













































































in Section 1.2, a control transfer function for the relative displacement of the mass can easily

be determined [6].
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Ground Acceleration Transfer Function = = (1.21)
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The relative mass displacement can easily be converted into the force on the mass by mul-
| tiplying by the spring constant k. A more detailed block diagram than the one given in Figure
1.2.1 can now be developed and is illustrated in Figure 1.3.2.
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Figure 1.3.2: The Expanded Model for the Force Feedback Control System,.

Using block diagram algebra a total transfer function for the whole force feedback system
can be formed. This can then be used to determine the system bandwidth as well as the
sensitivity to various forms of ground motion. The transfer function of each component will

affect the overall system response so a thorough understanding of each part is imperative.

1.4 The Displacement Sensor

At the heart of any inertial seismometer, with or without a feedback System; is the sensor that
measures the relative motion of the mass. Although some seismometers use velocity transducers
to determine this relative motion, this thesis involves the use of displacement transducers. These
displacement sensors measure the relative displacement between the ground and the mass of

the system.. The limits imposed by the displacement transducer characteristics are often the
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fundamental limits to both sensitivity and bandwidth of the entire seismometer system. For
inertial seismometers it is not always necessary that the displacement sensor has a long range, as
the relative motion between ground motion and the mass is relatively small. For force feedback
systems this movement should in fact be almost zero as the system controls the mass at a fixed
position in relation to the ground. It is therefore much more important that the displacement
sensors be fast and accurate, as these are the critical factors influencing the performance of the
seismometer. There are numerous different types of displacement sensors, some more useful in
seismometry desigﬁ than others. A brief overview of the major types of displacement sensors

is given in the next section.

1.4.1 Major Classes of Displacement Sensors
1.4.1.1 Resistive Displacement Sensors

These displacement $ensors, cornmonly known as potentiometers, consist of an electrically con-
ductive wiper that slides against a fixed resistive element|7]. These potentiometers can be either -
rotary or linear, depending on the displacement measurement required. The resistive element
is then set up electrically in a voltage divider configuration for which the output is a function of
wiper position. A voltage Vi, is applied across two of the potentiometer terminals. The voltage
Vout between the wiper terminal and the electrical groﬁnd can then be measured. This system
would be implemented in an inertial'seismometer by attaching the wiper to the mass whilst the
fixed resistive element remains attached to the ground. The output voltage from the voltage
divider would then be a fundion of the relative motion between the mass and the ground.
Most voltage measurement techniques require the use of an external resistance R,,, which
will draw some current from the potentiometer circuit|7] Ioy = %:%. This current results in a
non-linear relation between the wiper position and the output voltage, which is proportional
to the ratio between the external resistance of the measurement device and the total resistance
of the potentiometer R,. To reduce the non-linearity R, should be much smaller than R,,.
This will reduce the sensitivity of the measurement as the ratio between the input voltage and
the potentiometer resistance 7‘% is limited by the power rating of the potentiometer. For any
reduction in R, the input voltage will also have to be reduced, which will in turn reduce the

output voltage sensitivity.
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The accuracy or resolution of pdtentiometers largely depends on their construction. Po-
tentiometers are usually constructed from resistive wires wound around a central insulated
material. The conductive wiper is placed on the wound coils to produce the changing resis-
tance. The density of the wound coils and thevshape of the wiper determine the resolution of
the potentiometer. If the contact tip area of the wiper is reduced to below the diameter of the
resistive wire then the resolution is determined by the resistance of one turn of the wire. As
the Wipér moves from one turn to the next the amount of resistance wire change will be set by
the size of thé inner insulating material. |

The major advantages of using this type of system are its simplicity and ease of use. It
is also very cheap, as it requires only passive components. There are, however, some major
disadvantages. The contact between the wiper and the element will produce both frictional and
inertial loading, which will limit bandwidth as well as change the mass-spring characteristics
of the overall system. The parts will also undergo wear which will shorten the lifetime of
the system. As the technique is based on the use of resistors all the noise sources such as
thermal sensitivity will also affect the precision of the sensor. Noise signais will also be caused
by the intermittent contact between the various mechanical components of the potentiometer.
Due to their low sensitivity and high noise resistive displacement sensors are not often used in -

seismometers.

1.4.1.2 Inductive Displacement Sensors

Based on magnetic circuits, these displacement sensors can be either self generating or passi\}e[S] .
Self generating inductive sensors generate a voltage due to the relative motion between a coil
and core. Passive inductive displacement sensors require that an external power source is used.
A ferromagnetic core drives flux between a powered coil and an un-powered coil. The reluctance,
or flux drive limiting factor, of the system is easily altered by changing the location of both the
coils and the core. Displacement measurement can then be based on this change in reluctance
of a magnetic flux path. There are numerous configurations of the coils and core, depending . -
on the type of displacement measurement required. Sirhilarly to the resistive system, the core
could be attached to the mass of the system whilst the coils are fixed on the ground. Changes iu

relative motion between the mass and the ground would now shift the reluctance which would
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change the voltage induced in the un-powered coil.
In general the inductance of a wire can be given by [8]
b |
L=N— .
p | (1.22)
where L is the inductance, N is the number of turns cut by the flux linkages, and ¢ is the
flux. The voltage induced in the unpowered coil can now be given by [7]

dip

Ving pr

(1.23)
where M is the mutual inductance and i, is the curreht flowing through the powered coil.
From Equation 1.22 the sensitivity of the mutual inductance of the inductive displacement
sensor will be dependent on the coil density of the windings, as well as the size and position
of the core which determines the flux. The sensitivity can also be increased by increasing
the current ip, by either increasing the driving voltage or décreasing ‘the resistance of the
powered coil. As there is no actual contact between the coils, or between the coils and the -
core, the resolution should theoretically be infinite and even the slightest movement of the core
should produce a change in the mutual indﬁctance. Unavoidable noise sources does restrict
the resolution of most commercially available inductive displacement sensors {0 the micrometer
and submicrometer range[g][l.O], with the most sensitive claimed to measure with a resolution
of 10nm. The measurement of the induced voltage will cause similar problems to the voltage
measurerhent in the resistive displaﬁement sensors, and there is usually a trade off between high
sensitivity and high linearity. |
Although better than resistive displacement sensors, inductive sensors are quite a bit more
complicated. Their effect on the mass spring dynamics of the system is neglible and can easily
be incorporated into the whole system. The coils do require comprehehsive shielding to prevent
external signals éorrupting the measured seismic signals. Stray capacitance is also a problem |

which causes additional errors in the measurement.
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1.4.1.3 Capacitive Displacement Sensors

The capacitance between two §1ates is a function of the distance between them, the area of
the plates and the permittivity of the material between them. This characteristic can be easily
adapted to displacement sensing by fixing the permittivity and changing either the distance
between the plates, or the contact area (by sliding the plates ardund). Simple passive electrical
circuits can then be used to convert this chémge in capacitance to a usable signal. As there is no
actual contact between the plates, there is no real adverse affect to the mechanical sensitivity of
the seismometer. Capacitive sensors, however, usually have to be quite large and the plates quite
close together in order to obtain the required sensitivities. Slight errors in the orientation of
the plates can produce non-linear and inaccurate results when the plates are so closed together.
The control systems fixing the plates would also have to keep them very still to prevent them
from touching and producing large measurement erTorS, |

As mentioned before capacitance displacements sensors use a variation of some parameter

of the basic equation [8]
€A

°=3

where (' is the capacitance, € is the dieléctric of the medium between the plates and D is
the distance between them. The dielectric constant of air at 20° at latm is 1.00059[11] giving:
€ = 8.859 x 10712, The measurement of ?:apacitance has been advanced by Marioli,v Sardini and
Taroni {12] to resolutions beyond 1 fF for a range of about 10pF'. In the middle of this é:ange for
an interacting area of lem? the resolution of the capacitance displacement sensor will be in the
low nanometer range. For this exaniple the plates would have to be initially located closef than
200um from each other which could lead to the orientation and other errors diséﬁssed before.
Capacitive displacement senors have been successfully utilised in force feedback seismometers

in [5].

1.4.1.4 Ultrasonic and "Time-of Flight" Displacement Sensing

Ultrasonic transducers produce a pulse that will be reflected off nearby objects and sent back
to the transducer. The time taken between the sent pulse and the reflected pulse can be used to

determine the distance between the transducer and the reflective surface. This technique usually
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involves far longer ranges than those required for an inertial seismometer. Major inaccuracies
in the system can be caused by changing air conditions as well as misalignment of the reflective
surface. ‘

Other ultrasonic techniques are, however, used in the field of acoustic microscopy. A point
source of ultrasound is produced in a fluid and the transducer acts alternately as a transmitter
and a recéiver[13]. The relative phase and amplitude between the sent signal and the received
signal is then interpreted to determine the displacement between the transducer and the surface,
High resolutions of below 20nm have been achieved as discussed by Quate[14]. The problem
with achieving these high resolutions is that the operating frequency must be in the GHz range
and the fluid between the surface and the tfansducer must be helium which has been cooled to
about 0.1K. These difficulties make it impractical to use ultrasonic displacement detection in

a seismometer system.

1.4.1.5 Tunnelling Detection Scheme

A tunnelling detection scheme, as used in a scanning tunneling microscope, involves the mon-
itoring of a tunneling current through an air gap between a tip and a surface. A voltage is
applied between the tip and the surface and this produces the curreﬁ.t through the air gap.
Minute changes in the distance between the tip and the surface produce a change in the tun-
nelihg current. The size of the current can then be used to determine the distance between
the tip and the surface. In order for the system to work the tip must be located about several
angstroms from the surface.

Although highly sensitive to displacement, therg are a few probléms in using a tunneling
displacement detection scheme for inertial seismometers. The extremely small range of these:
devices means that the mass cannot really move much at all under force feedback conditions,
limiting the mechanical sensitivity of the system. The tuﬁnéling process is also sensitive to
the material across which the tunneling process takes place, and contaminates present on the
- surfaces affect the process dramatically[lﬁ]. At these low ranges there will also be intersurface
forces between the tunneling tip and the surface. Thié further complicates the problem and
leads to errors in displacement measurement. Tunneling displacement detectors have, however,

been incorporated into accelerometers and seismometers with some success [5][15].
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1.4.1.6 Laser Interferometer Displacement Sensor

Laser interferometer sensors are successfully used iﬁ atomic force microscopés. They use lasers
to monitor the deflection of a tip located very close to é surface. The intersurface forces
responsible for the deflection of the tip vary 'accordin‘g to the distance between the tip and the
surface, but have a range of about 30nm. In the simplest form, as discussed in [16], a laser beam
is focused on a lever supporting the force sensing tip, and the beam is then reflected back onto
two closely spaced photodetectors. Any small change in the deflection of the lever will cause one
photodetector to receive more light than the other one. The outputs of these photodetectors can
then be put into a differential amplifier to determine the extent and the direction of the beam
deflection. More complicated systems involving beam splitters and different noise reducing
conﬁgurations are discussed in detail in the preceding chapters of [16]. |

As they can involve intersurface forces laser interferometers are also highly sensitive to
changes in displacement. They are successfully used in atomic force microscopy right up to
atomic resolutions. Lasers are however quite big and bulky and need to be focussed very
carefully in order for the system to work. This é,dds to the size and the complexity ofv the

seismometer,

1.4.2 The Tuning Fork Displacement Sensor

For this project the usual displacement sensors used invinertial seismometers were disregarded in
favour of trying to use the tuning fork displacement sensor. This relatively small and easy to use
‘device offers similar accuracies to the other atomic force diéplacement sensors. Grober, Acimov
et al[17] establish that these tuning fork displacement sensors are possibly the most sensitive
displacement sensors available. This thesis airﬁs to show that the tuning fork displacement‘
sensor can effectively be used in a simple force feedback system to significantly decrease the
size o’f inertial seismometers without decreasing accuracy or bandwidth.

The tuning fork displacement sensor operates by vibrating a miniafure high speed piezoelec-
tric tuning fork at or near its resonant frequency. The tines of the tuning fork are then brought
into closé proximity with a surface. Because of the interactions between the surface and the
tines, the characteristics of the tuning fork will change. The strength and direction of these

interactions vary with displacement from the surface, so by monitoring the operating charac-
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teristics of the tuning fork, the distance between the tines and the surface can be accurately

determined. The tuning fork approaching a surface is shown in Figure 1.4.1.

Piezoelectric
Tuning Fork

IDi splacement

Surface

 Figure 1.4.1: The Vibrating Tuning Fork Approaching a Surface. Standard
32.768kH z piezoelectric tuning fork crystals are often used. The outer packaging is removed to

access the actual fork protected inside.

The operation of a piezoelectric tuning fork as the displacement transducer of force feedback
seismometer requires that each component of the system be thoroughly understood. First off the
interaction between the tuning fork and the apprbaching surface must be well characterised, so
that the best operating distance can be determined. Accurate models of the tuning fork need to
be developed so that the system can be controlled to make accurate displacement measurements
possible.. The effect that a change in displacement will have on the operating characteristics
of the tuning fork also needs to be modelled so that the syétem can be accurately controlled
in a force feedback set-up. This thesis aims to address each of these components to establish
whether the piezoelectric tuning fork can be used as the displacement sensor ih a force feedback

seismometer system, and to determine the limits of its operation.
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Chapter 2

The Contact Model

The force between the approaching surface and the tunihg fork cén basicallj} be divided into
two constituents. The first is the force associated with interatomic particles which gives rise to
both intermolecular and intg;surface forces. The other force is that associated with the passage
of air b'etweeh the vibrating piezoelectric tuning fork and the surface. These forces combine to

give a total contact model between the tuning fork and the surface.

2.1 The Interaction Potential

2.1.1 Introduction

In the field of intersurface forces, it can be instructive to build the study from the bottom up.
Two sources were consulted in detail when compiling this section on the interaction potential:
"Intermolecular and Surface Forces" by Jacob Israclachvili [18] and Chapter 13 in "Scanning
Force Microscopy" by Dror Sarid [19] Much of the information presented in this section is
summarised from these two sources. Interatomic forces combine to form molecules, which give
rise to intermolecular forces. Intermolecular forces can then combine to form surfaces and
structures which will in turn allow intersurface forces to be deﬁned.

In nature there are four distinct fbrées. Two of these are weak and strong interactions that
act between neutrons, pfotons and electrons. The other two forces are the electromagnetic and
gravitational interactions that act between atoms and mblecules as well as the sub-atomic par-

ticles mentioned before. The strong and weak interaction forces are short ranged {< 10™%mm)
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whereas the electromagnetic and gravitational forces have a far larger range, varying from
subatomic to infinity. ‘ |

Initially in the development of the théory of intermolecular forces it was bgélieved that one
simple force law, similar to Newton's gravitational law for gravitational force, would be found
to account for all the intermolecular attractions. This gave an interaction potential between

two molecules of the form:

' —Cmyme
which is related to the force law between them given by:
Fr) = _d(w(r)) =-A—-nCm1m2 | (2.2)

d(r) rnt+l

Where my and my are the molecular masses, r is the seﬁaration, C is a constant and n is
some integer believed to be of the order 4 or 5. The power law n is chosen by considering a
region of space where the number density of the moleculés within the région is p- Using an
attraction potential between two ﬁolmules of the form w(r) = w% all the interaction energies

* of one molecule with all the other molecules can be added together. Now if the region of space
is spherical, the number of molecules in a region between r and r + dr can be calculated using
the formula for the volume of a spherical shell, where r is the radius and dr is the thickness.
This gives p4’zrr2d?“ as the total number of molecules in the shell. The total interaction energy

of one molecule with all other molecules in the system will therefore be given by:

N L ' .

