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Introduction 

Let us start with a fow definitions; let Q be a Lie algebra over a field 1K (here we only consider the fields 

IR?. or C), and consider the vector space gn of n-tuples of elements from Q. Construction of a Lie bracket 

for the vector space gn using the bracket from Q was considered in [l]. More explicitly, the brackets have 

the form 
n 

[.i, Yh = L Wl1[xi, Yj] (1) 
i,j=l 

where Wl·1 E 1K are fixed, [,] is the bracket for Q and 1 :s; ,\ :s; n. In this way, the construction is the 

same for all Q and so it is called a "universal" extension and the corresponding brackets, "universal". 

The existence and classification of such structures (in the case where 1K C) is given in [1] and explained 

later (up to n = 4). 

One of the main motivations to study these universal extensions is in their applications to the theory of 

Poisson structures (a Lie bracket on the space of smooth lK-valued functions on a fixed differential man­

ifold satisfying the derivation property). Also, it is shown that the corresponding Poisson brackets define 

the Hamiltonian structures of some models of classical hydrD-dynamics and magneto-hydrodynamics (see 

[2]). Consequently stability of these systems were analyzed in [1] using the related Casimir invariants. 

More specifically, those that are linear and quadratic in form. 

Now, in [2], an alternative approach to the universal extension and the related Casimir invariants was in­

troduced and shows the one-tD-one correspondence between these universal extensions and commutative 

associative algebras. 

The correspondence is shown more explicitly as the tensor product (over the field JK) of the algebra Q 

and the corresponding associative commutative algebra (which will be made clearer later). In this new 

approach, the cohomology groups and corresponding cocycles formed in [l] (used for the classification 

of the extensions) becomes clearer. Within this new view-point, [2] further clarifies the related Casimir 

invariants studied in [1]. It does so, up to a certain point, where the matrix W(n) (where (W(n))ij = W~) 

has a non-degenerate sub matrix. 

In this thesis, we reproduce the approach introduced in [2] and attempt to further clarify the work 

done in [1], including the final case, where W(n) is degenerate. We start with some background theory on 

cohomologies of Lie algebras culminating in the important and well known Levi-decomposition theorem. 

Then we reproduce some of the notions in [1] and [2] and finally attempt to approach the question about 
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the Casimir functions. More clearly; 

In chapter 1, we introduce the extensions and cohomologies of Lie algebras, followed by the lemmas 

of \Vhitehcad and finally the Levi-decomposition theorem. 

In chapter 2, we introduce the "universal" extensions of the Lie algebras as originally given in [l] and 

classify them up to some point (where n::::; 4 as given in (l]). 

In Chapter 3, an alternative approach to these "universal" extensions is given, that seen in [2] and the 

t·wo approaches are compared and finally; 

In Chapter 4, the related Casimir Invariants are introduced. We attempt to further understand their 

algebraic properties developing the ideas of [l] and [2]. 

In the appendices we give some additional information that is needed to understand the text. 
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Chapter 1 

Cohomologies 

1. 1 Complexes and Cohomologies. 

Consider a sequence (ds) of homomorphisms of abelian groups C 5
: 

Definition 1.1.1. If, in the above sequence, we have that dn. o dn-I O for all n (or lmdn-I <; kerdn), 

then we say that the sequence of homomorphisms, (dn), and spaces (Cn), define an open wmplex which 

we denote by ( C, d), or more simply, C. 

Definition 1.1.2. The homomorphisms dk, are called co boundary operators and the property, dk odk-l = 
0, is called the coboundary property. 

• The elements of en are called n-cochains. 

• The elements of zn := K erd,, are called n-c,ocycles. 

• The elements of Bn := Imdn-1 are called n-coboundaries. 

• We call the abe!ian group Hn := zn / Bn, the n - th cohomology group of the complex. 

Clearly the sequence is exact whenever H"' is trivial for all n. Hence, we see the cohomology groups 

as some measure of "in - exactness" of the sequence. Note that if we have the sequence 

with d,+1 o di = 0 (for 1 ::; i :$ n - 2), we can create an open complex by simply adding zero spaces 

on either side of the sequence, i.e. 

Remark 1.1.3. It i., convention to speak of the opemtors d, instead of dk and so the coboundary property 

becomeB J2 = 0. 
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Definition 1.1.4. Let 9 be a Lie algebra and V, a vector space. Let gl(V) be the usual geneml Lie 

algebra on V, i. e the ,9pace of linear maps h : V -+ V with bracket gitien by [g, h) = g o h - h o g. Let 

f: 9-+ gl(V) be a Lie algebra homomorphism. We call the triple (9, f, V) a representation of 9. 

Definition 1. 1.5. Two representations (9, ft, Vi) and (9, h, Vii) of the same algebra 9, are said to be 

equivalent, if there exists a linear isomorphism A : Vi -+ V2 such that the diagram 

Vi V2 

fi(x) l lh(:r) 
Vi ~ Vi 

commutes for all x E 9 

Remark 1.1.6. Clearly the definition above defines an equivalence relation, ~, on the set of representa­

tions on a given algebra 9. 

Examples 1. 1. 7. • (9, ad, 9) is a representation, where adx(Y) y). 

• It is easy to see that the map T : gl(V) -+ gl(V*) (where V* is the usual dual space) defined by 

T(A) = -A•, A*(a)(x) a(A(x)) is a homomorphism and so given a representation (9,f, V), it 

follows that (9, f* :=To f, V*) is also a representation called the co-representation of the two. If 

we applied this construction to the first example, the adjoint representation, we get what we call, 

the co-adjoint representation. 

• If (9, h, Vi) and (Q, h, Vi) are representations, then (9, Ji eh, Vi x V2 ) is also a representation, 

where (/1 EDh(x))(v1 ,v2 ) := (h(x)v1,f2(y)v2 ). It is called the sum of the two representations. 

• If (9, Ji, Vi) and (9, h, Vi) are representations, then (9, Ji 0idVi +idv, @h, Vi Q;;1V2) is a representa­

tion, called the tensor product of the two representations. It is usually denoted by (9, Ji 0 /2, Vi 0 V2). 

• The construction of the previous representation (the tensor product) may be applied to the rep• 

resentation (9, fi' Vi) and (9, u' vn of (9, h, V2) to obtain (9, h © idv; + idvl 0 f2' Vi 0 V2·) 

usually denoted by (9, Ji 0 f2, Vi ® Vz*). Since Vi 0 V2* ~ H om(V2 , Vi) and the map establishing the 

isomorphism commutes with the representation maps (easily checked}, the resulting representation 

can be considered as a representation in the vector space H om(Vi, Vi). It is carried over by the 

fallowing construction; for x E 9, define F : 9 -+ gl ( H om(Vi, Vi)) by 

f(x)s fi(x)os-sof2(x) 

wheres E Hom(Vi, Vi). So that (9, F, Hom(Vi, Vi))~ (9, h 0 Ji, Vi 0 V2*) 

• If (9, f, V) is a representation, and if W' is some invariant subspace of V (i.e. f(Q)W ~ W ), then 

we can naturally define a new representation (Q,fv;w, V/W) where f(x)(v+ W) = f(x)'v+ W. It 

is clearly well defined and we call this, the factor representation. 

Definition I. 1.8. Let (Q, f, V) be a representation of a Lie algebra 9. l•Ve define a sequence of cochain 

spaces as fallows; 
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• Co(Q ,f, V) = V. Equivalently, we could define it as the set of all constant functions h : g _, V 

• Ck(Q, f, V) Ak(Q, V), where Ak(Q, V) is the set of all k-linear, skew symmetric maps h: gk - V. 

• For v E C0 (Q, f, V), we define d0 (v) E C 1(Q, J, V) by 

(do(v))(x) f(x)(v) 

k+l 

2)-1)H1 f(xi)Sk(x1,X2, ... ,xi, ... ' Xk+i) + 

L (-1 )i+j sk([xi, Xj], X1, ... 'X;, ... ,Xj, ... ,Xk+1) 
1:Sci<j::'.k 

where " A " indicates an omission and x; E Q. 

With the above definitions, we see that 

2 2 ) • for S EC (Q,f, V, x1,x2,X3 E Q 

f(x1)t::i2(x2,x3) - f(x2)S2(x1,x3) + f(x3)S2(x1,x2) 

S2 ((x1, X2l, X3) + S 2( [x1, X3j, X2) - S2 ([x2, X3], X1) 

(Ll) 

(1.2) 

(1.3) 

Remark 1.1.9. The abelian grov.p structure of the cochain spaces are simply the underlying abelian 

groups of the vector spaces they farm and so the operators dk are clearly abelian group homomorphisms. 

\Ve now aim to show that the sequence of spaces form an open complex, equivalently, dk+ 1 o dk 0. But 

first, a construction. Given a representation (Q, f, V), define d(o) : g _... gl(V) with 

d(o) = f (IA) 

Define for n 2'. 1 d(n): Q gl((Cn(Q,f, V))) by 

n 

d(n) (y )(hn)(x1, X2, ... , x 11 ) d(o) (y )hn(x1 .... , x,,) - L hn(x1, ... , [y, x;], ... , x,J ( 1.5) 
i=l 

where hn E cn(Q,J, V) is a skew symmetric map. Clearly d(n)(y)hn E C"(Q, f, V), so that the map d(n) 

is well defined. Moreover; 

Proposition 1.1.10. d(n) defines a representation on g. ([ 5]) 
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Proof. 

n 

= d(o)(y)d(n)(z)hn(x1, ... ,xn) - Ld(n)(z)hn(x1, ... , [y,x;], ... ,:rn) 
i=l 
n 

= dto)(y)d(o)(z)hn(x1, ... ,xn) Ld(o)(z)hn(x1, .. , [y,x,], ... ,x,..) 
i=l 

t(d(o)(y)hn(x1, ... ,[z,xi], .. ,Xn)+ L hn(x1,••·,[z,xJ], ... ,[y,xi], ... ,xn)+ 
i=l 1:Sj<i 

L hn(x1, ... , [y, Xii, ... , [z,xj), ... , Xn) + hn(x1, ... [z, [y, Xi]], ... , Xn)) 
i<j:Sn 

hence we get that 

hence 

n 

(d(o)(y)d(o)(z) d(oJ(z)d(oJ(y))hn(x1, ... ,xn) + L hn(x1, ... , [z, [y,x.]], ... ,xn) 
i=l 

n 

L hn(x1, ... , [y, [z, 

n 

d(o)([y,z])hn(x1, ... ,Xn) - L hn(x1, ... , [[y, xi]], ... , Xn) 
i=l 

(1.6) 

□ 

Next, WC introduce a contraction operator, for y E 9, n?::: 1 Pn(Y): cn(g,J, V) -+ cn-l(g,f, V) is 

defined by 

(pn(y)h,..)(x1, ... ,Xn-1) = hn(y,x1,.,. ,Xn-d (1. 7) . 
Note that Pn: g-+ Hom(Cn(Q, f, V), cn-1 (Q, f, V)) is a linear map and 

Proposition 1.1.11. If h" E cn(Q,f, V), then hn = 0 if and only ifpn(y)hn O for ally E Q. 

Proof. h" 0 ¢:;, hn(y,x1, ... Xn-1) 0 for all y,x1, ... Xn-1 E 9 <:::;, (pn(y)h")(x1, ... ,x,,_i) 0 for all 

y,xl,···Xn-l E g ¢:;> Pn(y)hn O for all YE Q. D 
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Now, using equations (Ll) and (L2) above, we have 

doh0 (x) = d(o)(x)h0 

d1h1(x,y) d(o)(x)h1(y) d(o)(y)h1 (x) h1 (tx,y]) 

= (dcl)(x)h 1)(y) - d(O)(Y)P1(x)h 1 

= (d(l)(x)h1 )(y) - doP1(x)h1(y) 
2 2 2 2 d2h (x,y,z) = d(o)(x)h (y,z) d(o)Yh (x,z)+do(z)h (x,y) 

-h2 ([x, y], z) - h2 (y, [x, z]) + h2 (x, [y, z]) 

= (d(2)(x)h2 )(y,z) - dcl)(Y)P2(:r:)h2(z) + d(o)(z)p1(Y)P2(x)h2 

= (dc2)(x)h2 )(y, z) d1p2(x)h2(y, z) 

This suggests the following recursive definition 

P1(x)do = dtoi(x) 

Pn+1(x)dn + dn-tPn(x) = d(n)(:r;) n?: 1 

Lemma 1.1.12. Let y, z E (}, then 

(l 5]) 

Proof. 

(Pn(z)d(n)(Y) -d(n-1)(Y)Pn(z))hn(X1, ... ,Xn-d 

d(n)(y)h11(z,x1, ... Xn-1) - d(n-l)(Y)Pn(z)hn(x1, ... ,Xn-d 
n 

= d(o)(y)hn(z,:1:1,,,.,Xn-d hn([y, XJ,···,Xn-1)-I:hn(z,x1,••·,[Y,X,], ... ,.Tn-l) 
i=l 

n-1 
-dco)(y)hn(z,x1,, .. , Xn) + L hn(z, X1, •. ·, [y,x;],,. · ,Xn-d 

i=l 

= -hn([y,z],x1, ... ,Xn-1) 

-pn([y, z])hn(xi, ... ,Xn-d 

Lemma 1.1.13. Let y E (J, then for n 2: 0, 

([5]) 

Proof If n 0, then 

dc1)(.r)doa(y) - dod1o)(x)a(y) = d(oJ(x)dco)(y)a - d(o)([x, yj)a dcoi(y)d(o)(x)a 

0 
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Now note that 

Pn+I (z )(dcn+I) (y )dn dnd(n) (y)) 

-Pn+l ([y, z])dn + d(n) (y )Pn+I (z)dn - d(n) (z)d(n) (y) + dn-IPn (z)dn (y) 

= -pn+i([y, z])dn + d(n)(Y)(d(n)(z) dn-IPn(z)) 

-d(n)(z)d(n)(Y) + dn-1(d(n-1)(Y)Pn(z) - Pn([y,z])) 

-dn([y, z]) + d(n)(y)d(n)(z) d(n)(z)d(n)(Y) + (dn-1d(n-1)(Y) - d(n)dn-dPn(z) 

(dn-ld(n-l)(Y) d(n)(y)dn-dPn(z) 

Since z E Q was arbitrary, the statement holds by induction and Proposition (1.1.11). □ 

Now note that 

Pn+2(y)dn+ldn = d(n+I)(y)dn dnPn+1(y)dn 

= dnd(n)(Y) - dn(d(n)(Y) dn-IPn(y)) 

dndn-lPn (y) 

Then since d1d0 0, and since y E Q was arbitrary, by induction and Proposition (1.1.11), we have 

So that (dn) are coboundaries. 

