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SYNOPSIS

Deep drawing of metal sheeting is a commercially significant manufacturing process
and as with all metal forming processes is subject to geometric defects. One defect of
particular concern, termed earing, is characterised by an uneven edge to the drawn
article. This work covers the implementation of a suitable constitutive model in a
general purpose finite element code ABAQUS Version 5.4 to simulate this earing
phenomenon in aluminium can body stock.

Earing is caused by plastic anisotropy of the blank material and anisotropy induced
during the drawing process. It is the result of crystallographic textures or preferred
grain orientations that develop during the sheet rolling process. In polycrystalline
materials it may be modelled via either crystallographic texture models or
phenomenological yield surface models. Crystallographic models have the advantage
over phenomenological ones in that they are able to describe both initial and evolving
anisotropy. However, they are very demanding in terms of computational power and
are reported to over predict the plastic strain ratios in anisotropic materials.

A phenomenological yield surface model proposed by Karafillis and Boyce was
consequently selected as a suitable constitutive model to investigate the earing
phenomenon. This model can describe the elasto-plastic behaviour of both isotropic
and anisotropic three dimensional polycrystalline matenals. It is a pressure independent
yield surface which is convex in stress space and assumes an associated flow rule. It
was implemented in ABAQUS as a FORTRAN 77 User-Material Subroutine. An Euler
Backward integration scheme was adopted and a consistent tangent modulus used.

Four axisymmetric cupping operations were simulated: two with the model’s
parameters set to represent the aluminium alloy under consideration and two to
investigate the effect of the yield surface on earing. For comparison purposes, a ﬁfth
case was run using the Hill (1948) anisotropic material model.

It was found that the Hill criterion is more suited to earing simulation in this material
and that a contracted yield surface in stress space results in larger ears. Both
constitutive models were found to under predict the degree of earing as compared to
laboratory drawn cups. This may be improved by modelling the tool geometry more
accurately and by implementing an accurate material hardening routine in the material
model subroutine.

This work partially investigated the suitability of the Karafillis-Boyce constitutive
model for simulating the anisotropic elasto-plastic behaviour of polycrystalline metals.
Further investigation should include the simulation of cupping operations for various
Jace centered cubic and body centered cubic materials with different degrees of planar
anisotropy.
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CHAPTER ONE

INTRODUCTION

Increased consumer specification and competition within the metal forming industry
require the production of high quality products. The acceptable limits on product
geometry, surface finish and mechanical properties, which are largely microstructure
dependent, are becoming increasingly demanding.

One manufacturing process which is commercially significant is deep drawing. This is
a forming operation in which a blank metal sheet is forced through a die by a punch to
produce an article of the desired shape. This process is used to produce items such as
vacuum and pressure vessels, zinc batteries, torches, ammunition cartridge cases,
cooking pots and beverage cans.

As with all metal forming processes deep drawing is subject to geometric defects
which result in added material and machining costs. A defect of particular interest,
termed earing, is identified by an uneven edge to the drawn article. This defect is the
subject of this study where attention will be given to simulating earing in a cup drawn
from alumunium alloy.

In this chapter the basics of deep drawing will be presented in order to give an
overview of the origin of some common geometrical defects, with special attention
being paid to earing. This introduction will serve as a basis for following chapters
which detail the implementation and application of a suitable anisotropic constitutive
model for earing simulation in a general purpose finite element code.

Figure 1.1 illustrates the tooling arrangement involved in a basic deep drawing, or
radial cupping operation. The blank material, which is circular for axisymmetric
products, is allowed to slip along the die and hold-down clamp surfaces as the punch
forces it through the die. Tensile stresses are the dominant stresses in this operation.
Compressive stresses are, however, established in the hoop direction in the blank
material between the tool surfaces (termed the flange) as the material moves inward.
The principal strains in the plane of the blank material are therefore positive in the
radial direction and negative in the hoop direction.

|
|
1
1.1 Basic Deep Drawing Procedures '

This type of single drawing operation will not usually produce a cup deep enough for
most applications and a second drawing, or redrawing, process may be necessary to
increase the cup depth. In direct redrawing the cup from the initial draw is reduced in
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diameter in an operation using a smaller diameter die and punch. This process is
illustrated in Figure 1.2. An alternative approach, termed reverse redrawing, also uses
a smaller diameter die and punch in the second draw. However, in this case, the draw
occurs in the opposite direction to the initial one. This is illustrated in Figure 1.3.

Hold Down

| [ - |

Figure 1.1. Tool and Blank Set-up for Deep Drawing Operation

Punch

Figure 1.2. Tool and Blank Set-up for Direct Redrawing Operation
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Figure 1.3. Tool and Blank Set-up for Reverse Redrawing Operation

Generally, as a result of unequal plastic flow during drawing, these procedures result in
products with non-uniform wall thickness. This problem may be minimised by forcing
the drawn article through a ring which is dimensioned to compress and thin the cup
wall between it and the punch. In addition to a more uniform wall thickness, this
ironing process results in increased cup height and improved surface finish. Figure 1.4
is an illustration of tooling for making deep cups using a continuous stroke with
concentric punches, direct redrawing and ironing.

As with all metal forming operations the success of a particular drawing operation

depends on material properties, process parameters, tooling and lubrication. These
will now be discussed in more detail.

1.2 Deep Drawing: Material Considerations

There are two main regions of interest in a workpiece during the drawing process; the
flange where most of the plastic deformation occurs and the wall which must be able to
transmit sufficient force from the punch to cause deformation in the flange.

As a material point in the flange moves along the die upper surface it is subject to a
tensile stress in the radial direction, a compressive stress in the hoop direction and a
compressive stress in the axial direction. For normal deep drawing operating
parameters the compressive stress has the net affect of thickening the wall and the
tensile stress of thinning the wall. Typically the sum of these effects results in only
small wall thickness strains in the flange.
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A material point in the cup wall which is moving in an axial direction is in a state of
plane stress with tensile stresses in both the axial and hoop directions. These stresses
result in thinning of the cup wall as the draw proceeds.

If the blank is too large, in relation to the desired cup diameter, the forces the cup wall
must transmit from the punch to the flange may result in a wall stress greater than the
material yield stress. This may lead to a common form of failure: tensile failure due to
large plastic strains. Thus the Limiting Draw Ratio, defined as the maximum
permissible ratio of the blank to cup diameters, will be reached when localised necking
occurs at the wall. For relatively isotropic metals this ratio is typically 2.1 to 2.2.

Hold-down

s

Concentric
Punches

Ironing
Ring

Figure 1.4. Single Stroke Drawing, Redrawing and Ironing of Cup
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Hosford and Caddell (11 report that the Limiting Draw Ratio (LDR) may be
determined from:- “

In(LDR) = nf ‘ | (1D

with n - the deformation deficiency factor which accounts

- for frictional and bending work.
Typically 0.74<n <0.79

and B= (Rﬂ:l) (2)

where R is the average plastic strain ratio defined as:-

R, +2R, +R,,
4

R=

..(1.3).
R,, R, and R,, are the R-values measured at 0, 45 and 90 degrees to the sheet

rolling direction. These are defined as the ratio of the transverse plastic strain €f, to

normal plastic strain €f for material strip samples strained in the above directions i.e.:-
Rg=—" (1

This is illustrated in Figure 1.5. Isotropic sheet metals have unity R-values for all |
directions. :

Figure 1.5. R-value Test for Strip Tensile Specimen {1]

Since localised necking followed by tearing is the most common mode of failure for
deep drawn articles it would seem that the LDR should be affected by the material
strain hardening properties. However, Hosford and Caddell [1] show that this effect is
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minor for the normal range of material hardening encountered in most drawable sheet
metals.

Some materials exhibit strain rate and hence draw speed dependence. For example,
certain metastable austenitic stainless steels such as type 304, exhibit a change in phase
from austenite to martensite during plastic straining. Ward [2] shows that greater draw

speeds result in greater localisation of the martensite in the final product. The extent of

this phase transformation is influenced by the level of plastic strain and the material
temperature.

The effect of varying the deep drawing process parameters, such as draw speed and
blank temperature, is therefore strongly dependent on the material type.

1.3 Deep Drawing: Tooling and Friction Effects

Tooling and lubrication also play an important role in the drawability of a particular
product. Varying the die lip radius, the punch nose radius or the friction between the
tooling and the workpiece, while keeping all other parameters constant, directly effects
the magnitude of the cup wall stresses and thus the LDR.

The work expended in bending and unbending the sheet as it flows over the die lip
increases as the ratio of the sheet thickness to die lip radius increases. This means that
for a given job decreasing the die radius will require a greater punch force which
results in greater wall stresses and therefore a lower LDR.

The failure site of an unsuccessful draw is usually at the point where the radiused
portion at the bottom of the cup meets the wall as this is where the least amount of
work hardening has occurred and is therefore the weakest point on the wall. Increasing
the punch nose radius has the effect of moving this necking point upward into the
work hardened region of the wall. Failure will therefore occur at a greater wall stress
and consequently an increased punch nose radius results in an increased LDR. For the
case where the friction between the punch and blank is very low the failure point tends
to move onto the punch radius as shown on the right of Figure 1.6. This figure also
illustrates failure at the point where the cup wall and radiused portion meet.

As noted earlier, most of the plastic work in a drawing operation takes place in the
flange region. The force to do this work must be transmitted from the punch to the
flange via the cup wall. The chances of localised failure at the interface between the
radiused portion at the bottom of the cup and the cup wall may be decreased by
increasing the frictional forces between the punch side and the wall, thereby

~ transferring some of the required drawing force to the sides of the punch. This has the

effect of transmitting the punch force to the cup wall over a larger area, thus
decreasing localised stresses in the wall and increasing the LDR. In practice, this may
be achieved by using roughened punches, a suitable lubricant or no lubricant at all, or
by pressurising the die cavity in order to force the cup wall onto the punch side.
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1.5 Earing

Plastic anisotropy in metal sheeting is primarily the result of crystallographic textures,
or preferred grain orientations that develop during the sheet rolling process. Planar
anisotropy is generally quantified either by X-ray defraction methods [3], resulting in
pole diagrams, or by measuring the uniaxial yield strengths at various angles to the
rolling direction together with the plastic strain ratios (R-values) in the same angles
[1]. These R-values display a greater variation than the yield strengths for a given
anisotropic state. .

It is well established in metal forming literature [1], [3] that ear height and position

correlate with the parameter AR defined by:-

2

AR

.(1.5)

Figure 1.10 illustrates this correlation, where it may be noted that a negative AR results
_in ears at 45° and a positive one at 90°.

Rolling " Roiling

Figure 1.10. Correlation Between AR and Earing Profile [1]

The degree of earing is commonly expressed as a percentage of the mean ear height
relative to the mean cup height [3] i.e.

Percentage earing = %h x 100 ..{(1.6)

with  Ah=(h, +h,)/2-h,

h=(h,+2h, +hy)/4
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where h,h, and hy, are the cup heights at the indicated directions.

Qualitative prediction of earing from pole figures may be accomplished by determining
the type of texture represented by the pole figure and thereby the earing profile.

Naoyuki et al [3] report that four-fold earing symmetry may be expected at 0—90° for

cube texture and at 45° for rolling texture. Malin and Chen [4] confirm this for the
aluminium alloy A3004. They report further that two small but significant components
of earing in this material exhibit two-fold and six-fold symmetries. The former is widely
believed to be caused by crystallographic Goss texture and the latter by asymmetry of
the R-values relative to the sheet rolling direction.

In A3004 alloys mechanical anisotropy is controlled in principle by balancing the cube
texture formed during annealing (recrystallisation) with the rolling texture produced
during subsequent cold rolling [4]. Thus, under optimum conditions, the earing profile
exhibits eight small ears.

It is clear from this introduction that earing can only be successfully simulated in a
finite element code if the material constitutive model accurately describes the material
anisotropy. The following chapter will select, from various anisotropic constitutive
models presented, one which is suited to modelling the earing phenomena.

10




CHAPTER TWO

ANISOTROPIC CONSTITUTIVE MODELS

A constitutive model describes a material’s response to a prescribed deformation or
loading. Within the context of this thesis this means that for a given strain at a material
point the constitutive model must determine the resultant stress, plastic strain and
material tangent modulus. The tangent modulus may be loosely understood as the
“slope” of the material’s stress-strain curve at the strain point in question.

The modelling of anisotropic polycrystalline materials such as aluminium may be
accomplished via either crystallographic texture models or phenomenological yield
surface models. In this chapter both types of models will be introduced and discussed
and the most suitable constitutive model selected for modelling earing in A3004-H19
can body stock.

2.1 Crystallographic Constitutive Models

Crystallographic texture models describe anisotropic elastic and plastic deformation by
monitoring crystal lattice rotation and deformation which occurs during loading. These
models are able to model both initial and evolving anisotropy. Becker ef a/ [S5] maintain
that evolving anisotropy is important during the drawing process.

An example of a crystallographic constitutive model for a face centered cubic (fcc)
material such as aluminium is presented by Becker et al [5]. Here the parameters of
concern are the velocity and velocity gradient for any material point in a single crystal.
For a body defined in a Cartesian coordinate system the velocity gradient is
decomposed additively into elastic and plastic parts:-

ox

—==L°+LF .20
a& == =

where x denotes the current position of the material point (x, x, x3)T
x denotes the velocity (%, X, )’<3)T
L’ denotes the elastic velocity gradient

and __I:p denotes the plastic velocity gradient

11
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The elastic part of the velocity gradient, L° , is related to stress via elastic moduli in the

standard way. For a fcc crystal plastic deformation occurs by slip on 12 slip systems.
The plastic deformation kinematics of a crystal are therefore related to the slip rates on
the individual slip systems. The plastic part of the velocity gradient can therefore be
expressed as:-

LP = g?“%ma (22)
a=1
where ¥y is the slip rate in a slip system
a indicates one of the slip systems
S, denotes the current slip direction
m,_  denotes the slip plane normal

Whether slip will occur in a particular system or not depends on the resolved shear
stresses in the plane and the strength of the crystal in that plane. The resolved shear
stress on the slip system is given in terms of the principal Cauchy stress,

o’ =(c, o, 03)T , and the slip system geometry by:-
* =ma(c_f")T§a . .(23)

Thus the slip rate on a slip system is given by:-

7* =F(z%, q(v)) (24
where q(y) is the slip system strength or hardness
and y is the accumulated slip for all slip systems given by:-
£z '
y={>par (25)
0 a=1 .

As noted the above equations model the anisotropic deformation of a single crystal and
are therefore not directly applicable to polycrystalline materials. Becker et al extend
their model to the macroscopic level by firstly determining the volume fractions of the
textured components of a material from pole diagrams and then apportioning these
volume fractions to each material integration point in the finite element model. Clearly
not all the material at a given point may be textured in a polycrystalline material.
Becker et al therefore use a von Mises model to characterise the background isotropic
material. In their study they posit an 80% background material volume fraction for the
aluminium alloy they were modelling.

12
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Derivation of the incremental formulations for the tangent modulus and final stress for
this constitutive model are detailed by Smelser and Becker [6] and are not presented
here.

2.2 Phenomenological Yield Surface Models

The notion of the phenomenological yield surface is well documented in constitutive
modelling literature. Essentially these are hypothetical surfaces in stress space which
bound all allowable stress states that a material may assume. The mathematical
functions which describe these surfaces may be functions of stress, in which case they
are termed yield functions, or of plastic strain rates, in which case they are called
strain-rate potentials.

In this section it will be shown how a general yield function may be used in the basic
rate equations of plasticity to describe the elasto-plastic behavior of a material. It will
then be demonstrated how these equations may be used in the incremental formulation
of the stress and tangent modulus algorithms using an Euler Backward (fully implicit)
integration scheme. Two of the more commonly used isotropic yield functions will then
be presented followed by a section discussing yield functions which may be used to
model the planar anisotropic behavior of aluminium sheeting.

2.2.1 Basic Rate Equations of Classical Plasticity

The total strain increment at a material point is assumed to be divisible into elastic and
plastic components [7], i.e.

E=£°+¢° ...(2.6)
where & is the total strain rate vector (&), £y, &35 28, 265 2Ey)
E° is the elastic strain rate component vector

and £° is the plastic strain rate component vector

The material stress is a result of the elastic strain alone and may simply be calculated
from:-

6=D¢g° .27
where ¢ is the stress rate vector due to the elastic strain rate
and D is the standard elastic constitutive matrix

13
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In order to quantify the plastic strain rate a relationship between it and the stress vector
must be determined. This is achieved by assuming that the plastic strain rate is
proportional to the stress gradient of a function termed the plastic potential [7], i.e.

. . 0g
P=pA= (2.8
€ o (2.3

where £°  isthe plastic strain rate

A is a proportionality constant termed the plastic multiplier
g is the plastic potential, which is a function of stress
and o is the stress vector

A vyield surface f that bounds all elastic stress states must also be given. This yield
surface is defined as the surface in stress space for which the yield function,
f =f(c,x), has a value of zero. As a special case this yield function may be used for

the plastic potential in Equation (2.8) giving:-

o . Of :
P — (29
€ ™ (2.9)

This is termed the normality condition as the vector 0f /0o (labelled the flow vector

by Owen and Hinton [7] ) has a direction normal to the yield surface at the stress point
under consideration. Equation (2.8) is called the flow rule as it governs the plastic flow
after yielding. Equation (2.9) is a special case of this rule termed associated flow.

The conditions for plastic loading or unloading of a material point, in terms of the yield
function and plastic multiplier, can be given by [8] :-

f<o0

and fA=0 ...(2.10a)

Most yield functions are functions of both stress o and a hardening parameter k. This

hardening parameter, which may be a function of plastic strain or plastic work, has the
effect of shifting the yield surface in stress space to make allowance for material strain
or work hardening. To ensure that the stresses during plastic loading remain on the
yield surface the plastic consistency condition therefore requires:-

. of . of.
f=—"6+—x=0 ..(2.10
agg P (2.10b)

14
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A yield function is required to be convex in stress space as it is essential that the
function’s normals do not intersect. Lubliner [8] also shows that this convexity
requirement is a consequence of the principle of maximum plastic dissipation.

2.2.2 Stress Retﬁm and Consistent Tangent Modulus

Equations (2.6), (2.7), (2.9) and (2.10) are the rate equations of classical plasticity for
an associated flow rule. The incremental formulation of these equations are
summarised below, noting that integration of the plastic strains for an increment
[n-1,n] is carried out using an Euler Backward scheme, Mitchell [9]:-

Ag, = Ag; + Ae? L(2.11)

Ag, =D Ae! .(2.12)

AP =1 a, with a_ = ot .(2.13)
oo

—in

The stress and strain quantities at the end of increment » are given by:-

€r T &y + A§n (214)
ey =& +Ag, +(2.15)
and G, =0, +2(A§,, < Agﬁ) . -(2.16)

These formulae will now be used to obtain expressions for the stress update and
tangent modulus derived in a manner consistent with a Newton-Raphson solution
procedure.

2.2.2.1 Stress Calculation

The elastic predictor-plastic corrector method may be used to solve Equations (2.15)
and (2.16). This is a two step procedure which assumes that the total strain increment
Ag  is initially elastic. If the stress state calculated from this strain falls inside the yield

surface then this assumption is correct and the final stress has been determined.
However, if this stress state, or elastic predictor as it is called, falls outside the yield
surface then it is not a permissible stress state and a plastic corrector step must follow.
This involves returning the elastic predictor to the correct stress point on the yield
surface. Figure 2.1 illustrates this for an arbitrary yield surface in stress space.

