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Abstract

The notion of a quiet quasi-uniform space was introduced by Doitchinov in
1988 when he developed an interesting completion theory for this class of
quasi-uniform spaces. At the same time Doitchinov developed a similar com-
pletion theory for a class of Ty-balanced quasi-pseudometric spaces.

In my Masters thesis I showed that the Doitchinov completion theory for
balanced quasi-pseudometric spaces can be extended to arbitrary Tj-quasi-
pseudometric spaces. That completion was called the B-completion.

The principal aim of this thesis is to investigate whether the Doitchinov com-
pletion theory for quiet quasi-uniform space can be extended to arbitrary
Ty-quasi-uniform spaces. The main result in this thesis is negative and leads
us to conclude that Doitchinov’s completion theory for quiet quasi-uniform
spaces cannot be fully extended to arbitrary quasi-uniform spaces, because
investigations due to Deédk indicate that no suitable concept of a quiet Cauchy
filter pair exists which could replace the quasi-pseudometric concept of a bal-
anced Cauchy filter pair in the quasi-uniform setting. Under these circum-
stances we therefore suggest that in an arbitrary quasi-uniform space, we
should work with a nonempty subbasic family of quasi-pseudometrics and an
appropriate concept of balancedness of Cauchy filter pairs with respect to
that family. In this way we obtain a general theory of the B-completion for
a subbasic Ty-family of quasi-pseudometrics that can be applied to the study
of any quasi-uniform space.
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Chapter O

Introduction

In 1988 Doitchinov [11] developed an interesting completion theory for bal-
anced Ty-quasi-metric spaces. At the same time he developed a similar com-
pletion theory for Ty-quiet quasi-uniform spaces [12, 13].

In our recent work [28] we have successfully extended the theory of bal-
anced quasi-pseudometric spaces to arbitrary Tp-quasi-pseudometric spaces.
The resulting completion was called the B-completion. The B-completion
was built as an extension of the bicompletion of the original space. We in-
troduced and investigated a new class of maps called balanced maps. It was
proved that in the case of a balanced Ty-quasi-metric space the B-completion
yields up to isometry Doitchinov’s completion.

The main purpose of this thesis is first to establish some new results from
the theory of the B-completion and secondly to extend the Doitchinov com-
pletion theory of quiet Ty-quasi-uniform spaces to arbitrary quasi-uniform
spaces. The main result in this part of the thesis is negative and we have to
conclude that Doichinov’s completion theory of quiet quasi-uniform spaces
cannot be extended to arbitrary quasi-uniform spaces, because investiga-
tions due to Dedk indicate that no suitable concept of a quiet Cauchy filter
pair exists which could replace the quasi-pseudometric concept of a balanced
Cauchy filter pair in the quasi-uniform setting. In order to obtain reasonable
results, we therefore suggest that in an arbitrary quasi-uniform space we in-
stead work with a chosen nonempty subbasic family of quasi-pseudometrics
and a concept of balancedness with respect to that family. In this way we
obtain a general theory of the B-completion for a subbasic Ty-family of quasi-



pseudometrics that can be applied to the study of any quasi-uniform space.
We now give a more detailed discussion of the contents of each chapter.

In Chapter 1 we give a brief overview of certain well-known definitions from
the theory of quasi-pseudometric spaces. We summarize the construction of
the B-completion of a Ty-quasi-pseudometric space that we have developed
in [28]. This leads us to establish some new results about the theory of the
B-completion that are given in Chapter 2.

Chapter 2 presents an example which shows that B-completeness is a prop-
erty of quasi-pseudometric spaces which need not be preserved under quasi-
uniform isomorphisms. We exhibit some examples of balanced maps in the
theory of the B-completion of a Ty-quasi-pseudometric space. We also prove a
result showing that the B-completion commutes in the expected way with an
appropriate form of a countable product of quasi-pseudometric spaces. Simi-
lar results for balanced quasi-metrics were obtained by Doitchinov. We finally
prove that the B-completion of a totally bounded 7Tj-quasi-pseudometric
space is totally bounded. Note that some of the results in this chapter were
published in [29].

Chapter 3 deals with some results on quasi-uniform spaces and properties of
filter pairs. We explain in a detailed way the notions of Cauchy, fully Cauchy,
locally quiet and filter symmetric quasi-uniformities introduced by Dedk in
6, 8, 9]. We also give detailed proofs of some results due to Dedk in order to
establish connections between these different classes of quasi-uniformities.

Chapter 4 is the main chapter of the thesis which deals with Doitchinov’s
quietness for quasi-uniform spaces. We try to extend the Doitchinov comple-
tion theory of quiet quasi-uniform spaces to general Ty-quasi-uniform spaces.
In order to understand the notion of quietness of a quasi-uniform space,
we begin first by studying the notion of uniformly concentrated Cauchy
filter pairs on a quasi-uniform space. We describe an example of a quasi-
pseudometrizable quasi-uniform space due to Dedk that has a family of
weakly concentrated filter pairs that are minimal Cauchy, but the family
is not uniformly weakly concentrated.

We then introduce and construct the B-completion of a family of quasi-
pseudometrics D on a set X. We give a new definition of a balanced (resp.



B-isometric) map for a family of quasi-pseudometrics and investigate the ex-
tension theorem of a balanced map on B-complete spaces. This leads us to
characterize the B-completion of a family of quasi-pseudometrics. We also
present an example of the B-completion of a family of quasi-pseudometrics
to illustrate our investigations.

Chapter 5 presents the conclusion of the thesis and mentions some open
problems which can constitute the topics for further research. The study of
B-completeness of quasi-pseudometric spaces and quietness of quasi-uniform
spaces leads to many open problems. For instance one can investigate whether
the theory of the B-completion can be applied to paratopological groups. The
construction of the B-completion of a Tj-quasi-pseudometric induced by an
absolute quasi-valued function on a paratopological group may be an inter-
esting application of this theory in paratopological group theory.

The notion of a balanced fuzzy quasi-metric space introduced by V. Gregori,
J.A. Mascarell and A. Sapena [21] leads them to develop an interesting com-
pletion theory for a class of balanced fuzzy quasi-metric spaces. They show
that each balanced fuzzy-quasi-metric space has a completion in Doitchinov’s
sense. Similarly one can also investigate the possibility of applying the theory
of the B-completion to fuzzy quasi-metrics and the possibility of constructing
the B-completion of a fuzzy quasi-metric space.



Chapter 1

Preliminaries

In [28] we have successfully extended Doitchinov’s completion theory for
balanced quasi-pseudometric spaces, which he studied in [11, 12]. The re-
sulting completion was called the B-completion. We have shown that each
Ty-quasi-pseudometric space admits a B-completion which is larger than the
bicompletion of the original space.

In this chapter we present the summary of the construction of the B-completion
of a Ty-quasi-pseudometric space which we developed in [28]. We first re-
call some basic concepts from the theory of quasi-pseudometric spaces and
then establish some interesting examples (Example 1.0.2, Example 1.0.3) and
propositions (Proposition 1.0.2, Proposition 1.0.3) that help us better under-
stand the theory of the B-completion. We also give an example (Example
1.0.5) which shows that for a general quasi-pseudometric d on a set X a bal-
anced Cauchy filter pair need not be Uy-equivalent to the Cauchy filter pair
generated by a balanced Cauchy pair of sequences on X.



We start this section by recalling some basic concepts from the theory of
quasi-pseudometric spaces.

Definition 1.0.1. Let X be a set and let d : X x X — [0,00) be a
function mapping into the set [0,00) of the non-negative reals. Then d is
called a quasi-pseudometric on X if
(a) d(z,x) = 0 whenever x € X,

(b) d(z,z) < d(z,y) + d(y, z) whenever x,y,z € X.

We say that d is a Ty-quasi-pseudometric if d also satisfies the following
condition: For each x,y € X, d(z,y) =0 = d(y,z) implies that x = y.

A quasi-pseudometric d is called quasi-metric if for each x,y € X, d(z,y) =0
if and only if v = y.

Note that a quasi-pseudometric d is called pseudometric when it satisfies the
symmetry condition.

Let d be a quasi-pseudometric on X, then d~! : X x X — [0, 00) defined by
d Y (z,y) = d(y,r) whenever z,y € X is also a quasi-pseudometric, called
the conjugate quasi-pseudometric of d. As usual, a quasi-pseudometric d on
X such that d = d=! is called a pseudometric. For any quasi-pseudometric
d, d* = max{d,d '} is a pseudometric.

Let (X, d) be a quasi-pseudometric space. For each € > 0 set U, = {(z,y) €
X xX :d(x,y) < e}. (Instead of U, we shall also write U, in cases where the
quasi-pseudometric d may not be obvious from the context.) In the following
U, denotes the quasi-uniformity on X generated by the base {Uy, : € > 0}
on X x X. It is called the quasi-uniformity induced by d on X. The topology
T(Uyg) is called the topology induced by d on X and is often denoted by 7(d).
For each = € X, Uy(x) denotes the 7(Uy)-neighbourhood filter at x.

The concept of a quasi-uniform space will be presented with more details in
the third chapter of the thesis.

A map f:(X,d) — (Y, e) between two quasi-pseudometric spaces (X, d) and
(Y,e) is called an isometry provided that e(f(x), f(y)) = d(z,y) whenever
x,y € X. Two quasi-pseudometric spaces (X, d) and (Y, e) will be called iso-
metric provided that there exists a bijective isometry f: (X,d) — (Y,e). A
map [ : (X,d) — (Y,e) between two quasi-pseudometric spaces (X, d) and
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(Y, e) will be called uniformly continuous provided that for each € > 0 there
is d > 0 such that for all z,y € X, d(z,y) <  implies that e(f(x), f(y)) < e.

We next repeat a well-known lemma which deals with the Tj-quotient of a
quasi-pseudometric space.

Lemma 1.0.1. /28, Lemma 1] Let (X, d) be a quasi-pseudometric space.
Define an equivalence relation ~ on X by setting x ~ y if d(z,y) = 0 =
d(y,x). Let X be the set of equivalence classes qx(x), where x € X, with
respect to ~ . Then d on X defined by d(qx(z),qx(y)) = d(z,y) when-
ever x,y € X determines a Ty-quasi-pseudometric don X. (In the following
gx : X — X will denote the isometric quotient map defined by x — qx(x)
whenever v € X.)

Let f: (X,d) — (Y, e) be a uniformly continuous map between quasi-pseudo-
metric spaces (X, d) and (Y,e). Then f : (X,d) — (Y, €) defined by f(qx(z)) :=
(qy o f)(z) whenever x € X is a well-defined uniformly continuous map be-
tween the Ty-quasi-pseudometric quotient spaces ()A(,c?) and ()/},/e\). It is an
1sometry provided that f is an isometry.

Let (X, d) be a quasi-pseudometric space and let A, B be nonempty subsets
of X. We define the 2-diameter from A to B by ®4(A, B) = sup{d(a,b) : a €
A,b € B}. Of course oo is a possible value of a 2-diameter. For singleton
{z} we write ®4(z, A) and ®4(B,z) instead of ®4({z}, A) and ®4(B,{z}),
respectively.

Let X be a set. For each x € X, by x we shall denote the filter on X gener-
ated by the filter base {{z}} on X.

Definition 1.0.2. /28, Definition 2] Let (X, d) be a quasi-pseudometric
space. We shall say that a pair (F,G) of filters F and G on X is a Cauchy
filter pair on (X, d) Zf ianGf,GEQ (I)d(F, G) = 0.

Definition 1.0.3. /28, Definition 3] Let (X,d) be a quasi-pseudometric
space and let (F,G) and (F',G") be two Cauchy filter pairs on X. Then the
following formula defines the distance

+ ! AN L . n o . /
PUFGAFGN =, uf  ®FC) =, b swp d(f.)



from (F,G) to (F',G).

According to [28, Lemma 2| the distance d* only attains values in [0, ool.

Of course, for any Cauchy filter pair (F,G) on a quasi-pseudometric space
(X, d) we have d*((F,G),(F,G)) =0.

The next concept of a balanced Cauchy filter pair is useful in the study of
the B-completion and should be compared with the notion of a weakly con-
centrated Cauchy filter pair on a quasi-uniform space that we shall study in
the third chapter.

Definition 1.0.4. /28, Definition 4] Let (X, d) be a quasi-pseudometric
space. A Cauchy filter pair (F,G) on (X,d) is said to be balanced on (X, d)
if for each x,y € X we have

< 1 1 .
d(z,y) < géfg Qy(z, G) + ;relff%(F, Y)

The following notion of C-balancedness for Cauchy filter pairs will be useful
in our investigation in Chapter 4.

Definition 1.0.5. Let C' be a chosen real constant larger than or equal
to 1. Let (F,G) be a Cauchy filter pair on a quasi-pseudometric space (X, d).
We shall call (F,G) C-balanced, provided for each x,y € X we have

— o .
d(z,y) < C(géfg Dy(z,G) + Flreﬂ;@d(F, Y))

(Note that this condition becomes weaker when C gets larger.) We shall call a
quasi-pseudometric space (X, d) C-balanced provided that each Cauchy filter
pair on (X,d) is C-balanced. Of course, 1-balanced is balanced.

Let (F,G) and (F',G’) be two filter pairs on a set X. Then (F,G) is called
coarser than (F',G') provided that both F C F" and G C G'. In this case we
say that (F',G’) is finer than (F,G).



Let (X,d) be a quasi-pseudometric space. Let (F,G) and (F',G’) be two
Cauchy filter pairs on (X, d) such that (F,G) is coarser than (F’,G’). Then
(F,G) is balanced if (F',G’) is balanced.

We next give an example of a balanced Cauchy filter pair.

Example 1.0.1. /28, Ezample 2] Let (X,d) be a quasi-pseudometric
space. Then for each x € X, ax(z) := (x,z) as well as (U (z),Uy(z)) are
balanced Cauchy filter pairs on (X, d). In fact, for each v € X, (U;*(x),Us(7))
is a minimal (balanced) Cauchy filter pair on (X, d).

Our next example shows that in Definition 1.0.3, d* is defined as a limit
superior. We cannot change the order of the operations inf and sup in the
definition of d* without possibly changing the value of d*, even for balanced
Cauchy filter pairs.

Example 1.0.2. Let X = {a,,b,, xp,yn :n € N}U{07,07} be a col-
lection of four sequences (an)nen, (bn)nen,(Tn)nen and (Yn)nen (such that all
these terms are distinct) and two additional special points 07,07, We define
a Ty-quasi-pseudometric d on X as follows:

For each x € X setd(x,z) = 0. Furthermore for eachn,k € N set d(ay,, xy) =
d(an,yr) = d(bn,zx) = d(bp,yr) = % + ﬁ Moreover, for each n € N set
d(by,07) = d(0%,y,) = 5. Finally, set d(z,y) = 1 otherwise. Note that
d < 1. Since it is impossible that x,y,z € X, x # vy, y # z, d(z,y) < 1 and
d(y, z) < 1, we deduce that d satisfies the triangle inequality.

For each n € N set F,, = {ay, by : k € Nk > n} and G,, = {xp,yr : k €
N,k > n} and let F be the filter on X generated by the base {F, : n € N} and
let G be the filter on X generated by the base {G,, : n € N}. Evidently (F,G)
is a Cauchy filter pair on (X, d). Let us show that (F,G) is balanced on (X, d).

Suppose that x,y € X and n,k € N such that ®4(z,G,) <1 and O4(Fy,y) <

1. Then there is s € N such that x = a5 or x = bs, and there ist € N such
that y = x4 ory = y,. We conclude that d(z,y) = i—i—% = inf,eny Py(z, G,) +

s

inf ey @u(Fp, y). It follows that (F,G) is balanced.



We note that d(07,07) =1, but

supd(0",G,) +supd(F,,07) =0,

neN neN

where as usual in a quasi-pseudometric space (X, d), for nonempty A, B C X
we make use of the convention that d(A, B) := inf,capep d(a,b).

This shows that we cannot change the order of the operations inf and sup
in the definition of balancedness. Similarly, we observe that for the balanced
Cauchy filter pairs ax(07) and (F,G) the value

4 (ax(0), (F,G)) = inf ®4(0*,G,) = inf sup d(0%,9) = 1

is strictly larger than sup,,cyinf eq, d(07,g) = 0.

Furthermore, for each n € N let G, = {yr : k € N,k > n}. Moreover, let
G’ be the filter on X generated by the base {G!, :n € N}. Then (F,G') is a
Cauchy filter pair on (X, d) finer than (F,G), which is not balanced, since
1 =d(0",21) £ infereg ®g(07,G') + infper ®g(F,z1) = 0+ 5. In particular
dt(ax(0%),(F,G")) = 0. Hence refining a Cauchy filter pair may destroy the
property of balancedness.

We shall now explain the construction of the B-completion of a Ty-quasi-
pseudometric space (X, d) and its relation to the bicompletion of (X, d).

Proposition 1.0.1. /28, Theorem 1] Let (X, d) be a quasi-pseudometric
space and let Xt be the set of all balanced Cauchy filter pairs on (X,d).
Then (X*,d") is a quasi-pseudometric space, where for convenience in the
following d* will also denote the restriction of d™ to X+ x X,

Definition 1.0.6. (/28, Definition 6]) Let (X, d) be a quasi-pseudometric
space. An arbitrary Cauchy filter pair (F,G) on X is said to converge to
x € X provided that infgeg ®y(z, G) =0 and infper ®4(F, x) = 0.

A quasi-pseudometric space (X, d) is called B-complete provided that each
balanced Cauchy filter pair (F,G) converges in X.



Note that for any quasi-pseudometric space (X, d), the space (X,d™!) is B-
complete if and only if (X, d) is B-complete [28, Remark 8]. We recall that a
quasi-pseudometric space (X, d) is bicomplete provided that each d*-Cauchy
filter on X converges in (X, d*). Furthermore a filter pair (F,G) on a set X
is called linked provided that FFN G # () whenever F € F and G € G.

Lemma 1.0.2. (a) Fach linked Cauchy filter pair (F,G) on a quasi-
pseudometric space (X, d) is balanced.
(b) [28, Lemma 3] Let F be a d*-Cauchy filter on a quasi-pseudometric
space (X,d). Then (F,F) is a balanced Cauchy filter pair on (X, d).

Proof. (a) The assertion follows for instance from a slight modification of
the proof of [28, Lemma 3] by replacing (F, F) by (F,G).
(b) The statement immediately follows from (a). O

We conclude that each quasi-pseudometric space (X, d) that is B-complete
is bicomplete [28, Proposition 2].

Proposition 1.0.2. Given two Cauchy filter pairs (F,G) and (F',G")
on a quasi-pseudometric space (X,d) we have that
nf 4 ((F.G), ax (@) < d*((F.G).(F.G")
with equality if (F,G) is balanced; similarly we have that
inf @+ (ax(F), (F,G") < d"((F.G), (F'.G")

Fe
with equality if (F',G') is balanced.
Proof. The statements follow from Lemmas 9,10 and 11 of [28]. O

The last stated result indeed means that for balanced Cauchy filter pairs we
can compute d' as a limit superior componentwise in either order:

Corollary 1.0.1. /28, Corollary 8] Let (F,G) and (F',G') be two bal-

anced Cauchy filter pairs on a quasi-pseudometric space (X, d). Then

+ ! AN s . A . /
d*({(F,G),(F,¢')) = inf sup ;lgfffcggﬂfﬂ) = ;ggigg(;,gfg,;gg d(f,q').
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Note that by [28, Lemma 4] any isometry ¢ : (X,d) — (Y,e) from a Ty-
quasi-pseudometric space into a quasi-pseudometric space (Y, e) is injective.
It follows from [28, Remark 11| that if (X,d) is a Ty-quasi-pseudometric
space, then the map ay : (X,d) — (X1, d") is an isometric embedding of
(X,d) into (X*,d").

We next introduce a helpful terminology for sequences. Of course the under-
lying construction was already employed in Example 1.0.2.

Let (2,)nen and (Y, )nen be two sequences in a set X. Let F(x,,) be the filter
generated by the filter base {{zy : k¥ > n,k € N} : n € N} and let F(y,)
be the filter generated by the filter base {{yx : ¥ > n,k € N} : n € N} on
X. Then we shall say that (F(z,)nen, F(Yn)nen) is the filter pair generated
by the pair ((n)nen, (Yn)nen) of sequences in X. Let (X,d) be a quasi-
pseudometric space. A pair of sequences ((@n)nen, (Yn)nen) in (X, d) will
be called a (balanced) Cauchy pair of sequences provided that the filter pair
(F(xn)nen, F (Yn)nen) generated by ((2n)nen, (Yn)nen) is a (balanced) Cauchy
filter pair on (X, d). Our next example shows that equality need not hold in
Proposition 1.0.2 for arbitrary Cauchy filter pairs.

Example 1.0.3. Let X = {—%,1:n e N}U{0~,0"}, where 0~ and 0T

are two distinct special points. We define a Ty-quasi-pseudometric d on X as

follows: For each v € X, set d(z,x) = 0. For each m € N set d(0", L) = +.

For each p,m € N such that p # m, let d(—%, }D) = %. Furthermore set
d(—+,07) = &= whenever m € N. Finally set d(x,y) = 1 otherwise. One

readily checks that d is a To-quasi-metric: Indeed since 0 # d(x,y) < 1
implies that (x,y) = (O*,%),(%,O*), or (%,i), with p > 0 and n < 0, we
see that d satisfies the triangle inequality. Also note that (07, (%)p@\o and
<<_%)meN, 07) are Cauchy pairs of sequences, where here 07 resp. 0~ denote
constant sequences.

