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Introduction

Let us start with a few definitions; let G be a Lie algebra over a field K (here we only consider the fields
R or C), and consider the vector space G™ of n—tuples of elements from G. Construction of a Lie bracket
for the vector space G™ using the bracket from G was considered in [1]. More explicitly, the brackets have
the form . .
&7 =Y Wz, y)] (1)
i,5=1
where W;" € K are fixed, [,] is the bracket for ¢ and 1 < A < n. In this way, the construction is the
same for all ¢ and so it is called a “universal” extension and the corresponding brackets, “universal”.
The existence and classification of such structures (in the case where K = C) is given in [1] and explained

later (up to n = 4).

One of the main motivations to study these universal extensions is in their applications to the theory of
Poisson structures (a Lie bracket on the space of smooth K~valued functions on a fixed differential man-
ifold satisfying the derivation property). Also, it is shown that the corresponding Poisson brackets define
the Hamiltonian structures of some models of classical hydro-dynamics and magneto-hydrodynamics (see
[2]). Consequently stability of these systems were analyzed in [1] using the related Casimir invariants.

More specifically, those that are linear and quadratic in form.

Now, in [2], an alternative approach to the universal extension and the related Casimir invariants was in-
troduced and shows the one-to-one correspondence between these universal extensions and commutative
associative algebras.

The correspondence is shown more explicitly as the tensor product (over the field K) of the algebra G
and the corresponding associative commutative algebra (which will be made clearer later). In this new
approach, the cohomology groups and corresponding cocycles formed in [1] (used for the classification
of the extensions) becomes clearer. Within this new view-poiut, [2} further clarifies the related Casimir
invariants studied in [1]. It does so, up to a certain point, where the matrix W,y (where (W(n)),; = W}7)

has a non-degenerate sub matrix.

In this thesis, we reproduce the approach introduced in [2] and attempt to further clarify the work
done in [1], including the final case, where W, is degenerate. We start with some background theory on
cohomologies of Lie algebras culminating in the important and well known Levi-decomposition theorem.

Then we reproduce some of the notions in [1] and [2] and finally attempt to approach the question about



the Casimir functions. More clearly:

In chapter 1, we introduce the extensions and cohomologies of Lie algebras, followed by the lemmas
of Whitehead and finally the Levi-decomposition theorem.
In chapter 2, we introduce the “universal” extensions of the Lie algebras as originally given in {1] and
classify them up to some point (where n < 4 as given in [1).
In Chapter 3, an alternative approach to these “universal” extensions is given, that seen in [2] and the
two approaches are compared and finally;
In Chapter 4, the related Casimir Invariants are introduced. We attempt to further understand their
algebraic properties developing the ideas of [1] and [2].

In the appendices we give some additional information that is needed to understand the text.



Chapter 1

Cohomologies

1.1 Complexes and Cohomologies.
Consider a sequence (d;) of homomorphisms of abelian groups C*:

[~ S d
Cn——'z Cn.--l ._"_.’..,., cn i,_ CrH—l _11.1,.

Definition 1.1.1. If, ir the above sequence, we have that dn 0 dp1 = @ for all n (or Ind,—y C kerd,,),
then we say that the sequence of homemorphisms, (d,), and spaces (C™), define an open compler which

we denote by (C,d), or more simply, C.

Definition 1.1.2. The homomorphisms di, are called coboundary operators and the property, dyedy.1 =
0, 15 called the coboundary property.

s The elements of C™ are called n-cochuins.

e The elements of Z™ := Kerd,, are called n-cocycles.

o The elements of B™ := I'md,_, are called n-coboundaries.

o We call the abelian group H™ := Z™/B™, the n — th cohomology group of the complez.

Clearly the sequence is exact whenever H™ is trivial for all n. Hence, we see the cohomology groups

as some measure of “in — exactness” of the sequence. Note that if we have the sequence

d»] d2 dn B |

Cl CQ . cn

with diy10d; =0 (for 1 £1i € n— 2), we can create an open complex by simply adding zero spaces

on either side of the sequence, i.e.

dy dp s
>0 0 Iot. d‘,CZ e e (P (e () e

Remark 1.1.3. It is convention to speak of the operators d, instead of d;. and so the coboundary property

becomes d° == Q.



Definition 1.1.4. Let G be a Lie algebra and V, a vector space. Let gl(V) be the usual general Lie
algebra on V, i.e the space of linear maps h : V. — V with bracket given by [g,h] = goh —hog. Let
f:G — gl{(V) be a Lie algebra homormorphismn. We call the triple (G, f,V) a representation of G.

Definition 1.1.5. Two representations (G, f1,V1) and (G, f2,Va) of the same algebra G, are said to be

equivalent, if there exists a linear isomorphism A : Vi — Vi such that the diacgram

Vi ——A""sz

h(m)l l.fz(f)

Vi —A>' Va
commutes for all T € G

Remark 1.1.6. Clearly the definition above defines an equivalence relation, ~, on the set of representa-

tions on a given algebra G.
Examples 1.1.7. e (G.ad,G) is a representation, where ad.(y) = [z,y].

o It is easy to see that the map T : gl(V) — gl(V*) (where V* is the usual duel space) defined by
T(A) = —A*, A*(a)(x) = a(A(x)) is a homomorphism and so given a representation (G, f, V), it
follows that (G, f* :=T o f,V*) is also a representation called the co-representation of the two. If
we applied this construction to the first example, the adjoint representation, we get what we call,

the co-adjoint representation.

e If (G, 1, V1) and (G, f2,V2) are representations, then (G, fi & f2, V1 x Va) is also a representation,
where (fi @ f2(x))(v1,v2) == (fr(@)w1, faly)ve). It is called the sum of the two representations.

e If(G, fi,V1) end (G, f2, Vo) are representations, then (G, fi @idy, +idy, @ f2, VI & V) is a represento-
tion, called the tensor product of the twe representations. It is usually denoted by (G, fi® fa, V1 @Vh).

o The construction of the previous representation (the tensor product) may be applied to the rep-
resentation (G, f1, V1) and (G, f3,V5) of (G, f2, V2) to obtain (G, fi @ idvy +idy, @ f3, Vi @ V)
usually denoted by (G, 1@ f3, VI ®V5). Since Vi @ V' ~ Hom(Va, V1) and the map establishing the
isomorphism commutes with the representation maps {easily chegked), the resulting representation
can be considered as a Tepresentation in the vector space Hom(Vy,Vi). It 18 carried over by the
following construction; for r € @, define F : G — gl(Hom(Vy, V1)) by

f(z)s = filz) e s — s0 fa(x)
where s € Hom(Va, V7). So that (G, F, Hom(Vo, V\)) ~ (G, f1 @ f3, V1 @ V")

e If(G.f,V) is a representation, and if W is some invariant subspace of V (i.e. f(G)W C W), then
we can naturally define a new representation (G, fy,w, V/W) where f(z)(v+ W) = f(z)v+W. It

is clearly well defined and we call this, the factor representation.

Definition 1.1.8. Let (G, f, V) be a representation of a Lie algebru G. We define o sequence of cochain

spaces as follows;



» C%G, f,V) = V. Eguivalently, we could define it as the set of all constant functions h: G — V
» CK(G, f,V) = A%(G,V), where A¥(G, V) is the set of ail k-linear, skew symmetric maps h: G* — V.
» Forve COG, f,V), we define do(v) € C1(G, f,V) by

(do())(x) == f(z)(v)

» For S* e CK(G, f,V),k > 1 we define di(S¥) by

k+1
(de(S) (1,72, ... Ter) = Z(”1)1+lf(,$i)5k(r13x2v-wi'is---axk*fl)""

1]

Z (—1)i+j5k([zi,zj},x1,..,E:Ei,...,ijg,..,xkﬂ)

15i<z<k

i ~

where indicates an omission and T; € G.
With the above definitions, we see that
e for SECYG, f,V), 1,12€8G
d15(x1.12) = f(21)S(x2) — flx2)S(x1) ~ S({z1, T2]) (1.1)
o for S € C*(G, f,V), r1,22,73 €G
d3 5% (21,72,33) = f(21)5%(zg,73) — f(x2)S* (71, 73) + f(23)5° (21, 72) — (1.2)

52([x1, 72), z3) + S*([21, T3), T2) — 52([9, 73}, 71) - (1.3)

Remark 1.1.9. The abelian group structure of the cochain spaces are simply the underlying abelian

groups of the vector spaces they form and so the operators di. are clearly abelian group homomerphisms.

We now aim to show that the sequence of spaces form an open complex, equivalently, dy.41 0@, = 0. But
first, a construction. Given a representation (G, f, V'), define dg) : G — gl(V) with

diy = f (1.4)

Define for n > 1 d(y) : G — gl((C™(G, f,V))) by

diry (DA™Y (21, 22, 20) = oy (A (1., 7) = DA™ (@n,- - [ 2], T) (1.5)
—

where A" € C™(G. f, V) is a skew symmetric map. Clearly d(,)(y)h™ € C*(G, f, V), so that the map d,,,

is well defined. Moreover;

Proposition 1.1.10. d,, defines a representation on G. ([5])



Proof.

Ay (@) diny (D)0 (31, .. 1)

== d.(g] (y)d(n)(z)h"‘(rh PN ,In) - Zd(n)(z)hn(l‘““ . [y5 Ii}‘ P ,;Cn)
i=1
== d((l) (y)d(o)(z)hn(zh .. ‘7IT1) - Zd(o)(l)hﬂ(ll’ ey iysxi]) A )xh) .
g=1
z (d(U)(y)h"(Il’-* s [Zari}?" - 7In) + Z hn(xla- fes {zaxj}a‘ *e s [3}> I‘i]a‘ - 'aI‘n) +
f=1 1<5<i

Z hn(:rl:'”a[yaxiL-'-){z!Ij]*'- ~>rn) + hn(I'l}'-’[z:{szwa“sIn))

i<i<n

hence we get that

Ay (1) dn) (VA" (21, ..+, Th) — iy (D)) (A" (11, - -, 70)

= (dw)(¥)dy(2) — dioy (2)d(oy (W)™ (21, -, T0) + Zhn(l'h- N PN ITHE | OO =Y
=1

mzhn(rlf' ©rs {yx [zt‘/r‘inﬁ" '?In)

fam]

= d)([y, 2k (x1, .o 20) — Zh"(:rh vy 2zl zh)
i=1
pd d(n)({wz])h"(.r],...,rn)

hence
din)(W)d(n)(2) = dini(2)d(ny (¥) = d(ny([v, 2)) (1.6)

O

Next, we introduce a contraction operator, for y € G, n > 1 p(y) : C"(g, f,V) — C* (g, f,V) is
defined by

(pr()W™) (1, o T Y = A (Y 21, Zm) (1.7)
Note that p, : G — Hom(C™(G, f,V),C™*"' (G, f,V)) is a linear map and
Proposition 1.1.11. Ifh" € C™(G, f, V), then h* =0 if and only if po(y)h™ =0 for ally € G.

Proof. h" =0 < h™"(y,T1,...Tny) = 0forall y,zy,...Znw1 € G & (p(y)h"NZ1, ... Tn1) = 0 for all
Y, Tz Tn1 €EG & p ()™ =01forallye . O



Now, using equations (1.1) and (1.2) above, we have

doh®(z) = d(gy(x)h"
dih'(z,y) = dpy(@h'(y) - digy W) () — h' [z, y])
= (dmy(@)h!)(y) = diey(¥)p ()1
= (duy(2)h)(y) - dopr(2)h* ()
dah?(z,y,2) = dy(x)h*(y, 2) — doyyh®(x, 2) + do(2)h? (z, y)
—h2([z, 4], 2) — K2 (y, [z, 2]) + K3 (x, [y, 2])
= (dg)(x)h?*)(y, 2) ~ dyy(W)p2(2)R*(2) + doy (2)pr () P2 (2)H?
= (day(@)F)(y, 2) — dipa()h* (v, 2)

This suggests the following recursive definition

px)do = dp(x)
pn+1(I)dn+dn-1pn(I) = d(‘n)(r) n2l

Lemma 1.1.12. Let y,z € G, then

pn(z)d(n) (y) - d[n—l) (y)pn(z) = “‘"pn([ye z])

(pn(2)d(n) (¥) ~ dn-1) (W)Pn(2)) R (1. .., Tny)

= d(n) (y)hn(ze Iisese Inml) - d(nwl](y)pn(z)hn(xls e -In-—l)
= digy(yh"(z, 21, .., T01) = B[y, 2] 31,0 2am1) — Z h™(2, 215, 4 i)y oo o, Fnml)
fa=]

n-1
“d'(())(y)hn(zv Tlse-ey In) + E h‘n(zwxh mry iy:IiL - ?xn'“l)
i=1

= '—hn({y,:],.’ﬂl,...,ln_l)

= =pulfy, )R (z1,. .. Tae1)

Lemma 1.1.13. Let y € G, then forn > 0,
din+1)(¥)dn = dndiny(y)

(3

Proof. If n = 0, then

dyy(x)doa(y) ~ dodip)(0)a(y) =  dipy(@)doy(v)a ~ digy ([T, y)) e ~ dy (y)d(o) (z)n
= 0

10



Now note that

Pr41(2)(din+1) (¥)dn — dndin)(y))
= =pat1([y; 2))dn + d(n) (¥)Pr+1(2)dn ~ d(n) (2)d(n) () + dn-1Pn(2)dn(y)
= —pn+1(ly, 2])dn + d(n)(Y)(d(n) (2) — dn—1Pn(2))
—d () (2)d(n)(¥) + dn—1(dn-1)(¥)Pn(2) — Pu(ly, 2]))
= —dn([y, 2]) + d(n)(¥)d(n) (2) = d(n)(2)din) (¥) + (dn-1d(n-1)(¥) ~ d(n)dn-1)Pn(2)
= (dn-1d(n-1)(¥) — dm)(¥)dn-1)pn(2)

Since z € G was arbitrary, the statement holds by induction and Proposition (1.1.11). O

Now note that

Pn+2 (y)dn+ldn = d(n+1}(y)dn — dnPn+1 (y)dﬂ
dnd(n) (y) - dn(d(n) (y) = dnapn(v))
= dndn—lpn(y)

Then since d1dp = 0, and since y € G was arbitrary, by induction and Proposition (1.1.11), we have
dnsr1dn =0
So that (d,,) are coboundaries.