Total Energy = f w(r)pdnridr . (2.3)

I3 .
where ¢ is the diameter of the molecules and L is the size of the system. ‘Substituting in
w(r) =~-£ and'pexforming the required integration gives:
40 o \n—3 | o
¢ =t 1 (= ‘ 2.
Total Energy = =3 (0 ‘{1 - (L) ] ‘ (2.4)

It has been determined experimentally that the interaction between molecules is finite and

of a relatively small distance of about several hundred angstroms. Since o must be smaller than
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L which means that ¢ < 1, the large dist;éﬁce contributions to the interactions will disappear
only for n > 3. This implies that the interaction is mainly between cldse neighbours and does
not vdepend on the macroscopic size of the system. Gravity with an interaction potential power
law of n = 1 is a much more far aéting force, and macroscopic size remains a factor as can be
seen with distant planets and stars interacting over vast distances.

As mentioned previously there is an association between the distance dependent interaction
energy between two molecules, and the force field that exists between them. This is called the
free energy and is é,ctually the available mechanical energy. ‘

A rough guide to the strength of the interaction energy between molecules can be obtained
by comparing this energy to the thermal energy given by KT, where T is the temperature of
the thermal bath surrounding the molecules and K is the thermal constant of the molecules.
The relationship between the two energies can best be described by considering the liquid and
gas states of a substance. Due to their greater separation the interaction energies between
molecules in a gas will be much less than those in a liquid. If the amount of energy required to
convert the liquid into a gas is considered as the energy required to move the molecules further
apart, the link between thermal energy and interaction potential can be seen. The two energies -

can be related by the well known Boltzmann distribution,

pp+ KTlog X1, = pg + KT log Xo T (25)

where p; and i are the interaction energy of a particle molecule in a liquid and gas state,
and X7 and X¢ are the conéentrations of the molecule in liquid and gas form.

Intermolecular forces can be loosely classified into three categories. There are the purely
electrostatic forces that arise from the Coulomb forces between charges. Secondly there are
the polarisation forces that arise from dipole moments in&uced in atoms and molecules by the
electric fields of nearby charges and permanent dipoles. Thirdly there are the forces that are
quantum mechanical in nature. Such forces give rise to covalent or chemical bonding, and to
the repulsive steric or exchange interactions that balance the attractive forces at short distance.
These categories should not be considered rigid as certain important forces like van der Waal’s

force cannot be classified completely. Each of these categories are now considered separately.
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2.1.2 Covalent or Chemical Bonding Forces

When two or more atoms come together to form a molecule, the forces holding the molecule _
together are called covalent forces and the bonds formed aré called covalent bonds. Within the
molecule eleétrons are shared between atoms so the discrete nature of the atoms is lost. The
number of bonds that each atom can have, its stoichiometry or valency, depends on its position
on the periodic table. These bonds are highly directional and this controls the atom orientation
within a molecule. Covalent bonds are short ranged in the order of atomic separations. They, ’

like most intermolecular interactions, decrease in strength with increasing distance.

2.1.3 Physical Bonds -

Physical bonds give rise to forces between unbonded discrete atoms or molecules. Physical
bonds lack the specificity and strong directionality of covalent bonds. Molecules can move
about and rotate whilst still remaining b.oxllded to each other. Physicél bonds do not radically
change the electron fields of the bonding atoms. Physical forces can be as strong as covalent
forces, but are of significantly longer range, making them the regulating forces in all phenomena,
that do not involve chemical reactions. Physical bonds éan be divided into Coulomb forces or
charge-charge interactions énd ionic forces. _

The inverse square Coulomb force between two charged atoms, or ions, is by far the strongest
of the ‘considéred physical forces. It is stronger even than then most of the chemical binding
forces.

The Coulomb interaction energy between two charges ¢; and ¢ is given by,

and the Coulomb interaction force can be given by

_dw(r)  qg 1

Flr) = d(r) ~ 4meger?

(2.7

where ¢ is the dielec‘qric constant of the medium and r is the distance between the two

charges. For typical interatomic distances the energy of these bonds turns out to be in the
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region of Q'ODK T which is qhite similar to the ener'gies of the covalent bonds, indicating that
Coulomb interaction is very strong and of long range.

One important aspect of Coulomb forces is range. The inverse distance depehdence of the
Coulomb energy aﬁpears to-make it very long rzinge, in apparent contradiction to what was said
earlier about all intermolecular interaction ehergies having a distance dependence of at least
;lg. Since positive atoms always have negative atoms nearby, whether in a lattice or a solution,
the electfic field becomes screened and the energy decays more rapidly than for a truly isolated -
ion. |

Coulomb ‘forces between ions can combine together to hold the ions together in a rigid lattice.
These Coulomb forces can also be referred to as ionic forces and the bonds as ionic bonds. To
détermine the total interaction energy in the lattice the Coulomb energy of an individual ion

must be summed with all the ions in the lattice and not just its nearest neighbours.

2.1.4 Interactions Involving Polar Molecules

In many molecules one of the atoms will tend to draw_one or more of the shared electrons
towards itself. For isolated molecules this results in an 'asymmetric displacement of electrons
along the covalent bonds. This gives the molecule a permanenﬁ dipole. Such molecules are called
polar molecules. Permanent dipole moments only occur in asymmetric molecules and thus not
in single atoms. A characteristic dipole moment can be assigned to each type of covalent bond.
The dipole moment of a polar molecule is defined as u = g¢l, where [ is the distance between
‘the two charges +q and —gq. The interactions involving polar molecules can be divided into the

fixed dipole interactions and those where the dipole moment is induced.

2.1.4.1 Fixed Dipole Interactions

The first fixed dipole interaction is that between a charged atom and a polér molecule. If the
length of the dipole is {, with charges -tq at both ends and the ion is positioned a distance
away and has a charge @, then the total interaction energy will be the sum of the Coulomb
energies of the ion with —¢ and with +q at each end ff the dipole. The strength -of each of
these reactions wiil be dependent on the orientation of the dipole as this will determine the

distance that each of the dipole charges is from the ion. The basic interaction can be seen in
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Figure 2.1.1. ‘

Figure 2.1.1: The Interaction Between a Dipole and and Ion. A Similar arrangement
can be used for all interactions involving polar molecules. The individual ion can be replaced

by another fized or induced dipole.

At separations 7 exceeding the dipole length [ the distances AB and AC can be written

approximately as AB =~ r + lcosf and AC ~ r — lcosd. The interaction energy can then be

w(r,0) = —24 [ 4 !

" dmege | v — lcos@ " r+lcosf

calculated by:

which can be simplified to give:

Qucosf 1

w(r,0) = 4dmege T2

(2.8)

When two polar molecules are near each other there is a dipole—dipole action between them.
If two dipoles of moments u;and ug are orientated far enough apart so that the length of the
dipole !, becomes insignificant, the dipoles can be treated as point sources. The interaction may
be derived using a similar. procedure to that used for the ion-dipole interaction and is given by

the following equation.

— U1 U3
drege

w(r,01,02,0) = %3 {2 cos 6y cos B9 — sin @ sin 8, cos ] (2.9)

where §;, 8, and ¢ designate the orientation of the two dipoles. Equation 2.9 shows that
the maximum attraction occurs when the two dipoles are lying in line.
The dipole-dipole interaction is not as strong as the previous two electrostatic interactions.

They are already weaker than KT at distances of about 0.35nm. If the dipoles are closer than
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r = 3l, the dipole-dipole interaction is basiéally cancelled out by the coulomb charge between
the four component charges. This free energy is less than the internal energy of the dipole,

because some of the energy is taken up aligning the dipoles as they approach each other.

2.1.4.2 Interactions Involving the Polarisation of Molecules

The last categories of the electrostatic interactiané that need to be considered are those that
involve molecular polarisation. Basically this is the dipole moment induced in molecules by other
nearby molecules. The dielectric éonstant of & medium is a reflection of the way molecules of the
medium are polarised by the electric field. Besides the purely Coulombic interaction between
two charges or dipoles, all other interactions so far considered are essentially polarisation type
interactions.

All atoms and molecules are polarisable. Their polarisability « is defined as the strength of

the induced dipole moment u;,g they acquire in a field E | such that:
Uing = &E (2.10)

By displacing the electron cloud relative to the positively charged nucleus even non-polar

molecules can be polarised by an external electric field.

A nearby ion a distance r away from a molecule will produce an electric field E = ;25 .

This electric field will induce a dipole moment of:

aze 1 (2.11)

Uind = ol = —
i drege T2

This will lead to a reflected force field of the induced ion that acts back on the ion which is:

~2uipg 1. ‘
= — 2.12
4drege T3 (2.12)
s0 that the attractive force will be
_ 2
F = (-ze)E, = 2z’ 1 —Ea‘:E2 : -{2.13)

(4mege) T4 2
‘where E is the polarising field of the ion acting on the dipole. From Equation 2.13 it is
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" noted that the energy is half that expected for the interaction of an ion with a similarly aligned
permanent dipole. This is because the dipole is induced rather than being fixed and some of the
ener.gy is used polarising the molecule. Looking at the displacement of the positive and negative
charges in the molecule, internally absorbed energy can be calculé,ted. A freely rotating dipolar
molecule will orientate itself under the influence of an external field. In the presence of an
electric field the orientations of a dipole will no longer time average to zero, bﬁt will rather be
weighted along the diréction of the field.

The interaction between a polar molecule and a non;polar molecule is similar 'to the ion-
induced dipole interaction discussed earlier. The polarising field comes from a permanént dipole
rather than a charge. For a fixed dipole orientated at a specific angle 8, to a line joining it
to a polarisable molecule a distance r away, the dipole induced interactions can be calculated
from the electric field of the dipole. Then the interaction energy can then be calculated using

w = %%agEz, giving: :
—u?ap(1 + 3cos® 6)
2(dmege)?rd

w(r, §) = (2.14)

This interaction is not strong enough to orientate the molecules. Generally for two different
molecules, with a permanent dipole moment u;and ug and polarisability ag, and ag, respectively,
their net dipole induced dipole energy becomes:

—[urag, + ugcrg,] 1

w(r) = (drzos)? 5 (2.15)

2.1.5 Van der Waal’s Forces
2.1.5.1 Dispersion Forces

Dispersion forces act between all atoms and molecules and make up the third and most imp.or-
tant contribution to the total van der Waal’s force between atoms and molecules. They play a

role in adhesion, surface tension, physical absorption and other surface phenomena, and are in

" fact called dispersion forces as they are responsible for the dispersion of light in matter. They

are characterised as follows:

e They are of comparatively long range and can be effective from distances greater than

10nm down to interatomic spacings of about 0.2nm.
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e These forces may be repulsive or attractive and in general the dispersion force between

two molecules does not follow a simple power law.

@ Dispersion forces also account for some orientation of molecules, although this orientation ‘

is usually weak.

e The dispersion interaction between two molecules is affected by the presence of other
bodies. This non-additivity of dispersion interactions means that you cannot simply add

the individual pair potentials to obtain the total interaction.

Dispersion forces are quantum mechanical in origin, and a thorough explanation of these
. origins requires a study of qﬁantuﬁl electrodynamics beyond the scope of this discussion. The
origin of van der Waal’s dispersion forces can be understood intuitively by considering that, .
in every atom, there is an instantaneous dipole moment created by the electrons and nuclear
protons. This instantaneous dipole wiﬂ generate an electric field that polarises any nearBy
neutral atom, inducing a dipole moment in it. The resulting interaction between the two
dipoles gives rise to an instantaneous attractive force between them. This interaction has a
finite speed of propagation which means that retardatién effects must bé taken into account. '
Theses retardation effects are distance dependent and affect the interaction quite differently at
different distances. A |

A simple semi-quantitative model for van der Waal’s dispersion forces can be obtained by
considering the interaction between two Bohr atoms. In the Bohr atom an electron is pictured
Vto be orbiting a proton. The smallest distance between the electron and the proton is known as
-the first radius ag. It is distance at which Coulomb energy Z%’a‘d == 2hv, where h is the Planck

‘constant and v is the orbiting frequency of the electron. The resulting value for ay is,

e2

= o | i (2.16
ao. Fy— 0.053nm 1 : ( ' )

hv is the electron energy at the first Bohr radius and is equal to the energy required to
ionise the atom (known as the first ionisation potential).

The Bohr atom although having no permanent dipole will have an instantaneous dipole of

moment u = age. This dipole will produce a field that will interact with a second atom giving
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rise to an attractive interaction similar to the dipole induced dipole interactions discussed

earlier. The energy of this interaction can therefore be given by:

—ulayg 1. _ —{age)?ag 1

"GP S~ e i

w(r

Substituting the electronic polarisability of the second Bohr atom ag = 47r50a3 into Equation .

217 | . |

w(r) ~ ZZ%B’E)%}% (2.18)

A more accurate model was derived by London in 1930 using quantum mechanical pertur- -

bation theory. The London result adds a factor of % to Equation 2.18. T he interaction potential
for dissimilar atoms can be written as:

_§ QO; g, hl/lhl./'g _1_
2 (4neg)? h(vy. + vg) r8

w(r) = (2.19)

2.1.5.2 Combining the Interactions: Van der Waal’s between Polar Molecules

Three distinct types of forces contribute to the total long range interaction between polar
molecules, collectively known as van der Waal’s forces: those are the induction force, the
orientation force and the dispersion force, each of which has an interaction free energy that

varies with the sixth power of the distance. Thus for two dissimilar polar molecules we have:

. 9 9 u? u22 Saw, ag, hvyve
wu(r) = s 76 T (4meg)? 8
o : - (2.20)

There are some interesting and important properties of the combined van der Waal’s forces

listed below.

® Dominénce of dispersion forc_es. For most situations fhe dispersion forces exceed the dipole
dependent induction and orientation forces, with only highly polar molecules providing
the exception. Tota,i van der Waal’s forces can even, in some molecules, increase when the
dipole moments decreases. So dominant is the dispersion force that for dissimilar mole-
cules of which one is non-polar, the resultant van der Waal’s energy is almost completely

dominated by the dispersion force.
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e In various comparisons of experimental data with the theoretical values, the correlation

between the two is surprisingly good.

e In the interactions between two dissimilar molecules A and B, the coefficient C,q, for
A-B is often very close to the geometric mean of the interactions between like molecules,
A-A and B-B. This is an approximation but it works well for most molecules with the

highly polar molecules again being the exception.

2.1.5.3  General Theory of van der Waal’s Forces Between Molecules: The Mclach-
lan Model

The London Equation 2.19 has two serious disadvantages. It assumes that atoms and molecules
have only a single ionisation potential or absorption frequency, and it cannot handle interactions
of a molecule in a solvent. In 1963 Mclachlan generalised the van der Waal’s theory of two
atoms. It included the induction, orientation and dispersion force in one equation and could
also be applied to intera/ctiﬁns in a solvent medium. For two molecules 1 and 2 in a medium

the Mclachlan model is given by,

WGKTi > ay (ivn) ag (iva)

T (2.21)

where o (iv,,) and g (iv,,) are the polarisabilities of the molecules 1 and 2 and e3{ivy) the

dielectric permittivity of medium 3 at imaginary frequencies iv, where,

Vo = (2“}‘:@) n | @)

Frequencies can often be denoted by w where w = 27v, Planck’s constant can also be
denoted by ki where i = #%. ’ '
2.1.6 Repulsive Forces

At very small interatomic distances the electron clouds of atoms overlap and there arises a very
strong repulsive force that determines how closely two atoms can actually approach each other.

