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Abstract

In this study, the computational analysis of a pressure driven viscoelastic fluid in a
double pipe heat exchanger set-up is investigated. Non-Newtonian viscoelastic fluids in
heat exchanger arrangements are encountered in various industrial applications such as
power generation, refrigeration and in the food processing industry where the need for

cooling and heating of liquids is required.

The model problem is governed by complex, non-linear and coupled partial differential
equations. These are solved using the semi-implicit finite difference method integrated
with the Crank-Nicolson scheme. The pressure-velocity coupling in the momentum equa-
tions is resolved by employing the Semi-Implicit Method for Pressure Linked Equations
(SIMPLE). To cope with numerical diffusion and numerical stability issues the treatment

of convective terms using the upwind schemes is explored.

In this work, the behaviour of viscoelastic fluids is rigorously examined by analysing
the convective heat transfer from the viscoelastic core fluid of the double pipe heat
exchanger to the Newtonian or viscoelastic shell fluid in the outer annulus. In addition,
the effects of pressure, momentum, extra stresses, temperature, viscosity and relaxation
time on the fluid temperature are investigated; both in the counter flow and parallel

flow configurations.

Graphical computational results are presented and discussed quantitatively and quali-

tatively with respect to several parameters involved in the problem.
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Chapter 1

Introduction

1.1 Motivation

The study of non-Newtonian fluid dynamics and its numerical simulations, has generated
an abundance of literature and research interest amongst scientists and engineers. In
many branches of engineering and applied sciences, non-Newtonian fluids are unequiv-
ocally of critical importance and their pivotal role is encountered in various industrial

applications.

Moreover, given the growing importance of these fluids in many industries, due to their
intrinsic characteristics and complex rheology, many fluid models and numerical methods
have been developed to describe their behaviour under various physical and geometric
conditions. This growing development of advanced, efficient and robust numerical tech-
niques under the Computational Fluid Dynamics framework has even saved industries

the cost of conducting expensive experiments.

Certainly, an in-depth understanding of non-Newtonian fluid dynamics is of fundamental
importance in industries such as pharmaceutical product development, mining, food pro-
cessing, power generation, refrigeration, petroleum engineering, blood rheology, polymer

processing just to name a few.

In this work, we limit our attention to applications involving flows through annular ducts,
particularly double pipe heat exhangers. Heat exchangers play an important role in in-
dustries where the need for cooling and heating of liquids is required. Non-Newtonian
viscoelastic fluids in heat exchanger arrangements are encountered in industrial applica-
tions such as power generation, air-conditioning, refrigeration and the food processing
industry. In this research, a computationally based analysis will be conducted to inves-
tigate the flow of viscoelastic fluids in the parallel flow and counter flow configurations

of a double pipe heat exchanger. The relevant flow phenomena is made up of complex,
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coupled and non-linear partial differential equations which cannot be solved analytically

hence a purely computational methodology for the solution processes is adopted.

The goal of this study is to add to the development of numerical simulations for solving

complex fluid dynamics problems of industrial relevance.

1.2 Applications of Computational Fluid Dynamics (CFD)

on various types of heat exchangers

Heat exchangers in their various forms are the most widespread and commonly used
equipment in the operation of many systems such as metallurgical operations, chemical
and petrochemical plants, oil refineries and power generation. They are utilized in
heating, cooling, condensation and boiling applications. Their ineluctable demand has
necessitated work on robust, dependable and efficient designs so as to achieve optimal

performance in related operations [1].

There are many types of heat exchangers namely, shell and tube heat exchanger, double-
pipe heat exchanger, plate type heat exchanger, fin-and-flat tube exchanger just to name
a few however for an overview on various types refer to [2] and figure 1.1. Furthermore,
there are three types of flows which can occur inside a heat exchanger, i.e, parallel flow,
counter flow and cross flow. Fluid flow is one of the fundamental characteristics of heat
exchangers. It has an influence on the heat transfer process, the design and overall
performance of a heat exchanger. In this present report, we restrict our computational
analysis of a pressure driven viscoelastic fluid in a double-pipe heat exchanger set-up
with both parallel flow and counter flow configurations taken into account similar to
work [3].

Extensive work has been implemented on different types of heat exchangers. Carla S.
Fernandes et al. [4], examined the thermal behavior of a stirred yogurt (a viscoelastic
fluid) in a plate heat exchanger. In his work, the effect of Reynolds number on a
local Nusslet number was investigated and the effect of fluid entry on average Nusslet
number was also analysed. In addition, a correlation between Nusslet number and
Reynolds number was presented. Simulations were conducted by first considering the
effect of temperature on viscosity and then by neglecting its effect. Computational
results concluded that, Nusslet number increased as Reynolds number increased and it
was also observed that for stirred yogurt simulations, the CPU time drastically declined

when the temperature effect on viscosity was ignored.

Thomas Perrontin et al. [5], investigated heat transfer and pressure drop properties us-
ing a compact louvered fin-and-flat tube heat exchanger. The louvered fin-and-flat tube

heat exchangers are used in the automotive and air conditioning industries. Thomas
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and fellow researchers, simulated 2D and 3D models of fin-and-flat tube heat exchang-
ers. It was found that at high Reynolds number, increasing heat transfer rates were
observed where thermal boundary layers developed. The louver geometry gives multiple
edges with great heat transfer coefficients. On the other hand, at low Reynolds number
the heat transfer coefficient was low and this was due to the blocked spacing between

successive louvers.

Utilizing a cross-flow heat exchanger, T. Chinyoka [6] modelled conduction-convection
heat transfer between two fluids. In his work, the conduction-convection heat transfer
between the viscoelastic core fluid with a constant viscosity and the Newtonian fluid in
the outer annulus of the heat exchanger was analysed. Computational results showed
that the viscoelastic core fluid had a lower temperature as compared to the Newtonian
fluid. In applications such as car radiators these results are very significant, as they
show that a viscoelastic fluid makes a good coolant because it is capable of releasing
heat rapidly. For a comprehensive overview on CFD applications on heat exchangers, we
refer to [2] and [7]. A few treaties on the study of the performance of a heat exchanger
and the impact on the overall heat transfer by analysing parameters like Prandtl number,

Dean’s number, Nusselt number etc we cite [8], [9], [10] and [11].

Tubular Plate Extended Regenerative Propriety
Embossed
= Double pipe — Spiral Flate Fin Rotary plate, PCHE,
Heat Pipe

Specialist
materials;
Teflon,
Graphite, Glass

b= Shell and Tube

Lamella Tube Fin Fixed Matrix

b Spiral Tube — Brazed

b Gasketed

Welded

FIGURE 1.1: Classification of Heat Exchangers.
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1.3 Newtonian and non-Newtonian fluids

1.3.1 Newtonian fluids

A Newtonian fluid is a fluid in which the viscosity, whilst varying with pressure, tem-
perature and concentration, does not change with shear rate, applied stresses and time.

Moreover, these fluids do not exhibit any elastic properties.

1.3.2 Non-Newtonian fluids

These are fluids which deviate from the Newtonian behaviour. In these fluids, shear
stress and shear rate have a non-linear relationship. Furthermore, their viscosities de-
pend on shear rate, applied stresses and time. Non-Newtonian fluids are divided into

three classes namely [12] :

e Viscoelastic fluids:
These fluids exhibit partial elastic recovery when deformation shear stress is re-
moved. An intrinsic characteristic of a viscoelastic fluid is the simultaneous ex-
istence of viscous and elastic properties. This study will center on these type of
fluids.

e Time-dependent fluids:
In these type of fluids the share rate is a function of time and the size of shear

stress.

e Time-independent fluids:
In these fluids, share rate at a given point depends only on the instantaneous shear
stress at that particular point. See figure 1.2 for different behaviours of these type
of fluids.

Non-Newtonian and Newtonian fluids have complex rheology. Their complex physics
has presented a rather challenging yet exciting task for numerical simulations. They
are mathematically modelled using partial differential equations which are then solved
using numerical methods. In the next section we will discuss three numerical methods

which have been developed in this direction.
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shear stress Bingham fluid peendo-plastic fluid

MNewtonian fluid

vield stress

dilatant fluid

shear rate

FiGURE 1.2: Different behaviours of Time-Independent fluids.

1.4 Numerical Methods

1.4.1 Finite Difference Scheme

Finite difference methods are widely used in simulating non-Newtonian and Newto-
nian fluid dynamics under different geometric and physical conditions. T. Chinyoka
[3], modelled the conduction-convection heat transfer from a viscoelastic core fluid to a
Newtonian fluid flowing in the outer annulus of the double pipe heat exchanger. Compu-
tational results showed that the viscoelastic core fluid had a slightly lower temperature
than the Newtonian shell fluid and these observations are significant in industrial heating
and cooling applications. In this research article, he employed the semi-implicit finite
difference scheme and modified it to accommodate the Crank-Nicolson scheme for the
treatment of implicit terms. In addition, second and first order derivatives were approxi-
mated with second order central differences. This approach, was echoed in his article on
modelling of cross-flow heat exchangers with viscoelastic fluids [6]. As previously hinted
in section 1.2 simulation results showed that again, viscoelastic fluids release heat more
rapidly than Newtonian fluids. At this juncture, it is important to mention that the
successful modelling results in these two articles are of great significance as they form

an underpinning for this thesis.

This numerical approach has been successfully applied in other works; I.LE Ireka and
T. Chinyoka [13], examined the unsteady, non-isothermal and axi-symmetric flow of a
viscoelastic Johnson-Segalman liquid in a lubricated pipe with a wall slip; O.D Makinde
and T. Chinyoka [14] simulated the unsteady hydromagnetic flow of a third grade fluid
with reactive variable viscosity and electrical conductivity. This flow was in between
a moving and a fixed wall with asymmetric convective cooling and unvarying magnetic

field. V. Casulli and R.T. Cheng [15], also successfully implemented the semi-implicit
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finite difference scheme to obtain a numerical solution for three-dimensional shallow

water flows.

M.Devakar et al. [16], analysed a fully developed flow of a non-Newtonian fluid in a lin-
ear duct through a porous medium. In their research article, the finite difference method
was employed and a classical Gaussian elimination was used to solve the obtained alge-
braic equations. In the analysis of the flow and temperature fields which are simulated
in an annulus possessing a porous lining between two concentric rotating cylinders, G.
Nagaraju and fellow researchers [17] also opted for finite difference scheme. M.F Tomé
et al. [18], when modelling unsteady viscoelastic free surface flows, further incorporated
the marker-and-cell (MAC) method. NIU Jun et al. [19], successfully applied the fi-
nite difference method when investigating a buoyancy driven convection process of a
viscoelastic fluid. This process was modelled in an open top square porous box which is

subject to an unvarying heat flux boundary condition.

The finite difference method is unconditionally stable and convergent. However, a draw-
back with this scheme specifically when implemented on engineering problems, care

should be taken in approximations in order to ensure conservation properties.

1.4.2 Finite Volume Scheme

The finite volume method gained its momentum and further established a prominent
role in the numerical simulation of fluid dynamics problems as a consequence of research
done by Professor Spalding [20] and fellow researchers S.V. Patankar [21], A.D. Gosman
[22] just to name a few. This numerical method is one of the most flexible discretiza-
tion methods used in Computational Fluid Dynamics (CFD). This is due to its ability
to execute discretizations directly into the physical space without any transformation
between the computational coordinate system and the physical. Furthermore, it is also
well suited for solving flows in complex geometries because it seamlessly adopts to col-
located arrangements [23]. A large number of numerical analysis has been successfully

performed using this method.

S. De et al. [24], used the finite volume method with a staggered grid to simulate an un-
steady three dimensional viscoelastic fluid flow through a porous medium. Furthermore,
they used the Immersed Boundary Method(IBM) to impose boundary conditions at the
walls of the porous medium. S-C. Xue et al. [25], numerically investigated the strength
and pattern of secondary flows of a viscoelastic fluid in straight pipes over a range of
ratios and material parameters. In this work, S-C. Xue and co-workers employed the
implicit finite volume method based on the SIMPLE algorithm with splitting technique
(SIMPLEST algorithm). When simulating a steady laminar flow of an Oldroyd-B fluid
in a lid driven square cavity with a range of Weissenberg and Reynolds numbers, K.
Yapici et al. [26], integrated the finite volume method with second order central differ-

ence scheme for the treatment of convection terms in the momentum equations whilst
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employing the first order upwind approximation to deal with viscoelastic stresses. For
pressure-velocity decoupling in the momentum equations they opted for SIMPLE algo-
rithm. FU Chun-quan et al. [27], in their research paper, the mathematical modelling of
a viscoelastic fluid flow through an expansion channel was considered. Their governing
equations were solved using the finite volume method on a staggered grid and hybrid
schemes were used for solving velocities. In agreement with K. Yapici et al. [26], they

also used upwind schemes to handle viscoelastic stresses.

