













































































12 CHAPTER 2. A REVIEW OF DIRECT IMAGE MATCHING

of two m X n sensed images, u and v, is their inner product

(u,v) = Zum

The normalized cross correlation is written as

. 2o Uil
R{uv) = —=tee—
Y SR

which is invariant to scaling of the pixel intensity values. A further modification aims for
both scale and offset invariance by using the normalized cross-correlation of the zero-mean

images, giving the correlation coefficient [27, p. 584]
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r(u,v) (2.7)

where
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and N = mn is the number of pixels in each image. This measure has a statistical intexr-
pretation. If corresponding pixel pairs, (u;,v;}, can be regarded as samples of two random
processes, then r is their sample correlation coefficient [28, p. 328]. If these random processes

have a bivariate normal distribution with covariance matrix,

2
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then r is the maximum likelihood estimate of p [29, p. 144]. Like the statistical correlation
coefficient, r is in the range [—1,1], where r = 1 represents positive correlation (identical
images, except for scale and offset), r = —1 represents negative correlation (identical images
with reverse “polarity”) and r = ( represents totally uncorrelated signals (images that don’t
match). If some of the pixel values are outliers due to noise, then r can be a very poor
estimate of p. A potential solution can be found in the field of robust statistics, which

addresses the problem of estimating statistical parameters using data that is corrupted by
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outliers [30]. Brunelli and Messelodi compare several robust! estimates of p that outperform

r in the presence of noise [31].

Other measures of linear correlation are also used to measure image similarity. Radcliffe,
Rajapakshe and Shalev [32] calculate the x? statistic, which is the basis of a classical test of
independence between two data sets [28, p. 257], for a random subset of the corresponding

pixel-pairs.

Difference-Based Measures The most common image similarity measures are based on
differences between the intensity values of corresponding pixels. The simplest of these are the

sum of absolute differences
dy(u,v) = |u; — v,
i
which is popular for template matching [33, 34], and the sum of squared differences

dp(u,v) =) (u; —v;)?.
i
The subscripts in the notation of d; and do make reference to the fact that these measures

are related to the metrics induced by I,y and Ls norms, respectively, on the space of images.

Svedlow, McGillem and Anuta claim that these measures have an advantage over cross-
correlation in the case of additive noise in that the values of the latter have no absolute scale,
whereas the values of d; and dy will depend on the statistical properties of the noise because
the noise-free components are cancelled in the difference (u; — v;) [35]. A statistical noise
model can then be used to specify a confidence interval for d; or dy in the case of a match.

The sum of squared differences is related to the correlation-based measures of the previous
section — Rosenfeld uses dy as the starting point for a derivation of cross correlation as a
measure of match [36, p. 37]. Also, if 4 and ¥ are zero-average images that have been
normalized to have a sample standard deviation of one, then dy is related to the sample

correlation coefficient by

dy(6,¥) = 2N [1 = r(u, v)]. (2.8)

*“Robust” here has a specific statistical interpretation, and not the general interpretation often used in
image processing for a procedure that maintaing performance under a wide range of conditions.
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In this light r can be viewed as a variation on dy that compensates for different offsets and
scaling in the pixel intensities of u and v. Another measure related to do is the variance of

the differences,

2

dv(u,v}=%; —u) -~ }: .
which was proposed by Cox and de Jager [37] for its insensitivity to pixel intensity offset
differences between u and v. It is equivalent to ds for two images where the sample mean has
been subtracted beforehand.

Although d; is less sensitive to noise than dg, neither tolerates pixel value outliers very
well [31]. Speckle noise, or even a single dead pixel caused by a malfunction of the image
formation device (common in charge coupled device (CCD) arrays), can cause otherwise
matching images to seem dissimilar according to these measures. With appropriate scaling,
dy can be thought of as an estimate of the mean absolute pixel difference. Considering that
the median is a robust estimator of the mean [38], an obvious robust alternative to d; is the

median absolute difference
A (1, v) = med [Ju; — v;]]. (2.9)
Boninsegna and Rossi propose the migture distance [39], which combines dy and d,, as follows:

di (u,v) = Z ex (ui, v;)’

(wi —v;) if | — v <k
€k {ui; Ué) = X 3
m otherwise

where m is the median of the differences and the parameter 0 < £ < 0o controls the mixture.

Sequential Similarity Detection Barnea and Silverman propose the Sequential Similar-
ity Detection Algorithms (SSDAs) for speeding up image registration [40]. An SSDA includes
several elements that improve computational efficiency, but a simple example illustrates the
SSDA notion of image similarity between two images. The error between two corresponding

pixels at position (7, k) is evaluated with the absolute pixel difference

6(.77’15) = h’f’(.?ak) —‘U(j,k)l-
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A random, non-repeating series of pixel positions, (7., ky), is generated. The overall match
error is then calculated by accumulating the individual errors in the order of this series. The

number of pixels N, for which

N
>elik) =T,
k=1
is used as the measure of similarity between the images, where T is a predetermined threshold.
Similarity, then, is based on the rationale that matching images will require more pixel-pairs

to exceed the threshold.

2.2.2 Nonparametric Similarity

A more recent trend in image similarity measurement is the use of nonparametric measures.
These should not be confused with the robust measures that were mentioned previously?.
Robust statistics is concerned with the effect of outliers on a procedure that was designed
with a certain model in mind. Examples of robust statistics in image similarity measurement
are Brunelli and Messelodi’s correlation coefficient estimators [31] and the mixture distance
proposed by Boninsegna and Rossi [39].

Nonparametric or distribution-free procedures, on the other hand, tolerate deviations from
a classical model or the lack of model knowledge by making no (or very few) assumptions
about the underlying statistical nature of the process that generates the input data. Where
robust procedures use parameter estimators that are insensitive to outliers, nouparametric
procedures ignore the parameters completely. Such procedures have largely had their origins
in the field of detection theory, where optimal approaches were seen to have limitations when

the model assumptions are violated [41].

Sign Change Measures  Venot, Lebruchec and Roucayrol propose similarity measures
called sign change criteria for situations where there is significant obscuration that can impede
matching [42]. This approach is used predominantly for medical image registration [43, 44, 45].

Consider two m x n images u and v which differ only by additive noise. Their difference
image, e = u — v, will exhibit many sign changes between pixel pairs that are horizontally

or vertically adjacent in the image plane. Images that have differences significantly greater

?Much of the literature treats these as equivalent concepts, but this discussion follows Huber [38] in the
distinction made between robust and non-parametric procedures.
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than the mean of the noise will not produce many sign changes between adjacent pixels. This
motivates the use of sign change for measuring similarity between images. The nonparametric
advantage of this approach lies in the fact that the values of intensity differences are not taken
into account directly. Where an isolated outlier in either image would distort the value of a
parametric measure, it will not have any significant effect on the number of sign changes in
the difference image.

Formally then, define the function

0 z2>40
1 <@

sgn(z) =

and the stochastic sign change (SSC) measure of similarity is the number of sign changes
found when scanning the image row-by-row or column-by-column. For the row-by-row case
the SSC criterion is given by

n—1 m

ss(u,v) = Zngn le(4,k) -e(j+ 1,E)],
j=1 k=1
which increases with increasing similarity between u and v.
The SSC relies on the presence of noise with a pdf that has zero median to supply sign
changes in the difference image [46]. If the noise is low compared to the precision of digitization
then this requirernent is not satisfied. Venot, Lebruchec and Roucayrol deal with this case by

adding a periodic pattern to one of the images as follows

v{j,k)+qg i j+kiseven

¢ (4, k) =
v(j,k)—q ifj+kisodd

and then calculating the SSC as before. The result, s;(u,v) = s;(u, V), is called the de-
terministic sign change (DSC) criterion. In image registration experiments that compare it
to the correlation function, correlation coefficient and sum of absolute differences, the SSC
(or DSC) criterion purportedly provides a narrower match peak, better registration accuracy,
and is more robust in the presence of obscuration [42].

The statistical properties of sign-change sequences can be used to specify the match thresh-
old according to a confidence interval [42]. In the nonparametric statistical theory of run tests,
it is known that if plus and minus signs are equiprobable, then the pdf of the number of sign

changes in a sequence is normal. Hence, for itnages u and v that are perfectly matched except
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for additive noise, the stochastic sign change has a 95% confidence interval of

N VN
e 1.6
5 — 1+ 1.967~,

where N is the number of pixels in the sequence. The only restriction on the additive noise

is that its pdf is shared by both images and has zero median [46].

Coincident Bit Counting Chiang and Sullivan propose a measure of similarity based
on the number of coincident bits in the binary representation of corresponding pixels in two
images [47]. Define the function, bits(z), as the number of bits set in the binary representation
of the integer z. The coincident bit counting (CBC) measure of similarity can be formulated

as
clu,v) = Z bits(u;®v;),
i

where & is an exclusive NOR operator. Like the sign change criteria, the CBC measure is
not proportionately affected by large pixel value differences and is therefore robust to pixel

outliers.

According to Chiang and Sullivan the CBC measure can be made less sensitive to noise
by excluding the lower order bits from its calculation [47]. The number of bits used can be
dynamically adjusted according to the noise in the images. Chiang and Sullivan also suggest
that in the case of template matching or image registration, a steeper peak in the match
surface will be obtained at the position of correct match if the higher order bits are also

omitted from the calculation of c(u, v}, since these will probably be locally uniform [47].

Ordinal Measures An important class of nonparametric statistical tests is based on the
rank, or ordering, of sample values. Corrupt data or outliers only affect a statistic that is
based on rank if the incorrect data changes the relative ordering of the samples. Motivated by
this observation, Bhat and Nayar propose a similarity measure where pixel intensity is viewed
as an “ordinal variable” — that is, a variable drawn from a discrete ordered set [25]. Similarity

is then based on rank permutations of the intensities rather than on absolute intensity values.

Given the pixel intensity pairs (u;,v;), 7, is defined as the rank of u; among the pixels

in image u, and 7% is defined as the rank of v; among the pixels in image v. A composition
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permutation s is defined as

where 7, 1 is the inverse permutation of m,, defined by
=4 = (w;l)’? = 1.

The permutation s is an ordering of v with respect to u and when u and v match, s is the
identity permutation: (1,2,... ,N). A distance between m,, and =, is then defined according

to a distance measure between s and the identity permutation — the deviation
- i -
di=i-Y J(s <),
J=1

where J (B) is the indicator function

1 B istrue

J(B)=
0 B is false.
The similarity of u and v is then defined as

2maxe(19,.. n} G
| 5] ’

which has the range [—1,1]. A perfect match is represented by x = 1, and k¥ = —1 represents

k{u,vi=1-

perfect negative correlation.