Corollary 1.1.14. (C(G, f.V),d) defines an open complexr associated to the representation, (G, f,V).
([s)
1.2 Lie algebra extensions

Definition 1.2.1. Let G, H, W be Lie algebras. We say that H is an extension of G by W, if there exists

a sequence af Lie algebra homomaorphisms

0—>W—>H—">G—0
that 1s ezact, i.e. ker(w) = Im(i) and i is injective and =, a surjection. We denote the extension by the
pair (i,7).

Definition 1.2.2. Two extensions defined by (i, 7} and (i, %) are said to be equivalent if there exists an

wsomorphim J : H — H such that the diagram

0 W—>H—">G 0
|l
0—>W—>H—T>G—>0

commutes. The double line in the diagram indicates the identity map.

11



Remark 1.2.3. We denote the above equivalence by ~. Clearly this defines an equivalence relation on
the set of extenstons of a fired Lie algebra G by another fized algebra W.

Note that for an extension (7, 7), (W) = ker 7 is an ideal in H and that
G = H/i(W)

Suppose we have an extension (i, ) and a fixed section, i.e. a linear map t : G — H such that mot = idg

(a right inverse of )

0—W—=>H___~G—=0
i

As t is not assumed to be a Lie algebra homomorphism, $(G) is not (generally) a subalgebra in H. Using
cohomologies, we can measure how much ¢ differs from a homomorphism. First, we introduce a map.
Define p: G — gl(W) by

p(x)(z) = i7" ([t(2), i(2)]) (1.8)
for x € G,z € W. Since i(W) is an ideal in H, [i(x),i(z)] € W so that i ! is well defined. Also,

(lo(x), o(v)] = plz, ¥])(2) = p(x)p(y)(2) — p(y)p(x)(2) — p([z, y])(2)

= p(x)i [t(y), i(2)] - p(w)i K@), i(2)] ~ 7 el w, i
= i t(x), [ty), i(2))] — 7 (), [He), d(2)]] — el gl i(2)]
(2)}

[
S
ot

= i [t(x), 1)), i(2)] — i [, ), 1 (2))]
= iH[tz), ty)] — tlz, y),i(2)]
hence
(lo(z), p(v)] = pla, Y] (2) = i H[H(=), t(y)] — t[z, y],(2)] (1.9)
Note that since nt = idg,
w([t(x), t(v)] — t([z,4])) = [wt(z), mt(y)] — mtlz,y] =0 (1.10)

Hence [t(x),t(y)] - t([z,y]) € ker(x) = i(W). If W were abelian, it follows then that :(W) is abelian and
we get that

(lo(z), p(v)] — pla, y])(2) = i [t(x), t(y)] — tlx, y],i(z)] = O (1.11)

so that p: G — gl(W) is a representation.

We remark that if t : G — H were a homomorphism, then we also get that p will be a representation.
In this case, if h € H then

m(h —tx(h)) =n(h) ~ mtr(h) =0

12



hence it follows that h — tx(h) € kerm = i(W). And since h = (h — tx(h)) + tr(h), we see that
H = i(W) +t(G). If further z € (W) Nt(G) then z € kerm N ¢(G) so that there exists y € G such that
z = t(y). Hence

0=m(x) =nt(y) =y

and we get that x = t(y) = t(0) = 0. Hence z € i{(W)Nt(G) = {0} and we conclude that H = i(W) 21(9)

(as vector spaces). But then it follows from ¢ being a homomorphism that # is a semi-direct product
H=1i(W) %, t(G) {1.12)

which is not interesting as then all extensions of G by W will be equivalent. So we assume the first case; W
is abelian and (G, p, W) is a representation of G. The corresponding spaces of co-chains/cycles/boundaries
and cohomologies will be denoted by C*(G,p, W), Z*(G, p, W), B*(G, p,W) and H*(G,p,W). Let w :
G x G — W be defined by

w(z,y) =i ([t(x), t(y)] - tlr,¥) (1.13)

By equation (1.10), it is clearly well defined. It is easily checked that w is a two-cocycle, ie. w €
Z*(G, p,W). Suppose that we have two equivalent extensions (i, 7) and (i',7’) and that each have fixed
sections, t and t’ respectively. Since (i,7) ~ (i',7'), let J : H — H denote the isomorphisin that defines

the equivalence.

00— W —>H G —0

T
i
[4
J
.7 ﬂ,
——,
N

0—-W——>%H G—0

t

Clearly J~*! ot’ is a fixed section for the extension (i, 7). Define v : G — (W) by
v=Jlot —t (1.14)

we have that 7v = n1J ! ot' — 7t = 7't' — 7t = 0, hence v(G) C kerm = i{(W). Now,

(p(z) = p(@)(z) = i7t(e),i(2)] = () ' (2), ()]
= i Mt(x),i(2)] = (Ji) "t (), Ji(2))]
= 7"1[t T

and therefore, since W ~ (W) is abelian and v(z) € i(W). p = p’. Note that this then implies that vo?t/
and t define the same representation and in particular, letting J = id}3;, we see that p is independent on

the section t.

13



We arc now able to have an explicit expression for the bracket in . Identify W and i(W) and let G

be a vector space so that H = G & W. Then clearly 7|s will be an isomorphism and t = WE:EI will be a
fixed section. We identify G and G by t and write H = G & W. Thus if z € H, we write
z==(z1,22); 21 €EG, 22 €W 7(z) = z1, t(z1) = (21,0), i(z2) = (0, z2).
Let z = (21, 22),h = (h1, h2) € H, then
[Z! h‘] = [(2130)’ (hl’o)] + [(DvZZ)} (O’ hZ)] + [(21:0)7 (O) h2)} + [(09 22)3 (hlvo)] (1'15)
and by definition of w
[(21,0), (h1,0)] = [t(z1), t(h1)] = t([z1, h1]g) + w(z1, hy) (1.16)
and by definition of p
[(21,0).(0,hg)] = [t(21), ha] = ip(21)(h2) (1.17)
([(0,z2), (h1,0)]) = —ip(h1)(22) (1.18)
So that
['za h’] = ([313 h’llgv p(zl)(h’z) - p(hl)(ZZ) + i_lw(zls hl)) (1'19)

Conversely, if w is a 2-cocycle defined by a representation p of G in W, we can define a bracket on G & W
by the above formula. Clearly the bracket defined will be skew-symmetric and the Jacobi identity follows
from the fact that w is a 2-cocycle. Next, we check that two cocycles differing by a coboundary yield
equivalent extensions. This can be seen by the following argument. Denote the bracket defined by w by

[z, k]34 (as is given by equation (1.19)) and the one defined by w + do by [z, h]$,, we have

[2, W% = ({21, kg, p(21)(h2 + a(h1)) — p(h1)(22 + a(21)) + w(z1, k1) = a([z1, M1]))
hence
[®(2), &(h)]n = O([2, h]%) (1.20)

where

B(z) = B(21, 22) = (21,22 + a(21)) (1.21)

Note that if w = 0, then the obtained extension is the semi-direct product G x, W. The above can be

summarized into

Theorem 1.2.4. Suppose that W is a vector space, considered as an abelian Lie algebra and (G, p, W)
is a representation of G. Then the elements of H*(G, p,W) are in a one-to-one correspondence with the
non-equivalent extensions of G by W and the extension with a zero cocycle correspond to the semi-direct
product G x, W.([5])

1.3 Reducibility

Let (G, . V) be a representation of a Lie algebra G. Suppose U C V is invariant (f{(G)U C U)) and

assume that W is complimentarily to U in V;

V=UaW (1.22)
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Now assume there exist linear maps

f1:G — gl(U)
fa:G — gl(W)
h:G — Hom(W,U) (1.23)

such that forr e G, ue Uwe W
fl@)u= fi(z)u

flz)w = h{z)w + falz)w (1.24)
Clearly then, we need that;
e (G, f1,U) and (G, f2, W) are representations.

e forz,yeg
hi[z,9)) = fi(z) o h{y) — h(y) o fa(z) = f1(¥) o h(z) + h(z) ° f2(y) (1.25)

Remark 1.3.1. s Note that, given f1, f2, h, with the above properties, we can construct f, and that

U would be an invariant space for f(G).
s fy is equivalent to the quotien! representation fy )y .

Let W' be a subspace complementary to /. Then there exists g € Hom(W, U7) such that
W' = (idy + g)W (1.26)

Proposition 1.3.2. For g ¢ Hom(W, V), the subspace (idw + g)W is invariant with respect to f(G) if
and only if for arbitrary t € G
ge fa(z) — filz) o h = h(z)

({3
Proof. Let W' = (idw + g)W be invariant. Forw € W, 2 € §
Fa)aw + g(w)) = h(xhw + ful@g(w) + fo(x)w

Since A(z)w + fi(zx)g(w) € U, then f(z)(w+ g(w)) € W' if )

h(@)w + fi(x)g(w) = g fo(z)w
The reverse is clearly obvious. O

Now if (G, fi.U) and (G, f2, W) are two representations, recall the representation, (G, F, Hom(W,U)),
where
F(z)g= filz)og~go falr) g€ Hom(W,U) (1.27)

Consequently, we have

Proposition 1.3.3. The map h introduced in (1.24) satisfies condition (1.25) if and enly if b is a cocycle
unth respect to the representation (G, F, Hom(W,U)), i.e. h € ZYG, F, Hom(W,L)). ([9])
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Proof.

dh(z,y) = F(z)h(y) ~ F(y)h(zx) — h([z,y])
= filz) o h{y) — h(y) o fo(z) — f1(y) o M(z) + h(z) © f2(y) — h([z, 9])
and so by (1.25), that is equivalent to dh = 0. o
Similarly

Proposition 1.3.4. Let h € Hom(G, Hom(W,U)). The map g introduced at equation (1.3.2) exists if
and only if b is a coboundary, i.e. h € BY(G, F, Hom(W,U)). (|5])

Consequently we obtain

Theorem 1.3.5. Let (G, f,V) be a representation of G and U C V be an invarignt subspace. Let
fi=flv and fo = fyu. If HYG.F,Hom(W,V/W)) = 0, then (G, f,V) splits into a direct sum of two

representations, equivalent to f1 and fa. ([3])

1.4 Whitehead Lemmas

Definition 1.4.1. @ € End(V) := Hom(V,V) is called a Casimir of a representation (G, f,V) if for all
req, Qo f(zx) = f(x)oQ (equivalently |Q, f(z)] =0 forallz € G).

Definition 1.4.2. Let G be a Lie algebra over K. A symmetric bilinear form B: G x G — K on G is

called invariant, if for any r,y,z € G we have

B({I: y]v z) = B(I1 {yVZ])

Note that this means that B(ad:{y), z) = ~B(y, ad(2)) i.e. forz € G, the operator ad, is skew-symmetric

with respect to B. We also say that B defines an invartant inner product.
Definition 1.4.3. For a subspace V C G we define
Vi ={zrecG;B(zx,y)=0,vy € V}
We say also that B is non-degenerate whenever G+ = {0}.
An easily proved but important example is seen in the next theorem.
Theorem 1.4.4. Let (G, f, V) be some representation of a Lie algebra G. Define forx,y € G
By(z,y) =tr(f(z)f(y))
then, By is a symmetric bilinear form on G

Definition 1.4.5. The bilinear form obtained from the above constructions are called trace forms and

the one obtained in particular, through the adjoint representation;
BG(Iv y) = Bad(.fl?, y) == tT‘(G.dIﬂ,dy)

i called the Cartan-Killing form of G.
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Two well known results about the trace form and semisimple Lie algebras is seen in the next two
theorem which we will not prove here as these are standard results. The first one concerns the Killing

form. But first we include a definitiou.

Definition 1.4.6. A representation (G, f,V) of a Lie algebra G, is said to be faithful, whenever f : G —
gl(V) is injective.
Theorem 1.4.7. A Lie algebra G is semisimple if and only if its Cartan-Killing form is non-degenerate.([5])

Theorem 1.4.8. Let G be a semisimple algebra and (G, f,V') be a faithful representation. Then the trace
form By is non-degenerate.([5])

Now we are ready to introduce a special Casimir element. Suppose that we have a semisimple Lie
algebra G C gl(V) with a basis {z;}7,. By the non-degeneracy of By, (where Ind is the inclusion
map) we can construct a dual basis {y’}", with respect to B := Byna, i.e. B(z:,17) = 5.

Now since "
B(z — ZB(I,yi)xi,yj) =0
i=1
for all 4/ € G, we see that
n
= Z B(z,y")x; (1.28)
=1

If [z,z] = ¥, i5(x)z; and [z, '] = 3, dy7, then by the invariance of B, we obtain that c;; = —d".

Now, define

T=Y zy ©(1.29)
fz=1
Since c;; = —d*/, we get that
[T = 3 (= dy' +zilz ) =0
i=1

which shows that the linear transformation I' commutes with all elements of G i.e. ' is a Casimir element
of the representation (G, Incl, V). Note that the same construction may be carried out on any faithful
represention (G, f, V) whenever G is semisimple and so we shall call I the Casimir endomormphism of
the representation )

Note that for the same representation;

7L TL
tr(l) = Z tr{z:,y') = Z Be(zi,y")=n (1.30)
i=1 i=1
which shows that in particular, Casimir endomorphisms (of this type) are not nilpotent.

Definition 1.4.9. The mazimal solvable ideal of an algebra G is called the radical of G and denoted by
R(G) or simply R. If R = 0, then the algebra is called semisimple. An algebra G is called simple if

dim{G) > 1 and if it does not contain non-trivial ideals.

Let us recall some basic facts about semisimple Lie algebras.
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o If the algebra G is simple, then it is semisimple. ([3})
¢ A Lie algebra G is semisimple if and only if G does not contain nontrivial abelian ideals. ([3])

e All one dimensional representations of a semisimple Lie algebra are trivial. ([3])

Theorem 1.4.10. Let G be a semisimple Lie algebra and (G, f. V') be a representation of it. Then ({5])
V= Ker(f(z)) + Y Im(f(x)) (1.31)

T€Q IEQ
Proof. We use induction on the dimension of V. If dim(V) = 1, then the represention is trivial and so

clearly

V= ﬂ Ker(f(x)) (1.32)

Teg
Assume then that dim(V) > 1. If f is trivial then again V' = [ ., Ker(f(z)) and we are done, so

assume f is not trivial. Now f(G) =~ G/Ker(f) is a semisimple Lie algebra (since Ker(f) is an ideal in

G). Thus we can assume with out loss of generality that G C gl(V).