The finite volume method is also available on OpenFOAM software. F. Pimenta and
M.A. Alves [28], their research article took a different approach in that, they looked
into the stabilization of an open-source finite volume solver for viscoelastic fluid dynam-
ics. In their study, they successfully modified the viscoelastic solver available on the
OpenFOAM software toolbox so as to improve its stability for solving differentiated-
type constitutive equations. To achieve this an Oldroyd-B constitutive equation was
solved using the log-confirmation method and the component-wise and deffered correc-
tion approach were proposed for the discretization of convective terms. In addition, the

SIMPLEC algorithm was also adopted as one of the solution techniques.

It is also important to mention that the finite volume method can also be used in phase-
change related problems. J.Rigola et al. [29], in their paper, a numerical study of
the thermal and fluid dynamic behaviour of two-phase flow in double pipe condensers
and evaporators was conducted. Similar to S. De and fellow researchers [24], they
also employed the pressure based method SIMPLEC for solving discretized governing
equations and also giving special attention on the handling of the transition from one

phase to another.

The finite volume has certainly been implemented successfully on many fluid dynamics

models with complex geometries.

1.4.3 Finite Elements Scheme

The genesis of the finite element method can be traced back to structural mechanics in
the early and mid sixties [30] and [31]. In fact the first research article on this method was
published by M.J. Turner et al. [32] and Professor R.W. Clough conceived the term finite
element in one of his articles in 1960. However, in later years O.C. Zienkiewicz and Y.K.
Cheung [33], realized the potential of implementing the finite element method beyond
structural mechanics to general field problems. This paved a way for further utilizing this
method for fluid dynamics related problems. Since then indeed this numerical method

has been used to solve a wide range of fluid dynamics tasks.

M. Vibiyayuthakorn and B. Caswbll [34], in their research paper, the finite element
method was used to simulate the flow of a memory fluid, i.e, viscoelastic fluid with signif-

icant relaxation effects. P. Yue et al. [35], simulated phase-fields of interfacial dynamics
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in viscoelastic fluids and in their algorithm they incorporated an adoptive meshing. M.
Mellal et al. [36], examined the three dimensional simulation of a heat transfer in a shell
side of a shell-and-tube heat exchanger and a turbulent fluid flow. Their analysis was
carried out using the Computational Fluid Dynamics(CFD) COSMOL multiphysics 5.1

software utilizing finite element method.

R.Keunings and M.J.Crochet [37], simulated a viscoelastic fluid flow through a con-
traction geometry. Y.J. Choi et al, [38], modelled a viscoelastic fluid with suspended
particles. A.W. Liu et al. [39] in their research article they carried out investigations on
a viscoelastic fluid flow of polymer solutions around a periodic linear array of cylinders.
Three models were used to carry out this simulation, namely the Giesekus model, finite
extensible non-linear elastic dumbbell model with Peterlin’s approximations (FENE-P)
and the FENE dumbbell model of Chilcott-Rallison (CR). E. Castillo and R. Codina
[40], performed a finite element method approximation of a viscoelastic fluid flow. In
this article, they numerically tested a three-field finite element stabilization formulation

for an incompressible viscoelastic flow problem.

Over the years to date literature has seen a great influx of various types of fluid dynamics

problem solved using the finite element method.

1.5 Objective and organization of the thesis

This dissertation, is concerned with the computational analysis of a pressure driven
viscoelastic fluid in a double pipe heat exchanger. The analysis is achieved by examining
the heat transfer from the core viscoelastic fluid of the heat exchanger to the shell fluid
(which can either be Newtonian or viscoelastic) in the outer annulus. The organization
of this thesis is as follows: In chapter 2, the governing equations, physical description and
thermodynamical modelling of the problem are presented. In the subsequent chapter
3, the numerical modelling using the semi-implicit finite difference method integrated
with the Crank-Nicolson scheme, SIMPLE algorithm and Upwind scheme is discussed
in detail. In addition, the discretized form of all the governing equations described in
chapter 2 are presented therein. Followed by chapter 4, which provides a brief graphical
presentation of the spatial and temporal convergence of the numerical method used.
Next, computational results are presented and discussed in chapter 5. Finally, chapter

6 ends this thesis with a summary of work presented.



Chapter 2

Mathematical Model Formulation

This chapter describes the physical description, governing equations and thermodynam-

ical modelling of the problem presented.

2.1 Model Description

2.1.1 Physical Description of the Model Problem

In this study, the geometry of the problem is the shell-and-tube heat exchangers set-up.
The model consists of an inner circular straight pipe symmetrically surrounded by an
outer pipe. The inner pipe (which will be referred to as the core) has dimensions, radius
R. where 0 < R. < 1 and a length L. The outer pipe (which will be referred to as
the shell) has a radius Rs and the same length as the core pipe, L. For mathematical
modelling we employ the polar cylindrical coordinate system, (r,6,z) when the flow
occurs under the rotational symmetry. However all the quantities do not depend on 6
ie. % = 0 therefore the azimuthal component (v) of velocity V = (u,v,w) vanishes
identically. Thus the cylindrical coordinate system used is (7, z) and is chosen such that

the z-axis is on the horizontal plane and the r-axis on the vertical plane.



Mathematical Model Formulation 10

—
— fis cold shell fluid
shell fluid -outlet channel — shell fluid -inlet channel
4 .
4 connecting wall
i »
# + ]
. Ht . »
N |Axis of symmetry
. hat care fluid . .
¥ » ¥
care fluid -inlet channel . core fluid -outlet channel
»
sonnecting all

4

shell fluid -DU(|‘.'iEhEI'IHE| 4 cold shell fluid shell fluid <inlet channel

-

L {length)

FIGURE 2.1: Schematics of the model problem.

2.1.2 Flow Pattern

The motion of both the core-fluid and shell-fluid is considered to be a Poiseuille flow
where the motion is induced by different pressure gradients. The flow is assumed to
be dynamically fully developed over the entire length of the pipes and the velocity
distribution across each pipe will be parabolic. It is also assumed that at the initial stage
of the model problem, the core-fluid is hot and the shell-fluid cold thus the heat transfer
by convection is investigated. It is further assumed that the core-fluid flow depends on a
two-dimensional flow velocity and the shell-fluid flow on a one-dimensional flow velocity.
In shell-and-tube heat exchangers, the two fluids in their respective compartments can
have either a counter flow, parallel flow or cross flow configuration. However in this
computational analysis only the parallel and counter flow configurations are examined.
For a counter flow arrangement, the core-fluid moves from left to right in response to the
negative pressure gradient —G, and the shell-fluid moves from right to left due to the
positive pressure gradient G5. On the other hand, the parallel flow arrangement both

fluids move from left to right driven by negative pressure gradient —G.

2.1.3 Fluid Rheology

A laminar flow of an incompressible non-Newtonian viscoelastic fluid and a Newtonian
fluid is considered. This analysis examines two cases firstly, when the core-fluid is
viscoelastic and the shell-fluid is Newtonian. Secondly, when the core-fluid is viscoelastic
and the shell-fluid is non-Newtonian. Furthermore in both cases an isothermal and a

non-isothermal study will be investigated.
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2.2 Governing equations

The core and shell fluid systems are governed by the Navier-Stokes equations which are
the continuity, momentum and energy conservation equations for incompressible flows
together with the constitutive equations describing the fluid stress behavior. Since the
two fluids are separated by a connecting solid wall through which a heat exchange or
convection occurs, the temperature of the wall is governed by a one-dimensional heat

equation.

2.2.1 Governing equations for the core and shell fluids

The mass balance equation :

VeV =0. (2.1)

The momentum balance equation:

DV*
P =V T (2.2)

The energy balance equation:

p*C, e =Qp — V'O, + C5T*V* - Vp+ h* (T, — T7). (2.3)
The equation governing the viscoelastic extra-stresses follows the non-isothermal Giesekus
model [3], [41] and [42] and is given by,

\ D T*
* _*2 * * * * * *
T ( ~z' el [T:OD =TS, (2.4

v
where o* is Giesekus nonlinear term and 7* is the upper convected time derivative

which is defined as,

Here
DU _0 1 v.vmy (2.6)

is the material derivative and () represents the physical quantity. In the momentum

equation, F* is the body force due to friction factors and will be neglected. The total



Mathematical Model Formulation 12

stress is hereby divided into a solvent (Newtonian) and a polymer (viscoelastic) and it

is given by,

where 5* = [V*V* + (V*V*)T] is the deformation rate tensor, I* is the unit tensor and

7* is the extra stress tensor.

The internal heat production is given by,
Qp =11 8"+ (1 =S : S* (2.8)

which is composed of an irreversible component 77 ;5" : S* called mechanical dissipation
[42],(43],[44] and [45] and a reversible part £* : S*. Gamma, denoted by 0 < v <1
describes the energy storing ability of a viscoelastic fluid. In the case of v = 1, this
represents pure entropy elasticity [46],[43],[44] and [45] in which the mechanical energy
released as heat corresponds to pure viscous material behavior. On the other hand,
v = 0 corresponds to mechanical energy stored as elastic energy which matches pure

elastic material behavior[46] and [45].

The heat flow rate which is referred to as heat flux is mathematically expressed by a

Fourier law of heat conduction as follows,
Q) = —k"VTT, (2.9)
where k is the thermal conductivity.

The viscosity and relaxation time are assumed to vary with temperature. Thus total

viscosity is mathematically expressed as
Neot (T) + 0", (1), (2.10)

where 7, (1) is the solvent viscosity and 1*,(7™) the polymer viscosity. The relaxation
time which is defined as the time required for a fluid to return to its base state after
deformation is denoted as A\*(7™). Their temperature dependency follows Nahmes-type
law [47][48],]49] and [50] which reads,

A" = X A(T), Msot = Msolo (1), ny = mpop(17), s = Nsop(T)

where

*

T
MT™) = (1-6x)+ 5AT%€'XP(—€A@C), w(T*) = exp(—e,0.)

C
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with © = (T*A_:,Z*O) and AT* = T*.g — T"s9. The zero subscripted quantities indicate

constant reference values and ) € {0,1} is a delta function such that

0 ife A= 0
Oy =
1 otherwise

The temperature of the connecting wall is governed by the one-dimensional heat equation
which is defined as follows,
oty 0*T

S = K (T~ ) + (TS — ). (2.11)

We now introduce the following dimensionless variables and parameters to the governing

equations;
Ug L* 9 %
tzit*a I:TU*7 P:p*U(Sk P*7 VZﬁ?
z2* L* - AF
z2=—, V = L*V*, S=—_—5" A=,
M:n: Re:p* oL Pr:C’;nS :L;O
m o K -
AU L*? 77* U*?
De = 700 h="—h* 63 = CHT 5 00
e TR K0 3 B0 2 KrAT*2’
L* Kt*
o = T t = 'Ll)2 .
nor*Ug L

In dimensionless form, the governing equations (2.1), (2.2) and (2.3) become,

V.V =0, (2.12)
% =-Vp+ év [(uz) + (1)), (2.13)

RePr%f = V2T + aply(r: S) + (1 =7)(1 = B)S : 8]

. (2.14)
+Redyds (T + g)v Vp+ W(Ty —T).

The non-dimensional non-isothermal Giesekus equation for the viscoelastic extra stresses

reduces to,

A/ VvV
r+ar’+ De ([ug] - /@% In[¢T + 1]) =ps (2.15)
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where

1+¢
1+ €T

€= p = exp(—e,T), A= (1—20y)+ 6y exp(—e)T).

2.2.2 Equations in cylindrical form

We now recast the governing equations to cylindrical coordinates and this is in accor-
dance with the geometry of the problem presented. This transformation is crucial for

solving the equations using the finite difference numerical method.

Furthermore these equations are subject to initial and boundary conditions. The bound-
ary conditions will either be prescribed or linearly extrapolated using neighbourhood val-
ues. At unprescribed boundaries the linear extrapolation processes will be done using
the following expressions, similar to works [3], [6], [51], [52], [53], [54] and [55],

inlet channel:

()i, 00ij,, - _
azj(t,TS,ZJ)Z 8;(75,7“1,21 ), (2.16)

outlet channel:

0 2,7 0 i,j _ _
gzj(mrL—l’Zj\_f—l) = gzj(tarj\/jaz]\[)7 (217)
top solid wall:
9()i,j 0y, _
(a)rﬁ (t7r(—)~_’z(_)‘-) = aT’J (t>r1 7’21 )) (218)
bottom solid wall:
0 2,7 0 i,j _ _
(a)r](t7r}\~_4—l”z]—i\_f—1) - grj(tvrMazN)7 (219)

where (); ; denotes the physical quantity, r = 7’3, r=r,z= ZJ, Z =2z ,r= 7’?\}717

rTo= Ty, 2 = z]J{Ll and z = zy represent grid points on subintervals M and N
of the interval [0,1]. The superscripts on the partial derivatives %(t,r&_l,zx,_l),
%(t, re 2 ) 8%);” (t,rq,20) and 88:j (t,r3;_ 1,24 _,) denote the forward differences.

