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2.2. IMAGE SIMILARITY MEASURES 19 

dependence and histogram-based measures have the potential to use a more general model 

for the relationship between two matching images. 

Pairing Functions Garret, Reagh and Hibbs propose the pairing function N as the basis 

of an image correlation measure [48]. Given images u and v with pixels quantized to G levels, 

define the pairing function N as the G x G matrix where the entry Nkl represents the number 

of times the pixel value k from image u pairs with pixel value l in the corresponding pixel of 

v. Note that exact pt<el matches accumulate on the diagonal of N. One correlation measure 

(or similarity measure) based on N is the simple sum 

1 G-l 

¢s (u, v) = N L Nkk (u, v) , 
k=O 

which is the total number of matches divided by the total number of possible matches. The 

normalized cross correlation can also be written in terms of pairing functions as 

where 

G-l 

L Nkl (u, v) the number of pixels with value k in u 
l=O 
G-l 

L Nkl (u, v) the number of pixels with value of l in v. 
k=O 

Note that the pairing function itself is actually just the joint histogram of the pixels in u and 

v. Figure 2-1 is a simple illustration of the pairing function concept. 

One of the motivations for the pairing function concept is that the "easily calculated" 

expected values of the Nkl allow one to calculate appropriate match thresholds [48]. Garret, 

Reagh and Hibbs do this for G = 4, but following the same procedure for the large number 

of intensity levels that are common in modern imaging systems is impractical. Of course, the 

levels can be re-quantized to a manageable number, but this approach discards information 

from the original image. 
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20 CHAPTER 2. A REVIEW OF DIRECT IMAGE MATCHING 

628 0 0 0 0 0 0 0 
0 1026 0 0 0 0 0 0 
0 0 2482 0 0 0 0 0 

N= 
0 0 0 4342 0 0 0 0 
0 0 0 0 1641 0 0 0 
0 0 0 0 0 3044 0 0 
0 0 0 0 0 0 2817 0 
0 0 0 0 0 0 0 404 

(a) Subimage A of the 'pep- (b) N for two identical images: image (a). As expected, N is a 
pers' image. diagonal matrix. 

8 6 41 127 81 128 125 112 
1 2 96 201 464 185 44 33 

267 105 328 537 383 438 258 166 

N= 
80 62 533 1067 540 794 533 733 
23 3 174 417 272 450 163 139 
46 35 200 594 568 1034 394 173 

484 290 434 479 155 605 322 48 
57 22 61 155 48 46 9 6 

(c) Subimage B of the 'pep- (d) N for two dissimilar images: images (a) and (c). Off-
pers' image. diagonal elements are non-zero, indicating mismatch. 

0 628 0 0 0 0 0 0 
0 0 1026 0 0 0 0 0 
0 0 0 2482 0 0 0 0 

N= 
0 0 0 0 4342 0 0 0 
0 0 0 0 0 1641 0 0 
0 0 0 0 0 0 3044 0 
0 0 0 0 0 0 0 2817 
0 0 0 0 0 0 0 404 

(e) Subimage A with inten- (f) N for images differing only by an intensity offset: images (a) 
sity offset of 1 level. and (e). Non-zero elements are shifted one diagonal to the right 

with respect to (b). 

Figure 2-1: Pairing function matrices for 64 x 64 pixel subimages of the 'peppers' image 
(quantized to 8 levels). 
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N m, to represent the associated normal rnr,\{;non. where x is the lll'-lt::jJ't::llUt::J'lC variable. 
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4.1. GENERAL MODEL ASSUMPTIONS 57 

o 50 100 150 200 250 

(a) Medical radiograph - 'Skull'. 

J. .~ 
o 50 100 150 200 250 

(b) Standard image - 'LAX' (subimage) . 

o 50 100 150 200 250 

(c) Standard image - 'Lena' (suhimage). 

Figure 4-1: Local averages and histograms for three test images. The histograms are accom­
panied by the best fit normal pdf. 
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58 CHAPTER 4. MODELLING AND SYNTHESIS OF IMAGE PAIRS 

approaches or in more sophisticated models. As examples of the latter, multiresolution models 

[85, 86], mixture distributions [87], or generalized Gaussian models [78] have been reported. 

Alternatively, the images can be transformed so that they better resemble samples from a 

stationary MVN process. for example, Hunt and Cannon propose a model with additive 

nonstationary mean and stationary residual components [75], Hunt proposes normalization 

and spatial warping to enforce stationarity in the second order image statistics [88], and 

Chapple and Bertilone propose a pointwise transform to make image pixel statistics better 

resemble the normal distribution [89]. These methods can potentially overcome the non­

normal and nonstationary characteristics of images, and Appendix A investigates them in 

more detail. 