Furthermore in self-explanatory notation that suppresses the operation F,

we get that . .
d"({(=—)men, 07), (07, (];)peN>) =

1 1
i —_— > - > =
Jf Ra{—imeNm2sh{peNp2th) =1,
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since d(—%, %) = 1 whenever m € N. Moreover

in q>d+<<<—%>meN,o—>,ax<{]§ pENp>1}) =

teN
inf sup d* (== )mer, ), ax(2)) = inf sup = =0,
teN peNp>t m p teN peNp>t P

In fact ((—%)meN,Oﬁ is mot balanced, since, for instance, we have that
1=d(—1,%) £ Pa(—3,07) +infeen@({—L :meN,m >s},4) =1+ 1.

We now turn our attention to the minimal Cauchy filter pairs on a given
quasi-pseudometric space (X, d). Minimal Cauchy filter pairs that are bal-
anced will be used to construct the B-completion of the space (X, d).

Lemma 1.0.3. If (F,G) and (F',G’) are Cauchy filter pairs on a quasi-
pseudometric space (X, d) and d*((F,G), (F',G")) =0=d"((F,G"), (F,G)),
then (FNF',GNG") is a Cauchy filter pair on (X,d).

Proof. Let U € Uy. Since (F,G), (F',G"), (F',G) and (F,G’) are Cauchy
filter pairs on (X, d), there are F' € F and G € G, and similarly F’ € 7’ and
G'€G suchthat FxGCU FxG CU, F''xGCUandF xG CU.
Therefore (FU F') x (GUG') C U and we deduce that (FNF,GNG') is a
Cauchy filter pair on (X, d). O

According to [28, Lemma 5| we obtain an equivalence relation 2 on the quasi-
pseudometric space (X, d") if we define two balanced Cauchy filter pairs
(F,G) and (F',G") to be equivalent provided that d*((F,G),(F,G")) =0
and dt((F,G"), (F,G)) = 0. We can identify (X, d) with the subspace of all
balanced Cauchy filter pairs on (X, d) that are minimal in the space (X, d")
(see below).

Observe also that this is exactly the equivalence relation associated with
the To-reflection of (X, d") (see e.g. [28]). Since balancedness is preserved
by coarsening a filter pair and comparable balanced Cauchy filter pairs on
a quasi-pseudometric space (X, d) are Ug-equivalent, we can conclude from
Lemma 1.0.3 that each U -equivalence class of a balanced Cauchy filter pair
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(F,G) on (X, d) that contains a minimal Cauchy filter pair, possesses a small-
est element. Indeed it follows from the next lemma that each such class con-
tains a coarsest element, which is a minimal Cauchy filter pair (compare [28,
Lemma 5]).

The following explicit construction of that filter pair is related to a quasi-
uniform result due to Dedk [6, p. 412],(compare for instance Lemma 3.1.7).

Lemma 1.0.4. Let (X,d) be a quasi-pseudometric space and let (F,G)
be a balanced Cauchy filter pair on (X,d). For eachn € N set F,, = {z € X :
Uy-n(z) € G} and G, = {x € X : U, (x) € F}. Let Fy,, be the filter on X
generated by the base {F, : n € N} and let G,,, be the filter on X generated
by the base {G, : n € N}. Then (Fpn,,Gm,) 1S the (unique minimal and)
coarsest (balanced) Cauchy filter pair coarser than (F,G). It is the coarsest
element of the Uy-equivalence class of (F,G).

Proof. Fix n € N. Then F,, x G,, € Uy (n2), because Us-n(x) € G and
U, (y) € F imply that ®q(x,Us-n(z)) < 27" and Oq(U, ", (y),y) < 277,
and hence (x,y) € Uy by balancedness of (F,G). Thus (F,,,,Gm,) is a
Cauchy filter pair on (X, d). Suppose that (F',G’) is any Cauchy filter pair
on (X,d) such that (F',G’) is coarser than (F,G). Let n € N. There are
F' € F' and G’ € G’ such that F' x G' C Uy-». By definition of G,, we see
that G’ C G, since y € G’ implies that U, (y) € F' C F. Similarly we
obtain F’" C F,. Consequently, G,, € G’ and F,, € F' and thus (F,,,, Gm,)
is coarser than (F’,G'). It follows that (F,,,,Gnm,) is coarser than (F,QG)
and it is the (unique minimal and) coarsest Cauchy filter pair coarser than
(F,G). In particular (F,,,,Gn,) is balanced, since (F,G) is balanced. By
Lemma 1.0.3 it is obvious that it is the coarsest element of the equivalence
class of (F,G), because if (F”,G") is a Cauchy filter pair on X that is Uy-
equivalent to (F,G), then (F,,,, Gn,) must be coarser than the Cauchy filter
pair (FNF",.GNG"). 0

Remark 1.0.1. (a) As noted in [28, p. 257], two balanced Cauchy filter
pairs of the form (F,G1) and (F,Gs) on a quasi-pseudometric space (X, d)

are Ug-equivalent. Hence our notation F,, does not lead to confusion.

(b) (compare e.g. [3, Lemma 12.4]) Let F be a d°-Cauchy filter on a quasi-
pseudometric space (X,d). Then F,,, is the filter U;*(F) having the base
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{UNF) : U € Uy, F € F} and F,, is the filter Us(F) having the base
{U(F):U €Uy, F € F}.

Proof. The Cauchy filter pair (U, (F),Uy(F)) is finer than (F, ml, )
by Lemma 1.0.4. Let F' € .7: and n € N. Furthermore let Uy-n(z) € F fo
some z € X. Thus z € U, (F'). It follows that {z € X : Uy-n(x) € } -
U, (F"). Therefore U (.7-") C Fom,- We conclude that F,,, = U;*(F) and
similarly Fny = Ua(F ) O

—

Theorem 1.0.1. /28, Theorem 2] Let (X, d) be a Ty-quasi-pseudometric
space and let X be the set of all balanced Cauchy filter pairs on (X, d) which
are minimal C’auchy ﬁlter pairs. Define d: XxX — [0, 00[ as the restriction
of d* to X x X. Then (X d) 1s a B-complete Ty-quasi-pseudometric space.

28, Definition 7] Let (X, d) be a quasi-pseudometric space. Then the T-
quasi-pseudometric space (X d) defined as above will be called the (standard )
B-completion of (X, d). We set Bx = g5 o ax where g% : (XT,d") — (X d)
is the Tj- quotlent map according to Lemma 1.0.1. For each x € X, we set
Bx(z) = (U (z),Uy(z)). Then Bx(x) : X — X is an isometric embedding.
28, Corollary 5] Let (X, d) be a Ty-quasi-pseudometric space. Then its B-
completion ()N( ,c?) is a bicomplete Ty-space. In particular it contains the
bicompletion of (X, d) as an extension of X.

In the following we shall make use of a characterization of the B-completion
of a Ty-quasi-pseudometric space that is based on the concept of a balanced
embedding. Therefore we recall the definition of a balanced map.

Definition 1.0.7. [28, Definition 8] A uniformly continuous map f :
(X,d) — (Y, e) between quasi-pseudometric spaces (X, d) and (Y, e) is called
balanced provided that for each balanced Cauchy filter pair (F,G) on (X, d),
the Cauchy filter pair (fF, fG) is balanced on (Y, e). (Note first that (fF, fG)
is a Cauchy filter pair on (Y, e), because f is uniformly continuous).

Lemma 1.0.5. [28, Lemma 9]  Let (F,G) and (F',G') be Cauchy
filter pairs on a quasi-pseudometric space (X, d).
Then

14



. !
dnf @4+((F,G), ax(G) = inf, sup ;2232}; d(f.q').

and

inf 4+ (ax(F), (F,G")) = inf sup inf sup d(f,q').

FeF FeF feFG’eg’geg/

Lemma 1.0.6. /28, Lemma 10] Let (F,G) and (F',G’) be Cauchy filter

pairs on a quasi-pseudometric space (X,d). Then

inf sup inf sup d(f,q') < d"((F,G),(F,G"))

FeF fer G'eg’ geq

and
inf sup inf supd(f, ') < d*((F.G),(F.G)).

G'ed gec FEF feF

Corollary 1.0.2. /28, Corollary 9, 10] Let (X, d) be a quasi-pseudometric
space. Then
a) The map ay : (X,d) — (XT,d") is balanced.

b) The map By : (X,d) — (X, d) is balanced.

Theorem 1.0.2. /28, Theorem 3] Let f : (X,d) — (Y,e) be a balanced
map between To-quasi-pseudometric spaces (X,d) and (Y,e). Then there is a
unique balanced map f (X ) (Y €) such that f ofx =fByo f If [ is
also an isometry, then f 18 an isometry.

The next result establishes a characterization of the B-completion of a Tj-
quasi-pseudometric space.

Theorem 1.0.3. /28, Theorem 4] Let (X,d) be a subspace of the B-
complete Ty-quasi-pseudometric space (Y, e). Suppose that the embedding i :
(X,d) — (Y,e) is balanced and that for each y € Y there is a balanced
Cauchy filter pair (F,G) on (X,d) such that the filter pair (iF,iG) converges
to y. Then the B-completion (X d) of (X, d) is isometric to (Y, e) under the
1sometric balanced extension v of i to X.
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The next proposition is an application of the preceding theorem, which illus-
trates some of the introduced concepts.

Proposition 1.0.3. Let (X, d) be a Ty- quasi-pseudometric space G and

let A be a subset ofX such that X C A C X. Then the_extension ] of
the balanced isometric embedding j : (A, d|A) — (X,d) to A yields a bijec-

tive balanced isometry between (A,d|A) and (X,d). (Here d|A denotes the
restriction of d to A x A.)

Proof. As the statement of the proposition indicates, we shall consider
X and A as subspaces of (X d) We first want to show that the inclu-
sion map j : (A,d|4) — (X,d) is balanced. To this end, consider a bal-
anced Cauchy filter pair (F,G) on (A,d|A). In particular, we have that
d(z,y) < infgeg <I>(;|A(x, G) + infper (IDCﬂA(F, y) whenever z,y € X. Consider
arbitrary (F,G"), (F",G") € X. Let F' € F and G" € G”. Furthermore, let
[ € Fand g" € G". Then d(f',g") < ®5,(F',G) + ©5,(F,G") whenever
G € G and F € F. Hence ®q(F',G") < @5, (F',G) + @5 ,(F,G") whenever
GeGand FeF.

Consequently,
. / 17 < /!
prereg, PalE G S dnf inf @0 (F, G) + fnf nf €g4(F, G7).

The Cauchy filter pair generated by (F',G’) (resp. (F”,G")) on X is
balanced, since the map fx : (X,d) — (X, d) is balanced. We next use that
obviously the restrictions (F’,G’y) (resp. (F1,G%)) of those filter pairs to A
are balanced Cauchy filter pairs on A. Therefore by employing the inequality
just established, we get that

g((./f/ g/> <:FH g//>) <

inf Jnf, ®qa(F,G) + Inf Inf @5,

inf @ Gy (Fa, Ga)s @a(@)) + b @) (aalF), (Fi, G4)) =

(F,G") =

inf sup inf sup (d]A)(f’,¢) + inf sup inf sup (dJA)(f,¢") =

Geg geG F'eF’' fleF FeF fer G"eg” g'eG!
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inf ©4((F.¢).5(G)) + inf 0 (F), (F',G"),

where in these computations we have also used that by Proposition 1.0.2
(dlA)T((F4, Ga), (F.G)) =
inf inf @5,(F,G) = mf g . ((Fi, Ga), aa(G))

and
(A ((F.G), (F4, G4)) =
inf inf @

FeF G"eg” d|A(F’ G”) = lnf ®(d|A ( (F)7 <FZ7 g///1>)

Hence we have shown that (j(F),(G)) is balanced on (X, d) and so the
map j : (A, d|A) (X, d) is balanced.

Let y € X. Similarly, as above we argue that according to the den-
sity condition of X in X mentioned in Theorem 1.0.3 there is a balanced
Cauchy filter pair (H,X) on (X,d) such that the balanced Cauchy filter
pair (8x(H), Bx(K)) converges to y in (X, d). This implies that the restric-
tion (Ha, Ka) of (Bx(H),Bx(K)) to A is a balanced Cauchy filter pair on
(A,d|A) such that (j(H),j(K4)) converges to y in (X,d). The statement
now follows from Theorem 1.0.3. O

Corollary 1.0.3. The B-completion of the bicompletion of a Ty-quasi-
pseudometric space (X, d) can be identified with the B-completion of (X, d).

Proof. The statement follows from the preceding result by setting A equal
to the ground set of the bicompletion of (X, d). O

We next explain the connections between the B-completion and the Doitchi-
nov completion theory developed in [11]. We have shown in [28] that for a
balanced quasi-pseudometric space, our completion is equivalent to the one
of Doitchinov.

Definition 1.0.8. (/11, Definition 11]) A quasz' pseudometric space

(X d) is called balanced if whenever (x!, )neN and (x)) )men are two sequences
n (X,d) and 2’2" € X, then from d(z',z],) < r’ for each n € N, and
d(m” ") <" for each m € N and limmm_,oO d(zll  al) =0, it follows that

m? m? TL

d(x/’xll) S ,’,,I + ,’,,I/'
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Proposition 1.0.4. (/28, Proposition 3]) The following conditions are
equivalent for a quasi-pseudometric space (X, d) :

(a) (X,d) is balanced.
(b) Every Cauchy pair of sequences in (X,d) is balanced.

(¢) Every Cauchy filter pair on (X, d) is balanced.

Although balanced quasi-pseudometrics are known to satisfy an interesting
condition of separate continuity (see e.g. [28, Remark 7]), our next ex-
ample (compare Example 1.0.2) shows that even in a balanced Tj-quasi-
pseudometric space (balanced) Cauchy filter pairs (F,G) and (F',G’) may
exist such that

sup  d(F,G") <d*({F,G),(F,G").
FeF,G'eg’
Hence in such a space the limit superior d*((F,G), (F',G’)) need not be a
limit as stated in [11, Proposition 9], since the corresponding limit may not
exist.

Example 1.0.4. Let X = {—2, 1 :n e N} U{0~,0"}. Set d(z,z) =0
whenever x € X. For each n € N let d(—2,07) = 1, d(0",2) = 1 and
d(—%, 1) = 1. Furthermore set d(x,y) = 2 otherwise. We note that d is a
Ty-quasi-metric. Indeed for x,y,z € X with x # y and y # z we have that
d(xz,y) =2 or d(y,z) = 2. Hence d satisfies the triangle inequality. We next

want to show that d is balanced.

Let (F,G) be a Cauchy filter pair on (X,d). There are F € F and G € G
such that ®4(F,G) < 1. Considering the cases that F' or G can be chosen as a
singleton or not, we see that only three cases are possible: (1) (F,G) = (x,x)
for some x € X, (2) (F,G) =(0",G) or (3) (F,G) = (F,0"), where F and
G are appropriate fillters on X which are not of the form y for some y € X.

It therefore remains to be checked that filter pairs of the second and third

kind are balanced. So let us consider a Cauchy filter pair of the form (F,07)
where F is an appropriate filter on X which is not of the form y with y € X.
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Let a,b € X. If b = 07, then d(a,b) = d"(ax(a),(F,07)). If b # 07, then
obviously inf pe r ®4(F,b) = 2, since (F,0”) is a Cauchy filter pair. Hence in
either case we have that d(a,b) < d*(ax(a), (F,07)) + dT((F,07), ax(b)).
So (F,07) is a balanced Cauchy filter pair on (X, d). Analogously, it can be
shown that all Cauchy filter pairs of the second kind are balanced. We con-
clude that d is indeed a balanced Ty -quasi-pseudometric.

n

One finally computes that d*({(—%)nen, 07), (0%, (%)peN)) =2, but

sup ol({—l neNn> /{},{1 peNp>/(}) =1
k,LeN n p

Remark 1.0.2. (/28, Remark 12]) Let (X, d) be a balanced quasi-pseudo-
metric space and let (F,G) be a Cauchy filter pair on (X,d). Then (F,G)
15 equivalent to a Cauchy filter pair generated by a balanced Cauchy pair of
sequences. Therefore the B-completion of a balanced Ty-quasi-pseudometric
space can be built with the help of (balanced) Cauchy pairs of sequences only,
since such sequences can represent all equivalence classes of X ™.

Lemma 1.0.7. ([28, Lemma 12]) Let (X, d) be a balanced quasi-pseudo-
metric space and let ((xn)nen, (Yn)nen) be a Cauchy pair of sequences in
(X,d). If for some x € X, lim,end(x,y,) = 0, then lim,eyd(x,,z) = 0
(compare [11, Lemma 5]).

We next try to motivate why we work with filters instead of (equivalence
classes of ) sequences.

Remark 1.0.3. /28, Remark 12] Let (X, d) be a balanced quasi-pseudo-
metric space and let (F,G) be a Cauchy filter pair on (X,d). Then (F,G)
1s Ug-equivalent to a Cauchy filter pair generated by a balanced Cauchy pair
of sequences. (Indeed the B-completion of a balanced Ty-quasi-pseudometric
space was built by Doitchinov with the help of (balanced) Cauchy pairs of
sequences only.)

On the other hand, the following example shows that for a general quasi-
pseudometric d on a set X a balanced Cauchy filter pair (with both filters
of the pair possessing a countable base) need not be Ug-equivalent to the
Cauchy filter pair generated by a balanced Cauchy pair of sequences on X.
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Example 1.0.5. By Y we shall denote a fixed uncountable set. Let
X=Yx{0"HUu x{0T})U(Y x Nx {0*}) (Y x N x {07}).
Set d(x,2) = 0 whenever x € X. Let d((a,07),(y,n,07)) = 5=, if a,y €
Y,n € N and a # y; set d((a:,m,O*),(b,O*)) = QL, zfx beY,meN
and x # b; and let d((xz,m,0%), (y,n,07)) = 5= + 5=, where z,y € Y and

m,n € N. Furthermore, set d(x,y) =1 otherwzse We want to check that d
1s a Ty-quasi-pseudometric on X.

If v,y,2 € X with x # y and y # z, then d(x,z) < d(z,y) + d(y, z), since
d(x,y) or d(y,z) is equal to 1. Therefore d satisfies the triangle inequality.
We conclude that (X,d) is a Ty-quasi-metric space. For each n € N set
Gn={(y,k,07):y €Y,k >n,k € N} and F,, = {(x,m,07) : z € Y,m >
n,m € N}. Let F be the filter on X generated by the base {F,, : n € N} and
G be the filter on X generated by the base {G,, : n € N}. By definition of d
it is obvious that (F,G) is a Cauchy filter pair on (X, d).

We want to show that for any s,t € X we have that d(s,t) < infreny Pa(s, Gi)+
inf ey @y(Fp, t). Since d < 1, it suffices to consider the case that both the two
summands on the right hand side are smaller than 1. Since for alln € N and
y €Y we have d((y,07), (y,n,07)) = 1, and since for alln € N and x € Y
we have d((x,n,07), (x,07)) = 1, we conclude that s is of the form (x,m,0"),
and t is of the form (y, n,07), where x,y € Y and m,n € N. Therefore we see
that the inequality 5~ + 5= < d(s,t) < infren Pa(s, Gy) + infpeny Py(F), t) =
3=+ 5= holds. Hence (F,G) is a balanced Cauchy filter pair on (X,d).

Suppose that there exists a Cauchy pair ((sk)ren, (tp)pen) of Sequences in
(X, d) which is Uy-equivalent to (F,G). We are going to prove that the Cauchy
filter pair (F(sk)ken, F(tp)pen) is not balanced:

Since by our assumption (F(Sk)ken, G), (F, F(tp)pen) are Cauchy filter pairs,
we conclude that for each ¢ € N there is m € N such that m > €, ®4({sy :
keNk>m}xGy) <o and Og(F, x {t, : p € N,p>m}) < 5. It follows
that {s : k > m,k € N} C F, and {t, : p > m,p € N} C G, by definition of
d. We have shown that F C F(si)ken and G C F(t,)pen-

We now find a,b € Y\ ({first coordinate of sy : k € N}U{first coordinate of t, :
p € N}). Then 1 =d((a,07),(b,07)), but

iIEIIg Py((a,07),{t, : 7 € N,r > 11)})—1—11511{I Dy({sn :n € N,n >k}, (b,07)) = 0+0.
p €
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We conclude that ((Si)ken, (tp)pen) s not balanced on (X,d). It follows that
the Uy-equivalence class of (F,G) does not contain a filter pair generated by
a balanced Cauchy pair of sequences.

Proposition 1.0.5. (/28, Proposition 4]) A balanced quasi-pseudometric
space (X, d) is B-complete if and only if each Cauchy pair ((Zy)nen, (Yn)nen)
of sequences converges (that is, there is x € X such thatl the sequences
(d(x,yn))nen and (d(x,, x))nen both converge to 0) (compare [13, Theorem

9)).

Theorem 1.0.4. ([28, Theorem 4]) Let (X', d') be the Doitchinov com-
pletion of the balanced Ty-quasi-pseudometric space (X,d) with isometric

imbedding i : (X,d) — (X', d). Then the B-completion (3(,(7) of (X,d)

is isometric to (XY, d*) under the balanced extension i : (X,d) — (X4, d) of
the balanced map 1.
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Chapter 2

On B-completeness of a
To-quasi-pseudometric space

In the previous chapter we have shown that each Tj-quasi-pseudometric space
has a B-completion which contains the bicompletion of the original space.
We also gave a summary of the construction of the B-completion of a quasi-
pseudometric space. In this chapter we establish some new results about
the B-completion of a Ty-quasi-pseudometric space. In the first section we
show that B-completeness is a property of quasi-pseudometric spaces but
not a quasi-uniform property. We give an example which shows that two
distinct quasi-pseudometrics d and d’' on a set X can induce the same quasi-
uniformity Uy = Uy although d' is B-complete, while d is not.