On the other hand partial derivatives a(a);j (70 2n)s %(t, 21 ), %(t, T2y )

and 8(8):,’j (t,7y,2y) denote the backward differences. These are constructed using the

finite difference method.
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2.2.2.1 Core fluid Equations

The continuity equation is given by,

Oue  Ue Ow,

8r+r+8z

=0. (2.20)

The momentum equation reads,

z — component :

8wc+u8wc+w8wc__@+i( 82wc+&8wc+2 82wc+2 82uc>
Ot ¢ or ©9z 9z Re, He Or? r Or He 0722 Mcarﬁz
1 Ope Ow, O Ow,. OTr» 0T, Trz

2 c c c™ )

+Rec< 0z 0z +87" or e or th 0z T r)

(2.21)

r — component :

Oue Oue Ou.  Op 1 0ue  2pe Oue 9%, 9w,

ot + ucﬁ + e 0z  or + Riec(zuc or? r Or + e 072 + 2N0828r>

1 acac 8080 81”1”
(2”“ fe T8 SALG

+ + Ores | )
Re.\" 0z 0Oz Or Or He or ¢ '

“ 0z
(2.22)

It assumed that the flow is fully developed and therefore the initial velocity condition is

given by ,

~ —G_ Re,.

o (R? —7), (2.23)

we(r)

where 0 <7 <1 and G. = pcjiL; is the dimensionless pressure gradient [3], [6] and [56]
c0

which drives the fluid into motion.

Boundary conditions to be satisfied are the following,

no-slip condition:

(2.24)
uc(t,1,2) =0,
axisymmetric (centerline)condition:
dw,
8“} (¢,0,2) =0,
65 (2.25)
—<(t,0,2) =0,

or
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inlet channel:
owe, Oue, o
az . (t’ T(T? Z+) = azﬁj (t7rl 721 )7 (226)
owe, Oue, . o
az . (t’ 7,‘(—)"-7 Z+) = azﬁj (t7rl 721 )7 (227)
outlet channel:
Ow, Oug, o
92 (a1 A1) = 820 (tmap 2N)s (2.28)
Ow, Ouy, o
82:’] (t, r]T/[fl,z]'Cfl) = (9,2‘] (t 70y 2N ) (2.29)
The energy equation in cylindrical coordinates is as follows,
oT, oT, oT, 0’T. 10T. 0°T,
Re.P (4 9l J) — < c 2% c
Cel e\ "ot + e or + e 0z or? + r Or 022
1 0 0
+Rec(5025c3 (1 + *) <uc£ + wc£> + hc(Tw - Tc)
Ow, Oou. Ow, ¢
+502/J'C [7 <27_'rr7 + 27, (7 + ) + 27— + 2 )
0z 0z or r
Oue\ 2 U 2 owe\ 2 ou ow
t-na-(2(G0) 2(5) +2A(%0) + (5 5]
+(1 -1 -5) or + r + 0z + 0z + or
subject to an initial condition given by,
T.(0,r,w) =1,0=r < 1. (2.31)
Boundary condition are presented as follows,
solid wall :
T - OT.. . -
807,.17] (t7T]J\;[—1’Z]J\rf—1) = 63“17] (tvrMazN)’ (232)
axisymmetric (centreline) condition:
oT,
inlet channel condition:
T.(t,0,2) =1 ="T.(t,1, 2), (2.34)
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outlet channel condition:

aTci,j + + aTci,j - =
W(LTM_pzN_l): Oz (t7rMazN)'

The viscoelastic stresses are expressed in cylindrical coordinates as,
9 <7/ 0 0 0
PeTrr + QpieTre” + De [(7/107—1“1" + Uem—MeTrr + wciﬂc'rrr>
ot or 0z

D ou
— peTrr— In[ET, 1}:20767
peTrr o I[ETe +1]) = 2pef—

Oue

ou
—He (27-7‘7" 87’C + 27—rzic>

0z

Trz T @ TQ—i-De;\[(g T, +u£ T +w2 7')
HcTrz HcTrz atﬂc Tz car,uc Tz cazﬂc Tz

— e (T,ﬂraatc + Trz(aaljf + aauz)c) =+ Tzzaau;> - Mcﬁz% In[¢Te + 1]}
ou. Ow.
- MCB(E + or )’

, 10 B B
HeTzz + QpieTz,” + DeA [( HeTzz + Ui~ HeTzz + We ,U/c'rzz>
ot or 0z

D
- NcTzzE ln[ch + 1]] = 2Mc/8

ow,

0z

e (m%ff + 2rrzagf)

The equations are subject to the following initial condition,

Ti,jZO,OST‘Sl.

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

Boundary conditions are implemented at the walls, centreline, inlet channel and outlet

channel of the pipe. These are mathematically expressed as,

solids walls :

O7i,j

or

37'~~ _ B
(t’r(—]i_vz(—]'—): ;](tﬂalvzl )7

0T 4 _
87 (tﬂﬂ]—{_/l—l’zj—tf—l) = or (t>rM7ZN)7

inlet channel:

I7ij

0z

87—.. _ B
<t7ra_>ZJ) = a;J (tvrl y 21 )7

(2.40)

(2.41)

(2.42)
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outlet channel :

0t;
0z

0T o
(t’rl—{_/l—l’zj\_f l) = ﬂ(tvrMazN)- (243)

2.2.2.2 Shell-fluid Equations

The shell-fluid is subject to a one dimensional flow velocity ws therefore, velocity in
the radial direction us = (0, us(r)) is neglected. The fluid is assumed to be Newtonian
however a non-Newtonian case will be considered as well in our investigations. The
Newtonian case equations will be similar to the below non-Newtonian fluid equations

but without the extra stress components.
The continuity equation is given by,

owg
0z

= 0. (2.44)

The momentum equation reads,

ow owg . 1 ( 0 ws L+ s Owg . 82ws)
Wg—— = — —(ps—=—> + — —
ot 50z * " Re, Hs g2 r Or Hs 5.2 (2.45)
. 1 (23M3 Oows  Ous Ows i 0Ty . 0Tz n @) .
Re, \" 0z, 0z ar or Moo THsTe THTT)
The equation is subject to the following initial condition,
GsR
wy(r) = ——5 =2 (R = 7), (2.46)
s
where G5 = (*;ii*? is the dimensionless pressure gradient.
s 7s0

The boundary conditions which are imposed at the walls, centerline, inlet channel and

outlet channel of the pipe are given by the following mathematical expressions,

the no-slip condition at the wall of the pipe :
ws(t, 1,2) =0, (2.47)

inlet channel:

8?’] (t,rar, zar) = a:’J (t,ry,21), (2.48)

outlet channel:

8“]5"' aws". _ B
6,;] (t7r]<\z—17z]<{»f—l) = azzj (t7TM7ZN)‘ (249)
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The energy equation is expressed as,
+Resdiadsa (1+ ;) (+w,Go) + ho(Ty — T,)
ou ow ou u (2:50)
Foeatts |7 (m e 2ma (4 S22t 4 2
w0 -m () +2() +2(5E) (G 5]
subject to the following initial conditions,
Ts(0,7,2) =0,0 < r < 1. (2.51)
It is further subject to boundary conditions which are denoted by,
Solid walls:
j;r” (t,ra“,z['f) = 5?:’,;‘ (t,r1,21 ), (2.52)
Pty 112551) = o 675, 7) (2.53)
axisymmetric condition:
%T:(t,(), 2) =0, (2.54)
inlet channel condition :
Ts(t,0,2) =0 =Tg(t,1,2), (2.55)
outlet channel condition:
P 1y i) = T2 7). (2.56)
The extra stresses equations read,
[LsTer + CsTyy” + De [(ﬁ Trr + ws%ﬂsTrr) ﬂsTrrg n[¢Ts + ]} 0, (2.57)

ot
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9 - 0 0 8'[1)3 611.15
UsTrz + QlisTr,” + De [(7M37—rz + wsi,ufsTrz) — Ms (Trri + Trzi)
ot 0z or 0z (2.58)
D et +1]] B(aws) '
— — n =
HsTrz Dt s Hs or )
-1/ 0 0
UsTzz + aMSTZZZ + DeA [(&/’LSTZ,’Z + ws aiﬂstz)
ow ow D : ow (2.59)
—Hs (27'7’287: + QTrzai;) - NstzE ln[gTs + 1]} = 2ﬂsﬁ 828 .
The equations are subject to an initial condition which is given by,
7i; = 0,0<r < 1. (2.60)

Boundary conditions are imposed at the walls, inlet channel and outlet channel of the

pipe. They are linearly extrapolated and expressed by the following equations,

inlet channel:

aTiJ

s (t,rar,zar) =5, (t,ry,21), (2.61)
outlet channel :

0T; orij,, _ _

8Zj (t7 T]J\%_lv Z]t[_l) = 8:J (t> rMa zN)7 (262)

boundary condition at the wall of the pipe :

I7i,j 07,5

. (t,rar,zar) =5 (t,ry,27), (2.63)
oT; s 0T j _
ar’j (thprsz\r/q) = ar] (o 2N)- (2.64)

2.2.2.3 Connecting wall Equation

The equation is given by,

oT,  9°T,

o =g+ he(Te = Tu) + ha(Ts = T), (2.65)
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and it is subject to boundary conditions at z = 0 which is the left end point and z =1
right point end of the rod [3] and [6],

Tw|z:0,1 = [(hc(Tc - Tw) + hs(Ts - Tc))r:O.l/(hc + hs)] 220 1- (266)

2.2.2.4 Poisson equation for Pressure

It is mathematically expressed as,

o*p 10P 9P 1 (Ou. 1 0w,
il - - z=e). 2.67
8r2+rar+8z2 At<8r+ru0+ 82) (267)
The equation subject to the following initial condition,
P.=-G.+ 1. (2.68)

Pressure is further subject to boundary conditions which are imposed at the walls, inlet
channel and outlet channel of the pipe. They are linearly extrapolated and mathemati-

cally expressed by the following equations,

inlet channel condition:

OFe; 0P,

82 (t7r(—)~_7z(—)~_) = 8;7‘7 (t7r1_7zl_)7 (269)
outlet channel condition :
aP,3‘7 5 aPc’7 ] _ _
o5 (i 2N ) = =5 (G ), (2.70)
solid walls :
8P .. 8P .. L
ajj’] (t,r('f, za') = a;m (t,ry,21), (2.71)
OPe; ; OPp; ; o
#(tv 7’;\%—1755—1) = 87;” (t,rar 2n)- (2.72)



Chapter 3
Numerical Implementation

This chapter is concerned with the numerical modelling of viscoelastic fluid dynamics
with applications to heat exchangers via the semi-implicit finite difference method. This
numerical scheme, similar to finite difference method, transforms each component of the
partial derivatives into finite difference approximations (derived using Taylor theorem)
which are made at discrete values of independent variables. At its simplest the trans-
formation process reduces the problem into solving a system of algebraic equations at
some set of discrete locations in space and time. The solution procedure is an iterative
process which involves pentadiagonal and tridiagonal matrix manipulation. The gov-
erning equations which mathematically describe the problem to be solved are complex
,non-linear and coupled. To address the pressure-velocity coupling in the momentum
equations the Semi-Implicit Method for Pressure Linked Equations (SIMPLE) [57] is
employed.

3.1 Numerical Scheme Overview

3.1.1 Numerical Grid

The discrete positions at which the dependent variables are to be computed are defined
by the numerical grid. For this problem we select a two dimensional structured numerical

grid, i.e., the Cartesian mesh grid.

3.1.2 Coordinate System

To solve the model problem using semi-implicit finite difference method, the governing
equations are expressed in the cylindrical coordinate system, see equations (2.20- 2.22,
2.30, 2.36 - 2.38, 2.44, 2.45, 2.50, 2.57 - 2.59, 2.65, 2.67). This is because the problem

described in the previous chapter involves a flow in the pipe.

22



Methodology and Numerical Implementation 23

3.1.3 Semi-Implicit Finite Difference Technique

The governing equations expressed in cylindrical form are discretized using the semi-
implicit finite difference technique integrated with the Crank-Nicolson scheme. This
technique is numerically unconditionally stable because it combines the stability of an
implicit method with the accuracy of a method that is second order in both space and
time. Semi-implicit time integration schemes are considered efficient due to their ability
to use long time steps [58] and [59]. Furthermore a factorization technique, [3], [60]
and [61], can be applied to the left-hand side ,i.e., the implicit side of the discretized
equations. The presented method is based on works [3], [6], [62] and [63]. Here the first
and second spatial derivatives are discretized with the second order central differences
and the time derivative with the Euler forward difference scheme. The implicit terms are
handled by utilizing the Crank-Nicolson scheme, here terms are taken at an intermediate
time level (n 4 &) where 0 < & < 1. The choice of £ is such that, for £ = 1/2 accuracy
in time is increased to second order [54], £ = 1 provides the freedom to use larger time
steps and still achieve convergence [62] and in the case of £ = 0 the terms on the right
hand side of the governing equations reduce an explicit discretization. In this study
& = 1 is used in the momentum equation, energy equation and Poisson equation for
pressure. For the constitutive equation, extra stress tensor terms which involve spacial
derivatives utilize £ = 1/2. In the calculation of the connecting wall temperature, a full

Crank-Nicolson scheme is employed [3].

