(I+1,M+3)
QCI+1,KH42) = A + Q(I+1,1)
Q(1,M+2) = B(1,M+2) + QUI+1,M+2)
. CONTINUE
IT = -1.0
= 10,06 (~4)
7777 = -1.042.0 - &
T=0
IT = IT + 1
Q1,4+3) = IT
MMM = Mo+ 1
_ n0t150:u=1,nnn .

1

~1.04Q(I+1,J+1)

© T EARQOEH)-

IDUMv—ﬂ(NQ J+1_) + 0.2
—IF "(IDUM GT.-N)Y—-GO TO 140-'-—
IF ( (ZZZ1-1) .lE. A) GO T0 140

IN = J

7 :
( Z-.LE. A ) GO.TO 1530
=J



150  CONTINUE
. IF ¢ T .NE. 0 ) GO TO 155
QIN+2,M+3) = 1
4 GO TO 200
155 B = 10.0::49
' B0 160 I=1,N
D = Q(I+1,IN+1)
CIF (T .EB. 2) D= -1.04D
IF ¢ D .LT. 10.0+x(-5)) GO TO 160
D=a(l+1,1) /D
IF ( D .GE. B ) GO TO 160
B=1D
ouT = 1
160 . CONTINUE
' IF ( B .LT. 10.0#+5 ) GO TO 145
Do 411 I=1,27
© MWRITE(5,410) (Q(I,0),J=1,6)
410 — FORKAT(6F12:7)
411 CONTINUE
CQIN+2,M43) = 2.0
G0 TO 200
165 IF ( T .NE. 2 ) GO 10 147
© B(N42,INH1) = ~1.040(N+2,IN+1)
QOIS INHTY = -1.04A4 -
167 5P = QUOUTH, TN+ ) -
p0 180 I=0,N
IF ( I .EQ. OUT ) GO TO 180
D = Q(I+1,IN+1)/P
; MMM = M1
. D0-170 J=0,MMM -
e BI04 = QUIHY, 041 S DRQOOUTH1,J41)
“1207:= = CONTINUE < -
© QI+ INKT = -1, 04D -
- 180. = CONTINUE ===
P =TABSIF) - -
MMM = M4
- D0-190-J=0,MHM -
QOUT+1,J+1) = Q(OUT+1,041) / P
190 CONTINUE |
C_Q(OUT#1,IN#1) = 1.0/ P
1 =.Q(0UT+1,M43) + 0.2
Q(OUTH1;M+3) = QNF2,IN+T) -
QN2 IN+1Y= T
- .6D-TD 130 -
2007 RETURN .-~ ,
- . DEBUG-SUBCHK