15
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Elastic
Predicto
'Plastic
Corrector
Final Stress
& State
Yield Surface

f =1(c)

<

Figure 2.1. Elastic Predictor-Plastic Return

The elastic predictor at the beginning of an increment # is given by:-
or =D(e, ~&5-,) (2.17)
and the stress return by:-
Ac, =-ADa, (2.18)

In general an iterative stress return is necessary. In order to achieve this Mitchell [9]
shows that the yield function f (gn,Kn) can be linearised around the current values of

o’ and k' at each iteration i, giving;:-
i+l 4 . T s e
7 =f) +a, Ac,-AH, | ..(2.19)

where H! is the slope of the equivalent plastic strain-stress curve. Now set £*' =0,
substitute Equation (2.18) into (2.19) and solve for A

I ..(2.20)

2, Da, +H,
The stress is therefore updated according to:-
i Ay ai
o, =0, —ADa, ..(2.21)

The above scheme is formally discussed by Simo and Ortiz [19].
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2.2.2.2 Consistent Tangent Modulus

Using an Euler backward scheme [9] the stress at any increment # during the SOlthlOl’l

procedure may be written as:-

o, =D(e, - €2 ~Aa,)

Differentiating (2.22) gives:-

do, = Dde, ~ dADa, ~AD 22|, 3o
= = =0o

Which can be written as:-

dg, =D’ (de, - dia,)

with D’ =(I+XQI_) )_IQ and b =—a-gln

=n = —=n = 4 =n ag
Now the yield function may be written as :-

f=0(c)-k(x)=0
so differentiating at step » gives:-

of | of
df, =—| do, +—|, dx, =0
n ag In gn aK ln n
Le. ado, - Hnd)'»'n -0 with H, = —L.£|n dk,
dA ok

Now substitute (2.22) into (2.24) and rearrange:-

T *
a,D dg,
T =

a,D a, +H,

and substitute (2.25) into (2.23) and rearrange:-

do, =D de,

17
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, D%aalD’
D — =n—""Y"Y==n

where D =D -2
a,D a, +H,

is the consistent tangent modulus ...(2.28)

2.2.3 Isotropic Yield Surfaces

Two of the simplest and most widely used yield functions are the von Mises criterion
(1913) and the Tresca criterion (1864) [7]. The von Mises criterion defines yielding to
occur when J,, the second deviatoric stress invariant, reaches a critical value. i.e.

f(o,x)=+3], —k(x)=0 ..(2.29)
. 2 2 2
(0'11 _O'v\
Gy — Oy
G —C P
s=| 2® ...deviatoric stress vector
T2
Ti3
\ Ty J
1 .
o, = 5(0“ +6,, +63;)  ...volumetric stress

Typically for linear strain hardening k(x)=Y+HeP

where €° is the equivalent plastic strain calculated from the principal plastic strain
vector:- :

&= J%('efz +eb 4 egz) dt

Y is the initial uniaxial yield strength
H is the slope of the yield strength/equivalent plastic strain curve

The von Mises yield function depends only on J, as-a criterion for yielding and is
therefore a member of a class of yield functions termed J, - Plasticity. An alternative

interpretation of the von Mises criterion is that yielding will occur when the octahedral
shear stress T.4reaches a critical value. This is the shear stress on the plane of a

regular octahedron which has its apices on the principal axes of stress. The value of
T, is related to J, by [7]:-
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Toct :‘V%JZ

The Tresca yield criterion assumes that plastic deformation occurs when the maximum
shear stress over all planes attains a critical value, namely, the value of the current yield
stress in shear, denoted by k(x). This yield function may therefore be represented by

[8]:-

> 0-2_03)

o5 —0,))— k(x) ..(2.31)

f(o,x)= %max(lcsl -0,

1

where ©,, 6, and G, are the principal Cauchy stresses.
Equation (2.31) may be expressed in the following analytical form:-
f(o,k) =43 2712 —=36k2(x)I2 +96k*(k)T, -64kS(x) = ..(2.32)

where it is clear that the Tresca criterion is not part of J, - Plasticity theory as it is also
a function of J,, the third deviatoric stress invariant defined by:-

_ 2 2 2
J3 = 811822833 + 2817813853 — 811523 ~ 522513 ~ 833512 ..(2.33)
r 3
o,
n—Plane
Tresca
von
Mises
g,
G,

Figure 2.2. Depiction of von Mises and Tresca Yield
Surfaces in 1—-Plane.

Figure 2.2 depicts the von Mises and Tresca yield surfaces in the n—plane. This is a

plane in stress space perpendicular to the line defined by o, =0, =0;. Strictly
speaking these are a family of parallel planes. However the yield surfaces under
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consideration are pressure independent and are therefore independent of their position
on this line. Their geometries, which are therefore identical on all planes, can be
captured by sampling a single plane. In Figure 2.2 the values for ﬂ(x) and ﬁ(x) have
been chosen such that both surfaces exhibit the same uniaxial yield strength.

2.2.4 Anisotropic Yield Surfaces

The most widely used anisotropic yield criterion is the one proposed by Hill in 1948
[10]. This criterion, like all existing anisotropic yields surfaces, cannot model evolving
anisotropy. The Hill criterion is a quadratic function of the form:-

%

F(Gzz _033)2 +G(°33 _0'11)2 +H(°'11 '022)2 '

..(2.34)
421, + 2M12, + 2Nt

f(g){

where F, G, H, L, M and N are material constants. The x, y, and z axes are called the
principal axis of anisotropy which for rolled sheets and plates are conventionally taken
as the rolling, transverse and thickness directions, respectively. The material constants
are defined as :- '

1] 1 1 1
1==5[_2 += -_2] .(235)
G222 G033 On

olf1 .1 1)
Tal =2 to T4
\G33 On 0C2/
ol 1,1 1)
Tolz2 T2 =2
\C11 ©22 O33/
3 3 3
L:——T I\II—_—_—2 N= -
273 2113 2112

where the stresses ¢ and © represent the yield strengths on the indicated planes and
directions.

If F=G=H and L=M=N=3F there is complete isotropy and Equation (2.34)
reduces to the von Mises criterion. Hosford [11] has shown that for this criterion the

permissible variation of the R-value (plastic strain ratio) over the range0° to 90° for a
given variation of yield strength follows the relation:-
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R - H+(2N-F-G-4H) sin20 cos’ 0
o Fsin?0+Gcos?0

..(2.36)

This means that if there is a minimum in R between 0 and 90° then there must be a
maximum in the yield strength in this range and vice versa. A consequence of this is
that the Hill criterion is not able to model the so called “anomalous” behaviour of
materials which display a biaxial-uniaxial yield stress ratio greater than one and an

average plastic strain ratio R (Equation (1.3)) less than one.

In order to accommodate this material behaviour Hill [11] proposed his 1979 general
non-quadratic criterion of the form:-

flo, ~03]" +glos —0)[" +hloy —0,[" +a20, ~5, 3" (237
+b|2c2 — 0, —01|m +C|203 —G ‘°2|m =1

Here subscripts 1, 2 and 3 represent both the axes of symmetry and the principal
stresses. The Hill 1948 criterion is a special case of Equation (2.19) with m =2 and
a=b=c=0. Hosford [11] however, reports that this function is concave for many
combinations of m and the plastic strain ratios. Only one case exists where this is not a
problemie. a=b =f =g=0, but here planar anisotropy is no longer described.

In 1977 Gotoh [l 1] proposed the plane stress criterion:-

B 2 4 3 2 2 3

f= Ao(cu +°22) +A,0;; +A,07,0,, +A301,02, +A40,,0, 238)
4 2 2\ 2 4 e\
+AsGy +(A6°11 +A;0,05 + ASGZZ)TIZ + Ayt

This criterion can accommodate a wider range of planar anisotropy than the Hill 1948
model and may therefore be more suitable for modelling earing in deep drawing.
However, it cannot accommodate the anomalous material behaviour mentioned above.

Hosford [11] states that polycrystalline material yield loci calculated from
crystallographic analyses tend not to be elliptical and therefore disagrees with the

surface proposed by Hill in 1948. He consequently proposed a yield surface in 1979
which is a special case of Hill’s 1979 criterion, namely:-

a ] a a
FIGZZ _033| +G1033 _Gll| +H|011 "022' :1 (239)
where a is a constant larger than two.

From crystallographic considerations he further reports that values of a=8 and a=6
fit experimental data for fcc and bcc metals respectively. This yield criteria is only valid
for normal loading, i.e. loading restricted t0 G,;,Gy,, 033 With T, =T, =15 =0, in
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other words the principal stress axes must coincide with the material symmetry axes.
Furthermore it cannot accommodate the material biaxial anomaly.

In order to address the requirement that the material symmetry axes and principal
stress axes coincide Hosford proposed a modification to Equation (2.39) in 1985. Here
he suggested that the yield criterion be expressed in terms of the principal stress axes
rather than the stress components along the material symmetry axes [11].i.e.:-

RG890 + Ros0008 + RoRoyo0 (00 — Gose0) = Rg.o0(Re +1)X5  ...(2.40)

where o, and o, are the principal stresses
R, and Rg g, are the plastic strain ratios measured in these directions
and X, is the measured yield strength in the  direction

This modification to Equation (2.39), while removing a limitation to the model, does
not resolve its’ inability to deal with the biaxial anomaly.

In an attempt to account for shear loading in Equation (2.39) Barlat and Lian [11]
proposed a generalisation to Hosford’s 1979 criterion. Their criterion has the form:-

26" =alK, +K,|" +alK, - K,|" +(2-a)2K, " (241)
witn  , =t on)
2 2.2 yZ
K,= {[(cs11 —hczz)/Z] +p tn}
and o the effective stress

This criterion reduces to the isotropic case when h=p=0. This yield function also
cannot model the biaxial anomaly. ‘

Zhou [11] posed a non-quadratic anisotropic yield function which reduces to the Hill
1948 criterion for m = 2 and to Hosford’s 1979 criterion for t;, =0:-

.(2.42)

" = [(ij /(F+G+H)J Hoh +31122)% +G(°121m+ 3132)% ]
2 +H[(011—022)2+41122]A +2N(1122)A

Zhou found that this function, with a value of m = 8, can fit the experimental variation
of the R-values and the yield strength in seéveral titanium and aluminium alloys.
However, once again this criterion cannot model the biaxial anomaly.

Montheillet ef al [12] have recommended an anisotropic yield function wh1ch can be
written as:-
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lac, +bo,|" +hlo; —0,|" =of ..(2.43)

where m>1, h>0 and a+b=1
and o, isthe yield stress under in-plane equibiaxial tension

This function can model the biaxial anomaly. However, in 1993 Hill [12] pointed out
that it, like all yield criterion existent at the time, fails one important test; it is not

capable of representing any response where the yield stresses at 0 and 90° are of
similar magnitude, while the R-values are significantly different.

In 1993 Karafillis and Boyce [13] proposed a general three dimensional anisotropic
yield criterion which has a significantly different form to those discussed so far. Their
proposed yield criterion, which is pressure independent, can describe both isotropic
and anisotropic polycrystalline materials. The isotropic surface can be reduced to either
a von Mises surface or an approximation to the Tresca surface. If appropriate, it can
also capture the yield behavior of materials, such as aluminium, which do not fall into
either category. The Bauschinger effect can be approximated via the introduction of a
“backstress” state variable which results in different yield stresses in tension and
compression. Anisotropy is described by a set of irreducible tensorial state variables
that map between anisotropic and isotropic stress and plastic strain spaces.

The isotropic yield criterion has the form:-

k |
f(§)=(1—c)d)l(§)+c—2—23—_21:—1—(1)2(§)-—2Y2k (.44)

with  ®@,(s)=(S, -S5)™ +(S; - S;)™ +(S; -8,)™
®,(s) = S* + 82 +S%

S,» S,, and S, the principal deviatoric stresses

Y - uniaxial yield strength
k - integer with 1 < k <o ‘
and ¢ - real with 00 < ¢ < 10

The parameters k and ¢ are chosen such that the yield function accurately models the
isotropic behavior of the material under consideration.

Mapping between isotropic and anisotropic spaces is accomplished via the tensor Ly, .

This fourth order tensor may be contracted to matrix form, thereby enabling the
following mapping between vector spaces:-
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with. © - full anisotropic stress vector

gr - anisotropic plastic strain vector
s - deviatoric isotropic stress vector

- isotropic plastic strain vector

[q]

In this constitutive model all the anisotropic information is contained in the mapping
matrix L and all stress calculations are carried out in isotropic space. Therefore unlike

previous models described in this work the anisotropic and stress information are
uncoupled. This means that this constitutive model can, in theory, deal with any
combination of yield strengths and R-values measured at 0°,45° and 90° to the
rolling direction. Thus, this model is not subject to the criticism Hill raised in 1993.

However, a requirement of this model is that the material yield strength in biaxial
tension must be the same as that in uniaxial tension. The ratio of these two yield
strengths is therefore always equal to one, thus this model is unable to model the
biaxial anomaly.

2.3 Constitutive Model Selection

As stated before crystallographic texture models have the advantage over
phenomenological yield surface models in that they are able to describe both initial and
evolving anisotropy. These models are, however, very demanding in terms of
computational power [5], [13]. Furthermore Karafillis and Boyce assert that the well
known Taylor polycrystalline model (1938) has been found to over predict the R-
values for some directions in anisotropic materials. It is thus considered expeditious to
select a yield surface model for this study as the finite element deep drawing problem is
computationally demanding, even for simple material models.

From the above discussion of phenomenological material models and from further
considerations the following criteria may be set for selecting the most suitable model:-

1)  The model must be able to deal with the biaxial anomaly i.e. it must be
able to describe materials which display a biaxial-uniaxial yield stress

ratio greater than one and an average plastic strain ratio R less than
one.
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2) In order to describe the most general case of anisotropy the model
must be reducible to the isotropic case.

3) The model must be capable of modeling a material where the yield

stresses at 0 and 90° are of similar magnitude, while the R-values are
significantly different (i.e. Hill’s 1993 requirement).

4) The model must be able to describe fcc polycrystalline materials.
Experimental evidence [13] suggests that polycrystalline materials with
Jec or bee microstructures cannot be successfully described by
quadratic yield surfaces. '

Clearly no single model is able to satisfy all of these requirements. Hill’s 1948 model,
which is probably the most widely used anisotropic constitutive model for this type of
problem, is the least suitable candidate as it only satisfies criterion' (2). His 1979
criteria is also unsuitable as it is concave in stress space for many combinations of its
-exponent and R-values.

The yield criteria described by Equations (2.38) to (2.42) are all unable to satisfy
criteria (1) and (3) and are therefore considered unsuitable for this study. The yield

criterion proposed by Montheillet ez al does not satisfy criterion (3) and the model

proposed by Karafillis and Boyce fails to satisfy criterion (1). Of these two criteria it is
felt that the flexibility offered by the Karafillis and Boyce model, in that it can describe
the most general anisotropy (triclinic) and that the R-values and yield stresses need not
be coupled, make it the more attractive one for implementation in a general finite
element code for describing the anisotropic behavior of A3004-H19 can body stock.

The Karafillis-Boyce constitutive model will be discussed in detail in the following
chapter.

25



CHAPTER THREE

THE KARAFILLIS-BOYCE ANISOTROPIC
CONSTITUTIVE MODEL

The Karafillis-Boyce anisotropic constitutive model can describe the elasto-plastic
behaviour of both isotropic and anisotropic three dimensional polycrystalline materials.
It is a pressure independent, phenomenological yield surface which is convex in stress
space and assumes an associated flow rule. The model consists of two parts: a generic
isotropic yield surface and a transformation weighting tensor which describes material
anisotropy. : .

All stress and plastic strain calculations are performed on a virtual Isotropic Plasticity
Equivalent (IPE) material, the elasto-plastic behaviour of which is described by a
generic isotropic yield surface. As depicted in Figure 3.1 the anisotropic material state
is determined by mapping the stress and plastic strain tensors between it and the IPE
material via a mapping tensor Ly .

. . Isotropic Plasticity
;‘:‘f‘ﬁ;’p‘c Equivalent (IPE)
ate Material
§j = Liju Ou
P P
) eij = Lijklekl
Oy - General Anisotropic §; -IPE Stress Tensor
Stress Tensor
e}? - General Anisotropic egl -IPE Plastic Strain
Plastic Strain Tensor Tensor

Figure 3.1. Mapping Between IPE and Anisotropic Materials
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3.1 Generic Isotropic Yield Surface

Karafillis and Boyce [13] report that Mendelson [14] established the existence of
bounds in the isotropic yield surfaces of materials with fixed yield stresses in uniaxial
tension. These bounds were derived from symmetry and convexity considerations. The
lower bound is described by Tresca’s yield criterion and the upper bound by a similarly
shaped hexagon surface in stress space. These bounds, together with the von Mises
yield surface, are depicted in Figure 3.2.

The isotropic yield surfaces lying between the lower bound and the von Mises surface

may be described by a yield function proposed by Hosford in 1972 [13] which is a
modification of the von Mises case where an exponent other than two is used:-

®,(s) = (S, - 85)™ +(S; - 83)™ +(S; -;)* =2v* (1)

where S,, S,, and S, are the principal deviatoric stresses

Y - the uniaxial yield strength

and k - an integer with 1 < k <o
'
n—-Plane

% Lower Bound |
e T _ \(Tresca) |
|

von : Upper Bound

Mises \i 2

g
g,

Figure 3.2. Upper Bound, Lower Bound and von Mises Yield Surfaces

This yield surface predicts equal yield strengths in tension and compression as the
exponent is even for all allowable values of k. When k =1 Equation (3.1) reduces to
the von Mises case and when k — oo it corresponds to the Tresca yield criterion.
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Similarly the yield surfaces between the von Mises surface and the upper bound may be
described by the function:-

2%k 42
32k

@,(s)=Si* +S3< +83* = y* ..(3.2)

In this case when k =1 the von Mises criterion is recovered and when k — o the
upper bound is recovered.

A generic isotropic yield surface must be able to describe all surfaces between the
lower and upper bound. Karafillis and Boyce achieve this by mathematically mixing
Equations (3.1) and (3.2) to establish the following convex yield function:-

f(s) = <I>(§)— 2Y* ..(3.3)
. 3% 4
with (D(§) = (1 - C)@l (_S_) + CW®2 (§)
and ¢ - real with 00 < ¢ <10

Figure 3.3 is a contour plot of this yield function, in 6, — G, space, withY =100, for
the von Mises case (k = 1). Similarly Figure 3.4 is a plot of the generic yield function’s
approximation to the Tresca criterion (k =15 and ¢ = 0) and Figure 3.5 to the upper
bound criterion (k =15 and ¢ =1). The yield surfaces in these figures are depicted by
those loci in 6, — o, space for which the yield function assumes a zero value.

-100 ) 0 100

Figure 3.3. Generic Yield Function: von Mises Case
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G2
100 6
)
|
U
~106 (Y]
=100 0 100
M
1531

Figure 3.4. Generic Yield Function: Tresca Approximation

V

N i

106

-106

-100 0 100

G,
Figure 3.5. Generic Yield Function: Upper Bound Approximation
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3.2 Transformation Weighting Tensor

Simulation of anisotropy in this material model is effected by a linear transformation tensor
L, which maps the actual stress tensor acting on the anisotropic material to deviatoric

isotropic stress space. This stress tensor, which Karafillis and Boyce label the “isotropy
plasticity equivalent (IPE) deviatoric stress tensor”, is then used as the argument in
Equation (3.3) to determine the stress and plastic strain on the IPE material. Here, the
same equivalent yield stresses are assigned to both the isotropic and anisotropic materials.
The “IPE stress transformation” thus operates as :-

where 5; is the IPE stress tensor
and oy is the actual stress tensor acting on the anisotropic material

Equation (3.4a) may be written in vector and matrix form as:-

c ...(3.4b)

5=

e

Karafillis and Boyce report that the tensor L,;,,, which represents an affine transformation

and therefore preserves yield surface convexity, must exhibit some internal symmetries and
must be traceless. Furthermore, they state that it can be shown, using group theory, that
the components of L, can be associated with material symmetries which range from

isotropic to triclinic.

The symmetries required of L, are:-

Lija =Ly =L from the symmetry of §; and o
and Lijkl = Lklij

Furthermore, the following restraint is required to ensure mapping from full to
deviatoric space:-

Lijkk =0
These requirements render L, a traceless, partially symmetric fourth order tensor.

Table 3.1 lists the rotations which leave L, invariant against different material

symmetries together with the corresponding number of independent tensor
components. Here R? denotes rotation about the i-axis by the angle ¢ .
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Table 3.1. Material Symmetries[13]

Material symmetry Rotations which Number of independent
leave L, invariant elements of L,

Triclinic No rotation 15
Monoclinic R? 8
Orthotropic R/ ,R] 6

Trigonal R;’Vs ,R” 4
Tetragonal R% RF 4

Transversely isotropic all Rf,R;’ 3
Cubic R;%, R;A, R’;A 2
Isotropic All rotations 1

A similar mapping to that defined by Equation (3.4) may be derived for mapping the
plastic strain of the IPE material to anisotropic strain space [13]. This mapping is a
consequence of the normality rule, the symmetry and constraint requirements stated
above, and the requirement that the plastic dissipation rate for the IPE material and the
anisotropic material must be equal. It is given by:-

£; =Lyqeq ...(3.5a)

where e} is the isotropic “IPE material” plastic strain
and  &f is the anisotropic material plastic strain

Equation (3.5a) may be written in vector and matrix form:-

g’ =

e

ef ...(3.5b)

Equations (3.3), (3.4) and (3.5) thus form the basis of the Karafillis-Boyce constitutive
model. '

3.3 Parameter Evaluation: Orthotropic Symmetry

This section will demonstrate a method to evaluate the generic yield function and
mapping tensor parameters for a material displaying orthotropic symmetry such as
rolled aluminium sheeting
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It is computationally more effective to write Equations (3.4) and (3.5) in matrix form.
To this end Karafillis and Boyce report:-

1 B B,
B a, B,
a
L=C b By @ ...(3.6)
- Vi
Y2
i V3]
. a,-a,—1
with p =227
2
a, —-a,—1
B, =— 22
1-q. -
and By =t %2

As per Table 3.1 it is clear that six independent parameters must be evaluated to define
this mapping matrix L . '

For an isotropic material, we have:-

3
and 71:72:7325

Evaluation of L and the yield function parameters k and ¢ may be accomplished from
experimentally determined values for the material uniaxial yield strengths, shear yield
strengths and R-values measured at 0° , 45° and 90° to the sheet rolling direction.

