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Abstract

The purpose of this dissertation is to consider the classical Lie Algebras, namely: so(n,C), sl(n,C) and
sp(n,C), n > 2. Our aim will be to prove that if a Lie Algebra £ is classical, except for so(2,C) and
so(4,C), then it is simple. The classification and analysis will include finding their root systems and the
associated Dynkin diagrams. The phrase it’s the journey that teaches you a lot about your destination applies
quite well here, as the bulk of our discussion will be assembling the tools necessary for proving simplicity. We
will begin with some linear algebra proving the Primary decomposition theorem and the Cayley-Hamilton
Theorem. Following this, we dive into the world of Lie algebras where we look at Lie algebras of dimensions
1,2 and 3, representations of Lie algebras, weight spaces, Cartan’s criteria and the root space decomposition
of a Lie algebra £ and define the Dynkin diagram and Cartan matrix. This will all culminate and serve as
our arsenal in proving that these classical Lie algebras are all rather simple.
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Chapter 1

Introduction

What is maths?

You see, dear reader, this question has different meanings and, thus, different answers depending
who one might ask. To the statistician it may a means to an end, to a physicist; a tool to understand-
ing the universe and its workings and to the engineer - well... who really knows what’s going in their
heads. Of course, mathematics spreads its reach to many other disciplines from economics to chemistry,
biology to aerodynamics and cosmology to computer science. Maths is present in almost every bit of
understanding we have. To invoke the ancient Norse myths, maths is the all-mighty Yggdrasil and
physics, biology, cosmology, economics, etc are the nine realms encompassed by the mighty world tree.!

What is an indisputable fact is just how maths works. Calculus and differentiation. These are
the pillars upon which maths stands on high. That is to say, any problem in mathematics, when
viewed as too complex, is broken down into little (often infinitesimal) bits and studied individually.
The solutions to each are then added up to form an answer for the whole. A method that has time
and time again proved infallible and indestructible. You see, dear reader, this the beauty of the subject.

Maths has been studied since ancient times, for millennia, and this therefore begs the question; why
Lie Algebras? These abstract mathematical objects appear quite frequently in the study of quantum
mechanics, the Heisenburg Algebra is of particular interest. It is also exceptionally rare that a pure
mathematical construct has a real-world application, making the study of Lie algebras exceptional. You
see, dear reader, history has taught us that the physicist are always playing catch-up with the mathe-
maticians. The maths exists and the physicists apply it 2. And so, anything so exceptional deserves,
even demands, to be studied.

In this project we will cover more complex sections of Lie algebras. This includes, representation
theory, root systems and the classical Lie algebras. These form the foundation of the overall study of
the constructs. We, however, begin by covering some key concepts in Linear algebra - for completeness
sake - which includes the Cayley-Hamilton Theorem, Primary decomposition Theorem and The Normal
Jordan decomposition. Our journey here will take us through almost all the major sections of maths;
homological algebra, graph theory, Galios theory, analysis, number theory, differentiation, and calculus,
to name but a few.

We will begin with some linear algebra proving the Primary decomposition theorem and the Cayley-
Hamilton Theorem. Following this, we dive into the world of Lie algebras where we look at Lie algebras
of dimensions 1,2 and 3, representations of Lie algebras, weight spaces, Cartan’s criteria and the root
space decomposition of a Lie algebra £ and define the Dynkin diagram and Cartan matrix.

Tt may be tempting here to assume that the mapping that takes one of the nine realms to one discipline is isomorphic
but resist, dear reader! The metaphor is simply that; metaphorical.
2 Although, they prefer to NOT be called applied mathematicians.



You see, dear reader, maths is Yggdrasil but Lie algebras form branches that connect the nine realms.

Here. We. Go.



Chapter 2

The Prequel Linear Algebra

This chapter seeks to familiarize the reader with the concept of Jordan decomposition, which is necessary
for the main text. We will focus on the decomposition of a single endomorphism x on some n-dimensional
vector space V over, as usual, the field C.

2.1 The Characteristic Polynomial

We ask the reader to recall that A € C is an eigenvalue of a linear transform z : V — V if and only if
Ker(z — 1y \) is nonzero, that is when det(x — 1y A\) = 0. The eigenvalues of x are therefore the roots
of what we call the characteristic polynomial[l], defined by

Char(X) = det(x — 1y X) (2.1)

where X is a variable. Since any polynomial over C has roots, it means that each z € gl(V), where
gl(V) is the set of all linear transforms from V to V, has at least one eigenvalue. Another important
polynomial is the minimal polynomial. This is monic and is of least degree such that it kills . That is
to say, m(X) = X%+ aqg_1 X4+ +a,; X + ag is the minimal polynomial of z if

2+ ag x4+ 4 aiz + agly =0 (2.2)

and the degree is as small as possible. We also note that if f(X) is any polynomial such that f(z) = Oy
then m(X) divides f(X). To see this, let us use Euclid’s division algorthim to find polynomials ¢(X)
and r(X) such that

f(X) = q(X)m(X) +r(X)

by substituting = for X the result will follow,

f(X) = q(X)m(X) + r(X)
f(X) = ¢(X)m(X) = r(X)
f(@) = q(x)m(z) = r(z)
r(z)

and so 7(X) = 0. A most significant property, made famous by Cayley and Hamilton, is that the
minimal polynomial divides the characteristic polynomial. That is

Theorem 2.1.1. Cayley-Hamilton/!] Suppose © : V — V has matriz representation A,x, and
characteristic polynomial Char(X). Then Char(A) = 0 and subsequently m(X)|Char(X).

Proof. Let x € ¢gl(V) and A be its matrix representation. Suppose that Char(X) = det(A — [X) =
ag+ a1 X + -+ a,X". We will provide a classical proof and make use of the well known property of

matrices and their adjoints:
Aadj(A) = det(A)1, (2.3)

bt



where adj(A) is the adjoint of A and I is the n X n identity matrix. The equation 2.3 remains true
when we replace A with A — X1, hence

(A—TIX)adj(A—IX)=det(A—IX)I. (2.4)
Now, let adj(A — IX) = By + B1X + -+ + B,_1 X" 1. The the left hand side of 2.4 becomes

(A — ]X) adj(A — ]X) = (A — IX) (Bg + B X+ 4+ Bn_lX”_l)
= ABy+ ABX +--+AB, 1 X" ' - By X - B X*— .- — B, X"
== ABO -+ X(ABl - Bo) + e+ Xnil(Aanl - Bn72) - Xanfl.

Next let us equate coefficients with the right hand side of 2.4. So,

AB(] = CL(]I
ABl — BO == &1[

Aanl — Bp_o=an,11
_Bn—l = an]

The reader, at this point, should be on the edge of their seat! We are by our final, and most fancy,
trick of the proof: multiply both sides of the equation AB; — B;_1 = a;I by A’ for 1 <i <mn — 1, and
naturally multiply both sides of B,,_; = a,I by A™:

ABO = CL()[
(ABl — BD = &1I)><A

(Aanl — an2 = an,ll)xAnfl
(_Bn—l = an[)XAn.

Notice that when we sum up all the terms on the right, we get agl + 1A + -+ + a, A" = Char(A)!
However, real satisfaction lies on the left side of equations were find some cancelling terms after summing

up:
AB() + (A231 - AB()) + -+ (Aan_l - An_an_Q) - Aan_l - O

Therefore, Char(A) = 0 and we are done. Q

2.2 The Primary decomposition theorem

This is a necessary tool of paramount import. We will begin by stating it and its necessity will become
clearer as we move toward the definitions of Jordan Decomposition.

Remark 2.2.1. Recall that C[X] is the polynomial ring with complex coefficients!

Lemma 2.2.2. If f(X) € C[X] and g(X) € C[X] are coprime polynomials such that f(z)g(z) = 0,
then Im(f(z)) and Im(g(z)) are x-invariant subspaces of V. Moreover:

1.V = Im(f(x)) ® Im(g(z))
2. Im(f(x)) = Ker(g(x)) and Im(g(x)) = Ker(f(z))



Proof. If we have that v = f(z)w, then zv = zf(x)w = f(x)zw € Im(f(z)) and since similarly
g(x)xw € Im(g(x)), the images are x—invariant. By Euclid’s algorithm, there exists polynomials
a(X),b(X) € C[X] such that

a(X)f(X) +b(X)g(X) =1

So, for any v € V

a(x) f(z)v + b(x)g(x)v = 1yv (2.5)
f(@)(a(z)v) + g(z)(b(z)v) = v (2.6)
=V =Im(f(z)) + Im(g(x)) (2.7)

Now take v € Im(g(x)) say v = g(x)w then f(z)v = f(z)g(x)w = 0so Im(g(z)) C Ker(f(z)). On the
other hand, take v € Ker(f(x)) and from 2.6 we have

g9(x)(b(x)v) = v

so v € Im(g(z)) meaning that Im(g(z)) = Ker(f(z)) and similarly Im(f(x)) = Ker(g(z)). What
remains to show is the equality in 1. Consider v € Im(f(z)) N Im(g(z)) = Ker(g(z)) N Ker(f(x)).
Referring once again to 2.6

a(z)f(x)v + b(x)g(z)v = a(z)0 + b(x)0 = Oy
Sov=0and V=1Im(f(z)) ® Im(g(x)) Q

Theorem 2.2.3. The Primary Decomposition Theorem Suppose that the minimal polynomial of
x factorizes as
(X = A)"(X = A)2 . (X = \)™ (2.8)

where each X\; is distinct and each a; > 1. Then V decomposes as a direct sum of x—invarient subspaces
Vz';

V=V,eVyd---dV, (2.9)
where V; = Ker(x — N\ 1y)% The subspaces are said to be the generalized eigenspaces of x for the
etgenvalues \;.

Proof. This theorem is easily proved by repeatedly applying 2.2.2. One should notice that if we let
fi(X) = (X =A™ and g(X) = (X — A)® ... (X — A\)%, then f1(X) and g(X) are coprime and, by
definition, fi(z)g(z) = 0. One can similarly break down g(X) and the result will follow. Q

A subtle, yet useful fact is summarised in the following theorem. This follows directly from 2.2.3

Theorem 2.2.4. Let x : V — V be a linear map over some vector space V. Then x is diagonalisable
if the minimal polynomial of x splits as a product of a distinct linear factors.

Proof. Assume that the minimal polynomial of x splits as needed. Then we may apply the primary
decomposition theorem, noticing that each V; = Ker(x — \;1y)% are exactly the eigenspaces of x so x
must be diagonalisable.

Q

A unique and interesting corollary follows directly from the primary decomposition theorem:

Corollary 2.2.5. Let x : V — V be a diagonalisable linear transform. Suppose that U is a subspace of
V which is invariant under z.

1. The restriction of x to U is diagonalisable.

Proof. Let my(X) be the minimal polynomial of 2 when restricted to U. Notice that my(z)(U) = 0
and, if m(X) is the minimal polynomial of x, my(X)|m(X). Hence my(X) is the product of distinct
linear factors and so x is diagonalisable on U.

Q



Lastly, we demonstrate another application of the primary decomposition theorem:
Theorem 2.2.6. Suppose that x has the minimal polynomial
FX)=(X = A)(X = A)®2 . . (X = \)*
where each \; are distinct. Let the corresponding decomposition of V be
V=VyaeV,a eV,

Then given any pi1, fa, - - ., ptr € C there is a polynomial p(x) such that

p(x) = ply,, +poly,, +- +prly,, (2.10)
where IVM is the identity in V.
Proof. Suppose that we could find such a polynomial f(X) € C[X] such that

f(X)=pw  (mod(X — X\)") (2.11)
Now take v € V;. By our superposition f(X) = u; + a(X)(X — \;)* where a(X) € C[X].Hence
f@)o = pily, v+ a(z)((z — Ai)*)v
= pily, v

as required. The polynomials (X — Ap)®, (X — X\)?2, ..., (X — \,)% are all distinct and therefore all
coprime. We may apply the Chinese Remainder Theorem, which in this case states that the map

n_ ClX]

R
J(X) = (f(X)mod(X — A)™),..., f(X)mod(X — A)™))
is surjective. So we may obtain a suitable f(X). Q

2.3 The Jordan Canonical form

Let V be a finite dimensional vector space and let z : V — V be an endomorphism of V. We may always
find a basis of V such that x can be represented by an upper triangular matrix by the theorems of Engel
and Lie. This is often sufficient to find its Jordan Canonical form, for instance we may find that if
x is nilpotent, it can be represented by a strictly upper triangular matrix and so will always have trace 0.

A general matrix in Jordan Canonical form looks like[3][!]:

A, 0 ... 0

0 Ay ... 0

o . (2.12)
0o 0 ... A

where each A; is a Jordan block matrix, J;(\) for some t € N and\ € C:
A 1 0 ... 0 0]
0O x1 ... 00
0 0 A 0 0
JN=10 0 (2.13)

000 ... X1
000 ... 0 A

L - txt

By the primary decomposition theorem and because any Jordan block matrix is obtained from the basis
of each V,,, it suffices to assume that there is only one A\. We may replace each non-nilpotent x with
(x — 1)), which is nilpotent. So, in order to prove the Jordan decomposition theorem it suffices to show
that a nilpotent transformation can be put into Jordan canonical form.

8



2.3.1 Jordan Canonical form for Nilpotent maps

We will proceed by induction on dim(V'). Suppose that z¢ = 0 such that 277! # 0. Let v € V be any
vector such that 7 'v # 0. Notice the set of vectors

B = {v,rv,...,29 v} (2.14)

is linearly independent. Let U = span(B) if U =V we are done so assume that is not the case. Now by
construction U is an x—invariant subspace of V. With respect to the constructed basis B the matrix
representation of x : U — U is

010 ... 0 O]
001 ..00
SRR (2.15)
000 ...10
000 ... 00

Suppose that we can then find an x—invariant complementary subspace of V, say P, that is V=U&P.
Then by induction there is a basis of P in which the matrix of x restricted to PP is in Jordan Canonical
form. Putting the basis of P and U together gives us a suitable basis for V.

It remains to show that such a suitable basis exists. We use further induction ¢. If ¢ = 1, then

x = 0 and any vector compliment to span(v) will do. Now suppose that we can find complements when

2971 = 0. Consider Im(z) C V. On Im(x), z acts as a nilpotent map whose ¢'* exponent is 0, so by
induction on ¢:

Im(z) = spanf{zv,..., 27 v} OW (2.16)

for some z—invariant subspace W. We note that UNW = 0. Our task now is to extend W to an
r—invariant complement for U in V.

Suppose that W = 0. So Im(z) = span{zv,..., 27 v} and Ker(z) N Im(z) = span(z?'v). Extend
to a basis of Ker(z) say by vy, vs,...,vs. By the rank-nullity theorem

-1
U, x0, ..., xT v, 0,00, . L, U (2.17)
is a basis of V. The subspace spanned by vy, vs, ..., v, is an x—invariant subspace and complement of U.

Now suppose that W # 0. Then, z induces a linear transform z on V/W. Let v = v + W and since
Im(z) = span({Zv,...,79 '0}) the preimage of this complement in V is a suitable complement to U.

2.4 Jordan Decomposition

It is clear now that any linear transformation x can be written as the sum of a diagonalisable transform
d and nilpotent transform n. To see this, choose a basis for V such that x can be written in Jordan
Canonical Form. From this matrix, let d be the linear transform represented by a diagonal matrix whose
diagonal entries are the same as that of the matrix representation of x. Then we construct n =z — d
and since the matrix representation for d is diagonal, the matrix representation for n is strictly upper
triangular so n must be nilpotent.

Lemma 2.4.1. Let x have the usual Jordan decomposition x = d + n where d is diagonalisable, n is
nilpotent and d and n commute. Then,

1. there is a polynomial p(X) € C[X] such that p(x) = d and,

2. there exists a polynomial ¢(X) € C[X] such that q(x) = d where d is the complex conjugate of d
with respect to some basis that makes d diagonal.



Proof. Most of the work needed to prove this Lemma has already been done. Let \{,..., A, be the
distinct eigenvalues of z, then the minimal polynomial is

m(X) = (X = A\)% .. (X = \)™ (2.18)

where q; is the size of the largest Jordan Block with eigenvalue A;. We now apply 2.2.6 to find the
necessary polynomials. To prove 1 let pu; = A; and to prove 2 let u; = A;. Q

Furthermore, this Jordan decomposition is unique. We show this. Suppose that z is an endomor-
phism of V and suppose, to the contrary, that x = d +n = d’ + n’ where d,d’ are diagonalisable, n,n’
are nilpotent and d and n commute as do d’ and n'.

Since d' is diagonalisable it commutes with both z and n. Therefore,

xd =dzx
(d+n)d =d(d+n)
dd = d'd

Because d’ commutes with d there is a basis for V where both d’ and d can be represented by a
diagonal matrix and so d — d’ is diagonalisable. Also, n — n’ is nilpotent. Now,

O=z—=
=d+n—(d+n)
=(d-d)+(n—-n)
=d=d and n=n'

and this shows that the decomposition is unique.

10



Chapter 3

Different Dimension Lie Algebras

What is, perhaps, the most extraordinary facet of the study of mathematics is the uncanny ability to
completely classify certain ideas. More specifically, we are now going to study Lie Algebras of dimen-
sions 1, 2 and 3. In this chapter we will show that any 1-dimensional Lie Algebra is abelian, there
exists a unique 2-dimensional non-abelian Lie Algebra and myriad theorems for 3-dimensional Lie Al-
gebras, each using the structure of the derived algebra, £’. One final pretence; there was once an Irish
mathematician whose name has since been lost to the annals of history who fancied himself a poet. He
wrote: There are many theorems in mathematics which are true, so long as the characteristic is not 2.
This is both whimsical and true, therefore each field mentioned here is assumed to have characteristic
not 2. Without further ado, here we go.

3.1 Basic Definitions

Before we begin, we must remind ourselves, for the sake of completeness, of the definitions of the Lie
algebra, derived algebra, the definition of an ideal of a Lie algebra and also of the centre of a Lie algebra.
These are:

Definition 3.1.1. Lie Algebra[3][5] Let IF be a field. A Lie Algebra, £ , is a finite dimensional vector
space V over a field F equipped with an operation

[—,—-]: VxV >V
a commutator of © and y which we will call the Lie bracket, that satisfies the following:

1. It is bilinear, in other words it is linear in each argument. That is, for z,y,2 € £ and a € F we
have that

2. Tt is skew-symmetric, that is, for all x € £ we have that [z, 2] =0
3. It satisfies the The Jacobi Identity: for all x,y,z € £
[, [y, 21l + [y, [z, 2] + [2, [2,9]] = O

Definition 3.1.2. Derived Algebra[3][5][7] Let £ be a Lie algebra over a field F. The derived algebra
of £ is the Lie algebra £’ spanned by the commutator [z, y] where x and y are both elements of £. That
is:

¢ =g, = ({lr,y): v,y €L})

11



Definition 3.1.3. Ideals[3][5][5] Let £ be a Lie algebra, equipped with the Lie bracket [—, —], then
an ideal of £ is a vector subspace of £, say 3, such that the commutator [z,y] is an element of 3 for
all z that lives in £ and y that lives in 3. That is:

[ty €eJ Ve ekl VYyel

In other words, commuting any element of £ with an element of 3 yields an element that is inside of

3,

Example 3.1.4. Let £ = gl(n,F) be the Lie algebra of n x n matrices with coefficients in our field F
endowed with the usual Lie bracket

[z, y] = xy —yz, z,y € gl(n,F).

Suppose that 3 C £ is the set of all scalar multiples of the identity in £. We claim that this is Lie
algebra ideal of £. Take any © € £ and y = al € J3 where a € I and [ is the identity. Notice that
[z, y] = [z,al] = a[x,I] = a(x] — [z) = a(x — ) = 0 € J. We conclude that

[z,y] €3, zelye
as required.

Definition 3.1.5. The Centre of a Lie Algebral3]|[5][5] If we let £ be a Lie algebra then the trivial
ideals are itself and the set containing the zero element. An often non trivial ideal is the centre of £,
defined:

38) ={rel:[zy=0 WwerL}

That is to say; the centre of £, called 3(£), is the set containing elements which sends every element of
£ to zero when commuted with themselves. Note that 3(£) is an example of an abelian Lie algebra.

Example 3.1.6. Recall that a Lie algebra £ is abelian if and only if [z,y] = 0 for all z,y € £. By
definition, every abelian Lie algebra £ is its own centre, that is; if £ is abelian then £ = 3(£)

Example 3.1.7. Let £ be the a Lie algebra of a vector space V over a field F. We want to find 3(2)
when £ = sl(2,F)!, that is the set of 2 x 2 matrices with coefficients in F and whose traces are exactly

zero. In other words;
a b
SZ(Q,F):{[ ]:a,b,celﬁ‘}
c —a

Recalling that the Lie bracket we use here is:
[z,y] = 2y —yz, =,y € sl(2,F), (3.1)

where the multiplication we have is matrix multiplication between elements. We have that

5(2):{[2‘ _ba]ez; H‘é _ba][j _ya”:o v[ﬁ _yJEJl,a,b,c,x,y,zeF}

Now let A € 3(2), and in particular find:

'The reader would be wise to become acquainted with our friend as he will feature prominently throughout our
endeavours

12



A_ab:> a b 1 0 100
e —a c —al’|0 =1 [0 O
o b 0]t 0@ b]_[o o0
c —al |0 —1 0 —1{|c —a___() 0
:>a—b_ab___00

c a —ca___OO

_ [0 20] [0 0

2¢c 0 |0 0

=20=2c=0=b=c=0

which means that all matrices in 3(£) are of the form

a 0
[O a],aeF

Now let us take a generic matrix X € sl(2,F) and find similarly that

a 0 Ty ] - 0 0

0 —a]’|z —z|| |00

_ |@ 0 r y| |z yl|la O ] _ 0 0
0 —a|’|z —x z —x| |0 —a___() 0
_ | ez ay| _ |az —ay| _ [0 0

—az ax az —ax| 00

0 2ay] [0 0

—2az 0 | - 00

oy |_[0 1] _ [0 2a] [0 0

z —x| |-1 0 2 0] |00

=2a=0=a=0

SR

At this stage we have only seen examples of trivial cases of the centre of a Lie algebra. In the
following sections we will become familiar with Lie algebras where this is not necessarily the case.

An important idea in the senses of abstract algebra is that of preservation. That is, should we have
two abstract objects, say Lie algebras £ and 111, with an isomorphism between them, call it ¢ : £ — 111
then we want to have that if an element, z, is in the derived algebra of £,£’  then its counterpart ¢(x)
is in the derived algebra of 111, Y11’. In particular, we have the following lemma

Lemma 3.1.8. Let £ and MW be two Lie algebras and let ¢ : £ — M be a Lie isomorphism. Then
without loss of generality we can prove that ¢ maps commutators to commutators from which we will
have

1. (L) =97 and
2. ¢(3(2)) = 3(M)

13



Proof. Let x € L’ then, without loss of generality, assume that x = [y, z| for some y, z € £. Now

where ¢(y) = u, ¢(z) = v € 1 so we have that ¢(£’) C M. Using the fact that ¢ is an isomorphism
one can easily show that 1’ C ¢(£’) and so we see that 1 is true. For 2 consider again x € 3(£), then

[,y =0Vyekl
= [¢(z),0(y)] =0
= [¢(z),u] =0, ue
= ¢(x) € 3(N)
= ¢(3(2)) C 3(1N)

The assertion in the second last line holds as ¢ is an isomorphism. Next, consider the converse. Suppose
that we have z € 3(117), then [z, w] = 0 for all w € M. Invoking the fact that ¢ is an isomorphism, in
particular surjective, without loss of generality there exists some y € £ such that ¢(y) = w. Then the
Lie bracket in 111 yields our result, observe

[2,0(y)] = 0= 2 € 6(3(L)) = 3(N) C #(3(2))

This Lemma shows that the isomorphism preserves structure.

The adjoint representation

One crucial example of a Lie homomorphism is that of the adjoint representation 2. We define it as
such: let £ be a Lie algebra with Lie bracket [—, —]. Suppose now that gl(£) is the set of all linear
homomorphisms from £ to £. The adjoint representation is defined as:

ad : L — gl(Z) (3.2)
x> adg, (3.3)

where ad,(y) = [x,y] for all y € £. One can then see that ad, does indeed send an element in £ to
some element in £. In other words; ad, € gl(Z)

3.2 One Dimensional Lie Algebras

We are able to prove that a one dimensional Lie algebra is abelian that is, [z,y] =0V x,y € £. This
will become quite relevant in chapter 10. The proof is rather elegant and, dare I say, adorable. Witness:

Proof. Let £ be any 1-dimensional Lie algebra, £ =< z > say. Consider the Lie bracket on £. We must
have that
[z, 2] =0,

so £ must be abelian. Q

2We will see later exactly why it’s known as the adjoint representation!
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A Special Note On Abelian Lie Algebras

Suppose we have abelian Lie algebras, £ and 117 over some field F'. Suppose further that they have the
basis {x1, %2, ..., z,} and {y1,¥y2, ...,y } with n > 2 and n an integer. Now define

oL —M
T >y ie{l,2,...,n}

Let us define ¢ to be linear. Then using the fact that £ and 117 are abelian we may notice that

o([xi, 7)) = ¢(0)
=0

= [vi, v

So ¢ is a Lie homomorphism! By our definition, ¢ is clearly surjective and injective. This means that
any two abelien Lie algebras of dimension n are isomorphic and therefore well understood. Henceforth
we shall only consider non-abelian Lie Algebras.

3.3 Two Dimensional Lie Algebras

Suppose that we have a non-abelian Lie algebra £ of dimension 2. An important property of non-abelian
Lie Algebras is that they have non-trivial derived algebras since the commutator [z, y] must be non
zero for some x and y in £. This means that the dimension of £’ must be greater than or equal to 1.
On the other hand, the dimension of £’ must be strictly less than 2, because if £ is spanned by the
vectors = and y then £’ must be spanned by the commutator [z, y] so dim(Z’) = 1.

What about the Lie bracket defined on £7 Let’s take a step back and consider x € £, and let us
extend it to a basis for £ using the element . That is to say £ =< z, 7 >. We must have that

[,9] = ax

1

where o € F. Again, without loss of generaity we can make o™ = y so that we have

[v,y] == (3.4)
This provides a proof for our first important theorem:

Theorem 3.3.1. Let F be a field. If £ is a non-abelian two-dimensional Lie algebra, then there it has
a basis {x,y} such that [x,y] = x.