These forces are quantum mechanical or chemical in nature, and are characterised by having
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extremely short range and increasing sharply as two molecules come together, Unfortunately
there is no general equation to describe their distance dependence. Instead there are a number A

of empirical potential functions which have been introduced over the years.

o Hard Sphere Potentials: If atoms are considered as incompressible hard épheres the re-
pulsive force suddenly becomes infinite at certain interatomic separations. The radius of
this atom or spherical molecule is called the hard sphere radius or the van der Waal’s

packing radius. The hard sphere potential can be described by,
oA ) ) V
w(r) = (;) o {2.23)

where n = oo. ;

@ The power law potential is more realistic in that it allows for the compressibility of atoms.
The power law potential has little theoretical basis and is largely used for its mathematical

convenience. The power law potential can be written as,
o\ ‘ |
w(r) = (;) o (224)

where n is an integer usually taken to be between 9 and 16.

e Like the power law potential, the eprnential potential also allows for the compressibility
of atoms. Although having mére ‘th‘eoretical justification than the power law potential its

‘usage is also due to its mathematical convenience.

-

w(r) =ceso - ‘ (2.25)

where ¢ and g are adjustable constants.

2.1.7 Total Intermolecular Pair Potentials: The Lennard-Jones Potential

The total intermolecular pair potential is obtained by combining the attractive and repulsive

potentials into one equation. The best known of these equations is the Lennard-Jones or ’6-12’ A
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equation given as:

w(r) = ;‘?E - g =‘ de {(3)12 - (f)ﬁ} ‘ (2.26)

T r

This equation is widely used due to its simplicity, and although it does contain a few errors
it is a good approximation for the interaction potential between molecules. It has a steep
repulsive force and an attractive force with an inverse sixth power law which is the same as the

total van der Waal’s forces. The force law can be obtained using F(r) = %ﬁ to get:.

F(r) = 24e ["6 - 2“’12] (227)

43

The energy and force laws are plotted in Figure 2.1.2.
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Figure 2.1.2: The Lennax;d-Jcmes Potential for Enérgy and Force. Also knouwn as the
’6-12° potential the Lennard Jones potential is a reasonable approximation for intermolecular
forces. The attractive force, or negative energy, component has a van der Waal’s distance
dependence of n = 6. The repulsive force component has a distance dependence of n =12 in

line with the ezperimental values.

For the Lennard-Jones potential the value o is no longer the size of the molecule, but rather
the distance, rg, between interacting molecules where the interaction energy is zero. The energy

of the interaction, w(r), is at a minimum when the interaction force, F(r), is zero which is at
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the distance re = 1.120. The maximum force will occur when %ﬁ = (, which correlates to a
distance r, = 1.24¢. The values for the minimum energy and the maximum force are given in

Figure 2.1.2.

2.1.8 Interaction Potentials of Macroscopic Bodies
2.1.8.1 Contrasts between Intermoleculaf, Interparticle and Intersurface Forces

Intérmolecular forces are versatile in the sexf’ise that the same force can have different effects at
short and long ranges. The properties of géses and the cohesive strength of solids and liquids
are mainly due to the short range interaction that one molecule has with its nearest neighbours.
Only the Coulomb interaction is efffe:ctivelyi long ranged in that the energy decays slowly and
remains strong at long distance. However the Coulomb force is often much reduced in most
media, leaving the short range effects to dominate.

A very different situation arises when the interactions of macroscopic particles are consid-
ered. When all the pair potentiéls between all the molecules in each macroscopic body are

summed the combination has the following properti‘es,*

e The net interaction potential is proportional to the size of the particles. This means that

the energy can be larger than KT even at separations of more than 100nm.

e That the energy and force decay much more slowly with the separation. This makes
the interactions between macroscopic bodies of much longer range than those between

molecules, even though the same basic force may be operating in both.

.o If the force law is not purely attractive or repulsive all manner of behaviour may arise

depending on the specific form of thevlong range distance dependence.

These differences mean that the interaction potential may change much more slowly and
obey a very different distance dependence law to the intermolecular force and the Lennard-Jones

potential.



2.1.8.2 Molecule-Surface Interaction

Assuming once again that the interaction potential between two atoms or small molecules is
purely attractive and of the form w (r) = =%, the net interaction, assuming additivity, of a
molecule and the planar surface of a solid made up of like molecules will be the sum of its

interactions with all molecules in the body. This system is shown in figure 2.1.3:

Figure 2.1.3: The Interaction Between a Single Molecule and a Surface. The total

interaction will be the sum of the all the interactions between the molecule at =0 and all the

molecules in the surface. The s;urf;:ace encompasses aiétthe area for x > d. The surface should -
also be considered as three dimensional so that dz and dy are the length and thickness of a

circular ring of radius y.

For molecules in a circular ring dy thick and dz vlong, with a radius y, the ring volume is
Qx.x.di.dy. For a number density p, the number of particles in the ring will be 2x.z.dz.dy.p.
.Substituting these values into the interaction equation and integrating across the limits will
give the net interaction energy. For a molecule at a distance D away from the ‘surface the net -

interaction will be: .

2nCp [ dz - 2xCp

w(d) = —27C /wdm/w ydy E_— = -
T e d 0 ((:c2 + yz)%)n T on-2J; z? (n-2)(n—3)d"3
: , ' ' {2.28)
For van der Waal’s forces where n = 6 Equation 2.28 becomes:
' wCp A o
w(d) = —2=F A (2.29)
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2.1.8.3 Surface-Surface Interaction

Using the techniques that were seen in the previous section the interaction energy between two
planar surfaces a distance D apart can now be defined. For infinite surfaces the interaction
. energy would be infinite so the energy per unit surface area is considered. The system is shown

in Figure 2.1.4.
A
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Figure 2.1.4: Two Interacting Surfaces. The interaction between the two surfaces can be
built up by consides*‘iﬁg the interaction between each molecule within the surface of unit area

with oll the molecules within the infinite surface depicted by all values where z < 0.

Consider a thin sheet of molecules of unit surface area and thickness dz located a distance z
away from an extended surface area. As it is of unit surface area, the total number of molecules
in this strip' will be pdz. Using the molecule surface interaction equation from the previous

section the interaction of the thin sheet with the surface will be:

—onCp (pdz)
(n=2) (n— 3) "3 (2.30)
Thus the total interaction of the two surfaces will be:
__ =2mCp*  [* dz —onCp? |

This integral is basically the summation of the effects of all the molecules in one surface
~with all the molecules in the other. This interaction is for one surface of unit area interacting
with another surface of infinite area. In practice the interaction is more likely to be between

two surfaces of unit area. The interaction potential described in Equation 2.31 is then only
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strictly applicable when d is small compared to the surface area of the interacting surfaces.

2.1.8.4 Hamaker Constant

A very useful parameter when considering the interactions between macroscopic bodies is the

Hamaker constant A, which is defined as[18}{19]:
A =7%Cp;p, | - (2.32)

C is the coefficient in the molecule-molecule pair potential and p1,2 are the number density
of the molecules of the two interacting media. A is fairly constaﬁt and varies only on a small
range 0.4 x 1071 < A < 4% 1071%J.

For van der Waal's forces {n = 6) with the Hamaker constant in place the interaction energy '

between two surfaces becomes,
‘ —A

TR {2.33)

The method used so far in calculating the force and interaction energy ignores the effects
that neighbouring atoms would have on the interaction between any pair of atoms. The method
simple summed the effects of single molecules to obtain the total interaction. The correct way

“to account for these contributions is to solve the problem self consistently using the method
of images. This is what is done in the Lifshitz model for van der Waal’s forces f[lS]{iQ]. It
can, however, be noﬁed that the only thing changed by the application of these theories is the

Hamaker constant with the basic expressions remaining the same.

2.1.9 Interaction Potential and the Tuning Fork

.These models, although giving a very good idea, probé,bly do not describe the interaction
between the tuning fork and the surface exactly. This is because most of these models deal
with ideai systems, where the physical approach is perfectly perpendicular and the exact size
and shape of. the approaching surfaces is known. Unfortunately for the tuning fork, this exact
knowledge is very difﬁ‘cult to obtain. Hamaker constants, for instanée, change greatly depending
on the materials involved. They also can be quite difficult to determine. The tuning fork

orientation may vary and this would result in non perpendicular motion in relation to the
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surface. The size and shape of both interacting surfaces may change which would further
complicate the model. Another area of uncertainty .is the effect that the medium surrounding
the interacting surfaces will have on the interaction. Changes in the medium will no doubt
have an effect on the strength and distance dependence of the interaction, and would have to
be included in the already complicated theéretical model. |

However, these models do provide a very good idea of what happens in the interaction -
between the tuning fork and the surface. For most circumstances there will be a longer ranged
attractive force whose distance dependence will vary depending on the size and orientation of
the interacting surfaces. There should also be a much shorter ranged repulsive force, which
will grow rapidly as the tuning fork apprdaches the surface. The size of these forces will be
dependent on the interaction surface area and the make up of the two surfaces, and although -
the basic idea of the contact model is known the actual specifics would best be determined by

experimentation.

2.2 Air Effects

The second component of the force that will be experienced by the tﬁning fork when it ap-
proaches a surface has to do with the effect that the movemént of the surrounding air has on
the characteristics of the timing fork. As the tuning fork approaches the surface a change in
both the stiffness and resistance of the surrounding air will be experienced. These effects will
‘vary in strength with distance, so by monitoring the change in the tuning fork characteristics a
determination of the fork height above the surface can be made. The extent of these air effects
as well as their dependence on‘other variables such as pressure and surface‘area will be further

developed in this section.

2.2.1 The Basic Idea

The tuning fork displacement sensor can be modelled as a vibfating surface located a relatively
small distance away from a stationary surface. The movement of the vibrating surface would

force air in and out of the gap between the surfaces. The situation is depicted in figure 2.2.1.

'
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Figure 2.2.1: A Vibrating Surface above a Stationary Surface. The surrounding air
will move in and out of the gap between the two surfaces. Forces due to this air flow will be

expem'eﬂced by both surfaces which will affect the vibration characteristics of the tuning fork.

Rule, Suellentrop and Perls [20] consider how the air will move in and out from between the
two surfaces. As air is forced out between the gap the viscosity of the air causes the motion
of the piston to be resisted. Also as the air cannot escape immediately there is an increase
in pressure whi(;h results in an elastic force on the vibrating surface. At low freqkuencies‘, it is
easier for the air to mové out from in betweeﬁ the surfaces which reduces the pressure increase
or elastic force on the vibrating surface..i This means that the resistive frictional force will be ,
maximum at low freqﬁencies. At high frequencies much less air will be able to flow which means
that the resistive forces will be small whilst the elastic forces increase. |

Other than the distance between them, there will be other factors that influence the size and
nature of the force between the vibrating surface and the stationary surface. The characteristics
of the air between the surfaces, such as temperature and pressure, will change the wa;y the air
behaves, changing the force between the surfaces. Other major factors will be the size, shape
and orientation of the two surfaces, each of which will greatly affect both the volume and shape

of the air flow between the surfaces.

2.2.2 | Mathematical Model

The theory for the air effects of the air gap between a vibrating circular piston and a stationary
surface has been given in detail by Crandall in the book "Theory of Vibrating Systems and
Sound"[21]. Although the book deals with sound transducers, the situation 6f one cylinder of
arbitrary surface area vibrating above another stationary one is considered and can be applied

to the approximation.
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Basically, the vibration of the circular membrane will cause an increase in pressure in the
air gap between the surfaces which will deéend on the size of the vibration. The relationship

for the pressure increase is given by the eép;ation:

L B4 ' (2 34)
PTO\D | ‘

Where B is the atmospheric pressure, D is the distance between the two surfaces and d is

the vibration displacement. This change in pressure will cause a flow of air in the air gap. Air
will either be forced out, if the displacement is towards the surface, or more air will be let in,
if the one surface moves away from the other. The resistance coefficient to this flow of air is
calculated using the equation for laminar flow between two plates,
.12
R= i

" D2
f

(2.35) |

where ¢ is the viscosity of the air, and the inertia of the air has been neglected as it is small.
Using the velocity of flow and the resistance coefficient, Crandall, using Bessel functions for
circular membranes, determines a pressure function for the air gap. By integrating across the

volume, values for the total resistance and elastic stiffness of the air gap can be given as [21],

) : - 2nrB iaeia?'.bei’ ar -+ berorber’ ar
i = = - .
Resistance =(4 waD [ beilar + berar } (2:36)
2 -t . !
Stiffness = k= " B 5 - 2 be?'ar.be‘z or + beiar.ber’ar
- D or beilar + berlar

where r is the radius of the vibrating membrane and « is function derived form the resistance
coefficient 58%“5. The berar and beicr functions are the real and imaginary parts of the Bessel

function.

2.2.3 QOther Models to Consider

Other models for the forces in the system do exist. In the paper "Effects of Air Damping in
Non Contact Resonant Force Microscopy”, f,évéque, Girard et al {22] calculate the viscous drag

k
|
i
!
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forces present on the two plane discs using the Navier-Stokes equations as:

_ 3wtV

F 203

(2.37)

where V is the velocity of the plate, u is the viscosity of the air, r is the radius of the pléte
and D is the distance between them. This solution is only for incompressible laminar flow.
The paper also calculates the force between a perpendicularly x}ibrating sphere and the surface.

The Navier-Stokes equations are approximated and integrated across the sphere to give the

equation:
_ 6w pR?V

F D

(2.38)

This equation is also calculated for laminar incompressible flow.

