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Abstract

Various calculations ~of the evolution of the hadron gas in the
early universe are carried out. To determine the starting point
for the evolution equations a phase transition between the quark-
gluon plasma phase and the hadron gas phase is constructed. A
simple calculation leads to an estimate of the chemical potential
of baryons at the quark-hadron phase transition in the early
universe. We investigate how the transition temperature depends on
the equations of state for the bagged quark and the hadron phase.
A particle density evolution model is introduced which predicts
the temperature at which particle species drop out of equilibrium
(freeze-out) in an expanding universe. We then construct dynami-
cal evolution equations to describe the reactions of interacting
pions and photons. In order to model a more realistic hadron gas,
we include kaons and finally nucleons and hyperons into the model
universe. The vresults indicate that this type of model should be
extended to include more interacting particle species and that a
more vrealistic evolution model is dependent on obtaining accurate
reaction cross-sections.






Contents

IntroduCtion. . e r ittt it i e ettt e e 2
Chapter 1 .
The Foundations.......... e ettt ettt 5
Chapter 2
' The Baryo-Chemical Potential at the Transition.......... 18
Chapter 3 .
The Quark-Hadron Transition........oeeiivinnnninennnnns 25
Chapter 4
Basic Density Evolution Model..........cvvirviiiinnnn. 42
Chapter 5
The Pion-Photon Universe.......covviiriiiiinnnnnnnnens 53
Chapter 6
The Pion-Kaon-Photon Universe.......... [ 73
Chapter 7
The Pion-Kaon-Photon-Nucleon-Hyperon Universe........... 86
UMM Y e ittt ittt ettt ieeeeeenereeeeeensesaneeneassasassanes 95
Acknowledgements. . .oiiriini it ittt ettt 97
Appendix A
Integral Evaluation..........coiuiiiinnnniinnrnnennnnns 98
Appendix'B
Integrals. ..o i it i it et naaes 102
Appendix C
Mean Thermal Cross-Section.........cviiiiiiineinnnenenn 103
Appendix D
Parameterization of Cross-Sections...................... 108
Plot of Mean Thermal Cross-Sections...........vceeveennn 112
Plot of Deduced RALES. . .....uueeennnnnseeeens. e 113
Useful Numbers
Conversion Factors. ...ttt it enneanonss 114
116

2N = =) { Lo =i 3P P




I.1

Introduction

With the general acceptance of the big bang model of the universe
came the realisation that the earliest moments in the history of
the universe were sufficiently hot for elementary particle reac-

tions to occur.

In primeval times (age of the universe < 10 us ), space was filled
with very dense and hot matter; the density is believed to have
been  so enormous that strongly interacting matter could not have
existed in the form of hadrons like protons and neutrons as we
know them today. Rather, the hadrons must have existed in a
"molten" state, with pointlike constituents called quarks and
gluons forming a plasma. However, it is obvious that the world in
which we 1live is not a p]aSma of quarks and gluons. This implies
that at some stage in the early universe there must have been a
phase transition from the plasma into a hadron "soup", i.e. a
dense hadron gas( [1]-[6] ). Somehow this newly formed mixture of

hot hadronic matter has to evolve in time.

How does one attack the problem of modelling such a particle

evolution in the early universe ?

In order to understand how and why the predictions of the big bang

or Friedmann-Lema?tre-Robertson-Wa]ker model arise, one has to be
familiar with the basic concepts of cosmology. Likewise, an under-
standing of statistical physics 1is necessary : it provides the
equations of state which describe the matter and radiation content
of the universe. As a short reminder, a brief technical summary of

these topics is given in chapter 1.

In chapter 2, I make use of the predictions of cosmology and
statistical physics to determine the baryo-chemical potential at
the quark-hadron transition. As a side result, I also calculate by
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~how much the Robertson-Walker scale parameter has increased be-
tween the time of the phase transition and today.

One can now proceed to investigate the "molten state" of matter in
the early universe - this 1is done in chapter 3. The relation
of the temperature as a function of time in this deconfined phase
is obtained. This relation is useful because it enables one to
predict which particular species (e.g. quark flavors) were present
at any particular time. I then proceed to construct a phase tran-
sition 1in the early universe, using the ideal gas law equation of
state with and without a first order QCD correction [7] for the
quark gluon phase and the ideal gas law for both massive and
massless hadrons for the hadron phase. The effect of correcting
for the finite volume of the hadrons is also investigated. I find
- the transition temperatures for the various combinations of the
equations of state for the quark and hadron phases by using the
well known Maxwell construction. The detailed transition mechanism
[1] (which promises the possibility of exotic remnants [8]) is not
- described here: I restrict my attention to the description of the
two phases of matter immediately before and after the transition.
An estimate for the phase transition temperature which determines
what hadron species I have to take into account in my ca]cu]ations

is obtained.

This naturally leads to the question how the different hadron

densities evolve in time.

This question brings me to chapter 4 in which a simple particle
density evolution model is introduced. Using this model, I find
numerically the freeze-out temperature ( the temperature at which
a particle species drops out of equilibrium) as a function of the
particle mass and the interaction strength. One of the shortco-
mings of this model is that it only considers symmetric particle-

antiparticle populations. !
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From the physics of heavy ion collisions some non-equilibrium
particle density evolution models are known ([1],[9]).
I make use of concepts developed in these models to construct
(chapter 5) a particle density evolution model which describes
interacting pions and photons in the early universe. The results
obtained are promising.

This brings me to chapter 6 where the evolution equations are

extended to incorporate kaons.

Finally in chapter 7, nucleons and hyperons are introduced into
the dynamical evolution equations in order to arrive at a realis-

tic description of a hadron gas.

Each chapter includes its results; therefore in the Summary, I
concentrate only on the highlights.

I may add that the literature contains a number of models dealing
for example with the evolution of gravitons and supersymmetric
particles ([10]) which I will not consider further.

A note on the notation used is appropriate:

The square bracket [ 1 denotes reference numbers which can be

found in the reference section;
eq.(1.16a) denotes equation 16(a) of chapter 1.

Unless otherwise stated, I work in the particle physics units

where:
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CHAPTER 1

In this chapter essential elements of the standard model of cos-
mology and statistical physics are reproduced for the convenience
- of the reader. Excellent textbooks exist where details of the
presented derivations can be Tooked up, some are listed at the end

of this chapter.

Supported, to some extent by observations, we use the cosmological
principle (the Universe is homogenous and isotropic for any ob-
server at any Tlocation in space) as a working hypothesis, and a
"universe" satisfying this principle can be described by a unique
metric, the Robertson-Walker metric:

2
- Il
ds = guu X" X

2 2 dr’ 2 2 2 2
dt —R(t)[ o+ r (d6° + sin’0 dg )] (1)
I-kr

r, & and ¢ are the co-moving co-ordinates, i.e. they follow the
mean motion of matter. R(t) is the "Robertson-Walker scale
parameter" and is an arbitrary function of time. It is used to
describe the expansion of the universe. k is the "curvature
constant” with values k = 0 (open parabolic space), k = +1 (closed
space) and k = -1 (open hyperbolic space) and thus describes the

three space curvature. guu is the metric tensor, we follow the

sign convention as used by Weinberg (see references below).

Following a well-known procedure one defines the curvature tensor

Ruu’ also called the Ricci tensor, and finds the Einstein field

equations of general relativity :

1 - -
R - > guu R - A guu =-87nG Tuu (2)
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where RuV is the Ricci tensor,

L the metric tensor,
the Ricci scalar (i.e. contracted Ricci tensor),

g

R

A the cosmological constant,
G the gravitational constant,
T

and the energy-momentum tensor.

w

The cosmological constant A appearing in eq.(2) will be set to
zero in accordance with observations [11].

Contracting eq.(2) with the metric tensor g”V ( A=0) gives:

= 8 K
R 81rGTu (3)

and by inserting eq.(3) into eq.(2) we obtain

=
]
N =

w - 8 mG ( TuV -

or R -871GS,, (4)

Ly

where we can interpret Suv as a source term given by:

The energy-momentum tensor Tuv can in the "perfect fluid form" be

written as :

u, +Pg . (5)

Tuv = (P +p)u v

L

Here, p 1is the mass-energy density,



1.3

P the isotropic pressure,

and uf the four-velocity.

The local energy-momentum conservation, i.e.

™ =0

leads to

|Q.

) oL (Rt) (0 +P)) (6)

[«

in the frame where uf =(1,0,0,0).

One can now, using eq.(1l) and eq.(5), derive two important equa-
tions with Einstein’s field equations as given by eq.(4):

For u,y = 0, i.e. the time-time component of eq.(4), we obtain:

3 R =-476G (3p+p) R (7)

while for u,v = 1,2,3 , i.e. the space-space component of eq.(4),
we obtain:

RR+ 2R +2k=41G (p - P) R . (8)

The dot in eqs.(7) and (8) denotes the time derivative.

Eliminating R from the above equations gives:

~
| .

.
A (9)

>

H is the so-called Hubble parameter. Equation (9) used in conjunc-
tion with the energy-momentum conservation as given by eq.(6) and
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‘a suitable equation of state p = p(P) provides a closed set of
equations which can be solved for R(t). This scheme is generally
referred to as the "standard model of cosmology" or the

"Friedmann—Lema?tre-Robertson-Wa]ker model".

Alternatives to this cosmological model are known [12] but will
not be used here. For a comprehensive classification of uniform
cosmological models one can consult [13] and [14].

Independently of whether we are dealing with an open, flat or
closed universe, the time evolution starts around t = 0, and an
important feature to take note of is that as t -+ 0 a singularity
develops, the Hubble parameter and the energy-density increase
without limit.

In the further discussion we will not use equation (9) as it
stands. Since we will only consider the early phases of the evolu-
tion of the universe, we will set k = 0, thus treating space as if
flat. This 1is a valid approach as long as the first term on the
right of eq.(9) is large, i.e. at high temperatures and densities

and thus early times.

For convenience we recollect the 3 basic equations of cosmology

which will be used:

(R =55, (102)
() Bod(R(t) (p+P)) (10b)
p=p(P) . | (10c)

We will now téke a closer look at the conserved quantity eq.(10b):
we note that this equation can be written as
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d 3 d 3 :
0=gg( R(t) o) +P G(R(L)) (11)

3
Since dR is proportional to the comoving volume dV, i.e.

dv = a dr’
(where ‘a‘ is a constant) we can rewrite eq.(11) as
0 =dE + P dV

where we have made use of the relation

3
E=aR »p

We thus conclude that the conservation equation eq.(10b) is equiv-
alent to the first law of thermodynamics where

a) the entropy is conserved, ie. dS=0,
and b) all chemical potentials vanish.

We recall that the entropy-density is given by

o= (p+P)T === SR3 (12)
d .

P

Rewriting eq.(10b) by making use of eq.(12) we find:

7 3 .
a R %% - %E (aR oT) = gf (ST) (13a)

and thus

ds V) o T
@ = (F)P-s(+)=0. (13b)
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This 1is a wuseful relation when considering phase transitions in
the early universe. A consequence of eq.(13b) is that all isother-
mal and isobaric transformations take place at a constant entropy
S. These predictions are the direct consequence of the specific
form of the energy-momentum tensor Tuu as was given in eq.(5).

As has already become clear we need an equation of state p = p(P)
to determine the behaviour of the scale parameter R = R(t). We
make use of the grand canonical potential 0 as provided by

statistical physics :
1=-T1In(E)

where = is the grand canonical partition function for fermions

(bosons) given by:

© 3
mE = Hogvf S m1hare FE
"o (21)

where the fugacity X is given by:

p is the chemical potential, T the temperature and g the particle
multiplicity.

The pressure, energy-density and particle number-density is then
derived as follows:

10
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and n=

Generally we can

P(T,u)

p(T,u)

and _ n(T,p)

1.7

(14a)

(14b)

(14c)

The factor g in eqs.(14), the degeneracy factor, is the number of

spin states multiplied by the
freedom. Particles and antiparticles are counted separately.

number of

internal degrees of

In the Maxwell-Boltzmann case the distribution function f is given

by

f=exp(- (E

For fermions (bosons) the distribution function f is given by

f =

exp( 52 )
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- The procedure showing how the integrals eq.(14) are eva]uatéd
numerically is described in Appendix A.