To this end Equation (3.5b) may be used to obtain expressions for the R-values in
terms of the matrix components. For example, for R, this equation may be written in

the form:-

e’ =Le’=ALa
with g=(2 -1 -1 0 0 0)T the deviatoric flow vector for (3.7

a strip strained in the 0° direction
and A an arbitrary magnitude.
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p
The R-value is then obtained by determining the ratio ~22 from g” giving:-

eds
R, =_gi_6_1___al:__'_6i ..(3.8)
28,-B,-a,
Similarly for Ry, :-
el (3.9

o _ﬂz +2ﬂ3 ~a,

To obtain an expression for R it is necessary to define a mapping matrix M which
maps the plastic strain vector from the global set of axes defined by the sheet rolling
direction, to a local set of axes set at 45° to these axes. Here the sheet rolling

direction is taken as the x direction for the global axes and the direction 45° to these
axes, the x’ direction for the local axes. Thus:-

~-

g’ =MegP ...(3.10a)

and g’ =M"'gP ...(3.10b)
7 70 3 0 0
7 30-3 0 0
oy 001 0 0 0
with - M=1110 0 0 o
1 1
000 0 4 &
1 _L
000 0 -7

Now, when strained in the x’ direction, the IPE material produces an isotropic,
dewviatoric plastic strain of the form:-

’

€ =12 -1 -1 0 0 0)
Mapping this strain to the global axis using Equation (3.10b) gives:-

o a1 1 T

As required Equation (3.11) is a deviatoric strain. It is now substituted into Equation
(3.5b) to produce an anisotropic plastic strain, which is a function of the L
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components and A, relative to the global axes. We, however, require this anisotropic
strain relative to the local set of axes as the experimental value for R is determined
relative to these axis. This anisotropic strain is therefore rotated back to the local set of
axes using Equation (3.10a), where it is now possible to produce an expression for
R, interms of a, and y, only.:-

R, =2L_— (3.12)

It is important to note that the above expressions for the R-values are not dependent
on the isotropic yield surface parameters c or £, as is reported by Karafillis and Boyce.
This must be so as any isotropic yield surface can only produce R-values of one,
implying that isotropic yield surface parameters cannot be coupled to the anisotropic
R-values.

Equations (3.8), (3.9) and (3.12) are equations in a,, a, and y, and can be solved
thus:-

_ RyRy +Ry 2R,

= ..(3.13
% 2R, (R, +1) 3.13)
_Ry +1-(Rgg — 1)a, (.14)

2 R90+1 e .
¥1=(Ras +3)ot, ..(3.15)

The values for ¥, and y, are not critical when describing orthotropic symmetry and
are set equal to the corresponding isotropic values. The value of C for the mapping
matrix has not been determined in the above procedure. This can only be achieved
once the generic yield surface parameters k and ¢ have been evaluated.

To this end the following procedure is suggested. If the average uniaxial yield strength
Y is known, then the intercepts of the generic yield surface with the principal stress
axes is also known. This is depicted in Figure 3.6 for the 65 = 0 plane in the first and

fourth quadrants. Furthermore, if the average shear yield strength, S, is known then

the stress vector associated with this yield strength, (Sy -8, O), must lie somewhere

on the pure shear line between the bounds, if this generic yield surface is to model the
material under consideration.

Consequently the generic yield surface is fitted to the material data points by using the
above pure shear stress vector to evaluate the effective stress for each & and ¢, sampled
at small increments throughout their practical ranges. For yielding, the effective stress
is obtained from Equation (3.3) as:-
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.(3.16)

The combination of % and ¢ which produces an equivalent stress closest to the average
uniaxial yield strength then gives the parameters to model the material in question.

>
o,
Upper Bound

Y

Lower

Bound

Y o, g
4 / Pure Shear

-Y

Figure 3.6. Shear and Uniaxial Yield Stresses on Generic Yield Surface

Having quantified the yield surface £ and ¢ values it is now possible to determine the
mapping matrix C parameter. This is accomplished by requiring that the average
experimentally determined uniaxial yield strength must equal the corresponding
average effective stress determined by the generic yield function i.e.:-

Go +G4s +G90 _ Yo + Y45+ Yoo 3.17)
: : ...

where the Y’s are the yield strengths measured at the indicated directions and the o ’s
are the corresponding effective stresses defined by Equation (3.16).

Now let L =C£ where C is the coefficient to be determined. Inspection of Equation
(3.3) shows that, for yielding, Equation (3.16) may be written :-

=Y

5= | 1o g)}%k
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So using Equation (3.17) C can now be written as:-

C= Yo ¥ Yas + Yoq .(3.18)

R 1

where the ¢ ’s are the stress vectors causing yielding in the indicated directions:-

g, =Y,(1 0 0 0 0 0)
ou=Ys(l 1010 0 -
and G =Ys(0 1 0 0 0 0)

|
~The above parameter evaluating procedure was coded as a FORTRAN 77 program : ‘
and is listed in Appendix F. As input this program requires the R-values and uniaxial

yield strengths measured at 0° , 45° and 90° as well as the average material shear
yield strength. The output consists of the a and y values and a table of £ values running
from 1 to 15, together with the corresponding c¢ values giving the lowest error for the
yield surface fitting. The errors and matrix C values are also reported for each £ value.
This program will be used to determine the material model parameters for a finite
element deep drawing simulation of the alloy A3004-H19 which is discussed in
Chapter Five.

The following chapter will discuss the implementation of the Karafillis-Boyce
constitutive model in a general purpose finite element code.
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CHAPTER FOUR

IMPLEMENTATION OF CONSTITUTIVE
MODEL

Chapter Two introduced the incremental formulation necessary to implement a
general, pressure independent yield function, with an associated flow rule, as a
constitutive model in a finite element code using an implicit integration scheme. This
chapter details the application of this formulation to the Karafillis-Boyce model.

Sections 4.1 to 4.3 deal with the formulation of the isotropic constitutive model,
followed by Section 4.4 which details the mapping of the stress, plastic strain and
tangent modulus between isotropic and anisotropic spaces. The resultant FORTRAN
77 code, as implemented in ABAQUS Version 5.4 [15], is listed in Appendix G.

4.1 Flow Vector and Flow Vector Derivative

It is evident from Section 2.2.2 that the first and second derivatives of the yield
function with respect to the full Cauchy stress are necessary for the implementation of
this constitutive model. In order to obtain these derivatives in a form which is
computationally efficient it is necessary to:-

e perform a trigonometric substitution for the principal deviatoric stresses in
the yield function such that it becomes a function of J# & 6 =6(J,, J;)

e determine the 1st and 2nd derivatives of this modified function with respect
to these variables

e substitute these derivatives into expressions derived for the flow tensor

2
o and flow tensor derivative _of
do aoijaopq

ij
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. . of
e rearrange these tensors into the more efficient flow vector (—6;) and flow

2

f ) forms.

vector derivative ( T

4.1.1 Modified Yield Function and Derivatives

The isotropic yield function proposed by Karafillis and Boyce is a function of the
principal deviatoric stressés and may be written in the form:-

f(§(g)) =(1- c)tbl(g(g_)) + c—®2(§(§)) —2y* (4.1

2% 4

with (D1(§(9)) = (8, _52)2k +(S, - 53)2k +(S; - S1)2k
and  ®@,(s(c)) = ST +83* +83*

where S,, S, and S, are the principal deviatoric stresses.

An appropriate technique for extracting these principal deviatoric stresses from the
stress tensor is presented by Owen and Hinton [7]. This method consists of the
following trigonometric substitution:-

sin(e + 2_1t)
1 Y 3

S
2
S, |= 2 sin() ..(4.2)
S V3 47

3 sin(e + T)

with S, >S, >S,

%
0= Larcsin g———%—?’— ..... <l ..(43)
3 2 34 6 6

& 1., 1, the second and third deviatoric stress invariants

The derivation of this substitution is reproduced in Appendix A.
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Substitution of (4.2) into the yield function results in a yield criterion identical to
(4.1), but which is now a function of J% and © i.e.

2] o]
{42

2% 2%k 2k
S (2121 '(e 21;)) (2154 . (e)j +(2Jié '("*4”)] " @.4)
+CQAr || —Fsin| O+ + | —F sl ——sIn| —_— - .
PR LA 3 A NE 3

A Mathcad 5 document [16] detailing this function with its first and second derivatives
may be found in Appendix B. Note: For simplicity J% is represented by A in this
appendix.

4.1.2 Derivation of Flow Tensor

For a general yield criterion f the flow tensor is defined by:-

of

a, = —
¥ foy

For a criterion of the form f = f (J 21/2 ,6) , the flow tensor may be expressed as:-

8, = —— . —+—. | (4.5

Now rearranging and differentiating (4.3), and noting that 6 = 9(0 ij),
I, = J3(0ij) and Jz% = Jz%(oij) gives :-

1
® =31 a1, 3] 5124
doy 200830 ;% by 1Y ooy
2 2

.(4.6)

y
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Substitute Equation (4.6) into (4.5) and simplify:-

a..__ = ——
Y 8oy 0 2cos30| ;) doy I3 Ooy
2

Yy

o o 3 1513_3135121/2}

& 33 Lo| o B o1
= T T 2% T AR A an 37 A3ij (47)
a1/2  2c0s30 73 00 0 20830 174
2 2
%
With azij - =2 a.nd a3ij = ﬂ
oG ; 00 ;
Now rearrange (4.3) and substitute into (4.7):-
5 _ 1 2sin30
12 Jz% 343
. _{&‘ tan366f‘|a ofF 3 1.
i 7T 507 50 200830 <% 2
ap 1) c0s30 22
Thus aij = C2a2ij +C3a3ij (48)
where C, :il_gn_;_eg ...(4.9)
ap 1p ®
___V3 _ Lo .(4.10)
2cos30 Jz/z 153
L
6JA 1 O
g5 = 602 = % 602 ..(4.11)
i 2J52 “Pi
0J 5
and ag; ~%. . » ...(4.12)

y
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The 1st derivatives of the deviatoric stress invariants, which are derived
in Appendix C, are :-

It will be noted that a;is a rank 2 tensor. Furthermore, it is apparent that C, and C,
contain only yield function derivative information while a,;and ay; contain only

stress information.

The following comments regarding the flow tensor in J,-plasticity are of interest:-

o o 0  whichleadsto a; = —a%/aﬁj
o Pk

in the case of von Mises f =+/3] %é ~k(x)=0
J3s,

214

e By definition a; =———. However inspection of the derivation leading to

oG i

(4.8) shows that for J,- plasticity o Qf_ This may lead one to
' 0o i
erroneously believe that a; = o for all yield criteria independent of the
ij
hydrostatic stress.

4.1.3 Flow Tensor Derivative

|
The flow tensor derivative may be obtained by taking the derivative of Equation (4.8) 1
with respect to the full Cauchy stress tensor:- {
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Oa; Ba )
ie. i =bjpq =C,y %2i | 0y 2y +Cy—2+ oCs a3
pq 50'pq 8o'pq ao-pq ao.pq
From which it follows that:-
oa,. Oa... 2
bijpg = C2 24 Cy— = A 2j -
Bpg 05 pq 00,52
0 | tan30 of 0 -3 1 of
"o | ¥ 37 50 | 200830 7 5 | (4.13)
pq ]22 pq cos J22

Evaluation of (4.13) leads to an unwieldy expression for the flow tensor derivative, as
Appendix D demonstrates. As shown by Crisfield [17], this expression can be
rearranged and simplified resulting in a more elegant form for b, . This process,
which is illustrated in Appendix E, results in the following expression for the flow
tensor derivative:- -

= C2b1iqu +C3b2iqu + C22a2ija29q +C23a2ija3pq + C32a3ija2pq...
+Cjya38;,, ...(4.14)

b

ijpq

with: C, and C, defined in (4.9) and (4.10)
~ Oazj _1;-% 1, 1.-¥%

bli' = 2 _—J2 ZSijSpq .(415)
UPq aopq 2 60'pqao'ij 4
> A
L =58, _lﬁpq{){
acpqao.ij P 1q 3 3]
~ Oa; 2 2
b2iqu = gp;‘ = 8iijq _Eapqul +8_'qu1 —gsuqu (4.16)
a,; and a,; defined in (4.11) and (4.12)
0f tan30 O°*f 3tan30 of
sz =

- + + —...
595]2% Jz% 6]2%2 J, cos’ 30 00

tan30 of O°f tan®30 tan30 &°f
7t T 1
J, ® o J, JZA 5]2459
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2
3(3§tan3e+§—§j
C. = b8 b8
¥ 4c0s?30.03
NE) 5*f tan30  H*f 33 of
€ = T\ % k) 2c0s3007
2¢0s30.J42 J52 0004? cos 3u.J,
& C,=Cy

Appendix C details the derivation of the deviatoric stress invariants.

4.1.4 Flow Tensor: Vector Form

. . of . .

Since the flow tensor is defined as a; = —— and the stress tensor is symmetric, it
i

follows that a; is also symmetric. This is also confirmed by the definition of the plastic

strain tensor, which must be symmetric, i.e.

- of
P ..(4.17
&y 0c;; ( )

This suggests that the flow tensor may be rewritten in the simpler vector form as:-

B T
Q—(an 4, Q33 3 3y a23)

However, engineering strain is the preferred form for strain, therefore from (4.17) the
appropriate form of the flow vector is:-

T
a=(a, a, a, 2a, 2a, 2a,) ..(4.18)

It is evident from (4.8) that this form for the flow vector may be achieved by writing
the tensors a,; and a,; in the vector form of (4.18). Furthermore, writing a general

symmetric tensor t; in this form also ensures that the matrix form of the 4th order

tensor t;t  can conveniently be calculated as t.t™. This property will be useful in the

following section where the flow tensor derivative is converted to matrix form.

N
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4.1.5 Flow Tensor Derivative: Matrix Form

If all the 2nd order tensors of (4.14) are rewritten in the vector form of (4.18) and the
4th order tensors reduced to matrices by evaluating each tensor term and then, while
noting symmetry of the tensor, regrouping them according to the “basis” of (4.18),
the flow vector derivative may be written in the following matrix form:-

-C.5 5 T, . T o T
b=Cyb, +C3b, +Cpp2,.3; +Cp325.25 +Cp35.3;..

+C,,2,.2; ...(4.19)
(2 -1 -1 0 0 O]
-1 2 -1 0 0 O
_ _ -1 -1 2 0 0 O _3
with bl=112%,l —1J24§.§T ..(4.20)
= 2 30 0 0 6 0 Of 4
0 0 0 0 6 O
(0 0 0 0 0 6]
_ . _
S33 S symmetric
~ 21 s s S
b=2 2 % (4.21)
= 3| s, S;p =28y, —3833
S;3  —2813  Sj3 3893 =389,
| —2823  Sa3 823 3813 3812 38y

and C,.....C; as defined previously.

4.2 Equivalent Plasticity and Linear Hardening

This constitutive model will assume linear strain hardening for the material. It is
therefore necessary to calculate the total equivalent plastic strain and uniaxial yield
strength at each material point during the finite element solution process. For any
increment » or iteration / during the solution process the current uniaxial yield stress at
a material point is defined by:-

Y =Y° + He"s .(4.22)
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where Y*' s the uniaxial yield stress at the 7’th increment and i+1°th iteration
- Y°  isthe initial uniaxial yield stress
£ is the total equivalent plastic strain at the #’th increment and i’th
iteration

and H is the material linear hardening parameter taken to be the slope of the
uniaxial yield stress /total equivalent plastic strain curve

It is therefore necessary to evaluate the total equivalent plastic strain at each iteration
in order to determine the uniaxial yield stress for the following iteration. The notion of
equivalent plastic strain has its origin in the definition of the plastic work increment
[1],1.e.:-

dWP =Gde? =" .deP ..(4.23)

where dWP is the plastic work increment

c is the effective stress
de® is the Equivalent Plastic Strain increment
o] is the stress vector causing the plastic work

and  de” is the plastic strain vector conjugate to the stress vector

Solving (4.23) for the equivalent plastic strain gives:-

&, =25

p

c

With reference to Figure 4.1 and noting that the Euler backward scheme is used for
this formulation the equivalent plastic strain increment is expressed as:-

dgp bi+1 B (_5T'd§p i+l ) gT.dgp ;+1
" Y |y +HdEe|”
This gives:-
H[de" | +vi[der"] - o".deP = 0 .(4.29)

Now solving for positive equivalent plastic strain gives:-

yi +\/(Yj,)2 + 4Hg" dgP [

dgp i+l —
|n SH

.(4.25)
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(Ya) (Y™

v

Figure 4.1 Stress Path for Strain Hardening Material

" Thus the increment in equivalent plastic strain can be determined from the material
linear hardening parameter, the uniaxial yield stress at the beginning of the increment
and the stress and plastic strain increment vectors evaluated at the end of the
increment. '

Equations (4.25) and (4.22) are used during the solution process to track the
equivalent plastic strain and uniaxial yield stress.

4.3 Reduced Order Yield Function

It was noted during initial testing of this constitutive model that the finite element
global solution convergence rate was not as rapid as was anticipated. For example,
with the yield function parameters set to k = 1 and ¢ = 0 (the von Mises case) a
quadratic convergence rate was expected, but not achieved. Furthermore it was noted
that the stress return from the elastic predictor to the yield surface was achieved in
many more steps than anticipated.

Investigation revealed that this was caused by the polynomial form of the yield function
as presented by Karafillis and Boyce. As a remedy it was therefore decided to
implement a reduced order form of the yield function. This meant that it was necessary

to determine the derivatives of the reduced order function with respect to J% and 6.

However, since the derivatives of the polynomial function were already known, it was
expeditious to formulate the linear function derivatives in terms of these polynomial
ones.

To this end the polynomial yield function may be written in the form:-
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£=a(6,1/)-2Y* =0 | .(4.26)

From which it follows that:-

o _ oo >’f_ 0’0
® o 0’ 0
of _ o0 ’f oo

& =2= .(427)

af ol ak gl

Now the reduced order form of the yield function may be expressed as:-

F=[Lofos)] " v =0 @29

So differentiating Equation (4.28) with respect to 6 and J 2% and making use of the
equalities of (4.27) yields:-

1

-a—Fzz'%k.-l—cD(z" )i ..(4.29)
0 2k o)

2 1 2 RN 2
e R R @30)
0? o/ \2k 0 0

1

af/ =27 2k_icb(2k )% ..(430D)

142 2k a2
,

o°F 1 1 5| of ) O

]2=[ 7 )(E—ljd)(”‘ ){ Vj +c1>(2k) — ..(432)
6]24 2722k 07352 812

o°F 1 (1 (22)or of () &%
and — = ——1|® P +® -
a1t \2/mak)| N2k @ a1, 0812

+@" 2 - ..(4.33)
o001}

47




Implementation of Constitutive Model

Equations (4.29) to (4.33) therefore demonstrate that the linear yield function
derivatives can be written in terms of the known polynomial yield function derivatives.

4.4 Mapping Between Anisotropic and Isotropic Spaces

An important part of this constitutive model is the mapping of the anisotropic stress to
isotropic space, the isotropic plastic strain to anisotropic space and the isotropic
tangent modulus to anisotropic space. Since it is more computationally efficient to
work in vector and matrix forms it is desirable that these mappings take place in the
relevant vector and matrix spaces and not the tensor spaces. The 4th order IPE
mapping tensor L, , as introduced in Chapter Three, must therefore be rearranged
into a form which allows this.

To this end it was shown in Chapter Three that for orthotropic symmetry L, may be
reduced to the following matrix form:-
1 8, B, 0 0 0]
B, o, B 0 0 O
a, 0 0 O
L=C Pa By s (434
=0 0 0 vy, 0 0
0 0 0 0 vy, O
0 0 0 0 0 v,]
1
with B, =2
2
o -, ~1
B, >
and Bazl—alz—az

and that mapping between anisotropic and isotropic stress and strain spaces may be
accomplished via:-

..(4.35)

and  eb., =Lel ...(4.36)
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It is evident from Equation (4.35) that L only maps from full stress space to

deviatoric stress spaces. An inverse mapping from deviatoric to full stress space is not
possible as L is singular. Consequently it is proposed that a more convenient form for

this mapping matrix be used i.e. one which allows two way mapping between isotropic
and anisotropic spaces regardless of whether the vectors are deviatoric or not.
Furthermore, this proposed form of L which contains hydrostatic information is

necessary for mapping the isotropic tangent modulus to anisotropic space as it would
be erroneous to map it to deviatoric space.

The required modification to the mapping matrix involves simply adding the
hydrostatic terms to the deviatoric vector i.e.:-

~~aniso

:

8
S O O = o
S O O = o
S O O = =
S O O O © ©
o O O © o ©

from which it is apparent that the non-singular mapping matrix is given by:-

.(437)

<
23
i
=
+
W | =
O O O e e
O OO = =
O O O = Emd
o OO O © O
S O O O O ©
SO O O O O O

In order to map the isotropic tangent modulus to anisotropic space consider first the
form of the equations, derived in Chapter Two, defining the tangent modulus:-

* T *

. A . D aza,D_
Le. 2:1 —_Q_n— D s s 1
an=n§n n

with D’ =(1+iDb )" D

_of
En ag i
oa
b =—=
and 8, =3
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It is noted from these equations that for an isotropic elastic, anisotropic plastic
material, such as the one under consideration, the only terms which can contain
anisotropic information are the flow vector and its derivative as these must be
derivatives of an anisotropic yield function. Consequently the anisotropic tangent
modulus may be calculated by using anisotropic derivatives in the above equations.

However, the yield function under consideration is isotropic, therefore it is necessary to
obtain expressions, via the mapping matrix L, for the required anisotropic derivatives.

From Equation (4.36) it is clear that an appropriate expression for the anisotropic flow
vector is :- ,

L, a ..(4.38)

Qaniso = iso

For the anisotropic flow vector derivative:-

OB gniso _ L, 2o ...from Equation (4.38)
0o aniso aganiso \
00 ; i
L ( Sis ) Oa, (4.39)
_ aganiso ag—iSO
But:-
oo iso — L_,__! aganiso
0o, -

Oho _ 1, ...(4.40)

oo SR

..(4.41)
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CHAPTER FIVE

USER-MATERIAL VERIFICATION

Verification of the FORTRAN 77 constitutive model coding, as listed in Appendix G,
was effected in three parts:-

1) It was confirmed, for particular instances, that the generic yield surface is
correctly positioned in isotropic stress space.