In the second section, we present some examples of balanced maps on the
B-completion of a Ty-quasi-pseudometric space. We prove a result showing
that the B-completion commutes in the expected way with an appropriate
form of countable product of quasi-pseudometric spaces. Similar results for
balanced quasi-metrics were obtained by Doitchinov.

In the last section we prove a result that the B-completion of a totally
bounded Tj-quasi-pseudometric space is totally bounded and mention that
even for totally bounded Tj-quasi-pseudometric spaces the B-completion can
be strictly larger than the bicompletion.
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2.1 B-completeness as a quasi-pseudometric
completeness property

In this section we prove that B-completeness is a property of quasi-pseudometric
spaces which need not be preserved under quasi-uniform isomorphisms.

Let us recall that a quasi-pseudometric space (X, d) is called B-complete pro-
vided that each balanced Cauchy filter pair (F,G) converges in X.

We have shown in the previous chapter that every Tj-quasi-pseudometric
space has a B-completion which contains the bicompletion. Our next ex-
ample shows that two distinct quasi-pseudometrics d and d’ on a set X can
induce the same quasi-uniformity U; = Uy although d’ is B-complete, while
d is not.

Example 2.1.1. Let X = {—%, L :n e N}. For any z,y € X define
d: X xX — [0,00] as follows: Set d(z,y) = 0 if x = y; furthermore set
dz,y) =y —x if v <0 <vy; and set d(x,y) = 2 otherwise.

Let A be any subset of N\{1}. We shall also consider ds : X x X — [0, 00| de-
fined as follows: Givenn € A, set da(—%,2) =2 and da(z,y) = d(z,y) oth-
erwise. In particular we have dy = d. Furthermore for instance dyay(z,y) =
d(z,y), except that day(S, ) = 3.
We first prove that each d s satisfies the triangle inequality: We have to show
that da(z,z) < da(z,y) + da(y, z) whenever z,y,z € X. Since dg < 2, sim-
ilarly as above it clearly suffices to consider the case that x # vy, y # z and
neither da(x,y) nor da(y, z) is equal to 2. But this is impossible, since for
instance 0 # da(z,y) < 2 implies that x < 0 < y. Hence da is a Ty-quasi-
metric on X. We also note that d < dy < %d. Therefore d and d 4 induce the
same quasi-uniformity Uy = Uq, on X.

Let F be the filter on X generated by {] — €,0[NX : € > 0}, and let G be the
filter on X generated by {]0,¢[NX : € > 0}. Then (F,G) is a nonconvergent
Cauchy filter pair on (X, da) where A is an arbitrary subset of N\ {1}. Next
we want to show that (X, da) is a balanced Ty-quasi-metric space if and only
if A is empty.
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So let A be any subset of N\ {1}. Consider an arbitrary Cauchy filter pair
(F',G") on (X,da). According to Proposition 1.0.4 we have to investigate
whether (F',G') is balanced. Similarly as in Example 1.0.4 we see by the
definition of da that there is x € X such that (F',G') = ax(z), or (F,G) is
coarser than (F',G'). Since ax(x) is balanced, in the following we need only
study the second case further.

Assume now that A is empty, and let a,b € X. Because d < 2, in order to
prove balancedness of (F',G'), it obviously suffices to consider the case that
both infereg Py(a, G') < 2 and infper ®y(F',0) < 2. Then a < 0 < b. Thus
d((l, b) = —a+b= infgleg/ @d(a, G/) + iIlfF/G]:/ q)d(F/, b) Hence <f/, g/> 18
balanced on (X,d). We conclude that (X,d) is balanced. In particular we
also deduce that (X, d) is not B-complete.

On the other hand let A be nonempty. We find n € N such thatn € A. Then
3 =dy(—2,1) £ infesg Pa,(—2,]0,€[NX) + infeso @y, (| — €, 0[NX, ) = 2.
Hence for nonempty A the Cauchy filter pair (F,G) on (X,d4) is not bal-
anced. We then conclude that also the finer Cauchy filter pair (F',G') is not
balanced. Consequently each balanced Cauchy filter pair on (X,d4) is equal
to some ax(x) (with x € X) provided that A is nonempty. Hence we have
proved that (X,da) is B-complete if and only if A is nonempty. Note that
our proof shows that given a nonempty subset A of N\ {1}, the identity map
id: (X,da) — (X, d) is balanced, but the inverse map is only uniformly con-
tinuous and not balanced.

Remark 2.1.1. If Uy, = Uy, for quasi-pseudometrics di and ds on a
set X, then two Cauchy filter pairs (Fi,G1) and (Fa,Gs) on (X,d1) (equiva-
lently, (X, ds)) are Uy, -equivalent if and only if they are Uy, -equivalent, since
Uq, = Uy, implies that (X, dy) and (X, dy) have the same Cauchy filter pairs.

In order to investigate the phenomenon discussed in Example 2.1.1 further
we introduce the following concept.

Definition 2.1.1. Two quasi-pseudometrics di and dy on a set X are
called B-equivalent provided that the following conditions are all satisfied:
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(1) udl = ud2'

(2) each balanced Cauchy filter pair on (X, dy) is Uy, -equivalent to a balanced
Cauchy filter pair on (X, ds).

(3) Each balanced Cauchy filter pair on (X, dy) is U, -equivalent to a balanced
Cauchy filter pair on (X, d).

Lemma 2.1.1. Let dy and dy be two quasi-pseudometrics on a set X
such that Uy, = Ug,. Then di and dy are B-equivalent if and only if (X, dy)
and (X, dy) have the same minimal balanced Cauchy filter pairs.

Proof. Assume that (X, d;) and (X, d2) have the same minimal balanced
Cauchy filter pairs. Since each balanced Cauchy filter pair on a quasi-pseudo-
metric space (X, d) is Ug-equivalent to a minimal balanced Cauchy filter pair
on (X, d) (compare Lemma 1.0.4), we immediately deduce that d; and ds are
B-equivalent by definition.

In order to establish the converse, suppose that d; and dy are B-equivalent
quasi-pseudometrics on a set X. Let (F,G) be a minimal balanced Cauchy
filter pair on (X,d;). By B-equivalence of d; and dy there is a balanced
Cauchy filter pair (F',G’) on (X, ds) which is Uy, -equivalent to (F,G). Of
course, without loss of generality we can suppose that (F',G’) is a minimal
balanced Cauchy filter pair on (X, ds) (see Lemma 1.0.4). Thus by Lemma
1.0.3 (FNF',GNG") is a balanced Cauchy filter pair both on (X,d;) and
(X, d3). Therefore by minimality of (F, G) resp. (F',G') we get that (F,G) =
(FNF,GgNG") =(F.g".

By the symmetry of the situation we conclude that (X, d;) and (X, dy) have
the same minimal balanced Cauchy filter pairs. U

Remark 2.1.2. If d; and dy are two B-equivalent quasi-pseudometrics
on a set X and di is B-complete, then dy is B-complete, too.

Proof. A quasi-pseudometric space (X,d) is B-complete if and only if
the collection {{U; ' (z),Us(x)) : * € X} is equal to the set of all minimal
balanced Cauchy filter pairs on (X, d) (compare e.g. [28, Example 3]). Since
by assumption Uy, = Uy,, the result follows from Lemma 2.1.1. 0
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Proposition 2.1.1. Let d; and dy be Ty-quasi-pseudometrics on a set
X that are B-equivalent. Then we have Uy = Uy for the B-completions

(X.dy) of (X.dy) and (X, da) of (X,da).

Proof. As noted in Lemma 2.1.1, the set X of the minimal balanced
Cauchy filter pairs on (X, d;) is equal to the set of the minimal balanced
Cauchy filter pairs on (X, d). Therefore our notation is appropriate. Let
€ > 0. Then there is 6 > 0 such that Uy, 5 C Udg,g, since Uy, = Ug,. Consider

(F1,G1), (F2,Ga) € X such that di((F1,G1), (F», Ga)) < 0. By definition of
dy, there are F; € F; and Cig € Gy such that @4, (F1, Gy) < d. Consequently
®g,(F1,G2) < § and hence dy((F1,G1), (F2, G2)) < €. We conclude that Uz <

Uy . Similarly one shows that U C Uy . It follows that Uy = U U

Remark 2.1.3. Two balanced quasi-pseudometrics di and dy on a set
X that induce the same quasi-uniformity are B-equivalent: Indeed since
Uy = Uy, (X, d1) and (X,dy) have the same Cauchy filter pairs. Because
both dy and dy are balanced, all these Cauchy filter pairs are balanced on
(X,dy) and (X,dg) by Proposition 1.0.4. The statement now immediately
follows from the definition of B-equivalence.

2.2 Some examples of balanced maps

In this section we consider how balancedness of filter pairs is preserved un-
der some well-known constructions applied to quasi-pseudometrics. In par-
ticular we shall prove a result showing that the B-completion commutes in
the expected way with an appropriate form of a countable product of quasi-
pseudometric spaces. We shall give some examples of balanced maps. Similar
results for balanced quasi-metrics were obtained by Doitchinov in [11]. We
start with an auxiliary result.

Lemma 2.2.1. Let (F,G) be a Cauchy filter pair on a quasi-pseudometric
space (X,d) and let v,y € X. Then ®4(x,G) < oo for some G € G and
Q4(F,y) < oo for some F € F.

Proof. The assertion follows from the fact that d*(ax(z), (F,G)) < 0o
and dt((F,G),ax(y)) < oo, see [28, Lemma 2]. O

We now present several examples of balanced maps.
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Remark 2.2.1. Let (X,d) be a quasi-pseudometric space and let ¢ be a
positive real constant. Then the identity map id : (X,d) — (X,c-d) and its
inverse (id)™' are both balanced. (Note first that c-d is a quasi-pseudometric
on X.) Indeed ¢ - d and d have the same (balanced) Cauchy filter pairs.

Lemma 2.2.2. Let (X,d) be a quasi-pseudometric space and let t be a
positive real constant. Set d; = min{t,d}. Then d; is a quasi-pseudometric
on X and the identity map id : (X,d) — (X, d;) is balanced. The inverse
map (id)~" : (X, dy) — (X, d) need not be balanced.

Proof. 1t is well known (compare e.g. [14, Theorem 4.1.3]) that d; is
a quasi-pseudometric on X such that Uy = Uy,. Let (F,G) be a balanced
Cauchy filter pair on (X, d). Clearly (F,G) is a Cauchy filter pair on (X, d;),
because the identity map id : (X, d) — (X, d;) is uniformly continuous. Let
x,y € X. Suppose first that infgeg @y, (v, G) + infrexr Py, (F,y) > t. Then
by definition of d;, di(x,y) < t < infgeg Py, (x,G) + infper Py, (F,y). So
we can suppose that infgeg g, (x, G) + infper @y, (F,y) < t. In particular
infGeg q)dt (l‘, G) = iIlfGeg (I)d(l‘, G) and iIlfFG]: q)dt (F, y) = infpej.‘ (I)d(F, y)
It follows from balancedness of (F,G) on (X, d) and the definition of d; that
di(z,y) < d(z,y) < infeeg Pu(w, G) + infrer Po(Fy) = infeeg Po,(z, G) +
infper ®g,(F,y). Hence (F,G) is balanced on (X, d;). We use Example 2.1.1
to prove the statement about the inverse map: By the proof given there,
(X, dg2y) is not balanced. But (X, min{Z, d{s;}) is balanced, since min{3, ds3 } =
min{3, d} is balanced, because an arbitrary Cauchy filter pair on (X, min{3, d})
is balanced on the balanced space (X, d) and thus on (X, min{},d}) accord-
ing to the statement established in the first part of this proof. 0

Lemma 2.2.3. Let (X, d) be a quasi-pseudometric space. Set dp = 1%1'

Then dy, is a quasi-pseudometric on X and id : (X,d) — (X, dy) is balanced.
The inverse map (id)~' : (X,dy) — (X, d) need not be balanced.

Proof. 1t is well known (compare e.g. [14, Exercise 4.1.B(a)]) that d is
a quasi-pseudometric on X such that Uy = Uy,. Let (F,G) be a balanced
Cauchy filter pair on (X,d). Then for each z,y € X we have d(z,y) <
infgeg Pa(x, G) +infper Oy(F,y). Of course, (F,G) is a Cauchy filter pair on
(X, dp), since the identity map id : (X, d) — (X, dp) is uniformly continuous.
Fix z,y € X. By Lemma 2.2.1 there are F € F and G € G such that
O4(F,y) < oo and Py(x,G) < co. Consider any F' € F and G’ € G such
that F/ € F and G’ C G and let € > 0. There are ' € F’ and ¢ €
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G' such that ®4(z,G") < d(z,¢') + § and ®4(F",y) < d(f',y) + 5. Then
d(z,y) <d(z,g')+5+d(f',y) + 5. Since the real-valued function f(t) =
is monotonically increasing where ¢ € [0, co[, we get that

t
1+t

d(z,y) d(z, g') + 5 +d([f",y) + 5
y)+

W) T dy) = T dleng) + 5 (7

E .

2

d(z.g')+5 | d(f y)+5
Thus db(x y) > 1+d(;1:g) + 1+d(f’,y§ <

1—7-(;(’5,;) + + 1+(d( 7y)) + 2 @db (IL‘, G/) + % + cI)db (F/’ y) + % Because €
was arbitrary, 11: follows that db(x, y) < infgeg g, (2, G) + infper Oy, (F, y).

Hence (F,G) is balanced on (X, d,) and so id : (X,d) — (X, d,) is balanced.

Again we use Example 2.1.1 to prove the statement about the inverse map.
There we noted that (X, dsy) is not balanced, because the inequality for
balancedness does not hold for the pair of points (—5, 5) and all Cauchy filter
pairs on X finer than the filter pair (F,G) defined in Example 2.1.1. Indeed,
since d is balanced, and since d = d{9) except at (—3 1 1) one readily checks
that these are the only instances where dys) does not satisfy the inequality
of balancedness.

Hence the argument presented in the first part of this proof establishes that
the condition of balancedness holds for all pairs of points in X x X and
all Cauchy filter pairs on (X, (df2})s), except maybe for the pair (—%, 3) of
points and all Cauchy filter pairs (F’,G’) on X finer than (F,G).

However the space (X, (dg2})p) is balanced, since indeed (dio})s(—3,3) =
3 1
1
2

1E§ < % = 1+ = infgeg (I)(dm)b(—%, G')+inf pre g ®(d{2})b(F’ ) whenever

(F',G") is a Cauchy filter pair finer than (F,G) on X. O

In the following we shall consider products of countably many quasi-pseudo-
metric spaces. Various methods are known to equip products of finitely or
countably many quasi-pseudometric spaces with a product quasi-pseudometric
that induces the product quasi-uniformity. In our context it seems best to
endow such products with the supremum quasi-pseudometric (see [31, p. 3
and p. 233]), of course, appropriately scaled in the case of countably many
factor spaces. Therefore, for instance, given for each ¢ = 1,...,n a quasi-
pseudometric space (X;,d;), we put the maximum quasi-pseudometric

d((i)izr, (i)ih) = max{d; (s, y;) i = 1,...,n}
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on the product %, X;, where z;,y; € X; (i = 1,...,n). In the following we
shall leave the case of finitely many factor spaces to the reader. We only
deal with the case of countably infinitely many factor spaces. To simplify
the notation we shall use a V b to denote the maximum of two real numbers
a and b in the next proof. Let us still introduce some notation first.

For each i € N let f; : X; — Y; be a map. The map (ILienf;) : [LienX; —
I1;enY; is defined as follows: (ILien fi) ((z4)ien) = (fi(x;))ien whenever (z;);en €
IT;enX;. For each ¢ € N let F; be a filter on the set X;. Then II;cnF; will
denote the filter on Il;cnX; that is generated by the filter base consisting of
the sets Il;en F; where F; € F; whenever ¢ € N and F; = X; for all but finitely
many ¢ € [.

Lemma 2.2.4. Let a sequence ((X;,d;));jen of quasi-pseudometric spaces
be given, where for each j € N we have that d; < 1. For any (x;)en, (Yj)jen €
IT;en X, we put

1
d((z;)jen, (Y;)jen) = sup —-d;(z;, y;)-
JEN 2
Then d is a quasi-pseudometric on IljenX;. Furthermore for each i € N, the
projection m; : (I;enXj, d) — (Xi,d;) is balanced.

Proof. 1t is well known and easy to see that d is a quasi-pseudometric
on IT;en X, which induces the product quasi-uniformity Iljenidy; on IjenX;
(compare e.g. [32, Theorem 20.5] or [14, p. 439)]).

Let (F,G) be a balanced Cauchy filter pair on (II;enXj;,d). Given i € N,
we have to show that (mF,mG) is balanced on (X;,d;). (It is a Cauchy
filter pair on (X;,d;), because the projection map ; is uniformly continu-
ous.) In order to reach a contradiction, suppose that there are a,b € X,
F € F and G € G such that d;(a,b) > Oy (a,m,G) + Qg (1, F,b). Set
d =di(a,b) — Py, (a, m;G) — Py, (m; F,b). Since (F,G) is a Cauchy filter pair on
(ILjenX;, d), we can choose F' € F, G' € G, F' C F and G’ C G such that
Oy(F',G") < & Furthermore find = = (2;)jen € F' and y = (y;)jen € G
Define s = (s;)jen and t = (t;) ey in [LjenX; as follows: Set s; =x; if j € N
and j # ¢; furthermore let s; = a. Set t; = y; if j € N, and j # ¢; furthermore
let t; = b. By Lemma 2.2.1 there are F” € F and G” € G such that F” C F’,
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G" C G, Py(F" t) < oo and Py(s, G") < oc.

Since (F,G) is balanced on (ILjen X, d), we have that d(s,t) < ®4(s,G") +
®4(F",t). Therefore for sorne g =1(gj)jen € G" and f = (f])]eN € F", we see
that ®4(s,G") < d(s,g) + and Oq4(F" t) < d(f,t) +

527' 521'
Then
1 ]' " /"
idl(a@b) = §dl(817t2) < d(S,t) < (I)d(57G ) + (I)d(F 7t>
20
< d(s, ) +d(f,) + = <

sup {2 d; (S],g])} \/ d (CL gz)+
JEN,j#i

1
su d s \/—dz iab +
s (o )}V i)+ 5

1 20
Dy(z,G") Vv Edi(aagz) + Qa(F" y) v ?di(fi’ b)+ 520 =

J 1 ) 1 20
5. i + §d¢(a797;) + 5.0 + _Zdi(fiab) + 5.9
So di(a,b) < di(a,g;) + di(fi,b) + 2. Therefore d;(a,b) < @4, (a,mG") +
q>d (mF",b) + 2 < &y(a, mG) + <1>d (m:F,b) + %. Then § = d;(a,b) —
4, (a, mG) — Py, (W,F b) < %— a contradiction. Thus (mF,mG) is balanced
on (Xj,d;). We have shown that m; is balanced. O

Lemma 2.2.5. For each i € N let (X;,d;) be a (nonempty) quasi-
pseudometric space such that d; < 1. As above, on the product Il;enX; put

d((zi)ien, (Yi)ien) = sup{2~"'d;(z;, ;) : i € N}
where for each 1 € N, x;,y; € X;.
Then a filter pair (F,G) is a balanced Cauchy filter pair on (I;enX;, d) if

and only if (m;F,mG) is a balanced Cauchy filter pair on (X;,d;) whenever
i € N, where m; : (Iien X5, d) — (X5, d;) denotes the projection map.
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Proof. Tt is well known and easy to see that (F,G) is a Cauchy filter
pair on (Il;enX;, d) if and only if (m;F, m;G) is a Cauchy filter pair on (X, d;)
whenever i € N (compare for instance with [24, Lemma 9]). Suppose now
that (mF,mG) is a balanced Cauchy filter pair on (Xj, d;) whenever i € N.
We are going to show that (F,G) is balanced on (IL;enX;, d). For each i € N
consider z;,y; € X;. By our assumption and the definition of d for each i € N
we have 27%d;(z;, y;) < 27'®y, (z;, mG) + 27 @y (M F, y;) < Pyl(24)ien, G) +
O4(F, (y;)ien) whenever G € G and F' € F. Therefore by the definition of
d, d((z;)ien, (Wi)ien) < Pa((x:)ien, G) + Pa(F, (vi)ien) whenever G € G and
F € F. We conclude that (F,G) is balanced on (II;enX;, d). Furthermore if
(F,G) is a balanced Cauchy filter pair on (Il;enXj, d), then for each ¢ € I,
(m;F,m;G) is a balanced Cauchy filter pair on X;, since the projection map
m; is balanced by Lemma 2.2.4. !

Corollary 2.2.1. Let ((X;,d;))ien be a family of quasi-pseudometric
spaces such that d; < 1 whenever i € N. Suppose that I;enX; # 0. Then
(TLienXi, sup;ey %) s B-complete if and only if (X;,d;) is B-complete when-

21’
ever 1 € N.