For massless fermions and bosons eq.(14) can be integrated at
g =0, .yielding

21 '
P=30 (15a)
2
g7 |
with p=d-T (15b)

and the number-density is given by:

9, ¢(3) 3
n= (15¢)
v
where we used the abbreviation
?
9. =g .+ (L) g (16a)
i boson 8/ “fermion ,

and - g r () g (16b)

9 boson 4’ “fermion

9 (gf) is the number of helicity states for bosons (fermions),

{(3) is the Riemann zeta function (see "Useful Numbers").

For the case m = 0 and a non-zero chemical potential g one obtains

analytically an expression for fermions and anti-fermions [15].

The total energy-density can then be written as:

2
IS/ SRR LA B LTI H
Pg t P? =4 (120 T + g H T + 87[2 k) (17a)

12"
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and likewise the net number-density is found to be:

2 ‘ 3
ne =g (gaT +=u) . - am)
f . obm _

N
1

We have now introduced all the basic tools that we will use in the
forthcoming discussion. As a first exercise we will calculate the
time-temperature relation in the early universe.

Let us assume that at a very early stage in the universe only
massless particles contribute to the total energy-density.

Inserting eq.(15a), i.e.

into eq.(10b) we find

3 .
dR_(t) | R¥r¢y 92 .
P gt +R(t) g =0

Wi

which means

» (18)

o} -
Fufr—

Inserting eq.(18) into eq.(10a) then leads to

o x 3/2
-4 JBTE Y

and thus

13




(258 pt’ -1 (19)

Using the expression for the energy-density p for massless par-
ticles as given by eq.(15b) in eq.(19) we find the relation
between time, temperature and the number of relativistic degrees

of freedom g;:

t=2.42g;/27" | (20)

where t is in seconds and T in MeV. Table (1) gives typical values
for t, T and 9> assuming that only relativistic particles con-

tribute to the total energy-density of the universe.

TABLE 1 *

T [MeV] Relativistic Particles Present 9, t{us]
300 7, et i, us d, s, gluons 24774 3,4
250 %, et, ui,(ﬂg]1, u, d, s, gluons 247/4 4,9
200 v, ef, 4%, G, v, d, gluons 2054 8,4
150 v, et pt G, 20 69/4 25,9
100 7, e, (), (&&, (5) | 43/4 73,8
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* We assume:
(a) Three massless neutrino species,
(b) Quark-hadron phase transition at T < 200 MeV,

(c) Strange quark mass > 200 MeV,

(d) No latent heat (bag-parameter) in the deconfined phase,
(e) No chemical potentials.

Notation used in Table 1 :

¥ : photon
e# : electron(-) and positron(+)
t
L~ : muons
(Dg : neutrino species
u : up quark
d : down quark

s : strange quark -

The number of relativistic degrees of freedom g; is evaluated as

follows, eg. at T = 300 MeV:

'gi =2+ % (4 + 4 + 6 + 2 * 2%3*3 ) +16
=9 + % ( et 4 ui + (D% + p/a-p*spin*col*fla ) + gluons
247
"4

The factor 7/8 is due to Fermi-Dirac statistics, see eq.(16a); the
abbreviations used are:
p/a-p = quark particle / anti-particle

col
fla

quark color ,
quark flavor degrees of freedom.

15
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If we cannot assume that most of the energy-density of the
universe is contributed by massless particles we have to use a
more general time-temperature relation. From eq.(10b) we find

(p+P)+p=0 (21)

N0 .

and using eq.(10a) in eq.(21) we obtain

_ .
38 3 & o (p+P) +p=0

leading to
dT ~  J247nGp (p+P)
at - do (22)
dT

This equation yields the general time-temperature relation in the
early universe if we know the equation of state of the matter in
the wuniverse. It can easily be included into the integration
~schemes that we will introduce in later chapters.

This chapter has set the scene to calculate particle physics
related phenomena in the early universe. In the next chapter we
“will make wuse of this knowledge to obtain an order of magnitude
estimate of the baryo-chemical potential at the quark-hadron phase
transition in the early universe.

16
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References useful for this chapter are:

S. Weinberg :"Gravitation and Cosmology" ,
John Wiley and Sons (1972).

C. Misner, K. Thorne & J. Wheeler :"Gravitation" ,
Freeman and Company (1971).

J. Narlikar :"Introduction to Cosmology" ,
Jones and Bartlett Publishers (1983).

L. Landau & E. Lifschitz :"Statistical Physics" ,
Pergamon Press , 3rd Ed. Partl (1980)

R. Pathria :"Statistical Mechanics" , Pergamon Press (1972).

L. Landau & E. Lifschitz :"Fluid Dynamics" ,
"~ Pergamon Press (1959).

17
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CHAPTER 2

In order to make an estimate of the baryo-chemical potential at
the phase-transition from the quark-gluon-plasma to a hadronic
gas, we will make a number of simplifying assumptions as we

develop the calculations.
Although our approach is crude, we do indeed obtain an estimate
for the chemical potential which we will use in the development of

this work.

The vratio of the number-densities of baryons to photons is
believed to be ([16] and [17]):

10~ (1)

Y]

3 3
|
w

-+

-

A critical discussion of eq.(1) is given in [18].

Because the relic photons, i.e. the microwave background radia-
tion, have a blackbody distribution with a known temperature,
T, = 2.7 K [19], we can calculate their present number-density by

making use of eq.(1.15c):

_2.¢(3) 43
n, = 2 Ty

’Yo T

and thus for T, = 2.7 K we find:

-3
n, = 400 cm . (2)
Yo

The index © indicates that this is the present value. For the
purpose of extrapolating to high energies and thus early times we
should take the effect of photon reheating into account, which has
increased the photon temperature in the evolution of the universe.
But since the difference of the present microwave background
temperature to the' temperature the ‘photons would have if no
reheating had occurred is small , i.e. AT = 0.5 K, and we are only

18
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interested in an order of magnitude estimate for the baryo-
chemical potential, we will neglect this effect and use eq.(2)

without modification.
Equation (1) is consistent with the baryonic number-density es-

timate of:
7 o+ 1 .3
=4 100 = cm ; (3)

Note that it is a safe assumption that the baryon-number is con-
served from the late phases of the quark gluon plasma onwards .

We will evaluate by how much the scale parameter R(t) has in-
creased since the phase transition from the quark-gluon-plasma to

a hadronic gas.

From eq.(1.10b) we find for a radiation dominated era,ie. P = % R
that

PR (4)
and thus

Rat/” . (5)
In the matter dominated era, i.e. P << p we find

p xR (6)
and

Rt /? . (7)

The transition from a radiation to a matter dominated era occurs
when ‘
=1, , (8)

P
mgtter / Pradiation

19
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The energy density for photons is given by eq.(1.15b):

o, = & 1 (9a)

and for non-relativistic matter we take the limit of eq.(1.14b) to

obtain

P = My Dy (9b)

In order to obtain a temperature dependent non-relativistic ex-
pression for the baryon energy-density py, We have to know the

temperature dependence of ny- Rewriting eq.(1) as

and using eq.(1.15¢) for nY we have

ny = (ZEBL 7y 0t E T (10)

n

The total baryon energy-density is thus obtained by making use of
eq.(10) inserted into eq.(9b):

(-2£06) 17y 0t 2 (11)

Pp = My .

Inserting eq.(9a) and eq.(11) into eq.(8) we obtain the matter-
radiation transition temperature :

T ~4 100" k. ' | (12)
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We are now able to calculate the time when this era-change took
place, with the time-temperature relation eq.(1.20), which is
valid for the radiation dominated era, and 9;= 2 (only photons are

relativistic at the temperature Tm-r , neutrinos have decoupled

and are thus at a lower temperature) we find

t =103 . (13a)

From Table 1 (Chapter 1) we know the time at the quark-gluon-
plasma to hadron gas phase transition, assuming it took place at a
temperature of T = 200 MeV:

-6
togp-hg = & 107 5 - (13b)

To evaluate the change of the scale parameter from.the QGP-HG
transition to today, i.e. the matter dominated era, we use eqs.(5)
and (7) to find the matching parameters h, and h, which have to be

introduced. Note that we will make the choice R( T=200 MeV ) = 1.
From eq.(5) we have:

Rr_d(T) = hl /t 9
With R( T=200 MeV) = 1 and eq.(13b) we find

R( T=200 MeV ) _ 354 S—l/2

h1 = -
/ togp-He

From eq.(7) we know that
2/3
Rm_d(T) = hz t

and matching .the scale parameter at the matter-radiation transi-

tion, i.e.

Rl T = Ty ) = Rpeal T =Ty )

21
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we find

RET=T_ ) 777

=
~
]

h, t'/°
1 "m-r

This then gives
h, = 2.41 s /7,

For simplicity we have matched only the scale parameter at the
matter-radiation transition. The first derivative of the scale
parameter has not been matched as would normally be required [20]
(the above calculations should be seen as estimates only!).

Using a generally accepted estimate of the age of the universe t,

[21]:

10 17

t ~ 1.5 10 years =4.7 10 s,

o= ttoday

we are now able to evaluate ( using eq.(13) ) by how much the
scale parameter has changed from the QGP-HG transition to now.
From eq.(5) and eq.(7), using the matching parameters h; and h, we

obtain:
R(T = 200 MeV) =1 (our definition) (14a)
R(T = 4000 K) ~ 10° (14b)
12
R(T = 2.7 K) ~ 10 . (14c)

This shows that there was a factor of ~1000 increase of the scale
paraméter -since the radiation dominated era came to an end. The

.12
scale parameter increased by a factor ~10  in the time from the
QGP-HG transition till today.

22
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This permits us to evaluate the number-density of baryons at the
phase —transition from the QGP to the hadronic gas phase. Because

3
the volume V « R, we multiply the present baryonic density with

3 36
R, i.e. ~10 to find the density at the phase transition:

n, (200 MeV) = 10 nbo

fm (15)

n
E-3
—
o

or ny (200 MeV)

Assuming that only up and down quarks exist at T = 200 MeV and
that they are massless, we can use eq.(l1.17b); taking their
spin(2), color(3) and flavor(2) degrees of freedom into account
aswell as the conversion factor from quark- to baryo-chemical

potential given by

we find the net baryon-number:

_2*2*3 )
n, =3 (nq n_)

2 . .

This 1is a valid simplification of eq.(1.17b) because we know from
eq.(15) that n, is small and therefore expect the baryo-chemical

potential By to be tiny.

For T = 200 ‘MeV we obtain from eq.(15) and eq.(16) the baryo-

chemical potential:



2.7

'7i1

w, ~ 10 MeV (17)

or, re-expressed in Kelvin [K] we have

+ 1

3
By ~ 10 K
We conclude that the baryo-chemical potential at these early times
in the universe is small compared to practically all scales
(masses, temperature etc.). We will therefore neglect baryo-
chemical potentials in the forthcoming discussion.

The result (eq.(17)) represents one of the interesting differences
between a phase transition in the early universe and the one
expected in heavy ion accelerator experiments where one expects to

reach uq ~ T [22].

We saw how one can make use of the predictions of statistical
physics 1in the context of the early universe, and we have learnt
some important features about the quark-antiquark symmetry at or
near the quark-hadron phase-transition. We will take a closer look
at the phase transition (before and after) in the next chapter.

References useful for this chapter are:
Some of the references mentioned in Chapter 1.

F. Halzen & A. Martin  :"Quarks and Leptons"
~John Wiley and Sons (1984).

N/
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CHAPTER 3

In this chapter we derive some of the properties of the quark-
gluon-plasma phase, the hadron phase and the transition region in
the context of the early universe.

Let us first consider the quark-gluon phase: To derive a time-
temperature relation we still need, as was mentioned in Chapter 1,
the equation of state for this phase. We can, with some confidence
[23] speak of an ideal gas behaviour of quarks and gluons at
sufficiently high temperatures. This is predicted by the theory of
strong interactions, quantum chromodynamics (QCD) . QCD can also
be used to calculate the leading order corrections to the ideal
gas result as was done by Chin [24], Kapusta [25] and others [26].
The reason to believe that a new state of matter, the quark-gluon-
plasma (QGP) exists also comes from the realization that in-.
dividual hadrons have a proper volume and that these "hadron bags"
overlap at high temperatures and densities. A "free" plasma of the
hadron constituents, the quarks and gluons, exists throughout the
universe during a particular period of its evolution.