3.4 Three Dimensional Lie Algebras

Our approach to the next section will be to classify each specific case regarding the dimension of the
derived algebra, dim(Z’). Specifically, we consider:

1. where dim(£’) =1 and £’ C 3(2)

2. where dim(£’) =1 and £ Z 3(2)

(L) =
3. where dim(Z’)
4. where dim(Z’)

m(L)

15



3.4.1 The Heisenberg Algebra

As an introduction to the study of 3 - dimensional Lie algebras, we consider the famous Heisenberg
Algebra. If we assume that dim(2’) = 1 and that £ C 3(£) then we will show that there exists a
unique (up to isomorphism) Lie algebra that has a basis {f, g, z} with Lie bracket

[f.9] == (3.5)

This is known as the Heisenberg Algebra and is used in quantum physics as it models quite well a
quantum particle’s momentum or position. (And we shall see later that this structure makes the maths
involved in quantum physics very, very difficult!)

Let £ be a non-abelian Lie algebra with of dimension 3, and such that dim(£’) = 1. Furthermore,
suppose that £ C 3(£). Take any f,g € £ such that [f,g] # 0. Now, invoking our assumptions we
have that £ =< [f, g] > and that [[f, g],z] = 0 for all x € £. Define

[figl =2
We want to show that {f, g, 2} form a basis for £. To do this we need to show that they are linearly

independant, that is if:
af +bg+cz2=0 < a=b=c=0

Take [—, g] :

l[af +bg+cz,g] =0
&[fag] +b[g7.g] +C[Z,g] =0

now, [g,9] =0 and [z, 9] = [[f,g],9] = 0 as £ C 3(L), and keeping in mind that [f, g] # 0

alf,g] =0
=a=0
similarly, we may take [f, —] :
[f,af +bg+cz] =0
alf, f1+bf, 9] +c[f,2] =0
blf, gl =0
=b=0

So we are left with ¢, notice that c is trivially equal to 0 as

af +bg+cz=0

cz=10
clf,g] =0
=c=0

so we have that {f, g, z} is indeed a basis. For uniqueness: suppose we have the set {f’, ¢, 2’} where
1, ¢ € L we define

= [f.g]#0
In this case we may use the same argument as before and define an isomorphism ¢ from {f, g, z} to
{f,d,2'}, say o(f) = f',0(g9) = ¢, p(z) = 2. We also define ¢ to be linear so that it is justifiably an
isomorphism. So we have that this algebra is unique up to isomorphism.
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3.4.2 Let’s not forget about the other Lie algebra!

Much like the great protagonists from fabled history, we need our own weaponry before tackling great
foes. Here these weapons are our definitions and the foe is the unknown. That is to say, here we meet
our first nifty weapon in this fight:

Definition 3.4.1. The Direct Sum/[3][5][5][1] Suppose £ and ! are Lie algebras with Lie brackes
[—, —]g and [—, =]y respectively. Then, the direct sum is defined as
D={(z,y):z el ye} (3.6)

Now suppose that we have (z,y), (Z,7) € ®. We then define the Lie bracket as

[('Tay>7 (fagﬂb = ([l‘,f]g, [?J,Zﬂm) (37)
We denote this by ® = £ G 11

We understand the reader may be suspicious of this new definition, therefore to remove all doubt
we check that this actually defines a Lie Algebra. The first two conditions are trivially satisfied by the
nature of the definition. One can quickly check that the Jacobi identity holds.

Definition 3.4.2. [0] A split epimorphism in a category C is a morphism e : A — B in C such that
there exists a morphism s : B — A such that the composite e o s equals the identity morphism in B
1g. Then the morphism s, which satisfies the dual condition, is a split monomorphism. Fruthermore,
if e : A — B is a spilt epimorphism relative to s : B — A then, A = Ker(e) ® Im(s).

Example 3.4.3. We are going to show that ¢g/(2,C) = sl(2,C) @ C. We will use homological algebra
and the notion of sequences. Consider the short exact sequence:

0 — sl(2,C) —* gl(2,C) —" C — 0 (3.8)

Where « : sl(2,C) — ¢l(2,C) is the embedding map and tr : ¢gl(2,C) — C is the trace map, i.e. the
trace of matrix found in gl(2,C). We assert that both of these are Lie homomorphisms. « trivially is
as it is just the identity map with a restricted domain. The trace map, on the other hand, is ever so
more interesting. It is clearly linear as the trace of a sum of two matrices is just the sum of their traces
but notice that if we take X,Y € gl(2,C):

X, Y] = tr(XY — Y X)
=tr(XY) —tr(YX)
=0
= tr(X)tr(Y) — tr(Y)tr(X)
= [tr(X),tr(Y)]c

The reader is reminded that the Lie Bracket taken in C is always 0. We now show that tr is a
split-epimorphism. Define

p:C—gl(2,C)
— o1
a —
2
where I is the idenitiy matrix. Furthermore, let 14 ) be the identity map. Notice that
a

tr(6(a)) = tr<2]l> = g + % =a=lgec/l(a)
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= tTﬁ = ]-gl(27(C)

So, tr is a split epimorphism and we must therefore have that
gl(2,C) = sl(2,C) s C (3.9)
And we, in fact, have much more generally that
gl(n,C) = sl(n,C)®d C, neN/{0} (3.10)

Now that we've seen a concrete example, let us define some useful properties of the direct sum.
Luckily, the derived algebra and the centre of the direct sum is intuitive and works as we would like it
to, as:

Lemma 3.4.4. Let ® be the direct sum of Lie algebras £ and W1 with Lie brackets [—, —]g and [—, —|m
respectively. Let [—, —|gp denote the Lie bracket on ®. We assert the following:

D=0 (3.11)

3(®) =3(L)®3(M) (3.12)

Proof. Let ® be the direct sum of two Lie algebras £ and 111 over the same field, F. Then,

D =<A{[(z,y),(Z,9)] :x,T €L, y,geN} >
=<{([z, 2], [y, 9]) : 2, T € L, y, g €M} >
= (< [xaj;] >, < [y,zj] >)
=L e

And so we have proved derived algebra of direct sum, now we wish to consider the centre of the
direct algebra, 3(®). Using the definition of the centre,

3(®) = {(z,y) €®:[(z,9),(Z,9)lp = 0V (7,9) € B} (3.13)

But notice,

We therefore must have that 3(®) C 3(£) @ 3(11). Since the other containment is trivial, we have
that the centre of the direct sum is the direct sum of the centres, Q

What may astound the reader is that there are no other Lie algebras with the property that the
dimension of their derived algebra is one and that it is not contained their centre.. We summarize this
and prove uniqueness in the following theorem:

Theorem 3.4.5. Let F be any field. There is a unique up to isomorphism three dimensional Lie algebra
over F such that L’ is one dimensional and L’ is not contained in 3(L). This Lie algebra is the direct
sum of the 2 - dimensional Lie algebra with the 1 - dimensional Lie algebra.

Proof. Take some non-zero element z € £’ by our assumptions, there exists some y € £ such that
[z,y] # 0. This also implies that x and y are linearly independent as if y = az with a € F, say, then
[z,y] = [z, ax] = ajz,z] = 0. We also know that [z, y] is a multiple of x so let us replace y with some
scalar multiple of itself so that

[z, y] =«
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Since £ is three dimensional, let us extend {z,y} to a basis by w. Since x spans £’ we must have that
[r,w] =azx, [y,w]=px
where 5, € F. We claim now that there exists some z € £ such that z & span({z,y}). Now make
z = \v + py + pw
Then, notice that
(@, 2] = [z, \e + py + pw] = px + pox
[y, 2] = [y, Ao + py + pw] = Bpr — \x

Now take = —a, A = 8 and p = 1 so that we have

[z, 2] = [y, 2] = 0= 2 & span({z,y})

and, in fact, we have that z = Sz — ay + w. Hence, £ = span({x,y}) ® span{z}. This concludes the
proof. Q

We will conclude this first chapter by showing that there are infinitely many non-isomorphic 3-
dimensional Lie Algebras, £ with dim(£’) = 2. Our approach will be to study the structure of the
derived algebra. From this point on, we will only be working in the field of complex numbers C unless
stated otherwise.

3.4.3 dimension +-+

Let £ be a Lie algebra. Suppose that dim(£) = 3 and that dim(Z’) = 2. In order to study the structure
of £ we must first understand £’ as a Lie algebra in its own right. This type of recursive thinking will
be seen again in later chapters. We summarize two important properties in the following Lemma:

Lemma 3.4.6. Let £ be a Lie algebra with dimension 3 with basis {x,y,z} and such that L’ has
dimension 2, then

1. 2’ is abelian
2. Let x € L. The map ad, : £ — L’ is an isomorphism.

Proof. For part 1, to show that £’ is abelian, we only need to show that [y, z] = 0 where {y, 2z} is a
basis for £’. We know that [y, 2] lies in £’ because of the definition of the derived algebra. So there are
constants «, 8 such that

ady(z) = [y, z] = 0z + ay + Sz

We are also able to determine ad,(z) and ad,(y). These are:
ady(z) = 02 + w1y + we2®
ady(y) = [y,y] = 0 = Oz + Oy + 0z
We can then construct the matrix of ad,,, which has the form:

0O 0 0
w 0 «
wy 0 5

where w; and wy are entries that we are not interested in because they come from the Lie bracket
between y and = and z is not in the superimposed basis for £. Notice that each column in our matrix

3Since {y, z} form a basis for £’ there’s no way that the Lie bracket could produce a nonzero x as it does not appear
in our basis.
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is formed from the coefficients of x,y and z respectively. We further assert that 3 =0 *. And similarly
we can construct the matrix for ad,:

0O 0 O
w —a 0
w —f3 0

Similarly, since the trace of ad, must be exactly zero, we have that a = 0 but this implies then that
ly, 2] = 0 so £” must be abelian. For part 2, we know that £’ is spanned by {[x,y], [y, 2], [z, 2]} by
definition, but [y, z] = 0 so

{[z, 9], [z, 21} (3.14)

is a basis for £’. We want to show that ad, : £° — £’ is an isomorphism. Our method will be to
show that the kernel is trivial because, luckily, we know that if 7" : V; — V5 and both spaces V; and
V, have the same finite dimension, then 7" is a monomorphism if and only if it is an epimorphism
and ad, : £ — £’ is such a map. We know that [z,y] # 0 and that [z,z] # 0 from (3.14), so
Ker(ad,) = {0} Q

We now have a good general understanding of £’. Let us try and classify the complex Lie algebra
of this form, that is; £ having dimension 3 with basis {x,y, z} and £’ having dimension 2 with basis
{y, z}. We break this down into two cases, based on the diagonalisablity of an element = ¢ £’

Case 1

There is some = ¢ £’ such that ad, is diagonalisable. We may assume that y and z are eigenvectors
of ad,, that is ad,(y) = Ay and ad,(z) = pz. Lemma 3.4.6 tells us that A # 0 and g # 0. We may
assume that A = 1 as we are able to replace x by some scalar multiple of itself >. With respect to the
basis {y, z} of £’) ad, has the matrix:

10

0

for some p € C. Keeping this x in mind, we wish to define a new Lie algebra. Our goal is to classify
each Lie algebra £ of dimension 3 and derived algebra £’ of dimension 2. By defining this new Lie
algebra we will be able to make conclusions about the non-zero complex eigenvalues A and p and so
fully determine the action of x.

Suppose we have a 2 dimensional vector space V over some field F.

Define
® =V @ span{x} (3.15)

with Lie bracket

[y, 2] =0, [z,y] =d(y) ¥V y,z€V (3.16)

where 1 : V — V is an endomorphism. We note that the image of 1) is equal to the span of the set of
commutators: {[z,z], [x,y]} and that the multiplication table for ® is

x |y| z
x| 0 |y | pz
y| -y |00
z|-pz |00

say we have a € L’ then, say, a = Y, [b;, ¢;] where b;,¢; € £ for some i now tr(ad,) = tr(adp, ) = tr([ady, ad.]) =
tr(adpad, — ad.ady) = 0
Snamely by A\ 'x
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with suitable basis {x,y, z}. For completeness sake, let us show that this definition satisfies the Jacobi
identity:

([, y], 2] + [[y, 2], 2] + [[2, 2], y] = [(y), 2] + [0, 2] — [¢(2), Y]
=04+0-0
=0

Notice further that the derived algebra ®’ is spanned by the vectors {[z, ], [y, z], [z, 2]} but we have
that [y, z] = 0 so this yields a basis of {[z,y], [z, 2]}, which means that dim(®’) = 2 which is equal to
the rank(v)"!

Since ® depends on p, we traditionally call ®, "D mu'. This leads us nicely into a neat theorem:

Theorem 3.4.7. Let p,v € C such that 0 # p and 0 # v have Lie algebras ®,,®,, respectively. We
have
D,¥D, & pu=vor p=v" (3.17)

Proof. Let us prove (<) by defining an isomorphism between ®,, and ®,,. Let {u,v,w} be a basis for
®, such that ad, acts on ® = span{v,w} with the matrix:

o

Next, let {a,b, c} be a basis for ®,-1 We notice that u'ad, is

o

which is a hair’s breadth away from being the matrix for ad,. This suggests, that we can create an
isomorphism through the basis, consider:

$plu) =a, ov)=c, Pw)="b

Given that we are astute mathematicians, it remains to check that this is a Lie algebra homomorphism.
It will then follow that ¢ : ®, — B, is an isomorphism (as it maps one basis to another) Since [v, w] = 0
and [b, ¢] = 0 we only need to consider [u, v] and [u, w].

[[/,(l, C]Eu,l
[

B(u). S(0)]s,

And similarly for [u, w]p, .

Now let us prove =-. Suppose that we have a Lie isomorphism ¢ : ®, — ®,,. We begin by showing
that ¢p(®’,) =®’,. Let v,w € ®, and since ¢ is a Lie isomorphism we have that

¢([v, w]) = [6(v), p(w)]

So, by linearity, we have that ¢(®’,) C ®’,. Now, say that ®’, is spanned by b,¢ € ®,. It is enough
now to note that if ¢(v) = b and ¢(w) = ¢ then ¢([v,w]) = [b, ] so ®’, C ¢(®’,). We have that ¢ is,
in particular, surjective so; we must have that ¢(u) = aa + w where o # 0 and w € ®’,,.

Srecall that the rank of a linear transform is equal to the dimension of its image.
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Let v € ®’,,. Calculating in ®,

while calculating in ®,, gives

[0(v), ¢(V)]o>, = [ea + w, 9(0)]p,
= [aa, ¢(0)]p, + [w, 9(7)]m,
= ala, ¢(0)]p,
= adnq © H(0)

which implies that ad,, o© ¢ = ¢ o ad,. And since we have that ¢ is an isomorphism it follows
that the matrices of ad,, and ad, are similar. Using this fact, we will show that they have the same
characteristic polynomial. Firstly, let A, V, P be the matrices for ad,,, ad,, ¢ respectively. Given that
P~'AP = V and that V has eigenvalues \:

det(V — 1))

=det(P'AP — 1))
=det(P~'(A —T\)P)

= det(P~1)det(A — T\)det(P)
= det(A — I\)det(P~')det(P)
= det(A —I\)det(P~'P)

= det(A — 1))

Which means that A and V have the same characteristic polynomial and the same eigenvalues.
Now, quickly taking a moment to look back, recall that the matrices for ad, and ad,, are:

10 a 0
ad, = [O M} ady, = lo &U]

We must have that either &« = 1 or a« = p. Should a = 1, then p = v otherwise yv = 1, in other
words = vt Y

Case 2

Let us consider when z ¢ £’ and the linear map ad, is not diagonalisable. Following suite from the
previous case, let y € £ be an eigenvector for ad, such that [z,y] = y. Extend y to a basis {y, z} of £’.
We have that

[z, 2] = Ay + pz

with A # 0 ” We may arrange A = 1. So the matrix of ad, is

1 1
ad, = X = [0 H}

X must have no distinct eigenvalues as we assumed that X is not diagonalisable. So let us work out
the eigenvalues of X, set det(X — I\) = 0. Then,

Totherwise ad, would be diagonalisable.
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0 = det(X — I\)

=1 =M =2)
=A=1 or p=2AX
=pu=1

The last line follows from the fact that ad, must not have unique eigenvalues; for if it did, it would
be diagonalisable. Owing to the generality, we have again described and determined the form of every
Lie algebra with the conditions mentioned above up to isomorphism. It must be stated that the Lie
algebra determined is unique.®

3.4.4 Not all Lie algebras are created equal, but some are.

Suppose that we have a Lie algebra £ with dimension 3 such that £ = £’. We begin by looking at an
example where this is the case.

Example 3.4.8. Let
£ =y5l(2,C)
we find then that
2 = span({XY - YX: X, Y € sl(2,C)})
It is clear that £’ C £. To see the other containment, let
Z—=|" "lecg
zZ3 —z

If we also let

21 = T2Y3 — Y221
Zg = z(xlyl - ?/1$2)
Z3 = 2($3y1 — T1Y3)

where x;,y; are entries in matrices X,Y € £. Notice that

S I A I I A N B
23— T3 —IT1| (Y3 —U Ys —Yi| T3 —I1
We will show that up to isomorphism there is only one such Lie algebra. We will do this in four steps.

Step 1

Let 2 € £ be non-zero. We claim that ad, has rank 2. Extend x to a basis for £, say {x,y, z}. Then £’
is spanned by {[z,v], [y, 2], [z, z]}. But we assumed that £ = £’ so {[z, 3], [v, 2], [z, 2]} must be linearly
independent. And so {ad,(y),ad.(z)} = {[x,y], [z, 2]} forms a basis for Im(ad,) so ad, must have rank
2.

Step 2

We claim that there is some h € £ such that ady, : £ — £ has an eigenvector with a non-zero eigenvalue.
To show this, take any 0 # x € £. If ad, has a nonzero eigenvalue we make h = z. Otherwise, since
ad, has rank 2, its Jordan Canonical form is:

010
001
0 0 0

This matrix indicates there is a basis of £ extending {z} to {z,y, 2z} such that [z,y] = x and [z, z] = y.
So ad, has x as an eigenvector with eigenvalue —1 since ad,(z) = [y, z| = —[z,y] = —x take h = y.

8... up to isomorphism.
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Step 3

We may find h,z € £ such that [h, 2] = ax # 0. Since h € £ and £ = £’ we know that adj, has trace 0
from the proof of 3.4.6. This implies that the three eigenvalues of ad;, are distinct; namely

{a,0,—a}

If [h,y] = —ay we take a basis for £ to be {x, h,y} and then ad), is diagonal.

Step 4

In order for us to fully understand and describe the structure on £ we need to, somewhat obviously,
determine [—, —]g. Notice that

[, [z, y]] = [[h, 2], y] + [z, [h, Y]]
= lox, y] + [z, —ay]
= O‘[:C?y] + —Oé[.%',y]
=0
We now make two applications of step 1. The Ker(ad,) = span({h}) (as [h,h] = 0). Since [z,y]| €

Ker(ady) we have
[z, y] = Ah

for some \. By replacing x with A~z we obtain
[z,y] =h

so we may assume that A = 1. From this point is is useful to determine the structure constants of £.
Notably,

[h, x] = ax (3.18)
e,y = (3.19)
[h,y] = —ay (3.20)

indicating that the structure constants are {«, 1, —a}. We now set out, to find the structure constants

of sl(2,C) with basis
01 00 1 0
S 1 R R T

After some simple arithmetic we find that

[f,h] = fh—hf=2f (3.21)
le,fl=ef—fe=h (3.22)
le,h] = eh — he = —2e¢ (3.23)

meaning that our structure constants are {2, 1, —2}. If we replace h with any non-zero multiple of itself,
we can make o = 2. We find now that £ = si(2, C) as they have the same structure constants, so there
is one, and only one, 3 dimensional complex Lie algebra with £ = £°.
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Chapter 4

The Invariance Lemma

We now move our attention to weights. To understand what these are, let us remind ourselves about
eigenvalues and eigenvectors.

4.1 Eigenvectors, Eigenvalues and Eigenspaces

Definition 4.1.1. [1] Let V be a vector space over a field F and v € V a nonzero vector,A € F, and A
some matrix such that the multiplication is defined with entries in F. Then if they satisfy

Av = v (4.1)
we say that v is an eigenvector of A and ) is an eigenvalue of A.

Now, we wish to classify a family of linear maps. Let A be a subset of ¢gli(V) where V is some vector
space over [F. Recall that each linear map in a vector space has some matrix representation according
to the basis of V. It seems reasonable to say that v is an eigenvector of A if a(v) €< v > Va € A,
that is v is an eigenvector for a for each a € A. We specify the eigenvalues of A by a function

A A TF
a— Aa)
The corresponding eigenspace[3][1][2] is
Vyi={veV:av)=Aa)pVaecU} (4.2)

Let us show that V), is indeed a vector space. We show that it is closed under a linear combination of
vectors in V. Take a € A, o, f € F and v, w € V),

a(a(v) + S(w)) = a(aw) + a(Sw)
= aa(v) + fa(w)
= ala)v + fA(a)w
= Aa)(av + pw) € V,,

So V), is a vector space. Suppose that V) is a nonzero eigenspace. Let 0 # v € V and take a,b € A.
Also let a, f € F. We show that the function A\ : A — [F is linear:

(aa + Bb)v = aa(v) + Bb(v)
aX(a)v + BA(b)v
= (aA(a) + BA(b))v

And so the eigenvalue of awa + 5b is aA(a) + BA(b), that is A(aa + 5b) = aX(a) + BA(D) = X € U*

or the dual space of linear maps from A to F. Now, we introduce standard terminology.
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4.2 The weight is over

Definition 4.2.1. weight[3] A weight for a Lie subalgebra A of ¢gl(V) is a linear map A : A — I such
that
Ww={veV:aw)=Aa)vVaecU}

is a nonzero subspace. V) is sometimes called the weightspace, with weight \.

We familiarize ourselves with this new concept by virtue of an example.

Example 4.2.2. Consider ¢g/(V) and let A = b(n,F) C ¢gl(V), where b(n,F) is the Lie algebra of upper
triangular matrices with entries in F. We show that e; is an eigenvector of A. Take A € A

ai; Qa2 ... Gy 1
: 0
-0 Q?Q |, e =
0 0 Unn 0
Then
a1 Q2 ... Qip| [1 ai 1
: 0 0 0
Aey = O a_22 =1 .| =an

0 0 ... am|l0] L0 0

= Ae;) = anjeg = MA) =ay;. Wehave Vy={v eV :Av=apnvV AU} =<e >

Ifa:V—Vandb:V —V are commuting linear transformations, that is, if ab = ba V v € V, and
W = Ker(a) CV, one can show that W is b-invariant. In other words, b(w) € WV w € W.

Proof. 1f w € W then a(b(w)) = b(a(w)) = b(0) = 0 so b(w) € W Q0

Lemma 4.2.3. The mini invariance lemma Suppose that U is an ideal of a Lie subalgebra L of
gl(V). Let
W={veV:alv)=0VaecA}

then W is an £ -invariant subspace of V.

Proof. W is clearly a subspace of V. Take w € W and y € £. We want that yw € WV w € W. That
is, we must show that a(y(w)) = 0V w € W for some a € A. Now we have [a,y] = ay — ya = ay =
ya+la,y|. Notice that [a,y] € A as A is an ideal, therefore (ay)w = (ya)w +[a, y](w) = y(a(w))+0=10
and so we are done. Q

Before we move onto the invariance lemma, let us remind ourselves about the characteristic of a

field.

Definition 4.2.4. Characteristic of a field Let F be a field. Let 1 be the multiplicative identity
in F. The characteristic of F, denoted char(F), is the smallest integer such that char(F)1 =1+ 1+
-+ +1 =0 (char(F) summands of the identity) Notice that if a € F, then char(F)a = char(F)(la) =
(char(F)1)a = 0a = 0. If no such integer exists, then char(F) =0

Lemma 4.2.5. The Invariance Lemma Assume that char(F) = 0. Let £ be a Lie subalgebra of
gl(F) and let A be an ideal of L. Let A : A — F be a weight of A. The weight space is L-invariant.
That is if

Vyi={veV:av)=Aa)pVaecU}

then l(v) € V\VIe€ L andv € V,.
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Proof. Suppose we have the conditions necessary in the invariance lemma. We must show that if

y € L and w € V, then a(yw) = AMa)yw V a € A. From the proof of 4.2.3 we have a(y(w)) =
y(a(w)) + [a,y](w) = y(Ma)w) + A([a, y])w. All we need to show now is that A([a,y]) = 0.

Consider U =< {w, y(w), y*(w), ...} > and let m be the maximum number such that {w, y(w), ..., y™ *(w) }is
linearly independent. = {w,y(w),...,y™ *(w)} is a basis for U.

We now claim that if z € A, then z maps U onto itself. We will show that z has an upper triangular
matrix with a diagonal equal to A(z), with respect to the basis above, so take z:

)\(Z) 212 Ce Z1m
0 Az) ... zom

&= . . . .
0 0 ... Xz

We will work by induction on the number of the column. First of all, zw = A(z)w, which gives
us the first column. Since [z,y] € A, we have z(yw) = y(zw) + [z, y]lw = A\2)y(w) + X[z, y)w =
A(2)y(w) + z12w, giving the second column of the matrix. For column r + 1, we have

2y (w)) = 2(y(y" ™ w) = (yr + [z, )y~ (w))
By the inductive hypothesis, we have
2y = M)y (w) +u
for some u €< {3’ : j <r — 1} >. Substituting this yields

y2(y' ™) = N+ yu
and yu €< {3 : j <r} >. Since [z,y] € A, we get by induction that

r—1

[z, yly " w =

for some v €< {y/ : j <7 — 1} >, so indeed z(y"(w)) € U. Now suppose that z = [a,y]. The trace of
z is mA(z). U is invariant under a € A and U is invariant under y, by construction of its basis. The
trace of z is the trace of ay — ya and so

mA(z) =0 = mA([a,y]) =0= Aa,y]) =0

since the characteristic of F is 0. And we are done. Q

4.3 An application

Suppose that z,y : V — V are two Lie endomorphisms of a complex vector space V. If x and y both
commute with [z,y] : V — V then [z,y] is nilpotent. We will offer two proofs of this, one using the
invariance lemma explicitly and the other using Lie’s theorem. We begin by using the lemma:

Proof. Since we are in C we only need to show that if A is an eigenvalue of [z,y| then A = 0. Suppose

that A is an eigenvalue, then let
Wy ={veV:zr,yv=2}

be the eigenspace of [z,y] for X\. This is not empty. Let £ be the Lie subagebra of ¢l(V) spanned by
{z,y,[z,y]}. Since z,y both commute with [x,y], 3 = Span{[z,y]} is an ideal of £, so we may apply
the Invariance Lemma. That is, W) is invarient under x and y. Choose a basis for W, then let X and
Y be the matrix representations of x and y in this basis. [z,y] then has the matrix

XY -YX
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Moreover, since each v € W, is an eigenvector for [z, y] the matrix XY — Y X is necessarily

A0 ... 0
0O x ... 0
00 ... A

Now tr([z,y]) = 0, but from the above matrix; tr([x,y]) = Adim(W,). Since dim(W,) #0 ,A =0
necessarily. 0

Now we make use of Lie’s theorem !