The nonparametric measure x has some desirable properties. First, it is invariant to linear
scaling and offsets in intensity. Second, it is not affected by monotonically increasing functions
onuand v (ie. «(f(u),h(v)) = &(u,v), if f(-) and A (-) are monotonically increasing).

Third, it is not affected by arbitrary ordinal relabelling of the intensity values.

2.2.3 Histogram-Based Similarity

As an estimator of the joint pdf of image-pair pixel values, the joint histogram seems to be a
natural route to measuring similarity from an information theoretic point of view, since the
structure of the bivariate pdf will reflect the dependence between the values of corresponding

pixels. The correlation-based measures described previously implicitly model this ag a linear
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dependence and histogram-based measures have the potential to use a more general model

for the relationship between two matching images.

Pairing Functions Garret, Reagh and Hibbs propose the pairing function N as the basis
of an image correlation measure [48]. Given images u and v with pixels quantized to G levels,
define the pairing function A as the G x G matrix where the entry Ny, represents the number
of times the pixel value k£ from image u pairs with pixel value [ in the corresponding pixel of
v. Note that exact picel matches accumulate on the diagonal of N'. One correlation measure

(or similarity measure) based on N is the simple sum

1 G-1
¢s (u,v) = ]_V- ZNkk (u,v) )
k=0

which is the total number of matches divided by the total number of possible matches. The

normalized cross correlation can also be written in terms of pairing functions as

b = 0 S KNG (u,v)
cS

[EEauw] (2 e ]

where

G-1
U (u) = Z Nii(u,v) the number of pixels with value k in u
=0
G-1
Vi(v) = Z N (u,v) the number of pixels with value of [ in v.
k=0
Note that the pairing function itself is actually just the joint histogram of the pixels in u and

v. Figure 2-1 is a simple illustration of the pairing function concept.

One of the motivations for the pairing function concept is that the “easily calculated”
expected values of the N, allow one to calculate appropriate match thresholds [48]. Garret,
Reagh and Hibbs do this for G = 4, but following the same procedure for the large number
of intensity levels that are common in modern imaging systems is impractical. Of course, the
levels can be re-quantized to a manageable number, but this approach discards information

from the original image.
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(a) Subimage A of the ‘pep- (b) N for two identical images: image (a). As expected, N is a
pers’ image. diagonal matrix.
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(¢) Subimage B of the ‘pep- (d) NV for two dissimilar images: images (a) and (c). Off-
pers’ image. diagonal elements are non-zero, indicating mismatch.
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(e) Subimage A with inten- (f) NV for images differing only by an intensity offset: images (a)
sity offset of 1 level. and (e). Non-zero elements are shifted one diagonal to the right
with respect to (b).

Figure 2-1: Pairing function matrices for 64 x 64 pixel subimages of the ‘peppers’ image
(quantized to 8 levels).
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Mutual Information Viola and Wells [49] propose mutual information (MI) as a measure
of fit between a model and an image in order to find the pose of an object. Maes et al. use the
same principle — that the MI of the image pair will be maximized when u and v match —
to register multimodal medical images [50, 51]. Consider the pixels in u and v to be samples
of the random variables U and V, respectively. A state of mismatch between u and v can be
modelled by statistical independence between U and V, where pyyv (u,v) = py (u) -pv (v). A
state of match can be modelled as maximal dependence, where py (v) = py (v) = pyv (u,v).
The MI, then, measures the degree of dependence between u and v by calculating a distance
between the estimated pdfs associated with the match and mismatch hypotheses. Maes et al.

use the Kullback-Leibler distance

puv (u,v)
IU,V)y=> pyv(u,v)log {———} Y
’ ; ’ pu () - pv (v)
Another way of stating the rationale of using the MI in u and v as a measure of similarity is
that the amount of information u contains about v (and vice versa) will be maximal if they

match.

In practice pyy (v, v) is estimated by forming the joint histogram of the pixels in u and
v, denoted here as h (u,v). For convenience the pixel values in u and v are re-scaled to the
range [0,Gy — 1] and [0, G, — 1], where G, and G, are the number of histogram bins in each
dimension. The required pdfs are then estimated as follows:

_ h(u,v)
pyv (u,v) = wzu,v i 00)

pu(uw) = Y puv(uv)
pv(v) = > pov(uv).

This measure makes no assumptions about the form of the pdfs or the nature of the
dependence between corresponding pixels, and its validity is therefore independent of the
process generating the individual pixel values. Note that the images do have to be large
enough to provide an adequate number of samples for the joint histogram. This rules out
MI for tasks like the matching of small blocks for motion estimation and it is more suited to

problems where large images from different modalities have to be registered.
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Difference-Image Histograms ' Buzug and Weese measure similarity using the entropy
associated with a histogram of the difference image e = u — v [52]. The G-bin histogram is

calculated and then normalized to satisfy

€]

Zpk (6) =1,

k=1

where py, (e) denotes the fraction of difference pixels that fall into bin k, where k € {1,...,G}.
The entropy is given by

G
Mentropy (u,v) = Z f(px(e)),

k=1
where f (z) = —p(z) logp (z) is the entropy weighting function. The rationale behind the use
of entropy is that images that don’t match will produce a broad difference image histogram
(high entropy), and matching images will produce a “peaky” histogram (low entropy). The

measure is invariant to pixel value offsets.

The entropy measure is computationally expensive and Buzug ef al. prove that a class of
strictly convex, differentiable functions, which are faster to compute, retain its properties as
far as similarity measurement is concerned [24]. Among these is the energy function, f (z) =

22, which gives the similarity measure:
G
2
Menergy (u> V) = prk (e) .
k=1

2.2.4 Other Measures

Moghaddam, Nastar and Pentland propose a probabilistic measure for image matching in
situations where (1) there are reasonably well-defined image classes that can be described
by a Bayesian analysis of intra- and extra-class image differences and {2) training data are
available [53]. Their application is face recognition, where the set of intra-class differences,
Q7, models the variation in different images of the same person, and the set of extra-class
differences, {1z, models the variation in images of different people. The similarity measure is
then the a posteriori probability of the differences d (u, v) between two images belonging to

the intra-class model, given by

S(ua V) . P(Qlld(u>v)) .
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The differences are represented by a parameterized model of the deformation between u and
v, denoted here as U.

Using the maximum a posteriori (MAP) rule, two images of the same person’s face match
if P (Q;Jﬁ) > P (QE]fJ), or equivalently, if S {u,v) > 1/2. Bayes rule,

r (0l0r) P (@)
p(010) P (@) +p (0125) P ()

P (0,]0) =

represents the a posteriors pdfs in terms of the class conditional pdfs, p (ﬁ'{ﬂ 1) and p (fJ]Q E) ,
which can be estimated from training data. The high dimensionality of U makes the estima-
tion impractical, but the authors overcome this problem by using the principal components of
U and an efficient technique for directly obtaining the pdf of these components from training
data.

Using this approach within the well-known Eigenfaces face recognition algorithm, Moghad-
dam, Jebara and Pentland were able to improve performance in tests using the FERET face
database [54].

2.3 Evaluation and Comparison of Similarity Measures

Many algorithms, such as stereo matching and motion estimation, depend on an early stage
of direct image matching for their success. The relative and absolute performance of different
similarity measures should therefore be of interest to the designers of these algorithms. This

section reviews work done in comparing similarity measures and analyzing their performance.

2.3.1 Similarity Measure Comparisons

Given the wide use of similarity measures in image processing, it is surprising that relatively
few broad comparisons of the different approaches can be found. Different similarity measures
have often been compared in the context of a very specific application, and the particular ad-
vantages of newly introduced similarity measures have often been demonstrated using limited
experimentation. These investigations are too numerous to mention, and have limited value
as the basis for a broad comparison of approaches to the problem of direct image matching.

There have been some attempts to assess similarity measures in a slightly broader context.

Svedlow, McGillem and Anuta compare clagsical measures and image preprocessing operations
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experimentally using multi-temporal images from the Landsat multispectral scanner over a
series of test sites [35]. They compare the correlation function, correlation coefficient and
the sum of absolute differences when used in translational image registration. Measuring the
percentage of acceptable registrations in a given number of registration attempts, they find
that the correlation coefficient is marginally better than the sum of absolute differences, but
that the latter is desirable for its computational efficiency. The effect of different preprocessing
methods — a gradient operator, a threshold operator and a combination of the two — is also
analyzed. They show theoretically that if registration is viewed as a matched filter operation,
then the gradient operator is the optimal pre-processor for image data that can be modelled
as a first order Markov process. This is confirmed experimentally, with the magnitude of the

gradient preprocessor producing the best overall results.

Aschwanden and Guggenbiihl compare a broader range of similarity measures under a
wider range of conditions [55]. Several variations of the cross-correlation, sum of squared
differences and sum of absclute differences are selected as the subject of the experiment on
the basis of their computational efficiency. Measures that involve preprocessing by gradient
operators, high-pass filters and band-pass filters are also included. Three images serve as the
source of the test data used in the experiments, representing various textures, various scenes
with high edge content and a real-world laboratory scene. These images are subjected to
varying degrees of illumination change, Gaussian noise, salt-and-pepper noise, image blur and
magnification to provide sequences of test images. The experiments investigate translational
registration in a region of interest around several pre-selected positions and use the deviation of
the match-peak coordinates from the known correct coordinates to compare the performance
of similarity measures. The authors conclude that the classical correlation-based measures
are robust in the presence of distortion, that the normalized and zero-mean measures show
the expected invariance to illumination changes, and that the performance of measures with

high-pass filter preprocessing deteriorate catastrophically under high levels of distortion.

Matched filters and phase correlation have importance as realizable operations in optical
processing systems. Horner and Gianino compare standard matched filters with amplitude-
only and phase-only matched filters and conclude that phase correlation is superior in most

situations [56].

Penny et al. compare the performance of six different similarity measures for registering
2D clinical fluoroscopy images to 2D radiographs that are reconstructed from 3D Computed

Tomography (CT) data [26]. Scene changes in the time between imaging with the two modal-
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ities, and differences in the image formation of the modalities complicate this matching task.
The normalized cross correlation, difference image entropy, mutual information, normalized
correlation in edge images, and two variations on difference image entropy called pattern
intensity and gradient difference, are compared. The CT scan and fluoroscopy image of a
spine phantom are used as test data and a “gold standard” correct registration is calculated
using fiducial markers. These images are made more realistic by adding features segmented
from clinical images such as soft tissue and interventional instruments. In experiments the
mutual information has the worst performance, the correlation-based measures are found to
be sensitive to the thin structure and large intensity differences created by the presence of
a medical instrument in the fluoroscopy image, and the entropy-type measures are found to
be sensitive to the slowly varying differences caused by soft-tissue. The pattern intensity and
gradient difference measures register the images accurately in the presence of both medical

instruments and soft tissue.