For the equatioﬁ of state for strongly interacting matter we will
assume that the quark-gluon phase is described by the ideal gas
Taw, including the vacuum latent heat term (bag term) reflecting
the effect of confinement [27], [28]. In this approach, and assum-
ing that all quarks are massless, the energy-density and pressure
( for p << T ) are given by

9im 4
P =35 T +8B | (1)
P=2(p-48) . (2)

g; is given by eq.(1.16a) and B is believed to be [29]:

- 1/4
150 MeV < B < 250 MeV .
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We will now derive the time-temperature relation for the plasma
phase: From eq.(1.10b) we find

and with eq.(1.10a) we obtain

—de .3 Ba (4)
o (p +P)

Inserting eqgs.(l) and (2) into eq.(4) (see Appendix B, integral
(1)) gives an energy-density time relation for the plasma phase:

p = B coth [ 2 / §E%§ t ]

We recognize a characteristic timescale which is given by

Typical values are shown in Table 2:

Table 2

B'/*- 150 [Mev] - B/*- 200 [Mev]  B'/* - 250 [Mev]

;4 ) -5 -5
To [s] 1.2 10 6.9 10 4.4 10

The energy-density can thus be written as

p =8 coth’ [ 2 %o ] | : (5)

f
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and

t=%‘r°1n[%—g] ©

which -is the plasma phase time-temperature relation where we can
insert eq.(1) to obtain an explicit t(T) dependence.

Table 3 shows values of equation (6) using 3 different values of
the bag constant B. The results should be compared with the
predictions of eq.(1.20) as shown in Table 1. '

T[MeV] g, tlps] : B/'- 150 [MeV] 200 [MeV] 250 [MeV]

200  205/4 8.43 8.37 8.26
200  247/4 *° 7.68 7.64 7.56
250  247/4 4.92 4.91 4.89
300 247/4 3.42 3.42 3.41

In the above table we have used appropriate values for g{ .
Note that We have two values of 9; for T = 200 MeV:

*1 is without the degrees of freedom for the strange quarks
since it is believed that msa-'ZOO MeV

and *2 includes these degrees of freedom.

From the theory of phase transitions we expect a phase equilibrium
between the quark-gluon-plasma and the hadron gas if the pressuke
and -the temperature is the same in both phases (neglecting the
chemical potentials), thus ’ 4 '

Pacp (T = Tirans) Pug (T = Terans) - (7)
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’ In the first instance we consider a relativistic gas on the hadron
side, and from Chapter 1 we know the equation of state

2

e ™ _a 7
P ="35 T =3P (8)

This is doubtlessly an overestimation of the pressure P as massive
particles do not move with v = ¢ and hence the pressure is smaller
than relativistically predicted.

The transition temperature, given the particle multiplicities on
- both sides and a value of the bag constant, is then found from

eq.(7):

2 2
9he ™ 9qep ™ ¢
Pivans = ~ 90 'trans - _ 90 Tirans - B (9)
and thus
T PP 7 (10)
trans [ 2
™ (9gp - Ing)

Equation (9) also defines the transition pressure which will be
assumed constant throughout the transition. We can thus integrate
eq.(4) (see Appendix B integral (2)) : '

Phe d 871G (CHG
jr____ll_—__ _ .3 ,.871G t
prGP p (p+P) / 3 J‘tQGp d

to obtain an expression for time the QGP-HG phase-transition takes:

At = tys - toop

_ p . 1 p ' .
1 [ tan 1/ 59&3__ - tan” ;5 HG A} . (11)
trans trans

/6 G Ptrans




Here, pQGP is the energy-density of the quark-gluon-plasma (QGP)
as the phase transition starts and PHG is the energy-density of

the hadron gas (HG) side as the phase-transition is completed.

Table 4 gives the transition times with 3 different values of the

bag constant. The hadron phase consists only of massless ﬂt, ﬂo,

v, %, u¥, and the three massless neutrino species (ﬁg, (D&-and
(5)
V-
TABLE 4 ( u,d «— « and u,d,s < 7 )
1/4 *1 _A_t
B/ [MEV] Ag Typans [MeV] 3 At [us]
% 2 :
34 107,9 0.21 26,5
150
*3
44,5 100,9 0.27 . 33,9
34 143,9 0.21 14,9
200 . 4
44,5 134,6 0.27 19,1
34 - 179,9 0.21 9,5
250 .
44,5 168,2 0.27 12,2

Note; *! Ag 1is the difference in the relativistic degrees of
freedom of both the phases,

- *2 denotes that no strange-antistrange quarks.were included
in the QGP, |
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*3  denotes that strange-antistrange quarks were included
on the QGP side,
T, is the characteristic timescale as introduced in

eq.(6).

The transition times in Table 4 should be compared to the results
of Suhonen [30] who obtains transition times ranging between 1 and
4.7 ps using perturbative'QCD with a bag constant in the QGP phase
and a resonance gas model for the hadron phase. Olive [31] who
employs a potential model obtains a transition time of 0.5 ps at a

temperature of Ttrans = 400 MeV.

Figures 1 and 2 show the qualitative features of this type of

phase-transition in the early universe.

0 TIME

Figure 1: A typical graph of a time-temperature relation with a
phase transition at T = TC in the early universe.

30
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HGm;!o 1
0 N
T <1 =1
3 g
Figure 2: The scaled pressure (by the temperature4) as a

function of the scaled temperature (by the transition
temperature TC). This graph shows the quark-gluon plasma pressure

the pressure PHG for an ideal gas of massless hadrons and

"agp’ m=0

the hadron gas pressure PHG for massive particles. The expected
m#0 .

phase transition from the QGP to the HG occurs at T = TC.
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We will now calculate the transition temperature using a first
order pertubative expansion as predicted by QCD [25], [26]. The
pressure is given by:

ggGP 50 a

[ 2 4
Pgp =90 (1 -7y MNT™ T )

8 15 a

b (1-=" Wn T) -8 (12)

The first term of PQGP is due to the quarks and anti-quarks, gQGP

is the degree of freedom of these massless constituents of the
- plasma. The second term of PQGP is due to gluons, and B is the

latent heat of the vacuum (bag-term) accounting for the effect of

quark confinement.
The transition temperatures for .= 0.3 and a = 0.6 are summarized

in Table 5.
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Table 5 ( u,d «~ ® and u,d,s ++ ™ with @, = .3 and @, = .6 )

*1

1/4
B'/* [MEV] Ag Typang [MeV] o
%2 '
34 118.4 0.3
150
34 137.3 0.6
*3
44.5 109.9 0.3
150 '
44.5 125.3 0.6
34 157.8 0.3
200 '
34 183.1 0.6
44.5 146.6 0.3
200
44.5 167.1 0.6
34 197.3 0.3
250 ,
34 228.8 0.6
44.5 183.2 0.3
250
4.5 208.9 0.6

The trend of the transition temperature as seen in Table 4 and
Table 5 has become clear: a large value of the bag-constant leads
to 'a large transition temperature, and the increase of the dif-
ference of the particle multiplicities has the inverse effect. The
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coupling constant @, on the other hand has the effect of increas-
ing the transition temperature, the larger the constant @ the

higher the transition temperature.

In the description of the phase-transition we made some important
assumptions about its kinetics: we have implicitly assumed that
gravitation dominates all physical processes. Also we assumed that
the nucleation 1is not changing our thermally predicted particle
abundance on the hadronic side and that no time is lost due to
dynamical effects like a separation of phases. Such a transition
will then proceed as follows: Starting in the QGP phase the
universe expands causing a decrease in temperature until the
transition temperature is reached. Here the process of nucleation
starts which we will not try to describe [32]. As the nucleation
proceeds at a constant temperature and pressure all the strongly
interacfing matter on the quark-side is converted to hadrons and
radiation. It 1is accompanied by a sharp decrease in the energy-
density due to the considerable reduction in the number of degrees
of freedom Ag, as can be seen from Table 4. (In the QGP phase g =
51.25, in the HG phase g = 17.25, = Ag = 34). Once all quarks and
gluons have been converted, the temperature starts to decrease
again. This phase-transition scenario is naive but more complex
equations of state for both sides will improve the picture.
Various other models of the discussed transition exist. An incom-
plete 1ist of references can be found under [33]. Proposals exist
on how the presented and similar transition pictures can be ex-
perimentally verified [34] and what signals to expect from a phase
transition, both in heavy ion collisions and in the early
universe. A discussion of the quark-hadron transition in an
anisotropic cosmological model can be found in [35].

We realize that the use of the ideal gas law for quarks and gluons
near the transition is not sufficient, and the validity of a
pertubative expansion like the one given in eq.(12) is also doubt-
ful -under these circumstances. Likewise, we cannot expect that
hadrons behave as an ideal pointlike gas at high'temperatures,
i.e. at T = 200 MeV. Rather, we expect that the hadrons’ finite
size will reduce the number-density for these temperatures [36].

34
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To accomplish this we introduce a hadron proper volume into the
hadron equation of state. This procedure is well known [37] and
amounts to the removal of a volume proportional to the hadrons’

mass from its phase space.
The pressure, energy-density and number-density including the

volume reduction effect is given by [37]:

P

p - —point (13a)
1+ ppoint
4B
P .
p = _RZ_‘L | (13b)
1+ point
4B
n__.
n = —point (13c)
1+ ppoint
4B
Ppoint, ppoint and npoint are given by eq.(1.14)

Our next model is then a massive pion gas together with v, ei, ui,
(D)s on the HG side and a QGP gas consisting of u and d quarks
and gluons with the same background particles as on the HG side:
¥, et ui and (D)s , their multiplicity will be denoted with gr;

b

The matching condition eq.(7) amounts to

2 : 2 2

g T g.m P g.m
il [ N U L ST S i S 6 V')
g  trans = gg p 90
' 1+—'B'

This has- to be evaluated numerically. Table 6 shows the results
with massive pointlike pions and massive volume-corrected pions.

35
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TABLE 6 (u,d « «)

1/4

B'/* [Mev] Ty pang VOT-cOT [MeV] Typans Pt-Tike [MeV]
150 106.8 107.2
200 142.6 143.3
250 178.4 | 179.3

We observe that the inclusion of the volume-correction term does
not greatly alter the transition temperature. When we compare the
results obtained in Table 4 (a massless pion component) with the
ones in Table 6 (massive pion component), we see that due to the
effective reduction of the relativistic degrees of freedom in the
HG phase we have a small Towering of the transition temperature.
The same effect is seen when introducing the volume-correction for
pions, the transition temperatufe is lower relative to the transi-
tion temperature for pointlike pions.

The next models will make this point even clearer. We will include
massive nucleons into the hadronic side. Table 7 gives the

results:
TABLE 7 (u,d < 7, n)

1/4 .
B [MeV] T [MeV] Vol-cor T [MeV] Pt-Tike
150 106.8 107.2
200 ' 142.7 143.4

250 178.8 179.9

It 1is clear that the inclusion of nucleons does not greatly alter
the transition temperature as nucleons are heavy particles which
implies - that they are not important contributors to the pressure

in the HG phase.
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Now we include massless strange-antistrange quarks on the QGP
side, i.e. gQGP = 61,75 : Table 8 summarizes:

TABLE 8 (u,d,s <+ @, n)

B'/* [Mev] T [MeV] Vol-cor T [MeV] Pt-like
150 100.1 100.3
200 - 133.7 134.1
250 167.4 168.0

This again stresses the above mentioned observation: an increase
of the degree of freedom of particles in the HG phase increases
the transition temperature, the increase of the particle multi-
plicity on the QGP phase has the inverse effect.

Finally, in order to have a good approximation of a real hadronic

gas with its different constituents, we perform the calculation -

including massive kaons (K, (K)o) and hyperons Y (A, st %)
to our hadron gas consisting of pions and nucleons. Table 9 shows
the vresults with u and d quarks only; Table 10 includes s and
anti-s quarks on the QGP side.

TABLE 8 (u,d < 7, n, K, Y)

B'/* [Mev] T [MeV] Vol-cor T [MeV] Pt-like
150 1069 107.5
200 143.3 - 144.3

250 , 180.0 ‘ 182.1
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TABLE 10 (u,d,s <« @, n, K, Y)

]

B'/* [Mev] T [MeV] Vol-cor T [MeV] Pt-Tike
150 100.2 100.5
200 134.1 134.6
250 168.3 169.1

It is clear that the inclusion of

(a) more hadrons (e.g. resonances) into the HG phase,
(b) a perturbative QCD approach in the QGP phase,
(c) finite baryo-chemical potential,
(d) finite strange-chemical potential,
(e) a combination of (a)-(d) with above models
would change the values of the transition temperature even more.