Corollary 1.1.14. (C(Q, !, V), d) defines an open complex associated to the representation, (Q, f, V). 

([ 5]) 

1.2 Lie algebra extensions 

Definition 1.2.1. Let Q, 1i, W be Lie algebras. We say that 1i is an extension of Q by W, if there exists 

a sequence of Lie algebra homomorphisms 

i o-w-H g-o 
that is exact, i.e. ker(n) = Jm(i) and i is injective and 1r, a surjection. We denote the extension by the 

pair (i, 1r). 

Definition 1.2.2. Two extensions defined by ( i, Jr) and ( i', ;r') are said to be equivalent if there exists an 

isomorphim J : 1i ----> 1i such that the diagram 

o-w 1i ~ g --- 0 

II l J , II 
o-w 1i ~ g --- 0 

commutes. The double line in the diagram indicates the identity map. 
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Remark 1.2.3. We denote the above equivalence by ~. Clearly this defines an equivalence relation on 

the set of e:r;tensions of a fixed Lie algebra g by another fixed algebra W. 

Note that for an extension ( i, 1r ), i(W) = ker 1r is an ideal in 7-i and that 

Suppose we have an extension ( i, 1r) and a fixed sedion, i.e. a linear map t : g -----> 7-i such that 1r o t = idg 

(a right inverse of 1r) 

1T 

o-w~H-9-o -t 

Ast is not assumed to be a Lie algebra homomorphism, t(9) is not (generally) a subalgebra in 7-i. Using 

cohomologies, we can measure how much t differs from a homomorphism. First, we introduce a map. 

Define p: g - gl(W) by 

(1.8) 

for x E 9,z E W. Since i(W) is an ideal in 7-i, [t(x),i(z)] E W so that i-1 is well defined. Also, 

hence 

([p(x), p(y)] p[x, y])(z) = p(x)p(y)(z) p(y)p(x)(z) - p([x, y])(z) 

p(x)i- 1 [t(y), i(z)] - p(y)i- 1 [t(x), i(z)] i-1 [t[x, y], i(z)] 

i- 1 [t(x), [t(y), i(z)]] - i- 1[t(y), [t(x), i(z))] i-1[t[x,y], i(z)] 

i- 1 ([t(x), [t(y), i(z)]] [t(y), [t(x), i(z)]] - [t[x, y], i(z)]) 

= C 1 [[t(x),t(y)],i(z)] i-1 [t[x,y],i(z)] 

i- 1 [[t(x), t(y)] - t[x, y], i(z)] 

([p(x),p(y)] - p[x, y])(z) i- 1 [[t(x), t(y)] - t[x, y], i(z)] 

Note that since 1rt = idg, 

1r([t(x), t(y)] - t([x, y])) = [1rt(x), 1rt(y)] 1rt[;z;, y] = 0 

(1.9) 

(1.10) 

Hence [t(x), t(y)] t([x, yl) E ker(r.) i(W). If W were abelian, it follows then that i(W) is abelian and 

we get that 

([p(x),p(y)J- p[x,y])(z) = i- 1 [[t(x),t(y)]-t[x,y],i(z)) 0 

so that p: g-----> gl(W) is a representation. 

(1.11) 

We remark that if t : g -----> 7-i were a homomorphism, then we also get that p will be a representation. 

In this case, if h E 7-i then 

1r(h - tn(h)) = n(h) 1rt1r(h) = 0 
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hence it follows that h - t1r(h) E kern i(W). And since h (h t1r(h)) + t1r(h), we see that 

H = i(W) + t(g). If further x E i(W) n t(g) then x E ker1r n t(g) so that there exists y E g such that 

x = t(y). Hence 

0=1r(x) 1rt(y)=y 

and we get that x t(y) t(O) 0. Hence x E i(W)nt(g) = {O} and we conclude that H = i(W)et(g) 

(as vector spaces). But then it follows from t being a homomorphism that His a semi-direct product 

H = i(W) Xp t(g) (1.12) 

which is not interesting as then all extensions of g by W will be equivalent. So we assume the first case; W 

is abelian and (g, p, W) is a representation of g. The corresponding spaces of co-chains/cycles/boundaries 

and cohomologies will be denoted by Ck(g,p,W),Zk(g,p,W),Bk(g,p,W) and Hk(g,p,W). Let w: 

g x g -> W be defined by 

w(x,y) i-1 ([t(x),t(y)] - t[x,y]) (1.13) 

By equation (1.10), it is clearly well defined. It is easily checked that w is a two-cocycle, Le. w E 

Z 2 (g, p, W). Suppose that we have two equivalent extensions (i, 1r) and ( i', 1r1
) and that each have fixed 

sections, t and t' respectively. Since ( i, 1r) ~ ( i', 1r'), let 1 : H -> H denote the isomorphism that defines 

the equivalence. 

T,' 

i -o-w-H g-o 

II I Jl ~II 
0 W ~ H Q 0 -t' 

Clearly 1-1 o t' is a fixed section for the extension (i, 1r). Define v: Q-> i(W) by 

V 1-l O t1 
- t 

we have that 1rv = 1r1- 1 o t' 1rt 1r't1 
- 1rt 0, hence v(g) <;;; ker1r = i(W). Now, 

(p(x) p'(x))(z) = i-1 [t(x), i(z)] - (i')- 1 [t'(x), i'(z)] 

i-1 [t(x), i(z)) (li)- 1 [t'('X), li(z)] 

C 1 [t(x), i(z)] -· 

i- 1 [t(x),i(z)] -

[t(x), i(z)] -

.r1 [t'(x), li(z)] 

[J- 1 t' (x), 1-1 li(z)] 

[J- 1t'(x), i(z)] 

= C 1[t(x) - 1-1 t'(x),i(z)] 

[v(x), i(z)] 

(1.14) 

and therefore, since W ~ i(W) is abelian and v(x) E i(W), p = p'. Note that this then implies that v o t' 

and t define the same representation and in particular, letting 1 = idl1t, we see that pis independent on 

the section t. 
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We arc now able to have an explicit expre,ssion for the bracket in H. Identify W and i(W) and let 9 
be a vector space so that H Q EB W. Then clearly 1rl9 will be an isomorphism and t 1rl~t will be a 

fixed section. We identify g and 9 by t and write H 9 EB W. Thus if z E H, we write 

and by definition of w 

and by definition of p 

So that 

[(z1,0).(0,h2)] 

([(O, z2), (hi, O)]) 

[t(zi), h2] = ip(z1)(h2) 

-ip(h1 )(z2) 

(1.16) 

( 1.17) 

(1.18) 

(1.19) 

Conversely, if w is a 2-cocycle defined by a representation p of 9 in W, we can define a bracket on 9 EB W 

by the above formula. Clearly the bracket defined will be skew-symmetric and the Jacobi identity follows 

from the fact that w is a 2-cocycle. Next, we check that two cocyclcs differing by a coboundary yield 

equivalent extensions. This can be seen by the following argument. Denote the bracket defined by w by 

[z, h]H (as is given by equation (1.19)) and the one defined by w + da by [z, h]H, we have 

hence 

(1.20) 

where 

(1.21) 

Note that if w = 0, then the obtained extension is the semi-direct product 9 x PW. The above can be 

summarized into 

Theorem 1.2.4. Suppose that W is a vector space, considered as an abelian Lie algebra and (9, p, W) 

is a representation of Q. Then the elements of H 2 (9, p, W) are in a one-to-one correspondence with the 

non-equivalent extensions of 9 by W and the extension with a zero cocycle correspond to the semi-direct 

product 9 Xp W.([5]) 

1.3 Reducibility 

Let (9,f, V) be a representation of a Lie algebra Q. Suppose U <;:;Vis invariant (J(Q)U CU)) and 

assume that l1/ is complimentarily to U in V; 

(1.22) 
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Now assume there exist linear maps 

Ji : 9-+ gl(U) 

h: 9-> gl(W) 

h : 9 -+ H om(W, U) 

such that for x E 9, u E U, w E W 

f(x)u = fi(x)u 

f(x)w h(x)w + h(x)w 

Clearly then, we need that; 

• (9, Ji, U) and (9, h, W) are representations. 

• for x, y E 9 

(1.23) 

(LU) 

h([x, y]) fi(x) o h(y) - h(y) o h(x) - fi(y) o h(x) + h(x) o !z(y) (1.25) 

Remark 1.3.1. • Note that, given Ji, h., h, with the above properties, we can construct f, and that 

U would be an invariant space for f(9). 

• h is equivalent to the quotient representation fv;u. 

Let lV1 be a. subspace complementary to U. Then there exists g E Hom(W, U) such that 

Hl1 = (idw + g)W (1.26) 

Proposition 1.3.2. For g E Hom(W, V), the subspace (idw + g)W is invariant with respect to f(9) if 

and only if for arbitrary x E 9 

Proof Let W' = (idw + g)It' be invariant. For w E W, x E 9 

f(x)(w + g(w)) h(x)w + fi(x)g(w) + h(x)w 

Since h(1:)w + fi(x)g(w) EU, then f(x)(w + g(w)) E W' if 

h(x)w + Ji(x)_q(w) = gh(x)w 

The reverse is clearly obvious. D 

Now if (9, Ji, U) and (9, h, W) are two representations, recall the representation, (9, F, Hom(W, U)), 

where 

F(x)g fi(x)og-goh(x) g E Ffom(W, U) (1.27) 

Consequently, we have 

Proposition 1.3.3. The map h introduced in (1.24) satisfies condition (1.25) if and only if h is a cocycle 

with respect to the representation (9,F, Hom(W, U)), i.e. h E Z 1(9,F Jfom(n~ U)). ([5]) 
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Proof. 

dh(x, y) F(x)h(y) F(y)h(x) - h([x,y]) 

fi(x)oh(y) h(y)oh(x) fi(y)oh(x)+h(x)oh(y) h([x,y]) 

and so by (1.25), that is equivalent to dh 0. □ 

Similarly 

Proposition 1.3.4. Leth E Hom(9,Hom(W,U)). The map g introduced at equation (1.3.2) exists if 

and only if h is a co boundary, i.e. h E B 1 (9, F, H om(W, U)). ([ 5]) 

Consequently we obtain 

Theorem 1.3.5. Let (9, J, V) be a representation of 9 and U ;;; V be an invariant subspace. Let 

Ji = Jiu and h = fv;u- If H 1 (9. F, Hom(it~ V/W)) = 0, then (9, f, V) splits into a direct sum of two 

representations, equivalent to Ji and h- ([ 5]) 

1.4 Whitehead Lemmas 

Definition 1.4.1. Q E End(V) := Hom(V, V) is called a Casimir of a representation (9, f, V) if for all 

x E 9, Q o J(x) J(x) o Q (equivalently [Q, J(x)] 0 for all x E 9). 

Definition 1.4.2. Let 9 be a Lie algebra over l!C A symmetric bilinear form B : 9 x 9 -+ llC on 9 is 

called invariant, if for any x, y, z E 9 we have 

B([x, y], z) = B(x, [y, z]) 

Note that this means that B(adx(Y), z) = -B(y, adx(z)) i.e. for x E 9, the operator adx is skew-symmetric 

with respect to B. We also say that B defines an invariant inner product. 

Definition 1.4.3. For a subspace V ;;; 9 we define 

V.1. = {x E 9; B(x,y) O,'vy EV} 

We say a/,so that B is non-degenerate whenever 9.1. = {O}. 

An easily proved but important example is seen in the next theorem. 

Theorem 1.4.4. Let (9, f, V) be some representation of a Lie algebra 9. Define for x, y E 9 

B1(x, y) = tr(J(x)J(y)) 

then, B I is a symmetric bilinear form on 9 

Definition 1.4.5. The bilinear form obtained from the above constructions are called trace forms and 

the one obtained in particular, through the adjoint representation; 

is called the Cartan-Killing form of 9. 
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Two well known results about the trace form and semisimple Lie algebras is seen in the next two 

theorem which we will not prove here as these are standard results. The first one concerns the Killing 

form. But first we include a definition. 

Definition 1.4.6. A representation (9, f, V) of a Lie algebra G, is said to be faithful, whenever f: 9---, 
gl(V) is injective. 

Theorem 1.4. 7. A Lie algebra 9 is semisimple if and only if its Cartan-Killing form is non-degenerate.([ 3]) 

Theorem 1.4.8. Let 9 be a semisimple algebra and (9, f, V) be a faithful representation. Then the trace 

form Bf is non-degenerate. ([ 3]) 

Now we are ready to introduce a special Casimir element. Suppose that we have a semisimple Lie 

algebra 9 ~ gl(V) with a basis {x;}r=i· By the non-degeneracy of B1nc1 (where Ind is the inclusion 

map) we can construct a dual basis {yjg'= 1 with respect to B 

Now since 
n 

B(x L B(x, yi)x;, yi) O 
i=l 

for all yj E 9, we see that 
n 

x = L B(x, yi)x; 
i=l 

Now, define 

Since Cij = -dii, we get that 
n 

[x,r] = L([x,x;]yi+xi[x,y']) 0 
i=I 

(1.28) 

(1.29) 

which shows that the linear transformation r commutes with all elements of 9 i.e. r is a Casimir element 

of the representation (G,Incl, V). Note that the same construction may be carried out on any faithful 

represention (9, f, V) whenever 9 is semisimple and so we shall call r the Casimir endomorrnphism of 

the representation 

Note that for the same representation; 

n n 

tr(r) = L tr(x;, y;) = L Bt(x;, y') = n (1.30) 
i=l i=l 

which shows that in particular, Casimir endomorphisms (of this type) are not nilpotent. 

Definition 1.4.9. The maximal solvable ideal of an algebra 9 is called the radical of 9 and denoted by 

'R.(9) or simply R. If R 0, then the algebra is called semisimple. An algebra 9 is called simple if 

dim(9) > 1 and if it does not contain non-trivial ideals. 

Let us recall some basic facts about semisimple Lie algebras. 
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• If the algebra 9 is simple, then it is semisimple. ([3]) 

• A Lie algebra 9 is semisimple if and only if 9 does not contain nontrivial abelian ideals. ([3]) 

• All one dimensional representations of a semisimple Lie algebra are trivial. ([3]) 

Theorem 1.4.10. Let 9 be a semisimple Lie algebra and (9, f, V) be a representation of it. Then ([5]) 

V = n Ker(f(x)) + L Im(f(x)) ( 1.31) 
xEQ xEIJ 

Proof. We use induction on the dimension of V. If dim(V) = 1, then the represention is trivial and so 

clearly 

V = n Ker(f(x)) (1.32) 
xEQ 

Assume then that dim(V) > 1. If f is trivial then again V = nxEIJ Ker(f(;r)) and we are done, so 

assume f is not trivial. Now f (9) ~ 9 /Ker(!) is a semisimple Lie algebra (since I{ er(!) is an ideal in 

9). Thus we can assume with out loss of generality that 9 ~ gl(V). 