Let T be the Casimir element of (G, incg, V'), where incg is just the usual inclusion map. The space
V splits into Vy @ Vi where V is the generalized eigenspace corresponding to 0 and V) is the sum of
the remaining generalized eigenspaces.(If zero is not an eigenvalue then we define Vy = {0}). Since h
commutes with all the elements of G, Vjy and V] are invariant spaces for all £ € G. If both spaces are not
zero then, simply use the inductive hypothesis for the restrictions of the elements of G onto V and ¥,
and the result follows. The case where V; = 0 leads to & being nilpotent, which is impossible. If Vj is
zero, then this means that k is invertible and that V = I'm(h) = 3, Im(z;) where {z,}, forms a basis

for G, hence we get

V=YY" Im(f(x)) (1.33)

O

Theorem (First Whitehead lemma) 1.4.11. IfG is a semisimple Lie algebra over a field of charac-
teristic zero, and if (G, f, V) is a representation, then H(f) := HY(G, f,V) = 0.({))

Proof. Let g € Z'(f). Hence for z,y € G we have dg(z,y) = 0 i.e.

H2)gly) - f(y)g(z) — g([z.4]) =0 . (1.34)
Consider the representation f = f & ad* on V & G* or the equivalent representation (G, f, Homn(G, V)
where for h € Hom(G,V)
(F@)R) () = F(2)h(y) — h(]x,y)) (1.35)
Since dg = 0, we get (by equation (1.34))

(f(@)a)y) = f(y)g(x) (1.36)
Note that f(y)g(z) = d(g(z))(v), hence if g € Z'(f), then f(x)g € B (f). It follows then that Z!(f) is

f—-invariant and f induces a representation r — f(x) = f(a:)lzl(f) on it. Then, by the above theorem,
we get that
ZV(f) = () Ker(fz) + Y Im(f(z)) (1.37)

T€EG TEG



It follows from above that 3 .. Im(f(z)) € BY(f). Hence to show that H' = 0, it suffices to show that

() Ker(f(z)) € B'(f) (1.38)
T€Q

Now if g € [, Ker(f(z)) then (f(x)g)(y) = 0 for all z,y € G and dg(z,y) = 0. It follows then that
g([z,y]) = 0. Since G is semisimple, G = G’ and so g = 0, hence g € B'(f) so that H'(f) = 0.
a

Consequently we have

Theorem (Weyl) 1.4.12. Let G be a semisimple Lie algebra and let (G, f,V') be a representation of G.

Then (G, f,V) is completely reducible, i.e. V' can be split into a sum of invariant subspaces

V=V (1.39)

and for every i, the induced representation (G. flv,, Vi), is irreducible.([9])

Remark 1.4.13. If (G, f

recall that the converse is true so that in the above decomposition, the trivial representations and only

v;, Vi) 15 irreducible and trivial, then it is clearly one-dimensional. We also

them are one-dimensional.

Corollary 1.4.14. Let G be a semisimple Lie algebra and let (G, f,V) be a representation of it. Then

V= Ker(f(2)) P> Im(f(x)) (1.40)

ze0 zeQ
((s)

Proof. Assume that f is irreducible. If f is not trivial, then the second term of the sum is an invariant
non-zero subspace, so it must coincide with V' and we are done. If, however, f is trivial, then the first
part coincides with V. For an arbitrary representation, we use the Weyl decomposition given above. The
sum of the irreducible components in which f is not zero, coincides with the sum of the images of the
operators, f(x), while _.o Ker(f(x)) is the space on which all f(x) are zero, i.e. it is the sum of all

irreducible one dimensional subspaces in the decomposition. ad

Theorem (Second Whitehead lemma) 1.4.15. If G is a semisimple Lie algebra over a field with
characteristic zero and (G, f, V) is a representation, then H?(f) = 0.([8))

Proof. Consider the representation f related to f defined on V ® C?, where C? is the space of skew-

symmetric bilinear maps ¢ : G x G — V., It is given by

(f(@)9)(y.2) = f(2)g(y,2) ~ 9|z, 4], 2) — ¢(y, [z, 2]) (1.41)

It follows then, that
dg(z,y,2) = (f(2)9)(y, 2) — d(g:)(y, 2) (1.42)

where g.(z) = g(z,2) and g, for = € G is fixed, is considered here as a co-chain from C'(f). Now,

similarly as in the proof of the first Whitehead lemma, we see that for arbitrary r € G, we again get

f(z)g € B*(f) € Z%(f) (1.43)
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This means that Z2(f) is f—invariant, hence we obtain an induced representation on Z%(f), which we
denote again by f. Again, in a similar way as in the proof of the first Whitehead Lemma, together with

the above corollary, we have

Z2(f)= () Ker(Ff@) P D Im(f(x)) (1.44)

TEQ TEQG

Note that the second term is in B2(f). Let g € R where

R:=Z%f) () Ker(f(x)) (1.45)
z€G
It follows that dg; = 0 and so by the first Whitehead lemina, there exists v(z) € V such that g, = d(v(z)),
i.e. for each y € G, we have g(z,y) = f(y)v(z). We first show that = — v(z) is linear, i.e. ve CI(f).
If g € R, we have that for all z,y,2 € G, (f(2)g)(y,z) = 0. Now we simply take two similar equations
that are obtained from this one by making a permutation on the elements z,y, z, sum these equations

and using dg(z.y, z) = 0 we get that

g({a:,y],z)+g(y, [I,z})—g(a:, [y,z]) =0 (1‘46)
equivalently
~(f(@)9) (. 2) + f()g(y,2) — g(z, [3,2]) = 0 (1.47)
and since g € R, we have that f(z)g¢(y, z) = g(z, [y, z). Now consider the splitting
V=V,@ V=) Ker(flx)® Y Im(f(x)) (1.48)
T€G TEG

where V;; and V; have obvious meanings. The relation obtained above shows that for g € R, ¢(z, [y, 2]) €
Vi for all z,y,z € G. Now, since G is semisimple, it coincides with G’ so that clearly g(x,y) € V; for
arbitrary z,y € G. Since V| is G—invariant, f induces a representation, fr. When g € R, the map g, will
be a one cocycle for fr and so by the first Whitehead lemma, v(z) € V.

Suppose that for = € G we have v;(z), va(z) € V; with

fn(z) = fY)va(z) = g(x.y) | (1.49)

for arbitrary y € G. Then f(y)(v1(z) — va(z)) = 0, hence vy (z) — va(z) € Vg NV} so that v (z) = ve(z).
Hence v(z) is uniquely determined element of V;. From this uniqueness and the relation f(y)v(z) =
¢(z,y), we now obtain that = — v(z) is linear. Now, the relation f(z)g(y, z) = g(z, [y, z]) can also be

written as
f@)f(2)v(y) = f(2)g(y, 2) = —g(ly, z], ) = f(x)v([z,4]) (1.50)

so that f(z)(f(z)v(y) — v[z,y]) = 0, hence f(z)u(y) — v{z,y] € Vk. As this element also belongs to V7, it
must be equal to zero and we get that f(2)v(y) = v([z,y]) = g(y. z) for all z,y € G. Now

d(v)(z,y) = f(z)v(y) - FW)v(z) —v([z.y]) = v(z,4]) = —9(z,¥) (1.51)

so that d(—v) = g and we are done. O
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Levi decomposition theorem 1.4.16. Let G be a Lie algebra and let R(G) be its radical. Then there
erists a subalgebra S of G such that G = S x, R(G) (semidirect product). Consequently S ~ G/R(G) and
the algebra S is semisimple. ([5])

Proof. If R(G) is abelian, the result follows from the fact that the second cohomology groups of the
semisimple Lie algebra are trivial, since G is an extension with abelian kernel of § = G/R(G). So assume
that R(G) is not abelian, i.e. R'(G) # 0. Consider the quotient G/R'(G). We know that

G/D/(J/1) =6/ (1.52)

so that it follows that the radical of G/R/(G) is R(G)/R'(G). Now R(G)/R'(G) is clearly abelian and so
for G/R'(G), the theorem holds true. There exists a semisimple subalgebra Sy of G/R'(G) such that

G/R'(G) = So x5 (R(G)/R'(G)) (1.53)

Let 7 be the natural projection onto G/R'(G). Then H := n~!(S)) is a subalgebra of G containing R'(G)
and H +R(G) == G. Also, since H/R'(G) = 8y and R’(G) is solvable, it follows that the algebra R'(G) is
the radical of H.

Hence we are left with two possibilities
1. R'(G) is abelian, i.e. R®(G) =0
2. R'(G) is not abelian, i.e. R (G) #0

In the first case, H splits into S; X, R'(G) and so G splits into Sy x; R(G) proving the theorem.

In the second case, we have an algebra H with a radical R’(G) and we need to show that H splits
into a semidirect product of its radical and some algebra. But this is clearly the same situation at the
beginning with R’(G) replacing R(G). It is clear now that we can proceed as in the above and after &
steps, if we encounter only the second alternative, we again split the algebra W with a radical R*}(G).
Since the radical is a solvable algebra, we have for some n that R(™(G) = 0, i.e. R*~1)(G) is abelian.
Clearly then we cant have the second case after n — 1 steps so that we would have the first case and

consequently the necessary splitting. O
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Chapter 2

“Universal” Extensions

Herein, we introduce “universal” extensions, as they were originally introduced in [1] and with the help
of cohomology of the Lie algebras, a classification of such extensions is given for low orders ([1]). Let us
start with a few definitions;

Let G be a Lie algebra over a fixed field K. Consider the vector space G" = {& = (z1,32,...,Tn) :

T; € G}, with Lie bracket [, Jw : G™ x G — G, defined as

(% glw)e = Y Wlxa. ]

a,b=1

where W € K are fixed and [, ]: G x G — G is the bracket for G.

Since [ , Jw is a Lie bracket for G*, we must have that [Z, 7]y = —[¢, Z]w, which is equivalent to the
identity
[N
S (Wb — W) za, 3] = 0 @1
ab=1

forall t € {1,2,...n}. We also require that the Jacobi identity be satisfied. First note that

T

({fa [E—j» ﬂlV]W)t = Z Wrubwfyfd[icm {ym Zd]]
a,b,e,d=1

Hence we require '

0= ({‘7—:: [:’:73 ‘%]W]W)t + ([?7: [EZE]W]W)f_ + ([53 [fgﬂi’l/]W)t
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forall t € {1,2,...n}. It follows that for all t € {1,2,...n},

0 = Z Wrtabwl::d[l'ay Eyca ‘d Z Wabl"de{yﬂf ZC7 J-':d Z Wab Za, {Im yd]]
a,b,e.d=1 a,b,c,d=1 a.b,c.d=1

0 = Z W,tab‘vb Iaa yc Zd Z u/ab‘VCd [zc: [Ida yaH h [Ida [yﬂ: ZCH) +
ab,c.d=1 a,b,c,d=1

Z W2 W 24, [ze, val] (by the Jacobi identity in G)

a,b,ed=1
n (1
= Z WAWE x0, [ye, 2al] — Z WaWE kg, [Yas 2] +
a,b,c.d=1 a,b,c,d=1
> WtWE 2, [z, ya)] Z Wb 2., (24, yal]
a,bcd=1 a,b,e,d=1
= Z WEWE 2, Yo, 2d)] Z WE W x4, ye. zd]] +
a,b,c,d=1 a,b,c,d=1
> WEWE za, [re, yal] Z WEWe 20, (e, vl
a,bc,d=1 a.b.c.d=1
141 n
0= Y (WEW§ - WPWilza, [ye zall + Y (WPWSE = WPWEo) 2o, [reval]  (22)
a,b,c,d=1 a.b.c,d=1

Now it is clear that in order to obtain the Lie bracket desired, we require the identities (2.1) and
(2.2), above, to be satisfied. Since this must hold for an arbitrary Lie Algebra G, we deduce that we must
choose W so that

1. WP =wi (2.3)
2. ) (WHWed - WEWE) =0 Vi kabc,d €{1,2,...,n}. (2.4)
b=1

Notice that if we define a set of n matrices W) W@ . W™ with (WH),; = ‘Vikj then, the
property given by 2 is equivalent to

w@wd — i pyial . (2.5)

Hence we obtain
Proposition 2.1. Given a Lie algebra G over a field K and n commuting matrices W W@ wm

satisfying (WW); = (W) for 1,5,k € {1,2,...,n}, we obtain a lie algebra structure on G™, denoted
by G, The bracket, | , Jw : G™ % G™ — G™, is defined as follows. For £,§ € G*,

([fsg]W)l = Z Wab[%)yb]

a,b=1

where Wb .= (W) and a,b € {1,2,...,n}. We call G}, a Lie algebra extension (for reasons that will
become clear later) and n, the order of the extension.[2/
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As an example, if we choose the n matrices W W@ W™ to be such that Wab = §26%, then

we obtain the usual Lie bracket on G™ corresponding to the direct sumn structure,
n
g =Pg
k=1

Canonical Form

In the case K = C, we know that a finite set of matrices that cominute, can, by a similarity transforma-
tion, be simultaneously block diagonalized, each sub-block being lower triangular with the corresponding
eigenvalue on the diagonal. The transformation is defined by a non-singular matrix X on I/V,” as
o n .. .7
Wl = 3 (XWX X] (26)
£,jit=1
Consequently the matrices W transform to
n

W =S (xwtx)x? (2.7)

i
i=1

with the block structure and symmetry in the upper indices preserved, i.e. preserving the identities,
(2.3) and (2.4). Clearly each sub-block corresponds to an ideal of the algebra, hence the block structure
corresponds to a splitting of the algebra Gf}, into a direct sum. Hence we assume we are in a basis
whereby the n commuting matrices are lower triangular with a single eigenvalue on the diagonal and that
the tensors W,ij are symmetric in their upper indices.

Now, note that the eigenvalue of W) (5 > 1) is (W), = (W(1))); = 0. Hence we have that the
n — 1 matrices W .. W{" are lower triangular with zeroes on the diagonal (nilpotent). We call the
form of the matrices W% thus obtained, the canonical form.

Let A= {a=(0,aq,...,a,);a; € G}. Then for h = (h1,hg,... h,) €GR,a = (0,aq9,...,a,) € A

> Wlas, by

1,j=1

n .
= Z I’{/’ijz[at, h]] .