Proof. As before, let us set d := sup;cy g— Suppose that for each i €
N, (X;,d;) is B-complete. Let (F,G) be a balanced Cauchy filter pair on
(IL;enX;, d). Then by Lemma 2.2.4 (m;F,mG) is a balanced Cauchy filter
pair on (X, d;) whenever ¢ € N. Hence for each i € N, (mF, m;G) converges
to some x; in X; by B-completeness of (X;,d;). We conclude that (F,G)
converges to (z;)ien on (Il;enX;, d). Therefore (Il;en X, d) is B-complete. For
the converse suppose that IL;enX; # 00 and (I;en X5, d) is B-complete. Given
fixed j € N, let (F;,G;) be a balanced Cauchy filter pair on (Xj,d;). For
each i € N such that ¢ # j choose z; € X; and set F| = Z/ld_il(xi); furthermore
let 7} = Fj. Similarly for each i € N such that i # j set G; = Uy, (7;),
and let G; = G;. Then by Lemma 2.2.5 (ILien;, IlienG;) is a Cauchy filter
pair on (Il;enX;, d) which is balanced. By B-completeness of (Il;enX;, d), it
converges to some point (;)ien in (ILenX;, d). Then (F;, G;) converges to y;.
Thus (X}, d;) is B-complete. O

Proposition 2.2.1. For each i € N let f; : (X;,d;) — (Yi,ei) be a
family of maps between quasi-pseudometric spaces (X;,d;) and (Y;, e;), where
d; <1 and e; < 1 whenever i € N. Suppose that ;enX; # 0. Then the map
Wienfi © (Wien X, supjeny &) — (IienY;, supsey &) s balanced if and only if
each f; (i € N) is balanced.
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Proof. As above for convenience we set d := sup;cy % and e := sup;cy 5+

It is well known and easy to see that Il;cyf; is uniformly continuous if and
only if each f; (¢ € N) is uniformly continuous (compare for instance [14,
Theorem 8.2.1]). Suppose now that the map Il;enf; is balanced.

Fix 7 € N. Choose a; € X; whenever ¢ € N and ¢ # j. Let ¢; : X; — ILienX;
be defined by t;(z) = (b;)ien where b; = z € X, and b; = a; whenever
i € Nand ¢ # j. Then t; : (X;,d;) — (ILenX;,d) is a balanced map, as we
show next: Indeed let € > 0 and z,y € X, be such that d;(z,y) < e. Then
d(tj(z),t;(y)) = 5:d;(z,y) < e. Hence ¢; is uniformly continuous. Let (F,G)
be a balanced Cauchy filter pair on (Xj, d;) and let (x;)ien, (¥i)ien € ienX;.
Note that for each ¢ € N with ¢ # j, we have by the triangle inequal-
ity and the definition of d that %di(xi,y,-) < %di(ﬂci,ai) - %di(ai,yi) <
Q4((xi)ien, t(G)) + Pa(t;(F), (yi)ien) whenever F' € F and G € G.

Furthermore by balancedness of (F,G) on (X, d;) we have

1) € 55, G5 i (F5) < @al()icns 5(G)+alts (F), ()ic)
whenever F' € F and G € G. We conclude that

d((zi)ien, (Yi)ien) < Pa((@i)ien, t(G)) + Pa(t;(F), (yi)ien)
whenever F' € F and G € G. We have shown that t; : (X;,d;) — (I;enX;, d)

is balanced.

Evidently f; = 7 o (Iienfi) o t; where 7; : Il;enY; — Y; is the projection
map. The composition on the right hand side is balanced as the composition
of three balanced maps. We conclude that f; : (X;,d;) — (Y}, e;) is balanced.

For the converse suppose that each f; (i € N) is balanced. Let (F,G) be a
balanced Cauchy filter pair on (IL;enX;, d).

The filter pair {(IL;en fi)F, (ILien fi)G) clearly is a Cauchy filter pair on (IT;enY;, €),

since Il;en f; is uniformly continuous. We see that ((ILenfi)F, (enfi)G) is
balanced as follows:
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Given for each i € N some z;,y; € Y;, we deduce by balancedness of «/ :
[T;en X; — X; and f;, as well as the definition of e, that

1 1 1
Eei(fcia%) < E@ei(%fi(ﬂiG)) + gq’ei(fi(W;F)’yi) <

D ((@i)ien, ien fi)(G)) + Pe((Mien fi) (F), (i )ien)
whenever F' € F and G € G. Consequently

e((ziien, (Yi)ien) < Pe((i)ien, (ien fi)(G)) + Pe((Wien fi) (F), (4i)ien)

whenever F' € F and G € G. We conclude that ((ILenfi)F, (ILenfi)G) is a
balanced Cauchy filter pair on the space (Il;enY;, e). Hence the map Iy f;
is balanced. ]

Proposition 2.2.2. Let ((X;, d;))ien be a family of Ty-quasi-pseudometric
spaces with B-completions ((X;,d;))ien such that for each i € N, d; < 1.

Then (HieNE, SUD;en g;) yields the B-completion of the Ty-quasi-metric space
(HieNXia SUD;eN %)

Proof. Note first that for each i € N, d; < 1 by definition of (d;)*. For
each j € N the natural isometric embedding §; : (X;,d;) — (X, d;) is bal-
anced (see [28, Corollary 10]).

It follows from Proposition 2.2.1 that the isometric embedding

d; -~ d;
B = jenf; : (Ilien X, sup —Z-) — (Ilien X, sup 7)
1€EN 2 ieN 2

is balanced. Furthermore (HieNZ,SUpieN%) is B-complete by Corollary
2.2.1. Let (F;,G;) € 5(\; whenever j € N. For each j € N we have that (F;, G;)
is a minimal balanced Cauchy filter pair on (X}, d;) such that (3;(F;), 5;(G;))
converges to (F;,G;) in (fj, JJ) (see remarks following Theorem 1.0.1). Thus
(B(MjenF;), B(IjenG;)) converges to ((F;, G;))jen and (IjenT;, Mjend;) is a
balanced Cauchy filter pair on (IL;enXj, d) by Lemma 2.2.5. The result fol-
lows from the characterization of the B-completion given in Theorem 1.0.3.

O
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2.3 B-completion versus bicompletion

In this section we shall characterize those Ty-quasi-peudometric spaces for
which the B-completion coincides with the bicompletion.

We show that the B-completion coincides with the bicompletion if the T}-
quasi-pseudometric space is B-filter-symmetric.

Definition 2.3.1. A Cauchy filter pair of the form (F,F) on a quasi-
pseudometric space (X, d) will be called constant.

Proposition 2.3.1. Let (X, d) be a Ty-quasi-pseudometric space. Then
the following conditions are equivalent: (a) The bicompletion of (X,d) is
equal to the B-completion of (X, d). (b) Each minimal balanced Cauchy filter
pair on (X, d) is linked. (c) Each balanced Cauchy filter pair is Uy-equivalent
to a constant Cauchy filter pair on (X, d).

Proof. (a) = (b) : Let (F,G) be a minimal balanced Cauchy filter pair
on (X, d). Evidently by hypothesis (F, G) is Uz-equivalent to a constant (bal-
anced) Cauchy filter pair (H, H) on (X, d) (see remarks after Theorem 1.0.1).
Then by [28, Lemma 5] (F,G) is coarser than (H,H) and thus (F,G) is
linked.

(b) = (c) : Let (F,G) be a balanced Cauchy filter pair on (X, d). Further-
more let (F,,,,Gm,) be the minimal Cauchy filter pair coarser than (F,G)
on (X,d) (see Lemma 1.0.4). Then by our assumption the filter F,,, V G,
exists. It obviously is a d*-Cauchy filter. Furthermore (F,,,,Gn,) and the
constant Cauchy filter pair (F,,, V Giyy Finy V Gmy) are Ug-equivalent. Hence
(F,G) is Ug-equivalent to that constant Cauchy filter pair on (X, d).

(¢) = (a) : We know that for any Ty-quasi-pseudometric space the B-
completion is an extension of the bicompletion [28, Corollary 5]. By as-
sumption each balanced Cauchy filter pair on (X, d) is Ug-equivalent to a
constant Cauchy filter pair. Hence the two constructions coincide, because
all points of the B-completion are represented in the bicompletion. 0

Corollary 2.3.1. Let dy and dy be two quasi-pseudometrics on a set X
such that Uy, = Uy,. Furthermore suppose that each minimal balanced Cauchy
filter pair on (X, dy) is linked and that each minimal balanced Cauchy filter
pair on (X, dy) is linked. Then dy and dy are B-equivalent.
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Proof. Since every linked Cauchy filter pair on a quasi-pseudometric
space is balanced, in the light of Lemma 1.0.4 the hypothesis of the corollary
implies that each balanced Cauchy filter pair on (X, d;) is Uy, -equivalent to
a balanced Cauchy filter pair on (X, ds), and similarly that each balanced
Cauchy filter pair on (X, ds) is Uy,-equivalent to a balanced Cauchy filter pair
on (X, d;). Hence the conditions stated in the definition of B-equivalence are
satisfied. 0

We next define a concept of symmetric Cauchy filter pair on a quasi-pseudometric
space and the notion of B-filter-symmetry of a Ty-quasi-pseudometric space.
(The similar notion of filter symmetric will be defined on a quasi-uniform
space in the next chapter).

A Cauchy filter pair (F,G) on (X, d) will be called symmetric provided that
(G, F) is a Cauchy filter pair on (X, d).

A quasi-pseudometric space (X,d) will be called B-filter-symmetric pro-
vided that for each balanced Cauchy filter pair (F,G) on (X,d), (G,F)
is a Cauchy filter pair on (X,d). (Note that (G,F) is then also balanced,
since otherwise there are z,y € X, 0 > 0 and F € F and G € G such
that d(z,y) > ®4(z, F) + ®4(G,y) + § and @4(F,G) < 6; therefore for any
f € F and any g € G we get that d(x,y) < d(x, f) + d(f,g9) + d(g,y) <
Qy(z, F) + 0 + ©4(G,y) < d(z,y) —a contradiction.) We also observe that
each pseudometric space is (B-)filter-symmetric.

Corollary 2.3.2. For any B-filter-symmetric Ty-quasi-pseudometric
space (X, d) the B-completion coincides with the bicompletion.

Proof. Let (F,G) be a balanced Cauchy filter pair on (X, d). By B-filter-
symmetry (G, F) is a Cauchy filter pair. By the triangle inequality, it follows
that (F,F) and (G, G) are Cauchy filter pairs on (X, d). Altogether it follows
that (F NG, F N G) is a balanced Cauchy filter pair on (X, d) (see Lemma
1.0.3). We conclude that each minimal balanced Cauchy filter pair on (X, d)
is constant and so the assertion follows from Proposition 2.3.1. 0

Example 2.3.1. Let R be the set of the reals equipped with its Sor-
genfrey Ty-quasi-metric s.  Then (R,s) is B-complete [11, p. 132] and
so each minimal balanced Cauchy filter pair on this space is of the form
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(U (x),Us(x)) for some x € R. Hence it is linked. But the minimal bal-
anced Cauchy filter pairs on (R, s) are clearly not constant. Indeed the latter

condition would imply that Us(x) = U (x) whenever z € R.

S

2.4 Totally bounded quasi-pseudometrics

In this last section of Chapter 2 we show that total boundedness is pre-
served by the B-completion and that even for totally bounded Ty-quasi-
pseudometric spaces the B-completion can be strictly larger than the bicom-
pletion.

As usual, we call a quasi-pseudometric d totally bounded provided that d° is a
totally bounded pseudometric. Totally bounded balanced quasi-pseudometrics
are known to induce uniformities (see [15, 25, 9]). The following proposition
makes use of techniques of Dedk (compare [4, Proposition 6.5] and [6, Propo-
sition 2.3]).

Proposﬂzlon 2.4.1. Let (X, d) be a totally bounded Ty-quasi-pseudometric
space and let (X, d) be its B-completion. Then (X, d) is totally bounded (and
bicomplete). (Hence T((d)*) is a compact Hausdorff topology.)

Proof. As mentioned before, it is known that ()? ,J) is bicomplete [221,
Corollary 5]. We shall identify the points of X with their images in X
under the map (x. Let ¢ > 0. Since U, is totally bounded, there is a fi-
nite cover {A; : i € F} of X such that 4; x A; C Ua,c whenever i € F.
For convenience let us set V' := Uy <. Since X is dense in X, we conclude
that (J,cp clupAi = X. Consider the finite partition P of X that is de-
termined by the cover {cl.q)A; : i € F} of X. Let P € P. Hence for
some J C F, P € P is equal to (., clrwyAi \ (UieF\J ClT(ug)Ai). In or-
der to establish that (X, d) is totally bounded, it will suffice to show that
PxP CU;z_.Let ((F,G),(F,G')) € Px P. Then there is W € Uj; such that
W({(F',G ))ﬂuleF\J =0,s0 W{F,G"N)NX C U, A

Because (x(G') converges to (F',G’) with respect to the topology 7(U3), we
conclude from the latter inequality that |J,., 4; € G'. Fix i € J. Since
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A; x A; C V, we have V71(A;) x A; C V2. Because (F,G) € clyuyAi

and hence U; . ((F,G)) N A; # 0, there are F; € F and a; € A; such that
4

Fix{a;} CV.Thus F; C V"'(a;) € V1(A;). Hence N,y Fi € Ny V1AL,

It follows that (,c, V~'(Ai) x U;e; Ai € V? C Ugc. By definition of d, we
conclude that ((F,G),(F",¢")) € U, and thus P x P C Uy, . Hence we have
verified that U5 is totally bounded. O

Our final example in this chapter shows that even for a totally bounded Tj-
quasi-pseudometric space (X, d) the B-completion can be strictly larger than
the bicompletion of (X, d). Similar constructions have been used by Dedk (see
2, Section 3]).

Example 2.4.1. (see also [28, Example 4]) Let Z_ = {——=5 :n € N}
and Z; = {n%l :n € N}. Furthermore set Z = Z_UZy and X = Z x {1,2}.

By |x—y| we shall denote the usual distance between two real numbers x and y.

Define d : X x X — [0,00] as follows. Set d(x,z) =0 whenever x € X. For
distinct points (z1,11) and (22,12) in X with 21,22 € Z and iy,is € {1,2} set
d((z1,11), (22,12)) = |21 — 22| if (1) z1 < 0 < 29 and iy,iy are arbitrary or
if (2) 2129 > 0 and iy = iy. Otherwise set d(x,y) = 2. Note that d < 2.
We next verify that d satisfies the triangle inequality. So let 1 = (z1,11),
xo = (29,19), 3 = (23,13) in X with z1,29,23 € Z and iy,i9,13 € {1,2}.
Since d < 2, it suffices to consider the case that d((z1,11), (22,72)) < 2 and
d((z9,12), (23,13)) < 2. Hence d(x1,x9) = |21 — 22| and d(xq, x3) = |22—23|. By
definition of d, therefore z1 € Z_ and 290 € Z,, or 21,29 € Z_, or 21,25 € Z.
Moreover zo € Z_ and z3 € Zy, or z3,23 € Z_, or 23,23 € Z,. Combining
these possibilities, we can distinguish the following four cases.

Case 1: z1 € Z_ and 25,23 € Z.
Case 2: z1,20 € Z_ and z3 € Z,.
Case 8: z1,29,23 € Z_.

Case 4: z1,29,23 € Z4.
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By definition of d, cases 1 and 2 imply that d(xy,x3) = |z1 — 23]. On the
other hand, in cases 3 and 4, d(x1,x2) = |21 — 22| and d(xe,x3) = |22 — 23]
yield 1y = iy and iy = i3. Hence iy = i3 and thus d(xy,z3) = |21 — 23| in
either case. It follows that in all four cases under consideration the triangle
inequality holds. Hence d is a Ty-quasi-metric on X. Since the four subspaces
Z_x {1}, Z_x {2}, Zy x {1}, and Z x {2} of (X,d) are clearly all totally
bounded (and metric), the space (X,d) is totally bounded.

Let G be the filter generated by {(]0,e[x{1,2}) N X : € > 0}. Similarly let
F be the filter generated by {(] —€,0[x{1,2}) N X : e > 0}. Clearly (F,G)
is a Cauchy filter pair on (X, d). Next we are going to prove that (F,G) is
balanced on (X,d). Since d < 2, it suffices to consider the case that

glg D4((a,1),(]0,€e[x{1,2}) N X) < 2

and
inf @q((] — €, 0[x{1,2}) N X, (b,7)) <2

with a,b € Z and i,j € {1,2}.

Observe next that for (z1,1), (22,7) € X with 21,29 € Z and i,j € {1,2} we
have that d((z1,1)), (22,7)) =2 ifi # j and z1 - 20 > 0 (x).

Hence our assumptions imply that a < 0 < b and thus d((a, i), (b, 7)) = b—a =
infeso ®a((a,i), (0, e[x{1,2}) N X) + infeo Pa((] — €,0[x{1,2}) N X, (b, 7)).
We conclude that (F,G) is balanced on (X,d). We shall now show that the
B-completion is larger than the bicompletion of (X,d). In order to reach a
contradiction assume that (F,G) is Ug-equivalent to (H,H) where H is a
d*-Cauchy filter on X (compare with Proposition 2.5.1).

Consequently (F,H) and (H,G) are Cauchy filter pairs on (X, d). Note that
a nonempty set H C X satisfying ®4(H, H) < 2 can only hit one class of
the partition P = {Z_ x {1}, Z_ x {2}, Z, x {1}, Z, x {2}} of X, since
d*(x,y) = 2 whenever x and y are points of X belonging to distinct classes
of this partition, as it is straightforward to check. Since there is such an H
that belongs to the filter H, that filter H must contain exactly one member
of the partition P. On the other hand, since (F,H) is a Cauchy filter pair
on (X,d), by () and the definition of F, H cannot contain Z_ x {1} and
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similarly it cannot contain Z_ x{2}. Analogously, because (H,G) is a Cauchy
filter pair on (X, d), both Zy x {1} and Z, x {2} cannot belong to 'H by (x)
and the definition of G. Consequently H does not contain any set of the
partition. Hence we have reached a contradiction and conclude that (F,G) is
not Uy-equivalent to any constant Cauchy filter pair on (X, d). Hence the B-
completion of (X, d) is strictly larger than the bicompletion of (X, d) although
(X, d) is totally bounded.
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Chapter 3

Some results on quasi-uniform
spaces and properties of filter
pairs on quasi-uniform spaces

In this chapter we shall discuss some interesting results related to the notion
of quasi-uniform spaces and investigate interesting properties of filter pairs
on quasi-uniform spaces.

In the first section we recall some basic notions in quasi-uniform spaces and
those of filter pairs on a quasi-uniform space. We finally discuss the concept
of a weakly concentrated Cauchy filter pair on a quasi-uniform space.

In the second section we explain the notions of Cauchy, fully Cauchy, locally
quiet and filter symmetric quasi-uniformities introduced by Dedk in [6, 8, 9].
We present results showing that a filter symmetric quasi-uniform space is
Cauchy and each Cauchy filter pair on that quasi-uniform space is stable
and costable. Furthermore a filter symmetric quasi-uniform space is locally
quiet and doubly costable.

In the last section we shall explain the notion of D-completeness and C-
completeness developed by Fletcher and Hunsaker and their relationship in
a quasi-uniform space. We point out that in quiet quasi-uniform spaces, the
two notions of completeness coincide.
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3.1 Quasi-uniformities and basic results

We start this section by recalling some elementary concepts and facts from
the theory of quasi-uniform spaces and some properties of filter pairs on
quasi-uniform spaces. Indeed quasi-pseudometrics that we presented in the
previous chapters induce quasi-uniformities.

Definition 3.1.1. [15] Let X be a set and U be a filter on X x X such
that
(a) for each U € U, U contains the diagonal {(z,z) : x € X} of X,

(b) for each U € U there is V € U such that V oV = {(z,2) € X x X :
(x,y) € V,(y,z) € V} CU. Then we say that U is a quasi-uniformity on X.
The tuple (X,U) is called a quasi-uniform space.

Note that for any quasi-uniformity &/ on X, the filter of inverse relation ¢!
is also a quasi-uniformity on X called the conjugate of U.

We denote by U* the uniformity U V U~! on a set X.(The definition of a
quasi-uniformity and those of an uniformity on a set X are given in [15, Def-
inition 1.1}).

A quasi-uniformity U on a set X is called Ty-quasi-uniformity provided that
AU N AU is equal to the diagonal {(z,z) : z € X} of X and (U is a
partial order.

A map f: (X,U) — (Y,V) between two quasi-uniform spaces (X,U) and
(Y, V) is called quasi-uniformly continuous(see [15, Definition 1.11]) if for
each V € V there is U € U such that (f(x), f(y)) € V whenever (z,y) € U.
A bijection f : (X,U) — (Y, V) is called quasi-isomorphism if f and f~!
are quasi-uniformly continuous. In this case we say that (X,U) and (Y,V)
are quasi-isomorphic.

In a quasi-uniform space (X,U) we shall say that a filter pair (F,G) on
a set X is called a Cauchy filter pair (compare Definition 1.0.2) provided
that for each U € U there are FF € F and G € G such that FF x G C U.
A Cauchy filter pair on a quasi-uniform space (X,U) will be called constant
provided that F = G. (This was defined early for quasi-pseudometric spaces).
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The following concept of bicompleteness can be generalized to arbitrary
quasi-uniform spaces.

A quasi-uniform space (X,U) is called bicomplete if each U*-Cauchy filter
converges with respect to the topology 7(U*) and the bicompletion of a Tp-
quasi-uniform space (X,U) is a bicomplete Ty-quasi-uniform space (Y,V)
that has a 7(U®)-dense subspace quasi-uniform isomorphic to (X,U).