Let r be the Casimir element of (9, incg, V), where incg is just the usual inclusion map. The space 

V splits into V0 8 Vi where V0 is the generalized eigenspace corresponding to O and Vi is the sum of 

the remaining generalized eigenspaces.(If zero is not an eigenvalue then we define V0 = {O} ). Since h 

commutes with all the elements of 9, V0 and Vi are invariant spaces for all x E 9. If both spaces are not 

zero then, simply use the inductive hypothesis for the restrictions of the elements of 9 onto V0 and Vi 
and the result follows. The case where Vi O leads to h being nilpotent, which is impossible. If V0 is 

zero, then this means that his invertible and that V Jm(h) = Li Im(x;) where {x;}~1 forms a basis 

for 9, hence we get 

V L, Im(f(x)) 
xEQ 

(1.33) 

□ 

Theorem (First Whitehead lemma) 1.4.11. If 9 is a semisimple Lie algebra over a field of charac­

teristic zero, and if (9, f, V) is a representation, then H 1(f) := H 1(9, f, V) 0.([5]) 

Proof. Let g E Z 1(J). Hence for x,y E 9 we have dg(x,y) 0 i.e. 

f(x)g(y) - f(y)g(x) g([x, y]) = 0 , (1.34) 

Consider the representation J = f ~ a.d* on V g 9* or the equivalent representation (9, J, H om(9, V)) 

where for h E H om(9, V) 

(f (x)h)(y) = f(.1:)h(y) h([x, y]) (1.35) 

Since dg = 0, we get (by equation (1.34)) 

(f(x)g)(y) = f(y)g(x) (1.36) 

Note that f(y)g(x) = d(g(x))(y), hence if g E Z 1(f), then f(x)g E B 1(f). It follows then that Z 1 (f) is 

J-invariant and J induces a representation xi----, l(x) = J(x)lvcn on it. Then, by the above theorem, 

we get that 

Z 1(f) = n Ker(f(x)) + L,lm(J(x)) (1.37) 
xE9 xE9 
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It follows from above that I::xEQ Im(l(x)) E B 1(J). Hence to show that H 1 = 0, it suffices to show that 

n Ker(i(x)) E B 1 (J) (1.38) 
xEQ 

Now if g E nx Ker(l(x)) then (f(x)g)(y) 0 for all x,y E g and dg(x, y) = 0. It follows then that 

g((x, y]) = 0. Since g is semisimple, g = g' and so g = 0, hence g E B 1 (J) so that H 1 (J) = 0. 

□ 

Consequently we have 

Theorem (Weyl) 1.4.12. Let g be a semisimple Lie algebra and let (9, f, V) be a representation of g. 

Then (9, f, V) is completely reducible, i.e. V can be split into a sum of invariant subspaces 

k 

V = ffiVi (1.39) 
i=l 

and for every i, the induced representation (9,flv., Vi), is irreducible.([5]) 

Remark 1.4.13. If (9,flvi, Vi) is irreducible and trivial, then it is clearly one-dimensional. We also 

recall that the converse is true so that in the above decomposition, the trivial representations and only 

them are one-dimensional. 

CorolJary 1.4.14. Let g be a semisimple Lie algebra and let (9, .f, V) be a representation of it, Then 

V n Ker(J(x)) EB L Im(J(x)) (1.40) 
xEQ 

([ 51) 

Proof. Assume that f is irreducible. If f is not trivial, then the second term of the sum is an invariant 

non-zero subspace, so it must coincide with V and we are done. If, however, f is trivial, then the first 

part coincides with V. For an arbitrary representation, we use the Weyl decomposition given above. The 

sum of the irreducible components in which f is not zero, coincides with the sum of the images of the 

operators, .f(x), while nxEQ Ker(J(x)) is the space on which all f(x) are zero, i.e. it is the sum of all 

irreducible one dimensional subspaces in the decomposition. □ 

Theorem (Second Whitehead lemma) 1.4.15. If 9 is a semisirr;ple Lie algebra over a field with 

characteristic zero and (9,f, V) is a representation, then H 2 (J) 0.([5]) 

Proof. Consider the representation J related to f defined on V@ C 2, where C 2 is the space of skew­

symmetric bilinear maps g : 9 x 9 -+ V. It is given by 

(i(x)g)(y, z) = f(x)g(y, z) - g([x, y], z) - g(y, [x, z]) (1.41) 

It follows then, that 

dg(x, y, z) (i(x)g)(y, z) d(gx)(y, z) (1.42) 

where gx(z) = g(x, z) and gx for x E 9 is fixed, is considered here as a co-chain from C 1(J). Now, 

similarly as in the proof of the first \Vhitehead lemma, we see that for arbitrary x E 9, we again get 

(1.43) 
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This means that Z 2(J) is ]-invariant, hence we obtain an induced representation on Z2 (J), which we 

denote again by J. Again, in a similar way as in the proof of the first Whitehead Lemma, together with 

the above corollary, we have 

Z 2 (J) = n Ker(f(x)) EB I: Im(f(x)) (1.44) 
xEQ xEQ 

Note that the second term is in B 2 (J). Let g E R where 

R := Z2 (J) n Ker(l(x)) ( 1.45) 
xE9 

It follows that dgx = 0 and so by the first Whitehead lemma, there exists v(x) E V such that g,, = d( v(x)), 

i.e. for each y E Q, we have g(x, y) = f(y)v(x). We first show that x f---+ v(x) is linear, i.e. v E C 1 (!). 

If g ER, we have that for all x, y, z E Q, (f(x)g)(y, z) 0. Now we simply take two similar equations 

that are obtained from this one by making a permutation on the elements x, y, z, sum these equations 

and using dg(x,y,z) = 0 we get that 

g([x, y], z) + g(y, [x, z]) - g(x, [y, z]) = 0 (1.46) 

equivalently 

-(i(x)g)(y, z) + J (x)g(y, z) g(x, [y, z]) = 0 (1.4 7) 

and since g ER, we have that J(x)g(y, z) g(x, [y, zl). Now consider the splitting 

( 1.48) 

where Vk and Vi have obvious meanings. The relation obtained above shows that for g ER, g(x, [y, z]) E 

Vi for all x, y, z E Q. Now, since Q is semisimple, it coincides with Q' so that clearly g(x, y) E V1 for 

arbitrary x, y E Q. Since Vi is Q-invariant, f induces a representation, JI. When g ER, the map g,, will 

be a one cocycle for fI and so by the first ·whitehead lemma, v( x) E Vi. 

Suppose that for :r: E Q we have v1(x),v2 (x) E V1 with 

(1.49) 

for arbitrary y E Q. Then J (y)( v1 (x) v2 (x)) 0, hence v1 (x) - 'V2 (x) E VK n V1 so that v1 (x) v2 (x). 

Hence v(x) is uniquely determined element of Vi. From this uniqueness and the relation f(y)v(x) = 
g(x, y), we now obtain that x f---+ v(x) is linear. Now, the relation J(x)g(y, z) = g(x, [y, z]) can also be 

written as 

J(x)J(z)v(y) = J(x)g(y, z) -g([y, z], x) J(:r)v([z, y]) (1.50) 

so that J(x)(J(z)v(y)-v[z,y]) = 0, hence J(z)v(y) v[z,y] E VK. As this element also belongs to V1 , it 

must be equal to zero and we get that J(z)v(y) = v([z, y]) = g(y. z) for all z, y E Q. Now 

d(v)(x, y) J(x)v(y) J(y)v(x) v([x, y]) = v([x, y]) = -g(x, y) 

so that d(-v) g and we arc done. 
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Levi decomposition theorem 1.4.16. Let g be a Lie algebra and let R(Q) be its radical. Then there 

exists a subalgebra S of g such that g S x s R(g) (semidirect product). Consequently S ~ g /R(g) and 

the algebm S is semisimple. ([5]) 

Proof. If R(Q) is abelian, the result follows from the fact that the second cohomology groups of the 

semisimple Lie algebra are trivial, since g is an extension with abelian kernel of S = g /R(Q). So assume 

that R(Q) is not abelian, i.e. R'(Q)-:/- 0. Consider the quotient 9/R'(Q). We know that 

(QI I) I (.JI I) g I .J (1.52) 

so that it follows that the radical of g /R' (Q) is R(Q) /R' (Q). Now R(Q) /R' (Q) is clearly abelian and so 

for g /R' (Q), the theorem holds true. There exists a semisimple subalgebra So of g /R,' (Q) such that 

(1.53) 

Let 1r be the natural projection onto g /R'(Q). Then H := 1r- 1(S0 ) is a subalgebra of g containing R'(Q) 

and H + R(g) g. Also, since H /R,' (g) = So and R' (Q) is solvable, it follows that the algebra R' (Q) is 

the radical of H. 

Hence we are left with two possibilities 

1. R' (Q) is abelian, i.e. 'R, C2) (Q) = 0 

2. R' (Q) is not abelian, i.e. 'R, (Z) (Q) =/ 0 

In the first case, H splits into S1 Xs R' (Q) and so g splits into S1 X 8 R(g) proving the theorem. 

In the second case, we have an algebra H with a radical R'(Q) and we need to show that H splits 

into a semidirect product of its radical and some algebra. But thls is clearly the same situation at the 

beginning with R' (9) replacing R(Q). It is clear now that we can proceed as in the above and after k 

steps, if we encounter only the second alternative, we again split the algebra W with a radical R,(kl(Q). 

Since the radical is a solvable algebra, we have for some n that R,(nl(Q) 0, i.e. R,(n-ll(g) is abelian. 

Clearly then we cant have the second case after n - 1 steps so that we would have the first case and 

consequently the necessary splitting. □ 
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Chapter 2 

"Universal" Extensions 

Herein, we introduce "universal" extensions, as they were originally introduced in [l] and with the help 

of cohomology of the Lie algebras, a classification of such extensions is given for low orders ([l]). Let us 

start with a few definitions; 

Let 9 be a Lie algebra over a fixed field llC. Consider the vector space gn = { x = (xi, xz, ... , xn) : 
Xi E 9}, with Lie bracket [ , ] w : gn X gn --t gn, defined as 

n 

([x, Ylw )t = ~ Wtb[:r:a, Yb] 
a,b=l 

where Wtb E OC are fixed and [ , ] : 9 x 9 --t 9 is the bracket for Q. 

Since [ , ] w is a Lie bracket for gn, we must have that [x, yJ w = -[y,x] w, which is equivalent to the 

identity 
n 

~ (lv't"b Wtba)[xa, Yb]= 0 (2.1) 
a,b=l 

for all t E {l, 2, ... n}. We also require that the Jacobi identity be satisfied. First note that 

n 

([x,[y,zlw]w)t= ~ WtbWi,"d[xa,[Yc,zd]] 
a,b,c,d=l 

Hence we require 

0 = ([£, [y, ilw]w )t + ([i7, [i, x]w]w )t + ([i, [:i, ·Ylw] w )t 
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for all t E {1,2, ... n}. It follows that for all t E {1,2, ... n}, 

0= 

n 

a,b,c,d=l 
n 

a,b,c,d=l 
n 

L Wtbwbcd[za, [xc, Yd]] 
a,b,c,d=l 

n 

a,b,c,d=l 
n 

L WtbW{d[za, [xc, Yd]] 

a,b,c,d=l 

n 

n 

a,b,c,d=l 

n 

(Wabwcd 
t b 

a,b,c,d=l 

n 

a,b,c,d=l 
n 

a,b,c,d=l 

(by the Jacobi identity in 9) 

n 

a,b,c.d=l 
n 

L WtbW{d[zc, [xd, Ya]] 
a,b,c 1d=l 

n 

n 

a,b,c,d=l 

n 

a,b,c,d=l 

n 

a,b,c,d=l 

(2.2) 

Now it is clear that in order to obtain the Lie bracket desired, we require the identities (2.1) and 

(2.2), above, to be satisfied. Since this must hold for an arbitrary Lie Algebra 9, we deduce that we must 

choose W so that 

1. 
n 

2 "(luabwcd Wtcbu1bda) = 0 · ~ ·•t b n \/i,j, k, a, b, c, d E {1, 2, ... , n}. 
b=l 

Notice that if we define a set of n matrices W(l), w(2), •.. , Hl(n) with (vV(k))ij 

property given by 2 is equivalent to 

Hence we obtain 

(2.3) 

(2.4) 

W(1 then, the 

(2.5) 

Proposition 2.1. Given a Lie algebra 9 over a field 1K. and n commuting matrices W(l), w<2J, ... , W(n) 

satisfying (l,V(il)kj = (W(Jl)ki for i,j,k E {1,2, ... ,n}, we obtain a lie algebra structure on gn, denoted 

by 9w · The bracket, [ , ] w : 9n x gn ---+ gn, is defined as follows. For x, fi E 9n, 

n 

([x, Y1w )t := L wtab[xa, Yb] 

a,b=I 

where W?b := (w(a))tb and a, b E {1, 2, ... 'n}. We call 9w a Lie algebra extension (for reasons that will 

become clear later) and n, the order of the extension. {2] 
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As an example, if we choose the n matrices W(l), wC2), ••• , w(n) to be such that Wfb = bfbf, then 

we obtain the usual Lie bracket on gn corresponding to the direct sum structure, 

n 

Canonical Form 

In the case .OC = C, we know that a finite set of matrices that commute, can, by a similarity transforma­

tion, be simultaneously block diagonalized, each sub-block being lower triangular with the corresponding 

eigenvalue on the diagonal. The transformation is defined by a non-singular matrix X on w? as 

n 

wti/ = I: ((x- 1 )~,wtixf)x{ (2.6) 
i,j,t= I 

Consequently the matrices ivc iJ transform to 

n 

w(i'J = I:(x-1 wCiJ x)xf (2. 7) 
i=I 

with the block structure and symmetry in the upper indices preserved, i.e. preserving the identities, 

(2.3) and (2.4). Clearly each sub-block corresponds to an ideal of the algebra, hence the block structure 

corresponds to a splitting of the algebra Qfv into a direct sum. Hence we assume we are in a basis 

whereby then commuting matrices are lower triangular with a single eigenvalue on the diagonal and that 

the tensors iv~i are symmetric in their upper indices. 

Now, note that the eigenvalue of WW (j > 1) is (W(jl) 11 = (WOl)i1 = 0. Hence we have that the 

n - 1 matrices W(2), ••• , w<n) are lower triangular with zeroes on the diagonal (nilpotent). We call the 

form of the matrices iv(a) thus obtained, the canonical form. 