2) The performance of the code, with k =1 and L set for isotropic mapping,
was identical to that of a standard von Mises model.

3) Iso-error plots of the plastic strain integration algorithm indicated that
relatively small errors may be expected for reasonable elastic predictors.

5.1 Yield Surface Position in Stress Space

The positions of the lower bound (k =15,c=0), von Mises (k =15), and upper
bound (k=15,c=1) yield surfaces were determined in the 6,=0, 6, =0 and

o4 =0 principal stress planes. Figure 5.1 illustrates this for the 6; =0 plane in the
first and fourth quadrants. Here the positions of the stress points A.....J were
determined by initialising the yield surface parameters & and ¢ and then incrementally
stepping along the stress paths defined by a = "%l , for ¢ =-1,+%,+1 and +2, and
recording the points at which plasticity first occurs in the 5 = 0 plane. This procedure
was followed for both compressive and tensile stress quadrants. The following results
were obtained for all three principal stress planes for a uniaxial yield strength of Y:-

VonMises: A =(0.577, 1.155, 0)Y
B =(1.155,0.577, 0)Y
C=(0.577,-0.577, 0)Y

Lower Bound E=(0.512, 1.023, 0)Y

F=(1.024, 0.512, 0)Y
G=(0.5117,-0.5117, 0)Y
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Upper Bound H =(0.6519, 1.303, 0)Y
I= (1.303, 0.6519, 0)Y
J =(0.6514, -0.6514, 0)Y

and common to all surfaces:-

D=(Y,Y,0)
A
o, o=+2
H o=+l 0-3 _ 0
A
Y
‘E D
oa=+1/2
Fl |2 /1
‘::. : (XFO b
Lower Bound Y
“. 0-1
Upper Bound
von Mises
" a1
o
Y o= —2
%1

Figure 5.1. Generic Yield Surface Position in Principal Stress Space

The stress points associated with the von Mises yield surface agree with analytical
values presented by Hosford and Caddel [1]. The lower bound (Tresca approximation)

stress points closely approach the analytical ones which are:-

E = (0.500, 1.000, 0)Y
F = (1.000, 0.500, 0)Y
G = (0.500, -0.500, 0)Y
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The discrepancy in the Tresca stresses is a result of limiting the yield surface parameter
k to a maximum of 15.

No analytical stress points were determined for the upper bound yield surface for
comparison purposes. However, the values obtained from the subroutine are
reasonable when compared to those obtained for the previous yield surfaces and are
therefore considered reliable.

5.2 von Mises Case

The Karafillis-Boyce constitutive model reduces to the isotropic von Mises case for
k=1and 0 < ¢ <1 with the mapping matrix L parameters set to:-
) 3
CZE a,=a,=1and y =y,=y, :5
With these parameter settings the calculated stress, plastic strain, equivalent plastic
strain and consistent tangent modulus were compared to those obtained from a

standard von Mises subroutine [15] for randomly selected strain increments. The two
routines agreed on all accounts.

Furthermore, the performance of the subroutine was confirmed by comparing the
results it produced for a typical finite element problem, against those produced for the
standard von Mises routine. The problem consisted of a cantilever beam of unit length,
breadth and depth which was subjected to various combinations of shear, tension and
compression loads. The finite element model, which is illustrated in Figure 5.3,

consisted of eight, 8-noded, 3-D, brick elements with the following material

properties:-
E=73GPa v=033 Y =293 MPa H=5x10*Pa

Once again the solutions returned by the subroutines agreed, where it was noted that
the solution convergence rates were quadratic for both cases when strains were kept
within reasonable limits. Table 5.1 lists the residual force for an example problem
which converged in one increment with four iterations. Here the free end of the beam

was displaced by 2 x1072 in both the axial and lateral directions simultaneously.

Table 5.1. Force Residuals: von Mises Case

Iteration 1 2 3 4
No.

Residual 1329x10° 1393x10° 51272 x 10* -553 converged
Force
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5.3 Integration Algorithm Iso-Error Plots

An effective approach to quantify the error accumulated by an encoded constitutive
model’s stress return algorithm is presented by Peric ef a/ [18]. A set of orthogonal
axes, defined by a normal and a tangent, is defined at a selected stress point on the
yield surface, point A as depicted in Figure 5.2. Each stress point in the plane defined
by these axes is now used in the stress return algorithm as an elastic predictor. The
returned stress is then determined via two paths:-

1) The stress return algorithm returns each stress to the yield surface directly.

2) The strain loading which causes each elastic predictor stress is divided into
1000 increments and the loading applied incrementally.

The stress calculated by method two is then considered the exact solution , o,..., and
the error associated with the standard return, o, , is calculated as:-

-1 Dexact *Fnum ..(5.1)

error = Cos
|gexml|g-nm I

Figure 5.2. Iso-Error Axes on Yield Surface

Appendix H lists a FORTRAN 77 code which' produces a matrix of errors that
approximate the error distribution in the stress plane for a selected stress point on the
yield surface. Since the yield surface under consideration is three dimensional this
stress plane is appropriately chosen to fall in the n—plane. The range covered by the
tangential stress axis is -3Y to +3Y and the normal stress axis from O to 6Y, where Y
is the material uniaxial yield strength.

Iso-error plots were produced for the lower and upper bound yield surfaces at the
points (Y, Y, 0), (Y, 0, 0) and at the point of intersection of the yield surfaces with the
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maximum shear line in 6, =0 space. The material properties used were E = 73 GPa,

v=033, H=10° and Y = 293 MPa. The iso-error plots, which were produced using
Mathcad 5 [16], are presented in Figures 5.4 t0 5.9.

NY

v

v

Displacements
applied to free
end nodes

2
|£ . » -Encastred Node

Figure 5.3. Cantilever Beam Mesh

o.n
Y
7 N/ [\
0. 0
5.._
? 5
4

Figure 5.4. Iso-Error Plot: Lower Bound at (Y, Y, 0)
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. /Y .
Figure 5.5. Iso-Error Plot: Lower Bound at (Y, 0, 0)

b')
N\
'_0.
o—
-
-1
w

o;/Y :
Figure 5.6. Iso-Error Plot: Lower Bound at (0.5117Y, -0.5117Y, 0)
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o,/Y
Figure 5.7. Iso-Error Plot: Upper Bound at (Y, Y, 0)

c./Y
Figure 5.8. Iso-Error Plot: Upper Bound at (Y, 0, 0)

57



User-Material Verification

Q

03049 5Q6Q 7080 90180

Figure 5.9. Iso-Error Plot: Upper Bound at (0.6514Y, -0.6514Y, 0)

These iso-error plots show zero error troughs radiating out from the yield surfaces,
some of which are associated with extremely steep error gradients. Inspection of the
upper and lower bound yield surfaces in the m—plane indicate that these regions of
steep error gradient are associated with corners on the yield surfaces.

Similar iso-error plots for the von Mises case indicate zero error, as defined by
Equation (5.1), for all points in stress space. Note that for von Mises the yield surface
normal and radial from the hydrostatic line, coincide. It is therefore believed that the
zero error troughs displayed in the above iso-error plots also indicate regions in stress
space where the radial and the generic yield surface normal coincide.

The verification procedures discussed in this chapter for the FORTRAN 77 encoded
Karafillis-Boyce constitutive model, while not exhaustive, are sufficient to invoke
confidence in the implemented computer code. It is therefore believed that this
subroutine may be used with confidence in a general purpose finite element code as a
material constitutive model.

58



CHAPTER SIX

FINITE ELEMENT EARING SIMULATION

The implemented and tested anisotropic constitutive model subroutine, as presented in
Chapters Four and Five, was used in the general purpose finite element code ABAQUS
Version 5.4 to simulate earing in a deep drawing operation. '

Four simulations were run using this constitutive model: two with the constitutive
model parameters representing A3004-H19 can body stock material and two to
investigate the effect of the choice of the isotropic yield surface on earing. For
comparison purposes, a fifth case was run using the Hill (1948) material model which
is an ABAQUS constitutive model option. These simulations are compared against
experimentally determined results provided by Hulett Aluminium (Pty) Ltd

6.1 Deep Drawing Cupping Operation

The blank and tool geometries are taken from a standard industry cupping test and are
illustrated in Figure 6.1. The mechanical properties of the A3004-H19 can body stock
used in this study are:-

Table 6.1. A3004-H19 Material Properties

Elastic: E =73 GPa v=1033 H=5x 108Pa
Plastic: Y, =286 MPa Y,, = 290 MPa Yoo = 303 MPa
R, =067 R, =093 R,, = 0.80

Average Yield Strength = Y =293 MPa
According to a suggestion by Hulett Aluminium (Pty) Ltd the average shear yield
stress is estimated as:-

Shear Yield Strength = Sy = 57% x Y = 167 MPa
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For this material Equations (1.3), (1.1) and (1.5) give:-

R = 038325 LDR = 2.05 (with 7= 0.74)
and AR = -01950

These figures show that the blank and tool geometries for the draw are within
acceptable limits as the proposed draw ratio is only 1.68. Furthermore from Figure

1.10 and the AR value, it is clear that ears at 45° are anticipated. This is confirmed by
experimental data obtained by Hulett Aluminium which reports 3.1% earing (Equation

(1.6)) at 45°.

Punch
$=32.8 _ Hold Down Clamp
Punch Stroke=15.85 Force=1000N

' . r=3 .
y \_
Blank /
N
=55 r
thickness=0.27 Die

: =33.7
CL

Figure 6.1. Blank and Tool Geometries
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6.2 Material Model Parameters

The FORTRAN 77 code of Appendix F was used to fit the generic isotropic yield
surface to the above material properties. The resultant values for the yield surface
parameters, mapping matrix C value and the surface fitting errors are given in Table

6.2.

Table 6.2. Isotropic Yield Surface Parameters for A3004-H19 Alloy

k c % Error C

1 0.0000 -1.279015 0.6498760385
2 0.0000 -1.279015 0.6498760385
3 0.3512 -0.000217 0.6496590997
4 0.5018 0.000482 0.6496563279
5 0.5947 -0.000402 0.6496535965
6 0.6695 0.000655 0.6496748894
7 0.7325 0.001006 0.6497268242
8 0.7855 -0.000567 0.6498040721
9 0.8294 -0.000628 0.6498966814
10 0.8653 -0.000734 0.6499960846
11 0.8943 -0.001707 0.6500955321
12 0.9174 -0.000165 0.6501898049
13 0.9357 0.000617 0.6502766366
14 0.9501 0.000446 0.6503546429
15 0.9614 -0.003212 0.6504236771

and the mapping matrix L parameters:-

Table 6.3. IPE Mapping Matrix Parameters

a, =1.00149700

a, =111127744

v, = 158912674

¥, = 150000000

¥ 5 = 150000000

S, =-0.445109780

, =—0.554890219

B, =—-0.556387225

Inspection of Table 6.2 shows that the lowest yield surface fitting errors occur for
values of k=3 and k =12. These values and their respective ¢ values are therefore
selected for two deep drawing simulation cases.

Figures 6.2 and 6.3 illustrate the iso-error plots for the User-Material stress return
algorithm using the selected material model parameters at the stress point (?, Y, O).

These plots show that integration errors of approximately 5% may be expected for
elastic predictors within a radius Y of the yield surface.
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To investigate the effect of the choice of the yield surface shape on earing a case was
run with the isotropic yield surface parameters determined for the material properties
as above, but with the shear yield strength reduced to 53% of the average uniaxial
yield strength. This shear strength requires a yield surface close to the lower bound.
Such a yield surface produces a larger plastic strain than one tending towards the
upper bound, for a given elastic predictor and should therefore produce a greater
degree of earing. The constitutive model parameters determined by the FORTRAN 77
code of Appendix F are:-

Table 6.4. Alternative Yield Surface Parameters

k C : % Error C

0.0075 -0.000036 0.6475654063

(o))

|

[=]
o

o,/
Figure 6.2. Iso-Error Plot: k=3, ¢=03513
at g = (?, ?’, 0)
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Q
E]

al

0
M
o /¥
Figure 6.3. Iso-Error Plot: k=12, ¢=09174
at o = (?,‘?, O)

A fourth case study, with the yield surface parameters set for the von Mises case
(k =1) was considered necessary in order to gain further insight into the constitutive
model’s effect on earing. In this case the mapping matrix C parameter was found to be

C =0.64987603.

The material model parameters for the Hill (1948) case study were determined
accordmg to the procedure described in the ABAQUS Standard Users Manual [15]

using the material R-values. These parameters are:-

S _100 on _ =1.052520 3 _ 095333
Gy Gy Gy
2 09764 P2 =100 B 00
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where the o’s and t’s are the material yield stresses in the indicated directions and
c, and 1, are the average uniaxial and shear yield stresses, respectively.

6.3 Finite Element Model

A finite element model of the blank and tools, as depicted in Figure 6.1, was
implemented in ABAQUS Version 5.4. The punch, die and hold-down clamp were
modelled as frictionless rigid surfaces and the blank was idealised by C3D8 brick
elements (8 node full integration). The blank finite element mesh is illustrated in
Figure 6.4. The ABAQUS input file, as Appendix I indicates, is standard in all
respects, with the exception of the two options discussed below.

As a result of material anisotropy the tangent modulus produced by the encoded
Karafillis-Boyce constitutive model is non-symmetric. Consequently the global stiffness
matrix produced by ABAQUS is also non-symmetric. However, by default ABAQUS
assumes symmetry of these matrices, therefore the UNSYMM option was used with
the *HEADING and *USER MATERIAL keywords. These options require ABAQUS
to use a full matrix solver routine, with the result that convergence is more likely, but
more expensive in terms of CPU time.

Convergence of the finite element global solution is adversely effected by values of &
and ¢ which result in irregular shaped yield surfaces, such as the lower and upper
bound yield surfaces. As a standard procedure for cases of slow convergence
ABAQUS relaxes the residual solution tolerance from the standard 4% to 2%. Since
convergence was anticipated to be slow in some of the deep drawing simulations, it
was deemed expeditious to pre-set the tolerance to 2% for all cases run with this
constitutive model.

6.4 Results

Table 6.5 shows the CPU time and number of increments required for solution
convergence for each of the five deep drawing cases:-

Table 6.5. CPU Time and Number of Increments

Case Computer CPU Time (hr) No of Increments
k=3 c=03513 | IBMRS6000Model 560 21.64 63
k=12,¢c=09174 i IBMRS6000 Model 390 26.19 110
k=6,c=00075 i IBMRS6000 Model 390 102.76 429
k=1 IBM RS6000 Model 560 15.84 53
Hill (1948) IBM RS6000 Model 390 401 74
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Table 6.6 summarises the pertinent geometric results for each case. The cases run with
the Karafillis-Boyce constitutive all shared the same o and y values in the IPE mapping
matrix.

Table 6.6. Cup Geometry Results and Earin
Case Ah h % Earing
k=3 ¢c=03513 -0.1292 15.1393 -0.8534
k=12,¢=09174 -0.0977 15.0997 -0.6470
k=6,c=00075 -0.2161 15.2566 -1.416 -
k=1 -0.0794 15.0730 -0.5268
Hill (1948) -0.3331 15.0325 -2.216

In this table Ah, h and the % earing are determined from Equation (1.6)

Figures 6.5-6.14 display the earing profiles and total equivalent plastic strain
distributions for the five deep drawing cases. Figure 6.15 illustrates the punch force
profiles for the Hill, von Mises, k =3 and k =12 cases.

6.5 Discussion of Results

Hulett Aluminium (Pty) Ltd report 3.1% earing at 45° to the rolling direction for the
aluminium alloy A3004-H19. The results of Table 6.6 suggest, therefore, that in
comparison to the Karafillis-Boyce criterion the Hill (1948) constitutive model is the
more suitable one for ear prediction in this material.

Both constitutive models do, however, underpredict the degree of earing. This may
partly be explained by the use of an increased die radius of 3 millimeters in the
simulation to improve solution convergence. The die used in the laboratory drawn cups
has a radius of 2 millimeters which causes significantly more plastic strain in the
workpiece during the draw and therefore results in more earing. Ear prediction may be
improved further by using a more realistic value for the linear hardening parameter H.

The value of H = 5x10®Pa, which may be unrealistically high, was chosen to prevent
localised necking in the cup wall during the draw.

Inspection of the earing profiles for the five material cases shows that all the profiles
are similar except for the k = 6 case which clearly has a greater average wall height.
Furthermore, it is apparent that the earing profile for the Hill case is more gradual than

for the Karafillis-Boyce cases which are characterised by sudden troughs at 0° and
90°. Comparison of the Hill and k = 6 cases demonstrate this phenomenon.

The predicted total equivalent plastic strain distribution for the five cases are also

similar except, once again, for the k = 6 case which predicts a greater degree of plastic
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strain. The increase in plastic strain and degree of earing for the k = 6 case confirms
the anticipated behaviour of a material with a yield surface contracted in stress space.
It should be noted that Figure 6.14, which shows the total equivalent plastic strain
distribution for this case, has a different colour legend to the other plots.

Comparison of Figures 6.10 and 6.12 shows that the total equivalent plastic strain
distributions are very similar for the k =3 and k =12 cases. This is expected as these
cases have similarly shaped yield surfaces in stress space and should therefore produce
similar plastic strains.

It is clear from the earing profile and total equivalent plastic strain figures that the
results for the von Mises case are not significantly differently from the k=3 and
k=12 cases. This may be explained by the relative positions of these yield surfaces in
stress space. The position of the generic isotropic yield surface is determined from the

average uniaxial yield strength Y and the average shear yield strength S,.
Y =293MPa for all cases; Sy=57%xY for A3004-H19 and by definition

Sy = % x Y =~ 57.7% x Y for the von Mises criterion. Clearly in this case the best fit

Karafillis-Boyce yield surfaces closely approximate the von Mises yield surface and
will therefore produce similar results.

The punch force profiles for the Hill, von Mises, k=3 and k =12 cases, illustrated in
Figure 6.15, indicate discrepancies between the material model cases over the region
where the punch forces are the greatest. Significantly the punch forces for the k=3
and k =12 cases do not agree in this region, suggesting that either small differences in
plastic behaviour have a marked affect on the punch force in this region, or that
plasticity considerations alone are not sufficient to describe punch force behaviour
during this part of the draw. Punch forces are in close agreement for all cases outside
this region.
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CHAPTER SEVEN

CONCLUSION AND RECOMMENDATIONS

7.1 Conclusion

An anisotropic constitutive model proposed by Karafillis and Boyce was implemented
in the general purpose finite element code ABAQUS Version 5.4 as a User-Material
Subroutine in order to simulate earing in the deep drawing of an aluminium
axisymmetric cup. Finite element simulation of this cupping operation with ‘this
constitutive model and Hill’s 1948 one suggests that the Hill model is more suitable for
simulating the anisotropic behaviour of A3004-H19 can body stock.

Both material models under predict the degree of earing for this material. This may be
improved by decreasing the finite element model die radius from 3 millimetres to 2
millimetres so that it corresponds to the laboratory tooling geometry and by using a
more realistic linear hardening parameter H.

The earing profile for the Hill model is characterised by a gradual change in cup wall
height, while that for the Karafillis-Boyce model shows broader ears associated with
steeper troughs. These profiles have not been compared to experimental ones.

Punch force profiles for the Hill model and for different cases of the Karafillis-Boyce

model are in close agreement except in the region where the punch force is the
greatest. The reason for this has not been investigated.

7.2 Recommendations

This thesis has presented a limited investigation into the suitability of the Karafillis-
Boyce constitutive model for simulating the earing phenomena in aluminium sheet. The
following steps are recommended to further establish its ability to model anisotropy in
sheet metal:-

1) Compare ear profile prediction to experimentally determined ones for
various face centred cubic and body centred cubic materials with
different degrees of anisotropy. In particular, establish the performance
of the model for materials with average plastic strain ratios greater and
less than one.
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2)

3)

4)

Confirm that the degree of earing will increase with a reduced die
radius of 2 millimetres.