2.2.4 Air Effects and the Tuning Fork

None of the above models will perfectly describe the air effects on the vibrating tuning fork as -
it approaéhes a surface. The models are rather for ideal shapes with perfect orientation and
motion. The motion of the fork in relation to the surface will depend greatly on its orientation,
unless perfectly orientated the motion will consist not only of perpendicular motion but will
also contain a parallel component in relation to the surface. Also, the shape of the fork or
the surface it approaches will not be entirely cylindrical, and the angle of the fork will also
contribute to the mismatch with the models. V

The models do, however, make many useful contributicins to the understanding of how the
tuning fork interacts with the épproached surface. Considering the diétance dependence of the
models, the air effects should be of longer range than the forces caused by the intermolecular’
interaction between the surfaces. The air effects will also be highly dependent on the orientation
of the tuning fork as it approaches the surface. The surface shape and size will also affect the'
system as well as the ambient conditir;ms of the air such as pressure, temperature and viscosity.
A combination of the models would be needed to precisely describe the interaction and would
probably best be determined through experimentation. | ‘

Air effects on ﬁhe whole have a detrimental effect on the operation of the tuning fork as

a displacement sensor. The air effects damp the motion of the tuning fork and reduce its
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sensitivity to force change. They also mask the intersurface forces reducing their strength and
range. Ideally the air effects should be reduced by placing the tuning fork in a vacuum. This
would eliminate all the forces such as: buoyancy, viscous damping and compression forces,
which are associated with the passage of air around the system. Operating in a vacuum is,

| however, often very difficult to achieve practically. Although some experiments were carried
out in a vacuum chamber, for the majority of the experimental work the operation and testing
of the device had to be done in open air, where the air effects are very much a part of the
contact model. -
Now that we have a contact model for the interaction between the piezoelectric tuning fork
and an approaching surface, we can move onto developing the models for the actual fork. The
first step is to develop a model for how the tuning fork behaves mechanically when it vibrates.
The link between the mechanical vibration and the electrical input and output signals also
needs to be developed as well as the fundamental limitgs of the tuning fork’s ability to measure

displacement. All these issues are considered in detail in the next chapter.
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| Chapter 3

The Tuning Fork Displacement

Sensor

3.1 Introduction

A tuning fork, structurally, is a relatively simple device. It follows a narrow U shaped design
with two arms or tines connected by a middle section. Although it can theoretically be any
shape, in most tuning forks the centre piece is semicircular. The tuning fork is speciﬁéal'ly made
to be highly symmetrical. Both tines are identical in shape and size, and the centre section is
also symmetrical in design. This attention to symmetry is vital to the functioning of the tuning
fork. |

When considering how the tuning fork works it is useful to cénsider each tine individually
first, and then combine the responées to ascertain how the device functions. Consider just one
of the tines oscillating with a constant amplitude. This oscillation would produce a force on
the centre piece proportional to thevamplitude of the acceleration of the tine. According to
Newton’s third law, which states that any action will have an equal but opposite reaction, the
centre piece will produce a force on the tine which is equal in size but opposite in directign to
the force produced by the tine. The force produced by the centre piece on the tine restricts or
damps the motion of the fork. Now if the second tine is oscillating with the same ampiitudé
~ but in anti-phase to the first one as seen in Figure 3.1.1, the force prodﬁced on the center piece

will be equal in size but opposite in direction to the force produced by the first tine. The force
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frem the two tines will cancel each other out producing a zero resultant force on the centre
piece. With no force on the centre piece, there will be no force produced by the centre piece on
the tines. This means that the damping on the tines is significantly reduced as the only forces
~ restricting the motion are the forces between the fines and the medium in which it is operating,

and the forces due to the internal resistivity of the material.

Figure 3.1.1: A Tuning Fork Vibrating in Anti-Phase. The anti-phase motion of the

two tines of the tuning fork results in zero force being exerted on the central section.

3.2 Developing a 'Mathematical Model of the Tuning Fork

The simplest way to model a tuning fork’s response is to consider each tine as a separate
vibrating cantilever[23][24]. A cantilever in turn can be considered to be a simple beam anchored
on the one end. Motion of the cantilever woulﬂ be prokduced by an external force acting on
the cantilever. The forces can‘ be distributed or localised and can vary in both location and -
time. In order te determine the effects that these external forces would have on the cantilever,
it is important to know some of the basic mechanical attributes of the system. The cantilever
model developed in this section is also used again to model the behaviour of the piezoelectrie

transducers in Chapter 5.

- 3.2.1 Bending Cantilevers

Applying the bending theory to a cantilever yields some important eqﬁations for the general |

equation for motion of the cantilever. The general theory of bending theory is described in detail
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in Chapter 1 of the Book "Scanning Force Microscopy" by Dror Sarid [25] and "Mechanics of
Materials" by E. J. Hearn {26]. It is set out in Appendix Al. It gives rise to the equation

M .

|t
@i

where M is the total bending moment, I is the second moment of inertia, E is the Young’s
modulus of the material and R is the radius of the arc produced by the bending cantilever. The
stress o, and the distance from the neutral axis in the cantilever y, are also used in the bending

equations. Using the expression for the curvature of a plane curve

42 : .
1 = —r \ (3.2)

"R 213
{1-4— gg)}

where for small deflection angles the denominator of Equation 3.2 can be approximated

by unity. Equation 3.2 for the curvature of the lever can be equated to the bending theory

equation:
&y M :
& = ET @3

This can now be applied to the cantilever in Figure 3.2.1. The cantilever is anchored rigidly

on its left side and has a force F' acting at a point a, in a downward direction.
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Figure 3.2.1: A Cantilever Bending in Response to a Centrally Placed Force.

The moment at any given point x, produced by a force acting at a point a is:
M =F{z-a) ' ' (3.4)

-Inserting this value for M iﬁto Equation 3.3 and integrating twice will give the deflection
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of thé beam as: o
_ Fz?(z - 3a)

GBI (3.5)
Setting ¢ = & = gives: v
PBF- ,
y=-gz (3.6)

3.2.2 Classical Solution to a Vibrating Cantilever

The classical solution is an exact solution which produces all the resonant frequencies of the
lever together with the modes of vibration. In this method the equation of motion is first
- derived, and theri solved using the boundary conditions of the lever. This solution was adapted
from the book "Mechanical and Structural Vibrations" by Fertis [27]. Consider the cantilever
in Figure 3.2.2 with length L, and an element of length dxz located a distance z from the origin
O. The exciting or driving force is called ¢ {¢, z) and can vary with both time and displacement

along the beam.

q(t,x)
+ N\
9 % \——
P S I \
I - :

'y
Figure 3.2.2: Uniform Elastic Beam Subject to an External Force. The simple beam
is anchored on the right hand side to form the cantilever. The force on the beam varies both in

time and in position along the beam. An element of length dz can then be defined, located o

distance x from the free end at O.

. The free body diagram of the individual element dz is presented in Figure 3.2.3. In this
diagram M and M + (%) dx are the dynamic moments acting on the sides of the element,
V and V + (%) dz are the dynamic shear forces, y is the vertical dynamic displacement, i is
the acceleration in the y direction, A is the cross sectional area and p is the mass density. The

mass per unit length will therefore be pAdx and the inertia force will be pAydz.
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Figure 3.2.3: The Free Body Diagram of an Individual Element. All the forces on

the element of length dx located at a length x from the ﬁ'eé end have been defined. These
Jorces consist of: The applied force g (z,t) that varies with both time and distance, the ineﬂia

or acceleration foé’ce pAijdz that zs proportional to the acceleration and the mass of, the
element and the final forces are the shear forces V and V + %‘é, produced by the momentsv

acting on the sides of the element.

Applying Newton’s second law of motion, which states that the force on an object is equal

to the product of its mass and acceleration, to the above system gives:
(3.7)

) ' oV .oV
pAjdr =q(t,z)dec -V +V + (5&?) dz :>,77}y-—- Fa =q{t,z)

Now consider that the beam, which is initially horizontal when unloaded, is now deflected

under the load. The slope at any point will be given by the equation:

dy o
= 3.8
i=— (3.8)
For small curvatures, like those occufring in most practical situations;
{3.9)

cdr =R di
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where R is again the radius of the circle formed by the sloping beam, so therefore,

di 1

dz R

: dy
but i = —=

T

dy 1 :
WZR (3.10)

Now from the simple bending theory stated in Equation 3.1:

1 M . '
Substituting Equation 3.10 into Equation 3.11 gives:
. d2y :
M= El—= (3.
722 (3.12)

Again using simple bending theory the following equation can be derived for the considered
cantilever: :
oM d3y
= ——— == ‘ (3.1
V 9 73 - (3.13)
Equation 3.13 is negative due to the wéy the cantilever is bending when the load g{¢, z) is
applied. Substituting Equation 3.13 into the Equation 3.7 derived from Newton’s second law

gives:

This gives the free undamped vibration of the cantilever. In order to solve this differen-
tial eqﬁation the no load situation is considered. This situation is governed by the following
equation:

d*y d*y
El—= + pA—= =0 ' 3.15

 dz? te dt? (3.15)
For the following formulated solution it is assumed that the characteristics of the beam such

as the second moment of inertia and Young’s modulus remain constant throughout the beam.
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Rotationé,l and shear effects are also assuméd to be zero. These approximations are fair for the
tuning fork example as it is very close to a uniform bar, and when operating correctly should
have very minor shear or rotational effects.

A solution y(t,z) of Equation 3.15 will be composed of a function Y (z) that only §a.ries

with z, and a function f(t) that only varies with time.
y(t, m) Y(x)f(t) ) (3.16)
Substituting Equation 3.16 into Equation 3.15 gives the following equation:
ik 0?
Bl (Y (2) £ (O] + Az ¥ (@) F(6)] =
Using the product rule we get:

BI 3“1’()

)+ Aazf(t)y( )=0 ' (3.17)

Equation 3.17 is rearranged so that the left hand side contains only functions of z, and the
right hand side contains only functions of time ¢, giving:

EIgY (z) 1 &8%f(t) 1

pA 8zt Y(z) = o8 f() (3.18)

The equations can be satisfied if, and only if, both sides are equal to the same constant.

Taking this constant to equal w? gives:

EIo'Y(x) 1 () 1 _ 4
Ao Y@ Y ™M T Y (319)
or . B B _ : ‘
| 54;’;’) -;\4)’(3:):0. o (3.20)
IO 2p0y =0 - (3.21)

at2
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. where 5
Aw?

A4 o b
EI

(3.22)

Equation 3.20 and Equation 3.21 are each determined separately in the next sections.

3.2.2.1 Y (z) Solution

The solution for Y () is considered in many sources[25][27] [28][29]. A general solution is pre-

sented here. A solﬁtion Y (z) of Equation 3.20 can be of the form:
Y (z) = Ce¥™ (3.23)

- Where C and v are constants. Substituting the Equation 3.23 into Equation 3.20 and

working through the mathematics gives:
Pt = 21 _ ‘ (3.24)

which gives the roots of .

Yy = A gy =iA
Y3 —-A g = —iA

i

Using these roots Equation 3.23 can be re-written as:
Y (z) = C1e™ + Cae ™ + C3e + Cye™= (3.25)
Using Euler’s formula

e**® = cosh Az +sinh )z

e = cosAx +isinz

gives a trigonometric form of the Equation 3.25 as:
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Y (z) = Ay cosh Az + Agsinh Az + Az cos Az + Ay sin Az (3.26)

Equation 3.20 is a fourth order partial differential eqﬁatidn, and its solutioh yields the
expression for the function Y(a:),‘ which defines the éhapes of the modes corresponding to the
free undamped frequencies w of an elastic beam. Since the considered cantiléver has continuous
mass and elasticity it will have infinite degrees of freedom. The frequencies of vibration will be.
infinite in number. Therefore we will have an infinite number of functions Y (x) that define the

corresponding mode shapes.

3.2.2.1.1 Normal Modes In order to determine the normal modes of the vibration of the

cantilever, Equation 3.26 can be re-written when applying boundary conditions as:

Y (z) = A’ (cos Az + cosh Az)+B' (cos Az —cosh )\m)-{—C* (sin Az + sinh Az)+D’ (siﬁ Az — sinh Az)
A (3.27)
The deflection, slope, moment and shear force of the deformed lever are proﬁortional' to vy,
g%, —g%@, g—i% respectively. At the anchor poifxt of a vibrating lever, the deflection Vand slope will
be zero, whilst at the free end the moment and shear force will be zeré. Using these boundary

conditions Equation 3.27 and its derivatives can be solved giving the following expréséions:

0 = B'(cosAl+coshAl) + D' (sin Ml + sinh Al) (3.28)
0 = B'(sinM —sinh Al) + D' (—cos Al — cosh Al) - - {3.29)

Combining Equations 3.28 and Equation 3.29

' in Al —si |
D' cosAl+coshAl  sin Ml —sinh Al {(3.30)

B’ sinM +sinh M cos Al + cosh Al
which reduces to the simple implicit equatidnz
cosAlcoshAl +1=0" ‘ o (3.31)
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The first values of Al and % will be 1.875 and —0.7341 respe.ctively. From the expression
for A, derived in Equation 3.22, the fundamental frequency w, in radians per second, can be

determined by the following equation:

EI  (1875\*® [EI

2

_ _ > 32
w ’\1/pA_ ( : ) A (3.32)
3.2.2.2 Solution for f(t) - Mass Spri_ng System

Equation 3.21 is a second order partial differential equation and has the same form as the
equation that deals with the free, undamped harmonic vibration of a one degree mass spring
system. The solution for this system is similar to the one developed in [3]{27], which appears

in Appendix A2. The developed solution is for damped systems and is given below as

z(t) = eF [(m (0)) cos (wit) + wi, [a: x(b) - x;g)} siﬁ (w;t)] (3.33)

where 7 is the damping time constant and w/, is the damped resonant frequency, which are
both dependent on the characteristics of the mass spring system and are defined in Appendix
A2. z(0) and £(0) are the initial conditions of motion. For the undamped case the above

solution is easily adapted to form the following solution for f (t):

f(t) = Asin(wt)+ B cos(wt) ‘ - (3.34)
f@®) |

Csin (wt + )

where A, B and C are constants determined by the initial conditions of motion and w is

the undamped resonant frequency of the system.

3.2.2.3 The Combined General Solution

Equation 3.26 gives the general solution of Equation 3.20 and can be used for any beam of .
uniform mass and EI constants. The constants in the equation can be derived from the initial

conditions of the beam. By substituting the Equations 3.26 and 3.34 into Equation 3.16 the
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general solution for Equation 3.15 can be found,

y(t,z) = (AjcoshAz+ Agsinhdz + Ajcos Az + Agsin /\m) (Asin{wt) + B cos{wt))
ory(t,z) = (AjcoshAz+ AgsinhAz + Ajcos Az + AgsinAz) (Csin(w + 6)) , (3.35)

The general solution for the free, undamped, transverse vibration of the cantilever has now
been obtained. - All the constants can be found by using the boundary conditions of the beam

as well as the initial time conditions.

3.2.3 Equivalent Mass-Spring Model

In many practical systems a complex system can be replaced by an idealised simple one with
similar characteristics f;0r vibration and general dynamic analysis [27]. The complex analysis of
a cantilever beam presentéd in the pfevious section may be ref)laced with an idea;iiséd one-degrée
mass-spring system.

The effective spring constant represents the transverse stiffness of the cantilever at the free

end of the beam. From Equation 3.6 the deflection at the free end of the beam is given by:

BF ,
y=—3%] (3.36)
From basic physics the spring constant or compliance is defined as:
FI '
k=|— , (3.37
Iz (3.37)
Which gives the effective spring constant of the cantilever as: -
EI
k= 373- (3.38)

in order to determine the effective mass of a cantilever Equation 3.38 lS used in the form,

R

ET 3

(3.39)
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and substituted into Equation 3.32[25]:

| 2 [es [(1818)4 3 4
. (1.875) KB (M) KB (1875)"k (3.40)
l 3pA 3pA 3pAl '

As pAl will equal the total maSs of the cantilever m., Equation 3.40 can be rewritten as:

% | | |

Equation 3.41 can be equated to the substitution equation in Chapter 1 that gives the

general expression for the frequency of the fundamental mode of the mass spring system as

We = \/-?%. -This gives the effective mass in the mass spring model of the cantilever as:

Mess = 0.2427Tm, A (342

- 3.3 Piezoelectric Conversion

3.3.1 Piezoelectric Material

Piezoelectricity is deﬁned. by Cady [30] as "electric polarisation produced by mechaniéal strain
in crystals belonging to certain classes, the polarisation being proportional to the strain and
changing sign with it". Piezoelectric materials are also characterised by the inverse piezoelectric
effect where an electric polarisation will produce a mechanical strain in the material. The
piezoelectric effect was discoirered in 1880 by Jaques and Pierre Curie and has since then been
developed into many different applications.