Let A {a= (0, a2, ... , an); ai E Q}. Then for h = (h1, h2, ... , hn) E QR,, a= (0, a2, ... , an) E A 

n 

[a,h]i = I: W{l[ai,hj] 
i 1j=l 

n 

= I: wt[a., h1] 
i,j=l 

n 

I: W/1 [a1, hi] 
j=l 

0 

hence [a, h] E A, so that A is an ideal 9w. We now have a short exact sequence 

A i gn 11" o- - w -a-o 

where G = 9 and i and Ti are the usual injection and projections respectively. If we assume the case 

where Wf 1 =j:. 0 then see appendix A, a coordinate transformation that makes n1 ( 1
) = In, the identity 

matrix. 
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Lett: G--. 9w be defined by t(x) = (x, 0, ... , 0). Then we have a fixed section, t, together with a 

short exact sequence 

7f 

0 -- A ~ 9w -- G -- 0 ...,._-
t 

Recall the cocycle w : G x G--. A defined at (1.13) for x, y E G ; 

hence for x, y E G 

w(x, y) i-1 ([t{x), t(y)] t[x, y]) 

iw(x, y) = [t(x),t(y)] t[x, y] 

= [(x, 0, ... , 0), (y, 0, ... , 0)] - ([x, y], 0, ... , 0) 

(Wf 1 [x, y], 0, ... , 0) ([x, y], 0, ... , 0) 

0 

(2.8) 

Hence t is a homomorphism so that the extension splits and 9w is a semidirect sum. The coordinate 

transformation that made W(ll the identity, removed a coboundary making the above cocycle vanish. 

2.1 Solvable extension (Wl 1 0) 

Above, it was assumed that Wl 1 was non-zero. If Wl 1 = 0 then the algebra 9w is solvable and we call 

this cruse (Wf 1 = 0), the solvable case. 

We assume now that Wl 1 = 0, so that 9w is a solvable Lie Algebra and the matrices WUl(l :S: i :S: n) 

are all lower triangular with zeroes on the diagonal. 

Let A= {(0, ... ,0,x);x E 9}. If (0, ... ,0,x) EA, (Y1, Y2, ... ,Yn) E 9w then 

n 

I: w~i[xi, Y1l 
i,j=l 

'1 

= I: w;j[xn, Y1l 
j=l 

= 0 

Hence A <;:; Z(9w ), the centre of 9w and, in particular, is an abelian ideal in 9w-

Deflnition 2.2. Let M = {(0, 0, ... , 0, b1, ... , bk); b; E 9} <;:; 9w- We call the order of M, the number k. 

Now assume 9w has an abelian ideal A of order n - m (note that n - m 2". 1). and let G be the 

algebra of m-tuples with bracket defined by 

m 

[(x1,x2,---,Xm),(y1,Y2, ... ,ym)]1e I: W~j[xi,Yj] (2.9) 
i,j=l 

for 1 :S: k :S: m. It is clear that 
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is a short exact sequence where 

(0, ... , 0, Xm+l,,,. 1 Xn) 

and tis a fixed section. From the definition of the representation, (1.8), p: G-> gl(A) is defined by 

ip(x1,, • •, Xm)(Ym+l, •, • Yn) [t(x1, • • •, Xm), i(Ym+l, • • • Yn)] 

[(x1, ... , Xrn, 0,, .. , 0), (0,.,., 0, Yrn+l, • • •, Yn)] 
rn n-1 

= L L (0, ... ,O,W,;;+2[x;,Yj], ... ,w~j[xi,Yj]) 
i=l j=m+l 

The cocycle w: G x G--, A as defined at (1.13) for :i (x 1 , ••• , Xm), y = (Y1, ... , Ym) E G; 

iw(:i, YJ = [t(x), t(y)] t[x, Y1 

rn 
L (0, ... , 0, W,;;+i[xi, Yi], ... , w~j[x;, yj]) 

i,j=l 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.15) 

It is clear that, the parts of (W(i)hsisn which contribute to the action and cocycle can be seen if we 

write 

w,,, ~ ( :; I '; ) 
with m + 1 ::; k ::; n and wk are symmetric m x m matrices and determine the cocycle w (where 

(w(l,)),j = W1j). r11; are m x (n - m) that determine the action p. The f;ero (n m) x (n - m) matrix is 

a consequence of the abelian ideal A. 

The algebra G is completely characterized by (W(k))i::;1<:::;m, hence we can repeat the same procedure 

on G, using the abelian ideal of maximal order of G. 

Recall that associated to the short exact sequence, 

o-A~9w~c-o 
a 1-cochain is just a linear mapping w(ll : G--, A, which can be represented by 

rn 
(w(l'(x1,---,Xm))k = - LRkXt (2.16) 

t=l 
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(m + 1 S k S n) for some set of constants RL, Hence the form of a 2-coboundary can be found by acting 

on a 1-cochain with the coboundary operator wcob: G x G--+ A, using (2.12) and (1.1), we get that 

( cab(- -)) w x,y t = dw(ll(.i,Y) 

p(.i)(w(1l(YJ) + p(.i)(wCll(:f)) - 11Pl([.i, J/1) 
m n m n 

= L L w?[xi,wfl(y)] - L L Wt'1[Yi,w;1l(.i)] 
i=l j=m+l 

m 

i=l j=m+I 

Using (2.16) in (2.20) we obtain the general 2-coboundary form 

m 

(wcob(x, y))t = L ½ij[xi, Yil 
i,j,k=l 

for m + 1 S t S n and 

m n 

½ij := L Riw;1 

q=I k=m+l 

To see how coboundaries are removed, consider the lower triangular coordinate transformation 

This transformation changes W to TV where 

m+l$k$n 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

and c -I 0. Since by (2.15) the block in the upper left characterizes the cocycles. It follows that the 

transformed cocycle is the cocycle characterized by w(k) minus the co boundary Y(k). 

The special case, encountered often, is when the maximal abelian ideal of 9w is simple, corresponds 

to the subalgebra of elements of the form (0, ... , 0, x ). For this case, m = n l we have W~n = 0 and so 

the action is trivial. The cocycle w is thus determined only by Wen) and the form of the coboundary is 

reduced to 

(2.23) 
t=I 

a linear combination of the first n l matrices. 

2.2 Additional Coordinate transformations 

Above, we restricted to lower triangular coordinate transformations, which preserved the lower triangular 

structure of the matrices TV(i). But there are non-lower triangular coordinate transformations that 
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preserve the lower triaJ1gular structure. Clearly this is outside tho scope of cohomology theory, which is 

restricted to transformations that preserve the exact form of the action p, the algebra G and the ideal 

A. As we shall see (from (2]) the cohomologies are not the most relevant here, since there is another 

algebraic structure that is responsible for the extension we consider (see chapter 3). 

We discuss a particular class of such transformations that is usefull in the classification of solvable 

extensions. 

Consider the case where both the algebra of (n 1)-tuples G and of 1-tuples A are abelian. The 

possible (solvable) extensions, in lower triangular form, are characterized by iv(k) 0 (1 :S k $ n - 1). 

Applying a coordinate transformation to W(k) 

(where mis (n - 1) x (n - 1) invertible matrix and c, a non-zero scalar.) we obtain W where 

1 

k n 

Hence this transformation preserves the lower triangular form of the extension, even when m is not 

lower triangular. 

2.3 Appending a Semisimple part 

By the Levi decompostion theorem, we only needed to classify the solvable part of the extension. When 

we do have a semisimple part (Wl 1 =J 0), we shall label the matrices w(o), wU), ... , w(n) each of size 

(n+ 1) x (n+ 1) and Wl0J = In+I• Hence the matrices (W(il)i<i<n correspond to the solvable case 

Definition 2.3.1. If the extension has a semisimple part (Wl 1 =JO}, we shall refer to it as semidirect. 

Given a solvable algebra of n-tuples, the inverse (in some sense) procedure can be applied by appending 

a semisimple part to the extension. Moro explicitly we append a column and row of zeroes to each W(i), 

changing its dimension to (n + 1) x (n + 1) 8Jld including w(o) = In+I to the set of matrices. 

In this way, a semisimple extension is constructed from a solvable ctne, which becomes usefull in the 

classification of the extension. 

Definition 2.3.2. The extension obtained by appending a semisimple part to the abelian algebra of 

n-tuples will be called pure semidirect. 

Clearly pure semidirect extensions are characterized by w(o) I and W~1 = 0 for i,j 2: 0. 

2.4 Interchanging Semisimple and Solvable 

In terms of the matrices W(i), the process from passing from semisimple to the solvable extension is done 

in the following way: 
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Construct the set {R(t)}~,:/ of n -1 matrices, where RU) is constructed from W(t+l) by deleting the 

first row and column. Hence it follows that it is more convenient to label the matrices using the indices 

0, 1, 2, ... , n for the semisimple case and 1, 2, ... , n for the solvable case, so that R(t) is obtained from 
w(t)_ 

If we, however, start with the semisimple case, i.e. the existence of n, n x n matrices w<s) with 

s = 1, 2, ... , n. We can introduce n + 1, (n + 1) x (n + 1) matrices having the form 

Q(t) = ( 0 0 ) 
et wU) 

where ei is a column vector with components defined by (et)" = Jt ([2]). Clearly this corresponds to 

a semisimple extension whenever {H1 (t)}f= 1 corresponds to a solvable one. Hence it follows that the 

semisimple and solvable extension are in a one-to-one correspondence, hence it suffices to study only one 

of these cases. 

Now let us assume the matrices, W(i), are in canonical form and that we are in the solvable case. The 

vector space gn splits into 

where 

For 1 ~ k ~ n, define 

F[n, k] = F~k) ffi F~k+l) ffi ... E9 F~n) 

and F~k) = 0 for k > n ([2]). Then it follows that 

• 0 ~ F~n) = F[n, n] ~ F[n, n - 1] ~ ... ~ F[n, 1] = 9w 

• [F[n, k], F[n, s]] ~ F[n, max( k, s) + 1] 

Also note that F~n) is an abelian ideal. Define S~ to be the maximal abelian ideal of the form F[n, n -

k + l]. 
Since F[n, n] is an abelian ideal, S~ is non zero, hence the short ex3;Ct sequence, 

o-sk-gn _,,n /Sk 
n w ~w n 

is obtained. In this way the study of 9w is reduced to ga,-k, where W is obtained in the obvious 

way; by simply taking the tensor W~1 and allowing the indices to run over 1, 2, ... , n - k. This process 

is termed a "reduction" and since the above reduction can be performed by k reductions of the type 

Qtt, --+ ga,- 1
, we assume k = 1. 

2.5 Leibniz Extension 

A particular class of extension studied is known as the Leibniz extension ([l]). For the solvable case, this 

extension has the form 
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0 

1 0 

1 0 

1 0 

or Wt1 = o£_ 1 (k ~ 1), i.e. a Jordan block. It is obvious that in order for the other matrices to commute 

with I,V(l) we require 

0 

a 0 

w(i) == b a 0 

C b a 0 

C b a 0 

and using symmetry of the upper indices, we must have that 

Equivalently we can characterize the Leibniz extension by 

w·1 oi+J 
k k 

(1 5 i,j,k 5 n).To construct the semidirect Leibniz extension, we include JV(OJ 

Leibniz extension. 

2.6 Low-order Extensions 

(2.24) 

(2.25) 

In+l to the solvable 

We now classify algebra extension of low order according to [l]. As seen before, we only need to classify 

the solvable case. Classification is done up to order n = 4. For each case we write down the most general 

set of lower triangular matrices CW(il) 1:s;,:s;n with the symmetry condition included, and then use the 

commutativity of the matrices. 

Finally we eliminate coboundaries for each case by the methods above. Due to the lower triangular 

structure of the extensions, the classification found for an m-tuple algebra applies to the first m elements 

of an n-tuple algebra for n ~ m. 

There are three (generic) cases encountered for any order, they are 

1. The Leibniz extension. 

2. The extension where W(k) 0 for 1 5 k :S: n - 1. 

3. The abelian extension, where W(k,) 0 (1 5 k 5 n) (a special case of (2) above). When appended 

to a semidirect part, the abelian extension generates the pure semidirect extension. 

We call an order n extension trivial if W(n) 

extension contributes nothing. 

0 since appending the "cocycle" to the order n - 1 
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2.6.1 n=l 

Clearly, this corresponds to the abelian algebra i.e. Wl 1 = 0. 

2.6.2 n=2 

From the above case, we get that the form of the matrices are 

W(l) = ( 0 00 ) 
WJl 

and W(2 l = 0. If Jt'J 1 I= 0, then it can be rescaled to unity. Hence, we let H'J1 (Ji, where 01 is either 

zero or unity. 

If (Ji = 0 then this corresponds to an abelian algebra and 01 1 corresponds to the n = 2 Leibniz 

extension. 

2.6.3 n=3 

Using (2.6.2) above, we that the form of the matrices are 

( 0 0 n w(IJ = 01 0 
wn wii 3 

( 0 0 n w(2J 0 0 

wt w22 
3 

and w(3 l = 0. The requirement that the matrices commute is equivalent to 

(2.26) 

The symmetric matrix representing the cocycle is 

( 
1v11 lVfl n iv(3J w11 H'l2 

0 0 

and 

( (Ji 0 n lt'c2J = 0 0 

0 0 

If W:f 1 I= 0, then we can rescale it to unity. Hence, assume that W; 1 (h where 02 is either zero 

or unity. Now if 01 1 then R':f2 = 0. Then by (2.23), we can remove from W(3), a multiple of W(2), 

consequently, we may assume TV}1 = 0. The cocycle representation for the case 01 1 is thus given by 
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Note that 02 = 1 corresponds to the Leibniz extension (section (2.5)). 

If instead 01 = 0, then we use the methods of section (2.2). We can diagonalize and rescale W(3) such 

that 

wta,U~•n 
where (>-1,>-2) E {(l,1),(1,0),(0,0),(1,-l)}. Through suitable transformation, the cases (>.1.>.2) = 

(1, -1) can be transformed so that it corresponds to (01, 02 ) = (0, 1). Simalarly, (.\1 , >-2) = (1, 0) corre­

sponds to (01, 02) = (1,0) and (>-1, A2) (1, 1) to (01,82) = (0,1). 