Confirm that the degree of earing will increase for a more realistic
linear hardening parameter H. This may best be achieved by
implementing piece-wise linear material hardening in the User-Material
subroutine. Furthermore, some materials exhibit significant material
strain rate dependence in deep drawing applications. It is therefore
recommended that a suitable routine be implemented in the User-
Material subroutine. '

Establish the reason or reasons for the divergence of the punch force

profiles over the region where the punch force is the greatest for the
different material cases.
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APPENDIX A

PRINCIPAL DEVIATORIC STRESSES

Following the method of Owen and Hinton [7] the principal deviatoric stresses S, S,
and S, are given as the roots of the cubic equation:-

$-7,8-J,=0 , (A1)

let S=rsin®, substitute into (A 1) and rearrange:-

3

sin®6 - 125in6 -3 = 0 (A2)
r r :

now comparing (A 2) to the trigonometric identity:-

sin® 0 —zsine +—1-sin39 =0
4 4

it is apparent that:-
3.1 and —-J—;’— = lsin39
4 r r’ 4
which leads to :-
3
3%
sin30=-"—-32- (A3
% (A3)
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and thus solving for the principal deviatoric stresses in terms of 6 and J 2/2 -

sin(@ + 2—“)
S 2J% 3
=22 sin(6) ‘ .(A4)

V3
S; sin(@ + %ﬂ)

IA
(<o}
IA

with §,>S,>S, and -

oA
o a
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APPENDIX B

MATHCAD DOCUMENT:
YIELD FUNCTION DERIVATIVES

Note: The square root of J; is represented by A.

f(8,A)
2.k 2k
(1-cy|| (ZA).fsinfo __”) sm((-))) (ﬁ)-(sm(e)_sin(e 4—))
J3 3
2k
+ %é-sine ﬂ)—sin(0+ﬂ)
Jg 3 3
2k 2k 2k 2k
c 23 ] . 2_A 1 +_21) + —2.—é~sin(e) + —Z—A-sm e f"l) 2 Y2 k
277 4 3 w/g W/g 3

df/dA
(2k) (2k)
(1-¢)|2 —Z—-A- 3 9+l-1| in(0) ~E+2~ zAﬁ sin(@) + sin 9+l-1: 53
3 6 A 3 3 A
(2°k)
+2- —2--A- 3-[-sin 0+l cos (H—l K
3 3 6 A
(2k) (2k) (2k)
3 2 zA 3 6+—l~1: -E+ -E-A 3.sin(9) k
[2(2-k- 1) 1] 3 6 A \3
2 |\
+2:[-2 A3 (6 —-1:)) —
) 3 A
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(1-c)

2
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3(2'k)
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2
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+4-

+4.

2

[k, 1]' JE

+4.

-2

(2k) 2
cos(e+l'n)— sin(e)” L 2
6 2

4 %-A-J;-(sin(e)+sin(9+§—-n)” —_2.

e_)(e.él.))

2 1 k
4-1Z-A-nf3-cos|0+ —-n —_-2
o]

Za 3~sin(9))
3

A-\J3-sin e+l.,,
3

(2°k) ( sin(e + lx) - cos(0)
cos(e + ln) - sin(e)” -k2- 6

sin(0) + sin{f + —x
3

(2k) (
+4-[2-A-J§~(- sin(e + l1:) - cos(e + ln)” 'k2' 3
3 3 6 . 1 1
-sin{8+ —-n |- cos{f+—=
| o3 oo

(2k)
E-A-Jg-ms(e+é-n)) -k2-;6 +4

A-nf3-sin|0 + 11
3

-2

A2

"‘m(m'fz

(2k)
cos(e + éx) - s'm(e)” —k—

A
(2k) 2

2,
§-A~ 3.
2

SN
A 3

(2K) 2
5__2

A

sin(8) + sin(e +

N

(2:k)
%A- 3-c0s(9 + l1:)) : X

W | —

(2k) 2

)(2'k)

A

(2k) 2
e,
2

A

(k) 2
X 2
A2

2 pf3-since)
3

(2K)
-2 [ 1 k
Z.AA3-sin|0 + = " iald
3 ( "3 "))

LS
22

A

d*f/dodA

(cos(e + ln) - sin()|-A
6

1
. cos(0) + cos[6 + —
}(Zk)- 2, ( ( 3

A

+ sin 9+l-n
6

[(.sin(e) + sin(e + %-n

-cos(e + l-n

A

sin 9+—1--1t

2

‘A

cosf0+ l-n
6

2k cos 9+—1—~1l
@v 3

‘A

sin| 0 + l-n
3

81

(2k
T 3-sin(9)) K2

et

cos(0)

(sin(8)-A)




(1-¢)i2

3(2'k)

Zafs
+2-

2
5. A.J}.

+2-

:;.A.ﬁ

(sm 0+—u -cos(e)

1 (2k)
cos(e + gx) - sin(9)):| -k

( 0+—x —sm(e)

(cos(e)+ oos(0+§

1 (2:k)
sin(9)+sin(e+§--n))} -k

(sm(e) +sin 0+%

1 1
(2k) ( cos|0 + —x +sm(e+—-x))
. 1 1 3 6
-[-sin[@ 4+ —x| - cos[0 + —x
S e B o o
-sin|@+ —x| - cos|[B+ —
_ 3 i
1

w

82

(2°k) Sm(9+ - ") (2k)
J-2. E.A. 3~cos(0+—1--1l)) .k.—6_+2.(2.A. 3~sin(e)) k-
3 6 1 3

cos|0 +—'n

e
1

2% cos(e +§-1l)
+2 —2-A 3-sin 0+l-1l k-

3 3 1

cos(8)
sin(0)




(1-¢)l4

+e

+2

3

2

g.A. 3.
2

2 5-A-A/3~

2
2 E-A-Jg-

+4 %Aﬁ sin(())+sin(9+§-n)”
(sm(e)+s (6+l ))
3
1
(2k) (Sm(e) sm(9+— ))
+2 2A4/3 sin(9)+sin(6+-1—-1l)” 3
3 3 1
sin(6) + sin —
o3
(2:k) (cos(6)+cos( l ))
2 %A«/g sin(6)+sin(6+%1l)ﬂ ‘k 3
(sm(9)+s (9+-1— ))
3
-(2k) ( (e‘i‘l )+sm( 1 ))
+4~—AJ_ (6+—n)-cos(e+%n)) 3 6

20

|23

k)

1 2
(2:k) (-sin(6+—-u)— cos(e))
cos(e + én) - sin(e))} -k2- 6

1 (2:k)
cos(e + gn) - sin(e)” ke

d2f/de6z

1 2
cos(6+—-1r) - sin(e))
6
-cos(e + lu) + sin(e))
6
1 .
cos|6 + —-x| - sin(6)
( ( 6 ) )
1 2
(2°k) ( sin(e + —-1() - cos(e))
cos(e + —1—-1:) - sin(e))J k- 6
6 1 2
(co_s(e+—-~n) - sin(e))
6

wl.—n

2 k) (cos(e)+oos(9+

sm(6+ — COS 6+—1-1:

e

) (cos(e+%ﬁ)+sm(e+é ))2
AR e

(2:k)
. ~2—-A- 3-cos{0 + l-n k...
3 6

l.r.)|»—l

—

83




(1-c¢)i4

+e

2
Lof

3(2'k)

+4.'§_A.@.

"
+4- ZA,\/g -sin
3

d2f/dAdo

(2:k)
cos(e + —1—1:> - sin(e)ﬂ 5—
6 A
2k (cos(e)+cos(6+l n
}( ‘ )'k2' 3

* s3]
sin(0) + sin[0 + —=x

(sm 6+—1: —cos(e)

cos 9+— 1: - sin(8)

sin(0) + sin

0+ —=
3

o L) efon L) 2("“("* )
el

%-A-Jg.sm(e))

W [ = m|.—-m

(2k) o sin

3
8+ —=
VRN
6 cos 6+1~1:
6

1

2:k) 2‘cos(6+—-n)

__2. A 3sm e+1-1| k__._._.__3___
3 A 1

sin| @ + —-a
3

84

(2k

) k cos(e)

A sin)




APPENDIX C

DEVIATORIC STRESS INVARIANT

DERIVATIVES
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Deviatoric Stress Invariant Derivatives
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Deviatoric Stress Invariant Derivatives
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APPENDIX D

DERIVATION OF FLOW TENSOR
DERIVATIVE

As per Equation (4.8) the flow tensor for a yield function independent of the
hydrostatic stress is defined by:-

a; = Chay; + Cayy

oa; oa; Ba
a; _c, i oC, +C, A 0C,4 a; ..(D.1)
00 pq 00y OOy 004 OO
Substitute equations (4.9) and (4.10) into (D.1):-
P Ot Ot
a.1_| — C2 2y +C3 a31_| + a [ 5; _ tan;e gf-]aqu
00 g 00 0y 00y %) LI P 0
o | =3 1 &f
T |2 % o0 |
pq \ 2€0830 I 55
Oan:: Oan:: 2
= C2 21] +C3 31] + a f 1 azu
00 pq 00 pq %panZA
__ 0 |mu3ar| 8 | -3 1o ©2)
0\ jfh 0) ™ 80, | 200830 ;% 80 " T
J2 2
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Flow Tensor Derivative ' |

Now evaluate each term of (D.2), noting that C, and C, are defined in Equations

(4.9) and (4.10) and the deviatoric stress invariant derivatives are defined in Appendix
C.

aazij
00 5
4 = 1 oI,
2% = T AL
' apfs 0oy
Gy 1 133, 3, Y T,
acpq 2{ 27" acij acpq acpqacij
Oayy 1 -y 8% 1.-3% 8, &
SO - =y, "2 ]2 "2 =2 ..(D.3)
acpq 2 acpqacij 4 acij acpq
Oaz;
06 5
oJ
%5 20,
ij
Oy 2
;3” - _9% .(D4)
Cpq acpqacij
o*f
6cpq6J;A
o . ) | Yy
We are considering a yield function of the form f = f (J 52 ,6)
of of .y |
thus = 172(5.),6(c.
o 2 B (K)o
Using the chain rule:-
o*f Ff W - Of af
2 ..(D.5)

= +
8,81 o0ar) 00, gk OO,
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Flow Tensor Derivative

Now from the definitions of a,; and a,; and using equation (4.6)
we can write:-
’f P B NPT AU
L7 %2 — 1 3/ “3pq T Z 12 “2pq [“2ij--
50';,an2/2 696]'2/2 2COS36 ]'2/2 JZ

2
+ 7 L2ij2pq
a1

xR R A
[V 1 3
do, 12 o0oyj2 200830 12

82ij83pq -

M 33 I, Pf
+ 73 =+t 7 [2i82pq ! ..(D.6)
695] COS39 J2 aJ/

0 tan39ga"
ao'pq Jz% o -

a(tan 36.];%) o

_ of  , tan30 o°f .
- M2 T T 17 AL An 22§
ao'pq ® ™ le/2 60‘pq69 J

- y X
_ tan3ea }/ Otan36 | of tan30 O°f

o 32 T T AT A B
pq ao'pq |9 JZA aopqae

[ tan30 -y o, /6tan36 ® |of
2 dc ® oo, |00

Pq

+tan3e' oIt ® , of o)
2ij
% o1}200 %pa |

A ®  tan30 of tan 30
235ec? 30— D, + B0
{ Ve, T, e [Mezs
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Flow Tensor Derivative

Which on substitution of Equation (4.6) and rearranging becomes:-

B (tan36 afJ {3/sec 30.J, & tan30 of

, Of tan30 343 I, tan38 O°f ]a .
T2 1 1 2ij%2
Jzé 2co0s30 JZ JzA 6]2466 ) op

325ec®30 f O°f tan30 V3 1
( a2;i83pq ..(D.7N

+
72 0 08 J/ 200s36J/

o | 3 1o
oo 2cos36J2%66 3

Pq

_a[ﬁ]lga“_ 3o |1 &
oo\ 2cos30 J%ae 3 3c0s30 0o, %66 3

2

\/_6sec36 ® 1 of V3 6f3 5 OJ
']
2 B o, k@ i ¥ D c0s30 9022 acpq o
V31 o

2cos 36 J:/z 86 ,, 08 3

Which on substitution of Equation (4.6) and rearranging becomes:-

o (L3 1)
00, | 2c0s38 17208

9sec 30.tan30 of a 3J3 4
2J/ P Jzé 3ij%3pq Jg 3§“2pq |-




Flow Tensor Derivative

' 3
IR
2cos30 J2 a9 VT

+

V3 {_ B

- 3/ 2 3
2cos39.125 o 200s39.]24

a3ija3pq e »

e 33 8,
+ —— 2 72 |33i82pq
| 6]2566 2¢0s30 07 J2
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APPENDIX E

REORDERING OF FLOW TENSOR
DERIVATIVE

Appendix D demonstrates that the flow tensor derivative may be written in the form:-

~ ~ ~ ~

o*f ~
=b Czbliqu t C3b?iqu t b3iqu B b4iqu 3 b5iqu -(ED)

A A Yipg T
15:9] ijao pq

~ Oan::
. . _ 2ij
with bliqu = ég—
Pa
5. = Oy

2ijpq —
. acpq

b3iqu = Blazija3pq + Bzazijazpq
b4iqu = B3a2ija2pq +B4a2ija3pq

b5iqu = B5a3ija3pq +B6a3ijazpq
and with the B, ’s scalar constants dependent on the yield function.

We require the flow tensor in the form:-

~ ~

bijpq = Czbuqu +C3b2iqu +C22a2ija2pq +C23azijaqu +C32a3ija2pq"’
+Ca383;83,9 ..(E.2)
Therefore :-
C,, =B, -B,
Cs=B,-B,
C,=B
Cy; =B;
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Reordering of Flow Tensor Derivative

Now evaluate these constants in terms of the derived terms of Equation (D.2).

0

*f 33 I, Of o0v3 T, of
Cn = % 2cos3GJ_2+ Y2 2c0s°30 14 00
0007 3 ) £ I3

 tn300f O°ftan3e 3v3 T, tand Of
I, %® % 3% 2008301 5/ gk

Now J, _ 1 2sin36

FE TN

f 33 1 2sin38| o&°f

C, = - +
2 (396]2]/2 2cos39( le/z 3J§J GJ;/22

3 33 |__1 2sin36|of tan30 of
1/ cos?30 2¢0s30 7% 343 Joo I, o8

_Oftan30 3v3 [ 1 2sin30| tan30 O'f
00 121/2 2c0s308 121/2 3\/5 121/2 5]21/269

o tan30 o’f | 3tan30 of
595_]21/2 le/z anl/z2 J, cos’ 30 0

Thus C,, =

+tan39<_9f_ 0°f tan®30 tan30 O°*f

+ - ..(E3
I, % ® 1, 34 ke ®

|2

9 tan30 1 &f 3. o
=2 == "4
4cos?30J3 O 4cos?30 73 02
2
3[3gtan39+a—fj
AN E4)
© 4cos?30 713 T

33
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. Reordering of Flow Tensor Derivative

]
| |
co_ *f 3 1 9f tan30 3 : i
- 5951;/2 2°°S3GJ;A %’ Jz% 200539‘.124“- '
+3\/§scc3369f_ |
212 09
C - V3 Oftandp  2f | W3 o
i 2¢0s30.722 { 8’ Jz% o0a15) 2c0s’38.J3 08
C32

Similarly, followiné substitution and simplification, it can be shown that:-

..(E.S)

‘ Cy, =Cy
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APPENDIX F ‘

FORTRAN 77 LISTING:
MATERIAL MODEL PARAMETERS

O0000000000000000O0

Routine to determine components of mapping matrix [L] and
KARAFILLIS/BOYCE isotropic yield surface parameters k and c
from experimentally determined material parameters .

* Input Material R values at 0, 45 & 90 degrees
Material uniaxial yield stresses at the same angles
Material shear yield stress

* Qutput File TABLE.OUT with matrix [L] components and k & c

* Subroutines called:-
-PHI Returns the LHS of the Boyce polynomial yield function
for a given deviatoric stress vector {stress} and material
constants.

-MATMUL Matrix multiplication

G.D.Thomas 27 May 1996

implicit none

real*8 r0,r90,r45,alphal,alpha2,gammal,y0,yd45,y90,c,cc,
phiO,phid5,phi90,1(6,6),betal,beta2,beta3,yst0(6),
ystd5(6),yst90(6),s0(6),s45(6),s90(6),gamma2,gamma3,
error2,constl,error,y, flag,
yshear,yshr(6),phis,efstress,errorl

o

integer k,i,j,n

USER INPUT
Enter R values and Yield Strength values:-
r0= 0.670D0
r45=0.930D0
r90=0.80D0
y0= 286.0D6
y45=290.0D6
y90=303.0D6
yshear=155.29D6

y={y0+y45+y90)/3.0D0

flag=1.0D0
open (unit=10,file='table.out',status="unknown',
& access='sequential')

[L] matrix parameters:-
alphal=(r0*r90+r90+2.0D0*r0)/2.0D0/r90/ {r0+1.0DO0)
alpha2=(r90+1.0D0-(r90-1.0D0)*alphal)/(r90+1}
gammal=(r45+0.5D0)*alpha?2 o
gamma2=3.0D0/2.0D0
gamma3=3.0D0/2.0D0
betal=(alpha2-alphal-1.0D0)/2.0D0O
beta2=(alphal-alpha2-1.0D0)/2.0D0
beta3=(1.0D0-alphal-alpha2)/2.0D0 ) . :
|

Load (1) i.e. {L] with C=1.0

do 10 i=1,6
* do 10 j=1,6
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FORTRAN 77 Listing: Material Model Parameters

1¢(i,3j)=0.0DO
10 continue
1(1,1)=1.0D0
1(1,2)=betal
1(1,3)=beta2
1(2,1)=1(1,2)
1(2,2})=alphal
1(2,3)=beta3
1(3,1)=1(1,3)
1(3,2)=1(2,3)
1({3,3)=alpha2
1(4,4)=gammal
1(5,5)=gamma2
1(6,6)=gamma3

load stress vectors which cause yielding at 0, 45 & 90 degrees
and stress vector which causes yielding in pure shear:-
do 20 i=1,6
ystO(i)= 0.0DO
yst45(i)=0.0D0
yst90(i)=0.0D0
yshr{i)= 0.0DO
continue
ystO(1l)=yO0
yst90(2)=y90
yst45(1)=0.5D0*y45
yst45(2)=yst45(1)
yst45{4)=yst45(1)
yshr(l)=yshear
yshr{2)=-yshear

c ... Map above yield stress vectors via [l] to deviatoric space:-
call MATMUL(1l,yst0,s0,6,6,1)

call MATMUL(1l,yst90,s90,6,6,1)

write(10,%*)
write(10,%*)
write{10,*)
write(10,*)
write(10,*)
write(10,*)
write(10,*)

 write(10,*)

write(10,*)
write(10,*)
write(10,*)
write(10,*)
write(10,*)
write(l1l0,*)
write(10,*)
write(10,*)
write(10,*)
write{10,*)
write{10,*)
write(10,*)

"RO=", r0
"R45=",rd5
"R90=", r90
'Y0=",Y0
'Y45=",y45
1Y90=",y90

'alphal=',alphal
talpha2="',alpha2
'gammal="',gammal
'gamma2="',gamma2
'gamma3="',gamma3
'betal="',betal
'beta2="',beta2
'beta3="',beta3

'Average yield strength',y

'Shear yield strength', yshear

Confirm yshear/yuni is within yield surface bounds. If not give
closest bound k and ¢ parameters:-—

1
call MATMUL(1,yst45,s45,6,6,1)
\

write(10,*) 'WARNING: Lower Bound Approximation’
write(10,*)
write(10,*) 'k=15 c=0.0"
k=15
c=0.0D0
goto 100
end if )
if (yshear/y .gt. 0.6514D0) then |
write(10,*) 'WARNING: Upper Bound Approximation'
write(10,%*) |
write(10,%) 'k=15 c=1.0" : |
k=15 :
c=1.0D0 ‘

|
if {(yshear/y .lt. 0.51168D0O) then
|
|
|

goto 100
end if

write(10,*) ! k c $error c!
write(10,%*) ! [R———
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flag=-1.0D0
errorl=1.0D6

do 30 k=1,15
do 50 n=0,10000
c=n/10000.0D0

call PHI(yshr,k,c,phis)
efstress=(phis/2.0D0)** (0.5D0/k}
error2={(efstress-y)/y*100.0D0

if (dabs(error2) .lt. dabs(errorl)) then
errori=error2
error=error2
constl=c

end if

50 continue

call PHI(sO,k,constl,phi0)

call PHI(s45,k,constl,phid5)

call PHI{s90,k,constl,phi90)

cc=(y0+y45+y90)/0.5D0** {0.5D0/k)

& /{phiO** (0.5D0/k)+phid45**(0.5D0/k)+phi90**(0.5D0/k)}

write(10,900) k,constl,error,cc
errorl=1.0D6

30 continue

C ... Calculate C iff shear stress is out of bounds
100 if (flag .gt. 0.0D0) then

call PHI(sO0,k,c,phiO)
call PHI(s45,k,c,phid5)
call PHI(s90,k,c,phi90)
cc=(y0+y45+y90)/0.5D0** (0.5D0/k)

& / (phi0** (0.5D0/k}+phid5** (0.5D0/k}+phi90** (0.5D0/k))
write{1l0,*)
write(10,*) 'C=',cc

end if

close {(unit=10)

900 format(i2, 8x,f8.4, 8x,f10.6,8x,£f12.10,3x,d12.5,3x,d12.5,f12.5)
910 format(6(di2.5,1x))

stop
end

Gttt eeee s tete e e aaaeaaaeaeaaaae et aaataeeeeeeean P
Subroutine PHI returns the LHS of the Boyce polynomial yield
function for a given deviatoric stress vector {stress} and

material constants

in {stress} - deviatoric stress vector
INTEGER material constant

c - REAL material constant
out phi - LHS of Boyce yield function

O0000000
~
I

subroutine PHI (stress,k,c,phiO)
implicit none

" real*8 stress(6),c,32,33,0,s1ij(6,6),s1,s52,53,constl,
& pi,phil,phiZ,angle,phiO

integer i,j,1,k

c ... set up deviatoric stress tensor
sij(l,1l)=stress(l)
sij(2,2)=stress(2)
sij(3,3)=stress(3)
sij(1,2)=stress(4)
sij(l,3)=stress(5)
sij{2,1)=stress(4)
sij(2,3)=stress(6)
sij(3,1)=stress(5)
sij (3,2)=stress(6)
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;€ .