Meijering, Niessen and Vergiever provide a comprehensive review and qualitative compar-
ison of the similarity measures that have been used in the registration of digital angiography
images [b7]. Aside from a general summary of the relative merits of different approaches,
they question the competence of the CBC measure, noting that it suffers from inconsistent
weighting of intensity differences and cannot live up to claims of noise insensitivity. They also
conclude that the energy of the histogram differences by Buzug et al. [24] (Meqergy above) is

the best measure for the digital subtraction angiography application.

2.3.2 The Effect of Distortion on Matching

Mostafavi and Smith conduct a theoretical investigation into the effect of affine geometric
distortion on translational image registration with the correlation function, both with respect
to the probabilities of false and correct registration [58] and with respect to the accuracy of
registration [59]. The images are modelled as a reference image, w, (x) = u (x), and a sensor
image, w, (x) = v (x) + n (x), where the reference image is assumed to be a smaller part of
the image plane and x = (J, k) represents image plane coordinates. Notice that for the sake
of simplicity, only the sensor image is considered to contain noise, which, the authors claim,
does not have a qualitative effect on the results. Since the distortion is assumed to be affine,

the reference and sensor image are related by v (x) = u {Ax + tg). For the affine distortion
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the authors consider

cosf  siné
A=qu ,
—giné cosé

which consists of rotation by @ radians and scaling by a factor of a. Image v (x) and noise
n(x) are modelled as independent, stationary, multivariate normal random fields.

In order to assess the probabilities of false and correct registration, Mostafavi and Smith
derive the peak-to-sidelobe ratio of the correlation function from the mean peak value and the
variance of non-peak values. Modelling the correlation function output as a normal random
variable, the probability of false acquisition Ppa is also analyzed as the probability of correct
acquisition is held constant at 0.99. For a given signal-to-noise ratio, a maximum peak-to-
sidelobe ratio and minimum Fra suggest the same optimum window size. This image size
is proportional to the image autocorrelation function, and is inversely proportional to the
degree of distortion between u (x) and v (x).

Mostafavi and Smith also investigate the deviation of the registration peak position from
the correct position that is caused by affine geometric distortion [59]. They show theoretically
that a first order approximation to this local registration error is proportional to the gradient
of the match surface at the position of correct registration, and inversely proportional to the
curvature at the peak. Both results are intuitively appealing: the gradient at a peak in the
match surface will be zero and will increase as one moves away from the peak, supporting the
former. For the latter, high curvature implies a narrower peak and more accurate localization.
One conclusion from this investigation is that, here too, there is an optimum window size
proportional to the width of the autocorrelation function and inversely proportional to the
amount of geometric distortion. In contrast with the result for probabilities of false and
correct registration, however, the window size minimizing local registration error is smaller

than the size that minimizes Ppa for a fixed geometric distortion.

2.3.3 Metrics for Matching Performance

Similarity measures have not been evaluated or compared using a universally accepted per-
formance measure or set of measures. Most comparisons are based on a translational image
registration experiment. Svedlow, McGillem and Anuta classify acceptable and unacceptable
registrations manually and use the number of these as a relative performance measure in their

experiments [35]. When evaluating the effect of geometric distortion on matching, Mostafavi
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and Smith use the probability of correct and false registration as a performance measure
in one study [58] and the spatial registration accuracy in another [59]. Aschwanden and
Guggenbiihl base their comparison on the spatial accuracy of registration alone [55]. Venot,
Lebruchec and Roucayrol present results for a small number of specific cases, showing that
their measure outperforms others [42]. Radcliffe, Rajapakshe and Shalev perform registration
with translation, rotation and magnification and use deviations from all three of the known
correct values in controlled experiments to evaluate their algorithm [32]. Chiang and Sullivan
compare their measure to others using correct versus incorrect registration and a qualitative
comparison of the match surfaces [47]. Buzug et ol. also analyze the match surface, using the
broadness of the peak and the extent of its “attractive basin” [24]. Bhat and Nayar compare
measures using the percentage of mismatches that occur in a set of registration experiments
[25]. Penny et al. use the RMS error between known correct registration parameters and the

actual values produced by experiment [26].

When matching is discussed in the context of a filtering operation, the concept of SNR
in the filtered image (match surface) is often used to evaluate matching performance. Kuglin
and Hines ratio the power of the match peak and the power of background peaks in the match
surface [18]. Horner and Gianino compare SNR for standard and phase-only matched filters
[56].

The abovementioned performance measures are only useful in a relative sense since they
are dependent on the experimental data. Sadjadi compares four separability measures that
have independently meaningful values since they are estimates of the probability of error
in the match/mismatch decision [60]. The first is the probability of error associated with
the optimal Bayes decision rule for the correlation function. The second and third are the
Chernoff and Battacharyya bounds on the Bayes probability of error, which are easier to

compute. The fourth is Fisher’s criterion

(m1 — my)?

B o
o? + o3

3

which is easiest to compute, but relies on the assumption that the similarity values are

normally distributed and is unpredictable if this assumption is violated.
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2.4 Discussion

The preceding review confirms that there are many different approaches to direct image
matching. Similarity measures estimate linear correlation and differences between corre-
sponding pixels, using classical, robust and nonparametric methods. More general measures
evaluate the structure of joint and difference image histograms in order to identify dependence
between corresponding pixels. The most common measures have been compared experimen-
tally and some have been analyzed theoretically regarding their performance under various
conditions of noise and image distortion.

Aside from very broad rules of thumb, however, the selection of a similarity measure in the
design of an image matching algorithm is not guided by well understood principles. Although
each of the available measures has a sound rationale, there is no guarantee that performance
will be optimized by any one of them in a new application. The published comparisons of
different measures are dependent on the data sets used in the experiments and there is no
way to predict matching performance for a new application without repeating the analyses
reported in the literature. There is also no systematic procedure for designing an application-
specific similarity measure, nor are any of the available measures the outcome of such an
approach. Finally, the upper bound on matching performance has only been investigated in
idealized conditions and for the most tractable measures.

The remainder of this dissertation addresses these deficiencies through a rigorous formu-

lation of the image matching problem.



Chapter 3

Formulating the Image Matching
Problem

Before formulating the image matching problem, it is necessary to define what is meant by
match and mismatch in the context of an imaging system. Consider the model of image
formation shown in Figure 3-1. First some phenomenon creates a physical scene (e.g. man
builds a production line, nature grows a lung). The scene is then irradiated, either by nature
(e.g. the sun) or by the imaging system itself (e.g. artificial lighting, an X-ray generator).
This radiation is then processed in some way by the scene and the result is transformed into a

digital image by the image capture system. For the purpose of this investigation, the following

: J Reflected/ |
Phenomenon — Scene-» Scene Iradiation - arro0»  Image Capture — Images- »

‘ L i Radiation |

i

Figure 3-1: Image formation model.

important distinction is made: match or mismatch is a characteristic of the scene, rather than
a characteristic of the captured images. The image-pair only contains evidence of match or
mismatch in the scene. The objective of this research is to find ways to make the best possible
use of this evidence and any available g prior: information. To a large degree, the type of
a priort information determines the approach taken by the designer. This research assumes
that only vague information, typically described in terms of a stochastic model, is available.

No deterministic assumptions are made about the image content.

29
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The input data to the matching algorithm is a pair of images. Even if these images match,
they usually differ in at least one image formation parameter — the images may have been
formed at different times, in different orientations, by different image capture systems, or
using different imaging modalities. Whatever the situation, the problem is one of using the
evidence in the two images to decide whether they represent the same scene or not. Two fields
tackle the problem of designing a decision rule for an observed quantity, where the a priori
information about the source of the observation is expressed as a stochastic model: Detection
Theory and Pattern Recognition. There is a large degree of overlap in the early theoretical
foundations of these fields (both have their origins in statistical decision theory), but their
paths have subsequently diverged. Detection theory has developed into a specialization of
statistical hypothesis testing, whereas pattern recognition has become a branch of artificial
intelligence. Sections 3.1 and 3.2 outline the primary concepts in these respective fields,
and form the basis of a decision to formulate the matching problem in a hypothesis testing
framework that is described in Section 3.3. Section 3.4 explores this formulation by applying it
to the trivial problem of scalar matching. Section 3.5 concludes the chapter with a discussion

on the material covered.

3.1 Detection Theory and Hypothesis Testing

The two major areas of statistical inference are parameter estimation and tests of hypotheses
[61]. The former involves estimating a stochastic process parameter from an observation of the
process, whereas the latter involves making an assertion, or conjecture, about the distribution
of the stochastic process generating the data. This assertion is formulated as a hypothesis,
denoted H, which the analyst either accepts or rejects on the basis of a test, denoted 7, on
the observation. Many hypothesis testing problems involve two competing hypotheses. In
this case one of them is referred to as the null hypothesis Hy, and the other as the alternative
hypothesis Hy. In some cases one of the hypotheses, normally Hy, is in some sense more
important than the other and is referred to as the emphatic hypothesis.

Detection theory is essentially an extension of statistical hypothesis testing that is spe-
cialized for the analysis of signals, particularly those that originate from communications and
biological systems [62, 63]. Kazakos and Papantoni-Kazakos view detection and estimation
as the search for the stochastic process that best describes a physical phenomenon, given
observations of that phenomenon [64]. The distinction between detection and estimation is

that the former searches a set of stochastic processes that has finite membership, whereas for
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the latter the set is infinite.

3.1.1 The Hypothesis Test

The test is a procedure for deciding whether to accept or reject the hypothesis Hy [61, p.
403]. Denote the sample space of observations as X and a single observation as x. The
nonrandomised, single hypothesis test rejects Hy if and only if the observation x € Cy, where
Cr is called the critical region of T and is a subset of X. The test procedure is to observe x
and check whether it falls inside the critical region Cy, accepting Hy if it does. Design of the
test can be viewed as an optimization problem. Given a stochastic model for the observation

and a performance criterion, the optimal critical region must be found.

Models Models are generally described as well-known, parametrically known, or nonpara-
metrically described [64, p. 2]. Well-known models have pdfs of known form with no unknown
parameters. Parametric models have a pdf of known form, but include one or more unknown
parameters. Nonparametric models may include some knowledge of the pdf, but its form is
not completely specified. A hypothesis is described as simple or non-composite if the process
associated with it is well-known. Hypotheses that have parametric models are referred to as

composite.