1,j=1
" .
= > Wil hy]
J=1

= 0

la, h]1

i

hence [a, h] € A, so that A is an ideal Gj};. We now have a short exact sequence

0 A—>Gh TG 0

where G = ¢ and 7 and 7 are the usual injection and projections respectively. If we assume the case
where W' = 0 then see appendix A, a coordinate transformation that makes W () = I, the identity

matrix.
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Let t : G — G}}, be defined by t{(z) = (z,0,...,0). Then we have a fixed section, t, together with a

short exact sequence

™
T .

t

0—>A—>G
Recall the cocycle w: G x G — A defined at (1.13) for z,y € G ;

w(x,y) =i~ ([t{z), t(y)] - tlz,y]) (2.8)

hence for z,y € G

iw(I> y) = {t(l-):t(y)] - t[xa y]
= [{z,0,...,0),{%,0,...,0)] — ([z,4},0,-...,0)
= (Wln[m,y},[],...,O)-([x,y],O,...,O)

Hence t is a homomorphism so that the extension splits and G}, is a semidirect sum. The coordinate

transformation that made W the identity, removed a coboundary making the above cocycle vanish.

2.1 Solvable extension (W}]! = 0)

Above, it was assumed that W}]! was non-zero. If W}? = 0 then the algebra Gf, is solvable and we call
this case (W]! = 0), the solvable case.

We assume now that W}! = 0, so that G}, is a solvable Lie Algebra and the matrices W1 <i<n)
are all lower triangular with zerces on the diagonal.

Let A= {(0,...,0,z);z € G}. If (0,...,0,2) € A, (y1,¥2,.--,¥Yn) € G}, then

111

[(0)"'7011)9(yl:y27"'yn)]k = W;J[Iuy_]]
1

1,j=

I

Tl )
Y W lzn,y,]
=1

= 0
Hence A C Z(Gj, ), the centre of G}, and, in particular, is an abelian ideal in GJ;.
Definition 2.2. Let M = {(0,0,...,0,b1,...,bg):b; € G} C Gli,. We call the order of M, the number k.

Now assume Gji; has an abelian ideal A of order n — m (note that n —m > 1). and let G be the

algebra of m-tuples with bracket defined by

m

(1,22, ), (U, W2, - Yk = Z W [z, y5] (2.9)

1,7=1
for 1 < k <m. It is clear that

25



™

i n T
—_— _—
0 A— gw - G 0
is a short exact sequence where
i($1n+la”-szn) = (07--'a0=-’51n+1s---1$n)
77(1'1}...}.'[”) = (Il?"'xrm)

(I],...,Im,o...?o)

il

Hxr, oo Tm)

and ? is a fixed section. From the definition of the representation, (1.8), p: G — gl(A) is defined by

ip(l'l:“'1Im)(ym+lw'“yn) = [t(-rla---aIm)7i(ym+la“-yn)] (210)
= [(z1,-3Tm,0,...,0),(0,.. ., 0, Yms1:- -+, Yn)] (2.11)
m -1 - -
= > Y 0,..,0,W lzayl,. . Wikny))  (212)
i=1 j=m+1

The cocycle w: G x G — A as defined at (1.13) for £= (z1,...,Zm)s 5= (11,---,Ym) € G;

w(Z,§) = [t@), )] -t 7] (2.13)
= (X1, s Tms 0,00, 0), (Y1, oo Ym, 0. 0)] = tl(Z1, .y m), (W1, - - - Ym)] (2.14)
m
= Z (0,...,0, W,:ri-i»l[mi& yj],...,W,?{:ci,yj]) (2.15)
ij=1 :

It is clear that, the parts of (W(i))ISiSH which contribute to the action and cocycle can be seen if we

W | Tk
Wy =
o= (2]

with m+ 1 < k < n and wy are symmetric m x m matrices and determine the cocycle w (where

write

(Wi = W‘,ij). ry are m X (n — m) that determine the action p. The gero (n — m) x (n —m) matrix is
a consequence of the abelian ideal A.

The algebra G is completely characterized by (Wx))1<k<m, hence we can repeat the same procedure
on G, using the abelian ideal of maximal order of G.

Recall that associated to the short exact sequence,

0 A—>CL "> 0

a 1-cochain is just a linear mapping w(!) : G — A, which can be represented by

(w(l)(Ila'-'aI'm))k = ”ZR}cIt (216)
t=1
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(m+1 <k < n) for some set of constants R. Hence the form of a 2-coboundary can be found by acting

on a l-cochain with the coboundary operator w®®: G x G — A, using (2.12) and (1.1), we get that

wE, 7). = dw™(E 7 (2.17)
= @ (wM@) + p@) (M (@) - w(Z, ) (2.18)
= S Y W@ - S Wil wM(@) (2.19)
i=1 j=m+1 =1 j=m+1
+ Y REWI[i ) (2.20)
1,5,k=1

Using (2.16) in (2.20) we obtain the general 2-coboundary form

W& e =Y Vi [ziy) (2:21)
i,7,k=1
form+1<t<nand
V7= RIWE - ST (RiWIR + RIW) (2.22)
g==1 k=mn+1

To see how coboundaries are removed, consider the lower triangular coordinate transformation

M — Imxm 0
k cI

This transformation changes W to W where

W(k) 1<k<m
Wik = e Hwy — Vi) ll‘k
m+1l<k<n
ri lO

and ¢ # 0. Since by (2.15) the block in the upper left characterizes the cocycles. It follows that the

transformed cocycle is the cocycle characterized by w) minus the coboundary V(.

The special case, encountered often, is when the maximal abelian ideal of G}, is simple, corresponds
to the subalgebra of elements of the form (0,...,0,z). For this case, m = n — 1 we have W™ = ( and so
the action is trivial. The cocycle w is thus determined only by W(,) and the form of the coboundary is
reduced to

n—1
Vii=3S " RLW[ (2.23)
t=1

a linear combination of the first n — 1 matrices.

2.2 Additional Coordinate transformations

Above, we restricted to lower triangular coordinate transformations, which preserved the lower triangular

structure of the matrices W, But there are non-lower triangular coordinate transformations that
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preserve the lower triangular structure. Clearly this is outside the scope of cohomology theory, which is
restricted to transformations that preserve the exact form of the action p, the algebra G and the ideal
A. As we shall see (from [2]) the cohomologies are not the most relevant here, since there is another
algebraic structure that is responsible for the extension we consider (see chapter 3).

We discuss a particular class of such transformations that is usefull in the classification of solvable
extensions.

Consider the case where both the algebra of (n — 1)-tuples G and of 1—-tuples A are abelian. The

Applying a coordinate transformation to W,

m| 0
M=

(where m is (n — 1) x (n — 1) invertible matrix and ¢, a non-zero scalar.) we obtain W where

0 1<k<n-1

W’(k) = ( ¢~ lmtw,m l 0 )

k=n
0 K

Hence this transformation preserves the lower triangular form of the extension, even when m is not

lower triangular.

2.3 Appending a Semisimple part

By the Levi decompostion theorem, we only needed to classify the solvable pa.rt‘of the extension. When
we do have a semisimple part (W}! # 0), we shall label the matrices W(© W1} W} each of size

(n+1) x (n+1) and W© = [, ,,. Hence the matrices (W), <;<, correspond to the solvable case
Definition 2.3.1. If the extension has a semisimple part (Wl # 0), we shall refer to it as semidirect.

Given a solvable algebra of n-tuples, the inverse (in some sense) procedure can be applied by appending
a semisimple part to the extension. More explicitly we append a column and row of zeroes to each W),
changing its dimension to (n + 1) x (n + 1) and including W(® = I, to the sct of matrices.

In this way, a semisimple extension is constructed from a solvable dne, which becomes usefull in the

classification of the extension.

Definition 2.3.2. The eztension obtained by appending a semisimple part to the abelian algebra of

n—tuples will be called pure semidirect.

Clearly pure semidirect extensions are characterized by W9 = I and W’;j =0fori,j>0.

2.4 Interchanging Semisimple and Solvable

In terms of the matrices W (%), the process from passing from semisimple to the solvable extension is done

in the following way:
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Construct the set { R} of n — 1 matrices, where R(") is constructed from W(+1) by deleting the
first row and column. Hence it follows that it is more convenient to label the matrices using the indices
0,1,2,...,n for the semisimple case and 1,2,...,n for the solvable case, so that R is obtained from
w®.

If we, however, start with the semisimple case, i.e. the existence of n, n x n matrices W) with

s=1,2,...,n. We can introduce n+ 1, (n + 1) x (n + 1) matrices having the form
0 0
QO =T, QW = ( ) 1<t<n

€ VV(t)

where e; is a column vector with components defined by (e¢)® = 4§ ([2]). Clearly this corresponds to
a semisimple extension whenever {W()}™ | corresponds to a solvable one. Hence it follows that the
semisimple and solvable extension are in a one-to-one correspondence, hence it suffices to study only one

of these cases.

Now let us assume the matrices, W are in canonical form and that we are in the solvable case. The
vector space G™ splits into
gr=FPecPe. oF

where
FO ={eg™@);=0 for j+#1i}

For 1 €k < n, define

Flnkl=rP orVe.. orl
and F =0 for k > n ([2]). Then it follows that
¢ 0CF™ = Fln,n] C Fln,n—-1C ... C Fn,1] =G5
o [Fln, k], Fln, s]] € Fln,max(k,s) + 1]

Also note that F{" is an abelian ideal. Define Sk to be the maximal abelian ideal of the form Fln,n —
k+1].

Since F[n,n] is an abelian ideal, S is non zero, hence the short exact sequence,

0 Sk Gy Gn,/ Sk

is obtained. In this way the study of G}, is reduced to g;‘-v"‘ , where W is obtained in the obvious

way; by simply taking the tensor W,ij and allowing the indices to run over 1,2,...,n — k. This process
is termed a “reduction” and since the above reduction can be performed by & reductions of the type
gy, — Gty we assume k = 1.

2.5 Leibniz Extension

A particular class of extension studied is known as the Leibniz extension ([1]). For the solvable case, this

extension has the form
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w .= 1 0

1 0

or Wil =6} _, (k> 1), i.e. a Jordan block. It is obvious that in order for the other matrices to commute

with W) we require

0 \
a 0
b a 0
(8 ..
W= c b a O
\ ... ¢ b a 0)

and using syminetry of the upper indices, we must have that

W) = (W (2.24)
Equivalently we can characterize the Leibniz extension by
Wy =& (2.25)

(1 € 1,5,k < n).To construct the semidirect Leibniz extension, we include W(®) = I,..; to the solvable

Leibniz extension.

2.6 Low-order Extensions

We now classify algebra extension of low order according to [1]. As seen before, we only need to classify
the solvable case. Classification is done up to order n = 4. For each case we write down the most general
set of lower triangular matrices (W (i))lﬁign with the symmetry condition included, and then use the
commutativity of the matrices.

Finally we eliminate coboundaries for each case by the methods above. Due to the lower triangular
structure of the extensions, the classification found for an m—tuple algebra applies to the first m elements
of an n-—tuple algebra for n > m. ‘

There are three (generic) cases encountered for any order, they are
1. The Leibniz extension.
2. The extension where Wy =0for 1 <k <n-1.

3. The abelian extension, where W) = 0 (1 < k < n) (a special case of (2) above). When appended

to a semidirect part, the abelian extension generates the pure semidirect extension.

We call an order n extension trivial if W, = 0 since appending the “cocycle” to the order n — 1

extension contributes nothing.
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26.1 n=1

Clearly, this corresponds to the abelian algebra i.e. W} = (.

2.6.2 n=2

From the above case, we get that the form of the matrices are

wo= 0 °
wil o

and W2 = (. If W}! # 0, then it can be rescaled to unity. Hence, we let W3! = 8, where #, is either
Zero Or unity.
If §; = 0 then this corresponds to an abelian algebra and §, = 1 corresponds to the n = 2 Leibniz

extension.

2.6.3 n=3

Using (2.6.2) above, we get that the form of the matrices are

0 0 0
w =1 g 0 0
Wl W2 o
0 0 0)
W@~ o0 o0 o0

21 22
Wit Wg2 0 /
and W) = 0. The requirement that the matrices commute is equivalent to
H W2 = (2.26)
The symmetric matrix representing the cocycle is

Wl w2l

Wy =1 W2 w22 o
0 0 0
and
6 0 0
Wiz = 0 0 0
0 0 0

If W2l 2 0, then we can rescale it to unity. Hence, assume that W' = 6, where fl; is cither zero
or unity. Now if 6; = 1 then WZ* = . Then by (2.23), we can remove from W), a multiple of Wiy,

consequently, we may assume Wil = 0. The cocycle representation for the case #; = 1 is thus given by
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0 6, 0
Way=1 6 0 0
0 0 0
Note that #; = 1 corresponds to the Leibniz extension (section (2.5)).
If instead #; = 0, then we use the methods of section (2.2). We can diagonalize and rescale W3y such
that

A 00
Wgy=1{ 0 X 0

0 0 0

where (A1, A2) € {(1,1),(1,0),(0,0),(1,-1)}. Through suitable transformation, the cases (A1, \;) =
(1,-1) can be transformed so that it corresponds to (#,,62) = (0,1). Simalarly, (A1, Az) = (1,0) corre-
sponds to (th,f2) = (1,0) and (A1, A2) = (1,1) to (61,62) = (0,1).

