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INTRODUCT I ON

In the approximation and soiu*loﬁ of both ordlnary and partial
differenflal.equafions by flnffe d1fference equations, 1t is well-known
that for different ratios of the time interval to the spatial idfervals
widely differing solutions are obtained. This probleﬁ was first
attacked by John von Neumann using Fourier analysis, see for example [29]
It has also been-sfudiéd In the context of the fheory of semi-groups of

operators, see [30].

[T seemed that the problem could be gfudled with profit if set Ina
more abstract structure. The concepts of the stabllity of a Ifnear
Opefafor on a (complex) Banach space énd the stability of a Banach sub-
algebra of operators were formed in an attempt to generallze the matrix _

theorems of H.0. Kreiss, see [ 7] as appiied to the L2 stability problem.

Chapter 1 deals with the stabllity and strict stability of Iinear
operators. The equtvalénce of stability and'convergence Is discussed
In Chapfér 2 and special cases oflfhe Equivalence Theorem are considered
In Chapters 3 and 4. in Chapfef 5 a brief account of the theory of
dlscretizations is glven and used to predict instability In non-1iinear

algorithms,

| should like to express hy deep appreciation to my supervisor
Dr. W. Kotzé without whose constant encouragement and many helpful

suggestions, this thesis could not have been written,
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NOTATION

The following symbols are used extensively in the text:

I will denote the set of natural numbers,
I will denote the set of integers and

I the set of positive integers.

If T 1is a mapping then D(T) will denote the domain of definition

of T, R(T) the range of T.

If S Is a.set, then the identity map | Is defined by
Al(x) = X 'for all x@€S8.

0(h) means "of the order of h'",

Occaslonally the abbreviation "iff" |Is used for "if and only
[fur, |
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Stable and strictly stable |inear operators.

Sectlon 1. Concepds and Definitions,

Let X be a Banach space of functions defined on a compact Hausdorff

topological space S. Let L(X,X) denote all l|inear cperators defined

on .X.

A will denote a subalgebra of L(X,X) wlth respect to the usual
operations of operator addition, scalar multiplication and operator
multiplication so that A 1is furthermore a Banach aigebra with respect

to the uniform (supremum) norm.

Definltion 1.1 : A ilnear operator T on X 1Is sald to be stable If

the famlly {T" : n 6 N} [s unlformly bounded.

Definition 1,2 : A lls a stable Banach subalgebra of L(X,X) If there

exists constant K s.t. forall TeA |T|j<K
Hence a!l.mémbers‘of A are bounded (in fact, stablie) and we shall con-
sider A to be a subalgebra of B(X,X): ali{ bounded 14inear operaltors

on X, denoted hereafter by - B(X).

Definltion 1.3 : Let T € B(X). The resoivent set p(T) of T Is de~
fined by

o(M =1 €e¢ : (AI-T)" exlsts as a bounded operator with dense
‘ domain}.

The spectrum o(T) of T 1Is the complement of the resolvent set
of T. |

Note T bounded, X complete, then B(X) is a Banach algebra and
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A€ pl(T) Iff (M--T)_1 exists In the sense that it is bounded, everywhere
defined and

=D on-n = Ga-not-n7! = 1.

Let us denote (a1-T)"1

by R(A,T), the resolvent of T ; O(T)
will denote the domain of the operator T,

We have The'following | emma

Lemma 1.4 : (1) T a continuous |lnear Operafor on a Banach space X,
If X €p(T), then
D(R(A,T)) = X .
(1i) p(T) is open and R(A,T) 1Is holomorphic In p(T).

(Giii) 1f A,u € p(T) then R(A,T) and R{u,T) commute,
Proof. See for e.g. Dunford and Schwartz [1].

Definition 1.5 : r(T) = sup|a(T)| 1Is called the spectral radius of T.

Let us recall the well~known spectral radius theorem,

| | 1 1
Theorem 1.6 : Let T € B(X). Then r(T) < |[T"|7 < |} and |TYT

converges to r(T) as n + =,
Proof. See Taylor [2] p.262.

Corollary 1.7 : If T 1is a stable operator on X, then r(T) <1,

Proof. T stable impiies JT"|| < K, some K.

Theorem 1.8 : If T is a stable operator then there exists a constant CR
such that for all A € ¢ with |a] > 1

(-1 exists and moreover

-1 ‘
=17 < T
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Proof, Since T 1Is stable, o1T) Is contained In the closed unit ball.

Hence for |[A] > 1, A € p(T) and the resolvent exists.

1 -2.2
ICI)".

||°1(|+',\_ T+ “T

Also J(a-T)7 ] A

ﬂz x-(n+1)Tn”
o .
M

#

IA

1

-1

This theorem gives a limit on how fast the resolvent of T can grow as

A

the unit ball is approached and Is therefore called the resolvent condition.

Theorem 1.9': T is a stable operator on X I1ff ™ s a Lipschitz

coh+lnuous map for all n.
Proof. Necessity: I™l<k ali nem
. hence sup ﬂﬂwﬂ <K
xex
T (y~2)

< K

Let x =y -~ z, y-2 <

e |T"y-2)]| < K [ly-z]}h

Sufficlency : IT°y-1"2) < Ly-z||
e sup lgiz:%riﬂ< L

i.o. 1T} < L.

Section 2. Uniform boundedness and the adjolnt operator.

If T 6B(X,X), we denote by X' +the topological dual of X and by

L

T the adjoint of T.

Lemma 2.1 : (D) [T|| = HT*lL

%

(N T is cont. 1f X* has the induced topology of X.
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(i11) T has a bounded inverse 771 defined on all of X

1

[#f T has a bounded Inverse T ! defined on all of X

and 1f both exist ()71 = (T71H*

(V) (Tt )* = T o 1)
(v) (aN* = ot
(vi) Let A, B and C be Banach spaces, then T & B(A,B),
s:e B(B,0) = (1) =5 T
i) oM = o™
and R(L,T) = ROL,TH  for all A 6 p(T) = o(TH),
(vill) The map ¢ : B(A) —> B(A*) defined by
o(T) = T*  for all T 6 B(A)
is an isometric Isomorphism.
Gix) T is an extension of T and TH* = T 1ff

X 1Is reflexive.

Proof. See for e.g. Taylor [2],

Proposition 2,2 : To each stable operator T € B(X), there corresponds

a stable T* e B(X*).

Proof. Obviously T* e 8(xM and the result follows from property (vl)

since T commutes with itself.

Proposition 2.3 : To each stable Banach subalgebra A C B(X) there

corresponds a stable Banach subalgebra Yy < B(AY).

.Proof. Conslder the isometric isomorphism ¢ of property (vili) above.
Let ¢(X) =Y,
Trivially Y is a Banach subalgabra of B(X*) and for all S €Y

Isfl<k by ().



¥ X 1is reflexive, then the converses of the two propositions above .

hold true.

Proposition 2.4 : X reflexive, then the map @ : B(X) — B(X") of

property (viii) is 1-1 and onto.

Proof. Follows ImmediéTer from property (ix).

Section 3, Stable operators on a finite dimensional Banach space. The
matrix theorems _of Kreiss and Buchanan.

Suppose X is finlte dimensional, of dimension p say. Let F

be a family of square matrices on X.

Definition 3.1 : F is sald to be a stable family of matrices if for all

AEF
JAMl<K  all nex (1)
Three characterizations of the stabiiity of F are given in the follow-

Ing theorem,

Theorem 3.2 : (Kreiss), The following statements are equlvalenf:'
(A) F 1is a stable family of matrices.

(R) Each member A of F satisfies the resolvent
condition. (2)

(S) There exists constants Cs and CB and to each A 6 F

~a non-singular matrix S s,t.

. -1
() §sif, 157l < ¢

(11) B8 = sAs™!

is upper friangular and 1ts off-diagonal
elements satisfy
IbIJI_g_CB (I—IAJ]) (3)

where X, are the eigenvalues of A.

J
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(H) There exists a constant C, and fo each A € F a positive
definite Hermitian matrix H such that

-1

o} <H _CH <

and A*HA < W, | @

C

Proof. There Is no loss In generality in assuming that a prel iminary .
unitary fransforma+Ion has been carried ouf on A to put it in upper
triangular form, The diagonal elements are then the eigenvalues AI,"
and we let aiJ’J > 1, denote the off-dlagonal elements. We also set
Ly =z~ AI and ¢ = |z| -‘1, ‘where z Is a compliex number, and use.
the letter C, with or without modifiers, to denote positive constants.

Before proceeding with the main proofs we need two lemmas.

Lemma 1 : If a 2x2 upper triangular matrix A satisfies the resolvent
condition with a constant C, then

lagol < € max C1-[a ], 1x=2,]), (5)
where C' < 16C.
Proof. Applying (2) to A and considering the sole off-diagonal element

of (A-zD)”! gives ’ .

a3
12} ¢ (6)
51(.‘2 =T

Then by substituting z = 3 here, we obtain Iatzl < 8C, so that (5)

Is clearly satisfied If |A,| £ 4. On the other hand, If Ix,] >4
we put z = +/X2, where t > 1, so that (6) ylelds
i
CF= 2, [ T (=X 0 )
T, [CFTagD)

|a12' £C

On fetting t—> 1, there results |a’,2| < 3C0-3,0 ). But
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(105001 = [1 = 2p]7 + 20057000
| <3 max {1 - 2], Iry=ay0l,
so that (5) holds for this case also. By Interchanging Ay and Ay
we can In fact prove the stronger result

laj,l < 16C max {min(1 - |y, 1 - lle), Ixy=2, 1

Lemma 2 : If an mxm upper triangular matrix A satlisfles the resolvent
condition (2) with constant C1, and If all its off-diagonai elements

except the upper right element m satisfy

'aul <C“ l’\J')v | (7)
then ‘

lagl £ Cymax (1= A ], Ixg=2 D), (8)
where -

c 1/2 ‘

< 16C, (1 + (m=2) c2>

3
Proof. This Is an extension of Lemma 1, to which It Is reduced by the
following method. We permute the 2nd and the mth rows and columns of

A - zl, which clearly leaves the resolvent condition unchanged, and then

T % P13t qmet 212
0 -cm 0 e 0 O
E, E
c . 1 2 _ 0 a3m
Es By ..
0 am-1,m E4
0 a2m

where the detalled form of E, is not required. Now It Is clear that

E4E, = 0 and, indeed, E3E'{1E2 = 0. Hence If we perform a trlangular

decomposition of € into E = LU and denote by lb the pth order



order unit mafrixs we have

1 0 E E
L = 2 » U = 1 2
BaEr o2 0 &
The resolvent conditlon therefore gives, for any vegfor u,
. | c
|E.1u|2 = Gah iy < —g- |u|2.