We feel that we understand the phase transition Qualitative1y,
which for the purposes of this work is sufficient.

Although the transition temperature is not (yet) known experimen-
tally, we have obtained some theoretical estimates for it
depending on the particles we include on both sides .

To simplify the forthcoming discussion we will set the transition

temperature to

Ttrans = 200 MeV (15)

and explore the consequences of this choice in the rest of this
work. This choice seems to be realistic when considering the
predictions of the different other models quoted so far .

One cdnseduence‘ of our choice of the transition temperature
(eq.(15)) is that we can fairly reliably predict what particles to
expect in the QGP phase. Except for gluons, photons,
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electrons,positrons, muons, antimuons and the neutrino species, we
expect up and down quarks and, depending on the mass, strange
quarks and their respective anti-particles. This naturally sets
Timits to the expected hadron spectrum after the transition : only
those hadrons composed of a combination of the three quark flavors
will be used. The existence of heavy hadrons (m > 1200 MeV), as

-17
well as shortlived (7 < 10 ' s) particles will not be considered.

Table 11 shows the complete Tist of these hadrons, some of their
properties and their quark content. The number-density with and
without volume correction (eq.(13)) is also given.
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TABLE 11 T = 200 MeV
1/4
B/ = 150 [MeV] 200 [MeV] 250 [MeV]
) -3 -3 -3 -3
Particle Quark- ST m n[fm ] nv[fm ] nv[fm ] nv[fm ]
cont. [MeV]
¥ - 1.0 0.254 --- --- .--
ViV, - 5 - 0 0.190 --- --- -
- o . L N
Vu, i ; 0 0.190
uT,ET -~ Y- 0 0.190 --- -—- -
et = L - 0.5 0.380 - --- -
pt -= % - 105.7 0.36] - - -
o — —
i uu-dd 0 1 135.
0.320 0.048 0.114 0.184
af,n ud,ud 01 139.
+ - - —
K',K us,us 0 % 493.
0.166 0.025 0.059  0.096
K°,k® ds,ds 0% 497.
p uud % % 938.
0.070 0.010 0.025 0.041
n udd % % 939.
- -3
A uds % 0 1115. 0.018 2.7 10 } 6.4 10 0.010
st uus % 1 1189.
30 'uds k1 1192, 0.040 5.9 10-3 0.014 0.022
> dds % 1 1197.

A4(
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Abbreviations used in Table 11:
B = bag-parameter

S = spin

I = isospin

m = mass

n = number-density

n,= volume-corrected number-density

In the following chapters we will develop 2 formalism to evaluate
the density evolution of the shown hadron spectrum just after the

phase transition.

References useful for this chapter are:

B. Miller : "The Physics of the QGP"
Springer Lecture Notes in Physics 225 (1985).

L. Landau & E. Lifschitz :"Statistical Physics" ,
Pergamon Press , 3rd Ed. Partl (1980)
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CHAPTER 4

In this chapter we will develop a simple evolution equation
describing the particle-density evolution of stable but interact-
ing particles as a function of the temperature of the universe.

If we consider particles in a fixed volume we can describe the
particle-density evolution by a differential equation of the form:

d 2
G =A-<ovn (1)

where A is a general particle production term and <ov> is the mean
thermal annihilation cross section which is normally a function of

the temperature ([38]. The term - <ov> nz accounts for the an-
nihilation and therefore decrease in the number-density n of the
particles under consideration. In an equilibrium situation, i.e.
where there are equal amounts of particles annihilated and

produced, we can then write

the mean particle number-density does not change with time. From

eq.(1) we then can write

2 .
A = <ov> nequ (2)

“where nequ is the equilibrium number-density. Equation (2) only

expresses that the particle production A compensates exactly for
the annihilation. Thus eq.(1) can be rewritten as

2 2
= <OV> (nequ -n) . ‘ (3)

D.ID.
+|3

If we are considering particles in an expanding volume, this
equation needs-to be adjusted to take the density dilution due to
the increasing volume into account. In principle eq.(3) accounts
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only for pair annihilation and production, which only changes the
number of particles such that one could write

2 2
= <OV> (nequ -n) .

<|—
Q.lQ.
| =

instead of eq.(3). We saw, in Chapter 1, that a co-moving volume V
is proportional to the cube of the scale parameter R, i.e.

3
VaR

The volume dilution term is then found to be

d v R
Ngg (y)=-yn--3g" (4)
Inserting eq.(4) into the evolution eq.(3) gives
d R 2 2
E% = -3 (ﬁ)n + <oV> (nequ -n) (5)

which now describes the evolution of the particle-density in an

expanding, i.e. R > 0, universe. An equation of the type of eq.(5)
enables us to estimate a particular particle-density at a par-
ticular time (or temperature) if we know the expansion rate of the

universe (which amounts to the knowledge of the particles present)

and the mean thermal cross section (which tells us what interac-
tion the individual particles experience, 1i.e. strong,
electromagnetic or weak). In particular, we can obtain an estimate
of the temperature when a particular particle species
(characterized by a particular mass and interaction) falls out of

thermal equilibrium.

We will evauluate eq.(5) numerically. Let us first explore some of
its properties. There are two competing rates in the equation,

4
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(a) the expansion rate called Hubble ‘constant’: H=R /R
(b)  the particle interaction rate <ov>n .

One expects both to change with time: the expansion rate is a
function of the energy-density of the universe which is
temperature-dependent (see eq.{1.14b)), the mean thermal cross-
section and the particles equilibrium-density are also temperature
dependent, <ov> may have a maximum for a certain temperature.
There will thus be a time (a temperature) when both rateS are
similar or rate a) or rate b) dominates. Inserting typical values
“into both rates one sees that at high temperatures (early times)
the expansion rate is completely negligibie in comparison to the
particle interaction. But since the interaction term is multiplied
by the number-density squared, it is clear that for small particle
densities the expansion rate is the only non-negligible rate in
our problem. With these remarks we will now integrate eq.(5) in
order to establish the classes of behaviour of the solution.

Introducing the substitutions:

(6a)

—<
]
wl

(6b)

3+

and X =

(in our usual units) will prove useful. A particular function

Y = Y(X) arises when considering the equilibrium number-density
nequ in eq.(6a). From eq.(l.14c) we have
n
Y - -&fqu
equ T3

and therefore

2
vy = -4 z
Yequt®) = on’ Jo ¢ w7 -z 0
exp(/ z +x ) (f) 1

44



4.4

where we have made use of the substitution

z=p/ T

in eq.(l.14c). The + (-) sign in the denominator of eq.(7) is for
fermions (bosons). To simplify our calculation we will assume that
the universe is radiation dominated, i.e. most of the energy-
density p is contributed by relativistic particles. This is a safe
assumption which will be discussed in later chapters. For our
purposes, in this chapter, it means that the energy-density from
non-relativistic particles will be neglected completely. This

enables one to write

R T 8nG \1/2
R="T1° (3 ) / | (8)
as can be seen from eq.(1.10). The energy-density p is then given
by eq.(1.15b) as

2
p= AUEE R (9)
30 ' |

Using the substitutions eq.(6) with egs. (8) and (9) in eq.(5), we
obtain

dyY 2 2
T=C Y () - Yoqu¥)) (10)
where C is given by
1/2
c- ()t e (1)
it G jgi

C is in general a function of temperature (and hence time) which
is ignored here for the purpose of demonstration.
Equation (10) is easily verified if one partially differentiates

the expression
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Y _d(/T)
d(T/m) —  d(T/m)

dy
dx

Note that 9; is the effective number of particles being

relativistic. It is, therefore, also a temperature dependent
quantity as can be seen from Table 1 (Chapter 1).

The mean thermal cross-section <ov> 1is evaluated in detail in
Appendix C, using a parameterization of experimental cross-
sections. These are given in Appendix D for the various channels
under consideration. In this chapter however we will only use
order of magnitude estimates for <ov> to get an appreciation for
the physical processes at work.

From equation (10) we see that we have absorbed the volume dilu-
tion term appearing in eq.(5) into our new variables as given by
eq.(6). Thus once we know the quantities required to evaluate
eq.(11) we can integrate eq.(10), using the boundary condition

Y( X+ o) = quu

in eq.(10). This is a justified condition since we expect that
thermal equilibrium will be established at high temperatures due

to the rapid collision rates.

Table 12 gives some values of C which we used in the integration
of eq.(10). Note the enormous differene in the values for C.
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TABLE 12
C [(Km)3] Particle Characterization (mi<ov>)
1010 Massive strongly interacting part.;e.g. hadron
105 Massive electromag. interact. part., e.g. heavy lepton
1 Nearly massless electromag. interact. part., e.g.lepton
10°° Massive weakly interacting particle (?)

-10 '
10 Nearly massless weakly interact. part., supersymmetric ?

Possible values of C are in the range 1010 to 10'10 in the units
as shown in Table 12 ( they are [ (Kelvin meter)**3 ] )} . The
expected range of Y is therefore also considerable such that the
integration of eq.(10) is not done without a change of variables:
It proves useful to introduce logarithmic variables because one
thereby reduces the range of integration. With the substitutions

=
n

1n(¥;) (12a)

and v=1n) (12b)
0

the differential eq.(10) reads:

y _ , equ 2
._V_-_-cxoYoexp(W+V)(1'(Yoegp(w)))

(13)

Q.

47



4.7

The dimensional factors X, and Y, are constants. Normally they

represent a typical "scale" of the problem.
The integration of eq.{(13) was performed using a fourth-order

Runge-Kutta method. quu’ being a function of the dimensionless

quantity T/m, was integrated using a Gauss routine and the methods
as described in Appendix A.

Figure 3 shows some interesting features: The stronger the par-
ticles’ interaction and the higher its mass, the longer the
species will remain in equilibrium. Since the equilibrium density
is a temperature dependent function which for X = T/m <1
decreases rapidly, the "frozen-out" particle density is small for
"strong" interactions and heavy particles.
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ol

Fiqure 3:

Density evolution for interacting particles. C
depends on the interaction strength and mass as shown
in eq.(11). See Table 12 for a particle

characterization according to the C-value. The point
of "freeze-out" from the equilibrium distribution

(nequ) and its dependence on the particle species’ C-

value can be seen.

4C



Figure 4 shows a plot of the parameter X = T/m at the freeze-out

temperature versus the constant C. Thus if we know the mass and
interaction of a certain stable particle species, meaning we know
the C-value of the species, we can immediately read off the tem-
perature at which the species froze out of equilibrium. For
example, a massive particle has a mass of m = 1 GeV and a C-value

5 3
of C ~ 10 (Km) . We can thus read off the decoupling temperature
as ‘

Tdec =100 ° m = 50 MeV.

-6 -2 2 B 10
logC (Km)s

Figure 4: The  "freeze-out" temperature (scaled with the
particle mass) as a function of the particles’
C-value (see Table 12).
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Figure 5 shows the particle density scaled with the cube of the
temperature at freeze-out versus the constant C. Using this graph
. we can determine the particle density with which the species froze
out of thermal equilibrium. We use the previous example, i.e. the

5 3 .
particle with m = 1 GeV and a C-value of C = 10 (Km) and deter-
mine its freeze-out density at the freeze-out temperature that we
have already evaluated : T, .= 50 MeV. From figure 5 we find

-2 _3 33 .3 -12 -3
=2 10 m =2 10 fm

-10. : t L 1 L 1 L 1 N 3 L I 2 1 \ 1 1 1 L
-10. -8. -6. -4, 2. 0. 2. 4, 6. 8. 10.

log (C) (K )

Figure 5: The scaled particle density at "freeze-out" as a

function of the C-value.
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Equation (5) (or eqs.(10) and (13)) can, as we have seen, also be
used to determine the cosmic abundance of relic particles, e.g.
heavy leptons [38] provided they are stable and we know their mass
and interaction strength. Steigman [3] has solved eq.(5) analyti-
cally by making some simplifying assumptions. One major critisism
of the assumptions underlying eq.(5) is that it only considers
totally symmetric particle-antiparticle populations. Of course

this is not satisfactory and a change of our particle density

evolution model seems necessary: ‘
we must take individual particle reactions as known from

experiment and set up dynamical evolution equations for each

species.

This will be our approach in the following chapters, including
more and more stable and unstable particles into our calculations.