The numerical diffusion and numerical stability issues are addressed by the treatment

of convective terms using the first order upwind differential scheme [64] and [65].

3.1.4 Finite Approximations

In approximating the partial derivatives by algebraic expressions a discretization error is
incurred. The error is due to the infinite Taylor series truncated after a number of terms
to derive an expression for the partial derivatives approximated. The approximation
is improved by decreasing the step size of the spacial domain, which means that the
discretization error will go to zero as the step size tends to zero. The order of the
step size with which the error tends to zero is called the order of accuracy of the finite
difference approximation. This indicates that the discretization error plays a crucial role
in the numerical accuracy of the solution of the partial differential equation to be solved
[66]. To achieve optimal or good accuracy the discretization method must yield a second
or higher order accuracy [67], [68], [69] and [57]. It is for this reason that in this study
both the second and first spacial derivatives are approximated with second order central

differences. The full discretization of all the governing equations is shown in section 3.2.
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3.1.5 Semi-Implicit Method for Pressure Linked Equations (SIMPLE)

The partial equations derived in the previous chapter are non-linear, complex and intri-
cately coupled. In particular the momentum equation is the most complex and requires

special techniques in order to be solved. The reason is that:

The pressure and velocity in the momentum equations are coupled.

All the velocity components exist in both the momentum and continuity equations.

The convective terms in the momentum equation possess a non-linearity property.

The pressure term which appears in the momentum equation does not have an

explicit equation.

In the above mentioned concerns the most difficult issue to resolve is the pressure aspect
in the momentum equation. Firstly, if the flow is compressible then the continuity and
energy equations can be used to derive a solution for pressure using the equation of state,
i.e., p = pRT where R is a gas constant, given by R /M, where R is the universal gas
constant and M is the molecular weight of the gas. Secondly, if it is an incompressible
flow then density is constant therefore the equation of state cannot be used to solve for
pressure because there is no connection between pressure and density. In this work only

the incompressible flow case is investigated.

To resolve these issues, the Semi-Implicit Method for Pressure Linked Equations (SIM-
PLE) by Patankar and Spalding (1972) is employed. The Algorithm elegantly decouples
the pressure from the momentum equation and also resolves the non-linearity by sequen-
tially solving the equations in an iterative procedure. A more detailed description can
be found in [57], [70], [71] and [72].

The algorithm can be recapitulated as follows :

1. Set initial conditions or values for pressure (p) and velocity (V™).

2. Decouple pressure from the below momentum equation

8—V:—Vp+V-I+F (3.1)
ot =
as follows:
V-vnr
. v F 2
A7 V-T+F, (3.2)
Vn+1 _ V
— =-Vp (3.3)

At
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3. Next solve for the intermediate velocity V in equation (3.2). Here the Navier-
Stokes equations are solved for an intermediate velocity without pressure. The

solution procedure will lead to an inversion of tridiagonal matrices.

4. The solution for V™ and V™! must satisfy the incompressibility condition, V-V =
V - V"l = 0. Using this condition an equation for pressure is derived by taking

the divergence of equation (3.3) as follows:

vV.yntl_v.V
At N

V- (=Vp), (3.4)
this then leads to a Poisson equation for pressure given by

N
2 _ V-V
Vp = T (3.5)

The equation (3.5) is then solved to find the pressure field. The solution procedure

to this equation reduces to an inversion of a pentadiagonal matrix .

5. Now solve for the updated velocity V"*! from equation (3.3) by correcting the
intermediate velocity V using the pressure field in (3.5). The updated velocity

equation (3.3) can be rewritten as

Vil =V — AtVp. (3.6)

6. Then solve for other discretized equations, namely energy (2.30), extra stress com-
ponents Ty, Trz, T2z (2.36 - 2.38) and wall temperature Ty, (2.65) equations. This
will also involve an inversion of tridiagonal matrices. Also solve for relaxation time

and viscosity using the below equations respectively

- 1

A= (1-0y)+ 5>\1 _:_éjexp(—eAT) (3.7)
where £ = %,

i(T) = exp(—exT). (3.8)

7. Finally update all the physical quantities solved u, v, p, T, Tip; Trr, Trzs Toz, A and
fb.

8. Repeat the process from step 2 until convergence is reached.

In this research the SIMPLE algorithm is only implemented on the core pipe fluid flow.
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3.1.6 Implementation of boundary conditions

The solution procedure relies heavily on matrix operations some of which involve the
inversion of tridiagonal and pentadiagonal matrices. Therefore care should be taken in
imposing boundary conditions as these will greatly influence matrix dimensions which
will inevitably affect the numerical solution. Matrix dimensions are of vital importance
when it comes to numerical solution procedures implemented on computational plat-
forms such as MATLAB. To elaborate on this, we revisit the key aspect discussed in

chapter 2 concerning boundary conditions.

Pressure and extra stress boundary conditions are extrapolated at the inlet channel,
outlet channel and solid walls by using neighborhood values meaning that these will be
determined as the solution process progresses. Therefore, the equations need only to
be solved for (n-2) and (m-2) unknown values on the mesh grid. As a result matrix

dimensions for pressure and extra stress will be (n-2) by (m-2).

For velocity components, boundary conditions are similarly extrapolated at inlet and
outlet channels. At the solid walls the no-slip condition is prescribed and since the
geometry of the problem is a pipe, the symmetry boundary condition is imposed at
the centreline of the pipe. Likewise both the channels and centreline boundary values
will be determined as the solution process progresses. This implies that there are (n-2)
unknown values on z plane and (m-1) unknown values on the radial plane of the mesh

grid. Thus the matrix to be solved has (n-2) by (m-1) dimensions.

Temperature is prescribed at the inlet channel. At the centreline, the boundary condi-
tion will be imposed the same way as it as done for velocity. The outlet channel and
solid walls values will be determined as the solution process progresses by extrapolating
neighborhood values. In contrast to velocity, equations need only to be solved for (n-1)
and (m-2) unknown values on the mesh grid and this means that the matrix dimensions

for temperature will be (n-1) by (m-2).

Boundary conditions can be incorporated in two ways. Firstly, at the inception of the
solution process which will lead to operations of non- square matrices meaning that the
solution procedure will involve solving matrices with dimension described above. And
secondly it would be to incorporate them at the end of the solution process which will
entail solving only interior unknown points of the mesh grid first. In this study we choose
the latter similar to woks [6] and [3], as it circumvents matrix dimension issues elegantly
by solving (n-2) by (m-2) matrices and then impose boundary conditions immediately

thereafter.
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3.2 Discretization and Matrix Formulation

3.2.1 Discretization of Core-Fluid Equations
3.2.1.1 Momentum Equation

z- component is given by;

Bei; — W, —At[ (wgi+1,j_wgi,j> B ( n .wgi,j—i-l_wgi,j)-

’ J Heisj 2Ar €1 20z

+2RL [((M?iﬂ DUy a1 — Yo 1) — (i1 ) (Ueiq o1 — Ueiq '—1))
ecArAz 7 7 7 J J J !

At [(M?i-}-l,j - H?i_l,j)(w?iﬂ,j - w?i_u) " (N?i,jﬂ - N?z‘,j_ﬂ(w?i,jﬂ - w?i,j_1)'

Re, Ar 2Az
N e )
C
n At [Mn (wcz+l] 2w?i,j+wcz—1]>+un (wgi,j+1_2wcz] cz] 1)
2Re, "¢ % (Ar)? ¢t (Az)?
n At [(M?z’—i—l,jTﬁzi—&—Lj_M?z‘—l,jTﬁzi—lj) n (Mgi,j—l-ngzi,j—&-l He i j—1Tzzi, 5 1)
2Re, 2Ar 2Az
T R
Re, (M'eiiTr, Rec Lre; 24r '
(3.9)
Factorization of implicit terms is as follows:
At §2 At H?
(1 - 'ucé’je 5.2 M;];e 0r2>wm = Explicit terms, (3.10)
C (&
AL 92 At 9?
(1 — %@> (1 M;%e (9?”2) We; ; = Explicit terms, (3.11)
C C

with a discretization error of O((At/Re.)?). This factorization reduces (3.11) into two

tridiagonal matrices.
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r-component is given by,

n n n n -
_ At Uciv1,j — Uciy n Yeijrl T Ucq
Heig = Ucw ”’] 2Ar —\Weiy Az ]
At (U Yy oy — ) — (e Yl = )]
QRECA’I“AZ cit+1,j ci+1,j+1 ci+1,5—1 ci—1,5 ci—1,5+1 ci—1,5—1 |

(N?i,j+1 - N?i,jq)(U?i,jH — ugi,jfl)_

At [(M?Hl,j - N?ifl,j)(u?z#l,j - ugifl,j) "

Re, 2Ar Az
At [ <Eci+1,j — Qg +ﬂci—1,j) +oun ‘(ﬂci,jJrl 2uc” + Ui i1

Re € (Ar)? ¢t (Az

+22t{ gij<ugi+1,j - (QZ?Z); +Ugi—1,j> +Iu?ij(ugi,j+1 (QUCW c” 1)
’ r ,

n At [(Mci+1,j7ﬁﬂi+1,j_u?i1,j7—7?7"i1,j> n <M?i,j+17fzi,j+1 e i j—1Trzij— 1)

2Re. 2Ar 2Az
B ] [t (g )

Re "% 1, Re. Lre; 2Ar

(3.12)

Factorization of implicit terms with a discretization error of O((At/Re.)?) is given by,

(1 B N?m‘At 0? MC”At 0? )

Re. 022 She. 012 = Explicit terms, (3.13)
€c z €c
At §? At 9?2
(1 Mc];; 8z2> <1 M;}ge 8r2)uc’ ; = Explicit terms. (3.14)
¢ c

This reduces into a solution of tridiagonal matrices.
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3.2.1.2 Energy Equation

T T, = A T, — T2, no (i — TN
¢ iy Tedg T t[ CU( 2N >_ Cw'( 2Az
At 1 T —Tm o\
+h, ( i —Tcn )+ [7< cit+1,j ci—1,j
& & Re.Pr.Lre; 2Ar

At |:(Tcn+1i+1j _ 2T +1 +Tn+1z 1]) (Tcn—’—li,j—i-l — 2T +1 + T’VH-l .

)
)
)
)
)
)

+2R60P7’C (Ar)
4 At [(Tfiﬂ,j — 2T, +Tc i— 13) n (Tcni,jJrl 217 i Tgli,jfl 1
2Re.Pr, (Ar) (Az)?
+AtRec5cz5c3 (1 n }) [(u” ‘Pcni-i-l,j - Pcni—l,j) i (w” Pcnz,]-l-l Pcnl,j 1]
Pr, £ el 2Ar € 2Az ]
+2A7t602 [( N m w?z’7j+1 - w?m—l) " ( no “?HLJ’ - U?i—l,j 1
Recprc €t .5 2Ar He 6J #Zij 2ATr

+2A’Yt5c2 n [(u?i,j—&—l - u?z‘,j—l) n (wgi—l—l,j - w?z‘—m) n u"i;
Re.Pr, HeijTray 2Az 2Ar Tei

+At662(1 (1= B) [2<u?z‘+1,j - U?z‘—l,j>2 N 2(&)2

Re Pr, Hei, 2Ar Tej
+2<w?z‘,j+1 - w?i,j—1>2 n (wgi—f—l,j —Wei_q; n Uy ip1 — “?i,j—1)2]
2Az 2Ar 2Az
(3.15)
Similarly the factorization of implicit terms are given by,
At 2 At 02
_ - _ —_ 7"+ — Explicit t 3.16
( 2Re.Pr.0z2 2Re.Pr, (‘37‘2> Y Xprctt terms, (3.16)
At 0?2 At 52
1- ) (1= s g ) T, = Bxplicit terms, 3.17
( Re.Pr, 022 2Re.Pr. Or? XPpAIcIt terms ( )
with a discretization error of O((At/Re.Pr.)?) .
3.2.1.3 Pressure Equation
(Ar)? 2Ar

(Az)2

l(ﬂ?m,j - ECZ'—LJ') L1 (ﬂcm) L (U?i,jﬂ - ﬂc@j—l)
At 2Ar At \ re; At 2Az ’
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Rearranging the left hand side of equation (3.18), will result in the formulation of a

pentadiagonal matrix:

At n+1 At n+1 2At 2At il
((Az)2>PC i1 T <(Az)2>Pc i-1,; T (Ar)? + (Az)2 P
At At 1 At il B (3.19)
* ( (Ar)? " (2r¢;Ar) ) Fe it (2re;Ar) ) F i,j—1 —

7 a7 — 7 a7
(uci+1,j - ucifl,j> " (Uci,j> " <uci,j+1 - “ci,j%)
2Ar Tei 2Az )

3.2.1.4 Stress Equations

rr - component:

_ n+1 _ n
(UCTTT)H—H + De) (MCTM) (MCTM) =+ De)‘u 0 (MCTTT)n+1 + De)‘w 0 (UCTTT)H—H
Al °Br c or
[ ou, Aue D " du,
— peDex IQTM(;i + 27 S+ T IET 4 1) | — ape(mh)? + 21 te

(3.20)

By applying the Crank-Nicolson scheme on spacial derivatives of extra stresses using the

transformation 715" = &7 4 (1 — €)™, where is £ = % [3] we obtain,

B n+1 n
McTﬁrJré + Dex (HeTrr) (eeTrr) + DeXu” 2(#07—7“7”) + 4 Dexw™ Q(MCTM)n+§
At € or € or
du, du, D "
= peDe [27’M 5 + 2Ty — P ©+ TTTD n(éT, +1)| —ap(r™)* + 2,ucﬁ

(3.21)
next by multiplying At (3.21) then becomes,

Atﬁ(HcTﬁr—H) + At(1 = &) (peryry) + De;‘[(ﬂcTrr)n+1 = (petrr)"]

({;{9 (MCTTT)n+1 + At(1 - g)De)\U (;3 (her)”

Yo7 9 n+1 S ) 9 n
+AtE{Delw] 87"(%7”) + At(1 — &) Dew?] 5 (feTrr)

n

+AtEDeu?