Proof. Notice that = and y both commute with [z,y], the Lie subalgebra of ¢gl(V) containing maps
of this form, call it £, is solvable. So we may apply Lie’s theorem, that is there exists a basis of V
where each ad, may be represented by an upper triangular matrix. In particular for z,y € £, ad|, 4 is
represented by a strictly upper triangular matrix and so is nilpotent. Q

'Recall that Lie’s theorem states that: Let V be an n dimensional complex vector space, and let £ be a solvable Lie
subalgebra of gl(V).Then there is a basis of V in which every element of L is represented by an upper triangular matriz.
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Chapter 5

Representation Theory

The reader is reminded that groups, rings and algebras are purely abstract. Their elements can repre-
sent many different, but concrete, ideas such as; numbers, electron orbits, symmetries in a Rubik’s cube,
field automorphisms®, cryptographic information or moves in a game. This is where their true power
lies, in versatility. What is truly fascinating is that any algebra? can be represented by a collection of
matrices®. This perspective is called representation theory.

It is easy to be bewildered and lost in these abstract ideas, but representation theory gives a con-
sistent way of making these abstract objects more concrete. Additionally, and one of the reasons I find
myself smiling at my notes as I write this, representation theory unifies two of the most prominent
subjects in all of mathematics.

The discipline of representation theory is the study of abstract mathematical objects by representing
their elements as linear transforms of a vector space, and we study modules over these structures. In
particular, we will be viewing the Lie algebra as a subalgebra of the endomorphism algebra of a finite
dimensional vector space, V. Let’s begin with the titular definition:

Definition 5.0.1. Lie algebra representation. Let £ be a Lie algebra over some field F. A finite-
dimensional representation of £ is a Lie homomorphism

b= gl(V) (5.1)

where V is a finite dimensional vector space over the same field. We will frequently say V is a repre-
sentation of L.

5.1 Examples that deserve some representation

Suppose that we have V a representation of a Lie algebra £[3][5]. We will write the linear transforms
of V afforded by the elements of £ as matrices, thus grounding them in a sliver of reality. Our last
bit of admin before we begin; suppose that ¢ : £ — gl(V) is a representation of £. Then we have that
(L) C gl(V) and that Ker(¢) is an ideal of ¢gl(V). Time for some examples,

Example 5.1.1. Consider

ad : £ — gl(Z) (5.2)
T — ad, (5.3)

If we take V = £ then we have that ad is a representation of £. This is called the adjoint representation.
We assert, and leave the reader to verify, that Ker(ad) = 3(£). So we have that ad is faithful if, and
only if, 3(£) is trivial. This happens, perhaps unsurprisingly, when £ = s/(2, C) for example.

lin Galois Theory
2this also applies to any group, ring or field
3Which we know quite a bit about!
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Example 5.1.2. Speaking of s/(2,C), let’s find the matrix representations of ad., ady and ady. Recall

that the basis is
1 0 01 00
e e o B

adp(h) =0, ady(e) =2e, ady(f)=-2f

Let’s start with ad;. Since

the matrix of ad;, must be

ade(e) =0
ade(f) - [e7f] =h
Therefore the matrix of ad, must be
0 01
-2 0 0f,
0 00
and by similar computation, ad; must be
010
0 00
2 00

Example 5.1.3. Now suppose that £ is a Lie subalgebra of gl/(V). The inclusion map
i:L— gl(V)

is trivially a Lie homomorphism. This is known as the natural representation. We have seen many
examples of these, namely si(2,C) C gl(2,C) and when proving Lie’s theorem we see that n(2,C) C
b(2,C), for example. This representation is always faithful.

Example 5.1.4. Furthermore every Lie algebra has a trivial representation. To define this take V =T,
and make ¥(z) =0 V x € £. This representation is never faithful.

5.2 Modules for Lie algebras

Thus far, reader, we have been spoiled. All of the vector spaces we have seen have been over a field.
Modules, briefly, are vector spaces that are over a ring instead of a field. This makes the maths a
bit...messier. Modules allow us through the lens of Schur’s lemma to make powerful relations which we
will see in the coming chapters. In particular, when we are discussing the root space decomposition
of Lie algebra. They are also a necessary tool we need when dealing with Cartan’s criteria. While
they may not play leading roles in our story they are essential supporting characters to the narrative!
Nevertheless, more formally:

Definition 5.2.1. [3] Suppose that £ is a Lie algebra over a field F. A Lie module for £, or alternatively
an £-module, is a finite dimensional F—vector space V together with the map:

LxV—-V
(r,v) —»z-v
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satisfying the following conditions

Az + py) v =Nz v) + p(y - v) (M1)
- (A + pw) = N - v) + p(x - w) (M2)
[zyl-v=2-(y-v)—y-(z-v) (M3)

Forall z,y € £, v,w e Vand A\, u € F.

For example, if V is a vector space and £ is a Lie subalgebra of gl(V) we may have that V is an
2-module, where z - v is the image of v under z. By M1 and M2 the map (z,v) — x - v is bilinear.
Furthermore, M2 implies that for all x € £ the map v — x - v is a linear endomorphism of V. So the
elements of £ act on V as linear maps.

Given a representation ¢ : £ — gl(V), we may make V an £-module by defining
r-v=y(x)(v), relveV (5.4)
Let us check that this indeed defines an £-module. We have

M1: Az + py) - v =Y(Az + py)(v)
= (M (2) + u(y))(v)
= M (2)(v) + p(y)(v)
= Mz - v) + p(y - v),

M2z - (A + pw) = () ((Av + pw))
A () (v) + pap(x) (w)
= ANz -v) + p(z - w)

Now,

So indeed we have defined an £-module. Conversely if V is an £-module, then we can regard V as a
representation of £. Define

L —gl(V), z—¢(x)

where 9(z) is the linear map v — x-v. We now show that 1 is a Lie homomorphism. ) is bilinear. One
can see this by invoking M2 on elements x,y € £. For the next part we invoke M3. More interestingly,
let v € V and x,y € £ then consider:

Y([z,y))(v) = [xyy] v

yielding the desired result that v is indeed a Lie homomorphism.
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5.3 Submodules and Factor Modules

Definition 5.3.1. Lie Submodules[3] Suppose that V is a Lie module for the Lie algebra £. A
submodule of V is a subspace, W of V which is invariant under the action of £. That is, for each x € £
and for each w € W we have x - w € W. Submodules are also known as subrepresentations.

We begin by showing that these things actually exist!

Example 5.3.2. Let 8" be a Lie algebra. We may make 3 into a B-module via the adjoint represen-
tation 5.1.1. The submodules of B are exactly the ideals of 8. That is, we have

BB B
(z,y) — ady(y)

Let us consider the submodules of 3. Let 3 < 8 (be a vector subspace), suppose that 3 is an ideal
of 3B then,
V 2€3, V ieJ=riel

which is precisely the definition of an ideal. Trivially all ideals are submodules. So the submodules of
3 are precisely the ideals of 3.

Example 5.3.3. Let £° be b(n,F). Let V be the natural £-module, that is to say let V.=TF". The
action of £ is given by applying the matrices to column vectors

b(n,F) x V-V
Let {e1,es,...,e,} be the natural basis for V. For 1 < r < n define
W = Span({ela €2, ... 767’})

Take w, € W, therefore w, = >[_; aye;, a; € F. Furthermore take b € b(n,F). Now observe that

bw, = éai(bei) (5.5)

Therefore by 5.5 we only need to show that be; € W, V 1 < i <r. Recall that {e;}} is the regular basis
for F™ so each e; is a column vector with 1 in the i** position and 0 everywhere else. Next, suppose
that b is

b11 612 bln
S B
0 0 ... bun

It is clear that when we multiply b by each unit vector we are left with the vector sum
T
Z a;biie;
i=1

which is completely contained in W as b; € F for all 1 < i <. Thus W is a submodule of £.

Example 5.3.4. Let £ be a complex solvable Lie algebra. Suppose that ¢ : £ — gl(V) is a represen-
tation of £. We know that I'm(v) C gl(V) is solvable as v is a Lie homomorphism. Now, there is some
non-zero v € V which is simultaneously an eigenvector for all z € £. Consider W,, = span(v). Notice
that W, is a vector subspace of V. Then we may define the map

4The change of notation from £ to B is arbitrary and we thought the reader could use some variety whilst enjoying
these examples.
Ok, back to normal :)
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2 xW, - W,
(2, av) = P(z)(av)

And since ¢ (z)(av) = arp(z)(v) = 0 we must have that ¢ (z)(v) € W,. This implies that W, is a
1-dimensional subrepresentation of £.

Definition 5.3.5. Suppose that W is a submodule of the £-module V. We can afford the quotient
vector space V the structure of an £-module by setting

r-(v+W)=(z-v)+W (5.6)
for z € £ and v € V. This is called the quotient or factor module.

Now for a touch of admin. We need to check that the action is well defined and that it satisfies
M1, M2 and M3 from 5.2.1. Let us begin by showing the action is well defined, take v4+W = 94+W € V.
Notice:

- (v+W)=z-(0+W)

= (z-v)+W=(z-0)+W
=W=(z-v)—(x-0)+W
=(x-(v=20)+W

as v — 0 € W and W is £-invariant. By definition this construction trivially satisfies M1, M2 and M3.

Suppose that 3 is an ideal of the Lie algebra £. We know that 3 is a submodule of £ when £ is
considered as an £-module. The factor module

2/ (5.7)

becomes an £-module via

z-(y+3) = ad.(y) +3
=[z.y]+3
Example 5.3.6. Let £ = b(n,F) that is, the Lie algebra of n x n upper triangular matrices and V be

the euclidean space over the field F of dimension n. Let us now fix some r between 1 and n and make
W =V,, the r-dimensional submodule.

Let x € £ have matrix X with respect to the standard basis. The matrix for the action of x on W
with respect to the basis {ej, e, ..., €.} is obtained by taking the upper left block of X.

The matrix for the action of x with respect to the basis {ej, es,..., €.} is obtained by taking the
lower right (n —r) x (n —r) block of X. We present a more visual representation of what was said:

ay;; a2 ... Qip
0 A99 ... QA9p
i *
0 0 a
X = " (5.8)
Qrr41 Arpy2 .. App
0 929 ... Qop
0 :
0 0 Ann
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5.3.1 Irreducible and Indecomposable Modules

Definition 5.3.7. [3][7] We say that the Lie module V is irreducible, or simple, if it is non-zero and it
has no submodules other than {0} and itself.

Suppose that V is a non-zero £-module. We may find an irreducible submodule S of V by taking
any non-zero submodule of minimal dimension. Such a V is said to be made up of irreducible modules
making irreducible modules the building blocks for all finite dimensional modules. We mention a few
common examples of irreducible modules.

Example 5.3.8. Let 0 # V be an £-module. If V is one dimensional, then V is irreducible.

Example 5.3.9. If £ is a simple Lie algebra, then viewed as an £-module via the adjoint representation
it is irreducible.

Example 5.3.10. If £ is a complex solvable Lie algebra then it follows that all irreducible representa-
tions of £ are one dimensional.

Example 5.3.11. We are going to prove the following Lemma:

Lemma 5.3.12. Let £ be a Lie algebra and also let V be a representation of L.V is irreducible if and
only if for any non zero element v € V the submodule generated by v contains all elements of V. We
note that the submodule generated by v is defined to be: all the linear combinations of the elements of
the form

x1 (2o (o (T - v) .. 0)) (5.9)

where x1,...,x, €L

Proof. (=) Suppose that V is irreducible. Now W = span{x; - (zg - (-+- - (s - v)...))} is clearly a
submodule of V. Since V is irreducible, this submodule must be either V or {0}. Since v # 0, we must
have that W = V.

(<) Let W, = span{x; - (2 - (- (¥, -v)...))} for all v € V and zq,...,2,, € £. If v € V then
v € W,, so V is a submodule of W, and since we saw that W, is a submodule of V. We therefore
conclude that V.= W,. Now let us take any submodule U of W, such that U is non empty and non
zero. There exists some u € U, take such a u and look at the submodule generated by this u. Since we
have then that W, = U and because V = U we must have that V is irreducible. Q

If V is an £-module such that V = U ®& W where both U and W are £-submodules of V we say that
V is the direct sum of the £-modules U and W.

The module V is said to be indecomposable if there are no non-zero submodules U and W such that
V=U&W. If V is irreducible, then V is indecomposable.

Definition 5.3.13. [3] The £-module V is completely reducible if it can be written as a direct sum of
irreducible £-modules; that is

V=S1®S:@--- DS (5.10)
where each S; is an irreducible £-module.
Example 5.3.14. Let d(n,F) be the Lie algebra of diagonal matrices in gl(n,F over the field F. The

natural module V = F™ is completely reducible, for if we let S; = span{e;} then each S; is a simple one
dimensional submodule of V. Moreover;

V=Si1®S:®--- &S,

Example 5.3.15. This is an example to prove that that the converse is not true, that is we are going
to show if V is indecomposible, then V isn’t necessarily irreducible. So, let £ = b(n,F) be the set of
upper triangular n X n matrices over some field F. We then have that the natural module V = F”
is indecomposible. Notice that when n > 2 then V is not irreducible as span{e;} is a non-trivial
submodule of V
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5.3.2 Homomorphisms of modules

Definition 5.3.16. [3] Let £ be a Lie algebra and let V and W be £-modules. An £-module homo-
morphism or Lie homomorphism is a linear map 6 from V to W such that

O(z-v)=x-0(v) (5.11)
An isomorphism is a bijective £-module.

Let ¢, : £ — V and ¢, : £ = W be the representations corresponding to V and W defined in 5.3.16.
The condition defined then becomes:

Since representations and homomorphisms are also linear maps we may discuss kernals and images! We
therefore reintroduce the following Isomorphism Theorems for £-modules|3]:

Theorem 5.3.17. The First Isomorphism Theorem LetV and W be Lie algebra representations.
Let 1) : V. — W be a Lie homomorphism, then Ker () is a submodule of V and Im(v) is a submodule
of W and

V/Ker() = Im(y)

Theorem 5.3.18. The Second Isomorphism Theorem If U and W are submodules of V then
U+W and UNW are both submodules of V and furthermore;

(U+W)/W=TU/(UNW)

Theorem 5.3.19. The Third Isomorphism Theorem If U and W are submodules of V such that
U CW then U/W is a submodule of V/U and

(V/U)/(U/W) = V/W

Remark 5.3.20. Universal statements are commonplace in mathematics more so than any other sci-
ences. The isomorphism theorems are nigh legendary in this regard. Their proofs, therefore, follow
much the same method as if we were proving them true for Groups or Rings or Lie algebras and so are
omitted here - despite being wonderfully elegant!

Example 5.3.21. Let £ be the one dimensional Lie algebra® which is spanned by say z. We may
define a representation of £ on a vector space V by mapping x to any element in ¢l(V), which is the
Lie algebra of endomorphisms of V.

Let W be another such vector space representation.

We claim that the representations of £ corresponding to linear maps f: V — Vand g : W — W
are isomorphic, that is to say f is an isomorphism and ¢ is an isomorphism, if and only if there is a
vector space isomorphism 6 : V — W such that

0f = gf (5.13)

or, equivalently:
0" =g (5.14)

Srecall, dear reader, that £ is abelian!
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5.3.3 Schur’s Lemma

Schur’s lemma is somewhat of classical example of a theorem that is both perplexingly elementary and
extremely useful. Much like the isomorphism theorems stated earlier, Schur’s lemma is universal; used
in representation theory of not only algebras but groups as well!

Theorem 5.3.22. Let S and T be two irreducible modules. If 0 : S — T is a non zero homomorphism,
then 6 must be an isomorphism.

Proof. To show that 6 is an isomorphism we will show that it has a trivial kernel of 0 and that its
image is T. Since 6 is a homomorphism this implies that Ker(6) is a submodule of S and that Im(0)
is a submodule of T. Recall that # must be non zero so since S is irreducible, Ker(f) = 0 necessarily.
Similarly Im(f) = T. This shows that # is an isomorphism. Q

Remark 5.3.23. The converse of 5.3.22 is certainly not true! For instance, consider the rationals Q.
It is known that the endomorphims of Q, End(Q), when viewed as an abelian group is isomorphic to
Q. This means that every element in End(Q) has an inverse and hence every homomorphism from
Q — Q is an isomorphism but Q is definitely not an irreducible module.

Now for Schur’s actual lemma!

Lemma 5.3.24. Schur’s Lemma Let £ be a complex Lie algebra and let S be a finite irreducible £-
module. A map 0 :' S — S is an L£-module homomorphism if and only if 0 is a scalar multiple of the
identity, that is;

0 = Mg (5.15)

where A € C and s : S — S is the identity in S.

Proof. (=) Suppose 6 is a homomorphism, then 6 is a linear map. Particularly, since we live in C, 6
must have an eigenvalue which we will call A. This means that

b =0— )\

is also a Lie homomorphism. The kernel of ¢/ contains the \-eigenvector of 6 and is therefore a non zero
submodule of S. Recalling the proof of 5.3.22 this necessarily means that ker(¢)) =S. Let s € S, find

(s) =0
= (0 — A5)(s) =0
= 0(s) — Ms(s) =0
= 6(s) = Ms(s)

and since the last line is true for all s € S and 6 is an isomorphism,
0 = Al (5.16)

(<) Notice that since Is is an isomorphism and # = Mg where A € C then # must also be an isomor-
phism. Q

We will see an application of Schur in the following theorem,

Theorem 5.3.25. Let £ be a complex Lie algebra and let V be an irreducible £-module. If z € 3(L)7
then z acts by scalar multiplication on V. That is, there exists some A € C such that

Z-v =M\ (5.17)

forallv e V.

"which is the centre of a Lie algebra defined in 3.1.5
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Proof. We claim that the map
Vi ze v (5.18)

is an £-module homomorphism. For if x € £ then, with our astute mastery of the Lie bracket we note
that

[z,z] v=z -(x-v)—x-(2-0),

S0,
z-(x-v)=x-(z-v)+[z,2] v
=z-(z-v),
as we have that [z, x] = 0 because z is in the centre of £. We now apply Schur’s Lemma and find
that our map has to be some scalar multiple, say A, of the identity and we are done. Q

We now state a very useful corollary that will be useful to us in later chapters:

Corollary 5.3.26. Let £ be an abelian Lie algebra over C, then the simple modules of L are one
dimensional.

Proof. Suppose that V is a simple module of £. From lemma 5.3.24 every element of £ acts by scalar
multiplication on V. Therefore, any non-zero v € V spans a one dimensional submodule of V. However,
V is irreducible and so this submodule must be exactly V. Q

Now, for the theorem. [3]

Theorem 5.3.27. (Ado’s Theorem)
Every finite dimensional Lie algebra over a field of characteristic zero has a faithful finite dimensional
representation.

For the next part we will make use of Ado’s Theorem. The proof of Ado’s theorem, however, is
beyond the scope of this dissertation and will therefore be omitted.

For our purposes one can think of faithful as being the same as injective. Theorem 5.3.27 is equivalent
to saying that every finite dimensional Lie algebra £ is isomorphic to some subalgebra of gl(n,C), the
Lie algebra of n x n matrices with entries in C. We will conclude the chapter by showing a particular
result for our old friend, The Heisenberg Algebra:

Example 5.3.28. Let £ be the Heisenberg Algebra with usual basis {f, g, z} such that z = [f, g] and
z € 3(2L). We will show that £ has no faithful representations of finite dimension.

By Schur’s Lemma (lemma 5.3.24) z acts by scalar multiplication with some scalar value A on any
finite irreducible representation.

But since z = [f, g], the trace of the map representing z is zero. Hence A = 0 and so the represen-
tation is not faithful! And this is why Quantum Mechanics is complicated.
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Chapter 6

Representations of si(2,C)

The special linear Lie algebra of order n, sl(n,C), is the classical Lie algebra of n x n matrices with
entries in C whose traces are exactly zero. Here we are concerned with the case where n = 2. Suppose
that X,Y € sl(2,C) then the Lie bracket is defined in the classical way as in 3.1:

(X,Y]=XY -YX, (6.1)
The basis of si(2,C) we will use throughout the chapter is:

1] (6.2)

(6.3)

~
I
o= o oo
o o
| IS

0
_1] , (6.4)

it would also be useful to compute the Lie bracket commutator for each basis element[3],[2],[7]. Partic-
ularly notice that:

ERTITRENS
)

similar computation shows that [h,e] = 2e and [h, f]| = —2f. Therefore, the matrix for adj, in the
basis {e, f,h} is
2 0 0
ady = [0 —2 0 (6.5)
0 0 O

The modules VYV,

We now introduce a new definition for the modules of si(2, C), we will call these modules V,; and they
will be a useful tool for us when discussing the reducible and irreducible modules of si(2,C). To this
end, let us consider the vector space C[X, Y] of polynomials in two variables, with complex coefficients.

For each d > 0, let V; be the subspace of homogeneous polynomials in X and Y of degree d. So, V,
has a basis of monomials
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By = {X XY, ... XY yY) (6.6)

and so the dimension of V; is d + 1 when viewed as a C-vector space. We may show this by induction
on d.

Proof. Suppose that d = 1, then by our construction V; has basis
{X, v},

and so the dimension of dim(V,;) =2 =1+ 1. Now assume true for some integer k > 1, that is V}, has
dimension £ + 1 and has basis

B, = {X* Xy, ... XYk vk}
We show V., has dimension £ 4+ 1+ 1 = k + 2. We note that V,; has, by definition, basis
BkJrl — {Xk-i-l’ XkY, Xk—lyQ’ o ’X2yk—1’ ka’7 Yk-i-l}

We consider two cases now.

For case 1 suppose that k is even, this implies that k£ + 1 is odd. Therefore in the basis for V;, there
k

is a polynomial X*Y* where a = 7.
Fix the order of By and By,;. Then, we may map the first term in B to the first term in By, and
simultaneously map the last term in By to the last term in Bg,;. We define the map similarly for the
second and second last terms and so on. We note that this map is, in fact, bijective. This is true until
we get to the term in By, X*Y* which is the last term in By.

This term must be mapped either to X2T1Y® or X2yt

Either one we map it to, we find one extra element in By, ;. Therefore dear reader, |By, 1| = |Bx| + 1

which means that dim(Vy1) =dim(Vy) +1=k+1+1=k+2.

For the second case, suppose that k is odd so k+ 1 is even. Let us define a map in the same way as

in case 1. Once again we similarly find that there is an extra term in B, X°Y?® where b = %, and
we once again find that the dimension of V. is k + 2.
This completes the proof. Q

We now make V; into an sl(2, C)-module by defining a Lie homomorphism:

W sl(2,C) — gl(Vy).

Given that sl(2,C) is linearly spanned by {e, f,h} the map ¢ will be determined once we have
defined v (e), ¥ (f) and 1 (h). Let

0 19)
Pe) = Xt (f) =Yy
and
0 0

Each of the above definitions preserves the polynomial degree and so each map V,; to V4. An
important fact that will become useful later is that the eigenspaces of ¥)(h) are one dimensional. Recall
that the A-eigenspace of 1(h) on V, is defined as

Va, ={v € Vy:(h)(v) =}
Take any X°Y? € B, as defined in 6.6 where a + b = d. Now,
P(R(XY?) = (a— D)XV
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and so it is clear that (a —b) is an eigenvalue for ¢)(h) and the eigenspace with respect to this eigenvalue
must be:

Vi) = span({X"Y"})

We claim that with these definitions v is a representation of si(2,C).

7b>

Proof. By the linearity of the differential operator we only need to show that [¢(e), ¥ (f)] = ¥([e, f]) =
Y(h). Let us apply [¢(e), ¥ (f)] to the basis vector X?Y? where a + b = d. Observe;

[W(e), w(HI(XY?) = p(e)(W(F)(XY?)) = »(f)((e)(XY?))
= aX“_le“) o w(f)(bXa—&-lyb—l)
= a(b+ 1)(XV?) — b(a + 1)(X*Y?)
= (a = b)(X"Y")
= ¢(h)(X"Y?)

~— —
o~ —~

We must now separately check the action on X¢.

[w(e), w(NIXT) = d(e) (W (X)) — e (f)((e) (X))
= P(e)(dX"'Y)
=dXx*?
= ¥(h)(X)
We may use similar calculations to show that [1(e), ¥ (f)](Y?) = (h)(Y?). Additionally we need
to check that [¢(h), ¥ (e)] = ¥([h,e]) = 2¢(e) and [ (h),¥(f)] = ¥([h, f]) = —2¢(f). Given that the

two calculations are unremarkably similar we shall only show former to be true; take XY such that
a+b=d,

[(h), ¥ ()X V") = p(R)(bXTY") —4(e)(a — H)X"Y)
— 2bXa+1yb—1
= 2¢(e)(XY")

Next, take X% and find

and for Y¢;

[W(h), ¥ (e)](Y) = p(h)(dXY ™) —(e)(dY)
= dXY* —d(d-1)XY* — 2Xyd?
=2dXY4!
= 2¢(e)
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6.1 Sure, but can we turn it into matrix rather?

There is a profound reason that complicated maths at such advanced levels always somehow boils down
to matrix manipulation - they are well understood. It is because of this nature that there is such a
natural mapping from Lie algebras to quantum mechanics. For our purposes, it can be useful to know
the matrix representations of ¥ (e), ¥ (f) and ¥(h).

Let V,; have the basis defined in 6.6 and fix the order of elements. We are able to construct the
matrix for ¢ (e):

0 1 0 0]
002 ... 0
ple)= [+ 1+ .o (6.7)
000 ... d
000 0... 0

where the size of the matrix is (d+1) x (d+1). Given that we have fixed the order of the basis elements
let us enumerate each. Suppose that X% is b; and that X91Y is by and so on... Recall that 1(e) sends
an element in V,; to some element in V4. Therefore, it is reasonable to say that for some V € V; the
mapping 1(e)(V') must be some linear combination of the basis B,;. Each nonzero entry in ¢(e) in the
th column of 1)(e) is the precise coefficient in the linear combination of ¢ (e)(b;) in other words:

d+1

=D (e)isb (6.8)
i=1
where 1(e);; is the i entry in ¢ (e). For example, consider by = X? then
P(e)(X9) =0

=040+---40
= 1(e)11by + (e)arba + - - - + ¥(€)dr1,1bd+1

since b; # 0 for all 1 <7 < d+ 1 our first column follows. We can similarly construct the matrices

for ¥ (f) and ¢ (h):

0 0 0 0 d 0 0 ... 0

d 0 0 ... 0 0 d—2 0 ... 0
O(f)=10 d=1 0 ... 0f yHr=0 0 d=—4 ... 0

0 0 0... 1 0 0o 0 0... 0 —d

Notice that the diagonals of 1(h) are d — 2k,1 < k < d. When we compute the commutators of
these matrices we will have another equivalent way of proving that v is a representation! Given that
we know that ¢ is indeed a representation, we are able to draw a graph of the actions of these matrices:

—d+2 d—4 d—2
where the loops represent the action of ¢ (h), the arrows to the right represent the action of 1 (e)

and the ones to left represent the action of ¥ ( f )
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Irreducibility of V,

Our goal now will be to show that V is irreducible. One virtue of the diagram above is that it is almost
obvious that the sl/(2, C)-submodule of V, generated by X?Y? contains all of the elements in the basis
6.6 and is therefore Vy itself. To see this, suppose that L = span{X%Y*} where a + b = d and such
that LL is a submodule of V.