In total, there are thus four extension for n = 3 (up to transformation), these correspond to

(91’62) E{(0,0),(0,1)?(150),(1,1)} (227)

2.6.4 n=4

Using sections (2.6.3) and (2.6.2) we get that Wy, W, and Wsy are given as in the case n = 3, with an

extra row and column of zeroes appended and

Wit w2 wih o
Wiy = Wi w2 w2 oo
( Wi Wi wE o
0 0 0 0
commutativity of the matrices lead to
W = 0 (2.28)
g,WHl = oW§ (2.29)
8. W3 = 0 {2.30)
LW = 0 (2.31)
There are hence four cases to look at.
L. (61, 62) = (0,0). Diagonalizing W, we get
A0 000
Az 0 0
W =| |
0 0 M O
0 0 0
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where (A1, Az, Aa) € {{1,1,1),(1,1,0),(1,0,0),(0,0,0),{1,1, ~1), (1, ~1,0)} hence there are six dif-
feremt cases. Through a coordinate transformation, the (1,1,0) and (1,~1,0) cases can be both
mapped to case 2. The (1,0,0) case can be mapped to case 3a and (1,1, ~1) can be mapped to the
(1,1,1) case. After transform the (1,1, ~1) we are left with

0 0 0 O 0 01 0

. 0000 0100
Wiy = ,

0 000 1 0 0 0

0 0 00O 0 0 0 0

. (81,02) = (0,1). By (2.31), we are left with W3 = W3! = W3? = 0 and we have

Wi w0 0
Wi = WA WZ 0 0
0o 0 00
0 0 00

As in the previous case, we can remove W2! (by using W(S))' After rescaling we ohtain 4 distinct

extensions. These are

[ R e B
o o O

0
0

Wi =
(4} 0

o

o o o o
o O O O
[ T o B N
[ R e R
o O o o
S oo S
o O O
o O - O
o O o ©
o R e e
c o O O
o O O O

0 0

1t turns out that the second case can bhe mapped to case 3¢ and the last two, to case 3b. It follows

that there is only one independent possibility here, the trivial one, Wiy =0

. (f1,02) = (1,0). Here, W' can be removed in Wy and from (2.31) we get that W2? = W32 = 0.
It follows that W,y = 0 and

0o wi wi
w0 0
wit o wj

0 0 0 0

Wiy =

o o o

Note that elements of the form (0,z,0,y) form an abelian ideal with this bracket and hence it
follows that W33W3 = 0. Applying a suitable upper triangular transformation we can also make

WZW3 = 0 and after rescaling, five cases emerge

0 0 0 O 0 01 0 01 00 01 00

R 0 0 0 0 0 0 00 1 0 0 0 1 0 0 0
W (4) = % ' s

0 01 0 1 0 00 0010 0 000

0 0 0 0 0 0 00O 0 0 0 0 0 0 00

and Wy = 0. It tums out that, here, the last case may be mapped to case 4 (where W3l = 0).
‘We shall call the case corresponding to the trivial extension as case 3a and the others, cases 3b, 3¢

and 3d respectively.
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4. (61,62) = (1,1). Again W} and W2 can be removed by a suitable coordinate transformation.

From (2.31) we have WP = W32 = 0 and W}? = W}, Let 03 = W2 = W} so that

0 0 6 0
0 & 0 0
Wiy = X
’ ¢ 0 0 D
0 0 0 0

Clearly 63 = 1 corresponds to the Leibniz extension.

Hence we see that there are 9 distinct cases for the n = 4 case.
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Chapter 3

Extensions through Associative

Algebras

In Chapter 2, we considered universal extensions from the viewpoint of that set originally in {1}. As
shown in {2], there is another approach and we consider it here from this viewpoint, that of commutative
associative algebras. It shall be seen that in this new approach the objects introduced in chapter 2 have
a clearer algebraic meaning.

Let A™ be an n-dimensional vector space with a basis {e'}7; over K. Define a binary operation * :

A" x A" — A™ as follows,
3
e xel = E W, et
t=1

where W7 has the properties of (2.3) and (2.4)) and extend bi-linearly. By the universal property of
t

tensor products, we obtain a unique linear map W : A™ & A" — A" such that, the diagram

A @ A T A
A" x A"
commutes (where i : A" x A" — A" ® A" is the usual injection and % the multiplication defined above).
It follows that W (e' © &7) = ) W,:j e®. Now, since we have the linear isomorphisms,
HomA" @A A") ~ A" @ (A" @ A")" ~ A" @ (A")" & (A™)*

(where V* denotes the usual dual space of V). We see that for W € Hom(A"®.A4", A™), there corresponds
the tensor W € A" @ (A™)* ® (A™)*, which can be clearly represented by 3
simply determined by the set of constants, (W, ,:j ). Hence, we now see that W behave as a tensor, which

rid ok : ) i
ik Wi € ®e; ®e; or more

was noted previously and correctly stated in [1], but its exact meaning was overlooked. Note that

exel —el ket =

(W7~ Wiet =0

WE

T

1

(chxe)xek — e x (el xef) =

M:

i

1

n
Q- wyw — wiw)et =0
A=



1t follows that (A™, ) is an associative commutative algebra and we denote it by A%-. Conversely, given
a finite dimensional commutative associative algebra over a field K, then the structural constants W,:J

obtained, satisfy the same properties as in (2.3) and (2.4), hence we obtain

Theorem 3.1. The n-dimensional “universal” extension G}y, over K defined by the tensors W,? are in
a one-to-one correspondence with the n-dimensional associative commutative algebras Ajy, over K. The
extension is obtained by setting Giy, := A}y ®x G, with the Lie bracket defined for elements T ®k o, ¥ ®x 8

as

[Z @k o, 7 @k Blw = (£ * ) ®k [, (]

and eztending bi-linearly. The adjoint representation T : A}, — End(A}) described by a — T, where
T.(b) = a b (written in the basis {e*}, ), induces a matriz representation e* — W& € Mat(n,K) with
(W), =W [2]

In the above, by a representation, we mean an associative algebra homomorphism J : A}, —
Mat(n,K). Note that it follows that any linear transformation applied to e' corresponds the trans-
formation in (2.6) of the tensor W;7. It is also useful to note that in this basis, {e?}?,, T, has matrix
form, W),

Note that the splitting of A}, into a sum of ideals;

k
n _ n;
w = @IWz
i=1

where n; = dim(I};})), corresponds to the splitting of the algebra G3%, into a direct sum. This follows
w; g g w

from Theorem (3.1) above, and the following identity;

k k

Gy =An 86=(PIy) 06~ PUy 9 (3.1)

i=1 i=1

It follows that the associative algebra A7}, is simple if and only if the Lie algebra G}, is simple.

Recall that the canonical structure of the matrices W) (where (W(®);; = W*) refer to them being
lower triangular for all ¢ and futhermore, nilpotent for ¢ > 1 and for': = 1 a repeated eigenvalue, W!
along the diagonal of W),

Also, recall that the solvable case (section (2.1)) corresponds to W' = 0 and the semisimple case to

W! being non-zero. Now it is clear that

Proposition 3.2. The canonical structure of the matrices W9 is equivalent to the requirement that in
the solvable case, in the basis {e'}i, we have e*x el =3, We! (1 <4,5,n) and to extend to
the semi-simple case, one more independent element e® must be introduced such that for all0 < i < n

el xet=¢e'=e'xel ie. aunit. [2]

This summarizes neatly, into the following: The solvable case corresponds to having all the operators T,
{a € A}-) nilpotent and the semi-simple case corresponds to the algebras with a unit.

We now prove a result about associative algebras containing nilpotent elements needed later.
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Proposition 3.3. Let A be an associative algebra consisting entirely of nilpotent elements (i.e. Vx €
A3n € N such that 2™ = 0), then 3y € A\ {0} such that yA = {0}./8].

Proof. First note that if z,y € A such that ry = x, then = = 0, since there exists a natural number
n such that y™ = 0, hence it follows that z = zy = z¢®> = ... = zy™ = 0. Secondly, if z € zA then
z = 0, since if z € zA then z = zy for some y € A, hence z = 0. Now finally, let z be such that zA
has minimal non-zero dimension (If zA = {0} for all z then we are done and in fact the multiplication is
clearly trivial). Take y € zA\ {0}. Note that y ¢ yA (by above), but y € A, hence yA G ©A. Hence by

minimality of dimensions of A, we conclude that yA = {0} and we are done. g

Let (A,*) be an n-dimensional commutative associative algebra over C which can’t be split into ide-
als. Let a € A; and T, € End{A) is the adjoint action, T,{b) = a x b. The Jordan decomposition gives
T, = So+ N, (where S, is diagonalizable and N, nilpotent). We thus have that S, = P(T}), N, = Q(T%)
(for some polynomials P and @ with coefficients in C). Hence S, = P(T,) =Ty and N, = Q(T,) = T.
for some b,c € A and S,N, = N,S,. '

Now assume that for some a € A, S, # 0. As S, is diagonalizable, .A can be split into eigenspaces
invariant under S, (A = ®%_|A; where A; = {v € A: S;v = \;v}) and {\;}Y, is the set of eigenvalues
for S,.

Now if x € A then for v € A; we get that

So(Tp(v) = Ty T (v) = ToTp(v) = T So{v) = AT (v)

Hence T;(A;) € A;. That is, for every z € A, A; is invariant under T,. It follows that the A; are
ideals, hence there is only one eigenvalue, A, for S, (since we assumed no non-trivial ideals for .4). Hence
S, =Ty = Aid 4. Since S, # 0 we have that A # 0 and so setting e® := A~1b we obtain a unit for A.

Consequently, the absence of a unit in .A means that S, = 0 for all a € A, or equivalently that for
all a € A, T, is nilpotent, i.e. the solvable case. In this case considering T : A — gl(.A) as a Lie algebra
homomorphism (where (T'(a))(h) = Tao(b) = a x b and A is an abelian Lie algebra), then T(A) C gl(A)
consisting only of nilpotent endomorphisms, it follows that there is a basis for .4 in which the matrix
representation of these endomorphisms are lower triangular with zeroes on the diagonal. In particular,
since T(A) consists only of nilpotent endomorphisms it follows (by proposition (3.3)) that there as a
non-zero element €™ € A such that T,(e") = a xe™ = 0 for all a € A that behaves as a zero and is
consequently called a pseudo-zero element. Note that this means that Ten = 0 so that T : A — gl(A) is

not injective.

Now assume there is an unit, ¢®. Then for a € A, T, = A\yidg + N, = Agidg + T, (As € C), hence
there is a unique decomposition for a € A, that is, a = A,e® + ¢ where T, is nilpotent. This is the
semi-simple case. Now let N = {z € A : T} is nilpotent}. Now by the commutativity of x, it follows that
N is closed under *. Also note that for nilpotent elements A, B € End(.A) that do commute, there exists
ny,no € N such that A™ =0 = B™2, now

-~ nynz -
(A+B)n1n2 — § : Aanlnz k
k
k=0
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In the sum, if k > n, then A* = 0ifnot, then k < n;, hence k < n; -1 < na(n —1) so that nyna—k > na
and BM™2~% = . Hence (A+ B)™™ =0, i.e. N is closed under addition. Now it is obvious from above
that A/ is a subalgebra of 4 and because of the unique decomposition for elements in .4, A" has codimen-
sion 1 in A. In other words A = Span{e’} &N and we see that A corresponds to the solvable extension.

For this reason we will continue assuming that we are working in the solvable A},

The above discussion reveals that (in the canonical basis) in order to obtain the solvable case, from the
semi-simple case, one forgets the unit and conversely to pass from the solvable to the semi-simple extension,

one needs to introduce a unit.

More formally, to introduce a new independant element, ¢°, to a commutative associative algebra A,
such that the new algebra, Q, is also a commutative associative algebra with unital element e® with 4 a
subalgebra of dimension one less than @ can be done as follows. Let @ = K x A (the set of pairs) with
multiplication * : @ x @ — @ defined for pairs (a, %), (b,7) € Q as v

(a, &) * (b,7) = (ab,ay + bT + T+ )
where + : A x 4 — A is the multiplication on .A. Clearly x is commutative whenever « is and since

({(a,2) = (b,)) *(c,2) = (ab,ay+ b +T*7)*(c, %)

(
(abe,cay + T+ c(Zxy) + abZ+ ag *» Z+ T« Z+ T *x§* 2)
(a,Z) * ((b,y) * (¢,2)) = (a,T)*(be,bZ+cy+y*Zi)
(abc,abZ + acy+ a(f* 2) + beF + bZ*x T+ ef* F+ G x Fx T)
it follows that
((a,Z) * (b,1) * (¢, 2) = (a, ) * (b, ) * (¢, 2)) (3.2)
so that * is associative. Also (1,0) is now a unit and if {e!,e%,...,€"} is a basis for A (where n = dim.A)

then clearly {(1,0),(0,e!),(0,e?),...,(0,e")} forms a basis for @ and that E : 4 — Q defined by

E{a) = (0,a) is a natural embedding of associative algebras.

Let us introduce an algebra with the following structure ([2]). For. k = (k;, ko) € K, let

(Ir.yl)o = [zo.y0]

(z.u)” = [zo.v] + [z2. 0]

(287 = [zo.v2] + 22, yo] + kular. 1]

([r,y})ﬁ,") = [zo.ys] + [x3, yo] + k1 ([z1, 2] + [22.11])

([17y])$1k_)1 =[x, Yn-1] + [Tn-1, %ol + Br{[z1, ¥n—2] + ... + [Tn-2,21])
(l, ) = [z0,yn] + [Tn,v0] + k2([F1, Yn1] + -+« + [Tnor, 1))

Now it is easily checked that [,]*) defines a Lic bracket on G"*+!. The semisimple part of this extension

correspouds to the Leibniz extension (section (2.5)) bracket, defined by

WH =k 1<ijt<n-—1 (3.3)
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The Lie algebra structure defining the Poisson structure of the Compressible Reduced Magneto-hydrodynamic
model ([1]) is in fact a particular case of the above comstruction, since there, it is defined as follows; for

the non-zero entries of W7 (0 <4,j,t < 3),
Wr=1 1<i<3 Wi=-3=w]

where 3, is a paramater. The corresponding bracket is given by (see {1]), [,](>=?) where n = 3.