Definition 3.1.2. [2/ A Cauchy filter pair (F,G) on a quasi-uniform
space (X,U) is called a round Cauchy filter pair provided that for G € G, F €
F there areU € U and Ty € F, Ty € G such that U™'[T1] C F and U[Ty] C G.

We next recall the definition of a weakly concentrated Cauchy filter pair on
a quasi-uniform space.

Definition 3.1.3. [}, Lemma 7.7] A Cauchy filter pair (F,G) on a
quasi-uniform space (X,U) is called weakly concentrated provided that for
each U € U there is V € U such that V(z) € G and V' (y) € F imply that
(xz,y) € U whenever x,y € X.

Let us recall that a family U of Cauchy filter pairs is called uniformly weakly
concentrated [3, Lemma 7.15] provided that each member of W satisfies the
condition of weak concentration with V' not depending on the considered
filter pair but only on the family W. A quasi-uniform space (X, i) is called
quiet if the family of all Cauchy filter pairs on (X,U) is uniformly weakly
concentrated. In this case, we say that V' is quiet for U.

Lemma 3.1.1. /3, Lemma 7.7 and Definition 7.6] Let (X,U) be a quasi-
uniform space. A Cauchy filter pair (F,G) on a quasi-uniform space (X,U)
is weakly concentrated if and only if the following condition (*) is satisfied: if
for eachU € U, there isV € U such that F1, Fy € F,G1,Go € G, F1xG, CV
and Fy X Gy CV imply that F; x Gy C U.

Proof. Let (F,G) be a Cauchy filter pair such that for each U € U there
is V € U such that V(z) € G and V! (y) € F imply that (z,y) € U. Suppose
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that F1 X G1 - V and Fg X Gg - V' with Fl,FQ € F and Gl,Gg S g Let
(f1,92) € F1 x G5. Then V(f1) € G and V~!(gy) € F. Thus (f1,92) € U and
Fy x G5 C U. So the given condition (*) is satisfied.

To prove the converse, suppose that the condition (*) is satisfied and that
V(z) € Gand V-!(y) € F. Find F € F and G € G such that F C V~1(y),
GCV(r)and F xG C V. Then (FU{z})xG CV and F x (GU{y}) C V.
By condition (*) it follows that (F U {z}) x (GU{y}) C U. Thus (z,y) € U
and (F,G) is weakly concentrated. O

Note that a Cauchy filter pair (F,G) on a quasi-uniform space (X, ) is said
to converge to x provided that the filter (U~ (x),U(x)) is coarser than (F,G).

Lemma 3.1.2. (Compare [28, Proposition 1]) Let (X,U) be a Ty-quasi-
uniform space. Then the limit of a weakly concentrated Cauchy filter pair on
(X,U) is unique if it exists.

Proof. Let (F,G) be a weakly concentrated Cauchy filter pair on (X,U)
such that (F,G) converges to x as well as to y in X. Then for each U € U
there is V' € U such that for each a,b € X with V(a) € G and V71(b) € F
we have that (a,b) € U. By our assumption on convergence we conclude that
(x,y) € U as well as (y,z) € U whenever U € U. Thus x = y, since (X,U) is
a Tp-quasi-uniform space. O

Lemma 3.1.3. /3, Lemma 7.9a] Let (X,U) be a quasi-uniform space.
If (F,G) is a linked filter pair on (X,U), then (F,G) is weakly concentrated.

Proof. Let U € U. There is V € U such that V2 C U. Let z,y € X.
Suppose that V(z) € F and V~!(y) € G such that V~!(y) NV (x) # (). Then
(z,y) € V2 C U. So we conclude that (F,G) is weakly concentrated. O

Our next result is related to Remark 1.0.1 part (b).

Lemma 3.1.4. [3, Lemma 7.9b] Let (X,U) be a quasi-uniform space.
Then the envelope (U (F),U(G)) of a linked Cauchy filter pair (F,G) on
a quasi-uniform space (X,U) is a minimal Cauchy filter pair that is weakly
concentrated.
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Proof. Let (F',G’) be a Cauchy filter pair on X such that 7/ C U~ (F)
and G CU(G). Let U € U and G € G. There exist F' € F' and G' € G’
such that F' x G' C U, since (F',G’) is a Cauchy filter pair on (X,U). By
our assumption there is x € GNG' N F'. Then G' C U(x) CU(G) € U(G).
Therefore U(G) C G'. Similarly we can show that &~'(F) C F'. Hence we
get that (U~1(F),U(G)) is a minimal Cauchy filter pair on (X,U), which is

weakly concentrated by the preceding lemma. 0

Note that a filter pair (F,G) is called concentrated if it is weakly concen-
trated and minimal Cauchy.

Definition 3.1.4. A filter G on a quasi-uniform space (X,U) is U-
stable provided that (\geg U(G) € G whenever U € U. Note that a U*-Cauchy
filter is called doubly stable it is both U~!-stable and U-stable.

A filter pair (F,G) on a quasi-uniform space (X,U) is called stable provided
that G is U-stable and F is U~ -stable.

A Cauchy filter pair (F,G) on a quasi-uniform space (X,U) is called costable
if F is U-stable and G is U -stable.

Lemma 3.1.5. /3, Lemma 7.17] Let (X,U) be a quasi-uniform space.
If (F,G) is a linked Cauchy filter pair on (X,U), then (F,G) is stable.

Proof. Let U € U. There are Fi; € F and Gy € G such that Fy xGy C U.
Consider any G € G. Then there is z¢ € FyNG. Thus Gy C U(zg) C U(G).
Hence G is U-stable. Similarly we show that F is U~ !-stable. O

Let (F,G) be a weakly concentrated Cauchy filter pair. There exists a unique
weakly concentrated Cauchy filter pair coarser than (F,G) which can be de-
scribed as the coarsest one among the Cauchy filter pairs coarser than (F,G).
In the literature, Dedk [3, 4] used several ways to describe a minimal weakly
concentrated Cauchy filter. In the following we discuss some of the con-
structions of a weakly concentrated minimal Cauchy filter pair ([4, p.351],[3,
Lemma 7.11]) that are useful in our present study. So these studies will gen-
eralize the previous Lemma 1.0.4.
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Lemma 3.1.6. [6] Let (F,G) be a weakly concentrated Cauchy filter
pair on a quasi-uniform space (X,U). For each U € U, set M_1(U) = |J{S €
F @ thereis K € Gsuch that S x K C U} and My(U) = | {K € G :
there is S € F such that S x K C U}. Let Fy—1 be the filter generated by
the filter base {M_1(U) : U € U} and let Gy be the filter generated by the
filter base {Mx(U) : U € U}. Then (Fy-1,Gy) is the unique minimal weakly
concentrated Cauchy filter pair coarser than (F,G).

Proof. Let U € Y and V € U be such that V3 C U. There are F € F and
G € G such that FFx G CU. Let x € M_1(U) and y € My(U). Then there is
G € G such that {z} x G C V and there is F' € F such that F' x {y} C V.
Therefore {z} x {y} € V3 C U. Thus M_,(U) x My(U) C U. So we have
that (Fy-1,Gy) is a Cauchy filter pair.

Let (F',G’) be a Cauchy filter pair on X coarser than (F,G). For U € U
there are IV € F' and G’ € G’ such that F/ x G’ C U. Let S € F,-1 be
such that M_;(U) C S. Then we have that F € F" and F" C M_;(U) C S.
So F' C Fy-1. Since Fy-1 is a minimal filter, then F' = F;-1. Similarly,
we prove that G’ = F—1. Hence we conclude that (Fy-1,Gy) is the coarsest
Cauchy filter pair coarser than (F,G). O

Lemma 3.1.7. (Compare Lemma 1.0.4) Let (F,G) be a weakly concen-
trated Cauchy filter pair on a quasi-uniform space (X,U). For each U € U,
set Fy ={x e X :U(z) € G} and Gy ={x € X : U (z) € F}. Let F,,,
be the filter generated by the filter base {Fy : U € U} and let G, be the filter
generated by the filter base {Gy-1 : U € U}. Then (Fpny, Gm,) is the unique
minimal weakly Cauchy filter pair coarser than (F,G).

Proof. The proof is similarly as the one in Lemma 1.0.4. U

Corollary 3.1.1. Let (X,U) be a quasi-uniform space and let (F,G)
be a weakly concentrated Cauchy filter pair on (X,U). Then (Fp,, Gm,) and
(Fu-1,Gu) are equal filter pairs; that is, the two pairs of bases used to generate
them are equivalent.

Proof. The proof is straightforward. 0
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Proposition 3.1.1. Let (F,G) be a Cauchy filter pair on a quasi-
uniform space (X,U).

(a) Then F,, € F and G, € G.

(b) If (F',G) is a Cauchy filter pair on (X,U), then F,,, € F'. Similarly if
(F,G") is a Cauchy filter pair on (X,U), then F,, C G'.

(c) The filter pair (Fm,,Gmy) s Cauchy on (X,U) if and only if (F,G) is
weakly concentrated on (X,U).

(d) [6, Lemma 5.2] If G is U-stable, then (F,.,,G) is a Cauchy filter pair on
(X,U). Similarly if F is U -stable, then (F,G,) is a Cauchy filter pair on
(X, U).

(e) [6, Lemma 5.6] Each stable, minimal Cauchy filter pair (F,G) on a quasi-
uniform space (X,U) is (weakly) concentrated.

Proof. (a) Since (F,G) is a Cauchy filter pair on (X,U), we have that
Fmy € Fsindeed U €U, F € F,G € G and FxG C U imply that F,,,, C Fy.
Analogously G,,, € G.

(b) The proof is similar to the one in part (a): Let U e U, F' € Fand G € G
such that F" x G C U. Then F’' C Fy. Thus F,,,;, C F'. The second statement
is proved analogously.

(c) The proof is straightforward. It follows from the definition of weak con-
centration: For each U € U there is V' € U such that Gy x Fyy C U. The
latter part of the statement exactly means that V(z) € G and V~(y) € F
with z,y € X imply that (z,y) € U.

(d) Let U € U. Since G is U-stable, we know that [\, ,U(G) € G. If
(z,y) € U(G) x NgegU(G), then y € U?(x), since U(z) € G, and thus
(z,y) € U?. Therefore (F,,,,G) is a Cauchy filter pair on (X,U). Similarly,
U~ '-stability of F implies that (F,G,,,) is a Cauchy filter pair on (X,U).

(e) Since (F,G) is a minimal Cauchy filter pair, by (b) and (d) we have
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Fmy = F and G,,, = G. Hence we conclude that (F,,, Gn,) is a Cauchy filter
pair. So (F,G) is weakly concentrated by (c). O

The next lemma is related to the notion of quasi-proximity and quasi-proximity
induced by a quasi-uniformity which is defined in [15, Definition 1.22,Propo-
sition 1.28].

Lemma 3.1.8. Let (F,G) be a Cauchy filter pair on (X,U). Then for
any F € F,G € G we have that FOG, where § denotes the quasi-prozimity
induced by U on X.

Proof. For any U € U there are F; € F,Gy € G such that Fy x Gy C U.
Consider any F' € F,G € G. Therefore (F N Fy) x (GNGy) C U where
FNFy#0#GNGy and (F x G)NU # (). Thus FiG. O

3.2 Cauchy and fully Cauchy quasi-uniformities

In this section we present the notions of Cauchy, fully Cauchy and locally
quiet quasi-uniformities introduced by Dedk in [9]. We improve some results
related to these classes of quasi-uniformities and write down with more de-
tails some of the proofs found in [9]. We shall establish the following two
new results: The first one shows that a filter symmetric quasi-uniform space
(X,U) is Cauchy and each Cauchy filter pair on (X, ) is stable and costable.
The second result states that a filter symmetric quasi-uniform space (X, U) is
locally quiet and doubly costable. These results are closely related to Dedk’s
result that a quasi-uniform space is filter symmetric if and only if it is quiet
and doubly costable [9, Proposition 5.1]. He had also shown that a locally
quiet quasi-uniform space is Cauchy and fully Cauchy.

We start by recalling first the definitions of a Cauchy and a fully Cauchy
quasi-uniformity:.

Definition 3.2.1. /9, p.318] A quasi-uniform space (X,U) is called
Cauchy provided that whenever the filter pairs (Fy, G1) and (Fs, Go) are Cauchy
and Fy \/ F2 and G1 \/ G2 are well-defined filters on (X,U), then (F1NFz, G1N
Ga) is a Cauchy filter pair on (X,U).
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A quasi-uniform space (X,U) is called fully Cauchy if for any Cauchy filter
pair (F,G) on (X,U) there is a coarsest one among the Cauchy filter pairs
coarser than (F,G).

Lemma 3.2.1. Fach stable Cauchy filter pair on a Cauchy quasi-uniform
space is weakly concentrated.

Proof. Let (F,G) be a stable Cauchy filter pair on a Cauchy quasi-
uniform space (X,U). Then we have that (F,,,,G) and (F,G,,,) are Cauchy
filter pairs coarser than (F,G). Hence by Cauchyness of U, we have that
(Foy NF,G N Gy) = (Finys Gy ) 1s @ Cauchy filter pair on (X,U). Then it
follows from Proposition 3.1.1 that (F,G) is weakly concentrated. O

Definition 3.2.2. [9] A quasi-uniform space (X,U) is called locally
quiet provided that each Cauchy filter pair is weakly concentrated.

A quasi-uniform space (X,U) is called costable provided that whenever (F,G)
1s a Cauchy filter pair, then F is stable.

A quasi-uniform space (X,U) is called double costable if for each Cauchy
filter pair (F,G), the filter F is U-stable and G is U -stable, that is, (F,G)

18 costable.

Lemma 3.2.2. [9, Proposition 2.1a] a) Each locally quiet quasi-uniform
space (X,U) is fully Cauchy.

b) [9, Proposition 2.1b] FEach fully Cauchy quasi-uniform space (X,U) is
Cauchy.

Proof. a) Let (F,G) be a Cauchy filter pair on a quasi-uniform space
(X,U). Since (X,U) is locally quiet, then (F,G) is weakly concentrated. So
it contains a coarsest Cauchy filter pair coarser than (F,G). Hence (X,U) is
fully Cauchy.

b) Let (F1,G1) and (Fy, Go) be Cauchy filter pairs on (X, U) such that F;, VG,
and Fy V Gy are well-defined filters. Since (X,U) is fully Cauchy, (F V
G1, F2VGs) contains a coarsest Cauchy filter pair (H1, Hs). Then we have that
(Hy, Hs) is coarser than the filter pair (F1NGy, FoNGy). Thus (F1NGy, FoNGy)
is a Cauchy filter pair. Hence we conclude that (X,U) is Cauchy. O
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Corollary 3.2.1. [9, Proposition 2.1] Each locally quiet quasi-uniform
space (X,U) is Cauchy.

Proof. The proof follows from the previous lemma. 0

We next recall the notion of a filter symmetric quasi-uniform space (X,U).

Definition 3.2.3. Let (X,U) be a quasi-uniform space. A Cauchy fil-
ter pair (F,G) on (X,U) will be called symmetric provided that (G, F) is
a Cauchy filter pair on (X,U), too. A quasi-uniform space (X,U) is called
filter symmetric [9, Definition 5.1] if each Cauchy filter pair on (X,U) is
symmetric.

Lemma 3.2.3. Let (F,G) be a Cauchy filter pair on a quasi-uniform
space (X,U) that is weakly concentrated such that F is a U-stable ultrafilter.
Then F is a U*-Cauchy filter.

Proof. Let U € U. By weak concentration of (F,G), there is V' € U such
that V(z) € G and V~!(y) € F imply that (z,y) € U.
Find Fy € F and Gy € G such that Fy x Gy C V. Since F is U-stable, we have
that Fo N (\per V(F) € F. Let a,b € FyN(\per V(F) € F. Then V(a) € G
and V~1(b) N F # () whenever F € F. Therefore V~'(b) € F, since F is an
ultrafilter on X. Then (a,b) € U. Hence we conclude that F is a U*-Cauchy
filter on X. 0

Note that the following two propositions are closely related to Dedk’s results
in [9, Proposition 5.1].

Proposition 3.2.1. A quasi-uniform space (X,U) is filter symmetric
if and only if it is Cauchy and each Cauchy filter pair is stable and costable.

Proof. Let (X,U) be a filter symmetric quasi-uniform space. Suppose
that (F,G) is Cauchy filter pair on (X,U). Then (G, F) is a Cauchy filter
pair on (X,U). Consequently F and G are U*-Cauchy filters on X. ( It follows
that NG is a U*-Cauchy filter .) In particular, the Cauchy filter pair (F,G)
is stable and costable.

Let (F1,G1) and (F», Go) be Cauchy filter pairs on (X,U) such that F; V Fy
and G; V Gy are well-defined filters. Then (F; V F2,G; V Gs) is a Cauchy
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filter pair on (X,U). By filter symmetry, (G, V Go, F1 V F2) is a Cauchy filter
pair on (X,U). By Lemma 3.1.8, HE whenever H € G;VG, and E € F1V Fs.

Let U € U and let V € U be such that V3 C U. Find F}, € F, and H € G1V G,
such that F; x H C V. Similarly, find £ € F; V F; and G € Gy such that
E x G5 C V. Since H6E, we conclude that F} x G, C V3 C U.

It follows that (F1, Gs) is a Cauchy filter pair on (X,U). Hence (F1NF2,G1 N
Gs) is a Cauchy filter pair on (X,U). Therefore (X,U) is a Cauchy quasi-
uniform space. We conclude that filter symmetry implies Cauchyness in a
quasi-uniform space.

For the converse of the assertion in the proposition we argue as follows : Let
(F,G) be a Cauchy filter pair on (X,U). Since (F, G) is stable by assumption,
(F,G) is weakly concentrated according to Lemma 3.2.1 , because (X,U) is
Cauchy. Hence it contains the coarsest Cauchy filter pair (F,,,, Gm,) accord-
ing to Lemma 1.0.4 and Lemma 3.1.7. Suppose that H is an ultrafilter finer
than F,,,, on X. Then by assumption the Cauchy filter pair (H, G,,,) is sta-
ble and costable. So H is doubly stable and since it is an ultrafilter, H is a
U*-Cauchy filter on X.

Therefore (H, H) is a Cauchy filter pair on (X, ). Since (H, G,,,) is a Cauchy
filter pair on (X,U), trivially (H, H N G,,,) is a Cauchy filter pair on (X,U).
Then (H,G,,,) is a Cauchy filter pair on X that contains the Cauchy filter
pairs (Fp,, Gm,) and (H,H N G,,,). By Cauchyness of U, (F,,, H N Gyy) i
a Cauchy filter pair. Since (F,,,,Gm,) is minimal, we conclude that F,,, C
H N G, and therefore G,,, C H. Since F,,,, as any filter can be written as
the intersection of ultrafilters H on X, we obtain that F,,, C G,,,. Similarly
Gm, € Fm,, by applying the same argument to & ~!. Therefore we get that
Fmy = Gm,. Then (G, F) is a Cauchy filter pair on (X,U), since it is finer
than the constant Cauchy filter pair (F,,,, Gm,). Hence the quasi-uniformity
U is filter symmetric. O

Proposition 3.2.2. A quasi-uniform space (X,U) is filter symmetric
if and only if it is locally quiet and doubly costable.

Proof. Let (X,U) be a filter symmetric quasi-uniform space and let
(F,G) be a Cauchy filter pair. Then (G, F) is also a Cauchy filter pair on
(X,U). We have that F and G are U*-Cauchy filters. Let U € U. There is
V € U such that V3 € U. There are F € F and G € G such that ' x G C U.
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Consider V(z) € G and V~!(y) € F whenever x,y € X. There are f € F and
g € G such that f € V7!(y),g € V(z), which implies that (z,y) € V? C U.
Then the Cauchy filter pair (F, G) is weakly concentrated. Thus we get that
(X,U) is locally quiet. Since the filters F,G are U*-Cauchy, they are U*-
stable, that is, F is U-stable and G is U/~ '-stable. Hence we get that the
quasi-uniform space (X,U) is doubly costable.

To prove the converse, suppose that (X,U) is a locally quiet and dou-
bly costable quasi-uniform space. Let (F,G) be a Cauchy filter pair on
(X,U). Since (X,U) is locally quiet, then the Cauchy filter pair (F,G)
is weakly concentrated. Therefore it contains the unique minimal Cauchy
filter pair (F,,,,Gm,). Let H be an ultrafilter finer than F,,, on X. By
Lemma 3.2.3 H is doubly stable. Since it is an ultrafilter, for each U € U,
Neer UH)NNger UTH(H) € H. For any @ € (e UH) N \gpeyy UH(H)
we have that U(z) N H # (). So U(x) € H. Similarly we prove that U~!(x) €
‘H. Then 'H is a U*-Cauchy filter on X.

Then (H,H) is a Cauchy filter pair on (X,U). Since (H, G,,,) is a Cauchy
filter pair on (X,U), trivially (H, H N G,,,) is a Cauchy filter pair on (X,U).
Then (H,Gy,) is a Cauchy filter pair on X that contains the Cauchy filter
pairs (Fry, Gm,) and (H, HN Gy, ). By local quietness of U, (Fy,, HN Gy, ) is
a Cauchy filter pair. It follows from the last part of the proof in the preceding
proposition that (G, F) is a Cauchy filter pair on (X, U), since it is finer than
the constant Cauchy filter pair (F,,, Gm,). Hence we conclude that (X, U) is
filter symmetric quasi-uniform space. O

Definition 3.2.4. A quasi-uniform space (X,U) is called proximally
symmetric or Smyth symmetric (compare [9, p.325]) provided that the quasi-
proximity & induced by U on X is a proximity.