- Ou, Ou, D
= AtpucDe) ZTMW + 27, 25, €+ TWD n(T.+1)| — Ataue(r, ) + 2At CB

(3.22)
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Simplifying equation (3.22) we obtain,

(AL + Ded)(pemer)™ + (AL = €) = Ded) (perer)"
Y, 9 3\ nﬁ n+1
+<At§De)\uc -+ +AtEDeAw)] ar) (teTor)

Y, 9 Yo, T 9 n
—|—(At(1 — ©)Dedu} o+ At(1 - §) Deuy 5) (teTor)
= Atp.De !27'”6“c + 27}3% + TTTE In({T. + 1)
z

ou
o n\2 c
o 3 " Atape ()" + 2AtuS 5

(3.23)

Finally by rearranging equation (3.23) in terms of implicit and explicit terms we obtain

the following equation for 7., - component,

AtéDe) 0 AtéDe) 0
n+1 _ oy n+1
(eTrr) (Atf i De)\uc or | AtE + De)\wc ap) (teTrr)

- At(1—g)Dexung At(l—g)DeXwng (tarey)”
- AtE+ Dex Car ' AtE+ Dex ear | e

§ (3.24)
At,ucDeX Ou, Ou, D
T A Le T PN LA 2 rZ o rril Tc 1
At§+De/\[T or g, T Tt 1)
At(1 — &) — DeX n Atayie n 2Atu B oul
LBILZE) DN (o ST ey U
AtE + De) Até + De) AtE + DeX Or
The implicit terms can be factorized into [3],[6],
AtDe) 0 AtDe) 0
14+ (=2 n @ 2 DN ()Y 3.95
[ (2At+DeA“C or T 2At + Dex e 8r>] (e )" (8.25)
AtDe) 0 AtDe) 0
1 C w1+ — 0w (e )L 3.26
( T 3AL T Dex ar> ( T oAt Dex e ar>(“ mir) (8.26)

Similar to the energy and momentum equations this factorization has produced tridiag-

(At||uc||mam)fDeS\)

onal matrices with an associated error term of O( 3Ats Dex
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The fully discretized form of (3.26) reads,

AtDe)\” i i
( (2At + Ded}; ;)2Ar e (HeTrrij—1)"" + (HeTrri )
AtDe)\”
+ ( )"
(2At + DeX; )2Ar ey (HeTrri gt
AtDej\” n n+1 n+l (327
(~ Gt s et ypar tEiathermag ) 4 )
AtDej\” " il
+ (2At T De)\” )QAT We i,j (McTrri,j-&-l) )
The discretized explicit terms are of the form,
(At(1 — &) — DeA?)
RHSr = ——Ngx Dexy, WeTmid)
17]
_At(l - f)De)\gfj [ n </‘gi+1,j7-7ﬁ"i+1,j - :U’?z'—l,ijZ“i—l,j)_
AtE + DeAp, LW 2Ar
_At(l - S)DES\ZJ [wn <Mcz]+1 rrz J+1 Mc 1,j— 17 7‘7‘1,] 1)-
AtE + Dej\?j i 2Az ]
AtDe/\” {27_71 (U?HLJ‘ _ugi—l,j) P (“cwﬂ cz,g 1)'
Atg + De)\” g 2AT "2
(3.28)
AtDe)\” n o J0g(ET i j + 1) = log(ET" cnewij + 1)
W Mci,jTrm',j( Al )
log(§1™" i1, +1) — log(§T"ci—1,5 + 1)
+(Tﬁni7j)(ugi7j)( — IAT — )
log(£T™cije1 + 1) — log(§T"eijo1 + 1)
+(Tﬁ~i,j)(w?i,j)( o I~ o )
B Ata,uc_ (7. )2 Atﬂcﬁ_ (“?Hl,j - ugi—l,j)
At + Dep; - " AtE + Del?; 2Ar '

Try - cOmponent:

n+1 _ ( n _ o _ o
,UCTTZ) n n+1 n n+1
A7 ) + Delu,, o (eTr2)" ™ 4+ Dedw?, o (1eTrz)

(1e7r2)" T + DeX ( D)

n

8 C 80 a C 8 D
i+m<i+ w>+ Tor =S + Tpo— In(¢T, 4 1)

= pe.De
HeDeX | o5 or oz 0z Dt

Trr

—oupie(Ty )+uuﬁ<auc awc)-

or
(3.29)
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By similarly applying Crank-Nicolson on derivatives involving spacial of extra stresses

we obtain,

_ n+l _ n _
(MCTTz)n+€+D6/\<(MCTTZ) N (McTrz) )+D6)\ucaa(MCTTZ)n—&—{_i_De)\wZaar(MCTm)n—i{

n

_ Ow,. Oou, Ow, Oou, D
= uc.De) [Trrar +Tm(§ + 92 ) + Ty 8 +T7‘ZD (gT + )
8uc ow,
et ()
(3.30)

Multiplying by AT and rearranging equation (3.30) in the same way as the 7,.,.- compo-

nent the equation reduces to,

(:U' T )nJrl Athej‘_uné Athe;‘_wng (M T )TL+1
o AtE + DeX €Or  Até+Del “or |7

At(1 - g)DeS\un a A1 - 5)D6Xwn 9, ( n
N T A s~ s U T AL o~ a. cTrz
AtE + Dex car T Ate+ Dex eor |\

. (3.31)
AtpeDe) ow, ou. Ow, Ou, D
T AIE 1 Den [T”“ oo T (Gt ) Ty ey T )
(At(1 — &) — De)) n Atopie n2 Atpc  (0ue.  Owe
- —(UeTr2)" = o T T 7*( )
At + De) At€ + De) At + DeX \ 0z or

The implicit terms of equation 3.31 also factorize into tridiagonal matrices,

AtDe) 0 AtDe) 0
1+ ———ul— 1+ —m—m—w! — cTrz n—l—l’ 3.32
( T OAL T Den e 8r> ( oAt Dex e ar>(“ 7rz) (3.32)

(At||uchaz)fDeS\)'

with an associated error term of O( SAtLDoX

The fully discretized form reads as,

AtDe)\” o »
( (2At+ De/\n )2Ar CzJ(MCTrZZJ 1) + (UcTrziJ')
AtDe/\”
n+1
(2At + De)\n )2AT‘ cz,j (:ucTrZL]+1) )
(3.33)
AtDe)\n n n+1 n+1
( (2At 4 DeA; )2A7«wci1j(“cﬂ”zz,jfl) + (KeTrzi 5)

AtDeN, i
(2At + De)\” ;)2Ar Wi (HeTrzij) )
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The explicit terms are discretized as;

At(1 — &) — De)?.
Rris, - _(BH1=6) - Dekpy)
i AL + De)},

(Ncﬂgi,j)

At(l - §)D65\Z] [un '(ugi—i-l,jﬂ?zi—i-l] :ucz 1,5 rzz 1,])
AtE + Dej\zj €1 2Ar

A —&)De)} [w” (U?i,jJrlTZin,jJrl B i i1 Treij— 1)
AtE + Dej\?fj € 2Az
un

n
cz‘fl,j) n ( Ueijr1,5 — cifl,j> cz,y+1 Cz,j 1 )
2Ar t Trzig ( 2Ar +

ucz,]Jrl cz,] 1)

AtDe, |:7_n A ‘<w?i+1,j —we
At§ + De)\" g

+ngi,j(

AtDeNy; [ (log(fT"cold@j +1)— log(fT"cnewm n 1))
_— LT
Atﬁ + De)\" 'ucw Tz, At
n n 0g8(ET i1+ 1) —log(§T" iy j + 1)
+(Trzi,j)(uci,j)( I A ’ )
n n log(ﬁT"C@ i1 + 1) — lOg(fj—‘ncfi7 i—1 + 1)
+(7-7’zi,j)(wc i,j)( o 2A~ ’ )
Atopie n 2AtucB Uy 41— Ui i1 We 15— Weiq
o () o (R o (e 5).
£+ Dell; AtE + Del}; 2Az 2Ar
(3.34)

T,z-component:

_ n+1l _ n
(:U’CTZZ)n+1 + DeA (MCTZZ) (MCTZZ) + De}‘u 0 (NcTzz)n+1 + DeAw 0 (NcTzz)n+1
At € or € or
1 ow. ) D !
= peDe [2TTZ8UT)‘ + 27, 6w + TzzD (‘ST + 1) - aﬂc( ) + 2#018

(3.35)

by also applying Crank-Nicolson on derivatives involving spacial of extra stresses (3.35)

becomes,

n+l _ n
At v >+D6)\u ; (erse)™€ + Dedaut (i)

[T n+5+De)\<( HeT=2) r

n

Ow +7’ZZD (T, +1)| — ape(r )+2ucﬁ

- ow
= uc.De) [2TTZ€37‘C + 27T, —— 5, D1

(3.36)
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Simplifying equation (3.36) similar to components 7, and 7,, we obtain the following

equation for 7,, - component

AtéDe) 0 AtéDe) 0
n+1 o B n+1
(hez) (Atf ¥ Dex ©or | At + Dex ¢ ar> (het=2)

(A - g)Dexung N At(1 — g)DeXwnﬁ (aros)”
- AtE+ Dex Car | AtE+ Dex - cor | T

At,ucDej\ ow, ow,. D "
- N 2 rz 2 zz zzil Tc 1
At§+DeA[ Tra gy + 2Ty, Ty METe A1)
At(1 — &) — DeX . Atape o, 2AtuB  Ow?
_( ( ) — ) (HcTzz) o 2 _ (722)2 + H _ )
AtE + De) At€ + De) Até + Del 0z

The implicit terms of equation 3.37 factorize into tridiagonal matrices

- AtDe) u”g 14 AtDe) w"g ( o1
9AL+ Dex € or 9L+ Den e gy | \HeT=2)

(At||uchaz)fDeX>.

with an associated error term of O< At DoX

The fully discretized form reads,

AtDe?;
(- (At T DeXt 287 Ui g (HeTezig—1)" A+ (HeTezy )"
7/7-]

AtDeS\?j

~ b un~~(,u7' o )n+1)
2At + DeAp )2Ar ¢HNC LI

Z?]

B

AtDe\? .
<_( - ¢ (NCTZZz‘,j—l)n+1 + (NCTZZi,j)n+1

DAL+ DeXy 2Ar ¢H

J
AtDe\? .
1,) n (McTzzz‘,j+1)n+1>-

* (2At + DeXr;)2Ar Wei

(3.37)

(3.38)

(3.39)
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The discretized version of explicit terms is given by,

At(1 — €) — Der?,
RHS, _ (A1 =9 = Dery)
+ ALE + Dey;

(MCTZ%J)

_At(l - f)Dej\Zj [u” (M?i+1,j7-gzi+1,j - :U'?z‘—l,jngi—l,j)_
At + DeXy; LW 2Ar

_At(l - f)DfXZJ [u)n, (MCZ7J+1 zzzy—&-l 'ucz,y 17 zzz,] 1)_
AtE + De)\zj € 2Az ]
AtD@/\ {27_71 . '(w?i—&—l,j - w?i—l,j) Ay (wcz,]-i-l cw 1)'
At§ + De)\” e 2Ar Tzzi,j (3.40)
AtDe)\” o (log(gT”coldm +1) = 1log(§T" cnewi,; + 1))
At§—|—De/\ ci,j'zzij At
log(§1™cit1,5 +1) — log(§T"ci—1,5 + 1)
(72 ) (g )( = oAy — )
log(§T"ci jr1 + 1) —log(§T"¢; j—1 + 1)
+(T,?zi,j)(w?i,j)( = A2 = )
~ Atope (7 )2 2Atucps (wgi,j-‘rl - w?i,j—l)
AtE + DeAp ;- 7 At§ + Del?; 2Az ’
3.2.2 Discretization of Shell-Fluid Equations
Momentum Equation:
w™. 1 wh. . 1
1 sz, S1,j—
wt i~ Wi = At( wy; ; J N J )—Ath
At [MSZ] (’U)si+1,j 211151] + ws;— 1,]) + Q,USZ (wsz,]Jrl 21Usij + UJSi,j*l)_

Re : (Ar (Az)?