Putting u = Lv, where only the first two elements of v (which sub=-

vector we denote by v1) are taken to be nonzero, we have

2
-1 2 1 2
But '
2 2 -1 2
[Lv]® = fv |° + |E3E‘2v1!
m-1 a
<lre Mgy 2
=2 m

fia

2 2
(1« (m-2)C) v, |7,

so that El satisfies the resolvent condition

2)1/2

C, (1 + (m-2)C2

-1 1

and Lemma 1 can be applied to give the desired result.

We can now prove the main part of Kreiss' theorem.
Theorem, (R) 1implies (S) implies (H).

Proof. Thérflrsf step is to note that if A satisfies (R) +hen,‘because
it is frlangular, each corner of A (upper left or lower right principal
submatrix) also satisflies it with the same constant Ch. Similarty, a
corner of a corner satisfies (R)., Hence we can eéslly obtain the de-

sired inequalities (3) for the first upper diagonal, with CB = 16CR;

For each such element lies in a 2x2 corner of a corner of A, so that



Lemma 1 can be applied to give

o Ia','+1|:; 16C, max (1 - fAi+1{,[Ai-Ai+1|).
ot = a0 2 Ix=2, ], then (3) s already satisfied: otherwiss,
Ay 14 Can be annihilated by a bounded similarity transformation. For,
R

-1

In generat, a'J Is annihilated by S'JAS'j where SIJ I+ TIJ’
?} = | = le’ and TIJ is a matrix all of whose elements are zero
except the (I,j)th which has the value +

S

i = au/(Ai-)\J

the transformation Is needed, [t, {,q] 1s bounded by 16C;, and by
’

). Thus, when

composing at most n - 1 such transformations we fulfill the require-

ments of (S) for the first upper diagonal with Cs <1+ 16CR.

To contlinue this process to succeading upper dlagonals we use Lemma 2,
When the first m - 2 upper diagonals have been made to satisfy (3),
~ each element of the (m -1)st appears as the top right element of an mxm
corner of a corner of A to which this lemma can be applied. The re-
sulting Inequalities for these elements then allow another set of elemen-
tary slmllérlfy transformations of the type defined above to be applied to
yleld (3) for the (m - 1)st upper diagonal; Each such transformation
SiJASE} affects only elements in column | -ébove the element a'J, and
in row ‘1 to the right. Thus the upper diagonals already dealt with are
unchanged, and the process can be completed in a finite number of steps.
(However, at each stage the constants C1 and C, of fhe fcmma are in-
creased by further factors. As a result of the similarity transforma-
tions occurring after one stage, the constant C1 in the resolvent con-
dition for the next stage is larger by a factor (1 + C)%; and C, s
The C; of the previods sfage.) Thus (R} implies (S? arid the constants

Cs and- Cy can be expressed in terms of Cp and n alone,
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and CB can be expressed in terms of CR and n alone.

To prove (H) we introduce, with Kreiss, the diagonal matrix

D= - : with d > 1.

Then we can choose d sufficientiy large that

p-8m8>0 | (9)
fe., 621 - VY2%8%Y2%0"Y2%7"2) 5 0. For the (1,j)th olement
of 02072 |4 d(i-J)/zb'J, so that the dlagonal elements of G are

2, -1 _ 2
9i|="§|bu’d LI T Y
where
N ~1,.2 2
le ;1 £ln = Dd Cgll - D,

and the offt-diagonal elements satisfy

i i . (2 -i=J)/2
o= Lloygl = 3 115, m, 10

J py
< 27122 - a D).
= B TN
Here the fact that 2\-i-j < -1 follows from X <1, A < j, and | # ].

Thus by choosing d > n4cg we make |e;| + &, less than 1 - lxilz and

Gersgorin's theorem can be applied to the hermitian matrix G +to yield

the desired result, Substituting for B in (9) glves

-1 % % 1

STTATATDSAS ' -~ D < 0,

i.e. | A*HA - H < 0,

with H = s*0s ciearly satlsfying the necessary requirements.
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Since (A) implies (R) has been proved in theorem 1.8, it romains

to show that (H) Implies (A)., Suppose (H) holds and consider the

Iteration
v
W, va_1 = A LA
% SR T
Then W, Hw, = w _ AHA w4
< Wymt HWyy
¥
S, Hw

' 2_ .2 2
Hence by (4) : [wvl _<_.CH‘|w°]

e, [IA%]] < ¢,

Note, (1) (H) Implies the existence of a new norm defined on X by
"ulﬁ = u* u.

(i1) As the calculation performed in the proof is of considerable
qoﬁptexify, (S) merely implies tho existence of a simitarity
matrix S.  Thus the next step is to consider whether stable
families can be recognized by carrying out the unitary trans-

formations which triangularize them.

Definition 3.3 : A sequence {51,...,£p} of complex numbers is said ‘o
be nested, with nesting constant K If |gr - 551 < K| Ey " ggl
where 2 < r <s <m.

Cleariy any sequence can be nested with nesting constant 5_2-p.

Theorem 3.4 : (Buchanan). Let F be a family of matrices A In upper
triangular form with elgenvalues nested along the diagonal. Then F Is
a stabie family iff V|A|| <1, Ay the elgenvalues of A and the off-

dlagonal elements satisfy
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!aiJI < const, maX{1~IAIl"-IAJ[:lA[‘AJ|}-- (%)

Proof. All we have to show Is that, under the hypofhesls of nesting, the
‘ slmilarify transformation SIJ } and its inverse S JAS'J’ where the

.sij have the focrm given above, leave the .Inequality (%) Inviolate.

For we- proved above that the resolvent condition (R) implies the strong-
er condition (3) after such transformations have been made - hence we
need to retrace our steps by Inverting them. And to prove the sufflciehcy
of (#), we may carry out the similarity transformations to get (S) aé
In the proof of Krelss' theorem.

Thus we need o check that the elements of S AsiJ satisfy (%)

if those of A do, Now S, AS replaces the elements a;, on the

'J

ith row by a, =9, t. - and elements auj on the jth column

iJ Jv
by auJ»= auJ - fiJau'. Thus 1f (%) holds for a'J, wo have for some
constant C,
|aur|:; C max(1-|ap |, [a;=2 )

and, since u <1 <]

ia

vV,
rgd £ K gl |
V- Inlst- IAJl + IA‘-AJI <1- [AJI + KIAJ-AuI.
Hence
;suﬂ < C(1 + |+U|(1 + KYImax(1 - p\J.l, li-xul),
and so (%) still holds with a new constant, as ITIJI Is it+self bounded

by C. The same argument clearly hoids for S‘v and for the inverse

transformation.

That triangularization can be achieved with an arbitrary ordering

of eigenvalues on the diagonal can easily be proved with the ald of Schur's

theorem.
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It might be conjectured that Inequaltitiss of the form (%) are
perhaps sufficient for the stability of the matrix. We produce now two

examples to show that this Is not, in fact, the case.

Counter-examples.

(i)

satisfies (%) but the n-power Is of the same

0
A= 1
1

1
0
0

O O —

form with the element in the fop right hand
corner (n-1), hence Is unbounded.

(i) o 1 =20
0 -« 1 with 4 <o <1
0 0 o '

saflsfleé the resolvent condition and hence Is stable, but

the upper right hand element does not satisfy (%),
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Section 4, Strictly stable |linear operators.

We strengthen our definition of stability :

Definltion 4,1: An operator T € B(X) where X Is not necessarily

finite dimensional, Is strictly stable lf.fhe famlly {Tn, n €I} Iis

uniformly bounded,

Definition 4.2: Amap ¢ on a set E  is affine If

X+ opy) = A (X)) + p d(y)
A+tp=1, A>0,u>0, x,y@E,

The following two theorems are due to A. Markov [36].

Theorem 4.3: Let B be a compact convex subspacs of a Jocally convex
linear topological space. I a soet of ecommutinge continuous affine:maps

*on B, Then there exists x €)B with ¢(x) = x, for all b¢ €T,

Proof. Suppose T¢ Is the set of fixed points of ¢ In B. Then

T¢ is convex and closed.

A finite Intersectlion of the T¢ Is non-vold:-

n =1 holds by Schaudsr's fixed point theorem.
Ltet k=n,
Le.f ¢1’...,¢nerl

Then T¢. N Is closed, convex and compact.
1 n-1

By hypothesis the set is non-volid.

Since T is commutative,

¢ (T

n ¢1ﬂ....ﬂT¢n¢]‘)CT¢1ﬂ...f\T¢n_1

Applying Schauder's theorem again,

there exists x CT¢ n...0T, left invariant by ¢ .
1 n=-1
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Finally, by compactness of B, we have that n T¢ g
' K

Theorem 4.4: T Is a commutative set of affine ﬁaps on a set E.

Let S be all real-valued bounded functions on E.
Then there exists & real functional M on S such fhaf
(1) M(1) = 1 (1(x) = 1, for all x 6 E).

(11) M(f+g)

MOf) + M(g).
(111) M(f) >0 if f(x) >0, for all x€E.