Let us sum up the important features learnt in this chapter: We
saw that at temperatures T > m. the particles and antiparticles

are relativistic and thus roughly as abundant as photons. This
results in the plateau for X = T/m > 1 in Figure 3. The particles

are in equilibrium with each other which is maintained by frequent -

collisions. Thus the stronger the interaction, the longer the
particles remain in equilibrium. But the universe expands causing
a decrease in temperature which causes the average particle num-
ber, the equilibrium number, to decrease. At some point, depending
on the mass and interaction of the particles, the equilibrium can
no longer be maintained resulting in a rapid freeze-out of that

particular particle species.
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CHAPTER 5

We will consider individual particle processes to describe the
interaction between particles and their evolution following the
quark-hadron-phase transition in the early universe. As a first
model we consider a pion gas on the hadron side interacting with

photons. The other relativistic particles (at 200 MeV), i.e. et )
ui and the neutrinos Vo Vﬂ and v, together with their anti-

particles will act as a source of energy-density. They will
contribute to the expansion of the universe but will not interfere

in hadronic particle processes.

From experiments in particle physics we know two dominant reac-
tions involving photons and pions, the pi-zero decay:

X
O T 4y (1)

S17 21
with XY =1/ = (8.7 100 ) S ,

16 -
= 1.15 10 s

and the reaction [39]:

yy 2w, (2)

where <o> is the thermally averaged reaction cross-section. An
extensive report on the 2-photon mechanism of particle production
can be found under [40], where theoretical and experimental cross-.
sections for the charged pion production are given. _

-~ We will use the experimental cross-section given in [39] for
process (2). A parameterization of this cross-section is found in
Appendix D, together with a plot of the experimental and mean

thermal cross-section.
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Because of charge exchange reactions, each pion can be viewed as

being 1/3 of its 1ife a neutral pion, a ﬂo. Thus effectively we

have

A ]
n -7y

with A=%X=o.38 10°° st

Clearly a set of reactions of the type
LSt B
YY=2 2™
21 - 4 9 etc.

leads to a runaway reaction if we don’t incorporate a re-
equilibration condition 1leading to a conservation of energy for
each reaction. This 1is necessary although we incorporated a CM
energy threshold in the calculation of the mean thermal cross-
section <gv> = <oc> = <o>, which accounts for the fact that

reaction (2) will only proceed if we have sufficient CM energy to

produce two pions. The photon spectrum which emerges from the m°

(0

decay, will, in the restframe of the m~, have a peak around

m |
i |
E7 == . :

Clearly, two photons (each with energy Ey) will not be able to

produce 2 pions as eXpected. Rather we expect a thermalisation to
occur in which many Tow energetic photons will end up as a few
thermalized photons:

For this purpose we introduce two photon populations, the "cold"
photons and the "hot", i.e. thermalized photons. fhe reaction
eq.(1) and eq.(2) would then proceed as shown in the scheme:
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T
c

1) A thermal pion, My decays into two "cold" photons Te!

A

1 2 4 (3a)

and we can thus say

<E_ >
n t .
<k, >=— (3b)

2) The "cold" photons, y. , will rescatter in the background

o
and get thermalized, thereby becoming "hot" photons:

A

Sty

e h 7, (3c)
<E7C>

and h=— (3d)
<>

The factor h is introduced in order to conserve energy in the
reaction of the type of eq.(3c).

3) The thermal photons, Tt will scatter and pions will be
produced, the rate is experimentally known: <o> as introduced

above. These pions are "cold", we thus write:

<g> '
L Te Te (3¢)
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4) The "cold" pions, Moo will in turn become thermal pions,

My this process is given by:

A
t
L P m g m | (3f)
<Enc>
where g =F (39)
<>

is the conservation factor for the reaction eq.(3f).

Setting up the rate equations for the above processes gives:

dnt .

gt - ky T+ 9 ktn . (4a)
dyc

'(T=-kt77c+2k77l't (4b)
dyt_ 2 4
gt - 2 <0> Tt h kty e (4c)
T = - ktﬂ T+ 2 <o> Tt _ (4d)

Note that we have written Tes Yoo Ti and L whereby we mean the

densities of the respective particle species. The factor 2 appear-
ing 1in egs.(4b), (4c) and (4d) is due to the annihilation(-) /
production(+) of 2 members of the species.

In principle we could directly solve the system of coupled dif-
ferential equations as given by eq.(4). But we assume that the
thermalization is a very rapid process, and the thermalization

B¢
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rates Aty and Atﬂ are much faster than the other rates in this

problem (the bion decay rate and the pion production by
photons).We will therefore make an approximation to eq.(4): We say
that there will be almost no population of "cold" pions and "cold"
photons due to the fast thermalization rates, the rate of change
in these populations will thus be small. Thus we write:

dv.
.(F = 0 (53)
dm.

and at = 0 (5b)

Making use of the approximations eq.(5a) and eq.(5b) in eq. (4b)
and eq.(4d) respectively yields

2. n
y = —1-t (6a)
(o A
ty
2
2 <o> Tt
and M= (6b)
c Atﬂ

Inserting eqs.(6) into eqs.(4a) and (4c), we obtain two coupled
differential equations describing only the thermal populations of
pions and photons. These are now given by:

dm, )

=t = Ay LI 2 g <o> Tt (7a)
dyt 2 7h
<t = 2 <o> 7y, + 2 h A7 Ty (7b)

We still have to relate the energy conservation factors h and g as
introduced 1in eqs.(3d) and (3g) to one another: From eqs. (3b) and

(3d) we have:
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h<E >=<E >=«<E >
Tt Te Tt /2

which we can relate with eqs.(3e) and (3g) to

g<E_>=<E_>=<E_ >
Ty Te Ty

Thus we find

1
9=7h" < (8)

Figure 6 shows the ratio of the energy per pion (denoted by <Eﬂ> )
to the energy per photon ( <E7> ) and vice versa, which is the

factor 1/g and g respectively.

The typical behaviour for T - « can also be inferred from Figure 7
showing the energy per particle for massless and massive
( m = 140 MeV ) bosons and fermions.

oYe
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Figure 6: The ratio of the energy per pion to the energy per
| photon and vice versa as a function of the
temperature.
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Fiqure 7: The energy per particle for massless and massive
( m = 140 MeV ) fermions (f) and bosons (b) (scaled
with the temperature) as a function of the temperature. Note that
for Tlarge T the energy per massive particle asymptotically ap-
' proachés the value for massless particles.
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Inserting eq.(8) into the eqs.(7) gives the density evolution

equations in a fixed volume:

dmy 2

ot - A7 T+ 2 g <o> Tt (9a)
d7t _ 2 1 b.
gt - 2 <o> Ty * a-ky L (9b)

Since we want to explore the evolution in an expanding universe
(starting at the phase-transition which we fixed at
T = 200 MeV ), we still have to include the volume dilution term

-3 R/R n, into eqs.(9). This means that we have to know the total

energy-density as a function of the temperature (or time) in the

early universe.

Except for the two species described by egs.(9), we expect et R ui
and the neutrinos to be in thermal equilibrium at T = 200 MeV,

from eq.(1.15b), we know their energy-density:

where g9; = 10.75 plus the muon degrees of freedom. An equilibrium

distribution of photons would contribute with an additional
91 = 2 and (massless) pions with Ip = 3. When the temperature has

decreased to T = m_ we expect the pions to be non-relativistic,

which also implies that the contribution to the total energy-
density is small as compared to the other relativistic species.

This can be seen in Table 13.

o0
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Table 13

*x3 0

*1 -3 *2 -3
T [MeV] Piot [MeV fm ] Py [MeV fm ] /o
200 1164.8 193.7 16.6
150 364.7 - 58.7 16.1
135 237.9 37.6 15.8
100 70.0 10.3 _ 14.7
50 3.9 0.38 9.7
Note: *] The total energy-density ( 9; = 10.75 ) is given by:

2

.
g1

4
Piot = 30 1t Pyt Py

*2 pion energy-density using the integral eq.(1.14b)

*3 percentage of pion contribution to the total energy-

density

As Table 13 indicates, the massless particles ( 7, et and (D) )

dominate

the energy-density of the universe which remains

"radiation dominated" in the temperature range of interest to us.

Hence we can use:

olir o I

T |
=-7 - : | (10)

Rewriting the rate equations (9) to include the volume expansion

term yields:

o1



o 2 LR
t = A Mg t29<o>y -3pm (11a)
dy .
_t_ . 2 1 R
Jat - 2 <o> Tyt 3 Ay Ty - 3 R Tt - (11b)
Analogously to Chapter 4 we could introduce the substitutions:
T
y = =& (12a)
T
v
7 -t (12b)
T _

into eqgs.(11) and proceed as we have learnt in Chapter 4. When
integrating the equations obtained in this way we find that we
have to use prohibitively small temperature/time steps. This is
due to the strong temperature-dependence of the reaction rates. In
order to obtain solutions in a finite time we have to consider
other methods to solve the coupled eqs. (11).

We observe that egs.(11) have 2 characteristic rates:

a) <o>y and AY’

and b) the expansion rate R/R .

Comparing these rates shows that they are several orders of mag-
nitude different. We are thus led to introduce a new integration
scheme, the so-called '"adiabatic" approximation. This works as
follows: Chosing some initial conditions, we first integrate the
"fast interaction" part of eqs.(11) (the first 2 terms on the
right) neglecting the volume expansion term. It is clear from
equations (11) that the differential equations for

L and T4 ( neglecting the expansion rate ) have an equilibrium

value for a set of g, AY and <o>. This is given by:
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T ' _
t 2 g <o>
— = _EAI_Q_ . (13)
T v

When an equilibrium has been established (which is on times scales
very much faster than the expansion rate), no change in particle
densities will occur unless the temperature changes. But the
temperature decrease in the universe is due to its expansion. We
therefore integrate the volume expansion term until a small change
of temperature has occurred, which causes <o> and g to change and
thus produces a new equilibrium distribution as given by eq.(13).
After the temperature change has been computed (usually we took

-4
AT/T = 10 ) we return to the "fast interaction" part and in-
tegrate until a new equilibrium has been found.

A simplified flow diagram of our Fortran program is shown in

Scheme 1:
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Scheme: 1

Initial Values

T’”t’vt

(+ Calculation of g and <o>

Fast interaction
Part

Volume expansion

integration until
_4

AT/T = 10

R

The Fortran program is equipped with an adjustable timestep such
that the integration proceeds in small steps where the rate of
change of the functions is large and in large steps where there is
Tittle or no change of the value of the functions.
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The following graphs show the density evolution of n’s and v’s
from 200 MeV to 20 MeV, both in a co-moving volume and as
densities. It 1is interesting to see the interaction between the
two species and that the pion decay finally dominates, i.e. pions
die out whereafter the number of particles per co-moving volume

stays fixed.

In order to make the dependence of the rate-equations of the
temperature dependent rate ( <o> ) more visible, we have evaluated
the rate-equations with three different mean-thermalized cross-
sections <o> for the pion production. This then produces dramatic
changes in the appearence of the results and pinpoints one of the
weaknesses of our model: the strong dependence on experimental
results. Since these are often, as in the case with the photon-
photon cross-sections used in this work, available only with huge
error-bars due to systematic and other sources of error [39], we
can only view our results as a first attempt to describe interact-
ing species in the early universe and not as a final model with

definite predictive power.

The results can be seen on the next view pages:

200

MeV

164

128

92

TEMPERATURE

56

20
TIME - ms

Figure 8: The time-temperature relation for the pion-photon
universe ( ms = milliseconds ). S
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Figure 9: The Tlogarithmic densities of pions and photons as a

funtion of time in the interacting pion-photon
universe.

Note: The Tletter a indicates that we used the value of the mean
thermal cross-section <o> = <o>eX

D as experimentally predicted,

for b see Figure 11. This will be called condition a .
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- w
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-8}
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"8. 1 ) 3 1 t | 1 ! 1 ) 2 ] A 1 3 ! 1 1
20 . 56 ® 128 164 200
: TEMPERATURE MeV

Figure 10: The Tlogarithmic densities as a function of the
‘temperature with condition a implemented.
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TIME ms
Figure 11: The Tlogarithmic densities of pions and photons as a

funtion of time in the interacting pion-photon
universe.