In total, there are thus four extension for n 3 (up to transformation), these correspond to 

(2.27) 

2.6.4 n=4 

Using sections (2.6.3) and (2.6.2) we get that W(l),W(2) and Wc3) are given as in the case n 3, with an 

extra row and column of zeroes appended and 

( W" Wf1 

w( 4 i wf 
0 

commutativity of the matrices lead to 

33 82W4 

02WJ1 

02wf2 

01 W]3 

There are hence four cases to look at. 

w21 
4 w11 

wp J,Vf2 

w12 IV]3 

0 0 

0 

01 w;2 

0 

= 0 
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where (>.1, >.2, >.a) E {(l, 1, 1 ), (1, 1, 0), (1, 0, 0), (0, 0, 0), (1, 1, -1), (1, 0)} hence there are six dif-

ferent cases. Through a coordinate transformation, the (1, 1, 0) and (1, 0) c,ases can be both 

mapped to case 2. The (1, 0, 0) case can be mapped to case 3a and (1, 1, 1) can be mapped to the 

(1, 1, 1) case. After transform the (1, 1, -1) we are left with 

( ~ 
0 0 

D{ 
0 1 

D 0 0 1 0 
Wc4J = 

0 0 0 0 

0 0 0 0 

2. (01, 02) (0, 1). By (2.31), we are left with W;3 w11 1v;2 0 and we have 

( Wl' 
w.;1 

0 0 l w21 w22 0 0 
w(4) 

4 4 
0 0 0 0 

0 0 0 0 

As in the previous case, we can remove lVf1 (by using Wc3i)- After rescaling we obtain 4 distinct 

extensions. These are 

(~ 
0 0 

D{~ 
0 0 

DU 
0 0 

~ l ( ~ 
0 0 

~] 0 0 0 0 1 0 -1 0 
w<4J 

0 0 0 0 0 0 0 ' 0 0 0 

0 0 0 0 0 0 0 0 0 0 

It turns out that the second case can be mapped to case 3c and the last two, to case 3b. It follows 

that there is only one independent possibility here, the trivial one, H'c4) = 0 

3. (01 , 02 ) (1, 0). Here, W}1 can be removed in Wc4 J and from (2.31) we get that W}2 1'Vf2 = 0. 

It follows that W(3) 0 and 

Wfl 

0 

0 

0 

Note that elements of the form (0, x, 0, y) form an abelian ideal with this bracket and hence it 

follows that Wl3 Wf 1 = 0. Applying a suitable upper triangular transformation we can also make 

WJ1 W31 = 0 and after rescaling, five cases emerge 

u 
0 0 

D.U 
0 1 

D.O 
1 0 

D.O 
1 0 

~ l 0 0 0 0 0 0 0 0 
w(4l = 

0 1 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 

and W(4 ) 0. It turns out that, here, the last case may be mapped to case 4 (where WJ1 0). 

\Ve shall call the case corresponding to the trivial extension as case 3a and the others, cases 3b, 3c 

and 3d respectively. 
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4. ( 81, 82) ( 1, 1). Again Wl 1 and W,;1 can be removed by a suitable coordinate transfomiation. 

From (2.31) we have W]3 W]2 0 and TVJ2 = TV]1 . Let 03 = W]2 W] 1 so that 

Cleaily 83 1 corresponds to the Leibniz extension. 

Hence we see that there are 9 distinct cases for the n 4 case. 
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Chapter 3 

Extensions through Associative 

Algebras 

In Chapter 2, we considered universal extensions from the viewpoint of that set originally in [l]. As 

shown in [2], there is another approach and we consider it here from this viewpoint, that of commutative 

associative algebras. It shall be seen that in this new approach the objects introduced in chapter 2 have 

a clearer algebraic meaning. 

Let An be an n-dimensional vector space with a basis { ei}i=l over OC. Define a binary operation * : 
An x An ---. A" as follows, 

n 

ei * ej = :2: w;i et 
t=l 

(where Wtij has the properties of (2.3) and (2.4)) and extend bi-linearly. By the universal property of 

tensor products, we obtain a unique linear map W: An® An-----> A" such that, the diagram 

w An~,An-An 

it/. 
An X An 

commutes (where i : An x An---. An® An is the usual injection and "the multiplication defined above). 

It follows that W(ei 0 eJ) = I: wtek. Now, since we have the linear isomorphisms, 

(where V* denotes the usual dual space of V). We see that for l1/ E H om(A11 @A11
, An), there corresponds 

the tensor WE An 0 (An)•® (An)\ which can be clearly represented by Li,j,k wiJ ek ® e; 0 Cj or more 

simply determined by the set of constants, (W~j). Hence, we now see that W behave as a tensor, which 

was noted previously and correctly stated in [l], but its exact meaning was overlooked. Note that 

n 

L(W? - Wji)et 0 
t=l 

n n 

(ei * eJ) * ek - ei * (ej * ek) = L(L(w~1wt-'k WlkWti-'))et = 0 
t=l .\=l 
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It follows that (An,*) is an associative commutative algebra and we denote it by Aw·· Conversely, given 

a finite dimensional commutative associative algebra over a field IK, then the structural constants W~j 

obtained, satisfy the same properties as in (2.3) and (2.4), hence we obtain 

Theorem 3.1. Then-dimensional "universal" extension 9iv over 1K defined by the tensors W~j are in 

a one-to-one correspondence with the n-dimensional associative commutative algebras Aw over !K. The 

extension is obtained by setting 9iv := Ai\- 0oc 9, with the Lie bracket defined for elements i 0oc n, y 0oc f3 

as 

and extending bi-linearly. The adjoint representation T : Aw _. End(A~) described by a >----+ Ta where 

Ta(b) =a* b (written in the basis { ei}f=1), induces a matrix representation ei >----+ W(i) E Mat( n, IK) with 

(WCil)tj := Wtij./2} 

In the above, by a representation, we mean an associative algebra homomorphism J : Aw _. 

Mat(n,!K). Note that it follows that any linear transformation applied to ei corresponds the trans­

formation in (2.6) of the tensor Wtij. It is also useful to note that in this basis, { ei}f= 1 , Te, has matrix 

form, w(i)_ 

Note that the splitting of Ai\- into a sum of ideals; 

k 

Aw= ffil~, 
i=l 

(where ni = dim(!~,)), corresponds to the splitting of the algebra 9iv into a direct sum. This follows 

from Theorem (3.1) above, and the following identity; 

k k 

9tv =Aw® g = (ffi 1~J 0 g ~ EBu~, ® m (3.1) 
i=l i=l 

It follows that the associative algebra Aw is simple if and only if the Lie algebra Qtt, is simple. 

Recall that the canonical structure of the matrices WCi) (where (W(i))jk = W?) refer to them being 

lower triangular for all i and futhermore, nilpotent for i > 1 and for' i = 1 a repeated eigenvalue, Wf 1 

along the diagonal of WCll. 

Also, recall that the solvable case (section (2.1)) corresponds to Wf 1 = 0 and the semisimple case to 

Wf 1 being non-zero. Now it is clear that 

Proposition 3.2. The canonical structure of the matrices W(i) is equivalent to the requirement that in 

the solvable case, in the basis { ei}b=i, we have ei * eJ = Lt>rnax(i,j) Wtij et (1 ::; i, j, n) and to extend to 

the semi-simple case, one more independent element e0 must be introduced such that for all O ::; i ::; n 

e0 * ei = ei = ei * e0 i.e. a unit. /2} 

This summarizes neatly, into the following: The solvable case corresponds to having all the operators Ta 

(a E Aw-) nilpotent and the semi-simple case corresponds to the algebras with a unit. 

We now prove a result about associative algebras containing nilpotent elements needed later. 
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Proposition 3.3. Let A be an associative algebra consisting entirely of nilpotent elements (i.e. Vx E 

A:ln EN such that xn = 0), then :ly EA\ {0} such that yA = {0}./8}. 

Proof. First note that if x, y E A such that :ry = x, then x = 0, since there exists a natural number 

n such that yn = 0, hence it follows that x = xy = xy2 = ... = xyn = 0. Secondly, if x E xA then 

x = 0, since if x E xA then x = xy for some y E A, hence x = 0. Now finally, let x be such that xA 

has minimal non-zero dimension (If xA = {0} for all x then we are done and in fact the multiplication is 

clearly trivial). Take y E xA \ {0}. Note that y (/:. yA (by above), but y E xA, hence yA ~ xA. Hence by 

minimality of dimensions of xA, we conclude that yA = {0} and we are done. □ 

Let (A,*) be an n-dimensional commutative associative algebra over (C which can't be split into ide­

als. Let a EA; and Ta E End(A) is the adjoint action, Ta(b) =a* b. The Jordan decomposition gives 

Ta= Sa +Na (where Sa is diagonalizable and Na nilpotent). We thus have that Sa= P(Ta), Na= Q(Ta) 

(for some polynomials P and Q with coefficients in C). Hence Sa = P(Ta) = Tb and Na = Q(Ta) = Tc 

for some b, c E A and SaNa = Na Sa. 

Now assume that for some a E A, Sa -/- 0. As Sa is diagonalizable, A can be split into eigenspaces 

invariant under Sa (A= EB~=IAi where Ai= {v EA: Sav = .X;v}) and {.\}7:: 1 is the set of eigenvalues 

for Sa. 

Now if x EA then for v E Ai we get that 

Hence Tx(A;) ~ Ai- That is, for every x E A, Ai is invariant under Tx. It follows that the Ai are 

ideals, hence there is only one eigenvalue, >., for Sa (since we assumed no non-trivial ideals for A). Hence 

Sa = n = >.idA. Since Sa -/- 0 we have that >. -/- 0 and so setting e0 := >.- 1b we obtain a unit for A. 

Consequently, the absence of a unit in A means that Sa = 0 for all a E A, or equivalently that for 

all a E A, Ta is nilpotent, i.e. the solvable case. In this case considering T : A--+ gl(A) as a Lie algebra 

homomorphism (where (T(a))(b) = Ta(b) = a* band A is an abelian Lie algebra), then T(A) ~ gl(A) 

consisting only of nilpotent endomorphisms, it follows that there is a basis for A in which the matrix 

representation of these endomorphisms are lower triangular with zeroes on the diagonal. In particular, 

since T(A) consists only of nilpotent endomorphisms it follows (by .proposition (3.3)) that there as a 

non-zero element en E A such that Ta (en) = a * en = 0 for all a E A that behaves as a zero and is 

consequently called a pseudo-zero element. Note that this means that Ten = 0 so that T : A--+ gl(A) is 

not injective. 

Now assume there is an unit, e0
. Then for a EA, Ta = AaidA + Na = AaidA + Tc (>.a E C), hence 

there is a unique decomposition for a E A, that is, a = Aae0 + c where Tc is nilpotent. This is the 

semi-simple case. Now let N = {x EA: Tx is nilpotent}. Now by the commutativity of*, it follows that 

N is closed under *· Also note that for nilpotent elements A, B E End(A) that do commute, there exists 

n1,n2 EN such that An1 = 0 = Bn2 , now 
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In the sum, if k 2'. n1 then Ak = 0 if not, then k < n1, hence k :S n1 -1 :S n2(n1 1) so that n1n2 -k 2'. n2 
and Bn1 ni-k = 0. Hence (A+ nr1 n 2 = 0, i.e. N is closed under addition. Now it is obvious from above 

that N is a subalgebra of A and because of the unique decomposition for elements in A, N has codimen­

sion 1 in A. In other words A Span{ e0 } ffi N and we see that N corresponds to the solvable extension. 

For this reason we will continue assuming that WC are working in the solvable Aw 

The above discussion reveals that (in the canonical basis) in order to obtain the solvable case, from the 

semi-simple case, one forgets the unit and conversely to pass from the solvable to the semi-simple extension, 

one needs to introduce a unit. 

More formally, to introduce a new independant element, e0 , to a commutative associative algebra A, 

such that the new algebra, Q, is also a commutative associative algebra with unital element e0 with A a 

subalgebra of dimension one less than Q can be done as follows. Let Q = 1K x A (the set of pairs) with 

multiplication * : Q x Q ---. Q defined for pairs (a, x), (b, iJJ E Q as 

(a,x)*(b,iJ} (ab,aiJ+bi+x'*YJ 

where * : A x A___, A is the multiplication on A. Clearly * is commutative whenever * is and since 

((a,i) * (b,y)) * (c,z) 

(a, x) * ((b, iJJ * (c, z)) 

it follows that 

(ab, aiJ +bx+ x *if)* (c, z) 

( abc, cay+ cbx + c( x * if) + abz + aiJ * z + bx* z + x * y * z) 

(a,x) * (bc,bz + cy + Y* z) 

( abc, abz + acy + a(y * z) + bcx + bz * x + cy * x + y * z * x) 

((a, x) * (b, if))* (c, z) (a, x) * ((b, y) * (c, z)) (3.2) 

so that * is associative. Also (1, 0) is now a unit and if { e1 , e2 , ... , en} is a basis for A (where n = dimA) 

then clearly {(l,0),(0,e1 ),(0,e2 ), ... ,(0,en)} forms a basis for Q and that E: A-----, Q defined by 

E(a) = (0,a) is a natural embedding of associative algebras. 

Let us introduce an algebra with the following structure ( [2]). For, k = ( k1 , k2 ) E OC, let 

([.T, y])&k) = 
([x, y])~k) 

([x, y])~k) 

([x, y])~k) 

([x, y])~k~l 

([x, y])~k) 

[xo, Yo] 

[xo, Y1] + [x1, Yo] 

[xo, Y2] + [x2, Yo] + k1 [x1, Y1] 

[xo, y3j + [x3, Yo] + k1 ( [x1, Y2] + [x2, y1]) 

[xo, Yn-1] + [xn-1, Yo]+ k1 ([x1, Yn-2] + • • • + [xn-2, Y1]) 

[xo, Yn] + [xn, Yo] + k2 ([x1, Yn-1] + ... + [Xn-1, y1]) 

Now it is easily checked that [, j(k) defines a Lie bracket on gn+l. The semisimple part of this extension 

corresponds to the Leibniz extension (section (2.5)) bracket, defined by 

l:Si,j,t:Sn 1 (3.3) 
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The Lie algebra structure defining the Poisson structure of the Compressible Reduced Magneto-hydrodynamic 

model ( [1]) is in fa.ct a particular case of the above construction, since there, it is defined as follows; for 

the non-zero entries of wt (0 $ i,j, t $ 3), 

where f3e is a paramater. The corresponding bracket is given by (see [l]), [,](0,-/3cl where n = 3. 