Proposition 3.2.3. [9, Proposition 5.2] FEach prozimally symmetric
quasi-uniform space (X,U) is filter symmetric.

Proof. According to Proposition 3.2.1 it will suffice to show that U is
Cauchy and that each Cauchy filter pair on (X,U) is stable and costable.
Let (F,G) be any Cauchy filter pair on (X,U). Let F € F and G € G. Then
FéG by Lemma 3.1.8. Since U is proximally symmetric, it follows that G F.
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We next note that if (F',G’) is a Cauchy filter pair on (X,U) and F' is an
ultrafilter on X, then F’ is a U5-Cauchy filter on X : Indeed by the end of
the preceding paragraph U(G') V F' is a well-defined filter. It obviously is
an U*-Cauchy filter on X, which is finer that F’. Since F’ is an ultrafilter,
U(G) V F' agrees with F', and our claim is established.

We still need to show that proximal symmetry implies Cauchyness. This is
similar to the result that symmetry implies Cauchyness: Let (F;,G;) and
(F3,Gs) be Cauchy filter pairs on (X,U) such that F; V F, and Gy V G, are
well-defined filters. Then (F; V Fs,G; V Gs) is a Cauchy filter pair. Thus by
Lemma 3.1.8, if FF € F; V5 and G € G; V Gs, then FOG. Let U € U and
let V € U be such that V3 C U. Find F}, € F; and G € Gy V G, such that
) x G C V. Similarly, find F € F; VF, and Gy € G5 such that FF x Gy C V.
Since GOF by proximal symmetry, we conclude that Fy x G, C V3 C U.
It follows that (F7,Gs) is a Cauchy filter pair. Analogously, (F3,G;) is a
Cauchy filter pair on (X,U). Hence (F; N Fa,G1 N Gs) is Cauchy filter pair.
Thus (X,U) is a Cauchy quasi-uniform space. O

Proposition 3.2.4. [9, Theorem 1.3] Each totally bounded Cauchy
quasi-uniform space (X,U) is symmetric, that is, U is uniformity.

Proof. Let U be a totally bounded Cauchy quasi-uniformity on a set
X and let § be the quasi-proximity induced by ¢« on X. Since trivially any
totally bounded proximally symmetric quasi-uniformity is a uniformity, we
only have to show that ¢ is a proximity. We suppose that ¢ is not a proximity
and choose A, B C X such that AJB, but BéA. For the proof we recall that
U is generated by the subbasic entourages (X x X)\(F x F') where E, F C X
and ESF [15, Theorem 1.33].

In the following we use some ideas developed in [28]. Since AJB, we have that
A Qand B # 0. Let M = {(Fy, Fs) : F1, Fp are filters on X such that A €
Fi, B € F, and such that C € Fy, D € F, imply C6D} partially ordered by
the usual coarser relation between filter pairs, that is, (Fy, F2) < (G1,Gs) if
F1 € G; and F3 C G,. Since the union of a chain of filters is a filter, we see
that we can apply Zorn’s Lemma. We conclude that M has a maximal ele-
ment (M, H2). We next note that H; and H, are ultrafilters on X : Suppose
that H; is not an ultrafilter on X. Then there is F C X such that F ¢ H;
and X\FE ¢ H;. Let K; be the filter generated by Hy; U {E} on X and let
Ko be the filter generated by H; U {X\E} on X. Since (Hy, Hz) is maximal
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in (M, <) and K;, Ky are strictly finer than Hi, there are Hy, H), € H;
and Hy, H) € Hy such that H; N E§Hy and H) N (X \E)0H}. Tt follows that
H\NH|NESHyNHY and HiNH,N(X\E)0H,NHY. Thus HyNH,0HyNHy—a
contradiction. Hence H; is an ultrafilter on X. Similarly, one proves that Hs
is an ultrafilter on X.

Next we show that (H;, H») is a Cauchy filter pair on (X, ). Assume the con-
trary. Then it is obvious that by total boundedness of U there are C, D C X
such that C9D, but (H; x Hy)N(C x D) # () whenever H, € H, and Hy € Ho.
Hence C' € H; and D € Hy, because H; and H, are ultrafilters— contra-
dicting the fact that (Hi, Ha) € M. Thus (H;, Hs) is a Cauchy filter pair on
(X,U).

Then (Hi, Hi) and (Hs, Hsa) are Cauchy filter pairs, since by total bound-
edness each ultrafilter is U°-Cauchy [15, Proposition 3.14]. Consequently
obviously (Hi, H1NHs) and (H; NHa, He) are Cauchy filter pairs on (X,U).
Therefore by Cauchyness of U, (Hy; N Ha, H1 N Hs) is a Cauchy filter pair
on (X,U). Hence (Hs, H;) is a Cauchy filter pair on (X,U), which implies
by Lemma 3.1.8 that B0A, since B € Hy and A € H;. We have reached a
contradiction and we conclude that § is a proximity. U

3.3 D-completeness and C'-completeness in a
quasi-uniform space

In this last section of this chapter we investigate the notion of D-completeness
and C-completeness. In [17], P. Fletcher and W. Hunsaker have considered
three notions of completeness: D-completeness, strong D-completeness and
pair completeness. They showed that in a uniformly regular quasi-uniform
space D-completeness implies pair completeness. Note that the notion of
pair completeness coincides with bicompleteness in a quasi-uniform space.
We shall show that any D-complete quiet quasi-uniform space is C'-complete.

A filter G on a quasi-uniform space (X,U) is said to be a D-Cauchy filter if

there is a filter F on X such that (F,G) is a Cauchy filter pair. We call F
a cofilter of G.
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Definition 3.3.1. A quasi-uniform space (X,U) is called C-complete
provided that each Cauchy filter pair (F,G) converges.
A quasi-uniform space (X,U) is D-complete (compare [17, p. 150]) if each
D-Cauchy filter converges, that is, each second filter of the Cauchy filter pair
(F,G) converges with respect to T(U).

Definition 3.3.2. (/4, 17]) A quasi-uniform space (X,U) is uniformly
regular if for any U € U, there is V. € U such that cl,, V(z) C U(x)
whenever x € X.

W)

The next lemma and proposition are due to P. Fletcher and W. Hunsaker in
[17]. They may be used to prove some of the results in this section.

Lemma 3.3.1. (/17, Lemma 2.1] ) Let (X,U) be a quasi-uniform space.
If (X, U) is uniformly reqular and D-complete, then (X,U™") is D-complete.

Proposition 3.3.1. ([17, Proposition 2.2]) Let (X,U) be a quasi-uniform
space. If (X,U) is uniformly reqular and D-complete, then it is pair complete.

Note that any quiet quasi-uniform space is uniformly regular (see [17, Propo-
sition 1.2]).

Proposition 3.3.2. Let (X,U) be a quiet quasi-uniform space. If
(X,U) is D-complete then (X,U) is C-complete.

Proof. Let (F,G) be a Cauchy filter pair on (X,U). Since (X,U) is
quiet and D-complete, there is * € X such that G converges to x with
respect to T7(U). Let U € U. There is V' € U such that for each y € X
(clyeyV(y)) € U(y) because (X,U) is uniformly regular.

There are F' € F and G € G such that F' x G C V. Let y € F. Then
G C V(y) CU(y) and G C U(y). Since G converges to x with respect to
7U), then z € G and F x {z} C U. Then F C U~ !(x). We get that F

converges to x with respect to 7(U~!). Hence we conclude that (X,U) is
C-complete. O

A quasi-uniform space is said to be strongly D-complete [17, p. 150] provided
that for each Cauchy filter pair (F,G), the filter F has a cluster point.
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Note that every uniformly regular strongly D-complete quasi-uniform space
is quiet [17, Proposition 3.6].
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Chapter 4

Doitchinov’s quietness for
quasi-uniform spaces

In [12] Doitchinov introduced the notion of quiet quasi-uniform spaces and
developed an interesting completion theory. In this chapter we try to extend
the Doitchinov completion theory of quiet quasi-uniform spaces to general Ty-
quasi-uniform spaces. We have been motivated by our successful approach to
generalize Doitchinov’s completion theory of balanced Ty-quasi-pseudometric
spaces that we have presented in [28]. We point out that our results for
quasi-uniform spaces are negative and conclude that Doitchinov’s comple-
tion theory for quiet Ty-quasi-uniform spaces cannot be fully generalized to
arbitrary Ty-quasi-uniform spaces.

We first investigate the notion of a set of uniformly weakly concentrated
Cauchy filter pairs on a quasi-uniform space. We then describe an example
of a quasi-pseudometrizable quasi-uniform space due to Dedk, having a fam-
ily of weakly concentrated filter pairs that are minimal Cauchy, but is not
uniformly weakly concentrated (see [3, Example 7.15]).

We secondly define and construct the B-completion of a Tj-family of quasi-
pseudometrics D on a set X. In this way we obtain a completion theory
for a family of quasi-pseudometrics that can be applied to the study of T}-
quasi-uniform spaces. We recall that for singleton family D the B-completion
depends on the quasi-pseudometric that was chosen to generate the underly-
ing quasi-uniformity. We also introduce a new definition of a balanced (resp.
B-isometric) map for a family of quasi-pseudometrics and investigate the ex-
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tension theorem of balanced maps onto B-complete spaces. This leads us to
characterize the B-completion of a family of quasi-pseudometrics. We finally
present an example of the B-completion of a family of quasi-pseudometrics
to illustrate our investigations.

4.1 Quietness in quasi-uniform spaces

In this section we present the notion of a quiet quasi-uniform space intro-
duced by Doitchinov in [12]. We investigate the possibility of extending
Doitchinov’s theory of quiet quasi-uniform spaces to general quasi-uniform
spaces. We also study the notion of a family of uniformly weakly concen-
trated Cauchy filter pairs on a quasi-uniform space (X,U). We investigate
the connections between the notion of a family of uniformly weakly concen-
trated Cauchy filter pairs and the notion of C-balanced Cauchy filter pairs
(see for instance Proposition 1.0.5).

Let X be the set of Cauchy filter pairs of a quasi-uniform space (X,U). We
use the following technique to construct a quasi-uniformity on the set X.
For any U € U we let U = {((F,G),(F,G")) € X x X : There are F €
F and G' € g’ such that FF x G’ C U}. We have that each U contains the
diagonal of X since X consists of Cauchy filter pairs on (X U). However in
general the filter Uon X x X generated by the base {U U € U} will not
be a quasi-uniformity.

Unfortunately, in general the entourage V' used in the definition of a weakly
concentrated Cauchy filter pair (see Definition 3.1.3) depends on the Cauchy
filter pair so that we cannot prove that Uis a quasi-uniformity on the collec-
tion of all weakly concentrated Cauchy filter pairs (see Proposition 4.1.1).

Note that if ¥ is a uniformly weakly concentrated family of Cauchy filter pairs
on a quasi-uniform space (X,U), then V,, = {(Fn,,Gmy) : (F,G) € U} is
uniformly weakly concentrated, too. We also observe that on a given quasi-
uniform space (X,U), the union of finitely many collections of uniformly
weakly concentrated Cauchy filter pairs yields another uniformly weakly con-
centrated collection of Cauchy filter pairs on (X,U). It immediately follows
from the definitions that for any quasi-uniform space (X,U), the collection
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U, of all linked Cauchy filter pairs is uniformly weakly concentrated Cauchy
filter pair (see [3, Lemma 7.16]). In particular, for any quasi-uniform space
(X,U) the collection {{U~!(x),U(z)) : = € X} is uniformly weakly concen-
trated.

Example 4.1.1. For a quasi-uniform space (X,U) possessing a base B
consisting of transitive entourages, we may want to work with those Cauchy
filter pairs on X that for any U € B satisfy the condition of weak concen-
tration with respect to V.= U in order to obtain a collection of Cauchy filter
pairs that is indeed uniformly weakly concentrated on (X,U). Note that this
collection of Cauchy filter pairs contains all linked Cauchy filter pairs on
(X,U).

Example 4.1.2. Giwven a base B of a quasi-uniformity U on a set X
with a function M : B — B such that M(B)?> C B whenever B € B, we
can consider all Cauchy filter pairs on (X,U) such that on these filter pairs
M (B) is quiet for B. FEvidently in this way we obtain a uniformly weakly
concentrated family of Cauchy filter pairs on (X,U) which contains all linked
Cauchy filter pairs on (X,U). Note that the family depends on B and the
chosen M.

Proposition 4.1.1. (Compare [3, Theorem 8.13]) Let W be a collection
of Cauchy filter pairs of a quasi-uniform space (X,U) containing all neigh-
borhood filter pairs (U™ (z),U(z)) where x € X.

(a)  Then V¥ is uniformly weakly concentrated if and only if Z;lv|(\Il x U) is

qvquasi—uniformity of W. (In the followiﬁg, we shall often write U instead of
U|(T x W) to denote the restriction of U to (¥ x V) .)

(b) If U is aNumformly weakly concentrated family, then the map (Bx :
(X, U) — (¥,U) defined by v — (U (z),U(z)) yields a quasi-uniform
embedding for the Ty-quasi-uniform space (X,U).

Proof. (a) Suppose that ¥ is a collection of Cauchy filter pairs on
(X,U) such that U|(¥ x ¥) is a quasi-uniformity. Let U € U. There is
V € U such that V2 C U. Choose W € U such that W2 C V. Consider
(F,G) € W. Let z,y € X be such that W(xz) € G and W~(y) € F. Then
there is G € G such that {z} x G C W. Thus W~!(z) x G C V and therefore
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(U™ (@), U(@)), (F.9)) € V. Similarly ((F,G), @ (4),Uy))) € V. Then
by assumption we get ((U ™ (z),U(x)), (U (y),U(y))) € U and therefore we
have that (x,y) € U. We conclude that ¥ is uniformly weakly concentrated.

We note that for any uniformly weakly concentrated collection ¥ of Cauchy
filter pairs of a quasi-uniform space (X,U) the set of all relations U with U
defines a base of a quasi-uniformity U | (¥ x W) : Let U € Y. Thereis V € U
such that for any (F,G) € ¥, V(z) € G and V"!(y) € F with 7,y € X we
have (z,y) € U. We show that (V)2 C U : Let ((F,G),(F,G)) € V and
((F'.G"), (F",G")) € V. There are F' € F,G' € G’ such that F x G’ C V
and there are F' € F',G" € G” such that F/ x G” C V. Thus f € F and
g" € G" imply that V(f) € G’ and V~1(¢") € F'. Therefore F' x G” C U by
assumption and we conclude that ((F,G), (F”,G")) € U. Hence U|(¥ x U)
is a quasi-uniformity.

(b) Let U €U be 7(U™') x 7(U)-open. Then (z,y) € U if and only if

(U (), U(2)), U (y),U(y))) € U.

Since {U €U : U is a 7(U')x7(U)—open } is a base for a quasi-uniformity
U (see [15, Corollary 1.17]). Hence we conclude that Sx is a quasi-uniform
embedding map. O

Proposition 4.1.2. [10, Proposition 5.1] Each filter symmetric quasi-
uniform space (X,U) is quiet.

Proof. Let U € U and V € U be such that V3 C U. Suppose that
(F,G) is a Cauchy filter pair on (X,U) and V(z) € G and V~1(y) € F
with z,y € X. By filter symmetry (G, F) is a Cauchy filter pair on (X,U).
According to Lemma 3.1.8, G6F whenever F' € F and G € G, where § is
the quasi-proximity induced by U on X. It follows that V(z)dV~!(y) and
thus (z,y) € V3 C U. Hence the set of all Cauchy filter pairs on (X,U) is
uniformly weakly concentrated. U

In order to single out those Cauchy filter pairs on a quasi-uniform space
(X,U) that are suitable for our construction of the completion, some fixed
connection between entourages V and U that appear in the definition of
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weakly concentrated is required. As we stated in Chapter 2, we next con-
sider the approach which is motivated by Doitchinov’s work dealing with
balanced Ty-quasi-pseudometrics.

As it was defined in the second chapter, we recall that a Cauchy filter pair
(F,G) is C-balanced on a quasi-pseudometric space (X, d) provided that

— o .
d(z,y) < C(géfg Py(z,G) + %Iéff@dw’ Y))

whenever x,y € X. A quasi-pseudometric space (X, d) is C-balanced pro-
vided that each Cauchy filter pair on (X, d) is C-balanced.

A quasi-pseudometric space (X, d) is called Bg-complete provided that each
C-balanced Cauchy filter pair (F,G) on (X, d) converges.

Observe that if a Cauchy filter pair (F, G) is C-balanced on a quasi-pseudometric
space (X, d), then any coarser Cauchy filter pair will be C-balanced, too.

Suppose that C; and C5 are two real constants such that ¢ > Cy >
1. Note that for any quasi-pseudometric space, B¢,-completeness implies
Be,-completeness. Observe that 1-balancedness (see Definition 1.0.4) is ex-
actly the property of balancedness and Bj-completeness is the notion of B-
completeness, as it was presented in Chapters 1 and 2.

The next result leads us to understand the uniqueness of the B-completion
of a Ty-quasi-pseudometric space, which was discussed in [28, Theorem 4]
and makes use ofthe case C' = 1.

Proposition 4.1.3. Let (X,d) be a quasi-pseudometric space and let
(F,G) and (F',G") be C-balanced Cauchy filter pairs converging to x and to
y. Then

d*((F,G),(F,G") <d(z,y) < C*d*((F,G),(F,G)).
Proof. Let F € F and G’ € G'. Then we have that d*((F,G), (F',G")) <

{
Dy(F, x) + d(x,y) + Pa(y, '), and hence d*((F,G), (F',G')) < d(x,y), be-
cause (F,G) converges to x and (F',G’) to y.
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Furthermore by C-balancedness of (F’,G’) we obtain
. 1 . / _
d(w,y) < C(inf ®alz,G') + Inf 4(F",y)) =

i <
CG}/réfg/ O4(z,G") CGllréf/gsg;G)l d(z,q') <
C inf sup (C(l;nf Q4(z,G)+C mf (I>d(F g)) <

G'eG’ yrecy

C? inf sup inf supd < C? inf inf sup supd(f,g
G'eg’ ’EIG)’FE]:fEE (f g) G’Eg’FEfgeIG)/ felg (f )

C*d*((F.G), (F.9")).

In the following, we consider a family of quasi-pseudometrics on a set X.

If D is a nonempty family of quasi-pseudometrics on a set X, then we set Up
equal to the supremum quasi-uniformity of the family of quasi-pseudometric
quasi-uniformities (Uy)qep on X and call D a subbasic family of quasi-pseudo-
metrics for the generated quasi-uniformity Up. We shall say that a Cauchy fil-
ter pair (F,G) on (X,Up) is D-balanced if (F,G) is balanced in (X, d) when-
ever d € D. For each nonempty finite subset F' of D set drp = maxycp d and
Dy = {dp : 0 # F C Dfinite}. Then Dy is a family of quasi-pseudometrics
on X such that Up = Up,. It is obvious that a filter pair on X is Cauchy
and balanced with respect to D if and only it is Cauchy and balanced with
respect to Dy.

Proposition 4.1.4. A collection ¥ of Cauchy filter pairs on a quasi-
uniform space (X,U) is uniformly weakly concentrated if and only if there is
a nonempty subbasic family D of quasi-pseudometrics for (X,U) such that
each Cauchy filter pair of U is 2-balanced in any quasi-pseudometric space

(X, d) with d € D.

Proof. Suppose first that there is a nonempty family D of quasi-pseudo-
metrics on X such that U = \/,., Uy and each Cauchy filter pair (F,G) of
U is C-balanced (with C' > 1) in each (X, d) with d € D. (In particular, we
could set C'= 2). For each d € D and 6 > 0 we let Ugs = {(z,y) € X x X :
d(z,y) < 0}
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Consider any ¢ > 0. Set § = ;5. Let (F,G) € ¥ and let z,y € X be
such that Uys(x) € G and Ud_,al(?/) € F. Then d(z,y) < C(@4(z,Uss(z)) +
®4(U,, s(¥),y) < C-25 < e. We conclude that ¥ is uniformly weakly con-
centrated on (X,U). In order to establish the converse, suppose that ¥ is a
uniformly weakly concentrated family of Cauchy filter pairs on (X,U). Let
U € U. Since ¥ is uniformly weakly concentrated, inductively we can con-
struct a sequence (V},)ne, of entourages of U such that Vo = X x X, V; C U,
Voi1 €V, whenever n € w, and (F,G) € ¥, V,,.1(z) € G and anrll(y) eF
with z,y € X imply that (x,y) € V,. For each z € X, let ax(x) be the
Cauchy filter pair (z,z) on X where z is the filter on (X,U) generated by
the filter base {{z}} (compare for instance [28, Example 1]).

Then by the Quasi-Pseudometrization Lemma [15, Lemma 1.5] there is a
quasi-pseudometric dy @ X x X — [0,1] such that {(z,y) € X x X :
dy(z,y) < 27} C Voo € {(z,y) € X x X :dy(z,y) < 27"} whenever
n € w. Consider an arbitrary (F,G) € W. Suppose that z,y € X,
(dv)t(ax(x),(F,G)) = ¢ and (dy)"((F,G),ax(y)) = . We next want to
show that

dy(z,y) < 8[(du) ™ (ex(x),(F,G)) + (dv) " ({F, ), ax(y))]-

If either § > § or e > 1, then we obtain 8(d+¢) > 2 > dy(z,y), since dy < 1.
So the inequality is satisfied. Then it suffices to consider the case where we
find n € w such that max{d,e} < 2=™*2)_ Since max{d,c} < 2=™+2) there
are FF € F and G € G such that {z} x G C V,,5 and F x {y} C V0.
Therefore we have that V. »(z) € G and V. ,(y) € F. We deduce that
(x,y) € V41 by our construction.