L is a submodule, which means that it is invariant under the homomorphisms (e), (f) and ¥ (h).
In particular we have,

Y(e)(XY") €L
V(XY €L

Observe, most elegantly that it does not matter where along the graph we begin; we simply continue
leftward (applying ¥(f)) or rightward (applying ¥ (e)) until we reach both the X% node and Y¢ node
and therefore, each node must be in L. Since L is a submodule of V; and contains every basis element
for V,; we must have that . = V! This useful fact will help us to show that each V, is irreducible. We
conclude this section with the titular proof:

Theorem 6.1.1. The sl(2,C)-module V4 is irreducible.

Proof. Suppose that U is a non zero sl(2,C)-module of V4. Particularly for all u € U we have h - u =
¥(h)(u). Given that ¥ (h) is diagonal in V, it is diagonal in U. This implies that there exists some
XeY? € U that is an eigenvector of ¥)(h). We have seen already that the eigenspaces of ¥(h) are one
dimensional, these eigenspaces are spanned by the monomial (XY?). Finally, U must contain the span
of this monomial and therefore, by our assertion, U = V. Q

6.2 A note on the irreducible s/(2, C)-modules

It is somewhat clear that if we have V4 and V4 such that d # d' that V is not isomorphic to Vg. One
can convince oneself of this by noting that their dimensions are different. This raises the question of
which modules are isomorphic to V47 These modules will also be irreducible and therefore useful to us.
Our stategy we employ will be to look at particular eigenvalues and eigenvectors of ¢ (h). But, first!
We introduce a useful lemma:

Lemma 6.2.1. Suppose that V is a finite dimensional sl(2, C)-module. Suppose further that there exists
some v € V such that v is an eigenvector of ¥ (h) with eigenvalue X. That is,

¥(h)(v) = Av,
then

1. either e-v =20 ore-v is an eigenvector of ¥ (h) with eigenvalue \ + 2,

2. or f-v=0 or f-vis an eigenvector of 1»(h) with eigenvalue \ — 2

Proof. A remark before we begin the proof; saying that v is an eigenvector of ¥ (h) is the same as saying
that v is an eigenvector for h itself. The reason for this is that h-v = ¥(h)(v) = Av. One can see here
the interchangeability of h and ¢ (h).

Suppose that V is a representation of s/(2,C) and that v € V is an eigenvalue of h with eigenvalue

A. Furthermore assume that both e-v and f - v are non zero. Making use of the Lie bracket definition,
we have that,
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h-(e-v)=e-(h-v)+[h,e]-v
=e- (W) +2e- (v)
(A+2)e-v,

and so we can clearly see that becasue h - (e - v) = (A + 2)e - v the vector s - v is an eigenvector for
h with eigenvalue (A 4 2) similarly we have for f - v:

This concludes the proof. Q

This eigenvector for h will prove quite useful when we eventually show that any finite dimensional
irreducible sl(2, C)-module V is isomorphic to some V,;. We, therefore, show that each such V has such
an eigenvector where this eigenvector has a very special property:

Lemma 6.2.2. Let'V be a finite dimensional irreducible sl(2,C)-module, then' V contains an eigenvector
w for h such that e -w = ¥(e)(w) =0

Proof. Let v be an eigenvector for h. We know this exists because h acts diagonally. We consider the
following sequence:
ve-v, et v, ... (6.9)

Now if for some n € N we find e" - v = 0 we may make w = ¢"~ ! - v. However, should we find no such
n this would imply that sequence 6.9 is infinite by lemma 6.2.1 (uh oh!). So there are infinite distinct
eigenvalues, so there are infinite linearly independent eigenvalues but since V is finite by assumption,

we have a contradiction. Therefore, there must exist an n € N such that €¢” - v = 0. We may make

w=e" 1.y,

Finally, we show that w is an eigenvalue for h using lemma 6.2.1:

h-w=h-(e"" v)
=(A+2n—1)(e" " v)
=A+2(n—1))w

We are now ready to prove the main theorem of this section:

Theorem 6.2.3. Let V be a finite dimensional irreducible sl(2,C)-module, then V is isomorphic to Vg4
for some d € N.

Proof. We have just seen in lemma 6.2.2 that there exists some w € V such that e-w = 0. Suppose
that w has eigenvalue A for h. Once again, we consider the sequence of vectors:

w, fw, f2w,... (6.10)

We have already discussed in the proof for 6.2.2 why there must exist some k € N such that f*!.w = 0.
We complete the proof in three easy steps!
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Step: The First
We claim that B = {w, f - w, f2-w, ..., f¥-w} is a basis for V. Notice first, that the set B is linearly

independent because each of the eigenvalues for h are distinct. Notice second, that the set B is invariant
under f and A by construction! It remains to show that it is invariant under e. We proceed by induction
on 7 € N where

e-(f" w) €span{f’ -w:0<j<i} (6.11)

For the base case, let i = 0 and notice that e-w = 0 by 6.2.2. This is clearly in span{w}. Next suppose
that 6.11 is true for some n — 1 € N where n — 1 > 1. Now, notice most wonderfully that

e (frw)y=e-(f- (" w)

Let us not forget at this stage that we are equipped with the most powerful tool of all; our mind...and
the Lie bracket! In particular since [e, fl|=h=¢-f— f-e:

e (W) = (f- (@) = b (P )+ (e (W) = (B fe) - (7 w)

Notice that h-(f"1-w) = (A=2(n—1))f" ! wand so since h-(f*1-w), f-(e-(f" 1 w) € span{f’-w :
0 < j < n} we conclude that e - (f"w) € span{f’-w : 0 < j < n}. Recall that V was taken to be
irreducible and so it is spanned by B and therefore B is a basis for V.

Step: The Second
We are going to show that A = k, where X is the eigenvalue for w in h. The matrix of h with respect
to basis B is diagonal with trace:

A+A=2)+--+(A=2k)=(k+DA—(E+ 1)k (6.12)
Since [e, f| = h the trace of h must be zero, so this implies from 6.12 that A\ = k.

Step: The Third

We are now ready to explicitly construct an isomorphism from V to V. Let us use our usual basis B
defined earlier. Furthermore, a basis for V, is

By = {X* F-XF . o XF) (6.13)
One can see this by computing each element in By,
XF = OXx* foXF = kXEY X = k(- 1) (2) ()Y

in other words, each f*X* with 0 < a < k is a scalar multiple of X¥~Y®. Moreover, the eigenvalues
of h on f*- X% is the same as the eigenvalues on f-w. Then to have homomorphism we must have a
map which takes h-eigenvectors to h-eigenvectors. To this end, set:

$w) = X*

defining ¢ by
o(f - w) = - X*.

By construction we have that

O(f - " w) = o(f*w)
— fa—l—l Xk
— f.fa.Xk
=/ (o(f*w))
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and that for the action of h:

¢(h- [ w) = o(=2f" - w)
— _ofe. Xk
= h.fa.Xk
=h-(¢(f* w))

So we have that ¢ commutes with f and h. As before, the challenge we face is showing that it
commutes with e. Suppose that a = 0 then, ¢(e- - w) =dle-w) =d(0) =0=c- X4 =¢- ¢(w) Now
suppose that that ¢(e - (f*1-w)) =e- ¢(f*! - w) for some integer (a —1),1 < (a — 1). Using, once
again, h = [e, f] = ef — fe we have that,

dle- [ w)=o((f-eth) [ w)
=fole [ w)+ho(f7w)
=fre-o(ff W) +heo(f - w)
=(freth)-o(f"w)
=e- fo(f*7"-w)
=e-o(f* w)

We conclude the chapter with a consequence, that must be stated, of the previous theorem;

Corollary 6.2.4. Let V be a finite dimensional irreducible sl(2,C)-module and let w € V be an h-
eigenvector such that e - w = 0, then h - w = dw. Moreover, the submodule of V generated by w is
isomorphic to Vg

Definition 6.2.5. [3] A vector v of the type considered in this corollary is known as a highest weight
vector. If d is the associated eigenvalue of h, then d is said to be a highest weight.
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Chapter 7

The Central Criteria of Cartan

Our aim in this chapter will be to determine whether a complex Lie algebra is semi-simple. We first
need to understand the notion of solvability and what it means for a Lie algebra to be solvable before
we can define and tackle the idea of semi-simplicity. On that note;

Definition 7.0.1. A Lie algebra £ is said to be solvable if there exists some natural number m such
that £™ = 0 where ‘ ‘ ‘

QZ _ [21—1’21—1]
for 1 <i € Nand £° = £. That is to say, £" is the span of the commutator [z, y] for z,y € £°~!. Notice

that when ¢ = 1 we get exactly the derived algebra defined in 3.1.2. More on solvable Lie algebras can
be found in the appendix at the end of this paper.

It is useful, at this stage, to remind the reader of the definition of a nilpotent Lie algebra;

Definition 7.0.2. A Lie algebra £ is said to be nilpotent if there exists some natural number n > 0
such that £ = 0 where
g — [272(1’*1)]

for 1 < i e N. In this case £9 is the span of the commutator [z,y] where z € £ and y € 20 We may
similarly define a nilpotent homomorphism; suppose that x is a Lie homomorphism, then x is said to
be nilpotent if there exists some ¢ € N such that

=0

A useful property of a nilpotent homomorphism is that its matrix representation has trace exactly
zero. Naturally, we want to know that such Lie algebras exist so we ask the reader to please consider
the following examples:

Example 7.0.3. In gl(n,F), the Lie algebra of n x n matrices with entries in I, the Lie subalgebra of
n X n strictly upper triangular matrices n(n,F) is nilpotent.

Example 7.0.4. The Lie subalgebra of upper triangular matrices in gl(n,F), b(n,F) is solvable.
We are now prepared for the definition of semi-simplicity;

Definition 7.0.5. [3][5][7] Let £ be a Lie algebra, then £ is said to be semi-simple if £ has no solvable
ideals. A diagonalisable linear map is also said to be semi-simple.
7.1 Jordan Decomposition

Definition 7.1.1. [3][5] Let  : V — V be a complex linear transformation. The Jordan Decomposition
of x is the unique expression of = as

r=d+n (7.1)

where d : V — V is diagonal, n : V — V is nilpotent and d and n commute, that is to say [d,n] = 0.
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Example 7.1.2. We are going to show that if x : V — V is a complex linear transform over a vector
space V and if x = d + n, then ad, = ady + ad,, where ad, is diagonal, ad,, is nilpotent and ad, and ad,
commute. Recall that ad, is called the adjoint representation of x and is defined by

ad.(y) = [z, 9]

For all y € gl(V). Now consider ad, : gl(V) — gl(V)

ad(y) = [z, y]
= [d+n,y]
= [d,y] + [n, ]
= ady(y) + ad,(y)

so ad, = ady + ad,. Since d is diagonal so is ad,; and since n is nilpotent so is ad,,. We now show
that ady and ad,, commute. Take some y € gl(V):

lady, ad,](y) = ada(ad,(y)) — ad,(ada(y))

This shows that [adg, ad,| = 0 and, therefore, commute.

7.2 Testing for Solvability

Given our definition of semi-simplicity, it is reasonable to ask about the solvability of a Lie algebra £.
The following example illustrates, and perhaps illuminates, that we may expect solvability from the
traces of the elements of £.

Example 7.2.1. Let V be a complex vector space and let £ C ¢l(V). Suppose that is solvable. We
invoke Lie’s theorem here which says: there exists a basis for V such that each = € £ can be represented
by an upper triangular matrix. Notice that £ C ¢l(V) and by definition of the derived algebra 3.1.2,
each element in £’ can be represented as a strictly upper triangular matrix. Suppose that the matrix
of z € £ is X and the matrix for y € £ is Y then,

tr(zy) =tr(XY) =0

because any matrix obtained by taking an upper triangular matrix and multiplying it by a strictly
upper triangular matrix is itself strictly upper triangular.

Let us further illustrate this with a more concrete example.

Example 7.2.2. Let £ be the 2 dimensional Lie algebra with basis {z,y} such that [z,y] = x. The
derived algebra £’ is solvable as it is one-dimensional and therefore abelian so [£',£'] = 0. Constructing
the matrices for ad,:

01
ad, = [0 01 ; (7.2)
As expected; tr(ad,) = 0.
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Example 7.2.1 shows us a necessary condition for solvability but we are able to show that this is, in
fact, sufficient! We prove this.

Lemma 7.2.3. Let V be a complex vector space and let £ C gl(V). If tr(xy) =0 for all x € £ and for
all y € &', then L is solvable.

Proof. We shall show that for all y € £’, y is nilpotent. Then, by Engel’s theorem, £’ is nilpotent and
so £ is solvable. Suppose that y has Jordan decomposition y = d + n where d is diagonal, n is nilpotent
and d and n commute. We are going to show that d = 0. Suppose further that d has entries:

)\la)\27"'7)\’m

Our strategy will be to consider the product of each \; with it’s complex conjugate \; and show that
that sum is zero. It makes sense to consider this in particular because AN > 0 and if the sum of
non-negative numbers is zero then each number must be zero. Call this diagonal matrix of complex
conjugates d. Right, with the formalities out of the way notice that:

Since y € £’ there exists some z, z € £ such that y = [z, 2], so we have

tr(dy) = tr(d[z, z]) = tr([d, z|z) (7.3)

If we can show that [d, z] € £’ then by our assumption tr([d, z]z) = tr(z[d,z]) = 0. In other words we
must show that
adj: L — L

Since y = d + n this implies that ad, = adq + ad,, where in particular; ady : £ — £. By theorem 2.2.6
there exists some polynomial p(X) € C[X] such that p(ady) = p(ady) = p(ady;). Since ady maps £ onto
itself, so does p(ady).

Finally this implies that tr(dy) = 0 and that d = 0 so y = n where n is nilpotent. Therefore, by
Engel, £’ is nilpotent and so £ must be solvable. Q

A well known property of solvability is that if £ is solvable then adyg is solvable as well additionally,
it adyg is solvable then so is £.We use this fact in the following theorem:

Theorem 7.2.4. Let £ be a complex Lie algebra. L is solvable if and only
tr(adyad,) =0 (7.4)
forallz e L andy € L'

Proof. (=) Suppose £ is solvable, then adg € gl(£) is a solvable subalgebra of gl(£), the result follows
from example 7.2.1.
(<) by lemma 7.2.3 ady is solvable and so £ is solvable. Q
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7.3 The Killing Form And You

Let £ be a complex Lie algebra. The killing form on £ is the symmetric bilinear operator defined
as[3][5][4]:
k(z,y) = tr(adad,) (7.5)

for all z,y € £. The killing form is bilinear because the adjoint representation is linear, the composition
is bilinear as the action of taking the trace of a matrix is a linear operation as discussed in example
3.4.3. Furthermore because tr(ab) = tr(ba) for some matrices a and b not necessarily commutative, we
have that the killing form is symmetric.

Additionally, we also have that the killing form is associative, because for a,b,c¢c € £ the trace

satisfies:
tr([a,blc) = tr(alb, c])

therefore the killing form must satisfy:
k([z,y],2) = k(z, [y, 2]). (7.6)

We are now ready to tackle;

Cartan’s First Criterion

Theorem 7.3.1. Let £ be a complex Lie algebra. L is solvable if and only if the killing form for all
x €L andy € L' is exactly zero. That is;

k(z,y)=0 Vzekl V yel

Example 7.3.2. Consider, once again, our old friend; the non-abelian two dimensional Lie algebra £
with basis {x,y} such that [z,y] = . Let us construct the matrices for ad, and for ad,:

01 -1 0
ad, = [O 0] . ady, = l 0 O] (7.7)
Now k(z,z) = k(x,y) = k(y,z) = 0 but k(y,y) = 1 as expected.

The killing form is compatible with restrictions to ideals. Suppose that £ is a Lie algebra and 3
is an ideal of £. We will write k for the killing form on £ and k+ for the restriction to 3. We show
precicsely what we meant by the following lemma:

Lemma 7.3.3. If v,y € 3, then kx(z,y) = k(x,y)

Proof. Take a basis for 3 and extend it to a basis for £. Then ad, where x € 3 has matrix:

lf(lf %] (7.8)

where A, is the matrix for ad, when restricted to just 3. We construct the matrix similarly for ad,,
where y € 73:

Ay By
4 5 -
where A, is the matrix for ad, when restricted to 3. We are able to compute k(z,y) = tr(ad,ad,)
where:
_|A, B.| |A, B,| [|AA, A.B,
adxady—[o 0][0 O]_[ 0 0 (7.10)
This implies that tr(ad,ad,) = tr(A;Ay), so kx(z,y) = k(z,y) Q
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7.4 Testing for Simplicity

Let £ be a Lie algebra. We now define the radical of £ traditionally denoted as rad(Z). The radical of
£ is defined to be the solvable subalgebra of £ of maximal dimension.

Let 8 be a symmetric bilinear form on a finite dimensional complex vector space V. If S C V we
define the perpendicular space of S by

St={r€V:p3(zx,s)=0 VscSh (7.11)

That is, St is the set of all vectors = in V such that the symmetric bilinear form 3 of = and s is exactly
zero for every s € S. Furthermore, we say that 3 is non-degenerate if V* = 0, that is if there is no
nonzero vector v € V such that 5(v,x) =0 for all x € V.

Suppose that W is a vector subspace of our vector space V. If 3 is non-degenerate then,
dim(W) 4 dim(W+) = dim(V) (7.12)

However, we must not let this colour our thinking. This does not imply that WNW+ = 0. For example
consider:

Example 7.4.1. Let £ = sl(2,C) and we will calculate the killing form k. Notice, in particular, that
k(e,e) = 0 but the intersection of {e} and {e} is clearly not zero!

Suppose that 73 is an ideal of £. Consider 3", we will show that 3% is itself an ideal of £. Let z € £
and y € 3" and z € 3. We want that [z,y] € I .

We will use: k([a,b],c) = k(a, [b,c]). Now,

k(lx,y],2) = k(z, [y, 2])
= k(x,0)
=0

so [z,y] € 3t and is therefore, an ideal of £. A consequence is that £+ is an ideal of £. If we have
r € &+ and y € (%) then, [z,y] = 0. Hence, from Cartan’s First Criterion, £+ is a solvable ideal of
£. This leads us to...

Cartan’s Second Criterion

Theorem 7.4.2. The complex Lie algebra L is semisimple if and only if the killing form of £, say k,
is non-degenerate.

Proof. We have already seen (=). Now let us show the other direction. Suppose now that £ is not
semisimple, in other words, suppose that rad(£) # 0. Further suppose that k, the killing form, is
non-degenerate. Therefore, we know that £ has a non-zero abelian ideal, say A. Take any non-zero
a € A and let z € £. The composite map

ad,ad,ad,

sends £ — 0 as the image of ad,ad, is contained in A, which is abelian. Hence (ad,ad,)?> = 0 and
therefore ad,ad, is nilpotent and have trace exactly zero. So k(a,x) = 0. This holds for all x € £, so a
is a nonzero element in (£). Thus, k is degenerate and so we have a contradiction. Q

Cartan’s second criterion is very powerful. It allows us to show that a semisimple Lie algebra is the
direct sum of two simple Lie algebras and hence; semisimple.

Theorem 7.4.3. If 3 is a non-trivial proper ideal in a complexr semisimple Lie algebra £, then £ =
3@ I, The ideal I is a semisimple Lie algebra in its own right.

20



Proof. Let k denote the killing form on £. The restriction of k on INJI* is zero. Therefore, by Cartan’s
First Criterion, 3 N3 = 0 because £ is semi-simple. Thus, £ = 3 & 3+

We shall now show that 3 is semi-simple. Conversely suppose that 73 has a non-zero solvable ideal.
This would mean that k on 3 is degenerate by Cartan’s Second Criterion. Since the killing form on
3 is given by restricting the killing form on £, there exists some a € 3 such that k(a,z) = 0 for all
r € 3. But since a € 3 we have k(a,y) = 0 for all y € J-. So, k(a,z) = 0 for all z € £. This means
that k is degenerate on £ and therefore a contradiction. Q

This will help us prove the following theorem:

Theorem 7.4.4. Let £ be a complex Lie algebra. Then L is semi-simple if and only if there are simple
ideals L1, ..., L, such that
L=24,0¢ --pL, (7.13)

Proof. (=) Let 3 be an ideal on £ of the smallest possible non-zero dimension. If 3 = £, then we are
done. Otherwise, 33 is a proper simple ideal of £ and J3 is not abelian because, by assumption, £ has
no non-zero abelian ideals. So, by 7.4.3 £ = 3 @ 3+, where I+ is semi-simple. Now, by the inductive
hypothesis, 3+ is the direct sum of simple ideals:

I =00 0L, (7.14)
Each £; is an ideal of £, as [3,£] € IN I+ = 0. Setting I = £, yields the result
L=2,¢ -4, (7.15)

(«<=) We must show that 3 = rad(£) =0. Let £ = £, @ --- L, where each £, is simple. For each ideal
2, [3,4;] CJINL; is a solvable ideal of £; Therefore since the £; are simple,

3.4 CB34]e - o[34]=0
=3 C3(2)

Since 3(£) = 3(L,)&---®3(L,). We know that 3(£,) = 0 for all 1 < ¢ < r because each £; is simple.
So 3(2) =0 and J = 0. Q

7.5 An application of Cartan’s Second Criterion: Derivations
of Simple Lie Algebras

For another application of Cartan’s Second Criterion, we show that the only derivations a complex

semi-simple Lie algebra £ may have are those of the form ad, for x € £. Firstly, however, we need:

7.5.1 A note on Derivations

Definition 7.5.1. [3][0][] Let £ be a Lie algebra over a vector space V and a field F. A derivation of
£ is a linear map D : £ — £ such that

D([a,b]) = [a, D(b)] + [D(a),b] V a,bel

Let Der(£) be the set of all derivations of £. Notice then that Der(£) is a Lie subalgebra of gl(V).
Let us now show that if D and E are derivations, the Lie bracket [D, F] = DE — ED (where the
product is defined as composition) is also a derivation. To this end, take a,b € £ and notice that
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(DE — ED)(ab) = DE(ab) — ED(ab)

) —
b) + E(a)b) — E(aD(b) + D(

= D(ak( ) a)b)

=aD(E(D))+ D(a)E(b) + E(a)D(b) + D(E(a))b
—aE(D(b)) = E(a)D(b) — D(a)E(b) — E(D(a))b
=a(DE)(b) + (DE)(a)b — a(ED)(b) — (ED)(a)b

(D )
= a(DE — ED)(b) + (DE — ED)(a)b

here, multiplication between elements is taken to be the commuting through the Lie bracket. This
shows that [D, E] is a derivation. Moreover notice that DE on its own need not be a derivation. We
now look at two very interesting examples of derivations:

Example 7.5.2. The map ad, : £ — £ is a derivation. Take y, 2 € £ then notice that
ady(ly, 2]) = [z, [y, #]]
=~y [z 2]l = [z [2,9]]

= [y, [z, 2] + [[z, 9], 2]
= [y, ad(2)] + [ad(y), 2]

Example 7.5.3. If we let £ be the algebra of real infinitely differentiable continuous functions and we
take f,g € £ we find that the act of differentiation is a derivation. In fact:

D(fg) =g + f'g=fD(g) + D(f)g
Theorem 7.5.4. If £ is a finite dimensional complex semisimple Lie algebra, then
ad(L) = Der(L) (7.16)

Proof. We have shown that for each x € £, the linear map ad, : £ — £ is a derivation of £. Therefore,
ad : £ — Der(L) is a Lie homomorphism. Moreover, if ¢ is a derivation of £ and if z,y € £, then

(6, ad,]y = 0]z, y] — ad,(dy)
= [0z, y] + [z, 0y] — [z, 6y]
= ads;(y).

This tells us that the image of ad, im(ad), is an ideal of Der(Z). We claim that ad : £ — Der(Z)
is injective. Consider the kernel of this map, since we claim that it is injective we must show that the
kernel must be trivial. Now, in particular the kernel is defined as:

ker(ad) = {x € £ : ad, = 0}.

Then the commutator of an element x that lies in the kernel and some element y € £ is exactly zero.
That is, x € ker(ad) <= ad,(y) = [x,y] = 0 for all y € £. This implies that z lies in the centre of
£ 3(2). But, 3(2) is an ideal of £ and £ is semi-simple. Therefore, 3(£) = 0 so x = 0 so ad must be
injective.

This allows us to invoke the first isomorphism theorem:
L /ker(ad) = im(ad) (7.17)

Since ker(ad) is trivially 0, £/ker(ad) = £. This implies that £ = im(ad) which has the consequence
that: im(ad) is semi-simple. Let 1 = im(ad). We now need to show that 11 = Der(£). We will use
the killing form on 1. If Y17 is a proper Lie subalgebra of Der(£) then the perpendicular space of 11,
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deonted Y11, is not trivial.

We, therefore, only need to show that 1+ = 0. To this end, consider the set W1:
M+ = {6 € Der(2) : kyy(6,ad,) =0 YV ad, € M}. (7.18)

As 11 C Der(2), the killing form on 11, kyy, is the killing form on Der(£) restricted to 1. Since 111 is
semi-simple by Cartan’s Second Criteria, ky; is non-degenerate and so M N M+ = 0. This also implies
that M1+, M) = 0, therefore if § € M+ and ad, € N1 then,

[0, ad,] = ads, = 0, (7.19)

0x =0 for all z € £, in other words § = 0. Q

7.6 Abstract Jordan Decomposition

Given a representation ¢ : £ — gl(V) of a Lie algebra £, we may consider the Jordan Decomposition
of the linear maps ¢ (z) for z € £. We will use derivations [3],[2] to define a Jordan decomposition for
elements of an arbitrary complex semi-simple Lie algebra. Of course, when we decompose a derivation,
we must show that what remains are derivations themselves!

Lemma 7.6.1. Let £ be a complex Lie algebra. Suppose that 0 is a derivation with Jordan decomposition
d=o0+v (7.20)
where o is diagonalisable, v is nilpotent and o and v commute. Then o and v are also derivations.