(iv) M(f¢) = M(f) for all ¢ €T,

Proof: Let L denote all real-valued functionals on S.

Introduce the weak topology on L »
By Tychonoff's theorem, the functionals M which satisfy (1), (ﬁi) and
(iit) form a non-void, convex compact set,
To each ¢ € r, there corresponds a map ¢*: B —> B defined by
(6*MI(F) = MUfp).
The ¢. are affine maps and form a commutative set. - Applying Theorem
4.3, there exists functional M € B s.t.

o*an =M for all e,

Clearly M satisfies conditions (1), (ii), (1i1) and (lv),
- Theorem 4.5: (Larlonov). ‘A strictly stable operator T on X,

X Banach, Is similar to a unitary operator on X,

Proof. Consider the group G = {T" : n € I}.
G is commutative and bounded by K and hence, by theorem 4,4, there
exlsts on the space of al! bounded complex-valued functionals v¢ on G

1'a functional M such that
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(a) M ($(AB)) = M(¢(A))  for all A, B € G.
(b) M($(A)) > 0 for @(A) > O.
~(c) M(1) = 1,

Léf x* be the adjoint space of X.
Let K= {ax; a6¢, x €X}TX.

Let a functional & be defined by
olox) = |a|.]x||
then ¢(x) = ||x|| .
By the Hahn-Banach theorem we can extend ¢ to a I1near funcTionaI x*
on X |
s.t. xMx = "le
Hence the map X -=> x* defines a mapping of X Into X* and we define
on X | | ﬂ
[x,y> = y*(x)
The form [ > satisfies the axioms for a semi-scalar product.
Now @ (A) = [Ax,Ay> , ABG Is a functional on G.
Clearly Qxy is bounded.
In particular if A =1
| ¢xy(l) = [x,y> .
‘Define a norm leh on X by
Ix[l = MCIAx,Ax>) = MC2_ (A))

For all B e G, M([ABx,ABx>)

L]

M(@xx(AB))

M(¢XX(A)) by (a)

M( [Ax, Ax>)

Hence for all U € G, HUnlh = ]IxH1
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fo‘r n= 1 "UXH] = ux||1-
The two norms are clearly Topoldglcally equivalent.
N. Dunford [4] introduced the concept of a spectral operator on a
J. _
Banach space. Thls concept will now be used to glve an example of a
class of strictly stable operators.

Denote the family of Borel sets A In ¢ by B.

\Deflnlflon 4,6: An operator function P(A); A € B, Is a spectral

measure If for all Al’ Az eB

(1) P(A;, N A,) = P(A,) P(Az)

2 1

) = P UPL,)
2 = P4P2

1

.(Ii) P(A, U A

1
with P

2

UP, =P +P

1 2
(1) P(¢ ~ 8) = 1 - P(A)
(Iv) |P(a)] < K some constant K.
P(A) is then a projection operator for ail A € B and P(A1),P(A2)

commute for all AI’AZ € B.

Definition 4.7: T 6 B(X) 1is a spectral operator If there exists a

specfkal'measure P(a) saflsfylng
(1) TP(A) =P(A) T for all A 6B,

(1) The spectrum o(H; P(A)X) of the operator H In the subspace
P(A) X is contalned In the closure of A,

(111) There exists a dense set I X' such that
f(P,8, U 8, cee) = f(P(Al)) + f(P(Az))...
for alt f 6T and denumerably many 8, € B which are péirwise
disjoint. |

P(a) deflnes the spectral operator T uniquely. See [4].
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Definition 4.8: The spectral operator T Is sald to be an operator of
scalar type If it is representable In the form

T=/[ AP0, (1)
al(T)

P(A} Is the spectral measure of T.
Theorem 4.9: (Dunford), An operator T Is a spectral operafér if and
'only 1f 1t Is representable in the form

T=A+N, , (2)
where A Is an operator of scalar type.and N Is a generallzed Ril-~
potent elemehf which commutes with A. (N 1is a generallzed nllqueﬁf

element if . -

im YIN"] = 0.)

 Nboe

Remark. Decomposition (2) may be considered as the continuous analogue
of the Jordan form of an operator in finite-dimensional space; T .may

be considered as the dlagonal part and N as the above-diagonal part

of the Jordan form. Evidently, In the finite~dimensional case simply
some power of the operator N wilil equal zero. Thus, every llneér
operator in finite-dimensional space Is spectral; but in the infinite-
dimensional case, there also exist non-spectral operators. In this
case, representation (2) 1Is unique, where A and T have the same

spectrum and the same spectral measure.

_Proof. The idea of the proof consists in the following. Suppose T
Is spectrai and P(A) 1Its spectral function., We denote by R +the
"minimal ring, closed with respect to the operator norm, of bounded

I Inear operators in X which contalns T and all the P(A), and
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possessing the followlng property:
(3) if B6R and B | exlsts and Is bounded, then B! & R.

We set A = [ AdP(X),N =T - A, it easily follows from the defini-
,7 tion of the specfial measure fhaf T(M) = A(M) and, consequently,
N(M) = T(M) ~ A(M) = 0 on al!l maximal ideals M of the ring R. From
this we conclude that N s a generalized nilpotent element. lnvfhis
connection, It follows from the very formula T = [ AdP(A) that A s
an operator of scalar type and that P(A)‘ 1s Its spectral méasure. This

also proves decomposition (2); Its uniqueness follows easily from the

uniqueness of the spectral measure of a given spectral operator.

The converse assertion fs obtained by consldérlng the minimal com-
plete, with respect to the operator norm, commutative ring R of. |
boundéd linear operators In X, contalning A, N and all the P(a)
(where P(a) s the spectral measure of the operator A) and also
possessing properfy (3). Namely, suppose T = A + N, where A and
N satisfy +hé conditions of the theorem, and suppose MA s the Spacé
of maximal ideals M of the restrlction of this ring to the subspace
P(A)X; then

o(T, P(AIX) = (At XA = A(M) + N(M), M € MA)
=(MA=AMLM€MM=0M,NM”C3.
Hence T is spectral and has the same spectrum and spectral measure

as A.

Theorem 4.10: (Foguel). A spectral operator T 1Is a scalar operator.

whose spectrum lies on the unit circle 1ff T'1 Is a bounded, everywhere

defined operator and there exists M such that
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I <m for all n 6 I .
Proof: If T = | Al(dA)
[x]=1
then |} = ([ " 1tsn)]
=1

< 4 sup {|I(a)] : a a Borel set}.
Conversely assume || <M all n &I, then R(,T)
satisfies the resolvent condition and o(T) lies on the unit balt.
Then 1f T =S + N where S§ Is scalar and N s genérallzed nllpotent,

hence N2.= 0.
n-1

-{n-1)
»

SO ™ = s" + nNS

and nN = (T"-g™)s |
heance nN' is bounded which lmpllés that N = 0,

Thus the set Fs of all operators of scalar type with spectrum lying
on the unlt circle Is contalned in the set F of all strictly stable

'Operafors In B(X),

Lemma 4.11: (Sz. Nagy). Let T be a strictly stable map on a Hllbert
space X. Then there exists a self-adjoint operator Q such that

| 10 <K
and QTQ"1 is unltary.
Proof. The generallzed limit of Mazur and Banach Is a complex-valued
functional L(g(s)) deflned for all complex-valued bounded functlons
§(S) of the posi?lve real varlable s, L satisfles the fol lowing
properties

(1) L(ag(s) + bn(s)) + a L(E(S) + b L(n(s))

(1) LGE(S)) > 0 1f £(S) >0
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(111) L(E(S+a)) = L(E(S)) for all a > O,
(lv) LC1) = 1.

Let f and g be elements of R, The sequence E£E(n) - (Tnf,Tng)-
(n =0,1,2,...) beling bounded, |&(n)] f_kzlku llall,
<f,g> = L(T"$,T"g),
By property (1) of the generalized {Imit, we have
ayfy * 3008y * b9 =
= apby<tigy> v ab,<ty 00> + ab,ct5,0,%,
l.e. <f,g> Is a hermitlan bilinear form of the variable elements f and
9. Furthermore, the inequalities |
n
I
Imply, by the properties (i), (ii) and (lv), +that
B 1 21 112
=5 IKIF < <t < CIKI”

Thus there exists a selfadjoint transformation A such that

<f,g> = (Af,g). We have,
~% | <A< kzl,
. AL
and by property (111), _
(ATF,Tg) = LT g, 7% gy = L(T"¢,T) = (Af,q),
le. o TT = A
Let Q be the positive selfadjoint square-root of A; then

1 <Q < ki,

- xi—

I+ follows that
o N (roengt = o7 N oot - 1,
wto™H* oto™!y = 1.
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Thus, U = QTQ-‘ is Isometric, As It admlts an Inverse, namely

Ut = ot 0"t it 1s also unltary.

Proposition 4.12: If X Is Hilbert, Fq = F,

Proof. Conslider T 6 F,

By Lemma 4.11, thers exists a self-adjoint linear map Q on X s.t.

k-‘liQikl and

QTQ_I Is unlfafy.
Hence T has spectrum lying on the unit circle.

Proposition 4.13: Suppose X is a finlte dimensional Banach space, then

1f TEF, T Is a scalar operator with spectrum on the unit circle.

Proof. T saTIsfles the condifiéns of Foguel since on a finite dimen-
slbnal space all lineér operators are spectral. |

Since we know, Kakutani {6 ], that the sum of two commuting scalar type
spectral operators is not necessarlly a scalar type operator, (in the
case where X 1Is Hilbert it is), we may not prove a general perturbation

theorem. See Appendix B, However we may prove the following:

Theorem 4,14: Let S and T be commuting strictly stable spectral

operators tn B(X) such that

(i) S=5, +N

1

T-= T1 + N2

where 31, Tl’ 51'+ T1 are of scalar type.