Performance Criteria The performance criteria are related to the errors made by the test
[61, p. 405]. Two types of error are possible: The type I error, or false positive, occurs if Hy
is rejected when true. The type I error, or false negative, occurs if Hy is accepted when false.
The probability of these errors occurring is referred to as the size of the errors in some texts.
In some applications these error rates are part of a more general cost function that weights
type I and type Il errors differently.

Instead of the hypotheses representing two separate processes, it is sometimes useful to
model them by disjoint subdivisions of the parameter space of a single parametrically known
stochastic process [64, p. 41]. Denote the parameter space as ©, ©; as the subspace associated
with the emphatic hypothesis Hy, and &g as the subspace associated with the null hypothesis
Hy. The power function of the test 7, denoted 7y (#), is defined as the probability that Hy
is accepted as a function of the parameter 8 € ©. The power function is useful as a means of

comparing alternative tests. Note that the type I and type II errors can be written in terms
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of the power function as

P; = P (H; accepted|Hy true) = / w7 (@)
0

and

Py = P (Hy accepted|H; true) =1 “,/ wr (8),
8y

respectively. The test that minimizes type Il errors with the probability of type I errors fixed
at « is called the most powerful test of size . The size of a test is the maximum probability
of accepting H; when the true hypothesis is Hy. This can be written in terms of the power

function as supgcg, 77 (8)-

3.1.2 Tests of Simple Hypotheses

The appropriate test for two simple hypotheses will be either a Bayes test, minimaz test
or Neyman-Pearson test, depending on the o priori information available [64, p. 46]. The
Bayes test requires knowledge of the a priori probabilities of the hypotheses being true. If a
cost function is available, the Bayes test is designed to minimize this cost. If not, the test,
often referred to as the ideal observer test, minimizes the probability of error. If no a priori
probabilities are available, but a cost function is given, then a minimax rule is used. This
type of test essentially minimizes the cost function for the least favourable set of a priori
probabilities. With no a priori probabilities or cost function, the problem is solved by setting
an upper limit on the probability of an error in the non-emphatic hypothesis (type I error)
and minimizing the probability of error in the emphatic hypothesis (type II error). The result

18 known as the Neyman-Pearson test.

It is often convenient to write the hypothesis test in terms of a statistic s(x) and a

threshold A, for example

Hyifs(x) > X

Hy if s(x) < A (3-1)

Accept {

Let the observation x be a random sample from the pdf p (x|Hy) or p (x|H: )}, conditioned on
whether Hg or Hy is true, respectively. The likelihood ratio,
p(x|Hy)

o) = i)
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with an appropriate threshold is a common test. In fact, it has been proved that for two
simple hypotheses the optimum Bayes test, minimax test and Neyman-Pearson test can all
be written in terms of the likelihood ratio statistic and an appropriate threshold, which

together constitute the likelikood ratio test (LRT) [61, p. 410-418].

3.1.3 Tests of Composite Hypotheses

Consider now the situation where the hypotheses are composite and share a parameterized
pdf, p (x]@ € ©), with a disjoint subdivision of the space of the unknown parameter: 8 € 6
for Hy and 8 € ©; = © — 0 for H;. A common test for this scenario uses the generalized

likelihood ratio

L (x) = Supgeo, P (%|0)
X) =
SUpgeo p (x|6)

and an appropriate threshold, and is called the generalized likelihood ratio test (GLRT) [65].
Unlike the likelihood ratio test for simple hypotheses, the GLRT is not optimal in any sense,
but has proved to be a good test in many (but not all) situations [61, p. 419]. A test is called
the uniformly most powerful test of size o if it is the most powerful test among all tests of size

¢« or less. This is a useful performance criterion for optimal tests of composite hypotheses.

3.1.4 Nonparametric and Robust Tests

The hypothesis testing schemes described in previous sections depend heavily on the accuracy
of the stochastic model of the underlying process, since optimum performance is only guaran-
teed for observations of the process described by this model. However, the model is only an
approximation of reality and where the approximation is inaccurate the performance might

deteriorate. This problem is addressed by robust and non-parametric statistical methods.

Robust Tests The robust approach is to view the observations as consisting of two com-
ponents — a well behaved component that can be described by a classical stochastic model
as before, and a corrupt component that introduces deviations from this model. Corrupted
observations are called outliers and robust tests are designed to tolerate these apparent anoma-
lies. Robust statistics originated as ad-hoc procedures for eliminating outliers before doing
statistical analysis, but has recently developed into a set of theoretical tools for designing
and evaluating hypothesis tests and estimation schemes that tolerate various types of model

contamination {38, 30]. Huber describes three desirable characteristics of a robust procedure:
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near optimal performance under the classical model, a small drop in performance for small
deviations from the model and non-catastrophic failure for larger deviations from the model
(38, p. 5].

The use of robust methods in the design of hypothesis tests can vary from the use of
robust estimators for unknown parameters, to the design of a test from first principles using
a robust formulation of the problem. The field of robust statistics has mostly addressed
univariate parameter estimation problems, making the former a more practical approach for
high dimensional detection problems.

Robust statistical theory considers neighbourhoods of parametric models and is therefore
a branch of parametric statistics [30, p. 9]. Another branch of statistical theory addresses the

lack of accurate information by making weak assumptions and using nonparametric models.

Nonparametric Tests Nonparametric tests are used when a complete statistical model
of the input data is not available or the underlying statistical process changes over time, or
if the optimal test is too complex for practical implementation [41]. These methods differ
from robust methods in that fewer modelling assumptions are made. Where robust methods
operate in the neighbourhood of a parametric model, non-parametric models discard the
parametric model completely. Tests are ad-hoc and based on empirical observations rather
than the solution of a formal optimization problem [64, p. 199]. The oldest and most widely
used class of nonparametric procedures are the sign tests, the simplest form of which identifies
an observation as belonging to one of two processes that differ only in their means, which are

symmetric around the origin [64, p. 200]. The test statistic in this case is

1 >0
s(x) = ngn (z;) where sgn(z) = v .
, 0 z2<0
% —

Another common nonparametric approach uses the rank of observations, rather than their
values, which resuls in approaches that are tolerant of large absolute deviations in isolated
values and have useful invariance properties [64, p. 205].

Although ad-hoc, the nonparametric approach is the only way to arrive at practical tests in
many situations. However, the lack of rigour leads to difficulty in comparing different nonpara-
metric approaches analytically. The asymptotic relotive efficiency (ARE), which measures the
performance of one test relative to another, was designed to overcome this problem. Specific

definitions differ, but the ARE generally measures the limiting ratio of the number of samples
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per observation that two detectors require to achieve the same performance, as the distance
between the hypotheses (or SNR) becomes infinitely small. Kazakos and Papantoni-Kazakos
define ARE to compare a nonparametric detector with a Neyman-Pearson parametric detec-
tor on observations from the same parametric model [64, p. 199]. Helstrom compares two
arbitrary detectors with fixed type I and type II error characteristics [62, p. 167]. Huber uses

ARE with respect to a classical procedure as the performance criterion for a robust one [38,

p. 5]

3.2 A Pattern Recognition Perspective

Pattern recognition also addresses the design of decision rules based on observations and
models of physical phenomena [66, 67, 68, 69], but has strong ties with the research topics
of computer vision and artificial intelligence. Many pattern recognition applications involve
developing systems that mimic an aspect of human decision making ability. Weather fore-
casting, character recognition, speech recognition, and image interpretation are examples [67,
p. 12].

Like detection theory, pattern recognition had its origins in statistical decision theory.
Many of the concepts in this field are shared with detection theory and hypothesis testing,
but the nomenclature and notation are, for the most part, completely different. There are also
many differences on a practical level, which is not surprising if one considers the fundamental
differences in their early application areas and the large differences in dimensionality and

statistical complexity of the problems tackled by these respective fields.

Analogue versus Discrete Origins Many detection theory concepts originate from early
work done in analog signal processing. Here signals were often sampled at fixed intervals to
provide the observations for a hypothesis testing procedure. These sequential tests included
both a stopping rule to recognize when enough data had been collected and a decision rule to
test the actual hypothesis [64, p. 37]. Pattern recognition, on the other hand, originated in
artificial intelligence research and early work attempted to classify a few heuristically selected
features that were sensed from some phenomenon of interest. Hence, where the data vector
in a detection theory problem is often a number of regularly spaced samples from the same
process, the elements of a feature vector in a pattern recognition problem routinely consists

of measurements of completely different physical phenomena.
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Dimensionality Designers using detection theory in signal processing applications are ac-
customed to high dimensionality, and are restricted to analytical design and limited estimation
of distribution parameters using training data. The pattern recognition community, on the
other hand, typically deals with low dimensional problems where on-line training of discrim-
inant functions is practical. Indeed, the “curse of dimensionality” is discussed in pattern

recognition texts [68, p. 7] for dimensions that are commonplace in detection theory circles.

Statistical Complexity Historically, detection theory has been applied in areas where
relatively simple fundamental models of the underlying physical phenomena can be developed
and validated. Pattern recognition, on the other hand, has tackled more unruly data, often
where explicit statistical modelling is not feasible. As a result, it can be argued that members
of the pattern recognition community have had to be more resourceful and less rigorous than
their detection theory counterparts.

More recently, with the increasing statistical complexity of the digital signals that are
routinely tackled by detection theory and the increasing dimensionality of pattern recognition
problems, a unification of these two fields seems appropriate. A brief overview of pattern
recognition fundamentals is now given, with references to the previous sections on hypothesis

testing where equivalent concepts or fundamental differences are identified.

3.2.1 Classes, Classifiers and Discriminant Functions

The pattern recognition equivalent to the detection theory hypothesis test is the classifier.
Classifiers are derived from models in much the same way as hypothesis tests, or are learned
from training data. They partition the observation space using discriminant functions, which
Duda and Hart refer to as “something of a canonical form for classifiers” [66, p. 17]. In
a similar fashion the hypothesis test statistic and decision threshold of Section 3.1 define a
critical region for the null hypothesis.

The ¢ distinct states of nature that the classifier must recognize, which are equivalent
to detection theory hypotheses, are called classes and denoted w;, where ¢ € {1,2,... ¢}
The observations are referred to as feature vectors, since they should encapsulate the salient
features of the underlying physical phenomenon. A feature vector, denoted here as x, is

assigned to class w; if

gé(x)>gj(x) \V‘?’#.??
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where g; (x) : i € {1,2,... ,c} are the discriminant functions. For the two class problem, a
single discriminant function, g (x) = ¢; (x) — g2 (x), is used with the decision rule

wy if g{x} >0

Decide {w2 if g(x) <0 .