Proof. Since we are in C we are able to take an eigenvalue of §, say A, and we let
L, ={zel:(d—Ag)"z=0, m>1} (7.21)

be the generalised eigenspace of d corresponding to A. We note that if A was not an eigenvalue then £,
would be trivial. By the primary decomposition theorem £ decomposes as the direct sum of generalised
eigenspaces:

L=FPe, (7.22)

where the direct sum runs over the eigenvalues of 6. We assert that [£,,£,] C £,,,. The steps we will
take to show this are quite technical. We are going to take an element [z,y| € [£,,£,] where x € £,
and y € £,. We claim that since ¢ is a derivation then,

(= Ot fe) = 3= ()6 = A1), (0 = i) (723

The left hand side of 7.23 is a general form of any element in [£,,£,,]. But the right hand side is NOT
a general form an element in £,4,, although it does live in £,,. Therefore, the strongest claim we
may make is that [£y,24,] C £,,,. To this end; let n = 1 then,

(6 = N+ pw)lg)[z,y] = [0z, y] + [z, y] — (A + p)[x, y]
= [0x — Az, y] + [z, 0y — \y]

=[(0 = Mg)z, y] + [z, (0 — plg)y].

Now suppose that

(6= 1)l =3 ()16 - M), (5 a4 (7.20)

k=0
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for some integer m > 1, from which it is seen that [£,,£,] C £,,,. Consider the case for m + 1:

(6 — A+ @) L) "™V y] = (0 = (A + 1)1g) (0 — (A + p)lg) " [, y]

= 6= Ot Y ()6 - A 5 - iy
=5 ()6 - Mg 6 -

As o acts diagonalisably and v is nilpotent, the A generalised eigenspace of o is £,. From 7.23:

o[z, y]) = (A + w)[z, Y, (7.25)

which is the same as,
[o(2), y] + [z, 0(y)] = [Nz, y] + [z, py). (7.26)
Thus ¢ is a derivation, so v = § — ¢ is also. Q

Theorem 7.6.2. Let £ be a complex semi-simple Lie algebra. FEach x € £ can be written uniquely
as © = d +n where d,n € £ are such that ad, is diagonalisable and ad,, is nilpotent and [d,n] = 0.
Furthermore, if y € £ commutes with x then, [d,y] =0 and [n,y] = 0.

Proof. Most of the work needed for the proof has been done. Let ad, = o + v where 0 € gl(2)
is diagonalisable and v € g¢l(£) is nilpotent and [o,v] = 0. From 7.6.1 we know that ¢ and v are
derivations using this with 7.5.4, we know that there exists d,n € £ such that ad; = o and ad,, = v.
Since

ad, = adgy, = adg + ad, (7.27)

we get that x = d + n. The uniqueness is given by the uniqueness of the Jordan decomposition. More-
over, adyn = [adg,ad,] = [o,v] = 0 because ad is injective: [d,n] = 0.

Suppose that y € £ and that ad,(y) = [z,y] = 0. By 2.2.6 we may write v as a polynomial in ad,.
Let
v=colg +crad, + - + ¢ (ad,)", (7.28)

then v(y) = ¢y(y) because ad,(y) = 0. But v is nilpotent so it’s eigenvalues are exactly 0 and v(x) = ¢z,
so ¢o = 0. Thus, v(y) =0 and so o(y) = (ad, —v)y = 0. Q

We have disguised the definition of the abstract Jordan decomposition in 7.6.2. That is to say, we
say that x € £ has abstract Jordan decomposition

r=d+n (7.29)

where d,n € £ are such that ady is diagonalisable and ad,, is nilpotent and [d,n] = 0. If n = 0 then,
we say that x is semi-simple.

Notice that if £ C gl(V) is semi-simple, it does not mean that z € £ is so. It is, however, nec-
essary that the two decompositions agree. Particularly; z is diagonalisable if and only if it is semi-simple.

Take, for example, x € £. Suppose that x has the usual Jordan decomposition d + n. We know
that the Jordan decomposition of ad, is ady + ad,, so by definition d + n is also the abstract Jordan
decomposition.

Theorem 7.6.3. Let £ be a semi-simple Lie algebra and let 6 : £ — gl(V) be a representation of L.
Suppose that x € L has Jordan decomposition x = d+n. Then the Jordan decomposition of 0(x) € gl(V)
is 0(x) = 6(d) + 6(n)
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Proof. From the proof of 7.5.4 we know that im(6) is semi-simple. It, therefore, makes sense to talk
about the abstract Jordan decomposition of the elements of im(f). Let z € £ have abstract Jordan
decomposition d + n. Since 0 is linear,

0(z) = 0(d +n) = 6(d) + 6(n) (7.30)

and because d is diagonalisable, so is ady. Using the fact that € is a surjective Lie homomorphism;
9(adq) = adyqy is diagonalisable as well. Similarly we know that ad, is nilpotent. Suppose that » € N
is such that ad], = 0 then,

0 = 0(ad")
= 0(ad,(ad, (... (ad,))))
= (adg(n)(adg(n)(- .. (adﬁ(n)))))

Therefore, adg(,) is nilpotent as well. We also note that
0([adg, ad,)) = [0(adq), O(ad,)] = [adga), adgwm)] = 0, (7.31)

because [d, n] = 0. Therefore 7.30 is indeed the abstract Jordan decomposition of §(z) and, for reasons
discussed above, is the Jordan decomposition. Q
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Chapter 8

The Root Space Decomposition

Thus far we have shown the simplicity of si(n,C) for n > 2. We now have a strong sense that this
behaviour is typical for all complex semi-simple Lie algebras. To motivate our strategy, let us study
the structure of si(3, C).

We require a replacement for h € sl(2,C) in si(3,C). We will use the 2 dimensional subalgebra of
diagonal matrices in si(2, C), traditionally called b. We note that sl(3,C) decomposes as a direct sum
of common eigenspaces for the elements of ady. Suppose that h € b has diagonal entries a1, a; and as.
Then,

[h, €3] = (a; — a;)e;; (8.1)

and so the elements e;; for ¢ # j are common eigenvectors for the elements of ady,. Moreover, as b is
abelian it is contained in the kernel of every element of adj,. Let us now construct a map ¢; from b to
C, where € is defined by €;(h) = a;. From this definition 8.1 becomes

adp(eij) = [h, eij] = (a; — aj)ei; = (ei(h) — €;(h))ei; = (e — €;)(h)ey;. (8.2)
Here (¢; — €;) is a weight and e;; is the associated weight space. In fact, if we define £;; as
L, ={x €sl(3,C) : ady(z) = (e; — ¢;)(h)x} (8.3)

then, one can easily check that £;; = span(e;;) for i # j. Therefore, there is a direct sum decomposition
of sl(3,C) which looks like
sl(3,C) =ba DL, (8.4)
i#]
Naturally, the existence of this decomposition can be seen in a more general way: Let £ be a complex
semi-simple Lie algebra and let b be an abelian subalgebra of £ consisting of semi-simple elements.

By definition: ad), is diagonalisable for all h € b.

Moreover, as commuting linear transforms may be simultaneously diagonalised b acts diagonalisably
on £ in the adjoint representation. We may therefore decompose £ into a direct sum of weight spaces
for the adjoint action on b. Our strategy is henceforth:

1. to find an abelian Lie subalgebra b of £ that consists entirely of semi-simple, or equivalently
diagonalisable, elements and,

2. to decompose £ into weight spaces for the action of ady, and then exploit this decomposition to
determine information about the structure constants of £.
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8.1 Some important results

We have seen that £ has a basis of common eigenvectors for the elements of ady, because the elements
of b commute with one another. Given some common eigenvector x € £ the eigenvalues are given by
the associated weights! Suppose that « : b — C is weight defined as

adp(x) = a(h)x (8.5)
for all h € b. Weights are elements of the dual space of b* so, for each a € b* let
L, ={xel:|hz]=ady(z)=alh)x ¥V hecb} (8.6)
denote the corresponding weight space. One particular space is the zero weight space
gy ={xel:[hz]=0V heb} (8.7)

Let ® denote the set of non-zero o € b* for which £, is non-zero. We can then write the decomposition

of £ into weight spaces for b as
L=2,0PL,. (8.8)

acd
Since £ is finite ® is finite as well.

Lemma 8.1.1. Suppose that o, 3 € b*, then
1. [£,,25] C L, 5 that is, the commutator of L, and Lg is a subset of Lot

2. If a+ B #0, then k(L,,%L5) = 0.

3. The restriction of k to Ly is non-degenerate.

Proof. For 1: take z € £, and y € £3. We must show that each non-zero commutator [z,y] is an
eigenvector for each ady, h € b with eigenvalue a(h) + S(h). Using the Jacobi identity;

[0, [, y]] = [Th, =], y] + [, [h, o]
= la(h)z,y] + [z, 5(h)y]
a(h)[z,y] + B(h)]z, Y]
= (a(h) + B(h))[z,y]
For 2: Since a+ [ # 0 there exists some h € b such that (a+3)(h) # 0. We will use the associativity
of k to prove our result:

a(h)k(z,y) = k([h, z], y)

= a(h)k(z,y) = —k([z,h], y)
= a(h)k(z,y) = —k(z, [h, y])
= a(h)k(z,y) = —k(z, B(h)y)
= a(h)k(z,y) = =p(h)k(z,y)
= (a(h) + B(h))k(z,y) =0
= k(z,y) =0

For 3: Suppose that z € £y and k(z,z) = 0 for all z € £;. We want to show that z = 0. By 2 in
this lemma we know that £, is perpendicular to £, for all a # 0. If z € £ then by 8.8 we can write

T=1To+ Y Ta (8.9)
acd
where g € £y and z, € £,. Now
k(z,z) = k(z, To+ Y xa) =0 (8.10)
acd

for all z € £. Since k is non-degenerate on £ it follows that z = 0. Q
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Example 8.1.2. As an example we will show that if x € £, where a # 0 then, ad, is nilpotent on b.
Take any h € b then,

Therefore, ad, is nilpotent.

Furthermore, if b C £, we get very little information about how elements in £, that are not in b act
on £. For example,

Example 8.1.3. let £ = sl(n,C) where n > 2. Let b = span(h) where h = e;; — eg5. Notice that b
is abelian so b C £;. We will find the direct sum decomposition of £. Simple calculations show that
[h, z] = 0 where z = e;; for 3 <,j < n. This remains true in particular when z € £ and has diagonal
entries such that the trace of z is 0. Let us consider the remaining cases for e;s and es. It will be
sufficient and clearer to consider 2 x 2 matrices:

o 3o oo oo 2]

[h, 612] =

and

S AT R A
]
= —2e91.

Define a(h) = 2 then, £, = span(ejy) and £_, = span(ez;). In fact since £y = £/span({ae1z, bes; })
for all non-zero a,b € C! we have

si(in,C)=4,0L,0L_, (8.11)

We therefore conclude that for the decomposition to be useful b has to be as big as possible.

8.2 Cartan Subalgebras

Definition 8.2.1. [5][1][3] A Lie subalgebra b of a semi-simple Lie algebra £ is said to be a Cartan
subalgebra if b is abelian, every element of b is semi-simple and if b is maximal.

this is not necessarily the quotient algebra, but is the algebra £ minus the span of the matrices aeio and beg;
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Example 8.2.2. Let us show that such a subalgebra exists! Let £ = si(3,C) and suppose that
b = span({h,h'}) where h = e1; — €92 and h' = eqy — e33. First notice that b is abelian because

1 0 0]]0o 0 O 00 O 1 0 O
[h,h]=10 =1 0|0 1 O0|—|(0 1 O 0 -1 0
0 0 0/|0 0 —1 00 =10 0 O
0 0 O] 0 0 O
=10 =1 0| =10 =1 0
0 0 0 0 0 O
=0
Our job is now to show that
b=24,

and since b is abelian, b is a subset of £;. We now show the other containment. Take some x € £, and
some h € b then,

0 = [h, ]
= hx — xh
hx = xh

h is diagonal and commutes with = so x must be diagonal as well. Therefore, x € b and so £y = b
as required.

A natural question that one might ask is; does such a non-zero subalgebra exist in every Lie algebra?
The answer is: yes, but only if it is semi-simple. Suppose that £ is a complex semi-simple Lie algebra
and therefore, must contain some semi-simple elements.

Take some x € £ and if x has Jordan decomposition x = s + n where s is diagonalisable (or semi-
simple), n is nilpotent and [s,n] = 0 then, both s and n are elements of £. Now, if s =0 for all x € £
then, x is nilpotent and, by Engel’s theorem, £ is nilpotent and so solvable!

Therefore, there must exist some non-zero semi-simple element s € £. One can construct a non-zero
Cartan subalgebra by taking any subalgebra of £ which contains s, is abelian and is maximal. We
know that such an algebra must exist because £ is finite dimensional. We are now able to define the...

Root Space Decomposition (a.k.a. Cartan decomposition)

Definition 8.2.3. Let b be a Cartan subalgebra of a complex semi-simple Lie algebra £. The direct
sum decomposition of £ in weight spaces considered in 8.8 for b may be written as

L=bho PL, (8.12)

aced

where ® is the set of all a € b* such that o # 0 and £, # 0. Since £ is finite so is ®.

If o € ® we say that « is a root of £ and £, is the associated weight space. It must be noted that
the decomposition depends on one’s choice for b.

8.3 Just how useful is si(2,C)?

The answer is; very. We will associate to each root o € ®, where ® is the set of roots of a Lie algebra
£ with respect to some Cartan subalgebra b, a Lie subalgebra isomorphic to si(2,C). This will allow
us to use results from chapter 6 to make incredibly strong conclusions about £!
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Lemma 8.3.1. Suppose that a € ® and that x is non-zero element in L,. Then —« is a root and there
exists y € L_,, such that the span of the set {x,y, [x,y]} is isomorphic to sl(2,C).

Proof. First we claim that there exists some y € £_, such that k(z,y) # 0 and [z,y] # 0. Since k is
non-degenerate there exists some w € £ such that k(z,w) # 0. Write w as

w=yo+ Y ys (8.13)
Bed

where yy € £y and yz € L. If we expand k(z,y) we find that from part 2 of 8.1.1 that the only root
that makes k(x,w) # 0is f = —« and y_, # 0. Therefore, we may take y = y_,. Since « is non-zero
there exists some t € b such that «(t) # 0 for this ¢:

k(t, [z,y]) = k([t, =], y)
= a(t)k(z,y)

£ 0
= [z,y] #0

Let S = span{x,y,[x,y]}. Notice that [z,y] € b. Take some h € b we claim that x and y are
simultaneous eigenvectors for each element in ady. Observe:

adp(z) = [h,z] = a(h)z
ady(y) = [h,y] = —a(h)y

In particular, x and y are simultaneous eigenvectors for [z,y]. Therefore, S is a Lie subalgebra
of L. Define h = [z,y]. We claim that a(h) # 0. Suppose to the contrary that a(h) = 0 then,
[h,z] = a(h)r =0 and [h,y] = a(h)y = 0 so ad), : £ — £ commutes with ad, and ad, so by [3] [5] ad},
is a nilpotent map!

On the other hand, because b is a Cartan subalgebra, h is semi-simple. The only element of £ that
is both semi-simple and nilpotent is 0! Therefore, h must be 0 which is a contradiction.

Thus, S is a 3 dimensional Lie algebra with S = S’ and by 3.4.8
S =~ 51(2,C) (8.14)
Q

The above lemma allows us to associate to each a € ® a subalgebra sl(«) of £ isomorphic to sl(2, C).
Let us now investigate a standard basis for sl(«).

Example 8.3.2. We will show that for each o € ® sl(«) has a basis {eq, fa, ha} such that
l.ea€,, fa€el ,, hy €band alh,) =2
2. The map 6 : sl(a) — sl(2,C) defined by

is a Lie homomorphism.
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Using the notation in the above lemma, let e, = x and f, = Ay for some suitable A € C then,
he = [, \y] = [€q, fal. Since we know that sl(a) = sl(2,C) it will be sufficient to compare the matrices
of ady, and adp,,. Let us construct the matrix for ady,_, first we compute

[ha, €a] = a(ha)eq
[hOmfa] = _a(ha)foz

[P ha] =0
and therefore, the matrix of ady,, is
a(h) 0 0
0 —a(h) 0. (8.15)
0 0 0

Hence, when we compare this to 6.5 we see clearly that a(h,) = 2. For part 2 we only need to show
that # is a Lie homomorphism because it is a map between basis elements. Therefore, consider

0([ea, fol) = O(ha)
—h

= [e, /]
= [0(ea), 0(fa)]

we leave it to the reader to confirm the other equalities.

8.4 More on Roots and Eigenvalues

We are able to use the killing form to establish an isomorphism between b and b*. Take any h € b and
let 0, denote the map 6;, € b* defined by

On(l) = k(h, 1) (8.16)

for all [ € b. Since the killing form on b is non-degenerate then, we have by definition that 6, is an
isomorphism. We can see this by making use of the rank-nullity theorem. In particular, associated to
each root a € ® there is a unique element t, € b such that

k(ta,l) = a(l) (8.17)
for all [ € b. One very useful property of this definition is the following lemma:

Lemma 8.4.1. Let a € ®. Ifx € £, andy € L_,, then [z,y] = k(x,y)t,. Moreover, hy = [€a, fa] is
in the span of t,.

Proof. Keeping in mind that, when in particular [ = h € b, a(h) = k(t,, h) from 8.17 then,

If we view k(z,y) as a scalar then,
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k(h, [z, y]) = k(h, k(x )

Yy
= k(h, [v,y)) — k(h, tak(z,y)) =
= k(h,[v.y) - tk(my»:o

This is true for all h € b and since k is non-degenerate, we must necessarily have that [z,y] —
tok(z,y) = 0. In other words:

[z,y] = tak(z, y). (8.18)
Now take x = e, and Ay = f, for some suitable A € C. Then from 8.18 h, = [eq, fo] = Az,y] =
Mk(x,y)t, we can clearly see that h, € span(t,) Q

Let « be a root. We may regard £ as an sl(a)—module via restricting the adjoint representation.
That is, if a € sl(a) and y € £ then, the action may be defined as

a-y=ad,(y) = [a,y] (8.19)

We note that sli(a)—modules of £ are vector subspaces M of £ such that [s,m] € M for all s € sl(«)
and for all m € Ml. We will also need the following important lemma

Lemma 8.4.2. If M is an sl(a)—module of L then, the eigenvalues of hy acting on M are integers.

Proof. We will use Weyl’s Theorem: we know that Ml can be decomposed into a direct sum of irreducible
sl(a)—modules, since these are isomorphic to si(2, C)—modules we may use the results of 6.2.4. This
completes the proof. Q

To familiarise the reader with these concepts let us consider a few examples:

Example 8.4.3. Let U =b + sl(«) and let ker(a) C b. By the rank-nullity formula:

dim(b) = dim(ker(a)) + dim(im(«))
= dim(ker(a)) + 1)

b is abelian so [h,, ] = 0 for all = € ker(«). Moreover, if x € ker(a) then,

[€a, ] = =[x, €4]
= a(z)eq
= 0.

Similarly we find that [f.,z] = 0 for all z € ker(a). Therefore, each element of sl(«) acts trivially
on ker(a). It follows that
U = ker(a) @ sl(«a). (8.20)

Example 8.4.4. I[f 3 € ® or =0 let
M= ®Lsyca, (8.21)

where the sum is over all of ¢ € C such that g+ ca € ®. It follows then that M is an sl(a)—module of
£. This module is said to be the a—root string through . Studying these modules will yield the main
result of the section.

Lemma 8.4.5. Let o € ®. The root spaces L, are one dimensional. Moreover, the only multiples of
a which lie in ® are ta.
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Proof. If ca is a root, then h, takes ca(h,) = 2c as an eigenvalue. As the eigenvalues of h,, are integers
celorcel+ % Let us consider the root string module

M = b S%) @ Qca- (822)

caced

We have seen that ker(a) @ sl(«) is an sl(a)—submodule of M. By Weyl’s theorem, the modules for
sl(a) are completely reducible so we may write

M = ker(a) @ sl(a) W, (8.23)

where W is some complimentary submodule. Notice if either of our conclusions are false then, W is
non-zero. Let V = V, be an irreducible submodule of W. Then, if s is even there must exist some
eigenvector v € V with eigenvalue 0 from 6.2.4. The zero eigenspace of h, is b C ker(«a) @ sl(a). So
0# v € ker(a) @ sl(a) NV - a contradiction!

Suppose now that 2« is also a root. Then h, has eigenvalue 2a(h) = 4. However, the eigenvalues of
he on ker(a) @ sl(a) are 0,2 and —2 - hence the only way this is possible is if there is some non-zero
v € V, where V is an irreducible module in W isomorphic to some V where s is even, that can make
it so. But, we saw that this was impossible.

Now consider the case where s is odd. This means that there must be some h,—eigenvector in W with
eigenvalue 1 from 6.2.4. But, this implies that %a must be a root and this contradicts the previous
paragraph! Q

Lemma 8.4.6. Suppose that o, € ® and [ # L« then,
1. B(ha) €Z

2. There are integers r,q > 0 such that if k € Z then, 8 + ka is a non-zero root if and only if
—-r<k<gq

3. If a+ B € © then, [eq,e5] # 0 and [eq, es] is in the span of eqtp

4. B — B(ha)a is a non-zero root.

Proof. Let
M = @ke((:’lﬁ—Ha;w (824)

be the root string of « through 5. We know that M is an sl(«)—module by example 8.4.4. Now when
k = 0 then, h, has eigenvalue §(h,) and by 8.4.2, 5(h,) is an integer.

We know from 8.4.5 that £s,y, is one dimensional whenever 8 + ko is a root of M. So, the
eigenspaces on M are all one dimensional and since (3 + ka)h, = [(ha) + 2k all the eigenvalues are
either even or odd. It follows now that M must be an irreducible sl(a)—module.

Suppose that M = V,; for some integer d € Z*. On V,; the element h, acts diagonally with
eigenvalues

{d,d—2,...,—d}, (8.25)
whereas on M the element h, acts diagonally with eigenvalues
{B(ha) + 2k : B+ ka € O}. (8.26)

Make d = f(hy) 4+ 2q and —d = B(h,) — 2r for some integers ¢, € Z*. Simple calculation shows that
r —q = B(hg). Suppose that v € £5 then, v belongs to the h,—eigenspace where

adp, (v) = B(hq)v. (8.27)

If ad.,(eg) = 0 then, from 6.2.5 eg is the highest weight space vector in the irreducible representation
M with highest weight §(h,). However, if a + 3 € ® then, h, acts on the associated weight space as
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(B+a)hq = B(ha)+2 > B(ha). Therefore, eg is not in the highest weight space of Ml and so [e,, eg] # 0!
To prove 4 consider:

B=PBha)a=p5—(r—q
and —r <71 —q < ¢q. So, from 2 we have that § — B(h,)« is a root. Q

We now a solid understanding of the structure constants of £. The action of b on the root spaces
of £ is determined by the roots.

Lemma 8.4.6 shows that the set of roots also determines the bracket [e,, eg] for roots a0 # +0.

Lastly, by construction, the commutator [e,, €s] is in the span of h,.

8.5 More on Cartan Subalgebras and some notes on inner-
product spaces

We will show that the roots of £ all lie in a real vector subspace of b*. Furthermore, the killing form
induces an inner product on this space.

Lemma 8.5.1. 1. If h € b and both h and b are non-zero then, there exists a root o € ® such that

a(h) # 0.
2. The set ® spans b*.

Proof. Suppose that a(h) = 0 for all & € ®. This means that ad,(z) = [h,z] = 0 for all z € £,,. Since
b is abelian it follows from the root space decomposition that h € b C 3(£) but since £ is semi-simple
3(£) =0 and so h = 0 - a contradiction.

For 2: let W = span(®) in b*. Suppose that W is a proper subset of b*. Then the annihilator of W
in b is

W'={heb:0h)=0VY 6 cW} (8.28)
and has dimension dim(b) — dim(W) # 0. So, there exists some non-zero h € b such that 6(h) = 0 for
all # € W - a contradiction to the the first part of this proof. Q

Lemma 8.5.2. For each root a € ® we have:

2t,

J.ta:Landha: .
k(ta,ta)

k(ea fa)
2. k(ta,ta)k(ha, ha) = 4,

where k is the Killing form on L.
Proof. We have already seen in 8.18 that
[2,y] = tak(z,y). (8.29)
Setting x = e, and y = f, then,

tak(eon fa) - [eaa foz]

he
> by =

k(eas fa)
Now because «(h,) = 2 and by the definition of ¢,, see 8.17, we have
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or,
2t
he = @ .
R ) (8.30)

This proves 1. Next using equation 8.30 notice that:

2t 2t
k honha =k = ) =
( ) </€(ta,ta) k’(ta,ta)>
k(to,ta)

= blha: he) = 45005

= k(ha, ha)k(ta, ta) = 4.
This completes the proof. Q
Corollary 8.5.3. If a and [ are roots then k(ha, hs) € Z and k(t,,tz) € Q

Proof. We need to compute tr(adp, , ady,) in order to compute the Killing form. We will use the root
space decomposition of £. Suppose that

L=boPpe, (8.31)

yeD

and because each £, is one dimensional each adj,, has trace y(h). Therefore, the Killing form may be
calculated as
k(ha hg) =D y(ha)v(hs) (8.32)
yeP
and since each v(h,) and y(hg) are both integers, k(hq, hg) € Z. To prove the next part we employ a
familiar strategy. Consider

k(ty, to)he k(tsg, tg)h
k(ta,tg) —k ( a oc) oz7 ( B> ﬂ) B
2 2
k(tmta)k(tﬁﬁtﬁ)

- ’ k(ha, hs) € Q.

Q

We can translate the Killing form on b to obtain a non-degenerate symmetric bilinear form on b*
traditionally denoted as (—, —). We define this as

(0,9) = k(to, o) (8.33)

where tg and t, are the elements of b corresponding to § € b* and ¢ € b* respectively under the
isomorphism induced by k. In particular, if & and 3 are roots then

(a, B) = k(ta; 1) € Q. (8.34)

The following example gives a necessary relation between the roots and the inner product. This will
help us classify and pin down exactly what the roots of a Lie algebra are. We will use this extensively
in the next chapter on Root Systems.
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Example 8.5.4. Suppose that £ is a Lie algebra and o and S are roots of £. Notice that

5(ha) = k(tﬁ7 ha)
2t,,
= klts, k(ta to)
k(tﬁ7ta)
k(ta,ta)
(8, )

(@, )

)

=2

=2

We saw that the roots of £ span b*, so b* has a vector basis consisting of roots, say
B={a,as...,q}. (8.35)
Theorem 8.5.5. If 3 is a root then, [ is a linear combination of the «; with coefficients in Q.

Proof. We may write
!
i=1

where o; € B and ¢; € C for all 1 <i <[. For each j € {1,2,...,1} let us compute the inner-product
(B, vj), we can write this in matrix form as:

(B, 1) (a1, 1) (g, 1) ... (o, 0)] [ar

(8 a2)| _ (al,:oa) <a27;a2) (Oél»:%) | (8.37)

(5,.041) (041;061) (062;041) (Oél,'Oéz) C.l

The inner product is non-degenerate because the Killing form k is so. This means that the determinant
of the matrix in 8.37 is invertible. Moreover, each of the entries are rational so, the inverse entries arr
rational as well. Therefore, each ¢; must be rational as well. Q

Hence, the real subspace of b* spanned by the roots {as, as, ..., a;} contains all the roots of ® and
does not depend on our basis. Let this subspace be E.