1

(1) S+ T is of scalar type.
(i11) o(S+T) 1is contalned on the unit ball

then S + T 1Is a strictly stable operator.
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Proof. S and T commute and S1 + T1 Is of scalar type iff S + T
Is spectral, Wermer[27].
S+ T Is of scalar type with o(S+T) contained in the unit ball Iff

S+T. Is strictiy stable by Fogual.

Remark. We show by induction that the powers of a unitary matrix U
are unitary. -

assume  JU™ x|l = x|l

“Then  Ju"x(f = Jucw™ o

“ " x|l = Ix]l |
By Buchahan's theorem, U 1s a stable operator.
In fact, since JU'||= HUTI = Jull, 1t Is strictly stable.
Applyling Larionov's theorem, we have a characteriz ation of strict

stabliity on a finite dimensional space.

This concludes the general theory for stable and strictly stable
operators on a (complex) Banach Space X which Is not necessarlly
finite dimensional. Since the uniform norm dominates the P norms,
i.e. ﬂf|k < IIfl, for all f € B(X), (strict) stablility under the
uniform norm implies (strict) stability under the LP norms, The

converse of course need not hold.

If B(X) Is finlte dimensional, which Is the case when X |Is
finite dimensional, all norms on B(X) are equivalent and stabllilty
under one norm Implles stabiiity under any other. Hence any of the
necessary and sufficient condlitions In Section 3 or 4 may be used to

prove the stability of a ganeral iinear operator on X.
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In Chapter 3, Section 2, the stability of a certaln kind of |inear
operator on the space LP Is discussed in terms of its characteristic

function.

Notes and Remarks. P.D. Lax and R.D. Richtmyer, see [7],orfglnally de~

fined the stability of linear operators which defined finlte difference
equations somewhat differently and showed that if X was finlte dimen-

slonal and the L2

norm was defined on 1t, their concept colincided
with that of definition 1.1, The proof of this assertion Is given in

Chapter 3, Lemma 1.2.

- The pfoof of the Krelss and Buchanah theorems are those glven in

Morton and Schechter [11].

E. Larionov [3] recently defined the concept of strict stability
and used his resuits to consider the stability of the equation
dx _ o o
-d—,F-A('f)X <t <o,
A(t) a T-periodic operator function on X, 1In the sense that all

solutions x(t) are bounded on (~=,»),

Various other definitions of stability appear in the literature.
An operator is weakly stable if a finite number of Its powers are uni-
formly bounded as the time Interval decreases to zero. Strong stabi-
lity is defined in terms of another norm on X and the boundedness of
the solution under this norm. See Stetter [26]. At a fundamental
level, these concepts stem from a different concept of well-posedness of

a differential equation. See Appendix A. B, Wendroff f34] studied
this question and showed that no one concept of well-posedness sufflces
“for all problems and that differential operators may be classified
according to their degree of well-posedness.
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CHAPTER 2

The relation between stablility and convergence.

Section 1. The equivalence theorem of P.D, Lax.

One wishes to find a one-parameter family {u(t)} of elements of

a Banach space X such that

d

Vi u(t) = Au + G(tlu

ulo) = u_ o | m
where A s a linear differential operator, D(A) C X
G(+), + € (0,T) not hecessarlly | inear
with D(G(H)) € X s.t.
I6tHu = G(Hiv] < Ltju-v|| for ali u,v &8 X, forall t6 (0,1).'
We shall assume the problem (1) to be well-posed, In the sense that
there exists a family {E(+)} of continuous operators in X which has
the followﬂng properties
(1) u(t) = E(t) u  satisfles (1) for all those Initial functions

for which a solution exlists.

> X 1Is continuous In Uge

(11) The mapping (0,T)
v ' E('I')uo

(Thompson [10] guarantees a soiution to (i) If <%¥ - Au = 0)
See appendix A,
We shall approximate the solution  u(t) of (1) by finite difference

equations.

An Tmplicit or explicit muiti-level linear finite difference equation

for the solution of (1) Is of form

K n+y K n+v
} At u Y =h § BG(+ 6 )u (2)
\Y Y n+v .
V=0 V=0
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where vh =t and u(t ) s denoted by u . A (h} and B (h) are
v v v v v

continuous, linear and independent of G(t).

A k-component column vector, whose components are elements of X

N
may be regarded as an element of another Banach space X under varlous

obvious norms.

up-k-l
et $ = . | and R(,h) = (-A_(h) + hB,G(+))"!
n k k »
u n

k=1 :
nek _ n+y n+y
since u" " = R(t ., h)( Z A, (h)k -hZBvG(+n+v)u )

the finite difference equations become

R(1.n+k,h) O Ak-l(h)..‘lll.Ao(h)
Foor - "‘. |'. 0
0 " 0o ‘1
By -+ Bl 8¢t . 0
-h 0 o $
! 0 G(t )
= Cl+_,h) &
n n
E Stvh,h) @
= \) ’
V=0 | °©
N 4
= I C{vh,h) ¢
(o]
V=0
E(t+(k-1Dh) O
n .
Let E(t,h) = ..

u€X}C X, X, [Is then a Banach space.
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Definition 1,1: The difference equation (2) Is sald to be consistent

with the problem (1) 1f for each G(t) under the above conditions, the

local error satisfies

k=1 k=1
[Rt+kh)( A (h)ult+vh) = h ] B G(tsvhlu(tsvh)) - u(t+kn) ||
v=0Q V=0

N n, N,
= [{C(+,ME, h) - E<++h,h>}ﬁou < esh.

Doefinition 1.2: The equation (2) is convergent if for G(t) as

above and all Uy e X
n,-1
J A n
lim | 1 Clvh,,h & - Ect,00u_|
h+e  vso Jr) e o
b +u
o ¢

= 0 as nJ —> o n,. 61

J

(n +k-1h. € (0,T); nh, —> T.
njrk-Dh; €€0, 105 nphy =
i |

-Ak (h)Ak‘l(h) R R -Ak (h)Ao(h)
" I ]
Put A(h) = t .
8 PO B 8

Definition 1.3: The procedure (2) is stable if the poslfivé powers of

N N
A, A" for nhe (0,T) are uniformly bounded, i.e.

JA") < K nh< T

Under the preceding concepts we have the Equivalence theorem of P,0. Lax.

Theorem 1.4: (Lax). For a consistent approximation to a properly posed

initial value problem,stability is necessary and sufficient for convergence.

Proof. See Ansorge [87."
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For a simplified proof In the case of a single step algorithm see
Richtmyer and Morton [7].

Note. We have assumed that the difference procedure Is reasonable, i.e.
that unique function values say un*] = u(x,n+*1 h) can be calculated

from any previous set uJ, J £ n on which they depend continuousiy.

Section 2, Special cases of the Equivalence Theorem.

if G=06, null element in X then the Equivalence theorem and the

various concepts reduce to those given in the Lax-Richtmyer theory,

When the problem (1) reduces to that of an ordinary first order
differential equation, i.e. A =86 and X the space of reals, the

Equivalence Theorem then takes the form

Theorem 2.1: Under the norm u = u + u + ... the consistent

difference equation converges iff the matrices

_ et D
Ay A
1 0 are stabile,
0 1 o

’ n
This however is the case when the elements of A" remaln bounded
b7
as 'n Increases. Thus the eigenvalues of A may not have modul i

greater than 1 and those elgenvalues of modulus 1 are simpie., Thus

N .
A has characteristic polynomial

-0k K
i p(2) whose p(r) = Ao + ATAV+"'+ AkA .

D)) =
. k
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e
i

N e
From the form of A, p() = A=A © ..o -1 ° (A, a root of

1
p(X) of multiplicity -ei) oestablishes the only invariant factor of A,
A necessary and sufficient condition for the convergence of a con-
sistent multistep algorithm for +heiso|u+lon of an ordinary differential
equation of first order is therefore that all roots of p(x) lie in-
slde the unit circle and that roots on the circle are simple.
Dahliquist [22] exfended‘fhls resuft to systems df ordinary differential

equations of first order.

Notes and Remarks. Lax and Richimyer []7] showed that the stability of

multi-level difference approximations to linear Cauchy problems of the

form

!:u
 ong

= Au + g(1)

=~ —+

_ 3
where g(+) s plecewise uniformly continuous in +, Is necessary and

sufficient for convergence, provided a'conslsfency condition is satisfled.

‘R.J. Thompson [10] extended this result to the quasi-linear case,
l.e. when g(t) Is replaced by g(t,u(+}), defined for 0 <t <T,
continuous In T for each u and uniformly Lipschitz continuous with

respect to u.

Dahiquist [22] proved that his stability concept for a system of non-
linear first order ordinary dlfferentiai eguations together with a con-

‘sistency condition gave a necessary and sufficient condition for convergence.

Ansorge [8], whose treatment we follow, extended the Lax-Richimyer
theory to quasi-iinear initial value problems including both convergence

theorems.
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CHAPTER 3

The Stabllity of finite difference‘eqyafions.

Section 1, Stabllity In L2 ; the Lax-Richtmyer theory.

Here‘we consider problems with constant coeffliclents and periodic
boundary conditlions 80 that the Fourler Serles or Fourler integral
representations of the soluflon may be used.  We could as well assume
that the functions involved in the boundary conditions are quadraflcally
Integrable over all space. The representation theorems to be used are.

2

those based on the L® norm viz. the Riesz-Fisher theorem for Fourler

serles and Plancherel's theorem for integrals.

Once the function spéce X has been chosen, the set of Fourier
coefficlents or the Fourler transform determines a point in a second
Banach space X and the Fourler transform provides a 1-1 (Isometric
Isomorphism between X ‘and X. Thus alt considerations proved before
hold In X as.wel! éS’ X;_ Welalso note that X and X are H!iberf
spaces. '

Let us suppose that fhefe are p dependent variables in d space
variables. Then the functions corresponding to a point in X may be
~denoted by u(x) where u Is a vector of p components and x Is a

vector of d components,

The general |inear dlfferential operator in X may be formaily

obfained,by consldérlng a pxp matrix P(q,,...,qd). whose efements

- are polynomials In QyseeesQy .and setting '3%? = q = 1,.04,d.