For the purposes of this research, then, the assumption is made that images can either be 

adequately modelled as an MVN process or they can be transformed to better resemble the 

samples of one. Normal marginal pdfs do not guarantee a normal joint pdf [29, p. 7], so the 

fact that MVN models are adequate for the individual images does not imply that the same 

is true for the image pair. Even so, for the tractability it offers, the additional assumption 

is made that a linear model adequately represents the match/mismatch relationship between 

the images. The resulting pdf for the image pair w T = [aT, bT ] is given by 

( 4.1) 

where m~ = [mr, mr] is simply a concatenation of the mean vectors for the individual 

images. Kw is the joint image-pair covariance matrix, which can be written as 

where Ka = O"~Ra and Kb = O"~Rb are the covariance matrices of the individual images, 

and 0" aO"bRab is their cross-covariance matrix. 

4.1.2 Shared Intra-Image Correlation Structure 

It is assumed that the images a and b share the same intra-image correlation structure, and 

therefore Ra = Rb = R. In a matching application the two images will probably contain the 

same sort of subject matter, making this a reasonable assumption in most cases. Applications 

that require multi-modal matching are possible exceptions, although it should be noted that 
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the model still allows the images to differ by a systematic offset (mean vectors rna and rnb) 

and overall scale (variances a~ and a~). The image-pair covariance matrix can now be written 

as 

(4.2) 

4.1.3 Additive Noise 

The sensed image has two main components. First, there is information about the scene and 

second, there is superfluous information that was added during the generation of radiation, 

the irradiation of the scene and the image capture. This additional information is commonly 

referred to as noise. Figure 4-2 illustrates the distinction made between scene information 

and noise in a medical X-ray image: subfigure (a) is the original image, (b) highlights scene 

information in the form of the vertebrae, (c) highlights statistical noise in a quiet part of 

the image and (d) shows a structure noise artifact introduced by the line-scan operation of 

the imaging system. For now it is assumed that image formation artifacts are either absent, 

or that they can be ;:emoved by preprocessing that exploits their deterministic structure. 

Assumptions must now be made regarding the nature of the statistical noise. 

(a) Medical X-ray 
image. 

(b) Scene: verte­
brae. 

(c) Statistical 
noise. 

Figure 4-2: Image model components. 

(d) Structure arti­
fact. 

A common assumption is that the noise in an imaging system can be modelled in terms of 

additive (signal independent) and multiplicative (signal dependent) components [8, p. 268], 
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implying the model 

u = J.L x 0a + J.L+ (4.3) 

where 0 denotes the Hadamard product l , a represents the scene, J.L x represents multiplicative 

noise and J.L+ represents additive noise. In the event that one of the noise components domi­

nates the other, the model can be further simplified by neglecting the smaller component. In 

some situations, purely multiplicative noise can be made additive by taking the logarithm of 

the image intensity values [17, p. 80], suggesting that the additive noise model, u = a + J.L, 

can describe a wide range of imaging scenarios. 

Further, it is assumed that the noise can be modelled as a zero-mean, stationary MVN 

random process. Since most imaging systems accumulate signal at various stages of the 

image formation process (e.g. scintillation, CCD camera integration and software summing 

of image frames), the normal approximation can be justified at each stage using the central 

limit theorem of statistics. Denoting the noise components of images u and v as J.L and v 

respectively, their pdfs are given by Pp. (J.L) = N (J.L; 0, Kp.) and Pv (v) = N (v; 0, Kv)' If the 

noise is white, then Kp. = (J~I and Kv = (J~I. 
Based on the rules governing sums of multivariate normal random vectors, the covariance 

matrix of w is the sum of the covariance matrices of the scene and noise components (see 

Mood, Graybill and Boes [61, p. 178] and Appendix B.1). Therefore, assuming that the noise 

in separate images is statistically independent, Kp.v = 0, and 

[ 

(J2R+(J21 
a fJ. 

(Ja(JbRab 

(4.4) 

4.2 Models for Match and Mismatch 

The model for the image pair is characterized by the mean vector mw and the covariance 

matrix Kw in equation (4.4). All of the quantities in the covariance matrix are characteristics 

of the individual images except for the normalized cross-covariance matrix Rab. Since this 

matrix governs the relationship between images u and v, it will be instrumental in defining 

1 a = b 0 c ==> ai = bi . c; 'rIi 
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