Let’s make the following constructions (recall that we are in the canonical basis and in the solvable
case). Set for 1 < k < n, AQ‘) = span{e} and Aln, k] = A&k) & AE{‘*” H...0 Asln). For k > n set
Aln, k} = {0}. Then clearly

{0}y € A™ = Ajn,n) C An,n -1 C ... C Aln,1] = A},
Proposition 3.4. A[n, k] x A[n,s] C Al + maz{k,s}] for1 <k,s <n and AT is an ideal.[2]

Proof. As multiplication by e™ gives zero, it is obvious that A,(Ln ) is an ideal. Note that if 1 <m<k<
i < n then Wi = (W)),,; =0, hence

O - xe)« (D ae)=> Z)\jas i Wise™ € A[n,1+ k]
g=k =<3

J=k teg m=1

So that Aln, k] x A[n,s] C A[n,1+ k]. Now since * is commutative the result follows. O

Now let us consider an extension of A}, to an algebra A™*! assuming that the matrices, W) are

put into canonical form. We can simply take our basis {e*}?_, and add the independent vector e®*! in

n+1

such a way so that I = Ce is an ideal and the sequence of associative algebras,

i

0 I An+l T Ay 0

is exact (where i and 7 are the usual injections and projections). Assuming that the basis {e*}74]! is also
in canonical form and that - : A x A — A is the (associative, commutative) multiplication on A"*!, then
it follows from the exactness of the above sequence that;

L
etoed =) WJeF + RIe™ for1<i,j<n (3.4)
k=1

n+1 '

and by assuming that {e 701 Is in canonical form we see that
e e"tl=0 forl1<i<n+l (3.5)
Commutativity of - is equivalent to R¥Y = R% and for associativity, we require;
0 = (e'-e) e —et (&7 e
n

— Z(Wﬁ{emﬁl' Rijen+l) P (E(W,{Lkem+]fjken+l))

ma=1 m=1
n n n n
— Z Wnﬂ_{(z W'tmket 4+ Rmken+l) - Z va]nk(z Wtimet + Rim611+1)
m=1 t=1 m==1 tz=1

_ Z(Rm};LVg _ Rimwrglk)en+l

ma=1
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It follows that, the conditions on R that determine such an extension are

(1) RY=R" (3.6)
2 D (R™WH - RMWIE) =0 (3.7)
m==1

Every element X € A™*! can be written uniquely in the form

n
X = E xpe® + ropet! = T4 ppg ! (3.8)
k=1

Now,

n L
XY = (Z rre® + zp et (2 Yme™ + Ynp1€™)

k=1 m=1

= (D me)- (D yne™)
k=1 rrie=1

n mn
= 2 Z a:kym(z Whmet 4 RF Mgy aentt)

k=1 m==1 L=1
1 n n n

— Z(Z Xn: Tk Ym u/fkm)et + (Z ka:ckym)enﬂ
1

t==]l k=] me=1 k=1 m=
= Ex§+ R(T, §e"}
where R : Afy x A}, — K is a symmetric bilinear form with R(Z,§) = 3 7_, Y7 | R¥"zpym
Assume now conditions (3.6) and (3.7) above. fZ = Y7 mie*, =31, 67, £= Y1, zke* € ARy,
then

n n
REG = RS sagWilen,

m=1 i,j=1

n T
= Y R 2y W)z
a,b=1 71
n
s Z R™W iz,
is4,0,b=1 .
113
= Z R‘“ngwiy_jzb

‘l:..j,ﬂ,,bxl

a,b=1 j.kMI
T Ti
- rik
= REY (D waWihe)
tz==1 g k=]

= R@E§*?)

B3t

So that R(Z * ¢/, %) = R(Z, ¥ * 2). We now define cohomologies related to Aj, such that R has the same
meaning with respect to the Lie Algebra structure as in [1]. We reintroduce the cohomology complex as

in [2} corresponding to the algebra Aj,.



o The cochains are defined as follows. Let C%(A},) = K and for s > 1, let C*(A%,) be the set of all

s-linear functions w; : (A},)° — K.

e The coboundary operators d; are defined as follows. For a € CY(A},) = K, dy(a)(a) = 0 and for
w; € CHAY,) (i 2 1), di(w;) € C1(AL,) is defined by

i
dywi(ay, ag, - . -,ﬂi+1) = Z(—l)kwi(al,ﬂz, RN P Y TS T Y
k=1

for a; € A}y with 1 < j <i+1.

The cohomology groups obtained will be denoted by H'(A},) while Z*(A%,) and B*(A},) correspond to
the set of cocycles and coboundaries respectively.
Now since Kerds = {wz € C*(A},) : wa(a *b,c) = wy(a,b+*c)}, we see that R above defines a

cohomology class in H2(A%,). Also, for a € C! a linear map;

di(a)(z,y) = —a(z xy) (3.9)

hence R = di(— Y ., A¥ex), where {ex}?_, forms the dual basis in (A7,)*. Hence we see that for the
cohomologies, the correspondence between the Lie algebras G}, and the commutative associative algebras
%, holds as the spaces H?(A},) and H*(Gw ) are clearly equivalent.

Let us consider the example given in [2]; We construct the algebra A}, in the following way. Let
T, = {1,2,...,n} and let M = {e',¢?,...,e"} be a commutative monoid with binary operation x :
M x M — M such that

el x ed = ef(bd) ~ (3.10)

where f: T x T — T such that

L fG, (4, R) = f(f(i,5), k)

2. fli,5) = f(4,9)
(i)

Now define A, to be the vector space generated by M and define W,zj = 51{ to obtain a “universal”

extension tensor ([2]).

In particular, let f define the multiplication in Z,, the ring of integers modn, i.e.
W) = gi(modn) (3.11)

The case n = 2 is trivial while for n = 3, the matrices W) are given by

111 100 100
W@=100 0 wh=110 10 W@ =110 01
00 0 00 1 01 0

Assuming that W correspond to the generators e¢, then applying a transformation defined by;

1 1 1 1
g° = e° ql=—€0+§el+§€2 q2:lel__€l~_62
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transforms W into

Q(O) - QW =

o O =

0
0
0

o O O
o o O

0 0 0
10 Q¥ =10
00 0

o o O
= O O

so that the corresponding extension splits; Gy =G &G D G. Forn =4, let ¢° = €7, ¢* = €' ~ 0 (i > 0),
then

qi * qO — 68(11' qi * qj - qijmod4
Then, in this basis, the matrices W have block diagonal form, so that the extension splits into

where Qf (1 <14,k < 3) is a new tensor corresponding to Qé It is defined by the matrices Q(*) where

10 0
W =101 0 Q¥ =
0.0 1

o = O
o O O
o = O

0
Q(:‘) - 0
1

o = O
S O =

The transformation obtained by f! = ¢, f2 = ¢! — ¢® and f3 = ¢?, changes the matrices Q¥ into F®)
with

1 00 0 0 0 0 0 0
FO=] 0 1 0 F@=1 110 F® =10 0 0
0 0 1 000 1 0 0

Truncating the semisirple part leads to

w10 e[ 00
00 00
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Chapter 4

Casimir Invariants

The notion of a Casimir operator first appeared in the physical literature related with Quantum Mechan-
ics. The name originates from the paper [9)].

The mathematical study of the Casimir operators revealed that for a semisimple Lie algebra G the
universal enveloping algebra, U(G), contains elements that commute with G (Casimir elements) and that

they span a vector space of dimension r, where r is the rank of G.

Remark 1. The universal enveloping algebra is as well known
U(9) = UiLeG", (4.1)

where G* is the space of elements that is spanned by the (noncommutative) polynomials of degree less or
equal than k of the elements of G, see [Goto-Grosshans]. The multiplication rule in U(G) is such that
{Gk, Gs] C Gk-}-s'

Best known are the applications of the Casimirs of rank 2.The question of the Casimir elements of
an arbitrary Lie algebra is a complicated one and there are results only about some specific types of
algebras.

According to the classical Poincaré-Birkgofl-Witt theorem to the universal enveloping algebra, U(G),

is closely related a commutative and associative algebra grU(G)
grU(G) = UR Pk, PF=Gk/GF 1. (4.2)

The algebra grU(G) is isomorphic to algebra of all polynomials on G* and on it there is also a Lie

algebra structure which is defined by: For & = z 4+ P*¥!, § =y + P*~! we set
{#,3} = [z,4] + PE++2. (4.3)

It turns out that it is exactly the Poisson-Lie structure we shall define a little later. The Casimirs elements
of U(G) give rise to elements belonging to the center of the Poisson-Lie bracket structure (4.3) (also called
Casimir functions). For more details see [10].

Since the Casimir functions are of course integrals of motion the interest in them is quite natural.

In our context however, we shall be interested in obtaining Casimirs to the universal extensions, that is
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Casimirs of the extensions we are considering in this thesis that are constructed starting from Casimirs
of a given algebra G. Thus we shall use the term ”Casimir” in somewhat different sense we specify below.

We will now introduce the related Casimir Invariants to the universal extensions given in [1] and use
the algebraic approach developed in chapter 3 to clarify their algebraic meaning. Let us begin with a few

definitions;

Definition 4.1. Let M be a manifold, we call a K-valued function on M, smooth, if it is infinitely
differentiable and C*°(M) denotes the space of all such smooth functions on M.

Definition 4.2. A Poisson structure on a differential manifold M is a bilinear map { , } : C®(M) x
C>®(M) = C>®(M), on the space of smooth K-valued functions on M such that

(i) {, } is a Lie bracket for C>*(M).
(ii) {, } satisfies the derivation property, i.e. for f,h,g € C™(M)
{fh.g} = f{h,g} +h{f. g}

The bracket { , }, is called a Poisson bracket and (M, { , }), is called a Poisson manifold.
Let (H,[, ]) be a finite dimensional Lie algebra and H*, its dual space. Define { , } : C®(H*) x
C>(H*) — C*>(H*) by the following rule: for f,h € C*(H*) and a € H*, set
{fih}(a) := ([df|m dh|a]-, a)y (4.4)

where the differentials df |o, dh|o€ (H*)* = H and (, )» denotes the canonical pairing of H and H*. It

turns out that
Theorem 4.3. {, } defines a Poisson structure on H*. [6]

See Let ad : H — ¢gl(H) and —ad* : H — gl(H*) be the adjoint and co-adjoint representations (of
the Lie algebra H) respectively, i.e. ad{z)(y) = ad;(y) = [z,y] and (—ad*(z){a))(y) = —a([z,y]) =

{ad.(y), —a)n. Hence another formulation of equation (4.4) is

{f, h}(a) = (dh|a. ady, (a))n (4.5)
We now apply the above construction to H = Gi},. Let a, 3 € (G},)* 2 (G*)", a = (a1, 02,...,an)
with o; € G*.
Let f € C*((G*)") and let ; f|o= (0;f)a be the partial derivative of f with respect to ay, i.e.

(8:H)a(B:) = dfa(0,...,0,8;,0...,0) B eg” (4.6)
The Poisson bracket for (G, )* is constructed as follows; for f,h € C®((G},)*),
{f,k}(@) = ((dfla,dhla],a)g
Y e bl kg
k=1
= il(W;?[@if, 3R], a)g
1,5, k=

(where we consider (9;h)q € G).
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Definition 4.4. Let M be a Poisson manifold. If f belongs to the center of the algebra C*°(M), then

we call it a Casimir function or simply a Casimir.

It now follows that, C € C>((Gf,)*) is a Casimir if and only if for all h € C*((G§/)*),

0= Y (WJBC.0h),an)g = > W (d5h,adj,c(an))g (4.7)
1,5,k=1 i,7,k=1
This is equivalent to
> Wiads,o(an) =0 (4.8)
1,k=1

Now let us consider the case where G is a (finite dimensional) semi-simple Lie algebra. This is
equivalent to (in the case where char(K) = 0) having non-degenerate Killing form K : ¢ x G — K,

K(z,y) = tr(ad;ad,) as introduced in chapter 2.

If G is semi-simple, then the non-degeneracy of K, induces a linear isomorphism K: ¢ — ¢,
(K(z))(y) = K(z,y) for =,y € G. This isomorphism establishes an equivalence between the adjoint and
co-adjoint representations of the semi-simple Lie algebra, G. This can be seen by the commutativity of

the following diagram;

G——G*
Indeed, for z,y,a € G,
—ady(K(y))(a) = K(y)lo,a]
= K(loz],y)
= K(o[z,y))
= K(ad:(y))(®)

i.e. —ad o K = K o ad,. From now on, we consider the case where G is semi-simple, finite dimensional
and char(K) = 0.

4.1 Linear Casimirs

Assume that C(V) € C((GR,)*) is a linear Casimir with C(a) = 31, (y*,;) (y* € G). Then by equation
(4.7) above, for all f € C™((G})*,

(‘V,ijyi, ad}, sou)g = 0 (4.9)

n
i,3,k=1
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(since (8;C)q = y*). Let z = K~1(ax), then
0 = > adj (K@) Wy
4,3, k=1

= IA{(adajf(Ik))(W/:jyi)

K(WJIy*)(18; £, xx))

1
L. L.
3 M 3
It !

= ([0;f, zx], K(WZyh))

ij.k
Now since f € C®((Gf,)* was arbitrary and K is a bijection, it follows that 3.7 Wy = 0 for
1<k,j<n.

As an example, we could take y; = p;z (for some z € G, p; € K) where (p); := p; forms an eigenvector
with zero eigenvalue for all matrices W(?). Such solutions do exist, in particular, if W(?) were in canonical
form, then p; = 6% is an eigenvector (corresponding to zero eigenvalues) for all W(?) and so y; = p;x (for
all = € G) satisfies the condition.

In this formulation f defines an element p= " | p;e' € A},. Now if 7 is a pseudo zero element (i.e.
T, = 0), with 5= 3" p;e’, then if b = > i1 bjel € A}y then

and since b was arbitrary, it follows that > .., W,z] p; = 0. Consequently we obtain;

Corollary 4.5. For every pseudo zero element p € A}y, (i.e. Tz = 0) there corresponds to a Casimir
function of the type C). ([2])

Note that such vectors do exist in the solvable case, but not in the semi-simple case.

4.2 Quadratic Casimirs

We now look at another class of Casimirs, the quadratic ones. We assume the Casimirs are of the form

1 — NS
c® = 5 > Ciod (K™Y (ah)) (4.10)
i,j=1
where C;; = Cj; is a symmetric matrix and o* € G*. Now, by equation (4.7), we obtain that
n .. ..
> (WECi, - WiCy) =0 (4.11)

i=1
for1 < j,k,r <n. Define C : (A}%,)* x (Af,)* — K as a symmetric bilinear form on (Afy,)* as follows; for
T=3 ey =3 ¥ € (AR)", Olz,y) = 7,2, Cyz'y?. Now define C: (AR)* — (AR)™ =~
Aj, by

Cle;) = z": Cipe? (4.12)
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and extend linearly (where {ex}p_; is dual to the basis {e*}?_ ). Define T* : A} — gl{(A%)") by

(T;a)(y) = e(r * y). Now, we introduce an identity in order to proceed.
Lemma 4.6. .
we; = Wi (4.13)
g=1
where 1 <4, <n.