Notice the similarity to the hypothesis test of (3.1).

The surface defined by ¢ (x) = 0 partitions the feature space into two decision regions
and is referred to as the decision surface. Pattern recognition places more emphasis on the
decision surface than is the case in detection theory, which concentrates on characterizing the

hypotheses (classes) rather than the boundaries between them.

3.2.2 Supervised Learning and Numerical Optimization

Like the design of tests in detection theory, the design of discriminant functions often requires
that distribution parameters of the various classes are estimated from training data. This
is usually referred to as supervised learning in the pattern recognition literature [66, p. 44].
However, pattern recognition takes supervised learning further than just estimating distribu-
tion parameters, by using data to train discriminant functions directly. The most common
example of this approach is the neural network, a mathematical construct with many free
parameters that are specified by supervised learning, or training [68]. The data models are
developed within the neural network during the training phase and are limited only by the
flexibility of the network architecture and the extent to which the training data faithfully rep-
resents the problem. More recent supervised learning techniques, such as the support-vector
machine, use training data to build the decision surface directly [70].

In a sense, trainable discriminant functions like neural networks are just methods for solv-
ing the analytical optimization problem associated with deriving the optimal hypothesis test,
but do so numerically with training data. Instead of specifying models for the different classes
(hypotheses) and deriving the test using analytical optimization, a configurable discriminant
function with many free parameters is specified and the best set of parameters sought using
training data and a numerical optimization algorithm, such as back-propagation or a genetic
algorithm. As is the case with designing hypothesis tests, the performance criteria that direct
the optimization search are also based on the error-rate performance of the solution, or more
generally, a risk or cost function that has different weightings for different types of error.

Supervised learning and numerical optimization share a problem that is absent from ana-

lytical optimization methods: unrepresentative training data or an inadequate search can lead
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to a local, instead of global, maximum of the performance criteria. Although this problem is
absent from the analytical optimization stage of the detection theorist, it can be compared to
the problem of selecting a model for the data, since the supervised learning is, in a sense, both
selecting the model and performing the optimization. For example, a nonparametric model
may sacrifice performance in ideal simulations, relative to a parametric one, but the detection
theorist may select it so that the system will tolerate deviations from the parametric model in
real data. This designer will have effectively generalized better than the designer who chose

the parametric model for its superior performance in simulations.

3.2.3 Unsupervised Learning and Clustering

Pattern recognition takes learning another step further than detection theory. In unsuper-
vised learning, or clustering, the training set is unlabelled and the learning algorithm must
search for natural groupings, or clusters, in the data. Essentially, the designer is still solv-
ing an optimization problem, but is doing so having specified different initial information,
which could include the number of classes in the data and criteria that describe “good” clus-
ters. Unsupervised learning procedures include estimation techniques (e.g. Gaussian mixture
modelling [66, p. 190]), extensions of supervised techniques to unsupervised learning (e.g.
unsupervised Bayesian learning {66, p. 203]), clustering algorithms and neural networks that

identify classes during training (e.g. the Kohonen self organizing map [67, p. 162][71]).

3.2.4 Dimensionality Reduction

A common nonparametric procedure in pattern recognition is density estimation, where sam-
ple data are used to estimate the pdf of the feature vector. Nonparametric estimation meth-
ods, such as histograms and Parzen windows, have been developed, but a large number of
samples are required and this number grows exponentially with the dimensionality of the
feature space [66, p. 95]. This phenomena. is referred to as the “curse of dimensionality” [68,
p. 7] and also applies to supervised and unsupervised learning techniques. Detection theory
has escaped this problem by rigorous analysis that provides parametric models, or where this
fails by bypassing the density estimation problem and going directly to suboptimal nonpara-
metric tests. The learning approach has been largely overlooked in detection theory, probably
because high dimensionality and available computing technology have made it impractical.
In pattern recognition the curse of dimensionality has been addressed by using feature ex-

traction or dimensionality reduction techniques, which preprocess the input data and extract
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only the most salient features. The simplest approach is to use only a subset of the available
features, chosen according to some set of criteria [68, p. 304]. A more general approach is
to map the input data into a lower dimensional space. A common method for doing this is
principal component analysis (PCA) [68, p. 310], which represents the n-dimensional data as
the coefficients of a set of p principal components, where p < n. The principal components
themselves are the eigenvectors associated with the p largest eigenvalues of the covariance
matrix of the training data. A famous example of this approach in practice is the eigenfaces
face recognition algorithm, where PCA reduces the large number of pixels in a face image to

a more manageable feature vector [72, 73].

3.3 Problem Formulation

The previous sections in this chapter have given a brief overview of mathematical techniques
developed for automating a decision making process that is based on observations of the real
world. Attention now turns to formulating the decision making problem at hand — deciding
whether a pair of images are in a state of match or mismatch.

Consider the space, U, of all possible image pairs that the imaging system can generate,
and a particular image-pair observation, ¥ € ¥. Based on the evidence in this observation, the
algorithm must decide whether the two images represent equivalent scenes. If it is assumed
that the algorithm makes a deterministic decision (i.e. the algorithm will always make the
same decision for a given image pair), then the algorithm must create a partition of ¥ into
image pairs that represent a state of match, ¥ € Uy, and image pairs that represent a state
of mismatch, ¢ € Uy = ¥ — ¥, The ultimate solution, then, to the problem of designing a

matching algorithm can be expressed very simply as the decision rule,

- atch if el
& () = Decide o l 'g—/) b (3.2)
mismatch if ¢ &€ ¥y

that optimizes the matching performance criteria over all potential decision rules, and satisfies
any other requirements of a matching algorithm. Over and above being the optimal solution,

the following general requirements are deemed important:

1. The algorithm should make full use of the a priori information available.

2. The algorithm should tolerate minor deviations from any modelling assumptions made.
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3. The algorithm should be computationally feasible.

In practice, these requirements are in conflict, so any algorithm will be a compromise
between them. However, the compromise should be made explicit and should not be the
result of an ad-hoc approach to solving the problem.

Note that the decision rule of (3.2) suggests a formulation of the matching problem that
has not been previously explored in any detail: model the situation in terms of two stochastic

processes. Not one for each image, but one for each hypothesis:

1. A process that produces matching images, modelled with the multivariate pdf p; (¥|H:)

and

2. a process that produces non-matching images, modelled with p (@]H@)

Since this model does not map directly onto a single physical imaging system it is rather
counter-intuitive, but it is also the natural decision theoretic formulation of the problem given

an observation (the image pair) and hypotheses that must be tested (match and mismatch).

3.3.1 Detection Theory versus Pattern Recognition

Superficially, detection theory and pattern classification both appear to be a natural frame-
work for the image matching problem: A random process generates two images, which are
the observation or feature vector. The hypotheses, or classes, are match and mismatch. The
problem of designing an algorithm for image matching is now one of designing a good test of
these hypotheses, or a good discriminant function to separate these classes. The preceding
sections in this chapter have outlined the detection theory and pattern recognition approaches
to this sort of problem. In summary, detection theory offers a more rigorous approach based
on analytical models, has an emphasis on the optimal nature of a solution, routinely deals
with highly dimensional observations and has been applied to problems where the observation
dimensions are samples of a single process. In contrast, pattern recognition has an emphasis
on unsupervised learning, rather than rigorous modelling of the underlying phenomena that
are the source of the data, has been developed primarily for fewer, less well-known dimensions,
and has been applied to a more diverse range of phenomena.

Given that the emphasis in this research is on the use of ¢ priori stochastic models, the
detection theory approach is chosen as the starting point for developing algorithms for image

matching. This approach is also more suited to the high dimensionality of images and will
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exploit the analytical image models that have been successfully applied in other areas of image

processing.

3.3.2 Matching as Hypothesis Testing

In order to formulate the image matching problem as a hypothesis test, the following ingredi-
ents are required: an observation, a model of the physical process generating the observation

under each hypothesis and the performance criteria that will be used to assess the test.

Observation The observation 1 is a pair of digitized images, which can be represented as
the column vectors u and v, where the pixels are stored in row-column order. In future this

will be referred to as the image pair, denoted

Hypothesis Models The two hypotheses are match H, and mismatch Hy, and the image
pair is modelled as two separate stochastic processes under these hypotheses. Note that unless

stated otherwise, match is the emphatic hypothesis. Four scenarios are identified:

1. Semple match: The two simple hypotheses are modelled as well-known stochastic pro-

cesses that share the pdf, py (w]6), where H) <= 6 = 6; and Hy <= 8 = 8,.

2. Stmple match with nuisence parameters: The two simple hypotheses are modelled as
parametrically known stochastic processes that share the pdf, py (w8, @), where H; <=

8 =8, and Hy <= 8 = 8y, and ¢ is a vector of unknown (nuisance) parameters.

3. Composite match: The two composite hypotheses are modelled as parametrically known
stochastic processes that share the pdf, py (w|8), where H; <= 8 € ©; and Hy <
8 c O

4. Composite match with nuisance parameters: The two composite hypotheses are mod-
elled as parametrically known stochastic processes that share the pdf, py (w|8,¢),

where Hy <= 6 € © and Hy <= 6§ € Oy, and ¢ i8 a vector of nuisance parameters.

Performance Criteria Type I and type Il error rates will be used to compare the perfor-

mance of different tests. This will be expressed in terms of the overall probability of error, or
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as the size of a test with fixed type I error (false alarm) rate, where match is the emphatic

hypothesis.

3.3.3 Defining Image Similarity

Without any loss in generality, the two-hypothesis problem can be expressed in terms of
statistic of the image-pair, s(w), and a decision threshold, A, with the decision rule

Hyif s(w) > A

Hyif s(w) <X~ (3:3)

Accept {

Note that s(w) can be interpreted as a measure of similarity, or conversely, that the similarity
measures reviewed in Chapter 2, together with their decision thresholds, can be viewed as
tests of a match hypothesis. This suggests the following definition of an image similarity

statistic:

Definition 1 An image similarity statistic is defined to be any statistic that forms a test of

the match or mismalch hypothesis on an image pair in conjunction with a scalar decision

threshold.

3.3.4 The Hypothesis Tests in Previous Work

Having formulated the matching decision rule in terms of hypothesis tests on the image pair, it
is interesting to contrast this approach with the (sometimes implicit) decision rules in previous
approaches to the problem of direct image matching. Previous work has either reformulated
the matching problem as object detection and applied existing techniques, projected the
image-pair into a subspace where modelling was simpler, or considered only the marginal

pixel pdfs as the basis of comparison.