Let's make the following constructions (recall that we are in the canonical basis and in the solvable 

) S c A(k) { k} A[ ] A(k) A(k+l) . A(n) F k case . et 1or 1 $ k $ n, n span e and n, k = n E8 n EB ... 8 n . •or > n set 

A[n, k] = {O}. Then clearly 

{O} f;; A~nl = A[n, n] f;; A[n, n 1] f;; ... f;; A[n, 1] = Aw 

Proposition 3.4. A[n, k] * A[n, s] f;; A[l + max{k, s }] for 1 $ k, s :Sn and A~n) is an ideal./2) 

Proof. As multiplication by en gives zero, it is obvious that A~:') is an ideal. Note that if 1 $ m ::; k ::; 

j :s; n then WJ: (w(s))mj 0, hence 

n n n n n 

So that A[n, k] * A[n, s] f;; A[n, 1 + k]. Now since * is commutative the result follows. □ 

Now let us consider an extension of Aw to an algebra An+l assuming that the matrices, w(i)' are 

put into canonical form. We can simply take our basis { ei}~1 and add the independent vector en+I in 

such a way so that J = Cen+l is an ideal and the sequence of associative algebras, 

0 - I~ An+l ~ Aw - 0 

is exact (where i and 7T arc the usual injections and projections). Assuming that the basis { ei}?i/ is also 

in canonical form and that • : Ax A--+ A is the (associative, commutative) multiplication on A 11+1
, then 

it follows from the exactness of the above sequence that; 

n 

ei • ej LW~jek + R'jen+l for 1 $ i,j $ n 
k=I 

and by assuming that { e i} ?;/ is in canonical form we see that 

e• • en+l = 0 for 1 :S i $ n + 1 

Commutativity of • is equivalent to Rij Rji and for associativity, we require; 

n n 

= L (Wjem + Rijen+I). ek ei. (L(W;!.kem + Rjken+l)) 
m=l 

n n 
m=l 

n n 

L Wj(LWtki + Rmken+l) - L w~k(Lwtni + Rimen+l) 
m=l 1=1 m=l t=l 

n 

L (Rmkwj - Rimw~k)en+l 
m=l 
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It follows that, the conditions on R that determine such an extension are 

(1) 

(2) 
n 

L(Rmkw~ 
m=l 

Every element XE An+I can be written uniquely in the form 

n 

X LXkek + Xn+1en+I X + Xn+ien+I 
k=l 

Now, 

n n 

X · Y = (LXkCk + Xn+Ien+I) · (L Ymem + Yn+1en+l) 
k=l m=l 

n n 

(Lxkek) · (L Ymem) 
k=l m=l 
n n. n 

LL XkYm(L H't'•met + RkmXkYmen+l) 
k=l m=l l=l 

n n n n n 

= L(L L XkYm wtm)et + (L L RkmXkYm)en+I 
t=l k=l m=l k=l m=l 

X * ij + R(x, y)en+I 

where R: Aw X Aw -; JK is a symmetric bilinear form with R(x, Y) I:r=l 

Assume now conditions (3.6) and (3.7) above. If i' = Z::::'.: 1 

then 
n n 

R(L( L Xi'JJjW~)e"',z) 
m=l i,j=l 

n n 

L R01
'( L Xiy1W11)zb 

a,b=l ,:,j=l 

n L Rabw~jXiYjZI, 
iJj~a,b=l 

n 

i,j,a,b=I 

n n 

L RabXa L YJZkWtk 
a,b=l ,.k=l 

n n 

= R(i, L( L yJzk wt)et) 
t=l j,k=l 

R(x,if*z) 

(3.6) 

(3.7) 

(3.8) 

So that R(x * y, z) = R(x, y * We now define cohomologies related to Aw such that R has the same 

meaning with res:pe,~t to the Lie Algebra structure as in [l]. \Ve reintroduce the cohomology complex as 

in [2] corresponding to the algebra Aw. 



• The cochains are defined as follows. Let C0 (Aw) lK and for s? 1, let cs(Afv) be the set of all 

s-linea.r functions w, : (Aw)• ........ lK. 

• The coboundary operators d; are defined as follows. For a E c0 (Aw) JK, d0 (a)(a) = 0 and for 

wi E C;(Aw) (i? 1), d;(w;) E Ci+1 (Aw) is defined by 

' 
d;w;(a1, a2, ... , a;+1) I)-1tw;(a1, a2, ... , ak * ak+l• ... ,a;+1) 

k=l 

for ai E Aw with 1 ~ j ~ i + l. 

The cohomology groups obtained will be denoted by H;(Aw) while zi(Aw) and Bi(A":) correspond to 

the set of cocycles and cobounda.ries respectively. 

Now since Kerd2 {w2 E C 2 (Aw) : w2(a * b,c) = w2(a,b * c)}, we see that R above defines a 

cohomology class in H 2(Aw ). Also, for a E C 1 a linear map; 

(3.9) 

hence R d1 ( L;=l Ake1c), where {ek}k=l forms the dual basis in (A~)•. Hence we see that for the 

cohomologies, the correspondence between the Lie algebras 9w and the commutative associative algebras 

Aw holds as the spaces H 2(Aw) and H 2 (9w) are clearly equivalent. 

Let us consider the example given in [2]; We construct the algebra Aw in the following way. Let 

Tn = {1, 2, ... , n} and let M { e1, e2 , ... , en} be a commutative monoid with binary operation * : 

M x M ........ A1 such that 

where f : T x T ........ T such that 

1. J(i, f(j, k)) = J(J(i,j), k) 

2. J(i,j) J(j,i) 

Now define Aw to be the vector space generated by .,\,1 and define W~j 

extension tensor ([2]). 

(3.10) 

i/(i,j) to obtain a "universal" k 

In particular, let f define the multiplication in Zn, the ring of integers modn, i.e. 

wY - i5i}(modn) 
k - k 

The case n = 2 is trivial while for n 3, the matrices W(i) a.re given by 

Assuming that vf/(i) correspond to the generators ei, then applying a transformation defined by; 

1 1 q1 = -eo + -el + -e2 
2 2 
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transforms W(i) into 

so that the corresponding extension splits; Qi\, = Q EB Q EB Q. For n = 4, let q0 e0 , q' = e i - e0 ( i > 0), 

then 

Then, in this basis, the matrices W(i} have block diagonal form, so that the extension splits into 

where Qt (1 s_ i,j,k s_ 3) is a new tensor corresponding to Q~. It is defined by the matrices Q(i) where 

u 0 n C 
0 n ( ~ 

0 n Q(l) = 1 Q(2) 0 Q(3) 1 

0 0 0 

The transformation obtained by 11 ql 
1 

12 q1 - q3 and 13 = q2 , changes the matrices Q(i) into p(i) 

with 

C 
0 n C 

0 n C 
0 n p(l) 1 p(2) = 1 p(3) = 0 

0 0 0 

Truncating the semisimple part leads to 

M(ll ( ~ : ) Ml2l (: : ) 
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Chapter 4 

Casimir Invariants 

The notion of a Casimir operator first appeared in the physical literature related with Quantum Mechan­

ics. The name originates from the paper [9]. 

The mathematical study of the Casimir operators revealed that for a semisimple Lie algebra Q the 

universal enveloping algebra, U(Q), contains elements that commute with Q (Casimir elements) and that 

they span a vector space of dimension r, where r is the rank of g. 

Remark 1. The universal enveloping algebra is as well known 

(4.1) 

where Gk is the space of elements that is spanned by the (noncommutative) polynomials of degree less or 

equal than k of the elements of Q, see (Goto-Grosshans}. The multiplication rule in U(Q) is such that 

[Gk, G8
] C Gk+s. 

Best known are the applications of the Casimirs of rank 2. The question of the Casimir elements of 

an arbitrary Lie algebra is a complicated one and there are results only about some specific types of 

algebras. 

According to the classical Poincare-Birkgoff-Witt theorem to the universal enveloping algebra, U(Q), 

is closely related a commutative and associative algebra grU(Q) 

U( /:) u= pk pk= Gk/ck-1_ gr ~ = k=O , (4.2) 

The algebra grU(Q) is isomorphic to algebra of all polynomials on g• and on it there is also a Lie 

algebra structure which is defined by: For :i; = x + pk- 1
, fj = y + ps-l we set 

{x,fj} = [x,y] + pk+s-2_ (4.3) 

It turns out that it is exactly the Poisson-Lie structure we shall define a little later. The Casimirs elements 

of U(Q) give rise to elements belonging to the center of the Poisson-Lie bracket structure (4.3) (also called 

Casimir functions). For more details see [10]. 

Since the Casimir functions are of course integrals of motion the interest in them is quite natural. 

In our context however, we shall be interested in obtaining Casimirs to the universal extensions, that is 
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Casimirs of the extensions we are considering in this thesis that are constructed starting from Casimirs 

of a given algebra Q. Thus we shall use the term "Casimir" in somewhat different sense we specify below. 

We will now introduce the related Casimir Invariants to the universal extensions given in [1] and use 

the algebraic approach developed in chapter 3 to clarify their algebraic meaning. Let us begin with a few 

definitions; 

Definition 4.1. Let M be a manifold, we call a OC-valued function on M, smooth, if it is infinitely 

differentiable and Cc,o(M) denotes the space of all such smooth functions on M. 

Definition 4.2. A Poisson structure on a differential manifold M is a bilinear map { , } : Cc,o(M) x 

Cc,o(M)--+ Cc,o(M), on the space of smooth OC-valued functions on M such that 

(i) { , } is a Lie bracket for Cc,o(M). 

(ii) {, } satisfies the derivation property, i.e. for f, h,g E C00 (M) 

{fh,g} = f{h,g} + h{f,g} 

The bracket { , }, is called a Poisson bracket and (M, { , } ), is called a Poisson manifold. 

Let (H, [ , ]) be a finite dimensional Lie algebra and H*, its dual space. Define { , } : Cc,o(H*) x 

Cc,o(H*) --+ Cc,o(H*) by the following rule: for f, h E Cc,o(H*) and a EH*, set 

{f, h }(a) := ([dflo, dhlal, a)H (4.4) 

where the differentials df la, dhl 0 E (H*)* ~ H and ( , )11 denotes the canonical pairing of 7t and H*. It 

turns out that 

Theorem 4.3. { , } defines a Poisson structure on H*. {6/ 

See Let ad : H --+ gl(H) and -ad* : H --+ gl(H*) be the adjoint and co-adjoint representations (of 

the Lie algebra H) respectively, i.e. ad(x)(y) = adx(Y) = [x, y] and (-ad*(x)(a))(y) = -a([x, y]) 

(adx(Y), -a)11 . Hence another formulation of equation (4.4) is 

(4.5) 

We now apply the above construction to 7t = 9w- Let a,(3 E (9w)* ::'.'.c (Q*)n, a= (a1,a2, ... ,an) 

with a; E Q*. 

Let f E C00 ((Q*)n) and let 8;Jl 0 = (8;j) 0 be the partial derivative off with respect to a;, i.e. 

(8d)o(f3;) = dfla(0, • • •, 0, (3;, 0 • .. , 0) (3; E Q* (4.6) 

The Poisson bracket for Ww )* is constructed as follows; for f, h E C 00 ((9w )*), 

{J, h}(a) 
n 

L([dfla, dhlal, ak)g 
k=l 

n 

L (W~1[8;f, ajh], ak)g 
i,j,k=l 

(where we consider (8;h)a E 9). 
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Definition 4.4. Let M be a Poisson manifold. If f belongs to the center of the algebra CCXJ(M), then 

we call it a Casimir function or simply a Casimir. 

It now follows that, CE CCX)((Qtv)*) is a Casimir if and only if for all h E COCJ((!Jtv)*), 

n n 

0 = L (W?[aic,ajh],ak)g = L w?(ajh,ad'aic(ak))g (4.7) 
i,j,k=I i,j,k=I 

This is equivalent to 
n 

L w?ad8ic(ak) = 0 (4.8) 
i,k=l 

Now let us consider the case where g is a (finite dimensional) semi-simple Lie algebra. This is 

equivalent to (in the case where char(JK) = 0) having non-degenerate Killing form K : g x g ----+ JK, 

K(x, y) = tr(adxady) as introduced in chapter 2. 

If g is semi-simple, then the non-degeneracy of K, induces a linear isomorphism k : Q ----+ g•, 
(K(x))(y) = K(x, y) for x, y E Q. This isomorphism establishes an equivalence between the adjoint and 

co-adjoint representations of the semi-simple Lie algebra, g. This can be seen by the commutativity of 

the following diagram; 

Indeed, for x, y, a E Q, 

K(y)[a,x] 

K([a, x], y) 

K(a, [x, y]) 

K( adx (y)) ( a) 

i.e. -ad; o k = k o adx. From now on, we consider the case where Q is semi-simple, finite dimensional 

and char(lK) = 0. 

4.1 Linear Casimirs 

Assume that C(l) E CCX)((Qtv )*) is a linear Casimir with C(a) = I:7=1 (yi, a;) (yi E Q). Then by equation 

( 4. 7) above, for all f E CCX) ( (9w) *, 

n 

L (W?y\ ada;Jak)g = 0 (4.9) 
i,j,k=l 
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n 

0 = I: ada;1(K(xk))(W~jyi) 
i,j,k=l 

n 

I: K(ada;1(xk))(W~Jyi) 
i,j,k=l 

n 

I: K(W?yi)([a1f,xk]) 
i,j,k=l 

n 

I: ([81 f,xk],i<(wi1yi)) 
i,j,k=l 

Now since f E C 00 ((Qw )* was arbitrary and f< is a bijection, it follows that 1::1 wi1yi 0 for 

1 ::; k, j ::; n. 

As an example, we could take Yi= PiX (for some x E 9,Pi E IK) where (p); := Pi forms an eigenvector 

with zero eigenvalue for all matrices w(o-). Such solutions do exist, in particular, if wk) were in canonical 

form, then p; = <5~ is an eigenvector (corresponding to zero eigenvalues) for all w<o-) and so Yi= PiX (for 

all x E 9) satisfies the condition. 

In this formulation p defines an element p = 1::1 Piei E Aw. Now if pis a pseudo zero element (i.e. 

Tp = 0), with p= I::1 Pie\ then if b = 2:7=1 b1c1 E Aw then 

n n 

O=p*b= I: b1pie1 *ei= I: b1piW~1ek 
i,j=l i,j,k=l 

and since b was arbitrary, it follows that 1::1 W~1Pi = 0. Consequently we obtain; 

Corollary 4.5. For every pseudo zero element p E Aw (i.e. Tfi = 0) there corresponds to a Casimir 

function of the type c(ll _ (/2/) 

Note that such vectors do exist in the solvable case, but not in the semi-simple case. 