Lemma 8.5.6. The form (—,—) is a real-valued inner product on E

Proof. By the definition of (—, —) we only need to show that (—, —) is positive definite. Using the root
space decomposition and the fact that [tg, es] = 5(t)es and, to this end, let § € E correspond to ty € b:

(0,0) = k(to, to)
= Blty)’

Bed

= > k(ts, 19)?

Bed®

=>(8,0)>€Q".

ped®

Suppose now that (6,6) = 0 then, by 8.1.1 § = 0. Q
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Chapter 9

On Dynkin Diagrams and root systems
and everything else in between

This penultimate chapter seeks to tie together all of the ideas we have mentioned in previous chapters.
While this is not the climax of this paper, it does have some very strong implications and provide us
with a most powerful tool. Thus far we have studied the roots of a Lie algebra, now we seek to find
a relation between them. Furthermore, if we view the roots as nodes of a graph, say G, we are able
to connect vertices through the relation we mentioned. This is the idea of a Dynkin diagram. This is
what the previous chapters have been building to. This is what we will use to prove the simplicity of
the classical Lie algebras. Let’s get started.

Let E be the a finite-dimensional vector space endowed with an inner product denoted (—, —). Given
some non-zero v € [E, let s, be defined as

2
sp(x) =2 — ((;7’;;)1) (9.1)
for all z € E. Notice that s, preserves the inner product. To show this we will use the fact that (—, —)
is bilinear and symmetric. Take x,y € [E, then:
2(z,v) 2(y,v

~—
<
N———

I (R =
_ <y _ 2<y7v>v> . <2<m)>w . 2(<y,v>v)

) YT

9.1 Root Systems

Definition 9.1.1. [5][1][3] A subset R of a real inner product space E is a root system if it satisfies the
following:

R1 R is finite and it spans E and 0 ¢ R.
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R2 If a € R then the only multiples of a that live in R are +a.
R3 If a € R then, s, permutes the elements of R.

R4 If a, f € R then, (8, a) € Z.
Finally and rather cutely, the elements of R are called roots.

Example 9.1.2. Let £ be a Lie algebra with root space decomposition £ =b @ P,cqp Lo Where b is a
Cartan subalgebra and ® is the set of roots of £. Let E be the real span of ®. We have seen that the
symmetric bilinear form (—, —) induced by the Killing form is an inner product. We know by definition
8.8 that 0 € ® and we have seen that R2 is true in 8.4.5. We will show R3 true: take some «,f € ®
and 8 # +a and notice:

2
sa(B) =5 — (((575))0‘
=0 — B(hy)a € ® from 8.4.6,8.5.4.

Finally since (8, a) = B(ha) and (h,) is an integer (8.4.6) it must follow that (3, a) € Z. Therefore,
® is a root system.

For another example, we turn to familiar friend: the Euclidean space. The next example will follow
us throughout the chapter as we demonstrate different truths that you and I will have unravelled
therefore, please do keep it in mind!

Example 9.1.3. Suppose that we have the Euclidean inner product on the Euclidean space R!™!. Let
€; be the vector with the i®—entry being 1 and the others 0. We claim that the set

R={t(e; —¢):1<i<j<Il+1} (9.3)

is a root system in E, where E = span(R) = {3 a;¢; : > o; = 0}. Notice that by definition R1 and R2 are
both satisfied. Notice that R4 will be satisfied if R3 is so, therefore we only need to check that if « € R
then, s, permutes the elements of R. Simple calculation shows that the only values the inner product
can take are the following, subject to the conditions. Take integers i, j, k,m such that 1 <i < j <[+1
and 1 <k<m<I[+1:

2 i=kij=m
1 =k EmUG=mi £k
oG a =1 1 =k uG=m) '
0  otherwise
Note that when ¢ = k and j = m the vectors are equal. Now, take some «, 8 € R such that § # +a.
From the above we can clearly see that (3, «) € Z. So for a € R, s,(a) = @ — 2ae = —a € R. Suppose
that 5 = (ex — €,) and a = (& — ¢;) then,

—(Ei—Ej) ’l:k,]:m

(e — € ) =m, 1
W= Laen G-k

t(er—€) (i=m)

(€x — €,)  otherwise

Therefore, without loss of generality we can conclude that s, permutes each element of R and so R
is a root system.

In the following section we will see that the constraints we placed on our root systems are quite
restrictive. The axioms that we have defined here will help us properly identify the physical structure
of root systems, we will construct diagrams of these systems and show that there are only a few integers
that (3, a) can take. Additionally, the similar jargon that we have been using for root systems R and
a set of roots @ is no coincidence as we also see eventually that every root system is the set of roots of
a complex semi-simple Lie algebra!
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9.2 C(lassifying the Root Systems R

We begin with what Erdmann [3] calls the fitness Lemma.

Lemma 9.2.1. Suppose that R is a root system in the real inner-product space E. Let o, 5 € R with
B # +a then,

(@, 8)(8, ) € {0,1,2,3} (0.4)
Proof. Since the commutator (a, §) is an integer from R4 it stands to reason that the product of the
two such commutators must also be an integer. Suppose that v and w are nonzero vectors in E then,
the square of their inner product is

2

(v, w)?* = (v,v)(w,w)cos?d

where # is the angle between the two vectors. By definition the product (o, 5)(5,«) > 0. Let us
compute the product:

= 4cos’0 < 4

where 0 is the angle between o and 3. For cos?0 = 1 we would need 6 to be some multiple of
7. If this were this case that would mean hat g and « lie on the same line and are therefor; linearly
dependant. In other words 3 = 4« - a contradiction! Therefore, cos?d < 1 for all a, 5 € R. The result
follows when one recalls that the product («, 5)(f, @) must be an integer and is bounded by the interval
[0,4). Q

This lemma allows us to show that there are only a few possibilities for the integers (a, 3). Take
any two roots o and 3 in a root system R with a # 5. Without loss of generality we may choose that

20(8.0)] _ 2(.P)
Bl =~ sy = 6.9

Using the fitness Lemma 9.2.1 the only possibilities are:

= |(a, B)]. (9.5)

Figure 9.1: List of all possible values of the commutator («, [3)

(o, B) (B, ) fr
0 0 il
2
1 1 T
3
1 1 2
3
1 2 T
1
1 5 ST
1
T
1 3 il
g
T
_1 _3 _
6
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The above table affords us some insight about whether, given two roots «, /3, their sum or difference
lies in R.

Lemma 9.2.2. Let a and [ be two roots in R such that o # +3 then,
1. If the angle between o and [ is obtuse then a4+ 3 € R
2. If the angle between o and B is strictly acute and (3, 3) > (o, @) then o — € R

Proof. In either case we may assume that (3,/5) > (a,«). From R3 we know that sg permutes the
elements of R, that is sg(a) = a — (a, 3)8 € R. The table shows that if < T then (a,3) = 1 and if
7 <0 < then (o, ) = —1. Q

Let us now solidify this idea of roots and angles between them with an example.

Example 9.2.3. Let E = R? with the Euclidean inner product. We shall find all of the root systems
in E. Since R must span E it must contain at least two roots, say «, 3 such that 5 # +a. We may
take this a to be as short as possible and this § we assume to make a maximal obtuse angle with a.
Suppose that 0 = %” then by lemma 9.2.2 we obtain exactly six roots:

Figure 9.2: Root system of type A,
g a+p

—a—f -5

One can check that these are closed under the actions of s,, sz and s,4s and since we know that
So = S_o we are done. We have therefore have found a root system in E. Next suppose that 6 = %’r?
then by 9.1 (8, a) = —2 50 s4(f) = B + 2a is a root as well. Once again since 6 is obtuse this implies
that o + 3 is a root as well. Our root system therefore has the form

Figure 9.3: Root system of type By
a—+p

o] 20+ 3

—2a-p —p
—a—f
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and once again one can check that this is closed under the operations of s, sg, Sa4+s and Soq4g.
Finally suppose that 6 = %’T then we obtain a root system diagram of the form

Figure 9.4: Root system of type Gg

a+p
3o+ 26 20+
o] 3a+ [
—a o
“3a— —p
—2a —f3 —3a — 20
—a— 33

Lastly, suppose that /3 is perpendicular to « that is, by 9.1 (8, a) = 0. This gives the following root
system:

Figure 9.5: Root system of type A; x Ay
g

—f

Here we have that the action of s, fixes the roots £3. Therefore the roots +a and +§ do not
interact and we cannot draw any conclusions about the latter from the former and vice versa. This is
the motivation for the next definition.

Definition 9.2.4. The root system R is said to be irreducible if R cannot be expressed as a disjoint
union of two non-empty subsets Ry URy such that (a, ) =0 for all @ € Ry and 3 € Ro.

Remark 9.2.5. If such a decomposition did exist then R; and Ry will be root systems in their own
spans. Also, it is by no accident that we are deconstructing this complex problem of a root system in
a very similar way in chapters 5,6 and 8. Discussing irreducibility allows us to break the problem into
digestible chunks, study those and then add them up again for the whole solution. Differentiation and
calculus. Two sides of the same coin present in all forms of mathematics! Truly wonderful! That being
said, the following lemma tells us that it would be enough to classify only the irreducible systems.

Lemma 9.2.6. Let R be a root system in the real inner product space E. We may write R as the disjoint
UNTON:
R=R URyU---URy, (9.6)

71



where each R; is an irreducible root system in the real inner product space E; spanned by R;. Furthermore,
E is the direct sum of the orthogonal subspaces Eqi,Eq, ... Ey

Proof. Define an equivalence relation r on R by letting arf if there exists roots v1,7s,...,7s in R with
a =7 and 8 = v, such that (v;,741) # 0 for i € {1,2,...,s —2,s — 1}. Let R; be the equivalence
classes and by construction {v1,...,7s} C R;. Since every element of R; comes from R and by definition
of E; we can deduce that R1,R2 and R4 are all satisfied for any R;.

We need to show that if @ € R; then s, permutes every element of R; that is, that s,(3) € R; for
all 5 € R; . Notice that («, 5) # 0 for all a, 8 € R; by construction. We claim that if (o, 3) # 0 then
(a, sa()) # 0 because

(0, 5a(8))* = (@, @)(5a(B), 5a(B))cos(6)
(a, a)(f, B)cos(0)

is?
38

Therefore we can make s,(3) = 72 and in our definition ars,(f) so s.(8) € R;. It is clear that
each R; is irreducible by our construction. Now as every root appears in [E;, the sum of the E; spans E
(because R spans E remember!) Now, take 0 € E such that

O0=uvi+vy+ -+ v, (9.7)
where v; € E;. Take the inner product with some v; € E; such that 1 < j < k. We find that
0= (v1,v5) + (V2,05) 4+ + (v, v5) + - -+ + (vg,v5) = (05, ;) (9.8)
Therefore, v; = 0 and so E; N--- NE, = 0 and so
E=E & ®E. (9.9)

Q

9.3 Bases for Root Systems

Let R be a root system in the real inner product space E. Then, any maximal linearly independent
subset of R is a vector basis for R. Lemma 9.2.2 suggests that we only need to look at such a subset
where each pair of roots make an obtuse angle. We define the base of root system R as follows:

Definition 9.3.1. [5][/][3] A subset B C R is a base of a root system R if

B1 B is a vector space basis for E and,

B2 every /3 € R can be written as

B=73 ke (9.10)

a€B

with k, € Z where all of the non-zero coefficients k, have the same sign.

Example 9.3.2. Let B be a basis for R. Suppose that we have two distinct roots «,a’ € B. From
defintion 9.3.1 there is some root = a + o’ so from lemma 9.2.2 a and ' from an obtuse angle.

Remark 9.3.3. We say that a root § € R is positive with respect to B if the coefficients given in B2
are positive. We call 3 negative if the coefficients are negative.
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Example 9.3.4. Let R = {*(¢; —¢;) : 1 <i < j <[+1} be aroot system as in example 9.1.3. Suppose
that a; = €¢; — ;41 for 1 <14 < 1. We will show that B = {ay, s, ...,qq} is a base for this root system.
We note that by definition B is linearly independent. We claim that every root in R can be written as
the positive sum of some of the elements of B, as:

Ei—Ej:Oéi—i‘OéH_l"'—i‘Oéj_l

which satisfies B2. Now because each root in R lives in the span of B we are able to say that B spans
E and so B1 is satisfied.

A traditional way to label the elements of R as positive or negative is to fix a line through the origin
in E which does not contain any element of R. We will label the roots of one side as positive and
those on the other side as negative.

Suppose that R has a base B with this labeling. Then the elements of B must all lie on the same
positive side of this line, for example let us consider the root system of type By again:

Figure 9.6: Root system of type By

a+
I& 20 + 3
— «
chosen line
20— § -
—a—f

Remark 9.3.5. The fact that the basis elements are nearest to our line is no discardable fact, in fact
it will form the motivation for our next theorem!

Theorem 9.3.6. Every root system has a base.

Proof. Let R be a root system in the real inner product space E. If E has dimension 1 then, E = span{v}
and {v} is a basis for our root system. Therefore, we may assume that E has dimension at least 2. We
claim that there must exist a vector z € E which does not lie in the perpendicular space of any of the
roots.

Let R be the set of a € R which lie on the positive side of z. That is « for which (z,a) > 0. Let
B = {a € R" : a is not the sum of two roots in R*} (9.11)

We claim that B is a base for R. We will first show that B satisfies B2. Interestingly, if 8 € R then § € RT
or —f3 € Rt and so it will suffice to show that 5 = > g kof8 for some k, € Z and each k, > 0. We
proceed by contradiction. Suppose that we cannot find such a § that is not the sum of two different
roots. We may then pick an element in R™ such that the inner product (z,3) is as small as possible.
Since § € B there must exist roots 5, and 5 such that § = g + 5. By definition and linearity:

(2,8) = (2, b1+ B2) = (2, B1) + (2, B2) (9.12)
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is the sum of two positive numbers and therefore, 0 < (z,41) < (z, 5). This contradicts the choice of /.

It remains to show now that B is linearly independent. Suppose that a, 3 € B such that o # +7.
The angle must be obtuse from lemma 9.2.2. Suppose further that > o5 7o = 0, where r, € R. We
need to show that r, = 0 for all @ € B. Collecting all of the terms with positive coefficients and terms
with negative coefficients let us define:

T=) rea=Y (—1,)8 (9.13)

Hence;
=Y ro(—ro)(a, 8) <0 (9.14)

so, (z,z) = 0 and naturally z = 0. Now we take the inner product with this z and z. Since z = 0 the
inner product with x and any other vector is 0. Therefore:

= ro(a,z2) (9.15)
0= (z,2)= Z(—ra)(ﬁ, z) (9.16)

Recalling that the inner product is greater than 0, we conclude from here that r, = 0 for all a € B.
This completes the proof. Q

Let us continue to denote the set of all positive roots as RT with respect to a base B and let R~ be
the set of negative roots with respect to the same basis. Then, R = Rt UR™ is a disjoint union. The
elements of B are called simple roots.

Remark 9.3.7. A root system R may have many bases. An example follows.

Example 9.3.8. Let R be a root system with a base B. Take any v € R, then the set {s,(«) : @ € B}
is also a base for R.

Take any 8 € R such that § =Yg ko and simple calculation will show that:

= kasy(a). (9.17)
a€B
Since s, permutes the elements of R we conclude that B2 is satisfied. Linear independence follows in
the same way as shown in the proof of lemma 9.3.6, we need simply recall that (s, (), s,(5)) = (o, B)
for all roots a, 3, € R.

9.3.1 The Weyl group of a root system

For each root o € R we have defined a reflection, s,, which acts as an invertible linear map on E. We
may therefore consider the group of invertible matrices of s, generated by each o € R. This is known
as the Weyl group commonly denoted as W or W(R).

Lemma 9.3.9. The Weyl group W 1is finite.

Proof. By R3 we know that the elements of W permute the elements of R. So, there is some group
homomorphism from W to the group of permutations of R which is finite because R is finite! Let
k: W — Perm(R) be a homomorphism. If this homomorphism is injective, then we must have that W
is finite as well.

Claim: The homomorphism k is injective.
Suppose that g € W is in the kernel of k, then g must fix all of the roots of R. But E is spanned by
the roots of R, so g must fix all of the elements in the basis of [E and hence, g must be the identity map

which is equivalent to saying g = Ow. Therefore, k is injective and W is finite. Q
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9.4 More on Roots and how to find them

Suppose we are given a base B of a root system R. We will show that this alone is sufficient to recover R.
Our strategy will be to use the Weyl group. We will prove that every root 3 is of the form § = g(«)
where o € B and ¢ is in the subgroup Wy = span{s, : v € B} C W. The idea is that if we keep applying
the reflections on the simple roots we will eventually recover the root system in its entirety. We begin
with the following lemma:

Lemma 9.4.1. If a € B, then s, permutes the set of positive roots other than o.

Proof. Suppose that § € RT and 3 # £a. We already know from B2 that:

B=> kn (9.18)
~€B
for some k, > 0. We also know that s,(3) € R. From
sa(B) =B — (B.a)ar = kyy — (B, a)a, (9.19)
~€B

we see that the coefficients of v are k, > 0. All non-zero coefficients in s, have the same sign, because
So(f) is written as a linear combination of basis elements. We conclude that s,(f) € RT. Q

Now for the main theorem of the section.

Theorem 9.4.2. Suppose that B is a root in our root system R, then there exists some g € Wy, which
is the span of the set of reflections s, for all v in our base B of our root system, and some o € B such

that B = g(«).
Proof. Suppose first that 3 € R* and that § = > 3 k,y with integers &, > 0. We shall proceed by
induction on the height of 3, defined by

ht(8) = > k.. (9.20)

Y€B

Firstly, note that ht(/5) € Z. For the base case suppose that ht(f) = 1, then k, = 1 for some v € B and
we may let = « - then let g be the identity map.

For the inductive step suppose that ht(8) = n for some integer n > 2. By axiom R2 the only
multiples of v that live in R are +. Hence at least two of the k, are strictly positive. If this were not
the case, then say k,, = n and the rest zero, we would have 3 = nvy; € R, n > 2 - a contradiction!

Claim: There exists some v € B such that (3,7) > 0.

Suppose otherwise, then (3,v) < 0 for all v € B. So;
(B, 8) = D>_ ks (B,7) < 05 (9.21)
B!

and since § # 0 equation 9.21 is a contradiction! Therefore, there exists some v € B such that (3,v) > 0.
This also means that (/3,7) > 0. Since s,(5) € R we may find its height which is;

ht(s,(8)) = ht(B8) — (8,7) <ht(8) =n, (9.22)
and the inductive hypothesis now tells us that there exists some o € B and some h € W, such that
s,(B) = h(a), (9.23)

hence 8 = s,(h(«)). We may then take g = s,h € W,. Now suppose that 5 € R~ this implies that
—( € RT. By the first part of this proof, —f = g(«) for some g € Wy and « € B. Using the linearity of
g, we find:

f=—=(=0) = —g(a) = g(=a) = g(sa(®)), (9.24)

and since gs, € Wy we are done. Q
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Example 9.4.3. Suppose that « is a root and that g € W, then gs,g™" = s4(a). Observe that since
g € W, then by definition g is a reflection. Moreover for every a, 8 € R, (¢(5), g(«)) = (5, «). Let us
use this fact and compute gs.(3) and sy)9(8):

9sa(8) = 9(B) — (B, a)g() (9.25)
S9(a)9(3) = 9(8) — (9(B), g(a)) () (9.26)

but,

_ 29(9).9(0))
9(B): 900 = Tory, g(a)

_ 25,0

(@, a)
= (6, a).

Therefore, gs.(f) = s4(a)9(f) and since this is true for every 8 € R we must have that gs, = s4a)g or
equivalently, gs,g™" = Sy(a)-

We will conclude this section by showing that the base B for a root system R determines its full
Weyl group!

Theorem 9.4.4. The Weyl group W is generated by the reflections s, for all o € B and therefore,
W = W[)-

Proof. We have defined W to be generated by the reflections sz for all 8 € R. Moreover, since Wy C W
we only need to show that s € W,. But, this follows immediately from theorem 9.4.2 because since
[ € R there must exist some o € B and g € W;, such that § = g(«) and from example 9.4.3 it must
follow that sg = sy(a) = gSag~ " which lives in Wy as g, s, € Wo. Q

9.5 Cartan Matrices and Dynkin Diagrams

We remind the reader that in general a root system R may have many different bases. We begin this
section by showing that, at least from a geometric point of view, they are all essentially the same. We
begin with a lemma about matrices that will be necessary in the proof of our theorem.

Lemma 9.5.1. Suppose that P and ) are matrices, all of whose entries are non-negative integers. If
PQ = I then P and Q) are permutation matrices. That is, each row and column of P has a unique
non-zero entry, and this entry is a 1.

Proof. Let P = (p;;) and Q = (g;;) for all 1 <4,j <n. Now

D pikgen =1 (9.27)
k=1
for all 1 < k < n because PQ) = I. So, there is a unique k; such that p;z, = qx,1 = 1. Since for all
j # 1 we have

n

> pikgin =0 (9.28)

k=1
and because pyy, = 1 implies that gz, ; = 0 for all 2 < j < n. In other words the ki" row of Q is of the
form

1o ... o
By a similar argument () has a row of the form
01 ... 0.

and so on hence, () is a permutation matrix. This also implies that its inverse Q~! exists and is a
permutation matrix! And because PQ = I = P = Q7 !, P is also a permutation matrix. Q
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Without further ado;

Theorem 9.5.2. Let R be a root system and suppose that B and B' are two bases for R as defined in
9.3.1. Then there exists an element g € W such that B' = {g(«a) : o € B}.

Proof. We will begin by showing the existence: let B = {ay, as, ..., } be a base and let o be a root.
Take some w € W then w™! () is also a root because the elements of the Weyl group permute the roots
in R. Suppose further that

w ! (a) = ; ki (9.29)

where each of the k; have the same sign. Observe that

a= Z: kaw(a;) (9.30)

with the same coefficients! So w(q;) € B’ where B’ is a base. Furthermore, note that the Weyl group
of B, W(B),is exactly our other base B’. This shows that the elements of the Weyl group permute the
elements of B!

We now wish to show that the Weyl group acts transitively on R. Now for some notation: let R*
denote the positive roots with respect to B and let R+ denote the positive roots with respect to B'.
Additionally let B’ = {/}, a}, ..., a)}. Similarly let R~ and R~ denote the negative roots with respect
to B and B respectively. We will proceed by induction on [R* NR'7|.

Base case: suppose that |R¥ NR'~| = 0, then it follows that Rt = R™*. This means that B and B’
have the same positive roots. Now each element of B’ is a positive root with respect to B we may define
a matrix P by

l
=1

whose coefficients are all non-negative integers. Similarly we may define a matrix @) by

l
o =Y qire. (9.32)
j=1
Now notice that
[y ] _Q11 qiz2 .. Q1l_ _CYll
%) _ g21 q22 ... (2 a’g
L Qv Lqi1 Q2 - qu] _a{
[y ] _C]11 qi2 .- QIl_ _p11 P12 ... Pu| |1
%) B q21 422 ... 41| |P21 P22 ... P2| |Q2
L 911 Q2 --- qul [Pn Pi2 --- Du 67]
and similarly,
0/1 P11 P12 .- Pul |911 G12 --- qu 04,1
0/2 ~ |P21 P22 ... P21| |Q21 G222 --- G20 0/2
Oéf b P2 --- Pu qn Q2 .- qu Oéf
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Therefore the matrices P and ) have the property that PQ) = QP = I. Which, by lemma 9.5.1, implies
that P and ) are permutation matrices. Hence B and B’ coincide so we may take the reflection w to
be the identity.

Inductive step: now suppose that [R*NR'~| = n > 0. The set BOR'~ is non-empty otherwise, B C R'*
which implies that R* C R and hence R = R'* because they have the same size - a contradiction!

Take some & € BAR ™ and let s = s,. Then s(R) is the rest of roots where each « is replaced by
—a. The intersection s(R*) N R~ therefore has n — 1 elements. The set s(R*) is the set of all positive
roots with respect to the base s(B). By the inductive hypothesis there exists some w; € W such that
wy(s(B)) = B'. Finally, take w = wys and this sends B to B'. Q

9.5.1 Cartan Matrices

Let B be a base of a root system R. Fix an order on the elements of B, say (ay,...,q;). The Cartan
Matrix of R is defined to be the I x [ matrix with the ij""—entry (a;, a;). Since for any root 3, we have
(sp(0u), sp(ay)) = (o, o) (9.33)

it follows that from 9.5.2 the Cartan Matrix depends only on the ordering of elements. Notice that the
entries in the matrix are all integers. Let us solidify this idea via an example:

Example 9.5.3. Let us use the same notation in example 9.1.3. We wish to find the Cartan Matrix
of R={£(e; —¢j) : 1 <i<j<Il+1}. Let a; = ¢ — €;11. We saw in example 9.3.4 that these o; are
elements of our base B.

2(0[2', Oéi)

( ) = 2. This implies that our Cartan matrix has 2’'s on its
ai, O

Firstly, notice that (ay, a;) =

diagonal.

Secondly, since (o, ;) =0 for all j #iand j >i+41or i > j+ 1 we have that (o, a;) = 0. Now
suppose that j =i+ 1 then our two vectors look like:

0 [0
1 0
o; = —1| and Qj=jy1 = 1
0 -1
L 0 L 0
From here it is clear that when j =i+ 1, (a4, ;) = (a;, ;) = —1. So the Cartan Matrix must then
be
2 -1 0 ... 0 0]
-1 2 -1 0 0
0o -1 2 0 0
_ (9.34)
0O 0 O 2 -1
0 0 0 0 2|

9.5.2 and Dynkin Diagrams

Another way to record information given in the Cartan matrix is in a graph G = G(R) where the
vertices in G are the simple ordered roots in in B. Between any two vertices, labelled by simple roots
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a and 3, we draw d,g lines where:

dop = (o, B)(B, ) €{0,1,2,3} (9.35)

When a and 8 have different lengths and are not orthogonal we will have d,g > 1. Whenever this
happens we have an arrow pointing to from the longer root to the shorter root. This graph is called
the Dynkin Diagram of R.

Lemma 9.5.4. A root system R is irreducible if and only if the Dynkin diagram is connected, that is
given any vertex as a starting point we are able to traverse to every other vertex via the edges.

Proof. (=-)Since R is irreducible, R cannot be expressed as a disjoint union of two non-empty subsets
R; URy such that («, 5) = 0 for all & € Ry and 5 € Ry. Therefore, we are able to draw a path from any
root to any other root. This implies that G is connected.