Note: The letter b indicates that we used a smaller value for the

mean thermal reaction cross-section <o> than experimentally
predicted, namely

1 o s
<0> = § <°>exp' This will be called condition b.
0
- i b
6L 3
R
£ i
3.0k
- _
iy "
e} "
-4.8|
-84
-8. 1 1L 1 I} 1 ] ] 1 ] 1 1 1 | 1 1 L 1 1
20 - 4 56 92 128 v 164 200
TEMPERATURE Mev

Figure 12: The Togarithmic densities as a function of the
temperature using condition b.
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TIME ms

Figure 13: The Tlogarithmic densities of pions and photons as a

funtion of time 1in the interacting pion-photon

universe.

Note: The Tletter ¢ indicates that we used a Targer value for the

mean thermal reaction cross-section <o> as

experimentally
predicted, namely

<o> = 5§ <o>exp. This will be called condition c.

|
H
oY

-6.4

20 56 92 128
TEMPERATURE

Figure 14: The 1logarithmic densities as a function of the

temperature using condition c.
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TIME ms
Figure 15: The density per comoving volume (or scaled density)

of pions and photons as a function of the time.

Note: using condition a (see figure 9).

TEMPERATURE

Figure 16: The scaled density of pions and photons as a function

of the temperature of the universe.

Using condition a.
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Figure 17: The pion-photon density evolution as a function of
time, using condition b (see Figure 11).
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107t
15

20 56 T 28
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Figure 18: The scaled pion and photon densities as a function of
the temperature, using condition b.
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ms

Figqure 19: The interacting pion-photon densities (§ca1ed) as

functions of time, using condition ¢ (see Figure 13).

2.
R I c
107
1.5+
C"),_\
é -
Z i
o |
— 1.+
- I
Ay v
S+
I by
.O. 1 (] 1 1 | ] 1 1 1 1 |/| I T T
20 56 00 @ 128 164 200
TEMPERATURE MeV

Fiqure 20: The densities of pions and photons as functions of
the temperature (the evolution goes from T = 200 MeV
to T = 20 MeV) using condition c.
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. Why can we use such an adiabatic approach? The reason lies solely
in the apparent difference of the rates:

1 -
a rate of the order ~ 10 ° S ' (<o>y and Ay),

4 _ .
compared to a rate of ~ 10 s ' (R/R)

Because the fast rate establishes an equilibrium that is only
changed by the $low rate, we can split the differential eqgs.(11)
and proceed as was described above. '

We have seen that our model can, within the assumptions laid down,
describe interacting pion and photon populations in the early

universe.

Is this prediction to be trusted? If we are satisfied with a model

(not necessarily a picture of nature) then we can trust the
prediction. But if we want to describe nature, we have to include
more particles, especially- kaons and nucleons which we would
expect to be present at T = 200 MeV. This will change our model to

become more realistic.
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CHAPTER 6

Our particle evolution model 1in this chapter will include the
interactions between pions, kaons and photons. The reason to
include kaons. is due to their mass, kaons are expected to be
relatively abundant, although we will consider the evolution only
from T = 200 MeV.

An interesting feature of kaons is their strangeness, and by
including these particles into our evolution model we will
directly be able to investigate the strangeness evolution in the
early universe. As in Chapter 5, we do not expect to be able to
include all possible reactions between our interacting species,
but we will include the dominant processes as known from particle

physics.

Let us consider the pion-kaon interaction: A kaon production of

the type
ot - KK (1a)
and atx® - kKO (1b)

is expected, but little is known experimentally about these reac-
tion channels. We have to rely on comparative methods to estimate
the rates of reactions (1). Using the argument of Mekjian [22] we
assume that the production mechanism (1) is as important as the
experimentally known process

”+ p o+ Kt (2)

which is also discussed in [46]. ,
A parameterization of process (2) which we assume will describe
reactions (1) 1is given in Appendix D with a plot of the derived
mean thermal cross-section.

Once an estimate for the cross-section is known we make use of the
"principle of detailed balance" [47] to derive the reverse reac-

tion of (1).
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Instead of introducing transient populations as we did in

Chapter 5 (the "cold" species), we will make use of the experience
gained so far and immediately write down the expected reactions
with their proper energy-conservation factors for the thermal

populations (subscript t). Defining:

<E"t>
ki= <E, > (3)
-t
we write reaction (1) as:
<ov>
My Ty — k, Kt Kt . (4)
The reverse reaction of eq.(4) is then written as
c1<ov>
Kt Kt —_— K Ty Ty o ‘ A (5)

¢, is a factor determined by the principle of detailed balance.

The dynamical evolution equations of the interacting
system (4) and (5) are then given by:

dn

—t. 2,2 s K 6
qE = T 2oV M+ ey <ov> Ky (6a)
th 2 2

- 2 ¢y <ov> Ky + 2 ky <ov> 7, (6b)

~which has an equilibrium solution

given by

7A
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2

n

< - S m
Ky

This solution is independent of the rate <ov>ni‘which produces the

equilibrium. From the plot of the mean thermal cross-sections and
the corresponding rates ( figure 30 and 31 in Appendix D ) we note
that <ov> . |\ is much Targer than the other cross-sections for

our interacting m-K-y system for T > 50 MeV. We deduce that the
equilibrium (7) is reached very much faster than the equilibrium
produced by other reactions, e.g. the pion or kaon production'by
photon-photon  scattering or the pion decay. Equations (6)
describe the strong interactions in our system.

The other reactions included in the model are the dominant kaon

decays:
) .
0 3
Kshort T n (8a).
' 211 1 -1
with A; = 1/7 = (8.9 10" ) s
10 -1

the charged kaon decay

Ay
K* — 77 (8b)

I+

8 _1 -1

with X\, = 1/7 = (1.2 10 ) s

7
8.3 10 s ,

it

7R
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0

and the K]ong decay
©
long —~ 7T (8c)
with A, = 1/7 = (5.2 107°)" s~
1
= 1.9 10 s

Note that the decays (8b) and (8c) are upper limits for the pion
production via these decay channels. (We only include the reac-
tions with pions as decay products in order to avoid the
complexity which our equations would reach if we had to introduce
dynamical equations for charged leptons and neutrinos.)

Another set of reactions include the pion and kaon production by
photons: From Chapter 5 we know the cross-section and rate of the
pion production reaction:

<0>,
Yy —m @M1 . (9a)

From experiment we also know the upper 1limits of the kaon produc-
tion [44] cross-section:

yy — KK . ' ' (9b)

Process (10) proceeds via a resonance (photons produce resonant
particles Tike the f(1270) and A,(1320) which, in turn, decay into

kaons). The cross-section for (10) can be calculated as was done
in Appendix D, together with a plot of the mean thermal cross-
section and an estimate for the rate of the process.
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The 1list of reactions which we will consider is completed With the
inclusion of the pi-zero decay into 2 photons and the charged pion

decay into leptons:

0 A '
o 7Y (10a)
) 17 .1 -1
with A = XY =1/ = (8.7 10 ) 3
- 1.15 1007 s

Py

and n- — Jleptons (10b)
-8 .1 -1

with X, =1/7 = (2.6 10 ) S

1

A
3.8 10 s

We do not specify the decay products for the charged p{on decay
because we have no evolution equations for them. It should be
noted that ignoring the decay channels is not affecting the
results because the main decay products are particles with

my << T, which means that they are relativistic and have a

(thermal) equilibrium distribution and continue to equilibrate

with the background particles.
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To simplify Tlater references, we collect the complete 1ist of
reactions which will be considered in this chapter:

A

° — vy (a)
e
- —— leptons (b)
0 A3
Kshort L (c)
A
K= an (d)
0 As
K]ong T 7 (e) (11)
<ov>,
am —— KK (f)
C,<0V>,
KK —— 77 (9)
<0>,
Yy — 77 » (h)
<o>
yYy — KK . (1)

The rate equations for eq.(11) have the general form

dn, , 2

) . (12)

This 1is the master equation for our system (11) in the form of a

matrix equation.
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The parameters aij are the decay constants and the volume expan-
sion factor (Hubble parameter); bij are the mean thermal cross-

sections weighted with the appropriate factors to account for the
conservation of energy (in analogy to eq.(3)).

From Table 14 it 1is clear that the assumption of "radiation
domination" is not fully Justified:

TABLE 14
* -3 -3 -3
T [MEV] Piot [MeV fm ] Py [MeV fm ] Pk [MeV fm ]
200 1313.6 193.7 148.8
150 396.6 58.7 31.9
135 255.2 37.6 17.3
100 72.5 10.3 | 2.5
50 3.9 0.38 - 4.107°

2
9T

4
* ( Note: Piot = T30 T +p + Pp * Py with g; = 10.75 )

i

As more than 20% of the total energy-density of the universe is
contributed by non-relativistic matter, we will not use the notion
of "radiation dominance" (as was demonstrated in

Chapter 5) to obtain a time-temperature relation. Rather we in-
clude the more general time-temperature relation as introduced in
Chapter 1, eq.(1.22), into our evolution model. In doing so we
make sure that we include all relativistic and non-relativistic
contributions. to the energy-density. This equation can easily be
included.” into the integration scheme, the energy-density and
pressure are computed as is outlined in Appendix A.

A simplified flowchart of the structure of the computer program
used to solve the master-equation (12) is seen in Scheme 2:

70



Scheme 2

Initial values
T, #, K and ¥y

Calculation of temperature-
dependent quantities:

Y

<O>., <OV>. .
ptot’ P, <o i? ov i? k1

(as in Appendix A and D)

6.8

<
v ™~

Strong interaction
equilibrium

}

r— NO ‘<Rate of change too big?>‘YES —

Production and

~
V4

decay reactions

l

Change

Step-Tlength

2\

y

Volume expansion

Time-temperature relation
using eq.(1.22) with Piot and P

1

———— NO -—<::lARate of change too big? j::>-YES

Change
Step-length

N

(C
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The program is equipped with a self-adaptive step-length for the
integration in order to minimize the integration time. A fourth-
order Runge Kutta method is wused in conjunction with a Gauss

integration routine.

The results are presented in 2 ways:

(a) Figures 21 and 22 show the logarithmic densities of the
pions, kaons and photons versus the time and the

temperature,

(b) Figures 23 and 24 show the scaled densities (with the
temperature cubed) of the three particle species versus
the time and the temperature,
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‘Fiqure 21: The logarithmic densities of pions, kaons and photons
as a function of the time.
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Figure 22: The interacting pion-kaon-photon populations in the

early universe. The graph shows the 1logarithmic

densities of these three species as a function of the temperature
of the universe.
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Figure 23: The scaled densities of interacting pions, kaons and.
photons as a function of the time. This graph shows
that the kaons are dropping out of equilibrium whereagainst the

pions and photons are keeping in equilibrium.
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Figure 24: The scaled densities of pions, kaons and photons as
a function of the temperature. The evolution starts

at T = 200 MeV.



As was already seen in Chapter 5, the graphs of the dénsities per
co-moving volume, i.e. the scaled densities carry valuable
information about the net number of particles.

We see in Figures 23 and 24 that the kaon density is decreasing
with time but the pion and photon densities (scaled) stay
constant. The decrease of kaons, due to the kaon decay, feeds the
pions, which partially feed the photons via the pi-zero decay. The
photons, in turn, produce kaons and pions (see Appendix D for the
reaction rates) such that the interaction between the three

species is nearly self-sustaining.

The graph of the time-temperature relation for this model universe
is so similar to Figure 8 (the m-y universe) that we did not
include it into the figure section. This similarity is easy to
understand: the energy-density of the kaons is, in relation to the
total energy-density, nearly negligible. Since the expansion of
the universe is dependent on the energy-density (compare
eqs.(1.10) ), we see that the inclusion of kaons does not alter

the picture in a dramatic way.

Another interesting feature is that we have not yet reached the
temperature where the pions drop out of equilibrium. This freeze-'
out will occur once the kaons have died out; there will be no
"pion feeder" except the photon-photon reactions and as we know
from the m-y universe, an equilibrium for this system cannot exist
at low temperatures. We can thus predict that the pion population
will change dramatically for temperatures T < 20 MeV, a rapid pi-
zero decay will be followed by the decay of the charged
pions. This will increase the photon density, eventually we expect
a conserved number of photons per comoving volume and no pions and

kaons anymore.
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How realistic is the prediction that pions will only drop out of
equilibrium for temperatures T < 20 MeV ? ‘

Let us go back to Chapter 4 and see what our old model predicts:
Pions are strongly interacting particles, so we say that the pion

C-value is

3

10
C1r = 10 (Km)

Since m. = 140 MeV, we find (from Figure 4 (page 4.10) ) the

freeze-out temperature T__ .. . :

-1 5
rdee © 107 m =4 MeV !