Matching as Object Detection Consider the image pair {u, v}. The design of many early
matching algorithms proceeded by regarding one image, say u, to be deterministically fixed
and formulating matching as the detection problem: H) <= v=u+nand Hy < v =1,
where 77 is noise. Although intuitively appealing this formulation is theoretically problematic
for a number of reasons. Among them are the facts that problem is not treated symmetrically
in u and v and the pdf of u is not part of the formulation. Matching algorithms based on

the matched filter and correlation function fall into this category {11, 59, 58, 10].
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Matching in a Subspace A very common approach in matching is to project the image
pair into a more manageable subspace and proceed from there. The most common example of
such a subspace is the difference between the two images, e = u — v. The hypotheses can be
formulated in terms of the shared pdf p (€|@), where H; <= 8 € ©; and Hy < 8 € 6.
A potential problem with this approach is that the subspace sacrifices some information. For
exarmple, the joint image pdf, py v (u,v), is collapsed into the difference image pdf, pe (e),
sacrificing the marginal pdfs, p, (u) and py (v). Examples of this approach include image

difference measures [39] and the sign change criteria [42].

Matching by Probability Density Estimates Measures like pairing functions [48] and
mutual information [51] base their match and mismatch hypotheses on the estimated joint pdf
of corresponding pixels and therefore fully exploit all of the information in individual pixel
pairs. However, they view the image as many observations of a univariate pdf rather than a
single observation of a multivariate pdf and by doing so the intra-image inter-pixel interactions
are ignored. Also, these are nonparametric approaches that do not exploit stochastic a priors

information. As a result, they do not provide the most powerful tests.

3.4 Scalar Matching Example

It is instructive to reduce the image matching problem to the one of matching scalars (or single
pixel images). Although there is very little practical use for a scalar matching procedure, the
derivation of an optimal test illustrates concepts that are applicable to the more interesting
problem of image matching, but without the intuitive obstacles inherent in results with high
dimensionality.

To give the discussion context, an imaginary application in automatic vehicle navigation
is considered: In order to recognize oncoming traffic at night, a system must distinguish
between the two headlights of a single oncoming vehicle and two headlights that belong to
separate vehicles, using the headlight intensity. The assumption is that variation in headlight
intensity is much greater between vehicles. In addition, the sensing of headlight intensity is

complicated by weather conditions, which can be modelled as additive noise.

3.4.1 The Optimal Test for Scalar Matching

An optimal test for deciding whether two scalars, which are corrupted by additive noise, are

in a state of match or mismatch is derived here.
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The Scalar-Pair Model

Consider the two scalars, v = @ + 1 and v = b+ v, which have ideal components a and b,
and are corrupted by additive noise components ¢ and v. The ideal and noise components
are all assumed to be normal. The noise components are assumed to be independent of the

ideal components and of each other.

The joint pdf of the scalar pair, p,,(u,v), is now derived for this simple additive noise

model. Represent the scalar pair, ideal scalar pair and noise pair as the 2-vectors
a
W o ,C = and 13 = # R

respectively. The bivariate pdf of the ideal pair can be written as

pele) = e exp |~ (e~ mo" K (e - mo)|, 3.9
()" [Kd

which is characterized completely by the mean vector

Mg
Hile =
my
and the covariance matrix
9
g, P Ta0p
,Kc - 9
P Calp g3

Hence the popular abbreviated notation: p. (¢) = N (¢;mc, Kc)!. The quantity, p € [~1,1], is
the correlation coefficient between the ideal components. Assuming that a and b are generated
by identical random processes, m = m, = m;, and 02 = 02 = o2, are defined. For the noise

components,

Py () =N (n;0,Ky)

IStrictly speaking, the notation N (m,K) is commonly used to represent the multivariate normal dis-
tribution with mean vector m and covariance matrix K, but the presentation here will also use the notation
N (x; m, K to represent the associated normal probability density funciion, where x is the independent variable.



3.4. SCALAR MATCHING EXAMPLE 45

where

2
K, - o, 0
0 o?
The required pdf can now be written as
Pup(4,0|0) = po (W) (3.5)

= N(wym,K.+K,) [see Appendix B.1]
k (9} - exp [_% ) f (usvse)] .

where
0 = {mo,0,,0,,p},
5 (6) = !
2?7\/0"4 (1= p?) + 0?02 +0%0? + olol
and
F(u,0,0) = (u—m)® (0® +02) —2(u—m) (v —m) po? + (v —m)? (02%—02).

ot (1 - p?) + 0?02 + 020? + 0202
Hypothesis Models

In order to model the hypotheses it is necessary to model match and mismatch in the joint
scalar pdf (3.5). This can be done by a process of elimination, considering the available

parameters,
0= {m,a, Tps Tus :O}

and the fact that any parameters determining match or mismatch must involve the relation-
ship between the ideal components a and b. The noise is independent of ¢ and b, so {o,,0,}
can be discarded. Since {m,o} are parameters in the marginal pdfs of e and b, they cannot
affect any relationship between them and they too can be discarded. The remaining parame-
ter is p, the correlation coefficient between a and b, which does indeed control the relationship

between them.
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Assuming that the other parameters are known, one possible model has the hypotheses
sharing a pdf py.(u,v|p) that is parameterized on the correlation coefficient, where the hy-
potheses are defined by Hy <= p=1and Hy <= p=0. For p =1 the random vector ¢
degenerates to a single random variable and @ = b in all scalar pairs. For p =0, ¢ and b are

statistically independent. The probability of ¢ having @ = b is

Pla=tlp=0) = | pusla,blo=0)dadb
a=h
= 0,

since the integration is over a set of measure zero. In practice the values are digitized and
P (a = blp = 0) becomes a finite probability, but this is a consequence of the proposed model
that is consistent with the matching problem. For the vehicle navigation scenario, this mod-
els the unlikely, but plausible situation of two oncoming vehicles having identical headlight
intensity within the limitations of the measuring device. Notice that the mismatch hypothesis
does not guarantee that a # b, but the match hypothesis does guarantee that ¢ = b. This

restriction is removed next.

For values of p, py and p, where 0 < py < p; < 1, samples of the ideal components will
be, on average, more similar for p = p, than for p = py;. A more general hypothesis model,
then, has Hy <= p = p; and Hy < p = p;. As before, the mismatch hypothesis does
not guarantee that o # b, but now the match hypothesis does not guarantee that a = b either.
Returning to the vehicle navigation problem, this model allows some deviation between the
intensities of a single vehicle’s headlights. The model just ensures that on the whole, scalars
that represent headlights of the same vehicle are closer together than scalars that represent

headlights from different vehicles.

Note that in terms of the definition in Section 3.3.2, this is a simple match hypothesis

model. Figure 3-2 shows an example of the match and mismatch hypothesis pdfs.

Deriving the Test

Assuming that the a priori probabilities of match, P, and mismatch, Py, are known, the

ideal observer test

Hyif i {u,v) > A

Hoif 1 (u,0) <\’ (36)

Accept {
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pluv}

Figure 3-2: Hypothesis conditional pdf models (m = 50, o2 = 200, ai =02=25 Hy:p=1
(left) and Hp : p = 0 (right)).

where

= }3;3 (3‘?)

is optimal for testing two simple hypotheses. A more convenient notation for (3.6) is now
introduced for the test (3.6):

Hy

! (u,v) Z A
Hy
Substituting the pdfs of the previous section into the likelihood ratio gives
l (U?’U) - Dy (ua Ulp = pl)

Puw(u,v]p = pg)
— k (201) exp [f (u,‘g“og) - f(ua%eol)l

k (po) 2

Taking the (strictly monotonic) logarithm of both sides and re-arranging the test,

f{ua?}apﬂ) _f(u)?})pl) éQlOg {% %ﬁ% )
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where
¢ (p) = [o* (1 - p?) + 0% + oL’ + ool -
The test can now be written as
Hy
s (u,v) Z A
Hp

with the statistic

8 (%}i}) = f(ﬁ,‘l),pg) - f(a;@apl)
= Alu-mP?+Bw—-m)+Cu—m)(v—m)

and dscision threshold

where

A = [$(po) — ¢ (py)]- (0% + )
B = [d(py)— ¢ (p)]- (‘72 + ‘7121)
C = ~[pd (oo} — ¢ (p1)]- 20°.

Several special cases are now considered.

Special Case 1 Shared noise model (0% = o2):

s(u,v)=A[(u—m)2+(ﬂ-m)2] +C(u—m)(v—m)

A= 2log

P\ ¢(p)

Py ¢(Po)}
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Special Case 2 Different noise models (62 # 02), p; = 1 and py = 0:

o2 (u—m)®  o2(v—m)?
s (u,v) = EU;+0§) (0‘(2_‘_5’2}; -~ (u—v)?

2.2, 2 2, 2 2
gLot 4 oqot Hdoto
A =22 - E 2 log
[e)

Py oko? 4+ o20? + oko?
P\ (0% +02) (0% +02)

Special Case 3 Shared noise model (¢2 = 02), p; = 1 and py = 0:

2

O-.V
5 () = ooy [(u —m)? + (v~ m)g] — (u — )2 (3.8)
ol (20? + 02) Py /02 (202 + 02)
A== 2_:/—0-2__11 10g ?1 0_2 T 0’?}, 4 (39)

3.4.2 Analysis of the Optimal Test

Scalar matching offers the opportunity of analyzing the proposed hypothesis testing approach
to matching without the high dimensionality of images. This may give some insight into the

more complex tests for image matching that are investigated later.

The Test Statistic

Note that the statistic (3.8) in special case 3 of the previous section is written with two
main terms. The second of these is the negated squared difference between the two measured
scalars, —(u — v)?. It is intuitively pleasing to have this term in the optimal test, since
it corresponds to the use of the squared difference as a measure of dissimilarity. The sum
of squared differences, or mean squared error, between corresponding pixels is a standard
measure for comparing two images for matching or for measuring image fidelity.

The first term,

a?

m [(u —m)?+ (v — m)z} ,

effectively increases the statistic with decreasing likelihood of measuring the scalars v and
v. The fact that two scalars are close together holds more information about whether they

match or not if the individual scalars are unlikely. To illustrate this point with the night-time
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navigation example, consider the situation where two headlights are detected with intensities
near the average of modern vehicles and difference §. Compare this with the situation where
two headlights are detected with intensities close to the average of a Model T Ford, but also
having difference §. Since it is so unlikely that two classic motorcars are approaching if seems
reasonable to decide that they belong to the same vehicle. In the first situation, on the other
hand, it wouldn’t be unlikely at all that two modern cars were approaching, and a decision

that they belong to the same vehicle is more risky.

Signal to Noise Ratio

Here the SNR of the scalar is defined as the ratio of the ideal component standard deviation

o to the noise component standard deviation o, that is

SNR = ,f‘_“.