(<) Suppose that the graph G is disconnected, then we may separate G into (at least) two different
subgraphs say G7 and G5 where no vertex in (G is connected to any vertex in Gy. If we then let Ry
contain the roots from G; and Ry contain the roots from G5 we’ll have that R = Ry U Ry and clearly
RiNRy = (). Furthermore since there is no edge between the graphs G and G this means that («, 3) = 0
for all € Ry and 3 € Ry. Therefore, R is reducible. Q

Remark 9.5.5. Given a Dynkin diagram; one can read off the entries of (o, ;) and recover the Cartan
Matrix.

Example 9.5.6. Let us use the same root system defined in 9.1.3 and base used in 9.3.4, the Dynkin
diagram based off of it’s Cartan Matrix seen in 9.34 is

Figure 9.7: Dynkin diagram for Root system R = {%(¢; —¢;) : 1 <i < j <[+ 1}

[ 3 ® ® @
oy %) a2 a1
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9.6 Isomorphisms of Root Systems

Definition 9.6.1. [3] Let R and R’ be root systems in the real inner product spaces E and E’ respectively.
We say that R and R’ are isomorphic if there exists a vector space isomorphism

v :E—E
such that
a) ¥(R) =R and,

b) for any two roots a, § € R, («, ) = (¢ (), ¥ (p)).

Recall that if @ is the angle between o and 3, then {a, 3)(3, a) = 4cos?d, therefore b) suggests that
must preserve angles!

Example 9.6.2. Let R be a root system in the real inner product space E. The reflection maps s, for
a € R are all isomorphisms.

Example 9.6.3. The scaling map, defined as: v — cv for any non-zero ¢ € C and v € E induces an
isomorphism between R and cR.

It follows from the definition of an isomorphism that any two isomorphic root systems have the
same Dynkin diagram. We show now that the converse is also true:

Theorem 9.6.4. Let R and R’ be root systems in the real inner product spaces E and E' respectively. If
they have the same Dynkin diagram, then they are isomorphic.

Proof. Let B = {ay,9,...,oq} and B' = {a),a), ..., a;} be bases for R and R’ respectively, and also so
that for all 7, j one has:
(i, a;) = {(aj, a). (9.36)
Furthermore, let
v E—FE
a; ol

hence by definition for all o, 8 € R and for all &, 5" € R, (a, 5) = (¢(a),¥(B)) = (, ). It remains
to show that )(R) = R’. Let v € E and «; € B. We have

V(80; (V) = (v — (v, @i)ev;)
= $(v) = (v, 01)0]

let v = 22:1 kja;, where k; € Z and all have the same sign. Then

<U>Olz'> = < k’j%’,ai>
j=1

kj{ay, i)
1

M-

I
MN

<.
Il

Il
MN

ki ((eg), d(aw))

1

<.
Il

80 ¥(8a,) = Sa1. We know that the reflections s,, generate the Weyl group W(R). Hence, the image
under ¢ of the orbit of v € E under the Weyl group is contained in the orbit of 1)(v) under the Weyl
group W(R'). We saw in 9.5.2 that {g(«) : ¢ € Wy, @« € B} = R and because 9(B) = B’ we must have that
¥(R) C R’. We may use a similar argument with ¢)~! to show that /"' (R’) C R therefore, ¥)(R) =R Q
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Chapter 10

The Classical Lie algebras

The main theorem of this section and furthermore, of this dissertation is:
Theorem 10.0.1. If £ is a classical Lie algebra other than so(2,C) and so(4,C), then £ is simple.

Additionally, we aim to find their Dynkin diagrams. We will throughout the section explain how
root systems can be used to rule our isomorphisms between different classical Lie algebras. This will
lead to a complete classification up to isomorphism.

10.1 Defining the classical Lie algebras: linearity, orthogonal-
ity and symplecticy

The classical Lie algebras are:

sl(n,C) (10.1)
so(n,C) (10.2)
sp(n, C) (10.3)

We have already seen and are, frankly, quite intimate with the family of special linear Lie algebras,
sl(n,C). The other families may similarly be seen as Lie subalgebras of gl(n,C); which is the Lie
algebra of n x n matrices with entries in C. Suppose now that we have some S € gl(n,C), then we may
define a Lie subalgebra of gl(n,C) as

gls(n,C) = {z € gl(n,C) : 'S = —Sx}. (10.4)

Assume first that n = 21 (or equivalently even) then we define S as the 21 x 2] matrix with [ x  blocks:

g [2 ﬂ (10.5)

where [; is the [ x [ identity matrix. We define so(2l,C) = gls(2l,C). Otherwise when n = 2/ + 1 then
we define S as

S:

1 0 0
00 I, (10.6)
0 I, 0

similarly we define so(2] +1,C) = glg(2l 4 1,C). This family of Lie algebras is known as the special

orthogonal Lie algebras. The family sp(n,C) is only defined when n is even, so let n = 2[. This time
we define S € gl(n,C) as:

g_ [_OIZ g] , (10.7)
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and define sp(2l,C) = glg(2l,C). This family is known as the symplectic Lie algebras. One interesting
property of so(n,C) and sp(2l,C) is that they are Lie subalgebras of sl(n,C)! To see this, notice that
S is always an invertible matrix. Take any z € gls(n,C) = {z € gl(n,C) : 'S = —Sx}, then

'S = —Sx
— SptS = —x.

Now apply the trace to both sides:
tr(S™1a'S) = tr(—x)
> tr(S7'S2") = —tr(z)
< tr(z") = —tr(x)
— tr(x) = —tr(x)

which is only true of tr(z) = 0, therefore x € sl(n,C). This proves our claim.

10.2 The How

Let £ be a Lie algebra. In each case, it follows from the definition that £ has a large subalgebra b
of diagonal matrices. The maps ady, , h € b are diagonalisable and so b consists of semi-simple elements.

We can say a bit more about the action of b. The subspace £ N span{e;; : i # j} of off diagonal ma-
trices in £ is also invariant under ady, for h € b. Hence, the action of adj, on this space is diagonalisable.
Let

P L. =Lnspanfe;; i #j} (10.8)
acd
where a € b*, £,, is the o — eigenspace of b on the off diagonal part of £, and
d={aebh :a#0,4, #0}. (10.9)
This gives us the decomposition:
L=L,P @204 (1010)
acd

We will first show that b = £, from which it will follow that b is a Cartan subalgebra. We summerize
this idea in the following Lemma:

Lemma 10.2.1. Let £ C gl(n,C) and b be as in 10.10. Suppose that for all non-zero h € b, there
exists some o € ® such that a(h) # 0. Then b is a Cartan subalgebra.

Proof. We already know that b is abelian and all the elements if b are semi-simple. It remains to show
that b is maximal. Suppose that z € £ and [h, 2] = 0, so = € £,. Using 10.10 we may write x as

T="hy+ Y Cala (10.11)

acd
where z, € £,, ¢, € Cand h, € b. For all h € b:

0= [h,z]
=) calh, 2]

aced

=Y coar(h)zq

aced

By our hypothesis for every a € ® there exists some h € b such that a(h) # 0 so ¢, = 0 for each a.
Therefore, x € b. Q
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10.2.1 Before simplicity must come semi-simplicity

We will use the following lemma as a criterion to determine that each of the classical Lie algebras are
semi-simple. This will allow us to eventually show that they are simple because we will see that if ® is
an irreducible root system of a semi-simple Lie algebra, then said Lie algebra must be simple.

Lemma 10.2.2. Let £ be a complex Lie algebra with Cartan subalgebra by. Let

L=bho PL, (10.12)

acd

be the direct sum decomposition of L into simultaneous eigenspaces for the elements of ady, where ® is
the set of non-zero a € b* such that £, # 0. Suppose that

1. for each non-zero h € b there exists some o € ® such that a(h) # 0,
2. for each a € ® the space L, is one dimensional, and

3. if a € @, then —a € © and if L, is spanned by x, then [[xq, T 4], 2] # 0.

Then L is semi-simple.

Proof. Tt will be enough to show that £ has no non-zero solvable ideals. Let a be an abelian ideal of
£. By our hypothesis, b acts diagonally on b and [b,a] C a, so b also acts diagonally on a as well. We
decompose a as:

a=(anb)® Pang,). (10.13)
acd
Suppose, to the contrary, that (aNZ,) # 0 for some o € . Because £, is one dimensional we must
have that £, € a. Given that a is an ideal we know that particularly [£,,2_,] C a. Take h € a such
that h = [x4,2_,] where x, spans £, and x_, spans £_,. Since a is abelian and h,z, € a we deduce
that [h, 4] = [[Ta, T—a], o] = 0 - & contradiction!

Therefore, a = (aNb); that is ¢ C b. If we have some non-zero h € a then by 1. in our hypothesis,
there exists some o € ® such that «(h) # 0. However, then [h,z,] = a(h)z, € £, and also [h,z,] € a
so x, € L, Na. This implies that z, = 0 - a contradiction! We conclude that a = 0. Q

Notice that since [£,,£_,] C £y = b, if @ € @, then —a € ¢ and if £, is spanned by z,, then
[[Tas T _a], o] # 0 will hold true if and only if a([x,,z_4]) = 0. So, it is enough to show that:

(L, 2 o], 2] =0 (10.14)

for one member of each pair of roots a € ®. It remains for us to find the root system. We will find a
base for ® and then for 3,~ in the base we must find the Cartan number:

(B,7) = B(hy) (10.15)

where h., is the standard basis for the subalgebra sl(y) for root 7. Now, to show that £ is simple, as
previously mentioned, it is enough by the following lemma and by 9.5.4 to show that Dynkin diagram
is connected.

Lemma 10.2.3. Let £ be a complex semi-simple Lie algebra with Cartan subalgebra b and also with
root system ®. If ® is irreducible, then L is simple.

Proof. Suppose that £ has a proper non-zero ideal i. Since b consists of semi-simple elements it acts
diagonalisably on {. Therefore, i has a basis of common eigenvectors for the elements of adj,. We know
that each £, is one dimensional so,

i=b o P L. (10.16)

acdy
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for some subspace b, of b and subset ®; of ®. Similarly, we have that

i‘=bo P L, (10.17)

aedy

where it is the perpendicular space of i with respect to the killing form. So, i @it = £, b, ® b, = b,
®1U¢2:®and @1ﬂ@2:@

If @y is empty, then £, C i for all « € ®. And as £ is generated by its root system this implies that
£ =i - a contradiction! A similar argument says that ®; must also be non-empty. Take some a € &,
and some [ € 5, then

(a, By = a(hg) =0 (10.18)
as a(hg)eq = [hg, eq] € i Ni =0, therefore (o, 8) = 0 for all & € ®; and for all 8 € ®;. Which shows
that ® is reducible. Q

Our final strategy...
...will be:

[: Find a subalgebra b of diagonal matrices in £ and determine the decomposition. This will show
immediately that conditions 1. and 2. in lemma 10.2.2 hold.

II: Check that [[£,,£_,],£,] # 0 for all & € ®. Then by lemma 10.2.1 and lemma 10.2.2 we’ll have
that b is a Cartan subalgebra and that £ is semi-simple.

IIT: Find a base for ®.

IV: For 7, 8 in the base we must find h, and es and hence (3,v) = ((h,). This will determine our
Dynkin diagram and by lemma 10.2.3 show that £ is simple.

Throughout the following sections we will use the same numbering system to indicate what we are
doing.
10.3 The family of Special Linear Lie algebras: si(l + 1,C)

Hello, old friend.

We have already done most of the work here. For instance:
I:
We saw the decomposition of si(3,C) in 8.4 but we can generalize this as:

sll+1,C)=baPL.,_,, (10.19)
1#]

where ¢;(h) is the i —entry of b and the root space L., is spanned by e;;. Thus,
®={t(c;—¢):1<i<j<Il+1}. (10.20)

II:

If i < j, then [e;j,c js] = €i; — €j; = hi; and therefore,

[hij7 eij] = 261']' 7é 0. (1021)
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I1I:

We know from exercise 9.3.4 that the root system & has base:
B={a;:1<i<lI} (10.22)

where O = € — €541

IV:
And form 77 the standard basis for the subalgebras can be taken as

€o; = €ii+1
f a; — Ci+l

hai = € — Cit1,i+1
Calculation shows that

2 1=
<05i7aj>:ai(haj): -1 |i—j’:1 )
0 otherwise

interestingly enough, this yields the same Cartan matrix as in 9.34! Therefore, the Dynkin diagram
is

[ 4 4 <o @ @
651 (D) 78] &%)

The diagram is connected and therefore by lemma 10.2.3 si(l + 1,C) is simple. Traditionally the
root systems for si(l + 1,C) are said to have type A;.

10.4 The family of Special Orthogonal Lie algebras Part I:
so(21+1,C)

Let £ = glg(2l+ 1,C) = {z € gl(n,C) : 'S = =Sz} for [ > 1 where

(10.23)

nn
Il
o O =
~No o
o~ o

We will write the elements of £ as block matrices of shapes adapted to the blocks of S. Calculation
will show that if = € £, then z is of the form[3]:

0 ¢ —b
r=1b m p (10.24)
—c q -m!

where matrices p = —p' and ¢ = —¢'. Notice that ¢tr(x) = 0 as required in the beginning of the chapter.
As before, let b be the set of diagonal matrices in £. Let us label the matrix entries from 0 to 2[. Let
h € b have diagonal entries 0, ay,...,a;, —ay,...,—a;, then

h = Z ai(e,;i — €i+l,z’+l) (1025)

=1

85



1.I:

We start off by finding the root spaces for b. Consider the subspace of £ spanned by the matrices whose
non-zero entries occur only in positions labelled b and ¢ in 10.52. This subspace has basis b; = ;0 — €01+
and ¢; = eg; — epyi for 1 <1 <. Here b; and ¢; are matrices and not scalars.

We calculate that:

[h, Ci] = hCi - Cih = —a,-bi (1027)

where the a; here are the scalars from 10.53.

L.II:
We then extend this to a basis for £ by

mij = e — eryjuyi for 1< j <l (10.28)
Pij = €igtj — €juq for 1 <i<j <l (10.29)
Qji = Piy = €1pji — €rpiy for 1< < j <1 (10.30)

Calculation shows that each of these "obvious" elements is a simultaneous eigenvector for the action of

h:

[h,mi;] = (a;i — aj)mi; (10.31)
[, pij] = (ai + a;)pi; (10.32)
[h, qi5] = —(ai + a;)q;i- (10.33)

For 1 <i < llet ¢ € b" be ¢;(h) = a;. Recall that the ¢; are our roots. We list the eigenvectors and
their associated roots:

Eigenvectors | bi | i | mi;(i # 5) || pi(i <) || g6 <) |
Roots ‘ & | -e; H 6],- py H J _J(€i+€j> ‘ (10.34)

1I:
We must check that [h, z,] # 0 where h = [z, 2_,

I1.1:

Let a = ¢;, then —a = ¢;, then we know that in this case

hi = [bi, ¢i] = €ii — €rqigti

so from part 1.1 in this section,

I1.11:
Let a = ¢; — ¢ where 1 <17 << j. We now define

hij = [mij; mji] = (en' - €l+i,l+z’) - (€jj - €l+j,l+j)
so from part L.II,
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IL.III:
Let a = ¢; + €, then —a = —(¢; + €;). We now define
kij = [pij, aji] = (e — eryinsi) + (€55 — €r4jirs)

so from part L.III,

(Kijspij) = (1+ 1)pij = 2pij. (10.36)
Notice that [gi;, pi;] = —[pij, ¢i;] = —kij;, then by a similar argument
[—kij, i) = —[kij, q5i] = —(=(1 4 1)) g5 = 2g;5. (10.37)

I11:

We claim that a basis for our system is
B={a;: 1 <i<l}U{p} (10.38)

where each o; = ¢; — ¢;11 and §; = ¢;. Clearly B is linearly independent. Observe that when 1 <14 <[,
then;

&G=o;+a1+-+05 (10.39)

and when 1 <17 < j <[, then;
€ — € :Oél"i‘OéiJrl—'—"“"Oéj (1040)
ete=a;+oim+ a1+ 2+ o+ + 5. (10.41)
(10.42)

If v € &, then v appears above as a non-negative linear combination of the elements of B. Since
|B| =1 = dim(b) we must have that span(B) =b. The fact that B is base for ® follows.

IV:
We now wish to determine the Cartan Matrix. For ¢ < [, we take e, = m; 41, then from ILII:
h’Oéz‘ = [eOéz‘7 6—041']
= [mi,i+17mi+1,i]

= €ji — €it+1,i+1

= hi,i+1-

Additionally let eg, = b;, then from II.I

hﬁl = [6517 e*ﬁl]
= [b17 Cl]

= 2(ey — e9.91).

For 1 < 4,5 <l we calculate that:

2e; 1=7
[ha].,eai] =9 —€o li—j]=1,
0 otherwise
and hence,
2 1=
(ai,aj> = O-/i(hocj) = —1 ’Z —j| = 1 .

0 otherwise

87



Similarly by calculating [hg,, es,] and [hq;, €5,] we obtain:

-2 i=1-1
(i, Br) = i(hg) = { 0  otherwise
- -1 =11
(B, aj> = Bl(haj) - { 0 otherwise ’
This indicates that the Dynkin diagram is
o ° e ® ®
A for a1 51

The Dynkin diagram is connected, so ® is irreducible, so so(2l + 1,C) is simple.

10.5 The family of Special Orthogonal Lie algebras Part II:
so(2l,C)

Let £ = glg(21 4+ 1,C) = {z € gl(n,C) : 'S = —Sx} for [ > 1 where

0 I
g |]l 0]' (10.43)

We will write the elements of £ as block matrices of shapes adapted to the blocks of S. Calculation
will show that if x € £, then z is of the form[3]:

_(m P
T = [q _mtl (10.44)
where matrices p = —p' and ¢ = —¢'. Notice that when [ = 1 the Lie algebra £ is one dimensional

and therefore abelian and therefore by definition, neither simple nor semi-simple. This accounts for our
first exceptional Lie algebra. Also, this is why we insist that [ < 2. As usual let b be the set of diagonal
matrices in £. Let us label the entries on the diagonal from 1 to 2/. This means that we can use what
we have already calculated in the previous section only omitting the zeroth column and zeroth row.
For instance...

I:

...all the work needed for the roots is done by I.II. We use the same notation and find that the roots
are:

Eigenvectors | mi;(i # ) || pis(i <j) || 450 <j) |
Roots ‘ € — € H € + € ~(; +€j) H (10.45)

1I:
We have already seen that [[£4,2£_,],2L,] # 0 in ILII and ILIII for so(2! + 1, C).

I1I:

We claim that a basis for our system is
B={a;: 1 <i<l}U{p} (10.46)

where each o; = ¢; — ¢;11 and 5; = ¢,_1 + ¢;. Inspections shows that the set B is linearly independent.
Once again observe that when 1 <1 < j < [, then;
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€ — Ej = —f- Oéi+1 + s —|— aj—l (1047)
€ te=a;+a1+- - +a o+ (Oéj +ajp+- o + 51) (10.48)

Hence if v € ®, then £+~ appears above as a non-negative linear combination of the elements of B.
The fact that B is base for ® follows by a similar argument used in the previous section.

IV:

We are now tasked with calculating the Cartan integers. We already know the integers (a;, ;) for
1 <14,7 <. For the remaining ones let eg = p;_1,, then

hg, = (e1-11-1 — ex—1.2-1) + (en — e.21)

and hence
- -1 =12
(o, Br) = j(hg,) = { 0  otherwise
- -1 j=1-2
(Bi,aj) = Bilha;) = { 0  otherwise °

Notice that if [ = 2, then the base has only two orthogonal roots:

1 — €] — €9 (1049)
B2 =¢€1+ € (10.50)
in this case, ® = span{ay} U span{By} where (aq, ) = 0, so ® is reducible, so so(4,C) is not

simple. This accounts for our second exceptional Lie algebra. Now, if [ > 3 then calculation shows that
the Dynkin diagram is

Q-1
As the diagram is connected, so(2l,C) is simple. Interestingly enough, when [ = 3 the Dynkin
diagram is:

° ° °
By a1 a2

which is the same as that of As:

./
0] o3 Q3
)

so, one might expect that so(6,C) = si(4,C) perhaps'...? However, for [ > 4 the root system for
so(2l,C) is said to have type D;.

IThis is indeed the case.
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10.6 The family of Symplectic Lie algebras: sp(2[,C)

Let £ = glg(2l 4+ 1,C) = {z € gl(n,C) : 'S = —Sx} for [ > 1 where

0 I
S = l_]l 0]. (10.51)

We will write the elements of £ as block matrices of shapes adapted to the blocks of S. Calculation
will show that if x € £, then z is of the form[3]:

z = [m b ] (10.52)

q —m'
where matrices p = p' and ¢ = ¢'. Notice that when | = 1, then £ = glg(2,C) = si(2,C) which is

simple. So assume that [ > 2. Let b be the set of diagonal matrices in £, we suppose that h € b has
diagonal entries 0, aq,...,a;, —ay,...,—a;, then

!
h = Zaz €ii — €itlitl) (10.53)
=1
as before.

I:

We will take the following basis for the root spaces:

Myj = €i5 — Clyjl+i for 1<i#j<I (10'54)
Pij = €ilqj — i for 1 <i <y < (10.55)
pii = €44 for 1 <i <1 (10.56)
Qi = Pis = €i4ji — €y for 1< <j <1 (10.57)
qj; = €545 for 1 <7 <1 (10.58)

Performing our usual calculations yields:

[h mw] = ( — CLj)?TlZ‘j (1059)
[hapm] = (az + a])pl] (1060)
[h, QJZ] = (az + ag)%] (10.61)
[, pia] = (a; + a;)pij = 2aipi; (10.62)
[h, aj5] = (a; + a;)q;; = 2a;q;;. (10.63)
We are now ready to list the roots:
Eigenvectors | pi; || qj; || maj(i # 9) || pij (i <j) || @i;(0 <J) |
(10.64)
Roots ‘ 2€; H -2€; H € — € H € +€j -(€; + €5) ‘

I1:

For each o € ® we must show that [h,z,] # 0 where h = [z,,2_,]. We showed this already when
a = ¢ —¢; in ILIL. Now, if o = ¢; + ¢;, then x, = p;; and x_, = ¢;; and if 7 # j, then
h = [pij, 4ji] = (eii — €iigri) + (€55 — ervjies)
and if 7 = j, then
h = [piis ¢55] = (€ii — €rrigvi)-

Hence in both cases
[h, 2o] = [h, pij] = 2pij = 214
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I11:
Let a; = ¢, — ;41 for 1 <17 <[ —1 as before, and also let 5; = 2¢;. We claim that

B= {061,062,...,0([,1,6[}, (1065)
is a base for our root system. Observe that

Ei—Ej:Oéi+C¥i+1+"'+Oéj71
€i+€j=a¢+ai+1—|—--~+Ozj_1+2(ozj+---—|—al_1)+51
261'I2((X¢+OJ¢+1+"'+O&171)+6[

Hence if v € ®, then £+~ appears above as a non-negative linear combination of the elements of B.
The fact that B is base for ® follows.

IV:

We are now tasked with calculating the Cartan integers. The numbers (a;, ;) are known. Take
eg, = pu, then hg, = e — eg 2. We calculate that

-1 1=1-1
(i, Br) = ai(hg,) = { 0  otherwise
- =2 j=1-1
(B ) = Bi(ha,) = { 0  otherwise
The Dynkin diagram is therefore:
o ° . e ®
e} e%) N1 2

which is connected, so sp(2l,C) is simple. This root system is said to have type C;. Notice
again that the root systems By and C5 have the same Dynkin diagram, so it stands to reason that
sp(4,C) = so(5,C).

Further readings on this topic is rather interesting. There is a theorem that we don’t prove here
that says: with five exceptions every finite dimensional Lie algebra is isomorphic to one of the three
classical Lie algebras; sp(n,C), so(n,C), or sl(2n,C). The five exceptional Lie algebras are known as
€6, €7, 68, f4 and go. What is perhaps even more fascinating is there there are only 4 isomorphisms
between the classical Lie algebras. These are

s0(3,C) = sp(2,C) = sl(2,C); Root systems of type A; (10.66)
so(4,C) = sl(2,C) @ sl(2,C); Root systems of type A; x A; (10.67)
so(5,C) = sp(4,C); Root systems of type By and Cs (10.68)
s0(6,C) = sl(4,C); Root systems of type D3 and Az (10.69)

These isomorphisms are all consequences of the following theorem, which we state and do not prove:

Theorem 10.6.1. Let £y and £y be two complex semi-simple Lie algebras. Let ®; and ®5 be root
systems of associated to two Cartan subalgebras of L1 and Ly respectively. Then Ly is isomorphic to L,
if and only if &1 and Py are isomorphic.

Of course, we have just barely scratched the surface here. There are myriad of theorems left to
explore; such as Serre’s Theorem,universal enveloping algebra associated to a Lie algebra - which is a
most powerful tool when talking about representations - and the utterly ridiculously named moonshine
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conjecture where Kac-Moody Lie algebras and their generalizations have been remarkable in forwarding
their study.

Lie Groups themselves are of particular interest to physicists. One reason one would study these
simple Lie algebras is that they have their counterparts in Lie groups bearing the same names; special
orthogonal and symplectic. These two concepts are connected by a functor from Lie groups to Lie
algebras. Therefore, we are able to translate questions in the language of Lie groups to the language
of Lie algebras. This is incredibly useful because Lie groups are objects (manifolds) whule Lie algebras
are linear objects (vector spaces with multiplication), hence the process of translating the problems is
called “linearization”. For now, though...

...that’s all, folks!

92



Chapter 11

Appendix A: On The Theorems of Engel
And Lie

11.1 Solvable Lie Algebras

Let £ be a Lie algebra and 3 an ideal of £ such that the quotient vector space £/ is abelian. For
Instance:

Example 11.1.1. Let F be some field. Consider b(n,F) (or b,), the Lie algebra of upper triangular
n x n matrices, equipped with the usual Lie bracket. We claim two things namely; n(n,F) (or n,)is an
ideal of b,, and that the quotient Lie algebra b,,/n,, is abelian. Take M = (m;;) € b, and N = (n;;) € n,,
fori,7 € {1,2,...,n}. We want to show that n,, is an ideal of b,,. Consider K = [M, N] = MN — NM,
it is sufficient to show that K € n,. Let K = (k;;)

NE

kij =

MM — Nk M5

B
Il

1

Since we have that n;; =0V ¢ > k and ng; = 0V j <k, our bounds for k will change. Therefore

J
kij = Zmz‘knkj — MMk
k=i

Notice that in particular when ¢ = j we have k; = myng; — niymy; = 0. We must have that K =
[M,N] € n,V M € b,, N € n, in other words, n,, is an ideal of b,. It is worth noting that if we took
M, N € b, we would have gotten the same, conclusion, that is [M, N] € n,, for some M, N € b,. We
will see more of this in 11.2.4 Suppose we have the Lie algebra b, /n,,. Take M + n,,, J + n,, € b,/n,.
Then,

(M +ny, J +n,] =[M,J] +n,

=n,
This shows that b, /n,, is indeed abelian.
This then yields the following lemma:

Lemma 11.1.2. £/3 is abelian <= L' is a Lie subalgebra of 3

Proof. We recall the definition of an abelian Lie algebra, namely that a Lie algebra, T, is abelian if
and only if [z,y] =0V z,y € Q.