Let A be such an operator.

Note. We understand by the function eM of a matrix- M, +the power

2

sertes 1 + M + %M'f ‘e which Is absolutely convergent, element by

element, To# eM -and has the property g%- edrM = Me*M.v
See for e.g. Dunford and Schwartz [1].

We assume that the problem is propefly posed in the sense that the
solution depends continuously on the initial data and that, although a

solution may not exist for a particular u_ € X, .u
0 o

by inltial functions for which a sofution does exist., See Appendix A,

 ln an anafogous way, we construct finite difference equations In

Q and obtain

may be approximated
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™o = stk WMo,

Dofinitlon 1.1 : G(at,k)- Is called the amplification matrix.

Lemma 1.2 : F = {e-aT log KG(Af,k) is a stable famliy of matrices
iff there exists T > 0 s.*; the matrices G(At,k)"  are unlformly
bounded for |

0 <At <T

0 <nat < T

alt kelL.,.

Proof. Clearly if the powers of the amplication matrices G have a
AY —1log K.

uniform bound K, then F = {e”®*T6(at,k)} Is stable, where a =T

T/

For vE6 I, v=ml

I (e°uA1‘G)\J “ < “(e-aA‘fG)T/A-f” m“(e-aMG)n I

At) + n where 0 < nAt < T hence

< Ko
Conversely if, for some constant «, F satisfles the stability condition,
then for 0 < nat < T
16"l <c e®T = const.
A necessary condition for stability of F 'is that
r(A) <1 for all A € F.
Then it is necessary for the elgenvalues Ay of G to satisfy
Ir :_euA+ some a.
This condi+lon is known as the von Neumann condt?lon.
Note. The vén Neumann condition is also a sufficient condition for the
stabllity of G(Af;k)' i1f elther G(At,k) 1is a normal matrix or p =1,

The Krelss and Buchanan theorems may of course be appiled to prove

+he's+abill?y or otherwise of the difference scheme defined by G.
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For completeness, we shall give two other sufficlient conditions for
stabitity.

Theorem 1,3 (Kato) : Suppose G(At,k) 1s uniformly bounded and the von

Neumann condition is satisfied, And, suppose that for each G a
closed, rectifiable curve T is drawn inside the circle [r] < r@),
such that its length Is uniformly bounded and its dlstance away from
a(G) is uniformly bounded away from zero, Then the difference scheme
is stable if there exists 6 > 0, independent of Atk s.t. each
dlsflncf.eigenvalue Ao 1= 1,...,q9 outside T has Iﬁdex t and (1)
the distance of Ay from all other elgenvafues is greater than 6 or else
(i1) for the set of Ay not satisfying (i), the complete set of corres-
ponding eigenvalues has Gram determinant A2 such that

A> 6
Proof. See for e.g. [7].
Here we recall that for an eigenvalue A of A, the set of vectors x
for which (A-AD" x = 0, n G.I forms the algebralc eigenspace for A,

The smallest such integer n Is called the index of A.

Definition 1.4 : |f G 1is a square matrix then the field of values of

G, F(G) = { ] gkaixk} = {(Ax,x)} = x*Ax where x = (Xy,ee0,%,) and
i,k : ‘

) ;% = . -

Proposition : F(G) Is closed, bounded and convex.

Proof., Immediate from the definifion.

Theorem 1,6 : (Lax-Wendroff). If G is such that
| [x¥*ex] < (1 + oat)Hx|f  for all x 6 X,

-then the corresponding scheme Is stable.
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1.

Proof. Choose a s.t. A =06 %7 G satisfies

] < xR
Then all eigenvalues of A ile in the closed unit disc., Hence for all
ze ¢, R(z,A) exists.
Hence 1f w 6 X and x = (Z1-A)"'w
| Bll Toll > Bl = 1x*cz1-max]
> [x1%(z]-n""
1.e. {A} satisfies the resolvent condition.
Example. Consider the finite difference equations for the solution of the

wave equation in one variable. The wave equation is of the second order

in time so normally p = 2.

2 2
e 22y >0 o)
38X
and the conditlons
u(x,0) = f,(x)

1
du '
37 ulx,0) = fz(x)
Cux, 1) = ulx+l,t),

Introduce the variables

au du
\ -3—1_ w C—&
then (A) becomes
oV _ 9w
3T ° ¢ 3x
M
T C ¢ X

and thé'norm {s taken to be |

lull = hcw]? + Jv]Pao?
(o]

The probiem is properiy posed In this formulation. . To avoid difference
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quotients over the Interval 2Ax, we shall associate values of w with

"~ the midpoints of +hevln+erval and write w3+% etc.

The equations are

f-% Wt oy - c/2 x(wh

J J J+%

_1n+l _ n - n+l _  n+t
B (wJ_% wj_%) c/2 x (vJ Vi-1

and havethe amplification matrix

n-
SWpyt W

1-a2/4 ia
G a 1+a%/4 1+a2/4
’ ia 1-a2/4
14a2/4  1+2%/4

Both eigenvalues of G have modulus

and G

a = (20 00y sin (K8%/2)

Is clearly unltary,

Hence the von Neumann conditlon Is sufficient for stability.

Section 2. Stability on LP, p # 2.

I+ should be noted that the uniform norm I'I,. in B(X) dominates

Id

the various LP norms, i.e.

Bell < el

Hence stability under L”

for all

f € B(X),

defined on B(X). The converse Is of course not necessarily true.

implies LP stabliity should the LP ‘norm be

When X is finite dimensional, all norms on B(X) are equivalent,

since B(X) lIs then finite dimensional and stabllity under any norm

implies stabillty under any other norm, .

..... .

We now discuss the case when X = LP and B(X) has, as before, the

uniform nomm.

Consider the operator A deflned on real-valued functions v(x) on
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Lemma 2.2: A 1Is consistent with (1) 1ff
ate) = exp(pA(~10)" + 0(8¥)) when 6 ~> 0
and its ordef is p if there exists B # 0 s.t.
a(g) = eXp(oA(-le)v - 86”"P + 0(6¥*P)) when & —> O,

2

Theorem 2.3: A Is stable in L® 1ff |a(e)| <1 forall e 6R,

Proof. A trivial application of Parseval's relation

"AIE = max|a(8)|, since the characteristic functlion

n

of A is a ()",

Theorem 2.4: |f A has a characteristic function analytic for all real
8, then A 1Is stable in P iff 1t satisfies one of the following

condltions:

(a) a(e) = ceiJe, lel = 1.

(b) |a(e)| < 1 except at finitely many points, © in |ef <n

q’
where |a(e)] =

fFor q=1,...,N, there exlsts constants “q’ Bq, uq where uq 6 R

R >0
2] Bq A
pq € 15 (even)

s.f. a(8,+0) = a(0,) explla 0 - B o" (1 + 0(1))} when & —> O,

Proof. The sufficiency was establ Ished by Strang [17] for p ==,

For other p they follow trivially from the Minkowsk! inequality and
lavil, < T leylvl: ve .

The necbssl+y has been proved in Thomée [18].

Remark. Explicit operators (] finite) have characteristic functions

which are frigonometric polynomials,hence are analytic. =
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implicit operators have characteristic functions which are the

quotient of +rlgonomé+ric polynomials hence they too are analytic.

Theorem 2.5: In order that (2) admit an LP stable consistent operator
of form (1) It Is necessary that

-l)\’/2 Re p <O - (parabolic case)

(i) for v aven ; (
or

(11) v = 1 : p6R. ’ (hyperbolic case).

On the other hand if A has characteristic function a(e) s.ft.
|ate)] <1 for O < |6] <M, then A is stable in case (i) If It is
consistent and in case (il) 1f a(e) satisfies the order of accuracy

condition in lemma 2.1 with v =1, Re g >0 and p odd,
" Proof. A simple application of Lemma 2.2 and Theorem 2.3.

Note. In case (ii) an LP-stable operator has an odd order of accuracy,
thus all the useful second order schemes for soliving hyperbolic squations

of form (2) are unstablie In ali but the L2 norm;

The Lax-Wendroff explicit scheme, see [19] Is not stable in any

LP space but L2.

Section 3, The Variable Coefficient Problem.

We now consider opaerators with variable coefficients of form

Ay, g VO = § a;(x,1) vix=jh) with §|aj<x,+)| <w (1)
which are used In the solution of the problem
v |
qu 4y 9 U
= p(x,t) —= 0<t<T
oF ’ ax” ’
u(x,0) = uo(x) (2)

where —% = XA Is kept constant,
h
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Introduce again the perlodic function

a(e,x,t) = Z aj(x,f) eije.
J

Then the solution u(x) at time + = nk Is appfoximafed by

~ al ‘
un(x) = Ah,*”o(X)
A

where "Ah’+||=vs:p § [aj(x,f)l.

Definition 3.1: The operator (1) with coefflicients "frozen" at

(xo,fo) Is

Kh (x,t,) = § 2%, 1) vix=jh).
This Is then an operator with constant coefficients with characteristic

function

%(e) = a(e,xo,fo).
“We shall refer to the stabllity of Kh at afl points (x,t)) as local
sfabilffy. In general local stability will be nelther necessary nor
sufficient for stabiliity. Krelss and Strang have constructed examples
to show that while a problem may be well~-posed locally, it need not be
so in a global sense., Again a problem with variable coefficients can
be well-posed yet none of the corresponding constant coefficient problems

need be. In this direction, Thomée [ 16] proves the fotlowing.

Theorem 3.2: Suppose the aj(x,f) are continuous and that ElaJ(x,f)I
converges uniformly in {0,T}. A necessary condition that A, . Is
! ’

4Y 4"
stable in {0,T} 1is that A_= A

h h (xo,fo) is uniformly stable for all

(x,,t) 6 {0,T}.