Ty

The statistic (3.8) can then be rewritten in terms of the SNR as

s(u,v) = @%{(u—m)2+(v—m)g}—(u—wg
1
= INEET {(u—m)z—}— (’f}“m)z} — (u —v)2.

The effect of the SNR can now be investigated. If the noise is negligible (i.e. SNR — oc )
then

s (u,v) = —(u — v)?
and the optimal test reduces to the squared difference. In the extreme situation of the signal

being drowned in noise (i.e. SNR = 0)

8 (w,0) & [(w—m)? + (v —m)?] — (u-v)?,

suggesting that the likelihood term has increasing significance as noise levels increase. Notice,
however, that the squared difference is significant for all SNR values. The squared difference,
the likelihood term and the overall test statistic are plotted against different SNR values in

Figure 3-3.
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Figure 3-3: Relative importance of the squared difference and likelihood term as a function
of SNR.

This relationship between SNR and the form of the test supports the frequent use of
the squared difference test, or an equivalent measure, in many computer vision applications
where the sensor noise can be neglected and it is the complexity of the scene that provides
the challenge. However, applications such as low dose medical imaging that require the
maximum attainable image processing performance under demanding SNR conditions might

benefit from an optimal matching algorithm.

The Match/Mismatch Partition

Figure 3-4(a) shows the match/mismatch partition induced on (u,v) by the ideal observer
test of (3.8) and (3.9). The white area is the critical region, where the match hypothesis for
scalar pairs is accepted. Notice that for some SNR levels there are values of u for which the
scalar-pair will always be classified as mismatch, regardless of v, and vice versa. The partition
induced by a test based on the squared difference term is shown in 3-4(b) for comparison.
Note that the optimal ideal observer threshold, which is derived in Appendix B.2 for the
squared difference statistic, is used here too.

The obvious implication of Figure 3-4(a) when extending the optimal test from scalars to

images is that some images need not be tested for match with others. In an image registration
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application using block matching, for example, one might exclude image blocks on this basis.
The improbable image blocks, being the best candidates for matching, would be retained.
This approach is similar to the use of interest operators [74] for block selection in image

registration algorithms.

SNR = 10 SNR=3 SNA = 2

20 40 a0 a0 100 20 40 &0 80 100
U u

(a) Bayes test. Py = 0.2,

SNR = 10 SNR=3 SR =2

100 20 40 80 a0 100

(b) Squared difference test. P; = (.5.

Figure 3-4: The partition induced on (u,v) by scalar hypothesis tests.

The SNR has a lower bound for the situation where all scalars potentially have matching
counterparts. Since the most likely scalars in the aforementioned models have maximum

probability at their mean, this condition is satisfied if
s{m,m) > A,

or, since s (m,m) = 0, an equivalent condition is A < 0. Substituting (3.9), this condition
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implies that

Py /03 (20% + 02)

<1
P1 0'2+G'g

0 <

or, rearranging the inequality and writing it in terms of SNR, it implies that

V2-SNR?+1 P
0< 2 D

SNR? +1 Py

This inequality can be used to find the lower bound for SNR as a function of P; that guarantees
potentially matching counterparts for all scalars. Figure 3-5 plots this lower bound and shows

that if P, > %, then all scalars potentially have matching counterparts, regardless of SNR.

SNR

G i H
.08 0.1 018 0.2 (.25 03 (.35 0.4 0.45 05
P

Figure 3-5: A lower bound for scalar SNR that guarantees potential matching counterparts.

3.5 Discussion

Having considered the theoretical machinery available for addressing decision-making prob-
lems, hypothesis testing has been selected as a suitable framework for the design of an image
matching decision rule. With the image pair as unit of observation, the essential elements

of the proposed formulation are separate stochastic models for the image pair under the
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match and mismatch hypotheses. The approach has been illustrated with the simple example
of scalar matching, which has very little practical significance, but reveals some interesting
aspects of the proposed formulation via the simplicity of only two dimensions.

Application of the hypothesis testing approach to image matching is now required in order
to establish whether it will satisfy the requirements set out for a matching algorithm in Section
3.3. First, however, attention is given to the aspect of image-pair modelling. Good models
are crucial for deriving effective algorithms, and image synthesis based on the models will

make it possible to do Monte Carlo experiments where an analytical approach is intractable.



Chapter 4

Modelling and Synthesis of Image

Pairs

The proposed approach to the image matching problem has its subjectivity in the selection
of the image-pair model. Aside from any compromises that are made for reasons of tractabil-
ity of derivation, or practicality of implementation, the derivation of the optimal test is a
mechanistic mathematical procedure. The model, on the other hand, is selecied by the de-
signer, where the degree of subjectivity in the selection is determined by the quantity and
detail of prior knowledge about the physical phenomenon under consideration. The quality
of this selection is important, because the test is derived from first principles and is optimal
with respect to the model and appropriate performance criteria. The accuracy of the model,

therefore, determines how close the test is to optimal for the actual problem.

The first subjective decision made here is the one to model the image pair as a random
process. Stochastic models sometimes describe a process that is inherently random in nature,
but more often they provide a way of developing a model when knowledge of the underlying
phenomenon is incomplete or when the phenomenon is too complex to specify deterministi-
cally. For the matching applications considered here, specific information about the content
of the image at any given time is assumed to be unknown and therefore the option of deter-
ministic modelling is rejected. As Hunt and Cannon put it: “The world, as captured in an
image, is so complex that complete a priori deterministic and mechanistic models seem out of
reach” [75]. The stochastic modelling approach is common in the fields of image restoration
[76, 77, 78], texture analysis [79, 80, 81}, image compression [82], and target detection [83, 84],

but has been applied less rigorously to the task of image matching.
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This chapter develops a stochastic image-pair model that will be used as the basis for de-
riving the hypothesis test for image matching. Section 4.1 outlines the modelling assumptions
that are made. Section 4.2 develops correlation-based and difference-based models for match
and mismatch in the image pair. Synthetic images will be required for testing purposes, and
Section 4.3 develops methods for generating random image pairs. Section 4.4 concludes the

chapter with a discussion.

4.1 General Model Assumptions

A stochastic model expresses the characteristics of an image pair in terms of the probabilities
associated with observing every possible image combination, but there are many different
models to choose from. Kazakos and Papantoni-Kazakos describe the “best” model as the
“simplest existing model that describes the phenomenon with satisfactory accuracy, with the
emphasis on simplicity” [64, p. 1]. General assumptions that provide this simplicity and

narrow the field of potential models for the image pair are provided here.

4.1.1 Stationary, Multivariate Normal Images

The requirement of simplicity for a stochastic model is normally embodied in the assumption
that a multivariate normal (MVN) distribution (or equivalently, a Gaussian random field) de-
scribes observations of the phenomenon under consideration. As Muirhead concedes, analysis
with other probability distributions is rarely tractable [29, p. 1]. The MVN pdf for n x n

image a is given by

1 1 -
Pa(8) = —————exp [-5 (a—m,) "K' (a~m,)|,
(2m)" |Ka|

or, using the abbreviated notation, by pa (a) = N (a;ma, K, ).

In image processing models, the additional assumption of ergodicity (and therefore spatial
stationarity) leads to easier analysis and more efficient algorithms. However, a cursory analysis
of typical images with natural or man-made scene content reveals that these assumptions are
unrealistic in general. Common violations are shown in Figure 4-1 — the pixel intensity
values are positive, their histograms are asymmetrical and have multiple modes, and spatial

averaging suggests that the stationarity assumption is questionable. Where the MVN and

stationarity assumptions cannot be made, solutions can be found in ad-hoc (nonparametric)
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(a) Medical radiograph - ‘Skull’.

/A

0 50 100 150 200 250

(b) Standard image - ‘LAX’ (subimage).

_|

0 50 100 150 200 250

(¢) Standard image - ‘Lena’ (subimage).

Figure 4-1: Local averages and histograms for three test images. The histograms are accom-
panied by the best fit normal pdf.
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approaches or in more sophisticated models. As examples of the latter, multiresolution models
[85, 86], mixture distributions [87], or generalized Gaussian models [78] have been reported.
Alternatively, the images can be transformed so that they better resemble samples from a
stationary MVN process. for example, Hunt and Cannon propose a model with additive
nonstationary mean and stationary residual components [75], Hunt proposes normalization
and spatial warping to enforce stationarity in the second order image statistics [88], and
Chapple and Bertilone propose a pointwise transform to make image pixel statistics better
resemble the normal distribution [89]. These methods can potentially overcome the non-
normal and nonstationary characteristics of images, and Appendix A investigates them in
more detail.

For the purposes of this research, then, the assumption is made that images can either be
adequately modelled as an MVN process or they can be transformed to better resemble the
samples of one. Normal marginal pdfs do not guarantee a normal joint pdf [29, p. 7], so the
fact that MVN models are adequate for the individual images does not imply that the same
is true for the image pair. Even so, for the tractability it offers, the additional assumption
is made that a linear model adequately represents the match/mismatch relationship between
the images. The resulting pdf for the image pair w’ = [aT, bT] is given by

P () = ———— [—3 (- my) K5 (w— ma)| (4.1)

2m)% |Kw]

where m%L = [mZI,m]] is simply a concatenation of the mean vectors for the individual

images. K,y is the joint image-pair covariance matrix, which can be written as
2R c.opR
atla aYbrlab

Ky = )
O'anRab GbRb

where K, = agRa and Ky = agRb are the covariance matrices of the individual images,

and o,0pRap is their cross-covariance matrix.

4.1.2 Shared Intra-Image Correlation Structure

It is assumed that the images a and b share the same intra-image correlation structure, and
therefore R, = Rp = R. In a matching application the two images will probably contain the
same sort of subject matter, making this a reasonable assumption in most cases. Applications

that require multi-modal matching are possible exceptions, although it should be noted that
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the model still allows the images to differ by a systematic offset (mean vectors m, and my,)
and overall scale (variances o2 and o). The image-pair covariance matrix can now be written
as

R 040pRap

K = . (4.2)
UanRab O’ER

4.1.3 Additive Noise

The sensed image has two main components. First, there is information about the scene and
second, there is superfluous information that was added during the generation of radiation,
the irradiation of the scene and the image capture. This additional information is commonly
referred to as noise. Figure 4-2 illustrates the distinction made between scene information
and noise in a medical X-ray image: subfigure (a) is the original image, (b) highlights scene
information in the form of the vertebrae, (c) highlights statistical noise in a quiet part of
the image and (d) shows a structure noise artifact introduced by the line-scan operation of
the imaging system. For now it is assumed that image formation artifacts are either absent,
or that they can be removed by preprocessing that exploits their deterministic structure.