T
So, even 1if we have overestimated the pions C-value, we obtain a
freeze-out temperature which is indeed smaller than 20 MeV.

This is a (small) success ! We do have a model that starts to
describe  interacting particle species, predicting freeze-out
temperatures (at 1least order of magnitude estimates) which make

sense.

Again we have to ask whether to believe our model universe!

One major drawback of this model is that no hadronic matter will
eventually survive because only unstable particles were included.
Another point of criticism is that we neglected heavier particles
like the nucleons, sigmas and lambdas. Nucleons are the building
blocks of matter around us, and it would be satisfying to have an
evolution model for these particles from the phase transition to
the point where nucleosynthesis starts (from here on the evolution

is fairly reliably predicted [45]).

This realization sets the task for the final chapter, where we

will include nucleons (p,'n) and hyperons (Ei, 3% and A) into a
model universe with pions, kaons and photons.
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CHAPTER 7

This chapter is devoted to a preliminary description of a model
that simulates hot hadronic matter and its evolution in the early

universe.

It draws from the previous models, the "learning model" (m-v
universe) and the "practice model" (m-K-y universe); and we hope
that it has some characteristics of a "real world" model.

Once completed it will provide dynamical evolution equations to
describe the fate of anti-matter, strangeness and other quantities
of interest in the early universe down to temperatures where

nucleosynthesis starts.

A prerequisite for a realistic model is that we know what par-
ticles to expect at the quark-hadron phase-transition (from where
the evolution will start) and in what reactions these particles

will participate.

Table 11 (Chapter 1) gives an overview of the particles we expect
to be relatively abundant. Of course one can argue that one should
include all known particles and resonances in the model. This
point strikes the essence of our evolution equation n = n(t) as
developed thus far: We have always implicitly assumed that we can

have dynamical equations considering only the evolution of par-

ticle densities, and neglecting the evolution of the particle
momentum distribution. But this procedure is only correct if one
assumes that one is dealing with a thermally equilibrated system.
If one would for example include shortlived resonances, one would
at some point have to reconsider this assumption. The thermal
phase space distribution, although it is expected to be at Tleast
‘an order of magnitude faster in reaching its equilibrium distribu-
tion than its chemical counterpart, is not expected to reach an
equilibrium instantaneously. Because many resonances do have
lifetimes of the order of the expected thermal equilibration time
( [1],[22] ) and we do not want to complicate the evolution equa-
tioné‘ by introducing the momentum evolution into our dynamical
equations, we always assume that thermal .equilibrium has been
reached. This then also implies that we do not have to include
particles that are shortlived in relation to typical chemical
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equilibration times, their existence is incorporated in the reac-
tion cross-section.

‘The proper, but most probably non-solvable, way to deal with an
evolution model of our type would be the use of the full Boltzmann
equation. Ehlers [48] and others have developed a formalism for
the Boltzmann equation in the early universe. An introduction to
the Boltzmann equation describing the neutrino evolution in the
early universe can be found under [49].

In view of the particle spectrum as seen in Table 11 one might
wonder why we have not included particles heavier than the
hyperons. These particles, although Boltzmann suppressed because
of their mass, do normally have a high multiplicity and could
therefore present a meaningful contribution to the overall par-
ticle reactions. But since we only start our particle evolution at
T = 200 MeV, we will assume that all hadronic states with masses

me > my will not contribute in the evolution equations and par-

ticle reactions. Also, particles with a mean lifetime 7 of less |

than 6 10'20 s ( 1i.e. we include the Zo decay )will not be

considered.

The most challenging task is to find the relevant reactions
describing the interactions between the particles that we will
consider. First, we include all particle reactions (6.11) as

presented in Chapter 6.

Since we are especially interested in the evolution of nucleons,
we have to find their most dominant reaction channels. From ex-
periments we know the proton-antiproton annihilation into an
average of five pions [1], [50]. This cross-section is

parameterized in Appendix D.

7
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We will, along with others [1], persue'that aside of the reaction

pp 3 51, (1a)
nucleons N = (p,n) annihilate in general with the same reaction

cross-section <ov>:

NN S92 5, (1b)

Further, a nucleon-hyperon annihilation reaction is included.
Because of phase-space arguments we assume that the reaction is
suppressed by a factor 10 relative to process (1).

A strangeness producing annihilation reaction, for example of the

form

NN — KKna (2)

with n = 3 (i.e. on the average) is included. Again, the phase-
space is reduced in comparison to (la) and we therefore assume
in the first approximation that the reaction goes at 1/10 the
speed of reaction (1).

Koch and Rafelski [4é] considered in detail other strangeness

producing reactions, like
Nx — KY . , , (3)

A detailed acéount of this and similar reactions is found in [1].
We will use their reaction rates for (3).

Hyperoh-antihyperon annihilations and hyperon-nucleon reactions
were included. Appendix D shows the rates expected for these

processes.
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A general feature of strangeness exchange and production reactions
was also used: it 1is experimentally found that the rate of
strangeness exchange is larger by a factor 5-10 than the produc-
tion rate. We use this to estimate the cross-sections of processes

like

KN — Yo7 (4a)
and YN — Knt , (4b)
.- again with n = 3.
Although no-experimental data concerning the photon-photon produc-
tion of nucleons and hyperons is available, we use estimates of
 the phase-space factors involved and compare them to the known
cross-sections Tike the production of m 7« and K K [39].
Natural strange particle decays are also considered.

A complete 1list of all here considered reactions wf]] prove help-

ful in the Tater discussion:

A1
1 — vy (a)
+
- —— leptons (b)
0 A3
Kshort T (c)
A _
G (d) (5)
] A5
K?ong T (e)
ar «— KK (f)

QQ



NN — KKnn

TY —

TY —

K K

(9)

(h)

(3)

(k)

(1)

(m)

(n)

(o)

(p)

(a)

(r)

(s)

7.5

(5)

The master equation that We used in Chapter 6, eq.(6.12), has to
be modified to include terms where an initial state can consist of
two different particles, as for example process (5k) or (5j). An
equation describing the density evolution per particle species

according to the reactions (5) has the general form:

~dn.
—1 .3
a5k

(aij n; + b. .

1]

2

n.
J

+ Cjk nj "k) .

(6)

9C



7.6

The parameters are

aij : density dilution term, decay constants, energy conservation
factors (these have to be calculated for each reaction)

bij . mean thermal cross-sections with energy conservation factors
cjk . mean thermal cross-sections and energy conservation factors

for mixed initial states.

In order to obtain an estimate for the energy-density contribution
of nucleons and hyperons at various temperatures, and to extend
the existing energy-density versus temperature Tables as intro-
duced in the previous chapters, we compiled Table 15:

TABLE 15

- - -3
T [MeV]®  p, [MeV fnT 1 py [MeV fm 1 py [MeV fn )

200 1486.4 91.8 81.0
150 413.5 10.6 6.3
135 261.6 4.3 2.1
100 72.8 0.21 5.10""
50 3.9 5.10°° 1.107

*
( Pyoy 15 now given by: Prot = Pret ¥ oy Pt Pyt Pyt Py

2
9; ™ _a .
where Prel = T30 T with g9; = 10.75 .)

When comparing these results with Table 14 in Chapter 6, we
clearly see that the contribution towards the total. energy-density

O
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of these constituents of the hadron gas is small. Nevertheless, we
will, in our integration scheme, consider the individual contribu-
tions of nucleons and hyperons to the total energy-density.

The program used to solve the master equation (6) is a refined
version of the program discussed in Chapter 6. The flow diagram
shown in Scheme 2 ( Chapter 6 ) describes the basic features of
the integration.

We present the results in the fo]]owing form:

Figure 25 shows the time-temperature relation of this kind of
model universe. As is expected, the temperature decrease is
faster than in the pion-photon universe (Figure 8). This is
due to the greater total energy-density which implies a
bigger Hubble "constant™ and thus a faster expansion rate.

200

MeV

164

128

TEMPERATURE

2+

56

20

ms

Fiqure 25: The time-temperature relation for the pion-kaon-
photon-nucleon-hyperon universe.
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Figure 26 and 27 show the logarithmic densities of the
various species as a function of the time and the
temperature. ’

An interesting feature is that there is no apparent relative
change in the densities. This implies that the species are
still in equilibrium at a temperature T = 20 MeV.

fim3

log n

]
w
T T 77T ¥ 1 T 1

(&)
>
o}
-
(]

—

TIME _ ms

Fiqure 26: The logarithmic densities of the interacting pion-
kaon-photon-nuc]eon—hyperon universe as a function of
the time. Note that the evolution indicates that the particles are

in equilibrium, even at T = 20 MeV.
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1 1 1

-5 A L ! : 1 ! 1 1 ) L | , , , ,
20 56 o2 128 164 200

TEMPERATURE | MeV

Figure 27: The logarithmic densities of the interacting species
as a function of the temperature of the universe.

Even though the presented results are very interesting and il-
Justrative, this is not yet a complete model leading to final

conclusions.

As can be seen from reactions (5), we have not included some of
the important =-m reactions. Also, we have used many estimates
for rates which have to be known more precisely.

We conclude that we have Tlearnt the basis of nonéequilibrium
reaction theory which equips us with valuable skills, both in the
field of elementary particle physics and numerical methods. We
realize that one should extend the existing model, which has
promising features. However, it has become clear that this is not
a task to be solved in the context of a Masters thesis.
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Summary

The early universe was very hot and very dense, providing an
environment in which elementary particles were present in large
numbers and had the chance to interact frequently. It is probable
that a period existed where quarks and gluons moved freely
throughout the universe.

We saw that one can make definite statements about the quark-anti-
quark symmetry in the quark-gluon plasma: The baryon number of the
universe is small, implying a nearly perfect symmetry between
quarks and anti-quarks. We found that the baryo-chemical potential

is of the order of 10'7 MeV which is negligible compared ‘to the
masses of the baryons. -

As the universe evolved the temperature decreased and eventually
the confinement forces became so large that the quark-gluon plasma
coagulated into hadrons: a phase transition to hadronic matter
occured.

‘We saw that, depending on the equations of state used to describe
the quark-gluon phase and the hadron gas phase respectively, the
is in the range

phase transition temperature T, ...

100 MeV < T < 230 MeV

trans

Typical transition timesca]es between the last stages of the QGP
and the HG phase are in the range

10 us < At < 35 pus

trans

After the phase transition the hadron densities evolve further in
time. The universe expands and cools, and the particle densities
become so low that the collision rates drop below the expansion
rate - of the universe. An equilibrium can no longer be maintained
and particles "freeze-out". We saw that the most weakly interact-
ing particles decouple earliest, before their abundances have
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decreased significantly. Strongly interacting particles remain in
“equilibrium 1longest. Only a small number of particles, the so-
called "relics", will survive, which influence the subsequent
evolution of the universe (if they are stable) and make up matter
as we know it. _

We then proceded to describe the hadron evolution by setting up
dynamical particle density evolution equations. A model universe
with interacting pions and photons was used to demonstrate the
strong dependence of the density evolution on the magnitudes of
the rates that we include. The "freeze-out" temperature depends
sensitively on the size of these rates.

The inclusion of kaons into the evolution equations brought the
interesting result that while these particles drop out of equi-
librium at an early stage, the pion-photon component stayed in
equilibrium up to a temperature T = 20 MeV, the lowest temperature
considered.

Finally we introduced a preliminary model universe including
interacting pions, kaons, photons, nucleons and hyperons. The
first result seems to indicate that all species maintain equi-
librium up to a temperature of 20 MeV. We are aware that this
mode] has to be extended in order to describe a more realistic
evolution of hadrons in the early universe.