Proof. Assume A is explicit (the other case follows)., Let n€ N

be glven and let h,km vary s.t. mk = fo, k/hv-x, h—> 0,
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Then A vix ) = a_.(x ,t ,h) v(xo-Jh).

h,m+n,m o IJ§<nN nj "o’ o’
So anJ are now polynomials in aj(x,f) lJ] < N so onty such (xO,T)

are used as to ensure

Ix-x,| <nNh tst<t +n,
N v
So lim a (x ,t* ,h) = a ]
| h=0 n] "o’ o’ nj :
where gnJ are the Fourler coefficlents of a(e)"
B “Ah,m+h,m v ) < el

1y

applying this fo the function wv(xh™' + xo(I—h—
by ¥ we get as h->0

N

5 ool < clvll

Let v(x) = v(x--xo +y)

N
IAY vyl < clvlf

N
Since fAp|l Is independent of h
A Is stable.
Finally, Thomée [16] has proved that under certain condlitions global

stabitity implies stability.

Note. It follows from this theorem that the local characteristic function
a(e) of A, + must satisfy the conditlions of Theorem 2.3. By the

? .
definition of consistency, the problem (2) must be at least locally

parabolic or hyperboiic,
Theorem 3.3: Ah consistent. Then Ah + is stable if
, .

(1) There exists & > 0 s.t. ale6+iw,x,t) Is analytic in 8 + iw
in |w] <6 and 3 é(")/ax', L <V are continuous and bounded for

(x,t) € {0,T}.
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(1) sup Jale,x,t)| <1 for O <ew<
o<|e|<nm
10,77

(111)  ae,x,t) = explialx,t)68-8(x,1)6"}(1+0(1))
when © tends uniformly to zero,
alx,t) is real valued,
Re B(x,t) > 8 > 0,

‘u & IN, even,

a1(e,x,f)-
Note. (i) is satisfied If a(e,x,t) = 3,06, %, 1)

N
i X
170
a, = -g 3y (x, e o e a2
-

_ a,J(x,f) bounded, continuous, have bounded continuous deriva-

fives of order <v and a, 1Is uniformly bounded for real 8.

Notes and Remarks. The question of stability in L of constant coeffi-
clent problems has beon falrly well settied as sevéral wldely‘applicable

conditions are known., This theory is of most use in checking the local

stabitity of equations where the opsrator A depends onn the space

varlables, i.e. the stability of the linearised equations.

Lax and Richtmyer, see [7],considered parabolic and symmetric hyper-
bolic equations in the space L2 since these are properly posed under
conditions which are purely local in character. To avoid the growth
of high frequency Fourier components it Is required that the coefficients
a{x) be Lipschitz continuous and that the difference equations be
dlsslpafive, i.e., the difference scheme Is deslgnedvso that the eligenvaiues

A, of the amplification matrix satisfy il f_i-leAx]zr

+

when |kax| <m, 6>0, rel.
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For parabollc equations this is sufficient for the stabllity of the

dlfference scheme under suitable smoothness conditions on the coefflcients.

In the hyperbollc case where the equation has form

-eo<><J <o, t+€ (0,1)

and the Aj (x) are pxp Hermltian matrices, Kreiss has proved the

fol'lowing theorem:

Theorem: Suppose all matrlices occurring In the differential equation and
the approximating difference equation are'Herml+lan, uniformiy bounded

and unlformly'Lipschlfz continuous In x, then 1f the difference equaflon’
Is dissipative of order 2r and accurate to order 2r-1, some positive

Integer r, it Is stable,

Proof. See [7].

We note that thls theorem 1s not dlfec?ly applicable to the Lax-
Wendroff épproxima*lng schemes which are dissipative of order 4 but
accurate only to order 2. However these cases can be covered by a suit-

able change In varlables. See for example Parlett [32].

Lax in £33} Investigated one step difference schemes for time-
dependent hyperbolic equations of form
u(t+at) = S(AT) u(t)
 where  sah = [ ™,
T4 " 1s transtation by an gmounf Jat.
C | are matrices dependent on x but independent of Aft.

J n
Stability requires {mS, (2L)} < K nat <1 : ®

which, 1f S(At) Is time independent, simplifies to
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CHAPTER 4,

Dahlqulst's stability theory

Section 1, Multi-step Algorithms for Ordinary differentlal equations of
the 1st order.
The general |inear k-step finite difference equation for the

solution of the problem

EY. a . | V
=,y | ft)
y(a) = n

where f(x,y) Is defined and continuous in the strip a < x < b,
- <y <‘~, a,b finite, and Lipschitz continuous In v,
(i.e. the exIstence and uniqueness of a solution of (1) is assumed)

\Is of the form

3 Ypag treet 3yt h{ b_f

n n+k Toee? bofn}

aJ'bJ consfanfs.lndependenf of n | . (2)
An =0,1,..) where fm = f(xm,ym). This equation Ié known as the gen-
eral linear k-step method.
With (2) we assoclate the two generating polynoﬁials

p(E) = a, € ¢+ a

o

Lk
o(g)_ bks 4'o.o'.' bou

. Conversely any two such polynomials define a method of the form (2),

From Chapter 2, Section 2 we see that the stability condition on
(2) then takes the form that the modulus of no root of Q(E) exceeds

one and that roots of modulus one be simple.

- Definition 1.1 : The operator

.L(y(x),h) = aky(x+kh)v+ ak_1y(xﬂk-0h) tooet aoy(x)_

-h{bky'(x+kh) + bk_1y'(x{k-Dh) toaat boy'(x)} _ (3)



associated with (2) is known as the dlfference operéfor.

Since y(xsmh) = y(x) + mhy'(x) + $meh%y"(x) + ...

hy' (x+mh) = hy'(x).+ mhzy"(x) e

the difference operator applied to functions which have cont!nuous
derlvatives of sufficiently high order becomes

Lly(x),h) = e y(x) + cihy'(x) + ...

where
K
Co = ? aI
K K
C1 = g aI - % bI
C o=t (a.+2%. +... Kla) = —— (b.+2% b +... k9 1b)
q =gt (@gr2iag tes Ka) = oy (bys2T byt K

C,.=C =C

o 1 = .'.- p_1 =
It méy be well to note, from a computational viewpoint, that (2) is
equivalent to

= h {b oot bof

Ynetek To00t BVnet kfn+k++ *e n++}
and the order of L(y(x);h) may be defined as the order of the first

non-vanishing term in the Taylor expansion for all + 6 I

The consistency condition reduces to :
A method of form (2). is consistent If the order‘ p of the method is
at least one.
In terms of the polynomials p(g) and o(g) It Is expressed by the

relations
p(1) =0 ‘ p'(l)_= ol(1).
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Section 2. Maximum order é+able di fference operators.

We now consider the problem: given a polynomiai »(g) of degree Kk
such that p(1) = 0, what Is the order of the associated 6perafor L that

can be achlieved by choosing some suitable pdlynomial o(E),

With the differonce operator (3) we associate the complex valued
function

1

®(E) = (log E) ' p(E) = o(E) te¢

Lemma 2.1 : The difference operator (3) associated wi?h. p(E) and

o(£) has order p iff ¢(gE) has a zero of order p at & =1,

Proof. With a difference operator of form (3) we associate the function
of the complex varlable ¢

(&) = (log(eN™! o(E) - a(E).
Thé function.log £ 1is made singlevalued by cutting the complex plane

along the negative real axis and setting log 1 = 0,

Suppose the differencé operator has order p. Then (3) s

othP*!)  for any sufficiently differentiable fuiction y(x). Choose

y(x) = ",

Then L(e5;h) = eXp(a™ - h oteM}
Ca aX p+1 p+2
© Gp¢1 h + 0(h )
as h -0 where C # 0.
p+1

Py - h ate™, which is holomorphic at 0

1

Hence the function f(h) = p(e

has a zero of order p+!1 and h ' f(h) a zero of order p at h = 0.

Since the map & —> o maps a nbd, of h =0 ina 1-1 manner
onto a nbd. of & =1, It follows that 8(E) = (log &)™ f(log £) has -

‘a zero of order . p at £ =1,
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Conversely, assume ¢(£) has a zero of order p at E£=1,
Hence f(h) = h @(eh) has a zero of order p+1 at h =0,

Hence L(e*,h) ex{p(eh) - h ateM}

n

X WPt p+2
e Cp+l‘h + 0(h™ ™)

for some non-zero C .
p+1

Hence the order of L(y(x):h) Is p when
y(X) = o%

‘Since the order 1s only dependent on the a, Bi’ the order of L is p.

Theorem 2,2 : p(£) as above, k'€  with 0 < k' < k. Then there [s
a unlque potynomial o(g) of degree < k' such that the order of

L{y(x);h) 1s at least k' + 1,

Proof. The function (log E)-I p(g) 1s holomorphic at £ - 1 .hencse
p(E) 1y .
'—o—g—(—g)— CO + C1 (E 1) +...