At n ?’i—f—lj Qwsz] Sz 1,5 sz,j+1_2wsz] Sz] 1
+2R ['u‘”’]< (Ar)? ) s ( (Az)? ) (3.41)
n At [(MsiJrl’jT?ZinJrl,j :U’SZ 1,5 rzz 1]) + (MS@,]JA zzszrl :U’si,j—l zzi,j—l)

2Re, 2Ar 2Az
|: rzz,]] i [Ms ( sz+1,j sz 1,])}
€s L Tsy Reg Lry;
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Energy Equation:

iy R Y (Tgi,j-l-l_Tgi,j—l) n At |:1(Ts z+1j TS )
5] s S$iJ 2Az ResPrg Lrg;
N At KTSHHZ‘H,]‘ — 2T, 4 Tani—Lj) n (Tg+1i,j+1 — 2T Tnﬂu 1)
2ResPrs (Ar)? (Az)
LA [(Ts”m,j — 215, +T§Lz’—1,j) N (Ts"i,jﬂ 2Ts T5 - 1)
2Re Pr (Ar)? (Az
AtRes0490 1
et )
< ]
+2At7552 [< n n Wi i1 — w?i,j—l)} n 2Aty6s2 n [(w?z‘—i—l,j - wgi—Lj)-
ResPry S4J TG g 2Az RegPrg ' 501 "% 2Ar
+At552(1 -1 =p) . '[2(wsi,j+1 - w?i,j—1>2 N (w2i+1,j - wgi—l,j)2:| ho(T" . — T )
ResPrs o 2Az 2Ar Wi '
(3.42)
Stress Equations:
Trr — cOmponent:
B n+1l _ n 0
(psTrp)™ +DeA<(“sT’"’") N (p1s7rr) ) + Deduwf 5 (srrr)" !
n (3.43)

D
= psDe [TMD n(€Ts +1)| — aps(t™)%

Applying Crank-Nicolson scheme on spacial derivatives of extra stresses (3.43) becomes,

n+1 _ n _ o
n+£ D (MSTTT) (:usTTT) D n Y n+€
WsTr s + e)\< A7 + Delw; 5 (tsTrr)
n (3.44)
D n\2
= psDeX Ter n(lTs+1)| —aps(t)”.
When simplifying (3.44) it reduces to;
AtéDe 0
n+1 n n+1
#sTrr) + (Atf—f‘ Dex Wy 87“) (#sTrr)
At(1 - €)Der , AtpsDer [ D "
a_ s rr n > T N, Ts 1 (345)
( At§+De)\ a)“ " Ate + De )\[T In(eTs +1)
— De) n Atops n
- L
Atf + De) At + De)
The implicit side then becomes,
AtDe)\ 0
1+ ——wl— ST )L 3.46
( 9AL + Dex ¢ 8r>(’“‘ mre) (3.46)
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(AtHwSHmM)fDeX)

This results in a tridiagonal matrix with an associated error term of O( SAtrDex

and the fully discretized form of (3.46) is given by,

ar o, Dt

AtDe)\” . gl el
( (2At + D6)\n )2A7" Sz,j(usTTTi,j—l) + (NSTTTi,j)
(3.47)
AtDe)\” o it
" (2At + DeAl,)2Ar Wi HsTrri ) )
The explicit terms are discretized as follows:
(At(1 =€) — Dedl)
RHS, =-— — I (™
Tr Até‘i’D@)\n (lu T’I‘T’LJ)
_At(l - g)D_e/_\Zj [wn (/"LSZ]—‘—I rm J+1 Msz] 1 7"7'lj 1 )]
AtE + De)\;-fj St 2Az
AtDe/\” log(§T" s—o1d; : + 1) — log(§T" s—new; ; + 1
AP N n g(¢ 1di,; +1) —log(¢ J )) (3.48)
At£ + De)\” BTG At
n n 08T 1 + 1) —log(§T"s; 51 + 1)
(7 ) (W 5)( N )
Atofug
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AtE + De)\gfj J
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Similarly when applying Crank-Nicolson scheme on the derivatives spacial of extra

stresses, equation (3.49) becomes,

_ n+1l _ n _
(MSTTZ)TH{ + Ded ( (MSTTZ) (MSTTZ) ) + De/\wng(usTrz)n+£
T

= psDeX [Trra“’s T (7 (3.50)
or
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When multiplying equation (3.50) by AT and rearranging it similar to the 7., - compo-

nent we obtain,

AtéDe 0 At(1 —&)DeX ,, 0
n+1 _ n+l _ — n Y n
(Hs’frz) + (Atﬁ—{—De)\ws 87") (MsTrz) ( Atf T Dex Wy o (MsTrz)

n

At,usDe)\[ dw, TTZ<awS)+TTZ£1n(§TS+1)

TAtE+ Dex | or 0z Dt
- (At(l — 5) — l_)ex) (M T )n _ Ataus _n 2 At:U’S/B _ (aws)
At¢ + De s AtE+ DeX "F " At + Ded\ Or /)’
(3.51)
The implicit terms reduce to a tridiagonal matrix
AtDe) 0
( +5ar+ Dex™ m) (772" (352)
. . (At||ws || maz )2 DeX
with an associated error term of O(W)'
The fully discretized form reads,
AtDe\” .
(- @At 1 Dot yzar Pia (atreig—)" T (st )"
Z7J
AtDe}; n n+1 (3:55)
oAty Dexy )2Ar i (HeTrzije1) )
The discretized version of the explicit terms leads to,
(At(1 =€) — Dedl)
Z?]
_At(l - f)D_@)\Zj [w”» '<N?i,j+17—7gi,j+1 — M i1 Trei 1 )]
At + De)l; S%d 2Az
| AtDeX; [Tnl '<w?z‘+1,j - wgi_u) e ,(w?z’ml - w?i,j—l))
AtE + DeX?j Y 2Ar Y 2Az
_ 3.54
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»z - component:

mHl (Nstz)n 0 n+1
AL > + Dedw? K — (sT2z)

R (3.55)
871}8

(1s722)" T + De < (s722)

ow D
8 +TzzD (gT + )

_ Ow,
:MsDe)\IQTm;;—l—ZT — aps(T ) +2 85

When applying Crank-Nicolson scheme on the spacial derivatives of extra stresses, equa-
tion (3.55) then becomes,

ntl _ (psT22)" 0
= D sTzz s
At + Dedw? — (11s752)

S or
. (3.56)

ow
— aps (1) + 21583 0

[hsT n+f + De)\<('us7—zz)

Ow +TZZD In(€Ts + 1)

- ow
= pusDeA [2Tm o S 4o, — 9% Di

In multiplying equation (3.56) by At and rearranging it similar to component 7, -

component and 7,, - component we obtain the following equation,

AtéDe) 0 At(1 —&)DeX ,, 0
n+1 n - n+l _ - n > n
(s722)"™"" + (At§ t Dex' ar> (11s722) ( At 1 Dex Ve gy | (HsT=2)
AtusDeA rz@ 49 ZZ@
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(At(1—¢) — De))
Até + De

D
02 + TzzD (fT + 1)

(T5)* +

B Atags
At¢ + De)

2Atps Owy
At + DeX 0z
(3.57)

n
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The implicit terms then become a tridiagonal matrix

1 AtDe) 5]
2At + DeX ®Or

w”) (prs22)" 1, (3.58)

(At]we[|mos)? DeA
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1
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The explicit terms are also discretized to become,

(At(1 — &) — DeXl)
RHS,, = — ——I " (st
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3.3 Discretization of the connecting wall

The full Crank-Nicolson scheme is applied to the below equation and it reduces to,

ot N T — 20+ T
w i,j wz] (AZ)2
T . —9T". 4T
+((1 —5)At( wijtl (AZ’)J wij= 1) + he [Tg - (gAtTJ}“m (1 g)AtTg”)]

i [17 — (a4 (- 9y,
(3.61)

When rearranging equation (3.61) into implicit and explicit terms it then becomes,

A
T, Ay (T£+1i,j+1 o Tn+1”_1) + heE AT
1-¢)At
+hEATITY, = T0,  + ((ASQ (ngm 2T T 1) (3.62)
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The implicit terms reduce to a tridiagonal matrix as follows,
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The explicit terms read,
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Chapter 4

Temporal and Mesh Convergence

The numerical accuracy of results necessitates for both temporal and mesh convergence

tests to be conducted on the algorithm used for computational analysis.

Temporal convergence was tested at various times at At = 0.0001 and the algorithm
successfully converged. Results are shown in figures 4.1, 4.3 and 4.5 with corresponding
surface plots. Final temporal convergence was reached when times ¢ = 0.3,0.5,0.8 and

1 were used and this is presented in figure 4.5.

Similarly when values Ar = 0.05,0.03 and 0.25 were employed to check for spacial
convergence, the algorithm converged to the same results both qualitatively and quan-
titatively. Graphical results are presented in figures 4.7 and 4.9 with corresponding

surface plots.
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FIGURE 4.1: Temporal convergence Test 1 plot.
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FIGURE 4.2: Temporal convergence Test 1 surface plot at t= 0.01.
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FIGURE 4.3: Temporal convergence Test 2 plot.
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FIGURE 4.4: Temporal convergence Test 2 surface plot at t = 0.05.
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FIGURE 4.5: Temporal convergence Test 3 plot.
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FIGURE 4.6: Temporal convergence Test 3 surface plot at t = 0.3.
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Chapter 5

Results and Discussion

In this chapter, graphical results from numerical simulations of the research problem
are discussed and interpreted both quantitatively and qualitatively with respect to di-
mensionless parameters that are involved in the problem. The correlation between the
parameters and flow quantities is described based on the computational results and the-
oretical literature. Furthermore, for both core fluid and shell fluid regions the computa-
tional analysis is carried out using a 30x30 mesh grid and at t = 0.3. Unless otherwise

specified the following parameter list is used for simulations:

e core fluid:

=1, Ge=1, 6,=03, 06, =015 De,=4, Pr.=0.8,
Re,=09, =06, =06, e\ =01 &, =01, dt=0.0001.

C
e shell fluid:

as=1, Gy=1, §,=02, 8, =008 De,=4, Pr,=038,
Re, =150, =06, =06, ex,=01, &, =0.1, dt=0.0001.

S
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5.1 Simulation test for core fluid

5.1.1 Initial conditions

The plots presented in figure 5.1, depict the dimensionless basic velocities which cor-
respond to the initial velocity condition represented by equations (2.46) and (2.23) in
chapter 2 for the shell fluid and core fluid respectively. The profile is parabolic since the
fluid flow is through a pipe furthermore the fluids are traversing through their respec-
tive pipes under a counter flow configuration. In figures 5.2 and 5.3 the core fluid initial
velocity and pressure surface plots are shown. The initial condition for stress is taken

as zero as depicted in figures 5.4 -5.6.

Shell fluid

05

i Core fluid

] 0.2 0.4 0.6 0.8 1 1.2

FI1GURE 5.1: Initial velocity vector plot with a counter flow arrangement.
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Fi1GURE 5.2: Core fluid initial velocity surface plot.
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F1GURE 5.3: Core fluid initial pressure surface plot.
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Trr

FIGURE 5.4: 7., initial condition plot.

Trz

FIGURE 5.5: 7., initial condition plot.
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TZZ

FIGURE 5.6: 7., initial condition plot.

5.2 Core fluid results

5.2.1 Isothermal case

In an isothermal case, temperature is zero and that is illustrated in figure 5.7. The
relaxation time and viscosity which are temperature dependent and are mathematically

described as follows,

_ 1+¢
A=(1-=06)+ 5>\meXp( exT),

u(T*) = exp(—eyT),

respectively. At a zero temperature, both these quantities remain constant at value one

as shown in figure 5.8 and 5.9.
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Temperature

FI1GURE 5.7: Temperature plot.

Relaxation Time

2.5

FIGURE 5.8: Relaxation time plot.
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Viscosity

FIGURE 5.9: Viscosity plot.

Shell fluid

FIGURE

5.10: Vector Plots.

1.2
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5.2.2 Non-isothermal case

The following results were obtained using the semi-implicit technique integrated with
the Crank-Nicolson Scheme. The SIMPLE algorithm was employed for pressure-velocity
decoupling in the momentum equations and the convective terms were handled using

the upwind scheme. The above stated parameter list is used unless otherwise stated.
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FIGURE 5.11: Core fluid temperature surface plot .
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F1GURE 5.12: Relaxation time surface plot.

As the core fluid traverses through the pipe from the inlet channel to the outlet channel
it looses its thermal heat hence the temperature decline. This is as a result of the

convective heat transfer process and that is shown in figure 5.11.



o7

Results and Discussion

In figure 5.12 the inverse relationship between relaxation time and temperature is illus-

trated.

Viscos

AJS0DSIA

FI1GURE 5.13: Viscosity surface plot.
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Core flui
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-0.5

e
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FIGURE 5.14: Vector Plots.