4.2 Quadratic Casirnirs 

We now look at another class of Casimirs, the quadratic ones. We asSJime the Casimirs are of the form 

c(2) = ~ t C;jal(f<-l(a/)) 

i,j=l 

where C;1 = C1; is a symmetric matrix and ai E Q*. Now, by equation (4.7), we obtain that 

n 

I:(W_tCir - WjiC;k) = 0 
i=l 

(4.10) 

(4.11) 

for 1 ::; j, k, r ::; n. Define C: (Aw·)* x (Aw)* ---. 1K as a symmetric bilinear form on (Aw)* as follows; for 

X = 2::1 xiei,Y = I:7=1 y1ej E (Aw)*, C(x,y) = L~j=l cijXiyJ. Now define 6: (Aw)* ---t (Aw)** ::::0 

Aw by 
n 

C(ei) = I: C,qeq (4.12) 
q=l 
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and extend linearly (where {ekH=l is dual to the basis {ek}k=l). Define T" ; A". -> _gl((Awt) by 

(T;o:)(y) a(x * y). Now, we introduce an identity in order to proceed. 

Lemma 4.6. 
n 

r:,ej = I: wreq ( 4.13) 
q=I 

where 1 i,j $ n. 

Proof Let r;.e1 

n n 

>..t = (L>.qe,.)(et) = (T:,eJ)(e1
) = ej(e' *et)= LeJ(Wktek) w;i 

q=I k=l 

Example 4.7. Let us look at then= 2, Leibniz extension case where w(z) = 0 at section (2.6.1). 

w(l) = ( ~ ~) 

Nate that far C: (Aw)* x (AJA.t)*-> C (equivalently the 2 x 2 matrix CJ we requ.ire 

n n 

L Wt Cir = L wpc,k ( 4.14) 
i=l i=l 

or equivalently (WU>c)k.- = (wU>c)rk, i.e. wU)c is a symmetric matrix for all j. Now in the above 

Leibniz ca,9e; it is easy to show that 

th t C( ) "z c.. i J h "z i so a x, y L..,,;,J=I i1X y W ere X = L..,i=l X ei, y = ie; E (A~)" are all the Casimirs 

for this Leibniz extension. 

Now note that if we assume C is a Casimir of the type we are looking for, then 

n n n • ri 

Te,C(ek) = ei * C(e1;;) ei * L Ckqeq ~ c w••q t ~ C ruiq t c· (~ w;9 ) L..., kq t e = L..., qt i,t k e = , L..., k eq 
q=l t,q=I t,q=l q=l 

It follows that the diagram below commutes for all a E Aw, 

that is; 

(4.15) 

In fact, more can be said; 
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Proposition 4.8. For every symmetric bilinear form, C, on .Afv such that 

(4.16) 

( or equivalently, equation ( 4.15)) a E Aw, x, y E (.Aw)", there corresvonds a Casimir function of tJie 

type c(2l and vice-versa. 

Proof. By definition for a, {J E (.Ait )"', C(a:, {J) =< C(a), ,B > hence 

< TaC(o:),/i >=< C(a),T~/3 >c:c C(a,T;,,B) = C(T;a,/3) =< cr;o:,r3 > 

so that Ta C tr:. 

a 0 {J Tt':(o/3 

Proposition 4.9. C is a Casimir if and only if a ,2J /3 (J a: for all a,µ E (.A?v )"'. 

Proof. For y E .Aw we have 

< a0(3,y > < T6(a){J' Y > 

= < Tc:(a)Y > 

< fJ. TyC(a) > 

< r;t1, c(n:) > 

= C(a.T;/3) 

= C(T;a,,{3) 

C(/3,T;a) 

= < (3 <:) a,y > 

□ 

( 4.17) 

and so the result follows. □ 

Moreover we have; 

Proposition 4.10. Casimirs of the type c(2l induce a commutative, associative algebra structure on 

(.Aw)*, for which C: (.Aw)* - .A\\,, is a homomorphism of associative algebras. The multiplication is as 

defined above; 

(4.18) 

Proof. For associativity, we see that, 

a 0 (/J z) = T6t0//J 0 z) = T{,(o:)(Tc\mz) 

hence ( a0/1)0z o:7;((30z). Note that 0 is clearly bilinear and by proposition ( 4.9), 0 is a commutative 

operation and compatibility with addition is obvious, so that (.Aw)* becomes an associative, commutative 

algebra. Now, note that for a, {3 E (.A-a,)*, 

C(a 0 /3) C(T{:(o/3) = TC(a)C(B) C(a) * C(/3) 

so that C: (.Aw)* ----1 Aw is a homomorphism of associative algebras. 

48 

□ 



Corollary 4.11. Equation (4.11) is equivalent to the identity Aij = A3;, where Afj are the structural 

constants for 0 above (which is just the commutativity of 0). 

Proof. We have that 

n n n 

LAfjeq = e; 0 ej = Tt(e,)ej = L Ct;T;,ej = L Ct;W?eq 
q=l t=l q,t=l 

Hence A;j = I:;=1 WfqCti, and so equation (4.11) is equivalent to A;j = A3,­

We will use this construction, to simplify some results given in [2] 

4.3 Extension and reduction of the Casimir Functions 

D 

As seen in [2], we shall describe the extension and reduction of the Casimir functions attempted in [l] 
using equation (4.11) within the new approach, that of the algebras AU,-. This means that we are going 

to investigate the relation of the Casimir function of the extension defined by AW° 1
, Aw and Aw where 

AW° 1 is "semisimple", Aw is the corresponding "solvable" part and Aw is the corresponding factor 

algebra- see section (2.4). 

To this end, assume now that we are working in the semisimple case, i.e. there exists a basis { e'} i=O 
for which e0 * ei = ei (for 0 :::; i :::; n) and such that en * ei = 80en (0 :::; i :::; n). This is equivalent to 

wp; = 8.i and wpi = 808"J, or in terms of the co-adjoint action, 

(4.19) 

Note that, if we have the solvable case, then all that is needed is the introduction of an identity e0 to the 

canonical basis. Let us consider the invariance condition (equation (4.16)) of a symmetric bilinear form 

on AW° 1
. 

Since T*0 = idlAn+1, the invariance with respect to T*0 is trivially satisfied. Also, the invariance 
e w e 

conditions on the components Cii, are too trivially satisfied. Consequently, we only consider invariance 

in the case of C;j(i-/- j) with respect to T;s(s-/- 0). 

Starting with the assumption that the invariance conditions on the components Co;(0 :::; i :::; n - 1) 

with respect to T;n are satisfied, we obtain that 

when 1 :::; j :::; n - 1 and 

( 4.20) 

Hence we obtain Coj = 0 for 0 :::; j :::; n - 1. It follows from this, that the invariance condition with 

respect to T;n for all C;j are satisfied. To see this we have to consider the invariance on the components 

(2) Con which is a consequence of C(T;ne,., eo) = 0 = C(en, T;neo) 
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(3) Cin(l :5 i :5 n l) this can be seen by 

Now we move onto the invariance respect to T;.(1 :5 s :5 n -1). 

Ifl:5i,j$n lthen 

n-l 

L H1tkckj + H'.9°Co.7 + wrcnj 
k=l 

n-1 

z:=wt1"ckj 
k=l 

(4.21) 

So it follows that the invariance condition with respect to T;s (with 1 $ i,j,s :s; n 1) is satisfied if and 

only if 
n~·l 

L(Wtkckj wrckj) 0 (4.22) 
k=l 

Finally, it is easily deduced that, invariance on the components C.:n with respect to T;. (1 :5 i, s :5 n 1), 

is satisfied if and only if 
n-1 

L(W~kck, - WtkCkn) = 6fCon 
k=l 

(the case of invariance of Con with respect to yields nothing). 

If we denote the solvable extension corresponding to AW-1 by A~¥' then we obtain Aw by setting 

e0 0. Note that lKe11 is an ideal in both A~1 and Aw and that Aw1 Azi,/lKen with ll1~j vV~j 

(1 $ i,j,k $ n 1). Define C to be the restriction, Cl.Awl. Clearly we can assume Aw1 ~ Aw s; AW-1 

and {Aw 1)* s; (A~tY ~ (AW-1 )*. 
From the above discussion, the results about the Casimirs we had in [l] can be reformulated into the 

form; 

Proposition 4.12. The invariance of C with respect to the co-adjoint ar:tion on (Ant1)* is equivalent 

to the invariance of C with respect to the co-adjoint action of (A~; 1 )* and the condition (4.23).(/2]) 

Corollary 4.13. C is a Casimir for Aw 1 whenever C is, for A~1 .({2]) 

Corollary 4.14. If Cij (1 :s; i, j :5 n - 1) defines a Casimir for the algebra A~;_:- 1
, then for arbitrary 

sol·ution Xi (0 :S i :5 n 1) of the system 

n-1 n-1 

6i Xo + L Wtk xk z:=wtc1.:, (1$i,s$n 1) (4.24) 
k=l k=I 

and for any number Cnn, we obtain a Casimir far A~+i, by setting C(en, en) Cnn, C(eo, e1) = 0 (for 

1 $ i ~ n 1) and C(en, ej) = Xj for 0 :5 j $ n - L (/2}) 

Clearly, by equation ( 4.24), it is natural to consider two cases; W(n) degenerate and H'(n) non­

degenerate. In coordinate free notation, the assumption that (Hl~i)i::;,.j:,n-I is non-degenerate is equiv­

alent to the map 

i[1: (A~r1
)-; (A~r 1)*, 1/!(x):: r;en 

being a bijection. In this case we obtain 
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Proposition 4.15. Ifif, is a bijection, then the invariance condition C(T;.,ei,e1) = C(ei,T;,e1) follows 

from C(T;., en, e1) = C(en, T;.e1) (1 :=:; i, j, s :=:; n - 1). (/2}} 

Proof. Fix i. Then, since if, is a bijection, there exists an Xi E Awl such that r;, en = ei. Then 

□ 

In co-ordinate form, this proposition states that, whenever (W~1)i::;i,j$n-I is non-degenerate, equation 

(4.22) follows from (4.23) (see ([1])). 
Let (9ik) be the components of the matrix that define the unique generalized Penrose inverse (see 

Appendix B) of (W~1)i::;i,j$n-I, i.e. the unique matrix (9ik) such that 

4.3.1 

n-1 

(1) L w~a9abW~j = w~j 
a,b=l 
n-1 

(2) """ - wab- -~ 9ia n 9bj = 9ij 
a,b=l 

(W~J)i:s;i,J:S:n-1 is non-degenerate 

We assume now that (W~1)i::;i,j$n-l is non-degenerate or equivalently, if,, is invertible. Hence L::=-/ !Jim W~t = 
o~ ( for all m, t E { 1, 2, ... n - 1}) or G = ,J;- 1 . 

As correctly shown in [2], the map ,J; can be used to transfer the algebraic structure from Aw 1 onto the 

dual space (A~r- 1)*. Here we take an alternative route and note that more can be said. 

Proposition 4.16. G = ,J;- 1 defines a Casimir of A~:- 1
• 

Proof. Let x, y E Aw 1 then 

hence ;/;Ty = r;if; so that 

Ty,J;-1 = {;-1r; 

and so by Proposition (4.16), we have that {;-1 defines a Casimir of Aw 1
• □ 

Now it follows from Proposition (4.10), that the bilinear map, 8 : (Aw 1)* x (Aw 1)* -+ (Aw1)* 

defined by 

a0/J = f'J-'(o:)/3 

induces a commutative associative algebra structure on (A~i1)* for which {;- 1
: ((Aw 1)*, 0) -t (A~il' *) 

is a homomorphism of associative algebras (recall that T* is the co-adjoint action on (Aw 1 )*. It now 

follows from the invertibility of if;, that if; is an isomorphism of associative algebras. 
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If 1 :5 i,j :5 n -1 then we have 

n-1 n-1 

r;,e1 t;.e1 = I: wte1 I: wreq 
q=O q=l 

Wwe + n,rine 
J O J -n 

d • rn -i = ujeo -t- u1 o0 

J;eo 

e1(e;)e0 

where T• is the co-adjoint action on (AW-1)*. By proposition (4.11), the structural constants (A;k) of 

the algebra (A~;- 1
)• (where 0-= I:;.:I Afjek) are given by 

n-1 

.4f1 I: w;q Yt, 
t=l 

It is now easy to see that for C;j (1 :5 i,j :5 n -1) we have; 

so that 

CiJ = C(ei,ej) 

C( ,Jjib-1 (e;), ej) 

C(TJ-l(e;)en, Ej) 

= C(en, TJ,-1(edej) 

n-1 

= C(en, L A~1ek) + C(en,eo)9ij 
k=l 

n-1 

cij = ·thjCno + L Atjcnk 
k=l 

These equations are of course equivalent to ( 4.23). Indeed, since 

we have 

C(en, TJ. irr;:_.ei)eJ) = C(en, Ti,.,;p-1 

= C(en, r:,;;-l(ei)ej) 

= C(en, TJ~i(ei)T;,e1 ) 

(4.25) 

But this can be made even more transparent, in order to see it, let us extend VJ to 1/,1 : A~t 1 
·• (A{rP t 

by 
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Then 1/1(en) T;nen = eo and ¢(e0 ) = r;oen = en and 1/il.4.w-l Hence it follows that 1/J is non­

degenerate whenever ;j; is. It is now clear that we can define G: (A~+l )* A~; 1 so that G and 

G(ei) = 1:;;;~ 9ikEk where 9ij for 1 $ i,j :s; n I, so that Gl.4.w-l G. 

In exactly the same way as before, it follows that the binary operation ; (AW-1 )* x (AW-1 )* -, 

(AW'1 
)" defined by 

a C:, /3 = TJ-1 (o)fj 

(a, f3 E (Aft1 )*) induces a commutative associative algebra structure on (Af/1 )* with 1/J being a homo­

morphism. Hence¢ establishes an isomorphism between (At\; 1 ,*) and ((A";1)*,8). 

Note that in the "new" algebra, the psuedo zero is eo and en is the unity which can be seen by the 

identities 

eo e1 0 for 1 $ i $ n en 8 D: = a: for all a E {AW"1)*. 

Now let a.,/3 E (AW-1
)", then 

n 

a= a 0 eo + (L aiei) + ane11 

i=l 
n 

/3 /J0eo+(L8iei)+fJnen 
i=l 

Then it follows that 

n-1 n-1 n-1 

a 8 /3 = ( L Yi5a\Ji +an/Jo+ a 0 /311 )eo + L( L ait3J )i;5 + an,r3t + atfr)et + an/311en 
i,j=l t= 1 i,j=l 

To obtain the solvable part, A~., we put en:= 0 and an,µn := 0. So that the above becomes 

n-1 n-1 n-1 

a/)!3 ( L 9ija.i /Jj)eo + L( L 0:\115 .4}i)et 
t.=l i,j=l 

or 
n-1 n-1 

= L( L aifJj AL)ei 
t=O i,j=O 

where 

1 :5 i,j,t $ n - I 

A&i = 0 0 $ i,j $ n - I 
'o Aii 9ii I$i,j$n-I 

Factoring (A;;1 )* over the ideal, Keo, we obtain (Aw 1 )* with 

n-1 n--1 

a{!>/3 L(LaifJJA:1)ei a../3E(A~;1 )* 
t=l i,j=l 

Coming back, all we need is 
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Proposition 4.17. The matrix (9ij hsi,j:5,n-l defines an extension of (A~-.:- 1 )* by 

eiGej + 9ijeo 

e;0eo 0 

0 for 15,i,j :S:n I 

To obtain (AW-1)*, we simply add the semisimple part (i.e. the identity). 