A piezoelectric tuning fork is generally made from a single crystal cut in such a way that
the application of voltage across the crystai results in the anti-phase motion of the two arms.
A picture of a typical tuning fork crystal which was used in this research is shown in Figure

3.3.1.
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Figure 3.3.1: A Typical 32.768kHz Piezoelectric Tuning Fork.

3.3.2 Equivalent Circuit

In an electric circuit the tuning fork will behave as a two terminal passive network. According
to V.E. Bottom in the book "Introduction to Quartz Crystal Unit Design"[31] it is useful when
developing an equivalent circuit for a piezoelectric tuning fork to think of the system as a
capacitor in which the dielectric vibrates in response to the applied electric field. Consider a
simple piezoelectric crystal plate that has electrodes attached to either side. When a difference
in potential is established between the electrodes a strain will exist within the crystal. Due
to the piezoelectric effect the mechanical strain will be proportional to the electric field so an
alternating field will produce an alternating strain in the material.

The current flowing into the resonator will thus consist of two components: the dielectric
displacement current due to the capacitance of the plates, and the piezoelectric displacement
current which depends on the size and shape of the crystal between the electrodes. The me-
chanical strain in the crystal, and thus the piezoelectric displacement current, will be dependent
on frequency. For frequencies far removed from the resonant frequency the mechanical strain
and the piezoelectric displacement current will be very small and the whole system is almost

equivalent to the simple parallel plate capacitance given by
A
Co = keo—c; (3.43)

where A is the electrode area, e is the thickness, k the dielectric constant of the crystal.

The impedance of the crystal can therefore also be defined as

_ =
- (3.44)
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as the current flowing into the crystal is almost entirely due to the dielectric displacement
current.

When the applied frequency is at the mechanical resonant frequency of the crystal the
piezoelectric displacement current will be much greater than the dielectric displacement current.
At the mechanical resonant fréquency the strain and therefore the piezoelectric displacement
current is in phase with the applied voltage. The whole system then appears to be a resistor
in parallel with a capacitor. The total current into the crystal can then be calculated using the
vector sum of the individual dielectric and piezoelectric displacement currents. At frequencies
above the resonant frequency the piezoelectric displacement current lags behind the applied
voltage and the crystal behaves like an inductor. At frequencies below the resonant frequency
the piezoelectric displacement current leads the applied voltage and the crystal behaves like a
capacitor. ,

A series circuit of a capacitor, inductor and resistor has ﬁhe same frequency characteristics
as the piezoelectric displacement current. At the resonant frequency the current is in phase with
the applied voltage. At higher frequencies the inductive response will dominate and the current
will lag the voltage. A§ lower frequencies the capacitive response will dominate and the current
- will lead the voltage. The total equivalent circuit for the piezoelectric circuit is therefore a
series RLC circuit in parallel with the capacitance caused by the electrodes, commonly known
as package capacitance. This circuit is shown in Figure 3.3.2 and is identical to the circuit

developed by Mason [32].

. Cp{'
_ ! |

R L t?l
i

AN md Y

|

i

Figure 3.3.2: The Equivalent Circuit for the Piezoelectric Tuning Fork. R, L; and
C can be determined from the characterisitics of the tuning fork crystal. C, is the package

capacitance due to the electrode pldtz’ng on the crystal..

3.3.3 Eliminating the Package Capacitance

The effective series RLC circuit in the equivalent circuit is by itself a highly desirable circuit. It

is a stable well understood system which can easily be equated to a damped mass-spring system.
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The package capacitance caused by the electrodes on the surface of the crystal causes undesirable
effects on the response of the RLC circuit. For this reason it is important to eliminate the
package capacitance so that the piezoelectric tuning fork crystal behaves like an RLC circuit, -
which means there is an easy link between the electrical and mechanical descriptions of the .
tuning fork. '

In order to eliminate the package capacitance an inverse effect is provided in parallel with-
the capécitor so that the overall effect will be zero. Another capacitor of equal value to the
package capacitance is placed in parallel with the crystal. This capacitor is then driven with the
inverted drive signal. This effectively cancels out the package capacitance and makes the total
system response equal to the RLC ci'rcu‘it described by the tuning fork crystal characteristics.
The package capacitance elimination system ié putlined in Figure 3.3.3. A

Co

[l
1 1

Figure 3.3.3: The Outiine of the Package Capacitance Elimination System. The
effect of the package capacitance C, is eliminated by driving another capacitor C. in parallel

with the inverse of the drive signal.

Mathematically the system works as follows: the equation defining the impedance of the

package capacitance was developed above and is of the form:

Zy =2 S , (3.45)

(3.46)

" where A is the gain of the inverter. The effect of both the capacitors in parallel can now

easily be ascertained using simple circuit theory.
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1 11
s a

ZTOTAL Ze Zp
A
Zrorar = T :fZ
: e+ Zp
V : A |
ZroTAL = AT, = 0T, {3.47)

In order for the package capacitance to be negated the total impedance for the two capacitors
must be infinite. This will only happen when the denominator of equation 3.47 is zero. This

relation gives us the following equation for the elimination of package capacitance.
AC,=C. | (3.48)

From equation 3.48 it is clear that the in order to eliminate package capacitance either the
gain of the inverter can be fixed and an exact capacitor value found. Or, the far simpler and
more accurate solution is to fix the size of the elimination capacitor and then vary the gain of

the inverter.

3.3.4 A Simple Measurement Circuit

A simple circuit for both eliminating the package capacitance and converting the output current
into a \}oltage was developed by Grober, Aci:ﬁovic et al {17]. In that work a transformer
bridge circuit is used to generate the two waveforms 180° apart. However, a simpler approach
incorporating an inverting op-amp can also be used. This allows for far easier adjustmeht of
the gain of the inverter so that the elimina;tion circuit can be finely tuned. Similarly to that
work [17] a simple op-amp current-to-voltage con§erter was used to convert the net current
produced by the tuning fork crystal and the package capacitance into a voltage. The bésic

circuit diagram appears in Figure 3.3.4.
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Figure 3.3.4: The Measurement and Package Capacitance Elimination Circuitry.
Once the effect of the package capacitance has been eliminated by the inverting op-amp and
capacitor, the current to voltage converter will convert only the current from the RLC circuit

into the measured voltage.

R; and R, will set the gain of the inverter and adjust the magnitude of the effect that the
capacitor Cp. will have in eliminating the package capacitance of the crystal. Ry sets the gain

of the current to voltage converter and will affect the gain across the whole circuit.

3.3.5 Mechanical to Electrical Conversion

From simple circuit theory it is known that current can be expressed as a rate of change of
charge g, i.e i= %‘% and % = %&. One of Kirchoff’s laws applied to a closed loop circuit states
that the sum of the voltages around the circuit should equal zero. For a simple RLC circuit in

a closed circuit the following differential equation can be written,

coodi g d?q dg . q _ -

Equation 3.49 is now analogous to the initial equation for the force on the mass in a damped

- simple harmonic oscillator given below.
mE+ L+ kr =0 (3.50)

Using both equations the following comparisons can be made between the electrical and
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mechanical characteristics,

m =~ L (3.51)

v &~ R (3.52)
1

E w z (3.53)

The mass is analogous to the inductor, the damping constant is analogous to the resistance.
and the spring constant is analogous to the inverse of the capacitance. By comparing the results
from the simple harmonic oscillators described by the damped mass spring system in Appendix

A2, the following characteristics of the RLC circuit:

ko1 '
(3.55)

) b

m
T = =
Y

can be determined using the electrical rather than mechanical characteristics. Once again

w, is the resonant frequency and 7 is the damping time constant.

3.4 Frequency Response of the Tuning Fork

There are many theories thét can describe the frequency response of the piezoelectric tuning
fork crystal. Up to this point the damped mass spring system has been considered as the
model fer the tuning fork. This model has been used in a number of tuning fork and cantilever
studies [33] [34] [35] with some good results. The ffequency response of this model along with
some others is developed in this section. These models are then. compared with real data to
determine which gives the best description of the frequency response of the pieioelectric tuning

fork crystal.

3.4.1 Sinusoidally Driven Mass Spring System

Theoretically, with the package capacitance removed the overall electrical response of the piezo-

electric tuning fork should be very similar to the mass spring systefn. The frequency response
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of the mass spring system is developed exténsively in Chapter 1 and Appendix A2. By slightiy
adjusting Equation 1.14 the magnitude and phase response of the mass spring system can be

given as:

: E .
Y = T  {3.56)
V0w = w2)® + (Rwg) ,
1
) d o .

where Y is the amplitude and ¢ is the phase. F is the magnitude of the force driving the -
system and wq is the driving force frequency. Again w, = \/% and % = -L where k, v, m are

the characteristics of the mass spring system.

3.4.2 Ldrentzian Response

H. A. Lorentz developed the theory whiéh governs the rate of energy Vabsc';rption for an electro-

magnetic wave passing through a gas. This description is taken from "Newtonian Dynamics” |
by Ralph Baierlein [3]. The rate of absorption will be dépendent on the frequency of the inci-
dent wave. Relying on classical atomic structure Lorentz described the forces on the_electréns
oscillating in the field as: |

mi = —kx — y& + qgE, coswyt o {3.58)

The factor gF, is the product of the electron’s charge q and the magnitude E, of the electric
field. The other components are also éasily equated to a damped mass spring system with vz
representing the radioactive damping, m& is the acceleration force proportional to the mass
of the electron and kz is the force exerted on the electron by the atom pulling back to an
‘equilibrium poéition.

To determine absorption the proceés of energy exchange is investigated. Summing the
kinetic and potential energies as |

1 ., 1, ~
5 +2k:cv - ,(3'59)
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- and then differentiating Equation 3.59 with respect to time gives:

| ’ )
& (m# + k) .  (3.60)

This can then easily be equated to the initial force Equation 3.58 giving the following relation
for the energy in the system:
d {1 ., 1 z 2, . i
¥ (’imm - §km ) = & + £qE, cos (w4t) : (g361)
The first term on the right is the energy dissipated due to radiation damping. The second‘
term describes the rate at which energy is absorbed. The steady state condition is established
very quickly and the energy absorption rate ;is the average steady state value over one oscillation
cycle given by: A ' |
Energy Absorbtion Rate = qE, cos (wgt) - (3.62) |

The theory of sinusoidally oscillating systems has been developed in both Chapter 1 in the
description of the general operating princir;les of the seismometer and in the Appendix A2 in
the study of damped mass spring systems. From these studies a function for the velocity £ of .
the particle can be written as, |

T = —wyY sin{wgt + ¢) {363)

Equation 3.63 can then be substituted into Equation 3.62 to give the following equation for

‘the energy absorption rate,

Energy Absorbtion Rate = —waqE,sin (wqt + ¢) cos (wqt) (3.64)

t
i

Using the identities :
sin(wgt + @) = sin{wgt) cos () + sin () cos {wqt) ‘and

sin (wgt) cos (wgt) = é— sin 2 (wqt)

and the‘fact that the absorption rate is an avei‘age over one oscillation, and is not an
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instantaneous measure, equation 3.64 can be simplified to:
Energy Absorbtion Rate = ~wyqE,A sin () cos? {wyt) ' (3.65)

Now, using the triangle equation for sin (¢) and the one oscillation average for cos? {wgt)

Equation 3.65 can be further simplified to:

2 4
Energy Absorbtion Rate = (Qfo) 2 272 _
M (Wi —w?)® + ()

(3.66)

The Lorentzian function is developed by considering the absorption profile when the driving
frequency wy is close to the natural frequency w,. In this region the difference in the denominator

can be approximated as:
wi ~ wg = (wg — wo) (wq + wy) & 2wy ((wy — wo)) . (3.67)

Elsewhere wy is simply replaced by w, this further reduces equation 3.66 to:

@B () '(3.68)'

Energy Absorbtion Rate = : 3
M (wg -w0)2 + ()

where the dimensionless factor on the right is known as the Lorentzian function.

3.4.2.1 Quality Factor Q

In dealing with harmonic systems like the simply damped mass spring system, it is often useful
to develop dimensionless expressions to describe the operating characteristics of the system.
The quality or Q factor is the most well known of these dimensionless expressions. The Q-
factor is most easily derived using the Lorentzian function expressed in Equation 3.68 which is’

plotted in Figure 3.4.1.

69



[ ————

-----------------------

Homalised Magnitude
B D
¥ ¥ L

e o i W W W W E R W WU R

¥ wz‘ wn ,wl %
Normalised Frequency

Figure 3.4.1: A Plot of the Idealised Lorentzian Response versus Frequency.

The frequencies w; and ws are the fréquencies at which the amplitude of the output is
exactly one half of the magnitude at the resonant frequency w,. Using the Lorentzian function
these frequencies can be determined using the following method where the Lorentzian function

is solved for half the maximum magnitude [3]:

()’

(wa — wo)? + (2—1;)2 %
e 32 - (2)
1 % (g) (3.69)

3 (wq — wo)z =
From Equation 3.69 it is clear that the Lorentzian function will be at half its maximum value

when |wg — wo| = 51; Therefore the values of wq for when the magnitude of the Lorentzian
function is one half of its maximum can be given as w,+ 2% and we ~ 51; The difference between
the two half maximum frequencies is known as the full width half maximum (FWHM) value

and is easily calculated for the Lorentzian function as:
1 ‘ 1 1 ;
FWHM = (wo -+ g) - (&20 — E) = —T. (3?’0)
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The Q-factor can now be defined using the resonant frequency and the value for the full

width half maximum as [3]:
Q0= Resonant Frequency
h FWHM -

(3.71)

and as i:he resonant frequency is known as w, and the full width half maximum can be

expressed as %, Equation 3.71 can be're-written for the Lorentzian function as:
Q@ =woT {3.72)

Equation 3.72 can be used only fdr systems that have a Lorentzian shaped frequency re-
sponse. However the basic idea of determining the Q-factor from the resonant frequency and the
width of the peak at half the maximum can be used for all frequency responses. The Q-factor
anci full width half maximum measurements are very useful in determining the damping time
of harmonic systems. This value in conjunction wifh the resonant frequency can be used to

determine all the basic characteristics of the harmonic system.

3.4.3 Calculating the Damping Time 7 for other Theoretical Models

As mentioned in the previous section the damping time of an harmonic system can be deter-
mined by considering the quality or Q factor of the system. This developed into the simple
Equation 3.72 for the Lorentzian function. We decided to develop a similar method ‘to deter-
mine the system damping time for the other theoretical models. Although probably done by
other people before, the results in this section were calculated without outside references. The
model for the magnitude frequency response of the mass spring system in equatiéﬁ 3.56 can be

converted into the dimensionless expression with a maximum value of one described by:

Mass Spring =

‘(w‘fz : - (3.73) |

Vi) + (2

As the maximum value of E(iuation 3.73 is unity a similar treatment to that of the Lorentzian .

function can be followed whereby the equation is solved for when the value is one half of the
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maximum value giving:

(22) 1

2 2 2
V- o?)’ + ()
2 [(wg\? 2wq
\/(wﬁ )+ () =
. 2 wd 2
(wc% —_ wz} = 3 (?)
V3w
T Mass Spring = —_———lw2 — wgl (374)
d ]
Similar treatment of the energy responée will give the following expression for 7
B ) wd )
TE - —— 3.75
nergy = ]wg_wg' ( )

As the Lorentzian respbnse is just a simplification of the energy’ response the value calculated
for the damping time will be the same. What is made clear, however, is that the damping time
is /3 times larger for the mass spring system. This means that any damping time calculated
using the Lorentzian function will be incorrect by a factor of v/3. This can be corrected for by
adjusting the mass spring fnodel so that Equation 3.72 can be used. ‘The new dimensionless
mass spring model is given below. : ,

w
Adjusted Mass Spring = — (V—éi;>

it (38)°

Using equation 3.72 the adjusted damping constant can also be used to define an adjusted

(3.76)

damping factor @ .