10

20
c
c
c

&

deviatoric invariants
j2=0.0D0
33=0.0D0
do 10 i=1,3
do 10 j=1,3
j2=j2+sij(i,j)*sij(i,j)/2.0D0O
¢ontinue
do 20 i=1,3 }
do 20 j=1,3
do 20 1-=1,3 i
j3=33+sij(i,j)*sij(j,1)*sij(1,1)/3.0DO
continue .

stress angle theta
angle=(-3.0D0O**1.5D0/2.0D0*j3/§2%*1.5D0)
if (dabs{angle) .ge. 1.0D0) then
angle=dsign(0.99999999999999D0, angle)
end if
o=dasin(angle)/3.0D0
if (o .eq. 0.0D0) then
o=1.0D-15
end if

. principal deviatoric stresses

constl=2.0D0/dsqrt (3.0D0)*dsqrt(j2)
pi=2.0D0*dasin(1.0DO0)
sl=constl*dsin(o+2.0D0/3.0D0*pi)
s2=constl*dsin(o)
s3=constl*dsin{o+4.0D0/3.0D0*pi)

calculate phi

) phil=(sl—sZ)**(2¥k)+(52—53)**(2*k)+(s3-sl)**(2*k)

phi2=sl** (2%k)+s2** (2*k)+s3** (2*k)
phiO=(1.0D0-c) *phil+c*3.0D0** (2*k)
/{2.0DO** (2*k~1)+1.0D0Q) *phi2

return
end
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APPENDIX G

FORTRAN 77 LISTING: ‘
ABAQUS USER-MATERIAL ?

Implementation of a General Anisotropic Yield Criterion Using
Bounds and a Transformation Weighting Tensor, as proposed by
A.P. Karafillis and M.C. Boyce 1993

* Anisotropic (Orthotropic Symmetry)
Linear Hardening, Pressure Independent Plasticity
Strain Rate Independent

* All arguments parsed to and from this UMAT subroutine as per

* Material Properties and Print Control:-

ABAQUS Users Manual. ) .
e : Young’s Modulus [Pa}] props (1)
poisson : Polssons Ratio props (2}
h : Plastic Linear Hardening Parameter [Pa] props(3)
yO : Material Uniaxial Yield Stress [Pa] props {4} |
k : INTEGER yield function constant props (5) i
c : REAL yield function constant props(6) |
lun : Logical Unit Number=16 to print UMAT . props(7) . |
output to file msg.msg after each call .

* IPE Transformation Tensor parameters:-
C : props(8)
alphal : props(9)
alpha2 : props{10)
gammal : props(1ll)
gamma2 : props(12)
gamma3 : props(l3)

* Solution Dependent State Variables (*DEPVAR=11)
statev(l...6) =-> : Total Plastic Strain Vector
statev(7) -> : von Mises Equivalent Stress
statev(8) -> : von Mises Equivalent Plastic Strain
statev(9) -> : Boyce Effective Stress
statev(10) -> : Boyce Equivalent Plastic Strain (aniso)
statev{1ll) -> : Boyce Equivalent Plastic Strain (iso)

* Subroutines called:-

- PLASTIC:- For a given stress with f>0.0 and for given material.
constants, this subroutine calculates the returned stress, the.
plastic strain increment and the increment isotropic
equivalent plasticity. Linear hardening is included.

- YF. Returns the yield function value, stress angle
{theta) and deviatoric invariants for a given stress

vector {stress}! and material constants.

- DERIVS Evaluates the yield function derivatives with respect
to theta and A (A=square root of J2).

- FVECTOR Returns yield surface flow-vector.

o000 00000000000000000000000000000000000000020

FV_DER Returns flow-vector derivative.




FORTRAN 77 Listing: ABAQUS User-Material

c
c - TANMOD Returns Consistent Tangent Modulus.
c
c - ELASTIC Returns Elastic Constitutive matrix and updated
c Stress Vector.
c .
c - MATMUL Matrix multiplication. .
c .
c - MATINV Calculate inverse of 6x6 non-singular matrix .
c
c .
c By G.D.Thomas 27 May 1996 .
ot ettt e eaeacsononononsssososessssnssseanaesssesesesesecensnsnasasaensonsas
subroutine UMAT(stress,statev,ddsdde, sse, spd, scd,
& rpl,ddsddt,drplde,drpldt,
& stran,dstran,time,dtime, temp,dtemp,predef,dpred, cmname,
& ndi,nshr,ntens,nstatv,props, nprops, coords,drot, pnewdt,
& celent,dfgrdo,dfgrdl, noel, npt, layer, kspt,kstep, kinc)
implicit none -
integer ntens,nstatv,nprops,ndi,nshr,noel, npt, layer, kspt,
& kstep, kinc |
|
character*8 cmname |
dimension stress{ntens),statev(nstatv), 3
& ddsdde {ntens,ntens),ddsddt (ntens),drplde(ntens), |
& stran{ntens),dstran(ntens),time(2),predef(1l),dpred(l),
& props {nprops),coords(3),drot(3,3),dfgrdo{(3, 3},
& dfgrdl (3, 3)
real*8 stress,statev,ddsdde,sse,spd,scd, rpl,ddsddt,drplde,drpldt,
& stran,dstran, time,dtime,temp,dtemp,predef,dpred,
& props, coords,drot, pnewdt,
& celent,dfgrdo,dfgrdl |
|
¢ ... User defined double-precision and integer variables
real*8 e,poisson,h,y,kk,pstrain(6),strain(6),£0, fwork,
& volstran,volstrs,epl{6),ep(6),stressi(6),
& c,j32,33,0,s(6),dfda,d2fd2a,d2fdoda,dfdo,d2fd2o,
& d2fdado,a(6),a2(6),a3(6),c2,c3,lambda,dep,aa({6),bb(6,6),
& nstress(6),scratch(l),b{6,6),dplastic(6},bbl(6,6),
& cc,alphal,alpha2,gammal, gamma2,gamma3, teps, ywork,
& 1(6,6),d(6,6),dummy(6),epredict(6),dplas(6),1v(6,6),
& invlv(6,6),y0,epredictl{6),stressa(6),dmises
integer i,j,k,lun
|
|
c ....Material Properties and Print Control:-
c e : Youngs Modulus {Pa]
c poisson : Poissons Ratio
c h : Plastic Hardening Parameter [Pa]
c yO0 : Material Uniaxial Yield Stress [Pa}
c g : Shear Modulus [Pa)
c kk : Bulk Modulus [Pa]
c k : INTEGER yield function constant
c c : REAL yield function constant
c lun : Logical Unit Number
e=props (1)
polisson=props(2)
h=props (3) |
yO=props{4) |
k=idint (props(5)) |
c=props{6) ;
lun=idint (props(7))
kk=e/{3.0D0* (1.0D0-2.0D0*poisson))
¢ ... IPE Transformation Tensor parameters:-
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Q0000000

10

cc=props (8}

alphal=props(9)
alpha2=props(10)
gammal=props(11)
gamma2=props (12)
gamma3=props (13)

Solution Dependent State Variables (*DEPVAR=11)
Values at beginning of increment:-
statev(l...6) -> pstrain : Total Plastic Strain

statev (7} -> : von Mises Equivalent Stress

statev(8) -> : von Mises Equivalent Plastic Strain

statev(9) -> : Boyce Effective Stress

statev(10) -> : Boyce Equivalent Plastic Strain (aniso)

statev(11l) -> : Boyce Equivalent Plastic Strain (iso)
do 10 i=1,6

pstrain(i)=statev(i)
dplas(1)=0.0D0
continue

teps=statev(1ll)

Define IPE TRANSFORMATION TENSOR [L] (deviatoric mapping)

do 20 i=1,6

20

do 20 j=1,6
1(i,j)=0.0D0

continue
1(1,1)=cc
1(2,2)=cc*alphal
1(3,3)=cc*alpha2
1(4,4)=cc*gammal
1(5,5)=cc*gamma2
1(6,6)=cc*gamma3
1(1,2)=cc*{alpha2-alphal-1.0D0)/2.0D0
1(1,3)=cc*{alphal-alpha2-1.0D0)/2.0D0
1(2,3)=cc*(1.0D0-alphal-alpha2)/2.0D0
1(2,1)=1(1,2) '
1(3,1)=1(1,3)
1(3,2})=1(2,3)

Define TRANSFORMATION TENSOR {1lv] (non-deviatoric mapping)

do 30 i=1,6

30

40

do 30 j=1,6
Iv(i,j)=1(i,])
continue
do 40 i=1,3
do 40 j=1,3
1v(i,j)=1(i,3)+1.0D0/3.0D0O
continue

Determine [invlv] INVERSE of([lv]:-
call MATINV(1lv,invlv)

Define ELASTIC CONSTITUTIVE MATRIX :-

do 50 i=]1,6

50

dummy (i )=0.0D0
continue
call ELASTIC{d,dummy,dummy,e,poisson)

Calculate Increment Initial Yield Strength
y=y0O+h*teps

Calculate current increment TOTAL STRAIN:-

do 60 i=1,6

60

strain({i)=stran(i)+dstran(i)
continue

.Calculate VOLUMETRIC STRAIN & HYDROSTATIC STRESS

volstran=strain{l)+strain(2)+strain(3)
volstrs=kk*volstran
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C ...

0O00aQ0

[e]

Q

.Evaluate ELASTIC PREDICTOR

call MATMUL(d,dstran,epl,6,6,1)

do 70 i=1,6
epredict{i)=stress(i)+epl(i)

70 continue

If Elastic Predictor={0} in deviatoric space (ie. J2 & J3=0.0)
then go ELASTIC:-
do 80 i=1,3
epredictl (i)=epredict(i)=-volstrs
epredictl (i+3)=epredict {i+3)
80 continue '
call MATMUL(epredictl,epredictl,scratch,1,6,1)
if (scratch(l) .1lt. 1.0D-3) then
call ELASTIC(ddsdde,dstran,stress,e,poisson)
f0=-1.0D0 ’
32=0.0D0
fwork=-y
ywork=y
goto 500
end if

. MAP anisotropic Elastic Predictor to isotropic stress space:-
call MATMUL(lv,epredict,ep,6,6,1)

Determine if Elastic Predictor stress is in plastic range
and call relevent subroutine

calculate yield function value
call YF(ep,k,c,y,£0,32,33,0)

ELASTIC

if (f0 .le. 0.0DO) then
call ELASTIC{ddsdde,dstran,stress,e,poisson)
fwork=£0 .
ywork=y
goto 500

endif

PLASTIC

set stress vector {stressi}=Elastic_Predictor
do 90 i=1,6
stressi(i)=ep{i)
90 continue
call PLASTIC(stressi,d,k,c,y0,h,teps,dplastic,lambda, ywork,dep)
spd=dep* {yOth*teps + ywork}*2.0DO

. MAP plastic strain increment and isotropic stress to anisotropic space:-
call MATMUL{1l,dplastic,dplas,6,6,1)
call MATMUL(invlv,stressi,stressa,6,6,1)

Evaluate the isotropic flow vector {a} at new stress:-
call YF({stressi,k,c,ywork, fwork,j2,33,0)

call DERIVS(o,dsqrt(j2),k,c,dfda,d2fd2a,d2fdoda,dfdo,
& d2fd2o0,d2fdado)

call FVECTOR(stressi,j2,dfda,dfdo,o0,a,a2,a3,c2,c3)

Evaluate the anisotropic flow vector {aa}:-
call MATMUL(lv,a,aa,6,6,1)

Evaluate the isotropic flow vector derivative [b]

call FV_DER(stressi,j2,d2fd2a,d2fdoda,dfdo,d2fd20,d2fdado, 0o,
& c2,¢c3,a2,a3,b)

Evaluate the anisotropic flow vector derivative {bb]:-

call MATMUL(lv,b,bbl,6,6,6)

call MATMUL({1lv,bbl,bb,6,6,6)

Evaluate TANGENT MODULUS [ddsdde]
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[¢]

[¢]

0000

call TANMOD(lambda,e,poisson,h,aa,bb,ddsdde)

... STRESS VECTOR
do 100 i=1,6
stress(i)=stressa(i)
100 continue

... TOTAL PLASTIC STRAIN
do 110 i=1,6
' pstrain(i)=pstrain(i)+dplas(i)
statev(i)=pstrain(i)
110 continue

... EFFECTIVE STRESS
... von Mises Effective Stress
500 statev(7)=dsqrt(3.0D0*j2)

Boyce Effective Stress
statev(9)=(fwork+ywork)

TOTAL EQUIVALENT PLASTIC STRAIN
if ( £0 .gt. 0.0DO) then
von Mises Total Equivalent Plastic Strain:-
calculate e(i,jle(i,j): {dplas}) is engineering strain
vector, therefore shear terms are modified in order to obtain
correct tensor multiplication.
scratch(l)=dplas(l)**2+dplas(2)**2+dplas(3)**2

& +dplas(4)**2/2.0D0
& +dplas(5)**2/2.0D0
& +dplas(6)**2/2.0D0

dmises=dsqrt (2.0D0/3.0D0*scratch (1))
statev(8)=statev(8)+dmises

Boyce Total Equivalent Plastic - Strain (anisotropic)
do 120 i=1,3
s{i)=stress(i)~-volstrs
s{i+3)=stress(i+3)
120 continue
call MATMUL(s,dplas,scratch,1,6,1)
if (scratch(l). le. 0.0D0) then
write(6,*) 'The total incremental plastic work is'
& ,scratch(l)
statev({1l0)=statev(10)+dmises
else
if (h .1lt. 1.0D0) then
statev(l0)=statev(10)+scratch(l)/y

else .
statev(1l0)=statev(10)+
& (-y+dsqgrt (y**2+4.0D0O*h*scratch(1)))/(2.0D0*h)
end if
end if

Boyce Total Equivalent Plastic Strain (isotropic)
statev(ll)=statev(1ll)+dep
endif

... Print UMAT output to file msg.msg if required by user:-
if (lun .ne.16) then
return
end if

open {unit=lun,file="msg.msg’',

& status=‘unknown',access='sequential'}

write{lun,*) ' E Poisson H
&ield’

4

%,
[ai
45
ct
®
—
c
=4
*
I
I
I
I
I
I
I
i
I
I}

f=====
write{lun, 900) e,poisson,h,y0
write(lun,*)
write(lun, *)
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write{lun,*) k c D p
& dtime *
write(lun,*) ° e R,

write(lun,930) k,c
write(lun,*)
write{lun,*)

write(lun,*) ! C alphal alpha2 gammal
& gammaz2 gamma3'

write(lun,*) ! ===
& ====== ==mm== .

write(lun,910) cc,alphal,alpha2,gammal,gamma2,gamma3

write(lun,*}

write(lun,*)

write(lun,*) 'Total Strain(in} Plastic Strain(in) Updated Stress
& Plastic Strain (out)'

write(lun,*) '
& 1

write(lun,920) (strain(i),pstrain(i)-dplas(i),stress(i},
&statev(i),i=1,6)

write(lun,*)

write(lun,*)

write(lun,*) 'Effective Stress’

write({lun,*) ! !
write(lun,*) ' Boyce von Mises!

write(lun,*) ' —————— = cec—me——— '

write{lun, 900) statev(9),statev(7)

write(lun,*)

write(lun,*)

write{lun,*) 'Total Equivalent Plastic Strains'
write(lun,*) ! !
write(lun,*) 'Boyce (aniso) Boyce (iso) von Mises'
write(lun,*) '—-——-—————-—-—-=  eecor—mem——— !
write(lun, 900} statev(10),statev(1ll),statev(8)
write(lun,*)

write(lun,*)

write{lun,*) '([DDSDDE]’

write(lun,*) 's======='

write(lun,910) ({ddsdde(i,j),j=1,6),1i=1,6)

close (unit=lun)

900 format (4(dl12.5,4x))
910 format (6(di2.5,1x))
920 format (4(dl12.5,7x))
930 format(3x,i2,7x,d12.5,5x,d12.5,5x%x,d12.5,5x%x,d12.5)

return
end
Gt teeeaeesetoseseoasosassenaseannosesansssssssesenenaensanscssoanaseeans
c Subroutine PLASTIC. For a given stress with £>0.0 and for given
c material constants, this subroutine calculates the returned
c stress, the plastic strain increment and the increment isotropic
c equivalent plasticity. Linear hardening is included
c
c in {stress} - incoming stress vector (£>0.0; 1iso)
c d - elastic constitutive matrix
c k - INTEGER material constant
c [o] - REAL material constant
c y0 - initial yield strength
c h - material linear hardening parameter
c teps - total equivalent plastic strain (iso)
c out {stress} - updated stress vector (iso)
c {dplastic} - increment plastic strain vector {(iso)
c lambda - plastic multiplier
c y2 - yield strength at end of increment
o} dep - inc. isotropic equivalent plasticity
Gt e et e eeasasoonsososseasasauenassesoaeesesenenassensoessnsnssononaneeeenos

subroutine PLASTIC (stress,d,k,c,y0,h,teps,dplastic,lambda,y2,dep)
implicit none
real*8 stress(6),dplastic{é),c,h,lambda,fl,f2,t0l,32,33,

& dfda,d2fd2a,d2fdoda,dfdo,d2fd20,d2fdado,a({6),a2(6),a3 (6},
& c2,c3,d(6,6),da(6),ada({l),dlambda,stest(6),ep,teps,
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Q0000

(o]

C

10

2000

1000

20

30

volstrs,s2(6),scratch(1,1),y0,y2,dptest(6),dep,0,yl
integer k,1i

Initialise parameters...
volstrs=(stress(l)+stress(2)+stress(3))}/3.0D0
do 10 i=1,6

dplastic(i}=0.0D0O
continue
dep=0.0D0
yl=yO+h*teps

Initialise convergance parameters:-

fl1 -> yield function value at beginning of iteration

f 2 - > ” " " e nd " ”"

tol =-> maximum allowable value of f2 for acceptable
convergence to yield surface

tol=1.0D-1
£2=1.0D300
lambda=0.0D0

stress return

if ( dabs(f2) .gt. tol) then
Evaluate yield function, J2, J3 and theta
call YF{stress,k,c,yl,£f1,32,33,0)

Evaluate derivatives of yield function wrt sqrt(J2) & theta
call DERIVS(o,dsqgrt(j2),k,c,dfda,d2fd2a,d2fdoda,dfdo,
d2fd2o0,d2fdado)

Evaluate flow vector {a}
call FVECTOR(stress,j2,dfda,dfdo,o0,a,a2,a3,c2,c3)

Evaluate plastic multiplier
call MATMUL(d,a,da,6,6,1)
call MATMUL(a,da,ada,l1l,6,1}
dlambda=fl/{ada(1l)+h)

Calculate anticipated stress vector and increment in plastic strain
vector for iteration:-
do 20 i=1,6
stest(i)=stress(i)-dlambda*da (i)
dptest(i)=dlambda*a (i}
continue

anticipated deviatoric stress:-

do 30 i=1,3
s2(i)=stest(i)-volstrs
s2(1+3)=stest (i+3)

continue

anticipated increment in equiv. plastic strain:-
call MATMUL{s2,dptest,scratch,1,6,1)
if (h .1t. 1.0D0O) then
ep=scratch(l,1)/yl
else
ep=(-yl+dsqrt{yl**2+4.0DO*h*scratch(1l,1}))/{(2.0D0*h)
end if

if (scratch(l,1). le. 0.0DO) then
write(6,*) 'The subincremental plastic work is'
. ,scratch(l,1)
ep=1.0D-20
end if

update uniaxial yield strength at end of iteration:-
y2=yl+h*ep

Confirm £2>0 at anticipated stress, if not revise magnitude of
plastic multiplier:-
call YF(stest,k,c,y2,£2,32,33,0)
if (dabs{f2).1lt. tol} then
goto 3000
end if
if (f2 .1t. 0.0DO)} then
dlambda =dlambda*0.995D0
goto 1000
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end if

- Update LAMBDA, STRESS & PLASTIC, STRAIN INCREMENT:-
3000 do 40 i=1,6
stress(i)=stress(i)-dlambda*da (i)
dplastic(i)=dplastic(i}+dlambda*a(i)
40 continue
lambda=lambda+dlambda
dep=dep+ep
yl=y2

goto 2000
end if

910 format (6(d12.5,1x))

return
end
Cla et oo ne oo ososesasaososeaosesssosesssesaenesesssesesensusesesesencnsnnnnss
c Subroutine YF returns the yield function value, stress angle
o} {theta) and deviatoric invariants for a given stress
c vector {stress} and material constants.
c
c in {stress} -~ full stress vector
c k - INTEGER material constant
c ¢ - REAL material constant
c y - material uniaxial yield stress .
c out f - yield function value .
c j2 - second deviatoric invariant
c j3 - third deviatoric invariant .
c o - theta .
L. U
subroutine YF (stress,k,c,y,f,32,33,0)
implicit none
real*8 stress(6),c,v,£,32,33,0,51j(6,6),s1,s2,s3,constl,
& pi,phil,phi2, angle,volstrs,scale
integer 1i,j,1,k
scale=1.0D-6
c ... set up deviatoric stress tensor
volstrs=(stress{l)+stress(2)+stress{3))/3.0D0
sij(l,1)=stress(l)-volstrs
sij(2,2)=stress{2)-volstrs
sij(3,3)=stress{3)-volstrs
sij(l,2)=stress(4)
sij(1,3)=stress(5)
sij(2,1)=stress(4)
sij(2,3)=stress(6)
sij(3,1)=stress(5)
sij(3,2)=stress(6)
c ... deviatoric invariants
§2=0.0D0
33=0.0D0
do 10 i=1,3
do 10 j=1,3
j2=j2+sij(i,j)*sij(i,3)/2.0D0O
10 continue
do 20 i=1,3
do 20 j=1,3
do 20 1=1,3
33=33+sij(i,J)*sij(j,1l)*sij(1,1)/3.0D0
20 continue
c ... stress angle theta

angle=(~-3.0D0**1.5D0/2.0D0*]j3/j2**1.5D0)
if (dabs{angle} .ge. 1.0D0) then
angle=dsign(0.99999999999999D0, angle)
end if
o=dasin{angle)/3.0D0
if (o .eqg. 0.0D0) then
0=1.0D-15
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end if
c ... principal deviatoric stresses {(multiplied by scaling factor to
c prevent overflow error)

constl=2.0D0/dsqrt (3.0D0}*dsqrt(j2)
pi=2.0D0*dasin(1.0D0)
sl=constl*dsin(o+2.0D0/3.0D0*pi)*scale
s2=constl*dsin (o) *scale
s3=constl*dsin(o+4.0D0/3.0D0*pi)*scale