1k’

Setting o(g) = Co + C, (E-1) + ... Ck' (g~ » ®(£) has a zero of

1
muttiplicity k' + 1 at & =1 and by Lemma 2,1, L{y(x);h) has order
> kT o+, (> g' + 1 if Ck'+l = 0), |
Conversely if L has order k' + 1 then ¢(£) has a zero of multipii-
city k' + 1 at ¢ =1,

Since the Taylor expansion is unique

. - ikt
a(E) = C_ + Cy (E=1)+...4C,, (E=1) -

Note. The cases of practical value are

k' = k=1 (best explicit operator) and k' = k (best implicit
' B operator),

Dahlquist [22] has shown that by choosing p(£) sultably, the order
of the operator may be as high as 2h.  However the result has little

pfacflcal significance since he also proved the following results,
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Theorem 2,3 : The order of a stable operator cannot exceed k+2. A
necessary and sufficlent condition for p = k+2 |[s that k be even,

that all roots of p(E) have modulus 1 and that o(E) be of the form

L {-2) c1+E
O(E) 3 D(T-—E)
where £ = 1+2

Furthermore

Theorem 2.4 : The order of a stable operator whose step number k Iis

odd cannot exceed k+1,

Proof. Let p(g) be a polynomial satisfying the conditions of consisten-

cy and stability., Introduce a new variable z = x + ly by setting

. E~1 S 1z
2% - BT
Instead of the polynomials p(g) and o(E) we consldervfhe'funcflons
-k k
. -z 1+2, - (J-z 1+2
r(Z) -(—2--) p(T:E), s(z) (-—-2 ) 0'(1_ )

which are also polynomlais of degree < k. Since & =1 1Is a simple
root of p(E), z =0 1Is a simple root of r(z), |
Hence r(z) = a4z + azz2 et akzk where ay va. The a,, I = 1,000,k
are real and without loss of general Ity we may assume a, > 0 (otherwise
multiply b(E) by a suitable constant).

Then au >0 for w=1,...,k

Let the roots of r(z) be X, * va and let a, be the non-zero co-
efficient with highest Index. l.e. r(z) = azz'g(z-xv)g((z-xu)z + yi)

where A ranges over the real roots and u over the comp(ex. By
stability, X, £ 0. for all roots and so all non-zero coefficients of

r(z) are positive, Consider the function
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1

k LI

_ 1=z 1¢2, _ 1+z _
¥(z) = (*-2-—) ¢(-T-_-_—Z—) lo =3 r(z) s(z)

]

¥(z) has a zero of order p at z =0 I[ff ¢(g) has a zero of order

p at & =1 and thus by Lemma 2,1 1ff the operator L defined by
p(g) and o(z) has order p.

Thus 1f L has order p, s(z) =b +b,z +...+ bp__Izp-1 where
z

T+z r(z)
logy—3 ¥ =bj +bz+ ... .

Since the degree of s(z) must not exceed k, for the existence of a

stable operatsr with p > k+1, bk+1 f cee Z bp_1 =0
1+z 2 4
Setting log Tz © Co + sz + C4z * e

and defining a, = 0 for v >k, we have

bo =_Coa1
bI ® Can ’
2v Canv+1 +C

vel = 0032v+2 + CZaZvv + .. szaz v=1,2,... .

b 2%2v-1 % oo * Cp03y

b

Now C satisfles C, <0 v =1,2,... .

2v
Hence If k s 6dd

2v

bk+1 = C2ak + C4ak__2 oot Ck”a1 .
Since a, > 0 and no a, < 0 it follows that bk+1 < 0,
Theorem 2,4 1s proved.
If k 1is even, bk = Czak to..t CkaZ°
A necessary and sufficlent condition that bk+1 = 0, Is that-
@y =8, = ... =@ = 0. l.e. Iff r(z) satisfies r(-z) = -r(z),

Now the map & —> %{; maps the unit circle onto the half-plane.

If z <0, the stability condition on L sets the following conditions

on r{z):
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(1) the roots of r(z) have non-positive real parts

(i1) there are no mdlfiple roots of r(z) on the imaginary axis.

N

Hence all roots of r(z) lie on the imaglinary axis,which means all roots
of p(g) lieon |&] = 1. Since a, = 0, the degree of r(z) Is
k=1 and -1 1Is a root of o(g).

Since b =C,a + CGak-3 toaot Ck+231 Is negative, the order

k+2 47 k-1
cannot exceed Kk+1,

Hence theorem 2.3 Is proved.

Coroilary 2,5 : 1f an operator of even ordsr k Is stabie then the

conditions
B T Ty bv B bk—v
ars both necessary and sufficient that it be of maximum order, I.e.

(k+2).. All roots of p(E) +hen lie on the unit circle.

Proof, Immediate from the definition of r(z) and s(z). Henrici 21
defines an operator satisfying the conditions of Theorem 2.3 to be opti-
mal and glves two procedures for constructing optimal operafors from a

glven p(£),

Notes and Remarks. In hls paper {221 Dahlquist distingulshed between:

"strong" Instabliiity and "weak" instability. Strong instability In

our terms means an unstable difference scheme, i.e. these schemes with
order p > kK + 2 which show such a growth of error and are so extremely
sensitive to perturbations which must arisé tn the computatlon of the
éoluf}on, either In the flnlfe arithmetic used or #hé'cholce of values
yl,yz,...,yk_l, that they are unsultable for computational purposes.

Weak instablility occurs in formulas of order p = k + 2 whose effec+



51.

over some interval can be made arbitrarily smélf, provided h has been
chosen sulfably small. However It Is not necessary to reject these
formulas since good results may be obfalned, but precautions should be
taken when Translehfs In the solution of the differential equation are
damped out qulickly in time, for the difference equations possess
osclllating components whose amplitudes increase with the rate of dam-
ping of the transients. So when these formulas are used, the
YisoeoYpmi should be determined to the same accuracy of the computations
following and the round off errors should be kept smaller than the local

truncation error, For a fuller discussion on these matters see

Stetter [26].
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CHAPTER 5

Discrotizations

Soection 1., The concept of a discretizatlon.

Consider the probiem y = F(b) (1)

o)

F a continuous map, 2(F)C E, &(F) C Eo; E,E” Banach spaces. Assume

the existence and uniqueness of a solution to (1),

A discretization of (1) Is a famiiy

g,’AE, AZO),' h €H c(0,h)

are finite dimensional Banach spaces, the maps

Q= {¢h’ Eh’ E

L 0
where Eh’ Eh

o Eh-—> Eﬁ Is continuous and AE : E-> Eﬁ are continuous and
e €, AEO : €2 E° are linear, bounded and such that

nh = 9 (AE b) which Is to approximate Agoy.

Definition 1.1: Q@ 1s convergent of order p at b If the discreti-

zatlon error ‘
h

£©
= 0(hP) for all h 6 H.

h .h h
n' - AEoy ¢, (8g0) - 4" G(b)

Definifion 1.2: Q@ Is stable on ({B : h & H}, B, CE, If &, satisfles

h

a Lipschitz condifion‘unlformly on H.

te. flon8D) = ¢, BN < L fe}-8ll,for it 8],8) € 8,, for all heH

We define with Watt [23] the inverse dlscretization to R, as the

discretization a‘ of

b= F'ty), a* « (¢ ,E, D, Ag"ho}
\ £

where ¢, = ¢;l is assumed to exist.
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Definition 1.3: Q Is consistent of order p If

o* 1s convergent of order p.

Hence Q 1Is convergent If It Is consistent and stable on a family of sets.

We note for future reference that Stetter 24 deflnes the properties
of conslstency and'sfablllfy on o* rather than on Q. One merely

appl les the Inverse map then to obtaln the given stabllity condition,

Example, Conslder in the unit squére

N

F5—5 Y
dt 2 ax2
with the conditions
2
3 1 9 2
Fy : -5? Y(X,'f) = -2;;(—2 (Y(X,f))

(x,t) 8 U = {(x,1); 0 < x,t < 1}

y(x,0) = y(x)

y(o,1) = y, (1)

y(e,t) = yr(f).'
F Incorporates the conditions under sultable restrictions on its domain,
ProJect the usual grld onto the unit square. Then Eh ‘and Ez con-

sist of the functions from the grid Gh‘-> R

n n_
lhll ={m?;< ISl 5 nEE nj = nlxg,en)
IB]| = max {max |6°|, ‘max la"[ lc"]) + max |6"|; 5 6 £9)
, j J n ol? N 0<j<N J h

and are Banach spaces under these norms.,

o]
h A,

l.e. the maps that assign functions on the unit square Into R to

A are the restriction maps,

functlons on the grid Into R .
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Section 2, The strong stability concept of Stetter.

The behaviour of small perturbations of

Fy = 0 F:E— EC
Is characterized by the solution e of

F'iy e = d d e e°

F' the Fréchét derivative,
Note. The problem is said to be properly posed if e Is obtained from
d by a bounded |linear operator e=0Gd
. where G = F'(yo)-1.
"~ We would llké the discretization to be no more sensitive to perturbations
than the original problem. So we simitarly defne
I'(h) = (<l7(Ahyo))"l of the variational equation,

Then

Proposition 2.1: For a stable algorithm TI'(h) exists and Is uniformiy

bounded for 0 < h 5_ho, some ho.

Let us discretize G : ¢ﬂ is an asymtotic inverse of A:,
o o 0 0,0
e, 4y : )= E° s.t. oo, - ] = o0

oy _h
and "th|—0—> 1.

Then G(h) : EC —> E Is deflned by

h
G(h) = 42 G ¢° and this is unique

h h
h x1 X2
HG1(h) - Gz(h)" —> 0 for Gy <> &, G, <> ¢,

Definition 2.2: The algorithm Is strongly stable for suffictently small

h1f

Him [PCh) - G(h)|| = 0.
o Mo :
Since Eh' Eh are finite dimensional they have a natural basis of
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functions vanishing except at one grid point., Let rmn’ Gmn denote

the matrices corresponding to the maps T(h), G(h) respectively.

Theorem 2.3: A stable élgor[fhm ¢h(n) = 0 1Is strongly stable if for

sufficlently small h

0.

Lim |1~ ¢'Cay ) GCh)J|
oo h'o

Proof. T - G = I(l ~a! 6)

and |r(h)] s bounded as h —> O by the stabllity of o .

) For a system of first order differen+ial equations it may be provéd,
see Stetter [26],+ha+ a multistep algorithm is characterized by the non-
existence of any roots of p{(z) of modulus 1, except z = 1, This
concept of strong stabillty thus prectudes the possibiiity of errors

In a convergent method from growlng relative to the exact soiution.
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Section 3. The Stabllity of an non-|inear algorithm,

Nén—llnear.lnsfablllfy concerns the unstable behaviour of a non~
linear discretization algorithm, whose |inearization Is stable at the
true solution. We sﬁall follow Stetter [24] In endeavouring to prédlcf
this behaviour from the relationship betwsen a non-ilinear algori+hm

and 1ts linearlzation.