3.4.4 Comparison with Real Data

Now that a model for how the piezoelectiic tuning fork behaves mechanically when under
; . | |
vibration has been developed, it can be tested with actual data from a tuning fork crystal.
We can then see just how accurate the developed models are in predicting the response of the

piézoelectric tuning fork. Using the circuit developed in Section 3.3.4, and illustrated in Figure
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3.3.4, for eliminating the package capacitance, the magnitude frequency response of numerous
tuning fork crystals was measured. The data collected was adjusted and normalised so that
it could easily be compared to the theoretical models. The values for the theoretical models
were taken from measurements done on the recorded data. The theoretical models were also
adjusted slightly so that the maximum value was also one. The models that were used and the

formulas are given below.

Mass Spring Mognitude =

Energy Magnitude =

Lorentzian Magnitude =

The real data and the theoretical models have been plotted in Figure 3.4.2. For the real
data the tuning fork crystal was kept in its packaging so it could be operated within a vacuum.
The resonant frequency was measured to be f, = 32764.92H z and the full width half maximum
is 1.608Hz. These values were then used to calculate the theoretical responses. The value for
the damping time 7 for the mass spring amplitude was also adjusted by /3. As the Lorentzian
response is just a simplification of the energy response there is no difference between them for

frequencies so close to the resonant frequency.
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Figure 3.4.2: The Response of Recorded, Mass Spring, Lorentzian and Energy
Responses versus Frequency. The mass spring response with the adjusted time constant is
very close to the recorded response. The Lorentzion and energy responses although quite
similar to the recorded response for frequencies close to the resonant peak begin to differ as the

freguency moves either up or doun.

From Figure 3.4.2 it can be seen that the adjusted mass spring model fits the recorded
response very well. The characteristics of the mass spring model can thus be determined using
the resonant frequency and either the full width half maximum, or the frequency at which the
magnitude is one half of the maximum. The Energy and Lorentéian responses also fit well, but
begin to fall away when the frequency moves away from the resonant frequency. The phase
frequency response determined by the mass spring model as stated in Equation 3.57 was also
compared to real data and found to agree fairly accurately. From these results we can conclude
that the mechanical and electrical model developed in this chapter can describe the actual
motion of the tuning fork very well. At frequencies very close to the resonant frequency the
simpler Lorentzian model can be used but for a more accurate result only the mass spring model

should be considered.
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3.5 Noise Considerations and the Fundamental Limits to Dis-

placement Detection

The fundamental limits to force and displacement detection using quartz tuning forks are de-
tailed in [17]. By determining the noise floor of a piezoelectric quartz tuning fork it is possible
to develop equations to give the limits of the ability of the fork to measure a change in dis-
placement, which has a direct dependence on its ability to measure a change in force. The
noise analysis is done on the simp.le measurement circuit, depicted in Figure 3.3.4, tﬁat we used
previouély. The noise can be split up into the electrical noise produced by the opamps and

resistors, and the mechanical noise associated with the random motion of the tuning fork.

3.5.1 Electronic Noise

There are many sources of electronic noise varying from noise from the electrical Acomponents,
to external noise sources like switching noise and unregulated power supplies. All of these noise
sources do play a role in any circuit, but not all of them can be attributed to the fundamental
limits associated with using the simple measurement circuit and the piezoelectrie tuning fork.
Many of the noise sources can be reduced or even eliminated by jﬁtelligent circuit design, -
correct component. selection and adequate shielding from external interference signals. There

are however a few unavoidable noise sources which are mentioned below,

3.5.1.1 Johnson Resistor Noise

Any resistor generates a noise voltage across its terminals known as Johnson noise [36]. This
noise is caused by the electrons within any conductor moving around with a random thermal-
motion. This thermal noise is equal throughout the frequency spectrum and the actual noise

voltage generated is given by,
Vioise = v/ 4kpTRBV [V Hz {3.77)

where kg is the Boltzmann’s constant, T is the absolute temperature, R is the resistor and

B is the bandwidth. Johnson noise is a special case of the noise in any resistant system caused
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by chaotic Brownian motion of particles.

'3.5.1.2 Stray Capacitance Noise

Any resistor will have a stray capacitance operating effectively in parallel with the resistor.
This will mean that the impedance of théiresis;tor is frequency dependent. The effect of this

stray capacitance in parallel with the resistance is developed using simple circuit theory,

1
T R+ &% 1+jwCR

the magnitude of the impedance can thus be written as:

| 2
Ztotal e
+/1+ (WCR)?

which agrees with the expression developed experimentally in [17].

(3.78)

3.5.2 Mechanical Noise

The mechanical noise is produced by random fluctuations of the fork due to Brownian motion.
This is the mechanical equivalent of the Johnson noise experienced by all condﬁctors. As the
tuning fork is piezoelectric, this mechanical noise is converted into an electrical signal in the
measurement circuit. By considering the electrical characteristics of the fork, the noise can
also be médelled in the same way to the Johnson noise discussed in the electrical section. This
thermal noise comes from tuning fork’s equivalent RLC circuit so it will not have a uniformly
flat spectrum like the Johnson resistor noise, but will have a resonant peak‘ deécribed by the

RLC characteristics. The maximum value of the noise voltage generated will occur at the
resonant peak where just the tuning fork’s equivalent resistance R is considered, and isv given
by: V

Vmax = V/4kpT R - (3.79)

The output current noise due to thermal fluctuations of the arms of the fork can now be

written by combining the maximum value of the noise with a dimensionless description of the
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RLC circuit developed in the fréquency response section:

“d
Imige == 3/ 4kBTR-}% ( L )2 ~(3.80)'
V(G- u) + ()°

where w, and 7 were determined previously in Equations 3.54 and 3.55 as w, = ﬁ and

T = %. The analysis developed is for the whole measurement circuit so the effect of the noise
current must be considered across the final current to voltage converter. This gives the noise

at the output that éorresponds to the mechahical thermal motion of the fork as:

e Zyota 2 |
VMechanical = 4kpTR th l ( 1 > (3.81)
V- wd)+ ()

3.5.3 Combining the Noise Sources

From the results in [17] it is clear that the Johnson noise associated with the resistors, and the
noise associated with the thermal motion of the fork are the two chief sources of noise. These
noise sources can be added in quadrature meaning that the total noise will be the square root
of the sum of each of the noise sburces squared. If the resistors that make up the inverter are
referred to as By and Ry, and the resistor associated with the current to voltage converter as

Rcv, then the total voltage noise of the resistors can be written as:

VResistor Total = \/4kBT (RI 1+ RIQ + RCV)

and the noise current could be written as:

_ R Rpp + RppRey + Ry Rey
IResistor Total = 4kBT
RpRypgRev

The total combined current noise could then be written as:

RpiRye + RpgRev + Rn&cv) + ( 1 (%)2 -

. ITot.al Noise = 4kBT [( R}lRf2RCV E (w?i _ wg)g n (%)2)} '(382)

*As can be clearly seen in equation 3.82 and as stated in [17] the total noise current will be
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dominated by the noise caused by the random thermal motion of the arms of the fork. This
will be true as long as the combination of resistances Ry1, Rye, and Rey is much greater than

the effective resistance of the piezoelectric tuning fork.

3.5.4 Signal to Noise Ratio

Any input voltage to the piezoelectric tuni;ng fork will produce a corresponding motion of the
tines of the fork, and thus an output currént is deﬁendent on both the size and the frequency
~of the input voltage. As mentioned many times previously, the output can be defined using the
mechanical characteristics of the fork which equate to the RLC characteristics of the circuit. At
the resonant frequency the RLC respdnse is purely resistive, and the current flowing through

the crystal can be defined as:
_ Vinpur

Ippe = 20T .
e = 68

If the package capacitance has been eliminated this should be the maximum current pro-
duced by the device. Equation 3.83 can be re-written using the definitions for  and the

complex impedance. For the damped mass spring system equated to the RLC circuit,

woks
O=ru. =5

wo =)= L
° m  IC

Combining these two equations to forn} a new expression for the effective resistance of the

and

1

tuning fork cfystal: v :
AL JE g

R=- 2= = , (3.84)
Qrs CQun U

Equation 3.84 can now be combined with Equation 3.83 to give the output signal current

in terms of the resonant complex impedance Zrc and the /3 Q-factor. This equatidn is now

- simply combined with noise current equati{m 3.82 to give the signal to noise ratio for the tuning
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fork measurement circuit.

S VINPUT% ' v ‘
e ~ (3.85)
N Ry Ria+ R Rre+Rp Rec Quvs (=2 }2
11 - -
oot | (Putfgfagatic) + (320Gl

From Equation 3.85 it is clear that to improve the signal to noise ratio the Q-factor should

be maximised.

3.5.5 Minimum Displacement

The actual amplitude of oscillation of the arms of the fork as a function of the size of the output
voltage has been determined interferometrically in [17], and is denoted by the parameter . The
output voltage is simultaneously measured with the amplitude of one arm of the fork. Becduse
of the configuration of the piezoelectric crystal the output voltage is sensitive only to the
- antisymmetric motion of the arms of the fork, giving Vo = ¢ (21 — x2), where ¢ is a constant
and z; and z7 are the motion of each of the arms of the fork. When driven by an external
voltage the arms of the fork move only in directly of)posife directions to each other. This
antisymmetric motion means z; = —x2. The equation defining the output voltage in relati;in ~

to the motion of the arms of the fork can now be given as:
x
Vout - 263&71 = —1
: o«

The interferometric calibration done in [17] yields o '-*-‘59.6 + 0.1pm/mV.

anéider the noise equation associated with the thermal motion of the fork given in Equation
3.81. The power spectrum of this thermal noise is integrated in [17] to give the root mean squareA
(RMS) voltage noise as: . ‘ ' ,
| VEus = 4k5TR (%) (%) D . (3.86)
Equation 3.86 can be related to the thermal motion of the arms of the fork ~using the

equations developed above,

Vins = (e(z1 - 22))" A B
if the thermal motion of the arms of the fork is considered to be uncorrelated as they are
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only weakly coupled, Equation 3.87 can be simplified to V2o = 2¢? <(m1)2>, which leads to

the equation:

zrMs = V20Vrys : (3.88)

which describes the random motion of one arm of the piezoelectric tuning fork.

According to Young(37], equipartition theory for energy stéteé ﬁhat for a molecule, each
component of velocity has, on average, an associated kinetic energy per molecule of %IcBT..
This ener@* can be equated with the energy in a mass spring system %fcx“’. The eflective spring
- constant of the fork can now be defined alternatively as: |

- kpT
k‘-—’-—;.z-

(3.89)

The thermal energy in the tuning fork can now be thought of as an effective force acting on
the fork. This force will have a flat power spectrum and is determined in [17] as:
1 [Z( kgT -
§? = ( B ) : (3.90)

Wol@ \ZTrMS

which will give the force noise floor of the piezoelectric tuning fork. In Chapter 2 the changé

in fbrce bet‘;ween the tuning fork and the approaching surface was discussed. By calculating the

change in force as a function of the piezoelectric tuning fork’s displacement from the surface, the

minimum detectable displacement is easily pbtained from its calculated force noise floor. Once

the piezoelectric tuning fork has been incorl;orated into a force feedback seismometer, the noise

considerations and the fundarﬁental limits to displacement detection can be used to determine

how well the seismometer is operating, in terms of utilising the full sensitivity provided by

the tuning fork. Before that can happen, however, systems for operating the tuning fork as

‘a displacement detector still need to be developed. The next chapter details how the various

outputs from the piezoelectric tuning fork operate the tuning fork as a displacement detector. .

|
|
»
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Chapter 4
Operating the Tuning Fork Crystal

The basic principle behind the use of a piezoelectric tuning fork as a displacement sensor was
established in the previous chapters. The task now remains to use the models to develop a
control strategy in which the tuning fork crystal will operate effectively.v Many characteristics
of the piezeeiectrié tuning fork’s operation can be measured and evaluated to determine the
displacement of the fork above a surface. Magnitude and phase can effectively be used as
measurement signals, or as signals in the control system operating the tuning fork and the force
feedback system. Other characteristics such as: resonant frequency, damping time constant
aﬁd Q-factor can also be measured with good results. 1t is therefore important to understand
the potential of each of the measurands in terms of their sensitivity, bandwidth and ease of

measurement.

4.1 Measurands and Measurement

Only the magnitude and phase of the tuning fork crystal output signal mey be measured without
changing the input frequency. This means that the measurands such as resonant frequency and
Q-factor are much more difficult to measure, as they require the input frequency to be swept A
through the resonant peak. The measurement of magnitﬁde and phase and how they relate
to the characteristics of the tuning fork become vital in the effective use of the displacement
sensor. Although all stemming from the same characteristic equation for the damped mass

spring model for the tuning fork, the response of each measurand is quite different in terms of
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its sensitivity, bandwidth and ease of ﬁleasurement.

An important aspect of measuring the outputs from the tuning fork isv the isolation of one
measurand from another, so that when measuring one, changes in the other do not affect the
measurement. This is vital because when ‘the characteristics of the tuning fork are sﬁddenly
changed each of the measurands will respoﬂd differently in terms of speed and sensitivity. This
isolation, although fairly simple for magnitude measurement, turns out to be rather difficult for
the measurement of phase.

Although resdnant frequency and Q—facﬁor cannot be measured directly from the output at
a single frequency, by knowing the response of the tuning fork crystal and accurately measuring
j)hase and magnitude, ideas about the other measurands can be obtained. For instance by
studying the models of the tuning forkV based on the mass spring system, the phase at the
resonant frequency caﬁ easily be calculated. By keeping the system operat‘ing at this phase and
monitoring the operating ffequency, the resonant frequency of the system can be tracked. Also
by knowing what is the maximum signal magnitude that the output can attain, a good idea of
the Q-factor can be derived from accurate phase and magnitude measurements. The fast and
accurate measurement of phase and magnit;ude thus becomes crucial to the effective operation

- of the piezoelectric tuning fork as a displacement sensor.

4.1.1 Magnitudé

Magnitude is the most obvious of the measurands, and is basically the size of the output signal
from the crystal. The output signal magni!tude is directly related to the size of the vibration
of the arms of the fork and can give a good indication of the forces experienced by the tuning
fork. For the damped mass spring system it is simply defined as the maximum value that the
output signal reaches in any cycle, and has the frequency response developed in Appendix A2

and given in equation 3.56 as:

: E
Y = D
V2 =) + (2wa)?