¢ ... linearise yield function
phil=(sl-s2)** (2*¥k)+(s2~53)** (2*k)+(s3=-s51)** (2*k)
phi2=sl** (2%k)+s2** (2*k)+s3** (2*k)
£f=(0.5D0*{ (1.0D0~c) *phil+c*3.0D0O** (2*k}
& /(2.0DO**(2*k~1}+1.0D0)*phi2))**(1.0D0/(2.0D0*k))/scale
& -y

return
end

Subroutine DERIVS to evaluate yield function derivatives
with respect to theta and A (A=square root of J2)

in f - yield function value

Y - unixial yield stress .
o - theta

a - square root of J2

k - INTEGER material constant

c - REAL material constant

d

fda-d2fdado - yield function derivatives

O0000000a0O0

subroutine DERIVS (o,a,k,c,dfda,d2fd2a,d2fdoda,dfdo,
& d2fd20,d2fdado)

implicit none

real*8 o,a,c,dfda,d2fd2a,d2fdoda,dfdo,d2fd20,d2fdado,pi,al,az,
& fi,f2,£3,f4,f5,f6,£7,£8,£9,£f10,£11,£f12,phi, aa,
& constl, const2,dgda,d2gd2a,d2gdoda,dgdo,d2gd2o

integer k

c ... yield function derivatives (polynomial)

c Define working constants
aa=a
a=1.0D0
pi=2.0D0*dasin(1.0DO0)
al=2.0D0/3.0D0*a*dsqrt (3.0D0)
a2=c*3.,0D0** (2*k)/(2.0D0** (2*k~1)+1.0D0)
fl=(al*(dcos{o+pi/6.0D0)~dsin(o)))**{2*k)
f2=(-dsin(o+pi/6.0D0)-dcos (o)) /{dcos{o+pi/6.0D0)-dsin{o})
f3=(al*(dsin(o)+dsin{o+pi/3.0D0) ) ) ** (2*k)
f4=(dcos{o)+dcos{o+pi/3.0D0) )/ (dsin{o)+dsin{o+pi/3.0D0))
£5=(al* (~dsin(o+pi/3.0D0)-dcos (o+pi/6.0D0) ) ) ** (2*k)
f6=(—dcos(o+pi/3.0DO)+dsin(o+pi/6.0DO))
& /{~dsin(o+pi/3.0D0)-dcos{ot+pi/6.0D0)
f7=(al*dcos (o+pi/6.0D0) ) ** (2*k)
f8=dtan(o+pi/6.0D0)
f9=(al*dsin{o))**{2*k)/dtan(o)
£f10=(-al*dsin{o+pi/3.0D0))** (2*¥k)/dtan{o+pi/3.0D0)
fll=(al*dsin{o))** (2*k)/{dtan(o))**2
f12=(-al*dsin{o+pi/3.0D0) ) ** (2*k)/(dtan(o+pi/3.0D0) ) **2

c dfda
e ——_———
dfda=({1.0D0-c)*{2.0D0*fl*k/a+2.0D0*£3*k/a
+2.0D0*£5*k/a)
+a2
*(2.0D0O*f7*k/a+2.0D0* (al*dsin(o) ) ** (2*k)*k/a
+2.0D0* ( (-al)*dsin{o+pi/3.0D0) ) ** (2*k)*k/a)

R R R

c d2fd2a
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d2fd2a=(1.0D0-c)
*(4.0DO*f1% (k/a)**2-2.0D0*f1*k/ (a*x*2)
+4.0DO*£3*% (k/a)**2-2.0D0*£3*k/ {a**2)
+4.0DO*£5% (k/a)**2-2.0D0*f5*%k/a**2)
+a2
*(4.0DO*f7* (k/a)**2-2.0D0*f7*k/a**2
+4.0D0* (al*dsin(o) ) ** (2*k)* (k/a)**2
-2.0D0* (al*dsin(o) ) ** (2*k)*k/a**2
+4.0D0* ((~al)*dsin{o+pi/3.0D0) ) ** (2*k)* (k/a)**2
=2.0D0* ( (-al)*dsin{o+pi/3.0D0) ) ** (2*%k)*k/a**2)

SRR

c d2fdoda

d2fdoda=(1.0D0-c)
*(4.,0DO*f1*K**2/a*f2
+4.0DO*£3*%k**2/a*f4
+4.0DO*f5*k**2/a*f6)
+a2
*(-4,0D0*f7*k**2/a*f8
+4.0DO*£9*k**2/a
+4.0D0*£10%*k**2/a)

SRR

c d2fdado

d2fdado=d2fdoda

o] dfdo
c _———-
dfdo=(1.0D0-c)
*(2.0DO*f1l*k*£2
+2.0DO*£3*k*f4
+2.0DO* £5*k*£6)
+a2
*(-2.0DO*£7*k*f8
+2.0D0* £9*k
+2.0D0*£10*k)

R RN

c d2fd2o

d2fd2o={(1.0D0-c)
*(4.0DO*f1¥*k¥**2*xf2%*2
-2.0D0*f1*k
-2.0DO*f£1*k*f2%**2
+4.,0DO* £3*k** 2% f4**2
-2.0D0*£3*k
-2.0DO*f3*k*f4**2
+4 ., 0DO* £5*k** 2% £6**2
-2.0DO*£5*k ‘
~2.0DO*f5*k*f6**2)
+a2
*(4,0DO*f7*k**2*xf8**2-2.0DO*f7*k
-2.0DO*f7*k*£8**2+4 . 0DO*f11*k**2
-2.0D0* (al*dsin(o) ) **{2*k)*k-2.0DO*f11*k
+4.0DO*£12%k**2-2.0D0* (~al*dsin{o+pi/3.0D0) ) ** (2¥%k)*k
-2.0D0*£12*k) )

MR RRRMRMRRADDRRR A SN

c ... yield function derivatives (linearised)
const1=1.0D0/({2.0DO** (1.0D0/ (2.0D0*k)+1.0D0)*k)
const2=1.0D0/(2.0D0O*k)~-1.0D0O
phi= (2.0DO*a/dsqrt(3.0D0))**(2*k)
*((1.0D0-c)
*({dsin(o+2.0D0*pi/3.0D0)~dsin{o))** (2*k)
+(dsin(o)-dsin{o+4.0D0*pi/3.0D0) ) ** (2*k)
+(dsin{o+4.0D0*pi/3.0D0)-dsin(0+2.0D0*pi/3.0D0) ) ** (2*k))
+a2 )
*{(dsin(o+2.0D0*pi/3.0D0) ) ** (2*k)
+{dsin(o))** (2*k)
+(dsin(o+4.0D0*pi/3.0D0) ) ** (2*k)))
dgdo=constl*phi**const2*dfdo
d2gd2o=constl* (const2*phi** (const2-1.0D0)*dfdo**2
& +phi**const2*d2fd2o)
dgda=constl*phi**const2*dfda
d2gd2a=constl* {const2*phi** (const2-1.0D0})*dfda**2

RMRARRRRD R
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& +phi**const2*d2£fd2a)
d2gdoda= constl*(const2*ph1**(const2 -1.0D0)*dfda*dfdo
& +phi**const2*d2fdoda)

dfdo=dgdo*aa
d2fd2o=d2gd2o*aa
d2fdoda=d2gdoda
d2fdado=d2gdoda
dfda=dgda
d2fd2a=d2gd2a/aa

return

end
Ciininenaesesososssososessssnsssnssnnssnsnsnsnes C e re st it et
[« Subroutine FVECTOR returns yield surface flow-vector wrt
c full Cauchy stress tensor
c
c in {stress} - full stress vector
c j2 - second deviatoric stress invarient
c dfda,dfdo - yield surface derivatives wrt A (sqrt(32))
c . and theta -
c o - theta ) :
c out {a} - yield surface flow vector wrt full stress
] {a2}, {a3} - flow vector sub-vectors
c c2,c3 - flow vector sub-coefficients
Gttt e s e neaeensneneaeeetessssssoesnsnsnesstacessossnsnsasananasasesennnnas

subroutine FVECTOR (stress,j2,dfda,dfdo,0,a,a2,a3,c2,c3)

implicit none

real*8 stress({6},s(6),j2,dfda,dfdo,0,a(6},

& a2(6),a3{6),c2,¢c3,s11,s22,533,512,513,s23,v0olstrs

integer i

volstrs=(stress(l)+stress(2)+stress(3))/3.0D0

do 10 1i=1,3

s{i)=stress(i)- -volstrs
s(i+3)=stress(i+3)
10 continue

sll=s(1l)

s22=5(2)

s33=s(3) .

sl2=s(4)

s13=s(5)}

s23=s(6)
c ... Flow Vector {a}
c e ————————

do 20 i=1,3
a2(i)=s(1})/(2. 0D0*dsqrt(j2))
32(1+3)—s(1+3)/(2 0DO*dsqrt(j2))*2.0D0O
20 continue

a3(l)=s22*s33-523**2+32/3.0D0
a3(2)=s11*s33~-s13**2+j2/3.0D0
a3(3)=sl1l1*s22-512**2+32/3.0D0
a3(4)=(s23*s13-s33*s512)*2.0D0
a3(5)=(s12*s23-s22*s13)*2.0D0
a3(6)=(sl3*sl12-s11*s23)*2.0D0

c2=dfda-dtan(3.0D0*0)*dfdo/dsqrt(j2) )
c3=-dsqrt (3.0D0)/(2.0D0*dcos (3.0D0*0)*j2** (3.0D0/2.0D0) ) *dfdo

do 30 i=1,6
a(i)=c2%a2(i)+c3*a3(i)
30 continue

return
end
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Gt e e ts e s oesoasaaaansnessosanossssnasasaosossssssesenensnensssssannsnsens
c Subroutine FV_DER returns flow-vector derivative wrt full Cauchy .
[od stress
C .
c in {stress} - full stress vector .
c j2 - second deviatoric stress invarient
c d2fd2a-d2fdado - yield surface derivatives wrt A (sqrt(j2))
c and theta
c [} - theta
c c2,c3 - flow vector coefficients .
c {a2}, {a3} -~ flow vector sub-vectors .
c out [b] - flow vector derivative
Cttteeenoeeessueseseneansaseseseseasaoacassssasssnsnenenensannsannnanean
subroutine FV_DER (stress,j2,d2fd2a,d2fdeda,dfdo,d2fd20,d2fdado,
& o,c2,c3,a2,a3,b)
implicit none
real*8 stress(6),s(6),j2,d2fd2a,d2fdoda,dfdo,d2fd20,d2fdado,
& o,c2,c3,b(6,6),a2(6),a3({6),sll,s22,s33,s812,513,s23,
& a2a2(6,6),a2a3(6,6),a3a2(6,6),a3a3(6,6),ss(6,6),bl(6,6),
& delta(6,6),b2(6,6),c22,c33,¢c23,c32,volstrs
integer 1,3
volstrs=(stress(l)+stress(2)+stress(3})}/3.0D0
do 5 i=1,3
s(i)=stress(i)-volstrs
s(i+3)=stress(i+3)
5 continue
sll=s{1l)
522=s5(2)
s33=s(3)
sl2=s(4)
s13=s(5)
s23=5(6)
¢ ... modify {s} to ensure correct TENSOR multiplication
do 10 i=1,3
s(i+3)=s{i+3)*2.0D0
10 continue
¢ ... calculate [a2a2],[a2a3],[a3a2],[a3a3] & [SS] matrices
call MATMUL(a2,a2,a2a2,6,1,6)
call MATMUL{a2,a3,a2a3,6,1,6)
call MATMUL(a3,a2,a3a2,6,1,6)
call MATMUL(a3,a3,a3a3,6,1,6)
call MATMUL{s,s,ss,6,1,6)
c ... [bl]
do 20 i=1,6
do 20 j=1,6
delta(i,]j)=0.0D0
20 continue
do 30 i=1,3
do 30 j=1,3
delta(i,j)=-1.0D0/3.0D0
30 continue
do 40 i=1,3
delta(i,i)=2.0D0/3.0D0
delta{i+3,i+3)=2.0D0
40 continue
do 50 i=1,6
" do 50 j=1,6
bl(i,j)=delta(i,j}/(2.0D0O*dsqrt(j2))~
& ss(i,j)/(4.0D0*j2**(3.0D0/2.0D0))
50 continue
C .. [b2]
do 60 i=1,6
do 60 j=1,6

b2(i,j)=0.0D0
60 continue
b2(1,1)=s11%*2.0D0/3.0D0
b2(2,2)=s22%2.0D0/3.0D0
b2(3,3)=s33%*2.0D0/3.0D0
b2(4,4)=s33*%(-2.0D0)
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C ...

O000000

b2(5,5)=s22*(-2.0D0)
b2(6,6)=s11*(~2.0D0)
b2{1,2)=s33*%2.0D0/3.0D0
b2{1,3)=s22%2.0D0/3.0D0
b2(1,4)=s12%2.0D0/3.0D0
b2{1,5)=s13%2.0D0/3.0D0
b2(1,6)=s23*(-4.0D0/3.0D0)
b2(2,1)=b2(1,2)
b2(2,3)=s11*2.0D0/3.0D0
b2(2,4)=s12*2.0D0/3.0D0
b2(2,5)=s13%(~4.0D0/3.0D0)
b2(2,6)=s23%*2.0D0/3.0D0
b2(3,1}=b2(1,3)
b2(3,2)=b2(2,3)
b2(3,4)=s12*(-4.0D0/3.0DO0)
b2(3,5)=s13*2.0D0/3.0D0
b2(3,6)=s23*2.0D0/3.0D0
b2(4,1)=b2(1,4)
b2(4,2)=b2(2,4)
b2({4,3)=b2{3,4)
b2(4,5)=s23*2.0D0
b2{4,6)=s13*%2.0D0
b2(5,1)=b2{1,5)
b2(5,2)=b2(2,5)}
b2(5,3)=b2(3,5)
b2(5,4)=b2(4,5)

b2 (5,6)=s12*2.0D0
b2(6,1)=b2(1,6)
b2(6,2)=b2(2,6)
b2(6,3)=b2{3,6)
b2(6,4)=b2(4,6)
b2({6,5)=b2(5,6)

c22, €33, €23, C32

c22=d2fdoda*dtan(3.0D0*0)/dsqrt(j2)+d2fd2a+
& 3.0D0*dtan(3.0D0*0)/(j2*{dcos(3.0D0%0)} ) **2)*dfdo+
& dtan(3.0D0*0)/j2*dfdo+d2fd20* (dtan{3.0D0%0) ) **2/j2-

& dtan(3.0D0*o0)/dsqrt (j2)*d2fdado

c33=3.bD0*(3.0DO*dfdo*dtan(3.0D0*o)+d2fd20)/
& (4.0D0O* (dcos (3.0D0*0) ) **2*j2**3)

c23=dsqrt {3.0D0)/ {2.0D0O*dcos (3.0D0*0)*j2** (3.0D0/2.0D0})*
& (d2fd2o*dtan(3.0D0*0) /dsgrt(j2)-d2fdoda)+
& 3.0D0*dsqrt (3.0D0)/ (2.0D0* (dcos(3.0D0*0) ) *¥*3*j2**2)*dfdo

c32=c23

flow vector derivative
do 70 i=1,6
do 70 j=1,6

b(i,j)=c2*bl(i,j)+c3*b2{i,j)+c22%a2a2(i,j)+
& c23*a2a3(i,j)+c32*a3a2(i,j)+c33*a3a3(i,j)

70 continue

return
end

.

Subroutine TANMOD: Returns TANGENT MODULUS

in lambda -~ plasticity modulus

e,v,h - material constants
-{a}l - flow vector wrt Cauchy stress
{b] - flow vector derivative wrt Cauchy stress

out [ddsdde]- tangent modulus

subroutine TANMOD (lambda,e,v,h,a,b,ddsdde)

implicit none

real*8 e,h,v,lambda,c(6,6),ddsdde (6,6},

& ident (6,6),a(6),b{6,6),d(6,6),
& daad(6,6),ada{6,6),cb(6,6),icb(6,6),
& invicb(6,6}),da(6,1),atd(1,6)

integer i,j
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C ... Load [c], elastic constitutive matrix
do 10 i=1,6
do 10 j=1,6
c({i,j)=0.0DO0
10 continue
do 20 i=1,3
do 20 j=1,3
c(i,j)=v
20 continue
do 30 i=1,3
c(i,i)=1.0D0-v
c{i+3,i+3)=(1.0D0~-2.0D0O*v)/2.0D0
30 continue
do 40 i=1,6
do 40 j=1,6
cli,j)=c(i,j)*e/(1.0D0+v)/(1.0D0O-2.0D0*v)
40 continue

c ... Define [1I]
do 50 i=1,6
do 50 j=1,6
ident{i,j)=0.0D0
50 continue
do 60 i=1,6
ident{i,i)=1.0DO0
60 continue

c ... Calculate (D]
call MATMUL(c,b,cb,6,6,6)

do 70 i=1,6
do 70 j=1,6
icb(i,j)=ident(i,j)+lambda*cb(i,])
70 continue

call MATINV{icb,invicb)
call MATMUL{invicb,c,d,6,6,6)

c ... Calculate [ddsddel
call MATMUL(d,a,da,6,6,1)
call MATMUL(a,d,atd,1,6,6)
call MATMUL(a,da,ada,l1l,6,1)
call MATMUL (da, atd,daad,6,1,6)

do 80 i=1,6
do 80 j=1,6
daad({i,j)=daad(i,j)/{ada(l,1)+h)
80 continue

do 90 i=1,6
do 90 j=1,6
ddsdde (i,j)=d(i,j)-daad (i, )
90 continue

return
end
Gttt tee e seseseseeeeeseeseoseaesasoasassesesesensssnsssesnesenennnsnsns
c Subroutine ELASTIC:-
c Returns Elastic Constitutive matrix and updated Stress Vector
c
c in {dstran} - incremental strain
c {stress} - stress vector at beginning of increment [Pa]
c e, v - material constants
c out [ddsdde] - elastic constitutive matrix
c {stress} - updated stress vector
Gt teeee s e eesesesessesuesiossnssoesasosanceesesesenessasaensnesesoncnnnsnnns
subroutine ELASTIC (ddsdde,dstran,stress,e,v)
implicit none
real*8 ddsdde(6,6),dstran(6),stress{6),dstress(6}),e,v
integer 1i,j
¢ ... Load [ddsdde]

do 10 i=1,6
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Q

Q00 aaa0a

Q0o

10

20

30

40

50

20
10

10

30

20

do 10 j=1,6
ddsdde (i, j}=0.0D0
continue
do 20 i=1,3
do 20 j=1,3
ddsdde(i,j)=v
continue
do 30 i=1,3
ddsdde{i,i)=1.0D0-v
ddsdde (i+3,1i+3)={1.0D0-2.0D0*v)/2.0D0
continue
do 40 i=1,6
do 40 j=1,6
ddsdde (i, j)=ddsdde{i,j)*e/{1.0D0+v)/{1.0D0-2.0D0*v)
continue

Update {STRESS}

call MATMUL (ddsdde,dstran,dstress,6,6,1)

do 50 i=1,6
stress{i)=stress{i)+dstress(i)

continue

return
end

Subroutine MATMUL : Matrix multiplication
CC{ii,kk)=AA(ii,3j)*BB(jj,kk)

in AA - 1ixjj matrix
BB ~ jjxkk matrix
out CC - iixkk matrix
subroutine MATMUL (aa,bb,cc,ii,jj,kk)

implicit none

integer 1i,j,k,ii,j3,kk
real*8  aa(ii,j3),bb(jj, kk),cc(ii, kk),sum

do 10 i=1,ii
do 10 k=1,kk
sum=0.0D0
do 20 j=1,33]
sum=sumtaa{i,j)*bb(j, k)
cc(i,k)=sum

return
end

Subroutine MATINV : Calculate inverse of 6x6 matrix

in mat - 6x6 non-singular matrix
out invmat - inverse of mat

subroutine MATINV (matx,invmat)
implicit none

real*8 matx(6,6),mat{6,6),invmat(6,6),z
integer i,j,k

do 10 i=1,6
do 10 j=1,6
mat{i,]j)=matx(i,j}
continue

do 20 i=1,6

do 30 j=1,6
invmat (i,3)=0.0D0
continue
invmat(i,i)=1.0D0O
continue
do 40 k=1,6

do 50 i=1,6
if (i.ne.k) then
z=mat (i, k}/mat (k, k)
do 70 j=1,6
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70

50

60
40

mat(i,j)=mat(i,j)-mat(k,j)*z
invmat (i,j)=invmat(i,j}-invmat(k,j}*z
continue
end if
continue
z=mat (k, k)
do 60 j=1,6
mat (k,j)=mat(k,j)/z
invmat (k,j)=invmat(k,j)/z
continue
continue

return
end
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FORTRAN 77 LISTING:
ISO-ERROR ROUTINE

[¢]

Q000000000000 0000000

This routine produces a matrix for iso-error contour plotting .