Assumptions must now be made regarding the nature of the statistical noise.

(a) Medical X-ray (b) Scene: verte- (c) Statistical (d) Structure arti-
image. brae. noise. fact.

Figure 4-2: Image model components.

A common assumption is that the noise in an imaging system can be modelled in terms of

additive (signal independent) and multiplicative (signal dependent) components [8, p. 268],
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implying the model
u=pOat py (4.3)

where ® denotes the Hadamard product’, a represents the scene, p, represents multiplicative
noise and p, represents additive noise. In the event that one of the noise components domi-
nates the other, the model can be further simplified by neglecting the smaller component. In
some situations, purely multiplicative noise can be made additive by taking the logarithm of
the image intensity values [17, p. 80], suggesting that the additive noise model, u = a + u,
can describe a wide range of imaging scenarios.

Further, it is assumed that the noise can be modelled as a zero-mean, stationary MVN
random process. Since most imaging systems accumulate signal at various stages of the
image formation process (e.g. scintillation, CCD camera integration and software summing
of image frames), the normal approximation can be justified at each stage using the central
limit theorem of statistics. Denoting the noise components of images u and v as p and v
respectively, their pdfs are given by p, (1) = N (1;0,K,,) and p, (v) = N (v;0,K,,). If the
noise is white, then K, = oil and K, = 021

Based on the rules governing sums of multivariate normal random vectors, the covariance
matrix of w is the sum of the covariance matrices of the scene and noise components (see
Mood, Graybill and Boes [61, p. 178] and Appendix B.1). Therefore, assuming that the noise

in separate images is statistically independent, K,,, = 0, and

2 2
K, — o;R 0.0pRab . o, 0

| 9a0sRab IR 0 o2l

02R+0‘2‘I 0.0pRapb

0a0Rab 0§R+O',2,I

4.2 Models for Match and Mismatch

The model for the image pair is characterized by the mean vector m,, and the covariance
matrix K, in equation (4.4). All of the quantities in the covariance matrix are characteristics
of the individual images except for the normalized cross-covariance matrix Rap. Since this

matrix governs the relationship between images u and v, it will be instrumental in defining

la=boc=>a;=b;-¢; Vi
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match and mismatch for the image pair. This section takes two approaches to the problem

of defining meaningful structure for Rgp, in the situations of match and mismatch.

4.2.1 Correlation-Based Model

This model bases match and mismatch on the correlation coefficient between the scene pixels
of each image®. It makes the assumption that all corresponding pixel-pairs share a correlation
coefficient pg;, the value of which is specified differently in the separate models for match and
mismatch. For guaranteed identical® images p,, = 1, for statistically independent images
Pap = 0, and for values in-between the images exhibit varying degrees of correlation between
corresponding pixels. The match and mismatch hypotheses can be defined as H; <= p, =
py and Hy <= p,, = py, respectively, where 0 < py < py £ 1. The normalized cross-

covariance matrix is now given by

Pab ¢

Pab
Rab = | H

? Pab

where the off-diagonal elements are as yet unspecified. The following constraints limit the

form of the matrix:

1. For py = 0, mismatching images are statistically independent and R, ] pap=0 = 0.

2. For p; = 1, matching images are identical within a scaling factor and Rap L pap=1 = R.

One valid structure for R,y with these constraints is Rap = pgR. This is not a unique
solution®, but its simplicity is appealing. Adopting it for the image-pair model, the joint
covariance matrix for the correlation-based model becomes

G§R+G§I OalpPp R

Kw = . (4.5)
v oaorpp R 0ER+0Z1

*Note that it is not the correlation coefficient between the pixels of the sensed images u and v {an estimate
of which is often used as a measure of similarity between images) that is of interest here, but rather the
correlation coefficient between the scene pixels of a and b.

31dentical, that is, to within the systematic offset and scaling factor determined by the respective image
mean vectors and variances.

* Another has elements p, R [7, j]°*, where R4, j] is the element of R at (¢, §).
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4.2.2 Difference-Based Model

The second approach uses a scene difference image to model the inter-image relationship.
It is based on a hypothetical process that generates images with covariance matrices K,
and Ky, mean vectors m, and my,, and with control over an image difference parameter,
dap. The process generates two zero-mean, unit-variance images a; and by, that differ by
a random image d; with zero mean and standard deviation d,,. For guaranteed identical
images, §qp = 0, for statistically independent images, d4 = 1, and for values in-between the
images have differences of varying magnitudes. After the process has generated a; and by,
it scales and translates their pixel intensities in order to produce images with the required
mean vector and variance. For the matching problem there will be two processes: one that
generates matching images, where Hy <> J, = J; and one that generates mismatching
images, where Hy <= d, = 8. Note that 0 < §; < §y < 1. Figure 4-3 shows a schematic

of the process. The cross-covariance matrix it implies will now be derived.

o, m,
o L N
i N(O,R) a,a ,\\)(//} VVVVV a2 »»»»»» _):\:t;,_.a_/\,

,,,,,,,,,,, J a,
NOR) |8y X)dy (b, (X, (B b
S T
i 1
Sab Gb mb

Figure 4-3: Process for generating an image pair with control over a difference parameter.

Independent root images a; and d; are generated using a MVN random process with zero

mean and covariance matrix R. The output images can be written in terms of the root images
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as a =0,a; -+ My, and

b = oyb;+my

= oy{ag +dy) +my

= Op (é‘a{)dl +4/1 (52531) -+ 1Mp.

First, it is proved that the process in Figure 4-3 does indeed produce images with the

required marginal covariance matrices. For the covariance matrix of a:

Var[a] = E [(a —my) (a— ma)ﬂ

as required. For the covariance matrix of b:
Var[b] = E [(b —my) (b mb)ﬂ
= oiE K&lbdl +4/1— 52,,:11) <5agd1 +4/1 - 5§éai>1
= 0265, E [did] | + 0} (1 - 62,) E [ana] | + 205841/ 1 — 62, F [ard] | .

Now E [d;d]]| = E [a1a]] = R, and a; and d; are independent by design, so E [a;d?] = 0.
Therefore Var [b] = oZR as required.

A similar approach can be used to express the cross covariance matrix in terms of a; and

d; as follows:

Covia,b] = E {(a —1mg) (b — mb)T}

_ E[aaal( (sut /1= ) ) J

= g,0p0E [ald'ﬂ + o051/ 1 5 W B [ala1]
= Ta0pa/ 1 - éile

since E [a1d?] = 0 as before.
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The joint covariance matrix for the difference-based model is now given by

J§R+oil oaopy/1 — 4R

catpy/1 — 3R oIR+021

Ky = (4.6)

4.2.3 A Combined Model

Notice that covariance matrices of the correlation-based and difference-based models are ac-

tually the same, with the relationship
2
O =1—p%

between the difference parameter 6, and the cross-correlation coefficient p,,. Figure 4-4
includes both parameters and illustrates how these essentially equivalent models differ in

their controlling parameters.

a a
— .
A e
nem e
pa 5
a3
T ;
NOR) ~d, (3} d,—(+) b, ~(X)—b,~{+) b
Sl e ST By 2 AT
L NN 7T
! i
Bap Oy m,

Figure 4-4: Process for generating an image pair with control over either a correlation or a
difference parameter.

It is interesting to view the traditional correlation-based and difference-based similarity
measures in the context of the combined process of Figure 4-4: the correlation-based mea-
sures (cross-correlation, correlation coefficient) estimate p,;, and the difference-based mea-
sures (sum of squared differences, sum of absolute differences) estimate 5. Seen in the light
of the combined process these are essentially equivalent approaches, but differ with respect to

the practical considerations associated with estimators: variance, bias, robustness and com-
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putational economy. It should be noted that the proposed model suggests this interpretation
of the traditional measures, but was not the rationale for their development. For the most
part, authors considered the similarity measures to be a deterministic characteristic of the
image pair, rather than the parameter of a stochastic model that had to be estimated in order

to establish whether a match or mismatch model was in force.

To complete the image pair generation models under the match and mismatch hypotheses,

two random processes that generate white noise fields are added to the process in Figure 4-5.

N
N(O,csu )]
S, m, T
N(O,R) — a, X)—a, 4 a Afu
Papb >/\>f)
- a3
T J‘\ sy TN T ~,
NOR) — d, (X }—d,—~{+)—b,—(X)—b,~+ b+ v
8.5 Oy my, |
N
N(©,6,2) |
; |

Figure 4-5: Process for generating an image pair with additive noise.

The hypothesis test for matching can now be based on a match and a mismatch model,
where the two models differ only in the choice of value for d,5 or p,,. From this point onward
the cross-correlation coefficient p,;, will be used as the match parameter®. Some observations
are now made regarding the use of p,; in the fields of image matching and multivariate

statistics.

5The same procedure can be followed for the difference parameter 6,5 and an equivalent result will be
obtained.
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The Correlation Coefficient for Image Matching

If the elements of a are uncorrelated and the same is true of b, then R = I and the sample

correlation coeflicient

_ > (ai —a) (b; — b)
r(a,b) = : -
Vi (@~ a3, (b~ B)

is the maximum likelihood estimate of p,,. Since images typically exhibit high degrees of

1 - 1
where @ = gZai and b= Esz
% ]

spatial correlation, the form of (4.5) suggests that the sample correlation coeflicient would
be a better measure of image similarity if it were preceded by processing that whitened the
image. Indeed, this sort of preprocessing has been motivated by several authors on both

theoretical and experimental grounds [22, 35, 55].

Canonical Correlation Analysis

Principal component analysis (PCA) is a method for reducing the number of variables required
to represent a correlated random vector while minimizing the loss of information incurred by
doing so. Multivariate statistics provides an analogous method for reducing the correlation
structure between two random vectors to its simplest possible form [29, p. 548]. This ex-
ploratory data analysis technique, canonical correlation analysis, provides an ordered set of
linear transformations to extract the variables with maximum correlation from two random
vectors.

Consider n?-vectors a and b. The first set of transformations p; = afaand ¢, = BT b give
the first canonical variables, which have maximal correlation and unit variance. The second
set of canonical variables, py and g2, have maximal correlation and unit variance, subject
to the condition that they are uncorrelated with p; and ¢;. This continues on to the n?-th
set of canonical variables, which have the lowest correlation and are uncorrelated with the
n? — 1 previous sets of canonical variables. The i-th canonical correlation coefficient is the
correlation coefficient between the i-th pair of canonical variables and lies in [0, 1).

Given the joint covariance matrix of the ideal (noise-free) image pair
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