The tuning fork crystal is a piezoelectric device driven by a voltage as opposed to an external

force. Using the piezoelectric properties and the equation for the mass spring system, the
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electrical current magnitude can easily be calculated. With the input voltage replacing the
external force, the magnitude of the electrical current will be affected by both the size of .
the input voltage and its frequency, with its frequency response dependent on the mechanical

characteristics of the fork.

4.1.1.1 Measuring Magnitude

Magnitude as mentioned before is by definition the largest value that a sinusoidal signal reaches
in one cycle. It is therefore necessary to monitor the signal for at least one cycle in order fo
determine what the magnitude is. This gives a base level for the minimum time of measurement
at one period of the waveform driving the tuning fork cfystal, thus limiting the bandwidth of
the device to the frequency of the output signal. Magnitude measurement methods can be
broken down into two types: digital ;md analogue measurement techniques.

The digital measurement techniques involve sampling the output signal and then using the
data to determine the signal magnitude. In order to achieve an accurate representation of the
data, digital measurement systems either need to sample one waveform at many points, or . '
sample many similar waveforms and use mathematical techniques to reconstruct the outpu{:
signal. The crystal will usually be operating at or very near its resonant ffequency of 32.768
kHz. Although Nyquist sampling theory suggest that the measurement system can sample at
twice the bperating frequency to produce an accurate measureinent, the theory only applies to
static signals and in this application the output signal is by no means static with its magnitude
constantly changing. This means that the digital measurement system will need to 'sami}ie at
very high rate in order for the maximum measurement speed to be attained. At lower sampling
rates, a digital measurement vsystem will require longer periods in order to produce an accurate
output. These factors will produce unavoidé,ble errors in the signal measﬁrement, making digital
systems an impractical choice for measuring the outpﬁt magnitude.

Analogue measurement syétéms are much simpler to implement than their digitalvcounter»
parts. Also limited by the period of the waveform, they use filtering techniques to provide a
DC representation of the output signal magnitude. The outfmt signal is rectified by using a full
or half bridge rectifier, and then fed into a low pass filter to obtain the DC measurement. The

characteristics of both the rectifier and the low pass filter become vitally important in deter-
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mining both the accuracy and speed of théa measurements. The rectifier should be full bridge
to maximise sensitivity and limit the ripple size in the low pass filter. The cutoff frequency
A of the low pass filter will determine the bandwidth of the measurement and will have to be.
somewhat lower than the maximum measﬁfement frequency. As the stop band of the filter will
not be zero, there will be a ripple at the sinusoidal output signal frequency on the DC output
from the low pass filter. The size of this ripple will be determined by the cutoff frequency
and filtering characteristics of the low pass filter. The low pass filter characteristics also cause.
other undesirable eﬁects such as phase delay and non-uniform pass band response. Analogue
measurement of magnitude becomes a trade-off between speed and accuracy, and intelligent
filter design becomes paramount. Although noisy and relatively slow, analogue measurement
téchniques provide a better solution for magnitude measurements than correspohding digital
solutions. Techniques exist for improving both sensitivity and speed and are discussed later in

the section.

V4.1.2 Phase

' The phase angle between the input and output signals is a vital measurand for determining the
~ operating characteristics of the tuning fork crystal. The phase angle is related to the frequency of -
operation and can give good information on where in the resonant peak the system is operating.
For the damped mass spring system the phase angle between the applied force and the mass

output was determined in Equation 3.57 as;

For the piezoeleétric_ crystal the phase bietween the driving voltage and the output current
will have a similar response to the damped mass spring system but with the added voltage.
to current phase shift of 90°; With the input voltage replacing the external force, the phase
will be dependent on the characteristics of the mechanical response of the tuning fork and the

frequency of the input voltage.
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4.1.2.1 Measuring Phase

Phase measurement is a subject discussed by many authors on phase lock 100158, and a number
of the measurement strategies mentioned here were summar{sed from Egan’s book "Phase Lock '
Loop Basics"[38]. Phase measurement, like ,magnit‘ude, requires é complete waveform from
each of the signals to calculate an accurate value for the phase angle between signals. There are
other methods for determining phase from single samples of the signal size, but these réquire the
magnitude of the signal to be known, which, as was shown above, requires an entire waveform
to be sampled to calculate it accurately. Phase measurement is not however’as straightforward
~ as magnitude measuremevnt, and many different techniques have been developed. These range
from simple multipliers‘ to complex digital analysers. When phase detectors are being described

it is useful to define the two measurement signals as:

A = Ajcos(wit) 4D

= Agcos (wgf + )

4‘.1‘.‘2.1‘.1 Logic Gates Some of the simplest phase detectors involve logic gates. They
require a digital representation of the sinusoidal signal which can be simply provided using a
comparator with one input grounded, and the other input connected to the sinusoidal signal.
This will create a square wave.which can then easily be converted to digital levels. When both
sinusoidal signals are digital they can be combined using logic gates. The two most common
‘methods are the flip-flop phase detector and the exclusive-or phase detector. In the flip-flop
‘phase detector the digital signal for one input is fed into the set inpﬁt of the flip-flop and the
other digital signal is fed into the reset input of the flip-flop. The phase between the signals
will now determine the duty cycle of the output. For the exclusive-or gate detector the input
signals are the two digitised sinusoidal signals. The out'put‘produced will also have a d{xty cycle’
dépendent on the phase between the sinusoidal signals, but will be at twice the frequency of the

- input signals. A simple idea of the logic gate phase detector response is given in Figure 4.1.1:
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Figure 4.1.1: Two Simple Logic Gate Phase Detectors. The sinusoidal input signals
are converted to logic signals using comparators. The output from the phase detectors is a-

square wave with a duty cycle dependent on the phase @ between the two input signdls.

The output signal from the logic gates can be interpreted either by digitally sampling the
signal and determining the duty cycle, or by filtering the output using an analogue filter. The
output from the filter would then give a DC representation of the duty cycle of the output
square wave, and thus a value for the phase angle between the two input waveforms. When
functioning as the displacement detector in a force feedback seismometer the change in phase
of the tuning fork will be very small. This will resu_lt in an equally small change in duty cycle of .
the output waveforms. A digital system would have to sample fast enough so that these small
changes in phase would not be missed. This would mean a digital measurement system with
massive sampling rates which may be difficult to corhmission. Although analogue filter outputs
will contain ripple noise, usingb them may pi‘ovide a better alternative to digital measurement.

The major advantage of measuring phase using logic gates is that the magnitude of the input
sinusoidal signals is not a factor. Both the magnitude and the phase of the output current will
change during the operation of the tuning fork as a displacement sensor, and it is important
to isolate the phase angle measurement. The comparators produce square waves of both input
sinusoidal signals at the same magnitude level, so that phase can be measured without worrying

. about variations in signal magnitude.

4.1.2.1.2 Mixers A mixer phase detector functions by providing an output signal that is
composed of components at frequencies equal to both the sum and the difference of the two
input signal frequencies. If the two input frequencies are the same, as will be the case of the

input voltage and output current of the piezoelectric tuning fork, the difference frequency goes
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to zero and produces a ‘DC component prdportiona,l to phase. The other components of the
signal must be filtered out to produce just the lower frequency DC component. .

In [38] a simple mixer is described using the resistor and>diode circuit shown in Figure 4.1.2.

The driving signal V; will consist of the two signals mentioned before in Equation 4.1. The non-

linearity of the diode pi'ovides the desired mixed frequency signal when the two sinusoids are

E’;mwvwg—ﬁfz
| s |

Figure 4.1.2: A Simple Mixer Circuit. With both signals injected through the resistor the

injected through the resistor.

non-linearity of the diode provides a mized frequency signal. This signal is then interpreted so

that a measure of phase can be obtained.

The diode nonlinearity can be expressed Aby the general non-linear MacLaurin expansion[38]:
Vo=a+bV;+cV2+dV3 + ...
The output component of greatest interest is that generated by the squafe law term,

Voe = c[Acos(wit)+ Bcos(wat + ¢)]° | ~ o (42)

= c[A? cos? (wit) + 2AB cos (wqt) cos (wat + @) + B cos? (wat + ©)]

using the trigonometric identity cos® z = l+°§—m equation 4.2 can be written as:
| A? ’ B2 . :
Voe =¢ [7 (1 +cos2{wit)) + 2AB cos (wit) cos (wat + @) + = (14 cos2{wset + ip))} {4.3)

The higher frequency terms in Equation 4.3 can be filtered out to leave just the middle term
and a filtered constant. The middle term can be re-written usirig a combination of the following

trigonometric functions,

cos{z+y) = coszcosy—sinzsiny

cos(z—y) = coszcosy-+sinzsiny
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which combine to give:
1 ' ‘
cosTeosy = 5 [cos (z + ) + cos (z — y)] (4.4)

Using Equation 4.4, the filtered equation for 4.3 can be re-written as:

A? + B? N
Voe =c¢ — AB (cos (w1t + wat + @) + cos (w1t — wat — ¢)) (4.5)

When, as in theé tuning fork situatibn, both input fréquéncies are the same, the second term
of Equation 4.5 reduces to a component of twice the input frequency which will be filtered out
along with the other second harmonic functions, and a negative DC component equal to the
cosine of the. phase angle. The filtered output can now be written as: |

A? 4 B2

— — AB (cos (¢)) | (4.6)

Voe=c [

The first rectification DC term cannot be removed by filtering and produces an extra highly
undesirable DC component. This term can be removed by using balanced mixers[38] where
the outputs of two mixers are combined to get rid of the rectification DC term. All the other
components of the initial Mclaurin non-linéar expansion will produce similar results to the one
developed above.

"Although it produces a fairly nice resuit for phase, mixers and balanced mixers have one
‘major disadvantage. The phase measurement, recognised as the second DC term in Equa-
tion 4.6, is dependent not only on the phase between the two input signals but also on their
magnitude. This means that the phase measurement cannot be separated from the magnitude '
measurement ahd changes in magnitude W{II greatly affect the apparent phase measured. Also ‘
the fact that the phase measuremént has a sinusoidal résponse'for different phaée angles means

that the non-linear response will make control difficult.

4.1.2.1.3 Simple Mathematical Operatofs Some of the simplest phase detectors involve
performing basic mathematical operations on the input sinusoidal signals to produce an output
proportional to the phase between the input signals. These mathematical operations are usually

done using operational amplifiers or other chips designed for multiplying and dividing signals.
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The effect of multiplying the two signals together has already been discussed in the analysis
of the mixer phase detector, so the addition and subtraction examples will now be considered.
Using the signals defined in Equation 4.1 the output for when the one input is subtracted from

. the other can be developed as follows.

QOuitput = Ajcos(wit) — Ag cos (wat + )

= Ajcos{wit) — Ay [coswat cos g — sinwatsing] -
and when both inputs are at the same frequency:
Output = (A — Agcos ) cos{wgt) + Az sinypsin (wgt) | 4.7)

The output consists of a combination of cosine and sine functions at the input drive fre-
quency. This will produce a sinusoidal output whose magnitude and.phase is dependent on
the coefficients of the sine and cosine function. Therefore by looking at the coefficients of the
functions it is simple to see how the output will respond fo input signals of different phéses.
At zero phase, if both signals are of the ,sarn»e' magnitude the output will be zero as both coeffi-
cients reduce to zero. This is fairly intuitive; at zero phase and equal magnitude the signals are
identical sov subtracting one from the other will obviously equai zero. When the signéls are 180°
out of phase the coefficient of the sine function willAbe zero and the coefficient of the cosine
function will be at its maximum value, which will produce the maximum value of the total
output magnitude. In between the zero phase and 180° the output will vary linearly across the
range set out by the relative mégnitudes of the input signals. This magnitude can then be used
as a good refefehce for the phase angle. Very similar responses are »obtained for when the two
input signals are added together except that the output magnitude is at its maximum at zero
phasé and minimum at 180°. The output waveform for the subtraction phasé detector for when

two signals of equal magnitude are in phase and in antiphase is shown in Figure 4.1.3.
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Equation 4.1.3: Operation of a Subtraction Phase Detector. For two sinusoidal input
stgnals of equal magnitude the oulput of a subtraction phase detector will also be a sinusoidal
signal with a magnitude‘dependeni on the phase between the input signals. The output will be
at a mazimum when the signals are in antiphase and at a minimum when they are perfectly in

‘phase.

Although potentially the simplest way of measuring phase, these systems are not without
their problems. Firstly magnitude measurement is required to get a measure of phase, and
the problems associated with magnitude measurement were detailed previously. Secondly and
more importantly these phasé measurements are also dependent on the magnitude of the input |
waveforms. This ,meansv«that as with thei mixers, the phase and magnitude measurements
cannot be separated, which can lead to errdrs in correctly measuring the phase for signals

whose magnitudes are not constant. .

4.1.3 Multiplication of Signals in Order to Improve Measurement Response

The speed and accuracy of measurefnent for both phase and magnitude is ultimately dependent
on the period of the outéut waveform. Thus an increase in sensitivity and bandwidth is only
possible if thé operating frequency increases. The mechanical properties of the tuning fork
inhibit any increase in the input frequency as the tuning fork is only an effective displacement
sensor when it is operated at or very near its resonant frequency. Thus an alternate fneans
of increasing the frequency of the signals 3used for measurement must be developed if any
improvements are to be made. In the discussion on miicer phase detectors it was shown that
~ multiplying two sinusoidal signals together produces é signal in which one component is of a

higher frequency and one component is of a lower frequency. By using these multiplication
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techniques an-output signal of higher frequency can be obtained for measurement. Considering
Equatidn 4.4 for the multiplication of the two sinusoidal signals developed for mixer phase
detectors below: |

cosTCosy = % [cos (z + y) + cos (z — y)]

The resultant output for the signals considered in equation 4.1 can be written as:

1 | o
= [cos (w1t + wat + @) + cos (wit — wat — ©)]

Acos’(wlt)cos(wgt—{»w) = 3
= Sloos((r @)t o) teos(@imw)tte)]  (48)

It is clear from equation 4.8 that the multiplication of two sinusoidal signals produces a
signal with two frequency components. One frequency cdmponent is at a frequency equal to
the sum of the two input frequencies and the other component operates at the difference between
the two input frequencies.

The two signals from the piezoelectric tuning fork are the input voltage and the oufput
current which is converted back into a voltage by the measurement circuit. In order to increase
the operating frequency of the output signals they must be multiplied with another sinusoidal
signal. This will increase the frequency of the output signal according to equation 4.8. There
are, however, two components to the output of the multiplication, and the lower frequency
component will have to be removed using filters to allow the phase and magnitude to be mea-
sured. This filtering process is only really possible if the frequency gap between the two signals
is large enough. This means that the sinusoidal signal that is multiplied with the input voltage
and the voltage conversion signal of the outputr current must be of a frequency similar to the
operating frequency of around 32.768 kHz. The process can be simplified by eliminating the
external multiplication sinusoidal signal and just multiplying the signals by themselves. This
will double the output frequency and produce a DC signal in the output as the lower &equency
component which can easily be filtered 6ut.