* in {spoint} - selected stress point on yield surface for
error plot [MPa]
k - INTEGER material constant

¢ - REAL material constant
y - material uniaxial yield strength
* out {fm] - 100x100 iso-error matrix in file PLOT.PRN

* Subroutines called:-

~POINT. For given stress increments in the normal and tangent
directions and a starting stress point, this routine calculates
the resultant stress vector and then returns the corresponding
increment strain.

-UMAT+associated subroutines. Karafillis-Boyce Anisotropic
User Material '

G.D.Thomas 27 May 1996

implicit none

integer k,nn,i,j,p,n,ntens,nstatv,nprops,ndi,nshr,noel, npt,layer,
& kspt,kstep,kinc,qgq

real*s £,j2,33,0,dfda,d2fd2a,d2fdoda,dfdo,d2fd20,d2fdado,
a(6),a2(6),a3(6),c2,c3,dn,dt,h,
e,poisson,strl(6),str1000(6),
dot(l,1l}),error,dstran(6),nmax, tmax,
spoint(6),c,y,stress{6),m{100,100},
statev,ddsdde, sse, spd, scd, rpl,ddsddt,drplde,drpldt,
stran,time,dtime,temp,dtemp, predef,dpred,
props,coords,drot,pnewdt, ttime,
celent,dfgrdo,dfgrdl,tmin,sdif(6),norm(l,l)

R RRRRRRR

character*8 cmname

dimension statev(ll),ddsdde(6,6),ddsddt(6),drplde(6),

& stran(6),time(2),predef(l),dpred(l),

& props(15),coords(3),drot(3,3),dfgrdo(3,3),
& dfgrdl (3, 3)

nprops=15

nstatv=1l1

ntens=6

... specify iso-error matrix dimension:-
nn=100
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c USER INPUT

Clut it i eeteeeeeseesoesosssssosasssaassssssssnsnnssssasassssossososeanenass
c define stress point in PRINCIPAL STRESS SPACE [MPa]

c and material constants:-

spoint {1)=-293.00D0
spoint (2)=-293.00D0
spoint (3)=00.0D0

e=73.0D9
- poisson=0.33
y=293.0D6
h=5.0D8
=6
c=0.3D0
Coteveceseosososonstsnasnssesnasansosssoss B et setetectacsaasrerrtananees
y=y/1.0D6 .
h=h/1.0D6
open {unit=10,file='plot.prn',status="unknown’,
& access='sequential')
¢ ... ZERO {stress},{strl},{str1000},total {strain}, total {plastic strain}
c & {spoint} shear terms:-
do 10 p=1,6
stress({p) =0.0D0
strl(p) =0.0D0
strl000(p)=0.0D0
stran(p) =0.0D0
statev{p) =0.0D0O

10 continue
spoint (4)=0.0D0
spoint (5)=0.0D0
spoint (6)=0.0D0

¢ ... von Mises Equivalent Stress & Equivalent Plastic Strain
statev(7)=0.0D0
statev(8)=0.0D0

¢ ... Boyce Effective Stress & Equivalent Plastic Strain
statev(9)= 0.0DO
statev(10)=0.0D0
statev({11l)=0.0D0O

c ... set up props matrix:-
c E, poisson, H, Y, k, ¢, lun
props (l)=e

props{2)=poisson
props {3)=h*1.0D6
props (4)=y*1.0D6

props (5)=k

props (6)=c

props(7)=166
c ... IPE Transformation Tensor [L] parameters: cc, alphal, alpha2,
c gammal, gamma2, gamma3

props(8)=2.0D0/3.0D0
props(9)=1.0D0
props(10)=1.0D0
props(11)=3.0D0/2.0D0
props{12)=3. 0D0/2.0D0
props(13)=3,0D0/2.0D0

¢ ... determine NORMAL {a} to yield surface at selected stress point:-
call YF(spoint,k,c,v,£,32,33,0)
write(6,*) 'fo=',f
if (dabs{f) .gt. 1.0D-2 } then
write(6,*) 'WARNING: Stress point not on Yield Surface!'

stop
end if
" call DERIVS(f,y,o,dsqrt(j2),k,c,dfda,d2fd2a,d2fdoda,dfdo,
& d2fd2o,d2fdado)
call FVECTOR(spoint,j2,dfda,dfdo,0,a,a2,a3,c2,c3)
if ({(dabs{a{4))+dabs(a(5))+dabs(a({6))) .gt. 1.0D-6) then
write(6,*) 'WARNING :Flow vector has shear components'’
stop
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o]
o]
c .

o]

&

&

&

&

&
c

25

26

30

&

&

&

&

50

40

45

2000
c

35

36

20

900

910

endif

STRESS RANGE for plots (expressed as ratio of stress/y):-
nmax=6.0D0

tmin=~3.0D0

tmax=3.0D0

NORMAL & TANGENTAL stress INCREMENTS [MPa):-
dn=nmax/nn*y
dt=(tmax-tmin)/nn*y

for each normal and tangent stress increment complete the stress
return for n=1 and n=1000 and then calculate error:- )
n=1000
do 20 i=0,nn-1
do 20 j=0,nn-1
call POINT(dn*(i),tmin*y+dt*(j),spoint,
a,e,poisson,dstran)
call UMAT(strl,statev,ddsdde,sse,spd,scd,rpl,ddsddt,
drplde,drpldt,stran,dstran,time,ttime,temp,
dtemp, predef,dpred, ¢cmname,ndi,nshr,ntens,nstatv,
props,nprops,coords,drot,pnewdt,celent,dfgrdo,
dfgrdl, noel,npt,layer, kspt, kstep, kinc)

reset {statev} and {stran} to ZERO:-
do 25 p=1,11
statev(p)=0.0D0
continue
do 26 p=1,6
stran(p)=0.0D0
continue

do 30 p=1,6
dstran(p)=dstran(p)/n
continue

do 40 p=1l,n
call UMAT(strlOOO,statev,ddsdde,sse,spd,scd,rpl,
ddsddt,drplde,drpldt,stran,dstran,time,dtime,temp,
dtemp,predef,dpred,cmname,ndi,nshr,ntens,nstatv,props,
nprops,coords,drot,pnewdt,celent,dfgrdo,dfgrdl,noel,
npt, layer, kspt, kstep, kinc)

do 50 g=1,6
stran{qg)=stran{q)+dstran(q)
continue

continue
do 45 g=1,6
sdif(qg)=strl000(q)-strl(q)
continue
call MATMUL(sdif,sdif,norm,1,6,1)
call MATMUL(strl1000,strl1000,dot,1,6,1)

error=dsqrt(norm(l,l)/dot(l,l))*100.0D0
m(i+l,nn-j)=error
write(6,*) i+l,j+l,error
reset {statev} & {stran} to ZERO:-
do 35 g=1,11
statev({q)=0.0D0

continue
do 36 g=1,6
stran(q}=0.0D0
continue
continue
write(10,910) ((m(i,j},i=1,nn),j=1,nn)

format (6(dl12.5,1x))
format (10(f9.2,1x))

close (unit=10)

stop
end
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Subroutine PQOINT. For given stress increments in the normal and
tangent directions and a starting stress point, this routine
calculates the resultant stress vector and then returns the
corresponding increment strain.

in dn - normal stress increment {MPa] .
dt - tangental stress increment [MPa]
{stress0} =~ initial stress point on yield surface [MPa] .
e - elastic modulus
poisson - poisson ratio
{a} - flow vector
out {dstran} - strain vector

acoo0oo0o00000000

subroutine POINT(dn,dt,stress0,a,e,poisson,dstran)
implicit none

real*8 dn,dt,stress0{6),dstran(6),a{6),const,normal (3),poisson,
& tangent (3),e,stress(6),d(6,6),dummy(6),dinv(6,6)

integer p

do 10 p=1,6
dummy {p)=0.0D0
10 continue

if (dabs{a(l)) .lt. 1.0D-4) then
normal (1)=0.0D0O+stress0(1)
normal (2)=1.0D0/dsqrt (2.0D0)*dn+stress0(2)
normal (3)=-1.0D0/dsqrt(2.0D0)*dn+stress0(3)

else
const=1.0D0/dsqrt(2.0D0* (a(l)**2+a(2)**2+a(l)*a(2))

& /(a(l)y**2))
normal (1}=dn*const+stress0{1l)
normal (2)=a(2)/a(l)*dn*const+stress0(2)
normal (3)=-(a{l)+a(2))/a(l)*dn*const+stress0(3)

end if

if ( dabs(2.0DO*a{2)+a(l)) .lt. 1.0D-4) then
tangent (1)=0.0D0+stress0(1)
tangent (2)=1.0D0/dsqrt (2.0D0)*dt+stress0(2)
tangent {3)=-1.0D0/dsqgrt (2.0D0)*dt+stress0(3)

else

const=1.0D0/dsqgrt (6.0D0* (a(l)**2+a(2)**2+a(l)*a(2))

& /{2.0D0*a(2)+a(l)}**2)

tangent (l)=dt*const+stressO(1l)

tangent (2)=-dt*const* (2.0D0*a(1)+a(2))/(2.0D0*a{2)+a(l))

& +stress0(2)

tangent (3)=-dt*const*(a(2)-a{l))/(2.0D0*a{2)+a(l))+stress0(3)

end if

... setup stress vector for return [Pal:-

1000 do 20 p=1,3
stress({p)=(normal {p)+tangent (p)-stressO({p))*1.0D6
stress(p+3)=0.0D6

20 continue

c ... determine strain vector for UMAT:-
call ELASTIC(d,dummy,dummy,e,poisson)
call MATINV{d,dinv)
call MATMUL{(dinv,stress,dstran,6,6,1)
900 format(dl2.5,1x,d12.5,1x%,d12.5,1%x,d12.5,1x%,d12.5,1x%,d12.5)

return
end
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ABAQUS V5.4 INPUT FILE:
DEEP DRAWING PROBLEM

*HEADING, UNSYMM
ANISO :k=3,c=0.3513

*%

*WAVEFRONT MINIMIZATION,NODES,METHOD=2

1,22073

KK

*RESTART,WRITE, OVERLAY
*%

*NODE

1, -0.004243, -0.004243
9, 0, -0.006

17, 0.004243, -0.004243
801, -0.006, 0.

817, 0.006, 0.

1601, -0.004243, 0.004243
1609, 0., 0.006

1617, 0.004243, 0.004243
*XK

*NGEN, NSET=BOT

1, 9, 1

9, 17, 1

*NGEN, NSET=TOP

1601, 1609, 1

1609, 1617, 1

*NGEN, NSET=CENTRE
801, 817, 1

*%

*NFILL, NSET=MID
BOT, CENTRE, 8, 100
CENTRE, TOP, 8, 100
KK

KK

*NODE

2161, -0.004243, -0.004243
2193, 0., -0.006

2225, 0.004243, -0.004243
2129, -0.006, 0.

2001, 0.006, 0.

2257, 0.006, 0.

2097, -0.004243, 0.004243
2065, 0.,  0.006

2033, 0.004243, 0.004243
14001, 0.0275, 0.

14257, 0.0275, 0.

*k

*NGEN, NSET=OUTER, LINE=C
14001, 14257,2,,0,0.,0.,0,0., 1.
K

*NGEN

2001, 14001, 600

2033, 14033, 600

2065, 14065, 600

2097, 14097, 600

2129, 14129, 600

2161, 14161, 600

2193, 14193, 600
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2225, 14225, 600
2257, 14257, 600
*¥K

*NGEN, NSET=ANNULUS
2001, 2033, 8

2033, 2065, 8

2065, 2097, 8

2097, 2129, 8 ,
2129, 2161, 8

2161, 2193, 8

2193, 2225, 8
2225,2257,8

*k

*NGEN, NSET=ANNULUS
2601, 2633, 4

2633, 2665, 4 '
2665, 2697, 4

2697, 2729, 4

2729, 2761, 4

2761, 2793, 4

2793, 2825, 4

2825, 2857, 4

*k

*NGEN, NSET=ANNULUS
3201, 3233, 2

3233, 3265, 2

3265, 3297, 2

3297, 3329, 2
3329,3361,2

3361, 3393, 2
3393,3425,2
3425,3457,2

*k

*NGEN,NSET=INNER
3201, 3233,2

3233, 3265,2
3265,3297,2
3297,3329,2
3329,3361,2

3361, 3393,2

3393, 3425,2
3425,3457,2

*%x

*NFILL, NSET=ANNULUS
INNER, OUTER, 36, 300
=%

*NSET, NSET=BLANK
MID, ANNULUS

LL

*NCOPY, OLD SET=BLANK, NEW SET=BLANK, SHIFT, CHANGE NUMBER=20000
0.,0.,0.00027
0,1,0.

L4
*%

*NSET ,NSET=YCONST, GENERATE
809, 817,2

2001, 14001, 600

20809, 20817, 2

22001, 34001, 300

L L]

*NSET,NSET=XCONST, GENERATE
809, 1609,200

2065, 14065, 600

20809, 21609, 200

22065, 34065, 300

*k

*ELEMENT, TYPE=C3D8

1, 809,811, 1011, 1009, 20809, 20811, 21011, 21009
*k

*ELGEN, ELSET=BASE

1, 4,2,2, 4,200, 16

*%

*ELSET,ELSET=BLANK

BASE

LL]

122



ABAQUS Input File

*ELEMENT, TYPE=C3D8

900, 3201, 3801, 3803, 3203, 23201, 23801, 23803, 23203
300, 2001, 2601, 2609, 2009, 22001, 22601, 22609, 22009
600, 2601, 3201, 3205, 2605, 22601, 23201, 23205, 22605

*ELGEN, ELSET=BLANK
300, 8,8,8

600, 16,4, 4

900, 32,2,2, 18,600,256
%

x%

*SURFACE DEFINITION, NAME=BLANKP

BLANK, §2

*SURFACE DEFINITION, NAME=BLANKD

BLANK, S1

*SURFACE DEFINITION, NAME=BLANKH

BLANK, S2

*x
xx

*NSET, NSET=ZIPBOT, GENERATE
2257, 14257, 600

22257, 34257, 600

*NSET, NSET=ZIPTOP, GENERATE
2001, 14001, 600

22001, 34001, 600

xx

*NSET, NSET=ROW1P, GENERATE
2605, 2853, 8

22605, 22853, 8

*NSET, NSET=ROW1A, GENERATE
2601, 2849, 8

22601, 22849, 8

*NSET, NSET=ROW1B, GENERATE
2609, 2857, 8

22609, 22857, 8

*%

*NSET, NSET=ROW2P, GENERATE
3203, 3455, 4

23203, 23455, 4

*NSET, NSET=ROW2A, GENERATE
3201, 3453, 4

23201, 23453, 4

*NSET, NSET=ROW2B, GENERATE
3205, 3457, 4

23205, 23457, 4

*MPC

LINEAR, ROWIP, ROWI1A, ROWIB

LINEAR, ROW2P, ROW2A, ROW2B

*%

*MPC

TIE, 817, 2001
TIE, 1017, 2009
TIE, 1217, 2017
TIE, 1417, 2025
TIE, 1617, 2033
TIE, 1615, 2041
TIE, 1613, 2049
TIE, 1611, 2057
TIE, 1609, 2065
TIE, 1607, 2073
TIE, 1605, 2081
TIE, 1603, 2089
TIE, 1601, 2097
TIE, 1401, 2105
TIE, 1201, 2113
TIE, 1001, 2121
TIE, 801,2129
TIE, 601,2137
TIE, 401,2145
TIE, 201, 2153
TIE, 1,2161
TIE, 3,2169
TIE, 5,2177
TIE, 7,2185
TIE, 9,2193
TIE, 11,2201
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TIE, 13,2209

TIE, 15,2217

TIE, 17,2225

TIE, 217,2233

TIE, 417, 2241

TIE, 617,2249

*MPC

TIE, 20817, 22257

TIE, 21017, 22009

TIE, 21217, 22017

TIE, 21417, 22025

TIE, 21617,22033

TIE, 21615, 22041

TIE, 21613, 22049

TIE, 21611, 22057

TIE, 21609, 22065

TIE, 21607, 22073

TIE, 21605, 22081

TIE, 21603, 22089

TIE, 21601, 22097

TIE, 21401, 22105

TIE, 21201, 22113

TIE, 21001, 22121

TIE, 20801, 22129

TIE, 20601, 22137

TIE, 20401, 22145

TIE, 20201, 22153

TIE, 20001, 22161

TIE, 20003, 22169

TIE, 20005, 22177

TIE, 20007, 22185

TIE, 20009, 22193

TIE, 20011, 22201

TIE, 20013, 22209

TIE, 20015, 22217

TIE, 20017, 22225

TIE, 20217, 22233

TIE, 20417,22241

TIE, 20617, 22249

o

*NODE, NSET=PUNCH
70000, 0.0, 0.00935, 0.020
*NODE, NSET=HOLDER
80000, 0.0, 0.01685, 0.020
*NODE, NSET=DIE
90000, 0.0, 0.01685, -0.020
=k

*RIGID SURFACE, TYPE=AXISYMMETRIC NAME=DIE,REF NODE=90000,SMOOTH=3.0E-3
0,0,0,0,0,10.
START, 0.01685,-0.020
LINE, 0.01685,0.00
LINE, 0.030, 0.00

xk

*RIGID SURFACE, TYPE=AXISYMMETRIC,NAME=HOLDER,REF NODE=80000,SMOOTH=2.0E-3
0.0, 0.0, 0.0, 0., 0., 0.040

START, 0.030, 0.002

LINE, 0.0168S, 0.002

LINE, 0.01685, 0.020

*k

*RIGID SURFACE, TYPE=AXISYMMETRIC,NAME=PUNCH,REF NODE=70000,SMOOTH=3.0E-3
'0,0,0.0,0,0.,0.070

START, 0.01641, 0.0250

LINE, 0.01641, 0.0065

CIRCL, 0.01191, 0.002, 0.01191, 0.0065

LINE, 0.00, 0.002 )

*k

*CONTACT PAIR, INTERACTION=LUBRIC

BLANKP, PUNCH

BLANKH, HOLDER

BLANKD, DIE

¥k

*SURFACE INTERACTION, NAME=LUBRIC
*FRICTION

0.00000100000

*SURFACE CONTACT,SOFTENED
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1.E-6, 1.E6
*%

*SOLID SECTION, ELSET=BLANK, MATERIAL=A3004
*MATERIAL NAME=A3004

*USER MATERIAL, CONSTANTS=13, UNSYMM

** ANISOTROPIC MATERIAL CONSTANTS
73.0E9,0.33,5.0E8,293.0E6,3,0.3513,6554,0.6496590997
1.001497,1.1112774,1.5891267,1.5,1.5

**[SOTROPIC MATERIAL CONSTANTS
**73.0E9,0.33,5.0E8,293.0E6,6 ,0.30,6444,0.66666666667
**1.0,1.0,1.5,1.5,1.5

*DEPVAR

11

*¥

*BOUNDARY

PUNCH, 1,2

DIE, 1,6

HOLDER, 1,2

HOLDER, 4, 6

PUNCH,4,6

XCONST, 1

YCONST, 2

809, 1,3

14001, 1,3

*STEP, NLGEOM, INC=100
Bring holder into contact with blank
*STATIC

0.01,1., 1.E-6

e

*BOUNDARY

HOLDER, 3, 3, -1.73000100E-3
*¥

*EL PRINT, FREQUENCY=0
*NODE PRINT, FREQUENCY=0
***PRINT, CONTACT=YES

**

*END STEP

%

*STEP, INC=100, NLGEOM
Replace prescibed holder displacement by applied force
*STATIC
1,1.0, LE-8,
*¥
*CONTROLS, ANALYSIS=DISCONTINOUS
*BOUNDARY,OP=NEW
XCONST, 1
YCONST, 2
70000, 1,6
80000, 1,
80000, 4,
90000, 1,
*%
*CLOAD
80000, 3, -1.0E3
¥
*END STEP
*E
L L L]

*STEP, INC=500, NLGEOM
Displace punch downwards
*STATIC

1.E-2,4.0,1.E-8

E

AN

*BOUNDARY
70000, 3, 3, -0.01585
E

*MONITOR, DOF=1, NODE=14001
*ELPRINT, FREQUENCY=500
SDV9,SDV10,SDV11

e .

*NODE FILE,NSET=PUNCH,FREQUENCY=2
RF

»k
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*CONTROLS,PARAMETERS=FIELD,FIELD=DISPLACEMENT
2.0E-2,1.0

*CONTROLS,PARAMETERS=TIME INCREMENTATION
10,160

*END STEP
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