The algorithm &, n = 0 Is consistent if

hf‘l
Him ke, a, - A: Fiz||=0, he (0,T), z6E.

Note. This serves to normalize {Qh}h-—> 0.

Degtnlt!on 3.1: The local discretization error

o
| Ath) % 8, Y, €E .
The global error e(h) = no(h) ‘_Ah Yo e Eh

where Qh no(h) = Of

The discretization Is then cohvergenf when 1lim e(h) = O, Obvlously
consistency Implies convergence when small local errors Imply global errors
l.e. since % n(h) = L (AhyO + e(h)) =0 |

LN A(h)
that [ath)] — 0 => Je(h)] — O we must have
If €€ En satisfies ¢, (Ahyo+e) -9 By Y, | (s)

o
s 6 Eh

then [llell<M fls]f 8>0, M independent of h.
If (S) holds the algoflThm Is called stable since It then conforms to
the basic Interpretation of boundedness of the global effects of a local

error.
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For a linear algorithm th =40 -y,

0

whare Ah : EL - Eg is linear, Yh € Eh

h
() s valid it fa'll<M.  see |7].

For nonlinear ¢, we shall see under what conditions ($) Is vallid.

Defline for z B E, wh(e) =0 (Ahz+e) -4, 2z

O
wh . Eh -—> Eh .

Knowing ¥ 0 = 0 we must derive the existence of a family of Inverse:

- o)
functions ¢ : Eh - Eh

Formulating the Inverse Function theorem suifébly wa obtain:

uniformly bounded for (0,T).

Theorem 3.2: Uniformly for h € H let
(a) Qh have a Fréchét-derivative ¢g(§) for
le - 4, z[l <S>0 which Is Holder-continuous at &, z,
oo foftg) - efta 2 < L&~ a, z|*, 0 <a <1
and

L exist and safisfy

(b) ¢l (A, 2)
' LN z)"" <S
“Then for Jsfl<r

0.(8, z+e) - & A,z =8 has a unique solution e = @ such that

fell <M [8]] where r = —= (S(LS)

a+l

1/OL) and M = 2&1 S.

Hence under the assumptions (a) and (b)

4

(S) Is valld 1f the pertur-
bation Is sufficiently small. i+ Is natural to make this the

definition of stability.

Definition 3.3: The discretization is stable at z € E if there exists

M,r>0 st forall §6E lsll<r, he (oD

Qh(Ah'z+e) - oh A,z =8 has a unique sofuflon €= eh(d) such that
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ek < m sl
r 1Is called the stability threshold, M the stability bound.

It Is obvious that stability at z onsures convergenca.

If the algorithm Is |inear then "AR’II:_M and no stabllity

threshold exists.

Assuming that a |inearized discretization ¢A(£) exists of o
for all € In a sufficiently large vicinity of b, z we have the

following formulation of Theorem 3.2,

Theorem 3.4: Let the Iinearized discretization be
(a) HBlder-continuous at iv unlformly.ln h
and (b) stable at 1z,
Then the non-linear discretization is stabie at z with the above

estimates for r and M,

Unfortunately this is of littie practical use since negative powers
of h often occur in ¢*. We thus change our definition slightly:

Definition 3.5: A discretization Is m-restricted stable at 2z 6 E If

there exists M,r, m>0 s.t. for all &8 E,[6ll< ", h6 (O

¢, (8, z+€) - ¢ Az = & Implies lell < m|lsf .

Coroltary 3.6: Let the linearized discretization be such that

' ~h
(@ Jo (&) - ol@a D] <L ||e-Ah 2], 0<a <1
(b) stable at =z,

Then the non-linear discretization is -2 -restricted stable at z.

Notes and Remarks.. Stetter has also proved that continuity and stability

of the linearization exist not only at 4, z but also in a norm vicinity
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of Ah z(s Eh) the slize of which does not tend to zero with h.

We remark that this too does not give a practical result since most
 algorithms for the variable coefficient case require a certain smooth-
ness of céefficlenfs (see the discussion on this problem in Chapter 3,
Section 3) and the neighbouring elements of 4, 2 need not be dis-
cretizations of giQen neighbours of z 1In the stability region as

h —-> 0,

Hence from the structure of the relationship between a nonlinear
discretization and Its l|inearization, Irrespective of the problems*coh—
sidered, we conclude

(a) the occurrence of s+ablli+y thresholds is to be expected

(b) stability thresholds may decrease with a power of h,

(c) the centinuity properties of the linearization may have to be

considered.
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Appendix A; A well-posed Cauchy problem.

Given the problem = u(t) = Au(t), 0 <+ <T
' | u(0) = u
(6]
In a Banach space X.

Definition: A genulne solution u(t) 1is in the domain of A such that

il u(t+At)-u(t) .
I At

Aub)] 20 for te (oD,

A problem is characterized as properly posed if the family of genuine
solutions is sufficientiy large and if the soclutions depend uniquely and
continuously on the Initial data In a certalin sense. See L. Payne [35]

for a dlscussion of this point.

Let D be the set of elements Ug 6 X with a genuine solution
u(t) exists with u(0) = Uo+ The correspondence between Us and
u(t) determines a |inear map Eo(f) such that

Eo(f) Uy = u(f) for all LS 6 D.

Definition: The initial value problem determined by A s properly‘
posed in the sense of Hadamard if

n D(Eo(f)) is dense in X.

(i1) IIEO(ﬂ| < K some K, for t € (0,T).

It Is easy 1o see then that a genuine solution must be continuous and

u(t +At)~u(t)
At

the convergence in t+ for —> Au- s uniform.

In an analogous way the concept of well-posednass may be defined
for the following problem
au
—a-.-f- = Au + g(f)
u(G) = Uy
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where g(+) Is piecewise uniformly continuous in t, since under some
minor restrictions the solution u(+) satisfles

1-
ult) = E() u_ + Io E(t-s)g(s)d .

u(t) 1s then known as a generalized solution. See Thompson [10] who
also discusses the question when g(t) 1is replaced by g(t,u(t)) de-
fined for 0 <+ < T, continuous in t for each u and uniformly

Lipschitz continuous with respect to u.

Strang [13] has discussed the probiem of finding sufficient condltions

for a Cauchy probliem of form

du a

=T = G,(x) D7u = Lu

ot u%:m d

o alal , ="
where D° = — to be well-posed in the sense that L which is
1 a : ‘
3x1 ...axd

, ' L 2
a closed densely defined operator generates a <, semi-group e ~ in L,
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Appendix B, Perturbations of stable operators.

Glven %% = Au where A Is a llnear t-independent closed, densely

deflnéd operator In X, If there exists a consistent stable dlfference

scheme approximating the problem, then the perturbed problem

%% = Au + Bu has also a stable, consistent scheme If

B Is bounded. See Rlchtmyer and Morton [7].
Sunouch! [14] has extended thls result to the unbounded case.

Theorem: Let B be an (unbounded) operator D(B) D(A) and Bﬁ a con-
sistent approximation to B.

l.e. Bnu -—> Bu for all u 6 D(B),

_ . ) J
Assume N, = sup sup h § oxp( AJhn)ﬂBhuﬂ

=1 n
<1 for sufficlently large 2
Tn'= (T/hn).
Then the scheme un(Af) = Cnu
; , m=-1
| un(mAf) = (Cn(l*Afsn))Cn u
Is stable’ and consistent with the perturbed problem.

Theorem: Assume B consistent and D(B) 'D(A),

Also assume sup A't ) anCﬂul]< w , for all u6X
J=1 |

1
where A't = ‘K?) + 1,

Then there exists e > 0 s.t. for all e : |e| < e, the above

scheme with eB ~ replacing B, Is stable and consistent with

du :
+F Au + €Bu.
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Appendix C., The unlform convergence of matrix powers,

Oldenburger proved that for a given matrix A, A" —> A" [ff the
elgenvalues of A were less than 1 except for some elgenvalues equal

to one, each of which corresponds to a |lnear eiementary divisor

Recall Schur's theorem that any matrix A 1Is unitarily similar to
'4 an upper triangular matrix; and an arbltrary ordering of elgenvalues

can be achleved along the diagonal. Hence assume that

I (1)
T
Definlition: The convergence factor Xa of A Is
X, = max |A,|

|
x1,...,xk elgenvalues of KXK matrix A,

For matrlices of form (1) X = r{T).

Lemma: |f A Is of form (1), then A" converges Iff E = I.

n
Proof. =»:A" converges hence E  converges.

By Oldenburger there exists S such that E = SI.‘S"1

- 1.

n-1

=: E=1=A"=]|"!:C ! T
. o]

FRLIRITIE

o, |1et=m) !

G

Theorem: (Buchanan and Parlett) [15]. F "a family of KXK matrices.
Then the sequences {A"} converge uniformly If Oidenburger's condlflgn
holds for alf A € F and there exists x,N dependent on F such that

(a) x, < x <1

A
(b) (xA)N A are unlformiy bounded.
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Note. Convergence may be uniform and yet the limits may be bounded.

Theorem: Aé is (uniformly) bounded in F I1ff A 1Is boundedly simitar
to the direct sum of an identity matrix and a convergent matrix.

1

Proof. x, < x < 1=>T Is bounded iff (I-T)"" Is bounded.
Now S
_JE cuem
A =
0 S
and CU1-T)"' is bounded 1f c,7 (hence A) Is. However when

C =0, then A Is bounded Independently of T.

-1

Conversely I1f C(I-T) " =B Is (uniformly) bounded In F then

1.¢,
O*AQ = (o P = (o TG PG

some unitary matrix Q.
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