Suppose that e = § = 0. From the preceding argument it follows that (z,y) €
V., whenever n € w and so dy(z,y) = 0. Therefore trivially dy(z,y) <
8[(dv) ™ (ax (), (F,G)) + (dv)"((F, G), ax(y))] in this case.

Otherwise (that is, max{d,e} # 0) we can suppose that n € w is maximal
such that max{d,e} < 272 Since then (z,y) € V11, as noted above, by
the construction of dy, it follows that dy(z,y) < 273, Since 273 <
max{d, e}, then we have

dy(z,y) < 827" < 8. max{d e} <80 +¢) =
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8[(dv) " (ax(x), F.G)) + (dv)"((F.G), ax(y))].

Then we have shown that each Cauchy filter pair of ¥ is 8-balanced with
respect to dy.

Now set ey = (dU)%. Making use of an obvious inequality we see that e is
a quasi-pseudometric on X, because (dy(z,2))3 < (dy(z,y) + du(y,2))3 <
(dy(z,y)3 + (du(y, 2))3 whenever z,y,z € X.

Since dy < 1, we have that dy < ey. For each positive p we get that for
1

any z,y € X, dy(z,y) < p implies that ey(x,y) < p3. We conclude that

Uy, = U,,,. Furthermore, for any =,y € X and (F,G) € ¥ we obtain

Wl
ol

ev(x,y) = du(x,y)5 < 85[(dp) " (ax (), (F,G)) + (dv) " ((F.G), ax(y))]

2(ev) " (ax(2), (F,9)) + (ev) " ((F, G) ax(y))].

It follows that (F,G) is 2-balanced with respect to the quasi-pseudometric
ey (with U e ) on X.

<

Let us now set D = {eyy : U € U}. Then D is a family of quasi-pseudometrics
on X such that Viepldy = Vyeulhe,, = U. Thus any Cauchy filter pair of ¥ is
2-balanced with respect to any d € D. O

Corollary 4.1.1. Let D be a family of quasi-pseudometrics on a set
X. For any C > 1, each family of Cauchy filter pairs on (X,Up) that is
C-balanced on (X, d) whenever d € D, is uniformly weakly concentrated on

(X,Up).

Proof. The proof is related to the first part of the preceding proof. [

Lemma 4.1.1. Each symmetric Cauchy filter pair (F,G) on a quasi-
pseudometric space (X, d) is balanced.

Proof. Let a,b € X. In order to reach a contradiction, suppose that
there are F € F,G € G and ¢ > 0 such that d(a,b) > ®4(a, G)+ Py(F,b) +e.
Since by our assumption (G, F) is a Cauchy filter pair on (X,d), there are
F' € Fand G' € G such that F' C F,G' C G, and &4(G', F) < e.

Let f/ € F' and ¢ € G'. Then d(a,b) < d(a,q) + d(q, f") + d(f',b) <
Qy(a,G)+e+Dy(F',b) < Py(a, G)+e+ Py(F,b) < d(a,b). We have reached
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a contradiction and conclude that d(a,b) < infgeg Pa(a, G) +infper @4(F,b).
Hence (F,G) is balanced. O

Corollary 4.1.2. Let (X,d) be a quasi-pseudometric space such that
the quasi-pseudometric quasi-uniformity Uy is filter symmetric. Then (X, d)
15 balanced.

Proof. Since U, is filter symmetric, all Cauchy filter pairs on (X, d) are
symmetric. Then each Cauchy filter pair is balanced on (X, d) by the pre-
ceding lemma. Hence (X, d) is balanced according to [28, Proposition 3].

Remark 4.1.1. Let (X,U) be a filter symmetric quasi-uniformity and
D be a nonempty family of quasi-pseudometrics on a set X such thatU = Up.
Let (F,G) be an arbitrary U-Cauchy filter pair on X. Then (G, F) is a Cauchy
filter pair by filter symmetry of U. So (F,G) and (G,F) are Cauchy filter
pairs on (X,Uy) whenever d € D. By Lemma 4.1.1, for each d € D, (F,G)
is balanced on (X,d). So (F,G) is D-balanced. It follows that the set of all
Cauchy filter pairs on (X,U) is uniformly weakly concentrated. Hence in
particular, (X,U) is quiet (see Proposition 4.1.2).

Proposition 4.1.5. Let D be a nonempty family of quasi-pseudometrics
on a set X such that (X,Up) is B-symmetric (that is, for each D-balanced
Cauchy filter pair (F,G), (G, F) is Cauchy filter pair). Then each D-balanced

minimal Cauchy filter pair is constant.

Proof. Let (F,G) be a D-balanced minimal Cauchy filter pair on (X, Up).
Then (G,F) is a Cauchy filter pair on (X,Up) by the assumption of B-
symmetry. It follows that F and G are Up-Cauchy filters so that clearly
altogether (F NG, F NG) is a Cauchy filter pair on (X,Up). Hence F = G
by minimality. 0

Corollary 4.1.3. Let D be a family of quasi-pseudometrics on a set X
such that (X,Up) is B-symmetric. Then T(Up) is completely regular.

Proof. For each z € X, Uy (x),Up(x)) is a minimal Cauchy filter pair
that is obviously D-balanced on (X,Up) (compare |28, Example 2]). Hence
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by the preceding result Up(z) = Uy'(xr) whenever z € X. Since for any
quasi-uniformity ¢« on X, U*(x) is the neighborhood filter at © € X of a
completely regular topology on X, the assertion follows. 0

Since any collection of uniformly weakly concentrated Cauchy filter pairs on
a quasi-uniform space remains uniformly weakly concentrated after adding
a weakly concentrated Cauchy filter pair to it, only those quasi-uniform
spaces in which the set of all weakly concentrated filter pairs that are min-
imal Cauchy is uniformly weakly concentrated possess a canonical maximal
ground set for our completion. We next describe an example of a quasi-
pseudometrizable quasi-uniform space due to Dedk for which that condition
is not satisfied. We shall conclude from this example that Doitchinov’s com-
pletion theory cannot be extended from a quiet quasi-uniform space to arbi-
trary Tp-quasi-uniform spaces.

Example 4.1.3. (see [3, Example 7.15]) Let X = (R\{0}) x N and
consider Uy, where the Ty-quasi-metric d on X s defined as follows:
d((s,n), (t,k)) = min{l, (t — s)"} if n =k and s < 0 < t. Furthermore set
d equal to 0 on the diagonal of X and d = 1 otherwise. One readily verifies
that d is a Ty-quasi-metric on X.

For eachn € w, let F,, be the filter generated on X by the base {] —e,0[x{n} :
e > 0} and let G, be the filter on X generated by the base {]0,e[x{n} : € > 0}.
Set W = {(F,,Gn) : n € w}. One checks that for each n € w, (F,,Gn) is a
minimal Cauchy filter pair on (X, Uy).

Furthermore for each n € w, let (F,,G,) be 2"-balanced: Since d < 1, it
suffices to consider the case that x,y € X such that infgeg, Py(x,G) < 1 and
infrer, ®a(F,y) < 1. Then there are u,v € R\{0} such that x = (u,n) and
y = (v,n) withu < 0 < v. Consequently, (v—u)" < 31 _o (") (n, k)(—uw)rv" " <
2" (max{v, —u})" < 2"((—u)"+v") = 2"(infgeg, Pa(zr, G)+infpez, Pu(F,y)).
S0 (Fn,Gn) is indeed 2"-balanced on (X,d). Let ¢ = 5. Consider any § > 0.
Then for any n € N with 2"~*§ > 1, we have that Vd,(;(—(g)%,n) € G, and
Vi ((3)w.n) € Fu, but d((—(3)7,n),((§)n,n)) = 1 > L. Hence W is not
uniformly weakly concentrated.

Therefore Zjd 18 not a quasi-uniformity on ¥ according to Proposition 4.1.1,
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but for any n € N it is certainly a quasi-uniformity restricted to ¥,, x U,
where V,, = {(Fk,Gx) : k € N and k < n}, because V,, is a (finite) collection
of Cauchy filter pairs, which are all 2"-balanced. So there does not exist
a largest ground set for our quasi-uniform completion of the quasi-uniform
space (X, Uy).

4.2 B-completeness of a Tj-family of quasi-
pseudometrics

In this section we generalize the theory of the B-completion of a quasi-
pseudometric space to families of quasi-pseudometrics. We extend the study
of the B-completion from one quasi-pseudometric space to a Tp-family of
quasi-pseudometrics by constructing the B-completion of a family of quasi-
pseudometrics. Our B-completion depends on the chosen family D of quasi-
pseudometrics. We introduce a new concept of balanced maps for a family of
quasi-pseudometrics, and investigate the extension theorem of balanced maps
to B-complete spaces and show that each Tj-family of quasi-pseudometrics
has a unique B-completion up to isometry.

In the following we consider the quasi-uniformity Up = \/ ,.pUs on X. We
say that a nonempty family D of a quasi-pseudometrics on a set X is a Tj-
family provided that Up is a Ty-quasi-uniformity. We first give the definition
of B-completeness for a family of quasi-pseudometrics.

Definition 4.2.1. Let D be a nonempty family of quasi-pseudometrics
on a set X. We say that the space (X, D) is B-complete provided that each
Up-Cauchy filter pair that is D-balanced converges in the quasi-uniform space

(X,Up).
For better understanding, we introduce the following notations.
For each d € D, let X be the set of all balanced Cauchy filter pairs on

(X,d) and let (X],d") be the B-completion of (X,d). For each x € X, let

ja(®) + (X,d) — (X, d*) be the map defined by ja(z) = (U (z), Uy(x)).
Then j4 is an isometry.
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Furthermore let X7 = (N,cp X and let X C X7 be the set of all minimal
D-balanced Cauchy filter pairs on X. Let DT = {d* : d € D} be the family
of quasi-pseudometrics on X7 (resp. X ) where d* denotes the restriction
of d* to Xj x X}, (resp. X x X) whenever d € D. We define the map
jp : (X, D) — (X, D) by jp(z) = (Up'(z),Up(x)) whenever z € X. We
then note that for each d € D and =,y € X, d(x,y) = d*(jp(z), jp(v)).

Lemma 4.2.1. Let (X,U) be a quasi-uniform space with a chosen sub-
basic family D of quasi-pseudometrics on X. Lez)? be the set of all D-balanced
minimal Up-Cauchy filter pairs on X. Then (X,Up+) is a Ty-quasi-uniform
space, where Up+ denotes the restriction of the quasi-uniformity Up+ from
X5 x X5 to X x X.

Proof. Let U € Up and let (F,G), (F',G’) be minimal (D-balanced)
Cauchy filter pairs on (X, Up) such that (F, G) and (F', G') belong to (Up+N
N(Up+)~t. There are F € F,G € G, F' € F',G' € G’ such that F x G C
UF xGCUF xG CUFxG CU. Thus (FUF') x (G'UG) C U.
Therefore (FNF',GNG’) is a minimal Cauchy filter pair coarser than (F, G)
and (F',G’'). We have that (F.G) = (FNF,GNG) = (F.,G'). Thus
(X,Up+) is a Ty-quasi-uniform space. O

Our results in the following lemma and corollary will be useful in the proof
of B-completeness of the family D" on X.

Lemma 4.2.2. Let D be a nonempty Ty-family of quasi-pseudometrics
onaset X. Letx € X, e >0,d €D and (G, H) be a Cauchy filter pair on a
quasi-uniform space (X,Up) such that d* (jp(z),(G,H)) > . Then for any

W € Up there exists h € X such that ((G,H), jp(h)) € W and d(z,h) > ¢.

Proof. Let P € Up such that P? C W. There are G € G and H € H
such that G x H C P. Thus G x P(H) C W. Let r > 0 be such that r + ¢ <
d*(jp(x), (G, H)). If {z} x H C V., then Vd;l (x)x H C V4. by the triangle
inequality—a contradiction to our assumption on d*. So {z} x H € V..
Thus d(z,h) > € for some h € H. Furthermore ((G,H), jp(h)) € W, since
P(h) € Up(h). O

Corollary 4.2.1. Let D be a nonempty family of quasi-pseudometrics
on aset X. Lety € X, e >0, d €D and (G, H) be a Cauchy filter pair on a
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quasi-uniform space (X,Up) such that d*((G,H), jp(y)) > €. Then for any
W € Up there exists g € X such that (jp(g), (G, H)) € W and d(g,y) > ¢.

Proof. The proof is conjugate to the preceding one. 0J

We next prove that the family of quasi-pseudometrics DT is B-complete on
X5

Theorem 4.2.1. Let (X,U) be a quasi-uniform space equipped with a
subbasic family D of quasi-pseudometrics on X. Then DT is B-complete on
X5

Proof. It is readily verified that X +f = X, that is, a filter pair on X
is Cauchy and balanced with respect to D if and only if it is Cauchy and
balanced with respect to Dy. We shall assume in the following that D = Dy.
For any V' € Up, there are d € D and € > 0 such that V;. C V. Hence if we
choose an arbitrary basic V' € U, we can assume without loss of generality
that there are d € D and ¢ > 0 such that V = V.. Let us recall that for any

d € D and any € > 0 we have that Vdangmgngga onXerXJr

Let (Z,T) be a D-balanced Cauchy filter pair on X}. Then (2, T) is a
weakly concentrated Cauchy filter pair on (X5, Up+).

Note that for each (F,G) € XJ, the Cauchy filter pair (jp(F), jp(D)) on
X5 converges to the point (F,G) in (X}, Up+) : Indeed given U,V € U
such that U? C V, there are F € F and G € G such that FxGCU
and thus U'(F) x G C V. Therefore jp(F) x {{(F,G)} C V. So jp(F)
7(Upy )-converges to (F,G). Similarly we prove that jp(G) 7(Up+)-converges
to (F,G).

For each U € U, set F}, = {x € X : U(jp(x)) € T} and G}, = {z € X :
U~'(jp(z)) € E}. By the density argument above, it follows that for each
U€eU,F|, #0+# Gy Indeed for W € U such that W* C U there are Xy € =
and Yy € T such that Xy x Yy C W. Then W_I(XW) XW(YW) C & cU.
Thus {z € X : jp(z) € W H(Xy)} C F}, and {z € X : jp(z) € W(Yi)} C
G- So we have that F}, # 0 # G,.
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Let Fyy, be the filter on X generated by the filter base {F}, : U € U}. Further-
more, let Gy, be the filter on X generated by the filter base {G}, : U € U}.
We next show that (Fay,, Gar,) is a D-balanced minimal Cauchy filter pair on
(X,U). Since (=, Y) is weakly concentrated on (X}, Up+), we immediately
see that (Far,,Gu,) is a Cauchy filter pair on (X,U). Let d € D. We next
show that (Fu,, Gar,) is balanced on (X, d).

We want to show that for any x,y € X,
. . <
inf @4+ (jp(2),T) < inf ®4(z, G)

and
inf g+ (S, jp(y)) < ;rg;@d(ﬂ Y)-

Then because d(x,y) = d*(jp(z), jp(y)) whenever z,y € X, the latter two
inequalities imply that (Fy,, G, ) is d-balanced, since (=, T) is d™-balanced.
In order to reach a contradiction, suppose that there are ¢ > 0 and x € X
with infrey @4+ (jp(x),T) > €, but infgeg Pu(z, G) < €.

Let V := V.. Consequently, we have that V(jp(z)) ¢ T, but V(z) € G.
Then there is H € U such that H C V and G C V(z). Find W € U such

that W2 C H. Choose Xy € = and Yy € T such that Xy x Yy C W. Since
P4+ (jp(x),Yw) > €, we can choose n € Yy such that d*(jp(z),n) > e.

By Lemma 4.2.2 we find h € X such that (z,h) ¢ V and (1, jp(h)) € W.
Since we have n € Yy, thus Xy € W~1(n) and so W=1(5) € Z. Con-
sequently, W=1(n) € W2(jp(h)) € H '(jp(h)) € . Then by definition
h € G%, but h ¢ V(x). We have reached a contradiction and therefore the

inequality above for z must hold. Similarly one can show that the inequality
for y € X holds.

We next show that (Fu,,Ga,) is minimal. Since (Fay,, Gar,) is balanced
on (X,U), let ((Far)mys (Gary)m,) be a D-Cauchy filter pair coarser than

<"TM17 gM2>
Since (Far, )my S Far,, it suffices to show that Fuy € (Fagy )m,- Let U = Vi,

for some d € D and € > 0 and let W = Vj<(x). Suppose that z € X
such that Vye(x) € Gup. By the inequality just proved, it follows that
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th%s(jp(x)) € T and thus U(jp)(z) € Y. So = € F,. We conclude that

Fun, € (Fary)m, as asserted. Hence Fup = (Fagy )m, - Similarly we show that
ng = (gM1)m1'

It remains to show that (=, T) converges to (Fus,, Gar,) in X5.

Let P € U. Choose W € U such that W? C P. Since (Z,7T) is weakly
concentrated on (X, Up+), there is U € U such that U2 C W and U(§) € T
and U~Y(n) € Z with £, n € X} implies that (£,n) € W.

Choose Xy € Z and Yy € T such that Xy x Yy C U. B

Observe next that U(A,B) € T, because Xy x Yy C U. Furthermore, let
7 € U such that Z2 C U. There are A € A and B € B such that A x B C Z.
Let a € A and y € Gy.

Then Z~'(A) x B € Z* C U and therefore (jp(a), (A, G)) € U. By definition
of Gy, U7'(jn(y)) € E. Thus by our assumption on weak concentration of
(E,7), we have ((A, B),jp(y)) € W. Hence (jp(a), jn(y)) € W? C P and
A x Gy, C P. Therefore ((A,B), F,G)) € P, thus Xy C P~ ((Fary, Guss))-

We conclude that Z converges to (Far,, Gu,) with respect to 7(Upyt). Simi-
larly, one can show that Y converges to (Fu,, Ga,) with respect to 7(Up+).
Hence (X;5,D") is B-complete. O

__Theorem 4.2.2. Let D be a family of quasi-pseudomelrics restricted
to X x X. Then the family D of restrictions is a subbasic family for the
restricted quasi-uniformity Up+ to X x X, which is B-complete. (Then we
shall say that (X, DY) is the B-completion of (X, D)).

Proof. The proof is similar to the one in Theorem 4.2.1, since D7 re-
stricted to X x X is B-complete. O
4.3 Extension of mappings and example

In this section we investigate the extension of a balanced map to B-complete
spaces. We first introduce a new concept of a balanced map for a fam-
ily of quasi-pseudometrics and define the (balanced) isometry map between
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quasi-pseudometric spaces which we call B-isometry map. At the end of the
section, we present an example of the B-completion of a family of quasi-
pseudometrics which illustrates our investigations.

Definition 4.3.1. A map f: (X,D) — (Y, &) is called balanced pro-
vided that for each e € &, there is d € D such that the map f : (X,d) —
(Y,e) is balanced in the sense of [28] that is f : (X, Us) — (Y U,.) is
quasi-uniformly continuous and for any balanced Cauchy filter pair (F,G)

n (X, d), the filter pair (fF, fG) is balanced on (Y, e).

Remark 4.3.1. Note that for each balanced map f: (X,D) — (Y,E)
the map f: (X,Up) — (Y,Ug) is quasi-uniformly continuous; furthermore
for each D-balanced Cauchy filter pair on (X,Up), (fF, fG) is E-balanced
Cauchy filter pair on (Y,Ug).

We next define a B-isometry map.

Definition 4.3.2. Let D be a nonempty family of quasi-pseudometrics
on a set X and let £ be a nonempty family of quasi-pseudometrics on a set
Y. Then a map f : (X,D) — (Y,&) will be called an isometry provided
that D = {d. : e € £} where for each e € £ and x,y € X we have that
de(z,y) = e(f(x), f(y)). (Note that for singletons D and € we obtain the
standard definition of an isometry between quasi-pseudometric spaces). We
shall say that f is a B-isometry provided that moreover for each e € &,
f(X,d.) — (Y,e) is balanced. In particular each B-isometry is balanced.

Lemma 4.3.1. Let D be a nonempty family of quasi-pseudometrics on
a set X and let £ be a nonempty family of quasi-pseudometrics on a set
Y. Furthermore let f : (X,D) — (Y,&) be a balanced map (resp. a B-
isometry). Suppose that g : X — Y is a map such that for each e € £ and
x € X we have that e(f(z),g(x)) = 0 = e(g(z), f(x)). Then g : (X,D) —
(Y, E) is balanced (resp. a B-isometry), too.

Proof. Let f : (X,D) — (Y,&) be balanced and let e € £. There is
d € D such that f : (X,d) — (Y,e) is balanced. In the case of f being
a B-isometry, we choose d = d. and note that d.(x,y) = e(f(x), f(y)) =
e(g(x),g(y)) whenever z,y € X. By our assumption and the triangle in-
equality, in particular we conclude that g : (X, D) — (Y, ) is an isometry
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whenever f: (X, D) — (Y, &) is a B-isometry.