An inverse relationship between viscosity and temperature is illustrated in figure 5.13. As

temperature decreases when the fluid is moving downstream through the pipe, viscosity

on the other hand increases. Figure 5.14 illustrates the velocity vector plot. It is noticed

that the parabolic profile is still preserved.
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5.2.3 Parameter dependence of temperature

In figures 5.15 - 5.21, we examine the effects of Prandtl and Reynolds numbers. An
increase in Prandtl number correlates with an increase in the fluid viscosity and as a
result the thermal conductivity decreases. It is observed that as the Prandtl number
increases, temperature decreases significantly. On the other hand, the Reynolds number
describes the ratio of inertia forces to viscosity. So as the Reynolds number increases,

viscosity deceases and thus velocity increases.

Temperature

FIGURE 5.15: Prandtl vs Temperature at Re = 0.9 plot.

temperature

FIGURE 5.16: Prandtl vs Temperature at Re = 1 plot.
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FIGURE 5.19: Prandtl vs Viscosity at Re = 0.9 plot.
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FIGURE 5.20: Prandtl vs Viscosity at Re = 1 plot.
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FIGURE 5.21: Prandtl vs Viscosity at Re = 2 plot.

At high values of the Deborah number viscosity dominates and at low Deborah numbers
the elasticity is more pronounced. Due to an inverse relationship between viscosity and
temperature, at slightly high values of the Deborah number, 0.5 to 1, on figure 5.22 the
fluid is more viscous and hence the slight decrease in temperature. At a lower Deborah

number, an increase in temperature is observed.
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FiGure 5.22: Effects of the Deborah number on temperature.
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FIGURE 5.23: Effects of the Deborah number on Relaxation time.

Deborah number is the ratio of relaxation time of a material to the characteristic time.

Figure 5.23 illustrates the direct proportionality relationship between relaxation time

and Deborah number. The relaxation time increases as the Deborah number increases.
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5.3 Shell fluid results

The cold shell fluid is solved without applying the SIMPLE algorithm. The fluid moves
from right to left due to a positive pressure gradient which is shown in figure 5.26. The
parabolic initial velocity which relates to the dimensionless basic velocity is given by
equation (2.46) is graphically represented by figures 5.25. Unless otherwise stated, the
parameter list presented above will be used to run the simulations. Similar results were

obtained when a non-Newtonian shell fluid was considered.

5.3.1 Initial conditions

Shell fluid

FIGURE 5.24: Initial velocity vector plot with a counter flow arrangement.
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FIGURE 5.25: Shell fluid initial velocity surface plot.
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FIGURE 5.26: Shell fluid initial pressure surface plot.

5.3.2 Results at t = 0.3
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FIGURE 5.27: Shell fluid temperature surface plot.
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FIGURE 5.28: Shell fluid temperature contour plot.

In figures 5.27 - 5.28 an temperature increase in the Newtonian shell fluid which in
the outer annulus of the double pipe heat exchanger is illustrated. The increase in
temperature is observed to occur as the fluid traverses from the cold inlet channel to a

warm outlet channel of the pipe.

Figures 5.29 and 5.30 show the velocity and pressure profiles of the shell fluid flow
observed after a period of time, i.e, t = 0.3 respectively. The velocity and pressure
profiles for both physical quantities remained unchanged as the fluid traversed through

the pipe.



Results and Discussion

66

Velocity

F1GURE 5.29: Shell fluid velocity at t = 0.3 plot.

Pressure

FPressure

FIGURE 5.30: Shell fluid pressure at t = 0.3 plot.
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FicUre 5.31: Shell fluid viscosity surface plot.
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FIGURE 5.32: Shell fluid viscosity contour plot.
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Relaxation time
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F1GURE 5.33: Shell fluid relaxation time surface plot.
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FIGURE 5.34: Shell fluid relaxation time contour plot.
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5.3.3 Parallel flow and Counter flow arrangements comparison plots

with respect to core fluid
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FIGURE 5.35: Parallel flow arrangement plot.
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FIGURE 5.36: Parallel flow arrangement Temperature plot.

In figure 5.36 the maximum outlet temperature of the core fluid as it was flowing through

the pipe is 0.002

7072.
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Fi1GURE 5.37: Counter flow arrangements plot.
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Ficure 5.38: Counter flow arrangement core temperature plot .

In figure 5.38 the maximum outlet temperature of the core fluid as it was flowing through

the pipe is 0.0027683
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FIGURE 5.39: Parallel flow and Counter flow arrangements results plots.

Figure 5.39 a combination of plots 5.36 and 5.38, illustrates the difference in thermal
heat transfer by convection between the counter flow and parallel flow configurations in
the double pipe heat exchanger using core fluid as a case study. Simulation results as
depicted in the figure show that the counterflow arrangement is more thermodynamically

optimal as compared to the parallel flow set-up.

It was observed that the maximum outlet core temperature and average outlet core
temperature obtained in the counter flow arrangement was 0.0027683 and 0.0021801
respectively. In the parallel flow set-up 0.0027072 and 0.0022317 were obtained respec-
tively.

Furthermore in the shell fluid region, the maximum outlet core temperature and av-
erage outlet core temperature obtained in counterflow arrangement was 0.001669 and
0.00076989 respectively In the parallel flow set-up it was 0.0014836 and 0.00068236 re-

spectively.

The graphical results were obtained when a non-Newtonian shell fluid was considered.



Chapter 6

Conclusion

In this concluding chapter, a summary of aims and objectives presented at the beginning

of this research project is given.

6.1 Main objective

The main objective of this study was to computationally analyse the behaviour of a
pressure driven viscoelastic fluid in a double pipe heat exchanger geometry. This study
has significant industrial applications for both viscoelastic fluids and heat exchangers
and these were explored extensively in the introductory chapter. The investigations were
carried out by analysing the convective heat transfer from the core viscoelastic fluid to
the Newtonian or non-Newtonian shell fluid flowing in the outer annulus of the heat
exchanger. Furthermore the effects of several physical quantities on the temperature of

the fluids were examined.

6.2 Computational Methods

The problem presented was mathematically modelled using complex, non-linear par-
tial differential equations and the extra-stress equations were modelled using the non-
isothermal Giesekus model. In chapter one, various methods which could be used to
solve these type of equations were discussed. However in this study these equations
were solved using the semi-implicit finite difference method which was found to be nu-
merically unconditionally stable and efficient. That is due to its ability to combine the
stability of an implicit method with the accuracy of a method that is second order in
both space and time. Furthermore, the implementation of the Crank-Nicolson scheme
on implicit terms increased stability. The SIMPLE algorithm was used to decoupled

pressure-velocity components in the momentum equations. The algorithm was tested
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for both spacial and temporal convergence. In terms of the treatment the convective
terms using the upwind scheme, it was observed that in both the cases when it was not
employed and employed, there were no significant changes in numerical results, they

remained stable.

6.3 Parameter analysis

In the parameter analysis, it was observed that increase in both the Reynolds and Prandtl
number resulted in a decrease in temperature in the viscoelastic core fluid region and as a
consequence the Newtonian shell fluid in the outer annuls attained higher temperatures.
However the Reynolds number was observed to have an inverse relationship with viscosity
but a direct relationship with velocity and this had an influence on the temperature
values attained in both the core fluid and shell fluid regions. Our results also showed
an inverse relation between temperature and the Deborah number. This was directly
related to the values of the Deborah number which had either an elastic or viscous effect
on the fluid.

6.4 Simulation results

In terms of simulation results, we first considered an isothermal case and the results
obtained agreed with those in literature. When a non-isothermal case was considered
between a hot core viscoelastic fluid and a cold shell Newtonian or non-Newtonian fluid,
it was observed that the core fluid reached lower temperatures than the shell fluid which
had slightly higher temperature values as a result of the heat exchange. The influence of
the heat exchanger flow arrangements which had an effect on the temperature differences
between the two fluids were also considered. As expected the counter flow configuration
was more thermodynamically optimal than the parallel flow configuration. These results
match with those in previous work done by T. Chinyoka [3]. In closing, this project can
serve as a foundation for future work which can be undertaken by using the Finite

Volume Method integrated with various computational techniques.



Bibliography

1]

[10]

[11]

A.R. Khan-K.N Ahmad M.M.A. Bhutta N. Hayat, M.H. Bashir and S. Khan. Cfd
applications in various heat exchangers design: A review. Applied Thermal Engi-
neering, 32:1-12., 2012.

R.K. Shah and D.P. Sekulic. Fundamentals of heat exchanger design (1st edition).
John Wiley € Sons, 2003.

T.Chinyoka. Viscoelastic effects in double-pipe single-pass counterflow heat ex-
changers. International Journal for Numerical Methods in Fluids, 59:677-690., 2008.

J.M. Nébrega I.M. Afonso L.F. Melo C.S. Fernandes, R.P. Dias and J.M. Maia.
Thermal behaviour of stirred yoghurt during cooling in plate heat exchangers. Jour-
nal of Food Engineering, 76(3):433-439., 2005.

T. Perrotin and D. Clodic. Thermal-hydraulic cfd study in louvered fin-and-flat-
tube heat exchangers. International Journal of Refrigeration, 27(4):422-432., 2004.

T. Chinyoka. Modeling of cross-flow heat exchangers with viscoelastic fluids. Non-
linear Analysis:Real World Applications, 10(6):3353-3359., 2009.

B. Xia and Da-Wen Sun. Applications of computational fluid dynamics (cfd) in the

food industry: a review. Computers and Electronics in Agriculture, 34:5-24., 2002.

T. Hamélainen M. Lyytikdinen and J. Haméldinen. A fast modelling tool for plate
heat exchangers based on depth-averaged equations. International Journal of Heat
and Mass Transfer, 52(56.):1132-1137., 2009.

J.C. Mandal P.K. Vijayan J.S. Jayakumar, S.M. Mahajani and R. Bhoi. Experimen-
tal and cfd estimation of heat transfer in helically coiled heat exchangers. Chemical
Engineering Research and Design, 86(3):421-232., 2008.

A.A. Mouza A.G. Kanaris and S.V. Paras. Flow and heat transfer prediction in a
corrugated plate heat exchanger using a cfd code. Chemical & Engineering Tech-
nology, 29(8):923-930., 2006.

Shao-Jie Chen Guang-Ming Chen Xiao-Hong Han, Li-Qi Cui and Qin Wang. A
numerical and experimental study of chevron, corrugated-plate heat exchangers.
International Communications in Heat and Mass Transfer, 37:1008-1014., 2010.

74



Bibliography 75

[12]

[13]

[14]

[15]

[16]

[18]

[19]

S.D. Joshi. Heat transfer in in-tube flow of non-newtonian fluids. phd. thesis. Digital
Repository @ Iowa State University, http://lib.dr.iastate.edu/, 1978.

LLE.Ireka and T.Chinyoka. Non-isothermal flow of a johnsonsegalman liquid in a
lubricated pipe with wall slip. Journal of Non-Newtonian Fluid Mechanics, 192:
20-28., 2012.

0.D. Makinde and T. Chinyoka. Numerical study of unsteady hydromagnetic gen-
eralized couette flow of a reactive third-grade fluid with asymmetric convective
cooling. Computers and Mathematics with Applications, 61:1167-1179., 2011.

V. Casulli and R.T. Cheng. Semi implicit finite difference methods for threedimen-
sional shallow water flow. International Journal for Numerical Methods in Fluids,
106:629-648., 1992.

Sagar Chouhan M. Devakar, K. Ramesh and Ankush Raje. Fully developed flow
of non-newtonian fluids in a straight uniform square duct through porous medium.
Journal of the Association of Arab Universities for Basic and Applied Sciences, 23:

66-74., 2016.

A. Matta G. Nagaraju and P. Aparna. Fully developed flow of non-newtonian fluids
in a straight uniform square duct through porous medium. International Journal
of Advances in Applied Mathematics and Mechanics, 3(1):77-86., 2015.

J.A. Cuminato M.F. Tomé, N. Mangiavacchi and S. McKee A. Castelo. A finite
difference technique for simulating unsteady viscoelastic free surface flows. Journal
of Non-Newtonian Fluid Mechanics, 106:61-106., 2002.

SHI Zai-hong NIU Jun and TAN. Wen-chang. Numerical simulation of thermal
convection of viscoelastic fluids in an open-top porous medium with constant heat
flux. Journal of Hydrodynamics, Ser. B, 27(1):52-61., 2015.

B.E. Launder and D.B. Spalding. The mathematical modelling of turbulent flows.
Journal of Applied Mathematics and Mechanics, 53(6):424-424., 1972.

S.V. Patankar. Heat and mass transfer in turbulent boundary layers, phd. thesis.
Imperial College, London University, UK, 1976.

A K. Runchal D.B. Spalding A.D. Gosman, W.M. Pun and M. Wolfshtein. Heat
and mass transfer in recirculating flows. International Journal of Heat and Mass

Transfer, 13(9):1509-1510., 1970.

L. Mangani F. Moukalled and M. Darwish. The finite volume method in com-
putational fluid dynamics. an advanced introduction with openfoam and matlab.