Proof. Let The; = Y1) Aeg, then

n L £
M= (D Meg)(eh) = (Thes)(e') = ejle v e') = Y o5 (Wikek) = Wyt
g k.“.
Hence Tje; = 30, I*V;qeq. |

Example 4.7. Let us look at the n = 2, Leibniz extension case where W2 = 0 at section (2.6.1).

wo o [ 00
10

Note that for C : (A}, )* x (A% )* — C (equivalently the 2 x 2 matriz C) we require
S WlC, =) WiCu (4.14)
i=1 i=1

or equivalently (W QY = (W), i.e. WOC is a symmetric matriz for all j. Now in the above

Leibniz case; it is easy o show that

C‘G{(g Z);a,bscGC}

so that C(x,y) = =1 Ci sx'y where T = zw Tle, y=Y 7 e € (A3 w)” are all the Casimirs
1_7 guz]

Lii=]

for this Leibniz extension.

Now note that if we assume C is a Casimir of the type we are looking for, then

T.:Cle) = ' * Clex) = € *Eckqe = Z CrgWiie! = Z CuWiiet = € Z ek

g=1 t,g=1 L.q=1

It follows that the diagram below commutes for all a € A},

-
(AR) ——= (AR)"

that is;
T,C=CT; (4.15)

In fact, more can be said,;
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Praoposition 4.8. For every symmetric bilinear form, C, on A}, such that

C(Trz,y) = C(z,T)y) (4.16)
(or equivalently, equation (4.15)) a € A},, o,y € (Afyy)*, there corresponds a Casgimir function of the
type C? and vice-versa,
Proof. By definition for a, 8 € (A})*, C(a, 8) =< C(a), # > hence

< T,C(a),d >=< C(a}, T3 >= C(a, TS, 8) = C(Tre, 8) =< CT e, B >

sdan

so that T,C = CT. O

Naw define oo & 3 (A)* x (Af)* — (AR)" by

a®f=Ta 0 (4.17)
Propasition 4.9. C is ¢ Casimir if and only if o & 8 = S a for all a, 3 € (A}R)*.
Proof. For y € A}, we have
<a®fy> = <Tf &y>

= <f Tc (o) ¥

= < ,3.,TyC(a)

= <T;8,Cle) >

= C(a.TyB)

= C(Tja,0)

= C(8,Tya)

= <fGoay>
and so the resuls follows. a

Moreover we have;

Proposition 4.10. Casimirs of the type C?) induce a commutative, associative algebra structure on

(A%)*, for which C: (AR )* — A} is a hommomorphism of assoctative algebras. The multiplication is as

defined above; )
a® @ =T, (u)ﬁ (4.18)
Proof. For associativity, we see that, ‘
(@8 @z=(Tg,H oz = TC(T' ')‘3 = T(Téf,,)é(m)z = TC‘(a)=C<m = Te(wTe?)

hence (a©3)®z = a® (B0 z). Note that O is clear]v bilinear and hv proposition (4.9), © is a commutative
operation and compatibility with addition is obvious, so that (A},)* becomes an associative, commutative
algebra. Now, note that for a, 5 € (A%)*,

Cla® 8) = (T} 0) = Tary C(8) = Cla) x C(9)

so that C : (Af,)* — A}, is a homomorphism of associative algehras. 0
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Corollary 4.11. Equation (4.11) is equivalent to the identity Aj; = AY;, where Af; are the structural

constants for © above (which is just the commutativity of ®).

Proof. We have that

ZAUeq =e Qe = ZC“ wi€j = z Ct,lfV eq

g=1 qt=1
Hence Af, = 1| W;thi, and so equation (4.11) is equivalent to Af; = AJ,. O

We will use this construction, to simplify some results given in [2]

4.3 Extension and reduction of the Casimir Functions

As seen in [2], we shall describe the extension and reduction of the Casimir functions attempted in [1]
using equation (4.11) within the new approach, that of the algebras A};,. This means that we are goihg
to investigate the relation of the Casimir function of the extension defined by A%, A%, and AL, where
A{}[}Ll is “semisimple”, Afvl‘v is the corresponding “solvable” part and A%, is the corresponding factor
algebra- see section (2.4).

To this end, assume now that we are working in the semisimple case, i.e. there exists a basis {e'}7,
for which €? * et = ¢t (for 0 < i < n) and such that e” x ¢! = 068" (0 <4 < n). This is equivalent to

W' = §% and W = 6567, or in terms of the co-adjoint action,

T*oe,- = €4 T n€; = 0 €o (419)

€ €

Note that, if we have the solvable case, then all that is needed is the introduction of an identity ° to the
canonical basis. Let us consider the invariance condition (equation (4.16)) of a symmetric bilinear form
on ARt

Since T, = id| ATF the invariance with respect to T is trivially satisfied. Also, the invariance
conditions on the components Cj;, are too trivially satisfied. Consequently, we only consider invariance
in the case of Cj;(i # j) with respect to T2 (s # 0).

Starting with the assumption that the invariance conditions on the components Coi(0 <i<n-1)

with respect to T are satisfled, we obtain that
Coj = C(Tlnen,e5) = Clen, Tone;) = 67 Con =0
when 1 < j<n-—1 and
Coo = Cleg,e0) = Cleg, Tonen) = C(Tinep,en) =0 (4.20)

Hence we obtain Cy; = 0 for 0 < j < n — 1. It follows from this, that the invariance condition with

respect to T, for all C;; are satisfied. To see this we have to consider the invariance on the components
(1) Ci;(1 <4,j <n—1) which follows from C(T}.e;,¢e;) = 0 = C(e;, Tone;)

(2) Cy,, which is a consequence of C(Tre,,e0) =0 = C(en, Tineg)
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(3) Cin(1 <1< n—1) this can be seen by

C(Timei,en) = 6Cleg,en) = 0 = Cleg, e9) = Cleg, Tomen) (4.21)

Now we move onto the invariance respect to Tgo(1 < s <n —1).

If1<14,j<n~1then
-1
C(Theie;) = > WHCpy+ WCo; + Wi"Cy;
k=1
-1
- Sy
k=1
So it follows that the invariance condition with respect to T, (with 1 <1i,j, s < n — 1) is satisfied if and

only if

n-1
Y (WkCy - WikECyy) =0 (4.22)
k=21

Finally, it is easily deduced that, invariance on the components Cy,, with respect to 7. (1 <i,s <n-1),

is satisfied if and only if
n~1

Y (W Cri — Wi Cp) = 65 Con (4.23)
k=1
(the case of invariance of Cp,, with respect to T, yields nothing).
If we denote the solvable extension corresponding to Aﬁ}” by Al then we obtain A"}f, by setting
e” = 0. Note that Ke" is an ideal in both Aj" and A7, and that A%' = A% /Ke™ with W/ = WY
(1 < 4,4,k <n-1). Define € to be the restriction, C[A%TJ. Clearly we can assume AC{I - A"%, c AR
and (AF)" C (AR)" C (AR
From the above discussion, the results about the Casimirs we had in [1] can be reformulated into the
form;
&Tl)*

Proposition 4.12. The snvariance of C wath respect to the co-adjoint action on (A is equivalent

to the invariance of C with respect to the co-adjoint action of (A% )" and the condition (4.23).(/2])
Corollary 4.13. C is a Casimir for A;j-‘fl whenever C is, for ARF'.([2])

Corollary 4.14. IfC;; (1 < i, < n — 1) defines a Casimir for the algebra A%’,‘], then for arbitrary
solution X; (0 <1 < n— 1) of the system

n—1 n-1
X+ WHXy =Y WikCu (1<is<n-1) (4.24)
k=1 k=1

and for any number C,,, we obtain ¢ Casimir for Aﬁ,“, by setting C(ey, e,) = Cun, Clen, e;) =0 (for
1<i<n—-1)and Clen,e;)=X; for0<j<n—1. (2))

Clearly, by equation (4.24), it is natural to consider two cases; W, degenerate and W, non-
degenerate. In coordinate free notation, the assumption that {W¥);<, j<n—1 is non-degenerate is equiv-
alent to the map

Vi (A = (A, (@) = Te,

being a bijection. In this case we obtain
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Proposition 4.15. If v is a bijection, then the invariance condition C(Ttes e5) = Cle;, Thej) follows
from C(Tken,e;) =Clen, The;) (1 <i4,5,s <n-1).(/2])

Proof. Fix i. Then, since 9 is a bijection, there exists an z; € A’J—V"I such that T e, = e;. Then

C(Thene;)) = CO(TiThenye;) = C(T:

eS*x;

= Clen, Ty, es5) = C(T; en, Tiee;) = Cley, Tieej).

€n, ej) = C(en’ Tg“’*zi ej)

O

In co-ordinate form, this proposition states that, whenever (W¥);<; j<n-1 is non-degenerate, equation
(4.22) follows from (4.23) (see ([1]))-
Let (gix) be the components of the matrix that define the unique generalized Penrose inverse (see

Appendix B) of (W%)1<; j<n—1, L. the unique matrix (i) such that

n—1

1) D WiegaWy =wy
a,b=1
n—1

(2) > 5V Gs = G

a,b=1

Now define G : (.A’va—l)' — A’va_l by G(e:) = Yop; Gire®. We look at the first case;

4.3.1  (W¥)1<ij<n-1 is non-degenerate

We assume now that (W37);<; j<n-1 is non-degenerate or equivalently, ¢, is invertible. Hence E;:ll GimWit =
8¢, (for all m,t € {1,2,...n—1}) or G =~ L.
As correctly shown in [2], the map 1 can be used to transfer the algebraic structure from .A’vl—v"l onto the

dual space (.A’v‘i,_l)*. Here we take an alternative route and note that more can be said.
Proposition 4.16. G = 9~ defines a Casimir of .A’VL—V—I.

Proof. Let z,y € A’vl-v_l then

ITy(z) = Tjpen = T; Tien = T, 9(x)

hence &Ty =Ty 1 so that
Tt =47 'T,

and so by Proposition (4.16), we have that ¢! defines a Casimir of A’vl—v_l. a

Now it follows from Proposition (4.10), that the bilinear map, & : (A% )* x (A’vlv_l)* — (AR
defined by
AOf =Tj(0)B

induces a commutative associative algebra structure on (.A%,_l)* for which 1~ : (A H*,5) — (A%,_l, *)
is a homomorphism of associative algebras (recall that T* is the co-adjoint action on (A’v‘-v’l)". It now

follows from the invertibility of v, that 1) is an isomorphism of associative algebras.
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If1<4,7 <n-—1 then we have

n-1 n-—1
* T g, 1riq
Thej—The; = _S_ Wj €; _S_ IVJ. €,
q:O g=1

= W }Oeo + lf'l-’;” €n
= (5; en + 15?58

= 5} €g

= ej{e)eo

So T2 ej — Trej = ej(e')ep. Hence, for z € A, a € (AL1)”

Tia=Tra+ alx)ey
where T is the co-adjoint action on (A}")*. By proposition (4.11), the structural constants (A}k) ‘of

the algebra (A’&;‘l)" (where e;5e; = Z:;]l Efjek) are given by
-1

-4?1' = Z W;qﬁta‘
=1

It is now easy to see that for Cj; (1 <1, < n — 1) we have;

C.,;j R C(E’,’, E’j)
= Cld e ¢))
= C(Té-l(ei)en}ej)
= C(an T,i—l(e‘_)ej)

= Clen,ei&e;) + Clen, e0)fij

n—1
= C(eYH Z ‘ZZ Ek) + C(env eO)ﬁij
k=1
so that
-1
Cij = G:;Cno + Y AliCnk
k=1

These equations are of course equivalent to (4.23). Indeed, since

Cij ) C(en, T‘i‘liﬂi)gj) == C(e“, EJ') (425)

we have

Clen, Té‘rl[ﬁ‘;’ei) €;) = Clen, T;‘Ea Pl (ei}ej)
= C(ensT‘s‘;{.ml(ei)e_f)

[ 4

= Clen T3 1o Tives)

But this can be made even more transparent, in order to see it, let us extend 7 to v : ARF! - (ARFY)”
by
W(x) =Tren
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Then y(e") = Trne, = ey and ¥(e®) = The, = e, and w}A.. 1 = y». Hence it follows that v is non-
degenerate whenever 1 is. It is now clear that we can define G (Apt')* — A so that G = ¢~ ! and

G(e;) = ZEJ'DI gixe® where gij = Gij for 1 €4,j < n—1, so that G{A&,.l = G.

In exactly the same way as before, it follows that the binary aperation @ : (A%F')* x (AR!)* —
(ApFh)* defined by

a@f=Tia)
(ar, B € (AHT)*) induces a commutative associative algebra structure an (A%F!')* with v being a homo-
morphism. Hence 1 establishes an isomorphism between (AjF!, #) and ((AfF')". @).
Note that in the “new” algebra, the psuedo zero is ep and ey, is the unity which can be seen by the
identities
egDe=0 forl<i<n € D= forallaE(Awl)".

Now let a, 3 € (AJF1)*, then

mn
a = a’e + (Z a'e)) + o’e,

fu]

n
3=+ (Z Ble)) + 8"en

fuel
Then it follows that
n~1 n-1
al = (Z Gijo "+ argl ‘Hl‘oﬁn Yep + Z Z o ﬂlflfj + a4t + o' fMe, + a” e,
i,5=1 t=1 §.j=1

To obtain the solvable part, A%,, we put e, := 0 and a™, 8™ := 0. So that the above becomes

n-1 n-—1
Z guaﬁ )60+Z Z I-Bj‘ztij)ei
i,j=1 t=1 t,7=1
or
fi~1 n—1 o
ads=Y (T @' A
t=0 {,5==0
where
A, = A, 1<ijt<n—1
A, = 0 0<ij<n—1
A?j = gy lZj<n-1

Factoring (Aff')” over the ideal, Keo, we abtain (A}, ')* with

n—-1 n-1

a8 = Z( Z o' B AL)e, @ f e (AL s

t=1 i =1

Coming back, all we need is
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Proposition 4.17. The matriz (gijh<i,j<n-1 defines an extension of (A&Tl)* by

ede; = eidej + gijeo
E,‘@CQ = 0
enleg = 0 for1<é,j<n-1

To obtain (Aj}f')*, we simply add the semisimple part (i.e. the identity).

Now note that for 0 < i, <n-1

Clei ;) = C(yvHer),e5) = C(Tj-1(cy6ns€5) (4.26)
= C(eﬂaT‘Jy-l(ei)ej) (4.27)

= Clen, € O¢j) (4.28)
so that Cy; = Clen, € @ ¢5), ie.
11 B
Cy = ZAijnt for0<é,j<n~1

t=1

The relation at (4.28) explains now why we get all the symmetries needed for the coeflicients C;; from
the coeflicients Cy,,.