Let (F,G) be a Cauchy filter pair on (X,d). Consider z,y € Y. By our
assumption, we see that

< i 1 .
e(z,y) < f @c(z, f(G)) + it Qc(f(F),y)
Thus for any z,y € Y, we have that

_ .
e(z,y) < é,rég . (r,9(G)) + ;relffq%(g(F),y),

since e(g(z), f(2)) = 0 = e(f(2),9(z)) whenever z € X, and therefore
by the triangle inequality, e(f(a),b) = e(g(a),b) and e(b, g(a)) = e(b, f(a))
whenever @ € X and b € Y. We conclude that g : (X, d) — (Y, e) is balanced
thus, g : (X, D) — (Y, ) is balanced (resp. a B-isometry). O

Proposition 4.3.1. (Compare [28, Corollary 9]) Let D be a nonempty
family of quasi-pseudometrics on a set X. Then the map ip : (X,D) —

(X, DV) defined by ip(x) = (Up' (), Up(x)) whenever z € X is a B-isometry.
It is injective if and only if Up is a Ty-quasi-uniformity.

Proof. It follows from the preceding lemma that ip is an isometry, since
for any d € D we have dg+ = d. Let d € D and let (F,G) € XJ. Then
d(z,y) < infgeg Pu(z,G) + infper Oy(F,y) whenever z,y € X. We know
that j; : (X,d) — (XJ,d") defined by z — (U, " (x),Us(x)) whenever
x € X is balanced. Then

d'((F,G'), (F",G") < inf &4r ((F',G'), ja(G)) + Inf Py (julF), F",G"))

whenever (F',G'), (F",G") € X C X;. Therefore

d*((F,G'),(F",G") < inf @4t ((F,G'), ja(G))+ inf Prer®ar (ja(F), (F,G"))

= inf 4 (F,G),in(G)) + jnf Bres®as (in(F), (F',G"),

since for each x € X,
d*(ja(z),ip(z)) = 0= d" (ip(z), ja(z))
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so that we have
d*((F',G"), ja(x)) = d* ((F',G'),in(x))

and

d* (ja(x), (F",G")) = d*((F",G"), ip(x)).

Therefore ip : (X,d) — ()? ,d™) is balanced and, consequently,
ip: (X,D) — (X,D7") is a B-isometry. O

Lemma 4.3.2. Let D be a nonempty family of quasi-pseudometrics on
a set X. Then for each d € D the map i : (X,d"|(X x X)) — (X ,d")
defined by i((F,G)) = (F,G) whenever (F,G) € X is a balanced isometry.

Proof. For simplicity set ¢ = d*|(X x X). Note first that i is an isom-
etry. We now consider a map ip : (X,d) — (X,q) defined by ip(z) =
Us (7),Up(7)) whenever z € X. In the proof above we proved that the
map ip : (X,d) — (X, q) is balanced.

Let (F',G") and (F”,G") be balanced Cauchy filter pairs on (X,d). Then
(Fp,Gp) = (in(F),ip(G")) and (Fp,Gp) = (in(F"),ip(G")) are balanced

Cauchy filter pairs on (X q).

Applying our construction to the quasi-pseudometric space ()? ,q) by equip-

ping the set (X );“ with the quasi-pseudometric ¢+, we also introduce the map
Jq (X,q) — (()?);,q+) defined by jo(z) = U, ' (z),Uy(x)) whenever z €
X. Since ip is an isometry, d*((F',G"), (F",G")) = ¢ ((Fp,Gp). (Fp, Ip))-
Let (F,G) be any balanced Cauchy filter pair on (X, ¢). Then by the triangle
inequality,

¢"((Fp. Gp), (Fp,9p)) < 4" ((Fp,Gp), (F,G)) + ¢ ((F.G), (Fp,Gp))
With the help of [29, Proposition 2] we see that the latter sum is equal to
infoeg @+ ((Fp. Gp), Jo(G)) +infper @+ (Jo(F), (Fp, GB)), which is equal to
infaeg @u+ ((F',G"),i(G))+infper @y+ (i(F), (F",G")), as one sees as follows:
We have that
il e (Fh, G, 4(C) =

73



inf Sup " ((Fp, Gp). (U (9),Us(9))) =

. . . . / _
dof sup of Jof @, (in(F'),U(g)) =

infsup it @q(in(F), 9)

inf sup inf sup d*({Up",Up(f")),g) = inf sup sup d*(aq(f'),9) =

GeG geq F'EF preFy GEG 4e@ freF!
) ) , . + ) Al .
é%éiggﬁféﬁm Py (aa(F), 9) = érelgilelgd (F,6").9) =
. -+ / / . . ! / .
1r61fG§1€1£3d ((F',G",i(g9)) = clzIéfg Pyt ((F',G"),i(G)).

The second equality inf e @+ (jo(F), (Fp, Gp)) = infper Pu+ (i(F), (F”,G"))
is established similarly. Then we have that (i(F),i(G)) is a balanced Cauchy
filter pair on (X ,d"). O

Theorem 4.3.1. Let D be a nonempty Ty-family of quasi-pseudometrics
on a set X and let £ be a nonempty Ty-family of quasi-pseudometrics on a
set Y. Furthermore let f : (X,D) — (Y, &) be a balanced map (resp. a
B-isometry), and let ip : (X, D) — (X, D) and ic : (Y,E) — (Y, ET) be
the embeddings of the corresponding B-completions.

Define fhe : (X,D%) — (Y,E") as follows: For each (F,G) € X
set fhe((F,G)) = (((FF)an, (fG)ar,)) where ((fF)sy, (fG)ms,) denotes the
coarsest Cauchy filter pair on (Y,Ug) coarser than (fF, fG). Then the map

fhe : (X, D) — (Y, E") is balanced (resp. a B-isometry). It is the unique
balanced map having the property that ig o f = f;f)g o jp.

Proof. Observe that ﬂ)g is well defined by Remark 4.3.1 and Corollary
4.1.1. We next note that ico f = f%s oip, since for each x € X we have that

(fUp" ())an), fUp(2)ar)) = U (f (), Ue(f(x)))

by uniform continuity of f.

Note next that if f : (X, D) — (Y, £) is an isometry, then fh : (X, D) —
(Y, ET) is an isometry, too: Indeed if f is an isometry, then D = {d. : e € £}.
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Therefore Dt = {(d.)" : e € £} = {d+ : et € £T}, in the sense that for any

(F,G),(F',G") € X we have that
der ((F,G), (F',G")) = " (fhe (F.G)), fhe((F,G))) =

}}“relg-‘cl'%fg' (I)e(f<F), f(GI)) = ;Iel_frgllléfg/ (I)de(Fa G/) = (de)+(<f> g>7 <:FI7 gl>)

Hence we conclude that fég is an isometry.

Suppose that f is balanced (resp. a B-isometry). Let e € £. There is d € D
such that f : (X,d) — (Y, e) is balanced where we choose d = d. in case
that f is a B-isometry. According to the proof of [28, Theorem 3| we obtain
a balanced map f; : (X7, d") — (Y, eT), where for each (F,G) € X we
set fy ((F.G)) = (fF. fG).

Let (H,K) be a balanced Cauchy filter pair on (X,d"). Since the map
i @ (X,dY) — (X7,d%) is a balanced isometry, we see that f; o :

(X,d+) — (Y.*,e") is balanced (resp. a balanced isometry).
So (F',G"),(F",G") € Y. implies that
e"((F,G),(F",6") <
nf e ((F,G), (fa, 0 )(K)) + inf & ((f5) 0 D)(H), (F",G")).

Let now (F,G'), (F",G") € Y C Y,". We see by a similar argument as in the
proof of Lemma 4.3.1 that therefore

€+(<}—/, g/>’ <f”, g//>> <
Jnf B ((F,G), (fhe 0 )(F)) + fnf, Bex(fhe 0 8)(H), (F,G")),
since e+(fzgs<a7)> (fc—lt oi)(x)) =0 = €+<<fdt o z)(x),f;)g(x)) whenever x =

(F,G) € X, because the Cauchy filter pair ((fF)u,, (fG)us,) is coarser than
the Cauchy filter pair (fF, fG).

We conclude that fh, : (X,d") — (Y, e") is balanced (resp. a balanced

isometry) and, thus f. : (X, D) — (V,ET) is balanced (resp. a B-
isometry).
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It remains to show that ng is unique. Suppose that ¢ : (X D*) —
(Y, ) is balanced such that fleoip = goip. Let (F,G) € X. It fol-
lows from the construction of the B-completion that the Cauchy filter pair
(ip(F),ip(G)) converges to (F,G) in (X,Us). Thus by uniform continuity
of g, ((goip)(F),(goip)(G)) converges to g({(F,G)) and similarly ((fL o
ip)(F), (fhe 0 ip)(G)) converges to fhe((F,G)). But by the aforementioned
property of g, (9 o in)(F), (g 0 i0)(@)) = (fhe 0 in)(F), (Fhe © ip)(@)).
Because all maps are balanced, the latter Cauchy filter pair is £'-balanced
so that fi.((F,G)) = g({F,G)), since the limit of a weakly concentrated

Cauchy filter pair is unique in the Tj-quasi-uniform space (?,Z/{g-&-). O

Theorem 4.3.2. Let £ be a nonempty Ty-family of quasi-pseudometrics
on a set'Y such that (Y,E) is B-complete and Us is a To-quasi-uniformity,
and let X be a subset of Y. For each e € & let d. be the restriction of e
to X x X. Furthermore let D = {d. : e € £}. Suppose that the inclusion
map j : (X,D) — (Y,&) is a B-isometry and that for each y € Y there
is a D-balanced Cauchy filter pair (F,G) on (X, D) such that (j(F),j(G))
converges toy in (Y,Ug). Then (Y,Ug) can be identified with the B-completion
of (X, D).

Proof. Note first that since (Y, &) is B-complete and U is a Ty-quasi-
uniformity, (Y, &) can be identified with (17, ET) via the bijective B-isometry
ie : (Y,€) — (Y, ET), because e(x,y) = et (ig(x), ig(y)) whenever z,y € Y
and e € €.

By Theorem 4.3.1 the map j : (X, D) — (Y,&) can be extended to a B-
isometry j: (X, DY) — (V,E). Similarly as in [28, Theorem 4] one sees
that j is injective and SUI‘JeCtIVG The map 7 is injective, since (X U) is a
Ty-quasi-uniform space and j is an isometry by the second paragraph of the
preceding proof. Given y € Y there is a D-balanced Cauchy filter pair (F, G)
on (X,Up) such that the E-balanced Cauchy filter pair (jF,jG) converges
to y. Thus the minimal Cauchy filter pair (U; ' (y),Us(y)) is coarser than the
Cauchy filter pair (jF, jG). Since the minimal Cauchy filter pair (Fas,, Gar,)
is coarser than (F,G), we have that the Cauchy filter pair (j(Fas, ), 7(Gns))
is coarser than (j(F),j(G)), too. Then we have that

F((Fan, Gan)) = Uz ' (y),Us (y)), where the latter filter pair is identified with
y according to the first line of this proof. ([l
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We next give an example of the B-completion of a family of quasi-pseudometrics.

Example 4.3.1. Let I be a nonempty set. Let Q be the set of the
rationals and let R be the set of the reals. Set X = Q! = I;c;Q; and
Y = R! = 1I;¢;R;. Furthermore, let s(z,y) =y —x ify > x and 1 otherwise.
That is, s is the usual Sorgenfrey quasi-metric on R. For each j € I, let
e;((zi)ier, (Wi)ier) = s(z;,y;) whenever (x;)icr, (Yi)ier € X. Let € = {e; :
j € I} and for j € I, let d; be the restriction of e; to Q' C R! and let
D ={d;:jelI}. Then (Y,&) is the B-completion of (X, D).

Proof. It is well known that (IR, s) is the B-completion of (Q, s/(Q xQ)).
We have that Ug is a Ty-quasi-uniformity. For each i € I, j; : (Q;, s;/(Q; x
Qi) — (R, s;) is a balanced embedding for the B-completion of i copy of
the rationals. Let us define the inclusion map j : Q' — R by 5((¢:))ier)) =
Ji(q)ier for any (q;)icr € QL. It is obvious that for each i € I, : (Q!,d;) —
(R, ¢;) is a balanced isometry. We conclude that j : (Qf,D) — (R, €) is
a B-isometry.

Let (F,G) be an E-balanced Cauchy filter pair on R and let pr; : Rl — R;
denote the projection map onto the it"-factor of R!. Then for each i € I,
the Cauchy filter pair (pr;F, pr;G) is balanced in (R;, s;) and since (R;, s;) is
B-complete, that latter filter pair converges to some z; € R;. Thus (F,G)
converges to (x;); € I on (R, Ug). Hence (R, E) is B-complete.

Let (yi)ie;r € RI. Then for each i € I there is a balanced Cauchy filter
pair (F;, G;) on Q; that converges to y;. For each i € I let 7; : Qf — Q;
denote the projection map onto the i*"-factor of Q7. Then one checks that
the Cauchy filter pair (F,G) on Q!, where F is generated by the subbase
Uierm; 1F, and G is generated by the subbase U;c T, 1G;, is a D-Cauchy filter
pair on (Q!,Up) such that (j(F),7(G)) converges to (y;)ie; on (RY,Ug). By
Theorem 4.3.2 we therefore conclude that we can identify (R!, &) with the
B-completion of (Q, D). O
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Chapter 5

Conclusion and open problems

In this last chapter of this thesis, we draw the conclusions of our investiga-
tions and underline some open problems found throughout the work that can
constitute the topics of further research.

The thesis achieved the task of first establishing some new results from the
theory of the B-completion that we developed in [28], and partially extended
Doitchinov’s completion theory for quiet quasi-uniform spaces. For this sec-
ond part of the work, our result is negative and so, we conclude that Doitchi-
nov’s completion theory for quiet quasi-uniform spaces cannot be fully ex-
tended to arbitrary Tj-quasi-uniform spaces because investigations due to
Dedk show that the concept of a weakly concentrated Cauchy filter pair
seems to be too weak in general quasi-uniform spaces to yield a satisfactory
completion. In arbitrary quasi-uniform spaces we worked with a nonempty
subbasic family of quasi-pseudometrics and with an appropriate concept of
balancedness of Cauchy filter pairs with respect to that family.

Below we give a summary of the work which we studied in each chapter of

the thesis and then suggest two important areas of future research which are
related to the B-completion theory.
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5.1 Summary of the achieved work

In Chapter 1, we presented some preliminaries and overviewed certain well-
known definitions from the theory of quasi-pseudometric spaces. We also
summarized the construction of the B-completion of a Ty-quasi-pseudometric
space that we had developed in [28] and gave some examples related to the
B-completion theory.

In Chapter 2, we presented some new results about the B-completion of a
To-quasi-pseudometric space. We showed that B-completeness is a property
of quasi-pseudometric spaces but not a quasi-uniform space property. We
found an example which shows that two distinct quasi-pseudometrics d and
d’ on a set X can induce the same quasi-uniformity U; = Uy although d’
is B-complete, while d is not. Some examples of balanced maps were pre-
sented. We showed in the last section of the chapter that the B-completion of
a totally bounded quasi-pseudometric space is totally bounded and, possibly,
larger than the bicompletion.

In Chapter 3, we investigated some properties of Cauchy filter pairs on a
quasi-uniform space. We showed that a quasi-uniform space is filter sym-
metric if and only if it is Cauchy and each Cauchy filter pair is stable and
costable.

Chapter 4 was the main chapter of the thesis where we showed that Doitchi-
nov’s completion theory for quiet quasi-uniform spaces cannot be fully ex-
tended to arbitrary quasi-uniform spaces. We constructed a B-completion for
a family of quasi-pseudometrics on a set X. We introduced a new definition of
a balanced (resp. B-isometric) map for a family of quasi-pseudometrics and
investigated the extension theorem of balanced maps to B-complete spaces.
This led us to the characterization and the uniqueness of the B-completion
of a Ty-family.

The following problems are related to our investigations in Chapter 4.

Problem 5.1.1. Is there a weakly concentrated Cauchy filter pair on a
quasi-pseudometrizable quasi-uniform space (X,U) that is not balanced with
respect to any quasi-pseudometric d on X such that Uy = U?

79



Problem 5.1.2. Suppose that the collection ¥ of all weakly concen-
trated minimal Cauchy filter pairs is uniformly weakly concentrated on a
quasi-uniform space (X,U). Does there exist a subbasic family D of quasi-
pseudometrics for U such that all members of ¥ are balanced in each (X, d)
with d € D?

The theory of the B-completion may have some interesting applications in
other structures of mathematics. In the following we point out two areas
where the theory of the B-completion can lead to reasonable applications,
namely in paratopological groups and fuzzy quasi-pseudometric spaces.

5.2 Two possible areas for future work

5.2.1 B-completeness in paratopological groups

The completion theory of a paratopological group was studied by several
authors: In [33], J. Marin and others studied the bicompletion for the left
quasi-uniformity of a paratopological group. The results have been used to
characterize those paratopological groups for which the bicompletion of the
left quasi-uniformity is a group.

In [25], H. Kiinzi, S. Romaguera and O. Sipacheva showed that the two-
sided quasi-uniformity of a regular paratopological group is quiet and for an
Abelian group the Doitchinov completion of a regular paratopological group
yields a paratopological group.

The theory of B-completeness may have some applications in paratopolog-
ical groups, too. However, we point out that the necessary completion of
a paratopological group may be different from the B-completion since in
general the product of two balanced Cauchy filter pairs is not necessarily
balanced (see [25, Example 3]). In order to obtain a reasonable comple-
tion theory in paratopological groups, we below suggest to introduce a new
concept of a Cauchy filter pair called G-balanced Cauchy filter pair which
is closely related to our notion of a balanced Cauchy filter pair in a quasi-
pseudometric space.
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We can try to construct a completion for a Ty-paratopological group with the
same approach as for the B-completion. The completion of a Ty-paratopological
group would be called the G-completion. We point out that the G-completion
of a Ty-paratopological group contains the bicompletion of the induced quasi-
pseudometric space. We shall also observe that the B-completion of a Ty-
paratopological group might be larger than its G-completion .

Let us recall the definition of a paratopological group.

A paratopological group [33, p.104] is a pair (X, 7) where X is a group and 7
is a topology on X such that the map ¢ : (X x X, 7 x 7) — (X, 7) defined
by ¢(z,y) = xy is continuous. If (X, 7) is a paratopological group, then so
is (X,77') where 77! = {A C X : A € 7} is called the conjugate of 7.

Let (X, 7) be a paratopological group. For each U € n(e), let Uy = {(z,vy) :
7'y € U} and Ug = {(z,y) : yr=' € U}. Then {U; : U € n(e)} and
{Ur : U € n(e)} are bases for the left quasi-uniformity U, and the right
quasi-uniformity Uz on X such that 7(U) = 7(Ur) = 7 and TU;') =
7(Uz") = 771 Note that the quasi-uniformity Up = Uy, V Uy is called the
two-sided quasi-uniformity for (X, 7).

Let ¢ be an absolute quasi-valued function on X (see [34, Definition 2]).
Then the function d; defined on X x X by dp(z,y) = p(z7'y) (or by
dr(z,y) = p(yx™')) is a quasi-pseudometric on X such that (X,74) is a
paratopological group (see [34, Proposition 3]). It induces the left(or the
right) quasi-uniformity Uy, (or Ug) on X.

Note that in an abelian group, d;(z,y) = dr(z,y) whenever z,y € X.

As an example for the suggested theory, we shall define the notion of a G-
balanced Cauchy filter pair on a paratopological group equipped with an
absolute quasi-valued function on X.

Let (X, 7) be a paratopological group and let ¢ be an absolute quasi-valued
function on X inducing a quasi-pseudometric dy. A Cauchy filter pair (F,G)
on X is called G-balanced provided that

o(z7ly) < infrergegSUPfepeq @@ gfy) whenever z,y € X.

The following results have been established. Here we omit the proof. Given a
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paratopological group (X, 1), if (F,G) is a G-balanced Cauchy filter pair on
(X, ), then (F,G) is balanced (in our sense) with respect to dr. Let (X, 7)
be an abelian paratopological group. Then the product of two G-balanced
Cauchy filter pairs is G-balanced, too. So we have the following question:

Problem 5.2.1. Let (X, 1) be a paratopological group and let ¢ be an
absolute quasi-valued function on X. Let us denote by X the set of all G-
balanced Cauchy filter pairs on X. Can we prove that (X,7) is a paratopo-
logical group?

5.2.2 A B-completion of fuzzy quasi-pseudometric spaces

The notion of a fuzzy set has been introduced by Zadeh in 1965 and the no-
tion of a fuzzy metric space has been discussed by several authors. In [20] V.
Gregori and S. Romaguera introduced a concept of fuzzy quasi-metric spaces.
Later in 2005, V. Gregori, J.A. Mascarell and A. Sapena [21] developed an in-
teresting completion theory for a class of balanced fuzzy quasi-metric spaces.

However it is shown in [21, Example 2] that there exists a fuzzy metric space
which does not admit any fuzzy metric completion. The question of obtain-
ing necessary and sufficient conditions for a fuzzy quasi-metric space to be
completable was studied in [22, Theorem 1]|. Indeed, every standard fuzzy
metric space has an unique fuzzy metric completion.

The study of the B-completion of a fuzzy quasi-metric space and the inves-
tigation of those fuzzy quasi-metrics that are B-completable may lead to an
interesting theory.

In this discussion an interesting open question is to define a reasonable no-
tion of a balanced Cauchy filter pair on fuzzy quasi-metric spaces that will
help to construct a B-completion. A fuzzy quasi-metric space will then be
called B-complete if each balanced Cauchy filter pair converges, and it will be
called B-completable if it admits a fuzzy quasi-metric B-completion. Then
we have the following question:

Problem 5.2.2. Given a fuzzy quasi-metric space. Find necessary and
sufficient conditions for a fuzzy quasi-metric space to be B-completable and
construct a B-completion of these fuzzy quasi-metric spaces.
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