The signals can both be multiplied by the input drive voltage, producing two signals of
twice the freqdency and the same phase relation for measurement. If, however‘, the signals are

Squared or multiplied by themselves, the output signals will not only be of twice the frequency,
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but the phase shifted frequency will now bé‘phase shifted by twice the initial phase angle. This
will effectively double the phase sensitivity of the phase response, as for any initial change in
phase of the. tuning fork’s response the measured phase change will be twice as large. Both
output signals will also contain a DC component which can be filtered out. The measured

signals for the square of the input signals at frequency wy are shown below:

cos (wqt) cos (wgt) | = %- [cos (2wgt) + cos (0)) | (4.9)
cos (wgt + @) cos (wat + @) = % [cos (2wgt + 2¢) + cos (—2¢)] - {4.10)

4.2 Developing the Dynamic Control Model

4.2.1 Effect that a Change of Displacement has on the Crystal

The contact model for the forces expeﬁenced between two closely spaced surfaces, and the model
developed for the tuning fork using cantilever and damped mass-spring theory, can now be
combined to develop é more complete model for displacement change. When the displacement
between the tines of the tuning fork and the surface changes, there will be a change in the force
between the surface and the fork. This change in force can then be modelled as a change in the
mechanical characteristics of the damped mass spring model of fhe tuning fork. The fork will
experience a force proportional to its displacement relative to the surface, which will manifest
itself as an effective change in the spring constant of the mechanical mass-spring model. Due
to the viscous air effects, the fork will also experience a force proportional to its velocity. This

will produce a new characteristic equation for the balanced forces in the mass spring systém,
mz+ (y+Ay)z+ (k+Ak)z =0 - (411

where Ay and Ak are the change in relative damping and the spring constant, due to
the change in displacement of the tuning fork from the surface. Similar systems of modelling a

change in displacement have been used in other studies with reasonable success[33]{34}{35][39][40].
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The changes in Equation 4.11 in turn produce changes in the characteristic equations:

v = ([EEDR

_m
(v + 47)

By considering these changes with respect to the magnit‘ude and phase outputs of the
damped mass spring motion for a sinusoidally driven system, it is eaéy to see how the response
of the tuning fork will change for a change in displacement. Due to the change in effective spring
constant, there will be a shift in resonant frequency proportional to the change in force, Wﬁich is*
in turn proportional to the change in displacement. The change in the damping time constant
7 will produce a change in the Q-factor and the maximum magnitude of the sinusoidally driven
piezoelectric tuning fork. This change in operating chafacteristics brought on by a change in
displacement and its effect on the magnitude frequency response is shown graphically in Figur-e '

4.2.1.
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Figure 4.2.1: Change in Operating VCharacteristi(‘:s and its Effect on the
Magnitude Response for a Shift in Displacment. At its first position the tuning fork
operates with a resonant frequency wey and a magimum magnitude of Ay. When the tuning V

© fork’s position is changed in relation to the surface the resonant frequency will change to wep

and the mazimum magnitude will be Ag.
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A Cbnsidering the situation when the system is operating at the first resonant frequency wy;:
when the displacement changes, the resonant frequency will shift to we and the maximum
magnitude will shift to A5. The system, however, will still be operating at its initial frequency,
which means that the output magnitude will fall to the level A, and the phé,se between the
input and output signals will also change in accordance with the new damped mass spring
characteristics. This change in magnitude and phase can be very closely approximated by
keeping the displacement constant and shifting the drive frequency to w.. The accuracy of
this approxixr@ation will be dependent on the difference between A; and As and thé change in
the Q-factor. Therefore a simple model for the change in displacement can be formulated by
considering the effects of shifting the input &rive frequency. This model can be made even more
accurate if the forces produced by the air effects when the displacement is changed are kept to
a minimum, so that thé difference between A; and Ag and the change in the Q-factor can be
minimised. The model for a change of displacement can then be thought of as an alteration of
the spring constant force, which in turn will be modelled as a shift in input drive frequency. This
model will help in the understanding and céntrol of the tuning fork, as it is far easier to alter
the input frequency accurately and repeatedly than it is to accurately change the displacement

between the tuning fork tines and the surface.

4.2.2 System Response to a Change in Diéplacement

By modelling the change in displacement as an effective change in operating frequency, accurate
models can be developed to describe the effects that a change in displacement will have on the
operating characteristics of the tuning fork. The model for the total response of the tuning fork
when the drive frequency changes now needs to be developed. From the studies on damped.
mass spring systems described in Appendix A2, the total response of the tuning fork when its
input frequency is changed from w4 to wp can be divided into a number of separate parts.
Firstly there is the steady state response for the new frequency wg . This response will
describe the long term operating conditions of the fork once all the tranéients have died out.
The steady state or particular response for the new frequency wp is given in the equation below,

which comes from the mass-spring analysis for sinusoidal driving force completed in Appendix
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A2,

F : 1
TSteady State (t) = = = cos (wBt "‘(t‘cm' ! (-—{-_—:—;))) (4.12)
\/ Wi —wh) +(%w3) A N\ T/

The first of the transients is associated with the build up of motion at the new frequency

wg. The instant the drive frequency is shifted from w4 to wg there will be no initial motion at
the new frequency wpg. This is a result of the build up transient acting initially wi‘qh the same
magnitude as the steady state response at wg but in exaét'antiphase with it. The steady state
response at the new frequency wp and the transient associated with the build up of motion at
the new frequency wpg initially cancel each other out, but as the magnitude of the transient
| decays over ﬁime the combined response will build towards the steady state conditions at wg.
The transient response associated with the build up of motion at the new frequency wp operates

at the damped resonant frequency w), and is given below in Equation 4.13.

F : , .
z m Ctw \
Tpransient(1) () = e% | = cos | wit — | tan™? — " | =
2 242 1 2 : w? —wh
(w3 ~wh)” + (zws) ;

(4.13)

The second tvxfansient and final component of the total combined response is associated with
the decay of motion at the old frequency wy4. The motion is described by the undriven damped
harmonic oscillator function. This transient motion also operates at the damped resonant fre-
quency w/. The initial magnitude and phase with respect to the drive signal will be determined
‘by the steady state conditions at the old frequency w4. The transient associated with the decay
of motxon at the old frequency w4 will also decay over time and is gwen below in Equation
'4.14. The transient solutions also come from the analysis of the mass spring system presented"

in Appendix A2.

Trransient(2) (t) = ¥ 1 = Cos (wgt - (tsan‘1 (—;w—A?) )) (4.14)
| V=)’ + (Roa)® N Wo = Wi

In order to develop the model for the frequency ché,nge, the separate responses need to be

combined together to form one total response. This is made more difficult by the fact that
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the transient and steady state responses can occur at two different 'frequencies. This means
 that the responses cannot be summed directly. They are instead reduced to vectors, and added

together in a process explained extensively in the next section.

4.2.2.1 . Combining the Transient and Steady State Responses

In order to determine the overall response of a mass spring system, the effects of the steady
state and transient solutions have to be combined. This is difficult as kthe.signal_s are at different
frequencies and are at different phases relativé_ to the drive signal. The transient signals occur
at the damped resonant frequency, and the steady state signal occurs. at the drive frequency.

This combined equation will have the following form

T (t) = mSteady.State (t) +$Tr'ansient(.1') (t) +$Transient(2) (t)

= [Yup 008 (Wpt + pug)] +e¥ [Yup co5 (Wht + (Pup = 7))] +eT [Yay 08 (wit + (9,))]

i

Y (t) cos {(wpt + ¢ (¢)) | - (4.15)

where ng is the magnitude of the steady state solution and the initial magnitude of the

~ transient associated with the build up of motion at the new frequency wg, Y, 4 is the initial
magnitude of the transient associated with the decay of motion at the old frequency wa, ¢,
and ¢,,, are the phase of the steady state solution at the new frequency wp, and the transient

associated with the decay of motion at the old frequency w4.

From Equation 4.15 it can be seen that the combination of the component signals will
produce a single sinusoid at the new drive frequency wg, as this is the frequency at which the
new steady state component will operate, which is the only long term component. The combined
sinusoidal signal will have a magnitude and phase, relative to the drive signal, that vary with
time. As the component signals are at different frequencies and phases, the effects cannot
be summed directly, a new method must be found in order to determine how the bhase and
magnitude of the combined signal varies with time. Consider initially two sinusoidal waveforms

of equal magnitude but of different frequencies w; and ws as seen in Figure 4.2.2:
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Figure 4.2.2: Two Sinusoidal Waveforms of Equal Amplitude but Different

Frequencies.

If the two waveforms are in phase at ¢ = 0, then by comparing the periods Py and P, it
can be determined how far out of phase the two waveforms are after one period. First the time
separation after one period is calculated, |

o 2m

| Time Separation =P — P} = — — — A . (4.16)
y wg Wy :

This time separation can now be used to calculate the proportion that this time separation
takes up of one period of a signal. Considering that one cycle or period consists of o radians,

this percentage can be used to calculate the phase change after one period.

2 _ 2 _—
(wz_—ﬂwl) o @)

w3
= ‘(1 —_ ﬂ) 2
wh

The phase as a function of time can now be determined by calculating the phase change

I

Phase C’hdnge per Cycle

per unit time. The phase change per period is divided by the period of one of the waveforms

to determine the phase change per unit time.

(1-‘:—}%)21? ; : :
e(t)= | ~—5— t=(w;—w2)tA o (4.18)

wy
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~This simplified analysis will only réméin accurate fof small changes in frequency when
compared to the frequency .of the two waveforms, (w1 — w2) < wa.

Now consider the real axis of a plot to ;be equal to the frequency of one of. the waveforms.
Any other waveform of another frequency can be plotted with reference to the iﬁitial waveform.
This idea is shown below in Figure 4.2.3 for the two signals of magnitude A and B and frequency
w1 and wa.

&

| (wx-%osww@

Acosfunyh

Figure 4.2.3: Two Sinusoidal Signals plotted Together on a Phase Plot. When both o
signals are plotted on the same phase plot one of the phasors will rotate around the plot at a

rate determined by the difference in frequency between them.

From Equation 4.18 the phase between the two signals will change at a rate determined by
the difference in frequencies. In Figure 4.2.3 this amounts to the plot of the second waveform
rotating around a circle at a rate equal to the rate of phase change. By considering and
cémbining the components of each signal in each of the axes, an equation for the total combined
response can be determined. '

This theory can be applied easily to the mass spring system. If the drive or forcing function
is used as the reference signal the transient and steady state solutions can be plotted around

the circle as follows in Figure 4.2.4.
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Figure 4.2.4: Component Responses of a Mass Spring System for a Shift in Input
Driving Frequency Plotted around a Phase Circle. The input drive signal is plotted
along the real positive axis and is used as the reference signal. The input drive signal as well
as the steady state solution both operate at the new drive frequency wp. As the two transient
responses operate at the damped resonant frequency w’, the transient responses will rotate

around the phase circle at (wp — w))t, where t is time measured in seconds.

The steady state solution is plotted around the dashed circle. As the steady state solution
is at the same frequency as the drive signal, it will not rotate around the circle but remain
1
. . . s . -1 Twp .
at one point. The phase angle ¢, ., defined in Equation 4.12 as ¢, = tan (m>, will
determine where along the circle the steady state solution lies. Its components with reference

to the drive signal can be calculated using simple trigonometry,

ReSteady State = YwB Ccos (ipr) (4.19)

In"Steady State = YwB sin ((pwa)
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where as previously stated the real and imaginary components are with reference to the
drive or forcing signal.

The transient solutions are not at the same frequency as the drive frequency, and thus they
will rotate around at a rate dependent on the difference between the drive signal frequency and
the damped resonant frequency. As the magnitude of the transient solutions diminishes with
respect to time, the transient solutions will not form circles but will spiral down to the origin.
The phase angles will determine the starting point of the transient solutions around the origin.

The components of the transient solutions can now be resolved similarly to the steady state

solution,
Rerransient = ‘3;—: [ng Cos ((WB - Wfo) t -+ ((r‘:"wg - W))I +€2—_Tt [YWA €os <({"*’B - wi)) t+ ({pwﬁ‘)”
Imrransient = eg_: [ng sin ((’W’B - Wg) i+ (‘pwg - W))] +62:} EY‘*’A sin ((wB - {’U;) t+ (@WA))}

(4.20)

The components of the solutions can now be added together to determine the total response,

Rerotar = Yip oS (@wg) 7 [sz cos ((wp —wh) t + (g@ws - W))} ter [YWA cos ((wp —wh)t + (pr)ﬂ

+e
Imroir = Yupgsin (gﬁwB) +8§7t [Ywﬁ sin ((wg - wg) t+ ({{;wg - 7?))} +€5_j [ng sin ((wg e w'o) t+ (\}GWA))E

(4.21 )

Where the magnitude and phase of the combined total response can be calculated using the

following simple identities:

Magnitude = Y (t)= \/(Reffomg)z + (Im%mg)g

I
Phase = @(t)=tan™! (W> (4.22)
CTotal

The start-up transient and the decay transient operate at the same frequency and are
reduced at the same rate, so for simplicity they can be combined using the above phase plots
into one single transient. The general properties of the combined response and its dependence

on the positions of the signals around the phase plot are now considered.
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4.2.2.1.1 General Properties of the Total Response In order to consider some of the
properties of the combined response, it is simpler to use the case of combining two signals of
the same magnitude and initial phase but of slightly varying frequencies. As was seen in the
previous section, if these two signals are placed on a phase plot, the one signal will remain fixed
at its initial phase whilst the other will rotate around the phase plot at a rate determined by
the frequency difference between the two signals. By looking at the combined response of these
two signals at a few different points in time, a number of general observations about combining
signals of different frequencies can be made. Consider the system at different points in time

shown below in Figure 4.2.5:

A
e 57 RES
s1
/ ® 31 S2 St
& s2/ RES k RES=0
2 3

1

Figure 4.2.5: Combined Response of Two Sinusoidal Signals of Different
Frequencies at Different Points in Time. S1 and S2 are the two sinusoidal signals and

RES is the resultant combined waveform.

In the first instance the signals S1 and S2 are in phase with one another: this results in
maximum magnitude and a phase of zero. In the second instance, S2 has rotated to 90° out of
phase with S1. The magnitude of the total response has reduced to 4 of the maximum value
and the phase has increased to 45°. In the final instance the signals are now 180° out of phase.
The magnitude will now be at a minimum, which for signals of equal magnitude will be zero.
The phase will be discontinuous at this point, as an instant before it will be approaching 90°

and an instant after will be leaving -90° or 270°. The phase and magnitude response for the

combination of the two signals is shown in Figure 4.2.6.
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Figure 4.2.6: The Phase and Magnitude Responses for the Combined Response at
Different Relative Phase Angles.

In situations where the one signal is smaller than the other there will always be a resultant
even if the signals have rotated to 180° out of phase. This means that the phase response will no
longer have a discontinuity and the response will become more and more sinusoidal as the one
signal becomes smaller in relation to the other. For this case where one signal is smaller than
the other the sinusoidal phase response will be 90° out of phase from the magnitude response.

The other property of the total response that should be considered is when both signals are
at the same frequency but one signal is at a different initial phase and is decaying at a fixed
rate. The phase and magnitude response of the combined resultant signal will be dependent on:
the rate of decay of the signal, the initial phase displacement between the two signals, and the
difference in magnitude. A rough idea of the relative speeds of the responses can be obtained
by considering the equations that govern the responses.

Consider two signals at the same frequency with magnitudes A and B. Signal B is decaying

at a rate set by e and is ¢ degrees out of phase with signal A. If Signal A is lying at 0° on
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