4.3.2  (W¥) 1< j<n-1 is degenerate

We now consider (W7}, <; j<n—1 degenerate and try to extend the ideas in [2] to further explain this case
introduced in [1]. Define, as before

P AR (AR (4.29)

by ¥(z) = T}e, so that

w(eo) = €n w(en) = €0 1/)1'4':{1 = 1;

Recall that ) is bijective if and only if ¢ is. Clearly we can also extend & to
G: (AR - AFY Gle) =) gne® (4.30)
k=0
where (9ix)o<i k<n form the Penrose inverse to (W,ﬂj)og‘js,, and g;. = gy for 1 < ik <n -1,

Define the projector P = ¢ and let @ = Gv.

n * G 1 ’dj n *
(AR —— AR At — (45T
N N e
(AW ARF!

Now consider the onto function v : Ajf! — ¥(AGT!). Define ® : Y(AG) x ¢(ART") — v(ART) by
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W(2) ® Y(y) = Ty ¥ () = To ¥ ()
It is easily checked that & is a well defined binary operation. Moreover

Proposition 4.18. & defines an associative commutative algebraic structure on w(AW ) with the fol-

lowing diagram commautative.

A5 PR

N 5T
A7 [kery

where J(z + kery) = {x) forms an isomorphism of associative glgebras, 7 is the natural projection and

1) s an associative algebra homomorphism.

Proof. Clearly the diagram commutes and that J is a well defined bijective linear map (isomorphism
theorem for vector spaces). All that is left to show is that ® is an associative operation and that v and

J are homomorphisms. First note that

Pe') @ () = T(g(ei)w(ef;
= TCn(e)T

rik
=33 ZI{ it TG(ek]TJEn
k=0

= Xn: W 1k_qktT
k=0

n
.
= Y WikguTien
k=0

n
= ZW%HT n it gmEn

)

T n
S 3 CORATES

oz () m==0
So that

v(et) @ 1h(e) ZZW"‘gMW Jyp(e™) (4.31)

k=) =0
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Now

n

W @p(e) ®ue?) = > WFauWH($(e™) @ ¢(e)
k.t =0
= > WEg (WEW) g, WiPy(e)
k,t,m,f,8,0=0
= > Wik WIWIM gosWiPy(ef)
k.tm,f,8,q=0
= ) WImWg WP(e)
m, f,s,q=0
v(e) @ (v(e’) ®u(er)) = v(e) Z Wik geaWiEp(e™))

k,t,m==0

n

= Y WlrguWI(u(e) ® v(e™)
k.t,m=0

= Yo WG (WIW) g Wi (e
k,it,m,f,q9,s=0

103

= 3 (WIguWIHWEIg W (ed)
k,t.m,f,qs=0

n

= 2 WEWDg, Wimp(el)
m,f,q,8=0

= Z WimW 39 g, W iPi(e!)

m, f.q,s=0

Hence

(V(e) @ ¥(e?)) ® v(e”) = U(e') @ (¥(e’) ® Y(e?))

56



It follows that ® is associative. The fact that ¥ is a homomorphism is deduced from

n
e @u(ed) = Y WigeWiy(e™)
k,t,m=0
= Y WkeWIWI e,
k,t,m,g=0
n

= Y WHeWiEWre,

k,t,m,g=0

= Y WMWil,

k,t,m,g=0

n
= E W,:;k W}'gt €t
k,t=0

n
= Y WEWZe

k,t=0
= > WIH(H
k=0
= > p(We)
k=0
= Y(e'xel)
and since

J((x + ker) = (y + kery)) = J(z x y + kery)

v(z*y)
= Y(z)®Y()
= J(z + kery) ® J(y + ker))

we see that J is a homomorphism and so the result is proved.

Let us look at the operation & more closely. Note that
V() ®Y(y) = Y(zxy) =T en =T T en = T7(y)
Hence we see that the algebraic structure is independent of the Penrose inverse, G.
Let us extend & to the whole space (Aﬁ?"l)*. Define, for o, 8 € Aﬁ,‘-"l,
a® =T (a— Pla)) + Tgm

or

a® ,8 = Té(g)a + TE;(&),@ fd Té(ﬁ)P(Oﬁ)
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Note that this parallels the form given in [1], where the coordinate form is given. Also,

TopPla) = TouvGla)
= Tg)To(a)en
= 1G(8)eG(a)en

= Tgaecipen
= Té(a) P(ﬁ)

Hence
a®f—B®a=TgaPB) - T Pla) =0 (4.35)

It follows that ® is a commutative binary operation. If we further assume that ® is associative and that
B = (x) € Y(AL) then

a®f = Tgv()
= T&(Q)T;En
— £ ; n+1
= TGayer € ¥(Aw )

ie. Y(ARFY) is an ideal in (A", ®).

Now note that for 0 <i,5 < n we have

€; ® cj = T&(ej)((fi - P(CIL)) + Té(e’_)cj‘
n T L
= Y gim(Timei— Y guWiiTineg) + Y gimTime,
m=0 t,q=0 mz==0
n n n n
= Z gjm(z W’:"fef - Z gitIVthIV;lfef) + Z gimI/VJ’."fef
m=0 fz=0 f.bg=0 m, f=0
n o n n n
= Z( Z Qjmwimf - Z gjmgith:,,qurvnf + Z gimpV]mf)ef
f=0 m=0 t,q,m=0 " m=0

Hence we get

Proposition 4.19. If ((AJF1)*, ®) is an associative algebra, then the structural constants defined by

n
k
€ ®e; = E Ai_jﬂk
k=0

are given by

n n n
AL=3"0mW + 3 6mW = Y g WW
m=0

mz=Q t,q,m=0

Note the equivalence in the above proposition and that given in [1]. We shall come back to this but

first we will now show that in the degenerate case, Cy,, = 0
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Given a Quadratic Casimir C on (Aj}f')* and if we look into the algebra ((ARF!")*, @), (where 2 defines
the algebra using C as before as defined in proposition (4.10)), we see that the action L., : (A" —
(AFFH* defined by

Le(a)=e,0a= Tc’f,(a“)a =10 C(w)
gives

Le, (&) = nge,+ZCm (4.36)

Now, since T,; is nilpotent, T7; is nilpotent, hence L., ha.s semi-simple part equal to Cy,id. Hence

Proposition 4.20. The algebra ((.A"H)‘,C/) is an algebra with unity if and only if Con, # 0. The

pseudo zero of (A1), ®) is ey and the unity can be written in the form

Yo = Con Z /\k €k (4.37)
J=0
Note the action
Le,=1%0C (4.38)
by above, if Cp, # 0, then
n+41=rank(L, ) = rank(y o C) < rank(¥) < n (4.39)

so that Cp,, is indeed zero. Hence we have,
Proposition 4.21. The algebra ((.A"+l) , @), does not have unity.

Now, the idea is to generalize proposition 4.15 in accordance with [1]. Now, since 1 is degenerate,
we assume the solvability condition (equation 4.11) has a solution and as shown in [1], the solvability
e; € Y((AF)) Le

condition (within the new framework) is easily seen to be the requirement that Tz
Vi,0<i<ndr € .A{}VH such that

(ex)

Té(rn) =9Y(x;) =T} e, (4.40)
Then we have

Proposition 4.22. The invariance condition
C(T‘k 8_7’,61') o C(Ei,Ttkej) (441)

e [

follows from the condtion that

Clei, e5) = Clen, (i) ® ¥(x5)) = Clen, P(xi x 7)) (4.42)

where 0 < 1,7,s < n and x;,x; are as from equation (4.40) whenever we assume that T, e; €

1 = Clen)
D((AF))-
e; = p(z;) = Tt en (4.43)
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Proaf. Recall that Cy,, = 0 (the degenerate case), and we have seen that Cjo =0 for 0 < j < n—1. Note

that the formula given in equation (4.42) automatically ensures that Cyo = 0 for 0 < s < n, since for eg,

the element zg = e™ and e® is the pseudo zero element. Also note that since
V(a:) ® Y(z5) = Ty (e, ¥(25)
it follows that the term C(ey,, ¥(z;) ® ¥(x;)) is well defined.

Clei, Tives) = Clen, wla:) ® p(zk)).

7

Note that where 1(z¥) = Té(en)T;* e;. Now,
Cle;, The;) = Clen,v(z:) ®u(x}))
= Clen,¥(zi) ® (T, \Teres))
= Clen, plz:) ® (To T, \5))
= Clen, ¥(z:) ® (Tx(x;))
= Clen, ¥(zi) @ P(Terz;)

From the other side,
(@) ® D(Tenr;) = Pl % (€5 % 25)) = V((a % €F) x 15))

and we see that
C(Tlej, e;) = Clei, Torey)

€

and we are done.

Finally the formula for Cj; can be written also in the form;

Cy =

Q

(en- ¥(ei) * ¥le;))
(ens Tgye,) ¥ (€5))
(Te (e;) Ens ¥(e;))
(v(ei), vles))

i
Q Q

.

= C(y
We remark that comparing the form

CI.] = C(ena w( ) * Ir/)(ej))

of the coeflicients Cj; in the case when v is degenerate with the form in equation (4.28)

(4.44)

(4.47)

when v is

assumed to be non-degenerate explains the remarkable similarity of these cases mentioned in [1]. Indeed

the coordinate form of (4.47) is given by

Ciy=) AlCn

0

142

where Aifj are as in proposition (4.19).
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4.4 Conclusion

We have considered the “universal” extensions and the Casimir invariants from the new viewpoint set

out in {2], by commutative associative algebras.

We have given a clear algebraic meaning of the quadratic Casimirs via these structures - Proposition
(4.22) and (4.23). Consequently, we are able to give much simpler and transparent proofs to the results

about the extensions and reductions of the quadratic Casimirs- see section (4.3)

We also managed to give a clear algebraic meaning to the case where 1 was degenerate and explain
the results (within the framework set out in [2]) given by [1] where [2] had left off.

We believe that taking into account the important applications of the structures we are considering in
the theory of Poisson-Lie structures the results of this work will stimulate further research both in the

theory and in the applications.
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Appendix A

It is shown that, through a series of lower-triangular coordinate transformations, we can change Wl
into the identity matrix whilst preserving the lower triangular nilpotent form of W@ W& . W),
([L]) By [1], if the coordinate transformation M is of the form M = I + L where [ is the identity and L
is strictly lower triangular, then W1 = A~1W ) A1 still has eigenvalue 1 and the matrices

Wi = MW (4.49)

{7 > 1) are still nilpotent. For i > 1 we have

[ES9Y
WH =Wl + WL =W+ S WL+ L] (4.50)
,‘czﬁ

since W)* = 1. Clearly, we can always solve for L} so that JW}!! vanishes. It follow then that W}!

becomes 47.

We now proceed inductively on 7. For © = 1, it is clearly true. Assume now that Wklj = 6‘,’; for k < j.

Hence
n n n

Z Wi“thm = Z Writm.wt‘ll — Z Wf””ﬁ} - w:ilm (4”51)
t=1 t=1 fx=21

Since i > 1 we get that

n ke
Z u.r{ll H,vtlm e Z W!itl W’tl mo__ ‘-‘Vill Wv‘llm
te=2 =1
= Wi gwin
. Wi.lm
and for k < j we get
i-1
S wiwm =0 (4.52)
o=
Using the inductive hypothesis,
i1
Z Wism = Wwm =0 (4.53)
=2

Hence, W™! = §™ and we are done.
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Appendix B

Here we introduce the notion of an inverse of a linear operator in a finite dimensional vector space over
C, i.e. we consider the operator to be a matrix.

Suppose V, W are finite dimensional vector spaces over C and that A : V' — W is a linear map. It
follows then that we can assume V = C™, W = C™ and choosing the canonical bases in these spaces, A
can be regarded as a m x n matrix. We identify the spaces C* and (C*)* through the bilinear form given
by

(u,v) = Zuiﬁi (4.54)
g==]

where the bar is complex conjugation. Then the conjugated operator {matrix) A* is the Hermitian
conjugated matrix. Consider now Im(A), the image of A as a vector space of dimension r (hence A has
rank r). We can assume that 4 = go f where f : C™ — I'm(A) and g is the inclusion map of Im(A) into

Cn, ie.

cm > Im(A) = Cr
A

Note that f and g are thus surjective and injective respectively. So, it now follows then that A* = f*o
g* and f* is injective, g* is surjective. It is also obvious that Im(A*) = (kerA)*, ker(A*) = (Im(A))*L.
Now

Lemma 4.1. Let F: C" — C" be an injective linear map (or equivalently of rank r). Then the operator;
P=F(F'F)'F* (4.55)
(where we identify CP and (CF)* as before) is the orthogonal projector onto the space Im(F).

Proof. Since (Im(F))t = ker(F*), the map F*F : C" — C" is invertible. Now, if x € Im(F). Then
x = F(y) for some y € C" and we have

P(z)=F(F*F)'F*F(y)=F(y)==z (4.56)

If z € (Im(F))* = ker(F*) then P(z) = 0. It follows that P is the orthogonal projector over Im(F).
As every orthogonal projector P satisfies P* = P, P* = P. O

We can now apply the above lemma to the injective maps g and f* and we obtain two orthogonal

projectors, Py onto the space Im(A) and P, onto the space Im(A*) by
Pi=g(g*9)'g" Pa=f(ff)7'f (4.57)
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Let us define the operator A : W — V of A by

AC = (FF) g9 e (4.58)
Then it is easy (if not tedious) that
AAS =P, AA=P, ACP = PAC, (4.59)
AA%A= A, ASAAC = A°® (4.60) |

Definition 4.2. The operator AC, satisfying equations (4.59) and (4.60), is called the generalized Penrose

inverse of A.
Propasition 4.3. The generalized Penrose inverse exists and is unique.

Proof. By construction, we see the existence of AS. We now show that it is unique. Assume that there
are two operators, A; and A, satisfying equations (4.59) and (4.60).

We know that A} A = Py, hence A AAs = PyAs. But AzA = P, and A;AAy = A, implies A, =
PyAg = A1 AA; and we get that A1 AA; = As.

Now, also since AA; = P; we get that 4;AA; = A1 P, and from AA; = P, and A1 AA, = A; we get
A1 P = A, which then leads to AjAA; = A;. And hence from the above we get that A; = Aj. O
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