In conclusion, - we have shown on the basis of dynamical evolution
equations for particles in the early universe that it is possible
to describe interacting species and obtain results which seem to
be compatible with simpler evolution models.
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A.l
APPENDIX A

In this appendix we discuss the methods used to evaluate infinite
integrals, e.g. as eq.(1.14). Generally, an integral of the type

fg dx f(x) (1)

is transformed into a unit-integral using the substitution

-4 and thus dx = (b - a) dz (2)
" which then gives

Y dax f(x) = (b-a) [ dz g (2) (3)
a B ) d :

In the case where b » » , this procedure is no longer useful, and
another method has to be used: Let us consider a specific problem
such as the energy-density in the Fermi-Dirac (+) and Bose-
Einstein (-) case as given by eq.(1.14b) (neglecting the chemical
potential):

3
p(T) =g [°, S5 ot— . (4)
(2n) e (f) - v

where we have used our usual notation that

and

and g is the degree of freedom for the particle species.
The lower boundary of eq.(4) is avoided if we carry out the an-

gular integration:

o8
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p(T) = g 2T @ dp 2 E— . (5)
: (2m) ety

We make a change of variables:
p-+E and thus pdp = E dE ,
then eq.(5) becomes

1 E2 E2 2
p(T) = g —L Jo de Bt - (6)
(27 ) e (1 1

We observe that the high energy behaviour of eq.(6) is dominated
by the exponential in the denominator, thus we substitute:

2 =ePE  or dE - - % dz (7a)

N

0 |
and Lo Ie'ﬂ"‘ (7b)

whereupon eq.(6) becomes

4 -Bm 2 2 2
_ T e InzJ/1lnz - (Bm)
p =49 27[2 IO dz 1 (.i.) 4 (8)

Equation (8) fis ready to be used in an integration routine, like
for example, a Gauss-integration. This was in fact, done mostly
using the Gauss program DGAUSS of the CERN library programs.

Note that for Tlarge pm the upper boundary of eq.(8) becomes

very small which is a possible source of error in calculations.
This can be avoided if one uses a substitution of the form

7 = eLa BE




A.3

instead of eq.(7) and varies the constant ’a’ such that the argu-
ment of the exponential is not too large / small for an evaluation

‘on the computer.

Another approach has also been used to evaluate the above and
similar integrals: The indefinite summation method:

We show how this method can be used to evaluate the fermioh

energy-density, one can use a similar approach to solve the other

integrals required here. Defining:
2 - et " (9)

we make a Taylor expansion of the Fermi distribution function f:

M8

L S G VLA L (10)

n=1

Inserting eq.(10) into eq.(6) (for fermions = + sign) where the

substitution
y = BE  and thus dy = B dE

has been made we find

o]

o = S [ dv () (- pt e et
n

Ap n=1

4
- [ @

; s (1™ sy -am) eV,
4 = )

n=1

Integration by parts and using integral (3) of Appendix B gives
the final result:
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2 K, (nBm)
pm =g [Pz (™ ——
2n n=1 n
3 © K; (nBm)
f0T s (ot —l—n—] : (11)
2r  n=1

Most mathematical packs on computers do have the facility to
evaluate the modified Bessel function Ki(x) which makes eq.(11)

-easy to implement. The convergence of the sums is rapid so that
the evaluation of eqg.(11) is usually more efficient than the
numerical integration of eq.(8). Both methods have been used and
have been compared, the accuracy with which eq.(8) can be
evaluated s usually determined by the integration routine,
whereas the accuracy with which eq.(11) is evaluated is set by the
routine evaluating the Bessel functions and the termination of the
infinite sums. We note that for fermions in the presence of a
chemical potential pu the expansion eq.(10) and eq.(11) can not be

obtained for g > m.
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APPENDIX B

Some important integrals used in this work are:

1. __dx 1 g, fx- b
Jx (ax - b) Jab Jax + /b

2. J dx - L tan” %5
Jx (ax + b) Jab J
3. fz dx x ( X' - uz)y'1 e HX

=27 W ) K )

Re (ug) > O.

4. JT dx (x2 - l)V'1 e BX
@7 ) K
i [ y-172 )

Rev >0 |argp| <3

fz dx ( X' - uz)u'1 e HX

- wm T (BT ) Ky e um)

g >0 and Re (g) > 0 and Re (v) > 0.

Recurrence relation for the modified Bessel function:

Kipp(x) = Ky_g(x) + 21K

A.5
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APPENDIX C

The evaluation of the mean thermal cross section <ov> is of cru-
cial importance in our calculations. We will, therefore, derive it

in some detail. _
If the scattering process under consideration 1is a two-body
initial-final state, and we denote the initial states by a and b,

we have

3 3
f d Pa d Pp fa(pa) fb(pb) 9ab Vab

3 3 (1)
[d p,d by fyfy

where Kk =1ifa#b and k =1/2 for a =b as otherwise par-
ticle pairs would be counted twice. Oab is the cross section for

the scattering process
a+b -+ c+d

and Appendix D shows the evaluation of Oab if we make a

parameterization of experimental results.

Vab |va - vb| is the "relative velocity" of the incoming par-

ticles with reference to the target being at rest; this choice of
frame of reference underlies the definition of Oab In that way

% Vab becomes again a Lorentz invariant quantity. Note that‘vab

as employed here is not the correct expression for a Lorentz

invariant expression of the velocity of one of the particles as

seen from the other.
The functions fa and fb are the momentum distribution functions,

i.e. the T1likelyhood to find particles a, b at the momenta Py and
Pp respectively. For our purposes we use the Boltzmann distribu-

tion function since we have a nondegenerate gas.

The denominator of eq.(1l) is:

10
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[dp, d py f(p,) Fip(pp) -
arme LK, (Bn) 4nom. 1 K,(8m) (2)
a g Ka(Bm b 3 Ke(Bmy

where we made use of integral (3), Appendix B. K, is the modified

Bessel function [41], and B = %.

Returning to eq.(l),_we write

3 3
dp, dp
_ _a_'b _
1=k 7, 7E, fa(py) flpy) ogp 2B, 2By vy =

3

dp.dp :
a b 1/2

- 25 J 2 g, falPa) FolPy) Tap > /%(s) (3)
where we used the abbreviation

A/ sy =2 € E

(s) = a b Vab
2 2 1/2 '

= (5 - gm) s - (mgm) ) (4a)

This relation is easily verified using the usual notation
_ (pht , ply?
s = (Pa + Pb) : (4b)

and the co-linearity condition

-

Py Bb = IBal'lﬁbl

- Note that there is a factor of 2 difference between eq.(4a) and
eq.(5.10) of reference [1]. '
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It is well-known [42] that

3

d pa 4 ﬂ 2
f—ZE—; fpy) = d'p, 6(py, Py - M) 8 (E,) f(p,) (5)
Using eq.(5) in eq.(3) we write
4 4 2 2
[=2x[d Py d Py 5o(paupg - my) 5o(pbupﬁ'mb)

1/2
£,(py) Fy(py) o4 X7 °(s) - (6)
where we used the notation

5 (s p¥ - m) = 6(p. ¥ - m;) O(E
o(piupi - mi) - (piupi - mi) ( i) .

We fntroduce the covariant Boltzmann distribution [43]:

. -ﬁ.pi
f.(p;) =e )

~corresponding to the usual distribution in the frame where
g 1
B = (T) 07 07 0)

and

-B{p +py)
R N VR

‘ 4
f(p,) flpp) =[dpe
with P =P, *+ P

A dummy integration over the CM energy s is also introduced

[ ds 8(p2 -s) =1 (8)

10
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by making use of eq.(4b) and pﬂp“ = pz.
Inserting egs.(7) and (8) into (6) gives:
I1=2k]ds 0.t Al/z(s) [ d* pefP S(pz-s)
4 4 4 2 2 2 2
[ d'p, dpy & (p-p,y-py) 8o(Py-my) &, (pp-my) (9)
The last integral of eq.(9) is well-known [42] :
4 4 4 2 2 2 2
[ d'p, dpy & (p-P,-Pp) 8o(Py-my) 8(Py-mp) =
1 ,1/2
@+ A7)
so that eq.(9) becomes
I=nk[ds I Ai%l i d'p e AP 5(p--s) . (10)

The last integral of eq.(10) is solved using integral (4) of
Appendix B:

[d'pePPsp's) - 3% /5 K (BJ5) . (11)

The remaining integral is thus given by

=2k s o MLk 85) (12)

Making the change of variable

~S"./§

in eq.(12), and with the denominator given by eq.(2) we finally
obtain

10



fjs_o d /5 o, Ms) Ky (B/5)
<0v>-ma p* 0 g " m. m K, (Bm) K,(Am) o)
? a b 2 a 2 b

The threshold JE; appears because we will, in the parameterization
of the experimental cross-sections, include that |
o >0 only if /s> JE; .

Note that eq.(13) differs by factor 2 from eq.(5.7) of reference
[1]. As has already been mentioned, this difference is due' to
the factor 2 that appears in their eq.(5.10).

If the initia] state particles a and b are massless, we replace
the Boltzmann distribution function as used in eq.(2) with the
relativistic distribution function given by

The same methods as shown above can then be used, yielding the

mean thermal cross section:

5
oV o= %3 £k [°__dJ/s 0 s’ K,(8/s) . (14)

The numerical evaluation of eq.(13) and eq.(14) is analogous to
the integral-evaluation as discussed in Appendix A.

10
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APPENDIX D

Parameterization of the experimental cross-section for the

process

using Cartwright [39]. A unique parameterization over the
whole CM energy range is not possible. The range is split up
into 3 intervals.

AJs +B where jgg < Js < jE;

Jsq = 0.28 GeV and /s = 0.5 GaV

A = 727.3 [nb GeV_l] and B = - 203.6 [nb]

o (J/s) tnb] {Cs+D.J/s+E where j_E; < /s < j—EE

942.6 [nb GeV ]

C =
D = - 1388.1 [nb GeV'l] and E = 618.4 [nb]
Js, = 1.2 GeV

k

F/ss/2 where /s > jEE

F = 771.4 [nb GeV']

10§



Parameterization of the experimental cross section for the

process

¥ ¥ -+ Resonance

using reference [44].
(A Js + B where JE; < Js < /E;
/Eg = 0.996 [GeV] and /E; = 1.1 [GeV]

A= 144.2 [nb GeV™'] and B = -143.6 [nb]

o(/s) [nb] =
C/s where [Js > /E;

C = 18.1 [nb GeV']

nb
500 -

T
J
— 1

ol } o
3 | DELégy

300 -

200 |

100 [

0.0 0.5 1.0 1.5 2.0 GeV

Figqure 28: The experimental cross-section for the process:

Yy —— 1t 1 . ( See reference {391 ).
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3. Parameterization of the experimental cross-section for the

process

NN - 51 =" 2 1),

_ A exp(- B /5 ) - "
o(/s) [mb] = | A=871.7 [ mb] and B = 1.9 [GeV ]
10°
PP —5n
3
o' isl’
fy
;
_ '}
Eio° 1
° Vi
10!
‘620 i 2 3 9 5 6 7 8
35 [Gev)

Figure 29: The experimental cross-section for the pkocess:

pp——5x . ( See reference [1] ),
and our fit (dashed 1line).
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Parameterization of the deduced cross section for the process
nnt » KK

describing the following reaction channels (selection rules):

using reference [22] and [47]:

A( [s - J?; )  where JE; < Js < JE;
/Eg = 1.683 [GeV] and /E; = 1.9 [GeV]

A =3.2 [mb GeV ™ ]

L.
o

o(J/s) [mb]
B exp(-C J/s) where JE; < Js < JE;

/‘EE = 3. [GeV]

' -1
B =60.3 [mb] and C = 2.3 [GeV ]

D exp(- E /5) where Js > J?;

D-04[mb] E=0.6[6eV ]
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temperature. In each case, nequ is the equilibrium-

density of the initial state particle, i.e. if the initial state

particle is a m then n =n

SHWw

(e}

(Yo

R R = < = o=

equ n-equ’

[}
1 —— v v (useful as a reference for other
rates)

=
=
~
=~

|

L1

= 2R < =
< Z2 R R =<
=2 R R |
>
=

=<|

113



u.1

Useful Numbers

We use the particle physics units, i.e.

To convert to other units, one needs:
_22
h =6.58 10 MeV s

23 =1
c=2.997 10 fm s

#c = 197.33 MeV fm
G=6.7 100 m s kgo =6.7 100 MeV’

1 GeV = 10° MeV = 10° eV
9

4 -1 -36
l1ev=1.16 10 K=1.6 10 J=1.78 10 kg

4 -7 -3
1 MeV =1.3 10 MeV fm

-15

.28 2
1 barn = 10 m

1 fm’ = 10 mb
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We can construct quantities relating the fundamental constants #,

¢ and G:

—
()

‘
O w|=(,;
)

B
I:N
Clfpl
J

(]
-

Other quantities

Riemann zeta function:

1 tropical year

Notation used:

A
fl

1.2

1.6

5.4

19 -5

100 GeV =My, =22 107 g

-33

10 cm = LP]anck

-44

10 S = Ypyanck

that we used are:

21
tan

¢(3) = 1.202

7
=3.15 10 s

arctan
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