In our case, we have that £/ is abelian < [z,y] € IV r,y € L <— <[x,y]> C3Vaz,y€ L that
is, C3. Q
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What lemma 11.1.2 tells us is that the derived algebra, £’ is the smallest ideal of £ with an abelian
quotient. Now, let us take this many steps further. We may have [£' £'] an ideal of £' (which will,
in fact be the smallest one!) Let us denote £ by £ and [2/,2'] by £ and so on. Furthermore, we
define the the derived series

g =g® gk = [Q(k—1)7£(k—1)] k>2 (11.1)

g og@ ... ogl-)5g® 5 gt 5 (11.2)

Since we have proved the product of ideals is an ideal, we must have that £%) an ideal of £ for each
integer k£ > 2. Thus leads us nicely into our namesake definition of the section:

Definition 11.1.3. Solvable Lie algebra[3][7] Let £ be a Lie algebra, £ is said to be solvable if, for
somem >1, LM =

Lemma 11.1.4. Suppose L is a Lie algebra with the following ideals

£=3232 23, =0
such that 3,_,/3; is abelian. Then L is solvable.

Proof. We will show that £ C 73, then upon setting m = k we will have our result. We proceed by
induction on some integer £ > 1. Given that we have £/73, is abelian by 11.1.2 = g® C 3,. Now for
the inductive hypothesis. Suppose that £¢=1 C 3, for some integer [ > 2 (as this is necessary for
the definition of solvability). The Lie algebra quotient J3,_; /3, is abelian. Again, invoking the result
from 11.1.2 we must have that

(31, Je—1), €S I gty
= g = [Q(k_l)yg(k_l)] C [ 3 13n 1)
=W 3,

So we have proved the inductive hypothesis true. And thus by the principal of mathematical
induction, we are done. Q

We now classify ideals of a Lie algebra £, where £ is solvable.
Theorem 11.1.5. Let £ be a Lie algebra over some field F.
1. if £ is solvable, then every Lie subalgebra and every homomorphic image of L is solvable.
2. Suppose that ideal 3 C L is solvable and £/ is solvable Then L is solvable
3. If 3 and R are solvable ideals of L, then 3 + R is also solvable.

Before we proceed with the proof, we need to know how a Lie homomorphism acts on a solvable Lie
algebra. Consider the following;

Example 11.1.6. Suppose that ¢ : £ — Y7 is a surjective Lie homomorphism (or equivalently, a Lie
epimorphism). Then we have that ¢(£®) = M® for some integer k& > 1. We proceed by induction on
k > 1. Suppose that k =1



For the inductive step, assume that the statement is true for some integer [ > 1, that is, gb(Q(l)) =
MY, We then want to show this true for [ + 1, so

P2y = (120, 20))
= [p(2D), p(e®)]
= m® mO]
:m(lJrl)

And by the principle of mathematical induction, we have proved that ¢(£®) =m® v > 2
Now for the proof of 11.1.5.

Proof. Let us prove 1. Given a Lie algebra £ that is solvable, we show that each Lie subalgebra of £
is solvable, furthermore that its homomorphic image under some Lie homomorphism is also solvable.
Let ¥ be a Lie subalgebra of £. Then for each integer k > 2, it is clear that %) C 2 v k> 2 in
particular for k& = m where £ = 0 = Q1™ = 0 =  is solvable. This proves the first part. Now let
¢ : L — M be a Lie homomorphism. We shall denote the homomorphic image of £ by Im(¢) =S. We
now invoke the result we found in 11.1.6, namely that gb(l(k)) = S® for some integer k > 2. Moreover
if we make k = m, where £ = 0 we have that ¢(0) = 0 = S so S must be solvable.

Next we prove 2, that is, given an ideal 3 of a Lie algebra £ such that J3 is solvable and £/73 is
solvable, we must have that £ is also solvable. We have that (£/3)*) = (&% + 3)/3. To see this we
will apply 11.1.6 to the canonical Lie homomorphism 7 : £ — £/73. Recall the definition of 7 namely;

T4 L/3
r—=r+3

Now let us apply m to £4+J ={z+ 2z : 2z € £, z € J} so that

T L4+3— (£+3)/3
r+z—r+z4+3=c+3

This implies that 7(z) =2+ J =2+ (2+J) = +2)+J=nm(x+2)VrecLand 2 € J. We
have that 7 is surjective so, equivalently we have m(£) = w(£+3). And this must of course be true for
all subsets of £ and in particular, for £%) for some integer k > 1. Applying 11.1.6

(W) = (1/3)® = (20 +3)/3 = 72" +3)

Now, back to the rest of the proof. If £/73 is solvable, then (£/3)(™) = 0 for some integer m > 2. That
is, £M 4+ 3 =73 «— £ C 3. We have that 3 is solvable, so there exists some integer n > 2 such
that 3 = 0. However since £(™ C 3 = (!l(m))(") C 3™ = 0 see 11.1.2 to remind ourselves that
this is indeed true. But! We have shown that (Jl(m))(”) = 0 Now, we can convince ourselves that by

definition
(2l ) — glmn)

This can be seen by induction on n > 2. Make m some constant integer, and suppose n = 1. Notice
that (L)1) = [g(m) gm)] — g(m+D Next assume that the statement is true for some n > 2, that is
glmin) — gmn) - Now consider (£™)+1) = [(g0m))() (gm))m)) — [glmtn) glmin)] — glmintl) By
the induction hypothesis, we have that £ = g™ for some integer m and V n > 2.

So finally, we have that £ is solvable for the value (m + n).
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Lastly we prove 3, that is, given two solvable ideals 3,R of a Lie algebra £, we must have that (J
+ R) is also solvable. By the second isomorphism theorem 5.3.18, we must have that

(3+R)/I=R/(INK)
so by 1 and the fact that R is solvable, we must have that (3 + K)/J is solvable. Now, since 33 is
solvable, we must have that 3 + R is so as well, by 2. Q

Corollary 11.1.7. Let £ be a finite-dimensional Lie algebra. There is a unique solvable ideal of £
containing every solvable ideal of L. Such an ideal is called the radical of L, denoted RadZ

Proof. Let & be a solvable ideal of £ of largest possible dimension. Suppose now that 3 is also a solvable
ideal. Then by 11.1.5 & + 3 is also solvable. But this would imply that 8 C & + J = dim(R) <
dim(R+3) However, R} is of maximal dimension = dim(R) = dim(B+J) = A =R+J=TJCR Q

11.2 Nilpotent Lie Algebras and Maps

Definition 11.2.1. Nilpotent Lie Algebral3][7] Let £ be a Lie algebra. Define the following terms
g=g gr=g e k>2

then we have a series;
goglD...ogiDgtt o

Since the product of ideals is also an ideal, £” is an ideal of £. The Lie algebra £ is said to be nilpotent
if for some m > 2 we have £™ = 0.

We now relate solvability and nilpotency in Lie algebras, as the reader may have expected:
Lemma 11.2.2. Any nilpotent Lie algebra is also solvable.

Proof. Let £ be a nilpotent Lie algebra, that is for some integer m > 2 we have that £ = [£,£™] = 0.
We want to show that £ is solvable. To this end, we will show that £% C 2V & > 1. We proceed by
induction on k. Take £ = 1, then we have

tW=lgg,  =(gy

and clearly £V C #'. Now assume that the statement is true for some integer n > 1, that is
g™ C g" Now we wish, of course to consider the following

g = (g g™] C g, 2] = g

because we have trivially that £ C £ and £ C £" by the inductive hypothesis. Therefore, by the
principle of mathematical induction we are done. Q

Remark 11.2.3. This is not an if and only if statement. A solvable Lie algebra need not be nilpotent,
as the following example will illustrate.

Example 11.2.4. We recall that the Lie algebra gl(n, F') consists of all n x n matrices with entries in
the field F. We claim two things, namely

1. b, = b(n, F) is solvable but NOT nilpotent.

2. n, = n(n, F') is nilpotent.
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A general note on this example: The first part of the example is covered in detail so that the reader
has a firm idea. We then make the proof more concise. Let £ = n,, be the Lie algebra of strictly upper
triangular matrices. That is, if A € n,, then A has the general form:

0 a2 iz ... A1p
S

. . : a(n_l)n

o 0 0 ... 0

We are going to show that £* has the basis e;; where j —i > k and each e;; is the matrix defined
in ??. We have that £' = [£, 2] =< AB — BA > where A, B c £. Take A, Bc L

—O a2 a3z ... QA1 0 1712 b13 c. bln
ap— |00 om0 0

Do s An—1yn| |: N

o o0 0 ... 0 o 0 0 ... 0

—O O Ci3 Ci14 ... Cin

100 0 cx

R : 0

oo 0 0 ... 0

It is clear, then that ejs,...,€ipn, €24, ... €2m, ..., €n_2), form the basis for AB or more concisely, e;;

is a basis matrix such that j —¢ > 1. BA will have the same structure as AB (i.e. zeros in the same
places), so BA will have the same basis as AB, and these also form a basis for < AB — BA >, that is
2!, Now assume that the statement is true for some integer m. And take, A € £ and D € £™. We
have that D is made up of a linear combination of matrices e;; where j —7 > m. Therefore, D has that
form:

dim+2) digms3)y --- din
R : : .0
0 0 O 0 . 0 0

Notice that the first m+1 columns of D are zero. Next we take the expression F = AD—DA € g+,
The reader can easily verify that this will yield a matrix of the following form

0 fimes) - Jin

r_ 0 0
oo : 0
00 0 O 0 0

Now it is also clear that a basis for £ is e;; where j —¢ > m+ 1, and we are done by the principle

of mathematical induction. Furthermore, we must have that n, is nilpotent. It impossible to have
j—i>n—1as1<i,j<n (wheni=1= j>n but this a contradiction). Moreover, L™ = 0 when
m=mn—1.

Now we show that b, is solvable but not nilpotent. Recall that b, consists of all n x n upper
triangular matrices. So, as before we show the general form of A € b,

ai; Q12 ... A1p
O a92
A=
0 0 Ann



Consider C = AB — BA where A, B € b,,, then we have
Cij = > Gikbrj — bixar;
k=1

We have that a;; = by, = 0 when k < ¢ and ap; = by; = 0 when k > j therefore we can change the
limits of our sum slightly:

J
Cij = Z Qirbrj — bika;
k=i

and in particular if ¢+ = j we have that ¢; = ay;b; — bia;. Which means that each element on the
diagonal is exactly zero, and so C' € n,, = [b,b,] C n,. Now we define the k' diagonal as the set
¢ij, 7—1 = k. We show that the k'h diagonal contains only zero entries. In fact, we have already shown
this true for £ = 0. Next assume this true up to & = m with m > 0. Then any C = [A, B] € b{™+1)
such that A, B € b{™ is

(i+m)

Cifiem) = Y Qikbr(itm) — Dik@i(i-tm)

k=i
Notice first that ¢; ;. is describing the m' diagonal in C', and we want this to be exactly zero. Using
the inductive hypothesis, noting specifically that A and B’s (m — 1) diagonal is zero, if we want
(a # 0 A by #0) then k =7+ m and if we want (ax(itm) 7# 0 A bgipm) # 0) then k = 4. But we have
that m > 0!' A contradiction! And so we must have that c;;+m) = 0 so all diagonals in b, are zero and
therefore b, is solvable. And we wish to consider the basis elements e;; such that j > i. Now, take the
commuter

[62‘]‘, ejj] = 5jj6ij + 5ij€jj =€ € [bn, bn] \ €ij, j >1=n, C [bn, bn]

We can conclude that n,, = [b,,b,], which shows that b, is not nilpotent. To see this, consider b2 =
[0, bL] = [by, ], which, the reader can verify, consists only of strictly upper triangular matrices with

the first diagonal and other entries above it not necessarily only comprised of zeros. And one can easily
see from here that b A0V m >0

Much like for solvable Lie algebras, nilpotent Lie algebras have an analogous theorem, namely
Theorem 11.2.5. Let £ be a Lie algebra. If L is nilpotent, then any Lie subalgebra is also nilpotent

Proof. Let £ be a nilpotent Lie algebra, that is there exists some integer m > 0 such that £™ = 0.
Given a Lie subalgebra of £, call it ¥V. It is clear once again that for each integer k > 2 that Y¥* C g¥
and so YU is nilpotent (simply set k = m). Q

Definition 11.2.6. Nilpotent Maps|[3|[5] Let £ be ¢l(V) for some vector space V over the field F.
Then, x € £ is said to be nilpotent if
" =0

for some integer r > 0.
Example 11.2.7. Notice first that a linear map is a nilpotent map, if and only if it is a linear trans-

formation whose matrix representation under a certain basis is a strictly upper (or lower) triangular
matrix.

Lemma 11.2.8. Let x € gl(V) be a linear nilpotent map from V to V. Then the map ad, : gl(V) —
gl(V) is also nilpotent.

Proof. Suppose we have a nilpotent map, x. Consider y € L and compute ad(y) = [z, [z, [...[z, y]]]].
We want to know what terms in ad?(y) look like. The expansion ad,(y) is not very interesting, so we
consider expansions for k = 2,3,...m
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adi(y) = 2*y — 2xyx — ya’
ad>(y) = 2%y — 32°yx — 3wyr® — ya®

ad™(y) = 2™y — ar 2™ yx — - — apryx™t — ya™
We emphasize that the product between x and y is composition of functions. It is clear that each
term in ad™(y) has the form z7yz™! for 0 < j < m. Now suppose that " = ( for some r > 0 and make
m > 2r, and consider the exponents of z. Either we have j >r =2/ =0orm —j >r = 2™ 7 = 0.
So necessarily we must have that ad?” = 0. So ad, is nilpotent. Q

11.3 Engel and Lie’s Theorem

We begin by taking a look at Engel’s Theorem. In representation theory, this forms one of the basic theo-
rems for Lie algebras. It asserts among other things that, for Lie algebras, two definitions are equivalent.

We begin each section by proving that the theorem is true for a single linear transformation. Let
us start by proving an important result for that of nilpotent maps.

Example 11.3.1. Let V be a vector space of dimension n, n > 1. Let x : V — V be a nilpotent
linear map. We want to show that ker(z) is nontrivial, that is, there exists a nonzero v € V such that
x(v) = 0. Assume otherwise, i.e. that ker(x) = {0}. Since x is nilpotent, there exists some integer
r > 1 such that 2" = 0, » would be the least integer such that this is true. Now take some nonzero
v € V and then find that 2"(v) = 0 = z(2"!'(v)) = 0. But we have that 2" 7! (v) # 0 so we have a
contradiction, and the kernel of x is non-trivial.

Example 11.3.2. Let U = span{v} where v is one such v we found above. And let us consider the
quotient vector space, V/U. Define

7:V/U = V/U
v+ U x2(v)+U

We say that z is induced by z. We notice further that dim(V/U) = dimV — dimU = n — 1. There-
fore, we assume that {v; + U : 1 < i < n — 1} is a basis for V/U. We now proceed by induction on
dimV. If dimV = 1, then each of the matrices with respect to any basis are upper triangular as they
will be [0]. Assume that this is true for n — 1. Now, we can apply our induction hypothesis to V/U.
This means that each z can be represented by an strictly upper triangular matrix with respect to the
basis,{v; + U:1 < i <n—1}. We show that {v,v1,v,...,v,_1} is a basis for V.

We firstly note that the vectors {vy, vs,...,v,_1} span the set of vectors that are in V but not in
U. And since v spans U, by definition, we must have that {v, vy, v, ..., v,_1} spans all of V. Secondly,
U1, Vg, ..., Uy are not in U, therefore, {v, vy, vq,...,n,_1} must be linearly independent. And so forms
a basis for V.

Now according to the vectors {vy, va,...,n, 1}, © has a matrix representation that is upper trian-
gular because = does and is induced by x. Now since v is in the kernel of x, that is, z(v) = 0. So,
constructing X in the same way we did in 4.2.5, we have that x has a strictly upper triangular matrix
with respect to basis {v, vy, v, ..., N, 1}
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11.4 Engel’s Theorem

In this section we wish to prove Engel’s theorem in at least one of its forms[5][2][1][3]. To do so, we will
require a new theorem. Some papers have called this Engel’s Theorem as the other theorems almost
follow from this one. We will call it Engel Lite.

Theorem 11.4.1. Engel Lite Suppose that £ is a Lie subalgebra of gl(V'), where V' is a nonzero n
dimensional vector space, such that every element of £ is a nilpotent linear transformation. Then, there
exists some nonzero v € V' such that x(v) =0V x € £.

Proof. We proceed by induction on the dimension of £. If dim€ = 1, then £ is spanned by a single
linear transformation, say . As we have shown in 11.3.1, there does indeed exist a nonzero v € V such
that z(v) = 0.

Now suppose that dim£> 1. Step the first: choose a maximal Lie subalgebra of £, A C £. We make
2 claims

1. A is an ideal

2. dim A = dimf — 1
Consider the quotient vector space £/A. Define

¢ U — gl(L)A)
a— ¢(a)

We will let ¢(a) act on £/ as ¢(a)(z +A) = [a,z] +A.
We firstly show that ¢ is well defined: Take =z + A,y +A € L/A:

y+UA=24+UA <— y—zcA
pla)(z+UA) =[a, 2] + A+ [a,y — 2] + A
=la,x+y—x]+U
= [a,y] + A
= ¢(a)(y +A)

We secondly show that ¢ is a Lie homomorphism. Take a,b € A and employ the Jacobi identity

[$(a), ¢(b)]($+7[) [¢(a)o(b) — ¢(b)g(a)](x + A)

¢(a)([b, z] +A) — ¢(b)([a, 2] + A)
[ b, z]] = [b, [a, z]] + %A

= [a, [b,z]] + [b, [z,a]] + A

= —[z,[a,b]] + A

= [[a,b], 2] + A

= ¢([a, b])(z + )

as required. So ¢(A) is a Lie subalgebra of £/ and the dimension of A is less than the dimension
of £. Notice that ¢(a) is induced by ad,. Since a € A is nilpotent ad, is nilpotent, see 11.2.8 and so
¢(a) is also nilpotent. And by the inductive hypothesis, there is some nonzero y + A € £/ such that
o(a )(y—i—’l[)—OforallaE‘II That is, [a,y] € AV a € A. We set A = AD <y >={a+y :
Ay’ €<y >}. This is a Lie subalgebra of £ containing A. By maximality, A must be equal to L. And
so, L = AB < y >. Since A is an ideal in A, we must have that A is an ideal in £. Furthermore by the
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definition of A we have that dim€ = dim2—1. Step the second: we now apply the inductive hypothesis
to A C gl(V'). This gives us a nonzero w € V such that a(w) =0V a € A, hence

W={veV:alv)=0VaecA}

is nontrivial. By 4.2.3 we have that W is invariant under £, in particular y(W) C W. Since y is
nilpotent, the restriction on y to W is also nilpotent. Hence there is some vector v € W such that
y(v) = 0, and hence we may write x € £ in the form x = a + Py for some a € A and 8 € F, doing this
we find:

z(v) = a(v) + Py(v) =0

= v is a nonzero vector in the kernel of every element of £. Q

This will be useful to us in the proof of Engel’s theorem. Engel then relates the concept of nilpotency
to representations of the linear transformations.

Theorem 11.4.2. Engel’s Theorem Let V be a vector space over a field F. Suppose L is a Lie
subalgebra of gl(V) such that each x € L is nilpotent. Then, there exists a basis for V such that every
element of L is represented by a strictly upper triangular matriz.

Proof. Suppose we have the conditions necessary in the proof. By 11.4.1, we have that there exists
a v € V such that x(v) = 0 V = € £. For the remainder of the proof, we proceed by induction on
dimV. If V = {0} then there is nothing to do. So assume that dimV > 1. Take v € V such that
z(v) =0V x € L. Let U= span{v} and consider the quotient vector space V/U. Any x € £ induces a
linear map Z which is an element of ¢g/(V/U). The map

¢ L — gl(V/U)
T T

is a Lie homomorphism. To see this, take z,y € £

As we discussed before, we have that Im(¢) C gl(V/U). Moreover, dim(V/U) = n — 1, so by the
inductive hypothesis there is a basis of V/U, call it {v; + U : 1 < i < n — 1}, such that each z has a
strictly upper triangular matrix representation. It is easy to check that {v,vy,vq,...,v, 1} is a basis
for V. Since z(v) = 0 for all x € £ and since Z is induced by z, constructing z as we did in the
proof of 4.2.5, the matrices of the elements of £ with respect to the basis of V are also strictly upper
triangular. Q

We mentioned that Lie’s theorem had this notion of equivalence. This is encapsulated in the
following form of Engel’s theorem, which we state and do not prove

Theorem 11.4.3. Engel’s “Other” theorem A Lie algebra L is nilpotent if and only if for each
x € L the linear map ad, : £ — L is nilpotent.

It is worth noting that Engel’s theorem is not an if and only if statement. For example, any 1
dimensional Lie algebra is nilpotent. This is trivially true, for say that £ =< x > where z is some
vector linear transformation from V onto itself. Then [£,£] =< [z,z] >= 0. More specifically, let [
denote the identity map in ¢gl(V'). The Lie subalgebra < I > is therefore nilpotent. In any basis for V
the identity map is represented by the identity matrix! Which certainly isn’t strictly upper triangular.
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11.5 Lie’s Theorem

The proofs of Lie’s Theorems and the exercises will be analogous to those of Engel. That being said,
let £ be a Lie subalgebra of ¢gl(V). We would like to understand when there is a basis for V such that
the elements of £ are all represented by upper triangular matrices. Lie offers us a cunning solution. As
before, we are first going to show this true for one linear maps

Example 11.5.1. Let V be an n dimensional vector space over the complex numbers C, n > 1. Let
x:V — V be a linear map. We are going to show that x has a nontrivial eigenvector, v € V. Let X
be the matrix representation for . We seek a vector 0 # v € V such that

Xv=)\v
for some A € C. That is to say we are going to solve for A in the equation:
det(X — M) =0
where [ is our usual identity matrix. This will yield a polynomial of degree at most n, namely:

A"+ Ay N 4 aA +ag =0 € C[)] (11.3)

for some integer 1 < m < n. Given that C is an algebraically closed field, there exists roots to 11.3. Call
them Ai, Ao, ..., A\, which are not all necessarily distinct. Therefore, there exist at most m distinct
nonzero eigenvectors v, which we can find when we substitute the A\ into the equation

(X =A)v=0
and solve for v.

Example 11.5.2. Now, let U = span{v} where v is one such v we found above. And let us consider
the quotient vector space, V/U. Define

7:V/U— V/U
v+ U 2(v)+U

We say that z is induced by x. We notice further that dim(V/U) = dimV — dimU = n — 1. There-
fore, we assume that {v; + U : 1 < i < n — 1} is a basis for V/U. We now proceed by induction on
dimV. If dimV = 1, then each of the matrices with respect to any basis are upper triangular as they
will be 1 x 1. Assume that this is true for n — 1. Now, we can apply our induction hypothesis to
V/U. This means that each Z can be represented by an upper triangular matrix with respect to the
basis,{v; + U:1 < i <n—1}. We show that {v,v1,vs,...,v,_1} is a basis for V.

We firstly note that the vectors {vy,vs, ..., v,_1} span the set of vectors that are in V but not in U.
And since v spans U, by definition of U, we must have that {v, vy, vs, ..., v,_1} spans all of V. Secondly,
U1, Vg, ..., Uy_1 are not in U, therefore, {v, vy, vq, ..., v,_1} must be linearly independent. And so; forms
a basis for V.

Now according to the vectors {vy, va,...,n,-1}, © has a matrix representation that is upper trian-
gular because T does and is induced by x. Now since v is an eigenvector for x, that is, xv = A(z)v for
some A(z) € C. So, once again, constructing X in the same way we did in 4.2.5, we have that = has an
upper triangular matrix with respect to basis {v, vy, va, ..., v,_1}.

And, as before, we state (and prove) an analogous theorem to that of Engel Lite 11.4.1,

Theorem 11.5.3. Lie Lite Let V be a nonzero complex vector space. Suppose that L is a solvable Lie
subalgebra of gl(V), then there is some nonzero v € V that is eigenvector for each x € L.
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Proof. As before, we proceed by induction on dim&. If dim = 1, say £ = span{x}, then 30 #£v € V
such that v is an eigenvalue of x € £. On that note, assume that the dimZ > 1. Since £ is solvable, we
know that £’ = [£,£] C £. Choose a subset of £, call it A, such that £ C A. £ = AD span{z} for some
nonzero z € L. We have that A is an ideal of £ and by 11.1.5 that A is solvable. Since dim < dim&
we can apply the inductive hypothesis. So there exists a nonzero w € V such that w is an eigenvector
for all @ € A. We construct the weight space, with weight A : A — C

Vyi={veV:aw)=Aa)vVaecU}

Notice that V, is nontrivial as w € V,. By the invariance lemma 4.2.5, the vector space V), is
£—invariant, that is, {(v) € V), VI € £ and V v € V,. Hence, there is some nonzero eigenvector
v € V for some z € £ We now claim that v is an eigenvector for all values of x € £. Any x € £ may be
written as

And we are done. Q

Theorem 11.5.4. Lie’s Theorem Let V be an n dimensional complex vector space, and let L be a
solvable Lie subalgebra of gl(V).Then there is a basis of V in which every element of L is represented
by an upper triangular matriz.

Proof. Suppose that we have again necessary conditions in Lie’s theorem. We proceed by induction on
dimV. If dimV = 0, that is V = {0}, then each z : V — V is trivially an upper triangular matrix.
Moreover, if dimV = 1, then each x € L is just a 1 x 1 matrix, so upper triangular. Assume now
that dimV > 2. Let U = span{v}, where v is an eigenvector for each z € £. Now consider the
quotient vector space V/U with z : V/U — V/U where z is induced by x € £. Notice first that if
dim(V/U) = dimV — dimU, then dim(V/U) = n — 1. We apply the inductive hypothesis. That is,
there exists a basis {v; + U : 1 < n — 1} for V/U such that each 7 € £, (£ C ¢l(V/U)), has an upper
triangular matrix.

This implies that v,vy,...,v,_1 is a basis for V since x is induced by z, and each x has v as an
eigenvector, we can write x as an upper triangular matrix for each € £. This completes the proof.
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