Springer, 2015.



Bibliography 76

[24]

[25]

28]

[36]

J.AM. Kuipers E.A.J.F. Peters S. De, S. Das and J.T. Padding. A coupled finite
volume immersed boundary method for simulating 3d viscoelastic flows in complex
geometries. Journal of Non-Newtonian Fluid Mechanics, 232:67-76., 2016.

N. Phan-Thien S.-C. Xue and R.I. Tanner. Numerical study of secondary flows of
viscoelastic fluid in straight pipes by an implicit finite volume method. Journal of
Non-Newtonian Fluid Mechanics, 59:191-213., 1995.

B. Karasozen K. Yapici and Y. Uludag. Finite volume simulation of viscoelastic
laminar flow in a lid-driven cavity. Journal of Non-Newtonian Fluid Mechanics,
164:51-65., 20009.

YIN Hong-jun SU Yu-chi FU Chun-quan, JIANG Hai-mei and ZENG Ye-ming. Fi-
nite volume method for simulation of viscoelastic flow through a expansion channel.

Journal of Hydrodynamics, 21(3):360-365., 2009.

F. Pimenta and M.A. Alves. Stabilization of an open-source finite-volume solver for
viscoelastic fluid flows. Journal of Non-Newtonian Fluid Mechanics, 239:85-104.,
2017.

G. Raush J. Rigola, S. Morales and C.D. Pérez-Segarra. Analysis of two-phase
flow in double-pipe condensers and evaporators with special emphasis on transition
zones: Numerical model and experimental comparison. International Refrigeration
and Air Conditioning Conference, hitp://docs.lib.purdue.edu/iracc/658, 2004.

R.L. Taylor O.C. Zienkiewicz and P. Nithiarasu. The finite element method. ins
basis and fundamentals, 6th edition. Flsevier Ltd, 2014.

R.L. Taylor O.C. Zienkiewicz and J.Z. Zhu. The finite element method. ins basis

and fundamentals, 6th edition. Elsevier, Amsterdam, 2005.

H.C. Martin M.J. Turner, R.W. Clough and L.J. Topp. Stiffness and deflection
analysis of complex structures. Journal of the Aeronautical Sciences, 23(9):805-
823., 1956.

0O.C. Zienkiewicz and Y.K. Cheung. Finite elements in the solution of field problems,
the engineer. pages 507-510., 1965.

M. Vibiyayuthakorn and B. Caswbll. Finite element simulation of viscoelastic flow.
Journal of Non-Newtonian Fluid Mechanics, 6:245-267., 1980.

J.J. Feng C.F. Ollivier-Gooch P. Yue, C. Zhou and H.H. Hu. Phase-field simulations
of interfacial dynamics in viscoelastic fluids using finite elements with adaptive
meshing. Journal of Computational Physics, 219:47-67., 2006.

D. Sahel H. Ameur M. Mellal, R. Benzeguir. Hydro-thermal shell-side performance
evaluation of a shell and tube heat exchanger under different baffle arrangement
and orientation. International Journal of Thermal Sciences, 121:138-149., 2017.



Bibliography 77

[37]

[38]

[39]

[40]

[43]

[44]

[45]

[47]

[48]

R.Keunings and M.J.Crochet. Numerical simulation of the flow of a viscoelastic
fluid through an abrupt contraction. Journal of Non-Newtonian Fluid Mechanics,
14:279-299., 1984.

M.A.Hulsen Y.J. Choi and H.E.H.Meijera. An extended finite element method for
the simulation of particulate viscoelastic flows. Journal of Non-Newtonian Fluid
Mechanics, 165(607624.):11-12., 2010.

R.C. Armstrong A.W. Liu, D.E. Bornside and R.A. Brown. Viscoelastic flow of
polymer solutions around a periodic, linear array of cylinders: comparisons of pre-
dictions for microstructure and flow fields. Journal of Non-Newtonian Fluid Me-
chanics, 77:153-190., 1998.

E. Castillo and R. Codina. Finite element approximation of the viscoelastic flow
problem: A non-residual based stabilized formulation. Computers and Fluids, 142:
72-78., 2017.

B.J. Edwards M. Dressler and H.C. Ottinger. Macroscopic thermodynamics of
flowing polymeric liquids. Rheologica Acta, 38(2):117-136., 1999.

M.A. Hulsen P. Wapperom and P.P.M. van der Zanden. A numerical method for
steady and nonisothermal viscoelastic fluid flow for high deborah and pclet numbers.
Rheologica Acta, 37(1):73-88., 1998.

G.W.M Peters. Thermorheological modelling of viscoelastic materials. IUTAM
Symposium on Numerical Simulation of Non-Isothermal Flow of Viscoelastic Lig-
uids, 28:21-35., 1993.

A. Wachs. Thermorheological models and numerical simulation of nonisothermal
flows of viscoelastic fluids. phd. thesis. Institut National Polytechnique de Grenoble,
France, 2000.

J.R. Clermont A. Wachs and A. Khalifeh. Computations of nonisothermal vis-
cous and viscoelastic flows in abrupt contractions using a finite volume method.
Engineering Computations, 19(8):874-901., 2002.

S. Neuner F. Habla, A. Woitalka and O. Hinrichsen. Development of a methodology
for numerical simulation of non-isothermal viscoelastic fluid flows with application
to axisymmetric 4:1 contraction flows. Chemical Engineering Journal, 207 -208:772
-784., 2012.

D.O. Olagunju. Secondary flow in non-isothermal viscoelastic parallel-plate flow.
Journal of Engineering, 51(04):325-338., 2005.

R.M.Turian. Viscous heating in the cone-and-plate viscometer III, non-newtonian
fluids with temperature-dependent viscosity and thermal conductivity. Chemical
Engineering Science, 20(8):771-781., 1965.



Bibliography 78

[49]

[50]

[53]

E. Becker and G.H. McKinley. The stability of viscoelastic creeping plane shear
flows with viscous heating. Journal of Non-Newtonian Fluid Mechanics, 92(2-3):
771-781., 2000.

R. Sureshkumar U. A. Al-Mubaiyedh and B. Khomami. Influence of energetics on
the stability of viscoelastic taylorcouette flow. Physics of Fluids, 11:3217-3226.,
1999.

T. Chinyoka. Poisueille flow of a reactive phan-thien-tanner liquids in one dimen-
sion. ASME Journal of Heat Transfer, 132(11):1-7., 2010.

T. Chinyoka. Suction and injection control of shear banding in non-isothermal
and exothermic channel flow of johnson-segalman liquids. ASME Journal of Fluids
Engineering, 133(7):1-12, 2011.

T. Chinyoka. Two-dimensional flow flow of chemically reactive viscoelastic fluids
with or without the influence of thermal convection. Communications in nonlinear
Science and Numerical Simulation, 16(3):1387-1395., 2011.

T. Chinyoka. Computational dynamics of a thermally decomposed viscoelastic
lubricant under shear. ASME Journal of Fluids Engineering, 130(12):1-7., 2008.

LLE. Ebubechukwu. Computational analysis of non-isothermal flow of non-

newtonian fluids.phd. thesis. University of Cape Town, 2015.

K.C. Su B. Khomami, Y. Renardy and M.A. Clarke. An experimental/theoretical
investigation of interfacial stability in superposed pressure-driven channel flow of
well-characterized viscoelastic fluids. part II: nonlinear stability. journal of non-
newtonian fluid mechanics. Journal of Non-Newtonian Fluid Mechanics, 91:85-104.,
2000.

H.K. Versteeg and W. Malalasekera. An introduction to computational fluid dy-

namics (2nd edition): The finite volume method. Pearson Education Limited, 2007.

P. Frolkovi¢ and K. Mikula. Higher order semi-implicit schemes for linear advection
equation on cartesian grids with numerical stability analysis. Slovak University of

Technology in Bratislava, Faculty of Civil Engineering, 2016.

H. Nam and S.J. Choi. Implementation of a semi-implicit time integration scheme in
non-hydrostatic euler equations. Journal of Applied Computational Mathematics,

6(4), 2017.

R.L. Street Y. Zang and J.R. Koseff. A non-staggered grid, fractional step method
for time-dependent incompressible navier-stokes equations in curvilinear coordi-
nates. Journal Of Computational Physics, 114(12):18-33., 1994.



Bibliography 79

[61]

[63]

[64]

[65]

T. Chinyoka. Numerical simulation of stratified flows and droplet deformation
in 2d shear flow of newtonian and viscoelastic fluids. phd. thesis, virginia poly-
technic institute and state university. http://scholar.lib.vt.edu/theses/available/etd-
11292004-130236, 2004.

T. Chinyoka D.B. Khismatullin Y. Renardy, M. Renardy and J. Li. A viscoelastic
vof-prost code for the study of drop deformation. ASME Heat Transfer/Fluids
Engineering Summer Conference, HTFED2004, Charlotte, North Carolina, U.S.A,
CDROM Track 5, 56114.pdf, 11 - 15 July 2004.

T. Chinyoka and O.D. Makinde. On transient flow of a reactive variable viscosity
third-grade fluid through a cylindrical pipe with convective cooling. Meccanica, 47
(3):667 - 685, 2012.

X. Chen. Numerical modeling of fluid-structure interaction with rheologically com-
plex fluids. Technischen Universitat, 2014.

C.A.J. Fletcher. Computational techniques for fluid dynamics 2 : Specific tech-

niques for different flow categories. Springer-Verlag, 1991.

T.V. Gerya T. Duretz, D.A. May and P.J. Tackley. Discretization errors and free
surface stabilization in the finite difference and markerincell method for applied

geodynamics: A numerical study. Geochemistry, Geophysics, Geosystems, 12(7),
2011.

S. Mazumder. Numerical methods for partial differential equations:finite difference

and finite volume methods. Elsevier Science Publishing Co Inc, 2016.

C. Hirsch. Numerical computation of internal and external flows:fundamentals of

computational fluid dynamics(3rd edition). Butterworth-Heinemann, 2007.

0.V. Vasilyev Y.Morinishi, T.S. Lund and P. Moin. Fully conservative higher order
finite difference schemes for incompressible flow. Journal Of Computational Physics,
143(1):90-124., 1998.

M. Schéafer. Computational engineering : Introduction to numerical methods.

Springer-Verlag , Berlin, 2006.

L. Mangani and C. Bianchini. Heat transfer applications in turbomachinery. Open-
FOAM Conference, London United Kingdom, 26 - 27 November 2007.

J. H. Ferziger and M. Peri¢. Computational methods for fluid dynamics (3rd edi-
tion). Springer-Verlag, 2002.



	Declaration of Authorship
	Abstract
	Acknowledgements
	List of Figures
	Nomenclature
	1 Introduction
	1.1 Motivation
	1.2 Applications of Computational Fluid Dynamics (CFD) on various types of heat exchangers
	1.3 Newtonian and non-Newtonian fluids
	1.3.1 Newtonian fluids 
	1.3.2 Non-Newtonian fluids

	1.4 Numerical Methods
	1.4.1 Finite Difference Scheme
	1.4.2 Finite Volume Scheme
	1.4.3 Finite Elements Scheme

	1.5 Objective and organization of the thesis

	2 Mathematical Model Formulation
	2.1 Model Description 
	2.1.1 Physical Description of the Model Problem
	2.1.2 Flow Pattern
	2.1.3 Fluid Rheology

	2.2 Governing equations
	2.2.1 Governing equations for the core and shell fluids
	2.2.2 Equations in cylindrical form
	2.2.2.1 Core fluid Equations
	2.2.2.2 Shell-fluid Equations
	2.2.2.3 Connecting wall Equation
	2.2.2.4 Poisson equation for Pressure



	3 Numerical Implementation
	3.1 Numerical Scheme Overview
	3.1.1 Numerical Grid
	3.1.2 Coordinate System
	3.1.3 Semi-Implicit Finite Difference Technique
	3.1.4 Finite Approximations
	3.1.5 Semi-Implicit Method for Pressure Linked Equations (SIMPLE)
	3.1.6 Implementation of boundary conditions

	3.2 Discretization and Matrix Formulation 
	3.2.1 Discretization of Core-Fluid Equations
	3.2.1.1 Momentum Equation
	3.2.1.2 Energy Equation
	3.2.1.3 Pressure Equation
	3.2.1.4 Stress Equations

	3.2.2 Discretization of Shell-Fluid Equations

	3.3 Discretization of the connecting wall

	4 Temporal and Mesh Convergence
	5 Results and Discussion
	5.1 Simulation test for core fluid
	5.1.1 Initial conditions

	5.2 Core fluid results
	5.2.1 Isothermal case
	5.2.2 Non-isothermal case
	5.2.3 Parameter dependence of temperature

	5.3 Shell fluid results
	5.3.1 Initial conditions
	5.3.2 Results at t = 0.3
	5.3.3 Parallel flow and Counter flow arrangements comparison plots with respect to core fluid


	6 Conclusion
	6.1 Main objective
	6.2 Computational Methods
	6.3 Parameter analysis
	6.4 Simulation results

	Bibliography