Now note that for O 5, i,j 5, n - I 

for 0 

C(en, r;~l(ei)ej) 

C(en, e; 0 ej) 

i,j 5, n - I 

( 4.26) 

(4.27) 

(4.28) 

The relation at (4.28) explains now why we get all the symmetries needed for the coefficients C;j from 

the coefficients Con-

4.3.2 

We now consider (W.?hsi,j:5,n-l degenerate and try to extend the ideas in [2] to further explain this case 

introduced in [I]. Define, as before 
.1,. An+l _, (An+l)• 
o/. w w (4.29) 

Recall that ;/J is bijective if and only if t/; is. Clearly we can also extend G to 

n 

G( e;) = L 9ikek (4.30) 
k=O 

where (g;k)o9,k-5,n form the Penrose inverse to (W,?)o-;;;i,j:5,n and 9ik for 1 <::: i, k $ n - 1. 

Define the projector P = t/;G and let Q G¢. 

Now consider the onto function t/; : Af;1 
--, t/;(AW- 1 

). Define ® : t/;(A";1
) x t/;(AW-1

) --, t/;(A~-:!"'1 ) by 
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It is easily checked that ® is a well defined binary operation. Moreover 

Proposition 4.18. ® defines an associative commutative algebraic structure on ip(AW- 1
) with the fol­

lowing diagram commutatfoe. 

where J(x +ken/;)= f/;(x) forms an isomorphism of associative algebras, 1r is the natural projection and 

¢ is an associative algebra homomorphism. 

Proof. Clearly the diagram commutes and that J is a well defined bijective linear map (isomorphism 

theorem for vector spaces). All that is left to show is that ® is an associative operation and that 1/; and 

J are homomorphisms. First note that 

So that 

= 

Tc,1,(e'l r;i en 
n 

"'nrikT,* y• L..., · n G(ek) ei en 
k=O 

n '°" \vik T* L..., ·t· n 9kt e' 
k=O 

n n 

LL it'!kYktiV;,fv1(em) 
k=Om=O 

n n 

1j•(ei) ® ij;(~) =LL w~kg1.:tW~1,b(em) 
k=Om=O 
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Now 

Hence 

n 

(1/>(ei) ® 1/J(e1)) ® 1/;(cP) = L W!k9kt W,;{(1/.1(em) ® 1/•(eP)) 
k,t,m=O 

n 

L w~k9kt(W,;;W,:"q)9qs W?iti(e1 ) 
k,t,n1,J,s,q=0 

n 

L w~k9ktW;hqW~nt9qsW?w(e1 ) 
k,t,m,J,s,q=O 

n 

z:: 
m,J,s,q=O 

n 

1,/;(ei) ® ( L w~k9ktlfi;f1jJ(em)) 
k,t,m=O 

n 

L W1k9ktW~(1/J(ei) ® 1/J(e"')) 
k,t,m=O 

n 

L wtgkt(W~W,~q)9qs w;m1J0(e1 ) 
k,t,m,J,q,s=O 

n 

= L (W~k9ktw~t)W!q9qsWJm1/J(e1) 

= 

k,t,m,f,q,s=O 
n z: w;1w::?9qsw;mvJ(e') 

m,f,q,s=O 

n 

z:: 
m,J,q,s=O 
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It follows that ® is associative. The fact that VJ is a homomorphism is deduced from 

n 

L w~k9ktHl;{11'!(em) 
k,t,m=O 

n 

L w~k 9kt W;{ w;:iq eq 
k,t,m,q=O 

n 

= L w~k9ktwtiw;:iteq 
k,t,rn,q=O 

n 

I: w~mw,;,:1eq 
k,t,m,q=O 

n 
~ k jt 
L.., W! Wk et 

k,t=O 

n 

= I:wt'!/J(ek) 
k=O 

k=O 

and since 

J((x+ken/;) *(y+ker'!/J)) = J(x*y+ker'!/J) '!/J(x*y) 

= '!/J(x)®'!/J(y) 

= J(x +ken/;)® J(y + ker1f'!) 

we see that J is a homomorphism and so the result is proved. 

Let us look at the operation ® more closely. Note that 

Hence we see that the algebraic structure is independent of the Penrose inverse, G. 

Let us extend ® to the whole space (A~t1
) *. Define, for a, /3 

or 

57 

An+l w, 

□ 

(4.32) 

(4.33) 

(4.34) 



Note that this parallels the form given in [1), where the coordinate form is given. Also, 

Hence 

Tc((J)lj,,G(a) 

TG({3)TG(a)en 

= TG({3)•G(a)en 

Tc (a) *G (/3) en 

Tc(a) P(/3) 

( 4.35) 

It follows that ® is a commutative binary operation. If we further assume that ® is associative and that 

[] 1ji(x) E 'lj;(A~1
) then 

Cl'® f3 

T * , (An+l) G(a)•x E 'lfJ W 

Now note that for O:::; i,j :::; n we have 

n n n 

L 9jm(T;mei - L Yit w~qT;meq) + L YimT;mej 
m=O t,q=O m=O 

n n n n 

L YJm(L wimf e, L Yit w~qw.;n1 e J) + L 9im W_;"1 e J 
m=O /=O f,t,q=O m.f=O 

n n n n 

°E(L YJmwt' L YJmYit w~qw.;n1 + L Yim w;1)e, 
/=0 m=O t,q,m=O • m=O 

Hence we get 

Proposition 4.19. Jf ((A~1 )*,®) is an associative algebra, then the structural constants defined by 

are given by 

n 

e; ® e1 L A7Jek 
k=O 

n n n 

A[ L YJm wt1 + L Yim W_;"1 - L Yjm9it w~qwqmf 
m=O m=O t,q,m=O 

Note the equivalence in the above proposition and that given in [l). We shall come back to this hut 

first we will now show that in the degenerate case, Con = 0 
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Given a Quadratic Casimir Con (AW- 1 )* and if we look into the algebra ((AW- 1)*, 0), (where defines 

the algebra using C as before as defined in proposition (4.10)), we see that the action Le,,, : (A~;1)* 

(AW- 1 )* defined by 

gives 
n 

Len (e;) Cnoei + L Cn;T;;ei 
j=l 

(4.36) 

Now, since Te; is nilpotent, r;1 is nilpotent, hence Len has semi-simple part equal to Conid. Hence 

Proposition 4.20. The algebra ((A~V1 )*,0)), is an algebra with unity if and only if Con-::/:- 0. The 

pseudo zero of ( (A~t1 )*, 0) is e0 and the unity can be written in the form 

(4.37) 

Note the action 

(4.38) 

by above, if Con -::/:- 0, then 

n + I rank( Le,.) = rank( 1/; o C) ::; rank( 1/;) ::; n (4.39) 

so that Con is indeed zero. Hence we have, 

Proposition 4.21. The algebra ((AW-1)*, does not have unity. 

Now, the idea is to generalize proposition 4.15 in accordance with [I]. Now, since 1/J is degenerate, 

we assume the solvability condition (equation 4.11) has a solution and as shown in [I], the solvability 

condition (within the new framework) is easily seen to be the requirement that Tb(e,,/' E 1/;((AW-1
)) i.e. 

Vi, 0::; i $ n E AW- 1 such that 

(4.40) 

Then we have 

Proposition 4.22. The invariance condition 

( 4.41) 

follows from the condtion that 

( 4.42) 

where O ::; i,j,s :S: n and x;,Xj are as from equation (4.40) whenever we assume that Tb(en)e, E 

1/;((AW-l)). 

(4.43) 
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Proof. Recall that Con= 0 (the degenerate case), and we have seen that Cjo O for O :S j :Sn -1. Note 

that the formula given in equation ( 4.42) automatically ensures that C,0 0 for O :S s :Sn, since for e0 , 

the element x0 = en and en is the pseudo zero element. Also note that since 

it follows that the term C(en,1/!(xi) ® 1/!(x1 )) is well defined. 

Note that where 1j,,(x
1
") = T':.( )T\ej. Now, 

C en e 

.From the other side, 

and we see that 

and we are done. 

C(ei, r;kej) = C(en, 1/;(x,) ® 1/J(xj)) 

C(en, 1/;(x;) ® (T'e:c ... l;ke1)) 

C(en, 1/J(xi) ® (T;k T6(e.,)ej)) 

= C(en, 1,/J(xi) ® (Te\1/;(x1 )) 

C(en,1/J(x,) ® 1/;(TekX1 ) 

Finally the formula for Cij can be written also in the form; 

cij C(en, 1/;(e;) * 'tj;(ej)) 

C(en, Tc;,j,(e,)1P(ej)) 

C(TG-rp(e;)en, 1/;(ej)) 

C( 1/;( e;), 1,/J(ej)) 

We remark that comparing the form 

( 4.44) 

(4.45) 

( 4.46) 

□ 

( 4.47) 

of the coefficients C;J in the case when 1/; is degenerate with the form in equation (4.28) when 1/; is 

assumed to be non-degenerate explains the remarkable similarity of these cases mentioned in [1]. Indeed 

the coordinate form of ( 4.4 7) is given by 

n 

C;j LADCnt (4.48) 
f=O 

where A{j are as in proposition ( 4.19). 
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4.4 Conclusion 

We have considered the "universal" extensions and the Casimir invariants from the new viewpoint set 

out in [2], by commutative associative algebras. 

vVe have given a clear algebraic meaning of the quadratic Casimirs via these structures - Proposition 

(4.22) and (4.23). Consequently, we are able to give much simpler and transparent proofs to the results 

about the extensions and reductions of the quadratic Casimirs- see section (4.3) 

We also managed to give a clear algebraic meaning to the case where 1/J was degenerate and explain 

the results (within the framework set out in [2]) given by [1] where [2] had left off. 

We believe that taking into account the important applications of the structures we are considering in 

the theory of Poisson-Lie structures the results of this work will stimulate further research both in the 

theory and in the applications. 
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Appendix A 

It is shown that, through a series of lower-triangular coordinate transformations, we can change W(I) 

into the identity matrix whilst preserving the lower triangular nilpotent form of W(2l, W(3l, ... , W(n). 

([1]) By [1], if the coordinate transformation M is of the form A! I+ L where I is the identity and L 

is strictly lower triangular, then i,v-(I) ::c l1J-1 w(l) l\f still has eigenvalue 1 and the matrices 

( 4.49) 

( i > 1) are still nilpotent. For i > 1 we have 

i-1 

1v11 + w11L1 w11 + ~1v1kL1 +LI 
, iJ t L....,•k i, 

(4.50) 
k=2 

since W1k k 1. Clearly, we can always solve for so that Wl1 rnnishes. It follow then that WJ1 
becomes .5{. 

Wt' now proceed inductively on i. For i 1, it is clearly true. Assume now that W:1 = 5{ fork < j. 

Hence 
n n n 

Lw?w/m = LWt"Wl1 = LwfmcSt (4.51) 
t=l t=l t=l 

Since i > 1 we get that 

n n 

Livfivlm L"'t1Wl1n - lv;11wJm 
t=2 t=l 

W.lm 

' 

and for k < j we get 
i-1 

Lw,nw/m = o (4.52) 
t=2 

Using the inductive hypothesis, 
i-1 

~ Wtl 5m wml 0 
~ 'I. t 1, 

(4.53) 
t=2 

Hence, 1vr1 8f' and we are done. 
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Appendix B 

Here we introduce the notion of an inverse of a linear operator in a finite dimensional vector space over 

C, i.e. we consider the operator to be a matrix. 

Suppose V, W are finite dimensional vector spaces over C and that A : V ........ 1V is a linear map. It 

follows then that we can assume V cm, TV en and choosing the canonical bases in these spaces, A 

can be regarded as am x n matrix. We identify the spaces ct and (Ct)• through the bilinear form given 

by 
t 

(u, v) = L u;v; (4.54) 
i=l 

where the bar is complex conjugation. Then the conjugated operator (matrix) A* is the Hermitian 

conjugated matrix. Consider now Im(A), the image of A as a vector space of dimension r (hence A has 

rank r). We can assume that A gof where f: cm ........ Im(A) and g is the inclusion map of Im(A) into 

en, i.e. 

I 9 cm -_: Im( A) .:::::::F en 
A 

Note that f and g are thus surjective and injective respectively. So, it now follows then that A• r o 

g* and f* is injective, g* is surjective. It is also obvious that Im(A*) (kerA)1-, ker(A*) = (Im(A))1-. 

Now 

Lemma 4.1. Let F: er ........ en be an injective linear map (or equivalently of rank r ). Then the operator; 

(4.55) 

(where we identify (CP and (CP)• as before} is the orthogonal projector onto the space Im(F). 

Proof. Since (Im(F))1- ker(F*), the map F* F : er ........ er is invertible. Now, if x E Im(F). Then 

X = F(y) for some y E en and we have 

(4.56) 

If x E (Im(F))1- = ker(F*) then P(x) 0. It follows that Pis the orthogonal projector over Im(F). 

As every orthogonal projector P satisfies P 2 = P, P* = P. D 

We can now apply the above lemma to the injective maps g and f* and we obtain two orthogonal 

projectors, Pi onto the space Jm(A) and P2 , onto the space Im(A*) by 

(4.57) 
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Let us define the operator AG : iv -t V of A by 

Then it is easy (if not tedious) that 

( 4.58) 

(4.59) 

(4.60) 

Definition 4.2. The operator AG, satisfying equations (4.59) and ( 4.60), is called the generalized Penrose 

inverse of A. 

Proposition 4.3. The generalized Penrose inverse exists and is unique. 

Proof. By construction, we see the existence of AG. We now show that it is unique. Assume that there 

are two operators, A1 and A2 satisfying equations ( 4.59) and ( 4.60). 

We know that A1A P2 , hence A1AA2 PzA2 • But A 2A= Pz and A 2 AA2 = A 2 implies A2 = 

PzA2 A1AA2 and we get that A1AA2 A2. 

Now, also since AA2 = P1 we get that A1AA2 = A1A and from AA1 = Pi and A1AA1 = A1 we get 

A1 Pi = A1 which then leads to A 1AA2 = A1 • And hence from the above we get that A1 A2 • □ 
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